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Inclinometers based on fusion of information provided by accelerometers and 

gyroscopes are widely applied in industries. The algorithm in which the signals were 

combined requires previously determined position of accelerometers on subject. 

However, the determination of positions was not always available in practice due to 

geometry issue or flexibility of mounting surface. To deal with this, a positioning 

program for positioning accelerometers using information from sensors themselves is 

presented. The program includes a complementary filter to preprocess the output from 

gyroscope, analytical solutions of the positions to be determined and an Extended 

Kalman filter to improve performance of solutions.  

The calibrations for sensors were carefully conducted for accuracy of positioning. 

Sensitivities and offset of accelerometer were calibrated independently to avoid 

problems of regularly used least square method. A dual-position method for calibrating 

sensitivities was applied for better performance. To test performance of complementary 

filter, Allan Variance was introduced. 

Experiments were conducted using two MEMS dual-axis accelerometers and one 

MEMS single-axis gyroscope to validate the method. The results showed that the 
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algorithm was really applicable in practice to obtain the distances from accelerometers 

to the joint, and the relative positioning error was less than 10%.  

The novelty of the positioning process is that it eliminates the reliance of inertial 

measurement on external information. Once calibrated, the sensors can be attached to 

subject directly, and see where they are by themselves. The application is foreseen in 

human body tracking, gait analysis, robot and manipulator working in aggressive 

condition, remote control, etc. 
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CHAPTER 1 
INTRODUCTION 

The motion characteristics of a three-dimensional object can be described by six 

independent variables, three linear motions along the three perpendicular coordinate 

axes in the space and three rotational movements with respect to the axes. 

Measurement of the three orientations generates interest among researchers. In order 

to accurately measure the rotational motion characteristics of an object, an angular 

motion sensor is required, which operates in essentially different principle from the 

mechanism of linear motion sensors. The angular motion sensors can be typically 

categorized into two parts, inclinometers and goniometers. The former ones measure 

the angle of object relative to a natural vector, gravity or earth magnetic field, while the 

latter ones usually give the relative angle between two objects. However, since 

inclinometers could obtain relative angle using a pair of sensors, while a goniometer can 

be an inclinometer if given a predefined reference vector aligns with a natural vector, 

the two types of sensors can be deployed equivalently in practice. We discuss 

inclinometers primarily in this thesis, but do not distinguish strictly between 

inclinometers and goniometers if it is not necessary. 

Inclinometer is a type of angular motion sensor that can be applied for measuring 

angle of inclination or orientation. Currently inclinometers based on various working 

principles [1-6] are widely used in ambulatory system to obtain the orientation of an 

object which is usually an important parameter in practice, for such tasks as gait 

analysis [7], human joint angle tracking and activities monitoring [8-10], aircraft attitude 

estimation [11], attitude control of a spherical rolling robot [12], load estimation [13] and 

level of activity [14].Inclinometers measure angles and convert them into electrical 
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signals, from which measurement and control system can derive the orientation of 

objects. They greatly vary with reference to accuracy, cost, reliability, and lifetime [15].  

To sense an angle, one direct way is using an encoder, magnetic rotary encoder 

or optical rotary encoder. The encoder measures the absolute or relative value of 

orientation on its shaft. The advantage of encoder is primarily its significant accuracy. 

However, the main limitation of an encoder that it is not always applicable in practice, 

because an encoder is a type of “touch” sensor. The shaft and the body of an encoder 

should be fixed to both sides of a joint respectively. The required mechanical contact 

interface makes the sensor more sensitive to environmental influence, and subjects to 

wear and failures if deployed in harsh situation. Thus, the shaft should be fixed with 

relatively strict mounting requirements. For some cases, it is even impossible to use an 

encoder, e.g., a human joint, or a joint that has been occupied by other equipment. The 

characteristics of high price and high precision also limit application of encoder in low-

cost low-accuracy cases. Apart from this, some types of relative inclination sensor 

based on other mechanical principles are proposed [16,17]. However, they also suffer 

the problem of mechanical contact and invasive character mentioned above.  

Another type of sensors which can be the alternative of encoders is wearable 

sensor. It avoids the problem of maintaining and precision suffered by encoder. 

Wearable sensors for measuring movement of joints have been studied for several 

applications [18,19]. In most studies, sensors are sewn to a piece of fabric and then 

mounted on person’s cloth [20,21]. However, uncertainties and drawbacks due to the 

fiber tensions and resistance alterations were reported [22], and the problems of 

wearing and localized space occupations still exist.  
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To solve these problems, some types of ‘non-touch’ sensing equipment were 

developed and applied. Typical non-touch inclinometers are magnet-based sensors, 

vision-based sensors or inertial sensors, such as magnetic compass, optic marks 

system detected by camera or combination of gyroscopes and accelerometers. The 

magnetic sensors operate on the earth magnetic vector [6]. They find the orientation of 

sensor from the projection of earth magnetic vector on the sensitive axis. For vision-

based systems, computer vision techniques can be used to estimate motion parameters 

directly from video footage without special markers, but these approaches are less 

accurate than optical systems [23]. In optical systems, motion is captured by using a 

group of marks attached to a subject as reflectors and cameras placed around the 

subject capturing light rays reflected from the marks to record positions [24]. Once a 

proper coordinate system is established, the change of position of marks detected by 

camera can be translated into the change of angle. Optical systems are commonly used 

and accurate in tracking movement [25, 4]. Unlike the mechanical sensors, the magnet-

based sensors and vision-based sensors allow the angle measuring process to be 

absolutely decoupled from the physical joint axis or actuator axis by simply making 

sensors “strapped down” to a body [26], and consequently, the invasive character and 

maintaining requirement are avoided. In addition, wires and tethers are not required for 

the common optical system. However, the disadvantages of the two types of non-touch 

systems above are that, for the magnetic one, the sensors should not be used in 

circumstances where ferromagnetic materials exists in the vicinity of magnetometer; for 

the optical one, the light signal may be jammed due to the environment or the motion, 

leading to the loss of the frames captured by camera. Thus the optical system requires 
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a clear line of sight between the source and the sensor. It is expensive and can be used 

only in structured environments [27].   

In order to provide an alternative means for motion tracking, new angular sensing 

systems using different technologies have been developed. The non-touch 

inclinometers based on the inertial principle do not suffer the problems of magnetic 

disturbance or light jamming and do not require specific laboratory setups, making a 

wider application field for them. Inertial sensors are designed for measuring acceleration 

and angular rate. The two basic types of inertial sensors corresponding to the two 

parameters to be sensed are accelerometers and gyroscopes respectively. Inertial 

sensors have been popular in guidance, navigation, motion tracking and control 

applications for years [28-38]. In early days, due to the cost, size and complexity of 

inertial equipment, it was used primarily in fields of aviation and space industries or 

military applications [39,40]. In recent years, however, new technologies for inertial 

sensors have been developed to achieve equivalent performance at lower cost [41]. In 

particular, rapid development of micro-electromechanical systems (MEMS) with high 

accuracy, high reliability and multiple functionalities has provided a powerful tool set for 

inertial sensing [42-44]. Since the widespread availability of MEMS sensors today, 

inertial sensing technology provides low life-cycle cost, small size, low production cost, 

and large-volume manufacturing [41], making the sensors dominating inclinometer field 

in civil industries to a greater extent. In addition, the advance of the MEMS industry 

driven by consumer products has greatly improved the cost–performance ratio of 

miniature accelerometers and gyroscopes. Over the past two decades, research on 

miniaturized inertial motion sensors has received extensive attention, and continues to 

be an active domain [45, 46]. 
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Once inertial sensors, especially MEMS inertial sensors are used to implement 

inclinometers, several typical configurations of gyroscope and accelerometers are 

available for obtaining proper information to find the angle, including accelerometer-only 

configuration, gyroscope-only configuration as well as the complementary configuration 

using accelerometers and gyroscope together.  

For the accelerometers-only configuration, a tri-axial accelerometer can be used 

alone as an inclinometer in space [47-50], or a dual-axial accelerometer as well as two 

single-axial sensors for angle in plane [22, 51,52]. For some cases they were also used 

together with other sensors to find space orientation [53], or grouped to find attitudes 

integrally [54]. Once the object to be tested is in static situation, there is only 

gravitational force applied to the sensor. The measured acceleration component on 

each sensitive axis represents the angle between the corresponding axis and the line of 

gravity vector. However, the problem of this method is that the result may be 

significantly deviated if there is relatively large extra acceleration compared to gravity 

applied to the object, making it less accurate in daily application since it is not easy or 

even impossible to eliminate all non-gravity acceleration components.   

To avoid the influence of extra acceleration on sensors in measuring angle, two 

optional ways are usually applied, the common-mode-rejection (CMR) method and the 

gyroscope-only method. For the CMR method, two dual-axis accelerometers are 

mounted on adjacent links, both ideally attached to the joint center. Obviously the joint 

angle can be obtained from the difference in the directions of two acceleration vectors 

sensed by the two accelerometers respectively [55,56]. The CMR method has 

significant errors if applied in rapid rotating cases, because usually it is not applicable to 

place two accelerometers at the center of joint connecting two links and to attach the 
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two sensors to adjacent links respectively [8]. To eliminate the error introduced in CMR 

method, three alternatives are introduced based on the CMR, the CMR with gyro-

integration (CMRGI) method [57], the CMR with gyro-differentiation (CMRGD) method 

[58] and the distributed CMR (DCMR) method [59,60]. However, the CMRGI and 

CMRGD methods subject to the problem of reduced accuracy over time due to drift 

accumulation and significant noise introduced by differentiation respectively. 

Theoretically, the DCMR method can calculate all joint angles without suffering the error 

due to non-ideal placement faced by the CMR method [15]. However, the DCMR 

method was designed to find the relative angle between two coordinate systems 

established by configuration of accelerometers attached to two adjacent links. Therefore 

DCMR is a kinematics approach which depends on coordinate systems only, but does 

not provide any dynamics information which is necessary for dynamic control. 

For the gyroscope-only configuration, it can be used to obtain the angular 

velocity directly [61] as well as to calculate the angle. Since the output of gyroscope is 

usually angular rate, clearly the current inclination angle can be determined by integral 

of gyroscope signal and the initial angle previously obtained in some other ways. For 

some modern gyroscopes, the output of the sensor is directly the angle, making it more 

convenient in application as inclinometer. The advantage of gyroscope-only 

configuration is that the orientation can be derived without being affected by gravity or 

any inertial effect which causes problem in accelerometer-only configuration [45]. One 

remarkable application of the gyroscope-only configuration is the strapdown integration 

algorithm used in inertial navigation [62]. In this algorithm, the reading of gyroscope is 

integrated to find the inclination of computed virtual platform. However, one outstand 

drawback of the gyroscope-only configuration is the accumulation of error over time 
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since integral is needed here. In practice, the integrals involved should be delicately 

handled so as to reduce the calculation errors as much as possible [63]. Once the 

gyroscope is applied in angle measurement, usually some extra information sources 

such as magnetic compass, external optical marks are required for correction of the 

result from gyroscope only. Moreover, since inclinometers are commonly used to find 

absolute angle, the initial angle determined by other method is always required. 

To reduce the problem of accelerometer-only, gyroscope-only configuration as 

well as the CMR, CMRGI and CMRGD methods in calculating angles, one promising 

alternative is to estimate the orientation by fusion of accelerometer and gyroscope 

output, which is also the basic principle in which the vestibule system of human works 

[64-68]. By using this technology, the accelerometer and gyroscope acts as external 

information provider mutually to help reducing drift or noise in their outputs [69,70]. The 

architecture combining the two types of inertial sensors above is usually called Inertial 

Measurement Units (IMUs). Most likely contain a triaxial accelerometer and a triaxial 

gyroscope, IMUs are currently popular commercial devices used to sense movement 

and orientation of the moving body that can help calculate joint angles or inclination 

angles [12, 22, 71]. The design of commercial IMUs modules are commonly based on 

the principles of low cost, miniaturization, low power consumption, and modularity [27]. 

Aside from commercial IMU modules, currently combinations of inertial sensors in 

various fusion principles have been applied to various fields in which the parameters of 

orientation or inclination are needed, such as estimation of orientation and inertial effect 

to human head [5], measuring angle and angular rate of human knee joint [7,72], 

attitude estimation for robotic and human motion tracking [73-75], estimation of state for 

feedback control of hydraulic manipulator [76,77], three dimensional human gait 
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analysis [78] and shape identification of bionic robot [79]. The information provided by 

IMUs or combinations of sensors could be kinematic parameters like what obtained by 

the DCMR [5,22], or dynamic parameters [12, 71].It may be worthwhile to remark that a 

gyroscope which senses angular rate can be replaced by a group of accelerometers, 

making the combination an architecture consisting purely accelerometers [80,81].  

Actually, IMU is not a concept determining certain way in which the signals from 

two types of sensors are processed in the sensors architecture. For angle measurement 

applications, information obtained from the sensors in IMU is processed by an angle 

estimation method which may either be proposed by the developer or depend on the 

manufactory. Many algorithms for the angle estimation were developed [26, 82, 83]. 

Especially, Kalman filter based estimation has become common practice in IMUs 

application, either fusing information from types of inertial sensors within IMUs [84-86], 

or fusing information from IMUs and other types of sources [12, 87-89]. Since Kalman 

filtering is a recursive estimation procedure that uses sequential sets of measurements, 

it can improve the estimate of angle online at each step by taking the prior estimates 

and new sensor outputs [90]. There are multiple implementations and variations based 

on the Kalman filter or Extended Kalman filter (EKF), Unscented Kalman filter (UKF) 

using different estimations and optimization approaches [14, 39, 91-95]. To avoid the 

singularities introduced by Euler representation which is regularly used in links 

configuration, quaternion is also introduced with Kalman filter in some researches [27, 

82]. Because of the advantage of Kalman filter when applied in inertial based orientation 

estimation, the Kalman filter as well as the EKF is used in the program of this thesis. 

