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Topology denotes the material layout of mechanical component. Topology 

optimization determines where to remove material from a structure to optimize it. 

Topology optimization emerged 20 years ago and has developed rapidly since then. 

Now topology optimization is a popular research topic in both academia and industry for 

conceptual design. The research on topology optimization focuses on developing 

efficient algorithms and innovative application. Density-based topology optimization 

algorithm, which is the most popular algorithm for topology optimization, has been 

systematically studied in this thesis.  

In this thesis, density-based topology optimization using nodal design variables is 

developed to improve the numerical performance of topology optimization algorithm. 

Previous work on this algorithm has been applied to several kind of design problems 

and proved to be more effective than those using element-wise design variables. The 

experimental platform is a structured mesh based FEA software. Topology optimization 

can be implemented more efficiently using a structured mesh with regular shaped 

elements than using traditional FEA mesh.   
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Topology optimization using nodal density variables is studied and tested with 

several numerical techniques such as: RAMP Method, Two-level Mesh Method, Filter 

Method, Projection Method, Gradient ϕ Smoothing Method. These methods have been 

compared for reducing numerical instabilities: mesh independence, non-convexity, 

checkerboard, low manufacturability. Filter Method and Projection Method, which were 

originally developed using constant density per element, have been implemented to 

compliance minimization problem, compliant mechanism design, stress constrained 

minimizing weight problem.    
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CHAPTER 1 
INTRODUCTION 

1.1 Overview 

Structural optimization techniques aim at improving the performance of 

mechanical structures under certain constraints (e.g. cost) which include shape 

optimization, size optimization and topology optimization. Shape optimization means the 

selection of appropriate shape of holes and structures (e.g. triangle, circle). Size 

optimization represents the optimization of specified shapes (e.g. radius of circle). 

Topology denotes the location and shape of sub-structures and holes. Topology 

optimization is a combination of shape and size optimization which is an art of 

determining where to dig holes from material. Topology optimization algorithm based on 

finite element analysis is emerged around 1990s and has become a popular topic since 

then. Plenty of inspiring research has been published in this field. The applications of 

topology optimization in several fields have proved to be very effective and successful 

including heat transfer, design under dynamic constraint, design under stress constraint, 

wave propagation, compliant mechanism design, bio-structure design, design under 

static load. Topology optimization techniques are now popular in both academic and 

industrial implementations for conceptual design. There are two trends in the research 

on topology optimization. One is the development of more efficient and stable algorithm. 

The other is the innovative application to structure design.   

Topology optimization algorithm computes the shape or material distribution 

within in a specified domain, namely feasible domain a. Topology optimization algorithm 

determines where to introduce holes or remove material to improve the desired 

performance of the structure. 
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The mathematic form of topology optimization is essentially the optimization of an 

objective function under certain constraints (e.g. side constraints of design variables). 

Objective functions are calculated based on finite element analysis. The arguments of 

objective function are design variables which represent optimum structures. Here are 

four popular methods to realize topology optimization. First one is density based 

method. This method assigns a density value (positive constant) to each element. 

Ideally the density should be 0 or 1. 0 means hole, 1 means solid. Physical properties 

(such as young’s modulus) are then combined with density through interpolation 

function. Density is the design variable. 

Second one is hard-kill method. This method works by gradually removing (or 

adding) a finite amount of material from the design domain. The choice of the material 

to be removed or added is based on heuristic criteria. Here density is also the design 

variable but not related to physical properties. A criterion function is calculated for each 

element and removal of the element is applied to those with low criteria values. 

Third one is boundary variation method. Structural boundaries are implicitly 

represented by a scalar function. The movement of boundaries are expressed by the 

scalar function and motivated by the objective function.  

Fourth one is bio-inspired cellular division-based method. This method is inspired 

by the cellular division processes of living organisms. Topology of the structures are 

implicitly governed by a developmental program that when executed completes a 

sequence of tasks that develop the topology in stages. This method is driven by genetic 

algorithm. 
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Among all these methods, density based method is the most widely used one. 

Besides its popularity, there are certain shortages constraining the spread of topology 

optimization such as checkerboard problem (including islanding), mesh dependent 

results problem, non-global results and low manufacturability. Checkerboard problem 

describes the sub-structure having no connectivity with surroundings. Mesh dependent 

problem means the optimum results depend on the element size of FEA. Non-global 

results denote the problem that while changing the parameter of topology optimization 

algorithm, optimum results changes correspondingly. Low manufacturability represents 

the problems such as non-smooth boundary and extremely large or small sub-

structures. 

This thesis studies the numerical instabilities of density-based topology 

optimization systematically and compares the effect of several method to reduce them. 

Comparing with traditional topology optimization algorithms, topology 

optimization algorithm is implemented using structural grid finite element method. Finite 

element method is developed in order to simulate and analyze engineering structures. 

FEM discretizes the domain and boundaries of a problem by elements and connect 

these elements by nodes. There are two major shortages of traditional FEM. The first 

one is expensive computation and difficult to create high quality mesh for analysis. 

Another shortage is traditional FEM isn’t efficient in adaptive analysis which requires 

remeshing the domain. Mesh-independent method is developed to eliminate above two 

problems. Mesh-independent utilizes structural grid for analysis, the mesh can be 

generated automatically and the boundaries can be represented precisely. 
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Implicit boundary topology optimization is first named and introduced in this 

thesis. Besides implementing using structural grid, IBTO use nodal design variables 

rather than element-wise design variables, the boundary is implicitly expressed and 

could be calculated more accurately. Several numerical method has been implemented 

and experimented systematically to test the performance of IBTO for compliance-

oriented problem, compliant mechanism design and stress-constrained topology 

optimization.    

1.2 Goals and Objectives 

1.2.1 Goal 

The main goal of this thesis is to systematically study numerical instabilities of 

density based topology optimization and experiments using numerical techniques to 

reduce them. Related algorithms are implemented using Implicit Boundary Topology 

Optimization. The performance of IBTO has been experimented in this thesis. 

1.2.2 Objectives 

The main objectives of the thesis are listed: 

1. Research on convexity of convexity of compliance. Implement and experiment 

with SIMP Method, RAMP Method and Gradient ϕ Smoothing Method to obtain 
the performance of above methods. 

2. Research on mesh dependence problem. Implement Two-level Mesh Method 
and Filter Method. Experiment with Two-level Mesh Method, Filter Method and 

Gradient ϕ Smoothing Method to study mesh dependence. 

3. Experiment with Filter Method to obtain the performance of minimum length scale 
control. 

4. Research on the smoothness of optimum boundaries. Experiment with B-spline 

elements and Gradient ϕ Smoothing Method/ 

5. Implement projection method and experiment to obtain the performance for 
generating accurate boundaries.  
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6. Apply the above numerical methods to compliance minimization problem, 
compliant mechanism design, and stress constrained topology optimization.  

1.3 Outline 

The remaining chapters are organized as follows: 

In Chapter 2, fundamental concepts and past research on topology optimization 

are introduced. Previous work on topology optimization using nodal variables as well as 

mesh independent analysis using implicit boundary finite element method (IBFEM) are 

explained. 

In Chapter 3, the theory of Two-level Mesh Method, interpolation technique of 

density based method, Filter Method and Projection Method are introduced. Algorithm 

for implementation and corresponding derivation are given. 

In Chapter 4, several numerical instabilities and corresponding methods to 

reduce them have been studied.  

In Chapter 5, the summary of the work and conclusions are provided. The future 

work prospect is also given in this chapter. 
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CHAPTER 2 
TOPOLOGY OPTIMIZATION 

2.1 General Introduction of Topology Optimization 

In general, mechanical structural optimization problems can be stated as sizing, 

shape or topology optimization. Sizing problems usually involves finding optimal 

thickness, dimensions or cross sectional area. The goal of shape problems is to find 

optimum shape of a specified domain. Topology optimization algorithm is the process 

for finding the optimal layout of material and holes inside specified domain [1]. “Layout” 

of the structure includes information on the topology, shape and sizing of the structure 

[2]. Topology optimization problem is a method for determining where to introduce holes 

in a structure. Figure 2-1 is cited from [2] to illustrate sizing, shape and topology 

optimization problems.  

