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Sequential Quadratic Programming(SQP) is well known algorithm  to solve the 

optimization problem. In simple mathematical problems, the algorithm can find the 

optimum easily. However, in real structural problems, using only the SQP algorithm 

without proper line search method cannot find the optimum easily, because of the 

nonlinearity of the objectiv4e and constraints. In this research, modifications of SQP are 

applied to find the optimum easily with proper line search method.  The gradient vector 

and Hessian matrix in normalized design variable domain are applied. 

 Even though a proper line search method is applied, the automated algorithm 

sometimes could be inefficient because of the complexity of the problem. In addition, 

the designer's experience may help to find the optimum design which is difficult to 

formulate in the optimization problem. This research applied an interactive optimization 

session, What-if study and Trade-off analysis so that designer can join while the SQP 

algorithm is running, change the algorithm and affect the result. In this case, designer 

can get the result as they want without violating constraints, or prevent the algorithm 

from going inefficiently.  
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After calculating the optimum point, it is not easy to use continuous variable as it 

is. In real world, discrete variable is widely used, so this research will present how to get 

a discrete optimum variable efficiently based on the continuous optimum variable. In 

addition, based on the final result, this research will show how to interpolate the design 

variable between the optimum design and the specific design.  
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CHAPTER 1  
INTRODUCTION 

1.1 Motivation 

 For structural optimization problems, Sequential Quadratic Programming(SQP) is 

one of the robust algorithms. However, it still has a slow convergence for some practical 

problems, and the algorithm is for finding a local optimum point. In addition, because of 

the automated procedure, there is no chance for a designer to intervene into the 

process until the result comes out, which may converge to different designs from what 

the designer expects. To improve these problems, although the Sequential Quadratic 

Programming is a good algorithm as it is, it is needed to be modified for the practical 

problems to be faster and more robust.  In addition, in order to give the designer a 

chance to control the process, it needs some interactive procedure and incorporation 

with other algorithms. Also, after calculating the final optimum design, it needs some 

post process so that the optimum design can be adjusted in order to consider practical 

situations, such as discreteness of design variables and compensating a small violation 

of constraints. Just using continuous various in the real world can be difficult. To 

overcome this, it needs some methods to calculate discrete variables based on the 

continuous variables. However, simulating all possible discrete grids from optimum 

design with continuous assumption may require a huge number of additional 

simulations. For example, with 10 design variables, the possible discrete candidates are 

210 = 1024 simulations, which is easily out of resources in practical applications.   And, 

the optimum design is not always adopted in the real world. For many reasons, even 

though they are not the optimum design, some structures are built not as the optimum 
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design, but based on the optimum design. For this, a design interpolation method is 

needed to deal with this. 

 

1.2 Objective 

 The first objective of this research is to improve the Sequential Quadratic 

Programming(SQP) more robust and stable so that improved algorithm can solve the 

structural problems faster and find the optimum better. Using a proper line search 

method can help to find a proper step size. To modify the algorithm, two constants 

which one is to control the gradient of the cost function and the other is to control the 

violation of the constraint functions are added to the original algorithm in this research. 

The constant for the gradient of the cost function can help the algorithm reduce the 

iteration number compared to the original SQP algorithm.  And, the other constant for 

controlling constraint violation can control the final result with constraints. For the step 

size, many methods are studied, and applied the one which shows the good result in 

many practical problems. Those are explained in Chapter 2. 

 The second objective of this research is to explore the capability of the interactive 

design optimization. By proving a chance for a designer to intervene during 

optimization, a designer can control and manage the design updating in each iteration. 

This capability is critical to utilize designer's experience during optimization. An 

algorithm can be a good numerical method for automation, but still well-trained designer 

could be better than any automated algorithms, and in many cases, a designer can 

suggest better design than the computer algorithm. With the interactive optimization 

module, a designer can use not only Sequential Quadratic Programming, but also 

suggest other design updating for the better design which will be explained in Chapter 
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4. Throughout this research, it will suggest how other variation of Quadratic 

Programming can be used and a designer can suggest other design during the 

automated process. 

 Lastly, after calculating the optimum design, it will show the post process of the 

optimum design. In real world, it is not easy to use continuous variable as it is. This 

research will discuss which way is good to choose discrete variables based on 

continuous variable. In addition, There are some cases that even though the design 

suggested by the program is good, a designer should change the design for some other 

reasons, for example aesthetic or some specific purpose. In this case, it needs to 

interpolate two designs from the program and a designer. This will be discussed though 

Chapter 5. 
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CHAPTER 2  
SEQUENTIAL QUADRATIC PROGRAMMING 

2.1 Gradient-Based Search Method   

2.1.1 General Concepts 

 Gradient-based Methods use gradients of the cost and constraint functions to 

search the optimum solution. To use these methods, all of the functions should be 

continuous and smooth, that means the functions should be differentiable everywhere in 

the design space. And cost function should be at least twice continuously differentiable 

everywhere in the feasible region for the Hessian matrix. This will be explained later. 

Also, design variables are assumed to be continuous in their space. Since these 

methods use only local information at a point during their search process, they could 

converge only to a local minimum point for the cost function. However, based on the 

newly developed methods, for example Newton's method modified Newton's method 

and Quasi-Newton method with many ways of direct Hessian Updating; the DFP 

method proposed by Davidon[1], modified by Fletcher and Powell[2] and the BFGS 

method by Gill[3] and Nocedal and Wright[4], the gradient-based method becomes 

getting better to search for global minimum points for the cost function. In this research, 

quasi-Newton method with modified BFGS method, which is by Powell[5], is improved 

to solve practical problems more robust and stable. 

 Gradient-Based Search Methods are iterative where the same calculations are 

repeated in every iteration. With those calculated information, the initial design point will 

be improved until optimality conditions, which are also called Convergence Criteria, are 

satisfied.  
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2.1.2 General Iterative Algorithm 

 Many gradient-based methods are described by the following prescription[6]: 

      1k k k
 x x x             0 ,1, 2 , ...k   

(2-1) 

 where  
k : representing the iteration number 

 x(k) : current point 
Δx : change in the current point 

  
To calculate Δx, cost functions and constraints are used. Here, their gradients, 

derivatives, plays a key role. 

