
SOME ASPECTS OF ELECTRONIC TRANSPORT IN GRAPHITE AND OTHER
MATERIALS

By

HRIDIS KUMAR PAL

A DISSERTATION PRESENTED TO THE GRADUATE SCHOOL
OF THE UNIVERSITY OF FLORIDA IN PARTIAL FULFILLMENT

OF THE REQUIREMENTS FOR THE DEGREE OF
DOCTOR OF PHILOSOPHY

UNIVERSITY OF FLORIDA

2012



c© 2012 Hridis Kumar Pal

2



To my parents

3



ACKNOWLEDGMENTS

I am indebted to my adviser Dr. Dmitrii Maslov for his continued support and

guidance throughout this work. His depth of understanding and breadth of knowledge

are exemplary and they have inspired me immensely over the years. He helped me

navigate my way through the maze of scientific research and I owe him much for where I

am now. Without his mentorship, this dissertation would have never seen daylight.

I am thankful to the other members of my supervisory committee- Dr. Arthur

Hebard, Dr. Christopher Stanton, Dr. Hai-Ping Cheng, and Dr. Clifford Bowers- for

reading this dissertation carefully and providing me with helpful suggestions.

Parts of this work have been done in collabortion with other researchers and I

take this opportunity to thank them all for their help. This includes Dr. Arthur Hebard

and Dr. Sefaattin Tongay (Sef) who provided me with the experimental data; Dr.

Dmitri Gutman who helped me with some of the calculations in the project related to

transport properties of graphite; and Dr. Vladimir Yudson who assisted me in the project

concerning the effect of electron-electron interactions on the resistivity of non-Galilean

invariant systems.

In the course of doctoral work, I have received help on countless occasions from

several of my teachers, friends and colleagues. I owe them all my sincere gratitude. In

particular, I would like to mention Chungwei Wang who has helped me throughout my

graduate studies, explaining to me concepts I couldn’t understand myself; Tomoyuki

Nakayama and Lex Kemper who have always been there to answer my questions;

and Kristin Nichola and Pam Marlin who never hesitated to offer their secretarial help.

Thanks are due also to everyone who has helped me in the past, either directly or

indirectly, leading to the successful completion of my dissertation work.

I would like to acknowledge financial support from the National Science Foundation

for part of this work through grant NSF-DMR-0908029.

4



Last but not the least, I would like to express my heartfelt appreciation to my parents

and my sister for their love, support and constant encouragement. Without my father’s

zeal for academic research which he infused in me at a tender age providing me the

required fillip, my mother’s unconditional love which helps me trudge forward when

the path ahead seems narrow and difficult, and my sister’s presence which constantly

reminds me how empty life would have been without a sibling, I would have never been

able to reach this stage in life. I am grateful to them all.

5



TABLE OF CONTENTS

page

ACKNOWLEDGMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

LIST OF FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

CHAPTER

1 INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.1 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
1.2 Scope and Layout . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2 ELECTRICAL TRANSPORT PROPERTIES OF GRAPHITE . . . . . . . . . . 20

2.1 The Energy Spectrum of Electrons and Holes in Graphite . . . . . . . . . 21
2.2 Dependence of Resistivity on Temperature . . . . . . . . . . . . . . . . . 28

2.2.1 In-plane Resistivity . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
2.2.1.1 Model of electron-phonon interaction . . . . . . . . . . . 31
2.2.1.2 Comparison to experiment . . . . . . . . . . . . . . . . . 35
2.2.1.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . 36
2.2.1.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.2.2 Out-of-plane Resistivity . . . . . . . . . . . . . . . . . . . . . . . . 38
2.3 Dependence of Resistivity on Magnetic Field . . . . . . . . . . . . . . . . 41

2.3.1 In-plane (Transverse) Magnetoresistance . . . . . . . . . . . . . . 43
2.3.1.1 Linear magnetoresistance . . . . . . . . . . . . . . . . . 45
2.3.1.2 Macroscopic inhomogeneities . . . . . . . . . . . . . . . 49
2.3.1.3 Quantum oscillations . . . . . . . . . . . . . . . . . . . . 51
2.3.1.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

2.3.2 Out-of-plane (Longitudinal) Magnetoresistance . . . . . . . . . . . 54
2.4 Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3 MINIMAL CRITERION FOR LONGITUDINAL MAGNETORESISTANCE: A
NECESSARY AND SUFFICIENT CONDITION . . . . . . . . . . . . . . . . . . 57

3.1 Semi-classical Equations of Motion . . . . . . . . . . . . . . . . . . . . . 59
3.2 Minimal Conditions for Longitudinal Magnetoresistance . . . . . . . . . . 61

3.2.1 Necessary Condition . . . . . . . . . . . . . . . . . . . . . . . . . . 61
3.2.2 Sufficient Condition . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

3.3 Example: Longitudinal Magnetoresistance in Graphite . . . . . . . . . . . 68
3.4 Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4 RESISTIVITY OF NON-GALILEAN INVARIANT FERMI LIQUIDS AND SURFACE
TRANSPORT IN Bi2Te3 FAMILY OF TOPOLOGICAL INSULATORS . . . . . . 72

6



4.1 Formulation of the Problem . . . . . . . . . . . . . . . . . . . . . . . . . . 74
4.2 Electron-electron Contribution to the Resistivity . . . . . . . . . . . . . . . 79

4.2.1 Low Temperatures: Perturbation Theory . . . . . . . . . . . . . . . 79
4.2.2 Cases when the Leading Term Vanishes . . . . . . . . . . . . . . . 83

4.2.2.1 Isotropic system with an arbitrary spectrum . . . . . . . . 83
4.2.2.2 Approximate integrability: convex and simply connected

Fermi surface in 2D . . . . . . . . . . . . . . . . . . . . . 84
4.2.2.3 Subleading corrections to the resistivity when the leading

term is absent. . . . . . . . . . . . . . . . . . . . . . . . . 87
4.2.3 Non-integrable Cases . . . . . . . . . . . . . . . . . . . . . . . . . 90
4.2.4 Weakly-integrable Cases . . . . . . . . . . . . . . . . . . . . . . . . 91

4.3 Effect of ee Interactions on Surface Transport in Bi2Te3 Family of Topological
Insulators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
4.3.1 Conductivity Near the Convex-concave Transition . . . . . . . . . . 94
4.3.2 Proposal for Experimental Verification . . . . . . . . . . . . . . . . 99

4.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100
4.5 Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

5 CONCLUSIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

BIOGRAPHICAL SKETCH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

7



LIST OF FIGURES

Figure page

2-1 Unit cells in (a) 2D grahite with a1 and a2 as the basis vectors and (b) 3D graphite. 22

2-2 The first Brillouin zone of graphite showing the high symmetry points and the
Fermi surfaces along the edges. . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2-3 The band structure ε vs. k of graphite near the Fermi energy. . . . . . . . . . . 25

2-4 A diagram of the Fermi surface of graphite showing trigonal warping (exaggerated)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2-5 Measured in-plane resistivity of graphite (squares) vs a theoretical prediction
in the model with scattering rate 1/τ = 1/τ0 + αT . . . . . . . . . . . . . . . . . 30

2-6 Experimental data of ρab of graphite fitted with Eq. 2–18. . . . . . . . . . . . . . 35

2-7 Experimental data of ρc vs. T in graphite [10]. . . . . . . . . . . . . . . . . . . . 39

2-8 Variation of hall resistance with magnetic field in graphite [10]. . . . . . . . . . 42

2-9 Experimental data of ρab vs. H at 5K in graphite [10]. . . . . . . . . . . . . . . . 44

2-10 Calculated dependence of transverse magnetoresistance on magnetic field in
graphite in low fields. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

2-11 Calculated dependence of TMR on magnetic field in graphite over a wide range
of field values both in the presence and in the absence of inhomogeneities. . . 52

2-12 Experimental data of ρc vs. B at 1.9 K in graphite [10]. . . . . . . . . . . . . . . 55

3-1 Geometric interpretation of the necessary condition for LMR. . . . . . . . . . . 64

3-2 Calculated dependence of LMR on magnetic field in graphite. . . . . . . . . . 70

4-1 Isotropic case in 2D: Three possible scattering processes none of which leads
to current relaxation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

4-2 The number of self-intersection points (marked by dots) depends on whether
the contour is convex or concave. . . . . . . . . . . . . . . . . . . . . . . . . . . 87

4-3 The number of self-intersection points depends on the dimension and the topology
of the FS. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

4-4 Isoenergetic contours for the spectrum in Eq. 2–2. The dashed line corresponds
to the critical energy for the convex-concave transition. . . . . . . . . . . . . . . 94

4-5 Factors determining the number of self-intersection points in 2D contours. . . . 96

4-6 Geometric interpretation of a self-intersecting concave contour. . . . . . . . . . 98

8



4-7 Different temperatue regimes for Fermi-liquid (FL) and quantum-interference
(QC) corrections to the conductivity. . . . . . . . . . . . . . . . . . . . . . . . . 101

9



Abstract of Dissertation Presented to the Graduate School
of the University of Florida in Partial Fulfillment of the
Requirements for the Degree of Doctor of Philosophy

SOME ASPECTS OF ELECTRONIC TRANSPORT IN GRAPHITE AND OTHER
MATERIALS

By

Hridis Kumar Pal

August 2012

Chair: Dmitrii L. Maslov
Major: Physics

We investigate several aspects of electronic transport in this work. First, we

study the transport properties of graphite. We find that the experimentally observed

unsaturating metallic behavior of resistivity at high temperatures may be explained

by taking into account inter-valley scattering of electrons off hard optical phonons.

Additionally, the presence of extremely light Dirac-like carriers at the H and H ′

edges of the Brillouin zone is found to give rise to a regime where the in-plane

transverse magnetoresistance is linear in the field, which explains, in part, some of

the experimental observations. However, these carriers are found to have no effect

on quantum oscillations. The out-of-plane transport, unlike in-plane, remains to be

explained. Second, we look into the counterintuitive phenomenon of longitudinal

magnetoresistance (LMR) (when current is applied parallel to magnetic field) and

establish the minimal conditions for this effect to occur. We show that LMR can arise

purely from band structure due to anisotropy of the Fermi surface (FS) provided, the

FS is sufficiently anisotropic. We derive a condition on the anisotropy and prove that

it is both necessary and sufficient. We also calculate LMR in graphite and compare it

with the experimental data. Third, we discuss the effect of electron-electron interaction

on the resistivity in a normal Fermi liquid. If Umklapp scattering is not allowed, unlike

commonly accepted notion, the resistivity is not always guaranteed to show a T 2

behavior. When the FS is singly connected and two dimensional with a convex shape,
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there is no T 2 dependence. The leading dependence is T 4. We use this to predict

how the surface resistivity in three dimensional Bi2Te3 family of topological insulators

behaves as the Fermi energy is shifted since, with change of Fermi energy, the shape

of the FS changes from convex to concave. We also derive a scaling form between

resistivity and temperature in the vicinity of this convex-concave transition and show

that the scaling form is universal, and therefore describes not only the Bi2Te3 family of

topological insulators, but also any other material where the FS is two-dimensional and

exhibits a similar convex-concave transition.
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CHAPTER 1
INTRODUCTION

Understanding transport properties of solids involves understanding the flow of

electrical or thermal currents through the system. Currents arise due to the transfer

of charge or energy by the carriers from one end of the system to the other under the

influence of an external perturbation (driving force) such as an electric field or a thermal

gradient. If both the driving forces are present, one can have both kinds of currents

with a possible coupling between them- a phenomenon known as thermoelectric

effect. The carriers of the currents are usually charged particles (e.g., electrons, holes,

quasi-particles); however, they could be uncharged too (e.g., phonons). In addition,

if there is an appropriate perturbation acting on some other degree of freedom of the

carrier (such as spin), one can have currents in that channel too (such as spin current).

We are, however, interested only in the electrical aspects of transport in this work.

A knowledge about the electrical conductivity of the system is not only technologically

relevant because of its practical utility, it is also indispensable in Condensed Matter

Physics because of its role in understanding the fundamental properties of solids. The

vast plethora of properties observed in different kinds of solids result from, broadly

stated, a delicate interplay among several factors- the interactions among the particles

comprising the system (electron-electron, electron-phonon, electron-impurity, etc.), the

degrees of freedom of each of those particles in the system (charge, spin, pseudospin,

etc.), and the dimensionality and physical size of the system (one, two, or three

dimensions and mesoscopic or macroscopic, etc.). As the charged particles move

under the application of an external electric field, their motion is affected by all these

factors; thus it acts as an effective mirror to the essential underlying physical processes

at play inside the system. Our goal is to understand how some of these factors affect

electronic transport in different contexts.
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Depending on whether the conductivity at zero temperature (residual conductivity)

is non-zero or zero, most solids may be classified as metals and insulators respectively.

In solids which admit a band picture, this distinction arises from the way the bands

are filled- metals have partially filled bands whereas insulators have bands which are

completely filled (there may be solids which do not admit a band-picture, e.g., Mott

insulator, where the underlying mechanism may be different). Further, if in a metallic

solid, partially filled bands overlap to give rise to a carrier concentration smaller than

typical metals, we call it a semi-metal. On the other hand, solids which are insulators

at zero temperature, but whose energy gaps are such that there is an appreciable

conductivity due to thermal excitation at temperatures below the melting point, are

called semi-conductors. This work mainly deals with metals and semi-metals and the

associated electronic transport (although we discuss topological insulators in Ch. 4,

we are essentially interested in the metallic surface states present in these systems).

The mechanisms of conduction and the associated physical manifestations may differ

drastically from one system to another depending on the idiosyncracies of the particular

system. However, there are also some features which are either universal or true for a

large family of systems that owe their origin not to the specific properties of the sample

in question but rather to some genral features present in many systems. Therefore,

to have a reasonable undertanding of electronic transport in a given context, it is

necessary to keep in mind both the universal features as well as the features specific to

the system in question. In the course of this work, we explore both these sides- some of

our results will be general, applicable to a family of systems, while some others will be

related to a property that is specific to a particular material.

1.1 Methodology

Several methods exist to calculate the electrical conductivity of a solid [1, 2].

Depending on the system in question and the effects being studied, one may be more

suited than the others. In principle, if one could always start at a microscopic level
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and perform an exact quantum calculation of the conductivity, a single method would

suffice. However, more often than not, such a procedure becomes practically formidable

and approximate methods that are justified under given conditions are implemented.

Throughout this work we are interested in macroscopic systems (system size is the

largest length scale in the problem as opposed to mesoscopics or nanosystems),

in the linear response regime, where the external electric field is considered small

enough so that the current depends linearly on it. The problem then reduces to

finding the conductivity σ from the relation j = σE, where j is the current density, E

is the electric field, and σ, in general, is a tensor. Usually, however, the experimentally

measured quantity is the resistivity which is the inverse of the conductivity. Hence, one

typically inverts σ which is a tensor to find the resistivity ρ to compare with experiments.

Throughout our work we set ~ = kB = 1.

The simplest way to calculate the conductivity of a metal (consider zero frequency

for simplicity) is to assume a model where the charge carriers are treated as classical

objects. If n is the charge density and v is the velocity of each of these carriers with

mass m, then in the presence of E, the force on each of the carriers is eE. In the

presence of impurities, if the carriers change their velocities at an average interval of τ ,

then the average velocity vavg in the direction of the field is eEτ/m. Realizing that the

current density is given by, j = nevavg, one gets the conductivity σ = ne2τ/m. This is the

Drude formula for the condcutivity [3] which, inspite of its simplicity, works well in many

contexts.

One can improve upon the previous idea by focussing on the dynamics of not just

one carrier, but rather a distribution of carriers. This is the mainstay of semi-classical

method which, for the most part, will be our adopted method to calculate the conductivity

in this work. The semi-classical method is governed by the Boltzmann equation (BE)

which presupposes that there exists a distribution function f (r, k, t) which is a measure

of the number of charge carriers with crystal momentum k, at position r,and at time t. In
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this method, the effect of lattice is included quantum-mechanically thorugh the inclusion

of energy bands; however, the charge carriers are still considered to be classical objects

so that a distribution function in terms of both the postion and the momentum, otherwise

forbidden quantum-mechanically, is still allowed. To be more precise, this approximation

holds as long as the spread of the electronic wave packet is smaller than the elastic

mean free path, i.e., εF τ � 1, where εF is the Fermi energy. As we will see, this method

reproduces the previous result but opens the door to further calculations. The BE is

basically a statement that, in steady state, there is no change in the distribution function,

i.e.,
df (r, k, t)

dt
= 0. (1–1)

The left hand side of Eq. 1–1 may be expanded as ∂f /∂t + ∂r/∂t · ∇rf + ∂k/∂t · ∇kf ≡

∂f /∂t+v·∇rf +F·∇kf which captures the different ways by which the distribution function

may change with time, v being the velocity and F being the force arising due to external

fields. Additionally, the carriers scatter off different sources which also contribute in

changing the distribution function. Accounting for the scattering by a collision integral

Ic [f ], Eq. 1–1 reduces to

∂f /∂t + v · ∇rf + F · ∇kf = Ic [f ]. (1–2)

This is the most general form of the Boltzmann equation. In our case, either F = eE, e

being the electronic charge, or, in the presence of a magnetic field B, F = eE+ e(v×B).

The exact form of the collision integral Ic [f ] depends on the details of the scattering

process, but in its most general form, it may be written as Ic [f ] =
∑
k′ Wk′→k − Wk→k′,

where Wa→b denotes the probablity of scattering process from state a to state b. Note

that W is a function of both the microscopic probablities and the distribution functions.

Therefore, in general, the BE is an integro-differential equation in f . In almost all cases,

considerable simplifications need to be made in order to have a solution. In the course

of this work, we will mention them as they are implemented, on a case-by-case basis.
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However, some of the simplifications are common to all the results derived in this work.

We mention them next.

First, we will mostly not employ a time-dependent external field . Therefore, the first

term drops out from Eq. 1–2. Second, we will also not consider any spatially modulated

external field or situations where the distribution function is explicitly a function of

position. Therefore, the second term drops out too. Third, since we are interested in

linear response where the external electric field is assumed to be small, we can linearize

the distribution function with respect to its equilibrium value. To wit, let f = f 0 + g(k),

where g(k) � f0 is the non-equilibrium part of the distribution function. Irresepective of

the actual form of the collision integral, one can linearize it in terms of g(k). And finally,

in linear response, the force term on the left hand side of the BE in the presence of

an electric field only, can be re-written as ev · E∂f o/∂ε, where v = ∇kε is the velocity

and ε is the energy. If there is a magnetic field, f cannot be replaced simply by f0 in

the force term arising due to B as it results in zero. In this case, the term is rewritten as

e(v × B) · ∇kg.

Once the BE is solved for the non-equilibrium part of the distribution function g,

the current is calculated by the formula j = 2/(2π)D
∫
evgdDk , where D is the number

of dimensions. Since g is proportional to E, j is proportional to E too, and one can

extract the conductivity σ. As an example, one can re-derive the Drude formula from

this approach. The simplest model is the so called relaxation time approximation

[3], where momentum relaxation is mimicked by considering the collision integral

as, Ic [f ] = −g/τ , where τ is some phenomenological constant. Writing the BE as

ev · E∂f o/∂ε = −g/τ , we find g = −τev · E∂f o/∂ε. Using this to find the current in

the simplest case of free particles with the spectrum ε = k2/2m in three dimensions,

j = 2/(2π)3(−τe2)
∫
v(v · E)∂f o/∂εdk, simple manipulations at temperature T = 0

yield the result σ = ne2τ/m as above, where n = 2/(2π)3
∫
dk, the integral running

over the entire Brillouin zone. This result is the same as before; however, note that this
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approach is more powerful because, first, depending on the scattering process, one

can derive an expression for the phenomenological constant τ ; and second, by writing

down the collison integral in full detail, we can also include all other forms of scattering,

as necessary, by including appropriate terms in the collision integral in situations

where the relaxation time approximation fails. Indeed, to demonstrate the former idea,

assuming that momentum is relaxed primarily due to static impurites, starting from the

general form for impurity collision, Iei [f ] =
∑
k′Wk′,k(fk′ − fk), one can show that [4],

1/τ(ε) =
∫
(1 − cosθ)S(ε, θ)dΩ, where S(ε, θ) is the differential scattering probability

and is dependent on the exact nature of the electron-impurity interaction, θ is the angle

between k and k′, and the integration is done over the solid angle Ω.

In passing we note that the BE equation, being semi-classical, misses all the

interference effects inherent in the quantum mechanical nature of electrons. To capture

this, one needs to perfom quantum mechanical calculations typically done in linear

response with the help of the Kubo formula [2]. One can, in principle, rederive all

the results obtained via the BE by this formalism, including the Drude formula, for

example [2]. However, although this method is more rigorous, the calculations are more

cumbersome and therefore, unless quantum corrections are necessary for the problem

at hand, the BE is an excellent tool to calculate the conductivity. In most of our work,

we will be interested in results that are important only in the semi-classical regime.

Wherever necessary, we will provide the limits within which our results make sense and

how they compare with effects arising due to quantum corrections.

1.2 Scope and Layout

In this work, we explore questions that are both general and material specific. In

terms of materials, graphite is studied in some detail. In regard to questions that are

more general, we discuss two areas: first, the requirement to have non-zero longitudinal

magnetoresistance (LMR) and second, the way electron-electron interaction affects the

resistivity in Fermi-liquid systems that are non-Galilean invariant. In addressing this last
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question, we also come up with a novel result that is useful in understanding the surface

resistivity in Bi2Te3 family of three-dimensional topological insulators.

Thematically, we can divide this work into two parts. The first part, consisting of

Chs. 2 and 3, deal with transport within the single-particle band-picture. No inter-particle

interactions among the charge carriers are considered, although we do consider

interactions with other particles such as impurities and phonons. The second half which

covers Ch. 4 is geared toward understanding transport with inter-particle interactions

taken into account.

The rest of this work is structured as follows. In Ch. 2 we discuss the transport

properties of graphite. We explore both the temperature dependence of resistivity and

the galvanomagnetic properties. While much of the in-plane transport properties is

explained within the band-picture at the semi-classical level, the out-of-plane properties

remain poorly understood. In particular, we show that the non-saturating metallic

behavior of the in-plane resistivity can be well explained at high temperatures (above

300K ) if one invokes intervalley scattering of electrons off hard phonons. As regards

in-plane magnetotransport, we find that the presence of extremely light Dirac-like charge

carriers at the H and H ′ points of the Brillouin zone gives rise to a regime where the

magnetoresistance (transverse) is non-analytic- it varies linearly with the field. However,

as we argue, these Dirac-like carriers have no effect on quantum oscillations.

