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Computational fluid dynamics (CFD) can be used to improve the design and optimization 

of rocket engine components that traditionally rely on empirical calculations and limited 

experimentation.  CFD based-design optimization can be made computationally affordable 

through the use of surrogate modeling which can then facilitate additional parameter sensitivity 

assessments.  The present study investigates surrogate-based adaptive design space refinement 

(DSR) using estimates of surrogate uncertainty to probe the CFD analyses and to perform 

sensitivity assessments for complex fluid physics associated with liquid rocket engine 

components.  

Three studies were conducted.  First, a surrogate-based preliminary design optimization 

was conducted to improve the efficiency of a compact radial turbine for an expander cycle rocket 

engine while maintaining low weight.  Design space refinement was used to identify function 

constraints and to obtain a high accuracy surrogate model in the region of interest.  A merit 

function formulation for multi-objective design point selection reduced the number of design 

points by an order of magnitude while maintaining good surrogate accuracy among the best 

trade-off points.  Second, bluff body-induced flow was investigated to identify the physics and 
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surrogate modeling issues related to the flow’s mixing dynamics.  Multiple surrogates and DSR 

were instrumental in identifying designs for which the CFD model was deficient and to help to 

pinpoint the nature of the deficiency.  Next, a three-dimensional computational model was 

developed to explore the wall heat transfer of a GO2/GH2 shear coaxial single element injector.  

The interactions between turbulent recirculating flow structures, chemical kinetics, and heat 

transfer are highlighted. 

Finally, a simplified computational model of multi-element injector flows was constructed 

to explore the sensitivity of wall heating and improve combustion efficiency to injector element 

spacing.  Design space refinement using surrogate models and a multi-objective merit function 

formulation facilitated an efficient framework to investigate the multiple and competing 

objectives.  The analysis suggests that by adjusting the multi-element injector spacing, the flow 

structures can be modified, resulting in a better balance between wall heat flux and combustion 

length.
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CHAPTER 1  
INTRODUCTION 

The Space Shuttle Main Engine (SSME) was developed as a reusable launch engine.  

However, even with noticeable success, the complexity of the SSME drove up the maintenance 

costs of the engine due to the harsh operating environment among the engine components.  These 

additional maintenance costs were unforeseen in the original design and analysis efforts.1  For 

this reason, NASA is striving to design a simpler, more reliable engine.2,3  Today, there are more 

computational, diagnostic and experimental tools available to assist in streamlining the design 

process than when the SSME was designed.  For example, flow and combustion processes can 

now be modeled using advanced computational fluid dynamics (CFD) tools.4,5 Using CFD tools 

can help narrow down the design of an engine component before a prototype is built and tested.  

Often, designs are based on past experience, intuition, and empirical calculations.  Without a 

comprehensive and methodical process, the designs may not be satisfactorily refined without 

tedious and inefficient trial-and-error exercises.  Optimization tools can be used to guide the 

selection of design parameters and highlight the predicted best designs and trade-off designs.  In 

this study, CFD and optimization tools are used to develop further capabilities in the design and 

analysis of a radial turbine and an injector: critical liquid rocket engine components. 

Current design practices for injector and turbine designs include past experience, intuition, 

and empirical calculations.  It is difficult to fully analyze, design, and optimize the combustion 

chamber using experimental information alone.  Because of measurement difficulties in 

combustion chambers due to high temperatures and pressures, much is still too poorly 

understood of the flow dynamics to accurately predict the response of future injector designs.  

Using CFD can be used as a tool to help analyze and understand the flow dynamics within the 

combustion chamber to fill in knowledge gaps left by the injector experiments. This research 
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effort will use CFD as an analysis and design tool for rocket engine components to improve 

component design and provide information on the system processes that may be difficult to 

obtain experimentally.  CFD validation efforts are ongoing to fine tune CFD codes and improve 

their predictive ability.  To use CFD effectively as a design tool for rocket engine component 

design, an efficient design methodology must be used.  A CFD-based optimization methodology 

can be used to analyze, design, and optimize combustion chambers by using the increased 

knowledge provided by CFD simulation to predict better designs.  Through successive 

refinement of the design process, or design space refinement (DSR), the design optimization 

methodology is streamlined and improved to make it suitable for complex CFD-based design.  In 

summary, this research effort seeks to improve the design efficiency of complex rocket engine 

components using improved CFD-based optimization and design space refinement techniques. 

This chapter presents a general introduction to the issues that motivate the work, including 

background information of rocket engine cycles and individual component reliability.  Past and 

current design practices for select rocket engine components are described and their limitations 

are noted. Next, CFD-based optimization and DSR are introduced as methods for improving 

upon traditional experimentally-based analysis and design.  Finally, a roadmap of the various 

chapters is presented.  

1.1 Thrust Chamber Characteristics 

  A rocket engine thrust chamber is comprised of a main injector with hundreds of injector 

elements, a combustion chamber, and a nozzle.  Supporting elements include turbopumps and 

possibly a preburner or gas generator.  In addition to the fuel tanks, piping, and valve system, a 

rocket engine is complex, and all components must be designed for maximum efficiency. 
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1.1.1 Rocket Engine Cycles 

 Rocket engines carry both the fuel and the propellant with the vehicle.  For chemical 

rockets, the propellant is a large part of the total mass of the vehicle.  The basic goal in rocket 

engine design is to obtain the highest thrust possible with the lowest total vehicle weight.6  As a 

general objective, it is desirable to have a specific impulse that is as large as possible.  Hydrogen 

and oxygen are often chosen as the fuel and propellant because they have very high values of 

specific impulse.  While the goal of maximizing the specific impulse is straightforward, many 

rocket engines designed to help achieve the goal are inherently complex and expensive.  The 

need for better performance drives the complexity.   

Pressure-fed engines are relatively simple;7 two high pressure tanks are connected directly 

to the combustion chamber, and valves are used to regulate the flow rate.  Pressure-fed engines 

have low cost8 and good reliability9 because they are simple with few components.  However, 

pressure-fed engines require heavy, massive tanks to provide the required pressure.  For this 

reason, turbopumps were used in other rocket engine cycles to deliver the needed pressure, 

allowing for lighter fuel and propellant tanks.  Additionally, gas generators or preburners were 

required to supply hot gases to the turbines.  This led to a need for additional components, where 

each component could compromise engine reliability. 

In a gas-generator cycle (Figure 1-1B) a portion of the fuel is burned before it reaches the 

combustion chamber.  The exhaust from the gas generator is used to drive a turbine, which is 

used to drive the pumps.  After the exhaust leaves the turbine, it is dumped.10  Gas generator 

engine cycles provide improved thrust and specific impulse as compared to a pressure-fed engine 

cycle.11.  

The expander cycle (Figure 1-1A) eliminates the need for a gas generator, thus resulting in 

a simpler and more reliable system.  The expander cycle is the simplest of the pump-fed engine 
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cycles,12 and it offers a high specific impulse.13 Current expander cycle rocket engines in use are 

Pratt and Whitney’s RL-60 and the Ariane 5 ESC-B.  In the expander cycle, the unburned fuel is 

preheated by being passed through tubes used to cool the combustion chamber.  This heated gas 

is passed through the turbine used to drive the fuel and oxidizer pumps.  The fuel is then sent to 

the combustion chamber where it is combusted.  Using preheated fuel instead of hot combustion 

exhaust leads to a low turbine failure rate.14 One disadvantage to the expander cycle is that the 

engine is limited by the amount of power that the turbine can deliver.  In this case, power output 

can be increased by improving the turbine drive, or increasing the amount of heat transferred to 

the unburned fuel used to drive the turbine.15  

 In the Space Shuttle main engine (SSME) cycle shown in Figure 1-2, a portion of the fuel 

and oxygen is used to power the turbopumps.  The SSME has two separate gas generators; the 

exhaust of one powers the turbopump that delivers fuel, while the other powers the turbopump 

that delivers oxygen.  Unlike the gas generator cycle, the fuel-rich exhaust is not dumped.  

Instead, the remaining fuel and oxygen also enter the combustion chamber and are combusted.  

For this reason, the gas generators in the SSME are referred to as preburners.  A simple 

preburner cycle is shown in Figure 1-1C.  Using preburners maximized the specific impulse of 

the engine.16 Thus, the SSME has very high performance, but is also highly complex.  For this 

reason, it is very expensive to operate and maintain. 

1.1.2 Engine Reliability Issues 

 One of NASA’s goals in reusable launch vehicles is to improve engine reliability.  After 

each shuttle flight, the engines were removed from the Space Shuttle and inspected.  Parts of the 

engine were replaced as necessary.  Improving engine reliability and engine component life can 

help drive down the costs of reusable launch vehicles.  Jue and Kuck1 examined the reliability of 

the various Space Shuttle Main Engine (SSME) components by determining the probability for 
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catastrophic failure of various components as shown in Figure 1-3.  The components with the 

lowest reliabilities are the high-pressure fuel turbopump (HPFTP), the high-pressure oxidizer 

turbopump (HPOTP), and the large throat main combustion chamber (LTMCC).  The 

turbopumps and the combustion chamber are components common to all rocket engine cycles 

(with the exception of a pressure fed cycle in which turbopumps are absent).  Improving these 

components can therefore cause large improvements in overall engine reliability.  Using an 

expander cycle, for example, can improve the turbopump reliability by providing a milder 

turbine environment, thus improving the life of the turbine blades.  Improving the injector 

configuration can increase the reliability of the main combustion chamber (MCC) by helping to 

alleviate local hot spots within the combustion chamber and prevent wall burnout. 

To help address the issue of engine reliability, NASA is gathering data for the combustion 

chamber design of the next generation of reusable launch vehicles.  Specifically, NASA is 

overseeing tests on several gas-gas H2/O2 rocket injectors by Marshall et al.17 Particularly, the 

injector tests are being run to supply data for the purpose of CFD validation.  In this way, direct 

comparisons can be made between the experimental and computational data.  Also, by steering 

the experiments, NASA can ensure that any specifically needed data is extracted in sufficient 

amounts.  Efforts are also in place to improve the life and efficiency of additional thrust chamber 

components, such as the turbine which drives the fuel pump. 

1.2 Current and Past Design Practices 

Injectors of the past and even of today are designed primarily through the use of empirical 

models.18 Injectors are also frequently designed based on the results of simple small-scale tests, 

which are then scaled to a full-scale model.19 Many injectors are also designed based on cold 

(non-reacting) flow tests.20  These cold flow tests are used primarily to test the mixing 

capabilities of an injector design.  Then correlations were developed to apply them to hot 
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(reacting) flow tests.21  Various design parameters are tested experimentally by making the thrust 

chamber apparatus of modular design.  In this way, the injector can be analyzed by switching out 

injectors, changing combustion chamber length, and changing nozzles in addition to varying the 

chamber pressure, mass flow rates, etc.17,22  The prospects of CFD-based design have been 

explored only recently.  This is due to modeling difficulties as a result of the presence of 

turbulence in combination with reacting flow and possibly including multiphase and supersonic 

flow.  CFD validation efforts are still ongoing. 

The design of turbines for rocket engine applications is more advanced than injector 

design.  This is because turbines are designed straightforwardly for its aerodynamic and stress 

properties; the turbines for rocket engines have no added complications due to reacting and/or 

multiphase flow.  Turbines are now routinely designed with the aid of CFD, allowing for 

sophisticated flow prediction and designs. 

1.2.1 Rocket Engine Injector Design 

Osborn et al.23 reported on early water cooled combustion chambers that experienced 

significant wall erosion near the injector.  This erosion was common, and trial and error 

experimentation often resulted in the quick destruction of much of the thrust chamber. 

Peterson et al.24 constructed an injector with 137 elements based on tests from a smaller 

injector with only 37 elements.  It was noted that due to improved cooling in the larger scale 

injector, the number of injector elements, and hence, injector spacing, could be increased.  This 

in turn meant that the mass flow rate per element was increased, requiring an increase in the size 

of the injector orifices to regulate pressure.  Separate thrust chambers were built to distinguish 

differences in performance for cooled and un-cooled thrust chambers. 

The early optimization efforts of an injector element may have consisted of a dimensional 

analysis of geometric design variables and flow properties, as in the Apollo Service Propulsion 
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System Injector Orifice Study Program.25  In this study, a dimensional analysis along with 

Buckingham’s pi theory reduced the number of design variables from 14 to 8, which still made 

testing all possible combinations an intractable problem using experimental techniques alone.  

Thus, an experimental design analyses was applied to reduce the number of tests.  Limited by the 

use of experiments only, six critical design variables were chosen and were tested at two levels 

per variable.  After 32 cases had been built and tested, the sensitivity of the response to the 

design variables required a reevaluation of the optimization process.  However, the results of the 

analysis eventually yielded information about the relationship between the flow behavior and the 

chosen geometry parameters.  Curve fits were then developed based on the optimization results 

for later use. 

Gill26 described the movement from injector designs based on historical data and the 

injector designer’s experience and intuition to computer-aided designs.  These early analyses 

included one-dimensional approximations such as equilibrium reactions.  These equilibrium 

approximations were based on the assumption of “fast-chemistry,” and were used to characterize 

the combustion field to aid the design process.  Gill’s research looked at the effects of the 

injector geometry and injection pattern on the combustion process.  Performance of the injector 

had to be maintained while increasing the life of the injector by preventing burning through or 

erosion of the combustor components. 

Most experimental techniques were insufficient to predict for many conditions that could 

reduce injector or combustion chamber life.  For this reason, researchers now look to employ 

CFD techniques to aid in injector design.  For example, Liang et al.27 developed semiempirical 

calculations to aid in the computer modeling of liquid rocket combustion chambers.  Sindir and 

Lynch28 simulated a single element GO2/GH2 injector using an 8-species, 18 reaction chemical 
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kinetics model with the k-ε turbulence model and compared the velocity profile to experimental 

measurements with good results.  Tucker et al.5 stressed the importance of supplying 

experimental results to aid in the task of CFD validation. 

Shyy et al.29 and Vaidyanathan et al.30 identified several issues inherent in CFD modeling 

of injectors, including the need for rigorous validation of CFD models and the difficulty of 

simulating multi-element injector flows due to lengthy computational times.  They chose to 

simulate single injector flow, as this allowed for the analysis of key combustion chamber life and 

performance indicators.  The life indicators were the maximum temperatures on the oxidizer post 

tip, injector face, and combustion chamber wall, and the performance indicator was the length of 

the combustion zone.  These conditions were explored by varying the impinging angle of the fuel 

into the oxidizer.  The studies were successful in using CFD to specifically access the effects of 

small changes in injector geometry on combustion performance.   

1.2.2 Rocket Engine Turbine Design 

Turbines are developed based on basic knowledge of the fuel characteristics, estimated 

stresses, and turbine pressure.  The turbines are driven using hot exhaust gas from the 

combustion process.  Turbines were and still are designed by using empirical relations to 

calculate a preliminary starting point for the design.  The designs rely both on past information 

from similar turbine designs and on experimental correlations.  Unlike for injector design, 

computers have been used in the design process for rocket engine turbines for over 40 years.  

Beer 1965 used the aid of computers to estimate the velocity distribution across a turbine blade 

to help improve turbine design.  Simple 1-D codes are routinely used to provide preliminary 

information on design temperatures, stresses, overall flow geometry, velocities, and pressures.31   

The prediction of turbine performance was later improved by the consideration of aerodynamic 

effects that lead to pressure losses.32   
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Current design methodologies now combine past design practices with CFD analyses.  

Experimental correlations and simple computer programs are used to determine the preliminary 

design.  CFD can then be used to fine-tune or analyze the design.33 In particular, the CFD 

analyses are used to shape the blade such that problems such as large pressure losses or 

unsteadiness are minimized.34   

1.3 CFD-Based Optimization 

The designs of many aerospace components are moving from the experimental realm to the 

computational realm.  Some products can now be completely designed on computers before they 

are built and tested, including aircraft such as the Boeing 777-300,35  Bombardier Learjet 45,36  

and Falcon 7X.37  Using CFD in coordination with optimization techniques provides a means of 

effectively handling complex design problems such as rocket engine components. 

1.3.1 Optimization Techniques for Computationally Expensive Simulations 

Scientific optimization techniques have evolved substantially and can now be effectively 

used in a practical environment.  When appropriately combined with computer simulations, the 

entire design process can be streamlined, reducing design cost and effort.  Popular optimization 

methods include gradient-based methods,38-43 adjoint methods,44,45  and surrogate model-based 

optimization methods such as response surface approximations (RSA),46 Kriging models,47-49 or 

neural network models.50 Gradient-based methods rely on a step by step search for an optimum 

design using the method of steepest descent on the objective function according to a convergence 

criterion.  Adjoint methods require formulations that must be integrated into the computational 

simulation of the physical laws.  In both gradient-based and adjoint methods, the optimization is 

serially linked with the computer simulation.   

At times, gradient-based optimization is not feasible.  For example, Burgee et al.51 found 

that an extremely noisy objective function did not allow the use of gradient-based optimization, 
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as the optimizer would often become stuck at noise-induced local minima.  Also, for simulating 

designs with long run times, it may be more time efficient to run simulations in parallel, as this 

will allow many simulations to run simultaneously.  For these problems, optimization based on 

an inexpensive surrogate is a good choice.  Surrogate-based optimization (SBO) uses a 

simplified, low-order characterization of the design space instead of relying exclusively on 

expensive, individually conducted computational simulations or experimental testing.  Surrogate-

based optimization allows for the determination of an optimum design while exploring multiple 

design possibilities, thus providing insight into the workings of the design.  A surrogate model 

can be used to help revise the problem definition of a design task by providing information on 

existing data trends.  Furthermore, it can conveniently handle the existence of multiple desirable 

design points and offer quantitative assessment of trade-offs, as well as facilitate global 

sensitivity evaluations of the design variables to assess the effect of a change in a design variable 

on the system response.52,53 The SBO approach has been shown to be an effective approach for 

the design of computationally expensive models such as those found in aerodynamics,54 

structures,55 and propulsion.56 The choice of surrogates may depend on the problem.  For 

example, Shyy et al.57 compared quadratic and cubic polynomial approximations to a radial basis 

neural network approximation in the multi-objective optimization of a rocket engine injector.  

Simpson et al.58 suggested using Kriging as an alternative to traditional quadratic response 

surface methodology in the optimization of an aerospike nozzle.  Dornberger et al.59 conducted a 

multidisciplinary optimization on turbomachinery designs using response surfaces and neural 

networks.     

To construct the surrogate model, a sufficient number of different designs must be tested to 

capture how a system response varies with different design parameters.  The process of selecting 
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different designs for testing is termed Design of Experiments (DOE). Designs may be tested 

mainly at the design parameter extremes as in central-composite designs (CCD) and face-

centered cubic designs (FCCD), or they may be tested across the full range of design parameter 

values as in multi-level factorial designs46 or Latin hypercube sampling.60 The design space is 

defined by the physical range of parameters, or variables, to be explored.  Variable ranges are 

often determined based on experience with an existing design, but in many cases, the choice of 

variable ranges is an educated guess.  The simplest choice is to set simple range limits on the 

design variables before proceeding with the optimization, but this is not always possible.  

Simpson et al.61 used a hypercube design space with design variables range selection based on 

geometry to prevent infeasible designs in the SBO of an aerospike nozzle.  Rodriguez 62 

successfully optimized a complex jet configuration using CFD with simple geometry-based 

bounds on the design variables.  Vaidyanathan et al.63 chose variable ranges based on variations 

of an existing design in the CFD-based optimization of a single element rocket injector.  

Commonly, the design space cannot be represented by a simple box-like domain.  Constraints or 

regions of infeasibility may dictate an irregular design.  Designs that work best for irregular 

design spaces include Latin Hypercube Sampling60 and orthogonal arrays.46 Once the design 

space is bounded, the optimization commences.  In order to reduce computational expense, it is 

very important for a surrogate to be an accurate replacement for an expensive CFD simulation. 

The application of the SBO approach in the context of CFD-based optimization with 

complex flow models can present a significant challenge, in that the data required to construct 

the surrogates is severely limited due to time and computational constraints of the high fidelity 

CFD runs.  In some cases, the problem of high computational cost in SBO can be addressed by 

performing an optimization on a low fidelity model and translating the result to a high fidelity 
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model.  Doing so requires additional analyses to ensure that the low-fidelity model is a 

qualitatively similar to the high fidelity model.  In other instances, low-fidelity data may be 

combined with high-fidelity data to reduce the overall number of expensive high-fidelity runs.  

The low-fidelity data may employ a correction surrogate for improved accuracy, as shown in 

Figure 1-4. 

Han et al.64 performed a surrogate-based optimization on a low-fidelity 2-D CFD model 

and tested the results on a more expensive 3-D model in the optimization of a multi-blade fan 

and scroll system and verified the 2-D model using physical experiments as well as comparisons 

to previous studies and the 3-D model.  Keane65 built an accurate surrogate model of a transonic 

wing using high-fidelity CFD data supplemented with data from a low fidelity empirical model.  

Alexandrov et al.66 used variation in mesh refinements as variable fidelity models for a wing 

design.  Knill et al.67 saved 255 CPU hours by supplementing high-fidelity data with a low-

fidelity aerodynamic model in the optimization of a high speed civil transport wing.  Vitali et 

al.68 used surrogates to correct a low-fidelity model to better approximate a high fidelity model in 

the prediction of crack propagation.  Thus, the accuracy of the low-fidelity models can be 

improved by combining the low-fidelity model with the surrogate correction, and a new 

surrogate could be constructed based on the composite model.  Venkataraman et al.69 also used a 

surrogate correction on a low-fidelity model to aid in the optimization of shell structures for 

buckling.  Balabanov et al.70 applied a surrogate correction to a low-fidelity model of a high 

speed civil transport wing.  Haftka71 and Chang et al.72 scaled surrogate models with local 

sensitivity information to improve model accuracy for analytical and structural optimization 

problems. 
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With continuing progress in computational simulations, computational-based optimization 

has proven to be a useful tool in reducing the design process duration and expense.  However, 

because of the complexity of many design problems such as is involved with liquid rocket engine 

components, CFD-based optimization can be a daunting task.  In some cases, a surrogate model 

is fit to the points and the predictive capability for the unknown cases is found to be 

unacceptably low.  One solution is to try an alternative surrogate model—perhaps one with more 

flexibility—and approximate the response again.  Another remedy is to refine the design space 

based on the imperfect but useful insight gained in the process.  By reducing the domain size, 

design space refinement often naturally leads to the improvement of a surrogate model.  

1.3.2 Design Space Refinement in CFD-Based Optimization Using Surrogate Models 

The design space is the region in which objective functions are sampled in search of 

optimal designs, where the region is bounded by defined constraints.  Design space refinement 

(DSR) is the process of narrowing down the search by excluding regions as potential sites for 

optimal designs because (a) they obviously violate the constraints, or (b) the objective function 

values in the region are poor.  In the optimization of a high speed civil transport wing, Balabanov 

et al.70 discovered that 83% of the points in their original design space violated geometric 

constraints, while many of the remaining points were simply unreasonable.  By reducing the 

design space, they eliminated their unreasonable designs and improved the accuracy of the 

surrogate model.  Roux et al.73 found that the accuracy of a polynomial RSA is sensitive to the 

size of the design space for structural optimization problems. They recommended the use of 

various measures to find a small “reasonable design space.” 

It is often advantageous to refine the design space to meet the needs of the design problem.  

For example, design constraints can prohibit the use of a simple hypercube design space.74,75  In 

other instances the fitted surrogate is simply inaccurate.  For a high-dimensional design space, 
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adequately filling a hypercube design space region with points becomes cost prohibitive.  

Balabanov et al.70 noted that to sample only at the vertices of a box-shaped design requires 2n 

points, where n is the number of design variables.  In contrast, a simplex sampled at the vertices 

would require only n + 1 points.  In particular, for n = 25, a box domain has a volume 1010 times 

larger than a corresponding ellipsoid.  Several techniques are used to improve the optimization 

process and surrogate accuracy by reducing the domain over which the function is approximated.  

Madsen et al.74 refined the design space to an ellipsoid shape in the shape optimization of a 

diffuser to prevent the unnecessary CFD analysis of physically infeasible designs.  In the 

optimization of a super-detonative ram accelerator, Jeon et al.76 found that a surrogate model that 

was a poor fit due to sharp curvature in the response and was able to achieve a better result by 

performing a transformation on the design space, hence, smoothing out the curvature.  Papila et 

al.77 explored the possibility of reducing errors in regions the design space by constructing a 

reduced design space on a small region of interest.  Balabanov et al.70 eliminated suspected 

infeasible design regions from the design space using a low-fidelity analysis prior to optimizing 

using a high-fidelity CFD analysis in the design of a high speed civil transport wing.  Papila et 

al.78 refined the design space by expanding the variable bounds to account for optimal designs 

that lay on the edge of the design space in the shape optimization of a supersonic turbine. 

1.4 Summary 

Rocket engine component design is a complex process that can be made more 

straightforward using CFD-based optimization techniques.  The performance and efficiency of 

key components can be improved using the SBO methods.  The application of the SBO approach 

to CFD problems can be challenging due to time and computational constraints.  Tools including 

low-fidelity analyses and design space refinement can help reduce computational expense.  In 
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particular, design space refinement techniques can be employed to facilitate a more efficient 

optimization process by reducing the number of necessary computationally expensive CFD runs. 

1.5 Goal and Scope 

The research goal is to investigate adaptive DSR using measures based on model 

uncertainty from varying surrogate models and focusing on regions of interest to improve the 

efficiency of the CFD-based design of rocket engine components.  Chapter 2 reviews the 

proposed DSR techniques as well as the optimization framework that is used to complete the 

optimizations.  This includes the use of new optimization tools to accelerate the optimization 

process.  In Chapter 3, DSR techniques are applied in the low-fidelity optimization of a radial 

turbine for liquid rocket engines.  The preliminary design of a radial turbine is a logical next 

step, because 1) it is a new design where the optimal design space size and location is unknown, 

and 2) a 1-D solver is used to provide function evaluations allowing for the collection of a large 

number of data points.  The DSR techniques are used to determine both an applicable design 

space size by excluding infeasible regions and the region of interest by excluding poorly 

performing design points.  The optimization framework techniques are used to complete the 

optimization process.  The optimization techniques then combined with CFD with a final 

objective of improving the rocket engine injector design process.  The governing equations for 

combusting flow and a background on rocket engine injectors are given in Chapter 4.  The 

optimization methods are demonstrated using an analysis of a trapezoidal bluff body to improve 

combustor mixing characteristics in Chapter 5.  The bluff body analysis is used to show that 

DSR can identify regions of poor simulation accuracy.  Chapter 6 presents the CFD modeling 

effort for a single element injector.  The CFD results are compared to an experimental work for 

accuracy.  Then, the flow dynamics leading to wall heat transfer are analyzed, providing 

information that would be difficult to obtain using an experimental analysis alone.  Finally, in 
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Chapter 7, CFD-based optimization techniques are applied to improve the design process of a 

multi-element rocket injector.  In this case, the optimization techniques must be applied in the 

context of a CFD-based design process where a limited number of function evaluations are 

available.  Chapter 8 concludes the effort. 

Table 1-1. Summary of CFD-based design optimization applications with highlighted surrogate-
based optimization techniques. 

Author Application Method highlighted Key results 

Shyy et al.79 Rocket engine 
injector 

Surrogate comparison Polynomial approximation compared to neural 
network surrogate model. 

Simpson et al.80 Aerospike nozzle Surrogate comparison, 
design space 
selection 

Kriging model compared to quadratic response 
surface.  Simple design variable ranges 
selected using geometry. 

Dornberger et 
al.59 

Turbomachinery 
designs 

Surrogate comparison Multidisciplinary optimization using response 
surfaces and neural networks. 