In the conventional way using combination of gyroscope and accelerometer as 

an IMU, although error was compensated or corrected by information from 
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accelerometer, the long-term integral of gyroscope signal was not avoided [93-95]. The 

same problem also exists in some angle estimators based on Kalman filter, since the 

state update equations were established in an integral manner [93, 94]. However, 

similar to DCMR principle, the integral process in IMUs can be cancelled by applying 

direct algebraic algorithm using outputs of accelerometers. One program called 

Vestibular Dynamic Inclinometer (VDI) was proposed in 2011, in which the inclination 

angle relative to the acceleration vector of joint which was defined as Dynamic 

Equilibrium Axis (DAE) was obtained from measured accelerations [96]. In this method, 

the problem of applying integral to gyroscope was absolutely avoided. The advantage of 

VDI over the DCMR is that VDI obtains the inclination angle which can be further used 

in dynamics control strategy, making a better performance of sensors in inclinometer. 

An important question related to inertial sensor based motion recognition is 

sensor placement and displacement. Comparing the method of fusion of sensors and 

the ones based on one type of sensor only shows that, the fusion process as well as 

DCMR method requires previously determined position information of accelerometers, 

while it is not the case in most of one-type-of-sensor methods. If either one 

accelerometer or one gyroscope is attached to the subject whose inclination is to be 

measured, the angle can be obtained without information of location. On the contrary, 

the cost of fusion method being more accurate is the requirement of exact information of 

sensors where they are attached to the subject. Especially for some method, including 

VDI, a special geometry configuration of the sensors set is required to implement the 

algorithm. To deal with this, the conventional way is to measure the distance between 

sensors and joint prior to the application, and put the accelerometers at correct 

locations to satisfy the configuration if required.  
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To demonstrate the requirement of locations of sensors fusion methods, we can 

consider the basic principle of VDI as a typical example of inertial sensor based 

inclinometer. The configuration is shown in Figure 1-1 [96]. Given the measured 

acceleration vectors aL and aR by both accelerometers, we have the difference and 

mean of the vectors as, 

            ̂    ̇  ̂      ̂      ̂                                              

   
     

 
  (  ̇   ̃     ) ̂  (  ̈   ̃     ) ̂      ̂      ̂                    

where  ̃ is the sum vector of gravitational acceleration g and the acceleration of joint O. 

θ is the angle of joint from  ̃ vector, d is distance between the two accelerometers,  ̇ is 

the angular rate obtained by gyroscope, l is the length of link shown in Figure 1-1, and 

êr, êθ form the coordinate system fixed to the link.  

 

Figure 1-1.  Sensors configuration of VDI, including one gyroscope denoted by G and 
two accelerometers denoted by L and R [96]. 
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By mathematical manipulation, we have the following results, 

 ̈  
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From the five equations above, obviously the angle θ and its 2-order rate  ̈ as 

well as the absolute value of   ̃ can be obtained by ζ1,2 from accelerometers and  ̇ from 

gyroscope. This is the principle of inclinometer based on inertial sensors. 

Clearly, the inclinometer shown above requires two previously obtained 

distances l and r, which is considered as known parameters in measurement. The 

model used for VDI also implies that the two accelerometers should be placed at 

required and fixed locations on the link. Although there are differences among specified 

location requirements in various inertial inclinometers, the positions of sensors should 

be fixed is the basic rule. The vast majority of research in this area assumes well 

defined, fixed sensor locations. However, the requirement or assumption above may not 

be satisfied in real application, since it is not always available to place the sensors at 

required or fixed locations, especially in field of human body attitude tracking, the 

sensors could not be well fixed to body surface of people due to the flexibility of skin or 

clothes. Also in some cases, the locations are not easily obtained previously using 

traditional measurement such as ruler. The tool for positioning may be costly or even 
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unavailable for the subject due to geometry issue, or size issue, or safety issue where 

people have to use remote operation [97]. Thus, eliminating the previous positioning 

procedure by using some other ways to deal with the locations of sensors online could 

be a promising way to improve the robustness of inertial system.  

However, there are few discussions on the sensors localization or positioning 

issue reported so far. The current way to improve the robustness of inertial system 

without given sensors position information is, with the help of gyroscope output, to 

determine if the measured acceleration is dominated by rotational effect or translational 

effect [98]. If rotational effect dominates the acceleration, this signal is simply ignored at 

the moment, instead, use the gyroscope signal only to monitor movement. The priori 

knowledge of the subject kinematic characteristics was also required. However, the 

problem of ignoring the requirement for “well defined fixed position” is the loss of exact 

information which can be provided by sensors themselves. Moreover, the required 

assumption that the subject does not perform fast rotations and significant translations 

simultaneously also limits the feasibility of the method above in a wide range of cases. 

In order to reduce the reliance of inertial inclinometer on the previous auxiliary 

measurement in every application case and avoid the requirement of attaching the 

sensors at specified and fixed locations, an online positioning method which depends 

on the information provided by gyroscope and accelerometers themselves to determine 

the locations of sensors is proposed and validated in following sections.  

Primarily, this research involves the development of a prototype accelerometer 

positioning system together with careful calibration of inertial sensors and a 

complementary filter for drift compensation to gyroscope. The accelerometer positioning 

algorithm is based on analytical solution and EKF. Since one underlying problem of the 
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commonly used least square method for accelerometer calibration was noticed. The 

calibrations of offset and sensitivities were implemented separately. Due to the drift 

problem which is usual in gyroscope, the output of it was carefully checked and 

processed, giving an error model which was then applied in Kalman filter to reduce the 

drift. The performance of filter was validated using experimental data by Allan Variance. 

Physical experiments have been conducted to demonstrate the utility of the proposed 

positioning algorithm system. These tests did the positioning of two accelerometers 

fixed to a dual-dimensional link with a rotation joint using the proposed method. Sensor 

data were provided to both analytical solution and EKF to obtain and compare the 

results by the two ways.  

Compared to the “ignore signals if necessary” way mentioned previously, no 

signal neglect as well as kinematic assumption was made in this research, making it a 

wider field of application. By this positioning process, the combination of inertial sensors 

could be applied directly to the subject to be measured without previous procedure 

obtaining the configuration and gives the position parameters online. Consequently, a 

foreseeable advantage of this method is improvement for the robustness of inertial 

inclinometer once applied in long term deployment where sensor shifts cannot be 

avoided. Moreover, better usability and user acceptance can be obtained if the 

inclinometer cannot be expected to be reliably and firmly fixed. 
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CHAPTER 2 
BASIC PROCEDURE OF ACCELEROMETER POSITIONING 

Basic Principle 

G

G
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Tangential 
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Tangential 

Acceleration

X

X

Y
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l/2

l/2

rA1

rA2

δ 

rA1A2

 

Figure 2-1.  Configuration and coordinate systems for positioning of two accelerometers. 

 
Once the sensors were attached to an object which rotates about the rotation 

center, or the joint, we have the configuration shown in Figure 2-1. Note that the 

position of gyroscope is not required in inertial measurement, thus it is not shown in the 

figure. Two accelerometers A1 and A2 are arbitrarily attached. The X and Y sensitive 

axes of both accelerometers are also arbitrarily selected as shown. The rotation angle 

between the two accelerometer axes system is denoted as δ. Note that the non-

orthogonality of real sensitive axes of each accelerometer is not taken in consideration 

so far, that is, X and Y axes of one sensor shown in Figure 2-1 are mutually 

perpendicular. Actually the X-Y coordinate systems shown here depend on their 
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corresponding real sensitive axes. The relationship will be discussed later in “Dual-

position Calibration Method”. The advantage of introducing this relationship is obtaining 

approximately identical cross sensitivities between X and Y axes of an accelerometer. 

Vector rA1A2 is the distance vector between A1 and A2 whose length is l. rA1 and 

rA2 are radius vectors of A1 and A2 respectively with respect to rotation center. r is the 

distance from rotation center to the midpoint of rA1A2.  

To determine the positions of A1 and A2 is to find the two vectors rA1 and rA2.  It 

is obvious that once a unified global coordinate system is defined, determining the two 

radius vectors is equivalent to determining the relative position rA1A2 from the 

accelerometer to the other as well as the vector from joint center to midpoint of rA1A2. In 

other words, once the projections lx,y and rx,y of distance l and r onto the global 

coordinate system are obtained, each of the components of rA1 and rA2 in the global 

coordinate system is simply either sum or difference of lx,y/2 and rx,y. Note that the global 

system could be arbitrarily selected. For the sake of simplicity, the global system was 

selected to be aligning with the X-Y coordinate system of one accelerometer in this 

research. As shown in Figure 2-1, the selected accelerometer to be base of global 

coordinate system is A1. By establishing this global coordinate system attached to A1, 

the task for positioning is to find lx,y and rx,y in this system using information from 

accelerometers A1, A2 and a gyroscope which is not shown in Figure 2-1. 

Calibration of Sensors 

Before the accelerometers and gyroscope being attached to the joint to be 

measured, the both types of sensors should be calibrated for bias voltage by zero input 

and sensitivities of sensitive axes. 
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Normally external information provided by auxiliary sensor is required as 

reference signal for the calibration process. Since the auxiliary sensor would not be 

deployed in the combination of gyroscope and accelerometer in real application, it is 

necessary to conduct some steps of calibration offline. The external information source 

applied in this research was an encoder providing exact angles of rotations. The output 

of encoder was considered to be ground truth in experiment. 

The parameters requiring offline calibration steps in this document are offset and 

sensitivity of gyroscope and zero G bias of accelerometers. Only the sensitivity of 

gyroscope was calibrated with the help of encoder, gyroscope bias and accelerometers 

offsets were obtained without encoder information. The coarse estimation of offset of 

gyroscope was simply determined by averaging gyroscope data sequence obtained in 

static state for a sufficiently long period. However, the gyroscope offset can be checked 

and corrected in real measurement if only some particular motion style could be 

conducted, making it possible to cancel the calibration for gyroscope offset before 

deployment, but use the value provided by manufactory or the averaging as the initial 

estimation instead. The correction procedure is discussed in “Offset and Long-term Drift 

Compensation”. The sensitivity of gyroscope was obtained by comparing encoder 

output with integral of gyroscope signal given a rotational motion. The zero G bias of 

each accelerometer was determined using an eight-orientation calibration method in 

which the accelerometer was placed approximately horizontal and in 8 orientations, 

then the 8 outputs of accelerometer were recorded and applied for error reduction. 

The parameters that can be estimated online are sensitivities of accelerometers, 

because the external information provided for this calibration could be the integral of 

output of calibrated gyroscope, that is, the rotation angle. A dual-position calibration was 
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applied to find out both X Y sensitivities as well as one cross sensitivity of each 

accelerometer. The calibration is discussed in detail in “Dual-position Calibration 

Method”. Obviously this calibration can be conducted with encoder also, however, the 

use of gyroscope reduces the reliance of calibration for accelerometer sensitivities on 

auxiliary equipment, and make it possible to correct the sensitivities while the joint to 

which the sensors are attached is rotating, improving the accuracy of measurement and 

robustness of system. 

In conclusion, we have the process of calibration shown in Figure 2-2. The 

implementations of calibration are to be described in detail in Chapter 3 and Chapter 4. 

Data Preprocessing  

Coordinate System Establishment  

Once the gyroscope and offsets of accelerometers were calibrated, the 

combination of sensors could be attached to the link whose orientation is to be tested. 

However, before positioning, some information is required from output data to establish 

the necessary global coordinate system. 

Offset of Gyro Sensitivity of Gyro

Encoder

Integral of Gyro OutputManufactory Data

Correction

Static Averaging

Bias of Acc

Sensitivity of Acc

8 Orientations Calibration

Calibrated Gyro

2 Static Positions

On-line Process

 

Figure 2-2.  Calibration procedure for gyroscope and accelerometer. 
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To determine the global coordinate system based on A1 and the sensitive axes 

system of A2, the vector of gravitational force was used as the reference. Outputs of 

both accelerometers were obtained in static condition, in which the angles between 

sensitive axes and G vector can be found. The angles of A1 established the global 

coordinate system, while the angles of A2 give the rotation δ with those of A1. Note that 

the accelerometer A2 was fixed relative to A1 all through measurement, thus the angle 

δ was constant during measurement. To rotate the readings     and     of A2 to the 

equivalent accelerations       
 

 in global coordinates for further positioning process, the 

following rotation matrix was applied,  

                              [
   

 

   
 ]  [

         
        

] [
   

   
]   [

   

   
]                                             

The preprocessing of accelerometer signal was applied to the one which is not 

the base of global coordinate system only. Using the rotation matrix R obtained above, 

all signals from accelerometers were rotated to the global system. Obviously in static 

situation, since the only applied acceleration is the G force, the rotated outputs of 

accelerometers should be all the same. However, in dynamical case, they may not be 

identical due to the existence of radial and tangential acceleration components shown in 

Figure 2-1. Since the radial and tangential acceleration both depend on the distance 

between sensor and the joint, the differences of output of accelerometers on global 

system are one of the key point of positioning. 

Reducing Error in Data  

While positioning the accelerometers, the data obtained by sensors should be 

first processed before the positioning algorithm.  
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The purpose of preprocessing of gyroscope signal was mainly reducing the 

random noise and long-term drift in data sequence, giving a better performance of 

sensed angular velocity for further calculation and for the integral of the signal obtaining 

angle. The output of gyroscope was preprocessed by a complementary filter which was 

a combination of Savitzky-Golay filter and Kalman filter in this document. It is discussed 

in detail in Chapter 5. 

