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This dissertation contains four studies in quantitative ecology.  

The first study deals with the optimal life history strategy of flowering perennial 

plants. Previous work has shown that it is optimal for plants to be non-reproductive 

when small, produce male flowers at a medium size, and produce female flowers when 

large, with the assumption that reproductive rate increases with size. However, 

reproductive rate does not always increase with size. The study presented here shows 

that size-dependent mortality can select for sex-change in the same way as size-

dependent reproduction. 

The second study develops a statistical method for detecting differences in growth 

rate among individuals. Detecting individual variation in growth is important because (1) 

it could indicate a life history tradeoff and (2) fast growers contribute disproportionately 

to population growth rates. Detecting among individual differences in growth rates is 

straightforward when individuals are marked and measured repeatedly. However, 

marking individuals is not always ethical or feasible. We used maximum likelihood 

estimation to fit a statistical model to simulated data to test our method. For a given 

sample size, more information can be gained by marking individuals, but our method 
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increases the range of experimental designs for detecting among individual variation in 

growth rates. 

The third and fourth studies deal with demographic data collected from Heliconia 

accuminata, a perennial plant that grows in the Amazon understory. The Amazon is 

being fragmented by development by humans cutting roads and farms into the forest. 

The plants’ rates of growth, survival, and reproductive effort were modeled using 

generalized linear mixed models; uncertainty was estimated using Markov chain Monte 

Carlo sampling. The study indicates that, certain environmental conditions increase 

mortality and reproduction. Fragmentation may also be reducing temporal heterogeneity 

in vital rates. Individual based models were used to predict how heterogeneity affects 

the population growth rate. All forms of heterogeneity increased the growth rates of our 

simulated populations.
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CHAPTER 1 
INTRODUCTORY REMARKS 

My research focuses on life history evolution and population dynamics. They might 

seem disparate, but they are quantified by a common currency and inherently 

connected. Life history involves the timing of events and rates of a species’ ontogeny. 

Natural selection optimizes those events and rates to maximize fitness within certain 

constraints. During an individual’s ontogeny, energy is allocated in different amounts 

toward growth, reproduction, and survival. Fitness, the currency of natural selection, can 

be measured as either the lifetime production of offspring or the population growth rate 

depending on specifics of the dynamics (Mylius and Diekmann, 1995). A population’s 

growth rate is fundamentally a sum of the life histories of the individuals in the 

population.  

My research is both theoretical and applied. In general, I use statistical models to 

quantify patterns and use life history theory to find potential explanations for patterns. 

However, I keep in mind that not every pattern is adaptive. Statistical tools I develop can 

be used by researchers to get the most information from their data and design 

informative experiments. My work on population modeling can help conservationists 

understand how heterogeneity can affect population viability. My work on life history 

evolution enables us to anticipate how species might adapt to environmental changes.  

Fitness is frequently discussed as a function of survival and reproduction because 

these rates directly translate to the currency of fitness - life, but my work additionally 

highlights the importance of growth. Growth is important because survival probabilities 

and reproductive rates are usually higher for larger individuals. 
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In many cases, individuals in a population follow life histories that are similar 

enough to be treated equally in population models. However, substantial variation 

among individuals is often observed in at least one vital rate. Part of my research deals 

with detecting this variation and predicting how it affects population dynamics. 
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CHAPTER 2 

SIZE-DEPENDENT SEX CHANGE CAN BE THE ESS WITHOUT ANY SIZE 
ADVANTAGE OF REPRODUCTION WHEN MORTALITY IS SIZE-DEPENDENT  

Introduction 

Life history theory predicts reproductive characteristics based on optimal resource 

allocation with respect to tradeoffs among growth, maintenance, and reproduction 

(Williams, 1966; Gadgil and Bossert, 1970; Charnov, 1982; Iwasa, 1991; Iwasa et al., 

2000). Growth indirectly increases fitness because larger individuals often have better 

survival rates and may have more resources for reproduction. Reproductive individuals 

have reduced growth rates because acquired resources are allocated toward 

reproduction instead of growth or maintenance (Wilson et al., 1994; Obeso, 2002). The 

sexes often differ in their energetic cost of reproduction. Gametes produced by females 

are larger and typically require more energetic investment. In sessile organisms, such 

as plants and corals, which do not require territories or elaborate mating behaviors, 

reproduction as a female typically costs more than reproduction as a male in terms of 

energy expenditure and reduced growth rate (Zimmerman, 1991; Burd, 1995; Loya and 

Sakai, 2008). Sex allocation theory deals with allocating resources towards male and 

female reproduction in a way that maximizes lifetime reproductive success (or fitness) in 

relation to these − growth, maintenance, reproduction − tradeoffs (Charnov, 1982; 

Knight et al., 2005). 

In the past, the evolution of size-dependent sex change has been studied 

theoretically using size-advantage, mortality-advantage, and growth-rate-advantage 

models (Warner et al., 1975; Charnov, 1982; Iwasa, 1991; Nishizawa et al., 2005). 

These models predict the optimal size of sex change based on differences between the 
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sexes in various vital rates that influence fecundity while accounting for the benefit of 

being the rarer sex. Each model assumes that fecundity increases with body size for at 

least one of the sexes. In the size-advantage model (Warner et al., 1975; Policansky, 

1981; Charnov, 1982; Iwasa, 1991; Wright and Barrett, 1999), fecundity increases with 

size more rapidly for one sex; thus, it is optimal to start out as the sex with shallower 

gain in fecundity rate and later switch to the sex with a steeper gain rate. In the 

mortality-advantage model, fecundity increases with size in the same way for both 

sexes, but mortality is different between sexes. It is optimal to be the sex with lower 

mortality risk first, and then switch sex (Charnov, 1982; Iwasa, 1991). In the growth-

rate-advantage model, fecundity increases evenly for the sexes, but they differ in their 

growth rates, so it is optimal to be the fast growing sex first (Charnov, 1982; Iwasa, 

1991). For mathematical simplicity, all of these previous models mentioned above 

assumed that mortality risk is independent of body size, but size-dependent mortality 

should not change their general results. However, it may change specific results and the 

method we present here to incorporate size-dependent mortality may improve previous 

models’ predictive ability.  

In this paper, we extend the current models of sex change evolution to cases 

when reproductive rate is perfectly independent of size for both sexes and morality 

decreases with size. This is similar to the growth-rate-advantage model except that the 

fitness advantage of growth in size is given not by a higher reproductive rate but by a 

lower mortality risk for larger individuals. Fitness is measured as lifetime reproduction 

and depends on both reproduction rate and longevity. Under the assumption of size- 

independent reproductive rate, longevity is the most influential part of this combination. 
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Thus, the directionality of sex change evolves to optimize longevity. With size-

dependent mortality, staying small longer is more risky; hence, longevity is optimized 

when individuals quickly outgrow small sizes.  Outgrowing small sizes occurs faster 

when an individual is the faster growing sex (male) first. The dynamic programming 

calculation, similar to that in Iwasa (1991), is applied. We show that the ESS life history 

schedule is to be non-reproductive at small size, male at intermediate sizes and to be 

female at large sizes.  

Motivational Case of Pollen Limitation 

Thus far, most theories on sex change evolution have assumed that the 

reproductive success of at least one sex increases with size, but this is not always 

observed. Typically, female fecundity is limited by size-dependent resources and not by 

access to mates; this can cause reproductive success to be size-dependent. In plants, 

maximum potential female fecundity depends on the number of ova and the amount of 

resources available for seed maturation, and these generally increase with plant size. 

However, realized fecundity is also constrained by the amount of pollen received 

(Wilson et al., 1994). If larger plants are not more attractive to pollinators, then 

reproductive success might not increase with size. Seed set in low pollen systems could 

be independent of plant size. Stochastic pollen supplies select for females to have more 

ova per flower than will be pollinated in most years, because an overabundance of ova 

allows females to take advantage of good pollen years (Burd, 1995). However, if a plant 

never experiences a good pollen year or if the pollinator population is permanently 

reduced, then the plant’s over-allocation toward ova will not improve its fecundity. Under 

permanently reduced pollen levels, selection should act to evolve floral traits that 

increase pollinator attraction (Knight et al., 2005). However, increasing pollinator 
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attraction may be hindered due to genetic or environmental constraints (e.g. if plant 

and/or pollinator populations are at low density). Number of ova per plant may increase 

with size, but if pollination is below this level, then seed set may be independent of size 

and other life history traits, such as size at sex change, may be selected for in the 

absence of size-dependent fecundity. 

There is some empirical evidence that pollen limitation causes size-independent 

fecundity. Seed set was observed to be independent of size in two-year studies of four 

small, pollen limited Jack-in-the-Pulpit (Arisaema triphyllum) populations (8 to 34 

females per population, with a mean of 25; Bierzychudek, 1982; C. Heckel, pers. 

comm.).  Similar results were found in a single year study of a population of 38 female 

Arisaema serratum (Nishizawa et al., 2005). Seed set was also size-independent in a 

single year study of a pollen limited population of 31 Trillium grandiflorum (Wright and 

Barrett, 1999). In these studies, the number of ova per plant increased significantly with 

plant size, but due to pollen limitation, seed set did not. These species all allocate 

resources to male and female reproduction with the ratio changing with size, but only 

the Arisaema species shows complete switching of sex.  These observations motivated 

us to ask the theoretical question of whether sex change is still the ESS when 

reproductive success is independent of size. 

Model 

We consider an individual plant whose reproductive activity is a function of age. 

Let t be the plant’s age. 

! 

" f t( ) and 

! 

"m t( ) are reproductive activity functions as a female 

and male, respectively. If a plant is non-flowering at age t, then 

! 

" f t( ) ="m t( ) = 0; if it is 

fully active as a female, then

! 

" f t( ) =1 and 

! 

"m t( ) = 0 ; if it is fully active as a male, then 
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! 

" f t( ) = 0  and 

! 

"m t( ) =1. In general a plant can be in a mixture of these three states and 

its activity functions satisfy: 

! 

" f t( ) # 0 , 

! 

"m t( ) # 0 , and  

! 

" f t( ) +"m t( ) #1.      (2-1) 

Let f be the rate of seed production by a fully active female. We assume that f is 

independent of size because the amount of pollen that females receive is below a level 

that would cause female seed production to be resource limited. Let m be the rate of 

pollen production by a fully active male. The number of seeds fertilized by this pollen 

should depend on the sex ratio in the population. The expected number of offspring to 

be sired by a male is 

! 

mR* , where 

! 

R*  is the ratio of total seeds produced to total pollen 

production in the population. By this definition, 

! 

R*  is also equal to the number of 

females times seed production rate divided by the number of males and their pollen 

production rate. If 

! 

R*=1, then each pollen grain fertilizes an ova and produces a seed; 

this would be an extreme. Smaller values of 

! 

R*  indicate that not all of the pollen is being 

used (typically because of pollinator limitation rather than overproduction of pollen).  In 

this way, m and 

! 

R*  are closely coupled parameters. The expected lifetime reproductive 

success (RS) of an individual plant at age 0 is: 

! = f" f (t)+mR
*" m (t)( )S t( )

0

!

" dt
,        (2-2) 

where 

! 

S t( )  is survivorship to age t: the probability for a young plant of age 0 to survive 

until age t.  Eq. (2-2) is equivalent to fitness.  

We assume that mortality risk is smaller for larger individuals. To be specific, we 

assume that instantaneous mortality is the sum of two terms: size-independent mortality 
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! 

µ and the size-dependent mortality 

! 

z0 L t( ), the latter being inversely proportional to 

size 

! 

L t( ). Then  

! 

S t( ) = e
" µ +z0 L x( )( )dx

0

t
#

.          (2-3) 

The size 

! 

L t( ) is correlated with the plant’s stored energy (e.g. mass, leaf area) 

and it increases with age as described by the following differential equation: 

! 

dL
dt

= a + bL " c#m " d# f
.         (2-4) 

a is the basic rate of increase in size (Table 2-1). We assume that growth rate increases 

with size (b>0), because larger plants have more leaf area and roots with which they 

acquire resources. Growth rate is fastest when there is no reproductive activity (

! 

" f ="m = 0). When reproduction takes place, growth is slower. The cost of being a male 

and being a female are c and d, respectively, expressed in terms of the reduction of 

growth rate (c and d are positive). We assume that being a female is more costly than 

being a male (c<d). Let 

! 

L0 be the size of a newly germinated plant. 

In this paper, we focus on the case in which both female and male RS are 

independent of the plant size. Hence f and m are independent of L. We search for the 

optimal reproductive schedule 

! 

" f t( ),"m t( ) for t > 0{ }  that maximizes the lifetime RS Eq. 

(2-2) under the constraint of Eq. (2-1) and (2-4). This is a typical problem of dynamic 

optimization (Bellman, 1957).  

In addition, the sex ratio in the population 

! 

R* is determined by the distribution of 

plant size. If all the plants in the population experience the same environment, we can 

calculate the evolutionarily stable strategy of reproductive schedule. 

! 

R*  is chosen to 

satisfy the following equality: 
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! 

f" f (x)e
# µ +

z0
L(y )

$ 

% 
& 

' 

( 
) dy

0

x

*
0

+

* dx = mR*"m (x)e
# µ +

z0
L(y )

$ 

% 
& 

' 

( 
) dy

0

x

*
0

+

* dx
,     (2-5) 

which indicates that total female RS summed over all the individuals in the population is 

exactly the same as total male RS. This relation holds because each offspring has one 

mother and one father (pollen donor), and they give exactly the same contribution of 

nuclear genes to the offspring (Fisher 1930).  

Dynamic Programming 

To solve this dynamic optimization problem, we first consider the following 

"reproductive value", which indicates the expected total RS of an individual from time t 

until the end of its life: 

 

! 

V (L(t)) =max f" f (x) + mR*"m (x)( )e
# µ +

z0
L(y )

$ 

% 
& 

' 

( 
) dy

t

x

*
t

+

* dx
, 
- 
. 

/ . 

0 
1 
. 

2 . 
,     (2-6) 

where the function to be integrated, with respect to x from t to infinity, is the reproductive 

rate at time x multiplied by the survivorship until time x. The symbol of "max" implies 

that the plant should choose the reproductive activity to maximize the lifetime RS. This 

quantity is a function of current plant size 

! 

L t( ).  

We consider a short time interval of length 

! 

"t  and separate the integral in Eq. (2-

1) into the term within this interval and the rest of time (from 

! 

t + "t  to infinity). Eq. 2-1 

can be rearranged to give the following basic equation (Appendix A): 

! 

0 = max
" f ," m

f # d dV
dL

$ 

% 
& 

' 

( 
) " f + mR* # c dV

dL
$ 

% 
& 

' 

( 
) "m + a + bL( ) dV

dL
# µ +

z0
L

$ 

% 
& 

' 

( 
) V (L)

* 
+ 
, 

- 
. 
/ .   (2-7) 

The max symbol implies that 

! 

" f  and 

! 

"m  are chosen to maximize the terms in the 

braces under the constraint of Eq. (2-1).  
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Three kinds of intervals: 

The optimal strategy for the plant should satisfy Eqs. (2-7) and (2-1). We search 

for a growth schedule that satisfies these constraints. Since the sum of these terms is a 

linear function of 

! 

" f  and 

! 

"m , the optimal choice is always at the extremes, such as 

! 

" f ,"m( )=(0, 0), or (1, 0) or (0, 1). 

Here, we consider three different intervals in which [I] the plant does no 

reproduction (vegetative growth period), [II] the plant is fully active as a male (pollen 

donor), and [III] the plant is fully active as a female (or fruit producer). Details are 

explained in Appendix B.  

[I]  Vegetative growth phase 

In this interval, the optimal choice satisfies:

! 

" f t( ) = 0 , and 

! 

"m t( ) = 0 . Reproductive 

activity as a female or a male would reduce the growth rate too much, and its benefit to 

the plant is smaller than the cost of reducing growth rate. In the vegetative phase, 

reproductive value changes with size L as (from B-1c): 

! 

dV
dL

=
µ + z0 L
a + bL

V L( )
.          (2-8) 

We define the boundary between vegetative and male phases to be at size 

! 

L1
* 

without making any assumptions about the order of the phases. At this boundary (from 

(B-1b) and (B-2b)), 

! 

dV
dL

L1
*( ) =

mR*

c           (2-9) 

holds. 

[II]   Male phase  
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In this interval, the optimal choice satisfies: 

! 

" f t( ) = 0  and 

! 

"m t( ) =1. Reproduction 

as a male is more valuable than vegetative growth or reproduction as a female. 

Reproductive value changes with size L according to the following equation (from B-2c): 

! 

dV
dL

=
µ +

z0
L

" 

# 
$ 

% 

& 
' V (mR*

a + bL ( c .         (2-10) 

We define the boundary between male and female phases to be at size 

! 

L2
*  without 

assuming anything about the order. At this boundary (from (B-2b) and (B-3b)),  

! 

dV
dL

L2
*( ) =

f "mR*

d " c           (2-11) 

holds. 

