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In this dissertation we study three problems that arise in the contexts of critical

element detection and data association. The principal motivation and common interest

behind these problems comes from their applicability in several areas, including robust

network design, evacuation planning, immunization strategies, and multi-sensor multi-target

tracking; as well as from the inherent difficulty of finding practical and computationally

efficient approaches to solve them. We begin by presenting a general overview of the

critical element detection problems, along with a detailed description of several variations

commonly found in the literature. We also survey some of the recent advances and

solution techniques for these problems, such as heuristic algorithms, mathematical

programming approaches, approximated algorithms, and dynamic programming schemes.

We continue by presenting an exact approach for solving a critical edge detection

problem that involves removing the smallest subset of edges of a graph so that the

weight of all dominating sets in the remaining graph is bounded below by a given

threshold. We show that the decision version of this problem is NP-hard; we present

an analytical lower bound for the cardinality of an optimal solution to the problem; we

propose a mixed-integer formulation and its corresponding projection onto the space

of the edge-deletion variables; we study the convex hull of the feasible solutions of this

problem and identify several facet-inducing inequalities for the corresponding polytope;

and we develop the first exact algorithm for this problem that solves the proposed
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formulation by a branch-and-cut approach introducing nontrivial constraints in a lazy

fashion. Furthermore, we provide the computational results obtained after solving a

test-bed of randomly generated instances and real-life power-law graphs that range in size

from 25 to 62 vertices.

We then consider the problem of detecting critical cliques of a graph whose

deletion optimally deteriorates the connectivity of the given graph. We first introduce

a mathematical formulation as a mixed integer linear program. Then, we propose a

two-stage decomposition strategy that first identifies a candidate clique partition and

then uses this partition to transform and solve the problem as a generalized critical vertex

detection problem. Furthermore, we reformulate this problem as a mixed-integer linear

program with a large number of variables and constraints and solve it via branch, price,

and cut. We also design a novel preprocessing algorithm for the column generation stage

that uses the dual information of the master problem to prune the subproblem graph

in order to produce new columns efficiently. We test our approach on a collection of

randomly generated sparse graphs, following several degree distributions, and ranging in

size from 30 to 100 vertices.

Finally, we tackle a variant of the multidimensional assignment problem with

decomposable costs for solving data association problems in which the resulting optimal

assignment is described as a set of disjoint stars. To solve this problem we study two

different formulations. First, we introduce a continuous nonlinear program and its

linearization, along with additional valid inequalities that improve the lower bounds.

Second, we reformulate this problem as a set partitioning program and solve it via branch

and price. We test these approaches by solving instances ranging from tripartite to

20-partite graphs of 4 to 30 vertices per partition. The computational results show that

our approaches are a viable option to solve this problem.
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CHAPTER 1
INTRODUCTION AND MOTIVATION

In recent years, there has been a dramatic increase in the use of optimization

techniques for solving problems that arise in the contexts of network analysis and data

association. This is in general a consequence of the constant development of new solution

techniques, the advancement of computing infrastructures, and the efficient gathering of

relevant data. In this work, we take advantage of such technologies in order to analyze

and solve several practical problems in the areas of critical element detection and data

association.

In the first part of this dissertation, we deal with the problem of detecting subsets

of elements of a graph that are important for the integrity of either, the physical network

(e.g., the electrical network of a country), the technical process (e.g., the cross-dock

transportation network of a supply chain), or the social structure (e.g., an internet

social network) that is being represented by the given graph. Depending on the context,

identifying the vertices, edges, paths, clusters, cliques, etc., that are responsible for the

graph’s cohesion can be crucial for studying many fundamental properties, such as attack

tolerance, robustness, and vulnerability; it can also help for classifying members based on

their centrality, prestige, and reputation; and it can be use to determine dominant clusters

and partitions.

From the point of view of robustness and vulnerability analysis, evaluating how well

a graph will perform under certain disruptive events plays a vital role in the design and

operation of such a graph. To detect vulnerability issues, it is of particular importance

to analyze how well connected a graph will remain after a disruptive event takes place

destroying or impairing a set of its elements. The main strategy is to identify the set of

critical elements that must be protected or reinforced in order to mitigate the negative

impact the absence of such elements may produce in the graph. Applications of this

kind are typically found in homeland security Grubesic et al. (2008); Houck et al. (2004),
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evacuation planning Matisziw and Murray (2009), immunization strategies Tao et al.

(2005), energy Salmeron et al. (2004), and transportation Jenelius et al. (2006).

From the member-classification perspective, identifying members with a high

reputation and influential power within a social network could be of great importance

when designing a marketing strategy. Positioning a product, spreading a rumor, or

developing a campaign against drugs and alcohol abuse may have a great impact over

society if the strategy is properly targeted among the most influential and recognized

members of a community. The recent emergence of social networks, such as Facebook,

Twitter, LinkedIn, etc. provides countless applications for problems of critical-element

detection.

Furthermore, determining dominant cliques or clusters over different industries

and markets via critical clique detection may be crucial for analyzing market share

concentration, debt concentration, or spotting possible collusive actions.

The second part of this dissertation is inspired by the context of data association.

In particular, we are interested in applications for solving multi-sensor multi-target

tracking problems that involve associating a series of sensor observations with a set of

different targets. Generally, this kind of problems are often formulated as multidimensional

assignment problems (MAP’s). The relationship between the multi-sensor multi-target

tracking problems and the MAP has been stated and studied by many authors including

Bandelt et al. (2004); Chummun et al. (2001); Deb et al. (1993, 1997); Morefield (1977);

Murphey et al. (1999); Poore (1994), and Pusztaszeri et al. (1996), among others. In

this work, we are interested in a variation of the MAP in which the resulting optimal

assignment is described as a set of disjoint stars. There are several contexts where using

star costs can prove beneficial when solving multi-sensor multi-target tracking problems.

In particular, when the assignment costs have metric properties (i.e, nonnegativity,

symmetry, and subadditivity), it is interesting to see that, in some cases, considering

all pairwise costs within the assignments is not necessary to obtain a valid solution. We
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provide two examples with costs that satisfy those properties and show that the star cost

variation is a valuable tool to solve those problems.

In the first example, assume we aim to identify a set of land mines that are planted

on a field. To find the location of the mines, a drone is sent to fly over the field emitting a

signal. Once the signal reaches each of the mines, it bounces back and is analyzed by the

sensors of the drone. After the drone has flown over the field a number of times and its

sensors have collected the set of different signals (several of those associated with each of

the mines), it is possible to calculate a set of estimated locations where the mines could

be located. The idea behind solving a MAP is to associate the locations that are close to

each other, which would help pinpoint the actual positions of the mines. In this context,

the assignment costs represent the Euclidean distances between the estimated locations

and, since the costs satisfy the triangle inequality, not all the costs need to be considered

to obtain a valid association.

The second example is a case where the costs do not represent Euclidean distances

and hence, the concept of the geometric center does not have a proper interpretation.

Assume we have a group of antennas that are placed to intercept a collection of encrypted

messages that we want to decode. Because of the interference and the noise of the

environment, when the messages are received by the antennas they are somehow disrupted

and thus not perfect for decoding. Each of the antennas can potentially receive a different

version of each of the messages. The idea is to identify which of the received versions are

the ones that most closely resemble the correct (transmitted) ones so they can be sent for

decoding. Here, since there is no way to compare the disrupted versions with the correct

messages, the decision of which versions are finally sent to decode should be made by

analyzing the dissimilarities between the received messages. In many contexts like this,

the decoding process could be rather difficult. Hence, it is desired to select only one of the

disrupted versions of each of the messages. Assuming that the messages are encrypted in

some kind of alphabet (e.g., binary codes), using the centroid of the disrupted versions—as
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is generally used by other cost variations—is not a valid approach here. In this framework,

the use of the star costs could be of benefit because the messages associated with the

centers of the stars can be the ones selected for decoding (representative). For this

problem, the costs can be assumed to be the number of different characters between

the messages, the sum of how far apart in the alphabet the different characters of the

messages are, or any desired correlation metric.

The outline of this dissertation is as follows. In Chapter 2, we present and global

description of the critical element detection problems, including a comprehensive

description of several variations that can be found in the literature. We also provide a

short description of some of the recent developments and solution approaches for solving

these problems. We put our attention on heuristic algorithms, mathematical programming

approaches, approximated algorithms, and dynamic programming schemes.

In Chapter 3, we study a critical edge detection problem that we name the minimum

edge blocker dominating set problem (EBDP). The objective of this problem is to remove

a subset of edges of minimum cardinality from a graph such that the minimum weight

of all dominating sets in the remaining graph is bounded below by a given integer r. We

begin this chapter by proving that the decision version of EBDP is NP-hard for any fixed

integer r ≥ 1. Then, we continue formulating the EBDP as a mixed-integer program, and

devise the projection of such formulation onto the space of the edge-deletion variables.

Moreover, we identify facet-inducing inequalities for the convex hull of feasible solutions

of this problem, and solve the proposed formulation via branch and cut. we finalize the

chapter providing the computational results obtained after solving a test-bed of randomly

generated instances and real-life power-law graphs.

In Chapter 4, we address the problem of detecting critical cliques of a graph whose

deletion optimally deteriorates the connectivity of the given graph. We begin the chapter

by introducing a mathematical formulation as a mixed integer linear program. Then,

we present a heuristic two-stage decomposition strategy that first, identifies a candidate
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clique partition and then, uses this partition to translate and solve the problem as a

generalized critical vertex detection problem. Moreover, we reformulate this problem as a

mixed-integer linear program with a large number of variables and constraints and solve

it via branch, price, and cut. We also introduce a preprocessing strategy for the column

generation stage of the algorithm that uses the dual information of the master problem to

prune the subproblem graph in order to produce new columns efficiently.

Finally, in Chapter 5, we present a reformulation of the multidimensional assignment

problem with decomposable costs for solving data association problems where each of

the assignments is assumed to be a star. We propose a continuous nonlinear formulation

for the problem and its linearization into a mixed integer program. In addition to that,

we propose a series of valid inequalities to strengthen the given formulation. Then, we

implement a branch-and-price framework to solve a set partitioning reformulation of the

problem. We compare all the approaches and show the computational results.
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CHAPTER 2
CRITICAL ELEMENT DETECTION PROBLEMS

In general, critical element detection problems deal with the optimal removal of a

collection of elements from a given graph in order to maximize the deterioration of a

structural property of such graph. Depending on the context, an element removal may be

caused by many different issues, such as adversarial attacks, random failures, or natural

disasters. For this reason, these problems are often used for designing optimal attacks

that inflict the worst possible damage to the graph or for devising defensive strategies that

efficiently mitigate the effects of any possible disruption. Most critical element detection

problems lie in the boundaries of different research areas, including graph interdiction

(Israeli and Wood, 2002; Wollmer, 1964), robust network design (Grötschel et al., 1995),

graph clustering and partitioning (Grötschel and Wakabayashi, 1990; Shmoys, 1997),

among others. Thus, it is often common to observe several similarities between some of

these problems and problems in other areas as well.

In this chapter we present a general overview of critical element detection, including

some of the objectives and structural properties that are commonly used. Furthermore,

we survey some of the recent advances and solution techniques, such as heuristic

algorithms, mathematical programming approaches, approximated algorithms, and

dynamic programming schemes. To avoid discrepancies with the sources, whenever we

present a mathematical formulation, we try to keep the original notation as found in each

paper. There are few cases though, where we are forced to introduce slight modifications

to prevent ambiguity and ensure consistency.

2.1 Problem Definition: The Big Picture

Given a simple graph G = (V,E), where V is the set of vertices and E is the set of

edges. Let T be the set of elements in G from which the set of critical elements will be

selected. The kind of elements in T may vary depending the context, and with it, the

name of the particular problem that is being solved. For instance, if T is defined as the set
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of vertices or the set of edges, we have instances of the critical vertex or the critical edge

detection problems, respectively. On the other hand, if T is comprised of more complex

substructures, such as paths, cliques, or clusters, we have instances of the critical path

detection problem, the critical clique detection problem, etc. Furthermore, the topology

of the graph may vary with the context as well; it can be defined as a tree, a planar

graph, a series-parallel graph, a forest, or a more complex graph; it can be directed or

undirected; and the degree of the vertices may follow different distributions (e.g., uniform

and power-law). Let ct be a cost associated with the deletion of element t ∈ T and let b

be a deletion budget. In the critical vertex (edge) context, we have that T = V (T = E)

and the costs ct represent the vertex (edge) deletion costs ci for i ∈ V (ce for e ∈ E). For

more complex cases, such as for detecting critical cliques, T contains the set of all cliques

in G and the deletion cost ct can be defined as the sum of the deletion cost of all the

vertices and edges of each clique t ∈ T . Furthermore, in some situations, the deletion cost

ct is often assumed to be one for all the elements. Therefore, in such cases b represents

an upper bound of the number of elements that can be deleted. This later version is

frequently named the cardinality version of the problem. In general, most critical element

detection problems aim to identify a subset of elements in T (i.e., the critical elements)

whose removal maximizes the degradation of a structural property of G, which is measured

by a function f : G → R, while satisfying the budget constraint. Alternatively, given a

targeted deterioration level r of the structural property (i.e., depending on the property an

increase or decrease in f(G)), one may ask to minimize the total disruption cost required

to generate the desired deterioration of the graph.

There are two crucial factors that must be considered besides the shape of the graph

and the type of the critical elements. Those are the structural property of the graph

that is being deteriorated and the function that measures the deterioration level. Several

properties and measures have been used by different authors and, depending on the one

that is chosen, the complexity of the problem, the solution approach, and the optimal
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results may vary dramatically. Even though the principal objective is to damage the

graph, different properties may yield different optimal solutions. As we will point out

in section 2.3, a simple modification in the objective function can lead to a significantly

more difficult problem. Moreover, the selection of the appropriated solution technique also

depends on these factors. Some objectives are easier to solve with some techniques than

with others. We now summarize these properties.

2.2 Graph Structural Properties and Common Deterioration Measures

Several structural properties and their corresponding measures to assess the

deterioration of the residual graph have been used by many authors over the years.

In general, we categorize these measures into three different classes depending on the

context of the problem that is being solved. The measures from the first class are mainly

associated with flow problems over G; in particular the shortest path, the maximum flow,

or the minimum cost flow problems. The logic behind them is that a graph becomes

deteriorated when it starts losing its ability to send flow between a predefined set of

vertex pairs or simply, when traversing the graph becomes too expensive (Corley and

Sha, 1982; Grubesic and Murray, 2006; Wollmer, 1964). For these cases, the critical

elements are those whose deletion results in the maximum increase of the shortest path,

or consequently, the maximum decrease of the flow capacity between the predefined vertex

pair. This kind of measures are commonly used in the context of network interdiction

(Church et al., 2004; Israeli and Wood, 2002; Lim and Smith, 2007; Matisziw and Murray,

2009; Wood, 1993) when identifying critical edges.

The second class is comprised of measures that quantify how well-connected the

residual graph is. Among this class, the most common measures are the total number

of connected vertex pairs (Addis et al., 2013; Arulselvan et al., 2009, 2010; Di Summa

et al., 2011; Di Summa et al., 2012; Myung and joon Kim, 2004; Shen et al., 2013;

Ventresca, 2012; Ventresca and Aleman, 2014; Veremyev et al., 2014a,b), the total weight

of the connections between the vertex pairs (Arulselvan et al., 2010; Di Summa et al.,
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2011; Veremyev et al., 2014b), the size of the largest maximally-connected component

(Bodlaender et al., 2008; Oosten et al., 2007; Shen and Smith, 2012; Shen et al., 2012;

Veremyev et al., 2014b), the total number of maximally-connected components (Albert

et al., 2000; Shen and Smith, 2012; Shen et al., 2012, 2013; van der Zwaan et al., 2011),

and the graph information entropy (Borgatti, 2006; Hewett, 2011; Ortiz-Arroyo and

Hussain, 2008; Veremyev et al., 2014b). The first measure of this class is mainly an

explicit evaluation of how reachable the vertices of the graph are in the absence of the

critical elements. It is generally used when there is no need to account for capacities or

costs associated with the paths between the vertices. For example, when analyzing the

vulnerability of a city’s infrastructure during an evacuation event to identify the areas of

the city that can be totally disconnected from predefined safe zones. The second measure

can be seen as a weighted version of the first one where the weight of every connected

vertex-pair is either an arbitrary number, like the importance of the connection, or a

more complex value like the cost of the shortest path between the vertex pair in the

residual graph. The size of the largest component property can be used to achieve a

relatively more homogeneous disconnection. That is, when minimizing the size of the

largest component, despite a possible sacrifice in the total number of pairwise connections,

we can avoid having large concentrations of connections in the residual graph. A possible

application could be to identify the key members of an criminal organization that have to

be captured to maximize the segregation of the remaining members.

Finally, the measures of the third class correspond to sizes or the relative weights

of some topological subsets of vertices or edges in the graph. For instance, the weight of

the minimum spanning tree (Frederickson and Solis-Oba, 1999), the weighted distance

to a central vertex, (i.e., either the 1-median or the 1-center vertex (Bazgan et al.,

2010), the largest weight of a matching (Zenklusen, 2010; Zenklusen et al., 2009), the

maximum weight of an independent set (Bazgan et al., 2011), and the minimum weight

of a vertex cover (Bazgan et al., 2011). Besides of being referred to as critical element
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detection problems, it is often common to find studies that name the problems that use

this measures as minimum vertex/edge blocker (disruptor) problems.

Some other additional properties that can be incorporated in the critical element

detection context may involve the diameter of the residual components (i.e., the shortest

path between the two most remote vertices in the graph), the degree of the remaining

vertices, the number of paths between every pair of vertices, and the number of common

neighbors between every pair of the remaining vertices, among others. For additional

properties that are used to measure vulnerability and connectivity see Borgatti and

Everett (2006) and Grubesic et al. (2008).

In general, the selection of the adequate property is fundamental for making the

correct analysis. Despite the fact that all of these variations account for a deterioration

level of the given graph, using one over the other may lead to a completely different set of

critical elements. Figure 2-1 provides an example of the different optimal solutions that

are found depending on the property that is chosen. In this example, we assume that the

goal is to identify the most critical vertex among the graph. Note that if we select as the

structural property the shortest path between vertices one and five, the critical vertex is

vertex three. On the other hand, if chose the size of the largest component, the critical

vertex is vertex four. Finally, if we use the total number of components, the critical vertex

is vertex 6.

Among all of the critical element detection problems, the ones of detecting critical

vertices and critical edges have attracted significantly more attention than the others,

especially when deteriorating connectivity measures. In the following sections we will

describe some versions of these problems as well as some of the techniques that are

commonly used to solve them.

2.3 Detecting Critical Vertices

Because of the fact that different versions of these problems can be found in several

contexts, there appears to be no agreement on a general base name. Most variations
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Figure 2-1. Optimal solutions for different structural properties

are often called critical vertex problems, vertex interdiction problems, vertex deletion

problems, most-vital vertex problems, vertex blocker problems, vertex disruptor problems,

among others. Moreover, the terms nodes and vertices are often used interchangeably. For

the sake of consistency, we will remain using the word vertex instead of node.

2.3.1 Computational Complexity

From the complexity point of view, the decision version of this problem has been

proven to be NP-complete for several measures on general graphs by Addis et al. (2013);

Arulselvan et al. (2009); Di Summa et al. (2011); Di Summa et al. (2012); Dinh et al.

(2011); Oosten et al. (2007); Shen and Smith (2012); Shen et al. (2012), and Veremyev

et al. (2014b). Furthermore, the complexity analysis of the problem for particular graph

topologies, such as trees, series-parallel graphs, and bipartite graphs can be found in Addis

et al. (2013); Di Summa et al. (2011) and Shen and Smith (2012). In particular, Addis

et al. (2013) and Di Summa et al. (2011) proved that this problem is also NP-complete

on trees and bipartite graphs when the total weight of the vertex pairwise connections

is minimized. They also showed that when the connection weights are set as one (i.e.,

22



when the connectivity measure is replaced with the sum of the total number of connected

vertex pairs), the problem can be solved in polynomial time using a dynamic programming

approach (section 2.3.5). Moreover, Shen and Smith (2012) proved that the problem is

polynomially solvable in trees and series-parallel graphs for the cases when the deletion

costs of the vertices are set to be one and the objective is either minimizing the size of the

largest component or maximizing the number of residual components. They also propose a

dynamic programming scheme for solving these cases (section 2.3.5).

In addition to these recent findings, one of the most recognized results is due to Lewis

and Yannakakis (1980). They proved that any problem that attempts to minimize the

number of vertices that are required to be deleted so that the residual subgraph satisfies

a given structural property is NP-complete as long as the given property is hereditary

under vertex subgraphs. A graph property is hereditary under vertex subgraphs if, given

that a graph G that satisfies the property, any vertex induced subgraph of G satisfies the

property as well. This remarkable result not only renders the problem NP-complete for

several of the above mentioned properties, but many others as well.

We now discuss the literature regarding some of the existing methodologies for

detecting critical vertices. These include mathematical programming, approximated

algorithms, heuristics, and dynamic programming approaches. We first introduce some

of the the mathematical formulations and then we give a short description of other

approaches.

2.3.2 Mixed-integer Formulations

When solving combinatorial problems, using a mathematical formulation is in general

a natural starting point. Despite the inherent difficulty of these problems, techniques such

as branch and bound and branch and cut, are proven to be very efficient approaches to

obtain solutions for instances of manageable size. Recent endeavors using mathematical

programming techniques can be found in Arulselvan et al. (2009); Church et al. (2004);
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Di Summa et al. (2012); Grubesic and Murray (2006); Oosten et al. (2007); Shen et al.

(2012); Veremyev et al. (2014a,b).

We now provide three mixed-integer formulations that later would serve as a stepping

stone for solving other critical element detection problems. All three formulations attempt

to solve the problem of deteriorating connectivity properties. First, we begin with the

mathematical formulation introduced by Arulselvan et al. (2009), which is designed to

tackle the problem where the total number of pairwise connections is minimized. For this

formulation, the authors define a binary variable yij for every pair of vertices i, j ∈ V that

takes the value of one if i and j belong to the same component, and zero otherwise. In

addition, they introduce a binary variable xi for every vertex i ∈ V that takes the value

of one if vertex i is deleted in the optimal solution, and zero otherwise. The mathematical

formulation follows:

min
∑
i,j∈V

yij (2–1)

s.t. yij + xi + xj ≥ 1, ∀(i, j) ∈ E (2–2)

yij + yjl − yik ≤ 1, ∀i, j, k ∈ V (2–3)

yij − yjk + yik ≤ 1, ∀i, j, k ∈ V (2–4)

− yij + yjk + yik ≤ 1, ∀i, j, k ∈ V (2–5)∑
i∈V

xi ≤ b (2–6)

xi ∈ {0, 1}, ∀i ∈ V (2–7)

yij ∈ {0, 1}, ∀i, j ∈ V, (2–8)

where the objective function (2–1) minimizes the sum of pairwise connections. Constraint

(2–2) ensure that if there is an edge between two vertices and none of them is deleted,

then both vertices have to be in the same component. Constraints (2–3)–(2–5) are known

as triangle inequalities and ensure the transitive relationship between the connections in
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the graph (i.e., if vertex i is connected to vertex j and vertex j is connected to vertex k,

then vertex i must also be connected with vertex k). Constraint (2–6) sets the budget of

critical vertices, and constraints (2–7)–(2–8) define the domain of the variables.

We also consider the following simplification of the formulation proposed by Veremyev

et al. (2014a), which represents an alternative to the one by Arulselvan et al. (2009).

min
∑
i,j∈V

yij (2–9)

s.t. (2–2)

yij ≥
1

n

∑
{k∈V :(i,k)∈E}

ykj − xi, ∀i, j, k ∈ V (2–10)

∑
i∈V

xi ≤ b (2–11)

xi ∈ {0, 1}, ∀i ∈ V (2–12)

yij ∈ {0, 1}, ∀i, j ∈ V, (2–13)

where the only difference with the previous formulation is constraint (2–10), which

guarantees that if vertices i and j are in the same component, then yij = 1.

Finally, the third formulation is by Oosten et al. (2007). In this work, the authors

solve the variation of the problem where the objective is to minimize the number of

vertices to be deleted, while ensuring that the size residual components is less or equal

than a given parameter r. The mathematical formulation follows:

min
∑
i∈V

xi (2–14)

s.t.(2–2)–(2–5)∑
i∈V \{i}

xij ≤ r − 1, ∀i ∈ V (2–15)

yi ∈ {0, 1}, ∀i ∈ V (2–16)

xij ∈ {0, 1}, ∀i, j ∈ V, (2–17)
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Figure 2-2. Suboptimal solution found by greedy approaches vs the optimal solution

where the objective function (2–14) minimizes the number of vertices that are deleted. In

their paper, the authors also provide a detailed polyhedral analysis of this formulation and

discuss some valid inequalities that are inherited from some clique partitioning problems.

We now discuss the heuristic approaches.

2.3.3 Heuristics Approaches

A simple heuristic approach was proposed by Albert et al. (2000). This work is

aimed to study the tolerance of complex graphs with respect to strategic vertex deletions,

rather than detecting which are the set of critical vertices of the graph. The authors seek

to analyze the resulting consequences over the graph when vertices with a relative high

importance are removed. In this case, the authors used the degree of the vertices (i.e., the

number of edges that are incident to the vertex) as a measure of importance to test the

graph cohesion after deleting the vertices with the largest degree. However, even though it

seems natural that removing a vertex with a larger degree may cause a large disconnection

in the graph, it is easy to show that this is not necessarily the case. For example, observe

the graph described in Figure 2-2. Note that removing the vertex with the largest degree

(vertex 4) does not affect the connectivity of the residual graph at all, whereas removing a

vertex with a lesser degree (vertex 6) divide the graph in two components.

An alternative approach is to use a simple greedy heuristic. Note that finding a single

critical vertex (i.e., solving the the problem when the vertex-deletion budget is one) can

be done in polynomial for many structural properties by individually removing each vertex

from the graph, and then solving the required algorithm to evaluate the degradation of the

given property (assuming that such algorithm runs in polynomial time). By doing so, it is
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possible to identify the vertex deletion that gives a better result. Hence, a simple greedy

algorithm is to sequentially eliminate the vertex that generates the largest disruption at

each iteration. Unfortunately, greedy algorithms like this are known to perform poorly

in practice. To improve the suboptimal solutions that are obtained when using greedy

techniques, Borgatti (2006) introduces a local search heuristic. In this algorithm, an initial

set of critical vertices S of size b is selected either randomly or with a greedy algorithm.

Then, the local search performs a swap between each pair of vertices i and j such that

i ∈ S and j ∈ V \ S. If the swap leads to an improvement, the swap is accepted and S

is updated, otherwise the algorithm continues with the exploration. The algorithm stops

when no further improvements are found.

A greedy heuristic that is based on identifying maximal independent sets was

proposed in Arulselvan et al. (2009) to minimize the total number of connected vertex

pairs. The intuition behind this approach is that the subgraph induced by a maximal

independent set is fully disconnected. Therefore, deleting the vertices that are not in an

independent set would yield an objective of zero. Note that, if the size of the maximal

independent set that is found by the algorithm is greater than the number of vertices in

the graph minus the critical vertex budget, the optimal solution is to select the vertices

that are not in the independent set. However, if the size of the independent set is smaller

than this value, one can greedily keep adding vertices that yield the best improvement

until the upper bound is reached.

To improve the solution of the proposed algorithm, a local search procedure similar to

the one described above is also implemented and is embedded into a multi-start heuristic

that sequentially repeats the same algorithm returning the best overall solution.

2.3.4 Approximation Algorithms

Form the approximation algorithms perspective, Dinh et al. (2011) aimed to minimize

the number of vertices that must be removed in order to achieve a certain degradation

(disruption) in the total number of pairwise connected vertices. In addition to providing
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a proof of the NP-completeness of these version. The authors also prove that this

problem cannot be approximated within a factor less than 1.36 of the optimal solution

when the degradation level is set to be 0. Finally, they propose a O(log n log log n)

pseudo-approximation scheme.

2.3.5 Dynamic programming

The use of dynamic programming has been studied by Di Summa et al. (2011) and

Shen and Smith (2012). In the work of Di Summa et al. (2011), the authors prove that the

general version of the problem over trees, for the weighted pairwise connectivity property,

is still NP-hard. However, for the cases where the weights are one, they prove that

the problem is polynomially solvable. The authors propose two dynamic programming

algorithms with complexities O(n7) and O(n3b2), respectively.

In the work of Shen and Smith (2012), the authors introduce a polynomial-time

dynamic programming scheme for solving the problem over trees and series-parallel graphs

for two connectivity properties: the number of connected components and the size of the

largest component. For the case of the trees, the overall time and space complexities of

the proposed algorithms are respectively, O(n3) and O(n2) for the number of connected

components metric, and O(n3 log n) and O(n2) for the size of the largest component.

For the case of the series-parallel graphs, the authors present two dynamic programming

algorithms for the total number of connected components and the size of the largest

component properties, with a time and space complexity of O(n3 log n) and O(n2), and

O(n5 log n) and O(n3), respectively.