 In most cases, Δx is decomposed into two parts: 

   k k

k x d  
(2-2) 

where 

 k
d  : desirable search direction in the design space 

k    : positive scalar called the step size in the search direction 

 
When αkd(k) is added to the current design x(k),  a new point x(k+1)  can be calculated in the 

design space. There are various ways to calculate the desirable direction "d(k)" and 

proper step size "αk". In this research will show a good combination of calculating 

direction and step size for practical structural optimization. 

 The iterative processes search the global minimum in the design space. The 

following procedure shows a general algorithm for every iterative problems: 

1. Estimate a starting design x(0). Set the iteration counter k=0 

2. Compute a search direction d(k) in the design space. This calculation generally 
requires cost function value and its gradient for the unconstrained problems and, in 
addition, constraint functions and their gradients for constrained problems. 

3. Check for convergence of the algorithm. If it has converged, terminate the iterative 
process. Otherwise, continue. 

4. Calculate a positive step size αk 
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5. Calculate the new design as  
                 x(k+1) = x(k)+Δx(k). 
          Set k=k+1 and go step 2. 
 

2.2 Steepest Descent Method   

2.2.1 Descent Direction  

 The objective of the iterative optimization process is to reach a minimum point 

having the minimum cost value. So, at each iteration, cost value should be smaller than 

the previous iteration. This statement can be proved mathematically as 

    1k kf f


x x  

      k k kf d f x x  

                   k k k kk k k kf d f f f f         x x x d x x d  

         kk k kf f f   x x d x  

      0
kkf   x d  

(2-3) 

The proper step size α is positive, so 

     0
kkf x d    (2-4) 

 From the equation, desirable direction of any vector d(k) should satisfy Equation 2-4. 

Those vectors that satisfy the equation are called directions of descent, because they 

reduce the cost value. A step of the iterative method based on those directions is called 

a descent step. A method based on the idea of a descent step is called a descent 

method. With these ideas, the method can search the optimum point that minimizes the 

cost value.  
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 The Steepest-Descent Method is the simplest, the oldest, and probably the best 

known numerical method for unconstrained optimization. This idea introduced by 

Cauchy[7]  to find the desirable direction d(k) which decreases the cost function most 

rapidly at the current iteration. It is also called the gradient method, because the 

properties of the gradient of the cost function are used. The gradient of a scalar function 

f(x1, x2, x3, .... ,n) is defined as the column vector. 

 
1 2 3

k

n i

ff f f f
f

x x x x

     
    

        

T

x

x
 (2-5) 

 One of the most important properties of the gradient is that the gradient at a point x 

indicates the direction of maximum increase in the cost function. Thus the opposite way 

of the direction of the gradient decrease the cost function most rapidly. In this way, the 

negative gradient vector represents a direction of steepest descent direction for the cost 

function and is written as 

 k

i

f
d f


   



x

x
  1i to n  (2-6) 

This equation always satisfies  

       
2

0
kk kf f    x d x  (2-7) 

 

2.2.2 Steepest Descent Algorithm 

1. Estimate a reasonable starting design x(0). Set the iteration counter k=0 and select a 
convergence parameter  ε>0. 

2. Compute the gradient of f(x) f  at the current point x(k). 

3. Calculate the magnitude of f . Check for convergence of the algorithm. If f <ε, 

terminate the iterative process. Otherwise, continue. 
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4. Set the direction f d . 

5. Calculate a positive step size αk that minimizes  k kf x d . 

6. Calculate the new design as  
               x(k+1) = x(k)+ αd(k). 
        Set k=k+1 and go step 2 
 

2.3 Constraints Normalization  

 In mathematical problems, constrain functions and cost functions are already 

normalized or the order of magnitudes is similar for easy calculation in most cases. 

However, in structural optimization problems, there are not only stress constraints, but 

also displacement constraints. So, it is desirable to normalize all of the constraint 

functions and cost function with a similar magnitude. In case of constraint functions, 

using their limit value, or target value, is proper for their normalization. But cost function, 

it does not have any limit value or target value, so in this case using the value of first 

iteration is desirable. For example, 

Cost Function :      
 

0

f
f

f


x
x  (2-8) 

  where  

      
0f     = initial cost function value 

      f      = normalized cost function  

Constraints  :        
 j

j

tr

g
g

g


x
x  (2-9) 

 where  

  trg  =  target value of each constraints 

g    =  normalized constraint functions 
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 With these normalization, the orders of magnitude will be the same for all constraints, 

which makes the same convergence criteria can be used for all constraints. 

 

2.4 Design Variable Normalization 

 With constraint functions and cost function normalization, it is also desirable to 

normalize the design variables. In this research, all design variables are normalized 

between 0 and 1as, 

i il
i

iu il

x x
x

x x




  (2-10) 

where 
  Original Design Variables : xil ≤ xi ≤xiu 

  New Design Variables : 0 1ix   

   xil  : Lowerbound of xi 
   xiu : Upperbound of xi 

 

2.5 Convergence Criteria 

 To use the iterative method, there should be some condition to stop iteration. 

Stopping conditions, or called convergence criteria, also mean the current design point 

reaches a minimum point having minimum cost value. In this research there are two 

conditions for convergence criteria. One is the magnitude of desirable direction d , d . 

This means  1k
x  ,the next point  of  k

x , is very close to  k
x  , so the current point is 

almost near minimum point. It can calculate more and then go to the minimum point, but 

still there is not much difference and running the program more is inefficient. The other 

is descent step size αk is smaller than a certain constant ε>0. That also means the 

current design point is near the minimum point, so more calculation is meaningless. 