[III]  Female phase 

In this interval, the optimal choice satisfies: 

! 

" f t( ) =1, and 

! 

"m t( ) = 0 . In this interval, 

reproduction as a female is more valuable than vegetative growth or reproduction as a 

male. Reproductive value changes with size L according to the following equation: 

! 

dV
dL

=
µ +

z0
L

" 

# 
$ 

% 

& 
' V ( f

a + bL ( d .           (2-12) 

The boundary sizes 

! 

L1
* and 

! 

L2
*  as well as Eqs. (2-7, 2-8, 2-9, 2-10, 2-11, and 2-12) 

arose from maximizing Eq. (2-7) under the constraint of Eq. (2-1) without making any 

assumptions about the order of the phases. These equations make up the dynamic 

programming conditions and determine the ESS.  However, we need candidate 

strategies to check against the dynamic programming conditions. We examined 

candidates of the ESS life history schedule that are vegetative (nonreproductive) at 

small sizes, male at intermediate sizes, and female at large sizes because this pattern 
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is observed in sex changing plants.  Let 

! 

L0 be the initial size of an individual, 

! 

L1
* be the 

size of switching from vegetative phase to male phase, and 

! 

L2
*  be the size of switching 

from male phase to female phase.  

Given starting conditions L0 and V0, it would be possible to integrate Eq. (2-8) and 

find 

! 

L1
* according to Eq. (2-9), then use V(

! 

L1
*) and 

! 

L1
* as starting conditions to integrate 

Eq. (2-10) and find 

! 

L2
*   according to Eq. (2-11). However, because 

! 

V L0( ) =V0 is defined 

as the expected total reproductive value for an individual of age 0, it must satisfy the 

following equality: 

! 

V0 = mR*"m t( )e
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In Appendix C, we calculate the survivorship to size L, and using this expression, 

we can rewrite Eq. (2-13) as follows:  
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The second integral in the right hand side converges to a finite value because 

! 

µ > 0 .  

If we can find a set of values: V0, R*, 

! 

L1
*, and 

! 

L2
*  that satisfy all the equations 

above, the reproductive schedule is the optimal solution and the ESS.  
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Direct Search for the Optimal Solution 

We tried different starting values of V0 and R*, then calculated new starting values 

based on the results of 

! 

L1
* and 

! 

L2
*  using (2-14) and (2-5). We attempted to find an ESS 

solution using Eq. (2-9) and (2-11).  However, it was difficult to numerically converge on 

the ESS parameter sets by this method because these conditions simultaneously 

depend on and determine V0 and R*.  

Instead, we found a candidate for the optimal solution within a limited life history 

pattern that has two critical sizes (

! 

L1 and 

! 

L2). The expected fitness of an individual can 

be expressed as a function of these two sizes 

! 

V0 = " L1, L2( ). We derive the conditions for 

! 

" L1, L2( )  to be maximized by taking the derivative with respect to the life history 

parameters of interest. In addition, the sex ratio R* should satisfy Eq. (2-5). In 

simplifying this system of equations, it is useful to introduce a quantity 

! 

sR = mR f , which 

is equal to the total number of females divided by total number of males in the 

population. Using these conditions we can determine the ESS value of critical sizes,

! 

L1
* 

and 

! 

L2
* , and the sex ratio, R*.  It was much easier to converge on a solution to these 

conditions compared to Eq. (2-9) and (2-11) because these conditions are independent 

of V0.  

Solutions to the direct optimization criteria were found using the function uniroot 

in the statistical programming language R version 2.9.0. The range of sex ratios for 

uniroot to search had to be chosen carefully because if the lower limit of search 

values was too small, then there was no solution to Eq. (D-11) and the algorithm would 

stop before finding an ESS solution to the system. This means that (in a population not 

following the ESS) when sex ratios are severely male-skewed, there is no solution for 

! 

L1
* 
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and thus, an optimal individual life history contains no male stage. The details of the 

direct optimization procedure are explained in Appendix D and code is available online.  

After the solution of two critical sizes (

! 

L1
* and 

! 

L2
* ) was determined, we then 

numerically confirmed that the solution from this direct optimization method satisfies the 

conditions obtained from dynamic optimization, Eq. (2-9) and (2-11). Calculations were 

done using function lsoda from package odesolve (Setzer, 2011). With approval of 

the dynamic optimization conditions, we can claim that the solution is the ESS among 

all life history schedules of the form of Eq. (2-1) − the life history pattern with two 

switching sizes (

! 

L1 and 

! 

L2) has a higher fitness of any schedule under the constraint of 

Eq. (2-1).  

Parameter Dependence  

To determine how the model's behavior changes with parameters, we performed 

sensitivity analyses. We first chose a set of default parameters, as shown in Table 2-1. 

The relative values of certain groups of parameters are more relevant than absolute 

values. The results of the model are general as long as some dimensionless ratios fit 

the model assumptions. Our default values were not based on data, but on the general 

model assumptions. Growth parameters were chosen so that a plant that was 

reproductive at initial size would have a negative growth rate (c/(a+bL0)>1 and 

d/(a+bL0)>1), with female being more costly than male (d/c >1).  In addition to our 

assumptions, the ratio of size-dependent growth, b, and size-independent mortality, µ, 

became another constraint of the model. This dimensionless ratio is contained in the 

survivorship equations Eq. (B-11a, b, c) as explained in Appendix B. We were unable to 

find the ESS solutions for µ/b greater than 0.9009 (see discussion below). A growth 



 

26 

schedule with the ESS for the default parameter values is illustrated in Fig. 2-1 and 

survivorship is in Fig. 2-2. 

We assessed the dependence of the ESS reproductive schedule on parameters 

included in the model by adjusting each parameter separately.  We found the ESS for 

values ten and twenty percent above and below the default values. Then we calculated 

elasticity as the slope of the log-log plot with five points per parameter centered at the 

default value. Each log-log plot was visually inspected for linearity. Regressions were 

done using the function lm in R.  

Results and Discussion 

Sex Change in the Absence of Size-Dependent Reproduction 

We set out to determine whether sex change can be the ESS when individuals’ 

reproductive rates are size-independent. The method we created to answer this 

question involved two steps: first we chose a candidate life history and then we 

confirmed that the candidate is the optimal out of any reproductive schedule. We found 

a candidate for the optimal schedule by directly maximizing lifetime reproductive 

success (Appendix D). Although the candidate was selected from a limited class of 

schedules, we confirmed that it was the optimum of any reproductive schedule 

satisfying Eqs. (2-1), (2-5) and (2-6). This was determined by numerically confirming 

that the candidate met the conditions given by the dynamic programming calculation 

(Appendix B). By this calculation, we know that the candidate life history is the ESS. 

Thus, we conclude that sex change can be the ESS even when there is no fecundity 

advantage to being large.  

The analyses support our conjecture that size-dependent sex change can be the 

ESS even when the reproductive success rate is perfectly independent of size in both 
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sexes, which is observed in terrestrial plants engaging in sequential hermaphroditism 

(see citations in pollen limitation section). The growth rate advantage of males 

combines with size-dependent mortality to create a fitness advantage for switching from 

male to female even when there is no size advantage to reproduction. This acts to 

maintain the observed sex-changing pattern during periods when the population is 

pollen limited; or it could even explain the origin of sex change.   This finding highlights 

that patterns of reproduction, growth, and maintenance all have significant effects on 

fitness and selection on life histories.  Thus, it is important to consider their effects. In 

light of this finding, incorporating size-dependent mortality into other models of size-

dependent sex allocation may improve their accuracy. This will require field biologists to 

monitor mortality in addition to other vital rates.  

These results support the finding of (Day and Aarssen, 1997) that mortality is 

important in size-dependent sex allocation even when mortality rate is independent of 

sex. Day and Aarssen assume that mortality risk decreases with size as we do here. 

However, other assumptions of their model differ from the one presented here: they 

ignore an individual’s accumulated growth from year to year, assume that potential 

pollen and ova production increase with size, assume it takes longer to mature fertilized 

ova than to release pollen, and assume there is a non-linear tradeoff between pollen 

and ova production. By assuming that the pollen-ova tradeoff is concave down, they 

focus their work on simultaneous hermaphrodites (Charnov et al., 1976). Despite these 

differing assumptions, the general result holds – size-dependent mortality is important. 

This could explain why some empirical study results do not fit predictions of simpler 

models; perhaps size-dependent mortality and growth need to be accounted for in 
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addition to reproductive rates. The effects of size-dependent mortality on sex change 

elucidated by our model should hold generally, even when reproductive rates are size-

dependent.  

Switch sizes (

! 

L1
* and 

! 

L2
* ) were strongly affected by the respective costs of male 

and female reproduction (c and d)(Table 2-2). Higher growth costs mean that individuals 

have a higher risk of mortality per size increment. Thus, it is best to have more leaf area 

and root mass with the potential for more resource acquisition before paying the growth 

cost of pollen and ova production. 

The two mortality terms had opposite effects on the optimal switch sizes. Size- 

independent mortality promotes earlier switching. This result has been observed in 

other studies because with an uncertain future, there may not be many future 

opportunities to reproduce; so current reproduction is a better bet than the future 

(McNamara et al., 2004). Size-dependent mortality promotes delayed reproduction to 

more quickly outgrow the risky sizes. 

The ratio µ/b had strong effects on the optimal switch sizes because, after 

mortality and growth rates were translated into survivorship, this ratio was in the 

exponent of most terms of the survivorship equations (Appendix C). Thus, it affects the 

second derivative (i.e. concavity) of survivorship with respect to size (Werner and 

Gilliam, 1984; Filin and Ovadia, 2007). Larger values of µ/b reduce survivorship in all 

stages. When the population is constrained to be at its ESS sex ratio (total fertilization 

by males equals total seed production (Eq. (2-5)) then the range of sizes in which male 

reproduction is optimal (

! 

L2
* " L1

*) log-linearly decreases as µ/b increases.  This is 

because survivorship is a key component of Eq. (2-5) and is strongly affected by µ/b. 
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In contrast to the male-female switch, the timing of maturation (

! 

L1
*) is more strongly 

influenced by size-dependent mortality risk, which increases the hazard only for small 

plants. Small plants can outgrow this hazardous size range more quickly by delaying 

reproduction and the rate at which they outgrow it depends partly on the size-dependent 

growth rate b. Because 

! 

L2
*  indirectly depends on 

! 

L1
* (see above paragraph), it has a 

non-linear relationship with µ/b on a log scale. Thus, µ and b had non-linear effects on 

the optimal size to become female, 

! 

L2
* , and survivorship to become female on a log 

scale. 

Patterns of Sex Ratio 

Sex ratio (sR
*) was strongly affected by the growth costs of being male and female 

(c and d). When the cost of being male increases, fewer males make it through that 

stage and the sex ratio becomes less male skewed (higher sR
*). Similarly, when the cost 

of being female increases, females do not survive as long and the sex ratio becomes 

more male skewed (lower sR
*).  

The sex ratio (number of females per male) becomes more male skewed as µ/b 

increases because survivorship is reduced throughout the female phase proportionally 

more relative to the male phase. This holds as long as the population follows the 

sequence: non-reproductive to male to female, even when the switch-sizes are not the 

ESS. We confirmed this numerically by solving Eq. (D-13) for sR and inputting different 

values of µ and b without resetting 

! 

L1
* and 

! 

L2
* . 

These results offer an explanation for why plants may have more females per 

male in higher quality sites (empirical studies reviewed in (Bierzychudek and Eckhart, 

1988); recent example in (Heckel et al., 2010)). As Day and Aarssen (1997) suppose, 
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higher quality sites may have lower mortality: µ or z0. Our model shows that a reduction 

in µ or z0 would result in more females per male (Table 2-2). Also, a higher quality site 

may have higher nutrient availability and thus higher size-dependent growth rates, b.  In 

our model, this scenario also leads to more females per male. Note, that the sex ratio is 

still always biased toward the first sex (male) as Charnov and Bull  (1989) predict (see 

also: (Frank and Swingland, 1988; Charnov, 1989; Allsop and West, 2004)). Although 

the results we present in Table 2 are under the constraint of the population being at the 

ESS, they also hold for genotypes adapted to follow the ESS of a site with differing 

quality than the one they are in (tested using Eq. (D-13) as stated above). For example, 

if genotypes that had adapted to follow the ESS of one site found themselves in a lower 

quality site (by either gene flow or environmental change) higher mortality rates would 

reduce survivorship to the female stage or, alternatively, slower growth rates would 

cause fewer individuals to reach the genetically determined size of sex change. Thus 

either growth or mortality differences could cause there to be fewer females per male in 

a lower quality site. These patterns should hold even when reproductive rates are size-

dependent. Thus, to determine the cause of differing sex ratios among populations, field 

biologists should measure factors that affect either growth or mortality.   

Unimportant Parameters 

A few parameters had no effect on the ESS. Initial plant size had no effect on 

optimal switch sizes because L0 is not part of the criteria for optimal switching: Eqs. (2-

8), (2-9), (2-10), (2-11), (D-11), (D-12), and (D-13). Optimal switch sizes depend only on 

current and future mortality and growth, not on previous conditions. Increasing the 

pollen production rate of males only increases the amount of excess pollen (lower 

! 

R*), 
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because there is already more pollen produced than reaches and fertilizes ova.  Without 

an increase in seed production (i.e. pollen delivery and fertilization), pollen production 

has no value. Because the population’s sex ratio, sR
*, is a function of gamete production 

rates and the population’s seed per pollen ratio, 

! 

R* , the changes cancel each other out 

and the ESS sex ratio is unaffected. 

Model Generality 

This type of model predicts sex change dependent only on size; age is only a 

means of accounting for growth and future expectations.  Because sex change is 

optimized at a particular size threshold, females that shrink below this threshold due to 

damage should switch back to being male; the same holds for the vegative to male 

switch size.  We do not account for any possible sensing of other individuals so this 

would not apply to organisms such as certain fish species that change their sex due to 

dominance hierarchies and mate availability (Kuwamura and Nakashima, 1998; 

Munday, 2002).  

This same set of assumptions may apply to free-spawning coral populations that 

are sperm limited. Coral populations at low density in highly turbid water can experience 

severe sperm limitation (Yund, 2000) and environmental variables may erase the size 

dependence of gamete production when it comes to reproductive success. This 

possibility is something to consider in future studies of sex changing coral such as 

mushroom stony corals (Loya and Sakai, 2008). 

The model does have some limitations. First, the model is formalized in a 

continuous time version under a constant environment in which there is no seasonality. 

In a seasonal environment, reproduction, mortality, and growth may vary seasonally, 

and a discrete time model may be more realistic. In the case of Jack-in-the-Pulpits and 
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many other herbaceous perennials, mortality risk is highest in the winter, growth occurs 

in summer, and sex is determined once per year (Bierzychudek, 1984).  Second, we did 

not consider potential density dependence explicitly in the analysis because pollen and 

sperm limited populations are likely to be at low density (but see (Mylius and Diekmann, 

1995) for density dependence in life history optimization). Third, we assumed that there 

is neither fitness cost of sex change nor selfing benefit to hermaphrodites, and the 

results of the model might be different when these assumptions are modified. The 

extension of the analysis considering these modifications would be a good theme of 

future theoretical study of sex change evolution of terrestrial plants and free-spawning 

corals. 
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Fig. 2-1.  ESS growth schedule. Parameters are in Table (2-1). L1 is the ESS size to 
begin reproducing as a male and L2 is the ESS size to switch from male to 
female. 

 

Fig. 2-2.  Survivorship during the ESS growth schedule. Parameters are the same as in 
Fig. 2-1 (see Table 2-1). L1 is the ESS size to begin reproducing as a male 
and L2 is the ESS size to switch from male to female. 
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Table 2-1.  Parameters with their biological meanings, units, and default values. 
 parameter biological meaning units default 

model 

input 

a base growth rate size/time 0.1 

b size dependent growth rate 1/time 0.1 

c growth cost of male reproduction size/time 0.4 

d growth cost of female reproduction size/time 0.5 

µ size independent mortality rate 1/time 0.05 

z0 size dependent mortality rate size/time 0.2 

L0 initial size of organism size 1 

m gamete production rate of males RS/time 1 

f offspring production rate of females RS/time 1 

model 

output 

(ESS) 

L1 size to begin reproduction as male size 4.17 

L2 size to switch from male to female size 6.25 

sR females per male in population unitless 0.90 

R offspring per male gamete in 

population 

unitless 0.90 
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Table 2-2.  Elasticities of ESS life history traits with respect to growth, mortality, and 
reproduction rate parameters – calculated as the slope at the default value of 
the log-log plot (see text for details).  

! 

L1
* is the size to begin reproducing as a 

male and 

! 

L2
*  is the size to switch from male to female. 