Rodriguez62 Jet configuration Design space selection Optimization using simple geometry-based 
bounds on design variables 

Vaidyanathan et 
al.63 

Rocket engine 
injector 

Design space selection Design variables chosen from variations of 
existing design 

Han et al.64 Multi-blade 
fan/scroll 
system 

Low-fidelity 
optimization 

Optimized low-fidelity 2-D model to predict for 
high-fidelity 3-D model 

Keane65 Transonic wing Multi-fidelity 
optimization 

Supplemented high-fidelity CFD data with low-
fidelity empirical model 

Alexandrov et 
al.66 

Wing design Multi-fidelity 
optimization 

Varied mesh density for variable fidelity models 

Knill et al.67 High speed civil 
transport wing 

Multi-fidelity 
optimization 

Saved 255 CPU hours using low-fidelity 
supplemental data 

Balabanov et 
al.70 

High speed civil 
transport wing 

Multi-fidelity analysis 
with surrogate 
correction 

Used coarse and fine finite element models as 
low- and high-fidelity models 

Madsen et al.74 Diffuser Design space 
refinement 

Removed infeasible design space regions to 
prevent unnecessary CFD analyses 

Jeon et al.76 Ram accelerator Design space 
refinement 

Performed transformation on design space for 
better response surface fit 

Papila et al.77 Supersonic turbine Design space 
refinement 

Refine design space to improve regions with 
high error 

Balabanov et 
al.70 

Civil transport 
wing 

design space 
refinement 

Used low-fidelity model to refine design space 
before optimizing using high-fidelity model 

Papila et al.78 Supersonic turbine Design space 
refinement 

Design space expansion to explore optimal 
designs at edge of design space 
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Figure 1-1.  Rocket engine cycles. A) Expander cycle, B) gas generator cycle, C) pre-burner 
cycle. 

 

Figure 1-2.  SSME thrust chamber component diagram showing low-pressure fuel turbopump 
(LPFTP), low-pressure oxidizer turbopump (LPOTP), high-pressure fuel turbopump 
(HPFTP), high-pressure oxidizer turbopump (HPOTP), main fuel valve (MFV), main 
oxidizer valve (MOV), combustion chamber valve (CCV), and the main combustion 
chamber (MCC).  Picture reproduced from [81]. 
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Figure 1-3.  SSME component reliability data. Chart reproduced from [1]. 

 

Figure 1-4.  Surrogate-based optimization using multi-fidelity data.  A multi-fidelity analysis 
may require a surrogate model for correcting the low-fidelity model to better 
approximate the high-fidelity model. 

refine design space 

construct 
surrogate 

Verify optimum 
location with high-

fidelity model 

 
 
 
 
 
 
 
Low-fidelity model w/ correction 

Surrogate 
correction 

Low-fidelity 
model 

Assess surrogate 

High-fidelity 
model



 

35 

CHAPTER 2  
OPTIMIZATION FRAMEWORK 

The optimization framework steps include 1) modeling of the objectives using surrogate 

models, 2) refining the design space, 3) reducing the problem dimensionality, and 4) handling 

multiple objectives with the aids of Pareto front and a global sensitivity evaluation method.  

Several procedures may require moving back and forth between steps.  Figure 2-1 illustrates the 

process used to develop optimal designs for the problems involving multiple and possibly 

conflicting objectives.  The steps of the framework are detailed in the following sections.  

The first step in any optimization problem is to identify the performance criteria, the 

design variables and their allowable ranges, and the design constraints.  This critical step requires 

expertise about the physical process.  A multi-objective optimization problem is formulated as 

 ( ), : 1, ; : 1,j iMinimize where f j M x i N= ∀ = = ∀ =F x F x  

Subject to  

( ) 0, : 1,

( ) 0, : 1,
p

k

where c p P

where h k K

≤ = ∀ =

= = ∀ =

C x C

H x H
 

Once the problem is defined, the designs are evaluated through experiments or numerical 

simulations.  For numerical simulations, the type of numerical model and design evaluation used 

varies with the goals of the study.  For a simple preliminary design optimization, the use of an 

inexpensive 1-D solver may be sufficient.  However, for the final detailed design, more complex 

solvers may be needed.82,78  The choice of a model has an important bearing on the 

computational expense of evaluating designs.  When obtaining many design points is time-

prohibitive, it is often more prudent to use an inexpensive surrogate model in place of the 

expensive numerical model. 
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2.1 Optimization Using Surrogate Models 

This step in the framework involves developing alternate models based on a limited 

amount of data to analyze and optimize designs.  The surrogates provide fast approximations of 

the system response making optimization and sensitivity studies possible.  Response surface 

approximations, neural network techniques, spline, and Kriging are examples of methods used to 

generate surrogates for simulations in the optimization of complex flows52 involving applications 

such as engine diffusers,74 rocket injectors,63 and supersonic turbines.78,82 

The major benefit of surrogate models is the ability to quickly obtain any number of 

additional function evaluations without resorting to more expensive numerical models.   In this 

aspect, surrogate models can be used for multiple purposes.  Obviously, they are used to model 

the design objectives, but they can also be used to model the constraints and help identify the 

feasible region in design space.  Key stages in the construction of surrogate models are shown in 

Figure 2-1. 

2.1.1 Design of Experiments 

The search space, or design space, is the set of all possible combinations of the design 

variables.  If all design variables are real, the design space is given as N∈x R , where N is the 

number of design variables.  The feasible domain S is the region in design space where all 

constraints are satisfied. 

For adequate accuracy, the data points used in the surrogate model must be carefully 

selected.  The proper data selection is facilitated by using Design of Experiments (DOE).  One 

challenge in design optimization despite the type of surrogate used is called the “curse of 

dimensionality.” As the number of design variables increase, the number of simulations or 

experiments necessary to build a surrogate increases exponentially.  This must be taken into 

consideration in choosing a DOE.  The key issues in the selection of an appropriate DOE include 
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(i) the dimensionality of the problem, (ii) whether noise is important source of error, (iii) the 

number of simulations or experiments that can be afforded, (iv) the type of surrogate used to 

model the problem, and (v) the shape of the design space.  If noise is the dominant source of 

error, DOEs that reduce sensitivity to noise are commonly used. These include central composite 

designs (CCD) or face-centered cubic designs (FCCD) for box-shaped domains.  Design 

optimality designs such as D- or A-optimal83 (Myers and Montgomery 2002, pp. 393 – 395) 

designs are useful for irregular shaped domains and high dimensional domains when minimizing 

noise is important.  Specifically, these designs can be used to reduce the number of points in an 

experimental design for a given accuracy.  When noise is not an issue, space-filling designs such 

as Latin-Hypercube Sampling (LHS)60 or Orthogonal Arrays (OAs)46 are preferred to efficiently 

cover the entire design space. 

Central composite designs and face-centered cubic designs are intended to minimize the 

presence of noise in the response.  They are comprised of a single point at the center of the 

design space with the remaining points situated along the periphery of the design space, as 

shown in Figure 2-2.  The center point detects curvature in the system while all other points are 

pushed as far as possible from the center provide noise-smoothing characteristics.  The FCCD is 

actually a modified version of the CCD with the axial points moved onto the edges of a square.  

An FCCD is required when the limits of the design space are strictly set, requiring a square 

design space.     

The CCD and FCCD are most popular for response surface approximations.  They are 

commonly used to reduce noise in the response by placing most of the points on the boundary of 

the design space.  For responses that do not contain noise, such as data obtained using 

deterministic computational simulations, a space-filling design may be required for accuracy.  
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While CCD and FCCD only contain points at the center and edges of the design space, space-

filling designs distribute points throughout the design space.  The most common type of space-

filling design is Latin-Hypercube Sampling (LHS).  The LHS technique consists of dividing the 

design space N times along each variable axis creating Nk subsections where N is the number of 

data points and k is the number of design variables.  A total of N data points are randomly placed 

such that only one point exists in each subsection interval.  This procedure can possibly leave 

holes in the design space as shown in Figure 2-3A.  A criterion to maximize the minimum 

distance between points can help spread points more evenly and prevent bunching.  Orthogonal 

array LHS84 is another method of improving the distribution of data points within the design 

space.  It insures a quasi-uniform distribution of points across the design space.  The design 

space is uniformly divided into larger subsections and LHS is applied while ensuring one point 

lies in each large subsection (Figure 2-3B). 

2.1.2 Surrogate Model Identification and Fitting 

There are many types of surrogate models to choose from.  There are parametric models 

that include polynomial response surfaces approximations (RSA) and Kriging models, and there 

are non-parametric models such as radial basis neural networks (RBNN). The parametric 

approaches assume the global functional form of the relationship between the response variable 

and the design variables is known, while the non-parametric ones use different types of simple, 

local models in different regions of the data to build up an overall model.  Response surface 

approximations assume that the data is noisy and thus it fits the data with a simple, smooth 

global function to minimize the root-mean-square (rms) error.  Kriging and RBNN use functions 

localized to the data points.  Ordinary Kriging, the type of Kriging used in this study, uses all of 

the data points for that purpose and interpolates over all of them, while RBNN uses a subset of 

the points and minimizes the rms error.  The subset is determined based on the desired minimum 



 

39 

size of the error.  RSA requires a solution of linear equations, as does Kriging for a given 

correlation function.  In Kriging, the process of finding the correlation function is an 

optimization problem that is done either with cross-validation or minimum likelihood estimates.  

On the other hand, RBNNs let the user experiment with one parameter that defines the 

correlation (SPREAD).  However, the process of minimizing the rms is an optimization problem. 

2.1.2.1 Polynomial response surface approximation 

Response surface approximations (RSA) were developed for experimental design 

processes.  They consist of a polynomial curve fit to a set of data points.  Usually the polynomial 

is a 2nd-order model, but higher order models may also be used. A 2nd-order model requires a 

minimum of ( )( )1 2 2k k+ +  design points, where k is the number of design variables.  Thus, a 

2nd-order model with three variables would require at least 10 points.  A 3rd-order model with 

three variables would require twice that amount.  A 2nd-order model provides good trade-off in 

terms of accuracy and computational expense.  For RSAs to be effective in design optimization, 

the sampled points must be near the optimum design.  In this case, it is often necessary to 

perform a screening exercise on the data to ensure that the design space is selected in the 

appropriate region.  Once the proper design region has been narrowed down, the region can be 

populated with data points using a DOE such as CCD or FCCD. 

The popular polynomial RSAs have been used extensively in design optimization for 

numerous applications using varying DOEs with varying results.  Rais-Rohani and Singh85 used 

polynomial RSAs to increase the structural efficiency of composite structures while maximizing 

reliability.  They found that the accuracy and efficiency of RSAs can vary depending on the 

choice of DOE.  Polynomial RSAs have been successful in smoothing responses that contain 

noise.  In the aerodynamic design of a subsonic wing, Sevant et al.86 encountered numerical 
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noise resulting in local maxima.  Polynomial RSAs were used to smooth the noise.  Sturdza et 

al.87 used a response surface to optimize the shape of a fuselage to retain laminar flow across a 

wing.  Clues to the accuracy of RSAs can be found through the simultaneous use of multiple 

RSAs.  Kurtaran et al.88 used linear, elliptic, and quadratic RSAs to optimize for 

crashworthiness.  Kurtaran et al. found that the differences between the predictive capabilities of 

the various RSAs decreased as the design space was reduced.  Hosder et al.89 used RSAs in 

conjunction with techniques to reduce the design space and perform multi-fidelity analyses in the 

multidisciplinary optimization of aircraft.  Additional references and their key results are given 

in Table 2-1. 

The polynomial RSA assumes that the function of interest f, can be represented as a linear 

combination of Nc basis functions zj and an error term ε. For a typical observation i, a response 

can be given in the form of a linear equation as 

( ) ( )( ) 2

1
( ) 0z

cN
i

i j j i i i
j

f z E Vβ ε ε ε σ
=

= + = =∑   (2-1) 

where the errors εi are considered independent with an expected value equal to zero and a 

variance equal to σ2.  The coefficients βj represent the quantitative relation among basis functions 

zj.  Monomials are the preferred basis functions.  

The relationship between the coefficients βj and the basis functions zj is obtained using Ns 

sample values of the response fi for a set of basis functions zj
(i) such that the error in the 

prediction is minimized in a least squares sense.  For Ns sample points, the set of equations 

specified in Equation 2-1 can be expressed in matrix form as 

 ( ) ( ) 20f Xβ E V Iε ε ε σ= + = =  (2-2) 
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where X is a s cN N× matrix of basis functions, also known as a Gramian design matrix, with the 

design variable values as the sampled points.  A Gramian design matrix for a quadratic 

polynomial in two variables (Ns = 2; Nc = 6) is given by 

2 2
11 21 11 11 21 21

2 2
12 22 12 12 22 22

2 2
1 2 1 1 2 2

2 2
1 2 1 1 2 2

1
1

1

1
s s s s s s

i i i i i i

N N N N N N

x x x x x x
x x x x x x

x x x x x x

x x x x x x

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥

= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

X  (2-3) 

The vector b of the estimated coefficients, which is an unbiased estimate of the coefficient vector 

β and has minimum variance, can then be found by 

( ) 1T Tb X X X f
−

=   (2-4) 

At a new set of basis function vector z for design point P, the predicted response and the variance 

of the estimation are given by 

( ) ( ) 1( ) 2

1

ˆ ˆ( ) ( ) Tz z z X X z
cN

i T
j jP P

j
f b z and V f σ

−

=

⎛ ⎞
⎜ ⎟
⎝ ⎠

= =∑   (2-5) 

2.1.2.2 Kriging 

In cases where a given surrogate performs poorly, it is necessary to use a different type of 

surrogate model, because the highly nonlinear nature of some processes may not be captured by 

surrogates such as RSAs.  Kriging is a popular geostatistics technique named after the pioneering 

work of D.G. Krige47 and was formally developed by Matheron.90 The Kriging method in its 

basic formulation estimates the value of a function or response at some location not sampled as 

the sum of two components: the linear model (e.g., polynomial trend) and a systematic departure 

representing low (large scale) and high frequency (small scale) variation components, 

respectively.  Kriging has the added flexibility of being able to either provide an exact data fit or 
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to act as a smoothing function.  It can be used to approximate a highly nonlinear response with 

fewer points than a comparable high-order response surface.  Koch et al.91 asserts that using 

Kriging may be preferable over RSAs for design problems with a large number of design 

variables.  Mahadevan et al.92 found that Kriging was more accurate than an RSA and used fewer 

function evaluations for engineering reliability estimates. 

  Kriging has the capability of overcoming the limit of relatively small design space that is 

inherent in RSAs, and can be used effectively for larger design spaces.  It is gaining popularity in 

CFD-based optimization as an alternative to RSAs.  Forsberg and Nilsson93 found that Kriging 

provided a better approximation as compared to an RSA in the structural optimization of 

crashworthiness.  However, Jin et al.94 found that Kriging was very accurate, but also very 

sensitive to noise as compared to other surrogates in the data fitting of several analytical test 

problems.  Rijpkema et al.95 found that Kriging was better able to capture local details in an 

analytical test function than an RSA, but also cautioned against the unintentional fitting of noise.  

Chung and Alonso96 compared Kriging to RSAs and found that while both can be accurate, 

Kriging is better at fitting functions with several local optima.  Simpson et al.97 found that 

Kriging and response surface performed comparably in the optimization of an aerospike nozzle.  

Kanazaki et al.98 used Kriging to reduce the computational cost involved in optimizing a three-

element airfoil using genetic algorithms by using the Kriging surrogate for function evaluations.  

Jouhaud, J. –C. et al.99 used Kriging to adaptively refine the design space in the shape 

optimization of an airfoil. 

Kriging is represented by a trend perturbed by a “systematic departure.”  In this study, 

ordinary Kriging is used, where the constant trend is represented by the sample mean. Other 

types of Kriging include simple Kriging that uses a constant trend of zero, and universal Kriging 
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uses a linear trend.  The systematic departure component represents the fluctuations around the 

trend with the basic assumption being that these are correlated, and the correlation is a function 

of distance between the locations under consideration.  More precisely, it is represented by a zero 

mean, second-order, stationary process (mean and variance constant with a correlation depending 

on a distance) as described by a correlation model.  Hence, these models suggest estimating 

deterministic functions as 

( ) ( ) ( )cov( ( ), ( ))( ) ( ) 0 0 ,i jy E i jε εµ ε ε= + = ≠ ∀x xx x  (2-6) 

where µ is the mean of the response at sampled design points, and ε is the error with zero 

expected value and with a correlation structure that is a function of a generalized distance 

between the sample data points.  

( ) ( )( ) ( ) 2cov ( ), ( ) ,i j i jRε ε σ=x x x x  (2-7) 

In this study, a Gaussian correlation structure100 is used 

( ) ( )2

1
, expi j i j

k k k
k

vN

R θ
=

⎛ ⎞
= − −⎜ ⎟

⎝ ⎠
∑x x x x  (2-8) 

where R is the correlation matrix among the sample points, Nv denotes the number of dimensions 

in the set of design variables x, σ identifies the standard deviation of the response at sampled 

design points, and θk is a parameter which is a measure of the degree of correlation among the 

data along the kth direction. Specifically, the parameters µ, ε, and θ are estimated using a set of N 

samples (x, y) such that a likelihood function is maximized.100  Given a probability distribution 

and the corresponding parameters, the likelihood function is a measure of the probability of the 

sample data being drawn from it.  The model estimates at non-sampled points are  

1ˆ ˆ ˆ( )Ty µ µ−= + −r R y 1  (2-9) 
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where µ̂  is the estimated mean, r identifies the correlation vector between the set of prediction 

points and the points used to construct the model, y a vector of the response at the sampled 

points, and 1 denotes an Ns-vector of ones. The mean is estimated by 

( ) 11 1ˆ T Tµ
−− −= 1 R 1 1 R y  (2-10) 

and the standard deviation of the response is estimated as 

( ) ( )1
2 ˆ ˆ

ˆ
T

sN
µ µ

σ
−− −

=
y 1 R y 1

 (2-11) 

On the other hand, the estimation variance at non-sampled design points is given by   

( )1
2 1

1

1
( ( )) 1

T
T

T

R
V y R

R
σ

−
−

−

⎡ ⎤−
⎢ ⎥= − +
⎢ ⎥⎣ ⎦

1 r
x r r

1 1
 (2-12) 

In this study, the model estimates, estimation variance, and standard deviation of the response 

are calculated using the Matlab toolbox DACE.101 

2.1.2.3 Radial basis neural networks 

Neural networks are another alternative to traditional response surface methods.  

Specifically, neural networks are able to fit data with a highly complex and nonlinear response.  

Artificial neural networks are made of interconnected local models called neurons.  A high 

number of neurons can improve the accuracy of the fit, while using fewer neurons improves the 

smoothing qualities of the model.  Mahajan et al.102 used neural networks (NN) to optimize a 

mechanically aspirated radiation shield for a meteorological temperature sensor to gain 

information on the workings of the temperature sensor system and the performance of the 

radiation shield.  Papila et al.78 used radial basis neural networks to supplement the data used to 

construct an RSA in the optimization of a supersonic turbine for rocket propulsion.  

Charalambous et al.103 used neural networks in the prediction of bankruptcy and stressed that the 
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prediction ability of a neural network is problem dependent.  Hüsken et al.104 used neural 

networks in turbine blade optimizations.  Shi and Hagiwara105 used neural networks to maximize 

the energy dissipation of the crashworthiness of a vehicle component.  Pidaparti and Palakal106 

compared the prediction capability of neural networks with experimental results in the prediction 

of crack propagation in aging aircraft.  Chan and Zhu107 demonstrated the ability of neural 

networks in modeling highly nonlinear aerodynamic characteristics with many variables.  

Brigham and Aquino108 used neural networks to accelerate their optimization search algorithm 

by providing inexpensive function evaluations. 

Neural networks are made up of a distribution of artificial neurons, whose function is 

modeled after biological neurons.  A shape function is applied at each neuron with the 

combination being a complete function curve.  Each neuron is given a weight in the network that 

defines that individual neuron’s strength.  Neural networks are often difficult to train due to the 

required specification of several parameters that can affect the fit of the model.  Care must also 

be taken, as there is sometimes danger in over-fitting the data, resulting in poor prediction 

capability away from the known data points.  Nonetheless, the models are extremely flexible and 

can provide an exact data fit, or meet a user-defined error criterion to filter noise to prevent data 

over-fitting.  Neural networks use only local models, and the degree of effective influence of 

each local model, or neuron, is a selection made by the user. 

Radial basis neural networks are two-layer networks consisting of a radial-basis function 

(RBF) and a linear output layer. The radial basis function is given by  

( )bf radbas= −c x  (2-13)  

where b is the bias, c is the center vector associated with each neuron, x is the input design 

vector, and the function radbas is the Matlab function name for an RBF, or a local Gaussian 
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function with centers at individual locations from the matrix x.  The radial basis function is given 

by 

 ( ) ( )2expradbas n n= −  (2-14)  

where n is given by the term in parenthesis in Equation 2-13. Based on these equations, the 

function prediction is given by 

( )2

1

ˆ exp
N

i i
i

y w b
=

⎡ ⎤= − −⎢ ⎥⎣ ⎦∑ c x  (2-15)  

where wi is the weight vector for each neuron i, and N is the number of neurons. The Gaussian 

RBF decreases monotonically with the distance from its center.  The bias b is set to 

0.8326/SPREAD where SPREAD is the spread constant, a user defined value that specifies to the 

radius of influence for each neuron where the radius is equal to SPREAD/2.  Specifically, the 

radius of influence is the distance at which the influence reaches a certain small value.  If 

SPREAD is too small, then prediction is poor in regions that are not near the position of a 

neuron.  If SPREAD is too large, then the sensitivity of the neurons will be small.  Because 

RBNNs are based on the combination of multiple local approximations, a space-filling DOE is 

necessary.  If large spaces exist in the DOE, it may be difficult to overlap information from 

nearby points.  The capability of the RBNN to fill the information gaps in the design space is 

based on the size SPREAD.  If SPREAD is too small, the RBNN surrogate may not provide any 

predictive ability in some regions within the large space.  For this region, there must be 

coordination between the spacing of data points within the design space and the size of 

SPREAD. 

Increasing the number of neurons will improve the accuracy of the surrogate.  Neurons are 

added to the network one by one until the sum of the squares of the errors (SSE) is reduced 

enough to reach a specified error goal. If the error goal is set to zero, neurons will be added until 
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the network exactly predicts the input data. However, this can lead to over-fitting of the data 

which may result in poor prediction between data points. On the other hand, if error goal is large, 

the network will be under-trained and predictions even on data points will be poor. For this 

reason, an error goal is judiciously selected to provide early stopping of the network training to 

prevent over-fitting and increase the overall prediction accuracy. 

The purpose of the user is obviously to determine good values of SPREAD and the error 

goal, GOAL. This can be done by reserving a small number of data points as test data.  The 

remaining data is designated as the training data.  First, the network is trained using the training 

data and the Matlab function newrb.  Then, the network is simulated at the test points and the 

error is calculated between the actual and predicted response.  The process is repeated for a small 

number of values with selected range of SPREAD and a small set of values for GOAL. The 

values of SPREAD and GOAL that produce the smallest errors in the test data are identified, 

then the ranges of SPREAD and GOAL are reduced and new values are selected.  The process 

iteration continues until the SPREAD and GOAL combination is identified that minimizes the 

error in the test data.  The ideal combination can usually be identified within three iterations. In 

this way, the training data is used to train the neural network, and the test data is used to tune it. 

2.1.3 Surrogate Model Accuracy Measures 

Once the surrogate models are available, it is imperative to establish the predictive 

capabilities of the surrogate model away from the available data.  Several measures of predictive 

capability are given below. 

2.1.3.1 Root mean square error 

The error εi at any design point i is given by 

ˆ
i i if fε = −   (2-16) 
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where fi is the actual value and îf  is the predicted value. For Ns design points, the root mean 

square (rms) error σ is given by 

2

1
i

i

s

sN

N

ε
σ ==

∑
  (2-17) 

A small rms error indicates a good fit.  The rms error is a standard measure of fit that may be 

used to compare the performances of surrogates of different types. 

The adjusted rms error σa is used to adjust the rms error based on the number of parameters 

in a polynomial RSA and is given by 

( )

2

1

sN

i
i

s
a N q

ε
σ =

−
=

∑
  (2-18) 

where Ns is the number of data points, and q is the number of terms in the polynomial 

approximation.  A polynomial with a large number of terms is penalized and deemed less 

desirable for a polynomial approximation with fewer terms for the same number of data points.  

For a good fit, σa should be small compared to the data value ranges. 

 For Kriging, the standard error measurement is given by the estimated standard deviation 

of the response given by Equation 2-11.  The square root of the estimated standard deviation of 

the response can be compared to the rms error of polynomial RSAs. 

2.1.3.2 Coefficient of multiple determination  

The adjusted coefficient of multiple determination 2
adjR  defines the prediction capability of 

the polynomial RSA as 

( )

( )

2

1
2

1
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1
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∑
  (2-19) 
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For a good fit, 2
adjR  should be close to 1. 

2.1.3.3 Prediction error sum of squares 

When there are an insufficient number of data points available to test the RSA, the 

prediction error sum of squares (PRESS) statistic is used to estimate the performance of the 

surrogate. A residual is obtained by fitting a surrogate over the design space after dropping one 

design point from the training set.  The value predicted by the surrogate at that point is then 

compared with the expected value.  PRESS is given by 

( )2
*

1

ˆPRESS
sN

i i
i

f f
=

−= ∑  (2-20) 

and PRESSrms is given by 

( )2
*

1

ˆ
PRESS

s

rms

N

i i
i

s

f f

N
=

−
=

∑
  (2-21) 

where *ˆ
if  is the value predicted by the RSA for the ith point which is excluded while generating 

the RSA.  If the PRESSrms value is close to σa, this indicates that the RSA performs well. 

2.2 Dimensionality Reduction Using Global Sensitivity Analysis 

At the beginning of a design optimization, several variables are chosen as design variables 

with the assumption that they are important to the optimization.  However, having large numbers 

of design variables can greatly increase the cost of the optimization.  Section 2.1.2 introduced the 

concept of the “curse of dimensionality,” meaning that as the number of design variables 

increase, the number of data points required to obtain a good approximation of the response can 

increase exponentially.  It is of great benefit, therefore, to simplify the design problem by 

identifying variables that are unimportant and removing them from the analysis.  The most 

efficient way of doing this is to perform a sensitivity analysis.  A global sensitivity analysis can 
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provide essential information on the sensitivity of a design objective to individual variables and 

variable interactions.  By removing the variables that have negligible influence on the design 

objective, the dimensionality of the problem can be reduced.109,110,111  

Global sensitivity analyses enable the study of the behavior of different design variables.  

This information can be used to identify the variables which are the least important and thereby 

can reduce the number of variables.  A surrogate model f(x) of a square integrable objective as a 

function of a vector of independent input variables x ( [ ]0,1 1,
i

x i N∈ ∀ = ) is assumed and modeled 

as uniformly distributed random variables.  The surrogate model can be decomposed as the sum 

of functions of increasing dimensionality as 

 ( ) ( ) ( ) ( )0 12 1 2, , , ,x i i ij i j N N
i i j

f f f x f x x f x x x
<

= + + + +∑ ∑ … …   (2-22) 

where
0

d
1

x 0
xf f

=
= ∫ . If the following condition 

 
1

1

...
0

0
si i kf dx =∫   (2-23) 

is imposed for k = i1, …, is, then the decomposition described in Equation 2-22 is unique.  

In the context of a global sensitivity analysis, the total variance denoted as V(f) can be 

shown to be equal to 

1
1 1

( )
n

i ij N
i i j N

V f V V V
= ≤ ≤ ≤

= + + +∑ ∑ …   (2-24) 

where ( ) ( )( )2

0
V f E f f= −  and each of the terms in Equation 2-24 represent the partial variance 

of the independent variables (Vi) or set of variables to the total variance.  This provides an 

indication of their relative importance.  The partial variances can be calculated using the 

following expressions: 
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( [ | ])
( [ | , ])
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i i

ij i j i j
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  (2-25) 

and so on, where V and E denote variance and the expected value respectively. Note that 

[ ]
1

0
| i i iE f x f dx= ∫  and 

1 2

0
( [ | ])i i iV E f x f dx= ∫ .  Now the sensitivity indices can be computed 

corresponding to the independent variables and set of variables.  For example, the first and 

second order sensitivity indices can be computed as 

,
( ) ( )

iji
i ij

VVS S
V f V f

= =   (2-26) 

Under the independent model inputs assumption, the sum of all the sensitivity indices is equal to 

one.  

