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The relative equating performance of the Graded Response Model (GRM) and the 

Generalized Partial Credit (GPC) model was compared with that of the two parameter logistic 

(2PL) model using simulated testlet data under a common-item nonequivalent groups design. 

Impacts of various levels of testlet effects, calibration procedures, group differences, number of 

common items, sample size were investigated. Three traditional linear equating methods were 

used as criteria for the IRT true score equating and IRT observed score equating results from the 

three item response theory models. In general, the equating performance based on the two 

polytomous models yielded results that were more compatible with the results of the traditional 

equating methods with the presence of testlet effects. Even in some conditions without testlet 

effects, the equating performance of the two polytomous models was more similar to that of the 

traditional methods than the dichotomous 2PL model, particularly when the number of common 

items was larger. Of the two polytomous models, the GRM was found to render results in more 

agreement with those of traditional linear methods in conditions of separate calibration with 

linking. The characteristic curve linking methods outperformed the moment methods in a 

majority of conditions. The separate calibration procedures were better than the concurrent 
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calibration procedure in most of the conditions, especially when the number of common items 

was small. 
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CHAPTER 1 

INTRODUCTION 

Testlets, where a bundle of items designed according to a common stimulus (e.g., a 

reading passage, a graph or a laboratory scenario), have emerged as a popular and desirable item 

format in standard tests owing to its unique characteristics (Wainer, Bradlow & Du, 2000). 

Compared with the traditional single independent items, the context-dependent nature of within-

testlet items makes it possible to assess more complicated or high-level skills. Asking a set of 

questions based on one theme also saves examinees’ testing time (DeMars, 2006). However, the 

context-dependent nature of the testlet items might present a certain level of local dependence 

among them, thereby introduces some nuisance testlet factors in addition to the primary trait 

measured by the whole test.  

Disregarding the within testlet item dependence and using the standard independent-item 

model, such as a unidimensional dichotomous model, could lead to inaccurate item and primary 

trait parameter estimates, and the test reliability might be inflated (DeMars, 2006; Li, 2009; 

Sireci, S. G., Thissen, D., & Wainer, H, 1991; Wainer, Bradlow & Wang, 2007; Yen, 1993). 

Therefore, various approaches have been proposed to model the dependencies among the testlet 

items. Treating the whole testlet as a single polytomous item by summing up the item scores 

within the testlet is one approach (Cook, Dodd, & Fitzpatrick, 1999; Wainer, Bradlow & Wang, 

2007; Yen, 1993). Applying one form of multidimensional item response theory (IRT) models 

(i.e., the bi-factor model (Gibbons & Hedeker, 1992), the testlet-model (Bradlow, Wainer, & 

Wang, 1999; Wainer & Wang, 2000)) is another approach in which specific testlet-related 

dimensions are incorporated into the primary dimension of interest. Using either simulated or 

empirical data, researchers have examined the performance of these approaches for the testlet-

based test with respect to item and primary trait parameter estimates, test reliability, test 
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information, linking and equating. Not only did they compare the unidimensional dichotomous 

model with the testlets-as-polytomous-item model (Lee, Kolen, Frisbie, & Ankenmann, 2001; 

Wainer, 1995; Yen, 1993; Zhang, 2007), but  they also compared the unidimensional 

dichotomous model with the testlet effect model (Bradlow, Wainer, & Wang, 1999; Li, Bolt, & 

Fu, 2005), or they compared the unidimensional dichotomous model, testlets-as-polytomous-

item model and testlet effect model altogether (DeMars, 2006; Li, 2009). 

These studies provided insightful information from diverse perspectives. However, the 

findings about the performance of the testlets-as-polytomous-item model and the unidimensional 

dichotomous model for modeling the testlet data were not consistent with each other. 

Some studies found that the testlets-as-polytomous-item model tended to produce less 

accurate primary trait estimates compared with the unidimensional dichotomous model. For 

instance, in DeMars’s study (2006), three models, i.e., the three parameter bi-factor model, testlet 

model and unidimenional three parameter logistic model (3PL), were used to simulate three 

types of population data. The three models are nested models with the bi-factor model as a 

general model and the other two as its constrained versions. Five levels of testlet magnitude were 

considered in data simulated with bi-factor model and testlet-effect model. All three models plus 

the generalized partial credit model (GPC) (Muraki, 1992) were fit to the three types of data 

generated. Model fit, reliability, and accuracy of primary trait parameter estimates were 

compared for all the four models. Accuracy of item parameter estimates were compared for the 

three nested models. As for the accuracy of the primary trait estimation, this study showed that 

although all the four models had satisfactory estimates, the GPC model produced larger bias and 

root mean square error at the lower end of the primary trait distribution. Thus, the GPC model is 

the relatively weaker one for modeling data having testlet effects. In another study, Li (2009) 
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compared the item paramater estimates linking and the primary trait estimation of the 3PL testlet 

model, the 3PL model and the graded response model (GRM) (Samejima, 1969) for data 

simulated with the 3PL testlet model. This study also found that the primary trait estimates from 

the three models were similar, but the GRM produced comparatively less accurate trait estimates. 

When it comes to the linking parameter recovery and equating effectiveness under the 

testlets-as-polytomous-item model and the unidimensional dichotomous model, the results in 

extant literature are somewhat contradictory with one another. In Li (2009), recovery of the 

linking parameters for the GRM was found to be better than the 3PL model and similar to the 

3PL testlet model with medium or high level of testlet effects. Zhang (2007) simulated testlet 

data based on the 3PL compensatory multidimensional model. Patterns of both within and 

between testlet item dependencies were considered. The equating effectiveness of the 3PL model 

and the GPC model for this type of testlet data were compared. It was found that the GPC model 

worked better than the 3PL model if the test was slightly or moderately multidimensional. When 

the test had a high degree of multidimensionality and the between testlets item dependence was 

high, the equating results of the GPC model was worse than the 3PL model. While in Lee, 

Kolen, Frisbie, and Ankenmann (2001), real testlet data were used to compare the equating 

performance of the 3PL with that of the Nominal Model (Bock, 1972) and the GRM. Their study 

showed that the two polytomous models outperformed the dichotomous model when the 

violation of local independence was more serious. In contrast, there was not much difference 

between the polytomous and the dichotomous models when the violation was slight. Across 

these studies, it is hard to reach a conclusion about the conditions in which the polytomous 

models work consistently better than the dichotomous models.  
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Given the inconsistent findings in the previous research, the current study aimed to 

specifically assess the unidimensional dichotomous model (2PL) and the polytomous IRT 

models’ (GRM and GPC) equating performance for testlet-based tests under the common-item 

nonequivalent groups design. GRM and GPC models are commonly used to model the 

dependencies of the testlet items in existing IRT application studies (Cook, Dodd, & Fitzpatrick, 

1999; DeMars, 2006; Lee, Kolen, Frisbie, & Ankenmann, 2001; Li, 2009; Sireci et al., 1991; 

Wainer, 1995; Yen, 1993; Zhang, 2007). Although the previous research showed that the two 

models produced similar results for polytomous data (Maydeu-Olivares, Drasgow, & Mead, 

1994; Tang & Eignor, 1997), Cook, Dodd and Fitzpatrick (1999) found that the GRM yielded 

more information than the GPC model over the whole range of ability scale when they were fit to 

the simulated testlet data. Thus they recommended future exploration of the practical 

implications of this intriguing phenomenon. In literature, few studies have examined the equating 

results using the two polytomous models simultaneously for testlet data under the common item 

non-equivalent groups design. There is an obvious need for conducting such a research. 

Two procedures for obtaining a common scale of the item and ability parameter estimates 

using IRT models were considered, i.e., separate parameter estimation and concurrent 

estimation,. Several studies have reported linking or equating performance of the unidimensional 

dichotomous model versus the polytomous model or the testlet-effect model for testlet-based 

tests using separate calibration (Lee, Kolen, Frisbie, & Ankenmann, 2001; Li, Bolt, & Fu, 2005; 

Li, 2009; Zhang, 2007). Nevertheless, none of these studies have compared the separate 

calibration with the concurrent calibration, which is an alternative procedure to obtain a common 

scale. An inspection of studies comparing the separate versus concurrent calibration for scale 

transformation suggested that the concurrent procedure is more accurate than the separate 
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procedure if the data fit the IRT model but not when there are violations of the IRT assumptions 

(Petersen, Cook, & Stocking, 1983; Wingersky, Cook, & Eignor, 1986; Kim & Cohen, 1998; 

B guin, Hanson, & Glas, 2000; Hanson & B guin, 2002; Kim & Kolen, 2006; Lee & Ban, 

2010),  for instance, when the data present multidimensionality. As a type of data with 

multidimensionality, little research has been done to compare the separate and concurrent 

procedures of IRT models for the testlet data to obtain a common scale. Li, et al (2005) also 

recommended future research on this issue. In view of the lack of research in this area, the 

current study aims to use a Monte Carlo simulation to compare the performance of the 2PL 

model, the GRM model and the GPC model to obtain a common scale for a testlet based test 

using both the separate calibration and the concurrent calibration under the common-item non-

equivalent groups design.  Four parameter linking methods for the separate calibration were 

employed: Mean/Sigma (Marco, 1977), Mean/Mean (Loyd & Hoover, 1980), Haebara (Haebara, 

1980), Stocking and Lord (Stocking & Lord, 1983). IRT true score equating and IRT observed 

score equating results for the dichotomous and the two polytomous models with both separate 

and concurrent calibrations were used to detect the equating effectiveness of the three models in 

various conditions of interest. 
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CHAPTER 2 

LITERATURE REVIEW 

Desirable Properties of Testlet 

In standardized tests, such as a reading test, it is fairly common to see the testlet format 

being used to examine a test taker’s reading ability, where a reading comprehension passage is 

followed by a series of multiple choice questions based on the same passage. Wainer and Kiely 

(1987) formally named this type of item bundles clustered under common stimuli “testlet”. 

Specifically, they defined it as “a group of items related to a single content area that is developed 

as a unit and contains a fixed number of predetermined paths that an examinee may follow” 

(Wainer & Kiely, 1987, p.190). The adoption of testlet as an item format was originally regarded 

by Wainer and Kiely as a possible avenue of solving some of the issues arising in the test 

construction and administration of Computerized Adaptive Testing (CAT). These issues were 

concerned with the differential context effects due to item location, cross-information and 

unbalanced content. And these concerns, to a certain degree, are connected with the atomistic 

nature of the single independent small items used in the CAT item format. In contrast, since each 

item under a predesigned testlet carries its own context, and each testlet can represent a content 

area of interest, the balance of test content is therefore more easily achieved. In addition, the path 

of within testlet items could follow either a hierarchical branching scheme, which routes test 

takers to successive items adaptive to their previous response, or a linear scheme, which delivers 

the same number of items to all test takers. The two types of branching schemes also apply to the 

testlets.  Thus, as a unit of test construction, testlet brought forth a flexible alternative to address 

the item ordering problem associated with the algorithmic methods of test construction in CAT 

(Wainer & Kiely, 1987).  
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Apart from providing a possible solution to problems encountered in CAT test 

construction and development per se, the testlet format also offers an efficient way to use the test 

takers’ time by asking a bunch of questions based on an extended stimulus, such as a reading 

paragraph or a laboratory scenario. Given the amount of time a test taker spends processing the 

information in such an extended stimulus, it might not be reasonable to ask a single question and 

to collect a limited piece of information. For instance, a 250-word passage needs four to six 

questions for test takers to delve into the meaning it carries, and 10 to 12 questions are 

considered appropriate for a longer passage (Wainer, Bradlow & Wang, 2007). Furthermore, 

under the context of statewide educational assessment, the testlet format allows for measuring 

the higher order thinking skills and understanding, which is stipulated in the No Child Left 

Behind Act (NCLB, 2001). The interrelated property of the items within a testlet, provides a 

better means for test users to evaluate students’ higher order thinking than a single independent 

item does (DeMars, 2006). Where the problems in a test required must be solved in a stepwise or 

a sequential style, it is more suitable to use the context-dependent testlet items. All these 

desirable properties of testlet contribute to its popularity in the standard tests as an item format. 

Local Dependence and Its Modeling 

The context-dependent nature of the items within a testlet facilitates coping with 

problems in some testing situations. Nonetheless, its application is not without concerns. When 

the test is scored within an IRT framework, were the testlet format used, the interrelated testlet 

items are likely to violate one of the basic assumptions in the unidimensional item response 

theory, i.e., local independence. This assumption dictates that controlling for the latent construct 

of interest, such as the reading ability in a reading test, the responses of an examinee to the items 

are independent. It indicates that the correctness of an examinee answering one item does not 
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depend on her/his response to another item in this test. The response of an examinee to an item is 

solely explained by the latent construct of interest. Mathematically, it could be expressed as 

P( ) = P(                                      (2-1) 

where  and  are two items in a test, and   is the examinee’s ability. Under the assumption 

of local independence, the probability of answering item  correctly is independent of the 

outcome of any other item  controlling the examinee’s ability . 

However, in the case of testlet-based tests, each testlet might introduce a new dimension 

specific to this testlet. For example, a new dimension may be an examinee’s background 

knowledge or motivational factors specific to the testlet (DeMars, 2006). Then, within each 

testlet, the items not only indicate a general latent construct that the overall test measures but a 

testlet-specific latent construct that is a nuisance factor to the test user. As mentioned in Chapter 

one, there are three general approaches to model the dependencies among testlet items. One 

approach is to ignore the dependence and use the binary IRT model anyway. Another approach is 

to treat each individual testlet as a polytomously scored item, and use one type of polytomous 

IRT models, the local independence assumption is met on the testlet level. Still another approach 

incorporates the additional dimension introduced by each testlet and uses some sort of 

multidimensional IRT models or their equivalents. The impacts of the three approaches on the 

latent trait and item parameter estimation, test reliability, and test information have been well 

studied by quite a few researchers in literature (Bradlow, Wainer & Wang, 1999; Cook, Dodd, & 

Fitzpatrick, 1999; DeMars, 2006; Sireci, S. G., Thissen, D., & Wainer, H, 1991). Nevertheless, 

there is a paucity of research investigating the impact of these approaches on equating for 

testlets-based tests.  
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Equating and Linking 

Many testing programs such as the TOEFL (Test of English as a Foreign Language) or 

the GRE (Graduate Record Examinations) administer multiple forms of the test on multiple 

occasions with each containing a different set of questions. Doing so is for the sake of test 

security on one hand and for flexibility of test date options on the other hand. Although each test 

form is supposed to be constructed as similar as possible in content and test statistical 

specifications, there still might be a difference in difficulty among them. Thus, equating serves 

as a statistical means to adjust the scores on these alternate forms so that they could be used 

interchangeably (Kolen & Brennan, 2004). In this way, the comparability of scores from multiple 

forms of the same test is achieved. All equating methods consist of at least two elements, 

equating designs and a statistical procedure to analyze the data (Petersen, Cook & Stocking, 

1983).  

There are various options for data collection design in equating, and the three commonly 

used ones are: 1) random groups design; 2) single group design; 3) common item nonequivalent 

groups design. In random groups design examinees are randomly assigned one alternate test form 

to be administered. A spiraling process could be used to alternate the test forms which results in 

randomly equivalent groups taking one of the forms administered. In single group design, one 

examinee should take two test forms and counterbalancing the order of administering the test 

forms will be considered to handle the order effects. Common item nonequivalent groups design 

involves using anchor items across test forms taken by groups of examinees with nonequivalent 

ability distribution. Anchor items are a set of common items representative of the total test both 

in content and statistical characteristics, and scores on these forms are equated by means of their 

relations to scores of the anchor items. Because this design administers one test form per test 

administration, it is widely used in many testing programs (Lee & Ban, 2010).  
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If the test is scored using item response theory methods, which model the examinees’ 

responses at the item level instead of total test scores level, equating would involve three steps in 

general (Kolen & Brennan, 2004). First, estimate item parameters based on a corresponding IRT 

model. The item parameters for different test forms could be estimated separately by different 

runs of the estimation software, which is called separate calibration. Or multiple forms can be 

calibrated together as a big data set to get the item parameters estimates by a single run of the 

estimation software, which is called concurrent calibration. Second, if separate calibration is 

employed to obtain item parameter estimates for test forms based on examinees from different 

populations, due to the scale indeterminancy property, IRT linking procedure for separate 

calibration should be used to transform the parameters of a target form to the scale of a base 

form. For example, the estimation software BILOG (Mislevy & Bock, 1990) sets the ability 

distribution for a given group of examinees as standard normal with a mean of 0 and a standard 

deviation of 1 to resolve the issue of scale indeterminancy. In the same manner, the ability 

distribution of another group will be defined as having a mean of 0 and a standard deviation of 1 

as well, regardless of the fact that the two groups have different abilities. So IRT linking 

procedure is needed to transform the ability parameter and item parameter estimates from 

different groups onto a common metric. The ability parameter estimates and item parameter 

estimates of IRT models from separate estimation procedures are only invariant up to a linear 

transformation. That is to say, when an IRT model fits a data set, then any linear transformation 

of the ability scale fits the same data, provided that the item parameters are transformed. For 

instance, in a two parameter logistic (2PL) IRT model, the latent trait values for the two scales 

are related as follows (Kolen & Brennan, 2004): 
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,                                                              (2-2)     

where  and  are values of  for individual i on scale J and scale I. In this manner, parameter 

estimates on form I were put on the scale of form J using  and . This 

linear relationship ensures the 2PL function results identical probability for a correct response to 

item j using either set of parameter estimates. Therefore, computing the linking parameters A and 

B is the focus of IRT separate calibration. If the groups taking different test forms are equivalent 

in ability distribution like in the random groups design or single group design, IRT linking is not 

necessary. Nevertheless, linking for equivalent groups might adjust for minor differences in the 

latent variable scale between the groups taking the two forms caused by sampling error. This in 

turn, reduces estimation error (Hanson & B guin, 2002). Therefore, the term “linking” in the 

current study is operationally defined as the procedure to put the IRT model parameter estimates 

on the same scale, while the term “equating” here refers to adjusting the difficulty difference 

between the forms to be equated (Lee and Ban, 2010). 

There are some commonly used IRT linking methods to calculate the linking parameters 

A and B in the common-item nonequivalent groups design as described in Kolen and Brennan 

(2004), i.e., Mean/Mean (Loyd & Hoover, 1980), Mean/Sigma (Marco, 1977), Haebara (1980), 

and Stocking/Lord (Stocking & Lord, 1983). For the unidimensional IRT model, the Mean/Mean 

method uses the mean of a-parameter estimates and b-parameter estimates from the common 

items of the two test forms to estimate the linking constants A and B, respectively, which could 

be expressed as 

A =  ,                                                         (2-3) 

B =                                                    (2-4) 
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The Mean/Sigma method estimates the A and B constants by using the standard deviation and 

mean of the b-parameter estimates from the common items of the two test forms. The 

relationships are as follows 

A = .                                                               (2-5) 

The B constant could be calculated using Equation (2-4). Haebara and Stocking-Lord methods 

uses the item characteristic curves and test characteristic curves, respectively, to obtain A and B 

constants. In IRT applications, the scale of the latent trait is unique only up to a linear 

transformation as well. This scale indeterminancy indicates that, for two latent ability Scales I 

and J (Kolen & Brennan, 2004), 

 =  A , ).                            (2-6) 

For person i and an item j, the probability that this person i with ability  will answer this item j 

correctly is identical regardless of the scale used to report the score. However, if the parameters 

are replaced by their estimates, then Equation (2-6) does not necessarily hold over all persons 

and items for any combinations of A and B. That is to say, there will be a difference between the 

two probability estimates. The two characteristic curve methods estimate A and B linking 

constants by minimizing this difference between the two probability estimates. Specifically, the 

Haebara method sums up the squared difference between the item characteristic curves of each 

item for examinees of a particular ability. Thus, this method is also called the item characteristic 

curve method. For any given ability , the function of this method could be expressed as 

Hdiff ( = ,            (2-7) 
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where j:V refers to the fact that the summation is over all the common items. This approach sums 

up the squared difference between each item characteristic curve on the two scales. Then the 

difference over all abilities is cumulated using the criterion 

Hcrit = .                                                         (2-8) 

The criterion is not met until finding A and B values that minimize it. The Stocking-Lord 

method, instead, uses the squared difference of the test characteristic curves, 

SLdiff ( ) = .         (2-9) 

Here the SLdiff ( ) is the squared difference between test characteristic curves on the two scales 

for a given ability . Then, the difference is cumulated over all abilities using the criterion 

SLcrit = .                                                     (2-10) 

As in the Haebara approach, the criterion is met by finding the A and B values that minimize it. 

Once the A and B are obtained using any of the linking methods, IRT scale transformation could 

be accomplished. The distribution of the abilities for the two groups on the common scale would 

be expected to differ. Thus, the transformed parameter estimates can be used in the third step to 

establish equating relationship between the alternate test forms if number-correct scoring is 

employed.  The number-correct scores on the target form are converted to the scale of number-

correct scores on the base form and then to scale scores. 

IRT Linking and Equating for Testlet-based Tests 

Flexible as the IRT models are compared with the classical test models, the strong 

statistical assumptions required are hard to meet completely in real testing settings. When IRT 

models are applied to score the testlet-based test, the violation of local independence assumption 

not only impacts the ability and item parameters estimation and test information, but the linking 

and final equating results as well (DeMars, 2006; Lee et al, 2001; Li, 2009; Li, Bolt & Fu, 2005; 
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Sireci, Thissen, & Wainer, 1991; Thissen, Steinberg, & Mooney, 1989; Yen, 1993; Zhang, 

2007). Previous linking or equating studies for testlet-based tests usually focused on comparing 

the linking or equating performance of the IRT models used to model the local dependence 

within the testlet items. These models, as mentioned before, fall into three general categories, 

namely, unidimensional dichotomous models, unidimentional polytomous models and 

multidimensional models. Most of these studies emphasized how the magnitude of testlet effect 

would affect the linking or equating results based on any of the three types IRT models. 

Among these studies, some researchers examined the IRT linking for testlet-based tests 

under non-equivalent groups equating design. In Li, Bolt and Fu (2005), the test characteristic 

curve linking procedure (Stocking & Lord, 1983) was extended to link IRT parameters from 

separate calibrations based on a two-parameter normal ogive (2PNO) testlet model. Data were 

generated under both the 2PNO and the 2PNO testlet models. Two levels of common testlets 

were considered, i.e., 2 and 4. For data generated under the 2PNO testlet model, the testlet effect, 

which is the variance of the random testlet factor, was defined as having three levels (0, .5, 1) 

representing no testlet effect, medium testlet effect and large testlet effect respectively. The three 

levels of testlet effects were randomly assigned to the six testlets for each pair of test forms. 

Then the two models were fit to each type of data set generated. The recovery of the linking 

parameters A and B obtained from the linking procedures based on the 2PNO testlet model and 

the 2PNO model were compared. Absolute value of the bias for A and B were used to evaluate 

the linking parameter recovery. For data simulated under the 2PNO testlet model, the linking 

parameters recovery with the 2PNO testlet model was superior to that with the 2PNO model. For 

data simulated under the 2PNO model, which indicated the condition of meeting the local 

independence assumption, it turned out that the linking parameter recovery with the 2PNO testlet 
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model was comparable to that with the 2PNO model. The authors ascribed this counterintuitive 

finding to two possible reasons. One is the difference between the estimation methods used to 

estimate the two IRT models. The 2PNO testlet model was estimated using the Markov Chain 

Monte Carlo (MCMC) algorithm implemented in WinBUGS 1.4 (Spiegelhalter, Thomas, & 

Best, 2003), while the 2PNO model was estimated using the marginal maximum likelihood 

(MML) method in BILOG (Mislevy & Bock, 2003). It was found in other studies as well that 

under some conditions without local independence violation, the MCMC method yielded slightly 

better parameter estimates than BILOG (Du, 1998; Wainer, Bradlow, & Du, 2000). The other 

possible reason might be the use of BILOG to estimate parameters of the normal ogive model by 

applying the scale constant D = 1.7 to the logits from the BILOG estimates, because BILOG is 

supposed to fit the logistic model. The approximation of the normal ogive metric might produce 

less accurate parameter estimates for the 2PNO model. The impact of the magnitude of testlet 

effect on the recovery of the linking parameters was not specified by the authors. Therefore, the 

overall conclusion of this study is that the linking procedure for the 2PNO testlet model results in 

more accurate linking parameter estimates than that for the 2PNO model were there testlet effect 

(medium or large). Appealing as it is, the authors also pointed out that this linking procedure for 

the 2PNO testlet model took relatively longer time to compute due to the iterative and 

computationally intensive algorithm. About 55 minutes were needed to obtain the linking 

parameters for each pair of data set under the four common testlet conditions and 25 minutes 

under the two common testlet conditions using a computer with a 2.8-GHz CPU and 512 MB 

memory. Considering the IRT equating which should be conducted after the linking procedure, 

application of this characteristic curve linking method to testlet-based test equating is formidable 

(Zhang, 2007).  
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In another study on IRT linking for testlet-based test under common item non-equivalent 

groups design, Li (2009) extended the Haebara item characteristic linking method (Haebara, 

1980) to the 3PL testlet model. The linking parameter recovery was compared among three 

models (3PL, GRM and 3PL testlet model ) used to fit the same data generated from the 3PL 

testlet model. Three levels of the random testlet factor variance (0, 1, 2) were considered to 

investigate the impact of the magnitude of testlet effect on the linking results from each model.  

