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Engineering applications of ceramics often involve mixed-mode loading conditions, 

where both tensile and shear stresses act simultaneously. Thus, the study of fracture of 

ceramics under the complex mixed-mode (I/II) loading conditions is of considerable 

practical interest. Though mixed-mode fracture has been investigated for a wide range 

of ceramic specimens, there are several aspects of mixed-mode fracture that is still 

unknown. The present study aims to evaluate the mixed-mode fracture parameters in 

ceramic specimens, perform fractographic studies on the mixed-mode fracture surfaces 

and derive an appropriate mixed-mode fracture criterion. Mixed-mode fracture was 

investigated for three materials, namely soda lime silica glass (amorphous, isotropic 

material), silicon nitride (polycrystalline material) and mica glass ceramic (R-curve 

material). Crack geometry effects on mixed-mode fracture in soda lime silica glass disks 

in diametral compression were first studied. The results indicate that the chevron notch 

type cracks are more sensitive to mode II loading than surface cracks.  Mixed-mode 

fracture studies on silicon nitride disks showed that silicon nitride had greater fracture 

resistance in comparison to soda lime silica glass even under mixed-mode loading 

conditions. Mixed-mode fracture in mica glass ceramic, an R-curve material, from indent 
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cracks in flexure showed a rising crack growth resistance behavior. These results 

indicate that microstructure and crack geometry influences mixed-mode fracture in 

ceramics. 

 The existing mixed-mode fracture theories based on the singular stress terms 

could not adequately explain the mixed-mode fracture of the disks in diametral 

compression. The conventional minimum strain energy density was modified to 

incorporate the non singular or T-stress terms. The results from the modified theory 

could explain the experimental results. The values of the T-stress terms were found to 

be geometry dependent. 

The mixed-mode fracture surfaces were characterized by an absence of the mist 

region and the presence of distinct hackle markings, termed lances. Quantitative 

fractography studies showed that fracture mechanics and fractography principles 

remain the same in both pure mode I and mixed-mode loading conditions. The major 

practical implication of this work is that fracture stress can be evaluated from the 

fractographic measurement of the branching radius without any prior knowledge of the 

loading conditions. 
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CHAPTER 1 
INTRODUCTION 

Engineering applications involve three potential modes of loading: tensile loading 

(mode I), in-plane shear loading (mode II) and out-of-plane shear loading (mode III). 

Structural components of ceramics can fail from cracks or flaws inclined at any arbitrary 

angle with respect to the overall stresses applied. For many cases, the cracks 

simultaneously experience two major modes of loading: mode I and mode II. Thus, the 

study of fracture of ceramics under the complex mixed-mode (I/II) loading conditions is 

of considerable practical interest.  

Though mixed-mode fracture in ceramics has been a topic of discussion for quite 

some time, there are several aspects of mixed-mode fracture that has not been 

investigated. Mixed-mode fracture studies to date are restricted to ceramics which have 

no crack growth resistance effects with crack extension. But there are several ceramics 

in applications which have crack growth resistance with increasing crack length (R-

curve behavior). To the author’s knowledge, there is no literature on the mixed-mode 

fracture behavior in such R-curve ceramics. Fractography is a tool used in failure 

analysis to identify the fracture origins and fracture stress levels. Quantitative 

fractography studies, however, have been performed only on surfaces failed in pure 

tension (mode I).  

One of the major objectives of the present work was to evaluate the mixed-mode 

fracture parameters of different ceramic specimens (both R-curve and non R-curve) and 

perform fractographic studies on the mixed-mode fracture surfaces. Under mixed-mode 

loading conditions, the crack is seen to deviate from its initial crack plane and propagate 

in a direction perpendicular to the maximum tensile stress. The angle by which the 
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crack deviates from its initial plane is defined as the crack turning angle and is a 

significant parameter investigated in the present work. The second major objective was 

to derive a mixed-mode fracture criterion that would describe fracture under mixed-

mode loading conditions and give an effective value for the mixed-mode fracture 

toughness. The existing mixed-mode fracture theories are all based on the singular 

stress terms (which include the mixed-mode stress intensity factors) and neglects the 

non-singular stress terms (often termed as T-stress) in the series expansion of the 

stresses ahead of the crack. Williams et al. [1], Ueda et al. [2] and Smith et al. [3] have 

shown that the nonsingular stress terms at the tip of the crack, often referred to as the 

T-stresses, have an influence on mixed-mode fracture of brittle materials along with the 

singular stresses, which are characterized by the SIFs, KI and KII. The objective is to 

modify the existing theories to incorporate the non-singular stress terms as well.  

There are five major aspects of this dissertation, the first one being to study the 

effects of crack geometry on mixed-mode stress intensity factors and crack turning 

angles in soda-lime-silica glass. Second major aim was to determine the mixed-mode 

stress intensity factors in ceramics with non R-curve and R-curve behavior. The non R-

curve ceramic chosen was silicon nitride with equiaxed grains, and mica glass ceramic 

was the representative R-curve ceramic. Another major objective of this work was to 

perform quantitative fractography studies on mixed-mode fracture surfaces. The final 

aim was to demonstrate the significance of T-stress in mixed-mode fracture of brittle 

materials and develop a three parameter mixed-mode fracture theory which includes the 

effect of T- stress terms.   
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Chapter 2 of the thesis is literature review explaining the concepts of brittle 

fracture, R-curve behavior in ceramics, quantitative fractography, mixed-mode fracture 

and mixed-mode fracture theories.  

Chapter 3 deals with the crack geometry effects on the mixed-mode fracture 

behavior of soda lime silica glass. Soda lime silica glass was primarily chosen to 

eliminate microstructural effects. The mixed-mode stress intensity factors were 

evaluated for soda lime silica glass disks with surface cracks and chevron notch cracks. 

Chevron notch cracks were found to be more sensitive to mixed-mode loading 

conditions. The extent of deviation of the crack from its initial plane, defined as the crack 

turning angle showed different trends for each type of crack. Mixed-mode stress 

intensity factors and the crack turning angles for both the type of precracks deviate from 

the predictions of the two parameter mixed-mode fracture theories.  

Chapter 4 is the discussion of mixed-mode fracture in silicon nitride.  Silicon nitride 

disks with multiple Vickers indents that link up to create a long semi-elliptical crack at 

the center was loaded in diametral compression, to determine the effect of mixed-mode 

loading on the stress intensity factors. Stress intensity factors were computed 

analytically. Comparisons showed that the stress intensity factors were underestimated 

by the mixed-mode fracture theories. Microstructural influence and significance of the T-

stress terms in mixed-mode fracture is discussed. 

Chapter 5 is discussion of mixed-mode fracture in an R-curve material. A mica 

glass ceramic was chosen as a representative R-curve material. Vickers indentation 

cracks of varying sizes were introduced on the tensile surface of glass ceramic bars 

fractured in three point flexure. Mixed-mode fracture from indent cracks was governed 
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by a rising crack growth resistance behavior. Minimum strain energy density theory 

based on the singular stress terms was effective in describing mixed-mode fracture in 

the glass ceramic and in previously studied non R-curve ceramics in flexure. This 

agreement implies that the effect of T-stress terms in mixed-mode fracture from 

relatively small surface cracks in flexure is negligible.  

Chapter 6 deals with the fractography of mixed-mode fracture in soda lime silica 

glass. The fracture features on the mixed-mode fracture surfaces of soda lime silica 

glass are identified and differentiated from those observed on mode I fracture surfaces. 

The mixed-mode fracture surfaces are characterized by an absence of the mist region 

and the presence of distinct twist hackle markings (also called “lances”). Quantitative 

fractography performed on the mixed-mode fracture surfaces showed that the stress 

intensity at microbranching is a constant irrespective of the mode mixity introduced. 

Chapter 7 deals with the quantitative fractography of mixed-mode fracture in an R-

curve material. Mica glass ceramic was the representative R-curve material chosen. 

The parameters investigated were the crack to mirror size ratios, stress intensity at 

branching, mixed-mode geometric factors and fractal dimensional increments. The 

crack to mirror size ratios were found to be a function of the crack length and mode 

mixity. The stress intensity at branching for the mirror-hackle transition was a constant 

in mixed-mode fracture and was less than the corresponding stress intensity at 

branching in mode I loading. An empirical relationship is derived for the effective 

geometric factors in mixed-mode fracture of ceramics from surface cracks in flexure and 

the relationship is shown to be effective for calculating the mixed-mode fracture 

toughness of previously studied ceramics fractured in flexure. Fractal dimensional 
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increments were found to be a function of the crack size but were determined to be a 

constant for a specific crack size irrespective of the mode mixity. 

Chapter 8 is the development of modified strain energy density theory. A mixed-

mode fracture criterion based on the strain energy density concept was derived which 

takes into account both the singular as well as the non-singular stress terms in the 

series expansions for the stress fields ahead of the crack. A good agreement is seen 

between the experimental values of the crack turning angles and the mixed-mode stress 

intensity factors and the predictions from the modified strain energy density theory for 

ceramic disks in diametral compression.  

 Chapter 9 is an outline of the major conclusions of this research.Experimental 

details are included individually in each of the chapters 3-7. Suggestions for future work, 

wherever needed, are included at the end of each chapter. Every chapter concludes 

with a summary of the results. 
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CHAPTER 2 
BACKGROUND 

2.1 Brittle Fracture  

Fracture occurs in brittle materials at a critical crack size when the stress intensity 

in mode I reach a critical value, denoted by KIC. Mode I or tensile mode refers to the 

crack opening mode where tensile stresses are applied normal to the crack faces. The 

critical stress intensity factor (SIF) in mode I is often referred to as the fracture 

toughness and is a measure of the resistance to crack propagation. The fracture 

toughness, KIC can be related to the critical crack size, c and the fracture stress level, σf 

through Equation (2-1). 

cYK fIC            (2-1) 

where Y is a geometric factor which depends on the loading conditions and crack 

geometry.  

Fracture toughness is a material property independent of the crack length, 

geometry or the loading system, and is usually taken as a constant. However, in certain 

materials due to the crack-microstructure interactions, the fracture toughness values 

change with the crack length. Such kind of behavior is known as R-curve behavior.  

2.2 R-Curve Behavior in Ceramics 

Crack-microstructure interactions can lead to increasing values of fracture 

toughness with crack extension, thus improving the fracture resistance in ceramics. 

Figure 2-1A shows the trend of fracture toughness for non R-curve (also known as flat 

R-curve) materials like glass as a function of crack size and Figure 2-1B shows the 

same for an R-curve material. The fracture toughness remains a constant for flat R-

curve materials irrespective of the crack size whereas the fracture toughness is a 
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function of crack size for the R-curve material. Several interactions between the crack 

and the microstructure can arrest crack propagation. Some of the mechanisms by which 

the propagating crack can be shielded include crack bridging [4-5], crack deflection [6], 

microcracking [7, 8] and transformation toughening [9] (e.g., in zirconia). Some of these 

mechanisms are described below. 

Yttria stabilized tetragonal zirconia (Y-TZP) has metastable tetragonal grains in its 

microstructure. When the tetragonal grains encounter a stress field associated with the 

propagating crack, the tetragonal phase transforms to a monoclinic phase. This 

martensitic phase transformation is an energy consuming process, which decreases the 

driving force for crack propagation. The monoclinic phase expands by    4%which exerts 

compressive stresses on the crack tip, which leads to crack closure. 

Several studies have shown that the major toughening mechanism which is 

responsible for the R-curve effect is crack bridging [10, 11]. Previous studies have 

shown that crack bridging and the R-curve effect is observed in brittle materials which 

have elongated grains with high aspect ratio [12, 13]. Examples of R-curve materials 

with crack bridging are silicon nitride (TSN-03H)[12] and canasite glass ceramic[14]. 

These materials have randomly oriented rod like grains in its microstructure which are 

interwoven with one another. The propagating crack has to overcome the mechanical 

interlock force between the grains, thus resisting the grains to be pulled apart. The 

elongated grains thus act as bridges across the crack faces and exert a closure stress 

on the crack, thus inhibiting crack propagation and catastrophic failure. There is a 

critical size beyond which crack bridging does not increase the resistance to crack 

propagation. Crack bridging effect occurs only for relatively small sized cracks, usually 
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in the micron range. For example, the maximum crack length below which crack 

bridging is effective for silicon nitride (TSN-03H) [12] is 335 μm and for canasite glass 

ceramic [14] is 382 μm. Thus, it is important to use small pre-cracks for evaluating R-

curve behavior in materials where crack bridging is the major toughening mechanism.  

There is an upper limit to the crack length, beyond which the R-curve reaches a 

plateau and there is no further resistance to crack propagation. The fracture toughness 

measured from large crack fracture mechanics specimens usually fall in the plateau 

region [15]. Thus, to measure R-curve behavior, usually small indent cracks are 

preferred. The most effective way to measure R-curve in a material is to measure 

strength and the critical crack size for the material and compute the fracture toughness 

corresponding to the particular crack size [12,16]. A plot of the fracture toughness with 

the crack size would be an indication of the rising R-curve behavior (as seen in Figure 

2-1B). 

Materials with R-curve behavior i.e., increased crack growth resistance with 

increased crack size, are being used in many engineering applications due to their 

improved damage tolerance and improved thermal shock resistance [17].  Toughened 

zirconia used as dental ceramics [18] is a good example for an R-curve material in 

application.  

2.3 Fractography 

Fractography is an important tool used to identify failure origins and identify 

features in the fracture process. Fractography studies have shown that the fracture 

surfaces of materials that fail in a brittle manner from surface cracks are characterized 

by a sequence of three distinct fracture features surrounding the critical crack which 

initiated failure. The critical crack is surrounded by a relatively flat and smooth region 
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called the mirror, which is followed by a slightly tortuous region called the mist, which is 

then bounded by a highly tortuous region consisting of large radial ridges called the 

hackle. Macroscopic crack branching occurs after the hackle region. A schematic of the 

features seen on the fracture surfaces of brittle materials are shown in Figure 2-2. 

Depending on the material discipline, i.e., metals, polymers, etc., the name for these 

regions change, but the characteristics of the phenomenon are the same. These 

regions provide useful information about the stress state of the brittle material and are 

associated with specific stress intensity and crack velocity [19, 20, 21]. The presence of 

stress corrosion can also be determined from the size of fracture features. The distance 

of the various boundaries from the crack origin is empirically related to the applied 

stress at fracture [22]: 

3,2,1;)( 2
1

 jMr jjf          (2-2) 

σf  is the stress at failure, rj  corresponds to the distance from the crack origin to mirror-

mist boundary (j = 1), mist- hackle boundary (j = 2) and  crack branching boundaries (j = 

3), respectively, Mj  are a series of constants corresponding to r1, r2 and r3 , respectively. 

 The mirror-mist boundary is usually considered the region at which the 

microbranching of the crack is first observed under visible light.  In reality the crack 

starts deviating from a plane at the beginning of crack propagation.  In the mirror region, 

the crack deviates less than about a quarter of the wavelength of light and is not 

observed using optical microscopy.  However, if other means are used, such as an 

atomic force microscope (AFM) or a scanning electron microscope (SEM), then 

deviations are observed [23]. 
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Several criteria have been developed to explain the crack branching phenomena 

in brittle materials.  A stress intensity criterion [22] was proposed by Kirchner and 

Conway to distinguish the regions of microcrack branching in isotropic materials, i.e., 

the regions between mirror-mist, mist-hackle, etc. According to this criterion, microcrack 

branching occurs at a critical value of the stress intensity factor. The stress intensity 

criterion is represented by Equation (2-3): 

3,2,1;)( 2
1

 jrYK jfjBj           (2-3) 

where KBj corresponds to the stress intensity factor at r1, r2 and r3 respectively. Yj are 

geometric constants related to loading and crack geometry and may be different for the 

three regions [24].  

Kirchner [25] proposed a strain intensity criterion to describe the formation of crack 

branching in brittle materials where he stated that the crack branching starts when the 

strain intensity reaches a critical value. The criterion is given by Equation (2-4).  

3,2,1;)( 2
1

 jrY
E

K
K jfj

Bj

j          (2-4) 

where Kεj corresponds to the strain intensity factor at r1, r2 and r3 respectively, E is the 

elastic modulus and εf is the strain at fracture. 

A third criterion based on the fracture energy was developed to incorporate all the 

events that led to energy dissipation during the fracture process [26]. According to the 

fracture energy criterion, branching boundaries are formed at critical values of the 

fracture energy. The fracture energy criterion can be stated as follows: 

 3,2,1;)(2 2
1

 jrYE jfjj 
        

(2-5) 
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E

rY jfj

j
2

22
             (2-6) 

where γj is the value of the fracture energy corresponding to r1, r2 and r3 respectively. 

Tsai et al. [27] showed that criteria based on the fracture energy [26], stress intensity 

[22] and strain intensity [25] are all valid to estimate the position of the fracture mirror 

boundary and hence all the three criteria can be used to describe microcrack branching 

in isotropic materials. However, for anisotropic materials, only the fracture energy 

criterion, was found to best estimate the position of the fracture mirror formation and 

hence only the criterion based on fracture energy can be used to describe crack 

branching in anisotropic materials [27].  

2.4 Mixed-Mode Fracture 

Figure 2-3 shows the three potential modes of loading that a crack in a material 

can experience. Mode I or the tensile mode is the crack opening mode where tensile 

stresses are applied in the direction normal to the crack faces. Mode II or the in-plane 

shear mode refers to a shear stress applied in the plane of the crack but normal to the 

leading edge of the crack. Mode III or the tearing mode is the out-of-plane shear mode 

where shear stress is applied parallel to the leading crack edge. Most ceramic structural 

applications involve a combination of tensile (mode I) and shear (mode II) loading 

conditions. The knowledge of mixed-mode fracture behavior of ceramics is thus, very 

significant.  

