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The vertex separator problem on a graph G is to find the smallest set of vertices

whose removal breaks the graph into two disconnected subsets of roughly equal size.

In this dissertation, we show how the vertex separator problem may be formulated as

a continuous quadratic program in which the objective function is concave along the

edges of the feasible set. The continuous formulation is compared to an edge-concave

quadratic programming formulation of the edge separator problem for a graph, due

to William Hager and Yaroslav Krylyuk. One remarkable property of edge-concave

quadratic programs, which we establish, is that local optimality of any feasible point

can be checked in polynomial time. The associated optimality conditions are derived by

computing edge reductions of the standard first and second order optimality conditions

for polyhedra. In the final chapter, these ideas are incorporated into a new multilevel

algorithm for solving the vertex separator problem in which the continuous formulation is

used as a local refinement tool. Computational results are presented.
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CHAPTER 1
INTRODUCTION

1.1 Optimization

Mathematical optimization is the study of problems of the form

min f(xxx) subject to xxx ∈ Ω, (1–1)

where Ω ⊂ Rn is called the feasible set and f : Ω→ R is a real-valued function called the

objective function. The goal of problem (1–1) is to find a point xxx ∈ Ω for which the value

f(xxx) is minimum. (Since maximizing f is equivalent to minimizing −f, we restrict our

attention to the minimization case.) Optimization problems arise frequently in operations

research, computer science, finance, statistics, and engineering [4, 24, 29, 45, 63].

If Ω = Rn, then (1–1) is an unconstrained optimization problem. If Ω ⊂6= Rn,

then (1–1) is a constrained optimization problem. A point xxx ∈ Rn is feasible in (1–1) if

xxx ∈ Ω. A feasible point xxx is a global solution if for every yyy ∈ Ω we have f(xxx) ≤ f(yyy). A

neighborhood of xxx is a set of the form

Bε(xxx) = {yyy ∈ Rn : ||xxx− yyy|| < ε}

for some ε > 0. (Here, || · || denotes the Euclidean norm.) A limit point of Ω is a point

xxx ∈ Ω such that in every neighborhood Bε(xxx) there exists some yyy ∈ Bε(xxx) ∩ Ω such that

yyy 6= xxx. A limit point xxx is a local solution (or equivalently, a local minimizer ) to (1–1) if

there exists a neighborhood Bε(xxx) such that for every yyy ∈ Bε(xxx) ∩ Ω we have f(xxx) ≤ f(yyy).

If f(xxx) < f(yyy) for every yyy ∈ Bε(xxx) ∩ Ω, then xxx is a strict local solution (a strict local

minimizer).

Definition 1.1. A set Ω ⊂ Rn is convex if for every xxx,yyy ∈ Ω and for every t ∈ [0, 1] we

have that txxx + (1− t)yyy ∈ Ω. If Ω is a convex set and f : Ω → R is a function, then we say

that f is convex if for every xxx,yyy ∈ Ω we have

f(txxx + (1− t)yyy) ≤ tf(xxx) + (1− t)f(yyy)

8



for every t ∈ [0, 1]. A function f is concave if −f is convex.

In general, an optimization problem may have many more local solutions than global

solutions. However, in the special case where f and Ω are convex, every local solution is

a global solution (see [8], Section 4.2.2):

Theorem 1.1. Let Ω ⊂ Rn be a convex set and let f : Ω → R be a convex function. Then

every local solution to (1–1) is a global solution.

1.1.1 Continuous Optimization

We call the optimization problem (1–1) continuous if f(x) is continuous and every

feasible point is a limit point of Ω. The following results are well known (see [51]).

Theorem 1.2. Let Ω = Rn, f : Rn → R, and xxx∗ ∈ Rn.

(A) If f is continuously differentiable in some neighborhood of xxx and xxx∗ is a local
solution to (1–1), then

∇f(xxx∗) = 000. (1–2)

(B) If ∇2f(xxx) is continuous in a neighborhood of xxx, and xxx∗ is a local solution to
(1–1), then (1–2) holds and the matrix ∇2f(xxx∗) is positive semidefinite.

Theorem 1.3. Let Ω = Rn, f : Rn → R, and let xxx∗ ∈ Rn. Suppose that ∇2f(xxx) is

continuous in some neighborhood of xxx∗. If ∇f(xxx∗) = 0 and ∇2f(xxx∗) is positive definite,

then xxx∗ is a strict local solution to (1–1).

Theorem 1.4. Let f : Rn → R be differentiable and convex. Then a point xxx∗ is a global

solution to (1–1) if and only if (1–2) holds.

The local optimality conditions of Theorems 1.2 and 1.3 may be generalized to

constrained optimization problems under certain assumptions on the algebraic and

geometric structure of the feasible set. Below we will derive the conditions in the special

case where Ω is a polyhedron and f is smooth. For a derivation of optimality conditions

for general constrained optimization problems, we refer the reader to [51].

Let P denote the polyhedron

P = {xxx ∈ Rn : AxAxAx ≤ bbb} (1–3)
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for some m× n matrix AAA ∈ Rm×n and some vector b ∈ Rm, and consider the optimization

problem

min f(x) subject to xxx ∈ P , (1–4)

where f is a continuously differentiable function defined over some open set containing

P. Henceforth, we assume that P 6= ∅ and that (1–4) has an optimal solution.

Given any xxx∗ ∈ P, the set of active constraints at xxx∗ is defined by

A(xxx∗) = {i ∈ [1,m] : AAAixxx
∗ = bi},

where AAAi denotes the i-th row of AAA. The cone F(xxx∗) of first-order feasible directions at xxx∗

is the set

F(xxx∗) = {ddd ∈ Rn : AAAiddd ≤ 0 for all i ∈ A(xxx∗)}. (1–5)

Observe that for each ddd ∈ F(xxx∗), we have xxx∗ + αddd ∈ P for α ≥ 0 sufficiently small.

Hence, if xxx∗ is a local minimizer, then

(f(xxx∗ + αddd)− f(xxx∗))/α ≥ 0

when α > 0 is sufficiently small. By taking the limit as α tends to zero from the right we

obtain the following first-order necessary optimality condition [3, p. 94]:

Theorem 1.5. If f is continuously differentiable and xxx∗ ∈ P is a local minimizer of (1–4),

then

∇f(xxx∗)ddd ≥ 0 for every ddd ∈ F(xxx∗). (1–6)

The first-order necessary condition (1–6) is equivalent to the well-known Karush

Kuhn Tucker conditions: There exists λ ∈ Rn such that

λ ≥ 000, bbb−AxAxAx∗ ≥ 000, λT(bbb−AxAxAx∗) = 0, and ∇f(xxx∗) + λTAAA = 000. (1–7)

References for the KKT conditions include [3, 28, 46, 51].
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Now suppose that f is twice continuously differentiable and xxx∗ ∈ P satisfies (1–6).

The critical cone C(xxx∗) is the set defined by

C(xxx∗) = {ddd ∈ F(xxx∗) : ∇f(xxx∗)ddd = 0}

= {ddd ∈ F(xxx∗) : AAAiddd = 0 for all i for which λi > 0}. (1–8)

Observe that if ddd ∈ C(xxx∗), then ∇f(xxx∗)ddd = 0, xxx∗ + αddd ∈ P for α ≥ 0 sufficiently small, and

we have

f(xxx∗ + αddd) = f(xxx∗) + α∇f(xxx∗)ddd +
1

2
α2dddT∇2f(xxxα)ddd

= f(xxx∗) +
1

2
α2dddT∇2f(xxxα)ddd,

where xxxα lies between xxx∗ and xxx∗ + αddd. It follows that

dddT∇2f(xxxα)ddd =
2(f(xxx∗ + αddd)− f(xxx∗))

α2
. (1–9)

Taking the limit as α tends to zero from the right in (1–9), we obtain the following second

order necessary condition:

Theorem 1.6. If f is twice continuously differentiable and xxx∗ ∈ P is a local minimizer of

(1–4), then xxx∗ satisfies (1–6) in addition to

dddT∇2f(xxx∗)ddd ≥ 0 for every ddd ∈ C(xxx∗), (1–10)

Borwein [7] and Contesse [13] show that when f is quadratic, the conditions (1–6)

and (1–10) are also sufficient for local optimality. For a more general function, a simple

modification to the argument above gives the following second-order sufficient condition

[51, Thm. 12.6]:

Theorem 1.7. Let f be twice continuously differentiable, and let xxx∗ ∈ P. If xxx∗ is a local

minimizer of (1–4), then xxx∗ satisfies (1–6) in addition to

dddT∇2f(xxx∗)ddd > 0 for every ddd ∈ C(xxx∗), ddd 6= 000. (1–11)
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Continuous optimization problems are typically solved using iterative algorithms.

Starting from some intial guess xxx0, each iteration updates xxxk until a point xxx∗ is found

which satisfies (1–2) or the KKT conditions (1–7). In unconstrained optimization, the

updates typically take the form

xxxk+1 = xxxk + αkpk,

where pk is the search direction and αk is the step size. One common way of choosing

pk is to solve a subproblem in which the objective function is modelled by a linear or

quadratic function which is optimized over a sphere {ppp ∈ R : ||ppp||2 ≤ r} for some

radius r > 0. When f is modelled by a first-order Taylor series, we obtain the search

direction pppk = −∇f(xxxk) known as the steepest descent direction. If xxxk is sufficiently

close to the solution and ∇2f(xxxk) is positive definite, then minimizing a second-order

Taylor series approximation to f yields the search direction pk = −∇2f(xxxk)−1∇f(xxxk)

known as the Newton direction. In conjugate gradient methods, the steepest descent

direction is modified in order to make successive search directions conjugate, ensuring

a faster rate of convergence. In Quasi-Newton methods, pk takes the form −B−1
k ∇f(xxxk)

where Bk approximates the the hessian ∇2f(xxxk). The step length αk in these schemes is

often chosen to satisfy curvature and “sufficient decrease” conditions which guarantee

convergence of the iteration (see, for instance, the Wolfe Conditions or the Goldstein

Conditions in [51]).

Algorithms for solving constrained optimization problems include active set

methods, interior point methods, penalty and augmented lagrangian methods, and

sequential quadratic programming methods. In active set methods, the search direction

is obtained by solving a subproblem in which a subcollection of the active constraints

at the current iterate are held at equality and the remaining constraints are ignored.

Primal-dual interior point methods compute pk by applying Newton’s Method to a

perturbed version of the KKT conditions, where αk is typically chosen so that successive

iterates lie in the interior of the feasible set. In penalty and augmented lagrangian

12



methods, each successive iterate is the solution to an unconstrained subproblem

in which the constraints have been moved into the objective function in the form of

a penalty term. A penalty paramater is gradually increased until the solution to the

subproblem converges to the solution to the original problem. Finally, sequential

quadratic programming methods are based on solving a series of constrained quadratic

programs which approximate the orginal problem with increasingly greater accuracy.

1.1.2 Discrete Optimization

We call the optimization problem (1–1) discrete if Ω contains no limit points. Below

we give an example of a discrete optimization problem called the 0 − 1 knapsack

problem:

min cccTxxx subject to ` ≤ aaaTxxx ≤ u and xxx ∈ {0, 1}n. (1–12)

Here, ccc,aaa ∈ Rn and `, u ∈ R. Problem (1–12) arises in resource allocation when we wish

to allocate n resources in order to minimize a cost function cccTxxx. The constraint on aaaTxxx is

known as the knapsack constraint, and enforces the condition that the total amount of

resources allocated lies between ` and u.

In Chapter 3, we will study a discrete optimization problem known as the vertex

separator problem on a graph. The problem is to partition the vertices of a network into

three sets A, B, and S, such that there are no edges between A and B, and the number

of vertices in S is a small as possible. In [1], Souza and Balas studied a linear integer

programming formulation of the vertex separator problem:

max
xxx,yyy∈Bn

cccT(xxx + yyy) (1–13)

subject to xxx + yyy ≤ 111, xi + yj ≤ 1 for every (i, j) ∈ E

`a ≤ 111Txxx ≤ ua, `b ≤ 111Tyyy ≤ ub.

Here Bn = {0, 1}n is the collection of binary vectors with n components, E is the set of

edges of the network, ci is the weight of vertex i, 111 is the vector whose entries are all 1,
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and xxx and yyy are the incidence vectors for A and B respectively; that is, xi = 1 if i ∈ A and

xi = 0 otherwise.

Since the feasible sets of discrete optimization problems do not contain limit points,

the notion of a local solution which we defined earlier does not apply. Instead, local

solutions are typically defined on an ad hoc basis. For example, a local solution to

(1–12) may be defined as any feasible point xxx such that f(xxx) ≤ f(yyy) for every feasible

point yyy ∈ Ω ∩N (xxx), where N (xxx) is the neighborhood of xxx defined by

N (xxx) = {yyy ∈ {0, 1}n : ` ≤ aaaTyyy ≤ u and ∃ j such that yi = xi ∀ i 6= j}. (1–14)

With this definition of neighborhood, checking local optimality in problem (1–12) is a

fairly easy task, requiring at most n comparisons. However, it is often very difficult to

find global solutions to discrete optimization problems, since the tools of calculus are

essentially inapplicable and offer almost no guidance on finding good local solutions.

Techniques for solving discrete optimization problems include branch and bound/cut

algorithms, dynamic programming, tabu search, continuous relaxations, and heuristics

such as simulated annealing and ant colonies [67].

1.2 Equivalences Between Discrete and Continuous Optimization Problems

One approach to solving a discrete optimization problem with integrality constraints,

such as (1–12) or (1–13), is to solve a continuous relaxation. A continuous relaxation is

a continuous optimization problem obtained by ignoring the integrality constraints and

extending the objective function to a larger set Ω such that every point xxx ∈ Ω is a limit

point. For example, the following program is a continuous relaxation of (1–12) obtained

by ignoring the integrality constraint on xxx, allowing each xi to range freely between 0 and

1:

minxxx∈Rn cccTxxx subject to ` ≤ aaaTxxx ≤ u and 000 ≤ xxx ≤ 111. (1–15)
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It is often much easier to solve a continuous relaxation than it is to solve the original

discrete optimization problem. In the case of (1–12), its continuous relaxation (1–15) is

a linear program, and is therefore solvable in polynomial time (see [36, 40]). In contrast,

(1–12) is NP-hard [23]. Once a solution to a continuous relaxation is obtained, one can

typically move to a nearby point which is feasible in the original discrete set. In (1–15),

for example, a discrete point may be found by simply moving components of xxx to their

upper or lower bounds, assuming such moves maintain feasibility.

If one is able to find a global solution to a continuous relaxation, moving to a

nearby discrete point may give a near optimal solution to the original discrete problem

(although this is far from always being the case; see [67], Chapter 2). However, in some

special cases the continuous relaxation has a global solution which is also feasible in

the discrete optimization problem. In this case, the continuous relaxation is in a sense

equivalent to the discrete problem.

The most well known example of this is in linear programming. In the late 1940s, it

was observed by Dantzig and Kantorovich that a feasible and bounded linear program

which has at least one extreme point in its feasible set has an extreme point solution.

This result is sometimes known as the Fundamental Theorem of Linear Programming.

Hence, the problem of minimizing a linear function over the extreme points of a linearly

constrained set is in some sense equivalent to the problem of minimizing the function

over the entire set. In 1999, Tardella generalized this result to the much wider class of

edge-concave optimization problems. In order to state Tardella’s result precisely, we

must review some concepts from the theory of polyhedra.

Let P be the polyhedron defined in (1–3). A face of P is a non-empty set of the form

H = {xxx ∈ P : AAAIxxx = bbbI}

for some I ⊂ {1, 2, ... , m}. The dimension of the face H is one less than the maximum

number of affinely independent points in H and is denoted dim(H). If dim(H) = 0, then
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H is a vertex of P. If dim(H) = 1, then H is an edge of P. If H is an edge and J is the

index set of constraints that are active at more than one point on the edge, then the set

of solutions to AAAJxxx = bbbJ is a line containing the edge, and null(AAAJ ) is the collection

of vectors with the same direction as that of the line. We refer to any nonzero vector

ddd ∈ null(AAAJ ) as an edge direction. Note that if ddd is an edge direction for P, then −ddd is an

edge direction for P. A set D is an edge description of P if for each edge of P, there is a

parallel direction in D.