! 

sR
*  is the number of 

females per male in the population. Survivorship to maturity is the probability 
that a plant of size L0 will survive to be male, and survivorship to be female is 
the probability that a plant of size L0 will survive to become female. M is the 
expected RS while male given that a plant survives to become male: mR*Eq. 
(C.2). F is the expected RS while female given that a plant survives to 
become female: f*Eq. (C.3). R* is the population’s offspring per pollen ratio. 
Entries marked ‘ϕ’ represent nonlinear relationships.  

 

! 

L1
* 

! 

L2
*  

! 

sR
*  survivorship 

to maturity 

survivorship 

to be 

female 

M F R* 

a  -0.17 -0.05 0.01 0.63 0.6 -0.02 0.01 0.01 

b -0.64 0.24ϕ 0.21 1.47 1.26 0.19  0.39 0.21 

c 0.76 0.14 0.49 -0.60 -0.19 0.47 0.06 0.49 

d 0.28 0.8 -0.47 -0.22 -0.48 -0.1 0.15 -0.47 

µ -0.37 -1.33 -0.21 -0.18 0.02ϕ -1.2 -1.4 -0.21 

z0 0.13 0.12 -0.03 -1.05 -1.17 -0.35 -0.23 -0.03 

L0 0 0 0 1.26 1.26 0 0 0 

m 0 0 0 0 0 0 0 -1 

f 0 0 0 0 0 1 1 1 
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CHAPTER 3 
DETECTING VARIATION IN GROWTH RATES WITHOUT MARKING INDIVIDUALS 

Introduction 

Ecologists and evolutionary biologists have long been interested in growth in body 

size. Studies of growth typically focus on differences among means of populations or 

treatment groups, striving for low variability around the mean to increase statistical 

power and variation within groups is often treated as noise obscuring the phenomena of 

interest.  However, ecological studies are increasingly incorporating among-individual 

variation into analyses as either a treatment or a response variable (Pfister and 

Stevens, 2002; Benedetti-Cecchi, 2003; Inouye, 2005; Peacor and Pfister, 2006; Peacor 

et al., 2007). These studies have shown that variation among individuals is itself the 

result of important biological processes and that population dynamics are sensitive to 

among-individual variation (Morris and Doak, 2002; Pfister and Wang, 2005; de Valpine, 

2009; Zuidema et al., 2009; Bolnick et al., 2011). These studies have also highlighted 

challenges for both quantifying and explaining the mechanisms behind observed 

variation among individuals in a population or cohort (Pfister and Stevens, 2002; Peacor 

and Pfister, 2006).  Here, we present a new method that will permit researchers to 

separate among- and within-individual variation in growth rates based on data from 

individuals within cohorts measured several times over the course of their ontogeny, but 

where (in contrast to existing methods) individual organisms need not be marked. By 

expanding the range of organisms and experimental designs where among-individual 

variation can be estimated, this method will enable researchers to better understand the 

sources of variation in body size data. 
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Many ecological and evolutionary processes depend on body size (Weiner, 1985; 

Brown et al., 2004; Weitz and Levin, 2006). For example, anurans and other organisms 

with complex life histories must attain a minimum size before they metamorphose and 

leave the water (Werner and Gilliam, 1984). Because the body size at which individuals 

undergo life history transitions is thought to be correlated with fitness (Alford and Harris, 

1988; Altwegg and Reyer, 2003; Marshall and Keough, 2005), much life history theory 

has focused on predicting the size and timing of these transitions (Wilbur and Collins, 

1973; Werner and Gilliam, 1984; Rowe and Ludwig, 1991).  While these models largely 

ignore among-individual variation, a variety of neutral and adaptive processes can 

maintain among-individual variation and modulate the expected results.   For example, 

prey may be forced to choose between a proactive strategy, foraging and growing 

normally in the presence of predators, and a reactive strategy, reducing foraging to 

avoid predation but growing more slowly as a result. In unpredictable habitats such as 

vernal pools, reactive individuals trade off predation resistance against a greater risk of 

mortality from other factors such as desiccation from pond drying. Such growth-mortality 

risk tradeoffs can lead to flat or bimodal fitness curves that maintain variation in 

populations (Mangel and Stamps, 2001).  

Variation in size among individuals also modifies population dynamics (Persson et 

al., 1998; Zuidema and Franco, 2001; Zuidema et al., 2009).  For example, among-

individual variation in developmental rates changes the amplitude and periodicity of 

population cycles in host-parasitoid models (Wearing et al., 2004). Neglecting among- 

individual variation in survival probability leads to overestimation of extinction risk in 

population viability analyses, due to the variance reduction effect, (Fox and Kendall, 
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2002) and underestimation of the population’s asymptotic growth rate (Kendall et al., 

2011); similarly, population viability analyses that neglect variance in fecundity among 

individuals may either over- or underestimate the population growth rate depending on 

the shape of the mean-variance relationship (Fox and Kendall, 2002) and the direction 

of covariance between parent and offspring fecundity (Kendall et al., 2011). Because 

survival probabilities and fecundity rates are closely linked to individual body size, 

variation in individual growth rate may drive changes in demography; thus incorporating 

growth autocorrelation in models may allow more accurate predictions of population 

size structure (Pfister and Wang, 2005).  

Three main growth processes lead to growth depensation (increased size variation 

within a cohort through time): within-individual variation in growth rate, among-individual 

variation in growth rate (i.e., positive growth autocorrelation), and size-dependent 

growth (Fig. 3-1a) (Pfister and Stevens, 2002).   

Within-individual variation in growth rate occurs when environmental heterogeneity 

causes growth rates to vary within individuals in ways that are uncorrelated through 

time. For the purposes of this paper, we take the pattern of growth depensation caused 

by within-individual variation to be the null expectation, and see if we can detect 

particular deviations from it. 

Among-individual variation in growth rate, or positive growth autocorrelation, is 

defined as positive temporal correlation in the growth rate of individuals. Many 

ecological processes can generate positive growth autocorrelation. The proactive and 

reactive behavior types discussed above generate permanent autocorrelation 

(autocorrelation that applies throughout the entire life stage), as individuals consistently 
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express the same behavior pattern (Coleman and Wilson, 1998; Sih et al., 2004).  In 

tree populations, variation in liana load generates permanent autocorrelation (Zuidema 

and Franco, 2001), while growth autocorrelation driven by extra light availability near 

treefall gaps is temporary, acting only until an individual near the gap grows up to fill it. 

In this paper, we focus on growth autocorrelation that persists throughout the time 

period of interest, although our methods could in principle be adapted to detect 

temporary autocorrelation. 

Size-dependent growth, where larger individuals have higher expected growth 

rates, can result from size-dependent gape limitation or size-dependent range size in 

animals. In plants, size-dependent growth often results from size-dependent resource 

uptake and asymmetric competition (Weiner, 1985). While size-dependent growth is 

important, and has frequently been suggested as a mechanism of positive growth 

autocorrelation (Peacor et al., 2007), we do not focus on it here – although our methods 

could be extended to detect it, or (with sufficient available data) to partition growth 

depensation into components arising from size-dependent growth and from positive 

growth autocorrelation. 

These three classes of mechanisms lead to different patterns of variation among 

individuals in a cohort through time (Fig. 3-1b). Because size-dependent and 

autocorrelated growth persist through time, they lead to larger growth depensation than 

within-individual variation in growth rates.   

Because methods to separate the contributions of all three mechanisms acting 

simultaneously would be both complicated and data-hungry, we focus on the relative 

contribution to growth depensation of within- and among-individual variation in growth. 
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We thus assume that individual growth rates are independent of size, or equivalently 

that a cohort’s mean body size grows linearly through time. Although this assumption 

may seem restrictive, many organisms grow approximately linearly in size over some 

window in their ontogeny (Ricklefs 1967, Laird et al. 1965). More generally, our method 

will apply whenever body size data can be transformed to be a linear function of time: in 

particular, if organisms grow exponentially with time (a common pattern early in 

ontogeny: (LAIRD et al., 1965; RICKLEFS, 1967; RICKLEFS and Cullen, 1973)), then 

log-transforming the data will make our method applicable.  

In the past, teasing apart the relative importance of within- and among-individual 

variation in growth for growth depensation has required scientists to mark individuals 

and follow each individual’s growth pattern (Brienen et al., 2006; Peacor and Pfister, 

2006), or to create distinct size classes in a starting cohort and monitor the intermixing 

of size classes (Peacor et al., 2007).  In many systems, however, neither of these 

approaches is feasible.  Marking individuals can bias results (McCarthy and Parris, 

2004; Saraux et al., 2011) and requires extra time that limits the scope of studies 

(Lavine et al., 2002). Lavine et al. describe a method to estimate seedling mortality 

without marking individuals, using only observations of the numbers of old and new 

seedlings through time. Similarly, our method for quantifying among-individual variation 

is observational, fitting a model of the expected changes in variance through time to 

repeated measures of a cohort’s variance.  

Methods 

We first derive the equations for the changes in cohort variance over time as a 

function of average growth rate, total variance in growth rate, and level of growth 

autocorrelation (non-technical readers can safely skip this section). We then discuss our 



 

41 

protocol for simulating cohort growth dynamics to test the statistical power of our 

approach and summarize the practical aspects of the estimation procedure for 

researchers interested in applying the method to their own data. We compare our 

method to standard repeated measures methods that are available only when 

individuals are marked. Finally, we add size dependent mortality to the data simulations 

and describe its effects on parameter estimates. 

Derivation  

Suppose that individuals in a cohort grow linearly with mean growth rate g per time 

step

! 

" t. Each individual, i, consistently deviates from this average growth rate by 

! 

" i , a 

normal deviate with mean 0 and variance 

! 

" 2#g
2. (Assuming normality is convenient for 

statistical inference on the parameters, but the derivation depends only on the mean 

and variance of this and other values.) At each time step, each individual’s growth rate 

also has an uncorrelated deviation

! 

" i,t with mean 0 and variance 

! 

1" # 2( )$ g
2% t. Then an 

individual’s size changing through time can be modeled as 

! 

Si(t +" t ) = Si(t) +" tg +" t# i + # i,t .         (3-1) 

Modeling an individual’s growth in this way is equivalent to using two normal 

distributions with unrelated variances. The advantage of using these two variance 

components is that 

! 

" g
2 and ρ2 are meaningful parameters. 

The cohort’s size variance increases quadratically through time when ρ2 >0:  

! 

"s
2 t +# t( )= " s

2 t( ) +# t
2$2" g

2 +# t (1% $
2 )"g

2 + 2t# t$
2" g

2 .      (3-2) 

See Appendix E for a more detailed derivation. 
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Without loss of generality, we scale the units of t so that t ranges from 0 to 1 

during the period of observation, so that 

! 

" g
2 is the total increase in cohort variance 

during the period of observation; set average growth rate g (which does not appear in 

the variance equation, Eq. (3-2)) to 1; and set the initial variance

! 

" 0
2 to 1, equivalent to 

setting the units of size – this also redefines 

! 

" g
2 as the relative increase in variance over 

the observation period. 

Simulating Growth Data 

To evaluate the performance of our statistical model, we simulated growth data in 

the R statistical programming environment (version 2.12.2) and fit the variance equation 

to the simulated data using maximum likelihood estimation. The increase in variance, 

! 

" g
2, was set to 4, 16, 32, 64, 128, and 256. This range of variances includes those 

observed in empirical studies on tadpoles (MWMcCoy unpublished, Peacor and Pfister 

2006). The growth autocorrelation parameter ρ ranged from 0 to 0.9 by increments of 

0.1. Observations were sampled at nt=8, 16, or 32 evenly spaced time steps. 

Growth autocorrelation was simulated by assigning each individual a normally 

distributed mean growth rate with mean g and variance

! 

" 2# g
2

! 

" t where 

! 

" t=1/(nt -1). The 

within-individual variation was simulated for each individual at each time step by 

choosing random deviates with mean 0 and variance 

! 

(1" # 2 )$ g
2% t. We simulated 

observations of body size for 8, 16, 32, 64, 128, 256, and 512 individuals in a cohort 

and ran 1000 replicates for each combination of parameters.  

Model Fitting 

Because our model assumes only process and not measurement error, we fit the 

parameters by step-ahead prediction, equivalent for a normal response to fitting the 
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between-step changes in variance as independent and normally distributed values with 

mean (Bolker, 2008): 

! s
2 t +"t( )!! s

2 t( ) = "t2#2! g
2 +"t (1! #

2 )! g
2 + 2t"t#

2! g
2 .     (3-3) 

We fit this equation to the data using maximum likelihood estimation in Automatic 

Differentiation Model Builder (ADMB) via the R package R2admb version 0.7.4/r65 to 

get estimates of ρ2 and 

! 

" g
2 (Fournier et al., 2011; Bolker and Skaug, 2012).  The same 

maximum likelihood estimation could be done using the package bbmle in R, but 

ADMB uses a more robust algorithm, automatic differentiation (Bolker, 2012). We 

bounded ρ to be between 0.001 and 0.999 with initial value 0.5. We started 

! 

"g
2 at the 

value of the observed increase in variance and bounded 

! 

"g
2 between 0.01 and 1.5 times 

the observed increase in variance. We computed 95% likelihood profile confidence 

intervals on ρ2. We calculated the coverage for each combination of parameter values 

as the proportion of simulations in which confidence intervals contained the true value of 

ρ2. 

Procedures 

A step-by-step protocol for quantifying growth autocorrelation with our method is 

as follows: (1) Confirm that the mean growth rates of the cohort are roughly 

independent of the mean body size (or equivalently that growth is approximately linear), 

transforming the data (e.g. by taking logarithms) if necessary. (2) Calculate the cohort’s 

variance at each time step and take the differences to find the change in variance at 

each time step. (3) Use maximum likelihood equation to estimate ρ2 from the data and 
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the equation for change in size variation Eq. (3-3). Use likelihood profiling to find 95% 

confidence intervals for ρ2.   

Repeated Measures 

When it is possible to mark individuals, more traditional repeated measures 

analyses can be used to estimate growth autocorrelation. To compare our method to 

repeated measures methods we fit a linear mixed model (LMM) to individual growth 

rates with a random effect of individual, using the same simulated data described 

above. We fit the model using lmer from the R package lme4 version 0.999375-40. 

We estimated ρ2 from the variance of the random effect of individual and the residual 

variance of the fitted model: 

! 

" estimat e
2 =

nt #1( )$indi vidual2

nt #1( )$indi v idual2 + $residual
2 .        (3-4) 

To test if individual growth rates varied significantly (equivalent to testing the null 

hypothesis ρ2=0), we did an exact restricted likelihood ratio test on the random effect of 

individual using the function exactRLRT from the R package RLRsim version 2.0-10 

(Scheipl et al., 2008). 

Size Dependent Mortality Simulations 

Our model assumes that all individuals survive throughout the experiment. 

However, this assumption may be violated in experimental and especially in 

observational studies. The worst-case scenario is when individual mortality rates 

depend on size; we tested our method’s performance in this scenario, specifically 

assuming that smaller individuals have a higher mortality rate. Each individual survived 

according to a Bernoulli trial at each time step, with a probability equal to a logistic 

function of its size at time t scaled by the duration of the time step:  
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! 

" t
1+ exp #r Si t( )# x 0( )( )

.         (3-5) 

We used r = 0.4 and x0 = -10, -9, -8, and -7. For each value of x0 and combination 

of parameters specified above, we estimated ρ2 for 1000 replicate simulations. 

Results and Discussion 

Sampling more individuals both improved point estimates and narrowed 

confidence intervals (Fig. 3-2). Sampling more time points (in the range 8 to 32) had 

negligible effect on point estimates of ρ2.  Fewer time points gave slightly narrower 

(undercovering) confidence intervals (most on the order of 0.01 but up to 0.04 narrower 

for 8 time points compared to 32 time points). In simulations with 8 time points, 

confidence intervals contained the true value of ρ2 slightly less than 95% of the time; 

their coverage leveled off at 90% for more than 50 individuals sampled. Whenever 

fewer than 50 individuals were sampled, 95% confidence intervals contained the true 

value of ρ2 less than 95% of the time (i.e. undercoverage); the worst case was 64% 

coverage for 8 individuals sampled at 8 time points with ρ2 = 0.81. Thus, we recommend 

sampling a minimum of 50 individuals on more than 8 occasions. Simulations with 

greater increase in variation, 

! 

" g
2, had slightly less biased point estimates of ρ2 (most on 

the order of 0.01 but up to 0.04 less bias for simulations with 

! 

" g
2=256 compared to 4). 

Increases in variation,

! 

" g
2, had no effect on confidence interval width.  

Our simulation results can be used to guide experimental designs for detecting 

growth autocorrelation in cohorts of unmarked individuals. Preliminary growth data from 

pilot lab or field studies, or data from the literature, can be used to guess an 
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approximate ρ2. Given this information, researchers can use Figs. 3-2 and 3-3 to make 

decisions about feasible precision and necessary sample sizes.  

