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A nonlinear wave model is used to investigate the spectral evolution of wave 

fields in different dissipative coastal environments, fringing reefs and muddy seafloors. 

Depth-induced wave breaking, mud-induced dissipation, wind generation and 

whitecapping dissipation are implemented into the nonlinear model. This nonlinear wave 

model is computationally efficient so that the model can be used in an inverse means in 

order to estimate the parameters in the related dissipation modulus implemented. 

For the reef environment, there are two free parameters in the wave breaking 

modulus, γ , which is the ratio of wave height to water depth at initial breaking, and B , 

which is a measure of intensity of breaking. A discrepancy is found between the optimal 

values γ  calculated in this study and the results of previous parameterizations. γ  is 

found to be correlated to the inverse of offshore wave steepness and dimensionless 

depth kh . The analysis indicates that these two free parameters are related to the 

breaker type. Predicted spectral shapes are sensitive to the frequency dependence of 

wave breaking. Infragravity waves are observed to dissipate in the experiments. Under 

the assumption of no breaking-induced dissipation in infragravity waves, the nonlinear 
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wave model accurately predicts observed wave spectra in swell and sea band, but still 

underestimates the generation of the infragravity waves. An in-depth investigation of 

this mechanism has yet to be pursued. 

For the investigation of mud-induced dissipation on muddy seafloors, observations 

of wave and sediment processes collected at two locations on the Atchafalaya inner 

shelf are used. The observations show that wave dissipation in shallow, muddy 

environments is strongly coupled to bed-sediment reworking by waves. In the waning 

stage of the storm, the contributions of different wave-generation processes are 

analyzed using an inverse modeling approach. For this, mud-induced dissipation, wind 

input and whitecapping terms are incorporated into the nonlinear wave model. 

Numerical results reveal that although wave-mud interaction dominates dissipative 

processes, nonlinear triad wave interactions control the frequency distribution of the 

dissipation rate.  
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CHAPTER 1 
INTRODUCTION 

1.1 Overview 

Nonlinear wave energy transfer is a crucial process in the shoaling evolution of 

waves propagating toward the shore. Through triad wave interactions, energy flux is 

being redistributed across the spectrum, resulting in the development of secondary 

peaks in the spectral frequency domain as well as the transfer of spectral energy to the 

infragravity frequency band. This process is a significant contributor to the study of 

morphological evolutions, hydrodynamics, sediment transport, and of importance in the 

design of coastal structures. Increasing high-frequency wave energy leads to 

asymmetric and skewed wave profiles that are characteristic of nearly breaking and 

broken waves. The generation of low-frequency (infragravity) waves increase strong 

oscillations of water level near the shoreline, and may entrain and transport sediments. 

The evolution of wave spectrum outside the surf zone has been reasonably 

described by nonlinear wave models. Wave processes are fairly well understood in the 

surf zone where wave breaking plays a dominant role in shaping wave spectra. 

Additionally, it is found that seabed friction damps the entire wave spectrum rapidly. In 

the present study, a nonlinear wave model is used to describe the spectral distribution 

of different dissipative coastal environments: fringing reefs where wave energy is 

dissipated due to depth-induced wave breaking, and muddy seafloors where wave 

energy is damped due to mud-induced dissipation.  

1.2 Fringing Reefs  

Islands surrounded by fringing reefs are abundant in the tropical and subtropical 

regions. The form of fringing reefs provides natural protection landward. With increasing 
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development of reef coasts, protecting coastal area from wave attack and providing 

habitat for marine ecology are a concern. This protection can only be achieved through 

comprehensive understanding of the physical processes which shape the reef 

environment and control its ecology. Wave action is a significant contributor to these 

processes. The dynamics of wave propagation over reefs have been assumed to be 

dominated by breaking [Young, 1989; Gourlay, 1994]. Momentum transfers associated 

with wave breaking over the reef slope are dominant forcings that establish the vertical 

and horizontal structure of currents and water levels on reefs. 

Many spectral wave models have been developed using linear and nonlinear wave 

theories for description of the processes of waves propagating over reefs. Linear 

spectral models can accurately predict wave energy dissipation due to wave breaking 

and bottom friction [Lowe et al., 2005; Massel and Gourlay, 2000]. However, linear 

spectral models are unable to predict the transfer of energy among the different 

frequency components due to nonlinear wave interactions. There have been many field 

measurements studies on reefs that demonstrate the importance of spectral distribution 

[Young, 1989; Hardy and Young, 1996; Samosorn and Woodroffe, 2008; Péquignet et 

al., 2009]. High-harmonic energy increases induce wave asymmetry and skewness, 

which are specially important for sediment transport prediction. The generation of low-

frequency oscillations increases the time-varying water level near the shoreline 

[Péquignet et al., 2009]. The simulated significant wave heights alone are insufficient to 

assess complicated wave processes occurring over reefs. Even if predicted wave height 

values are correct, wave setup and run-up may not be predicted accurately [Demirbilek 

and Nwogu, 2007]. Around the reef island, the development of infragravity waves on 
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wide reef platforms may be capable of entraining and transporting sediments both 

across the reef flat and around the reef island [Samosorn and Woodroffe, 2008]. 

Therefore, it has been shown that the properties of nonlinear waves should not be 

neglected in a coastal reef environment.  

Parametric wave breaking models are commonly used to predict wave dissipation 

across the surf zone. In spite of various attempts to improve predictions of wave height 

on beaches [Baldock et al., 1998; Dally et al., 1985; Janssen and Battjes, 2007; Kaihatu 

and Kirby, 1995; Thornton and Guza, 1983; Whitford, 1988], the accuracy of prediction 

is sensitive to the model parameters (e.g., γ , the ratio of breaking wave height to 

breaking depth, and B , the intensity of breaking). Existing empirical parameterizations 

of γ  are in good agreement on planar and barred beaches. The value of γ  is found to 

be dependent on the beach slope [Sallenger and Holman, 1985], offshore wave 

steepness [Battjes and Stive, 1985; Nairn, 1990] and nondimensional depth kh  

[Ruessink et al., 2003]. Most formulations were obtained from calibration with field 

observations and laboratory experiments for mild slopes (e.g., sandy bottom beaches). 

There are few parameterizations of breaking waves on steep slopes. Therefore, a major 

challenge for modeling wave transformation on reefs is choosing the appropriate 

parameters for wave breaking models. 

The aim of this study is to provide more adequate physical characteristics that 

determine the free parameters in wave breaking models for predicting wave 

transformation over reefs. To achieve this aim, parameters in wave breaking models are 

optimized based on laboratory experiments and compared to existing empirical 

parameterization from previous field and laboratory experiments. A deterministic model 
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[Agnon et al., 1993] and a stochastic model [Agnon and Sheremet, 1997] are applied to 

investigate the evolution of wave spectra over a fringing reef. A parametric wave 

breaking model [Janssen and Battjes, 2007] is incorporated into the nonlinear wave 

models to describe the depth-induced wave dissipation. Parameters are calibrated 

using detailed laboratory experiments of waves across a fringing reef profile at 

University of Michigan [Demirbilek et al., 2007]. Existing empirical parameterizations of 

wave breaking are examined in order to study the adequateness for application to reef 

profiles. 

1.3 Muddy Environments 

The other wave-dissipative environments studied here are muddy seafloors. There 

are many theories for dissipation of waves owing to interactions with a mud layer at the 

seafloor. Although wave-mud interactions dominate dissipation in muddy environments, 

the frequency-dependent dissipation rate is not well understood. To study the 

distribution of dissipation with frequency, relative effects such as triad wave interactions, 

generation by wind and dissipation by whitecapping, should be considered. 

The dissipative effect of muddy seafloors on wave propagation was observed by 

numerous investigations and is being studied extensively. Field observations [Wells and 

Coleman, 1981; Forristall and Reece, 1985; Jiang and Mehta, 1996a; Mathew et al., 

1995] and laboratory experiments [Gade, 1958; Jiang and Mehta, 1996b; De Wit, 1995; 

Hill and Foda, 1999; Chan and Liu, 2009; Chan and Liu, 2009; Holland et al., 2009] 

show that up to 80% of incoming waves can be lost energy due to wave-mud interaction 

over a distance of just a few wave lengths. Theoretical efforts to understand wave-mud 

interaction have proposed several stress-strain rheologies for mud layers and 

corresponding dissipation mechanisms. Mud has been described as a viscous 
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Newtonian fluid [De Wit, 1995; Dalrymple and Liu, 1978; Ng, 2000]; visco-elastic solid 

[Jiang and Mehta, 1996b]; visco-plastic Bingham material [Chan and Liu, 2009; Mei and 

Liu, 1987]; or poro-elastic material [Yamamoto et al., 1978; Yamamoto and Takahashi, 

1985]. The applicability of most of these models for field data is limited by the relatively 

simple mud rheologies in the models (i.e., linear, with characteristic parameters such 

shear modulus or shear viscosity assumed independent of strain-rate amplitude). The 

complexity of proposed nonlinear rheology models [Mei and Liu, 1987; Chou and Hunt, 

1993] has precluded their application to field observations. However, there is 

considerable observational evidence [Sheremet et al., 2005; Jaramillo et al., 2009], that 

bed reworking by waves results in significant changes in the bed rheology. Based on 

analysis of acoustic backscatter records near the seafloor, Jaramillo et al. [2009] 

identified several distinct stages in the response of bed sediment to wave activity: stiff 

mud state; bed liquefaction; and resuspension and hindered settling, leading to the 

formation of a fluid mud layer of gradually decreasing thickness. The mechanism for 

fluid-mud formation appears to be dependent on wave frequency and amplitude. While 

linear mud-rheology models could work for particular stages of a storm, capturing the 

full bed evolution likely requires models capable of handling nonlinear transitional, multi-

layer regimes. Sheremet and Stone [2003] reported unexpected short-wave (frequency 

higher than 0.2 Hz) dissipation in muddy environments, and they hypothesized that this 

is due to triad nonlinear coupling between short and long waves, the latter interacting 

efficiently with the bed. The implication that nonlinearities are not suppressed by the 

strong mud-induced dissipation is supported by subsequent numerical experiments 

[Kaihatu et al., 2007], but has not yet to be confirmed by observational data. Net wave 
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dissipation estimates represent coupled effects of multiple dissipation/growth 

mechanisms that can include, in addition to mud-induced dissipation, depth-limited 

breaking, wind-induced wave growth, whitecapping, and nonlinear triad interactions. 

Evaluating the contribution of each of these mechanisms is difficult without the use of 

numerical models. In turn, numerical models are seriously challenged by shallow-water, 

muddy environments. 

The aim is to use a nonlinear model to study the frequency-dependent dissipation 

rate in muddy seafloors. The model used is based on the stochastic model of Agnon 

and Sheremet [1997], incorporating other dissipation/growth processes. An inverse 

modeling approach to estimate the effective viscosity of the bed sediment was adapted 

to account for the contribution of triad wave interactions. For simplicity, the analysis 

presented here focuses on mud state in the waning stage of the storm, modeled as a 

simple viscous fluid with an effective viscosity.  

1.4 Study Objectives 

The major objective of this research is applying the nonlinear wave model to 

investigate the evolution of wave spectra and dissipation rate distribution in dissipative 

coastal environments. The primary tasks performed to achieve this objective are to 

(1) investigate wave spectral energy distribution in reef and mud bed coastal 

environments,  

(2) incorporate a wave breaking model into the nonlinear model to predict wave 

transformation on a steep beach, 

(3) investigate if existing parameterizations of wave breaking model for reef 

topography are suitable,  
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(4) incorporate a mud-induced energy damping mechanism into the nonlinear 

model to predict wave attenuation over a fluid-mud bed, 

(5) generation and dissipation in natural coastal waters are implemented into the 

nonlinear model to increase the prediction of wave spectra evolution.  

This dissertation is organized as seven chapters. Chapter 1 presents the 

importance of study on nonlinear waves in oceanic water, the background of two 

dissipative coastal environments, fringing reefs and muddy seafloors, and the objectives 

of the present study. In Chapter 2, a deterministic and a stochastic formulation of the 

nonlinear wave model including triad wave interactions are presented. Chapter 3 

describes the wave measurements in a one-dimensional fringing reef experiment and 

field observations on muddy seafloor coast, Atchafalaya inner shelf. Chapter 4 presents 

significant models accounting for other wave processes, wave breaking, mud-induced 

dissipation, and wind input and whitecapping. In Chapter 5, the numerical model, 

including wave breaking, is validated against laboratory experiments. Optimal 

parameters in the wave breaking model are investigated with existing parameterizations, 

and results of numerical simulations are shown. In Chapter 6, the numerical model 

including mud-induced dissipation, wind energy input and whitecapping, is used to study 

the field measurements conducted on the Atchafalaya shelf. In Chapter 7, major 

findings in this study and future recommendations are summarized. 
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DESCRIPTION OF NONLINEAR WAVE MODELS 

2.1 Introduction 

As a wave field propagates toward a shore, the wave spectrum evolves due to 

many mechanisms including shoaling, refraction, diffraction and nonlinear interactions. 

In shallow water, wave energy is distributed across spectrum by interaction dominated 

by near-resonant triad wave interactions.  

Nonlinear wave models have been extensively used to study effects of nonlinear 

waves in shallow water. In general, these models can be classified as: deterministic 

(phase-resolving) models and stochastic (phase-averaged) models. Deterministic 

models are formulated in terms of wave amplitude and phase. Most of them have been 

based on the Boussinesq-type equation for the spatial variation of the Fourier 

amplitudes in the frequency domain [Forristall and Reece, 1985; Madsen and Sørensen, 

1993; Eldeberky and Battjes, 1996; Madsen et al., 1997]. These models incorporate 

weak nonlinearity as well as weak dispersion.  As an alternative, they can be derived 

from the irrotational and inviscid governing equations with surface boundary conditions 

expanded to second order [Agnon et al., 1993; Kaihatu and Kirby, 1995]. These models 

incorporate weak nonlinearity but full dispersion. Although the deterministic models 

accurately describe the wave shoaling process, this class of models is computationally 

time-consuming. To obtain viable results, the deterministic model has to calculate many 

different initial amplitude and phase variations, then average the simulated results. In 

order to improve model efficiency, a number of attempts have been made to develop 

numerical wave models with improved levels describing the nonlinear evolution of 

frequency spectrum in shallow regions.  