Definition 1.2. Let P be a polyhedron and let f : P → R be a function. f is edge-concave

over P if at every point xxx ∈ P, f is concave along the directions parallel to the edges of

P; that is, for some edge description D of P, whenever xxx,yyy ∈ P are such that yyy = xxx + tddd

for some ddd ∈ D and some t ∈ R, we have that

f(αxxx + (1− α)yyy) ≥ αf(xxx) + (1− α)f(yyy), (1–16)

for every α ∈ [0, 1].

In the case where f is twice continuously differentiable over an open set containing

P, f is edge-concave if and only if

dddT∇2f(xxx)ddd ≤ 0 for every ddd ∈ D, (1–17)

for some edge description D of P. (We leave the proof of this fact as an exercise for the

reader.)

Consider the following discrete optimization problem:

min f(xxx) subject to xxx ∈ V , (1–18)

where V = {xxx ∈ P : xxx is a vertex of P}. The following theorem follows directly from

Proposition 2.1 and Corollary 3.1.1 of [64]:

Theorem 1.8 (Tardella). Suppose that P has at least one vertex, and let f : P → R

be any function which is bounded from below on P. If f is edge-concave over P, then
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f attains its minimum value at a vertex of P. Hence, in this case problem (1–4) is

equivalent to the discrete optimization problem (1–18).

Note that, since every linear function is edge-concave, the Fundamental Theorem

of Linear Programming follows from Theorem 1.8 as a special case. Theorem 1.8

also generalizes a result by Rosenberg [60] which states that a componentwise linear

function attains its minimium value at a vertex of a hypercube.

1.3 Outline of Dissertation

The outline of this dissertation is as follows.

In Chapter 2, we derive a new first-order necessary condition and a second-order

sufficient condition for a point to be a local minimizer of a function over a polyhedron.

These conditions are derived from the standard optimality conditions via an edge

description of the feasible set. A new sufficient optimality condition is obtained in the

case where the objective is edge-concave, and necessary and sufficient conditions are

obtained in the case where f is edge-concave and quadratic. These conditions are used

to establish polynomial complexity for edge-concave quadratic programs.

In Chapter 3, we will consider a particular discrete optimization problem known

as the vertex separator problem on a graph. We will show how Theorem 1.8 may be

used to transform this problem into a contiuous edge-concave quadratic program. Local

solutions to the continuous program are analyzed using the optimality conditions derived

in Chapter 2.

Chapter 4 develops a multilevel algorithm for the vertex separator problem which

makes use of the continuous techniques developed in Chapters 2 and 3.
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CHAPTER 2
OPTIMALITY CONDITIONS

The standard first and second-order optimality conditions for minimizing a function

over a polyhedron (1–6, 1–10, and 1–11), are stated in terms of the cones F(xxx∗) and

C(xxx∗). Since F(xxx∗) and C(xxx∗) are infinite sets, these conditions are in general difficult to

verify. In fact, as shown in [50, 54], checking local optimality for an indefinite quadratic

programming problem can be NP-hard. In this chapter, we will derive new first-order

necessary optimality conditions and new second-order sufficient conditions which

reduce to examining finite subsets of the cones F(xxx∗) and C(xxx∗) corresponding to an

edge description of the polyhedron P. Necessary second-order conditions are derived

for the case when the objective function is concave in the edge directions. In important

special cases, such as polyhedra that include box constraints, we show that the size of

the edge description is bounded by a polynomial in n. Consequently, local optimality for

a quadratic, edge-concave objective function can be checked in polynomial time.

Edge-directions were introduced in Dantzig’s simplex method [14] for linear

programming in order to move from one basic feasible solution to another. As pointed

out in [53], the use of edge-directions in optimization has been explored more recently

in a number of works including [27, 34, 52, 64]. Edge-directions have been studied in

combinatorial optimization in the context of vertex enumeration problems [27, 52], and

in identifying conditions under which discrete optimization problems are equivalent to

continuous optimization problems [34, 64]. In [64] Tardella showed that if the objective f

in (1–4) is concave along all edge-directions, then problem (1–4) has a vertex minimizer.

A similar result, in which P is replaced by a compact, convex set was obtained by

Hwang and Rothblum [34].

In Section 2.1, we show how to derive edge descriptions of F(xxx∗) and C(xxx∗) from

an edge description of P. These edge descriptions are exploited to obtain a new edge

reduced version of the first-order necessary optimality condition, and the second-order
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sufficient optimality condition. When the objective function is edge-concave, we obtain a

new second-order necessary optimality condition. In Section 2.2 we obtain an estimate

on the number of edges of a polyhedron that includes a box constraint. This estimate

together with the edge reduced necessary and sufficient optimality conditions imply

polynomial complexity for edge-concave box-constrained quadratic programs.

2.1 Edge Reductions of Standard Optimality Conditions

Let P be the polyhedron defined by

P = {xxx ∈ Rn : AxAxAx ≤ bbb}, (2–1)

for some m× n matrix AAA ∈ Rm×n and some vector b ∈ Rm, and consider the optimization

problem

min f(xxx) subject to xxx ∈ P , (2–2)

where f is a continuously differentiable function defined over some open set containing

P. Throughout this chapter, we assume that rank(AAA) = n. As we will see in the proof of

Lemma 2.1, this assumption is used to guarantee that P contains at least one vertex.

Recall from Chapter 1 that a set D is an edge description of P if for each edge of P,

there is a parallel direction in D. Additionally, if −ddd ∈ D when ddd ∈ D, then we say that D

is a reflective edge description of P.

Lemma 2.1. Let P be the polyhedron defined in (2–1) where AAA has full column rank,

and let D be a reflective edge description of P. For any xxx∗ ∈ P and I ⊂ A(xxx∗), the cone

defined by

KI(xxx
∗) = {ddd ∈ F(xxx∗) : AAAIddd = 000}

has the property that

KI(xxx
∗) = span+(KI(xxx

∗) ∩ D). (2–3)
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Proof. First, suppose that xxx∗ is a vertex of P, in which case F(xxx∗) contains no lines.

Since KI(xxx
∗) ⊂ F(xxx∗), KI(xxx

∗) also contains no lines. By a result of Klee [41, Corollary

2.3], there exist vectors ddd1,ddd2, ... ,dddl ∈ KI(xxx
∗) such that for each i, dddi is an edge-direction

of KI(xxx
∗) and

KI(xxx
∗) = span+(ddd

1,ddd2, ... ,dddl). (2–4)

We will now show that each edge direction dddi for KI(xxx
∗) is also an edge direction

of P. Let E be an edge of KI(xxx
∗) associated with the edge direction dddi. Since KI(xxx

∗) is

a face of F(xxx∗), E is also an edge of F(xxx∗). Therefore, xxx∗ + E contains an edge of P.

Hence, dddi is also an edge direction of P. Since D is reflective, it follows that each dddi is a

positive multiple of an element δi ∈ D. Since KI(xxx
∗) is a cone, δi ∈ KI(xxx

∗). Hence, (2–4)

with dddi replaced by δi implies that (2–3) holds in the case that xxx∗ is a vertex of P.

Now suppose that xxx∗ is not a vertex of P. Since KI(xxx
∗) is a convex cone, we have

KI(xxx
∗) = span+(KI(xxx

∗)) ⊃ span+(KI(xxx
∗) ∩ D).

We will show the reverse containment. Let ddd ∈ KI(xxx
∗). Consider the following face of P:

F = {xxx ∈ P : AAAA(xxx∗)xxx = bbbA(xxx∗)}.

Since rank(AAA) = n, there exists a vertex vvv of the polyhedron F. This vertex is found

by making a series of moves in the face; each move is in the null space associated

with the active constraints while maintaining nonorthogonality to at least one of the

rows of AAA associated with an inactive constraint. Each move stops at a point where

a previously inactive constraint becomes active. Since rank(AAA) = n, we eventually

reach a vertex where n constraints are active. For this vertex we have A(vvv) ⊃ A(xxx∗)

and rank(AAAA(vvv)) = n. Since ddd ∈ KI(xxx
∗) ⊂ F(xxx∗), there exists some t > 0 such that

vvv + (xxx∗ − vvv) + tddd ∈ P. This implies that (xxx∗ − vvv) + tddd ∈ F(vvv). Furthermore, AAAIddd = 000 since

ddd ∈ KI(xxx
∗), and AAAI(xxx

∗−vvv) = 000 since I ⊂ A(xxx∗) ⊂ A(vvv). Hence AAAI((xxx
∗−vvv)+ tddd) = 0 and
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therefore (xxx∗ − vvv) + tddd ∈ KI(vvv). Thus,

tddd ∈ (vvv − xxx∗) +KI(vvv). (2–5)

We will show that the right side of (2–5) is contained in span+(KI(xxx
∗) ∩ D).

Since A(vvv) ⊃ A(xxx∗), we have F(vvv) ⊂ F(xxx∗), and therefore KI(vvv) ⊂ KI(xxx
∗). And

since vvv is a vertex of F, it is also a vertex of P. Earlier we showed that (2–3) holds at any

vertex of P. Therefore, replacing xxx∗ by vvv in (2–3), we have

KI(vvv) = span+(KI(vvv) ∩ D) ⊂ span+(KI(xxx
∗) ∩ D). (2–6)

The last inclusion is since A(xxx∗) ⊂ A(vvv) which implies that KI(vvv) ⊂ KI(xxx
∗).

Next we show that

(vvv − xxx∗) ∈ span+(KI(xxx
∗) ∩ D). (2–7)

Since vvv is a vertex of F, the cone FF(vvv) of first-order feasible directions for F at vvv

contains no lines. Since xxx∗ − vvv ∈ FF(vvv), it again follows from the result of Klee [41,

Corollary 2.3] that xxx∗ − vvv is a positive linear combination of edge directions D′ ⊂ D for F.

Since D is reflective, we may choose D′ to be reflective. Hence, we have

vvv − xxx∗ = −(xxx∗ − vvv) ∈ span+(D′). (2–8)

Since any edge-direction of F lies in null(AAAA(xxx∗)) ⊂ KI(xxx
∗), we have D′ = KI(xxx

∗) ∩ D′.

Therefore, by (2–8)

(vvv − xxx∗) ∈ span+(KI(xxx
∗) ∩ D′) ⊂ span+(KI(xxx

∗) ∩ D), (2–9)

which establishes (2–7).

Combining (2–5) with (2–6) and (2–9), we have tddd ∈ span+(KI(xxx
∗) ∩ D). Since

t > 0, this implies

ddd ∈ span+(KI(xxx
∗) ∩ D).

Since ddd was an arbitrary vector in KI(xxx
∗), the proof is complete.
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Corollary 2.1. Let P be the polyhedron defined in (2–1) where AAA has full column rank,

and let D be a reflective edge description of P. For any xxx∗ ∈ P, we have

F(xxx∗) = span+(F(xxx∗) ∩ D). (2–10)

Furthermore, if xxx∗ satisfies the first-order optimality conditions (1–7) for problem (2–2),

then

C(xxx∗) = span+(C(xxx∗) ∩ D). (2–11)

Proof. The identity (2–10) follows immediately from Lemma 2.1 by taking I = ∅. If xxx∗

satisfies (1–7), then define I = {i : λi > 0}. By complementary slackness, I ⊂ A(xxx∗).

And by the definition (1–8) for the critical cone, we have

C(xxx∗) = KI(xxx
∗).

Hence, (2–11) also follows from Lemma 2.1.

The identities (2–10) and (2–11) are related to a conformal circuit decomposition

[34, 59]. Consider the polyhedron Q defined by

Q = {xxx ∈ Rn : BBBxxx = bbb and xxx ≥ 0},

where BBB ∈ Rm×n and bbb ∈ Rm. For any xxx ∈ Q we have

F(xxx) = {ddd ∈ Rn : BBBddd = 000 and dj ≥ 0 whenever xj = 0}.

A circuit of the matrix BBB is a non-zero vector ddd ∈ null(BBB) such that ||ddd||∞ = 1, and supp(ddd)

is inclusion-minimal. That is, if ddd′ ∈ null(BBB) and supp(ddd′) ⊂ supp(ddd), then ddd′ = αddd for

some scalar α. As pointed out in [53], it follows from [59, ex. 10.14, p. 506] that any

non-zero vector ddd ∈ null(BBB) has a conformal circuit decomposition; that is, there exist
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scalars αi > 0 and circuits dddi of BBB such that

ddd =
∑
i

αiddd
i, (2–12)

where for each i we have di
jdj > 0 for all j ∈ supp(dddi). Hence if ddd ∈ F(xxx), then

dddi ∈ F(xxx) for each i. If every circuit of BBB is parallel to an edge of Q, then (2–10)

follows from the decomposition (2–12). A similar argument proves (2–11). However, it

is not true in general that every circuit of BBB is parallel to an edge of Q (see [34]), and

conversely, some edges may not be circuits. Our proof of (2–10) and (2–11) is valid

for any polyhedron P of the form (2–1), as long as the matrix AAA has full column rank.

When the columns of AAA are linearly dependent, Lemma 2.1 may not hold; for example,

consider the case where P is a half-space.

The assumption that AAA has full column rank in Lemma 2.1 is used to ensure the

existence of an extreme point (a vertex) of P . However, Corollary 2.1 is false if the

polyhedron P is replaced by a general convex set containing an extreme point. For

example, consider the unit sphere

X = {(x1, x2) ∈ R2 : x21 + x22 ≤ 1}.

Every point on the boundary of X is an extreme point. However, X contains no extreme

directions. Therefore D = ∅. So (2–10) would imply that F(xxx∗) = ∅ for every xxx∗ ∈ X . This

is clearly false; for instance if xxx∗ = (−1, 0), then F(xxx∗) = {ddd ∈ R2 : d1 ≥ 0}. Thus, Lemma

2.1 and Corollary 2.1 are properties of polyhedra, not general convex sets.

Proposition 2.1. If f : P → R is continuously differentiable, AAA ∈ Rm×n has full column

rank, and D is a reflective edge description of P, then a feasible point xxx∗ ∈ P satisfies

the first-order optimality conditions (1–6) if and only if

∇f(xxx∗)ddd ≥ 0 for every ddd ∈ F(xxx∗) ∩ D. (2–13)
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Proof. Obviously, (1–6) implies (2–13). Conversely, suppose xxx∗ satisfies (2–13) and let

ddd ∈ F(xxx∗). By Corollary 2.1, we have

ddd =
k∑

i=1

αiddd
i,

for some vectors dddi ∈ F(xxx∗) ∩ D and some scalars αi > 0. Thus (2–13) implies

∇f(xxx∗)ddd =
k∑

i=1

αi∇f(xxx∗)dddi ≥ 0,

which yields (1–6).

Since the conditions (1–6), (1–7), and (2–13) are all equivalent, we will refer to

these conditions collectively as the “first-order optimality conditions” for (2–2). Next, we

consider second-order optimality conditions.

Proposition 2.2. Suppose f : P → R is twice continuously differentiable, AAA has full

column rank, D is a reflective edge description of P, and xxx∗ ∈ P satisfies the first-order

optimality conditions.

1. xxx∗ is a local minimizer of (2–2) if

(ddd1)T∇2f(xxx∗)ddd2 > 0 for every ddd1,ddd2 ∈ C(xxx∗) ∩ D. (2–14)

If f is quadratic, then the strict inequality in (2–14) can be replaced by an inequality.

2. If xxx∗ is a local minimizer of (2–2) and

dddT∇2f(xxx∗)ddd ≤ 0 for every ddd ∈ D, (2–15)

then
(ddd1)T∇2f(xxx∗)ddd2 ≥ 0 for every ddd1,ddd2 ∈ C(xxx∗) ∩ D. (2–16)

Proof. Suppose that xxx∗ satisfies the first-order optimality conditions. To prove part 1, we

need only show that (2–14) implies the usual second-order sufficient condition (1–11).

