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Plug-in electric vehicles (PEVs) are vehicles whose battery packs can be 

recharged from power grids, and the electricity stored on board propels or contributes to 

propel the vehicles. PEVs include battery electric vehicles (BEVs) and plug-in hybrid 

electric vehicles (PHEVs). Interests in PEVs have increased dramatically in recent years 

due to advances in battery technologies, rising prices of petroleum, and growing 

concern over environment issues.  Many governments have incentive policies, such as 

offering purchase subsidies and deploying public charging infrastructure in convenient 

locations, to promote the deployment of PEVs. 

Building public charging infrastructure has a profound impact and is typically 

associated with a high capital cost. To assist policy makers to optimize the investment, 

this dissertation is devoted to developing a hierarchical modeling framework where a 

strategic planning model captures interactions between a regional transportation 

network and power transmission grids to determine a budget allocation plan for public 

charging stations among metropolitan areas in the region while a tactic planning model 
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considers the spatial distribution of PEVs and optimizes the locations and operations of 

charging stations in a metropolitan area.    

More specifically, at the regional planning level, a static game-theoretic approach 

is applied to investigate interactions among the availability of public charging stations, 

destination choices of PEVs, and prices of electricity. The interactions lead to an 

equilibrium state that can be formulated into a convex mathematical program.  We then 

examine how to allocate the public charging station budget among metropolitan areas in 

a particular region to maximize social welfare associated with the coupled transportation 

and power networks.  For a particular metropolitan area, given the allocated budget limit, 

we consider the problem of how to determine the number, locations and types of 

charging stations within the budget limit. Assuming the locations and types of public 

charging stations are given, we first develop network equilibrium models with BEVs. 

Based on the proposed equilibrium models, station location plans are then optimized to 

maximize social welfare. Lastly, we investigate the operations of public charging 

stations with a focus on optimizing the prices of electricity at public charging stations.  
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CHAPTER 1 
INTRODUCTION 

1.1 Background 

Plug-in electric vehicles (PEVs) are vehicles whose battery packs can be 

recharged from power grids, and the electricity stored on board propels or contributes to 

propel the vehicles. PEVs include battery electric vehicles (BEVs) and plug-in hybrid 

electric vehicles (PHEVs). Loosely speaking, the former incorporates a large on-board 

battery, which can be charged while parked via a cord to power grids. The battery 

provides energy for an electric motor to propel the vehicle. The latter is also equipped 

with an internal combustion engine generator that provides electricity to the motor once 

the initial battery charge is exhausted. Interests in PEVs have increased dramatically in 

recent years due to advances in battery technologies, rising prices of petroleum, and 

growing concern over environment issues (e.g., Duvall, 2004; Maitra et al., 2010). 

Almost all major vehicle manufactures have their PEV models available in the market, 

and a fast-growing adoption of PEVs is expected. For example, a report predicts that 

the market penetration of PHEVs, will be roughly 1.5 million in 2016 in the United States 

and the number continues to increase to over 50 million in 2030 with roughly 25% of all 

newly purchased vehicles being PHEVs ( New York ISO, 2009).  

 Compared to conventional gasoline-powered vehicles, PEVs hold several 

advantages. First, it can reduce the reliance on imported petroleum and thus increase 

energy security (US Department of Energy, 2013). Second, PEVs typically achieve 

better fuel economy. For example, the US Environmental Protection Agency (EPA) 

rated the combined fuel economy for 2013 Nissan Leaf, one of the world’s best-selling 

PEVs, at 115 miles per US gallon gasoline equivalent (US Department of Energy, 2013). 
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Third, PEVs, operating in the all-electric mode, emit no harmful tailpipe pollutants from 

the onboard source of power, whereas the extent of emission reduction in the well-to-

wheel assessment depends on the fuel and technology utilized for electricity generation.  

Last, PEVs provide drivers the opportunity to sell the electricity stored in their batteries 

back to power grids, thus creating new supplies to meet high demands in the peak 

hours of power grids (e.g., Kempton & Letendre, 1997; Kempton & Tomić, 2005).  

Despite the above advantages, there are still some significant obstacles to PEV 

market acceptance. Considering the driving range of BEVs is limited, the fear of 

batteries running out of power en route, normally referred to as range anxiety in the 

literature (see, e.g., Pearre et al., 2011), will inevitably prevent the adoption of BEVs. In 

addition, the purchase prices of PEVs are so high that gasoline-cost saving might not 

offset them. For instance, Lee & Lovellette (2011) found that according to the purchase 

and operating costs in 2010, a PHEV-40 is $5,377 more expensive than an internal 

combustion engine, while a BEV is $4,819 more expensive.   

Many governments have incentive policies, such as offering purchase subsidies 

and deploying public charging infrastructure in the convenient locations of urban areas, 

to promote the deployment of PEVs. For example, the Chinese Ministry of Finance 

announced a pilot program to provide incentives up to 60, 000 yuan for the private 

purchases of new BEVs and 50, 000 yuan for PHEVs in five cities of China (Motavalli, 

2010). California announced to build 200 public fast-charging stations and wire for 

10,000 plug-in units at 1,000 locations across the state. British Columbia, Canada, has 

a plan of building 570 charging stations across the province (GLOBLE-Net, 2012). 
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Building public charging infrastructure is typically associated with a high capital 

cost (Dong et al., 2013). The National Research Council (2013) estimated the charging 

infrastructure investment cost for BEVs to be $3,000 per vehicle. To assist policy 

makers to optimize the investment of public resources in building public charging 

infrastructure, a systematic approach, covering the stages of both planning and 

operation, is needed. In the planning stage, decisions may focus on how to allocate the 

budget for constructing charging stations among different metropolitan areas in a region, 

and how to further determine the locations and types of charging stations in a 

metropolitan area within the allocated budget limit, while prices of electricity are 

essentially a major decision during the operation stage.    

Various efforts have been made to optimally locate public charging stations in the 

literature. Frade et al. (2010) formulated a maximum covering model to locate a certain 

number of charging stations to maximize the demand covered within a given distance.  

Ip et al. (2010) first applied a hierarchical clustering analysis to identify the demand 

clusters of PEVs and then formulated simple assignment models to locate charging 

stations to those identified demand clusters.  Nie and Ghamami (2013) developed a 

conceptual corridor-centric optimization model to simultaneously determine battery 

sizes, the number of public charging stations and charging power at each station along 

a corridor to minimize social cost while maintaining a given level of service. Assuming 

most PEVs have convenient access to charging opportunities, a variety of electricity 

pricing strategies have also been evaluated in the literature. Sioshansi (2012) examined 

the impact of electricity prices on PEV drivers’ charging decisions, and compared the 

costs and emissions under different price structures and the ideal case of charging 
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controlled by a system operator. Flath et al. (2013) introduced an electricity pricing 

scheme with both temporal and spatial dimensions to improve PEV charging 

coordination based on German mobility data, and found that the spatial price 

component reflecting local capacity utilization can mitigate load spikes.  

  However, most of the charging station location models in the literature a) ignore 

the interactions between transportation and power systems, coupled by PEVs (e.g., 

Galus and Andersson, 2008; Kezunovic et al., 2010); b) rely on the assumption that 

PEV drivers’ behaviors remain unchanged with respect to public charging station 

deployment. In addition, the electricity pricing models in the literature mainly focus on 

home and working place charging instead of public charging, and assume PEV drivers’ 

travel profiles, such as route and destination choices, are fixed and independent of 

electricity prices. This dissertation is devoted to overcoming the shortcomings of the 

existing literature, and develops a hierarchical modeling framework for both the 

deployment and operations of public charging infrastructure. More specifically, this 

dissertation first proposes a strategic planning model at regional level that captures the 

interactions between regional transportation networks and power transmission grids to 

determine an optimal budget allocation plan for public charging stations. Then, a tactic 

planning model is formulated to optimize the specific number, locations and types of 

public charging stations in a metropolitan area within the allocated budget limit. 

Moreover, the tactic planning model considers the PEV drivers’ needs of recharging 

their vehicles, and captures the impact of public charging station deployment on their 

route and recharging decisions. Lastly, the dissertation investigates the impact of the 

electricity prices at public charging stations on urban PEV traffic flow distribution and 
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power distribution grid operations, and then optimally designs electricity prices to 

mitigate the adverse impacts of PEV charging loads on power distribution networks.  

1.2 Problem Statement and Dissertation Objective  

1.2.1 Optimal Allocation of Public Charging Station Budget at Regional Level 

The policies and measures implemented in the transportation system will change 

the spatial and temporal distribution of PEVs and thus the pattern of their energy 

requirement, thereby affecting the operations of the power system. On the other hand, 

the provision of charging infrastructure and the associated charging strategies and 

expenses will affect the travel patterns of PEVs and consequently the entire 

transportation system. Using Pennsylvania-New Jersey-Maryland Interconnection as a 

case study, Wang et al. (2010) demonstrated that, under existing charging infrastructure, 

even a small magnitude of load increase caused by PEV charging activities can have a 

significant undesirable impact on electricity prices.   

For the regional-level allocation of charging station budget, it is thus of 

importance to consider the interplay between regional transportation and power 

transmission systems. In this dissertation, we apply a static game-theoretical approach 

to investigate interactions among the availability of public charging stations, destination 

choices of PEVs, and prices of electricity.  The interactions lead to an equilibrium that 

can be formulated into a convex mathematical program.  We then examine how to 

allocate the public charging station budget among metropolitan areas in a particular 

region to maximize social welfare associated with the coupled networks.    

1.2.2 Optimal Location of Public Charging Stations at Urban Level  

Given the allocated public charging station budget limit for a city or urban area, 

we consider the problem of how to determine the specific number, locations and types 
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of public charging stations within the city.  We envision that the fear of batteries running 

out of power en route, normally referred to as range anxiety in the literature (see, e.g., 

Pearre et al., 2011), will inevitably affect the travel choices of BEV drivers, and 

significantly distinguish their behaviors from those of conventional vehicle drivers. 

Specifically, when traveling between their origins and destinations, BEV drivers will 

select routes and decide battery recharging plans to minimize their costs while making 

sure to complete their trips without running out of charge. For optimally locating public 

charging stations within urban areas, it is thus of essence to capture the impact of BEV 

drivers’ range anxiety and their recharging requirement. In this dissertation, we first 

develop network equilibrium models with BEVs to predict traffic flow distribution and 

BEV drivers’ recharging choices under a given public charging station location plan. 

Based on the proposed equilibrium models, station location plans are then optimized to 

maximize social welfare.    

1.2.3 Optimal Pricing of Electricity at Public Charging Stations for PEVs 

Assuming a significant number of public charging stations have already been 

deployed in the convenient locations of urban areas, PEV charging behaviors at these 

stations will inevitably introduce additional loads to power distribution networks. The 

adverse impact of these additional loads may result in, among others, loads exceeding 

the design capacity of circuit, power losses increasing and voltage imbalance. This 

dissertation explores the use of prices of electricity at public charging stations as an 

instrument, in couple of road pricing, to better manage both power distribution and 

urban transportation networks.  
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1.3 Dissertation Outline 

This dissertation is organized as follows. Chapter 2 reviews the related existing 

studies in the literature, including public charging station deployment and electricity 

price design models for PEVs. Regional-level public charging station budget allocation 

model is presented in Chapter 3. In Chapter 4, network equilibrium models with BEVs 

are first discussed. Based on the proposed equilibrium models, a bi-level model is then 

developed to determine the specific number, locations and types of public charging 

stations in an urban area with an allocated budget limit. Chapter 5 is devoted to 

optimally designing the electricity prices at pubic charging stations for PEVs. Chapter 6 

provides conclusions with guidelines of future research.  
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CHAPTER 2 
LITERATURE REVIEW 

For PEVs, there is limited literature on public charging infrastructure planning and 

electricity pricing for their charging due to their recent emerging popularity. In this 

chapter, we start from reviewing the existing data-driven models for charging station 

placement. Considering the similarity between locating charging stations for PEVs and 

placing refueling stations for conventional and alternative-fueled vehicles, we then 

briefly introduce the flow refueling location and flow capturing location problems, which 

are extensively studied in the literature. We then turn our focus to some conceptual 

models and clustering approaches. Finally, the electricity pricing models dedicated to 

coordinating PEV charging are reviewed.  

2.1 PEV Public Charging Infrastructure Location Problem 

2.1.1 Data-Driven Approaches for Station Placement 

The data-driven approaches normally develop models using the available travel 

survey data which is mostly based on conventional vehicles. Therefore, the underlying 

assumption of these approaches is that travelers’ behaviors remain unchanged after 

shifting from conventional vehicles to PEVs.  

Dong et al. (2013) proposed an activity-based assessment method to evaluate 

the feasibility of BEVs completely fulfilling people’s heterogeneous daily travel needs in 

the real world driving context. Assuming drivers’ travel activities, charger locations and 

BEV characteristics are known, the energy increase in a BEV battery at each 

intermediate stop, measured in miles, is calculated as follows: 
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where        is the energy increase of a battery from recharging at the destination of 

driver  ’s  -th trip on day  ;    is the range of driver  ’s BEV;            represents the 

battery’s state of charge after finishing trip   and before a possible recharging at the 

destination;        
 denotes the charger power at the destination of  driver  ’s  -th trip on 

day  , and is corresponding to different levels of charging stations, which equals zero if 

no charging station is located;        represents dwell time after driver  ’s  -th trip on day 

 ; lastly,    is the electricity consumption rate of driver  ’s BEV. The relations of battery 

states of charge for two consecutive trips are written as  

                                        

where        denotes the travel distance of driver  ’s  -th trip on day  .  

A negative state of charge, i.e.,           , indicates driver  ’s BEV is already out 

of energy before finishing trip  . Trip   and all the following trips are marked as missed 

trips. A genetic algorithm is then used to determine the locations and types of BEV 

chargers to minimize the total number of missed trips of all the BEV drivers on all the 

travel days, given a limited budget. Assuming traveler behaviors remained unchanged 

after shifting to BEVs, a case study is conducted using the GPS-based travel survey 

data collected in the greater Seattle metropolitan area and shows that with a small 

budget, level-1 chargers are preferred considering they can guarantee necessary 

network coverage at a low cost.  

Xi et al. (2013) proposed a simulation-optimization modeling framework for 

locating public charging infrastructure. The model first determines a BEV adoption 

probability of vehicle owners living in each sub-region, depending on demographic data. 

Assuming tour record data for vehicle trips is available, Bernoulli trials are then 
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generated to determine BEV flows between the different sub-regions, based on the 

estimated BEV adoption probabilities. For each candidate location, simulations are run 

to estimate the amount of energy recharged in BEV batteries as a function of the 

number of installed chargers and charging rate types. Specifically, in the simulation, a 

BEV charges if and only if there is an unoccupied charger upon arrival. Moreover, if 

deciding to charge, a BEV occupies the charger for entire parking duration. After the 

simulation, the problem of determining the locations and types of chargers to maximize 

the recharged energy amount within a budget limit is formulated as a linear integer 

program. Note that distribution power transformer capacity is also considered in the 

model. Sensitive analysis is then conducted by relaxing the assumption that the 

recharged amount of energy at each location is independent, and incorporating the 

consideration of more conservative charging behaviors of BEV drivers.  

Kameda and Mukai (2011) analyzed the utilization of BEVs in an on-demand bus 

system in Japan, where share-ride buses transport customers door-to-door, and pick up 

and drop off customers as soon as whenever required. The limited range of BEVs and 

possible long battery recharging time may cause problems in the on-demand bus 

system such as rejecting demands due to insufficient charge and increasing customer 

waiting time because of battery recharging.  In order to increase customer acceptance 

rate and decrease average transport time, an approach is proposed to optimize the 

placement of charging stations in a service area based on taxi probe data at Tokyo. The 

taxi probe data is a historical data of taxis including the latitude and longitude of taxis 

picking up and dropping off customers. It is assumed that the demand occurrence of on-

demand buses and taxis follows similar spatial and temporal distribution. Potential 
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locations are then ranked according to the amount of outgoing demands, ingoing 

demands and the summation of the two, respectively. Simulations are run to examine 

the impacts of charging station placement on the customer acceptance rate and 

average transport time, where node insertion algorithm is used for vehicle routing. The 

results show that locating charging stations at the top nodes ranked according to the 

amount of incoming demands can keep high acceptance rate, probably due to its ability 

to keep the high levels of BEV battery charge. However, the average transport time is 

not significantly affected.  

Based on Puget Sound Regional Council’s 2006 household travel survey data, 

Chen et al. (2013) proposed a regression model where land use and access attributes 

are used to predict total parking times per traffic analysis zone. It is shown that parking 

demands are most associated with employment density while parking prices, transit 

access, student density and network connectivity also appear to be relevant. The 

outputs of the parking demand estimation model then serve as inputs to the problem of 

determining efficient charging station locations, which is formulated below: 

   ∑      

  

 

∑              (2-1) 

∑               (2-2) 

∑         (2-3) 

∑               (2-4) 

            (2-5) 

              (2-6) 
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where parameter     is the walking distance between zones   and  ; variable     denotes 

the amount of demands in zone   choosing to charge at zone  ;    represents the 

parking demands, estimated from the proposed regression  model; parameter   dictates 

the budget;   is a big constant number;    is a binary variable, which equals one if zone 

  sits a station and zero otherwise;     {
          

           
 and parameter   denotes a 

distance threshold. The objective function is to minimize the total walking distances for 

PEVs. Equation 2-1 guarantees the demand conservation. Equation 2-2 dictates that 

PEVs can only choose zones equipped with stations to charge. Equation 2-3 sets the 

budget limit. Equation 2-4 is to avoid the clustering of charging stations around 

particular zones. Equations 2-5 and 2-6 guarantee variables are nonnegative and binary 

respectively.  

Andrews et al. (2012) simulated BEV drivers’ charging behaviors based on the 

Chicago and Seattle travel survey data. Activities of the travelers who fail to complete all 

their trips using BEVs serve as an input to a charging station location model. The model 

minimizes the total access distances to charging facilities for all the vehicles. Numerical 

examples show that both the maximum and average access distances decrease as the 

total number of located stations increases. In addition, the percentage of vehicles that 

recharge exactly on spot, i.e., with zero access distance, also increases as the number 

of stations increases.   