Positioning Algorithm 

Once accelerometers readings are transformed to the global coordinate system, 

we have the following sum and difference of readings, 

         (                      )     (                     )   

   
       

                                                                                                                                           

        (         )    (        )      
       

                                        

where aA1 and aA2 are the sensed acceleration vector of A1 and A2, xA1 and yA1 forms 

the global coordinate system based on accelerometer A1, α and ω are angular 

acceleration and angular velocity respectively, rx,y are the projection of distance vector r 

shown in Figure 2-1 on xA1 and yA1, similarly, lx,y are projection of vector l in Figure 2-1. 

a0 is the acceleration of joint. φ is angle between vector a0 and axis xA1, and θ is the one 

between gravitational vector and xA1. Then we have four equations from the two 

equations, 
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where 

                                    

in which a0 is the acceleration of joint in inertial space, g is the gravity acceleration, φ1 is 

the angle φ between X axis of global system and the a0 vector at this moment (Moment 

1), and θ1 is the angle θ between X axis of global system and the g vector at the same 

time. 

Theoretically, there are four unknowns, the four position components rx,y and lx,y. 

However, due to the significant effect of noise in differentiation, it is not available to 

obtain the angular acceleration α by simply differentiating angular rate signal from 

gyroscope. Thus the angular acceleration should be the fifth unknown, and at least five 

equations are needed. To this end, difference of acceleration at a second time (Moment 

2) was introduced, leading to the following two equations, 

   
          

                                                                        

   
         

                                                                            

To find analytical solutions of five unknowns, we conducted mathematical 

manipulation as follows. 

Multiplying lx and ly to both sides of Equation 2-6 and 2-7 respectively gives, 

   
              

   
                                                              

   
             

   
                                                                

Thus we have    
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 ). Similarly, we have 

    
       

       
 (  

    
 )                                                     

Since, 

(   
       

   )  
     

   
 (  

    
 )  (   

       
   )  

  



 

32 

We have the ratio of two distance components, 

  
  

 
  

    
    

    
 

  
    

    
    

  

Substituting the ratio above to Equation 2-12 gives, 
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Now firstly we have the two distances, 
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and, 
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To find the angular acceleration, we have    
       

      (  
    

 ) from 

Equation 2-10 and 2-11. Thus, 

   
   

       
   

(       )
                                                                   

To obtain coordinates rx and ry, we have, 

   
        

                                                                   

   
            

                                                                 

By Equation 2-16 we know that, 
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We have, 
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and, 
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The position of joint, that is, the rotation center, is located at (0.5lx  + rx, 0.5ly  + ry) 

in the global coordinate system given origin at accelerometer A1. Equivalently, the 

positions of A1 and A2 can be determined relative to the joint, since location of A2 

relative to A1 has also been obtained.  

Note that the parameters C1 and S1 are both function of a0, φ, g and θ1, where g 

is known, θ1 can be determined by integral of gyroscope signal together with the last 

value of angle θ. The value of a0, φ could be determined in cascade style in practice. 

Since the acceleration of base joint which connects the base link to ground can be 

assumed to be zero, values of C1 and S1 of the base link depend on g and θ1 only. Then 

the five unknowns of the base link can be obtained from accelerometers and gyroscope 

attached to it. Usually it is also assumed that the distance between adjacent links are 
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known, since they are fixed and provided by designer or manufactory of the objects. By 

the given distance from base joint to the next joint and obtained positions of sensors, 

angular acceleration and angular velocity of the base link, the acceleration vector of the 

next joint can be easily determined using the DCMR principle [15], including the 

information of a0 and orientation of vector a0 in inertial space. Since orientation of a 

global coordinates system of one link in inertial space can be determined from all 

integrals of gyroscopes from the base to that link, the relative orientation φ between 

vector a0 and the corresponding global X axis can be derived directly. The cascade form 

of positioning and determination of C1 and S1 are shown in Figure 2-3. In this research, 

only one link was applied in experiment for simplicity, in other words, the acceleration of 

joint and its corresponding angle are set zero in experimental validation. 

In conclusion, we have the five solutions of unknowns for each link, Equation 2-

13, 2-14, 2-15, 2-18 and 2-19 for lx,y, α, rx,y respectively. These are the basic analytical 

solutions for accelerometers positioning. 
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Figure 2-3.  Positioning program in cascade form for links chain starts from the base link.
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CHAPTER 3 
CALIBRATION OF GYROSCOPE AND DRIFT REDUCTION 

Two parameters of a gyroscope, offset voltage and sensitivity, are to be 

determined in calibration process. In our project, an encoder was required in obtaining 

sensitivity of gyroscope. Since encoder was not the sensor deployed in inclinometer, 

calibration of gyroscope was implemented offline. 

A single-axis MEMS gyroscope (ADXRS614) was calibrated, compensated and 

applied in further experiment. A magnetic encoder (US Digital MA3-A10-125-N) was 

used for calibration of gyroscope. The measurement of the encoder angle was assumed 

to be the ground truth. 

Usually the calibration of gyroscope offset and sensitivity is carried out on a 

turntable with sufficiently high accuracy. However, due to high cost and relatively large 

volume, turntable may not be available in all calibration cases. Instead, we calibrated 

the gyroscope using output of an encoder only, and implemented online compensation 

for long-term drift of offset in a way that is not difficult to be carried out in real application.  

The calibrating processes of offset and sensitivity were implemented separately. 

The initial value of constant offset voltage was obtained by averaging the output signal 

over a relatively long period under static situation. Then the sensitivity was obtained by 

comparing integral of the gyroscope signal (initially estimated offset subtracted) in a 

static-rotating-static motion style with the corresponding output of an encoder. Since the 

initial offset was obtained without considering temperature effect, the temperature 

compensation is necessary for online application. The way of using a steady-dynamic 

detector to identify static period during working and then finding average value in static 

situation is applicable [55, 99]. But once two rotations in opposite direction with same 
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angle are implemented, temperature effect could be reduced by this pair of motions and 

consequently more accurate offset could be obtained. 

Offset and Long-term Drift Compensation 

The offset of gyroscope is initially obtained by averaging the output signal Vω0 in 

static situation for a certain period. By the datasheet of ADXRS614, the typical 

bandwidth of this gyroscope is 80Hz at zero angular rates. It had been proved by AVAR 

method that the sampling rate should be at least 3~5 times the bandwidth of gyroscope 

to obtain reliable performance of error analysis [100]. Thus the required sampling rate 

should be no less than 240~400Hz. At each task of averaging for offset here, output of 

gyroscope is recorded for 1 hour with a sample rate 500Hz under static condition. The 

recorded signal sequence of one test is shown in Figure 3-1. 

The initial value of gyroscope offset voltage is obtained directly as, 

      
 

𝑁
∑      

𝑁

 = 

                                                                 

where Vω0(i) is the ith measured value in static condition. However, when the offset 

obtained above was applied in determination of sensitivity and further online 

measurement, it is usually problematic due to existence of error which is not taken into 

account in averaging method. Since noise at high frequency is eliminated in averaging 

process, the major part deteriorates performance of determined offset is random drift in 

relatively lower frequency, which can be detected by AVAR at higher averaging time.  

The primary long-term components of offset error in static situation include 

temperature drift, floating power supply and offset instability. Since effect of temperature 

and the one of drift in power supply voltage on the offset is relatively significant in some 

cases and is accumulated in integration, they should be considered and compensated.  
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Figure 3-1.  Gyroscope output sequence recorded in 1 hour. 

 

Figure 3-2.  Long-term drift in gyroscope output sequence. 

 
By the datasheet of ADXRS614 gyroscope, the typical temperature scale factor 

is 9 mV/℃ at around 25℃. To clearly demonstrate the effect of temperature and floating 

power supply on offset voltage, an one-hour signal sequence shown in Figure 3-1 was 

smoothed by a 4th order Savitzky-Golay filter with 2001 one-side points. The filtered 

signal is shown in Figure 3-2. 

In this case, it is clear that a drift caused by temperature or floating power supply 

makes a voltage deviation at about 5 mV in 1 hour measurement. Note that it is not 

necessary to separate effect of temperature from the one of power supply on drift. They 

are both compensated together using the following method.  
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To compensate for the long-term deviation of offset in calibration procedure, two 

potential ways could be applied for both online or offline cases. One is traditional 

averaging method with dynamic-static detector. The other one is an integral-correction 

method. To implement the first approach, a dynamic-static detector [55, 99] using 

variance and a previously set threshold was applied to signal from one accelerometer to 

determine the periods in which the gyroscope-accelerometer system was in static 

situation. Within the determined static period, averaging was applied to gyroscope 

signal to obtain the current estimation of offset. To implement the second one, at least 

two rotations of the gyroscope to be compensated are needed. The requirement of the 

two rotations is the same angle of rotation but opposite directions. Angular rate 

distribution over time during rotations is not required here. One example of gyroscope 

and encoder outputs obtained in the required pair of rotations is shown in Figure 3-3, 

A  

B  

Figure 3-3.  Outputs of gyroscope and encoder during a pair of rotations. A) Gyroscope 
signal sequence, B) encoder signal sequence. 
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Since the angle between the two static positions is integral of angular velocity ω 

measured by gyroscope, we have,  

  ∫  
  

  

        ∫           
  

  

                                                          

where θ is the angle between the two static positions, Sgyro is sensitivity of gyroscope, t0 

is an arbitrarily selected time in initial static period, and t1 in the second static period. In 

calibration, time between t0 and t1 is restricted so that long-term drift in gyroscope signal 

does not quite affect the integral result. Note that output of gyroscope is a sequence of 

voltages, given the sample interval Δt, Equation 3-2 should be changed to discrete form, 

  ∑          

          

 = 

      ∑                     

          

 = 

                      

For the case of the pair of rotation shown in Figure 3-3, the angles of both 

rotations are equal but in opposite direction, thus, after both subtracted by offset, the 

discrete integrals of the two gyroscope signals should give same result if the applied 

offset Ogyro.accu is accurate. From Equation 3-3, we have the following equation,  

     ∑            
𝑐𝑤         𝑐𝑐    

          

 = 

       ∑            
𝑐𝑐𝑤         𝑐𝑐    

          

 = 

 

where superscripts cw and ccw of V stand for the output voltages obtained in clockwise 

and counterclockwise rotation respectively, t0 and t1 denote the beginning and ending 

points of the clockwise rotation respectively, t2 and t3 denote the ones of the 

counterclockwise rotation.If the applied offset is not drift-compensated, usually we don’t 

have the equality. 

Assume that the uncompensated offset is Ogyro, the needed correction is ΔO, we 

have Ogyro.accu = Ogyro + ΔO and the following equation, 
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∑            
𝑐𝑤          

          

 = 

 ∑                  
𝑐𝑐𝑤    

          

 = 

 𝑁     𝑀     

Thus the difference between two discrete integrations is ΔO(N + M)Δt. Since the 

factor (N + M)Δt is just sum of time lengths of two rotations which can be obtained 

directly by observing the time sequence from encoder, the correction ΔO could be 

determined. Then we have the compensated offset Ôgyro.accu = Ogyro + ΔO which is an 

estimation of the accurate value and satisfies the following equation,  

∑            
𝑐𝑤   ̂      𝑐𝑐    

          

 = 

  ∑            
𝑐𝑐𝑤   ̂      𝑐𝑐    

          

 = 

 

 

Figure 3-4.  Integral of gyroscope signal using original offset vs. the one using offset 
compensated by integral-correction method. 

 
To demonstrate performance of the integral-correction method above, three pairs 

of rotations with one same angle were implemented as examples here. The six rotations 

gave six discrete integrated results, which are marked ‘+’ with dash line in Figure 3-4.  

Since the six integrated results all correspond to one angle, the significant level 

difference between three higher plus marks and three lower ones is primarily due to the 

offset error, and could be eliminated using integral-correction method. In these 
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examples, the original offset was obtained by averaging previous static signal, which 

was 2.40338V. The correction ΔO found by the mean difference between three peaks 

and three valleys points was +0.00395V. Thus the estimated accurate offset was 

2.40733V. The integrals of six rotations using the corrected offset are shown in Figure 

3-4 in solid line and marked by ‘×’. Clearly results of the six offset-compensated 

integrals are flatter and thus closer to the corresponding one same angle. 

However, the integral-correction method has a requirement of a fixed angle of 

rotation where the exact value of angle is not necessary. In practice, with the help of 

position-limit switches which are widely used in industries, this requirement is not 

difficult to be satisfied. Therefore this compensation method can be conducted online 

intermittently to reduce the effect of offset deviation on the sensing performance. 

Sensitivity 

The sensitivity of gyroscope is the only parameter obtained with the help of 

auxiliary sensor which is not included in combination of gyroscope and accelerometers. 

Here an encoder is used to find this sensitivity, thus it is the only parameter that should 

be determined offline. To obtain the sensitivity, the gyroscope is set to a static position 

and holds for a while initially, then rotates to a new static position.  

From Equation 3-3, we have, 

      
 

∑                     
          
 = 

                                                       

Note that the angle θ was provided by the encoder. Since the offset Ogyro has been 

determined in the previous section, once the rotation angle θ by encoder and output 

sequence by gyroscope are both obtained, we can find out the sensitivity Sgyro by way of 

discrete integral. Thirty-four tests were implemented to calculate sensitivity of gyroscope, 
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the result are shown in Figure 3-5. The variance of obtained sensitivities was 0.0806, 

which was determined as the gyroscope parameter used in further experiment. Based 

on the mean value of the 34 test results and the maximum, minimum values among 

them, the range of deviation of sensitivities from their mean value was calculated to be 

±2.12%, showing a good accuracy performance of the result. 