2.4 Detecting Critical Edges

We now discuss some of the approaches for detecting critical edges in graphs including

enumerating approaches, mathematical programming formulations, and approximation

algorithms. Similarly as for the vertex case, it is often common to find different names

across the literature. Furthermore, the terms arcs and edges are used interchangeably
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within the different papers that tackle these problems. We will continue using edges rather

than arcs.

2.4.1 Path-Enumeration Approaches

An early approach for solving the critical edge detection problem by enumerating

paths was proposed by Corley and Sha (1982). In this work the authors attempt to

maximize the shortest path between two predefined vertices s and t. They define the set of

critical edges L∗ ⊆ E so that the shortest path between s and t in G(V,E \ L∗) is greater

than or equal to the shortest path between s and t in G(V,E \ L), for any other set of n

edges L ⊆ E.

The idea of the algorithm is as follows. Suppose that a path P between vertices s and

t is defined as a consecutive set of edges, without cycles, connecting vertices s and t. Let

Pst be the set of all possible paths between s and t and c(P ) the cost of path P ∈ Pst.

Assume that set Pst is sorted based on the cost of the paths and let Pk
st be the set of all

paths between vertex s and vertex t with the best kth cost. i.e., the set of paths such that,

if any two paths Pa and Pb belong to Pk
st, then c(Pa) = c(Pb). Furthermore, if Pc ∈ Ph

st and

Pd ∈ P l
st, for h < k < l, then c(Pc) < c(Pa) < c(Pd). The first step of the algorithm is to

enumerate the set of all shortest paths P1 and find the set of edges E1 that belong to the

intersection of the paths in P1 (i.e., E1 =
∩

P∈P1 P ). If this intersection is empty, all the

edges in the paths of set P1
st are considered critical. On the other hand, if Q1 is not empty,

find set P2
st and generate set Q2 =

∩
P∈P2

st
P ∩ Q1. If Q2 is empty, the set of critical edges

is set Q1. If set Q2 is a singleton, Q2 is the set of critical edges. And, if Q2 is not empty

nor a singleton, repeat the process for Q3, . . . ,Qk, until finding an empty set or a singleton

set.

2.4.2 Mixed-integer Formulations

In most of the extant literature, the problem of detecting critical edges is modeled

as a graph interdiction problem (e.g., Israeli and Wood, 2002; Lim and Smith, 2007;

Wollmer, 1964; Wood, 1993). A graph interdiction problem can be seen as a single-stage
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static Stackelberg game between a leader and a follower (Simaan and Cruz, 1973), where

the leader attempts to interdict a set of graph elements, in an effort to optimally restrict

the ability of the follower to use the graph. For example, the leader may try to increase

the cost that the follower perceives while traversing the graph or to decrease the graph

capacity for shipping commodities. In contrast, the follower objective is either to minimize

the total cost of using the graph, or to maximize the amount of commodities shipped.

From the point of view of the critical element detection, the critical elements are then the

elements that were optimally interdicted by the leader. i.e., the elements whose deletion

resulted in the maximum increase of the shortest paths used by the follower, or in the

maximum decrease of the flow capacity of the graph.

An example of a graph interdiction formulation where the objective is to maximize

the shortest path between two given vertices s and t can be described as follows.

Assuming that G is a directed graph, let ce be the cost associated with traversing edge

e ∈ E. Let set FS(i) and RS(i) be the forward- and reverse-stars of vertex i, respectively.

Let ye be a binary variable that takes the value of one if the follower uses edge e, and zero

otherwise. Let xe be a binary variable that takes the value of one if the leader interdicts

edge e, and zero otherwise. The mathematical formulation follows:

maxmin
∑
e∈E

ceye (2–18)

s.t.
∑

e∈FS(i)

ye −
∑

e∈RS(i)

ye =


1, i = s

0, ∀i ∈ V \ {s, t}

−1, i = t

(2–19)

ye ≤ 1− xe, ∀e ∈ E (2–20)∑
e∈E

xe ≤ b (2–21)

ye ∈ {0, 1}, ∀e ∈ E (2–22)

xe ∈ {0, 1}, ∀e ∈ E, (2–23)
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where the objective function (2–18) maximizes the shortest path used by the follower,

constraints (2–19) enforce the flow balance conditions, constraints (2–20) ensures that

the follower does not use an edge that has been interdicted, constraint (2–21) defines the

interdiction budget, and constraints (2–22)–(2–23) define the domain of the variables.

One of the approaches that is commonly used to solve this problems is to reformulate the

model by replacing the inner problem (i.e., the followers problem) by its dual version. The

result is a bilinear maximization problem that can be solved via standard linearization

techniques.

A path-based mathematical formulation for the critical edge detection problem

was introduced by Myung and joon Kim (2004). In this paper, the authors used as the

connectivity measure total weight of the vertex pairwise connections. For this formulation,

a parameter cij is defined as the weight of the connection between any pair of vertices i

and j in V . P ij is defined as the set of all possible paths connecting the pair of vertices

(i, j). Furthermore, yij is a binary variable that takes the value of one if vertices i and

j, are not connected and zero otherwise, and variable xe is a binary variable that takes

the value of one if edge e is not deleted in the optimal solution, and zero otherwise. The

mathematical formulation follows:

max
∑
i∈V

cijyij (2–24)

s.t.
∑
e∈E

xe ≤ b, ∀i ∈ V (2–25)

∑
e∈P

xe ≥ yij, ∀i, j ∈ V, P ∈ P ij (2–26)

xe ∈ {0, 1}, ∀e ∈ E (2–27)

yij ∈ {0, 1}, ∀i, j ∈ V, (2–28)

where the objective function (2–24) maximizes the weighted sum of pairwise connections

that are disrupted, constraint (2–25) ensures that no more than b edges are deleted,
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constraints (2–26) ensure that if there is a path between vertices i and j, variable yij = 0.

Finally constraints (2–27)–(2–28) define the domain of the variables. An alternative

formulation regarding the critical edge detection problem in this context can be found in

Matisziw and Murray (2009).

2.4.3 Approximation Algorithms

Dinh et al. (2011), presented an approximation algorithm for detecting critical

edges. The authors propose to minimize the number of edges that must be removed in

order to achieve a disruption level in the number of the residual connected vertex-pairs.

The authors provide a proof of the NP-completeness of this problem by a reduction

from the balanced cut problem Garey et al. (1976). Finally, they propose a O(log1.5 n)

pseudo-approximation scheme.
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CHAPTER 3
IDENTIFYING CRITICAL EDGES FOR BLOCKING DOMINATING SETS

In this chapter we present the problem of identifying a subset of critical edges of

minimum cardinality in a weighted undirected graph so that the weight of any dominating

set in the remaining graph is bounded below by a given integer r. A dominating set is

a subset of vertices such that any vertex in the graph either belongs to this subset or is

adjacent to a vertex in this subset. Consequently, a minimum weighted dominating set is

a subset of vertices of minimum weight. Dominating sets are among the earliest concepts

studied in graph theory and are used in a wide variety of graph-based applications such as

communication, location allocation and coding theory. The motivation for the problem is

the practical need of evaluating robustness and vulnerability of any given graph in terms

of preserving the size of the smallest dominating set while its edges are being eliminated.

As mentioned in Section 2.2, in the related literature, this kind of problems are often

referred to as minimum edge blocker problems. For this reason we will name this problem

the minimum edge blocker dominating set problem (EBDP).

3.1 Problem Definition

Given a simple nonempty graph G = (V,E) with weights on its vertices, let V =

{1, 2, ..., n}, |E| = m, and vector w = [wi] (i = 1, ..., n) represent the weights of all

vertices i ∈ V . For a vertex i ∈ V , let NG(i) denote the set of vertices adjacent to i in G

(neighborhood of i in G) and δG(i) represent the set of edges incident to i in G. Given a

set D ⊂ V and a vertex i ∈ V \ D, let ∆G(D, i) = δG(i) ∩ (
∪

j∈D δG(j)) denote the set of

edges connecting vertex i to any vertex of set D. Furthermore, for a given a set D ⊆ V , let

W (D) =
∑

i∈D wi and EG(D) = E ∩ (D × (V \ D)). Note that W (∅) = 0. A dominating

set in G is a set D ⊆ V such that for any vertex i ∈ V \D, NG(i) ∩D ̸= ∅. Let ΩG denote

the set containing all dominating sets in graph G. A minimum weighted dominating set

in G with respect to the weight vector w is a dominating set D in G such that W (D) is

minimum. The weight of a minimum weighted dominating set in G with respect to w is

33



denoted by γw
G . If the weight of each vertex in V is one (i.e., if G is an unweighted graph),

the superscript w in γw
G is omitted for simplicity. In this case, γG is also referred to as the

domination number of G. Given a set S ⊆ E, let G⟨S⟩ denote the subgraph with vertex

set V and edge set S (equivalently, G⟨S⟩ = (V, S)).

The minimum edge blocker dominating set problem (EBDP) is defined as follows:

Given an integer r, find S ⊆ E such that γw
G⟨E\S⟩ ≥ r and |S| is minimum. Note that

vertices with negative weights are always included in any minimum weighted dominating

set. Similarly, vertices with zero weights are either in a minimum weighted dominating set

or can be added to one such set and result in an alternate minimum weighted dominating

set. Additionally, if there is an edge (i, j) ∈ E such that min{wi, wj} +W (V \ {i, j}) < r,

then any set S ⊆ E with γw
G⟨E\S⟩ ≥ r should contain edge (i, j). Finally, if W (V ) < r, then

EBDP is infeasible. To avoid these trivialities, the assumption in the remainder of this

paper is that wi > 0 for all i ∈ V , min{wi, wj} +W (V \ {i, j}) ≥ r for all (i, j) ∈ E, and

W (V ) ≥ r. Note that for r ≤ 0, S = ∅ is optimal and this problem is again trivial.

3.1.1 Related Problems

In the context of unweighted graphs, a closely related concept to the EBDP, and

arguably one of the most well-studied extensions of the dominating set problem, is

known as the bondage number of a graph. The bondage number of an unweighted graph

G is the smallest number of edges whose removal from G results in an increase of the

original domination number of G. The concept of bondage in graph theory was originally

introduced by Bauer et al. (1983), where it was initially presented as the domination

line-stability problem. The current name appeared first in the work of Fink et al. (1990),

where it was defined as a measure for evaluating robustness or vulnerability of graphs

under edge disruptions. Latter, in the work of Hu and Xu (2012), the authors showed that

the problem of determining the bondage number of a graph is NP-hard. For additional

information about the bondage number, we refer the reader to the survey provided by Xu

(2013).
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Despite apparent similarities between the bondage number and the EBDP on

unweighted graphs, these two concepts have major differences. First, the EBDP on

unweighted graphs not only deals with increasing the domination number, but also

increasing it up to a given threshold r. Moreover, it should be noted that the result

of using the sum of recursively calculated bondage numbers in order to increase the

domination number up to r may yield suboptimal solutions for the EBDP. We show this

with the following example. Consider the graph G = (V,E) illustrated in Figure 3-1A,

where V = {1, 2, 3, 4, 5} and E = {(1, 2), (2, 3), (2, 4), (2, 5), (3, 5), (4, 5)}, and assume

r = 3. In this figure, the vertices of the minimum dominating set of G are depicted

in solid black. Note that γG = 1, the bondage number of G is also 1, and (2, 4) is an

edge whose removal increases the domination number to 2 (Figure 3-1B). The bondage

number of G⟨E \ {(2, 4)}⟩ is 2 and one can remove edges (1, 2) and (4, 5) to increase the

domination number to 3 (Figure 3-1C). On the other hand, the optimal solution to EBDP

on G with r = 3 is 2 (S∗ = {(1, 2), (2, 5)}) (Figure 3-1D), which is strictly smaller than

the cumulative sum of the two previously found bondage numbers. It is also important to

note that, unlike the bondage number, the EBDP is defined in the framework of weighted

graphs, where increasing the weight of a minimum weighted dominating set to some

specific level is desired.

3.1.2 Applications in Wireless Networks and Related Areas

Similarly to other critical element detection problems, one of the most important

applications of the EBDP is in the context of network vulnerability assessment from both

the attack- and defense-perspectives. Particularly, the weight of the minimum weighted

dominating set is an important characteristic of real-world networks in different scenarios,

such as the analysis of wireless (Cheng et al., 2003; Ding et al., 2011; Li et al., 2005)

and social (Zhu et al., 2010) networks. For instance, when maintaining and operating

a wireless-communication network, assuming that the weights of the vertices represent

the cost of accessing a given terminal (i.e., a vertex), a minimum weighted dominating
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Figure 3-1. Comparison between the optimal solution of the EBDP and the solution
obtained by consecutive calculations of the bondage number in a graph

set represent a cost-efficient way of reaching and communicating with all the vertices

of the network. From an attacker perspective, the objective is to delete (i.e., disable) a

set of edges (i.e., connections) in order to increase the costs the operator would incur

when connecting with the terminals of the residual network. Consequently, from the

defender’s perspective, one would be interested in finding which of such connections must

be reinforced or protected.

In the context of social network analysis, assume that we are interested in developing

a marketing campaign over a social network. Clearly, if the weight assigned to each

member (i.e., vertex) in the social network represents the cost of hiring such a member

to work for the campaign, hiring members of a minimum weighted dominating set can

significantly reduce the cost of implementing such campaign. Solving the EBDP can help

to either improve or disrupt the final reach and quality of the campaign over the social

network.
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3.2 Computational Complexity

Intuitively, assuming that the desired threshold r is given as part of the instance,

it is easy to see that the decision version of the of the corresponding unweighted EBDP

is NP-hard. Suppose that we are asked to find if there exists a set of c edges such that

when removed the domination number of the input graph G becomes larger than r. Note

that for c = 0, the resulting problem corresponds to the decision version of the minimum

dominating set, which is known to be NP-complete (Garey and Johnson, 1990). This

result is somehow expected because of the similarity between the unweighted version of the

EBDP and the bondage problem. Interestingly enough, there is a stronger result about the

complexity of the general version of the EBDP.

Formally, for any fixed integer r ≥ 1, the decision version of EBDP (denoted by

< G,w, c >) is given by a simple nonempty graph G = (V,E) with positive weights w on

its vertices and an integer c ≥ 0, and we ask if there exists a set S ⊆ E such that |S| ≤ c

and γw
G⟨E\S⟩ ≥ r.

Theorem 3.1. The decision version of EBDP is NP-hard for any fixed integer r ≥ 1.

Proof. The intractability of EBDP is proved by a polynomial-time reduction from the

minimum dominating set problem. Given a simple nonempty graph G = (V,E) and an

integer q > 0, the decision version of the minimum dominating set problem (denoted by

< G, q >) is defined as follows. Is there a dominating set of size at most q in G? For any a

such minimum dominating set decision problem < G, q >, we replicate graph G and assign

a positive weight of r/(q + 1) to each vertex of this graph. Let us denote this new graph

by Ĝ = (V̂ , Ê) and the vector containing all weights on its vertices by ŵ = [ŵi], where

ŵi = r/(q + 1) for all i ∈ {1, ..., n}. This procedure constructs in polynomial time an

instance < Ĝ, ŵ, 0 > of EBDP such that there exists a dominating set of size at most q in

G, if and only if, there does not exist a set S ⊆ Ê with |S| ≤ 0 such that γŵ
Ĝ⟨E\S⟩ ≥ r.

Note that the only set S ⊆ Ê with |S| ≤ 0 is the empty set (S = ∅). To prove

necessity in the above statement, suppose there is a dominating set D of size at most q
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in G. Since |D| ≤ q, then |D|r/(q + 1) ≤ qr/(q + 1) < r and γŵ
Ĝ⟨E\∅⟩ < r. Thus, there

does not exist a set S ⊆ Ê of size at most 0 such that γŵ
Ĝ⟨E\S⟩ ≥ r. To prove sufficiency,

suppose there is no set S ⊆ Ê of size at most 0 such that γŵ
Ĝ⟨E\S⟩ ≥ r. So γŵ

Ĝ⟨E\∅⟩ < r.

Since γŵ
Ĝ⟨E\∅⟩ = γŵ

Ĝ
= γG(r/(q + 1)), then γG < q + 1 and there is a dominating set of size

at most q in G.

Theorem 3.1 proves that the decision version of the EBDP remains NP-hard

independently of the value of r, as long as it is bigger than 1.

3.3 Formulations for the Unweighted Case

We first introduce the proposed formulations for the unweighted version of the EBDP.

To avoid using longer names, or worse, introducing unnecessary acronyms, in this section

we will use EBDP in reference to the unweighted version, unless additional clarification is

required. Thus, we will assume that wi = 1 for all i ∈ V and hence W (D) = |D| for any

set D ⊆ V .

3.3.1 Initial Formulation

Given any subset of edges S ⊆ E and any dominating set D ⊆ V we can define

variables x and z as follows:

xe =

 1, if e ∈ S

0, otherwise

and

zDi =

 1, if for i ∈ V \D, NG⟨E\S⟩(i) ∩D = ∅

0, otherwise.

In other words, x = [x1, . . . , xm] ∈ {0, 1}m represents the incidence vector associated

with set S, and vector zD represents the incidence vector of the vertices in V \D that will

become disconnected from D if set S is removed from G.

Proposition 3.1 presents an interesting result which can be used to develop our first

valid formulation.
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Proposition 3.1. Given a set S ⊆ E and an integer r ≥ 1, S is a feasible solution for

the EBDP, if and only if, for any dominating set D ∈ ΩG, the following conditions are

satisfied:

|D|+
∑

i∈V \D

zDi ≥ r (3–1)

zDi ≤ xe, ∀i ∈ V \D, e ∈ ∆G(D, i) (3–2)

zDi ≥ 1−
∑

e∈∆G(D,i)

(1− xe), ∀i ∈ V \D. (3–3)

Proof. To prove sufficiency, assume that the above conditions are satisfied for all

dominating sets in G and S is not a feasible solution of the EBDP. Since S is not feasible,

there must exists a dominating set D ∈ ΩG with |D| < r such that D ∈ ΩG⟨E\S⟩. However,

note that condition (3–1) guarantees that there must be at least r − |D| vertices in V \D

for which the corresponding variables zDi are equal to one. Furthermore, conditions (3–2)

and (3–3) ensure that if zDi = 1, then ∆G(D, i) ⊆ S. This implies that in graph G⟨E \ S⟩

there are at least r−|D| vertices in V \D that are disconnected from D, which contradicts

the fact that D is a dominating set in G⟨E \ S⟩.

To prove necessity, suppose that S is a feasible solution for the EBDP and there

exists a set D ∈ ΩG for which the above conditions are violated. Given the corresponding

incidence vector x of set S, we will prove that it is possible to find values for variables

zD such that that the above system is satisfied. Clearly, |D| < r, otherwise finding such

values is trivial. Now, since S is feasible, D /∈ ΩG⟨E\S⟩. Thus, there are at least r − |D| > 0

vertices in V \ D which are disconnected from D. We can use this information to find

the values of zD as follows. If a vertex is disconnected from D in G⟨E \ S⟩, we give the

respective variable zDi the value of one, otherwise we give the variable the value of zero. It

is easy to see that this solution satisfies conditions (3–1)-(3–3), a contradiction.
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Proposition 3.1 gives a valid characterization of the feasible solutions for the EBDP.

We can use this result to present the following formulation.

min
∑
e∈E

xe (3–4)

s.t.
∑

i∈V \D

zDi ≥ r − |D|, ∀D ∈ ΩG (3–5)

zDi ≤ xe, ∀D ∈ ΩG, i ∈ V \D, e ∈ ∆G(D, i) (3–6)

zDi ≥ 1−
∑

e∈∆G(D,i)

(1− xe), ∀i ∈ V \D (3–7)

xe ∈ {0, 1}, ∀e ∈ E (3–8)

zDi ∈ {0, 1}, ∀D ∈ ΩG, i ∈ V \D. (3–9)

Note that constraints (3–7) can be omitted without affecting the optimal objective

of the problem. This is because the objective consist of minimizing the sum of the x

variables. Moreover, it is easy to show that if the constraints that force variables zDi to

be binary are replaced by zDi ≥ 0, for all D ∈ ΩG, i ∈ V \ D (Constraints (3–9)), it is

always possible to transform any fractional solution into an integer solution having the

same objective value. These facts are shown in Propositions 3.2 and 3.3.

Proposition 3.2. When solving the EBDP for any given graph G = (V,E) and any

integer 1 < r ≤ |V |, the optimal objective of formulation (3–4)-(3–9) is not affected if

constraints (3–7) are omitted.

Proof. To prove this, we argue that every optimal solution that violates constraints (3–7)

can be transformed into a solution with the same objective that satisfies (3–7). Assume

(x, z) is one of such solutions. Let z̄Di = mine∈∆G(D,i){xe}, for all D ∈ ΩG and i ∈ V \ D.

Clearly, solution (x, z̄) satisfies (3–5)-(3–9) and has the same objective value.

Proposition 3.3. When solving the EBDP for any given graph G = (V,E) and any

integer 1 < r ≤ |V | using formulation (3–4)-(3–9) without constraints (3–7), any fractional

solution can be transformed into an integer solution having the same objective value.

40



Proof. Suppose we have a fractional solution (x, z). Similarly as before, let z̄Di =

mine∈∆G(D,i){xe}, for all D ∈ ΩG and i ∈ V \ D. Clearly, solution (x, z̄) is integral

and satisfies all constraints (3–5)-(3–9) and since x is the same, it has the same objective

value.

Based on the results from Propositions 3.2 and 3.3, the following is a valid mixed-integer

formulation.

min
∑
e∈E

xe (3–10)

s.t.
∑

i∈V \D

zDi ≥ r − |D|, ∀D ∈ ΩG (3–11)

zDi ≤ xe, ∀i ∈ V \D, e ∈ ∆G(D, i) (3–12)

xe ∈ {0, 1}, ∀e ∈ E (3–13)

zDi ≥ 0, ∀D ∈ ΩG, i ∈ V \D. (3–14)

One important issue about formulation (3–10)-(3–14) is the fact that, for each

dominating set D ∈ ΩG, we are required to introduce a variable zDi for each i ∈ V \ D

(i.e., a total of O(n|ΩG|) additional variables). Since the total number of dominating sets

on a graph can grow exponentially on the size of G, providing a complete description such

a model may be computationally prohibitive. Rather than solving this formulation, it is

possible to work with its projection onto the space of the x variables. In the following

section, we provide a full characterization of this projection.

3.3.2 Projected Formulation

Before we can present the proposed projection we require to introduce the following

definitions.
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Definition 1. Given a dominating set D ∈ ΩG, let P
D(G, r) be the set of solutions that

satisfy the following system:

∑
i∈V \D

zDi ≥ r − |D| (3–15)

zDi ≤ xe, ∀i ∈ V \D, e ∈ ∆G(D, i) (3–16)

0 ≤ xe ≤ 1, ∀e ∈ E (3–17)

zDi ≥ 0, ∀i ∈ V \D. (3–18)

Definition 2. Given a dominating set D ⊆ V , a set H ⊆ E is called a whip of D in graph

G, if and only if, H ⊆ EG(D) and |H ∩∆G(D, i)| = 1, for all i ∈ V \D. The set containing

all whips of D in graph G is denoted by ΦD
G .

Note that a dominating set might have more than one whip and a whip might be

associated with more than one dominating set. Figure 3-2 provides an example of two

different whips for the same dominating set.

1

2

3

4

5

A G(V,E)

1

2

3

4

5

B G(V,H1)

1

2

3

4

5

C G(V,H2)

Figure 3-2. Example of different whips for dominating set D = {1, 2}

Theorem 3.2. Given a graph G = (V,E) and an integer 1 < r ≤ |V |. For any dominating

set D ∈ ΩG, projx(P
D(G, r)) is defined by the following polyhedron:

∑
e∈H

xe ≥ r − |D|, ∀H ∈ ΦD
G (3–19)

0 ≤ xe ≤ 1, ∀e ∈ E. (3–20)
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In order to prove Theorem 3.2 we need the following results first.

Suppose we have a subset of edges S ⊆ E represented by its incidence vector x.

From Formulation (3–10)-(3–14) and Definition 1, it is easy to see that S is not a feasible

solution for the EBDP, if and only if, there exists a dominating set D ∈ ΩG for which the

following system has no solution. Consequently, if there is no such a dominating set, S is a

feasible solution for the EBDP.

∑
i∈V \D

zDi ≥ r − |D| (3–21)

zDi ≤ min
e∈∆G(D,i)

{xe}, ∀i ∈ V \D (3–22)

zDi ≥ 0, ∀i ∈ V \D. (3–23)

By the Farkas’ Lemma, there exists a solution for system (3–23)-(3–21), if and only if,

there is no vector [α βββ]⊤ ∈ R|V \D|+1, where βββ = [βi], for all i ∈ V \ D that satisfies the

following system.

(r − |D|)α−
∑

i∈V \D

min
e∈∆G(D,i)

{xe}βi > 0 (3–24)

α− βi ≤ 0, ∀i ∈ V \D (3–25)

α ≥ 0 (3–26)

βi ≥ 0, ∀i ∈ V \D (3–27)

We now provide the required conditions for which system (3–24)-(3–25) is infeasible.

Let QD(G) be the polyhedral cone described by (3–25)–(3–27) and R be the set of

its extreme rays. Clearly, if the following condition is satisfied for all [α βββ]⊤ ∈ R,

(3–24)–(3–27) is infeasible and thus, (3–21)–(3–23) has a solution.

(r − |D|)α−
∑

i∈V \D

min
e∈∆G(D,i)

{xe}βi ≤ 0 (3–28)
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Let 1 be the vector of size |V \D| with all components equal to one and 1i be the i-th

unit vector whose i-th component is one.

Lemma 1. The set of extreme rays R of cone QD(G) is given by:

R = {[0 1i]
⊤ : i ∈ V \D} ∪ {[1 1]⊤} (3–29)

Proof. It is easy to see that the set of extreme rays R can be characterized by the set of

extreme points of the following polytope, referred to as Q̄D(G).

α+
∑

i∈V \D

βi = 1 (3–30)

α− βi ≤ 0, ∀i ∈ V \D (3–31)

α ≥ 0 (3–32)

βi ≥ 0, ∀i ∈ V \D. (3–33)

Essentially, since QD(G) ⊆ R|V \D|+1
+ , equation (3–30) acts as a normalization constraint.

Thus, any positive multiple of a feasible solution of Q̄D(G) corresponds to a feasible ray of

QD(G). To prove the proposed lemma, it suffices to show that every solution [α βββ]⊤ ∈

Q̄D(G) can be produced as a convex combination of the vector set {[0 1i]
⊤ : i ∈

V \D} ∪ {1/(|V \D|+1)[1 1]⊤}. For this proof, we divide all feasible solutions of Q̄D(G)

in two sets. First, consider the set of solutions of the form [0 βββ]⊤ (i.e., solutions for which

α = 0). Clearly, for a solution of this kind to be in Q̄D(G), from (3–30), it is required that∑
i∈V \D βi = 1. Hence, such a solution can be written as [0 βββ]⊤ =

∑
i∈V \D βi[0 1i]

⊤. For

the second set of solutions (α > 0), form (3–30) and (3–31), any feasible solution requires

βi ≥ α for all i ∈ V \D and α +
∑

i∈V \D βi = 1. Let β̄i = βi − α for all i ∈ V \D. From

(3–30) we have that α+
∑

i∈V \D βi = α(|V \D|+1)+
∑

i∈V \D β̄i = 1. Thus, it is easy to see

that any solution [α βββ]⊤ can be written as [α βββ]⊤ = α[1 1]⊤ +
∑

i∈V \D β̄i[0 1i]
⊤.

Using the result from Lemma 1, we are now in position to prove Theorem 3.2.
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Proof of Theorem 3.2. After introducing the extreme rays of cone QD(G) in the feasibility

condition given by (3–28) we obtain:

min
e∈∆G(D,i)

{xe} ≥ 0, ∀i ∈ V \D (3–34)∑
i∈V \D

min
e∈∆G(D,i)

{xe} ≥ r − |D|. (3–35)

Clearly, inequalities (3–34) are implied by the trivial bounds of x. Now, note that since

inequalities (3–35) are satisfied by mine∈∆G(D,i){xe}, they are satisfied by all xe for

e ∈ ∆G(D, i) and i ∈ V \ D. Furthermore, for every vertex i ∈ V \ D, the summation in

(3–35) contains exactly one variable xe associated with the edges in ∆G(D, i). Therefore,

expression (3–35) can be described in terms of all the whips in ΦD
G . In other words, (3–35)

is equivalent to

∑
e∈H

xe ≥ r − |D|, ∀H ∈ ΦD
G , (3–36)

proving the result.

Corollary 1. Given a graph G = (V,E) and an integer 1 < r ≤ |V |, the following is a

valid formulation for the EBDP:

min
∑
e∈E

xe (3–37)

∑
e∈H

xe ≥ r − |D|, ∀D ∈ ΩG, H ∈ ΦD
G (3–38)

xe ∈ {0, 1}, ∀e ∈ E. (3–39)

3.4 Formulations for the Weighted Case

In this section we will extend the previous results to the weighted case of the EBDP.
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3.4.1 Projected Formulation for the Weighted case

Similarly as before, it is easy to see that the following is a valid mixed-integer

formulation for the EBDP:

min
∑
e∈E

xe (3–40)

s.t.
∑

i∈V \D

wiz
D
i ≥ r −W (D), ∀D ∈ ΩG (3–41)

zDi ≤ xe, ∀i ∈ V \D, e ∈ ∆G(D, i) (3–42)

xe ∈ {0, 1}, ∀e ∈ E (3–43)

zDi ≥ 0, ∀D ∈ ΩG, i ∈ V \D, (3–44)

whose projected formulation is

min
∑
e∈E

xe (3–45)

∑
e∈H

w(e)xe ≥ r −W (D), ∀D ∈ ΩG, H ∈ ΦD
G (3–46)

xe ∈ {0, 1}, ∀e ∈ E, (3–47)

and where w(e) = wi is the weight of the vertex i that is the endpoint of e in V \D.