2.1.2 Flow Capturing Location Model 

Hodgson (1990) first proposed a flow capturing location model (FCLM). Traffic 

flow on path     is captured if and only if there is at least one charging station along  . 
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Given a fixed amount of stations, i.e.,  , the problem of determining their locations to 

capture as much flow as possible is formulated as follows: 

   ∑     

   

 

∑   
 
         (2-7) 

∑       
           (2-8) 

                    

where parameter    is traffic flow on path  ;     is a binary variable, which equals one if 

there is a station at node   and zero otherwise;    is the set of nodes on path  ; lastly, 

   is a binary variable, which equals one if path   is intercepted and zero otherwise. The 

objective is to maximize intercepted flow. Equation 2-7 specifies the total number of 

stations. Equation 2-8 guarantees traffic flow on path     is captured if and only if 

there is at least one charging station along  . Berman et al. (1992) independently 

studied FCLM and proved that only focusing on junction nodes is enough to capture all 

flows. Berman et al. (1995) further extended FCLM. One extension considers the 

behaviors of flow deviating from existing paths to refuel. In this case, flow on a path is 

still considered to be captured by a station if the minimum distance between the station 

and the path is less than a threshold. Hodgson & Berman (1997) relaxed the 

assumption that there are no additional benefits if a path is captured by more than one 

stations and investigated the billboard location problem where the benefits of displaying 

an advertisement to a driver multiple times are captured. Shukla et al. (2011) proposed 

a modified flow interception facility location model where a budget limit is given. The 

case study based on the city of Alexandria shows diminishing return on capital 
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investment with the number of refueling stations increasing. Moreover, the flow 

interception rate corresponding to the current twenty gas stations in the city of 

Alexandria was calculated as 55%, which is lower than the result, i.e., 57%, of a flow 

interception model with only five-facility budget. 

Building public charging stations at the locations capturing as much flow as 

possible is definitely beneficial to increasing station utilization. However, simply 

capturing flow on paths cannot necessarily guarantee the captured PEV flows are 

capable of completing their entire trips. Therefore, results from FCLP may not be 

optimal for PEVs to recharge batteries.  

2.1.3 Flow Refueling Location Problem 

Kuby & Lim (2005) proposed the flow refueling location model (FRLM) that 

captures the behaviors of alternative-fueled vehicles stopping at multiple facilities to fully 

refuel the entire path. It is assumed that all the traffic flow of a OD pair, i.e.,    ,  

utilizes the shortest path, i.e.,  ,  but may have different recharging strategies. A facility 

combination, i.e.,  , for path   is a set of nodes along  , and       if a BEV can 

complete its trip along   when the nodes in combination   all sit charging stations and 

the BEV only stops at these nodes to recharge batteries. An algorithm is developed to 

generate all possible combination that can refuel each path. Given a fixed amount of 

stations and path flow distribution, the problem of locating the stations to refuel as much 

flow as possible is formulated as a mix integer program.  

Instead of limiting station candidate sites only to the intersection node of any two 

arcs, Kuby & Lim (2007) extended FRLM to add candidate sites using three methods. 

The first method examines each path and adds a node at a location if only recharging at 
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this location can refuel the entire path.  The second and third methods are related to the 

added node dispersion problem (ANDP). By adding a given number of nodes, the 

second method, i.e., minmax ANDP, minimizes the maximum sub-arc length in the 

network, while the third method, i.e., maxmin ANDP, maximizes the minimum sub-arc 

length in the network. In numerical examples, FRLM is solved for both original and 

node-added networks. Results show that adding ANDP sites outperforms the first 

method and vertices only.  

Upchurch et al. (2009) introduced a capacitated FRLM through relaxing the 

assumption that a refueling station always holds sufficient spots to serve all the flow 

passing through it. Given a fixed total amount of charging stations, i.e.,  , the problem 

of optimizing their locations to maximize the covered traffic flow can be formulated 

below: 

   ∑ ∑      

( |     )

 

   

 

∑ ∑                                  (2-9) 

∑           (2-10) 

∑                     (2-11) 

                 (2-12) 

                                (2-13) 

where    is the traffic volume within OD  ; variable     denotes the percentage of 

travelers within OD   choosing the facility combination   to recharge their vehicles; 

parameter    dictates the fraction of trips requiring recharging;  parameter      

represents the number of refueled times at node   for travelers of OD   stopping at 
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facility combination  ; parameter   is the refueling capacity for a station; lastly,    is a 

nonnegative integer representing the number of stations placed at node  . Equation 2-9 

sets the upper limit for flow sharing of each combination. Equation 2-10 specifies the 

total number of charging stations. Equations 2-11-2-13 are feasible constraints for 

decision variables.  The use of multiple facilities at a single node and multiple facility 

combinations for one O-D pair is observed in the case study. It is also found that the 

capacitated FRLM prefers to locate stations in dense-flow corridors to maximize 

capacity utilization. Finally, the flow requiring fewer refueling stops is also preferred.  

All the above FRLMs need to first generate possible facility combinations for 

each path, which may be time-consuming. Wang & Lin (2013) formulated the 

capacitated multiple-recharging-station-location problem as a mixed integer program 

without the need of pre-generation of facility combination.  Specifically, given a set of 

paths, the problem of locating charging stations to maximize path coverage is 

formulated as follows: 
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where    is a binary variable and equals one if BEV can traverse on path   without 

running out of energy;    
 
 is also a binary variable and equals one if BEVs use type   

station at node   on path   to recharge; parameter    denotes BEV path flow on path   

and is given;   
 
 represents the battery state of charge at node   on path  ; variable   

 
 

is the recharged energy amount at node   on path  ; parameter     represents the 

distance of link      ;   dictates BEV battery range;   
 
 is predetermined and represents 

the stay time at node   on path  ; parameter    is the charging power of type   station; 

  
  represents the amount of type   charging resources at node  ; parameter    is the 

vehicle sharing of a type   recharging station; parameter   
  denotes the locating 

capacity at node  ; parameter   
  denotes the cost of locating a type   recharging station 

at node  ;  lastly,   is the budget limit.  

 The objective function is to maximize covered path flow. Equation 2-14 

calculates the battery states of charge at the two ends of each link. Equation 2-15 

dictates the amount of remaining energy plus recharged amount cannot exceed battery 

range. Equations 2-16 and 2-17 restrict the amount of recharged energy, i.e., BEVs can 

only recharge if there are stations, and recharging time is subject to duration time. 

Equation 2-18 requires there can be at most one type of stations at a node. Equations 

2-19-2-21 demonstrate the locating capacity and budget limit for station placement. 

Finally, Equations 2-22 and 2-23 are binary and nonnegative constraints for variables. 
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The results of case study demonstrate that a mixed station location plan is always better 

than only locating a single type of recharging stations.  

Finally, it is worth mentioning that although FRLP takes into account PEVs’ 

detailed charging behaviors along paths, it still assumes fixed path choices independent 

of traffic congestion and public charging station deployment, which is not realistic in 

practice.  

2.1.4 Clustering Methods for Station Placement 

Ip et al. (2010) optimized the allocation of recharging stations through 

hierarchical clustering. In the proposed approach, the traffic information from a bounded 

city area is first collected. Specifically, the traffic occupancy per segment of 100 meters 

is measured through techniques such as road pressure sensors and video surveillance 

cameras.  The road traffic is then converted to data points in a fixed size grid with the 

sizes of points proportional to the traffic occupancy rates at their corresponding 

locations. A hierarchical clustering analysis is applied to partition stations based on their 

geographical coordinates, which provides multiple sets of clusters of different sizes and 

at different levels. Based on any full set of generated clusters, the problem of assigning 

stations to demand clusters is formulated as a simple linear program. 

Momtazpour et al. (2013) proposed coordinated clustering techniques to aid in 

placement of charging stations for BEV promotion based on a synthetic population and 

activity data. Before clustering potential locations, their properties are first examined. 

The electricity load for location  , i.e.,   ,  is computed as: 
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where    denotes the number of pepole coming for the purpose of   ;    
 is the average 

square footage per person coming for the purpose of   ;    
 represents the electricity 

consumption of building type   . Furthermore, the number of times a traveler need to 

recharge, i.e.,  , equals  

  ⌊
 

 
⌋ 

where   is the total daily travelling distance and   denotes the battery range. 

 A coordinated clustering formulation is used to simultaneously cluster locations 

based on three datasets, i.e., income, geographical locations and BEV charging station 

attributes. The last includes three categories, i.e., electricity loads, charging needs and 

duration time. The set of clusters based on it is then used as a guide to charger 

placement, with the preference over the cluster having low current electricity loads, high 

charging needs and long stay duration.  

2.1.5 Conceptual Models for Charging Infrastructure Planning 

Mak et al. (2013) developed two robust models to determine the locations of 

battery swapping stations for BEVs. With the assumption that the swap-demanding 

BEVs travelling along a particular path enter a freeway network following a Poisson 

process, the minimum number of batteries at a station to guarantee a service level for 

BEVs is calculated as a function of the arriving rate of the Poisson process. Considering 

in practice, BEV swapping demands depend on many unpredictable factors, the authors 

then captured the uncertainties of battery swapping demands by modeling the arriving 

rates of BEVs at battery swapping stations as random variables. Two robust 

optimization models are proposed. One focuses on minimizing the total construction 

and maintenance costs of battery swapping stations while guaranteeing battery 
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inventory is enough under the worst-case scenario and with a high probability, the 

number of batteries at a station does not exceed the maximum allowable number. The 

other considers a scenario where the budget of deploying stations is from the 

investment of financial institutes. It is thus natural for investors to set some targets on 

profit rate. The model aims to maximize the probability that the target profit rate is 

achieved. Tight upper bounds to both models are obtained through solving mixed-

integer second-order cone programs. Computational experiment results based on the 

San Francisco Bay Area freeway network show that the two models generate the 

solutions of similar qualities, and advancements in the technologies that increase 

recharging speeds are critical in improving service provider’s profitability.  

Nie & Ghamami (2013) considered a long corridor with a length of   under the 

assumption that   charging stations are uniformly spaced along it, i.e., the distance 

between any pair of stations is 
 

   
. A conceptual model of simultaneously designing the 

number of stations, size of BEV batteries and charging power of stations is formulated 

as follows: 

                   

 (
   

 
   )       (2-24) 

    
 

   
    (2-25) 

where         is the function representing the cost of constructing    charging facilities 

with power   and    spots;   denotes the density of BEVs and    is the total number of 

BEVs along the corridor;      dictates the cost of manufacturing battery packs at the 

capacity  ; parameter   is the charging efficiency and 
  

 
 denotes the time of fully 
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recharging a battery; parameter   is referred to as the range tolerance, which means 

travelers will recharge batteries when 100 % of the battery capacity is consumed;    is 

the lost time due to deceleration and acceleration for recharging;    is a fixed time and 

reflects a certain level of service for BEVs in the corridor; lastly parameter   converts  

energy to travel distance. The objective function is to minimize the total costs of 

constructing charging infrastructure and manufacturing battery packs. Equation 2-24 

guarantees a certain level of service for BEVs along the corridor, i.e., the time wasted 

on recharging for a BEV traversing along the corridor is less than a given level. 

Equation 2-25 dictates the battery capacity should be enough for BEVs to travel 

between two consecutive stations.   

Analytical solutions for the above model are derived and primary observations 

include a higher battery manufacturing cost leads to a smaller battery size and larger 

charging power; a lower level of service requirement reduces optimal battery size; the 

growth in BEV population will make it more preferable to have a smaller battery size and 

larger charging power; if the average trip frequency is less than 1, a higher trip 

frequency will increase optimal battery size and decrease charging power.  

Similar research was also conducted by Ko et al. (2012) where BEV battery size 

and charging segment locations are simultaneously determined in an automated 

wireless charging electric transportation system. In the innovative system, the path of a 

BEV bus is given and fixed. Different from traditional BEVs which rely on manually 

plugging in for charging, the BEV bus is charged wirelessly from the power transmitters 

buried under roads.  
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2.2 Electricity Pricing for PEV Charging 

Flath et al. (2013) investigated the temporal and spatial electricity pricing to shift 

PEV charging activities and mitigate load spikes. Specifically, time-based electricity 

prices are from the hourly wholesale prices while area-based electricity prices are 

determined by the following equation: 
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where     
    is the locational surcharge if the current load at area  , i.e.,     ,  exceeds 

the limit, i.e.,   
    ;   is a parameter related to the shape of price curve. Three PEV 

charging strategies are examined. The naive charging is to charge batteries whenever 

possible. The optimal charging is to minimize total charging costs subject to meeting 

driving profile’s requirements. The heuristic smart charging is to charge batteries only 

when charging is necessary to fulfill following trips, or electricity prices or battery states 

of charge are below some thresholds. Simulation shows that the sole use of time-based 

electricity prices produces high load spikes regardless of charging strategies. However, 

these peaks can be temporally and spatially shifted by introducing a spatial component 

that reflects local capacity utilization.  

Sioshansi (2012) investigated the impacts of electricity tariffs on the charging 

costs and emission of PHEVs. Specifically, PHEV charging under four different patterns 

of electricity tariffs, i.e., fixed rates, delay rebate rates, time of use pricing (TOU) and 

real time pricing (RTP), is analyzed. The fixed rates means the electricity price is time-

invariant. The delay rebate rates also assume time-invariant electricity prices but PHEV 

owners are given a rebate if allowing a system operator to control their vehicle charging 
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between the last trip of a day and the first trip of the following morning. TOU represents 

the electricity tariff has two different rates during different hours of a day while RTP 

assumes drivers pay time-variant prices based on hourly marginal energy cost. Results 

show RTP performs worst among all of the tariffs, and delay rebate charging is better 

than TOU, meaning coordinating overnight charging is significantly more important than 

limiting vehicle mid-day charging.  

Xi & Sioshansi (2013) investigated the equilibrium interaction between power 

system operator’s economic dispatch and load aggregator’s charging schedules under 

two price-based signals, i.e., marginal pricing and price/quantity-based signals. The 

marginal pricing scheme charges PEVs based on the most recent marginal cost of 

providing energy, whereas price/quantity-based scheme uses all of the marginal price 

data collected in all the iterations before achieving the equilibrium. It is proved that the 

proposed price/quantity-based scheme can decentralize a social optimal solution. 

Numerical examples show that the marginal pricing leads to 6% increase of social costs.  

Qian et al. (2011) analyzed the impact of BEV battery charging on power 

distribution systems. The authors considered three electricity tariff structures, i.e., real-

time, time-of-use and fixed rates, and four charging scenarios, i.e., uncontrolled 

domestic, uncontrolled domestic off-peak, smart domestic and uncontrolled public 

charging. Simulation results show that for the scenario of uncontrolled domestic 

charging, a 10% BEV penetration would lead to a 17.9% increase of daily peak 

demands. Moreover, the smart charging method is the most beneficial to power 

distribution systems.  
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CHAPTER 3 
REGIONAL-LEVEL ALLOCATION OF PUBLIC CHARGING STATION BUDGET 

This chapter reports our efforts to propose a strategic planning model for the 

public charging station budget allocation problem. More specifically, we adopt a static 

game-theoretical approach to investigate the interactions among the availability of 

public charging stations, destination choices of PEVs, and prices of electricity.  The 

interactions lead to an equilibrium in the coupled transportation and power networks 

where prices of electricity, and traffic and power flow distributions can be determined.  

We formulate the equilibrium conditions into a convex mathematical program.  We then 

examine how to allocate the public charging station budget to maximize social welfare 

associated with the coupled networks.    

For the remainder of this chapter, in Section 3.1, we describe the transportation 

and power networks and examine the equilibrium state in the coupled networks.  A 

mathematical program is developed to estimate the equilibrium prices of electricity and 

flow distributions in both networks.  Incorporating the equilibrium conditions as 

constraints, Section 3.2 formulates finding an optimal allocation of public charging 

stations as a mathematical program with complementarity constraints, and then 

proposes its solution algorithm.  Section 3.3 presents a numerical example to 

demonstrate the allocation model.  Lastly, Section 3.4 summarizes this chapter. 

3.1 Equilibrium of Coupled Transportation and Power Networks 

3.1.1 Description of Transportation Network 

We consider a regional road network where origins and destinations are cities or 

metropolitan areas.  A large portion of vehicles in the network are assumed to be PEVs, 

and other vehicles are reflected as the background traffic.  We attempt to model the 
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spatial distribution of travel demand of PEVs and their corresponding route choices in 

the regional network.  Previous studies, e.g., Tuttle and Kockelman (2011) and Lin and 

Greene (2011), have suggested that drivers of PEVs actively seek out charging 

opportunity to avoid gasoline use and thus favor a destination that provides public 

charging facilities.  This explains why hotels and shopping malls have been installing 

charging stations as their amenities (e.g., Fox News, 2012).  Moreover, considering the 

way how fuel prices affect travel behaviors (e.g., Walsh et al. 2003; Weis et al., 2010), it 

seems reasonable to assume that the charging price will have a similar effect.  Kitamura 

and Sperling (1987) analyzed the refueling behaviors of drivers of gas-fueled vehicles 

and found that price of gasoline is a primary concern of a majority of drivers for 

selecting fuel stations.  Similarly, it is plausible that the charging expense will be one 

important criterion for drivers of PEVs to select charging stations, particularly if the 

prices of electricity vary substantially among stations.  The above behaviors and 

preferences will likely manifest themselves in shaping the spatial distribution of travel 

demand of PEVs in the region.  To reflect their impact, we assume in this chapter that 

among other factors, drivers of PEVs consider travel time, availability of charging 

opportunities, and charging expense in selecting destinations.  We caution that this is a 

critical assumption that needs to be verified by future empirical studies.  It is further 

assumed that the above destination choice behavior can be captured by a multinomial-

logit model, and drivers select routes in a user optimum manner.  Note that multinomial-

logit models have been applied to predict travelers’ destination choices in large urban 

and regional systems (e.g., Southworth, 1981; Kemperman et al., 2002), and the 
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assumption of user-optimum route choice has been widely adopted in transportation 

network modeling (e.g., Sheffi, 1984).  

Let         denote the network of roads, where   and   are the sets of nodes 

and links in the network respectively.  We denote a link as     or the pair of its 

starting and ending nodes, i.e.,          .  Assume that the travel demands of 

interest are originated from a set of origin nodes    , and denote the demand at each 

origin as       .  Next, let     denote a set of destinations, where sit public 

charging stations for PEVs.  Note that the sets   and   are not mutually exclusive. We 

use an integer variable   
  to represent the number of charging stations at destination  .  

Let   be the node-link incidence matrix associated with the network and     is a 

vector with a length of        .  The vector consists of two non-zero components: one 

has a value of 1 in the component corresponding to origin   and the other has a value of 

-1 in the component corresponding to destination  .  The origin-destination (O-D) flows, 

i.e.,    , are the results from travelers’ destination choices, and thus are decision 

variables in the network flow model.  

Let    be the link flow at link  . Since only a portion of travel demand is of 

consideration, there exists background traffic in the network. Without losing generality, 

we hereinafter assume the background traffic to be zero, and the travel time    for link   

is a strictly increasing function of the PEV flow on the link, i.e.,       . For example, the 

following form of Bureau of Public Roads (BPR) function can be used: 
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where   
  is the free-flow travel time for link   and    is the capacity of link  . Note that it 

is straightforward to extend the modeling framework in this chapter to consider multiple 

user classes if modeling travel choices of the background traffic is of interest. 