Those two criteria are used in this research. 
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2.6 Gradient Vector 

 The partial derivative of the function with respect to x1 at a given point x* is 

defined as 
1

f

x




 , with respect to x2 as 

2

f

x




, and so on. Let  f x  represent the partial 

derivative of f(x) with respect to x vector. This column vector  f x  is called the 

gradient vector. And geometrically, the gradient vector is normal to the tangent plane at 

the point x which directs in the direction of maximum increase in the function. 

 It can be calculated with Finite Difference Method[8] in numerical analysis as  

1

1

2

2

( ) ( )

( ) ( )

f x x f xf

x x

f x x f xf

x x

  


 

  


 
 

(2-11) 

 
 In this research, design variables are normalized between 0 and 1. Because of 

that, gradient in physical domain cannot be used as it is. It has to be converted to the 

gradient in normalized domain like below: 

 Cost function: 
**

*

*

f

f x ff

x f xx

x


 

 
 

 (2-12) 

Constraint functions: 
* *

*

*

j

j j j

j

g

g g gx

x g xx

x


 

 
 

 (2-13) 

where 

 :
f

gradient in physical domain
x
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2.7 BFGS Hessian Update Method 

 Hessian matrix is a matrix of second partial derivatives of the function  f x , 

simply called Hessian. In matrix form, it looks like below, 

 

2 2 2

2

1 1 2 1

2 2 2

2
2

2 1 2 2

2 2 2

2

1 2

n

n

n n n

f f f

x x x x x

f f f
f

x x x x x
x y

f f f

x x x x x

   
 
    

 
   
 

      
 

 
 
   
 
     

 (2-14) 

 However, calculating second order derivatives costs too much when there are many 

design variables. So, in numerical analysis, it can be approximated. The basic idea is 

update the current approximation of the Hessian matrix using the changes in design and 

the gradient vectors between two successive iterations. This works based on the 

assumption that the curvature between two iterations are maintained. There are several 

ways to calculate approximate Hessian H, in this research, the modified BFGS method, 

suggested by Powell[5], is used. This method works well in constrained optimization 

:
f

gradient in normalized domain
x




0 :f initial cost value

* :jg target value

* :x range of design variable
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problem. During the process, several scalars and vectors are used before calculating 

the Hessian matrix. 

Design change vector( αk is the step size): 
  

(k) (k)s = dk  (2-15) 

Vector: 
(k) (k) (k)z =H s  (2-16) 

 
Difference in the gradients of the Lagrange function at two points: 

(k) (k+1) (k) (k) (k) (k) (k)y = (x ,u ,v )- (x ,u ,v )L L     (2-17) 

Scalar : 

2
1 2

2 1

0.8
=1 if 0.2 ,  otherwise  


   

 
 

  
(2-18) 

Vector : 
(k) (k) (k)w = y +(1- )z   (2-19) 

 
Final Formula for updating Hessian: 

 
T T

new old

T T

ww Hss H
H = H

s w s Hs
 (2-20) 

  

 Like the gradient vector, Hessian matrix also need to be converted to fit into the 

normalized domain in this research. It can be expressed like below: 

Design change vector( αk is the step size): 
  

 
k k+1 k

s x x  (2-21) 

Vector: 


k k k

z H s  (2-22) 

 
Here, equality constraints are not used. So, the difference in the gradients of the  
 
Lagrange function at two points is: 

( ) ( )L L 
k+1 kk k k

y x ,u x ,u  (2-23) 

Scalar : 

0.8
=1 if 0.2 ,  otherwise  ,

T
T

T T

d Hd
y d Hd

d Hd d y
  


 (2-24) 

Vector : 
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1   

k
k k

w y ( )z  (2-25) 

 
Final Formula for updating Hessian: 

 

T T
new old

T T

H H
H H

H

ww

w

ss
=

s s s
 (2-26) 

where 'tilda(~)' over the variable means it is a normalized variable. 

 

2.8 Sequential Quadratic Programming 

 Among the gradient-based methods, Sequential Quadratic Programming is one 

of the most robust method to find the optimum point and been used for many years 

successfully. There are two basic steps to implement the Sequential Quadratic 

Programming. First step, calculate the desirable direction in the design space by using 

the values and the gradients of the cost and constraint functions. Second step, calculate 

a step size along the search direction to minimize a descent function. For step 1 can be 

solved by Quadratic Programming Subproblem. In addition,   other variations of 

Quadratic Programming can be solved in the process. Those will be shown in chapter 4.  

 
2.8.1 Quadratic Programming Subproblem(QP Subproblem) 

 Quadratic Programming can be expressed as 

minimize  0.5     T T
f d d H d  (2-27) 

subject to  +  = 0     (i=1, 2, ....... ME)i i T
h d e  (2-28) 

 + 0     (i=ME+1, .........M)i i  T
g d b  (2-29) 

          where     
                      h: equality constraint 
                      g: inequality constraint 
                      e: equality constraint value 
                      b: inequality constraint value 
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 In most practical problems, cost and constraint functions are usually nonlinear 

functions. But, in QP Subproblem, these functions will be linearized using gradient 

vector and Hessian matrix at the current design. In case of cost function, second-order 

term will be added so that it becomes a quadratic function, that is why it is called a 

quadratic programming subproblem. 

  The factor of 1/2 in the second term in Equation 2-27 is introduced to eliminate 

the factor of 2 during differentiations.  There are two important properties of SQP. One 

is the QP subproblem is strictly convex and therefore its minimum(if one exists) is global 

and unique. The other is the cost function represents an equation of a hypersphere with 

its center at - f (circle in two dimensions, sphere in three dimensions). Solution to the 

QP subproblem gives the search direction d. In addition, it gives values for the 

Lagrange multipliers for the constraints. These multipliers will be needed to decide the 

penalty values and descent function. 