Mixed-mode (I/II) fracture has been investigated for a wide range of ceramic 

specimens using different test geometries. The test geometries are selected depending 

on the shape or geometry of the test specimen. Some of the test specimens used are 

flexure bars [28-31], angled internal cracked plates [32], compact tension-shear 
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specimens [33], semicircular bend specimens [34] and circular discs in diametral 

compression (often referred to as the Brazilian disc test) [35-.37] The mixed-mode 

fracture studies presented in this dissertation majorly employs flexure bars and circular 

discs in diametral compression.  

Mixed-mode loading situations discussed in this thesis refer to combinations of 

tensile (mode I) and shear (mode II) loading. Such mixed-mode loading conditions 

involve two SIFs, each corresponding to a particular loading mode. The individual SIFs 

can be combined to yield an effective value for the mixed-mode fracture toughness 

using mixed-mode fracture theories. 

2.5 Mixed-Mode Fracture Theories 

Mixed-mode fracture theories have been developed primarily to describe crack 

propagation in brittle materials under mixed-mode loading conditions and evaluate an 

effective mixed-mode fracture toughness parameter. These fracture criteria are all 

based on two parameters – mode I SIF, KI, and mode II SIFs, KII. The most popular 

amongst these are the Non Coplanar Strain Energy Release Rate criterion [38] 

(NCSERR), Maximum Tangential Stress criterion [39] (MTS), Coplanar Strain Energy 

Release Rate criterion [28-30, 40] (CSERR) and Minimum Strain Energy Density 

criterion [41] (MSED). The fracture criteria are based on the assumption that crack 

growth starts at a critical value of a parameter related to the strain energy release rate 

(SERR) or state of stress near the crack tip and propagate along a plane at which the 

chosen parameter is at its maximum or minimum.  

The NCSERR criterion assumes that crack growth starts at a critical value of the 

SERR in a direction along which the SERR is maximum. An analysis based on the 

maximum SERR was first performed by Hussain et al. [38]. They analyzed the non 
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coplanar crack extension of inclined cracks based on Griffith energy balances. The 

condition for fracture under the mixed-mode loading in this case is given by: 
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The combination of KI and KII results in effective mixed-mode fracture toughness and is 

given by KC as shown in Equation (2-7).  

Erdogan and Sih [39] hypothesized that fracture commences at the tip of the crack 

in a radial direction and crack growth occurs in the plane which is normal to the direction 

of maximum tensile stress. This hypothesis implies that crack growth starts at a critical 

value of the tangential stress along the direction of maximum tangential stress. The 

tangential stress in the neighborhood of the crack tip, in cylindrical coordinates, is given 

by: 
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The MTS criterion can be expressed as:  

0







 at the crack turning angle, γ       (2-12)                                         
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The angle γ at which the tangential stress reaches a maximum value can be evaluated 

in terms of KI and KII, which is used to derive the general expression for mixed-mode 

fracture, given below. 
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Equation (2-13) represents the conventional MTS criterion.  

The CSERR criterion states that the crack growth starts along the initial crack 

plane when the SERR reaches a critical value, leading to the relation below [28-30, 40]. 
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Sih [41] proposed that crack growth starts at a critical value of strain energy 

density, Scrit, and propagates in the direction of MSED. The Scrit value was postulated as 

a material constant and hence it could be used as a measure of the fracture toughness 

of the material under mixed-mode conditions. Based on this concept an effective 

fracture toughness KC can be derived as 
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where ν is the Poisson’s ratio of the material. 
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2.6 Statistical Analysis  

All statistical analyses were conducted using Minitab and Design Expert. Two 

sample t-test was used to determine if there was any significant statistical difference or 

similarity between two mean values. Tukey’s test was used to identify if there was any 

significant difference between a group of mean values using ANOVA. A significance 

level (α) of 0.05 was used for all the statistical comparisons. A p-value less than α (p ≤ 

0.05) indicates that there is a statistically significant difference between the values 

compared. A p-value greater than α (p > 0.05) indicates that the values compared are 

statistically the same.  

 
 

 
 
Figure 2-1. Variation of fracture toughness with crack size. A) Flat R-curve. B) Rising R-

curve ceramics. 

 



 

32 

 
 

Figure 2-2. Schematic of fracture surface of a brittle material 

 

 

 
 

 
 

Figure 2-3. Potential modes of loading. A) Mode I (tensile mode). B) Mode II (in-plane 
shear). C) Mode III (out-of-plane shear)
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CHAPTER 3 
CRACK GEOMETRY EFFECTS ON MIXED-MODE FRACTURE BEHAVIOR OF SODA 

LIME SILICA GLASS 

Mixed-mode fracture studies are generally performed on ceramic specimens by 

introducing precracks. Two approaches are mainly  used for generating precracks in 

ceramic specimens to determine its fracture toughness: (1) Controlled surface cracks 

are introduced through indentations, which generate smaller precracks in the 

specimens, and (2) Larger precracks are introduced through a sharp edged notch or 

chevron notch, for which there is stable crack growth during the initial precracking.  

There have been quite a number of studies conducted on mixed-mode fracture of 

ceramics by using either of these approaches. Awaji et al. [42] employed the diametral 

compression test to examine the fracture toughness of graphite, plaster and marble in 

mixed-mode loading using machined central cracks. Petrovic et al. [40] have examined 

mixed-mode fracture toughness in hot pressed silicon nitride using surface cracks 

produced by Knoop indentation in a four point bending test. Khandelwal et al. [43] have 

found the high temperature mixed-mode fracture toughness of hot isostically pressed 

PY6 silicon nitride using four point bend bars which contained indentation cracks 

produced using the Vickers hardness indenter. Glaesemann et al. [31], Freiman et al. 

[28] and Ikeda et al. [44] have examined the mixed-mode fracture toughness of soda 

lime silica glass using inclined Knoop indentation cracks. Shetty et al. [37] and Awaji et 

al. [45] determined the mixed-mode fracture toughness of soda lime silica glass using 

chevron notched cracks. This literature review shows that mixed-mode fracture behavior 

of different types of precracks has not been studied on the same specimen geometry 

and material. 
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We propose to study the difference, if any, in the fracture toughness and crack 

turning angle for mixed-mode fracture of the same specimen using two different crack 

geometries. To the author’s knowledge, this is the first time that mixed-mode fracture 

behavior is studied for chevron notch and surface cracks on test specimens of the same 

material. Soda lime silica glass was used, primarily to eliminate all microstructural 

effects, if any. The diametral compression test, often known as the Brazilian Disk (BD) 

test was employed to study the mixed-mode fracture of the different type of precracks in 

soda lime silica glass disks. The BD test was first proposed by Carniero and Barcellos 

[46] in 1953 and is commonly used to measure the tensile strength and fracture 

toughness of brittle materials such as rocks, concrete and ceramics. The test uses a 

circular disk loaded diametrally in compression. The diametral loading develops tensile 

stresses at the centre (perpendicular to the loading direction) of the disk. The major 

advantage of the BD test is that the test can be performed under a range of mode 

mixities, in principle, ranging from pure mode I to pure mode II and thus, the fracture 

toughness in tension, shear and in any combination of tension and shear can be 

evaluated. Simple specimen geometry, minimal fixture requirements and its potential for 

use at higher temperatures are other major merits of this test [47].  

Surface cracks (through indentation) and chevron-notch cracks were introduced at 

the center of the glass disks tested in diametral compression. The mixed-mode stress 

intensity factors were evaluated for disk specimens with each type of precrack and the 

chevron notch cracks were found to be more sensitive to mixed-mode loading. The 

angle by which the crack deviates from its initial plane was defined as the crack turning 

angle, which was measured and compared for both types of cracks.  
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3.1 Experimental Details 

Soda lime silica glass disks of diameter 32 mm and thickness 3 mm was used as 

the test material for the study. The soda lime glass disks were supplied by Valley 

Design Corp. and had a standard transparent finish of 80/50 - 60/40 scratch/dig. Glass 

disks used for this study were all from the same batch.  

A set of 75 glass disks were divided into three groups- one-third of the set with 

chevron notches, the next one-third with surface cracks containing local residual stress 

due to the indentation process, and the rest with surface cracks which are relieved from 

residual stress. The geometry of the chevron notched disk specimens used is illustrated 

in Figure 3-1. Chevron notches were machined at the center of the disk using diamond 

wheels of radius 25 mm. The glass specimens were first loaded in compression in pure 

mode I (i.e., with the notches parallel to the loading direction). This initial loading 

initiated stable crack growth from the tip of the notch. The crack was allowed to grow till 

the crack length equals a1, after which the disk was unloaded. Figure 3-2 shows the 

chevron notch region and the direction of stable crack growth. 

For crack lengths, 2c >a1, cracks grow unstable and rapid fracture occurs. Shetty 

et al. [47] has determined that this transition from stable to unstable fracture at 2c=a1 

agrees with the prediction from a compliance analysis performed for the chevron notch 

cracks using an equivalent straight- through crack assumption. The precracking was 

thus primarily performed to obtain a crack length, 2c, close to a1, so that the straight-

through crack assumption can be used. The initial precracking also relieves the residual 

stress associated with the machining of the notches, to a certain extent. Singh et al. [35] 

has observed that mode II fracture toughness is significantly underestimated when the 

mixed-mode fracture tests are performed on as-notched test specimens. Thus, 
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precracking of the chevron-notched specimens is essential for mixed-mode fracture 

tests. The value of the crack length, 2c was 10 mm after precracking and thus the crack 

length ratio, defined as c/R equals 0.3. 

The precracked disk specimens were tested in compression at a loading rate of 

250 N/min, by orienting the notch plane at an angle (90-θ) with respect to the loading 

direction, thus creating mixed-mode loading conditions. The schematic of the diametral 

compression specimen is shown in Figure 3-3. The grid with 5˚ increments that was 

used for aligning the cracks is shown in Figure 3-4. θ is the inclination of the notch plane 

with respect to the horizontal, i.e., the direction of tensile stress and was varied from 90˚ 

to 60˚ at intervals of 5˚. A minimum of three disk specimens were tested for each crack 

orientation. Thus, θ=90˚ would correspond to pure mode I loading and θ<90˚ would 

represent mixed-mode loading conditions.  

Surface cracks were introduced at the center of glass disks using multiple Vickers 

indentations. The indentations were created by a Vickers diamond 2kgf load using a 

Zwick Hardness Testing Machine. The multiple adjacent Vickers indents were 

introduced in a coordinated manner such that the individual cracks link up with 

neighboring cracks to form a single long semi-elliptical crack. This single semi-elliptical 

crack increases the probability of failure at the BD center, rather than at the diametral 

load contacts, during loading. Half of the glass disks indented was annealed at 550˚C 

for 30 minutes to relieve the residual stress associated with the indentation.  

The penny crack was aligned at the disk center at various angles, θ (90˚, 85˚, 80˚, 

75˚, 70˚, 65˚, 60˚) with respect to the horizontal using a grid (Figure 3-4).  Schematic of 

the crack orientation is shown in Figure 3-3.  As-indented and annealed specimens 
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were then tested in load control at a loading rate of 300 N/min in diametral compression. 

Three glass disks were tested for each crack orientation corresponding to a particular 

condition (as-indented or annealed).   

Samples that failed from the contact points were rejected (~ 10). The semi-minor 

axis or (in our case), critical crack depth, a and major axis or the semi-elliptical crack 

width, 2b were measured for the samples that failed from the indents at the center. The 

indented cracks can be approximated as semi-circular surface cracks, and the 

equivalent semi-circular crack length or the critical crack size, c is given by Equation (3-

1)[48, 49] 

abc             (3-1) 

The apparatus used for testing the glass disks is shown in Figure 3-5. The fixtures 

were designed with slots in them in order to distribute the high stresses at the contacts. 

This prevents the crushing and inelastic deformation of the specimen at the contacts.  

3.2 Stress Analysis for Disks in Diametral Compression 

A biaxial stress state is generated in the specimen under diametral compression, 

as shown in Figure 3-6. The biaxial stress field solutions in a thin isotropic disc without a 

flaw are given by Mitchell [50]: 
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P is the load applied, D is the diameter of the disk specimen and B is the thickness of 

the disk specimen. At the center of the disk: 
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σx (0,0) given by Equation (3-7) is the maximum tensile stress magnitude in the disk. For 

the glass disks used, the value of stress, σx (calculated from Equation (3-2)) remains the 

same until the crack tip reaches a distance of 10 mm from the center of the disk. The 

precracked glass disks with the chevron notch have a half crack length, c of 5 mm and 

thus, the magnitude of the failure stress for the disks with the chevron notch can be 

estimated from Equation (3-7).  

3.3 Mixed-Mode Fracture Test Results 

Diametral compression tests were conducted on the glass disk specimens for 

varying crack angles, θ to vary mode mixity at the crack tip, and the fracture loads were 

recorded. Figure 3-7 shows a representative glass disk specimen with chevron notch 

fractured in mixed-mode. It can be seen that for crack orientations with mode mixity, the 

crack deviates from its initial crack plane and propagates in a direction perpendicular to 

the maximum normal stress. The same phenomenon is observed for the as-indented 

and annealed samples too. However, there is a difference in the mechanism by which 

the crack deviates from its initial plane.  
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 Figure 3-8A shows the fractured disk surface for the as-indented glass disks 

where the crack plane gradually reorients in the direction perpendicular to the maximum 

normal stress. Thus, for the as-indented cracks, though mixed-mode loading conditions 

were introduced initially, the crack at instability fails in pure mode I. This is due to the 

influence of the residual stress due to indentation. The initial stable crack propagation 

which leads to the curving of the crack paths is most likely due to stress corrosion 

effects [29].  However for the annealed indent cracks (stress-free cracks), the crack 

deviates abruptly from the initial crack plane (Figure 3-8B) and there is no stable 

coplanar crack growth. This indicates that the annealed cracks were subjected to true 

mixed-mode loading conditions. Marshall [29] also found similar results in his study of 

mixed-mode fracture in hot pressed silicon nitride bars.  

3.4 Crack Turning Angles 

 For crack orientations, θ<90˚, the crack deviates from its initial plane and 

propagates along the direction of loading, which is perpendicular to the maximum 

normal stress, σ as seen in Figure 3-7. The angle by which the crack deviates from its 

initial plane is defined as the crack turning angle. The crack turning angles are plotted 

as a function of the crack orientation for the indent cracks and the chevron notch cracks 

in Figure 3-9. There is no significant difference between the crack turning angles, γ, for 

as-indented and annealed indent surface cracks at a particular crack orientation, θ 

(p>0.05). For these surface cracks, γ increases with decreasing θ and varies according 

to the following relation: 

  90            (3-10) 
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 The crack turning angles for glass disks with larger chevron notch cracks in 

diametral compression, are greater than, and follow an entirely different trend from that 

seen with the crack turning angles for indent cracks (Figure 3-9). The difference in the 

crack turning angles indicate that the three dimensional surface cracks behave 

differently from the two dimensional chevron notch cracks in mixed-mode loading.  

The crack turning angles from the predictions of any mixed-mode fracture theory 

deviate greatly from the measured angles for both the indent as well as the chevron 

notch type cracks. The deviation of the experimental γ from the predictions of MSED 

theory is much greater for the surface cracks in comparison to the chevron notch 

cracks. The reason for deviation of the crack turning angles from the conventional 

mixed-mode fracture theories is the influence of non singular stress (T-stress) terms in 

mixed-mode loading, the effects of which are neglected in the conventional mixed-mode 

fracture theories. Difference in the crack turning angles between the chevron notch and 

surface cracks is due to the different contributions of the T-stress terms for the different 

crack geometries. The details about inclusion of the T-stress terms will be covered in 

detail in Chapter 8.  

3.5 Expressions for Mixed-Mode Stress Intensity Factors for Surface Cracks 

The analytical expressions for the stress intensity factors (SIF) for annealed 

surface cracks under mixed-mode loading conditions are given by [36, 51]: 

cMYK tI 11           (3-11) 

cMYK II 22           (3-12)  

c is the critical crack size given by Equation (3-1), Y1 and Y2 are geometric constants , 

M1 and M2 are the free surface correction factors. For as-indented cracks, the mode I 
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SIF should include the residual stress effects due to indentation and hence an additional 

factor of 4/3 is included [52]. The expression for K1 for as-indented cracks is given by 

Equation (3-13). 

cMYK tI 11
3
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 For a crack inclined at an angle θ, with respect to the direction of maximum 

tensile stress, the tensile stress, σt and shear stress, τ are given by [36]: 
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From Equation (3-14), it can be seen that at θ=60˚, the tensile stress is zero and a small 

surface crack is only subjected to shear stresses, creating pure mode II conditions. At 

θ=90˚, the crack is subjected to pure mode I loading since the shear stress reduces to 

zero, as seen from Equation (3-15). For 90˚>θ>60˚, cracks are subjected to both tensile 

and shear stresses, leading to mixed-mode loading conditions at these crack 

orientations. The crack orientations used for this study was therefore in the range from 

90˚ to 60˚. For θ<60˚, the crack experiences compressive stresses. 

For a semi-circular surface crack, the geometric constant, Y1 is given by [53]: 



2
1 Y            (3-16)  

Kassir and Sih developed the expression for KII for penny shaped cracks with the 

geometric constant Y2 given by [54]:  
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The value of Y2 comes out to be 1.28 for the soda lime silica glass which has a 

Poisson’s ratio, ν = 0.23 [55]. 

 Studies conducted by Randall [49] and other researchers [56] agree that the 

correction factor is within 10%-12% for surface cracks. Based on this fact, the value of 

M1 is taken to be 1.1 for the current study. Smith et al. [57] have shown that the values 

of M2 are approximately equivalent to M1 for equivalent crack sizes and shapes. The 

ratio M2/M1 is thus taken to be unity. Thus, once the applied stress and the crack 

dimensions are measured, the SIFs can be calculated from Equation (3-11) and 

Equation (3-12). 