The three levels of testlet factor variance were regarded as representing no, medium and strong 

testlet effect respectively. When the testlet factor variance is 0, the 3PL testlet model becomes 

3PL model. 50 replications were employed for each condition. Mean squared error (MSE) and 

bias were used to evaluate the recovery of the estimated linking parameters. WinBUGS was used 

to estimate parameters for the 3PL testlet model, BILOG-MG (Zimowski, Muraki, Mislevy, & 

Bock, 2005) for 3PL model, and PARSCLAE ( Muraki & Bock, 1997) for the GRM. When the 

testlet effect was absent, the MSE and absolute value of bias of the linking parameter estimates 

with the 3PL model turned out to be lower than those with the 3PL testlet model and the GRM, 

which indicated a better recovery of the linking parameters. With the increase of the testlet 

effect, the linking parameter recovery with the GRM and the 3PL testlet model tended to 

outperform that with the 3PL model, especially when the variance of the testlet factor was as 

high as 2. It should be noted that when the variance of the testlet factor is 1, one of the linking 

parameters estimate, i.e., B, was more accurate with the 3PL model than the other two models, 

while the A parameter with this model was less accurate compared with that from the GRM and 

the 3PL testlet model, but the difference was slight in terms of the MSE values. Therefore, this 

study suggested that when the testlet effect was strong, the linking parameter recovery with the 

GRM and the 3PL testlet model was superior to the 3PL model, and the results from the GRM 
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and the testlet model were similar. However, when the testlet effect was medium, the linking 

parameter recovery from the three models was comparable. 

As mentioned before, after completing the IRT linking procedure, IRT equating should 

be conducted to convert the number-correct scores on the target form to the scale of number-

correct scores on the base form. Some researchers then compared the equating effectiveness of 

the unidimentional dichotomous models and polytomous models for testlet-based test. In Lee, 

Kolen, Frisbie, and Ankenmann (2001), the equating performances based on two polytomous 

IRT models, i.e., Norminal Model (NM, Bock, 1972) and the GRM, were compared with that 

based on the 3PL model for testlet-based tests. Real data collected following a random group 

design was used in the equating analysis, where the two groups to be equated are supposed to 

have identical ability distribution. Therefore, item parameter estimates from each form need not 

be put on the same scale through linking. 

The magnitude of local dependence was detected by computing the  statistics (Yen, 

1984), which measures the residuals correlation between item pairs after partialing out the 

general latent trait that the IRT model measures. Two types of statistics could be calculated 

for a test form, i.e., within-testlet and between testlet s. If the local independence assumption 

holds, then the mean value of the statistics for both the within- and between-testlet pairs 

would be close to the expected values of the measures (Lee et al., 2001). In addition, factor 

analysis was conducted to check the dimensionality. Results from statistics and factor analysis 

showed that the local independence assumption was hold at the testlet level but not at the 

individual items level. In other words, when testlet scores were used as the unit of analysis, both 

local independence and unidimensional assumptions hold. Three traditional equating methods, 

(mean, linear, and equipercentile) served as the baseline methods since they use the total test 
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scores and are not subject to the influence of local independence violation. IRT observed score 

equating and true score equating methods with the 3PL model, NM and GRM were compared 

with the equating results from the three baseline models. Two criteria were used for comparison 

among these models. First, equated score moments. The moments of the converted scores for 

each method were calculated and the absolute values of the difference between these moments 

from the moments of the base form (the form to be equated on) were compared. Second, 

equating conditioning on number correct scores.  The discrepancy between the equated scores 

from the IRT equating methods and the baseline equating methods were compared. The results 

of this study suggested that the more the local independence assumption was violated, the more 

similar the IRT equating results with the two polytomous models were to the three baseline 

equating methods than were the dichotomous models. On the contrary, when the violation of the 

assumption was slight, the equating results from the dichotomous and polytomous IRT models 

were close to each other. The software RAGE (Zeng, Kolen & Hanson, 1995) was used to obtain 

the equating results with the three baseline equating methods. BILOG (Mislevy & Bock, 1990) 

and MULTILOG (Thissen, 1991) were employed to estimate the item parameters under the 

dichotomous and polytomous models, respectively. IRT true score and observed score equating 

relationships were constructed using PIE (Hanson & Zeng, 1995).                                                          

In another equating research for testlet-based test, Zhang (2007) went beyond the 

conditions in Lee, et al (2001) by considering the impact of the pattern of within- and the 

between-testlet local dependence on the equating performance of the unidimensional 

dichotomous model (3PL) and the polytomous model (GPC). Both simulated and real data were 

examined. The simulated data were generated based on a bivariate extension of the 

unidimensional 3PL model with compensatory abilities (Reckase & McKinley, 1983), which in 
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fact is a special case of the multidimensional 3PL compensatory model (Reckase, 1985). Three 

levels of within-testlet local dependence were manipulated (e.g., low, medium and high) together 

with a condition of no local dependence. Data were collected with a random groups design. IRT 

true score and observed score equating results under the 3PL and the GPC models were 

compared with the traditional equipercentile equating, the first- and the second-order equity. This 

study found that the equating under the GPC model tended to have better performance than that 

under the 3PL model if the test’s multidimensionality is low or moderate. However, in the 

condition of either high or no multidimensionality, equating under the 3PL model was closer to 

the equipercentile results. The pattern of the within-and between testlets local dependence 

heavily influenced the equating performance of the GPC model. If the absolute value of the 

within testlet local dependence is large and the between testlet local dependence is low, the GPC 

model would outperform the 3PL model. Otherwise, the 3PL model works better. It should be 

noted that although the term “testlets” was used in this dissertation study for convenience 

purposes, its operational definition by the author is “item sets that are physically clustered under 

common passages or stimuli”. Thus, the researcher could manipulate the magnitude of the 

within- and between-testlet item pair correlations, while in the original testlet structure proposed 

by Wainer and Kiely (1987), the between-testlet items should be conditionally independent. 

The inspection of these previous linking and equating studies on testlet-based tests 

showed that although the two proposed characteristic curve linking methods based on the testlet 

models (Li, Bolt & Fu, 2005; Li, 2009) were reported to have better linking parameter recovery 

than the dichotomous model if the testlet effect was present, the intensive computational 

algorithms used in these linking methods somewhat hinder their application in equating testlet-

based tests due to long computation time. As for the effectiveness of the polytomous models, 
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Li’s study (2009) found that the linking performance of the GRM was similar to that of the 

testlet model and better than the dichotomous model when there was testlet effect, especially 

when the testlet effect was strong. However, the two studies on equating under the dichotomous 

and polytomous IRT models for testlet-based tests presented mixed results regarding their 

performance in conditions with different levels of testlet effects. Particularly, contradictory 

conclusions were drawn with respect to whether the polytomous model yielded better equating 

results compared to the dichotomous model when the testlet effect was strong or the level of 

multidimensionality was high. In Zhang (2007), the equating under the dichotomous 3PL model 

was reported as superior to that under the GPC model when the tests had a high level of 

multidimensionality, whereas Lee, et al (2001) found that the two polytomous models 

outperformed the dichotomous model as long as the testlet effect was of moderate or high level.  

Across these studies on linking and equating for testlet-based tests, different equating 

designs were adopted. The population model used to generate the testlet data in each simulation 

study was not identical. Consequently, it is not surprising to see the inconsistent results. 

However, in order to provide comprehensive knowledge of this issue for practitioners and 

researchers, more conditions need to be investigated. Particularly, the relationship between the 

magnitude of testlet effect and the equating performance under the dichotomous and the 

polytomous models requires further clarification. Moreover, another popular IRT parameter 

estimation procedure, concurrent calibration, has not been explored in any of these studies within 

the context of testlet-based tests. Therefore, the current study aims to investigate the equating 

effectiveness with the unidimensional dichotomous model and the polytomous models for testlet-

based tests under a common-item non-equivalent groups design using both separate and 

concurrent calibrations.  
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Comparison of Separate and Concurrent Estimation 

As described before, item parameters of the test forms could be estimated either in 

separate runs of IRT model estimation software for each form, or in a single run using the data of 

all the test forms simultaneously. The former is called separate calibration. The latter is 

concurrent calibration. In the case of separate calibration, if the groups are non-equivalent in 

ability distribution, IRT linking procedure should be implemented to find the linear relationship 

of item parameter estimates, and put the item parameter estimates from one form on the scale of 

the parameter estimates from the other form. In contrast, item parameter estimates from different 

forms are put on the common metric directly in the case of the concurrent calibration. Many a 

study has compared the two IRT estimation procedures under both the unidimensional and the 

multidimensional tests context using either real or simulated data (Peterson, Cook, & Stocking, 

1983; Wingersky, Cook, & Eignor, 1986; Kim & Cohen, 1998; B guin & Hanson, & Glas, 2000; 

B guin & Hanson, 2001; Hanson & B guin, 2002; Kim & Kolen, 2006; Simon, 2008; Lee & 

Ban, 2010). 

In Peterson et al. (1983), several equating methods, both conventional and IRT, were 

compared graphically and analytically using real data. For the IRT equating methods, both the 

separate and the concurrent calibration were considered based on the three-parameter logistic 

IRT model. The verbal and mathematical portions of the Scholastic Aptitude Test were used to 

compare these equating methods. The IRT model was estimated by LOGIST (Wingersky, 

Barton, & Lord, 1982) which implements joint maximum likelihood estimation (JMLE). They 

found that when tests were not strictly parallel, e.g., when there was a difference in content and 

test length, equating methods for the three-parameter IRT model yielded more stable results. 

Among the IRT methods, equating based on the concurrent calibration provided the most stable 

equating results. 
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Wingersky, Cook, and Eignor (1986) investigated the effects of the characteristics of the 

linking items on IRT true-score equating results. The study was carried out using the 3PL IRT 

model and Monte Carlo procedures.  The characteristics of the items were investigated for two of 

the common scaling designs: concurrent calibration and the characteristic curve transformation 

method (Stocking & Lord, 1983). The effects on IRT true-score equating results were studied for 

the two scaling designs using three different anchor test lengths (10, 20, and 40 items), two 

variations in the size of the standard errors of estimation of the linking items, and two 

distributions of examinee ability (peaked and uniform). The study showed very little difference 

in equating results based on placing item parameter estimates on the same scale using a 

concurrent calibration procedure or a characteristic curve method of scaling. For both scaling 

methods, the accuracy of the equating results improved as the number of linking items was 

increased. The characteristic curve transformation method seemed to require slightly more items 

than the concurrent calibration procedure. The equating results were slightly better when a 

uniform distribution of abilities, rather than a peaked distribution of abilities, was used to 

estimate parameters of the linking items. 

Kim and Cohen (1998) compared the separate calibration and the concurrent calibration 

under the two parameter logistic (2PL) IRT model using simulated data. Each form had 50 items 

in total. The test characteristic curve linking method was employed in the separate calibration. 

They manipulated the number of common items which had 4 levels (5, 10, 25, 50), target group 

ability distribution which had two levels, i.e., N(0,1) and  N(1,1), and the estimation methods for 

concurrent calibration, i.e., the marginal maximum a posteriori estimation (MMAPE) 

implemented in BILOG (Mislevy & Bock, 1990) and the marginal maximum likelihood 

(MMLE) estimation implemented in MULTILOG (Thissen, 1991). The main purpose of this 
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study was to investigate the impact of small sample size (500) and different sizes of common 

items on obtaining a common metric from separate and concurrent calibration. Their review of 

previous research on comparing the separate and the concurrent calibration with the JMLE 

showed that concurrent calibration provided more stable results when the sample size was as 

large as 1000. However, their research found that with a small sample size of 500, the recovery 

of item parameters from separate calibration was more accurate than that from concurrent 

calibration if the number of common items was small, especially when the ability distribution of 

the groups was different. As the number of common items increased, similar results were 

obtained using either the separate or the concurrent calibration, regardless of the type of software 

used for the concurrent calibration. Overall, recovery of item parameters using BILOG was more 

accurate than that using MULTILOG. 

Only BILOG was used for the separate calibration in Kim and Cohen’s (1998) study, thus 

the results were susceptible to  confounding with the difference between computer programs. To 

overcome this problem, Hanson and B guin (2002) compared the separate calibration with the 

concurrent calibration under the common-item nonequivalent groups design using both BILOG-

MG (Zimowski, Muraki, Mislevy & Bock, 1996) and MULTILOG (Thissen, 1991). 3PL model 

was used to fit the data simulated with the same model. Four IRT linking methods, Mean/Mean, 

Mean/Sigma, Haebara and Stocking-Lord, were employed in the separated calibration condition. 

Two levels of sample sizes were manipulated: 1000 and 3000. The ability distribution for the 

base group was N(0,1), and the ability distribution for the target group had two levels: N(0,1) 

and N(1,1). Each form had a total of 60 items and the common items were manipulated as having 

two levels: 10 and 20. Two evaluation criteria were considered. One criterion was based on the 

IRT true score equating function from the target form to the base form and the other was based 
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on how close the estimated item characteristic curves are to the true item characteristic curves for 

the target form items. This study found that by using BILOG-MG, the concurrent estimation 

always turned out to be more accurate than the separate estimation and the effect was larger in 

the condition that the ability distributions for the two forms to be equated were different. In the 

case of MULTILOG, when the groups had same ability distributions, the concurrent estimation 

resulted in lower error than separate estimation. When the groups were nonequivalent, results 

based on the IRT true score equating criterion showed that the separate estimation with the 

Stocking-Lord and in some cases Haebara linking methods had less error than the concurrent 

estimation. This result occurred when the convergence criterion in the MULTILOG was not met. 

If the criterion of item characteristic curves was applied, the concurrent estimation yielded less 

error than the separate estimation. Therefore, the concurrent estimation generally would lead to 

more accurate equating results as compared with separate estimation. However, the authors 

cautioned that results of this study and other studies on this topic were not sufficient to 

recommend a complete preference for the concurrent calibration. The authors also suggested that 

the larger sample size might be a factor that accounted for the lower error through using the 

concurrent estimation. Future research on performance of the separate versus the concurrent 

calibration when the model is misspecified to some degree was recommended. 

In another study, Lee and Ban (2010) compared the relative performance of the 

concurrent calibration with the separate calibration and proficiency transformation in a random 

groups equating design. Although the IRT linking procedure is not necessary in a random groups 

equating design, as the authors explained, it is required for purposes such as building up an item 

pool using the new forms developed over multiple years or comparing IRT-based statistics 

across years, thus the parameter estimates for all forms need to be put on the same scale. The 
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equating linkage plan in this study has three sets of data: Form A, a base form administered at 

Time 1 to Group 1, determined the basic scale. Then at Time 2 Form A and a new form, Form B, 

were administered to a group of examinees (Group 2) in a spiral manner, so the groups of 

examinees taking Form A at Time 2 and the groups of examinees taking Form B at Time 2 could 

be viewed as randomly equivalent groups from the same population. Consequently, the item 

parameter estimates for these two forms within Time 2 were on the same scale. Form A 

administered at Time 2 thus served as a link to put the item parameter estimates of Form B on 

the scale of the base form, Form A administered at Time 1. 3PL model was used to simulate and 

analyze the data. The ability distribution for the base form was set as N(0,1), while the ability 

distribution for the other two forms was manipulated as having three levels: N(0,1), N(0.5,1), 

N(1,1). Two sample sizes, 500 and 3000, were included. The total number of items per form had 

two levels: 25 and 75. BILOG-MG was used for parameter estimates in both the separate 

calibration and the concurrent calibration. Two evaluation criteria were employed, one based on 

the test characteristic curves (TCC) which evaluates how close the estimated TCC of Form B is 

to the one computed using the generating item parameters. The other criterion is based on the 

expected observed score distributions. Separate calibration without linking served as a baseline 

criterion. The results showed that conditions with larger sample size, 3000, yielded substantial 

lower linking errors than conditions with small sample size, 500. As the difference in ability 

distribution between Group 1 and Group 2 enlarged, linking errors tended to increase as did the 

no scaling. In the condition of equivalent groups, the concurrent calibration outperformed the 

separate calibration and proficiency transformation procedures. However, no scaling would be a 

better choice. If there was a difference in the group ability distributions, separate calibration 



 

37 

appeared to be superior to the concurrent calibration and proficiency transformation. This result 

is consistent with what Kim and Cohen (1998) found. 

Apart from investigating this issue with dichotomous IRT models, polytomous IRT 

model was explored as well. In Kim and Cohen (2002), comparison of the separate calibration 

with the concurrent calibration was made using the GRM. Data were simulated with the graded 

response model. MULTILOG (Thissen, 1991) conducted the separate and the concurrent 

estimations. Stocking-Lord method was implemented in the separate calibration to obtain the 

linking constants. Linking for the graded response model was performed through the computer 

program EQUATE (Baker, 1993). A total of 30 items were generated under an anchor test design 

and three levels of common items were used (5, 10, 30). The ability distribution for the base 

group was N(1,1). The ability distribution for the target group was manipulated as having two 

levels: N(0,1) and N(1,1). Sample size for the base and the target groups were set as 

(Base300/Target300, Base1,000/Target1000, Base1,000/Target300). After the item parameter 

estimates from the separate and the concurrent calibrations were put on the scale of the base form 

and further on the metric of the generating item parameters, comparison of the recovery of item 

parameter estimates through the two estimation procedures was carried out. Root mean square 

differences (RMSD) between the generating parameters and the parameters estimates, i.e., item 

difficulty and item discrimination, mean distance measure (MDM) of the average square roots of 

the sum of the squared differences between the difficulty and the discrimination parameter 

estimates and their generating parameter values were used to evaluate the recovery of the 

parameters from the two calibration procedures. The RMSD was employed to evaluate the 

recovery of the ability parameters from the two calibration procedures as well. Results for both 

the item parameter and the ability parameter recovery showed that the concurrent calibration 
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produced consistently better estimates than the separate calibration, but the difference is slight. 

When the number of common items increased, the recovery of the parameters was better. 

Comparison of the separate and the concurrent calibration with the multidimensional IRT 

model was addressed in literature as well. In Simon (2008), the two estimation procedures were 

applied to the three parameter compensatory multidimensional IRT model using data generated 

under the same model. Three sample sizes were used: 500, 1000, and 3000. Two sets of total 

items, i.e., 40 and 60, were employed. The number of common items was set at 20. Three levels 

of mean group abilities were considered to simulate the conditions of equivalent groups with 

both groups having an ability distribution of N(0,1), and the conditions of non-equivalent groups 

with a group mean ability difference of 0.5 and 1, respectively. Three levels of correlation 

between the two dimensions were manipulated as r = 0, 0.5 and 0.8. Four types of 

multidimensional IRT separate linking methods were compared with the concurrent estimation 

procedure. RMSE (root mean squared error) and bias between the transformed item parameter 

estimates and the generating parameter were used to indicate the effectiveness of the two 

estimation procedures. TESTFACT (Wood et al., 1987) was used to implement the separate and 

concurrent calibrations. The results suggested that the concurrent calibration outperformed the 

separate calibration in the conditions of equivalent groups and the correlation between the two 

dimensions was zero. In conditions of non-equivalent groups, one type of separate linking 

method, ICF (item characteristic function), produced more accurate estimates for the item 

difficulty parameters than the concurrent calibration. However, the author argued that the 

concurrent calibration had similar performance as the ICF method when the groups were non-

equivalent based on the correlation between the estimated and the generating item parameters. 
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The studies reviewed so far on the performance of the separate and the concurrent 

calibration with either unidimensional or multidimensional IRT models in various linking and 

equating conditions provided some practical guidelines for practitioners. One common feature of 

these studies is that they all investigated the condition of having a model-data fit. Therefore, 

exploration of the performance of the separate and the concurrent calibration in the condition of 

lacking a model-data fit was recommended by some researchers (Hanson & B guin, 2002; Lee 

& Ban, 2010). In response to the lack of research, B guin, Hanson and Glas (2000), B guin and 

Hanson (2001) fit unidimensional IRT model to data simulated under multidimensional IRT 

model. In B guin, Hanson and Glas (2000), data were simulated with three parameter 

compensatory multidimensional IRT model according to equivalent and nonequivalent groups 

designs. The three parameter normal ogive model (3PNO) and its two dimensional counterpart 

were fit to the data. The separate and the concurrent estimation with the unidimensional IRT 

model were compared with the results from the concurrent estimation under the corresponding 

multidimensional IRT model. BILOG-MG was used to conduct both the separate and the 

concurrent estimation for the 3PNO model, Markov Chain Monte Carlo (MCMC) estimation 

procedure was applied to concurrent calibration with the 3PNO model and the multidimensional 

model. Sample size for each form was fixed at 2000 and the total number of items was 60 for 

each form with 20 common items among them. Two levels of population mean proficiency 

difference between the two forms were assumed to simulate the conditions of equivalent and 

non-equivalent groups, respectively. Three levels of covariance between the two dimensions 

were manipulated. Two evaluation criteria were employed to compare the results. One was based 

on the differences between the estimated target form score distributions and the population target 

form score distribution, the other was based on the differences between the estimated equivalent 
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score points and the population equivalent score points. The results showed that when the groups 

were equivalent in ability distribution, errors from the unidimensional 3PNO model were similar 

to that from the multidimensional model. And the concurrent calibration turned out to be better 

than the separate calibration. When the groups were non-equivalent, both the separate and the 

concurrent estimation procedures under the unidimensional model yielded larger errors 

compared with the concurrent estimation under the multidimensional model. The concurrent 

estimation with the unidimensional model tended to produce larger errors than the separate 

estimation with an increase of the covariance between the two dimensions. The authors 

concluded that the two estimation procedures under the unidimensional IRT model were 

impacted by the multidimensionality of the data. 

B guin and Hanson (2001) extended this study to data simulated with three parameter 

non-compensatory multidimensional data. The conditions examined were similar as in B guin, 

Hanson and Glas (2000). Both BILOG-MG and EPDIRM (Hanson, 2000) were used for the 

separate and the concurrent calibrations under the unidimensional 3PNO model. MCMC 

estimation was applied to the concurrent calibration under the multidimensional model. The 

results showed that in general, the concurrent calibration yielded less error than the separate 

calibration in most of the conditions. However, in this study only two levels of difference 

between the groups ability distribution were included to simulate the condition of equivalent and 

nonequivalent groups. In the condition of nonequivalent groups, only a group mean ability 

difference of 0.5 between the two groups was considered, while in B guin, Hanson and Glas 

(2000) a group mean ability difference of 1 between the two groups was examined too. The 

magnitude of the covariance between the two dimensions in the two studies was not identical. 

When the groups were equivalent in ability distributions, the concurrent calibration tended to 
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outperform the separate calibration under the unidimensional IRT model if the data presented 

multidimensionality. However, when the groups were nonequivalent, results concerning the 

performance of the separate versus the concurrent calibration under the unidimensional IRT 

model were not consistent with each other in the two studies. Magnitude of the group mean 

ability difference and the type of multidimensionality presented would exert influence on the 

performance of the separate and the concurrent calibration under the unidimensional model. 

Kim and Kolen (2006) investigated the performance of concurrent calibration and 

separate calibrations for common-item nonequivalent groups design for mixed format with 

multidimensionality. Three levels of nonequivalence between two groups were manipulated 

(group mean = 0, 0.5, 1). The results showed that the concurrent calibration generally 

outperformed the separate calibration with various linking methods in terms of linking accuracy 

and robustness to multidimensionality due to item formats. Characteristics curve linking methods 

are more accurate than the moment methods, regardless of the degrees of multidimensionality. 

The differences in linking results using the concurrent calibration and separate calibration with 

the characteristic curve methods were small. 

Separate and Concurrent Calibration under the Unidimensional IRT Models for Testlet 

Data 

From the literature reviewed on the comparison of the separate and the concurrent 

calibration for IRT models, it is still hard to reach a simple conclusion about the conditions in 

which each procedure works better. As Hanson and B guin (2002) claimed, results of the extant 

studies on this topic did not provide sufficient evidence to totally prefer the concurrent 

calibration to the separate calibration. Across the literature reviewed by now, the performance of 

the two procedures was influenced by factors such as sample size, number of common items, 

group ability distribution, estimation software, data collection design, and model-data fit. 
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Particularly, the amount of research on the performance of the separate and the concurrent 

calibration when the model is mis-specified to some extent is quite small. More future studies are 

needed to shed light on this issue (Hanson and B guin, 2002). 

