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In 1801 William Herschel conjectured the existence of a relationship between the price

wheat and the appearance or absence of sunspots. Initially with intent of constructing a

Hidden Markov Model representing this relationship, a Markov Chain was constructed

modeling the 11 year sunspot cycle. While it was observed that there was not a significant

relationship between the appearance of sunspots and the price of wheat, the Markov

Chain Model for the 11 year sunspot cycle produced reasonable results. Beginning with a

brief introduction to Markov Chains and Hidden Markov Models as well as a few selected

applications of Hidden Markov Models, an analysis of Herschel’s claim using modern data

is presented as well as a Markov Chain Model for the 11 year sunspot cycle.
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CHAPTER 1
INTRODUCTION

In 1801 William Herschel conjectured on the possibility of a relationship between the

appearance of sunspots and the price of wheat. “It seems probable that some temporary

scarcity or defect in vegetation has generally taken when the sun has been with out those

appearances which we surmise to be symptoms of a copius emission of light and heat.”[8]

The laws of supply and demand dictate that a shortage in supply without a corresponding

decrease in demand will cause prices to increase. A defect in vegetation, caused by a lack

of sunspots, or otherwise, could affect supply and indirectly sunspot activity could affect

the price of wheat. In support of his claim Herschel presented 5 examples where the price

of wheat was higher during a time period when records indicated an absence of sunspots

than in a time period of equal length directly following and in 2 cases preceding this time

period.

A seemingly reasonable conjecture as changes in the sun could have some impact

on the health of crops whose growth is dependent on solar energy. With this in mind

the question arose; could this relationship be modeled using a Hidden Markov Model.

Investigating this question required research into Hidden Markov models in general.

Beginning with an introduction to finite state, discrete time Markov Chains, basic

definitions as well as basic solutions to classic problems concerning Markov Chains

are discussed. The fundamentals of Hidden Markov Models as well as a few modern

applications are then examined.

To examine Herschel’s claim wheat prices from the twentieth century were used to

analyze whether sufficient evidence exists to support the claim that there is significant

difference in the price of wheat during periods of low sunspot activity and the surrounding

time periods. To further examine Herschel’s claim the average wheat yield, measure in

bushels per acre, during time periods of low sunspot activity was compared to the average

wheat yield during time periods of equal length directly preceding and following this time
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period. Though results indicate that there is not sufficient evidence to support Herschel’s

claim, examining the issue led to the discovery that the sunspot cycle itself can be roughly

modeled by a Markov Chain.

Sunspots are the result of changes in the sun’s magnetic field. These highly magnetic

areas in the sun appear and vanish following a regular cycle of approximately 11 years.

Chapter 6 presents a simple Markov Chain model for the sunspot cycle. The model

presented is only a preliminary model and nothing conclusive can be determined from

results obtained. It does however suggest that Markov Chains and/or Hidden Markov

Models may prove a useful tool in future models.
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CHAPTER 2
FINITE STATE MARKOV CHAINS

2.1 Introduction

Markov Chains are a simple, very useful class of probability models which have been

applied to a variety of problems both as a method of modeling a system directly and

as part of larger hierarchical models, namely Hidden Markov Models. The dependence

structure of a Markov Chain is such that all information about the likely-hood of the

next state of a given system is contained in the current state of the system. This means

that the entire history of the system prior to some time t provides no more information

regarding the state of the system at time t than simply knowing the state of the system

at time t-1. This simple framework provides a reasonable method for modeling many real

life systems, especially over relatively short periods of time. With the aid of examples, the

following sections will present a brief introduction to this classic probability model.

2.2 Basic Definitions and Notation

A Markov Chain is a type of stochastic process, a family of random variables

{Xt}{t ≥ 0}, where the probability that Xt takes on a certain value is dependent only

on the value of Xt−1. The events of the system which correspond to the values which

the random variables can assume are called the states of the Markov Chain and the set

of all possible states is referred to as the statespace of the Markov Chain. A Markov

Chain can have at most a countably infinite number of states, though in this paper only

Markov Chains with a finite statespace will be considered. A stochastic process with at

most a countably infinite number of states is said to have a discrete statespace [21],[1].

Additionally the parameter t which indexes the Markov Chain , often referred to as the

time parameter though it need not represent time explicitly, takes on at most a countably

infinite number values. Since the time parameter of a Markov Chain takes on at most

a countably infinite number of values a Markov Chain is said to have a discrete time

parameter as well as a discrete statespace [21],[1].
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Consider the following example. Let’s simplify the political party system in the

United States a little and suppose that voters can register as Republican, Democrat, or

Independent. Suppose further the probability of an individual voter being registered as

Republican, Democrat, or Independent in the next presidential election is dependent only

on their current party affiliation. It is then possible to model the behavior of an individual

voter using a stochastic process and in particular using a Markov Chain. The states of

the system are a finite set: Republican, Democrat, and Independent. The time parameter

is discrete as we are only interested in the party affiliation of the voter at discrete time

points, namely each presidential election.

If the random variable Xt which is a member of the family of random variables which

make up a stochastic process in general or a Markov Chain in particular takes on a certain

value in the state space say sj then it is said that the stochastic process/Markov Chain is

in state sj at time t. If a stochastic process is in state sj at time t-1 and state si at time

t the process is said to have transitioned from state sj to state si at time t. The behavior

of a stochastic process is then described by the probability of transitioning to a new state

given the previous states of the process.

Formally, a Markov Chain is a stochastic process {Xn}n ≥ 0 with discrete time

parameter(n) and space space(S) such that the following equality holds for all n and s ∈ S

[21],[1],[12],[5].

P (Xn+1 = sn+1| Xn = sn, Xn−1 = sn−1, ... , X0 = s0) =

P(Xn+1 = sn+1| Xn = sn) (2–1)

The probability P (Xn+1 = sn+1| Xn = sn) is called the one step transition

probability for the Markov Chain and common notation is to write P (Xn+1 = sj| Xn =

si) as pij where si, sj ∈ S [1],[12],[21]. The collection of transition probabilities pij,

sj ∈ S define a one step transition probability vector which gives the conditional

probability distribution of transitioning to a new state in the state space at time n+1
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given the chain is in state si at time n. The collection of conditional probability vectors

defined by the one step transition probabilities defines a stochastic matrix called the one

step transition matrix P.

P =




p11 p12 . . . p1m

p21 p22 . . . p2m

...
...

...
...

pm1 pm2 . . . pmm




The transition probability matrix governs the behavior of the chain once an initial

state is known. The initial state of a system which a Markov Chain represents may

however, be determined by a different probability distribution. For this reason, a second

probability distribution which gives the probability of initially being in each of the

respective states in the statespace is necessary to describe the behavior of a Markov

Chain. The starting state distribution for a Markov Chain is a probability vector giving

the probability of being in a given state at time n=0 [21],[1],[15],[12]. In this paper the

starting state distribution will be denoted P0.

Under the assumptions made, the voter example mentioned previously can be

modeled using a Markov Chain. The statespace of the chain is defined as follows.

Suppose state 1 corresponds to a voter being registered a Republican, state 2 represents

a voter being registered a Democrat, and state 3 represents the voter being registered as

Independent. Suppose through some sort of analysis the transition probabilities have been

determined. The transition probabilities are given in the following transition matrix.

P =




.70 .20 .1

.20 .725 .075

.20 .25 .55




To completely describe the behavior of the system a starting state distribution is

required. A voter’s initial party affiliation is determined by a number of factors. These

include the party affiliation of their parents, socio-economic status, education, peer
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influence, as well as other environmental factors. Let’s suppose after analysis it has

been determined that the starting state distribution for party affiliation is given by the

following probability distribution where the first entry is the probability a voter will

initially register Republican, the second entry is the probability a voter will initially

register Democrat, and the third entry is the probability a voter will initially register as an

independent:

P0 =

(
.5 .4 .1

)

In the example the one step transition matrix provides the probability that a voter

will vote as a member of a given political party in the next election given their current

party affiliation. Also of interest would be the probability that in some future election a

voter would be registered with a certain political party given that we know their current

party affiliation. As it turns out this is easily computed from the one step transition

matrix, and in general is the probability P (Xm+n = sj| Xn = si). This is the

probability of transitioning to state sj in m steps given the chain started in state si at

time n. Throughout this paper all Markov Chains are assumed to be time homogeneous,

unless otherwise indicated. A Markov Chain is said to be time homogeneous, or just

homogeneous, if the transition probability given by P (Xm+n = sj| Xn = si) does not

depend on n [1],[15],[12].

Note that in a homogeneous Markov Chain if m = 1 the probability P (Xm+n =

sj| Xn = si) = pij for all values of n. This property simplifies the model greatly, however

it may limit to some extent the model’s ability to approximate more dynamic systems.

When a Markov Chain is homogeneous the transition probability matrix P does not

change over time producing the equality P (Xm+n = sj| Xn = si) = P (Xm =

sj|X0 = si) [1],[21],[15]. The probability defined by P (Xn = sj| X0 = si) is called

the n-step transition probability [1],[21],[15],[12]. Lacking a single standard notation for

this probability, the convention P
(n)
ij = P (Xn = sj| X0 = si) will be used throughout

this paper to indicate the probability of transitioning from state si to state sj in n steps
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[1]. Note that P
(n)
ij =

∑N
k=1 P

(n−1)
ik pkj [1],[12],[21],[15]. It should be clear that P

(n)
ij can

then be expressed as P
(n)
ij =

∑N
kn=1 ...

∑N
k2=1

∑N
k1=1 pik1pk1k2 ...pknj. This is the sum of

the probabilities of all all possible sequences of length n which start in state si and end in

state sj. However, from the above equality it is seen P
(n)
ij is equal to ijth entry of the nth

power of the transition matrix P, i.e. P
(n)
ij = P n

ij [1],[12],[21],[15].

Using the n-step transition matrix along with the starting state distribution it is

possible to compute the unconditional probability of being in some state si at time n.

The probability of being in state si at time n is given by the ith entry of the probability

vector P0 ∗ P n [12],[1]. To see this consider that P0 gives the probability of being in a

given state at time 0. Then for a given Markov Chain with state space S consisting of 3

states, for example, the probability of being in state s1 ∈ S at time t = 1 is given by

P (X1 = s1) = P (X0 = s1) ∗ P (X1 = s1|X0 = s1) + P (X0 = s2)P (X1 = s1|X0 =

s2) + P (X0 = s3)P (X1 = s1|X0 = s3) This corresponds to the 1st entry of the vector

given by P0 ∗ P . Using induction it can be shown that this result holds for all values of n.

Returning to the previous example, suppose starting at time n = 0 we want to know

the distribution for party affiliation after 3 presidential elections. To find the 3-step

transition probabilities for the Markov Chain representing voter behavior take the third

power of the transition matrix P. Thus we have.

P3 =




..475 .36975 .15525

.35 .512578 .137422

.35 .405406 .244594




Then to find the probability distribution after 4 presidential elections multiply the

starting state distribution vector by the 3-step transition matrix. which gives:

P0P
3 =

(
.4125 .430447 .157053

)

The above probability distribution shows that after 4 presidential elections the

probability a voter will be registered Republican is .4125, the probability a voter will be
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registered Democrat is .430447, and the probability a voter will be registered Independent

is .157053. An alternative interpretation of the results is that after 4 presidential elections

approximately 41.25% of the population will be registered Republican, approximately

43.0447% of the population will be registered Democrat, and approximately 15.7053% of

the population will be registered Independent.

It should be noted that the system in the voter party affiliation example is currently

being modeled using a homogeneous Markov Chain. Over any reasonable time period

the probabilities concerning party loyalty will certainly change. Thus modeling voter

party affiliation over extended periods of time using a homogeneous Markov Chain is

inappropriate. Over a short period of time however, the system is approximately time

homogeneous. For instance it is highly unlikely the probabilities concerning party

loyalty will change over the course of a few weeks, or perhaps even an election or

two. Most systems are dynamic and evolve over time making a homogeneous Markov

Chain an inappropriate choice. However in many cases, over a short time period it is

not unreasonable to assume a given system is homogeneous which allows the use of a

homogeneous Markov Chain. In addition a homogeneous Markov Chain is simpler to

implement than a non-homogeneous Markov Chain and can often provide a preliminary

model. Lastly, one may use homogeneous Markov Chain determine the probability of

future outcomes if the system does not change. Returning to the voting example, one

may wish to determine the percentage of voters registered Republican after n elections if

current trends continue.

It is certainly possible for a voter to be registered as a member of a certain political

party for one election and registered as a member of a different political for the next

election. This is reflected in the example by the fact that the probability of transitioning

from one state to any other state is positive. In a Markov Chain, when it is possible to

go from one state to another, say from state si to state sj, in a finite number of steps,

which is indicated by the existence of an n such that the ijth entry of the n-step transition
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matrix being positive, state sj is said to be reachable from state si [15],[1],[21]. Common

notation is to write si → sj, indicating sj is reachable from si. If si → sj and

sj → si then the states si and sj are said to communicate, notated si ↔ sj [15],[1],[21].