In spite of (3–45)-(3–47) being a valid formulation, we will show that it is possible

to obtain a different and rather tighter formulation that also generalizes formulation

(3–37)-(3–39).

3.4.2 A Generalization of the Projected Formulation

Before introducing this general formulation, we are required to define notation κ(D, r)

for any set D ⊆ V and integer r.

Definition 3. For any set D ⊆ V and integer r, the integer κ(D, r) is the minimum

cardinality of a set D′ ⊆ (V \D) such that W (D ∪D′) ≥ r.

Algorithm 1 presents a greedy procedure to calculate κ(D, r) for any given set

D ⊆ V and integer r. This algorithm adds vertices of set V \ D to set D in decreasing
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order of their weights until the sum of the weights over all vertices in D gets larger than

r. At termination of this procedure, the number of vertices added to D is κ(D, r). A

worst-case running time for this algorithm and the proof of its correctness are presented in

Proposition 3.4.

Algorithm 1 findKappa(G,w,D,r)

1: if W (D) ≥ r then
2: return κ(D, r) = 0.
3: end if
4: Sort vertices in V \D in decreasing order of their weights.
5: k ← 1
6: D′ ← {tk}. {where tk denote the k-th vertex}.
7: while W (D) +W (D′) < r do
8: k ← k + 1
9: D′ ← (D′ ∪ {tk}).
10: end while
11: return κ(D, r) = k.

Proposition 3.4. Given a set D ⊆ V and an integer r, the worst-case running time for

Algorithm 1 is O(n log n), and this algorithm returns the correct value of integer κ(D, r).

Proof. Algorithm 1 either terminates in one iteration (in Step 2) or terminates after

executing the while loop in Steps 7 to 10. In the second case, since |V \ D| < ∞ and

W (V ) ≥ r, then this algorithm again terminates in a finite number of iterations. A

worst-case running time for this algorithm can be obtained as follows: In Step 2, W (V )

and W (D) are calculated in O(n). In Step 4, sorting elements of V \ D can be done in

O(n log n) operations. The while-loop (Steps 7-10) has an O(n) worst-case running time.

Therefore, the worst-case running time for Algorithm 1 is O(n log n).

The correctness of Algorithm 1 in case of termination in Step 2 is trivial. Now,

suppose this algorithm does not terminate in Step 2. The number of vertices in set D′ at

termination of Algorithm 1 (which is equal to integer k at termination of this algorithm) is

equal to κ(D, r). To show this, let v(j) (j = 1, ..., k) represent the vertex added to set D′

during the j-th iteration of this algorithm. We know κ(D, r) ≤ k. Suppose κ(D, r) < k.

Therefore, there exists a set D1 ⊆ (V \ D) with |D1| < k such that W (D ∪ D1) ≥ r.
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Define set D2 = {v(j) : 1 ≤ j ≤ |D1|}. Since W (D ∪ D2) < r and W (D ∪ D1) ≥ r, then

W (D1) > W (D2). Due to the fact that |D1| = |D2| and W (D1) > W (D2), there exists a

vertex v ∈ (D1 \ D2) such that wv > min{wi : i ∈ D2}. This means wv > wv(|D1|) , which

contradicts with v(|D
1|) being the vertex added to set D′ during the |D1|-th iteration of

Algorithm 1. Therefore, κ(D, r) = k.

Using notation κ(·, r), Proposition 3.5 presents an analytical lower bound for the

cardinality of an optimal solution to EBDP.

Proposition 3.5. Let D be a dominating set in graph G and z∗ denote the cardinality of

any optimal solution to EBDP in graph G. Then z∗ ≥ κ(D, r).

Proof. Suppose z∗ < κ(D, r) for some dominating set D ⊆ V and let S∗ denote an

optimal solution to EBDP. Let D′ = {i ∈ V \ D : NG⟨E\S∗⟩(i) ∩ D = ∅}. Since S∗

is a feasible solution to EBDP, then D′ ̸= ∅. On the other hand, since z∗ < κ(D, r),

then |D′| < κ(D, r). Now, D ∪ D′ is a dominating set in G⟨E \ S∗⟩. Additionally, since

|D′| < κ(D, r), then W (D ∪D′) < r. This contradicts with feasibility of S∗.

Proposition 3.6. A set S ⊆ E is a feasible solution to EBDP, if and only if,

∑
e∈H

xe ≥ κ(D, r), ∀D ∈ ΩG, H ∈ ΦD
G , (3–48)

Proof. To show necessity, suppose that S ⊆ E is a feasible solution to EBDP, but there

exists a dominating set D̄ ∈ ΩG that has a whip H̄ ∈ ΦD̄
G for which

∑
e∈H̄ xe < κ(D̄, r).

This means that |S ∩ H̄| < κ(D̄, r). Let D̂ denote the set containing all isolated vertices

in G⟨H̄ \ S⟩ that belong to V \ D̄. Note that |D̂| = |S ∩ H̄| < κ(D̄, r) and hence,

W (D̄ ∪ D̂) < r. Since D̄ ∪ D̂ is a dominating set in G⟨E \ S⟩, this contradicts with

feasibility of S.

To show sufficiency, suppose
∑

e∈H xe ≥ κ(D, r) for all D ∈ ΩG and H ∈ ΦD
G but S

is not a feasible solution to EBDP. So, there exists a dominating set D̄ in G⟨E \ S⟩ with

W (D̄) < r. Consider an arbitrary whip H̄ ∈ ΦD̄
G⟨E\S⟩. We know that

∑
e∈H̄ xe = 0 and
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κ(D̄, r) ≥ 1, so
∑

e∈H̄ xe < κ(D̄, r). Since D̄ ∈ ΩG and H̄ ∈ ΦD̄
G , this contradicts with∑

e∈H xe ≥ κ(D, r) for all D ∈ ΩG and H ∈ ΦD
G .

Remark 1. Given a graph G = (V,E) and vector w = [wi] (i = 1, ..., n) such that wi = 1

for all i ∈ V , κ(D, r) = r − |D|.

From proposition 3.6, we can obtain the following valid formulation for the EBDS:

min
∑
e∈E

xe (3–49)

s.t.
∑
e∈H

xe ≥ κ(D, r), ∀D ∈ ΩG, H ∈ ΦD
G (3–50)

xe ∈ {0, 1}, ∀e ∈ E, (3–51)

which, as mentioned before, generalizes formulation (3–37)-(3–39).

Remark 2. A given inequality (3–48) associated with a dominating set D ∈ ΩG and a

whip H ∈ ΦD
G is referred to as “whip inequality” of dominating set D and its whip H’ and

is denoted by “(D,H)-inequality”.

It turns out that the result of Proposition 3.6 can be further simplified by removing

a set of redundant whip inequalities from this characterization. To specify this set of

redundant whip inequalities, we need to provide the following definitions.

Definition 4. Given an integer r, let ΩG(r) denote the set containing all dominating sets

D in graph G such that κ(D, r) > κ(D ∪ {d}, r), where d is the vertex with minimum

weight in V \D. Note that V ̸∈ ΩG(r).

Definition 5. Given a dominating set D ⊆ V and an integer r, let ΦD
G(r) denote the set

containing all whips H of D in graph G that satisfy the following conditions:

(i) For any vertex i ∈ D \ (∪j∈V \DNG⟨H⟩(j)), either (D \ {i}) ̸∈ ΩG or κ(D \ {i}, r) =

κ(D, r).

(ii) For any edge e ∈ EG(D) \H, either |NG⟨H⟩(a
e)|+ |NG⟨H⟩(c

e)| ≥ 2 or κ((D \ {ae, ce})∪

{be}, r) ≤ κ(D, r), where ae is the endpoint of e in D, be is the endpoint of e in

V \D, and ce is the unique neighbor of be in G⟨H⟩.
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Using Definitions 4 and 5, the following theorem identifies a set of redundant whip

inequalities in the characterization presented in Proposition 3.6.

Theorem 3.3. Given a whip H̃ ∈ (∪D∈ΩG
ΦD

G) \ (∪D∈ΩG(r)Φ
D
G(r)) and a dominating set

D̃ ∈ ΩG such that H̃ ∈ ΦD̃
G , the (D̃, H̃)-inequality used in Proposition 3.6 to characterize

the set of feasible solutions to EBDP is redundant in presence of all (D,H)-inequalities in

which D ∈ ΩG(r) and H ∈ ΦD
G(r), and may be removed from this characterization.

To prove this theorem, we first need to devise a procedure that transforms a

dominating set D̃ ∈ ΩG and a whip H̃ ∈ ΦD̃
G to a dominating set D ∈ ΩG(r) and

a whip H ∈ ΦD
G(r). One such procedure is presented by Algorithm 2 (which will also

be referred to as Proc(G(V,E),w, r, D̃, H̃)). This algorithm starts by letting D = D̃

and H = H̃, and then recursively adding vertices with minimum weight in set V \ D

to set D while removing the edges incident to them from whip H until the condition of

Definition 4 holds for D. Then, all vertices in D\(∪j∈V \DNG⟨H⟩(j)) for which Condition (i)

of Definition 5 is violated are recursively removed from D while arbitrary edges in EG(D)

that are incident to them (one edge for each vertex being removed) are added to whip H.

Finally, each edge e in EG(D) \ H that violates Condition (ii) of Definition 5 is added to

whip H while ae and ce are removed from D and be is added to this set (ae, be and ce are

the vertices defined in Definition 5). This whole process is repeated until D ∈ ΩG(r) and

H ∈ ΦD
G(r).

Proposition 3.7 shows that Algorithm 2 terminates in polynomial time.

Proposition 3.7. The worst case running time for Algorithm 2 is O(n3 +mn2).

Proof. Let us refer to while loops in Lines 3-30, 4-14, 15-21 and 22-29 as main loop, loop

1, loop 2 and loop 3, respectively. Before executing Line 2, we also store D and H as two

boolean arrays of sizes n and m, respectively. By using such arrays, checking membership

of a vertex in D or an edge in H can be done in constant time. Constructing these arrays

takes O(n) + O(m). Moreover, we sort the elements of V \ D in decreasing order of their

weights and calculate κ(D, r), which can be done in O(n log n). During the execution of
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Line 2, we generate D′ and G⟨H⟩ by traversing H. Since |H| is O(n), then these can also

be done in O(n). We store D′ as a boolean array as well. The following shows a worst-case

running time for each iteration of the main loop.

While executing Line 3 of Algorithm 2, condition of Definition 4 can be checked in

O(1), Condition (i) of Definition 5 can be verified in O(n(n + 1)) = O(n2) (for each

i ∈ D′, finding if (D \ {i}) ∈ ΩG takes O(n) by checking if i has a neighbor in D; placing

i in V \ D while keeping this set sorted in decreasing order of its elements weights can

be done in O(n); and verifying if κ(D \ {i}, r) = κ(D, r) takes O(1)), and Condition

(ii) of Definition 5 can be checked in O(m(n + 1)) = O(mn) (for each edge e, finding if

e ∈ EG(D) \ H can be done in O(1); getting ae, be, and ce takes O(1); placing ae and ce

in V \ D while keeping this set sorted in decreasing order of its elements weights can be

done in O(n); and verifying if κ((D \ {ae, ce}) ∪ {be}, r) = κ(D, r) takes O(1)). Loop 1

terminates in O(n), Loop 2 will terminate in O(n2), and a worst-case running time for

loop 3 is O(mn). So, a worst-case running time for each iteration of the main loop is

O(n2 +mn).

If in an iteration of the main loop, none of loops 2 and 3 are executed, then we refer

to that iteration as type A; otherwise, that iteration is referred to as type B. Note that

after an iteration of type A, Algorithm 2 terminates. Hence, Algorithm 2 terminates

either after a series of iterations of type B, or after a series of iterations of type B and

one iteration of type A (this case contains the scenario in which this algorithm terminates

after one iteration that is of type A). Let nB denote the total number of iterations of type

B of the main loop at the beginning of Algorithm 2. Note that set D obtained after an

iteration of type B has larger κ(�, r) compared to the set D used at the beginning of that

iteration. Since κ(., r) is O(n), then nB is O(n). Therefore, the total number of iterations

of the main loop is O(n+ 1) = O(n). Finally, a worst case running time for Algorithm 2 is

O(n(n2 +mn)) = O(n3 +mn2).
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Algorithm 2 UpdateCut(G(V,E), w, r, D̃, H̃)

1: D ← D̃ and H ← H̃.
2: D′ ← D \ (∪j∈V \DNG⟨H⟩(j)).
3: while D ̸∈ ΩG(r) or H ̸∈ ΦD

G(r) do
4: while D ̸∈ ΩG(r) (Checking the condition of Definition 4) do
5: Let d denote a vertex with minimum weight in V \D.
6: D ← (D ∪ {d}).
7: Let (d′, d) denote the unique edge in H that is incident to d.
8: H ← (H \ {(d′, d)}).
9: if NG⟨H⟩(d

′) = ∅ then
10: D′ ← (D′ ∪ {d′, d}).
11: else
12: D′ ← (D′ ∪ {d}).
13: end if
14: end while
15: while ∃i ∈ D′ : Condition (i) in Definition 5 is violated for i do
16: D ← (D \ {i}), D′ ← (D′ \ {i}).
17: Let ei denote an arbitrary edge in EG(D) that is incident to i.
18: H ← (H ∪ {ei}).
19: Let j denote the vertex in D that is incident to ei.
20: D′ ← (D′ \ {j})
21: end while
22: while ∃e ∈ EG(D) \H : Condition (ii) in Definition 5 is violated for e do
23: Let ae denote the endpoint of e in D.
24: Let be denote the endpoint of e in V \D.
25: Let ce denote the unique neighbor of be in G⟨H⟩.
26: D ← (D \ {ae, ce}) ∪ {be}.
27: D′ ← (D′ \ {ae})
28: H ← (H ∪ {e}).
29: end while
30: end while
31: return D and H.

Proof of Theorem 3.3. Given a whip H̃ ∈ (∪D∈ΩG
ΦD

G) \ (∪D∈ΩG(r)Φ
D
G(r)) and a dominating

set D̃ ∈ ΩG such that H̃ ∈ ΦD̃
G , the (D,H)-inequality associated with the dominating

set D and whip H returned at termination of Algorithm 2 dominates (D̃, H̃)-inequality.

This can be shown as follows. After each iteration of loop 1, the left-hand side of the

whip inequality associated with dominating set D and whip H has one less variable

compared to the left-hand side of the whip inequality associated with these sets before

that iteration while the right-hand side of both inequalities are the same. Thus, the
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whip inequality associated with dominating set D and whip H obtained after each

iteration of loop 1 dominates the whip inequality associated with these sets before that

iteration. Similarly, after each iteration of loop 2 (or loop 3), the left-hand side of the whip

inequality associated with dominating set D and whip H has one more variable compared

to the left-hand side of the whip inequality associated with these sets before that iteration

while its right-hand side is also larger by one unit. This again means that the whip

inequality associated with dominating set D and whip H obtained after each iteration of

loop 2 (or loop 3) dominates the whip inequality associated with these sets before that

iteration. This shows that the (D,H)-inequality associated with the dominating set D

and whip H returned at termination of Algorithm 2 dominates (D̃, H̃)-inequality. So,

(D̃, H̃)-inequality may be removed from characterization of Proposition 3.6.

As a result of Theorem 3.3, Corollary 2 presents a more simplified characterization of

the set of feasible solutions to EBDP, and therefore, a simplified formulation.

Corollary 2. A set S ⊆ E is a feasible solution to EBDP if and only if

∑
e∈H

xe ≥ κ(D, r), ∀D ∈ ΩG(r), H ∈ ΦD
G(r). (3–52)

Furthermore, the following represents a valid formulation for the EBDP.

min
∑
e∈E

xe (3–53)

s.t.
∑
e∈H

xe ≥ κ(D, r), ∀D ∈ ΩG(r), H ∈ ΦD
G(r) (3–54)

xe ∈ {0, 1}, ∀e ∈ E. (3–55)

Remark 3. Whip inequalities of type (3–52) are referred to as “critical-whip inequalities”

in the remainder of this article.

3.5 Polyhedral Analysis of the Proposed Formulation

In this section, we study the convex hull of the incidence vectors of all feasible

solutions to EBDP in order to discover important properties of this polytope. These
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properties may be beneficial in the development of integer programming techniques to

solve EBDP. Let PG(r) denote the convex hull of the incidence vectors of all feasible

solutions to EBDP on G for a given integer r ≥ 1. Here, we show that PG(r) is a

full-dimensional polytope, the upper-bound constraint on each decision variable (xe ≤ 1,

for each edge e ∈ E) induces a facet of PG(r), and if the weight of each vertex in V is

the one (unweighted graphs), then each critical-whip inequality induces a facet of PG(r).

These results are presented in the following theorem.

Theorem 3.4. Given a simple nonempty graph G = (V,E) with weights w on its vertices

and an integer r, the following statements are true.

(a) PG(r) is a full-dimensional polytope.

(b) Given an edge e ∈ E, inequality xe ≤ 1 induces a facet of PG(r).

(c) For the unweighted case (w = 1), the (D,H)-inequality associated with a dominating

set D ∈ ΩG(r) and a whip H ∈ ΦD
G(r) induces a facet of PG(r), if and only if,

(c.1) E \H = ∅, or

(c.2) |V | ≥ r + 2.

(d) For the case of unweighted graphs (w = 1), inequality xe ≥ 0 for an edge e ∈ E

induces a facet of PG(r), if and only if,

(d.1) E \ {e} = ∅, or

(d.2) |V | ≥ r + 2.

Proof. (a) To show that PG(r) is a full-dimensional polytope, it is enough to show that

there are m + 1 affinely independent points in PG(r). Since min{wi, wj} + W (V \

{i, j}) ≥ r for all (i, j) ∈ E and W (V ) ≥ r, then sets E \ {e} for all e ∈ E along with

set E are feasible solutions to the corresponding EBDP. It can be easily verified that

the incidence vectors of these feasible solutions, which belong to PG(r), are affinely

independent. Hence, PG(r) is a full-dimensional polytope.
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(b) Given an edge e ∈ E, it is enough to show that the dimension of the face of PG(r)

induced by xe ≤ 1 is m− 1. The face of PG(r) induced by xe ≤ 1 is

Pe
G(r) = {x ∈ PG(r) : xe = 1}.

Note that the dimension of Pe
G(r) is at most m − 1. Hence, it is enough to show that

there are m affinely independent points in Pe
G(r). Since min{wi, wj}+W (V \{i, j}) ≥ r

for all (i, j) ∈ E and W (V ) ≥ r, then sets E \ {e′} for all e′ ∈ E \ {e} along with set E

are feasible solutions to the corresponding EBDP. The incidence vectors of these sets

are affinely independent and belong to Pe
G(r). Thus, the dimension of Pe

G(r) is m− 1.

(c) To show necessity, suppose the (D,H)-inequality associated with a dominating set

D ∈ ΩG(r) and a whip H ∈ ΦD
G(r) in an unweighted graph induces a facet of PG(r)

but E \H ̸= ∅ and |V | < r + 2. Since |V | ≥ r + 1 (min{wi, wj}+W (V \ {i, j}) ≥ r for

all (i, j) ∈ E), then |V | = r + 1 and |H| = κ(D, r) + 1.

The face of PG(r) induced by the (D,H)-inequality is

PD,H
G (r) = {x ∈ PG(r) :

∑
e∈H

xe = κ(D, r)}.

Here, since PD,H
G (r) is a facet of PG(r), then it is of dimension m − 1. Additionally,

since PG(r) is bounded, then PD,H
G (r) is a bounded polyhedron of dimension m − 1.

Claim 1 presents a lower bound on the number of extreme points of a bounded

polyhedron based on its dimension. The proof of Claim 1 is provided in the Appendix.

Claim 1. Given a bounded polyhedron P, we have n(P) ≥ dim(P) + 1, where n(P)

and dim(P) denote the number of extreme points of P and its dimension, respectively.

According to Claim 1, we have n(PD,H
G (r)) ≥ m. Note that all extreme points of

PD,H
G (r) are the incidence vectors of some feasible solutions to EBDP. Therefore, there

are at least m incidence vectors of feasible solutions to EBDP that belong to PD,H
G (r).

Let x0 denote the incidence vector of a feasible solution to EBDP that belongs to

PD,H
G (r). Since w = 1, |H| = κ(D, r) + 1 and

∑
e∈H x0

e = κ(D, r), then it can
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be easily verified that
∑

e∈E\H x0
e = |E \ H|. Therefore, the number of incidence

vectors of feasible solutions to EBDP that belong to PD,H
G (r) is |H|. Since |H| < m,

this contradicts with existence of at least m incidence vectors of feasible solutions to

EBDP that belong to PD,H
G (r).

To show sufficiency, it is enough to show that given an unweighted graph G, an integer

r ≥ 1, a dominating set D ∈ ΩG(r) and a whip H ∈ ΦD
G(r) that satisfy at least one

of conditions (c.1) or (c.2), the dimension of PD,H
G (r) is m − 1. Since the dimension of

PD,H
G (r) is at most m − 1, it is enough to show that there are m affinely independent

points in PD,H
G (r). Without loss of generality, assume the edges in H are numbered

from 1 to |H|. For each edge ε ∈ E, construct a set Iε as follows:

If ε ∈ H and 1 ≤ ε ≤ κ(D, r)− 1, then let

Iε = E \ ({κ(D, r) + 2, ..., |H|} ∪ {ε}).

If ε ∈ H and κ(D, r) ≤ ε ≤ |H|, then let

Iε = {ε} ∪ (E \ {κ(D, r), ..., |H|}).

If ε ∈ E \H, then first select a set Sε ⊆ H using the following approach. If ε ∈ E \H

and both endpoints of ε (denoted by aε and bε) belong to D, then |NG⟨H⟩(a
ε)| ≥ 1 and

|NG⟨H⟩(b
ε)| ≥ 1 because otherwise, Condition (i) of Definition 5 is not valid for D. In

this case, let e1 and e2 denote two arbitrary edges in H that are incident to aε and

bε, respectively. Select an arbitrary set Sε ⊆ (H \ {e1, e2}) such that |Sε| = κ(D, r)

(note that since condition (c.2) is valid, such a set Sε exists). If ε ∈ E \ H and only

one endpoint of ε belongs to D (suppose aε ∈ D and bε ∈ V \ D), then let d be an

arbitrary vertex in (NG⟨H⟩(a
ε) ∪ NG⟨H⟩(c

ε)) \ {bε}, where cε is the unique neighbor of

bε in G⟨H⟩. Note that vertex d exists because ε ∈ EG(D) \H and by Condition (ii) of

Definition 5, |NG⟨H⟩(a
ε)| + |NG⟨H⟩(c

ε)| ≥ 2. If d ∈ NG⟨H⟩(a
ε), then select an arbitrary

set Sε ⊆ (H \ {(aε, d), (bε, cε)}) such that |Sε| = κ(D, r); otherwise, select an arbitrary
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set Sε ⊆ (H \ {(cε, d), (bε, cε)}) with |Sε| = κ(D, r). Note that since condition (c.2) is

valid, such a set Sε exists in both cases. Finally, if ε ∈ E \H and both endpoints of ε

(denoted by aε and bε) belong to V \D, then let e1 and e2 denote the edges in H that

are incident to aε and bε, respectively. Select an arbitrary set Sε ⊆ (H \ {e1, e2}) such

that |Sε| = κ(D, r) (note that since condition (c.2) is valid, such a set Sε exists). After

selecting set Sε using the approach mentioned for any of these three cases, let

Iε = Sε ∪ (E \ (H ∪ {ε})).

Here, we show that for any edge ε ∈ E, set Iε is a feasible solution to EBDP. To

this aim, let D̂ denote the set containing all isolated vertices in G⟨E \ Iε⟩ that

belong to set V \ D. If ε ∈ H, then in G⟨E \ Iε⟩, there does not exist any pair

of vertices in D that belong to the same connected component. Additionally, we

have |D̂| = κ(D, r). Hence, γG⟨E\Iε⟩ ≥ |D| + κ(D, r) = r and set Iε is a feasible

solution to EBDP. If ε ∈ E \ H and at least one of its endpoints belongs to D,

then in G⟨E \ Iε⟩, there is exactly one pair of vertices in D that belong to the same

connected component (denoted by G̃). It can be easily verified that γG̃ ≥ 2. Since

|D̂| = κ(D, r), then γG⟨E\Iε⟩ ≥ (|D| − 2) + 2 + κ(D, r) = r and set Iε is a feasible

solution to EBDP. If ε ∈ E \ H and both endpoints of ε belong to V \ D, then

either there does not exist any pair of vertices in D that belong to the same connected

component or there is exactly one pair of vertices in D that belong to the same

connected component (denoted by G̃). For both cases, |D̂| = κ(D, r). For the first

case, γG⟨E\Iε⟩ ≥ |D| + κ(D, r) = r. In the second case, it can be verified that γG̃ ≥ 2

and hence, γG⟨E\Iε⟩ ≥ (|D| − 2) + 2 + κ(D, r) = r. Therefore, set Iε is again a feasible

solution to EBDP. This means for each ε ∈ E, the incidence vector of Iε (denoted by

xε) belongs to PG(r). Additionally,
∑

e∈H xε
e = κ(D, r) and hence, xε ∈ PD,H

G (r). It

can be easily verified that vectors xε for all ε ∈ E are affinely independent. So, the

dimension of PD,H
G (r) is m− 1.
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(d) To show necessity, suppose inequality xe ≥ 0 for an edge e ∈ E in an unweighted

graph induces a facet of PG(r) but E \ {e} ̸= ∅ and |V | < r + 2. Since |V | ≥ r + 1

(min{wi, wj}+W (V \ {i, j}) ≥ r for all (i, j) ∈ E), then |V | = r + 1.

The face of PG(r) induced by xe ≥ 0 is

Pe
G(r) = {x ∈ PG(r) : ze = 0}.

Here, since Pe
G(r) is a facet of PG(r), then it is of dimension m− 1. Additionally, since

PG(r) is bounded, then Pe
G(r) is a bounded polyhedron of dimension m− 1.

By Claim 1, we have n(Pe
G(r)) ≥ m. Note that all extreme points of Pe

G(r) are the

incidence vectors of some feasible solutions to EBDP. Therefore, there are at least m

incidence vectors of feasible solutions to EBDP that belong to Pe
G(r).

Let x1 denote the incidence vector of a feasible solution to EBDP that belongs to

Pe
G(r). Since w = 1, |V | = r + 1 and x1

e = 0, then it can be easily verified that∑
ε∈E\{e} x

1
ε = m − 1. Therefore, the number of incidence vectors of feasible solutions

to EBDP that belong to Pe
G(r) is one. Since 1 < m, this contradicts with existence of

at least m incidence vectors of feasible solutions to EBDP that belong to Pe
G(r).

To show sufficiency, it is enough to show that given an unweighted graph G, an integer

r ≥ 1 and an edge e ∈ E that satisfy at least one of conditions (d.1) or (d.2), the

dimension of Pe
G(r) is m − 1. Since the dimension of Pe

G(r) is at most m − 1, it is

enough to show that there are m affinely independent points in Pe
G(r). For each edge

ε ∈ E, construct a set Iε as follows:

Iε = E \ ({e} ∪ {ε}).

Here, we show that for any edge ε ∈ E, set Iε is a feasible solution to EBDP. Since

|V | − 1 ≥ r (min{wi, wj} +W (V \ {i, j}) ≥ r for all (i, j) ∈ E), then Ie is a feasible

solution to EBDP. If ε ∈ E \ {e}, then |V | ≥ r + 2 (by condition (d.2)) and it can be

easily verified that Iε is also a feasible solution to EBDP. This means for each ε ∈ E,

58



the incidence vector of Iε (denoted by xε) belongs to PG(r). Additionally, for each

ε ∈ E, we have xε
e = 0 and hence, xε ∈ Pe

G(r). It can be easily verified that vectors xε

for all ε ∈ E are affinely independent. So, the dimension of Pe
G(r) is m− 1.

3.6 Row Generation Based Exact Algorithm

The number of critical-whip inequalities in a graph can be very large. As a result,

Formulation (3–53)-(3–55) may involve a large number of constraints, and dealing with

this formulation may require extensive computational effort. In this section, we develop

the first exact algorithm for solving EBDP, which solves Formulation (3–53)-(3–55)

by a branch-and-cut approach with lazy implementation of critical-whip inequalities

(constraints of type (3–54)). Before presenting the details of this branch-and-cut

algorithm, let us introduce the following notations. Let F T denote the formulation

associated with node T of the search tree and xT denote an optimal solution to this

formulation. Additionally, for an integral xT , let S denote the set whose incidence vector

is xT .