 

 
Figure 2-1.  Three categories of structural optimization. A) Sizing optimization of a 

truss structure. B) Shape optimization. C) Topology optimization. The initial 
problems are shown at the left hand side and the optimal solutions are shown 
at the right. 

 
The topology optimization method for continuum structures has developed 

rapidly since the 1990s and it has been implemented for solving industrial problems. 

A) 

B) 
 

C) 
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Topology optimization has great significance for early conceptual design. It has been 

the most active research area in structural and multidisciplinary optimization in the past 

two decades [1]. The practical scope of topology optimization has increased beyond a 

few linear structural responses to include combinations of structures, hear transfer, 

acoustics, fluid flow, aeroelasticity, materials design and other multiphysics disciplines 

[1]. 

There are four popular methods for achieving topology optimization: density-

based methods [2-5], hard-kill methods [1, 6], boundary variation methods [7-12], bio-

inspired cellular division-based method [13]. Brief introduction is given of four methods 

in following paragraphs.  

2.2 Density-based Methods 

2.2.1 Mathematical Problem Statement  

Density-based methods are the most widely used algorithm for topology 

optimization [2-5]. These methods discretize a specified domain into finite elements and 

usually treat each element as having a constant but variable density. An objective 

function is defined based on the response of the structure under certain loads. The 

objective function is minimized t by varying the element density to obtain the optimal 

structure. It is essentially a “0/1” or “solid/void” problem. Assigning integer 0/1 to each 

elements would raise programming challenges. Continuous density values ranging from 

0~1 is adopted to represent the solidness at each element. Penalty methods are utilized 

to force solutions to reach 0/1 distribution where0 means void, and 1 means solid. SIMP 

and RAMP methods are the most well-known density based algorithm. The problem 

statement based on linear static finite element analysis is given [1]: 
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Here f is the objective function, 𝝆 is the vector of density design variables, 𝑼 is 

the displacement vector, K is the stiffness matrix, F is the force vector, and 𝑔𝑖 are 

constants. For the example of compliance minimization problem f=c=𝑼𝑻𝑲𝑼, g = V/𝑉0 −

𝑉𝑓 ≤ 0. c is compliance, V is structure material volume, 𝑉0 is design domain volume, 𝑉𝑓 

is allowable volume fraction. 

Density-based methods adopt an interpolation function and penalization 

technique to express the physical quantities of the structure as a function of continuous 

design variables. Each element is assigned a design variable, namely density, where 0 

means hole, 1 means solid. Density variables are penalized by a power law and 

multiplied with physical quantities such as material stiffness, cost, or conductivity [14]. 

E = η(ρ)𝐸0, where E  is Young’s modulus of a finite element, 𝐸0 is Young’s modulus of 

material, η(ρ) is the penalization function. Figure 2-2 is cited from [1] to illustrate three 

penalization functions. p is usually a fixed integer during optimization process. Equation 

(2-1) is the standard form for structural optimization problem [15] which could be solved 

using multiple optimality criteria methods such as CONLIN, MBMethod, MMA, SNOPT. 

The volume of the structure, V, is the sum of design variables, and the design variables 

are densities of each elements. Figure 2-3 is the flow chart of general topology 

optimization process which is cited from [2]. A 99 line MATLAB codes for topology 

optimization a based on such a density approach could be accessed online [16]. More 

details of SIMP method could refer to [1, 17, 18].  
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Figure 2-2.  Comparison of SIMP, RAMP, SINH intermediate density penalization 

models. A) SIMP η(ρ) = ρ𝑝. B) RAMP η(ρ) =
𝜌

1+𝑞(1−ρ)
. C) SINH η1(ρ) =

sinh (𝑝(1−𝜌))

sinh (𝑝)
, η2(ρ) = 𝜌.  

 
Figure 2-3.  Flow chart of density-based topology optimization problem 
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2.2.2 Various Problem Forms 

The simplicity and relative efficiency of density-based method has led to its 

widespread use in both academia and industry. Major aspects and literatures are listed 

here for general understanding and further study. 

Several objectives and constraints could be formulated into equation (2-1) 

including compliance, stresses, frequency, displacements. Compliance is the most 

commonly used objective function for topology optimization. Compliance is defined 

as c = 𝑓𝑇u, where f is the vector of node loads, u is the vector of node displacement. 

Compliance is a measure of the capacity of a structure to deform under applied loads.  

Besides linear static mechanical structure design, topology optimization  has 

been applied to eigenvalue problems, structures with non-linear response, structures 

under stress constraint, structures under dependent loading, compliant mechanism 

design, and multiphysics problems [1].  

2.2.3 Numerical Instabilities 

Although density-based topology optimization is a popular and relatively mature 

algorithm, several inherent numerical instabilities still exist and debase the quality of 

optimal results including gray region, checkerboard, mesh dependence, ragged 

boundary, local minima and expensive calculation. All these concepts have been 

discussed in this section. 

Ideally density ρ𝑒 of each elements should be 0/1, but in practice ρ𝑚𝑖𝑛 ≤ ρ𝑒 ≤ 1. 

ρ𝑚𝑖𝑛 is a small number (e.g. 10e-3) which is required to avoid singularity of finite 

element analysis and instability of optimizer. Also intermediate value of ρ𝑒 between 

0~1 could generate physically meaningless material, namely gray region, which lead to 

inaccurate boundary of optimum structure. Figure 2-4 illustrates gray regions of optimal 
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results. Gray regions are usually emphasized by filter method and smoothing technique 

[19]. Several techniques have been developed to eliminate gray region such as 

projection methods, morphology filters and density slope control [20-24]. 

 
 
Figure 2-4.  Gray region of MBB beam topology optimization. 

 

Mesh dependence problem is the condition that while refining FEA element size, 

optimal topology results would change correspondingly. Figure 2-6 is cited from [2] to 

demonstrate results changing while refining element size. Design engineers are only 

interested in the most accurate results. Checkerboard denotes the structure topology 

similar to a checkerboard which is physically meaningless and cannot be manufactured. 

Figure 2-5 is cited from [2] to illustrates the checkerboard topology of MBB beam. 

Several solutions have been proposed such as global gradient, slope control, local 

gradient control, regularized penalty methods, patch control, integral methods [1]. Filter 

methods are the most efficient and straightforward methods which include sensitivity 

filter and density filter [25-27].  

 
 
Figure 2-5.  Checkerboard problem of MBB beam. 
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A   B 

C   
 
Figure 2-6.  Dependence of topology optimization results on FEA element size. A) 

Element number 1000. B) Element number 4000. C) Element number 9000. 

 

Topology optimization searches for the global minimum value of objective 

functions. But SIMP method can only guarantee local minimum [28]. While changing the 

penalization parameter p, different solutions would appear. Figure 2-7 demonstrates 

changing results for different p using SIMP methods. Again, design engineers are only 

interested in the most accurate results. Continuation method and RAMP method are 

developed to deal with this issue [2, 5].  

A   B 
 
Figure 2-7.  SIMP Method analysis with various penalty factor value. A) p=3 B) p=7 
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Computation cost is a major issue of simulation. Especially for topology 

optimization algorithms, iteratively analysis would exaggerate the drawback of certain 

algorithm such as bio-inspired cellular division-based method and continuation method. 

Improving the efficiency of topology optimization algorithms is very necessary. For 

density-based methods, calculation of filters’ range is expensive, Helmholtz-type filters 

are developed to improve calculation time [26].  

Considering that topology optimization includes so many fascinating research 

topics, great research progress, vast applications and limitation of author’s capability, 

introduction of topology optimization in this thesis cannot cover all the concepts in detail. 

Only basic information of topology optimization is introduced and referred literatures are 

listed carefully for further review. 