Research Questions 

 Although the equating performance of the unidimensional dichotomous and polytomous 

IRT models for testlet data has been compared in some previous studies under the random 

groups design (Lee et al. 2001, Zhang, 2007), it had not been well studied under the common-

item nonequivalent groups design considering various levels of testlet effects. Moreover, the 

results from the separate and the concurrent calibrations with these models for testlet based tests 

were seldom compared. Since the testlet data is multidimensional in nature, the impact of this 

type of multidimensionality on the two estimation procedures with the unidimensional IRT 

models will add insightful information to this part of literature. Therefore, the current study 

addressed this topic considering a series of factors that would potentially influence the equating 

results using the unidimensional models. The research questions are: 

1. How well will the 2PL, the GRM and the GPC models work for testlet data in terms of  

equating under the common-item nonequivalent groups design considering different 

levels of the testlet effects? 

2. Is there any difference between the equating using separate and concurrent calibrations 

with the three IRT models? 

3. What factors will exert more impacts on the final equating results using the three IRT 

models? 
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CHAPTER 3 

METHOD 

Monte Carlo simulation was used in this study to generate testlet data with desired 

features, so that the factors of interest could be manipulated. The software R 3.0 (R Development 

Core Team, 2013) executed the simulation. The population model for data generation was the 

2PL testlet model (Bradlow, Wainer, & Wang, 1999), which incorporates testlet dependence into 

the standard 2PL model, and it defines the probability of an examinee i answers item j correctly 

as  

P  ,                              (3-1) 

where  is the examinee’s response to item j,  is the latent ability of examinee i,  are 

the discrimination and difficulty parameter of item j. The new term  is a random testlet 

effect parameter represents the interaction of person i with item j in testlet d, thus it incorporates 

the extra dependence of the items within the same testlet.  is fixed within a testlet for each 

person, but it varies across persons. It is assumed to be independent of the person’s latent trait . 

The testlet effect is defined as normally distributed with mean 0 and variance . The variance 

 indicates the amount of within- testlet dependence and it is allowed to vary across testlets. 6 

testlets with 5 items within each (30 items for the whole test) were generated. Then, the 2PL, 

GRM, GPC models were fit to the simulated data. The equating results under the three models 

through separate and concurrent estimation procedures were evaluated. 

Factors Manipulated 

The manipulated major factors of interest in the simulation include: (1) models used for 

calibration (2PL, GRM, GPC); (2) the mean of the ability distribution for the target test form (0, 

0.5, 1), i.e.,  ~ N (0/0.5/1, 1) for the target form,  ~ N (0, 1) for the base form; (3) variance 
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of testlet effect , (0, .5, 1, 2); (4) number of examinees (500, 1000, 3000); (5) number of 

common testlets (2, 4); (6) calibration procedures: concurrent vs. separate calibration which has 

four methods (Mean/Mean and Mean/Sigma, Stocking & Lord, Haebara).  

Calibration Models 

Three unidimensional IRT models, 2PL, GRM and GPC were fit to the testlet data 

simulated, so that the equating results from each of these models could be compared. The model 

definitions for the three models were described in the following section. 

The 2PL model 

The 2PL unidimensional IRT model dictates that the probability of examinee i 

responding correctly to item j conditioning on the person’s latent ability  is  

P  ,                              (3-2) 

where  is the examinee’s response to item j,  is the latent ability of examinee i,  are 

the discrimination and difficulty parameter of item j.  

Graded response model (GRM)  

        Samejima (1969) proposed the GRM as an extension of the 2PL model, to the multiple 

category situation. In this model, for an item j with (1,…, ) categories, an examinee’s response 

to this item could be classified into  +1 categories. The possible scores on item j is defined as 

(0, 1, …, ). The response categories are ordered with higher category scores representing more 

of the trait being measured than do lower scores (Cook, Dodd, & Fitzpatrick, 1999). The GRM 

specifies that the probability of an examinee with a certain trait level scoring in a category or 

higher is  

 =  ,                                                     (3-3) 
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where  is the discrimination parameter of item j and  is the difficulty parameter associated 

with category score x for item j. By definition, the probability of responding in the lowest 

category or higher is 1 while the probability of responding in the highest category m+1 or higher 

is 0. To compute the probability of an examinee responding to a particular category, we will take 

the difference between the adjacent two probabilities, 

=  - .                                                            (3-4) 

Generalized partial credit (GPC) model  

As the GRM, the GPC model (Muraki, 1992) is applicable to ordered polytomous data. 

Unlike the GRM, the probability of an examinee of given ability level scoring in a specific 

category can be obtained directly. The category responses related with a given polytomous item j 

are viewed as a series of successive steps. An examinee either passes or fails to pass each step 

within an item. Therefore, an examinee’s category score is the sum of his/her step scores. 

Reversals are allowed for the step difficulties. This model defines the probability of a particular 

category score, x, in a polytomous item j given  as  

              (x = 0, …, ),                                   (3-5) 

where  is the item discrimination parameter of polytomous item j,  is the difficulty of the 

step associated with category k, (k = 1,…, ) and  is the highest possible score on item j. 

GRM and GPC model are commonly used to model the dependencies of the testlet items 

in existing IRT application studies (Cook, Dodd, & Fitzpatrick, 1999; DeMars, 2006; Lee, 

Kolen, Frisbie, & Ankenmann, 2001; Li, 2009; Zhang, 2007). The comparison of the two models 

for the same data was conducted in some previous research (Cook, Dodd, & Fitzpatrick, 1999; 

Maydeu-Olivares, Drasgow, & Mead, 1994; Tang & Eignor, 1997). Maydeu-Olivares, Drasgow, 

and Mead (1994) simulated polytomous data using both the GRM and the GPC model, and fit 



 

46 

the two models to each type of data simulated. They found that neither model was consistently 

better in modeling data generated by its own parametric form, and in modeling data generated by 

the alternative model. Therefore, they concluded that the two models provided similar fit to the 

same set of polytomous data. Tang and Eignor (1997) applied both models to TOEFL (Test of 

English as a Foreign Language) test, PARSCALE was used to implement the model calibration. 

They found that on average, the GPC model performed better than the GRM in terms of the 

average root mean squared differences (RMSDs) and correlations between the estimated true 

scores and the observed scores for each polytomous item. The RMSDs appeared to be smaller 

and the correlations were higher for the generalized partial credit model. They pointed out that 

various comparisons across the two models showed some preference for using the GPC model 

where the PARSCALE was used for model calibration. Moreover, the GPC model did better at 

capturing the exact patterns in the data compared with the GRM. Cook, Dodd, and Fitzpatrick, 

(1999) simulated testlet data within an SEM (structural equation modeling) framework, and fit 

Partial Credit model (PC; Masters, 1982), GRM and GPC model to the testlet data. They found 

that the three models had similar performance in terms of parameter estimation and model fit, 

while the GRM model produced more information than the PC and GPC models over the whole 

range of the latent trait. They recommended further investigation of the practical implication of 

this phenomenon. 

Although the two models were employed in different previous linking or equating 

studies, few have applied both models simultaneously for testlet data under the common item 

non-equivalent groups design. After comparing the equating results under the 3PL model and the 

GPC model for testlet-based test, Zhang (2007) suggested the examination of how other 

polytomous models work for the testlet-based test. In particular, she found that the item 
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characteristic curves of the GPC model and the GR model were quite different at the lower and 

the higher ends of the ability distribution for one of the testlet items from the real data. And she 

suspected that the equating performance of the two polytomous models would be different for 

the same set of testlet data. In order to compare the research results across these studies, the 

current study adopted both models to investigate whether there is any difference between the 

final equating results. 

Examinee group ability distribution 

Although the common item non-equivalent group design was used in the data collection, 

both equivalent and non-equivalent group conditions were taken into account in the current study 

to detect the impact of group ability distribution on equating results. 

 The influence of ability distribution between groups to be equated on the equating results 

has been addressed in quite a few studies. Cook and Patersen (1987) reviewed the empirical 

studies that examined how equating results was affected by examinee characteristics, and then 

pointed out that population invariance would affect the equating function for an anchor test 

design. Their review for conventional equating methods (Klein & Kolen, 1985; Cook, L. L., 

Eignor, D. R., & Taft, H, 1985; Klein & Jarjoura, 1985) showed that as the ability levels of the 

samples used to equate tests became more different, the properties of an anchor test were more of 

a concern. The more divergent the equating samples’ ability levels, the more items need to be 

included in an anchor test and the more representative the anchor test content should be to yield 

equating results that are in close agreement. In the IRT studies they reviewed, the issue of group 

ability differences was not specifically addressed. However, the authors speculated that the 

linking item properties used for IRT item parameter scaling interact with the level of group 

ability differences as well. 
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In another review of the impact of group invariance on equating results, Kolen (2004a) 

also found that unless the test forms to be equated were well-paralleled (e.g., high similarity in 

content, difficulty and reliability), both the equating theory and empirical research indicated that 

equating was population dependent.  

Kim and Lee (2006) conducted a simulation study to investigate the performance of the 

four linking methods, mean/mean, mean/sigma, Haebara, and Stocking-Lord to a mixed-format 

test. Random group design was adopted for the linking scenario and the impact of group ability 

difference was considered. Their research results showed that keeping other factors constant, 

linking using equivalent groups produced less linking error than the nonequivalent groups. In 

another simulation research on mixed-format equating, Cao (2008) examined the effects of test 

dimensionality and common-item sets properties on equating results using concurrent calibration 

with unidimensional IRT models. This study also found that group ability had the most notable 

and significant effects on the equating results. The equivalent groups conditions always 

outperformed the nonequivalent groups conditions based on various evaluation indices. 

Results from these studies make it salient that group ability distribution of the forms to be 

equated is an important factor to consider in the equating study. Thus, both the equivalent and 

nonequivalent groups conditions were included in the current study. Three levels of group ability 

distributions were manipulated. The base form group ability distribution was set as normally 

distributed with a mean of 0 and a standard deviation of 1, which is denoted as . The 

target form group ability distribution was manipulated as having three levels: the first level was 

manipulated as having a normal distribution with a mean of 0 and a standard deviation of one, 

thus it simulated a condition of equivalent groups. The second level had a normal distribution 

with a mean of 0.5 and a standard deviation of 1, and it represented a condition of non-equivalent 
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groups with a medium level of group mean difference. The third level was fixed to have a normal 

distribution with a mean of 1 and a standard deviation of 1, and it indicated a condition of non-

equivalent groups with a high level of group mean difference. Only the mean of the ability 

distributions was manipulated to vary in the current study. The selection of the values for the 

group ability distributions was based on a survey of the existing linking and equating simulation 

studies for testlet-based tests and comparisons of separate and concurrent calibrations using 

anchor test design or random groups design (Kim & Cohen, 1998; Kim & Cohen, 2002; Kim & 

Kolen, 2006; Lee & Ban, 2010; Li, 2009; Hanson & B guin, 2002). 

Variance of Testlet Effect 

As mentioned before, the 2PL testlet model was used to simulate the population data with 

a testlet structure. The testlet parameter  denotes the testlet effect of item j with person i 

that is nested within testlet d (j). Therefore, the local dependence of items within the same testlet 

for a given person is modeled in a fashion that these within testlet items would share the specific 

testlet effect in their score predictor (Wainer, Bradlow & Wang, 2007). If the local independence 

assumption is not violated in a test, then = 0 for each item.  is defined by the prior 

specification as normally distributed with a mean of 0 and variance of  for model 

identification. The size of the testlet variance, , indicates the magnitude of testlet effect. 

According to Wainer, Bradlow and Wang (2007), the size of the testlet variance is normed based 

on its ratio to the variance of the group ability θ. The variance of θ in the current study is fixed to 

1 in each combination of condition. Therefore, four levels of testlet effect were manipulated in 

the current study according to the ratio of / , i.e., 0/0.5/1/2, representing no, low, medium 

and high levels of testlet effect conditions. These values were also selected in the study of 
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Bradlow, Wainer and Wang (1999). Empirical work has showed that these are plausible values 

(Wainer, Bradlow & Wang, 2007). 

Number of Examinees 

The examinees taking the two forms to be equated in the current study were supposed to 

be equal in number. Three sample sizes were chosen, 500/1000/3000, to investigate the influence 

of sample size on the equating results. In Kim and Cohen (1998), a sample size of 500 was 

employed to examine the performance of separate and concurrent calibration in a small sample 

size condition. Reise and Yu (1990) suggested that a minimum of 500 was needed for the graded 

response model to obtain an adequate calibration. 500 was adopted in Liang and Wells (2009) as 

a small sample size to detect the effectiveness of a model fit statistic for GPC model. Therefore, 

500 was used as representing a condition of small sample size in the current study. The sample 

sizes of 1000 and 3000 were selected as adequate sample size conditions in linking or equating 

studies, which were commonly used in published research (Cook & Paterson, 1987; Hanson & 

B guin, 2002; Kim & Cohen, 2002; Kim & Li, 2006; Lee & Ban, 2010). 

Number of Common Testlets 

For each test form, the number of common testlets had two levels: 2 and 4, which 

conformed with what Li, et al (2005) used in their simulation study. The number of common 

items that are necessary to put item parameter estimates on the same scale has been addressed in 

previous research. One of the common findings is that the accuracy of the equating results 

improved as the number of linking items increased (Wingersky, Cook & Eignor, 1986; Kim & 

Cohen, 1998; Kim & Cohen, 2002; Hanson & B guin, 2002). Wingersky and Lord (1984) found 

that not only the number of common items affected the accuracy of linking but also the property 

of common items. In the most extreme case, they claimed that two good linking items, i.e., items 

with small standard errors, worked almost as well as a set of 25 linking items. As a rule of 
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thumb, Cook and Eignor (1991) suggested that common items should take 20% of the total items 

in a test. The number of common testlets used in the current study was above the 20% rule. Thus, 

it is reasonable to select these values. 

Calibration Methods 

Separate and concurrent calibrations were used to estimate the item parameters for the 

three IRT models. As for the separate calibration, four linking methods, i.e., mean/mean, 

mean/sigma, Haebara, Stocking-Lord, were employed to find the linking parameters under each 

IRT model. Altogether five methods were used to put the item parameter estimates on the same 

metric. 

Mean/mean and mean/sigma methods for polytomous models 

In Chapter 2 the four linking methods for the dichotomous IRT model were presented. 

They can be applied to the polytomous IRT models as well. With the GRM, for the mean/mean 

method, the mean of the a-parameter estimates over the common items on the two forms from 

the separate calibrations are calculated and substituted for the parameters in Equation (2-3) to get 

linking parameter A. The mean of the b-parameter estimates are calculated over all the categories 

within all the common items on the two forms from the separate calibrations. Then these b-

parameter means on the two forms could be plugged in Equation (2-4) to find the linking 

parameter B. For the mean/sigma method, the standard deviation of the b-parameter estimates 

calculated over all the categories within all the common items on the two forms from the 

separate calibration are substituted for the parameters in Equation (2-5) to get the linking 

parameter A. Linking parameter B is found in the same way as in the mean/mean method. 

Similarly, the linking parameters A and B could be found with the mean/mean and 

mean/sigma methods under the GPC model. For mean/mean method, the mean of a-parameter 

estimates over all the common items and the mean of category difficulty parameter estimates 
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over all categories within all common items are calculated and substituted in Equation (2-3) and 

(2-4), respectively, to get the linking parameters. For mean/sigma method, the mean and standard 

deviation of the category difficulty parameter estimates over all categories within all common 

items are found and substituted in Equation (2-4) and (2-5) to get A and B. 

Characteristic curve methods 

The Haebara and Stocking-Lord methods can be used with polytomous IRT models as 

with the dichotomous models. The only difference is that with polytomous models, both Haebara 

and Stocking-Lord methods consider category responses and item responses. 

Concurrent calibration 

For concurrent calibration, item parameters for items on both forms to be equated can be 

estimated simultaneously in a single run of the estimation software, and all item parameter 

estimates are automatically put on the same scale. The R package ltm (Rizopoulos, 2006) was 

used for both separate and concurrent calibrations in this study. The MMLE (marginal maximum 

likelihood estimation) was implemented in ltm for item parameter estimation with all three 

models adopted in the current study. 

Parameters Holding Constant 

The distributions for the item discrimination parameter  and the item difficulty 

parameter  in the 2PL testlet model were held constant across the simulation conditions. The 

distribution of  was set as , and the distribution of  was set as 

. The values were the same as what had been used in Bradlow, Howard 

and Wang’s  simulation for the 2PL testlet data (1999), which were chosen to match the marginal 

distributions observed for the Scholastic Aptitude Test (SAT). Therefore, they are representative 

of the real data used in the standard tests. The parameter values and distributions used to 
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generate the population data for the 2PL testlet model and other manipulated factors are 

summarized in Table 3-1. 

Evaluation Criteria 

The item parameter estimates are put on the same scale once the IRT linking process for 

the separate calibration is finished or after the concurrent calibration is implemented. Then, when 

a test is scored using estimated IRT abilities, it is not necessary to obtain an equating relationship 

between number-correct scores on the forms to be equated. The ability estimates can be 

transformed to scale scores so that the final scores reported to the examinees are positive integers 

rather than negative or non-integer values of the ability estimates (Kolen & Brennan, 2004). 

However, there are some problems doing so. One problem is that the abilities are estimated using 

the examinees’ responses to all the items, or their response strings instead of number correct 

scores. Consequently, it is possible that different ability estimates are obtained for those who 

have the same number-correct scores. In addition, the computation of the IRT ability estimates is 

an intensive and costly process (Kolen & Brennan, 2004). Relatively larger measurement error 

will be produced for examinees whose abilities are at the two ends of the group ability 

distribution, i.e., low and high range of abilities. As a result, the number-correct scores are still 

used which need to be equated from the two forms. Even the tests are constructed and linked 

using IRT framework. In this case, IRT true-score equating and observed score equating can be 

applied to achieve this goal (Kolen & Brennan, 2004). 

Conventional Linear equating methods for non-equivalent groups were used in the 

current study as the base line methods since the total scores are considered and they are not 

subject to the influence of violation of local independence assumption. The literature showed that 

conventional equipercentile equating method for observed scores does not work well for anchor 

tests design and was not recommended (Lord & Wingersky, 1984). Therefore, three linear 
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equating methods, Tucker (Gulliksen, 1950) and Levine (1995) observed score equating and 

Levine (1955) True score equating, were chosen to act as the baseline methods in the current 

study. 

Tucker Observed Score Equating Method 

The traditional linear equating for the random groups design sets the standardized 

deviation scores (z-scores) on the two forms to be equal so that it allows for the differences 

between the two test forms to vary along the score scale other than being a constant. The 

relationship is defined as 

 .                                                 (3-1) 

Solving for y in Equation (3-1), 

                                      (3-2) 

where  refers to a score x on Form X converted to the scale of Form Y using linear 

equating. When this linear conversion is applied to the common-item nonequivalent groups 

design, a single synthetic population consisting of a combination of the two populations, 

Population 1 and 2, will be employed by using weights, where  and  .  

Here, assume Form X is used by Population 1 and Form Y is used by Population 2. The linear 

equation for transforming the observed scores on Form X to the scale of observed scores on 

Form Y is the same as Equation (3-2), except for the additional notation of the synthetic 

population s, 

                                      (3-3) 

There are four parameters for this synthetic population, i.e., , , , . In 

practice, these parameters are estimated from the data based on various statistical assumptions. 



 

55 

The Tucker observed method makes two types of assumptions concerning the relationship 

between the total scores and the common-item scores on each form for solving for these 

parameter estimates. First, the regression of Form X total score X on the common-item score V is 

assumed to be the same for both Populations 1 and 2. Thus, the regression slope of X on V across 

the two populations (denoted as ) should be equal  and expressed in terms 

of all the directly observable quantities in Population 1, 

 =                                                   (3-4) 

where is the regression slope of X on V in Population 1. In the same line, the regression 

slope of Y on V can be expressed in terms of all the directly observable quantities in 

Population 2, 

 =  .                                                 (3-5) 

Second, the conditional variance of X given V is assumed to be equal across Population 1 and 

2. The same assumption holds for Y given V. They could be expressed as 

                                    (3-6) 

and  

                                 (3-7) 

where  indicates the correlation. These two assumptions enable the solving of all the non-

directly observable parameters in the synthetic population in terms of observable quantities. 

After some substitutions and operations of algebra, the synthetic population means and variances 

in Equation (3-3) are  

 =                                    (3-8) 

                                       (3-9) 

             (3-10) 
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and 

 .            (3-11) 

It was discovered that the means and variances of the synthetic population for Form X and Form 

Y are obtained through adjustments, which is  here, to the directly observable quantities related 

to their respective population. 

Levine Observed Score Equating Method 

Levine observed score method also uses the same linear equating function as the Tucker 

observed method to set up the relationship between the observed scores on X and on Y. 

However, this method makes assumptions about the true scores on X, Y and V. First, the 

correlation between true scores  and ,  and  in both Populations are 1, because X, Y 

and V are all measuring the same thing, thus 

                                            (3-12) 

and  

                                            (3-13) 

Second, the regression of  on  is assumed to be the same for both Population 1 and 2, 

which also holds for regression of  on . Third, the Levine observed score method 

assumes that the measurement error variance for X, Y and V are the same across the two 

populations. With the three assumptions, under the classical congeneric model (Feldt & 

Brennan, 1989), the estimation of  is derived as  

  ,                                                            (3-14) 

and  

  .                                                            (3-15) 
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(For a detailed description of this method, see Kolen and Brennan, 2004). 

Levine True Score Method 

Levine true score equating method (Levine, 1955) uses the same assumptions about true 

scores as the Levine observed score equating. The major difference between the two equating 

methods is that the observed score method converts observed scores on Form X to the scale of 

observed scores on Form Y, while the true score methods converts the true scores on the two 

forms. The linear equating relationship for Levine’s true score method is 

 +  + .                    (3-16) 

The conceptual framework of a synthetic population is not necessary for Levine’s true score 

method. Equation (3-14) and (3-15) could be used to get and  for the true score method 

under the classical congeneric model for an internal anchor. In practice, observed scores are 

used instead of true scores in this method, so that Equation (3-16) can be expressed as  

 +  + .                    (3-17) 

where  indicates the observed scores on Form X being converted to the scale of the 

observed scores on Form Y. The justification of this relationship is elaborated in Kolen and 

Brennan (2004). 

IRT True Score Equating 

As the term indicates, IRT true score equating relates number-correct true scores on test 

forms to be equated. After completing the procedure of putting the item parameters from 

different test forms on the same scale, the equating relationship between the number-correct true 

scores on the two forms is achieved through their mathematical association with a given level of 

examinees’ ability. A number-correct true score on a certain form within the IRT framework is 

defined as a function of the test characteristic curve for some corresponding ability value. Using 
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the denotation in Kolen & Brennan (2004), a specific number-correct true score on Form X could 

be expressed as equal to the test characteristic curve corresponding to an ability, so that 

( ) = ,                                             (3-18) 

where ( ) is a number-correct true score associated with a particular ability . The right-

hand side of the equation is a summation over the probability of answering all the items on 

Form X correctly with ability . In a similar fashion, the Form Y counterpart number-

correct true score associated with this ability  is defined as 

( ) = ,                                             (3-19) 

where ( ) is the resulting Form Y number-correct true score corresponding to the same ability 

in equation (3-18). Therefore, the IRT true score equating involves three steps: 1) Specify a true 

score  on one of the forms to be equated, say Form X. 2) Then, find the  using a 

mathematical method such as the Newton-Raphson method which corresponds to this specified 

true score. 3) Find the Form Y counterpart number-correct true score by substituting the ability 

value obtained in step 2 into the right-hand side of equation (3-19). ( ) and ( ) then 

represent identical levels of ability as long as the IRT model holds (Lord & Wingersky, 1984). 

In practice, estimated item parameters are used in Equation (3-18) and Equation (3-19) 

since true scores are parameters which are never known and a table of corresponding true scores 

on the forms to be equated could be constructed. Although using number-correct observed scores 

as if they are true scores cannot be justified theoretically, Lord and Wingersky (1984) showed 

that results from observed score conversion were empirically similar to true score conversion. 

Likewise, the true score for the polytomous IRT models is defined as  

T( ) = ,                                           (3-20) 

where 
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          j = 1, 2, … , J is the number of polytomous items, here is the number of testlets; 

          k = 1, 2, … , K is the number of categories within a polytomous item;                             

 is the integer score associated with category k. Usually, a scoring function dictating the 

value of  will be chosen from two alternatives: a) , then a response associated with 

the first category gets a score of 1, and with the second category a score of 2, and up to a score of 

k  with the last category. b) , thus a response associated with the first category gets a 

score of 0, and with the second category a score of 1, and a score of k – 1 with the last category. 