Communication between states defines an equivalence relation on the state space of

the Markov Chain and states which communicate form equivalence classes [15],[1],[21].

There is one exception however. If a state si does not communicate with itself then

communication between states does not define an equivalence relation on the state space

of the Markov Chain as the equivalence classes would not form a partition of the state

space [15]. A state which communicates only with itself is called an absorbing state and

corresponds to the transition probability Pii = 1 for an absorbing state si [15],[21],[1].

A Markov Chain in which every state communicates with every other state, i.e. there is

only one equivalence class, is said to be irreducible [12],[1],[15],[21]. Note that the voter

party affiliation example is an example of an irreducible Markov Chain as the probability

of going from one state to any other state in one step is positive.

Another method by which states of a Markov Chain can be described is by the

probability that given the chain is in a state si it will return to that state. For example,

consider the voter party affiliation example again. It seems reasonable that if a voter has

only 3 choices of political parties with which to register a voter who votes as a registered

Republican should vote again in some future election as a registered Republican. In

general terms, states of a Markov Chain for which the probability that given the chain

is in a certain state it will return to that state is 1 are said to be recurrent [1],[15],[12].

States for which the probability that given the chain is in a certain state it will return to

that state is less than 1 are said to be transient [21],[1],[15],[12].

It is known that the states of the voter party affiliation example are recurrent, namely

it is known that a voter who votes as a registered Republican in a given election will vote

again as a registered Republican in some future election. Given the knowledge that a

voter who has voted as a registered Republican will vote again as a registered Republican
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it would be interesting to know the average amount of time that will pass between the

elections in which the voter votes as a registered republican. Given a recurrent state sj of

a Markov Chain the expected amount of time it will take to return to state sj given the

chain started in state sj is called the expected time of return [1],[15],[12]. If we know that

a voter who votes as registered Republican will vote again as a registered Republican in

a finite amount of time the expected time of return is useful information. If the expected

time of return is not finite then even though the probability of return to a given state is 1

the amount of time it will take for the chain to return is expected to be infinite and thus

the recurrence of the chain doesn’t seem to mean quite as much. For this reason recurrent

states of a Markov Chain are described by the amount of time it will take the chain, given

it started in a certain state to return to that state. A recurrent state whose expected time

of return is finite is referred to as a positive recurrent state while a recurrent state whose

expected time of return is infinite is called a null recurrent state [1],[15],[12],[21].

We know that all states in the voter party affiliation example communicate. Thus

it is possible that a voter who votes in an election as a registered Democrat will vote

in a future election registered as an Independent. An interesting question is to find

out, on average how long it will take a voter who is voting in the current election as

a registered Democrat to vote in a future election registered as an Independent. In

general suppose Yij is a random variable defined as follows: Yij = n if and only if

Xn = sj, X0 = si, Xm 6= sj 1 ≤ m < n. Yij is then the random variable representing

the first time of passage from state si to state sj [12],[21],[15].

The first time of passage provides a method of determining whether a given state

is recurrent or transient as well as determining if a given recurrent state is positive or

null recurrent. The probability distribution of Yii gives the probabilities of returning to

state si for the first time at time n for each possible time n. The sum of the probability

of transitioning to state si from state si for the first time at time n, over all possible

values of n gives the probability of ever returning to state si given the chain started in
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state si. A standard notation is to let fij(n) be the probability mass function associated

with Yij [12],[21],[15],[1]. Using this notation it is possible to determining if a state is

recurrent or transient. A state si is then recurrent if
∑∞

n=1 fii(n) = 1, and transient if
∑∞

n=1 fii(n) < 1 [12],[21],[1],[15].

The expectation of Yij, E[Yij] , gives the expected number of steps it will take to

transition to state sj given the system started in state si [12],[21],[1],[15]. For a recurrent

state si it is possible to determine if si is positive or null recurrent by computing the

expectation of Yii. The state si is positive recurrent if the expectation of Yii is finite and

null recurrent if the expectation of Yii is infinite.

It should be noted that fij(n) and P n
ij are not the same as P n

ij gives the probability

of being in state sj at time n given the chain started in state si and gives the probability

that the chain has transitioned from state si to state sj for the first time at time n. There

is however a relationship between Pij and fij =
∑∞

n=1 fij(n) given by Doeblin’s formula

which states given any si and sj:

fij = lims→∞

∑s
n=1 P n

ij

1 +
∑s

n=1 P n
jj

[15] (2–2)

Using this formula it can be shown that if sj is a transient state then
∑∞

n=1 P n
ij converges,

si ∈ S [15]. Since
∑∞

n=1 P n
ij converges for any transient state sj, limn→∞ P n

ij = 0 [15].

Hence the probability of transitioning to a transient state sj from any state si in n steps

tends to zero as the number of steps tends to infinity.

Recurrence and transience are class properties. That is, if si is a recurrent state and

si ↔ sj then sj is a recurrent state [12],[15],[1],[21]. Recurrent states can be reached

from transient states, transient states however are not reachable from recurrent states.

Thus transient states and recurrent states do not communicate. This implies a recurrent

state and a transient state cannot be in the same class. In this way classes of states can be

classified as either transient or recurrent. This also implies that a Markov Chain cannot

transition from a recurrent class to a transient class [15],[1],[21].
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In a finite Markov Chain with k states the chain can transition at most k times before

it must return to some state. Thus in a finite Markov Chain at least one state must be

recurrent. This generalizes to every finite Markov Chain contains at least one recurrent

class of states [1],[21],[15].

Given that every finite Markov Chain contains at least 1 recurrent class, and the

probability of being in any given transient state at time n tends to 0 as n tends to infinity,

it follows that a finite Markov Chain will spend only a finite amount of time in transient

classes before transitioning into a recurrent class [1],[21],[15],[12]. Returning to the

example regarding voter party affiliation; it is known that the chain is irreducible. Then

since every finite Markov Chain contains at least one recurrent class it is known that the

chain representing this system consists of a single recurrent class.

If we know a voter is initially registered Independent it would be interesting to

know if there exist future elections for which the probability of the voter being registered

Independent is 0. If P n
ii > 0, then it is known that it is possible to transition from state si

back to state si in n steps. The period of a given state si is the greatest common divisor of

all possible times n where it is possible to transition from from state si back to state si, i.e

the greatest common divisor of {n|P n
ii > 0} [12],[15],[21],[1]. If the period of some given

state is 1 then the state is said to be aperiodic [12],[15],[21],[1].

As with recurrence, periodicity is a class property. That is if si is of period m and

si ↔ sj then sj is of period m[12][15][21][1]. Therefore, a class of states can be said to

have a certain period. This is important since larger Markov Chains will have multiple

classes of states and the behavior of the system with respect to these classes will be

important. Lastly, consider the voter party affiliation example one more time. Recall

that the one step transition matrix for the voter party affiliation example has all positive

entries, hence the period of the Markov Chain is going to be 1 for each state in the chain.

Thus, each state in the chain is aperiodic.
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In the following section some basic questions regarding the behavior of Markov Chains

are examined along with classic solutions to these problems.

2.3 Some Standard Results for Markov Chains

Quite often, the problem of interest is the long term behavior of the system a Markov

Chain is modeling. Returning to the voter party affiliation example of section 2.2 it would

be interesting to know the long term probabilities of a voter being registered Republican,

Democrat, or Independent, based on current trends. In section 2.2 we were able to find the

n-step transition probabilities for the voter party affiliation model. The n-step transition

probabilities represented the probability of being registered with a given political party

at the n + 1st election given the voter initially registered with a certain political party. In

general this was given by P n. Consider limn→∞P n. Does this quantity converge? Does it

converge in any special way? Under certain circumstances this quantity does converge?

Consider the results of taking successively higher powers of the transition matrix from

the voter example in section 2.2.

P =




.70 .20 .1

.20 .725 .075

.20 .25 .55




P3 =




.475 .36975 .15525

.35 .512578 .137422

.35 .405406 .244594




P6 =




.409375 .428096 .16252

.39375 .447861 .15838

.39375 .436375 .16987




P12 =




.400146 .437903 .16195

.399902 .438127 .16183

.399902 .428127 .16183
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Clearly the matrix P n is converging. The matrix is converging to a matrix whose rows

are the limiting distribution for the Markov Chain representing voter party affiliation.

An interesting fact about the matrix to which P n is converging is that the rows are all

the same. This implies that the probability of being in a given state at time n, for a

sufficiently large n, is approximately the same for all starting states. In the following

paragraphs the convergent behavior of finite Markov Chains is examined further.

Given a finite state, irreducible, aperiodic Markov Chain with transition matrix P

it is known that limn→∞P n converges to matrix whose rows are the vector π such that

π ∗ P = π [21],[1],[4],[5]. The vector π is the limiting distribution for the Markov Chain

and gives the long term probabilities of being in each respective state [21],[1][4],[5]. As

time tends to infinity the rows of the transition matrix P approach π as was observed in

the above example. Since the rows of the matrix to which limn→∞P n converges are the

same it should be clear that the long term probability of being in each respective state

does not depend on the initial state[12]. Given the existence of a limiting distribution

for a Markov Chain, the next question is how quickly does the chain converge to its

limiting distribution? The speed with which the transition matrix converges to its limiting

distribution provides an indication of the time necessary for the probability of being in

a given state to no longer be dependent on the initial state. It can be shown that for a

finite state, aperiodic, irreducible Markov Chain, P n converges geometrically to its limiting

distribution [1],[21].

For a small matrix it is possible to compute the limiting distribution by taking powers

of the matrix, as was done in the example. However, for larger matrices and for someone

without a computer algebra system taking powers of a matrix may prove unfeasible.

To simplify the problem of finding the limiting distribution remember that π P = π.

This means that πP = π, along with the condition that the elements of π sum to

one, produces a set of equations which can be solved, under certain conditions, to find
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the limiting distribution π [12],[1],[15],[21],[12]. Returning to the voter party affiliation

example, the following system of equations is obtained from π ∗ P = π.

π1 ∗ .7 + π2 ∗ .2 + π3 ∗ .2 = π1 (2–3)

π1 ∗ .2 + π2 ∗ .725 + π3 ∗ .25 = π2 (2–4)

π1 ∗ .1 + π2 ∗ .075 + π3 ∗ .55 = π3 (2–5)

π1 + π2 + π3 = 1 (2–6)

Using any 2 of the first 3 equations and the last equation the limiting distribution

π = (.400090, .438087, .161823) can be computed. From the limiting distribution we

can conclude that after a sufficiently long time the probability a voter will be a registered

Republican is about .40009, the probability they will be registered a Democrat is about

.438087, and the probability the voter will be registered as Independent is about .161823.

Note that these probabilities are independent of the party with which the voter originally

registered. Analysis like this would be helpful in analyzing the long term ”health” of a

political party.

In addition to giving the fraction of time the chain is expected to spend in each state,

the limiting distribution can also be used to find the mean time to recurrence for each

state in the chain. It can be shown that the mean time of recurrence for a state si is given

by 1
πi

[15]. Thus it is now possible to compute the time it takes a voter who voted as a

registered Republican to vote again as a registered republican. The mean recurrence times

for the example are given by 1
π

= (2.49994, 2.28625, 6.17959). One final note the reader

should bear in mind is that for a periodic Markov Chain the above method can not be

used to compute the limiting distribution.

In many cases a Markov Chain is not irreducible, but contains multiple classes of

states, at least one of which is recurrent. Suppose a Markov Chain has recurrent classes

C1, C2, C3, ..., Cn and transient classes T1, T2, T3, ... , Tm. It is possible to rearrange
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the probabilities in the transition matrix P so that the transition probabilities between

states in each of the recurrent classes of a given Markov Chain are contained in stochastic

sub-matrices, the probabilities of transitioning from one transient state in the chain to

another transient state in the chain are contained in another sub-matrix, usually denoted

Q, and the probabilities of transitioning from a given transient state to given recurrent

state are contained in another sub-matrix, usually denoted R [15],[21],[1]. It should be

noted that the rows of sub-matrices Q and R will not, in general, sum to 1. Using the

above notation the one step transition matrix P for a given Markov Chain can be written

as:

P =




P1 0 . . . 0 0

0 P2 . . . 0 0

...
. . . . . .

...

0 0 . . . Pn 0

R1 R2 . . . Rn Q




[15], [1], [21],

The example from section 2.2 will now be expanded as follows. Suppose that it is

now possible for someone to remain in a given political party permanently, i.e. they decide

never to switch parties. If someone were to remain affiliated with a political party for a

sufficiently long time, the probability that they would change affiliation to an opposing

political party should decrease. For the purpose of simplification suppose that if someone

is registered with a particular party affiliation for 3 consecutive presidential elections then

for all practical purposes we assume them to be a permanent member of that political

party. This assumption results in a new Markov Chain to model the behavior of voters. In

this new chain there are 3 recurrent classes, permanent Republican, permanent Democrat,

permanent Independent. Note that these classes are not only recurrent but absorbing as

well. The states of the new Markov Chain will be numbered in the following way.