2.3 Applications of Topology Optimization 

Topology optimization algorithms have been proved to be effective and 

successful in several fields. Several popular applications have been introduced in this 

section. 

2.3.1 Compliance-oriented Problem 

Compliance minimization seems to be the most popular objective function for 

topology optimization problems [1, 2]. Compliance is a global measurement of 

structures ability to deform under certain loads. Mathematical form of compliance is  

  { }
T

C f u          (2-2) 

Where {𝑓} is the nodal force vector and {𝑢} is nodal displacement vector.  
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2.3.2 Material with Nonlinear Properties  

Topology optimization has been applied in numerical examples for elastic 

materials. Topology optimization using material with nonlinear elastic property is based 

on nonlinear finite element analysis. Unexpected numerical instabilities are faced due to 

the nature of nonlinear deformation. Research on this specific problem concentrates on 

improving the numerical instabilities while performing nonlinear FEA [38, 39, 40]. 

2.3.3 Stress-constrained Topology Optimization 

Stress is an essential consideration while designing mechanical structures. Three 

methods have been developed for this problem: local method, global method, and block 

aggregation techniques. Stress constrained could be realized in both objective functions 

or as additional constraints [41, 42]. Fatigue and damage criteria are emerging recently.  

2.3.4 Design under Structure Dependent Loading 

Structure dependent loading denotes loads changing during the optimization 

process such as pressure loading, self-weight loading and multi-component structure 

[43-46].  

2.3.5 Compliant Mechanism Design  

Compliant Mechanism denotes an independent component that can behave like 

a mechanism by deforming in the desired fashion, such as gripper. Popular objective 

functions of this problem focus on desired movement of certain points [1, 2].  

2.3.6 Reliability-based Topology Optimization 

This kind of problem combines probabilistic theory with topology optimization. 

Statistical and probabilistic methods consider the variation of design and improve the 

quality of massive product structures [47, 48].  
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2.3.7 Topology Optimization of Multidisciplinary Problems 

Besides compliance oriented problems, topology optimization works well for 

certain other objective functions such as heat transfer constrained, fluid flow 

constrained, dynamic response constrained and biomedical design [2, 49, 50]. 

2.4 Previous Work of Topology Optimization Using Nodal Design Variables  

Traditional density-based topology optimization algorithms are based on 

element-wise variables. Implicit boundary topology optimization is based on nodal 

design variables which could generate high quality results. Density inside one element 

could be interpolated using shape functions which are independent from those for FEA. 

The physical significance could be interpreted as: suppose FEA elements are 

constituted of infinite mass points, each points have a unique young’s modulus, all 

these points constitute of the whole structure. An efficient linear optimizer Moving 

Barrier Method [29] is utilized to solve Implicit Boundary Topology Optimization. 

By treating nodal density as design variables and define structure boundary as a 

contour at ϕ=0.5, optimum results with smoothing boundary would be obtained even 

using sparser mesh compared with traditional topology algorithm. Topology optimization 

using nodal design variables has been improved using gradient ϕ smoothing method 

and applied to compliance-oriented problem, compliant mechanism design, stress-

constrained topology optimization problem. Considering this thesis extends above 

algorithms and tries to reduce numerical instabilities while applying topology 

optimization algorithm, above methods are introduced briefly here. 
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2.4.1 Implicit Boundary Finite Element Method 

IBFEM is a finite element method using structured mesh to discretize analysis 

domain. Previous work has demonstrated successful applications to structural analysis, 

electromagnetism and heat transfer analysis [19, 30-34].  

IBFEM is a mesh-independent method, which uses structured mesh to discretize 

the domain. The boundary of the domain is implicitly described by scalar equations. The 

solution structure of IBFEM could be written in the following forms. 

 0( ) ( ) ( )u H U u x x x  (2-3) 

Where ( ) 0H x  is a specified step function of the boundary, 
0u  is the essential 

boundary condition, ( )U x is a grid variable which is defined by piecewise interpolation 

or approximation. Equation (2-3) could satisfy 
0( )u ux  on the boundary which is 

defined by ( ) 0H x . The function value must be positive and non-zero inside the 

domain.  

An approximate step function of the boundary can be defined as: 

 

1

( ) 2 ,0

0
0

H




 


 

   
       

   


 (2-4) 

Where,   is the normal distance between points to the boundary lines and  is 

the width defined for step function. 

After substituting the step function to the integral form of governing equation, 

remaining process is identical to traditional FEM.  
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2.4.2 Compliant Mechanism Design 

Compliant structures, designed to function as mechanisms, are often referred to 

as flexures or compliant mechanisms. Unlike traditional mechanisms that are made of 

rigid linkages, compliant mechanisms are structures that produce motion by elastic 

deformation. Topology optimization has been shown to be an effective approach for 

designing compliant mechanisms. Mathematic problem statement is equation (2-5), 

objective function is defined as least square error at certain points. 

min  
dataN

2
*

, ,

1

( ) out n out n

n

u u


    

s.t. 0( )M d M 


                    (2-5) 

s.t.         
0

( )
T T

D d u f d   
 

     

s.t. 1th    

Here ,out nu and *

,out nu  are the actual and prescribed output displacements 

corresponding to the input displacements ,in nu  or forces ,in nF  and dataN  is the number 

of data points at which desired output is specified. Therefore, the square of difference 

between the actual displacement for a given shape and the desired displacement is 

minimized. The mass of the structure ( )M   is computed by integrating the density 

function over the feasible region and it is constrained to be less than a specified value 

0M . The relation between Young’s modulus and density is artificially selected in the 

SIMP approach 

0

pE E           (2-6) 

The gradient of the objective function is given as: 



30 
  

 
N

*

1

( )
2

data

m
m m

mi i

uL
u u



 

 
   

  
       (2-7) 

The gradient of the nodal displacements can be computed by the standard 

design sensitivity analysis methods. Defining an adjoint variable   as: 

    u K          (2-8) 

where  K is the global stiffness matrix and the right hand side vector 

components are defined as  *2i m mu u u   for nodes at which displacement output is 

specified and 0iu  at all other nodes. Using this adjoint variable, the gradient of the 

objective function can be computed as given in equation (2-9), 
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        (2-9) 

2.4.3 Stress Constrained Topology Optimization  

The optimization problem can be restated using a global stress measure 

constructed using the above stated bound on compliance. We use this global measure 

to construct an objective function that penalizes violation of stress constraints as 

follows: 

min 


 


 
   

 
 

VM
stress

maxv v

dv+ dv  

s.t.    


 
T T

v

D( ) dv= u fdS               (2-10) 

s.t. 1th    

The ‘stress function’   is chosen to be: 
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Considering the bound on Von-Mises stress: 
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Where  1 2 3
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Objective function could be modified as  

  
 

 

 
  
 
 

 
T

0
stress 2

maxv v

3E C( )
dV+ dV

2(1 )
           (2-13) 

2.4.4 Gradient 𝝓 Smoothing Method 

Gradient ϕ Smoothing Method [19] was developed to smoothen structural  

boundaries. Numerical examples also illustrate mesh-independence while using this 

method with appropriate parameter. This method add a smoothing term to the objective 

functions: 

   
2

v

f+w dV           (2-14) 

Where f is the original objective function w is a constant decided by heuristic 

search. Appropriate w could generate mesh-independence results. Denote the 

smoothing term as P, the sensitivity of the smoothing term with respect to the nodal 

density can be computed as given in Equation (2-15): 
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( )
2

j j

P
dV         (2-15) 
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w is decided by a weight factor α, which denotes the value of smoothing term is 

set equal to a percentage of the whole objective function: 

         
 



 



2

v

w=
1- dV

f
             (2-16)
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CHAPTER 3 
IMPLICIT BOUNDARY TOPOLOGY OPTIMIZATION 

Fundamental concepts and previous work on Implicit Boundary Topology 

Optimization (IBTO) has been introduced in Chapter 2. Four characteristics of IBTO are: 

implemented using structural grid, adopt nodal design variables rather than element-

wise design variables, boundary of optimum results is defined implicitly at ϕ =

0.5, objective and constraint functions are  accurately calculated inside the boundary 

defined by ϕ = 0.5, . The development of IBTO focuses on how to solve topology 

optimization problems efficiently and accurately. In this thesis RAMP Method, Filter 

Method, and Projection Method have been combined with IBTO to achieve results with 

clear boundary and better manufacturability. Two-level Methods have been derived and 

experimented. Derivation and implementation of above methods are given in this 

section.  