Chapter 3 explores the general idea of Longitudinal Magnetoresistance (LMR),

where the resistance is measured along the current and in the same direction as the

field. This is seemingly contradictory for, accrording to Lorentz law, there is no effect

of the magnetic field on a charge carrier along the direction of its motion. However, we

show that, if the Fermi surface (FS) is sufficiently anisotropic, this effect can arise purely

as a resultant effect of the FS anisotropy. We derive a condition on the FS anisotropy

for this to happen and prove that it is both necessary and sufficient. Also, we calculate

the LMR in graphite as an example and show why the effect cannot arise simply from
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the band-structure and other mechanisms, outside the scope of this work, need to be

invoked to explain the experimental observations.

In Ch. 4 we concentrate on the effect of electron-electron interactions on the

resistivity in non-Galilean invariant Fermi liquids. We show that the presence of a T 2

term in the resistivity is not always guaranteed when Umklapp scattering is not allowed.

Whether it is present or absent depends on 1) dimensionality (two vs three dimensions),

2) geometry (concave vs convex), and 3) topology (singly vs multiply connected) of the

FS. Any two dimensional singly connected convex FS is found to have no T 2 term. Also,

in materials such as Bi2Te3 family of three dimensional topological insulators, where the

FS of the two-dimensional surface states undergo a transition from convex to concave

as the Fermi energy is changed, the resistivity as a function of temperature follows a

universal scaling form in the vicinity of the convex-concave transition.

Finally, we summarize this work in Ch. 5 with a few concluding remarks.
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CHAPTER 2
ELECTRICAL TRANSPORT PROPERTIES OF GRAPHITE

Graphite is one of the allotropes of carbon found in nature. It is classified as

a semimetal since its valence and conduction bands overlap leading to a small

concentration of charge carriers- considerably smaller than typical metals- which helps

in conducting current at zero temperature. It shares some general features common

to all semimetals (some other examples are: As, Bi, Sb, GeTe), such as high values of

magnetoresistance and thermal emf, in addition to having small carrier concentration

and Fermi energy. Besides, light cyclotron masses in these materials enable the study

of quantum magneto-oscillations at moderate magnetic fields and temperatures. In

addition, graphite also exhibits a striking anisotropy in the physical properties owing

to its layered crystal structure. Hence graphite has been a constant source of interest

for researchers in the past and continues to be so today. In spite of a vast amount of

work done back during the period between 50’s and 80’s, some basic questions remain

unanswered which we wish to explore in this chapter. Tentative observations in the last

ten years relating to metal-insulator transition [5], quantum Hall-effect [6], supermetallic

conductivity in intercalated graphite [7], and even intrinsic superconductivity [8] have

ushered new excitement in the field. The recent isolation of single layer graphite called

graphene with remarkable electronic properties has only furthered the interest in this

material.

In this chapter, however, we focus entirely on the electrical transport properties

of graphite. All our results are derived within the single-particle picture arising from

the band structure. This chapter is not intended to be an exhaustive account of the

work done already in this field. Although we have included some results from existing

literature in the course of deriving our results, we have done so only to put our results

in context. For a more detailed review on this topic, the reader is referred to Ref. [9].

The theoretical results derived in this chapter are mainly inspired by experimental
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observations [10]. Most of the experimental data referred to in this Chapter relate

to experiments on Highly Oriented Pyrolitic Graphite (HOPG)- a kind of graphite

synthesized artificially in the laboratory. Any references to experimental data on other

kinds of graphite, such as Kish and natural graphite, are mentioned explicitly.

The rest of the chapter is structured as follows. In Section 2.1 we discuss the band

structure of graphite pointing out, in short, the ideas involved in deriving the energy

spectrum. Section 2.2 describes the dependence of resistivity on temperature providing

some theoretical understanding behind the observed behaviors. The galvanomagnetic

properties of graphite, specifically the magnetoresistance, are presented in Section 2.3.

Finally, we end this chapter in Section 2.4 with some concluding remarks.

2.1 The Energy Spectrum of Electrons and Holes in Graphite

Any serious attempt at explaining the transport properties of any material necessarily

begins with an understanding of the underlying atomic structure and energy spectrum.

Therefore, it is imperative that we start with the crystal structure of graphite and its

resulting band structure. Our presentation here is far from comprehensive for, the details

and intricacies involved in band structure calculations demand a separate discussion

on their own right. Instead, in this section we present a synopsis of the essential ideas

governing the energy spectrum of carriers and present some simple expressions that

make the calculation of transport properties later analytically tractable. For a more

detailed description of the band structure the reader is referred to Ref. [9].

Graphite is a layered crystal. It is composed of layers of carbon atoms arranged

on top of each other. Carbon atoms in each layer are arranged in a hexagonal fashion.

The distance between nearest neighbor atoms in a layer is 1.42Å while the interplanar

distance is 3.35Å. This difference in the interatomic separation in two different directions

is responsible for the large anisotropy in most of the physical properties of graphite.

Since hexagons do not form a Bravais lattice [3], to describe the periodic structure in a

single layer, one usually considers a rhombus as a unit cell with a two-point basis: A and
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Figure 2-1. Unit cells in (a) 2D grahite with a1 and a2 as the basis vectors and (b) 3D
graphite (Reprinted by permission from M. S. Dresselhaus and G.
Dresselhaus, Adv. Phys. 30, 139 (1981)).

B, as shown in Fig. 2-1(a). The primitive translation vectors a1, a2 in plane (ab-direction)

have the same absolute values equal to |a1| = |a2| = a =
√
3 × 1.42Å = 2.46Å. The

periodicity in the perpendicular direction (c-direction) is twice the interplanar distance,

viz., c = 2×3.35Å = 6.71Å owing to the fact that the single layers in graphite are stacked

up in an ABABAB fashion, usually referred to as Bernal stacking. The resulting unit cell

is shown in Fig. 2-1(b). The reciprocal lattice shares the same symmetry as the direct

lattice. The first Brillouin zone is shown in Fig. 2-2. The high symmetry points are: the

center- Γ, the corners- H and H ′, the centers of the top and bottom faces- A, the centers

of the side faces- M, the centers of the side edges- K and K ′, and the centers of the top

and bottom edges- L.

Carbon atoms in graphite are sp2 hybridized which means three out of the four

valence electrons of each carbon atom participate in the formation of σ bonds which

lie in the plane of the layer. These are constructed from the wave functions: ψ2s ,ψ2px

and ψ2py (x and y axes lie in the plane of the layer) and they ultimately contribute to
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Figure 2-2. The first Brillouin zone of graphite showing the high symmetry points and the
Fermi surfaces along the edges (Reprinted by permission from M. S.
Dresselhaus and G. Dresselhaus, Adv. Phys. 30, 139 (1981)).

bands which are completely filled and do not contribute to transport. The fourth electron,

described by ψ2pz sticking out of the plane of C atoms (in the z direction), takes part in

the formation of π bonds . The valence and conduction bands in graphite which have

a small overlap, contributing to the observed transport properties, arise from these π

orbitals.

The most generally accepted model for the electronic spectrum was developed by

Slonzewski, Weiss and McClure [12, 13], commonly referred to as the SWMc model.

This model describes the dependence of energy on the wave-vector in the kp method,

based on the underlying symmetry of the lattice. The method employs seven parameters

γi(1 = 1, ..., 7) capturing the hopping terms between different carbon atoms. They can

be enlisted as follows:

• γ0: hopping between nearest neighbors in a layer (∼ 3.2eV ).

• γ1: hopping between two nearest A type atoms from two consecutive layers
(∼ 0.4eV ).

• γ2: hopping between two B type atoms from two nearest equivalent layers (∼
−0.02eV ) (note that each B atom follows another B atom only in every alternate
layer, resulting from Bernal stacking).

• γ3: hopping between an A atom in one layer and the nearest B atom in the
adjacent layer (∼ 0.3eV ).
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• γ4: hopping between an A atom in one layer and the next nearest A atom in the
consecutive layer (∼ 0.1eV ).

• γ5: hopping between two A type atoms from two nearest equivalent layers (∼
0.01eV ).

• γ6 (also called ∆): on-site energy difference between the two inequivalent C atoms
in a 2D unit cell in a layer arising out of a difference in the chemical environment
faced by the two atoms (∼ 0.01eV ).

The energy bands can be found out by solving for the eigenvalues of the Hamiltonian

H =



ε01 0 H13 H∗
13

0 ε02 H23 −H∗
23

H∗
13 H∗

23 ε03 H33

H13 −H23 H∗
33 ε03


, (2–1)

where ε01 = ∆+ γ1Γ +
1
2
γ5Γ

2, ε02 = ∆− γ1Γ +
1
2
γ5Γ

2, ε03 =
1
2
γ2Γ

2, H13 = 1√
2
(−γ0 + γ4Γ)e iαζ,

H23 =
1√
2
(γ0 + γ4Γ)e

iαζ and H33 = γ3Γe
iαζ. Here α is the azimuthal angle measured

between k and the ΓK direction in the Brillouin zone, Γ = 2cosξ, ξ = 1
2
kzc , ζ =

√
3
2
akρ,

with kz measured from the K point and kρ measuredfrom the HKH edge.

The secular equation for the above Hamiltonian is a fourth order equation which in

general cannot be solved analytically. However, to gain some understanding of the band

structure, if we assume for simplicity, γ3 = 0, this fourth order equation degenerates into

two second order equations which can then be solved exactly. Under this assumption,

the four branches of the energy spectrum can be written as

ε±1 =
1

2
(ε01 + ε

0
3)± {1

4
(ε01 − ε03)

2 + v 2ρ k
2
ρ [1−

γ4
γ0
Γ]2}

1
2 ,

ε±2 =
1

2
(ε02 + ε

0
3)± {1

4
(ε02 − ε03)

2 + v 2ρ k
2
ρ [1 +

γ4
γ0
Γ]2}

1
2 , (2–2)

where vρ =
√
3
2
γ0a. Fig. 2-3 shows the variation of energy of the four branches as

a function of the wave vector along different directions. The dotted line refers to the

Fermi energy which is calculated by enforcing the condition of electrical neutrality, i.e.,

the number densities of electrons and holes are equal in pristine graphite. Branches
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ε+2 and ε−1 correspond to the majority electrons and holes respectively, while ε−2 and

ε+1 , respectively, are the minority holes and electrons. Surfaces of constant energy

corresponding to the energy spectrum can be drawn around the HKH (or H ′K ′H ′) edge.

These are small spindle- shaped surfaces which are extended along the out-of-plane

c-direction but with very little extent along the radial in-plane ab-direction. Indeed, at

the Fermi energy, these surfaces occupy less than 1% of the Brillouin zone radially.

Fig. 2-2 shows the Fermi surface around the edges of the Brillouin zone. It is worth

noting that within the approximation γ3 = 0, Eqs. 2–2 result in a cylindrically symmetric

Fermi surface. This however breaks down when γ3 is not taken to be zero. An expanded

diagram of the Fermi surface as shown in Fig. 2-4 corroborates this fact.

Figure 2-3. The band structure ε vs. k of graphite near the Fermi energy. Here
σ =

√
3/2akρ, E1 and E2 refer to the minority electron and hole branches

respectively (ε+1 and ε−2 respectively), and E3 refers to the majority electron
and hole branches which are degenerate along the kz direction (Reprinted
by permission from M. S. Dresselhaus and G. Dresselhaus, Adv. Phys. 30,
139 (1981)).

In the course of understanding the transport properties of graphite, we will often

resort to approximations by neglecting some of the parameters that appear in the

spectrum so that we have simple expressions which we can work with analytically.

Indeed, historically the first spectrum of graphite was proposed by Wallace [14] who did
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Figure 2-4. A diagram of the Fermi surface of graphite showing trigonal warping
(exaggerated) (Reprinted by permission from M. S. Dresselhaus and G.
Dresselhaus, Adv. Phys. 30, 139 (1981)).

a simple tight-binding calculation with nearest neighbor interaction both in plane and

out of plane. The spectrum that results from this two-parameter model (hereafter called

the Wallace spectrum) matches with the SWMc result in the limit we put all parameters

γi , i=2 to 6 equal to zero and leave only γ0 and γ1 non-zero. It is easy to see that the

resulting spectrum becomes

ε = ±1
2
γ1Γ± {1

4
γ21Γ

2 + v 2ρ k
2
ρ}

1
2 (2–3)

In addition, note that the Wallace spectrum can be further simplified by expanding

Eq. 2–3 in kρ and keeping only two degenerate branches of electrons and holes

(hereafter called simplified spectrum):

ε±k = ±
k2ρ

2m∗ (kz)
, (2–4)

where m∗ (kz) = Γγ1/v
2
ρ is the kz -dependent mass of the in-plane motion. This spectrum

is valid as long as we are away from the H(H ′) points. In passing, we note that, if γ1
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is zero which physically means that the layers are decoupled, Eq. 2–3 reduces to

ε = ±vρkρ which is the dirac spectrum of graphene, so much in vogue these days!

Before concluding this section, let us discuss, in short, how each of the seven

parameters considered in the SWMc model affects the spectrum qualitatively. To

introduce any approximation in the spectrum, such knowledge is crucial for, it allows one

to have control over the approximations. γ0 is the largest energy scale in the problem

affecting the in-plane velocity of the carriers. This demarcates the π band from the σ

bands. γ1 denotes the energy scale that separates the quadratic part from the linear part

(Dirac-like) of the spectrum as seen in Eq. 2–3. Thus, for energies above γ1, graphite

loses its 3D structure and becomes a bunch of almost non-interacting graphene sheets.

γ2, although very small, serves a very important task: the Fermi energy derives its value

(≈ 250K ) from this parameter. Hence, finite overlap of the conduction and valence

bands, finite number of charge carriers and non-zero conductivity at T=0K, and the very

notion that graphite is a semimetal owe their origins to γ2. The non-mirror character of

the two π bands results from the parameter γ4, which follows easily from inspection of

Eqs. 2–2. The presence of both γ5 and γ6 mainly affects the spectrum in its quantitive

details although mention must be made of the small relative shift of the band boundaries

due to γ5. And finally γ3, as was mentioned before, breaks the cylindrical symmetry

of the Fermi surface. It introduces the so called trigonal warping on the Fermi surface

whereby the surface gets convoluted along the azimuthal angle with a periodicity of 2π/3

radians. This cannot be verified from Eqs. 2–2 as γ3 was assumed to be identically zero

in deriving those equations. The effect of γ3 can be included perturbatively to yield the

following expression for the energy spectrum of majority holes and elctrons in the vicinity

of the HKH (or H ′K ′H ′) edge (i.e., for small kρ) [13]:

ε = ε03 + Aσ
2 ± [B2σ4 + 2Bγ3Γσ3cos(3α) + γ23Γ2σ2]

1
2 , (2–5)
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where σ =
√
3
2
akρ, A = 1

2
[ (γ0−γ4Γ)

2

ε03−ε01
+ (γ0+γ4Γ)

2

ε03−ε02
], and B = 1

2
[ (γ0+γ4Γ)

2

ε03−ε02
− (γ0−γ4Γ)

2

ε03−ε01
]. The term

containing cos(3α) captures the said trigonal warping effect.

2.2 Dependence of Resistivity on Temperature

With the knowledge of the band structure at hand, we now wish to explore the

various transport properties of graphite. We begin with the dependence of resistivity

on temperature. In general, there is striking anisotropy of the magnitude of resistivity

between the ab- and c-directions (ρzz/ρxx ≈ 104). Added to that, while the in-plane

resistivity shows a metallic behavior for all temperatures, the c-axis resistivity is a

non-monotonic curve with both metallic and insulating parts. The physics of the in-plane

transport, as we will see, can be understood by considering scattering of electrons from

hard or soft phonons, depending on the temperature we are interested in . The c-axis

transport, on the other hand, seems to defy a common band-picture description and is

yet to be explained in its entirety. Nonetheless we will make some general comments.

2.2.1 In-plane resistivity 1

Experiments dating back to the 1950s [15] show that the in-plane resistivity rises

monotonically with increase in temperature. These measurements were mainly carried

out up to the room temperature, below which the charge carriers in graphite are more

or less in the degenerate regime (Fermi-statistics). The physics behind this behavior

is well understood and can be accommodated within a Drude-like picture where the

temperature dependence of resistivity arises out of a competition between the carrier

concentration which rises with T, and the scattering time which decreases with T. For

example, Ono and Sugihara [16] calculated the conductivity using spectrum (Eq. 2–2)

and the scattering time due to electron-phonon interaction, and it agreed well with the

1 The results, figures, and most of the text in this section are from our article: D. B.
Gutman, S. Tongay, H. K. Pal, D. L. Maslov, and A. F. Hebard, Phys. Rev. B 80, 045418
(2009). ”Copyright (2009) by the American Physical Society.”
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experimental data. This idea is also supported in [5] where, among other things, the

authors showed that the resistivity curve can be very well understood using a three-band

model each obeying a Drude-like formula.

In this section, however, we are interested to see how the resistivity behaves for

temperatures greater than the room temperature, something not explored before. In

these temperatures, all couplings used as parameters in the SWMc spectrum except γ0

and γ1 become irrelevant because they are all . 300K . With only γ0 and γ1 as non-zero

couplings, graphite can be viewed as a stack of graphene bilayers, which we henceforth

refer to as ‘Bi-layer graphite’ (BLGT). The simplified Wallace spectrum, described before

in Eq. 2–3, is hence a good description of BLGT. Note that BLGT has been reduced to

a zero gap semiconductor as the Fermi energy within this model is zero. This results in

an energy-independent density of states, ν = 16γ1/v 2ρ c up to O(ε/γ1) and the number

density of charge carriers n = 2
∫
dωνf 0 (ω) , where f 0 (ω) = 1/ (exp (ω/T ) + 1) is the

Fermi function with Fermi energy εF = 0, increasing linearly with T . Because of the

linear increase of the carrier density with T , the in-plane conductivity scales as [14]

σxx =
4 ln 2

π

e2

c
T τ , (2–6)

again up to O(T/γ1). Considering scattering to be predominantly due to phonons,

at temperatures where the electron-phonon scattering is in the quasi-elastic regime,

one expects 1/τ to scale linearly with T and consequently, σxx to be T independent,

meaning that the resistivity is expected to saturate at temperatures higher than room

temperature.

However, a very different behavior is observed experimentally for T > 300K.

Fig. 2-5 shows measurements up to ∼ 900K indicating that the resistivity continues to

increase unabated. The solid curve shows the theoretical prediction if σxx is calculated

numerically using 1/τ = 1/τ0 + αT and a realistic spectrum of graphite. As can be

seen, it accounts only for ≈ 12% increase in resistivity from 300K to 900K as opposed
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to ≈ 100% increase experimentally. Even with a more detailed spectrum of graphite,

hence, one cannot account for the increase in the resistivity. Clearly we need to invoke

a new scattering mechanism with 1/τ growing faster then T which will explain the

observation.

Figure 2-5. Measured in-plane resistivity of graphite (squares) vs a theoretical prediction
in the model with scattering rate 1/τ = 1/τ0 + αT and realistic spectrum of
graphite.

Before proceeding with this goal in mind, recall Eq. 2–4 where we expanded the

Wallace spectrum to further simplify the spectrum as

ε±k = ±
k2ρ

2m∗ (kz)
, (2–7)

where m∗ (kz) = Γγ1/v
2
ρ is the kz - dependent mass of the in-plane motion. Evaluating the

in-plane conductivity as

σxx (T ) = 4e
2

∫
d3k (−∂fT/∂εk) v 2ρ τ (εk,T ) /(2π)3 (2–8)
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with spectrum (Eq. 2–4) and τ = const, we reproduce Eq. 2–6. Typical momenta

contributing to σxx are kz ∼ 1/c and kρ ∼ kT ≡
√
2m̄∗T , where m̄∗ ≡ m∗ (kz = 0) =

γ1/v
2
ρ . Although expansion in kρ breaks down near the H points (kz = ±π/c), where

Γ vanishes and the spectrum is Dirac-like, the contribution of Dirac Fermions to σxx

is small in proportion to the volume of the Brillouin zone they occupy and leads to

corrections of order O(ε/γ1) to Eq. 2–6. Therefore, a typical carrier in BLGT is massive

rather than Dirac-like; the isoenergetic surfaces are corrugated cylinders centered near

the K points, and the density of states is energy-independent. Hence, it is justified to

use the simplified spectrum.

2.2.1.1 Model of electron-phonon interaction

Faced with the task of finding a mechanism that produces 1/τ growing faster

than T , let us revisit the idea of electron-phonon scattering in graphite [17]. With 4

atoms per unit cell, graphite has 3 acoustic and 9 optical phonon modes. These can

be regrouped into ”hard” and ”soft” phonons [18]. The characteristic energy scale

of hard modes, ∼ 0.1 eV, corresponds to Debye energies of the in-plane acoustic

phonons and frequencies of the in-plane optical phonons with in-phase displacements

of atoms in adjacent graphene sheets. Soft modes, with typical energies of order 10

meV, arise from weak coupling between graphene sheets as well as from out-of-phase

displacements of atoms in adjacent sheets. For the temperatures of interest (T > 300

K), all soft modes are in the classical regime, in which the occupation number and,

correspondingly, the scattering rate scales linearly with T . Although hard acoustic

modes are still below their Debye temperatures, they are also in the classical regime.

For example, typical in-plane phonon momenta involved in scattering at a hard,

graphene-like acoustic mode with dispersion ωA = sabqρ are q̄ρ ∼ k̄ρ. The corresponding

frequencies ω̄A ∼ sabk̄ρ are smaller than T as long as T � m̄∗s2ab ∼ 1 K. Therefore,

all soft modes and hard acoustic modes lead to linear scaling of the scattering rate

with temperature. The remaining hard modes are optical in-plane phonons, i.e., the
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longitudinal optical mode with frequency ω0 ≈ 0.17 eV at the Γ point [18, 19]. For

T . ω0, scattering at these modes leads to an exponential growth of the resistivity with

temperature which explains the experimental observation.