 

Figure 3-5.  Gyroscope sensitivity results in 34 tests. 
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CHAPTER 4 
CALIBRATIONS OF ACCELEROMETERS 

Five parameters of each accelerometer, zero g bias voltages of X and Y axis, 

sensitivities of X and Y axis and the cross sensitivity between X/Y axes, are to be 

determined in calibration process. In our project, the zero g bias voltages were obtained 

offline, and all sensitivities were calibrated when the accelerometers were attached to 

object and doing the measurement. It means that accelerometer sensitivities could be 

calibrated with the help of a calibrated gyroscope only and thus can be done online, no 

extra sensor was required. 

The biases of both axes of each accelerometer were measured offline 

independently. For each accelerometer, it was laid on a flat surface to make both X and 

Y axes closely approaching zero g position. Then the same accelerometer was placed 

upside down obtaining the other approximate zero g position. The average value of the 

two positions was considered real bias. Once bias obtained, the accelerometer is ready 

to be fixed to link, manipulator, etc. to make a VDI system with gyroscope. Then, to 

calibrate for sensitivities, the gyroscope signal is to be processed to reduce noise and 

then integrated for determining orientation of accelerometers. A dual-position method 

was then implemented online to obtain three sensitivities for each accelerometer.  

Two dual-axis MEMS accelerometers (ADXL320J) were calibrated, compensated 

and applied in further experiment. 

Least Square Method for Calibration 

To calibrate for the biases and sensitivities of accelerometers, least square 

method was commonly conducted [55, 56, 101, 102]. The advantage of this method is 

that it does not require external information except for the gravity vector. 
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The normally used least square error criterion for calibration of accelerometer is 

     
 

 
∑                                                              

𝑁

 = 

 

where k denotes the kth test of N tests, and, 

          
         

                             

Note that the accelerometer outputs aX(k,  ) and aY(k,  ) are normalized since 

for acceleration sensors the magnitude of gravity is usually considered as unit 1. The 

proper estimation of the vector   which contains all parameters to be calibrated is the 

estimation  ̂ which minimizes the error ε  ̂ . To solve the least square problem above, 

two conventional methods were usually applied, the Gauss-Newton method or the 

Newton-Raphson iteration method [55, 56, 101, 102].  

If the Gauss-Newton method is applied, Jacobian matrix Φ and error vector ε are 

introduced as, 
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where  ̂ is the estimation of   at each time step. For the first step in iteration,  ̂ is an 

initial guess of  . The Gauss-Newton method works iteratively to give a series of 

estimations  ̂ . Each  ̂  corresponds to an error ε  ̂  , and the magnitude of ε  ̂   

decreases as the subscript n increases. The solution of Gauss-Newton method 

converges once the magnitude of ε  ̂   falls in a predefined threshold, giving the solved 

estimation  ̂. Introduce the error of the ith estimation of vector  ,  

       ̂  
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By Gauss-Newton method, since the Equation 4-1 can be rewritten as, 

    ̂   
 

 
(      ̂ )

 
(      ̂ ) 

the estimation of the error    is obtained as,  

 ̂     
    

    
                                                              

where       ̂  ,       ̂  . 

Then the updated estimation of the parameter vector  ̂     ̂   ̂  further 

reduces ε( ̂ ) to ε( ̂   ). Once converged, the final estimation of vector   can be 

considered as the calibrated parameters. 

If Newton-Raphson iteration is applied, to minimize the least square error 

criterion, we have a new estimation of vector   based on its previous estimation, 

 ̂     ̂          ̂  
      ̂  

  
|
 = ̂ 

                                     

where H(k,  ̂ ) is the Hessian matrix of h(k,  ̂ ), α is a damping parameter smaller than 1. 

However, the least square method using either Gauss-Newton method or 

Newton-Raphson iteration may have a problem of ill-conditioned Jacobian matrix. In the 

current accelerometer calibration case, the acceleration components aX and aY can be 

solved from sensitivities, biases OX,Y and measured signals VX,Y as, 
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By mathematical manipulation, five elements of Jacobian matrix ∂h(k, p)/∂p are, 
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Among the five elements in Jacobian vector shown above, though not directly 

clear, the magnitude of the last two elements, that is, ∂h(k, p)/∂OX,Y, were about 

thousands times greater than the first two elements ∂h(k, p)/∂SXX,YY and hundreds times 

greater than the third element ∂h(k, p)/∂SXY in typical conditions, making the Jacobian 

vector as well as the matrix Φ to be ill-conditioned.  

For example, given a typical value of vector p in experiment p = [145  145  0.5  

1.5  1.5]T and typical measured values VX = 1.27 V, VY = 1.23 V, we have the following 

numerical Jacobian vector,  

       

  
                                             

The Jacobian matrix above is ill-conditioned, since too large ratios among 

elements exist. Obviously in the matrix Φ consists of the Jacobian vectors, elements in 
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the first three rows are significantly smaller than ones in the lower two rows. Because of 

this, the matrix Φ is also ill-conditioned. Since ill-conditioned Jacobian matrix or vector 

may cause the solution found by either Gauss-Newton way or Newton-Raphson way 

being incorrect, the least square method is not applied in this research. 

Zero-acceleration Offset 

Unlike the way in which some papers have done, in this research, the zero g 

biases of all active axes were calibrated separately from the calibration of sensitivities. 

To determine the bias at zero input, both accelerometers A1 and A2 were placed 

approximately in horizontal situation. Then the accelerometer in calibration was set to 8 

orientations in horizontal plane. The angle between two sequential orientations was 

approximately 45 degrees. After all 8 orientations completed, the accelerometer was 

inverted to be upside down. Again, eight orientations were implemented. The 

orientations of accelerometer axes in tests are shown in Figure 4-1. 

X 315° 

X 0° 

X 45° 

X 90°

X 135° 

X 180° 

X 225° 

X 270° 

Y 270° 

Y 315° 

Y 0° 

Y 45° 

Y 90° 

Y 135° 

Y 180° 

Y 225° 

 

Figure 4-1.  Eight accelerometer orientations in zero g bias calibration. 
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A  

B  

C  

D  

Figure 4-2.  Output of accelerometer A1 for bias calibration. A) X axis at position A, B) X 
axis at position B, C) Y axis at position A, D) Y axis at position B. 
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A  

B  

C  

D  

Figure 4-3.  Output of accelerometer A2 for bias calibration. A) X axis at position A, B) X 
axis at position B, C) Y axis at position A, D) Y axis at position B. 
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Table 4-1.  Result of accelerometers offset calibration. 

Accelerometer X axis zero g bias  (V) Accelerometer Y axis zero g bias  (V) 

A1 1.3582 A1 1.3477 
A2 1.3594 A2 1.3550 

 

The calibration process was done at two different places A and B trying to 

eliminate error in local geometric shape of surface. Now we have two accelerometers, 

two places, two axes for each accelerometer, then the eight combinations are shown in 

Figure 4-2 and Figure 4-3 describing approximate zero g bias characters of all axes of 

the two accelerometers. In Figure 4-2 and Figure 4-3, the curves with marks are the 

measurement data, while the thicker curves between them are the averaged data. 

Now that we have obtained eight curves of four axis at places A and B. Base on 

analysis on the curves, for each axis, the mean value of peak and valley along the curve 

of eight orientations was found as the offset voltage of corresponding axis. 

The result of offset calibration is shown in Table 4-1. 

Dual-position Calibration Method  

All four offset values have been obtained and then can be applied in 

determination of sensitivities. 

For each accelerometer, the sensitivities to be calculated include the sensitivities 

SXX, SYY on X axis and Y axis respectively, and the cross sensitivity SXY of X direction 

acceleration on Y axis, as well as the one SYX of Y direction acceleration on X axis. The 

outputs of X and Y axes are, 
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Normally the two cross sensitivities are not identical. However, if the cross 

sensitivity was assumed due to misalignment of two sensitive axes, SXY can be set 

equal to SYX artificially by using a proper orthogonal coordinate to express components 

of sensed acceleration. 

As the case shown in Figure 4-4, the sensed acceleration is decomposed into 

two components aX and aY on axes X and Y respectively. We have approximately, 

                                                                               

                                                                                

where the 0 in subscripts denote the sensitivities of real sensitive axes.  

Sensitive Y Axis

Sensitive X Axis

Y

X

θ1

θ2

Bisector of 

Sensitive Axes

 

Figure 4-4.  Sensor Axes and its equivalent orthogonal coordinate system. 

 
Since the X-Y coordinate system is used for decomposition of acceleration only, 

it can be arbitrarily selected. If we have SXX0 sinθ2 = SYY0 sinθ1, approximately θ2 / θ1 =  

SYY0 / SXX0 since the two angles θ1,2 are small, then the sensitivities are, 

                                                                  

And the output of accelerometer in matrix form is, 

[
  

  
]  [

  

  
]  [

      

      
] [

  

  
]                                                               
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Figure 4-5.  Outputs of four accelerometer axes in a pair of static situations. 

 
 To determine the three values of SXX, SYY, SXY, at least three equations are 

required. For each static position, the accelerometer has two outputs corresponding to 

the two gravitational components exerted on X-Y coordinate system defined by θ1 and 

θ2 determined previously. Thus two static positions are required for the three 

parameters. One example of test of a pair of static situations is shown in Figure 4-5.  

For each static case, only gravitational acceleration 1g applies to the sensor. 

Usually unit of the sensitivity of accelerometer is mV/g, thus the acceleration applied on 

X or Y coordinate axis can be expressed by the angle between the axis and gravity 

vector. Since two static positions were used for calibration, one of them can be denoted 

by angle θ and the other one by (θ + Δθ). Δθ is the angle change between the two 

positions. The Equation 4-9 can be rewritten as, 

[
      

      
] [

               

               
]  [

                 

                 
]               

where subscripts θ and (θ + Δθ) denote the corresponding positions. Use the inverse 

matrix of the second term on left,  
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[
      

      
]  

 

 
[
                 

                 
] [

                   
         

]           

where                                    . 

Since, 

                       (           )      

                        (           )      

We have, 

                  (           )     

                    (           )      

Finally, 

[              (           )               ]     

 [               (           )               ]      

Thus we have, 

     
              (           )               

               (           )               
 

Since θ has a range from -180˚ to 180˚, arctangent function has ambiguity. The 

signs of (VXθ - OX) and (VYθ - OY) are needed for determining correct value of θ. 

If,            and           ,   satisfies          

If,            and           ,   satisfies           

If,            and           ,   satisfies            

If,            and           ,   satisfies              

Now we have θ, then the Sensitivity matrix can be obtained as, 

[
      

      
]  

 

 
[
                 

                 
]                                  
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where, 

        [
                                       

         
] 

By this way, the sensitivities of the two accelerometers were calibrated in 40 

tests. The sensitivity of each axis is the mean value of the 40 results.  

The calibrated results together with deviation errors of sensitivities in the 40 tests 

are shown in Table 4-2. The error in the table is the ratio of range of results calibrated of 

one axis to their mean value.  

Table 4-2.  Results of calibrated sensitivities of accelerometers. 

Accelerometer SXX (mV/g) SXX error SYY (mV/g) SYY error SXY (mV/g)  

A1 -143.378 ±0.113% -145.368 ±0.420% - 0.160 

A2 -145.674 ±0.150% -144.904 ±0.473% +0.316 

 

Validation of the Calibrated Parameters 

To validate the calibrated sensitivities and offsets, the two accelerometers were 

applied in measurement simultaneously then cross validation was conducted. 

For each accelerometer in validation test, the residual acceleration was found by, 

               
    

                                                      

where aX and aY were obtained by, 

[
  

  
]  [

      

      
]
  

[
     

     
]                                               

The residual based on the calibrated parameters were tested for 10 times. The 

typical results of A1 and A2 are shown in Figure 4-6. 

Note that the wave parts of the residual correspond to the rotating moments of 

system, while flat sections mean the static moments. Clearly during static moments, due 

to non-existence of extra acceleration, the magnitude of sensed acceleration should be 
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purely 1g, causing residual equaling to zero. In fact, the residuals of static periods 

shown in Figure 4-6 did lie on 0g. These results show that the calibrated sensitivities 

and offsets are acceptable for further application. However, one thing noticeable in the 

following figure which is worthy of being mentioned is that the vibrations shown during 

rotating moments provide information of extra acceleration exerted on the 

accelerometers which contains information of both positions of sensors and dynamic 

characteristics. This vibration form is actually the base of positioning algorithm 

discussed in this research.  

 A  

B  

Figure 4-6.  Residual of accelerometer based on the calibrated parameters. A) Case 1, 
B) Case 2.  
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CHAPTER 5 
ONLINE ERROR REDUCTION OF GYROSCOPE  

The angular velocity measured by gyroscope is to be integrated in determining 

positions of accelerometers. Since error in output of gyroscope would be accumulated 

by integral, it is of great importance to be compensated for. A complementary filter 

consisting of a low-pass filter and a Kalman filter is applied here to reduce noise and 

drift in gyroscope output, and Allan Standard Deviation is used to validate compensation. 

Since Allan Standard Deviation as well as Allan Variance plays important rule in filter 

parameter determination and performance validation, the basic principle of the two 

concepts is introduced first in this chapter. 

Allan Variance and Allan Deviation 

Error in gyroscope output signal plays significant rule in calibration and further 

measurement application. For better performance of the gyroscope, noise and drift 

should be eliminated or compensated. To estimate error components in original signal, 

and to validate the effect of online error elimination by some technical ways, a variable 

characterizing statistical deviation of sensor output and the filtered signal is needed. 