3.6 Expressions for Mixed-Mode Stress Intensity Factors for Chevron Notch 
Cracks 

The SIFs for the diametral compression specimens with the chevron notch are 

given by the following expressions [35, 37]: 

cRcYK fI  ),/(1          (3-18) 

cRcYK fII  ),/(2          (3-19) 

σf is the failure stress of the disk specimens calculated from the expression for σx(0,0) 

(Equation (3-7)) and c is the half-crack length which is 5 mm. The values for the 

geometric factors, Y1 and Y2 have been calculated as a function of the crack length ratio 

(c/R) and the crack orientation, θ by various researchers using different techniques 

(Atkinson et al. [58], Awaji et al. [42], Ayatollahi et al. [59]). The solutions from the 

various techniques agree with each other and hence the geometric factors determined 

from any technique can be used to evaluate the SIFs. The Y1 and Y2 chosen for this 

study were taken from the paper of Atkinson et al. [58] which gives the values for the 

geometric factors for c/R<0.6 (Appendix A). The c/R for the disk specimens was 0.3. 
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3.7 Mixed-Mode Stress Intensity Factor Envelopes 

The mode I and mode II SIFs were calculated for the glass disks with the surface 

cracks as well as the chevron notch type cracks, the values of which are included in 

Appendix B. The mode I and mode II SIFs evaluated for the disks with a specific 

precrack were normalized with the critical mode I fracture toughness, KIC of the glass 

disk with the same type of precrack. The normalized mixed-mode SIFs are graphed in 

Figure 3-10. The critical mode II SIF, KIIC can be determined from the x-intercept of the 

normalized fracture toughness envelope. The ratio for the critical mode II SIF, KIIC to the 

critical mode I SIF, KIC for the glass with chevron notches was determined to be    1.2 

which is in close agreement with the values obtained by Awaji et al. [42] and Shetty et 

al. [37] for soda lime silica glass disks tested with chevron notches.  

As can be seen from Figure 3-10, as-indented and annealed surface cracks shift 

towards greater values of KII in comparison to the chevron notch cracks. KIIC/KIC for the 

surface cracks was found to be    1.45. This indicates that mode II conditions had more 

of an effect on the chevron notch (or larger) cracks than on the surface cracks. The 

reason for the difference in sensitivity to mode II loading for the different crack 

geometries is because the contributions of the T-stress terms are different for different 

crack geometries. The effect of T-stress is greater for disk specimens with relatively 

small surface cracks, in comparison to disks with chevron notch cracks, which leads to 

the difference in the mixed-mode SIF envelopes for the different crack geometries. 

Details will be covered later in Chapter 8. 

Normalized mixed-mode SIF envelopes for as-indented and annealed surface 

cracks are the same and overlap with each other. This trend is different from that seen 

for silicon nitride flexure bars by Marshall [29]. Silicon nitride flexure bars, with annealed 
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indent cracks, however was seen to give a greater value for KII when compared with 

silicon nitride flexure bars with as-indented cracks. From acoustic scattering results, 

Marshall showed that annealed indent cracks have crack surfaces in contact at the 

asperities. Shear is resisted at the contact points due to which the shear loading is not 

effective in producing stress intensification around the crack tip, which reduces the 

actual level of KII for the silicon nitride [30]. Equation (3-12) calculates the values of KII 

assuming the surfaces are traction free. Thus, KII in the case of silicon nitride (or for any 

polycrystalline ceramic) would be overestimated if KII is calculated using Equation (3-

12). For soda lime silica glass, which is free from any microstructural effects, there are 

no asperities on the crack surfaces large enough to come in contact with each other. 

Thus, Equation (3-12) does not provide any overestimates for the values of KII for the 

annealed indent cracks and hence there is no significant difference from the KII values 

obtained for as-indented cracks.  

As seen from Figure 3-10, Sih’s Minimum Strain Energy Density (MSED) theory 

and the Coplanar Strain Energy Release Rate theory (CSERR) have the closest 

predictions to the experimental results in comparison to the Non Coplanar Strain Energy 

Release Rate (NCSERR) theory and the Maximum Tangential Stress (MTS) theory. 

However, none of the 2-parameter mixed-mode fracture theories (described in Section 

2.5) can adequately explain the results from the disk tests for both the types of 

precracks. Shetty et al. [37] had suggested that the influence of the non singular stress 

terms was the possible reason for the overestimation of mixed-mode SIFs in soda lime 

silica glass disks with chevron notch cracks. Recently, there have been discussions on 

the incorporation of non singular stress (or T-stress) terms at the crack tip, and thus 
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modifying the existing two parameter (KI and KII) fracture criteria into three parameters 

(KI, KII and T) fracture criteria. Ayatollahi et al. [59, 60] has found that the values of the 

T-stress terms for ceramic disk specimens with a through crack (under mixed-mode 

loading conditions) is significant and cannot be neglected. Further discussions about T-

stresses are included in Chapters 4, 5 and 8. Chapters 4 and 5 discuss the significance 

of test geometry in estimating the T-stress values. A three parameter mixed-mode 

fracture theory based on the strain energy density have been developed in Chapter 8 

and it is found that the three parameter theory gives better predictions about crack 

turning angles and the mixed-mode fracture parameters, KI and KII for the glass disks 

with chevron notches.  

3.8 Summary 

Chevron notches and surface cracks were introduced at the center of soda-lime-

silica glass disks, which were tested in diametral compression. The crack turning angles 

and the mixed-mode stress intensity factors were compared for both types of precracks.  

Residual stress played an important role in crack propagation for disks with 

surface cracks. Surface cracks showed less sensitivity to mode II loading than chevron 

notch cracks. Mixed-mode stress intensity factor envelopes for as–indented disks and 

disks with annealed indents were identical. Crack geometry was seen to have an 

influence on the mixed-mode fracture in soda lime silica glass. The direction of 

extension of surface cracks is much less than the corresponding extensions for chevron 

notch cracks. The crack turning angles and the stress intensity factors for both types of 

precracks deviated from the predictions of the mixed-mode fracture theories. 
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Figure 3-1. Geometry of the chevron notches introduced in the disk specimens. 

 
 
 
 
 

 
 
 

 
 

Figure 3-2. Optical micrographs of the chevron notch region showing the direction of 
crack growth. 
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Figure 3-3. Schematic of diametral compression specimen 

 
 
 
 
 
 

 
 

Figure 3-4. Grid used for aligning the precracks in soda lime silica glass disks. 
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Figure 3-5. Apparatus for the diametral compression test 

 

 

 
 

Figure 3-6. Stresses acting in a Brazilian disk 
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Figure 3-7. Fractured glass disk specimen with the chevron notch 

 

   
 

Figure 3-8. Fracture paths for surface cracks under mixed-mode loading. A) As-
indented glass disk specimen (θ=65˚). B) Annealed glass disk specimen 
(θ=60˚). 
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Figure 3-9. Crack turning angles for glass disks with chevron notch and surface cracks. 

(Curves are the best polynomial fits)  

 
 

 
 

Figure 3-10. Comparison of normalized stress intensity factor envelopes for glass disks 
with chevron notch and surface cracks with the mixed-mode fracture theories 
(Curves are the best polynomial fits)
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CHAPTER 4 
MIXED-MODE FRACTURE IN SILICON NITRIDE 

Silicon nitride is used in hybrid ball bearing applications because it has several 

desirable properties including high hardness, a low coefficient of thermal expansion, 

corrosion resistance and a third of the density of common bearing metals [61]. Silicon 

nitride balls used in high performance hybrid ball bearings are susceptible to failure from 

fatigue spalls emanating from pre-existing partial cone surface cracks generated during 

the manufacturing process. The balls are subjected to Hertzian rolling contact loading, 

leading to compressive and shear traction loading at the contact surface along with 

tensile stresses that exist at the periphery of the elliptical contact. Figure 4-1 shows a 

silicon nitride ball in application with elliptical contacts. The surface cracks are therefore 

subject to complex mixed-mode rolling contact fatigue loading potentially leading to 

crack propagation, surface fatigue spalls, and bearing failure [62, 63].  

There is considerable interest in the hybrid ball bearing industry towards 

evaluating a critical flaw size or the largest allowable manufacturing flaw in the ball that 

does not grow under service conditions. The critical flaw size is used for defining limits 

for non-destructive evaluation methods for silicon nitride ball quality control and for 

developing a fracture mechanics based life prediction methodology for hybrid bearings. 

An important component in evaluating the critical flaw size is the determination of critical 

mixed-mode stress intensity factor (SIF) for silicon nitride ball material [64, 65]. This 

material property in combination with fracture mechanics principles is used to 

evaluate/compute the critical flaw size for a ball subject to specific contact fatigue 

loading conditions. 
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The aim of the present study is to determine the mixed-mode fracture toughness 

of NBD300 silicon nitride disks. The results generated are of immediate engineering 

relevance to the hybrid ball bearing industry since NBD300 is among the most widely 

used aerospace grade silicon nitride materials in gas turbine engine bearings [61]. 

Biaxial flexure studies were first conducted on NBD 300 silicon nitride discs for 

determining the mode I fracture toughness. The mixed-mode SIFs were evaluated using 

the Brazilian disc or the diametral compression test. Since silicon nitride is very difficult 

to cut or grind, introducing surface cracks via indentation was the preferred approach to 

produce precracks in the specimen [61]. Indentation cracks are preferred also because 

they represent the size of the actual strength controlling surface flaws in ceramics. The 

study also aims to make a comparison between the predictions of the critical SIFs from 

four widely used mixed mode fracture theories. SIFs computed using analytical 

expressions are used for evaluating four mixed mode fracture parameters (from each of 

the four mixed mode fracture theories) and compared with mixed mode experimental 

fracture data. Comparisons are also made between experimentally measured and 

theoretically predicted crack turning angles. These comparisons provide insight towards 

identifying effective mixed mode fracture theories for brittle materials and silicon nitride 

in particular. 

4.1 Experimental Details 

The material used for the study was NBD 300 silicon nitride disks manufactured by 

Saint-Gobain and supplied by Timken Corp. All materials used for this study came from 

the same batch. Biaxial flexure studies were performed on NBD 300 silicon nitride disks 

of diameter 25 mm and thickness 2 mm, to evaluate the fracture toughness or critical 

SIF of the disk in mode I. A Vickers indentation crack was introduced at the center of 
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the silicon nitride disk using a 196 N indent load. The disks were loaded in biaxial 

flexure using a piston on three ball configuration with a loading rate of 0.5 mm/minute. A 

loading piston with a diameter of 2 mm and an effective ring diameter of 15 mm was 

used for the experiment. A schematic for the loading configuration is shown in Figure 4-

2. 

Silicon nitride disks were tested in diametral compression to evaluate the mixed-

mode SIFs. The schematic of the test geometry is shown in Figure 3-3. Collinear 

multiple indents were introduced on the silicon nitride discs using a diamond Vickers’ 

indenter at a 196 N load on the Zwick Hardness Testing Machine. The cracks from 

individual indents link up to form a larger crack which increases the probability of failure 

at the BD center, rather than at the diametral load contacts, during loading. Using a 

printed grid, the indented cracks were aligned at the disc center at various angles, θ 

(90˚, 80˚, 70˚, 65˚, 60˚and 50˚) with respect to the horizontal axis. The specimen was 

then tested in load control at a loading rate of 450 N/min in diametral compression.  

Figure 4-3 shows the fracture surface of silicon nitride under the SEM. The 

microstructure contains mostly equiaxed grains, which indicates that the silicon nitride 

tested is a flat R-curve material.  

4.2 Stress Corrosion Effects 

In order to determine any stress corrosion effects in the material, the indented 

silicon nitride disc was kept in water and the crack length was monitored after 5 

minutes, 10 minutes, 1 hour, 24 hours and 48 hours in order to see if there is any effect 

of slow crack growth. Previous work has shown that there is enough residual stress 

present at the indent to propagate the crack if stress corrosion due to the environment is 

a factor [66]. The length of the crack introduced to test the stress corrosion susceptibility 
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was ~ 0.4 mm. There was no change in the crack length observed even after 48 hours. 

This indicates that for large cracks, there is very little or no effect of water environment 

on crack propagation. 

4.3 Biaxial Flexure Test Results 

The critical mode I SIF for the NBD 300 silicon nitride discs is first determined 

using the biaxial flexure test. For biaxial flexure, the fracture stress can be calculated 

from the fracture load using the following equation [67]: 
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where P is the failure load, ν is the Poisson’s ratio, B is the specimen thickness, a is the 

support ring radius, b is the loading piston radius, and R is the specimen radius. The 

strength indentation technique was used to calculate the mode I fracture toughness, 

KIC(SI) [68].   
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where E is the elastic modulus of the specimen, H is the hardness, σ  is the fracture 

stress and Q is the indent load. The value of 

8/1










H

E
 is averaged to be 0.88 for many 

materials [68]. This estimate adds no more than 10% to the error in the KIC evaluation 

for a material whose elastic/plastic parameters are totally unknown. The major 

advantage of this technique is that crack size is eliminated as a test variable, instead 

the indent load is used and can be monitored more easily. 

Table 4-1 gives the value for the fracture load, fracture stress (calculated from 

Equation (4-1)) and the fracture toughness calculated using the strength indentation 
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technique. The mean KIC(SI) value is 4.83+0.31 MPa-m1/2 and compares favorably with 

the fracture toughness value of 4.85±0.36 MPa-m1/2, obtained for silicon nitride from the 

studies by Piotrowski and O’Brien [69] using a Vickers indented half-inch diameter 

silicon nitride ball in diametral compression in pure mode I loading. 

4.4 Mixed Mode Brazilian Disk Test Results 

Compressive loading tests were conducted on BD specimens for varying crack 

angles θ (90˚, 80˚, 70˚, 65˚, 60˚and 50˚), to vary mode mixity at the crack tip, and the 

fracture load recorded. Figure 4-4 shows representative fractured specimens. The 

fracture of the specimen at θ=90˚, shown in Figure 4-4A, occurred along the initial plane 

of the crack, since the loading was close to pure Mode I. However for other crack 

angles with mixed mode loading, the crack turned from its initial plane and propagated 

in a direction normal to the maximum principal stress, as seen in Figure 4-4B. The angle 

by which the crack deviates from its initial plane is defined as the crack turning angle, γ. 

The crack turning angles for the various crack orientations, θ are graphed in Figure 4-5. 

The trend for the crack turning angles is similar to that given by Equation (3-10), which 

is: 

  90            (4-3) 

For θ =60˚ and for θ =50˚ (Figure 4-4C), the discs shattered, very likely because of 

crack closure. Note that these angles correspond to 35 and 40, respectively, from the 

loading axis. 3D finite element analysis performed on silicon nitride disks by George et 

al. [61] confirms crack closure at these angles. Figure 4-6 shows a representative 

micrograph of the fracture surface with the semicircular surface crack clearly visible. 

The linking of the multiple Vickers indent cracks can be seen to form the larger semi-
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elliptical surface flaw with depth a (semi-minor axis) and half-length b (semi-major axis). 

The effective crack length can be estimated from the expression [48, 49]: 

abc             (4-4) 

     The normal and shear stresses acting on an inclined crack is given by the 

expressions given in Equations (3-14) and (3-15) respectively. The mixed-mode SIFs, KI 

and KII were calculated using Equations (3-13) - (3-12) respectively. Equation (3-13) 

was used instead of Equation (3-11) in order to include the residual stress due to 

indentation. The value for Y1 was taken as 1.24. Y2 was calculated to be 1.29 from 

Equation (3-17) (using ν for silicon nitride as 0.25 [29]). 

The mixed-mode SIF values, KI and KII for the discs from the BD test, calculated 

using Equations (3-13) and (3-12) are shown in Table 4-2. The values for the critical SIF 

obtained from the biaxial flexure test using strength indentation, KIC (Equation (4- 2)) 

were similar to that obtained from the BD test using Equation (3-13) at θ=90˚. With 

decreasing θ, the KI values decreased and KII values increased, as expected  

(Figure 4-7). Figure 4-8 shows the normalized mode I SIF, KI/KIC plotted with the 

normalized mode II SIF, KII/KIC. On extrapolating the normalized fracture toughness 

envelopes, the value of the apparent KIIC can be determined and in this case 

approximates KIIC as 1.7 KIC. Petrovic [30] had measured KIIC as     1.1 KIC for hot 

pressed silicon nitride in bend tests using surface cracks from Knoop  indents. Shetty et 

al. [36] determined KIIC to be equal to 2 KIC for Pyroceram glass ceramic with Knoop 

indent cracks which was tested in diametral compression. These comparisons show 

that KIIC is not a consistent material property and depends on the test geometry and the 
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stress state in the test specimen. This also indicates that there is no unique relationship 

between KIIC and KIC.  

As seen from Figure 4-8, the mixed-mode fracture theories underestimate the 

value of the mixed-mode SIFs for the current diametral compression studies on silicon 

nitride disks. Shetty et al. [36] has shown that ceramic disks with indentation precracks 

tested in diametral compression, give greater values for KI and KII than those obtained 

from the four point flexure tests on the same materials. Thus, the normalized fracture 

toughness envelopes shift for the different test geometries due to the different stress 

states in the specimens. The comparison of the SIFs from the different test geometries 

highlights the influence of test geometry on mixed-mode fracture studies. Centrally 

cracked square plates give much lesser values for mixed-mode SIFs in comparison to 

the centrally cracked disks [70], which again signifies the influence of test geometry.  

As described in Section 3.7, the T-stress terms for the semi-elliptical surface 

cracks in the disks should be high, due to which the two parameter mixed-mode fracture 

theories underestimate the values of the mixed-mode SIFs. However, to the author’s 

knowledge, there are no calculations of the T-stress terms for semi-elliptical surface 

cracks in mixed-mode loading conditions. T-stress calculation for indent cracks is 

challenging because of the residual stress associated with the indentation process and 

the three dimensional geometry of the indents. Further details about incorporation of the 

T-stress terms in the mixed-mode fracture theories are described in Chapter 8. 