We construct a simplified model [20, 21] for the interaction between electrons and

the longitudinal optical phonons. Let us start by writing the tight-binding Hamiltonian as

Hgraphite =

H‖ H⊥

H†
⊥ H‖

. (2–9)

Here, H‖ and H⊥ describe hopping within and out of graphene sheets respectively and

can be written as

H‖ =

γ′0S̃k γ0Sk

γ0S
∗
k γ′0S̃k

 and H⊥ =

2γ1 cos(kzc) 0
0 0

 . (2–10)

Above, Sk = e ikxa/
√
3 + 2e−ikxa/2

√
3 cos(aky/2) and S̃ = 4cos

(√
3kxa/2

)
cos (kya/2) +

2 cos (kya) are the structure factors for in-plane hopping between nearest neighbor (AB)

and next-to-nearest neighbors (AA and BB, denoted by γ′0). The reason for including

the next-to-nearest neighbor interaction in writing the Hamiltonian will become clear

shortly. However, one should note that its introduction in the problem does not change

the spectrum in any appreciable way. Near the K and K ′ points, S̃ ≈ −3 + 3k2ρa2/4.;

so the momentum-dependent part of S̃ changes the spectrum only at large (∼ 1/a)

kρ and, therefore, can be neglected. On the other hand, γ0Sk ≈ vρξk ≡ vρ (kx + iky),

where vρ is the Dirac velocity of a single graphene layer. Up to an additive constant,

the eigenvalues εk of the Hamiltonian above are given by the same Wallace spectrum

Eq. 2–3 while the eigenvectors are represented by a spinor λk = C (±εk/ξk,±1, εk/ξk, 1)

near the K point and by λ∗k near the K ′ point. The elements of λk are the amplitudes

of finding a charge carrier on one of the four atoms (A,B, Ã, B̃) of the graphite unit

cell. If the optical phonon frequency is still much smaller than the γ1 hopping element,

both initial and final states of a scattering process are described by the spectrum in
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Eq. 2–4. For this spectrum, the amplitudes on A and Ã atoms are small as |εk| / |ξk| ∼

k̄ρ/m̄
∗vρ ∼ (T/γ1)1/2 � 1. Neglecting these amplitudes, we replace the eigenvectors by

λ0k = (0,±1, 0, 1) /
√
2. In reality, ω0/γ1 ≈ 0.5 and corrections to the results following from

this approximation would be important in a more detailed theory.

In the simplest model, phonons modulate hopping amplitudes by stretching the

corresponding bonds. The Hamiltonian of this interaction has the same structure as that

for an ideal lattice

He−ph =

H̃‖ H̃⊥

H̃†
⊥ H̃‖

, (2–11)

where tilde denote corrections to hopping matrix elements due to lattice distortions. It

is interesting to note that if H̃‖ does not have diagonal elements, the matrix element

of He−ph between the spinors λ0k vanishes. Therefore, the electron-phonon interaction

appears only in the diagonal elements, which explains the introduction of γ′0 in the

Hamiltonian..

Expanding Hamiltonian (Eq. 2–9) in atomic displacements, one finds

HAAe−ph = i
∂γ′0
∂a

∑
q

F · ûA,q;

Fx = sin aqx + 2 sin
aqx
2
cos

√
3

2
aqy ;

Fy = 2
√
3 sin

a
√
3

2
qy cos

1

2
aqx , (2–12)

where ûA,q is the operator of the displacement of A atoms in the momentum space.

Displacements in the c-direction, being perpendicular to the plane, do not change (to

linear order) the distance between adjacent A atoms, and are therefore uncoupled

from fermions. Since the formfactors Fx and Fy are small for small q, processes with

large q have higher probabilities. For this reason, we will focus on inter-valley scattering

between K and K ′ points, corresponding to q = q0 ≡ 2π/a
(
−1/

√
3, 1/3

)
. Employing
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Eq. 2–12, we find the matrix element

Mqk1→k2 = δk2,k1+q
1

L3/2

√
1

2ρωq
Υq , (2–13)

where Υq = (∂γ′0/∂a)dq · F is the deformation potential for optical phonons, dq is the

dimensionless polarization vector, L is a system size, and ρ is the mass density. The

corresponding scattering time can be evaluated as [22]

τ−1e-ph(k1) =
∑
k2

W q
k1→k2

1− f 0(k2)
1− f 0(k1)

, (2–14)

whereW q
k1→k2 = W

+q
k1→k2 +W

−q
k1→k2 is the total scattering rate,W± are the transition rates

with emission and absorption of phonons, respectively,

W±q
k1→k2= 2π|M

q
k1→k2 |

2

(
Nq+

1

2
± 1
2

)
δ (εk1−εk2 ∓ ωq) , (2–15)

and Nq is the Bose function. Neglecting the dispersion of the optical mode and using

simplified electron spectrum (Eq. 2–4), we find for the inter-valley scattering rate

τ−1iv (εk,T ) = τ̄−1
coth (ω0/2T ) cosh

2 (εk/2T )

cosh2 (εk/2T ) + sinh
2 (ω0/2T )

, (2–16)

where all model-dependent details of the electron-phonon interaction are incorporated

into a nominal scattering rate τ̄−1. For a thermal electron (εk ∼ T ) the scattering rate

behaves as exp (−ω0/T ) for T � ω0. For T � ω0, this mode goes into the classical

regime and τ−1iv ∝ T .

At sufficiently high temperatures, where intervalley scattering is the dominant

mechanism, and the conductivity is obtained by substituting τiv(εk,T ) into Eq. 2–8

σ(
iv)
ab =

4 ln 2− 1
3π

e2

c
T τ̄ exp

(ω0
T

)
. (2–17)
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Figure 2-6. Experimental data of ρab of graphite fitted with Eq. 2–18.

2.2.1.2 Comparison to experiment

Based on the result for the conductivity for intervalley scattering (Eq. 2–17), we fit

the observed ρab(T ) by the following formula:

ρab =
c

e2

(
1

τ0
+ αT

)
1

ε∗
+
c

e2
1

a0T τ̄
exp

(
−ω0
T

)
, (2–18)

where a0 = 2 (4 ln 2− 1) /3π ≈ 0.376 and ε∗ ≡ c
∫
d3kv 2||

(
−∂f 0k /∂εk

)
/2π3. When

calculating ε∗, we include γ2 ≈ 0.02 eV in the spectrum as non-zero γ2 results in finite

Fermi energy leading to non-zero conductivity at T=0K, which is necessary to fit the

experimental curve. The first term in Eq. 2–18 accounts mostly for the low-T behavior

of ρab, when scattering at impurities (1/τ0) and soft phonons (αT ) dominates transport.

The second term is due to intervalley scattering. Equation (2–18) contains four fitting

parameters: τ0,α, τ̄ , and ω0. The results of the fit are shown in Fig. 2-6. The fitting

parameters are τ0 = 6.29 × 10−12 s, α = 0.09, τ̄ = 1.4 × 10−14 s, and ω0 = 0.22 eV. The

values of τ0 and α are in reasonable agreement with values found in previous studies

[5]. The frequency ω0 is somewhat higher but still close to the frequency of the E2g mode
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[18, 19]. A rather short nominal time τ̄ indicates strong coupling between electrons and

optical phonons in graphite.

2.2.1.3 Discussion

The scattering mechanism described above is not the only source of scattering

present in the system. There are other mechanisms at work too. However, they fail

to produce the expected behavior. In passing, we briefly remark on a couple of these

other scattering mechanisms for completeness. First, we start with the electron-hole

interaction. In contrast to the electron-electron interaction, this mechanism gives rise

to finite resistivity in a compensated semi-metal even in the absence of Umklapp

processes [22, 23]. For T � EF , we have a usual Fermi-liquid behavior 1/τe-h ∝ T 2.

The T 2-behavior of ρab is indeed observed in graphite below 5 K [5, 24]. However, BLGT

is not a Fermi liquid but rather a non-degenerate electron-hole plasma with fixed (and

equal to zero) chemical potential. To estimate the strength of Coulomb interaction, we

calculate the rs parameter, i.e. the ratio of typical potential and kinetic energies

rs(T ) =
e2

ε∞lEkin
, (2–19)

where ε∞ is the background dielectric constant of graphite and l = (4π/3)1/3n−1/3 ∝

T−1/3 is the typical inter-carrier distance. Using the experimentally measured values

of number density n ≈ 1019 cm−3 at T = 300 K (Ref. [25]) and ε∞ ≈ 5 (Ref. [26]),

and evaluating the kinetic energy 2 as Ekin =
(
π2/12 ln 2

)
T ≈ 1.2T , we obtain

rs(T = 300 K) ≈ 1.2. As temperature increases, rs (T ) decreases as T−2/3. Therefore,

the perturbation theory for the electron-hole interaction is reasonably accurate already

at T ' 300 K and becomes even better at higher T . In the Thomas-Fermi model, the

2 The equipartition theorem of the classical statistical physics, which states that the
kinetic energy associated with every degree of freedom is equal to T/2, is not applicable
to a compensated semimetal (even if the spectrum massive), because the distribution
function is not Maxwellian but rather a Fermi-Dirac one with zero chemical potential.
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screened Coulomb potential U (q) = 4πe2/ε∞
(
q2|| + q

2
z + κ

2
)

is isotropic even if the

electron spectrum is not; all details of the spectrum are encapsulated in the (square

of) screening wavenumber κ2 = 4πe2ν/ε∞ proportional to the density of states. In

BLGT, κ2 is T -independent and, since ν is proportional to the (small) in-plane mass,

κ � c−1. Also, at not too high temperatures, kT ∝
√
T � κ. Since q|| cannot exceed

the typical electron momentum, q|| . kT � κ and U (q) almost does not depend on q||;

therefore,U (q) ≈ 4πe2/ε∞
(
q2z + κ

2
)
. Using this form of U (q) and the spectrum from

Eq. 2–4, we obtain from the Fermi Golden Rule

1

τe-h
∼ e

2γ1
εκv 2ρ

T . (2–20)

This linear scaling persists even at higher temperatures (T & γ1), in the single-layer

limit [27]. Therefore, electron-hole interaction does not provide an explanation of the

experiment.

Also, we note that for T above the Debye frequency, the multi-phonon processes

modify the scattering rate as 1/τ = 1/τ0 + α
(
T + (T/T2)

2 + (T/T3)
3 +O(T 4)

)
,

where T2,3 correspond to an energy scale at which anharmonicity becomes strong.

The data can be fitted by T2 ≈ T3 ≈ 103 K, which is well below the scale of 104 K at

which anharmonicity becomes strong in other physical properties, such as the c-axis

thermal expansion coefficient and elastic moduli [28]. This reinforces our conclusion that

anharmonicity is not important in transport for T < 1000K.

2.2.1.4 Summary

To summarize, we have studied in-plane resistivity of HOPG. We found that

its temperature dependence is determined by a competition between those of the

carrier number density n(T ) and of the scattering rate 1/τ . At temperatures below

50 K, the number density is practically independent of the temperature, while the the

scattering rate increases with the temperature; as a result, the resistivity increases

with T . At temperatures comparable to the Fermi energy, the increase in n(T ) almost
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compensates for that in 1/τ , leading to a quasi-saturation of ρxx at T ∼ 300 K. However,

full saturation never occurs because, as the temperature increases further, scattering off

hard optical phonons, characterized by an exponential increase of 1/τ with T , becomes

important. This results in a further increase of ρxx with T . However, we should point out

that although the resistivity curve shows no sign of saturation up to ∼ 900K , our theory

predicts that it should eventually saturate for temperatures higher than ω0. This regime is

however difficult to attain experimentally.

2.2.2 Out-of-plane Resistivity

The c-axis resistivity behaves in a manner which is strikingly different from

the ab-resistivity, both qualitatively as well as quantitatively. Fig. 2-7 presents the

experimental measurements for temperatures up to ∼ 900K . There are three aspects

of the curve that capture attention. First, at zero temperature, ρzz is approximately

104 higher than ρxx in magnitude (compare Figs. 2-5 and 2-7). Second, unlike the

ab-resistivity, the c-axis resistivity is non-monotonic. It has a metallic part at low

temperatures and an insulating part at higher temperatures with the maximum occurring

at T ≈ 50K . And third, the tail of the curve at the highest temperature measured does

not saturate. Unfortunately, a complete theoretical understanding of the behavior is still

missing. Unlike in-plane transport which can be described quite well at all temperatures

by a simple Boltzmann picture with appropriately chosen scattering processes, the

c-axis transport seems to be governed by some other mechanism. A calculation based

on the Boltzmann equation with the band picture taken into account cannot explain all

parts of the c-axis resistivity curve. Below we discuss some of these issues.

First, we start with the large anisotropy in the resistivities. For a rough estimate,

if we assume that ρzz has a Drude-like formula, i.e., ρ = m∗

ne2
1
τ
, where n is the electron

number density, m∗ is the effective mass derived from the energy spectrum and τ is

the scattering time, then ρzz
ρxx
= (m

∗
zz

m∗
xx
)( τxx

τzz
), subscripts zz and xx denote out-of-plane

and in-plane respectively. Assuming an ellipsoidal model for the energy spectrum in
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Figure 2-7. Experimental data of ρc vs. T in graphite [10].

graphite, m∗
zz ≈ 4m0 and m∗

xx ≈ 0.03m0, where m0 is the bare electronic mass [9]. To

meet the ratio of 104 between the two resistivities, we need τxx
τzz

≈ 102. Using a more

realistic spectrum for graphite and calculating the resistivity exactly for T=0K (assuming

τ to be independent of k or ε), yields the ratio τxx
τzz

to be ≈ 75 which is is not a significant

improvement. Ordinarily if we assume that 1/τ0 arises due to static impurities, it is not

clear immediately why the two scattering times arising out of impurity scattering should

be so different, unless some other exotic process is taking place. A recent suggestion

that stacking faults could lead to the anisotropy [29] may be the answer.

Next, in order to explain the peak in the resistivity curve, we note that within our

model this can arise only from a competition between τ and n: as T increases, n

increases and τ decreases. Since ρzz ∼ 1/τzz
n

, for small temperatures, 1/τzz has to

grow faster than n and eventually lose to n thus bringing the curve down. If we assume

the same scattering processes as in the in-plane case from the previous section, at

temperatures where the peak occurs, 1/τ has the form 1/τ0 + αT . Since 1/τ0 is bigger

than its counterpart in the in-plane case, the temperature dependent part of 1/τzz
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needs to be larger at least by one order for 1/τzz to have any appreciable temperature

dependence which could win over n. However, theoretically if we consider quasi-elastic

scattering of electrons and soft phonons, it is difficult to meet the requirement of 1/τzz to

be greater than 1/τxx [22].

Finally, we come to the high temperature tail in the resistivity curve. At this

temperature, following our argument of the in-plane resistivity, we can view graphite

as a stack of graphene bi-layers. As in the previous case, we are then allowed to use the

simplified spectrum (Eq. 2–4) and calculate the conductivity using an expression similar

to the in-plane case. It can be easily shown that the integral scales as τT 2ln(γ1/T ),

which means n increases slightly faster than T 2. At this temperature, the in-plane

transport is dominated by scattering of electrons and hard phonons which result in 1/τ

to increase exponentially with T. If we apply the same argument in the case of c-axis,

then the resistivity curve should be an increasing one instead of decreasing because

the exponential function in 1/τ will always win over the T 2ln(γ1/T ) term. Even if one

neglects the temperature dependence in 1/τ assuming the large phenomenological

value of 1/τ0, and allows for the whole dependence of the resistivity curve in the high

temperature regime to come from n ∝ T 2ln(γ1/T ) alone, it doesn’t explain the curve in

its entirety. Indeed, a fitting of the experimental data on resistivity against the functional

form T 2ln(γ1/T )(not shown in the figure) shows that they fit very well and the value of

1/τ0 that comes out turns out to be close to that extracted from the zero temperature

value independently. This, therefore, would seem promising were it not for the resulting

problem that we will face in trying to explain the metallic part of the curve from the same

model. Within this model, since the entire temperature dependence of ρzz arises from

n alone, the metallic part too should be due to n. Unfortunately, this is not borne out

by actual calculation. Using the same simplified model, but now introducing a finite

Fermi energy, if we do a Sommerfeld expansion in T/εF , the coefficient for the T 2 term

in n comes out to be positive, meaning ρ ∼ 1/n should consistently decrease with
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temperature starting from T=0K up to the highest temperature. Specifically, a simple

calculation yields

σzz ∼ (ε2F +
π2

3
T 2)ln(

γ1
εF
), (2–21)

for temperatures below εF . Improving upon the spectrum does not yield any new result.

Exact calculation of the integral numerically using a more refined spectrum as in Eq. 2–2

demonstrates a similar monotonic increase in n.

Thus we find that it is difficult to explain the dependence of c-axis resistivity on

temperature based on only the band picture. To achieve a complete understanding of

the behavior, probably we need to invoke some other mechanism of conduction in the

c-direction.

2.3 Dependence of Resistivity on Magnetic Field

It is well-known that the transport properties in any material can be greatly

affected by the presence of a magnetic field. This, in fact, provides a very useful tool

to understand different properties of the material, e.g., the electronic structure. When

considering the electrical transport properties, the additional presence of the magnetic

field gives rise to magnetoresistance and Hall effect and, for high quantizing fields,

magneto-oscillations. Also, there have been recent reports [30] arguing that graphite

exhibits both integer QHE as well as fractional QHE in high enough fields, which opens

up new possibilities. In the present case, however, we will be content with mainly

non-quantizing fields; although, towards the end, we will comment on certain aspects

of quantum oscillations. Since n = 1 Landau level crossing takes place at B ≈ 7T, this

means most of our discussions pertain to fields less than 7T.

Theoretically, magnetotransport in non-quantizing fields is described by the

Boltzmann equation which needs to be solved to calculate the conductivity tensor.

Usually one inverts this tensor to get the resistivity tensor whose components can

then be directly compared with experimental data. Galvanomagnetic properties of

graphite have been studied in the past [31]. Semi-classical expressions for the magnetic
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Figure 2-8. Variation of hall resistance with magnetic field in graphite [10].

conductivity tensor components were derived by solving the Boltzmann equation in

the relaxation time approximation with constant τ . These authors considered a simple

spectrum with a multi-band model for majority and minority carriers. For example the hall

resistance plotted against magnetic field in Fig. 2-8 can be qualitatively understood by

using a simple 2-band model with parabolic spectrum:

ρHall =
(R1ρ

2
2 + R2ρ

2
1)B + R1R2(R1 + R2)B

3

(ρ1 + ρ2)2 + (R1 + R2)2B2
. (2–22)

where the subscripts 1 and 2 refer to the first and second band respectively, R refers

to the hall coefficient, and ρ refers to the resistivity. As can be seen, the presence of a

linear and a cubic term in the numerator predicts a minimum point in the graph, while

the asymptotic behavior for very high or low fields should be linear, as seen in the

experimental data. There are, of course, subtleties involved which need more refined

treatment, but on the whole Eq. 2–22 does explain the data. In this section however, we

will not deal with these subtleties which have been dealt with in the past. Instead, we
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focus on the magnetoresistance where we find interesting results. In what follows, we

will always take B to be in the z direction, i.e., perpendicular to the graphite layers.

2.3.1 In-plane (transverse) magnetoresistance 3

Despite the fact that the dependence of in-plane conductivity on temperature

is well understood using the semi-classical Boltzmann equation (cf., Sec. 2.2.1),

the dependence of in-plane magnetoresistance on field presents some difficulty.

Experimentally, in-plane transverse magnetoresistance (TMR) (B ‖ c), is found to

depend on the the field in a way that is essentially sample dependent. While the

behavior in some samples is found to match well, at least qualitatively, with the expected

behavior calculated semi-classically by the Boltzmann equation using a multi-band

model [16, 32], in other cases it deviates [30, 33]. Interestingly, in these latter cases,

TMR is found to vary linearly with the field, the linearity spanning a wide range of field

values, beginning from very small B and persisting up to the ultra-quantum regime and

beyond [9]. Fig. 2-9 shows the experimentally observed linear dependence. Although

the linearity in the ultra-quantum regime can be accounted for by introducing field

dependence in the scattering time [9], the linear behavior in semi-classical fields still

lacks a proper understanding. It is usually thought to be arising due to extrinsic reasons

such as macroscopic inhomogeneities but the issue is far from being settled [30].

From simple symmetry arguments, since the field is a vector, the magnetoresistance

can only be a function of B2. In fact, one can show very generally that for any spectrum,

in the asymptotic limit, TMR behaves quadratically for very small fields and either

saturates (Fermi surface with closed orbits) or grows quadratically (Fermi surface

with open orbits) for very high fields [4, 34]. A linear dependence on the field, thus,

is theoretically interesting as the functional dependence is essentially non-analytic.

3 The results, figures, and most of the text in this section are from our article: H. K.
Pal and D. L. Maslov, to be submitted to Phys. Rev. B.
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Figure 2-9. Experimental data of ρab vs. H at 5K in graphite [10].

It should however be noted that experimentally, linear magnetoresitance is found to

occur in many materials and graphite is certainly not an exception [35]. While an

understanding exists only in a handful of situations [36], most cases in general defy

explanations. Nevertheless, researchers have shown that non-analytic dependence

on the field in certain cases can arise due to special features of the Fermi surface

[37, 38]. Therefore, it is worthwhie to revisit the semi-classical calculations done using

the Boltzmann equation and try to see if a linear dependence could result from any such

peculiarities in graphite. Surprisingly enough, as we show in this section, there does

exist a regime of fields where TMR scales linearly with the field which results entirely

from the band strucutre of graphite. The linearity is found to originate from the presence

of extremely light carriers near the H-points in the BZ of graphite. This seems promising

in light of the fact that it is the H-points which harbor the Dirac Fermions in graphite

and a lot of effort has been made in the recent past to see if these Dirac Fermions can

have any signature in transport properties in graphite. However, beyond the said regime,

TMR, as seen in our calculations, is no longer found to vary linearly with the field, in
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contrast to that observed experimentally, which therefore probably arises due to extrinsic

reasons such as the presence of macroscopic inhomogeneities.

Apart from the linear behavior of TMR, quantum oscillations which appear on top

of the linear background in TMR have also drawn some attention in recent years. There

has been claims based on recent experiments [39] that these quantum oscillations carry

signatures of Dirac Fermions in graphite, which however seems to be disputable [40].

Inspired by the effect of extremely light carriers near the H-point on TMR, we address

this issue theoretically and find that, within the presently accepted band structure, it

is not possible to have any signature of Dirac Fermions on quantum oscillations in

graphite. The reason is in fact subtle. As we point out later in the chapter, it is the type of

stacking (Bernal: ABAB..) in conventional graphite which prevents one from seeing any

effect of Dirac Fermions in quantum oscillations. Artificial graphite with AAAA.. type of

stacking will exhibit quantum oscillations arising solely from Dirac Fermions coming from

H-points.

2.3.1.1 Linear magnetoresistance

In order to calculate the dependence of in-plane transverse magnetoresistance

on field, recall that graphite is well described by the simplified form of the spectrum:

ε±k = ± k2ρ
2m∗(kz )

, where m∗(kz) = Γγ1/v
2
ρ is the kz dependent mass of the in-plane motion,

as long as we are away from the H-points (kz = ±π/c) because at the H-points Γ

vanishes and the expansion in kρ which led to this form is no longer valid. Note, as

pointed out before, the overlap of the conduction and valence band which gives rise to

a small (≈ 3 × 1018 cm−3 at T → 0) but non-zero carrier concentration in the complete

model is due to hopping between next-to-nearest planes and the Fermi energy is also

on the order of this matrix element. Therefore, strictly speaking, the Fermi energy is

zero in this simplified model. However, all our ensuing calculations on magnetotransport

will be done at zero temperature, where non-zero concentration of carriers and hence a
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non-zero Fermi energy is required. Therefore, although we keep only nearest neighbor

interactions in the spectrum, we include a non-zero Fermi energy in our calculations.