 Here, to compose QP subproblem, the normalized gradient vector and 

normalized Hessian matrix are used. In addition, for more robust and stable algorithm  

for practical structural problems, original QP subproblem is modified as 

 minimize  0.5k      
T T

f d d H d  (2-30) 

subject to  + 0     (i=1, .........M)ii   
T

g d b  (2-31) 

 

1 0

0

0 2

j

j

if g

if g



 



 

 

 

  

            where  
                         k : constant 
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                     f : gradient of cost function in normalized domain 

                    
i

g : gradient of constraints in normalized domain 

                      b  : normalized inequality function value 

                     H  : Hessian matrix in normalized domain 
 
For numerical calculation,  equality constraints are removed, because it is hard to 

express exactly the same value. Instead of equality constraints, inequality constraints 

with a small interval can be used like 

 arg argt et t etg g g    x  (2-32) 

 In the modified QP Subproblem, k is constant for scaling the gradient of cost function. If 

the initial cost function is larger,it is possible that the gradient of the cost function could 

be small, because of the normalization. Because of that, the convergence rate could be 

slow. In order to compensate for this problem, a scale factor k is used. Here, k=100 is 

used when the initial cost function value is greater than 1000. Two values, 100 and 

1000 are empirical values.  Often optimization algorithm allows a small violation of 

constraint allowed such that the optimum design often violates the constraints slightly. 

By using δ[12], constraint violation can be controlled, and change the magnitude of 

violation in final result. 

 When the initial design violates constraints, it is necessary to find a feasible 

design. With Quadratic Programming Subproblem, Constraint Correction Algorithm[6], 

one of the variation of Quadratic Programming, is used for better convergence. This 

algorithm is used to search the shortest path to the feasible design space when the 

current design point is out of the feasible region. It is expressed as  

 minimize  0.5
T

d d  (2-33) 

subject to  + 0     (i=1, .........M)ii  
T

g d b  (2-34) 
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 The original algorithm used unity for the step size, but this research there is a line 

search for this. The step size of "2.0", "1.0", "0.5" will be checked for this algorithm, 

because of the linearlized constraint functions. This algorithm will search the shortest 

path for linearized domain, but there is a difference between the linearized feasible 

domain and the real feasible domain. So, by searching 3 step sizes, the step size which 

has the smallest violation in real domain will be used for the step size. By adding this 

algorithm to the QP subproblem, it will be more robust and stable. 

 
2.8.2 Descent Function 

 In iterative method of optimization problem, cost function is monitored at every 

design iteration to see the cost value is decreasing or not. With that, a descent towards 

the minimum point is maintained. A function used to monitor progress towards the 

minimum is called the descent function or the merit function.  This idea is to compute a 

desirable search direction d and a proper step size along it to reduce the descent 

function.  

 In unconstrained optimization problems, the cost function is used as the descent 

function. However, for constrained problems, the descent function is usually constructed 

by adding a penalty for constraint violations to the current value of the cost function. 

One of the properties of a descent function is that its value at the optimum point must be 

the same as that for the cost function. Here, the descent function proposed by Han[9] is 

used with modification. 

Descent function: 

      
1

max 0,
m

k k

k i i

i

f g 


 x

 

(2-35) 

      where  
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                   Φk= Φ(x(k)) 
                    f : cost function value. 

                    : penalty parameter for inequality constraints. 
                    u : Lagrange Multiplier for inequality constraints. 

                   

   

        

0 0

11
max ,

2

i i

k k k k

i i i i

u

u u



 




 
  

   
 
Originally, it is used with equality constraint, but in this research there is no equality 

constraint, so only inequality constraint part is used. 

 
2.8.3 Inexact Line Search Method 

 A step size determination is needed to solve gradient-based optimization 

problem. In most practical implementations of the algorithm, an inexact line search is 

used to determine the step size. Although there are many other methods like Golden 

Section search or polynomial interpolation, inexact line search method is preferred in 

most constrained optimization methods. In inexact line search, a sequence of trial step 

sizes tj is defined by: 

                                                    tj=(1/2)j; j=0,1,2,3,4... 

 
(2-36) 

 The step size starts with the unity, which is the magnitude of direction - the result 

from the QP Sub problem. If a certain descent condition is not satisfied, then the step 

size is bisected again until the condition is satisfied.  Also, the other initial step size can 

be used.  As shown in Figure 3-1,  the normalized design domain is between 0 and 1. 

The maximum step size from the current design point to the boundary of the design 

domain can be calculated. Then, the inexact line search method is used with the 

maximum step size like 

                                                    tj=αmax(1/2)j;     j=0,1,2,3,4... (2-37) 
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          where  αmax  is the maximum step size in the normalized domain  

0

1

αmax

αmax

 

Figure 2-1. Design variable in normalized domain 

The condition used for the step size is called the descent condition[6], which is  

Φk+1,j≤Φk-tjβk 
 

(2-38) 

where  t  : Step Size 
           βk =γ||d(k)||2  (γ: specified constant between 0 and 1 ) 
             γ : constants( 0≤γ≤1 ) 
            d:direction 
 
Here, Φk is the descent function, which is mentioned. 
 
 
2.8.4 Program Structure 

 This program is consist of three parts: Main program, Finite Element Analysis 

part and optimization part. The program is developed for the module programming. That 

means, now it has only SQP algorithm module for optimization part, later other modules 

can be also used in the program. To run this program, the designer needs two input 

files: one for finite element analysis, the other for the optimization. Two sample input 

files are attached in the Appendix.  
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Main program is reading the input files and saves the data during the process. 

Finite Element Analysis part solve the structure problems to calculate stresses and 

displacements in each element. Optimization part runs based on the information from 

input data and finite element analysis.  

Input 
-FE Model
-Optimization Model

Initial Setting
k←0
X←X0

H←I

Info=1? FE Analysis Info=3

Info=3?

Info=0?

User Interact Flag=1?

Yes

Yes

Optimizer.GetSubproblem

Flag=2? Optimizer.BuildSubProblem

Start

Optimizer.SolveSubProblem

Next?
Info=3
Flag=2

Info=1
Flag=1

Info=3? Flag=3

Info=0

Flag=3? Optimizer.PrepareNextIter

Optimizer.GetSubproblem

Optimizer.BuildSubProblem

Optimizer.SolveSubProblem

Optimizer.PrepareNextIter

Finite Difference Method

Hessian Updating(BFGS)

QP Subproblem

Line Search Method

Info←1

Stop

Info=-1? Error

Flag=1

Info=0

Info=1?