The first order sensitivity index for a given variable represents the main effect of the 

variable but it does not take into account the effect of interaction of the variables.  The total 

contribution of a variable on the total variance is given as the sum of all the interactions and the 

main effect of the variable.  The total sensitivity index of a variable is then defined as 

, , ,

...

( )

i ij ijk
j j i j j i k k itotal

i

V V V
S

V f
≠ ≠ ≠

+ + +
=

∑ ∑ ∑
  (2-27) 

To calculate the total sensitivity of any design variable xi, the design variable set is divided 

into two complementary subsets of xi and Z ( ), 1, ;jZ x j N j i= ∀ = ≠ .  The purpose of using these 

subsets is to isolate the influence of xi from the influence of the remaining design variables 

included in Z.  The total sensitivity index for xi is then defined as 

( )
total

total i
i

VS
V f

=  (2-28) 
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 ,
total

Zi i iV V V= +   (2-29) 

where Vi is the partial variance of the objective with respect to xi and Vi,Z is the measure of the 

objective variance that is dependent on interactions between xi and Z.  Similarly, the partial 

variance for Z can be defined as VZ.  Therefore, the total objective variability can be written as 

 ,Z Zi iV V V V= + +   (2-30) 

Sobol112 proposed a variance-based non-parametric approach to estimate the global sensitivity 

for any combination of design variables using Monte Carlo methods that is also amenable.  

While Sobol used Monte Carlo simulations to conduct the global sensitivity analysis, the 

expressions given above can be easily computed analytically once the RSA is available.  In the 

present study, the above referenced expressions are evaluated analytically using polynomial 

RSAs of the objective functions.  No accommodations are made for irregular-shaped domains, so 

the analytical treatment works best in a well-refined design space where the assumption of a box-

like domain will not introduce significant errors. Using a polynomial RSA as the function f(x), 

the approximation can be decomposed as in Equation 2-22 and the sensitivity indices can be 

obtained. 

2.3 Multi-Objective Optimization Using the Pareto Optimal Front 

After developing a computationally inexpensive way of evaluating different designs, the 

final step is to perform the actual optimization.  In the case of a single objective, this requires a 

simple search of design space for the minimum value of the objective.  For two or more 

objectives, additional treatment is needed.  Highly correlated objectives can be combined into a 

single objective function.  When the objectives are conflicting in nature, there may be an infinite 

number of possible solutions that will provide possible good combinations of objectives.  These 

solutions are known as Pareto optimal solutions.  While there are numerous methods of solving 
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multi-objective optimization problems, the use of evolutionary algorithms (EAs) is a natural 

choice to get many Pareto optimal solutions in a single simulation due to its population based 

approach and ability to converge to global optimal solutions. 

A feasible design x(1) dominates another feasible design x(2) (denoted by x(1) < x(2)), if both 

of the following conditions are true: 

1. The design x(1) is no worse than x(2) in all objectives, i.e., ( ) ( )(1) (2)
j jf f≤x x  for all j = 

1,2,…, M objectives. 

(1) <x ( ) ( ) ( ) ( )(2) (1) (2) (1) (2)
j j j jj M f f or j M f f⇒ ∀ ∈ > ∀ ∈ ≤/x x x x x  (2-31) 

2. The design x(1) is strictly better than x(2) in at least one objective, or ( ) ( )(1) (2)
j jf f<x x for 

at least one {1,2,..., }j M∈ . 

(1) (2) (1) (2)( ) ( )j jj M f f< ⇒ ∧ ∈ <x x x x  (2-32) 

If two designs are compared, then the designs are said to be non-dominated with respect to 

each other if neither design dominates the other.  A design ∈x S , where S is the set of all 

feasible designs, is said to be non-dominated with respect to a set ⊆A S , if  :∃ ∈ </ a A a x .  

Such designs in function space are called non-dominated solutions.  All the designs x ( ∈x S ) 

which are non-dominated with respect to any other design in set S, comprise the Pareto optimal 

set.  The function space representation of the Pareto optimal set is the Pareto optimal front.  

When there are two objectives, the Pareto optimal front is a curve, when there are three 

objectives, the Pareto optimal front is represented by a surface and if there are more than three 

objectives, it is represented by a hyper-surface. 

In this study, an elitist non-dominated sorting genetic algorithm NSGA-II113 and a parallel 

archiving strategy to overcome the Pareto drift problem114 are used as the multi-objective 
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optimizer to generate Pareto optimal solutions. The description of the algorithm is given as 

follows: 

1. Randomly initialize a population (designs in the design space) of size npop. 

2. Compute objectives and constraints for each design. 

3. Rank the population using non-domination criteria.  Many individuals can have the same 
rank with the best individuals given the designation of rank-1. Initialize an archive with all 
the non-dominated solutions. 

4. Compute the crowding distance.  This distance finds the relative closeness of a solution to 
other solutions in the function space and is used to differentiate between the solutions on 
same rank. 

5. Employ genetic operators—selection, crossover, and mutation—to create intermediate 
population of size npop. 

6. Evaluate objectives and constraints for this intermediate population. 

7. Combine the two (parent and intermediate) populations, rank them, and compute the 
crowding distance. 

8. Update the archive: 

9. Compare archive solutions with rank-1 solutions in the combined population. 

10. Remove all dominated solutions from the archive. 

11. Add all rank-1 solutions in the current population which are non-dominated with respect to 
the archive. 

12. Select a new population npop from the best individuals based on the ranks and the 
crowding distances. 

13. Go to step 3 and repeat until the termination criteria is reached, which in the current study 
is chosen to be the number of generations 

2.4 Design Space Refinement Techniques  

Given knowledge about a problem, it is desirable to perform CFD simulations with (a) 

design parameters set in a region that is known to provide good results in order to refine the 

design (exploitation) or (b) to set the design parameters in an unexplored region and use 
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additional simulations to decide whether these designs have potential (exploration).  The 

approaches of exploitation versus exploration are the basis of most global search algorithms.  

In the context of design space refinement, a more modest goal is set by using exploitation 

to identify the bad regions of a design space: 

• A “reasonable design space” approach uses simple analysis models or inexpensive 
constraints to crop areas of the design space that give blatantly poor results. 

• A surrogate based on a small number of points can be used in the identification of “bad” 
regions.  In this case, the surrogate may not be accurate enough to identify the good 
regions, but is sufficient to identify regions that are obviously bad. 

Exploration is needed to identify poorly represented areas of the design space by using error 

indicators to identify regions where the surrogate model fits poorly.  Exploration is necessary 

even in regions with apparent moderate performance, as the improved surrogate may reveal that 

the performance in the region is better than expected.  The design space refinement process using 

the ideas of exploitation and exploration should provide more accurate surrogate models and 

reduce the simulation of poorly performing designs. 

Design space refinement often leads to irregular domains.  Most DOE techniques are 

intended for box-like domains.  For noise-dominated problems and RSAs, alphabet designs (A-

optimal, D-optimal, G-optimal, etc.) are available.46 For problems dominated by bias errors, 

space filling designs such as LHS are normally used, generating them first in an enclosing box 

and throwing out points outside the domain. 

Surrogate models have been shown to be an effective means of reducing the number of 

computationally and time intensive function evaluations required in CFD-based optimization.  

However, to use surrogates effectively, it must first be ensured that the surrogate models are high 

accuracy representations of the system response.  An inaccurate surrogate model can prevent 

further analysis and can cast doubt on the validity of the data.  Accuracy can suffer if the choice 
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of DOE was inappropriate for the type of surrogate chosen or if the design space was too large.  

The advantages of design space refinement offer promising ways to deal with an initial 

inaccurate surrogate model.  Current techniques often include forms of design space reduction or 

windowing to obtain a reasonable design space. 

2.4.1 Design Space Reduction for Surrogate Improvement 

Reducing the design space by reducing the ranges of the design variables often leads to 

better accuracy in the surrogate model.  This is often due to the fact that the response in the 

reduced design space has less curvature.  This feature makes the response easier to approximate. 

Papila et al.78 reduced the ranges of the design variables to perform a preliminary optimization 

on a supersonic turbine for the rocket engines of a reusable launch vehicle using RSAs.  The goal 

of the study was to maximize the turbine efficiency and vehicle payload while minimizing the 

turbine weight.  The preliminary design used a simplified model to provide the system response.  

A FCCD was applied for each turbine stage.  A composite response surface was constructed 

using desirability functions, and an optimum design was located.  The error between the actual 

response and the predicted response at the located optimum design was high, indicating poor 

RSA accuracies.  As a result, Papila et al. reduced the size of the design space by about 80%.  

The smaller design space resulted in substantial improvement in the RSA prediction accuracies.  

Reducing the size of the design space in this manner is depicted in Figure 2-4, and is an example 

of design space exploitation, and can lead to a good accuracy surrogate in a small region of 

interest. 

Shaping the design space based on feedback from the objective function values allows the 

designer to concentrate solely on the region of interest. Balabanov et al.70 pointed out that effort 

could be saved if the design space was shaped such that it only considered reasonable designs 

rather than using the standard box-shaped design space.  The study by Balabanov et al. used this 
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method in the RSA of a high-speed civil transport model.  The approach removes large areas of 

the standard box-shaped design leaving more of a simplex or ellipsoid design.  Inexpensive, low-

fidelity models are used to predict the system response, and the result is used to shape the design 

space into a reasonable design space.  Points that would lie on the edge of the standard box in a 

traditional DOE procedure are moved inward to the boundary of the identified reasonable design 

space.  By concentrating the data points on the region of interest, the accuracy of the response 

surface within that region is improved.  The technique was used to separately estimate the 

structural bending material weight and the lift and drag coefficients.  In these cases, the design 

space was reduced at least by half, resulting in improvements in RSA accuracy. 

Roux et al.73 employed techniques such as intermediate response surfaces and 

identification of the region of interest to improve surrogate accuracy in structural optimization 

problems.  Linear and quadratic response surfaces were used to fit the data.  The design space 

was iteratively reduced around the suspected optimum by fitting response surfaces on smaller 

and smaller sub-regions.  It was found that surrogate accuracy was improved more for carefully 

selected points within a small sub-region than for a large number of design points within a large 

design space. Both Balabanov et al.70 and Papila et al.82 combine multiple objectives into a 

composite objective function before optimizing.  However, this procedure can limit design 

selection to one or a few designs, when multiple other desirable designs might exist. 

Papila et al.77 pointed out that the inaccuracy in the initial response surface may result in 

windowing to a region that does not actually contain the optimum design.  Papila et al. argued 

that particular attention must be paid to the regions of higher error in an RSA.  Papila et al. 

explains that because a quadratic RSA is a low-order polynomial, the model can often be 

inadequate.  This is termed as “bias error,” and can obviously be reduced by using higher-order 
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approximating polynomials.  The study by Papila et al. seeks to improve the accuracy of RSAs 

by using a design space windowing technique to focus only on the region of interest.  At the 

same time, it seeks to exclude regions of the design space with high bias errors.  Papila studied 

the effects of fitting three different RSAs: a standard quadratic RSA, a RSA within the region of 

interest using the design space windowing technique, and an RSA using the design space 

windowing technique while excluding regions with high error.  Papila found that the design 

space windowing technique improved the accuracy of the RSA over the global RSA.  However, 

using the design space windowing technique excluding regions of high error did not improve 

accuracy over a standard design space windowing technique. 

Sequential response surfaces115,116 involve several design space windowing steps.  This 

method is used in the search of a single optimum by coupling surrogate modeling with the 

method of steepest descent.  After a surrogate is fitted, a new design space box is constructed at a 

new location by stepping in the direction of the steepest descent.  A new DOE is applied, and a 

new surrogate is constructed for the new design space region.  The obvious disadvantage to this 

method is that it could potentially require a large number of data points for several different local 

optimizations.  Rais-Rohani and Singh85 used sequential response surfaces to increase the 

structural efficiency in various problems.  In the study, Rais-Rohani and Singh employ global 

and local response surface models.  They noted that the global response surface model required a 

large number of data points for sufficient accuracy.  For the local model, a linear response 

surface model was fit to the local regions.  A total of ten design subspaces were needed before 

the optimum was reached.  The two methods obtained similar optimum points, indicating 

comparable accuracy.  However, the global response surface required 1000 to 3000 design 

points, while the local response surface method required from 69 to 406 data points.  The study 
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shows that using a large overall design space region over a small, local design space is not 

always the best choice.  Goel et al.117 reached a similar conclusion in the optimization of a 

diffuser vane shape.  Goel et al. found that surrogates constructed within a smaller, refined 

design space were significantly more accurate than surrogates constructed over the unrefined 

design space. 

It has been shown that design space refinement techniques can increase the accuracy of 

RSAs.  One obvious omission in current design space refinement techniques is a method of 

refining the design space in the presence of multiple objectives when a satisfactory weighting 

criterion is not known.  In the use of RSAs for multi-objective optimization, it is difficult to 

locate a design space that can simultaneously represent the multiple objectives while retaining 

accuracy for each objective.  One solution is to ensure that the design space is large enough to 

encompass all of the effects the design.  This course of action, as Papila et al.78 noted, can 

introduce substantial error into RSA.  Using an alternative surrogate such as Kriging or neural 

networks can alleviate this problem.  However, doing so may require beginning the analysis from 

scratch to obtain a data set using a DOE that is amenable to the desired surrogate model. 

2.4.2 Smart Point Selection for Second Phase in Design Space Refinement 

A popular technique in optimization is the use of the Efficient Global Optimization (EGO) 

algorithm proposed by Jones et al.118  This technique uses the variance prediction provided by 

Kriging to predict the location of the optimum point.  The procedure used to predict the optimum 

point is shown briefly in Figure 2-5 and is described in detail in Section 2.4.3, and involves 

maximizes the expected improvement of a sampled function.  The optimization process usually 

proceeds by sampling the function at a limited number of points.  Kriging used as the surrogate 

model fit to the data points, and the variance and expected improvement across the design space 

is calculated.  The optimization then proceeds in a linear fashion, using the value of the expected 
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improvement to select the optimum.  The predicted optimum is sampled, and then added to the 

data set.  The iteration continues until convergence is reached.   

Various attempts have been made to improve upon the process to make it suitable for 

multi-objective optimization.  Jeong and Obayashi119 used EGO in the multi-objective 

optimization the pressure distribution at two operating conditions of a two-dimensional airfoil 

shape.  Genetic algorithms were used to develop the predicted Pareto front using the value of the 

expected improvement as the fitness criteria.  The Pareto front identifies points that are non-

dominated in the expected improvement of two objectives. Jeong and Obayashi choose three new 

data points based on the original Kriging model: 1) the predicted point with the maximum 

expected improvement in the first objective which lay at one end of the Pareto Front, 2) the 

predicted point with the maximum expected improvement in the second objective at the other 

end of the Pareto front, and 3) a point with an expected improvement that lies in the middle of 

the Pareto front.  The process was iterated multiple times until a converged optimum was 

achieved in both objectives.  This straightforward optimization was concerned with and was 

successful in finding a single optimum, but did not address competing objectives. 

Knowles120 sought modify EGO for the use of computationally expensive multi-objective 

problems.  The new algorithm called ParEGO by simultaneously using Pareto front-based 

optimization with the EGO algorithm, similar to the procedure used by Jeong and Obayashi.119   

In this case, the goal was to develop an accurate Pareto front using a smaller number of function 

evaluations than methods typically used to generate Pareto fronts such as the NSGA-II113 

algorithm.  Again, EGO was used to select the points.  However, this procedure relies on a few 

hundred function evaluations.  This type of evaluation is only possible with relatively 

inexpensive function evaluations or a surrogate model that is already sufficiently accurate. 
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Farhang-Mehr and Azarm121 used a different selection technique for constructing surrogate 

models for crash analyses.  The technique also required a standard DOE and Kriging fit to 

initialize the response surface.  The method then added points based on the predicted 

irregularities in the response surface.  This method allowed for the response surface to be 

improved while requiring potentially fewer points overall.  Thus, the design space was 

adaptively refined using points that were selected based on the predicted objective function, 

itself.  Farhang-Mehr and Azarm cited the benefits of their approach in reducing the total number 

of points needed for optimizations based on computationally expensive simulations.  The 

procedure is good for improving surrogate accuracy, but does not take into account the value of 

the function, meaning that points may be added in regions of non-interest. 

2.4.3 Merit Functions for Data Selection and Reduction 

Using the concepts such as design space reduction (Section 2.4.1) along with the benefits 

of innovative point selection as in the previous section, merit functions, facilitated by Kriging, 

can be smoothly integrated into the multi-objective DSR process.  Merit functions are statistical 

measures of merit that use information of the function values and model uncertainty in the 

surrogate model to indicate the locations where the function values can be improved and 

uncertainty reduced.  In this research effort, merit functions are used to select data points such 

that the accuracy of the surrogate model can be improved using a minimal number of data points.  

The merit functions rely on predictions of the function values and function uncertainty and 

attempt to balance the effects of the two.  Kriging is selected as the surrogate model for the 

optimization due to its inherent ability to provide estimates of both the function value and the 

prediction variance.  Although several merit functions are available, the strengths of a given 

merit function over another for the purpose of multi-objective optimization with an extremely 

limited number of function evaluations has not been determined. 
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Four different merit functions are considered.  Because ordinary Kriging assumes that the 

response data is normally distributed, a statistical lower bound can be calculated. The first merit 

functions seeks to minimizing the statistical lower bound (MF1) given by 

( ) ( ) ( )1 ˆMF y k V= − ⋅x x x  (2-33) 

where k is an adjustable scaling factor that is set to 1 in this study.. The variance V is predicted as 

given in Equation 2-12.  The statistical lower bound is simply the predicted function value minus 

the estimated standard error in the surrogate prediction at a given location, where the estimated 

error is a function of the distance between data points.  Locations far away from any data points 

will have higher estimated error, or variance.  The second merit function is maximizing the 

probability of improvement122 (MF2).  The function is used to calculate the probability of 

improving the function value beyond a value T at any location.  A point is selected where the 

probability of improvement is the highest. 
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where T is a target value given by 

min minT f P f= −  (2-35) 

where fmin is the current predicted optimum, Φ is the normal cumulative distribution function, 

and P is an adjustable scaling factor set to 0.1 in this study, which corresponds to an 

improvement of 10% over the current best function value.  Depending on the value of P, using 

the criterion of maximizing the probability of improvement (MF2) can results in a highly 

localized search.  Jones123 suggests that selecting several targets can help the search proceed in a 

more global manner.  The third merit function is maximizing the expected improvement118 

(MF3).  Maximizing the expected improvement (MF3) is the criterion used in the Efficient Global 
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Optimization (EGO) algorithm developed by Jones et al.118 and has been shown to be effective in 

searching globally for the optimum.  It calculates the amount of improvement that can be 

expected at a given location. 
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where φ is the normal density function.  The fourth merit function to be considered is minimizing 

the expected value of the minimum function value122 (MF4).  The expected value is simply the 

predicted value at a given location minus the expected improvement.  The criterion MF4 is 

similar to MF3, but the search tends to be more local.  Sasena et al.122 suggests that MF4 should 

be used only when there is confidence that the optimum region has been found. 
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The procedure is developed such that it accounts for the presence of multiple objectives.  

In this way, a single point can be selected to improve the response surface across multiple 

objectives.  The procedure involves applying a DOE with a large number of points across the 

design space.  The points are then divided into clusters such that the number of clusters equals 

the number of desired new points. Clustering the data prior to selection ensures that the data are 

spread sufficiently across the design space, reducing the possibility of choosing two points that 

are very near each other.  For the purpose of multi-objective optimization, the characteristics for 

each objective need to be combined before the best points can be selected.  The points are 

selected based on a simple weighting function.  In this study, the data is clustered based on 

proximity using the Matlab function kmeans. For a given cluster m, a rank R is given to each 

point n 
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where F is the value of the selection criterion (merit function, function value, etc.), ,min
m

kF  is the 

point with the smallest value of F within the cluster m, n is a point from the cluster m, and ,maxkF   

and ,minkF  are the maximum and minimum values F, respectively, within the entire data set for 

objective k.  For MF1 and MF4, the point in each cluster with the minimum value R is selected.  

For MF2 and MF3, the point in each cluster with the maximum value R is selected.  The full 

procedure for using merit functions to select points is as follows: 

1. Construct a response surface using Kriging for each objective using an initial sampling. 

2. Determine if the design space size should be reduced.  Construct a DOE using a large 
number of points M within the new design space. 

3. Choose a merit function and calculate the merit function value for each objective k at each 
point M in the new DOE using the predicted function value and variance.   

4. Calculate R at each point M as determined by Equation 2-38. 

5. Choose the desired number of points m to be sampled from the new DOE.  The number of 
points m is selected by the user according to the number of sample points that can be 
afforded by the simulation or experiment.  The quantity M should be much larger than m. 

6. Group the points M into m number of clusters. 

7. Select the point that has the best value of R from each cluster. 

The final set of m design points will satisfy three basic criteria:  

1. The new points will be evenly spread across the new design space 

2. The selected points will be selected such that they are predicted to improve the function 
values in each objective 

3. The selected points are those in each cluster predicted to best reduce the errors in the 
surrogate models for each objective. 
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2.4.4 Method of Alternative Loss Functions 

By modifying the least squares loss function, it is possible to fit several similar, but slightly 

different polynomial response surfaces to the same set of data.  For adequately refined design 

spaces, it can be shown that the difference among these polynomials is negligible.  For design 

spaces that require some type of refinement, large differences can exist.  This property of using 

the differences in different surrogates highlight potential problems in the surrogate model or in 

the data is not new.75  However, the proposed method has an advantage in that surrogates of the 

same type can be compared requiring no change in the data set.  This may enable a quantitative 

measurement in the degree of refinement needed in a problem. 

For a polynomial response surface the prediction at any point i is given as  

1

ˆ
k

i j ij
j

y b x
=

= ∑  (2-39) 

where k is the number of terms in the polynomial response surface and xij are values from the 

matrix X from Equation 2-3.  For example, at any point i, a quadratic response surface with two 

variables can be given as 

2 2
0 1 1 2 1 3 2 4 1 2 5 2ŷ b b x b x b x b x x b x= + + + + +  (2-40) 

or simplified to 

0 1 1 2 2 3 3 4 4 5 5ŷ b b x b x b x b x b x= + + + + +  (2-41) 

The notation used for these and the following equations are adapted from Myers and 

Montgomery.46 To determine the coefficients bj, the loss function to be minimized can be 

defined as 
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where ε is the error given by the difference between the actual response y and the predicted 

response ŷ, and k is the number of terms in the response surface equation.  Figure 2-7 illustrates 

the effect of changing the value of p in the loss function formulation.  For a traditional least 

squares loss function, p = 2.  The coefficient vector bj must be determined such that the loss 

function is minimized.  To do so, the partial derivatives must be set equal to zero 
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resulting in a set of simultaneous equations that must be solved where sgn(εi) = εi /| εi | .  The 

coefficient vector b can be determined using any method for solving simultaneous nonlinear 

equations.  In this study, the Matlab function fsolve can be used to obtain the coefficients. 

Preliminary tests were conducted on data from the preliminary optimization of a radial 

turbine.  Details of this optimization are given in Chapter 3.  This optimization problem involved 

the refinement of the design space for a problem with two objectives and involved screening data 

(Data Set 1) to determine the feasible design space (Data Set 2).  Figure 2-8 shows the results of 

response surfaces fit to Data Set 2 and illustrates how the sums of the squares of the errors 

( 2
1
sN

ii
SSE ε

=
= ∑ ) of a quadratic response surface vary with p for two objectives.  In general, SSE 

increases as p increases.  The amount of change in SSE depends on the size of the design space.  

This can be better illustrated through use of Pareto fronts. 

Figure 2-9 shows the Pareto fronts constructed using response surfaces from the two 

objectives for coordinating values of p.  In this case, data is used from the preliminary 

optimization of a radial turbine, and the objectives are the turbine weight, Wrotor, and the total-to-

static efficiency, ηts.  Figure 2-9A shows a large difference in the Pareto fronts for an identical 
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data set and identical forms of the RSAs.  The only difference was the value of p in the loss 

function.  After the design space was refined (Data Set 3) to improve the accuracies of the RSAs, 

the Pareto fronts based on varying values of p are quite similar.  To study the quantitative 

differences, the curves were integrated to obtain the area under the Pareto front curves, and the 

results were compared to the Pareto front using RSAs obtained from a standard least squares 

regression.  Figure 2-10 shows that the differences in the Pareto fronts from the unrefined design 

space were very large.  In contrast, the Pareto fronts from the refined design space differed by 

less that five percent.  This may be a useful tool in determining whether a design space is 

adequately refined. 

Table 2-1.  Summary of DOE and surrogate modeling references. 
Author Application DOE Surrogate(s) Key results 
Han et al.64 Multiblade 

fan/scroll 
CCD Quadratic 

RSA 
RSA using CCD required no special 

treatment, in this case 

Sevant et al.86 Subsonic wing CCD RSA CCD used to ensure equal variance from 
center of design space.  RSA used to 
smooth numerical noise 

Rais-Rohani 
and Singh85 

Composite 
structures 

LHS, OA, 
random  

RSA Accuracy and efficiency of RSA varies 
depending on choice of DOE 

Kurtaran et al.88 Crash-worthiness Factorial 
design 
with D-
optimal 

Linear, 
elliptic, 
quadratic 
RSA 

Difference between RSAs reduces as 
design space size reduces 

Hosder et al.89 Aircraft 
configuration 

D-optimal RSA A 30 variable optimization required 
design space refinement and multi-
fidelity analysis 

Mahadevan et 
al.92 

Engineering 
reliability 
analysis 

IMSEa 1st-order RSA, 
Kriging 

For very small number of points, 
Kriging performed better than 1st-
order RSA 

Forsberg and 
Nilsson93 

Crash-worthiness D-optimal RSA, Kriging Kriging performs better than RSA in this 
case 

Jin et al.94 Analytic test 
functions 

LHS RSA, MARSb, 
RBF*, 
Kriging 

Kriging more susceptible to noise than 
other surrogates 

Rijpkema et 
al.95 

Analytic test 
functions 

Full factorial RSA, Kriging Kriging better captures local 
perturbations, but causes problems 
when strong noise exists 
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Table 2-1. Continued. 
Author Application DOE Surrogate(s) Key results 
Chung and 

Alonso96 
Supersonic 

business jet 
CCD, MPDc RSA, Kriging Kriging better at fitting when there are 

several local optima 

Simpson et al.97 Aerospike nozzle OA RSA, Kriging Kriging and RSA produce comparable 
results 

Mahajan et 
al.102 

Radiation shield Full factorial NN Gain information on system trends and 
shield performance 

Papila et al.78  Supersonic 
turbine 

FCCD, OA, 
D-optimal 

NN, RSA NN data used to supplement CFD data 
for RSA  

Shi and 
Hagiwara105 

Crash-worthiness CCD with D-
optimal 

RSA, NN Maximized vehicle energy dissipation 

aIMSE – integrated mean square error92 
bMARS – multivariate adaptive regression splines124 
cMPD – minimum point design96 

 
Table 2-2.  Design space refinement (DSR) techniques with their applications and key results. 
Author Application DSR Technique Key Results 
Balabanov et 

al.70 
Transport wing Reasonable design 

space 
Unreasonable designs eliminated and 

surrogate accuracy improved 

Roux et al.73 Structural 
optimization 

Design space 
windowing 

Polynomial RSA accuracy sensitive to 
design space size 

Papila et al.82 Supersonic 
turbine 

Design space reduction Design space reduction substantially 
improved RSA accuracy 

Rais-Rohani and 
Singh85 

Structural 
optimization 

Sequential response 
surface 

Successive small design spaces more 
efficient than large design space 

Bosque-Sendra 
et al.125 

Chemical 
applications 

Sequential response 
surface 

Box-Behnken design used to move and 
resize design space while including 
previously used points 

Papila et al.77 Preliminary 
turbine 
design 

Design space 
windowing 

Windowing improved RSA accuracy 
over global RSA 

Jeong and 
Obayashi119 

2D airfoil shape Smart point selection 
using EGO 

Used expected improvement uncertainty 
parameter for Pareto front fitness to 
select new design points 

Knowles120 Arbitrary 
functions 

Pareto front refinement 
using EGO 
(ParEGO) 

ParEGO more efficient than random 
search for Pareto front construction 

Farhang-Mehr 
and Azarm121 

Crash analysis Smart point selection 
based on function 
irregularities 

Increasing point density in irregular 
function regions improves surrogate 
accuracy using minimal points 
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Figure 2-1. Optimization framework flowchart. 
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Figure 2-2.  DOEs for noise-reducing surrogate models.  A) Central composite design and B) 
face centered cubic design for two design variables.  The extreme points are selected 
around a circle for CCD and a square for FCCD. 
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Figure 2-3.  Latin Hypercube Sampling. A) LHS with holes in the design space.  B) Orthogonal 
array LHS can help address this issue by filling the design space more evenly. 
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Figure 2-4.  Design space windowing showing optimum based on original design space and the 
final optimum based on the refined design space. 

actual function
kriging model
merit function
original data points
new data points

 
Figure 2-5.  Smart point selection.  The final Kriging approximation of the actual function is 

shown.  The new point added in each cycle is shown along with the three points at the 
function ends and center that comprised the original Kriging approximation.  In this 
case, points are selected based on the location of the minimum merit function value. 
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Figure 2-6.  Depiction of the merit function rank assignment for a given cluster given by 

Equation 2-38 for two objectives where min
m m m
n na F F= − . 

