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In computer, electronics and avionics areas, with continuous reduction in physical 

dimensions and increasing power density of the devices, thermal management is a critical 

issue. To help address this need, a micro-scale cooling device concept based on dropwise 

condensation and spray cooling is proposed. Compared to alternative single- and multi-

phase heat transfer techniques, dropwise phase change offers higher heat transfer rates. In 

the present research, thermodynamic cycle and component analyses are first presented to 

demonstrate the performance of the proposed device. Then, a comprehensive literature 

review is made on each main physical mechanism involved in the micro-scale device, 

namely, dropwise condensation and evaporation, drop ejection, and drop impingement. 

The drop dynamics related to impingement and heat transfer is investigated based on 

detailed multiphase fluid flow computations. To facilitate the study, the immersed 

boundary method is adopted to handle the moving boundary dynamics, where the 

interface is represented by marker points and advected in a Lagrangian framework. The 



 

xxiv 

mass, momentum, and energy conservation equations are solved on a fixed (Eulerian) 

Cartesian grid using a second-order projection method along with the multigrid 

technique. Numerous single- and multi-phase fluid flow problems are computed and 

assessed against the published experimental, analytical and computational information. In 

particular, the impacts of large property ratios between phases and the grid resolution on 

the computational efficiency and accuracy are evaluated quantitatively. In simulating the 

drop impingement, both static and dynamic contact angle models are adopted. It is shown 

that high heat transfer rates occur during the early stage of impingement, and maximum 

wall heat fluxes are located near the contact line. The effects of inertia, wettability, 

viscosity and surface tension on drop spreading, recoiling, as well as heat transfer 

characteristics are also highlighted.  
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CHAPTER 1 
1 INTRODUCTION 

1.1 Motivation 

There is a growing interest in micro-scale fluid dynamics and heat transfer for 

applications including flow control, flight vehicle protection, micro-propulsion, and 

thermal management. This interest is motivated by recent advances in micro-device 

fabrication, computational techniques, and diagnostic tools, which have enabled us to 

explore the micro-scale multiphase physics and engineering practices. New designs in 

sensors, actuators, and micro devices such as valves, pumps, turbines, and heat-

exchangers are being adopted in propulsion, vehicles, and energy sectors (Ho and Tai, 

1998; Lödfdahl and Gad-El-Hak, 1999; Bishop et al. 2001; Senturia, 2001; Tien, 1997). 

In computer, electronics and avionics areas, with continuous reduction in physical 

dimensions and increasing power density of the devices, thermal management is a critical 

issue (Semiconductor Industry Association [SIA], 1999; Sarno and Moulin, 2001). 

Cooling systems with a higher rate of heat transfer than traditional techniques such as 

fans and fin arrays are essential to support further development in these critical technical 

areas. Since the two-phase flow with phase-change offers an efficient way of transferring 

more energy across a smaller temperature gradient, micro-scale system designs utilizing 

condensation and evaporation, like micro heat pipes (Peterson et al., 1997), vibration-

induced droplet atomization heat transfer cell (Heffington et al., 2002) and miniature 

“refrigerators” (Shannon et al., 1999; Ashraf et al., 1999), are being actively pursued. 
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In multiphase heat transfer, both filmwise and dropwise mechanisms have been 

explored (Collier and Thome, 1994). Despite the fact that many investigators have 

evaluated general drop condensation and growth characteristics (e.g., Peterson et al., 

1992; Majumdar and Mezic, 1999), its mechanism is not so well understood as to support 

robust engineering design under varying operating conditions. Therefore, even though 

dropwise condensation offers heat transfer rates at least an order of magnitude higher 

than filmwise condensation, the latter concept has been more frequently used in industrial 

applications (Collier and Thome, 1994). However, even if one accepts a lower heat 

transfer rate, certain operating conditions are not suitable for filmwise condensation. For 

example, for spacecraft under much reduced gravity, filmwise condensation becomes 

unstable, and cannot function as a continuous process due to a lack of condensate 

removal mechanism. Hence, in a microgravity environment, it seems more advantageous 

to promote dropwise condensation than to promote filmwise condensation. Furthermore, 

as will be demonstrated later, condensation and ejection of drops with diameters up to 

few hundreds micron-meters are not sensitive to the gravity level, making both design 

and testing of microgravity applications easier to conduct in an earthbound environment.  

Besides microgravity applications, a highly effective mode of heat transfer is spray 

cooling (Liu et al., 1999; Yang et al., 1996). Ghodbane and Holman (1991) and Holman 

and Kendall (1993) have reported heat fluxes in excess of 6 x 105 W/m2 for horizontal 

spray of Freon-113. It seems clear that a device combining dropwise condensation and 

spray cooling can be very attractive for thermal management applications for both earth-

bound and microgravity applications. In this work, a novel conceptual device based on 

dropwise condensation and evaporation, two highly efficient heat transfer modes, is 



 

 

3

proposed. With the growing development of multiphase micro-scale devices, there is an 

imperative need to develop analytical and numerical models not only to help design but 

also to understand the associated physics. For liquid flow in micro-device for drop having 

a diameter greater than 20 µm, a continuum approximation is valid. At the continuum 

level, the governing equations of a thermo-fluid problem are the conservation equations 

of mass, momentum and energy. These governing equations are derived starting with 

Newton’s law and the thermodynamic laws. The thermo-fluid dynamic theoretical 

formulation of two-phase flow is discussed in Delhaye (1974) and Ishii (1975). Several 

numerical methods have been developed over the past 20 years to solve the mass, 

momentum and energy conservations equations involving an interface between two 

fluids. These methods are presented next. 

1.2 Overview of Numerical Methods for Multiphase Flow 

Several numerical techniques for simulating multiphase physics have been proposed in 

the literature, each with its own advantages and disadvantages (Crank, 1984; Floryan and 

Rasmussen, 1989; Shyy et al., 1996; Shyy et al., 2001). These techniques have been 

categorized as surface tracking or Lagrangian methods, volume tracking or Eulerian 

methods, and combined Eulerian-Lagrangian methods (Shyy et al., 1996; Shyy et al., 

2001). 

In the Lagrangian methods, the grid is continuously configured to conform to the 

shape of the interface. The two main advantages of Lagrangian methods are (i) the 

interface is explicitly tracked, and (ii) the interfacial boundary conditions apply at the 

exact location of the interface. The main disadvantages with Lagrangian methods are the 

issues related to mesh distortions, geometric conservation law, and topological changes 
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(Shyy et al., 1996). As discussed later in chapter 3, the Lagrangian techniques have been 

employed in drop dynamics by Wilkes et al. (1999), Wilkes and Basaran (2001), Fukai et 

al. (1993, 1995, 1997) and Zhao et al. (1996a). 

The Eulerian methods are based on a fixed grid formulation, and hence the interface 

between the two phases is not explicitly tracked but is reconstructed from the properties 

of appropriate field variables, such as fluid fractions. Appropriate procedures need to be 

developed to deduce the interface location based on the volume fraction information. 

Also, the interfacial boundary conditions need to be manipulated to cast in the governing 

transport equations. For example, in the continuum surface force (CSF) method of 

Brackbill et al. (1992), the surface tension forces are treated as a body force into the 

momentum equations. A main advantage of the Eulerian approach is the capability of 

computing the field variables without having to deal with the grid generation issue. The 

principal disadvantages of Eulerian methods are (i) the difficulty in calculating the 

position, and associated geometric quantities such as curvatures, of the interface 

accurately, and (ii) the possible smearing of boundary information due to the 

manipulation of the interfacial boundary conditions (Shyy et al., 1996). The Eulerian 

methods include some well adopted techniques such as the volume of fluid method 

(VOF) (Hirt and Nichols, 1981; Kothe and Mjolsness, 1992; Francois, 1998; Scardovelli 

and Zaleski, 1999; Gueyffier et al., 1999) and the level-set method (Osher and Sethian, 

1988; Sethian, 1996; Sussman et al., 1994; Sussman and Smereka, 1997). 

Methods combining the above two methods, referred to as the mixed Eulerian-

Lagrangian methods, track the interface explicitly on a fixed grid by means of marker 

particles. In this category, there are the immersed boundary method (Peskin, 1977; 
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Udaykumar et al., 1997) or the front tracking method (Unverdi and Tryggvason, 1992; 

Juric and Tryggvason, 1998; Tryggvason et al., 2001), and the cut-cell method 

(Udaykumar et al., 1999; Ye et al., 1999; Ye et al., 2001). In the immersed boundary or 

front tracking methods a single set of governing equations for the two phases, e.g., the 

liquid and gas phases, is solved, and the surface tension force is cast into the momentum 

equation as a body force (Peskin, 1977; Brackbill et al., 1992). The interface is of finite 

thickness within which the material properties vary smoothly. In the cut-cell method, 

individual governing equations are solved in each phase, and the interfacial boundary 

conditions are applied explicitly. 

There are no universally superior methods in efficiency, robustness and accuracy. All 

of the above techniques have been successfully applied to diverse multiphase flow 

problems, as will be reviewed in chapter 3 for the study of drop dynamics. 

1.3 Objectives 

The main objectives of the present research are to propose a conceptual design of a 

micro-scale cooling device utilizing dropwise modes of heat transfer and to develop a 

numerical method able to simulate accurately drop dynamics with heat transfer relevant 

to the present micro-scale cooling device. Specifically, the objectives are to 

• present a micro-scale device and perform a simplified analysis to examine the 
feasibility of the device 

 
• develop a stable, fast and accurate numerical method based on the immersed boundary 

method to simulate unsteady two-dimensional two-phase axisymmetric flow 
 
• validate the numerical method by studying benchmark cases for both the single and 

two phase flow solver and by comparing the numerical solutions to experimental 
results 

 
• investigate the accuracy and convergence characteristics for two-phase flow with large 

property ratios across the phase boundary 
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• study the dynamics of isothermal rising bubble and drop in an enclosed domain 
 
• investigate the effect of inertia, wettability, surface tension, and viscosity on the study 

of the fluid dynamics and heat transfer of an impinging drop on a flat surface held at 
constant temperature relevant to the micro-scale device 

 
The numerical methodology adopted herein is the immersed boundary technique, 

originally developed by Peskin (1977) and later extended by Unverdi and Tryggvason 

(1992), Udaykumar et al. (1997) and Kan et al. (1998). The immersed boundary 

technique is a mixed Eulerian-Lagrangian method, in the sense that the flow is solved 

using an Eulerian approach on a fixed Cartesian mesh, and the interface is represented by 

a discrete set of points and advected in a Lagrangian way. In this method, a single set of 

conservation equations valid for both phases is solved. The interface conditions are 

incorporated into the governing field equation (momentum and energy conservation laws) 

as source terms. As a result, the interface is considered to be of small non-zero thickness 

within which the values of the properties change smoothly. This method is well suitable 

for solving bubble and drop dynamics that often encounter large deformation as has been 

proved in the existing literature. Among the published studies, Unverdi and Tryggvason 

(1992) have computationally investigated the rising of bubble by buoyancy, Kan et al. 

(1998) the bio-cell dynamics of leukocyte, and Juric and Tryggvason (1998) boiling 

flows. This method is chosen for the following reasons: 

• it can track the interface explicitly with marker particles on a fixed mesh and can 
handle large interfacial deformation. 

 
• it is simple to implement and less demanding in computational operations than a 

Lagrangian method (Dandy and Leal, 1989) or a fixed-grid sharp interface approach 
such as the cut-cell method (Ye et al., 1999, 2001).  

 
To our knowledge, the immersed boundary method is not known to have been adopted 

to investigate the problem of drop impingement with heat transfer. Previous studies in 
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drop impingement have employed a Lagrangian approach (Fukai et al., 1993, 1995, 1997; 

Zhao et al., 1996a) and Eulerian method such as VOF (Pasandideh-Fard et al. 1996, 

2001; Bussmann et al., 1999, 2000). Furthermore in these studies only the liquid drop 

dynamics is modeled. In this work, the interface is treated as immersed, the liquid and gas 

interactions are considered, and the large property jumps typical of water-steam fluid are 

accounted for. Special treatment is necessary at the contact line, i.e., where the interface 

is in contact with the solid surface. This research will contribute to the understanding of 

the drop dynamics with and without heat transfer, as well as the development of the 

immersed boundary method for drop impingement. The present simulation will directly 

help refine the design of the micro-scale cooling device that uses an actuated membrane 

condenser. 

1.4 Structure of the Dissertation  

The novel conceptual micro-scale cooling device is presented and analyzed in chapter 

2. The micro-scale device utilizes both dropwise condensation and evaporation regimes, 

two highly efficient modes of heat transfer. Background and performance evaluation 

based on a simplified analysis of this micro-scale cooling device is offered. A 

thermodynamic analysis and a component analysis are performed and serve as a 

feasibility study. For the component analysis a single droplet system where an artificial 

nucleation site is produced at the center of the membrane is considered. The physical 

mechanisms involved in this micro-scale device are (1) the condensation and evaporation 

of a droplet on a surface, (2) the ejection of a droplet by an actuated membrane, (3) the 

interaction of the droplet with the surrounding vapor after detachment, and (4) the 

impingement of a droplet on a flat surface. 
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In chapter 3, a literature review is made on each main physical mechanism involved in 

the micro-scale device, namely, dropwise condensation and evaporation, drop ejection 

and drop impingement. The mechanisms of dropwise condensation and evaporation are 

described. Existing analytical models on dropwise phase change are reviewed. Existing 

technologies of drop ejector are summarized. Experimental observations and previous 

computations of drop ejection and drop impingement are presented. 

The theoretical formulation and computational methods are discussed in chapter 4. 

The assumptions, governing equations and boundary conditions at an interface are 

presented. The theoretical formulation involving an immersed interface is given. The 

fluid flow solver, based on the projection method (Chorin, 1968; Ye et al. 1999), is 

presented along with the discretization techniques. A multigrid technique (Shyy, 1994; 

Udaykumar, 2001) is adopted to accelerate the rate of convergence of the pressure 

Poisson equation. The buoyancy driven flow inside a square cavity caused by 

differentiated heating is studied to validate the single-phase thermo-fluid flow solver. The 

Poisseuille flow is investigated to validate the axisymmetric formulation. The immersed 

boundary technique (Peskin, 1977; Udaykumar et al., 1997) is then presented. The test 

case of a spherical drop in static equilibrium is performed to assess the performance and 

accuracy of the multiphase flow solver.  

In chapter 5, the dynamics of drop and bubble rising by buoyancy is studied for 

varying flow regimes and compared to previous numerical and experimental studies in 

order to further validate the two-phase flow solver. The dynamics of a rising drop with 

characteristics relevant to drops in the micro-device is investigated. 
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The fluid dynamics and heat transfer of an impinging drop on a flat solid surface held 

at constant temperature are studied in chapter 6. Both static and dynamic contact angle 

models are implemented. Computations corresponding to published experimental cases 

are performed. The effects of inertia, surface tension, liquid wettability and viscosity on 

the drop dynamics with heat transfer are examined.  

This dissertation ends with chapter 7, which contains a summary and conclusion of the 

contributions of the present work, and recommendations for future research efforts.
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CHAPTER 2 
2 MICRO-SCALE THERMAL MANAGEMENT DEVICE 

In this chapter, an original micro-scale device based on the refrigeration cycle and 

utilizing dropwise phase change is proposed. Recently, design concepts of miniaturized 

cooling systems have been proposed based on the refrigeration vapor-compression cycle 

(Shannon et al., 1999; Ashraf et al., 1999). In particular, Shannon et al. (1999) have used 

an electrostatic diaphragm with valves to perform compression, whereas Ashraf et al. 

(1999) have used a centrifugal compressor. In both studies, conventional cross-flow heat 

exchangers are employed as condenser and evaporator. In the proposed micro-scale 

cooling device, an actuated membrane is adopted as the condensing surface, i.e., 

condenser, as well as the ejecting device. Therefore the droplets ejected serve the dual 

purpose of maintaining dropwise condensation and creating a spray for highly efficient 

cooling. The key elements of the system are the use of membranes for compression, 

condensation, and droplet ejection. The feasibility study of this micro-scale cooling 

device consists of (a) a thermodynamic analysis (b) a phase change analysis, (c) a 

component analysis. For the component analysis a single droplet system where an 

artificial nucleation site is produced at the center of the membrane is considered. 

2.1 Thermodynamic Analysis 

The thermodynamic analysis is performed based on a refrigeration system utilizing the 

reversed Rankine vapor-compression cycle. The vapor-compression refrigeration cycle is 

shown in Figure 2.1 and their associated temperature-entropy (T-s) diagram and pressure-

enthalpy (P-h) diagram are shown in Figure 2.2. The ideal vapor-compression cooling 
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system consists of four processes (Cengel and Boles, 1998): 1-2 isentropic compression 

in a compressor, 2-3 constant pressure heat rejection in a condenser, 3-4 isenthalpic 

throttling in an expansion device, 4-1 constant pressure heat absorption in an evaporator. 

The coefficient of performance denoted COP is defined as the ratio of the cooling load 

( LQ& ) to the work input ( inW& ): 

( )
( )
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where m&  is the mass flow rate and h the enthalpy. For reference purposes, the maximum 

possible COP is that of the Carnot refrigeration cycle, for which 
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where TH is the temperature at the high temperature sink (T3) and TL is the temperature at 

the low temperature source (T1). 
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Figure 2.1: Schematic of the reversed Rankine cycle or vapor-compression refrigeration 
cycle. 

 

Figure 2.2: Temperature-entropy (T-s) diagram and pressure-enthalpy (P-h) diagram of 
the ideal vapor compression refrigeration cycle. (a) Temperature-entropy (T-s) diagram, 
(b) pressure-enthalpy (P-h) diagram. 

The cycle of the proposed micro-scale cooling device is shown in Figure 2.3. It is 

composed of four processes and of four distinct components: compressor, condenser, 

evaporator and expansion orifice. In this system a vapor-compression refrigeration cycle 

is followed. The saturated vapor is first compressed via membrane actuation. Following 
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the compression process, the superheated vapor enters the condenser. The condenser 

surface is also a membrane but made of highly conductive and elastic materials to reduce 

heat transfer resistance and to facilitate droplet ejection. Furthermore, the membrane 

could be coated with a thin layer of material to promote dropwise condensation. The 

membrane is cooled to provide necessary subcooling. Once the droplets grow to desired 

sizes, the membrane is actuated to eject the droplets. A synchronized valve can be used to 

expand the working fluid. The droplet would then impinge on the surface of the 

evaporator (such as an electronic device) to provide cooling by evaporation. The vapor 

from droplet evaporation would then be collected and sent back to the compressor to 

complete the cycle. The ejection of droplets, which is virtually gravity independent, 

serves the dual purposes of droplet removal for maintaining dropwise condensation and 

creating a spray for highly efficient cooling process. There are several advantages of such 

a system: (1) higher reliability because there are no mechanical moving parts, (2) closed 

re-circulation which is self-contained with no need for extra maintenance or user 

intervention, (3) higher scalability because a system of varying sizes and performance 

level can be made in a modular manner, (4) lower noise and vibration than standard 

condenser, (5) higher rate of energy transfer per unit weight and size (higher efficiency), 

(6) reduced sensitivity to the gravitational effect. 
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Figure 2.3: Schematics of the conceptual micro-scale cooling device. (a) Simple 
schematic and (b) cross sectional view schematic. 

For the sample calculation the cold side is at T1=20°C and the hot side is at T3=50°C, 

i.e., ∆T=(T3-T1)=30°C. We consider four different refrigerants: water, R-12, R134a and 

FC-72. R-12 is the dichlorodifluoromethane CCl2F2 of the CFC family commonly named 

Freon. It is fully halogenated and causes damage to the ozone layer. R-12 is replaced by 

R-134a, a chlorine free refrigerant, the tetrafluoroethane CF3CH2F. FC-72 is a synthetic 

fluorinert. It is ozone safe, non-toxic and non-flammable. The most useful property for 
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FC-72 is that it is highly dielectric and therefore an excellent electrically insulating fluid 

for interfacing with electronic devices. Table 2.1 summarizes the important variables of 

the cycle based on ∆T=(T3-T1)=30°C for the four different fluids. Note that for FC-72, at 

the exit of the compressor the working fluid is at the state of saturated two-phase with a 

temperature at T2=T3=50°C because of the special properties of FC-72. Calculations have 

been performed with three different ∆T=(T3-T1)=20°C, 30°C and 40°C where T3 is kept 

at 50oC. The effect of ∆T=(T3-T1) on the COP and the compression ratio for the four 

refrigerants are shown in Figure 2.4 (a) and (b) respectively. The compression ratios for 

water are larger than those for R-134a because of their different properties, but the COP 

values are found in the range of 8.0 to 8.5 for all four fluids. 

Table 2.1: Ideal cycle characteristics for T3=50°C, T1=20°C. 

Fluid P1 (kPa) P2 (kPa) P2/P1 COP T2 (°C) 
Water 2.34 12.32 5.3 8.5 165.5 
R-12 567 1219 2.2 8.2 53.4 
R134a 572.3 1318 2.3 8.0 52.8 
FC-72 23.5 79.5 3.4 8.1 50.0 

 

The actual compression process involves irreversibilities such as friction, which 

increase the entropy production and heat loss. In the computation we have considered a 

compressor efficiency of 80% and the results are presented in Table 2.2. The COP values 

are dropped to between 6.5 and 6.8. Other than the non-isentropic compression, the actual 

vapor-compression cycle differs from the ideal one mostly due to the irreversibilities 

occuring in the components. Two common sources of irreversibilities are pressure drops 

and heat transfer across a temperature difference. However in our system irreversibilities 

due to pressure drop are not dominant since we have liquid droplets. We only consider 
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irreversibilities due to heat transfer through a temperature difference of 3°C. The COP 

has been evaluated for ideal and actual vapor-compression cycles. Results for the 

different cycles are shown in Table 2.3. COP decreases as a result of irreversibility due to 

heat transfer, and due to the compressor efficiency of 80%, the COP is about 5 in the 

worst case for ∆T=(T3-T1)=30°C. 

Table 2.2: Cycle with a compressor efficiency of 0.8.  

Fluid P1 (kPa) P2 (kPa) P2/P1 COP T2 (°C) 
Water 2.335 12.32 5.3 6.8 201 
R12 567 1219 2.2 6.6 57.5 
R134a 572.3 1318 2.3 6.4 56.3 
FC-72 23.5 79.5 3.4 6.5 50.0 

 

Table 2.3: Effect of irreversibility on the coefficient of performance for R134a.  

Case Fluid R134a  COP 
0 Ideal Carnot refrigeration cycle 10.8 
1 Ideal Rankine refrigeration cycle (isentropic expansion s3=s4) 8.2 
2 Ideal vapor-compression refrigeration cycle (Figure 2.2) h3=h4 8.0 
3 Case 2 with compressor efficiency =0.8 6.4 
4 Case 2 with irreversibility due to heat transfer (through a 

temperature difference of 3°C) 
6.4 

5 Combination of Case 3 and Case 4  5.1 
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Figure 2.4: Coefficient of performance (COP) and compression ratio (P2/P1) versus 
∆T=(T3-T1) with T3 =constant=50°C for ideal cycle. (a) COP, (b) P2/P1. 
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In the following, an estimation of two key elements related to the main components of 

the present device is made. Specifically, the condensation and evaporation time scales 

and the power required for ejection are evaluated. 

2.2 Phase Change Analysis 

The condensation and evaporation time scales are evaluated based on the same basic 

approach. Therefore as an illustration we present herein only the condensation time scale 

estimation. The condensation time scale is based on the following assumptions: 

• The heat flux is uniform and constant between the droplet and the membrane surface 
 
• The droplet is in the shape of a segmented sphere during growth and a hemisphere at 

the moment of ejection (see Figure 2.5) 
 
• The droplet embryo is formed almost instantaneously after the departure of its 

predecessor with the critical radius, and the isothermal growth is much faster than the 
isobaric growth. Therefore the following growth times are based on the isobaric 
growth. 

 

 

Rh 

 
Figure 2.5: 3-D schematic perspective of a liquid droplet on a solid surface. 

The total heat transfer Q during the lifetime of a sessile droplet is its mass m at 

ejection times the latent heat λ, since the sensible heat is assumed negligible: 

Q mλ=       (2.4) 

with 

31 4
2 3 hm Rρ π =  

 
     (2.5) 
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where ρ is the density, and Rh is the radius of the hemispherical droplet at the moment of 

ejection. Since the area in contact between the droplet and the condenser surface during 

the growth is changing with time, we use half of the base area of the hemisphere in 

contact with the membrane at the moment of ejection as the average contact area for heat 

transfer analysis between the sessile droplet and the membrane. The average heat transfer 

area A in contact is 

2

2
hRA π

=       (2.6) 

The condensation time scale tc is 

h
c

RQ Qt
Q Aq q

ρ λ
= = =

′′ ′′& & &
     (2.7) 

where Q&  is the average heat transfer rate between the sessile droplet and the membrane 

and q′′&  is the corresponding average heat flux. In the calculation λ and ρ are taken at 

T=50°C for the estimate of the condensation time scale and at T=20°C for the estimate of 

the evaporation time scale. Based on the results of Sadhal and Plesset (1979) on dropwise 

condensation, we consider values of heat flux ranging from 104 to 106 W/m2 as the 

droplet is growing. The results of the condensation and evaporation time scales presented 

in Figure 2.6 are for different heat fluxes and droplet radii. The time scales of water 

droplet growth or evaporation are ten times larger than those of R-12, R-134a, and FC-

72, because the latent heat for water is ten times larger than those of R-12, R-134a and 

FC-72. Again the estimates are produced from conservative assumptions and lower bond 

values such as the droplet size after the isothermal growth were neglected. The above 

time estimates are based on droplet growth from zero size in the isobaric period. Most 

likely, the heat transfer rates would be higher than 105 W/m2 on a special membrane. For 
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a heat flux of 105 W/m2 and for droplet radius greater than 300 µm the time scale is about 

1s. So with an ejection frequency of 1 Hertz the heat transfer rate can be at least 0.01 W. 