At a minimum, researchers will want to confirm whether observed growth 

depensation could be the result of growth autocorrelation (i.e., to test the null hypothesis 

that ρ2=0 versus the alterative that ρ2>0). The number of measured individuals needed 

for 80% power to detect ρ2 greater than zero depends strongly on the true value of ρ2 

(Fig. 3-3). For example, if the true value of ρ2 is 0.64 then only 30 individuals are 

needed for 80% power (although with fewer than 50 individuals, estimates of ρ2 may be 

biased: Fig. 3-4).  If the true value of ρ2 is 0.36 and 

! 

" g
2 is 16, then 290 individuals are 

needed for 80% power. For the simulated experiments, only values of ρ2 greater than 

0.36 were ever distinguishable from zero with 80% power, regardless of sample size.  

Comparison of Variance-Pattern and Repeated-Measures Approaches 

When individuals of the study species can be marked, traditional repeated-

measures analyses can be used to estimate growth autocorrelation. As more individuals 

are sampled, both variance-pattern and repeated-measures methods approach 100% 

power, although repeated-measures power is always higher and increases more rapidly 

(Fig. 3-4). Nevertheless, variance-pattern power never has more than 30% less power 

in the range of scenarios we examined. Both methods are more powerful when 

detecting larger true values of ρ2. 

Size Dependent Mortality Causes Bias 

In simulations incorporating size-dependent mortality, estimates of ρ2 were biased 

downwards. The strength of the bias increased with the proportion of individuals that 

died (Fig. 3-5). Estimates of 

! 

" g
2 were also biased downward with increasing magnitude 
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as a larger proportion of individuals died. Because smaller individuals were selectively 

removed, the cohort’s variance increased by less than the nominal amount,

! 

" g
2. With 

less final variance, the cohort’s change in variance through time followed a more linear, 

less quadratic pattern than the model predicts without mortality. Mortality rates were 

higher in simulations with larger values of 

! 

" g
2, and hence bias increased, because the 

larger cohort variance resulted in more individuals falling within the high-mortality size 

range determined by Eq. (3-5).  For a given value of x0, realized mortality varied greatly, 

and realized mortality is a better predictor of bias, as well as being more directly related 

to ecological information that would be available to empirical researchers. 

Conclusion 

Detecting autocorrelated growth patterns previously required the marking of 

individuals, but marking is logistically infeasible in many ecological systems. Here, we 

have shown that, with a large enough sample, one can detect growth autocorrelation 

observationally by analyzing the patterns of increasing variance over time. This allows 

researchers to make a choice of how to best allocate their effort: sampling more 

individuals without marking them (a cheaper and faster design) or marking fewer 

individuals (a design for better information). We recommend applying this method to 

experimental designs where mortality can be kept below 10% over the course of 

sampling. It can be applied to open populations as long as individuals of the same age 

can be clearly identified. Better quantification of the patterns and genesis of size 

variation will help ecologists improve predictions of population dynamics as well as their 

basic understanding of ecological systems. 
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Fig. 3-1.  We simulated growth of individuals with the same growth parameters except 
for the assumptions: (panels from left to right) uncorrelated variation among 
individuals, autocorrelated variation i.e. variation among individuals, and 
positively size-dependent growth.  (a) Patterns of growth rate Growth rates of 
five individuals are represented in each graph by five separate lines. (b) 
Patterns of size variation We replicated 2000 cohorts of 50 individuals and 
plotted the average cohort’s variance (solid line) and the 2.5% and 97.5% 
quantiles (grey ribbons). 

  

a 

b 
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Fig. 3-2.  Estimates of growth autocorrelation ρ2 Estimates of ρ2 (solid lines), true values 
of ρ2 (dashed horizontal lines) and 95% confidence intervals (gray ribbons), 
averaged over 1000 replicates of each parameter combination. Number of 
time points nt=16. The true value of ρ2 increases moving across the panel. 
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Fig. 3-3.  Number of individuals needed to detect positive growth autocorrelation.   The 
line represents the minimum number of individuals in a cohort needed to 
statistically detect that ρ2 is greater than 0 at least 80 percent of the time. 
These are based on the 95% confidence intervals of 1000 simulations with 

! 

" g
2 

= 16 and nt = 16 (see Simulating growth data section for details). When 
ρ2<0.36, more than 512 individuals are needed, beyond the range we 
simulated. 

 

 

Fig. 3-4.  Power comparison with repeated-measures approaches. Our method for 
detecting growth autocorrelation (solid line) is less powerful than doing an 
exact restricted likelihood ratio test on a linear mixed model fit to data on 
marked individuals (dotted line). The true value of ρ2 increases moving across 
the panels.  
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Fig. 3-5.  Size dependent mortality causes bias. Estimates were biased downward with 
increasing magnitude as a larger proportion of individuals died in simulations 
with size dependent survival following Eq. 5. True values of ρ2 increase 
across the panels (horizontal dotted lines).  Solid and dashed lines represent 
different parameterizations of increases in total variance. 
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CHAPTER 4 
DOES FRAGMENTATION ALTER VITAL RATES AND INCREASE 

HETEROGENEITY? 

Introduction   

Environmental heterogeneity has important consequences for populations. When 

an organism’s vital rates (growth, survival, and reproduction) are influenced by 

environmental factors, then environmental heterogeneity can affect population dynamics 

and extinction risk.  

The effects of environmental heterogeneity are scale dependent. Small-scale 

spatial heterogeneity can increase variation among individuals and can either increase 

or decrease the population’s mean outcome due to Jensen’s inequality (Ruel and Ayres, 

1999). Spatial heterogeneity on the landscape scale reduces extinction risk if offspring 

settle in environments similar to their parents (Fox, 2005) and allows populations to 

attain higher densities due to a process known as habitat association in which more 

individuals become concentrated in the higher quality patches (Bolker, 2003). Temporal 

heterogeneity in demographic rates tends to reduce a population’s long-term growth 

rate (Boyce, 1977; Tuljapurkar and Orzack, 1980).  

In this study, we quantify heterogeneity on multiple scales and multiple habitats: 

yearly, individual, and landscape scales, in fragmented (F) and continuous forest (CF) 

habitats. We quantify heterogeneity in the vital rates – growth, reproduction, and 

survival – of plants, which we expect to be indicative of their environmental quality. We 

are specifically interested in stochastic heterogeneity rather than periodic heterogeneity 

or gradients. As previous work has shown, this variability will have important effects on 

populations’ probability of persistence. Although our study species is not in foreseeable 
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risk of extinction, variation in its vital rates are a good indicator of environmental 

heterogeneity and this will have implications for other species. 

Variation among individuals in their expected demographic rates is also called 

demographic heterogeneity; which differs from demographic stochasticity that can occur 

even when all individuals have the same trait and same expected rate (Kendall et al., 

2011). Demographic heterogeneity is a form of phenotypic trait variation and can be the 

result of both genetics and environment. Here we are interested in quantifying 

demographic heterogeneity because of its link to small-scale environmental 

heterogeneity. 

Recent studies have tried to decompose the relative strength of the consequences 

of variation on multiple scales. Melbourne and Hastings (2008) examined the relative 

contribution of demographic heterogeneity, demographic stochasticity, and 

environmental stochasticity to extinction risk. They found that demographic 

heterogeneity increases the risk of extinction in density dependent populations more 

than environmental stochasticity, but if it’s left out of the statistical model, variation due 

to demographic heterogeneity is erroneously lumped in with environmental variation. 

Jongejans and Kroon (Jongejans and De Kroon, 2005) and Ramula et al. (Ramula et 

al., 2009) compare the relative variation of population growth rate in space versus time; 

results differed. Jongejans et al. (Jongejans et al., 2010) quantified the net variance 

contribution of vital rates to variance in population growth at the regional, site, and 

yearly temporal scale; however with only 2 years of data temporal variability cannot be 

well described. 



 

54 

Effects of Fragmentation 

Fragmentation is a pervasive form of landscape change. Conditions in fragments 

can be highly variable (e.g., from the edge to the interior), so different individuals in the 

same fragment can be exposed to different environmental conditions. Fragments can 

also differ from each other because of disturbance events such as fires and blowdowns. 

Fragmentation alters forest hydrology and wind patterns, thereby creating more 

environmental heterogeneity both temporally and spatially. Clearings promote 

desiccation up to 2.7 km into nearby fragments and in turn, increase spatial 

heterogeneity (Malcolm, 1998; Didham and Lawton, 1999; Cochrane and Laurance, 

2008; Briant et al., 2010).  Because clearings have less evapotransporation and rainfall 

interception by vegetation, streams respond more quickly to precipitation events which 

promotes localized flooding in the wet season and reduced stream flow in the dry 

season (unpublished Trancoso, 2008). These more extreme hydrological events will 

spill over into forest fragments increasing temporal stochasticity and spatial 

heterogeneity. Additional edge effects include increased windshear and wind turbulence 

that increase rates of tree mortality and damage (Saunders et al., 1991; Ferreira and 

Laurance, 1997; Laurance, 1997). Tree mortality and damage can create gaps in the 

forest canopy that are temporally stochastic and increase small-scale spatial 

heterogeneity.  

In addition to the abiotic effects of fragmentation discussed above, there is 

evidence that population, community, and landscape dynamics have higher frequency 

or amplitude in fragments (i.e. hyperdynamic)(Laurance, 2002; Laurance et al., 2011). 

For example, butterfly species richness is more spatially and temporally variable in 

fragments (Leidner et al., 2010).  This could be an indicator of environmental 
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heterogeneity, either abiotic factors or biotic interactions. However, another study found 

that fragmentation reduced temporal turnover among beetle species (Davies et al., 

2001). 

Hierarchical Models 

Hierarchical models are useful tools for quantifying variability without observing the 

underlying processes (Clark, 2003). They allow us to quantify the variance on multiple 

scales without overfitting because they enable us to assume that the variation at each 

scale has some underlying distribution. Mixed models with multiple random effects are 

the tool we use here. Random effects are a way to account for how individuals, plots 

and years may differ from the average pattern. They allow us to quantify how much 

heterogeneity there is at each level of replication in our long-term demographic data set.  

To quantify the effect of fragmentation on the vital rates of our study species, we 

used generalized linear mixed models (GLMMs). GLMMs allow us to model count data 

and quantify variation while accounting for correlations and lack of independence 

(Bolker et al., 2009). We analyze repeated measures of individuals within plots and 

years to quantify variation at these three scales. 

Aims 

Here we used hierarchical models to quantify variation in growth rates of Heliconia 

acuminata, an understory herb in the Amazon. We addressed the following questions: 

1) Does fragmentation alter demographic rates on average? 2) Does fragmentation 

increase spatial and temporal variation in demographic rates? 
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Methods 

Data Description 

Individual plants within plots within habitats were marked and censuses yearly. 

There are four plots one-half hectare in size each located within a different one-hectare 

experimental fragment. There are six plots one-half hectare in size located within 

continuous forest. All plants within plots were censused and new seedlings were added 

to the census each year for twelve years. Seedlings became adults in their second year. 

Here, we only analyze observations of adult plants. A total of 1364 adults in fragments 

and 4873 in continuous forest were marked. Plant size was recorded as the number of 

shoots for each plant. Reproductive effort was monitored by recording the number of 

inflorescences for each plant. The census also included survival. We excluded plants 

with zero shoots because this class was only recorded in 2008 and 2009. 

More details can be found in Gagnon et al. (2011). Details of the Biological 

Dynamics of Forest Fragments Project, which this data set was part of can be found in 

Laurance et al. (2011). 

Model Formulations 

We assumed that plant size and habitat (fragment versus continuous forest) were 

good predictors of plant vital rates because these were previously shown to be good 

predictors of demographic rates in our study species (Gagnon et al., 2011). We initially 

formulated all models by examining graphs of the data with smoothed means 

(Wickham, 2009). For each habitat, we plotted shoot number on the x-axis. To quantify 

variation among individuals, plots, and years, our models included random effects of 

individual plant, plot, and year. 
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Growth  

The average number of shoots in the next year St+1 followed a linear relationship 

with number of shoots in the current year, St. A linear model of the form  

            (1) 

is an autoregressive model in which the absolute value of  must be less than one to 

keep S from going to infinity. The slope of our smoothed mean was less than one so it 

fits this criterion. This agrees with previous work on H. accuminata showing that small 

plants grow on average, but plants with more than four shoots tend to shrink on average 

(Gagnon et al., 2011). If growth was deterministic and size was continuous, this would 

make size at time t be St = S0!
t!1 +"

1!! t

1!!  
and size would asymptote at !

1!"
. In our 

non-deterministic model, plants below the asymptotic size will probably grow and those 

above will probably shrink.  

We included Gaussian random effects on the term  !. An individual with a higher ! 

would have an above average asymptote or maximum plant size as could be the result 

of a nutrient rich patch of soil. All plants within a plot with a higher ! would have higher 

asymptotes. A year with a higher ! would increase the expected number of shoots in 

the following year for all plants in all plots with the absolute amount of increase being 

the same for all sizes. This could be caused by better weather, e.g. longer rainy season. 

Because shoot number is not continuous but a count, the potential distributions 

are Poisson and negative binomial. Although it is typical to fit these distributions with 

log-link functions (meaning that the response increases exponentially as a function of 

the predictors), we fit our distributions with identity links (meaning that the response 

St+1 =!St +"

!
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increases linearly with the predictors as in ). The mean of the Poisson 

distribution has to be a positive number, so fitting this model with an identity link can be 

delicate (Marschner, 2010). For this particular data set, we did not have to constrain the 

parameters in any way or use any special algorithms to find the maximum likelihood 

estimates. We allowed both parameters  – slope and intercept – is to vary by habitat. 

Reproduction  

Plants with five or fewer shoots typically produced no inflorescences, but 

occasionally produced up to four inflorescences. The smoothed mean number of 

inflorescences accelerated as plant size increased, but many large plants still produced 

no inflorescences. A typical form for an accelerating mean as a function of the 

predictors is eaS+b , i.e. a log link. 

As with shoot number, inflorescences are discrete counts so their distribution is 

either Poisson or negative binomial. However, inflorescence number may be zero-

inflated meaning that there are more zeros than would be predicted by the statistical 

distribution. Therefore, we fit zero-inflated versions of the Poisson and negative 

binomial in addition to the standard versions. We included plant size as predictors for 

both parts of the model – zero inflation and conditional mean – and allowed all 

parameters to vary by habitat. We used information criteria AIC to determine if zero-

inflated models were better fits to the data.    

We included random effects in the count part of the model only, not on zero 

inflation. Gaussian random effects were applied to the intercept term, b. Plants with 

larger values of b produce more inflorescences than average plants and the difference 

increases with size. Plants within plots with larger values of b produce more 

St+1 =!St +"
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inflorescences than average plots and the difference is more extreme for larger plants in 

that plot. Because a random effect of individual has an influence with strength 

dependent on the individual’s size and not all individuals were measured at all sizes, 

there was potential for plants measured at small sizes to have larger random intercepts 

than plants measured at large sizes. To make sure this was not an issue, we visually 

accessed the model fits by plotting each individual’s size versus random deviate 

overlaid with a smoothed mean. 

Survival 

Survival was more probable for larger plants. Plants with ten or more shoots 

always survived. Because probability is constrained between zero and one, it is 

standard to use a logit link. We modeled survival probability as a function of shoot 

number: logit-1(!" + !). We allowed both parameters to vary by habitat. 

We included Gaussian random effects on the intercept, d. Units of replication 

(individuals, plots, years) with larger values of d have higher survival probabilities at 

smaller sizes and reach the maximum value, one, at smaller sizes. The effect of a larger 

d diminishes at larger sizes as units with average values of d also reach the maximum. 

Parameter Estimation and Uncertainty 

Allowing variance to differ by habitat 

Our goal was to compare the variability in fragments versus continuous forest, so 

we needed separate random effect variances for the two habitats. Therefore, we 

separated our data by habitat type and fit separate models to the data subsets. It would 

have been possible in ADMB to fit the full model with habitat as a predictor of the fixed 

effects and the random effect variance; however, it would have been more difficult 

without giving us more information.  
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The subsets contained four and six experimental plots each, too few levels for a 

random effect; so we modeled plot as a fixed effect (Bolker et al., 2009). We fit separate 

intercepts for each plot and calculated the variation among plots as the variation among 

their separate intercepts. This is not equivalent to a random effect because it lacks 

shrinkage; however it serves the same purpose of allowing us to quantify variation. For 

simplicity, we will use “intercept” to refer to the mean of the plot intercepts; random 

effects of plot would be approximate to the deviations from this mean, but with 

shrinkage that pushes them closer to the mean and depends on sample size.  

Before subsetting the data, we centered plant size to the mean across habitats.  

Confidence interval estimation 

The least controversial method for testing if parameters in GLMMs differ from zero 

or differ from one another is to estimate the probability distribution of the parameters; 

this avoids the controversy of having to degrees of freedom necessary for hypothesis 

testing with F-tests or t-tests (Baayen et al., 2008). Confidence intervals and inference 

statistics can be computed using the probability distribution of the parameters. 