 

Figure 2-7.  The effect of varying values of p on the loss function shape.  A traditional least 
squares loss function is shown by p = 2. 
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Figure 2-8.  Variation in SSE with p for two different responses in the preliminary optimization 
of a radial turbine for the unrefined design space (Data Set 2). 

A      B  

Figure 2-9.  Pareto fronts for RSAs constructed with varying values of p for A) the original 
design space and B) the refined design space.  The blue dots represent actual 
validation data along the Pareto front constructed on the refined design space using 
standard least squares regression. 
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Figure 2-10.  Absolute percent difference in the area under the Pareto front curves for the 
original feasible design space (RS 2) and the refined design space (RS 3) for various 
values of p as compared to a traditional least squares loss function (p = 2). 
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CHAPTER 3  
RADIAL TURBINE OPTIMIZATION 

Surrogates can be used to obtain necessary information about the design space.  This 

information can be used to help refine the design space to improve the accuracy of the surrogate 

model.  The following case study demonstrates how response surfaces can be used to provide 

constraint information necessary in refining the design space to prevent infeasible CFD runs.  It 

also shows ways in which the design space can be refined to a small region of interest by using 

Pareto fronts to simultaneously satisfy two objectives. 

A response surface-based dual-objective design optimization was conducted in the 

preliminary design of a compact radial turbine for an expander cycle rocket engine.  The 

optimization objective was to increase the efficiency of the turbine while maintaining low 

turbine weight.  Polynomial response surface approximations were used as surrogates and the 

accuracy of such approximations improves by limiting the size of the domain and the number of 

variables of each response of interest.  This was done in three stages using an approximate, one-

dimensional model.  In the first stage, a relatively small number of points were used to identify 

approximate constraint boundaries of the feasible domain and reduce the number of variables 

used to approximate each one of the constraints.  In the second stage, a small number of points in 

this approximate feasible domain were used to identify the domain where both objectives had 

reasonable values.  The last stage focused on obtaining high accuracy approximation in the 

region of interest with a large number of points. The approximations were used to identify the 

Pareto front and perform a global sensitivity analysis. Substantial improvement was achieved 

compared to a baseline design.   

A second study was conducted on the radial turbine data after the first optimization study 

was completed.  The research effort was also used to test strategies of improving the efficiency 
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of the DSR process by reducing the necessary number of points for use in the multi-objective 

optimization of computationally expensive problems. These improved DSR strategies were 

applied to the optimization of a compact radial turbine, which was originally optimized using 

traditional response surface methodology and Pareto fronts. Merit functions were used to reduce 

the number of points in the analysis, while ensuring that the accuracy of the surrogate was 

maintained.  In particular, the use of merit functions in a multi-objective optimization process 

was explored.  This research seeks to explore the benefits of using merit functions to select 

points for computationally expensive problems. The purpose of the proposed analysis procedure 

is twofold.  First, it must be ensured that using a given selection criterion, such as merit functions 

to select the data points, results in better surrogate accuracy than using a seemingly more obvious 

method, such as simply choosing points with the best function values.  Second, it must be 

determined whether the use of one merit function for the purpose of computationally expensive 

multi-objective optimization is superior over the other merit functions. 

3.1 Introduction 

In rocket engines, a turbine is used to drive the pumps that deliver fuel and oxygen to the 

combustion chamber.  Cryogenic fuel is heated, resulting in a phase change to a gaseous state.  

The increased pressure drives the turbine.  However, the survivability of turbine blades limits the 

degree to which the fuel can be heated.  There is a limited amount of heat available from the 

combustion process with which to preheat the fuel, resulting in low chamber pressure and 

temperature. This can be an advantage because lower fuel temperatures can improve turbine 

reliability. However, the low chamber pressure means that the turbine work output is also 

limited. 

Turbine work can be increased in two ways: increasing the available energy in the drive 

gas or improving the efficiency by which the turbine can extract the available energy.  Increasing 
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the available energy for a given fluid is accomplished by increasing the turbine inlet temperature.  

To increase the turbine inlet temperature in an expander cycle, a higher heat flux from the thrust 

chamber to the cooling fuel is needed.  Obtaining this higher heat flux is problematic in several 

ways.  First, materials and manufacturing development is necessary to produce a thrust chamber 

with high heat flux capability.  This work is an ongoing area of technology development.  

Second, to enable a higher heat exchange, increased surface area and contact time between the 

thrust chamber and cooling fuel is needed.  These requirements lead to a larger, and heavier, 

thrust chamber.  In addition, significantly raising the turbine inlet temperature defeats the 

expander cycle’s advantage of maintaining a benign turbine environment.  Immich et al.126 

reviewed methods of enhancing heat transfer to the combustion chamber wall in an expander 

cycle.  The authors tried three methods of enhancing heat flux to the unburned fuel: 1) Increase 

the length of the combustion chamber, 2) increase the combustion chamber wall surface area by 

adding ribs, and 3) increase the combustion chamber wall roughness.  The authors also 

mentioned that in the future they would experimentally investigate the influence of the 

distribution of the injector element distribution and the effect of the distance of the injector 

element to the wall on the heat transfer to the wall.  However, results of the future analysis are 

not available. 

The second approach to increasing turbine work is to improve turbine efficiency.  If the 

turbine inlet temperature is held constant, an increase in turbine work is directly proportional to 

efficiency increase.  If the required work can be achieved with moderate efficiency, an 

improvement in that efficiency can be traded for reduced inlet temperatures, providing better 

design environment margins.  One way to improve turbine efficiency is to use a radial turbine. 

Radial inflow turbines perform better than axial turbines at high velocity ratios, exhibit better 
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tolerance to blade incidence changes, and have lower stresses than axial designs.  Radial turbines 

have been used successfully in automotive applications, but are not often used in rocket engines 

due to their relatively large size and weight.  The size of the compact radial turbines makes them 

applicable to rocket engine cycles when a high velocity ratio is involved.  

This research will focus on improving turbine efficiency.  The radial turbine design must 

provide maximum efficiency while keeping the overall weight of the turbine low.  This 

necessitates a multi-objective optimization.  A response surface analysis46 provides an efficient 

means of tackling the optimization problem.   

The research presented here represents the preliminary optimization of a radial turbine 

using a simplified 1-D radial turbine model adapted from the 1-D Meanline127 code utilized by 

Papila et al.82  The Meanline code provides performance and geometry predictions based on 

selected input conditions.  It is an approximate and inexpensive model of the actual processes.  

Because it is an approximate model, there is some degree of uncertainty involved, but it can 

provide a good starting point in the design process. 

Using response surface analysis, an accurate surrogate model was constructed to predict 

the radial turbine weight and the efficiency across the selected design space.  The surrogate 

model was combined with a genetic algorithm-based Pareto front construction and facilitates 

global sensitivity evaluations.  Because the radial turbine represented a new design, the feasible 

design space was initially unknown. Techniques including design constraint boundary 

identification and design space reduction were necessary to obtain an accurate response surface 

approximation (RSA). The analysis used the optimization framework outlined in Chapter 2.  The 

framework steps included in the analysis are 1) modeling of the objectives using surrogate 

models, 2) refining the design space, 3) reducing the problem dimensionality, and 4) handling 
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multiple objectives with the aids of Pareto front and a global sensitivity evaluation method.  

Finally, the ability of Merit Functions to improve the efficiency of the optimization process was 

demonstrated. 

3.2 Problem Description 

The radial turbine performance was simulated using the 1-D Meanline code. Using a 1-D 

code allowed for the availability of relatively inexpensive computations. To determine whether 

using the 1-D code was feasible for optimization purposes, a 3-D verification study was 

conducted. Once the Meanline code was verified, the radial turbine optimization could proceed. 

3.2.1 Verification Study 

Three-dimensional unsteady Navier-Stokes simulations were performed for the baseline 

radial turbine design, and the predicted performance parameters were compared with the results 

of the Meanline analysis. Simulations were performed at three rotational speeds: the baseline 

rotational speed of 122,000 RPM, a low speed of 103,700 RPM and a high-speed of 140,300 

RPM. A 2-vane/1-rotor model was used. The simulations were run with and without tip 

clearance, and the computational grids contained approximately 1.1 million grid points. 

The PHANTOM code was used to perform the numerical simulations.128 The governing 

equations in the PHANTOM code are the three-dimensional, unsteady, Navier-Stokes equations. 

The equations have been written in the Generalized Equation Set (GES) format,129 enabling it to 

be used for both liquids and gases at operating conditions ranging from incompressible to 

supersonic flow. A modified Baldwin-Lomax turbulence model is used for turbulence closure.130 

In addition to the perfect gas approximation, the code contains two options for the fluid 

properties. The first option is based on the equations of state, thermodynamic departure 

functions, and corresponding state principles constructed by J. C. Oefelein at Sandia Corporation 

in Livermore, California. The second option is based on splines generated from the NIST 
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Tables.131 A detailed description of the code/algorithm development, as well as its application to 

several turbine and pump test cases, is presented in Venkateswaran and Merkle129 and Dorney et 

al.132  

 Figure 3-1 shows static pressure contours (psi) at the mid-height of the turbine for the 

baseline rotational speed of 122,000 RPM. This figure illustrates the geometry of the turbine, and 

the contours indicate that the pressure decrease is nearly evenly divided between the vane and 

the rotor. In fact, the reaction was approximately 0.60 for each of the three 3-D simulations as 

compared to 0.55 for the 1-D simulation. Figure 3-2 contains the predicted total-to-static 

efficiencies from the Meanline and CFD analyses. The CFD results include values with and 

without tip clearance. In general, fair agreement is observed between the Meanline and CFD 

results. The trends are qualitatively similar, but the Meanline analysis predicts higher 

efficiencies. There is approximately a four-point difference in the quantitative values. The 

quantitative differences in the results are not surprising considering the lack of experimental data 

available to anchor the Meanline code. The differences in the predictions with and without tip 

clearance decrease with increasing rotational speed.  Figure 3-3 shows the predicted work from 

the Meanline and CFD analyses. The trends are again similar between the Meanline and CFD 

analyses, but the Meanline values are consistently 5 – 6% higher than the CFD values. 

The similar trends between the 1-D Meanline code and 3-D CFD analyses indicate that the 

optimization can be confidently performed on the 1-D Meanline code. It can be expected that for 

a given turbine speed the Meanline code will over-predict the total-to-static efficiency by an 

expected degree. The predicted optimum point based on the 1-D Meanline code will likely yield 

overly optimistic results, but the predicted degree of improvement should translate to the 3-D 

CFD analysis. 
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3.2.2 Optimization Procedure 

The purpose of the design optimization is to maximize the turbine efficiency while 

minimizing the turbine weight.  A total of six design variables were identified.  The ranges of the 

design variables were set based on current design practices.  Additionally, five constraints were 

identified.  Two of the five constraints are structural constraints, two are geometric constraints, 

and one is an aerodynamic constraint.  The aerodynamic constraints are based on general 

guidelines.  The descriptions of all objectives, variables, and constraints are given in Table 3-1.   

It is unknown in what way the constraints depend on the design variables.  It is possible 

that certain combinations of design variables will cause a constraint violation.  It is also unknown 

whether the selected ranges result in feasible designs.  The response surface analysis can help 

clarify these unknown factors.   

The design of experiments (DOE) procedure was used to select the location of the data 

points that minimize the effect of noise on the fitted polynomial in a response surface analysis.  

A face-centered cubic design was used to generate a total of 77 data points within the selected 

ranges. 

3.3 Results and Discussion 

3.3.1 Phase 1: Initial Design of Experiments and Construction of Constraint Surrogates 

The values of the objective functions were obtained using the Meanline code.  Of the 77 

solutions from the initial DOE, seven cases failed and 60 cases violated one or more of the five 

constraints, resulting in only 10 successful cases. Before the optimization could be conducted, a 

feasible design space needed to be identified. Because there was limited information on the 

dependencies of the output constraints on the design variables, response surface analyses were 

used to determine these dependencies. Response surfaces were used to properly scale the design 

variable ranges and identify irregular constraint boundaries. 
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Quadratic response surfaces were fit to the output constraints. The change in each response 

surface with respect to changes in some of design variables was small, indicating that the 

response surfaces were largely insensitive to certain design variables. The accuracy of the 

response surfaces was not compromised when the identified design variables were neglected. 

Therefore, for each response surface, the effects of variables that contributed little to the 

response surface were removed. In this way, each response surface was simplified. The 

simplified dependencies are shown in Equation 3-1. 
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The information obtained from the response surfaces about the output constraint 

dependences were further used to develop constraints on the design variables. A quadratic 

response surface was constructed for each design variable as a function of the output constraint 

and the remaining design variables, for example, 

( )1, ,React React U/Cisen Tip Flwβ=  (3-2)  

The most accurate response surfaces (R2
adj ≥ 0.99) were used to determine the design variable 

constraints. The output constraints were in turn set to the constraint limits. For example, a 

constraint on React was applied to coincide with the constraint β1 ≥ 0: 
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Constraint boundary approximations were developed in this manner for each constraint.  

As can be seen from Equation 3-1, two of the five constraints (AN2 and Tip Spd) were simple 

limits on a single variable. For the single variable constraints, the variable ranges were simply 
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reduced to match the constraint boundaries. The remaining constraints were more complex. 

However, one of the complex constraints (Rsex/Rsin) was automatically satisfied by the 

reduction of the variable ranges for the single variable constraints. The feasible region is shown 

in Figure 3-4. 

The remaining constraints involved three variables each. It was discovered that many low 

values of RPM violated the Cx2/Utip constraint. The region of violation was a function of RPM, 

U/C isen, and AnsqrFrac as shown in Figure 3-5. The β1 constraint was found to be the most 

demanding and resulted in a feasible design space as shown in Figure 3-6. Much of the original 

design space violated this constraint. It was also discovered that the constraint surface 

representing the bounds for β1 ≥ 40 lay outside of the original design variable range for React. In 

this case, the lower bound for React was sufficient to satisfy this constraint. 

The predictive capability of the constraints was tested using the available data set. The 

design variable values were input into the RSAs for the constraints. Using the RSAs, all points 

that violated the output constraints were correctly identified. Now that the feasible design space 

was accurately identified, data points could be placed in the feasible data region. The results and 

summary of the prediction of constraint violations are as follows: 

1. Quadratic response surfaces were constructed to determine the relationship between the 
output constraints and the design variables. 

2. The variable ranges were adjusted based on information from the constraint surfaces. 

3. A 3-level factorial design (729 points) was applied within new variable ranges. 

4. Points that violated any constraints (498 / 729 points) were eliminated based on RSAs of 
constraints. 

Using the response surface constraint approximations, 97% of the 231 new data points 

predicted to be feasible lay within the actual feasible design space region after simulation using 

the Meanline code. The points that were predicted to be feasible, but were actually found to be 
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infeasible, often violated the β1 ≥ 0 requirement by a slight amount.  The resulting data set 

contained 224 data points. 

3.3.2 Phase 2: Design Space Refinement 

Plotting the data points in function space revealed additional information about the 

location of the design space as shown in Figure 3-7. A large area of function space contained 

data points with a lower efficiency than was desired. There also existed areas of high weight 

without improvement in efficiency. Additionally, the fidelity of the response surface for ηts was 

apparently compromised by the existence of a design space that was too large. These undesirable 

areas could be eliminated, and the response surface fidelity could be improved by refining the 

design space. The density of points could then be increased within the region of interest, 

eliminating the possibility of unnecessary investigation of undesirable points. The region of 

interest is shown in Figure 3-7.  

To further test the necessity of a reduced design space, five RSAs each were used to fit the 

data for Wrotor and ηts in the original feasible design space. These response surfaces were 

constructed using the general loss function given in Equation 2-42 for p = 1…5. The RSA 

constructed using the least square loss function (p = 2) was used as a reference point. As seen in 

Figure 3-8, regardless of the RSA used, the error in the RSA at the data points is high at high 

Wrotor and low ηts. To improve RSA performance, additional data points could be added in these 

regions, or these data regions could be eliminated. 

Pareto fronts were constructed for each RSA set. The results are shown in Figure 3-9. In 

this case, the Pareto fronts differ by as much as 20%. Because the results differ significantly 

depending on which RSA is used, this also indicates that further design space refinement is 

necessary. 
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The design variable bounds were further reduced to match the new design space. The new 

design variable ranges are given in Table 3-3. Quadratic response surfaces were constructed for 

the turbine weight, Wrotor, and the turbine total-to-static efficiency, ηts, using the original feasible 

design space to screen data points. Points predicted to lie outside of the refined design space 

would be omitted. For the refined design space, a third set of data was required. As seen in 

Figure 3-7, using a factorial design tended to leave holes in function space. It was possible that 

this could hamper construction of an accurate Pareto front. To prevent this, Latin Hypercube 

Sampling was used to help close possible holes for the third data set. The points were efficiently 

distributed by maximizing the minimum distance between any points. Of the best points from the 

second data set, it only RPM, Tip Flw, and U/C isen varied, while React and Dhex% remained 

constant at their lowest values, and  AnsqrFrac remained constant at its maximum value among 

these points. To ensure that this effect was captured in the third data set, additional points were 

added using a 5-level factorial design over these three variables.  The remaining variables were 

held constant according the values observed in the best trade-off points. Quadratic response 

surfaces previously constructed for the turbine weight, Wrotor, and the turbine total to static 

efficiency, ηts, were used to screen the potential data points. Points predicted to lie outside of the 

newly refined design space would be omitted from the analysis. In summary, 

1. Only the portion of design space with best performance was reserved to allow for a 
concentrated effort on the region of interest and to increase response surface fidelity. 

2. Latin Hypercube Sampling (181 / 300 feasible points) was used over all six variables and 
was supplemented by a 5-level factorial design used over RPM, Tip Flw, and U/C isen 
(119 / 125 feasible points) to improve resolution among the best trade-off designs. 

3. Points that were predicted to violate constraints or lie outside of region of interest were 
omitted. 

The combination of the DOEs resulted in a total of 323 feasible design points. 
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3.3.3 Phase 3: Construction of the Pareto Front and Validation of Response Surfaces 

As in the second data set, five RSAs each with p = 1…5 were used to fit the data for Wrotor 

and ηts for the third data set. Pareto fronts were constructed for each RSA set and are shown in 

Figure 3-10. In this case, the Pareto fronts differed by a maximum of only 5%. Because the 

difference in the response surfaces for varying values of p is small for the third data set, the 

design space was determined to be adequately refined. 

Function evaluations from the quadratic response surfaces (p = 2) were used to construct 

the Pareto Front shown in Figure 3-11. Within the Pareto front, a region was identified that 

would provide the best value in terms of maximizing efficiency and minimizing weight. This 

trade-off region was selected for the validation of the Pareto front. The results of the subsequent 

validation simulations indicated that the response surfaces and corresponding Pareto front were 

very accurate. A notable improvement was attained compared to the baseline radial turbine 

design. The design selected optimum design had the same weight (Wrotor) as the baseline case 

with approximately 5% improvement in efficiency. The specifications for the optimum design 

are given in Table 3-4. 

Within the best trade-off region, only RPM and Tip Flw vary along the Pareto front as seen 

in Figure 3-12. The other variables are constant within the trade-off region and are set to their 

maximum or minimum value. This indicates that increasing the range of one of these variables 

might result in an increase in performance. The minimum value of the variable React was chosen 

as the only variable range that could reasonably be adjusted. The validation points were 

simulated again using a reduced React value. Reducing the minimum value of React from 0.45 to 

0.40 increased the maximum efficiency only for Wrotor > 1. The maximum increase in efficiency 

improved from 4.7% to 6.5%, but this increase occurred outside of the preferred trade-off region. 



 

87 

It was further determined that using a React value of 0.40 resulted in a turbine design that was 

too extreme. 

Based on the results of the current study, several observations can be made concerning the 

design of high-performance radial turbines.  

1. The more efficient designs have a higher velocity ratio based on the rotational speed as 
shown by U/C isen in Figure 3-12. This is a result of the inlet blade angle being fixed at 
0.0 degrees due to structural considerations. Classic radial turbine designs have velocity 
ratios of approximately 0.70. 

2. The more efficient designs have a smaller tip radius and larger blades (AnsqrFrac) as 
compared to designs with a larger radius and smaller blades. Increasing the annulus area 
leads to higher efficiencies. In this case, the annulus area (AnsqrFrac) is set to the highest 
value allowable while respecting stress limitations. 

3. The higher performing designs have higher rotational speeds (as compared to the original 
minimum RPM value of 80,000 given in Table 3-1) as a result of the smaller radius and 
large blades. The higher rotational speeds also lead to more efficient pump operation. 

3.3.4 Phase 4: Global Sensitivity Analysis and Dimensionality Reduction Check 

A global sensitivity analysis was conducted using the response surface approximations for 

the final design variable ranges given in Table 3-4. The results are shown in Figure 3-13. It was 

discovered that the turbine rotational speed RPM had the largest impact on the variability of the 

resulting turbine weight Wrotor. The effects of the rotational speed RPM along with the isentropic 

velocity ratio U/C isen make up 97% of the variability in Wrotor. All other variables and variable 

interactions have minimal effect on Wrotor. For the total to static efficiency, ηts, the effects of the 

design variables are more evenly distributed. The reaction variable, React, has the highest overall 

impact on ηts at 28%. This information is useful for future designers. For future designs, it may 

be possible to eliminate all variables except RPM and U/C isen when evaluating Wrotor, whereas 

for ηts, it may be necessary to keep all variables. 
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It must be noted that the local variability at any given point can vary significantly from the 

global sensitivity values due to the nonlinear nature of the RSAs. However, the global sensitivity 

analysis can be scaled to the region of interest to explore more localized effects. 

3.4 Merit Function Analysis 

Merit functions were used in an attempt to reduce the number of points in the DSR 

analysis as compared to the original radial turbine optimization study.  They were used to select 

data points such that the accuracy of the surrogate model can be improved using a minimal 

number of data points.  The merit functions rely on predictions of the function values and 

variance and attempt to balance the effects of the two.  Kriging was selected as the surrogate 

model for the optimization.  The merit function analysis demonstrates how the merit functions, 

facilitated by Kriging, can be integrated into the DSR process. 

3.4.1 Data Point Selection and Analysis 

First, a Kriging model is fit to the 231 points that comprised the feasible design space 

constructed as the result of the first cycle in the optimization process.  This feasible design space 

is designated DS1.  Next, the 323 points from the refined design space constructed during the 

second cycle of the optimization process are used as a databank.  This reasonable design space is 

designated DS2, but no function values are initially made at these points.  Out of the databank of 

data point locations from DS2, points are clustered based on proximity, and the point from each 

cluster that is predicted to have the best characteristics based on merit function values is selected 

for function evaluation.  It is assumed that the points in DS2 lay very near the suspected optima.  

The procedure used in the analysis is given as follows: 

1. Fit Kriging model to points in the feasible design space (DS1) for each objective. 

2. Using Kriging model from DS1, predict function value ŷ and prediction variance V(x) at 
each point in reasonable design space (DS2) for each objective. 
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3. Calculate merit function values at each point in DS2 based on Eqs. (2-33) through (2-37). 

4. Normalize variables by the design variable range and cluster the data points from DS2 into 
m groups, based on proximity. 

5. Select 6 sets of m points each: 

a. Choose the data points with the best rank R from each cluster and predict objective 
value at those points for each of the four merit functions. 

b. Choose the points with the best rank R based on the minimum function value fmin 
from each cluster using Equation 2-38. 

c. Choose the data points that lie closest to the cluster centers. 

6. Evaluate objectives at each point in each of the six data sets. 

7. Fit Kriging model to the points in each of the six data sets. 

8. Use Kriging model to predict objective values along Pareto front for each set. 

9. Calculate the errors in the objective values for each scenario. 

10. Repeat steps 1 through 9 for 100 times such that the random variation that occurs when 
clusters are selected sets is minimal. 

11. Compare accuracy of different selection criteria among the 6 selection criteria. 

12. Repeat steps 1 through 11 using m = 20, 30, 40, 50 clusters (with one data point selected 
per cluster) to check sensitivity to number of data points. 

13. Compare accuracy among the 6 selection criteria for different numbers of data points. 

3.4.2 Merit Function Comparison Results 

The points along the validated Pareto front given by the blue curve in Figure 3-11 were 

predicted by each of the six new Kriging approximations based on MF1, MF2, MF3, MF4,  fmin, or 

the cluster centers.  The differences were small for data sets containing 50 data points, so the 

results shown in Figure 3-14 and Figure 3-15 are illustrated using the results of the smallest data 

set.  The results for a selected cluster set and 20 data points are shown in Figure 3-14.  Although 

only 20 points were selected by maximizing the probability of improvement (MF2) and used to 

generate the Kriging model, the predicted points only vary slightly from the actual values along 
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most of the Pareto front.  This indicates that the 20 data points selected by MF2 actually lie on or 

very near the Pareto front. Because Kriging interpolates the data points, the prediction of points 

near the 20 data points is very good which leads to the construction of an accurate Pareto front.  

It is likely that the prediction of points away from the Pareto front would be very poor.  Other 

selection criteria were not as successful in predicting points along the Pareto front.   

The absolute scaled error at each point is calculated as 
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The error distribution for data points along the Pareto front for each selection criterion is given in 

Figure 3-15.  The use of MF2 results in the lowest combined error.  Thus, it is demonstrated 

qualitatively that selecting points using MF2 results in the highest accuracy for data sets with a 

low number of points. 

 Due to the random nature of the Matlab function kmeans that is used to generate the 

clusters, the cluster sets can be slightly different depending on the starting point of the search, 

especially if the data set being clustered is well distributed.  For this reason, 100 different cluster 

sets were used to reduce effects due to cluster selection.  The mean and maximum error 

distributions were compared for various numbers of data points and the different selection 

criteria and are shown in Figure 3-16 and Figure 3-18, respectively.  Figure 3-17 and Figure 3-19 

provide direct comparisons of all selection criteria using the median values from Figure 3-16 and 

Figure 3-18, respectively.  By using the probability of improvement MF2 as a selection criterion, 

the overall accuracy was maintained to a surprising degree.  Except for MF1, using merit 
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functions as selection criteria appeared to result in better accuracy than simply selecting the point 

with the minimum function value or centers from each cluster.  Using MF1 gave results that were 

very similar to using fmin.  When the maximum error was considered, however, all merit 

functions except MF2 resulted in higher maximum errors as the number of points decreased. 