At the beginning of the branch-and-cut algorithm, the formulation associated with the

root node of the search tree is the linear programming relaxation of Formulation (3–53)-(3–55),

from which all critical-whip inequalities have been removed. The incumbent solution is

also initialized to set E (since W (V ) ≥ r, then E is a feasible solution to EBDP). When

node T of the search tree is selected for processing, we first solve formulation F T . If F T

is infeasible, then node T is fathomed by infeasibility. If F T is feasible, then
∑

e∈E xT
e is

a valid lower bound for the cardinality of the best solution found at the subtree rooted at

node T . If
∑

e∈E xT
e is not smaller than the cardinality of the incumbent solution, then

node T is fathomed by bound. Otherwise, if xT is not integral, then we branch by variable

dichotomy and two children nodes are added to the set of unprocessed tree nodes. If xT

is integral, then feasibility of S to EBDP is checked by solving the minimum weighted

dominating set problem on G⟨E \ S(xT )⟩. If S is feasible to EBDP (γw
G⟨E\S⟩ ≥ r), then the
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present tree node is fathomed by feasibility and the incumbent solution is updated to S.

Otherwise, a violated critical-whip inequality is detected and added to formulation F T as a

lazy constraint, and node T is processed again. This algorithm terminates after processing

all unprocessed nodes in the search tree and the cardinality of the incumbent solution will

be the optimal objective to EBDP on graph G.

For an integral xT , the minimum weighted dominating set problem on G⟨E \ S(xT )⟩

used in our exact algorithm to verify the feasibility of set S(xT ) is formulated as

min
∑
i∈V

wiyi (3–56)

s.t. yi +
∑

j∈NG′ (i)

yj ≥ 1, ∀i ∈ V (3–57)

yi ∈ {0, 1}, ∀i ∈ V, (3–58)

where G′ = G⟨E \ S⟩. In case set S is infeasible to EBDP (γw
G⟨E\S⟩ < r), we detect a

critical-whip inequality that is violated by xT as follows. Let D̃ denote an optimal solution

to the minimum weighted dominating set problem on G⟨E \ S⟩. Consider an arbitrary

whip H̃ ∈ ΦD̃
G⟨E\S⟩. Note that H̃ ∈ ΦD̃

G and (D̃, H̃)-inequality is violated by xT (since

the left-hand side of this inequality equals zero using xT while the right-hand side is

positive). Using Algorithm 2 with sets D̃ and H̃ as its inputs, we can detect a dominating

set D ∈ ΩG(r) and a whip H ∈ ΦD
G(r) such that (D,H)-inequality is violated by xT . Note

that (D,H)-inequality dominates (D̃, H̃)-inequality (as shown in proof of Theorem 3.3)

and hence, (D,H)-inequality is also violated by xT .

3.7 Numerical Results

This section presents the computational results obtained by solving EBDP on

a test-bed of instances that includes Uniform Random Graphs (URG) and real-life

power-law instances. We first used the exact algorithm proposed in Section 3.6 to solve

these problem instances and then, we utilized a modified version of this algorithm to

study the effect of strengthening detected violated whip inequalities by Algorithm 2
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in performance of our proposed exact algorithm. In this modified version, for each

integral xT with an infeasible S(xT ), the violated whip inequality associated with

a minimum weighted dominating set in G⟨E \ S(xT )⟩ and one of its whips in this

graph is directly added to formulation F T without being improved (transformed to a

critical-whip inequality) by Algorithm 2. In the other words, the modified algorithm

employs inequalities of type (3–48) to characterize the set of feasible solutions to EBDP

instead of using inequalities of type (3–52). Employing violated inequalities of type

(3–48) requires less computational effort but these inequalities are weaker compared to

inequalities of type (3–52). One of the objectives of our numerical experiments in this

section is to study the effect of this trade-off in performance of the exact algorithm for

solving EBDP.

The computational experiments were performed on a server with two AMD

Opteron
TM

6128 Eight-Core CPUs and 12 gigabytes of RAM, running Linux x86 64,

CentOS 5.9. All algorithms were implemented in C++ and Gurobi R⃝ Optimizer 5.6.2 was

used to solve the linear 0–1 programming formulations in a lazy fashion.

The test-bed of instances consisted of uniform random graphs with 25 vertices and

a group of real-life power-law networks. For the URG instances, the probability for

existence of an edge between any pair of vertices (expected edge density) was chosen

to be p ∈ {0.1, 0.2, 0.5, 0.7, 0.9}. We generated both unweighted and weighted URG

instances. For the weighted instances, the weight assigned to each vertex is a uniformly

distributed integer between 1 and 10. For each expected edge density p, we generated

10 unweighted and 10 weighted graph instances, resulting in a total of 100 instances.

The value of parameter r was chosen from {8, 12, 16, 20} for unweighted instances, and

from {40, 60, 80, 100} for weighted ones. The real-life network instances used in our

experiments were collected from the University of Florida Sparse Matrix Collection

database (Davis and Hu, 2011). The graphs considered are karate 34 (a social network

from a karate club with 34 members at a U.S. university (Zachary, 1977), chesapeake 39
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(a 39-vertex graph from the seasonal dynamics of the Chesapeake Bay ecosystem (Baird

and Ulanowicz, 1989), dolphins 62 (a social network of frequent associations between 62

dolphins in a community living off Doubtful Sound, New Zealand (Lusseau et al., 2003),

and terror kreb 62 (a 62-member terrorist network from the hijackers responsible for the

9/11 attacks, compiled by Krebs (2002). We also developed the weighted version of each

one of these instances by assigning a uniformly distributed integer between 1 and 10 to

each vertex of that instance as its weight. The value of parameter r for real-life network

instances was chosen from {10, 15, 20, 25, 30, 40, 45, 50} for unweighted instances, and

from {60, 90, 120, 150, 180, 240, 270, 300} for weighted ones. The running time limit for

each instance of EBDP was set at 3600 seconds.

3.7.1 Results for the Uniform Random Graph (URG) Instances

Table 3-1 shows percentage of instances solved to optimality (Solved (%)), average

running time (Time (s)), average best solution found (BSF ), and average optimality

gap (Gap(%)) obtained by using the proposed exact algorithm when including whip

inequalities on the test-bed of URG instances within 3600 seconds time limit. Table 3-2

shows the values of the aforementioned attributes acquired by employing the modified

version of the proposed exact algorithm when including critical-whip inequalities on the

same test-bed within the same time limit.

According to Tables 3-1 and 3-2, for a given edge density p, as r increases, the

optimality gap increases, reaches a maximum, and then decreases. This means for a

given edge density p, the problem instances corresponding to very small or very large

values of r are simpler compared to the instances associated with moderate values of

this parameter. This is due to the fact that the number of binary vectors satisfying the

constraint associated with a given dominating set D and one of its whips H (constraint of

type (3–52) for Table 3-1 and constraint of type (3–48) for Table 3-2) is equal to
(

H
κ(D,r)

)
.

For a given D and H, as r increases, κ(D, r) increases and the quantity
(

H
κ(D,r)

)
increases,

reaches a maximum and then decreases. This means the size of the feasible region for the
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Table 3-1. Statistics for the URG instances.

Density r (Unweighted) r (Weighted)
(p) 8 12 16 20 40 60 80 100

0.1 100 100 100 100 100 100 100 100
0.2 100 90 40 20 100 80 10 40

Solved (%) 0.5 0 0 0 0 0 0 0 0
0.7 0 0 0 0 0 0 0 0
0.9 0 0 0 0 0 0 0 0

0.1 0.0 0.2 2.3 4.2 0.0 2.8 5.1 9.0
0.2 7.0 428.2 2509.6 3049.3 41.5 1071.4 3242.6 2567.8

Time (s) 0.5 3600.0 3600.0 3600.0 3600.0 3600.0 3600.0 3600.0 3600.0
0.7 3600.0 3600.0 3600.0 3600.0 3600.0 3600.0 3600.0 3600.0
0.9 3600.0 3600.0 3600.0 3600.0 3600.0 3600.0 3600.0 3600.0

0.1 0.2 4.7 11.7 20.5 1.2 5.0 9.8 16.2
0.2 4.6 17.0 31.4 45.0 5.2 13.5 24.7 33.4

BSF 0.5 59.1 103.60 130.6 140.4 54.9 79.0 102.3 135.4
0.7 106.6 155.5 185.5 199.2 85.8 127.9 156.9 179.9
0.9 151.7 212.0 246.6 258.7 108.0 152.8 193.1 223.8

0.1 0 0 0 0 0 0 0 0
0.2 0 1 4 5 0 2 15 7

Gap (%) 0.5 41 40 33 18 53 45 38 35
0.7 50 42 32 19 55 50 40 27
0.9 52 44 34 19 54 48 41 32

corresponding EBDP also increases, reaches a maximum and then decreases. This explains

the behavior of the optimality gap when parameter r is increasing while edge density is

kept unchanged. It is interesting to note that as the edge density increases, the largest

optimality gap over all values of parameter r happens at a smaller value of r. Similar

behavior is observed for Solved (%) and Time (s) attributes in these tables.

With regard to the BSF attribute in Tables 3-1 and 3-2, for a given edge density p, as

r increases, the average size of the best solution found also increases. Similarly, for a given

r, as edge density p increases, the BSF attribute also increases. This behavior is very

intuitive because as parameter r (or edge density p) increases, the number of constraints

of type (3–52) for Table 3-1 and constraints of type (3–48) for Table 3-2 increases. This
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Table 3-2. Statistics for the URG instances when the inequalities are not transformed into
critical-whip inequalities by executing Algorithm 2.

Density r (Unweighted) r (Weighted)
(p) 8 12 16 20 40 60 80 100

0.1 100 100 100 90 100 100 100 100
0.2 100 60 0 0 100 70 0 0

Solved (%) 0.5 0 0 0 0 0 0 0 0
0.7 0 0 0 0 0 0 0 0
0.9 0 0 0 0 0 0 0 0

0.1 0.0 0.4 12.9 392.7 0.1 3.5 16.9 302.1
0.2 4.4 1481.6 3600.0 3600.0 59.5 1248.2 3600.0 3600.0

Time (s) 0.5 3600.0 3600.0 3600.0 3600.0 3600.0 3600.0 3600.0 3600.0
0.7 3600.0 3600.0 3600.0 3600.0 3600.0 3600.0 3600.0 3600.0
0.9 3600.0 3600.0 3600.0 3600.0 3600.0 3600.0 3600.0 3600.0

0.1 0.2 4.7 11.7 20.5 1.2 5.0 9.8 16.2
0.2 4.6 17.1 40.1 47.5 5.2 17.7 33.3 47.0

BSF 0.5 75.7 126.0 136.4 140.9 74.0 112.0 150.5 145.1
0.7 106.6 155.5 185.7 200.7 86.5 127.9 156.9 178.7
0.9 151.7 212.0 246.6 259.0 108.0 152.8 193.1 224.6

0.1 0 0 0 1 0 0 0 0
0.2 0 3 25 15 0 9 32 37

Gap (%) 0.5 47 50 36 19 63 60 60 42
0.7 50 42 33 20 61 54 43 28
0.9 53 44 34 19 58 52 44 35

means the size of the feasible region for the corresponding EBDP decreases and the

optimal objective value increases.

Comparing the results shown in Table 3-1 with the ones presented in Table 3-2, it

can be concluded that the proposed exact algorithm outperforms the modified version of

this algorithm on URG instances in all cases. This means improving the violated whip

inequalities by transforming them into violated critical-whip inequalities by Algorithm 2

significantly improves the performance of the branch-and-cut algorithm on these instances.

3.7.2 Results for the Power-Law Instances

Tables 3-3 and 3-4 show the running time (Time (s)), best solution found (BSF ), and

optimality gap (Gap(%)) obtained by using the proposed exact algorithm and its modified

version on the test-bed of unweighted power-law instances within 3600 seconds time limit,
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respectively. Tables 3-5 and 3-6 show the values of the aforementioned attributes acquired

by employing the proposed exact algorithm and its modified version on the test-bed of

weighted power-law instances within the same time limit, respectively.

Table 3-3. Statistics for the unweighted power-law instances.

r (Unweighted)
Instance 10 15 20 25 30 40 45 50

karate 34 1.2 5.5 35.5 866.0 76.8 - - -
Time (s) chesapeake 39 420.8 3600.0 3600.0 3600.0 3600.0 - - -

dolphins 62 0.0 0.0 1.9 1219.2 3600.0 3600.0 3600.0 3600.0
terror kreb 62 0.0 0.0 0.1 116.0 371.2 3600.0 3600.0 3600.0

karate 34 7 17 31 49 66 - - -
BSF chesapeake 39 22 44 94 114 134 - - -

dolphins 62 0 1 7 20 59 78 124 117
terror kreb 62 0 5 10 20 33 64 82 106

karate 34 0 0 0 0 0 - - -
Gap (%) chesapeake 39 0 9 31 19 11 - - -

dolphins 62 0 0 0 0 42 12 29 7
terror kreb 62 0 0 0 0 0 5 4 6

According to these tables, similar to the observation made for the URG instances

(with some exceptions), for a given instance, as r increases, the optimality gap increases,

reaches a maximum, and then decreases. Therefore, the problem instances corresponding

to moderate values of r are more challenging compared to the ones associated with very

smaller or very larger values of this parameter. This behavior of the optimality gap for

a given instance can be explained by the same logic used for the URG instances. The

value of parameter r at which the optimality gap reaches its maximum depends on the

instance and varies from one instance to another. Similar behavior is observed for Time

(s) attribute in these tables. Considering BSF attribute, for each instance, as parameter

r increases, the size of the best solution found also increases. This observation is again

similar to the one made for URG instances and can be justified using a similar discussion.

According to these tables, similar to the observation made for the URG instances

(with some exceptions), for a given instance, as r increases, the optimality gap increases,
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Table 3-4. Statistics for the unweighted power-law instances when the inequalities are not
transformed into critical-whip inequalities by executing Algorithm 2.

r (Unweighted)
Instance 10 15 20 25 30 40 45 50

karate 34 16.9 5.1 3600.0 3600.0 3600.0 - - -
Time (s) chesapeake 39 3600.0 3600.0 3600.0 3600.0 3600.0 - - -

dolphins 62 0.0 0.0 4.1 3600.0 3600.0 3600.0 3600.0 3600.0
terror kreb 62 0.0 0.0 0.1 3600.0 3600.0 3600.0 3600.0 3600.0

karate 34 7 17 32 49 66 - - -
BSF chesapeake 39 23 44 94 114 134 - - -

dolphins 62 0 1 7 22 59 105 124 135
terror kreb 62 0 5 10 20 42 65 83 115

karate 34 0 0 3 6 5 - - -
Gap (%) chesapeake 39 9 9 33 21 13 - - -

dolphins 62 0 0 0 18 47 38 32 23
terror kreb 62 0 0 0 5 29 9 8 16

Table 3-5. Statistics for the weighted power-law instances.

r (Weighted)
Instance 60 90 120 150 180 240 270 300

karate 34 185.1 3600.0 3600.0 3600.0 3600.0 - - -
Time (s) chesapeake 39 3600.0 3600.0 3600.0 3600.0 3600.0 - - -

dolphins 62 0.0 1.7 3600.0 3600.0 3600.0 3600.0 3600.0 3600.0
terror kreb 62 0.0 46.5 3600.0 3600.0 3600.0 3600.0 3600.0 3600.0

karate 34 9 25 46 58 67 - - -
BSF chesapeake 39 41 62 91 119 143 - - -

dolphins 62 0 4 11 30 49 83 110 125
terror kreb 62 1 6 22 34 42 78 92 111

karate 34 0 36 41 28 6 - - -
Gap (%) chesapeake 39 54 47 44 37 26 - - -

dolphins 62 0 25 18 50 49 35 34 25
terror kreb 62 0 0 50 47 36 32 27 20
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Table 3-6. Statistics for the weighted power-law instances when the inequalities are not
transformed into critical-whip inequalities by executing Algorithm 2.

r (Weighted)
Instance 60 90 120 150 180 240 270 300

karate 34 317.2 3600.0 3600.0 3600.0 3600.0 - - -
Time (s) chesapeake 39 3600.0 3600.0 3600.0 3600.0 3600.0 - - -

dolphins 62 0.0 0.5 3600.0 3600.0 3600.0 3600.0 3600.0 3600.0
terror kreb 62 0.0 52.6 3600.0 3600.0 3600.0 3600.0 3600.0 3600.0

karate 34 9 31 39 58 71 - - -
BSF chesapeake 39 41 62 91 119 143 - - -

dolphins 62 0 3 11 30 49 83 110 125
terror kreb 62 1 6 22 34 42 78 92 111

karate 34 0 48 33 31 21 - - -
Gap (%) chesapeake 39 56 48 45 42 30 - - -

dolphins 62 0 0 18 50 49 39 36 28
terror kreb 62 0 0 50 47 36 35 28 24

reaches a maximum, and then decreases. Therefore, the problem instances corresponding

to moderate values of r are more challenging compared to the ones associated with very

smaller or very larger values of this parameter. This behavior of the optimality gap for

a given instance can be explained by the same logic used for the URG instances. The

value of parameter r at which the optimality gap reaches its maximum depends on the

instance and varies from one instance to another. Similar behavior is observed for Time

(s) attribute in these tables. Considering BSF attribute, for each instance, as parameter

r increases, the size of the best solution found also increases. This observation is again

similar to the one made for URG instances and can be justified using a similar discussion.

Comparing the results shown in Table 3-3 with the ones presented by Table 3-4 (and

the results shown in Table 3-5 with the ones presented by Table 3-6), it is observed that

the proposed exact algorithm performs better than the modified version of this algorithm

on power-law instances as well. This again indicates that improving the violated whip

inequalities by Algorithm 2 and transforming them into violated critical-whip inequalities

improves the performance of the proposed branch-and-cut approach.
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CHAPTER 4
IDENTIFYING CRITICAL CLIQUES IN SPARSE GRAPHS

In this chapter, we present the problem of identifying a subset of at most b disjoint

cliques in an undirected graph so that after deleting the vertices and edges of the cliques

the graph gets maximally disconnected. A clique is a subset of vertices such that any

two vertices in the clique are adjacent. Along with the dominating set, the concept of a

clique is one of the most well-studied in graph theory and is used in several graph-based

applications, such as social network analysis. The motivation for the problem is the

practical need of evaluating robustness and vulnerability of any given graph in terms of

preserving connectivity while structured vertex subsets are removed from the graph.

4.1 Problem Definition

Given a connected nonempty graph G = (V,E) where V = {1, 2, ..., n} and E =

{1, 2, ...,m} are the set of vertices and edges, respectively, and a nonnegative integer b, the

critical clique detection problem (CCP) involves finding a set of b disjoint cliques such that

its deletion results in the maximum graph disconnection. Additional constraints regarding

the structure of the cliques can also be imposed, for instance, upper or lower bounds on

the size of the critical cliques. Notice that CCP can be seen as a generalization of the

critical vertex detection problem, where the objective is to find cliques instead vertices.

The critical vertex detection problem is then the case where the size of the cliques is

limited to be one. Figure 4-1 presents an example of CCP over a 9-vertex graph, where

b = 2. Figure 4-1A displays the original graph, and Figure 4-1B the optimal solution

where the cliques selected are colored in black and gray.

Among the different connectivity measures described in Chapter 1, we discuss two:

the size of the largest maximally-connected component and the total number of connected

vertex pairs. A description of this objectives follows:

Before presenting the objectives, we need to introduce the following notation. For

any subset N ⊆ V , let EG(N) = E ∩ (N × N) be the set of edges so that, for each edge
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Figure 4-1. Example for a 9-node graph

e ∈ EG(N), both endpoints of e belong to N . We also define G⟨N⟩ as the subgraph with

vertex set N and edge set EG(N). We assume that two vertices i, j ∈ N are connected

over G if there exist at least one path that connects i with j in G. Let ΘG be the set of

all maximally-connected components of G. We define a maximally-connected component

Q ∈ ΘG as a subset Q ⊆ V so that every pair of vertices i, j ∈ Q is connected over

G⟨Q⟩ and every vertex in V \ Q is disconnected from all vertices in Q. From now, on we

will refer to the maximally-connected components only as components unless additional

clarification is required. We define the number of connected vertex pairs of a component

Q ∈ Q as
(|Q|

2

)
. A clique in G is a set K ⊆ V such that (K × K) ⊆ E. Let T be the

set of all cliques in G and Ψb
G ⊂ T be a set of size at most b of critical cliques in G.

Furthermore, K =
∪

K∈Ψb
G
K is the subset of vertices that comprise all the cliques in Ψb

G.

Finally, let G⟨V \ K⟩ be the resulting graph after the deletion of the critical cliques in Ψb
G

and ΘG⟨V \K⟩ the corresponding set of remaining components. The definition of the two

objectives follows:
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Minimize the size of the largest component (LC): Given a network G = (V,E)

and an integer b, we try to find a set of at most b cliques such that after removing these

cliques the size of the largest component is minimized:

min max
Q∈ΘG⟨V \K⟩

{|Q|} (4–1)

Minimize the total connected vertex pairs (VP): Given a graph G = (V,E)

and an integer b, we try to find a set of at most b cliques such that after removing these

cliques the total connected vertex pairs left is minimized:

min
∑

Q∈ΘG⟨V \K⟩

|Q|(|Q| − 1)/2 (4–2)

4.2 Computational Complexity

Since CCP can be seen as an extension of the critical vertex detection problem, which

is NP-hard for both of the objectives described above (Arulselvan et al., 2009; Shen et al.,

2012), the intuition dictates that CCP is also NP-hard, especially, taking into account that

other clique related problems are NP-hard as well (Garey and Johnson, 1990).

Formally, the decision version of CCP (denoted by < G, b, c >) is given by a simple

nonempty graph G = (V,E) and two nonnegative integers c and b. We ask if there exists a

set Ψb
G of at most b disjoint cliques so that a given connectivity measure (e.g., the number

of connected pairs or the size of the largest component) gets bounded by c if the cliques

in Ψb
G are removed from G. If we use as the connectivity measure the size of the largest

component, we name the resulting problem CCP-LC, whereas we use CCP-VP for the

measure that accounts for the total number of connected vertex pairs.

Theorem 4.1. The decision version of CCP-LC is NP-complete.

Proof. Clearly, for any given graph G = (V,E), the decision version of CCP-LC belongs to

the class NP. Note that, given a collection of cliques Ψb
G ⊂ T in G, identifying the size of
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each component of ΘG⟨V \K⟩ can be done in polynomial time using a breadth first algorithm

(Hopcroft and Tarjan, 1973).

Further, the intractability of CCP-LC is proved by a polynomial-time reduction from

the partition into cliques problem, known to be NP-complete (Garey and Johnson, 1990).

Given a simple nonempty graph G = (V,E) and an integer q > 0, the decision version

of the partition into cliques (denoted by < G, q >) is defined as follows. Is it possible to

partition set V into at most q disjoint cliques? It can be easily argued that the partition

into cliques problem is a particular case of CCP-LC. Note that, there is a collection Ψb
G

of at most b = q cliques so that every component left in the network has size c = 0 (i.e.,

G⟨V \K⟩ = ∅), if and only if, every vertex i ∈ V belongs to K =
∪

K∈Ψb
G
K. In other words,

graph G can be partitioned into cliques, if and only if, there is a set of critical cliques that

when removed the size of the largest component is zero. Thereby, the decision version of

CCP-LC is NP-complete.

Theorem 4.2. The decision version of CCP-VP is NP-complete.

Proof. Similarly, for any given graph G = (V,E), the decision version of CCP-VP

belongs to the class NP. Note that, given a collection of cliques Ψb
G ⊂ T in G, identifying

the number of connected vertex pairs can be done in polynomial time by sequentially

executing a breadth first search for each vertex in V \ K.

Now, the intractability of CCP-VP is proved by a polynomial-time reduction from

the graph k-colorability problem, known to be NP-complete (Garey and Johnson, 1990).

Given a simple nonempty graph G = (V,E) and an integer k > 0, the decision version

of the k-colorability (denoted by < G, k >) is defined as follows. Is it possible to color

the vertices G with at most k colors so that any two adjacent vertices are colored with a

different color? The proposed transformation is as follows. Given a k-colorability instance

defined over a graph G = (V,E), we can construct the following graph H. For each vertex

i ∈ V , create a copy denoted by i′. Let V ′ be the set comprised of such vertex copies.

Furthermore, let F be the set of edges connecting each vertex i ∈ V with its respective
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Figure 4-2. Example of the proposed transformation

copy in V ′ and H = (V ∪ V ′, ((V × V ) \ E) ∪ F ). Figure 4-2 provides an example of a

4-vertex graph G and its corresponding graph H. We argue that graph G is k-colorable, if

and only if, there is a collection Ψb
H of at most b = k cliques so that the total number of

connected pairs in H⟨V \ K⟩ is c = 0.

To prove necessity, assume there exist a set of k cliques Ψb
H such that the total

number of connected vertex pairs H⟨V \ K⟩ is zero. The cliques of set Ψb
H can be classified

into three groups (two of those possibly empty). First, the cliques that are comprised

of vertices only from V , second, the cliques that are given by a vertex in V and its

corresponding copy in V ′, and third, the cliques that are singleton vertices of V ′. It is easy

to see that, if there is a critical clique K = {i′} for i′ ∈ V ′ (i.e., a clique of the third group)

in the current optimal solution, there is an alternative optimal solution where, instead

of selecting the clique given by i′ we use the singleton clique given by i. Then, with the

exception of the vertices in V ′, we will give the vertices of each clique in Ψb
H the same

color, for a total of k colors. We now prove that the given coloring is valid. If a vertex

belongs to a clique of the second group, there will not be other vertex in G with the same

color. Moreover, note that the cliques from the first group form independent sets in G
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(i.e., those vertices are nonadjacent in G). Thus, coloring the vertices of each clique in Ψb
H

with the same color will yield a valid k-coloring.

To prove sufficiency, assume that graph G is k-colorable. The vertices colored with

each of the k colors form an independent set in G and each independent set in G induces

a clique in H. Let Ψb
H be the set of those k cliques. Note that, when the cliques of Ψb

H

are removed from H, the only vertices left are the ones of set V ′. Since by definition the

vertices of V ′ are nonadjacent in H, the total number of connected vertex pairs left in

H⟨V \ K⟩ is zero. This proves that the decision version of CCP-VP is NP-complete.

4.3 Aggregated Formulations

We first introduce two aggregated formulations for solving both the CCP-LC and the

CCP-VP. The idea behind these formulations is to construct the cliques of set Ψb
G. We

define variables x, y, and z as follows:

xK
i =

 1, if vertex i ∈ V is in critical clique K ∈ Ψb
G

0, otherwise,

zi =

 1, if vertex i ∈ V belongs to any critical clique (i.e., i ∈ K)

0, otherwise,

and

yij =

 1, if vertices i and j ∈ V are connected

0, otherwise.

Let v(e) be the set of endpoints of edge e ∈ E and Ψb
G be the set of critical cliques

(recall that |Ψb
G| = b). A valid mathematical formulation for the CCP-VP objective

follows:

min
∑
i,j∈V

yij (4–3)

s.t. xK
i + xK

j ≤ 1, ∀e ∈ (V × V \ E), i, j ∈ v(e), K ∈ Ψb
G (4–4)
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∑
K∈Ψb

H

xK
i = zi, ∀i ∈ V (4–5)

yij + zi + zj ≥ 1, ∀e ∈ E, i, j ∈ v(e) (4–6)

yij + yjl − yil ≤ 1, ∀i, j, l ∈ V (4–7)

yij − yjl + yil ≤ 1, ∀i, j, l ∈ V (4–8)

− yij + yjl + yil ≤ 1, ∀i, j, l ∈ V (4–9)

xK
i ∈ {0, 1}, ∀i ∈ V,K ∈ Ψb

G (4–10)

zi ∈ {0, 1}, ∀i ∈ V (4–11)

yij ∈ {0, 1}, ∀i, j ∈ V, (4–12)

where the objective function (4–3) minimizes the sum of connected vertex pairs. Note

that yij is equal to 1 if nodes i and j belong to the same component. Thus,
∑

i,j∈V yij is

equivalent to
∑

Q∈ΘG⟨V \K⟩
|Q|(|Q| − 1)/2. Constraint (4–4) ensures that if there is no edge

e ∈ E between vertices i and j (i.e., e ∈ (V × V \ E)), both vertices cannot be assigned

to the same clique; constraint (4–5) ensures that if vertex i belongs to a critical clique, its

corresponding variable zi must be equal to one; constraints (4–6) define the relationship

between the y variables and z variables; constraints (4–7)-(4–9) define the triansitive

relationship of y variables; and finally, constraints (4–10)-(4–12) define the domain of the

variables used.

For solving the CCP-LC, we can adapt formulation (4–3)-(4–12) by introducing a

new variable β defined as the size of the largest component. Then, the problem can be

formulated as follows:

min β (4–13)

s.t. (4–4)-(4–12)∑
i∈V

yij + (1− zi) ≤ β, ∀i ∈ V, (4–14)
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where objective function (4–13) combined with constraints (4–14) enforces the minimization

of the size of the largest component.

Remark 4. The upper bound for the number of cliques is enforced by the size of set Ψb
G.