Probability distributions can be estimated using either Markov chain Monte Carlo 

(MCMC) sampling or parametric bootstrapping. Here, we use MCMC sampling to 

estimate the posterior probability density of the parameters. We used flat priors for all 

parameters. We fit random effect variances on the log scale to ensure the variances 

were positive; this meant that their priors were flat on the log scale.  

We visually assessed the trace plots of the samples to check if the chains had run 

long enough and increased the samples as needed. We ran all models for 40,000 steps 

and saved 1000 samples; additionally, we ran the survival model for 80,000 steps. 

These samples were insufficient for achieving an effective sample size of 1000, so all 
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models should be run longer or using a different MCMC algorithm before publishing the 

results in peer reviewed literature. 

In addition to quantifying heterogeneity in vital rates, we wanted to test if there 

were significant differences between habitats in the vital rate after controlling for 

heterogeneity. Therefore, using our MCMC samples from the models fit to the habitats 

separately, we calculated the posterior probability of having a greater vital rate in either 

of the two habitats. For each habitat separately, for each MCMC sample, we use the 

estimated fixed effect to predict the expected vital rate for a plant of a certain size. We 

compared predictions for plants with one to fifteen shoots because fifteen was the 

maximum number of shoots observed in the fragments. Then for each number of 

shoots, we calculated the posterior probability as the proportion of MCMC samples that 

predict a greater vital rate in one habitat or the other. For an error rate of .05 in a two-

tailed test, we used .975 as a significance cutoff. 

Maximum likelihood estimation and MCMC Sampling using AD Model Builder 

Only a subset of our GLMMs could have been fit using standard R packages like 

glmer, MCMCglmm, and glmmADMB. For our growth model, glmer would fit Poisson 

with identity link, but not a negative binomial version. Currently, the identity link is not 

available in MCMCglmm and is not well tested in glmmADMB. For our growth model, zero 

inflation decreases with plant size, so we needed to have predictors on that part of the 

model; this is possible only without random effects using the function zeroinfl in the 

R package pscl version 1.04.1(Zeileis et al., 2008). A zero-inflated mixed model can 

be fit in glmmADMB, but not with predictors on the zero-inflation (Skaug et al., 2012). Our 
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survival model is a standard form and could be fit with any of the three packages 

mentioned above.  

We wrote our own code to fit these models using Automatic Differentiation Model 

Builder (ADMB)(Fournier et al., 2011). ADMB is an open source program that facilitates 

maximum likelihood estimation in a very flexible way. It can estimate random effects 

using Laplace approximation or Gauss-Hermite quadrature, but we used Laplace 

(Skaug and Fournier, 2006). ADMB can do MCMC sampling using either random walk 

Metropolis-Hastings or hybrid MCMC; we used Metropolis-Hastings. By default, ADMB 

starts MCMC sampling from the maximum likelihood estimate, so no burn-in period is 

needed. We fit all of the final models in ADMB for consistency and to facilitate MCMC 

sampling. Consistency is important when using AIC for model selection because some 

programs, such as glmer, do not include constants when calculating the joint negative 

log likelihood making them incomparable to other programs that do include the 

constant. 

We organized data in R and read it into ADMB using the R package R2admb 

version 0.7.5.2/r73 (Bolker and Skaug, 2012). We also used R2admb to extract 

maximum likelihood estimates and MCMC samples from the model fits. We used the 

package coda to analyze MCMC results (Plummer et al., 2006). Initial values for all 

parameters were first estimated using functions in R for each habitat separately. For our 

growth models, we used glmer in the R package lme4 version 0.999375-42 to fit a 

Poisson GLMM with an identity link (Bates et al., 2011). Because glmer estimated zero 

variance among individuals in growth, we initialized this to -10 on the log scale in our 

ADMB model. We initialized our zero-inflated inflorescence models with estimates from 
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a zero-inflated negative binomial GLM using the function zeroinfl in the R package 

pscl (Zeileis et al., 2008). We fit our survival models using glmer from R package 

lme4 (Bates et al., 2011).  

Model selection 

In our growth model we had to choose between the Poisson and negative binomial 

distributions. We also had that distinction for our reproduction model in addition to 

determining if the data had more zeros than the distribution (i.e. zero-inflation). We fit all 

model versions to the entire data set. We allowed slopes, intercepts, and variance 

parameters to vary by habitat. The formulation of the negative binomial we used had 

mean !, variance ! + !!/!, and no covariates on k. We bounded k to be between 0.001 

and 1000. In both the growth model and reproduction model, k went to 999.9 indicating 

that there was no overdispersion relative to the Poisson. Also, graphs of the mean-

variance relationship in our data did not look overdispersed. For the reproduction model, 

we used information criteria (AIC) to assess if the zero-inflated Poisson was a better fit 

than the Poisson. 

Assessing Spatial Patterns 

We calculated conditional residuals for all models, both mixed effects models and 

fixed effect only versions. To check for spatial patterns and edge effects in the 

fragments, we plotted the spatial locations of the residuals as well as the random effect 

estimates. We also calculated viariograms using the function Variogram from the R 

package nlme version 3.1-103.  



 

64 

Ignoring Demographic Heterogeneity 

We fit each of our models without random effects of individual, to compare with the 

full models and test if this variation would be lumped in with environmental variation as 

observed by Melbourne and Hastings (2008). 

Correlation Among Vital Rates 

We estimated the correlation among vital rates of our random effects within each 

unit of replication (year, plot and individual). The advantage of looking at random 

deviates rather than the average vital rates for subsets of the data is that deviates 

account for differences in the size distribution of the population. A population's size 

distribution could be changing through time and space and an individual's size affects its 

vital rates. Looking at the random deviates allows us to independently examine the 

effects of temporal and spatial environmental heterogeneity or demographic 

heterogeneity among individuals while controlling for size structure. 

Our main objective in this study was not to quantify the correlation among vital 

rates. If we wanted to get the best estimate of the relationships among vital rates, then 

we should have modeled a random effect’s influence on the three viral rates as a 

multivariate normal distribution instead of three separate normal distributions. This 

method is known to give better estimates of the correlations, but similar accuracy for 

point estimates as the methods used here (Evans and Holsinger 2012). The combined 

model would be quite complex given that we have three random effects influencing the 

outcomes of three vital rates. The random effect structure would be three multivariate 

normal distributions, one for each unit of replication, and each multivariate normal 

distribution would have mean zero and a three-by-three variance covariance matrix to 

characterize the relationships between the vital rate responses. This model could be 
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implemented in ADMB, but compared to the three separate models (one for each vital 

rate), it would take longer to converge and to do MCMC sampling for. Also, the three 

separate models can be run in parallel. 

 
Results and Discussion 

Fixed Effects 

Growth is slower in the fragments than in the continuous forest for plants with 

more than five shoots (Figs. 4-1a, 4-2a). Survival rates are lower in fragments than in 

the continuous forest for plants with more than three shoots (Figs. 4-1c, 4-2c). The best 

model of inflorescence production was zero-inflated Poisson compared to Poisson (∆ 

AIC 499.6). Inflorescence production is significantly higher in fragments than in the 

continuous forest for plants with more than ten shoots (Figs. 4-1b, 4-2b).  

Higher reproduction at a given size in fragments could be the result of evolution 

because higher mortality, as observed in fragments, can select for earlier maturation 

(Cohen, 1971; Kozlowski, 1992; Jacquemyn et al., 2012). This is also a potential 

explanation for why growth rates are reduced for plants in fragments: they are allocating 

a greater proportion of their resources to reproduction compared to similar sized plants 

in continuous forest. However, for such a long-lived perennial plant it seems unlikely for 

evolution to have occurred during thirty years since fragmentation; we discuss other 

potential explanations below.  

Our growth model is equivalent to a continuous form of the growth model 

previously done by Gagnon et al. 2011. Our growth estimates agreed with those of 

Gagnon et al. with the single exception that our estimate of the growth rate of plants 

with one shoot was 2% above their upper confidence limit.  



 

66 

Random Effects 

Reproduction was the most variable vital rate (Fig. 4-3b). Reproduction varied 

greatly among individuals, approximately equivalently in continuous and fragmented 

forest. Among year variation in reproduction was marginally greater in continuous forest 

than in fragments (.924 posterior probability). 

We know that variation can change the mean outcome of a process. We consider 

the expected value, across individuals, of inflorescences per individual ![(1" p)!] , 

equal to (1! p)! ! cor(p,!) var(p)var(!) . The correlation between p and ! is always 

negative because p is a decreasing function of shoot number and ! is an increasing 

function of shoot number. Therefore, heterogeneity in either parameter will increase the 

average rate of inflorescence in the population and therefore increase the population 

growth rate.   

Growth was the least variable vital rate (Fig. 4-3).  There was marginally more 

variation in growth rate among fragment plots, than among continuous forest plots (.925 

posterior probability). There was marginally more variation among years in continuous 

forest than in fragments (.935 posterior probability). There was little to no detectable 

variation among individuals in growth rate; this agrees with the results of simulations we 

conducted and with findings of Gagnon et al. (2011). It is difficult to detect a random 

effect of individual growth when each individual in measured at most eleven times.  

Also, our method was not designed to detect variation among individuals that changes 

through time, the kind that would arise from temporary canopy gaps that quickly 

become overgrown. 
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Survival varied approximately equally among plots and among years. Variation 

among individuals was undetectable in the fragmented forest, and only marginally 

detectable in the continuous forest (Fig. 4-3). For individual variation in survival in 

continuous forest, the mean of our MCMC samples differed from the MLE even after 

running 80,000 samples. We suspect that there is little to no information in the data to 

inform this parameter.   

Ignoring Demographic Heterogeneity 

In most models, the random effect of individual was close to zero, so ignoring 

individual variation had little effect on the model.  Reproduction was the exception 

where estimated variation among individuals was significantly greater than zero. As 

expected, dropping the random effect of individual caused the random effect of plot to 

increase in both models (Δ0.01 CF, Δ0.03 F) and caused the random effect of year to 

increase in the fragments (Δ 0.09) with a negligible change to random effect of year in 

the continuous forest (Δ -0.005). These results agree with the findings of Melbourne and 

Hastings (2008): ignoring variation among individuals causes variation to be lumped in 

with the other sources of variation. However, only a small portion of the variation among 

individuals was transferred to the other random effects, so overall variation was under-

estimated in models that ignore individual variation (Fig. 4-4).  

Correlation of Vital Rate Random Deviates 

Variation in vital rates was fairly synchronous between fragments and continuous 

forest (Fig. 4-5). The random deviates showed strong within-year correlation between 

habitat types: growth 0.7, reproduction 0.5, and survival 0.6. There was some 

synchronicity among vital rates. Growth and reproduction were positively correlated 

within years with 0.6 correlation in continuous forest, and much less in fragments with 
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0.08 correlation. Growth and survival were positively correlated within years in 

continuous forest 0.5, but slightly negatively correlated in fragments -0.002. 

Reproduction and survival were negatively correlated within years -0.3 in continuous 

forest and -0.5 in fragments. This indicates that years with high reproductive rates have 

reduced survival rates, especially in fragments.  

Within plots, reproduction and growth were positively correlated (0.7 in forest, 0.9 

in fragments). As with years, reproduction and survival were negatively correlated within 

plots (-0.6 in forest, -0.3 in fragments). Growth and survival were positively correlated in 

fragments (0.2), but slightly negatively correlated in continuous forest (-0.01). 

Within individuals, growth and reproduction were positively correlated (0.1 CF and 

F); growth and survival were negatively correlated (-0.2 CF, -0.03 F); survival and 

reproduction were slightly negatively correlated (-0.06 CF, -0.05 F).  

At all levels of replication reproduction and survival were negatively correlated. At 

the individual level, this could be due to a life history trade-off. However, the correlations 

were stronger at the plot and year level indicating an environmentally driven process. 

An environment that is bad for survival could be good for reproduction or a plant could 

up-regulate reproduction when it senses an environment that is bad for survival. This 

warrants more investigation using field experiments. 

Spatial Pattern  

Our spatial graphs and variograms showed no patterns in residuals nor individual 

random effects. This indicates that if spatial heterogeneity within plots was affecting the 

vital rates, then it was on too fine of a scale for us to detect.  
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Conclusion 

Fragmentation caused plants to have lower survival, lower growth, and higher 

reproductive rates. If fragmentation increases mortality due to tree falls, air 

temperatures, or soil moisture then natural selection would cause plants to begin 

allocating more energy to reproduction than growth. So the reduction in growth rates 

could be in indirect effect of fragmentation.  This pattern was also seen in the random 

effects: survival and reproduction random deviates were negatively correlated at all 

levels. This indicates that it could be a plastic response of the plants to some detectable 

environmental cue such as soil moisture. Cohen (1971) postulated for annual plants that 

if growth is terminated at a low soil moisture level, then soil moisture would be a good 

indicator of the optimal time to reproduce within a season. In future work, this 

optimization problem could be extended to perennial plants and coupled with 

experiments. Alternatively, the same environmental variable could be directly affecting 

both vital rates (i.e. increasing mortality and increasing reproduction). 

There was significant temporal heterogeneity and landscape level heterogeneity in 

all vital rates. There was strong demographic heterogeneity in reproduction. Individuals 

in good microenvironments may be allocating all additional resources to reproduction. 

Although there were no significant differences in the heterogeneity between 

continuous forest and fragments, there were some interesting patterns. In general, it is 

difficult to detect a difference in variance estimates because statistical power is low. 

There seemed to be more individual variation in reproduction in fragments. There 

seemed to be more temporal variation in all three vital rates in the continuous forest. 

This could lead to greater variability in the population growth rate in continuous forest 

and therefore a reduced long term growth rate.  
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Overall, vital rates were higher in continuous forest, but because they were 

temporally more variable, the long term growth rates of the populations could in theory 

be equal across habitats. 
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Fig. 4-1.  The solid line is the posterior probability density of having different vital rates 

at a given plant size. The dashed lines are the cutoffs for a two-tailed 
significance test with .05 error rate: probabilities above .975 indicate that the 
vital rate is significantly greater in fragments and values below.025 indicate 
that the vital rate is significantly greater in continuous forest. Each panel is a 
separate vital rate modeled with separate GLMMs for each habitat. 
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a b  

c  
Fig. 4-2.  Changes in plant size (shoot number) relative to stasis (black line) (a), 

inflorescence production (b), and survival (c) were modeled separately for 
habitats of continuous forest (red) and fragmented forest (blue) using GLMMs 
with fixed effect of shoot number (x-axis) and random effects of individual, 
plot, and year. The fixed effect predictions plus and minus two standard 
deviations of year are plotted to show the effect of greater variance in 
continuous forest. Circles represent observations with size representing the 
number (n) of observations at that point. 
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Fig. 4-3.  Each panel represents variation quantified by fitting a GLMM to a different vital 

rate: (from top to bottom) changes in shoot number, inflorescence production, 
and survival. The y-axis is the estimated standard deviation in random 
intercepts among units of replication divided by the overall intercept estimate 
for the same model. The color represents continuous forest (red circles) or 
fragmented forest (blue triangles). The points represent the mean of MCMC 
samples with bars for the 95% CI. Growth and reproduction models were run 
for 40,000 MCMC steps; the survival model was run for 80,000 steps. 
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Fig. 4-4.  Inflorescence rate estimated with mixed effects models with a random effect of 

individual (circular points) and without (triangular points) a random effect of 
individual. The random effect is on the x-axis. The color represents 
fragmented forest (blue) or continuous forest (red). The maximum likelihood 
estimates are plotted. 
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Fig. 4-5.  Variation in vital rates through time was fairly synchronous in forest (red 

circles) and fragments (blue triangles), but the different vital rates (different 
panels) showed both positive (growth and reproduction) and negative 
(reproduction and survival) correlation.  
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CHAPTER 5 
SCALING UP VARIATION 

Introduction 

Demographers have long known that variation has consequences for population 

growth. Predictions from stochastic models can greatly differ from those of deterministic 

models. Temporal variation increases the chance of extinction (Kendall, 1949). 

Landscape level spatial variation helps populations persist (Bolker, 2003). Demographic 

stochasticity (i.e. random variation in the fates of individuals) increases extinction risk of 

small populations (Morris and Doak, 2002). 

Demographic heterogeneity is a component of demographic variance defined as 

variation among individuals in traits that affect demographic rates (Fox et al., 2006; 

Melbourne and Hastings, 2008; Kendall et al., 2011). These traits could be observable 

(e.g. size, sex, habitat) or they could be unobservable (e.g. small scale spatial 

environmental heterogeneity in plants, territory quality in animals). Demographic 

heterogeneity differs from demographic stochasticity because demographic stochasticity 

is variation in the fates of individuals due to random chance (Roughgarden, 1975). Like 

demographic stochasticity but unlike other forms of environmental stochasticity, the 

effect of demographic heterogeneity is strongest for small populations (Melbourne and 

Hastings, 2008). However, unlike demographic stochasticity, demographic 

heterogeneity can reduce extinction risk. 