1. A voter is a permanent Republican
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2. A voter is a permanent Democrat

3. A voter is a permanent Independent

4. A voter has voted in the last 2 elections as a Republican

5. A voter has voted in the last 2 elections as a Democrat

6. A voter has voted in the last 2 elections as an Independent

7. A voter has voted in the last election as a Republican

8. A voter has voted in the last election as a Democrat

9. A voter has voted in the last election as an Independent

In the new Markov Chain representing this process states 1,2, and 3 are absorbing, states

4,5,6,7,8 and 9 are transient. With the assumptions made in constructing this model it

is known that a voter will only vote a finite number of times before being absorbed into

an absorbing state, becoming a permanent member of a certain political party. Using the

transition probabilities from the first example the transition matrix for this Markov Chain

has the form.

P∗ =




1 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0

.7 0 0 0 0 0 0 .2 .1

0 .725 0 0 0 0 .2 0 .075

0 0 .55 0 0 0 .2 .25 0

0 0 0 .7 0 0 0 .2 .1

0 0 0 0 .725 0 .2 0 .075

0 0 0 0 0 .55 .2 .25 0
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The corresponding Q and R matrices are.

Q =




0 0 0 0 .2 .1

0 0 0 .2 0 .075

0 0 0 .2 .25 0

.7 0 0 0 .2 .1

0 .725 0 .2 0 .075

0 0 .55 .2 .25 0




R =




.7 0 0

0 .725 0

0 0 .55

0 0 0

0 0 0

0 0 0




Utilizing the Markov Chain above it is possible to analyze the behavior of voters prior

to permanently joining a given political party. The first question of interest is: if someone

initially registers with a given political party how many elections will the voter likely be

registered with that party prior to becoming a permanent member of one of the political

parties? Another interesting question is: if a voter is initially registered with a given

political party how many presidential elections will take place prior to the voter becoming

a permanent member of one of the political parties? Lastly, one might be interested in the

probability of becoming registered permanently as a member of a given political party if

they initially register with a certain political party.

The question of how many times a voter will vote as a member of a particular party

given their current voting behavior is in general the question how many times will a given

transient state will be visited prior to the chain entering one of the recurrent classes. If

we define a random variable to take on the number of times a state sj is visited prior to

the chain entering a recurrent state given an initial starting state si. Then it can be shown

that the expectation of this random variable is given by the ijth of:

(I − Q)−1 = M [15], [1], [12], [21] (2–7)

M is called the fundamental matrix [1],[21],[15]. The ijth entry of M gives the

expected number of visits to a transient state sjprior to entering a recurrent class given

the chain started in state si [15],[12],[1],[21]. Using the fundamental matrix it is possible to
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determine the expected number of times a voter will vote as a member of a given political

party given their voting history. The fundamental matrix, computed in this manner, for

the voter party affiliation Markov Chain is:

M =




1.11429 .232808 .093115 .163267 .321115 .1693

.210187 1.1152 .08063 .300267 .1589 .1466

.269501 .310086 1.06643 .385001 .427704 .120784

.894288 .395774 .158295 1.27755 .545895 .287809

.362573 .923724 .13909 .517961 1.2741 .25289

.417726 .480632 .65296 .596751 .662941 1.18721




From the fundamental matrix M we see that the chain progresses through the transient

states quickly, averaging at most a little more than one step in a given transient state

regardless of the transient state si in which the chain starts. With respect to the model

representing voter registration this implies that voters choose their party alliances quickly.

Suppose now we want to know the average time it takes for a voter to become a

permanent member of a given political party given their voting history. In general this is

the mean time spent in transient states prior to entering a recurrent state given the initial

state is si and is obtained by summing across the ith row of the fundamental matrix M

[1],[21],[15]. The results obtained from the voter party affiliation example are given below.

Steps to Recurrence =




2.0939

2.01178

2.57951

3.55961

3.47034

3.99822




Given this information it can be seen that a voter who was registered with their

respective party for only the previous election is likely to vote between 3 and 4 times
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prior to becoming permanently affiliated with a political party. This corresponds to

permanently joining a political party the 4th or 5th time a voter votes.

Next, suppose we want to know the probability of a voter becoming a permanent

member of a given political party given their party registration in previous elections. In

general this is the probability of being absorbed into a given recurrent class given some

initial state. Using the fundamental matrix M and sub-matrix R it can be shown that

the matrix F whose ijth entry is the probability of being absorbed in to a given absorbing

state is given by the equation:

F = MR[12], [15], [1], [21] (2–8)

Returning to the example we can now find the respective probability of a voter

eventually becoming a permanent Republican, Democrat, or Independent given their

party registration in previous elections. For the voter party affiliation example, F is

approximately given by:

F =




.7800 .1688 .0512

.1471 .8085 .0444

.1887 .2248 .5865

.6260 .2869 .0871

.2538 .6697 .0765

.2924 .3485 .3519




From this result if a voter is registered with a given political party for two presidential

elections then the probability is fairly high that they will become a permanent member of

that political party. The probabilities of becoming a affiliated permanently with a political

party given a voter was registered with the party for one presidential election are slightly

lower.

Once the system has entered a recurrent class the recurrent behavior of the class

controls the behavior of the system. Thus the long term behavior of the system will be
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determined by the limiting distribution of the recurrent class, if it exists, into which the

chain is absorbed. It should be noted however that in a finite Markov Chain with both

recurrent and transient states the limiting distributions of the chain, provided they exist,

will be dependent on the initial state [15].

Lastly, the example used in this section contained 3 absorbing states. The method

for computing F can also be used when the recurrent classes of the Markov Chain contain

multiple states. The matrix F is simply the probability of ever transitioning to states in

recurrent classes. Thus the probability of being absorbed into a certain recurrent class

given an initial state is just the sum of the probabilities of of entering each recurrent state

given an initial state [15]. Thus, larger recurrent classes of states do not present any real

difficulty, aside from additional computation.

The simplified example used in this chapter is fictional and was only intended for

illustrative purposes. However after discovering this example the question arose; has this

issue been examined? Can a homogeneous Markov Chain be used to model voter loyalty

to a political party? Researching this issue I came across a paper by Douglas Dobson and

Duane A. Meeter which briefly examines the question [6]. The following is a summary of

their findings.

Dobson and Meeter begin by classifying voters into one of 5 categories: ”Strong

Democrat, Weak Democrat, Independent, Weak Republican, and Strong Republican” [6].

The authors define a model which describes the change in voter party affiliation in two

parts. The first part describes the probability that the voter will change affiliation the

second describes the probability that if it is known the voter is changing party affiliation

he/she will change to a particular affiliation [6]. In this way it is possible to describe

changes party affiliation in more detail as well as examine whether either part of the

model should be modeled using a time varying, i.e. non-stationary, model. In particular,

the model used by the Dobson and Meter is given by the transition matrix ”P(t) = D(t)

+ (1-D(t))M(t)” where D(t) gives the probabilities of remaining in the current state and
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M(t) is the probability of transitioning to a state other than the current state [6]. The

probability matrices M(t) and D(t) were constructed based on data from 1956-1958. A

second pair of probability matrices M(t) and D(t) are constructed based on data from

1958-1960. Using a chi-squared test for stationarity it was found that neither M(t) or D(t)

should be stationary [6]. Thus it seems a non-homogeneous Markov Chain would be the

best choice for modeling voter loyalty.

Reasoning that the transition probabilities would vary across the population based

on characteristics such as gender, race, etc. Dobson and Meeter partitioned their data

into three groups based on the level of interest in the electoral system [6]. Defining 3

categories, ”high interest, moderate interest, low interest”, they found a homogeneous

Markov Chain to be an appropriate model for both the high interest and low interest

categories with only the moderate interest category requiring a non-homogeneous Markov

Chain [6].

Another example in [1] attempts to use a homogeneous Markov Chain to model

changes in voter preference for a particular presidential candidate. However, it was again

determined that a homogeneous Markov Chain was not an appropriate model [1]. Thus

it seems that voting behavior, especially over any extended period of time, is likely too

dynamic to be modeled well using a homogeneous Markov Chain.

2.4 Simulating From a Markov Chain

Simulation from a Markov Chain is a useful tool when analytic methods, such as

those presented in section 2.3, are not available. For instance a simulation could be used

to evaluate how well a model represents the system it is modeling. Additionally a Markov

Chain could be used as part of a larger simulation. In either case simulating from a

Markov Chain is a relatively simple task.

Most mathematical/statistical software packages have a good, at worst reasonable,

function for generating random numbers from a uniform distribution. It is then possible

to transform the pseudo random numbers generated from a uniform [0,1] distribution to
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pseudo random numbers generated from the initial and one step transition probability

distributions which characterize a Markov Chain.

This is done in the following way [24],[5].

1. Generate a number from uniform[0,1] distribution, call it p.

2. Sum over the initial probability distribution until the sum ≥ p keeping track of the
current state whose probability is being added to the sum, call it k.

3. State k-1 is the current state.

4. Generate another number from uniform[0,1] distribution.

5. Using the one step transition distribution with current state k-1 in place of the
initial probability distribution repeat steps 2,3.

Steps 3,4,5 can be repeated to generate a sequence of random numbers from the Markov

Chain. The code used to simulate sunspot numbers from the Markov Chain discussed in

Chapter 6 is available in the Appendix. Generating multiple sequences gives an idea of

how the Markov Chain representing the system being modeled is behaving. If the Markov

Chain is based on observations, the sequences generated from the model can be compared

to the data to evaluate the fit of the model. Sequences generated from a purely theoretical

Markov Chain can be used to gain insight into the system being modeled which might

have otherwise been unavailable.
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CHAPTER 3
BASIC HIDDEN MARKOV MODELS

3.1 Introduction

Hidden Markov Models, hereafter referred to as HMM’s, are a family of probability

models composed of two stochastic processes. In a Hidden Markov Model one of the

stochastic processes represents an observable process which is dependent on another

stochastic process about which little or no information is available [25],[17],[9].

Consider the following example. Suppose a certain highway is being observed. The

traffic flow on the highway can be classified as light, moderate, or heavy. Suppose further

that no information is known about any other part of the highway except the observed

traffic intensity. It is known that highway traffic is dependent on the time of day, any

construction which may be taking place on the highway, and whether or not an accident

has occurred. In this way it is possible, under some simplifying assumptions, to model the

intensity of traffic as an observable result of the previously mentioned factors.

In every Hidden Markov Model there is a set of observations, and a set of underlying

states. The behavior of the set of underlying states can be approximated by a Markov

Chain thus there is a Markov Chain which is ”hidden” and only visible through a set of

observations which depend on the underlying states. Hence the name Hidden Markov

Model.

There are 3 applications for which Hidden Markov Models are particularly well suited.

First, it is possible to simulate a sequence observations from a Hidden Markov Model.

These observations can be used as part of a larger simulation or to obtain statistical

information about the system which may not have been available through analytic

methods. Second, Hidden Markov Models have been used in identification applications.

Specifically Hidden Markov Models have been used with success in speech recognition

and gene identification. Third, Hidden Markov Models can be used to obtain information
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about the state sequence which generates a given observation sequence. Each of these

applications will be discussed in the following sections.

Section 3.2 will introduce the basic terminology of Hidden Markov Models along with

a simple example to help clarify the ideas presented. Section 3.3 will then examine the

classic scoring problem for HMM’s. Next section 3.4 will present the classic method of

decoding the most likely underlying state sequence which produced a given observation

sequence. Then, in section 3.5 an example of a simulation using Hidden Markov Models

will be presented.

3.2 Classical Definitions

As stated in section 3.1 a Hidden Markov Model is composed of two stochastic

processes, call them Ot and Xt. The process Ot is a probabilistic function of the process

Xt, taking the values in the set O = {o1, o2, .... on}. The process Xt represents

a finite state, discrete time Markov chain with transition probabilities pij, taking on

values in the set S = {s1, s2, ... sn}. Though there are no explicit restrictions on

Ot, the ability to estimate the parameters of the distribution often limits potential

choices [25]. In this chapter we are only interested in the simplest case when Ot is a finite

state, discrete time process, and Ot and Ot+1 are independent given Xt+1. The notation

bi(k) = P (Ot = k|Xt = si) will be used throughout the chapter to represent

the probability of a certain observation k given a current state s [25],[17],[9]. The state

space, observation set, observation distribution, underlying state transition probabilities,

and starting state distribution completely define a hidden Markov model [25],[22],[17].

Common notation is to write λ = {{pij}si,sj∈S, bj(k), O, S, P0} to represent a Hidden

Markov Model [25],[9],[17].

The forward-backward variables are fundamental in the classical algorithms for

Hidden Markov Models. Suppose we have an observation sequence O = {o1, o2, ... on}.
The forward variable is defined to be αt(i) = P (O0 = o0, O1 = o1, ..., Ot =

ot, Xt = si) [17],[25],[9]. This is the probability of observing the first t observations of
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the observation sequence and ending in state s at time t. The backward variable is defined

to be βt(i) = P (Ot+1 = ot+1, Ot+2 = ot+2, ... On = on|Xt = si} [17],[25],[9]. This

is the probability of observing a given sequence starting at time t+1 to time n, starting

in state s. The major advantage of using the forward-backward variables for problems

involving hidden Markov models is that they can be calculated relatively easily and there

exist algorithms for solving the 3 problems mentioned in section 3.1 which utilize the

forward-backward variables [25],[17],[9]. The forward variable αt(i) can be computed as

follows.