Note that, the set of constraints that force variables zi and yij to be binary can be

relaxed. This fact is shown in Proposition 4.1.

Proposition 4.1. When solving CCP-VP or CCP-LC for any given graph G = (V,E) and

any integer b using formulations (4–3)-(4–12) and (4–13)–(4–14), respectively, constraints

zi ∈ {0, 1} and yij ∈ {0, 1} can be replaced replaced by zi ≥ 0 and yij ≥ 0 for all i, j ∈ V

without affecting the optimal solution of the problem.

Proof. Clearly, since variables x are binary, constraints (4–5) force z to be binary as well.

For the case of the y variables, we first consider the case of the formulation for CCP-VP.

Since the objective of this formulation minimizes the sum of the y variables, for any given

pair of vertices i, j ∈ V , variable yij will try to take the smallest possible value. Thus, if

zi + zj = 0, the largest value that yij will take is one because of constraints (4–6)-(4–9).

Now, for the case of the CCP-LC, using a similar argument, it is easy to see that the y

variables associated with the vertices of the largest component will always be either zero

or 1.

There are several shortcomings of formulations (4–3)-(4–12) and (4–13)-(4–14). First,

these formulations are highly symmetric. Note that, any permutation of any feasible

set of critical cliques can be encoded as an alternative feasible solution having the same

objective. This issue is particularly problematic because it can significantly increase the

size of the resulting branch-and-bound tree, hindering the effectiveness of the solution

algorithm. It is true that it is possible to introduce symmetry-breaking constraints.

However, based on our experience, the improvement that those additional constraints yield

is minor. Second, the lower bound that is obtained with these formulations is very loose.

This is not surprising as several other formulations that use independent-set constraints

for identifying cliques (cf. constraints (4–4)) are known to behave poorly. Third, these
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formulations are difficult to adapt for identifying other critical vertex subsets different

than cliques.

As an alternative solution approach, we first provide a decomposition strategy for

solving the CCP. Later in the chapter, we provide two different formulations that produce

better results.

4.4 Decomposition Approach for Solving the CCP

In this section, we present a decomposition approach for solving the CCP. The

proposed approach is based on a reduction from the CCP to a generalized critical vertex

problem (GCVP) by means of solving a clique partitioning problem first. We also present

two algorithms that can be used to obtain candidate clique partitions, as well as a

formulation for the GCVP that is used to solve the resulting problem. The decomposition

strategy proposed in this section is based on the following theorem:

Theorem 4.3. The set of critical cliques of any feasible solution (x,y, z) belongs to at

least one clique partition of the original graph G.

Proof. Let Ψb
H be the set of disjoint critical cliques represented by solution (x,y, z) and K

be the set of vertices comprising such cliques. Let R̄ be any clique partition of the residual

graph G⟨V \ K⟩. Note that R = Ψb
H ∪ R̄ is a clique partition of G as Ψb

H and R̄ are two

disjoint sets of cliques that cover all the vertices in G.

Since every set of critical cliques can be associated with a clique partition, we propose

to solve the CCP by: first, generating a clique partition; second, collapsing each clique

of the given partition into a single vertex forming graph G′; and third, using an exact or

heuristic method for solving the resulting GCVP over G′ (Algorithm 3).

Algorithm 3 CCPCollapseAlgorithm(G)

R← generate a clique partition
G′ ← collapse(R)
Ψb

H ← SolveGeneralizedCNP(G′)
return Ψb

H
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4.4.1 Constructing Clique Partitions

The main component of this approach is the way in which the clique partition is

generated. This is because, in order to obtain a good solution, we would like to generate

a clique partition containing the optimal set of critical cliques, or at least a good proxy.

We propose to heuristically generate candidate clique partitions. The idea behind our

approach is that, if we want to greedily reduce the number of pairwise connections, we

can either eliminate a large clique, or a clique with a large degree (i.e., a clique with many

edges emanating from it), we use two different algorithms for partitioning the network

following this analysis.

The first approach is to use as a clique partition the solution of a maximum edge

clique partition problem (Max-ECP). The Max-ECP problem looks for a clique partition

that maximizes the number of edges within the cliques. Even though the Max-ECP is

proven to be NP-hard, there are several approximation algorithms to solve this problem.

We decided to use the 2-approximation algorithm proposed by Dessmark et al. (2006)

that we called MaxECP (Algorithm 4). Since Algorithm 4 requires solving sequentially a

maximum clique problem, we used the algorithm proposed in Österg̊ard (2001). Note that

it is also possible to get the clique partitioning by solving the corresponding mathematical

problems or by means of any other technique, exact or heuristic.

Algorithm 4 MaxECP(G) Dessmark et al. (2006)

1: R← ∅
2: G ← G
3: repeat
4: Select the maximum clique K̄ in G⟨V \K⟩.
5: R← K̄ ∪R
6: G ← G⟨V \K⟩
7: until G = ∅
8: return R

For the second approach, we propose to use a clique partition based on the degree

of the cliques. We use a heuristic that greedily finds a clique with a large degree in G
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(Algorithm 5). Once we find this clique, we remove it from the network and continue

following the same process until all the nodes are eliminated (Algorithm 6).

Algorithm 5 GreedyGetClique(G)

1: K ← ∅
2: G ← G
3: repeat
4: Select vertex i with the largest degree in G.
5: K ← K ∪ {i}
6: G ← G ∩NG(i)
7: until G = ∅
8: return K

Algorithm 6 MaxDegree(G)

1: R← ∅
2: V ← V
3: while V ̸= ∅ do
4: K ← GreedyGetClique(V )
5: R← R∪K
6: V ← V \K
7: end while
8: return R

4.4.2 Clique Collapsing

First, assume that we have a clique partition R = {K1, K2, . . . , Kt}. We can collapse

each of the cliques in R into a single vertex. Let V ′ be the set of vertices representing the

cliques and E ′ be the edges connecting the vertices in V ′. There exists an edge (Ki, Kj)

in E ′ if there exists at least one edge in E connecting a vertex in Ki with a vertex in Kj.

Let G′ = (V ′, E ′) be the graph induced by the collapsed cliques. Figure 4-3 provides an

example of the clique collapsing, given a clique partition. In this figure, the partition is

comprised of four cliques depicted in white, light gray, dark gray, and black. The resulting

graph G′ has a total of 4 vertices, one for each of the original cliques.

4.4.3 CNP Generalization for Solving the CCP

Assuming that we have a partition R, once we have the collapsed graph G′ we can

obtain the solution of the CCP by solving a generalized critical vertex problem problem.
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Figure 4-3. Example of the clique-collapse algorithm

We will discuss only the reformulation for the CCP-VP case, although, this result can be

trivially extended for the CCP-LC.

Notice that, if we want to count the total number of connected vertex pairs in G′,

we need to take into account the connections at the interior of each vertex in V ′ (recall

that at this point, each clique is now represented by a vertex), as well as the connection

associated with each edge in E ′. For the sake of clarity, we abuse the notation in this

formulation using i and j when referring to the collapsed vertices in V ′ and by defining

xi as a binary variable that takes the value of one if collapsed vertex i is removed and

zero otherwise. Within each clique Ki ∈ R, the total number of connections is given by

pi =
(|K|

2

)
. Moreover, note that if vertices i and j are connected in G′, the number of

connected vertex pairs represented by edge (i, j) ∈ E ′ is given now by tij = |Ki||Kj|. Thus,

the formulation for the GCVP follows:

min
∑
i∈V ′

pi(1− xi) +
∑
i,j∈V ′

tijyij (4–15)

s.t. yij + xi + xj ≥ 1, ∀i, j ∈ E ′ (4–16)
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yij + yjl − yli ≤, 1 ∀i, j, l ∈ V ′ (4–17)

yij − yjl + yli ≤ 1, ∀i, j, l ∈ V ′ (4–18)

− yij + yjl + yli ≤ 1, ∀i, j, l ∈ V ′ (4–19)∑
i∈V ′

xi ≤ b (4–20)

xi ∈ {0, 1}, ∀i ∈ V ′ (4–21)

yij ∈ {0, 1}, ∀i, j ∈ V ′ (4–22)

where objective (4–15) accounts for the minimization of the total number of connected

pairs taking into account the connections at the interior of the cliques. Constraints

(4–16)-(4–22) are defined exactly as in Arulselvan et al. (2009).

Similarly as for the critical vertex detection problem, even though these greedy

approaches can yield good solutions, it is always possible to provide examples for which

such algorithms would fail. For this reason, we provide two improved formulations that we

solve via branch, price, and cut.

4.5 Disaggregated Formulations

The main difference with the aggregated formulations presented in Section 4.3 were

the critical cliques are constructed from scratch, is that the following formulations will

rather select the b critical cliques from the complete set of cliques T in G. We will focus

on the formulation for the CCP-VP as it can be easily adapted to solve the CCP-LC

variation. All of the techniques described below work for the CCP-LC as well. The set

up of this formulation is as follows. For each clique K ∈ T , let aKi be a parameter that

takes the value of one if vertex i is in clique K and zero, otherwise. Let Pst be the set

of all paths between vertices s and t in G. For this formulation, let variable xK be a

binary variable that takes the value of one if clique K is selected to be critical and zero,
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otherwise. Then, the resulting formulation is as follows:

min
∑
i,j∈V

yij (4–23)

s.t.
∑
K∈T

xK ≤ b (4–24)

∑
K∈T

aKi xK = zi, ∀i ∈ V (4–25)

∑
i∈P

zi + yst ≥ 1, ∀s, t ∈ V, P ∈ Pst (4–26)

xK
i ∈ {0, 1}, ∀i ∈ V,K ∈ T (4–27)

yij ≥ 0, ∀i, j ∈ V (4–28)

zi ≥ 0, ∀i ∈ V. (4–29)

Contrary to the aggregated formulations where the restriction on the maximum

number of critical cliques was given by the size of set Ψb
G, in the disaggregated formulations

we enforce this bound with constraint (4–24). Constraints (4–25) ensure that if vertex i

belongs to a critical clique, its corresponding variable zi must be equal to one. Constraints

(4–26) guarantee that if there exist a path between vertices s and t in which no intermediate

vertex i belongs to a critical clique, the corresponding variable yst takes the value of one

(we refer to this constraints as path constraints). Finally, constraints (4–27)-(4–29) define

the domain of the variables.

In principle, we are not required to use variables z, as those can be replaced in

constraints (4–26) by the expression
∑

K∈T aKi xK for each i ∈ V . However, as we will

point out in Section 4.5.1, these variables will help to improve the process of solving this

problem.

The advantage of formulation (4–23)-(4–29) over formulation (4–3)-(4–12) is the fact

that the clique configuration, required by the feasible solutions, is implicitly guaranteed by

the definition of the cliques in T . Since all the elements in T are cliques, we can drop the

somehow inefficient clique constraints (4–4). Nonetheless, to fully describe this formulation
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we need to generate T , which can grow very large as the size of G increases. Moreover,

constraints (4–26) are defined over the set of paths that exist between every pair of

vertices in G and these sets can also grow exponentially large. Because of the potential

size of sets T and Pst for all s, t ∈ V , solving this formulation is rather challenging.

To deal with this difficulty, we solve the problem via branch, price, and cut

(Desrosiers and Lübbecke, 2010). That is, at each node of the branch-and-bound tree,

we solve a modified version of the problem defined over a manageable subset of cliques

T ′ ⊂ T and paths Pst′ for all s, t ∈ V . We refer to this formulation as the master problem

(MP ). In the branch-price-and-cut algorithm we generate additional cliques via column

generation if the current set of cliques T ′ is not sufficient to declare optimality for MP .

Then, if there exists any path constraint (4–26) that is being violated by the current

solution of MP , we separate such constraint and introduce it back to MP . Finally,

if the optimal solution of MP is not integral, we branch to reduce the solution space,

eliminating undesired fractional solutions. The MP is as follows:

(MP ) : min
∑
i,j∈V

yij (4–30)

s.t.
∑
K∈T ′

xK ≤ b (4–31)

∑
K∈T ′

aKi xK = zi, ∀i ∈ V (4–32)

∑
i∈P

zi + yst ≥ 1, ∀t, s ∈ V, P ∈ Pst′ (4–33)

0 ≤ xK
i ≤ 1, ∀i ∈ V,K ∈ T ′ (4–34)

yij ≥ 0, ∀i, j ∈ V (4–35)

zi ≥ 0, ∀i ∈ V. (4–36)

In the mathematical programming parlance, whenever a subset of variables is initially

dropped, like in the branch-and-price context (Chapter 5), the resulting problem is often

called the restricted master problem. This is because the absence of these variables
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reduces the set of possible solutions. On the other hand, when a subset of constraints

is dropped, the resulting problem is named the relaxed master problem, as the number

of solutions increase. Note, however, that in the case of above formulation, since we are

dropping both variables and constraints, the resulting MP is not a restriction nor a

relaxation of the original formulation.

Before starting the column generation phase, we require to construct an initial set of

cliques T ′, for this formulation, finding an initial feasible solution is rather simple: any

collection of b cliques is sufficient. For this reason, we are not required to use a complex

algorithm to initialize T ′, we can simply begin with the set of cliques induced by the

edges in E. That is, the cliques given by the pairs of endpoints of each edge. To introduce

larger cliques, we also include a collection of cliques that are found using a variation of

Algorithm 5 where the initial vertex is select randomly.

4.5.1 New Candidate Cliques Generation

As mentioned before, while solving MP , it possible that we require to update set T ′

with new candidate cliques in order to declare optimality. This is not a particular issue

of the CCP as it happens often with most problems that are solved using this technique

(Barnhart et al., 1998).

To find the optimal solution of MP , we use a column generation approach that

introduces new cliques to T ′, in case they are needed to declare optimality. Hence, at

each iteration, we are required to find whether there exists a new clique K ∈ T \ T ′

that improves the current solution. In other words, we aim to find a variable xK such

that its reduced cost is negative, or, from the dual perspective, a variable such that its

corresponding dual constraint is violated.

At this stage of the algorithm, it is true that in MP many of the path constraints

(4–26) are relaxed. For this reason, it is possible that the solution that is produced after

the new cliques are introduced is not feasible for the complete set of path constraints.

What is generally done in this kind of algorithms, during the column generation stage,
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is to momentarily disregard the possible violations that may exist due to the path

constraints that are currently not present in MP . In other words, a new set of cliques

will be introduced to T ′ until the solution that is obtained is optimal for the current

subset of path constraints (4–33) given by Pst′ for all s, t ∈ V . Then, once there is no

candidate clique that can improve the current solution, we move to the stage where

possible violated constrains are identified and included in MP . We will describe how such

constraints can be identified in Section 4.5.3, but first we describe the column generation

stage. Note that, one of the reasons why this can be done when solving MP without

affecting the column generation stage is because the x variables are not present in the

path constraints. Therefore, the dual variables associated with the path constraints are

not required to be considered to generate the new cliques. This is one of the reasons why

the z variables and constrains (4–25) are originally introduced in this formulation. The

dual variables of such constraints, along with the dual variable of constraint (4–24) will

carry the required information to generate the new columns. Consider the dual constraints

that are complementary to the x variables not present in MP .

∑
i∈V

aKi νi ≤ ω, ∀K ∈ T \ T , (4–37)

where νi is the dual variable associated with each constraint (4–25) for each i ∈ V

and ω is the dual variable associated with (4–24). Note that, if there exist a clique

K ∈ T \ T ′ for which (4–37) is violated by the current solution, i.e., a clique K for which

ω −
∑

i∈V aki νi < 0, then we can include such clique in T ′.

The pricing subproblem that identifies new cliques follows:

ω−max
∑
i∈V

νiai (4–38)

s.t. ai + aj ≤ 1, ∀e ∈ (V × V \ E), i, j ∈ v(e) (4–39)

ai ∈ {0, 1}, ∀i ∈ V (4–40)
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where the objective function (4–38) minimizes the reduced cost of the clique, constraints

(4–39) ensure the clique structure of the new candidates, and constraints (5–56) define the

domain of the variables.

Formulation (4–38)-(4–40) corresponds to a formulation for solving maximum-weighted

clique problem. Here, the weight of each vertex i ∈ V is dual variable νi. Assume that

W ∗ is the weight of the maximum-weighted clique. Thus, if W ∗ > ω, the corresponding

clique can be included in T ′. As mentioned in Section 4.3, formulations that include clique

constraints, such as (4–39), are often inefficient for solving clique related problems

because they produce a loose lower bound. In contrast, there exist combinatorial

branch-and-bound algorithms that generally outperform mathematical programming

formulations to find optimal cliques. To obtain new clique candidates we use the algorithm

proposed by Österg̊ard (2001).

Solving a maximum-weighted clique problem is in general a difficult task. This is

indeed a well-know NP-hard problem and obtaining optimal solutions can be computationally

challenging. Taking into account that several instances of this problem must be solved to

declare optimality for the MP , it is important to identify efficient ways to reduce the

solution times required to solve this problem. In the following section, we present an

algorithm that uses the dual information of the master problem to prune the subproblem

graph and thus reduce the computational effort of finding new cliques.

4.5.2 Using the Dual Information to Improve the Search for New Columns

As mentioned in the previous section, the dual variable ω represents a lower bound

on the weights of the candidate cliques. For this reason, it is not required to analyze any

clique with a smaller weight in G. Having a lower bound on the weights of the cliques

is a remarkably useful information that can be used to prune unnecessary vertices, thus

reducing the search time. By the definition, all the vertices of a clique must be adjacent;

hence, an upper bound on the potential weight of a clique that contains vertex i ∈ V is the

sum of the vertex weight plus the weight of all of its neighbors. If such potential weight
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is smaller than ω, then vertex i can be pruned from G. Moreover, note that whenever a

vertex is pruned, the weight of the potential cliques of its neighbors decreases. Thus, we

can repeat the same process iteratively until no additional vertex if pruned.

Algorithm 7 presents a procedure to prune unnecessary vertices in G while searching

for new candidate cliques. This algorithm iteratively eliminates a vertex if the sum of its

weight and the weight of its neighbors is smaller than ω. The complexity of this algorithm

is presented in Proposition 4.2.

Algorithm 7 VertexPruning(G, ν, ω)

1: V ← V
2: G ← G
3: stop← false
4: while ¬stop do
5: stop← true
6: Select vertex i with the largest degree in G.
7: for all i ∈ V do
8: if νi +

∑
j∈NG(i)

νj ≤ ω then

9: V ← V \ {i}
10: stop← false
11: Update G
12: end if
13: end for
14: end while
15: return G

Proposition 4.2. Given a graph G and the values of dual variables ω and νi, for all

i ∈ V , the worst-case running time for Algorithm 7 is O(n2).

Proof. The inner for loop of the algorithm (steps 7 to 13) is executed in O(n) and, since

the algorithm prunes in the worst case all of the vertices, the overall running time of the

algorithm is O(n2).

Note that this procedure can be executed at each iteration of the column generation

stage. We found this algorithm to be very efficient at reducing the size of the graph,

especially in latter stages of the algorithm.
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4.5.3 Updating the Set of Path Constraints

As mentioned before, the number of paths between any two vertices in a graph can be

very large. As a result, solving this formulation may require extensive computational effort

because of the number of constraints that those paths represent in MP . In this section,

we show how to separate and add these to constraints to MP in a lazy fashion. The lazy

generation of the path constraints for CCP differs from the one presented in Chapter 3

in that, when solving EBDP, we only introduce whip inequalities whenever an infeasible

integer solution is found, whereas here, we add path constraints even when fractional

solutions are found to be infeasible.

The procedure is as follows. Once the column generation stage is over, i.e., when we

have an optimal solution for the MP with the current set of constraints given by Pst′, for

all s, t ∈ V , we proceed to check if there exists a path constraint for any P ∈ Pst \ Pst′,

for all s, t ∈ V , that is violated. To identify such violated constraints we can solve the

following subproblem for every pair of vertices s, t ∈ V . Let (x∗,y∗, z∗) be an optimal

solution for the current MP . We create a directed graph Ĝ = (V, Ê) where set Ê is

comprised of two arcs (i, j) and (j, i) with i, j ∈ v(e) for each edge e ∈ E. The proposed

subproblem follows.

(SP (s, t)) : y∗st + z∗t+min
∑

(i,j)∈Ê

z∗iwij (4–41)

s.t.
∑

{j:(i,j)∈Ê}

wij −
∑

{j:(j,i)∈Ê}

wji =


1, i = s

0 , ∀i ∈ V \ {s, t}

-1, i = t

(4–42)

wi,j ∈ {0, 1}, ∀(i, j) ∈ Ê. (4–43)

If the optimal solution of (4–41)-(4–43) is less than one, the constraint associated

with the corresponding optimal path is being violated by the current solution of MP .

Hence, we can add such a constraint to MP . Clearly, the proposed separation problem
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(4–41)-(4–43) is a shortest-path problem. Since this problem must be solved for each

pair s, t ∈ V , in order to improve the computational time required to solve all O(n2)

subproblems, we can instead use the well-known Floyd-Warshall algorithm designed for

solving the all-pair shortest path problem (Ahuja et al., 1993). We keep running this

algorithm until no additional path constraints are required to be added to MP .

4.5.4 Branching Rule

One of the major difficulties that arise when solving a problem via branch and price

is defining the branching rule. There are many reasons why standard branching (i.e.,

fixing a fractional variable to either zero or one) is undesirable in this context. First of all,

when fixing a variable to one, the vertices of the clique corresponding to such variable are

selected to be deleted from G and, since the critical cliques must be disjoint, all the other

cliques in T containing at least one of those vertices are discarded (i.e., the corresponding

variables are fixed to zero). Hence, the number of variables to be considered in that

branch is significantly reduced. On the other hand, when a variable is fixed to zero, only

one of exponentially many variables is fixed. This particular behavior results in a highly

unbalanced, and thus inefficient, branching tree. Furthermore, when fixing a variable to

zero, we must ensure that the pricing subproblem does not produce the same variable

again. This is generally done by either finding the next best solution (possibly the nth

best after n branches), or by including additional constraints in the subproblem. In both

cases, solving the pricing problem becomes remarkably harder.

For solving CCP we propose the following alternative. Consider a fractional solution

of the MP . From constraints (4–25), it is easy to see that if a solution is fractional, there

exists a vertex that partially belongs to at least two cliques. Let xK1 and xK2 be two

fractional variables (i.e., xK1 , xK2 ∈ (0, 1)) such that the corresponding cliques share a

vertex i. Clearly, since cliques K1 and K2 are different, there exists other vertex j ̸= i that

is either covered by K1 and not by K2, or vice versa. Thus, we can generate a branch in

which we force both vertices i and j to be in the same critical clique, and a second one
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that ensures that the vertices cannot be in the same critical clique. It is easy to see that

the current fractional solution is no longer valid, while any feasible integer solution belongs

to one of the two branches. This branching procedure is very similar to the well-known

Ryan-Foster branching rule (Barnhart et al., 1998; Ryan and Foster, 1981). However,

the main difference is that the Ryan-Foster is used for problems with set partitioning

constraints (Chapter 5). In the context of set partitioning all the vertex must be covered

by exactly one partition, whereas here, not all the vertices are required to be part of a

critical clique.

Once we generate the new branches, we need to enforce the respective branching

decisions in the subsequent iterations. Instead of sequentially adding such constraints to

the MP , we can alternatively propagate them over set T ′. For the branch that requires

both vertices to not be in the same critical clique, we fix to 0 all the variables of the

cliques that contain both vertices Furthermore, in the graph of the subproblem for

generating new candidate cliques, we delete the edge connecting both vertices. Conversely,

for the branch that requires both vertices to be in the same clique, we fix to 0 all the

variables of the cliques that contain only one of these vertices and fix the corresponding z

variables of both vertices to one.

4.6 Computational Experiments

This section presents the computational results obtained after solving CCP on a

test-bed of instances that includes Uniform Random Graphs (URG), random power-law

graphs generated using the Barabási-Albert (BA) model (Barabási and Albert, 1999), and

random small-world graphs generated using the Watts-Strogatz (WS) model (Watts and

Strogatz, 1998). The computational experiments were performed on a server with two

AMD Opteron
TM

6128 Eight-Core CPUs and 12 gigabytes of RAM, running Linux x86 64,

CentOS 5.9. All algorithms were implemented in C and SCIP Optimizer 3.0.0 (Berthold

et al., 2012) was used to solve the proposed formulation. In these experiments, we focused
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our efforts on solving the CCP-VP with the disaggregated formulation using the proposed

branch-price-and-cut scheme, as it was the technique that yielded better results.

The test-bed of instances consisted of uniform random graphs, Barabási-Albert

graphs, and Watts-Strogatz graphs with {30, 40, 60, 70, 100} vertices. For the graphs

with 30 vertices, we generated instances with {60, 90, 170} edges; for the graphs with

40 vertices, the instances had {80, 120, 240} edges; for the graphs with 60 vertices,

the instances had {120, 180, 360} edges; for the graphs with 70 vertices, the instances

had {140, 210, 420} edges; and for the graphs with 100 vertices, the instances had

{200, 300, 600} edges. For the 30- and 40-vertex instances we selected the clique budget

b from {1, 3, 5} and from {3, 5, 10} for the 60-, 70, and 100-vertex instances. For each of

these vertex, edge, and b configurations, we generated 3 different random instances for a

total of 405 (i.e., 135 instances for each of the URG, BA, and WS versions). We set a time

limit of 7200 seconds.

Table 4-1. Computational times and optimality gaps for the 30- and 40-vertex instances
Time (s) Path-cuts time (s) Pricer time (s) Gap (%)

b 1 3 5 1 3 5 1 3 5 1 3 5
m
60 0.45 0.25 0.12 0.13 0.07 0.02 0.01 0.01 0.01 0.00 0.00 0.00

BA-30 90 0.47 0.35 0.17 0.07 0.09 0.04 0.01 0.00 0.00 0.00 0.00 0.00
180 0.34 4.69 0.17 0.07 0.63 0.02 0.00 0.28 0.00 0.00 0.00 0.00

60 1.26 9.22 3.21 0.23 1.16 1.12 0.03 0.06 0.03 0.00 0.00 0.00
WS-30 90 0.78 13.97 5.33 0.12 1.45 1.26 0.01 0.09 0.03 0.00 0.00 0.00

180 0.54 59.12 0.82 0.05 4.14 0.12 0.01 0.33 0.01 0.00 0.00 0.00

60 1.10 2.78 0.75 0.16 0.34 0.21 0.03 0.03 0.01 0.00 0.00 0.00
URG-30 90 0.75 10.54 13.78 0.10 1.06 2.54 0.02 0.05 0.06 0.00 0.00 0.00

180 0.40 44.76 31.16 0.03 2.75 5.63 0.02 0.24 0.20 0.00 0.00 0.00

80 0.92 1.45 0.48 0.23 0.38 0.21 0.02 0.01 0.00 0.00 0.00 0.00
BA-40 120 1.09 12.41 4.16 0.27 1.72 1.22 0.03 0.03 0.03 0.00 0.00 0.00

240 0.94 85.28 93.58 0.16 7.44 15.49 0.01 0.94 0.77 0.00 0.00 0.00

80 4.05 20.41 146.05 0.65 2.53 25.29 0.04 0.09 0.52 0.00 0.00 0.00
WS-40 120 3.04 28.22 476.34 0.45 2.49 48.06 0.04 0.09 1.01 0.00 0.00 0.00

240 1.56 171.62 305.93 0.12 13.51 42.51 0.02 0.51 1.16 0.00 0.00 0.00

80 1.11 33.94 50.87 0.17 3.90 10.22 0.01 0.13 0.23 0.00 0.00 0.00
URG-40 120 1.70 86.35 833.54 0.29 7.21 76.38 0.03 0.25 1.80 0.00 0.00 0.00

240 1.56 165.19 7200.00 0.14 10.62 463.59 0.04 0.54 20.29 0.00 0.00 58.37
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Table 4-2. Computational times and optimality gaps for the 60, 70- and 100-vertex instances
Time (s) Path-cuts time (s) Pricer time (s) Gap (%)

b 3 5 10 3 5 10 3 5 10 3 5 10
m
120 7.06 12.87 1.23 1.66 3.45 0.61 0.05 0.03 0.03 0.00 0.00 0.00

BA-60 180 39.12 260.53 4.86 3.96 29.34 2.17 0.11 0.36 0.04 0.00 0.00 0.00
360 678.27 7200.00 10.08 34.36 647.60 3.62 3.10 26.36 0.08 0.00 91.29 0.00

120 562.79 4606.32 4731.80 53.73 470.96 1913.40 1.21 7.01 16.10 0.00 1.56 14.78
WS-60 180 754.19 5420.42 7200.00 61.52 403.40 2393.52 1.12 5.55 21.75 0.00 7.12 88.70

360 1514.83 7200.00 3601.53 106.43 449.37 220.53 1.97 8.20 11.18 0.00 55.77 14.50

120 370.88 1852.48 350.18 35.07 204.09 156.83 0.84 2.93 1.18 0.00 0.00 0.00
URG-60 180 1621.82 6639.03 5605.56 134.16 444.73 1509.01 2.19 6.77 13.60 0.00 9.74 44.64

360 2538.90 7200.00 7200.00 205.28 383.79 1268.33 3.38 7.70 10.29 0.00 23.87 1325.52

140 55.12 77.95 2.72 9.50 18.70 1.50 0.11 0.24 0.03 0.00 0.00 0.00
BA-70 210 296.72 1539.75 10.12 31.35 135.42 5.35 0.57 1.98 0.07 0.00 0.00 0.00

420 333.09 7200.00 7200.00 25.05 417.64 551.45 1.02 10.38 20.47 0.00 95.46 100.00

140 814.07 7140.60 7200.00 65.73 723.51 2628.77 1.25 8.57 22.48 0.00 11.99 51.03
WS-70 210 1339.67 7200.00 7200.00 99.83 448.91 1575.79 1.49 6.70 12.66 0.00 12.47 264.62

420 2984.88 7200.00 7200.00 192.14 395.69 1926.63 3.38 5.63 14.60 0.00 35.13 1767.95

140 2806.85 6604.50 5024.14 303.91 554.21 1745.32 4.47 7.57 12.85 0.00 14.38 21.91
URG-70 210 1440.03 7200.00 7200.00 109.32 419.39 1064.50 1.60 4.94 7.34 0.00 14.83 326.31

420 4231.26 7200.00 7200.00 369.87 317.84 709.32 5.43 4.13 5.46 0.00 19.11 829.20

200 4788.07 518.94 54.04 665.12 310.00 37.44 4.13 1.22 0.28 4.45 0.00 0.00
BA-100 300 3761.63 1466.00 3757.99 397.16 528.91 303.20 2.87 2.22 2.76 9.40 0.00 5.80

600 7200.00 7200.00 7200.00 341.99 800.76 766.13 4.46 6.20 6.19 44.23 727.28 100.00

200 7200.00 7200.00 7200.00 431.90 1131.81 3740.77 3.27 6.74 16.09 27.30 360.67 100.10
WS-100 300 7200.00 7200.00 7200.00 298.79 682.18 2853.15 2.26 4.58 12.90 21.63 387.63 381.57

600 7200.00 7200.00 7200.00 235.23 660.20 2259.81 2.54 3.87 10.29 41.76 891.35 17735.40

200 7200.00 7200.00 7200.00 458.72 966.04 3842.96 2.96 5.41 18.59 21.41 403.54 71.46
URG-100 300 7200.00 7200.00 7200.00 302.41 282.32 1481.89 2.92 2.07 6.39 16.63 235.39 1211.73

600 7200.00 7200.00 7200.00 262.66 165.99 861.94 2.41 1.58 4.78 14.00 242.34 1964.55
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In Tables 4-1 and 4-2 we present the average total time required for the algorithm

to solve the problem (Time (s)), the average time spent by the algorithm generating new

path-inequalities (Paths-cuts time (s)), the average time spent by the algorithm pricing

new clique variables (Pricer time (s)), and the average optimality gap at the end of the

run (Gap (%)).