If the heat flux is ten times higher, the frequency will be ten times higher, as well as the 

heat transfer rate. For a heat flux of 106 W/m2 and for droplet radius greater than 300 µm 

the time scale is about 0.1 s, i.e., a frequency of 10 Hertz, and the heat transfer rate can be 

higher than 0.1 W. Depending on a system’s required heat transfer rate, the number of 

droplets to be condensed simultaneously, and therefore the device dimension, can be 

determined. For example, for a droplet with a radius of 300 µm and a heat flux of 106 

W/m2, a 3 W system will require 30 droplets, and a circular surface area of radius 1.7 

mm. In conclusion, we can say that for larger droplets, the system requires lower 

frequencies of cycle operation. 
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Figure 2.6: Evaporation/condensation time scale versus droplet radius, for (a) water, and 
(b) R-12. 
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2.3 Analysis of the Ejection Mechanism 

The power required by the membrane to eject the droplet is now evaluated by 

considering a simple energy balance. The energy requirement to eject the droplet is 

approximated as the sum of the kinetic energy increase of the droplet, the potential 

energy increase of the droplet, the energy dissipation due to the drag, and the contact 

surface energy due to the surface tension force. The droplet is assumed to be spherical 

after it has departed from the membrane. The drag is estimated assuming Stokes flow. 

2 216
2in d hE R UH R mU mgHπµ σπ− − = +    (2.8) 

where Ein is the energy input required to eject the sessile droplet, U the droplet velocity at 

impact on the evaporator surface, H the height between the condenser surface and the 

evaporator surface, Rh the radius of the hemisphere droplet at ejection, Rd the radius of 

the droplet after ejection, 3 2d hR R= , µ the viscosity of the fluid in the saturated vapor 

phase. A schematic of the system is given in Figure 2.7 along with the three stages of the 

droplet motion. In stage 1, the droplet after it has grown to the desire size is ejected, then 

in stage 2, the droplet follows an upward motion and finally, in stage 3, the droplet 

impinges on a flat surface. 

An estimation of the energy required by the membrane to eject R-12 droplet formed 

on its surface for a given impact velocity U and distance between condenser and 

evaporator H is presented in Figure 2.8. The energy input required to eject is dependent 

essentially on the radius of the droplet and its impact velocity. For a smaller droplet 

radius the contact energy is dominant whereas for a larger droplet the kinetic energy is 

dominant. The effect of gravity on the energy required for ejection is small, as shown in 

Figure 2.9. The system is therefore gravity insensitive. The power requirement for 
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ejection is the frequency times the energy input required for ejection Ein. Larger droplets 

require more energy for ejection. 

Stage 1

Stage 2

Stage 3

H

U

Fd=6πµRU
W d=mg

 

Figure 2.7: Schematic of the three stages in the droplet motion.  

Energy requirement for ejection versus droplet radius
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Figure 2.8: Total energy requirement versus droplet size for R-12 with U=1m/s and 
H=1cm. For smaller droplet radius the contact energy is dominant whereas for larger 
droplet the kinetic energy is dominant. 
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Gravity effect on energy for ejection versus droplet radius
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Figure 2.9: Effect of gravity on energy required for ejection versus droplet radius for R-
12 with U=1m/s and H=1cm. 

The above thermodynamic and simplified component analysis demonstrate that the 

proposed micro-scale thermal management system is a feasible concept and offers very 

attractive features. However, there are major engineering issues that need to be 

addressed. In particular, fabrication of micro-scale valves and actuators suitable for our 

needs is a major challenge in micro-fluidics. It is expected that with rapid development of 

the MEMS technologies, the proposed concept can be manufactured and employed in the 

foreseeable future. In the meantime, development of numerical simulation tool will help 

improving the design and refining the thermo-fluid analysis of this new thermal 

management device. Specifically, in this work, a numerical technique is developed to 

study drop impingement with heat transfer. Details will be presented in chapter 6. In the 

next chapter, a literature review on each of the drop mechanisms involved in the micro-

scale device is given. 
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CHAPTER 3 
3 LITERATURE REVIEW 

In this chapter, the fundamental mechanisms and a literature review on some of the 

existing analytical and numerical studies on droplet ejection and droplet impingement on 

a flat surface and the condensation and evaporation of a single droplet on a flat surface, 

are presented. 

3.1 Droplet Ejection 

3.1.1 Droplet Ejector Devices and Physical Observations 

In the literature, there have been studies on micro-fluidic drop ejector devices, 

especially in areas related to inkjet printing devices and in micro-pipetting of biological 

liquids. Those devices employ different techniques, including: 

(i) piezoelectric device connected to a reservoir, ejecting drops through a nozzle 
(Fromm, 1984; Shield et al., 1987; Szita et al., 2001; Percin et al., 1997; Grassia, 
1999). In Fromm (1984) and Shield et al. (1987) for inkjet technology and Szita et 
al. (2001) for aspiration and dispensing micropipette, the piezoelectric device is 
mounted around a glass tube that has a small diameter nozzle at one of its 
extremity. An application of a voltage pulse to the piezoelectric results in a sudden 
pressure pulse that creates a contraction of the tube walls. In Grassia (1999) the 
piezoelectric device drives a rubber valve. In Percin et al. (1997), one wall of a fluid 
reservoir is made of a piezoelectric-actuated flexible membrane having an orifice at 
its center. 

 
(ii) heater-generated bubble serving as a piston to expel drops (Tseng et al., 1998; 

Rembe et al., 2000; Chen et al., 1997; Peeters and Verdonckt-Vandebrooeck, 1997). 
 
(iii) acoustic waves created by piezoelectric force (Badie and Frits de Lange, 1997; 

Badea et al., 1998; Zhu and Kim, 1998; Dijksman, 1999). The piezoelectric force 
creates disturbance in a liquid cavity that breeds capillary instabilities at the free 
surface. 
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Figure 3.1: Illustration of different droplet ejector devices: (a) piezoelectrically actuated 
squeezing tube from Shield, Bogy and Talke (1987), (b) thermal ink jet from Tseng et al. 
(1998), and (c) acoustic waves from Zhu and Kim (1998). Reprinted with permission. 

An illustration of the above three types of droplet ejector device is given in Figure 3.1. 

Photographs of the experiments made with the device of Figure 3.1 (a) from Shield et al. 

(1987) are shown in Figure 3.2 for ethylene glycol. Typical pulse duration for this device 

lasts 10 to 20 µs, with pulse amplitude from 50 to 90 V. A quick evaluation with a 

reference velocity taken to be 1 m/s for the cases presented in Figure 3.2 indicates that Re 

is about 17 and We about 0.85. The photographs of Figure 3.2 are taken for four different 

pulse durations and amplitudes: (a) 10 µs and 90 V, (b) 15 µs and 70 V, (c) 20 µs and 70 

V, and (d) 20 µs and 90 V. 10 µs, the shortest pulse duration, corresponds to a resonance 

condition. In case (a), one observes from Figure 3.2 (a) the formation and ejection of a 

single drop. The photographs of Figure 3.2 (b) are for a pulse of 15 µs, which does not 
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correspond to a resonance condition; accordingly, two smaller drops are formed. In 

Figure 3.2 (c), the pulse duration is 20 µs, twice the resonance condition and drop 

ejection occurs in a way similar to that shown Figure 3.2 (a) for a lower amplitude pulse 

of 70 V. In Figure 3.2 (d), with the same pulse duration and a higher amplitude compared 

to Figure 3.2 (c), a satellite drop is formed. 

(a) (b) 

(c) (d) 
 

Figure 3.2: Ejection of ethylene glycol droplets produced by a piezoelectric inkjet type 
device from Shield, Bogy and Talke (1987), with pulse of (a) 90.0 V for 10 µs, (b) 70.0 V 
for 15 µs, (c) 70.0 V for 20 µs, and (d) 90.0V for 20 µs. Reprinted with permission. 
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In the micro-scale device, the use of a membrane to eject droplets is proposed as seen 

in chapter 2. Flexible membranes or diaphragms have also been utilized in micro-fluidic 

devices as valves, pumps, and compressors. Membranes can be actuated by electrostatic, 

piezo-electric or thermal mechanisms to pressurize a fluid in a cavity. Saif et al. (1999) 

has proposed an analytical model for electrostatic actuation membranes. Jerman (1994) 

has presented a thermal actuation of bimetallic diaphragm valve system, and Guo and Lee 

(1999) have reported issues on silicon membrane fabrication and testing. Smith et al. 

(1998) and Vukasinovic et al. (2000) have investigated a vibration induced droplet 

atomization system for thermal management applications (Vukasinovic et al., 2001; 

Heffington et al., 2002). In their system a piezoelectric transducer is attached to a thin 

metallic diaphragm which vibrates. A liquid droplet of volume about 0.1 ml is placed on 

this diaphragm. When the diaphragm vibrates around 1000 Hz, the vibration induces 

capillary waves on the free surface of the droplet which grow in amplitude until the entire 

droplet bursts into a small cloud of atomized droplets. A volume of 0.1 ml corresponds to 

a sessile droplet of radius 5 mm. Sequential photographs of their experiment are shown in 

Figure 3.3.  
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Figure 3.3: Rapid atomization of a 0.1 ml water droplet forced by stepped actuation at 
1080Hz, from Vukasinovic, Glezer and Smith (2000). Image courtesy of B. Vukasinovic. 
Reprinted with permission. 

3.1.2 Simulation of Droplet Ejection 

Numerical simulations of a single drop formation and ejection have been performed 

by Fromm (1984), Adams and Roy (1986), Shield et al. (1986, 1987), Badie and Frits de 

Lange (1998) for the drop-on-demand mechanism in ink-jet printing, and by Wilkes et al. 

(1999), Wilkes and Basaran (2001) and Gueyffier et al. (1999) for a pendant drop.  

Fromm (1984) has developed a combined Eulerian-Lagrangian method to numerically 

solve the axisymmetric Navier-Stokes equations for incompressible, free-surface flows. 

The streamfunction-vorticity formulation is adopted for the computations. The free-

surface is represented by a Lagrangian net of points that move with the fluid. Given a 

pressure and velocity history at the nozzle, the time evolution of a drop as it grows, 

detaches from the nozzle, and deforms until a spherical shape of constant velocity is 

reached are calculated. Fromm (1984) employs as the nondimensional parameter R/W 

which is in fact the inverse of the Ohnesorge number: 
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Numerical simulations are performed for different values of Oh: 1/2, 1/3,1/4 for 

constant peak pressure of 80 units, and different peak pressure pulse units: 60, 80, 100 for 

constant droplet Oh of 1/3. Figure 3.4 (a) shows the results for Oh=1/3, and Figure 3.4 

(b) for Oh=1/4. The velocity of the leading edge droplet is investigated. It is found that a 

droplet with a smaller Oh number travels faster than that with a larger Oh (a droplet with 

larger Oh being more viscous). Detachment or break-off happens earlier for a droplet 

with a smaller Oh. After detachment a slight increase in the droplet leading edge velocity 

is observed. The higher velocities distribution is identified in the droplet tail. When a 

higher peak pressure pulse is applied, a satellite drop emerges at later times. The satellite 

drop has higher average velocity than the main drop in all cases; furthermore, it is found 

that the main drop and satellite drop undergo oscillations. 
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Figure 3.4: Instantaneous shapes, streamlines and pressure contours of droplet ejection 
from the numerical simulation results of Fromm (1984). (a) Oh=1/3, and (b) Oh=1/4 for a 
80 unit peak pressure pulse. Streamlines are quasi parallel to the horizontal axis, and 
pressure contours are quasi perpendicular to it. Reprinted with permission. 

Adams and Roy (1986) have proposed a model of drop detachment based on the one-

dimensional incompressible axisymmetric equations written in a Lagrangian framework. 

The system of first order differential equations is solved numerically by using 

MacCormack’s algorithm. Their results agree qualitatively with the computations of 

Fromm (1984). The one-dimensional model predicts an earlier break-off and faster drop 

velocities compared to Fromm’s model.  

Shield et al. (1986, 1987) have also solved numerically the one-dimensional 

incompressible flow equations in an Eulerian formulation with MacCormack’s algorithm. 
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They have considered two schemes. The first scheme, scheme A, takes into account the 

radial inertia, and the other one, scheme B, neglects it. The nozzle exit velocity history 

derived from the driving pressure history is employed as the driving boundary condition. 

Simulations are performed for a Reynolds number of 2.5, and different Weber numbers 

of 1, 5 and 20. The characteristic length is taken to be the nozzle exit radius. The 

calculation starts with a hemispherical initial droplet shape. It is found that scheme A 

with inertia effect gives better results at higher We numbers and is able to model 

oscillations, whereas scheme B at low We gives a better detachment profile. Their results 

are in accordance with those of Fromm (1984). While their numerical simulation can 

predict the overall phenomena, quantitative computation requires a more comprehensive 

model than a one-dimensional approach. In a study of a drop-on-demand inkjet system by 

Badie and Frits de Lange (1997), a numerical simulation of a drop ejection is performed 

using a finite element method. The axisymmetric Navier-Stokes equations for 

incompressible flow are solved. The velocity profile obtained from hydroacoustical 

calculations is prescribed. At the free surface the dynamical and kinematical boundary 

conditions excluding surface tension gradients are applied. The special shape of a 

pendant drop is observed, followed by necking (or constriction). The velocity vectors 

close to the nozzle are oriented in the negative direction of the axial axis, and the velocity 

vectors in the drop leading edge are oriented in the positive direction leading to break-off.  

Wilkes et al. (1999) have studied computationally and experimentally the dynamics 

of a drop formation from a capillary tube of radius 0.16 cm into an ambient gas, referred 

to as the pendant drop problem. They have solved the axisymmetric Navier-Stokes 

equations for an incompressible Newtonian fluid with the dynamical and kinematical 
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boundary conditions at the free-surface. The set of equations is solved using a 

Galerkin/finite element algorithm on a multi-region mesh that conforms to and evolves 

with the drop shape changes. The mesh is composed of quadrilateral elements obtained 

by tessellation of the domain. Their computational model is able to capture both the gross 

features of the phenomenon, such as the limiting drop length at breakup and the volume 

of the primary drop, and its fine features, such as a micro-thread that develops from the 

neck region of a viscous drop that approaches breakup. It is observed that the flow 

reverses in the middle of the neck region, exhibiting a higher pressure there. Their 

numerical simulations show for the first time that the interface of a viscous drop 

overturns before it ruptures. They have computed the limiting drop length and primary 

drop volume over a wide range of nondimensional parameters. It is found that as the 

viscous effects increase, the length of the thread increases significantly, and the volume 

of the drop decreases almost linearly. 

Wilkes and Basaran (2001) have studied computationally drop ejection from an 

oscillating rod. They have employed the same numerical approach as in Wilkes et al. 

(1999). Several numerical simulations are performed to study the effect of the forcing 

amplitude and frequency on the drop deformation until break-up. It is found that with 

increasing amplitudes at a constant frequency, the drop elongates more, causing the 

formation of a liquid thread, and often a satellite droplet at a later stage. For most of the 

frequency, drop ejection occurs during the second oscillation period, but as the frequency 

continues to increase, drop ejection eventually is delayed to a later period. In their study, 

the characteristic length scale is the rod radius (R), and the characteristic time scale is the 

capillary time 3
ct Rρ σ= . A sequence of drop formation until break-up along with the 
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forcing amplitude and resulting drop length is shown in Figure 3.5 for an initially 

hemispherical drop, Re 20We = , dimensionless forcing amplitude A=0.280 and 

frequency Ω=3.5. Plots of instantaneous mesh deformation, pressure contours and 

velocity vectors are shown in Figure 3.6 (a), (b) and (c), respectively, for the same 

condition. The pressure contours shown in Figure 3.6 (b) vary primarily in the axial 

direction when the drop has a maximum elongation, i.e., at t=1.022 and t=3.036, and vary 

in the radial direction when the drop is at a minimum elongation, i.e., at t=1.701. The 

velocity field of Figure 3.6 (c) is plotted in a fixed reference frame. Velocity vectors 

follow the direction of the rod motion at t=1.022, and t=1.701. At t=3.036, as the rod has 

moved in the upward direction, there is a large pressure gradient along the upward 

direction, and a small gradients in the downward direction near the narrowest point of the 

neck. The pressure gradients cause a strong flow out of the neck in the upward direction 

and a weak flow in the downward direction as seen in the velocity field of Figure 3.6 (c). 

This causes the neck to further shrinks in diameter and leads to the formation of a drop. 

At t=3.539, while the fluid is entrained by the downward motion of the rod, it can no 

longer enter the thinning neck. Accordingly, the drop is at a point of break-up. 
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Figure 3.5: Drop shape, length (L), and rod vertical displacement (z’) versus time t for 
Re 20We = , from Wilkes and Basaran (2001). Initially the drop is a hemisphere. 
Figure courtesy of E. Wilkes. Reprinted with permission. 

Gueyffier et al. (1999) have also numerically simulated the pendant drop dynamics 

using a three-dimensionsal two-phase flow solver. Their solver computes the full Navier-

Stokes equations for the incompressible flow on a fixed grid using the VOF method 

(volume of fluid). The simulation is performed in a rectangular box. The density ratio 

between the two fluids is 133, Re=4.2, We=9.216 x 10-5, Bo=1. Their numerical 

simulation is compared with photographs of Peregrine et al. (1990). The agreement is 

generally good, except that the simulation overestimates the volume of the main drop. 

They have also performed axisymmetric simulations. The axisymmetric simulations are 

found in good agreement, and do not overestimate the drop volume. A summary of the 

numerical simulation studies presented above is offered in Table 3.1. 
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(a) adaptive meshes 

 

 
(b) pressure contours 

 

 
(c) velocity field 

 
Figure 3.6: Pendant drop undergoing oscillations for Re 20We = , from Wilkes and 
Basaran (2001). (a) Grid deformation, (b) pressure contours, and (c) velocity field. 
Initially the drop is a hemisphere. Figure courtesy of E. Wilkes. Reprinted with 
permission.  
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Table 3.1: Summary of the numerical simulations of droplet ejection. 

Problem References Formulation and Method Major Results 
Fromm 
(1984) 

- axisymmetric Navier-Stokes 
equations  
- incompressible, free surface flow 
- vorticity-streamfunction 
formulation 
- combined Eulerian-Lagrangian 
method 

- Oh= 1/2, 1/3, 1/4 
- higher drop velocity for small Oh 
- after break-off, slight increase in the 
velocity at the leading edge 
- satellite drops at later time 
- satellite drop velocity higher than 
main drop 

Adams and 
Roy (1986) 

- 1D problem 
- incompressible, free surface flow  
- Lagrangian approach 
- Mac-Cormack’s predictor-
corrector scheme 

- Re/We=2.5, 5, ∞  
- predict break-off earlier than 
Fromm’s model 
- for Re/We=5 good agreement until 
break-off, then beyond break-off 1D 
simulation indicates higher velocities 
- viscous effects retard the liquid 
column 

Shield, Bogy 
and Talke 
(1986,1987) 

- 1D problem 
- incompressible, free surface flow 
- Radial inertia terms included in 
scheme A and omitted in scheme B 
- Eulerian approach 
- Mac-Cormack’s predictor-
corrector scheme 

- Re=2.5, We=1, 5, 20 
- nozzle radius= 50 µm 
- reference velocity 1 m/s 
- reference time 50 µs 
- comparable results to Fromm’s 
model 
- scheme A give better results at 
higher We numbers and model 
oscillations 
- scheme B at low We gives cleaner 
break up profile 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Drop 
on 
demand 

Badie and 
Frits de 
Lange (1997) 

- axisymmetric Navier-Stokes 
equations 
- incompressible, free-surface 
flows 
- Finite element method 

- Re=188, We=36 
- nozzle diameter= 50 µm 
- velocity vectors in opposite 
directions during necking 
phenomenon 

Wilkes, 
Phillips, and 
Basaran  
(1999) 

- axisymmetric Navier Stokes 
equations 
- incompressible, free surface flow 
- Galerkin/finite element 
- multiregion mesh conforming to 
drop shape 

- tube radius=0.16 cm 
- 0.037 < Re < 6.6 
- 3.8x10-4 < We < 5.2x10-4 
- 0.34 < Bo < 0.48 
- as viscous effects increase, thread 
length increases, and drop volume 
decrease 

Wilkes and 
Basaran  
(2001) 

same as Wilkes et al. (1999) 
- moving reference frame to 
simulate an oscillating rod 

- larger amplitude causes longer drop 
elongation, and will cause drop 
satellite 
- results for Re/ 20We =  shown in 
Figure 3.5and Figure 3.6 

 
 
 
 
 
Pendant 
drop 

Gueyffier, Li, 
Nadim, 
Scardovelli, 
and Zaleski 
(1999) 

- 3D and axisymmetric Navier-
Stokes equations 
- Two-phase flow 
- Eulerian fixed grid 
- VOF method 

- Re=4.2, We=9.216 x 10-5, Bo=1 
- density ratio = 133 
- axisymmetric model gives better 
agreement to Peregrine et al. (1990) 
experiments than 3D solver 
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3.2 Droplet Impingement 

3.2.1 Experimental Observations of Droplet Impingement 

The system of a drop laying on a flat surface schematically shown in Figure 3.7, is 

characterized by three interfaces: liquid-vapor, liquid-solid, and solid-vapor. The 

intersection of all three phases is a closed line and is called the contact line. If the drop is 

axisymmetric, then the contact line is the basal circle of the droplet. When seen in two 

dimensions this contact line is a point, called the contact point or tri-junction point. The 

wettability of a liquid reflects its affinity for solids. The wettability of the liquid is 

quantified by the contact angle θ, defined as the angle between the liquid-vapor interface 

and the solid surface. For value of θ  between 0° and 90°, the liquid is said wetting and 

for value of θ  between 90° and 180°, the liquid is said non-wetting. When the system is 

at equilibrium we have the Young-Dupré relation :  

coslv sv slσ θ σ σ= −      (3.2) 

with θ the contact angle, σ the surface tension, subscripts s for solid, l for liquid and for v 

gas-vapor. This relation can be derived either by considering a force balance in the 

horizontal direction or by a thermodynamic analysis using the concept of minimum 

energy. The derivation can be found in Carey (1992). The contact angle θ in the Young-

Dupré relation is called the static or equilibrium contact angle. The equilibrium contact 

angle is often experimentally determined by visualization techniques (Dussan V.,1979). 

With a moving contact line, the problem becomes dynamic. The contact line is advancing 

when its speed U is positive, i.e. U>0, and receding when U<0. The extrapolated value of 

the contact angle θ in the limit as 0U →  with U>0 is called the advancing contact angle 

θA , and with U<0 is called the receding contact angle θR (Dussan V.,1979). Experiments 
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have shown that there is a difference between the advancing and receding contact angle 

values. The advancing contact angle θA is typically larger than the receding contact angle 

θR. This difference is referred to as the contact angle hysteresis. The contact line does not 

appear to move when θ lies between [ ],R Aθ θ  (Dussan V.,1979). The contact angle 

hysteresis is acknowledged to be a consequence of three factors: (1) surface 

inhomogeneity, (2) surface roughness, (3) impurities on the surface (Carey, 1992). 

Furthermore, the contact angle has been observed to increase with temperature (Chandra 

and Avedisian, 1991; Lee et al., 2001; Nagai and Carey, 2001). Since it is often difficult 

to quantify these factors, an unambiguous expression of the contact angle under a 

dynamic condition is difficult. 

vapor 

solid 

liquid θ 

 

Figure 3.7: Schematic of a sessile droplet on a flat surface. 

Many studies on droplets impinging on very hot surface (above 400°C), resulting in 

film boiling have been conducted, among those are the studies of Wachters and 

Westerling (1966), Bolle and Moureau (1976) and Bernardin et al. (1997). These studies 

are reviewed in Aydin and Yang (2000). 

When a liquid droplet free of any attachment impacts onto a solid surface, it can 

splash, spread or rebound depending on the impact velocity, droplet diameter, liquid and 
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solid surface properties. The behavior of a droplet impinging on a surface is quite 

complicate to understand and model because it involves imbalances between the inertia, 

surface tension and viscous forces.  

Zapalowicz (1995) in his qualitative analysis of the process of wetting a surface by a 

water droplet describes the effect of the Weber number as follow:  

(i) For small Weber number the droplet spreads until the liquid reaches equilibrium. 
 
(ii) At intermediate Weber numbers, the droplet after reaching a momentarily 

equilibrium, shrinks and diminishes its contact area until a next equilibrium is 
reached. 

 
(iii) For high Weber number below the critical Weber number, the droplet retracts and 

rebounds from the surface. 
 
(iv) When the Weber number is larger than the critical value, the droplet breaks into 

smaller droplets upon impact, also referred as splashing. 
 

The Weber number represents mainly the effect of the droplet size and impact 

velocity. The critical Weber number or splashing threshold not only depends on the 

droplet properties but also on the surface properties. Surface roughness is an important 

factor, and several splashing threshold correlations are reviewed in Bussmann (2000). 

The second important factor is the surface temperature as qualitatively discussed in 

Zapalowicz (1995). 

Chandra and Avedesian (1991) have studied the effect of surface temperature on the 

impact dynamics. They have experimentally investigated the deformation of n-heptane 

(C7H16) droplets for We=43 and Re=2300 impinging on a polished stainless steel surface 

held a constant temperature for temperature ranging from 24°C to 250°C. The 

experiments are carried out at a constant ambient pressure. The droplet of initial diameter 
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of 1.50 mm is impacted at 0.93 m/s. The boiling point of n-heptane is 98.4°C. Selected 

photographs of Chandra and Avedisian (1991) are shown in Figure 3.8. 