We now model the travel demand distribution of PEVs, given the availability of 

charging stations and price of electricity at each destination. A combined distribution 

and assignment (CDA) model is proposed to describe PEVs’ choices of destinations 

and routes.  In the CDA model, the network traffic condition is assumed to be in user 

equilibrium and the destination choice is represented by a multinomial logit model as 

follows:  

   

  
 

              
    

            

∑               
    

               
 

where  ,   and   are positive coefficients associated with the O-D equilibrium travel 

time, i.e.,     , the density of charging stations at the destination, which equals the 

number of  charging stations, i.e.,   
 , divided by the area of the destination, i.e.,   , and 

the charging expense, which is equal to the unit price, i.e.,    multiplied by the average 

hourly energy requirement for a PEV, i.e.,    .  The latter is assumed to be a constant 

for each OD pair (e.g., Wang et al., 2011).    is a location-specific constant. For 

presentation simplicity, we hereinafter substitute    for    
  . Note that if     ,     

represents the intra-zone travel demand. 

The above logit model implies that the deterministic portion of the utility function 

of PEV drivers consists of four components: travel time, the availability of charging 

opportunities, charging expense and a constant that encapsulates other factors 

affecting the attractiveness of a particular destination.  With such a consideration of 

destination choices, the CDA model can be written as follows: 
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where   
   is the flow between the O-D pair       at link  .  Equation 3-1 calculates the 

aggregate link flow.  Equation 3-2 ensures the flow balance between origin and 

destination nodes in the network.  Equation 3-3 requires the sum of the demand leaving 

from any origin   to each destination   to be equal to the total demand generated at that 

particular origin  .  Equations 3-4 and 3-5 are the non-negativity constraints for the link 

flows and demands.  Equations 3-1-3-5 essentially define a set of feasible O-D and link 

flow distributions for the network.  

Lastly, we emphasize that the coefficients in the above multinomial logit model 

need to be calibrated using empirical stated or revealed preference data, which may 

prove some of the parameters to be insignificant.  Between the availability of charging 

opportunities and the price of electricity, the former more likely affects travel choices of 

PEV drivers, as suggested in previous studies (e.g., Lin and Greene, 2011).  In contrast, 

the impact of the price of electricity may be less significant because the price may not 

vary substantially across locations or even if it does, it may not yield a meaningful 

difference in the total charging expense per charge.  If neither the availability of public 

charging opportunities nor the price of electricity has been proved to be strong enough 
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in shaping the O-D demand distribution of PEVs, the coefficients,    and  , will become 

zero, and the CDA model will consequently reduce to a traditional combined distribution 

and assignment model (e.g., Sheffi, 1984).  If another form of the utility function 

provides a better fit with the data, a corresponding CDA model can be developed in a 

similar fashion. 

3.1.2 Description of Power Network 

We consider a competitive wholesale power market, consistent with the one 

proposed by the U.S. Federal Energy Regulatory Commission (FERC, 2003).  In the 

market, an independent system operator (ISO) undertakes the daily operations of the 

transmission grid using locational marginal pricing.  More specifically, the ISO accepts 

supply and demand bids submitted by market participants, i.e., buyers and generators, 

and is responsible for determining the power commitments (supplies) to meet the 

demands, with an objective of maximizing social welfare while ensuring the system 

security.  In this case, the price of electricity at each location equals the marginal cost of 

providing electricity at that location, i.e., the locational marginal price (LMP).  LMP 

reflects the market clearing price at each location.  Based on their LMPs, the buyers pay 

the ISO for the dispatched power (e.g., Sun and Tesfatsion, 2010).  

We assume in this chapter that the retail electricity prices faced by the PEV 

drivers at different public charging stations in the same destination are the same and 

equal to the LMP at the specific location.  We further assume that there are a variety of 

active participants in the wholesale power market, leading LMP to vary substantially by 

location (e.g., Lewis, 2010 and Feldman, 2012).  The spatial variability of LMP will 

influence travel patterns of PEVs, which in return has significant impacts on LMPs and 

the operations of the power network.   
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The clustered PEV loads at public charging stations will have attendant effects 

on LMPs of electricity, which can be estimated by solving an optimal power flow 

problem.  All current market designs utilize the DC power flow models for LMP 

calculation, which are linear approximations to the AC models (e.g., Litvinov, et al., 

2004).  Although the approximations lead to some loss of accuracy, the results match 

fairly closely with the full AC solutions (Overbye et al., 2004). 

This chapter adopts the standard DC power flow model to compute the LMP at 

each bus, including the destinations with public charging stations.  Without losing 

generality, we assume that there are only one generator and one buyer at each bus.  

Public charging stations for PEVs will create additional electricity load to the bus at their 

particular locations.  

Let         denote the power network, where   and   are the sets of buses and 

transmission lines in the network respectively. For the generator at bus    ,    is the 

real power injection, and     and     represent the lower and upper real power limit 

respectively.  We further denote a transmission line or branch as the pair of its starting 

and ending buses, i.e.,        .  For each branch, let     represent the real power 

flowing in the branch and     represent the thermal limit of real power flow.  The 

standard DC power flow model is written as follows:  
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                     (3-8) 

                    (3-9) 

               (3-10) 

               (3-11) 

       (3-12) 

where        is the total cost of generating    amount of electricity at bus  , which is 

assumed to be a strictly convex function with   .     is the regular real power load at bus 

 , which is given. If the regular real power load is not given and needs to be treated as a 

decision variable, its corresponding (inverse) demand function should be specified. 

Consequently, the objective function of the DC power flow model will be changed to 

maximizing social benefit.  ̂  is the additional load created by PEVs, defined as follows: 

 ̂  ∑ ∑        
        , where   denotes the set of the pairs of travel destinations and 

their serving buses.      is the inverse of the pu reactance and    is the multiplication 

of the base apparent power and voltage angel (in radians).  

In the above, Equation 3-6 is the nodal power balance constraint, whose 

associated Lagrangian multiplier is the LMP at the node.  Equation 3-7 is the linear real 

power branch flow equation.  Equations 3-8-3-11 ensure the feasibility of the real power 

flow and power injection.  Lastly, Equation 3-12 sets the voltage angle at the reference 

node 1 to be zero.  

3.1.3 Equilibrium of Coupled Transportation and Power Networks 

The interactions between destination choices of PEVs and price of electricity will 

lead to an equilibrium state in the coupled networks.  The state implies a market 

equilibrium where the supply of electricity matches its demand so that the price of 
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electricity and the power flow can consequently be determined.  The state also 

encapsulates a user equilibrium in the transportation network where no PEV is able to 

improve its perceived utility by unilaterally changing its route or destination.  

Combining the KKT conditions of the CDA and DC power flow models yields a 

mathematical definition of the equilibrium state in the coupled networks.  The definition 

is a nonlinear complementarity system as follows: 

(3-1)-(3-12)   
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where   
   is the Lagrangian multiplier associated with Equation 3-2,    with Equation 3-

3,   with Equation 3-6,     with Equation 3-7,    
  with Equation 3-8,    

  with 

Equation 3-9,   
  with Equation 3-10,   

  with Equation 3-11 and   with Equation 3-12.  

Moreover,   ̅     is the marginal generation cost at bus  .   

Below we present an example with a three-node road network and a three-bus 

power network to illustrate the equilibrium concept.  As shown in Figure 3-1, the road 

network consists of nodes 1, 2 and 3 where 5000 PEVs generated at node 1 are 

destined to the other two nodes.  There are three and five public charging stations at 

nodes 2 and 3 respectively, whose serving buses compose the power grid with another 

bus, i.e., 4.  There is no electricity load at bus 4, and the regular load at buses 3 and 5 

are both 100 MW.  It is assumed that the total generation cost functions at buses 4 and 

5 are linear and the unit costs are $10 and $15 per MWh respectively.  We use the BPR 

function to calculate the travel time of links 1-2 and 1-3, whose free-flow travel times 

and capacities are both 60 minutes and 4000 veh/hr respectively. Other parameters are 

assumed as follows:                       ;           ;          ; 

        ;                                   and             . 

We solved Equations 1-25 for the illustrative network to obtain the equilibrium 

solution.  At equilibrium, 3377 PEVs leave from node 1 to 3, generating additional 

electricity load of 27MW and facing a LMP of $10 per MWh. The other 1623 PEVs 

leaving for node 2 create electricity load of 13MW at a price of $15 per MWh. The power 

injections at buses 4 and 5 are 227 MW and 13 MW respectively. 

Instead of solving the nonlinear complementarity system Equations 1-25, this 

section presents a convex mathematical program whose solution is the equilibrium O-D 
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demands and link flows (or simply traffic flow distribution) at the transportation network, 

and the power injection and branch flow (or simply power flow distribution) at the power 

network.  We hereinafter refer to it as the network equilibrium problem, i.e., NEP, and 

the formulation is as follows:  

   
             

 

 
∑∫        

  

 

 
 

 
∑∑            

   

 
 

 
∑∑      

        

  

 ∑      

 

 

s.t.  (3-1)-(3-12) 

The equivalence of NEP to the equilibrium definition (3-1)-(3-25) can be easily 

established by examining the KKT condition of NEP as follows:  

(3-1)-(3-12)  
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 ̂  
   ̂  

                 

∑           ̂   ∑           ̂              

∑           ̂   ∑           ̂    ̂      

where  ̂ 
   is the Lagrangian multiplier associated with Equation 3-2 in NEP,     with 

Equation 3-3,    with Equation 3-6,  ̂   with Equation 3-7,  ̂  
  with Equation 3-8,  ̂  

  

with Equation 3-9,    
  with Equation 3-10,    

  with Equation 3-11 and  ̂ with Equation 3-

12.  

Comparing the above KKT conditions to the definition of equilibrium, i.e., 

Equations 3-1-3-25, one can find that these two systems are the same except that 

 ̂ 
  and    are 

 

 
 times of   

  and    in Equations 3-1-3-25.  More specifically, the 

solutions to NEP, i.e., the traffic and power flow distributions, satisfy the equilibrium 

definitions Equations 3-1-3-25 and the equilibrium prices of electricity are the 

Lagrangian multipliers associated with Equation 3-6 in NEP.   

Theorem 3-1. Given the availability of public charging stations, the equilibrium 

state always exists. The equilibrium traffic link flows, O-D demand distributions and real 

power injections are unique. 

Proof.  As the objective function of NEP is continuous and its feasible region is 

compact and nonempty, according to Weierstrass’s Theorem (e.g., Bertsekas, 2003), 

there must exist a solution to NEP.  In other words, equilibrium always exists in the 

coupled networks.  

Define the convex feasible region of NEP as  , and thus its solution 

                     will satisfy the following first-order optimality condition:  
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(3-26) 

Suppose that there are two optimal solutions, and denote them as 

                     and                     .  Substituting them into Equation 3-26 

yields the following:  
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Summing Equations 3-27 and 3-28 leads to: 

∑
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(3-29) 

 

Because the BPR, logarithm and the marginal generation cost functions are all 

strictly increasing, Equation 3-29 implies that   
    

 ,          
 and   

    
 .  In other 

words,                must be unique.  
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3.2 Allocating Public Charging Stations  

3.2.1 Model Formulation 

With the proposed framework of equilibrium analysis of the coupled networks, we 

now investigate how to allocate a given number of public charging stations to a set of 

potential locations, a strategic decision in the deployment planning of public charging 

infrastructure.  It is assumed that the government agency attempts to maximize social 

welfare associated with both the transportation and power networks.  We propose a 

macroscopic planning model that determines the optimal number of charging stations 

allocated to each metropolitan area.  Being strategic, the model does not optimize exact 

locations and capacities of the allocated charging stations, which are expected to be 

decided by another tactic planning model proposed in Chapter 4.  

Defining a nonnegative integer variable    to represent the number of additional 

charging stations allocated to node  , we formulate the public charging station allocation 

problem (PCSA) as follows:  

   
               
              

 

 
∑  (∑          

     
         

                

   

)    

   

 ∑∑        

      

 ∑        

 

 ∑    

   

 

s.t. (3-1)-(3-14) and (3-16)-(3-25)   
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∑    
       (3-32) 
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where   is the given total number of public charging stations, and    denotes the set of 

potential locations. 

In the above, the objective is to maximize social welfare of the coupled networks 

for an average hour.  It consists of four components.  The first one represents the total 

expected utility of PEV drivers where   
     

   is the equilibrium travel time between the 

O-D pair r-s.  Because the utility encapsulates the charging expense paid by PEV 

drivers, which, however, should be viewed as a transfer, the second components, i.e., 

the charging expense, is thus added.  The last two components represent the total 

generation cost of electricity and the total construction cost of charging stations.     is 

the construction cost of a charging station at destination  .  

In the constraints, Equations 3-1-3-14, 3-16-3-25 and 3-30 ensure that the traffic 

and power flow distributions and prices of electricity are in equilibrium.  The others 

require the total number of located charging stations to be less than   and the charging 

stations can only be allocated to the potential locations. Note that by solving PCSA, not 

only can we obtain the allocation plan but also the equilibrium traffic distribution, which 

can be potentially used as inputs to the tactic planning model to determine the locations 

and capacities of allocated charging stations.   

3.2.2 Solution Algorithm 

PCSA is a mathematical program with complementarity constraints (MPCC), a 

class of problems difficult to solve (see, e.g., Luo et al., 1996).  The problem is non-

convex and standard stationarity conditions such as the KKT conditions may not hold 

for it (Scheel and Scholtes, 2000).  Compounding the difficulty is that PCSA also 

contains integer decision variables, which, however, can be replaced by another set of 
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complementarity constraints (e.g., Zhang et al., 2009).  Thus, our reformulation of PCSA 

is a regular MPCC with no integer variables.   

More specifically, let   denote the smallest integer number such that       , 

and thus the number of charging stations allocated to node   can be represented as 

   ∑   
      

    where   
  is a binary variable for        .  However, our 

reformulation of PCSA treats   
  as a continuous decision variable and introduces 

instead another complementarity constraint of the form:   
      

    . When 

combined with     
   , the previous equation forces   

  to be binary.  Therefore, our 

reformulation of PCSA is a regular MPCC, which can be solved by many existing 

algorithms (see, e.g., Luo et al., 1996, and references cited therein).  However, some of 

these algorithms only work well for small and medium problems while others, especially 

those based on solving equivalent nonlinear programs (e.g., Fletcher and Leyffer, 2004 

and Lawphongpanich and Yin, 2010), can handle larger problems. 

If the number of potential allocation plans is limited, PCSA can be solved by 

simply solving NEP associated with each plan and then comparing their resulting social 

welfare.  However, if the number of plans is prohibitively large, an effective solution 

algorithm is needed.  Note that PCSA has a similar mathematical structure as a discrete 

equilibrium network design problem, which can be solved using an active-set algorithm 

(Zhang et al., 2009; Lou et al., 2009).  When applied to the allocation model, the 

algorithm will iteratively solve NEP associated with a given allocation plan, and then 

construct a binary knapsack problem to update the plan.  To tailor the active-set 

algorithm to PCSA, we define three new sets,  ,     and    with                
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              ;        .  Based on the sets, a restricted version of PCSA, i.e., 

RPCSA, can be formulated as follows:  
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∑ ∑   
      

       
     (3-34) 

∑    
∑   

      
        (3-35) 

   
                (3-36) 

   
                (3-37) 

Note that RPCSA is another mathematical program with complementarity 

constraints, but its optimal solution can be easily obtained by solving NEP with an 

allocation plan compatible with    
    

  .  The procedure of the active-set algorithm is 

described below: 

Step 0:  Set    ,   
   , and   

   .  Solve NEP with a plan vector   compatible 

with the pair    
    

  . 

Step 1:  Using the results from NEP, construct a solution 

                               to RPCSA with (  
    

  .  Then, determine 

    
  and     

 , the smallest and largest values of Lagrangian multipliers 
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associated with Equations 3-36 and 3-37.  Set    as the social welfare 

associated with the current plan, and go to Step 2. 

Step 2:  Set      and adjust the active sets by performing the following steps: 

a) Let          solve the following knapsack problem for plan adjustment: 

   ∑     
     

        
 

 ∑     
     

        
 

 

s.t.  ∑        
   

      ∑        
          ∑        

            

 ∑     
             

  ∑     
             

    

                        

If the optimal objective value of the knapsack problem is zero, stop and the 

current solution is optimal.  Otherwise, go to Step 2b. 

b) Set 

  ∑     
     

 

        
 

 ∑     
     

 

        
 

 

  
  (  

  {        
      

   })  {        
      

   } 

  
  (  

  {        
      

   })  {        
      

   } 

c) Solve NEP with a plan vector    compatible with    
    

   and calculate its 

social welfare denoted as   . If      , go to Step 2d because the pair 

(  
    

   leads to an increase in social welfare.  Otherwise, set      , 

where     is sufficiently small, and return to Step 2a. 

d) Set   
      

 ,   
      

 , and      .  Go to Step 1. 

For simplicity, the initial active pair    
    

   in Step 0 corresponds to allocating no 

charging station.  The pair corresponding to another feasible plan would certainly work.  

In Step 1, finding the largest and smallest Lagrangian multipliers is time consuming.  In 
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our numerical example reported in the next section, we used commercial nonlinear 

solver such as CONOPT (Drud, 1994) to directly solve RPCSA with the solution 

constructed from solving NEP being the initial solution.  The multipliers generated by 

CONOPT worked very well.   

The objective of the plan adjustment problem at Step 2a is to maximize the total 

estimated increase to social welfare by adjusting the current allocation plan, where 

       means shifting       from   
  to   

  and analogously,      means the 

opposite.  If the optimal objective value is zero, then no adjustment leads to a higher 

social welfare, a criterion used to terminate the algorithm above.  Otherwise, an updated 

plan    compatible with    
    

   is obtained in Step 2b.  Because the Lagrangian 

multipliers are only estimates of the changes,    may not lead to an actual increase in 

social welfare.  Step 2c is to verify it by solving NEP with   .  If    does not lead to an 

actual increase, the next “best” adjustment plan can be obtained by solving the plan 

adjustment problem in Step 2a with   ∑     
     

 
        

  ∑     
     

 
        

   .  

Zhang et al. (2009) proved that the above active-set algorithm terminates after a finite 

number of iterations. The solution is strongly stationary solution if some assumptions 

are satisfied.  

3.3 Numerical Example 

The allocation problem is solved for a coupled network that we created based on 

the topology of the Sioux Falls road network and a subset of the IEEE 118-bus system 

(http://motor.ece.iit.edu/Data), as shown in Figure 3-2.  The transportation network 

consists of 76 directed links and 24 nodes, 12 of which are origins and destinations.  