According to Tables 4-1 and 4-2, as the size of the instances and the budget b

increases, the optimality gap also increases. This behavior is particularly emphasized

when the density of the instance is high. This is due to the fact that the set of possible

cliques T is significantly larger. Another explanation for this behavior is that the number

of alternative ways of constructing disjoint critical cliques increases exponentially with the

size of the graph. This set of alternative solutions decrease the lower bounds produced

by MP which in turn, increase the time required by the algorithm to solve the problem.

For some of the instances, particularly the very large and dense, the optimality gaps

is surprisingly high. This behavior happens more often when solving instances with a

large clique budget b. One possible explanation is that some of the fractional solutions

consist of alternative overlapping critical cliques that cover large portions of the graph.

In consequence, the lower bounds tend to be low, which increases the overall complexity

required to close the gap. In our observations, this happens when the initial lower bound

produced by MP is close to zero.

With respect to the execution times of the algorithm, it is important to notice that

the total time spent generating new columns is relatively low compared with the total

execution time. This fact gives evidence that the proposed technique, which uses the

dual information to reduce the size of the subproblem graph, can help to significantly

reduce the overall computational time. Moreover, even though, the time required by

the algorithm to identify new path constraints is larger than the one needed for pricing

variables, this time is still low compared with the total running time.
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One possible variation that we are interested to analyze in the future is to remove

the auxiliary variables zi, for all i ∈ V by replacing those in constraints (4–26) by the

expressions
∑

K∈T aKi xK . Based on our initial experiments, this alternative formulation

produces a better lower bound. Although, as mentioned before in Section 4.5.1, there

exist a tradeoff between the improvement of the lower bound and the computational time

required to solve the subproblem.
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CHAPTER 5
MULTIDIMENSIONAL ASSIGNMENT FORMULATIONS FOR SOLVING DATA

ASSOCIATION PROBLEMS

In this chapter we present a variant of the multidimensional assignment problem with

decomposable costs for solving data association problems in which the resulting optimal

assignment is described as a set of disjoint stars. The multidimensional assignment

problem (MAP), originally introduced by Pierskalla (1968), aims to minimize the overall

cost of assignment when matching elements from N = {N1, . . . , Nn} (n > 2) disjoint sets

of equal size m. It comes as a natural generalization of the two-dimensional Assignment

Problem (AP), known to be polynomially solvable (Edmonds and Karp, 1972; Kuhn,

1955). Among all the different generalizations of the MAP, the one considered in this

paper is the axial MAP (hereafter referred to as MAP). In an axial MAP, each element of

every set must be assigned to exactly one of m disjoint n-tuples, and each n-tuple must

contain exactly one element of each set. Contrary to the AP, the MAP is known to be

NP-hard (Karp, 2010) for all values of n > 2.

5.1 Problem Definition

The MAP is usually presented as the following integer (0-1) program

min
∑
i1∈N1

∑
i2=N2

· · ·
∑

in∈Nn

ci1i2...inxi1i2...in (5–1)

s.t.
∑
i2∈N2

∑
i3∈N3

· · ·
∑

in∈Nn

xi1i2...in = 1, ∀i1 ∈ N1 (5–2)

∑
i1∈N1

· · ·
∑

is−1∈Ns−1

∑
is+1∈Ns+1

· · ·
∑

in∈Nn

xi1i2...in = 1, ∀is ∈ Ns, s = 2, . . . , n− 1 (5–3)

∑
i1∈N1

∑
i2∈N2

· · ·
∑

in−1∈Nn−1

xi1i2...in = 1, ∀in ∈ Nn (5–4)

xi1i2...in ∈ {0, 1}, ∀is ∈ Ns, s = 1 . . . n, (5–5)

where, for every n-tuple (i1, i2, . . . , in) ∈ N1×N2×· · ·×Nn, variable xi1i2...in takes the value

of one if elements of the given n-tuple belong to the same assignment, and zero otherwise.

The total assignment cost (5–1) is computed as the cost of matching elements from
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different sets together. As an example, an assignment which selects elements (i1, i2, . . . , in)

to be grouped together would have a cost of ci1i2...in .

5.1.1 Assignment Costs

Depending on the definition of the assignment costs, there are several variations of the

MAP that can be considered. These variations are mainly associated with cases where the

assignment cost of each n-tuple can be decomposed as a function of all possible pairwise

assignment costs between elements of different sets. That is, ci1i2...in = f(ci1i2 , . . . , cinin−1),

where f : N1 × N2 ∪ · · · ∪ Nn−1 × Nn → R and cisit is the cost of assigning together

elements is ∈ Ns and it ∈ Nt, for s ̸= t. In general, the main advantage of having

decomposable cost functions is that there may be ways of tackling the problem without

having to completely enumerate all of the different assignment costs, which can be

exponentially many. Moreover, most of these MAP variations can be associated with a

weighted n-partite graph, in which the elements are represented by the vertices of the

graph, each of the edges describes the decision of assigning two elements within the same

n-tuple, and the weights on the edges account for the corresponding assignment costs. We

provide a detailed explanation of this representation in Section 5.2.

Based on the applications and the context of the problem, there are different

definitions of the MAP with decomposable costs that can be found in the literature

(Aneja and Punnen, 1999; Bandelt et al., 1994; Burkard et al., 1996; Crama and Spieksma,

1992; Kuroki and Matsui, 2009; Malhotra et al., 1985). In this paper we consider the case

where each n-tuple of any feasible assignment is assumed to form a star (Bandelt et al.,

1994). Nonetheless, since most of the extant literature concentrates on the case where the

n-tuples form cliques, we also provide a brief description of the latter to emphasize the

differences and enrich the discussion.

For the case of the cliques, a feasible assignment includes all possible pairwise

connections within the elements of each tuple and thus, the cost of tuple (i1, i2, . . . , in) ∈
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N1 ×N2 × · · · ×Nn is defined as the sum of all pairwise assignment costs. That is,

ci1i2...in =
n∑

s=1

n∑
t=s+1

cisit (5–6)

On the other hand, for the case of the stars, one element of each tuple is assigned to

be a center (or representative) and the other elements are considered to be the leafs (or

legs) of the star. Note that, contrary to the case of the cliques, each tuple can generate

many different star configurations, depending on which element is selected as the center.

Assuming for example, that the center is element is, the cost of the induced star is the

sum of the pairwise costs between is and the other elements of the tuple. In view of these

multiple possible configurations, the cost of tuple (i1, i2, . . . , in) ∈ N1 × N2 × · · · × Nn is

defined as the minimum cost among the costs of all the possible star configurations of the

tuple. That is,

ci1i2...in = min
is∈{i1,i2,...,in}

 ∑
t∈{1,2,...,n}\{s}

cisit

 (5–7)

We name the aforementioned MAP version, the multidimensional star assignment

problem (MSAP), because of the particular structure that each feasible assignment has.

Despite the fact that this variant is often referred to as a particular case of the clique

version (Bandelt et al., 1994), we consider that it is relevant to state it in a separate form.

We base our argument on the fact that there exist applications for which the use of this

variant could be of benefit. Moreover, there are formulations and techniques specifically

tailored to solve the MSAP.

5.1.2 Previous Works

Several methodologies have been proposed to solve different variants and generalizations

of the MAP, including exact approaches, approximation algorithms, heuristics, and

metaheuristics. In particular, given the inherent NP-hardness of the problem, heuristic

approaches have gained practical interest over the years. These include greedy heuristics

(Balas and Saltzman, 1991), generalized randomized adaptive search procedures (GRASP)
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(Murphey et al., 1999; Robertson III, 2001), GRASP with path relinking (Aiex et al.,

2005), randomized algorithms (Oliveira and Pardalos, 2004), genetic algorithms (Gaofeng

and Lim, 2003), memetic algorithms (Karapetyan and Gutin, 2011b), local search

heuristics (Bandelt et al., 2004; Karapetyan and Gutin, 2011a), simulated annealing

(Clemons et al., 2004), decomposition schemes (Vogiatzis et al., 2014), Lagrangian

based procedures (Balas and Saltzman, 1991; Frieze and Yadegar, 1981; Poore and

Robertson III, 1997), and branch-and-bound techniques (Larsen, 2012; Pasiliao et al.,

2005).

From the perspective of approximation algorithms, there exist the works of Crama

and Spieksma (1992) and Bandelt et al. (1994). Furthermore, contributions to the study

of the polyhedral structure of the MAP formulation and other generalizations can be

found in Appa et al. (2006); Balas and Saltzman (1989); and Magos and Mourtos (2009).

Finally, studies related to the asymptotic behavior of the expected optimal value of the

MAP, as well as tools to perform probabilistic analysis of MAP instances are given in

Krokhmal et al. (2007), Grundel et al. (2004), and Gutin and Karapetyan (2009).

Among all the proposed techniques listed above, we next focus our attention on

approaches that are either proposed to tackle the MSAP, or that are designed to solve

generalizations of the MAP, and thus can also be used to solve this problem. To solve

the MSAP, Crama and Spieksma (1992) introduced an approximation algorithm designed

to solve the three-dimensional case (i.e., n = 3). The proposed algorithm consists of

sequentially solving two linear assignment problems. First, the elements of set N1 are

assigned to the ones of set N2 and then, the resulting pairs are assigned to the elements

of set N3. The authors proved that if the pairwise assignment costs satisfy the triangle

inequality, the proposed algorithm produces a 1
2
approximation. Moreover, noting that this

algorithm can produce three different solutions by simply varying the assignment order of

the sets (e.g., assigning first the elements of N1 to the ones of set N3 and then, assigning
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the resulting pairs to the elements of set N2), Crama and Spieksma proved that selecting

the best of the three solutions yields a 1
3
approximation.

In a subsequent study, Bandelt et al. (1994) proposed two type of heuristics, namely

the hub and the recursive heuristics. They can be viewed as generalizations of the

approach proposed by Crama and Spieksma (1992), but designed to solve the general

n-dimensional case. The authors also provide an upper bound on the ratio between the

cost of the solutions produced by these heuristics and the cost of the optimal solution.

As mentioned before, the MSAP is a particular case of the MAP and therefore, it can

be solved using formulation (5–1)–(5–5). The polyhedral studies introduced by Balas and

Saltzman (1989), for the three-dimensional case, and by Appa et al. (2006) and Magos

and Mourtos (2009), for a more general version of the MAP, can be used to enhance

(5–1)-(5–5) via the introduction of cutting planes. Using formulation (5–1)-(5–5) to solve

the MSAP has one main drawback. It requires that all possible star costs be generated

beforehand. This could be problematic because the total number of possible stars grows

exponentially with the size of the problem (Section 5.3). To circumvent this issue, it is

possible to embed (5–1)-(5–5) within a branch-and-price scheme (Section 5.3). Therefore,

instead of enumerating all possible stars from the beginning, those are generated via

column generation, in case they are considered suitable. The downside of this approach,

though, is that mixing cutting planes and column generation is in general a difficult task

(Barnhart et al., 1998; Desaulniers et al., 2011; Lübbecke and Desrosiers, 2005).

For additional information about the MAP and its variations, we refer the reader to

the surveys provided by Burkard (2002); Burkard and Çela (1999); Burkard et al. (1998);

Gilbert and Hofstra (1988); Pardalos and Pitsoulis (2000); Pentico (2007), and Spieksma

(2000).

5.1.3 Data Association Applications for the MSAP

This chapter is inspired by the context of multi-sensor multi-target tracking problems,

that involve the assignment of a series of sensor observations into a set of different targets.
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The relationship between these problems and the MAP, has been stated and studied by

many authors including Bandelt et al. (2004); Chummun et al. (2001); Deb et al. (1993,

1997); Morefield (1977); Murphey et al. (1999); Poore (1994), and Pusztaszeri et al. (1996)

among others.

There are several contexts in which using star costs can prove beneficial when solving

multi-sensor multi-target tracking problems. In particular, when the assignment costs have

metric properties (i.e, nonnegativity, symmetry, and subadditivity), it is interesting to see

that in some cases, considering all pairwise costs within the assignments (e.g., the clique

case) is not necessary to obtain a valid solution. Consider the first case we described in

Chapter 1, where we aim to identify a set of land mines that are planted on a field. To

find the location of the mines, a drone is sent to fly over the field emitting a signal. Once

the signal reaches each of the mines, it bounces back and is analyzed by the sensors of

the drone. After the drone has flown over the field a number of times and its sensors have

collected the set of different signals (several of those associated with each of the mines), it

is possible to calculate a set of estimated locations where the mines could be located. The

idea behind solving a MAP is to associate the locations that are close to each other, which

would help pinpoint the actual positions of the mines. In this context, the assignment

costs represent the Euclidean distances between the estimated locations and, since the

costs satisfy the triangle inequality, not all the costs need to be considered to obtain a

valid association.

Consider the simple case depicted in Figure 5-1A, where the vertices represent three

estimated locations that where assigned together. Here, the center of the star is clearly

vertex 1. Notice that, the cost of the legs (i.e., edges (1, 2) and (1, 3)) already contains

information about the cost of edge (2, 3). In this example, since we expect that cost c23

satisfies max{c12, c13} ≤ c23 ≤ c12 + c13, some information about c23 is already considered

within the value of c12 + c13. In some situations, for instance in the presence of a faulty
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sensor, adding c23 could contribute to obtain a wrong assignment, especially when this

value is close to its upper bound.

Moreover, the expected position of the mine is often considered to be a concurrency

point associated with the positions that are in the same n-tuple, generally the centroid.

On the other hand, if star costs are used, the region around the center of the stars can

be seen as the zone where the mines are most likely to be located. Under the triangle

inequality assumption, it is easy to prove that many of the triangle concurrency points

(e.g., the centroid, the incenter, or the circumcenter) are always closer to the center of

the star. For instance, observe the locations of the centroid (×1) and the incenter (×2) of

Figure 5-1B (this can also be generalized for n > 3). This implies that, if the assignments

(i.e., the n-tuples) produced by both the clique or the star versions are the same, then

the conclusion regarding the positions of the mines would be very similar. Following this

idea, letting CMSAP and CMAP be the optimal assignment costs of the MSAP and the

clique MAP, respectively. It can be seen that, for the 3-dimensional case, the inequality

CMSAP ≤ CMAP ≤ 2CMSAP holds. This is easily generalized for the n-dimensional case

to CMSAP ≤ CMAP ≤ (n − 1)CMSAP , which implies that, in case a solution for the clique

version ir required, the MSAP generates both upper and lower bounds on the optimal

value.

1

2

3

A Estimated locations

1

2

3

×
1×

2

B The positions of the centroid and
the incenter

Figure 5-1. Example of three estimated locations
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Figure 5-2 represents a case in which one of the observations of a given sensor (vertex

(1,1)) is wrongly assigned to a position far away from the other observations. In this

example, we assume that there are two mines in the field and six estimated positions

calculated by three different sensors. First, in Figure 5-2B, note that, if the representative

locations of the mines are assumed to be the centroids of the cliques, those positions are

strongly biased by the wrong observation and then, are positioned significantly farther

away from any of the original observations. This particular issue is depicted in clique

{(1, 1), (1, 2), (1, 3)}. On the other hand, in Figure 5-2C it can be seen that this effect is

reduced when using a star assignment. We make the remark that similar examples can

also can be constructed to point out negative effects of using the star costs. Therefore, in

this context it is often considered solving the problem with both the star and the clique

costs to have more information and obtain a better analysis.

The examples that we provided represent two cases of many others for which the

MSAP arises in the context of data association. We would like to emphasize that the

models introduced in this paper are intended to tackle more general instances of the

MSAP and, therefore, can be used to solve not only these problems, but a multitude of

others as well.

5.2 Aggregated Formulations for Solving the MSAP

Given a collection N1, . . . , Nn of n disjoint vertex sets of equal size m and the

corresponding collection of pairwise arc sets E12, . . . En−1,n, where Est = Ns ×Nt for s < t,

let G = (N , E) be a complete n-partite graph, where N =
∪n

s=1 Ns and E =
∪

s<t Est. We

refer to the ith vertex of set Ns with the duple (i, s) and use the quadruple (i, s, j, t), to

represent the edge between vertices (i, s) and (j, t). Also, let cstij be a cost value associated

with edge (i, s, j, t) that accounts for the cost of assigning vertices (i, s) and (j, t) to the

same star. Let a valid star be defined as a subgraph of G such that, (1) it contains exactly

one vertex from each set N1, . . . , Nn; (2) one of the vertices (the center) is connected to

all of the other vertices of the star (the leafs); and (3) there are no connections between
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1, 1 1, 2 1, 3 2, 1

2, 3 2, 2

15 2 2

17

4

19

16 7

5

4

4

4

1, 1 (Observation, Sensor)

A Assignment costs of the sensor observations

1, 1 1, 2 1, 3 2, 1

2, 3 2, 2

15 2

17

4

4

4

B Optimal clique assignment

1, 1 1, 2 1, 3 2, 1

2, 3 2, 2

2 2

16

4

C Optimal star assignment

Figure 5-2. Example of a 3-sensor 2-target tracking problem

any pair of leafs. Then, the MSAP aims for a set of m disjoint valid stars that cover all

the vertices in G. An example of a valid star assignment of an instance, where n = 4 and

m = 3 is given in Figure 5.2. The three valid stars are colored gray, black, and white. The

MSAP is known to be NP-hard (Crama and Spieksma, 1992).

5.2.1 Continuous Nonlinear Formulation

Let variables z and x be defined as follows:

zsi =

 1, if vertex (i, s) ∈ N is a star center

0, otherwise,
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1, 1

2, 1

3, 1

1, 2

2, 2

3, 2

1, 3

2, 3

3, 3

1, 4

2, 4

3, 4

Figure 5-3. A valid star assignment for a graph with n = 4 and m = 3

and

xst
ij =

 1, if vertices (i, s) and (j, t) ∈ N belong to the same star

0, otherwise.

Observe that xst
ij = xts

ji for all (i, s, j, t), and xss
ij = 0, since (i, s, j, s) /∈ E . The

initial formulation is presented in (5–8)-(5–15), where the objective function (5–8) aims

to minimize the overall assignment cost. Constraints (5–9) ensure that, if vertex (i, s) is

a center, it must be connected to (n − 1) vertices. Conversely, if it is not a center, then

it should be connected to one vertex. Constraints (5–10)-(5–11) guarantee that if vertex

(i, s) is a center, it must be connected to exactly one vertex from each set Nt, for all

t ̸= s. Further, constraints (5–12) enforce that there are exactly m stars in the optimal

solution. Nonlinear constraints (5–13) guarantee that each vertex (i, s) ∈ N is either

connected to a center, or is a center itself, and hence, it can only be connected to leafs.

Last, (5–14)-(5–15) define the domain of variables z and x.

(INLP ) : min
m∑
i=1

m∑
j=1

n∑
s=1

∑
{t=1,...,n:s<t}

cstijx
st
ij (5–8)

s.t.
m∑
j=1

n∑
t=1

xst
ij = 1 + (n− 2)zsi , ∀i = 1, . . . ,m s = 1, . . . , n (5–9)

m∑
j=1

xst
ij ≤ 1, ∀i = 1, . . . ,m s, t = 1, . . . , n (5–10)

m∑
j=1

xst
ij ≥ zsi , ∀i = 1, . . . ,m s, t = 1, . . . , n (5–11)
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m∑
i=1

n∑
s=1

zsi = m (5–12)

zsi +
m∑
j=1

n∑
t=1

xst
ijz

t
j = 1, ∀i = 1, . . . ,m s = 1, . . . , n (5–13)

zsi ∈ {0, 1}, ∀i = 1, . . . ,m s = 1, . . . , n (5–14)

xst
ij ∈ {0, 1}, ∀i = 1, . . . ,m s = 1, . . . , n. (5–15)

Let RNLP be the continuous relaxation of formulation (5–8)-(5–15). That is, both

z and x are allowed to take fractional values between zero and one. We now proceed to

prove that in any feasible solution of RNLP , all z variables take integer values. For this

proof, assume we have a feasible solution (z,x). We refer to vertex (i, s) as white if zsi = 0,

black if zsi = 1, or gray if zsi ∈ (0, 1).

Lemma 2. In any feasible solution of RNLP , a white vertex can only be connected to

black vertices.

Proof. Let vertex (i, s) be white. From (5–9) and (5–13), since zsi = 0, we have that

m∑
j=1

n∑
t=1

xst
ij = 1

and,
m∑
j=1

n∑
t=1

xst
ijz

t
j = 1.

Thus,
m∑
j=1

n∑
t=1

xst
ij =

m∑
j=1

n∑
t=1

xst
ijz

t
j,

which can be rewritten as

m∑
j=1

∑
{t=1,...,n:ztj=0}

xst
ij +

m∑
j=1

∑
{t=1,...,n:ztj>0}

xst
ij =

=
m∑
j=1

∑
{t=1,...,n:ztj=0}

xst
ijz

t
j +

m∑
j=1

∑
{t=1,...,n:ztj>0}

xst
ijz

t
j =

∑
{j=1,...,m:ztj>0}

xst
ijz

t
j. (5–16)
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Moreover, since xst
ij ∈ [0, 1] and ztj ∈ [0, 1],

∑
{j=1,...,m:ztj>0}

xst
ij ≥

∑
{j=1,...,m:ztj>0}

xst
ijz

t
j.

Hence, from (5–16) we obtain

m∑
j=1

∑
{t=1,...,n:ztj=0}

xst
ij = 0, and (5–17)

m∑
j=1

∑
{t=1,...,n:ztj>0}

xst
ij =

m∑
j=1

∑
{t=1,...,n:ztj>0}

xst
ijz

t
j. (5–18)

Equations (5–17) and (5–18) imply that there are no connections between white vertices,

and white and gray vertices, respectively.

Lemma 3. In any feasible solution of RNLP , a black vertex can only be connected to

white vertices.

Proof. Let vertex (i, s) be black, i.e., zsi = 1. From (5–9), and (5–13) respectively, we have

m∑
j=1

n∑
t=1

xst
ij = n− 1, and (5–19)

m∑
j=1

n∑
t=1

xst
ijz

t
j =

m∑
j=1

n∑
{t=1,...,n:xst

ij=0}

xst
ijz

t
j +

m∑
j=1

∑
{t=1,...,n:xst

ij>0}

xst
ijz

t
j =

m∑
j=1

∑
{t=1,...,n:xst

ij>0}

xst
ijz

t
j = 0 (5–20)

Now, notice that in order to satisfy (5–20), if xst
ij > 0, then ztj = 0. This, in

turn, implies that a black vertex cannot be connected to other black vertices, or gray

vertices.

Based on Lemmata 2 and 3, we can deduce that, if there exist gray vertices, then they

are only connected to other gray vertices.

Lemma 4. If there exist gray vertices in a feasible solution, then the number of those is a

multiple of n.
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Proof. Assume there exist k black vertices. Then, each of those vertices is connected to

(n − 1) white vertices, overall covering kn vertices in the graph. Hence, there must be

exactly (m− k)n gray vertices remaining to be covered.

Theorem 5.1. In any feasible solution of the RNLP , all z variables are binary (i.e., there

cannot exist gray vertices).

Proof. Assume for a contradiction that there exist gray vertices. First, note that from

Lemma 4, if there exists a gray vertex in G, we can assume without loss of generality that

every vertex is also gray. This is because we can remove all black and white vertices from

the graph, and the remaining (gray) vertices still form an n-partite graph.

Since all vertices are gray, we have that zsi ∈ (0, 1), for vertex (i, s). Further,

constraint (5–13) can be rewritten as

zsi +
m∑
j=1

n∑
{t=1,...,n:xst

ij>0}

xst
ijz

t
j = 1. (5–21)

Now, consider the following expression

zsi +
m∑
j=1

∑
{t=1,...,n:xst

ij>0}

ztj. (5–22)

Clearly, expression (5–22) must be either less than, equal to, or greater than 1. Thus, we

divide the proof into these three cases.

Case 1. Let us assume that it is less than 1. It is easy to see that

zsi +
m∑
j=1

n∑
{t=1,...,n:xst

ij>0}

ztj ≥ zsi +
m∑
j=1

∑
{t=1,...,n:xst

ij>0}

xst
ijz

t
j,

which implies that

zsi +
m∑
j=1

n∑
{t=1,...,n:xst

ij>0}

xst
ijz

t
j < 1,

contradicting (5–21).
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Case 2. Assume (5–22) is equal to one. To satisfy constraint (5–21), all xst
ij that are

positive must be equal to one. Further, from constraint (5–11), we get that vertex (i, s) is

connected to at least one vertex from each set Nt, t ̸= s. Since all connections emanating

from (i, s) satisfy xst
ij = 1 we obtain

m∑
j=1

n∑
{t=1,...,n:xst

ij>0}

xst
ij ≥ n− 1.

By assumption vertex (i, s) is gray. Hence, since zsi < 1, we would violate constraint (5–9).

Case 3. Consider the case where expression (5–22) is greater than one. First, note

that zsi > 0 implies that vertex (i, s) is partially assigned to be part of a star centered at

itself. Moreover, for each vertex (j, t) such that xst
ij > 0, since ztj > 0, vertex (i, s) is also

partially assigned to be part of a star centered at (j, t). Thus, expression (5–22) accounts

for the number of stars that vertex (i, s) is assigned to, including the one centered at itself.

We proved above that this expression cannot be less than or equal to one for any gray

vertex. Hence, this implies that all vertices in G are associated with more than one star.

By constraint (5–12) there are only m stars. Also, the sum of the x variables of each star

must be equal to n − 1. Thus, if (5–22) is greater than one for all vertices in G, we would

violate at least one of the constraints in (5–9).

The three contradictions described above imply that in any feasible solution of the

RNLP there are no gray vertices.

Contrary to the case of the z variables, it is easy to see that there can be feasible

solutions where some of the x variables are fractional. Consider the example presented in

Figure 5-4. It is easy to see that the fractional solution depicted in Figure 5-4C, satisfies

all constraints in (5–9)-(5–13). Moreover, such solution is actually a convex combination of

integral solutions displayed in Figures 5-4A and 5-4B. Note that we are able to construct

this combination because the star centers in both integral solutions 5-4A and 5-4B are

the same. Because of the result presented in Theorem 5.1, a strictly convex combination

between two integral solutions with different star centers would yield fractional z variables,
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and therefore an infeasible solution. We now formally prove that if there exists an optimal

solution where the x are fractional, there is also an alternative integral solution.

1, 1

2, 1

1, 2

2, 2

1, 3

2, 3

1 1

1 1

A Solution 1

1, 1

2, 1

1, 2

2, 2

1, 3

2, 3

1 11 1

B Solution 2

1, 1

2, 1

1, 2

2, 2

1, 3

2, 3

0.5 0.5

0.5 0.5

0.5 0.5

0.5 0.5

C Fractional solution

Figure 5-4. Example of a fractional solution

Theorem 5.2. If RNLP is feasible, then there always exists an optimal solution of

RNLP , where all x variables take integer values.