Yes

Yes

Yes
Yes

Yes

Yes

No

No

No

No

No

No

No

Info=0?

No

Discrete Optimum

Design Interpolation

Yes

Figure 2-2.  Flow chart of the program. 
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2.9 Numerical Result 

 The abovementioned algorithm has been applied to three test problems - all of 

them are consists of truss problem with nonlinear constraints. In each problem, a 

comparison of the algorithm in this research to other methods is shown.  

 The first example is one of the famous problems among optimization problems 

with ten design variables. This has ten-bar truss with stress constraints in each 

member, which are nonlinear constraints.   

Sample Example1.(10 bar with stress constraints): 

 
Table 2-1.  Design data for the 10 bar truss 

Problem Definition 

Material properties Modulus of elasticity : E=104 ksi 
Stress constraints ±25ksi for all members  
Initial Volume 20982lb 
Unit Inch, lbf 
 

 
Figure 2-3. Ten bar truss 

Table2-2.  Comparison of optimum solutions for the 10 bar truss in example 1. 
 DV1 DV2 DV3 DV4 DV5 DV6 DV7 DV8 DV9 DV10 Cost 

Ref. 7.9378 0.1 8.062 3.9379 0.1 0.1 5.7447 5.5690 5.5690 0.1 15932 

Optist 7.936 0.12 8.073 3.963 0.1 0.1 5.754 5.57 5.569 0.1 15947 

Result 7.984 0.1 8.021 4.0768 0.1 0.1 5.6870 5.6370 5.7540 0.1 16082 
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Table2-3.  Comparison of the iteration number in Example 1. 

 
Iteration 

Default SQP 26 

Optistruct 11 

Modified Program 6 

 

Before modifying Sequential Quadratic Programming algorithm, it took 26 iterations to 

reach the optimum design point. However, after adding constant k for the cost gradient, 

the number of iteration is reduced from 26 to 6. Also, a commercial program, Optistruct, 

is also used to solve the same problem, converged after 11 iterations. 

 Similar to the first example, second example is also ten-bar truss problem[11]. 

However, in this case displacement constraint is added, which is also nonlinear 

constraints. 

Sample Example2.(10 bar with stress and displacement constraints): 
 

 

Table2-4 Design data for the 10 bar truss in example 2. 

Problem Definition 

Material properties Modulus of elasticity : E=104 ksi 

Displacement 

constraints 

Stress constraints 

±2 in x and y directions at nodes 1 and 2 

 

±25ksi for all members 

Initial Volume 20982lb 

Unit Inch, lbf 
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Figure 2-4. Ten bar truss 

Table2-5. Comparison of optimum solutions for the 10 bar truss in example 2. 
 Volume DV1 DV2 DV3 DV4 DV5 DV6 DV7 DV8 DV9 DV10 

Schmit 51073 30.57 0.369 23.97 14.73 0.1 0.364 8.547 21.11 20.77 0.320 
Gellatly 51120 31.35 0.1 20.03 15.60 0.14 0.24 8.35 22.21 22.06 0.1 

Ven-
kayya 

50849 30.42 0.128 23.41 14.91 0.101 0.101 5.696 21.08 21.08 0.186 

Rizzi 50766.6 30.73 0.1 23.93 14.73 0.1 0.1 8.542 20.95 21.84 0.1 
Result 51105.7 31.67 0.1 25.982 11.323 0.1 0.1 7.6601 22.930 20.696 0.1 

 

 Last example is twenty five-bar truss problem[11] with eight design variables. In 

this problem, groups of design variable are used for twenty five truss elements.  With 

those groups, stress and displacement constraints are used. 

Sample Example3. (25bar with stress and displacement constraints) : 

 
Table 2-6.  Design data for the 25 bar truss in example 3. 

Problem Definition 

Material properties Modulus of elasticity : E=104 ksi 
Displacement 
constraints 
Stress constraints 
Loading data 

±3.5 in x, y and z directions at nodes 1 to 6 
 
±40ksi for all members 

Nodal number Px(kips) Py(kips) Pz(kips) 
1 1.0 -10 -10 
2 0 -10 -10 
3 0.5 0 0 
4 0.6 0 0 

 

Initial volume 9922lb 
Unit Inch, lbf 
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Figure 2-5. Twenty-Two bar truss 

Table 2-7. Comparison of optimum solutions for the 25 bar truss 

 Volume DV1 DV2 DV3 DV4 DV5 DV6 DV7 DV8 

Rajeev 5460.1 0.1 1.8 2.3 0.2 0.1 0.8 1.8 3.0 
Cai 4874.1 0.1 0.1 3.4 0.1 2.0 1.0 0.7 3.4 

Duan 5629.3 0.1 1.8 2.6 0.1 0.1 0.8 2.1 2.6 
Result 4993.14 0.1 0.1 4.1 0.1 1.31 0.98 0.682 3.29 
 

 From the result shown above, Sequential Quadratic Programming(SQP) is a 

powerful algorithm to nonlinear optimization problem. However, SQP algorithm runs 

from initial design point to finial optimum design point automatically, there is no chance 

for designer to intervene during the process. Sometimes, a designer with the 

background knowledge of optimization theory and mechanics wants to change the 

direction or updated design point for better design, because SQP is powerful, but not 

perfect. As the algorithm allows a designer to change input parameters or direction and 

step size, the design can get better design point than the design point from the SQP 

algorithm. Next chapter, it will be discussed. 
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CHAPTER 3  
INTERACTIVE DESIGN OPTIMIZATION 

 In this chapter, by adding Interactive optimization algorithm, Sequential Quadratic 

Programming(SQP) will support a designer more chance to change the design point as 

he/she wants, and can be more flexible for the optimization problems.  