We now calculate the semi-classical TMR. The standard way is to invert the

elements of the conductivity tensor σ found from the expression for current: j =

2e/(2π)3
∫
v(k)g(k)dk, where g(k) is the non-equilibrium part of the distribution function

obtained by solving the linearized Boltzmann equation which, in the relaxation time

approximation, reads:

− eE · v∂f
0

∂ε
=

(
1

τ
+ e(v × B) · ∂

∂k

)
g(k). (2–23)

In general, it is not easy to solve the Boltzmann equation for an arbitrary spectrum

(even within isotropic relaxation-time approximation). However, owing to the simplicity

of our spectrum, we can arrive at an exact solution easily. Assume g(k) = v · A, where

A is an unknown vector to be determined and is allowed to be a function of kz alone.

Substituting g(k) into Eq. 2–23 and representing A in terms of a triad [4] composed of B,

E, and B× E, we get after some algebra,

g(k) = −τe ∂f
0

∂ε
v · E+ (eτ/m

∗(kz))
2BB · E− (eτ/m∗(kz))B× E

1 + (eτ/m∗(kz))2B2
. (2–24)

Since B in the z direction, to understand TMR we we focus on σxx . Using g as obtained

in Eq. 2–24 in the expression for current, we have for each band,

σxx(B) =
4e2τ

(2π)3

∫
v 2x

1 + ωc(kz)2τ2

(
−∂f

0

∂ε

)
dk, (2–25)

where the factor of 4 has been included to account for spin and valley degeneracy,

ωc(kz) = eB/m
∗(kz) and τ is assumed to be independent of k. Substituting vx in the

integrand and simplifying, we get:

σxx(B) =
4e2τ

(2π)3
πεF

[
2π

c
− 4α

2

c

∫ π/2

0

1

cos2θ + α2
dθ

]
, (2–26)
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where θ = kzc/2 and α = ωc(kz = 0)τ = eτB/m
∗(0), m∗(0) being the the value

of the in-plane mass at kz = 0. Clearly, for α � 1, σxx(B) goes to zero as 1/B2 as

expected. On the other hand, for α � 1, one cannot expand the denominator in α,

because the resulting integral diverges as
∫ π/2

0
dθ
cos2θ

at θ = π/2. It means that the

dominant contribution to the integral comes from a small region near θ = π/2, i.e.,

from the vicinity of the H-point. This allows us to replace cos2θ by (π/2 − θ)2, shift the

variable as θ′ = π/2 − θ, and extend the upper limit of integration to ∞, upon which the

integral reduces to
∫∞
0

dθ′

(θ′)2+α2
= π/(2|α|). Substituting this back in Eq.2–26, we see that

σxx ∝ |B|. This linearity is reflected also in the resistivity as ideal graphite is a perfectly

compensated material and therefore, the resistivity ρxx(B) is simply 1/σxx(B). In passing

we note that the integral in Eq. 2–26 is actually simple enough to be calculated exactly.

Carrying out the integration at zero temperature exactly one finds

σxx(B) = σxx(0)

(
1− |α|√

α2 + 1

)
. (2–27)

The above described behavior is self evident.

The fact that σxx(B) is governed by extremely light carriers residing near the

H-points in the BZ is interesting; but it also serves as a caveat that the picture is not

complete. All the calculations presented so far have been done using the simplified

spectrum, which was derived by expanding the Wallace spectrum. The approximation

is valid away from the H-points. In the regime of α � 1, the lower the field the closer

to the H-points are those carriers that mostly contribute to the conductivity. At some

low enough value of the field, the expansion of the Wallace spectrum itself breaks

down and the simplified spectrum is no longer valid. To find the scale at which this

happens, we recall the Wallace spectrum from Eq. 2–3: ε = ±[−γ1Γ + (γ21Γ2 + v 2ρ k2ρ )1/2],

Γ = cos(kzc/2). Clearly the expansion in kρ breaks down when γ1Γ ∼ vρkρ. At the Fermi

energy, vρkρ ≈ εF , which means the two terms become comparable when Γ ∼ εF/γ1.

Since in Eq. 2–26 the dominant contribution in the integral comes from Γ ∼ α, it means
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the result predicting the linear behavior for σxx(B) is valid only for εF/γ1 � α � 1. Below

εF/γ1, one needs to consider the full Wallace spectrum and recalculate the dependence

of the conductivity on the magnetic field. Going through similar steps as before, it is

straightforward to show that in this limit, σxx(B) ∼ α2γ1/εF and the resulting resistivity

also scales as B2, as in conventional materials.

To summarize, we have, theoretically, two scales in ideal graphite, corresponding to

which there are three regimes where TMR behaves differently with respect to the field.

For, α � εF/γ1, the dependence is quadratic, for εF/γ1 � α � 1, the dependence is

linear, and for 1 � α TMR again varies quadratically. Interestingly enough, the linearity

in the magnetoresistance which is the central result of this section, is a classically

low-field phenomenon. This should be compared to the other existing mechanisms

(either classical or quantum) in the literature where linear magnetoresistance results in

asymptotically high fields [41].

Since in real samples impurities always give rise to some decompensation and

hence to a non-zero Hall component in the conductivity tensor, it is instructive to

calculate the Hall part of the conductivity and see if the linearity is still preserved. For

the simplified spectrum,

σxy(B) =
4e2τ

(2π)3

∫
v 2x (ωcτ)

1 + ω2cτ
2

(
∂f 0

∂ε

)
dk

= σxx(0)
2α

π

tanh−1
(

1√
α2+1

)
√
α2 + 1

. (2–28)

Note, due to cylindrical symmetry of the spectrum in this model, σxx = σyy and all the

off-diagonal components of the conductivity vanish, i.e., σδz = σzδ = 0, for δ = x , y .

Thus the conductivity tensor has a block-diagonal form leading to ρxx = σxx/(σ
2
xx + σ

2
xy).

Considering both the electron and hole bands and introducing a small decompensation

defined by δn = ne − nh (ne and nh are the concentration of electrons and holes

respectively; ne ≈ nh = n, say), we extract the asymptotic limits of Eqs. 2–27 and
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2–28 for small fields to obtain ρxx(B) = ρxx(0)(1 − |α|)/((1 − |α|)2 + 4α2

π2
( δn
n
)2), for

α � 1. This implies that, in this limit, ∆ρxx(B)/ρxx(0) ∝ |B|. The linearity therefore is

not destroyed by decompensation. It is easy to show that in the opposite limit of large α,

ρxx(B) continues to grow quadratically as before but not indefinitely. As expected, a new

scale 1/(δn/n) emerges above which the magnetoresistance eventually saturates as

ρxx(B) ∝ 1/(δn/n)2. We note that the Hall resistance within this model, however, shows

no anomalous behavior.
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Figure 2-10. Calculated dependence of transverse magnetoresistance on magnetic field
in graphite in low fields. Inset : A blown-up portion of the same graph
showing the linear dependence on magnetic field. Here α = eτB/m∗(0).

2.3.1.2 Macroscopic inhomogeneities

Although theoretically we have a linear regime of magnetoresistance in graphite, it

does not completely explain the experimentally observed linearity. Indeed, using typical

values for τ and band parameters [5, 9], we find that the range εF/γ1 � α � 1 translates

into field range of ∼ 100 gauss to ∼ 1000 gauss. In experiments however, linearity is

observed at much higher fields [30, 33] (cf. 2-9).

Linear magnetoresistance in classically high fields (ωcτ � 1) is sometimes ascribed

to macroscopic inhomogeneities in the sample. The idea of linear magnetoresistance

arising from an inhomogeneous sample is not new- several researchers have worked on

this problem before [42], and recent observations of linear magnetoresistance in some
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other materials such as silver chalcogenides, have been attributed to the presence of

such inhomogeneities [43, 44]. The essence of the idea is as follows: Suppose that the

charge carriers in the material, instead of being uniformly distributed, form puddles, each

of which is rich in either type of charge carriers. The entire material is still electrically

neutral owing to the background positive charges. These puddles are macroscopically

large in the sense that their typical length scale is larger than the mean free path but

smaller than the system size. Therefore, one can define a conductivity tensor for each

of these puddles. Physically, puddles can arise due to several reasons, e.g., grains

in the sample; however, we refrain from specifying any particular mechanism. The

question that one would like to answer is: what is the effective conductivity of the entire

sample, given that we know the conductivity of each puddle? A solution to this problem

for the general scenario exists in the literature and involves numercial calculations at

the mean-field level. However, the only situation where an analytical solution exists is

the simpler case of a two dimensional material with two components with equal partial

volume fractions [45, 46] (strictly speaking the material can still be three dimensional,

only the inhomogeneity has to be spread out in a plane). Since we are interested in

gaining a basic understanding of the effects of such inhomogeneities in graphite, we

adopt this simplified model for the rest of this section.

Consider an inhomogeneous heterophase graphite crystal composed of two

phases of equal fractions in volume and defined by their own conductivitie tensors

σi , i = 1, 2, whose components are described by the same expressions as in Eqs. 2–27

and 2–28. For simplicity, we assume that the only difference between the two phases

is the decompensation fractions: ζ1,2 = δn1,2/n1,2 (−1 ≤ ζ1,2 ≤ 1). Thus we have

σid = σxx and σit = ζiσxy , where d and t in the subscripts stand for the diagonal and

transverse components of the conductivity tensor, and σxx and σxy are obtained from the

same equations as before, i.e., Eqs. 2–27 and 2–28. Using the expressions obtained

by Bulgadaev and Kusmartsev [45], one can find the components of the effective
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conductivity σe as

σed =
√
σ1dσ2d A, where A =

[
1 +

(
σ1t − σ2t
σ1d + σ2d

)2]1/2
, (2–29)

σet =
σ2tσ1d + σ1tσ2d

σ1d + σ2t
. (2–30)

For the case of graphite, using Eqs. 2–29 and 2–30, it is straightforward to show that

for fields α � 1 the behavior of TMR remains unchanged, i.e., magnetoresistance of

inhomogeneous crystals does not differ from that of homogeneous ones in terms of

the field dependence (however, the exact expxression for magnetoresistance now is of

course different and involves ζ1,2). However, for fields α � 1, the behavior changes. It

starts off quadratically, as in the homogeneous case, but becomes linear, as opposed to

saturating, at high fields. This linearity happens for α� 1/min(ζ1±ζ2) and asymptotically

the linear slope of ∆ρ
ρ

is |ζ1−ζ2|
2π(ζ21+ζ

2
2 )

. The Hall resistivity also scales linearly in this regime

with a slope of ζ1+ζ2
2π(ζ21+ζ

2
2 )

(in units of ρ0, the zero field resistivity). We note that, within

this model, it is possible to find another scale for fields between α � 1 and α �

1/min(ζ1 ± ζ2), namely 1/max(ζ1 ± ζ2). The asymptotic dependence on field in the

region 1/max(ζ1 ± ζ2) � α � 1/min(ζ1 ± ζ2) depends crucially on the mutual signs

of ζ1,2: if sgnζ1 = sgnζ2, meaning that both the phases are richer by the same type of

carriers, the magnetoresistance tends to saturate from its initial quadratic dependence

before increasing linearly for higher fields; if on the other hand, sgnζ1 = −sgnζ2,

meaning that one of the phases is rich in electrons while the other is richer in holes,

the magnetoresistance changes into B3 from B2 before becoming linear. Fig. 2-11

shows an illustrative curve in the inhomogeneous case compared to the same in the

homogeneous case.

2.3.1.3 Quantum oscillations

Within the semi-classical regime, at high fields (ωcτ � 1), one finds the usual

quantum oscillations superimposed on the background magnetoresistance in graphite

as can be seen in Fig. 2-9. It is well known that extremal cross sections in the Fermi
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Figure 2-11. Calculated dependence of TMR on magnetic field in graphite over a wide
range of field values: solid (red) for a single crystal without any
inhomogeneities and dashed (blue) for sample with inhomogeneities. Here
α = eτB/m∗(0), ζ1 = 0.09, and ζ2 = −0.01.

surface perpendicular to the field give rise to these magneto-oscillations. Within the

accepted band picture, if minority carriers are neglected, graphite therefore is expected

to show two sets of oscillations arising from electron and hole pockets. The maximal

cross-sections in both the electron and hole Fermi surfaces occur at points away from

the H-points where one finds normal massive carriers (c.f., Eq. 2–3). However, at the

H-points where the BZ ends in the z-direction, the Fermi surface remains open leading

to a tiny but non-zero cross-section. Therefore, it is natural to ask if quantum oscillations

can also arise due to these cross-sections harboring Dirac Fermions. Opinions differ

on this issue on the experimental side as both claims and counterclaims to this effect

have been made recently [39, 40]. In this section we show that theoretically, within

the accepted band structure, it is not possbile to have signatures of Dirac Fermions in

quantum oscillations in graphite.

To establish our claim, we recall that the oscillatory part of the conductivity leading

to Shubnikov-de Haas oscillations (or magnetization in case of De Haas-van Alphen

effect) is given by ∑
q 6=0

∫
dkz In(kz)e

i2πqn(kz ) (2–31)
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where In(kz) in the integrand is a combination of the single-particle Green’s functions

depending on the quantity being calculated, and n(kz) is the Landau index as a function

of kz . In the limit of large number of Landau levels (n � 1), it is customary to compute

the integral by means of a saddle point approximation, where the main contribution to

the result comes from those values of kz where n(kz) has an extremum. For graphite,

the nearly Dirac fermions near the H-points are described by , ε = vρkρ − γ1cos(kzc/2).

The Landau levels can be easily found leading to the following expression for n:

n =
1

2ev 2ρB

[
εn + γ1cos

(
kzc

2

)]2
. (2–32)

It is obvious that this expression does not admit an extremum value at the H-points

where kz = ±π/c . Therefore, no quantum oscillations are expected to result from the

carriers near the H-points. Note that the sole reason for this negative result is the extra

factor of 2 in the denominator within the cosine term in Eq. 2–32. This factor of 2 results

from Bernal-stacking of the graphene layers in graphite, which makes the periodicity

in the z-direction to be two lattice planes instead of one. If one were to construct an

artificial graphite by placing graphene layers directly on top of each other in AAAA..

fashion, Dirac Fermions at the H-points would indeed give rise to its own set of quantum

oscillations.

2.3.1.4 Summary

In summary, we find that there exists a regime of magnetic field where the in-plane

transverse magnetoresistance in graphite (field parallel to c-axis while the current

is in the ab-plane) scales linearly with the field. Extremely light carriers near the

H-points, where the spectrum is Dirac-like, contributes to such a non-analytic behavior.

Interestingly, the linearity in this case appears in the low-field region, unlike other known

mechanisms where such a behavior results only in asymptotically high fields. However,

the observed linearity in actual samples sometimes spans the entire range- up to

classically high fields which cannot be accounted for within a simple semi-classical
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treatement based on the band picture. An argument based on the presence of

macroscopic inhomogneities in these samples has been used to understand the

observed dependence semi-quantitatively. In addition, we also look into the possbility

of finding any signature of Dirac Fermions residing near the H-points in quantum

oscillations and conlude on the negative. The reason for the absence of such an effect is

found to be a direct consequence of the stacking style in graphite.

2.3.2 Out-of-plane (Longitudinal) Magnetoresistance

When the current flows in the same direction as the magnetic field, the resistance

measured is called the longitudinal magnetoresistance (LMR). LMR in graphite exhibits

a striking dependence on the magnetic field. At small temperatures, there are two

points to note: first, the value of LMR is huge, and second, ∆ρzz(B)/ρzz(0) shows a

non-analytic
√
B behavior. Fig.2-12 shows the variation of measured ρzz with B at

1.9 K, where it can be seen that the curve follows a
√
B dependence. Once again, on

symmetry arguments, this is not ordinarily expected. One expects a quadratic behavior

at small fields (ωcτ � 1) and saturation at higher fields. The other feature, similar to the

TMR case, is that the curve shows no sign of saturation at the highest field measured

(∼ 7T ) which is well into the quantum regime for graphite. Beyond this field graphite

enters the ultra-quantum regime where only the lowest Landau level is occupied.

We would like to point out that similar dependence on field was observed by Spain

[47], although in his case the magnetoresistance saturates for higher fields(∼ 8T ) as

expected from theory [34].

We do not have a conclusive explanation for the non-analytic behavior of the

longitudinal magnetoresistance in graphite at this point. This should come as no

surprise as we are still lacking a complete understanding of the dependence of

c-axis resistivity on temperature in the first place. Arguably, c-axis conductivity is not

governed by a simple BE type transport arising purely out of single-particle band picture.

Nevertheless, in our quest for an explanation for the behavior of LMR in graphite, we
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Figure 2-12. Experimental data of ρc vs. B at 1.9 K in graphite [10].

encountered a different problem- one that is more fundamental and pressing: Why does

graphite (or for that matter any material) show non-zero longitudinal magnetoresistance

in the first place, when conventional wisdom would suggest to the contrary? The Lorentz

force acting on a charge carrier acts in a direction perpendicular to the direction of the

magnetic field and hence should not affect the motion of the carrier in the direction

of the field, resulting in zero LMR. Experimentally, however, LMR is observed to be

non-zero not only in graphite but in a host of other materials. It should therefore be a

good exercise to find the minimum condition required for non-zero LMR. This forms the

basis of the next chapter, where we derive the minimal requirements a FS should satisfy

in order for this effect to arise purely out of the band-picture.

2.4 Concluding Remarks

We have studied the electrical transport properties of graphite in this chapter.

Even within the semi-classical regime, we found that much remains to be understood

in this material in spite of its rich history of research. Starting with a short account of
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the band structure, we explored in-plane transport in graphite which can be explained

very well within the Boltzmann picture. From the temperature dependence of the

in-plane resisitivity we found that low temperature transport is dominated by scattering

of electrons and soft phonons while high temperature data confirms intervalley

scattering of electrons and hard phonons, leading to a steady increase in the resistivity

with temperature. The variation of the in-plane transverse magnetoresistance with

magnetic field can be explained within the same Boltzmann picture. Calculation

reveals three scales for ωcτ where transverse magnetoresistance manifests different

dependencies: below εF/γ1 it has quadratic behavior, between εF/γ1 and 1 it has a

linear behavior, between 1 and δn/n it is quadratic, and finally it saturates for ωcτ greater

than δn/n, where δn represents the decompensation. However, the linearity observed

in experiments even at higher fields cannot be explained with this picture arising purely

out of the band-structure. We conjectured the presence of macroscopic inhomogeneities

to be the cause behind this. Also, because of the Bernal stacking in graphite, the light

Dirac-like carriers at the H and H ′ edges were found to have no signature in quantum

oscillations.
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CHAPTER 3
MINIMAL CRITERION FOR LONGITUDINAL MAGNETORESISTANCE: A

NECESSARY AND SUFFICIENT CONDITION 1

Magnetoresistance, as described in the last chapter, can be distinguished into

two types depending on the mutual orientation of the current and the magnetic field:

transverse (TMR) and longitudinal (LMR). Although a change in the transverse

resistance due to a magnetic field is natural because electrons experience Lorentz

force in that direction, the very existence of LMR is somewhat surprising, at least at first

glance. Indeed, since Lorentz force is perpendicular to the field, one does not expect

the motion of electrons along the field to be affected. A weak point of this argument

is that it applies, strictly speaking, only to free electrons but not to electrons in metals.

Moreover, LMR is absent in a more realistic (yet still incomplete) “damped Bloch

electrons model” (DBEM), in which a phenomenological damping term is introduced into

the semi-classical equations of motion for an arbitrary electron spectrum [48–50].

However, we will argue in this paper that the “damped Bloch electrons model” is

not equivalent to the Boltzmann equation (BE), which provides the only complete

semi-classical description of semi-classical dynamics of electrons in solids in the

presence of scattering. Therefore, absence of LMR in DBEM does not imply its absence

in reality.

Experimentally, LMR has been observed not only in graphite as seen before, but

also in many other materials [51, 52]. Theoretically, a general solution of the BE in the

magnetic field does not exclude LMR[53]; calculations performed for particular metals,

e.g., copper, do yield finite LMR [51, 52]. However, it is not clear from this general

solution which symmetries must be broken, i.e., how anisotropic the electron spectrum

1 The results, figures, and most of the text in this chapter are from our article: H.
K. Pal and D. L. Maslov, Phys. Rev. B 81, 214438 (2010). ”Copyright (2010) by the
American Physical Society.”
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should be for LMR to occur. This is probably the reason why LMR is sometimes viewed

as a kind of surprise[54, 55]. In addition to anisotropic spectrum, several more special

models have been invoked to explain LMR. It was shown, for example, that LMR can

arise due to anisotropic scattering [56], macroscopic inhomegeneities [57], including

barrier inhomogeneities in superlattices [55], as well as due to a modification of the

density of states by the magnetic field in the ultra-quantum regime, when all but the

lowest Landau levels are depopulated [58]. Whereas observed LMR in many cases is

likely to be caused by these more evolved mechanisms, it is still necessary to explore

whether LMR can arise simply due to anisotropy of the Fermi surface (FS) and to

formulate a minimal condition for LMR to occur.

Magnetotransport in non-quantizing fields is described by the Boltzmann equation

which gives the conductivity tensor. To find magnetoresistance, one inverts this tensor.

It is well known that for any isotropic spectrum and also for isotropic scattering, the

magnetic field dependences of the diagonal and off-diagonal conductivities cancel out,

so that both TMR and LMR are absent. While TMR can be made finite by either invoking

any kind of anisotropy of the Fermi surface or introducing a multiband picture while

keeping the spectrum isotropic, the story with LMR is not so simple. As is shown in this

chapter, not all types of anisotropy give rise to LMR, e.g., deforming a spherical Fermi

surface into an ellipsoidal one is not enough. We derive the necessary and sufficient

condition the spectrum must satisfy for LMR to occur and discuss the implications of this

condition for several types of band-structure. For example, metals with face-centered

cubic (FCC) and body-centered cubic (BCC) lattices satisfy the necessary and sufficient

condition even if only nearest-neighbor hopping is taken into account, whereas a simple

cubic (SC) lattice has LMR only due to hopping between next-to nearest neighbors.The

same is true for layered structures, such as hexagonal planes stacked on top of each

other, where one has to include out-of-plane next-nearest-neighbor interactions to

see the effect. Note that the condition serves as a minimal condition in the sense that
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it demonstrates how LMR can arise purely due to Fermi surface geometry even if

scattering is isotropic.