By Corollary 2.1, for any ddd ∈ C(xxx∗) we have

ddd =
k∑

i=1

αiddd
i,
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for some vectors dddi ∈ C(xxx∗) ∩ D and some scalars αi > 0. Therefore

dddT∇2f(xxx)ddd =

( k∑
i=1

αiddd
i

)T

∇2f(xxx)

( k∑
i=1

αiddd
i

)
=

k∑
i,j=1

αiαjddd
i∇2f(xxx)dddj > 0,

if (2–14) holds. Consequently, (1–11) holds and xxx∗ is a local maximizer.

If f is quadratic and the strict inequality (2–14) is replaced by an inequality, then the

same argument yields (1–10), which is sufficient for local optimality when f is quadratic

[7, 13]. This completes the proof of part 1.

Next, we consider part 2. The second-order necessary condition (1–10) states that

dddT∇2f(xxx∗)ddd ≥ 0 for every ddd ∈ C(xxx∗). (2–17)

If (2–15) holds, then

dddT∇2f(xxx∗)ddd = 0 for every ddd ∈ C(xxx∗) ∩ D. (2–18)

Since C(xxx∗) is a convex cone, it follows that for any ddd1,ddd2 ∈ C(xxx∗) ∩ D, we have

ddd1 +ddd2 ∈ C(xxx∗). Therefore, (2–17) and (2–18) imply

0 ≤
(
ddd1 +ddd2)T∇2f(xxx∗)

(
ddd1 +ddd2

)
= 2(ddd1)T∇2f(xxx∗)ddd2,

which yields (2–16).

The following corollary is an immediate consequence of Proposition 2.2.

Corollary 2.2. Let P be the polyhedron defined in (2–1) where AAA has full column rank,

and let D be a reflective edge description of P. If f is quadratic and (2–15) holds, then

xxx∗ is a local minimizer of (2–2) if and only if (2–13) (the first-order condition) and (2–16)

(the second-order condition) hold.

Remark. We now observe that if f is quadratic, (2–15) holds, and xxx∗ satisfies the

first-order optimality condition (2–13), then when any of the conditions (2–16) are

violated, there is a easily computed descent direction. In particular, if QQQ = ∇2f then by a
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Taylor expansion, we have

f(xxx∗ + αddd) = f(xxx∗) +
1

2
α2dddTQdQdQd (2–19)

for any ddd ∈ C(xxx∗) and α > 0, since ∇f(xxx∗)ddd = 0 by (1–8). If dddTQdQdQd < 0 for some

ddd ∈ C(xxx∗)∩D, then ddd is a descent direction. Otherwise, dddTQdQdQd ≥ 0 for every ddd ∈ C(xxx∗)∩D.

So by (2–15), dddTQdQdQd = 0 for every ddd ∈ C(xxx∗) ∩ D. If (ddd1)TQQQddd2 < 0 for some ddd1 and

ddd2 ∈ C(xxx∗) ∩ D, then (dddi)TQQQdddi = 0 for i = 1, 2. Since ddd1 +ddd2 ∈ C(xxx∗), it follows from (2–19)

that

f(xxx∗ + α(ddd1 +ddd2)) = f(xxx∗) + α2(ddd1)TQdQdQd2 < f(xxx∗)

for any α > 0. This shows that ddd = ddd1 +ddd2 ∈ C(xxx∗) is a descent direction.

2.2 Complexity of Edge-Concave Quadratic Programs

We define a minimal edge description of P to be an edge description which does

not properly contain any other edge description. Under the assumptions of Corollary 2.2,

the computational complexity of checking whether a given point is a local maximizer is

proportional to the size of a minimal edge description squared. Suppose the number of

columns of AAA is held fixed, but the number of rows of AAA is allowed to vary. A trivial upper

bound on the size of a minimal edge description is
(

m
n−1

)
. Since this is a polynomial in m

when n is fixed, it follows that local optimality can be checked in polynomial in m time.

If m is fixed and n is allowed to vary, then we cannot apply Corollary 2.2 since the

columns of AAA are linearly dependent when n > m. On the other hand, we can apply

Corollary 2.2 when the polyhedron includes a box constraint:

PB = {xxx ∈ Rn : AxAxAx ≤ bbb and ` ≤ xxx ≤ uuu}. (2–20)

Here AAA ∈ Rm×n is any matrix, ` ∈ Rn, and uuu ∈ Rn. Due to the box constraint, the

constraint matrix associated with the polyhedron has full column rank. Hence, we
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consider the optimization problem

max f(xxx) subject to xxx ∈ PB. (2–21)

We now show that for the box constrained polyhedron where m is fixed and n is allowed

to increase, the size of a minimal edge description is bounded by a polynomial in n.

Corollary 2.3. If m is held fixed, f : Rn → R is quadratic, and for some edge description

D of PB, we have

dddT(∇2f)ddd ≤ 0 for every ddd ∈ D,

then local optimality of any feasible point in problem (2–21) can be checked in time that

is bounded by a polynomial in n.

Proof. To prove this result, we obtain a bound on the size of a minimal edge description

for PB. Any edge of PB is contained in the solution set of a linear system of the form

MxMxMx = ccc where MMM ∈ R(n−1)×n has rank n − 1. An edge direction is any nonzero vector

in null(MMM); MMM will be called the edge matrix. Note that multiplying a row of MMM and the

corresponding component of ccc by −1 has no effect on either null(MMM) or the solution set

of MxMxMx = ccc. When building an edge matrix corresponding to some edge of PB, up to m

of the rows of MMM can be taken from rows of AAA while the remaining rows are taken from

the identity matrix; these latter rows correspond to the constraints xi ≥ `i or xi ≤ ui

that are active on the edge. For an edge along which either xi = `i or xi = ui, the

corresponding row of the edge matrix will be the i-th row of the identity matrix. Hence,

when constructing the edge matrix, it does not matter whether xi is at the upper bound

or at the lower bound, all that matters is whether the i-th box constraint is active. For

n > m, an upper bound on the number of edge directions is given by the expression

m∑
i=1

(
n

n− 1− i

)(
m

i

)
. (2–22)
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Here i represents the number of rows of AAA to be inserted into the edge matrix and

n − 1 − i is the number of rows of the identity matrix to be inserted into the edge matrix.

There are
(
m
i

)
different collections of rows of AAA that could be placed in the edge matrix.

And for each selection of the rows in AAA, another n − 1 − i rows are selected from the

identity matrix. There are
(

n
n−1−i

)
different collections of rows from the identity matrix.

Since m is fixed, the expression (2–22) is a polynomial in n.

Note that we could have either `i = −∞ or ui = +∞, but not both, and Corollary

2.3 still holds. The reason is that the colums of the constraint matrix remain linearly

independent when either one of the constraints `i ≤ xi or xi ≤ ui is dropped (but not

both).

In [64] Tardella gives a condition that ensures edge-concavity for a function defined

over a polyhedron PB that includes a box constraint. If f : X → R where X ⊂ Rn is a

convex set, then f is k− concave over X if f(αxxx + (1− α)yyy) ≥ αf(xxx) + (1− α)f(yyy) for every

α ∈ [0, 1] and for every xxx,yyy ∈ X such that xi = yi for at least n − k indices i ∈ [1, n]. The

following result follows from Proposition 2.4 of [64]:

Proposition 2.3 (Tardella). Suppose f : P → R is twice continuously differentiable,

rank(AAA) = k − 1 for some k, and D is an edge description of PB. If f is k − concave over

PB, then

dddT∇2f(xxx∗)ddd ≤ 0 for every ddd ∈ D.

We combine Corollary 2.2, Corollary 2.3, and Proposition 2.3 to obtain the following

result:

Corollary 2.4. Suppose that rank(AAA) = k − 1 for some k, the objective function f is

quadratic, f is k − concave over PB, and D is a reflective edge description of PB. Then

a feasible point xxx∗ of problem (2–21) is locally optimal if and only if (2–13) and (2–16)

hold. Hence, under these assumptions, local optimality in (2–21) can be checked in time

bounded by a polynomial in n.
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CHAPTER 3
THE VERTEX SEPARATOR PROBLEM

3.1 Introduction

Let G be a simple, undirected graph with vertices

V = {1, 2, ... , n},

with edges E ⊂ V × V, and with nonnegative vertex weights c1, c2, ..., cn, not all zero.

(Note that in the present chapter, we use the word vertex to refer to a node in a graph

and edge to refer to a connection between two nodes. While these words were also

defined in Chapter 2 in the context of polyhedra, the intended meaning should always

be clear from context.) Since the graph is undirected, (i, j) ∈ E if and only if (j, i) ∈ E ,

and since the graph is simple, the elements of E are distinct and (i, i) 6∈ E for any i ∈ V.

A vertex separator of G is a set of vertices S whose removal breaks the graph into

two disconnected sets of vertices A and B. That is, (A × B) ∩ E is empty. The Vertex

Separator Problem (VSP) is to minimize the sum of the weights of vertices in S while

requiring that A and B satisfy size constraints:

min
A,B⊂V

∑
i∈S

ci (3–1)

subject to S = V \ (A ∪ B), A ∩ B = ∅, (A× B) ∩ E = ∅,

`a ≤ |A| ≤ ua, `b ≤ |B| ≤ ub.

Here |A| denotes the number of elements in the set A, and `a, ua, `b, and ub are given

integer parameters that describe the flexibility in the size of the sets A and B. These

parameters should be such that 0 ≤ `a ≤ ua ≤ n ≥ ub ≥ `b ≥ 0. We assume

that (3–1) is feasible. If `a, `b ≥ 1, then this implies G is not complete; that is, for

some i 6= j ∈ V, we have (i, j) /∈ E . Vertex separators have applications to VLSI

chip design [39, 42, 66], to finite element methods [47], to parallel processing [19], to
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the computation of fill-reducing orderings for sparse matrix factorizations [25], and to

network security.

The difficulty of solving the VSP and the size of the optimal solution are strongly tied

to the structure of the graph. For instance, every tree has an optimal vertex separator

consisting of exactly one vertex. For planar graphs, Lipton and Tarjan showed that a

separator of size O(
√
n) can be found in linear time [43]. However, for general graphs

(and even planar graphs) the VSP is NP-hard [9, 22]. Hence, heuristic algorithms have

been developed for obtaining approximate solutions; for example, see [18–20, 38].

In [1, 11, 16], the authors studied the following exact integer programming

formulation of the VSP:

max
xxx,yyy∈Bn

cccT(xxx + yyy) (3–2)

subject to xxx + yyy ≤ 111, xi + yj ≤ 1 for every (i, j) ∈ E

`a ≤ 111Txxx ≤ ua, `b ≤ 111Tyyy ≤ ub.

Here Bn = {0, 1}n is the collection of binary vectors with n components, ci is the weight

of vertex i, 111 is the vector whose entries are all 1, and xxx and yyy are the incidence vectors

for A and B respectively; that is, xi = 1 if i ∈ A and xi = 0 otherwise. Therefore,

minimizing the weight of the separator is equivalent to maximizing the weight cccT(xxx + yyy)

of the vertices outside the separator. The inequality xxx + yyy ≤ 111 is the partition constraint,

which ensures that A and B are disjoint. The condition xi + yj ≤ 1 when (i, j) ∈ E is the

separation constraint, which ensures that (A×B)∩E = ∅. Finally, the balance constraints

`a ≤ 111Txxx ≤ ua and `b ≤ 111Tyyy ≤ ub restrict the size of the sets A and B.

In [1] the authors studied the program (3–2) in the case where `a = `b = 1. Valid

inequalities for the integer polytope of (3–2) were obtained and the program was solved

on a variety of small (n ≤ 200) problem instances using a branch and cut algorithm. In

[11] an improved algorithm was presented which made use of Lagrangian relaxation,
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improving the pool of cutting planes and providing better primal bounds for the nodes in

the search tree.

In the current paper, we develop conditions under which the VSP is equivalent to

the following continuous bilinear quadratic program for some choice of the parameter

γ > 0:

min
xxx,yyy∈Rn

−cccT(xxx + yyy) + γxxxT(AAA + III)yyy (3–3)

subject to 000 ≤ xxx ≤ 111, 000 ≤ yyy ≤ 111, `a ≤ 111Txxx ≤ ua, and `b ≤ 111Tyyy ≤ ub,

where AAA is the adjacency matrix for the graph G; that is, aij = 1 if (i, j) ∈ E and aij = 0

otherwise. We will show that the term γxxxT(AAA + III)yyy in the objective function amounts to a

penalty term for enforcing the separation constraint that there are no edges connecting

A and B.

We show that (3–3) is equivalent to the VSP if the following conditions are satisfied:

(C1) γ ≥ ci for all i.

(C2) The total weight of an optimal vertex separator is less than or equal to(
n∑

i=1

ci

)
− γ(`a + `b). (3–4)

The first condition is satisfied by taking γ = max {ci : 1 ≤ i ≤ n}. In practice, the

second condition is often easily satisfied. In the common case where ci = 1 for all i and

`a = `b = 1, the expression (3–4) reduces to n − 2. Hence, in this case, (C2) is satisfied

as long as (3–1) is feasible, since A and B must each contain at least one vertex.

The equivalence between the VSP and (3–3) is in the following sense: For any

solution of (3–3), there is an associated, easily constructed binary solution. Moreover,

when (C1) and (C2) hold, there exists a binary solution for which the penalty term

vanishes and the separation constraint is satisfied. For such a solution, an optimal
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separator for the VSP is given by

A = {i : xi = 1}, B = {i : yi = 1}, and S = {i : xi = yi = 0}. (3–5)

In some applications such as finite element methods, parallel processing, and

sparse matrix factorizations, it is important to obtain an approximate solution to the VSP

quickly. In this case, we can apply multilevel techniques such as those described in

[32, 38, 61, 62] and standard optimization algorithms such as the gradient projection

algorithm (see [3]) to quickly compute an approximate solution of (3–3). A multilevel

level algorithm is presented in Chapter 4.

In other applications where we need to solve (3–3) exactly, branch and bound

techniques can be applied. For illustration, in [31] the authors develop a branch and

bound algorithm for the closely related edge separator problem. The continuous

formulation of the edge separator problem is the same as (3–3), but with the additional

constraint xxx + yyy = 111. In [31] we show that a branch and bound algorithm applied to the

continuous formulation of the edge separator problem is particularly effective for sparse

graphs.

As noted earlier, our continuous formulation of the VSP is in some sense an

exact penalty method. In most exact penalty methods for solving binary minimization

problems, the penalty function is chosen both to make the objective function concave,

guaranteeing an extreme point solution [2], and to force the extreme solution to be

binary [26, 56]. Our penalty formulation differs in these two crucial aspects. In particular,

if f is the objective function in (3–3):

f(xxx,yyy) = −cccT(xxx + yyy) + γxxxT(AAA + III)yyy,

then the Hessian is

∇2f = γ

 000 BBB

BBB 000

 , BBB = AAA+ III.
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If λi, 1 ≤ i ≤ n, are the eigenvalues of BBB, then ±γλi, 1 ≤ i ≤ n, are the eigenvalues

of the Hessian. Hence, f is neither convex nor concave, and the number of positive

eigenvalues of the Hessian is equal to the number of negative eigenvalues. Nonetheless,

we will show that f is edge-concave over the feasible set in (3–3). Consequently, the

existence of an extreme point minimizer follows from Theorem 1.8. Furthermore, we

show that every extreme point of the constraint polyhedron in (3–3) is binary, and if (C1)

and (C2) hold, then there exists a binary minimizer of (3–3) such that xxxT(AAA + III)yyy = 0.