Selecting points based on maximizing the probability of improvement resulted in the best 

performance given a small number of data points as compared to simply choosing the minimum 

function value or cluster centers.  The results in the use of the remaining merit functions were 

mixed. Maximizing the probability of improvement, maximizing the expected improvement, or 

minimizing the expected value of the minimum function value resulted in lower average errors 

than selection based on minimizing the statistical lower bound, minimum function value, or 

cluster centers.  However, simply selecting the cluster centers seemed to limit the maximum 

error better than any merit function except maximizing the probability of improvement.  In this 

analysis, it was possible to reduce the number of points in the final optimization cycle by 94% 

while keeping the accuracy of points along the Pareto optimal front within 10% with an average 

error of only 3% or less. 

3.5 Conclusion 

An optimization framework can be used to facilitate the optimization of a wide variety 

design problems.  The liquid-rocket compact radial turbine analysis demonstrated the 

applicability of the framework: 

• Surrogate Modeling.  The radial turbine optimization process began without a clear idea 
of the location of the feasible design region.  RSAs of output constraints were successfully 
used to identify the feasible design space. 

• Design Space Refinement.  The feasible design space was still too large to accommodate 
the construction of an accurate RSA for the prediction of turbine efficiency.  A reasonable 
design space was defined by eliminating poorly performing areas thus improving RSA 
fidelity. 
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• Dimensionality Reduction.  A global sensitivity analysis provided a summary of the 
effects of design variables on objective variables, and it was determined that no variable 
could be eliminated from the analysis. 

• Multi-objective Optimization using Pareto Front.  Using the Pareto front information 
constructed using genetic algorithms, a best trade-off region was identified within which 
the Pareto front and the response surfaces used to create the Pareto front were validated.  
At the same weight, the RS optimization resulted in a 5% improvement in efficiency over 
the baseline case. 

• Merit Functions.  A methodology was presented to use merit functions as a selection 
criteria to reduce the number of points required for multi-objective optimization.  Using 
merit functions gives the ability of dramatically reducing the number of points required in 
the final cycle of multi-objective optimization. 

Through this study, a number of aspects from the framework were demonstrated, and the 

benefits of the various steps were made apparent.  The framework provides an organized 

methodology for attacking several issues that arise in design optimization. 

Table 3-1.  Variable names and descriptions. 

 

Objective 
variables 

Description Baseline design  

Wrotor  Relative measure of “goodness” for overall weight 1.147  

ηts Total-to-static efficiency 85%  

Design variables  MIN Baseline MAX 
RPM Rotational Speed 80,000 122,000 150,000 

React Percentage of stage pressure drop across rotor 0.45 0.55 0.70 

U/C isen Isentropic velocity ratio 0.50 0.61 0.65 

Tip Flw Ratio of flow parameter to a choked flow 
parameter 

0.30 0.25 0.48 

Dhex % Exit hub diameter as a percent of inlet diameter 0.10 0.58 0.40 

AnsqrFrac Used to calculate annulus area (stress indicator) 0.50 0.83 1.0 

Constraints  Desired range  
Tip Spd Tip speed (ft/sec) (stress indicator) ≤ 2500  

AN2 Annulus area × speed2 (stress indicator) ≤ 850  

β1 Blade inlet flow angle 0 ≤  β1 ≤ 40  

2C/Utip Recirculation flow coefficient (indication of 
pumping upstream) 

≥ 0.20  

Rsex/Rsin Ratio of the shroud radius at the exit to the shroud 
radius at the inlet 

≤ 0.85  
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Table 3-2.  Response surface fit statistics before (feasible DS) and after (reasonable DS) design 
space reduction. 

 Feasible DS  Reasonable DS   
 Wrotor ηts  Wrotor ηts  
R2 0.987 0.917 0.996 0.995
R2

adj 0.985 0.905 0.996 0.994  
Root Mean Square Error 0.094 0.020 0.0235 0.00170
Mean of Response 1.04 0.771 1.04 0.844
Observations  224 224 310 310
 
Table 3-3.  Original and final design variable ranges after constraint application and design space 

reduction. 
 Original ranges  Final ranges  Design 

variable Description MIN MAX MIN MAX 
RPM Rotational Speed 80,000 150,000 100000 150,000

React Percentage of stage pressure drop across 
rotor 0.45 0.68 0.45 0.57

U/C isen Isentropic velocity ratio 0.5 0.63 0.56 0.63

Tip Flw Ratio of flow parameter to a choked flow 
parameter 0.3 0.65 0.3 0.53

Dhex% Exit hub diameter as a % of inlet 
diameter 0.1 0.4 0.1 0.4

AnsqrFrac Used to calculate annulus area (stress 
indicator) 0.5 0.85 0.68 0.85

 
Table 3-4.  Baseline and optimum design comparison. 
Objectives Description Baseline Optimum 
Wrotor Relative measure of “goodness” for overall 

weight 
1.147 1.147

ηts Total-to-static efficiency 85.0% 89.7%

Design Variables   Baseline Optimum 
RPM Rotational Speed 122,000 124,500

React Percentage of stage pressure drop across rotor 0.55 0.45

U/C isen Isentropic velocity ratio 0.61 0.63

Tip Flw Ratio of flow parameter to a choked flow 
parameter 

0.25 0.30

Dhex % Exit hub diameter as a % of inlet diameter 0.58 0.10

AnsqrFrac Used to calculate annulus area (stress indicator) 0.83 0.85
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Figure 3-1.  Mid-height static pressure (psi) contours at 122,000 rpm. 

0.74

0.76

0.78

0.8

0.82

0.84

0.86

0.88

0.9

0.92

100000 105000 110000 115000 120000 125000 130000 135000 140000 145000 150000

RPM

To
ta

l-t
o-

St
at

ic
 E

ffi
ci

en
cy

Meanline

CFD - No tip clearance

CFD - W/tip clearance

 

Figure 3-2.  Predicted Meanline and CFD total-to-static efficiencies. 
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Figure 3-5. Constraint surface for Cx2/Utip = 0.2. At higher values of AnsqrFrac and U/C isen, 
lower values of RPM are infeasible. 

 

Figure 3-6. Constraint surfaces for β1 = 0 and β1 = 40. Values of β1 > 40 lay outside of design 
variable ranges. 
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Figure 3-7.  Region of interest in function space. (The quantity 1 – ηts is used for improved plot 
readability.) 
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Figure 3-8.  Error between RSA and actual data point.  A) Wrotor and B) ηts at p = 1, 2, and 5. 
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Figure 3-8.  Continued. 

 

Figure 3-9.  Pareto fronts for p = 1 through 5 for second data set. (The quantity 1 – ηts is used for 
improved plot readability.) Pareto fronts differ by as much as 20%. 
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Figure 3-10.  Pareto fronts for p = 1 through 5 for third data set. (The quantity 1 – ηts is used for 
improved plot readability.) Pareto fronts differ by no more than 5%. 

 

Figure 3-11.  Pareto Front with validation data.  Deviations from the predictions are due to 
rounded values of the design variables (prediction uses more significant digits).  The 
quantity 1 – ηts is used for improved plot readability. 
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Figure 3-12.  Variation in design variables along Pareto Front. 
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Figure 3-13.  Global sensitivity analysis.  Effect of design variables on A) Wrotor and B) ηts.  
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Figure 3-14.  Data points predicted by validated Pareto front compared with the predicted values 
using six Kriging models based on 20 selected data points.  The validated Pareto front 
is labeled “Actual.” 

 

Figure 3-15.  Absolute error distribution for points along Pareto front using 20 selected data 
points each where the points were selected using (1) MF1, (2)  MF2, (3) MF3, (4) MF4, 
(5) fmin, and (6) cluster centers. 
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Figure 3-16.  Average mean error distribution over 100 clusters for (1) 50 points, (2) 40 points, 
(3) 30 points, and (4) 20 points.  As number of points decreases, merit functions 2, 3, 
and 4 perform better than MF1, fmin, or cluster centers with MF2 showing the best 
performance. 
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Figure 3-17.  Median mean error over 100 clusters.  Merit function 2 shows the best performance 
as the number of points decreases. 

 

Figure 3-18.  Average maximum error distribution over 100 clusters for (1) 50 points, (2) 40 
points, (3) 30 points, and (4) 20 points. 
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Figure 3-19.  Median maximum error over 100 clusters.  Merit function 2 shows the best 
performance as the number of points decreases. 
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CHAPTER 4  
MODELING OF INJECTOR FLOWS 

The combustion chamber of a liquid rocket engine is cooled by transferring heat to the 

unburned fuel that circulates around the outside of the combustion chamber via a series of tubes 

or coolant channels. Rocket injectors deliver the fuel and oxidizer to the combustion chamber. 

Commonly, the injector face is made up of a series of injector elements arranged in concentric 

rows. The row of injectors near the chamber wall can cause considerable local heating that can 

reduce the life of the combustion chamber. The local heating near each injector element takes the 

form of a sinusoidal wall heat flux profile caused by the interactions of the outer row elements. 

Often, this effect is not considered during the design process. Reducing the intensity of this local 

heating is of prime importance. For example, in the design of the Space Shuttle Main Engine 

(SSME), the effect of the local heating in the combustion chamber was not considered during the 

design process. After construction, it was discovered that hotspots along the chamber wall 

severely reduced the expected chamber life. This resulted in an unforeseen increase in the 

reusability operating costs of the engine.  Local hotspots can even cause actual burnout of the 

chamber wall.  By accurately predicting potentially detrimental phenomena in advance, it may be 

possible that issues such as wall burnout can be avoided. CFD modeling and validation efforts, in 

conjunction with the experimental data, can assist in the understanding of combustor flow 

dynamics, eventually leading the way to efficient CFD-based design. 

This chapter outlines current and proposed methodologies in the CFD-based optimization 

of liquid rocket engine components.  First, a summary is presented of past and present injector 

analysis techniques.  Then, the basic governing equations are presented that are applicable in the 

simulation of turbulent reacting flow.  Finally, a simplified one-dimensional analysis is 



 

106 

demonstrated to help define the relationship between flow parameters and heat transfer due to 

reacting flow. 

4.1 Literature Review 

Injector research has been ongoing for over 40 years.  Injector inlet flow has a significant 

influence on combustor performance.  The understanding of the injector characteristics is critical 

in determining the nature of the flow within the combustion chamber.  In particular, the inlet 

flow geometry and injector outlet diameter have large influences on flow in the combustion 

chamber.26  However, at times, the research has raised more questions than answers.  Work must 

still be done to explain certain elements of the flow within the combustion chamber.  A general 

diagram of injector flow is given in Figure 4-1.  

Historically, injectors have been designed using experimental techniques133 and empirical 

calculations. A design was built and tested, and then improvements were made based on the 

results. For example, Calhoon et al.134 extensively reviewed standard techniques for injector 

design, including the analysis of cold-fire and hot-fire testing to study general injector 

characteristics. The results of these tests were used along with a number of additional multi-

element cold-fire tests to design the full injector. The full injector was then fabricated and tested 

for performance and heat flux characteristics and combustion stability. However, the 

experimental design techniques were insufficient to predict for many conditions that could 

reduce injector or combustion chamber life.  

4.1.1 Single-Element Injectors 

A significant portion of injector research has been conducted using experiments consisting 

of a single injector element.  The single element analysis is often used as a starting point in 

modeling full combustor flow.  A test firing of a single element injector is shown in Figure 4-2. 

Hutt and Cramer135 found that if it is assumed that all of the injectors in the core are identical, 



 

107 

then the measure of energy release from a single element’s flow field is a good approximation of 

the efficiency of the entire core.  In particular, the mixing characteristics of a single injector can 

be used to determine the element pattern and spacing needed for good mixing efficiency. 

Single-element injectors are often used in injector experimentation to approximate the 

mixing effects of the full injector. Calhoon et al.134 tested a multiple element injector chamber 

such that the radial spacing of the elements could be varied.  In cold flow testing, it was found 

that mixing increased dramatically when multiple elements were used.  However, it was 

determined that the element spacing only had a slight influence on the mixing efficiency.  Yet, as 

the distance between the elements increased, the mixing efficiency increased.  This was due to 

large recirculation regions that brought flow from the well-mixed far region to the near field.  

When recirculation effects are compensated for, Calhoon et al. found that there is no significant 

effect of multiple element interactions compared to single element mixing.  This, in theory, 

indicates that a satisfactory combustion analysis can be done using only a single injector. 

4.1.2 Multi-Element Injectors 

A multi-element injector face is made up of an array of injector elements, and usually 

contains from seven to hundreds of injector elements as shown in Figure 4-3. Small changes in 

the design of the injector and the pattern of elements on the injector face can significantly alter 

the performance of the combustor.  Elements must be arranged to maximize mixing and ensure 

even fuel and oxidizer distribution.  Gill26 found that the element diameters and diameter ratios 

largely influence mixing in the combustion chamber, and that small diameters lead to overall 

better performance.  The type of elements need not be consistent across the entire injector face.  

The outer elements must be chosen to help provide some wall cooling in the combustion 

chamber.  Gill suggests that using a coaxial type injector for the outer row of injectors provides 

an ideal near-wall environment. 
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Heating effects on the combustion chamber wall due to the arrangement of injector 

elements is of prime importance.  Injector placement can result in high local heating on the 

combustion chamber wall.  Figure 4-4 shows the effect of local heating that resulted in the 

burnout of an uncooled combustion chamber.  Rupe and Jaivin136 found a positive correlation 

between the temperature profile along the wall and the placement of injector elements.  Farhangi 

et al.137 investigated a gas-gas injector and measured heat flux to the combustion chamber wall 

and injector face.  It was found that the mixing of the propellants controlled the rate of reaction 

and heat release.  Farhangi et al. suggested that the injector element pattern could be arranged in 

a way that moved heating away from the injector face by delaying the mixing of the propellants.   

4.1.3 Combustion Chamber Effects and Considerations 

Several studies have suggested that pressure has little influence on the combustion 

dynamics.  Branam and Mayer138 studied turbulent length scales by injecting cryogenic nitrogen 

through a single injector to help in understanding cryogenic rocket propellant mixing efficiency.  

It was found that changes in pressure and injection velocity had very little effect on flow 

dynamics.  Similarly, Calhoon et al. 134 found that the pressure effects on chamber heat flux were 

very small.  Quentmeyer and Roncace139 found no change in the heat flux data with a change in 

pressure when calculating the heat flux to the wall of a plug flow calorimeter chamber.  In 

addition, Wanhainen et al.140 found that changing the chamber pressure had no effect on 

combustion stability.  While, Mayer et al.141 found that pressure is relatively constant throughout 

the combustion chamber, while Moon142 asserts that even the very small pressure gradients that 

exist near the injector exist can significantly alter velocity profiles and mixing in the combustion 

chamber.  The relatively constant pressure indicates that density gradients in the combustion 

chamber must be due to temperature, rather than pressure.  Thus, the flow can be considered 

incompressible.  In addition to pressure independence, Preclik et al.143 experimentally measured 
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heat fluxes alon the combustion chamber wall.  It was found that the wall heat fluxes were 

largely independent of the mixture ratio in the analysis of injection patterns and velocities on 

wall heat flux when the oxygen mass flow rate was held constant.  Conley et al.144 also 

discovered a negligible influence on wall heat flux due to the mixture ratio. 

Several analyses consistently found that there is a sharp jump in the heat flux a certain 

ways down the combustion chamber wall.  The explanations for the jump have been varied.  

Quentmeyer and Roncace139 found a sharp jump in heat flux 3 cm from the injector face.  They 

took this to mean that at this point, the reactants had mixed sufficiently for rapid combustion to 

begin.  Calhoon et al.134 found a sharp increase in heat flux at 4.44 cm from the injector face.  It 

was believed that this was due to the deterioration of the cooling effect of the fuel near the wall.  

Reed145 sought to understand mixing and heat transfer characteristics in small film cooled 

rockets using a gas-gas hydrogen/oxygen combustor.  Reed also found a local maximum heat 

flux in the flow.  Similar to Calhoon et al., Reed proposed that the local maximum heat flux was 

due to a breakdown of cooling due to increased mixing.  Reed also suggested that the peak heat 

flux has to do with the mixture ratio and the amount of available oxygen present to react with the 

cooling flow. 

One characteristic of reacting flow in a rocket engine combustion chamber is that the 

reaction happens very quickly, and is limited by the amount of turbulent mixing in the 

combustion chamber.  The combusting shear area is highly turbulent, so mixing, and thus 

reaction, can occur very quickly.  Foust et al.146 investigated the use of gaseous propellants for 

the main combustion chamber by exploring the mixing characteristics, combustion length, flame 

holding, injector face heating, and the potential for combustion chamber wall cooling.  Foust 

found that reaction occurs almost immediately after injection, and the high velocity gaseous 
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hydrogen jet decelerates rapidly after leaving the injector, then reaccelerates due to heat addition.  

Morren et al.147 found that the temperature profiles along the combustion chamber wall were 

caused exclusively by mixing and shear layer effects, and not by pressure gradients.  de Groot148 

found that for gaseous injection, a high degree of mixing is critical.  Additionally, combustion 

must occur away from injector face to reduce injector face wall heating. 

Several efforts have been made to study injector dynamics in detail, such that the results 

could be used to improve combustion chamber performance. Experiments have only been able to 

provide a limited picture due to measurement difficulties posed by the high temperature, high 

pressure, and multiple species flow.  Rupe and Jaivin136 studied the effect of injector proximity 

to the wall on combustion chamber heat flux.  However, the available experimental techniques 

were not enough to fully understanding the boundary layer phenomena and were insufficient to 

allow accurate future predictions on heat flux based on the results.  Strakey et al.149 

experimentally examined the effects of moving the inner oxygen post off-axis and away from the 

combustion chamber wall to study the effects on wall heat transfer.  While an attempt was made 

to balance between wall heating and combustion performance, the experimental results were not 

enough to accurately predict whether the wall heat transfer would be sufficiently low for the 

optimized designs.  Smith et al.150 conducted hot fire tests of a 7-element gas-gas coaxial injector 

for different pressures to assess the effect on injector face heating, but were unable to accurately 

evaluate chamber performance due to the presence on interior boundary layer cooling.  CFD 

promises to fill in the gaps of knowledge left by experimental evaluations.   

The experimental procedures are currently directed at providing validation data for CFD 

simulations.  Experimental measurements are invaluable in the ongoing task of CFD validation.  

A benchmark injector experiment was run by Marshall et al.17 for the purpose of CFD validation.  
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In this study, wall heat flux measurements were taken for a gas-gas single element shear coaxial 

injector element.  A single-element injector was used rather than a multi-element injector 

because the experimental setup is simpler and cheaper. The study was conducted using hot and 

ambient temperature gaseous oxygen and gaseous hydrogen at four chamber pressures.  

Preburners were used to supply the hot gases.  The preburners were used to simulate flow in a 

staged-combustion cycle, such as the SSME.  They found that for a given geometry and injection 

velocity, the heat flux along the wall is pressure independent. 

Conley et al.22  investigated a GO2/GH2 coaxial shear injector to examine the heat flux to 

the combustion chamber wall for the use of CFD validation.  The experimental setup included 

optical access and the ability to measure heat flux, temperature, and pressure in the combustion 

chamber.  In the experiment, Conley et al. investigated the effects of combustion chamber length, 

pressure, and mass flow rate on the heat flux to the wall.  A square chamber was used to allow 

for a window to be placed on the combustion chamber.  The optical access was in place for the 

purpose of providing information about combustion dynamics by viewing the flame at various 

pressures.  This was accomplished using OH-Planar Laser Induced Fluorescence (OH-PLIF) to 

show the primary reaction region, or flame.  The edges of the square combustion chamber were 

rounded to reduce stress on the chamber due to pressure.  Conley et al. found no dependence of 

the heat flux on pressure when the heat flux was scaled by the mass flow rate. Specifically, 

Conley found that when the heat flux could be scaled by the inlet hydrogen mass flow as 

2 ,scaled H inq q m= , the heat flux profile along the wall collapsed to a single curve for a given 

combustion geometry. Conley concluded from the experiments that the amount of heat flux 

along the combustion chamber wall was primarily a function of the combustion chamber 

geometry. 
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4.1.4 Review of Select CFD Modeling and Validation Studies 

The majority of CFD validation efforts to date have concentrated on single element coaxial 

injectors.  Work has focused on LOX/GH2 or GO2/GH2 combustion.  Most efforts focused on 

matching species or velocity profiles.  Only recently have efforts been in place to work towards 

using CFD as a combustor design tool.  These recent efforts focus on accurately modeling the 

heat characteristics of combustors. 

Liang et al.27 sought to improve the effects of multi-phase modeling that included liquid, 

gas, and liquid droplets.  A 2-D axisymmetric model was used along with a chemical model 

consisting of a 9-equation kinetic model along with 4 equilibrium equations.  The equilibrium 

equations were included to help anchor the flame during the computation by allowing for 

instantaneous reactions.  In this case, equilibrium reactions were necessary due to the coarseness 

of the grid used.  The turbulence model used is the eddy viscosity model.  In this case, no effort 

is made to couple combustion with the turbulence equations.  For the simulation of a gas-gas 

injector, a mixture fraction of unity was used for the propellants, and the combustion chamber 

was originally filled with oxygen.  An artificial ignition region was placed near the oxygen post 

tip.  The computation was run for a physical equivalent of 10ms.  An attempt was made to use 

the 2-D model to simulate LOX/GH2 multi-element injector flow by changing the walls from a 

no-slip to a slip boundary condition.  Local peak temperature is around 2000K, and the average 

temperature is around 1500K.  Liang et al. mentioned that, based on the CFD results, atomization 

might be a rate-controlling factor, but there was insufficient experimental data to confirm this 

fact.  Liang et al. notes that grid resolution has a significant effect on flame ignition and flame 

steadiness, but no grid sensitivity study is conducted to explore the effects.  Temperature, 

velocity, and mass fraction contours were obtained, but no comparison was made to 

experimental results, so the accuracy of the simulation is unknown. 
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Foust et al.146 modeled GO2/GH2 combustion using an 18 reaction finite-rate chemical 

model.  The chemistry parameters were determined based on the temperature field.  The k-ε 

turbulence model was used.  Preliminary computations were done to obtain the boundary 

conditions upstream of the injector.  The final computational model extends slightly upstream of 

the injector exit.  The model is 2-D Cartesian, and the grid was coarse at 101×51.  The 

computation found good agreement in the species concentration profiles and the velocity 

profiles.  Using CFD, Foust confirmed the flame holding ability of the oxidizer post tip over 

wide ranges of equivalence ratios for a given injector. 

Cheng et al.151 looked to develop a CFD spray combustion model to help understand the 

effects on wall erosion.  The Finite Difference Navier-Stokes (FDNS) solver used a k-ε model 

with wall functions, and the real fluids models were used for the multi-phase flow.  Heat and 

mass transfer between phases was neglected.  The velocity and species concentrations were 

solved based on a constant pressure assumption, and then the density and temperature ere 

determined based on the real fluids model.  The pressure was then corrected based on the newly 

determined density.  Finite-rate and equilibrium chemistry models were used.  The GO2/GH2 

computation used the 4-equation equilibrium chemistry model for hydrogen-oxygen combustion.  

The shear layer growth was well predicted by the model.  Good comparisons were made between 

the CFD and experiment for velocity and species profiles.  Disagreement in the H2O species 

profile was attributed to experimental measurement error.  It is assumed that the grid was two-

dimensional, however, no grid information is provided. 

 Schley et al.152 compared the Penn State University (PSU) code used by Foust et al.146 

and the NASA FDNS code used by Cheng et al.151 with a third computational code by called 

Aeroshape 3D153 (AS3D).  The purpose in the CFD development was to reduce combustor 
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development time and costs.  The CFD computations were all based on the experiment 

performed by Foust et al.146  Schley noted that the experimental combustion chamber had a 

square cross-section with rounded corners, while all three research groups chose to treat it as an 

axisymmetric computational domain.  None expected the non-asymmetry to impact the 

comparison, as other errors were thought to be more significant.  The FDNS and AS3D codes 

included the nozzle in their computations, while the PSU code did not.  The FDNS code did not 

include any upstream injector analysis, while the others did at least some simulation of the flow 

within the injector.  All three codes used the k-ε turbulence model.  Coarse grids were used, as 

the researchers found that the solution increased in unsteadiness with increasing grid resolution.  

Despite the different codes used and the different treatments in boundary conditions, all 

computations agreed reasonably with each other and the experiment. 

Ivancic et al.154 used the AS3D code to do simulate LOX/GH2 combustion using a 

coaxial shear injector.  Ivancic et al. assumed chemical equilibrium for the combustion modeling 

with no coupling between turbulence and chemistry.  A real gas model was used for the oxygen.  

An adaptive grid was used with 150,000 grid elements and was grid independent based on finer 

meshes.  The simulated shear layer thickness and the flame location were not consistent with the 

experimental results.  It is suggested that the discrepancy is due to the 2-D simulation of 3-D 

effects.  Another reason for the discrepancy was the overly simplified combustion model.  

Lin et al.155 specifically investigates the ability of CFD to predict wall heat flux in a 

combustion chamber for a shear coaxial single element injector based on the experimental results 

from the test case RCM-1 of the 3rd Rocket Combustion Modeling (RCM) Workshop held in 

Paris, France in March, 2006.  The experimental setup of the RCM-1 test case is shown in Figure 

4-5. Lin et al. uses the FDNS code introduced by Cheng et al.151   The model was simulated 
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using two codes: FDNS, a finite-volume pressure-based solver for structured grids, and loci-

CHEM, a density-based solver for generalized grids.  The FDNS code has long been used by 

NASA for reacting flow simulation, but is cumbersome to use for complex geometries.  Loci-

CHEM, on the other hand, is a new code that is still in development.  Because it is applicable to 

structured or unstructured grids, loci-CHEM is convenient for complex geometries.  The code 

used a 7-species, 9-reaction finite rate hydrogen-oxygen combustion model.  The computational 

grid encompassed the pre-injector flow, combustion chamber, and nozzle.  Computations are 2-D 

axisymmetric, and consisted of coarse grids with 61,243 points using wall functions, or fine grids 

with 117,648 points where the turbulence equations were integrated to the wall using Menter’s 

baseline model.  The mass flow rates are fixed at the inlet to the computational zone with a 

uniform velocity profile.  The experimental temperature profile is applied along the wall of the 

computational domain.  The computational domains were initially filled with steam, and for the 

Loci-CHEM code, an ignition point was specified.  The temperature contours for each code by 

integrating the turbulence equations to the wall are given in Figure 4-6. The best matching of the 

heat flux values came by using the loci-CHEM code integrated to the wall using Menter’s SST 

model.  Prediction of the heat flux was good in the recirculation zone and poor beyond the 

reattachment point, as shown in Figure 4-7A.  Lin et al. cited the need for additional validation 

and improved turbulence models to improve results. 

West et al.156 expanded on the work by Lin et al.155 using an updated version of loci-

CHEM.  West et al. performed a detailed grid refinement study on the CFD model of the RCM-1 

test case.  In particular, West et al. found that a structured grid was prohibitive, in that a large 

number of grid points were required for adequate resolution near the combustion chamber wall.  

For this reason, West et al. used hybrid grids consisting of a structured grid near the wall and 
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triangle elements away from the wall.  The structured grid had 51,000 points, while the hybrid 

grids had between 500,000 and 1,000,000 points. West et al. separately explored the effects of 

grid resolution in the boundary layer region, the non-boundary layer region, and the region in the 

vicinity of the flame. The effects of grid resolution were small, and the coarsest hybrid grid was 

found to be sufficient to accurately predict the peak heat flux. The study also compared three 

turbulence models.  The use of Menter’s SST model provided slightly better results than 

Menter’s BSL model and Wilcox k-ω model.  The basic k-ω was found to provide the worst 

approximation, as the prediction of the peak heat flux was in the wrong location, indicating that 

the model would not be appropriate for a design problem.  All turbulence models were found to 

overpredict the heat flux downstream of the peak heat flux. 