The stress intensity factor envelopes for the as-indented silicon nitride disks from 

this study are compared with as-indented soda lime silica glass disks (from Chapter 3), 

which were both tested in diametral compression (Figure 4-9). Silicon nitride disk 
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specimens shift towards greater values of KII when compared to the KII values of soda 

lime silica glass. Marshall [29] and Petrovic [30] had suggested that polycrystalline 

materials like silicon nitride resist shear deformation generated from the mode II loading 

due to the asperities on crack faces. Thus, the effective shear stresses acting on the 

cracks are lesser than the applied stress for polycrystalline materials. It has been seen 

that friction effects vary with mode mixity in polycrystalline materials [36]. The lower 

sensitivity of silicon nitride towards mode II loading could be due to the friction effects 

arising from the resistance of shear stresses by the crack asperities. Thus, material 

microstructure plays a vital role in mixed-mode loading of ceramics. 

4.5 Summary 

Diametral compression tests were performed on NBD 300 silicon nitride BD 

specimens in order to evaluate effective fracture toughness under mixed mode loading 

conditions. SIFs of NBD300 discs were calculated for various mode mixities by using 

the measured crack dimensions under the load that induced failure and the analytical 

expressions. Four widely used mixed mode fracture criteria were compared.  

The fracture toughness of the NBD300 silicon nitride discs under pure mode I 

loading conditions was evaluated to be 4.7±0.3 MPa-m1/2. The mixed-mode fracture 

theories underestimated the mixed-mode fracture toughness for the silicon nitride disks. 

Silicon nitride disks with surface cracks showed less sensitivity to mode II loading in 

comparison to soda lime silica glass disks with surface cracks. This indicates the 

influence of microstructure in mixed-mode fracture studies. The critical mode II stress 

intensity factor is not a consistent material property and is dependent on the test 

geometry. 
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Table 4-1. Results from the biaxial flexure test using piston on three ball arrangement. 

Sample 
No. 

Indent load,Q 
(N) 

Fracture 
stress,σ 
(MPa) 

 KIC (SI)  
Strength 

Indentation 
(MPa-m1/2) 

1 
2 
3 

196 
196 
186 

176 
151 
174 

5.1 
4.5 
4.9 

 
 

Table 4-2. Mixed-mode SIFs from the diametral compression test 

θ 
(deg) 

Measured 
crack size, c 

(mm) 

Normal 
stress, σ 

(MPa) 

Shear 
stress, τ 
(MPa) 

KI 

(MPa-m1/2) 
KII 

(MPa-m1/2) 

90 
90 
80 
80 
80 
70 
70 
70 
65 
65 
65 

0.629 
0.770 
0.760 
0.698 
0.687 
0.303 
0.269 
0.219 
0.471 
0.772 
0.237 

113 
97 

100 
98 

104 
98 

110 
120 
45 
36 
63 

0 
0 
78 
77 
81 

238 
267 
291 
243 
194 
340 

4.7 
4.4 
4.5 
4.3 
4.5 
2.8 
3.0 
2.9 
1.6 
1.5 
1.6 

0 
0 

2.8 
2.6 
2.7 
5.3 
5.6 
5.6 
6.8 
6.5 
6.8 

 
 

 
 
Figure 4-1. Silicon nitride ball material in application showing the elliptical contacts 
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Figure 4-2. Schematic of piston on three ball configuration (Courtesy: Nicholas 

Mecholsky) 

 
 
 
 
 
 
 

 
 

Figure 4-3. Fracture surface of silicon nitride showing equiaxed grains. 
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Figure 4-4. Fractured specimens of silicon nitride at various θ. A) θ = 90˚. B) θ = 80˚.      
C) θ = 50˚. 

 

 
 

Figure 4-5. Crack turning angles for silicon nitride disks as a function of crack 
orientation. Error bars represent standard deviation. 
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Figure 4-6. SEM micrograph of silicon nitride fracture surface showing the linkage of 
multiple indents to form a single semi-elliptical surface crack. 

 

 
 

Figure 4-7. Variation of mixed-mode SIFs of silicon nitride with crack orientation. 
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Figure 4-8. Comparison of normalized mixed-mode fracture toughness envelopes for 
indented silicon nitride disks to the mixed-mode fracture theories (Curves are 
best polynomial fits). 

 
 
 

 
 

Figure 4-9. Comparison of normalized mixed-mode fracture toughness envelopes 
between glass and silicon nitride Brazilian disk specimens with as-indented 
surface cracks (The curve is best polynomial fit)..
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CHAPTER 5 
MIXED-MODE FRACTURE IN AN R-CURVE MATERIAL 

Previous studies on mixed-mode fracture were focused on materials which have a 

constant value for fracture toughness and have no crack growth resistance (or R-curve) 

behavior. To the author’s knowledge there is no literature on mixed-mode fracture 

studies on materials which show rising crack growth resistance (R-curve) behavior with 

crack extension as a function of crack size. This research aims to study the behavior of 

R-curve materials in mixed-mode (I/II) loading including varying the crack size. A mica 

glass ceramic (MGC) was chosen as the representative R-curve material.  The MGC 

used has wide applications because of its high machinability, high electrical resistivity, 

zero porosity and capability to withstand high temperatures [71-73]. The areas of 

application include ultra-high vacuum environments such as with electrical insulators, in 

the aerospace industry, with nuclear related materials, with welding nozzles and in 

industrial high heat electrical cutting operations such as electrode supports. 

There was an attempt by Singh et al. [35] to determine the effect of mixed-mode 

loading in alumina and CeO2-TZP ceramic disk specimens which show R-curve 

behavior. However, because of the large chevron notch type cracks introduced in the 

specimens, no crack growth resistance effect could be observed. This emphasizes the 

significance of using relatively small precracks for assessing R-curve behavior in 

ceramics (also described in Section 2.2).Hence, relatively small indentation precracks 

were used to measure the R-curve behavior in the MGC. 

The four popularly used fracture criteria (described in Section 2.5) were evaluated 

for mixed-mode fracture in MGC and the results were compared to flexure tests 

performed on non R-curve materials using surface cracks. The incorporation of the T-
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stress terms in the mixed-mode fracture theories and the effect of the T-stress terms in 

mixed-mode fracture from controlled surface cracks in flexure are briefly discussed.  

The objective of the present study was to determine the effects of mode I and 

combined mode (I/II) loading on a commercially available MGC1 using controlled 

surface cracks in flexure. The glass ceramic studied contains interlocking mica flakes of 

high aspect ratio randomly oriented in a borosilicate glass matrix [12, 13, 30]. The 

microstructure of this glass ceramic result in an R-curve fracture behavior, i.e., a rising 

resistance curve with increasing crack size. 

5.1 Experimental Details 

The MGC used has a composition of 46% SiO2, 17% MgO, 16% Al2O3, 10% K2O, 

7% B2O3 and 4% F [73]. The microstructure of MGC shows the elongated grains 

randomly distributed in the matrix (Figure 5-1). The elongated mica crystals are 

interlocked and dispersed in the glass matrix, which accounts for the easy machinability 

of MGC bars [71, 72]. MGC bars of dimensions 40 mm X 4mm X 3 mm were used for 

the study. Vickers indentations were introduced at the center of the tensile surface of 

the specimens using 0.05, 0.1, 0.2, 0.3, 0.5, 1 and 2 kg loads in order to create varying 

crack sizes. Multiple indents were also introduced to create larger cracks. Indents were 

introduced on the tensile surface of the MGC specimens at various angles, θ (90˚, 80˚, 

70˚, 55˚, 45˚) with respect to the tensile axis using a grid. Figure 5-2 shows the bottom 

view of the tensile surface of the MGC specimen with an inclined crack. θ = 90˚ 

represents the crack loaded in pure mode I. Mode mixity is introduced at the crack tip 

for cracks oriented at θ < 90˚. The as-indented bars were tested in three point flexure. 

                                            
1 Macor, Corning Glass Works, Corning, NY 
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The flexure tests were conducted at room temperature on a span of 25 mm at a loading 

rate of 150 N/min. In order to determine the influence of residual stress due to 

indentation, some of the indented MGC bars (80 bars) with different sizes of precracks 

were annealed at 750 ˚C for 2 hours [74, 75] and tested in pure mode I, i.e. θ=90˚. The 

fracture surfaces were examined using an optical microscope to determine the failure 

origins. The flexural strength, i.e., the stress at failure, σ was calculated from the 

following equation:.  

22

3

wd

PL
            (5-1) 

where P is the failure load, L is the support span, w is the specimen width and d is the 

specimen thickness. Only samples failed from indentation cracks were examined. 

Samples that failed from edges or from other inherent flaws in the material were 

rejected. The semi minor axis, in this case the critical crack depth, a, and major axis or 

the semi elliptical crack width, 2b, were measured for the samples that failed from the 

indents. The indented cracks can be approximated as semi-circular surface cracks, and 

the equivalent semi-circular crack length or the critical crack size, c, [c = (a b)1/2; 

Equation (3-1)]. 

Figure 5-3 shows representative micrographs of two fracture surfaces of MGC 

showing semielliptical surface cracks of the sizes expected in service.  Semi-elliptical 

surface cracks are representative of the type of cracks that will be observed in most 

applications.  The strengths of the annealed samples were compared to those of the as 

indented samples with similar crack sizes. 
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5.2 Expressions for Stress Intensity Factors 

The strengths for annealed and as-indented samples of MGC are shown in Table 

5-1. For similar crack sizes, the strengths for annealed and indented samples were 

statistically the same (p>0.05). At first, this agreement between the strengths for 

annealed and as-indented cracks may seem surprising.  However, microstructural 

effects are known to be able to relieve the residual stress from indentation.  A major 

toughening mechanism seen in glass ceramics is microcracking near the crack tip; this 

microcracking relieves the stress near the crack tip and shields the crack [76]. The local 

residual stress from indentation gets relieved due to the microcracking, and hence, as-

indented samples have similar strengths to the annealed samples. A similar 

phenomenon was seen to occur in Li2O-2SiO2 glass ceramics [77] and canasite glass 

ceramics [14].  

The analytical expressions for the stress intensity factors (SIF) for surface cracks 

under mixed-mode loading conditions are given by [30, 36]: 

 2

11 sincMYK I           (5-2)

 cossin22 cMYK II           (5-3)  

where σ is the applied stress given by Equation (5-1), c is the critical crack size given by 

Equation (3-1), Y1 and Y2 are the geometric constant and M1 and M2 are the free 

surface correction factors. Similar equations apply for the SIFs for both as-indented and 

annealed samples in the case of glass ceramics as opposed to non R-curve materials, 

wherein the effect of residual stress needs to be accounted for in the as-indented 

samples. The expressions for Y1 and Y2 are given by Equations (3-16) and (3-17), 

respectively. Y1 is calculated to be 1.24 and the value of Y2 comes out to be 1.32 for the 
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MGC which has a Poisson’s ratio, ν = 0.29 [73]. The details for the surface correction 

factors can be found in Section 3.5. The value of M1 and M2 was taken to be 1.1. 

5.3 Three Point Flexure Results 

θ=90˚ corresponds to the case of pure mode I loading. The fracture toughness 

calculated for the various critical crack sizes is designated as KIC. Fracture toughness, 

KIC for the MGC is shown to be a function of the crack size (Figure 5-4). KIC values 

increase from 0.7 MPa-m1/2 at c = 15 μm to 1.68 MPa-m1/2 at c = 150 μm, showing the 

increase in resistance to crack growth as crack length increases. The value of KIC 

remains constant at 1.65 MPa-m1/2 for c > 150 μm. This value is statistically the same 

as the toughness value of 1.58 + 0.09 MPa-m1/2 obtained for chevron notched flexure 

specimens of the MGC reported by Reddy et al. [78](p > 0.05). 

Crack bridging is mainly responsible for the R-curve behavior in this material [10, 

11]. With increasing crack sizes, the bridging force exerts a closure stress leading to an 

increase in crack growth resistance which results in an increased KIC. The MGC used 

has crack bridging effect till the crack length reaches 150 μm. The fracture of the 

specimen at θ=90˚ occurred along the initial plane of the flaw, since the loading 

corresponds to pure Mode I. However for other crack orientations, the crack turned from 

its initial plane and propagated in a direction normal to the maximum principal tensile 

stress. The angle by which the crack deviates from its initial flaw plane is defined as the 

crack turning angle. The crack turning angles, γ, for a particular crack orientation, θ, 

were found to be nearly a constant for all the crack sizes tested. However, γ increases 

with decreasing θ (Figure 5-5) and varies according to the same relation as expressed 

in Equation (3-10), i.e   90           
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KI and KII (calculated from Equations (5-2)-(5-3)) for the various crack orientations 

show increasing stress intensity with crack extension until c  150 μm (Figure 5-6). This 

trend of the SIFs indicates that there is resistance to crack growth with increasing crack 

length in mixed-mode loading conditions. For a particular crack size, mode I SIF, KI 

decreases with decreasing θ and mode II SIF, KII increases with decreasing θ. It should 

be noted that decreasing θ refers to increasing mode mixity. The values of the critical 

crack sizes, failure stress and the mixed-mode stress intensity factors for the different 

crack orientations in the MGC are included in Appendix C.  

5.4 Evaluation of the Mixed-Mode Fracture Theories 

The mixed-mode fracture theories for non R-curve materials have been evaluated 

based on the fact that mixed-mode fracture toughness, KC is a material property not 

related to the conditions of loading and should be equal to mode I fracture toughness, 

KIC, irrespective of angle θ [40]. For the MGC, which is an R-curve material, this 

criterion should be modified to accommodate the fact that fracture toughness is a 

function of crack size. The criterion for evaluating the mixed-mode fracture theories in 

R-curve materials is that the KC – c plots for various θ values (evaluated from the 

theories) should overlap with the KC – c plot at θ=90˚ (pure mode I loading case) or 

rather, the KC values (calculated from the theories) for a particular crack size should 

remain constant for all θ.  

The effective mixed-mode fracture toughness, KC was evaluated using the various 

theories and graphed as a function of crack size for the various crack orientation (Figure 

5-7). The values of the effective fracture toughness, KC calculated using the NCSERR 

theory (Equations (2-7)-(2-10)) corresponding to each crack size, at different levels of 

mode mixity, is statistically different (p<0.05). The curves for the effective fracture 
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toughness (from the NCSERR theory) as a function of crack size are thus, different for 

the various crack orientations which contradicts the fact that the effective fracture 

toughness value should be a constant for a particular crack size (Figure 5-7A). The 

MTS theory (Equation (2-13)) gives negative values for the effective KC at θ = 45˚ for 

the various crack sizes, and hence cannot be used to describe the mixed-mode fracture 

in this MGC (Figure 5-7B). The predictions of KC for the various crack sizes from the 

CSERR (Equation (2-14)) and MSED (Equations (2-15)-(2-18)) theories are close. The 

average values of KC for all crack sizes greater than 150 μm along with the 

corresponding standard deviations for the two theories are: CSERR (Figure 5-7C): 1.53 

+ 0.11 MPa-m1/2 and MSED (Figure 5-7D): 1.59 + 0.04 MPa-m1/2 .There is no statistical 

difference between these average KC values (p>0.05). However, CSERR theory cannot 

be accepted since this theory assumes the crack to propagate in the same plane as that 

of initial crack, which is contrary to that observed.  The mean fracture toughness from 

the MSED theory is statistically the same as the fracture toughness value for the MGC 

from previously published results (1.58 + 0.09 MPa-m1/2[78]) and the standard deviation 

is less than the CSERR theory. The MSED criterion, thus, is the most applicable 

fracture criteria in determining the effective fracture toughness in mixed-mode loading 

for MGC bars tested using relatively small cracks and fractured in flexure. This result 

also implies that a crack in MGC subjected to mixed-mode loading conditions starts to 

grow at a critical value of the strain energy density at the crack tip. 

5.5 Discussion 

Previous mixed-mode fracture studies on non R-curve ceramic flexure specimens 

(soda lime glass [28], hot pressed silicon nitride [30]) using surface cracks have shown 

that the crack turning angles follow the trend similar to Equation (3-10). A similar 
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relationship between the crack turning angle and the crack orientation (Equation (3-10)) 

is also seen for ceramic disk specimens with indent cracks in diametral compression 

(soda lime silica glass (Sections 3.4 & Figure 3-9), Silicon nitride NBD 300 (Section 4.4 

& Figure 4-4), Pyroceram 9606 [36] and hot pressed alumina [36]). Thus, irrespective of 

the test geometry, indent cracks under mixed-mode loading conditions follow the same 

equation for the crack turning angles as a function of the initial crack orientation. 

A review of literature on the comparison of mixed-mode fracture theories in non R-

curve materials tested in flexure using indentation precracks show that MSED theory 

provides the best description for mixed-mode failure in ceramic flexure specimens. The 

mixed-mode fracture theories are again compared based on the criterion that the 

fracture toughness should remain a constant at all crack orientations. A study by 

Freiman et al.2 [28] on mixed-mode fracture in soda lime glass in four point flexure using 

Knoop indentation flaws showed that the MSED criterion provided the best fit for the KC 

values. Petrovic [30] performed similar test on hot pressed silicon nitride and again 

came to the same conclusion. The normalized SIFs also agreed well with the 

predictions from the MSED theory. Marshall [29] compared the relative failure strengths 

in mixed-mode fracture estimated from the fracture theories to the experimental values 

for as indented hot pressed silicon nitride fractured in flexure, and found that the 

experimental values agree very well to the theoretical predictions from the MSED 

theory. Glaesemann et al. [31] also came to a similar conclusion when the experimental 

relative failure strengths for hot pressed silicon nitride (from ref [30]) and for soda lime 

glass tested in liquid nitrogen were compared with those from the MSED theory.   