 Although SQP process is still very powerful algorithm for optimization, there are 

some numerical errors, for example, rounding-off errors or discrepancy between the real 

problem definition and linearized cost and constraints functions. To overcome these 

problems, a design can intervene during the SQP process to correct these problem. In 

addition, by choosing other algorithms, a designer can get better result for their own 

object. In addition, sometimes the designer's experience can play an important role in 

finding optimum design, because not all design problems can be formulated as an 

optimization problem. In such case, it would be beneficial to allow designer to work with 

the optimization algorithm. 

 There are several algorithms which can be added to the SQP algorithm. In this 

research, some variations of SQP algorithm and Steepest Descent Method are added 

for a designer. By using variations of SQP algorithm, the algorithm can keep 

consistency as gradient-based method - it doesn't require more information or 

calculation than the original algorithm. By using the Hessian matrix of cost function and 

gradients of constraint functions differently, other variations of SQP algorithm can be 

used. 

 In addition, by adding "User-Defined Direction" category, a designer can input 

his/her own direction, a designer can choose their own direction for updating design 
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variables. This will be useful for incorporating designer's intuition during the optimization 

process. 

 

3.1 Algorithms in Interactive Session 

3.1.1 Trade-Off Analysis 

 The purpose of using optimization is to reduce the cost function value without 

violating many constraints. However, sometimes the designer might want to reduce the 

value in certain condition. Trade-off analysis is the module that calculate the various 

design updating direction and step size to satisfy the designer based on the current 

design point. At current design point, the gradient of cost and constraint functions and 

Hessian matrix of cost function are already calculated. With these information, a 

designer can choose one of 5 algorithms as he/she wants. All of these algorithms are 

mentions in [6]. In this research, all of these algorithms are modified to fit into the 

normalized design space. In addition, the equality constraints are not used. Original 

algorithms are attached in Appendix. Here, tilda(~) on the variables means the variables 

are normalized value. 

1) Quadratic Programming(default) 

This is the basic SQP algorithm as mentioned in Chapter 3. The formula is  

minimize 0.5k      
T T

f d d H d  (3-1) 

subject to + 0     ii   
T

g d b  (3-2) 

For step size, inexact line search is used.  
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2) Constraint Correction Algorithm 

This algorithm is useful when the constraint violation is relatively large at the 

current design point. Solving SQP to reach to the optimum point from infeasible 

region could be one way, but  finding the optimum point inside of the feasible 

region of the design variable could be more effective. This algorithm suggests a 

designer the shortest path to the linearized feasible region from the current point 

which is out of the feasible region. To show the shortest path, this algorithm does 

not put any restriction on the changes in the cost function. That means, the cost 

function value could be increase dramatically, because this algorithm doesn't 

care about cost function, only finds the shortest path to move into the feasible 

region.  This algorithm is define as  

 

minimize 0.5
T

d d  (3-3) 

subject to + 0     ii  
T

g d b  (3-4) 

Instead of using the unit step size, in this research 0.5, 1.0 and 2.0 is used for 

step size. It will check three step sizes, and choose the one that has the smallest 

constraint violation. This is because when constraints are linear, one as a step 

size works well, but in case of nonlinear problems, there is inconsistency 

between real constraint function and linearized constraint function. So, by using 

those three step sizes, this can be overcome. 
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3) Cost Reduction Algorithm 

This algorithm is defined without the approximate Hessian matrix H. Without 

Hessian updating, the problem is defined as below, 

minimize 0.5    
T T

f d d d  (3-5) 

subject to + 0     ii  
T

g d b  (3-6) 

Although Hessian updating can be used, in this research cost reduction problem 

without Hessian matrix will be discussed. After direction has been determined, 

the step size can be calculated with a certain reduction in the cost function. For 

example, if a designer wants to reduce the cost function value as 5%, input a 

fraction γ as 0.05. The step size will be calculated as below 

 
f

 
 f d

 (3-7) 

  based on γ.  

 This will yield how approximately γ% reduction, but not exactly, because of the 

linearization of cost and constraint functions. 

4) Correction at Constant Cost Algorithm 

 In some cases, the current design point is out of feasible region, but constraint 

violation is not that large. In this case, a designer may want to move the current 

design point into the feasible region without increasing the cost function value too 

much. This algorithm can be used in this situation. Basic definition is almost 

same as Constraint Correction Algorithm, but one more constraint  0  f d  is 

added to the Constraint Correction Algorithm. With this condition, direction will be 

determined that either reduces or keeps the cost function value unchanged and 
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find a shortest path to the feasible region. Actually, it has not to increase the cost 

function value, there could be a small increase of cost function value because of 

the linearization of the cost function. It is defined as below:  

minimize 0.5
T

d d  (3-8) 

subject to 
+ 0 

0 

ii
  

  

T

g d b

f d

 (3-9) 

 

5) Constraint Correction at specified Cost 

In some cases, the cost function value must be increased to move into the 

feasible region. A designer can allow some percentage of the cost function value 

to be increased by adding    f d  to Equation 3-4, here   is the allowable 

percentage of the cost function value, 

minimize 0.5
T

d d  (3-10) 

subject to 
+ 0 

 

ii
  

   

T

g d b

f d

 (3-11) 

6) Constraint Correction with Minimum Increase in Cost 

 It can be possible that minimizes the increase in cost with correcting constraints. 

That is defined as 

 

minimize  
T

f d  (3-12) 

subject to 
+ 0 ii

ii i 

  

  

T

g d b

d
 (3-13) 
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This is also similar to Linear Programming. A line search method can be used for 

the proper step size. 

 
3.1.2 Steepest Descent Method 

 As it is mentioned before, the Steepest Descent direction f  is used for 

direction. Here, it needs line search algorithm. Inexact line search will be used, but not 

in the same way. Before, to use descent function, Lagrange multipliers are used for 

penalty parameter. But, those parameters will be calculated from Quadratic 

Programming(QP) Subproblem. This algorithm will not use QP subproblem, there will be 

no Lagrange multipliers. So, it needs another penalty parameter. In this research, a 

designer can input the penalty parameter, so a designer can see the difference depend 

on the penalty parameter. The descent function in this method is as below: 

 φ(x)=f(x)+RV(x) (3-14) 

where  Φk= Φ(x(k)) =fk+RVk 

            f(x) : cost function value 

               R : penalty parameter 

           V(x)>=0 : maximum constraint violation 

 And, in QP subproblem, initial step size is a unity, because the magnitude of 

direction is the difference between the current design point and updated design point. 