The rest of this chapter is organized as follows. In Sec. 3.1 we show that LMR is

absent in DBEM and analyze the differences between this and Boltzmann-equation

approach. In Sec. 3.2, we derive the necessary and sufficient condition for LMR in

the Boltzmann-equation formalism and discuss the implications of this condition. As

a particular example, we consider the case of Bernal-stacked graphite in Sec. 3.3. In

graphite, the necessary and sufficient condition is satisfied due to trigonal warping of

the Fermi surface. We find, however, that the strong non-parabolic LMR observed in

highly oriented pyrolytic graphite (HOPG) samples [9] cannot be accounted for by simply

considering the anisotropy of the Fermi surface. Our conclusions are given in Sec. 3.4.

3.1 Semi-classical Equations of Motion

The effect of weak electric and magnetic fields on electrons in solids can be

described by the semi-classical equations of motion [3]

v =
∂εk
∂k
, (3–1)

dk

dt
= e(E+ v × B), (3–2)

where e is the electron charge and we set ~ = 1. We neglect here the anomalous terms

in the velocity which, even if present, are small in weak magnetic fields [59, 60]. In the

absence of scattering, Eqs. 3–1 and 3–2 are valid for an arbitrary spectrum ε(k) and

provide an invaluable tool for analyzing collisionless dynamics of electrons in solids.

To account for scattering of electrons by impurities, phonons, etc., it is customary to

replace Eqs. 3–1 and 3–2 by a phenomenological ”damped Bloch electron model”

(DBEM) with a damping term −k/τ inserted into the right-hand side of Eq. 3–2 [48–50].

In steady-state, DBEM reduces to

k

τ
= e(E+ v × B). (3–3)
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We are now going to show that this approach eliminates LMR not only for an isotropic

but also for an arbitrary spectrum. To find LMR, we assume that the current j = encv,

where nc is the number density of conduction electrons, is along B chosen as the z-axis.

Then,

vz(kx , ky , kz) =
jz
nce
, (3–4)

vx(kx , ky , kz) = 0, (3–5)

vy(kx , ky , kz) = 0. (3–6)

Furthermore, the equation of motion (Eq. 3–3) for the kz component gives

kz = eτEz . (3–7)

The set of four equations Eqs. 3–4- 3–7) defines an inhomogeneous system of

equations for four unknowns: kx , ky , kz , and Ez . In general, such a system has a unique

solution. Therefore, Ez can be found as a function of jz using only Eqs. 3–4-3–7.

Since none of these equations involve the magnetic field, the longitudinal resistivity

ρzz = jz/Ez does not depend on B either, which implies that LMR is absent for an

arbitrary spectrum. On the other hand, components Ex and Ey have to be found from the

equations of motion for kx and ky which do involve B, and hence, TMR is not zero for an

arbitrary spectrum.

If the above conclusion were correct, it would be in variance with experimental

observations. As we will show shortly, non-zero LMR can be understood only by using

the BE as described earlier in Ch. 1. Although the BE is a semi-classical description

just like the previous method, there is some conceptual difference between the two

approaches. The problem is that, while the equations of motions in the absence of

scattering can be derived from the Schroedinger equation, the DBEM does not follow

from any microscopic approach. Indeed, the momentum k in the absence of scattering

still has the meaning of the quantum number parameterizing the Bloch state ψk (r).
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Hence a (slow) evolution of k with time in the presence of electric and magnetic fields

describes the evolution of ψk (r). In the presence of scattering, e.g., by disorder, ψk (r)

becomes a random quantity whose average over disorder realizations does not have

a particular meaning. Therefore, it is not surprising that an ad hoc insertion of the

damping term into the equation of motion does not capture essential physics. Even

in the absence of the magnetic field the shortcomings of this procedure become

obvious-e.g., it is easy to show that the conductivity calculated by DBEM method

does not coincide with that calculated from the BE for a general band structure, the

exception being only in the case of a simple isotropic spectrum.

3.2 Minimal Conditions for Longitudinal Magnetoresistance

Having dealt with the inconsistencies of the “damped Bloch electrons model”, we

now return to the original problem of finding the minimum requirement for non-zero LMR

for an arbitrary spectrum ε = ε(k). We now derive the required condition based on

solving the BE and show that a single condition which is both necessary and sufficient

does exist to serve as a minimum requirement to have non-zero LMR [61].

3.2.1 Necessary Condition

In the linear-response regime, one can rewrite the BE for the non-equilibrium part of

the distribution function g(k) = fk − f 0k as (cf. Ch. 1)

(
1 + Ω̂

)
g(k) ≡

[
1 + eτ(v × B) · ∂

∂k

]
g(k)

= −τeE · v∂f
0
k

∂εk
, (3–8)

where we have also adopted the relaxation-time approximation (which is exact for

isotropic impurity scattering). Since we are interested in the minimal condition, we allow

τ to depend only on ε but not on the direction of k and assume that all components of

k relax at the same rate, i.e., 1/τ is a scalar rather than a tensor. We will come back to
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this point later in the chapter. For B||ẑ ,

Ω̂ = τe(v × B) · ∂
∂k
= eτB

(
vy

∂

∂kx
− vx

∂

∂ky

)
. (3–9)

Following the Zener-Jones method [4]. we express g(k) via an infinite series in the

operator Ω̂:

g(k) = (1 + Ω̂)−1
(
−τeE · v∂f

0
k

∂εk

)
=

∞∑
n=0

(−Ω̂)n
(
−τeE · v∂f

0
k

∂εk

)
. (3–10)

Note that the operator Ω̂ always yields zero when it acts on any function that depends

on εk only. Hence, in Eq. 3–10, Ω̂ acts only on v. Substituting Eq. 3–10 into the current

j =2e
∫
d3kvg (k) / (2π)3, we find the conductivity as

σαβ = 2e
2τ

∫
d3k

(2π)3

(
−∂f

0
k

∂εk

)
vα

∞∑
n=0

(
−Ω̂

)n
vβ. (3–11)

In the LMR geometry, E||B||ẑ . If Ω̂vz = 0, all but the n = 0 term in Eq. 3–11 are equal to

zero. Therefore, a necessary condition for σzz to depend on the magnetic field is

Ω̂vz 6= 0. (3–12)

Rewriting Ω̂ in cylindrical coordinates, the condition 3–12 can be re-expressed as:(
∂ε

∂φ

∂

∂kρ
− ∂ε

∂kρ

∂

∂φ

)
vz 6= 0, (3–13)

or
∂

∂kz

(
∂ε/∂φ

∂ε/∂kρ

)
6= 0. (3–14)

On the other hand, Eq. 3–14 is not a sufficient condition because even if Ω̂nvz 6= 0 for

the nth term in the series, the contribution of this term to σzz may vanish upon integrating

over the Fermi surface. For example, since σzz must be an even function of B, all odd

terms in the series must vanish.
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Equation 3–14 implies that the minimum condition on the spectrum is that the ratio

of ∂ε/∂φ and ∂ε/∂kρ (equal to kρvφ/vρ) must depend on kz . Geometrically, this means

that the angle between the component of velocity perpendicular to the field and the

radial direction at a given point on the Fermi surface must vary with kz . It can be easily

seen that if the spectrum does not depend on φ, condition 3–14 is trivially violated

and there is no LMR. Therefore, angular anisotropy of the FS about the magnetic-field

direction is a prerequisite. However, anisotropy must be of a special kind. For example,

spectra such as εk = ε1(kρ,φ) + ε2(kz) and εk = ε1(kρ,φ)ε2(kz), which are arbitrarily

anisotropic in the φ direction but separable in kz , violate condition 3–14 and thus do

not lead to LMR. As an example, let us consider a SC lattice with lattice parameter a. In

the tight-binding model with nearest-neighbor hopping (parameterized by coupling

t1), the energy spectrum is given by εk = −2t1 [cos(kxa) + cos(kya) + cos(kza)]

which, being separable in all three coordinates, clearly violates the LMR condition. If

next-to-nearest-neighbor hopping (parameterized by coupling t2) is taken into account,

additional terms −4t2[cos(kxa)cos(kya)+cos(kya)cos(kza)+cos(kza)cos(kxa)] occur in the

spectrum, which no more violates the LMR condition. Thus, the effect comes only from

next-to-nearest-neighbor hopping for a SC lattice. On the other hand, an FCC lattice

satisfies the condition already at the nearest-neighbor level because the spectrum in this

case εk = −4t1[cos(kxa/2)cos(kya/2) + cos(kya/2)cos(kza/2) + cos(kza/2)cos(kxa/2)]

is non-separable; the same is true for a BCC lattice. On the other hand, layered, e.g,

hexagonal, structures will require coupling between an atom located in one plane

and another atom in the adjacent plane but situated obliquely from the former, if the

magnetic field is perpendicular to the planes (more on this later for the specific case of

graphite).

A quantity measured in a typical experiment is not the conductivity but the resistivity.

Generally speaking, the dependence of the conductivity on the magnetic field does not

automatically imply a dependence of the resistivity on the field–a well known case is
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Figure 3-1. Geometric interpretation of the necessary condition for longitudinal
magnetoresistance. Here, v⊥ is the component of the electron velocity
perpendicular to the field.

the isotropic spectrum, when the (transverse) diagonal components of the conductivity

depend on B but the diagonal components of the resistivity do not. It is necessary,

therefore, to make sure that Eq. 3–14 is not only a necessary condition for longitudinal

magnetoconductance but also for magnetoresistance. It is difficult to prove that non-zero

magnetoconductance implies non-zero LMR for an arbitrary spectrum. To proceed

further, we relax a condition on the energy spectrum, assuming that B is perpendicular

to the plane of symmetry, i.e., that ε(kx , ky , kz) = ε(kx , ky ,−kz). This constraint is

stronger than that imposed by time reversal symmetry (in the absence of the spin-orbit

interaction and magnetic structure), i.e., in this case, vz is odd while vx and vy are

even in kz , and the off-diagonal components σαz (α 6= z) vanish both in zero and finite

magnetic fields. For example, all terms in the expression for σxz vanish upon integration

over kz :

σxz = 2e
2τ

∞∑
n=0

(−eτB)n

×
∫
d3k

(2π)3
vx

(
vy

∂

∂kx
− vx

∂

∂ky

)n
vz
∂f 0k
∂εk
= 0. (3–15)
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By the Onsager principle, σzα = as well. Therefore, the matrix of σαβ is block-diagonal

and ρzz = 1/σzz . Thus Eq. 3–14 is a necessary condition for non-zero LMR as well,

provided that the spectrum is symmetric on inversion of kz .

3.2.2 Sufficient Condition

The condition presented in Eq. 3–14 is only a necessary condition for LMR, as

the integral in Eq. (3–11) may still vanish due to some symmetry even if the integrand

satisfies Eq. 3–14. To formulate a sufficient condition, we approach the problem from

the strong-magnetic–field limit. In this limit, it is convenient to use the method of Lifshitz,

Azbel’ and Kaganov [34, 53, 62], in which the k-space is mapped onto a space defined

by the set of variables ε ≡ εk, kz and t1, where t1, defined by the equation

dk

dt1
= ev × B, (3–16)

is the time spent by an electron on the orbit in the k-space in the presence of the

magnetic field only. Accordingly, the integration measure is transformed as∫ ∫ ∫
dkxdkydkz = eB

∫ ∫ ∫
dt1dεdkz . (3–17)

The non-equilibrium correction to the distribution function can be written as

g = e
∂f 0

∂ε
E · s, (3–18)

where s satisfies
∂s

∂t1
= Ic [s] + v. (3–19)

Adopting the relaxation-time approximation for Ic and keeping only the leading term in

1/B , it is easy to see that [53]

sz = τ〈vz〉, (3–20)

where 〈vz〉 = 1
T

∫
vzdt1 with T being either the period of an orbit (for closed orbits) or

the time over which an orbit reaches the boundary of the Brillouin zone (for open orbits).
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The σzz component of the conductivity tensor in this limit is then equal to

σzz (∞) =
2e2τ

(2π)3
eB

∫ ∫ ∫
dεdkzdt1vz〈vz〉

(
−∂f

0

∂ε

)
=
2e2τ

(2π)3

∮
d`

∫
dkz

∫
dε

v⊥
vz〈vz〉

(
−∂f

0

∂ε

)
,

(3–21)

where d` is a line element along the orbit and v⊥ =
√
v 2x + v

2
y . Obviously, σzz (∞) does

not depend on B. On the other hand, the zero-field value of σzz is

σzz (0) =
2e2τ

(2π)3

∫
d3kv 2z

(
−∂f

0

∂ε

)
. (3–22)

Pippard [52] suggested that the ratio σzz(∞)/σzz(0) may be used to get information

about the scattering mechanisms on the FS. We, however, use this ratio to construct

a sufficient condition for LMR. Keeping the same constraint on the energy spectrum

ε(kx , ky , kz) = ε(kx , ky ,−kz) so that ρzz = 1/σzz , the sufficient condition for LMR can

now be formulated as follows: if σzz(∞) 6= σzz(0), we have non-zero LMR. It is only

a sufficient condition because, even if it is violated, LMR can still exist. Indeed, even

if asymptotic limits of the function σzz (B) coincide, it is not necessarily a constant. To

formulate the sufficient condition in more transparent terms, we use the following trick.

The integration measure in the expression (Eq. 3–22) for the zero-field conductivity can

formally be rewritten in terms of the variables ε, kz and t1, as specified by transformation

(Eq. 3–17). Since the result does not depend on the magnetic field, this transformation

can be applied for any value of the field; but, to compare the zero- and strong-field

values, we choose the same B as in the first line of Eq. 3–21. Then,

σzz (0) =
2e2τ

(2π)3
eB

∫ ∫ ∫
dεdkzdt1v

2
z

(
−∂f

0

∂ε

)
. (3–23)
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Comparing this equation with the first line of Eq. 3–21, we see that the sufficient

condition is equivalent to∫ ∫ ∫
dεdkzdt1

(
−∂f

0

∂ε

)(
vz〈vz〉 − v 2z

)
6= 0. (3–24)

Integrating over t1, we rewrite the last equation as∫ ∫
dεdkz

(
−∂f

0

∂ε

)(
〈v 2z 〉 − 〈vz〉2

)
=

∫ ∫
dεdkz

(
−∂f

0

∂ε

)
〈(vz − 〈vz〉)2〉 6= 0.

Since the integrand is non-negative, the integral can vanish only if vz = 〈vz〉, which is

the case if vz does not depend on t1. Hence, the sufficient condition is equivalent to the

requirement that
∂vz
∂t1
=
∂vz
∂kx

∂kx
∂t1
+
∂vz
∂ky

∂ky
∂t1
+
∂vz
∂kz

∂kz
∂t1

6= 0. (3–25)

Recalling that k satisfies Eq. 3–16, we re-write the last equation as(
vy

∂

∂kx
− vx

∂

∂ky

)
vz 6= 0, (3–26)

or, recalling the definition of the operator Ω̂ in Eq. 3–9, as

Ω̂vz 6= 0. (3–27)

Since the sufficient condition in Eq. 3–27 coincides with the necessary condition in

Eq. 3–12, we conclude that Eq. 3–14 is both necessary and sufficient for LMR. As a

corollary, it also follows that the strong-field value σzz (∞) is always smaller than or equal

to σzz (0), implying that if LMR is non-zero, it is positive.

Before concluding this section, we would like to comment that our aim was to

establish a minimal condition for the appearance of LMR in materials. Specifically,

we wanted to explore whether, in the simplest model for scattering, anisotropy of the

bandstructure alone can give rise to LMR; the answer turns out to be in the affirmative.
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It should be pointed out that LMR can also occur due to anisotropic scattering.

Indeed, as was shown by Jones and Sondheimer [63] who chose a special form of

the scattering probability to solve the BE exactly, non-zero LMR can occur even for an

isotropic spectrum, if the scattering probability is appropriately anisotropic. In general,

scattering of Bloch electrons is to be described by a tensor of relaxation times, because

different components of momentum relax at different rates. In lieu of a fully microscopic

description, we adopt here an heuristic model, in which the relaxation time, being still

a scalar, depends on the point in the k space, τ = τ(k). It is easy to see that the

necessary condition for non-zero LMR in this case is modified to:

Ω̂(τvz) 6= 0, . (3–28)

That means that even if the spectrum alone violates our previous condition ( 3–14), i.e.,

Ω̂vz = 0, Eq. 3–28 may still be satisfied because Ω̂τ may be non-zero. If this is the

case, LMR is finite as well. On the other hand, an attempt to prove that Eq. 3–28 is also

a sufficient condition in this case fails because of the following reason. With τ = τ(k),

expressions for the high-field and zero-field longitudinal conductivities are still given by

Eqs. 3–21 and 3–23, except that now τ is inside the integrals. Following same reasoning

as before, a sufficient condition for non-zero LMR would be σzz(B = ∞) 6= σzz(B = 0),

which now implies that
∫ ∫
(−∂f 0

∂ε
)(〈v 2z τ〉 − 〈vz〉〈vzτ〉)dεdkz 6= 0. Unlike the previous case,

however, the integrand cannot be proven to be a positive function; therefore, a non-zero

integrand does not guarantee that the integral is also non-zero. Therefore, the sufficient

condition can only be formulated in the integral form, as given above.

3.3 Example: Longitudinal Magnetoresistance in Graphite

As a particular example of a material with significant LMR, we consider the case

of graphite, where a huge- up to three orders of magnitude- LMR effect is observed

when both the current and magnetic field are along the c axis [9]. Recall that the energy

spectrum of graphite is well described by the Slonczewski Weiss McClure (SWMc)
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model (see Sec. 2.1) which involves 7 parameters γ0, ..., γ6 describing different kinds

of interactions between lattice points. Parameter γ3 plays a special role as it breaks

rotational symmetry of the FS. Without γ3 the FS is cylindrically symmetric about the

Brillouin zone edge. Therefore, the LMR condition is clearly violated. However, finite

γ3 leads to “trigonal warping”, i.e., a three-fold deformation of the FS. As pointed out

before, an expression for energy spectrum of electrons and holes with γ3 included in a

perturbative way can be written as [13]

ε = ε03 + Aσ
2 ± [B2σ4 + 2Bγ3Γσ3cos(3α) + γ23Γ2σ2]1/2, (3–29)

where σ =
√
3akρ/2, Γ = cos(kzc/2), and α = π/2 + φ, with a and c being the

in-plane and out-of-plane lattice constants, respectively. Also in Eq. 3–29, ε03, A and

B are all functions of kz and contain other interaction parameters. Neglecting all the

next-to-nearest neighbor couplings except for γ3 in the spectrum, we have ε03 = A = 0

and B = γ20/γ1Γ . With this approximation, Eq. 3–29 can be rewritten [up to O(γ23)] as

ε = ±
[

k2ρ
2m ∗ (kz)

+ γ3Γσcos(3α) +
γ1γ

2
3Γ
3

2γ20
sin2(3α)

]
, (3–30)

where m ∗ (kz) = 2γ1Γ/3a2γ20 . As is obvious from Eq. 3–29, the terms containing α

introduce the trigonal warping effect in the spectrum. Due to the presence of these

terms, the condition for non-zero LMR is satisfied. Fig. 3-2 shows the calculated

dependence of LMR on the magnetic field in units of of ωcτ , where ωc = 3eB/m0

with m0 ≡ m ∗ (kz = 0) in graphite at zero temperature (for γ0 = 3.16 eV, γ1 =

0.39 eV, and γ3 = 0.315 eV) [9]. As expected, LMR is quadratic at small fields and

eventually saturates at large fields. However, we note that although this explains

qualitatively why graphite has non-zero LMR in the first place, the curve does not nearly

match the experiment quantitatively. Namely, we find that relative magnetoresistance

∆ρzz(B)/ρzz(0) ≡ (ρzz(B)− ρzz(0)) /ρzz(0) saturates approximately at a value of 0.2.

However, observed value of this ratio is higher by orders of magnitude[47]. This implies
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that the mechanism of LMR in real graphite (as opposed to ideal graphite described by

the SWMc model) is not simply anisotropy of the FS. The disagreement is not surprising

in light of the fact that the mechanism of c-axis transport in graphite (not only in finite but

also in zero magnetic field) is still not completely understood and generally believed to

be due to processes not described by the standard BE, e.g., phonon-assisted resonant

tunneling through macroscopic defects, e.g., stacking faults [64–66], or disorder-assisted

delocalization [29].
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Figure 3-2. Calculated dependence of LMR on magnetic field in graphite.

3.4 Concluding Remarks

To conclude, we derived a necessary and sufficient condition that an electronic

spectrum should satisfy in order to show non-zero longitudinal magnetoresistance within

the semi-classical regime of electron transport. We found that anisotropy is essential

for non-zero LMR although this anisotropy has to be of a special kind, namely, the

spectrum must satisfy a particular non-separability condition given by Eq. 3–14. We also

showed that a phenomenological ”damped Bloch electrons model” does not capture

essential physics of semi-classical transport in anisotropic materials. In particular, this

model predicts that LMR is absent not only for isotropic but also anisotropic transport,
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which is not consistent either with the predictions of the Boltzmann-equation theory or

experiment.

In general, the limiting values of the longitudinal conductivities in the zero- and

high-field limits differ only in how the square of the z-component of the electron velocity

is averaged over the FS. Excluding some pathological situations, these two averages

can only differ by a numerical coefficient on the order of unity. Therefore, an LMR

effect can, in principle, result from FS anisotropy if its magnitude does not exceed or is

comparable to 100%. If, in addition, the lattice structure is such that LMR is possible only

due nearest-neighbor-hopping, one should expect even smaller values of LMR. In many

materials, e.g., copper [51] and Sr2RuO4 [54], the observed LMR effect is on the order

of 10%, which is well within the anisotropic-FS mechanism. However, gigantic LMR

effects, such as the one observed in graphite, require explanations which might involve

macroscopic inhomogeneities of the sample.
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CHAPTER 4
RESISTIVITY OF NON-GALILEAN INVARIANT FERMI LIQUIDS AND SURFACE

TRANSPORT IN Bi2Te3 FAMILY OF TOPOLOGICAL INSULATORS1

A T 2 scaling of the resistivity with temperature (T ) is considered as an archetypal

signature of the Fermi-liquid (FL) behavior in metals. This result owes its origin to

the Pauli exclusion principle which dictates that, at low temperatures, only those

quasiparticles that reside within a width of order T near the Fermi energy participate in

binary collisions. This argument, however, applies only to the inverse of the quasiparticle

relaxation time 1/τee but not to the resistivity, ρ, per se- the T 2 scaling of the former does

not necessarily imply that of the latter. A very simple example is a Galilean-invariant

FL, where the electron-electron (ee) interaction does not affect the resistivity, although

1/τee, as measured, e.g., by thermal conductivity, does scale as T 2. The reason is that,

since velocities of electrons are proportional to their respective momenta, conservation

of momentum automatically implies conservation of the electric current. In order to

achieve a steady-state current under the effect of an external electric field, a momentum

relaxation mechanism is needed.