First note that α0(i) is simply the probability of observing o0 and starting in state si.

Using the law of total probability we can write P (O0 = o0, X0 = s0) as P (O0 = o0|X0 =

s0)P (X0 = s0), where is P (X0 = s0) = P0(s0). Thus for each sj in the state space of Xt

we have:

α0(i) = bi(o0) ∗ P0(i)[25], [17], [9] (3–1)

In the second step α1(i) = P (O0 = o0, O1 = o1, X1 = si). A little computation shows

that α1(i) = (
∑

s∈S α0(si)pssi
)bsi

(o1). In general we can compute αt(i) using αt−1(i) and

the transition and observation probabilities.

αt(i) =
∑
s∈S

(αt−1(s) ∗ pssi
)bsi

(ot)[17], [25], [9] (3–2)

It is possible to define the backward variables in a similar manner. To begin

computing the backwards variables begin with:

βn(i) = 1 for all si ∈ S[17], [25], [9] (3–3)

The remaining βt(i) can be calculated using:

βt(i) =
∑
s∈S

psisbs(Ot+1)βt+1(s)[17], [25], [9] (3–4)

These two variables provide methods for solving the problems above as well as estimating

the model parameters. The classical solutions to the problems mentioned in chapter 1 as
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well as illustrative examples will be presented in sections 3.3 and 3.4 respectively. For now

we consider only the problem of estimating the parameters of the model.

The classic solution to estimating, or reestimating to be more correct, the model’s

probability distributions is the Baum-Welch algorithm. The Baum-Welch algorithm can

be applied when the only information regarding Xt is contained in Ot. If any explicit

information about Xt is known this can be reflected in the initial estimates of the model

parameters.

To apply the Baum-Welch algorithm initial values are chosen for P0(s), {pij}si,sj∈S,

and bs(Ot) 0 ≤ t ≤ n [25],[17],[9]. Next, given an observation sequence O =

(o1, o2, ..., on), it is possible to reestimate P0(s), {pij}si,sj∈S, and bs(Ot) 0 ≤ t ≤ n

as follows.

To begin we define: τt(i, j) = P (Xt = si, Xt+1 = sj|O, λ) [25],[17],[9]. Then

by the definition of conditional probability we have: P (Xt = si, Xt+1 = sj|O, λ) =

P (Xt=si, Xt+1=sj , O|λ)

P (O|λ)
. First note P (Xt = si, Xt+1 = sj, O|λ) is the probability of

observing the first t observations in the sequence O and being in in state xi at time t,

αt(i), then transitioning to state sj at time t+1, pij, and observing Ot+1 given state sj,

bj(ot+1), then observing the remaining observations ot+2, ..., on given underlying Markov

Chain is in state j at time t+1, βt+1(j). Since each of the above events is independent

P (Xt = si, Xt+1 = sj, O|λ) = αt(i) ∗ pij ∗ bj(ot+1) ∗ βt+1(j) [25],[17],[9]. Next note

that summing P (Xt = si, Xt+1 = sj, O|λ) over all possible states, si, sj gives P (O|λ)

[25],[17],[9]. Combining these two observations provides a reasonable method of computing

τt(i, j).

τt(i, j) =
αt(i) ∗ pij ∗ bj(ot+1) ∗ βt+1(j)∑

si∈S

∑
sj∈S αt(i) ∗ aij ∗ bj(ot+1) ∗ βt+1(j)

[25], [17] (3–5)

It is now possible to obtain P (Xt = si|O, λ) by simply summing τt(i, j) over all possible

states sj [25],[17],[9]. Let ζt(i) = P (Xt = si|O, model) =
∑

sj∈S τt(i, j) [25],[17],[9].

Summing τt(i, j) over t for 1 ≤ t ≤ n − 1 gives the expected number of times the

underlying Markov Chain transitions from state si to state sj [25],[17],[9], Similarly
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summing ζt(i) over t for 1 ≤ t ≤ n − 1 gives the expected number of times the system

will be in state si [25],[17],[9]. Thus the new estimates of the parameters can be computed

using ζt(i) and τt(i, j).

ˆP0(s) = ζ1(s)[25], [17], [9] (3–6)

p̂ij =

∑n−1
t=1 τt(i, j)∑n−1

t=1 ζt(i)
[25], [17], [9] (3–7)

To define the new estimate for bj(ot) the indicator variable, χt(k) = 1 if Ot = k and 0

otherwise, will be used.

ˆbj(k) =

∑n
t=1 χt(k)ζt(j)∑n

t=1 ζt(j)
[25], [17], [9] (3–8)

The Baum-Welch algorithm described above is an iterative procedure in which the

iterates, the parameters of the model, converge to the values which maximize P (O|λ)

[25],[17],[9]. Thus repeating the algorithm gives improved estimates of the parameters until

optimal values for the parameters has been obtained.

3.3 The Scoring Problem

If the underlying state sequence which produced a sequence of observations is known

then computing the probability of the observation sequence given a Hidden Markov Model

is trivial. However, if the underlying state sequence producing a sequence of observations

is not known the problem of computing the probability of an observation sequence given a

model becomes more complicated.

A well known method of computing the probability of a given observation sequence

utilizes the forward variable defined in the previous section. Recall that αt(i) = P (O0 =

o0, O1 = o1, ..., Ot = ot, Xt = si). Thus for an observation sequence O = {o1, o2, ..., on} we

have

P (O1 = o1, O2 = o2, ..., On = on} =
∑
s∈S

αn(s)[25], [17], [9] (3–9)

Currently hidden Markov models are applied to identification problems. This is often

done by constructing a Hidden Markov Model for each item which is to be identified.
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Then the probability of the observation sequence conditioned on each of the models is

computed. The object represented by the model for which the observation sequence has

the highest probability is taken to be the identified object.

Consider the following example. It would be of interest in any election to be able

to identify how an individual will vote on based on an observable set of characteristics.

Suppose a survey of potential voters is taken approximately twice a month in the 3

months leading up to an election. Each voter is surveyed multiple times and their

responses are recorded. In this example we suppose that there are only two political

parties. For this example suppose the questions asked are as follows. First a voter is

asked their party affiliation, which will be classified as Republican, Democratic. Next

a voter is asked if they are planning to vote for a particular candidate. The potential

responses are the Republican candidate, the Democratic candidate, or undecided. The

last question asked is if the individual is watching the election coverage. The responses to

this question are simply yes or no. Thus we have 12 possible combinations of responses to

these questions which make up the set of possible observations.

For each candidate a hidden Markov model will be constructed. The underlying states

will take on the month in which the survey was taken. In this example we suppose the

surveys begin being taken during the 3 months prior to month in which the election will

occur. The state space will therefore consist of 3 values 1,2,3. If Xt is in state 1, this

indicates the survey is being taken 3 months prior to the month in which the election will

occur. If Xt is in state 2 this indicates the survey is being taken 2 months prior to month

in which the election will occur. If Xt is in state 3 this indicates the survey is being taken

in the month preceding the month in which the election will occur. It is assumed that Xt

is a Markov chain. with transition matrix P.
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P =




.5 .5 0

0 .5 .5

0 0 1




The example presented here is an example of a left-right hidden Markov model. A

left-right hidden Markov model is a hidden Markov model in which Xt can not make

backwards transitions [25],[17],[9]. That is once Xt has entered state 2 it will never return

to state 1. A hidden Markov model is then constructed for the Republican candidate, and

the Democratic candidate. Both models will share the same underlying state transition

matrix. The observation distribution will however be different for each candidate. Then

given a sequence of observation vectors the probability of the sequence will be computed

conditioned on the HMM for the Republican Candidate, and the HMM for the Democratic

candidate respectively. If the probability of the observation vector is greater using the

using the HMM for the Republican candidate we conclude the voter will probably vote for

the Republican candidate. If the probability of the observation vector is greater using the

HMM for the Democratic candidate then we can conclude the voter will probably vote for

the Democratic candidate.

Through this simple example the concept of identification using Hidden Markov

Models has be presented. In Chapter 4 some examples of current applications of Hidden

Markov Models to identification systems will presented.

3.4 The Decoding Problem

Consider the following example. Suppose a local hospital has seen a recent increase in

the number of patients being a treated for certain contagious disease. The department of

health is concerned about the spread of this disease and wants to know the likely number

of current people who are infected and possibly contagious. The number of people being

treated for the disease at the hospital is an observable result of the number of people

infected with the disease. The question is then how does one obtain information about the
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number of people infected with the disease in the general population which the hospital

serves from the number of people treated.

Given an observation sequence the decoding problem for hidden Markov models

attempts to uncover the most likely state sequence which would have generated the

observations. With respect to the above example this equates to finding the number of

infected and possibly contagious individuals in the area. Given an observation sequence

of length n, common practice is to find the state sequence of length n which maximizes

P (O0 = o0, O1 = o1, ..., Ot = on, X0 = si0 , X1 = si1 , ..., Xt = sit |λ) [25],[17],[9]. The

Viterbi algorithm provides an efficient method of finding such a sequence.

The Viterbi Algorithm begins by defining two variables the first of which is δt(s) =

maxsi0
,si1

,...,sit−1
∈SP (O0 = oo, O1 = o1, ..., Ot = ot, X0 = si0 , X1 = si1 , ..., Xt = s)

[25],[17],[9]. This is the maximum probability of observing the first t observations and

being in state s at time t. The states which maximize δt(s) are retained using the variable

ψt(s) [25],[17][9]. This entry gives the state at time t-1 which maximizes the probability of

observing the first t observations and being in state s at time t. The algorithm begins by

initializing δ0(s) and ψo(s) as follows:

δ0(s) = π0(s)bs(o0) for all s ∈ S[25], [17], [9] (3–10)

ψ0(s) = 0[25], [17], [9] (3–11)

The remaining values of δt(s) and ψt(s) are computed as follows:

δt(s1) = maxs∈S(δt−1(s) ∗ ass1)bs1(ot) 0 ≤ t ≤ n and s1 ∈ S[25], [17], [9] (3–12)

ψt(s1) = argmaxs∈S(δt−1(s) ∗ ass1) 0 ≤ t ≤ n and s1 ∈ S[25], [17], [9] (3–13)

Once δt(s1) and ψt(s1) have been computed for all values of s1 and t, the final state in the

state sequence is chosen such that st = argmaxs∈S(δt(s)) [25],[17],[9]. This is the state at

time which which maximizes the probability of observing the entire observation sequence

and being this state at the last observation. Using this value, the remaining states in the
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sequence are chosen as follows:

st = ψt+1(st+1)[25], [17], [9] (3–14)

States at time t-1 are chosen to maximize the probability of observing the sequence

through time t and being in the state which maximized the probability of observing the

sequence through time t+1 and being in the appropriate state. In the beginning of this

section a situation was discussed in which local officials are worried about the sudden

increase in the number of cases of a particular infectious disease at a local hospital and

want to determine how widespread the disease may be among the general public. There

is a classic example in which the spread of an infectious disease in a small population

is modeled using a Markov chain [15]. The number of patients treated at the hospital

is an observable result of the number of people infected with the disease in the general

population. Thus a hidden Markov model may prove a suitable tool for analyzing the

situation.

Suppose the hospital serves a community of 10,000 and that the based on previous

experience local officials have developed a various methods for stopping/controlling the

spread of the disease based on how widespread the disease is at any given time. As part

of this plan officials have developed a scale ranging from 1 to 10 describing the extent

to which the disease has spread. Level 1 corresponds to normal circumstances, while

level 10 corresponds to a serious epidemic. Let Xt be a Markov Chain with 10 states

corresponding to the level of infection at time t. The time parameter is assumed to be

discrete and represents the time at which observations are taken. Suppose based on

previous experience the transition probabilities are known and defined by matrix P. Note

that these probabilities correspond to the changes which occur prior to any action taken to

stop the spread of the disease.
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P =




.85 .13 .02 0 0 0 0 0 0 0

.05 .50 .4 .05 0 0 0 0 0 0

.02 .08 .4 .35 .15 0 0 0 0 0

0 .03 .07 .38 .42 .1 0 0 0 0

0 0 .05 .15 .40 .35 .05 0 0 0

0 0 0 .05 .15 .40 .35 .05 0 0

0 0 0 0 .05 .22 .38 .3 .05 0

0 0 0 0 0 .08 .22 .30 .35 .05

0 0 0 0 0 0 .1 .2 .5 .3

0 0 0 0 0 0 0 .2 .3 .5




Let Ot be a probabilistic function of Xt. For this example suppose the number of

individuals who have been treated for the disease can represented on a scale from 1 to

10. Under this scale the 1 represents a low number of people treated, 10 represents and

extremely high number of people treated. The distribution bs(k) with entries bsk gives the

probability of observing k given the underlying state s.

bs(k) =




.9 .09 .01 0 0 0 0 0 0 0

.65 .25 .1 0 0 0 0 0 0 0

.35 .45 .1 .09 .01 0 0 0 0 0

.1 .55 .2 .1 .05 0 0 0 0 0

0 .25 .35 .15 .1 .05 0 0 0 0

0 .05 .1 .3 .4 .1 .05 0 0 0

0 0 .01 .09 .37 .38 .1 .05 0 0

0 0 0 0 .15 .30 .30 .20 .05 0

0 0 0 0 0 0 .15 .25 .3 .3

0 0 0 0 0 0 .1 .2 .2 .50
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Suppose Xt starts in state 1 with probability 1. Thus P0 = 1 if s0 = 1 and

0 otherwise. Suppose the following sequence of observations has taken place: O =

1, 2, 3, 3, 4. Using the Viterbi algorithm it is possible to find both how the level of

infection is changing and the current level of infection. The Viterbi algorithm suggests

the most likely state sequence, given the model, is: 1,3,5,6,8. Thus indicating the disease is

spreading very quickly through the population and that immediate action should be taken

to stop the epidemic.