CHAPTER 2  
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The stochastic (phase-averaged) models predict the wave spectrum evolution in 

shallow water based on an energy balance equation, similar to spectral models used in 

deepwater applications. These models solve evolution equations for statically averaged 

spectral wave properties. Abreu et al. [1992] developed a model for the nonlinear 

evolution of the frequency-directional wave spectrum, representing the triad interactions 

by a single source term in spectral energy balance. The model is based on a closure for 

nondispersive waves with only exact resonance and nonlinear phase-coupling between 

wave triads is neglected. Agnon and Sheremet [1997] developed a stochastic 

directional shoaling model that takes into account the development of phase-correlation 

in bound waves by solving an additional evolution equation for phase-mismatch. 

Herbers and Burton [1997], and Kofoed-Hansen and Rasmussen [1998] developed 

stochastic formulations based on Boussinesq-type evolution equations. In their 

formulations, the second- and third-order statistics of random, shoaling waves were 

described by a coupled set of evolution equations for the energy spectrum and the 

bispectrum. Because these models are numerically efficient, they can be used in 

shallow water with wave spectra obtained from directional measurements or predictions 

of a wave model at offshore boundary. However, models using a statistical closure have 

the drawback that simulations may yield significant errors over long propagation 

distances and in the region with strong nonlinearity.  

2.2 Review of The Problem Formulation 

In this section, the formulations of the nonlinear deterministic and stochastic mild 

slope equations presented by Agnon et al. [1993] and Agnon and Sheremet [1997] are 

briefly outlined.  
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The equations governing the irrotational flow of an inviscid incompressible fluid 

with a free surface are the Laplace equation: 

 2 0,        0zz h zφ φ∇ + = − ≤ ≤ , (2-1) 

bottom boundary condition: 

 0          z h z hφ φ+∇ ⋅∇ = = − , (2-2) 

free-surface kinematic boundary condition: 

 ( ) 0        0t z zη φ η φ− +∇ ⋅ ∇ = = , (2-3) 

free-surface dynamic boundary condition: 

 ( )2 21 1 0     0
2 2t tz zg zφ η ηφ φ φ+ + + ∇ + = = , (2-4) 

where ∇  is the horizontal gradient operator, φ  is the velocity potential, η  is the free-

surface elevation and h  is the local water depth.  In the following, the surface boundary 

conditions are expanded in power series about 0z =  and retaining terms to 2( )εO , 

where the nonlinearity parameter ε  is defined as ka  (k  is the wave number, a  is the 

wave amplitude, and 1ka ), and eliminating η  in equation (2-3) and (2-4), after some 

algebra, new forms of kinematic and dynamic free surface boundary conditions of 

governing equations are obtained:  

 ( ) ( )2 21 1 1   0
2 2tt z z t tz tg z

g
φ φ φ φ φ φ φ φ⎡ ⎤

+ = − ∇ − + −∇ ⋅ ∇ =⎢ ⎥
⎣ ⎦

 (2-5) 

 ( )2 21 1 1     0
2 2t t zt zg z

g
η φ φ φ φ φ= − + − ∇ − =  (2-6) 

The system of equations (2-1), (2-2) and (2-5) is the starting point for the 

derivation for the velocity potential. Next, a multiple scales expansion in space and time 
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is introduced to this system to divide the fast (the wave movement) and slow (mean flow 

and set-down induced by waves) variation of the wave field. Then, to obtain fast 

variations, it is useful to eliminate the variable t  by using the Fourier transform to move 

into the frequency domain. The main task in the derivation of the evolution equation is to 

reduce the system to a single equation. Agnon et al. [1993] initially included two 

different kinds of terms: free waves, which satisfy the linear dispersion relation and 

bound waves, which do not satisfy the linear dispersion relation and are forced by the 

interactions of two free waves. Additionally, one important step towards the derivation is 

the elimination of the vertical structure of the velocity potential and the vertical structure 

of bound waves as well as free waves was considered. The model derived was based 

on the vertical structure of a free wave. Agnon et al. [1993] defined a detuning 

parameter  

 ( )b f

f

k k
k

μ
−

= , (2-7) 

which gives a measure of the deviation between bound and free wave numbers, where 

bk  is the wave number of the bound wave and fk  is the wave number of the free wave. 

The bound waves within the model are described with an error of ( )O μ . This approach 

assumes the spatial variation of water depth, wave numbers, and wave amplitudes to 

be weak. 

2.2 The Deterministic Wave Model 

The resulting equation of the deterministic model derived by Agnon et al. [1993] is 

 ( ) ( ) *

, , , ,
, 0

1 2
2

i δ δ
−

>

⎡ ⎤+ = − +⎢ ⎥⎣ ⎦∑j j
j j p q p qj p q j p q

p q

dC da
a C W a a W a a

dx dx
, (2-8) 

and can be expressed by 
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 ( ) ( ) *
, , , ,

2j
j j p q p qj p q j p q

db
K b W b b W b b

dx
δ δ

−
⎡ ⎤= + − +⎣ ⎦∑i i

p,q>0

 (2-9) 

in which the variable jb  is defined as  

 1/ 2 exp( )j j j jb a C iθ=  (2-10) 

where mode j  in the Fourier series representation of the free surface is characterized 

by the complex amplitude ja , group velocity jC , phase of mode jθ , the asterisk denotes 

complex conjugation, and jK  the complex wave number which can be written as  

 j j jK k κ= + i  (2-11) 

in which the real part jk  satisfies the dispersion relation 

 2 tanhj j jk k hσ =  (2-12) 

with radian frequency /j j gσ ω= , the modal radian frequency 2j jfω π= , the 

gravitational acceleration g , the local depth h , and with the relation 

 j
j

d
k

dx
θ

= . (2-13) 

The imaginary part jκ  represents the modal dissipation rate which can combine effects 

of wind input, whitecapping, wave breaking and bottom friction. The interaction 

coefficient W  is a function of the triad frequencies and wave numbers 

 2 2 2 2 2
, ,

1 2
8

σ σ σ
σ σ σ σ σ

σ σ σ σ
±

± ± ±

⎡ ⎤
= + + + −⎢ ⎥

⎢ ⎥⎣ ⎦

j p q
j p q p q q p p q j p q

p q j j

g
W k k k k  (2-14) 

and  

 ( )
1
2

, , , ,

−

± ±=j p q j p q j p qW W C C C  (2-15) 
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The notation ( ) , ,
...

j p q
 indicates that the quantity is evaluated for the frequency triplet jf , 

pf  and qf . The Kronecker δ  symbol used in the frequency selection criterion is  

 , ,

1         ,
0       otherwise.j p q

j p q
δ ±

=⎧
= ⎨
⎩

∓
 (2-16) 

The first term in the right-hand side of equation (2-9) represents linear shoaling 

and the second term represents the nonlinear triad interactions. The linear shoaling 

term was extended to account for a steep-slope topography [Chamberlain and Porter, 

1995], keeping terms of order ( )2h∇  (neglected in the original derivation of Agnon et al. 

[1993]), but neglecting higher-order curvature terms (e.g., 2h∇  and higher). The linear 

part of equation (2-9) is revised to 

( )db b
dx

κ= mi k + k + i ,        (2-17) 

where the steep-slope wave number correction kΔ  given by 

 ( ) ( ) ( )ln ln
2m

gP h
k C cC

Cω ω
⎛ ⎞ ⎡ ⎤= ∇ ⎜ ⎟ ⎢ ⎥⎝ ⎠ ⎣ ⎦

2 1 d dh -
k dx dx

 (2-18) 

with  

 
( )

( )
( ) ( )

( )( )

2
4 3

3

2

sec 4 sinh 9sinh sinh2
12 sinh

           3 2sinh cosh 2cosh 3 ,

k h khP h kh kh kh kh kh
kh kh

kh kh kh kh kh

⎡= + −⎣+

⎤+ + − + ⎦

 (2-19) 

Details of derivation are shown in Appendix A. 

2.3 The Stochastic Wave Model 

On the basis of the deterministic model (2-9), the stochastic model can be 

derived for the energy spectrum and for the complex bispectrum. The following shows 
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the procedure outlined by Agnon and Sheremet [1997]. First, equation (2-9) is multiplied 

by *
jb  

 ( ) ( )* * * * *
, , , ,

, >0

= 2j
j j j j j p q j p qj p q j p q

p q

db
b K b b W b b b W b b b

dx
δ δ

−
⎡ ⎤+ − +⎣ ⎦∑i i , (2-20) 

and the complex conjugate of equation (2-20) is given by 

 ( ) ( )
*

* *
, , , ,

, >0
= 2* * *

j q

j
j j j j p q j pj p q j p q

p q

db
b K b b W b b b W b b b

dx
δ δ

−
⎡ ⎤− − − +⎣ ⎦∑i i , (2-21) 

Then equation (2-20) is added to equation (2-21) and the ensemble average of the 

result yields 

 ( ) { } ( ) { }* *
, , , ,

, >0

= 2 2 *j
j j j p q j p qj p q j p q

p q

d
W b b b W b b b

dx
κ δ δ

−
⎡ ⎤− + − ℑ 〈 〉 + ℑ 〈 〉⎣ ⎦∑

F
F , (2-22) 

where { }...ℑ  denotes the imaginary part of complex number and ...〈 〉  is the ensemble 

average operator, and the average modal energy flux jF  is defined as 

2 21 1= | | = | |
2 2j j j jb a C〈 〉 〈 〉F .    (2-23) 

The average of the triple products on the right-hand side of equation (2-22) is the 

discrete bispectrum. To obtain the nonlinear properties of the wave field, one needs to 

get higher-order moments and evalute the bispectrum. The spatial derivative of the 

discrete bispectrum is given by  

 ( )
*

* * *= + +j p q
j p q p q j q j p

db db dbd b b b b b b b b b
dx dx dx dx

.    (2-24) 

The terms on right-hand side of equation (2-24) include the trispectrum (i.e., u v p qb b b b ), 

and would contain terms involving the higher-order moments and so on. This procedure 

would lead to an infinite set of equations. In order to solve this problem, they introduce 



 

26 

the quasi-Gaussian approximation, a statistical closure hypothesis, so that the 

trispectrum is expressed as products of the second-order averages. With some 

manipulations and taking the ensemble average of the equations, they can be written as  

 ( ) ( )* * * 2 2
, ,

= | | | |i i δ〈 〉 − − − 〈 〉 + 〈 〉j p q j p q j p q p qj p q

d b b b K K K b b b W b b
dx

 

 ( ) ( ) ( )2 2 2 2
, , , ,

2 | | | | 2 | | | | ,i iδ δ ε
− −

+ 〈 〉 + 〈 〉 +q j p jp q j q p j
W b b W b b O (2-25) 

and 

 ( ) ( )* * * 2 2
, ,

= 2 | | | |* * *i i δ
−

〈 〉 − − − 〈 〉 − 〈 〉j p q j p q j p q p qj p q

d b b b  K K K b b b W b b
dx

 

 ( ) ( ) ( )2 2 2 2
, , , ,

2 | | | | 2 | | | | ,i iδ δ ε
−

− 〈 〉 − 〈 〉 +j q j pp j q q j p
W b b W b b O (2-26) 

with  

 2 2 2 21 1| | | | = 4 | | | | = 4
2 2

〈 〉 ⋅ 〈 〉 〈 〉p q p q p qb b b b F F ,   (2-27) 

which may be integrated with respect to x by assuming that the spectrum varies slowly 

with x. Integrating by parts, the terms in which the derivatives of the spectrum appear 

may be neglected, since they are ( )2O ε  or smaller. For simplicity the bispectrum in 

deep water are neglected because it is very small in a nearly Gaussian sea state. It can 

be shown that this does not affect the shoaling spectrum. However, the contribution of 

the initial bispectrum should be considered if the shoaling computation does not start 

from deep water.  

After integration and substitution back into equation (2-22) one obtains the 

stochastic model   

2κ= −j
j j

d
dx
F

F  
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where { }ℜ G  is the real part of G , which is defined as 

 ( )
, , , ,

, ,
−∞ −∞

− Δ Δ

−∞

∫ ∫
= ∫

x x

j p q j p qxi Kds i ds

j p qG x e e du , (2-29) 

where G  satisfies the simple differential equation 
 

 ( ) ( ) 1i+ Δ =
d G x KG x
dx

, (2-30) 

 
with the initial value 

 0 2 2

κ
κ

+ Δ
=
∑ + Δ
∑ i k

G
k

, (2-31) 

 
where ΔK  has an imaginary part representing dissipation  

 ( ), , , ,κ κ κ κ± ± ±Δ = − − + + = Δ − ∑∓j p q j p q j p q j p qK k k k k
j,p,q

i i , (2-32) 

and the wave number jk±  satisfies the dispersion relation.  
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WAVE OBSERVATIONS OVER REEFS AND MUDDY SEAFLOORS 

3.1 Laboratory Experiments of Waves Over A Fringing Reef   

Demirbilek et al. [2007] conducted laboratory experiments of shoaling and 

breaking of irregular waves over a fringing reef at the University of Michigan (UM). The 

laboratory study was conducted under the Surge and Wave Island Modeling Studies 

(SWIMS) Program, to investigate the effect of wind on wave processes affecting the 

inundation of Pacific islands resulting from typhoons. A 1:64 scale profile representative 

of typical fringing reefs of the Pacific island of Guam was built in the wind-wave flume of 

35 m length, 0.7 m width, and 1.6 m height. The corresponding prototype scale of the 

experimental setup is shown in Figure 3-1. The reef slope consists of three sloping 

regions, with slopes of 1:5, 1:18.8, and 1:10.6, starting from offshore and ending at the 

reef edge. The reef top is wide and flat, meeting the beach slope at a slope of 1:12. In 

the present study, the model scale and Froude scaling are used to convert the 

measured data in the laboratory to equivalent prototype conditions for all calculations. 