Of course, the FL of electrons in a metal is not Galilean-invariant. In the presence

of lattice, the current may be relaxed by Umklapp collisions [67], which conserve the

quasimomentum up to a reciprocal lattice vector: k + p = k′ + p′ + b. Umklapp

processes are allowed, however, if the incoming electron momenta k and p as well as

the momentum transfer q = k − k′ = p′ − p are all of order b. These requirements

are satisfied if 1) the Fermi surface is large enough, e.g., at least quarter-filled in the

tight-binding case [68], and 2) the interaction is sufficiently short-ranged. In conventional

1 The results, figures, and most of the text in this chapter are from our articles: (1)
H. K. Pal, V. I. Yudson, and D. L. Maslov, Phys. Rev. B 85, 085439 (2012). ”Copyright
(2012) by the American Physical Society.” (2) H. K. Pal, V. I. Yudson, and D. L. Maslov,
arXiv:1204.3591 (Submitted to a special issue of the Lithuanian Journal of Physics
dedicated to the memory of Y. B. Levinson).
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metals, these two conditions are easily met due to a large number of carriers and

effective screening of the Coulomb interaction; thus Umklapp collisions occur at a rate

comparable to 1/τee, and ρ ∝ T 2. However, there are situations when these conditions

are not met; e.g., the first condition is violated in systems with low carrier concentration,

such as degenerate semiconductors, semimetals, surface states of three dimensional

topological insulators, etc., and the second condition is violated when a metal is tuned

to the vicinity of a Pomeranchuk-type quantum phase transition (QPT) [69], e.g, a

ferromagnetic QPT. In this chapter, we focus on the former case, i.e., on systems with

low carrier concentration. For a discussion of the other case, the reader is referred to

[70, 71].

If Umklapps are suppressed (and the temperature is too low for the electron-phonon

interaction to be effective), current can be relaxed only via electron-impurity (ei)

collisions. Still, the normal, i.e., momentum-conserving, ee collisions can affect the

resistivity, if certain conditions are met. The combined effect of normal ee and ei

interactions does not necessarily lead to the T 2 dependence of the resistivity. Whether

this happens depends on three factors: 1) dimensionality (two dimensions (2D) vs

three dimensions (3D)), 2) topology (simply vs multiply connected), and 3) shape

(convex vs concave) of the Fermi surface (FS). The T 2 term is absent not only for

a Galilean-invariant but, more generally, for an isotropic FL with a non-parabolic

spectrum, as well as for anisotropic but quadratic spectrum. In 2D, the conditions

are more stringent. In addition to cases mentioned above, the T 2 term is absent for

a simply-connected and convex but otherwise arbitrarily anisotropic FS. The reason

behind this is that the T 2 term arises from electrons confined to move along the FS

contour such that, for the convex case, momentum and energy conservations are similar

to the 1D case, where no relaxation is possible. The goal of this chapter, in part, is to

elucidate these points. Additionally, we wish to apply the results to surface transport in

Bi2Te3 family of 3D topological insulators (TI). The 2D suface states in these materials

73



have the unique property that, as the Fermi energy increases, the 2D FS changes

rapidly from a circle to a hexagon and then to a hexagram, changing its shape from

convex to concave. Therefore, these materials can serve as a testing ground for the

theoretical results outlined above. Further, we derive the dependence of resistivity on

temperature near the convex-concave transition, and, as we show, the resistivity is found

to obey a universal scaling form applicable not only to these systems, but also to any

other system exhibiting similar change of FS shape.

The rest of the chapter is organized as follows. We begin by formulating the

problem in terms of the Boltzmann equation (BE) in Sec. 4.1. In Sec. 4.2, we solve the

BE perturbatively with respect to ee scattering, which is an adequate approximation

at low enough temperatures, and analyze various stituations mentioned above. In

Sec. 4.3, we discuss the case of Bi2Te3 family of 3D TIs and derive the scaling form of

the resistivity near the convex-concave transition. In Sec. 4.4, we discuss several issues

such as what happens in the high temperature limit and what are the limitations of our

results. Finally, our concluding remarks are presented in Sec. 4.5.

4.1 Formulation of the Problem

The most straightforward way to find the effect of the ee interaction on the

conductivity in the semi-classical regime is via the Boltzmann equation (BE) which,

for the case of a time-independent and spatially-uniform external electric field E, reads

(cf., Ch. 1)

eE · ∂fk
∂k
= Iei [fk] + Iee [fk] , (4–1)

where e is the electron charge and fk is the distribution function. The collision integrals

Iee and Iei on the right-hand side describe the effects of the ee and ei interactions,

respectively. Explicitly,

Iei =

∫
k′
wk′k (fk′ − fk) δ (εk − εk′) , (4–2)
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and

Iee =

∫
p

∫
p′

∫
k′
Wk,p→k′p′δ (εk + εp − εk′ − εp′) δ

(
k+ p− k′ − p′

)
× [fk′fp′ (1− fk) (1− fp)− fkfp (1− fk′) (1− fp′)] ,

(4–3)

where
∫
k

is a short-hand notation for
∫

dk
(2π)D

, and wk,k′ andWk,p→k′p′ are the ei and ee

scattering probabilities, correspondingly. For a weak electric field, the left-hand side

of the BE reduces to evk · En′k, where vk is the electron group velocity and nk ≡ n(εk)

is the equilibrium distribution function, with prime denoting a derivative with respect to

the electron energy, εk (measured from the Fermi energy). Linearizing the ee collision

integral on the right-hand side with respect to the non-equilibrium correction to nk,

defined as

fk = nk − Tn′kgk = nk + nk (1− nk) gk, (4–4)

one obtains [68]

Iee =

∫
p

∫
p′

∫
k′
Wk,p→k′p′ (gk′ + gp′ − gk − gp) nknp (1− nk′) (1− np′)

×δ
(
k+ p− k′ − p′

)
δ (εk + εp − εk′ − εp′) . (4–5)

Before proceeding with the acutal solution of the BE, we make the following

observations.

“Hidden” phonons. The linearized form of the steady-state BE assumes implicitly

that the electron-phonon interaction is also present in the system; otherwise, the total

electron energy will increase indefinitely due to the work done by the electric field. As

usual (see, e.g., Ref. [22]), we assume that the temperature is low enough so that one

can neglect a direct electron-phonon contribution to the resistivity (which requires that

τeph � τee, τei, where τs are the transport scattering times for corresponding processes)

but high enough so that, for a fixed electric field, the electron-phonon interaction can still
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equalize the electron and lattice temperatures (which requires that the work done by the

electric field on the energy relaxation length is much smaller than the temperature).

Parity of a non-equilibrium part of the distribution function. A linear in E term in

fk can be written as

δfk ≡ fk − nk = −Ak · ETn′k, (4–6)

where Ak contains explicitly only the effects of the ee and ei interactions. At low enough

temperatures (as specified in the previous paragraph), the electron-phonon interaction

shows up only in the next quadratic term and does not affect the resistivity directly. At

even lower temperatures, when τee � τi, ee scattering can be treated as a perturbation

to ei scattering. In this case, Ak is determined by the crystal symmetry and by the ei

scattering probability and, without specifying both of them, no properties of Ak can be

further inferred. However, if the ei scattering probability satisfies the microreversibility

condition [22], i.e., wk,k′ = wk′,k, then Ak is odd in k. Indeed, reversing the sign of k in the

BE and relabeling k′ → −k′, we obtain

evk · En′k =
∫
k′
w−k′,−k (f−k − f−k′) δ (εk − εk′) . (4–7)

Using time-reversal symmetry wk,k′ = w−k′,−k (which is guaranteed in the absence of

the magnetic field and magnetic order) and microreversibility, we see that A−k = −Ak.

This is the property of the non-equilibrium distribution function we will be using later on.

To simplify the presentation, we will first use a model form of the ei collision integral,

namely, a relaxation-time approximation 2 Iei = − (fk − nk) /τi, which allows for a

closed-form solution, and then extend the proof for the general form of fk given by

Eq. 4–6.

2 Strictly speaking, the second term in the collision integral should contain the
distribution function averaged over the directions of k rather than the equilibrium
distribution nk. However, this difference is immaterial to linear order in E.
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However, one has to keep in mind that microreversibility is not a general principle

beyond the Born approximation. Rather, it is a consequence of two microscopic

symmetries, i.e., symmetries with respect to time- and space-inversions, and is thus

absent in systems that are non-centrosymmetric [72].

No disorder–no steady-state linear-response regime. Since the momentum is

conserved in normal collisions, the collision integral 4–5 is nullified by a combination

B · k, where B is k-independent but otherwise arbitrary. This means that there is no

unique steady-state solution in the linear-response regime. Obviously, the steady-state

solution is absent because the total momentum of the electron system (per unit volume),

K =
∫
k
kfk, increases with time. Indeed, restoring the time and spatial derivatives in the

BE, multiplying it by k and integrating over k we obtain

∂Ki
∂t
+
∂Πij
∂xj
= −e

∫
k

ki
∂fk
∂kj
Ej , (4–8)

where Πij =
∫
k
kivj fk. Integrating by parts in the right-hand side and taking into account

that the number density N =
∫
k
fk, we obtain

∂Ki
∂t
+
∂Πij
∂xj
= eNEi (4–9)

The left-hand side is just the continuity equation while the right-hand side is the total

force per unit volume. Therefore, although the electron liquid is not, generally speaking,

Galilean-invariant, it is accelerated as a whole by the electric field (in a crystal, an

increase of the momentum in time leads to Bloch oscillations of the current; the current

averaged over time is equal to zero). Therefore, one needs to invoke impurity scattering

in order to render the problem well-defined 3 .

3 A well-known case when the resistivity is finite only due to normal ee collisions
is a perfectly compensated semi-metal [22]. Undoped graphene is a special case of
a compensated system with zero Fermi energy, where the conductivity is finite (and
universal) at T = 0 even in the absence of any scattering [73].
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No lattice–no T 2 term in the resistivity. Adding just disorder but no lattice does

not give rise to a T 2 term in the resistivity. Notice that this statement is weaker than

“the ee interaction does not effect the resistivity at all”, which is true if wk′,k depends

only on the scattering angle but not on the electron energy. The simplest case is that of

point-like impurities, when wk,k′ = 1/ν(εk)τi, where ν(εk) is the density of states (per one

spin component) and τi is a constant. In this case, the BE reduces to

evk · En′k = − fk − f̄
τi
+ Iee (4–10)

with f̄ is an average of fk the directions of k. In the absence of lattice, k = mv and hence

the electric current j = 2e
∫
k
vfk = (2e/m)

∫
k
kfk. Now one can multiply the BE equation

by v and integrate over k, upon which Iee drops out, and obtain a relation between j and

E directly, without solving for fk:

e

∫
k

vk(vk · E)n′k =
m

2eτi
j (4–11)

The resuling conductivity σ = ne2τi/m does not contain any effects of the ee interaction,

except for possibly FL renormalizations of m and τi.

The same is true if the scattering probability depends only on the angle between k

and k′. Parameterizing wk,k′ as

wk,k′ = w̄
(
εk, k̂ · k̂′

)
/ν(εk), (4–12)

we expand fk and w̄
(
εk, k̂ · k̂′

)
over a complete basis set of, e.g., Legendre polynomials

in 3D:

fk =
∑
`

f {`}(εk)P`(cos θ);

w̄ =
∑
`

w̄ {`}(εk)P`(cos θ)P`(cos θ
′) +Wo , (4–13)

where θ (θ′) is the angle between E and k (k′), andWo is an odd function of the polar

angles that vanishes when substituted into the collision integral. In terms of angular
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harmonics, the BE reduces to

evk · En′k = −
∑
`

f {`}

τ {`}(εk)
P(cos `θ) + Iee (4–14)

with
1

τ
{`}
i (εk)

≡ w̄ {0}(εk)−
1

2`+ 1
w̄ {`}(εk). (4–15)

If τ {`}i (εk) does not depend on the electron energy, one proceeds in the same way as

for point-like impurities, i.e., one obtains a direct relation between j and E by multiplying

Eq. 4–14 by v and integrating over k. The resulting (Drude) conductivity σ = ne2τ tri /m

contains the transport time τ tri ≡ τ
{1}
i but no effects of the ee interaction (again, up to FL

renormalizations).

If w̄ does depend on the electron energy, as is often the case for semiconductors,

the integral
∫
k
kIei does not reduce to the electric current, and one needs to solve for fk

in order to find the conductivity. Since the ee interaction affects fk, the conductivity is

also affected. However, as we show later, the effect starts only from the T 4 term in the

resistivity (or T 4 lnT in 2D).

4.2 Electron-electron Contribution to the Resistivity

It may seem that, once lattice and disorder is present in the system, a T 2 term

in the resistivity is guaranteed. While disorder takes care of momentum relaxation,

lattice breaks the Galilean invariance. As a result, vk = ∂εk/∂k 6= k/m, which means

momentum conservation does not imply current conservation, and one cannot obtain

a relation between the current and the electric field without actually solving the BE. In

general, therefore, one should indeed expect a T 2 term in the resistivity. While this is

readily the case in 3D, it turns out that the conservation laws in 2D forbid the T 2 term in

several cases which we wish to explore next.

4.2.1 Low Temperatures: Perturbation Theory

At low temperatures, when the ee collisions are less frequent than the ei ones, the

ee contribution can be found via the perturbation theory with respect to Iee as in [70]
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where this particular situation was investigated in detail. We begin with the simplest–

isotropic– model for electron-impurity scattering, when the BE is given by Eq. 4–10.

However, we keep the dependence of the ei relaxation time on the electron energy for

the time being.

At the first step we solve Eq. 4–10 with Iee = 0, which yields

g
(1)
k = −eτi (εk) vk·E/T . (4–16)

Next, we substitute g(1)k back into Eq. 4–10 and find a correction due to Iee

g
(2)
k = −τi (εk)

Tn′k
Iee

[
g
(1)
k

]
(4–17)

The corresponding correction to the ij component of the conductivity tensor is given by

δσij = −2e
2

T

∫
dDq

(2π)D

∫ ∫ ∫
dωdεkdεp

∮ ∮
dak
vk

dap
vp
Wk,p (q,ω) `

i
k∆`

jn (εk) n (εp)

× [1− n (εk − ω)] [1− n (εp + ω)] δ (εk − εk−q − ω) δ (εp − εp+q + ω) . (4–18)

Here, q ≡ k − k′ = p′ − p is the momentum transfer, dak is the surface (line) element

of an isoenergetic surface (contour) at energy εk in 3D (2D), and ∆` ≡ τi(εk)vk +

τi(εp)vp − τi(εk − ω)vk−q − τi(εp + ω)vp+q is a vector measuring the change in the

total “vector mean free path ” `k ≡ vkτi(εk) due to ee collisions. The energy transfer

was introduced by re-writing the energy conservation law as δ (εk + εp − εk′ − εp′) =∫
dωδ (εk − εk′ − ω) δ (εp − εp′ + ω). The scattering probabilityWk,p(q,ω) ≡ Wk,p→k−q,p+q

is now allowed to depend on ω. Using the symmetry properties ofWk,p(q,ω), one can

cast Eq. 4–18 into a more symmetric form

δσij = − e
2

2T

∫
dDq

(2π)D

∫ ∫ ∫
dωdεkdεp

∮ ∮
dak
|vk|
dap
|vp|
Wk,p (q,ω) ∆`

i∆`j

×n (εk) np (εp) [1− n (εk − ω)] [1− n (εp + ω)]

×δ (εk − εk−q − ω) δ (εp − εp+q + ω) . (4–19)
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Now let us count the powers of T in Eq. 4–19. Each of the three energy integrals (over

ω, εk, and εp) gives a factor of T which, in a combination with the overall 1/T factor,

already gives a T 2 dependence, as expected for a FL. The T 2 result holds as long as

the integral over q does not introduce additional T dependence. This is the case in the

FL regime, when typical q are of order of the ultraviolet cutoff of the problem, i.e., the

smallest of the three quantities: the reciprocal lattice vector, a typical size of the FS, and

the inverse radius of the ee interaction. In this case, the ω dependence ofWk,p (q,ω) can

be neglected. The energy dependence of τi contributes only to higher order terms in T

and we neglect it for the time being as well, so that ∆` = τi∆v with

∆v = vk + vp − vk−q − vp+q (4–20)

being the change in the electron current due to ee collisions. Finally, since the integrals

of the combinaton of the Fermi functions over energies already produce a factor of T 2,

electrons can be projected onto the FS in the rest of the formula. This means that one

can drop ω in both δ-functions and perform the surface integrals over the FS.

We pause here to remark that neglecting ω in the δ-functions does not mean

performing an expansion in ω/εk, ω/εp, etc. In fact, all quasiparticles energies (εk,

εk−q, etc.) are equal to zero because the electrons were projected onto the FS! What it

really means is that the δ-functions impose constraints on the angles between k and q

(and p and q) with electrons’ momenta being on the FS. Typical values of these angles

are determined by the ratio of typical q (≡ q̄) to kF . In a system with a short-range

interaction, q̄ ∼ min{kF , 1/a0}, where a0 is the lattice spacing; therefore, typical angles

are of order unity. On the other hand, typical ω (≡ ω̄) are of order T , and corrections to

angles due to finite ω are small as long as T � min{εF ,W }, whereW is the bandwidth,

which we need to assume anyhow to be in the FL regime. If the interaction radius, r0,

is much longer than both the lattice spacing and the Fermi wavelength, q̄ is small but in

proportion to 1/r0 rather than to T , while ω̄ is still of order T . This means that effective
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ultraviolet energy scale is reduced to vF/r0, and the FL description is valid only at low

energies, where the effect of a finite energy transfer on the kinematics of collisions is

negligible. This can be illustrated for a simple example of the quadratic spectrum, when

the angle between, e.g., k and q, satisfies cos θk,q = (q2/2m + ω)/vFq. Neglecting ω is

justified as long as T � q̄2/2m.

As another remark, typical q may be different for different observables. What we

said above is true for the leading term in the ee contribution to the electrical conductivity

in all dimensions D > 1, because the small q behavior of the integrand in Eq. 4–19

is regularized by the ∆`i factors that vanish in the limit of q → 0. (This is analogous

to the regularizing effect of the 1 − cos θ factor in a transport cross-section for elastic

scattering. However, when calculating the single-particle lifetime (the imaginary part of

the self-energy)[74] and thermal conductivity[75] in 2D, one runs into infrared logarithmic

divergences, which means that the infrared region of the momentum transfers (q ∼

T/vF ) does contribute to the result. In those cases, neglecting ω in the δ-functions is

not justified. (The subleading terms in the conductivity also require more care; see

Sec. 4.2.2.3 below.)

Coming back to main theme, we neglect ω in the scattering probability, which is

allowed in the case of a FL. After all these simplifications, the diagonal component of the

conductivity reduces to

δσii = − e
2

2T
τ 2i

∫
dDq

(2π)D

∫ ∫ ∫
dωdεkdεp

∮ ∮
daFk
vFk

daFp
vFp
Wk,p (q, 0) (∆v

i)2

×n (εk) n (εp) [1− n (εk − ω)] [1− n (εp + ω)]

×δ (εk − εk−q) |εk=0δ (εp − εp+q) |εp=0, (4–21)

where superscript F indicates that the corresponding quantity is evaluated at the FS.

Now the integrals over all energies can be performed with the help of an identity

1

T

∫
dε1

∫
dε2

∫
dωn (ε1) n (ε2) [1− n (ε1 − ω)] [1− n (ε2 + ω)] =

2π2

3
T 2, (4–22)
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and we obtain a T 2 term in the conductivity with a prefactor given by a certain average

over the FS-

δσii = −π
2

3
e2τ 2i T

2

∫
dDq

(2π)D

∮ ∮
daFk
vFk

daFp
vFp
Wk,p (q, 0)

×(∆vi)2δ (εk − εk−q) |εk=0δ (εp − εp+q) |εp=0.

(4–23)

Clearly, whether the leading correction to the residual conductivity indeed scales

as T 2 depends on whether the integral over the FS is nonzero. Since the integrand

is positive, the integral may vanish only if ∆v = 0 under the energy conservation

constraints imposed by the δ- functions. As a simple check, we apply Eq. 4–23 for the

Galilean-invariant case, when vk = k/m. In this case, ∆v = 0, as it should be.

4.2.2 Cases when the Leading Term Vanishes

We now analyze several cases where ∆v = 0 leading to the absence of the T 2

term.

4.2.2.1 Isotropic system with an arbitrary spectrum

The first case is that of an isotropic but otherwise arbitrary energy spectrum. Such

a situation may arise due to relativistic effects. Another (pseudo-relativistic) example is

weakly doped graphene with a negligibly small trigonal warping of the FS. Since εk is a

function of |k| only, the δ-function constraints in Eq. 4–23 imply that |k| = |k − q| and

|p| = |p+ q|. Then,

v jk = 2
∂εk
∂(k2)

kj = ξ(k)kj ;

v jk−q = 2
∂εk
∂(k2)

∣∣∣∣
|k−q|=|k|

× (kj − qj) = ξ(k)(kj − qj),

(4–24)

where ξ(k) ≡ vk/k . Notice that the second line in Eq. 4–24 is not an expansion in small

q but an exact relation. Substituting Eq. 4–24 (and similar expressions for v jp and v jp+q)
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into ∆v, it is easy to see that ∆v vanishes identically. Thus, there is no T 2 correction to

the resistivity of a non-Galilean-invariant but isotropic system. This result also holds for a

general quadratic spectrum εk = kikj/2mij , in which case vj = ki/mji and ∆vj = 0.

Notice that, in contrast to the Galilean-invariant case (with εk = k2/2m − εF ), when

not only the T 2 term but all higher order terms are absent, higher order (T 4, etc.) terms

are non-zero for a non-parabolic spectrum.

Figure 4-1. Isotropic case in 2D: three possible scattering processes none of which
leads to current relaxation.