It is clear that the ability to obtain information regarding the state sequence which

produces a given observation sequence can be very useful in a wide variety of applications.

3.5 Simulation

As stated in section 3.1 a hidden Markov model can be used for generating observations.

The generated observations can be used as a component in a larger simulation, or as an

independent simulation. A state/observation sequence can be generated from a hidden

Markov model in the following way.

1. Generate an initial state using the initial distribution.

2. Conditioned on the initial state generate the first transition from Xt.

3. Generate an observation from bs(k) where s is the state generated in step 2.

4. Repeat steps 2 and 3 to generate the desired number of observations/states.
[25],[17],[9]

The state sequence can be generated using the method presented in Chapter 2. Note that

the method used to generate the state sequence also works to generate the observation

sequence provided the observation distribution is discrete.

Consider the following example. Suppose a town has recently observed an increase

in the amount of traffic on the main highway through town and now frequently observes

heavy or stopped traffic. To alleviate the traffic problems it is suggested that an additional

lane be constructed in each direction. The town wants to see if this would change the

observed traffic intensity. A simplified, fictional, Hidden Markov Model is presented to
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analyze this problem. Let Xt be a discrete Markov Chain describing the underlying causes

of the observed traffic intensity. Let Ot be a probabilistic function of Xt Suppose traffic

intensity is observed every hour and at each observation we can classify the observed

traffic intensity in one of four ways light, moderate, heavy, and stopped. Thus we have the

following observation set O.

1. o1 = light

2. o2 = moderate

3. o3 = heavy

4. o4 = stopped

Suppose further that we consider only two causes for the observed traffic intensity. First,

is the time of day which will be classified as either rush hour or non-rush hour. The

second is whether an accident has occurred. With these assumptions we have the following

underlying statespace for Xt.

1. s1 = non-rush hour, no accident

2. s2 = non-rush hour, accident

3. s3 = rush hour, no accident

4. s4 = rush hour, accident

Though we make the assumption that Xt is Markovian, the system which Xt describes

may not be Markovian in the strict sense. Since the current state is certainly going

to be dependent on the previous state it is not unreasonable to say that the system is

approximately Markovian. In making this assumption we are simply saying that there only

exists a first order dependence among the states.

Over any extended period of time, months or years, the transition probabilities

describing Xt are certainly not going to be stationary. Simply the accident rates and the

times during which a ”rush hour” is observed will, in all likely-hood, change. However over

a short period of time say a single month, or perhaps a single year, we can say that the Xt
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is approximately stationary and thus under our assumptions Xt is a finite state, discrete

time homogeneous Markov chain.

Suppose that currently the town observes that 20% of the time traffic intensity can

be classified as light, 30% of the time traffic intensity can be classified as moderate, 40%

of the time traffic intensity can be classified as heavy, and 10% of the time traffic intensity

can be classified a stopped.

With the new lanes added it is possible that the number of accidents could increase,

however the impact of a single accident on traffic flow will be decreased. In addition,

during rush hour periods traffic will flow more quickly thus decreasing the amount of time

the spent in a rush hour state. Suppose then the following distributions were obtained

using information regarding the current system and the expected impact of the new lanes.

P0 =




.70

.10

.15

.05




P =




.8 .10 .0775 .025

.5 .3 .15 .05

.30 .01 .5 .19

.2 .05 .45 .3




bs(k) =




.60 .20 .15 .05

.25 .55 .10 .10

.05 .45 .45 .05

.02 .30 .53 .15




Then with the current distributions we simulate a 24 hour period. From 30

simulations we expect, based on the model, the town to observe light traffic about 40%

of the time, moderate traffic about 29% of time, heavy traffic about 24% of the time, and
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stopped traffic about 7% of the time. Based on the simulations we get the impression that

adding another lane would decrease the amount of time the town observes undesirable

traffic intensities.

Though this is a simple, fictional, example it does illustrate the potential for hidden

Markov models to be used in conducting simulations.
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CHAPTER 4
SELECTED APPLICATIONS OF HIDDEN MARKOV MODELS

4.1 Isolated Word Recognition

Automatic speech recognition is one of the first areas to which Hidden Markov

Markov Models were applied. It seems appropriate then to begin a chapter on applications

of Hidden Markov Models with this topic. The following paragraphs present a brief

synopsis of how Hidden Markov Models can be applied to the well known isolated word

recognition problem and is based on [25],[11],[9].

A spoken word or word fragment, can be characterized as a speech signal. This signal

is a sequence of vectors which characterize the properties of the spoken word or word

fragment over time [11],[9]. For any single word there are a variety of possible speech

signals. This variation can be attributed to differences in the source of signal, i.e. the

speaker. Dialect, gender, as well as environmental factors all influence a given speech

signal.

Automatic speech recognition systems attempt to match the signal of a spoken word

to a standard representation of that word.

A speech signal will change over time making it is necessary to partition a given

speech signal into regions on which the properties of the signal are approximately

stationary [11],[9]. The partitions of the signal are sometimes called frames and the

length of partitions the frame length.

If the signal is framed in terms of the individual sounds in a word then the signal

produced can be seen as a probabilistic function of the intended sound. A Hidden Markov

Model then seems particularly well suited to the problem of isolated word recognition.

In practice a Hidden Markov Model is constructed for each word in a predetermined

vocabulary. Given a speech signal, the probability that the signal represents a given word

is determined by computing the probability of the observation signal given the model
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for the word. The word represented by the model for which the signal has the highest

probability is taken to be the identified word.

The underlying states for a hidden Markov Model representing a specific word

can be interpreted as the sounds which compose the word [25]. Defining the states this

way implies that the model is a left right model in that the sounds which compose a

word follow a certain order. The underlying Markov Chain for a word model need not

be strictly left right as different pronunciations of a word may utilize different sounds

[25],[11]. This corresponds to a left right model with some variation in the progression of

states. The observations associated with each state could be seen as a particular frame of

the signal.

Implementing a discrete Hidden Markov Model requires the set of possible observation

vectors be reduced to a finite set. This is accomplished using a process called vector

quantization which partitions the set of all possible vectors into a finite number of subsets

[9],[25],[11]. The centroid of the set is then chosen as the representative of the that

particular set of vectors [11],[9]. Classifying a new vector is then merely the process of

finding the set whose representative is the closest in distance to the new vector [11],[9].

The set of representatives of each class form a codebook.

Once a codebook has been designed a Hidden Markov Model for each word in the

vocabulary is constructed from a training set consisting of spoken versions of the word

[11],[9]. Vector quantization allows for discrete probability distributions to be used and the

methods of Chapter 3 are directly applicable.

The major disadvantage to vector quantization is distortion caused by partitioning

the set of all possible vectors to a finite set where each set has a chosen representative

[11],[9]. An alternative to vector quantization is to apply Hidden Markov Models

using continuous observation densities. One of the most common distributions, for all

continuous HMMs, is a mixture of multivariate normal distributions where bi(o) =
∑M

k=1 cikN(o, µik, σik) [25],[9]. Here o is an observation vector, cik are the mixing
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coefficients for the distributions, µik is a mean vector in state i for mixture k, and σik

is the covariance matrix for mixture k in state i [9],[11]. Following parameter estimation

the identification process is similar to that in the discrete case.

The preceding paragraphs hopefully gave an idea as to how Hidden Markov Models

can be applied to isolated speech recognition. An interested reader can consult books by

Huang, Arriki and Jack [9] or by Rabiner and Juang [11] for further information on the

topic.

4.2 The HMM Applied to Traffic Monitoring

Another area to which Hidden Markov Models have recently been applied is image

processing. In particular, I have found 2 specific examples where Hidden Markov Models

have been applied to image processing. The first example is in an article by J. Kato, et

al. and describes a Hidden Markov Model for distinguishing the background, from the

foreground, from the shadows caused by the foreground in a sequence of images [16].

Presented in a paper by Li and Porikli, the second example is a Hidden Markov Model

used in an automated method of identifying highway traffic patterns using video images of

the highway [19]. Both of these models will be discussed in the following paragraphs.

Consider a small block of pixels of an image. The purpose of the first example, [16], is

to determine if the block of pixels is showing the background of an image, the foreground

of an image, or a shadow. This was accomplished with moderate success by implementing

a 3 state Hidden Markov Model. The states of the model are ”Background, shadow, and

foreground” [16]. The observations are 2 dimensional vectors characterizing the image in

the block of pixels.

The state transition probabilities are characterized by a 3 by 3 transition matrix and

a starting state distribution [16]. The observation probabilities for the background state

and the shadow state are approximated by multivariate normal mixture densities of the

type described in the previous section while the observation density for the foreground

state is approximated by a uniform distribution [16].
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To segment the image, an HMM of the type described in the preceding paragraph is

constructed for each block of pixels which make up the image. After training the model

determining whether the pixels represent a foreground, background or shadow of the image

at a given time t is taken to be the state which maximizes the probability of observing the

first t-1 observations and being in that state at time t [16].

The results presented in the paper were fairly impressive. It was seen that the model

identified light colored cars easily but had more difficulty with dark and gray colored cars

though incorporating features of the surrounding region did improve the results obtained

from dark and gray cars [16].

The second application of Hidden Markov Models to traffic modeling involved

identifying highway traffic patterns by analyzing video images. Different than most

identification systems implemented using Hidden Markov Models the detection system

described in [19] is implemented using a single 6 state hidden Markov Model. The states

of the model correspond to number of vehicles on the highway and the speed at which

they are traveling [19]. States are classified as ”heavy congestion, high density with low

speed, high density with high speed, low density with low speed, low density with high

speed, and vacancy” [19]. The observations are defined by a 4 dimensional vector which

describes a piece of the image in a frame of video at a given instant [19].

Transitions between states are defined by a transition matrix and the observation

probabilities are either defined by a single normal distribution or a Gaussian mixture, with

training accomplished using the Baum-Welch algorithm [19].

Following training, the Viterbi algorithm was used to identify the most likely state

sequence given an observation sequence and identify a given traffic pattern [19].

4.3 A Hidden Markov Model as a Generator for Rainfall Data

The next application considered is hidden Markov Models applied to weather,

in particular rainfall, simulation. Two applications of hidden Markov Models seemed

particularly interesting and will be discussed in the following paragraphs. First the model
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suggested by Hughes and Guttorp for modeling rainfall occurrence at a set of sites in a

region will be discussed. Second a variation of the general model described by Hughes and

Guttorp which was suggested by Robertson, Ines, and Hansen [26] for modeling rainfall at

different sites throughout a region using regional rainfall statistics for the region will be

discussed.

Rainfall occurrence in a given area can be viewed as a result of an underlying weather

pattern in that area. Building on this idea Hughes and Guttorp suggest a Hidden Markov

Model which views the occurrence of rainfall at a network of detection stations as an

observable result of the current state of weather in that area. Hughes and Guttorp,

[14],[13]. view changes in weather states as a result of the previous weather state and

current atmospheric conditions [14]. Thus, state transitions can not be modeled as a

simple Markov Chain as the Markov property is not satisfied. Instead Hughes and Guttorp

suggest a non-homogeneous Markov Chain to model the transitions between weather

states [14]. Thus the model is referred to as a non-homogeneous Hidden Markov Model.

An observation consists of an n-dimensional vector, Rt which corresponds to a

network of sites where rain fall at time t at site i is indicated by a 1 in position i of the

observation vector and a lack of rainfall at time t at site i is indicated by a 0 in position i

of the observation vector [14]. The weather state at time t is notated St [14]. Atmospheric

conditions at time t are represented by Xt [14]. Two assumptions are made regarding the

model: first it is assumed that observations are dependent only on the current weather

state, second it is assumed that the probability of being in a given weather state at time

t+1 is dependent only on the weather state at time t and atmospheric conditions at

time t+1 [14]. Their model is then defined by fitting two probability distributions [14].

The first distribution which must be determined is the probability of a certain rainfall

observation given a certain weather state[14]. The second distribution which must be

determined is the probability of a certain weather state given the previous weather state

and current atmospheric conditions[14]. The authors provide suggestions for distributions,
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under various assumptions, to parameterize the model. An interested reader can consult

[13] and [14] for further information on the technical aspects of implementing this model.