Thakur and Wright157 tested the code loci-STREAM against the same RCM-1 test case 

used by Lin et al.155  A 2-D axisymmetric model was used for the computational domain.  A 7-

species, 9-reaction finite rate hydrogen-oxygen combustion model was used.  The CFD model 

was initiated with steam filling the combustion chamber.  Similarly to Lin et al., different grids 

were investigated: a fine grid with 104,000 grid points and a coarse grid with 26,000 points for 

integrating the turbulence equations to the wall, and a grid with 104,000 points that remains 

coarse near the combustion chamber wall to use with wall function formulations.  The maximum 

chamber temperature was 3565 K, and the temperature contours are shown in Figure 4-6.  The 

pressure was found to be approximately constant from the injector inlet to the nozzle throat.  

Thakur and Wright found that the use of wall functions lowered the predicted heat flux at the 

wall, regardless of whether the grid was fine or coarse.  It is suspected that this may be due to 

errors in the computational code, as this same phenomenon was corrected in Lin et al. 155  The 

heat flux profiles obtained when integrating to the wall are similar to the results by Lin et al., as 
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shown in Figure 4-7. It was also determined that the wall heat flux was not sensitive to the grid 

distribution far from the combustion chamber wall, as long as the flame region is well resolved. 

Improving the fidelity of CFD computations is ongoing.  Currently, work is advancing 

with the use of three-dimensional CFD models and simulation of multi-element injector flow 

simulations.  Tucker et al.158 reports on several works-in-progress at Marshall Space Flight 

center.  This includes a simplified CFD model that uses a 7-element injector element flow along 

with bulk equilibrium assumption in the remainder of the 17 degree subsection to help 

approximate full multi-element combustor dynamics of the Integrated Powerhead 

Demonstrator159 IPD injector.  Sample results are given in Figure 4-8A and Figure 4-8B.  

Additional simulations are being conducted on the Modular Combustor Test Article (MCTA) to 

supplement the IPD injector studies as shown in Figure 4-8C.   

4.2 Turbulent Combustion Model 

Combusting flows are highly complex, simultaneously involving chemical kinetics, fluid 

dynamics, and thermodynamics.160   For example, in a rocket combustion chamber, heat transfer 

to the walls depends on the boundary layer characteristics.161 Turbulence enhanced mixing along 

with the chemical kinetics can affect the rate of combustion.162 This section reviews the basic 

governing equations, chemical kinetics, and equilibrium equations needed for analyzing 

combusting flow. 

4.2.1 Reacting Flow Equations 

Because several species exist in combusting flow, the properties of each fluid must be 

accounted for.  Mass fractions are defined by 

k
k

mY
m

=  (4-1) 

where mk is the mass of species k in a given volume, and m is the total mass of gas. 
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The total pressure and density are  

1 1

, where and
N N

k k k k
k k k

R Rp p p T p T
W W

ρ ρ ρ ρ
= =

= = = =∑ ∑  (4-2) 

where Wk is the molecular weight of species k, R is the ideal gas constant, T is the temperature, 

and W is the mean molecular weight given by 

1

1

N
k

k k

YW
W

−

=

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
∑  (4-3) 

The mass enthalpy of formation of species k at temperature T0 (the enthalpies needed to 

form 1 kg of species k at the reference temperature) is a property of the substance and is 

designated by 0
,f kh∆  (usually T0 = 298.15K).  The enthalpy of species k is then given by 

0

0
,

chemical
sensible

T

k pk f kT
h C dT h= + ∆∫  (4-4) 

where Cpk is the specific heat of species k.  The heat capacities at constant pressure of species k 

are usually not constant with temperature in combusting flows.  In fact, large changes are 

possible.  They are usually tabulated as polynomial functions of temperature.   

The diffusion coefficient of species k in the rest of the mixture is Dk.  Different gases 

diffuse at different rates.  In CFD codes, this is usually resolved by using simplified diffusion 

laws such as Fick’s law:   

k
k k k

dYm Y m D
dx

ρ′′ ′′= −  (4-5) 

In any chemical reaction, species must be conserved.  This conservation is expressed in 

terms of the stoichiometric coefficients where ν′kj and ν″kj designate reactants and products, 

respectively: 
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1 1

N N

kj k kj k
k k

W Wν ν
= =

′ ′′=∑ ∑  (4-6) 

The mass rate of reaction ω  is given by: 

1

M

k k kj j
j

W Qω ν
=

= ∑  (4-7) 

where N is the number of species, M is the number of reactions, and Qj is the rate of progress of 

reaction j which can be written as 

1 1

kj kjN N
k k

j fj rj
k kk k

Y YQ K K
W W

ν ν
ρ ρ

′ ′′

= =

⎛ ⎞ ⎛ ⎞
= −⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
∏ ∏  (4-8) 

where Kf and Kr are the experimentally determined forward and reverse reaction rate coefficients. 

To solve for reacting flow, the conservation of mass, species, momentum, and energy is 

required.  In this case, the governing equations in Cartesian coordinates are the conservation of 

mass, species, momentum, and energy, respectively. 

( )
0j

j

u
t x

ρρ ∂∂
+ =

∂ ∂
 (4-9) 

( ) ( ) ( ), , 1,k
j k k j k k

j j

Y
u Y V Y k N

t x x
ρ

ρ ρ ω
∂ ∂ ∂

+ = − + =
∂ ∂ ∂

 (4-10) 

( ) ( )j i iji

j j i

u uu p
t x x x

ρ τρ ∂ ∂∂ ∂
+ = − +

∂ ∂ ∂ ∂
 (4-11) 

( ) ( ) ( )i ijj
j

j j j

uq
H p u H

t x x x
τ

ρ ρ
∂∂∂ ∂

− + = − +
∂ ∂ ∂ ∂

 (4-12) 

where ρ is given by Equation 4-2, Vk is the diffusion velocity of species k, and 

1
2 i iH h u u= +  (4-13) 
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 (4-14) 

where hs is the sensible enthalpy.  The heat flux qj can be written as 

( )1
2

Pr Pr Pr
i i

j
L j L j L j

u uh Hq
x x x

µ µ µ⎛ ⎞ ⎛ ⎞∂∂ ∂
= − = − −⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂ ∂⎝ ⎠ ⎝ ⎠

 (4-15) 

4.2.2 Turbulent Flow Modeling 

The conservation equations given in equations (4-9) – (4-12) are applicable for laminar 

flow.  For turbulent flow, the Reynolds Averaged Navier Stokes methods (RANS) use ensemble 

averaging to obtain the time-averaged form of the conservation equations.  The flow properties 

are decomposed into their mean and fluctuating components where Reynolds averaging is used 

for the pressure and density components, while Favre averaging is used for the velocity, shear, 

temperature, enthalpy, and heat flux components.  The mean flow governing equations are given 

as the conservation of mass, species, momentum, and energy: 

( )
0j

j

u
t x

ρρ ∂∂
+ =

∂ ∂
 (4-16) 

( ) ( ) ( ), , 1,k
j k k j k j k k

j j

Y
u Y V Y u Y k N

t x x

ρ
ρ ρ ρ ω

∂ ∂ ∂ ′′+ = − + + =
∂ ∂ ∂

 (4-17) 

( ) ( ) ( )j ii
ji i j

j i j

u uu p u u
t x x x

ρρ
τ ρ

∂∂ ∂ ∂ ′′ ′′+ = − + −
∂ ∂ ∂ ∂

 (4-18) 
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( ) ( ) ( )

1 1
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 (4-19) 
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where a tilde and double prime denote a Favre-averaged mean and its fluctuation, respectively, 

and a bar and a prime denote a Reynolds-averaged mean and its fluctuation, respectively. 

 The values of several terms in the mean averaged conservation equations are unknown, 

and must be modeled instead.  Specifically, the terms are 

1
2 i ik u uρ ρ ′′ ′′=  (4-20) 

where k is the kinetic energy per unit volume of the turbulent velocity fluctuations, and the 

Reynolds-stress tensor i ju uρ ′′ ′′  that is denoted by 

ij i ju uρσ ρ ′′ ′′=  (4-21) 

These terms can be modeled using the Boussinesq eddy viscosity models (EVM).  The EVM 

models the Reynolds-stresses by 

2 2
3 3

ji l
ij i j t t ij ij

j i l

uu uu u k
x x x

ρσ ρ µ µ δ ρ δ
⎛ ⎞∂∂ ∂′′ ′′= = + − ⋅ − ⋅⎜ ⎟⎜ ⎟∂ ∂ ∂⎝ ⎠

 (4-22) 

where µt is the turbulent, or eddy, viscosity. 

 The turbulent heat transport term ju hρ ′′ ′′  is modeled as 

Pr
t

j
t j

hu h
x

µρ ∂′′ ′′− =
∂

 (4-23) 

where Prt is the turbulent Prandtl number, and the eddy conductivity is given by 

Pr
t p

t
t

c
k

µ
=  (4-24) 

In this study, the Prandtl number is kept constant at Prt = 0.9. The term ( )1
2i ij j i iu u u uτ ρ′′ ′′ ′′ ′′−  from 

equation (4-19) is modeled as 



 

122 

( )1
2

t
i ij j i i

k j

ku u u u
x

µτ ρ µ
σ

⎛ ⎞ ∂′′ ′′ ′′ ′′− = +⎜ ⎟ ∂⎝ ⎠
 (4-25) 

In the species equation, the term j ku Yρ ′′  is modeled as 

t k
j k

kt j

Yu Y
Sc x
µρ ∂′′− =

∂  (4-26) 

The final forms of the conservation equations for mass, species, momentum and energy are given 

respectively as follows: 
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j
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ρρ ∂∂
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 (4-27) 
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j k k
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 (4-30) 

where 

1
2 i iH h u u k= + +  (4-31)  

and the turbulent eddy viscosity µt is modeled as a product of the velocity scale ζ and a length 

scale ℓ multiplied by a proportionality constant C 

t Cµ ρζ=  (4-32) 
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The velocity and length scales can be determined using the k-ε model163 for turbulence 

modeling.  This model is based on idealized assumption of homogenous isotropic turbulence and 

consists of a transport equation of kinetic energy of turbulence k and second for rate of 

dissipation of turbulent energy ε.  Note that in all subsequent equations, bars and tildes have been 

dropped for convenience. 

( ) ( ) t
i k

i i k i

kk u k P
t x x x

µ δρ ρ µ ρε
σ δ

⎡ ⎤⎛ ⎞∂ ∂ ∂
+ = + + −⎢ ⎥⎜ ⎟∂ ∂ ∂ ⎝ ⎠⎣ ⎦

 (4-33) 
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where the production Pk of k from the mean flow shear stresses is defined as 

ji i
k t

j i j

uu uP
x x x

δ
µ

⎛ ⎞∂ ∂
= + ⋅⎜ ⎟⎜ ⎟∂ ∂ ∂⎝ ⎠

 (4-35) 

and the velocity and length scales are given respectively by 

kζ =  (4-36) 

3 3
4 2C kµ

ε
=  (4-37) 

and the constants are given by 

1 20.09; 1.44; 1.92; 1.0; 1.3kC C Cµ εσ σ= = = = =  (4-38) 

For turbulent flows, the sharp variations in velocity and temperature profiles in the near 

wall region require special treatments for the wall boundary conditions.  Two common methods 

are the use of a low Reynolds number k-ε model and the use of wall functions.  Examples of low 

Reynolds number k-ε models can be found in Patel et al.,164  Avva et al.,165 and Chien.166  Wall 

functions assume that the turbulence calculations stop at some distance away from the wall.  It 
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applies log-law relations near the wall.163  Further description can be found in Pope167 and 

Tennekes and Lumley.168 

4.2.3 Chemical Kinetics 

In rocket combustion, the fuel and oxidizer enter the combustion chamber in a non-

premixed fashion.  The resulting diffusion flames must form in the midst of turbulence 

fluctuations, leading to a highly complex flow.  One way of handling this is by making the 

assumption of “fast chemistry.”  This assumption assumes that the reaction rates of the species 

are very fast compared to the mixing time.  This means that the instantaneous species 

concentrations and temperatures are functions of conserved scalar equations, such as the mixture 

fraction.  The various average thermodynamic variables can be obtained from scalar statistics 

using probability-density functions.  Further details on using the conserved-scalar approach to 

account for turbulence-combustion interactions can be found in Libby and Williams.169    

The method used in this research is the finite rate chemistry assumption.  In particular, a 

kinetic-controlled model is used that depends primarily on chemical kinetics as described 

previously.  This method involves solving the conservation equations describing the convection, 

diffusion, and reaction sources.  Examples can be found in Thakur et al.170   Turbulence-

combustion models struggle in forms of accuracy and level of description, so new models are 

continually being developed.   

Chemical reaction rates control the rate of combustion and are related to flame ignition and 

extinction.  Chemical kinetics map the pathways and rates of reaction from reactants to products.  

The global reaction of interest in this effort is the hydrogen-oxygen combustion reaction.  Within 

the global reaction 

2 2 22H O 2H O+ →  (4-39) 
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there are several elementary reactions.  A global reaction can possibly be made up of dozens of 

elementary reactions.  However, the effects of some mechanisms are small at certain 

temperatures and pressures.  In this case, the number of reaction mechanisms used to represent a 

global reaction can be reduced.  If necessary, the number of reactions can be reduced as to 

contain only the key reactions.  Often, the reaction mechanisms are “optimized” for this purpose.  

In this work, nine elementary reactions are considered for the reaction of hydrogen and oxygen 

to water.  The reaction mechanisms were supplied by NASA Marshall.  Each of the nine 

reactions has a rate coefficient K given by 

( ) ( )expb
A uK T AT E R T= −  (4-40) 

where Ru is the universal gas constant and  A, b, and EA are experimentally determined empirical 

parameters given in Table 4-3. 

4.2.4 Generation and Decay of Swirl 

Swirl number is the ratio of axial flux of angular momentum to the axial flux of axial 

momentum 

r d
S

R u d

ω ⋅
=

⋅
∫
∫

v A

v A
 (4-41) 

where R  is the hydraulic radius, and ω is the angular velocity.  The swirl number can be 

approximated as  

WS
U

=  (4-42) 

where W is the mean angular flow velocity and U is the mean axial velocity.  A swirl number of 

S < 0.5 indicates weak to moderate swirl. 
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For the case of annular flow, it can be expected that the rate of swirl decay will be much 

greater than that of pipe flow due to the increased fluid drag at the center core.  If the difference 

between the diameters becomes sufficiently small, the flow is approximately equal duct flow.  In 

the case of the hydrogen inlet flow, the outer to inlet diameter ratio is 1.22.  Any swirl should 

quickly be eliminated for diameter ratios close to unity. 

For confined swirling flows, Weske and Sturove171 examined the decay of swirl and 

turbulence in a pipe flow.  They found that the turbulence field decayed quickly, and that the rate 

of decay was a strong function of swirl number.  Yajnik and Subbaiah172 found that swirl decay, 

in general, was not significant for pipes less than 5 pipe diameters long. 

In general, it has been found that swirl decays exponentially.  For laminar swirling pipe 

flow (Re < 4000), Talbot173 determined a theoretical formulation for decay of swirl in a pipe.  

The experimental values were found to fall within the theoretical values for Re from 100 to 

4000.  The solution to the swirl equation for pipe flow is 

( ) ( ), ,0 zv r z v r e β−=  (4-43) 

where z is the non-dimensional length given by hz L D= , and β is not a function of the initial 

flow distribution ( ),0v r  and is given by two theoretical limits: 1 Re 22.2β =  and  2 Re 74.3β = .  

The decay of swirl Ds can therefore be given by 

( )
( )

,
1 1

,0
z

s

v r z
D e

v r
β−= − = −  (4-44) 

If it is simply assumed that the pipe flow example can be extended to annular flow, it can 

be estimated that the swirl decay in the hydrogen pipe will be between 47% and 88% without 

considering the effects of a fuel baffle.  In actuality, this amount would be greater for annular 

flow due to the growth of the boundary layer on the inner and outer surfaces of the annular pipe.  
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If the amount of swirl generated in the pipe is small, it can be assumed that there will be 

negligible swirl at the exit of the hydrogen inlet. 

4.3 Simplified Analysis of GO2/GH2 Combusting Flow 

As shown earlier, several factors are involved in injector and injection pattern design that 

are of interest in this research effort: 

• A single injector can be analyzed as an approximation to full injector analysis 

• The outer injector elements must be chose such that cooling is enhanced at the combustion 
chamber wall 

• Injector placement can result in high local heating 

• Pressure effects on combustion chamber wall heat flux are very small 

• Wall heat fluxes are largely independent of the mixture ratio 

• A sharp increase in heat flux occurs consistently at a certain distance away from the 
injector face 

• Analysis of the flow upstream of the injection may be necessary to determine the effect on 
combusting flow 

A preliminary combustion analysis can give some insight into the nature of H2/O2 reacting flow.  

In particular, the relationship between temperature, mass flow rate, pressure, heat flow rate, and 

equivalence ratio can be explored using a simplified version of the combustion chamber. 

A system can be considered wherein hydrogen and oxygen are injected such that the molar 

flow rate of hydrogen exceeds that of oxygen (Figure 4-9).  The reaction is given as 

( )2 2 2 22 H O 2H O 2 1 Hφ φ+ → + −  (4-45) 

and the following assumptions are made: 

• Constant pressure 
• Complete combustion with no dissociation 
• Fuel-rich combustion (ϕ > 1) 
• Steady-state 
• All combustion products exit at the same temperature 
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For this system the heat output in watts is given by 

2 2 2 2 2, ,2 2

1 1 12
2H in O in

out

H H O H O HT T
T

q m h h h hφ
φ φ φ

⎡ ⎤⎛ ⎞⎛ ⎞−⎢ ⎥= ∆ + ∆ − ∆ + ∆⎜ ⎟⎜ ⎟
⎢ ⎥⎝ ⎠⎝ ⎠⎣ ⎦

 (4-46) 

where the species enthalpies h∆ are equal to the molar enthalpies in J/mol divided by the 

molecular weight of each species.  Using this equation, several observations can be made.  First, 

the heat flow rate is dependent only on the species enthalpies at the inlet and outlet temperatures, 

the mass flow rates, and the equivalence ratio.  Second, it must be noted that enthalpies are 

largely independent of pressure.  This would indicate that the heat flow rate is also independent 

of pressure when the inlet temperatures, outlet temperatures, and mass flow rates are held 

constant. 

Table 4-1.  Selected injector experimental studies. 
Author Injector type Propellants Key results 

Hutt and 
Cramer 
(1996)135 

Single element 
oxidizer-rich 
coaxial swirl 
injector 

LOX/GH2 Innovative measurements of LOX swirl 
spray 

Preclik 
(1998)143 

Multiple-element 
coaxial injector 

LOX/LH2 Wall heat flux measurements 

Farhangi et 
al. (1999)137 

 GO2/GH2 Design, develop, and demonstrate a 
subscale hydrogen/oxygen gaseous 
injector 

Smith et al. 
(2002)150 

Multiple-element 
coaxial for FFSC 

GO2/GH2 Evaluate performance of gas-gas 
injector. 

Mayer 
(2002)141 

Non-reacting jet LN2 Characterization of liquid jet flow 

Marshall et 
al. (2005)17 

Single-element 
shear coaxial 

GO2/GH2 Wall heat flux measurements 

Conley et al. 
(2007)22 

Single-element 
shear coaxial 

GO2/GH2 Wall heat flux independent of pressure, 
injection velocity 
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Table 4-2.  Selected CFD and numerical studies for shear coaxial injectors. 
Author Propel-

lants 
P 
(MPa) 

T(K) Summary/ 
parameters 
compared 

Grid spec. Turbulence 
model 

Accuracy 

Liang et 
al. 
(1986)27 

LOX/GH2 37.9 94.4/298, 
118/ 154 

Developed 
three-phase 
combustion 
model  

N/R Eddy-
viscosity 

Unknown.  Cited inadequate 
experimental  knowledge. 

Foust et 
al. 
(1996)146 

GO2/ 

GH2 

1.3 297 Velocity and 
species 
comparison 

2-D 
Cartesian  

101×51 

k-ε Good species matching with 
in-house experiment.  
Velocity matching degrades 
downstream. 

Cheng et 
al. 
(1997)151 

LOX/GH2, 

GO2/GH2 

3.1, 

1.3 

117/309, 

290/298 

 

Velocity and 
species 
comparison  

Axisym.  
151×81 

k- ε Good species matching to 
experiment by Foust et al. 
146 Poor H2O species 
matching.  

Ivancic 
et al. 
(1999)154 

LOX/GH2 6.0 127/125 Time/length 
scale 
investigation 

Axisym. 
1.5×105 
elements 

k- ε  Fair matching of radial OH 
distribution to in-house 
experiment. 

Lin et al. 
(2005)155 

GO2/GH2 5.2 767/798 Heat flux 
comparison 
(RCM-1) 

Axisym. 
61,243– 
117,648 
points 

Menter 
BSL 

Good peak heat flux 
prediction. Overpredicts 
downstream heat flux. Low 
grid dependence. 

West et 
al. 
(2006)156 

GO2/GH2 5.2 767/798 Heat flux 
comparison 
(RCM-1) 

Axisym 
structured/ 
hybrid 
50,000 – 
1,000,000 
points 

Wilcox k-
ω, Menter 
BSL and 
SST 

Good peak heat flux 
prediction when adequate 
grid resolution in high 
gradient areas.  Menter’s 
SST model provides 
superior  peak heat flux 
prediction. 

Thakur 
and 
Wright 
(2006)157 

GO2/GH2 5.2 767/798 Heat flux 
comparison 
(RCM-1) 

Axisym. 
26,000– 
104,000 
points 

Menter 
SST 

Good peak heat flux 
prediction.  Overpredicts 
downstream heat flux. 

 
Table 4-3.  Reduced reaction mechanisms for hydrogen-oxygen combustion. 
Reaction A ((m3/gmol)n-1/s) B EA (kJ/gmol)  

2 2H O OH OH+ ↔ +  1.70×1010 0.00 2.41×104

2 2H OH H O H+ ↔ +  2.19×1010 0.00 2.59×103

OH OH OH H+ ↔ +  6.02×109 0.00 5.50×102

2H O OH H+ ↔ +  1.80 ×107 1.00 4.48×103

2H O OH O+ ↔ +  1.22×1014 -0.91 8.37×103

H O M OH M+ + ↔ +  1.00×1010   0.00 0.0
2O O M O M+ + ↔ +  2.55×1012 -1.00 5.94×104

2H H M H M+ + ↔ +  5.00×109   0.00 0.0

2OH H M H O M+ + ↔ +  8.40×1015  -2.00 0.0
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H2 
O2 

shear layer 

shear layer 

recirculation

recirculation

flame homogenous products oxygen-rich core 

heat transfer 

reattachment 
point 

heat transfer  

Figure 4-1.  Coaxial injector and combustion chamber flow zones. 

 

Figure 4-2.  Flame from gaseous hydrogen – gaseous oxygen single element shear coaxial 
injector. 
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A  

B  

Figure 4-3.  Multi-element injectors.  A) Seven-element shear coaxial injector and B) multi-
element IPD159 injector.  Both injectors contain smaller holes at the outer edge that 
inject unburned fuel for wall cooling.  
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Figure 4-4.  Wall burnout in an uncooled combustion chamber. 

 

A   

Figure 4-5. Test case RCM-1 injector.  Test rig A) schematic and B) photo. 
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B  

Figure 4-5.  Continued. 

A  

B  

C  

Figure 4-6.  Temperature contours for a single element injector. A) FDNS and loci-CHEM,155 B) 
loci-STREAM,157 and C) loci-CHEM156 codes.  Plots are not drawn to same scale. 
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A B  

C  

Figure 4-7. CFD heat flux results as compared to RCM-1 experimental test case. A) FDNS and 
loci-CHEM codes,155 B) loci-STREAM code,157 and C) loci-CHEM code using 
hybrid grids and various turbulent models.156  
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A  B  

C  

Figure 4-8.  Multi-element injector simulations. Reproduced from [158]. A) Integrated 
Powerhead Demonstrator (IPD) injector showing computational domain and B) a 
close-up of temperature contours.  C) Normalized temperature contours are shown for 
Modular Combustor Test Article (MCTA) injector.  
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Figure 4-9.  Fuel rich hydrogen and oxygen reaction with heat release.
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CHAPTER 5  
SURROGATE MODELING OF MIXING DYNAMICS 

A bluff body-induced flow is used as a model problem to help probe the physics and 

surrogate modeling issues related to the mixing dynamics.  Understanding of the mixing 

characteristics in the wake of the bluff body has important implications to reacting flow, such as 

in the shear reacting layer of injector flows.  The sensitivity of the mixing dynamics to the 

trailing edge geometry of the bluff body can be explored using CFD-based surrogate modeling. 

Plausible alternative surrogate models can lead to different results in surrogate-based 

optimization.  The current study demonstrates the ability of using multiple surrogate models to 

discover the inadequacy of the CFD model.  Since the cost of constructing surrogates is small 

compared to the cost of the simulations, using multiple surrogates may offer advantages 

compared to the use of a single surrogate. This idea is explored for a complex design space 

encountered in a trapezoidal bluff body.  Via exploration of local regions within the design 

space, it is shown that the design space has small islands where mixing is very effective 

compared to the rest of the design space. Both polynomial response surfaces and radial basis 

neural networks are used as surrogates, as it is difficult to use a single surrogate model to capture 

such local but critical features.  The former are more accurate away from the high-mixing 

regions, while the latter are more accurate near these regions.  Thus, surrogate models can 

provide benefits in addition to simple model approximation. 

5.1 Introduction 

The case study focuses on the mixing and total pressure loss characteristics of time 

dependent flows over a 2-D bluff body.  Bluff body devices are often used as flameholding 

devices such as in afterburner and ramjet systems.  Bluff body devices should have good mixing 

capability and low pressure loss across them.  Challenges exist in that the bluff body flow is 
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unsteady and difficult to predict.  There is recirculating flow in the near-wake region that decays 

to form a well-developed vortex street in the wake region. The instantaneous loss and degree of 

mixing changes over time and must be well resolved for accurate solutions. 

An earlier investigation of the optimization of a trapezoidal bluff body was conducted by 

Burman et al.138  The study uses a relatively coarse mesh (9272 computational cells) that was 

selected by performing a grid sensitivity study on a single case based on the drag coefficient. The 

effects of grid resolution on the measure of mixing were not investigated, so it is possible that 

not all of the flow effects were captured. For higher Reynolds number flow, as observed by 

Morton et al.,174 grid resolution can have a marked effect on the prediction of unsteady flows and 

can substantially affect the fidelity of the surrogate model. 

 Surrogate models are used to approximate the effect of bluff body geometry changes on 

total pressure loss and mixing effectiveness.  The time-averaged flow field solutions are 

compared by looking for common trends and correlations in the flow structures.  

5.2 Bluff Body Flow Analysis 

In practical considerations, such as the aforementioned afterburner and ramjet combustor, 

the flow around many bluff body devices is turbulent.  To simplify the analysis, an effective 

viscosity is often estimated based on engineering turbulence closures.  The effective Reynolds 

number is therefore considerably lower than the nominal Reynolds number.  For the purpose of 

this study, the flow is modeled using a Reynolds number in the range of the effective Reynolds 

number without resorting to turbulence models.  Furthermore, without either enforcing the wall 

function or suppressing high gradient regions, both typically observed in engineering turbulent 

flow computations, the fluid flow tends to exhibit more unsteady behavior, rendering the flow 

computations more interesting and challenging.  The bluff body geometry along with the flow 
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area is described in detail.  The computational domain and bluff body geometry specifications 

are based on the study performed by Burman et al.175  

5.2.1 Geometric Description and Computational Domain 

The dimensions of the bluff body are given in Figure 5-2.  The variables of interest are B, 

b, and h.  Altering the variables changes the slant angles of the upper and lower surfaces.  The 

area, A, of the bluff body is held constant and equal to unity.  The frontal height is kept constant 

at D = 1.  The value of H can be calculated from the aforementioned variables and constants 

using the equation 

( ) ( )2H A h b D D B= + − +⎡ ⎤⎣ ⎦  (5-1) 

The computational domain consists of a trapezoidal bluff body within a rectangular channel.  