Note that although the network has the same topology as the Sioux Falls network, it has 

http://motor.ece.iit.edu/Data
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been scaled up to represent a regional network whose free-flow travel time and capacity 

of each link are reported in Table 3-1.  Table 3-2 presents the trip production at each 

origin.  The power network is composed of 16 transmission lines (undirected links) and 

12 buses (nodes), each of which is connected to a destination node.  For the DC power 

flow model, the base apparent power is 100 MVA.  Table 3-3 lists the upper limit on 

magnitude of real power flow in each branch and its B value, i.e., the inverse of the pu 

reactance.  The total generation cost function at each bus is assumed as follows:  

              
               

where             ,            , and           are coefficients, which are given in 

Table 3-4 as well as the lower and upper limits on real power production of each 

generator.  Other parameters include             ,      ,   
    and      in the 

logit-based destination choice model and    , the average hourly energy requirement for 

charging a PEV, equals      kWh.  Moreover, in allocating the charging stations, we did 

not consider their construction costs.  

In this numerical example, we assumed that there are three existing charging 

stations at each city, and then allocated additional 20 charging stations to five potential 

nodes in the coupled network, i.e., nodes 1, 2, 4, 5 and 10.  We assumed that at most 

seven charging stations can be allocated to each node, and applied the active-set 

algorithm to solve the allocation model.  With allocating no charging stations being the 

initial solution, we obtained a solution of allocating seven stations at node 4, six at node 

5 and seven at node10, which yields a social welfare of 317,650.  The corresponding 

traffic and power link flows are reported in Tables 3-5 and 3-6 respectively.  Table 3-7 

lists the LMP at each bus together with its real power injection and the power load 
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generated by PEVs. It can be observed from the table that the power load created by 

PEV is 16% of the total power injection in the power network. 

In order to verify the effectiveness of the active-set algorithm, we enumerated all 

possible allocation plans, i.e., 2,226, and then solved the corresponding NEP for each 

of them and found the optimal allocation plan with the largest social welfare. Indeed, the 

best solution we obtained from using the active-set algorithm is the global optimal 

allocation plan. In addition, we observed in our numerical experiments that the active-

set algorithm was very efficient and consistently produced good results with different 

initial solutions.  The observation is consistent with Zhang et al. (2009), demonstrating 

the potential of applying the active-set algorithm to large-scale networks where the 

number of allocation plans is prohibitively large and the enumeration method fails.  

However, we did not prepare such a large-scale example in this chapter because the 

focus here is not on the computational aspect.  

Figure 3-3 plots the cumulative distribution curve of the social welfare of those 

2,226 possible allocation plans.  It can be observed that the social welfare varies 

approximately from 210,000 and 320,000, and many plans fall into the range between 

230,000 and 290,000.  Such a dispersed distribution highlights the importance of 

making a wise allocation decision and the need for an optimal allocation model.  In 

Table 3-8, we further compare the LMPs corresponding to the best allocation plan 

obtained from using the active-set algorithm with those corresponding to two randomly 

selected plans, and the situation without newly allocated charging stations.  The first 

randomly selected plan allocates four charging stations at node 1, seven at node 2, four 

at node 4 and five at node 5, and the other allocates one at node 1, five at node 2, four 
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at node 4, five at node 5 and five at node 10.  It can be observed that the PEV loads 

have substantial impacts on the prices of electricity and the impacts are very sensitive 

to the allocation decisions.  Finally, it is easy to observe that the best obtained plan 

allocates public charging stations in three cities whereas two randomly selected plans 

allocate stations in four or five cities.  One may favor the latters because they serve 

more cities.  If it is the intent to find a plan to ensure certain coverage for equity or social 

justice, additional constraints can be introduced to the formulation to guarantee that, 

e.g., the number of charging stations at each city should be more than a certain 

threshold or the number of cities served should be larger than a threshold.   

3.4 Summary  

We have adopted a game-theoretical approach to investigate the interactions 

among availability of public charging opportunism, destination and route choices of 

PEVs and price of electricity in coupled transportation and power networks.  The 

interactions lead to an equilibrium where equilibrium prices of electricity, and traffic and 

power flow distributions can be determined.  A convex mathematical program is 

formulated to describe the equilibrium state.  Built upon the proposed equilibrium 

analysis framework, the problem of optimally allocating public charging station budget is 

formulated as a mathematical program with complementarity constraints, and is solved 

by an active-set algorithm.  It is observed from the numerical example that the charging 

load from PEVs has substantial impact on the operations of the power network and the 

price of electricity.  Consequently, it is important to consider this impact when allocating 

public charging stations.  The proposed location model will be of help to government 

agencies for deployment planning of public charging infrastructure.  The active-set 

algorithm has been demonstrated to be effective and efficient.   
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Table 3-1.  Link capacity (100 veh/hr) and free-flow travel time (hr) 

Link    Capacity Link    Capacity Link    Capacity 

1-2 1.8 6.02 10-11 1.5 20 17-16 0.6 10.46 
1-3 1.2 9.01 10-15 1.8 27.02 17-19 0.6 9.65 

2-1 1.8 12.02 10-16 1.5 10.27  18-7 0.6 46.81 
2-6 1.5 15.92 10-17 2.1 9.99 18-16 0.9 39.36 
3-1 1.2 46.81   11-4 1.8 9.82 18-20 1.2 8.11 
3-4 1.2 34.22 11-10 1.5 20 19-15 1.2 4.42 

  3-12 1.2 46.81 11-12 1.8 9.82 19-17 0.6 9.65 
4-3 1.2 25.82 11-14 1.2 9.75 19-20 1.2 10.01 
4-5 0.6 28.25   12-3 1.2 46.81 20-18 1.2 8.11 

  4-11 1.8 9.04 12-11 1.8 9.82 20-19 1.2 6.05 
5-4 0.6 46.85 12-13 0.9 51.80 20-21 1.8 10.12 
5-6 1.2 13.86 13-12 0.9 51.80 20-22 1.5 10.15 
5-9 1.5 10.52 13-24 1.2 10.18 21-20 1.8 10.12 
6-2 1.5 9.92 14-11 1.2 9.75 21-22 0.6 10.46 
6-5 1.2 9.90 14-15 1.5 10.26 21-24 0.9 9.77 
6-8 0.6 21.62 14-23 1.2 9.85 22-15 1.2 20.63 
7-8 0.9 15.68 15-10 1.8 27.02 22-20 1.5 10.15 

 7-18 0.6 46.81 15-14 1.5 10.26 22-21 0.6 10.46 
8-6 0.6 9.80 15-19 1.2 9.64 22-23 1.2 10 
8-7 0.9 15.68 15-22 1.2 20.63 23-14 1.2 9.85 
8-9 1 10.10   16-8 1.5 10.09 23-22 1.2 10 

  8-16 1.5 10.09 16-10 1.5 10.27 23-24 0.6 10.16 
9-5 1.5 20 16-17 0.6 10.46 24-13 1.2 11.38 
9-8 1 10.10 16-18 0.9 39.36 24-21 0.9 9.77 

  9-10 0.9 27.83 17-10 2.1 9.99 24-23 0.6 10.16 
  10-9 0.9 27.83       

 

Table 3-2.  Trip production at each origin (100 veh/hr)  

Origin 1 2 4 5 10 11 13 

Production 12.92 12.71 12.18 12.51 13.51 13.41 11.46 

Origin  14 15 19 20 21   

Production  13.20 14.11 13.31 11.70 11.93   
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Table 3-3.  Input data for transmission lines 

Line Capacity  
(MW) 

  Line Capacity  
(MW) 

  

1-2 175 66.23 4-13 500 25.91 
2-4 175 3.98 13-14 500 50 
1-4 175 4.63 10-14 500 37.31 
4-5 175 6.90 11-15 175 4.59 

4-10 175 6.67 11-19 175 8.55 
5-10 500 74.07 15-19 175 9.85 
5-11 175 17.83 19-21 175 3.60 

10-11 175 26.60 20-21 500 27.03 
 

 

Table 3-4.  Input data for generators 

at 
Node 

Load 
(MW) 

Lower limit 
(MW) 

Upper limit 
(MW) 

    
(10-2) 

      

1 63 25 100 1.28 17.82 10.15 
2 84 25 100 1.28 17.82 10.15 
4 277 50 200 1.39 13.29 39 
5 78 0 0 0 0 0 

10 0 50 200 1.39 13.29 39.00 
11 77 25 100 1.28 17.82 10.15 
13 0 0 0 0 0 0 
14 0 0 0 0 0 0 
15 39 100 420 1.36 8.34 64.16 
19 28 0 0 0 0 0 
20 0 0 0 0 0 0 
21 0 80 300 1.09 12.89 6.78 
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Table 3-5.  Traffic link flow (veh/hr)  

Link Flow Link Flow Link Flow 

1-2 180.67 10-11 178.48 17-16 292.76 
1-3 1119.94 10-15 113.74 17-19 48.41 
2-1 153.64 10-16 27.79 18-7 168.10 
2-6 1158.08 10-17 25.81 18-16 421.39 
3-1 69.69 11-4 969.50 18-20 26.94 
3-4 1866.17 11-10 1375.07 19-15 335.17 

3-12 46.42 11-12 26.99 19-17 830.17 
4-3 33.11 11.14 136.92 19-20 282.69 
4-5 1911.90 12-3 829.23 20-18 589.49 

4-11 57.18 12-11 262.19 20-19 376.36 
5-4 2071.02 12-13 56.98 20-21 225.37 
5-6 20.16 13-12 1074.98 20-22 20.21 
5-9 313.81 13-24 185.32 21-20 195.73 
6-2 43.79 14-11 1095.64 21-22 705.63 
6-5 1116.93 14-15 202.70 21-24 361.92 
6-8 313.40 14-23 91.71 22-15 705.63 
7-8 168.10 15-10 1550.92 22-20 13.97 

7-18 11.44 15-14 156.49 22-21 85.13 
8-6 295.88 15-19 250.04 22-23 20.21 
8-7 11.44 15-22 85.13 23-14 149.81 
8-9 291.66 16-8 116.36 23-22 13.97 

8-16 10.30 16-10 597.79 23-24 77.74 
9-5 1111.21 16-17 22.60 24-13 305.16 
9-8 11.42 16-18 15.49 24-21 190.21 

9-10 605.47 17-10 537.41 24-23 129.60 
10-9 1122.63     
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Table 3-6.  Power line flow (MW)  

Line Flow Line Flow 

1-2 13.44 4-13 -123.12 
2-4 -47.08 13-14 -125.17 
1-4 -53.21 10-14 128.25 
4-5 -68.37 11-15 -140.81 

4-10 -71.66 11-19 -175 
5-10 -58.27 15-19 98.23 
5-11 -112.74 19-21 -109.31 

10-11 -147.56 20-21 -3.94 

 

Table 3-7.  PEV load, power injection and LMP at each bus 

at 
Node 

PEVs’ load  
(MW) 

Power Injection  
(MW) 

LMP  
($/MWh) 

1 1.77 25 17.4 
2 1.52 25 17.4 
4 34.01 148.14 17.4 
5 24.63 0 17.4 

10 37.53 148.14 17.4 
11 3.51 25 17.4 
13 2.04 0 17.4 
14 3.08 0 17.4 
15 5.99 284.03 16.06 
19 4.60 0 15.43 
20 3.94 0 15.43 
21 3.55 116.87 15.43 

 

Table 3-8.  LMPs associated with different allocation plans ($/MWh) 

at node 
Without 

      PEVs 
Best plan 

obtained 
Randomly 

selected plan 1 
Randomly    

selected plan 2 

1 15.96 17.40 17.20 17.30 
2 15.96 17.40 17.20 17.30 
4 15.96 17.40 17.20 17.30 
5 15.96 17.40 17.20 17.30 

10 15.96 17.40 17.20 17.30 
11 15.96 17.40 17.20 17.30 
13 15.96 17.40 17.20 17.30 
14 15.96 17.40 17.20 17.30 
15 15.55 16.06 16.15 16.11 
19 15.36 15.43 15.66 15.55 
20 15.36 15.43 15.66 15.55 
21 15.36 15.43 15.66 15.55 

Social 
welfare 

- 317,650 232,436 253,317 
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Figure 3-1.  An illustrative example for equilibrium in coupled networks 
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Figure 3-2.  The coupled transportation and power networks 
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Figure 3-3.  Cumulative distribution curve of social welfare 
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CHAPTER 4 
URBAN-LEVEL LOCATION OF PUBLIC CHARGING STATIONS 

In this chapter, given the allocated budget limit for a city or urban area, we 

consider how to determine the number, locations and types of charging stations to build 

within the city. Specifically, assuming the locations and types of charging station is 

given, we first propose network equilibrium models incorporating the impact of BEVs’ 

limit range and charging requirement on their drivers’ route choices and recharging 

behaviors. Based on the proposed equilibrium models, we then optimally determine 

station deployment plans. Note that the notations used in this chapter are different from 

those in Chapter 3, and are redefined wherever appropriate. 

The literature of alternative-fuel vehicles has considered the potential need of 

recharging those vehicles to reach their destinations.  For example, Wang and Lin 

(2009) formulated the refueling logic of vehicles to be a system of linear equations, 

assuming travelers between an origin-destination (O-D) pair choose the shortest path, 

which is given and fixed.  For electric vehicles, activity-based approaches have been 

proposed to investigate individual vehicle routing and scheduling problem with 

recharging in the literature (e.g., Kang and Recker, 2009, 2012; Schneider et al., 2012).  

Adler et al. (2013) defined a BEV shortest walk problem that finds the route between an 

O-D pair with minimum detouring, and proved the problem to be polynomially solvable.  

Note that the obtained shortest walk may include cycles for detouring to recharge 

batteries.  In contrast to these previous studies, this chapter proposes network 

equilibrium models that predict how the limited driving range and recharging 

requirement of BEVs affect their drivers’ route choices and subsequently the equilibrium 

flow distribution on regional or large metropolitan road networks where charging stations 
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are few and far between.  Among others, the most relevant studies in the literature 

include Jiang et al. (2012), and Jiang and Xie (2013).  In the former, a network 

equilibrium model is formulated upon paths whose lengths are within the driving ranges 

of BEVs.  The so-called path-constrained traffic assignment model can be solved 

efficiently by a solution algorithm proposed in the latter.  Both studies do not consider 

recharging behaviors of BEV drivers and assume the energy consumption of BEVs is 

independent of traffic congestion.  

For the remainder of this chapter, assuming that the energy consumption of a 

BEV is not affected by traffic congestion, i.e., the consumption is flow-independent, 

Section 4.1 first formulates a network equilibrium model that abides by the driving range 

of BEVs and accommodates their recharging decisions.  An iterative solution procedure 

is proposed to solve the model efficiently.  Section 4.2 further extends the model to 

consider the time required for recharging, which can be substantial, depending on the 

amount of recharged energy and the type of charging stations.  Moreover, considering 

the potential impact of traffic congestion on the fuel economy of BEVs, Section 4.3 

investigates a novel network equilibrium model with flow-dependent energy 

consumption.  Section 4.4 formulates the problem of optimizing the locations and types 

of charging stations within a given budget limit as a bi-level model, which is solved by a 

genetic-based algorithm. Numerical examples are provided in Section 4.5. Lastly, 

Section 4.6 concludes the chapter. 

4.1 Base Model  

4.1.1 Notation 

We consider a regional or metropolitan road network.  Let        denote the 

network where   and   are the sets of nodes and links in the network respectively.  We 
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denote a link as     or its starting and ending nodes i.e.,          .  Travel 

demands are between a set of O-D pairs, i.e.,  .  Let    and    be the travel demand 

and the set of paths between O-D pair     respectively.  In addition,   
  represents 

the traffic flow on path      of O-D pair    .  We further denote      as the origin 

node of O-D pair    , and      is the path-link incidence, which equals 1 if path   

traverses link     and 0 otherwise.  Let    and    be the traffic flow and distance of 

link  .  The travel time of link   is a strictly increasing function of the flow on the link, i.e., 

      .  For example, the following Bureau of Public Roads (BPR) function can be used: 

     
 [      (

  

  
)
 

] 

where   
  is the free-flow travel time of link  , and    represents the capacity of link  .  

4.1.2 Definition and Formulation of Network Equilibrium 

It is assumed in this chapter that all vehicles in the network are BEVs.  This 

assumption is not necessarily restrictive as the models proposed below can be easily 

extended to accommodate both electric and regular vehicles.  It is further assumed that 

a limited number of charging stations are located at certain nodes of the network, and 

thus vehicles travelling along a path may not pass by a charging station.  We thus have 

the following definition:  

Definition 4-1. A path is usable if a BEV is able to complete the path without or 

with recharging.  

The distance of a usable path must be within the driving range of a BEV, if none 

charging station exists along the path.  Otherwise, it is usable as long as the vehicle can 

recharge its battery at charging stations along the path to avoid running out of charge 
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before reaching its destination. Figure 4-1 shows a simple example to further illustrate 

the definition. 

The O-D pair 1-2 is connected by three paths, i.e., 1-2, 1-3-2 and 1-4-2.  A 

charging station is located at both nodes 3 and 4.  It is assumed that the battery size of 

the BEV is 24 KWh; its initial state of charge is 4 KWh and the energy consumption rate 

is 0.3 KWh/mi.  It is easy to see that path 1-2 is not a usable path.  Along the other two, 

the BEV can reach node 3 or 4 without running out of charge.  Because the vehicle can 

recharge at node 3 or 4 to achieve a driving range up to 80 miles if fully charged, it can 

reach the destination successfully.  Therefore, both path 1-3-2 and path 1-4-2 are 

usable.  

When traveling between their origins and destinations, it is reasonable to assume 

that BEV drivers select routes to minimize their travel costs, which may include 

electricity cost and travel time cost.  Note that the former is much smaller than the latter.  

For example, considering an electricity price of $0.12 per kWh, a value of travel time of 

$20 per hour and a travel speed of 50 miles per hour, the electricity cost for a Nissan 

Leaf 2013 is 8.7% of its travel time cost (US Department of Energy, 2013).  Therefore, 

we hereinafter simply adopt time minimization as the decision criterion for route choices.  

More specifically, we assume that travelers choose the paths with the least travel time 

among all the usable paths.  In our base model, we consider homogenous vehicles with 

the same battery size and initial state of charge, another assumption that can be easily 

relaxed.  Moreover, it is assumed in Sections 4.1 and 4.2 that traffic congestion does 

not affect the fuel economy of BEVs.  The energy consumption of a BEV thus depends 
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on travel distance rather than travel time.  The above assumptions and considerations 

yield the following network equilibrium: 

Definition 4-2. At equilibrium, all the utilized paths are usable and the travel 

times of all the utilized paths of one O-D pair are the same, which are less than or equal 

to that of any unutilized usable paths of the same O-D pair.  