The length scale factor is 64 and the velocity and time scale factors are 8, by Froude 

scaling. The incident waves were generated with a JONSWAP spectral shape with peak 

enhancement factor 3.3, significant wave heights, 0H , ranging from 2.05 to 5.44 m, and 

peak wave periods, pT , ranging from 8 to 20 sec. These wave tests represent extreme 

conditions associated with tropical cyclones. These test conditions were ran at four 

different still-water depths to simulate conditions at different tide and surge levels. Water 

levels used were 0 m, 1.024m, 1.984m, and 3.2 m on the reef flat. The still-water level 

used in this study is 3.2 m, which is the highest water-level in the experiment. The 

incident wave conditions are listed in Table 3-1. We refer to the wave conditions using 

CHAPTER 3  
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the notation “peak wave period_initial significant wave height_water level”, all prototype 

values. For example the notation 8_39_32 identifies the case with peak wave period 

8 spT = , initial significant wave height 0 3.9 mH = , and water level 3.2 m. Values of the 

corresponding deepwater steepness 0 0/rmsS H L=  where 2
0 / 2pL gT π=  and 

01/ 2rmsH H=  are listed in the Table. Breaker type is determined by the surf similarity 

number 0ξ  [Battjes, 1974] , which is defined as: 

 0 1
2

0

0

tan

H
L

βξ =
⎛ ⎞
⎜ ⎟
⎝ ⎠

 (3-1) 

where tanβ  is the slope of the bottom profile. Spilling breakers occur when 0 0.5ξ <  

and plunging breakers occur when 00.5 3.3ξ< < . All wave conditions considered in the 

present study are the plunging breaker type. 

Nine capacitance-wire wave sensors were used to measure the water surface 

elevation (refer to Figure 3-1). Three sensors (Sensor 1–3) installed seaward of the reef 

face were arranged to allow separation of the incident and reflected wave trains. Three 

sensors (Sensor 4–6) were positioned over the reef slope. One sensor (Sensor 7) was 

installed at reef edge. The remaining two wave sensors (Sensor 8–9) were installed on 

the reef top. The sensors sampled at 20 Hz for 900 sec. The first 100 sec of data were 

neglected to allow waves to propagate through the gauge array. Spectra were 

estimated from zero-meaned, 10% cosine bell windowed wave records with band 

averaging. Resulting resolution bandwidth is 0.019 Hz and spectral estimates have a 

nominal 62 degrees of freedom (DOF). Preliminary analysis of raw data showed that the 

measured significant wave heights at sensor 4 deviated from those measured at the 
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consecutive Sensor 3 and Sensor 5 by about 37%. Therefore, the data collected at 

Sensor 4 were ignored in the present study. 
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3.2 Observations On The Muddy Atchafalaya Shelf 

3.2.1 Experiment 

Details of the experimental site and instrumentation are discussed by Jaramillo et 

al. [2009]. Here, we review the essential for the scope of this study. The experiment site 

is located shoreward of the 5-m isobath, on the nearly flat (maximum slope less than 

1:1000) topset of the Atchafalaya clinoform in southwestern Louisiana (Figure 3-2). In 

winter and early spring (November to April), the Atchafalaya Shelf and the adjacent 

muddy coast area are swept periodically (about 3-10 day intervals) by cold atmospheric 

fronts accompanied in the pre-frontal phase by energetic onshore swells (8-10 s period, 

1-2 m wave height). These storms usually coincide with rising or high Mississippi-

Atchafalaya River water levels and sediment discharge, due to basin-wide influences. 

On the shelf, wave-induced bottom turbulence resuspends significant quantities of 

sediment. As wave activity decreases at the end of the storm, and the direction of 

propagation of short-wave fields rotates to align with post-frontal seaward winds, 

hindered settling of suspended sediment leads to the formation of episodic fluid-mud 

layers with a duration of about 12 hours, and thickness less than 30 cm [Jaramillo et al., 

2009; Allison et al., 2000; Draut et al., 2005]. The experiment site on the inner 

Atchafalaya Shelf was chosen for the opportunity it provides to observe wave 

propagation in shallow-water (the 10-m isobath is in some places about 50 km offshore), 

muddy environments. Observations of wave and suspended sediment concentration 

were collected by two instrumented platforms (“T1” and “T2”), deployed in a cross-shore 

array near the 5-m isobath on the Atchafalaya Shelf (Figure 3-2) between February 15th 

and April 1st, 2006. The mean water level was approximately 5 m at T1, and 4.3 m at 

T2, and the platforms were separated by a distance of 3.8 km. The analysis presented 
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here is based on wave observations (pressure, velocities, and acoustic surface track) 

and acoustic backscatter intensity collected by acoustic velocity profilers.   

3.2.2 Data Analysis  

Pressure observations were processed using standard spectral analysis. Time 

series segments of 20-min length were detrended and de-meaned, then divided into 

128-s blocks with 50% overlap, and tapered using a Hanning window. Resulting spectra 

have approximately 18 DOF with a frequency resolution of 0.0078 Hz. Wave spectra 

were corrected to account for the mean depth of the sensors using linear wave theory, 

with a high-frequency cutoff defined by a depth attenuation of wave variance larger than 

95%. Significant wave height values were calculated based on the first spectral moment, 

4 ( )S f df∫ , where ( )S f  is the spectral density of wave variance and f  is frequency. 

The swell band is defined as 0.05 0.2 Hzf< ≤ . The standard definition of the modal 

energy flux ( ),F f x  dissipation rate is the relative change of the energy flux per unit 

distance x . The definition of frequency-dependent dissipation rate ( )fκ  is described in 

Appendix B. Note that the estimates given in equation (B-4) are measures of net wave 

growth/dissipation, as they do not distinguish between different processes such as wind 

growth, whitecapping, wave breaking, mud-induced damping, nonlinear interactions, 

and others.  

The distance cos ox d αΔ =  is the effective propagation distance between T1 and 

T2, where d  is distance between tripods, and α  is the propagation angle with respect 

to the T1-T2 axis. For the event studied here, the propagation angle was held steady at 

approximately 40oα = , 3800 md = , yielding 2926 mxΔ = . The use of the effective 
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distance is justified by the small bottom slope and the negligible swell refraction, which 

resulted in a change of propagation direction of less than 2o  between the two platforms. 

To reduce noise due to use of low-DOF spectra, ( )fκ  estimates were further smoothed 

by band-averaging (in 21 frequency bands with 0.0156 Hz frequency width), and time-

averaging using a running mean. 

3.2.3 Observations  

The major event of the 2006 experiment was the frontal storm that passed over 

the experimental site on March 10th, with sustained 10 m/s winds out of the south and 

seas (waves with frequency 0.2 Hzf > ) between 0.5-1 m significant wave height 

(Figure 3-3a,b). These conditions lasted for more than 4 days and resulted in swells that 

peaked 1.5 m significant wave height in 5-m water depth (Figure 3-3a,b). Throughout 

the storm, propagation direction of the sea was approximately northward (Figure 3-3c). 

Swell intensity was correlated with the two peaks in wind intensity. Swells arrived at the 

T1 site early March 9th, peaked the evening of March 9th (1.5-m significant wave height) 

and again briefly at midnight March 10th (1.0-m significant wave height). Mean swell 

direction was N-NNW, Figure 3-3c).  

The response of bed sediment to wave activity has been discussed in detail in 

Jaramillo et al. [2009]. Near-bed backscatter and wave conditions (Figure 3-4a,b) 

suggest that, for strong events, the bed sediment responds to swell activity in several 

distinct stages: starting from a stiff mud state, the bed sediment liquefies, in this 

particular case when swell approaches 1-m height; liquefaction is followed by rapid 

resuspension and the formation of a lutocline at the peak of the storm (fluid mud event 
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“1”); hindered settling results in the formation of a well-defined fluid mud layer of 

gradually decreasing thickness (fluid-mud event “2”).  

Swell dissipation increases steadily during the storm (Figure 3-4c), qualitatively 

consistent with the assumption that dissipation is mainly driven by bed softening 

(reworking) by waves [Sheremet and Stone, 2003; Elgar and Raubenheimer, 2008; 

Rogers and Holland, 2009]. Hourly estimates are correlated to the tidal phase (higher 

dissipation at low tides), likely due to increased wave-bottom interaction and increased 

wave breaking. Remarkably, swell dissipation continues to increase after the storm, 

even after any detectable fluid-muds have disappeared. Because wave energy at this 

stage is low, whitecapping and wave breaking are likely weak and wave-mud interaction 

should be the dominant mechanism for wave dissipation. The de-tided evolution of swell 

dissipation shows no detectable correlation with the two fluid mud events [Dalrymple 

and Liu, 1978; Ng, 2000], possibly due to low suspended sediment concentrations 

(viscosity), or sparse spatial distribution of concentrations. However, the complex 

structure of the frequency distribution of the dissipation rate (Figure 3-4d) cannot be 

explained by mud-induced wave dissipation alone. The peak of the distribution is 

strongly correlated with the spectral peak, and its width shows rapid and significant 

changes. The width of the dissipation band ( 0κ > ) is on average 0.2 Hz, however, 

between noon and midnight March 10th, it decreases from 0.3 Hz to 0.15 Hz. In general, 

the dissipation band appears to narrow when wave activity peaks (e.g., evening of 

March 9th and 10th). In contrast, the Newtonian fluid-mud model (e.g., Dalrymple and 

Liu [1978]; Ng [2000]) predicts a wide and stable distribution of the dissipation rate. The 

position of the dissipation peak changes by approximately 0.05 Hz. The Newtonian 



 

35 

fluid-mud model is probably a good approximation for bottom processes before 

liquefaction and during the fluid-mud events, but not for the end of the settling period 

and the final soft-mud stage of the storm (Figure 3-4b). The variability of swell 

dissipation rate (Figure 3-4d) suggests that non-dominant processes (e.g., wind input, 

whitecapping, depth-induced breaking) cannot be neglected. The growth rates ( 0κ < ) 

at high frequencies are probably due to wind input. The growth in the infragravity band 

( 0.05 Hzf < ), the correlation with spectral peak, and the variability of the width of the 

dissipation band can be explained as effects of nonlinear triad wave interactions as 

shown in Chapter 6. 
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Table 3-1. Experimental wave conditions 
Case no. 0( )H m  ( )pT s  0S  0ξ  
  8_39_32 3.9 8 0.0276 0.478 
10_39_32 3.9 10 0.0177 0.596 
12_33_32 3.3 12 0.0106 0.770 
12_49_32 4.9 12 0.0156 0.636 
14_52_32 5.2 14 0.0120 0.723 
16_54_32 5.4 16 0.0099 0.797 
20_53_32 5.3 20 0.0057 1.054 
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Figure 3-1.  UM fringing reef experiment setup (Dimensions are in prototype scale). 
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Figure 3-2.  Bathymetry of the Atchafalaya Bay. a) Qualitative map of surficial 

sediments on the Atchafalaya inner shelf (Neill and Allison, 2005). The 
approximate location of the tripods deployed in February 13th to March 14th, 
2006 are marked by circles. b) Smoothed estimate of bathymetry profile along 
a transect through the two experiment sites (T1 and T2). Maximum slope is 
0.0008, reached at cross-shore distance of 5 km, slightly offshore of the 
platform T1. 
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Figure 3-3.  Wind and wave observations at T1 versus time: a) Wind direction and 
intensity, significant wave heights of sea ( f > 0.2 Hz , red line) and swell 
( f  0.2 Hz≤ , blue line). b) Evolution of normalized frequency spectra. c) 
Propagation direction of the peak of the directional spectral density for each 
frequency band (derived from ADCP measurements). Wind and wave 
propagation direction are responseted as “flow” directions (N means 
propagating northward). Surface wind is numerically simulated using the 
Coupled Ocean-Atmosphere Prediction System (COAMPS, [Hodur, 1997]). 
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Figure 3-4.  a) Time evolution of significant wave height of seas and swell. b) intensity of 
PC-ADP acoustic backscatter. c) net swell dissipation rate between T1 and 
T2. d) normalized frequency distribution of swell dissipation rate, versus time. 
Panel b): black lines mark the position of peak backscatter intensity (upper 
line), and the position where the PC-ADP records zero velocity 
(hydrodynamics bottom, lower line). Panel c): red dots are hourly estimates of 
swell dissipation, and the blue line is a running average; the black line is the 
mean water level (axis on right). Panel d): black dots mark the position of the 
spectral peak. Panel c-d): positive values represent dissipation, negative 
values-growth. The black rectangle marks the period analyzed using 
numerical models.   
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WAVE GENETATION AND DISSIPATION MECHANISMS  

4.1 Breaking Waves  

The evolution of wave energy across surf zone can be described by the one-

dimensional wave energy flux balance equation  

 ( )d EC D
dx

= − , (4-1) 

where x  is the cross-shore coordinate, positive onshore, C  is the group velocity and E  

is the total wave energy per unit surface area given by 

 c 2C = 1
2 sinh2

kh
kh

⎛ ⎞+⎜ ⎟
⎝ ⎠

, (4-2) 

 21=
8 rmsE gHρ , (4-3) 

where ρ  is the water density, g  is the gravitational acceleration, c  is the wave phase 

velocity, k  is the wavenumber, h  is the water depth, rmsH  is the root-mean-square 

wave height, and D  represents power dissipated per unit area, described below.  

For a single breaking wave the dissipation can be treated as a bore [LeMehaute, 

1962]. Consider a bore connecting two regions with depths 1h  and 2h  (see Figure 4-1). 

The power dissipated in the bore per unit span is given as Lamb [1932]: 

 ( ) ( ) 1/ 2
3 1 2'

2 1
1 2

1
4 2

g h h
D g h h

h h
ρ

⎡ ⎤+
= − ⎢ ⎥

⎣ ⎦
. (4-4) 
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Figure 4-1.  Sketch of a single bore (wave sign denotes turbulent roller region). 

 

For a wave with frequency f , the average power dissipated per unit area can be 

expressed as: 
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4
HD B gf
h

ρ= , (4-5) 

where B  is a calibration parameter which controls the intensity of the dissipation. B  

also accounts for the differences in various breaker types, and is considered as a 

function of the area of the surface roller of the breaker. 

In application to random waves across the surf zone, Battjes and Janssen [1978] 

proposed: 

 21
4 b rmsD B gfQ Hρ= , (4-6) 

where f  is the mean frequency of the energy spectrum, used as a representative value 

of f , and bQ  represents the fraction of broken waves and can be estimated using a 

Rayleigh wave height probability distribution function truncated at some maximum wave 

height and determined by: 
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2

1- -
ln

b rms

b b

Q H
Q H

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
, (4-7) 

where bH  is the maximum wave height and can be approximated by Miche [1951]: 

 0.88 tanh
0.88bH kh

k
γ⎛ ⎞= ⎜ ⎟

⎝ ⎠
, (4-8) 

which in the limit of shallow water is  

 bH hγ= , (4-9) 

where the free parameter γ  is equal to the ratio of breaking wave height to depth at 

which breaking occurs.  