Once the droplet is in contact with the surface, it spreads radially and forms a flat disc 

shape. The spreading rate is driven by the liquid inertia, and is slowed by the viscous 

effects. The surface tension causes the drop to retract to an equilibrium shape. The drop 

can also oscillate between equilibrium shapes. The natural frequency fN of the recoiling 

process of a drop on a solid surface is (Fukai et al., 1993; Chandra and Avedisian, 1991; 

Kaviany, 1994):  

1/ 2

2 3

16
Nf

d
σ

π ρ
 

=  
 

     (3.3) 

The kinetic energy of the droplet before impact is either converted into potential 

energy (due to surface tension) or dissipated. The lateral flow reversal at the late stage of 

the deformation process underlines the significance of the surface tension with a low We. 

A simple energy-based model has been derived by Chandra and Avedisian (1991) to 

obtain an expression for the maximum spreading coefficient. The kinetic energy of the 

droplet before impact is given by 

1

21
2kE mU =  

 
     (3.4) 

where m the mass of the droplet of density ρ and diameter d is 

31
6

m dρ π =  
 

     (3.5) 

The droplet surface energy before impact is 

1

2
sE dπ σ=       (3.6) 
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The droplet after impact is assumed to have a disk shape of thickness δ and diameter dbase 

such that its surface energy is 

( )
2

21 1 cos
4s baseE dπ σ θ= −     (3.7) 

The dissipation energy 
2dE  due to the viscous effect is approximated as: 

2d vis spE tφ= V       (3.8) 

where visφ  is the dissipation function represented by the viscous effect: 

2

vis

Uφ µ
δ

 =  
 

      (3.9) 

V  is the liquid droplet volume, and tsp is an estimation of the time the droplet of diameter 

d takes to spread at speed U:  

sp

dt
U

=       (3.10) 

Thus, the dissipation energy is expressed as: 

2

2 3

6d

U d dE
U

πµ
δ

 =  
 

     (3.11) 

The total energy is conserved, therefore 

1 1 2 2k s s dE E E E+ = +      (3.12) 

which leads after some algebra to the following expression: 

( )4 23 1 cos 4 0
2 3

WeCaβ θ β  + − − + = 
 

   (3.13) 

where β  is the spreading coefficient defined as: 
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d

β =      (3.14) 

 

Figure 3.8: The impact of a n-heptane droplet on a heated stainless steel surface (view at 
an angle 30°) for Re=2300 and We=43, from Chandra and Avedisian (1991). (a) 
Tw=24°C, (b) Tw=90°C, (c) Tw=104°C. Image courtesy of S. Chandra. Reprinted with 
permission from The Royal Society. 

Recently, Kim and Chun (2001) have studied experimentally and analytically the 

recoiling of water, ink and silicone oil droplet of about 3 mm diameter on polycarbonate 
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and silicon oxide solid surfaces which corresponds to the following ranges of Weber and 

Ohnesorge numbers and contact angle values: 30 < We < 582, 0.0017 < Oh < 0.109, and 

6.2° < θ  < 87.4°. Lee et al. (2001) have characterized the heat transfer of an impinging 

PF-5060 single droplet using a micro-scale heater array at low superheat (below 

nucleation) and intermediate superheat (where nucleate boiling occurs). The Reynolds 

number in their experiment is about 650, and Weber number about 11. They have 

investigated the evolution of the contact angle, droplet diameter, and heat transfer with 

time. Their results show two parts in the vaporization process: first with an effective 

transient heat transfer coefficient, and second with a constant heat transfer coefficient. 

They have suggested the initial transient to be affected by a combination of the heat 

conduction into the liquid, the oscillatory motion of the droplet, and external diffusive 

vapor region. 

3.2.2 Simulations of Droplet Impingement 

In the literature, the fluid dynamics problem of a droplet impacting on a flat surface 

has often been treated as an axisymmetric free surface problem. Simulations have been 

performed for initially spherical drop from the time the drop is in contact with the surface 

until the liquid comes to rest. Different numerical approaches have been employed to 

solve this problem. The Eulerian formulation with volume tracking method is employed 

in Harlow and Shannon (1967), Hatta et al. (1995), Bussmann et al. (1999, 2000) and 

Pasandideh-Fard et al. (2001). The Lagrangian formulation, where the interface is tracked 

directly by using adaptive grid that follows the interface deformation, has been adopted 

by Fukai et al. (1993, 1995, 1997) and Zhao et al. (1996a). Other techniques combining 
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Eulerian and Lagrangian formulations have also been applied by Zheng and Zhang 

(2000). 

Harlow and Shannon (1967) are the first to have solved numerically the fluid 

dynamics of a liquid drop splashing on a flat plate. They adopt the axisymmetric Navier-

Stokes equations using the Marker-and-Cell (MAC) algorithm (Harlow and Welch, 1965; 

Welch et al., 1966). Since they neglect surface tension and viscous forces, the drop 

spreads with no constraint. Hatta et al. (1995) have followed a modified MAC method to 

obtain solution of the Navier-Stokes equations including the viscous and surface tension 

forces. The results of their numerical simulation are in good agreement with their 

experiment results for a water droplet and with those of Chandra and Avedisian (1991) 

for an n-heptane droplet at 24°C at an earlier stage. For the water droplet case (We=62.5, 

Re=1500), after impingement, the droplet spreads on the solid surface in a thin disc 

shape, forming a doughnut shape before recoiling. For the simulation with n-heptane 

droplet case (We=43, Re=2300), the droplet spreads until reaching a maximum diameter. 

However, no recoiling process is observed.  

Bussmann et al. (1999) have developed a three-dimensional volume tracking model to 

study the impact of a droplet onto an inclined surface and onto a sharp edge. Their 

numerical results are in good agreement with their experiment. Bussmann et al. (2000) 

have investigated the effect of fingering and splashing of a droplet impinging a solid 

surface by imposing a perturbation function.  

Pasandideh-Fard et al. (2001) have experimentally investigated and modeled the fluid 

dynamics and heat transfer phenomena occurring in the substrate and droplet during 

droplet impingement on stainless steel at different temperature varying from 50°C to 
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120°C (below nucleation) for different impact velocity, which corresponds to Re between 

1200 to 9000 and We between 7 and 450. They have made use of an Eulerian rectangular 

grid. Two energy equations, one for the liquid and the other one for the substrate are 

solved. Their numerical results agree well with their experiment. They have concluded 

that the effect of an increasing impact velocity makes the droplet spread more, therefore 

increasing the wetted area across which heat transfer takes place. 

Fukai et al. (1993) have developed a finite element technique to solve the 

axisymmetric Navier-Stokes equations based on a Lagrangian formulation of a droplet 

impinging on a flat surface. They accurately track the droplet deformations using 

deforming triangular-elements. The artificial compressibility method is implemented to 

compute the flow solution. Their model accounts for the presence of viscous, gravitation 

and surface tension forces. The normal and tangential stress balance conditions are 

satisfied on the free surface of the droplet. At the contact point or tri-junction point a net 

interfacial force is imposed and the axial velocity is set to zero. Their numerical 

simulation is able to predict the formation of a propagating ring structure due to the liquid 

mass accumulation at the periphery of the thin disk, as well as recoiling and subsequent 

oscillation. The effect of impact velocity, droplet diameter, surface tension, and liquid 

properties on the fluid dynamics of the splashing of the droplet is studied. In Fukai et al. 

(1995), coordinated experimental and numerical investigations are performed. The 

contact angle hysteresis, determined experimentally, serves as input to the numerical 

model. Their numerical results are in accordance with their experimental results.  

In Fukai et al. (1995), three numerical simulations are performed using the same 

technique, for an n-heptane droplet of diameter 1.5 mm with impacting velocity 0.93 m/s, 
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corresponding to the experimental cases of Chandra and Avedisian (1991). Three surface 

temperatures are considered: 24°C, 100°C, and 150°C. The surface temperature effect is 

accounted for in the simulation by assigning different contact angle values. Zhao et al. 

(1996a) present a coupled numerical study of the fluid dynamic and heat transfer 

phenomena during the impingement of a droplet on a flat surface. A model for heat 

transfer in the liquid and substrate is added to the fluid dynamics model of Fukai et al. 

(1993, 1995). Two energy equations, one for the liquid and the other for the substrate, are 

solved by enforcing temperature and heat flux continuity at the interface. Their numerical 

results of a water droplet impinging on glass and aluminum are shown in Figure 3.9. It is 

found that the heat transfer occurs mainly in radial direction, and that the heat transfer 

time scale is comparable to the droplet deformation time scale. Their numerical model is 

validated with experimental results in Zhao et al. (1996b). 

Zheng and Zhang (2000) have developed a new free surface capturing method in three 

dimensions to simulate the spreading and solidification of a droplet on a surface. The 

solidification interface is captured by the adaptive grid, with the free surface interface 

tracked by the level-set method. At the contact line both a fixed contact angle condition 

and a mixed condition (fixed contact area and fixed angle) are implemented. Among their 

numerical results, a case of a water droplet impinging vertically on a flat surface for 

Re=100 and Fr=2.5 at an early stage is presented. Their results are in agreement with 

other two-dimensional numerical simulations. For example, the splat thickness is 

observed thinner at the center, and thicker at the periphery. 
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(a) Glass substrate   (b) Aluminum substrate 
 

Figure 3.9: Numerical simulation results from Zhao et al. (1996a) of the fluid dynamics 
and heat transfer phenomenon during the impingement of a water droplet for Re=500, 
We=10 and Fr=630 on (a) a glass substrate and on (b) an aluminum substrate. Reprinted 
with permission from Elsevier Science. 

Finally, numerical studies simulating the impact of a droplet on a thin liquid film 

recovering a flat surface have also been performed. Weiss and Yarin (1999) have 

formulated the problem as an axisymmetric potential flow problem since the viscous 

terms are neglected and solve it using boundary integral method. Rieber and Frohn 
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(1999) have performed a full numerical simulation of the Navier-Stokes in three-

dimensions. 

Table 3.2: Relevant numerical studies of a water liquid droplet impacting on a flat solid 
surface. The initial droplet diameter (prior of impact) is denoted by d0 and the impact 
speed by u0.  

References Model Simulation Main Results 
Fukai, Zhao, 
Poulikakos, 
Megaridis, 
Miyatake 
(1993) 

- axisymmetric conservation 
equations 
- free surface flow 
- Lagrangian formulation 
- finite-element method 
- adapting triangular-element 
grid to drop deformation 
- artificial compressibility 
method 

Case 1 
d0 = 0.69 mm,  
U = 1.46 m/s 
Re=500  
We= 10, Fr=630 
Case 2 
d0 = 0.2 mm 
U = 1 m/s 
Re=100, 
We=1.4 
Fr=1020 

- We number is the most important 
factor influencing the behavior of 
the splat radius. 
- results in good agreement with 
experiments at all times 

Zhao, 
Poulikakos, 
Fukai  
(1996a) 

- same as Fukai et al. (1993) 
with heat transfer model 
- energy equation in liquid and 
solid 
- substrate mesh dimension 
based on thermal penetration 
depth  

d0 = 0.69 mm 
U = 1.46 m/s 
Re=500, We=10, 
Fr=630, Pr=7 
Aluminum and glass 
surface 

- sequence shown in Figure 3.9 
- heat transfer occurs mainly in 
radial direction 
- simulations show that heat transfer 
time scale is comparable to droplet 
deformation time scale 

Pasandideh-
Fard, Aziz, 
Chandra, 
Mostaghimi  
(2001) 

axisymmetric Navier-Stokes for 
incompressible flow 
free surface flow 
energy equation in liquid and 
solid 
VOF method  
Eulerian fixed grid 
Experimental dynamic and 
receding contact angle values are 
input in the simulation 

d0=2.0 mm 
U=1.3m/s 
Re=2900, We=47 
Stainless steel 
surface 

results in very good agreement with 
experiment 
greater impact velocity, greater 
droplet spread, greater wetted area 
where heat transfer takes place 

 

3.3 Condensation and Evaporation of a Single Drop on a Flat Surface 

The condensation or evaporation of a single droplet on a flat surface, is referred in the 

literature as dropwise condensation and dropwise evaporation (Sadhal et al., 1996). From 

a macroscopic point of view, condensation represents the change of phase from the vapor 

state to the liquid state. Evaporation is the reverse process of condensation, i.e. 

evaporation represents the change of phase from the liquid state to the vapor state. During 
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condensation the droplet gains mass, and during evaporation it depletes mass. From a 

microscopic point of view condensation takes place when vapor molecules impinge on 

the liquid surface and remain in the liquid. Evaporation takes place when the molecules 

escape from the liquid surface into the vapor, and are freed from the intermolecular force 

field acting in the liquid phase (Tanasawa, 1991). Condensation occurs when the number 

of molecules crossing a unit area of the vapor-liquid interface per unit time into the liquid 

phase exceeds the number crossing toward the vapor phase. The reverse occurs during 

evaporation. The system is at equilibrium when the two fluxes are equal (Collier and 

Thome, 1994). Molecular dynamics studies and computer simulations of condensation 

and evaporation have been performed by Fujikawa et al. (1995), Matsumoto et al. (1995), 

Carey et al. (1997), Matsumoto and Fujikawa (1997).  

In the heat transfer mechanism of a droplet on a flat surface that is cooled (or heated), 

the condensation (or evaporation) mechanism takes place at the liquid-vapor interface. 

The heat transfer in the solid results is non-uniform solid surface temperature and surface 

heat flux. High heat flux values are located next to the contact line, because of smaller 

liquid thickness.  

Microscopic models accounting for the physics of contact line have been developed 

and coupled with macroscopic models (Kobayashi et al., 1994; Wayner, 1993, 1994; Lay 

and Dhir, 1995; Son et al., 1999). The microscopic model considers the existence in the 

vicinity of the contact line of very thin nonevaporative liquid film of the order of tens of 

nanometer in thickness. This film thickness is of the order of molecules size. Wayner 

(1994) has proposed a physical model for the contact line motion on solid surface due to 

condensation and evaporation of the liquid in the microscopic region based on kinetics 



51 

 

and interfacial concepts. Equations for the velocity, heat flux and superheat in the contact 

line region as a function of the change of the contact angle are derived. In the process of 

nucleate boiling of a single bubble, Son et al. (1999) have performed a complete 

numerical simulation by coupling the solution of the microscopic and macroscopic 

region. A level-set method with phase change is employed in the macroscopic region.  

3.3.1 Dropwise Condensation 

Heterogeneous nucleation occurs on a wall when the later is cooled as in the case of a 

surface condenser. Condensation on a solid surface occurs in two different ways: 

dropwise and filmwise depending on the surface wettability. Filmwise condensation 

occurs on a cooled surface easily wetted: the liquid forms a film. On non-wetted surfaces 

the vapor condenses in drops which grow by further condensation and coalescence and 

then roll, fall, or detach from the surface under the action of gravity or other forces. New 

drops then form to take their place. A schematic representation adopted from Tanasawa 

of the cycle of dropwise condensation is illustrated in Figure 3.10. The present review 

focuses on the mechanism of single droplet growth on a flat surface by direct 

condensation. Dropwise condensation offers the attraction of increasing condensing heat 

transfer coefficients by an order of magnitude over filmwise condensation. 
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1)Formation 
of initial 
droplets 

2) Growth 
due to direct 
condensation 

3) Growth 
due to 

coalescence 

4) Departure 
from  

surface 

 

Figure 3.10:Cycle of dropwise condensation (adapted from Tanasawa, 1991).  

Two theories have been proposed to explain the mechanism of initial drop formation 

on a flat surface. One theory is based on the idea of “film rupture”. This theory, first 

proposed by Jakob (1936) and later supported by Welch and Westwater (1961), states 

that vapor condenses on a dry subcooled surface and forms a thin film layer. When the 

film reaches a critical thickness estimated to be about 1 µm, it ruptures into droplets. The 

other theory first introduced by Eucken (1937) and experimentally supported by Umur 

and Griffith (1965) and McCormick and Westwater (1965) is based on the idea of 

nucleation theory. The nucleation theory is being more accepted by researchers than the 

film rupture theory (Sadhal et al., 1996; Tanasawa, 1991). From a macroscopic point of 

view, however it does not matter, the way the droplet is originated. What matters is to 

know the critical radius rmin of the droplet for which condensation can be sustained. The 

smallest droplet, assuming hemispherical droplet (θ = 90°), size possible corresponds to 

the equilibrium radius of curvature for the specified wall subcooling ( )sat wT T−  given in 

Carey (1992) is: 
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( ) ( )
min

2

lnw v
v sat w

l sat w

RT p p p T
v p T

r σ
=

  
− +  

   

    (3.15) 

where σ is the surface tension of the liquid-vapor interface, R is the gas constant for the 

vapor, lv  is the specific volume of the liquid, wT  is the wall temperature, vp  is the far-

field pressure of the vapor, and ( )sat wp T , the equilibrium vapor pressure at the wall 

temperature. Here the following approximation is made 

( ) ( )
lnw v

v sat w
l sat w

RT pp p T
v p T

  
− =        

    (3.16) 

and Clausius-Clapeyron equation  

( ) ( )
1 1ln v

sat w sat v w

p
p T R T p T

λ   
= − −      

   
    (3.17) 

is used to yield 

( )
( )min

2 sat v l

sat v w

T p v
T p T

r
σ

λ
=

−  
     (3.18) 

The free energy of formation of a liquid embryo on a flat surface is reduced by a shape 

factor ( )F θ  that is function of the contact angle (Carey, 1992; Shyy, 1994; Collier and 

Thome, 1994):  

( )( )22 cos 1 cos
4

( )F
θ θ

θ
+ −

=     (3.19) 

The growth of a single, surface-nucleated droplet by condensation on the droplet 

surface is controlled by the heat transfer rate through the droplet and across the droplet 

solid interface (Kaviany, 1994). The transport process in a liquid droplet is often 

dominated by conduction, although there may be some convective transport in the liquid. 
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Since the conduction path is longer through larger droplets than for smaller ones, larger 

droplets have greater resistance to heat transfer. The rate of condensation on the larger 

droplets is therefore less than on the smaller ones. Hence, the larger drops grow primarily 

by coalescence. This implies that most of the heat transfer during dropwise condensation 

is transferred to the surface covered with the smallest droplets.  

In the study of the heat transfer mechanism of the full cycle of dropwise condensation, 

two models have been proposed. The first one is the Le Fevre and Rose model (Le Fevre 

and Rose, 1966) and the second one is Tanaka’s model (Tanaka, 1975). Le Fevre and 

Rose model derives the heat flux of dropwise condensation by combining the heat 

transfer resistance of a single droplet of a given size and the average heat transfer 

coefficient on the surface to reflect the drop size distribution. Tanaka’s model considers 

the transient change of local drop size distribution, taking into account the processes of 

growth and coalescence of drops. These models are reviewed by Rose et al. (1999) and in 

Tanasawa (1991) review paper on condensation. Computer simulation of dropwise 

condensation cycles have been done by Gose et al. (1967) and Burnside and Hadi (1999). 

Initially randomly distributed droplets are placed on a surface, then as time goes, the 

droplets growth, coalescence, and removal are simulated by using a simple droplet 

growth rate model and basic analysis. 

The expression obtained by Le Fevre and Rose (1966) for the heat transfer resistance 

of a single droplet is derived by considering the following three aspects: (1) the influence 

of surface curvature on the phase equilibrium temperature, (2) the mass transfer 

resistance at the liquid-vapor interface, and (3) the heat conduction resistance through the 
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droplet. The relation between the heat flux Bq&  from the base of a hemisphere drop to the 

condensing surface, and the surface subcooling T∆  is expressed as: 

( ) ( )21
2

2 1
1 2

l sat v sat vv
B

l

v T p RT pK v TK rT q
r k
σ γ

λ λ γ π

 + ∆ = + +
 − 

&   (3.20) 

where ( )sat vT p  is the saturation temperature of the vapor, r is the drop radius, is the 

surface tension, vl and vv are the specific volumes of the liquid and vapor respectively, λ 

is the latent heat, kl is the liquid conductivity, γ is the ratio of the specific heat, K1 is a 

constant relating the temperature drop in the drop to Bq&  (K1=2/3 for hemispherical drop), 

and K2 is the ratio of the base area of a drop to its curved surface area, i.e., for 

hemispherical drops K2=1/2. Other heat transfer resistance can be added to consider for 

example the resistance of a promoter layer if coated on the solid surface (Griffith, 1985; 

Abu-Orabi, 1998). 

Sadhal and Plesset (1979) have considered the heat transfer problem of a single sessile 

droplet of diameter less than 1 mm condensing on a semi-infinite flat surface. They have 

studied the effect of the solid material. The droplet is assumed to have a spherical 

segment shape. They have solved the steady heat conduction equation for both the liquid 

and the solid and have considered vapor transport. The temperature distribution in both 

the liquid and solid phase is given by: 

2

2

0
0

l

s

T
T

∇ =

∇ =

       (3.21) 

with the following boundary conditions: 

• at the liquid-vapor interface 
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• at the solid-liquid interface 

l s

l s
l s

T T
T Tk k
n n

=


∂ ∂
− = − ∂ ∂

      (3.23) 

• at the solid-vapor interface 

0sT
n

∂
=

∂
      (3.24) 

• deep in the solid 
0sT T=       (3.25) 

where Tl is the liquid temperature, Ts is the solid temperature, and Tv is the vapor 

temperature, T0 is the temperature of the solid at large distances under the droplet, n the 

normal to the interface, kl liquid conductivity, ks solid conductivity, h the heat transfer 

coefficient. The equations are first transformed in toroidal coordinates, and then solved. 

Since the boundary condition given in Eq. (3.22) cannot be satisfied exactly, an 

approximate solution is sought. From this solution the Nusselt number Nu defined as  

0l v

QNu
k r T T

=
−

      (3.26) 

is expressed as: 
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where the correction function ( ),g Biθ  is 

( )
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3 sin 1 sin, 1.8sin 1 1 ln
2 2 2
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−
      = − × −            

  (3.28) 
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where Bi is the Biot number defined as: 

l

hrBi
k

=        (3.29) 

and θ  is the contact angle, r is the droplet base radius. 

Plots of the results of Eq. (3.27) (Nu versus ε=kl/ks) obtained by numerical integration 

are given in Sadhal and Plesset (1979) for θ =30°, 60° and 90°, 410 1ε− < < , 

410 10Bi< < , and 1 120Nu< < . It is observed that as the liquid to solid conductivity 

ratio ε approaches values greater than 1/Bi, Nu starts to decreases as the liquid to solid 

conductivity ratio ε increases. For ε values smaller than 1/Bi, the drop Nusselt number is 

constant for a given Biot number. The droplet growth rate is given by 

( )
( ) ( )

3
0

2

sin
1 cos 2 cos

l v

l

k T T Nudr
dt r

θ
πλρ θ θ

−
= −

− +
    (3.30) 

Because of the complexity of Nu function, no straightforward integration is possible. 

In Lai (1999), the growth of a single spherical droplet by condensation is studied 

theoretically. Initially a spherical droplet having an initial radius larger than the critical 

radius is placed at the center of a spherical domain filled with vapor. The vapor is 

initially at a uniform pressure and a subcooled temperature that is less than the saturation 

temperature. The governing equations solved in the liquid and vapor phases are the 

unsteady, spherically symmetrical energy equations. The energy equation in the liquid 

phase reduces to the heat conduction equation since the convection terms are neglected. 

Three time scales are derived in the analysis. The first and second time scales reflect the 

thermal diffusion of the vapor and liquid. These two time scales are small. The third time 

scale is the condensation time scale describing the droplet growth. The parametric range 
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investigates are: for the Jakob number (Ja) 10-7 < Ja < 10-5, for the Gibbs-Thomson effect 

number (Γ) 10-6 < Γ < 10-3, and for the liquid to vapor density ratio 103 < ρl/ρg < 105. 

This parametric range is typical for the water vapor with droplet of radius ranging from 1 

to 20 mm, subcooled temperature ranging from 1 to 10 °C, and saturation pressure 

ranging from 0.1 to 1.0 atm. It is found that with a large Jakob number, that the 

subcooling effect is stronger and the droplet grows faster, that the Gibbs-Thomson effect 

suppresses the droplet growth and that induced convection due to large density difference 

between the liquid and vapor phase contributes to the droplet growth. A summary of the 

analytical model of single droplet condensation is presented in Table 3.3. 

Table 3.3: Summary of the previous analytical studies in single droplet condensation 

Authors Assumptions and Model Main Results 
Le Fevre and 
Rose (1966) 

- hemispherical droplet on flat surface 
- heat transfer resistance model taking 

account surface curvature effect, mass 
transfer resistance at interface, heat 
conduction in liquid phase 

- relation between ∆T subcooling and 
heat flux Eq. (3.20) 

Sadhal and 
Plesset (1979) 

- spherical segmented sphere on semi-
infinite flat surface, diameter < 1mm 

- steady state heat conduction equation in 
liquid and solid phase 

θ =30°, 60°, 90°; 410 1l

s

k
k

ε− < = < ,  

10 < Bi < 104, 1< Nu < 120 

- approximate solution 
- relation between Nu, θ , Bi and ε  
- for ε values smaller than 1/Bi, Nu is 

constant for a given Bi. 
- as ε approaches values greater than 

1/Bi, Nu starts to decreases as ε 
increases.  

Lai (1999) - spherical droplet surrounded by vapor 
- droplet radius 1 to 20 mm 
- heat conduction equation in liquid 

phase 
- energy equation in vapor phase 
- initially vapor is at uniform pressure 

and subcooled temperature 
7 510 10Ja− −< < , 6 310 10− −< Γ <  

3 510 10l

g

ρ
ρ< <  

- condensation time scale is larger 
than the diffusion time scale 

- droplet grows faster for stronger 
subcooling effect (large Ja) 

- Gibbs-Thomson effect suppresses 
droplet growth 

- large density difference between 
liquid and vapor phase contributes 
droplet growth 
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3.3.2 Dropwise Evaporation 

When a sessile droplet sits on a surface that is heated, different regimes of evaporation 

occur depending on the surface temperature, Tw (Zapalowicz, 1995; Sadhal et al., 1996; 

Aydin and Yang, 2000). In the study of evaporation, two curves, namely the droplet 

lifetime and the boiling curve are of fundamental interest. They are depicted in Figure 

3.11, where the different evaporation regimes are indicated. These regimes are described 

in Table 3.4. In Figure 3.11, TONB stands for the temperature of the onset of bubble 

nucleation. Tmax is the temperature corresponding to the shortest droplet evaporation time 

and the critical heat flux, TLeid the temperature corresponding to the minimum heat flux. 