                                            
2 The angles are mislabeled in the manuscript by Freiman et al. The values of Kc were recalculated. 
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The fact that Sih’s two parameter (KI and KII) MSED theory is able to provide 

constant values for the fracture toughness of the many materials tested in flexure, 

irrespective of the loading conditions, implies that the effect of the T-stress terms for 

flexure specimens with relatively small surface cracks is negligible, at least for the cases 

considered in this paper. However, for disk specimens with indent cracks, the two 

parameter mixed-mode fracture theories largely underestimate the values of the mixed-

mode SIFs, possibly because of the greater influence of the T-stress in the disk 

specimens. This indicates that the value of the T-stress is dependent on the test 

geometry and the stress state of the specimen. Future work should aim to determine the 

T-stress for different type of cracks (semi-elliptical cracks, straight through cracks, etc.) 

in various test geometries under different loading conditions. 

5.6 Summary 

Mica glass ceramic bars with varying indent precrack sizes were tested in three 

point flexure both in pure mode I and under mixed-mode loading states. SIF in pure 

mode I for the mica glass ceramic was found to be a function of crack size, which 

indicated crack growth resistance behavior with increasing crack extension. The mixed-

mode SIFs were evaluated for the mica glass ceramic and R-curve behavior was 

exhibited in mixed-mode loading, similar to that seen in pure mode I.  

 Four popularly used mixed-mode fracture theories based on the singular stress 

terms were investigated: Non Coplanar Strain Energy Release Rate theory, Maximum 

Tangential Stress theory, Coplanar Strain Energy Release Rate theory and Minimum 

Strain Energy Density theory. The Minimum Strain Energy Density theory provided a 

very convenient and effective way to describe mixed-mode fracture from surface cracks 

in the mica glass ceramic. Comparison with similar test results reported for non R-curve 
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materials showed that the Minimum Strain Energy Density theory best described mixed-

mode fracture in the non R-curve materials also. Irrespective of the test geometry, crack 

turning angles for relatively small indent cracks subjected to mixed-mode loading 

conditions follow:   90 . 

 
Table 5-1. Strengths for as-indented and annealed MGC flexure specimens for different 

crack sizes along with the standard deviations 

 
 
Crack size (μm) 

 
Strength (MPa) 

As-Indented Annealed 

35 115+15 117+10 
54 106+12 105+8 
97 

105 
95+5 
94+8 

98+9 
93+13 

122 87+6 87+5 
155 80+4 84+10 
170 74+6 73+7 
210 65+8 65+11 

 
 

 
 

Figure 5-1. SEM micrograph showing microstructure of MGC (taken from fracture 
surface of MGC). 
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Figure 5-2. Schematic of three point flexure specimen with the inclined crack at the 
center of the tensile surface (bottom view). θ represents the crack orientation 
and γ represents the crack turning angle. 

 
 
 
 
 
 
 

 
 
Figure 5-3. SEM micrographs of two different fracture surfaces in the MGC showing the 

semielliptical cracks (The arrows border the critical crack). 
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Figure 5-4. Fracture toughness of MGC in pure mode I as a function of crack size (The 
curve is the best polynomial fit) 

 
Figure 5-5. Crack turning angle for all crack sizes as function of the crack orientation. 

The error bars represent the standard deviation. θ = 90˚ corresponds to pure 
mode I loading where γ = 0˚. 
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Figure 5-6. Mode I and Mode II SIFs for mixed mode fracture from different crack sizes 

in MGC. Pure mode I corresponds to θ = 90˚. (The curves are best fits to aid 
the eye) 

 
Figure 5-7. Effective fracture toughness of MGC, estimated from the mixed-mode 

fracture theories for all crack sizes at different mode mixities. A) NCSERR 
theory. B) MTS theory. C) CSERR theory. D) MSED theory.
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CHAPTER 6 
FRACTOGRAPHY OF MIXED-MODE FRACTURE IN SODA LIME SILICA GLASS 

To date, all studies on fractography were focused on surfaces failed from surface 

cracks in pure tension or pure mode I. To the author’s knowledge, there is no literature 

on the quantitative fractographic study of fracture surfaces failed in combined tension 

and shear (mixed-mode) loading. This research aims to study the features of fracture 

surfaces failed in mixed-mode (I/II) loading and perform fracture surface analyses. 

The purpose of this paper is to study fractography of room temperature mixed-

mode fracture from surface cracks on soda lime silica glass, which can be considered 

as an ideal brittle material. Soda lime silica glass was chosen primarily to eliminate 

microstructural effects. Surface cracks are introduced on glass disks using indentation 

with a Vickers diamond indenter and then the disks were tested in mixed-mode loading 

conditions. The fracture surfaces and the associated measurements in mixed-mode 

loading are compared to those in pure Mode I. The practical implications of these 

findings are also discussed. 

6.1 Experimental Details 

Multiple indents were introduced at the center of soda lime silica glass disks of 

diameter 32 mm and thickness 2.5 mm, with a 20 N indent load using a Vickers 

diamond indenter on a Zwick Hardness Testing Machine. The adjacent Vickers indents 

were introduced in a coordinated manner such that the individual cracks link up with 

neighboring cracks to form a single long semi-elliptical crack. This single semi-elliptical 

crack increases the probability of failure at the disk center, rather than at the diametral 

load contacts, during loading. The glass disks were annealed at 550˚C for 30 minutes in 

order to eliminate the residual stresses due to indentation. The specimens were then 
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tested in load control at a loading rate of 300 N/min in diametral compression by 

aligning the penny crack at the disk center at various angles, θ (90˚, 80˚, 70˚, 65˚) with 

respect to the horizontal, as shown in Figure 3-3. θ = 90˚ represents the case for pure 

mode I loading. In the crack plane, the tensile stress can be resolved into a normal and 

a shear stress component leading to mixed-mode loading conditions at the crack tips. 

The load to failure is recorded, from which the failure stress, σf , i.e., strength of the 

disk, is calculated using Equation (6-1). 

BD

P
f




2
            (6-1) 

where P is the load applied, D is the diameter of the disk specimen and B is the 

thickness of the disk specimen.  

The fracture surfaces were examined and the distance from the center of the crack 

to the mirror boundary, defined as the mirror radius, r1, was measured. Atomic force 

microscopy (AFM) was performed using Nanoscope Dimension 3100 machine at 

various regions of the mixed-mode fracture surfaces in contact mode using a scan size 

of 25 μm and at a scan rate of 0.5 Hz. Silicon tips with a radius of 8 nm were used. 

6.2 Fracture Surface Features 

The results of measurements of the characteristic markings on the fracture 

surfaces for flexure bars failed in mode I and mixed-mode (I/II) loading are presented in 

Table 6-1. The fracture surfaces of the glass disk specimens failed in pure mode I have 

three distinct regions: mirror, mist and hackle (Figures 6-1A). However, there was no 

mist region observed on the fracture surfaces of the glass specimens failed in mixed-

mode (Figure 6-1B). The twist hackle markings seen on fracture surfaces of glass failed 

in mode II are very distinct from those seen on fracture surfaces failed in pure mode I 
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(Figure 6-2). Similar twist hackle markings were also seen at the start of crack 

propagation (Figure 6-3), when a portion of the crack begins propagating out of the 

crack plane and eventually returns to the general crack plane.  

The distinct twist hackle markings, similar to those seen in the present studies 

have been observed by other researchers. Smekal [79] observed such hackle lines in 

amorphous silica and termed the twist hackle markings as ‘lances’ due to the similarity 

of the features to the medieval lances. Fracture lance features are also formed during 

the lateral cracking of glass surfaces indented with a hard spherical indenter [80]. 

Sommer [81] observed lances on fracture surfaces of glass rods failed from combined 

tension and torsion, i.e. mixed-mode (I/III) loading conditions and explained that the 

fracture lances are primarily formed due to the piecewise adjustments of the crack plane 

to changes in the direction of the maximum tensile stress, as a result of the 

superposition of the mode III component. Pons et al. [82] performed simulations using a 

continuum phase field method and showed that under mixed-mode (I/III) conditions, the 

crack front undergoes helical deformations which develop nonlinearly to form the 

segmented array of daughter cracks (or lances).  

AFM performed at several areas in the mirror region of the mixed-mode fracture 

surfaces show that lances start to generate in the mirror region itself, at distances close 

to the mirror-twist hackle boundary (Figure 6-4). Comparison of the images from 

different areas scanned show that the features are very similar, the only difference 

being the scale. The lengths of the lance features increase as we near regions close to 

the mirror-twist hackle boundary.  
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Beauchamp [83] came to a similar conclusion about the appearance of fracture 

surface features in the mirror region for Mode I loading of lightly tempered soda lime 

glass fracture surface. He found that features at different regions on the fracture surface 

are similar but different in size at different length scales. The features found in the mirror 

region (1/3rd of the way to the mist) from Beauchamp’s study had long rounded ridges 

which differ in appearance from the lance like features seen in the mirror region of the 

mixed-mode fracture surfaces. This difference arises due to the different loading 

conditions.  

For a semi-elliptical surface crack inclined at an angle (θ<90˚), mode mixity is a 

function of the position along the crack front [61]. Only modes I and II are dominant at 

the surface of the crack, whereas along the crack front, modes I, II and III are active. At 

the maximum crack depth, only modes I and III are dominant and there is no effect of 

the mode II stress intensity factor [84]. We think that the distinct hackle markings (or 

lances) seen on the glass disks with inclined semi-elliptical cracks, is due to the 

influence of the mode III component along the crack front.  Pons et al. [82] showed that 

the initial instability wavelength is directly related to the mode I and mode III stress 

intensity factors and the size of the process zone in front of the crack tip. There is a 

balance between the destablizing effect of the far-field stresses and the stabilizing effect 

of the forces on the process zone.  They estimated that the process zone size was in 

the range of 10-100 nm.  This corresponds to a wavelength of 20 microns for the fastest 

growing instability, which agrees reasonably well with that observed by Sommer (40 

microns) [81]. 
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6.3 Stress Intensity at Microbranching 

Due to the absence of the mist region in the mixed-mode fracture surfaces of 

glass, the mirror radii were measured from the crack origin to the mirror-twist hackle 

boundary. The stress intensity at microbranching, KB1 would correspond to the mirror-

mist region for pure mode I and mirror- twist hackle region in the case of mixed-mode 

loading. 

Increasing mode mixity in the soda lime silica glass disks resulted in an increase in 

fracture stress and a decrease in the mirror size (Table 6-1). KB1, calculated for both 

cases of pure mode I and mixed-mode using Equation (2-3),was determined to be a 

constant (Figure 6-4), the value of which is equal to 2.3 + 0.1 MPa-m1/2. This value is 

statistically the same as the previously reported value of 2.4 MPa-m1/2 for KB1 of soda 

lime silica glass disks failed in pure mode I [85](p>0.05).  

 The stress intensity at micro-crack branching was determined to be a constant for 

soda lime silica glass. The value of the stress intensity at branching in mixed-mode 

loading (corresponding to mirror- hackle transition) is statistically the same as that in 

pure mode I (corresponding to mirror-mist transition). The stress intensity criterion thus, 

remains valid to explain the crack branching phenomenon in mixed-mode loading 

conditions. The mirror radius (distance from crack origin to the mirror- hackle boundary) 

in mixed-mode loading is related to the far field stress through the same relation as 

seen for pure mode I loading (Equation (2-2) or Equation (2-3)). This implies that 

fractographic principles remain the same in both pure mode I and mixed-mode loading. 

The fracture stress in mixed-mode conditions can thus be estimated from the 

knowledge of the stress intensity at branching and the branching radius. Thus, the result 
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of this work supports the evidence that forensic analysis can be used without a priori 

knowledge of the loading conditions for materials failed in a brittle manner. 

6.4 Implications 

The absence of the mist region and the presence of the characteristic twist hackle 

markings (or lances) on the fracture surfaces can be used to identify surfaces which fail 

in combined mode loading. This can be used as a powerful characterization tool to 

identify chipping failures [86] and sample misorientations while testing. Identification of 

sample misorientations would help to take into account the orientation effects and make 

the analysis more accurate.  

Tsai et al. [27] performed mode I three point flexure tests on single crystal silicon 

bars for two orientations: (1) the {100} tensile surface and the {110} fracture plane and, 

(2) the {110} tensile surface and {110} fracture plane; and observed the lances and only 

two boundaries (twist hackle and macroscopic crack branching) on the fracture 

surfaces. These features are seen on fracture surfaces of other single crystals such as 

sapphire and spinel in various orientations [87]. The absence of the mist region and the 

presence of the lances indicate that the single crystals were subjected to mixed-mode 

loading in these orientations. Mode mixity is naturally introduced in single crystals 

because of the crystal anisotropy. Fractography thus provides an important tool to 

characterize the loading conditions.  

6.5 Summary 

 Soda lime silica glass disks with indent precracks were tested under mixed-mode 

loading conditions. The fracture surfaces obtained from mixed-mode failure were 

characterized by an absence of the mist region and the existence of distinct twist hackle 

markings, often referred to as lances. The twist hackle “lances” are generated in the 
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mirror region itself when subjected to mixed-mode loading and the fracture features at 

different regions differ by scale. 

The stress intensity at microbranching was determined to be 2.3 + 0.1 MPa-m1/2 

and remains constant at all crack orientations for soda lime silica glass. Fractography 

and fracture mechanics principles used in pure mode I loading studies apply for mixed-

mode loading. 

 
Table 6-1. Fracture surface and stress measurements 

Crack 
Orientation, 
θ (degrees) 

Crack size, c 
(m) 10-4 

Mirror radius, r 
(m) 10-3 

Stress to failure, 
σ (MPa) 

Stress intensity 
at 

microbranching, 
KB1 (MPa-m1/2) 

90 2.8 2.81 35 2.30 
90 2.4 2.45 38 2.33 
90 2.1 2.32 41 2.45 
90 2.3 2.09 39 2.21 
80 3.2 1.37 49 2.25 
80 3.0 1.35 52 2.37 
80 2.0 0.98 55 2.13 
80 3.1 1.32 51 2.30 
80 4.1 1.48 48 2.29 
70 5.5 0.94 63 2.40 
70 6.3 0.95 66 2.52 
70 5.9 0.94 60 2.28 
55 6.2 0.59 75 2.26 
55 5.7 0.55 78 2.26 
55 6.7 0.62 77 2.38 
55 4.9 0.53 81 2.31 
55 3.0 0.47 80 2.14 
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Figure 6-1. Fracture surface of soda lime silica glass. A) Mode I failure. B) Mixed-mode 
(I/II) failure. 

 
 
 
 

 
 

Figure 6-2. Hackle markings seen on fracture surfaces of soda lime silica glass disks.  
A) Mode I failure. B) Mixed-mode (I/II) failure. (Arrow indicates hackle 
markings)
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Figure 6-3. Twist hackle marking at crack origin indicated by the arrow. 

 
 
 

 
 
Figure 6-4. Stress intensity at microbranching, KB1 for soda lime silica glass as a 

function of crack orientation, θ. The error bars represent standard deviation. 
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Figure 6-5. AFM images at different areas of the mixed-mode fracture surface. A)Mirror 

region. B) Mirror region. C) Just near the twist hackle region D) Twist hackle 
region. The white dots are debris and should not be mistaken as fracture 
surface features. The areas are marked as A-D in the image I to give an idea 
of the position of different areas scanned and should not be considered exact 
locations. The arrows in A-D indicate direction of crack propagation.
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CHAPTER 7 
FRACTOGRAPHY OF MIXED-MODE FRACTURE IN AN R-CURVE MATERIAL 

To the author’s knowledge, there are no fractography studies on mixed-mode 

failure in R-curve materials using a range of crack sizes. This chapter describes the 

quantitative fractographic analysis performed on fracture surfaces of R-curve materials 

failed in mixed-mode (I/II) loading. A mica glass ceramic (MGC) was the R-curve 

material chosen for the study.   

As explained before, Tsai et al. [27] has shown that criteria based on the fracture 

energy [26], stress intensity [22] or strain intensity [25] are all valid to describe 

microcrack branching in isotropic materials. Mica glass ceramic can be considered an 

isotropic material for relatively large cracks, such as those considered in this study, and 

hence any of the three criteria could describe the microcrack branching process. The 

stress intensity criterion (represented by Equation (2-3)) is thus used in the present 

study for the sake of convenience. 

The mist region is quite obvious in glasses and the mirror radius refers to the 

distance from the crack origin to the mirror-mist boundary. However, the mist region is 

more difficult to discern in polycrystalline ceramics so the distance from the crack origin 

to the mirror-hackle boundary is usually measured. This is generally termed the outer 

mirror radius. The crack to mirror size ratio is a very significant and useful parameter 

used in quantitative fractography to identify slow crack growth and residual stress 

effects, if any. To the author’s knowledge, the effect of R-curve behavior on the crack to 

mirror size ratio and the stress intensity at microcrack branching, in mixed-mode 

fracture is unknown.  
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There are several objectives for the work presented in this chapter. The effect of 

mode mixity and R-curve behavior on the crack to mirror size ratio and the stress 

intensity at microbranching is determined. The effective mixed-mode geometric factors 

for the crack orientations tested for the MGC are evaluated and compared to the values 

of the geometric factors obtained for glass under similar test and loading conditions. An 

empirical relationship is derived between the effective mixed-mode geometric factors 

and crack orientation. The relationship is validated by calculating the mixed-mode 

fracture toughness values of previously studied ceramics under similar test and loading 

conditions. Finally, the fractal dimensional increments for the MGC specimens were 

determined from the crack to mirror size ratios and the effective mixed-mode geometric 

factors.  

7.1 Experimental Details 

The fracture surfaces of MGC bars fractured in three point flexure (as described in 

Section 5.1) were used for this study. The outer mirror radius (r2), semi-elliptical crack 

length (2b) and the semi-elliptical crack depth (a) were measured from the fracture 

surfaces of MGC, either using optical microscopy or scanning electron microscopy, for 

specimens that failed from the indentation site. The indented cracks can be 

approximated as semi-circular surface cracks and an equivalent semi-circular crack 

length can be calculated, which will be referred to as the critical crack size (c). The 

critical crack size, c, is given by the square root of a.b (as shown in Equation (3-10)). 