Consequently, based on field observations [Thornton and Guza, 1983], it was 

shown that wave heights across the surf zone are well described by a full Rayleigh 

distribution with empirical weighting functions, given by: 

 
( )

23
3

5 / 22

3 11-
16 1 ( / )

rms rms

rms

H HD gfB
h h H h

π ρ
γ γ

⎡ ⎤⎛ ⎞ ⎢ ⎥= ⎜ ⎟ ⎢ ⎥⎝ ⎠ +⎣ ⎦

. (4-10) 

Whitford [1988] included more observations and improved equation (4-10) as: 

 
3

3
5 / 22

3 11 tanh 8 1 1
16 1 ( / )

rms rms

rms

H HD gfB
h h H h

π ρ
γ γ

⎧ ⎫⎧ ⎫⎡ ⎤⎛ ⎞⎪ ⎪⎪ ⎪= + − −⎨ ⎬⎨ ⎬⎢ ⎥⎜ ⎟
⎝ ⎠⎪ ⎪ ⎡ ⎤+⎣ ⎦ ⎪ ⎪⎩ ⎭ ⎣ ⎦⎩ ⎭

. (4-11) 

For steep beaches where not all waves reach the maximum height and break, 

Baldock et al. [1998] extended equation (4-6) using a full Rayleigh distribution without 

the depth limitation of nearshore waves, yielding 

 ( )
2

2 21
4

b
b rms

rms

HD gfB H H
H

ρ
⎡ ⎤⎛ ⎞
⎢ ⎥= +⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

 (4-12) 
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Later, Janssen and Battjes [2007] and Alsina and Baldock [2007] modified 

equation (4-12) to enhance the dissipation levels on steep beaches and non-saturated 

surf zones:  

 ( ) ( )( )3 3 21 3 3exp - 1-
4 2 4rmsD B gfH R R R erf R

h
ρ π⎡ ⎤⎛ ⎞= + +⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

, (4-13) 

where erf  represents the error function and /b rmsR H H= . In order to represent the 

energy spread in the frequency domain, the present study will use the mean frequency 

of the local spectrum. Additionally, equation (4-13) is used in this study to predict wave 

transformation over a steep slope (i.e., reef environments),  

Mase and Kirby [1992] and Kaihatu and Kirby [1995] estimated a dissipation rate 

with a frequency dependence, to accommodate empirical observations. The result was 

that energy is lost more strongly at higher frequencies. Wave breaking models 

described above can be modified to account for a frequency dependent mechanism:  

 ( ) ( ) ( )
( )

2

1
2

1

1
N

jj
j N

j jj

a
P F F F G f

G f a
=

=

⎡ ⎤
⎢ ⎥= + −
⎢ ⎥
⎣ ⎦

∑
∑

, (4-14) 

where ( ) 2
j jG f f=  represents the dissipation trend obtained from the data, and F  is a 

weighting coefficient (0 1F≤ ≤ ). When 1F =  ( ( ) 1P F = ), the dissipation rate is 

independent on frequency. Mase and Kirby [1992] and Kaihatu and Kirby [1995] 

predicted the spectral evolution on laboratory experiments data well using 0.5F = , 

however, the dissipation trend should be examined with field observations. 

To simulate the spectral distribution of wave breaking, a parameterization has to 

be implemented in the wave-breaking dissipation rate in the deterministic model and the 

stochastic model. As mentioned above, these wave breaking models give the total 
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energy dissipation rate due to breaking but not for each discrete frequency. Here this 

study adopts the approach proposed by Eldeberky and Battjes [1996]. They formulated 

the wave breaking dissipation rate in the spectral domain with two hypotheses. The first 

is that the dissipation does not interact with triad interactions and other processes 

affecting the wave evolution. The second is that the total energy dissipation rate 

distributed over the spectrum is proportion to the spectral density on each frequency, 

thus not affecting wave spectral shape. With these hypotheses, Eldeberky and Battjes 

[1996] presented the quasi-linear dissipation expression of the complex amplitudes 

 j
j

tot

da 1 D= - a
dx 2 F

, (4-15) 

where totF  is the total energy flux given by 

 
N 2

tot j j
j=1

1F = a C
2∑ . (4-16) 

The root-mean-squared wave height is calculated as: 

 ∑
N 22

rms j
j=1

H = 4 a . (4-17) 

The wave breaking dissipation rate can be expressed as: 

 
2

1

4=κ
ρ

=

⋅ ⋅∑
j N

j rms
j

D

g C H
. (4-18) 

Wave breaking models mentioned above contain two free parameters, B  and γ . 

Accurate parameterizations can provide good qualitative modeling predictions. These 

two parameters are interdependent and can be combined into a single parameter, e.g., 

the value of B  is held constant at 1 and the value of γ  is varied with processes of 
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calibration [Roelvink, 1993]. Therefore there is effectively only one degree of freedom in 

tuning the model to a measured wave height variation. Therefore, the tuned values of γ  

that implicitly take into account variations in B , and are not necessarily comparable with 

field observations of /rmsH h  from laboratory and field observations. Parameterization of 

γ  was found to correlate with the local slope, the offshore wave steepness and the 

dimensionless depth kh .  

Battjes and Stive [1985] calibrated equation (4-6) by estimating an optimal value of 

γ  under a constant 1B = , and obtained: 

 0= 0.5 + 0.4tanh(33S )γ . (4-19) 

Nairn [1990] modified (4-19) as: 

 0= 0.39 + 0.56tanh(33S )γ . (4-20) 

Ruessink et al. [2003] calibrated equation (4-12) by estimating an optimal value of γ  

under a constant 1B = , and obtained: 

 0.76 0.29khγ = +  (4-21) 

As mentioned above, parameter B  represents the percentage of aerated water on 

the face of the wave, which is a measure of the intensity of breaking. The value of B  is 

expected to be function of the breaking wave characteristics. The condition 1B =  

corresponds to fully developed bores. Numerous tests for gentle slopes have shown 

that this parameter is (1)O . However, B  is not well known for steep slopes. For a fully 

predictive model, it is desirable to define B  in terms of wave parameters that can be 

estimated. 



 

46 

Thornton and Guza [1983] determined 0.42γ =  from the data by observations of 

rmsH  at varying depth, and fitting equation (4-10) to the data by adjusting the parameter 

B . 

Massel and Gourlay [2000] implemented the periodic bore equation (4-5) into a 

extended refraction-diffraction equation to predict monochromatic wave transformation 

on reef face, and investigated B . They assumed on a slope tan 1/ 40β <  corresponding 

to the result of laboratory experiments [Singamsetti and Wind, 1980] 

 
0.13

0

0

0.937 tan H
L

γ β
−

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
. (4-22) 

B  was found to be related to bottom slope, incident wave parameters, and the 

characteristic water depth at the reef through the nonlinearity parameter cF  [Gourlay, 

1994] which is defined as: 

 
1.25 0.5 2.5

0
1.75c
r

g H TF
h

= , (4-23) 

where g  is the gravity acceleration, T  is the wave period and rh  is the still water depth 

over the reef edge. cF  is proposed to be a suitable parameter in classification of wave 

transformation regimes over reefs. In particular, when 150cF > , waves plunge on the 

reef edge, and the amount of wave energy reaching the shore is small. When 100cF ≤ , 

waves spill on the reef top, but the greater part of energy is transmitted over the reef top.  

4.2 Fluid Mud-induced Wave Damping 

Theoretical formulation of mud-induced wave dissipation is based on the 

assumption that wave motion reaches the bottom and interacts with bed. In this study, 

the formulation of Ng [2000] is used in parameterization of mud-induced dissipation of 
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wave energy. Ng [2000] formulated the viscous dissipation mechanism as a boundary 

layer simplification of the two-layer viscous fluid model of Dalrymple and Liu [1978]. The 

model is based on the assumption that the depth of the mud layer and the Stokes' 

boundary layer thickness are the same order of magnitude as the wave amplitude, 

which is much smaller than the wavelength. Wave steepness is used to get an ordering 

parameter and expressed as: 

 ε δ= 1m mka kd k  (4-24) 

where a  is the wave amplitude, md  is the depth of the mud layer, 2 /mδ υ ω=  is the 

Stokes’ boundary layer thickness, υ  is the fluid kinematic viscosity, and ω  is the 

angular wave frequency.  

Fluid mud and overlying water are assumed to be Newtonian, laminar, and 

incompressible. For this two-layer fluid mud system (Figure 4-2), the following set of 

equations for continuity and conservation of momentum are described: 

 0j ju w
x z

∂ ∂
+ =

∂ ∂
, (4-25) 

 ( )
2

2
2

1j j j j j
j j

u u u P u
u w O

t x z x z
ε ε ν ε

ρ
∂ ∂ ∂ ∂ ∂

+ + = − + +
∂ ∂ ∂ ∂ ∂

, (4-26) 

 ( )210 j

j

P
O

z
ε

ρ
∂

= − +
∂

, (4-27) 

where the subscripts ,j w m=  denote water and mud, respectively, P  is dynamic 

pressure, and ,u w  are the horizontal and vertical components of fluid velocity, 

respectively. A local coordinate for the boundary layer is introduced as mn z h d= + + , 
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which is positive upward from the bottom of the mud layer. The rigid bottom, 0n = , no-

slip condition is set: 

 0= =m mu v . (4-28) 

The displacement at the wave-mud interface on mn d ξ= +  can be expressed as  

 ( ) ( ), i kx tx t be ωξ −= , (4-29) 

where b  is the amplitude of the displacement. The continuity of velocity and stress 

components at the interface of wave and fluid mud are expanded as Taylor series about 

mn d= , and are written as: 

 ( )εξ εξ ε∂ ∂
+ = + +

∂ ∂
2w m

w m
u uu u O
n n

, (4-30) 

 ( )εξ εξ ε∂ ∂
+ = + +

∂ ∂
2w m

w m
w ww w O
n n

, (4-31) 

 ( )ρ ν εξ ρ ν εξ ε
⎛ ⎞ ⎛ ⎞∂ ∂ ∂ ∂

+ = + +⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠

2 2
2

2 2
w w m m

w w m m
u u u u O
n n n n

, (4-32) 

 ( )ε ξ ρ ξ ε ξ ρ ξ ε∂ ∂⎛ ⎞ ⎛ ⎞+ − = + − +⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠
2w m

w w m m
P PP g P g O
n n

. (4-33) 

The kinematic condition at the interface mn d=  is  

 ( )jw O
t
ξ ε∂
= +

∂
. (4-34) 

First-order analytical solution of the set of equations ((4-28)–(4-34)) is based on the 

asymptotic theory. As a result of this scaling, the wave number of a dissipative mode 

can be written as 

 = +1 2 1 2, with k k k k k , (4-35) 
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where the first order term 1k  is real and corresponds to the nondissipative dispersion 

relation: 

 2
1 1tanhgk k hω = . (4-36) 

The second order 2k  is complex and expressed as  

 1
2

1 1 1sinh cosh
Bkk

k h k h k h
= −

+
. (4-37) 

The imaginary part of 2k  represents the wave dissipation rate: 

 1
2

1 1 1

Im( )Im( )
sinh coshm

B kk
k h k h k h

κ −
= = −

+
, (4-38) 

where B  is a complex coefficient. The real and imaginary parts of B  are: 

 
( )1 1 2

1
3

Re( )
2

m
m

k B B
B k d

B
δ

ρ
−

= + , (4-39) 

 
( )1 1 2

3

Im( )
2

mk B B
B

B
δ +

= , (4-40) 

where 

( ) ( )2 2 2 2
1 2 2 1 sinh cosh cosh sinhB d d d dρ ρ ρ ς ρς= − + − − − +  

( ) ( )2 2 2 2 21 cosh cos sinh sind d d dρ ς− − +  

( )( )2 1 cosh sinh cosd d dρ ρ ς ρ− − + , (4-41) 

 ( ) ( )( )2 2
2 2 2 1 sin cos 2 1 sinh cosh sinB d d d d dρ ρ ρ ς ρ ρ ς ρ= − + − − − − + , (4-42) 

 ( ) ( )2 22 2
3 cosh sinh cos sinh cosh sinB d d d d d dς ρ ς ρ= + − + , (4-43) 

in which /w mρ ρ ρ= , ( )1/ 2/ /m w m wς δ δ υ υ= = , and /m md d δ= , where ρ  is the density.  
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Figure 4-2.  Sketch of two-layer fluid mud system.  

 

4.3 Wind Input and Whitecapping  

4.3.1 Implementation of Source Terms into the Nonlinear Wave Model  

The stochastic and deterministic models can be supplemented with numerical 

modules for wind input and whitecapping based on the source terms of the spectral 

wave model SWAN (Simulating Waves Nearshore). It computes the evolution of wave 

action density by the spectral action balance equation [Booij et al., 1999]: 

 y totx
c N c N c N Sc NN

t x y
σ θ

ω θ ω
∂ ∂ ∂∂∂

+ + + + =
∂ ∂ ∂ ∂ ∂

, (4-44) 

where the action density is defined as ( ), /N E ω θ ω=  with ( ),E ω θ  the power spectral 

density, ω  the relative radian frequency and θ  propagation direction. Propagation 

velocities in spectral space are x x xc C U= +  and y y yc C U= +  where /x yC  is the group 

velocity in the x and y directions, /x yU  is an ambient current, cσ  and cθ  are the 
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propagation velocities in spectral space ( ),σ θ . The term totS  represents processes that 

generate, dissipate or redistribute wave energy: 

 3 4tot in wc bot brk nl nlS S S S S S S= + + + + + . (4-45) 

The terms on the right hand side describe transfer of energy from the wind to the waves, 

inS , dissipation of energy due to whitecapping, wcS , dissipation due to bottom friction, 

botS , depth-induced breaking, brkS , and nonlinear transfer of wave energy due to triad 

(three wave) interactions, 3nlS  which is dominant in shallow water, and nonlinear 

transfer of wave energy due to quadruplet (four-wave) interaction, 4nlS  which is 

dominant in deep water. 