The idea of exploiting concavity to obtain an extreme point solution to a continuous

minimization problem has a long history. The first result of this type was due to Bauer

[2]: The minimum value of a concave function over a compact, convex set is attained

at an extreme point of the set. (Also see [58, Thm. 32.3] and [33]). In a seminal paper,

Raghavachari [56] applied this result to the following binary linear program:

min
xxx∈Bn

cccTxxx subject to BBBxxx ≤ bbb. (3–6)

Here ccc ∈ Rn is an arbitrary vector, bbb ∈ Rm, and BBB ∈ Rm×n. Observe that the binary

constraint xxx ∈ Bn is equivalent to the quadratic constraint xxxT(111 − xxx) = 0, where 111 ∈ Rn

is the vector of all ones. Raghavachari showed that for sufficiently large γ ≥ 0, (3–6) is

equivalent to the following continuous penalized problem:

min
xxx∈Rn

cccTxxx + γxxxT(111− xxx) subject to BBBxxx ≤ bbb, 000 ≤ xxx ≤ 111. (3–7)

Since the penalized objective in (3–7) is concave, Bauer’s theorem guarantees

that (3–7) has an extreme point solution. Furthermore, when γ is sufficiently large,

Raghavachari shows that the penalty term is zero, which implies that the solution is

binary.

Raghavachari’s result was generalized to nonlinear binary programming problems

by Niccolucci and Gianessi [26]. Lower bounds on γ were obtained by Rosen and

Kalantari [35] and by Borchardt [6]. More recently, Zhu [68] found improved lower
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bounds on γ in the case where the objective is quadratic. Alternative choices of the

penalty function were considered by Rinaldi and Lucidi [44, 57].

As noted by Murray and Ng [49], one problem with concave formulations of discrete

minimization problems is the astronomical number of local minimizers that are created

by making the problem concave. When a continuous optimization algorithm is applied to

these programs, the iterates typically converge to a stationary point, and hence any one

of these local minima can trap the iterates. On the other hand, since the penalty function

in (3–3) is non-concave, the number of local minima is reduced. Moreover, by Theorem

2.3, the program (3–3) has the property that local minimality can be determined in

polynomial time, while for a general indefinite quadratic program, determining whether a

stationary point is a local minimizer is NP-hard [50, 54].

Two other optimization problems for graphs have been formulated as continuous

quadratic programs. The first was the maximum clique problem analyzed by Motzkin and

Straus [48], and the second was the edge separator problem analyzed by Hager and

Krylyuk [29, 30]. In [48] Motzkin and Straus show that if the maximum size of a clique in

the graph G is k, then the following quadratic program has optimal objective (k− 1)/(2k):

max
xxx∈Rn

xxxTAxAxAx subject to xxx ≥ 000 and 111Txxx = 111. (3–8)

Moreover, there exists a maximum clique C and a solution of (3–8) such that xi = 1/k

if and only if i ∈ C and xi = 0 otherwise. One important difference between the

formulations (3–3) and (3–8) is that a desired solution of (3–8) is not a vertex of the

feasible set, while a desired solution of (3–3) is a vertex of the feasible set.

The edge separator problem, often called the graph partitioning problem, is to

partition V = A ∪ B so as to minimize the number of edges between A and B, subject

to a constraint ` ≤ |A| ≤ u. It was shown in [29] that the following continuous quadratic

programming problem is equivalent to the edge separator problem:

min (111− xxx)T(AAA + III)xxx subject to 000 ≤ xxx ≤ 111, ` ≤ 111Txxx ≤ u.
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In other words, associated with any solution of (3–9), there is an easily computed binary

solution, and for any binary solution of (3–9), an optimal solution of the edge separator

problem is

A = {i : xi = 0} and B = {i : xi = 1}.

Observe that (3–9) is equivalent to the program (3–3) with `b = 0, with ub = n, and with

the additional constraint xxx + yyy = 111. Hence, the edge separator problem is the vertex

separator problem with an additional constraint. Necessary and sufficient optimality

conditions for (3–9) are given in [29, 30], while a branch and bound algorithm for solving

(3–9) exactly is given in [31].

Recently, Povh and Rendl [55] developed a completely positive linear programming

formulation for a minimum cut problem in which V is partitioned into three sets of given

size such that the number of edges between two of these sets is minimized. The graph

partitioning problem is a special case of their minimum cut problem corresponding

to setting the size of one of the sets to 0. They reformulate the minimum cut problem

as a linear program over the cone of completely positive matrices. Moreover, Burer

[10] shows that any mixed integer quadratic program (such as (3–2) or (3–3)) can be

formulated as a completely positive linear program. While formulating a discrete problem

as a completely positive program does not improve the problem’s tractability, it does

provide an avenue for obtaining tractable relaxations (see for instance [55]). A survey of

copositive programming is given in [5].

In Section 3.2 we give a constructive proof of the equivalence between the

continuous bilinear program (3–3) and the integer program (3–2). The proof basically

provides an easily implemented algorithm to transform a solution of the continuous

program (3–3) into a solution of the binary vertex separator problem (3–2). In Section

3.3, we use Corollary 2.2 to derive easily checked local optimality conditions for (3–3).

The relationship between local solutions in the continuous program and in the original

discrete problem is also analyzed.
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3.2 Continuous Edge-Concave Quadratic Programming Formulation

Let G be an undirected graph on vertex set V = {1, 2, ... , n} with vertex weights

ci ≥ 0 not all zero. Let 0 ≤ `a ≤ ua ≤ n and 0 ≤ `b ≤ ub ≤ n be integers.

We start by considering the integer programming formulation of the VSP (3–2),

which we restate here for convenience:

max
xxx,yyy∈Bn

cccT(xxx + yyy) (3–9)

subject to xxx + yyy ≤ 111, xi + yj ≤ 1 for every (i, j) ∈ E

`a ≤ 111Txxx ≤ ua, `b ≤ 111Tyyy ≤ ub.

Recall that xxx and yyy are the incidence vectors for A and B respectively; that is, xi = 1 if

i ∈ A and xi = 0 otherwise.

Observe that for any xxx and yyy ∈ Bn, the partition constraint A ∩ B = ∅ in (3–1) or the

condition xxx + yyy ≤ 111 in (3–9) is equivalent to

xxxTyyy = 0. (3–10)

Furthermore, if AAA is the adjacency matrix for the graph G defined by

aij =

{
1 if (i, j) ∈ E

0 if (i, j) /∈ E ,

then the product xxxTAAAyyy counts the number of edges between A and B:

xxxTAyAyAy =
n∑

i=1

n∑
j=1

xiaijyj =
∑
xi=1

∑
yj=1

aij =
∑
i∈A

∑
j∈B

aij = |(A× B) ∩ E|.

Hence, the separation constraint (A × B) ∩ E = ∅ in (3–1) or xi + yj ≤ 1 in (3–9) is

equivalent to the condition

xxxTAAAyyy = 0. (3–11)
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Since the entries in xxx, yyy, and AAA are all non-negative, (3–10) and (3–11) both hold if and

only if

xxxT(AAA + III)yyy = 0.

Therefore, the vertex separator problem (3–1) or (3–9) is equivalent to the following

binary program:

min
xxx,yyy∈Bn

−cccT(xxx + yyy) (3–12)

subject to xxxT(AAA + III)yyy = 0, `a ≤ 111Txxx ≤ ua, and `b ≤ 111Tyyy ≤ ub.

(Note that here we have replaced max by min and taken the negative of the objective

function, in order to put this problem in the context of Chapters 1 and 2.) In particular, if

(xxx,yyy) is a solution to (3–12), then a solution to the vertex separator problem (3–1) is

A = {i : xi = 1}, B = {i : yi = 1}, and S = {i : xi = yi = 0}. (3–13)

Now consider the following continuous penalized problem:

min
xxx,yyy∈Rn

−cccT(xxx + yyy) + γxxxT(AAA + III)yyy (3–14)

subject to 000 ≤ xxx ≤ 111, 000 ≤ yyy ≤ 111, `a ≤ 111Txxx ≤ ua, and `b ≤ 111Tyyy ≤ ub.

For any γ ≥ 0 the optimal objective function value in the continuous program (3–14) is at

least as small as the optimal value in the binary vertex separator problem (3–12) since

there are more constraints in the binary problem – that is, the variables in the relaxed

problem (3–14) can have any value between 0 and 1, while in (3–12) it is required that

xxxT(AAA + III)yyy = 0. We now show that for an appropriate choice of γ, the relaxed problem

(3–14) and the binary problem (3–12) are equivalent.

Theorem 3.1. Suppose the vertex separator problem (3–1) is feasible. Let γ ∈ R.

1. The continuous program (3–14) has a binary solution.

2. Every strict local minimizer of (3–14) is binary.
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3. If (C1) and (C2) hold, then there exists a binary solution (xxx,yyy) to problem (3–14)
such that

xxxT(AAA + III)yyy = 0. (3–15)

Moreover, if γ > max{ci : i ∈ V}, then every binary solution satisfies (3–15).

4. For any binary solution (xxx,yyy) of (3–14) satisfying the condition (3–15), an optimal
solution to the vertex separator problem (3–1) is

A = {i : xi = 1}, B = {i : yi = 1}, and S = {i : xi = yi = 0}.

Proof. We partition the proof into the four parts of the theorem.

Part 1. We prove the following stronger result:

(P) For any (xxx,yyy) feasible in (3–14), there exists an easily constructed feasible
point [x̂xx, ŷyy] ∈ B2n such that f(x̂xx, ŷyy) ≤ f(xxx,yyy).

If xxx and yyy are binary, then (P) holds and we are done. Otherwise, either xxx or yyy is not

binary. Without loss of generality, suppose that xxx is not binary.

Case 1: Suppose that xxx has exactly one non-binary component xk. Since `a and ua

are integers, we cannot have 111Txxx = `a or 111Txxx = ua since the sum of n− 1 binary numbers

and a number in the open interval (0, 1) cannot be an integer. Hence the point (xxx+ teeek, yyy)

is feasible for all sufficiently small |t|. Let f denote the objective function of (3–14):

f(xxx,yyy) = −cccT(xxx + yyy) + γxxxT(AAA + III)yyy (3–16)

Since f is bilinear,

∇f(xxx + teeek, yyy) = f(xxx,yyy) + td

for some scalar d. If d ≥ 0, then choose t < 0 such that xk + t = 0. If d < 0, then choose

t > 0 such that xk + t = 1. This takes us to a feasible point (x̂xx,yyy) such that x̂xx ∈ Bn and

f(x̂xx,yyy) ≤ f(xxx,yyy).

Case 2: Suppose xxx has at least two non-binary components i and j. For sufficiently

small |t| the point (xxx + t(eeei − eeej),yyy) is feasible in (3–14) since the constraint `a ≤ 111Txxx ≤ ua
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is unaffected. Again, since f is bilinear,

∇f(xxx + t(eeei − eeej),yyy) = f(xxx,yyy) + td

for some scalar d. If d ≥ 0, then choose the largest t < 0 such that xi+t = 0 or xj− t = 1.

If d < 0, then choose the smallest t > 0 such that xi + t = 1 or xj − t = 0. The point

(x̄xx,yyy) = (xxx + t(eeei − eeej),yyy) is feasible, it has at least one more binary component than

(xxx,yyy), and it satisfies f(x̄xx,yyy) ≤ f(xxx,yyy). We may iterate this procedure, making non-binary

components of x̄xx binary without increasing the objective value, until we reach a point

(x̂xx,yyy) such that either x̂xx ∈ Bn or x̂xx has a single non-binary component, which reduces to

Case 1.

The same procedure can be applied to yyy to complete the proof of (P) and part 1.

Part 2. This follows from the proof of Part 1. If a strict local minimizer is not binary,

then the construction in Part 1 shows how to move to a binary point without increasing

the objective function value. Hence, a strict local minimizer must be binary.

Part 3. Suppose (C1) and (C2) hold. Let (xxx,yyy) be a binary solution to problem

(3–14). Since xxx, yyy, and AAA are nonnegative, we have xxxT(AAA + III)yyy ≥ 0. Suppose that

xxxT(AAA + III)yyy > 0. (3–17)

Since the objective function in (3–12) is the negative of the weight of the nodes outside a

separator, it follows that

minimum in (3–12) = minimum weight of vertex separator−
n∑

i=1

ci (3–18)

≤ −γ(`a + `b),

where the inequality is due to (C2). Since the objective function value f(xxx,yyy) in the

relaxed problem (3–14) is at least as small as the minimum in (3–12), it follows from
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(3–18) that

−γ(`a + `b) ≥ f(xxx,yyy) = −cccT(xxx + yyy) + γxxxT(AAA + III)yyy

> −cccT(xxx + yyy) ≥ −γ111T(xxx + yyy).

The strict inequality is due to (3–17), and the last inequality is due to the constraint on γ.

Therefore, we must have either 111Txxx > `a or 111Tyyy > `b.

Assume without loss of generality that 111Txxx > `a. Since xxx is binary and `a is an

integer, we have

111Txxx ≥ `a + 1.

Since the entries in xxx, yyy, and AAA are all non-negative integers, (3–17) implies that there

exists an index i such that (AAA + III)iyyy ≥ 1 and xi = 1 (recall that subscripts on a matrix

correspond to the rows). If x̂xx = xxx − eeei, then (x̂xx,yyy) is feasible in problem (3–14) since

111Tx̂xx = 111Txxx− 1 ≥ `a. Furthermore,

f(x̂xx,yyy) = f(xxx,yyy) + ci − γ(AAA + III)iyyy ≤ f(xxx,yyy) + ci − γ ≤ f(xxx,yyy), (3–19)

since (AAA + III)iyyy ≥ 1 and γ ≥ ci. Since (xxx,yyy) was optimal in (3–14), so is (x̂xx,yyy). We can

continue to set components of xxx and yyy to 0 until reaching a binary feasible point (x̂xx, ŷyy) for

which x̂xxT(AAA + III)ŷyy = 0 and f(xxx,yyy) = f(x̂xx, ŷyy). If γ > max{ci : i ∈ V}, then (3–19) is a strict

inequality, which contradicts the optimality of (xxx,yyy) in (3–14). Hence, xxxT(AAA + III)yyy = 0, and

the proof of Part 3 is complete.

Part 4. A binary solution of the relaxed problem (3–14) satisfying (3–15) is feasible

in the discrete problem (3–12). Moreover, the objective function values in the relaxed

problem and in the discrete problem are the same. Hence, (xxx,yyy) is optimal in the

discrete version (3–12) of the vertex separator problem, and a solution of the vertex

separator problem is given by (3–13). This completes the proof of Part 4.

40



We now explain the connection between Theorem 3.1 and Theorem 1.8, which

yields some deeper insights on the relationship between the discrete and continuous

formulations of the vertex separator problem. In particular, we will show that Part 1 of

Theorem 3.1 follows from edge-concavity of the objective function of (3–14).

The polyhedron Q which defines the feasible set in problem (3–14) is

Q = {[xxx,yyy] ∈ R2n : 000 ≤ xxx ≤ 111, 000 ≤ yyy ≤ 111, `a ≤ 111Txxx ≤ ua, `b ≤ 111Tyyy ≤ ub}.

To prove that problem (3–14) has a binary solution, we will show that the vertices of

Q are precisely the binary feasible points and that the edge-concavity condition of

Theorem 1.8 is satisfied. For convenience, we refer to the constraints 000 ≤ xxx ≤ 111 and

000 ≤ yyy ≤ 111 as the component constraints of Q, and the constraints on 111Txxx and 111Tyyy as the

balance constraints of Q.

Lemma 3.1. The set of vertices of Q is Q∩ B2n.

Proof. If [xxx,yyy] ∈ Q ∩ B2n, then 2n component constraints are active at [xxx,yyy]; since these

constraints are linearly independent, [xxx,yyy] is a vertex of Q. Conversely, suppose that

[xxx,yyy] is a vertex of Q. The constraints defining Q can be written in the form BxBxBx ≤ bbb

where BBB is totally unimodular and bbb is integer. As a consequence, the vertices of Q

are integer vectors. Due to the component constraints, the vertices are binary vectors.