Proof. Theorem 5.1 implies that, in any feasible solution, there are exactly m black

vertices. Without loss of generality, assume that all of those vertices are elements of

the same set Ns (Figure 5-4). Assume there is an optimal solution (z∗,x∗), where x∗ is

fractional. Observe that if we fix z = z∗ in (5–8)–(5–15), the resulting formulation can be

divided into n − 1 independent linear assignment problems between the elements in Ns

(the black vertices) and the elements in Nt, t ̸= s, respectively (the white vertices at each

set). Note, that since there always exists an integer optimal solution in a linear assignment

problem, we can deduce that there is always an alternative optimal solution for the RNLP

where xst
ij ∈ {0, 1}, for all the edges in G.

As a result from Theorems 5.1 and 5.2, constraints (5–14) and (5–15) can be relaxed

in INLP , leaving the continuous nonlinear optimization problem RNLP , henceforth

referred to only as NLP . To solve this formulation we can use any available optimizer

that handles nonlinear programs. Although, in spite of having a continuous formulation,

rather than an integer one, nonlinear constraints (5–13) still pose a difficult challenge

because of their non-convex nature. As an alternative approach, instead of solving NLP ,

we propose using a standard linearization technique that involves introducing additional

variables to replace the bilinear terms in constraints (5–13). Furthermore, from the
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results presented in Theorems 5.1 and 5.2, we derive additional valid inequalities that

strengthen the proposed linear formulation. A description of the linearization and the

valid inequalities follows.

5.2.2 Linearization

The bilinear terms of constraints (5–13) represent the greatest difficulty of the NLP

formulation. Thus, we apply a standard linearization technique by replacing those terms

with additional variables (w). Unfortunately, by relaxing the nonlinear constraints, we

lose the integrality properties described in Theorems 5.1 and 5.2. Hence, the resulting

formulation is a mixed integer linear program (MIP ). On top of that, this reformulation

comes with an overhead of O(n2m2) variables and constraints. The proposed reformulation

follows:

(MIP ) : min
m∑
i=1

m∑
j=1

n∑
s=1

∑
{t=1,...,n:s<t}

cstijx
st
ij (5–23)

s.t. (5–9)-(5–12) (5–24)

wst
ij ≤ ztj, ∀i, j = 1, . . . ,m s, t = 1, . . . , n (5–25)

wst
ij ≤ xst

ij , ∀i, j = 1, . . . ,m s, t = 1, . . . , n (5–26)

wst
ij ≥ ztj + xst

ij − 1, ∀i, j = 1, . . . ,m s, t = 1, . . . , n (5–27)

zsi +
m∑
j=1

n∑
t=1

wst
ij = 1, ∀i = 1, . . . ,m s = 1, . . . , n (5–28)

wst
ij ∈ [0, 1], ∀i = 1, . . . ,m s = 1, . . . , n (5–29)

xst
ij ∈ [0, 1], ∀i = 1, . . . ,m s = 1, . . . , n (5–30)

zsi ∈ {0, 1}, ∀i = 1, . . . ,m s = 1, . . . , n, (5–31)

where variable wst
ij represents the bilinear term xst

ijz
t
j, for all (i, s, j, t) ∈ E , and constraints

(5–25)-(5–27) are the linearization inequalities. Note that, contrary to the case of the x

variables, wst
ij = xst

ijz
t
j ̸= xst

ijz
s
i = wts

ji . Thus, both variables wst
ij and wts

ji must be included.
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Finally, using a similar argument as in Theorem 5.2, it is easy to see that in the above

formulation we can relax the integrality constraints of variables x and w.

5.2.3 Valid Inequalities

In this subsection, we introduce five families of valid inequalities that strengthen the

MIP formulation. Since we no longer have the nonlinear set of constraints (5–13), it is

possible (and likely) that the linear relaxation of this formulation produces fractional

solutions (i.e., gray vertices). To cope with this issue, we can use the results from

Lemmata 2 and 3 to define the following inequalities.

Proposition 5.1. For any edge (i, s, j, t) ∈ E, the inequality xst
ij ≤ 2− zsi − ztj is valid.

Proof. From constraints (5–13), for vertices (i, s) and (j, t), we obtain

zsi + xst
ijz

t
j ≤ 1

and

ztj + xst
ijz

s
i ≤ 1.

Adding both inequalities yields

2 ≥ zsi + ztj + xst
ij(z

s
i + ztj). (5–32)

Furthermore, since xst
ij ∈ [0, 1] and zsi ∈ [0, 1] , we have that

xst
ijz

s
i ≥ xst

ij + zsi − 1

and

xst
ijz

t
j ≥ xst

ij + ztj − 1.

Adding up both inequalities, results in

xst
ij(z

s
i + ztj) ≥ 2xst

ij + zsi + ztj − 2. (5–33)
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Finally, from (5–32) and (5–33), we obtain

xst
ij ≤ 2− zsi − ztj. (5–34)

Inequality (5–34) comes from the fact that in any feasible solution of the MIP there

are no connections between black vertices (star centers). Clearly, if both variables zsi and

ztj take the value of one, the corresponding variable xst
ij cannot be positive.

Proposition 5.2. For any edge (i, s, j, t) ∈ E, the inequality xst
ij ≤ zsi + ztj is valid.

Proof. From Lemma 2, the proposed inequality:

xst
ij ≤ zsi + ztj (5–35)

is trivially derived.

Similarly as before (cf. Proposition 5.1), in any feasible solution of the MIP there are

no connections between white vertices (leafs). Thus, if both variables zsi and ztj are zero,

the corresponding variable xst
ij must also be zero.

There are two interesting features of inequalities (5–34) and (5–35). First, the size

of both families is O(n2m2), which implies that both can be directly included in the

MIP without the need of a separation algorithm. Second, as proved in Theorem 5.3, if

constraints (5–34) and (5–35) are included in formulation (5–23)-(5–31), it is possible

to relax constraints (5–28), and therefore remove the extra w variables. The resulting

formulation, referred to as MIPa, not only has less variables and constraints than MIP ,

but also produces a better dual bound.

(MIPa) : min
m∑
i=1

m∑
j=1

n∑
s=1

∑
{t=1,...,n:s<t}

cstijx
st
ij (5–36)
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s.t. (5–9)-(5–12) (5–37)

xst
ij ≤ zsi + ztj, ∀i, j = 1, . . . ,m s, t = 1, . . . , n (5–38)

xst
ij ≤ 2− zsi − ztj, ∀i, j = 1, . . . ,m s, t = 1, . . . , n (5–39)

zsi ∈ {0, 1}, ∀i = 1, . . . ,m s = 1, . . . , n (5–40)

xst
ij ∈ {0, 1}, ∀i = 1, . . . ,m s = 1, . . . , n. (5–41)

Theorem 5.3. MIPa is a valid formulation for the MSAP.

Proof. Since MIPa includes constraints (5–9)-(5–12), it suffices to show that any

optimal solution of this formulation satisfies that, (1) there are no gray vertices (i.e.,

zsi ∈ {0, 1}, ∀(i, s) ∈ N) and (2) the only connections that can exist are between white and

black vertices.

Clearly, MIPa contains the integrality constraints for the z variables. Thus, no gray

vertices would exist. Furthermore, observe that constraints (5–38) guarantee that no

connection exists between white vertices. Hence, white vertices can only be connected to

black ones. Similarly, constraints (5–39) guarantee that no connection exists between two

black vertices, hence black vertices can only be connected to white ones.

We now describe three additional families of valid inequalities.

Proposition 5.3. For any vertex (i, s) ∈ N , the inequality

zsi +
m∑
j=1

n∑
t=1

qstij ≥ 1, (5–42)

where qstij ∈ {xst
ij , z

t
j} is valid.

Proof. From nonlinear constraints (5–13), it is easy to see that any integral solution of

MIPa satisfies the following equation:

zsi +
m∑
j=1

n∑
t=1

min{xst
ij , z

t
j} = 1.
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Since by definition, qstij ≥ min{xst
ij , z

t
j}, all integral feasible solutions satisfy the proposed

inequality.

We refer to this family as the minimum sum inequalities. Note that, for each vertex

(i, s), the number of inequalities of this family is O(2mn). Thus, we propose the separation

procedure presented in Algorithm 8. Given a fractional solution (z̄, x̄), for each vertex

(i, s), we search for the inequality that is violated the most. For this purpose, for each

(j, t) such that (i, s, j, t) ∈ E , we select as qstij in (5–42) the variable associated with the

minimum value between z̄tj and x̄st
ij . We repeat this procedure for all (i, s) ∈ N , adding all

violated inequalities.

Algorithm 8 minSumSeparation(G, i, s, z̄, x̄)
1: sum = z̄si
2: cut = zsi
3: for all (j, t) such that (i, s, j, t) ∈ E do
4: if z̄tj < x̄st

ij then
5: sum← sum+ z̄tj
6: cut← cut+ ztj
7: else
8: sum← sum+ x̄st

ij

9: cut← cut+ xst
ij

10: end if
11: end for
12: if sum < 1 then
13: return cut ≥ 1
14: else
15: return null
16: end if

For the last two families of valid inequalities, consider the fractional solution depicted

in Figure 5-5. This is an optimal solution of the linear relaxation of MIPa. First, observe

the 4-cycle formed by vertices (2, 1), (1, 3), (1, 4), (2, 2). Clearly, in a feasible integral

solution the number of arcs within the cycle cannot be greater than two. We analyze this

inequality in Proposition 5.4.
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1, 1

2, 1

3, 1

1, 2

2, 2

3, 2

1, 3

2, 3

3, 3

1, 4

2, 4

3, 4

Figure 5-5. Example of a fractional solution of the linear relaxation of MIPa

Proposition 5.4. For any 4-cycle involving vertices (i, s), (j, t), (k, u), and (l, v), xst
ij +

xtu
jk + xuv

kl + xsv
il ≤ 2 is a valid inequality.

Proof. Assume that there is an integral solution where xst
ij + xtu

jk + xuv
kl + xsv

il > 2. Hence,

there exist at least three arcs in the 4-cycle for which the respective x variables are one.

In turn, this implies that at least two vertices have two connections each. From (5–9), it

can be deduced that these two vertices need to be black (since they have more than one

connection). Hence, all the possible vertex configurations can be summarized with the two

cases, shown in Figure 5-6. The cases that are not included in this figure correspond to

mirrored versions of the ones that are presented.

2, 1 2, 2

1, 3 1, 4

A Case 1

2, 1 2, 2

1, 3 1, 4

B Case 2

Figure 5-6. Cycle cut example for Proposition 5.4

Case 1 can be dismissed because a white vertex is connected to two black vertices,

contradicting (5–9). Similarly, case 2 cannot happen because it contradicts the fact that

two black vertices can never be connected (Proposition 2).

We refer to this family as the 4-cycle inequalities. Since the number of inequalities of

this family is O(m4n4), we can find all violations by total enumeration.
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Finally, observe the triplet formed by vertices (1, 3), (2, 1), and (2, 2) in Figure 5-5.

It is easy to see that all three vertices cannot be black and simultaneously have any

connection between them. We analyze this inequality in Proposition 5.5.

Proposition 5.5. For any triplet of vertices (i, s), (j, t), (k, u), where vertex (i, s) is the

center of the triplet, xst
ij + xsu

ik + zsi + ztj + zuk ≤ 3 is a valid inequality.

Proof. Since there cannot be any connection between two black vertices or two white

vertices, it is easy to see that the only feasible options can be summarized by the ones

depicted in Figure 5-7. As before, we do not include mirrored configurations, or the cases

where the inequality is trivially satisfied (e.g., the case where all the vertices are white

and there are no connections between them). Note that in all this cases, if we sum up the

corresponding z variables of all three vertices, and the x of the arcs connecting the center

with the leafs, the resulting summation is always less or equal than three.

2, 1 2, 2

1, 3

A Case 1

2, 1 2, 2

1, 3

B Case 2

2, 1 2, 2

1, 3

C Case 3

Figure 5-7. Triplet cut example for Proposition 5.5

We described the above inequality for the case where vertex (i, s) is the center

of the triplet. Although, note that it is possible to obtain two alternative inequalities

by choosing any of the other two vertices as the center. We refer to this family as the

triplet inequalities and, since the total number of posible triplets is O(n3m3), we can find

violations by total enumeration. Finally, note that this family of inequalities can be easily

generalized for k-tuples, where k > 3. However, in practice they are less effective and

harder to evaluate, as the total number of k-tuples if O(nkmk).
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5.3 A Set Partitioning Formulation for Solving the MSAP

From formulation (5–1)-(5–5), it is easy to see that the MSAP is a particular case

of the set partitioning problem, and thus can be formulated as such. The set up of

this formulation is as follows. Let K be the set of all feasible stars that can be used to

partition G. For each star k ∈ K, let akis be a parameter that takes the value of one if

star k covers vertex (i, s) and zero, otherwise. Let yk be a binary variable that takes the

value of one if star k is selected and zero, otherwise. Further, let ϕ(k) be a function that

returns the center of star k, and finally, let ck be the cost of star k. That is, assuming that

ϕ(k) = (i, s), the cost of star k is given by,

ck =
m∑
j=1

∑
{t=1,...,n:t̸=s}

cstija
k
jt. (5–43)

Then, the resulting set partitioning (SP ) formulation can be defined as follows:

(SP ) : min
∑
k∈K

ckyk (5–44)

s.t.
∑
k∈K

akisyk = 1, ∀i = 1, . . . ,m s = 1, . . . , n (5–45)

yk ∈ {0, 1}, ∀k ∈ K. (5–46)

Note that constraint set (5–45) is created by aggregating all constraints in (5–1)-(5–5).

Hence, both formulations are equivalent. The advantage of the SP over MIPa is the fact

that the star configuration, required by any feasible solution of the MSAP, is implicitly

guaranteed by the definition of set K. In other words, since all the elements in K are

valid stars, the remaining decision is finding the right partition. However, the downside is

that |K| grows exponentially as the size of G increases (Proposition 5.6). For this reason,

(5–44)-(5–46) has far more variables than can be reasonably handled and therefore solving

it explicitly can be computationally impractical.

Proposition 5.6. The total number of feasible stars is nmn.
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Proof. To be a feasible star, its center must be connected to exactly one vertex from each

of the other n − 1 sets. Since there are m vertices in each set, the total possible stars

centered at any given vertex is mn−1. Furthermore, since the total number of vertices is

nm and each of them can be the center of a star, the total number of stars is nmn.

To overcome this difficulty, we solve the problem via branch and price (Barnhart

et al., 1998; Lübbecke and Desrosiers, 2005). That is, at each vertex of the branch-and-bound

tree, we solve a linear relaxation of SP , defined over a manageable subset of stars K ′ ⊂ K.

We refer to this formulation as the restricted master problem (RMP ). If the current set

of stars K ′ is not sufficient to declare optimality, we proceed to generate additional stars

via column generation. Furthermore, if the optimal solution at the end of the column

generation phase is not integral, we branch to reduce the solution space, eliminating

undesired fractional solutions. The RMP is as follows:

(RMP ) : min
∑
k∈K′

ckyk (5–47)

s.t.
∑
k∈K′

akisyk = 1, ∀i = 1, . . . ,m s = 1, . . . , n (5–48)

0 ≤ yk ≤ 1, ∀k ∈ K ′, (5–49)

5.3.1 Generating the Initial Set of Columns

Before starting the column generation phase, we require to construct an initial set

of stars K ′ for which RMP is feasible. There are different options for constructing this

set. One can, for example, use a typical initialization method such as the two-phase or

the penalization methods (Bazaraa et al., 2009). Alternatively, we can initialize K ′ with

any feasible solution produced heuristically. This is in general a preferred option because

a good initial solution provides RMP with a high quality upper bound, which in turn

may help prune some unnecessary branches in the branch-and-bound tree. To find the

initial set K ′, we propose a very simple greedy algorithm that generates iteratively a set of

valid stars. For this purpose, we define a feasible star p to be a minimum cost star of G, if

117



cp ≤ ck, for all k ∈ K. Assume we begin the algorithm with an empty set K ′. Then, we

sequentially add to K ′ a minimum cost star of graph G \K ′. We repeat this process until

all the vertices are covered. A full description of this heuristic is presented in algorithms

9-11.

Algorithm 9 minCenteredStar(G,m, n, i, s)

1: S ← {(i, s)}
2: cost← 0
3: for all t = 1, . . . , n, where t ̸= s do
4: l ∈ argminj=1,...,m{cstij}
5: S ← S ∪ {(l, t)}
6: cost← cost+ cstil
7: end for
8: return [S, cost]

Algorithm 10 minStar(G,m, n)

1: S∗ ← ∅
2: cost∗ ←∞
3: for all s = 1, . . . , n do
4: for all i = 1, . . . ,m do
5: [S, cost]← minCenteredStar(G,m, n, i, s)
6: if cost < cost∗ then
7: cost∗ ← cost
8: S∗ ← S
9: end if
10: end for
11: end for
12: return [S∗, cost∗]

We now prove that the proposed heuristic produces a feasible solution in O(m3n2).

We first derive the complexity of identifying a minimum cost star of a given graph G and

then, we prove the correctness and provide the overall complexity.

Lemma 5. Given a graph G, finding a minimum cost star takes O(m2n2).

Proof. First, assume we know a priori the center of the minimum cost star. Let (i, s)

be that vertex. Since the center must be connected to exactly one vertex from each set

Nt ∈ N \ Ns, we obtain the minimum cost star by finding a vertex (j̄, t) such that
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Algorithm 11 findInitialSet(G)

1: K ′ ← ∅
2: G′ ← G
3: cost∗ = 0
4: m′ = m
5: while G′ ̸= ∅ do
6: [S, cost] =minStar(G′,m′, n)
7: K ′ ← S
8: cost∗ ← cost∗ + cost
9: G′ ← G′ \ S
10: mp = m′ − 1
11: end while

j̄ ∈ argminj=1,...,m{cstij}, from each of the remaining n − 1 sets. Furthermore, each set has

in total m vertices. Thus, finding the minimum cost star centered at (i, s) takes O(nm)

(Algorithm 9).

Now, observe that since there are nm vertices in G, we can repeat the same process

for each vertex, selecting the overall minimum cost star in O(m2n2) (Algorithm 10).

Theorem 5.4. Given a graph G, the proposed heuristic finds a feasible set K ′ in O(m3n2).

Proof. We initialize Algorithm 11 with a graph G ′ = G. First, note that at each iteration

of the while loop (steps 5-11), we generate a valid star comprised by exactly one vertex

from each set N1, . . . , Nn. Since we remove from G ′ the vertices of such star, we guarantee

that those vertices are not covered by other stars in further iterations. Moreover, at each

iteration, the number of vertices in G ′ decreases by n. In view of G ′ having initially mn

vertices, by iteration m all the vertices must be covered by one star. Finally, finding the

minimum cost star takes O(m2n2). Thus, generating K ′ takes O(m3n2).

Naturally, there are additional elements that can be used for improving the running

time of Algorithm 11 and obtaining additional stars to add in K ′. For example, after each

run of Algorithm 9, we can temporarily store the minimum cost star centered at each

vertex (i, s) ∈ G. Then, in further iterations we can warm start the algorithm initializing

the search with those stars. Moreover, noting that each of these minimum cost stars is a
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member of K, we can include some of them in the initial set K ′. However, since we would

like to avoid having a large initial set of columns, or worse including poor candidates,

in practice we impose a limit on the size of the initial set K ′. Thus, besides adding the

solution found by Algorithm 11, we keep an ordered set of the best αm generated stars

and include those in K ′. We have tested different values for α, being α = {2, 3, 4} the ones

that produced the best results. We only use this limit when generating the initial set of

columns. Once in the column generation stage, we relax this limit.

5.3.2 Optimality Conditions and New Candidate Stars Generation

While solving RMP , it is possible (and in general common) that the initial set of

stars K ′ does not include an optimal partition of G. Moreover, it is also possible that we

cannot even find an optimal solution of the linear relaxation, using the stars in K ′. This is

not a particular issue of the MSAP as it happens often with most problems that are solved

using set partitioning formulations (Barnhart et al., 1998).

To find the optimal solution of the linear relaxation, we use a column generation

approach that introduces new stars to K ′ in case they are needed to declare optimality.

Hence, at each iteration, we are required to find whether there exists a new star k ∈

K \ K ′, that improves the current solution. In other words, we aim to find a variable yk,

for k ∈ K \ K ′, such that its reduced cost is negative, or, from the dual perspective, a

variable such that its corresponding dual constraint is violated.

Consider the dual of the RMP , defined as the relaxed dual problem RDP .

(RDP ) : max
m∑
i=1

n∑
s=1

αs
i (5–50)

s.t.
m∑
i=1

n∑
s=1

akisα
s
i ≤ ck, ∀k ∈ K ′. (5–51)

Notice that (5–51) includes only the constraints associated with the stars in K ′. This

implies that, if we find a star k ∈ K \ K ′, such that its corresponding constraint (5–51)

is violated by the current solution, i.e., a star k for which ck −
∑m

i=1

∑n
s=1 a

k
isα

s
i < 0,
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we can include such star in K ′. In consequence, the optimality conditions of the column

generation stage can be defined as follows.

ck −
m∑
j=1

n∑
t=1

akjtα
t
j ≥ 0, ∀k ∈ K \K ′, (5–52)

or, alternatively, from (5–43),

m∑
j=1

∑
{t=1,...,n:t̸=s}

cstija
k
jt −

m∑
j=1

n∑
t=1

akjtα
t
j =

m∑
j=1

∑
{t=1,...,n:t̸=s}

cstija
k
jt − αs

i −
m∑
j=1

∑
{t=1,...,n:t̸=s}

akjtα
t
j =

=− αs
i +

m∑
j=1

∑
{t=1,...,n:t̸=s}

(cstij − αt
j)a

k
jt ≥ 0, (i, s) = ϕ(k), ∀k ∈ K \K ′. (5–53)

To identify promising stars, we propose a similar approach to the one used to obtain the

initial set K ′. We first fix the center of the star at vertex (i, s) and then, search for stars

that violate condition (5–53). We repeat the same process for each vertex (i, s) ∈ G. Thus,

given a center vertex (i, s), the proposed pricing subproblem (P (i, s)) is as follows:

(P (i, s)) : −αs
i+min

m∑
j=1

∑
{t=1...,n:t̸=s}

(cstij − αt
j)ajt (5–54)

s.t.
m∑
j=1

ajt = 1, ∀t = 1, . . . , n, t ̸= s (5–55)

ajt ∈ {0, 1}, ∀j = 1, . . .m, t = 1, . . . , n, t ̸= s, (5–56)

where the objective function (5–54) minimizes the reduced cost of the star, constraints

(5–55) guarantee that the center vertex (i, s) is connected with a vertex in each layer

t ̸= s, and constraints (5–56) define the domain of the variables.

Then, we solve a problem P (i, s) for each vertex (i, s) ∈ G, finding new candidate

stars (possibly many) at each iteration. Note that, if for all vertices (i, s) ∈ G, −αs
i +

min
∑m

j=1

∑n
t=1,t̸=s(c

st
ij − αt

j)ajt ≥ 0, we have an optimal solution for the RMP .

In principle, instead of solving a sequence of mn P (i, s) subproblems, we could adapt

Algorithm 10 to obtain the same result in O(m2n2). This approach will indeed work for

solving the root vertex of the branch-and-bound tree. However, if the solution of the linear
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relaxation is not integral, we must proceed with the branching stage to eliminate fractional

solutions. Then, the branching decisions must be enforced in the subproblem in the form

of constraints to prevent generating stars that violate them. Because of these additional

constraints, we cannot solely apply Algorithm 10. On the other hand, P (i, s) can be easily

updated to include the branching constraints. Nonetheless, solving sequentially mn of such

integer programs, after including the branching constraints, could potentially hinder the

column generation procedure. To circumvent this issue we will show that it is possible to

reformulate P (i, s) as a shortest path problem with side constraints. Before describing the

proposed reformulation, we first introduce the branching rule.

5.3.3 Branching Rule

As mentioned in Chapter 4, when solving a problem via branch and price, defining

the branching rule is one of the most important tasks. Similarly as for the CCP, there

are many reasons why standard branching (i.e., fixing a fractional variable to either zero

or one) is undesirable for solving the MSAP. First of all, when fixing a variable to one,

the n vertices of the star corresponding to such variable are covered. Since those vertices

cannot be covered again, all the other stars in K containing at least one of those vertices

are discarded (i.e., the corresponding variables are fixed to zero). Hence, the number of

variables to be considered in that branch is significantly reduced. On the other hand,

when a variable is fixed to zero, only one of exponentially many variables is fixed. This

particular behavior results in a highly unbalanced, and thus inefficient, branching tree.

Furthermore, when fixing a variable to zero, we must ensure that the pricing subproblem

does not produce the same variable again. This is generally done by either finding the

next best solution (possibly the nth best after n branches), or by including additional

constraints in the subproblem. In both cases, solving the pricing problem becomes

remarkably harder.

An alternative option, that is widely used when solving set partitioning problems, is

the so-called Ryan-Foster branching rule (Barnhart et al., 1998; Ryan and Foster, 1981).
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Consider a fractional solution of the RMP . From constraints (5–48), it is easy to see

that if a solution is fractional, there exists a vertex that is partially covered by at least

two stars. Let yk and yl be two fractional variables (i.e., yk, yl ∈ (0, 1)) such that the

corresponding stars share vertex (i, s). Clearly, since stars k and l are different, there

exists a vertex (j, t) ̸= (i, s) that is either covered by k and not by l, or vice versa. Thus,

we can generate a branch in which we force both vertices (i, s) and (j, t) to be covered

by the same star, and a second one that ensures that the vertices are covered by different

stars. It is easy to see that the current fractional solution is no longer valid, while any

feasible integer solution belongs to one of the two branches.

Once we generate the new branches, we need to enforce the respective branching

decisions in the subsequent iterations. Instead of sequentially adding such constraints to

the RMP , we can alternatively propagate them over set K ′. For the branch that requires

both vertices to be in different stars, we fix to 0 all the variables of the stars that cover

both vertices simultaneously. Conversely, we fix to 0 all the variables of the stars that

cover only one of these vertices, for the branch that requires both vertices to be together.

Moreover, we must ensure that the pricing problem also satisfies the branching constraints.

If we use formulation P (i, s) as the pricing problem, these constraints are easily enforced

as follows. Assume that (i, s) and (j, t) are the vertices of the current branching decision.

If the subproblem we are solving is P (i, s), we fix ajt to be either one or zero for the cases

where both vertices are required to be together or separated, respectively. For P (j, t), the

process is similar but fixing ais instead. If we are solving the subproblem for other vertices

different than (i, s) or (j, t), we introduce constraints ais = ajt or ais + ajt ≤ 1 in each of

the branches, respectively.

5.3.4 Star Generation as a Shortest Path Problem with Side Constraints

In general, the quality of any column generation approach relies on the ability to

generate new candidate variables in an efficient way. This is because the subproblem, that

either declares optimality or generates new variables, may be solved a considerable number
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of times before terminating. Despite the fact that solving the subproblem via integer

programming is sufficient for tackling small instances, in practice, the use of specialized

algorithms is proven to yield better results (Feillet et al., 2004). Furthermore, when

possible, it is often desired to transform the subproblem into a shortest path problem

because of the variety of different solution techniques that can be used to efficiently

solve this kind of problems (Feillet et al., 2004; Irnich and Desaulniers, 2005; Valério de

Carvalho, 1999).

For this reason, as an alternative to solving P (i, s) using integer programming

techniques, we propose reformulating it, as a shortest path problem over a directed acyclic

network H(i, s) = (N ′,A). The set up for this network is as follows. First, we introduce

two vertices (i, s) and (i, s) referred to as the source and sink vertices, respectively. There

is a set of vertices, N̄ , comprised of one vertex associated with each set N1 . . . , Ns−1,

Ns+1, . . . , Nn−1 (i.e., N̄ = {1, . . . , s − 1, s + 1, . . . , n − 1}). The vertex set is defined as

N ′ = {(i, s), (i, s)}∪ N̄ ∪N \Ns, and the arc set A is constructed as follows. First, if s = 1,

then there is an arc between the source vertex (i, s) and vertex (j, 2), for all j = 1, . . . ,m.

Otherwise, if s > 1, there is an arc between the source vertex (i, s) and vertex (j, 1), for

all j = 1, . . . ,m. Second, there is an arc between vertices (j, t) and t, for all j = 1, . . . ,m,

such that t ∈ N̄ . Third, there is an arc between vertices t and (j, t + 1), such that

1 < t < s − 1; an arc between vertices s − 1 and (j, s + 1); and an arc between vertices t

and (j, t + 1), such that s < t < n, for all j = 1, . . . ,m. Finally, if s < n, there is an arc

between vertex (j, n) and the sink vertex (i, s), for all j = 1, . . . ,m. Conversely, if s = n,

there is an arc between vertex (j, n− 1) and the sink vertex (i, s), for all j = 1, . . . ,m.