Some studies look at the effects of demographic heterogeneity while others use 

matrix models or integral projection models to examine the effects of temporal and 

spatial heterogeneity. It is not simple to include all three in structured population 

models. Demographic heterogeneity in growth was incorporated into matrix models 
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(Pfister and Wang, 2005; Zuidema et al., 2009) and an integral projection model (de 

Valpine 2009); its inclusion improved predictions of the population’s size structure, 

growth rate, and individuals’ fates. It would be challenging to expand the capabilities of 

either matricies or integral projection models such that they can incorporate 

continuously distributed demographic heterogeneity combined with spatial and temporal 

heterogeneity. Variation among individual reproductive rates can be modeled as a multi-

type branching process (Lloyd-Smith et al., 2005), but the problem becomes intractable 

with environmental and demographic heterogeneity. Individual based models are thus 

far the only framework that can incorporate variation on multiple scales into a model of 

population growth, so that is the tool we use here (Conner and White, 1999; Buckley et 

al., 2003). 

Melbourne and Hastings (2008) were able to tease apart the effects of 

demographic stochasticity, demographic heterogeneity, and environmental stochasticity 

in a population of red four beetles. Their lab-raised populations had non-overlapping 

generations. In their simple system, they were able to derive a tractable form for the 

expected variation in the number of individuals in the next generation as a function of 

the different sources of heterogeneity and population size. They found that extinction 

risk could only be correctly estimated if demographic heterogeneity was included in the 

analyses in addition to environmental and demographic stochasticity. 

The study presented here differs from that of Melbourne and Hastings in that we 

model a hermaphroditic organism with overlapping generations and we ignore density 

dependence. Also, the size structure of our population is known which accounts for 

most of the demographic heterogeneity. In this study, we are primarily interested in the 
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part of demographic heterogeneity caused by unobservable factors because, just like 

other components of demographic stochasticity, it has consequences for population 

viability and yet it is rarely incorporated in population models.  

Repeated measures of individuals’ vital rates are typically needed to quantify 

individual variation in vital rates due to unobservable factors. This type of data is 

commonly collected and analyzed in a repeated measures statistical framework, but 

among individual variation is not typically the result of interest. In our previous work 

(Chapter 4) we quantified variation among individuals in vital rates using generalized 

linear mixed models. We included random effects of year, experimental plot, and 

individual to quantify variation on those scales. We found that there was substantial 

variation among individuals in reproductive effort, more variation than among years or 

among plots. Here we quantify the effect it will have on population growth relative to 

other sources of stochasticity. 

Study System 

Heliconia acuminata is a long-lived perennial plant common to the understory of 

the Amazon.  Experimental fragments were isolated in the mid 1980s at the Biological 

Dynamics of Forest Fragments Project (described in Laurence et al. 2002). Heliconia 

acuminata have almost no asexual reproduction. Average densities at our study site 

were 5870 +/- 858 (s.d.) per continuous forest hectare and 1696 +/- 210 (s.d.) per 

fragment hectare. Dispersal is low (Uriarte et al., 2011). 
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Predicted Effects of Heterogeneity 

Changes to the mean population growth rate 

Demographic heterogeneity should increase the population growth rate. 

Demographic heterogeneity in survival increases the population growth rate because 

individuals with below average survival will die and the remaining individuals have 

above-average survival, a process called cohort selection (Kendall et al., 2011). When 

inflorescence is distributed as zero-inflated Poisson as it is in the case of Heliconia, 

demographic heterogeneity in inflorescence rate should increase the average 

inflorescence rate of the population (Chapter 4). Although we did not observe individual 

variation in growth rates of Heliconia, we would expect it to increase the population 

growth rate because fast growers can contribute disproportionately to population growth 

(i.e. the fast-growth effect) (Pfister and Wang, 2005; Zuidema et al., 2009). 

Because dispersal is low for Heliconia acuminata, we expect landscape level 

spatial variation to increase the population growth rate through time. Locations with 

higher survival and reproductive rates will contain an increasing proportion of the 

population and thus the population’s mean survival and reproduction will increase. With 

low distance dispersal, new individuals are born into locations that are similar to their 

parent. Thus, landscape level spatial environmental variation and its effect on an 

individual’s vital rates can also be interpreted as heritability in those vital rates (Fox, 

2005). Kendall et al. (2011) found that if there is a positive correlation between the 

reproductive rates of parents and offspring (such as that caused by a shared 

environment) then heterogeneity in reproductive rates will increase the population’s 

growth rate. Here, we model density independent population growth, but this principle 
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also applies to density dependent population growth and is sometimes known as habitat 

selection (Bolker, 2003). 

Changes to the variance of the population growth rate 

A population’s stochastic growth rate (geometric mean) is more informative than 

its arithmetic mean growth rate because the stochastic growth rate reflects how 

variation reduces the geometric mean. So we also quantify how heterogeneity affects 

the variation around the mean growth rates. Demographic heterogeneity in reproduction 

can either increase or decrease the variance in the population’s reproduction depending 

on the distribution of the reproductive rate (Kendall and Fox, 2003). Inflorescence 

production in Heliconia acuminata was previously shown to be zero-inflated Poisson so 

we estimate the expected variance of that distribution in the methods section. We 

expect the effects of spatial heterogeneity at the landscape scale to have effects similar 

to demographic heterogeneity because both forms of heterogeneity are consistent 

through time. We expect temporal heterogeneity in all vital rates to increase variance in 

the population growth rate. 

Here, we use data from our real system to quantify heterogeneity at different 

scales and to parameterize an individual based model, simulating the population 

dynamics in situations with different combinations of heterogeneity.  We analyze results 

of our simulations to answer the following questions: (1) How does heterogeneity at 

different scales affect the mean growth rate of a population? (2) How much variation in 

the population growth rate is attributable to each scale of heterogeneity? (3) Does 

individual variation in reproduction scale up to increase variability in the population's 

growth and thus lower its stochastic growth rate? (4) Do observed differences in 
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demographic rates explain the change in population structure since fragmentation 

occurred 30 years ago? 

Methods  

Data Description 

We had sufficient data to quantify demographic, spatial, and temporal 

heterogeneity in adult vital rates. We quantified spatial and temporal heterogeneity in 

seedling survival. Seed germination was habitat specific. All other parameters were 

measured in continuous forest only. 

We use parameter estimates of adult vital rates modeled in chapter 3. The number 

of flowers per inflorescence was observed on 57 inflorescences from multiple plants in 

1997 in continuous forest only. The proportion of flowers becoming fruits was observed 

on 22 plants in 1997 in continuous forest only. The number of seeds per fruit was 

observed in 873 fruits taken from continuous forest habitat in 1998. Seed germination 

probabilities, in both continuous forest and fragments, were published in (Bruna, 2002). 

Seedling survival and growth were monitored in the same data set as adult demography 

– for 12 years in ten plots in both habitats.  

Parameter Estimation 

Seedling survival was modeled separately for each habitat type using logistic 

regression using glmer in R. Plot was the only fixed effect and year was the only 

random effect. Plot was used as a fixed effect because there were too few to fit it as a 

random effect (Bolker et al., 2009).We calculated the landscape level spatial 

heterogeneity of this process as the standard deviation of the plot specific intercepts. 

Number of flowers per inflorescence was modeled as negative binomial because 

AIC scores indicated it was a better distribution than the Poisson distribution (!
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AIC=106). We used the function glm.nb in the MASS package in R. The proportion of 

flowers that became fruits on a plant was modeled as binomial (logit link) with a random 

effect of plant using glmer; AIC scores indicated that this was better than a model 

without a random effect of plant (!AIC=83). However, because individuals whose fruit 

production was measured do not correspond to those in the long-term study, we cannot 

say if this random effect of individual would be persistent through time or if it could be 

explained by covariates. Each fruit produced up to three seeds; the probabilities of each 

outcome from zero to three seeds were calculated directly because they were 

underdispersed compared to the Poisson distribution. The distribution of the number of 

shoots for new adults was quantified by subsetting the long term dataset to look at only 

seedlings; then we directly calculated the probability that a seedling would have zero, 

one, two, three, or four shoots in the following year.  

Covariance Among Vital Rates 

We calculated variance-covariance matrices for the adult vital rates at each level 

of replication: individual, plot, and year. Random deviates from the mean vital rates 

were estimated using a normal distribution with mean zero (chapter 4). Thus, we 

calculated separate variance-covariance matrices for individuals, years, and plots. The 

diagonal elements of the matricies contain the variance in each vital rate. The off-

diagonal elements contain the covariance among vital rates at that unit of replication. 

A more accurate way of estimating the covariance of vital rates would be to fit one 

combined model with the three vital rates as a multivariate response dependent on the 

underlying variance-covariance structure we secondarily estimated here (Evans and 

Holsinger, 2012). However, this would have added substantial complexity to our model 

fitting procedures and estimation of covariance was not a primary goal of this study.  
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Population Growth Simulations 

We simulated population growth using parameters from the vital rate models 

described above. When applicable, we used values specific to either habitat type: 

continuous or fragmented forest. We initialized each population with 10 individuals and 

assigned each individual three random deviates for the intercepts of each vital rate: 

growth, survival, and conditional mean inflorescence number. The zero-inflation part of 

our inflorescence model did not include heterogeneity other than covariates (chapter 3). 

We simulated the deviates from a multivariate normal distribution with mean zero and 

variance-covariance matrix calculated as described in the section Covariance among 

vital rates and using mvrnorm in the package MASS in R. They should be approximately 

normally distributed because random effects were fit using a normal distribution with 

mean zero. We assigned the starting number of shoots for each individual by 

resampling with replacement from the observed shoot number of adults in the habitat. 

We located each individual randomly in one of five plots. 

Using the same method as for individuals, for each simulated plot and year, we 

created random deviates from the overall intercepts using multivariate normal 

distributions with mean zero and variance-covariance matrix calculated as described in 

above.  

To project the population forward in time, we simulated survival, growth, and 

reproduction repeatedly. We iterated the population (storing its size each year) for as 

many years as we expected it to take for the population to grow to 100,000 individuals 

based on preliminary estimates of lambda. We chose 100,000 individuals as a target 

population size because it was few enough to store in 20GB of RAM and many enough 

to see a drastic reduction in demographic stochasticity. We ran 100 replicates. To 
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estimate demographic stochasticity at smaller population sizes, we ran another 10 

replicates for 10 years each, starting with a single individual. All simulations included 

fixed effects. We included random effects (RE) of individual, year, and plot in 6 

combinations (Table 5-1). 

Therefore, in situations 1 through 4, all plots were identical, but in situations 5 and 

6, each replicate had a different combination of five randomly generated plots. So this 

random effect increased variation among replicates, but not among years within a 

replicate.  

In each year, we calculated each adult's probability of survival, expected number 

of inflorescences, and expected number of shoots using the models fit to our real data. 

All parameter values depended on the habitat type being simulated except for models of 

flowers, fruits, and seeds. We included appropriate random effects for each situation. 

Individual survival was simulated as a binary process. We removed deceased 

individuals from the population.  We simulated the number of shoots for an individual in 

the next year as a Poisson deviate with mean equal to the expected number of shoots. 

Simulating reproduction required multiple steps (from inflorescence to new adult in 

2 years): plants produce a number of inflorescences; inflorescences contain an average 

of 23 flowers; each flower can become one fruit; each fruit can produce up to 3 seeds; 

each seed can germinate to become a seedling; each seedling has a probability of 

surviving its first year and becoming an adult. We simulated an individual’s total flowers 

as the sum of samples from a negative binomial distribution, one sample for each 

inflorescence.  We gave each individual a random deviate to include as the random 

effect of individual on the probability of flowers becoming fruits. Then that individual’s 
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fruits were simulated as binomial with n equal to that individual’s simulated number of 

flowers. Then we summed the fruits produced by the population and treated them 

equally. For each fruit, we simulated a uniform random number and based on that 

number, gave the fruit between zero and three seeds with cutoffs determined by our 

model fit to seed data. We summed the population’s seeds in a year and used that as n 

in a binomial random number with habitat specific probability of germination. Seedling 

survival through the first year was a binomial random number with n equal to the 

number of seeds that germinated. We stored the number of new adults to be added to 

the population two years from the year when the inflorescences were produced. 

New adults were added to the population based on the simulation from the 

previous two years because it takes two years for a seed to become an adult; for this 

reason, we ignored the first three years of all simulations when analyzing results. New 

adults were assigned random deviates for their three vital rates. We simulated shoot 

number by drawing a uniform random number between zero and one and using cutoffs 

based on the observed number of shoots that seedlings had the following year.  

Decomposing Effects of Heterogeneity on Population Growth 

For our analyses, we pooled the geometric growth rates across all simulated 

replicates and all years except the first three (before recruitment), and kept habitats and 

situations separate. We calculated geometric population growth rate as the population 

size in the next year divided by population size in the current year, lt = nt+1/nt. We kept 

track of their corresponding current population sizes, nt, because variation in population 

growth rates due to demographic stochasticity should decay with 1/ nt. The log 

population growth rates are normally distributed (at time goes to infinity) so we analyzed 

these values (Tuljapurkar and Orzack, 1980; Morris and Doak, 2002). We’ll refer to the 
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log of the population growth rate as r. For each situation in each habitat separately, we 

calculated the mean of the log growth rates, r . 

Heterogeneity at each scale has effects on the mean and variance of the growth 

rate as described in the introduction section.  To enable testing for these effects, we 

created predictor variables of the random effects included in each situation with 

elements equal to zero or one according to the columns of Table 5-1. 

Variance in the population growth rate can be decomposed as the sum of the 

effects of environmental stochasticity (temporal !Y
2  and spatial ! P

2 ), individual variation 

(demographic heterogeneity) and demographic stochasticity both proportional to the 

inverse of the number of individuals in the population, ! I
2 (1 / n)  and ! D

2 (1 / n)  (Morris and 

Doak, 2002; Melbourne and Hastings, 2008). Demographic heterogeneity causes 

population reproduction per year – contributing to nt+1 – to vary on the scale nt 

{Kendall:2003vu} thus var(nt+1) depends on nt , but in calculating the geometric growth 

rate at a given population size, var (nt+1 / nt) depends on 1/nt because var (X / a) = var 

(X) /a2. 

! r
2 =!Y

2 +! P
2 +! I

2 (1 / n)+! D
2 (1 / n)  

For each observed log growth rate, we calculated the squared deviation from the 

mean for that particular situation r ! r( )
2
which allowed us to estimate the effect sizes of 

the three sources of heterogeneity on variance ! r
2
. We could not directly calculate the 

variance for each treatment because demographic stochasticity depends on population 

size and for many population sizes, there was only one observation. The distribution of

r ! r( )
2
is related to, but not equal to the chi-squared distribution with one degree of 
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freedom  (see appendix H for details). Because of the unusual distribution, we fit the 

model in ADMB. We combined the values for all simulations but kept habitats separate. 

The model included separate intercepts for variance due to temporal heterogeneity and 

landscape heterogeneity, a slope on the inverse number of individuals (1/n) for 

demographic stochasticity and an interaction term between individual heterogeneity and  

(1/n). We calculated likelihood profiles of our estimates to get confidence intervals. 

To estimate the stochastic population growth rate, we found the geometric mean 

of the geometric growth rates. The geometric mean of the population’s geometric 

growth rate is defined as 1/
1 2 3( ... ) t

G tl l l l l=  and on the log scale 

log(lG ) =
1
t
log(l1)+ log(l2 )+…+ log(lt )( ) = 1t r1 + r2 + ...+ rt( ) .  

This allows us to use linear regression to estimate log(lG) (Dennis et al., 1991; 

Morris and Doak, 2002). The standard method developed by Dennis et al. is to fit a 

linear model with only an intercept, but in our case, we allow that intercept to change 

depending on the sources of heterogeneity included in the simulation. Our simulations 

with different types of heterogeneity had different variances around r, as estimated in 

the previous section. To account for the unequal variances, we used fits of our variance 

model to predict the variance associated with each observation of r. We used the 

inverse of each estimated standard deviation, ! r
!1 , as weights to do weighted least 

squares regression on r using the function lm in R. For the mean, we included 

predictors for each type of heterogeneity included in the model. To account for the fact 

that plot heterogeneity could be interpreted as heritability and lead to evolution through 

time, we fit versions with and without an interaction between plot heterogeneity and 
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year. We used information criteria to see which was a better fit to the data. We used t-

tests to test if the log of the geometric growth rate was greater than zero and to test if 

the contrasts differed from zero.  