A commonly used variable describing statistical dispersion of sequence is 

variance or standard deviation [103]. However, angular velocity obtained by gyroscope 

is usually integrated to give angle orientation. Drift in gyroscope signal has multiple 

components in terms of different characteristic time lengths. For example, changing 

trend of random circuit noise in MEMS gyroscope chip may varies within several 

milliseconds, while trend of temperature drift of output signal may varies in hours. In 

integration over a certain time range, these components have different performance in 

error accumulation and thus have different effect on the result angle integrated. For 
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example, white noise component and the noise with short characteristic time length 

usually have relatively smaller effect on integration due to the averaging of integral, 

while random walk component which has all most same or even longer characteristic 

time lengths compared with time range of integration may have significant effect by 

accumulation. Thus, variable characterizing statistical deviations with different 

characteristic time lengths is needed for gyroscope output signal. Obviously variance is 

problematic here since it provides global dispersion only.  

Allan Variance (AVAR) method recommended by IEEE standards was initially put 

forward by David W. Allan in 1966. It was initially used to estimate frequency stability of 

cesium clock due to noise processes. The principle of AVAR bases on the fact that 

frequency or phase of output signal would be deviated or modulated by noise, making 

instability of frequency. The noise components from different sources may cause 

different effect on this instability which can be distinguished in time domain, that is, 

instability at various time sizes. Usually in application, instability on short time range 

shows fluctuation in signal, while the one on longer time range stands for drift. 

Because vibration or resonant system are widely used in gyroscopes today, 

making gyroscope a special type of vibrator, AVAR can be used in test and analysis of 

gyroscopes. Today, AVAR is commonly used in testing of inertial measuring equipment 

because that AVAR has the capability of identifying various error sources and their 

statistic characteristics, making it easy to see noise or drift components in signal. AVAR 

would be applicable in case noise or drift components need to be distinguished. 

Moreover, Allan Standard Deviation (ADEV) is defined as the square root of AVAR. In 

this research, ADEV was applied in parameter determination and denoising validation. 
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To derive the ADEV or AVAR of a given gyroscope signal sequence with N 

points and certain sampling time interval   , the entire sequence should be separated 

into K groups with M points in each group first. Here we have M ≤ (N - 1) 2 . The time 

length of each group is averaging time    = M  . The average of each group is, 

 ̅  𝑀  
 

𝑀
∑         

 

 = 

                                                           

where ω(k-1)M+i is the measured angular velocity at time (k-1)M + i. Then, AVAR   
  of 

averaging time    is defined as, 
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ADEV is defined as √  
      as we mentioned previously. AVAR describes drift 

intensity in different averaging time   , thus can be treated as a spectrum of variance. 

Here the averaging time corresponds to the characteristic time length of corresponding 

AVAR component of noise. Actually we have a relationship between AVAR and Power 

Spectrum Density (PSD) Sω(f) of the output signal [100], 

  
       ∫      

          

       

 

 

                                             

It was assumed that the process of original signal was stationary while deriving 

the equation above. Equation 5-3 provides another way to obtain AVAR. It shows that 

AVAR at averaging time    is always the same as passing power of original signal x 

through a filter whose transfer function is given as (sin4x) x2. Obviously here the 

transfer function of filter or even pass-band of the filter is determined by   . This means 

that adjusting    changes pass-band of the filter, then making different components 

passing through the filter, showing different random processes in the filtered signal. 
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However, accuracy of AVAR at every averaging time depends on every individual 

case. The degree of confidence of AVAR determined by a sequence at a given 

averaging time depends on both lengths of sequence and of groups. A longer original 

sequence gives higher accuracy of AVAR. Once the length of entire original sequence 

was fixed, groups with shorter averaging time have greater reliability. In practice, 

lengths of groups have a supremum which is determined by the drift component need to 

be detected that changes most slowly. For instance, at least one group with 10 seconds 

averaging time is required if AVAR is used to identify a drift whose characteristic time 

period is around 10 seconds. Thus, the most slowly changing drift to be detected and its 

corresponding degree of confidence required give a lower bound of length of entire 

signal. However, length of sequence means computation burden, memory and time cost, 

a proper length of sequence depends on both required accuracy and time range of drift 

in application is needed. 

The error percentage estimator of AVAR with length N at group length M is [104], 

       
 

√ (
𝑁
𝑀   )

                                                                       

 

Figure 5-1.  Error percentage of Allan Variance vs. ratio of N and M. 
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Obviously the percentage above is a function of ratio N M. To clearly 

demonstrate the relationship between N M and error percentage, we have Figure 5-1. 

Obviously this error percentage grows as M grows from 1 to its maximum (N-1) 2 

given a certain sequence length N. By Equation 5-4, the supremum number of groups in 

sequence which guarantees certain error percentage %error is, 

                                                                     
𝑁

𝑀
 

 

          
                                                              

We require an error percentage lower than 10% in experiment, that is, %error ≤ 0.1. 

By the equation above, we have N M ≥ 51.To determine proper value of M whose 

degree of confidence reaches certain upper limit, two aspects should be considered. On 

one hand, an error component whose correlation time is longer than a certain time 

length M0τ0 may not be detected by AVAR at group length M < M0, and on the other 

hand, the supremum of error component averaging time to be detected should at least 

be the same length of integration time range. Thus we set value of 𝑀 whose degree of 

confidence reaches certain upper limit to be the same length of integration time range.  

In experiment, gyroscope output was usually integrated in 1 minute, thus a 

sequence of at least 51 minutes are required to obtain an error less than 10% for 1 

minute process. In the calibration for offset and sensitivity, the output of gyroscope was 

tested for 1 hour for each task. 

Procedure Outline of Online Error Reduction 

The signal from gyroscope is used both directly and integrated in calibration of 

accelerometers and further measurement to obtain angular velocity and angle. The 

short-term or high frequency components in noise or error of gyroscope output may 

have negative effect on direct use of the signal, and the relatively longer-term or lower 
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frequency components in error as drift may cause deviation in result of angle by 

integrating of signal. Thus, it is necessary to reduce or eliminate error with less loss of 

information carried by original signal. 

The signal Vω from gyroscope can be expressed as sum of two parts in different 

information domains, 

                                                                                

where Vm is signal part carrying specific information of each measuring task, n is the 

noise and drift part whose statistic character depends on the gyroscope itself instead of 

each individual measurement task. Due to the existence of bandwidth of sensor as well 

as nature of motion measured by gyroscope, the frequency of Vm is usually relatively 

low, and higher frequency components in output signal are dominated by noise which 

has less dependence on macroscopic motion.  

Information VmL

Noise nH

Power 

Density

Frequency

Drift nL

Cutoff 

Frequency

Lower-Frequency (LF) Part 

Higher-Frequency (HF) Part 

Information VmH

 

Figure 5-2.  Schematic power density frequency distribution of information signal and 
noise/drift signal in output of gyroscope. 

 
The purpose of online error compensation is to reduce the noise components in 

signal as much as possible, while to keep the components carrying useful information 

for further analysis. An intuitional thought is using frequency characteristic of both 
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information and noise signals to tear them apart by applying a proper designed 

frequency domain filter. Unfortunately, no obvious frequency boundary distinguishing 

information and noise signal exists in output of gyroscope, the Vm part in Equation 5-6 

usually overlaps with the n part in frequency domain as shown in Figure 5-2. Thus it is 

not applicable of using a frequency domain filter directly in this case.  

To solve the current problem where components in signal have overlap in 

frequency domain, some characteristics of the noise part which are distinctively different 

from those of the information part in original signal should be firstly noticed. On one 

hand, the ADEV curve of gyroscope measured in static condition is absolutely governed 

by noise and drift. On the other hand, the noise signal in low domain can be considered 

as white noise, while the drift in lower-frequency domain influence primarily the offset of 

gyroscope which can be simply compensated by the integral-correction method 

mentioned previously. To apply the characteristics above, the Equation 5-6 can be 

rewritten in higher- and lower-frequency domains as, 

                                                                          

where subscript L denotes lower-frequency (LF) part, H higher-frequency (HF) part. 

Based on the Equation 5-7, a complementary filter was designed and applied to 

gyroscope signal. The filter firstly separate signal into LF and HF parts, both contain 

corresponding Vm and n signals. Since the LF part is contaminated by some long-term 

drift, while the HF part also contains some components carrying fast-changing 

information, filters for both parts individually are needed to give VmL and VmH to recover 

both components bearing information. Finally find summation of filtered sequences of 

both parts as the recreated, complementary filtered signal.  
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Unfortunately, for the LF part, statistic characters and frequency characters of 

both information signal and drift in this part were unknown prior to data processing. 

Thus it is not that easy to remove drift signal from original sequence using either a real-

time statistical filter or a frequency-domain filter. Instead, as mentioned previously, the 

long-term drift including temperature effect or power supply floating was detected and 

compensated intermittently by the integral-correction way mentioned previously in 

“Integral-correction Method” in this research. On the contrary, for the HF part in original 

signal, usually it is assumed that noise component can be treated as white noise whose 

statistic character is different from that of fast-changing information. However, the 

frequency band of information may have overlap with the band of noise, making the 

filters based on frequency domain manipulation inapplicable here. But it is possible to 

separate signal carrying information in this part from noise using filters based on 

statistical principle, for example, Kalman filter, Wiener filter, etc. 

Original Output Signal

Low-Pass Filter

Higher-Frequency Part Lower-Frequency Part

Subtract

Integral-CorrectionStatistical Filter

Fast-Changing 
Information

Slow-Changing 
Information

Noise Drift

Sum

Manipulated Output Signal
 

Figure 5-3.  Complementary filter structure for gyroscope signal processing. 
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Now we have the outline of an online complementary filter for error of output of 

gyroscope. Firstly, a low-pass filter is used to do the separation, obtaining LF and HF 

parts of original signal dominated by motion information and noise respectively. Then for 

the two parts, a statistical filter and integral-correction method were applied to the one 

changing faster and slower respectively. The obtained information from the two parts 

was finally combined again to recover the useful signal. To clearly demonstrate the 

complementary filter process, we have Figure 5-3. 

Determination of cutoff frequency for complementary filter 

So far, determining of the cutoff frequency of the low-pass filter to separate the 

original signal, that is, the frequency boundary between LF and HF parts, is needed. To 

find a proper frequency threshold to set gyroscope signal apart, ADEV method was 

applied here. Since ADEV shows a spectrum of standard deviation of signal, by using 

ADEV of signals of various type of motions, the standard deviation components that do 

not depend on specified motion, that is, the noise independent on individual measured 

signal, can be determined, corresponding to the HF part to be separated.  

To this end, ADEV of 20 tests were calculated and plotted to one figure, shown in 

Figure 5-4. Within the 20 tests, one was obtained under static condition, showing the 

lowest bound of ADEV, and another one is obtained under dynamic condition in which 

maximum permitted angular rate (90 degrees second for ADXRS614) was applied to 

the gyroscope. The ADEV curves of both boundary cases are marked by two arrows 

here. Besides the two ADEV curves above, the other 18 curves correspond to 18 

arbitrarily implemented rotational motion sequences.  

Clearly in Figure 5-4, all curves converge at the left part of figure to the curve 

section which has slope -1 2 at averaging time 0.01 seconds and less. It shows that all 
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components with averaging time < 0.01 seconds, that is, frequency greater than 100 Hz, 

are independent on the motion in test, but determined by gyroscope itself. Actually this 

section of curve corresponds to angle random walk which is created by integration of 

white noise process of angular rate in time [100]. By datasheet of ADXRS614, the 

gyroscope has a bandwidth of about 80 Hz, thus the part of ADEV whose averaging 

time < 0.01 seconds could be treated as pure noise carrying no information of motion, In 

other words, components above 100 Hz could be safely considered noise only. 

 

Figure 5-4.  ADEV curves of gyroscope signals in 20 tests. 

 
The curve sections at averaging time 0.01 seconds and above give the 

correlated noise and sinusoidal parts of ADEV. Here the both parts have relationship 

with certain motion measured and output by gyroscope [104]. The error parts of bias 

instability, angular rate random walk and rate ramp are not shown in Figure 5-4 since 

the test time length is not sufficient for demonstration of the two components.  
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It can be seen clearly from the curve of static case that sinusoidal component 

shows up between 0.2~4 seconds of averaging time. This sinusoidal part may due to 

the inaccurate gain matching in close-loop circuit [105]. For the cases in which the 

inputs to gyroscope were not zero, ADEV of the lowest five curves (the five most slowly 

changing cases) were still influenced by the mismatch of circuit, as well as standard 

deviation by faster motion of the other cases covered that sinusoidal component. The 

sinusoidal component in ADEV curve always shows up in corresponding time-domain 

sequence as periodic waves. To determine how to deal with this sinusoidal part, the 

corresponding frequency in time domain sequence should be obtained. For this error 

part, we have the sinusoidal ADEV component magnitude described as [104], 

    
       

 [
        

   
]

 

                                                        

where Ω0 is sinusoidal error coefficient,   is averaging time, and f the corresponding 

frequency in original signal. From the static case curve, we have the first valley at   ≈ 

0.4 second, corresponding to the first time sin(πfτ) = 0. Thus we have f ≈ 2.5 Hz. This 

periodic component can be clearly observed in original signal shown in Figure 5-5, 

 

Figure 5-5.  Periodic component (≈ 2.5 Hz) in gyroscope signal. 
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In principle, since this is an error produced by the gyroscope itself, it could not be 

manipulated by integral-correction method for LF components carrying information, it 

should be taken into account to the HF part to be dealt with by statistical filter. However, 

on the one hand, this component of error is not just noise following statistic principle, but 

the one that has certain time domain shape and can be reduced directly by a frequency 

domain band-stop filter, on the other hand, usually a statistical filter requires its input to 

be stationary, having no obvious periodic components. Therefore the sinusoidal should 

be filtered into the part with information, and then be eliminated by a frequency domain 

band-stop filter. Here, the right bound of cutoff frequency of low-pass filter is determined. 