Another proof of the converse, which is exploited in the next lemma, is as follows: At a

vertex [xxx,yyy] of Q, 2n linearly independent constraints are active. Due to the separable

form of the constraints, there are n active linearly independent constraints on each of

xxx and yyy. If the n active constraints on xxx are component constraints, then xxx is binary. If

there are n − 1 active component constraints at xxx along with a constraint of the form

111Txxx = `a or 111Txxx = ua, then the single fractional component of xxx must be binary since `a

and ua are integer. A similar argument applies to yyy.
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Let D ⊂ R2n be defined by

D =
n⋃

i,j=1,i 6=j

{[eeei, 000], [000, eeei], [000, eeei − eeej], [eeei − eeej, 000]}. (3–20)

Lemma 3.2. D is an edge description of Q. That is, for every edge E of Q, there exists

some ddd ∈ D such that ddd is parallel to E .

Proof. Let E be the edge of Q defined by

E = {[xxx(t),yyy(t)] : t ∈ [0, 1]}, where [xxx(t),yyy(t)] = vvv1 + t(vvv2 − vvv1)

and vvv1 = (xxx1, yyy1) and vvv2 = (xxx2, yyy2) are vertices of Q. We first show that either xxx1 = xxx2 or

yyy1 = yyy2. Suppose to the contrary that xxx1 6= xxx2 and yyy1 6= yyy2. Then there exist indices i and

j such that xxx1i 6= xxx2i and yyy1j 6= yyy2j . Since vvv1 and vvv2 are binary by Lemma 3.1, it follows that

0 < xxxi(t) < 1 and 0 < yyyj(t) < 1 (3–21)

for all t ∈ (0, 1). In the proof of Lemma 3.1, we saw that when n of the constraints

defining Q are active at xxx ∈ Rn, then xxx is binary. Hence, by (3–21), there are at most

n − 1 constraints active at xxx(t) and at most n − 1 constraints active at yyy(t) for each

t ∈ (0, 1). Thus, for any t ∈ (0, 1) the total number of constraints active at (xxx(t),yyy(t)) is

at most 2n − 2, which contradicts the fact that E is an edge (for which 2n − 1 constraints

should be active). Hence, either xxx1 = xxx2 or yyy1 = yyy2.

Suppose, without loss of generality, that yyy1 = yyy2. xxx1 and xxx2 can differ in at most

two components, since otherwise the edge E would contain a point in its relative interior

at which less than 2n − 1 linearly independent constraints are active. If there is only

one index i such that xxx1i 6= xxx2i , then E is parallel to the vector (eeei, 000) ∈ D. If there are

two indices i 6= j for which xxx1 and xxx2 differ, then the balance constraint on 111Txxx must be

active along E , since otherwise E would contain a point at which only 2n − 2 linearly

independent constraints were active. Since the balance constraint is active, 111Txxx(t) is

independent of t. Since all the components of xxx(t) are fixed except for xi(t) and xj(t), it
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follows that xi(t) + xj(t) is independent of t. Hence, as xi(t) increases, xj(t) decreases.

Since xi(t) and xj(t) are convex combinations of 0 and 1, it follows that the edge is

parallel to (eeei − eeej, 000) ∈ D. If xxx1 = xxx2, then a similar argument shows that E is parallel to

either (000,eeei) ∈ D or (000, eeei − eeej) ∈ D for some i and j.

Proposition 3.1. For any γ, the problem (3–3) has a binary solution.

Proof. By Lemma 3.2, D in (3–20) is an edge description of Q. Let f : Q → R denote the

objective function of (3–3) defined in (3–16). It can be checked that dddT∇2f(xxx,yyy)ddd = 0 for

all ddd ∈ D. Hence, f is concave along the edges of Q, and by Theorem 1.8, f attains its

minimum over Q at a vertex of Q. By Lemma 3.1, this vertex is binary.

3.3 Local Solutions

In Section 3.2, we developed an equivalence between the vertex separator problem

and the following quadratic program:

min
xxx,yyy∈Rn

−cccT(xxx + yyy) + γxxxT(AAA + III)yyy (3–22)

subject to 000 ≤ xxx ≤ 111, 000 ≤ yyy ≤ 111, `a ≤ 111Txxx ≤ ua, and `b ≤ 111Tyyy ≤ ub.

In the present section, we will study the local solutions to (3–22). We begin by using the

theory of Section 2.1 to derive easily checked necessary and sufficient conditions for

local optimality.

Let f be the objective function in (3–22):

f(xxx,yyy) = −cccT(xxx + yyy) + γxxxT(AAA + III)yyy.

Since (3–22) involves 4 lower bounds and 4 upper bounds, the standard statement

of the KKT conditions (1–7) involves 8 multipliers, 8 inequality constraints, and 8

complementary slackness conditions. A more compact way of expressing these 16

conditions is as follows: If (xxx,yyy) is a local minimizer of (3–22), then there exist multipliers
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µa and µb ∈ Rn and λa and λb ∈ R such that ∇xxxf(xxx,yyy)

∇yyyf(xxx,yyy)

+

 µa

µb

+

 λa111

λb111

 = 000, (3–23)

where

µa ∈M(xxx), µb ∈M(yyy), λa ∈ L(xxx, `a, ua), λb ∈ L(yyy, `b, ub)

with

M(zzz) = {µ ∈ Rn : µizi ≥ max{µi, 0} for all 1 ≤ i ≤ n},

and

L(zzz, `, u) = {λ ∈ R : λ111Tzzz ≥ max{λu,λ`}}.

As shown in Section 3.2, the following set is a reflective edge description of the

polyhedron associated with (3–22):

D =
n⋃

i,j=1,i 6=j

{±[eeei, 000], ±[000, eeei], [000, eeei − eeej], [eeei − eeej, 000]}

(reflectivity is trivially verified). Since

∇2f =

 000 γ(AAA + III)

γ(AAA + III) 000

 ,

it can be checked that dddT(∇2f)ddd ≤ 0 for every ddd ∈ D. Therefore, by Corollary 2.2, a

feasible point (xxx,yyy) of (3–22) is a local minimizer if and only if the first-order optimality

conditions (3–23) hold and

(ddd1)T(∇2f)ddd2 ≥ 0 for every ddd1,ddd2 ∈ C(xxx,yyy) ∩ D. (3–24)

Tables 3-1 and 3-2 give all the different possible values for (ddd1)T(∇2f)ddd2, where ddd1

and ddd2 are edge directions, in terms of HHH = AAA + III. Since D is described in terms of 6

different vectors, there are 36 products (ddd1)T(∇2f)ddd2 corresponding to the 6 × 6 different

pairs among the vectors describing D. However, 15 of these products are known by
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symmetry. The remaining 21 products are shown in Tables 3-1 and 3-2. The blank

entries correspond to entries known from symmetry.

Table 3-1. Values of (ddd1)T(∇2f)ddd2 for ddd1,ddd2 ∈ D.

(eeek, 000) (000, eeek) (−eeek, 000) (000,−eeek)
(eeei, 000) 0 γhik 0 −γhik

(000, eeei) 0 −γhik 0
(−eeei, 000) 0 γhik

(000,−eeei) 0

Table 3-2. Values of (ddd1)T(∇2f)ddd2 for ddd1,ddd2 ∈ D.

(eeek − eeel, 000) (000, eeek − eeel)
(eeei, 000) 0 γ(hki − hli)
(000,eeei) γ(hki − hli) 0
(−eeei, 000) 0 γ(hli − hki)
(000,−eeei) γ(hli − hki) 0
(eeei − eeej, 000) 0 γ(hik − hil − hjk + hjl)
(000,eeei − eeej) 0

Suppose (xxx,yyy) satisfies the first-order optimality conditions (3–23). The condition

(3–24) states that (xxx,yyy) is a local minimizer if and only if the entries of Tables 3-1 and

3-2 are non-negative whenever the vectors in the corresponding row and column lie in

C(xxx,yyy). For example, if (xxx,yyy) is a local minimizer, then whenever (eeei, 000) and (000,−eeek) lie

in the cone C(xxx,yyy) for some i and k, we must have hik ≤ 0 (since γ > 0). This implies

that aik = 0. Moreover, since hii = 1, it follows that both (eeei, 000) and (000,−eeei) cannot be

contained in C(xxx,yyy) at a local minimizer.

In order to verify either the first or second-order optimality conditions, we need to

determine when a vector in the edge description D lies in F(xxx,yyy) or C(xxx,yyy). From the

definitions (1–5) and (1–8), we have

F(xxx,yyy) =


(ddd1,ddd2) ∈ R2n :

111Tddd1 ≤ 0 if 111Txxx = ua, d1
i ≤ 0 ∀ i with xi = 1,

111Tddd1 ≥ 0 if 111Txxx = `a, d1
i ≥ 0 ∀ i with xi = 0,

111Tddd2 ≤ 0 if 111Tyyy = ub, d2
i ≤ 0 ∀ i with yi = 1,

111Tddd2 ≥ 0 if 111Tyyy = `b, d2
i ≥ 0 ∀ i with yi = 0


,
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(eeei, 000) ∈ C(xxx,yyy) ⇔
111Txxx < ua

xi < 1
µa
i = λa = 0

⇔
111Txxx < ua

λa = 0
i ∈ Ā0

(000, eeei) ∈ C(xxx,yyy) ⇔
111Tyyy < ub

yi < 1
µb
i = λb = 0

⇔
111Tyyy < ub

λb = 0
i ∈ B̄0

(−eeei, 000) ∈ C(xxx,yyy) ⇔
111Txxx > `a
xi > 0

µa
i = λa = 0

⇔
111Txxx > `a
λa = 0
i ∈ A0

(000,−eeei) ∈ C(xxx,yyy) ⇔
111Tyyy > `b
yi > 0

µb
i = λb = 0

⇔
111Tyyy > `b
λb = 0
i ∈ B0

(eeei − eeej, 000) ∈ C(xxx,yyy) ⇔
xi < 1 and xj > 0

µa
i = µa

j = 0
⇔ i ∈ Ā0 and j ∈ A0

(000, eeei − eeej) ∈ C(xxx,yyy) ⇔
yi < 1 and yj > 0

µb
i = µb

j = 0
⇔ i ∈ B̄0 and j ∈ B0.

Figure 3-1. A description of D ∩ C(xxx,yyy)

C(xxx,yyy) =
{
ddd ∈ F(xxx,yyy) :

111Tddd1 = 0 if λa 6= 0, di = 0 ∀ i with µa
i 6= 0

111Tddd2 = 0 if λb 6= 0, di = 0 ∀ i with µb
i 6= 0

}
.

Now define the following sets:

A0 = {i : xi > 0, µa
i = 0} and Ā0 = {i : xi < 1, µa

i = 0},

B0 = {i : yi > 0, µb
i = 0} and B̄0 = {i : yi < 1, µb

i = 0}.

Figure 3-1 shows when each element of D also lies in C(xxx,yyy). Combining the

information in Tables 3-1 and 3-2 and Figure 3-1, we will establish the following theorem.

Theorem 3.2. If (xxx,yyy) is feasible in (3–22), then (xxx,yyy) is a local minimizer of (3–22) if

and only if (V1)–(V5) hold:

(V1) The first-order conditions (3–23) hold.

(V2) Suppose λa = 0.
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a. If 111Txxx < ua, i ∈ Ā0, j ∈ B̄0, and k ∈ B0, then hij ≥ hik.

b. If 111Txxx > `a, i ∈ A0, j ∈ B0, and k ∈ B̄0, then hij ≥ hik.

(V3) Suppose λb = 0.

a. If 111Tyyy < ub, i ∈ B̄0, j ∈ Ā0, and k ∈ A0, then hij ≥ hik.

b. If 111Tyyy > `b, i ∈ B0, j ∈ A0, and k ∈ Ā0, then hij ≥ hik.

(V4) Suppose λa = λb = 0.

a. If 111Txxx > `a and 111Tyyy < ub, then A0 ∩ B̄0 = ∅ and hij = 0 whenever i ∈ A0 and
j ∈ B̄0.

b. If 111Txxx < ua and 111Tyyy > `b, then Ā0 ∩ B0 = ∅ and hij = 0 whenever i ∈ Ā0 and
j ∈ B0.

(V5) If i ∈ Ā0, j ∈ A0, k ∈ B̄0, and l ∈ B0, then hik + hjl ≥ hil + hjk.

Proof. First, suppose that the conditions (V1)–(V5) are satisfied. We wish to show that

(3–24) holds, which implies that (xxx,yyy) is a local minimizer. Consider any entry in Table

3-1 or 3-2 that is potentially negative, such as −γhik. Referring to the row and column

edge directions in the table, we only need to consider this possibility if (a) both (000,eeei) and

(−eeek, 000) ∈ C(xxx,yyy) or (b) both (eeei, 000) and (000,−eeek) ∈ C(xxx,yyy). If (b) holds, then by Figure

3-1, we have 111Txxx < ua, λa = 0, i ∈ Ā0, 111Tyyy > `b, λb = 0, and k ∈ B0. By (V4b),

i 6= k and hik = 0. If (a) holds, then by Figure 3-1, we have 111Txxx > `a, λa = 0, k ∈ A0,

111Tyyy < ub, λb = 0, and i ∈ B̄0. By (V4a), i 6= k and hik = 0. Thus the proof boils down to

the following: (i) locate each potentially negative entry in Tables 3-1 and 3-2, (ii) extract

the associated edge directions from the corresponding row and column, (iii) use Figure

3-1 to deduce associated conditions on the constraints and the multipliers when these

edge directions lie in C(xxx,yyy), and (iv) use the conclusions in (V2)–(V5) to deduce that the

entry in Table 3-1 or 3-2 must be nonnegative.

Conversely, suppose that (xxx,yyy) is a local minimizer, or equivalently, suppose that

(V1) and (3–24) hold. We must show that (V2)–(V5) are satisfied. We start with (V2a)

and suppose that λa = 0, 111Txxx < ua, i ∈ Ā0, j ∈ B̄0, and k ∈ B0. By the first and last rows
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of Figure 3-1, we have (eeei, 000) and (000, eeej − eeek) ∈ C(xxx,yyy). By (3–24) and Tables 3-1 and 3-2,

hji − hki ≥ 0. By symmetry, this is equivalent to hij ≥ hik. This establishes (V2a). Thus

the proof of the converse proceeds as follows: When any of the hypotheses in (V2)–(V5)

are fulfilled, we use Figure 3-1 to determine two edge directions ddd1 and ddd2 that must

lie in C(xxx,yyy). We use Table 3-1 and 3-2 to obtain the product (ddd1)T(∇2f)ddd2, and we use

(3–24) to obtain a relation between elements of HHH which corresponds to the conclusion

appearing in (V2)–(V5).

Next, we explore the relationship between local optimality in (3–22) and local

optimality in (3–1).

Definition 3.1. Let (A,S,B) be a feasible partition in problem (3–1). We call the act of

moving a vertex from one set in the partition to another set a vertex move. Let (mi)
k
i=1

be a sequence of vertex moves and let (Â, Ŝ, B̂) be the partition arrived at after making

the moves (mi)
k
i=1. We say that the sequence of vertex moves is feasible if (Â, Ŝ, B̂) is

feasible in (3–1). Moreover, if there exists an edge (i, j) ∈ E such that i ∈ A and j ∈ B̂,

or i ∈ B and j ∈ Â, then we call (mi)
k
i=1 a coupled sequence of vertex moves. Otherwise,

we say that (mi)
k
i=1 is uncoupled.

Lemma 3.3. Let (A,S,B) be a feasible partition in problem (3–1), let (mi)
k
i=1 be a

feasible sequence of vertex moves, and let (Â, Ŝ, B̂) be the partition arrived at after

making the moves (mi)
k
i=1. Let xxx, x̂xx, yyy, and ŷyy be the incidence vectors for the sets A, Â,

B, and B̂, respectively, and let dddx,dddy ∈ Rn be defined by

(dddx,dddy) = (x̂xx, ŷyy)− (xxx,yyy). (3–25)

Then the sequence of moves (mi)
k
i=1 is uncoupled if and only if

dddT
x (AAA + III)dddy = 0. (3–26)
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Proof. First, we claim that each term in the sum

dddT
x (AAA + III)dddy =

n∑
i=1

n∑
j=1

dxiaijdyj

is nonpositive. To see this, suppose by way of contradiction that there exist i and j such

that dxiaijdyj > 0. First of all, this implies that aij = 1; hence (i, j) ∈ E . Secondly, by

definition of (dddx,dddy) we must have that either

dxi = 1 and dyj = 1 or dxi = −1 and dyj = −1.