TLeid TONB Tmax 

tevap 

3 
 

1 
 

2 
 

4 
 

Tw (a) 
 

3 

TLeid Tmax 

Critical 
Heat Flux 

Heat  
Flux 

Minimum  
Heat Flux 

1 2 4 

Tw (b)  
Figure 3.11: Schematic of the droplet evaporation lifetime and boiling curves. (a) Droplet 
evaporation time, tevap, versus surface temperature, Tw, and (b) Heat flux versus surface 
temperature. 
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Table 3.4: Classification and description of the dynamics and heat transfer of a droplet 
evaporation 

Zone Regime Superheat Description 
 
 

1 

 
 

Film evaporation 

 
 

Low 

- When w ONBT T< , the droplet spreads and 
evaporates slowly 

- Total contact of the droplet with the surface 
- Conduction is the dominant mechanism 

inside the droplet 
 
 

2 

 
 

Nucleate boiling 

 
 

Intermediate 

- When maxONB wT T T≤ ≤ , vapor bubbles 
arise in the droplet 

- Increase in momentum transport around the 
droplet causes increase of heat transfer  

- Partial and intermittent contact of the 
droplets and solid surface 

 
 

3 

 
 

Transition boiling 

 
 

Intermediate 

- When max w LeidT T T< ≤  , the frequency of 
contact of the droplet and solid surface 
decreases, causing a decrease in heat 
transfer 

- Formation of an unstable vapor film 
between droplet and solid surface 

 
4 

 
Film boiling 

 
High 

- When w LeidT T> , a thin and stable vapor 
film is present 

- No contact between the liquid and solid 
surface 

 

The low superheat evaporation regime is reviewed in the following. In the low 

superheat evaporation regime, there is no nucleation. The drop remains in contact with 

the surface during all the evaporation process. The heat transfer mechanism in the liquid 

phase is conduction dominated. The convection mechanism can be neglected. The 

smaller the drop is, the greater the cooling effect is. The droplet impact mechanism, 

reviewed in section 3.2, influences the heat transfer and evaporation rates. When a 

droplet impacts on a flat surface, the droplet deforms to a shape that is more like a flat 

disk than a hemisphere. Such a shape allows wider conduction paths, and liquid 

convection parallel to the surface, improving the evaporation rate. 
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Sadhal and Plesset (1979) have obtained an exact analytical solution for an 

evaporating droplet. They have followed the same procedure that in the problem of a 

condensing droplet, except that the boundary condition at the liquid-vapor interface Eq. 

(3.22) is now for the case of an evaporating droplet: 

l vT T=      (3.31) 

For the evaporating droplet case, an exact solution is obtained. The Nusselt number 

defined in Eq. (3.26) is: 

1 1
2 2

14 tans s

l l

k kNu
k k

π θ
θ π

−

     =          

    (3.32) 

where θ is the contact angle, kl is the liquid conductivity, and ks is the solid conductivity. 

The droplet depletion rate is given by Eq. (3.30). Upon integration of Eq. (3.30), the life 

time or time for an initial droplet of radius r0 to be totally evaporated until its 

disappearance is: 

( )
( ) ( )22

0
3

1 cos 2 cos
2 sin

l
e

l w sat

rt
k T T Nu

θ θλρ
θ

− +
=

−
    (3.33) 

where Tv is the vapor temperature, and T0 is the temperature of the solid at large distances 

under the droplet. The Nusselt number Nu is plotted versus the liquid to solid 

conductivity ratio ε for θ = 30°, 60°, 90° and 120°. For most liquid droplet evaporating 

from a solid metallic surface ε is of the order 10-2. For ε=10-2, the Nu is of the order 102 

for each contact angle. The Nusselt number is larger for smaller contact angle for a given 

ε. 

In the dropwise evaporation studies of Bonacina et al. (1979), di Marzo and Evans 

(1989), Rizza (1981) and di Marzo et al. (1993), the liquid is assumed in full contact with 
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the solid surface, the only heat transfer mechanism considered is conduction, since 

convection is neglected. Bonacina et al. (1979) and di Marzo and Evans (1989) have 

developed simple analytical models, whereas Rizza (1981) and di Marzo et al. (1993) 

solved numerically the conduction equation. 

In the model developed by Bonacina et al. (1979), a thin disk evaporating on a flat 

surface is considered. A linear temperature profile is assumed in the liquid. The following 

expression for the evaporation time of an initial disk of thickness 0δ  is obtained: 

( )
( )

2
0

2
ll p sat l

l w sat

c T T
t

k T T
δ ρ λ + − =

−
    (3.34) 

with lρ  the density of the liquid, λ the latent heat, kl the thermal conductivity of the 

liquid, 
lpc  the specific heat of the liquid, T the temperature. The subscrips l stands for 

liquid, sat for saturation, and w for wall or surface. They have extended their model to 

analyze the heat transfer in spray cooling by considering a coefficient that represents the 

fraction of area covered by the droplets. Their model is found to be in good agreement 

with their experiments.  

In the model of di Marzo and Evans (1989), the solid surface is assumed isothermal, 

and is made of a highly conductive material. The droplet shape is modeled by spherical 

segment. The temperature profile in the liquid is assumed to be linear, and the droplet 

contact area with the solid remains constant during the evaporation process. Expressions 

of the instantaneous rate of evaporation and of the heat flux at the liquid-vapor interface 

are obtained by considering the energy balance for the droplet at the liquid-vapor 

interface. The Chilton and Colburn (1934) analogy at a liquid-air interface is used to 

express the heat flux q:  
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and the rate of evaporation is deduced as: 
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∫   (3.36) 

where 0.624 is the water-air molecular weight ratio, hconv is the convective heat transfer 

coefficient, r is the radius of the contact area, λ  is the latent heat, cpa is the specific heat 

of the air, D is the diffusion coefficient of the vapor in the air, aα  is the thermal 

diffusivity of air, ix  is the vapor mole fraction at the liquid-air interface, ax  is the air 

vapor mole fraction, and z is the nondimensional radial coordinate. These expressions are 

found to be in reasonable good agreement with experimental data. It is observed that 

more heat transfer is taking place where the thickness of droplet is thinner. 

Rizza (1981) has numerically solved the heat conduction equation in two-dimensional 

cylindrical coordinates in the solid. The solid surface temperature is estimated based on 

the local heat flux balance. The solid surface is made of a material of high thermal 

conductivity and low heat capacity. The drop is assumed to have a disk like shape. Heat 

flux lines are found to be highly concentrated at the outer radii. Evaporation takes place 

from the droplet outer radius inward toward the droplet center and on the droplet upper 

surface. The conductance of the droplet is continually increasing due to the reduction in 

the droplet diameter and thickness. Numerical solutions are performed for different 

droplet size and wall thickness. The nondimensional parameters b and ad
e  used in the 

investigation are defined as: 
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rb wetting ratio
R

= =      (3.37) 

where r is the impacted droplet radius, and R is the evaporation site radius. 

2ra spreading ratio
d

= =     (3.38) 

2ad r
e e

=       (3.39) 

where d is the droplet diameter before impact and e is the evaporator wall thickness. It is 

observed that a thicker wall gives shorter evaporation time for a given impacted droplet 

radius and evaporation site radius, and that a larger evaporation radius site gives longer 

evaporation time for a given impacted radius droplet and wall thickness. 

In di Marzo et al. (1993), a coupled model is proposed where the transient conduction 

equation for the solid and the liquid are simultaneously numerically solved. The droplet 

shape is the one of segmented sphere of fixed base, i.e. the contact area remains constant. 

The governing equations considered are: 

2

2

l
l l

s
s s

T T
t

T T
t

α

α

∂ = ∇ ∂
∂ = ∇
 ∂

     (3.40) 

where αl is the liquid thermal diffusivity, αs is the solid thermal diffusivity, Tl is the 

liquid temperature, and Ts is the solid temperature with the following boundary 

conditions: 

• at the liquid-air interface 

( )
2
3

. 0.624
1

a

i a
l l l a conv

p a i

x xDk T n h T T h
c x
λ

α
    −

− ∇ − − =       −    

r
  (3.41) 

• at the solid-liquid interface 
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l s

l s
l s

T T
T Tk k
n n

=


∂ ∂
− = − ∂ ∂

     (3.42) 

• at the solid-air interface 

( )s
s s a

Tk h T T
n

∂  = − ∂ 
     (3.43) 

• deep in the solid 

0
s

s

Tk q
n

∂ − = ∂ 
     (3.44) 

where h is the overall heat transfer coefficient, Ta is the air temperature, 0.624 is the 

water-air molecular weight ratio, hconv is the convective heat transfer coefficient, r is the 

radius of the contact area, λ is the latent heat, cpa is the specific heat of the air, D is the 

diffusion coefficient of the vapor in the air, αa is the thermal diffusivity of air, xi is the 

vapor mole fraction at the liquid-air interface, xa is the air vapor mole fraction, and q0 is 

the initial heat flux in the solid. The transient conduction equation in the solid is solved 

using boundary element method, and in the liquid using finite volume element. Given the 

initial droplet volume, the droplet shape, the initial surface temperature, the overall and 

convective heat transfer coefficients, their numerical code predicts the transient 

temperature profiles in the solid and liquid, the heat fluxes, the total evaporation time, 

and transient droplet segmented sphere shape. Computations are performed for an initial 

droplet of 30 µl on two different surface materials: aluminum and macor. The results of 

the simulations are found in good agreement with the experiments, especially at the 

droplet edge. A summary of the previous studies on low superheat evaporation is given in 

Table 3.5. 
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Table 3.5: Previous studies on low superheat dropwise evaporation. 

Authors Study Assumptions and Model Main Results 
Sadhal and 
Plesset (1979) 

Analytical 
 

- spherical segmented sphere on 
semi-infinite flat surface 

- steady state heat conduction 
equation in liquid and solid phase 

θ =30°, 60°, 90°, 120° 
10-3< ε <1, 1< Nu < 500 

- exact solution 
- Nusselt number as a function 
of contact angle and solid to 
liquid conductivity ratio Eq. 
(3.32) 

- evaporation time Eq.(3.33) 
Bonacina, Del 
Giudice, and 
Comini (1979) 

Experimental 
and 
Analytical 
 

- thin disk shape drop  
- initial droplet diameter ~ 95µm 
- disk diameter ~ 395 µm 
- linear temperature profile in droplet 
- heat transfer only by conduction 

- evaporation time of an initial 
thin disk Eq. (3.34) 

- their model is in good 
agreement with their 
experiments 

Di Marzo and 
Evans (1989) 

Experimental 
and 
Analytical 
 

- spherical segment drop  
- isothermal solid surface 
- linear temperature profile in drop 
- constant contact area of drop and 
solid surface 

- heat transfer only by conduction 
- initial droplet volume=10, 30 50 µl 

- heat flux given by Eq. (3.35) 
- rate of evaporation given by 
Eq. (3.36) 

- high heat transfer where 
droplet thickness is thinner 

Rizza (1981) Numerical - disk shape drop 
- nonisothermal solid surface 
- heat conduction in solid 
- high thermal conductivity and low 
heat capacity solid material 

b=1/2, 1/4, 1/6, 1/8, 1/10 
(ad/e)=1, 2, 3, 4, 5 

- heat flux lines highly 
concentrated under the 
contact line 

- shorter evaporation time for 
thicker wall and smaller 
evaporation site radius for a 
given impacted droplet 

Di Marzo, 
Tartani, and 
Liao(1993) 

Experimental 
And 
Numerical 

- spherical segment drop 
- unsteady heat conduction equation 
in solid and liquid 

- initial droplet volume=10, 20, 30 µl 
- aluminum and macor solid surface 

- results in good agreement 
with experiment especially 
around droplet contact line 
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CHAPTER 4 
4 THEORETICAL FORMULATION AND COMPUTATIONAL METHODS 

In this chapter, the theoretical formulation and the computational methods adopted to 

solve multiphase thermo-fluid problems are presented. After describing the formulation, 

numerical assessment for single-phase flow computation will be made to establish the 

basis of the present approach. Then, in chapter 5, multiphase computations will be 

assessed for rising bubble and drop dynamics. 

4.1 Theoretical Formulation 

4.1.1 Validity of Continuum Model 

First, the validity of a continuum model is discussed for modeling the thermo-fluid 

physical mechanisms involved in the microdevice. An important issue in modeling flows 

in micro-scale dimensions is the choice of the model to be employed to perform the 

simulation. The continuum model is no longer valid when the Knudsen number becomes 

comparable to the characteristic length of the overall flow dimension. The Knudsen 

number is defined as:  

. . .m f pKn
L

=       (4.1) 

where m.f.p. denotes the mean free path length, and L a characteristic length scale of the 

flow. For 0.1Kn > , molecular models are required and for 310 0.1Kn− ≤ ≤ , the 

continuum model can still be employed with a slip boundary condition at the wall 

(Löfdahl and Gad-El-Hak, 1999). The mean free path is defined as the average distance 
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that a molecule travels between successive collision and is for a single species gas 

(Vincenti and Krueger, 1975): 

2 2
. .

. . .
2 2mol mol

m Mm f p
d N dπ ρ π ρ

= =     (4.2) 

where m is the mass of a molecule, dmol. is the diameter of a molecule, ρ is the gas 

density, M is the molecular weight and N is the Avogadro’s number N=6.02252 x 

1023/mol. A simple calculation is now made for water to evaluate the Knudsen number in 

the vapor phase. The diameter of a molecule of steam is about dmol.=3.9 x 10-10m, the 

density of steam is 0.597 kg/m3, and the molecular weight of H2O is M=18.0156 gm/mol 

(Carey, 1992). Therefore, the mean free path of steam is m.f.p.=7.4 x 10-8m. In our case 

the characteristic length scale of the flow is taken to be the droplet diameter. Therefore, 

for a droplet diameter of 20 µm, the Knudsen number is Kn=3.7 x 10-3m and for a droplet 

diameter of 1 mm, Kn=7.4 x 10-5m. Based on the above reasoning, it is clear that the 

continuum model is valid for droplet larger than 20 µm in diameter. 

4.1.2 Governing Equations 

The governing equations for a general multiphase thermo-fluid problems are the mass, 

momentum and energy conservation equations. For Newtonian and incompressible fluids 

with constant physical properties, the governing equations are:  

• The mass conservation equation: 
. 0u∇ =
r r      (4.3) 

where ρ is the fluid density, ur  is the velocity vector. 
 
• The momentum conservation equation with gravity: 

( ). .u uu p u g
t

ρ ρ µ ρ∂
+ ∇ = −∇ + ∇ ∇ +

∂

r r r r rrr r r
   (4.4) 

where p is the pressure, µ is the dynamic viscosity, gr  is the gravitational acceleration 
vector. 
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• The energy conservation equation: 

( ). .P
P

C T uC T k T
t

ρ ρ∂
+ ∇ = ∇ ∇

∂

r r rr     (4.5) 

where T is the temperature, Cp the specific heat and k the thermal conductivity. 
 

For the solid phase 0u =
r  and 0p = ; there, the governing equation represents the 

unsteady heat conduction process. 

The mass, momentum and energy governing equations in an axisymmetric coordinate 

system (r, θ, x) with / 0θ∂ ∂ =  and no swirl velocity 0uθ =  are: 
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∂
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∂
∂
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4.1.3 Interfacial Boundary Conditions 

The interfacial boundary conditions at the liquid-vapor interface with phase change 

(Shyy, 1994; Sadhal et al. 1996) are: 

• The mass conservation condition is 
- in the normal direction  

( ) ( )ˆ ˆv v l lm u V n u V nρ ρ= − ⋅ = − ⋅
r rr r

&     (4.10) 

- in the tangential direction where the no-slip condition applies 
ˆ ˆ ˆ

l vV t u t u t⋅ = ⋅ = ⋅
r r r      (4.11) 

where ( n̂ ) and ( t̂ ) are the unit normal and tangential vector, respectively, V
r

 denotes 
the velocity of the interface, the subscripts v and l the vapor and liquid phase, 
respectively, and vur  and lur  the fluid velocity on the vapor and liquid side, 
respectively. 
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• The conservation of momentum condition is 
- in the normal direction  

( ) ( ) ( ) ( )
2 2

ˆ ˆ ˆ ˆv l l vv vl lV V n n n np p u uσκ ρ ρ τ τ− − ⋅ ⋅ − ⋅ ⋅− = + − +
r rr r   (4.12) 

or ( ) ( )2 1 1 ˆ ˆ ˆ ˆl v
v l

vl n n n np p m
ρ ρ

σκ τ τ 
− ⋅ ⋅ − ⋅ ⋅ 

 
− = + +&    (4.13) 

- in the tangential direction  
( ) ( )ˆ ˆ. .ˆ ˆ ˆ. l vn nt t tτ τσ ⋅ ⋅∇ = −

r
    (4.14) 

where P is the pressure, σ is the surface tension, κ the curvature of the interface, τ is 
the viscous stress tensor. If the surface tension is considered constant, Eq. (4.14) 
simplifies to 

( ) ( )ˆ ˆ. .ˆ ˆ
l vn nt tτ τ⋅ ⋅=      (4.15) 

 
• The conservation of energy conditions impose 

- the continuity of temperature  

l vT T=        (4.16) 
- the continuity of heat flux 

( ) ( ) ( )( )ˆ ˆ.l l v vl lu V n T T nm k kλ λρ − ∇ ∇ ⋅= = −
r r rr

&   (4.17) 

where λ  is the latent heat of condensation or evaporation, and k is the conductivity 
coefficient. 

 
For a curved liquid- vapor interface, the surface energy of the interface causes a shift 

in the phase equilibrium. This effect is called the Gibbs-Thomson effect. The temperature 

of the interface is shifted from the saturation temperature of a flat interface. For a heat 

transfer, the liquid pressure at the interface is equal to the vapor pressure: 

( )l v satp p T=       (4.18) 

in this case, the Gibbs-Thomson equation in terms of temperature is: 

1l v
l

satTT T σκ
ρ λ

 
= = − 

 
    (4.19) 

where Tsat is the saturation temperature on a flat surface, σ the surface tension, and κ the 

curvature of the interface. 
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When there is no phase change 0m =& . Thus, Eq. (4.10), (4.13) and (4.17) simplify, 

respectively, to the following: 

ˆ ˆ ˆv lV n u n u n⋅ = ⋅ = ⋅
r r r      (4.20) 

( ) ( )ˆ ˆ ˆ ˆl vvl n n n np p σκ τ τ⋅ ⋅ − ⋅ ⋅− = +     (4.21) 

( ) ( )ˆ ˆv vl lT n T nk k∇ ⋅ = ∇ ⋅
r r

    (4.22) 

For the solid-fluid interfacial boundary conditions with no phase change, no slip and 

no penetration boundary conditions apply on the solid surface. The energy conservation 

imposes the continuity of temperature and heat flux through the solid-liquid interface 

s lT T=       (4.23) 

( ) ( )ˆ ˆs s l lT n T nk k∇ ⋅ ∇ ⋅=
r r

    (4.24) 

and through the solid-vapor interface 

s vT T=       (4.25) 

( ) ( )ˆ ˆs s v vT n T nk k∇ ⋅ ∇ ⋅=
r r

    (4.26) 

At the contact line, i.e., at the intersection between the liquid-vapor-solid phases, a 

constant contact angle θ is considered. Therefore, the normal to the interface is defined as 

(Brackbill et al., 1992): 

ˆˆ ˆ cos sinwall walln n tθ θ= +     (4.27) 

where θ is the contact angle, ˆwalln  is the unit normal vector to the solid surface, ŵallt  is the 

unit tangential vector to the wall. 
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4.1.4 Formulation with an Immersed Boundary Interface 

A single set of conservation equations valid for both phases that include the interface 

conditions can be derived. This formulation considers the interface to be of small non-

zero thickness within which the values of the properties change smoothly. It is this 

formulation that we will numerically implement. In order to distinguish between the 

phases, a function ( ),I x tr  named indicator function (Juric and Tryggvason, 1998; 

Brackbill et al., 1998) which has the value 1 in the liquid phase and 0 in the gas-vapor 

phase, and that varies smoothly from 0 to 1 in the interface region is used. This function 

is similar to the color function used in the continuum surface force (CSF) method 

(Brackbill et al., 1992; Kothe et al., 1996). The fluid property field at every location, such 

as density, viscosity, conductivity, specific heat, can then be given by: 

( ) ( ) ( )v l vx t I x tβ β β β= + −, ,r r
    (4.28) 

where β denotes any fluid property, the subscripts l and v denote liquid and vapor-gas 

respectively. The indicator function ( ),I x tr  has the properties of a heaviside function 

(Udaykumar et al., 1997; Sussman et al., 1994). By definition, the gradient of the 

heaviside function ( ),I x tr  is: 

( )
( )

ˆ k
t

I n x x dsδ∇ = −∫
r r r

C

    (4.29) 

where ( )kx xδ −
r r  is the Dirac delta function that is zero except in the interface region, kxr  

is the coordinate of marker points that represent the interface location, and ( )tC  is the 

interface contour. 
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The surface tension force of the interface is reformulated as a body force in the 

momentum equation. This model is referred as the continuum surface force model (CSF) 

(Brackbill et al., 1992). The momentum equation writes as: 

( ) ( )
( )

ˆ. . k
t

u uu p u n x x ds
t

ρ ρ µ σκ δ∂
+ ∇ = −∇ + ∇ ∇ + −

∂ ∫
r r r r rrr r r

C

  (4.30) 

If phase change at the liquid-vapor interface is considered, additional source terms are 

added to the mass and energy conservation equations. This formulation has been used in 

the numerical simulation study of boiling flow by Juric and Tryggvason (1998), Brackbill 

et al. (1998) and is reviewed in Tryggvason et al. (2001). The mass and energy 

conservation equations then become: 

( ) ( )
( )

ˆ. l v k
t

u u u n x x dsδ∇ = − ⋅ −∫
r r r r r r

C

   (4.31) 

( ) ( )
( )

. .P
P k

t

C T uC T k T m x x ds
t

ρ ρ λδ∂
+ ∇ = ∇ ∇ + −

∂ ∫
r r rr r r

&
C

   (4.32) 

4.1.5 Nondimensionalization of the Governing Equations 

The governing equations with no phase change are nondimensionalized based on the 

following nondimensionalization: 

* xx
L

=
r

r       * uu
U

=
r

r       * tUt
L

=    *
2

ref

pp
Uρ

=    (4.33) 

*

ref

gg
g

=
r

r    *

ref

ρρ
ρ

=    *

ref

µµ
µ

=    *

ref

σσ
σ

=     (4.34) 

*

ref

kk
k

=    *

ref

p
p

p

C
C

C
=    * cold

hot cold

T TT
T T

−
=

−
    (4.35) 

where L is the characteristic length scale, U is the reference speed, ρ is the density, µ is 

the dynamic viscosity, σ is the surface tension, g is the gravitational acceleration, Cp is 
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the specific heat, k is the thermal conductivity and α the thermal diffusivity, the 

subscripts ref is for the reference values. The reference properties can be taken, for 

example, as the liquid properties. The nondimensional governing equations with no phase 

change are: 

. 0u∇ =
r r      (4.36) 

( ) ( )
( )

1 1 1ˆ. .
Re k

t

u uu p u n x x ds g
t We Fr

ρ ρ µ σκ δ ρ∂
+ ∇ = −∇ + ∇ ∇ + − +

∂ ∫
r r r r rrr r r r

C

 (4.37) 

( )1. .P
P

C T uC T k T
t Pe

ρ ρ∂
+ ∇ = ∇ ∇

∂

r r rr    (4.38) 

in which the superscripts * are omitted for convenience, and where Re is the Reynolds 

number, We is the Weber number, Fr is the Froude number, and Pe is the Peclet number 

defined as: 

Re ref

ref

UL inertia force
viscous force

ρ
µ

= =      (4.39) 

2

e ref

ref

U L inertia forceW
surface tension force

ρ
σ

= =    (4.40) 

2

ref

U inertia forceFr
g L gravitational force

= =     (4.41) 

refref p

ref

C UL convection effectPe
k conduction effect

ρ
= =     (4.42) 

Based on Re, We, Fr and Pe, one can also deduce other dimensionless parameters such 

as the Capillary number (Ca), the Ohnesorge number (Oh), the Bond number (Bo) and 

the Prandtl number (Pr). 
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Re
ref

ref

UWe viscous forceCa
surface tension force

µ
σ

= = =     (4.43) 

Re
ref

ref

Ca viscous forceOh
surface tension forceL

µ
ρ σ

= = =    (4.44) 

2
ref ref

ref

g LWe gravitational forceBo
Fr surface tension force

ρ
σ

= = =    (4.45) 

Pr
Re

refref p ref

ref ref

CPe momentum diffusivity
k thermal diffusivity

µ ν
α

= = = =    (4.46) 

4.1.6 Dimensionless Parameters within the Micro-Scale Cooling Device 

Here in the drop dynamics problem, we choose the droplet diameter d as the 

characteristic length scale, and the ejection or impact speed U as the characteristic 

velocity scale. The time scale is taken as td=d/U.  

First, a simple computation can be made to evaluate the importance of the surface 

tension force versus gravity within the micro-scale device. For example, let us consider 

two water droplet sizes, one of diameter 20 µm and the other one of diameter 1 mm. With 

ρ=997 kg/m3, g=9.81 m/s2, σ=0.072 N/m, the Bond number is 5.4 x 10-5 for d=20 µm, 

and 0.135 for d=1 mm. This shows that the surface tension forces are dominant. 