The cost of using the arc between vertices (i, s) and (j, t) is (cstij −αt
j), for j = 1, . . . ,m

and t = {1, 2}, depending on the value of s. Further, the cost between vertices (j, t) and

t is zero, and the cost between vertices t and (j, u) is (csuij − αu
j ), for all j = 1, . . . ,m and

u = s + 1, if t = s − 1, or u = t + 1, otherwise. Finally, the cost of using the arc between
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vertices (j, t) and (i, s) is zero, for j = 1, . . . ,m and t = {n − 1, n}, also depending on the

value of s. A graphical representation of H(i, s) is presented in Figure 5-8B.
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Figure 5-8. Subproblem network

Note that the cost of the arcs do not depend on the vertices they emanate from. This

is because such arcs represent the connection between (i, s) and the vertex at the head

of the corresponding arc. Moreover, it is easy to see that each path from the source to

the sink in H(i, s) can be associated with a star centered at (i, s). For instance, the path

formed by the gray vertices in Figure 5-8B can be associated with the valid star shown in

Figure 5-8C. Thus, if we subtract αs
i from the cost of the shortest path between the source

and sink vertices in H(i, s), we obtain the minimum reduced cost of the variable associated

with the star that corresponds to the shortest path.

In the absence of branching constraints, since H(i, s) is acyclic and the number of

arcs is O(mn), finding a shortest path can be done in O(mn) (Ahuja et al., 1993). Thus,

similarly as in Algorithm 10, solving the problem for all the vertices takes O(m2n2). On

the other hand, once the branching stage begins, finding the corresponding shortest path

becomes a more difficult task. The advantage of the proposed representation is that we
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can include the additional branching constraints and solve the resulting shortest path

with side constraints via Dynamic Programming (Irnich and Desaulniers, 2005). In the

following subsection we provide a description of the algorithms that we used to calculate

the candidate stars.

After solving all the P (i, s) subproblems for all vertices (i, s) ∈ N , it is possible to

obtain several candidate stars with the same set of vertices, but with different centers. For

instance, for the network depicted in Figure 5-8C, assume that after solving P (2, 3) we

obtain the star described in the figure, and when solving P (1, 4) we obtain a star with the

same set of vertices but centered at (1, 4). Clearly, from the definition of the star costs

presented in (5–7), among those stars, we should only consider the one with the minimum

cost. Thus, while solving the subproblems, we create a hash map that, in case more than

one star is generated with the same set of vertices, keeps only the one with the minimum

cost.

5.3.5 Dynamic Programming Algorithm for Finding Candidate Stars

There are different algorithms available in the literature to solve the shortest path

problem with side constraints (e.g., Irnich and Desaulniers, 2005; Lozano and Medaglia,

2013; Santos et al., 2007). We opted for adapting the dynamic programming approach

described by Irnich and Desaulniers (2005), which, based on our experiments, was

sufficient for our purposes. The proposed approach is as follows. Let Ω be the set of

branching constraints. As mentioned in Section 5.3, each branching constraint ω ∈ Ω

has a pair of vertices (we refer to those as N (ω) = {(i, s), (j, t)}) associated with it and

represents the branch in which the given vertices must be either covered by different stars

(DIFF) or by the same star (SAME). Let type(ω) be a function that returns the type of the

constraint. At any stage of the algorithm, we use P to refer to the set of intermediate

candidate paths (i.e., paths that have not reached the sink vertex). Associated with each

candidate path P ∈ P , we use P.cost, P.last, and P.l to represent the current cost, the last

vertex, and the vector of labels of path P , respectively. The vector of labels P.l contains
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one entry for each branching constraint ω ∈ Ω and helps to determine if the candidate

path is feasible. Depending on which type branching constraint ω is of and the vertices

that comprise path P , label P.l[ω] can take the following possible values:

P.l[ω] =



2, if both vertices in N (ω) are part of P (only for type(ω) =SAME)

1, if only one vertex in N (ω) is part of P

0, if no vertex in N (ω) is currently part of P ,

-1, if no vertex in N (ω) can be added to P (only for type(ω) =SAME).

All of the previous values of P.l[ω] are self-explanatory with the exception of P.l[ω] = −1.

Assuming that N (ω) = {(i, s), (j, t)}, this case corresponds to the situation where there

is already a vertex (k, u) in P , such that either u = s or u = t. Since in each star there

must be exactly one vertex from each set, this implies that neither (i, s) nor (j, t) can be

included in P .

If a feasible path P has reached the sink vertex and for each constraint ω ∈ Ω, such

that type(ω) =SAME, we have that P.l[w] is either 0 or 2, we say that P is a complete path.

Note that if P has reached the sink and there is still one of such constraints for which

P.l[w] = 1, the path P is infeasible as it contains only one of the vertices of constraint ω.

Finally, we name Q as the set of complete paths that have been generated. The proposed

approach is presented in algorithms 12–14.

The initialize function (Algorithm 12) creates a path that begins at the source

vertex with an initial cost of −αs
i . It also updates the constraint labels according to the

values described above.

The append function (Algorithm 13) identifies if appending a vertex to the end of

path P is a feasible option. In such case, the function updates the constraint labels as well

as the cost. If the resulting path is not feasible, it returns an empty path. Note that, if the

vertex v that is being added is either a member of set N̄ or is equal to vertex (i, s) (step

2), the algorithm appends it at the end of P as doing so does not affect the feasibility of

the path (i.e., v is not present in any constraint of set Ω).
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Algorithm 12 initialize(G,Ω, i, s)

1: P ← {(i, s)}
2: P.cost← −αs

i

3: for all ω ∈ Ω do
4: if (i, s) ∈ N (ω) then
5: P.l[ω] = 1
6: else if type(ω) = SAME and ∃(j, t) ∈ N (ω) such that t = s then
7: P.l[ω] = −1
8: else
9: P.l[ω] = 0
10: end if
11: end for
12: return P

The quality of Algorithm 14 is highly dependent on (1) which path is selected at each

iteration (step 5) and (2) how and when the dominance test is performed (step 16). The

selection criteria that we use is based on the fact that every complete path P ∈ Q will

pass through the same number of vertices, i.e., it will have the same size (Figure 5-8 for

an example). This is because each complete path is associated with a feasible star and

each feasible star has in total n vertices. Moreover, because of the particular structure of

network H(i, s), it is always posible to keep a difference of at most one vertex between the

sizes of all candidate paths in set P . This can be done by always selecting in step 5 a path

P with the currently smallest number of vertices. The reason for this, is that performing

the dominance test is easier when all the candidate paths are of the same size.

The objective of the dominance test (step 16) is to discard candidate paths that

are dominated by other paths in P . That is, if we have two paths P 1 and P 2 for which

P 1.last = P 2.last, we say that P 1 dominates P 2 if:

• for all ω ∈ Ω with type(ω) = SAME, P 1.l[ω] and P 2.l[ω] are both equal to 1, or take
the value of 0 or 2 (e.g., P 1.l[ω] = 0 and P 2.l[ω] = 2 is a valid possibility);

• for all ω ∈ Ω with type(ω) = DIFF, P 1.l[ω] ≤ P 2.l[ω];

• P 1cost ≤ P 2.cost.
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Algorithm 13 append(G, v, P )

1: if v ∈ N̄ or v = (i, s) then
2: P ← P ∪ {v}
3: return P
4: end if
5: (j, t)← v
6: for all ω ∈ Ω do
7: if (j, t) ∈ N (ω) then
8: if type(ω) = DIFF then
9: if P.l[ω] = 1 then
10: return ∅
11: else
12: P.l[ω]← 1
13: end if
14: else
15: if P.l[ω] = 1 then
16: P.l[ω]← 2
17: else if P.l[ω] = 0 then
18: P.l[ω]← 1
19: else
20: return ∅
21: end if
22: end if
23: else if type(ω) = SAME and ∃(k, u) ∈ N (ω) such that u = t then
24: P.l[ω] = −1
25: end if
26: end for
27: P ← P ∪ v
28: P.cost← P.cost+ cstij − αt

j

29: return P

Clearly, if P 1 dominates P 2, any complete path constructed by extending P 1 will yield,

in the worst case, a path with the same cost as the one constructed by extending P 2

with the same set of vertices. For this reason, there is no gain in considering P 2 as a

candidate path and thus, it can be removed from P. Because the execution time of the

dominance test depends on the number of branching constraints and the size of P, based

on our experiments, the best performance we obtained was when the dominance test was

performed only after reaching each vertex v ∈ N̄ .
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Algorithm 14 findCandidateStar(G,m, n,Ω, i, s)

1: P ←initialize(G,Ω, i, s)
2: P ← {P}
3: Q ← ∅
4: while P ̸= ∅ do
5: select a path P ∈ P and remove it from P
6: for all vertex v in the forward star of P.last do
7: P ′ ← append (G, v, P )
8: if P ′ ̸= ∅ then
9: if P ′ is complete then
10: Q ← Q∪ P ′

11: else if P ′ has not reached the sink then
12: P ← P ∪ P ′

13: end if
14: end if
15: end for
16: perform a dominance test to filter set P
17: end while
18: if Q = ∅ then
19: return ∅
20: end if
21: find P ∗ = argminP∈Q{P.cost}
22: reconstruct the candidate star S from solution P ∗

23: return S

5.3.6 Stabilization Techniques

Finally, it is well known that the SP formulation is highly degenerate. Note for

example that for the MSAP case, SP has in total mn constraints (without including the

bounds on the variables), whereas any feasible integer solution would only have m nonzero

variables. Primal degeneracy is well known to cause slow convergence (Lübbecke and

Desrosiers, 2005). One of the principal causes of this behavior is the instability of the dual

variables. Unfortunately, they do not smoothly converge to their respective optima, as

they constantly oscillate without a regular pattern. Since the columns generated depend

on the dual variable values, effects on the quality of solutions and on the running time

pose an important issue that must be considered.

Several methods have been proposed to overcome this issue (Agarwal et al., 1989;

Marsten et al., 1975; Rousseau et al., 2007). Besides applying such methods, it is also
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known that when using an interior point method to solve the RMP , the dual solutions

that are produced are often more balanced (Bixby et al., 1992), leading to a better

performance. We are aware though, that stabilization strategies generally outperform

this option. However, for the purpose of this paper, the combination of an interior point

method and the fact that we often include several star candidates (possibly one for every

P(i, s)), proves to be sufficient.

5.4 Computational Experiments

To analyze the performance of the different formulations, we created a test bed of 37

problem sets, ranging n from 3 to 20 and m from 4 to 30. We refer to each set as nDm.

Moreover, every set is comprised of 20 random instances generated using the method

described in (Grundel and Pardalos, 2005), having in total 37× 20 = 740.

The computational experiments were performed on a server with two AMD

Opteron
TM

6128 Eight-Core CPUs and 12 gigabytes of RAM, running Linux x86 64,

CentOS 5.9. Formulations MIP and MIPa were implemented in C++ and solved using

CPLEX 12.3, while the branch-and-price framework for the SP was coded in C and solved

using SCIP Optimizer 3.0.0 (Berthold et al., 2012).
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Table 5-1. Computational times, optimality gaps and the number of solved instances.
Set MIP MIPa MIPa-R MIPa-A SP

Time (s) Gap (%) Solved Time (s) Gap (%) Solved Time (s) Gap (%) Solved Time (s) Gap (%) Solved Time (s) Gap (%) Solved
3D5 0.02 0.00 20 0.01 0.00 20 0.00 0.00 20 0.00 0.00 20 0.00 0.00 20
3D10 0.66 0.00 20 0.09 0.00 20 0.08 0.00 20 0.10 0.00 20 0.00 0.00 20
3D15 1.58 0.00 20 0.16 0.00 20 0.15 0.00 20 0.17 0.00 20 0.01 0.00 20
3D20 31.61 0.00 20 1.56 0.00 20 1.46 0.00 20 1.61 0.00 20 0.01 0.00 20
3D25 55.04 0.00 20 1.83 0.00 20 1.78 0.00 20 1.97 0.00 20 0.02 0.00 20
3D30 67.64 0.00 20 3.27 0.00 20 3.27 0.00 20 3.45 0.00 20 0.03 0.00 20
4D5 0.11 0.00 20 0.01 0.00 20 0.00 0.00 20 0.01 0.00 20 0.00 0.00 20
4D10 5.31 0.00 20 0.64 0.00 20 0.60 0.00 20 0.66 0.00 20 0.03 0.00 20
4D15 149.65 0.00 20 7.55 0.00 20 7.65 0.00 20 12.95 0.00 20 0.16 0.00 20
4D20 266.37 0.00 20 11.83 0.00 20 11.44 0.00 20 18.20 0.00 20 0.32 0.00 20
4D25 3,427.10 0.00 20 103.90 0.00 20 99.27 0.00 20 188.70 0.00 20 2.68 0.00 20
4D30 7,200.00 11.33 0 1,193.00 0.00 20 836.20 0.00 20 1,447.00 0.00 20 8.76 0.00 20
5D5 0.90 0.00 20 0.20 0.00 20 0.18 0.00 20 0.22 0.00 20 0.01 0.00 20
5D10 55.25 0.00 20 4.45 0.00 20 4.39 0.00 20 6.31 0.00 20 0.18 0.00 20
5D15 581.67 0.00 20 31.36 0.00 20 29.42 0.00 20 45.13 0.00 20 5.30 0.00 20
5D20 7,200.00 2.47 0 518.09 0.00 20 196.80 0.00 20 952.12 0.00 20 454.49 0.00 20
5D25 7,200.00 14.42 0 7,152.00 0.00 20 4,104.00 0.00 20 7,200.00 0.58 0 3,758.90 0.88 11
6D5 4.16 0.00 20 0.62 0.00 20 0.59 0.00 20 0.75 0.00 20 0.08 0.00 20
6D10 110.96 0.00 20 10.04 0.00 20 8.17 0.00 20 17.81 0.00 20 13.60 0.00 20
6D15 7,200.00 4.83 0 592.29 0.00 20 463.48 0.00 20 1,017.20 0.00 20 2763.94 0.05 16
7D5 5.60 0.00 20 0.98 0.00 20 0.79 0.00 20 1.21 0.00 20 0.86 0.00 20
7D10 1,745.90 0.00 20 79.61 0.00 20 69.75 0.00 20 143.13 0.00 20 1738.21 0.30 17
7D15 7,200.00 7.51 0 7,200.00 1.02 0 6,120.00 0.11 19 7,200.00 1.03 20 4,871.15 0.00 20
8D5 21.11 0.00 20 1.96 0.00 20 1.45 0.00 20 3.19 0.00 20 0.50 0.00 20
8D10 5,209.30 0.91 17 323.73 0.00 20 229.08 0.00 20 638.23 0.00 20 4,614.73 2.01 8
9D5 26.13 0.00 20 2.79 0.00 20 2.31 0.00 20 3.18 0.00 20 2.65 0.00 20
9D10 7,200.00 11.54 0 581.02 0.00 20 389.30 0.00 20 912.84 0.00 20 7,200.00 9.34 20
10D5 105.35 0.00 20 11.34 0.00 20 10.81 0.00 20 17.61 0.00 20 16.34 0.00 20
10D10 7,200.00 23.23 0 706.98 0.00 20 631.12 0.00 20 2,791.70 0.00 20 7,200.00 14.91 20
11D5 152.45 0.00 20 22.77 0.00 20 20.69 0.00 20 31.48 0.00 20 1,344.10 0.00 20
11D10 7,200.00 26.11 0 7,200.00 2.03 0 7,193.80 0.46 1 7,200.00 10.08 0 7,200.00 34.5 0
12D5 403.09 0.00 20 36.75 0.00 20 31.81 0.00 20 50.66 0.00 20 774.42 0.00 20
12D10 7,200.00 31.92 0 7,200.00 21.46 0 7,200.00 7.54 0 7,200.00 22.92 0 7,200.00 39.22 20
15D5 2,137.28 0.00 20 68.63 0.00 20 58.85 0.00 20 185.11 0.00 20 7,200.00 16.81 0
15D10 7,200.00 43.33 0 7,200.00 29.83 0 7,200.00 18.01 0 7,200.00 32.46 0 7,200.00 41.42 0
20D4 7,200.00 17.11 0 248.93 0.00 20 239.57 0.00 20 439.76 0.00 20 7,200.00 18.34 0
20D5 7,200.00 29.96 0 579.41 0.00 20 415.41 0.00 20 1,016.20 0.00 20 7,200.00 29.60 20
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In our experiments we compare the performance of formulations SP , MIP , and

MIPa without the minimum sum, 4-cycle, and triplet cuts, as well as the MIPa including

the cuts at (1) the root node (MIPa-R), and (2) all nodes of the branch-and-bound tree

(MIPa-A). For all the approaches, we imposed a time limit of 7,200 seconds.

Table 5-1 reports the average computational time for all the problem sets, where the

fastest times are presented in bold. Additionally, we include (1) the average optimality gap

of the instances that were not solved by the time limit and (2) the number of instances

that were solved to optimality, if any. Table 5-2 compares the average number of nodes of

the branch-and-bound tree, while also presenting the average number of inequalities that

were produced for each of the three families of cuts. The average number of cuts generated

at the root node is also given. For the sake of simplicity, these last values were rounded up

to the next integer.

First of all, examining Table 5-1 we can easily observe that MIP is generally

outperformed. This is reasonable, since the overhead of adding the linearization variables

renders it very slow. We can also observe that SP is very fast in the instances where n is

small. However, as it increases, SP becomes significantly slower than the MIPa, with and

without the cuts. Furthermore, in the smaller instances, the cut families introduced are

not as effective, which is to be expected. Hence, the solution times of MIPa, MIPa-R,

and MIPa-A are comparable. On the other hand, in larger instances, the effect of the

cuts becomes visible, rendering MIPa-R a clear winner.

Note that, because of the complexity of the separation algorithms, MIPa-R is faster

than MIPa-A. Nonetheless, as it can be seen in Table 5-2, the branch-and-bound tree

for MIPa-A is remarkably smaller than MIPa-R, which in turn is smaller than MIPa.

Finally, we report the number of cutting planes introduced at each problem set. Observe

that all families of inequalities are used, being the minimum sum cuts the ones that

appear more often.
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Table 5-2. Number of nodes and cuts generated.
Number of nodes Number of cuts

Set MIP MIPa MIPa-R MIPa-A Minimum sum 4-Cycle Triplet
Total Root Total Root Total Root

3D5 0 0 0 0 0 0 0 0 0 0
3D10 0 0 0 0 1 0 0 0 0 0
3D15 14 14 2 2 43 37 0 0 3 2
3D20 96 82 51 38 186 43 0 0 25 3
3D25 101 128 60 44 255 104 0 0 39 11
3D30 113 160 81 64 1007 376 0 0 51 19
4D5 2 1 0 0 5 3 1 0 2 1
4D10 37 61 31 18 296 28 24 8 21 4
4D15 45 79 45 33 627 231 32 8 24 6
4D20 320 260 81 59 5631 384 72 8 90 6
4D25 2798 2839 190 141 10823 491 136 24 181 10
4D30 12195 14047 2601 520 15493 1097 1193 31 1447 24
5D5 14 14 13 9 44 24 20 3 6 1
5D10 220 219 108 63 1030 80 152 8 38 4
5D15 988 1327 618 313 8715 154 400 17 126 6
5D20 1186 16758 7184 686 21153 460 536 26 261 15
5D25 1475 38400 23305 953 26542 1239 646 29 293 16
6D5 3 3 0 0 15 12 1 0 1 0
6D10 85 191 99 38 1219 57 208 24 14 0
6D15 14096 37467 12216 829 20212 230 936 25 219 4
7D5 4 5 4 3 18 14 0 0 0 0
7D10 1085 1614 1059 414 14277 72 976 8 123 1
7D15 17211 33006 17139 625 19219 676 664 40 136 3
8D5 11 16 14 9 60 7 18 3 1 0
8D10 914 9107 3896 451 21428 127 1472 16 163 1
9D5 101 168 94 26 1044 24 512 8 15 0
9D10 1044 19015 11927 570 17361 241 1232 18 102 2
10D5 118 203 79 45 1309 49 368 9 17 1
10D10 1693 32076 14421 821 12072 115 1736 14 130 3
11D5 185 302 95 67 1632 58 440 8 31 1
11D10 2001 38303 13082 1094 21102 122 2491 10 157 3
12D5 257 506 190 114 2275 56 501 6 52 1
12D10 3974 38900 19510 1827 24893 445 2708 9 158 2
15D5 501 544 201 147 2291 37 607 12 53 1
15D10 5283 39975 26208 2340 28991 1207 2806 44 201 3
20D4 61 214 86 36 2429 216 1936 32 148 1
20D5 273 1016 277 64 3809 309 2048 33 197 1

Finally, Table 5-3 reports additional statistics about the performance of formulation

SP , including the average number of nodes of the branch-and-price tree, the number of

times the subproblem (i.e., the star generation algorithm) was executed, the number of

candidate stars produced, and the average total time spent solving the subproblem. For

the sake of simplicity, with the exception of the execution times, the values were rounded

up to the next integer.

As can be seen in Table 5-3, the execution time of the subproblem is in average

about 70% of the total running time of the algorithm. This is expected because each

of the subproblem calls corresponds to solving a total of mn shortest path problems

with side constraints. For this reason, the time required to solve the RMP compared
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Table 5-3. Statistics of the SP formulation.
Set nodes Subproblem calls Variables Subproblem time
3D5 1 5 30 0.00
3D10 1 8 91 0.00
3D15 1 9 192 0.00
3D20 2 11 277 0.00
3D25 2 12 393 0.01
3D30 2 14 540 0.01
4D5 2 8 55 0.00
4D10 10 29 254 0.01
4D15 42 94 535 0.09
4D20 44 100 808 0.19
4D25 213 340 1245 2.02
4D30 401 578 1621 7.13
5D5 5 18 123 0.00
5D10 44 111 588 0.09
5D15 309 533 1285 4.28
5D20 2177 2792 2410 442.58
5D25 7822 9344 4238 3690.60
6D5 18 55 313 0.03
6D10 344 704 1456 11.17
6D15 3869 5436 4370 2690.06
7D5 24 87 476 0.06
7D10 2890 4673 4966 1683.83
7D15 3513 5896 7608 4699.18
8D5 44 153 778 0.25
8D10 3915 7298 9674 4453.21
9D5 176 540 1834 1.75
9D10 3140 7782 19681 6903.88
10D5 523 1528 4177 12.65
10D10 3968 10930 29839 7004.02
11D5 1344 3894 9425 192.02
11D10 1868 7650 35122 7048.93
12D5 1731 5249 13175 737.12
12D10 2011 7911 38777 7098.14
15D5 2612 11901 52510 6582.72
15D10 821 4780 39019 6328.91
20D4 1322 9307 63592 6641.76
20D5 846 6556 62033 6625.83

to the one needed to generate the new candidate stars is almost negligible. Moreover,

this percentage is even higher (≈ 95%) for the instances that where not solved to

optimality. This is not only because those are the problems with lager sizes, but also

because the corresponding branch-and-bound trees have more nodes and therefore, more

side constraints are introduced to the shortest path problems. It is also interesting to note

that the average execution time of each of the individual mn subproblems is very short.

For example, consider the execution time of the 20D5 instances. The average time that

takes evaluating each of the shortest paths is 6, 625.83/(6, 556× 20× 5) = 0.01 seconds.
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CHAPTER 6
CONCLUDING REMARKS

In this chapter, we comment on the research tasks that we have discussed in Chapters

2 through 5. We review the methodologies and techniques employed, summarize the

computational results, and suggest future research directions.

In Chapter 2, we presented a general overview of the critical element detection

problems, along with a detailed description of several variations commonly found in the

literature. We also summarized some of the recent advances and solution techniques for

these problems, including heuristic algorithms, mathematical programming approaches,

approximated algorithms, and dynamic programming schemes.

In Chapter 3, we studied a critical edge detection problem named the minimum edge

blocker dominating set problem (EBDP), which is the problem of removing a subset of

edges of minimum cardinality such that the minimum weight of all dominating sets in the

remaining graph is bounded below by a given integer r. We began by proving that the

decision version of EBDP is NP-hard for any fixed integer r ≥ 1. Then, we formulated the

EBDP as a mixed-integer program, and devised the projection of such formulation onto

the space of the edge-deletion variables. Moreover, we identified facet-inducing inequalities

for the convex hull of feasible solutions to EBDP. We solved the proposed formulation via

branch and cut, where nontrivial constraints are introduced in a lazy fashion. We tested

the performance of this exact algorithm on a test-bed of uniform random instances and

some real-life power-law networks. It turned out that EBDP is rather computationally

challenging for moderate values of r, whereas it can be solved in a reasonable time for

very small or very large values of this parameter. We also observed that strengthening the

violated constraints detected at each node of the search tree by the approach improves

the performance of the proposed branch-and-cut approach. For potential future studies, it

would be beneficial to consider EBDP under the assumption that there is a deletion cost
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associated with each edge. Studying EBDP on graphs subject to probabilistic vertex/edge

failures is another interesting challenge.

In Chapter 4, we tackled the problem of detecting critical cliques of a graph whose

deletion optimally disconnects the given graph. We first introduced a mathematical

formulation as an mixed integer linear program. Then, we presented a heuristic two-stage

decomposition strategy that first identifies a candidate clique partition and then uses

this partition to translate and solve the problem as a generalized critical vertex detection

problem. Moreover, we reformulated this problem as a mixed-integer linear program with

a large number of variables and constraints and solved it using a branch-price-and-cut

approach. We also introduced a preprocessing strategy for the column generation stage

that uses the dual information of the master problem to prune the subproblem graph

in order to produce new columns efficiently. Future research may involve extending the

proposed approach for solving other critical element detection problems that involve

removing similar complex graph substructures such as paths and trees.

Finally, in Chapter 5, we presented a reformulation of the multidimensional

assignment problem with decomposable costs, where each of the assignments is assumed

to be a star. We proposed a continuous nonlinear formulation for the problem, and its

linearization into a mixed integer program. In addition to that, we proposed a series of

valid inequalities to strengthen the formulation. Last, we implemented a branch-and-price

framework to solve a set partitioning reformulation of the problem. All the approaches

were compared, and the families of cuts introduced proved to be very efficient at tackling

large-scale instances. Our work stemmed from a well-known data association problem

known as the multi-sensor multi-target tracking problem, for which the MAP is widely

used. We show that our approach is also a viable option for solving these problems. An

advantage of this formulation is the fact that the center of every star plays the important

role of a representative measurement. Further, the effect of noisy sensors is alleviated,

compared to employing other variations. As far as future work is concerned, as seen in
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the computational results, the number of minimum sum cuts produced is very high, even

though they are effective. A method to smartly choose the best of these cuts would result

in a smaller model size, which could prove beneficial. Moreover, especially in large-scale

instances, a decomposition scheme could be used in order to reduce the size of every

subproblem, making it manageable in time. More specifically, Benders’ decomposition,

along with graph partitioning schemes, might be of interest.
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APPENDIX
PROOF OF CLAIM 1

Proof of Claim 1. Suppose n(P) < dim(P) + 1 for a bounded polyhedron P . Let

EP denote the set that contains all extreme points of P (denoted by y1,y2, . . . ,yn(P))

and assume the maximum number of affinely independent points in EP is k (note that

k ≤ n(P) < dim(P) + 1). Without loss of generality, assume y1,y2, . . . ,yk are affinely

independent.

Let x1,x2, . . . ,xdim(P)+1 denote dim(P) + 1 affinely independent points in P (note

that vectors x1,x2, . . . ,xdim(P)+1 exist). Since vectors x1,x2, . . . ,xdim(P)+1 are affinely

independent, then the following system has a unique solution that is µ1 = µ2 = . . . =

µdim(P)+1 = 0.

dim(P)+1∑
j=1

µjx
j = 0 (A–1)

dim(P)+1∑
j=1

µj = 0 (A–2)

Since P is bounded, then vectors x1,x2, . . . ,xdim(P)+1 belong to the convex hull of

EP . On the other hand, convex hull of EP is contained in the affine hull of {y1,y2, . . . ,yk}.

Therefore, vectors x1,x2, . . . ,xdim(P)+1 can be written as affine combinations of y1,y2, . . . ,yk.

Hence, System (A–1)-(A–2) can be written as

dim(P)+1∑
j=1

µj(
k∑

i=1

λ0
ijy

i) = 0 (A–3)

dim(P)+1∑
j=1

µj = 0, (A–4)

where
∑k

i=1 λ
0
ij = 1 for all j ∈ {1, . . . , dim(P) + 1}. System (A–3)-(A–4) is equivalent to
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k∑
i=1

(

dim(P)+1∑
j=1

µjλ
0
ij)y

i = 0 (A–5)

dim(P)+1∑
j=1

µj = 0 (A–6)

where
∑k

i=1 λ
0
ij = 1 for all j ∈ {1, . . . , dim(P) + 1}.

Now consider system

dim(P)+1∑
j=1

µjλ
0
ij = 0, ∀i ∈ {1, . . . , k}. (A–7)

Note that any solution to System (A–7) is also a solution to System (A–5)-(A–6). Since

0 is a solution to System (A–7) and number of equations in this system (k) is strictly

smaller than the number of variables in it (dim(P) + 1), then System (A–7) has infinitely

many solutions, which contradicts with the uniqueness of solution to System (A–5)-(A–6).
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