3.1 Penalty Scheme 

For isotropic materials, design variables ϕ  and young’s modulus E are related 

using interpolation functions η(ϕ): 

 0E η( )E          (3-1) 

  1η
p          (3-2) 

 






 

2η
1 (1 )q

       (3-3) 

 


 
#

1

nodes?

i i

i

N         (3-4) 

Where E0 is the young’s modulus of specified material. E is the artificial young’s 

modulus used for topology design. Ideally ϕ should be 0/1. In practice η(ϕ) is chosen 
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to be some continuous functions for penalty as discussed in Chapter 2. SIMP Methods 

and RAMP methods are experimented with IBTO. η1(ϕ) denotes SIMP scheme, η2(ϕ) 

denotes RAMP scheme. nodes # denotes nodes number per FEA elements. 𝑁𝑖 is 

shape function such as Lagrange shape functions. ϕ𝑖 is design variable at element 

node i.  

Gaussian integration is adopted for FEA. Equation (3-1) is used at Gaussian 

points to approximate stiffness matrix of elements. The stiffness matrix of an element is 

computed as: 

      

     

 

 0

K

     = η

T

V

T

V

B D B dV

B D B dV

          (3-5) 

Where [B] is the strain-displacement matrix, [ 0D ] is the constitutive matrix which 

contains elastic constants.  

Moving Barrier Method is a sensitivity-guided optimizer. The gradient of stiffness 

matrix with respect to the nodal design variables is:  
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Above matrices are calculated inside each elements and assembled to get global 

matrices. FEA elements nodes and design nodes are the same, but the shape functions 

are independent.  

3.2 Two-level Mesh Method 

Adopting B-spline elements for IBTO would generate more accurate and smooth 

results compared with traditional elements (e.g. quad 4 element). But the computation is 

expensive considering the high order of B-spline elements. The procedure of FEA 

analysis is essentially matrix manipulation. Matrix manipulation takes up major part of 

calculation time. Two-level Mesh is developed for improving analysis efficiency and 

providing mesh independence. Mesh A is created for FEA analysis and mesh P is 

created for interpolating the density function. Element size of mesh A and mesh P 

are 𝑎1 and 𝑎2 respectively. The basic procedure is： 

1. Set element types for topology optimization (e.g. B-spline elements), element 

size 𝑎2, refine parameter 𝑟 and discretize analysis region using quad 4 

element with element size 𝑎1 = 𝑟𝑎2. 𝑟 is positive integer. Each element of 

mesh A includes 𝑟2 elements from mesh P. 

2. IBTO design variables ϕ are only defined in mesh P. Objective function (e.g. 

compliance), sensitivity analysis, stiffness matrix and displacements are 

computed from mesh A. Mesh P is used for plotting optimum results.  

3. Optimizer would solve for design variables and assign nodal design variables 

to mesh P. 
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4. Identify global coordinates of Gaussian points in all elements A and 

corresponding local coordinates in elements P. Interpolate density value η(ϕ) 

at these Gaussian points from Mesh P and update stiffness matrix.  

5. Repeat FEA and optimizer process until meeting the condition of 

convergence.  

A   B 

C   
Figure 3-1.  Refine process of Two-level Mesh Method. Blue denotes the boundary of 

plotting mesh. Orange denotes the boundary of analysis mesh. A) refine 
factor r=1, B) refine factor r=2, C) refine factor r=3. 

 
While fixing element size of mesh P and increasing r, FEA and optimum results 

would be more accurate. Two-level Mesh is implemented using connectivity table. Each 

element has a unique connectivity table storing local node number and corresponding 

global node number. Connectivity table is used for assembling matrix.   

While applying Two-level Mesh for compliance-oriented problems, the gradient of 

stiffness matrix [K] must be computed with respect to nodal design variables ϕ𝑖 of the 

upper level mesh P.   
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Where (𝑝) denotes variables defined in Mesh P and (𝑎) denotes variables 

defined in Mesh A. [𝐾𝑒] is stiffness matrix of one element. Global stiffness matrix [𝐾] 

is assembled by [𝐾𝑒]. m is node number per element of Mesh A. n is node number per 

element of Mesh P. N is shape function.  

3.3 Filter Method 

Filter was originally developed to reduce checkerboard and mesh dependence 

situation. As a popular technique to improve numerical instabilities of topology 

optimization, filter method was implemented and tested using nodal design variables. 

Efficiency of filter is improved using IBFEM. Derivation and implementation of filter are 

given in this section.  

The intuition idea of filter is to average the nodal design variables ϕ (not density 

η(ϕ)) in a specified domain Ω𝑓  and to adopt updated nodal design variables μ for 

computing objective functions, gradient and plotting the optimum.  
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jj
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w
            (3-12) 

Where 𝑤(ϕ𝑗) is a distance based weight function and 𝑤(ϕ𝑗) = 1 here.  
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The sketch of filter is illustrated in Figure 3-2. Filter domain radius is set before 

FEA and diameter of domain radius is approximately equal to the minimum length scale 

of optimum result.  

 
Figure 3-2.  Sketch of filter, blue X marks central node of filter, orange points denote 

nodes covering in the filter of central node.  

 

Filter domain is a circle or sphere region centered at node ϕ𝑗. The shape of filter 

has not been investigated before. Square filter and circle filter are implemented and 

compared in this thesis.  

In traditional FEA, identification of the nodes inside a filter requires nodes 

distance which is computationally expensive. This situation improves in IBFEM. 

Considering the element type in IBFEM is square, search for filter nodes could be 

processed from element to element like this:  

1. Specify global coordinates of target node ϕ𝑗, element size a and filter radius 

r.  
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2. Elements adjacent to target node ϕ𝑗 and affiliated nodes are called first layer. 

Elements and affiliated nodes adjacent to nodes from 1st layer are called 3rd 

layer, etc. Searching for filter nodes are processed layer by layer using 

connectivity table. The number of layers required for radius r is r/a.    

For square filter, distance of nodes is not required at all. For circle filter, only 

distance from neighboring nodes to target nodes is required. The more nodes there are 

in the mesh, the more efficient this implementation is.  

Compliance minimization problem, compliant mechanism design, and stress 

constraint topology optimization using IBFEM have been introduced in Chapter 2. 

Formulations for implementing Filter Method in above three problems are derived in 

following paragraphs. 

3.3.1 Compliance Minimization Problem with Filter 

Mathematic statement of compliance- oriented problem is given: 

min: 


 L { } { } ΓTf u d                                 (3-13) 

s.t.      0

Ω

M Ωμd M                (3-14) 

      
0Ω Γ

{ } ( ) Ω  { } { } ΓT Tδε C ε d δu f d            (3-15) 

    1th                  (3-16) 
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Where Γ denotes structure boundary, body force is neglected. Ω denotes 

feasible domain. 

1

(

1

) =
1

1
E

C

 

 

 



  
 
  
   

.  denotes filtered design variables. [u] and 

[f] are independent of design variables ϕ. Discrete form of equation (3-15) is:  

   K [ ]u f              (3-17) 

{𝑓}𝑇{𝑢} is obtained from FEA. For isotropic materials, [K] is symmetric. Discrete 

form of equation (3-14) is:  
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n n

i i i ie
i i

N d N d  
 

              (3-18) 

Where e denotes element. Assemble M(ϕ)𝑒 to get M(ϕ). n denotes nodes per 

elements. Equation (3-18) is a linear combination of ϕ. 