The second scoring function was used in the current study. Here in Equation (3-20),  could 

be viewed as a weight corresponding to response category k of testlet j. The same IRT true score 

equating procedures as described before were applied to relate number-correct scores from the 

two forms to be equated. 

IRT Observed Score Equating 

In IRT observed-score equating, the IRT model is used to estimate the observed number-

correct scores distribution on each of the two forms for a population of examinees and the 

conventional equipercentile equating is applied to convert the scores on the two forms. The 

observed score distribution on each form for examinees of a given ability  is obtained by using 

the compound binomial distribution. For instance, for Form X, the probability that an examinee 

of ability  will incorrectly answer all the items on a three-item test, x = 0 is . The 

probability of answering correctly all three items, x = 3 is , where  and 

 the probability of a score, x = 2 is +  + . The probabilities for 

all the observed scores thus form a conditional frequency distribution . This distribution 

could be expressed as: 

+  (x = 0, 1, , 3),                         (3-21) 
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where  = 0 if x < 0 or x > r. This recursive procedure could be applied to any 

number of n items to find . If the abilities for a finite number of N examinees are 

provided, then the marginal distribution of the observed score x is:                                                                                                                                             

.                                                          (3-22) 

In the same manner, for Form Y, which has m items and is an alternate form of X, the 

observed number-correct score y marginal distribution for a group of M examinees is 

                                                  (3-23) 

Once the number-correct score distribution for the two forms to be equated was obtained, 

the conventional equipercentile method could then be used to find score equivalents, which 

equates scores from one form to the other by finding the corresponding equal percentile ranks on 

both forms (Kolen & Brennan, 2004). Similarly, for the polytomous IRT models, the IRT 

observed score equating can be realized through finding the compound multinomial distribution 

of the forms to be equated using the recursive procedure. For instance, the probability of earning 

a score in the first category of item 1 is , and the probability of 

earning a score in second category of item 1 is . Following this 

algorithm, for r > 1 items, the probability of obtaining score x after adding up the r items is  

 for x between  and              (3-24) 

where  and  are the minimum and the maximum scores after adding the r-th item, 

respectively.  if  or . The calculation of 

the minimum and maximum score after adding a new item is critical to carry out this recursive 

procedure. Then for each given ability  the observed number-correct score distribution of the 

total scores on the test could be obtained. For a finite number of examinees, the observed score 

distribution for examinees of various s can be obtained by using Equation (3-22) and Equation 
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(3-23) for both forms to be equated. Likewise, these distributions were equated using the 

conventional equipercentile methods like what was done with the dichotomous IRT model. 

Evaluation Indices for Equating Results 

Two indices, Unweighted Root Mean Square Difference (URMSD) and Weighted Root 

Mean Square difference (WRMSD), were used to evaluate the discrepancy between each IRT 

equating method and traditional equating method like what was done in Lee et al. (2001). The 

URMSD is defined as 

URMSD                                               (3-25) 

where is the equivalent of a number-correct raw score i on the new test form established using 

the old test,  is another equivalent of a number-correct raw score i on the new test form 

established using the old test, k is number of score points on the test, and i is each number-

correct score point. This unweighted index enabled the examination of the differences occurred 

throughout the score scale (Harris & Crouse, 1993).  Another index, WRMSD is defined as 

WRMSD                                                      (3-26) 

where  is the frequency of a number-correct raw score of i on the new test. Thus, this index 

attaches relatively more importance to score point differences that occur with a higher frequency, 

whereas less or no importance to differences in the score range where fewer or no examinees 

scored. 

Data Generation and Analysis Procedure 

The population testlet data were generated with the 2PL testlet model by filling in the 

population parameters for each combination of condition into the Equation (3-1). 0/1 examinee 

responses for 30 single items were generated using R functions (R Development Core Team, 

2013) for both base and target forms. For each condition, 200 replications were used. In the 
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literature of comparing the separate and concurrent calibration, 50 and 100 replications were 

adopted by other researchers (Kim & Cohen, 1998; Kim & Cohen, 2002; Hanson & B guin, 

2002; Lee & Ban, 2010), so it is justifiable to use 200 replications. After item responses for each 

pair of test forms were generated, ltm implemented the item parameter estimation using Marginal 

Maximum Likelihood estimator in both separate and concurrent calibration stages. Then the item 

parameter estimates for the target form through the separate calibration procedure were put on 

the scale of the base form by using the R package plink (Weeks, 2010) which provides the four 

linking methods, i.e., Mean/Mean, Mean/Sigma, Haebara, Stocking-Lord. Once the scale 

transformation was finished, IRT true score and observed score equating results could be attained 

by R functions in plink. The item parameter estimates through the concurrent calibration 

procedure could be used to get the IRT true score and observed score equating results in plink 

directly. The equating results with three conventional linear equating methods for common-item 

nonequivalent groups design were used as baselines to evaluate the performance of the three IRT 

models for testlet data with separate and concurrent calibration. R package Equate (Albano, 

2011) was used to conduct the three conventional equating methods. The final equating results 

were evaluated using the two indices URMSDD and WRMSDD. 
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Table 3-1. Parameters and manipulated factors for simulation 

 Base Form Target Form 

a-parameter   
b-parameter   

 N(0,1) N(0,1)/N(0.5,1)/N(1,1) 

 0/0.5/1/2 0/0.5/1/2 

N 500/1000/3000 500/1000/3000 

No. of single items 30 30 

No. of Testlets 6 6 

No. of Common Testlet 2/4 2/4 

Model Compared 2PL/GRM/GPC 2PL/GRM/GPC 

Linking Methods Mean/Mean, Mean/Sigma, Haebara, 

Stocking & Lord, Concurrent 

estimation 

Mean/Mean, Mean/Sigma, 

Haebara, Stocking & Lord, 

Concurrent estimation 

Note.𝜃= latent trait; = testlet effect; N: sample size; = population mean of a-parameter; =   

 population variance of a-parameter; = population mean of b-parameter; =   

 population variance of b-parameter. 
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CHAPTER 4 

RESULTS 

The item responses for the 30 within testlet items were generated based on the 2PL testlet 

model for each combination of the levels of the four between-subject factors, i.e., variance of 

testlet factor, sample size, mean of target group ability distribution and number of common 

testlets. Hence the full crossing of the four factors yielded 72 types of data sets (4×3×3×2). And 

each type of data set consists of two forms, the base form and the target form. Each pair of test 

forms had equal sample size and same level of testlet effect across the 6 testlets. As presented in 

Chapter 3, the ability distribution for the base form is fixed as ~ N (0,1), whereas the mean of the 

target form ability distribution was manipulated to vary at three levels (0, 0.5, 1) with the testlet 

factor variance set at 1, which led to simulation of the equivalent and the nonequivalent groups 

conditions. The data sets also varied due to the two levels of number of common testlets 

contained between the two forms to be equated. Once the 72 types of data set were generated, 

each data set underwent the item parameter estimation using the three unidimensional IRT 

models, respectively. When the 2PL model was fit to the data set, the item responses for the 30 

testlet items were treated as binary responses (0/1) for 30 single independent items. 

Consequently, the model estimation for the 2PL model resulted in parameter estimates of the 30 

items including item discrimination and item difficulty. For the two polytomous IRT models, the 

30 testlet items were viewed as 6 polytomous items by summing up the scores of the five within-

testlet items. In this fashion, the sum of the within-testlet items forms 6 possible categories for 

each testlet-as- polytomous item (0, 1, 2, 3, 4, 5). Two model estimation procedures, separate and 

concurrent calibration, were implemented. The item parameter estimates of the two forms were 

on the same scale with the concurrent calibration procedure, and they could be used to conduct 

the equating of the number correct scores in the next step. As for the item parameter estimates of 
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the two forms from the separate calibration, IRT linking was employed to put them on the same 

metric. Four IRT linking methods, Mean/Mean, Mean/Sigma, Stocking & Lord, and Haebara, 

were applied to obtain the linking constants A and B for this scale transformation. Then the 

transformed parameter estimates could be used in the subsequent equating stage. Two equating 

results, IRT true score equating (IRT-TE) and IRT observed score equating (IRT-OE), were 

calculated for each pair of test forms linked with the four IRT linking methods and the 

concurrent calibration. Meanwhile, the 72 conditions of data sets generated were equated also by 

means of the three conventional equating methods, i.e., Tucker observed score equating (TOE), 

Levine observed score equating (LOE), and Levine true score equating (LTE). Finally, the 

converted target form score equivalents of the base form yielded from the IRT-TE and IRT-OE 

were compared with those obtained from the three conventional equating methods using 

URMSD and WRMSD as evaluation criteria. The comparisons were undertaken over equating 

results from all combination of conditions using the three unidimensional IRT models with the 

five IRT parameter scaling procedures (four in the separate calibration plus the concurrent 

calibration). 

Proper Solution Rates of the Three IRT Models 

The item parameter estimation of the three unidimensional IRT models was implemented 

with the ltm package. All estimation results in iterations with error messages and warning 

messages were regarded as improper solutions. These improper solutions were not used in the 

following steps. Additional replications were run to replace them with proper solutions and 

ensured that parameter estimates used in the following steps were from 200 replications of 

proper solutions. For the ease and clarity of presentation, the proper solution rate of the model 
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estimation for each IRT model employed was operationally defined as the rate that both forms 

had proper solutions out of the 200 replications. 

 In the separate calibration conditions, among the three IRT models used to fit the 

simulated testlet data, the 2PL model had better proper solution rate across conditions of interest. 

The improper solutions occurred in seven conditions, one in the two common testlets condition 

and six in the four common testlets condition. For the seven conditions, the proper solution rate 

out of 200 replications ranged from 98.5% to 99.5%, with the lowest happened in the condition 

of four common testlets, sample size 3000, testlet variance 0.5 and group mean difference of 1. 

Improper solutions occurred more frequently in conditions using the two polytomous models. Of 

the 72 types of data set, 62.5% had the occurrence of improper solutions when estimated with the 

GRM, 22 in the two common testlets conditions, and 23 in the four common testlet conditions. 

For the 45 conditions with improper solutions, the rate of proper solutions ranged from 96.5% to 

99.5%. The lowest proper solution rate happened in the condition of four common testlets, 

sample size 500, testlet variance 1 and group mean difference of 1. Data analyzed with the GPC 

model encountered relatively higher improper solution rate across conditions. 77.78% of the 72 

types of data sets had occurrences of improper solutions, 29 in the two common testlets  

conditions and 27 in the four common testlets conditions. The proper solution rate for these 56 

conditions ranged from 95.5% to 99.5%. The lowest proper solution rate 95.5% occurred in the 

condition of four common testlets, sample size 500, testlet variance 0, and group mean difference 

of 1. For data sets fitted with the three IRT models, the lowest proper solution rates all happened 

in the conditions of four common testlet and group mean difference of 1. Table 4-1 presented the 

proper solution rate for data sets analyzed with the three models using separate calibration.   
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If the item responses of the two forms were estimated simultaneously using the 

concurrent calibration, the occurrence of improper solutions decreased for estimation with all 

three IRT model, especially in the cases with the 2PL model and the GRM. Table 4-2 

demonstrated the proper solution rates in the concurrent calibration conditions. Were the 2PL 

model applied to the simulated data sets, there was no improper solution in any of the two 

common testlet conditions. And the only condition encountered improper solutions was that with 

the four common testlets, sample size 500, testlet variance 0.5, group mean difference of 1. 

However, the proper solution rate for this condition was still as high as 99%. When the data were 

estimated using the GRM, the improper solutions only happened in two conditions using two 

common testlets, sample size 3000, testlet variance 2 and nonequivalent groups. The proper 

solution   rates of the two conditions were 99% and 98%, respectively. As Table 4-2 showed, the 

lowest rate of 98% occurred in the condition of two common testlets, sample size 3000, testlet 

variance 2 and group mean difference of 1. Parameter estimations with the GRM for data sets 

containing four common testlets were all proper solutions, the proper solution rates were 100% 

for conditions in this situation. In contrast, more conditions had the occurrence of improper 

solutions when the GPC model was fit to the data sets. Among the 36 two common testlet 

conditions, 26 yielded improper solutions, and the proper solution rate for these conditions 

ranged from 90.5% to 99.5%. The 90.5% proper solution rate was found in the condition of two 

common testlets, sample size 3000, testlet variance 0, and group mean difference of 1. Of the 36 

conditions with four common testlets, 22 encountered improper solutions. The proper solution 

rates for the 22 conditions ranged from 94.5% to 99.5%. The condition with four common 

testlets, sample size 3000, testlet variance 0, and group mean difference of 1 had the proper 

solution rate 94.5%.  
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Inspection of conditions with improper solutions during the parameter estimation 

procedure using either concurrent calibration or separate calibration made it evident that 

conditions of larger group mean difference were susceptible to more occurrences of improper 

solutions, which applies to all three IRT models. Estimation using GPC model incurred more 

improper solution compared with that using the 2PL model and the GRM, particularly in the 

conditions employing concurrent calibration. If the separate calibration procedure was carried 

out, conditions with the two polytomous models yielded more improper solutions than with the 

2PL model. Nevertheless, were the concurrent calibration procedure implemented, improper 

solutions were rare in conditions using the 2PL model and the GRM. In Contrast, estimation 

from the GPC model produced more improper solutions in relatively more conditions. On the 

whole, in terms of the proper solution rate, 2PL model was superior to the two polytomous 

models, especially in conditions using separate calibration. The GRM was superior to the GPC 

model, particularly in conditions of concurrent calibration.   

Missing Category Rate of the Two Polytomous IRT Models 

As stated previously, testlet-as-a-polytomous-item approach treated the whole testlet as a 

polytomous item by summing up the within-testlet item scores. In the current study, each testlet 

has five dichotomously scored within-testlet items. According to this approach, there are six 

possible sum scores ordered from 0 to 5, which could be viewed as six ordered categories of a 

polytomous item. Therefore, each testlet-as-a-polytomous-item was supposed to have six 

categories. However, in the process of summing up the within-testlet item scores for each 

examinee, it happened that there were missing categories for some testlet-as-a-polytomous-items. 

For instance, there might be no score 5 in the sum of the within-testlet items across all examinees 

for a so-called polytomous item, or there were no score 5 and 4 in the sums. Tang and Eignor 

(1997) also reported this phenomenon when they applied the GRM and GPC models to TOEFL 
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test. The occurrence of this phenomenon associated with the sample size of the examinees, small 

number of examinees would lead to more cases of missing categories, whereas larger sample size 

tended to avoid this problem. Were this happened in any replication for any of the two forms for 

the same data set, the replication would not be used in the final equating, . The percentage of this 

phenomenon with each sample size was documented for the conditions using separate calibration 

and concurrent calibration, respectively. Within each of the two calibration procedures, the 

percentage of missing categories was calculated separately for conditions containing two 

common testlets and four common testlets. Table 4-3 showed the summary of these missing 

category rates with the separate calibration and the concurrent calibration, respectively. For 

example, in Table 4-3, under the condition of two common testlets using the separate calibration, 

when sample size is 500, the rate of occurrence of missing categories across the combination of 

all other conditions (testlet effect, group mean difference) with 200 replications for each 

condition is 0.03083. Holding other factors constant, with the increase of sample size, the 

missing category rate decreased to 0.00666 in the condition of a sample size 1000, and 0.00138 

in the condition of a sample size 3000. The same trend could be found in cases of using four 

common testlets. Similarly, the rate of missing categories was reduced by larger sample sizes in 

conditions using concurrent calibration. The missing category rate was relatively lower in 

concurrent calibration conditions when the sample size was 500 owing to combination of the 

responses on the two forms, which doubled the sample size in effect.  

Influence of Factors of Interest 

The main purpose of this research was to investigate the equating performance under the 

three unidimensional IRT models for testlet data. Besides the factor of “Models”, influence of 

five other factors, i.e., sample size, magnitude of testlet effect, group difference, number of 

common testlets, linking methods, were also of interest. In addition to the six major factors of 
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interest, three other factors, i.e., equating results statistics (IRT-TE, IRT-OE), baseline equating 

statistics (TOE, LOE,  LTE), evaluation criteria statistics (URMSD, WRMSD) were included to 

calculate and compare the equating results from the three IRT models. Therefore, there are nine 

factors involved in this study. An inspection of the equating results made manifest the high 

similarity among the three baseline statistics.  An overall ANOVA taking into account of all nine 

factors was conducted, which was a split-plot design with four between-subjects factors and five 

within-subjects factors. (eta squared) for each main effect and interaction appeared in the 

ANOVA tables were calculated as an index of effect size. It is defined as 

 ,                                                               (4-1) 

where  stands for the variation attributable to a specific factor and  is the total 

variation. It turned out that the for the main effect of the baseline statistics and any of its 

interaction with other designing factors were negligible, all of them were less than 0.00001. 

Then, the two evaluation statistics URMSD and WRMSD were collapsed over the three baseline 

statistics.  

ANOVAs for IRT True Score Equating 

The results using IRT true score equating statistics and IRT observed score equating 

statistics were quite similar in size, and the ANOVAs with URMSD and WRMSD were reported 

for IRT true score only. s were re-calculated for the effects in ANOVA using URMSD and in 

ANOVA using WRMSD, respectively. Although many effects were statistically significant with 

an alpha level of 0.05, results of the s for the effects in both ANOVAs indicated that only a 

few of them had substantial effect size. As to the effects in ANOVA using URMSD, the rank 

order of s indicated that number of common testlets had the largest effect size ( 0.083, F = 

3827.09, p < 0.0001). The URMSD under the four common testlet conditions had smaller values 
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than that under the two common testlet conditions. This conforms with findings in other previous 

studies that increasing the number of common items would improve the accuracy of the equating 

results (Wingersky, Cook & Eignor, 1986; Kim & Cohen, 2002; Hanson & B guin, 2002). The 

 of testlet effect (  and model 

( ) were close to each other and ranked next to that of 

number of common items. Effect of the group ability difference ranked fourth 

( ). All other effects had eta squared values around 0.001 or 

lower. 

s for the effects in ANOVA using WRMSD also showed that the number of common 

testlets had the highest effect size ( 0.075, F = 3810.73, p < 0.0001). The effect of model 

ranked second ( , followed by the effect size of testlet 

effect ( . All other effects, were it main effects or 

interactions, had s smaller than 0.001. The means and standard deviations of URMSD and 

WRMSD were then calculated across the 200 replications for each combination of conditions to 

demonstrate the feature of the results. Table 4-4, Table 4-5 and Table 4-6 presented the mean 

URMSD for IRT true score equating results in two common items condition, Table 4-7, Table-4-

8 and Table 4-9 displayed the mean URMSD for IRT true score equating results in four common 

items condition, respectively.  

Mean URMSD for IRT True Score Equating 

From Table 4-4, 4-5 and 4-6, we can see that in the two common testlets conditions, the 

URMSD under the two polytomous models were smaller than that under the 2PL model 

whichever linking method used, even in conditions of no testlet effects. Only in nine conditions 

(which were highlighted in Table 4-4) the URMSD under the 2PL model was lower than that 
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under one of the polytomouse models. For example, when sample size equals 1000, testlet effect 

is 0, group mean ability difference is 1, the URMSD with MM (Mean/Mean) linking method 

under the 2PL model is 2.114, while in the corresponding condition under the GRM model, the 

URMSD = 2.128, and the URMSD = 2.132 under the GPC model, which were slightly higher. 

This is the only condition that the equating results from the 2PL model outperformed both of the 

polytomous models. For other eight cases under the 2PL model with URMSD lower than that 

under one of the polytomous models, the corresponding URMSD under the other polytomous 

model is always lower than that under the 2PL model. In other words, in the same condition, 

there is almost always one type of polytomous model outperformed the 2PL model in terms of 

equating accuracy. It is evident that the equating results under the 2PL model were inferior to 

those under the two polytomous models overall in the two common testlets conditions using the 

URMSD as the evaluation criterion.  

Between the two polytomous models, comparisons of the URMSD across the conditions 

using the IRT-TE and two common testlets showed that the equating results from the GRM were 

more accurate than those from the GPC model with the separate linking methods. For instance, 

in conditions using the Mean/Mean linking method, approximately 67% of the URMSD values 

under the GRM were lower than that under the GPC model. In conditions using the Mean/sigma 

linking method, 78% of the URMSD values were smaller than that under the GPC model. 

Likewise, this proportion was 72% using the Stocking/Lord method and 75% using the Haebara 

method. Overall, the two models had similar performance in conditions using the concurrent 

calibration, but the GPC model had slightly better performance with about 53% of the conditions 

had lower URMSD.  
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Another factor having relatively larger effect size is the testlet effect or the variance of 

the testlet factor . Four levels of this factor were manipulated, i.e., 0/0.5/1/2, representing the 

conditions of no testlet effect, small testlet effect, medium testlet effect and large testlet effect. 

The URMSD for the IRT-TE in the two common tesltets conditions showed that holding other 

factors constant, the values of URMSD decreased with the ascending of the testlet effect. It 

applies to all three IRT models. Take the conditions in 2PL model for example, in Table 4-4 we 

can see that the URMSD under the MM linking method with sample size 500 and group mean 

difference 0 were 1.975 when testlet effect was 0. As testlet effect increased from 0.5 to 2, the 

corresponding URMSD slid to 1.889, 1.776 and 1.741.This trend was somewhat contra-intuitive 

for the 2PL model, which is expected to yield more accurate equating results when there is no 

testlet effect. In conditions without testlet effect, only nine of them under the 2PL model had 

smaller URMSD than that under one of the polytomous models. And they were all in conditions 

with the group mean difference is 1.  Of the nine conditions under the 2PL model, merely one of 

them using the MM linking method had smaller URMSD than that under both polytomous 

models. It is most likely that there is always a polytomous model bearing more accurate equating 

results for the same condition. As the magnitude of the testlet effects enhanced, the two 

polytomous models tended to yield better equating results holding other factors constant. And in 

conditions having testlet effects, the URMSD under the two polytomous models were 

consistently lower than those under the 2PL model.  

The factor, group mean difference of the two groups to be equated, had an eta squared of 

0.004. Although it is rather small effect size based on Cohen’s standard, it ranked 4
th

 largest 

among the effects in ANOVA for IRT-TE with the URMSD criteria. Holding other factors 

constant, as the groups mean difference was enlarged, the URMSD tended to increase.  
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The effect size for linking methods was smaller than 0.001, and the performance of the 

four linking methods for separate calibration were similar. Equating results from the concurrent 

calibration were no better than those from the four separate linking methods. In most conditions 

they led to larger URMSD than the separate linking methods. For IRT-TE with two common 

testlets, about 42% of the conditions using the concurrent calibration under the 2PL model had 

URMSD lower than that in the corresponding conditions using the four separate linking methods. 

This proportion is 22% under the GRM model and 28% under the GPC model. 

The mean URMSD for IRT-TE using four common testlets presented same pattern of the 

major factors’ impact on the equating results (see Table 4-7 to 4-9). The two polytomous models 

outperformed the 2PL model in terms of smaller mean URMSD. Considering conditions using 

the four separate linking methods only, equating from the GRM model was the most accurate 

compared with that from the 2PL model and the GPC model. For the GRM and the GPC model, 

with the separate linking methods, 64% of the URMSD from the GRM in conditions using the 

Mean/Mean method had smaller values than those in the corresponding conditions from the GPC 

model. About 72% of the URMSD from the GRM in conditions using each of the other three 

separate linking methods had lower values than those from the GPC model. However, when it 

comes to the concurrent method, the GRM was not better than the GPC model, about 56% of the 

conditions under the GPC model using the concurrent method got smaller URMSD values. 

When the number of common testlets was up to four, a total of eight conditions under the 

2PL model had URMSD values smaller than the corresponding conditions under the two 

polytomous models. Of the eight conditions, seven were in conditions using the separate linking 

methods.  And four out of the seven conditions using the separate linking methods had sample 

size of 1000, testelt effect of 1 and group mean difference of 0; three had sample size of 1000, 
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testlet effect of 0 and group mean difference of 0.5. One condition under the 2PL model using 

the concurrent calibration got lower URMSD than that in the corresponding condition under the 

GRM model. However, none of the URMSD in the eight conditions was lower than that in the 

corresponding condition under both GRM and GPC model. 