Therefore, again, neglecting gravity is a valid approximation.  

The liquid and vapor properties of water and R-12 at 1 atm are listed in Table 4.1. The 

liquid to vapor ratio of fluid properties are shown in Table 4.2. For the value of the 

contact angle, different values and models will be selected in chapter 6 to study the effect 

of the liquid wettability. 
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Table 4.1: Properties of saturated liquid-vapor at 1 atm from Carey (1992) 

Fluid Water (H2O) R-12 (CCl2F2) 
Tsat (K) 
Tsat (°C) 

373.15 
100.00 

243.20 
-29.95 

λ (kJ/kg) 2257 168.3 
σ  (N/m) 58.91 x 10-3 15.5 x 10-3 
ρl  (kg/m3) 957.9 1486 
ρv  (kg/m3) 0.597 6.33 
µl (N s/m2) 2.78 x 10-4 3.73 x 10-4 
µv (N s/m2) 1.26 x 10-5 1.03 x 10-5 
(Cp)l (kJ/kg K) 4.22 0.896 
(Cp)v (kJ/kg K) 2.03 0.569 
kl (W/mK) 0.679 9.5 x 10-2 
kv (W/mK) 2.5 x 10-2 6.9 x 10-3 
Prl 1.72 3.51 
Prv 1.02 0.85 

 

Table 4.2: Liquid to vapor ratio of the fluid properties for water and R-12 at 1 atm and at 
saturation temperature. 

Properties ratios Water R-12 
Density 1600 235 
Viscosity 22 36 
Specific heat 2.1 1.6 
Conductivity 27 14 

 

The dimensionless parameters ranges related to the drop dynamics within the cooling 

device are shown in Table 4.3 for drop diameter ranging from 20 µm to 1 mm and for 

U=1m/s. 

Table 4.3: Range of dimensionless parameters in droplet ejection/impingement problem 

Water R-12 
U=1 m/s U=1 m/s 

20 µm < d < 1 mm 20 µm < d < 1 mm 
75 < Re < 3400 80 < Re < 4000 
0.32 < We < 16 1.92 < We < 96 

Ca=0.005 Ca=0.024 
O(10-5) s < td < O(10-3) s O(10-5) s < td < O(10-3) s 
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It is clear based on the above discussion, the interplay of capillarity, liquid and vapor 

phases, viscosity, conductivity, and convection forms a complex system with the 

following dimensionless parameters: Reynolds, Weber, Froude, Peclet, or others deduced 

from their combinations. Next, the computational methods for solving the field equations 

as well as tracking the interface are presented. 

4.2 Computational Methods 

The interfacial dynamics is handled based on the immersed boundary technique 

originally developed by Peskin (1977). It is a mixed Eulerian-Lagrangian method, in the 

sense that the flow equations are solved using an Eulerian approach on a fixed Cartesian 

grid, and the interface is represented by a discrete set of points and is advected in a 

Lagrangian framework. In this method, a single set of conservation equations valid for 

both phases is solved. The interfacial conditions are included in the conservation equation 

as source terms, by converting the surface tension force to a volume body force. The 

interface is small non-zero thickness within which the values of the fluid change 

smoothly. Immersed boundary techniques or front tracking methods have been employed 

for a variety of two-fluid problems by Unverdi and Tryggvason (1992), Shyy et al. 

(1996), Udaykumar et al. (1997), Juric and Tryggvason (1998), and Kan et al. (1998). For 

the present immersed boundary technique, the methodology of Udaykumar et al. (1997) 

and Kan et al. (1998) is adopted. Unlike the approaches taken in these studies, the field 

equations are solved by a second order accurate projection method originally formulated 

by Chorin (1968) and recently discussed by Ye et al. (1999) instead of the iterative 

pressure-based algorithm, SIMPLE, of Patankar (1980). A time marching pressure-

correction algorithm such as the projection method is more time efficient to solve 

unsteady flow problem than the SIMPLE algorithm. As all pressure-based algorithms, the 
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velocity and pressure are decoupled by introducing a pressure equation that is of 

Poisson’s type. Because the pressure equation is computationally costly, a multigrid 

technique is adopted to accelerate the rate of convergence (Shyy, 1994; Udaykumar et al., 

2001). It is noted that other transport equations, being of convective-diffusive type are 

usually faster to converge in linearized form. In these equations, the nonlinearity from 

convection and coupling with the pressure field are issues which need due considerations. 

The finite-volume method is employed to discretize the flow equations. In this study, a 

computer code written in FORTRAN, specifically dedicated to solve two-dimensional 

planar and axisymmetric two-fluid flow with heat transfer, is developed. In this chapter, 

the technical aspects, related to the projection method and the immersed boundary 

technique, are presented along with validation exercises. 

4.2.1 Fluid Flow Field Equation Solver 

4.2.1.1  The projection method  

The projection method, or the fractional-step method, originally formulated by Chorin 

(1968) is a time-marching pressure-correction algorithm for solving the unsteady, 

incompressible Navier-Stokes equations. The projection method consists of splitting the 

solution procedure into distinct steps. The present approach follows the work of Ye et al. 

(1999), which is based on the previous works of Kim and Moin (1985) and Zang et al. 

(1994). The continuity and momentum equations are discretized using the finite-volume 

formulation on a Cartesian, a cell-centered, collocated grid arrangement for primitives 

variables (ur , p). A face-cell velocity variable U
r

 is introduced for computing the volume 

flux in each cell and to facilitate the enforcement of mass conservation. The current cell 
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arrangement is illustrated in Figure 4.1. The advantage of using such arrangement is 

discussed in Ye et al. (1999). 

V 

u 
p 

v 

U 

 
Figure 4.1: Schematic of a computational cell arrangement. The variables p, u, v, are 
defined at the cell-center, and U, V are the face-cell velocities. 

In the first, or projector, step, the momentum equation without the pressure term is 

solved for an intermediate solution of the velocity *ur . A second order accurate Adams-

Bashforth scheme is employed for the convection terms, and Crank-Nicolson scheme for 

the viscous terms. The semi-discrete projector equation is: 

( ) ( ) 1
2 23

2 2

* *
n n

n nUu Uuu u u u
t

ρ ρρ ρ µ µ
− ∇ ⋅ − ∇ ⋅ −  ∇ + ∇ + =   ∆   

r r r rr rr r r r
  (4.47) 

where ρ is the fluid density, ur  is the velocity at face-center, and U
r

 is the velocity at 

face-cell, µ is the dynamic viscosity, ∆t is the time step size, the superscripts n, n-1 

denote the current and previous time step, respectively, and the superscript * denotes the 

intermediate step. The velocity boundary condition applied at the projection step is 

1nu u +=*r r . Once the intermediate face-centered velocity *ur  is obtained, the intermediate 

face-center velocity U *
r

 is computed by interpolating *ur . 

The second step is the pressure-correction step. Using: 
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u p
t

ρ∂
= −∇

∂

r r
      (4.48) 

and invoking the mass conservation: 

1 0nUρ +∇ ⋅ =
r r

      (4.49) 

the following pressure Poisson equation is derived and solved for p: 

11 1np U
tρ

+ 
∇ ⋅ ∇ = ∇ ⋅  ∆ 

*
r r r r

    (4.50) 

For the problem to be well posed, the velocity component normal to the boundary 

should be specified which imposes 1 0np n+∇ ⋅ =
r r . 

Once the pressure is obtained, both the cell centered and face cell velocities are 

corrected as: 

1 11n n

cc

u u t p
ρ

+ + 
= − ∆ ∇ 

 
*

rr r   1 * 11n n

fc

U U t p
ρ

+ + 
= − ∆ ∇ 

 

r r r
  (4.51) 

where the subscripts cc and fc denote cell-centered and face-cell, respectively. The 

complete description of the above formulation is given in Ye et al. (1999). 

4.2.1.2 Finite-volume discretization 

The finite-volume method is employed to discretize the governing equations. The 

detailed discretization of a convection-diffusion equation is presented here as an example 

(Patankar, 1980; Versteeg and Malalasekera, 1995). Note that the predictor equation (Eq. 

4.47) and the energy equation are both an unsteady convection-diffusion problem and 

that the pressure Poisson equation (Eq. 4.50) is a diffusion problem. The general unsteady 

convection-diffusion equation can be written for any field variable φ as: 

( ) ( ) ( )u S
t φ

ρφ
ρ φ φ

∂
+ ∇ ⋅ = ∇ ⋅ Γ∇ +

∂

r r rr     (4.52) 
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and in integral form as: 

( ) ( ) ( ). .
A A

d u ndA ndA S d s
t φ

ρφ
ρ φ φ

Ω Ω

∂
Ω + = Γ∇ + Ω

∂∫ ∫ ∫ ∫
rr r r   (4.53) 

where Ω is the volume, A is the surface, nr  is a unit vector normal to the surface of the 

control volume, and Γ is the diffusion coefficient. The discretization notation is 

illustrated in Figure 4.2 to help understand the following discussion. The cell centered at 

point P, is the reference cell on which the field equations are discretized. 

(δx)e (δx)w 

(δy)n  

(δy)s 

∆x 

∆y w 

s 

e 
P 

n 

E W 

N 

S 

 

Figure 4.2: Illustration of the discretization notations. 

The discretized form of Eq. (4.52) using the Adams-Bashforth scheme for the 

convection terms and the Crank-Nicolson scheme for the diffusion terms is: 

( )
13 1

2 2

n n n
nH Hx y D D S x y

t φ

ρφ ρφ − −   − 
∆ ∆ = − + + + ∆ ∆   ∆   

   (4.54) 

where H represents the convection terms and D the diffusion terms. H is expressed as: 

e e w w n n s sH F F F Fφ φ φ φ= − + −      (4.55) 



82 

 

where Fe, Fw, Fn, Fs  are the convective normal fluxes through each cell face of the 

control volume respectively in the east, west, north and south direction: 

e e eF u yρ= ∆   w w wF u yρ= ∆     (4.56) 

n n nF v xρ= ∆   s s sF v xρ= ∆     (4.57) 

where ue, uw, vn, vs are the velocity at the face cell: 

( )1
2e i j E Pu U u u= = +,   ( )1

1
2w i j P Wu U u u−= = +,   (4.58) 

( )1
2n i j N Pv V v v= = +,   ( )1

1
2s i j P Sv V v v−= = +,    (4.59) 

The diffusion term D is: 

( ) ( ) ( ) ( )e E P w P W n N P s P SD D D D Dφ φ φ φ φ φ φ φ= − − − + − − −    (4.60) 

where  

( )
e

e

e

yD
xδ

Γ ∆
=   

( )
w

w

w

yD
xδ

Γ ∆
=     (4.61) 

( )
n

n

n

xD
yδ

Γ ∆
=   

( )
s

s

s

xD
yδ

Γ ∆
=     (4.62) 

The source term is 

C P PS S Sφ φ= +       (4.63) 

The final discretizated form is cast in the following form: 

P P E E W W N N S Sa a a a a bφ φ φ φ φ= + + + +    (4.64) 

where 

1
2E ea D=   1

2W wa D=     (4.65) 
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1
2N na D=   1

2S sa D=     (4.66) 

1
03 1

2 2

n n
n n

P P C

H Hb D a S x yφ
− − 

= − + + + ∆ ∆ 
 

    (4.67) 

0
P E W N S P Pa a a a a a S x y= + + + + − ∆ ∆     (4.68) 

0
n
P

Pa x y
t

ρ
= ∆ ∆

∆
     (4.69) 

Equation (4.64) consists of a five-point stencil and second-order central difference 

schemes are adopted for the convection and diffusion terms. In matrix form, Equation 

(4.64) reads: 

[ ]a bφ =
rr

      (4.70) 

where [a] is a pentadiagonal coefficient matrix, φ
r

 is the solution vector and b
r

 is the 

source vector. The system is solved in an iterative procedure using line Successive Over 

Relaxation (LSOR) technique that decomposes the system in two tridiagonal matrix 

systems. The tridiagonal systems are solved using the Thomas algorithm.  

The axisymmetric formulation requires slight modifications in the discretization 

(Ferziger and Peric, 1996). The x-axis is the axial direction and y-axis is the radial 

direction. To consider the radius effect, the radii at the node P, east, west, north and south 

faces are defined as: 

( )1

1
2P e w j jr r r y y −= = = +     (4.71) 

n jr r=   1s jr r −=      (4.72) 

The axisymmetric volume of the cell is 

Pd r x yΩ = ∆ ∆       (4.73) 
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and the expressions of the face area are: 

e edA r y= ∆   w wdA r y= ∆     (4.74) 

n ndA r x= ∆   s sdA r x= ∆     (4.75) 

In the momentum equation in the radial direction (or v-momentum) an additional term 

appears:  

2
P

v d
r

µ Ω       (4.76) 

which is treated as a source term. 

4.2.1.3 Multigrid technique for the pressure equation 

A multigrid technique is employed to accelerate the rate of convergence of the 

pressure Poisson equation. In multigrid techniques, computations are performed on fine 

and coarser grid sizes following a certain schedule or cycle order. The idea behind 

multigrid is to take advantage of the fact that high wave number components decay faster 

than low wave number components. Whether we consider a wave number high or low 

depends on the mesh size. For example in the course of iterations, a low wave number 

component in a fine mesh system behaves like a high wave number component in a 

coarse mesh system (Shyy, 1994). Consequently, it is advantageous to treat various wave 

number components on different grid levels to accelerate the convergence rate. The 

multigrid procedure adopted in this work is based on a standard multigrid W- cycle and 

follows that adopted in Udaykumar et al. (2001), summarized below. 

Consider a sequence of g=1,…,G grids, where the grid spacing hg-1 on grid g-1 is 

twice of the grid spacing hg on the grid of level g, i.e. hg-1=2hg. The final discretized form 

of the pressure equation simplifies to the following system: 
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G[ ] G Ga bφ =
rr

      (4.77) 

where [a]G is the coefficient matrix, Gφ
r

 is the solution vector and Gb
r

 is the source vector 

on G, the finest grid level. The final converged solution is of course obtained on the finest 

level G, but intermediate computations are performed on coarser grid levels. First, few 

calculations are performed on the finest grid G.  

g[ ] g g ga b Rφ − =
rr r

     (4.78) 

where gR
r

 represents the residual vector. The residuals are then transferred by a 

restriction operator to the next coarser grid: 

( )1
g
g M

M g

R R− = ∑
r r

     (4.79) 

where M denotes the four surrounding points on the fine grid. The following system is 

then solved on the coarse grid: 

g-1 1 1[ ] g
g ga Rφ − −= −
r r

     (4.80) 

The solution vector is then transferred by a prolongation operator to the fine grid: 

( )1

1

g
g M M

M g

φ ω φ−

−

= ∑
r r

    (4.81) 

where M in this case denotes the four surrounding points on the coarse grid and ωM 

denotes the interpolation weights. Finally the solution vector is corrected as: 

1g
g g gφ φ φ −= +
r r r

     (4.82) 

To illustrate the acceleration of the convergence rate and therefore the overall speed-

up of the computations, a 2D lid driven square cavity flow for Re=100 is considered. The 

velocity is specified on the four walls: on the top u=1.0, v=0.0 and on the bottom, left and 
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right walls u=v=0.0. The present results are in agreement with those obtained by Ghia et 

al. (1982) using a vorticity-stream function formulation. The streamlines at steady state 

are shown in Figure 4.3 to illustrate the problem. Figure 4.4 shows the convergence path 

on the pressure equation. The pressure equation maximum residual versus the number of 

fine grid iterations to reach a convergence of 10-8 at the first time step iteration for a 102 

x 102 grid is plotted in Figure 4.4 for one, two and three multigrid level. Utilizing two- 

and three-grid levels clearly enhances the convergence rate. Table 4.4 presents the work 

units to reach the residual level of 10-8 for the pressure equation and total CPU time to 

solve the flow equations normalized by the total CPU time of single grid computations on 

the 102 x 102 grid, All data are based on the computations conducted at the first time step 

of the method, with zero values assigned as the initial guess. A 102 x 102 grid with 3 

levels and a 202 x 202 grid with 4 levels are considered. With three levels on the 102 x 

102 grid, it takes 10% of the CPU time needed for the single grid computations to reach a 

convergence level of 10-8. As the mesh is refined, the grid size increases and the 

advantage of the multigrid technique grows.  
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Figure 4.3: Streamlines plot at steady state of the cavity lid driven flow for Re=100 on a 
102 x 102 grid. 

 

Figure 4.4: Convergence path of the pressure equation for a cavity lid driven flow for 
Re=100 at the first time step. The finest grid is 102 x 102. 
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Table 4.4: Multigrid performance for a cavity lid driven flow for Re=100.  

 102 x 102 202 x 202 
Levels Work units Relative CPU 

time 
Work units Relative 

CPU time 
1 1299 1.0 4702 15.78 
2 383 0.32 1364 4.82 
3 91 0.10 288 1.12 
4 - - 89 0.43 

 

4.2.1.4 Single phase flow examples  

To validate the single phase flow solver two benchmark problems are considered. The 

first problem is the buoyancy-induced flow in a square cavity with vertical walls 

differentially heated. This case demonstrates the coupling of the energy equation with the 

flow equations. The second test case is the Poisseuille flow, i.e., a flow in a tube of 

circular cross section to validate the axisymmetric formulation. 

Buoyancy-induced convection. The problem of buoyancy-driven flow in a square 

cavity with vertical walls differentially heated has been presented by Jones (De Vahl 

Davis and Jones, 1983) as a benchmark case for code validation. In addition to the study 

by De Vahl Davis and Jones (1983) additional results have been reported, e.g. Le Quere 

(1991), Shyy (1994), Ferziger and Peric (1996) and Wan et al. (2001). The governing 

equations are the coupled continuity, momentum and energy equations. The fluid is 

assumed incompressible and the Boussinesq approximation is adopted for the density 

treatment. The nondimensional parameters are: 

* xx
L

=    * yy
L

=    * uLu
α

=    * vLv
α

=    *
2

tt
L
α

=    
2

*
2

pLp
ρα

=    * cold

hot cold

T TT
T T

−
=

−
       (4.83) 

( ) 3
hot coldg T T L

Ra
ρ β

µα
−

=   Pr µ
ρα

=    (4.84) 
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The nondimensional equations, omitting the superscript * for convenience, are (Wan et al. 

2001): 

0u v
x y

∂ ∂
+ =

∂ ∂
        (4.85) 

2 2

2 2
Pru u u p u uu v

t x y x x y
 ∂ ∂ ∂ ∂ ∂ ∂

+ + = − + + ∂ ∂ ∂ ∂ ∂ ∂ 
    (4.86) 

2 2

2 2
Pr Prv v v p v vu v Ra T

t x y y x y
 ∂ ∂ ∂ ∂ ∂ ∂

+ + = − + + + ⋅ ∂ ∂ ∂ ∂ ∂ ∂ 
   (4.87) 

2 2

2 2

T T T T Tu v
t x y x y

∂ ∂ ∂ ∂ ∂
+ + = +

∂ ∂ ∂ ∂ ∂
     (4.88) 

The top and bottom walls are adiabatic. The left wall is held at Thot=1.0 and the right wall 

at Tcold=0.0. The boundary condition for the velocity is no-slip on the four walls. The 

computations are made for Pr=0.71 and Ra=104, 105, and 106, all in the laminar flow 

regime. The following runs are performed: 

• Ra=104 
- 5,000 time steps of ∆t=10-3 on uniform grid 82 x 82, and non-uniform grid 114 

x 114 
- 10,000 time steps of ∆t=5 x 10-4 on uniform grid 162 x 162 

 
• Ra=105 

- 50,000 time steps of ∆t=10-4 on uniform grid 82 x 82, and non-uniform grid 114 
x 114 

- 100,000 time steps of ∆t=5 x 10-5 on uniform grid 162 x 162 
 
• Ra=106 

- 500,000 time steps of ∆t=10-5 on uniform grid 82 x 82, and non-uniform grid 
114 x 114 

 
The time step is chosen smaller for larger Ra since the velocity is known to increase with 

Ra from previous results. The initial solution for the computations for Ra=105 is based on 

the final solution of Ra=104, and similarly, the initial solution for Ra=106 is based on the 
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solution of Ra=105. The non-uniform grid 114 x 114 is shown in Figure 4.5. The mesh is 

refined along the wall in order to improve the solution accuracy without having to 

compute on a very fine mesh everywhere. The streamlines and isotherms are shown in 

Figure 4.6 for the computations made with the grid 114 x 114. As Ra increases, one 

observes (i) the skew symmetry solutions of the velocity and temperature field with 

respect to the cavity center, and (ii) higher heat transfer rate along the vertical walls as 

deduced from closer isotherms. The following results are computed from the solution: 

• the maximum and mid-point values of the streamfunction, |ψmax|, |ψ0.5|, where 

u
y
ψ∂

=
∂

 

 
• the maximum vertical velocity on the horizontal mid-plane (on y=0.5), Vmax 
 
• the average Nusselt number along the vertical plane of coordinate x, 

( )
1

0x xPNu x Nu dy= ∫  where PrxP

TNu Ra uT
x

∂
= ⋅ −

∂
 

 
• the maximum and minimum local Nusselt numbers on the hot wall (x=0, u=0), 

0x

TNu
x

∂
= −

∂
 

 
The Nusselt number is calculated using the trapezoidal integration scheme. The results 

are shown in Table 4.5 for Ra=104, 105, 106 and agrees with the benchmark results of De 

Vahl Davis and Jones (1983). As one observes, the present solution approach the 

benchmark ones as the mesh is refined. Furthermore, the results obtained on the non-

uniform grid are consistent with the ones obtained on the uniform fine mesh, 

demonstrating that mesh refinement along the wall improve the results accuracy as 

expected.  
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Non Uniform Grid
(114 x 114)

 

Figure 4.5: Illustration of the non-uniform grid 114 x 114. 

 
Ra=104    Ra=105   Ra=106 

Figure 4.6: Natural convection patterns for Pr=0.71 obtained with a 114 x 114 grid. Top 
row: streamlines. Bottom row: isotherms. 
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Table 4.5: Natural convection results for Ra=104, 105, 106 compared to benchmark 
results. 

Case Ra=104, Pr=0.71 
Method Navier-Stokes equations and energy equation 

with projection step method 
Stream function-

vorticity 
Present Grid 
or Reference 

Uniform 
82 x 82 

Non-uniform 
114 x 114 

Uniform 
162 x 162 

De Vahl Davis 
and Jones (1983) 

|ψmax| 5.074 5.075 5.075 5.071 
|ψ0.5| 5.074 5.075 5.075 5.071 
Vmax 19.630 19.626 19.624 19.617 

Nux0.5 2.247 2.246 2.246 2.243 
Nux0 2.250 2.247 2.247 2.238 

Nux0 max 3.542 3.536 3.536 3.528 
Nux0 min 0.496 0.550 0.557 0.586 

 
Case Ra=105, Pr=0.71 

Method Navier-Stokes equations and energy equation 
with projection step method  

Stream function-
vorticity 

Present Grid 
or Reference  

Uniform 
82 x 82 

Non-uniform 
114 x 114 

Uniform 
162 x 162 

De Vahl Davis 
and Jones (1983) 

|ψmax| 9.625 9.618 9.619 9.612 
|ψ0.5| 9.127 9.119 9.119 9.111 
Vmax 68.580 68.654 68.653 68.59 

Nux0.5 4.540 4.528 4.526 4.519 
Nux0 4.546 4.528 4.528 4.509 

Nux0 max 7.834 7.747 7.747 7.717 
Nux0 min 0.634 0.659 0.688 0.729 

 
Case Ra=106, Pr=0.71 

Method Navier-Stokes equations with 
projection step method 

Stream function-
vorticity 

Pseudo-spectral 
Chebyshev 
algorithm 

Present Grid 
or Reference 

Uniform 
82 x 82 

Non-uniform 
114 x 114 

De Vahl Davis 
and Jones (1983) 

Le Quere 
(1991) 

|ψmax| 16.980 16.829 16.750 16.81 

|ψ0.5| 16.672 16.333 16.32 16.386 
Vmax 218.70 220.15 219.36 220.559 

Nux0.5 9.021 8.788 8.799 8.825 
Nux0 8.986 8.882 8.817 8.825 

Nux0 max 18.659 17.798 17.925 17.536 
Nux0 min 0.930 0.941 0.989 0.979 
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The above results validate the ability of the present numerical method to solve coupled 

fluid dynamics heat transfer problem. Next, the Poisseuille flow is considered, to verify 

the axisymmetric formulation. 

Poisseuille flow. Posseuille flow is a flow in a tube of circular cross section under the 

action of a pressure gradient. This problem is a classical problem in fluid mechanics and 

was first studied by Hagen in 1839 and by Poiseuille in 1840 (Batchelor, 1967). The 

exact solution to the Navier-Stokes equations exists for this flow problem. It is well 

suited for validating the axisymmetric formulation of the code and to estimate the global 

order of accuracy of the single phase flow solver. Because of the axial symmetry, the 

flow is unidirectional in cylindrical coordinates. Therefore, the velocity is only a function 

of the radial direction. The exact solution for the velocity is: 

( )2 2

4
R rpu r

L µ
−∆

=( )      (4.89) 

where ∆p is the pressure difference between two points of distance of L, R is the radius of 

the tube cross section, and µ is the fluid viscosity. 