The flow area is illustrated in Figure 5-3.  The fluid is incompressible, and the flow is laminar 

with a Reynolds number of 250 given by  

U DRe
ν
∞=  (5-2) 

where D is the frontal height of the bluff body, ν is the kinematic viscosity, and U∞ is the 

freestream velocity.  The upper and lower boundaries have “slip”, i.e., zero gradient, boundary 

conditions.  The left boundary is the inlet, and the right boundary is the outlet.   

The 2-D, unsteady Navier-Stokes equations are solved using a CFD code called 

STREAM.176  The time dependent calculations were solved using the PISO (Pressure Implicit 

with Splitting of Operators) algorithm, and convective terms were calculated using the second-

order upwind scheme.  Other spatial derivatives are treated with the second-order central 

difference schemes. The grid was constructed using ICEM-CFD177 software.  The grid is non-

uniform, with a higher density of grid points near the body and in the wake area as shown in 

Figure 5-4.  Grids of varying resolution were used to determine the grid that provided the best 
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balance in terms of solution run time and solution convergence in terms of grid resolution as 

detailed in Goel et al.178  Multiple grid refinements were investigated to identify the adequate 

resolution for this problem.  The number of grid points in each grid is given in Table 5-1.  While 

the difference in the total number of grid points between Grid 1 and Grid 2 is not large, the grid 

density in the near field and wake region for Grid 2 is higher than Grid 1.  In Grid 3 and Grid 4, 

both the near field grid density and far field grid density are high, making them more refined.  

Overall, Grid 1 has the poorest resolution and Grid 4 has the best resolution.  Grid 2 was selected 

for the analysis as it appeared to offer the best trade-off in terms of grid resolution and 

computational run time.  The run time for a single case was approximately eight hours on a 16 

CPU cluster with Intel Itanium processors (1.3 GHz) and 16GB of RAM. 

5.2.2 Objective Functions and Design of Experiments 

The two objectives are the total pressure loss coefficient, CD, and the mixing index, M.I..  

The total pressure loss coefficient at any time instant is equal to the sum of the pressure and 

shear forces on the body divided by the drag force.  The total pressure loss coefficient is 

averaged between time t*, and time t* + T.  It is assumed that T is large compared to the 

oscillatory time period.  The total pressure loss coefficient is given by 

 ( )
*

21
2*

1 1t T

D x ix i
t

C pn n dS dt
T U D

τ
ρ

+

∞

⎡ ⎤
= −⎢ ⎥

⎣ ⎦
∫ ∫  (5-3) 

where p is the pressure, τix is the viscous stress tensor, ρ is the fluid density, and D is the frontal 

height of the trapezoidal bluff body.  

The measure of mixing efficacy is given by the laminar shear stress plus the unsteady 

stress.  The mixing index, M.I., is chosen as the integral of the mixing efficacy over the entire 

computational domain averaged over a time range T.  It is given by 
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*

*

1 1. .
t T

V
t

UM I u v dV dt
T V y

µ ρ
+ ⎡ ⎤⎛ ⎞∂ ′ ′= −⎢ ⎥⎜ ⎟∂⎝ ⎠⎣ ⎦
∫ ∫   (5-4) 

where µ is the fluid viscosity, U is the time-averaged velocity, and u′ and v′ are the fluctuation 

velocities ( ,u u U v v V′ ′= − = − ). Equation 5-4 is related to the full Reynolds momentum 

conservation equation.  The mixing is thus described as the combination of the momentum 

transfer due to viscosity and the momentum transfer by the fluctuation velocity field.  The 

magnitude of the product of the fluctuation velocities is used to keep the sign of this term 

consistent throughout the data points.  Only the magnitude of the mixing index is important, so 

the absolute value of the time-averaged quantity represents the mixing index value.  The 

constraints are given as 

 

1
0.5 1.0
0.0 0.5
0.0 0.5

B b
B
b
h

+ ≤
≤ ≤
≤ ≤
≤ ≤

 (5-5) 

The first constraint in Equation 5-5 is incorporated to keep the frontal height equal to unity so 

that the Reynolds number remains constant.  The remaining constraints maintain convexity of the 

geometry.  The constraints are identical to those used in Burman et al.175 

A total of 52 data points were used in the analysis.  The design of experiments (DOE) 

procedure was used to select the location of the data points that minimize the effect of noise on 

the fitted polynomial in a response surface analysis.  A modified face-centered composite design 

(FCCD) is used to select 27 of the 52 data points.  The face-centered composite design usually 

uses the corners and center faces of a cube for point selection, but in this case, half of the cube 

would violate the first constraint in Equation 5-5.  This means that four points from the FCCD 

are infeasible and must be removed from the design.  Additional points were added on the 
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interior of remaining triangular section to compensate for the missing points.  The remaining 25 

data points were selected using Latin-hypercube sampling to fill the design space.  

5.3 Results and Discussion 

The CFD solutions were obtained for the 52 data points.  These solutions were compared 

and categorized based on the mean flow field.  Response surface and radial basis neural network 

prediction models were constructed from the data.  Comparisons of fit were made between the 

surrogates.  

5.3.1 CFD Solution Analysis 

Figure 5-5A shows typical instantaneous vorticity characteristics for a given trapezoidal 

bluff body geometry.  The flow exhibits characteristic vortex pair shedding. This oscillatory 

behavior is reflected in the instantaneous total pressure loss coefficient and mixing index values.  

The vortex pair shedding is asymmetric due to the asymmetry of the bluff body.  However, in 

order to evaluate the overall device performance, the time-averaged flow is a more concise 

quantity.  Figure 5-5C shows the time-averaged solution for the same geometry.  In the time 

averaged solution it can be seen that the oscillatory behavior in the wake has been completely 

averaged out.  

Table 5-2 provides the range of the total pressure loss coefficient and mixing index for the 

52 design points.  From Table 5-2, it is evident the maximum mixing index value lies well 

outside of the range indicated by the standard deviation.  This indicates evidence of possible 

outliers.  Along closer inspection, it was discovered that three of the 52 cases had mixing index 

values that lay far beyond the range bounded by the standard deviation. These were termed 

“extreme cases.”  A complete analysis of the extreme cases is given in Goel et al.178  

The flow fields from the CFD runs for geometries representing the full expanse of the 

design space can be divided into several major groups as illustrated in Figure 5-6.  The flow 
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fields are categorized based on the location and size of mean recirculation regions near the bluff 

body.  These groups will provide a means of reference for describing general trends in the 

sample data.  Geometries in Group F had the lowest total pressure loss coefficient with an 

average value of 1.85.  Group B had the highest mixing index with an average value of 655.  It 

can be predicted that the best designs in terms of high mixing and low pressure drop, and thus 

the focus of a possible future design refinement, may lie in the region including and between 

Group B and Group F. 

5.3.2 Surrogate Model Results 

When constructing the response surface models of the two objectives, a cubic response 

surface model was found to perform better than a simpler quadratic model. The full cubic model 

is given by  

* * * *2 * * *2 * *
0 1 2 3 4 5 6 7

* * *2 *3 *2 * * *2 *3 *2 *
8 9 10 11 12 13 14

* * * *2 * * *2 * *2 * *2 *3
14 15 16 17 18 19

ŷ B b h B B b b B h

h b h B B b B b b B h

B b h b h B h b h b h h

β β β β β β β β

β β β β β β β

β β β β β β

= + + + + + + +

+ + + + + + +

+ + + + + +

 (5-6) 

where a starred value indicates the variable is normalized between 0 and 1.  Insignificant terms 

were then removed from some cubic response surfaces, resulting in reduced cubic models. The 

models used in this analysis are given in Table 5-3.  

Problems were discovered in the mixing index response surface model fit: 

• The response surface has a low R2
adj value and a high RMS error, so the fit is very poor. 

• Roughly half of the coefficients in the response surface are very large (> 1000). 
• Three of the large coefficients are positive and four are negative. 
 
The last two symptoms indicate a polynomial with sharp gradients and oscillatory behavior.  It 

was suspected that these symptoms were due to behavior exhibited by the extreme cases.  The 

extreme cases were removed in an attempt to improve the response surface fit for the mixing 

index. As seen from Table 5-3, after removal of the extreme cases the response surface fit 
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improved to 0.921, and the magnitude of the highest term dropped from 4780 to 1550. The 

number of terms needed for the response surface fit also reduced from 16 to 14 and the RMS 

error reduced from 39 to 12. 

Radial basis neural networks were also constructed to model the data to determine whether 

it was a better surrogate model for the bluff body.  For the analysis, 10 of the 52 points were 

reserved as test cases for cross-validation.   The values of SPREAD and GOAL that minimize the 

error in the test cases are given in Table 5-4.  The neural network also had problems in fitting the 

data when all 52 data points were used. Indications of those problems are given as follows. 

• The optimum value of SPREAD for the mixing index is quite low. 
• A large number of neurons are needed to fit the data. 
 
This behavior is indicative of large local variations in the data. When the same three points that 

were removed in the response surface analysis were removed in the neural network analysis, the 

number of neurons needed to fit the data reduced from 35 to 21. The RMS error was also 

reduced and the optimum spread constant increased from 0.14 to 0.35. 

The response surface and neural network prediction surfaces for the total pressure loss 

coefficient are very similar. The most noticeable difference in the total pressure loss coefficient 

predictions occurs at high h values. This behavior can be observed in Figure 5-7.  For example, 

at h* = 1, B* = 0, and b* = 0.5, the response surface predicts a relatively high value for the total 

pressure loss coefficient, while the neural network predicts a relatively low total pressure loss 

coefficient value. 

The differences between the prediction models for the mixing index are striking, as seen in 

Figure 5-8.  The neural network clearly shows three points with mixing index values that are 

considerably higher than that of the surrounding area.  The response surface attempts to fit the 

same three points, but the effects are wider spread.  The result is that prediction is poor in areas 
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near these points.  The large differences between the response surface and neural network 

surrogates are useful in that they can alert us to the fact that both models may have problems in 

some parts of the design space, so that at a minimum they serve as a warning signal. 

The three points with disproportionately high values were the ones identified as extreme 

cases in the previous analysis.  When these extreme cases are removed, the response surface and 

neural network prediction surface are more consistent with each other as seen in Figure 5-9.  Yet, 

large differences still exist in the overall shape of the prediction model surfaces. 

The RMS error values shown in Table 5-4 indicate that, overall, the neural network is able 

to fit the data better than the response surface.  The points reserved as test points in the 

construction of the neural network should have an RMS error that is near the RMS error for all 

52 points.  For the mixing index, the RMS errors for the test points in the neural network 

prediction surface are lower than the RMS errors of the response surfaces as seen in Table 5-5.  

The fit of the neural network to the data that includes extreme cases is only fair, but is 

considerably better than that of the response surface.  Removal of the extreme cases further 

improves the fit.  The error in the test data is considerably reduced and is, in fact, lower than the 

total RMS error.  The RMS error for the total pressure loss coefficient approximation in the test 

data is also less than the total RMS error and is considerably smaller than the response surface 

RMS error.  This indicates that better overall prediction ability is gained for using the radial basis 

neural network. 

5.3.3 Analysis of Extreme Designs  

A grid resolution study was conducted by Goel et al.178  Because the quality of the response 

surface for the mixing index from Grid 2 was poor, an outlier analysis was conducted to identify 

possible outliers.  Three cases were detected as potential outliers.  The suspect outlier designs 

were analyzed to identify possible issues. The results for the grids used had adequate time 
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convergence, and these three potential outlier cases did not indicate any abnormal behavior.  In 

addition to the three potential outliers, two other cases were also analyzed to observe the trends 

of grid refinement on other solutions.  The total pressure loss coefficient and mixing index for 

these cases are given in Table 5-6.  The total pressure loss coefficient did not change 

significantly but the mixing index further increased. Also the contrast of the outlier designs with 

the other designs became even sharper.  This indicated that the cases detected as potential 

outliers might represent a true phenomenon. These designs are therefore designated as extreme 

designs rather than outliers.  

Six additional designs between extreme Case 1 and Case 3 (see Table 5-6) were analyzed 

using Grid 2.  Designs for Case 1 and Case 3 were mirror symmetric.  Since B and h were at the 

lower extremes, b = 0.25 was the axis of mirror symmetry.  This means that the designs with b = 

0.05 and b = 0.45 were mirror images and so on.  The total pressure loss coefficient and mixing 

index for mirror symmetric designs were expected to be the same and observed to be almost the 

same.  The mixing indices for these intermediate designs did not exhibit the trend of high mixing 

indices.  The time-averaged flow fields also did not reveal any abnormality.  The sudden change 

in behavior near the extreme designs was not captured, and higher resolution was required. 

To investigate this sharp change in the mixing index, additional simulations were 

conducted in the vicinity of the extreme design Case 1.  Grid 3 was used to conduct the 

simulations to get a more accurate estimate of the total pressure loss coefficient and mixing 

index.  In these designs, h was set at the lower limit and B was also fixed at the lower limit for 

most cases.  Only b was varied to differentiate between designs.  It was observed that the mixing 

index was very high for the designs near the extreme case up to b = 0.02 and there was a sudden 

drop in the mixing index for design with b = 0.03.  The results are shown in Table 5-7. 
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 Extreme design cases 1, 3, 52 and regular cases 7 and 17 were analyzed using Grid 4 to 

assess the convergence trends with respect to grid size.  The results for these representative cases 

for different grids are shown in Figure 5-10.  The mixing indices for different cases showed 

trends of achieving asymptotic behavior with improvements in grid resolutions.  However, it is 

apparent that the Grid 2 solution has not reached grid convergence, and this may be contributing 

to the problem with the response surface fit. 

5.3.4 Design Space Exploration 

The extreme cases cannot be dismissed as outliers, as Goel et al.178 determined, as they 

were found to be properties of the simulated flow. Thus the behavior of the prediction surfaces 

constructed using the extreme cases needed to be further investigated.  The RMS errors indicate 

that when the extreme cases are included in the surrogate model construction, the radial basis 

neural network fits the data better than the response surface.  In reality, by inspection of Figure 

5-8, the neural network appears quite deficient in areas away from the outlier.  The fits of the 

response surface and radial basis neural networks constructed without the extreme cases were 

determined to be quite good.  Thus, these surfaces could be compared to the prediction surfaces 

constructed with the extreme cases to determine areas where the prediction was poor by using 

the equation 

with extremes without extremes. . . . . .M I M I M I∆ = −  (5-7) 

which leads to the contour plots in Figure 5-11.  In areas away from the extreme cases, the 

change in the mixing index ∆M.I. for the response surface is small.  In contrast, even away from 

the extreme cases, there are areas of relatively high ∆M.I..  This suggests that the response 

surface is better than the neural network at predicting the response away from the extreme cases. 
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To test if the response surface fit was better away from the extreme cases, an exploration 

of the design space was conducted.  Figure 5-12 plots the response surface and radial basis 

neural network predicted values as compared to the actual CFD data from  

Table 5-7 along the line M.I. = f(B* = 0, b*, h* = 0).  Of the cases used to construct the 

surrogate models, only the extreme cases (B,b,h) = (0,0,0) and (B,b,h) = (0,0,1) fall on this line.  

The radial basis neural network predicts both of these points very well, while the response 

surface under-predicts the mixing index at b = 1.  The variation in the data is very high, with a 

sharp drop in the mixing index value over a short distance near the extreme cases and very 

smooth behavior away from the extreme cases.  Neither surface captures the complete behavior.  

In this case, the response surface predicted the interior points very well, as expected, but 

performed poorly near the extreme cases.  The neural network, on the other hand, better predicts 

the trends in the data near the extreme cases. 

Areas of large differences within the design space between the two surrogates correspond 

to regions where the accuracy in the CFD model is compromised.  Particularly, these regions are 

concentrated around the extreme designs.  These designs were found by Goel et al.178 to have not 

reached grid convergence.  The results indicate that the extreme designs may require a greater 

degree of grid refinement than other design points.     

5.4 Conclusions 

Polynomial response surface and radial basis neural networks were used as surrogates for 

flow over a trapezoidal bluff body.  Both the response surface and the radial basis neural network 

approximations adequately predicted the total pressure loss coefficient.  However, both 

surrogates poorly fit the mixing index and were substantially different from each other.  The 

large differences in the surrogate approximations served as a warning signal and prompted 

further investigation.  Inspection of the surrogate models’ statistics revealed that the fitting 
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problems were due to high variations in the data in localized regions.  Removing three extreme 

cases greatly improved the fits.  Further investigation revealed that the CFD simulations were not 

converged, and may have been contributing to the inability of the surrogates to properly 

approximate the model.   

Simulations of complex flows can sometimes result give unexpected results.  Here, three 

cases had considerably higher mixing indices than the other cases.  This behavior could not be 

accurately captured by a single surrogate model alone.  The radial basis neural network was 

found to better approximate the response near the extreme cases due to its local behavior, while 

the response surface provided better prediction of the response away from the extreme cases.  

Refinement of the design space near the extreme designs revealed that the differences in the 

surrogate models corresponded to the locations of the low accuracy CFD designs.  Thus, 

surrogate models and design space refinement techniques can be used to identify the presence 

and location of inaccurate CFD models. 

Table 5-1.  Number of grid points used in various grid resolutions. 
Grid # Number of grid points  

1 37,320  
2 44,193  
3 74,808  
4 147,528  

 
Table 5-2.  Data statistics in the grid comparison of the CFD data. 
 CD M.I.  

Max 2.21 857

Min 1.79 515

Range (max-min) 0.42 342

Mean 2.03 617

Standard deviation 0.11 66
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Table 5-3.  Comparison of cubic response surface coefficients and response surface statistics. 
Terms CD M.I. M.I.a  
Intercept 1.95 801 576
B* -0.368 -1490 -60.6
B* 0.672 -562 795
H* 0.337 -186 830
B*2 1.24 2900 394
B*b* 3.29 4780 0
B*2 0 515 -1550
B*h* 0.507 842 0
H*b* -0.633 494 -556
H*2 -0.700 0 -39.9
B*3 -0.844 1660 -360
B*2b* -4.01 -4620 -902
B*b*2 -4.08 -3660 0
B*3 -0.686 0 765
B*2h* -0.597 -715 -80.7
B*b*h* -0.740 -1000 319
B*2h* 0 -769 484
B*h*2 0.517 0 0
B*h*2 0 268 0
H*3 0.340 0 0

Response Surface Statistics   
R2

adj
 0.963 0.654 0.921

RMS error 0.021 39 12
# of terms 17 16 14
Mean response 2.03 617 604
a extreme cases omitted 
* normalized variable 

 
Table 5-4.  Comparison of radial-basis neural network parameters and statistics. 
Parameters CD M.I. M.I.a  
SPREAD 0.65 0.14 0.35
GOAL 0.0055 3000 5500
# of neurons 29 35 21
rms error 0.0109 15.6 11.6
a extreme cases omitted  

 
Table 5-5.  RMS error comparison for response surface and radial basis neural network. 
Objective 

function 
Quadratic RS rms 

error 
Cubic RS rms 

error 
RBNN rms error at 

test points 
RBNN rms error at 

all points 
CD 0.035 0.022 0.0096 0.014
M.I. 54 41 29 16
M.I.a 16 13 10 12
a extreme cases omitted 
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Table 5-6. Total pressure loss coefficient and mixing index for extreme and two regular designs 

for multiple grids.  
CD M.I.    Case # B b H Grid 1 Grid 2 Grid 3 Grid 1 Grid 2 Grid 3  

1a 0.500 0.000 0.000 2.00 1.95 1.95 477 801 850
3a 0.500 0.500 0.000 2.00 1.96 1.96 477 805 853
7 0.500 0.250 0.250 2.09 2.17 2.14 538 635 643
17 0.875 0.125 0.375 1.93 1.92 1.91 434 541 579
52a 0.690 0.200 0.460 1.98 2.15 2.14 502 857 977
a suspected outliers 

 
Table 5-7. Total pressure loss coefficient and mixing index for designs in the immediate vicinity 

of Case 1 using Grid 3.  
Case B b h CD M.I.  
1 0.50 0.00 0.00 1.95 850
I 0.50 0.01 0.00 1.95 858
II 0.50 0.02 0.00 1.94 886
III 0.50 0.03 0.00 1.96 639
IV 0.50 0.04 0.00 1.98 650
 

 

Figure 5-1.  Modified FCCD. 

y 

x B

b

D=1 

H h  

Figure 5-2.  Bluff body geometry. The three design variables are B, b, and h. The parameter D is 
the frontal area which is kept constant at 1. 
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Figure 5-3.  Computational domain for trapezoidal bluff body. 
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Figure 5-4.  Computational grid for trapezoidal bluff body. 

A    

Figure 5-5.  Bluff body streamlines and vorticity contours.  A) Typical instantaneous vorticity 
contours, B) typical instantaneous streamlines, and C) time-averaged streamlines for 
flow past a trapezoidal bluff body (B = 0.5, b = 0.25, h = 0.25) at Re = 250. 
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B    

C   

Figure 5-5.  Continued. 

 
Figure 5-6.  Flow characterization in design space on the B-b axis. At b = 0, the angle of the 

lower bluff-body surface is zero. At B = 0, small angles exist on lower and upper 
bluff body surfaces and the sum of the magnitude of these angles is at a maximum. 
Along the line B + b = 1, the angle of the upper surface is equal to zero. 
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Figure 5-7.  Comparison of response surface (top row) and radial basis neural network (bottom 
row) prediction contours for total pressure loss coefficient at h* = 0 (left), 0.5 (center), 
and 1 (right).  Normalized variables are shown. 

 

Figure 5-8.  Comparison of response surface (top row) and radial basis neural network (bottom 
row) prediction contours for mixing index (including extreme cases) at h* = 0 (left), 
0.5 (center), and 1 (right). Normalized variables are shown. 



 

155 

 

Figure 5-9.  Comparison of response surface (top row) and radial basis neural network (bottom 
row) prediction contours for mixing index (excluding extreme cases) at h* = 0 (left), 
0.5 (center), and 1 (right).  Normalized variables are shown. 

 

A B   
Figure 5-10. Variation in objective variables with grid refinement.  A) CD and B) M.I. 
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Figure 5-11.  Difference in predicted mixing index values from response surface (top row) and 
radial basis neural network (bottom row) prediction contours constructed with and 
without extreme cases at h* = 0 (left), 0.5 (center), and 1 (right). Normalized variables 
are shown. 

 

Figure 5-12.  Comparison of response surface and radial basis neural network prediction 
contours for mixing index at B* = 0 and h* = 0. The CFD data is additional data and 
is not used to construct the surrogate models. 
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CHAPTER 6  
INJECTOR FLOW MODELING 

6.1 Introduction 

Heating effects due to the arrangement of injector elements is of prime importance. 

Injector placement can result in high local heating on the combustion chamber wall. A multi-

element injector face is made up of an array of injector elements. The type of elements need not 

be consistent across the entire injector face. The outer elements must be chosen to help provide 

some wall cooling in the combustion chamber. Small changes in the design of the injector and 

the pattern of elements on the injector face can significantly alter the performance of the 

combustor.  The elements must be arranged to maximize mixing and ensure even fuel and 

oxidizer distribution. For example, Gill26 found that the element diameters and diameter ratios 

largely influence mixing in the combustion chamber, and that small diameters lead to overall 

better performance. Gill suggests that using a coaxial type injector for the outer row of injectors 

provides an ideal environment due to the outer flow being fuel. Rupe and Jaivin136 found a 

positive correlation between the temperature profile along the wall and the placement of injector 

elements. Farhangi et al.137  investigated a gas-gas injector and measured heat flux to the 

combustion chamber wall and injector face. It was found that the mixing of the propellants 

controlled the rate of reaction and heat release. Farhangi et al. suggested that the injector element 

pattern could be arranged in a way that moved heating away from the injector face by delaying 

the mixing of the propellants.  

A CFD model is constructed based on experimental results provided by Conley et al.22 The 

CFD model is used to help understand the flow dynamics within the GO2/GH2 liquid rocket 

combustion chamber. In particular, the CFD model attempts to match the experimental heat flux 

data at the wall. The CFD simulation is also used to help provide answers to questions that could 
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not be easily answered using an experiment alone. These issues include (1) the ability to show 

flow streamlines, (2) two-dimensional wall heat flux effects, and (3) the relationships between 

flow dynamics and heat flux to the combustion chamber wall. Finally, a grid sensitivity analysis 

is conducted to determine the effects of grid resolution and density on wall heat flux and 

combustion length.  

6.2 Experimental Setup 

The validation exercise is based on an experimental setup by Conley et al.22  The injector 

itself was constructed of an outer hydrogen tube with an oxygen tube within.  The oxygen tube is 

concentric to the hydrogen tube and is stabilized by a baffle.  This baffle keeps the oxygen tube 

centered within the hydrogen tube and helps to evenly distribute the hydrogen flow.  The 

temperature and pressure of the propellants when they are injected is not known from the 

experiments.  In modeling flow in the combustion chamber, Schley et al.152 compared the results 

from three different codes with experimental results with good agreement for gas-gas 

combustion.  One primary concern for all simulations was the lack of inlet turbulent conditions 

for the combusting flow.  All contributing parties simply made an approximation of suitable inlet 

conditions.  By analyzing the pre-injector flow, some of the guesswork can be removed.  A pre-

injector analysis is used to determine the flow conditions within the injector itself, as well as to 

determine how the flow conditions affect the flow entering the combustion chamber. 

The combustion chamber is allowed to cool between tests.  Conley et al.22 determined in a 

preliminary analysis that the temperature along the combustion chamber wall would reach a 

maximum of 450 K after 10 seconds of combustion.  It was estimated that the actual wall 

temperature reached up to 600 K.  For a similar CFD simulation, this would mean that the 

combustion chamber wall would be considerably cooler than the bulk flow, where the flame 
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temperature can reach up to 3000 K.  Thus, the thermal boundary layer plays a significant part in 

the estimation of the heat flux via CFD. 

6.3 Upstream Injector Flow Analysis 

Because it was determined that the geometry of the injector could have a large effect on 

combustion dynamics, the flow upstream of the injector must be characterized for flow 

properties and effects.  A CFD study was conducted based on experimental results of a coaxial 

injector built and tested by Conley et al.22   In particular, the CFD simulation will seek to glean 

information from the injector that is difficult or impossible to measure using conventional 

experimental methods.  The simulation will investigate the possibility of swirl development 

upstream of the injector, as well as determine the pressure drop across the injector.  Finally, the 

shape of the velocity profile at the injector exit is investigated. 

6.3.1 Problem Description 

The geometry consists primarily of an annular flow region with the hydrogen entering at a 

direction perpendicular to the primary flow.  A flow baffle, that exists in the experimental setup 

and is meant to center the oxygen tube within the hydrogen tube, has been omitted in this 

analysis.  The flow undergoes a sharp reduction in area near the exit of the geometry.  The flow 

parameters of interest are those of the exiting flow. 

For the hydrogen inlet flow, two separate cases were examined.  The first case assumes 

that the inlet flow is parallel to the walls, or β = 0°.  This assumes that the hydrogen is being 

drawn from quiescent flow such as a tank, for example.  The second case assumes that the flow 

enters at a slight angle, or β = 5.7°.  This case represents a perturbation that may have existed in 

the original flow.  The two cases are compared and analyzed for similarities and differences as 

well as for the potential for swirl development and subsequent decay. 
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The flow regime was assumed to be turbulent, compressible, and unsteady.  The 

computational domain and boundary conditions are given in Figure 6-2. The computational mesh 

consisted of 2.36×105 nodes and the mesh density was increased near the no slip walls and areas 

of flow curvature as shown in Figure 6-3.  The computation was run using the loci-STREAM157 

code using six 1.3GHz processors.  Each computation was run long enough to correspond to a 

physical time of 1.6 seconds. 

6.3.2 Results and Discussion 

Figure 6-4 shows the vorticity contours for the hydrogen flow given both inlet conditions. 

At x = 0, the flow makes a 90° turn while simultaneously flowing around the inner pipe.  This 

results in the development of two vorticies in the x-plane on either side of the y axis.  These 

vorticies are convected down stream while they gradually decay.  This decay is due to a 

relatively low Reynolds number combined with a long non-dimensional chamber length of 10.5.  