4.2.2.2 Approximate integrability: convex and simply connected Fermi surface in
2D

The fact that the T 2 term in resistivity is absent for an isotropic FS does not mean

that it is necessarily present for an anisotropic FS. In fact, the T 2 term is also absent for

a simply-connected and convex 4 but otherwise arbitrary FS in 2D [70, 76, 77]. Before

considering the general case, however, let us study the simplest example of such a

FS, i.e., a 2D circular FS with quadratic spectrum. Since this is just a Galilean-invariant

4 A figure is called convex if a line segment drawn to connect any two points on the
figure will have no points outside the figure (e.g., a circle). In contrary, if at least one line
segment connecting two points on the figure lies partly outside the figure, the figure is
called concave (e.g., a hexagram).
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case, we already know that the ee interaction has no effect on the resistivity. However,

it is instructive to see in a geometrical way how the T 2 term vanishes–this will be useful

for the subsequent analysis of the general case in 2D. Geometrically, one needs to find

the two initial momenta, k and p, belonging to the FS, such that the final momenta,

k − q and p + q, also belong to the FS. As shown in Fig. 4-1, only three situations are

possible [78]: (1) Cooper channel, when the total initial and, therefore, the total final

momenta are equal to zero; (2) swapping of velocities, when the initial momentum of

one the electrons coincides with the final momentum of another electron and vice versa,

i.e., p = k − q; and (3) no scattering- this is the trivial case where the initial and final

momenta of individual electrons are the same. For all of these cases, ∆v = 0 and thus

the T 2 term is absent. To see that these situations indeed exhaust all the possibilities,

one can solve the momentum and energy conservation equations, i.e., k−k′ = p′−p = q

and k2 = k ′2; p2 = p′2, subject to the additional constraint k = p = k ′ = p′ = kF . These

lead to two equations: q2 − 2kqcosθkq = 0 and q2 + 2pqcosθpq = 0, where θij denotes

the angle between the vectors i and j. The three possible solutions are: θkq − θpq = π,

corresponding to case (1); θkq + θpq = π, corresponding to case (2); and q = 0 for

arbitrary θkq and θpq , corresponding to case (3).

The situation described above is not specific to a circular FS in 2D but occurs also

for a generic convex FS, see Fig. 4-2(a). Indeed, introducing a new variable p̄ = −p

in Eq. 4–23 and using the time-reveral symmetry (ε−p = εp) and symmetries of the

scattering probability, we obtain

δσii = −π
2

3
e2T 2τ 2i

∫
d2q

(2π)2

∮ ∮
daFk
vk

daFp̄
vp̄
Wk,p̄ (q, 0)

[
vik − vip̄ − vik−q + vip̄−q

]2
×δ (εk − εk−q) δ (εp̄ − εp̄−q) . (4–25)

For a given q, we must find two momenta satisfying the relations εk = εk−q and εp̄ = εp̄−q.

Geometrically, finding the solution to these two equations is equivalent to shifting the FS

by q, and finding the points of intersection between the original and the shifted FSs. A
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convex FS has at most two self-intersection points. Therefore, the equation εk = εk−q

has only two solutions. In addition, if k is a solution, then −k + q is also a solution so

that the roots of the first equation form a set {k,−k + q}. Since the second equation is

the same, its two roots {p̄,−p̄ + q} = {−p,p + q} must coincide with the roots of the

first equation. This can happen if 1) k = −p, which gives the Cooper channel or if 2)

k = p + q which gives swapping. The situation with q = 0, when no scattering occurs, is

trivially possible. For all the scattering processes listed above, ∆v = 0 and the T 2 term

vanishes.

Although the analysis above was based on Eq. 4–25, obtained in the relaxation-time

approximation for ei scattering, it can be readily extended for the general form of the ei

collision integral in Eq. 4–2. The non-equilibirum part of the distribution function in the

presence of ei scattering alone is given by Eq. 4–6, which implies that g(1)k in Eq. 4–4 is

replaced by g(1)k = Ak · E. The lowest-order iteration in ee scattering is to be found from

an integral equation

Iei[g
(2)
k ] =

1

Tn′k
Iee[Ak · En′k]. (4–26)

The ei collision integral can be viewed as a integral operator, the inverse of which is

defined by

Î−1ei [fk] ≡
∑
k̂

Ok,k′fk′, (4–27)

where k̂ ≡ k/k . Thanks to microreversibility, Ok,k′ = Ok′,k. A formal solution of Eq. 4–26

is:

g
(2)
k =

1

Tn′k
Î−1ei Iee[Ak · E]. (4–28)

Using the microreversibility property of Ok,k′ and the fact that Ak is odd in k, it is easy

to see that g(2)k is odd in k as well. This is all one really needs to repeat the steps of

the previous analysis. The correction to the conductivity now contains a combination

∆vi∆Aj , where ∆A ≡ Ak + Ap − Ak′ − Ap′. Being odd in all momenta, ∆A behaves in the

same way as ∆v upon the change p → −p. The scattering processes are classified in
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the same way as before, and the vanishing of the T 2 term follows from the vanishing of

∆v.

A limited number of possible outcomes of the ee collisions means that our

2D system behaves similar to a 1D system, where binary collisions do not lead to

relaxation. The analogy works because, to find the leading (T 2) term in the conductivity,

it suffices to project electrons onto the FS, which is a line in 2D. Therefore, kinematics

effectively becomes 1D and, although this is a 2D case, we have an integrable system.

However, this analogy has certain limitations. First, the 2D case is integrable only

with respect to charge but not thermal current relaxation; this may be compared to

the 1D case where no relaxation can happen in any of the quantities. Second, even

when it comes to the charge current, relaxation is absent only up to next-order-terms

in T/εF (see Sec. 4.2.2.3). Third, not any FS line in 2D is integrable: concave and

multiply-connected contours behave in a non-integrable way. With all these limitations in

mind, we will refer to the 2D convex case as ”approximate integrability”.

Figure 4-2. The number of self-intersection points (marked by dots) depends on
geometry: (a) A convex contour has at most two self-intersection points and
(b) a concave contour can have more than two self-intersection points (six in
the example shown).

4.2.2.3 Subleading corrections to the resistivity when the leading term is absent.

To find the subleading correction for the case considered in the previous section,

we go back to Eq. 4–19, replace again τi by a constant in the scattering probability, but

now, instead of neglecting ω in the δ functions, expand the product of the δ functions to

87



second order in ω. The zeroth-order term, δ (εk − εk−q) δ (εp − εp+q), nullifies ∆vi . The

odd in ω terms vanish upon integration over εk,εp, and ω. In the FL case this gives

δσii =
1

2

e2

T
τ 2i

∫
dDq

(2π)D

∫ ∫ ∫
dωω2dεkdεp

∮ ∮
dak
vk

dap
vp
Wk,p (q, 0)

×
[
∆vi

]2
n (εk) n (εp) [1− n (εk − ω)] [1− n (εp + ω)]

[
δ′ (εk − εk−q) δ

′ (εp − εp+q)

−1
2
{δ′′ (εk − εk−q) δ (εp − εp+q) + δ (εk − εk−q) δ

′′ (εp − εp+q)}
]
. (4–29)

The derivatives of the δ-functions produce the same roots for k and p as the δ-functions

themselves. However, integrating by parts, we make the derivatives act on
[
∆vi

]2
.

Although
[
∆vi

]2 vanishes for k and p satisfying energy and momentum conservations,

its derivatives do not. This make the integral non-zero. Since we now have two more

factors of ω the correction to the conductivity scales as

δσii ∝ T 4. (4–30)

In more detail, let k0 be one of the roots of the equation εk = εk−q. The corresponding

root for p is then p0 = k0 − q. Expanding ∆v around the roots gives

∆vi = ([δk−δp] · ∇)
(
vik0 − v

i
k0−q

)
, (4–31)

where δk ≡ k − k0 and δp ≡ p − k0 + q. Subsequent integration proceeds as in the

integral ∫ ∫
dxdyδ′ (x) δ′ (y)

1

2
(x − y)2 = −

∫
dxδ′ (x) x = 1, (4–32)

where δk and δp play the roles of x and y (and similarly for an integral with a product

δ′′(... )δ(... )). Further cancelations for a particular FS may make the T dependence

even weaker but the generic answer is T 4.

In addition to the mechanism described above, there are other sources of higher

than T 2-order corrections to the conductivity; one of them is the energy dependence of

τi which we have neglected so far. This mechanism operates even in a Galilean-invariant
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system: although ee collisions conserve the momentum, they redistribute electrons in

the energy space and thus affect the conductivity, if τi depends on the energy [22, 79].

To estimate the magnitude of this effect, we apply Eq. 4–19 to the Galilean-invariant

case (v = k/m) and expand the impurity relaxation times entering the “vector mean free

path” as τi (εl) = τi(0) + τ
′
i εl, where τ ′i ≡ ∂τi(εl)/∂εl|εl=0. This yields

∆` =
τ ′i ω

m
(k− p− 2q) . (4–33)

Since Eq. 4–18 contains two factors of ∆`, and each of them is proportional to ω, we

have an extra ω2 factor in the integrand. In 3D, this immediately gives a T 4 term

δσii3D ∝ (τ ′i )2T 4. (4–34)

In 2D, the situation is more delicate because the part of the integrand associated with

the k − p term in Eq. 4–33 is logarithmically divergent. This a well-known “2D log

singularity” that occurs, on a more general level, as the mass-shell singularity of the

self-energy (see Ref. [74] and references therein). This is also the same singularity

that one encounters when calculating the thermal conductivity in 2D (in the absence

of impurity scattering) [75]. Indeed, our problem bears a formal similarity to that of the

thermal conductivity because the change in the thermal current jTk = vkεk due to ee

collisions,

jTk + j
T
p − jTk−q − jTp+q =

(k− p− 2q)ω + q(εk − εp)

m
,

(4–35)

contains the same term as ∆` in Eq. 4–33. The singularity can be resolved by the same

method as in Ref. [75]. i.e., by considering a dynamically screened Coulomb interaction.

The result is that, similar to the thermal conductivity, the conductivity contains an extra
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log factor as compared to the 3D case:

σii2D ∝ (τ ′i )2T 4 ln (εF/T ) . (4–36)

The “2D log” does not occur in the T 2 term in the conductivity, if the latter is finite due to

broken integrability, which is the subject of the next section.

4.2.3 Non-integrable Cases

It follows from the previous discussion that whether the T 2 term is absent or present

depends entirely on the FS having two or more than two self-intersection points. A

concave FS in 2D can have more than two self-intersection points (cf. Fig. 4-2(b),

therefore there are more than two solutions for the initial momenta for given q. Some

of these solutions still correspond to ”integrable” processes encountered already for a

convex FS, but the remaining ones do relax the current. Therefore, a T 2 term survives in

this case.

Figure 4-3. The number of self-intersection points depends on the dimension and the
topology: (a) A 3D FS has an infinite number of self-intersection points (a
line) and (b) a multiply connected FS also has more than two
self-intersection points.

Similarly, in 3D, the manifold of intersection between the original and shifted FSs

is a line, see Fig. 4-3(a). Therefore, the equation εk = εk−q has infinitely many roots.

There is no correlation between the roots of the equations εk = εk−q and εp = εp+q.

Geometrically, this means that the initial momenta, k and p, do not have to be in the
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same plane as the final ones, k′ and p′. Therefore, an anisotropic (but not quadratic) FS

in 3D allows for a T 2 correction to the resistivity.

Also, if the FS is multiply connected, a T 2 term in the resistivity is present, even

if the individual FS sheets do not allow for a T 2 term on their own. Even more so, the

individual sheets can even be isotropic. The reason is obvious from Fig. 4-3(b) which

shows an example of two circular FSs in 2D. Clearly, the equation εk = εk−q has more

than two roots even in this case. Thus, according to our previous arguments, there is no

general reason for the vanishing of the T 2 term in such a situation.

4.2.4 Weakly-integrable Cases

Since the question of integrability depends on the dimensionality and the shape of

the FS, one can explore situations of weakly broken integrability by manipulating these

two parameters. For example, in the case of a quasi-2D metal with very weakly coupled

planes, one can anticipate the onset of the T 2 term in proportion to the interplanar

coupling. Similarly, if one considers a system with 2D FS which is weakly concave, the

T 2 term is expected to grow at a pace decided by the strength of the concavity. In fact,

the latter situation is physically realized in the 2D surface states of the Bi2Te3 family

of 3D topological insulators. We therefore explore only the former case in this section,

leaving the latter case to be studied in more detail in the next section, in the context of

these topological insulators.

Consider a layered metal with a quasi-2D spectrum which, for simplicity, we assume

to be separable into the in- and out-of-plane parts as

εk = ε
||
k||
+ εzkz , (4–37)

where k|| and kz are the in-plane and out-of-plane components of the momentum,

correspondingly. In the tight-binding model with nearest-neighbor hopping, εzkz =

t⊥ [1− cos (kzc)], where c is the lattice spacing in the z-direction. The metal is in a

quasi-2D regime when t⊥ � εF . In regard to the in-plane part of the spectrum, ε||k||, we
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assume that the corresponding energy contours are anisotropic but convex so that, in

the absence of the inter-plane hopping, the T 2-term in the in-plane conductivity would

be absent. (If the planes are assumed to be Galilean-invariant, i.e., ε||k|| = k
2
||/2m||,

as in a “corrugated cylinder model”, the T 2-term is trivially zero because the in- and

out-of-plane components of the momentum are conserved independently, and hence

v
||
k||
+ v

||
p|| − v

||
k′||

− v||p′|| = 0.) To find the T 2-term in the in-plane conductivity, we use a

method similar to that in Sec. 4.2.2.3, i.e., we expand the δ-functions, except for that

now we expand both in ω and εzkz . As we explained in Sec. 4.2.1, the expansion in ω

is really an expansion in ω normalized by the appropriate ultraviolet energy scale of

the problem. Likewise, the expansion in εzkz is really an expansion in t⊥/εF , which is a

natural small parameter for a quasi-2D system. The zeroth-order term (ω = 0, εzkz = 0)

nullifies ∆v||. The first-order terms also vanish: the ones, proportional to ω, do so by

parity, and the ones proportional to εzkz , do so because the first-order derivatives of the

δ-functions nullify (∆v||)2 after a single integration by parts. Finally, the cross products

in second-order terms, being odd in ω, also vanish. Therefore, the only surviving

second-order term is

δ
(
ε
||
k||−q|| − ε

||
k||
+ εzkz−qz − εzkz − ω

)
δ
(
ε
||
p||+q||

− ε||p|| + ε
z
pz+qz

− εzpz + ω
)

=
1

2

[(
εzkz−qz − εzkz

)2
+ ω2

]
δ′′

(
ε
||
k||−q|| − ε

||
k||

)
δ
(
ε
||
p||+q||

− ε||p||

)
+
1

2

[(
εzpz+qz − εzpz

)2
+ ω2

]
δ
(
ε
||
k||−q|| − ε

||
k||

)
δ′′

(
ε
||
p||+q||

− ε||p||

)
+
[(
εzkz−qz − εzkz

) (
εzpz+qz − εzpz

)
− ω2

]
δ′
(
ε
||
k||−q|| − ε

||
k||

)
δ′
(
ε
||
p||+q||

− ε||p||

)
.(4–38)

Equation 4–38 contains two independent corrections. All terms proportional to ω2

produce a T 4 correction to the conductivity that exists even in a purely 2D system.

All terms containing the squares of the out-of-plane dispersions produce a T 2

correction [76]. Therefore,

δσii = A4T
4 + A2t

2
⊥T

2, (4–39)
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where i = x , y , and constants A4 and A2 depend on details of the in-plane spectrum;

generically, A4 ∼ A2. Equation 4–39 describes a dimensional crossover from the 2D-like

regime (δσii ∝ T 4) at T � t⊥ to the 3D-like regime (δσii ∝ T 2) for T � t⊥). Notice that,

in the 3D regime, the T 2-term in the in-plane conductivity depends on the out-of-plane

hopping.

4.3 Effect of ee Interactions on Surface Transport in Bi2Te3 Family of
Topological Insulators

The class of materials Bi2Te3, Bi2Se3, and Sb2Te3 (Bi2Te3 family), known previously

due to its thermoelectric properties, have received renewed interest as candidates for

three-dimensional topological insulators (TI) [80]. TIs are characterized by a gapped

bulk spectrum with conducting surface states extending across the entire gap. The

surface states contain an odd number of Dirac cones and are protected against any

perturbation that preserves time-reversal symmetry. Photoemission shows that the

surface states of the Bi2Te3 family of compounds have a small, singly-connected FS at

the center of the Brillouin zone (BZ). Following Fu [81], the electronic dispersion in these

systems can be described by

ε±k = ±
√
v 2k2 + λ2k6cos2(3θ), (4–40)

where θ is the azimuthal angle, v is the Dirac velocity, and λ is a constant. Corresponding

isoenergetic contours are presented in Fig. 4-4. As the Fermi energy increases, the FS

changes rapidly from a circle to a hexagon and then to a hexagram. At some critical

value of the Fermi energy εF = εc (= 0.16 eV for Bi2Te3, for example [81]), the shape

changes from convex to concave. Based on the discussion in the previous section (cf.,

Sec 4.2, one can straightforwardly predict, therefore, that the e-e contribution to the

resistivity scales as T 4 on the convex side and as T 2 on the concave side. However,

this conclusion is valid either well below or well above the convex-concave transition,

i.e., when |∆| ∼ εF , where ∆ = εF − εc . One can ask the question: what happens in
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the vicinity of the transition when |∆| � εc , when it is weakly integrable? This section

is geared towards answering this question. Indeed, these materials are unique in the

sense that, by changing the Fermi energy (by doping or gating), one can tune the

system continuously from an integrable to a non-integrable situation passing in between

through a weakly-integrable state. Thus, we propose the surface states of the Bi2Te3

family of 3D TIs as a testing ground for the theoretical results outlined in the previous

section and in the section to follow.

Figure 4-4. Isoenergetic contours for the spectrum in Eq. 2–2. The dashed line
corresponds to the critical energy for the convex-concave transition.

4.3.1 Conductivity Near the Convex-concave Transition

We first focus on the most interesting case of ∆ � T , when the isoenergetic

contours near the Fermi energy are concave, and then discuss the case of |∆| . T ,

when both convex and concave contours near the FS are thermally populated 5 . Near

the transition, several quantities in Eq. 4–25 exhibit a critical dependence on ∆. To

begin with, we have ∆v, which is zero on the convex side and non-zero on the concave

side. Additionally, there are two other quantities which also show a critical behavior.

As Figs. 4-5(c) and 4-5(d) illustrate, even if the FS is concave, it has more than two

5 Although, in principle we should use spinors while solving the BE, we can still use
the scalar BE without affecting any conclusions Away from the Dirac point, the effect
of the phase factors in the spinor wavefunctions is only to suppress backscattering
probability of all processes considered.
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self-intersection points only if it is shifted along one of the special directions and the

magnitude of the shift is sufficiently small. These special directions are high-symmetry

axes that intersect the FS at points with positive curvature, as in Fig. 2(b). Therefore, the

width of the angular interval near a special direction (∆θq) and the maximum value of q,

qmax, also depend on ∆ in a critical manner. Note that, more than two intersection points

is also possible for large momentum transfer of q ≈ 2kF , kF being the Fermi momentum.

However, backscattering is not allowed in the case of TIs due to the helical nature of

the electron states. And, in the case of a non-helical metal, this effect can be shown to

give rise to only higher order terms in ∆. Approximating
∫
d2q by ∆θqq2max, resolving the δ

functions, and integrating over all energies, we obtain

δσjj = −e
2τ2i T

2

12

∑
l ,m

∆θq|Mkl ,pm(qmax)|2[∆vj ]2lm
kl

vkl · k̂l
pm

vpm · p̂m
1

|v′kl · q̂|
1

|v′pm · q̂|
, (4–41)

where

the sum runs over all intersection points, the prime denotes a derivative with respect

to the azimuthal angle, and l̂ ≡ l/|l|. Notice that although a factor of q2max from the phase

space of integration cancels with the same factor from the δ functions, it will reappear in

the calculation of ∆vj . Hence, we need to calculate its dependence on ∆ as well. We are

now going to show that

∆θq ∝ ∆3/2, qmax ∝ ∆1/2, and ∆vj ∝ ∆3/2. (4–42)

We begin with ∆θq. Under an assumption (to be justified later) of small q, the

equation εk − εk−q = 0 reduces to vk · q = 0, which implies that q is a tangent to the FS

at the intersection points [cf. Fig. 4-6(a)]. Defining θ∗ as an angle between the normal

to the FS at any given point and q, we plot θ∗as a function of the azimuthal angle θ.

Figure 4-6(b) clearly demonstrates a distinguishing feature between the convex and

concave contours: θ∗(θ) is monotonic for the former and non-monotonic for the latter.

The non-monotonic part is centered around certain invariant points, i.e., common points
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Figure 4-5. Factors determining the number of self-intersection points in the 2D
contours: (a) A convex contour has no more than two self-intersection
points, (b) for q along a special direction, a concave contour has more than
two self-intersection points, (c) even in the concave case, the number of
self-intersection points is less than the maximal number allowed by
symmetry, if q is not along a special direction, and (d) for q larger than a
critical value, the number of the self-intersection points is less than the
maximum number allowed by symmetry.

for all contours. The oscillations reflect the rotational symmetry–sixfold in our case–of

the FS. From symmetry, if θ is a solution, so is θ + π; we thus consider only the domain

θ ∈ [0,π]. We now need to find the angular interval of q about a special direction in

which the equation θ∗ = θq + π/2 has three roots- the T 2 term is non-zero only in this

case. Since there is a one-to-one correspondence between the angles θ∗ and θq, we

can find the corresponding interval ∆θ∗ instead of ∆θq. Clearly, the regions on the curve

where it is non-monotonic are responsible for the multiple roots 6 . Redefining variables

6 In light of this, it is now clear why a convex contour does not allow for more than two
solutions and why a concave contour allows for more than two solutions only for special
directions of q.
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θ and θ∗ as measured from the invariant points, the non-monotonic part of the curve can

be conjectured to obey a cubic equation [cf. Fig. 4-6(c)]:

θ∗ = bθ3 − a(∆)θ, (4–43)

where a(∆) ∝ ∆ and b > 0 is a constant. Indeed, we need at least a cubic equation to

provide for three real roots; whether there is one or three roots depends on the sign of

a(∆) which must be negative/positive in the convex-concave regimes, correspondingly.

For the model spectrum of Eq. 4–40, we find b = 2 and a(∆) = 16
9

√
7
61/2
( λ
v3
)∆. The

quantity ∆θ∗ is the vertical distance between the maximum and minimum of this curve

which, according to Eq. 4–43, scales as ∆3/2.

Next in line is ∆vj , which we expand in small q as ∆vj ≈ [ ∂
∂kj
(q ·v)]|k2− [ ∂

∂kj
(q ·v)]|k1 =

[ ∂
∂kj
(q · v)]|k2k1, where k2 and k1 are any two solutions of the equation q · vk = 0. Referring

to the geometry of Fig. 4-6(d), we find ∆vj ∝ q[ ∂∂θ(θ
∗)]|θ2θ1, where use of Eq. 4–43 yields

∆vj ∝ q∆ ≈ qmax∆.

Finally, to find qmax, we relax the assumption of small q and solve the equation

εk−q = εq for arbitrary q. It is easier to do this by casting Eq. 4–43 into an equation

for the contour in terms of local cartesian coordinates. To this effect, we approximate

θ∗ ≈ tanθ∗ ≈ dky/dkx and θ ≈ tanθ ≈ −kx/k0F , with k0F being the Fermi momentum

at the invariant point [cf. Fig. 4-6(d)] and substitute into Eq. 4–43 to get the following

contour equation: ky = −bk4x /4 + a(∆)k2x /2, where kx ,y are the momenta measured from

the invariant points and normalized by k0F . Using this expression to solve for the roots

of εk−q = εq, one arrives at a cubic equation in kx which has three distinct real roots if

q ≤ 2
√
a(∆)/b. This means that qmax ∝ ∆1/2 (and thus ∆vj ∝ ∆3/2). This, in hindsight,

validates the assumption of small q.