7.2 Fracture Surface Features 

Typical fracture surfaces of the glass ceramic in pure mode I and mixed-mode (I/II) 

loading are shown in Figure 7-1. As can be seen from the micrographs, the mist region 

was hard to discern in the MGC. Hence, the outer mirror radius, r2 was measured as the 
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distance from the crack origin to the mirror-hackle boundary. Looking very closely at the 

mixed-mode fracture surfaces (Figure 7-1B), we can see that, for the mixed-mode 

loading conditions, the hackle markings are different from those in mode I loading. The 

features appear as twist hackle markings and have been called lances. Such lance-like 

features are also observed on the mixed-mode fracture surfaces in soda lime silica 

glass (as described in Section 6.2) and are thought to be generated due to the influence 

of mode I and mode III stress intensities acting along the crack front [81-82]. The 

schematic of the typical features on a mixed-mode fracture surface is compared to the 

features on mode I fracture surface in Figure 7-2. 

7.3 Crack to Mirror Size Ratio 

The crack to mirror size ratio (c/r2) as a function of the crack length, c, for the 

different crack orientations in the MGC are presented in Figure 7-3. The R-curve 

behavior of MGC (as shown in Figure 5-3) is mimicked in the c/r2 versus c plot for the 

different crack orientations. Mecholsky et al. [12] and Chen [88] have shown that c/r is 

directly proportional to the fracture toughness. Thus, for an R-curve material where the 

fracture toughness is a function of the crack length, c/r2 values would be expected to 

increase with increasing crack length, as observed. This is contrary to the constant 

values of c/r obtained at a particular crack orientation for non, or flat R-curve materials. 

The variation of c/r2 with crack length at a particular crack orientation for the MGC is 

most likely due to the crack bridging mechanism which leads to the increasing 

resistance to crack growth with increasing crack extension in the MGC [10,11]. 

 In pure mode I loading, at c >150 μm when the fracture toughness reaches a 

constant value, the value of c/r2 is found to be approximately a constant (   0.15) and the 

value of c/r2 for c >150 μm increased to    0.42 for θ=45˚. For a particular crack size, c/r2 
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increases with decreasing θ (i.e. increasing mode mixity). Rice [89] had graphed the r2/c 

and r1/cfor mixed-mode failure from soda lime silica glass (flat R-curve) and had come 

to the conclusion that the ratio systematically decreases with increasing mode mixity.  

7.4 Stress Intensity at Microbranching 

Since the mist region is hard to recognize on the fracture surfaces of MGC, the 

stress intensities for the mirror-hackle transition was calculated using Equation (2-3). 

The stress intensity is denoted by KB2.  r2 is the distance from the crack origin to the 

mirror-hackle boundary. Mecholsky et al. has shown that the values Yj can be assumed 

to be 1.24 when rj is measured along the tensile surface [85]. KB2 was thus calculated 

and tabulated for the different crack orientations (Table 7-1). The KB2 value for the 

different crack sizes was found to be a constant both in pure mode I and mixed-mode 

loading conditions. KB2 for crack orientations, θ<90˚ (i.e. for mixed-mode loading 

conditions) is statistically the same (p>0.05), however these values are statistically 

different (p<0.05) from the value of KB2 obtained for pure mode I (θ=90˚).  

The studies on mixed-mode fracture in soda lime silica glass have shown that mist 

region is absent in the mixed-mode fracture surfaces. It has been found through 

quantitative fractography on the soda lime silica glass surfaces (Chapter 6) that the 

stress intensity at branching for the mirror-mist transition in pure mode I loading is equal 

to the stress intensity at branching for the mirror-hackle transition in mixed-mode 

loading. For the case of MGC, since the KB2 value in mixed-mode loading is less than 

the corresponding value in pure mode I, it is probable that the stress intensity at 

branching for the mirror- hackle transition in mixed-mode fracture of MGC actually 

corresponds to the stress intensity at branching for the mirror-mist transition in pure 
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mode I fracture. This suggests that mist region is absent in the mixed-mode fracture 

surfaces of MGC.  

7.5 Effective Mixed-Mode Geometry Factors 

The geometric factor(s) in all fracture mechanics expressions is(are) extremely 

important for distinguishing specific crack and loading geometry.  After the initial 

suggestion of Irwin [49] for very specific conditions, many investigators have spent many 

hours using finite element analysis [90], closed form solutions [53, 54, 91] and 

photoeleastic methods [92] to determine the values for the geometric constants.  The 

values for the geometric factors can be different for the three regions based on the 

ellipticity of the propagating crack and the loading conditions [24]. Newman and Raju 

[90] have evaluated the geometric factors along the boundaries of semi-elliptical surface 

cracks in a plate or beam subjected to tension or bending loads. However, to the 

author’s knowledge, geometric factors have not been evaluated as a function of the 

inclination of surface cracks with respect to the tensile stress direction.  

From our studies here, we observed that it may be possible to use the quantitative 

fractographic observations to obtain the effective geometric factors for mixed-mode 

loading.  The effective geometric factor, Yc for each crack orientation (or mode mixity) in 

the MGC can be evaluated from the following standard equation.  
















c

K
Y

f

c

c


           (7-1) 

where Kc is the mixed-mode fracture toughness of the MGC, σf  is the failure stress 

(from Equation (5-1)) and c is the critical crack size (from Equation (3-10)). As described 

in Section 5.4, the mixed-mode fracture toughness in the MGC is best evaluated 
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through Sih’s Minimum Strain Energy Density theory. The values of Kc for the MGC 

were taken to be 1.59 ± 0.04 MPam1/2. The strengths of the annealed and the as-

indented samples of MGC have been shown in Section 5.3 to be similar, which 

indicates that the residual stress is relieved in the as-indented MGC samples. The value 

of the geometric factors evaluated from Equation (7-1), thus, will not have any influence 

of local residual stress. These values are presented in Table 7-2. 

The Yc values are also calculated from the data for as-indented soda lime silica 

glass bars tested in flexure in ref [28] using Equation (7-1). The Yc values calculated for 

the soda lime silica glass would include the effects of residual stresses. Yc values 

evaluated for the glass and MGC are shown in Table 7-2. The Yc values calculated for 

both the MGC and the glass are a function of the crack orientation angles and decrease 

with decreasing crack orientation (Table 7-2). It is interesting to note that the effective 

geometric factor for the glass bars is greater than that for the MGC bars by a factor of 

4/3. This difference is the effect of the residual stress due to indentation because the 

glass specimens were tested as-indented. Marshall et al. [52] had also reached a 

similar conclusion that the geometric factors between specimens with or without 

residual stress differ by a factor of 4/3. 

We can fit the data obtained for the geometric factors from Table 7-2 to a 

polynomial equation. The following third order polynomials were derived to 

approximately fit the Yc values evaluated: 

8.0sin2.3sin7.8sin6.4 23  cY     // Soda lime silica glass   (7-2) 

                                                             (with residual stress) 

6.0sin4.2sin5.6sin5.3 23  cY  //MGC (no residual stress)   (7-3) 
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If the geometric factors (from Equations (7-2) and (7-3)) are valid, then the mixed-

mode fracture toughness calculated using the geometric factors corresponding to all 

crack orientations, θ should remain a constant and should be equal to the pure mode I 

fracture toughness.  

To validate the above calculations, Kc values of different ceramic specimens from 

the literature tested under similar conditions were calculated using the geometric factors 

from Equation (7-2) and Equation (7-3). Specimens tested under similar conditions were 

chosen because test and loading conditions are known to influence geometric factors 

[24].  

Mixed-mode fracture toughness values were evaluated for three previously studied 

ceramic specimens fractured in flexure: silicon nitride (ref [30]-Petrovic), Pyroceram 

glass ceramic (ref [36]-Singh et al.) and alumina (ref [36]-Singh et al.). In cases where σf 

was not explicitly stated in the paper (silicon nitride-Petrovic), σf was back calculated 

from the values of the mixed-mode stress intensity factors. The specimens considered 

were all tested after annealing, which removed the tensile residual stress due to 

indentation. Hence Equation (7-3) was used to evaluate the geometric factors for the 

different crack orientations considered. 

  Table 7-3 gives the values of Kc evaluated for the ceramic specimens in ref 

[30](Silicon nitride-Petrovic) and ref [36](Pyroceram and alumina-Singh et al.) for the 

various crack orientations. The average value of Kc estimated for silicon nitride in ref 

[30](Petrovic) for all θ, using Yc evaluated from Equation (6) was 5.4 + 0.5 MPa-m1/2 

which is statistically the same  as the published value of KIC = 5.48 MPa-m1/2 (ref [30]). 

The average values of Kc estimated for the glass ceramic and alumina in ref [36](Singh 
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et al.) for all θ, was found to be 1.8 + 0.2 MPa-m1/2 and 4.3 + 0.4 MPa-m1/2  respectively. 

The values of Kc calculated (using the values of Yc evaluated from Equation (7-3)) for a 

particular ceramic specimen, are statistically the same for all crack orientations. This 

indicates that the empirical relationship between the geometric factors and the crack 

orientation, represented by Equation (7-3) are valid, at least for the cases considered in 

this paper.  

The relationships in Equation (7-2) and Equation (7-3) can thus, be used as a first 

approximation for the effective mixed-mode geometric factors for surface cracks 

subjected to flexure. Mode I or mode II stress intensity factors, however, cannot be 

evaluated from these expressions. A similar approach can be employed to derive 

expressions of the effective geometric factors for surface cracks in other test and 

loading conditions.  

The mode I and mode II geometric factors have been calculated by finite element 

analysis techniques for through cracks, in various test geometries, as a function of the 

inclination angle of the cracks and the relative crack lengths ratios [58, 59, 93, 94]. 

There have been previous works on the evaluation of stress intensity factors at various 

points along the crack front for an inclined surface crack subjected to mixed-mode 

loading [84, 95, 96]. However, to the authors’ knowledge, there is no literature on the 

evaluation of mode I and mode II geometric factors of surface cracks as a function of 

the inclination angle of the cracks with respect to the tensile stress direction. Future 

work should aim to model surface cracks in mixed-mode loading conditions and 

evaluate the mode I and mode II geometric factors for the different crack orientations, or 

different levels of mode mixities. 
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7.6 Fractal Dimensional Increment, D* 

Mandelbrot [97] used fractal geometry to quantitatively describe an irregular shape 

or surface. Fractal geometry is a non-Euclidean geometry which is self-similar and scale 

invariant. Self-similar objects refer to those which have several features similar to the 

entire object. Scale invariant objects are those where the features at one magnification 

look the same at any other magnification level. Fracture in brittle materials can be 

described as a self-similar and scale invariant process and hence can be described 

quantitatively by fractal dimensions [98].  

 Fracture surfaces have a fractal dimension of 2.D* where D* is known as the 

fractal dimensional increment. Fractal dimension of 2.1 would denote a relatively flat 

surface and higher D* components would correspond to higher surface irregularities. D* 

is thus a quantitative measure of the extent of irregularity of the surface from its 

Euclidean geometry.  

Mecholsky et al. [98, 99] has related the fracture toughness, KC to D* through the 

following equation: 

2/1*2/1

0

2/1 DEacYK fcC            (7-4) 

The stress intensity at branching, KB is experimentally related to elastic modulus, E by 

the following expression [100, 101, 102]: 

2/1

0

2/1
EbrYK fbB            (7-5) 

From Equations (7-4) and (7-5), D* can be evaluated from the following expression. 
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Yb is assumed to be 1.24 as described in Section 7.4. Mecholsky et al. has shown that 

the proportionality constant between ao and bo is approximately 1 for a variety of 

ceramic materials [103]. Thus, Equation (7-6) can be modified as: 



















r

cY
D c

2

*

24.1
          

(7-7) 

Yc is evaluated from Equation (7-3) for the corresponding crack orientation. D* can thus 

be calculated from the c/r ratio and the values of the effective mixed-mode geometric 

factors. To date, there have been no studies to calculate D* values for the different 

initial crack sizes in an R-curve material. Equation (7-7) will provide an estimate for the 

D* values for R-curve materials. For the MGC in this study, the outer mirror radius, r2 

was measured. Hence the values of c/r2 are used for the calculation of D* values for the 

MGC. 

 As shown in Figure 7-4, D* is a function of the crack size for the MGC in pure 

mode I till the crack size reaches    150 μm, when D* reaches a constant value of 0.22. 

This was expected because D* is directly proportional to the fracture toughness which, 

in turn is proportional to the crack size for an R-curve material. The R-curve behavior is 

thus mimicked in the D* versus crack size graph. This is in contradiction to the constant 

values of D* obtained for flat R-curve materials like glass. However, D* values were 

statistically a constant at a specific crack size for all crack orientations (p>0.05). D* 

varied from 0.05 to 0.22 for the range of crack sizes considered. Whether this value has 

any physical significance is an interesting area for future research. Further studies 

should aim to actually measure the D* values for the MGC fracture surfaces at various 

levels of mode mixities using any standard technique like the slit-island technique [104] 

or the fracture profile technique [105]. The comparison of the measured D* values with 
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the D* values calculated from Equation (7-7) will provide new insights to the application 

of fractals in failure analysis.  The results generated would be very interesting and could 

probably help in the better understanding of how fracture occurs at the atomic level.  

7.7 Summary 

Fracture surface measurements were performed on mica glass ceramic bars 

fractured in three point flexure. The crack to mirror size ratio was found to be a function 

of the crack length and mode mixity. For a particular crack length, the crack to mirror 

size ratio increases with increasing mode mixity. For a given crack angle, the crack size 

to mirror size ratio increases with crack length in this R curve material. The stress 

intensity at branching for the mirror-hackle transition in pure mode I was determined to 

be 4.1 + 0.1 MPa-m1/2 whereas for mixed-mode loading conditions, the stress intensity 

at mirror-twist hackle boundary was determined to be 3.78 + 0.05 MPa-m1/2.  

The geometric factors used for calculation of mixed-mode fracture toughness of 

the mica glass ceramic decrease with increasing level of mode mixity. Empirical 

relationships were derived for the effective mixed-mode geometric factors used for 

mixed-mode fracture toughness evaluation of ceramic specimens fractured from surface 

cracks in flexure. Fractal dimensional increments were determined to be a function of 

the crack size for this R-curve material. The value of the fractal dimensional increment 

remains a constant at a specific crack size, irrespective of the crack orientation. 
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Table 7-1. Stress intensity at branching, KB2 for the various crack orientations, θ for the 
MGC along with the standard deviation 

 
Crack orientation, 

θ (degrees) 

 
Stress intensity at branching, 

KB2 (MPa-m1/2) 

90 4.10 + 0.10 
3.78 + 0.01 
3.78 + 0.06 
3.79 + 0.05 
3.77 + 0.06 

80 
70 
55 
45 

 

Table 7-2. Geometric factors, Yc for the various crack orientations, θ for soda lime silica 
glass and MGC 

 
Soda lime silica glass (Freiman et al.) 

With residual stress 

 
Mica glass ceramic (MGC) 

Without residual stress 
 

Crack 
orientation, 
θ (degrees) 

 
Mixed-mode 

geometric factor, Yc 

 
Crack 

orientation, 
θ (degrees) 

 
Mixed-mode 

geometric factor, Yc 

90 
60 
45 
30 
20 

1.65 
1.55 
1.21 
0.79 
0.51 

90 
80 
70 
55 
45 

1.24 
1.22 
1.21 
1.07 
0.91 

 

Table 7-3. Effective mixed-mode fracture toughness, Kc evaluated for different ceramic 
specimens. 

 
Silicon Nitride (ref [30]) 

(Petrovic) 

 
Glass ceramic (ref [36]) 

(Shetty et al.) 

 
Alumina (ref [36]) 

(Shetty et al.) 
 

Crack 
orientation, 

θ 
(degrees) 

 
Effective 

mixed-mode 
fracture 

toughness, Kc 
(MPa-m1/2) 

 
Crack 

orientation, 
θ 

(degrees) 

 
Effective 

mixed-mode 
fracture 

toughness, Kc 
(MPa-m1/2) 

 
Crack 

orientation, 
θ 

(degrees) 

 
Effective 

mixed-mode 
fracture 

toughness, Kc 
(MPa-m1/2) 

90 
67.5 
45 

5.3 + 0.4 
5.6 + 0.7 
5.3 + 0.6 

90 
65 
55 
45 
40 
35 

1.6 
1.8 
1.8 
1.6 
2.1 
2.0 

90 
67.5 
45 
40 

3.7 
4.2 
4.5 
4.7 
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Figure 7-1. Fracture surfaces of mica glass ceramic. A) Pure mode I loading. B) Mixed-

mode (I/II) loading. The inner arrows indicate the critical crack size and the 
outer arrows indicate the mirror size. 

 

 

 

 

 
 

Figure 7-2. Schematic of features on fracture surfaces. A) Pure Mode I loading. B) 
Mixed-mode (I/II) loading. 
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Figure 7-3. Crack to mirror size ratio for different mode mixities in MGC as a function of 
crack size. (The curves are best polynomial fits).  

 

 

 
Figure 7-4. Fractal dimensional increment, D* for different mode mixities in MGC as a 

function of crack size.  
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CHAPTER 8 
MODIFIED STRAIN ENERGY DENSITY CRITERION 

The mixed-mode fracture problem in fracture mechanics is of considerable 

scientific interest from the viewpoint of identifying and establishing a true fracture 

criterion for brittle materials. Mixed-mode fracture theories have been developed 

primarily to evaluate an effective fracture toughness parameter and describe crack 

propagation in mixed-mode loading conditions. These fracture criteria are all based on 

two parameters – the mode I Stress Intensity Factor (SIF), KI, and the  mode II SIF, KII. 

The most popular amongst these are the Non Coplanar Strain Energy Release Rate 

criterion (NCSERR), Maximum Tangential Stress criterion (MTS), Coplanar Strain 

Energy Release Rate criterion (CSERR) and Minimum Strain Energy Density criterion 

(MSED), which are discussed in detail in Section 2.5. These fracture theories agree 

very well with each other for the tensile or pure mode I condition, but deviate from each 

other for the mixed-mode loading conditions. 