But here, direction will check only the steepest descent direction, it will search from the 

boundary of the design space. So, initial step size will be calculated as  
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0

1

αmax

αmax

 
Figure 3-1.  Design variable in normalized domain 

in normalized design variable space. The algorithm of this is 

 if d[i] is greater than 0,  

  [ ] [ ] 1x i d i   . 

    

1 [ ]

[ ]

x i

d i





             (3-15)
 

 if d[i] is less than 0,  

       
[ ] [ ] 0x i d i    

    

[ ]

[ ]

x i

d i
  

                      (3-16)
 

 

From these equation, we can get the maximum step size α, which will be the initial step 

size. After then, according to the descent condition, it will be bisected until the descent 

condition is satisfied. 

 
3.1.3 User-Defined Direction 

 Sometimes, a design can think the direction which the program suggests is not 

correct or he/she wants, so wants to change the direction. In that case, a design can 

choose this category, and can input the direction as he/she wants.  
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3.2 What-If Study 

 What-if module suggests new design updating direction and step size based on 

the algorithms abovementioned without additional analysis. A designer can choose the 

direction and step size one of the algorithms, or input as the designer wants. After 

comparing all the directions and step sizes, the best one for the designer can be 

chosen.  
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CHAPTER 4  
POST PROCESS 

4.1 Discrete Optimum Design 

 In optimization algorithms in the previous chapters, continuous variables are 

used. However, in real life, it is hard to use continuous variable for cost problem. For 

example, if the optimum area of truss area is 7.32332in2, it is hard to produce this type 

of truss, and later this is rarely used again, so it costs more to produce this truss. 

Instead of that, discrete variable is used in real life, for example, 7in2 or 8in2, so it can 

be easily produced again and later for other problems.  

 However, choosing discrete variable based on continuous variable is not that 

simple problem. If a designer chooses the discrete variable less than continuous 

variable, it could violate the constraints of that problem and reach to the bad result. Or, 

if a designer chooses the discrete variable greater than continuous variable, it could 

cost more. On the other hand, it would be costly to check all possible discrete design 

candidates. For example, when there are 10 design variables, there are 210 = 1024 

number of discrete designs around one continuous optimum design. Therefore, it would 

be extremely costly to check them all to find the best discrete design. 

 To choose correct discrete variable, a simple way using active constraints is 

suggested in this research. A designer can input some discrete variables in input file, 

and this algorithm will choose based on these variables. At the current design point, 

gradients of cost and constraint functions are already calculated. This algorithm will use 

this information. As mentioned before, gradient of the function means the direction of 

maximum increasing of function value. 

 So, by avoiding those constraint violation directions, more safe design point can be  
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calculated. 

 

Figure 4-1. Discrete optimization  

The algorithm of this method is  

for i←1 to Number of Active Constraint 

  ∇Gtotal←Sum(∇gi) 
end 
for i←1 to Number of Design Variable 

if ∇Gtotal > 0 
  (xi)optimum = xlower 

else if ∇Gtotal<0 
  (xi)optimum = xupper 

else  (∇Gtotal==0) 

  if (-∇f)>0 
  (xi)optimum = xupper 

  else 
  (xi)optimum = xlower 

end 
 

 First, check the active constraints which are near optimum point and ignore other 

constraints which are not affect by moving optimum point. Then, calculate sum of the 

gradients of active constraints. That direction means constraints will be violated more 
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along that direction. Then, depend on that direction, choose each discrete variable on 

the opposite direction.  The result of this will yield the desirable discrete variable. 

 

4.2 Design Interpolation 

 Optimization algorithm is used to reduce the cost function value, which can be 

volume or weight of structures. However, sometimes a designer wants some other 

designs which is not optimum design for aesthetic design or some special reason. If all 

of the designers in the world pursue the optimum design, every structure in the world 

looks like the same, but not. For aesthetic reason, or because of the culture, sometimes 

designer wants another design. But that does not mean a designer ignore optimum 

design,that should be based on optimum design. This method will suggest a designer 

some interpolation design between the optimum design and the design which a 

designer wants.  

 During the interpolation, the important issue is not to reduce the cost function 

value, but to avoid constraint violation. Even though how beautiful the design is, it is no 

use if it is not safe. So, in this method, it only cares about constraint violation.  

 This algorithm will use the gradient at the optimum point, there will be no more 

calculation for gradient. Based on the information at the optimum point, it will 

approximate the linearized constraint functions. First, it will calculate new direction from 

the optimum point to the design point from a designer, which will be called user-design. 

Then, new design point can be defined as below. 

 1New P UX X t X t  
  0 1t   

(4-1) 
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Figure 4-2. Design Interpolation 

where  

    PX
:  the optimum design from the program 

    UX
:  the user design 

    NewX
 : the interpolated design 

And then, define linearized constraint function as 

( ) ( ) ( )j P j P Pg g g   x x x x x
   

(4-2) 

 where  

     *t x d  

     U PX X d
 

From now on, it will check whether new design point will violate constraints or not 

iteratively with small step size. If it violates the constraints, starts from the last design 

point with smaller step size until the convergence condition is satisfied. 

 

Iterative process 

Step 1. Set ε as convergence criteria. Calculate d with Xprogram and Xuser. Set t=0.1 and 

interval=0.1. 
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Step 2. Calculate Xnew and jg
 with Xnew.  

       Check if jg
≥0.  

       If jg
less 0, set t=t+interval and repeat again. 

       Otherwise, go step 3. 

Step 3. If interval is less than ε, stop the process, set t=tcurrent.  

       return New PX X d t 
. 

       Otherwise, set tlower=t-interval, tupper=t, set interval=interval*0.1. Go to step 2. 