Applying a variation of the model suggested by Hughes and Guttorp, Robertson,

Ines and Hansen have shown that a non-homgeneous Hidden Markov Model can be

used to model rainfall occurrences at a set of sites in a region based on average rainfall

statistics for the region [26]. In addition to modeling rainfall occurrence at a number of

sites throughout a region the model also models the amount of rainfall at a particular site

[26]. For their model the authors assume that rainfall on a particular day is independent

of all other states and rainfall on any previous days [26]. In addition the authors assume

that rainfall in different locations is independent given the current weather state [26].

Transition between states is a function of the average observed daily rainfall [26].

Following construction of the model it was applied to crop simulation and decoding

state sequences corresponding to historical rainfall data [26].
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CHAPTER 5
ON WILLIAM HERSCHEL’S CONJECTURE

5.1 William Herschel’s Conjecture

In 1801 William Herschel published in the Philosophical Transactions of the Royal

Society of London a paper entitled ”Observations Tending to Investigate the Nature of the

Sun in Order to Find the Causes or Symptoms of Its Variable Emission of Light and Heat;

With Remarks on the Use that May Possibly Be Drawn from Solar Observations”. Here

he suggests a lack of observable solar activity, sunspots, may be associated with a decrease

in the amount of light and heat generated by the sun [8]. Having no direct method for

testing this hypothesis, Herschel suggested an indirect method. Reasoning that the growth

of vegetation is affected by heat and light from the sun, Herschel argued that if it could

be shown that a decrease in the health of a crop corresponded to times when there are no

visible sunspots, it might suggest that the sun is operating differently during these time

periods than during time periods when sunspots are present [8].

Using the price of wheat as an indicator of the health of the wheat crop, Herschel

compared the average price of wheat during time periods which records indicate that no

sunspots were visible with the average price of wheat over the time period of equal length

directly following this time period and in 2 cases preceding it [8]. Herschel’s observations

as well as the years of relevant solar minimums, the time period during which the fewest

sunspots are visible are given in the tables 5-1, 5-2, 5-3 [23],[8].

In each case the price of wheat is higher during time periods when sunspots were not

present than during time periods of equal length directly following these time periods.

Additionally in 2 cases the price of wheat is lower in the time period directly preceding the

period of no sunspot activity than during the period of no sunspot activity. This suggests

there might be a relationship between the appearance of sunspots and the health of wheat

crops since a decrease in supply without a corresponding decrease in demand should cause

an increase in price.
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The evidence presented by Herschel was not intended to be conclusive, only a

suggestion of something to consider. Herschel acknowledged that there are many other

factors which can influence the growth of vegetation, but conjectured that these factors

may be influenced by changes in the amount of heat and light generated by the sun [8].

In the 1970’s was discovered that there may be a relationship between specific time

periods in the sunspot cycle and drought periods in certain regions [3]. It was also found

that drought periods tend to be associated with lower corn yields, a fact which may easily

carry over to wheat yields [2]. If it is known that drought periods tend occur during

specific time periods in the solar cycle and that during these drought periods yields tend

to be lower it is quite possible that sunspots could provide an indication of processes

taking place in the sun which will impact vegetation. Considering the evidence presented

by William Herschel as well as more modern investigations it seems possible that there

may be a relationship between sunspot activity and the price/health of wheat crops.

5.2 Interest in Herschel’s Claim

Investigation into William Herschel’s claim began with the intent of determining

whether the relationship, if it existed, between sunspots and the price of wheat could

be modeled using a Hidden Markov Model where the price of wheat is modeled as an

observable result of sunspot activity. The evidence presented by Herschel seemed to

indicate that it might be reasonable to model the price of wheat using a Hidden Markov

Model. There is however a problem with Herschel’s observation which is described in the

following paragraph.

The average sunspot cycle lasts approximately 11 years from solar minimum to solar

minimum. In any given cycle a solar maximum should be observed during which many

sunspots should be visible. Some of the periods in Herschel’s data which records indicated

no sunspots were observed seem too long to be accurate. It is possible that sunspots which

were present went unobserved due to poor technology. Thus the observations on which

Herschel based his suggestion may not be accurate.
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There is evidence however that during this time period the sunspot cycle was not as

regular as it is now. For example the Maunder Minimum was the period from 1638-1715

during which few sunspots were observed [18]. Sunspots which were observed did not

appear to follow the current approximately 11 year cycle [18]. The Maunder Minimum

spans Herschel’s entire observation set and therefore it is possible that the observations

on which Herschel based his claim are valid. Further investigation is needed before any

conclusions can be reached.

5.3 Analysis Using Modern Data

The following section examines William Herschel’s suggestion using data from the

19th and 20th centuries in the United States. William Herschel’s claim was really about

a possible relationship between the health of wheat crops and the appearance of sunspots

with price used only as an indicator of the health of the crop. For this reason both the

price and the yield of wheat crops will be examined during time periods of low sunspot

activity and time periods of equal length directly preceding and following periods of low

sunspot activity to see if it can be concluded that such a relationship exists. Sunspot data,

in the form of the daily international sunspot number, was obtained from the National

Geophysical Data Center/NOAA Satellite and Information Service website [22]. The

average annual wheat price and yield for the United States were obtained from the United

States Department of Agriculture Wheat Data Yearbook [30].

Initially, it was necessary to identify the time periods which had the least solar

activity as indicated by sunspot activity. It was found that the average annual sunspot

number tended to be the lowest in the year in which a solar minimum occurred, and the

years preceding and following that year. So, the 3 year period surrounding the year in

which a solar minimum occurs will be used as the period of low sunspot activity.

Having found the period which, on average, has the least sunspot activity, the average

price of wheat during the period of low sunspot activity will be compared to the average

price of wheat in the 3 years preceding and 3 years following this time period. Similarly,
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the average yield during the 3 year period of low sunspot activity will be compared to

the average yield during the 3 years directly preceding and the 3 years directly following

this time period. Evaluation of Herschel’s suggestion using the price of wheat will be done

first.

Over the course of 80 years inflation will certainly have affected the price of wheat

considerably. For this reason prior to analysis it was necessary to adjust the price of wheat

to a single year. The consumer price index was used to adjust all prices to be measured

in dollars in 1982-1984. This was done by multiplying the 100
CPI in Y ear x

∗ price in year x.

The average adjusted price was then computed over each time period. The consumer price

index from 1913 to 2007 was obtained from the Federal Reserve Bank of Minneapolis

website [7]. A summary of the results obtained, using prices from 1922 to 2000, is given in

table 5-4.

For notational convenience the sample mean for the 3 year period containing a solar

minimum will be called µ1 = $ 5.22 with corresponding sample variance S1 = $ 5.51. The

sample mean for the 3 year period before the period containing a solar minimum will be

called µ2 = $ 5.81 with corresponding sample variance S2 = $ 5.51. The sample mean

for the 3 year period after the period containing a solar minimum will be called µ3 =

$ 5.43 with corresponding sample variance S3 = $ 6.67. From these results it is seen that

µ2 > µ1 and µ3 > µ1. Thus it seems that the average price of wheat is lower during the

period of low sunspot activity than during time periods directly before and after this time

period. It remains however to be determined if the differences in the sample are significant

enough to infer that the samples represent different populations.

Independence of the samples can not be assumed as the prices in consecutive 3 year

periods have some degree of dependence. Because of this dependence the differences

between pairs of observations will be examined to determine whether the prices are

significantly different. Lacking conclusive evidence that the differences in the pairs of
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observations come from a normal distribution, a nonparametric test must be used. The

test that will be used is the Binomial Sign Test.

The Binomial Sign Test attempts to determine whether two samples likely come from

two different populations by examining the number of positive and negative differences.

The number of positive differences in a sample of n signed differences can be approximated

by a binomial distribution. The test statistic is then the number of positive differences

[27]. The null hypothesis for the test is that the samples come from the same population

which implies that the probability of observing a positive difference should be .5 [27].

The alternative hypothesis is that the samples do not come from the same population

which, in this case, implies the probability of observing a positive difference is greater than

.5 [27]. To determine whether the the test statistic lies in the rejection region, i.e. the

probability of observing a given number of positive differences, call it x, in a sample of n

signed differences is significantly small so as to imply the null hypothesis is likely false,

one computes the probability of observing at least x positive differences in a sample of n

signed differences, assuming the probability of positive difference is .5, using the binomial

distribution [27]. If the probability observing at least x positive differences in a sample of

n signed differences is significantly small, less than .05, the null hypothesis can be rejected

in favor of the alternative hypothesis [27].

When the Binomial Sign Test is applied to the differences in the price of wheat in the

3 year period preceding the period of low sunspot activity and the period of low sunspot

activity the null hypothesis is that the samples represent different populations, i.e. the

average price in the period of low sunspot activity is not significantly different than the

average price in the preceding time period. The alternative hypothesis is that the samples

represent different populations, i.e. the average price in the preceding 3 year time period is

higher than the price in the 3 year time period around a minimum. Applying the Binomial

Sign Test it was found that there were 5 positive differences out of 8 signed differences.

The probability of observing 5,6,7, or 8 positive differences is .3632 and thus the null

55



hypothesis must be retained. Thus it can not be concluded that the average price over the

respective time periods is significantly different.

If the Binomial Sign Test is applied to the differences in the price of wheat in the

3 year period following the period of low sunspot activity and period of low sunspot

activity the null hypothesis is that the samples do not represent different populations. The

alternative hypothesis is that the samples represent different populations, i.e. the average

price of wheat in the 3 year period following a period of low sunspot activity is higher

than the average price of wheat during the 3 year period of low sunspot activity. Applying

the Binomial Sign Test it was found that there were 4 positive differences out of 8 signed

differences. The probability of observing 4,5,6,7 or 8 positive differences is .64 and thus

the null hypothesis must be retained. So, it cannot be concluded that the average price of

wheat over the respective time periods is significantly different.

William Herschel’s suggestion was that a lack of sunspots may cause a decrease in the

health of vegetation. The price of wheat was used simply as an indicator of the health of

the crop. In the following paragraphs the average yield in the 3 year period containing a

solar minimum is compared to the average yield in the 3 year period preceding and the

3 year period following this time period. This will provide a more direct evaluation of

Herschel’s suggestion.

Using data from 1878-2000 the average yield, bushels/acre, was computed over the 3

year period of low sunspot activity, the 3 year period preceding this time period, and the 3

year period following this time period. The results are summarized in table 2-5.

It is seen that the average yield is higher during the 3 year period containing a solar

minimum, 20.61 bushels per acre, than in the preceding 3 year period, just 20.52 bushels

per acre. It is also seen that the average yield during the 3 year period containing a solar

minimum is less than the average yield over the following 3 year period, 21.87 bushels

per acre. It seems that there is a difference in the average yield over the respective time
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periods. Again, it remains to be determined if these differences are significant enough to

infer that there exists a difference in the population.

Independence of the samples can not be assumed as yields in consecutive 3 year

periods will have some degree of dependence. So the differences in the yields will be tested

to determine if the samples likely come from two different populations.

The Binomial Sign Test was again used to test if the differences in the average

yield in the period of low sunspot activity and 3 years preceding this time period. The

null hypothesis is that the samples represent the same population and the alternative

hypothesis is that the samples do not represent the same population, i.e. the average yield

is higher in the 3 year period of low sunspot activity than in the preceding 3 year period.

It was found that there were 6 positive differences out of 11 signed differences. The

probability of 6, 7, 8, 9, 10, or 11 positive differences is .5 and thus the null hypothesis

must be retained. Hence, it cannot be concluded that the average wheat yield is different

during the period of low sunspot activity than during the 3 year period directly preceding

this time period.

Again, the Binomial Sign Test was used to determine if the differences in average

yield in the 3 year period of low sunspot activity and the 3 year period directly following

this period are significant. The null hypothesis is that the samples represent the same

population, i.e. there is no difference in the yields over the respective time periods. The

alternative hypothesis is that the samples represent different populations, i.e. the average

yield is higher during the 3 year period following a period of low sunspot activity than in

the 3 year period of low sunspot activity.

It was found that there were 7 positive differences out of 12 signed differences. The

probability of observing 7, 8, 9, 10, 11, or 12 positive differences is .38 and thus the null

hypothesis must be retained. Hence, it cannot be concluded that there is a significant

difference in the average wheat yield during the period of low sunspot activity and the 3

year period directly following this time period.

57



5.4 Conclusions

There is a difference in the price of wheat in the sample data. However, the

differences found in the sample do not provide sufficient evidence to conclude the samples

come from different populations. Thus it can not be concluded that the price of wheat

during the 3 year period of low sunspot activity is less than the price of wheat during the

3 year periods preceding and following the 3 year period containing a solar minimum. It

seems that the level solar activity, as indicated by the appearance or absence of sunspots,

has a minimal, if any, impact on the price of wheat.

Based on the sample data it cannot be concluded that, in the United States, the

average yield is different in the 3 year period containing a solar minimum than in the

preceding 3 year period. In addition it cannot be concluded that the average yield in the

3 year period following a period of low sunspot activity is different than the yield in the 3

year period of low sunspot activity. Thus it does not seem that the appearance or absence

of sunspots is related to higher or lower wheat yields.