However, the capability of eliminating drift in LF part was limited because of 

constraint composed by the integral-correction method that it could be deployed 

intermittently only instead of continuous effect of drift reducing. Thus the cutoff 

frequency should be relatively low. Also there was no significant periodic component 

detected at a frequency > 2.5 Hz obtained previously. All curve sections with +1 2 slope 

in Figure 5-4 were correlated components due to the input motion to gyroscope [105], 

and no significant trend term exist in static curve. Thus we can safely assume that apart 

from the correlated components due to the rotation applied to gyroscope, the curve 

sections with averaging time < 0.1 second have no periodic and trend term, and may 

satisfy the requirement for statistical filter, making them applicable to be filtered. Even 

further, the cutoff frequency can be selected around the averaging time range of 0.1~0.4 

second. To fully utilize the advantage of statistical filters in high-frequency domain and 

avoid the disadvantage of integral-correction method in low-frequency domain, the 

cutoff frequency was finally set at around 0.2 second, that is, about 5 Hz. 
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Low-Pass Filter for Obtaining LF and HF Components 

Since the output of gyroscope is heavily impaired by measurement and process 

noise, a complementary method was put forward previously to separate the original 

gyroscope signal into two parts, and then apply different filters to both parts respectively 

to suppress the error to the largest extent possible in order to use the data for comfort 

evaluation. To do the separation, two commonly used digital filters were to be selected: 

the Butterworth filter and the Savitzky–Golay filter. Both filters have the advantage of 

computational simplicity and are well suited to represent time varying features in 

acceleration measurements.   

Butterworth Filter 

The Butterworth filter is a type of signal processing filter widely applied to 

experimental data in a broad range of disciplines by low-pass filtering. It is a typical 

frequency domain filter operating based on the difference between band of information 

and the one of noise. The Butterworth filter is designed to have as flat a frequency 

response as possible in the pass-band, and is usually referred to as a maximally flat 

magnitude filter. The Butterworth filter was first proposed in 1930 by the British engineer 

and physicist Stephen Butterworth [106]. The frequency response (gain) G(ω) of 

amplitude of an nth low-pass Butterworth filter is, 

     √
 

     𝑐⁄    
                                                      

where ωc is cutoff frequency. 

The advantage of Butterworth filter includes the extreme flat response in pass-

band and good integrative performance. It has better impulse response than that of 

Chebyshev filter, and better attenuation of pass-band than the one of Bessel filter.  
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However, the Butterworth filter is a frequency filter which works primarily in 

frequency domain. If the frequency band of noise or the one of information is not quite 

clear or not fixed, or even if only statistic characteristic of noise or information is 

provided, the frequency filter such as Butterworth filter may not be applicable here, 

since the pure cutoff frequency may cut some useful frequency components off without 

considering any statistic characteristic of the input to filter, that is, the original signal. In 

these cases, some statistical concepts should be introduced in filter application. To 

implement low-pass filtering or smoothing for this field considering the statistic 

characteristic of signal, least square method is introduced and a commonly used 

smoother based on this method is the Savitzky-Golay filter.  

Savitzky-Golay filter  

The Savitzky-Golay filter is a special type of low-pass FIR filter which is usually 

applied in data smoothing. Today it is adopted in many engineering fields [107-110]. 

Unlike some commonly used filters, Savitzky-Golay filter does not have previously 

defined exact properties in frequency domain. Instead, it processes the signal sequence 

in time domain directly, based on theory of least squares method. Savitzky-Golay filter 

was popularized by Abraham Savitzky and Marcel J. E. Golay in 1964. They published 

tables of convolution coefficients which significantly reduce computation cost for 

polynomial coefficients in the filter and thus left it with better speed performance [111]. 

To smooth data sequence, value at each time point is replaced by a new one 

which is obtained by a predefined function of some measured values within certain time 

range around the point to be replaced. Since true signal value does not change rapidly 

in typical measurement case, replacement base on a correctly defined function would 

not introduce much deviation from true value but increase Signal-to-Noise Ratio (SNR).  
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For Savitzky-Golay filter, a polynomial with predefined order is applied as the 

function. Coefficients of polynomial are determined by look-up tables of convolution 

coefficients or matrix method using all measured values in each time range, that is, the 

time window. The length of time window is also predefined as a parameter of the filter. 

Now assume a data sequence x(i) where i = -m, -m+1,…, -1, 0, 1,…, m-1, m, and 

an n-order polynomial fi = ∑ = 
 anki

k is used to fit the 2m+1 points. To this end, we 

should determine all ank to minimize the quadratic sum of error, 
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To calculate values of ank, the table of convolution coefficients initially created by 

Savitzky and Golay is used. Since we have the following equations given that the 

quadratic sum of error above is minimized [109], 
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For each k, the value of the kth derivative of fi at i = 0 can be obtained using the 

2m+1 points and the table with corresponding order of derivative and order of 

polynomial provided by Savitzky and Golay. Then ank can be determined by dividing 

dkfi dik at i = 0 by factorial of k.  

Once all coefficients of polynomial are obtained, the value at time point 0, that is, 

x(0) which lies at the middle of current time window, is then replaced by the value of 

polynomial at that time point. Then the time window step one point forward, making the 

current x(1) to be the new x(0), and repeat the process of fitting and replacing. Note that 

for each time window, the values from x(-m) to x(-1) used for polynomial fitting are the 

original signal values, not the previously replaced values. 
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However, the size of table is limited. The table provided by Savitzky and Golay 

gives coefficients of polynomial up to 6th order, by up to 25 points each time window 

[111]. Obviously it is far from sufficiency since the length of sequence and time 

resolution of signal is relatively high today, and the length needed of time window is 

usually much larger than 25. Thus the way to calculate each dkfi dik at i = 0 online is 

required here. 

Assume again a sequence g with k points, and another n-order polynomial f(x) = 

∑ = 
 anpx

p to fit the sequence g. Introduce the following matrix B,  
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Define, 

                                       

Obviously we have Ba = g, thus a = (BTB)-1BTg. Since the cth derivative of f(x) is, 
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We have the following equation for dcf(x) dxc, 

 𝑐    

  𝑐
                                                                

where, 

  [               
      

 
    

  

      
   𝑐   

  

      
   𝑐] 

Once the derivatives dkf(x) dxk are obtained as shown above, the Equation 5-11 

can be applied here to find all coefficients of the fitting polynomial. 
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The filtering or smoothing performances of the Butterworth filter and the Savitzky-

Golay filter are not quite distinctive to each other. However, the latter one was selected 

as the filter to separate original signal in this research. The reasons are described as 

follows. Firstly, the advantages of Savitzky-Golay filter include smoothing the signal 

without phase shift, as well as better mean square deviation performance compared 

with Butterworth filter or Chebyshev filter, making the signal after filtering closer to true 

value sequence, thus guarantee the accuracy and performance of following fitting, 

calibration and measurement process [112]. Secondly, the Savitzky-Golay filter is 

essentially a smoother using generalized moving averaging process. For the signal to 

be filtered by statistical filter in noisy part, it is required to be zero-mean, stationary and 

normal. To satisfy the zero-mean requirement, usually average values of signal were 

calculated and subtracted from data to obtain satisfactory data. This is automatically 

fulfilled by the Savitzky-Golay filter while the Butterworth filter does not have the 

averaging nature. Furthermore, the Savitzky-Golay filter helps to preserve the peaks 

while have a good smoothing performance compared with Butterworth filter for data that 

have abrupt changes [107]. It was found that the Savitzky-Golay filter showed better 

performance to deal with shocks or peaks in signal as low-pass filter than the 

Butterworth filter [113]. By observing the data from gyroscope, the vast amount of 

random peaks or sudden changes are remarkable, making it a large signal floating 

relative to the average (true) value. For this case, it is appropriate to use Savitzky-Golay 

filter to gain the approximate average signal. 

Savitzky-Golay filter deals with signal in time domain directly. However, since it is 

applied as low-pass smoother, it has implicit frequency characteristic, which can be 
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recovered by comparing PSD of original signal and that of filtered signal. Given order of 

polynomial N and time window length M, the normalized cutoff frequency fc at -3dB of a 

Savitzky-Golay filter is [112], 

 𝑐  
𝑁   

   𝑀     
                                                           

The order of polynomial was set to N = 4, and sampling rate of signal was 

1kS sec. To obtain a cutoff frequency of -3dB at around 5 Hz, that is, normalized 

frequency at around 0.005 Hz, the length of time window should be M = (5 0.005 + 

4.6) 3.2 ≈ 313. In experiment, this length was set to 301, making a 5.2 Hz cutoff 

frequency which is acceptable here.  

To validate the cutoff frequency of the Savitzky-Golay filter by its determined 

parameters, the PSD of original and filtered signal were calculated and plotted in Figure 

5-6. Obviously the curves share an almost same spectrum part at frequency < 6 Hz, 

while the components beyond 6 Hz were significantly reduced, verifying the applicability 

of Savitzky-Golay filter for this gyroscope. 

 

Figure 5-6.  PSD of original gyroscope signal vs. PSD of Savitzky-Golay filtered 
gyroscope signal.   



 

74 

Original HF Signal Preconditioning 

To eliminate noise in HF part of gyroscope output obtained by the Savitzky-Golay 

filter selected previously, three steps are implemented. The first step is to precondition 

the original signal from gyroscope so that the processed HF data satisfies requirement 

of further procedure. Then an error model for signal needs to be established for error 

estimation. Finally the established error model is combined with preconditioned signal to 

obtain compensated output by a selected type of filter or algorithm. 

Once collected from sensor and given by the Savitzky-Golay filter, the HF part of 

original signal should be tested then and manipulated if necessary to provide a normal, 

zero-average, stationary input sequence for error model identification and filter.  

For a static output sequence of gyroscope, requirement of zero-average can be 

obtained by simply subtracting average constant sequence from original signal.  

To confirm the stationarity, the periodic and long-term trend components should 

be first detected and then eliminated from original signal. The periodic components 

were discovered by checking PSD. The PSD of static signal from gyroscope is shown in 

Figure 5-6 in dotted line. Obviously there is an outstanding peak marked by an arrow at 

frequency 2.3~2.8 Hz. This peak was detected in every test of gyroscope and should be 

filtered by a filter before identifying model parameters. A band-stop Butterworth filter 

was applied here to obtain signal sequence which has almost no significant periodic 

components. Since the HF part of gyroscope output whose stationarity is being tested 

here is provided as the result of the output from the 4th order Savitzky-Golay filter with 

301 side sequence length mentioned previously being subtracted from the original 

signal, long-term trend components should be contained in the output of Savitzky-Golay 

filter and erased from the HF part signal. Therefore, there should be no long-term trend 
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in the current case. To confirm this, a 4th order Savitzky-Golay filter with large side 

sequence length (3001 points) was applied to the HF part of gyroscope signal. As 

expected, no trend was discovered. After identifying and eliminating the periodic and 

long-term trend components in original signal, stationarity of processed sequence was 

tested as follows. 

To test stationarity of discrete series, there are several methods including data 

sequence observation method, autocorrelation observation method, Dickey-Fuller test 

(DF), Augmented Dickey-Fuller test (ADF), Phillips-Perron test (PP), reverse test and 

runs test. Here DF test, ADF test and PP test can also be categorized as unit root test.  

The data sequence observation method is plotting the data sequence and see if 

there is periodic or trend component in the signal. Obviously it is direct but inaccurate. 

The autocorrelation observation method is to plot the autocorrelation sequence of the 

original signal, and see if the autocorrelation values damps slowly or periodically. Only 

quickly damping autocorrelation sequences means stationary original signal. But since it 

is not easy to remove all periodic components in signal practically, making it difficult to 

absolutely reduce the periodic wave in autocorrelation sequence, a slight vibration part 

in signal may cause difficulty in determining if it is really stationary in practice. Unit root 

test is widely used in confirming stationarity. However, to apply the unit root test, 

constant and linear trend terms as well as lag number of the signal to be tested should 

be estimated prior to the test. Thus it is relatively complex and difficult to apply the unit 

root test in practice. Reverse test is applicable in testing for monotone trend only.  

The runs test judges the stationarity of a data sequence using values in the 

sequence only. No previous estimation of signal parameter is required. It also provides 
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much more reliable result than that obtained by data sequence observation method, 

autocorrelation observation method and reverse test. In conclusion, runs test was 

applied here and implemented as follows [114]. 

1. Separate the original sequence to be tested into N groups, 

2. RMS of each group was calculated and then we have an RMS sequence with N 
points,  

3. Find the median of RMS sequence and set the threshold RMSthreshold = RMSmedian 
+ ε where ε is a positive number, 

4. Classify each value in RMS sequence. If the value is greater than RMSthreshold, it 
is marked ‘+’, or else it is marked ‘-’. Finally we have a sequence of plus and 
minus signs, 

5. Scan the plus and minus signs sequence and count number of runs. Consecutive 
same signs between the other signals make one run. For instance, a sequence 

‘      ’, here three ‘+’ signs make one run, 

6. Once total number of runs r is obtained, check the look-up table using r and N or 
use probability distribution calculation to see if r lies in certain acceptance 
domain of N. If r lies in the domain, the original sequence is stationary. 

In application, usually we have look-up runs test table including N up to 200 runs. 

However, in our cases, number of points in the sequence to be tested was large (3.6×

105), and the length of each group was set to 100, that is, we have N = 3600, which has 

no corresponding entry in normal look-up runs test table. Thus we have to obtain the 

probabilities for N = 3600 at different confidence level. 