 After some iterations, a designer can get new interpolated design between the 

optimum point and the design point he/she wants. 

 

4.3 Numerical Example 

The example is the ten-bar truss problem which is used in Chapter 2.  

Table 4-1. Design data for the 10 bar truss 

Problem Definition 

Material properties Modulus of elasticity : E=104 ksi 
Stress constraints ±25ksi for all members  
Initial Volume 20982lb 
Unit Inch, lbf 

 

 

Figure 4-3. Ten bar truss 
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Table4-2.  Result of optimum solution for the 10 bar truss 

 DV1 DV2 DV3 DV4 DV5 DV6 DV7 DV8 DV9 DV10 Cost 

Result 7.984 0.1 8.021 4.0768 0.1 0.1 5.6870 5.6370 5.7540 0.1 16082 

 
The result of the optimization is continuous variable. Discrete optimum variable will be 

calculated based on this continuous optimum variable. At first, discrete variables are 

applied to design variable 1, 2, 3, 7, 8, 9 and 10 as below; 

 

Figure 4-4. Input variables for 10 bar truss 

Entire input file is attached in Appendix. First column of the Figure 4-3 means the index 

of design variable. Second column means the number of discrete variables, third 

column means initial value, fourth and fifth column mean lower bound and upper bound 

of the design variable. If there are discrete variables, then input discrete variables next 

line of each design variable. Based on continuous variables, the program compares 

each discrete variable, makes the discrete candidate table as 
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Table4-3.  Discrete candidate table  

Design Variable Lower bound Upper bound 

1(discrete) 7.8 8.1 

2(discrete) 0 0.1 

3(discrete) 8.0 8.5 

4(continuous) 4.0768 

5(continuous) 0.1 

6(continuous) 0.1 

7(discrete) 5.5 6.5 

8(discrete) 5.5 6.5 

9(discrete) 5.5 6.5 

10(discrete) 0.0 0.1 

 

When the result of the continuous variable is the same to the lower or upper bound of 

the discrete variable, then the value of boundary is applied. After making the table, the 

program checks the active constraints, and calculating sum of the gradient of the active 

constraints. In this problem, there are 3 active constraints, and the sum of the gradients 

of these is 

Table4-4 Sum of the gradient of active constraints 
Design Variable Sum of the gradient of active constraints 

1(discrete) -12.7730 
2(discrete) 2.5810 
3(discrete) -12.1798 

4(continuous) -0.1042 
5(continuous) -0.9827 
6(continuous) 2.5810 

7(discrete) -16.7877 
Design Variable -0.9109 

1(discrete) -0.1480 
2(discrete) 7.3267 

 
Table 4-4 shows constraints will be more violated along the direction. So, choose the 

discrete variable at Table 4-3 based on Table 4-4; choose the discrete variable on 

opposite direction. The, the discrete variable is 
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Table4-5.  Result of discrete optimum design 

Design Variable Discrete optimum variable 

1(discrete) 8.1 

2(discrete) 0.1 

3(discrete) 8.5 

4(continuous) 4.0768 

5(continuous) 0.1 

6(continuous) 0.1 

7(discrete) 6.5 

8(discrete) 6.5 

9(discrete) 6.5 

10(discrete) 0.1 

 

 

 

 

 



50 

CHAPTER 5  
SUMMARY AND CONCLUSION 

 A modified Sequential Quadratic Programming with inexact line search method is 

proposed for robust and stable algorithm. Not only it could reduce the number of 

iteration, but also could reduce the number of analysis. Throughout numerical 

examples, it is shown that the proposed algorithm works well with the practical structural 

models. Still, it needs to be tested more examples for other composite materials. Now, 

finite element analysis in this program can only solve the truss problem, it needs to be 

added more elements for various problems.  

 In interactive optimization process, many other variations of Quadratic 

Programming Subproblem and algorithms are shown. With these, a designer can 

intervene and control the procedure, it can help a designer understand which way 

design point will be updated and which way is better to update. By suggesting many 

ways, it will improve the designer's ability to design other structure.  

 With post process, continuous optimum design can be applied to discrete 

optimum design in the real world. Based on the information at the continuous optimum 

design, discrete optimum can be calculated so that reduce the computational cost for 

the further calculation. In addition, design interpolation suggests a designer reasonable 

design point interpolated between the optimum design and the design user suggested. 

By avoiding constraint violation, a designer can design as they want for aesthetic 

structure or some structures for specific reasons based on the information at the 

optimum design.  

 However, still there are many ways to reduce the cost of the procedure, for 

example, applying approximation model to reduce the line search method. It is not 
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applied in this research, this should be applied later. And, as title mentioned, this work is 

based on the module. Other module can be used instead of the Sequential Quadratic 

Programming. Deterministic method is widely used, however, uncertainty is one of the 

most important part in these day's research. It could reduce the cost of building 

structure in the real world better than deterministic method. For that, reliability-based 

design optimization module is necessary. When more reliable uncertainty method is 

applied to this research, a designer can get more information to build a structure based 

on this program. 
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APPENDIX A  

PROGRAM INPUT FILE 

A.1 Sample Input file of Optimization for 10-bar truss 
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A.2 Sample Input file of FEA for 10-bar truss 
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APPENDIX B  
ALGORITHMS 

 

1) Quadratic Programming(default) 

minimize T 0.5f    T
c d d Hd

 
 

subject to 



T

T

N d = 0

A d b
  

2) Constraint Correction Algorithm 

minimize 0.5f  T
d d   

subject to 



T

T

N d = 0

A d b
  

3) Cost Reduction Algorithm 

minimize T 0.5f    T
c d d d   

subject to 



T

T

N d = 0

A d b
  

Step size 
f

 
c d

 

 

4) Correction at Constant Cost Algorithm 

minimize 0.5f  T
d d

 
 

subject to 

0



 

T

T

N d = e

A d b

c d  
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5) Constraint Correction at specified Cost 

minimize Tf  c d
 

 

subject to 

i i id



   

T

T

N d = e

A d b
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