The tube considered for the present computations is 4 units in length and 0.5 unit in 

radius. At the inlet, the velocity profile is specified based on the exact solution. A 

pressure gradient, ∆p/L, of 3.2 is selected. At r=0, i.e., on the centerline of the tube, the 

symmetry boundary condition is imposed, and at r=R, i.e., on the tube wall, the no-slip 

condition is applied. At the outlet, the velocity is corrected by enforcing global mass 

conservation. The Reynolds number (Re=ρu(0)R/µ) is 100. Initially, the velocity and 

pressure are set to zero. Four computations are performed for four different grid spacing 

h=∆x=∆y=0.1, 0.05, 0.025, 0.0125 to determine the order of accuracy based on the 2-
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norm error. The computations are performed for 3000 time steps with a sufficiently small 

time step ∆t=0.005, to ensure a fully developed flow everywhere in the tube. The velocity 

profiles at the outlet are compared to the exact solution and are shown in Figure 4.7. Only 

results obtained with three grid spacing are presented, since it becomes difficult to 

observe difference in the velocity profiles for h smaller than 0.05. The 2-norm error is 

defined as 

2

2
1

1 x yN N
numerical exact
j j

jx y

E u u
N N =

= −∑     (4.90) 

where Nx, Ny are the number of grid points in the axial and radial direction respectively, 

and j is the index of the grid cell. The results are plotted on a logarithmic scale in Figure 

4.8 with a reference line of slope close to 2, demonstrating a second order accuracy. 

 

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

u(r)

r

Velocity Profiles

exact  
h=0.1  
h=0.05 
h=0.025

 

Figure 4.7: Velocity profile for Poisseuille flow, comparison of exact solution with 
numerical solution. 
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Figure 4.8: Error 2-norm of the radial velocity versus grid spacing for Poisseuille flow. 

The above investigations show that the coupled thermo-fluid problem and the 

axisymmetric formulation have been correctly implemented in the code and that the 

single flow solver is second-order accurate. Next, the two-phase flow formulation is 

presented with an emphasis on the treatment of interfacial characteristics. 

4.2.2 Immersed Boundary Technique 

An illustration of a typical computational domain composed of two immiscible fluid is 

given in Figure 4.9. The square fluid domain denoted by Ω is covered with a fixed 

Cartesian grid. The interface between Fluid 1 and Fluid 2 represented by the curve C  is 

present in the fluid domain Ω and is marked by particles (dots) that do not coincide with 

the grid points.  
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Figure 4.9: Illustration of a computational domain composed of two immiscible fluids. 

4.2.2.1  Interface tracking 

The interface tracking procedure employed follows the work of Udaykumar et al. 

(1997). The immersed boundary or interface denoted by ( )tC  (a curve in 2D or a surface 

in 3D) is represented by K marker or interfacial points of coordinates ( )kx sr  with 

k=1,2,…,K. The markers are uniformly distributed along ( )tC  at some fraction of the 

grid spacing, 0.5h<ds<1.5h. The interface is parametrized as a function of the arclength s 

by fitting quadratic polynomials ( ) 2
k k k kx s a s b s c= + +

rr r r  through three consecutive marker 

points of coordinates 1kx −

r , kxr , 1kx +

r . Once the interface position is known, the normal 

vector and curvature are evaluated and the material properties in each fluid are assigned. 

Evaluation of the normal vector and curvature. The convention adopted is that the 

unit normal vector points out from Fluid 2 to Fluid 1. The normal vector is given by: 

Ω

ds marker 
particles 

Fluid 1 

Fluid 2 C

h 

h

n̂
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2 2 2 2
ˆ s s

s s s s

y xn
x y x y

 
 = −
 + + 

     (4.91) 

The curvature is then obtained by taking the divergence of the normal vector: 

ˆ.nκ = ∇
r

      (4.92) 

The curvature for the 2D planar case is: 

( )3/ 22 2

s ss ss s

s s

y x y x
x y

κ −
=

+
     (4.93) 

and for the axisymmetric case is:  

( ) ( )3 / 2 3 / 22 2 2 2

s s ss ss s

s s s s

x y x y x
y x y x y

κ −
= +

+ +
    (4.94) 

The derivatives xs,xss,ys, and yss are computed by taking the appropriate derivatives of the 

piecewise polynomials. The normal and curvature are evaluated for each marker points. 

Assignment of the material properties in each phase. With the interface location 

known with respect to the grid, the material properties are assigned in each fluid based on 

a Heaviside step function: 

( ) ( )1 2 1 kx xβ β β β= + − −
r rH     (4.95) 

where β is any material property such as ρ density, µ dynamic viscosity, k thermal 

conductivity, and Cp specific heat. The subscripts 1 and 2 denote Fluid 1 and Fluid 2, 

respectively. And ( )kx x−
r rH is the discrete Heaviside step function defined as:  

( )

( )( ) ( )( )
1

1 11
2

1

0

m m m mk k
k

m

k

k

k

x x x x
if x x d

d d
x x

if x x d

if x x d

π

π=

  − −
  + + − ≤

   − = 
 − > +


− < −

∏
dim

sin
r r r r

r r

r r
r r

r r

H  (4.96) 
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where dim is the space dimension, d=2h with h is the grid spacing, xr  is the grid 

coordinate, and kxr is the interfacial marker coordinate. The discrete Heaviside function in 

1D is plotted for different grid spacing in Figure 4.10. The Heaviside step function allows 

a smooth distribution of the material properties over a transition zone d. The transition 

zone here is taken to be twice the grid spacing (d=2h). Thus the interface is of finite 

thickness d. This approach provides numerical stability and smoothness; and with a fine 

mesh around the interface, satisfactory accuracy can be attained. The above discrete 

Heaviside step function has been previously used by Sussman et al. (1994) and 

Udaykumar et al. (1997). Once the material properties have been assigned to each fluid, 

the fluid flow equations are solved. 
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Figure 4.10: Discrete Heaviside step function in 1D for three different grid spacing with 
the interface located at x=0.5. 
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4.2.2.2 Immersed boundary treatment 

As already mentioned, the immersed boundary technique, originally formulated by 

Peskin (1977) has been employed for a variety of two-fluid or two-phase flow problems 

by Unverdi and Tryggvason (1992), Udaykumar et al. (1997), Juric and Tryggvason 

(1998). The immersed boundary technique is a technique to communicate the information 

between the moving Lagrangian interface and the fixed Eulerian grid. In particular, since 

the locations of the marker points do not coincide with the underlying grid points, the 

velocity field stored at the cell-center of the Cartesian grid system is interpolated to 

obtain the velocity of the interface points. As will be detailed next, the interface force 

acting on the marker points is spread to the nearby grid points via a discrete Delta 

function. The discrete Delta function is given by: 

( )
( )( )dim

1

1 1 cos
2

0

m m k
k

mk

x x
if x x d

d dx x

otherwise

π

δ =

  −
  + − ≤  − =   



∏
r r

r r
r r   (4.97) 

where dim is the space dimension, d=2h with h the grid spacing. In other words, the delta 

function spreads over 4h. The delta function is nothing but that the derivative of the 

Heaviside step function. In Figure 4.11, the discrete Delta function is plotted for three 

different grid spacing to illustrate the effect of grid refinement on the interfacial 

treatment. 
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Figure 4.11: Discrete delta function in 1D for three different grid spacing with the 
interface located at x=0.5.  

Estimation of the interfacial force. The interfacial force F
r

 exerted by the interface 

on the flow is incorporated in the momentum equation by means of an integral source 

term and is expressed as: 

( )
( )

ˆ kt
F n x x dsσκ δ= −∫
r r r

C
     (4.98) 

where the integral is taken over ( )tC , σ is the surface tension, κ is the curvature, n̂  is the 

normal unit vector, ( )kx xδ −
r r  is the ‘Dirac’ Delta function, xr  gives the location of the 

grid points, kxr  gives the position of the markers as a function of the arclength s. In the 

discretized form, the force is estimated by: 

( )ˆP k k k k
k

F n x x sσκ δ= − ∆∑
r r r      (4.99) 
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The force at point P, PF
r

, is simply the sum of the interfacial force of the marker points 

located inside a circle of radius 2h weighted by the Delta function. This procedure is 

illustrated in Figure 4.12. 

Circle of radius 2h
around P

P
h

Circle of radius 2h
around P

P
h

 

Figure 4.12: Marker points considered for the estimation of the force at point P. 

Estimation of the interface velocity. The velocity of a marker point or interface 

velocity denoted by kV
r

 should satisfy the continuity condition:  

( )k kV u x x dxδ
Ω

= −∫
r r r r r      (4.100) 

where the integral is over the entire fluid domain Ω, ur  is the fluid velocity vector, and 

( )kx xδ −
r r  is the Delta function. And in discretized form, the velocity of a marker point 

is: 

( ) 2
k ij k

ij

V u x x hδ= −∑
r r r r     (4.101) 

where h is the grid spacing, i and j are the grid location indices, and ur  the fluid velocity. 

The velocity at the kth marker, kV
r

, is computed as the sum of the fluid velocity of the grid 

points located inside a circle of radius 2h weighted by the Delta function. This 

interpolation is illustrated in Figure 4.13. The interpolation may not result in a smooth 
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velocity distribution; therefore a standard Fast Fourier Transform (FFT) is performed to 

smooth the distribution (Press et al., 1992). 

Circle of radius 2h
around marker point

h
X
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Figure 4.13: Fluid points considered for the evaluation of the velocity at marker point X.  

Advection of the interface. The interface velocity kV
r

 is by definition the time 

derivative of the marker point position: 

k
k

xV
t

∂
=

∂

rr
      (4.102) 

Therefore, the interface is advected as: 

( )1 1n n n
k k kx x t V+ += + ∆

rr r      (4.103) 

4.2.2.3  Mass conservation of the object 

The immersed boundary technique is not sufficient by itself to ensure mass 

conservation of the two phases. This is because the interface is advected with the marker 

velocity that is computed through interpolation of the velocity field, which can results in 

loss or gain of mass of an enclosed object. The mass conservation technique of Kan et al. 

(1998) is adopted here. It is based on the following concept: since there is no phase 

change, the initial mass of the object should remains identical throughout the time 
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marching computations. The mass of object (drop or bubble) is evaluated as follows for 

the 2D and axisymmetric computations: 

2 2D sM yx dsρ= ∫C      (4.104) 

2
. 2Axisym sM y x dsρ π= ∫C      (4.105) 

Before proceeding to the next time iteration, the mass of the new object is calculated 

and compared to the initial value. If there is a difference with the initial mass, a 

correction procedure is invoked and the iteration continues. Specifically, the shape 

correction in the normal direction is updated iteratively by means of a bisection method. 

For details, see Udaykumar et al. (1997) and Kan et al. (1998). 

4.2.2.4  Overall procedure 

The overall procedure is as follows: 

1- Assignment of the material properties  
 
2- Evaluation of the normal and curvature of the interface to estimate the surface 

tension force 
 
3- Computation of the velocity and pressure (momentum + pressure equations 

solved) 
 
4- Estimation of the interface velocity and advection of the interface with 

correction to enforce mass conservation 
 
5- March in time, return to step 1 

 
4.2.2.5 Spherical drop in static equilibrium 

Spherical droplet in static equilibrium is an ideal test for evaluating a two-phase flow 

solver because it has an exact solution since there is no flow field in the surrounded 

region. This test has become a standard test to examine the pressure jump and spurious 

velocity field resulting from the interfacial treatment (Brackbill et al., 1992; Kothe et al., 
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1996; Scardovelli and Zaleski, 1999; Williams et al., 1999; Bussmann et al., 1999). The 

exact pressure difference across the interface, ∆p, is  

2
exact

d

p
R
σ

∆ =       (4.106) 

where σ is the surface tension and Rd is the droplet radius. 

The computational domain considered here is a closed cylinder of height H=1.0, and 

diameter D=1.0. The droplet is placed at the center of the domain, and has a radius 

Rd=0.25. The surface tension taken in the calculation is 1.0, the density ratio is 2.0, and 

both fluids are assumed inviscid. The exact pressure difference ∆p is 8.0. In the 

numerical solution, the pressure difference is evaluated as: 

1 1

1 1in outN N

num n n
n nin out

p p p
N N= =

∆ = −∑ ∑     (4.107) 

where Nin is the number of computational cell lying inside the drop, Nout is the number of 

computational cell lying outside the drop, and pn is the pressure at the center of each 

computational cell. The relative error between the theoretical and computed pressure 

difference can be expressed in terms of the L2-norm error: 

2

2 2
1

( )1 inN
num exact

B
nin exact

p pL
N p=

−
= ∑     (4.108) 

2
2

2 2
1

( )inN
num exact

K n
n exact

p pL
p=

−
= Ω∑     (4.109) 

L2B and L2K are based on the definition used in Brackbill et al. (1992) and Kothe et al. 

(1996), respectively. Ωn is the volume of cell n and Nin is the total number of interior 
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cells of the drop. Note by the above definitions, that the error norm of Brackbill et al. 

(1992) does not take into consideration the axisymmetric formulation. 

The mesh used in the computation is uniform, i.e., ∆x=∆y. Five different mesh sizes 

are considered. The error study is presented in the logarithmic plot of the L2 norm error 

versus the grid size of Figure 4.14. In addition to the baseline case, the effect of the 

density ratio is also investigated and the outcome is presented in Table 4.6. 

As expected, the error decreases as the mesh is refined as shown in Figure 4.14. The 

order of accuracy is about 0.3 using the error norm proposed in Brackbill et al. (1992); it 

is about 1.0 using the error norm proposed in Kothe et al. (1996). As the density ratio 

increases the error in the pressure evaluation increases as shown in Table 4.6. The error 

in the pressure evaluation for a density ratio of 1000 is 6%. The pressure contours and 

velocity field obtained for a computation with ρdrop/ρfluid=10, ∆t=10-4, R/∆x=10 are 

shown in Figure 4.15. The velocity field is zero everywhere except around the interface, 

because of the continuum surface tension force model.  

Table 4.6: Effect of the density ratios for a spherical drop in static equilibrium. 

R
x∆  drop

fluid

ρ
ρ  num

exact

p
p

∆
∆

L2B - Norm Error

100 2 0.983 24.84 10−×  
100 10 0.962 26.03 10−×  
100 100 0.943 27.38 10−×  
100 1000 0.939 27.71 10−×  
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Figure 4.14: Effect of grid refinement on the error for the validation test case of a droplet 
in static equilibrium. 
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Figure 4.15: Pressure contours and velocity field of a drop in static equilibrium. 
ρdrop/ρfluid=10, ∆t=10-4, R/∆x=10. (a) Pressure contours and (b) velocity field. 
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4.3  Summary  

In this chapter, the theoretical formulation and the various aspects of the 

computational methods employed have been described. The latest summarize as: 

• A second order projection method is employed to solve the mass, momentum and 
energy conservation equations. The equations are discretized using the finite volume 
formulation. A multigrid technique is implemented to accelerate the calculation of the 
pressure equation. The coupling of the mass, momentum, and energy equations with 
the energy equations is validated by the study of the natural convection in a square 
cavity having its vertical walls differentially heated. The axisymmetric formulation 
and the accuracy using the Poisseuille flow problem. 

 
• The two-fluid flow problem is numerically solved using the immersed boundary 

technique. The interface is tracked by marker points. The surface tension force is 
modeled as a continuum body force in the momentum equations. The accuracy of the 
method is investigated for a drop in static equilibrium. The errors as functions of grid 
size and the density ratio are assessed. As expected, the present interfacial treatment 
is essentially a first order technique. 

 
The immersed boundary method has the advantage of solving a single set of equation 

which is simpler to code and less demanding in computation time. The interface is no 

longer a discontinuity, but is of thin finite thickness. This has the advantage to provide 

numerical stability and smoothness. On the other hand, the immersed boundary method is 

limited by a modest order of accuracy and of handling flows with a large density ratio. 

However, techniques such as adaptive mesh refinement are available to improve spatial 

resolution. In the following, a brief discussion of this approach is given. 

Adaptive Cartesian grid refinement algorithms have been under development for more 

than 15 years. (Berger, 1984; Melton, 1996; Aftomis et al., 2000). The algorithm has 

been included to a front tracking method by Agresar et al. (1998) to study the 

deformation of cells. In an adaptive grid refinement algorithm, first a coarse grid is 

generated. Then cells that contain the interface are subdivided into 2m sub-cells with m 

the space dimension. The parent and child cells are stored in a 2m-tree data structure. The 
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subdivision can continue to a specified resolution level. Once the grid is locally refined 

special treatment (interpolation) is required for the discretization of the flow equation 

around discontinuous grids. An illustration of a one level grid refinement around an 

interface is given in Figure 4.16. A main issue of this technique is the enforcement of the 

conservation laws, i.e., mass, momentum, and energy fluxes at the interfaces between 

fine and coarse meshes. As discussed in Shyy et al. (1998) and Burton and Eaton (2002), 

various strategies need to be devised in order to avoid creating artificial sources at the 

discontinuous grid boundaries. 

 

h 

 

Figure 4.16: Illustration of one level local grid refinement. 
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CHAPTER 5 
5 DYNAMICS OF RISING DROP AND BUBBLE 

5.1 Rising Bubble and Drop by Buoyancy 

The study of rising drop and bubble by buoyancy in viscous liquid has received 

considerable attention over the years. The bubble as it rises can deform to spherical, 

ellipsoidal, skirted, spherical cap shapes (Clift et al., 1978) depending on three 

dimensionless parameters:  

• the Eötvös number, Eo 
2g dEo ρ

σ
∆

=      (5.1) 

 
• the Morton number, Mo 

4

2 3

gMo µ ρ
ρ σ

∆
=      (5.2) 

 
• the Reynolds number, Re 

Re Udρ
µ

=      (5.3) 

 
or combinations of these parameters. The different bubble shape regimes have been 

classified on a map in terms of Eo, Mo, and Re (Grace, 1973; Clift et al. 1978). Among 

the experimental studies, insightful visualization can be found in Batchelor (1967), Hnat 

and Buckmaster (1976), and Bhaga and Weber (1981).  

One of the first numerical studies is reported by Ryskin and Leal (1984) for the steady 

motion of an axisymmetric bubble rising in a liquid. Their method employs an orthogonal 

curvilinear grid that conforms to the bubble shape. They have considered the bubble to be 

a void. The bubble shape is determined based on the normal stress balance at the bubble 
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interface. Good agreement is obtained between their numerical solution and the 

experiments of Hnat and Buckmaster (1976). Later, Dandy and Leal (1989) have further 

developed the method to consider the bubble/drop fluid flows. They have investigated the 

effect of the density and viscosity ratio on the bubble/drop shapes and the associated flow 

structure. Their results are in good agreement with the experimental results of Thorsen et 

al. (1968). In the method of Ryskin and Leal (1984) and Dandy and Leal (1989), the 

surface of the bubble/drop is considered as a sharp interface. In the last decade, the 

motion of bubble and drop due to gravity have been simulated successfully using front 

tracking methods (Unverdi and Tryggvason, 1992; Han and Tryggvason, 1999), VOF 

methods (Gueyffier et al., 1999; Chen et al. 1999; Lörstad et al., 2002) and level-set 

methods (Sussman and Smereka, 1997; Son 2001). Recently, Ye et al. (2001) have 

successfully simulated rising bubble by buoyancy using a sharp interface method, 

referred as cut-cell approach, in which the governing equations for each phase are solved 

simultaneously on a fixed Cartesian grid.  

In this chapter, we demonstrate the present numerical abilities to simulate 

axisymmetric two-fluid flows for different fluid properties and flow parameters. In order 

to do so, the results obtained with the present numerical method are compared with 

reported numerical and experimental results, including a rising bubble in viscous liquid 

and a rising drop of oil in water. 

5.1.1 Rising Bubble in a Viscous Liquid 

In this section, the numerical study of the rise by buoyancy of a bubble of lower 

density (fluid 1) in a continuous phase of higher density (fluid 2) is presented. Several 

computations are performed for different density ratios (ρ1/ρ2) and viscosity ratios 
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(µ1/µ2). A main purpose is to investigate the effect of these ratios on the convergence rate 

of the computations and on the bubble dynamics. To assess the present computational 

method, the results are compared with those of Ryskin and Leal (1984) and Ye et al. 

(2001). 

The present computational setup is illustrated in Figure 5.1. Fluid 2 is initially a 

spherical bubble of diameter d=0.2 centered at x=0.2 on the axis of symmetry. The 

computational domain is a cylinder of height H=10d and diameter D=5d. Because of the 

axisymmetric geometry, only half of the domain is considered in the computation. On the 

wall, the no-slip boundary condition is applied. The Reynolds (Re), Weber (We) and 

Froude (Fr) numbers of this section are based on the properties of the continuous phase, 

i.e., Fluid 1:  

1

1

Re Udρ
µ

=      (5.4) 

2
1U dWe ρ
σ

=      (5.5) 

2UFr
gd

=      (5.6) 

where ρ1 is the density, µ1 is the dynamic viscosity of Fluid 1, σ is the surface tension, 

and g is the gravitational acceleration. The characteristic length scale is the bubble initial 

diameter d, and the characteristic speed is the taken as U gd= . In the following the 

characteristic speed is taken as 1. 
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Figure 5.1: Schematic of the computational setup for a single bubble rising by buoyancy. 
Initially the bubble (Fluid 2) is a sphere of diameter d=0.2 centered on the axis at x=0.2. 

Multigrid performance. First, the multigrid performance is tested for a case with 

Re=100, We=4, density ratio of 10 and viscosity ratio of 1 on a 402 x 72 grid. One, two 

and three levels are considered. The maximum residual of the pressure equation is plotted 

versus the number of fine grid iterations in Figure 5.2. Similar performance is observed 

than for a single phase flow. Therefore, three grid levels are chosen in the computations. 

Grid resolution effect. The grid resolution is investigated for a case with Re=100, 

We=4, Fr=1, density ratio of 100, and viscosity ratio of 1. A coarser grid of 202 x 42 

meshes and a finer grid of 402 x 72 meshes are considered. Both grids are uniform in the 

axial direction and non-uniform in the radial direction with the mesh being finer closer to 

the axis of symmetry. Around the bubble, the grid spacing, h, is equal in the axial and 

radial direction. For the 202 x 42 grid, the number of cells per diameter is d/h=20, and for 

the 402 x 72 grid, d/h=40. The effect of the grid refinement on rising speed and aspect 

ratio of the bubble are plotted versus time in Figure 5.3. The aspect ratio is defined as the 
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bubble height on the axis of symmetry divided by the bubble width in the radial direction. 

The difference between the results on the coarse and fine grid is small. Although there is 

more difference in the aspect ratio results than in the rising speed, asymptotically, 

solutions on the two grids converge to each other. The fine non-uniform grid with 402 x 

72 meshes is used to study the effect of the properties ratios.  

 
Figure 5.2: Multigrid performance on the computations of a bubble rising by buoyancy. 

 
Figure 5.3: Rising speed and aspect ratio versus time for Re=100, We=4, Fr=1, density 
ratio=100, viscosity ratio=1, on 202 x 42 (d/h=20) and 402 x 72 grids (d/h= 40). 

x 10 
0 1 1.5 2 2.5 

4 
10 - 7 

10 - 6 

10 - 5 

10 - 4 

10 - 3 

10 - 2 

10 - 1 

0 0.5
- 7 

- 

- 

- 

- 

- 

- 

Fine Grid Iterations

R
es

id
ua

l 

1 level 2 levels 3 levels 

time 
0 0.5 1 1.5

0 
0.2 
0.4 
0.6 
0.8 

1 
1.2 
1.4 

ris
in

g 
sp

ee
d 

202 x 42
402 x 72

time 
0 0.5 1 1.5

0.4

0.5

0.6

0.7

0.8

0.9

1

as
pe

ct
 ra

tio
 

202 x 42 
402 x 72 



114 

 

Effects of transport properties. The effects of the density and viscosity ratios on 

both bubble shape and rising speed are investigated. Computations are performed at 

Re=100, We=4, and Fr=1 for three density ratios: 10, 100, and 1000 with a viscosity ratio 

of 1, and for three viscosity ratios 1, 10, 100 with a density ratio of 10. The computation 

of the pressure Poisson equation is most demanding especially with large density ratios. 

As shown in Figure 5.4, more iterations are required for a larger density ratio to achieve 

the same convergence level.  

 

Figure 5.4: Effect of the density ratio (d.r.) on the convergence path of the pressure 
equation for Re=100, We=4, Fr=1 at the first time iteration on 402 x 72. 

To present the effects of density and viscosity ratio on the bubble dynamics, the 

instantaneous bubble shapes with varying density and viscosity ratios are shown in Figure 

5.5 and Figure 5.6, respectively. From Figure 5.5 and Figure 5.6, one notices that with the 

selected combinations of Re, We and Fr, as the initially spherical bubble rises in the 

cylinder, it deforms toward a steady-state shape. The time evolutions of the rising speed 

and aspect ratio of the rising bubble are plotted in Figure 5.7 and Figure 5.8. As expected 
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and shown in Figure 5.5 and Figure 5.7 when the density ratio increases, the bubble rises 

faster. For the three viscosity ratios considered, the rising speed of the bubble eventually 

converges to the same value, as shown in Figure 5.8. For the cases with viscosity ratio of 

10 and 100, the bubble reaches a constant rising speed at an earlier time and deforms 

more compared to the case with a viscosity ratio of 1. Also, for the cases with viscosity 

ratio of 10 and 100, the bubble approaches the same shape as shown in the aspect ratio 

plot. 

density ratio = 10 density ratio = 1000density ratio = 100

 
Figure 5.5: Instantaneous bubble shapes at time t=0, 0.3, 0.5, 0.7, 0.9, 1.1, 1.3, 1.5 for 
Re=100, We=4 and Fr=1 for density ratios of 10, 100 and 1000, and viscosity ratio of 1. 
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viscosity ratio = 1 viscosity ratio = 100viscosity ratio = 10

 
Figure 5.6: Instantaneous bubble shapes at time t=0, 0.3, 0.5, 0.7, 0.9, 1.1, 1.3, 1.5 for 
Re=100, We=4 and Fr=1 for viscosity ratios of 1, 10 and 100, and density ratio of 10. 

 

Figure 5.7: Effect of the density ratio on the rising speed and aspect ratio versus time for 
Re=100, We=4, Fr=1, viscosity ratio=1. 
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Figure 5.8: Effect of the viscosity ratio on the rising speed and aspect ratio versus time 
for Re=100, We=4, Fr=1, density ratio=10. 