If N is sufficiently large, the runs number r follows normal probability distribution 

N(μr, σr), where, 

   
 𝑁 𝑁 

𝑁
                                                                    

   
 𝑁 𝑁   𝑁 𝑁  𝑁 
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Here, N+ and N- are number of plus signs and minus signs respectively. Obviously we 

have N+ + N- = N. Since the threshold to classify sign of each group is the median, and 

N is sufficiently large, usually we could assume that approximately N+ ≈ N- ≈ 0.5N, and 

then we have simplified expectation and variance, 

   
𝑁

 
                                                                                     

   𝑁
 𝑁    

  𝑁    
                                                                        

Thus we have statistic κr which follows N(0,1), 

   
     𝑁     𝑁    

𝑁 𝑁    
                                                                 

Now we have a look-up Table 5-1 for runs test given N = 3600. 

Given the look-up table, 3 gyroscope output sequences obtained under static 

condition were tested using runs test the result were compared with the elements in 

Table 5-1. Number of runs of each sequence is shown in Table 5-2. We reach the 

conclusion that sequence after periodic terms removed is stationary. 

To confirm the normality of sequence, there are also several methods applicable 

here, including Pearson's χ2 test, Jarque-Bera test, or Kolmogorov-Smirnov test. We 

applied a simple and intuitional way to test if the gyroscope output is normal using a 

MATLAB® function normplot which operates in a traditional way as normal probability 

paper. A typical result is shown in Figure 5-7. 

Table 5-1.  Look-up table for runs test given N = 3600. 

Statistical significance α 0.99 0.975 0.95 0.05 0.025 0.01 

rα 1698 1712 1723 1879 1890 1904 

 
Table 5-2.  Number of runs of gyroscope signals. 

Test (3.6×105 samples each) 1 2 3 

Runs 1796 1818 1792 
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Figure 5-7.  Result of normplot of output of gyroscope. 

 
The output of normplot shows that data sequence fits the line very well. The 

gyroscope output follows normal probability distribution. 

So far, the requirement of being zero-average has been satisfied by removing 

average consequence. The normality and stationary have been confirmed by normplot 

function and runs test respectively. The preconditioned HF part signal is now ready for 

model identification for further statistical filtering process. 

ARMA Model for Preconditioned HF Signal 

To eliminate the noise in gyroscope signal, the error sequence model should be 

firstly determined to describe character of error changing in discrete time domain. In 

practice, a normal, stationary random series can be described by Auto-Regressive 

Moving Average (ARMA) model. An ARMA(p,q) model can be expressed as, 

    (                      )  (                         )          
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where ai < 1 (i = 1,2,…,p) are auto-regressive coefficients, bj < 1 (j = 1,2,…,q) are auto-

regressive moving coefficients, εk ~ W(0, σ2) (k = n-q, n-q+1,…, n-1, n) are white noise 

sequence which has zero expectation and a variance of σ2.  

If q = 0, ARMA model reduces to pth Auto-Regressive (AR) model, that is, 

    (                      )                                                  

If p = 0, ARMA model reduces to qth Moving Average (MA) model, that is, 

                                                                               

A  

B  

Figure 5-8.  Autocorrelation function and Partial autocorrelation function of gyroscope 
noise. A) Autocorrelation, B) partial autocorrelation. 
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ARMA model identification is to find proper value of p and q so that ARMA(p,q) 

best fits the signal series to be identified. If the proper model is either AR(p) or MA(q), 

determination of the appropriate values p or q can be facilitated by plotting the 

autocorrelation functions for an estimate of q, and the partial autocorrelation functions 

for an estimate of p . If the autocorrelation sequence shows a cutoff lag q while the 

partial autocorrelation sequence doesn’t have apparent end but just decays to small 

values, we have MA(q). If the partial autocorrelation sequence shows a cutoff lag p 

while the autocorrelation sequence doesn’t have apparent end but just decays to small 

values, we have AR(p), otherwise, we have ARMA(p,q) and values of p and q should be 

determined by some other ways. We calculated the autocorrelation function and the 

partial autocorrelation function shown in Figure 5-8, 

Obviously we do not have any cutoff style, implying an ARMA(p,q) model to fit 

the signal sequence. To determine the two parameters, there are three commonly used 

criterions for model identification, Akaike Information Criterion (AIC), Bayesian 

Information Criterion (BIC) and Hannan-Quinn Criterion (HQC). The AIC was applied 

here using the residual of each model while applied to original real signal sequence to 

find maximum likelihood solution of the two parameters. The AIC value is defined as, 

    𝑁   [
      

𝑁
]                                                                    

where σ(p,q) is loss function, d is number of model parameters, and N is the number of 

values in the estimation data set. The loss function is defined as, 

          (
 

𝑁
∑         (        )

 
𝑁

 = 

)                                               

where ε(n,p,q) is the residual vector of model ARMA(p,q) at time n. 
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Figure 5-9.  AIC values of 14 candidates of ARMA, AR, MA models. 

 
The order of the model describing the error behavior of gyroscope is usually no 

greater than 4 based on experience. Moreover, since the ARMA model is equivalent to 

a linear system, the transfer function of the system is usually a rational fraction. In other 

words, parameter p is no less than q in most cases. Therefore, the candidate models 

include AR(1) ~ AR(4), ARMA(1,1), ARMA(2,1~2), ARMA(3,1~3) and ARMA(4,1~4). To 

determine the parameters of the model, the AIC value of each model was calculated 

and shown in Figure 5-9.  

Clearly in Figure 5-9, the model that has the lowest AIC value is the ARMA(3,2). 

Thus the parameters p and q are identified to be 3 and 2 respectively. The coefficients 

in the model were then estimated, giving the specific ARMA(3,2) model as shown in 

Equation 5-25 describing changing of error of gyroscope HF signal, 

                                                                      

Kalman Filter for Preconditioned HF Signal 

The Kalman filter is a widely used method of formulating the linear minimum 

mean-square error filtering problem which utilizes state space methods. The principle of 
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Kalman filter and Extended Kalman filter is discussed in “Kalman Filter (KF) and 

Extended Kalman Filter (EKF)”. 

In this gyroscope case, since the model for state process, that is, the ARMA(3,2) 

model, is linear, a normal Kalman filter was applied to reduce error in gyroscope signal. 

The process state vector was set as, 

                 

And output of Kalman filter was Yn = xn. 

We have the state equation and measurement equation, 

                       

where we have the expectations of noise terms εn and wn , 

                  

      
               

               
     

According to the ARMA(3,2) identified previously, we have the matrices, 
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]          

By commonly used form, the following five governing equations for Kalman filter were 

applied to establish recursive calculation process, 

Estimation of state:  ̂ 
        

Estimation of error covariance:   
        

    

Find current Kalman Gain:      
       

         

Correction of state based on measurement:  ̂   ̂ 
    (     ̂ 

 ) 

Correction of error covariance:             
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where   
  is the covariance matrix of priori estimation error of state at time step n,    is 

the covariance matrix of posteriori estimation error of state,  ̂ 
  is the priori estimation of 

state, while  ̂  is the posteriori estimation. 

Result of Kalman Filter and Complementary Filter  

The Kalman filter proposed here was applied in experiments. To demonstrate the 

performance of Kalman filter in reducing noise in gyroscope HF signal, the output signal 

of the Savitzky-Golay filter, that is, the LF signal, was subtracted from the original 

gyroscope data and the consequent signal was used directly as input to the filter. One 

typical comparison of the input HF signal and Kalman filtered signal is shown in Figure 

5-10 A). Both the input and output of the Kalman filter were filtered by a Savitzky-Golay 

filter for clearer demonstration in Figure 5-10 B). It is obvious that the Kalman filter 

provides a good reduction of the random noise component in input signal. 

For further demonstration of the performance of Kalman filter, typical curve of 

ADEV of original offset signal is presented as the upper curve in Figure 5-11. Clearly 

the static signal almost represents the HF part of signal obtained in dynamic case, 

except that it also contains extra but weak LF drift components. Since parameters of 

one gyroscope are time-variance, ADEVs of measurements would seem a little different. 

After the original static signal of the ADEV above was filtered by the Kalman filter 

established previously, the ADEV of filtered signal is shown as the lower curve in Figure 

5-11. Obviously the ADEV of filtered signal is apparently lower than the original signal, 

showing again the performance of the Kalman filter. It is clear that the variance 

reduction effect provided by the Kalman filter is almost same on the average time 

domain; the Kalman filter did not change the relative distribution of ADEV on frequency. 
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A  

B  

Figure 5-10.  High-frequency part of original gyroscope signal (in black) and its Kalman 
filtered sequence (in gray). A) The original signals, B) the Savitzky-Golay 
filtered signals. 

 

Figure 5-11.  ADEV of original static gyroscope signal vs. ADEV of Kalman filtered static 
signal. 
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A  

B  

C  

Figure 5-12.  Result of Kalman filter to process the gyroscope signal, Case 1. A) 
Original gyroscope signal, B) filtered gyroscope signal, C) ADEV of both 
signals. 
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A  

B  

C  

Figure 5-13.  Result of Kalman filter to process the gyroscope signal, Case 2. A) 
Original gyroscope signal, B) filtered gyroscope signal, C) ADEV of both 
signals. 
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The complementary filter which is combination of a Kalman filter, a Savitzky-

Golay filter and the integral-correction method was also applied to measurement of 

gyroscope. Once the HF part signal was preconditioned and filtered by the Kalman filter, 

and the LF part signal was compensated by integral-correction method, the two 

processed parts were then combined to recreate the entire gyroscope signal in which 

noise parts in both HF and LF part were eliminated to some extent. Two typical results 

are shown as follows in Figure 5-12 and Figure 5-13. 

Obviously in both cases shown above, the noise components are significantly 

reduced, giving smoother and more accurate curves. Note that in ADEV subfigures, 

only the variance components located at high frequency domain are reduced, showing 

the performance of Kalman filter in eliminating the HF noise. However, the normal 

motion located at lower frequency is not significantly influenced by the complementary 

filter, showing the maintenance of useful information determined by gyroscope while the 

signal was passing through the filter. Since the two cases shown in Figure 5-12 and 

Figure 5-13 were both obtained in minutes in which the drift effect is not significant, the 

integral-correction method applied in dealing with LF part shows no apparent effect in 

long-term drift reduction.
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CHAPTER 6 
EXPERIMENT OF ACCELEROMETERS POSITIONING 

The experiment was set with two dual-axis linear MEMES accelerometers and 

one single-axis MEMS gyroscope. The accelerometers whose positions were to be 

determined were attached to a virtual body which was determined by an inverted 

pendulum, and the gyroscope was attached to the inverted pendulum. The position of 

accelerometers could be adjusted relative to the pendulum or the base joint, making 

different cases for positioning process. However, the position of gyroscope does not 

have influence on out experiment result. Interfacing of the analog voltage signal was 

done using NI-DAQmx and LabVIEWⓇ. A magnetic encoder was fixed at the base joint 

of the pendulum. Signals from two accelerometers (4 channels), one gyroscope (1 

channel) and one encoder (1 channel) were sent to a laptop for data processing via two 

NI-USB6009 ports using difference connection. The sensed data were obtained and 

recorded by LabVIEWⓇ. The data were then processed by MatlabⓇ. All algorithms, 

digital filters applied in this research were implemented in .m file. The architecture of the 

experiment equipment combination is shown in Figure 6-1. 

 

NI-USB6009

NI-USB6009

Accelerometer A1

Accelerometer A2

Gyroscope

Magnetic 

Encoder

NI-DAQmx LabVIEWⓇ

MatlabⓇ
Sensed 

Data

Result

Inverted 

Pendulum

Base Joint
 

Figure 6-1.  Architecture and data flow in experiment of accelerometers positioning. 
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Analytical Result 

We have obtained the analytical solutions Equation 2-13, 2-14, 2-15, 2-18 and 2-

19 of four distance components rx,y and lx,y in global coordinate system as well as the 

angular acceleration α given the readings from four axes of calibrated accelerometers 

A1 and A2 and the filtered gyroscope signal. For clearance, the five solutions are 

rewritten here in a sequential form which can be easily implemented in computer 

programming, where lx,y are firstly obtained, then α1 using lx,y, finally rx,y using α1. 
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Using the equations above, several tests were conducted. The example motion is 

shown here in Figure 6-2. 
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A  

B  

C  

Figure 6-2.  Result of EKF of kinematic and distance parameters. A) Output of 
accelerometers,  B) output of gyroscopes,  C) calculated angular acceleration. 
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A  

B  

C  

D  

Figure 6-3.  Calculated value sequences of four distance parameters rx,y and lx,y. A) rx, B) 
ry, C) lx, D) ly. 
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A  

B  

C  

D  

Figure 6-4.  Probability distribution of four distance parameters rx,y and lx,y. A) rx, B) ry, C) 
lx, D) ly. 
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Note that the result curves shown in Figure 6-3 were noisy, especially during the 

static moments. Since there were no radial and tangential acceleration components in 

static condition, the difference between readings of the two accelerometers approaches 

to zero, making the calculated distances nonsense in the moment. In other words, the 

static moments provide no information about the accelerometers positions. To deal with 

this, a conventional way is use of a static-dynamic detector applied to output of sensors 

to deactivate the algorithm while the system is in static [55, 99]. However, all elements 

in the calculated sequences of rx,y and lx,y are obtained independently from their 

corresponding readings of sensors at that time. It is nature assuming that the calculated 

result would be the real value at the most probability. Thus it is possible to find the real 

value by plotting the probability density figure of the sequences of rx,y and lx,y, the peak 

of each plot lies at the real value of corresponding parameter in maximum likelihood. 