 Scaling Up Variation Among Individuals in Inflorescence Rates  

We expected that variation among individuals in their reproductive rate would 

scale up and increase variation in the population’s reproductive rate, and therefore in its 

growth rate (Kendall and Fox 2003, Lloyd-Smith et al. 2005). Kendall and Fox (2003) 

showed that variance among individuals in some trait affecting reproduction will affect 

year to year variation in the population's total reproduction in a manner dependent on 

the second derivative of the demographic variance in reproduction evaluated at the 

mean trait value. Specifically,  

var(F) ! N VD " m[ ]( )+ 1
2
VD## " m[ ]( )+1

$

%&
'

()
var(m)+ 1

3!
VD### " m[ ]( )skew(m)+...

*

+
,

-

.
/
 

where var(F) is the variance among years in the population’s total reproductive rate, E[] 

denotes the expected value, VD is the demographic variance (i.e. the variance in 

reproduction caused by demographic stochasticity determined by the statistical 

distribution), and m is the trait that determines reproductive rate of an individual. The 

reproductive trait we examine here is the number of inflorescences produced in a year.  

In our case, as in many cases, inflorescence production is zero-inflated Poisson. 

Therefore, the relevant trait m is actually a function of two variables:  (1-p) !  and 

demographic variance is VD (p,!) = (1! p)! + p(1! p)!
2 . We expanded the calculations of 

Kendall and Fox (2003) so that the equation could apply to cases with two parameters 

(see appendix B for details). 
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var(F) ! N VD " p[ ]," ![ ]( )+ 12 var(p)
#2VD
#p2

+ 2cov(p,!) #
2VD
#p#!

+ var(!)#
2VD
#! 2

$

%
&

'

(
)+ var m( )+ h.o.t

*

+
,

-

.
/
 

Here, we’ve used a bar to denote the expectation. The var(m) term in the equation 

above is the variance among individuals in their expected reproductive rate. For 

simplicity, we will ignore higher order terms (h.o.t.). 

More specifically, for the zero-inflated Poisson distribution the variance in the 

population’s inflorescence production is 

var(F) ! N
(1" p)! + p(1" p)!

2
+ var((1" p)!)+

1
2
"2!

2
var(p)+ 2 "1+ 2!(1" 2p)( )cov(p,!)+ 2p(1" p)var(!)#

$%
&
'(

)

*

+
+
+

,

-

.

.

.
.  (5-1) 

We simulated inflorescence production using parameters fit to our data set. This 

enabled us to numerically verify the above calculations and to estimate the scale of 

variance caused by this process in a real system. For both continuous forest and 

fragmented forest, we simulated inflorescence production for populations of size 1,000, 

10,000, 100,000 and 1,000,000. We initialized each population by resampling (with 

replacement) from the observed distribution of shoots for that specific habitat type. We 

simulated the dynamics with and without random effects of individual; in the situation 

without a random effect, individuals still varied in their shoot number. We assigned each 

individual a random intercept for the conditional mean of its inflorescence rate, ! .  

Based on the individuals’ shoot number and random intercept (when applicable), we 

calculated their values of ! and p. For each replicate, for each individual, we sampled 

from a zero-inflated Poisson distribution with that individual’s parameters, ! and p; then 

we summed across individuals to get the total number of inflorescences. We did 1000 

replicates for each population and resampled to get new populations 10 times. For each 
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population, we calculated the average ! and p as well as the variance of ! and p and 

their covariance; we also calculated the variance among individuals in (1-p) !  so that 

these quantities could be plugged into Eq. (5-1) to check if it was a good predictor of the 

variation in the population’s total inflorescent number. We calculated the variation in 

total inflorescence number across the 1000 replicates for a given population. 

Simulations of Fragmentation 

To check if it was possible that the demographic structure of populations in 

continuous forest could be transformed into that of forest fragments within the timespan 

of the fragmentation experiment, we simulated this transition. We started with 

populations representative of the continuous forest and simulated their dynamics for 30 

years with rates dependent on models fit to fragmented forest. We initialized each 

population with 1000 individuals. Each individual was assigned a number of shoots by 

resampling with replacement from the distribution of number of shoots observed in 

adults in continuous forest between 1998 and 2009. Simulations were done in the same 

way as described in the previous section, but we kept track of the distribution of number 

of shoots through time.  

Results and Discussion 

Parameter estimates can be found in appendix F and chapter 4. 

Effects Of Heterogeneity On Average Population Growth 

All forms of heterogeneity increased the average value of the geometric growth 

rate, l. In continuous forest, the average was 1.23 (0.034 SE); demographic 

heterogeneity increased the average by 0.05 (0.036 SE); temporal heterogeneity 

increased the average by 0.10 (0.043 SE); landscape level spatial heterogeneity 

increased the average by 0.09(0.046 SE). In fragments, the average was 1.12 (0.005 
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SE); demographic heterogeneity increased the average by 0.003(0.005 SE); temporal 

heterogeneity increased the average by 0.02 (0.006 SE); landscape level spatial 

heterogeneity increased the average by 0.05 (0.007 SE).  

These results indicate that Jensen’s inequality was acting at all levels to increase 

the population’s mean growth rate. This may have been caused by the log-link in our 

equation of inflorescence production. A log-link in Poisson regression implies that the 

mean of the Poisson is an accelerating function of the predictors. Accelerating functions 

with variation in the predictors have higher averages than the function evaluated at the 

average predictor value (Ruel and Ayres, 1999). More variation in the predictor 

increases the mean function value. In our model, random effects of individual, year, and 

plot were predictors and therefore they increased the mean.  

Effects Of Heterogeneity On Stochastic Population Growth 

Demographic heterogeneity and temporal heterogeneity increased the stochastic 

geometric growth rate in both habitats. Demographic heterogeneity increased the 

stochastic geometric growth rate by 1.1% in continuous forest and .8% in fragments. 

Temporal heterogeneity increased the stochastic geometric growth rate by 1% in 

continuous forest and .4% in fragments. The strong effect of demographic heterogeneity 

could only have been caused by heterogeneity in inflorescence production because that 

was the only vital rate with significant variation among individuals. 

The best models in both habitats indicated that landscape level spatial 

heterogeneity reduced the average growth rate in early years (-4.2% CF; -1.1% F), but 

that the growth rate increased through time (.4% per year CF; .1% per year F) (∆AIC= 

48 CF and 95 F). This model had a slope on year only in situations that included spatial 

heterogeneity; the slope accounts for the potential for a greater proportion of individuals 
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to be located in plots with higher random deviates through time.  In contrast, the model 

without a slope on year indicated that landscape level spatial heterogeneity increased 

the average growth rate by 3% in both habitats. 

Effects Of Heterogeneity On Variance In Population Growth 

All types of heterogeneity increased variation in the log population growth rate. 

Demographic stochasticity had the largest influence in small populations more so in 

continuous forest (5.7; 95%CI: 5.49, 5.90) than in fragments  (2.5; 95%CI: 2.43, 2.57), 

but its influence decays as population size increases because these parameter 

estimates are slopes on the inverse population size. A population living at average 

density in one hectare would experience variance due to demographic stochasticity on 

the order of the other sources of heterogeneity: 0.0008 in continuous forest or 0.001 in 

fragments. Demographic heterogeneity, which also depends on population size, was 

also stronger in continuous forest (1.44; 95%CI: 1.12, 1.77) than in fragments (.82; 

95%CI: .70, .93), but in a typical population in one hectare the direction of strengths 

would be reversed (.00025 CF, .00048 F) because the population sizes differ. 

If we consider large populations, in fragments, landscape level spatial 

heterogeneity was the most influential source of variation (0.010; 95%CI: 0.0094, 0.011) 

followed by temporal heterogeneity (0.0063; 95%CI: 0.0060, 0.0065). In continuous 

forest, temporal heterogeneity was the most influential source of variation (0.046; 

95%CI: 0.043, 0.049) followed by landscape level spatial heterogeneity (0.035; 95%CI: 

0.029, 0.040). These values might only have meaning in their relation to one another.  

At a given population size, demographic stochasticity had twice as much influence 

in continuous forest than in fragmented forest. In our models of growth and reproductive 

effort, variance is an increasing function of the mean; larger individuals with higher 
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predicted means also have more variance in their fates (both in the statistical model and 

in the raw data). Individual sizes in continuous forest span nearly twice the range as in 

fragments (maximum 24 versus 15 shoots) so there is more demographic stochasticity.  

The influence of temporal heterogeneity was an order of magnitude larger in 

continuous forest than in fragments; this can be attributed to greater temporal 

heterogeneity in all three vital rates in continuous forest (see chapter 4 for parameter 

estimates). The temporal heterogeneity observed in each demographic rate was on the 

same order in continuous forest and fragments; so there must have been some synergy 

that increased the order of the differences at the population level.  

Inflorescence Production 

Demographic heterogeneity increased inflorescence production in our simulations, 

confirming the effect we expected to see from Jensen’s inequality. For populations of 

size 103 and 104, variation among populations caused overlap in the mean 

inflorescence rate with and without demographic heterogeneity, but for larger 

populations there was clear separation (Fig. 5-2). 

Observed variance in the population’s inflorescence production was near the 

approximation calculated using Eq. (5-1) (Fig. 5-3). On average, without demographic 

heterogeneity, the variance among replicates in inflorescence rate per individual was 

0.023 in continuous forest and 0.0009 less in fragments. Demographic heterogeneity 

increased the variance by 0.0014. To scale up from the variance per individual to the 

entire population, multiply by the population size. Most of the variation among 

individuals was due to differences in their size.  
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Transition From Continuous Forest To Fragment 

In our simulation of the transition from the stage structure of the continuous forest 

to the stage structure of the fragments, the average population converged to the steady 

stage structure quickly: within the first 10 years when ignoring heterogeneity and after 

30 years when including heterogeneity (Fig. 5-4). The stage distribution quickly changed 

as a result of the growth dynamics: plants from continuous forest that were far above 

the asymptotic size defined by the fragment parameters were highly likely to shrink (see 

chapter 4 for details). Compared to observations of the real fragments in 2008 and 

2009, our simulations after 30 years under predicted the number of plants with 0, 2, or 3 

shoots, and over predicted the number of plants with 6 to 8 shoots (Fig. 5-5). The 

version without heterogeneity over-predicted the number of seedlings, and the version 

with heterogeneity varied greatly in the 95% CI of seedlings.  

Conclusions 

The transition to the stage structure of a fragmented forest occurred quickly in our 

simulations. This supports the idea that the differences in stage structure observed 

between habitats, 30 years after fragmentation, are caused by the changes in vital rates 

due by fragmentation. 

Heterogeneity increased mean growth rates through Jensen’s inequality. 

Stochastic growth rates were lower than the means due to increased variability, but 

higher than stochastic growth rates in simulations without heterogeneity. Thus, 

heterogeneity had a net positive effect. In all situations, the stochastic growth rate was 

higher in continuous forest than in fragments. Thus, as many other studies have shown, 

fragmentation has a negative effect on population growth. Our results are unique 
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because we’ve shown this pattern holds even after accounting for three scales of 

heterogeneity. 
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Fig. 5-1.  Geometric growth rates were calculated from simulations of population growth 

in two habitats: continuous forest and fragments (upper and lower rows of 
panels respectively). Each column of panels represents a different situation. 
All situations include demographic stochasticity; panels marked ‘I’ include 
demographic heterogeneity; panels marked ‘Y’ include temporal 
heterogeneity; panels marked ‘P’ include landscape level spatial 
heterogeneity. The blue line is a smoothed condition mean. 
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Fig. 5-2.  Inflorescence per individual was averaged across repeated simulations of the 

same population. Each point is a different resampling of the observed 
population structure in each habitat. Simulations were done with (blue 
triangles) and without (red circles) demographic heterogeneity. Even without 
demographic heterogeneity, individuals varied in their sizes (more so in 
continuous forest) which determined their inflorescence production. 

 
Fig. 5-3.  Predicted and observed variance among replicates of inflorescence production 

per individual are near the one-to-one line. Variance is similar between 
habitats or slightly higher in continuous forest (left panel) and slightly higher 
with demographic stochasticity (blue triangles) than without (red circles).  
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Fig. 5-4.  Transition from continuous forest to fragment, years (represented by color): 1 

to 35, was simulated by resampling from adult states observed in the 
continuous forest and projecting forward using demographic rates observed in 
fragments. Seedlings are the left-most point on the x-axis. The pink line 
represents the observed structure of the fragments in 2008 and 2009. The 
first panel was simulated with only demographic stochasticity; the second 
panel additionally incorporated heterogeneity among years, plots, and 
individuals. 

 
Fig. 5-5.  Population structure 30 years after fragmentation occurred was simulated by 

resampling from adult states observed in the continuous forest and projecting 
forward using demographic rates observed in fragments. Grey ribbons 
represent the 95% quantiles among replicates. Seedlings are the left-most 
point on the x-axis. The pink line represents the observed structure of the 
fragments in 2008 and 2009. The left panel was simulated with only 
demographic stochasticity; the right panel additionally incorporated 
heterogeneity among years, plots, and individuals. 
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Table 5-1.  Simulated heterogeneity situations. 
Situation RE individual RE year RE plot 

1    

2 ✓   

3  ✓  

4 ✓ ✓  

5  ✓ ✓ 

6 ✓ ✓ ✓ 

 
Table 5-2.  Baseline log geometric growth rate and effects of heterogeneity in 

continuous forest and fragments. The effects were fit as offsets using 
weighted least squares regression weighted by the inverse of the estimated 
standard deviation. All estimates were significantly different from zero (P 
values of t-tests were all less than .05). 

 CF est F est 

Effect Without  

year:RE plot 

With  

year:RE plot 

Without  

year:RE plot 

With  

year:RE plot 

Baseline 0.132(0.002) 0.132(0.003) 0.089(0.001) 0.089(0.001) 

RE year 0.010(0.004) 0.010(0.004) 0.004(0.001) 0.004(0.001) 

RE individual 0.011(0.003) 0.011(0.003) 0.008(0.001) 0.008(0.001) 

RE plot 0.029(0.006) -0.043(0.012) 0.031(0.002) -0.011(0.005) 

Year:RE plot  0.004(0.000)  0.001(0.000) 
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CHAPTER 6 
CONCLUDING REMARKS 

This work has made contributions to the fields of sex change evolution, statistics, 

stochastic demography, and fragmentation ecology. 

The life history strategy of changing sex depending on size can be evolutionarily 

advantageous even when reproduction does not increase with size. Previous theories 

were based on the assumption that reproductive rate increases with size even though 

this is not always observed in nature.  

We have created a method that allows researchers to detect among individual 

variation in growth even when they are unable to mark individuals. Marking individuals 

in ethically questionable and demanding of resources. Our work increases the variety of 

systems where demographic heterogeneity can be detected.  

We have shown that heterogeneity can increase the stochastic growth rate by 

increasing the average growth rate.
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APPENDIX A 
DYNAMIC PROGRAMMING 

We consider a short time interval of length 

! 

"t  and separate the integral in Eq. (2-

6) into the term within this interval and the rest of time (from 

! 

t + "t  to infinity):

! 

V (L(t)) = max

f" f (t) + mR*"m (t)( )#t
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where the first symbol of maximization is related to the choice of the reproductive 

activity during the short time interval 

! 

"t  and the second symbol for maximization is the 

optimal choice of reproductive activity after 

! 

t + "t . Eq. (A-1) can be rewritten as 

 

! 

= max
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Now, we note that the integral in the left hand side is expressed in terms of Eq. (2-

6). It is rewritten as 

! 

=max
" f ( t ),
" m ( t )
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where the Taylor expansion of 

! 

V L t + "t( )( )  is calculated and expressed in terms of the 

reproductive activities that affect growth during the short time interval 

! 

"t . We adopted: 

! 

L t + "t( ) = L t( ) +
dL
dt

L t( ),# f t( ),#m t( )( )"t . 
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 Now we note 
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to the order of 
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! 
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and ignore terms of orders smaller than 
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Now we specify how growth rate is reduced by reproductive activity as Eq. (2-4), 

where growth rate during vegetative growth (

! 

"m =" f = 0) is a linear function of the 

current size: 

! 

dL
dt

L t( ), 0, 0( ) = a + bL(t) . When the plant is reproductive, growth rate is 

reduced.  Using Eq. (2-4), Eq. (A-2) is rewritten as Eq. (2-7).  
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APPENDIX B 
MAXIMIZTION 

 Maximization in Eq. (2-7) under the linear constraint Eq. (2-1) is achieved by 

comparing three quantities: 

! 

f " d • dV dL( ), 

! 

mR* " c • dV dL( )  and 0. If 

! 

f " d • dV dL( ) is 

the largest among the three, the optimal strategy is to be a female (

! 

"m ," f( ) = 0,1( ) ). If 

! 

mR* " c • dV dL( )  is the largest, the optimal strategy is to be a male (

! 

"m ," f( ) = 1, 0( ) ). If 

both quantities are negative, the optimal strategy is to stay immature (

! 

"m ," f( ) = 0, 0( )). 