Take derivation of equation (3-17): 
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Substitute equation (3-19) for the gradient of L over 𝜙: 

       

         
 

   

 
 

 

1

[ ] [ ] [ ] [ ]
[ ] [ ]

[ ] [ ]
[ ] [ ] ?[ ]?

[ ]

 

T T
T TT T

i i i i

T T
T TT T

i i i

T
T

i

T

i

L u K u
K u u u u K

Ku K
K u u u u K K u

u
K u

K
u u

   

  







   
  

   

 
  

  







 



           (3-20) 



41 
  

Considering equation (3-5) [𝐾𝑒]=∫ 𝜇𝑝[𝐵]𝑇[𝐷0][𝐵]𝑑𝑉
𝑉

. [K] is assembled from 

[𝐾𝑒]. 
[ ]
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is further derived:  
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Where nni denotes nodes number of filter centered at node i and : 

k=1

=
n

k kN            (3-22) 
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          (3-24) 

3.3.2 Compliant Mechanism Design with Filter 

Mathematic statement of compliant mechanism design is given:  

min:  
dataN

2
*

, ,

1

out n out n

n

u u


                (3-25) 

The constraints are the same as those given in equation (3-14), (3-15), (3-16). 

The fundamental concepts have been introduced in Chapter 2.   

Substitute equation (3-19) for the gradient of   over ϕ𝑖 is given: 
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Where 𝑁𝑑𝑎𝑡𝑎 denotes the number of specified data points. Data points are 

specified as global coordinates. 𝑢𝑚
∗   denotes desired displacement at data points. ( )

j

mN  

denotes shape function of the element which includes data point m.  

Construct the adjoint variable λ for all nodes in the elements for which output 

displacements are specified: 
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Gradient 
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 is now updated as: 
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Where 
[ ]

i

K






is given in equation (3-21). 

3.3.3 Stress Constrained Topology Optimization with Filter 

Mathematic statement of stress constrained minimizing weight problem is given:  

min:      stress

v v

dV+ (t( ))dV                         (3-30) 
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s.t. [𝐾][𝑢] = [𝑓] 

s.t. 0 ≤ 𝜙𝑡ℎ ≤ ϕ ≤ 1 

Where  t( )=P L( ) , 
  

 
    

1/2

0

2

max

3E
P

2 1
and       

T1
L( )= C

2
. The stress 

function  is chosen to be: 

𝜓1(𝑥) = 𝑥𝑚, 𝑚 > 1          (3-31) 

𝜓2(𝑥) = 𝑒𝑚(𝑥−1), 𝑚 > 1                       (3-32) 

  The gradient of weight term 
v

dV has been given in equation (3-18). The gradient of 

stress term is given: 
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Substitute equation (3-34) and (3-35) into (3-33): 
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Where 








P

i

 is given in equation (3-21), 




 i

{u}
is calculated using adjoint method: 



44 
  







 i

[u]
[K]            (3-39) 
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[K]
=- [u]            (3-40) 

  




 i

[K]
 is given in (3-21). 

3.4 Projection Method 

Projection Method was first developed to eliminate gray region caused by filter. 

Averaging scheme of Filter Method would blur the boundary and generate intermediate 

density value which is called gray region problem. The fundamental mechanism of 

Projection Method is to pass the filtered design variable μ through an appropriate 

projection function. The projection function transforms the intermediate (or filtered) 

density  μ to ρ which are close to 1. Ideally, projection function should be step function 

such as Heaviside step function: 












，

，

01
H( )

0 =0
         (3-41) 

But, discontinuity of Heaviside step function would result in failure of optimizer. 

Certain regions would become complete 0 or 1 and would have zero sensitivity. The 

interpolated values of the density μ at Gaussian points, rather than nodal design 

variables, are projected (pass through projection function). In order to obtain accurate 

boundary, boundary elements are split into two parts along optimum boundary and both 

parts have independent Gaussian points. Figure 3-3 (A) is the geometry of non-

boundary element, projection is implemented to the Gaussian points of the element. 

Figure 3-3(b) illustrates a typical boundary element which contains =0.5 , the element 

was subdivided into region 1 and region 0 while performing numerical integration. 

Density in region 1 is larger than 0.5 and density in region 0 is smaller than 0.5. 
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Projection is implemented at the Gaussian points of region 1 and region 0 rather than 

the original boundary element. The exponent projection function invented by Guest is 

introduced here. The exponent projection function invented by Guest is here. Tan 

projection function is developed in this thesis.  

A   B 
Figure 3-3.  Subdivision of boundary element. A) Geometry of non-boundary element, 

B) Geometry of boundary element. 

 
3.4.1 Exponent Projection  

Exponent projection function is: 

   =1-e e             (3-42) 

Where, β is constant. The influence of β is illustrated in Figure (3-2). 

Derivative of   over ϕ is: 
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=         (3-43) 

Where neighbour
N denotes the number of nodes inside the filter which is centered at 

node I, 






 j

 is given in equation (3-23) 








j

i

 is given in equation (3-24) and: 
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Figure 3-4.  The influence of β on projected design variable ρ from exponent projection 
function. (a) β = 0, (b) β = 10,  (c) β = 30, (d) β = 100. 

 
3.4.2 Tan Projection 

 The ideal projection function is: 
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          (3-45) 

Tan projection function tends towards this ideal projection function for large value 

of   and is defined as: 

  


 -11
= tan [ ( 0.5)] 0.5           (3-46) 
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Figure 3-5.  The influence of β on projected design variable ρ from tan projection 

function. (a) β = 10, (b) β = 30,  (c) β = 100. 

 

The influence of the constant,  on this projection function is illustrated in Figure 

3-5. Derivative of   over ϕ is the same as equation (3-43), where 






 j

 is given in 

equation (3-23) 
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 is given in equation (3-24) and: 
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Compliance minimization problem, compliant mechanism design, and stress 

constrained topology optimization were modified to use the projected density. 
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CHAPTER 4 

RESULTS AND DISCUSSIONS 

Implicit Boundary Topology Optimization could generate high quality result using 

sparser mesh compared with traditional topology optimization [19]. In this section, 

several numerical behavior of topology optimization algorithm is studied. Section 4.1 

looks at the convexity of objective function, 4.2 mesh independence, 4.3 length Scale 

Control, 4.4 smoothing results and finally in section 4.5 we present result obtained using 

projection and accurate boundary integration. Methods aimed at improving various 

numerical instabilities have been implemented and tested in IBFEM software. During 

the implementation of these algorithms, theoretical value of gradient for objective has 

been verified using finite difference calculation. 

4.1 Penalty Schemes of Topology Optimization 

SIMP method and RAMP method are the two most popular penalty schemes 

used for density-based topology optimization model. Continuation method is commonly 

used for obtaining global results [5, 28, 35]. The essence of topology optimization 

problem is the optimization of a scalar function. Convexity is influenced by objective 

function and constraint. While performing topology optimization using multiple element 

types (e.g. Quad 9, Quad 16, B-spline 9, B-spline 16), optimum results seems to be 

different. This is caused by numerical approximation as well as non-convexity. Influence 

of penalty factor is tested using quad 4 element and different element size while fixing 

element size and element type. When penalty factor is large enough, topology 

optimization problem using RAMP method could have unique optimum results. But for 

SIMP method, when using large penalty factors the results can still vary. SIMP method 

and RAMP method using nodal design variables are first discussed in this section.  
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RAMP method has been shown to generate unique topology design for several 

examples [5].  When penalty factor p is large enough, topology optimization problem 

becomes convex. This characteristic has been tested here using a bridge structure and 

minimum compliance topology optimization algorithm. 

For the feasible region in Figure 4-1, length is 300 m, height is 100 m, Young’s 

modulus is 1.0 MPa, Poisson’s ratio is 0.25, left corner is fixed, 100 N downward point 

load is applied at quarter spots of the bottom edge. SIMP penalty is 4, mass constraint 

is 0.7, and element type is 2D Quad 4. Element number is 120*40 (element size 2.5). 