 One of the first experiments on mixed-mode fracture was done on PMMA plates 

by Erdogan and Sih in 1963 [39]. The MTS theory was found to adequately explain the 

crack extension direction as well as the critical loads. Shetty et al. [36] used a maximum 

hoop stress theory to study the mixed mode fracture of a glass ceramic and an alumina 

ceramic from inclined precracks formed from Knoop indentation using diametral 

compression and four point bend tests. The experimental values of stress intensities 

were close to that calculated from the maximum hoop stress theory [1, 39]. But it was 

observed that the Knoop flaws extended in the direction of the maximum normal tension 

and not in the direction of the maximum hoop stress. Freiman et al. [28] conducted 

mixed mode fracture studies on soda lime silica glass bars and calculated the critical 
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stress intensity factors (SIFs) by combining KI and KII using the NCSERR, MTS, 

CSERR and MSED criteria and found that the MSED theory yielded the best agreement 

to the KC values obtained using quantitative fractography. Petrovic et al. [30].  showed 

that the NCSERR criterion best described the mixed mode fracture of hot pressed 

silicon nitride However, the studies of Marshall, which were based on four point flexure 

tests on hot pressed silicon nitride bars, suggested that MSED and CPSERR criteria are 

the most appropriate [29]. This review of the mixed-mode fracture studies shows that 

there is as yet no consensus on the most effective mixed-mode fracture criterion that 

applies to a range of materials, but that the criteria are application specific.  

The conventional mixed-mode fracture theories consider only the singular terms in 

the series expansions for the stress fields around the crack tip and neglects the non 

singular stress terms. Experiments by Williams et al. [1] and Ueda et al. [2] have shown 

that the non singular stress terms, also referred to as the T-stress, plays a significant 

role in mixed-mode fracture in brittle materials. However, studies on mixed-mode 

fracture in mica glass ceramics (Chapter 5) showed that the effect of the non singular 

stress terms is negligible for surface cracks in flexure and the conventional two 

parameter MSED theory could adequately explain the experimental values of the stress 

intensity factors. At the same time, studies presented in Chapters 3 &4 showed that 

none of the theories predicted the experimentally observed values for the mixed-mode 

SIFs for soda lime silica glass and silicon nitride disks in diametral compression. As 

explained in Section 3.7, Shetty et al. [37] attributed the underestimation of the mixed-

mode SIFs by the theories, to the influence of the non singular stress terms.  
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Smith et al. [3] modified the MTS criterion to include the effects of both the singular 

stress terms and the T-stress terms on the tangential stress around the crack tip. 

Recently, Ayatollahi et al. [106] showed that the use of this modified MTS criterion can 

explain the greater values of fracture toughness obtained in mixed-mode loading of 

centrally cracked ceramic disk specimens of soda lime glass, sialon, mullite, silicon 

carbide and porcelain in diametral compression. However, the major drawback of the 

MTS criterion is that the fracture process is not described using an energy 

consideration, which has been shown to be the major criterion to determine fracture 

since fracture is an energy related process [26].  

Figures 3-10 and 4-8 show that the predictions from the MSED and CSERR 

theories are closer to the experimental results in comparison to the MTS or the 

NCSERR theories. CSERR theory is not logical since it assumes the crack to propagate 

in the same direction as that of the initial crack plane which is contrary to what is 

observed. MSED theory seems to be a logical theory since it relates the crack 

propagation to strain energy density which is an energy related parameter. The MSED 

theory is modified here to incorporate the effects of both the singular and non singular 

stress terms. The predictions from the modified MSED theory are compared to the 

experimentally obtained values of the stress intensity factors and crack turning angles.  

8.1 Modified Minimum Strain Energy Density Theory 

The derivation for the modified MSED theory starts by making use of more 

accurate expressions for the stress fields ahead of the crack tip. Eftis et al. [107] has 

given the following expressions for the stress fields around the crack tip in polar 

coordinates: 
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where r and θ are the crack tip coordinates shown in Figure 8-1.The non singular stress 

(also known as T-stress) terms are present only in the expression for σxx. T-stress 

represents a constant stress parallel to the crack expressed only in the σxx component. 

There are terms of the order r1/2 in the expansions of the stress, which are negligible 

near the crack tip. The total elastic strain energy, dW stored in an elemental volume, dV 

subjected to 3D stress is given by: 
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Strain energy density is given by the elastic strain energy per unit volume. Under plane 

strain conditions:  

 yyxxzz              (8-5) 

0 zyxz             (8-6) 

Substituting Equation (8-5) and Equation (8-6) in Equation (8-4), the strain energy 

density, ϕ can be rewritten as given in Equation (8-7). 
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Substituting the expressions for the stresses, Equation (8-7) can be simplified as: 
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G is the shear modulus. The strain energy density, ϕ can be written in terms of the strain 

energy density factor, S as: 

S
r

1
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According to the modified MSED criterion, crack turning angles, or the direction of crack 

propagation is given when S is minimum. Thus, the crack turning angles can be 

determined by differentiating Equation (8-15) with respect to θ. 
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can be calculated for θ solved using Equation (8-16). Using these values of  a11, a12, a22, 

a33 and a44 in Equation (8-15) would give Scritical. The fracture toughness, KC is given by 

[41]: 
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criticalC GSK 8           (8-17) 

Substituting for Scritical will give rise to the following equation for KC. 
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The effective mixed-mode fracture toughness is now given by KC. For pure mode I, KC 

would be denoted by KIC. The conventional MSED criterion has only the first three terms 

of Equation (8-18). Equation (8-18) represents the modified MSED criterion. rc is the 

critical distance from the crack tip where the strain energy density reaches its minimum. 

rc is a material property that is assumed to be independent of the specimen and test 

geometry. 

The normalized fracture toughness is given by the following expressions: 
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8.2 Application of Modified MSED Criterion to Brazilian Disks 

The mixed-mode SIFs for the disks with through cracks are given in Section 3.6: 

cRcYK fI  ),/(1          (8-21) 

cRcYK fII  ),/(2          (8-22) 

Y1 and Y2 are given as a function of the crack size, c, to radius of disk, R, ratio, c/R, and 

the crack inclination angle, θ by several researchers [42, 58, 59]. The values for the 

geometric factors were taken from the work by Atkinson et al. [58] where the crack was 
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represented by a continuous series of edge dislocations. The failure stress, σf is given 

by: 

RB

P
f


             (8-23) 

 P is the load applied, R is the radius of the disk specimen and B is the thickness of the 

disk specimen. The T-stress for the BD specimens is given by [59, 60]: 
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T* is the normalized form of T-stress. For the calculations used here, the values for T* 

were taken from Ayatollahi et al. [59] where FEA was used to calculate the values of T*.  

The values of T* are given as a function of c/R and θ in Appendix A. The expressions for 

the normalized fracture toughness envelopes can now be simplified as: 
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8.3 Results and Discussion 

The predictions from the modified MSED criterion are compared to experimental 

results in this section. Y1, Y2 and T* values have been computed for BD specimens with 

through cracks as a function of the crack inclination and c/R ratios. For a particular 

crack ratio, Y1, Y2 and T* values have been computed for a wide range of crack 
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orientations, θ (Appendix A). At first, the crack turning angle or the angle at which the 

strain energy density is minimum is determined from Equation (8-16) for a particular 

crack orientation. Using the value of the crack turning angle determined, a11, a12, a22, a33 

and a44 can be determined. The normalized fracture toughness values for the particular 

crack orientation, θ can then be determined. A similar procedure, for a wide range of θ 

would generate the normalized fracture toughness envelope for a particular c/R ratio. 

This would be the predicted loci of fracture toughness from the modified MSED criterion.  

The calculations can be performed only if the critical distance, rc is known. The 

fracture process zone is the area around the crack tip that affects crack propagation. 

The size of the fracture process zone can be approximated as the critical distance, rc 

[106, 108]. This distance is entirely dependent on the material under consideration. For 

metals, the size of the process zone can be in the range of millimeters-meters. 

However, the process zone radius for brittle materials or ceramics is found to be much 

less, sometimes in the range of Å Pons et al. [82] have estimated the process zone size 

for soda lime silica glass to be in the range of 10-100 nm. There is no expression, as 

such, for calculating the radius of the fracture process zone. A model was proposed by 

Schmidt [109] for calculating the radius of the process zone in rocks given by: 
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where σt is the tensile strength of the specimen. The model by Schmidt is a plane stress 

model and assumes a spherical process zone. Ayatollahi et al. [59] used Equation(8-27) 

to determine the process zone radius in ceramic specimens. For soda lime silica glass, 

the value was calculated to be 0.5 mm which is much greater than the estimated 

process zone size by Pons et al. (10-100 nm). The validity of Equation (8-27) is thus 
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very questionable. This was the other major drawback with the calculations of the 

modified MTS criterion by Ayatollahi et al. 

The predictions from the modified MSED theory are compared to the experimental 

results obtained by using soda lime silica glass disks with chevron notches (described in 

Chapter 3). The disks with the notches were first precracked in pure mode I, till the 

crack grows up to the base of the notch. Thus, the disks have through cracks when 

loading in mixed-mode loading conditions. Hence, the values of Y1, Y2 and T* by 

Atkinson et al. and Ayatollahi et al. for disk specimens with through cracks can be used. 

The process zone size, rc used for the calculations for the mixed-mode SIFs for 

soda lime silica glass was 100 nm, which gave a better fit to the experimental data than 

the mixed-mode SIFs evaluated using a process zone size of 10nm.  The crack turning 

angles and the fracture toughness envelopes from the modified MSED theory is 

compared to the experimental values in Figure 8-2 and Figure 8-3 respectively. Figures 

8-4 and 8-5 show the comparison of the crack turning angles and fracture toughness 

envelopes from Shetty et al.‘s [37] study on BD specimens of soda lime silica glass with 

a c/R ratio of 0.2. There was no statistical difference between the experimental fracture 

toughness envelopes (Figure 8-3 and Figure 8-5) and the predictions from the modified 

MSED theory (p>0.05). Figure 8-4 shows that the modified MSED theory deviates from 

the experimental crack turning angles for increasing levels of mode mixity (i.e. 

decreasing θ), but gives excellent predictions for most values of θ (θ ≥ 75). A probable 

reason for the deviation at lower values of θ is that crack closure occurs as the loading 

approaches pure mode II conditions (θ=60˚), which could influence the crack turning 

angle. Comparisons to the crack turning angles evaluated from the modified MTS 
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criterion by Smith et al. [3] is included in Figure 8-4 using the same rc values used for 

computing the modified MSED criterion. The predictions from the modified MTS criterion 

for the crack turning angles are statistically different from the experimentally observed 

values (p<0.05). The normalized fracture toughness values calculated using the 

predicted values of the crack turning angles from the modified MTS criterion had large 

deviations from the experimental results (Table 8-1). Ayatollahi et al. observed closer 

agreement of the modified MTS criterion to the experimental results possibly due to the 

greater rc values used for their calculations (which were estimated from Equation (8-

27)).  

The experimental results of Awaji et al. [45] study on mixed-mode fracture in soda 

lime float glass with c/R ratio of 0.4 are compared to the predictions from the modified 

MSED in Figure 8-6. The experimental results of Awaji et al. are statistically the same 

as the predictions from modified MSED theory for c/R=0.4 (p>0.05). Figure 8-7 shows 

the comparisons of the crack turning angles determined from Singh et al.[35] study on 

alumina (c/R=0.5) and CeO2-TZP (c/R=0.4) disk specimens. Since the critical radius, rc 

is unknown, different values of rc were used for the calculations. There was only a 

change of 3˚ on an average in the values of the crack turning angles when rc was 

varied, which was not statistically significant (p>0.05). However, the fracture toughness 

envelopes (Figure 8-8 & Figure 8-9) shifted to greater values of KII at greater values of 

rc. This indicates greater fracture resistance as the radius of the process zone size 

increases. The data at rc= 200 μm fitted the experimental values for alumina and the 

values are statistically the same. Because of the scatter in the experimental data for 

CeO2-TZP specimens, it is hard to point out an exact value of rc which fitted the 
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experimental data. Both values of rc = 60 μm and 1 μm provided good fits to the 

experimental data. There was no statistical difference between the predictions at both 

these values of rc (p>0.05). 

The results shown in Figures 8-2 to 8-7 indicate that the predictions from the 

modified MSED theory agrees very well with the experimental results, indicating that the 

modified MSED criterion is valid to describe the mixed-mode fracture behavior in brittle 

materials (at least for the cases considered in this paper). These results show that the 

non singular stress terms also play a significant role in the mixed-mode fracture in brittle 

materials testes in diametral compression. The value of the T-stresses estimated for the 

cracked disk specimens is highly negative, the magnitude of which is significant [70]. 

Neglecting the contribution of the T-stress values is the reason why the mode II fracture 

toughness is always underestimated for the disk specimens using the conventional 

theories. However, the studies on mica glass ceramic (Chapter 5) and other ceramics in 

flexure showed that the effect of the T-stress terms in fracture from surface cracks in 

flexure is negligible. Other studies have shown that the magnitude of T-stress values for 

angled center cracked plates of soda lime glass are not as great as in the case of 

centrally cracked disks of soda lime glass [70]. T-stress has also been estimated for 

other test specimens and the values have been found to be different for different test 

geometries [110]. Thus, magnitude and sign of the T-stress is dependent on the test 

geometry and stress state of the specimen.  

For indent cracks, c/R approaches zero and hence Equation (8-24) can be 

simplified as: 

*T
RB

P
T


            (8-28) 
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T* values are found to be highly negative and more significant as c/R decreases in a BD 

specimen. Thus, it can be expected for the indent cracks to have a much greater T-

stress value, which will explain the greater mixed-mode fracture toughness found for 

disk specimens with indent cracks. Future studies should aim to estimate the T-stress 

for the BD specimen with indent cracks as a function of the crack inclination and mode 

mixity. Calculations of the T-stress will help further understand the crack geometry 

effects in mixed-mode fracture. 

8.4 Summary 

The Minimum Strain Energy Density (MSED) theory was modified to incorporate 

both the singular and the non singular stress (T-stress) terms in the series expansions 

for the stress fields ahead of the crack tip. The predictions from the modified MSED 

theory are consistent with the experimental results reported for various Brazilian disk 

ceramic specimens. This indicates that strain energy density influences crack initiation 

under mixed-mode loading conditions. 

The T-stress is a significant contribution in mixed-mode fracture of Brazilian disc 

specimens. This contribution explains the greater fracture resistance observed in the 

Brazilian disc specimens under mixed-mode loading conditions in contrast to three and 

four point flexure specimens. T-stress depends on the test geometry and the stress 

state of the specimen. Fracture resistance was found to increase as the size of the 

process zone increases.  
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Table 8-1. Comparison of predictions of the normalized mixed-mode stress intensity 
factors from the modified MTS theory to the experimental values 

 
Predictions from modified MTS 

theory 
(Smith et al.) 

 
Experimental values 

(Shetty et al.) 

 
KI/KIC 

 
KII/KIC 

 
KI/KIC 

 
KII/KIC 

1 0 1 0 
0.92 0.47 0.93 0.34 
0.57 1.39 0.56 0.86 
0.27 1.29 0.23 1.08 
0.02 1.62 0.03 1.22 

 

 
 
Figure 8-1. Crack tip coordinates and two modes of loading acting on the crack. 

 
 

Figure 8-2. Comparison of predictions of modified MSED theory for the crack turning 
angles in the mixed-mode fracture of soda lime silica glass disk specimens to 
experimental results presented in Chapter 3. 
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Figure 8-3. Comparison of predictions of modified MSED theory for mixed-mode 

fracture in soda lime silica glass disk specimens to experimental results  
presented in Chapter 3.  

 

 

 

   
Figure 8-4. Comparison of predictions of modified MSED theory for the crack turning 

angles in the mixed-mode fracture of soda lime silica glass disk specimens to 
experimental results of Shetty et al. and to the modified MTS theory by Smith 
et al. 
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Figure 8-5. Comparison of predictions of modified MSED theory for mixed-mode 

fracture in soda lime silica glass disk specimens to experimental results of 
Shetty et al. 

 
 
 
 
 

  
Figure 8-6. Comparison of predictions of modified MSED theory for mixed-mode 

fracture in soda lime float glass disk specimens to experimental results of 
Awaji et al. 
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Figure 8-7. Comparison of predictions of modified MSED theory for the crack turning 

angles in the mixed-mode fracture of alumina and CeO2-TZP disk specimens 
to experimental results of Singh et al. 

 
 
 
 
 
 

 
Figure 8-8. Comparison of predictions of modified MSED theory for mixed-mode 

fracture in alumina disk specimens to experimental results of Singh et al.  
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Figure 8-9. Comparison of predictions of modified MSED theory for mixed-mode 

fracture in CeO2-TZP disk specimens to experimental results of Singh et al. 
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CHAPTER 9 
CONCLUSIONS 

Three major aspects of mixed-mode fracture in brittle materials were analyzed: 

 Evaluation of mixed-mode stress intensity factors 

 Fractography of mixed-mode fracture 

 Establishing a mixed-mode fracture criterion which applies to a wide range of 
brittle materials. 

Mixed-mode stress intensity factors were evaluated for soda lime silica glass, 

representing amorphous, isotropic materials, silicon nitride, representing fine grain 

polycrystalline materials, and mica glass ceramic, representing rising resistance curve 

(R-curve) materials . Brazilian disk specimens and three point bend specimens were the 

test geometries used to perform the mixed-mode fracture studies. Mixed-mode loading 

conditions were introduced by inclining precracks at different angles with respect to the 

loading direction. Precracks can be either two dimensional through cracks or three 

dimensional surface cracks created through indentations. Stable crack growth occurs 

for an as-indented surface crack before unstable fracture occurs, as opposed to an 

annealed surface crack. The fracture paths for any type of precrack, under mixed-mode 

loading conditions are non coplanar with respect to the initial crack plane. The crack 

extension directions for the through cracks and surface cracks were found to be 

different. Irrespective of the test geometry, the crack turning angles remained the same 

for a particular crack orientation for the indent surface cracks. The crack turning angles 

were, however, found to be much greater for through cracks. 