In line with the two common testlets conditions, the URMSD tended to decrease as the 

testlet effect become stronger with four common testlets holding other factors constant. The 

equating results tended to be less accurate if the groups mean difference was magnified 

controlling other factors. Again, as in the two common testlets conditions, if there was no testlet 

effect, most of the conditions under the 2PL model produced less accurate equating results 

compared with that under the two polytomous models. When there was no testlet effect, only 

three conditions under the 2PL testlet model yielded better equating results than those under the 

GRM model. They were in conditions of sample size 1000 and groups mean difference of 0.5 

with the MM, SL and HB linking methods. Nevertheless, the corresponding three conditions 

under the GPC model still had more accurate equating results than under the 2PL model. For 

conditions under each IRT model, the URMSD with the four separate linking methods were 

similar, and they were smaller than that with the concurrent method in most conditions. About 

42% of the conditions using the concurrent calibration under the 2PL model had URMSD lower 

than that in the corresponding conditions using the four separate linking methods. This 

proportion is 33% under the GRM and 47% under the GPC model. Compared with the two 

common testlet conditions, the concurrent method yielded relatively more accurate equating 

results in the four common testlets conditions. Holding other factors constant, larger sample size 

conditions tended to produce more accurate equating results, which were  indicated by the 

smaller URMSD values. 



 

76 

 

Mean WRMSD of IRT True Score Equating  

As mentioned before, the ANOVA results and s for WRMSD of IRT-TE were in closer 

agreement with those for the URMSD. The number of common testlets was the factor having the 

largest effect size, which was evident in the smaller WRMSD values across conditions using the 

four common items. The mean WRMSD of IRT-TE under the three IRT models were 

summarized in Table 4-10 to 4-12 for the two common testlets conditions, and in Table 4-13 to 

4-15 for the four common testlets conditions. 

For data using two common testlets under the 2PL model, except for seven conditions 

(five with concurrent calibration, two with MM method, see the highlighted values in Table 4-

10), the WRMSD in all other conditions were larger than those under the two polytomous 

models, which indicated less accurate equating results. The equating results under the GRM 

model were most accurate in conditions using the four linking methods for separate calibration. 

For the WRMSD with each separate linking method under the GRM model, about two thirds of 

the conditions were smaller than those under the GPC model. With concurrent calibration, the 

GPC model had better performance than the GRM model and the 2PL model. More conditions 

under the GPC model had smaller WRMSD than those under the GRM model and the 2PL 

model. However, within conditions under each IRT model, the equating results from the 

concurrent calibration were less accurate than those from the four separate linking methods. For 

the 2PL model, approximately 39% of the conditions with the concurrent calibration had smaller 

WRMSD than the four separate linking methods. And the percentage is 19% under the GRM 

model and 17% under the GPC model. The four separate linking methods had similar 

performance under each IRT model investigated. 



 

77 

Controlling other factors, enhancing the testlet effects would lead to more accurate 

equating results. When the testlet effect was absent, the 2PL model did not always yield better 

equating results compared with the two polytomous models. Only four conditions without testlet 

effect under the 2PL model had smaller mean WRMSD than those under one of the polytomous 

models. They were in the conditions having group mean difference of 1. Three of them were 

with the concurrent calibration, one was with MM method and a sample size of 1000. For a 

specific condition of the four, for example, the one with MM method and a sample size of 1000, 

the mean WRMSD was only less than that under one polytomous model--- the GPC model. None 

of the four cases were better than the corresponding condition under both polytomous models. 

When the common testlets were up to four, the superiority of the GRM was more salient. 

Compared with the GPC model, equating results from both separate and concurrent calibrations 

under the GRM were better in terms of more conditions of smaller mean WRMSD. For 

conditions with the Mean/Mean method under the GRM, about 67% of them had lower mean 

WRMSD than those under the GPC model. With the Mean/Sigma method, the proportion was 

75%, and it was up to 89% with both characteristic curve methods. With the concurrent 

calibration, the proportion was 58%. The 2PL model was still the weakest one, under which only 

two conditions had lower mean WRMSD than those under the GRM model. All the mean 

WRMSD under the 2PL were larger than those in the corresponding conditions under the GPC 

model. 

Under each model, the performance of the four separate linking methods had little 

difference. The accuracy of the equating results was improved as the number of common testlets 

increased. Under the 2PL model, with four common testlets, 47% of the WRMSD in conditions 

using the concurrent calibration were smaller than that using the four separate linking methods, 
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while it was 39% with two common testlets. Under the GRM model, the proportion was 

improved from 19% with two common testlets to 33% with four common testlets. Under the 

GPC model, it was raised from 17% to 50%.  

The equating results became somewhat better with an increase of the testlet effects 

holding other factors constant, which could be found with all three models. If there was no testlet 

effect, only two conditions under the 2PL model had smaller mean WRMSD values than those in 

the corresponding condition under the GRM. Table 4-13 highlighted the two conditions. They 

were from the Mean/Mean method and Stocking/Lord method, respectively, with sample size 

1000 and group mean difference of 1. However, in the same conditions under the GPC model, 

the mean WRMSD were even lower than the two under the 2PL model. For a majority of the 

equating results under the 2PL model when the testlet effect was absent, they were less accurate 

compared with those under the two polytomous models. 

Summary of the Results 

Evaluation of the overall discrepancy between equating results including IRT-TE and 

IRT-OE from each of the three IRT models and the three traditional equating methods were 

achieved through using the two indices: URMSD and WRMSD. Inspection of the results showed 

that for each condition, the discrepancy compared with the three traditional equating methods 

were quite similar based on either URMSD or WRMSD. Therefore, the URMSD and the 

WRMSD from each condition were collapsed over the three levels of the traditional equating 

methods factor. The two evaluation indices also made it evident that equating results from IRT-

TE and IRT-OE were of little difference for the same condition. 

ANOVAs were conducted for IRT-TE and IRT-OE results using both URMSD and 

WRMSD collapsed over the three levels of the traditional equating methods. Only ANOVA 

results and the eta squared for the IRT-TE were presented for data analyses given the high 
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similarity compared with those from IRT-OE.   were calculated for all the main effects and 

interactions in ANOVAs using the URMSD and the WRMSD, respectively, to quantify the 

magnitude of their effect sizes. According to the rank order of the  for effects in ANOVAs 

using both URMSD and WRMSD indices, number of common testlets is the factor that exerted 

the largest effect on the equating results. Equating results in conditions with four common 

testlets had smaller discrepancy compared with those from the three traditional equating methods 

than those in conditions with two common testlets. Effect size of the “models” factor and the 

“testlet effect” factor were close to each other, and ranked after the number of common testlets. 

The two polytomous models had better overall performance than the 2PL model especially in 

conditions with the presence of testlet effect. Even in conditions without the testlet effect, the 

two polytomous were superior to the 2PL model in most cases. Only a few cases under the 2PL 

model had more accurate equating results than the corresponding conditions under a certain 

polytomous models. Of the two polytomous models, equating results under the GRM model 

were more accurate, particularly in conditions using the separate linking methods. With 

ascending testlet effect, the equating results tended to become more accurate, and this was found 

with all three IRT models. 

The effect size for all other factors or their interactions were rather small. However, the 

pattern of the URMSD and the WRMSD indicated that the equating results using the four 

separate linking methods were of small differences, they were better than those from the 

concurrent calibration, especially in conditions with two common testlets. The performance of 

the concurrent calibration improved as the number of common testlets was increased to four, this 

trend is more conspicuous with the GPC model and the 2PL model. When the groups mean 

difference was widened, the equating results tended to be less accurate. It was also found that 
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larger sample size could improve the accuracy of equating results. However, the effect size for 

sample size was tiny.  

Because the IRT observed score equating results bear a high resemblance to the IRT true 

score equating results, the mean URMSD and mean WRMSD under the three IRT models were 

not presented in this chapter. For further reference of this information, the corresponding tables 

illustrating them were documented in the Appendix. 
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Table 4-1. Proper solution rate with the three models using separate calibration 

    

C2 

  

C4 

 
 

N 
 

2PL GRM GPC 2PL GRM GPC 

0 500 0 100% 100% 99.5% 100% 100% 99% 

0 500 0.5 100% 99.5% 99.5% 100% 98% 100% 

0 500 1 100% 97.5% 100% 99.5% 97.5% 99% 

0 1000 0 100% 100% 99.5% 100% 100% 99.5% 

0 1000 0.5 100% 99% 100% 100% 100% 99.5% 

0 1000 1 100% 98% 100% 100% 99% 98.5% 

0 3000 0 100% 100% 99.5% 100% 100% 99.5% 

0 3000 0.5 100% 99.5% 99.5% 100% 100% 99% 

0 3000 1 100% 98% 99.5% 100% 98.5% 95.5% 

0.5 500 0 100% 99.5% 99.5% 100% 100% 99.5% 

0.5 500 0.5 100% 99.5% 99.5% 100% 98.5% 99.5% 

0.5 500 1 100% 97.5% 99% 99% 99.5% 97.5% 

0.5 1000 0 100% 100% 100% 100% 99.5% 100% 

0.5 1000 0.5 100% 100% 98.5% 100% 100% 99.5% 

0.5 1000 1 100% 100% 99% 99.5% 97.5% 99.5% 

0.5 3000 0 100% 100% 100% 99.5% 100% 99.5% 

0.5 3000 0.5 100% 100% 99.5% 100% 99.5% 100% 

0.5 3000 1 100% 100% 99% 98.5% 100% 99.5% 

1 500 0 99.5% 100% 98.5% 100% 100% 100% 

1 500 0.5 100% 99.5% 97.5% 100% 98.5% 99% 

1 500 1 100% 99% 97.5% 100% 96.5% 98.5% 

1 1000 0 100% 100% 99% 100% 100% 100% 

1 1000 0.5 100% 100% 99% 100% 100% 99.5% 

1 1000 1 100% 97% 98.5% 100% 98.5% 97.5% 

1 3000 0 100% 100% 99.5% 100% 99.5% 99.5% 

1 3000 0.5 100% 99.5% 100% 100% 99.5% 100% 

1 3000 1 100% 98% 100% 100% 99.5% 100% 

2 500 0 100% 99% 98.5% 100% 99% 99% 

2 500 0.5 100% 99.5% 97% 99.5% 99.5% 99.5% 

2 500 1 100% 99% 97.5% 99.5% 98.5% 99% 

2 1000 0 100% 100% 99% 100% 99.5% 99.5% 

2 1000 0.5 100% 99.5% 97.5% 100% 99.5% 100% 

2 1000 1 100% 98.5% 99% 100% 98.5% 99% 

2 3000 0 100% 99.5% 99.5% 100% 100% 99.5% 

2 3000 0.5 100% 99% 98.5% 100% 100% 100% 

2 3000 1 100% 98% 97.50% 100% 99.5% 99% 

Note. = variance of the testlet factor; N = sample size;  = Target group population 

meanability; C2  = two common testlets; C4 = four common testlets. 
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Table 4-2. Convergence rate for three models using concurrent calibration 

    

C2 

  

C4 

 
 

N 
 

2PL GRM GPC 2PL GRM GPC 

0 500 0 100% 100% 100% 100% 100% 100% 

0 500 0.5 100% 100% 100% 100% 100% 100% 

0 500 1 100% 100% 99.5% 100% 100% 100% 

0 1000 0 100% 100% 99.5% 100% 100% 100% 

0 1000 0.5 100% 100% 99.5% 100% 100% 99% 

0 1000 1 100% 100% 99% 100% 100% 100% 

0 3000 0 100% 100% 98.5% 100% 100% 99.5% 

0 3000 0.5 100% 100% 99.5% 100% 100% 100% 

0 3000 1 100% 100% 90.5% 100% 100% 94.5% 

0.5 500 0 100% 100% 100% 100% 100% 99.5% 

0.5 500 0.5 100% 100% 100% 100% 100% 100% 

0.5 500 1 100% 100% 99% 99% 100% 98.5% 

0.5 1000 0 100% 100% 100% 100% 100% 99.5% 

0.5 1000 0.5 100% 100% 100% 100% 100% 100% 

0.5 1000 1 100% 100% 100% 100% 100% 99% 

0.5 3000 0 100% 100% 100% 100% 100% 99% 

0.5 3000 0.5 100% 100% 100% 100% 100% 100% 

0.5 3000 1 100% 100% 98% 100% 100% 99% 

1 500 0 100% 100% 99% 100% 100% 99% 

1 500 0.5 100% 100% 98.5% 100% 100% 100% 

1 500 1 100% 100% 99% 100% 100% 97% 

1 1000 0 100% 100% 99.5% 100% 100% 99.5% 

1 1000 0.5 100% 100% 99.5% 100% 100% 100% 

1 1000 1 100% 100% 98.5% 100% 100% 98% 

1 3000 0 100% 100% 100% 100% 100% 99.5% 

1 3000 0.5 100% 100% 99.5% 100% 100% 100% 

1 3000 1 100% 100% 99% 100% 100% 100% 

2 500 0 100% 100% 98% 100% 100% 98% 

2 500 0.5 100% 100% 97.5% 100% 100% 99.5% 

2 500 1 100% 100% 92% 100% 100% 97.5% 

2 1000 0 100% 100% 96.5% 100% 100% 99.5% 

2 1000 0.5 100% 100% 97% 100% 100% 99.5% 

2 1000 1 100% 100% 95% 100% 100% 99% 

2 3000 0 100% 100% 99% 100% 100% 100% 

2 3000 0.5 100% 99% 99% 100% 100% 99% 

2 3000 1 100% 98% 95% 100% 100% 97.5% 

Note. = variance of the testlet factor; N = sample size;  = Target group population mean 

ability; C2  = two common testlet; C4 = four common testlet. 
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Table 4-3. Rate of missing categories  

Separate Concurrent 

N C2 C4 C2 C4 

500 0.03083 0.03278 0.0175 0.01167 

1000 0.00666 0.005 0.00792 0.0025 

3000 0.00138 0.0025 0.00125 0 

Note. C2 = two common testlet; C4 = four common testlet. 
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Table 4-4. Mean URMSD from 2PL model for IRT true score equating in two common testlets 

condition 

    C2 2PL URMSD  

N   MM MS SL HB CC 

500 0 0 1.975 1.978 1.927 1.956 1.965 

1000 0 0 1.848 1.875 1.818 1.841 1.877 

3000 0 0 1.771 1.776 1.766 1.775 1.775 

500 0.5 0 1.889 1.919 1.886 1.898 1.856 

1000 0.5 0 1.808 1.828 1.805 1.812 1.864 

3000 0.5 0 1.940 1.946 1.943 1.943 1.856 

500 1 0 1.776 1.811 1.778 1.794 1.762 

1000 1 0 1.748 1.759 1.744 1.748 1.727 

3000 1 0 1.727 1.738 1.732 1.733 1.634 

500 2 0 1.741 1.739 1.735 1.738 1.690 

1000 2 0 1.581 1.59 1.587 1.584 1.686* 

3000 2 0 1.704 1.707 1.705 1.701 1.620 

500 0 0.5 1.932 2.022 1.942 1.968 1.914* 

1000 0 0.5 1.928 1.962 1.914 1.927 1.953 

3000 0 0.5 1.785 1.803 1.793 1.798 2.217 

500 0.5 0.5 1.957 1.979 1.93 1.959 1.881 

1000 0.5 0.5 1.888 1.898 1.886 1.895 1.809 

3000 0.5 0.5 1.919 1.919 1.915 1.915 1.900 

500 1 0.5 1.816 1.828 1.797 1.815 1.852 

1000 1 0.5 1.823 1.849 1.839 1.836 1.989 

3000 1 0.5 1.89 1.883 1.886 1.885 1.804 

500 2 0.5 1.741 1.766 1.742 1.741 1.709 

1000 2 0.5 1.607 1.613 1.601 1.609 1.623 

3000 2 0.5 1.574 1.57 1.572 1.57 1.702 

500 0 1 2.127 2.162 2.099 2.125 2.436* 

1000 0 1 2.114* 2.132 2.094* 2.114* 2.534* 

3000 0 1 1.997* 1.994 1.985 1.988 2.563* 

500 0.5 1 2.115 2.167 2.116 2.131 2.232 

1000 0.5 1 2.04 2.054 2.028 2.037 2.255 

3000 0.5 1 1.918 1.916 1.914 1.915 2.080 

500 1 1 1.916 1.920 1.898 1.904 2.313 

1000 1 1 2.011 2.018 1.996 2.008 1.936 

3000 1 1 1.856 1.843 1.852 1.847 1.989 

500 2 1 1.81 1.838 1.829 1.822 1.864 

1000 2 1 1.662 1.68 1.664 1.669 1.929 

3000 2 1 1.704 1.712 1.710 1.706 1.718 

Note. = variance of the testlet factor; N = sample size;  = Target group population mean  

ability; C2 = two common testlet; MM = Mean/Mean; MS = Mean/Sigma; SL = 

Stocking/Lord; HB = Haebara; CC = Concurrent Calibration; 
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Table 4-5. Mean URMSD from GRM model for IRT true score equating in two common testlets 

condition 

    C2 GRM URMSD  

N   MM MS SL HB CC 

500 0 0 1.657 1.624 1.624 1.625 1.691 

1000 0 0 1.752 1.64 1.638 1.639 1.594 

3000 0 0 1.686 1.655 1.659 1.652 1.573 

500 0.5 0 1.485 1.581 1.589 1.575 1.532 

1000 0.5 0 1.546 1.58 1.585 1.577 1.628 

3000 0.5 0 1.558 1.476 1.478 1.477 1.664 

500 1 0 1.528 1.557 1.556 1.553 1.456 

1000 1 0 1.527 1.452 1.457 1.448 1.525 

3000 1 0 1.497 1.517 1.515 1.514 1.513 

500 2 0 1.410 1.367 1.372 1.362 1.551 

1000 2 0 1.329 1.301 1.305 1.296 1.793 

3000 2 0 1.452 1.359 1.367 1.351 1.559 

500 0 0.5 1.762 1.735 1.731 1.734 1.919 

1000 0 0.5 1.716 1.685 1.684 1.693 1.780 

3000 0 0.5 1.703 1.685 1.680 1.680 1.750 

500 0.5 0.5 1.727 1.660 1.663 1.673 1.652 

1000 0.5 0.5 1.570 1.568 1.573 1.566 1.601 

3000 0.5 0.5 1.665 1.696 1.698 1.695 1.634 

500 1 0.5 1.537 1.544 1.549 1.541 1.531 

1000 1 0.5 1.637 1.594 1.602 1.590 1.581 

3000 1 0.5 1.677 1.593 1.598 1.590 1.595 

500 2 0.5 1.461 1.391 1.395 1.386 1.465 

1000 2 0.5 1.469 1.389 1.395 1.386 1.706 

3000 2 0.5 1.414 1.450 1.455 1.448 1.333 

500 0 1 1.956 1.918 1.933 1.947 2.849 

1000 0 1 2.128 1.968 1.966 1.964 2.850 

3000 0 1 2.031 1.930 1.927 1.921 2.820 

500 0.5 1 1.953 1.910 1.919 1.933 2.347 

1000 0.5 1 1.771 1.693 1.692 1.697 2.303 

3000 0.5 1 1.696 1.713 1.720 1.717 1.949 

500 1 1 1.791 1.658 1.662 1.658 1.945 

1000 1 1 1.613 1.564 1.567 1.558 1.971 

3000 1 1 1.622 1.643 1.647 1.643 1.835 

500 2 1 1.523 1.447 1.449 1.448 1.714 

1000 2 1 1.496 1.428 1.425 1.428 1.735 

3000 2 1 1.553 1.448 1.453 1.439 1.522 

Note. = variance of the testlet factor; N = sample size;  = Target group population mean  

ability; C2 = two common testlet; MM = Mean/Mean; MS = Mean/Sigma; SL = 

Stocking/Lord; HB = Haebara; CC = Concurrent Calibration. 
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Table 4-6. Mean URMSD from GPC model for IRT true score equating in two common testlets 

condition 

    C2 GPC URMSD  

N   MM MS SL HB CC 

500 0 0 1.833 1.791 1.786 1.789 1.672 

1000 0 0 1.655 1.698 1.691 1.696 1.734 

3000 0 0 1.63 1.608 1.544 1.54 1.676 

500 0.5 0 1.771 1.714 1.703 1.718 1.520 

1000 0.5 0 1.623 1.569 1.567 1.576 1.637 

3000 0.5 0 1.528 1.509 1.512 1.507 1.599 

500 1 0 1.600 1.563 1.556 1.560 1.558 

1000 1 0 1.615 1.596 1.593 1.599 1.504 

3000 1 0 1.586 1.592 1.580 1.582 1.617 

500 2 0 1.616 1.531 1.529 1.533 1.432 

1000 2 0 1.489 1.433 1.469 1.461 1.512 

3000 2 0 1.452 1.378 1.380 1.376 1.418 

500 0 0.5 1.809 1.742 1.726 1.751 1.710 

1000 0 0.5 1.751 1.697 1.699 1.703 1.881 

3000 0 0.5 1.699 1.771 1.774 1.766 1.903 

500 0.5 0.5 1.699 1.686 1.624 1.631 1.712 

1000 0.5 0.5 1.703 1.736 1.789 1.808 1.705 

3000 0.5 0.5 1.823 1.781 1.811 1.813 1.741 

500 1 0.5 1.733 1.671 1.571 1.668 1.693 

1000 1 0.5 1.609 1.561 1.560 1.562 1.623 

3000 1 0.5 1.536 1.528 1.528 1.525 1.697 

500 2 0.5 1.733 1.663 1.592 1.670 1.622 

1000 2 0.5 1.561 1.512 1.510 1.512 1.515 

3000 2 0.5 1.404 1.397 1.407 1.388 1.463 

500 0 1 1.902 1.874 1.839 1.871 2.290 

1000 0 1 2.132 2.073 2.102 2.123 2.174 

3000 0 1 1.860 1.847 1.854 1.843 2.374 

500 0.5 1 1.942 1.879 1.865 1.883 2.160 

1000 0.5 1 1.790 1.797 1.790 1.811 2.012 

3000 0.5 1 1.739 1.723 1.722 1.724 1.818 

500 1 1 1.845 1.792 1.784 1.806 1.975 

1000 1 1 1.726 1.745 1.774 1.781 1.717 

3000 1 1 1.643 1.650 1.650 1.646 1.832 

500 2 1 1.574 1.514 1.506 1.516 1.718 

1000 2 1 1.513 1.521 1.505 1.523 1.641 

3000 2 1 1.513 1.507 1.510 1.501 1.498 

Note. = variance of the testlet factor; N = sample size;  = Target group population mean  

ability; C2 = two common testlet; MM = Mean/Mean; MS = Mean/Sigma; SL = 

Stocking/Lord; HB = Haebara; CC = Concurrent Calibration. 
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Table 4-7. Mean URMSD from 2PL model for IRT true score equating in four common testlets 

condition 

    C4 2PL URMSD  

N   MM MS SL HB CC 

500 0 0 1.327 1.365 1.316 1.334 1.218* 

1000 0 0 1.237 1.259 1.23 1.244 1.278 

3000 0 0 1.221 1.227 1.214 1.218 1.253 

500 0.5 0 1.298 1.318 1.268 1.301 1.336 

1000 0.5 0 1.336 1.34 1.318 1.33 1.340 

3000 0.5 0 1.264 1.263 1.261 1.264 1.306 

500 1 0 1.253 1.255 1.235 1.247 1.215 

1000 1 0 1.164* 1.171* 1.148* 1.165* 1.328 

3000 1 0 1.123 1.123 1.124 1.12 1.188 

500 2 0 1.248 1.251 1.246 1.243 1.175 

1000 2 0 1.178 1.189 1.174 1.178 1.147 

3000 2 0 1.162 1.156 1.156 1.155 1.144 

500 0 0.5 1.449 1.453 1.431 1.382 1.361 

1000 0 0.5 1.235* 1.268 1.236* 1.250* 1.305 

3000 0 0.5 1.342 1.344 1.337 1.343 1.348 

500 0.5 0.5 1.298 1.314 1.274 1.293 1.256 

1000 0.5 0.5 1.319 1.329 1.308 1.315 1.305 

3000 0.5 0.5 1.241 1.241 1.235 1.240 1.279 

500 1 0.5 1.340 1.355 1.336 1.343 1.213 

1000 1 0.5 1.189 1.195 1.183 1.186 1.228 

3000 1 0.5 1.199 1.206 1.202 1.204 1.242 

500 2 0.5 1.222 1.219 1.208 1.218 1.182 

1000 2 0.5 1.239 1.245 1.232 1.241 1.227 

3000 2 0.5 1.191 1.194 1.191 1.192 1.158 

500 0 1 1.433 1.474 1.385 1.405 1.473 

1000 0 1 1.383 1.411 1.387 1.392 1.399 

3000 0 1 1.363 1.375 1.354 1.364 1.457 

500 0.5 1 1.283 1.310 1.258 1.282 1.306 

1000 0.5 1 1.341 1.338 1.320 1.945 1.357 

3000 0.5 1 1.297 1.31 1.304 1.303 1.462 

500 1 1 1.317 1.325 1.296 1.308 1.361 

1000 1 1 1.296 1.304 1.29 1.295 1.263 

3000 1 1 1.352 1.350 1.352 1.350 1.319 

500 2 1 1.200 1.208 1.195 1.198 1.143 

1000 2 1 1.213 1.217 1.204 1.211 1.245 

3000 2 1 1.216 1.216 1.216 1.206 1.217 

Note. = variance of the testlet factor; N = sample size;  = Target group population mean  