Substituting these results into the expression for the conductivity, we find that

∆θq[∆vj ]
2 ∝ ∆9/2, which means the prefactor of the T 2 term in the resistivity scales as

∆9/2. The T 4 term is always present, as discussed before. Hence, the resistivity has the
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Figure 4-6. Geometric interpretation of a self-intersecting concave contour: (a) For small
q, points where the normal to the FS is perpendicular to q are the points of
self-intersection (black dots), (b) θ∗ vs θ [as defined in panel (a)]. Dotted:
ε < εc ; dashed: ε = εc ; solid: ε > εc , (c) a zoom of the non-monotonic part of
the graph in panel (b), and (d) a portion of the FS contour showing the
geometric construction for the derivation of the equation for the contour.

form

ρ = ρ0 + A

(
∆

εF

)9/2
Θ(∆)T 2 + B

T 4

ε2F
, (4–44)

where ρ0 is the residual resistivity, θ(x) is the step function, and A and B are material-dependent

parameters (generically, A ∼ B). A crossover between the T 4 and T 2 regimes occurs at

T ∼ εF (∆/εF )
9/4 � εF .

Returning to the case of ∆ . T , when both convex and concave contours are

populated, it is easy to see that the ∆9/2 prefactor is replaced by T 9/2, leading to a

T 13/2 term in ρ. This term, however, is subleading to the T 4 one. Therefore, Eq. 4–44

describes the leading T -dependence of the resistivity in both situations (|∆| � T and

|∆| . T ) near the transition. Note that the exponents of 2, 4, and 9/2 in Eq. 4–44 are
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universal, i.e., they are the same for an arbitrary 2D Fermi surface with a non-quadratic

energy spectrum near a convex-concave transition.

4.3.2 Proposal for Experimental Verification

We now discuss the feasibility of observing these predictions in an experiment.

First, our results are applicable at relatively high temperatures, when quantum

corrections to the conductivity may be neglected. As was shown in Ref. [82], this

is possible in the ballistic quantum regime, where a quantum correction scales as

T (Ref. [83]), while the FL correction always scales as T 2. Comparing the prefactors

one arrives at the condition T � 1/τi which, evidently, depends on the purity of the

sample. In Bi2Se3 thin films (Ref. [84]b) the logarithmic downturn of the conductivity,

indicating the dominance of the diffusive quantum correction, starts at about 5 K–the

FL contribution to the conductivity should therefore be searched at temperatures above

5 K in these samples. Next, one needs to ask if the e-ph contribution to the resistivity

masks the e-e one. In general, the e-ph contribution, which scales as T 5 at T < TBG ,

where TBG is Bloch-Gruneisen temperature (≈ 10K for Bi2Te3 [85]), is expected to

be outweighed by the T 2 (or even T 4) one from the e-e interaction. However, the e-

e coupling may be substantially reduced due to high background polarizability of TI

materials [86]. Indeed, comparing the scattering time of e-ph interaction, calculated

in Ref. [85], with that of the e-e interaction, we find that the T 5 term dominates over

the T 2 one down to a few mK. Even with some uncertainty in the estimate of the e-ph

time related to screening of this interaction by free electrons, the detection of the T 2

term in a dc measurement seems to be difficult. Instead, as an alternate route to test

our predictions, we suggest measuring the optical conductivity as a function of the

frequency Ω. Indeed, the crossover between the T 4 and T 2 forms of the dc resistivity is

completely analogous to the between the Ω4 and Ω2 forms of the optical scattering rate

Γ(Ω) ≡ (ω∗
p)
2Reρ(Ω) [87]. It can be readily shown that the effective plasma frequency

ω∗
p contains the same integrals as in Eq. 4–25 [87, 88]. Therefore, all the foregoing
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conclusions on the temperature dependence at different values of εF carry over to the

frequency dependence. The advantage of an optical measurement is that the e-ph part

of Γ(Ω) saturates [22] for TBG � Ω � εF , while the e-e part continues to grow either

as Ω2 or Ω4 depending on the sign of ∆. This advantage was used in the past to detect

the e-e contribution to Γ(Ω) in noble metals [22], and we propose to apply the same

technique to TIs.

In passing we note, although photoemission and tunneling microscopy [89] have

convincingly established the presence of such surface states in these materials,

signatures of these states in transport measurements are more difficult to observe,

mainly because of strong conduction in the bulk [90]. With recent experimental progress,

however, in the ability to tune the number of surface charge carriers [91], it is now

possible to see more clearly evidence of surface transport. Indeed, including e-e

interaction turned out to be crucial for explaining the observed field and temperature

dependences in quantum magnetotransport [84]. In light of this progress, we hope our

predictions are meaningful and will be put to test in recent future.

4.4 Discussion

In this chapter, we have focused our attention so far on the conventional FL T 2

term; our goal has been to explore situations where this may be absent. This is

essentially a low-temperature result derived within the semiclassical regime. To put

our findings into perspective, several comments are in order.

First, from the experimental point of view, it may be important to understand

whether the ee contribution may become larger than the ei one at higher temperatures,

and if so, what happens to the resistivity in this limit. In the case for Umklapp scattering,

the ee contribution grows unabated up to the temperatures comparable to the Fermi

energy. The normal contribution, however, is different: it saturates in the limit when

the ee relaxation time becomes shorter then the ei one. The effect of saturation

was understood already in the earlier days of the electron transport theory[92, 93]:
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very frequent ee collision establish a quasi-equilibrium state with the drift velocity

fixed by ei scattering. The previous analysis was, however, limited to the case when

normal ee collisions affect the resistivity via the energy dependence of the ei relaxation

time[22, 94]. However, one can show that the saturation occurs even if the ei relaxation

time does not depend on energy [71]. In such a case, the residual resistivity and the

saturated value of the resistivity are typically of the same order, thus there is no true

scaling regime for the T 2 (or T 4) term. This changes, however, if one considers a

two band model with very different band masses, in which case a true scaling regime

emerges. For more details, the reader is referred to [70, 71].

Figure 4-7. Different temperatue regimes for Fermi-liquid (FL) and quantum-interference
(QC) corrections to the conductivity. The shaded region on the temperature
scale is the regime where the FL (T 2) correction is dominant.

Second, recall that all our results so far are based on the BE. Effects arising due

to quantum interference are missing in this approach, which are also important at low

temperatures. Therefore, it is essential to know that limits of validity of our aforestated

results. Recall, the FL-like contribution to the resistivity discussed so far behaves as T 2

(or T 4, if there is approximate integrability) in the low-temperature regime, defined by

1/τee � 1/τi, and saturates in the high-temperature regime, defined by 1/τee � 1/τi.

In non-integrable systems, 1/τee = gT 2/εF , where g is the dimensionless coupling

constant. In a generic FL, g ∼ 1 and the crossover between the two limits occurs at

T ? =
√
εF/τi. For a good metal, εF τi � 1 so that 1/τi � T ? � εF . In case of quantum
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corrections (QC), the scale that differentiates between low and high temperatures,

i.e., between the diffusive and ballistic regimes, is TDB = 1/τi. For T � TDB, one

is in the diffusive limit, characterized by a logarithmically divergent Altshuler-Aronov

correction [95]; with all coupling constants being of order one, |δσ|/σD ∼ ln(1/T τi)/εF τi,

where σD = e2εF τi/π is the Drude conductivity. For T � TDB, one is in the ballistic

limit, where the correction scales linearly with T : |δσ|/σD ∼ T/εF [83]. Apart from

the interaction correction, there is a also a weak-localization correction, −δσWL/σD ∼

ln(τφ/τi)/εF τi, where τφ is the phase-breaking time, a precise form of which depends on

whether one is in the diffusive or ballistic limits: in the former, 1/τφ ∼ T ln(εF τi)/εF τi; in

the latter, 1/τφ ∼ 1/τee. In the diffusive limit, the weak-localization correction is similar

to the Altshuler-Aronov result, differing only in the prefactor. In the ballistic limit, the

weak localization correction is smaller than the interaction correction by a factor of

ln(T ∗/T )/T τi. Therefore, the correct order of magnitude for the quantum-interference

correction is still given by the interaction correction both in the diffusive and ballistic

limits. Comparing the FL-contribution −δσFL/σD ∼ T 2τi/εF to the quantum corrections,

we find that |δσQC/δσFL| ∼ ln(1/T τi)/T 2τ 2i � 1 and |δσFL/δσQC| ∼ T τi � 1 in the

diffusive and ballistic limits, correspondingly. Therefore, it is meaningful to consider

the FL contribution and neglect quantum-interfence processes in the ballistic but not

in the diffusive limit. The interplay of different mechanisms is shown schematically

in Fig. 4-7. In the integrable case, the T 2 term in the resistivity vanishes and the FL

correction scales as |δσFL|/σD ∼ T 4τi/ε3F . In this case, the FL correction dominates

over the quantum one only at temperatures well above the diffusion-ballistic crossover:

T � (εF τi)2/3TDB � TDB.

4.5 Concluding Remarks

The purpose of this chapter has been two fold. First, we wanted to analyze the

effect of ee interactions on the resistivity of FLs in the situation when Umklapp scattering

of electrons can be neglected. Such a situation arises, e.g., in low-carrier density
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materials, where the FS is too small to allow Umklaps. In such cases, the conventional

T 2 dependence of the resistivity on temperature is not guaranteed. Whether it is

present depends on 1) dimensionality, 2) shape, and 3) topology of the FS. If the

FS is quadratic or isotropic, there is no T 2 contribution to the resistivity. However,

anisotropy is not sufficient to guarantee the T 2 dependence. In the case of a convex

and simply connected FS in 2D, there is no T 2 dependence either. In such cases,

the leading temperature dependence on resistivity due to ee interactions is T 4. In

all other cases, the T 2 behavior is allowed, as a correction to the Drude resistivity.

Second, we applied these results to predict the behavior of surface resistivity in the

Bi2Te3 family of 3D topological insulators. In particular, we have shown that, when the

FS changes its shape from convex to concave as a function of the filling fraction, as

is the case in these systems, the resistivity follows a universal scaling form near the

convex-concave transition. We have also suggested a possible experimental way to

confirm our predictions in these TIs.
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CHAPTER 5
CONCLUSIONS

The goal of this work has been to investigate theoretically different aspects of

electrical transport. In our attempt to understand the transport properties, we have

addressed questions that are both universal and material specific. Most of our results

have been derived from solving the Boltzmann equation under different circumstances.

Therefore, most of our results are valid in the semi-classical regime. Wherever needed,

we have provided the justfication for using the semi-classical method and why quantum

effects were not important. Below we list our conclusions and future directions of

research.

First, we explored the transport properties of graphite. Our theoretical work here

was largely inspired by several interesting experimental observations. To begin with,

the in-plane resistivity increases with temperature in a metallic way without showing

any signs of saturation in contradiction with predictions of models that were used in

the past to successfully explain the behavior of resistivity at lower temperatures. We

found that invoking the idea of electrons scattering off hard optical phonons could

explain the observed behavior. In terms of the in-plane transverse magnetoresistance,

experiments show that many samples exhibit linear magnetoresistance. We studied

this aspect within the accepted band-structure of graphite and arrived at the result

that, due to presence of extremely light carriers which are Dirac-like at the H and H ′

points in the BZ of graphite, there exists an intermediate regime where the in-plane

transverse magnetoresistance indeed behaves linearly. However, it was also shown

that this couldn’t account for the experimentally observed linearity which extends up to

quantizing fields. The presence of linearity at higher fields is thought to be due to the

presence of macroscopic inhomogeneities. Besides, it was also shown why these light

carriers cannot have any signature in quantum oscillations, although they contribute to

the classical magnetoresistance. The experimentally observed out-of-plane properties
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were found to be wanting in explanation. It was conjectured that a different mechanism

was at the heart of out-of-plane transport since it couldn’t be explained by simple band

picture at the Boltzmann level. The c-axis transport in graphite is still poorly understood

and is an open area of research, something which may be pursued in future.

Second, we investigated the phenomenon of longitudinal magnetoresistance where

the effect of magnetic field on resistance is measured in a configuration when both the

current and the field are in the same direction. Since, due to Lorentz law, there shouldn’t

be any effect of the field on the current, such a phenomenon is surprising, at least at a

first glance. While several exotic mechanisms have been introduced in the literature to

explain this effect, we showed that this effect could arise simply from the band-structure.

Our goal was to examine the minimal model required to have this effect. And as we

demonstrated, such an effect could result simply from the FS anisotropy provided, the

anisotropy satisfies certain criterion. We dervived this criterion and proved that it is

both necessary and sufficient. Also, we used this condition to calculate the LMR in

graphite. Since the theoretically calculated LMR did not match with the experimental

observations, we arrived, once more, at the conclusion that out-of-plane transport in

graphite is probably governed by some other mechanism.

Finally, we studied the effect of electron-electron inteactions on transport in

non-Galilean invariant systems and used the result to predict how the surface resistivity

of the Bi2Te3 family of three dimensional topological insulators would behave. The

accepted notion that a FL at low temperatures always demonstrates a T 2 dependence

is in fact not universally true- if Umklapp scattering of electrons is not allowed, there

exists a class of systems where the T 2 term is absent and the leading dependence

goes as T 4. Whether this happens or not depends on 1) dimensionality (two vs three

dimensions), 2) geometry (concave vs convex), and 3) topology (singly vs multiply

connected) of the FS. In particular, a system with a 2D FS which is singly connected and

convex in shape will have no T 2 dependence. This helped us predict how the surface
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resistivity in three dimensional Bi2Te3 family of topological insulators would behave as

the Fermi energy is shifted, since with change of Fermi energy the shape of the FS

changes from convex to concave. We also derived a scaling form between resistivity and

temperature in the vicinity of this convex-concave transition and showed that the scaling

form is universal, and therefore describes not only the three dimensional Bi2Te3 family of

topological insulators, but also any other material where the FS is two dimensional and

exhibits a similar convex-concave transition. For the particular case of Bi2Te3 family of

topological insulators, suggestions were made on how to test our results experimentally

by measuring the optical conductivity in these systems.
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[27] J. González, F. Guinea, and M. A. Vozmediano, Phys. Rev. B 59, R2474 (1999).

[28] T. Nihira and T. Iwata, Phys. Rev. B 68, 134305 (2003).

[29] D. L. Maslov, V. I. Yudson, A. M. Somoza and M. Ortuño, Phys. Rev. Lett. 102,
216601 (2009).

[30] H. Kempa, P. Esquinazi, and Y. Kopelevich, Solid State Communications 138, 118
(2006).

[31] J. W. McClure and L. S. Smith, in: Proc. 5th Int. Conf. on Carbon, Vol. 2(Pergamon
Press, New York, 1962).

[32] Y. Kaburagi, J. Phys. C: Solid State Phys., 15, 5425 (1982).

[33] Y. Kaburagi and Y. Hishiyama, Carbon 33, 1505 (1995).

[34] A. A. Abrikosov, Fundamentals of the Theory of Metals, (Elsevier, Amsterdam,
1988).

[35] P. L. Kapitza, Proc. R. Soc. London, Ser. A 119, 358 (1928); ibid, 123, 292 (1929);
N. E. Hussey, A. P. Mackenzie and J. R. Cooper, Phys. Rev. B 57, 5505 (1998); R.
Xu et al., Nature 390, 57 (1997); D. Qu et al. Science 329, 821 (2010).

[36] M. M. Parish and P. B. Littlewood, Nature (London) 426, 162 (2003); A. A.
Abrikosov, Phys. Rev. B 58, 2788 (1998).

[37] A. G. Lebed and N. N. Bagmet, Phys. Rev. B 55, R8654 (1997).

[38] A. J. Schofield and J. R. Cooper, Phys. Rev. B 62, 10779 (2000).

[39] I. A. Luk’yanchuk and Y. Kopelevich, Phys. Rev. Lett. 93, 166402 (2004).

[40] J. M. Schneider, M. Orlita, M. Potemski, and D. K. Maude, Phys. Rev. Lett. 102,
166403 (2009).

[41] J. Hu and T. F. Rosenbaum, Nature Materials 7, 697 (2008).

[42] See for example: D. Stroud and F. P. Pan, Phys. Rev. B 13, 1434 (1976), D. Stroud
and F. P. Pan, Phys. Rev. B 20, 455 (1979), D. J. Bergman and D. G. Stroud,

108



Phys. Rev. B 62, 6603 (2000), M. M. Parish and P. B. Littlewood, Phys. Rev. B 72,
094417 (2005).

[43] V. Guttal and D. Stroud, Phys. Rev. B 73, 085202 (2006).

[44] M. M. Parish and P. B. Littlewood, Nature (London) 426, 162 (2003).

[45] S. A. Bulgadaev and F. V. Kusmartsev, Phys. Lett. A 342, 188 (2005).

[46] V. Guttal and D. Stroud, Phys. Rev. B 71, 201304(R) (2005).

[47] I. L. Spain and J. L. Woollam, Solid State Commun. 9 1581 (1971).

[48] C. Kittel, Introduction to Solid State Physics, (Wiley, New York, 2004) 8th edition; p.
152.

[49] M. Ali Omar, Elementary Solid State Physics, (Wesley, Reading), revised printing;
p. 263.

[50] M. P. Marder, Condensed Matter Physics, (Wiley, New York, 2000), corrected
printing; p. 437.

[51] A. B. Pippard, Magnetoresistance in Metals (Cambridge University Press,
Cambridge, 1989).

[52] A. B. Pippard, Proc. Roy. Soc. (London) A 282, 1391 (1964).

[53] E. M. Lifshitz and L. P. Pitaevskii, Course of Theoretical Physics: Physical Kinet-
ics, Vol. 10, (Butterworth-Heinemann, Oxford, 1981).

[54] N. E. Hussey, A. P. Mackenzie and J. R. Cooper, Phys. Rev. B 57, 5505 (1998).

[55] D. L. Miller and B. Laikhtman, Phys. Rev. B 54, 10669 (1996).

[56] E. H. Sondheimer, Proc. Roy. Soc. (London) A 268, 100 (1962).

[57] D. Stroud and F. P. Pan, Phys. Rev. B 13, 1434 (1976).

[58] P. N. Argyres and E. N. Adams, Phys. Rev. 104, 900 (1956).

[59] See G. Sundaram and Q. Niu, Phys. Rev. B 59, 14915 (1999) and references
therein.

[60] M. P. Marder, Condensed Matter Physics, (Wiley, New York, 2000), corrected
printing; p. 428.

[61] H. K. Pal and D. L. Maslov, Phys. Rev. B 81, 214438 (2010).

[62] I. M. Lifshitz, M. Ya. Azbel’, and M. I. Kaganov, JETP 4, 41 (1957).

[63] M.C. Jones and E. H. Sondheimer, Phys. Rev. 155, 567 (1967).

109



[64] S. Ono, J. Phys. Soc. Jpn. 40, 498 (1976).

[65] K. Matsubara, K. Sugihara and T. Tsuzuku, Phys. Rev. B 41, 969 (1990).

[66] D. B. Gutman and D. L. Maslov, Phys. Rev. Lett. 99, 196602 (2007); D. B. Gutman
and D. L. Maslov, Phys. Rev. B 77, 035115 (2008) .

[67] L. D. Landau and I. J. Pomeranchuk, Phys. Z. Sowjetunion 10, 649 (1936); Zh.
Eksp. Teor. Fiz. 7, 379 (1937).

[68] A. A. Abrikosov, Fundamentals of the Theory of Metals, (North-Holland,
Amsterdam, 1988).

[69] I. J. Pomeranchuk, Sov. Phys. JETP 8, 361 (1958).

[70] D. L. Maslov, V. I. Yudson, and A. V. Chubukov, Phys. Rev. Lett. 106, 106403
(2011).

[71] H. K. Pal, V. I. Yudson, and D. L. Maslov, arXiv:1204.3591 (Submitted to a special
issue of the Lithuanian Journal of Physics dedicated to the memory of Y. B.
Levinson).

[72] M. D. Blokh and L. I. Magarill, Sov. Phys. Solid State 22, 1327 (1080) [Fiz. Tverd.
Tela 22, 2279 (1980)].

[73] A. W. W. Ludwig, M. P. A. Fisher, R. Shankar, and G. Grinstein, Phys. Rev. B 50,
7526 (1994); E. G. Mishchenko, Phys. Rev. Lett. 98, 216801 (2007).

[74] S. Gangadharaiah, D. L. Maslov, A. V. Chubukov, and L. I. Glazman, Phys. Rev.
Lett. 94, 156407 (2005); A. V. Chubukov, D. L. Maslov, S. Gangadharaiah, and L. I.
Glazman, Phys. Rev. B 71, 205112 (2005).

[75] A. O. Lyakhov and E. G. Mishchenko, Phys. Rev. B 67, 041304 (2003).

[76] R. N. Gurzhi, A. I. Kopeliovich, and S. B. Rutkevich, JETP Lett. 56, 159 (1982); c)
Adv. Phys. 36, 221 (1987).

[77] a) H. Maebashi and H. Fukuyama, J. Phys. Soc. Japan 66, 3577 (1997); b) ibid.
67, 242 (1998).

[78] R. N. Gurzhi, A. N. Kalinenko, and A. I. Kopeliovich, Phys. Rev. B 52, 4744 (1995).

[79] P. P. Debye and E. M. Conwell, Phys. Rev. 93, 693 (1954).

[80] O. A. Pankratov, S. V. Pakhomov, and B. A. Volkov, Solid State Commun. 61,
93 (1987); C. L. Kane and E. J. Mele, Phys. Rev. Lett. 95, 226801 (2005); L. Fu
and C. L. Kane, Phys. Rev. B 76, 045302 (2007); König, et al., Science 318, 766
(2007); D. Hsieh, et al., Nature (London) 452, 970 (2008); Y. Xia, et al., Nat. Phys.
5, 398 (2009); H. Zhang, et al., Nat. Phys. 5, 438 (2009).

110



[81] L. Fu, Phys. Rev. Lett. 103, 266801 (2009).

[82] H. K. Pal, V. I. Yudson, and D. L. Maslov, Phys. Rev. B 85, 085439 (2012).

[83] G. Zala, B. N. Narozhny, and I. L. Aleiner, Phys. Rev. B 64, 214204 (2001).

[84] a) M. Liu et al., Phys. Rev. B 83, 165440 (2011); b) J. Wang et al., ibid. 245438.

[85] S. Giraud and R. Egger, Phys. Rev. B 83, 245322 (2011).
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