Here, we simplify the spectral wave action equation (4-44) by bringing it from two-

dimension to one-dimension, steady state and no ambient current. These yield the 

following:  

 ( ) totEC S
x
∂

=
∂

, (4-46) 

In order to add source terms from SWAN into the stochastic and deterministic 

models, the formulation of the linear part of equation (2-9) is used:  

 db b
dx

κ= −  (4-47) 

Multiplying equation (4-47) by *
jb  and adding the resulting equation to its complex 

conjugate results in: 

 2 22d b b
dx

κ= − , (4-48) 

which can be written as: 
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 ( )2 22d a C a C
dx

κ= − , (4-49) 

Therefore, the dissipation/growth rate jκ  can be written as  

 1
2

tot
j

j j

S
E C

κ = −  (4-50) 

4.3.2 Wind Input 

Strong and steady wind conditions over time scales of hours are characteristic of 

extratropical storms. Two mechanisms for the generation of waves by wind are taken 

into account. One is a resonance between the free surface and wind-induced pressure 

fluctuations proposed by Phillips [1957]. The pressure distribution induced by wind at 

the sea surface is random, and propagates in a more or less frozen pattern over the 

surface with wind speed. This can be Fourier transformed to produce harmonic 

pressure waves that propagate with wind speed. If this harmonic pressure wave 

remains in phase with a free harmonic surface wave, then the wind energy is 

transferred from the pressure wave to the surface wave. The energy input by this 

mechanism contributes to the initial stages of wave growth and varies linearly with time. 

The second mechanism is the feedback of wave-induced pressure fluctuations, 

proposed by Miles [1957]. Once the water surface is distributed, it in turn distributes the 

air flow over it and causes a greater transfer of energy from wind to waves. This results 

in an exponential growth of wave energy. Since these mechanisms [Phillips, 1957; Miles, 

1957] act independently from each other, the wave growth by wind is expressed as  

 ( ) ( ), ,inS A B Eω θ ω θ= + ⋅ , (4-51) 

where A  is the linear growth term, 
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 ( )( )
3 4

*2
1.5 10 max 0,cos

2 wA u H
g

θ θ
π

−×
⎡ ⎤= ⋅ −⎣ ⎦ , (4-52) 

in which the cut-off function H is 

 
4

*exp
PM

H ω
σ

−⎧ ⎫⎛ ⎞⎪ ⎪= −⎨ ⎬⎜ ⎟
⎝ ⎠⎪ ⎪⎩ ⎭

, (4-53) 

with  

 *

*

0.132
28PM

g
u

σ π= , (4-54) 

where θ  is the direction of waves, wθ  is the wind direction, H  is the filter and *
PMσ  is the 

peak frequency of the fully developed sea state according to Pierson and Moskowitz 

[1964] as reformulated in terms of friction velocity. ( ),BE ω θ  describes the exponential 

growth by wind. Two expressions are available in the SWAN model. This study uses the 

expression proposed by Komen et al. [1984]: 

 ( )*max 0,0.25 28 cos 1a
w

w

uB
c

ρ
θ θ ω

ρ
⎡ ⎤⎛ ⎞= − −⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦
 (4-55) 

where aρ  and wρ  are the densities of air and water respectively, and *u  is the friction 

velocity of the wind, 

 2 2
* 10Du C U=  (4-56) 

in which 10U  is the wind speed at 10 m elevation above the sea surface, DC  is the wind-

drag coefficient [Wu, 1982] determined as: 

 
( )

3
10

3
10 10

1.2875 10                      for  <7.5 /     

0.8 0.065 10       for  7.5 /D

U m s
C

U U m s

−

−

⎧ ×⎪= ⎨
+ × ≥⎪⎩

 (4-57) 
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By obtaining a fit to observed spectra, through the experimental datasets of 

Snyder et al. [1981] and Plant [1982], Yan [1987] proposed: 

 ( ) ( ) ( )
2

* *
1 2 3 4cos cos cosfit w w w

u uB Y Y Y Y
c c

β θ θ θ θ θ θ
ω

⎛ ⎞ ⎛ ⎞= = − + − + − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

, (4-58) 

where 1Y , 2Y , 3Y  and 4Y  are coefficients. Van der Westhuysen et al. [2007] improved 

the formulation and got 2
1 4.0 10Y −= × , 3

2 5.52 10Y −= × , 5
3 5.2 10Y −= ×  and 

4
4 3.02 10Y −= − × . Equation (4-50) is used herein to get the growth term due to wind:  

 1 1
2 2

tot
j fit

j j j j

S A
E C C E

κ β ω
⎛ ⎞

= = +⎜ ⎟⎜ ⎟
⎝ ⎠

. (4-59) 

4.2.4 Whitecapping  

Wave breaking in deep water (e.g., not depth-induced wave breaking) is called 

whitecapping. It involves highly nonlinear hydrodynamics on a wide range of scales, 

from gravity surface waves to capillary waves, then down to turbulence [Holthuijsen, 

2007]. The sink term of whitecapping adopted the expression of Alves and Banner 

[2003], which is due to the fact that it can be applied to mixed sea-swell conditions and 

in shallow water: 

 ( ) ( ) ( ) ( )
0 1 122

2 24, tanh ,

p
p

a
wc ds

r

B k
S C kd g k E

B
ω θ ω θ

−⎡ ⎤
= − ⎢ ⎥

⎣ ⎦
, (4-60) 

where dsC  is a tunable parameter. The density function ( )aB k  is the azimuthal-

integrated spectral saturation which is calculated from frequency space variables as 

follows: 

 ( ) ( ) ( )
2 3 3

0
,a g

dB k k E d c k E
dk

π σ ω θ θ ω= =∫ . (4-61) 
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rB  in equation (4-60) is a threshold saturation level. When ( )a rB k B> , waves break and 

the exponent p  is set equal to a calibration parameter 0p . When ( )a rB k B< , there is no 

breaking, but some residual dissipation proved necessary. This is obtained by setting 

0p = . A smooth transition between these two situations is achieved by Alves and 

Banner [2003]; 

 0 0 ( )tanh 10 1
2 2

a

r

p p B kp
B

⎡ ⎤⎛ ⎞
= + −⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

 (4-62) 

and 

 * *
0 3 tanh 0.1u up

c c
ϖ
⎡ ⎤⎛ ⎞ ⎛ ⎞= + −⎜ ⎟ ⎜ ⎟⎢ ⎥

⎝ ⎠ ⎝ ⎠⎣ ⎦
 (4-63) 

where ϖ  is a shape parameter (default value 26ϖ =  in SWAN). 

The source term of whitecapping can be expressed as the general form 

( )wc wcS Eκ ω= . The dissipation term due to whitecapping is obtained through equation 

(4-50) as: 

 ( )
0 1 12

2 24
( )1 tanh

2

p
a

wc ds
r

B kC kh g k
C B

κ
−⎡ ⎤−

= ⎢ ⎥
⎣ ⎦

 (4-64) 
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MODEL APPLICATION TO REEF ENVIRONMENT  

5.1 Model Integration 

The stochastic model requires knowledge of the power spectrum at the offshore 

boundary for its integration. The measured time series at the sensor 2 (refer to Figure 3-

1) are used as the offshore boundary condition, which is analyzed using a standard fast 

Fourier transformation algorithm to obtain an initial wave spectrum. The initial wave 

spectrum is obtained by averaging over 68 sets of wave spectrum, each with 81 

frequency modes and a frequency resolution 0.0049 HzΔ =f . The number of frequency 

modes used in the simulation is chosen based on a high cutoff frequency of 0.4 Hzf = .  

The deterministic model requires knowledge of the set of complex amplitude and 

phases at offshore boundary for its integration. The measured time records at sensor 2 

are used as the offshore boundary condition, and the measurements are analyzed using 

a standard fast Fourier transformation algorithm to obtain 68 sets of amplitude and 

phase, each with 81 frequency modes and a frequency resolution of 0.0049 HzΔ =f  for 

a high frequency cutoff at 0.4 Hzf = . Following numerical integration using the Adams-

Moulton-Bashford method, the set of amplitudes and phases is obtained at each 

location. The numerical integration is needed to execute each set, and the results are 

ensemble averaged to obtain the spectra.  

5.2 Calibration 

As mentioned above in Chapter 4.1, B  and γ  could be combined into one 

coefficient (i.e., by setting B =1), however, physical insight would not be observed. 

Alternatively, distinct values for these two parameters may be appropriate if the surf 

zone conditions or breaker types differ significantly from those for which they were 

CHAPTER 5 
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originally proposed. In this study, the linear wave model (i.e., the triad wave interactions 

term is excluded) is used to calibrate parameters by minimizing the error between 

measured and modeled rms wave height: 

 
( ) ( )

( )

2mod

2
1

1
meaN
rms n rms n

mean rms n

H x H x
e

N H x=

⎡ ⎤−⎣ ⎦=
⎡ ⎤⎣ ⎦

∑  (5-1) 

where 4N =  is the number of data points for tuning (sensor 5, 6, 7 and 8), obs
rmsH  and 

mod
rmsH  are the measured and modeled rms wave height, respectively. The rms wave 

height is defined as 

 ( )2

1

8
f

rms f
H S f df= ∫  (5-2) 

where ( )S f  is the energy spectral density. The data are high-pass filtered with a low 

frequency cutoff 1 0.5 pf f=  to exclude infragravity frequency, and low-pass filtered with a 

high frequency cutoff 2 0.4f Hz= .  

Considering the model efficiency, the stochastic model is chosen to obtain the 

optimal parameters. Different from the wave height, parameters of the spectral evolution 

are calibrated by minimizing the rms error between the logarithms of measured and 

modeled spectral densities  

 [ ]2

1

1/ 22

mod
1 log ( , ) log ( , )

f

mea n nf
n

e S x f S x f df
N
⎧ ⎫= −⎨ ⎬
⎩ ⎭
∑∫ , (5-3) 

where meaS  and modS are the measured and modeled energy wave spectral densities, 

respectively. Dissipation-rate weighting coefficient F  is calibrated with (γ ,B ) pairs to 

minimize the error at high frequencies.   
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In spectral calculations of sea surface elevation data, the low-frequency band is 

usually truncated, and swell and sea band are integrated to obtain significant wave 

height. However, shoaling commonly involves energy transfers from the peak frequency 

to lower and higher frequencies. In the present study, low-frequency waves are 

assumed to be non-breaking. Therefore, the wave breaking model excludes the 

dissipation in the infragravity waves ( 0.5 pf f< ).  

Two calibration results are shown in Table 5-1. The first is the calibration of the 

linear model (stochastic model excluding the triad wave interactions term). The rms 

error is estimated with equation (5-1). The second is the calibration of the nonlinear 

model (stochastic model) by tuning both γ  and B  two distinct parameters. The first 

calibrations set 1F =  because the linear model is unable to account for spectral 

evolution. Nonlinear stochastic model is calibrated in the second calibration, where γ , 

B  and F  are all tuned by equation (5-3).  

5.3 Discussion  

Laboratory and field observations of random wave transformation in the inner surf 

zone have been predicted accurately with wave breaking models (mentioned in Chapter 

4.1). Many applications of wave breaking models evaluate wave transformation in the 

saturated surf zone (wave height in the inner surf zone being independent on the 

incident wave height or energy). In contrast, on steep beaches and reefs, the surf zone 

is commonly very narrow and there is not sufficient distance for all the incident short 

wave energy to be dissipated. In reef environments, wave breaking occurs much closer 

to the reef edge. As a result, an increase in the offshore incident waves will result in an 

increase in the wave height in the inner surf zone, i.e., the surf zone is unsaturated and 
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wave groups may still be apparent in the inner surf zone [Nairn, 1990; Battjes and Stive, 

1985]. Although parametric wave breaking models were proved to be accurate in 

describing wave height transformations across saturated zones, there are few 

comparisons of such models against wave height data from unsaturated surf zone. 

Figure 5-1 shows optimal values of γ  and B  calibrated using the linear model and 

the nonlinear stochastic model. It can be seen here that optimum γ  values for the 

nonlinear model are slightly larger than those calculated using the linear model. There 

are two possible causes for the difference. The first is due to the different method of 

calibration. The linear model parameters are evaluated based on wave heights, but the 

nonlinear model parameters are evaluated based on spectral densities. Higher γ  

means wave heights increase further onshore after breaking, in contrast, small γ  

means breaking waves are initiated further offshore. The second is that the nonlinear 

model with frequency-dependent dissipation is more efficient than the linear model 

which is frequency-independent. This is true so for the nonlinear model, energy is 

transferred toward higher frequency spectral bands with higher dissipation.  

Figure 5-2 shows the variation of optimal values of γ  with offshore wave 

steepness for the data sets. Parameterizations of γ  as a function of offshore steepness 

[Battjes and Stive, 1985a; Nairn, 1990] are examined to compare with optimal values of 

γ . As mentioned above, parameterizations of γ  are based on equation (4-6) [Battjes 

and Janssen, 1978] for constant 1B = . In this study, equation (4-13) [Janssen and 

Battjes, 2007] is used to calibrate γ . There is a clear discrepancy between optimal 

values of γ  and the existing parameterizations [Battjes and Stive, 1985a; Nairn, 1990]. 

Especially for small offshore steepness, optimal values of γ  are approximately twice 
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previous parameterizations. It is shown that empirical parameterizations decrease with 

decreasing offshore wave steepness. By contrast, optimal values of γ  (obtained by both 

linear model and the nonlinear models) reveal a divergent trend occurs more or less at 

offshore steepness below 0.015.  

Figure 5-3 shows the observed and calibrated values of γ  versus offshore wave 

steepness. A monochromatic-wave experimental formulation [Singamsetti and Wind, 

1980] is also shown in the figure: 

 ( )
3

2 0
1

0

tan H
L

χ
χγ χ β
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

, (5-4) 

where 1 0.937χ = , 2 0.155χ = , 3 0.130χ = −  are coefficients, calibrated for deepwater 

steepness 0 00.02 / 0.06H L< <  and 1/ 40 tan 1/ 5β≤ ≤ . Calibrated and observed (most 

waves break as plunging at the reef edge) values of γ  increase with decreasing 

offshore steepness, corresponding to the trend by Singamsetti and Wind [1980] but with 

smaller values of γ . Present and previous experimental trends, indeed, verify that 

parameterizations based on offshore steepness [Battjes and Stive, 1985a; Nairn, 1990] 

could induce large errors in wave prediction. It can be concluded that reef breaking 

wave conditions can not be characterized only by offshore steepness. Therefore, using 

only 0S  is not sufficient to specify γ . 

Figure 5-4 shows the optimal γ  values against the nondimensional water depth 

kh . The general trend of decreasing γ  with increasing kh  is in agreement with the 

relation proposed by Raubenheimer et al. [1996], but contradicting the parameterization 

of Ruessink et al. [2003]. The trend was consistent with Raubenheimer et al. [1996], 
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who used a one-dimensional depth-averaged nonlinear water equation and field 

observations: 

 0 1
tanC C

kh
βγ = +  (5-5) 

where 0C  and 1C  are adjustable coefficients. The coefficients have been fitted to 

optimal values of γ  by the nonlinear model, yielding the best fit values of 0 0.431C = , 

1 1.032C =  with the correlation coefficient is 0.8524. The reef-face slope is given with 

tan 1/10.6β = .  