Based on the results obtained in this chapter it does not seem reasonable to model

the price of wheat or the yield using a Hidden Markov Model. However, investigating this

problem did lead to a simple Markov Chain Model for the 11 year sunspot cycle which will

be presented in the following Chapter.
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Table 5-1. Years of relevant solar minima and average wheat prices reported by William
Herschel over periods of no reported sunspot activity.

Year(s) of solar minima Year(s) of no observed
sunspots

Average price

1655,1666 1650-1670 £2. 10s. 51
2

9
1
d.

1679 1677-1684 £2. 7. 7d.
1689 1686-1688 £1. 15s. 2

3
d.

1698 1695-1670 £3. 3s. 31
5
d.

1712 1710-1713 £2. 17s. 4d.
W. Herschel, “Observations Tending to Investigate the Nature of the Sun, in Order to
Find the Causes or Symptoms of its Variable of Light and Heat; With Remarks on the Use
That May Possibly be Drawn from Solar Observations,” Philosophical Transactions of the
Royal Society of London, vol. 91, pp. 265-318, 1801.
National Atmospheric and Oceanographic Administration/National Geophysical
Data Center, “Minima and Maxima of Sunspot Number Cycles,” NGDC.NOAA.gov,
2008, 7 Jan. 2008, ftp://ftp.ngdc.noaa.gov/STP/SOLAR DATA/SUNSPOT
NUMBERS/maxmin.new.

Table 5-2. Years of relevant solar minima and average wheat prices reported by William
Herschel over periods directly before periods of no reported sunspot activity.

Year(s) of solar minima Time prior to year(s) of no
observed sunspots

Average price

1689 1690-1694 £2. 9s. 44
5
d.

1698 1706-1709 £2. 3s. 71
2
d.

W. Herschel, “Observations Tending to Investigate the Nature of the Sun, in Order to
Find the Causes or Symptoms of its Variable of Light and Heat; With Remarks on the Use
That May Possibly be Drawn from Solar Observations,” Philosophical Transactions of the
Royal Society of London, vol. 91, pp. 265-318, 1801.
National Atmospheric and Oceanographic Administration/National Geophysical
Data Center, “Minima and Maxima of Sunspot Number Cycles,” NGDC.NOAA.gov,
2008, 7 Jan. 2008, ftp://ftp.ngdc.noaa.gov/STP/SOLAR DATA/SUNSPOT
NUMBERS/maxmin.new.
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Table 5-3. Years of relavent solar minima and average wheat prices reported by William
Herschel over periods directly after periods of no reported sunspot activity.

Year(s) of solar minima Time after year(s) of No
observed sunspots

Average price

1679,1689 1671-1691 £2. 4s. 42
3
d.

1689 1685-1691 £1. 17s. 13
4
d.

1689 1689-1692 £1. 12s. 102
3
d.

1698 1700-1704 £1. 17s. 111
5
d.

1712 1714-1717 £2. 6s. 9d.
W. Herschel, “Observations Tending to Investigate the Nature of the Sun, in Order to
Find the Causes or Symptoms of its Variable of Light and Heat; With Remarks on the Use
That May Possibly be Drawn from Solar Observations,” Philosophical Transactions of the
Royal Society of London, vol. 91, pp. 265-318, 1801.
National Atmospheric and Oceanographic Administration/National Geophysical
Data Center, “Minima and Maxima of Sunspot Number Cycles,” NGDC.NOAA.gov,
2008, 7 Jan. 2008, ftp://ftp.ngdc.noaa.gov/STP/SOLAR DATA/SUNSPOT
NUMBERS/maxmin.new.

Table 5-4. Mean and variance of the price of wheat in the United States during periods of
low sunspot activity and time periods directly preceding and following time
periods of low sunspot activity.

Preceding 3 year
period

3 Year period
surrounding a
minimum

Following 3 year
period.

Mean $ 5.81 $ 5.22 $ 5.43
Variance $ 5.51 $ 4.18 $ 6.67

Table 5-5. Mean and variance of wheat yields during periods of low sunspot activity and
periods directly preceding and directly following time periods of low sunspot
activity.

Preceding 3 year
period

3 Year period
surrounding a
minimum

Following 3 year
period.

Mean 20.52 20.61 21.87
Variance 97.68 88.32 109.73
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CHAPTER 6
MARKOV CHAIN MODEL FOR THE 11 YEAR SUNSPOT CYCLE

6.1 Introduction

Sunspots are magnetic regions of the sun which are relatively cool when compared

to the surrounding regions causing these regions to appear as dark spots. The number

of sunspots and sunspot groups obeys a fairly regular cycle of approximately 11 years

resulting from periodic changes in the magnetic field of the sun.

Beginning in a period of low sunspot activity called a solar minimum, the number of

visible sunspots and sunspot groups increases until a solar maximum is reached. This is

the period of time when most the sunspots and sunspot groups are visible. Following a

solar maximum the number of visible sunspots and sunspot groups decreases until a solar

minimum is reached beginning the cycle again. Because of the nature of the sunspot cycle

it is necessary to take into account both the current sunspot number and the position in

the sunspot cycle in building a model.

The International Sunspot Number is weighted average of the Wolf sunspot number

as reported by reliable observatories throughout the world. The Wolf Sunspot Number,

devised by Johann Rudolf Wolf in 1848, measures overall sunspot activity by taking into

account the number of individual sunspots and the number of sunspot groups [22]. The

sunspot number is given by R = k(10*g + s) where g is the number of sunspot groups, s

is the number of individual sunspots and k is the observation constant which takes into

account the conditions under which the observations were made [22]. A combination of

the sunspot number and the position in the solar cycle will be used in constructing the

Markov chain representing the system.

A few assumptions were made in constructing the Markov chain. The first assumption

is a uniform, discrete time step of 1 day. The second assumption that was made is one

step dependence. Namely it is assumed that the probability of transitioning to a new state

on the next day is dependent only on the current state. Since sunspot groups tend to
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last for multiple days, or even weeks, a higher order Markov Chain may provide a more

accurate model, but for this model one step dependence is assumed. The next assumption

is that the system can be modeled using a time homogeneous Markov Chain. The sun

is evolving and therefore a non-homogeneous model might give a more accurate model.

However, over a relatively short period of time it is not unreasonable to assume that the

system is approximately stationary and for a preliminary model a time homogeneous

Markov Chain is used.

Throughout the data, which ranges from 1818 to 2007, the sunspot number has never

risen above 400. For this reason the maximum sunspot number for this Markov chain will

be 400. With these assumptions the following sections describe how the Markov chain was

constructed and some results obtained from simulations using the model.

6.2 Description of The States

Since the sunspot number varies with the sunspot cycle it is necessary to consider

the location in the sunspot cycle and the sunspot number itself when defining the states

of the Markov Chain. The position in the sunspot cycle is represented in the following

way. A total of 10 sunspot cycles were used in training the Markov chain, the first sunspot

cycle starting in January of 1856 and the last sunspot cycle starting in March of 1954,

using data obtained from the National Oceanographic and Atmospheric Administration

website [22]. It should be noted that the data is reported by the NOAA website but

was compiled by the Solar Influences Data Center, World Data Center for The Sunspot

Index, at the Royal Observatory of Belgium [22]. Each sunspot cycle was divided into 100

approximately equal partitions. The code used to partition the cycles can be found in the

appendix. The position in the sunspot cycle is then described as hundredths of the way

through a sunspot cycle.

The second component of the states of the Markov Chain is the sunspot number. Due

to limited data it is necessary to group sunspot numbers to decrease the number of states

in the Markov Chain. For this reason the sunspot numbers are grouped in sets of 20. The
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first group consists of the sunspot numbers from 0 to 19, the second group consists of

sunspot numbers from 20 to 39, sunspot numbers are grouped in this way with the last

group containing sunspot numbers from 380 to 400.

The state space of the Markov Chain is the set of all ordered pairs s=(x,y), where

x is the sunspot number group as defined above and y is the position in the sunspot

cycle as defined earlier. Since there are 20 sunspot groups and 100 possible positions

in the sunspot cycle the state space consists of 2000 states. The states are numbered

from 1 to 2000 in the following way; state 1 corresponds to the ordered pair (0,1) this

represents observing a sunspot number between 0 and 19 in the first position in the

sunspot cycle. State 2 corresponds to the ordered pair (20,1) which represents observing

a sunspot number between 20 and 39 in the first position of the sunspot cycle. The states

1 through 20 are numbered in this way. State 21 corresponds to the ordered pair (0,2)

which represents observing a sunspot number between 0 and 19 in the second position

of the sunspot cycle. States are numbered in order by indexing the x coordinate by 1

until the max x value of 380 is reached, the next state then indexes the y coordinate and

resets the x coordinate to 0. In this way the states are numbered from 1 to 2000. The

states are numbered this way initially to simplify the programming when constructing

and simulating from the distribution. However due to the fact that some states never

occur, for instance according to the data the sunspot number has never been 360 in

during a minimum, some rows in the initial construction of the Markov chain are a row

of zeros. With these rows the matrix it is no longer a stochastic matrix, since all rows in

the matrix do not sum to one for this reason the rows which sum to zero should be deleted

in the final matrix and the rows and columns of the matrix labeled with the (x,y) pair

representing the state.

6.3 Starting State Distribution

Let X(t) be a random variable taking on the values of the x coordinate of the ordered

pair defining the states of the Markov chain. Let Y(t) be a random variable taking on the
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values of the y coordinate of the ordered pair defining the states of the Markov chain. The

staring state probabilities will be estimated as:

Number of T imes a Sunspot Cycle Started in State i

Number of Sunspot Cycles
(6–1)

It should be noted that the in the training data only one sunspot cycle did not start in

state 1; it started in state 2. Thus there are only two possible starting states.

6.4 One-Step Transition Distribution

Defining X(t) and Y(t) as in the previous section, it is possible to estimate the

probability that if system is in a given state s1 = (x1, y1) at time t1 it will transition

to state s2 = (x2, y2) at time t1 + 1. The transition probability is formally defined as

P (X(t) = x, Y (t) = y | X(t− 1) = x1, Y (t− 1) = y1). Consider the transition probability

Ps1s2 = P (St = s2|St−1 = s1). Then using the definition of conditional probability we

know P (St = s2|Pt−1 = s1) =
P (St = s2, St−1 = s1)

P (St−1 = s1)
. The probability P (St−1 = s1) can be

estimated as
number of times in state s1

number of total sample points
. Next the probability P (St = s2, St−1 = s1)

can be estimated as
number of transitions from state s1 to s2

total number of transitions from s1

. Since since every point

in the training data transitions to another point, the number of transitions from state s2

equals the number of times state s2 occurs in the training data. Then P (St = s2|St−1 = s1)

can be estimated as:

the number of transitions from state s1 to s2

the number of times in s2

(6–2)

It is interesting to note that the y coordinate of the state must either stay the same or

increase by one, except when the system is in a state with a y coordinate of 100 in which

case the y coordinate can stay the same or return to one. Thus if the current state is given

by the pair (x,y) the probability of transitioning to a state other than those of the form

(*,y), (*,y+1) will be 0. There is one exception, namely when the y coordinate is 100 the

system can transition into a state with y = 1.
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The probability of observing a certain sunspot number is certainly affected by the y

coordinate representing the state in the system. Additionally the transition probability

between partitions of the sunspot cycle seems to be affected by what sunspot numbers are

observed. This supports the idea that sunspots are a visible indicator of the underlying

changes in the sun’s magnetic field and is noticeable from differences in the transition

probabilities for states which share a y component.

6.5 Results From Simulations

Following the construction of the distribution, 100 simulations were generated

according to the starting distribution. This means that each simulated sunspot cycle

began in a solar minimum, allowing the sunspot cycles generated by the Markov chain to

be compared to the actual sunspot data. The method used for simulating is the same as

that presented in chapter 2.

The generated sunspot cycles on average were similar to the actual sunspot cycles.

First the average length of the simulated sunspot cycles was 3955.51 days with a standard

deviation of 340.32 days. The average length of the actual sunspot cycles, based on the

entire data set ranging from 1856 to 1996, was 3942.154 days with a standard deviation

of 280.9359. The average length of the sunspot cycle for the data not used to train the

model, 1964 to 1996, was 3834.667 days with a standard deviation of 297.342 days. The

results indicate that, as a preliminary model, the Markov chain constructed in this chapter

does a reasonable job of modeling the length of a sunspot cycle.

Next, the average sunspot number from the simulations was plotted against the

average sunspot number from the data set over the course of the sunspot cycle. The

plots of the average sunspot number over the sunspot cycle, and the average simulated

sunspot number over the sunspot cycle provide an indication of how the simulated sunspot

numbers compare to the actual sunspot numbers. Figure 6-1 shows a plot of the average

simulated sunspot number versus the average sunspot number from the entire data set.
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The plot of the average sunspot number, 1856-1996, is quite similar to the plot of

the simulated sunspot number, however the plot of the average sunspot number is slightly

higher than the plot of the simulated sunspot number. However, the simulated sunspot

numbers are rounded down in groups of twenty. If the average sunspot numbers are

grouped the same way as the simulated sunspot number the plots are more similar as is

seen in figure 6-2.