In the first case we have that x̂i = 1 and ŷj = 1, which implies that i ∈ Â and j ∈ B̂. But

since (i, j) ∈ E , this contradicts the fact that (Â × B̂) ∩ E = ∅ (which is a consequence of

(Â, Ŝ, B̂) being feasible in (3–1)). Similarly, in the second case we have i ∈ A and j ∈ B,

contradicting the feasibility of (A,S,B). This proves the claim.

Hence, (3–26) holds if and only if

∀ (i, j) ∈ E either dxi = 0 or dyj = 0. (3–27)

We will show that the sequence (mi)
k
i=1 is uncoupled if and only if (3–27) holds.

First suppose that the sequence (mi)
k
i=1 is uncoupled and let (i, j) ∈ E . If dxi = 0,

then there is nothing to show. So, suppose that dxi 6= 0. Then x̂i 6= xi, which implies that

either

i ∈ A or i ∈ Â.

Suppose that i ∈ A. Then we know that j /∈ B since (A × B) ∩ E = ∅. Moreover, since

(mi)
k
i=1 is uncoupled, by Definition 3.1 i ∈ A implies that j /∈ B̂. Hence yj = ŷj = 0,

implying dyj = 0. A similar argument shows that dyj = 0 in the case where i ∈ Â. Since

(i, j) ∈ E was arbitrary, the proof of the forward direction is complete.
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Now suppose that (3–27) holds. In order to show that (mi)
k
i=1 is uncoupled, we must

show that for every edge (i, j) ∈ E both of the following implications hold:

i ∈ A ⇒ j /∈ B̂ and i ∈ B ⇒ j /∈ Â. (3–28)

So let (i, j) ∈ E . Suppose that i ∈ A. Then xi = 1. By (3–27) we have that dxi = 0 or

dyj = 0. So if dxi = 0, then x̂i = xi = 1, and hence i ∈ Â. So since (Â × B̂) ∩ E = ∅ we

have that j /∈ B̂. A similar argument shows that j /∈ B̂ when dyj = 0. This proves the first

implication in (3–28).

In order to prove the second implication, let i ∈ B. Then yi = 1. Since (i, j) ∈ E ,

we also have (j, i) ∈ E . So by (3–27) we have that dxj = 0 or dyi = 0. If dyi = 0, then

ŷi = yi = 1, and hence i ∈ B̂. So since (Â × B̂) ∩ E = ∅ we have that j /∈ Â. A similar

argument shows that j /∈ Â when dxj = 0. This proves the second implication in (3–28).

Hence, (3–28) holds. Since (i, j) ∈ E was arbitrary, (mi)
k
i=1 is an uncoupled

sequence of moves. This proves the backwards direction and so the proof is complete.

Proposition 3.2. Let (A,S,B) be a feasible partition in the problem (3–1) and let xxx

and yyy be the incidence vectors for A and B, respectively. If (xxx,yyy) satisfies the first-order

optimality conditions (3–23), then there does not exist an uncoupled feasible sequence

of vertex moves which improves (reduces) the value of the objective function in (3–1).

Proof. Let (mi)
k
i=1 be any uncoupled feasible sequence of vertex moves, let (Â, Ŝ, B̂)

be the partition arrived at after making the moves. Let x̂xx and ŷyy be the incidence vectors

for the sets Â and B̂, respectively, and define dddx and dddy by (3–25). Suppose (xxx,yyy)

satisfies the first-order optimality conditions (3–23). Then by (1–6), we have that

∇f(xxx,yyy)(dddx,dddy) ≥ 0. And since (mi)
k
i=1 is uncoupled, by Lemma 3.3 we have

dddT
x (AAA + III)dddy = 0.
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Hence,

f(x̂xx, ŷyy) = f(xxx,yyy) +∇f(xxx,yyy)(dddx,dddy) + (dddx,dddy)
T∇2f(xxx,yyy)(dddx,dddy)

≥ f(xxx,yyy) + (dddx,dddy)
T∇2f(xxx,yyy)(dddx,dddy)

= f(xxx,yyy) + dddT
x (AAA + III)dddy

= f(xxx,yyy).

Since both (Â, Ŝ, B̂) and (A,S,B) are feasible in (3–1), both (xxx,yyy) and (x̂xx, ŷyy) satisfy

(3–15). Thus, ifW(A ∪ B) denotes the sum of the weights of vertices in A ∪ B, then

W(Â ∪ B̂) = cccT(x̂xx + ŷyy) = −f(x̂xx, ŷyy) ≤ −f(xxx,yyy) = cccT(xxx + yyy) =W(A ∪ B),

which impliesW(Ŝ) ≥ W(S).

Thus, we have shown that for an arbitrary uncoupled feasible sequence of vertex

moves, the objective function in (3–1) is not improved. This completes the proof.

Corollary 3.1. Let (A,S,B) be a feasible partition in problem (3–1) and let xxx and yyy be

the incidence vectors for A and B, respectively. If (xxx,yyy) satisfies the first-order optimality

conditions (3–23), but does not satisfy the second-order optimality conditions (V2)–(V5),

then there exists a coupled feasible sequence of vertex moves which improves (reduces)

the objective function value in (3–1).

Proof. If the second-order conditions are not satisfied at the point (xxx,yyy), then (xxx,yyy) is

not a global solution to (3–14). Hence, there exists some feasible partition (Â, Ŝ, B̂) such

thatW(Ŝ) < W(S). Let (mi)
k
i=1 be any sequence of vertex moves which transforms

(A,S,B) into (Â, Ŝ, B̂). Then, (mi)
k
i=1 is an uncoupled sequence of moves by Proposition

3.2.

Remark 1. If the first-order conditions are satisfied and the second-order conditions are

violated for some feasible point in (3–14), then there is an easily computable uncoupled

sequence of moves which improves the corresponding partition. By the remark following
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Corollary 2.2, when the second-order condition (3–24) is violated, there exist vectors

(ddd1
x,ddd

1
y), (ddd

2
x,ddd

2
y) ∈ C(xxx,yyy) ∩ D such that (ddd1

x + ddd2
x,ddd

1
y + ddd2

y) is a descent direction for f.

Hence, if

(xxx(t),yyy(t)) := (xxx,yyy) + t[(ddd1
x,ddd

1
y) + (ddd2

x,ddd
2
y)],

then for sufficiently small t > 0 (xxx(t),yyy(t)) is feasible and

f(xxx(t),yyy(t)) < f(xxx,yyy). (3–29)

Following the procedure outlined in the proof of Theorem 3.1, we may move from any

point (xxx(t),yyy(t)) satisfing (3–29) to a binary feasible point (xxxB, yyyB) such that f(xxxB, yyyB) <

f(xxx,yyy). Assuming the starting point (xxx,yyy) has a sufficiently small objective value,

components of xxxB and yyyB may be dropped to zero without increasing the value of the

objective function until (3–15) is satisfied. The resulting partition is a strict improvement

from the original partition due to the strict inequality in (3–29).
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CHAPTER 4
A MULTILEVEL ALGORITHM FOR THE VERTEX SEPARATOR PROBLEM

4.1 Introduction

For large graphs, neither discrete heuristics nor continuous methods are guaranteed

to yield a global (or even a good local) solution to the Vertex Separator Problem.

In essence, the reason is that these methods are only capable of making local

improvements to the partition and are blind to the graph’s global structure. The modern

approach to solving large scale graph partitioning problems is that of a multilevel algo-

rithm.

Multilevel algorithms were originally developed for solving large linear systems

resulting from the discretization of elliptic partial differential equations [65]. Recently

however, they have proven useful in solving a variety of large scale graph layout and

graph partitioning problems (see for instance [32, 61, 62] ). The basic idea of a multilevel

algorithm is to create a hierarchy of increasingly coarser graphs which approximate the

original graph but with fewer degrees of freedom. The problem is solved for coarsest

graph and the solution is uncoarsened and propagated back up the hierarchy to obtain

a solution for the original graph. The goal of multilevel algorithms is not to obtain exact

solutions, which would be unreasonable for many large graphs, but instead to obtain

approximate solutions quickly, typically in time which is linear in the number of edges |E|.

In this chapter, we give a multilevel algorithm for solving the vertex separator

problem. The algorithm coarsens the graph by matching vertices and contracting edges.

Vertices are matched according to the degree of their coupling, which we measure using

the heavy edge distance (see [37]). The uncoarsening process is a straightforward

unmatching of vertices.

Multilevel algorithms on graphs perhaps differ most widely in the way they

refine solutions during the uncoarsening process. The algorithms of [32] and [37]

make local improvements to a partition using variants of the Kernighan-Lin and
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Fiduccia-Mattheyses vertex exchange algorithms. In [62], refinements are made by

applying Gauss-Seidel-like relaxation to a linear system involving the graph Laplacian,

together with a window minimization procedure and simulated annealing. In our

algorithm, refinements are made primarily by solving continuous quadratic programs

of the form (4–2). Based on arguments given in Section 3.3, local solutions to these

programs in some sense correspond to local solutions to the VSP.

In Section 2, we relook at the continuous formulation of the problem given in

Chapter 3 and show how it can be modified for suitablity at the coarser levels in the

algorithm. Section 4 develops necessary and sufficient local optimality conditions for the

quadratic program arising in the coarser levels. In Section 5, we present the multilevel

algorithm. Some numerical results are presented in Section 6.

4.2 A Continuous Formulation for Coarse Graphs

In the proof of Theorem 3.1, we outlined a step-by-step procedure for moving from

any continuous solution of (3–14) to a binary solution which satisfies (3–15). Thus, the

VSP may be solved in the following way: First, obtain a global solution to the quadratic

program (3–14). Second, move to a binary solution satisfying (3–15). Finally, construct

an optimal partition via (3–5). When G has a small number of vertices, the dimension

of the quadratic program (3–14) is small, and this approach may be very effective.

However, since the objective function in (3–14) is non-convex, as |V| becomes large the

number of local solutions to (3–14) grows quickly and obtaining a global solution to the

quadratic program becomes increasingly difficult.

In order to find good approximate solutions when G is large, in Section 4 we will

incorporate the approach just described into a multilevel framework. The basic idea is to

coarsen the graph into a smaller graph having a similar structure to the original graph;

the VSP is then solved for the coarse graph, and the solution is uncoarsened to give a

solution for the original graph.
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At the coarser levels in the algorithm, each vertex represents an aggregate of

vertices from the original graph. Hence, the appropriate way of measuring the sizes of

the sets A and B at the coarse levels is to take the sum of the sizes of the aggregates in

those sets. This leads to the following formulation of the coarse VSP:

min
A,B⊂V

W(S) (4–1)

subject to S = V \ (A ∪ B), A ∩ B = ∅, (A× B) ∩ E = ∅,

`a ≤
∑

i∈A σi ≤ ua, and `b ≤
∑

i∈B σi ≤ ub.

Here, each i ∈ V is a vertex aggregate in the coarse graph, σi > 0 denotes the

size of the ith aggregate, andW(S) denotes the sum of the weights ci of vertices in

S. Solving (4–1) at the coarse levels ensures that when the graph is uncoarsened,

the uncoarsened solution is feasible in the VSP (3–1). Although in theory the coarse

problem may not have a feasible solution even when the fine problem does, in practice

this does not typically happen, since the coarsening usually preserves the overall

structure of the graph.

In light of the equivalence between (3–1) and (3–14), it is natural to consider solving

the following continuous program at the coarser levels:

min
xxx,yyy∈Rn

−cccT(xxx + yyy) + γxxxT(AAA + III)yyy (4–2)

subject to 000 ≤ xxx ≤ 111, 000 ≤ yyy ≤ 111, `a ≤ σTxxx ≤ ua, and `b ≤ σTyyy ≤ ub.

Here, n denotes the number of vertices in the coarse graph, AAA and ccc are the adjacency

matrix and weight vector for the coarse graph, and σ is the vector whose ith component

is σi. However, the program (4–2) is in general only an approximate formulation of (4–1),

as we will now see.

Definition 4.1. Let xxx,yyy ∈ Rn. The point (xxx,yyy) ∈ R2n is almost-binary if xxx and yyy each have

at most one non-binary component.
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Theorem 4.1. Suppose (4–1) is feasible. Let γ ∈ R.

1. The program (4–2) has an almost-binary solution (xxx,yyy) ∈ R2n.

2. Suppose γ ≥ max{ci : i ∈ V}. Let (xxxB, yyyB) be a binary feasible point of (4–2) and
let η = |f(xxxB, yyyB) − f(xxx∗, yyy∗)|, where (xxx∗, yyy∗) is any optimal solution to (4–2). Let
(A∗,S∗,B∗) be any optimal partition in (4–1) and suppose thatW(S∗) is less than
or equal to

W(V)− [η +
γ

σmin

(`a + `b + 2σmax)], (4–3)

where σmax and σmin are the maximum and minimum entries of σ. Then there ex-
ists a piecewise linear path from (xxxB, yyyB) to a binary feasible point (xxx,yyy) satisfying
(3–15) such that |W(S) −W(S∗)| ≤ η, where (A,S,B) is the partition defined by
(3–5).

Proof. Part 1. Let (xxx,yyy) be any feasible point of (4–2). Denote the objective function in

(4–2) by f:

f(xxx,yyy) = −cccT(xxx + yyy) + γxxxT(AAA + III)yyy.

We prove the following stronger result:

(P) For any (xxx,yyy) feasible in (4–2), there exists an easily constructed feasible point
[x̂xx, ŷyy] ∈ R2n which is almost-binary and satisfies f(x̂xx, ŷyy) ≤ f(xxx,yyy).

If xxx and yyy each have at most one non-binary component, then we are done.

Otherwise, without loss of generality we consider the case where xxx has two distinct

non-binary components k and l; that is,

0 < xk, xl < 1.

Let xxx(t) := xxx + t( 1
σk
eeek − 1

σl
eeel) for each t ∈ R. Then

f(xxx(t),yyy) = f(xxx,yyy) + td,

where d = ∇f(xxx,yyy)( 1
σk
eeek − 1

σl
eeel, 000). If d ≥ 0, then we may decrease t from zero until

either xk = 0 or xl = 1 (recall that σk,σl > 0). In the case where d < 0, we may

inccrease t until either xk = 1 or xl = 0. In either case, the number of non-binary

components in xxx is reduced by at least one; moreover, feasiblity is maintained since
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σTxxx(t) = σTxxx+t(σk

σk
− σl

σl
) = σTxxx, and the objective value does not increase by the choice

of the sign of t. We may continue moving components to bounds in this manner until

either xxx becomes binary, or it has a single non-binary component. The same procedure

may be applied to yyy. Hence, we arrive at a feasible point [x̂xx, ŷyy] such that x̂xx and ŷyy each

have at most one non-binary component and f(x̂xx, ŷyy) ≤ f(xxx,yyy). This completes the proof

of Part 1.

Part 2. Let (xxx∗, yyy∗) be any optimal solution to (4–2) and let (A∗,S∗,B∗) be any

optimal partition in (4–1). Let (xxxB, yyyB) be a binary feasible point of (4–2).

First, suppose that xxxTB(AAA + III)yyyB = 0. Let η = f(xxxB, yyyB)− f(xxx∗, yyy∗), let (xxx,yyy) = (xxxB, yyyB),

and define the partition (A,S,B) by (3–5). Then,

W(S) = W(V)−W(A ∪ B)

= W(V) + f(xxx,yyy)

≤ W(V) + f(xxx∗, yyy∗) + η

≤ W(V)−W(A∗ ∪ B∗) + η (4–4)

= W(S∗) + η,

where (4–4) follows from the fact that the pair of incidence vectors associated with the

partition (A∗,S∗,B∗) is a feasible point in (4–2) with objective value −W(A∗ ∪ B∗), and

(xxx∗, yyy∗) is optimal in (4–2). So, we are done.