Based on the relations of γ  with 0S  and kh , it can be inferred that wave length 

(i.e., wave period) is a significant factor. Apotsos et al. [2008] tuned γ  using several 

wave breaking models [Baldock et al., 1998; Janssen and Battjes, 2007; Thornton and 

Guza, 1983a; Battjes and Janssen, 1978]. All cases show that γ  increases as the 

hyperbolic tangent of the deepwater wave height, therefore, offshore wave height is also 

a significant factor. Therefore, γ  is expected to be a function of offshore wave height, 

offshore wave length and local slope that is correlated with the surf similarity number 

(equation (3-1)). Figure 5-5 shows results of varying γ  with 0ξ . It is reveal that γ  should 

also be function of 0ξ . 

As mentioned in Chapter 4.1, Massel and Gourlay [2000] proposed that B  is 

closely related to the nonlinearity parameter CF  which describes the type of breaking 

wave. Figure 5-6 reveals the optimal B  values is dependent on CF . In the present study, 

150CF >  reveals waves start to break on the reef edge at which Sensor 7 is located. In 

other words, B  dominates breaking intensity from Sensor 7 to Sensor 8. Values of B  
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was varied between 1.19 and 1.57 for the nonlinear model and between 1.28 and 2.2 

for the linear model. Linear least squares fits through the values of B  is  

 0 1 cB b b F= + , (5-6) 

where 0 1.245b =  and 5
1 9.65 10b −= ×  for the linear model with the correlation coefficient 

0.9281 and 0 1.169b =  and 5
1 4.31 10b −= ×  for the nonlinear model with the correlation 

coefficient 0.8517. It can be inferred that triad wave interaction dominates energy 

transfer, and affects the numerical values of B  (e.g., breaking intensity).  

Figure 5-7 shows measured dissipation rate versus frequency using the energy 

flux spectra ( 0 4.9 mH = , 12 spT = ) of consecutive wave sensors of Sensor 6, Sensor 7, 

Sensor 8, and Sensor 9. Measured dissipation rate between Sensor 6 and Sensor 7 

contains the effects of shoaling, wave breaking and nonlinear energy transfer. To study 

the dissipation rate induced by wave breaking, sensors located on the reef top (Sensor 

7–9) are utilized because the effect of shoaling can be neglected and nonlinear energy 

transfer are weak on the flat bottom. It is found that the dissipation rates of Sensor 7–8 

and Sensor 8–9 increase with increasing frequency at higher frequencies (roughly as 

2f ). The inferred dissipation rates in the surf zone are shown to increase with increasing 

frequency, in qualitative agreement with Kaihatu and Kirby [1995], Mase and Kirby 

[1992] and Chen et al. [1997]. The optimal values of F  are scattered over 0.5 to 0.65 

(Table 5-1).   

Chen et al. [1997] proposed that spectral evolution using a Boussinesq-equation 

model is nearly insensitive to the frequency-dependent distribution of the dissipation, 

because increased dissipation at high frequencies is compensated by nonlinear wave 

energy transfers. However, in the present study, the simulated spectra are sensitive to 
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the frequency dependence of the dissipation. One possible explanation of this disparity 

is that plunging breakers induce strong turbulence, and therefore, dissipate more 

energy at high frequency.  

Figure 5-8 shows the cross-shore evolution of spectral energy flux ( 0 3.9 mH = , 

10 spT = ). Both model simulations and laboratory observations show that energy is 

spread from peak frequency band to higher and lower frequency bands, as waves 

propagate over the reef face and begin to break.  

Figure 5-9 to 5-15 show energy flux spectra at various locations computed by the 

stochastic model and the deterministic model. It is shown that spectra in seven cases 

are well predicted by the stochastic model and the deterministic model. Not only energy 

transfers to the higher harmonics over reef face (Sensor 5 and Sensor 6), but also 

energy dissipation at reef flat (Sensor 7 and Sensor 8) are captured by the model. 

These results use the breaking parameters calibrated for each run. To test the 

performance of the deterministic model, the parameters (γ , B ) calibrated for the 

stochastic model are applied. Spectra computed by the deterministic model in sea 

bands are in good agreement with the measurements as well as computed by the 

stochastic model in the shoaling region. However, the deterministic model tends to 

overestimate the dissipation due to wave breaking. In the present experiment, only one 

instrument was located in the middle of reef-top. To investigate the evolution of spectral 

energy on the reef, increasing the density of sensors both on the reef-face and the reef-

top (e.g., inside the surf zone) is necessary. 

Figures 5-16 to 5-22 shows the cross-shore evolution of the normalized spectral 

flux at the sea, swell, infragravity bands and integrated over the entire frequency 
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domain for measurements and the stochastic model. The stochastic model accurately 

predicts evolution of energy flux in the swell frequency band. The observed energy flux 

in sea frequency band reaches its maximum at Sensor 6 and starts to decay. The model 

is able to capture the energy increase within the sea frequency band due to triad wave 

interactions over reef face, and the decay induced by wave breaking onshore the reef 

edge. Additionally, the observed energy flux in the infragravity band increases as waves 

propagate over the reef face, however, dramatic energy decay occurs around the reef 

edge. Prediction of infragravity band spectral flux is less accurate due to the limitation of 

model applicability. The reflection of infragravity waves is neglected owing to the 

limitation of both models. Therefore, infragravity waves are represented only crudely in 

the present model formulation. Numerical simulation results indicate that infragravity 

energy loss is partly due to energy transfer from low frequencies to higher frequencies. 

Numerical simulations of the nonlinear stochastic model excluding the wave-breaking 

dissipation in infragravity band result in the underestimation of infragravity wave energy.  
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Table 5-1.  Optimal parameters obtained from linear and nonlinear models  
  Linear Model  Nonlinear Model 
Case no.  γ  B  F  e   γ  B  F  e  
  8_39_32  0.578 1.458 1.00 0.031  0.665 1.264 0.405 3.997 
10_39_32  0.551 1.276 1.00 0.039  0.629 1.187 0.525 1.013 
12_33_32  0.510 1.482 1.00 0.035  0.725 1.523 0.569 1.453 
12_49_32  0.640 1.465 1.00 0.053  0.800 1.200 0.500 4.145 
14_52_32  0.671 1.561 1.00 0.038  0.850 1.400 0.500 3.741 
16_54_32  0.682 1.723 1.00 0.043  0.900 1.400 0.500 10.26 
20_53_32  0.738 2.193 1.00 0.038  0.948 1.568 0.652 9.284 
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Figure 5-1.  Optimal γ  versus optimal B . Values calibrated by linear wave model (cross) 

and by the nonlinear stochastic wave model (circle). 
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Figure 5-2.  Calibrated γ  versus offshore wave steepness, 0S . Solid line denotes the 

parameterization of Battjes and Stive [1985]; dashed line denotes the 
parameterization of Nairn [1990]. Calibration by the linear and the nonlinear 
stochastic models are denoted by crosses and circles. 
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Figure 5-3.  Observed and calibrated γ  versus offshore wave steepness, 0S . Red 

squares denote measured values at the sensor 7 (i.e., reef edge). Crosses 
and circles denote calibrated values based on the linear model and the 
nonlinear stochastic model, respectively. Solid line corresponds to the 
parameterization of Singamsetti and Wind [1980].  
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Figure 5-4.  Calibrated γ  versus the non-dimensional depth kh . The dashed line 
denotes the parameterization by Ruessink et al. [2003]. Solid line denotes the 
relation proposed by Raubenheimer et al. [1996], with tuned coefficients 

0 0.431C =  and 1 1.032C =  with the correlation coefficient is 0.8524. 
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Figure 5-5.  Observed and calibrated γ  against surf similarity parameter, 0ξ . Red 

squares denote values measured at the sensor 7 (i.e., reef edge). Crosses 
and circles denote calibrated values based on the linear model and the 
nonlinear stochastic wave model, respectively. 
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Figure 5-6.  Optimal B  versus the nonlinearity parameter, cF . Cross and circle points 
denote calibrated values by the linear wave model and the nonlinear 
stochastic wave model, respectively. The least squares linear fit of the 
calibrated values of B  using nonlinear model and linear model to cF  are 

51.169 4.31 10 cB F−= + ×  (red line) with the correlation coefficient is 0.8517 
and 51.245 9.653 10 cB F−= + ×  (blue line) with the correlation coefficient is 
0.9281, respectively.   
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Figure 5-7.  Energy dissipation rate versus frequency ( 0 4.9 mH = , 12 spT = ). The red 

line is proportional to 2f . The dissipation rate between two consecutive 
sensors is plotted with dotted (Sensor 6–7), dash-dotted (Sensor 7–8) and 
dashed (Sensor 8–9) line, respectively.  



 

72 

(a)
F

re
qu

en
cy

 (
H

z)

 

 

0.05

0.1

0.15

0.2

0.25

F
lu

x 
S

pe
ct

ra
l D

en
si

ty
 (

m
3 )

0.7

0.8

0.9

1

1.1

1.2

(b)

F
re

qu
en

cy
 (

H
z)

0.05

0.1

0.15

0.2

0.25

947 968 1241 1276 1313 1400
-40

-20

0

2 3 5 6 7 8

Position (m)

D
ep

th
(m

)

 
Figure 5-8.  Cross-shore spectral evolution ( 0 3.9 mH = , 10 spT = ). Panel (a) is the 

model simulation, and panel (b) is the laboratory observation. Bottom panel 
represents the profile with the location of sensors (red circles).  
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Figure 5-9.  Energy flux spectral density at various locations of sensors ( 0 3.9 mH = , 

8 spT = ). Measured spectra (red circles), computed spectra by the stochastic 
model (blue curves) and computed spectra by the deterministic model (black 
dashed curves). 
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Figure 5-10.  Energy flux spectral density at various locations of sensors ( 0 3.9 mH = , 

10 spT = ). Measured spectra (red circles), computed spectra by the 
stochastic model (blue curves) and computed spectra by the deterministic 
model (black dashed curves). 
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Figure 5-11.  Energy flux spectral density at various locations of sensors ( 0 3.3 mH = , 
12 spT = ). Measured spectra (red circles), computed spectra by the 

stochastic model (blue curves) and computed spectra by the deterministic 
model (black dashed curves). 
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Figure 5-12.  Energy flux spectral density at various locations of sensors ( 0 4.9 mH = , 

12 spT = ). Measured spectra (red circles), computed spectra by the 
stochastic model (blue curves) and computed spectra by the deterministic 
model (black dashed curves). 

 



 

77 

10
0

10
2 Sensor  2;

Hs= 5.2 m.
(a)

10
0

10
2Sensor  3;

Hs= 5.2 m.
(b)

10
0

10
2

Sensor  5;
Hs= 5.6 m.

(c)

10
0

10
2Sensor  6;

Hs= 5.6 m.
(d)

0 0.05 0.1 0.15 0.2 0.25 0.3
10

0

10
1

10
2

Sensor  7;
Hs= 4.0 m.

(e)

Frequency (Hz)

F
lu

x 
de

ns
ity

 (m
3
)

0 0.05 0.1 0.15 0.2 0.25 0.3

10
0

10
1

Sensor  8;
Hs= 2.1 m.

(f)

Frequency (Hz)

F
lu

x 
de

ns
ity

 (m
3
)

 
Figure 5-13.  Energy flux spectral density at various locations of sensors ( 0 5.2 mH = , 

14 spT = ). Measured spectra (red circles), computed spectra by the 
stochastic model (blue curves) and computed spectra by the deterministic 
model (black dashed curves). 
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Figure 5-14.  Energy flux spectral density at various locations of sensors ( 0 5.4 mH = , 

16 spT = ). Measured spectra (red circles), computed spectra by the 
stochastic model (blue curves) and computed spectra by the deterministic 
model (black dashed curves). 
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Figure 5-15.  Energy flux spectral density at various locations of sensors ( 0 5.3 mH = , 

20 spT = ). Measured spectra (red circles), computed spectra by the 
stochastic model (blue curves) and computed spectra by the deterministic 
model (black dashed curves). 
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Figure 5-16.  Cross-shore evolution of normalized spectral flux ( 0 3.9 mH = , 8 spT = ) at 

upper panel. The curves are and circles represent model simulations on 
cross-shore and observations at sensor locations, respectively. The black 
denotes total spectral flux, the blue denotes swell-frequency band spectral 
flux, cyan denotes sea-frequency band spectral flux and red denotes 
infragravity-frequency band spectral flux. The reef profile with the location of 
sensors (red circles) is shown in the lower panel. 
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Figure 5-17.  Cross-shore evolution of normalized spectral flux ( 0 3.9 mH = , 10 spT = ) 

at upper panel. The curves are and circles represent model simulations on 
cross-shore and observations at sensor locations, respectively. The black 
denotes total spectral flux, the blue denotes swell-frequency band spectral 
flux, cyan denotes sea-frequency band spectral flux and red denotes 
infragravity-frequency band spectral flux. The reef profile with the location of 
sensors (red circles) is shown in the lower panel. 
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Figure 5-18.  Cross-shore evolution of normalized spectral flux ( 0 3.3 mH = , 12 spT = ) 

at upper panel. The curves are and circles represent model simulations on 
cross-shore and observations at sensor locations, respectively. The black 
denotes total spectral flux, the blue denotes swell-frequency band spectral 
flux, cyan denotes sea-frequency band spectral flux and red denotes 
infragravity-frequency band spectral flux. The reef profile with the location of 
sensors (red circles) is shown in the lower panel. 
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Figure 5-19.  Cross-shore evolution of normalized spectral flux ( 0 4.9 mH = , 12 spT = ) 

at upper panel. The curves are and circles represent model simulations on 
cross-shore and observations at sensor locations, respectively. The black 
denotes total spectral flux, the blue denotes swell-frequency band spectral 
flux, cyan denotes sea-frequency band spectral flux and red denotes 
infragravity-frequency band spectral flux. The reef profile with the location of 
sensors (red circles) is shown in the lower panel. 