We are now ready to construct our base model to describe the above network 

equilibrium.  Because the energy consumption of a BEV is flow-independent, the 

usability of a path is also independent of traffic flow and can be pre-determined.  Denote 

the set of all usable paths between O-D pair   as  ̂  and we have the following 

formulation for network equilibrium (NE) with BEVs: 

   
 

∑ ∫        
∑ ∑   

        ̂    

    
 

s.t.    ∑   
 

   ̂            (4-1) 

           
         ̂       (4-2) 

where   is the path flow vector.  

In the above, the constraints ensure flow balance between each O-D pair and the 

nonnegativity of path flows respectively.  As compared to the classical formulation of 

Beckmann et al. (1956), NE requires the path flow of each unusable path to be zero.  It 

is straightforward to verify the equivalency of NE to Definition 4-2 and that the 

equilibrium link flow is unique with the strictly-increasing travel time function previously 

assumed.  Note that the path-constrained traffic assignment problem in Jiang et al. 

(2012) can be also formulated as NE, if  ̂  includes the paths no longer than the driving 

range of BEVs.   



69 
 

4.1.3 Solution Procedure 

As formulated, NE is a convex program with linear constraints.  If all the usable 

paths are enumerated beforehand, it can be solved easily by commercial nonlinear 

solvers such as CONOPT (Drud, 1994).  Considering path enumeration is time-

consuming, this section presents an iterative solution procedure.  The procedure starts 

with a subset of  ̂ ,   , and solves a restricted version of NE defined upon the 

subset.  Another sub-problem is then solved to determine whether the solution to the 

restricted NE solves the original formulation.  If not, a new usable path will be generated 

and added to the subset and the iteration proceeds until termination.   

A few new variables are introduced for formulating the sub-problem.  For each 

node    , we use    to represent the upper limit of electricity that the node can provide 

for recharging.  The variable equals 0 if there is no charging station at node  ; otherwise, 

it is a sufficiently large constant because the number of chargers at a charging station is 

assumed to be sufficient.  Let      and     be the battery size and initial state of charge.  

For a BEV travelling between O-D pair    , the recharging amount of electricity at 

node   is   
  and the state of charge at node   after recharging is   

 .  Let   be the node-

link incidence matrix associated with the network and    is a vector with a length of | |.  

The vector consists of two-nonzero components: one has a value of 1 in the component 

corresponding to the origin of   and the other has a value of -1 in the component 

corresponding to the destination of  .  Given the current link flow solution     ̃     to 

the restricted NE, the sub-problem, shortest usable path finding or SP, can be 

formulated as follows for each O-D pair    : 
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∑     ̃    
 

   

 

s.t.           (4-3) 

        
    

        
    

               (4-4) 

       
             

                (4-5) 

            
     

        
              (4-6) 

         
            (4-7) 

         
              (4-8) 

          
        (4-9) 

       
                   (4-10) 

where   and   are sufficiently large constants;   is the energy consumption rate of 

BEVs;   
  is a binary variable, which equals 1 if link   is utilized and 0 otherwise;    

  is 

a variable that equals 0 if link   is utilized and is unrestricted otherwise.   

In the above, the objective function is to minimize the total travel time. Equation 

4-3 ensures flow balance.  Equations 4-4 and 4-6 specify the relation between the 

states of charge of BEV batteries at the starting and ending nodes of any utilized link. 

Equation 4-5 ensures that BEVs do not run out of charge on any utilized link.  Equation 

4-7 suggests that BEVs can only recharge at nodes with a charging station while 

Equation 4-8 sets the upper and lower bounds of the states of charge of BEV batteries.  

Equation 4-9 specifies the initial state of charge. Finally, Equation 4-10 requires   
  to 

be binary.  

SP is a mixed integer linear program, and can be easily solved by commercial 

solvers such as CPLEX 12.2 for small or medium sized problems.  In addition, with a 
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simple twist, the algorithm proposed by Jiang and Xie (2013) can be utilized to solve SP.  

More specifically, during the labeling process, if a node with a recharging station is 

selected to calculate the new labels, zero will be used as its distance label instead of its 

original distance label.  Similar algorithms can also be found in Laporte and Pascoal 

(2011) and Adler et al. (2013) among others.  

 For each O-D pair    ,  the optimal solution to SP, denoted as 

(   ̃ 
     ̃ 

   ), can be used to construct a shortest usable path, i.e.,  ̃ .  The 

iterative procedure of solving NE can thus be written as follows.  As the number of 

usable paths in a network is finite, following procedure terminates in a finite number of 

steps.  

Step 0: For each O-D pair    , solve SP with     ̃            .  Construct 

 ̂    ̃   .  

Step 1: Solve the restricted NE upon  ̂ . Denote      ̃     and          as the 

optimal solutions and multipliers associated with Equation 4-1. 

Step 2: For each O-D pair    , solve SP. For    , if    ∑     ̃   ̃ 
 

   , add  ̃  

into  ̂ . If    ∑     ̃   ̃ 
 

    for all O-D pairs, stop and     ̃     is the 

equilibrium link flow distribution; Otherwise, go to Step 1.  

4.2 Equilibrium Model Considering Recharging Time 

The base model does not take into account the recharging time, which can be 

substantial, depending on the recharging amount and the power of the charger.  For 

example, for a BEV with a 24 KWh battery, it may take 20 hours to replenish a depleted 

battery at 1.2 KW power level.  At 60KW power level, 24 minutes are still needed (ETEC, 
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2010a).  See Table 4-1 for the charging powers of BEV chargers that are currently 

deployed (Morrow, 2008). 

The recharging time may affect motorists’ route and charging decisions.  To see 

this, let’s revisit the example in Section 4.1.2.  In Figure 4-1, both paths 1-3-2 and 1-4-2 

are usable and travelers thus choose between them.  Assuming that their travel times 

are 25 and 20 minutes respectively due to different speed limits, travelers would prefer 

path 1-4-2, if the recharging time is not considered.  If travelers consider the recharging 

time and aim to reach their destinations as quickly as possible, they do not necessarily 

fully recharge their vehicles at nodes 3 or 4, where the remaining level of charge of the 

battery is one KWh.  To complete their trips, travelers only need to recharge 0.5 KWh at 

node 3 or two KWh at node 4.  Suppose that it takes 10 minutes for the charging 

stations at nodes 3 and 4 to recharge one KWh of electricity, and the recharging time 

will be 5 and 20 minutes respectively.  Travelers would thus prefer path 1-3-2 to 1-4-2, 

as the total time to complete the former is 30 minutes while 40 minutes for the latter.  

The route choice is thus different with or without considering charging time.  

Motivated by the above example, this section extends the base model to 

consider the impact of recharging times on choices of route and recharging amount.  It 

is assumed that BEV drivers attempt to minimize their trip times, which include travel 

times (more explicitly, driving times) and recharging times.  Besides route choices, they 

also decide where and how much to recharge their vehicles.  Consequently, at network 

equilibrium, all the utilized paths of each O-D pair will be usable and yield the same trip 

times, which are less than or equal to that of any unutilized usable path of the same O-

D pair.  
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To describe the equilibrium, let      
   denote the time it takes for a BEV to 

recharge   
  amount of electricity at node    .  For simplicity, we assume a linear 

charging time function, i.e.,      
     

    
   

 , where the first component   
  

represents the fixed time for the recharging activity; the second component is the 

variable time and   
  depends on the type of chargers as shown in Table 4-1.  Without 

loss of generality, we assume that there is at most one charging station at each node 

with the same type of chargers.  If there is no charging station at node  , both   
  and   

  

are zero.  Note that by adding another cost component to the charging function, one can 

consider the impact of different prices for recharging at different types of charging 

stations.  In this chapter, we assume the same unit price of electricity at all charging 

stations.   

Let   
  represent the minimal time that a BEV of O-D pair     needs to spend 

on recharging activities when traversing a path    ̂ .  Because of the flow 

independence of the energy consumption of BEVs, it is straightforward to examine each 

usable path to determine optimal charging locations and amounts to compute   
 .  As 

the charging time function is linear,   
  can be uniquely specified.  The network 

equilibrium with recharging time (NE-RT) can thus be formulated as follows: 

   
 

∑ ∫        
∑ ∑   

        ̂    

    
 ∑ ∑   

   
 

   ̂    

 

                                      s.t.             (4-1)-(4-2) 

The above formulation is another convex program with linear constraints and 

commercial nonlinear solvers such as CONOPT can solve it globally.  Similarly, it is 
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straightforward to verify the equivalency of the formulation and that the equilibrium link 

flow is unique. 

To avoid path enumeration, an iterative solution procedure similar to that in 

Section 4.1 can be adopted to generate usable paths and their charging times as 

needed.  The sub-problem, shortest usable path finding with recharging time or SP-RT, 

can be formulated as follows for each O-D pair    : 

   
     

∑     ̃    
 

   

 ∑   
   

    
   

  

   

 

s.t.  (4-3)-(4-10)   

         
  

  
 

 
        (4-11) 

         
               (4-12) 

where              and   
  indicates whether BEVs recharge at node  .  

In the above, the objective function is to minimize the total trip time that includes 

the driving time, i.e., ∑     ̃    
 

   , and the recharging time, i.e., ∑    
   

    
   

     .  

Equations 4-11 and 4-12 ensure that   
  equals 1 if BEVs recharge at node   and 0 

otherwise, as the objective function is to minimize   
   

 .  Similarly, SP-RT is another 

mixed integer linear program, and can be easily solved by commercial solvers such as 

CPLEX 12.2 for small or medium instances.  However, because it encapsulates both 

route and recharging decisions, the labeling process to solve SP discussed in Section 

4.1 is not readily applicable to solve SP-RT.  

Let (   ̃ 
     ̃ 

     ̃ 
   ) denote the optimal solution to SP-RT for O-D pair 

   .  Based on  ̃ 
 , we can easily construct the usable path with minimal trip time, 

i.e.,  ̃ .  In addition,  ̃ 
  and  ̃ 

  dictate the optimal recharging plan along the path, and 
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the minimal recharging time is   ̃
  ∑    

  ̃ 
    

  ̃ 
     .  For completeness, we present 

the following solution procedure to NE-RT: 

Step 0: For each O-D pair    , solve SP-RT with     ̃            .  Construct 

 ̂    ̃    and compute   ̃
 .  

Step 1: Solve the restricted NE-RT upon  ̂ .  Denote      ̃     and          as the 

optimal solutions and multipliers associated with Equation 4-1. 

Step 2: For each O-D pair    , solve SP-RT. For    , if    ∑     ̃   ̃ 
 

    

∑    
  ̃ 

    
  ̃ 

     , add  ̃  into  ̂ . If    ∑     ̃   ̃ 
 

    ∑    
  ̃ 

     

  
  ̃ 

   for all O-D pairs, stop and     ̃     is the equilibrium link flow 

distribution; Otherwise, go to Step 1.  

4.3 Network Equilibrium with Flow-Dependent Energy Consumption 

In the above models, the energy consumption of BEVs depends only on the 

distance travelled.  Bigazzi et al. (2011) investigated the effect of traffic congestion on 

the fuel economy of BEVs and found that BEVs may become more fuel efficient as the 

average speed increases, particularly at local arterials.  Although it is difficult to foresee 

how future developments in the battery and vehicular technologies may enhance the 

fuel economy of BEVs at various traffic conditions, we assume in the section that the 

energy consumption for a BEV to traverse a link increases as the travel time increases.  

This implies that the fuel economy of BEVs becomes flow-dependent.  So is the 

usability of a path between an O-D pair.  

4.3.1 Definition of Network Equilibrium 

With the flow-dependent usability of paths, the network equilibrium described in 

Definition 4-2, does not necessarily exist.  To see this, consider a single O-D network 
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connected by two parallel links.  The O-D travel demand is 5.5, and the travel time 

functions for two links are      and         while their lengths are 1 and 0.5 

respectively.  Suppose that the initial state of charge of BEV batteries is 1.6 and the 

energy consumption at each link is the function of distance and travel time, i.e., 

              .  Although there is no charging station in the network, both paths are 

usable when they are in free-flow conditions.  Consequently, three possible scenarios 

emerge at equilibrium, i.e., only link 1 or 2 is utilized or both links are utilized.  It is easy 

to verify that if only either link 1 or 2 is utilized, the increased link travel time will cause 

the link unusable.  If both links are utilized, according to Definition 2, they will have the 

same travel times.  We thus obtain       ,     ,          ,        and       .  

Apparently, link 1 becomes unusable because           .  This contradicts to 

Definition 2, suggesting that the defined equilibrium does not exist in this network.  This 

implies that with flow-dependent energy consumption, the utilized usable paths do not 

necessarily have the same travel times when the network achieves equilibrium.  

We then claim that      and        is an equilibrium flow pattern, under 

which travel times and energy consumptions are     ,       ,        and       .  

One can verify that under such a flow pattern, no drivers have incentives to switch paths 

unilaterally.  Specifically, drivers of path 1 have no interest to change to path 2 for a 

longer travel time.  Reversely, drivers of path 2 have no interest to switch to path 1 

either, because doing so would make path 1 unusable and thus compromise the chance 

of completing their trips.    

The above example motivates us to investigate a more general definition of 

network equilibrium with flow-dependent path usability.  Several new variables are 
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introduced for this purpose.  For each path  , we divide it into    sub-paths, denoted as 

  ,         , based on the locations of charging stations along the path.  Each sub-

path starts and ends at a charging station, origin or destination, and there is no 

additional charging station along a sub-path.  The link energy consumption           is 

assumed to be strictly increasing with the distance    and the travel time   .  For model 

simplicity, we do not consider recharging time in this section.  It is further assumed that 

each BEV starts its trip with a fully charged battery.  Note that these two assumptions 

are not restrictive and can be relaxed.  Below we introduce a concept of charging-

depleting paths to facilitate the presentation of our idea:  

Definition 4-3. A charge-depleting path is a usable path with the energy 

consumption of a BEV reaching exactly its full battery capacity between two adjacent 

charging stations along the path. 

Recall that      represents the battery size.  The above definition suggests that 

along a charge-depleting path, there exists at least a sub-path where the energy 

consumption, i.e.,    
 ∑                  , is equal to     .   

Definition 4-4. A flow pattern is in user equilibrium if all the utilized paths are 

usable; the travel times of utilized regular or non-charge-depleting paths are equal and 

no larger than that of any unutilized usable path; the travel times of utilized charge-

depleting paths may be less than or equal to that of a utilized non-charge-depleting path.  

Mathematically, the user equilibrium conditions can be written as follows:  

If   
   , then    

              (4-13) 

If   
   , and    where    

     , then             (4-14) 
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If   
   , and   ,    

     , then             (4-15) 

If   
   , and   ,    

     , then             (4-16) 

where    is the travel time of path  .  

Equation 4-13 ensures that all the utilized paths are usable.  Equations 4-14 and 

4-15 specify that the travel time of each utilized path of O-D pair     equals   , 

except for the charge-depleting paths whose travel times can be less than or equal to 

  .  Equation 4-16 dictates that the travel time of any unutilized usable paths is greater 

than or equal to   .  Note that if we denote    as the equilibrium travel cost, for any 

utilized charge-depleting path  , according to Equation 4-14, there must exist a variable, 

say,      such that         .  In a way, the variable    may be interpreted as the 

cost of range anxiety that arises when the energy consumption reaches the limit.  When 

the energy consumption is flow-dependent, route choices of travelers affect not only the 

path travel time but also the path usability.  When choosing paths, travelers would 

consider both effects, and the variable    may capture their sense of risk for being 

running out of charge along the path.  However, we caution that such an interpretation 

lacks a behavioral basis and it may not be appropriate to compare “the costs of range 

anxiety” associated with different charge-depleting paths.   

4.3.2 Model Formulation and Solution Algorithm 

The problem of finding a user equilibrium flow pattern as defined in Definition 4-4 

can be formulated as the following nonlinear complementarity problem (NCP), which we 

call network equilibrium with flow-dependent energy consumption or NE-FD:   

∑   
 

               (4-17) 
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                (4-18) 

  
 (        

)                 

        

(4-19) 

   
                 

        

(4-20) 

   
   

 (        
)                 

        

(4-21) 

∑         ∑    
 (  

          
)  

                    (4-22) 

  
 [∑         ∑    

 (  
          

)  

    

  ]     

           (4-23) 

We now briefly show that the solution to NE-FD satisfies Equations 4-13-4-16 by 

examining both the utilized and unutilized paths.  For any utilized path, i.e.,   
   , 

Equation 4-19 leads to Equation 4-13, and Equation 4-21 implies that    
 (        

)  

 ,          . Consequently, Equation 4-23 reduces to ∑         ∑    
   

   

      .  

For a charge-depleting path, together with Equation 4-20, Equation 4-23 implies that 

∑            ∑    
   

   

      , which is corresponding to Equation 4-14.  For a 

regular or non-charge-depleting path where    
     ,   , from Equation 4-21,    

   . 

Equation 4-23 thus implies that ∑           , which is corresponding to Equation 4-15.  

For any unutilized path, i.e.,   
   , Equations 4-19, 4-21 and 4-23 are satisfied, 

and Equation 4-22 essentially reduces to ∑            ∑    
 (        

)  

   .  For 

any usable path, from Equations 4-20 and 4-22, we have ∑           , which is 
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corresponding to Equation 4-16.  Note that for an unusable path, there exists a sub-path 

where         
  .  Considering    

  can be any nonnegative number, Equation 4-22 

does not impose any restriction on the travel time of the unusable path, which is 

reasonable because travelers would have no incentive to switch to it.  

On the other hand, it can be verified that for any flow distribution satisfying 

Equations 4-13-4-16, a corresponding vector of       
     can be found such that NE-

FD is solved.  

Define a set 

  {      
       

    | ∑   
 

             
             

          }. The NCP 

is equivalent to finding      ̃ 
     ̃  

       that solves the following variational 

inequality (VI): 

∑[∑     ̃ 
 

 ∑  ̃  
 ( ̃ 

        ̃  
)

  

   

] (  
   ̃ 

 )

   

 ∑ [ ̃ 
 (      ̃  

)]

     

(   
   ̃  

 )     (     
       

   )    

The NCP or VI may admit multiple link and path flow solutions.  An example is 

provided in Section 4.5 to demonstrate such a non-uniqueness property.   