ability; C4 = four common testlet; MM = Mean/Mean; MS = Mean/Sigma; SL = 

Stocking/Lord; HB = Haebara; CC = Concurrent Calibration. 
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Table 4-8. Mean URMSD from GRM model for IRT true score equating in four common testlets 

condition 

    C4 GRM URMSD  

N   MM MS SL HB CC 

500 0 0 1.200 1.188 1.180 1.183 1.244 

1000 0 0 1.068 1.067 1.068 1.063 1.162 

3000 0 0 1.172 1.171 1.175 1.169 1.170 

500 0.5 0 1.115 1.108 1.107 1.109 1.072 

1000 0.5 0 1.106 1.100 1.099 1.098 1.054 

3000 0.5 0 1.086 1.064 1.061 1.061 1.053 

500 1 0 1.154 1.118 1.120 1.116 1.146 

1000 1 0 1.102 1.096 1.098 1.092 1.065 

3000 1 0 0.978 0.974 0.977 0.970 0.939 

500 2 0 1.024 0.986 0.982 0.984 1.002 

1000 2 0 1.025 1.010 1.013 1.008 1.063 

3000 2 0 1.057 1.030 1.034 1.028 1.016 

500 0 0.5 1.225 1.201 1.202 1.199 1.246 

1000 0 0.5 1.273 1.263 1.253 1.253 1.142 

3000 0 0.5 1.183 1.184 1.179 1.182 1.224 

500 0.5 0.5 1.214 1.180 1.177 1.180 1.144 

1000 0.5 0.5 1.128 1.123 1.122 1.121 1.167 

3000 0.5 0.5 1.113 1.090 1.089 1.090 1.071 

500 1 0.5 1.183 1.107 1.109 1.106 1.082 

1000 1 0.5 1.088 1.069 1.071 1.067 1.031 

3000 1 0.5 1.070 1.051 1.054 1.049 1.092 

500 2 0.5 1.067 1.006 1.005 1.005 1.062 

1000 2 0.5 0.971 0.947 0.951 0.946 1.096 

3000 2 0.5 0.984 0.955 0.958 0.955 1.041 

500 0 1 1.354 1.261 1.209 1.246 1.244 

1000 0 1 1.291 1.249 1.241 1.257 1.285 

3000 0 1 1.296 1.276 1.250 1.250 1.301 

500 0.5 1 1.073 1.037 1.026 1.034 1.104 

1000 0.5 1 1.233 1.159 1.161 1.164 1.225 

3000 0.5 1 1.225 1.208 1.204 1.201 1.232 

500 1 1 1.175 1.118 1.109 1.110 1.124 

1000 1 1 1.124 1.077 1.083 1.076 1.199 

3000 1 1 1.129 1.113 1.118 1.110 1.106 

500 2 1 1.088 1.003 1.004 0.998 1.082 

1000 2 1 1.080 1.053 1.054 1.048 1.198 

3000 2 1 1.077 1.021 1.025 1.019 1.107 

Note. = variance of the testlet factor; N = sample size;  = Target group population mean  

ability; C4 = four common testlet; MM = Mean/Mean; MS = Mean/Sigma; SL = 

Stocking/Lord; HB = Haebara; CC = Concurrent Calibration. 
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Table 4-9. Mean URMSD from GPC model for IRT true score equating in four common testlets 

condition 

    C4 GPC URMSD  

N   MM MS SL HB CC 

500 0 0 1.325 1.267 1.274 1.27 1.133 

1000 0 0 1.208 1.193 1.184 1.197 1.138 

3000 0 0 1.122 1.119 1.115 1.116 1.102 

500 0.5 0 1.169 1.169 1.143 1.178 1.088 

1000 0.5 0 1.235 1.201 1.198 1.201 1.182 

3000 0.5 0 1.109 1.099 1.098 1.100 1.049 

500 1 0 1.188 1.189 1.180 1.185 1.122 

1000 1 0 1.224 1.208 1.202 1.209 1.107 

3000 1 0 1.056 1.041 1.041 1.043 1.093 

500 2 0 1.163 1.105 1.105 1.106 1.011 

1000 2 0 1.099 1.078 1.084 1.075 1.083 

3000 2 0 1.027 1.014 0.983 1.014 0.956 

500 0 0.5 1.331 1.296 1.214 1.224 1.196 

1000 0 0.5 1.146 1.126 1.108 1.129 1.096 

3000 0 0.5 1.162 1.221 1.155 1.153 1.223 

500 0.5 0.5 1.210 1.164 1.162 1.178 1.272 

1000 0.5 0.5 1.303 1.255 1.221 1.262 1.190 

3000 0.5 0.5 1.050 1.044 1.045 1.044 1.187 

500 1 0.5 1.155 1.124 1.111 1.124 1.147 

1000 1 0.5 1.183 1.162 1.157 1.165 1.123 

3000 1 0.5 1.092 1.090 1.088 1.088 1.128 

500 2 0.5 1.151 1.092 1.054 1.091 1.044 

1000 2 0.5 1.113 1.088 1.085 1.092 1.054 

3000 2 0.5 1.004 1.000 0.958 1.000 1.033 

500 0 1 1.259 1.245 1.203 1.241 1.294 

1000 0 1 1.288 1.236 1.264 1.228 1.356 

3000 0 1 1.238 1.240 1.239 1.235 1.280 

500 0.5 1 1.215 1.198 1.180 1.200 1.236 

1000 0.5 1 1.212 1.234 1.212 1.199 1.209 

3000 0.5 1 1.196 1.184 1.203 1.183 1.245 

500 1 1 1.238 1.174 1.161 1.179 1.163 

1000 1 1 1.182 1.170 1.155 1.171 1.189 

3000 1 1 1.138 1.125 1.124 1.127 1.186 

500 2 1 1.142 1.097 1.092 1.096 1.053 

1000 2 1 1.083 1.077 1.057 1.073 1.106 

3000 2 1 1.168 1.159 1.161 1.157 1.089 

Note. = variance of the testlet factor; N = sample size;  = Target group population mean  

ability; C2 = two common testlet; MM = Mean/Mean; MS = Mean/Sigma; SL = 

Stocking/Lord; HB = Haebara; CC = Concurrent Calibration. 
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Table 4-10. Mean WRMSD from 2PL model for IRT true score equating in two common testlets 

condition 

    C2 2PL WRMSD  

N   MM MS SL HB CC 

500 0 0 2.039 2.041 1.981 2.013 2.050 

1000 0 0 1.925 1.950 1.886 1.913 1.942 

3000 0 0 1.826 1.832 1.820 1.831 1.811 

500 0.5 0 1.946 1.974 1.942 1.952 1.904 

1000 0.5 0 1.860 1.882 1.858 1.865 1.926 

3000 0.5 0 2.010 2.015 2.013 2.011 1.921 

500 1 0 1.801 1.842 1.804 1.822 1.785 

1000 1 0 1.780 1.790 1.775 1.778 1.756 

3000 1 0 1.760 1.771 1.765 1.766 1.670 

500 2 0 1.733 1.731 1.726 1.728 1.678 

1000 2 0 1.571 1.582 1.577 1.575 1.676* 

3000 2 0 1.691 1.693 1.691 1.688 1.611 

500 0 0.5 1.947 2.031 1.958 1.98 1.892 

1000 0 0.5 1.948 1.976 1.935 1.942 1.954 

3000 0 0.5 1.758 1.778 1.768 1.772 2.266 

500 0.5 0.5 1.971 1.983 1.938 1.965 1.901 

1000 0.5 0.5 1.896 1.901 1.895 1.9 1.829 

3000 0.5 0.5 1.931 1.934 1.93 1.928 1.91 

500 1 0.5 1.824 1.837 1.806 1.824 1.845 

1000 1 0.5 1.822 1.85 1.839 1.834 1.976 

3000 1 0.5 1.884 1.877 1.88 1.879 1.798 

500 2 0.5 1.702* 1.723 1.701 1.697 1.688 

1000 2 0.5 1.575 1.582 1.569 1.578 1.583 

3000 2 0.5 1.547 1.54 1.544 1.542 1.663 

500 0 1 1.946 1.988 1.933 1.946 2.240* 

1000 0 1 1.896* 1.907 1.871 1.885 2.275* 

3000 0 1 1.83 1.822 1.814 1.813 2.362* 

500 0.5 1 1.967 2.011 1.951 1.968 2.085* 

1000 0.5 1 1.921 1.947 1.914 1.924 2.139 

3000 0.5 1 1.813 1.812 1.81 1.811 1.936 

500 1 1 1.789 1.779 1.761 1.762 2.15 

1000 1 1 1.892 1.893 1.872 1.884 1.827 

3000 1 1 1.716 1.704 1.711 1.705 1.846 

500 2 1 1.713 1.75 1.737 1.73 1.741 

1000 2 1 1.579 1.609 1.587 1.594 1.802 

3000 2 1 1.623 1.634 1.631 1.628 1.624 

Note. = variance of the testlet factor; N = sample size;  = Target group population mean  

ability; C2 = two common testlet; MM = Mean/Mean; MS = Mean/Sigma; SL = 

Stocking/Lord; HB = Haebara; CC = Concurrent Calibration. 
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Table 4-11. Mean WRMSD from GRM model for IRT true score equating in two common 

testlets condition 

    C2 GRM WRMSD  

N   MM MS SL HB CC 

500 0 0 1.647 1.608 1.609 1.611 1.685 

1000 0 0 1.766 1.629 1.626 1.628 1.595 

3000 0 0 1.682 1.656 1.660 1.651 1.578 

500 0.5 0 1.485 1.598 1.606 1.590 1.537 

1000 0.5 0 1.559 1.598 1.604 1.594 1.642 

3000 0.5 0 1.564 1.477 1.480 1.477 1.687 

500 1 0 1.533 1.559 1.558 1.555 1.460 

1000 1 0 1.543 1.459 1.464 1.455 1.541 

3000 1 0 1.510 1.530 1.528 1.526 1.527 

500 2 0 1.407 1.364 1.369 1.359 1.546 

1000 2 0 1.329 1.296 1.300 1.291 1.784 

3000 2 0 1.450 1.356 1.363 1.348 1.563 

500 0 0.5 1.714 1.681 1.678 1.678 1.831 

1000 0 0.5 1.660 1.601 1.601 1.609 1.746 

3000 0 0.5 1.670 1.642 1.636 1.636 1.717 

500 0.5 0.5 1.713 1.619 1.622 1.631 1.630 

1000 0.5 0.5 1.543 1.557 1.561 1.553 1.571 

3000 0.5 0.5 1.633 1.671 1.672 1.668 1.604 

500 1 0.5 1.521 1.523 1.528 1.520 1.503 

1000 1 0.5 1.602 1.580 1.589 1.575 1.552 

3000 1 0.5 1.644 1.563 1.568 1.559 1.566 

500 2 0.5 1.447 1.373 1.377 1.369 1.433 

1000 2 0.5 1.439 1.358 1.363 1.354 1.665 

3000 2 0.5 1.398 1.431 1.436 1.429 1.314 

500 0 1 1.739 1.729 1.734 1.750 2.448 

1000 0 1 1.839 1.681 1.678 1.670 2.486 

3000 0 1 1.812 1.734 1.731 1.722 2.455 

500 0.5 1 1.813 1.754 1.763 1.768 2.124 

1000 0.5 1 1.634 1.575 1.573 1.577 2.077 

3000 0.5 1 1.555 1.598 1.602 1.598 1.749 

500 1 1 1.658 1.533 1.537 1.532 1.776 

1000 1 1 1.535 1.466 1.468 1.458 1.785 

3000 1 1 1.486 1.504 1.506 1.500 1.684 

500 2 1 1.449 1.394 1.394 1.393 1.589 

1000 2 1 1.419 1.352 1.352 1.351 1.593 

3000 2 1 1.476 1.396 1.403 1.386 1.428 

Note. = variance of the testlet factor; N = sample size;  = Target group population mean 

ability; C2 = two common testlet; MM = Mean/Mean; MS = Mean/Sigma; SL = 

Stocking/Lord; HB = Haebara; CC = Concurrent Calibration. 
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Table 4-12. Mean WRMSD from GPC model for IRT true score equating in two common testlets 

condition 

    C2 GPC WRMSD  

N   MM MS SL HB CC 

500 0 0 1.852 1.820 1.813 1.816 1.682 

1000 0 0 1.676 1.723 1.716 1.720 1.774 

3000 0 0 1.638 1.614 1.547 1.542 1.697 

500 0.5 0 1.802 1.746 1.733 1.750 1.533 

1000 0.5 0 1.643 1.583 1.578 1.591 1.672 

3000 0.5 0 1.542 1.524 1.528 1.521 1.62 

500 1 0 1.609 1.567 1.559 1.564 1.574 

1000 1 0 1.639 1.623 1.621 1.626 1.517 

3000 1 0 1.607 1.614 1.602 1.603 1.643 

500 2 0 1.618 1.531 1.530 1.532 1.428 

1000 2 0 1.485 1.431 1.465 1.456 1.507 

3000 2 0 1.448 1.373 1.376 1.371 1.411 

500 0 0.5 1.757 1.706 1.675 1.702 1.671 

1000 0 0.5 1.716 1.656 1.658 1.659 1.873 

3000 0 0.5 1.693 1.775 1.780 1.770 1.904 

500 0.5 0.5 1.684 1.675 1.603 1.608 1.711 

1000 0.5 0.5 1.699 1.731 1.782 1.805 1.702 

3000 0.5 0.5 1.821 1.765 1.801 1.803 1.714 

500 1 0.5 1.705 1.664 1.546 1.655 1.684 

1000 1 0.5 1.584 1.531 1.546 1.531 1.617 

3000 1 0.5 1.509 1.500 1.500 1.497 1.665 

500 2 0.5 1.703 1.632 1.56 1.638 1.589 

1000 2 0.5 1.518 1.472 1.469 1.471 1.479 

3000 2 0.5 1.388 1.384 1.393 1.374 1.431 

500 0 1 1.702 1.668 1.626 1.652 2.071 

1000 0 1 1.911 1.832 1.861 1.876 1.955 

3000 0 1 1.682 1.644 1.648 1.636 2.210 

500 0.5 1 1.800 1.734 1.721 1.729 2.033 

1000 0.5 1 1.669 1.675 1.670 1.686 1.890 

3000 0.5 1 1.606 1.591 1.587 1.592 1.676 

500 1 1 1.721 1.652 1.648 1.662 1.828 

1000 1 1 1.645 1.657 1.680 1.679 1.616 

3000 1 1 1.483 1.491 1.491 1.485 1.680 

500 2 1 1.513 1.441 1.436 1.442 1.615 

1000 2 1 1.421 1.436 1.421 1.435 1.550 

3000 2 1 1.436 1.435 1.435 1.428 1.416 

Note. = variance of the testlet factor; N = sample size;  = target group population mean  

ability; C2 = two common testlet; MM = Mean/Mean; MS = Mean/Sigma; SL = 

Stocking/Lord; HB = Haebara; CC = Concurrent Calibration. 
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Table 4-13. Mean WRMSD from 2PL model for IRT true score equating in four common testlets 

condition 

    C4 2PL WRMSD  

N   MM MS SL HB CC 

500 0 0 1.374 1.413 1.36 1.377 1.247* 

1000 0 0 1.290 1.311 1.282 1.295 1.337 

3000 0 0 1.268 1.272 1.258 1.263 1.302 

500 0.5 0 1.343 1.360 1.308 1.341 1.380 

1000 0.5 0 1.372 1.377 1.352 1.365 1.381 

3000 0.5 0 1.308 1.306 1.304 1.308 1.356 

500 1 0 1.280 1.280 1.260 1.272 1.237 

1000 1 0 1.181 1.187 1.163 1.180 1.364 

3000 1 0 1.146 1.147 1.148 1.143 1.213 

500 2 0 1.237 1.242 1.236 1.233 1.168 

1000 2 0 1.170 1.181 1.166 1.169 1.140 

3000 2 0 1.155 1.149 1.150 1.148 1.139 

500 0 0.5 1.440 1.462 1.413 1.381 1.378 

1000 0 0.5 1.233* 1.280 1.241* 1.257 1.335 

3000 0 0.5 1.375 1.371 1.370 1.372 1.361 

500 0.5 0.5 1.309 1.330 1.287 1.306 1.263 

1000 0.5 0.5 1.328 1.340 1.320 1.324 1.326 

3000 0.5 0.5 1.262 1.262 1.256 1.262 1.299 

500 1 0.5 1.357 1.373 1.353 1.359 1.204 

1000 1 0.5 1.189 1.196 1.185 1.186 1.230 

3000 1 0.5 1.200 1.208 1.202 1.205 1.252 

500 2 0.5 1.194 1.190 1.179 1.188 1.153 

1000 2 0.5 1.215 1.220 1.208 1.215 1.199 

3000 2 0.5 1.176 1.178 1.176 1.176 1.143 

500 0 1 1.370 1.410 1.307 1.329 1.359 

1000 0 1 1.347 1.370 1.342 1.349 1.323 

3000 0 1 1.300 1.310 1.290 1.301 1.406 

500 0.5 1 1.208 1.232 1.182 1.203 1.226 

1000 0.5 1 1.268 1.269 1.243 1.843 1.277 

3000 0.5 1 1.204 1.226 1.217 1.213 1.355 

500 1 1 1.247 1.251 1.226 1.234 1.296 

1000 1 1 1.221 1.225 1.211 1.217 1.184 

3000 1 1 1.269 1.268 1.269 1.267 1.248 

500 2 1 1.136 1.146 1.131 1.133 1.071 

1000 2 1 1.142 1.143 1.135 1.139 1.184 

3000 2 1 1.128 1.126 1.127 1.118 1.151 

Note. = variance of the testlet factor; N = sample size;  = target group population mean  

ability; C4 = four common testlet; MM = Mean/Mean; MS = Mean/Sigma; SL = 

Stocking/Lord; HB = Haebara; CC = Concurrent Calibration. 
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Table 4-14. Mean WRMSD from GRM model for IRT true score equating in four common 

testlets condition 

    C4 GRM WRMSD  

N   MM MS SL HB CC 

500 0 0 1.374 1.413 1.360 1.377 1.247 

1000 0 0 1.290 1.311 1.282 1.295 1.337 

3000 0 0 1.268 1.272 1.258 1.263 1.302 

500 0.5 0 1.343 1.360 1.308 1.341 1.380 

1000 0.5 0 1.372 1.377 1.352 1.365 1.381 

3000 0.5 0 1.308 1.306 1.304 1.308 1.356 

500 1 0 1.280 1.280 1.260 1.272 1.237 

1000 1 0 1.181 1.187 1.163 1.180 1.364 

3000 1 0 1.146 1.147 1.148 1.143 1.213 

500 2 0 1.237 1.242 1.236 1.233 1.168 

1000 2 0 1.170 1.181 1.166 1.169 1.140 

3000 2 0 1.155 1.149 1.150 1.148 1.139 

500 0 0.5 1.440 1.462 1.413 1.381 1.378 

1000 0 0.5 1.233 1.280 1.241 1.257 1.335 

3000 0 0.5 1.375 1.371 1.370 1.372 1.361 

500 0.5 0.5 1.309 1.330 1.287 1.306 1.263 

1000 0.5 0.5 1.328 1.340 1.320 1.324 1.326 

3000 0.5 0.5 1.262 1.262 1.256 1.262 1.299 

500 1 0.5 1.357 1.373 1.353 1.359 1.204 

1000 1 0.5 1.189 1.196 1.185 1.186 1.230 

3000 1 0.5 1.200 1.208 1.202 1.205 1.252 

500 2 0.5 1.194 1.190 1.179 1.188 1.153 

1000 2 0.5 1.215 1.220 1.208 1.215 1.199 

3000 2 0.5 1.176 1.178 1.176 1.176 1.143 

500 0 1 1.370 1.410 1.307 1.329 1.359 

1000 0 1 1.347 1.370 1.342 1.349 1.323 

3000 0 1 1.300 1.310 1.290 1.301 1.406 

500 0.5 1 1.208 1.232 1.182 1.203 1.226 

1000 0.5 1 1.268 1.269 1.243 1.843 1.277 

3000 0.5 1 1.204 1.226 1.217 1.213 1.355 

500 1 1 1.247 1.251 1.226 1.234 1.296 

1000 1 1 1.221 1.225 1.211 1.217 1.184 

3000 1 1 1.269 1.268 1.269 1.267 1.248 

500 2 1 1.136 1.146 1.131 1.133 1.071 

1000 2 1 1.142 1.143 1.135 1.139 1.184 

3000 2 1 1.128 1.126 1.127 1.118 1.151 

Note. = variance of the testlet factor; N = sample size;  = target group population mean  

ability; C4 = four common testlet; MM = Mean/Mean; MS = Mean/Sigma; SL = 

Stocking/Lord; HB = Haebara; CC = Concurrent Calibration. 

 



 

95 

Table 4-15. Mean WRMSD from GPC model for IRT true score equating in four common 

testlets condition 

    C4 GPC WRMSD  

N   MM MS SL HB CC 

500 0 0 1.374 1.413 1.36 1.377 1.247 

1000 0 0 1.290 1.311 1.282 1.295 1.337 

3000 0 0 1.268 1.272 1.258 1.263 1.302 

500 0.5 0 1.343 1.360 1.308 1.341 1.380 

1000 0.5 0 1.372 1.377 1.352 1.365 1.381 

3000 0.5 0 1.308 1.306 1.304 1.308 1.356 

500 1 0 1.280 1.280 1.260 1.272 1.237 

1000 1 0 1.181 1.187 1.163 1.180 1.364 

3000 1 0 1.146 1.147 1.148 1.143 1.213 

500 2 0 1.237 1.242 1.236 1.233 1.168 

1000 2 0 1.170 1.181 1.166 1.169 1.140 

3000 2 0 1.155 1.149 1.150 1.148 1.139 

500 0 0.5 1.440 1.462 1.413 1.381 1.378 

1000 0 0.5 1.233 1.280 1.241 1.257 1.335 

3000 0 0.5 1.375 1.371 1.370 1.372 1.361 

500 0.5 0.5 1.309 1.330 1.287 1.306 1.263 

1000 0.5 0.5 1.328 1.340 1.320 1.324 1.326 

3000 0.5 0.5 1.262 1.262 1.256 1.262 1.299 

500 1 0.5 1.357 1.373 1.353 1.359 1.204 

1000 1 0.5 1.189 1.196 1.185 1.186 1.230 

3000 1 0.5 1.200 1.208 1.202 1.205 1.252 

500 2 0.5 1.194 1.190 1.179 1.188 1.153 

1000 2 0.5 1.215 1.220 1.208 1.215 1.199 

3000 2 0.5 1.176 1.178 1.176 1.176 1.143 

500 0 1 1.370 1.410 1.307 1.329 1.359 

1000 0 1 1.347 1.370 1.342 1.349 1.323 

3000 0 1 1.300 1.310 1.290 1.301 1.406 

500 0.5 1 1.208 1.232 1.182 1.203 1.226 

1000 0.5 1 1.268 1.269 1.243 1.843 1.277 

3000 0.5 1 1.204 1.226 1.217 1.213 1.355 

500 1 1 1.247 1.251 1.226 1.234 1.296 

1000 1 1 1.221 1.225 1.211 1.217 1.184 

3000 1 1 1.269 1.268 1.269 1.267 1.248 

500 2 1 1.136 1.146 1.131 1.133 1.071 

1000 2 1 1.142 1.143 1.135 1.139 1.184 

3000 2 1 1.128 1.126 1.127 1.118 1.151 

Note. = variance of the testlet factor; N = sample size;  = Target group population mean  

ability; C4 = four common testlet; MM = Mean/Mean; MS = Mean/Sigma; SL = 

Stocking/Lord; HB = Haebara; CC = Concurrent Calibration. 
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CHAPTER 5 

DISCUSSION AND CONCLUSION 

As alternatives to model the within-testlet items dependency, the equating performance of  

the unidimentional dichotomous and the polytomous IRT models for testlet-based tests under 

different levels of local dependency was not consistent in the extant research literature. Some 

studies found that the testlet-as-polytomous item approach produced better equating results than 

the unidimensional dichotomous model when there was violation of the local independence, 

particularly when the violation was serious (Lee et al., 2001). Whereas others argued that in 

conditions with high level of local dependency, the equating performance of the dichotomous 

model was even better than that of the testlet-as-polytomous item (Zhang, 2007). These previous 

studies addressed this issue in the context of a random groups design. To clarify the influence of 

the magnitude of local dependency on the equating results from the dichotomous IRT model and 

the polytomous IRT model, the current study investigated this issue through manipulating the 

degree of local dependency for testlet based tests using simulated data under a common-item 

nonequivalent groups design. This design is commonly used in standard testing programs. 