These implications arise directly from the maximization of Eq. (2-7) and require no 

assumption about the order of the phases. We will not assume anything about the order 

of the phases until Appendix C and D.  We have three intervals as follows:  

[I]  Vegetative growth phase: In this interval, the optimal choice satisfies: 

! 

" f t( ) = 0 , and 

! 

"m t( ) = 0 .         (B-1a) 

which implies (from Eq. 2-7) 

! 

f " d dV
dL

< 0,  and 

! 

mR* " c dV
dL

< 0,         (B-1b) 

and 

! 

0 = a + bL( ) dV
dL

" µ +
z0
L

# 

$ 
% 

& 

' 
( V L( ),        (B-1c) 

holds. In this interval reproductive activity as a female or a male would reduce the 

growth rate too much, and it is less beneficial to the plant.  

[II]  Male reproductive phase: In this interval, the optimal choice satisfies: 

! 

" f t( ) = 0 , and 

! 

"m t( ) =1.         (B-2a) 

which implies (from Eq. 7) 

! 

f " d dV
dL

< mR* " c dV
dL

, and 

! 

mR* " c dV
dL

> 0,       (B-2b) 
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and  

! 

0 = mR* + a + bL( ) " c( ) dVdL " µ +
z0
L

# 

$ 
% 

& 

' 
( V L( ) ,      (B-2c) 

holds. In this interval, reproductively active as a male is more valuable than being 

vegetative growth or being reproductively active as a female.  

[III] Female reproductive phase: In this interval, the optimal choice satisfies: 

! 

" f t( ) =1, and 

! 

"m t( ) = 0 ,         (B-3a) 

which implies (from Eq. (2-7)) 

! 

f " d dV
dL

> mR* " c dV
dL

, and 

! 

f " d dV
dL

> 0,        (B-3b) 

and  

! 

0 = f + a + bL( ) " d( ) dVdL " µ +
z0
L

# 

$ 
% 

& 

' 
( V L( )

,      (B-3c) 

holds. In this interval, reproductively active as a female is more valuable than vegetative 

growth or being reproductively active as a male.  



 

105 

 
APPENDIX C 

SURVIVORSHIP 

Now we consider the survivorship of an individual to a given size L. The mortality 

per unit time is 

! 

z0 L , irrespective of the reproductive activity. However, growth rate 

depends on reproductive activity so mortality per unit increase in size differs depending 

on reproductive state. Specifically, mortality per unit increase in size would be lowest for 

a vegetatively growing plant, and higher for a male plant and the highest for a female 

plant.  Considering these, we can derive the following results for survivorship. Denote 

the survivorship of an individual from size 

! 

L0 to L by 

! 

S L0; L( ) . 

For 

! 

L0 < L < L1
*, we have 
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For 

! 

L1
* < L < L2

* , we have 
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For 

! 

L > L2
* , we have 
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Using these expressions, we can rewrite Eq. (2-13) as Eq. (2-14).  
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Note that when we change the variable of integration from age t to size L, we must 

include the inverse of the growth rate because 

! 

dt = dL a + bL " d( ) in the female phase 

and 

! 

dt = dL a + bL " c( ) in the male phase.  

The right hand side of Eq. (2-14) gives the expected lifetime RS of the schedule. It 

must be equal to 

! 

V0 , as shown in Eq. (2-14). However for an arbitrary choice of 

! 

V0 , Eq. 

(2-14) does not hold and we need to find a suitable choice of 

! 

V0  that satisfies Eq. (2-14). 

The procedure is described in the text.  
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APPENDIX D 

DIRECT OPTIMIZATION 

Here we develop the direct calculation of the optimal condition. We express the 

lifetime RS as a function of two critical sizes (

! 

L1and

! 

L2), then calculate the derivatives 

with respect to them and set them equal to 0. Finally, we combine these conditions with 

the ESS sex ratio condition: total male RS is equal to total female RS for the population. 

Let 

! 

SI L0, L( ) be the survivorship from size 

! 

L0 to size L, during which the plant 

grows vegetatively. Let 

! 

SII L1, L( ) be the survivorship from size 

! 

L1 to size L, during which 

the plant grows vegetatively. Let 

! 

SIII L2, L( )  be the survivorship from size 

! 

L2 to size L, 

during which the plant grows vegetatively.  

We have the following expressions: 

! 

SI L0, L( ) = exp " µ +
z0
L'

# 

$ 
% 

& 

' 
( 

dL'
a + bL'L0

L

)
* 

+ 
, 
, 

- 

. 
/ 
/ ,   for 

! 

L0 < L < L1.    (D-1a) 

! 

SII L1, L( ) = exp " µ +
z0
L'

# 

$ 
% 

& 

' 
( 

dL'
a + bL'"cL1

L

)
* 

+ 
, 
, 

- 

. 
/ 
/ ,  for 

! 

L1 < L < L2 .    (D-1b) 

! 

SIII L2, L( ) = exp " µ +
z0
L'

# 

$ 
% 

& 

' 
( 

dL'
a + bL'"dL2

L

)
* 

+ 
, 
, 

- 

. 
/ 
/ ,  for 

! 

L2 < L .     (D-1c) 

Hence we have 

! 

"
"L0

SI L0, L( ) = µ +
z0
L0

# 

$ 
% 

& 

' 
( 

1
a + bL0

SI L0, L( )
,       (D-2a) 

! 

"
"L

SI L0, L( ) = # µ +
z0
L

$ 

% 
& 

' 

( 
) 

1
a + bL

SI L0, L( ) ,       (D-2b) 
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! 

"
"L1

SII L1, L( ) = µ +
z0
L1

# 

$ 
% 

& 

' 
( 

1
a + bL1 ) c

SII L1, L( )
,       (D-2c) 

! 

"
"L

SII L1, L( ) = # µ +
z0
L

$ 

% 
& 

' 

( 
) 

1
a + bL # c

SII L1, L( ) ,      (D-2d) 

! 

"
"L2

SIII L2, L( ) = µ +
z0
L2

# 

$ 
% 

& 

' 
( 

1
a + bL2 ) d

SIII L2, L( )
,      (D-2e) 

! 

"
"L

SIII L2, L( ) = # µ +
z0
L

$ 

% 
& 

' 

( 
) 

1
a + bL # d

SIII L2, L( ),      (D-2f) 

 

Now we define the lifetime RS as 

! 

" L1, L2( ) = SI L0, L1( ) mR SII L1, L( ) dL
a + bL # cL1

L2

$
% 

& 
' 
' 

                                + fSII L1, L2( ) SIII L2, L( ) dL
a + bL # dL2

(

$
) 

* 
+ 
+ .     (D-3) 

The derivatives with respect to two critical sizes are: 

  

! 

"#
"L1

= $ µ +
z0
L1

% 
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) 
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1
a + bL1

# + µ +
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1
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1
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 Setting these equal to 0, we have 



 

109 

! 

0 = µ +
z0
L1

" 

# 
$ 

% 

& 
' 

c
a + bL1

( )mRSI L0, L1( ),        (D-4a) 

! 

0 = " f a + bL2 " c( ) "mR a + bL2 ^d( )( )

+ f d " c( ) µ +
z0
L2

# 

$ 
% 

& 

' 
( SIII L2, L( ) dL

a + bL " dL2

)

*
.       (D-4b) 

In addition to these optimization conditions, we have the condition for the equality 

of male/female contributions. 

! 

mR SII L1, L( ) dL
a + bL " cL1

L2

# = fSII L1, L2( ) SIII L2, L( ) dL
a + bL " dL2

$

#
.    (D-5) 

From these four relations (D-1), (D-4a), (D-4b) and (D-5), we can determine three 

unknown variables: 

! 

L1, 

! 

L2, R, and 

! 

" .  

 Define the following quantities: 

! 

A L1, L2( ) = SII L1, L( ) dL
a + bL " cL1

L2

#
,        (D-6a) 

! 

B L2( ) = SIII L2, L( ) dL
a + bL " dL2

#

$
.        (D-6b) 

Then  

! 

" = SI L0, L1( ) mRA[  + fSII L1, L2( )B],        (D-7) 

! 

µ +
z0
L1

" 

# 
$ 

% 

& 
' 

c
a + bL1

( = mRSI L0, L1( ) ,        (D-8) 

! 

f a + bL2 " c( ) "mR a + bL2 " d( )( ) = f d " c( ) µ +
z0
L2

# 

$ 
% 

& 

' 
( B ,     (D-9) 

! 

mRA = fSII L1, L2( )B .          (D-10) 

We remove 

! 

", and use 

! 

sR = mR f . We can derive the following three equations: 
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! 

µ +
z0

L1

" 

# 
$ 

% 

& 
' 

c
a + bL1

sRA[  +SII L1, L2( )B] ( sR = 0
,       (D-11) 

! 

a + bL2 " c( ) " sR a + bL2 " d( )( ) " d " c( ) µ +
z0
L2

# 

$ 
% 

& 

' 
( B = 0

,     (D-12) 

! 

sRA - SII L1, L2( )B = 0.          (D-13) 

The three unknowns are two critical sizes (

! 

L1, 

! 

L2) and sex ratio 

! 

sR = mR f .  

First we set sex ratio 

! 

sR = mR f  as a trial value, and find the root of Eq. (D-12) to 

obtain 

! 

L2. Then we find the root Eq. (D-11) to obtain 

! 

L1. Then examine the value of Eq. 

(D-13), and change 

! 

sR . Searching for the solution to all three unknowns was somewhat 

automated using the uniroot function in the statistical programming language R. 
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APPENDIX E 
DERRIVATION OF STATISTICAL GROWTH MODEL 

Assume individual i’s size through time follows:

! 

Si(t +" t ) = Si(t) +" tg +" t# i + # i,t , 

where 

! 

" i  has mean 0 and among-individual variance 

! 

" 2#g
2, and 

! 

" i,t has mean 0 and 

variance through time

! 

1" # 2( )$ g
2% t. Let 

! 

 denote the expected value across individuals. 

! 2 t +"t( ) = Si t +"t( )( )
2
! Si t +"t( )

2

= Si t( )+ g"t +#i"t +#i,t( )
2
! Si t( ) + g"t( )

2

= Si t( )
2
+ 2 Si t( ) g"t + 2 Si t( )#i"t + g2"t2 + #i"t( )2 + #i,t( )2 ! Si t( )

2
! 2 Si t( ) g"t ! g2"t2

= Si t( )
2
! Si t( )

2
+ 2"t Si t( )#i + #i"t( )2 + #i,t( )2

= Si t( )
2
! Si t( )

2
+ 2"t Si 0( )+ gt +#it + #i,$

$=0

t

"
#

$
%

&

'
(#i + #i"t( )2 + #i,t( )2

= Si t( )
2
! Si t( )

2
+ 2"t #i

2t + #i"t( )2 + #i,t( )2

=! 2 t( )+ 2"t%2! g
2t +"t

2%2! g
2 + (1! %2 )! g

2"t
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APPENDIX F 
PARAMETER ESTIMATES 

Table F-1.  Parameters used for both habitats. 
Parameter Source Value 

Mean flowers per inflorescence Bruna unpublished data 22.625 

Flowers overdisp par (NB size) Bruna unpublished data 7.56 

Logit prob flower producing a fruit Bruna unpublished data -0.9677 

Individual stdev logit prob flower to fruit Bruna unpublished data 0.86292 

Prob 0 seeds per fruit Bruna unpublished data 0.004582 

Prob 1 seed per fruit Bruna unpublished data 0.365407 

Prob 2 seeds per fruit Bruna unpublished data 0.355097 

Prob 3 seeds per fruit Bruna unpublished data 0.274914 

Prob seedling has 1 shoot next year 12 year Bruna dataset 0.799693 

Prob seedling has 2 shoots next year 12 year Bruna dataset 0.160349 

Prob seedling has 3 shoots next year 12 year Bruna dataset 0.029201 

Prob seedling has 4 shoots next year 12 year Bruna dataset 0.010758 

 
Table F-2.  Habitat-specific parameter values. 
Parameter Source CF value F value 

Prob seed germination Bruna 2002 Oecologia 0.055 0.02 

Logit Prob seedling survival 12 year Bruna dataset 0.9664731 1.618192 

Plot stdev logit seedling survival 12 year Bruna dataset 0.5469587 0.2034674 

Year stdev logit seedling survival 12 year Bruna dataset 0.28094 0.30733 
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APPENDIX G 
ZERO-INFLATED POISSON DEMOGRAPHIC VARIANCE 

Here we show the calculations to determine the expected variation in the 

population’s inflorescence rate. 

var(F) = N ![VD (m)]+ var(m)( )
![VD (m)]= VD (p,!) f (p !"" ) f (!)#p#!

VD (p,!) $VD (p,!)+ (p% p)
#VD
#p

+ (! %!)#VD
#!

&

'
(

)

*
++

1
2
(p% p)2 #

2VD
#p2

+ 2(p% p)(! %!) #
2VD
#p#!

+ (! %!)2 #
2VD
#! 2

&

'
(

)

*
++

1
3!
(p% p)3 #

3VD
#p3

+3(p% p)2 (! %!) #
3VD

#p2#!
+3(p% p)(! %!)2 #

3VD
#p#! 2

+ (! %!)3 #
3VD
#!3

&

'
(

)

*
+
 

Then by substituting the above Taylor expansion of VD(p, ) into the formula for 

E[VD(m)] and integrating, we get 

 

![VD (m)]"VD (p,!)+
1
2
var(p)#

2VD
#p2

+ 2cov(p,!) #
2VD
#p#!

+ var(!)#
2VD
#! 2

$

%
&
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(
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1
3!

skew(p)#
3VD
#p3

+ skew(!)#
3VD
#!3

+

3 (p* p)2 (! *!) #
3VD
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+ (p* p)(! *!)2 #

3VD
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+

,
-

.

/
0 f (p | !) f (!)#p#!11

$

%

&
&
&
&

'

(

)
)
)
)

 

Then more specifically for the zero-inflated Poisson: 

!
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VD (p,!) = (1! p)! + p(1! p)!
2

"VD
"p

= !! + (1! 2p)! 2

"2VD
"p2

= !2! 2

"VD
"!

= (1! p)+ 2p(1! p)!

"2VD
"! 2

= 2p(1! p)

"2VD
"!"p

= !1+ 2!(1! 2p)

"3VD
"! 2p

= 2(1! 2p)

"3VD
"p2"!

= !4!

"3VD
"!3

= 0

"3VD
"p3

= 0
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APPENDIX H 
DISTRIBUTION OF DEVIATES 

Let x=
r ! r( )

2

! r
2 ~ "df =1

2  so the probability density of x is 

1
21/2!(1 / 2)

x1/2"1e"x/2 = 1
21/2!(1 / 2)x1/2ex/2  

And because it is a probability density, then by definition 1
21/2!(1 / 2)x1/2ex/2" dx =1  

Let y= r ! r( )
2
= x! r

2 . Thendy = dx! r
2  

1

21/2!(1 / 2) y
! r
2

"

#
$

%

&
'

1/2

e
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2! r

2

"

#
$$

%

&
''

dy
0

(

) =
1

21/2!(1 / 2) x( )1/2 ex/20

(

) ! r
2dx =! r

2  

Therefore, to get the probability density of y to integrate to 1, we have to divide by ! r
2 . 

The probability density of y is  
1
! r
2

1
21/2!(1 / 2)x1/2ex/2

=
1

21/2!(1 / 2)! r
2 y
! r
2

"

#
$

%

&
'
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e
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2

"

#
$$

%

&
''

. 

In our case, ! r
2  is a linear function of covariates related to sources of heterogeneity and 

the number of individuals in the population. Define model matrix M, coefficient vector ! , 
and error vector such that ! r

2 =!" +# . Then we can calculate the negative log 
likelihood of each observed value of y. For observation i, the negative log likelihood is

 ! log 1

21/2"(1 / 2) #![ ]i
yi
#![ ]i

$

%
&&

'

(
))

1/2

e
y

2 #![ ]i

$

%
&
&

'

(
)
)

$

%

&
&
&
&
&
&

'

(

)
)
)
)
)
)

=

.5log(2)+ log("(.5))+.5log( #![ ]i )+.5log(yi )+
yi

2 #![ ]i  
 
where [!!]i is the ith element of the vector formed by multiplying the model matrix by 
the coefficient vector. We use this formula to fit the model ! r

2 =!" +# to our observed 

values of y= r ! r( )
2
 by minimizing the negative log likelihood in ADMB. We assume that 

the errors are i.i.d. We had to restrict elements of !! to be greater than 1e-6 to avoid 
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taking the log of a negative number. We penalized the negative log likelihood if the 
optimizer went into regions of parameter space that would cause negative values.  

 
Fig. H-1.  Squared values of log growth rate minus mean log growth rate. The mean 

was taken for each situation separately. Each column of panels represents a 
different situation. All situations include demographic stochasticity; panels 
marked ‘I’ include demographic heterogeneity; panels marked ‘Y’ include 
temporal heterogeneity; panels marked ‘P’ include landscape level spatial 
heterogeneity. 
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