Next, suppose that

xxxTB(AAA + III)yyyB > 0. (4–5)

We claim that we can drop a component of either xxxB or yyyB from one to zero without

increasing the objective function value and without losing feasibility in (4–2). Since, by

assumption,W(S∗) is bounded from above by (4–3), we have that

f(xxx∗, yyy∗) ≤ −W(A∗ ∪ B∗) ≤ −[η + γ

σmin

(`a + `b + 2σmax)].
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Hence,

f(xxxB, yyyB) = f(xxx∗, yyy∗) + η ≤ − γ

σmin

(`a + `b + 2σmax). (4–6)

On the other hand, by the choice of γ and by (4–5) we have

f(xxxB, yyyB) = −cccT(xxxB +yyyB) + γxxxTB(AAA + III)yyyB (4–7)

≥ −cccT(xxxB +yyyB)

≥ −γ111T(xxxB +yyyB).

Combining (4–6) and (4–7) gives

γ

σmin

(`a + `b + 2σmax) ≤ γ111T(xxxB +yyyB),

which implies

`a + `b + 2σmax ≤ σmin111
T(xxxB +yyyB) ≤ σT(xxxB +yyyB).

Therefore, we must have that

`a + σmax ≤ σTxxxB or `b + σmax ≤ σTyyyB.

Assume without loss of generality that `a + σmax ≤ σTxxxB. Since the entries in AAA, xxxB,

and yyyB are all nonnegative integers, (4–5) implies that there exists some index i such

that xBi
= 1 and (AAA+III)iyyyB ≥ 1. Consider the update (xxx,yyy) = (xxxB, yyyB)− (eeei, 000). Then (xxx,yyy)

is feasible, since

σTxxx = σTxxxB − σi ≥ σTxxxB − σmax ≥ `a

and the box constraints are not violated.

Moreover, by taking a Taylor expansion of f about (xxxB, yyyB), we have

f(xxx,yyy) = f(xxxB, yyyB) + ci − γ(AAA + III)iyyyB ≤ f(xxxB, yyyB) + ci − γ ≤ f(xxxB, yyyB),

where the first inequality follows from the fact that (AAA + III)iyyyB ≥ 1 and the second

inequality follows from the choice of γ.
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Hence, as long as (4–5) holds, we may continue to drop components of either xxxB or

yyyB to zero without increasing the objective function value or losing feasiblity. Eventually

we arrive at binary feasible point (xxx,yyy) satisfying (3–15). Letting (A,S,B) be the partition

defined by (3–5), we have

W(A ∪ B) = −f(xxx,yyy) ≥ −f(xxxB, yyyB) = −f(xxx∗, yyy∗)− η ≥ W(A∗ ∪ B∗)− η.

Thus,

W(S) =W(V)−W(A ∪ B) ≤ W(V)−W(A∗ ∪ B∗) + η =W(S∗) + η.

This completes the proof.

Remark 2. The assumption in Part 2 of the Theorem thatW(S∗) is bounded by (4–3)

is typically not too restrictive. For example, in many applications we have ci = 1 for

each i in the finest graph, and we may take `a = `b = 1. If we coarsen the graph using

the scheme presented in Section 4, then at the kth level (where k = 1 indicates the

original graph) we have σmax ≤ k, σmin = 1, and γ ≤ k. Hence the upper bound reduces

to n − [η + 2k(1 + k)]. The maximum value of k is typically less than log2(n). Hence,

assuming η is sufficiently small, it is reasonable to expect that there is a solution to (4–1)

which satisfies the bound (4–3).

The proof of part 1 of Theorem 4.1 was constructive; that is, we showed how

to move from any given solution to an almost-binary solution. However, since f is

edge-concave (we will prove this fact in the next section), the existence of an almost

binary solution follows from Theorem 1.8 and the fact that every vertex of the feasible

set of (4–2) is an almost-binary point (since a vertex point is active at exactly 2n linearly

independent constraints, at least n − 1 components of each of xxx and yyy must lie at an

upper or lower bound). However, unlike in program (3–14), there may exist extreme

points of the feasible set of (4–2) which are not binary (consider the case where n = 2,

`a = 1, ua = 2, `b = 1, ub = 3, σ = (1, 2), and (xxx,yyy) = (0, 0.5, 1, 1)). Hence, (4–2) does
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not necessarily have a binary solution. On the other hand, given a binary feasible point,

Theorem 4.1 shows that under reasonable assumptions on the size of the weight of the

optimal separator, one can find a partition feasible in (4–1) by dropping components

of xxx and yyy until (3–15) holds, and then constructing the partition (3–5); and moreover,

the quality of the resulting partition is essentially the same as the quality of the binary

solution we start with.

One way of finding a binary feasible point with a large objective value is to first find

an optimal (or near optimal) almost-binary solution, and then to move the non-binary

components to their upper or lower bounds. However, it may happen that any attempt

to move to a nearby binary point either results in a loss of feasiblity or an unacceptable

increase in the objective function value. In this case, it is preferrable to refrain from

moving to a binary point and from constructing a partition at the current level. Instead,

the non-binary solution can be used to construct an initial guess to the continuous

program at the next finer level. Eventually, a fine level will be reached in which one

can safely move to a binary feasible point without enduring a loss of feasibility or

deterioration in solution quality (assuming the solutions at each level are sufficiently

close to optimal).

4.3 Optimality Conditions for the Coarse Quadratic Program

In the multilevel algorithm we will present in the next section, program (4–2) is used

first to solve the coarsest problem, and then to periodically refine the the solution during

the uncoarsening process. The goal of the refinement phase at a given coarse level is to

make local improvements to an initial partition until one arrives at at partition which is in

some sense locally optimal.

One common approach to refining solutions to graph partitioning problems is to

make a series of swaps, exchanging vertices in one set with vertices in a different set

(see for instance [32, 37]). If the quality of the partition improves after performing the
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swaps, then the new partition is accepted and the refinement phase repeats. Otherwise,

the partition is regarded as being locally optimal.

In the algorithm we give in the current paper, instead of swapping vertices between

sets, refinements are made by finding local solutions to the continuous program

(4–2). More precisely, at each level in the uncoarsening process an initial partition is

tranformed into an initial guess for the program (4–2). A local solution to the quadratic

program is found, and this solution is then transformed back into a partition.

When an optimization algorithm is applied to the program (4–2), the iterates

typically converge to a stationary point; that is, a point which satisfies the first-order

optimality (or KKT) conditions. For a general quadratic program, determining whether a

stationary point is a local minimizer is an NP-hard problem [54]. However, just as in the

case of program (3–3), the objective function in (4–2) is edge-concave over the feasible

set of (4–2). Hence, Corollary 2.3 implies that local optimality in (4–2) can be checked in

polynomial time. In this section, we will derive optimality conditions for the program (4–2)

which are analagous to those given in Theorem 3.2 for problem (3–3).

Let f be the objective function in (4–2):

f(xxx,yyy) = −cccT(xxx + yyy) + γxxxT(AAA + III)yyy.

Since the feasible set in (4–2) involves 4 lower bounds and 4 upper bounds, the

standard statement of the KKT conditions (1–7) involves 8 multipliers, 8 inequality

constraints, and 8 complementary slackness conditions. A more compact way of

expressing these 16 conditions is as follows: If (xxx,yyy) is a local minimizer of (4–2), then

there exist multipliers µa and µb ∈ Rn and λa and λb ∈ R such that ∇xxxf(xxx,yyy)

∇yyyf(xxx,yyy)

+

 µa

µb

+

 λa111

λb111

 = 000, (4–8)
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where

µa ∈M(xxx), µb ∈M(yyy), λa ∈ L(xxx, `a, ua), and λb ∈ L(yyy, `b, ub),

with

M(zzz) = {µ ∈ Rn : µizi ≥ max{µi, 0} for all 1 ≤ i ≤ n}

and

L(zzz, `, u) = {λ ∈ R : λσTzzz ≥ max{λu,λ`}}.

Proposition 4.1. The following set is a reflective edge description for the feasible set in

(4–2):

D =
n⋃

i,j=1

i6=j

{±[eeei, 000], ±[000, eeei], [000,
1

σi

eeei −
1

σj

eeej], [
1

σi

eeei −
1

σj

eeej, 000]}.

Proof. Let E be an edge of the feasible set in (4–2) connecting distinct vertices (xxx1, yyy1)

and (xxx2, yyy2). Then there must exist 2n − 1 linearly independent constraints which are

active at both (xxx1, yyy1) and (xxx2, yyy2). Since there are a total of n linearly independent

constraints on each of xxx and yyy, we may assume without loss of generality that xxx1 and

xxx2 are active at the same set of n linearly independent constraints (hence, xxx1 = xxx2) and

there are n − 1 linearly independent constraints on yyy which are active at both yyy1 and yyy2.

This only possible if at least n − 2 components of yyy1 and yyy2 are equal and lie at upper

or lower bounds of the box 000 ≤ yyy ≤ 111. If exactly n − 2 components are equal, then both

σTyyy1 and σTyyy2 must be active at the same bound. In this case, σT(yyy2 − yyy1) = 0, so we

must have yyy2 = yyy1 + t( 1
σi
eeei − 1

σj
eeej) for some t ∈ R and some i and j. Hence, in this case E

is parallel to the vector (000, 1
σi
eeei − 1

σj
eeej) ∈ D. In the case where n− 1 components of yyy1 and

yyy2 are equal, we have that yyy2 = yyy1 + teeei for some t ∈ R and some i. Hence, in this case

E is parallel to the vector (000, eeei) ∈ D. A similar analysis may be carried out in the case

where yyy1 = yyy2 and xxx1 and xxx2 have n− 2 components in common.
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Hence, every edge of the feasible set in (4–2) is parallel to a vector in D. Therefore,

D is an edge description of the feasible set. Since D is clearly closed under taking

negatives, it is reflective. This completes the proof.

Since

∇2f =

 000 γ(AAA + III)

γ(AAA + III) 000

 ,

it can be checked that dddT(∇2f)ddd ≤ 0 for every ddd ∈ D. Therefore, by Theorem 2.2 a

feasible point (xxx,yyy) of (4–2) is a local minimizer if and only if the first-order optimality

conditions (4–8) hold and

(ddd1)T(∇2f)ddd2 ≥ 0 for every ddd1,ddd2 ∈ C(xxx,yyy) ∩ D. (4–9)

Tables 4-1 and 4-2 give all the different possible values for (ddd1)T(∇2f)ddd2, where ddd1

and ddd2 are edge directions, in terms of HHH = AAA + III. Since D is described in terms of 6

different vectors, there are 36 products (ddd1)T(∇2f)ddd2 corresponding to the 6 × 6 different

pairs among the vectors describing D. However, 15 of these products are known by

symmetry. The remaining 21 products are shown in Tables 4-1 and 4-2. The blank

entries correspond to entries known from symmetry.

Table 4-1. Values of (ddd1)T(∇2f)ddd2 for ddd1,ddd2 ∈ D.

(eeek, 000) (000, eeek) (−eeek, 000) (000,−eeek)
(eeei, 000) 0 γhik 0 −γhik

(000, eeei) 0 −γhik 0
(−eeei, 000) 0 γhik

(000,−eeei) 0

Suppose (xxx,yyy) satisfies the first-order optimality conditions (4–8). The condition

(4–9) states that (xxx,yyy) is a local minimizer if and only if the entries of Tables 4-1 and

4-2 are nonnegative whenever the vectors in the corresponding row and column lie in

C(xxx,yyy). For example, if (xxx,yyy) is a local minimizer, then whenever (eeei, 000) and (000,−eeek) lie

in the cone C(xxx,yyy) for some i and k, we must have hik ≤ 0 (since γ > 0). This implies
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Table 4-2. Values of (ddd1)T(∇2f)ddd2 for ddd1,ddd2 ∈ D.

( 1
σk
eeek − 1

σl
eeel, 000) (000, 1

σk
eeek − 1

σl
eeel)

(eeei, 000) 0 γ( 1
σk
hki − 1

σl
hli)

(000, eeei) γ( 1
σk
hki − 1

σl
hli) 0

(−eeei, 000) 0 γ( 1
σl
hli − 1

σk
hki)

(000,−eeei) γ( 1
σl
hli − 1

σk
hki) 0

( 1
σi
eeei − 1

σj
eeej, 000) 0 γ( 1

σiσk
hik − 1

σiσl
hil − 1

σjσk
hjk +

1
σjσl

hjl)

(000, 1
σi
eeei − 1

σj
eeej) 0

that aik = 0. Moreover, since hii = 1, it follows that both (eeei, 000) and (000,−eeei) cannot be

contained in C(xxx,yyy) at a local minimizer.

In order to verify the second-order optimality condition (4–9), we need to determine

when a vector in the edge description D lies in C(xxx,yyy). From the definitions (1–5) and

(1–8), we have

F(xxx,yyy) =


(ddd1,ddd2) ∈ R2n :

σTddd1 ≤ 0 if σTxxx = ua, d1
i ≤ 0 ∀ i with xi = 1,

σTddd1 ≥ 0 if σTxxx = `a, d1
i ≥ 0 ∀ i with xi = 0,

σTddd2 ≤ 0 if σTyyy = ub, d2
i ≤ 0 ∀ i with yi = 1,

σTddd2 ≥ 0 if σTyyy = `b, d2
i ≥ 0 ∀ i with yi = 0


,

C(xxx,yyy) =
{
ddd ∈ F(xxx,yyy) :

σTddd1 = 0 if λa 6= 0, d1
i = 0 ∀ i with µa

i 6= 0

σTddd2 = 0 if λb 6= 0, d2
i = 0 ∀ i with µb

i 6= 0

}
.

Now define the following sets:

A0 = {i : xi > 0, µa
i = 0} and Ā0 = {i : xi < 1, µa

i = 0},

B0 = {i : yi > 0, µb
i = 0} and B̄0 = {i : yi < 1, µb

i = 0}.

Figure 4-1 shows when each element of D also lies in C(xxx,yyy). Combining the

information in Tables 4-1 and 4-2 and Figure 4-1, we will establish the following theorem.

Theorem 4.2. A feasible point (xxx,yyy) for (4–2) is a local minimizer if and only if the

following conditions hold:
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(eeei, 000) ∈ C(xxx,yyy) ⇔
σTxxx < ua

xi < 1
µa
i = λa = 0

⇔
σTxxx < ua

λa = 0
i ∈ Ā0

(000, eeei) ∈ C(xxx,yyy) ⇔
σTyyy < ub

yi < 1
µb
i = λb = 0

⇔
σTyyy < ub

λb = 0
i ∈ B̄0

(−eeei, 000) ∈ C(xxx,yyy) ⇔
σTxxx > `a
xi > 0

µa
i = λa = 0

⇔
σTxxx > `a
λa = 0
i ∈ A0

(000,−eeei) ∈ C(xxx,yyy) ⇔
σTyyy > `b
yi > 0

µb
i = λb = 0

⇔
σTyyy > `b
λb = 0
i ∈ B0

( 1
σi
eeei − 1

σj
eeej, 000) ∈ C(xxx,yyy) ⇔

xi < 1 and xj > 0
µa
i = µa

j = 0
⇔ i ∈ Ā0 and j ∈ A0

(000, 1
σi
eeei − 1

σj
eeej) ∈ C(xxx,yyy) ⇔

yi < 1 and yj > 0
µb
i = µb

j = 0
⇔ i ∈ B̄0 and j ∈ B0.

Figure 4-1. A description of D ∩ C(xxx,yyy)

(V1) The first-order conditions (4–8) hold.

(V2) Suppose λa = 0.

a. If σTxxx < ua, i ∈ Ā0, j ∈ B̄0, and k ∈ B0, then σkhij ≥ σjhik.

b. If σTxxx > `a, i ∈ A0, j ∈ B0, and k ∈ B̄0, then σkhij ≥ σjhik.