The critical mode II stress intensity factor, unlike the critical mode I stress intensity 

factor or the fracture toughness is not a consistent material property and is dependent 

on the stress states in the specimen or the test geometry. Surface cracks showed 
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greater fracture resistance in comparison to chevron notch cracks under mixed-mode 

loading conditions in soda lime silica glass disks in compression. The normalized mode 

II fracture toughness in polycrystalline ceramics such as silicon nitride was found to be 

greater in comparison to soda lime silica glass, as is seen in the case for pure mode I 

loading. The reason for the greater fracture resistance for the polycrystalline ceramic in 

mode II loading is attributed to the microstructural asperities resisting the shear 

deformation. R-curve ceramics such as mica glass ceramics show crack growth 

resistance behavior with crack extension in both pure mode I and mixed-mode loading 

conditions. These findings suggest that crack geometry and material microstructure 

influence mixed-mode fracture in ceramics. 

The mixed-mode fracture surfaces of soda lime silica glass failed from controlled 

surface cracks are characterized by an absence of the mist region and presence of 

distinct twist hackle markings, often called “lances”. For a semi-elliptical surface crack, 

modes I, II and III are active along the crack front. Lances are thought to be generated 

due to the influence of the mode III component acting along the crack front. Atomic 

force microscopy on the mixed-mode fracture surfaces revealed that the features at 

different regions are similar and differ only by scale. However, these features are 

different from those seen on fracture surfaces failed in pure mode I. 

Fracture surface measurements for mixed-mode loading are compared to the 

measurements for mode I loading. The stress intensity at microbranching was 

determined to be a constant at all mode mixities. The practical implications of these 

observations are that forensic analyses can be used without a priori knowledge of the 

loading conditions. The crack to mirror size ratios for R-curve materials is found to be a 
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function of crack length as opposed to a non R-curve material such as glass. For a 

particular crack length, the crack to mirror size ratio increases with increasing mode 

mixity. 

Four conventional fracture theories were evaluated: Non Coplanar Strain Energy 

Release Rate (NCSERR) theory, Maximum Tangential Stress (MTS) theory, Coplanar 

Strain Energy Release Rate (CSERR) theory and Minimum Strain Energy Density 

(MSED) theory. The conventional theories are based on the assumption that the 

singular stress terms characterized by the mixed-mode stress intensity factors, KI and 

KII dominate near to the crack tip. The predictions from the conventional MSED theory 

for the mixed-mode stress intensity factors agrees very well with the experimental 

results for flexure specimens with surface cracks. This two parameter (MSED) theory is 

thus effective in describing mixed-mode fracture from surface cracks in flexure 

specimens. However, none of the conventional theories could explain the experimental 

mixed-mode stress intensity factor values for disk specimens in compression.  

The series expansion for the stress fields around the crack tip has non singular 

stress terms, often called the “T-stress”, which is assumed to be negligible in the 

conventional theories. The MSED theory was modified to account for both the singular 

and the T-stress terms. The modified MSED theory is shown to be sufficient to describe 

the mixed-mode fracture toughness envelopes for many ceramic Brazilian disk 

specimens with through cracks. This indicates that T-stress is significantly greater in 

these disk specimens than for surface cracks in flexural specimens. The experimental 

value of the angle by which the crack deviates from its initial plane in Brazilian disk 

specimens with through cracks could be predicted by the modified MSED theory. This 
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indicates that crack propagation initiates in the direction of minimum strain energy 

density.  

The T-stress has a significant influence on mixed-mode fracture in ceramic disk 

specimens. The T-stress becomes more significant in disk specimens as the crack 

length decreases, which could possibly explain the greater resistance to mode II loading 

for relatively small surface cracks. However, the influence of the T-stress is negligible 

for flexure specimens. This shows the dependence of test and crack geometry on the 

values of the T-stress term. T-stress calculations for surface cracks for various levels of 

mode mixities is an important and interesting area for future research. 
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APPENDIX A 
GEOMETRIC FACTORS AND T* VALUES FOR CENTRALLY CRACKED BRAZILIAN 

DISK SPECIMEN 

The mixed-mode geometric factors, Y1 and Y2 for Brazilian Disk (BD) specimens 

with through crack at the center have been evaluated by Atkinson et al. [58].  
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where θ is the orientation of the crack with respect to the horizontal direction (i.e. 

direction of the tensile stress). The schematic of the crack orientation is shown in Figure 

3-3. Ti and Si are functions of c/R, which is the ratio of the half crack length, c to the 

radius of the disk specimen, R whereas Ai and Bi are functions of the crack orientation, 

θ. The first five values of Ti, Si, Ai and Bi are usually considered for evaluating the 

geometric factors, the values of which are given in Tables A-1 to A-4. The normalized 

form of T-stress, T * were calculated using FEA techniques by Ayatollahi et al.[59], the 

values of which are given as functions of c/R and θ in Table A-5. 

Table A-1. First five values of Ti as function of crack length ratio. 

c/R T1 T2 T3 T4 T5 

0.2 1.060049 0.514907 0.382430 0.383392 0.318086 
0.3 1.135551 0.533477 0.391640 0.393835 0.325033 
0.4 1.243134 0.559734 0.404603 0.408597 0.334831 
0.5 1.387239 0.594892 0.421949 0.428353 0.347941 

 
Table A-2. First five values of Si as function of crack length ratio. 

 
c/R 

 
S1 

 
S2 

 
S3 

 
S4 

 
S5 

0.2 1.039864 0.509959 0.379956 0.380584 0.316245 
0.3 1.089702 0.522272 0.386086 0.387518 0.320834 
0.4 1.160796 0.539824 0.394822 0.397403 0.327411 
0.5 1.257488 0.563966 0.406869 0.410966 0.336447 
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Table A-3. First five values of Ai. 

 
i 

 
Ai 

1 1-4cos2θ 
2 8cos2θ(1-4sin2 θ) 
3 -4cos2θ(3-36sin2θ+48sin4θ) 
4 -16cos2θ(-1+24sin2θ-80sin4θ+64sin6θ) 
5 -20cos2θ(1-40sin2θ+240sin4θ-448sin6θ+256sin8θ) 

 
Table A-4. First five values of Bi. 

 
i 

 
Bi 

1 1 
2 -5+8sin2θ 
3 -3+8(1-2sin2θ)(2-3sin2θ) 
4 3+16(1-2sin2θ)-12(1-2sin2θ)2-32(1-2sin2θ)3 

5 5-16(1-2sin2θ)-60(1-2sin2θ)2+32(1-2sin2θ)3+80(1-2sin2θ)4 

 
Table A-5. Values of T* for different crack orientations and crack length ratios. 

  
θ 

 
c/R=0.2 

 
c/R=0.3 

 
c/R=0.4 

 
c/R=0.5 

90 -3.301 -3.19 -3.038 -2.886 
88 -3.298 -3.172 -3.011 -2.851 
86 -3.28 -3.14 -2.96 -2.783 
84 -3.201 -3.074 -2.868 -2.662 
82 -3.153 -2.985 -2.741 -2.498 
80 -3.102 -2.878 -2.596 -2.314 
78 -3.026 -2.749 -2.424 -2.099 
76 -2.954 -2.596 -2.229 -1.863 
74 -2.821 -2.431 -2.021 -1.601 
72 -2.613 -2.249 -1.802 -1.348 
70 -2.5 -2.055 -1.581 -1.103 
68 -2.354 -1.852 -1.359 -0.867 
66 -2.152 -1.639 -1.131 -0.643 
64 -1.958 -1.422 -0.924  
62 -1.75 -1.201   
60 -1.5    
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APPENDIX B 
MIXED-MODE STRESS INTENSITY FACTORS FOR SODA LIME SILICA GLASS 

DISKS IN DIAMETRAL COMPRESSION 

The failure stress and mixed-mode stress intensity factors for soda lime silica 

glass disks with chevron notches are given in Table B-1. c/R for the disks with the 

chevron notches was 0.3. Table B-2 and Table B-3 gives the crack size, failure stresses 

and mixed-mode stress intensity factors for as-indented soda lime silica glass disks and 

annealed glass disks respectively.  

 
Table B-1. Mixed-mode stress intensity factors for soda lime silica glass disks with 

chevron notches. 

Crack 
Orientation, 
θ (degrees) 

Stress to failure, 
σ (MPa) 

 KI (MPa-m1/2) KII (MPa-m1/2) 

90 5.0 0.71 0 
90 4.9 0.70 0 
90 5.1 0.72 0 
85 4.4 0.60 0.46 
85 4.5 0.60 0.48 
80 4.1 0.49 0.60 
80 3.7 0.44 0.65 
80 3.6 0.43 0.67 
80 3.7 0.43 0.65 
75 3.8 0.36 0.70 
75 3.9 0.37 0.69 
75 3.7 0.35 0.71 
70 3.8 0.23 0.79 
70 2.7 0.16 0.81 
70 3.7 0.22 0.78 
65 2.7 0.03 0.82 
65 4.0 0.01 0.84 
65 4.2 0.01 0.85 
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Table B-2. Mixed-mode stress intensity factors for soda lime silica glass disks with as-
indented surface cracks. 

Crack 
Orientation, 
θ (degrees) 

Normal 
Stress, 
σ (MPa) 

Shear 
stress, 

 τ (MPa) 

Crack size, 
c 

(μm) 

 KI  

(MPa-m1/2) 
KII  

(MPa-m1/2) 

90 20 0 500 0.73 0.00 
85 16 16 550 0.64 0.61 
85 17 11 603 0.68 0.45 
85 18 18 434 0.61 0.61 
85 17 17 517 0.64 0.64 
80 15 20 450 0.51 0.72 
80 15 20 475 0.55 0.72 
80 17 28 278 0.47 0.76 
75 9 22 583 0.35 0.86 
75 8 23 532 0.29 0.88 
70 4 27 465 0.15 0.95 
70 7 26 474 0.24 0.93 
70 4 25 546 0.17 0.98 
70 6 27 456 0.20 0.94 
65 2 30 415 0.06 1.01 
65 1 26 598 0.04 1.06 
65 2 26 560 0.07 1.02 

 
Table B-3. Mixed-mode stress intensity factors for soda lime silica glass disks with 

annealed surface cracks. 

Crack 
Orientation, 
θ (degrees) 

Normal 
Stress, 
σ (MPa) 

Shear 
stress, 

 τ (MPa) 

Crack size, 
c 

(μm) 

 KI  

(MPa-m1/2) 
KII  

(MPa-m1/2) 

90 28 0 435 0.72 0.00 
90 23 12 564 0.69 0.35 
85 24 23 459 0.63 0.62 
85 29 32 263 0.59 0.63 
80 18 27 478 0.48 0.74 
80 14 27 550 0.40 0.80 
80 14 26 588 0.43 0.79 
75 15 37 362 0.36 0.87 
75 15 34 407 0.37 0.85 
75 12 31 543 0.35 0.89 
70 5 32 638 0.16 1.01 
70 9 47 286 0.18 0.98 
70 7 37 475 0.20 0.99 
65 3 36 524 0.09 1.03 
65 2 34 598 0.07 1.04 
65 2 38 508 0.04 1.06 
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APPENDIX C 
MIXED-MODE STRESS INTENSITY FACTORS FOR MICA GLASS CERAMIC BARS 

IN FLEXURE 

Mica glass ceramic bars with oriented indentation cracks were tested in flexure. 

The critical crack sizes, failure stress and the mixed-mode stress intensity factors for the 

different crack orientations are shown in Tables C-1 to C-5. Schematic of an inclined 

crack on the tensile surface of a flexure bar is shown in Figure 5-2. 

 
Table C-1. Mixed-mode stress intensity factors for mica glass ceramic bars with crack 

orientation,θ=90˚. 

Crack size, 
c (microns) 

Stress to failure, 
σ (MPa) 

 KI (MPa-m1/2) KII (MPa-m1/2) 

12 170 0.73 0 
25 134 0.83 0 
49 121 1.05 0 
53 127 1.15 0 
65 125 1.25 0 
71 117 1.22 0 
77 119 1.30 0 
87 110 1.27 0 
99 114 1.41 0 

107 111 1.42 0 
118 115 1.55 0 
125 110 1.53 0 
139 109 1.60 0 
143 109 1.62 0 
159 106 1.65 0 
177 100 1.65 0 
185 98 1.65 0 
194 95 1.64 0 
202 93 1.64 0 
240 86 1.65 0 
235 87 1.65 0 
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Table C-2. Mixed-mode stress intensity factors for mica glass ceramic bars with crack 
orientation,θ=80˚. 

Crack size, 
c (microns) 

Stress to failure, 
σ (MPa) 

 KI (MPa-m1/2) KII (MPa-m1/2) 

25 135 0.81 0.17 
35 128 0.91 0.19 
43 131 1.03 0.21 
44 130 1.04 0.22 
45 130 1.05 0.22 
46 131 1.07 0.22 
58 130 1.19 0.25 
58 130 1.19 0.25 
60 129 1.20 0.25 
65 129 1.25 0.30 
68 117 1.16 0.24 
75 121 1.26 0.26 
76 121 1.27 0.26 
76 121 1.27 0.26 
79 120 1.28 0.27 
99 115 1.37 0.28 

105 114 1.40 0.29 
105 107 1.32 0.27 
124 111 1.48 0.31 
150 108 1.59 0.32 
157 105 1.58 0.32 
159 105 1.59 0.32 
178 100 1.60 0.33 
198 94 1.59 0.32 
216 91 1.60 0.32 
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Table C-3. Mixed-mode stress intensity factors for mica glass ceramic bars with crack 
orientation,θ=70˚. 

Crack size, 
c (microns) 

Stress to failure, 
σ (MPa) 

 KI (MPa-m1/2) KII (MPa-m1/2) 

29 136 0.8 0.34 
37 134 0.89 0.38 
47 132 0.99 0.42 
44 134 0.97 0.41 
48 131 0.99 0.42 
35 125 0.81 0.35 
49 124 0.95 0.41 
68 131 1.18 0.50 
60 121 1.03 0.44 
64 132 1.16 0.50 
64 121 1.06 0.45 
75 120 1.14 0.49 
79 114 1.11 0.47 
82 120 1.19 0.51 
84 120 1.20 0.51 

106 114 1.29 0.55 
107 116 1.31 0.56 
100 115 1.26 0.54 
136 107 1.36 0.58 
139 106 1.37 0.59 
145 105 1.38 0.59 
150 103 1.38 0.59 
178 95 1.38 0.59 
198 90 1.38 0.59 
225 83 1.37 0.59 
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Table C-4. Mixed-mode stress intensity factors for mica glass ceramic bars with crack 
orientation,θ=55˚. 

Crack size, 
c (microns) 

Stress to failure, 
σ (MPa) 

 KI (MPa-m1/2) KII (MPa-m1/2) 

23 139 0.66 0.46 
29 128 0.68 0.47 
33 125 0.71 0.49 
37 123 0.74 0.51 
48 116 0.79 0.55 
51 112 0.79 0.55 
57 109 0.81 0.56 
65 107 0.85 0.59 
66 105 0.84 0.58 
69 104 0.85 0.59 
69 104 0.85 0.59 
76 102 0.88 0.61 
78 100 0.87 0.60 
88 103 0.95 0.66 
94 103 0.99 0.68 
98 105 1.03 0.71 

102 102 1.02 0.71 
103 101 1.01 0.70 
125 100 1.10 0.76 
139 97 1.13 0.78 
148 97 1.17 0.81 
150 98 1.18 0.82 
168 92 1.18 0.82 
186 88 1.19 0.82 
200 85 1.19 0.82 
229 79 1.18 0.82 
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Table C-5. Mixed-mode stress intensity factors for mica glass ceramic bars with crack 
orientation,θ=45˚. 

Crack size, 
c (microns) 

Stress to failure, 
σ (MPa) 

 KI (MPa-m1/2) KII (MPa-m1/2) 

25 148 0.53 0.54 
33 143 0.59 0.60 
41 126 0.58 0.59 
49 124 0.62 0.63 
59 129 0.71 0.72 
68 124 0.73 0.74 
73 122 0.75 0.76 
82 122 0.79 0.80 
95 112 0.78 0.79 
98 118 0.84 0.85 

103 115 0.84 0.85 
105 120 0.88 0.89 
113 113 0.86 0.87 
119 114 0.89 0.90 
125 110 0.88 0.89 
129 108 0.88 0.89 
136 109 0.91 0.92 
157 101 0.91 0.92 
168 104 0.97 0.98 
183 100 0.97 0.98 
199 95 0.96 0.97 
214 93 0.97 0.98 
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 George L, Nagaraj A, Mecholsky Jr JJ, Gopalakrishnan K. Numerical and 
Experimental investigation of mixed-mode fracture parameter on silicon nitride 
using the Brazilian disc test. Fatigue Fract Engng Mater Struct.  

 Gopalakrishnan K, Mecholsky Jr JJ. Quantitative fractography of mixed-mode 
fracture in an R-curve material. J Am Ceram Soc. 

 Mixed-mode fracture in silicon nitride disks using the Brazilian disk test - Materials 
Science and Technology Conference (MS&T), Pittsburgh, PA (2009).  

 Mixed-mode (I/II) fracture behavior of surface and chevron notch cracks in 
diametral compression - 35th International Conference & Exposition on Advanced 
Ceramics & Composites (ICACC), Daytona Beach, FL (2011). 

 Fractography of mixed-mode fracture in soda lime silica glass - Fractography of 
Glasses and Ceramics VI Conference, Jacksonville, FL (2011). 
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Exposition on Advanced Ceramics & Composites (ICACC), Daytona Beach, FL 
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