 

84 

10
-1

10
0

F
(x

)/F
(0

)

 

 

IG
Swell
Sea
Total
Data

950 1000 1050 1100 1150 1200 1250 1300 1350 1400
-40

-20

0

2 3 5 6 7 8

Position (m)

D
ep

th
(m

)

 
Figure 5-20.  Cross-shore evolution of normalized spectral flux ( 0 5.2 mH = , 14 spT = ) 

at upper panel. The curves are and circles represent model simulations on 
cross-shore and observations at sensor locations, respectively. The black 
denotes total spectral flux, the blue denotes swell-frequency band spectral 
flux, cyan denotes sea-frequency band spectral flux and red denotes 
infragravity-frequency band spectral flux. The reef profile with the location of 
sensors (red circles) is shown in the lower panel. 

 



 

85 

10
-1

10
0

F
(x

)/F
(0

)

 

 

IG
Swell
Sea
Total
Data

950 1000 1050 1100 1150 1200 1250 1300 1350 1400
-40

-20

0

2 3 5 6 7 8

Position (m)

D
ep

th
(m

)

 
Figure 5-21.  Cross-shore evolution of normalized spectral flux ( 0 5.4 mH = , 16 spT = ) 

at upper panel. The curves are and circles represent model simulations on 
cross-shore and observations at sensor locations, respectively. The black 
denotes total spectral flux, the blue denotes swell-frequency band spectral 
flux, cyan denotes sea-frequency band spectral flux and red denotes 
infragravity-frequency band spectral flux. The reef profile with the location of 
sensors (red circles) is shown in the lower panel. 
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Figure 5-22.  Cross-shore evolution of normalized spectral flux ( 0 5.3 mH = , 20 spT = ) 

at upper panel. The curves are and circles represent model simulations on 
cross-shore and observations at sensor locations, respectively. The black 
denotes total spectral flux, the blue denotes swell-frequency band spectral 
flux, cyan denotes sea-frequency band spectral flux and red denotes 
infragravity-frequency band spectral flux. The reef profile with the location of 
sensors (red circles) is shown in the lower panel. 
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MODEL APPLICATION TO MUDDY SEAFLOORS 

6.1 Inverse Modeling of Bottom Mud State  

The proposed evolutionary sequence of bottom mud rheology (Chapter 3.2) is 

tested by using the nonlinear wave model in an inverse means. This approach is similar 

to that proposed by Rogers and Holland [2009]. The objective of the inverse modeling 

approach was to determine the effective viscosity of the bed that results in a best fit 

between the observed and simulated spectra. However, the analysis presented in 

Chapter 3.2 suggests that untangling the effects of evolving bed-rheology from other 

wave growth/dissipation mechanisms is not trivial, in particular due to the possibility of 

wave nonlinearities modifying the balance of growth/dissipation terms. For example, 

mud-induced dissipation is typically limited to the swell band, while wind input and 

whitecapping are active at the high-frequency end of the spectrum [van der Westhuysen 

et al., 2007]. Despite their relatively well decomposed spectral domains, mud-induced 

dissipation can partially balance the effect of whitecapping, due to triad interactions 

transferring energy from high frequencies to the swell band.  

To account for the effects of triad interaction, the inverse modeling approach was 

performed using the stochastic model [Agnon and Sheremet, 1997]. While the results 

show a good agreement with observations, neglecting the directional spread is 

expected to lead to an overestimation of energy transfers toward low frequencies. To 

simplify the description of bed rheology, the numerical analysis presented here focuses 

on the period from March 10th, 12:00 to March 11th, 18:00 (rectangle in Figure 3-3), 

when the bed state can be identified with some certainty as fluid mud. The model is 

initialized using spectral observations at T1, and simulated spectra at T2 are compared 
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with observations. Tide elevations and surface currents are derived from observations 

(assumed spatially constant over the integration domain). Surface winds were produced 

by the COAMPS model (Coupled Ocean/Atmosphere Mesoscale Prediction System, 

[Hodur, 1997]). The stochastic model is supplemented with numerical modules for wind 

input, whitecapping and mud-induced dissipation as discussed in Chapter 4.2 and 4.3. 

Depth-induced breaking is not expected to be active during this period. The Newtonian 

fluid description proposed by Ng [2000] is modified by introducing an effective kinematic 

viscosity that depends only on the density of the fluid mud yielding the dissipation rate. 

If the mud-layer thickness can be estimated from the observations, the dissipation rate 

is only a function of a single mud parameter, the effective viscosity. Because the mud 

thickness does not appear to change much during the March 10th-11th event, and due 

to significant uncertainties related to the spatial structure of the fluid-mud event, the 

mud layer thickness is assumed constant in time. This implies that density changes in 

the fluid-mud density/viscosity are mainly the result of hindered settling, consistent with 

the character of the fluid-mud event. Observations of fluid-mud layers [Jaramillo et al., 

2009] suggest that the characteristic mud thickness values for the March 10th-11th 

event were between 10-15 cm at T1 and about 5 cm at T2. Based on the observations, 

the fluid-mud layer was assumed to be constant in time, and varying linearly in space 

between 10 cm at T1 to 5 cm at T2.  

Based on the speed of the FORTRAN implementation of the stochastic model 

(about 10 s on an average desktop computer), the problem was formulated as a 

constrained nonlinear least-square minimization (the algorithm coded using the 
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MATLAB® fmincon function) seeks the value of the kinematic viscosity that minimizes 

the deviation  

 
2

mod 2 2
2

1 2

( , ) ( , )1
( , )

N
j mea j

j mea j

F f x F f x
e

N F f x=

⎡ ⎤−⎣ ⎦= ∑ , (6-1) 

where modF  and meaF  are the modeled and measured energy flux spectrum at T2, and 

N  is the number of spectral modes used. 

A best-fit kinematic viscosity value was obtained for each spectral estimate, within 

a typical by 30 iterations, and with typical spectral error of 3-5%. The similarity between 

the observed and the numerically simulated, “best-fit” frequency distribution of the 

dissipation rate (Figure 6-1) suggests that the numerical simulations can provide some 

insight into the structure of the dissipative processes. Figures 6-2, 6-3, and 6-4 show 

the energy flux spectra and dissipation rates for events “1”, “2” and “3” in Figure 6-1. 

Mud-induced dissipation is the main dissipative process; wind growth and whitecapping 

processes modify the high-frequency end of the spectrum, bending the dissipation curve 

toward growth; finally, nonlinearities modulate it by further transferring energy from the 

peak of the spectrum toward the lower frequency (infragravity) band and the second 

harmonic of the spectral peak. Nonlinear effects intensify from March 10th 15;00 hrs to 

March 10th, 21:00 hrs, but decrease significantly on March 11th, 11:00, when the 

evolution is nearly linear. Because nonlinearities conserve the energy of the system, 

their effects are only represented as dissipation in the net results. The numerical results 

show that important features of the frequency shape of wave dissipation in time are due 

to nonlinear interactions, particularly the peak at the first harmonic. The peak of the 

dissipation distribution follows the spectral peak because of transfers of energy toward 
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both the infragravity band, and high frequencies; narrower distributions of dissipation 

rate occur when nonlinear interaction is stronger, e.g., for larger waves. Growth rates in 

the infragravity band are exclusively due to transfers of energy from the spectral peak, a 

nonlinear process. 

6.2 Discussion  

Observations of wave dissipation over the muddy Atchafalaya delta support the 

hypothesis of an effective coupling between surface waves and bed sediment. The 

dominant wave dissipation mechanism is wave-bottom interaction; the process is 

triggered by the reworking of bed sediment by waves. Based on backscatter records, 

several stages can be distinguished in the evolution of the bed: stiff mud at the 

beginning of the storm, liquefaction and rapid resuspension as the storm intensifies, 

followed by hindered settling (fluid mud formation).  

The de-tided net dissipation rate increases steadily during a storm, with no 

detectable correlation to fluid mud layers, possibly due to the discontinuous spatial 

distribution, or low density of the fluid-mud layers. Net wave dissipation reaches a 

maximum of about 50% (over the distance between the two observation stations) in the 

wake of the storm, when no bed change is detected in the near bed acoustic 

backscatter data.  

The evolutionary trend of suspended sediment concentration suggests that the 

maximum dissipation efficiency corresponds to a soft, underconsolidated state of bed 

sediment (gelling and slow dewatering). The numerical results suggest that, while mud-

induced dissipation dominates wave propagation processes in the swell band, nonlinear 

triad wave interactions determine the shape of the frequency distribution of the 

dissipation rate. Nonlinear energy transfers from the spectral peak toward infragravity 
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waves and toward the high-frequency band register in the net dissipation estimates as 

dissipation at the spectral peak and growth in the infragravity and high-frequency band. 

The values of the effective kinematic viscosity returned by the inverse model are 

consistent with measurements and with the observed evolution trend of suspended 

sediment concentration. 

The analysis supports only in general terms (i.e., triad interactions are active) the 

mechanism proposed by Sheremet and Stone [2003], that explains short-wave 

dissipation as nonlinear energy transfers toward low frequency waves. However, during 

the period analyzed here, sustained wind speeds were over 10 m/s and picked up at the 

end (evening of March 11th, 2006). If this mechanism was active during the event 

discussed here, the high-frequency damping could have been compensated by wind-

induced growth.  

Wave-bottom interaction is the dominant process, however, triad wave interactions 

play an integral role in the interpretation of the frequency distribution of net wave 

dissipation. Neglecting the effect of nonlinearities leads to aliasing nonlinear energy 

transfers into dissipation effects, and distorts the representation of mud-induced 

dissipation. To fully validate the scenario proposed here, further in-situ observations of 

bed sediment evolution under waves are required. 
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Figure 6-1.  Evolution of normalized (peak value is 1) frequency distribution of the swell 
dissipation rate between March 10th 12:00 and March 11th 18:00 (marked 
with a black rectangle in Figure 3-3). a) Observations. b) Model simulations 
using the optimal values of fluid-mud viscosity and density.  

 



 

93 

 

Figure 6-2.  Wave dissipation rates for March 10th 15:00 (event “1” in Figure 6-1). a) 
Spectral density of wave variance (red circles - observations; blue line – 
model simulations). b) Frequency distribution of dissipation rates (red-circles - 
net dissipation of observations; blue line – net dissipation of model 
simulations; black dashed line – mud induced dissipation rate using best-fit 
fluid-mud viscosity and density; crosses – net dissipation (excluding triad-
wave interactions) including contribution by wind and decay by whitecapping 
and mud-induced dissipation). Positive values correspond to wave dissipation, 
negative values to wave growth.  
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Figure 6-3.  Wave dissipation rates for March 10th 21:00 (event “2” in Figure 6-1). a) 
Spectral density of wave variance. b) Frequency distribution of dissipation 
rates.  

 

 

Figure 6-4.  Wave dissipation rates for March 11th 11:00 (event “3” in Figure 6-1). a) 
Spectral density of wave variance. b) Frequency distribution of dissipation 
rates. 
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CHAPTER 7 
CONCLUSIONS AND RECOMMENDATIONS 

7.1 Conclusions 

The purpose of this research is to apply numerical models for studying nonlinear 

transformation of wave spectra in two dissipative coastal environments, a fringing reef 

coast and a muddy seafloor coast. The dominant wave energy dissipation over reefs 

and muddy seafloor are depth-induced wave breaking and viscous mud-induced 

damping, respectively. In order to describe these complex wave processes, a numerical 

model is required to account for nonlinear wave interactions, wave breaking, muddy 

bottom dissipation, and other generation/dissipation terms.  

There are two classes of unidirectional nonlinear wave models developed to 

predict energy transfer among wave spectrum due to triad wave interactions. The 

deterministic model (phase-resolving) model, which needs more precise input of wave 

data, both the modal amplitudes and phases, is computationally time-consuming. The 

stochastic (phase-averaged) model, which only needs modal amplitudes with average 

initial phases, offers a lower computational cost. Results of previous modeling studies 

compared well with experimental data of non-breaking waves in shoaling region. 

Therefore, this study is based on the deterministic and stochastic models [Agnon and 

Sheremet, 1997] which reproduce the effects of nonlinear triad interactions. Additionally, 

in order to give more accurate results on steep profiles, the models are modified to 

account for higher-order bottom effects.  

Various parametric wave breaking models expressed as total rate of energy 

dissipation and empirical parameterizations in wave breaking models are reviewed. 

Under the hypothesis of total energy dissipation without affecting the spectral shape 
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[Eldeberky and Battjes, 1996], the dissipation rate can be formulated in spectral form, 

which can be incorporated into the nonlinear models. Despite of frequency-independent 

dissipation rate proposed, a dissipation term dependent on frequency was indeed 

observed in the surf zone and needs to be considered. A parametric wave breaking 

model [Janssen and Battjes, 2007], predicting significant waves accurately on steep 

beaches, is chosen to incorporate into the nonlinear models to predict the evolution of 

wave spectrum over a fringing reef.  

For the reef study, three calibration parameters ( , , B Fγ ) in the parameterization 

are obtained by minimizing the normalized root-mean-squared error between measured 

and modeled total energy and spectral shapes. The stochastic model that accounts for 

the frequency-dependent dissipation accurately captures the peak frequency energy 

transfer to second harmonic frequency and infragravity frequency. With the parameters 

calibrated by the stochastic model, the deterministic model is also able to reproduce the 

nonlinear energy transfer to high frequency. However, the simulations result in 

underestimation of spectral densities in the swell band. 

Good comparison of model predictions with observations in extreme wave 

conditions demonstrates the robustness of parameterization of wave breaking effects. 

The effects of two free parameters (γ  and B ) in the parametric wave breaking model 

are investigated. Optimal values γ  are found to be close to observed values that 

correspond with physical mechanism. A discrepancy is found in γ  between the optimal 

values in this study and values that were previously calibrated using data from 

laboratory and field experiments. The optimal parameter γ  is found to be correlated to 

the reciprocal of offshore wave steepness and dimensionless depth kh . The optimal 
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value of B  is linearly related to the nonlinearity parameter cF . The parameter γ  is 

related to the breaker type. Frequency-dependent dissipation term enhances the more 

accuracy of prediction of spectrum at higher frequencies.  