Penalty factor p from SIMP method changes from 2 to 100 gradually in Figure 4-2. 

SIMP method could generate distinctive optimum results while increasing penalty factor. 

In general, continuation method is adopted for generating a global results. Continuation 

method increases p gradually from 2 to 5 and finds corresponding results with lowest 

compliance. This method involves additional computational costs.  

 
 
Figure 4-1.  MBB Beam model. 
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A   B 

C   D 
 
Figure 4-2.  SIMP Method analysis with various penalty factor value. A) p=2, B) p=4, C) 

p=7, D) p=12 

 

Penalty factor p from RAMP Method changes from 0 to 1e8 gradually in Figure 4-

3. RAMP Method could generate unique convergent results theoretically while p is large 

enough. But when p is extremely large (p=1e8), no results are obtained. This may be 

because for larger p, the optimizer oscillates and diverge. But when p is reasonably 

large (from 100 to 1000), islanding and checkerboard problems are improved. Relatively 

stable results are generated. 

A   B 

C   D 

E    
Figure 4-3.  RAMP Method analysis with various penalty factor value. A) p=2, B) p=5, 

C) p=10, D) p=100, E) p=1000 
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SIMP method is the most popular topology optimization model both in academia 

area and industry [1]. RAMP method seems to be more stable than SIMP method using 

nodal design variables. Possible risk of RAMP method is that it’s impractical to find 

appropriate p by trial in a large range (from 0 to 1e8) considering different structures 

require different value of p. For RAMP Method, if p is small, results vary with different p, 

if p is too large, no results would be generated. 

Also while p=3, 4, 5 in SIMP Method, the topology results are similar to those 

generated by RAMP Methods [1]. Topology results improve dramatically while 

combining SIMP Method with additional techniques.  

4.2 Mesh Independence 

 Upon refining element size, thinner structures can be represented by the mesh 

and FEA results become more accurate. Topology design using SIMP Method changes 

correspondingly while refining element size for FEA [1, 37]. This situation is called mesh 

dependence. Designers are only interested in the best result from multiple outcomes 

with reasonable element size. In order to achieve mesh independent results, Two-level 

Mesh Method, Gradient 𝜙 Smoothing Method and Filter Method have been tested and 

discussed in this section.  

4.2.1 Two-level Mesh Method 

In this approach, two different mesh are used, one for FEA analysis which we 

refer to here as the “analysis mesh” and the other is for interpolating the density for 

shape representation which we have referred to as the “plot mesh” because it is also 

used for plotting results. These two meshes could have different element type and 

element size. In order to illustrate mesh independence only 2D Quad 4 elements are 

used for both mesh. Compliance minimization for an L-shaped feasible region is 



52 
  

analyzed here. For L-shaped region in Figure 4-4, length is 30 m, height is 12 m, elastic 

modulus is 200 GPa, Poisson’s ratio is 0.3, point force on right edge is 200 N, top edge 

is fixed. Volume constraint is 0.7, SIMP penalty is 4, and MB Method constant is 3. Fix 

element number of plot mesh as 25*25 and refining analysis mesh gradually in Figure 4-

5.  

 
 
Figure 4-4.  L-shaped model. 

 
 
 
 
 
 
 
 



53 
  

A   B 

C   D 
 
Figure 4-5.  Two-level Mesh Method while fixing plotting mesh. A) Analysis element 

number 40*40, B) Analysis element number 80*80, C) Analysis element 
number 120*120 and D) Analysis element number 200*200. 

 

 With a fixed plotting mesh, refining the analysis mesh, does not change the 

optimal topology and the quality of the analysis results improve because the FEA is 

more accurate with a refined mesh.  

4.2.2 Gradient 𝝓 Smoothing Method 

Compliance minimization with Gradient 𝜙 Smoothing method could remove 

small structures qualitatively [19]. L-shaped region in Figure 4-4 has been analyzed to 

test this characteristic.  

Mesh element number changes from 20*20 gradually in Figure 4-6.Smoothing 

weight factor α is determined to be 0.25 by trial to obtain clear and mesh-independent 
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results. For large α, results become blur, for small α, results isn’t smoothed or mesh-

independent.  

A   B 

C  D 
 

Figure 4-6.  Compliance minimization with Gradient 𝜙 Smoothing Method using 
various element number. A) 20*20, B) 40*40, C) 80*80 and D) 120*120. 

 

4.2.3 Filter Method 

Filter method is one of the most popular techniques for removing checker board, 

realizing mesh independence and length scale control for traditional topology 

optimization [1, 21, 25-27, 37]. Filters have been combined with Implicit Boundary 

Topology Optimization and tested.  

One significant weakness of the Filter method is long calculation time for 

identifying elements within the filter radius of each node. This situation could be 

dramatically improved using structural mesh. Nodes within the filter can been found 
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using the connectivity table. The more elements for analysis, the more calculation time 

Implicit Boundary Topology Optimization could save compared with traditional topology 

optimization.  

Compliance minimization of a cantilevered beam has been analyzed in order to 

illustrate the mesh independence of results obtained using Filter method and Implicit 

Topology Optimization in Figure 4-8. The cantilever Beam is shown in Figure 4-7, 

whose length is 40 m, height is 25 m, Young’s modulus is 1.0MPa, Poisson’s ratio is 

0.25, left edge is fixed, and a 1 N point load is applied at the middle of right edge. SIMP 

penalty is 3, MB Method constant is 3. Element type is 2D Quad 4. Filter radius is fixed 

to be 2 m. The mesh is refined as shown in Figure 4-8 to show that the topology is the 

same regardless of the number of elements. It is seen that the filter guarantees mesh 

independence and the optimal results become smoother while refining element size. 

 
 
Figure 4-7.  Cantilever Beam model. 
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A   B 

C   D 
 
Figure 4-8.  Filter Method analysis with various element number. A) 30*18, B) 60*37, 

C) 90*56 and D) 120*75 

 

4.3 Length Scale Control 

Length scale is the minimum size of the structure which influences 

manufacturability directly. A too large structure is difficult to handle and a too small 

structure is difficult to manufacture. Filter method has been illustrated to control length 

scale of optimum structures. 

Cantilever beam example from Figure 4-7 is analyzed here, whose length is 40 

m, height is 25 m, Young’s modulus is 1.0 MPa, Poisson’s ratio is 0.25, left edge is 

fixed, 1 N point load is applied at the middle of right edge. SIMP penalty is 3, MB 

Method constant is 3.Element type is 2D Quad 4. Element number is fixed to be 

160*100 (element size 0.25).  
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4.3.1 Filter Method 

Filter size has been increased gradually from 0 in Figure 4-9. The minimum 

length scale is approximately the diameter of filter. It is noticed that while filter radius is 

small (comparing with element size), filter method works well. While filter size is large, 

results become more and more blurry. Suppose the filter size is infinite large, all the 

design variables would have same value.  

A  B 

C   D 

E   
 
Figure 4-9.  Topology optimization of cantilever structure with various filter size. A) 0, 

B) 0.5, C) 0.75, D) 1.25, E) 3. 
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Most literature adopt circle as filter shape. Square filter is implemented and 

tested here. Filter radius square filter is half size of a side. In Figure 4-10, square filter 

and circle filter is compared. The optimum results are slightly different while changing 

filter shape. Intuitively, circle filter could treat all the directions evenly comparing with 

square filter.   

A   B 

C   D 

E   F 
 
Figure 4-10.  Topology optimization using circle filter and square filter with various filter 

size. A) circle 0.5, B) square 0.5, C) circle, 0.75, D) square, 0.75, E) circle 
1.25, F) square 1.25 

.  
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4.3.2 Two-level Mesh Method 

Two-level Mesh Method is originally developed to control the length scale of 

optimum structures. Structure inside each element is plotted using shape functions 

which are polynomials. For different shape functions, there exists a fixed function range, 

hence the plotted structure inside the element has a minimum length scale (determined 

by the element size). In Figure 4-11, the effect of Quad 4 element and element size on 

length scale control is illustrated. In Figure 4-12, the effect of B-spline 9 element and 

element size on length scale control is illustrated. Cantilever beam is analyzed here. 