The streamlines in a reference frame moving with the bubble are plotted in Figure 5.9. 

A wake structure behind the bubble is clearly observed in Figure 5.9, which is in 

accordance with experimental observations (Hnat and Buckmaster, 1976; Bhaga and 

Weber, 1981) and numerical simulations (Ryskin and Leal, 1984; Ye et al., 2001). The 

wake length increases as the density ratio is raised, which can be explained by the shape 

of the bubble. For a larger density ratio, the steady bubble shape takes a higher aspect 

ratio. The wake structure behind a bubble is different from the one observed for flow over 

a solid object with the same shape, because the Young-Laplace condition dictates the 

distribution of the pressure field. 
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d.r. = 10 d.r. = 1000d.r. = 100d.r. = 10 d.r. = 1000d.r. = 100

 

Figure 5.9: Streamlines in a reference frame attached to the bubble. Re=100, We=4 and 
Fr=1 for the three density ratios cases at t=1.5. 

Effects of Re and We. The effects of the Reynolds and Weber numbers on the bubble 

steady state shape are investigated next. In Figure 5.10, the computed axisymmetric 

rising bubble shapes at t=1.5 are represented as functions of Re and We, with Fr=1, the 

density ratio of 100 and viscosity ratio of 1. Spherical to ellipsoidal shapes are observed 

as Re and We increases. The computed aspect ratios for the corresponding cases are 

given in Table 5.1. Since the present numerical method is based on the immersed 

boundary method, the interface is considered to be of finite thickness. In the present 

simulations, the pressure jump at the interface is not sharp but spreads over 4 grid cells. 

Therefore, it is difficult to calculate accurately the drag coefficient from the pressure 

distribution on the interface. Another way to evaluate the drag coefficient, CD, is to 

consider the balance between the buoyancy force and hydrodynamic drag, which leads to 

the following relation (Bhaga and Weber, 1981; Ryskin and Leal, 1984): 

2

4 4
3 3D

gdC
U Fr

= =      (5.7) 
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The drag coefficient is calculated based on the rising speed U at t=1.5. The present 

results are compared in Table 5.2 to the drag coefficient calculated in the numerical 

studies of Ryskin and Leal (1984) and Ye et al. (2001). Despite the fact that different 

density ratio and viscosity ratio are employed in the present simulations and the drag 

coefficient is evaluated t=1.5, the present results are in reasonable agreement with the 

previous numerical studies of Ryskin and Leal (1984) and Ye et al. (2001).  
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Figure 5.10: Computed rising bubble shapes at time t=1.5 as a function of Re and We 
with a density ratio of 100 and viscosity ratio of 1. Re and We are based on U=1. 

Table 5.1: Bubble aspect ratio at t=1.5 as a function of Re and We.  

Re       We 4 10 15 20 

20 0.82 0.65 0.58 0.52 
50 0.66 0.45 --- --- 
100 0.54 0.39 0.29 0.22 
200 0.46 0.30 --- --- 

 



120 

 

Table 5.2: Comparison of drag coefficients as a function of Re and We. First line: CD 
computed from present simulation with density ratio of 100 and viscosity ratio of 1. 
Second line: CD from Ryskin and Leal (1984) for a void bubble. Third line: CD from Ye 
et al. (2001) for density ratio of 1600 and viscosity ratio 22. 

Re           We 4 10 15 20 

 
20 

2.32 
2.16 
2.20 

2.88 
3.22 
3.00 

3.24 
3.55 
3.70 

3.61 
3.60 
3.70 

 
50 

1.19 
1.23 
1.20 

1.95 
2.77 
2.30 

 
--- 

 
--- 
 

 
100 

0.95 
0.81 
0.80 

1.77 
2.26 
--- 

2.44 
--- 

3.15 
--- 

 
200 

0.89 
0.59 
--- 

1.91 
1.64 
--- 

 
--- 
 

 
--- 

 

5.1.2 Rising Oil Drop in Water  

Next, the rise of S.A.E. 10W oil drops in water by buoyancy is simulated for different 

drop diameter. The results of the present simulation are compared with the experimental 

results of Klee and Treybal (1956) and with the results of the numerical simulation of 

Lörstad et al. (2002). The numerical method employed by Lörstad et al. (2002) is a three 

dimensional VOF technique. The fluid properties selected for the simulation are 

presented in Table 5.3. The four cases investigated are shown in Table 5.4 along with the 

corresponding dimensionless numbers, and the estimated terminal velocity using the 

empirical relation of Klee and Treybal (1956). 

Table 5.3: Physical properties of S.A.E. 10W oil drops and water at T=23oC from Klee 
and Treybal (1956) 

Fluid Properties Water S.A.E. 10W Oil Ratio 
Density (ρ) [kg/m3] 997.5 865 1.153 

Viscosity (µ) [kg/(sm)] 1.06 x 10-3 72.1 x 10-3 0.0147 
Surface Tension (σ) [N/m] 18.5 x 10-3 
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Table 5.4: Computational cases for the rising oil drop in water. 

Case d 
(mm) 

U 
(cm/s) 

Re 
ρwUd/µw 

Eo= 
∆ρd2g/σ 

Fr= 
U/(gd)0.5 

We= 
ρwU2d/σ 

1 2.5 7.42 174.6 0.439 0.4738 0.7421 
2 5 10.74 505.3 1.757 0.4849 3.110 
3 10 10.74 1011 7.026 0.3429 6.219 
4 15 10.74 1516 15.81 0.2800 9.329 

 

Wall effect. Before investigating the effect of the drop diameter, the effect of the 

computational domain size and the grid size are investigated for a drop of diameter d=5 

mm. To investigate the effect of the computational domain size, i.e. the effect of the 

position of the cylinder wall, four cases are considered: (1) D=6d x H=16d, (2) D=8d x 

H=16d, (3) D=10d x H=16d, (4) D=12d x H=16d. The computed instantaneous drop 

shapes in two computational configurations D=6d x H=16d and D=12d x H=16d are 

shown in Figure 5.11. At first glance, the drop shapes are not affected by the wall 

positions. A closer investigation on the drop rising speed is considered. The wall effect 

on the terminal rising velocity can be determined with the semi-empirical relation of 

Harmathy (1960): 

2

1 0.5u d dfor
U D D∞

 ≈ − < 
 

   (5.8) 

where u is the terminal rising speed, U∞  is the terminal rising speed if the drop is rising 

in an infinite domain, d is the drop diameter and D is the cylinder diameter. The wall 

effect predicted with Harmathy’s correlation and the present simulation is compared in 

Figure 5.12 versus D/d. According to Harmathy’s relation, a computational domain of 

D/d=12 yields a wall effect of around 0.7%. In the computations, the domain with 

D/d=12 is taken as the reference. The rising speed at t=10 is used for comparison. Due to 
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the viscous effect at the wall, a smaller domain reduces the rising speed. This is mainly 

due to the viscous effect at the wall. Figure 5.12 shows good agreement between 

Harmathy’s correlation and the present simulation.  

D=6d x H=16d D=12d x H=16d

 
Figure 5.11: Effect of wall proximity on instantaneous rising drop shapes at the same 
nondimensional time t=0, 2, 4, 6, 8, 10 of a 5 mm oil drop in water. 

 

Figure 5.12: Effect of wall proximity on rising speed in percentage. Comparison of 
present simulation with Hamathy’s relation Eq. (5.8). 
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Grid refinement study. A grid refinement study is now performed. Four grid sizes 

are considered having respectively 20, 32, 40, and 64 cells per diameter (d/h). The rising 

speed and the aspect ratio of the drop are plotted versus time in Figure 5.13 for different 

grid sizes. The rising speed and aspect ratio at t=10 versus grid size is shown in Figure 

5.14. From Figure 5.13, one observes that the transient results are not grid independent 

and that a grid with d/h=20 is too coarse as seen in the aspect ratio plot. The results 

suggest that for grid size with d/h≥32, the rising speed and aspect ratio will eventually 

converge to the same steady state value. As the grid is refined, the difference in results 

decreases as seen in Figure 5.14.  

 
Figure 5.13: Drop rising speed and aspect ratio versus time for d=5 mm. 

 
Figure 5.14: Effect of grid refinement on rising speed and aspect ratio at nondimensional 
time t=10. 

15 25 35 45 55 65
0.6 

0.65 
0.7 

0.75 
0.8 

0.85 
0.9 

0.95 
1 

d/h 

ris
in

g 
sp

ee
d 

15 25 35 45 55 65
0.75

0.8

0.85

0.9

d/h 

as
pe

ct
 ra

tio
 

0 2 4 6 8 10
0 

0.2 

0.4 

0.6 

0.8 

1 

time 

 ri
si

ng
 s

pe
ed

 

d/h=20 
d/h=32 
d/h=40 
d/h=64 

time 
0 2 4 6 8 10

0.75

0.8

0.85

0.9

0.95

1

1.05
as

pe
ct

 ra
tio

 

d/h=20 
d/h=32 
d/h=40 
d/h=64 



124 

 

Effect of the drop size. The instantaneous drop shapes for the different cases 

investigated are shown in Figure 5.15. As the drop diameter increases, the Reynolds and 

Weber numbers increase. Like in the case for bubble, as Re and We increase, spherical to 

ellipsoidal drop shapes are predicted. The terminal rising speed and aspect ratio are 

plotted versus the drop diameter in Figure 5.16 along with the experimental results of 

Klee and Treybal (1956) and the numerical results of Lörstad et al. (2002). The results 

are in good agreement for small drop of diameter (d = 2.5 and 5 mm); however there are 

noticeable differences for larger drops (d=10 and 15 mm). No data for d=15 mm for the 

experimental data of Klee and Treybal (1956) and the numerical simulation of Lörstad et 

al. (2002) since drop break-up occurs. The present immersed boundary technique predicts 

greater aspect ratio for the drop diameter d=10 and 15 mm compared to the VOF method 

of Lörstad et al. (2002) for the same grid spacing d/h=32.  
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d = 2.5 mm

Re = 175
We = 0.74
Fr = 0.47 d = 5 mm

Re = 505
We = 3.1
Fr = 0.48

 

d = 10 mm

Re = 1011
We = 6.2
Fr = 0.34 d = 15 mm

Re = 1516
We = 9.3
Fr = 0.28

 
Figure 5.15: Effect of the drop diameter on the instantaneous shapes of a rising oil drop 
in water at t=0, 2, 4, 6, 8, 10, 12.  
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Figure 5.16: Rising speed and aspect ratio versus drop diameter. Comparison of present 
simulation using immersed Boundary method with the experimental results from Klee 
and Treybal (1956) and with the numerical simulation of Lörstad et al. (2002) using VOF 
method. The numerical simulations are performed on a grid with d/h=32. 

5.2 Drop Motion within the Micro-Scale Cooling Device 

To simulate the droplet dynamics within the micro-scale device describe in chapter 2, 

the problem illustrated in Figure 5.17 is considered. The droplet is represented by Fluid 2 

and is given an initial velocity U. There is no gravity. The nondimensional parameters are 

the Reynolds (Re), Weber (We) numbers based on the liquid phase or fluid 2: 

2

2

Re Udρ
µ

=      (5.9) 

2
2U dWe ρ
σ

=      (5.10) 

where ρ2 is the droplet density, µ2 is the droplet dynamic viscosity, σ is the surface 

tension, d is the droplet diameter and U is the initial velocity. The two above 

nondimensional parameters can be combined to define the Capillary (Ca) number: 

2

Re
We UCa µ

σ
= =     (5.11) 

The properties of saturated liquid-vapor of water and R-12 are listed chapter 4.  
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Numerical simulations are performed on a non-uniform grid with 202 x 82 meshes. 

The effect of the droplet diameter and the initial velocity on the flow field is investigated 

for a density ratio of 100 and viscosity ratio of 10. The droplet diameters considered are: 

(a) d=0.1, (b) d=0.15 and (c) d=0.2 for constant initial velocity U=1.0 and surface tension 

σ=1.0. The corresponding dimensionless parameters are (a) Re=50, We=10, Ca=0.2; (b) 

Re=75, We=15, Ca=0.2; (c) Re=100, We=20, Ca=0.2. The instantaneous droplet shapes 

are shown in Figure 5.18. The larger the droplet is the faster it travels, due to its higher 

inertia. The initial velocities U considered are: U=1.0 and U=2.0 for constant droplet 

diameter d=0.1 and surface tension σ=1.0. The corresponding dimensionless parameters 

are Re=50, We=10, Ca=0.2, and Re=100, We=40, Ca=0.4. The instantaneous droplet 

shapes are shown in Figure 5.19.  

Finally, numerical results for Re=278, We=10, Ca=0.036, density ratio of 235 and 

viscosity ratio of 36, which corresponds to the case of R-12, are shown in Figure 5.20. 

Two cases with a density ratio of 1600 and viscosity ratio of 22, which correspond to 

water, are shown in Figure 5.21, with two parameter sets: (a) Re=45, We=10, Ca=0.22 

and (b) Re=455, We=10, Ca=0.022. 

Fluid 2

H=5d 

D=5d 

axis

Fluid 1
Fluid 2

 
Figure 5.17: Schematic of the computational setup for the droplet dynamics. Initially the 
droplet (Fluid 2) is a sphere of diameter d centered on the axis at 0.2. 
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  (a)    (b)    (c)   

Figure 5.18: Effect of droplet diameter on droplet dynamics. Instantaneous droplet shapes 
at same instants: t = 0, 0.2, 0.4, 0.6, 0.8, 1.0. (a) d=0.1, Re=50, We=10, Ca=0.2; (b) 
d=0.15, Re=75, We=15, Ca=0.2; (c) d=0.2, Re=100, We=20, Ca=0.2. Density ratio = 
100, viscosity ratio = 10, U=1.0, σ=1.0. 
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                                 (a)                                                                    (b)                             

Figure 5.19: Effect of initial velocity on droplet dynamics. Instantaneous droplet shapes 
for (a) Re=50, We=10, Ca=0.2 at t = 0, 0.2, 0.4, 0.6, 0.8, 1.0; (b) Re=100, We=40, 
Ca=0.4 at t = 0, 0.2, 0.4, 0.6. 
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Figure 5.20: Instantaneous shapes for a R-12 droplet. Computations with a density ratio 
of 235, and viscosity ratio of 36, at t=0, 0.2, 0.4, 0.6, 0.8 for Re=278, We=10, Ca=0.036, 
d=0.1, U=1.0, corresponding to a R-12 droplet of diameter d=46 µm with initial velocity 
U =1.5 m/s, at t=0, 6, 12, 36, 48 µs.  
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Figure 5.21: Instantaneous shapes for water droplets. Computations with a density ratio 
of 1600 and viscosity ratio of 22 for (a) Re=45, We=10, Ca=0.22, d=0.1, U=1.0, at t=0, 
0.2, 0.4, 0.6, 0.8, 1.0, corresponding to a water droplet of diameter d=0.28 µm with initial 
velocity 46.6 m/s, at t = 0, 0.0012, 0.0024, 0.0036, 0.0048, 0.006 µs, (b) Re=455, We=10, 
Ca=0.022, d=0.1, U=1.0, at t=0, 0.2, 0.4, 0.6, corresponding to a water droplet of 
diameter d=28µm with initial velocity 4.66 m/s, at t=0, 1.2, 2.4, 3.6 µs. 
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5.3 Summary 

Numerical simulations of rising bubble and drop are performed to assess the capability 

and accuracy of the present method. Comparisons are made with the available numerical 

and experimental studies. The effects of fluid properties ratio, grid refinement, and 

dimensionless parameters are investigated is some detail. Overall, the present numerical 

method performs adequately for bubble and drop dynamics.  

Simulations of drop dynamics relevant to the micro-scale device application are 

performed. Within the present flow regime, the drop remains largely spherical due to 

high surface tension effect. 
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CHAPTER 6 
6 DROP IMPACT DYNAMICS WITH HEAT TRANSFER 

In this chapter the dynamics of a drop impacting on a flat solid surface and the 

associated heat transfer characteristics are numerically investigated using the 

computational techniques described in chapter 4. The literature on this subject has been 

reviewed in chapter 3. As already mentioned, previous numerical studies have mostly 

treated the problem as a free surface flow without accounting for the physical 

mechanisms of the gas phase. Here, the liquid and gas phases are modeled 

simultaneously. The governing equations are the mass, momentum and energy 

conservation equations. The problem is considered to be axisymmetric, and the fluids are 

Newtonian with constant physical properties in each phase. Drop splashing from one to 

multiple objects is not studied here. Furthermore, to eliminate the possibility of bubble 

entrapment, the simulation is initiated at the moment when the drop is in contact with the 

solid surface. To validate the computations, selected results are compared with 

experimental and numerical studies published in the literature. The effects of the liquid 

transport properties, such as the surface tension, viscosity, contact angle and the impact 

velocity on the drop dynamics are investigated. The heat transport process in the liquid 

and gas phases during impact is also studied. 

6.1  Initial and Boundary Conditions 

The computations are performed in a cylindrical domain of diameter and height 5 drop 

diameter long. An illustration of the initial and boundary conditions is shown in Figure 

6.1. Initially, a spherical droplet of diameter d0 is placed on the surface and given an 
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impact velocity U. The symmetry condition is applied on the cylinder axis and the no-slip 

condition for the velocity on the cylinder walls is applied. The boundary condition for the 

contact line position is discussed next.  
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(b) Boundary Conditions 

Figure 6.1: Initial and boundary conditions for the droplet impingement problem with 
heat transfer. (a) Initial configuration: a droplet of diameter d0 is placed on the surface 
with given velocity U and (b) boundary conditions. 

The contact line is located at the intersection between the liquid, gas and solid phase. 

From a continuum point of view, the contact line position is described by the contact 
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angle θ. This angle represents the wettability of a liquid drop on a flat solid surface. This 

angle varies depending on the fluid and solid properties, surface characteristics, such as 

roughness and temperature, and fluid dynamics. A discussion on the contact angle has 

been given in chapter 3. Analytical methods based on domain perturbation and 

lubrication theory have been developed. These models lead to a singularity at the contact 

line for Newtonian and incompressible fluids, when the no-slip boundary condition at the 

wall is applied. The singularity can be removed if a slip boundary condition is applied 

(Dussan V., 1979).  

In direct numerical simulation of the flow equations involving a contact line, the 

contact angle is typically prescribed. Either a single contact angle value corresponding to 

the static contact angle (Kothe et al., 1991; Brackbill et al., 1992) or a range of dynamic 

contact angles obtained from measurement can be imposed as boundary conditions 

(Fukai et al., 1995; Bussmann, 1999). Another way to treat the contact line motion is to 

consider the classical Young-Dupré relation (Eq. 3.2). However, this treatment requires 

the knowledge of the surface tension coefficient for each phase, such coefficients are not 

always available. Renardy et al. (2001) have implemented two different methods to treat 

the contact line in a two-dimensional VOF numerical method. The first one employs a 

contact angle value and the second one employs the Young-Dupré relation. It is found 

that the second method can introduce an artificial flow near the contact point; hence, the 

first approach is preferable. Renardy et al. (2001) have only performed computational 

exercises with a density ratio of 1 and 10 and a viscosity ratio of 1 between the liquid and 

gas, to demonstrate the difference between the methods. Their simulation does not 

represent any specific liquids. 
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The present numerical method does not solve for the contact line velocity directly. The 

contact point position is extrapolated based on prescribed contact angle, with the no-slip 

condition on the wall for the fluid velocity imposed. Specifically, the position of the 

contact line, which is represented by the position of the first marker point, is extrapolated 

from the position of the second marker point and with a specified contact angle. Both 

static and dynamic contact angle models are considered. For the static contact angle 

model, a constant value is imposed in the course of the computations. For the dynamic 

contact angle model, the contact angle value is assigned based on the contact line 

velocity.  

6.2 Results with a Static Contact Angle Model 

6.2.1 Impact of Water and Ink Drop on Polycarbonate Surface 

The computations of a water droplet impinging on a polycarbonate surface and the 

computations of an ink droplet impinging on a polycarbonate surface are now compared 

with the experiment of Kim and Chun (2001). A direct comparison between numerical 

simulation and physical observation of the droplet shapes at different time instants is 

shown in Figure 6.2 and Figure 6.3, for water and ink, respectively. Despite the fact that a 

static contact angle model is employed in both cases the results are in reasonably good 

agreement with the experiment. To understand the effect of the different parameters on 

the drop dynamics and to gain insight on the physical phenomena involved, a parametric 

study is presented next. 
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Figure 6.2: Water droplet impinging on polycarbonate surface for Re=3200 and We=30. 
Left column: images from Kim and Chun (2001) experimental results. Reprinted with 
permission. Right column: present numerical simulation. 
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Figure 6.3: Ink droplet impinging on polycarbonate surface for Re=2300 and We=190. 
Left column: images from Kim and Chun (2001) experimental results. Reprinted with 
permission. Right column: present numerical simulation. 

6.2.2 Parametric Variation Effects on the Drop Dynamics 

The dimensionless parameters for the base case of Re=100 and We=20 are based on 

the following nondimensional scales: d0=0.2, U=1.0, ρl=100, ρg=1, µl=0.2, µg=0.02, 

σ=1.0, which correspond for example to the following set of physical parameters: d0=100 

µm, U=1.0 m/s, ρl=100 kg/m3, ρg=1 kg/m3, µl=10-4 Ns/m2, µg=10-5 Ns/m2, σ=5 x 10-4 
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N/m. The computational time t=1.0 corresponds to a physical time of 0.5 ms. For the 

contact angle we have used 60° for our reference computation, which corresponds to the 

equilibrium contact angle of deionized water on silicon oxide measured by Kim and 

Chun (2001). However, experimental images of the impingement of a deionized water 

droplet on silicon oxide were not presented in Kim and Chun (2001).  

6.2.2.1 Grid size, background fluid properties effects 

To demonstrate the effects of the grid size, density and viscosity ratios on the results, 

three grid sizes with 20, 40, 80 cells per drop diameter, two density ratios of 100 and 

1000, and two viscosity ratios of 10 and 100 for constant liquid properties are considered 

for Re=100, We=20, θ=60°. The effects of the grid size, density and viscosity ratios on 

the spreading coefficient β at t=1.0 and 5.0 are relatively small as shown in Table 6.1, 

which indicates that the numerical solutions are satisfactory. In the following, the effects 

of the contact angle, impact velocity, droplet viscosity, and surface tension are assessed 

on grid having 40 cells per drop diameter, a density ratio of 100, and a viscosity ratio of 

10. 

Table 6.1: Effect of the grid size and background fluid, i.e. gas properties on the drop 
spreading coefficient at t=1.0 and 5.0 for Re=200, We=20 and θ=60°.  

Grid size 
d/h 

Density 
ratio (ρl/ρg) 

Viscosity ratio 
(µl/µg) 

β at t=1.0 β at t=5.0 

20 100 10 1.484 1.632 
40 100 10 1.513 1.619 
80 100 10 1.558 1.613 
40 1000 10 1.507 1.618 
40 100 100 1.488 1.619 
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6.2.2.2 Effect of the contact angle 

The contact angle values considered are 60°, 80°, 100°, and 120°. These computations 

are all done for Re=100 and We=20. For values of the contact angle between 0° and 90°, 

the liquid is said to wet the surface, and for values of the contact angle between 90° and 

180°, the liquid is said non-wetting (Carey, 1992). The instantaneous droplet shapes are 

presented in Figure 6.4 for two contact angles, 60° and 120°. For larger contact angle 

values, the wetting property of the surface diminishes, therefore reducing the contact area 

or wetting area. From Figure 6.8 (a) one notices for larger contact angle values, both 

maximum and equilibrium values of the spreading coefficient decrease and the amplitude 

of the recoiling oscillations becomes greater, eventually reaching a point beyond which 

the droplet bounces back, as it happens for computations with θ=120°.  

6.2.2.3 Effect of the impact velocity 

Three impact velocity values U= (i) 1.0, (ii) 2.0 and (iii) 3.0 are considered, 

corresponding to (i) Re=100 We=20, (ii) Re=200 We=80, and (iii) Re=300 We=180, 

respectively. The corresponding droplet shapes and the spreading coefficient are shown 

in Figure 6.5 and Figure 6.8 (b) respectively. As expected, for a larger impact velocity, 

the droplet attains a larger maximum spreads. However, within the range of parameters 

investigated, the impact velocity has no effect on the frequency and the amplitude of the 

recoiling process. 

6.2.2.4 Effect of the droplet viscosity 

The Reynolds number is varied from 100 to 400 while holding the Weber number 

unchanged at We=20. The instantaneous droplet shapes are shown in Figure 6.6. As the 

Reynolds number increases, the maximum spreading increases and the amplitude of the 
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recoiling oscillations increases as can be seen in Figure 6.8 (c). On the other hand, the 

frequency of the oscillations is not changed. The larger the droplet viscosity is, the 

greater the recoiling energy dissipates. The viscous effects clearly dampen the spreading 

and recoiling of a droplet impinging on a flat surface. 

6.2.2.5 Effect of the surface tension 

Three computations are performed with We=2, 20 and 200 for Re=100 constant, 

corresponding to σ=10.0, 1.0, 0.1 respectively. From Figure 6.7 and Figure 6.8 (d), one 

notices that as the Weber number increases, the maximum spreading coefficient increases 

while the recoiling frequency decreases. For large surface tension, the recoiling process is 

fast and oscillatory. For lower surface tension, the recoiling process is slower and less 

oscillatory. The larger the surface tension is (lower We), the higher the frequency of the 

recoiling process is. The qualitative trend of the recoiling frequency given in Eq. (3.3) is 

observed. Surface tension resists drop deformation. For higher surface tension, there is 

more resistance for the drop to deform; therefore, the drop has a tendency to recoil fast 

towards successive hemispherical shapes. In contrast, for lower surface tension, a flat 

disk shape with a ring-like structure in the outer region is maintained for a noticeable 

period of time. 