Solution algorithms proposed for solving VI or NCP in the literature can be 

applied to solve NE-FD.  Among others, one approach is to covert the formulation into a 

nonlinear optimization problem via a gap function (e.g., Lo and Chen, 2000; Wu et al., 

2011) and then solve it accordingly.  Further computational efficiency may be obtained 

by applying linear approximation to the functions of link travel time and energy 

consumption and then solving a series of simplified programs (e.g., Wang and Lo, 2010).  
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If all the paths can be enumerated, solving NE-FD is no more difficult than, e.g., solving 

asymmetric path-based traffic assignment models.  It is thus beyond the scope of this 

dissertation to develop an efficient solution algorithm to solve the NCP or VI formulation.  

See, e.g., Facchinei and Pang (2003a, b), for recent developments.  

To avoid path enumeration, an iterative solution procedure similar to that in 

Section 4.1 can be adopted to generate paths as the procedure proceeds.  The path 

generation sub-problem is similar to SP.  The only difference is to add to SP additional 

cuts that correspond to charge-depleting paths under the current flow solution because 

travel times of those paths are likely to be less than the equilibrium cost of the O-D pair.  

More specifically, if we denote  ̅ as one of the charge-depleting paths under the current 

flow solution, one valid cut can be written as ∑         ∑        . 

4.4 Deploying Public Charging Stations on Urban Road Networks 

With the proposed BEV network equilibrium models, we now investigate how to 

deploy public charging stations to a set of candidate locations. Specifically, given a 

budget limit, we propose a planning model that determines the locations and types of 

public charging stations to maximize social welfare. Considering NE-FD may yield 

multiple equilibria, and it is challenging to solve NE-FD for large-size networks, we 

adopt NE-RT to predict BEV drivers’ route and recharging choices when optimizing 

station location plans.   

Define a binary variable   
  to represent whether a public charging station of type 

  is built at node  . Moreover, we use  ̂     and   
     to highlight the impact of station 

location plans on the sets of usable paths and optimal recharging plans. Given the 
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above notation, the public charging station deployment problem (CD) is formulated as 

follows: 

   
 

∑     ̅   ̅ 

   

 ∑ ∑   ̅
   

    

   ̂          

 ∑     

      

   

s.t.   

∑ ∑   
 

        
      (4-24) 

∑   
 

           (4-25) 

  
             ,     (4-26) 

  ̅  ̅  

         ∑ ∫        
  

   ∑ ∑   
   

       ̂            

 (4-27) 

                       s.t.    (4-2) 

∑   
 

   ̂       ,         

   ∑ ∑   
        ̂          ,    

  

where    is the inconvenience costs to travelers caused by failing to complete trip  ; 

      {     ̂      };   
  denotes the costs of building a type   charging station 

at node  ;   represents the budget limit; lastly,   is the set of potential locations for 

charging stations.   

In the above, the objective function represents total social costs, including the 

total driving and recharging time, and the inconvenience costs caused by missed trips. 

Equation 4-24 specifies the budget limit for station deployment. Equation 4-25 dictates 

at most one station can be built at a potential location. Equation 4-26 requires   
  to be 

binary. Finally, Equation 4-27 states the traffic flow distribution is predicted by NE-RT.  
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To solve CD, we utilize a genetic-algorithm-based procedure (Goldberg 1989; 

Yin, 2000). A genetic algorithm (GA) is a search and optimization heuristic, which is 

inspired by the process of natural selection, and has been applied to solve many real-

world engineering and science problems.  

4.5 Numerical Examples 

4.5.1 Examples for NE-RT and NE-FD 

In this section, we present numerical examples to demonstrate the proposed 

network equilibrium models.  We first solve NE-RT for the Sioux Falls network (see 

Figure 4-2), which consists of 24 nodes, 76 links and 552 O-D pairs. Table 4-2 reports 

the free-flow travel time and capacity of each link.  The O-D demands are downloaded 

from Bar-Gera (2013).  The link distances are assumed to be 2.5 times of the link free-

flow travel times.  The battery capacity, i.e.,     , is set as 24 KWh, consistent with the 

battery size of a Nissan Leaf (Nissan USA, 2013).  The energy consumption rate   is 

0.29 KWh/ mi, as per the EPA fuel economy of Nissan Leaf 2013 (US Department of 

Energy, 2013).  Other parameters include   
    min,           , and   

  

{
             
           
            

 min/KWh.  There exist five charging stations in the network, i.e., two 

level-1 stations at nodes 11 and 15, two level-2 at nodes 5 and 16, and one level-3 at 

Node 12.  We adopt CONOPT and CPLEX 12.2 to solve NE-RT and SP-RT 

respectively, and the equilibrium link flows are reported in Table 4-3.  

In order to analyze the impact of the initial state of charge of battery on the 

equilibrium and charging station utilization, we also solve NE-RT with another two initial 

states of             and         , in addition to         .  Figure 4-3 compares the 

average utilizations, i.e., average numbers of recharging trips, of three types of charging 
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stations in these three cases.  It can be observed that as the initial state of charge 

increases, the utilizations of all three types of charging stations decrease.  In addition, 

level-3 station is always the most popular, followed by level 2 and then level 1, which 

makes intuitive sense as higher-power stations offer less amount of recharging time and 

are thus more favored by travelers.  

The average recharging frequency, amount and time in all three cases are 

depicted in Figure 4-4.  It can be observed that the highest average recharging 

frequency is 0.32 when           , suggesting that on average a BEV recharges 0.32 

times to complete its trip.  Correspondingly, the recharging amount is 0.97 KWh, which 

takes 7 minutes on average.  As the initial state of charge increases, the average 

recharging frequency, amount and time all decrease.  Particularly, when the initial state 

equals          , both the recharging amount and time are almost zero.  All these 

observations suggest that the current driving ranges of BEVs are sufficient in the 

example network, if their batteries are reasonably charged.  

Considering flow-dependent energy consumption, we solve NE-FD for the 

Nguyen-Dupius network shown in Figure 4-5.  This network consists of 13 nodes, 19 

links, and four O-D pairs.  The link characteristics and O-D demands can be found in 

Nguyen and Dupius (1984).  We assume that the link distance is 1.5 times of the link 

free-flow travel time.  The initial battery state and battery capacity are both equal to 

16.56 KWh.  The link energy consumption function is                           .  

Two charging stations are located at nodes 6 and 11, respectively.  During the solution 

iterations, we adopt PATH (Ferris and Munson, 1999) to solve NE-FD upon a subset of 

paths, which are generated by solving SP with cuts using CPLEX 12.2.  With different 
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initial solutions, two equilibrium link flow patterns are obtained and reported in Table 4-4.  

It can be observed from Table 4-4 that these two flow patterns are substantially different.  

For instance, the flow on link 17 changes from 1.99 to 13.81.  The non-uniqueness and 

possible substantial variation of equilibria will inevitably create challenges for predicting 

BEV traffic flow distribution in the case of flow-dependent energy consumption.  

Depending on specific policy goals, different strategies may be applied. For example, 

from the perspective of robust policy-making, one may examine and design against the 

worst-case equilibrium flow pattern (e.g., Lou et al, 2010).  Tables 4-5 and 4-6 present 

the detailed path information of these two flow patterns, including path travel time, flow 

and sub-path energy consumption.  It can be observed from Table 4-5 that under the 

first flow pattern, there are six utilized paths in total, of which only path 6 is charge-

depleting.  However, its travel time is the same as path 4-5 and thus the cost of range 

anxiety is zero.  In contrast, under the second flow pattern in Table 4-6, there are two 

different path travel times for O-D pair 4-2, and three for O-D pair 4-3.  Indeed, paths 5, 

7 and 8 are all charge-depleting and incur costs of range anxiety, as reported in the 

table.  

4.5.2 Examples for CD 

In this section, we first solve CD for the Nguyen-Dupius network, and compare 

the optimal station location plans, total social costs and drivers’ average recharging time 

under three different budget limits, i.e., $900/veh, $1,100/veh and $1,500/veh. 

Compared to Section 4.5.1, different parameter values are used. Specifically, the link 

distance is 0.8 times of the link free-flow travel time; the energy consumption rate   

equals 0.24 KWh/ mi;           .  The costs of building a leve-1 station, i.e.,   
 , 
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equals $7,000; level-2, i.e.,   
 , equals $25,000;  level-3, i.e.,   

 , equals $50,000 (ETEC, 

2010b; U.S. Department of Energy, 2012). The inconvenience cost from a missed trip, 

i.e.,     , is assumed to be equivalent to a 500 minute delay. The set of potential 

locations for charging stations, i.e.,  , includes all the 13 nodes of the network. All the 

other parameters have the same values as those in Section 4.5.1. We utilize the GA 

solver in MATLAB R2013a to solve CD with NE-RT solved by CPLEX 12.2 within each 

iteration of the GA procedure to evaluate total social costs associated with different 

location plans. The results report that all the three budget limits can eliminate missed 

trips for all O-D pairs. Moreover, Figure 4-6(A) shows the optimal station location plans 

under different budget limits, and Figure 4-6(B) compares their corresponding total 

social costs and average recharging time for drivers. It can be observed that as the 

budget limit increases, more level-3 stations are deployed, and both the total social 

costs and drivers’ average recharging time decrease, which makes sense because 

high-power stations can substantially reduce drivers’ recharging time and subsequently 

total social costs.   

In order to demonstrate the potential of CD model for solving more realistic 

problems, we solve CD for the Sioux Falls network. We divide the OD demands and link 

capacities of Section 4.5.1 by 100, and use the results as inputs for this example. 

          .  The set of potential locations for charging stations, i.e.,  , includes 

nodes 4, 5, 11, 10 and 15. The budget limit   equals $120,000. The obtained optimal 

plan locates a level-1 station at node 10, two level-3 at nodes 4 and 11 respectively. 

The corresponding total social costs are 30900 with no missing trips for any O-D pair.  

Instead of consuming the entire budget limit, it can be observed that the obtained 
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optimal location plan only utilizes 89% of it, with the remaining budget still capable of 

affording several extra level-1 stations. The explanation might be that drivers always 

favor high-power stations and thus locating extra charging stations, especially level-1 

ones, may not necessarily lead drivers to use them. 

4.6 Summary 

We have investigated the network equilibrium problems with battery electric 

vehicles.  Considering the limited driving range and the recharging need of electric 

vehicles, we assume that drivers of electric vehicles select paths to minimize their 

driving times while ensuring not running out of charge.  We then define the network 

equilibrium conditions and formulate them into a mathematical program.  An iterative 

procedure is proposed to solve the program to find the equilibrium flow pattern.  We 

further extend the model to consider the recharging time and flow-dependent energy 

respectively.  More specifically, the first extension successfully models travelers’ 

recharging decisions and captures the impact of recharging time on travelers’ route 

choices.  With the energy consumption being flow-dependent, the second extension 

captures travelers’ considerations on how their route choices impact both the travel time 

and usability of paths. Based upon the proposed battery electric vehicle network 

equilibrium models, we formulate the problem of determining the number, locations and 

types of charging stations within a budget limit on urban road networks as a bi-level 

model, which is then solved by a genetic algorithm.  

We analyze in the numerical examples the utilization for different types of 

charging stations, and the average recharging frequency, amount and time under 

various initial states of charge.  It is observed that regardless of initial state of charge, 

travelers always favor higher-power charging stations, and the current BEV battery size 
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may be sufficient for trips across the example network.  Moreover, the equilibrium flow 

pattern is shown to be non-unique if the energy consumption is flow-dependent. Lastly, 

it is demonstrated that optimal charging station deployment plans may not fully use the 

entire budget limit because locating extra low-power stations does not necessarily lead 

drivers to use them.  
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Table94-1.  BEV charger specification 

Charging level Level 1 Level 2 Level 3 

Power(KW) 1.44 6 90 
Charging circuit 120V, 15A 240V, 30A 50V, 200A 

 

Table104-2.  Link capacity (1000 veh/hr) and free-flow travel time (min) 

Link     Capacity Link     Capacity Link     Capacity 

1-2 3.6 6.02 10-11 3 20 17-16 1.2 10.46 
1-3 2.4 9.01 10-15 3.6 27.02 17-19 1.2 9.65 

2-1 3.6 12.02 10-16 3 10.27 18-7 1.2 46.81 
2-6 3 15.92 10-17 4.2 9.99 18-16 1.8 39.36 
3-1 2.4 46.81 11-4 3.6 9.82 18-20 2.4 8.11 
3-4 2.4 34.22 11-10 3 20 19-15 2.4 4.42 

3-12 2.4 46.81 11-12 3.6 9.82 19-17 1.2 9.65 
4-3 2.4 25.82 11-14 2.4 9.75 19-20 2.4 10.01 
4-5 1.2 28.25 12-3 2.4 46.81 20-18 2.4 8.11 

4-11 3.6 9.04 12-11 3.6 9.82 20-19 2.4 6.05 
5-4 1.2 46.85 12-13 1.8 51.80 20-21 3.6 10.12 
5-6 2.4 13.86 13-12 1.8 51.80 20-22 3 10.15 
5-9 3 10.52 13-24 2.4 10.18 21-20 3.6 10.12 
6-2 3 9.92 14-11 2.4 9.75 21-22 1.2 10.46 
6-5 2.4 9.90 14-15 3 10.26 21-24 1.8 9.77 
6-8 1.2 21.62 14-23 2.4 9.85 22-15 2.4 20.63 
7-8 1.8 15.68 15-10 3.6 27.02 22-20 3 10.15 

7-18 1.2 46.81 15-14 3 10.26 22-21 1.2 10.46 
8-6 1.2 9.80 15-19 2.4 9.64 22-23 2.4 10 
8-7 1.8 15.68 15-22 2.4 20.63 23-14 2.4 9.85 
8-9 2 10.10 16-8 3 10.09 23-22 2.4 10 

8-16 3 10.09 16-10 3 10.27 23-24 1.2 10.16 
9-5 3 20 16-17 1.2 10.46 24-13 2.4 11.38 
9-8 2 10.10 16-18 1.8 39.36 24-21 1.8 9.77 

9-10 1.8 27.83 17-10 4.2 9.99 24-23 1.2 10.16 
10-9 1.8 27.83       
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Table114-3.  Equilibrium link flow (veh/hr) 

Link Flow Link Flow Link Flow 

1-2 2100 10-11 23462 17-16 21238 
1-3 8500 10-15 13632 17-19 16672 

2-1 2500 10-16 14934 18-7 11285 
2-6 4100 10-17 7872 18-16 15862 
3-1 8100 11-4 4100 18-20 11835 
3-4 20958 11-10 21842 19-15 8680 

3-12 23000 11-12 21265 19-17 19638 
4-3 19500 11-14 10796 19-20 8382 
4-5 24658 12-3 24058 20-18 12062 

4-11 4700 12-11 18142 20-19 6972 
5-4 23900 12-13 25065 20-21 4435 
5-6 17400 13-12 23100 20-22 9120 
5-9 10458 13-24 19400 21-20 4800 
6-2 4500 14-11 11800 21-22 9688 
6-5 18500 14-15 6900 21-24 10535 
6-8 20100 14-23 5600 22-15 16728 
7-8 12685 15-10 11600 22-20 7472 

7-18 9100 15-14 7904 22-21 8400 
8-6 21600 15-19 13056 22-23 6200 
8-7 10500 15-22 13480 23-14 5600 
8-9 9300 16-8 14515 23-22 6512 

8-16 14166 16-10 16965 23-24 8900 
9-5 8600 16-17 17000 24-13 17335 
9-8 8266 16-18 17720 24-21 12188 

9-10 19893 17-10 6600 24-23 9212 
10-9 17100     

 

Table124-4.  Equilibrium link flow (veh/hr) 

Link Flow #1  Flow #2 Link  Flow #1 Flow #2 

1 48.57 47.62 11 48.01 47.74 
2 21.43 22.38 12 0 0 
3 30 26.34 13 20.56 38.59 
4 0 3.66 14 21.43 3.66 
5 28.01 31.41 15 28.01 16.19 
6 20.56 19.87 16 20 31.56 
7 20.56 38.59 17 1.99 13.81 
8 21.43 3.66 18 38.57 56.34 
9 10 10 19 38.01 26.19 

10 20 16.34    
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Table134-5.  Path information for the first equilibrium flow pattern 

O-D Path 
ID 

Node 
sequence 

Path flow Path travel 
time 

Sub-path Energy 
consumption 

1-2 1 1-12-8-2 10 45.92 1-12-8-2 13.68 

1-3 2 1-12-6-7-11-3 20 52.86 
1-12-6 7.26 
6-7-11 5.88 

11-3 2.12 

4-2 
3 4-5-6-7-8-2 28.01 72.67 

4-5-6 8.32 
6-7-8-2 8.2 

4 4-5-9-10-11-2 1.99 72.67 
4-5-9-10-11 16.26 

11-2 3.39 

4-3 

5 4-5-9-10-11-3 18.57 70.72 
4-5-9-10-11 16.26 

11-3 2.12 

6 4-9-13-3 21.43 70.72 4-9-13-3 16.56 

 

Table144-6.  Path information for the second equilibrium flow pattern 

O-D Path 
ID 

Node 
sequence 

Path 
flow 

Path 
travel 
time 

Cost of 
range 
anxiety 

Sub-path Energy 
consumptio
n 

1-2 1 1-12-8-2 10 39 0 1-12-8-2 12.88 

1-3 
2 1-12-6-7-11-3 16.34 57.07 0 

1-12-6 6.76 
6-7-11 6.03 

11-3 2.97 

3 1-5-9-13-3 3.66 57.07 0 1-5-9-13-3 16.02 

4-2 
4 4-5-6-7-8-2 16.19 85.06 0 

4-5-6 10.14 
6-7-8-2 7.82 

5 4-5-9-10-11-2 13.81 75.32 9.74 
4-5-9-10-11 16.56 

11-2 3.40 

4-3 

6 4-5-6-7-11-3 15.22 95.19 0 
4-5-6 10.14 

6-7-11 6.03 
11-3 2.97 

7 4-9-10-11-3 22.38 94.09 1.1 
4-9-10-11 16.56 

11-3 2.97 

8 4-5-9-10-11-3 2.4 80.59 14.6 
4-5-9-10-11 16.56 

11-3 2.97 
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Figure44-1.  A toy network with four nodes 
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Figure54-2.  Sioux Falls network 
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Figure64- 3.  Charging station utilizations  
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Figure74-4.  Recharging information.  A) Average recharging frequency.  B) Average 

recharging amount.  C) Average recharging time. 
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Figure84-5.  Nguyen-Dupius network 
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Figure94-6.  Sensitive analyses of budget limits.  A) Optimal station plans.  B) Average 

recharging time and total costs.  
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CHAPTER 5  
PRICING OF ELECTRICITY AT PUBLIC CHARGING STATIONS FOR PEVS 

PEVs introduce additional loads to the power system. As Hadley and Tsvekova 

(2009) projected, it may roughly lead to a 15% increase of the base load on the peak-

day load curve in 2030. The impact of this additional load on power distribution grids 

have been extensively investigated. For example, Taylor et al. (2009) concluded that 

PEV loads clustered in certain areas and time intervals could result in loads exceeding 

the current design capacity of circuit and suggested utilities to conduct distribution 

feeder-level analyses to ascertain that these new demands can be met. Karnama (2009) 

investigated the impacts of PEVs on the distribution grids of three distinct areas in 

Stockholm and found that accommodating PEV loads is more problematic in residential 

areas with high population density. The author also concluded that power losses can be 

reduced by regulated charging. Putrus et al. (2009) analyzed three charging scenarios 

of PEVs, i.e., uncontrolled, off-peak, and scheduled and phased charging. The authors 

showed that a large deployment of PEVs could cause power quality problems and 

voltage imbalance, which can be mitigated by reasonably distributing PEV loads among 

three phases. Even though different types of demand management schemes have been 

proposed in previous studies to mitigate the adverse impacts of PEV loads, few have 

investigated the potential of utilizing prices of electricity as a tool to influence PEVs’ 

charging behaviors to better distribute their charging loads.  