For the case shown in Figure 6-3, the probability densities of rx,y and lx,y were 

calculated and shown in Figure 6-4. From the result above, the most possible estimated 

values of the four distance components are, 

 ̂            ̂           ̂           ̂          

By this, we have the estimation of distance between the two accelerometers as 

well as the distance between each accelerometer and the joint. 
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In fact, the distance between accelerometers A1 and A2 was 0.440 m, the 

estimation error was -0.6%. The distance between accelerometer A1 and joint was 

0.652 m, the estimation error was +4.9%. The distance between accelerometer A2 and 

joint was 0.736 m, the estimation error was -5.6%. 

Several tests were conducted in another sensor configuration which is different 

from the one tested above. The calculated results using the analytical solutions and 

probability density method are shown in the Table 6-1, including the estimated length of 

each radial vector as well as the relative deviation of the estimator from the true value. 

For the third configuration with changed orientation of both accelerometers, 

several tests were also conducted. The results are shown in Table 6-2. 

However, the application of probability density is not that convenient in practice, 

since it is less accurate due to the fuzziness in identification for peak in probability 

density plot, and time consuming due to the fact that for each probability density plot, a 

sufficiently long signal sequence is required, making it quite slow in updating rate if the 

sensor is moving relative to the object. 

 
Table 6-1.  Results of the analytical solutions, probability density method, Case 1. 

Real distances |     |          |   |          |   |          

Estimated in Test1 0.504 m  +2.2% 0.640 m   -3.6% 0.438 m    -7.7% 
Estimated in Test2 0.536 m  +8.6% 0.669 m  +0.8% 0.423 m  -10.9% 
Estimated in Test3 0.521 m  +5.7% 0.675 m  +1.6% 0.442 m    -6.9% 
Estimated in Test4 0.525 m  +6.5% 0.668 m   -0.6% 0.436 m    -8.2% 

 
Table 6-2.  Results of the analytical solutions, probability density method, Case 2. 

Real distances |     |          |   |          |   |          

Estimated in Test1 0.508 m  +3.1% 0.659 m  +1.0% 0.470 m  -3.4% 
Estimated in Test2 0.516 m  +4.7% 0.666 m  +2.2% 0.462 m  -5.1% 
Estimated in Test3 0.528 m  +7.2% 0.647 m  -0.7% 0.473 m  -2.9% 
Estimated in Test4 0.502 m  +1.9% 0.670 m  +2.8% 0.452 m  -7.2% 
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Note that we have a probability distribution character for each distance 

parameter solved in the analytical way mentioned previously. It is possible to filter the 

calculated parameters if statistical filter is applied here. 

Statistical Filters 

Discrete Wiener Filter 

Since it is discrete case here, the continuous Wiener filter is not discussed here. 

The Wiener filter for discrete sequence is a weighting function approach. The filter 

weights all past data trying to find the best estimation of current value. Given an n-

element noisy input sequence xi, i = 1,2,…,n, the optimal estimation of yn is, 

 ̂                                                              

Then the mean square error is, 

                                                             

To determine coefficients ai to minimize the error ε, the partial derivatives with 

respect to each ai are calculated and should be all equal to zero. Given that all of the 

autocorrelation and crosscorrelation functions of yn and past data xi are known, the 

coefficients vector a = [a1  a2  …  an]
T can be obtained using matrix algebra [6], then the 

coefficients vector gives the best estimation proposed in Equation 6-6.  

Kalman Filter (KF) and Extended Kalman Filter (EKF) 

In 1960, Kalman published his celebrated paper in which discrete data sequence 

was filtered in a recursive way to estimate the state vector in process. From then on, 

benefited from development of digital computation technologies, Kalman filter is wide 

spreading in a lot of fields as a subject of research and application, especially in the 

field of inclinometer or navigation system based on inertial sensors. Kalman filter is 

another type of statistical filter considered in this research. The optimality of this filter is 
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based on Bayes theorem and the use of conditional probability density functions [6]. It 

operates on the base that the spectral characteristics of the processes involved and the 

statistic characteristics of error are previously known. Normally all noise are considered 

or should be preprocessed to be white and normal before processing by Kalman filter.  

Two governing equations used in a Kalman filter are the state equation and the 

measurement equation. The state equation describes the changing of state vector in 

process involved. It is the base of prediction of state. The measurement equation shows 

the relationship between the state vector and the measured signal obtained by observer 

outside the process system. It is the background of correction to the prediction made by 

the state equation earlier in current time step. 

The equation of state is, 

                                                                       

where Xn and Xn-1 are the state vector of the system at time step n and n-1 respectively. 

un-1 is the input to system at n-1, εn-1 is the process noise vector, A and B are constant 

state transition matrix and input matrix describing projection of input onto the state. 

The measurement equation is, 

                                                                              

where Yn is the measurement vector obtained at time step n. H is the measurement 

matrix relates state and observed signal. wn-1 is the measurement noise vector. 

Two covariance matrices R and Q of measurement error and process error 

respectively are introduced in Kalman filter to control the change of Kalman gain and 

estimation error covariance in recursive process, which are, 
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Note that the two covariance matrices are actually time-various. However, for a 

stationary process, they are usually considered constant. 

The covariance of posteriori estimation error of the state at time step n is, 

         
    ((    ̂ )(    ̂ )

 
)                                     

A Kalman gain Kn is applied to obtain discrete linear posteriori estimation of state, 

 ̂   ̂ 
    (     ̂ 

 )                                                         

where  ̂ 
  is the priori estimation of state obtained by prediction of state equation. In 

Equation 6-12, the factor (     ̂ 
 ) gives the difference between real measurement 

and the expected measurement. And the term   (     ̂ 
 ) plays as a rule of updater 

to correct the priori estimation of the state. In the updating equation above, Kalman gain 

is obtained in the following way, 

      
       

                                                                

The equation for Kalman gain at each time step was derived in order to minimize 

the covariance of posteriori estimation error of the state mentioned in Equation 6-11. 

The recursive process of a Kalman filter is shown in Figure 6-5. 
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Figure 6-5.  Outline of Kalman filter. 
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However, the state updating process and the relationship between state and 

measurement are both linear in the normal Kalman filter described above. In practice, 

we may have a nonlinear process involved, where either the dynamic of state or 

measurement relations may be nonlinear. Thus, the state equation and the 

measurement equation may have the nonlinear form as, 

                                                                           

                                                                                

where either or both f and h are nonlinear functions. 

To deal with this situation, a variant of Kalman filter which is called Extended 

Kalman filter (EKF) was developed. Both nonlinear functions f and h may be linearized 

by taking partial derivatives of the nonlinear functions to obtain the linear form utilized 

by normal Kalman filter. Obviously once partial derivatives are conducted, the obtained 

transition or measurement matrices will no longer be constant and must be updated at 

each time step. If the input to process is not taken in consideration, we have the time-

variant transition and measurement matrices at time step n as, 

          
  ̃    

     
 

     ( ̂          )

     
              

  ̃    

     
 

     ( ̃   )

     
            

where  ̂    is the posteriori estimation of state X at time step n-1. Tildes above vectors 

denote approximation of the vector without considering noise ε or w. Subscripts [i] and [j] 

denotes the ith and jth element in state X or the ith row and jth column in matrix A or H. 

Once the matrices A and H are obtained by partial derivatives, the other part of 

processing in EKF is the same as that of normal Kalman filter. Due to the nonlinear 

equations in process, optimality of Kalman filter lost in EKF, since the normality of 

random signal sequence does not hold once past through a nonlinear system. This 
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disadvantage makes it risky of applying EKF in some cases. However, for most cases, 

EKF would lead to the suboptimum solution which is not far away from the best one. 

One advantage of Kalman filter compared to the previous probability method is 

that the filter could be easily implemented in computer programming, however, there 

may be difficult and ambiguous by identifying peaks using probability density method. 

Another advantage of Kalman filter is that it is recursive filter, while the Wiener filter as 

well as the probability density method is non-recursive method. Unlike the discrete time 

Wiener filter discussed previously, recursive processing of Kalman filter allows an 

updated estimate to be made using only the results from the previous estimate. By this, 

Kalman filter can be applied online with a lower memory requirement. Once the 

measurement process starts, only a short initial period in the measurement is needed 

for convergence of the filter. The filter would have an updating output of parameters as 

soon as the filter is converged. Unlike the probability density method and the Wiener 

filter, the updating rate of Kalman filter could be usually as fast as sampling rate. 

Positioning using Extended Kalman Filter 

The first step is to establish state system. The state vector was selected as, 

                 

There was no input signal to the EKF, thus the state update equation was, 

            

where, 
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Then to establish the measurement equation, assume that the joint is static, we 

have already obtained first four of the following measurement equations by the analysis 

mentioned previously, 

  
                     

  
                    

  
            

  
           

         

For the measurement matrix equation used in EKF, Jacobian matrix in EKF was 

applied here since the relationship between the state and the measurement vector was 

nonlinear. The measurement equation was, 
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Moreover, the covariance matrix R of measurement noise vector Wn was 

obtained by calculating the covariance of residual signals corresponding to elements in 

state vector while average values were removed from measurement, 
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And the covariance matrix Q of process noise vector was adjusted to be, 
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Using the matrices above, the EKF was implemented by computer programming, 

and measured signal sequences were applied to the filter for obtaining converged result 

of the state vector. Take the test sequence shown in analytical algorithm for example 

again for comparing purpose; we have the filtered elements in state vector as follows, 

 

Figure 6-6.  EKF filtered angular velocity signal. 

 

Figure 6-7.  EKF filtered angular acceleration signal. 
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Figure 6-8.  EKF filtered values of four distance parameters rx,y and lx,y. 

 
Compare the filtered curves in Figure 6-6 and Figure 6-7 with the curves shown 

in Figure 6-2 B) and Figure 6-2 C) respectively, obviously the EKF filtered curve are 

much more smooth and less noisy. 

Note that all four curves representing the four distance components to be found 

in Figure 6-8 converge after a period of vibration. The obtained values of the four 

parameters in this test are, 

 ̂            ̂           ̂           ̂          

Again, we have the estimation of distance between the two accelerometers as 

well as the distance between each accelerometer and the joint. 
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The distance between accelerometers A1 and A2 was 0.440 m, the estimation 

error was -6.6%. The distance between accelerometer A1 and joint was 0.652 m, the 

estimation error was -7.8%. The distance between accelerometer A2 and joint was 

0.736 m, the estimation error was -7.1%. 

From the EKF converged result obtained above, it is clear that the output of EKF 

converged successfully to the real positions of the accelerometers. The validity of 

positioning using EKF was thus confirmed. All estimated position parameters fell in 10% 

deviation range from the true values. However, the result around 7% is not a very 

accurate solution compared to the current way using ruler or other measuring 

equipment. The governing problem so far is that the relatively less accuracy of inertial 

sensors compared to the relatively small dimension of the inverted pendulum deployed 

in this experiment does not that match. The small dimension, that is, the relatively near 

of the accelerometers to the joint, gave relatively small extra acceleration signal in 

output of accelerometers. The extra acceleration is not that large so that may cause 

relatively large error in estimation of locations. Thus, the positioning algorithm should 

perform better in the case of larger dimension of link, for example, cranes, industry 

robots. Since the maximum angular rate in our research was limited by the range of 

gyroscope, better accuracy may be obtained if a more capable gyroscope is deployed in 

application, because larger angular rate gives larger extra acceleration exerted on 

accelerometers, making a better SNR for the algorithm. 
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CHAPTER 7 
CONCLUSION AND FUTURE WORK 

The positioning algorithm presented here is a method aiming at reducing reliance 

of inertial inclinometers on the predetermined information of positions of accelerometers. 

The combination of inertial sensors obtains the distance parameters of the 

accelerometer from the joint center by themselves. Once the positions of all 

accelerometers are determined automatically by this way, the obtained position 

information as well as the filtered angular acceleration, angular rate can be applied in 

further application of inclinometer.  

The method gives both analytical solution and statistic solution of the positions to 

be determined. For the analytical solutions, a probability distribution method was 

applied to find parameters. For the statistic solution, an EKF converges estimations of 

parameters directly to their values during online measurement. In experiment, the 

converging process costs 1~2 minutes, which is usually acceptable in real application. 

There is no special configuration needed for the positioning process. The 

simplest combination which can provide the positions is two dual-axis MEMS linear 

accelerometers and one single-axis MEMS gyroscope. 

A number of experiments were conducted using a pair of MEMS dual-axis 

accelerometers and one MEMS single-axis gyroscope attached to a link with a rotating 

joint to validate the performance of positioning method proposed here. The results show 

that the algorithm is really applicable in practice to obtain the distances from 

accelerometers to the joint, and reach the degree of positioning error less than 10%.  

The positioning algorithm for inertial inclinometers is applicable in types of 

circumstances without special requirement such as lower magnitude of acceleration or 
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specified position of sensors. Once both types of sensors are calibrated, they can be 

attached directly to anywhere on the surface of object, and provides necessary 

information by the combination of sensors itself. Due to lower cost and better 

performance of MEMS sensors, the applications of inertial based inclinometer extend to 

various circumstances, making a wider potential application field for positioning 

algorithm. Potential cases in which the self-positioning method may be required 

including human body tracking, gait analysis, robot and manipulator working in 

aggressive condition, remote control, etc.  

The formulation and experiment done in this research was limited for one rotation 

joint case in which the link moves in vertical plane only. The future work requires to 

attempt to extend the positioning algorithm to 3-D motion cases where spatial joints are 

used or to multi-link manipulator cases where the method can be applied in cascade 

way. However, the accuracy of the solution so far is not quite satisfactory, making room 

for improving the precision. Once the positioning process gains sufficiently high 

accuracy, it is also desired to apply the method to detect slow motion of sensors relative 

to its object using appropriate updating strategy to refresh information of positions.
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