Furthermore, in order to obtain a more comprehensive understanding of this topic under various 

testing conditions, besides the magnitude of local dependency, examinee groups characteristics 

(i.e., sample size, groups mean difference), item parameter estimates scaling methods (four 

separate linking methods and the concurrent calibration), number of common testlets were all 

examined. Both IRT true score equating results and IRT observed score equating results were 

considered. Equating results from three conventional linear equating methods for common item 

nonequivalent groups design served as base lines. URMSD and WRMSD were used to quantify 

the overall discrepancy between the results under the three IRT models and the three baseline 

equating methods. 
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The IRT true score equating and IRT observed score equating results were very similar 

across conditions. This finding was in line with what Lord and Wingersky (1984) found 

concerning the performance of the two equating methods for common-item nonequivalent 

groups design. In Lee et al (2001), the two equating methods produced very close results using a 

random groups design as well. Different conclusions regarding results from the two methods 

were reported in Kolen (1981) and Han et al. (1997) for tests using the random groups design. 

More research comparing the two methods is needed, especially for equating testlet-based tests. 

In each condition, the URMSD or the WRMSD resulted from the three baseline linear 

methods were very much alike. In the subsequent ANOVA analyses for effects of interest, the 

URMSD and WRMSD were collapsed over the three baseline methods, respectively. Then the 

analyses could focus on the major factors of interest. Two ANOVAs (one using URMSD and 

one using WRMSD) were conducted for both IRT true score equating results and observed 

equating results. Due to the high similarities between the IRT true score equating and observed 

score equating results, only the analysis using the IRT true score equating was presented. 

Regardless of the evaluation criteria used, be it URMSD or WRMSD,  for effects in the two 

ANOVAs were in close agreement with each other: number of common testlets, model, and 

testlet effect emerged as the three factors having larger effect sizes. 

Factors of Larger Impact 

Number of Common Items 

Number of common testlets ranked as the factor of the largest effect on the final equating 

results. As expected, equating results are more accurate when increased number of common 

items was employed. The drop of the URMSD and WRMSD in four common testlets conditions 

was conspicuous. Table 5-1 demonstrated the decreasing pattern using the mean URMSD of IRT 

true score equating as an example. The condition used had a sample size of 1000, testlet effect 
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0.5, and a groups mean difference of 1, with the Stocking and Lord linking method. Equating 

from all three IRT models improved when the common testlets increased to four, which was 

about two thirds of the total number of items. Consequently, the discrepancy between the 

URMSD under each pair of models shrunk. This finding echoes with other research respecting 

the effect of number of common items on the quality of equating results.  

Model 

As a factor of major interest, model displayed relatively large effect on the equating 

results as well. The two polytomous models had consistently better overall performance than the 

2PL model. The trend appeared to be more distinct in conditions with four common testlets. 

Only a paucity of conditions under the 2PL model had more accurate equating results than the 

corresponding conditions under one of the polytomous models. Of these limited conditions 

including conditions without testlet effect, most often than not, for the same condition, there was 

always a type of polytomous model outperformed the 2PL model. A finding in current study 

disagreed with the previous research (Lee et al, 2001; Zhang, 2007) was that the dichotomous 

model did not show an overwhelming advantage over the polytomous models when the testlet 

effect was absent. This advantage diminished as the number of common items increased. The 

few conditions without testlet effect in which the 2PL had better performance mostly had some 

level of group difference. For conditions with neither testlet effect nor group difference, that is 

the conditions of equivalent groups without testlet effect, none of the equating results under the 

2PL model using separate linking methods were better than those under the two polytomous 

models. However, in Lee et al (2001) and Zhang (2007), where the random groups design was 

employed, in conditions without testlet effect, the dichotomous model outperformed the 

polytomous models. There are some potential reasons for the divergent findings. The 

dichotomous model used in the current study was the 2PL model, which does not have a psudo-
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guessing parameter, whereas the 3PL model was adopted in the two referred studies. Since there 

was no psudo-guessing parameter for either GRM or GPC model, it was considered as being 

more appropriate in the current study to compare them with the 2PL model other than the 3PL 

model. When the IRT true score equating was applied to the 3PL model, it happened that the 

lowest possible true score is the sum of the psudo-guessing parameter, instead of 0. A procedure 

should be conducted to convert the out-of-range true score on the target form. This could cause 

different equating results by using the two different dichotomous models. Another reason might 

ascribe to the practice that linking was used for the equivalent groups conditions, albeit 

unnecessary, in the current study. The practice of linking parameter estimates for equivalent 

groups might lead to different equating results compared with that of no linking (Hanson & 

B guin, 1999; B guin, Hanson & Glas, 2000; Lee & Ban, 2010). Lee and Ban (2010) found that 

separate calibration without linking outperformed separate calibration with linking in some 

conditions when the groups were equivalent. Although all these studies addressed the condition 

of equivalent groups, Lee et al used real data, Zhang (2007) simulated data using the two-

dimension compensatory model and the current study used the 2PL testlet model as the 

population model which is a constrained version of the bi-factor model (Gibbons & Hedeker, 

1992). The non-uniform data structure would inevitably induce deviation on the final equating 

results. Notwithstanding the lack of concordance with other studies in conditions of equivalent 

groups, the current study also detected that in conditions of non-equivalent groups, the equating 

performance of the 2PL model could be better than that of the polytomous models when there 

was no testlet effect, which complied with other studies. But this compliance was rather limited, 

it changed once levels of other factor changed, such as the number of common items. When the 

testlet effect was absent and the groups were nonequivalent, none of the conditions under the 
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2PL model was found consistently better than any of the polytomous models in conditions with 

both two and four common testlets. A close scrutiny revealed that once the common testlets up to 

four and the group difference up to 1, the overall equating results from the two polytomous 

models were more accurate than that from the 2PL model even when there was no testlet effect, 

it is consistent across results from either IRT-TE or IRT-OE, for either URMSD or WRMSD. 

The current study showed that the two polytomous models were superior to the 2PL 

model in terms of the equating results across most of the conditions examined. As for the 

performance of the two polytomous models, the GRM was better than the GPC model in 

conditions using separate linking methods, while the GPC model demonstrated slight superiority 

in conditions using concurrent calibration. Previous comparisons with respect to the GRM and 

GPC model (Cook, Dodd, & Fitzpatrick, 1999; Maydeu-Olivares, Drasgow, & Mead, 1994; 

Tang & Eignor, 1997,) yielded mixed conclusions concerning the parameter estimation. Some 

researchers found the two had similar performance (Maydeu-Olivares, Drasgow, & Mead, 1994), 

while others argued that the GPC had slightly better performance. Cook, Dodd, and Fitzpatrick 

(1991) pointed out that the GRM yielded more information across the whole range of the latent 

trait than the PC and GPC models, and they recommended further exploration of the practical 

implication of this phenomenon. As mentioned before, the two models were individually 

employed in different studies modeling the within-testlet items dependency, but never were 

considered together. In Lee et al (2001), the GRM and the Norminal model (NM; Bock, 1972) 

were compared with the 3PL model for testlet-based tests. Theoretically, the GPC model is a 

constrained form of the NM. For the Map data they used, Lee et al found that the overall 

equating with the GRM was better than that with the NM and the 3PL model, which was 

consistent with the findings of the current study in a sense. In terms of equating using the 
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separate calibration, the GRM is the best one among the three models examined for testlet-based 

tests. 

Variance of Testlet Factor 

In the current study, the local dependency of within-testlet items was defined as the 

variance of the testlet factor, . Four levels of local dependency were manipulated to represent 

conditions of no, low, medium and high levels of testlet effect. The mean URMSD and WRMSD 

indicated that as the size of testlet effect increased, the equating results from the three IRT 

models tended to be more accurate. This trend could be found in Lee et al (2001) when the 

traditional linear method was used as the baseline and the URMSD as the evaluation criteria. 

However, based on the URMSD from other baseline methods in Lee et al (2001), i.e., mean 

equating and equipercentile equating, only equating under the two polytomous models became 

more accurate with the increase of the local dependency, whereas the equating under the 3PL 

model got less accurate instead. Since the equipercentile method for non-equivalent groups 

anchor design does not work well based on the literature (Lord & Wingersky, 1984), it was not 

selected as a baseline method in current study. Nevertheless, with the presence of testlet effect, 

equating under the two polytomous models was consistently better than that under the 2PL 

model in almost all conditions. It is especially true with the GRM in conditions using four 

common testlets. It was evident that the polytomous models yielded more accurate equating 

results compared with the 2PL model if there were testlet effects. 

Impacts of Other Factors 

Linking Method 

Both separate and concurrent calibrations were used in this study to obtain the parameter 

estimates for the three IRT models. Parameters estimates from the concurrent calibrations were 

automatically put on the same scale by a single run of the estimation software. It was 
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operationally used as a method for scale transformation in the current study. Four linking 

methods were employed to put parameter estimates from the separate calibration on the same 

scale. Therefore, five methods were considered for scale transformation. It turned out equating 

with the four separate linking methods were more accurate than that with the concurrent method 

under all three IRT models, particularly in conditions of two common testlets. Relatively better 

performance of the concurrent method was found in conditions with more common testlets and 

small group differences. Yet it was still inferior to the separate linking methods. This result 

conformed with what B guin, Hanson, and Glas (2000) found in their study addressing the effect 

of multidimensionality on separate and concurrent unidimentional estimation in IRT equating. 

They pointed out that for data presenting multidimensionality the concurrent calibration under 

the unidimensional IRT model had worse performance than the corresponding separate 

calibration. When the unidimensional IRT models were fit to the testlet data, which was a type of 

data with multidimensionality, equating results from the separate calibration were better than that 

from the concurrent calibration, particularly in conditions with higher degree of group difference.  

The equating results using the four separate linking methods were similar under each 

model. However, controlling other factors, the characteristic curve linking methods 

outperformed the moment methods in most of the conditions in terms of smaller mean URMSD 

and WRMSD. Specifically, the Stocking & Lord method was the best-performing separate 

linking method for both the 2PL and the GPC model, while the Haebara method was the best one 

for the GRM. This trend was more salient in four common items conditions. In literature, 

comparisons among the four separate linking methods for unidimensional dichotomous models 

concluded that the two characteristic curve methods generally yielded more stable results than 

the two moment methods (Kolen & Brennan, 2004). The current study showed that when used to 
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equate testlet data, the two characteristic methods worked somewhat differently for the three 

unidimensional IRT models. The Stocking & Lord method had the best performance under the 

2PL model and the GPC model, while the Haebara method was the best one under the GRM. In 

conditions with only two common testlets, the two moment methods and the Haebara method 

had similar results under the 2PL model and the GPC model, the two moment methods and the 

Stocking & Lord method had little difference under the GRM. Once the common testlets was up 

to four, the performance of the characteristic curve method other than the best-performing one 

under each model also improved. Therefore, the two characteristic curve linking methods were 

better than the two moment methods. 

Group Mean Difference and Sample Size 

The effect size of group mean difference and sample size were rather small although 

statistically significant. As can be seen that equating under all three IRT models became less 

accurate when the group difference was widened, which was consistent with previous research 

(Cohen & Kim, 1998; Kim and Kolen, 2006; B guin, Hanson & Glas, 2000; Li, 2009).  

When sample size is small, one potential problem for using polytomous models to fit 

testlet data by summing up the within testlet items scores is there might be more occurrences of 

missing categories. But this can be overcome by using larger sample size. The URMSD or 

WRMSD tended to decrease as the sample size increased. 

Conclusion 

As alternative methods for modeling the potential local dependency among within-testlet 

items, comparisons of the equating results from applying the unidimentional dichotomous and 

polytomous IRT models to testlet-based tests were conducted by researchers. The focus of these 

comparisons in general was association between the magnitude of local dependency and the 

equating accuracy by using those unidimentional IRT models. However, findings from empirical 
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and simulation studies did not concur with each other. Some (Zhang, 2007) reported that the 

dichotomous model had better equating performance than the polytomous models if strong local 

dependency was present, while others found the opposite (Lee et al, 2001). Since different 

polytomous models were employed in these studies, which to some extent, posed a barrier to 

comparing the results across them and to generalizing the findings. In addition, only random 

groups equating design condition was examined in these previous equating studies, while another 

popular equating design condition, i.e., common-item nonequivalent groups design, was scarcely 

addressed. As a result, the goal of the current study was to investigate this issue under common 

item nonequivalent groups design considering a broader number of conditions, so that a 

comprehensive understanding about these models’ equating performance for testlet data could be 

achieved. The results from both IRT true score equating and IRT observed score equating 

showed that among the three IRT models adopted, the two polytomous models, GRM and GPC, 

were consistently superior to the 2PL model in conditions with various levels of local 

dependency. Even in some conditions without local dependency, the two polytomous models 

were found outperformed the 2PL model, especially when more common testlets were used. In 

conditions using the separate linking methods, equating results under the GRM were more 

accurate than those under the GPC model.  Equating with the concurrent calibration were less 

accurate than that with the separate calibration using linking in most of the conditions, 

particularly when then number of common teslets was small and group difference was large. 

Equating results from using the two characteristic curve linking methods turned out to be more 

accurate than the moment methods in conditions of four common testlets. In two common 

testlets conditions, the Stocking & Lord method yielded more accurate equating results for the 

2PL model and the GPC model, whereas the other three linking methods produced very similar 
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results. Meanwhile, the Haebara method had the best performance for the GRM, and the other 

three linking methods barely had any difference. Number of common items had the largest effect 

size among all the factors explored, which reinforced the idea from previous studies that 

equating accuracy improved as the number of linking items increased for common-item 

nonequivalent groups design (Wingersky, Cook & Eignor, 1986; Kim & Cohen, 1998; Kim & 

Cohen, 2002; Hanson & B guin, 2002). 

Limitations and Future Studies 

The main purpose of this study was to clarify conditions that the unidimensional 

dichotomous and polytomous IRT models had comparatively better equating performance, 

respectively, when fit to the testlet data. The 2PL testlet model (Bradlow, Wainer, & Wang, 

1999) was used as the population model to generate testlet data with different levels of local 

dependency, but it was not used to fit the simulated data and to obtain the IRT true score and 

observed score equating results. One reason is the large number of conditions considered in the 

current study and intensive computation needed for the testlet model estimation, linking and 

equating, hence the long time required for completing the whole simulation and computation. A 

further study comparing the equating performance of the testlet model, the testlet-as-a-

polytomous item model, and the dichotomous model using both separate and concurrent 

calibrations calibrations needs to be conducted.  

Only the 2PL testlet model was used to simulate the population testlet data with various 

levels of local dependency. Other models that account for the local dependency, such as the bi-

factor model, could be used in the future study to simulate and fit the testlet data. He, Li, Wolfe 

and Mao (2012) compared the IRT true score equating of unidimentional IRT models 

including1PL/ 2PL/ 3PL, bi-factor model, and testlet models including 2PL testlet model and 

3PL testlet model (Wang, Bradlow, & Wainer, 2002) using empirical data under the common-
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item nonequivalent groups design. Mean/Mean linking method was used. Traditional 

equipercentile and linear equating method were used as baselines. The data showed a small 

magnitude of item dependency, and the equating results indicated that bi-factor model and testlet 

model tended to produce closer equating results to the two traditional equating methods. The 

authors also contended that a simulation study considering various levels local dependency was 

in need for future study. 

Concurrent calibration in practice is not always possible when the scale of the new test 

should be converted to the scale of the base form, which already has been calibrated. Kim and 

Cohen (2002) cautioned as well that concurrent calibration might not always be possible or 

economical, and combining the existing data with new data as implemented in the concurrent 

calibration might cause different equating errors. The concurrent calibration was carried out 

through the R package ltm in the current study using marginal maximum likelihood estimation 

(Bock & Aitkin, 1981), which is not appropriate in a strict sense. In practice, estimation software 

such as BILOG-MG, MULTILOG, IRTPRO (Cai, Thissen, & du Toit, 2011) should be used to 

conduct the concurrent estimation in the nonequivalent groups design, which can handle multiple 

groups of examinees with different abilities. It would be informative to implement the concurrent 

calibration using these software in the future for analyzing the testlet data. 

Given the prevalence of the testlet format in standard testing programs and the wide 

application of the common-item nonequivalent groups design, it would be useful to investigate 

further the equating performance of the possible approaches that can be used to model the local 

dependency of testlet data under common-item nonequivalent groups design. Therefore, 

knowledge of conditions that each possible approach works better could be gained. 
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Table 5-1. Contrast of mean URMSD in C2 and C4 conditions  

Model C2 C4 

2PL 2.082 1.320 

GRM 1.692 1.161 

GPC 1.790 1.212 

Note. C2 = two common testlets; C4 = four common testlets. 
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APPENDIX 

MEAN URMSD AND WRMSD FOR IRT OBSERVED SCORE EQUATING 

Table A-1. Mean URMSD from 2PL model for IRT observed score equating in two common 

testlets condition 

    C2 2PL WRMSD  

N   MM MS SL HB CC 

500 0 0 1.983 1.984 1.934 1.963 1.972 

1000 0 0 1.855 1.882 1.824 1.848 1.885 

3000 0 0 1.778 1.782 1.772 1.782 1.782 

500 0.5 0 1.894 1.922 1.891 1.901 1.861 

1000 0.5 0 1.813 1.832 1.810 1.817 1.870 

3000 0.5 0 1.948 1.953 1.950 1.950 1.862 

500 1 0 1.778 1.811 1.780 1.796 1.764 

1000 1 0 1.749 1.760 1.746 1.749 1.730 

3000 1 0 1.728 1.739 1.733 1.734 1.635 

500 2 0 1.740 1.738 1.735 1.737 1.688 

1000 2 0 1.581 1.590 1.587 1.584 1.687 

3000 2 0 1.704 1.707 1.705 1.702 1.620 

500 0 0.5 1.938 2.027 1.948 1.973 1.922 

1000 0 0.5 1.935 1.967 1.920 1.933 1.961 

3000 0 0.5 1.791 1.809 1.800 1.804 2.233 

500 0.5 0.5 1.962 1.979 1.935 1.963 1.884 

1000 0.5 0.5 1.894 1.903 1.892 1.901 1.815 

3000 0.5 0.5 1.924 1.924 1.920 1.920 1.905 

500 1 0.5 1.819 1.829 1.799 1.817 1.855 

1000 1 0.5 1.827 1.853 1.842 1.839 1.995 

3000 1 0.5 1.895 1.888 1.891 1.889 1.806 

500 2 0.5 1.741 1.766 1.743 1.741 1.708 

1000 2 0.5 1.607 1.613 1.601 1.608 1.624 

3000 2 0.5 1.575 1.570 1.572 1.571 1.705 

500 0 1 2.132 2.165 2.105 2.131 2.452 

1000 0 1 2.116 2.133 2.096 2.116 2.548 

3000 0 1 2.000 1.996 1.988 1.990 2.580 

500 0.5 1 2.119 2.170 2.120 2.134 2.239 

1000 0.5 1 2.045 2.059 2.033 2.042 2.263 

3000 0.5 1 1.919 1.917 1.915 1.917 2.086 

500 1 1 1.914 1.917 1.896 1.901 2.321 

1000 1 1 2.016 2.022 2.000 2.012 1.939 

3000 1 1 1.859 1.845 1.855 1.849 1.992 

500 2 1 1.810 1.839 1.830 1.823 1.865 

1000 2 1 1.661 1.679 1.663 1.668 1.931 

3000 2 1 1.705 1.714 1.711 1.707 1.720 
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Table A-2. Mean URMSD from GRM model for IRT observed score equating in two common 

testlets condition 

    C2 GRM URMSD  

N   MM MS SL HB CC 

500 0 0 1.651 1.627 1.629 1.631 1.602 

1000 0 0 1.645 1.642 1.640 1.641 1.596 

3000 0 0 1.680 1.661 1.665 1.658 1.575 

500 0.5 0 1.601 1.583 1.591 1.577 1.534 

1000 0.5 0 1.612 1.584 1.590 1.581 1.631 

3000 0.5 0 1.481 1.478 1.480 1.479 1.669 

500 1 0 1.574 1.558 1.558 1.555 1.456 

1000 1 0 1.468 1.454 1.459 1.450 1.529 

3000 1 0 1.531 1.518 1.516 1.515 1.517 

500 2 0 1.380 1.369 1.374 1.364 1.557 

1000 2 0 1.315 1.303 1.307 1.298 1.804 

3000 2 0 1.371 1.360 1.367 1.352 1.567 

500 0 0.5 1.742 1.735 1.732 1.734 1.780 

1000 0 0.5 1.562 1.636 1.636 1.571 1.824 

3000 0 0.5 1.707 1.687 1.682 1.682 1.752 

500 0.5 0.5 1.720 1.665 1.667 1.697 1.656 

1000 0.5 0.5 1.604 1.570 1.576 1.567 1.605 

3000 0.5 0.5 1.737 1.701 1.704 1.700 1.637 

500 1 0.5 1.569 1.547 1.552 1.544 1.535 

1000 1 0.5 1.629 1.598 1.606 1.594 1.585 

3000 1 0.5 1.626 1.594 1.599 1.591 1.598 

500 2 0.5 1.406 1.391 1.395 1.386 1.468 

1000 2 0.5 1.409 1.390 1.397 1.387 1.716 

3000 2 0.5 1.493 1.454 1.459 1.452 1.339 

500 0 1 1.987 1.938 1.953 1.975 2.328 

1000 0 1 2.034 1.966 1.967 1.964 2.465 

3000 0 1 2.020 1.925 1.930 1.923 2.501 

500 0.5 1 1.959 1.943 1.928 1.941 2.047 

1000 0.5 1 1.743 1.688 1.692 1.693 2.162 

3000 0.5 1 1.738 1.657 1.742 1.716 1.851 

500 1 1 1.704 1.659 1.665 1.659 1.947 

1000 1 1 1.575 1.565 1.567 1.558 1.784 

3000 1 1 1.665 1.645 1.650 1.645 1.839 

500 2 1 1.456 1.447 1.449 1.448 1.715 

1000 2 1 1.478 1.426 1.425 1.426 1.745 

3000 2 1 1.465 1.447 1.453 1.438 1.527 
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Table A-3. Mean URMSD from GPC model for IRT observed score equating in two common 

testlets condition 

    C2 GPC URMSD  

N   MM MS SL HB CC 

500 0 0 1.841 1.800 1.795 1.798 1.682 

1000 0 0 1.660 1.704 1.697 1.703 1.744 

3000 0 0 1.637 1.615 1.549 1.545 1.685 

500 0.5 0 1.776 1.720 1.709 1.724 1.523 

1000 0.5 0 1.628 1.574 1.573 1.582 1.643 

3000 0.5 0 1.532 1.513 1.517 1.512 1.605 

500 1 0 1.603 1.567 1.559 1.564 1.562 

1000 1 0 1.621 1.602 1.600 1.606 1.508 

3000 1 0 1.590 1.598 1.586 1.587 1.623 

500 2 0 1.618 1.534 1.532 1.536 1.434 

1000 2 0 1.491 1.436 1.472 1.464 1.515 

3000 2 0 1.454 1.379 1.382 1.377 1.421 

500 0 0.5 1.812 1.745 1.731 1.756 1.716 

1000 0 0.5 1.755 1.702 1.706 1.708 1.893 

3000 0 0.5 1.705 1.779 1.783 1.775 1.915 

500 0.5 0.5 1.701 1.692 1.629 1.635 1.715 

1000 0.5 0.5 1.708 1.745 1.800 1.819 1.714 

3000 0.5 0.5 1.830 1.788 1.819 1.822 1.748 

500 1 0.5 1.737 1.677 1.575 1.673 1.699 

1000 1 0.5 1.613 1.566 1.564 1.567 1.626 

3000 1 0.5 1.538 1.529 1.529 1.527 1.702 

500 2 0.5 1.736 1.667 1.594 1.674 1.626 

1000 2 0.5 1.564 1.515 1.514 1.516 1.520 

3000 2 0.5 1.407 1.400 1.410 1.391 1.467 

500 0 1 1.901 1.873 1.839 1.869 2.310 

1000 0 1 2.140 2.077 2.109 2.130 2.182 

3000 0 1 1.859 1.849 1.857 1.846 2.391 

500 0.5 1 1.947 1.883 1.871 1.887 2.172 

1000 0.5 1 1.796 1.802 1.794 1.815 2.022 

3000 0.5 1 1.741 1.726 1.725 1.727 1.824 

500 1 1 1.852 1.798 1.790 1.812 1.982 

1000 1 1 1.728 1.749 1.779 1.786 1.722 

3000 1 1 1.647 1.655 1.654 1.650 1.838 

500 2 1 1.575 1.516 1.508 1.518 1.722 

1000 2 1 1.514 1.523 1.508 1.526 1.644 

3000 2 1 1.514 1.509 1.512 1.503 1.501 
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Table A-4. Mean URMSD from 2PL model for IRT observed score equating in four common 