In reef experiments, it is observed that infragravity wave energy increases by 

nonlinear wave interactions as swell and sea propagating over the reef face, then 

decreases around the reef edge. The reflection of infragravity waves from beach and 

the reef face is neglected owing to the limitation of the models. Therefore, infragravity 

waves are represented only crudely in the present model formulation. Numerical 

simulation shows that infragravity energy loss is partly due to energy transfer from low 

frequencies to higher frequencies. Even numerical simulation excluding the dissipation 

induced by wave breaking in infragravity band, the results of predicting spectra indicate 

that the nonlinear models tend to underestimate the content of infragravity wave energy  

For the muddy seafloor environment study, observations of wave dissipation over 

the muddy Atchafalaya subaqueous delta support the hypothesis that there is an 

effective coupling between surface waves and bed sediment. The dominant wave 

dissipation mechanism is found to be wave-bottom interaction; the process is triggered 

by the reworking of bed sediment by waves. The inverse modeling approach was used 

to investigate this hypothesis. The numerical results suggest that, while mud-induced 

dissipation dominates wave propagation processes in the swell band, nonlinear triad 

wave interactions determine the shape of the frequency distribution of the dissipation 

rate. Nonlinear energy transfers from the spectral peak toward infragravity waves and 

toward the high-frequency band register in the net dissipation estimates as dissipation 

at the spectral peak and growth in the infragravity and high-frequency band. 
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The analysis supports only in general terms (i.e., triad wave interactions are active) 

the mechanism proposed by Sheremet and Stone [2003], that explains short-wave 

dissipation as nonlinear energy transfers toward low frequency waves. However, during 

the period analyzed, the high-frequency damping could have been compensated by 

wind-induced growth.  

7.2 Recommendations 

To develop a better understanding of domains of applicability of nonlinear wave 

models, and explore the wave breaking and mud-induced dissipation. The following 

recommendations are made for future studies.   

• The applicability of prediction of infragravity waves by present models is 
questionable. A more sophisticated model that can capture precisely the 
generation of infragravity waves needs to be developed. Various mechanisms of 
infragravity energy loss are proposed such as bottom drag, reflection, turbulence, 
and long-wave breaking need to be explored. The precise dissipation mechanism 
in reef environment deserves further study.  

• More studies are necessary to narrow down the range of parameters in order to 
improve the accuracy of wave breaking models. 

• Coupling the nonlinear wave model with a shallow-water equation can offer more 
accurate prediction. 

• An intriguing question related to wave-mud interaction in shallow environments is 
whether characteristics of bottom sediment processes can be inferred from 
surface-wave observations. Wave-bottom interaction is the dominant process, 
however, triad wave interactions play an integral role in the interpretation of the 
frequency distribution of net wave dissipation. Neglecting the effect of 
nonlinearities leads to aliasing nonlinear energy transfers into dissipation effects, 
and distorts the representation of mud-induced dissipation. To fully validate the 
scenario proposed here, further work is required for in-situ observations of bed 
sediment evolution under waves. 
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MODIFIED MILD SLOP EQUATION  

The modified mild-slope equation [Chamberlain and Porter, 1995] has been used 

to study linear waves in water of variable depth. It was derived by using variational 

principles and keeping the higher-order terms ( )2
∇h  and  2∇ h  that were neglected in 

the original derivation of Berkhoff [1972]. In the following study, the hyperbolic form of 

modified mild-slope equation is derived. 

The modified mild-slope equation given by Chamberlain and Porter [1995] is written as 

 ( ) ( ){ }2 0φ φ∇ ⋅ ∇ + + =cC k cC gr h , (A-1) 

where φ  is the velocity potential, c  is the phase velocity, C  is the group velocity, g  is 

the gravitational acceleration, and k  is wavenumber. The function ( )r h  is given by 

 ( ) ( ) ( )( )22
1 2r h u h h u h h= ∇ + ∇ , (A-2) 

where the coefficients are defined by  

 ( ) ( )
( ) ( )1

sech
sinh cosh

4 sinh
kh

u h K K K
K K

= −
+

 (A-3) 

 
( )

( )
( )( )

2
4 3

2 3

2

sech 4 sinh 9sinh sinh2
12 sinh

           3 2sinh cosh 2cosh 3 ,

k khu h ξ ξ ξ ξ ξ
ξ ξ

ξ ξ ξ ξ ξ

⎡= + −⎣+

⎤+ + − + ⎦

 (A-4) 

where the abbreviation 2khξ =  has been used. 

Let’s assume working on the full nonlinear mild slope equation using /c kω= , 

rewrite the equation as  

 ( )C kC N
k

ω φ φ⎡ ⎤⎛ ⎞∇ ⋅ ∇ + + Γ =⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
, (A-5) 

APPENDIX A 
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with /gr ωΓ =  where ω  is angular frequency, and N representing the nonlinear terms, 

and substitute 

 ii θφ
ω

= −
g Ae  (A-6) 

yields 

 ( ) ( ) ( )2i i iC C iAe Ae kC Ae N
k k g

θ θ θ⎛ ⎞∇ ⋅∇ + ∇ + + Γ =⎜ ⎟
⎝ ⎠

 (A-7) 

The derivatives of φ  are, with the wave number vector θ= ∇k , 

 ( ) ( )i i i iAe i Ae e A i A A eθ θ θ θ∇ = + ∇ = +∇k k  (A-8) 

 ( ) ( )2 2 22θ θ θ⎡ ⎤ ⎡ ⎤∇ = ∇ ⋅ + ∇ = − + ⋅∇ + ∇ ⋅ + ∇⎣ ⎦ ⎣ ⎦
i i iAe i A A e A i A iA A ek k kk  (A-9) 

Substituting (A-8) and (A-9) into equation (A-7) yields for the first term and second 

terms of left-hand side 

 ( ) ( )θ θ θ⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞∇ ⋅∇ = ∇ ⋅ + ∇ = ⋅∇ +∇ ⋅∇⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦
i i iC C C CAe i A A e i A A e

k k k k
k k  (A-10) 

 
( )2 2 2

2

2

                 2

i i

i

C CAe k A i A iA A e
k k

C CkCA iC A iA A e
k k

θ θ

θ

⎡ ⎤∇ = − + ⋅∇ + ∇ ⋅ + ∇⎣ ⎦

⎡ ⎤= − + ⋅∇ + ∇ ⋅ + ∇⎢ ⎥⎣ ⎦

k k

k k
k

 (A-11) 

which yields 

 ( ) 22 iC C ii C A iC A A e N
k k g

θ⎧ ⎫⎡ ⎤⎛ ⎞∇ ⋅ + Γ + ∇ + ⋅∇ + ∇ =⎨ ⎬⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦⎩ ⎭
 (A-12) 

which, grouping the terms, becomes 

 2 12 iC CA C C A i A i A i A Ne
k k g

θ−⎛ ⎞∇ ⋅ + ⋅∇ − ∇ ⋅∇ − ∇ − Γ =⎜ ⎟
⎝ ⎠

. (A-13) 

The substitution 
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 1/ 2AC B
k k

= =
k kB  (A-14) 

yields 

 ( )1/ 2 1/ 21 12
2 2

−∇ ⋅ = ⋅∇ + ∇ ⋅ + ∇ ⋅C C A A C AC
k

B k  (A-15) 

That is  

 1/ 2 12 2
2

C A A C C B
k

⎛ ⎞⋅∇ + ∇ ⋅ = ∇ ⋅ − ∇ ⋅⎜ ⎟
⎝ ⎠

kB  (A-16) 

Equation (A-13) can be written then 

 
1/ 2 1/ 2

1/ 2 21
2 2 2

ii C C CB C A A A Ne
k k k g

θ
−

− −⎡ ⎤⎛ ⎞∇ ⋅ − ∇ ⋅ − ∇ ⋅∇ + ∇ + Γ =⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

kB  (A-17) 

1/ 2 212
2

iC C iiC B A A A Ne
k k k g

θ−⎛ ⎞ ⎛ ⎞∇ ⋅ − ∇ ⋅ + ∇ ⋅∇ + ∇ + Γ =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

kB      (A-18) 

The nonlinear terms in the right-hand side of the equation are of order ( )O ε . Assuming 

that each ( )O s
x
∂

=
∂

, where ( )s O ε=  is the slope, with ε  a small parameter (e.g., the 

wave steepness) the order of magnitude of the term in the equation are 

 ( )
2

1/ 2 1/ 2
1/ 2 21

2 2 2
ii C C CB B C A A A Ne

k k g
θ

ε εε

−
− −⎡ ⎤⎛ ⎞∇ ⋅ − ∇ ⋅ − ∇ ⋅∇ + ∇ + Γ =⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦
n n  (A-19) 

with 
k

=
kn . 

If the slop is mild, with ( )c O
x

ε∂
=

∂
, and ( )C O

x
ε∂

=
∂

, one obtains the leading order linear 

term the equation  

 ( )
1/ 2

21 ( )
2 2

iCB B Ne O
g

θ ε
−

−∇ ⋅ − ∇ ⋅ = +n n  (A-20) 
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For unidirectional propagation, choosing n=1 leads to the equation used for mild slope 

 
1/ 2

2( )
2

iB C Ne O
x g

θ ε
−

−∂
= +

∂
 (A-21) 

With 

 ( )i iB bbe e ikb
x x x

θ θ− −∂ ∂ ∂⎛ ⎞= = −⎜ ⎟∂ ∂ ∂⎝ ⎠
 (A-22) 

The equation for quantity ib Be θ=  is then 

 
1/ 2

2( )
2

b Cikb N O
x g

ε
−∂

= + +
∂

 (A-23) 

For steeper slopes, assume that the slope is ( )s O ε= . Then ( )c O
x

ε∂
=

∂
, ( )C O

x
ε∂

=
∂

 

and the orders of the various terms in the equation (A-19) are 

 ( )
1/ 2

1/ 2 21 ( )
2 2 2

ii C CB B C A A Ne O
k g

θ

ε εε

ε
−

− −⎡ ⎤⎛ ⎞∇ ⋅ − ∇ ⋅ − ∇ ⋅∇ + Γ = +⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
n n  (A-24) 

where we assumed that second order derivatives are 2( )O ε  and should be neglected. 

For unidirectional propagation, with 1/ 2B AC= , the equation becomes, as before, 

 
1/ 2

1/ 2 3 / 2( )
2 2 2

idB i d C dA i CC B Ne O
dx dx k dx C g

θ ε
−

− −Γ⎛ ⎞− − = +⎜ ⎟
⎝ ⎠

, (A-25) 

and using the definition of B  

( )1/ 2 1/ 2 1/ 2 1/ 2 3 / 21
2

dA d dB d dB dCBC C B C C C B
dx dx dx dx dx dx

− − − − −= = + = −  (A-26) 

1/ 2
1/ 2 1/ 2 3 / 2 3 / 21 ( )

2 2 2 2
idB i d C dB dC i CC C C B B Ne O

dx dx k dx dx C g
θ ε

−
− − − −Γ⎛ ⎞⎛ ⎞− − − = +⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠
 (A-27) 

 
1/ 2

3 / 2
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2 2 2
idB i d C dB i d C dC i CB B Ne O

dx C dx k dx C dx k dx C g
θ ε

−
−Γ⎛ ⎞ ⎛ ⎞− + − = +⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
 (A-28) 
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And grouping the terms 

 
1/ 2

3 / 21 11 ( )
2 2 2

ii d C dB i d C dC CB Ne O
C dx k dx C C dx k dx g

θ ε
−

−⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞− + − Γ = +⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦
 (A-29) 

Let’s make some order here. Denote 

 1
2

d C
C dx k

α ε ⎛ ⎞= ⎜ ⎟
⎝ ⎠

, (A-30) 

 1 1 1
2

d C dC
C C dx k dx

εβ ⎡ ⎤⎛ ⎞= − Γ⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
, (A-31) 

where the coefficient in powers of ε  the order of magnitude of the factors the equation 

becomes 

 
( ) 1/ 2

3 / 2
2 2

1 1 ( )
1 1 2

i
idB i Ci B Ne O

dx g
θ

β εα εαε ε
εα εα

−
−

+ +
+ = +

+ +
 (A-32) 

which can also be approximated by 

 ( )( ) ( )( )
1/ 2

2 2 3 / 21 1 1 1 ( )
2

idB Ci i B i Ne O
dx g

θεβ εα εα εα εα ε
−

−+ + − = + + +  (A-33) 

That is  
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2 3 / 2 3
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2 3 / 2 3 3 / 2

1

                              1 ( )
2

θ

εβ εα εα ε α

εα εα ε α ε
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+ + + +i

dB i i i B
dx
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g

 (A-34) 

Now, neglecting all terms 3 / 2( )O ε  leaves the equation 

 
1/ 2

3 / 2( )
2

idB Ci B Ne O
dx g

θεβ ε
−

−+ = +  (A-35) 

i.e., the form 

 
1/ 2

3 / 21 1 ( )
2 2

idB i d C dC CB Ne O
dx C C dx k dx g

θ ε
−

−⎡ ⎤⎛ ⎞+ − Γ = +⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
 (A-36) 
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For the quantity ib Be θ=  the equation becomes 

 ( )
1/ 2

3 / 2( )
2m

db Ci k k b N O
dx g

ε
−

= − + + , (A-37) 

with the wavenumber correction, mk  introduced by the steeper slope defined as 

 ( )1 ln ln
2m

d dk C cC
k dx dx Cω

Γ⎛ ⎞ ⎡ ⎤= −⎜ ⎟ ⎢ ⎥⎝ ⎠ ⎣ ⎦
 (A-38) 
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THE MODAL ENERGY FLUX DISSIPATION RATE  

The standard definition of modal energy dissipation rate is the relative change of 

energy flux unit distance x, 

 ( ) ( ) ( ),
2 ,

dF f x
f F f x

dx
κ= −  (B-1) 

where the modal energy flux is ( ) ( ) ( ), , ,F f x S f x C f x df= , C  is the modal group velocity, 

and df  is the frequency bandwidth. κ  is the dissipation rate of wave amplitude and is 

often introduced as an imaginary modal wave number, and was estimated as 

 ( ) ( )
( )

2

1

,1 ln
2 ,

F f x
f

x F f x
κ = −

Δ
 (B-2) 

where 1x , ( )2 1x x>  are the cross-shore positions of a pair of adjacent sensors, xΔ  is 

the distance of a pair of adjacent sensors.  

The Taylor expansion of equation (B-2) can be expressed as 

 ( ) ( )
( )

2

1

,1 1
2 ,

F f x
f

x F f x
κ

⎡ ⎤
= −⎢ ⎥

Δ ⎢ ⎥⎣ ⎦
 (B-3) 

A simple measure of swell dissipation can be derived by applying a finite-

difference discretization of equation (B-1), and a mean-value theorem for integrals 

 
( )
( )

1

2

,
Swell dissipation 1 2

,
swell

swell
swell

F f x
x

F f x
κ= − Δ∑

∑
 (B-4) 

where swellκ  can be regarded as the characteristic (band-averaged) swell dissipation.  
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