A large number of PEVs connecting in one area might cause deterioration of 

power quality and security of supply since the power distribution networks are not 

designed for such mobile loads (Green et al., 2011). This chapter attempts to adjust the 

prices of electricity at public charging stations to influence the spatial distribution of PEV 



98 
 

charging loads to mitigate their impacts. It is assumed that a significant number of public 

charging stations have been deployed in urban areas. Their locations and prices of 

electricity will affect the spatial distribution of PEVs and thus the pattern of their energy 

requirements, thereby affecting the operations of power distribution systems. We 

propose a modeling framework to optimize the prices of electricity at public charging 

stations to minimize real power losses in the power distribution grid, and develop the 

integrated pricing of electricity and roads to minimize both real power losses and total 

travel cost in the coupled power and transportation networks.  

For the remainder of this chapter, Section 5.1 describes the modeling of urban 

transportation network and radial power distribution grid. Based on the models 

developed in Section 5.1, Section 5.2 formulates the pricing model of electricity and 

roads as a mathematical problem with complementarity constraints and proposes its 

solution algorithms. Section 5.3 presents a numerical example to demonstrate the 

effectiveness of pricing of electricity and roads in managing power distribution grids and 

urban transportation networks. Lastly, Section 5.4 concludes this chapter.  

5.1 Modelling Transportation and Power Networks 

5.1.1 Description of Transportation Network 

We consider an urban transportation network where there are two classes of 

vehicles, i.e., PEVs and regular gasoline-fueled vehicles. We assume that the origin-

destination (O-D) demands of the latter are given while PEVs have flexibility in choosing 

their travel destinations to conduct activities such as shopping and recreation. We are 

thus interested in modeling the spatial distribution of PEVs and link flow distributions of 

PEVs and regular vehicles in the urban transportation network. 
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To model the transportation network, we follow the notation in Section 3.1.1, with 

a slight difference when describing charging station existence and multi-class travelers. 

Without losing generality, we assume that there is at most one public charging station at 

each node and then use a binary variable    to represent the existence of such a 

charging station, which is one if a charging station is located at node   and zero 

otherwise.    is assumed to be given and fixed in this chapter. Let  ̅   represent the O-

D flows of regular vehicles and  ̂  is the trip production of PEVs at each origin, both of 

which are given. The O-D flows of PEVs,  ̂  , are the results from travelers’ destination 

choices, and thus are decision variables in the network flow model presented later in 

this chapter.  

Similarly with Chapter 3, we assume that the above destination choice behavior 

of PEVs can be captured by a multinomial logit model as follows:  

 ̂  

 ̂ 
 

                           

∑                               
 

Compared to Section 3.1, the coefficient   in the above logit model is associated with 

the dummy variable representing the existence of a charging station, i.e.,   , instead of 

the charging station density, which is attributed to our assumption of each destination in 

a urban transportation network sitting at most one charging station. 

It is further assumed that when travelling between their origins and destinations, 

both PEVs and regular vehicles choose the paths with minimum travel times (e.g., 

Sheffi, 1984). Consequently, the network will achieve multi-class user equilibrium. Given 

the availability of charging stations and their corresponding electricity prices, the 

equilibrium O-D flows of PEVs and link flow distributions of PEVs and regular vehicles 
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can be estimated by solving the following multi-class combined distribution and 

assignment (M-CDA) model: 

   
     ̂

∑∫        
  

 

 
 

 
∑∑ ̂      ̂     

   

 
 

 
∑∑                  ̂  

  

 

s.t.   

   ∑  ̂ 
  

   ∑  ̅ 
  

           (5-1) 

  ̂ 
       ̂               (5-2) 

  ̅ 
       ̅               (5-3) 

∑  ̂    ̂ 
          (5-4) 

 ̂ 
                     (5-5) 

 ̅ 
                     (5-6) 

 ̂                 (5-7) 

where  ̂ 
   and  ̅ 

   are flows of PEVs and regular vehicles on link   between O-D pair 

     , respectively.  

In the above, Equation 5-1 calculates the aggregate link flow. Equations 5-2 and 

5-3 ensure flow balance at each node for demands of PEVs and regular vehicles 

between each O-D pair in the network (e.g., Hearn and Ramana, 1988). Equation 5-4 

requires the sum of the demand of PEVs leaving from any origin   to each destination   

to be equal to the total demand of PEVs generated at that particular origin  . Equations 

5-5, 5-6 and 5-7 are the non-negativity constraints. As formulated, M-CDA is a convex 

program with all linear constraints. Since the KKT conditions are both sufficient and 

necessary to a convex program (e.g., Bazaraa et al., 2006), the equivalence of CDA to 

the assumed network equilibrium conditions can be established easily by examining its 
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KKT conditions. M-CDA can be also efficiently solved by commercial nonlinear solvers 

such as CONOPT (Drud, 1994). 

5.1.2 Analysis of Power Flows in Distribution Grid 

Urban areas are served by power distribution grids, which consist of distribution 

substations and feeders as shown in Figure 5-1. Typically, a distribution substation is 

fed by a sub-transmission line and serves one or multiple feeders. Feeders deliver 

electric power from a substation to different end users. With rare exception, they are 

radial (Kersting, 2002). In a feeder, there are buses that connect electrical loads from 

end users. Buses are connected by branches. A feeder may consist of a main line and 

several laterals. For the modeling purpose, the feeder can be divided into multiple 

layers with the main line in one layer and a lateral being another layer, as shown in 

Figure 5-2. Without loss of generality, we assume in this chapter that the urban 

transportation network of interest is served by a power distribution grid that consists of a 

distribution substation and a radial feeder. 

In a feeder, AC power flow has multiple phases and its distribution follows 

physical laws such as Kirchhoff’s Circuit Laws and Carson’s Equations. Given the 

electrical load at each bus and the base voltage at the distribution substation, a system 

of nonlinear equations can be established to estimate power flows, both active and 

reactive, bus voltages and power losses. Many studies have been conducted to 

construct accurate systems of nonlinear equations, i.e., power flow models, and 

developed efficient algorithms to solve them (e.g., Tinney and Hart, 1967; Cheng and 

Shirmohammadi, 1995; Ciric and Ochoa, 2003). See, e.g., Kersting (2002), for an 

overview of power flow analysis in distribution grids. 
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This chapter adopts the power flow model proposed by Baran and Wu (1989), 

which assumed a balanced three-phase and transposed radial distribution feeder. 

Although the assumption of a balanced and transposed feeder leads to inaccuracy to 

some extent, Mwakabuta and Sekar (2007) conducted a comparative study and 

concluded that the power flow model yields similar voltage profiles as compared to the 

empirical data for the IEEE 34-node test feeder. 

For the power flow analysis, we adopt totally different notations from Section 

3.1.2. Specifically, let DS (     ) denote the distribution feeder, where  ,   and   are 

the sets of buses, branches and layers in the feeder respectively. For bus     and 

layer    ,      and      are the active and reactive powers that flow into the sending 

end of the branch located in layer   and emanated from bus  , and    represents the 

bus voltage magnitude and is considered to be given and fixed at the distribution 

substation. We further denote a branch as the pair of its starting and ending buses, i.e., 

       . For each branch,            is the series impedance, where      is the 

resistance and      is the reactance. We also use   to denote the set of end nodes of 

each layer, and    and    respresent the sets of the pairs of branches and their 

locating layers, and the pairs of buses and their layers respectively. Finally,   is the set 

of the pairs of destination nodes and their serving buses. The power flow equations are 

written as follows: 

              (    
      

 )   
 ⁄  

∑                      ̅   ̂   

             

 

(5-8) 

              (    
      

 )   
 ⁄               (5-9) 
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∑                     ̅   ̃   

  
    

   (                 )  

     
      

  (    
      

 )   
 ⁄   

             

 

(5-10) 

                         (5-11) 

            (5-12) 

                             (5-13) 

           (5-14) 

where  ̅    ̅  is regular constant electrical loads, both active and reactive, at bus  , 

which are given.  ̂  is the additional (active) electrical load created by charging PEVs, 

which is equal to ∑ ∑           
        ; Moreover,  ̃  represents the shunt capacitor 

and       is the magnitude of the base voltage.  

In the above, Equations 5-8-5-10, referred to as branch flow equations, represent 

the relationship between the magnitudes of active or reactive powers and voltages at 

two ends of each branch. Equations 5-11-5-12 are nonnegative constraints. Equation 5-

13 represents a boundary condition, requiring the active and reactive powers flowing out 

of the end bus of each layer to be zero. Equation 5-14 sets the magnitude of the voltage 

at the substation (labeled as 0) as the base voltage.  

To solve the above nonlinear system, Baran and Wu (1989) proposed a 

simplified Newton-Raphson method, taking advantage of the radial structure of the 

feeder and numerical properties of the Jacobian matrix of Equations 5-8-5-14 to reduce 

the number of decision variables and simplify the calculation of the Jacobian matrix. 

More specifically, the variables are reduced to the active and reactive powers only 

emanated from substation and all the buses that join different layers. Hereinafter, we 
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represent these powers as vector  . Once   is determined, the active and reactive 

powers emanated from other buses and the voltage magnitudes of all buses can be 

calculated as per Equations 5-8-5-10 and 5-14. Therefore, solving the power flow 

equations essentially reduces to finding a vector of   to ensure that Equation 5-13, the 

boundary condition, is satisfied. To facilitate the presentation, we represent the 

boundary conditions as  , and thus the solution procedure is to seek for   such that 

      . Figure 5-3 illustrates the procedure, which we refer as the simplified Netwton-

Raphson or SNR procedure.  

In Figure 5-3, when constructing the system Jacobian matrix, branch flow 

equations, i.e., Equations 5-8-5-10, and the chain rule for computing derivatives are 

utilized. Based on the numerical properties and special structure of the Jacobian matrix, 

all the off-diagonal components can be dropped except those in the last row. Moreover, 

since the matrix is almost constant, it needs to be constructed only once and then can 

be used in all iterations.  

5.2 Optimal Pricing Models 

5.2.1 Model Formulations  

With the proposed CDA model and power flow equations, we now investigate the 

design of prices of electricity at public charging stations. We assume that the power 

distribution feeder is managed by a distribution company (DisCo), who purchases power 

from the wholesale electricity market with a contract price and is responsible for utilizing 

the feeder to deliver electricity from the distribution substation to end users (López-

Lezama et al., 2011). We consider different authoritarian regimes of DisCo. In the 

simplest setting, DisCo is able to determine the retail price of electricity at each public 

charging station to impact electrical loads generated by PEVs to minimize power losses 
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over the distribution feeder. As DisCo can be a public entity who will be concerned with 

social welfare, it can optimize the prices of electricity at public charging stations to 

minimize both power losses in the feeder and total travel time across the transportation 

network. Lastly, we consider that DisCo, in cooperation with a traffic agency, determines 

both prices of electricity and road tolls for regular vehicles to minimize both power 

losses and total system travel time. Such cooperation may not exist today. However, we 

envision that the wide adoption of PEVs may couple the transportation and power 

distribution networks and fundamentally changes the role of DisCos. European 

Distribution System Operators (EDSO) for Smart Grids analyzed the role of DisCos in 

four European countries, France, Holland, Italy and Spain, and suggested that electric 

vehicle charging business may involve car owners, charging spot operators, mobility 

service providers, electricity suppliers, and aggregators for demand response. DisCos 

may enable interoperable services and can be responsible for coordination between all 

charging infrastructure and mobility management systems in such a multi-player market 

(EDSO for Smart Grids, 2012).  

The general pricing model can be formulated as follows:  

   
       ̂               

   ( ∑     

        

 ∑  ̅   ̂  

   

)    ∑   
   

       

s.t. (5-1)-(5-14)   

     ̂ 
    ̂ 

     ̂ 
                          (5-15) 

    ̂ 
    ̂ 

                          (5-16) 

     ̅ 
    ̅ 

        ̅ 
                          (5-17) 
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    ̅ 
    ̅ 

                             (5-18) 

 

 
    ̂                     ̂ 

   

 ̂ 
         

                   

(5-19) 

∑   ̅      ̂       ∑                   (5-20) 

                     (5-21) 

where, in the objective function,    represents the contract price at which DisCo 

purchases electricity from the wholesale power market; ∑              is the active power 

flowing from the substation, which is equal to the amount of energy DisCo purchases 

from the wholesale power market, and   is the value of travel time. In the constraints, 

 ̂ 
   is the Lagrangian multiplier associated with Equation 5-2,  ̅ 

   with Equation 5-3 and 

   with Equation 5-4;    is the toll at link   for regular vehicles;     is the retail price at 

which DisCo sells electricity to users at all places other than public charging stations, 

and is assumed to be given and fixed; and    denotes the retail price of electricity at 

public charging station, to be determined by DisCo and lastly,      denotes the upper 

limit for electricity price at public charging stations.  

In the above, the objective function is to minimize real power losses in the 

distribution grid and total travel cost in the urban transportation network. Equations 5-1-

5-7 and 5-15-5-19 are the KKT conditions of the CDA model in the presence of tolls and 

ensure that the traffic flow pattern is in multi-class tolled user equilibrium. More 

specifically, Equations 5-15-5-18 imply that travel costs of all utilized paths between an 

O-D pair are the same, which are less than or equal to those of any unutilized path of 

the same O-D pair. Equation 5-19 implies the multinomial logit model discussed in 

Section 5.1.1. As aforementioned, Equations 5-8-5-14 are power flow equations. 
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Equation 5-20 ensures nonnegative revenue for DisCo, i.e., the total revenue from 

selling electricity should be no less than the expense of purchasing it from the 

wholesale power market. Equation 5-21 sets the upper limit for electricity prices at 

public charging stations. Note that the capacity of a distribution line is usually sufficient 

for real operations, and we thus do not incorporate line capacity constraints. The model 

can be easily extended to include those constraints if line capacities are a concern for a 

particular network (e.g., Momoh and Wang, 1997).  

The above formulation is general and can reduce to different problems under 

different authoritarian regimes of DisCo. To facilitate the discussion, we refer to the 

above formulation as ERP-PLTC (electricity and road pricing for power losses and travel 

cost minimization). If DisCo does not cooperate with the traffic agency and no tolls will 

be charged, i.e.,     , the problem reduces to EP-PLTC (electricity pricing for power 

losses and travel cost minimization). Lastly, if DisCo is only concerned about real power 

losses in the power distribution gird, the problem essentially becomes designing 

electricity prices at public charging stations to minimize real power losses, which we 

refer as EP-PL.  

5.2.2 Solution Algorithm 

The above pricing model is a mathematical program with complementarity 

constraints (MPCC), a class of problems difficult to solve (see, e.g., Luo et al., 1996). 

The problem is non-convex and standard stationarity conditions such as the KKT 

conditions may not hold for it (Scheel and Scholtes, 2000). Many (see, e.g., Luo et al., 

1996, and references cited therein) have proposed special algorithms to solve them.  

Some of these algorithms only work well for small and medium problems while others, 
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especially those based on solving equivalent nonlinear programs (e.g., Fletcher and 

Leyffer, 2004 and Lawphongpanich and Yin, 2010), can handle larger problems.  

In this chapter, we first implement the manifold suboptimization algorithm 

proposed by Lawphongpanich and Yin (2010). More specifically, we specify a pair of 

active sets for each O-D, based on which each complementarity constraint is split into 

two regular constraints. The model thus becomes a regular nonlinear program that is a 

restricted version of the original MPCC and can be directly solved by a commercial 

nonlinear solver, e.g., CONOPT. Using the Lagrangian multipliers generated by 

CONOPT, the pairs of active sets are updated and the procedure continues iteratively 

until a strongly stationary point is reached. Lawphongpanich and Yin (2010) proved that 

the procedure ensures the feasibility of the solution at each iteration and terminates in a 

finite number of iteration.  

Note that the manifold suboptimization algorithm yields a strongly stationary 

solution, whose quality may not be good because strongly stationary conditions are one 

of the weaker optimality conditions (e.g., Scheel and Scholtes, 2000; Fletcher and 

Leyffer, 2004; Lou et al., 2010). To explore and hopefully obtain a better solution, we 

reformulate the pricing model as an equivalent bi-level programming model, and then 

develop a derivative-free solution algorithm to solve it. Such type of algorithms may be 

particularly effective if the number of pricing decision variables is not prohibitively large, 

e.g., in the problems of EP-PL or EP-PLTC. For the derivative-free solution algorithm, 

consider the following bi-level program model equivalent to EP-PLTC:  



109 
 

   
     ̂     

   ( ∑     

        

 ∑( ̅   ̂ )

   

)    ∑   
   

        

    (  ∑        

        

 ∑  ̅      ̂     

 

) 

 

s.t.                      

      ̂     

    ̂        
 

∑∫        
  

 

 
 

 
∑∑ ̂      ̂     

   

 
 

 
∑∑                  ̂  

  

 

 s.t. (5-1)-(5-7)  

where   is sufficient large constant number. In the objective function, the last 

component is a penalty to ensure that Equation 5-20 is satisfied.      ̂    represents 

the simplified power flow equations as discussed in Section 5.1.2. Here we add  ̂, the 

O-D demands of PEVs, to highlight the impacts of PEV electric loads on the operations 

of the power distribution grid.  