(V3) Suppose λb = 0.

a. If σTyyy < ub, i ∈ B̄0, j ∈ Ā0, and k ∈ A0, σkhij ≥ σjhik.

b. If σTyyy > `b, i ∈ B0, j ∈ A0, and k ∈ Ā0, σkhij ≥ σjhik.

(V4) Suppose λa = λb = 0.

a. If σTxxx > `a and σTyyy < ub, then A0 ∩ B̄0 = ∅ and hij = 0 whenever i ∈ A0 and
j ∈ B̄0.

b. If σTxxx < ua and σTyyy > `b, then Ā0 ∩ B0 = ∅ and hij = 0 whenever i ∈ Ā0 and
j ∈ B0.
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(V5) If i ∈ Ā0, j ∈ A0, k ∈ B̄0, and l ∈ B0, then

1

σiσk

hik +
1

σjσl

hjl ≥
1

σiσl

hil +
1

σjσk

hjk.

Proof. First, suppose that the conditions (V1)–(V5) are satisfied. We wish to show that

(4–9) holds, which implies that (xxx,yyy) is a local minimizer. Consider any entry in Table

4-1 or 4-2 that is potentially negative, such as −γhik. Referring to the row and column

edge directions in the table, we only need to consider this possibility if (a) both (000,eeei) and

(−eeek, 000) ∈ C(xxx,yyy) or (b) both (eeei, 000) and (000,−eeek) ∈ C(xxx,yyy). If (b) holds, then by Figure

4-1, we have σTxxx < ua, λa = 0, i ∈ Ā0, σTyyy > `b, λb = 0, and k ∈ B0. By (V4b),

i 6= k and hik = 0. If (a) holds, then by Figure 4-1, we have σTxxx > `a, λa = 0, k ∈ A0,

σTyyy < ub, λb = 0, and i ∈ B̄0. By (V4a), i 6= k and hik = 0. Thus the proof boils down to

the following: (i) locate each potentially negative entry in Tables 4-1 and 4-2, (ii) extract

the associated edge directions from the corresponding row and column, (iii) use Figure

4-1 to deduce associated conditions on the constraints and the multipliers when these

edge directions lie in C(xxx,yyy), and (iv) use the conclusions in (V2)–(V5) to deduce that the

entry in Table 4-1 or 4-2 must be nonnegative.

Conversely, suppose that (xxx,yyy) is a local minimizer, or equivalently, suppose that

(V1) and (4–9) hold. We must show that (V2)–(V5) are satisfied. We start with (V2a) and

suppose that λa = 0, σTxxx < ua, i ∈ Ā0, j ∈ B̄0, and k ∈ B0. By the first and last rows

of Figure 4-1, we have (eeei, 000) and (000, 1
σj
eeej − 1

σk
eeek) ∈ C(xxx,yyy). By (4–9) and Tables 4-1 and

4-2, 1
σj
hji − 1

σk
hki ≥ 0. By symmetry, this is equivalent to 1

σj
hij ≥ 1

σk
hik. This establishes

(V2a). Thus the proof of the converse proceeds as follows: When any of the hypotheses

in (V2)–(V5) are fulfilled, we use Figure 4-1 to determine two edge directions ddd1 and ddd2

that must lie in C(xxx,yyy). We use Tables 4-1 and 4-2 to obtain the product (ddd1)T(∇2f)ddd2,

and we use (4–9) to obtain a relation between elements of HHH which corresponds to the

conclusion appearing in (V2)–(V5).
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Remark 3. If (V1) holds for some feasible point (xxx,yyy), then when any of the conditions

(V2)–(V5) is violated, there is an easily computable descent direction. For example,

suppose the assumptions in (V2) hold, but the conclusion is violated, then letting

ddd1 = (eeei, 000) and ddd2 = (000, 1
σj
eeej − 1

σk
eeek), we must have that ddd1,ddd2 ∈ C(xxx,yyy) and

(ddd1)T∇2f(xxx,yyy)ddd2 < 0. (4–10)

Since f is linear along both ddd1 and ddd2, (4–10) implies that

(ddd1 +ddd2)T∇2f(xxx,yyy)(ddd1 +ddd2) = 2(ddd1)T∇2f(xxx,yyy)ddd2 < 0.

Since ddd1 and ddd2 both lie in C(xxx,yyy), so does their sum (since C(xxx,yyy) is a cone). Hence,

f((xxx,yyy) + t(ddd1 +ddd2)) = f(xxx,yyy) +
t2

2
(ddd1 +ddd2)T∇2f(xxx,yyy)(ddd1 +ddd2) < 0.

Therefore, ddd1 +ddd2 is a descent direction.

4.4 Multilevel Algorithm

Given a large graph G, the basic idea of a multilevel algorithm is the following:

Coarsen G into a smaller graph having fewer vertices while preserving the overall

structure of G; solve the problem for the coarse graph; and uncoarsen and refine the

solution to obtain a solution for the original graph. The coarsening process typically

consists of several levels over which a hierarchy of increasingly smaller graphs is

generated:

G = G0, G1, ... , Gs. (4–11)

After the problem is solved for the coarsest graph Gs, the solution is propagated back up

the hierarchy and periodically refined until a solution is obtained for the original graph

G0.

The complete process of coarsening, solving, and uncoarsening a graph is called a

V-cycle. We will describe one V-cycle of our algorithm below.
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4.4.1 Coarsening

During the coarsening process, vertices are aggegated in such a way as to

preserve the overall structure of the graph while considerably reducing its size. A

crucial consideration in coarsening a graph, therefore, is in determining which vertices

to aggregate so as not to change the global structure of the graph. One common

approach, which we will adopt, is to define a distance d on the set of vertices. Two

vertices i and j are matched and aggregated if the distance d(i, j) between them is small.

For the VSP, the metric d should be defined in such a way that the distance between

i and j is small when i and j have a high likelihood of appearing in the same set in the

optimal partition (A,S,B). In this dissertation we will consider a specific distance known

as the heavy edge distance, which we will define later. For the time being however,

assume that we have some suitable distance, and call it d.

Let Gl = (Vl, El) be some graph in the hierarchy (4–11), where 0 ≤ l < s. Recall that

each vertex i in Vl has a weight ci ∈ R≥0 and a size σi ∈ Z≥1, and each edge (i, j) ∈ El

has a weight γi,j ∈ R≥1 (the edge weights in the finest graph are assumed to be all 1).

The next coarser graph in the hierarchy, Gl+1 = (Vl+1, El+1), is generated as follows.

The vertices are visited in a random order and each vertex i ∈ Vl is matched with an

unmatched neighbor for which the distance d(i, k) is minimized over all unmatched

neighbors k of i. Each pairs of matched vertices is represented by a single vertex v in

the coarse graph, and is assigned a size (resp. weight) equal to the sum of the sizes

(weights) of the consituent vertices. The set of edges incident to v is equal to the union

of the edges incident to its constituent vertices and the edge weights are left unchanged.

In the case where matched vertices share a common neighbor, multiple edges will

appear between two vertices in the coarse graph. Notationally, however, we may view

these edges as being a single edge having a weight equal to the combined weights of

the multiple edges. The vertices in the coarse graph are relabled ordinal numbers from

the set {1, 2, ... , |Vl+1|}.
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The coarsening process outlined above presupposes a distance d : Vl × Vl →

R≥0 ∪ {∞}. The specific choice of d we will consider is often called the heavy edge

distance, an is defined by

dheavy(i, j) =

 1/γi,j, if (i, j) is an edge

∞, otherwise
.

Hence, the distance between a pair of vertices in the fine graph is equal to 1 if the

vertices are connected by an edge, and∞ otherwise. At the coarser levels, the distance

between vertex aggregates is small when the number of edges connecting vertices in

different aggregates is large.

4.4.2 Solving

The coarsening process repeats until we obtain a graph Gs having fewer than 100

vertices or fewer than 10 edges. The coarse VSP (4–1) is solved for Gs either by solving

the continuous program (4–2) or by using heuristics, such as those developed in [37].

An exact solution is desirable, but not necessary. We denote the solution obtained by

(As,Ss,Bs).

4.4.3 Uncoarsening

Let Gl be some coarse graph in the hierarchy (4–11) with 1 ≤ l ≤ s, and let

(Al,Sl,Bl) denote the solution to the coarse VSP (4–1) at level l. An initial partition

for the graph Gl−1 is obtained by simply unmatching vertices in Gl; that is, unmatched

vertices lie in the same set (A, S, or B) as their representatives in the coarse graph.

In the case where a partition could not be obtained at level l (due to reasons given in

Section 4.2) the continuous solution to (4–2) can be uncoarsened by assigning values

to entries of the vectors xxxl−1 and yyyl−1 equal to the values of their representatives in the

coarse graph.

Assuming the solution at level l is sufficiently strong, and assuming the coarsening

Gl−1 → Gl effectively preserved the global structure of Gl−1, the initial solution at level

69



(xxx(0), yyy(0))← (xxxl−1, yyyl−1).

for k = 0, 1, 2, ... , K

Let (x̂xx(k+1), ŷyy(k+1)) be a solution to

max
xxx,yyy

cccTl−1(xxx + yyy)− γxxxT(AAAl−1 + III)yyy

subject to 000 ≤ xxx ≤ 111, 000 ≤ yyy ≤ 111,
`a ≤ σTxxx ≤ ua, `b ≤ σTyyy ≤ ub,

xxx = xxx(k) if k is even, and yyy = yyy(k) if k is odd.

(xxx(k+1), yyy(k+1))← (xxx(k), yyy(k)) + αk(x̂xx
(k+1), ŷyy(k+1)), for some αk ∈ (0, 1).

end for

Figure 4-2. Local refinement

l − 1 should be a good approximate solution for the graph Gl−1. It is likely, however, that

local improvements in this solution can still be made to further minimize the weight of the

separator set.

4.4.4 Local Refinement

Local improvements to the solution are made by alternately fixing the variables xxx

and yyy and solving (4–2) over the remaining free variables (see Figure 4-2.) Notice that

when xxx or yyy is held fixed, problem (4–2) is simply a linear program, and can be solved

very efficiently. After the linear program is solved, a step is taken in the direction of the

solution. This process repeats for a fixed number K of iterations. In practice, the final

point arrived at after this process is typically a stationary point of the program (4–2). The

local optimality conditions of Theorem 4.2 may be checked in order to verify that the

stationary point is a local minimizer. If the test fails, then a descent direction is computed

as in the Remark following Theorem 4.2 and the refinement is repeated.

4.4.5 Escaping Poor Local Solutions

Since the VSP is an NP-hard problem, the continuous program (4–2) may

have many local minimizers when the graph G is large. Thus, one would find that
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implementing the scheme we have described above would not be entirely satisfactory,

since any one of these local minimizers has the potential of trapping the iterates and

preventing further improvement in the partition.

The importance of escaping from poor local solutions is addressed in many

multilevel algorithms. One common technique for escaping local solutions is simulated

annealing (see for instance [62]). In the current algorithm, we propose a technique

which makes innovative use of the quadratic program (4–2). At the end of the refinement

process, the value of the parameter γ in (4–2) is decreased and the refinement is

repeated using the new solution as an initial guess. In the experiments of Section 4.5,

γ is reduced in increments of 0.1 until either it reaches zero, or the current solution

changes after the refinements. If γ is reduced to zero without any change in the solution,

then the current solution is accepted and the graph is uncoarsened to the next finer

level. On the other hand, if the current solution changes after applying the refinements

with some reduced value of γ, then γ is returned to its original value of max{ci : i ∈ Vl−1}

and the refinements are repeated using the new solution as an initial guess.

This procedure may be interpretted from the point of view of graph theory as

follows. As γ is reduced, the penalty term xxxT(AAAl−1 + III)yyy is de-emphasized, and the

condition that there must be no edges between A and B is in some sense relaxed.

Hence, partitions which would have previously been rejected for violating the separation

condition, are now accepted if doing so improves the value of the relaxed objective

function. Hence, the iterates are encouraged to leave the current local solution

and explore new directions which would have previously been prohibited. Once the

iterates escape the local solution, γ is returned to its original value and the separation

requirement between A and B is once again enforced.

4.5 Preliminary Computational Results

The multilevel algorithm was programmed in C++ and the graph structures were

stored using the Lemon Graph Library [17]. At the coarsest level, the VSP was solved
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using the function NDMETIS from the METIS graph partitioning package [37]. The linear

programs arising in the refinement stage were solved using NAPHEAP, a C program for

solving the separable convex quadratic knapsack problem, developed by William Hager,

James Hungerford, and Timothy Davis [15].

Since one of the principal applications of the VSP is in computing fill-reducing

orderings for the columns of a sparse matrix before it is factored, our preliminary test

set consisted of several symmetric matrices from the University of Florida Sparse Matrix

Library (http://www.cise.ufl.edu/research/sparse/matrices). The matrices had

dimensions ranging from n = 1000 to n = 5000 and densities ranging from 2 × 10−3 to

4.6 × 10−2. From each matrix, a graph was constructed by identifying the columns with

vertices, and connecting two vertices i and j by an edge whenever the (i, j)th entry of

the matrix was nonzero. In all graphs, vertices were assumed to be unweighted; that is,

ci = 1 for every i.

Table 4-3. Illustrative comparison between separators obtained using either METIS or
the multilevel algorithm with continuous refinements and heavy edge distance
based matching.

Problem Dimension Sparsity QP METIS
1138 BUS 1138 .0040 10 9
3ELT 4720 .0012 50 63
AIRFOIL1 4253 .0013 39 41
BCSPWR06 1454 .0031 4 9
BCSSTK08 1074 .0121 63 63
BCSSTK13 2003 .0214 217 219
BCSSTM27 1224 .0383 34 34
BLCKHOLE 2132 .0037 67 67
C-18 2169 .0036 28 21
CAN 1054 1054 .0119 28 30
CEGB3024 3024 .0090 42 38
DELAUNAY N10 1024 .0058 30 27

Table 4-3 compares the sizes of the vertex separators found by our algorithm with

those found by the multilevel solver NDMETIS. Column 1 of the table gives the name

of the graph, followed by the number of vertices and the graph sparsity ( |E|
n(n−1)/2

). In
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both our algorithm and in NDMETIS, we used the parameter values `a = `b = 1 and

ua = ub = 2n
3

for all graphs (see (3–1)).

The essential difference between our alogrithm and NDMETIS is in the local

refinement phase. Whereas NDMETIS refines solutions using a variant of the Kernighan-

Lin algorithm (vertex exchanges), our algorithm makes refinements using the continuous

program (4–2). Thus, the preliminary results of Table 4-3 suggest that the continuous

program (4–2) may be an effective local refinement tool. In the future, it will be worth

investigating the extent to which NDMETIS may benefit by employing continuous

refinements in addition to using the Kernighan-Lin algorithm.
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APPENDIX: NOTATION

• 000 and 111 denote vectors whose entries are all 0 and all 1 respectively. Their
dimension should be clear from context.

• ∇f(xxx) denotes the gradient of f, a row vector, and ∇2f(xxx) denotes the Hessian of f.

• For a set Z, |Z| is the number of elements in Z.

• R is the set of real numbers and B = {0, 1} is the set of binary numbers.

• If xxx and yyy ∈ Rn, then [xxx,yyy] denotes the vector in R2n obtained by stacking xxx above
yyy.

• eeei ∈ Rn denotes the i-th column of the n× n identity matrix.

• If AAA ∈ Rm×n and I ⊂ {1, ... , m}, then AAAI denotes the submatrix corresponding to
the row numbers i ∈ I.

• If xxx ∈ Rn, then the support of xxx is defined by supp(xxx) = {i ∈ [1, n] : xi 6= 0}.

• The positive span of a set S, denoted span+(S), is the set of linear combinations of
vectors in S with nonnegative coefficients.

• |S| denotes the number of elements in S.

• The null space of AAA is denoted null(AAA).

• If S is a set of indices associated with weights ci ∈ R, thenW(S) denotes the sum∑
i∈S ci.
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