It seems that overall, the model does a reasonable job of modeling the sunspot

number. However it remains to be seen how the simulated sunspot cycles compare to

the actual sunspot cycles which were not used to train the model. Figure 6-3 is a plot

of the average simulated sunspot number versus the average sunspot number from the

non-training data which ranges from 1964-1996.

Compared to the non-training data, the average sunspot number tends to be

larger than the average simulated sunspot number. Since the simulated sunspot cycles

represented the overall data so well it would be interesting to see how the recent average

sunspot numbers compare to the overall average sunspot numbers. A plot of the average

sunspot number from 1856 to 1996 compared with the plot of the average sunspot number

from 1964-1996, given in figure 6-4, reveals that the average sunspot number over the last

3 solar cycles tends to be higher than the average sunspot number over the previous 150

years.

A partial cause for this difference could be improved methods of observation which

allow smaller changes in the sun, which would have previously gone unobserved, to be

observed. A second potential cause for differences in observations could be changes in the

sun which produce a greater number of sunspots.

The Markov chain presented is only a preliminary model and the similarities

in the average behavior of the model and the sunspot cycle indicate that a Markov

Chain/Hidden Markov Model may prove a useful as a model of the sunspot cycle.
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Improvements in the model would need to be made before anything conclusive can be

said.

Future work on this model would involve attempting to model not only the sunspot

number but other solar observations as well using a Hidden Markov Model. A Hidden

Markov Model would provide many advantages over the homogeneous Markov Chain

presented in this chapter. First, the system being modeled is likely non-homogeneous.

Modeling a non-homogeneous system with a homogeneous model produces only moderate

results as was seen in this chapter. A Hidden Markov Model would allow for the

underlying state transitions to be modeled using a non-homogeneous Markov Chain.

Second, a Hidden Markov Model would allow for state durations to be modeled explicitly.

This would almost certainly be an advantage over the geometric distribution which models

state duration in a Markov Chain. Lastly, a Hidden Markov Model would allow for more

complex distributions to be used in modeling observations. These would hopefully allow

for more accurate modeling of not only the sunspot number but other solar observations as

well.
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Figure 6-1. Average sunspot number over the course of the sunspot cycle from simulated
sunspot cycles and the average sunspot number over the course of the sunspot
cycle from actual data (1856-1996).

Figure 6-2. Average sunspot number over the course of the sunspot cycle from simulated
sunspot cycles and the average sunspot number over the course of the sunspot
cycle from actual data rounded down in groups of 20 (1856-1996).
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Figure 6-3. Average sunspot number over the course of the sunspot cycle from simulated
sunspot cycles and the average sunspot number over the course of the sunspot
cycle from actual data not used to train the model (1964-1996).

Figure 6-4. Average sunspot number over the course of the sunspot cycle from 1856-1996
and the average sunspot number over the course of the sunspot cycle from
1964-1996.
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APPENDIX: THE R CODE USED IN CONSTRUCTING AND SIMULATING FROM
THE MARKOV CHAIN MODEL CONSTRUCTED IN CHAPTER 6

#==================================================================

#this program formats the data prior to constructing

#the transition distribution

#This code partitions the first sunspot cycle in the data

k<-1

m<-1

l<-1

for(s in c(1:100))

{ length<- 40\

if(m <= 59 )

{

if(l == 2 || l == 3)

{

length <- 41]

m<-m+1

}

}

j<- k+length-1

for(t in c(k:j))

{

ssndata[t,2]<-s

}

k<-k+length

l<-l+1

if( l == 4)

{

l <-1

}

}

#==================================================================

#This code partitions The second sunspot cycle in the data

k<-1

m<-1

l<-1

for(s in c(1:100))

{ length<- 42

if(m <= 74)

{

if(l == 2 || l == 3 || l == 4 || l == 6 || l == 7 || l == 8

|| l == 9 || l == 10)

{

length <- 43
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}

}

l<-l+1

j<-k+length-1

for(t in c(k:j))

{

ssndata[t,4]<-s

}

k<-k+length

if(l >= 11)

{

l<-1

}

}

#==================================================================

#This code partitions the third Sunspot cycle in the data set

k<-1

for(s in c(1:100))

{ length<- 39

if(s == 10 || s == 30 || s == 50 || s == 60

|| s == 70 || s == 90 || s == 100)

{

length <- 40

}

j<-k+length-1

for(t in c(k:j))

{

ssndata[t,6]<-s

}

k<-k+length

}

#==================================================================

#This code partitions The fourth sunspot cycle

k<-1

m<-1

l<-1

for(s in c(1:100))

{ length<- 44

if( m <= 19 )

{

if(l == 5)

{

length <- 45

m<-m+1

l<-1
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}

}

j<-k+length-1

for(t in c(k:j))

{

ssndata[t,8]<-s

}

k<-k+length

l<-l+1

}

#==================================================================

#This code partitions the fifth sunspot cycle in the data

k<-1

m<-1

l<-1

for(s in c(1:100))

{ length<- 43

if(s >= 20)

{

if( m <= 46)

{

if(l == 2)

{

length <- 44

m<-m+1

}

}

}

j<-k+length-1

for(t in c(k:j))

{

ssndata[t,10]<-s

}

k<-k+length

l<- l+1

if(l >= 3)

{

l<-1

}

if(s == 19)

{

l<-1

}

}

#==================================================================
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#This Code Partitions the sixth sunspot cycle sunspot cycle in the data

k<-1

m<-1

l<-1

for(s in c(1:100))

{ length<- 36

if(m <= 52 )

{

if(l == 2 || l == 3)

{

length <- 37

m<-m+1

}

}

j<- k+length-1

for(t in c(k:j))

{

ssndata[t,12]<-s

}

k<-k+length

l<-l+1

if( l == 5)

{

l <-1

}

}

#==================================================================

#This code partitions the seventh sunspot cycle in the data

k<-1

m<-1

l<-1

for(s in c(1:100))

{ length<- 37

if( m <= 27 )

{

if(l == 3)

{

length <- 38

m<-m+1

l<-1

}

}

j<-k+length-1

for(t in c(k:j))

{
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ssndata[t,14]<-s

}

k<-k+length

l<-l+1

}

#==================================================================

#This code partitions the eight sunspot cycle in the data

k<-1

for(s in c(1:100))

{ length <- 37

if(s != 1 && s != 2)

{

length <- 38

}

j<- k + length - 1

for(t in c(k:j))

{

ssndata[t,16]<-s

}

k<- k + length

}

#==================================================================

#This code partitions the 9th sunspot cycle in the data

k<-1

m<-1

l<-1

for(s in c(1:100))

{ length<- 36

if( m <= 89)

{

if(l == 1 || l == 2 || l == 3 || l == 4 || l == 5 ||

l == 6|| l == 7 ||l == 8 || l == 9 )

{

length <- 39

m<-m+1

}

}

j<-k+length-1

for(t in c(k:j))

{

ssndata[t,18]<-s

}

k<-k+length

l<-l+1

if( l == 11)
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{

l <-1

}

}

#==================================================================

This code partitions the 10th sunspot cycle in the data

k<-1

m<-1

l<-1

for(s in c(1:100))

{ length<- 38

if( m <= 73)

{

if(l == 1 || l == 7 || l == 3 || l == 4 || l == 5 ||

l == 8 || l == 9 || l == 10 )

{

length <- 39

m<-m+1

}

}

j<-k+length-1

for(t in c(k:j))

{

ssndata[t,20]<-s

}

k<-k+length

l<-l+1

if( l == 11)

{

l <-1

}

}

#==================================================================

#==================================================================

#This program constructs the sunspot transition matrix

m<-1

place <- array(0, c(1,19))

tran <- array(0, c(2000,2000))

#Constructs the matrix for the first 99 y values

for(y in c(1:99))

{ place <- place+1

for(x in c(0,20,40,60,80,100,120,140,160,180,200,220,240,

260,280,300,320,340,360,380))

{n<-(((y-1)*20)+1)

z<-y+1
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for(ynew in c(y,z))

{

for(xnew in c(0,20,40,60,80,100,120,140,160,180,200,220,240,260,

280,300,320,340,360,380))

{k<-0

l<-0

for( j in c(1,3,5,7,9,11,13,15,17,19))

{i<-place[1,j]

while( ssndata[i,j+1] == y || ssndata[i,j+1] == y+1)

{

if(ssndata[i,j+1] == y && ssndata[i,j] >= x && ssndata[i,j] < x+20)

{

k <- k+1

if(ssndata[i+1,j+1] == ynew && ssndata[i+1, j] >= xnew

&& ssndata[i+1,j] < 20 + xnew)

{

l <- l+1

}

}

i<- i+1

if(ssndata[i,j+1] == y && x == 380 && xnew == 380)

{

place[1,j]<- place[1,j]+1

}

}

}

if(k != 0)

{tran[m,n]<-l/k}

n<-n+1

}

}

m <- m+1

}

}

#Constructs Matrix For y value 100

y <- 100

ynew <-100

m<-1981

place<- array(1, c(1,19))

for(j in c(1,3,5,7,9,11,13,15,17,19))

{i<-1

while(ssndata[i,j+1] != 100)

{

place[1,j] <- place[1,j] +1

i <- i+1
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}

}

for(x in c(0,20,40,60,80,100,120,140,160,180,200,

220,240,260,280,300,320,340,360,380))

{n<-1981

for(xnew in c(0,20,40,60,80,100,120,140,160,180,200,

220,240,260,280,300,320,340,360,380))

{

l<-0

k<-0

for(j in c(1,3,5,7,9,11,13,15,17,19))

{

i <- place[1,j]

while( ssndata[i,j] != 9999)

{

if( ssndata[i,j+1] == y && ssndata[i,j] >= x && ssndata[i,j] < x+20)

{

k<-k+1

if( ssndata[i+1, j+1] == ynew && ssndata[i+1,j]

>=xnew && ssndata[i+1,j] < xnew+20)

{ l <-l+1}

}

i <- i+1

}

}

if(k!=0)

{

tran[m,n]<- l/k

}

n<-n+1

}

m<-m+1

}

#Constructs the part of the distribution which returns the start of a solarcycle

m<-1981

for(x in c(0,20,40,60,80,100,120,140,160,180,200,

220,240,260,280,300,320,340,360,380))

{

n<-1

for(xnew in c(0,20,40,60,80,100,120,140,160,

180,200,220,240,260,280,300,320,340,360,380))

{

l<-0

k<-0

for(j in c(1,3,5,7,9,11,13,15,17,19))
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{

i <- place[1,j]

while(ssndata[i,j] != 9999)

{

if(ssndata[i,j+1] == y && ssndata[i,j]>=x && ssndata[i,j] < x+20)

{

k <- k+1

if(ssndata[i+1,j] == 9999)

{

if(ssndata[1,j+2] >= xnew && ssndata[1,j+2] < xnew + 20)

{l <- l + 1}

}

}

i <- i+1

}

}

if(k != 0)

{

tran[m,n]<- l/k

}

n<-n+1

}

m<-m+1

}

#==================================================================

#==================================================================

#This program simulates an observation sequence from the Markov

#chain model

#This program produces a simulated sunspot cycle

transim <-array(0,c(100,6000))

initial<- array(0,c(10,1))

#initial conditions

initial[1,1]<-1

initial[2,1]<-1

initial[3,1]<-2

initial[4,1]<-2

initial[5,1]<-2

initial[6,1]<-2

initial[7,1]<-1

initial[8,1]<-1

initial[9,1]<-1

initial[10,1]<-2

l<-1

#simulation code

for(n in c(1:7))
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{

m<-l

for(j in c(l:m))

{ transim[j,1]<-initial[n,1]

#simulates the remaining days from transition matrix

for(i in c(2:6000))

{

sum<-0

point<-runif(1, min = 0, max = 1)

k<-1

while( sum < point && k < 2000)

{

sum<- sum+ tran[transim[j,i-1],k]

k<-k+1

}

transim[j,i]<- k-1

if(transim[j,i-1] > 400 && floor(transim[j,i]/20) <= 1)

{

break

}

}

}

l<-l+1

}

#==================================================================

#==================================================================

#This program extracts the sunspot group from the simulated state

sunspots <- array(0,c(40,5000))

for(i in c(1:7))

{

for(j in c(1:5000))

{

sunspots[i,j]<-((transim[i,j]-1)%%20)*20

if(j > 2)

{

if(transim[i,j-1] > 400 && floor(transim[i,j]/20) <= 1)

{

break

}

}

}

}

#==================================================================

#==================================================================

#This program determines the length of the sunspots cycle
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#generated by the model

sum<-array(0,c(2000,1))

for( i in c(1:33))

{

k<-1

for( j in c(1:5000))

{

if(k > 400 && floor(transim[i,j]/20) <= 1)

{

break

}

k<-k+1

}

sum[i,1]<-k

}

#==================================================================
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