6.2.2.6 Maximum spreading coefficient 

A comparison between the values of the maximum spreading coefficient obtained 

from the present computations and from the energy correlation of Eq. (3.13) is made. As 

shown in Figure 6.9, the computed maximum spreading coefficients follow the same 

trend as the one obtained from the correlation and are always slightly lower. The 

maximum spreading coefficient increases, for decreasing contact angle (Figure 6.8 (a)), 
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for increasing impact speed (Figure 6.8 (b), for increasing Re (Figure 6.8 (c)) and for 

increasing We (Figure 6.8 (d)). The gap between the simulation and correlation results is 

increasing as the contact angle increases Figure 6.8 (a)), and as the Re increases, i.e. as 

the viscosity decreases (Figure 6.8 (c)). This suggests that the viscous effect term 

appearing in the derivation of correlation of Eq. (3.13) is not approximated correctly as 

also discussed in Middleman (1995). 
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Figure 6.4: Droplet shapes at different time instants for varying static contact angle. 
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Figure 6.5: Droplet shapes at different time instants for varying impact velocity. 
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Figure 6.6: Droplet shapes at different time instants for varying droplet viscosity. 



144 

 

 

t=0.1 

t=0.2 

σ=1.0 
Re=100 We=20 

t=0.3 

t=0.4 

t=0.5 

t=0.7 

t=1.0 

σ=10.0 
Re=100 We=2 

t=0.1 

t=0.2 

t=0.3 

t=0.4 

t=0.5 

t=0.7 

t=1.0 

σ=0.1 
Re=100 We=200

t=0.1 

t=0.2 

t=0.3 

t=0.4 

t=0.5 

t=0.7 

t=1.0 
 

Figure 6.7: Droplet shapes at different time instants for varying surface tension. 
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Figure 6.8: Spreading coefficient versus time. (a) Effect of the static contact angle θ for 
Re=100 and We=20, (b) effect of the impact velocity U for θ=60°, (c) effect of the 
Reynolds number for We=20 and θ=60°, (d) effect of the surface tension for Re=100 and 
θ=60°. 
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Figure 6.9: Comparison between the values of the maximum spreading coefficient 
obtained from the present simulation and from the energy correlation of Eq. (3.13) versus 
(a) contact angle θ, (b) impact velocity U, (c) Re, and (d) We. 

The following insight of the flow dynamics is obtained based on the pressure contours, 

and streamlines plots (Figure 6.10) at different instants during the drop impact, have 

given. As the liquid droplet impinges and spreads along the surface, it induces the gas, 

initially at rest, into motion, and a primary recirculation is shown in the streamline plot. 

As the droplet reaches its maximum spreading position, a second recirculation zone of 

opposite direction of the primary one grows. This behavior repeats itself until the droplet 

reaches its equilibrium position. The jump in pressure at the liquid-gas interface is 



147 

 

observed in the pressure contours. The non-uniform pressure distribution inside the 

droplet also explains the established velocity field. The large curvature develops in the 

vicinity of the contact area causing high pressure in the area, resulting in the droplet 

recoil. As the system tends to equilibrium with time, the pressure gradient in the droplet 

diminishes. At equilibrium, the hydrostatic pressure jump across the interface is 

observed. 
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Figure 6.10: Pressure contours and streamlines at different time instants for Re=100, 
We=20, θ=60°. Left side: pressure contours. Right side: streamlines in a fixed reference. 
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6.3 Results with a Dynamic Contact Angle Model 

6.3.1 Static versus Dynamic Contact Angle 

In this section, computations are performed for the same case with Re=300, We=60, 

Fr=∞ with both a static contact angle model and a dynamic contact angle model and the 

results are compared. The computational fluid parameters are shown in Table 6.2 and the 

contact angle values are shown in Table 6.3. This case corresponds to the impact of a 20 

µm water droplet on a wax coated surface with an impact velocity of 14.6 m/s. The 

contact angle values have been measured by Fukai et al. (1995) for the case of water on a 

wax coated surface.  

For the dynamic contact angle model, the contact angle value is assigned based on the 

contact line velocity. Fukai et al. (1995) and Bussmann et al. (1999) have employed such 

dynamic contact angle model based on measured values. In the present simulation, the 

contact line velocity is interpolated from the neighboring fluid velocity field. The present 

dynamic model employed is illustrated in Figure 6.11. If the instantaneous contact line 

velocity is within 5% of the impact velocity, then the contact angle varies linearly from 

the advancing/receding values. If it is greater than 5% of the impact velocity, then the 

contact angle is assigned the value of the advancing angle (θA). Similarly, if the contact 

line velocity is smaller than -5% of the impact velocity, the contact angle takes the value 

of the receding angle (θR). The instantaneous drop shapes, the spreading coefficient and 

the normalized maximum height are investigated as functions of time to assess the 

difference between the static and dynamic contact angle models. The dimensionless 

parameters are defined as: 

* Ut t
d

=      (6.1) 



150 

 

based
d

β =      (6.2) 

maxh
d

ζ =      (6.3) 

where β is the spreading coefficient, dbase is the length of the drop on the solid surface, ζ 

is the normalized maximum height corresponding to the instantaneous maximum height 

of the drop, hmax. 

Table 6.2: Computational fluid properties. 

Properties Liquid Vapor Ratio
Density (ρ) 300 0.3 1000 

Viscosity (µ) 0.2 0.01  
Surface Tension (σ) 1.0 
 

Table 6.3: Contact angle values of water on a wax coated surface from Fukai et al. 
(1995). 

Static (θS) Advancing (θA) Receding (θR) 
76° 92° 60° 

 

-0.15 -0.1 -0.05 0 0.05 0.1 0.15
V<0 V>0

θA 

θR 
60° 

76° 

92° 

 
Figure 6.11: Illustration of the dynamic contact angle model. Contact angle (θ) in degree 
versus contact line speed (V). The value 0.05 is taken arbitrary as 5% of the impact 
velocity U. 
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First a grid refinement study is conducted. Four grids are considered having 

respectively 20, 32, 40 and 50 cells per drop diameter (d/h). The effect of the grid size on 

the spreading coefficient and normalized maximum height are shown in Figure 6.12 for 

the static contact angle model and in Figure 6.13 for the dynamic contact angle model. In 

both cases, the results tend to be grid independent as the grid is refined. The results for 

the coarser grid of d/h=20 with the static contact angle model are in disagreement with 

the other grid sizes, clearly showing that d/h=20 is too coarse to provide acceptable 

results. Results obtained with a grid having a minimum of 40 cells per diameter are 

considered acceptable. 

The instantaneous shapes of the impinging drop at same instants are shown in parallel 

for both models in Figure 6.14. The spreading coefficient and maximum height for both 

models are compared in Figure 6.15. The contact angle versus time is plotted in Figure 

6.16. Noticeable differences between the two contact angle models in recoiling behaviors 

are observed. As seen in Figure 6.15, the dynamic contact angle model in comparison to 

the static contact angle model dampens the oscillations appearing in the recoiling process. 

This is due to the values of the contact angle. Smaller contact angle values mean that the 

fluid wets more the solid surface. This wettability property is indeed a resistance to the 

drop motion. Since the advancing contact angle is greater than the static contact value, 

the maximum extent of the drop is greater for the static contact angle. 
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Figure 6.12: Effect of grid refinement on spreading coefficient and maximum height for 
Re=300, We=60 with the static contact angle model. Four grid sizes are considered with 
d/h=20, 32, 40, and 50. 

 

Figure 6.13: Effect of grid refinement on spreading coefficient and maximum height for 
Re=300, We=60 with the dynamic contact angle model. Four grid sizes are considered 
with d/h=20, 32, 40, and 50. 
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Figure 6.14: Instantaneous drop shapes at same instant for the static contact angle model 
(left column) and dynamic contact angle model (right column) for Re=300, We=60 and a 
grid with d/h=40. 
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Figure 6.15: Spreading coefficient and normalized maximum height versus dimensionless 
time t* for Re=300, We=60 with a static contact angle model and a dynamic contact 
angle model and a grid with d/h=40. 

 
Figure 6.16: Contact angle versus dimensionless time t* for Re=300, We=60 and a grid 
with d/h=40. 
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6.3.2 Comparison with Experiment 

In this paragraph, two computational cases are performed and are compared with 

existing experimental results from the literature in order to asses the present numerical 

method with a dynamic contact angle. The considered cases are presented in Table 6.4. 

The impact of a water drop on stainless steel and on wax coated surface is considered. 

For each of these cases a dynamic contact angle condition is applied.  

Table 6.4: Cases considered for the comparison between the present numerical method 
and experimental results.  

Case 1 Pasandideh-
Fard et al. 
(1996, 2001) 

Re=2900 
We=47 
Fr=86 

d0=2.0 mm 
U=1.3 m/s 

- Water drop 
- Stainless steel surface 

θA=110° 
θS=90° 
θR=40° 

Case 2 Fukai et al. 
(1995) 

Re=6200 
We=128 
Fr=68 

d0=3.72 mm 
U=1.58 m/s 

- Water drop 
- Wax coated plate 

θA=92° 
θS=76° 
θR=60° 

 

A grid size with 80 cells per diameter is utilized because of the large Reynolds number 

and time steps smaller or equal 10-4 are required. The background fluid is taken to be 

1000 times less dense and 20 times less viscous than the liquid of the drop. These ratios 

are close to those of liquid water with steam. Whenever available, the measured data are 

used to facilitate the dynamic contact angle model. Note that the measured contact angle 

values for Case 1 of the experiment are taken from Pasandideh-Fard et al. (1996) for the 

same liquid and surface studied in Pasandideh-Fard et al. (2001). In Pasandideh-Fard et 

al. (2001), the advancing contact angle has also been measured using the same technique 

as in Pasandideh-Fard et al. (1996) and is 110°±10°, however the receding and static 

contact angles are not reported. In the present simulation, an advancing contact angle of 

100° is selected. Because of the present mesh resolution, the minimum value that the 
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contact angle can take in the simulation is limited to 60°. Therefore, the receding contact 

angle for case 1 is taken as 60° instead of 40°. For Case 2, the measured dynamic contact 

angle values and the ones from the simulation are the same. 

6.3.2.1 Case 1: impact of a water drop on stainless steel 

A direct comparison of drop images between the present numerical results and the 

numerical and experimental results of Pasandideh-Fard (2001) is shown in Figure 6.17. 

Initially, the liquid spreads radially, before it recoils. During the recoiling process, the 

accumulated mass at the droplet rim moves back to the center , which explains the 

formation of the elevated “dome” on its center at t=7 ms. From the numerical solutions of 

Pasandideh-Fard (2001), the drop does not seem to recoil after it has reached its 

maximum radius. In the present simulation, the drop recoils, as also observed in the 

experimental photographs. However, the drop retracts too much in the present simulation 

compared to the experimental results as clearly shown in the spreading coefficient plot of 

Figure 6.18. This is likely due to the fact that the receding contact angle in the present 

computation is taken as 60° instead as 40°. A lower contact angle suggests a higher 

wettability. Pasandideh-Fard et al. (2001) have not reported the spreading coefficient of 

their numerical simulation. The initial spreading and beginning of the recoil is in very 

good agreement. At later time, differences between computed and measured spreading 

coefficients appear again likely due to the receding difference in the receding contact 

angle. To offer additional insight of the present numerical simulation, the contact angle is 

plotted versus the dimensionless contact line velocity and versus dimensionless time in 

Figure 6.19. Note that the contact line velocity exceeds the impact velocity during the 

initial spreading and that the contact line velocity never falls below -20% of the initial 
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impact velocity. The contact angle during the course of the computation varies depending 

on the contact line velocity. This variation is illustrated in Figure 6.19. Compared to the 

plot of Figure 6.16, which is for a case for Re=300, the higher Re in the present case 

induces contact angle oscillations. 

 

 

Figure 6.17: Comparison of the instantaneous drop shapes of the present numerical 
results with the numerical and experimental results of Pasandideh-Fard et al. (2001) of a 
water drop impinging on stainless steel. First and second column: numerical and 
experimental results of Pasandideh-Fard et al. (2001). Reprinted with permission from 
Elsevier Science. Third column: present numerical simulation. 
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Figure 6.18: Comparison of the spreading coefficient of present numerical results with 
the experimental results of Pasandideh-Fard et al. (2001). 

 

Figure 6.19: Contact angle versus dimensionless contact line velocity and versus time 
during the course of the present computation for Re=2900, We=47 case of Pasandideh-
Fard et al. (2001). 
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6.3.2.2 Case 2: impact of a water drop on a wax coated plate 

The computed and experimental spreading coefficients and maximum heights for Case 

2 are plotted versus time in Figure 6.20. This case has been studied experimentally and 

numerically by Fukai et al. (1995). From the plots of Figure 6.20, the present numerical 

solution is in very good agreement with the results of Fukai et al. (1995) up to t*=20. 

After that, the present numerical simulation predicts a thinner (more elongated) drop than 

the results of Fukai et al. (1995) eventually reaching a point where a drop is formed and 

is ready to break up. That is why, present simulation results are not reported after t*=34. 

The contact angle during the course of the computation variation is illustrated in Figure 

6.21. 
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(a)  

(b)  

Figure 6.20: Comparison of the present numerical results with the experimental and 
numerical results of Fukai et al. (1995). (a) Spreading coefficient and (b) maximum 
height. 
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Figure 6.21: Contact angle versus dimensionless contact line velocity and versus time 
during the course of the present computation for Re=6200, We=128 case of Fukai et al. 
(1995). 

6.4 Heat Transfer Analysis 
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corresponds, for example, to the static equilibrium contact angle of deionized water on 

silicon oxide (Kim and Chun, 2001). The case simulated is representative of the impact of 

20 µm deionized water droplet on silicon oxide with an impact speed of 14.6 m/s. This 

case is representative of the type of drop impact envisioned in the micro-scale cooling 

device. The gravity is neglected in the simulation. The dimensionless parameters based 

on the liquid properties are Re=300, We=60, Fr=∞, and Pr=2. The grid contains 40 cells 

per drop diameter and the time step ∆t is 10-3. 

The isotherms during the impingement of a droplet on a constant temperature flat 

surface are shown in Figure 6.22. They develop more quickly in the gas phase than in the 

liquid droplet. This can be explained by the fact that the thermal diffusivity of the gas is 

100 times larger than the one in the liquid, and by the fact that the convection effect is 

dominating during the early stage of impact. Once the droplet has reached its maximum 

spreading position, the flow changes direction, and the liquid temperature starts to 

increase, as the droplet recoils in a slower motion than the initial spreading. With time, 

the temperature distribution tends to become linear as shown in Figure 6.22 at t=4.0. 

Table 6.5: Computational thermal properties. 

Properties Liquid Vapor Ratio
Conductivity (k) 0.2 0.01 20 

Specific heat (Cp) 2.0 1.0 2 
Diffusivity (α) 3.33 x 10-4 3.33 x 10-2 10-2 
Prandtl Number 2.0 1.0 2 

 

In the study of drop dynamics for heat transfer applications, it is of great interest to 

know the wall heat flux. Here, the heat flux defined by Fourier’s law is calculated on the 

bottom wall. The wall heat flux is: 
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( ) Tq t k
x

∂
= −

∂
     (6.4) 

The wall heat flux is plotted in Figure 6.23 versus the radial position at different 

instants. From Figure 6.23, one notices that the wall heat flux is concentrated around the 

liquid droplet, while that in the gas phase is negligible. High heat flux rates take place at 

the early stage of impingement, and decays with time, with “peaks” present next to the 

contact line area. The present wall heat flux results follow the same trend as the one 

obtained by Pasandideh-Fard et al. (2001) when considering the conjugate heat transfer 

problem in the solid and liquid phases. Therefore, the present assumption of keeping the 

wall isothermal is not affecting much the wall heat flux. This is also because the thermal 

conductivity of a metallic solid is much larger than the one of a fluid. The effects of the 

Reynolds and Weber numbers, as well as the contact angle, on the wall heat flux 

distribution are discussed next. 
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t=2.0 t=3.0 t=4.0 

t=1.4 t=1.0 t=0.6 

t=0.1 t=0.2 t=0.4 

 

Figure 6.22: Instantaneous droplet shapes and isothermals every ∆T=0.1 during droplet 
impact on a constant temperature flat surface for Re=300, We=60, θ=60°. 
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Figure 6.23: Wall heat flux (q) versus radial position (r) at different time instants during 
the impact of a droplet on a constant temperature flat surface for Re=300, We=60, θ=60°. 

6.4.2 Parametric Variation Effects on the Heat Transfer 

The same parameters variations as in the study of drop dynamics are considered here. 

The isotherms for the reference case Re=100 We=20 θ=60°are plotted in Figure 6.24, and 

the wall heat flux distribution along the radial direction at different time and the 

corresponding drop shapes are shown in Figure 6.25. Similar observations can be made 

from Figure 6.24 and Figure 6.25 as the one made from the previous case. 
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t=0.1 
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t=1.0 
 

Figure 6.24: Instantaneous droplet shapes and isothermals every ∆T=0.1 during droplet 
impact on a constant temperature flat surface for Re=100, We=20, θ=60°. 
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Figure 6.25: Drop shapes and corresponding wall heat flux (q) versus radial position (r) 
at different time instants for Re=100, We=20, θ=60°. 

The wall heat flux distributions are plotted in Figure 6.26, Figure 6.27, Figure 6.28, 

and Figure 6.29 for varying contact angle, impact velocity, droplet viscosity, and surface 

tension, respectively. From these figures, one can deduce that the wall heat flux evolution 
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strongly depends on the droplet deformations. As shown in Figure 6.26, Figure 6.27, 

Figure 6.28, and Figure 6.29 the wall heat flux is distributed under a wider area for lower 

contact angle, larger We and larger Re, since the drop spreads more in those cases. To 

help clarify the parametric variation effects, the Nusselt number is evaluated based on the 

following definition: 

( )

( )

2 ( )
( )

2

R t

o
R t

o

N t rdr
Nu t

rdr

π

π
= ∫

∫
    (6.5) 

where R(t) is the basal drop radius which is the distance between the center and the 

contact point, and N(t) is defined as: 

( )( ) T q tN t
x k

∂
= − =

∂
     (6.6) 

The Nusselt number versus time is plotted in Figure 6.30 for the different cases. Note 

that the scale used for the Nusselt number is logarithmic. From Figure 6.30, the Nusselt 

number at t=0.1 is about 10 for all the cases, except for the case with larger impact 

velocity where Nu is about 20. From Figure 6.30 (b), on notices that Nu decreases faster 

implying that the heat dissipates faster for larger impact velocity. Some oscillations are 

present in the plots of Figure 6.30 (a), (c) and (d), which is in accordance with the 

recoiling oscillations observed in the spreading coefficient plots of Figure 6.8. 
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(a) θ=60.0°      (b) θ=80.0° 
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Figure 6.26: Effect of the contact angle on wall heat flux. (a) θ=60.0°, (b) θ=80.0°, and 
(c) θ=100.0°. 
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(a) U=1.0      (b) U=2.0 
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Figure 6.27: Effect of the impact velocity on wall heat flux. (a) U=1.0, (b) U=2.0, and (c) 
U=3.0. 



171 

 

r

q

0 0.1 0.2 0.3 0.4 0.50

5

10

15

20

25

30

35
t=0.1

t=0.2

t=0.3t=0.4

t=0.7

t=1.0

Re=100 We=20

r

q

0 0.1 0.2 0.3 0.4 0.50

5

10

15

20

25

30

35

t=0.1

t=0.2

t=0.3
t=0.4

Re=200 We=20

t=0.7

t=1.0

 
(a) µ=0.2      (b) µ=0.1 
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(c) µ=0.05 

Figure 6.28: Effect of the droplet viscosity on wall heat flux. (a) µ=0.2, (b) µ=0.1, and (c) 
µ=0.05. 
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(a) σ=10.0      (b) σ=1.0 
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Figure 6.29: Effect of the surface tension on wall heat flux. (a) σ=10.0, (b) σ=1.0 and (c) 
σ=0.1. 
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Figure 6.30: Parametric effects on the Nusselt number. Effect of (a) contact angle, (b) 
impact velocity, (c) droplet viscosity, and (d) surface tension. 
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CHAPTER 7 
7 SUMMARY AND FUTURE WORK 

7.1 Summary and Conclusions 

An original micro-scale thermal management device concept has been proposed. The 

concept also motivates the present effort in developing a multiphase simulation capability 

for drop dynamics with heat transfer.  

The micro-scale cooling device takes advantage of two efficient modes of heat 

transfer, namely, dropwise condensation and drop/spray cooling. Thermodynamic and 

simplified analyses have been performed to investigate the feasibility and performance of 

the device. The proposed conceptual micro-device contributes to the development of an 

efficient cooling device utilizing dropwise phase change. Because of its small scale, the 

device can operate largely independent of the gravity level, making it also attractive to 

thermal management of space vehicles. The present micro-scale cooling device has 

potential in contributing to a variety of thermal management applications related to 

computers, electronics, avionics and bio-medical applications. In addition, due to the 

device’s modularity, multiple units can be assembled to provide cooling according to the 

individual mission requirement. It is expected that with the progress made in micro-

device fabrications and materials sciences, such a system can be manufactured in the 

foreseeable future.  

The key thermo-fluid mechanisms involved within the device are drop dynamics 

related to growth by condensation, ejection by actuated membrane, impingement with 

heat transfer and evaporation on a solid surface. These physical mechanisms are reviewed 
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in a comprehensive manner with direct experimental and numerical visualization, as well 

as quantitative information.  

The numerical method adopted in the present work is based on the immersed boundary 

technique (Peskin, 1977; Udaykumar et al. 1997). A single set of conservation equations 

is solved on fixed Cartesian grid. The interface is represented by marker points. The jump 

in properties is accommodated via a smoothed profile that follows the distribution of a 

Heaviside function over four computational cells. The interfacial boundary conditions are 

embedded in the flow equations via the continuum surface force (CSF) model (Brackbill 

et al., 1992). The interface is advected in a Lagrangian way by the marker velocity 

calculated by interpolation of the flow velocity, via numerical approximation of the delta 

function. The single set of flow equations are solved using a second accurate projection 

method (Ye et al., 1999) along with the multigrid technique (Udaykumar et al., 2001) to 

accelerate the rate of convergence of the pressure Poisson equation. It is demonstrated 

that the single-phase flow solver is second order accurate, consistent with the results of 

Ye et al. (1999). The static equilibrium of a spherical drop is computed to evaluate the 

performance of the multiphase flow solver. A grid refinement study demonstrates the 

multiphase flow solver is first order accurate, which is consistent with the immersed 

boundary formulation. The effect of the density ratio on the error is shown to increase 

slightly as the density ratio is increased.  

To further assess the performance of the present smeared interface treatment for 

multiphase fluid flows with large property jumps, the dynamics of isothermal drop and 

bubble in an enclosed cylindrical domain is investigated. Specifically, results for rising 

bubble by buoyancy previously reported Ryskin and Leal (1989) and Ye et al. (2001), 
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using, respectively, moving grid and fixed-grid, sharp-interface techniques are compared. 

The present solutions are in general agreement with those reported. Furthermore, results 

for a rising oil drop in water are also obtained, and found in agreement with the 

experimental results of Klee and Treybal (1956) and the three-dimensional VOF 

computations of Lörstad et al. (2002). The motion of water and R-12 drops relevant to the 

micro-device condition are then simulated. It is found that the drops dynamics, with the 

assigned Weber and capillary numbers, remain largely spherical because of the 

dominance of the surface tension effect over the inertia effect.  

For the modeling of the impingement of a single drop on a flat surface, the contact 

angle is prescribed based on the values reported in the literature. Both static and dynamic 

contact angle models are adopted, and their impact contrasted. It is observed that there is 

small difference between the two models during the early stage of impact; however, the 

difference becomes substantial during the recoiling process. The dynamic model 

dampens the recoiling characteristics of the drop. Computations of millimeter drop size 

are also performed and found to agree with previous experimental and numerical results 

(Fukai et al., 1995; Pasandideh-Fard et al., 2001). Computations for a 20 µm water 

droplet, relevant to the micro-device, are then conducted. The effects of inertia, surface 

tension, liquid wettability and viscosity on the drop dynamics and heat transfer are 

investigated. The dominance of the inertia effect during the early stage is clearly 

demonstrated, which is also consistent with the previously published work (Chandra and 

Avedisian, 1991). The wall heat flux and Nusselt number are evaluated and are found to 

agree qualitatively with the results of Pasandideh-Fard et al. (2001). In particular, high 

heat transfer rate occurs during the early stage of impingement. In all stages, higher wall 
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heat fluxes are identified to be close to the contact line. The present findings will directly 

contribute to the design of the micro-scale cooling device.  

The present research has contributed to the understanding of the basic physics 

involved in drop dynamics with heat transfer, as well as further development of the 

immersed boundary method for problems involving drop impingement and large property 

variations.  

7.2 Future Work 

Several aspects of the computational framework can be improved to further extend its 

performance: 

• The spatial resolution in the immersed boundary technique can be improved using 
adaptive mesh refinement techniques, especially around the interface and contact 
point. This aspect is discussed in chapter 4.  

 
• Parallelization algorithms based on domain decomposition will help improve the 

computational speed. In order to achieve satisfactory parallel efficiency, and to 
address the interfacial dynamics and marker movement, communications between 
domains need to be synchronized. The issue of large property jump and the resulting 
stiffness should also be carefully treated.  

 
• Algorithms to treat break-up and coalescence should be added in order to treat the 

topological change. At the continuum level, such topological changes result in 
singularities. Nevertheless, computationally, approximate treatments can be 
developed. 

 
• Three-dimensional modeling should be employed to study non-axisymmetric 

phenomena, such as splashing of the drop upon impact.  
 

To perform full simulations of the thermo-fluid dynamics involved in the present 

micro-scale device, the following physical mechanisms need to be considered: 

• Conjugate heat transfer between the solid, liquid and vapor phases.  
 
• Condensation and evaporation of the drop. 
 
• Drop ejection from an actuated membrane with break-up. 
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