In a derivative-free algorithm, to evaluate a given price design, M-CDA can be 

solved to estimate the transportation network performance and the resulting O-D 

demands of PEVs are then fed into the power flow equations, which is then solved by 

the SNR procedure as shown in Figure 5-3 to estimate power losses. Such an 

evaluation procedure is efficient because both subproblems can be solved efficiently. A 

derivative-free algorithm typically utilizes the information from evaluating multiple price 

designs to update and find a better design. The process continues until an optimum 

design is reached.  
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In this chapter, we choose the SID-PSM algorithm, a pattern search method 

guided by simplex derivatives, to solve the bi-level model (Custódio and Vicente, 2007; 

Custódio et al., 2010), after reviewing and comparing a variety of derivative-free 

algorithms including metaheuristics (e.g., Yin, 2000; Kolda et al., 2003; More and Wild, 

2009). SID-PSM identifies a subset of points with some desirable geometrical properties 

as a sample set in the beginning of each iteration and computes the corresponding 

simplex derivatives based on this sample set. The gaps between the corresponding 

simplex derivatives and exact derivatives of the objective function are determined by the 

size and the geometrical properties of the sample set. Using the simplex derivatives, a 

descent indicator, e.g., a negative simplex gradient, can be computed. In SID-PSM, an 

improved solution is found by search and poll steps. The search step aims to find an 

improved feasible mesh point by evaluating a finite number of points lying on the mesh. 

The iteration is declared as successful if such a mesh point is found. Otherwise, the poll 

step will be conducted. SID-PSM orders the polling direction set with respect to the 

angle between a polling vector and the descent indicator. The objective function is 

evaluated at each polling point following the determined order. If an improved polling 

point is found, declare the iteration as successful and otherwise unsuccessful. The 

mesh size is increased or remains unchanged after each successful iteration and is 

decreased if the iteration is unsuccessful. The global convergence of this algorithm is 

established with the mesh size going to zero.  

In this chapter, the SID-PSM algorithm and the SNR subroutine are implemented 

in MATLAB R2011 while M-CDA is solved using the CONOPT solver in GAMS 23.6 

(Brooke et al., 2005). Figure 5-4 shows the procedure. 
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5.3 Numerical Examples  

The pricing models were solved for a coupled network that we created based on 

the topology of Sioux Falls road network and IEEE 34-bus test feeder (Kersting, 2000), 

as shown in Figure 5-5. The transportation network consists of 76 directed links and 24 

nodes, 12 of which are origins and destinations, and are connected to buses in the 

distribution feeder (See, e.g., Table 5-6 for the pairs of destination nodes and their 

serving buses). The free-flow travel time and capacity of each link in the transportation 

network are reported in Table 5-1. The distribution feeder is composed of 26 buses, a 

simplification from the IEEE 34-bus test feeder as suggested by Mwakabuta and Sekar 

(2007). The O-D demands of regular vehicles and trip productions of PEVs are reported 

in Tables 5-2 and 5-3 respectively. Table 5-4 reports the regular electrical load at each 

bus. The series impedance of each branch in the distribution feeder is presented in 

Table 5-5. Other parameters were specified as follows:         ,     and        

in the logit-based destination choice model;    , the hourly average energy requirement 

for charging a PEV, equals     KW;    , the contract price DisCo pays to purchase 

energy from the wholesale electricity market is $100/MWh and   , the electricity price 

users at all places other than public charging stations pay, is $300/MWh;     , the 

maximum electricity price at public charging stations, equals $650/MWh; the shunt 

capacitors at buses 844 and 848 are 300 and 48 KVar respectively. From the input data, 

it can be observed that the market penetration of PEVs is 10% and their electrical load 

is around 15% of the total power injection in the feeder. Finally, bus 800 is the 

distribution substation and its voltage magnitude equals 24.9 KV. 
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In all numerical examples, we assumed that there is one public charging station 

at each destination node. Using an initial design that the same price of electricity is 

charged at public charging stations as the retail electricity price at other areas, i.e., 

$0.3/KWh, we first implemented the manifold suboptimization and SID-PSM algorithms 

to solve EP-FL. The latter yielded a better solution that reduces real power losses from 

1341.9 KW of the initial design to 1195.1 KW, a 10.9% reduction. We also observed that 

although it may terminate at a stationary point of low quality, the manifold 

suboptimization algorithm was much faster than SID-PSM.  

The optimal prices of electricity at public charging stations are presented in Table 

5-6. One can easily observe that the optimal design essentially sets the prices to be 0 at 

four public charging stations (buses) close to the distribution substation, i.e., buses 806, 

812, 824 and 828, and the others to be the upper limit. Intuitively, if more PEV loads are 

attracted to buses close to the distribution substation, real power losses will be reduced 

due to shorter power delivery distances. However, the total travel time under such a 

price design is 62,088 minutes, a slight increase from 62,022 minutes, the travel time 

under the initial design, implying that the transportation system is made slightly worse 

off. 

We further solved EP-PLTC with the value of travel time being $20/hr. The two 

algorithms yielded solutions of essentially the same quality. The optimal electricity 

prices from the manifold suboptimizaton algorithm are reported in Table 5-7. Table 5-8 

compares the resulting travel cost and real power losses with those associated with the 

initial design. 
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It can be observed from Table 5-8 that although the optimal price design can 

reduce both the system travel cost and real power losses, the reduction in their sum is 

as small as 0.2%. This is hardly surprising, because the prices of electricity can only 

affect a small portion of vehicles in the transportation network and thus may have 

limited effects in managing the network. In order to be more effective, electricity pricing 

can be complemented by road pricing. We further solved EPRP-PLTC by the manifold 

suboptimization algorithm to explore the potential of integrated pricing of electricity and 

roads. The resulting optimal tolls and prices of electricity are reported in Tables 5-9 and 

5-10 respectively.  

The integrated pricing strategy was found to achieve more meaningful reduction 

in the sum of travel cost and power losses. The best obtained objective value is $20,272, 

a 2.6% reduction as compared to the initial design. Moreover, the travel cost and real 

power losses are reduced by 2.6% and 4.5% respectively. More advanced pricing 

strategies, such as differentiated road pricing of PEVs and regular vehicles, are 

expected to be more effective for integrated management and operations of urban 

transportation and power distribution networks. This, however, is beyond the scope of 

this chapter.  

5.4 Summary  

In this chapter, we have investigated optimal designs of prices of electricity at 

public charging stations to mitigate the adverse impacts of charging loads of PEVs on 

the power distribution grid in an urban area, and, in couple of road pricing, to reduce 

system travel time on the transportation network. Our numerical examples have 

demonstrated that electricity pricing can be an effective tool for addressing the 

challenges that PEV charging loads impose on power distribution grids, and integrated 
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pricing of electricity and roads has potential for better managing and operating the 

coupled transportation and power networks.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



115 
 

Table155-1.  Link capacity (veh/hr) and free-flow travel time (min) 

Link     Capacity Link     Capacity Link     Capacity 

1-2 3.60 181 10-11 3.00 600 17-16 1.20 314 

1-3 2.40 270 10-15 3.60 811 17-19 1.20 290 

2-1 3.60 361 10-16 3.00 308 18-7 1.20 1404 

2-6 3.00 478 10-17 4.20 300 18-16 1.80 1181 

3-1 2.40 1404 11-4 3.60 295 18-20 2.40 243 

3-4 2.40 1027 11-10 3.00 600 19-15 2.40 133 

3-12 2.40 1404 11-12 3.60 295 19-17 1.20 290 

4-3 2.40 775 11-14 2.40 293 19-20 2.40 300 

4-5 1.20 848 12-3 2.40 1404 20-18 2.40 243 

4-11 3.60 271 12-11 3.60 295 20-19 2.40 182 

5-4 1.20 1406 12-13 1.80 1554 20-21 3.60 304 

5-6 2.40 416 13-12 1.80 1554 20-22 3.00 305 

5-9 3.00 316 13-24 2.40 305 21-20 3.60 304 

6-2 3.00 298 14-11 2.40 293 21-22 1.20 314 

6-5 2.40 297 14-15 3.00 308 21-24 1.80 293 

6-8 1.20 649 14-23 2.40 296 22-15 2.40 619 

7-8 1.80 470 15-10 3.60 811 22-20 3.00 305 

7-18 1.20 1404 15-14 3.00 308 22-21 1.20 314 

8-6 1.20 294 15-19 2.40 289 22-23 2.40 300 

8-7 1.80 470 15-22 2.40 619 23-14 2.40 296 

8-9 2.00 303 16-8 3.00 303 23-22 2.40 300 

8-16 3.00 303 16-10 3.00 308 23-24 1.20 305 

9-5 3.00 600 16-17 1.20 314 24-13 2.40 341 

9-8 2.00 303 16-18 1.80 1181 24-21 1.80 293 

9-10 1.80 835 17-10 4.20 300 24-23 1.20 305 

10-9 1.80 835       
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Table165-2.  O-D demands of regular gasoline-powered vehicles (veh/hr) 

 1 2 4 5 10 11 13 14 15 19 20 21 

1 0 71 71 71 58 59 68 53 51 49 32 32 
2 71 0 68 70 59 60 49 51 51 70 32 37 
4 71 68 0 71 58 58 51 49 45 43 33 35 
5 71 70 71 0 61 52 49 48 44 39 43 44 

10 58 59 58 61 0 72 49 53 71 63 51 49 
11 59 60 58 52 72 0 51 71 60 51 40 33 
13 68 49 51 49 49 51 0 47 46 37 32 33 
14 53 51 49 48 53 71 47 0 71 61 51 47 
15 51 51 45 44 71 60 46 71 0 71 69 62 
19 49 70 43 39 63 51 37 61 71 0 71 60 
20 32 32 33 43 51 40 32 53 69 71 0 71 
21 32 37 35 44 49 33 33 47 62 60 71 0 

 

Table175-3.  Trip production of PEVs at each origin (veh/hr)  

Origin 1 2 4 5 10 11 13 

Production 78 76 73 75 81 80 69 

Origin  14 15 19 20 21   

Production  79 85 80 70 72   

 

Table185-4.  Regular load at each bus 

Nodes 
Active 

power(KW) 
Reactive 

power(KVar) 
Nodes 

Active 
power(KW) 

Reactive 
power(KVar) 

802 55 29 858 34 18 
808 16 8 848 60 48 
816 174 89 834 146 73 
840 27 21 860 142 91 
890 450 225 836 40 20 
824 44 22 862 28 14 
830 45 20 842 9 5 
828 7 3 844 450 338 
854 4 2    
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Table195-5.  Branch series impedance (Ohms) 

Branch Resistance  Reactance Branch Resistance  Reactance 

800-802 0.547 0.407 834-842 0.090 0.045 
802-806 0.367 0.273 836-840 0.275 0.137 
806-808 6.837 5.066 836-862 0.090 0.045 
808-812 7.955 5.918 842-844 0.432 0.215 
812-814 6.307 4.692 844-846 1.165 0.580 
814-850 0.003 0.002 846-848 0.170 0.084 
816-824 3.268 1.627 850-816 0.099 0.049 
824-828 0.269 0.133 852-832 0.003 0.002 
828-830 6.543 3.256 854-852 11.789 5.867 
830-854 0.166 0.083 858-834 1.866 0.929 
832-858 1.568 0.781 860-836 0.858 0.427 
832-888 0.000 0.000 888-890 2.240 1.667 
834-860 0.647 0.322    

 

Table205-6.  Optimal retail electricity prices at public charging stations ($/KWh) 

Destination 
node 

Serving 
bus 

Optimal 
retail price 

Destination 
node 

Serving 
bus 

Optimal 
retail 
price 

1 806 0 13 812 0 
2 848 0.65 14 888 0.65 
4 842 0.65 15 890 0.65 
5 846 0.65 19 834 0.65 

10 844 0.65 20 828 0 
11 858 0.65 21 824 0 

 

Table215-7.  Optimal retail electricity prices at public charging stations ($/KWh) 

Destination 
node 

Serving 
bus 

Optimal 
retail 
price 

Destination 
node 

Serving 
bus 

Optimal 
retail 
price 

1 806 0 13 812 0.65 
2 848 0 14 888 0.65 
4 842 0.65 15 890 0.58 
5 846 0.65 19 834 0.13 

10 844 0.41 20 828 0 
11 858 0.60 21 824 0.49 
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Table225-8.  Travel cost and real power losses ($) 

Scenario 
System 

travel cost 
Power 

losses 
Total travel cost plus 

power losses 

Initial design 20,674 134 20,808 
Best obtained design  20,639 129 20,768 

 

Table235-9.  Link tolls for regular gasoline-powered vehicles (min) 

Link Toll  Link Toll Link Toll 

1-2 12.05 10-11 0.42 17-16 0.04 
1-3 15.37 10-15 0.39 17-19 1.15 
2-1 0.06 10-16 0.00 18-7 0.00 
2-6 4.91 10-17 0.00 18-16 0.00 
3-1 0.06 11-4 1.68 18-20 1.84 
3-4 0.02 11-10 0.30 19-15 3.23 

3-12 0.00 11-12 0.96 19-17 0.99 
4-3 0.22 11-14 1.73 19-20 0.40 
4-5 0.36 12-3 0.00 20-18 1.12 

4-11 1.34 12-11 1.38 20-19 0.64 
5-4 0.08 12-13 0.00 20-21 0.78 
5-6 0.76 13-12 0.00 20-22 0.18 
5-9 1.66 13-24 1.66 21-20 0.44 
6-2 11.47 14-11 1.79 21-22 0.20 
6-5 0.91 14-15 0.86 21-24 0.59 
6-8 0.46 14-23 0.25 22-15 0.19 
7-8 0.01 15-10 0.30 22-20 0.05 

7-18 0.00 15-14 0.81 22-21 0.12 
8-6 1.46 15-19 0.70 22-23 0.09 
8-7 0.00 15-22 0.07 23-14 0.36 
8-9 0.39 16-8 0.00 23-22 0.09 

8-16 0.34 16-10 0.18 23-24 0.15 
9-5 0.86 16-17 0.12 24-13 1.04 
9-8 0.05 16-18 0.00 24-21 0.54 

9-10 0.12 17-10 0.22 24-23 0.17 
10-9 0.37     
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Table245-10.  Optimal retail electricity prices at public charging stations ($/KWh) 

Destination 
node 

Serving 
bus 

Optimal 
retail price 

Destination 
node 

Serving 
bus 

Optimal 
retail price 

1 806 0 13 812 0.65 
2 848 0 14 888 0.65 
4 842 0.65 15 890 0.65 
5 846 0.65 19 834 0.28 

10 844 0.44 20 828 0 
11 858 0.32 21 824 0.50 
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Figure105-1.  Major components of distribution gird 
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Figure115-2.  A typical feeder 
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Figure125-3.  The SNR solution procedure  
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Figure135-4.  The solution framework 
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Figure145-5.  The coupled transportation network and test distribution feeder 
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CHAPTER 6  
CONCLUSION 

This dissertation develops a hierarchical modelling framework to enhance 

decision making in public PEV charging infrastructure deployment and operations.  The 

proposed framework comprehensively considers the impact of PEV charging on power 

transmission and distribution grids, predicts PEV drivers’ route and destination choices 

and recharging behaviors in response to the pubic charging infrastructure deployment, 

and will thus be of help to government agencies for optimizing their investment in 

deploying pubic charging infrastructure for PEVs.   

At regional planning level, a game-theoretical approach is used to capture the 

interactions between regional transportation networks and power transmission grids, 

coupled by PEVs. The interactions lead to an equilibrium where prices of electricity, and 

traffic and power flow distributions can be determined. Built upon the proposed 

equilibrium analysis framework, we formulate the problem of allocating public charging 

station budget among different cities as a mathematical program with complementarity 

constraints. It is observed from the numerical example that the charging load from PEVs 

has a substantial impact on the operations of the power network and the price of 

electricity.  Note that the proposed model is based on a critical assumption that 

availability of public charging stations and prices of electricity will affect the destination 

choices of PEVs.  This assumption needs to be verified by future empirical studies.   

At urban planning level, considering their recharging needs, we assume that 

drivers of PEVs simultaneously select paths and decide recharging plans to minimize 

their trip time while ensuring not running out of charge.  We then define the 

corresponding network equilibrium conditions, and propose their mathematical 
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formulation and solution procedure. Based upon the proposed network equilibrium 

models, we formulate the problem of optimally determining the number, locations and 

types of public charging stations within a budget limit on urban road networks as a bi-

level model, which is then solved by a genetic algorithm. It is demonstrated in the 

numerical examples that optimal charging station deployment plans may not fully use 

the entire budget limit because locating extra low-power stations does not necessarily 

lead drivers to use them. Note that the proposed network equilibrium model is trip-

based and overlooks potential connections among different trips conducted by the same 

traveler. One way to this limitation is to incorporate activity-based analyses (e.g., 

Recker, 1995, 2001; Lam and Yin, 2001; Gan and Recker, 2008; Kang and Recker, 

2013), which, however, will impose computational challenges.  Our future study will 

attempt to find a right balance between the computational tractability and model realism.  

We further note that the fuel economy of electric vehicles is also affected by random 

factors such as ambient temperature (Lohse-Busch et al., 2013).  Moreover, Franke et 

al. (2012) conducted a field study to analyze the comfortable range for different BEV 

drivers, which is defined as the lowest remaining battery state of charge that a user 

would experience comfortable.  It is observed that the comfortable range is affected by 

factors such as the internal control belief, ambiguity tolerance and daily range practice 

of drivers.  In other words, travelers, especially risk-averse ones, likely reserve a safety 

margin to hedge against the variations of energy consumption. To model this, we can 

treat the link energy consumption as a random variable and assume travelers to adopt a 

percentile energy consumption to judge the usability of each path (see, e.g., Lo et al., 

2006; Xu et al., 2011; Nie, 2011). The resulting network equilibrium is left for further 
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investigation. Lastly, in the numerical examples, we only solve the network equilibrium 

problem with flow-dependent energy consumption on a small network.  The 

computational difficulty lies in solving the NCP or VI formulation efficiently at each 

iteration.  Our future study will investigate the possibility of applying new techniques, 

such as linear approximation (see, e.g., Lawphongpanich et al., 2014), to further 

enhance computational efficiency. 

Assuming a significant number of public charging stations have been located in 

urban areas, we have investigated the integrated design of the electricity prices at 

public charging stations and road pricing to minimize real power losses and total travel 

time in the coupled transportation and power distribution networks. Our numerical 

examples have demonstrated that the integrated pricing of electricity and roads has 

potential for better managing and operating the coupled networks. The proposed 

models are static. It is necessary and useful to extend the models to consider dynamic 

travel demands and electricity loads, and capture the changes of charging behaviors of 

PEVs in response to time-varying prices of electricity. Another extension is to enhance 

the accuracy of estimating real power losses in distribution grids by considering 

components such as voltage regulators and transformers, which, however, will 

inevitably complicate the power flow analysis and may result in the utilization of 

software packages and platforms such as WindMil (Milsoft Integrated Solutions, 2005) 

and OpenDSS (Dugan, 2010). Once again, the challenge will then be to balance 

computable tractability and modeling realism.  
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