testlets condition 

    C4 2PL URMSD  

N   MM MS SL HB CC 

500 0 0 1.332 1.368 1.321 1.338 1.222 

1000 0 0 1.243 1.263 1.235 1.249 1.285 

3000 0 0 1.227 1.232 1.219 1.223 1.259 

500 0.5 0 1.301 1.320 1.270 1.303 1.341 

1000 0.5 0 1.340 1.343 1.321 1.333 1.344 

3000 0.5 0 1.268 1.266 1.264 1.268 1.311 

500 1 0 1.254 1.255 1.236 1.247 1.217 

1000 1 0 1.165 1.171 1.148 1.165 1.330 

3000 1 0 1.124 1.125 1.126 1.122 1.190 

500 2 0 1.250 1.252 1.248 1.245 1.175 

1000 2 0 1.178 1.189 1.175 1.178 1.147 

3000 2 0 1.162 1.156 1.157 1.155 1.145 

500 0 0.5 1.460 1.452 1.440 1.386 1.366 

1000 0 0.5 1.239 1.270 1.240 1.253 1.310 

3000 0 0.5 1.347 1.349 1.343 1.348 1.354 

500 0.5 0.5 1.298 1.313 1.275 1.293 1.259 

1000 0.5 0.5 1.322 1.331 1.311 1.318 1.308 

3000 0.5 0.5 1.245 1.244 1.239 1.244 1.281 

500 1 0.5 1.342 1.356 1.337 1.345 1.214 

1000 1 0.5 1.190 1.196 1.185 1.187 1.230 

3000 1 0.5 1.202 1.209 1.205 1.208 1.245 

500 2 0.5 1.221 1.217 1.207 1.217 1.183 

1000 2 0.5 1.239 1.244 1.232 1.241 1.229 

3000 2 0.5 1.191 1.194 1.191 1.192 1.158 

500 0 1 1.439 1.474 1.391 1.410 1.481 

1000 0 1 1.387 1.413 1.392 1.395 1.404 

3000 0 1 1.367 1.379 1.358 1.368 1.464 

500 0.5 1 1.287 1.311 1.262 1.285 1.310 

1000 0.5 1 1.343 1.341 1.323 1.947 1.361 

3000 0.5 1 1.299 1.313 1.307 1.305 1.467 

500 1 1 1.318 1.325 1.298 1.309 1.364 

1000 1 1 1.296 1.304 1.290 1.295 1.263 

3000 1 1 1.356 1.354 1.356 1.354 1.321 

500 2 1 1.200 1.208 1.195 1.198 1.143 

1000 2 1 1.213 1.216 1.204 1.211 1.246 

3000 2 1 1.216 1.216 1.216 1.205 1.217 
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Table A-5. Mean URMSD from GRM model for IRT observed score equating in four common 

testlets condition 

    C4 GRM URMSD  

N   MM MS SL HB CC 

500 0 0 1.201 1.189 1.181 1.185 1.249 

1000 0 0 1.068 1.067 1.069 1.064 1.153 

3000 0 0 1.177 1.175 1.180 1.173 1.165 

500 0.5 0 1.117 1.110 1.109 1.111 1.073 

1000 0.5 0 1.107 1.101 1.101 1.099 1.054 

3000 0.5 0 1.088 1.062 1.061 1.059 1.055 

500 1 0 1.158 1.120 1.124 1.119 1.142 

1000 1 0 1.104 1.098 1.101 1.094 1.067 

3000 1 0 0.980 0.977 0.980 0.972 0.940 

500 2 0 1.026 0.986 0.983 0.984 1.005 

1000 2 0 1.027 1.011 1.015 1.009 1.065 

3000 2 0 1.060 1.033 1.037 1.031 1.014 

500 0 0.5 1.163 1.208 1.210 1.204 1.249 

1000 0 0.5 1.278 1.264 1.256 1.253 1.134 

3000 0 0.5 1.186 1.186 1.182 1.185 1.228 

500 0.5 0.5 1.218 1.183 1.181 1.184 1.150 

1000 0.5 0.5 1.129 1.124 1.124 1.122 1.169 

3000 0.5 0.5 1.115 1.092 1.092 1.091 1.075 

500 1 0.5 1.188 1.108 1.112 1.107 1.084 

1000 1 0.5 1.091 1.072 1.074 1.070 1.035 

3000 1 0.5 1.072 1.053 1.057 1.051 1.095 

500 2 0.5 1.069 1.006 1.006 1.006 1.062 

1000 2 0.5 0.973 0.948 0.953 0.947 1.098 

3000 2 0.5 0.986 0.955 0.960 0.956 1.042 

500 0 1 1.359 1.225 1.264 1.267 1.239 

1000 0 1 1.280 1.253 1.252 1.261 1.275 

3000 0 1 1.254 1.251 1.252 1.251 1.297 

500 0.5 1 1.075 1.037 1.027 1.034 1.096 

1000 0.5 1 1.234 1.165 1.169 1.171 1.226 

3000 0.5 1 1.229 1.209 1.206 1.201 1.230 

500 1 1 1.179 1.117 1.111 1.109 1.125 

1000 1 1 1.126 1.080 1.087 1.079 1.175 

3000 1 1 1.131 1.114 1.120 1.112 1.108 

500 2 1 1.092 1.001 1.005 0.996 1.085 

1000 2 1 1.084 1.053 1.056 1.048 1.207 

3000 2 1 1.079 1.022 1.027 1.020 1.108 
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Table A-6. Mean URMSD from GPC model for IRT observed score equating in four common 

testlets condition 

    C4 GPC URMSD  

N   MM MS SL HB CC 

500 0 0 1.332 1.272 1.282 1.276 1.137 

1000 0 0 1.215 1.201 1.192 1.204 1.144 

3000 0 0 1.128 1.125 1.122 1.123 1.108 

500 0.5 0 1.174 1.173 1.148 1.182 1.091 

1000 0.5 0 1.241 1.206 1.204 1.207 1.185 

3000 0.5 0 1.113 1.103 1.102 1.104 1.052 

500 1 0 1.191 1.192 1.184 1.189 1.125 

1000 1 0 1.229 1.212 1.206 1.213 1.111 

3000 1 0 1.060 1.045 1.044 1.047 1.097 

500 2 0 1.166 1.108 1.108 1.109 1.013 

1000 2 0 1.101 1.079 1.085 1.076 1.085 

3000 2 0 1.029 1.016 0.985 1.017 0.958 

500 0 0.5 1.340 1.305 1.220 1.230 1.202 

1000 0 0.5 1.148 1.127 1.109 1.131 1.099 

3000 0 0.5 1.166 1.228 1.159 1.157 1.227 

500 0.5 0.5 1.213 1.167 1.165 1.181 1.276 

1000 0.5 0.5 1.308 1.259 1.225 1.267 1.193 

3000 0.5 0.5 1.052 1.047 1.048 1.047 1.193 

500 1 0.5 1.158 1.127 1.114 1.127 1.151 

1000 1 0.5 1.187 1.166 1.161 1.168 1.127 

3000 1 0.5 1.096 1.093 1.092 1.092 1.132 

500 2 0.5 1.153 1.094 1.056 1.093 1.046 

1000 2 0.5 1.116 1.091 1.088 1.095 1.057 

3000 2 0.5 1.006 1.002 0.959 1.002 1.036 

500 0 1 1.264 1.248 1.208 1.245 1.299 

1000 0 1 1.294 1.240 1.270 1.233 1.363 

3000 0 1 1.245 1.247 1.246 1.242 1.285 

500 0.5 1 1.223 1.204 1.188 1.207 1.243 

1000 0.5 1 1.215 1.237 1.215 1.202 1.214 

3000 0.5 1 1.199 1.187 1.208 1.187 1.250 

500 1 1 1.242 1.176 1.164 1.182 1.166 

1000 1 1 1.185 1.172 1.157 1.174 1.192 

3000 1 1 1.141 1.127 1.126 1.130 1.189 

500 2 1 1.143 1.098 1.093 1.098 1.056 

1000 2 1 1.084 1.078 1.058 1.074 1.108 

3000 2 1 1.170 1.161 1.163 1.159 1.092 
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Table A-7. Mean WRMSD from 2PL model for IRT observed score equating in two common 

testlets condition 

    C2 2PL WRMSD  

N   MM MS SL HB CC 

500 0 0 2.041 2.041 1.982 2.014 2.051 

1000 0 0 1.927 1.951 1.887 1.914 1.945 

3000 0 0 1.828 1.834 1.822 1.833 1.813 

500 0.5 0 1.947 1.974 1.942 1.952 1.906 

1000 0.5 0 1.863 1.883 1.860 1.866 1.930 

3000 0.5 0 2.014 2.018 2.016 2.015 1.926 

500 1 0 1.801 1.842 1.806 1.823 1.785 

1000 1 0 1.780 1.790 1.775 1.778 1.759 

3000 1 0 1.760 1.772 1.766 1.767 1.671 

500 2 0 1.733 1.730 1.726 1.728 1.677 

1000 2 0 1.572 1.581 1.578 1.575 1.677 

3000 2 0 1.692 1.694 1.692 1.689 1.612 

500 0 0.5 1.947 2.029 1.959 1.979 1.894 

1000 0 0.5 1.951 1.977 1.937 1.943 1.957 

3000 0 0.5 1.758 1.778 1.769 1.772 2.274 

500 0.5 0.5 1.971 1.977 1.939 1.965 1.902 

1000 0.5 0.5 1.898 1.903 1.897 1.902 1.833 

3000 0.5 0.5 1.934 1.937 1.932 1.931 1.912 

500 1 0.5 1.825 1.837 1.807 1.825 1.847 

1000 1 0.5 1.823 1.851 1.840 1.835 1.980 

3000 1 0.5 1.887 1.880 1.883 1.881 1.800 

500 2 0.5 1.702 1.722 1.701 1.697 1.688 

1000 2 0.5 1.575 1.582 1.569 1.577 1.583 

3000 2 0.5 1.547 1.541 1.545 1.542 1.665 

500 0 1 1.941 1.982 1.930 1.942 2.249 

1000 0 1 1.894 1.903 1.869 1.882 2.283 

3000 0 1 1.829 1.820 1.813 1.811 2.372 

500 0.5 1 1.964 2.006 1.947 1.964 2.090 

1000 0.5 1 1.919 1.945 1.912 1.922 2.145 

3000 0.5 1 1.811 1.810 1.809 1.810 1.942 

500 1 1 1.787 1.775 1.759 1.759 2.156 

1000 1 1 1.891 1.892 1.871 1.883 1.830 

3000 1 1 1.716 1.703 1.711 1.705 1.850 

500 2 1 1.712 1.749 1.736 1.729 1.743 

1000 2 1 1.577 1.607 1.585 1.592 1.803 

3000 2 1 1.622 1.633 1.630 1.627 1.625 
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Table A-8. Mean WRMSD from GRM model for IRT observed score equating in two common 

testlets condition 

    C2 GRM WRMSD  

N   MM MS SL HB CC 

500 0 0 1.631 1.609 1.610 1.613 1.568 

1000 0 0 1.630 1.629 1.625 1.627 1.596 

3000 0 0 1.672 1.658 1.663 1.654 1.579 

500 0.5 0 1.616 1.599 1.607 1.591 1.539 

1000 0.5 0 1.629 1.601 1.607 1.597 1.645 

3000 0.5 0 1.482 1.477 1.480 1.477 1.690 

500 1 0 1.577 1.560 1.560 1.556 1.461 

1000 1 0 1.476 1.461 1.466 1.457 1.546 

3000 1 0 1.545 1.531 1.529 1.528 1.530 

500 2 0 1.380 1.365 1.371 1.361 1.552 

1000 2 0 1.310 1.298 1.302 1.293 1.795 

3000 2 0 1.368 1.356 1.364 1.348 1.570 

500 0 0.5 1.698 1.681 1.679 1.679 1.712 

1000 0 0.5 1.482 1.567 1.565 1.496 1.787 

3000 0 0.5 1.668 1.641 1.635 1.635 1.720 

500 0.5 0.5 1.682 1.621 1.625 1.663 1.632 

1000 0.5 0.5 1.590 1.559 1.564 1.555 1.573 

3000 0.5 0.5 1.701 1.675 1.678 1.673 1.606 

500 1 0.5 1.553 1.525 1.531 1.522 1.506 

1000 1 0.5 1.606 1.583 1.591 1.578 1.555 

3000 1 0.5 1.590 1.564 1.570 1.560 1.569 

500 2 0.5 1.393 1.375 1.379 1.370 1.435 

1000 2 0.5 1.378 1.360 1.365 1.357 1.674 

3000 2 0.5 1.474 1.434 1.440 1.432 1.320 

500 0 1 1.756 1.762 1.762 1.775 2.067 

1000 0 1 1.753 1.678 1.676 1.668 2.179 

3000 0 1 1.817 1.733 1.732 1.725 2.216 

500 0.5 1 1.810 1.786 1.774 1.780 1.853 

1000 0.5 1 1.622 1.571 1.571 1.573 1.961 

3000 0.5 1 1.562 1.543 1.577 1.557 1.666 

500 1 1 1.590 1.533 1.540 1.532 1.778 

1000 1 1 1.466 1.467 1.469 1.459 1.620 

3000 1 1 1.513 1.505 1.508 1.502 1.689 

500 2 1 1.397 1.395 1.395 1.394 1.591 

1000 2 1 1.405 1.350 1.352 1.350 1.603 

3000 2 1 1.416 1.397 1.405 1.387 1.433 
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Table A-9. Mean WRMSD from GPC model for IRT observed score equating in two common 

testlets condition 

    C2 GPC WRMSD  

N   MM MS SL HB CC 

500 0 0 1.853 1.824 1.818 1.820 1.684 

1000 0 0 1.677 1.725 1.718 1.722 1.778 

3000 0 0 1.639 1.617 1.549 1.544 1.701 

500 0.5 0 1.804 1.749 1.737 1.754 1.535 

1000 0.5 0 1.645 1.585 1.581 1.594 1.677 

3000 0.5 0 1.544 1.527 1.531 1.524 1.624 

500 1 0 1.610 1.570 1.562 1.567 1.577 

1000 1 0 1.643 1.628 1.626 1.631 1.520 

3000 1 0 1.611 1.619 1.606 1.607 1.648 

500 2 0 1.619 1.534 1.532 1.535 1.431 

1000 2 0 1.487 1.434 1.468 1.459 1.510 

3000 2 0 1.451 1.375 1.377 1.373 1.414 

500 0 0.5 1.755 1.706 1.677 1.702 1.676 

1000 0 0.5 1.717 1.656 1.659 1.660 1.879 

3000 0 0.5 1.696 1.779 1.784 1.774 1.912 

500 0.5 0.5 1.685 1.679 1.606 1.610 1.715 

1000 0.5 0.5 1.702 1.736 1.788 1.811 1.708 

3000 0.5 0.5 1.826 1.770 1.806 1.808 1.718 

500 1 0.5 1.706 1.668 1.548 1.659 1.689 

1000 1 0.5 1.586 1.533 1.548 1.534 1.621 

3000 1 0.5 1.510 1.502 1.502 1.500 1.670 

500 2 0.5 1.706 1.636 1.563 1.642 1.593 

1000 2 0.5 1.521 1.476 1.474 1.475 1.483 

3000 2 0.5 1.391 1.388 1.397 1.378 1.435 

500 0 1 1.696 1.663 1.623 1.646 2.080 

1000 0 1 1.913 1.831 1.862 1.876 1.964 

3000 0 1 1.684 1.646 1.650 1.637 2.224 

500 0.5 1 1.800 1.734 1.722 1.730 2.041 

1000 0.5 1 1.671 1.676 1.672 1.687 1.898 

3000 0.5 1 1.608 1.593 1.589 1.594 1.682 

500 1 1 1.724 1.655 1.652 1.665 1.835 

1000 1 1 1.647 1.659 1.684 1.682 1.621 

3000 1 1 1.485 1.493 1.494 1.487 1.686 

500 2 1 1.513 1.443 1.438 1.443 1.619 

1000 2 1 1.422 1.438 1.423 1.437 1.555 

3000 2 1 1.437 1.437 1.437 1.430 1.419 
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Table A-10. Mean WRMSD from 2PL model for IRT observed score equating in four common 

testlets condition 

    C4 2PL WRMSD  

N   MM MS SL HB CC 

500 0 0 1.374 1.410 1.360 1.376 1.247 

1000 0 0 1.291 1.312 1.283 1.296 1.339 

3000 0 0 1.269 1.273 1.259 1.264 1.304 

500 0.5 0 1.343 1.359 1.309 1.341 1.382 

1000 0.5 0 1.374 1.378 1.353 1.366 1.383 

3000 0.5 0 1.311 1.309 1.307 1.310 1.359 

500 1 0 1.280 1.279 1.260 1.272 1.238 

1000 1 0 1.181 1.187 1.162 1.180 1.366 

3000 1 0 1.147 1.148 1.149 1.145 1.215 

500 2 0 1.239 1.243 1.238 1.235 1.168 

1000 2 0 1.170 1.181 1.166 1.169 1.139 

3000 2 0 1.155 1.149 1.150 1.148 1.140 

500 0 0.5 1.443 1.457 1.414 1.380 1.381 

1000 0 0.5 1.232 1.278 1.241 1.256 1.338 

3000 0 0.5 1.377 1.373 1.373 1.374 1.363 

500 0.5 0.5 1.308 1.327 1.286 1.304 1.264 

1000 0.5 0.5 1.329 1.339 1.321 1.325 1.328 

3000 0.5 0.5 1.264 1.263 1.258 1.263 1.300 

500 1 0.5 1.358 1.373 1.354 1.359 1.205 

1000 1 0.5 1.189 1.196 1.185 1.186 1.231 

3000 1 0.5 1.202 1.210 1.204 1.208 1.254 

500 2 0.5 1.194 1.189 1.179 1.187 1.153 

1000 2 0.5 1.215 1.219 1.208 1.215 1.200 

3000 2 0.5 1.177 1.178 1.176 1.177 1.144 

500 0 1 1.368 1.402 1.305 1.326 1.362 

1000 0 1 1.346 1.368 1.341 1.348 1.325 

3000 0 1 1.299 1.308 1.289 1.300 1.412 

500 0.5 1 1.206 1.228 1.181 1.201 1.227 

1000 0.5 1 1.266 1.267 1.242 1.842 1.279 

3000 0.5 1 1.203 1.225 1.216 1.212 1.359 

500 1 1 1.245 1.248 1.224 1.232 1.298 

1000 1 1 1.219 1.222 1.209 1.215 1.184 

3000 1 1 1.269 1.268 1.269 1.267 1.249 

500 2 1 1.135 1.145 1.130 1.132 1.071 

1000 2 1 1.141 1.142 1.134 1.138 1.185 

3000 2 1 1.127 1.124 1.126 1.116 1.152 
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Table A-11. Mean WRMSD from GRM model for IRT observed score equating in four common 

testlets condition 

    C4 GRM WRMSD  

N   MM MS SL HB CC 

500 0 0 1.197 1.189 1.179 1.183 1.271 

1000 0 0 1.064 1.063 1.066 1.059 1.159 

3000 0 0 1.193 1.192 1.197 1.190 1.178 

500 0.5 0 1.117 1.108 1.107 1.108 1.074 

1000 0.5 0 1.113 1.108 1.107 1.106 1.050 

3000 0.5 0 1.089 1.063 1.062 1.060 1.064 

500 1 0 1.175 1.134 1.139 1.133 1.149 

1000 1 0 1.111 1.104 1.108 1.100 1.071 

3000 1 0 0.988 0.985 0.988 0.981 0.951 

500 2 0 1.022 0.980 0.978 0.979 1.001 

1000 2 0 1.022 1.007 1.011 1.005 1.064 

3000 2 0 1.054 1.027 1.030 1.024 1.011 

500 0 0.5 1.122 1.177 1.176 1.169 1.211 

1000 0 0.5 1.266 1.254 1.244 1.241 1.101 

3000 0 0.5 1.138 1.145 1.139 1.143 1.193 

500 0.5 0.5 1.194 1.167 1.163 1.165 1.129 

1000 0.5 0.5 1.105 1.104 1.103 1.101 1.136 

3000 0.5 0.5 1.105 1.084 1.083 1.083 1.068 

500 1 0.5 1.166 1.097 1.101 1.096 1.071 

1000 1 0.5 1.071 1.055 1.057 1.053 1.016 

3000 1 0.5 1.053 1.039 1.043 1.036 1.086 

500 2 0.5 1.051 0.988 0.988 0.987 1.035 

1000 2 0.5 0.955 0.928 0.934 0.928 1.068 

3000 2 0.5 0.974 0.944 0.949 0.945 1.028 

500 0 1 1.251 1.113 1.128 1.141 1.136 

1000 0 1 1.177 1.149 1.144 1.155 1.173 

3000 0 1 1.157 1.170 1.161 1.161 1.209 

500 0.5 1 0.984 0.954 0.943 0.947 1.010 

1000 0.5 1 1.140 1.074 1.077 1.078 1.145 

3000 0.5 1 1.145 1.115 1.115 1.106 1.127 

500 1 1 1.114 1.045 1.041 1.037 1.049 

1000 1 1 1.039 1.000 1.003 0.998 1.086 

3000 1 1 1.060 1.049 1.054 1.042 1.017 

500 2 1 1.039 0.955 0.957 0.948 1.023 

1000 2 1 1.038 0.997 1.004 0.992 1.145 

3000 2 1 1.024 0.967 0.972 0.965 1.031 
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Table A-12. Mean WRMSD from GPC model for IRT observed score equating in four common 

testlets condition 

    C4 GPC WRMSD  

N   MM MS SL HB CC 

500 0 0 1.364 1.299 1.309 1.302 1.149 

1000 0 0 1.244 1.233 1.222 1.237 1.168 

3000 0 0 1.155 1.148 1.149 1.150 1.130 

500 0.5 0 1.184 1.196 1.169 1.206 1.105 

1000 0.5 0 1.264 1.232 1.230 1.232 1.208 

3000 0.5 0 1.130 1.121 1.120 1.122 1.066 

500 1 0 1.202 1.206 1.197 1.203 1.136 

1000 1 0 1.243 1.229 1.223 1.229 1.121 

3000 1 0 1.068 1.055 1.053 1.056 1.113 

500 2 0 1.162 1.104 1.104 1.104 1.008 

1000 2 0 1.097 1.074 1.081 1.071 1.078 

3000 2 0 1.023 1.011 0.978 1.012 0.951 

500 0 0.5 1.326 1.282 1.201 1.210 1.168 

1000 0 0.5 1.148 1.126 1.103 1.131 1.071 

3000 0 0.5 1.135 1.219 1.128 1.126 1.214 

500 0.5 0.5 1.209 1.167 1.165 1.184 1.280 

1000 0.5 0.5 1.307 1.255 1.217 1.262 1.187 

3000 0.5 0.5 1.045 1.043 1.043 1.043 1.205 

500 1 0.5 1.154 1.127 1.113 1.126 1.148 

1000 1 0.5 1.184 1.160 1.161 1.164 1.119 

3000 1 0.5 1.080 1.078 1.076 1.076 1.130 

500 2 0.5 1.130 1.070 1.035 1.068 1.025 

1000 2 0.5 1.093 1.068 1.065 1.072 1.036 

3000 2 0.5 0.990 0.988 0.950 0.987 1.029 

500 0 1 1.168 1.137 1.103 1.142 1.197 

1000 0 1 1.189 1.137 1.178 1.127 1.278 

3000 0 1 1.191 1.197 1.192 1.190 1.198 

500 0.5 1 1.148 1.147 1.121 1.143 1.174 

1000 0.5 1 1.131 1.163 1.135 1.118 1.137 

3000 0.5 1 1.096 1.092 1.121 1.089 1.173 

500 1 1 1.173 1.122 1.110 1.127 1.105 

1000 1 1 1.106 1.088 1.076 1.090 1.114 

3000 1 1 1.070 1.055 1.050 1.057 1.126 

500 2 1 1.082 1.039 1.034 1.037 0.992 

1000 2 1 1.036 1.025 1.004 1.021 1.052 

3000 2 1 1.093 1.086 1.089 1.084 1.023 
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