Analysis element size is fixed to be 0.17, namely, element number is 40*25 for providing 

same FEA results.  

Minimum lengths scale decreased while refining element size. But for different 

element type, the minimum length scale is different and the minimum length scale could 

not be controlled quantitatively comparing with filter method.  
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A   B 

C   D 

E    
 
Figure 4-11.  Two-level Mesh Method using Quad 4 element with various element size. 

A) 2, B) 1, C) 0.5, D) 0.3, E) 0.17. 
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A   B 

C   D 
 
Figure 4-12.  Two-level Mesh Method using B-spline 9 element with various element 

size. A) 2, B) 1, C) 0.5, D) 0.3 

4.4 Smoothing Results 

In this section, non-smooth or wavy boundary problem is discussed. Non-smooth 

boundaries are not desirable and are difficult to manufacture. Interpolation scheme 

significantly influences the smoothness of boundary. Several methods for generating 

smooth boundary have been illustrated in this section.  

4.4.1 B-spline Element with Two-level Mesh Method 

Several element types are analyzed here with similar node numbers to 

demonstrate smoothness of boundary. Cantilever beam design (Figure 4-7) is analyzed 

here with Quad 4, Quad 9, B-spline 9, B-spline 16 element using SIMP Method alone. 

Results are demonstrated in Figure 4-13.  
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A   B 

C   D 
 
Figure 4-13.  Topology optimization using SIMP Method with various element types. 

Element number is 60*37. A) Quad 4, B) Quad 9, C) B-spline 9 and D) B-
spline 16. 

 

Using high order elements for topology optimization (e.g. B-spline element) could 

generate results with smooth boundaries and prevent most checkerboard situations. But 

computation time increases dramatically while using high order elements. In Table 4-1, 

cantilever beam is chosen as numerical example, all element numbers are fixed to be 

40*25, computation time for each iteration before and after using Two-level Mesh are 

compared. Refine factor n means shrink element size to 1/n. Two-level Mesh Method 

could improve computation time efficiently. Computation time varies from computer by 

computer and the weight of FEA analysis in the whole computation process, 

computation time adapted here is the average value of random selected 5 iterations and 

one digit accuracy could be guaranteed.  
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Table 4-1. Influence of Two-level Mesh on Computation Time (unit: millisecond)  

Element type  One-level Mesh 
Two-level Mesh 
(refine 1) 

Two-level 
Mesh (refine 2) 

Two-level 
Mesh (refine 3) 

Quad 4 1180 1200 3385 7800 
Quad 9 8800 5200 6400 16085 
B-spline 9 7800 3480 7092 16387 
B-spline 16 38700 4300 9487 25028 

 

IBTO could generate relatively smooth results comparing with traditional topology 

optimization algorithm (element-wise boundary) even using sparse mesh. High order 

interpolation functions alone would generate high quality results. 

Using Two-level Mesh method could improve the computation time especially for 

high order elements such as B-spline elements.  

4.4.2 Gradient 𝝓 Smoothing Method 

The effect of Gradient ϕ Smoothing Method could not be defined quantitatively. 

In general while weight factor α is smaller, less gray region and rough boundary are 

obtained. In Figure 4-14, α  increases gradually. Sparse mesh (40*25) is used here to 

amplify the non-smoothness of boundary (while using dense mesh, element size is too 

small comparing with structure size and waviness of the boundary seems less 

significant).  

The results seem smooth and clear while α = 0.2~0.3. 
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A   B 

C   D 

E   F 
 

Figure 4-14. Topology optimization using SIMP Method and Gradient ϕ Smoothing 
Method with various weight factor α . A) Element boundary, B) 0, C) 0.1, D) 
0.2, E) 0.3, F) 0.4 

 

4.5 Accurate Boundary 

Gray region problem is mainly discussed in this section. Gray region could blur 

the boundary. Ideally, optimum result should be black/white, intermediate density of 

gray region would influence the accuracy of optimum results. In IBTO, boundary is 

implicitly defined at ϕ = 0.5, hence it’s convenient to identify the structure boundary. 

Gray region mainly appear after Filter Method and Gradient ϕ Smoothing Method.  
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Projection Method is implemented after Filter Method. Considering Projection 

Method is implemented at Gaussian points, mass constraint is no longer a linear 

combination of nodal design variables and Moving Barrier Method couldn’t work well 

here for compliance oriented problems and compliant mechanism design. In this 

section, Exponent Projection and Tan Projection were tested for stress-constrained 

problem. In Figure 4-15, Exponent Projection had been tested for L-shaped structure 

from Figure 4-4. Element number was 75*75 (element size 0.004), Quad 4 element, 

filter radius was 0.012. 

A   B 

C  
 
Figure 4-15. Stress constrained topology optimization using Exponent Projection. A) 

𝛽 = 3, B) 𝛽 = 10, C) 𝛽 = 20 

 
Exponent Projection seems not working for IBTO. This may be because that for 

IBTO, boundary is defined implicitly at 𝜙 = 0.5 rather than 𝜙 = 1. 
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A   B 

C   D 

E   F 

G   H 
 
Figure 4-16. Stress constrained topology optimization using Tan Projection. A)=0 , B) 

=30 , C) =100 , D) =300 , E) =500 , F) =1000 , G) =2000 , H) 

=3000 . 
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In Figure 4-16, Tan Projection was tested with the same stress-constrained 

problem.  

Gray region was eliminated, namely, boundary became more accurate. But the 

optimum results became not unique. For Tan Projection, while   is small, the penalty 

function isn’t close enough to 0/1, while  is too large, the optimizer would be unstable. 

And according to the experiments, =1000~2000 are appropriate values.  

In Figure 4-17, same stress-constrained problem was analyzed,   is fixed to be 

1000 and while refining element size, the boundary became smoother and mesh 

independent. 

A   B 
Figure 4-17. Stress constrained topology optimization using Tan Projection and

=1000 . A) Element number 75*75, B) Element number 120*120 

One important issue had been noticed, the boundary narrowed down and 

became rugged after projection. In Figure 4-18. Effect of Filter Method and Projection 

Method had been compared. 
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A   B 

C   
 
Figure 4-18. Stress constrained topology optimization. A) Without projection, B) Using 

Tan Projection, =1000 , plotting filtered density  , C) Using Tan Projection,

=1000 ,plotting projected density  , 

The computation process of Figure 4-18(B) and (C) are the same, and the only 

difference of these two pictures is plotting scheme. For Tan Projection, the boundary 

should be the same while plotting   and  . But it's not here as we observed. So the 

plotting schemes of IBFEM software could be modified to plot the right boundary.  

 

4.6 Application of Implicit Boundary Topology Optimization 

In section 4.5, all numerical examples are compliance oriented. IBTO could 

generate acceptable results with sparse mesh and the results generated from IBTO are 

similar with those from traditional topology optimization algorithm. Gradient 
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ϕ Smoothing Method and Filter Method turns out to be effective using IBTO. Several 

topology designs has been performed in this section. 

4.6.1 Compliance-oriented Topology Optimization 

Example 1 

Feasible region of a knee structure is illustrated in Figure 4-19, length is 30 m, 

height is 6 m, Young’s modulus is 1.0 MPa, Poisson’s ratio is 0.25, top edge is fixed, 

200 N downward point load is applied at the middle of right edge. SIMP penalty is 4, 

mass constraint is 0.7. MB Method constant is 3. Element type is 2D Quad 4. Element 

number is 80*80 (element size 0.375). Filter radius is 0.7. 

A   B 
 
Figure 4-19. Topology optimization of knee structure. A) Feasible region, B) optimum 

topology 

 

Example 2 

Feasible region of a bridge structure is illustrated in Figure 4-20, length is 300 m, 

height is 100 m, young’s modulus is 1 MPa, Poisson’s ratio is 0.25, left corner is fixed, 

100 N downward point load is applied at quarter spots of the bottom edge. SIMP penalty 
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is 4, mass constraint is 0.7. MB Method constant is 3.Element type is 2D Quad 4. 

Element number is 120*40 (element size 0.375). Filter radius is 5. 

A   B 
 
Figure 4-20. Topology optimization of bridge structure. A) Feasible region, B) optimum 

topology 

 

Example 3 

Cantilever beam region is illustrated in Figure 4-21, length is 40 m, height is 25 

m, Young’s modulus is 1 MPa, Poisson’s ratio is 0.25, left edge is fixed, 1 N point load 

is applied at the middle of right edge. SIMP penalty is 3, MB Method constant is 3. Mass 

constraint is 0.5. Element type is 2D Quad 4. Filter radius is fixed to be 2 m. 

A   B 
Figure 4-21. Topology optimization of cantilever beam. A) Feasible region, B) optimum 

topology 

 

Example 4 

Feasible region for MBB beam is illustrated in Figure 4-22, length is 120 m, 

height is 20 m, young’s modulus is 1 MPa, Poisson’s ration is 0.25, left corner is fixed, 
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right corner is only free in x direction. 1 N point load is applied at the middle of upper 

edge. SIMP penalty is 4, MB Method constant is 3. Mass constraint is 0.5. Element type 

is 2D Quad 4. Element number is 120*20 (element size is 1). Filter radius is fixed to be 

2 m. 

A   B 
 
Figure 4-22. Topology optimization of MBB beam. A) Feasible region, B) optimum 

topology 

 

4.6.2 Topology Optimization of Compliant Mechanism 

Example 5 

Push gripper is a benchmark problem of compliant mechanism design. Figure 4-

23 shows the feasible region of compliant mechanism. In this problem, the goal is to 

make the points A and B move towards each other to grip a work-piece when a pushing 

force is applied on the left edge. The compliant mechanism is supported at the two 

corners on the left edge of the feasible domain and the actuating force applied at the 

middle of the edge. Magnitude of the force is 150000 N. Two opposite loads of 

magnitude 5000 N are applied at the points A and B.  
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A   B 
 
Figure 4-23. Topology optimization of gripper. A) Feasible region, B) optimum topology 

 

Young’s modulus of the material equals to 630 10 psi and the Poisson’s ratio is 

0.3. SIMP penalty is 4. Mass constraint is 0.7. Element number is 60*60 (element size is 

0.002). Filter radius is 0.004. 

Example 6 

The feasible domain of inverter problem is shown in Figure 4-24. Here the 

desired motion is that the displacement at the output point should be opposite to the 

displacement at the input point. The mechanism is supported at the two left corners of 

the feasible domain. Input force has a magnitude of 150000 N and is applied at the 

middle of the left edge. The size of the design domain is
51.0 10 . A displacement of 

magnitude 
61.0 10  (in the negative x-direction) is specified as the desired output 

displacement and a displacement of magnitude 
51.0 10  is specified at the input port 

where the input forces are applied. The material of the domain is assumed to be steel 

with modulus of elasticity equal to 30e6 psi and the Poisson’s ratio of 0.3. Mass 

A 

B 



73 
  

constraint is 0.8. SIMP penalty is 4. Element number is 80*80 (element size is 0.125). 

Filter radius is 0.125.  

A   B 
 
Figure 4-24. Topology optimization of inverter. A) Feasible region, B) optimum topology 

 

4.6.3 Stress-constrained Minimizing Weight Topology Optimization 

Example 7 

A rectangular domain with dimension 0.2m*0.6m is defined as feasible region. 

Left edge is fixed and a shear force of magnitude 1000 KN is applied on right edge. The 

modulus of elasticity is 200 GPa, Possion’s ratio is 0.3. Allowable stress is 100 Mpa. 

Element number is 30*90 (element size is 0.67). Filter radius is 0.7. Feasible domain 

and topology result are shown in Figure 4-25. 
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A   B 
 
Figure 4-25. Topology optimization under shear load in rectangular domain. A) Feasible 

region, B) optimum topology 

 

Example 8 

Knee structure is analyzed here. Top edge is fixed and a shear load of 1000 KN 

is applied on the right edge. Young’s modulus is 200GPa, Poisson’s ratio is 0.3. 

Allowable stress is 200 MPa. Element number is 75*75 (element size is 0.004). Filter 

radius is 0.008. Feasible domain and optimum topology are demonstrated in Figure 4-

26. 
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A   B 
 
Figure 4-26. Topology optimization under shear load in L-shaped domain. A) Feasible 

region, B) optimum topology 
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CHAPTER 5 
CONCLUSIONS 

5.1 Summary 

In this thesis, density-based topology optimization algorithm was studied 

systematically. Fundamental concepts of topology optimization and details of density 

based topology optimization algorithm were introduced first followed by a discussion of 

previous work related to topology optimization using nodal design variables. Several 

methods, including RAMP Method, Filter Method and Projection Method, which are 

effective using element-wise design variables has been modified and implemented 

using nodal design variables. A Two-level Mesh Method has been studied and shown to 

be effective way to attain mesh independence and also to significantly reduce the 

computational cost. All the derivations and implementation procedure were illustrated. 

These numerical methods were experimented for compliance minimization 

problem first. RAMP Method was implemented and compared with SIMP Method for 

convexity. It is noted that the quality of results improve while just increasing penalty 

factor of RAMP Method. SIMP Method could obtain local optima and continuation 

method maybe required for obtaining global optima.  

Two-level Mesh Method was initially developed for controlling length scale of 

optimum structures. It was found to be not very reliable in controlling length scale 

considering the minimum length scale couldn’t be controlled quantitatively. Two-level 

Mesh Method was later tested for improving the efficiency of calculation while 

performing FEA analysis using quad 4 element and plotting using various elements. 

Two-level Mesh Method could improve computation time while obtaining high quality 

results. Also Two-level Mesh Method could realize mesh independence.   
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Filter Method, as one of the most popular numerical method for density based 

topology optimization algorithm, was modified for nodal design variables. Considering 

the experimental platform is structural grid based FEA software, the identification of the 

nodes inside a filter is more efficient. Filter Method was later tested for improving mesh 

dependence, solving checkerboard problem and improve manufacturability.  

Projection Method aimed at reducing gray region and obtaining accurate 

boundary. Projection was performed at Gaussian points which could generate more 

accurate boundary theoretically. This process requires additional segmentation of 

boundary elements. Tan projection function was introduced and compared with 

exponent projection function. Topology optimization using tan projection could reduce 

gray region and generate accurate boundary.  

After the implementation, Gradient ϕ  Smoothing Method was also compared 

with above methods. Filter Method and Projection Method were extended to compliant 

mechanism design and stress constrained weight minimization problems.  

The term ‘Implicit Boundary Topology Optimization’ is introduced in this thesis to 

describe an approach that has three characteristics: Design variables are nodal density 

values, boundary is implicitly defined at ϕ = 0.5,  structural properties are accurately 

computed using this boundary.  

5.2 Scope of Future Work 

Linear optimizer MB Method was adopted in this thesis considering its efficient 

for structural optimization problems. But linear optimizer limited the performance of 

Projection Method. Non-linear optimizer such as MMA may be implemented in the 

future. 
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Projection aims at reducing gray region for Filter Method which could also be 

implemented with Gradient ϕ Smoothing Method. 

The basic frame of IBTO has been established and IBTO has been proved to be 

effective for several popular topology optimization algorithms. Several most challenging 

topics could be attempted using IBTO: Multidisciplinary and multiphysics applications, 

fatigue constrained topology optimization, robust and reliability based topology 

optimization, topology optimization combining size and shape optimization, advanced 

manufacturability. 
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