However, in the converging section of the annular pipe, the remaining weak vorticies strengthen 

due to a sharp increase in the local Reynolds number.  Due to the small tangential velocity and 

small hydraulic diameter, the viscous effects result in a dramatic decrease in x-plane vorticity, 

thus reducing the overall swirl value to negligible levels.  The non-dimensional length of the 

portion of the pipe with a small hydraulic diameter is comparable to that of the larger portion of 

the pipe at 10.7.  This allows the flow to reach almost fully-developed flow conditions at the exit 

of the pipe. 

Figure 6-5 shows the overall swirl numbers that arise as a result of the individual vorticies.  

The overall swirl is very weak (< 0.1) outside the entrance region at the x = 0 plane.  The 

magnitude increases momentarily at the converging section of the pipe, then peaks as viscous 

effects overcome the accelerating effect cause by the convergence and retard the flow in the 

tangential direction.  The swirl number then reduces to a very low, and negligible, amount.  
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Figure 6-6 shows the average velocity for increasing x for each inlet condition.  The average 

mean velocity in the x direction, u, is nearly identical for each of the two inlet conditions.  

However, the inlet conditions result in very different values for the velocity in the θ direction, vθ.  

While the β = 0° inlet condition results in negligible flow rotation, the β = 5.7° causes a 

noticeable, but still small maximum vθ velocity of 0.6m/s.  The tangential velocity vθ continues to 

decrease until the converging portion of the pipe where there is a sharp increase.  As the pipe 

area again becomes constant, the tangential velocity decreases again to a value near 0.3.  An 

examination of the Reynolds number reveals that practically no difference occurs in the 

Reynolds numbers for the two inlet conditions, as shown in Figure 6-7A.  The Reynolds number 

in the tangential direction for the β = 0° inlet condition is nearly zero along the length of the 

pipe.  For the the β = 5.7° inlet condition, the Reynolds number in the tangential direction 

continually decreases until its value nearly reaches that of the the β = 0° inlet condition.  Based 

on these results, it can be concluded that perturbing the inlet flow ultimately has little effect on 

the resulting exiting flow. 

Because little difference exists in the flow exiting the injector, the efforts can now focus on 

the single case based on uniform inlet flow.  There is a pressure drop of 5.5×10-3 MPa across the 

injector, nearly all of which occurs in the converging region and final pipe section, as shown in 

Figure 6-8.  The hydrogen exit velocity profile, k, and ω are shown in Figure 6-9.  The hydrogen 

exit velocity profile is nearly symmetric with a maximum value of 60.6 m/s and a Reynolds 

number of 2.8×103.  A more distinct asymmetry can be seen in the turbulent kinetic energy k 

profile.  Peaks in k occur near the pipe walls.  Near the walls, the velocity gradients are high, 

leading to a large production of k.  At the walls, the velocity is zero, so the turbulent kinetic 

energy is also set to zero.  There is a decay of k away from the walls as the turbulent production 
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of k again becomes zero at the centerline where the u velocity gradient is equal to zero.  The 

production of turbulent dissipation ω is also dependent on the velocity gradients.  However, at 

the wall, the value of turbulent dissipation is unknown, and must be guessed.  The value of 

turbulent dissipation at the wall is therefore set based on the cell distance to the wall.  For an 

infinitely small cell, the turbulent dissipation would be set to an infinite value.  The free stream 

turbulent dissipation boundary condition is based on the free stream velocity and characteristic 

length.  Therefore, there is a gradual reduction of ω from the walls to the free stream value. 

Similar simulations were run for the oxygen flow.  Full details are not given, as the 

geometry was very simple.  The results are those of standard turbulent pipe flow.  The oxygen 

flow Reynolds number is an order of magnitude higher at 3.7×104 than the hydrogen flow due 

largely to a larger hydraulic diameter.  The maximum velocity for the oxygen flow was 25.4 m/s.  

The shapes of the k and ω profiles are similar to those of the hydrogen flow, but are of lower 

magnitude than the hydrogen flow. 

6.3.3 Conclusion 

Regardless of the characteristics of the flow entering the hydrogen inlet, the swirl at the 

outlet was found to be negligible.  It was found that by biasing the inlet flow, a small amount of 

swirl developed, but it was not enough to sustain through the final flow section.  This flow 

reduction had two effects: (1) the flow accelerated in the x-direction to such a degree such that 

the swirl number became very small, and (2) the flow profile at the outlet was slightly 

asymmetric.  This asymmetry may or may not have a noticeable effect on the combustion 

chamber dynamics. 
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6.4 Experimental Results and Analysis 

No temperature measurements are taken directly at the combustion chamber wall. Instead, 

equations were used to extrapolate temperature and heat flux values to the combustion chamber 

wall. The heat flux is measured along one of the combustion chamber walls and is determined 

using sensors that measure the temperature at two nearby locations, as shown in Figure 6-10. The 

heat flux equation was calculated based on the time-dependent experimental results to account 

for the unsteady effects of heat transfer. 

The heat flux measured along one of the combustion chamber walls and is determined 

using sensors that measure the temperature at two nearby locations.  The steady-state (SS) heat 

flux was then calculated using 

 ,linear SS
kq T
y

′′ = ∆
∆

 (6-1) 

where conduction coefficient k of Copper 110, the material used for the combustion chamber 

wall, is k = 388 W/m-K , ∆y is the distance between the thermocouple holes as shown in Figure 

6-10, and ∆T is the difference in temperature between the two thermocouple holes.  The heat flux 

profile using this definition was thought to be inaccurate.  Thus, the equation was altered to 

include a heat absorption correction which accounts for unsteady (US) effects of heat transfer. 

 ( ) ( ),2 ,1
, ,2 ,2 2

o o
linear US i o

T Tk c yq T T
y t

ρ −∆′′ = − +
∆ ∆

 (6-2) 

where the subscript i denotes the thermocouple location closest to the combustion chamber wall 

and o denotes the outer thermocouple location.  The subscripts 1 and 2 represents an initial and 

final time, respectively.  The the density ρ and heat capacity c of Copper 110 are given by ρ = 

8700 kg/m3 and c = 385 J/kg-K.  The chamber wall temperatures were determined using the heat 

flux data and the thermal conductivity of the wall. 
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 ,
,

linear SS
wall linear i

q y
T T

k
′′ ∆

= +  (6-3)  

In the experimental documentation, the steady and unsteady heat fluxes are calculated using 

Equations 6-1 and 6-2, respectively, and are shown in Figure 6-11.   

 Equations 6-1 through 6-3 assume that the heat flow is one-dimensional.179 For a square 

duct, the one-dimensional linear assumption may not be correct. The actual equation would need 

to be determined through a numerical solution of the two-dimensional heat conduction equation. 

The correct heat flux equation would change the experimentally documented values of heat flux 

at the wall. However, because at each cross section only two temperature measurements are 

made, there is not enough data to do a full two-dimensional analysis of heat transfer through the 

combustion chamber wall. Additional temperature measurements taken within the wall would be 

required for an accurate estimation of wall heat flux. Therefore, a one-dimensional axisymmetric 

approximation was included in addition to the one-dimensional linear approximation. 

If it is assumed that the isotherms within the combustion chamber wall are axisymmetric, a 

second one-dimensional assumption can be conducted.  The geometry of the isotherms is given 

in Figure 6-12.  This is reasonable due to the approximate axisymmetry of the temperature 

contours within the combustion chamber wall, and the high thermal conductivity of the copper.  

For 1-D axisymmetric heat conduction, the steady state heat flux approximation is given by 

 
( ), lnaxisymm SS

wall o i

k Tq
r r r

∆′′ =  (6-4) 

where rwall is the distance from the center of the combustion chamber to the combustion chamber 

wall, and ri and ro are the distances from the center of the combustion chamber to the inner and 

outer thermocouples, respectively, as shown in Figure 6-12.  Using this equation, the heat flux at 

the wall centerline can be determined based on the 1-D heat conduction equation, giving 
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( )
, ,

lnwall o i
wall axisymm linear SS

i wall

r r r
q q

r r
⎛ ⎞

′′ ′′= ⎜ ⎟−⎝ ⎠
  (6-5) 

 
For the given combustion chamber diameter, this assumption would result in a wall heat flux 

value that is everywhere 28% below the linear heat flux assumption.  This is reasonable, as the 

assumption of axisymmetric isotherms would result in the lowest possible heat flux given the 

temperatures at the thermocouple locations.  The temperature at the wall would be given by 

( ) ( )
ln

lnaxisymm o
i o o

T rT r T
r r r

⎛ ⎞∆
= +⎜ ⎟

⎝ ⎠
  (6-6) 

An unsteady approximation is determined by adding the second term from equation (6-2)  to the 

steady state heat flux approximations in Equation 6-5. Figure 6-13 shows the estimated wall 

temperature profiles based on the experimental thermocouple readings.  The estimated wall 

temperatures are very similar between the linear and axisymmetric approximations, indicating 

that the linear assumption used in the experimental documentation was reasonable in the case of 

the wall temperature.   

Finally, an approximation of the wall heat flux was conducted using a numerical two-

dimensional unsteady heat conduction analysis.  Vaidyanathan et al.180 completed a similar 

analysis on a different injector and provided the conduction analysis results for the injector by 

Conley et al.22  The cross-sections at each thermocouple pair location were analyzed 

independently. Because the experiment lasted only seven to eight seconds, it was estimated that 

only negligible heat escaped through the outer combustion chamber wall. Therefore, the outer 

wall was assumed to be adiabatic. The thermal propagation time scale for the combustion 

chamber wall is equal to tP  = ℓ2/α = 3.13 s where ℓ is the thickness of the combustion chamber 

wall equal to 0.019 m, and α is the thermal diffusivity and is equal to 1.158 × 10-4 m2/s.  The 
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thermal propagation time scale is on the same order of magnitude as the experimental run time of 

7.75 s, indicating that the adiabatic assumption is reasonable.  The inner wall heat flux, taken to 

be uniform along the inner combustion chamber wall, was adjusted until the computational and 

experimentally measured temperatures obtained at 3.15 and 9.54 mm from the inner chamber 

walls (see Figure 6-10), respectively, are matched. The resulting temperature contours are given 

in Figure 6-14 for the prescribed boundary conditions for the combustion chamber cross-section 

at x = 84 mm. 

Significant differences are seen in the comparisons of the estimated wall heat fluxes shown 

in Figure 6-15. The shapes of the profiles given by the linear and axisymmetric assumptions are 

the same, albeit the axisymmetric assumption gives a proportionally lower heat flux value.  The 

peak heat flux value predicted using the axisymmetric assumption is similar to that predicted by 

the 2-D unsteady conduction analysis.  The location of the peak heat flux from the conduction 

analysis is shifted from that of the 1-D approximations. 

Conley et al.22 found that the point of maximum heat release using the linear 

approximation is at 58 mm from the injector face, whereas the maximum temperature occurs 

further downstream at 84 mm from the injector face. On the other hand, the point of maximum 

heat release using the unsteady 2-D analysis gives a maximum heat flux at the same location as 

that of the maximum temperature.  

6.5 Injector Flow Modeling Investigation 

A CFD modeling investigation was conducted based on the experimental results presented 

by Conley et al.22 of a single-element shear coaxial GO2/GH2 injector. The CFD model is used to 

supplement the experimental results, and to gain insight into relevant flow dynamics. The 

modeling effort is particularly useful in capturing the variation of heat flux along the combustion 

chamber wall due to three-dimensional flow effects. 
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The CFD simulations were conducted using loci-STREAM157 which is a pressure-based, 

finite-rate chemistry solver for combustion flows for arbitrary grids developed by Streamline 

Numerics, Inc. at the University of Florida. The code numerically solves the 3-D unsteady, 

compressible, Navier-Stokes equations. Menter’s SST model is used for turbulence closure. A 

seven-species, nine-equation finite rate chemistry model181 was used for gaseous hydrogen and 

gaseous oxygen. 

6.5.1 CFD Model Setup 

The computational domain, grid, and boundary conditions are shown in Figure 6-16.  The 

values for specific flow conditions are given in Table 6-1.  The unstructured grid contains 

1.7×106 elements and 3.7×105 nodes. The computational domain represents a three-dimensional, 

one-eighth-section of the full combustion chamber. No-slip conditions are specified at the 

combustion chamber wall, the injector face, and the oxygen post tip. Symmetry conditions are 

specified along the planes of symmetry and along the centerline of the combustion chamber. The 

nozzle is not included in the analysis; instead, a constant pressure outlet condition is specified, as 

the pressure is nearly constant throughout the combustion chamber. The initial temperature was 

set to 2000 K to place initial heat flux value within the range of the experimental measurements. 

A short ignition region with T = 3000 K was used in the recirculation region of the shear 

layer to start combustion. The ignition was turned off after the flame was self-sustaining, and the 

computation was run until a steady-state condition was reached based on the boundary 

conditions given. Applying an adiabatic condition to the combustion chamber wall was 

considered, but this condition would erase the thermal boundary layer along the wall. The 

thermal boundary layer is essential to determining the temperature gradient at the wall, and thus, 

the heat flux. A constant temperature condition was considered a suitable alternative, and would 

represent the case wherein the temperature along the wall was unknown. A constant temperature 
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of T = 500 K was specified along the combustion chamber wall. This temperature value was 

arbitrarily selected as it is within the approximate range of the experimental value, but is not 

equal to the average experimental temperature at the wall. Results when the experimental 

temperature profile is used along the combustion chamber wall are not included, as there are no 

obvious differences in the flow contours whether the experimental temperature profile or a 

constant temperature is applied at the wall. The injector face and the oxidizer post tip region 

between the hydrogen and oxygen inlets are set to adiabatic conditions. 

6.5.2 CFD Results and Experimental Comparison of Heat Flux 

In the computation, the heat flux at a location j is calculated using the following equation: 

 ,j wall fluid
j

Tq k
y

∂′′ = −
∂

 (6-7) 

The calculated heat flux based on Equation 6-7 was calculated in the CFD simulation and then 

compared to the experimental values. 

Figure 6-17 shows the presence of a strong recirculation region with relatively slow fluid 

flow. The hydrogen flow enters at a greater velocity than the oxygen flow, but quickly slows due 

to mixing. Due to the low Mach number of 0.04 and the relatively constant pressure throughout 

the combustion chamber, the density changes that occur within the combustion chamber are 

essentially due to changes in temperature. Figure 6-18 shows the temperature contours along the 

z = 0 plane. The combustion length, or the distance from the injector face where 99% of the 

combustion is complete, is at 38 mm.   

The steady state, one-dimensional heat transfer approximation results in a linear heat flux 

and temperature relationship. If one accounts for the area variations via a steady state, 

axisymmetric treatment, then there is a different heat flux and temperature profile relationship. 

Finally, if one chooses to treat the outer wall boundary as adiabatic, to reflect the short 
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experimental run time, then one can develop an unsteady, two-dimensional representation 

between the heat flux and the temperature distribution as described in Section 6.4.  These three 

cases, labeled as (i) linear one-dimensional, (ii) axisymmetric, and (iii) 2-D unsteady adiabatic 

are shown in Figure 6-19 along with the computed result. Figure 6-20 shows the two-

dimensional nature of the heat flux along the wall.  Overall, the agreement between the CFD 

results and the experiment fair. The overall trends from the CFD data and the 2-D conduction 

analysis are similar, but shifted. The shift in the CFD data as compared to the results of the 2-D 

conduction analysis indicates a faster heat release in the CFD simulation than may actually occur 

in the experiments. In all cases, the CFD data under-predicts the experimental data. Clearly, there 

are substantial uncertainties in converting limited temperature measurements within the wall to 

heat flux profiles on the wall. There is also uncertainty in the CFD results that may be due to the 

resolution of the computational domain. The effects of the grid resolution on the experimental 

injector element are explored in Section 6.6. 

6.5.3 Heat Transfer Characterization 

The three-dimensional simulation allows for a view of the heat flux characteristics across 

the flat wall. Figure 6-20 shows the two-dimensional nature of the predicted heat flux along the 

wall. Also shown in Figure 6-20 is the eddy conductivity. The location of peak heat flux can be 

clearly seen in Figure 6-20A, and corresponds to the maximum eddy conductivity value along 

the combustion chamber wall. The heat flux contours show where the heated gases are circulated 

back towards the injector face located at the left of the plot. Additional measurements would be 

required for more accurate comparisons of the two-dimensional heat flux and temperature. 

Across x = 24 mm mark, there is a sudden jump in heat flux magnitude that corresponds to 

the change in x-velocity from positive to negative as shown in Figure 6-21. The sudden jump in 

heat flux is shown in Figure 6-22A. The locations of stagnation region resulting from the x-
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velocity change and the streamline reattachment points are clearly apparent in the dips in the y+ 

values shown in Figure 6-22B. The effect of the velocity change is echoed in the temperature 

values near the wall (y+ ~ 2.5) as seen in Figure 6-23A. 

The mixing action of the shear layer transports heat from the flame to the wall. The point 

of maximum heat flux occurs at 63 mm. This corresponds to the point of maximum eddy 

conductivity that also occurs at 63 mm from the injector face, shown in Figure 6-23B. Similar to 

the experimental results, the peak wall temperature does not occur in the same location as the 

maximum heat flux. On the other hand, the maximum temperature along the wall occurs at 72 

mm, but is essentially constant between 64 mm and 79 mm. This is immediately upstream of the 

reattachment point which is 80 mm from the injector face. The disconnection between the peak 

heat flux and the peak wall temperature can be related to the ratio of eddy viscosity to laminar 

viscosity. The wall heat flux profile corresponds to the eddy viscosity, and similarly the thermal 

conductivity. The temperature profile, on the other hand corresponds to the laminar, or molecular 

viscosity. 

6.5.4 Species Concentrations 

From the temperature profile given in Figure 6-18 at y = 0, it can be seen that much of the 

reaction occurs before 72 mm.  This is also evident in the mass fraction contours in Figure 6-24. 

The reaction proceeds beyond that at a much slower rate as the system moves toward 

equilibrium.    The species concentration through the flame center is shown in Figure 6-25.  

Figure 6-25 shows the diffusion of hydrogen towards the centerline between 0 and 22mm.  The 

mole fraction of H2 increases at y = 0 due to the consumption of O2.  The y = 2 profile is located 

just beyond the H2 inlet, so the increase in H2 reflects the spreading of the H2 stream.  Because 

the reaction is fuel rich, the hydrogen is not completely consumed.  There is almost the almost 

complete disappearance of gaseous oxygen by approximately 53mm.  This is also consistent with 
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the rise in temperature that occurs at this location.  This consumption of oxygen and the high 

temperatures gives rise to intermediate species. 

Species concentrations and temperatures near the wall (y+ ~ 2.5) show a jump near 24mm 

where vx = 0 similar to what was seen in the temperature and enthalpy profiles.  This effect is 

still found somewhat away from the wall.  Figure 6-26 shows the homogeneity of the combustion 

products beyond approximately 72 mm.  By this point, the products are comprised almost 

completely of steam and unburned hydrogen. 

6.6 Grid Sensitivity Study 

For the grid sensitivity study, the injector element used is the same as that from the 

modeling study along with boundary conditions that simulate a single injector element near a 

combustion chamber wall. In preparation for the later parameter study in Chapter 8, the CFD 

model attempts to approximate a near-wall injector element. The sub-domain is approximated 

using a rectangular shaped computational domain with width and height of 4.03 mm, and a 

length of 100 mm. Only one-half of the square cross section is simulated, with a symmetry plane 

defined along the symmetric boundary. 

The boundary conditions for all cases are given as shown in Figure 6-27. In the CFD 

model, the distance to the wall is held equal to the distance to the inner slip. The purpose of the 

inner slip boundary is to keep the computational domain approximately symmetric. A constant 

temperature of T = 500 K was specified along the combustion chamber wall. The remaining 

boundary conditions are the same as those used in Section 6.5.1. The injector face and the 

oxidizer post tip region between the hydrogen and oxygen inlets were set to adiabatic conditions. 

The nozzle is not included in the CFD model, and a constant pressure condition is specified at 

the outlet. A constant mass flow rate for hydrogen and a constant mass flow rate for oxygen are 
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specified at the inlets, with gaseous oxygen entering through the center core of the injector and 

hydrogen entering through the outer annular region. 

The effects of modifying the grid resolution were investigated via a grid sensitivity study. 

The computational grids investigated contained from 23,907 points for the coarse grid 103,628 

points for the finest grid. The number of points and smallest grid density used for each grid is 

given in Table 6-2, and each grid had a grid distribution as shown in Figure 6-28. A layer of 

prism elements were used near the wall so that the turbulence equations could be integrated to 

the wall without the use of wall functions which might reduce accuracy. The prism layers were 

constructed with an exponential distribution with an increasing number of prism layers used as 

the initial wall layer height was decreased. The specifications for the initial height of the prism 

layers are given in Table 6-2. 

The coarsest grid solution (grid 6) predicts a much sharper rise in the wall heat flux that of 

the fine grid solution (grid 1), and underpredicts the peak heat flux as seen in Figure 6-29. This 

indicates that performance could suffer when using a very coarse grid. The largest difference in 

the results can be seen in the length of the combustion zone in Figure 6-30. The coarsest grid 

solution (grid 6) predicts a much shorter combustion zone than the finest grid solution. Using the 

coarse grid leads to much more smearing along the reaction zone than the two finest grid 

solutions, grid 1 and grid 2. The species diffuse faster in grid 6 as compared to the grids 1 or 2. 

However, the velocity field is less affected by the grid density than the species diffusion. Thus, 

the mixing that is responsible for convecting heat to the combustion chamber wall leads to heat 

flux profiles that are less sensitive to grid density. Significant differences are seen in the CFD 

solutions as the grid resolution is increased to its finest level. Numerical unsteadiness was seen in 
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the finest grid solution (grid 1) shown in Figure 6-30. For this reason, the peak heat flux recorded 

for grid 1 is not considered the “true” peak heat flux. 

In this case, true grid independency cannot be confirmed. However, there is relative 

consistency between the values of the peak heat flux, mean heat flux, and combustion length for 

the intermediate grids. Overall, the intermediate grids with 31,184 nodes and 43,680 nodes 

provide arguably the best tradeoffs between run time, numerical steadiness, and accuracy as 

compared with other grid resolutions. A grid with a resolution between that of grids 1 and 2 was 

used for the CFD modeling study in the Section 6.5. This indicates that significant improvement 

in the heat flux profile would not necessarily be obtained by increasing the grid resolution.  

For the same injector element and mass flow rates used for the grid sensitivity study and 

for the modeling study, the reduction in the combustion chamber area appears to result in a 

reduction of the combustion length. However, because of the numerical unsteadiness of the finest 

grid, it is difficult to determine whether this is due to the combustion chamber geometry, or due 

to inadequate grid resolution. It is possible that the combustion length may be, for the most part, 

only a function of the injector geometry and mass flow rate, and not a function of the combustion 

chamber geometry. The parameter study in Chapter 8 tries to determine some of the geometric 

effects on injector flow. 

6.7 Conclusion 

The CFD model was able to qualitatively match the experimental results. Uncertainty 

exists in the prediction of the peak heat flux and heat rise. However, the predicted location of the 

peak heat flux was consistent with the experiment. The heat flux downstream of the reattachment 

point was well predicted. In addition, the CFD results were able to provide additional insight into 

the combusting flow. In particular, the relationship between the flow dynamics and heat transfer 

could be characterized. It was found that the effect of the 3-D square geometry shaped the 
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recirculation in a way that noticeably affected the heat transfer profile. The heat flux along the 

wall is further shaped due to the recirculation of fluid that has had time to cool along the 

combustion chamber wall, resulting in a relatively cool region of fluid near the injector face. 

Beyond the reattachment point, the homogenous fluid cools at a relatively constant rate. The heat 

transfer within the combustion chamber can be characterized via the eddy conductivity which 

further relates to the peak heat flux at the wall. Additional experimental temperature 

measurements could improve the CFD modeling process by providing some measure of the 2-D 

wall heat transfer effects. Additional measurements could also improve the accuracy of the 

estimated wall heat flux and temperatures. 

A grid sensitivity study on the injector element used for the CFD modeling remained 

inconclusive. A grid independent solution could not be obtained by refining the grid. Numerical 

unsteadiness resulted with the finest grid. The coarsest grid predicted a sharper heat flux rise, a 

lower peak heat flux, and a shorter combustion length than the finer grids. With the exception of 

the coarsest grid and the finest grids, the predicted heat flux remained largely unaffected. This 

indicates that a finer or coarser grid would likely have little effect of the heat flux predicted in 

the modeling study. However, the predicted combustion length varied significantly based on the 

grid resolution. Additional studies would be required to determine the reason for the numerical 

unsteadiness. 

Table 6-1.  Flow regime description. 
Inlet temperature, T 300 K  

Exit pressure, pe 2.75 MPa  

Mass flow rate, m  0.187 g/s  

Max Reynolds number, Remax 3000  

Min Reynolds number, Remin 960  
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Table 6-2. Effect of grid resolution on wall heat flux and combustion length. 

Grid 
# 

Grid 
points 

Minimum element size in 
shear layer/near wall 
(mm) 

Run 
time 
(min) 

qmax 
(MW/m2) 

qmean 
(MW/m2) 

Combustion 
length (mm) 

1 103628 0.15 / 0.03 10920 5.41 2.11 31.1
2 72239 0.2 / 0.03 3150 5.08 2.03 34.7
3 43680 0.5/ 0.01 744 4.80 2.09 30.7
4 31184 0.5 / 0.03 588 4.93 2.06 30.7
5 25325 0.5/ 0.05 390 4.73 2.07 30.6
6 23907 1 / 0.03 392 4.47 2.03 23.2

 
Table 6-3.  Flow conditions. 
Inlet hydrogen mass flow rate, 

2Hm  0.396 g/s  

Inlet oxygen mass flow rate, 
2Om  1.565 g/s  

Equivalence ratio, ϕ 2.0  

Chamber pressure, p 2.75 MPa  
Initial combustion chamber temperature, T 2000 K  
Average Mach number, M 0.04  

 

 

Figure 6-1.  Blanching and cracking of combustion chamber wall due to local heating near 
injector elements. 
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Figure 6-2.  Hydrogen flow geometry. 

 

Figure 6-3.  Hydrogen inlet mesh. 
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A  

B  
Figure 6-4.  Z-vorticity contours.  A) β = 0 and B) β = 5.7. 
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Figure 6-5. Swirl number at each x location. 
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Figure 6-6. Average axial velocity u and average tangential velocity vθ with increasing x. The 

axial velocity is two orders of magnitude higher than the tangential velocity. 
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Figure 6-7. Reynolds number profiles.  A) axial velocity and B) tangential velocity. 
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Figure 6-8.  Non-dimensional pressure as a function of x. 
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Figure 6-9. Hydrogen inlet flow profiles. A) Axial velocity, B) turbulent production k, and C) 

turbulent dissipation ω. 

 

25.4
63.5

+ 
3.2 

19.1 

19.1 

9.5 
15.9 

1.6 
1.6 

Thermocouples  

 
 

Figure 6-10.  Combustion chamber cross-sectional geometry and thermocouple locations.  Units 
are given in millimeters. 
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Figure 6-11.  Estimated wall heat flux using linear steady-state and unsteady approximations. 
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Figure 6-12.  1-D axisymmetric assumption for heat conduction through combustion chamber 

wall. 



 

181 

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16
400

450

500

550

600

x

T w
al

l(K
)

 

 
linear
axisymmetric

 
Figure 6-13.  Estimated wall temperatures using linear and axisymmetric approximations.  Linear 

and axisymmetric assumptions give nearly equal wall temperature estimations.  
Temperature values at x = 0m and x = 0.16m are estimated based on nearest 
temperature values.  
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Figure 6-14. Temperature (K) contours for 2-D unsteady heat conduction calculations at x = 

0.084 m at A) 1 s, B) 2 s, C) 6.5 s, and D) 7.75 s. Units are given in meters. One-
quarter of the combustion chamber cross section is shown.  The temperature scale is 
consistent across plots. 
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Figure 6-15.  Experimental heat flux values using unsteady assumptions.  The x values are given 

in meters. 
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Figure 6-16.  Computational model for single-element injector flow simulation. A) Combustion 

chamber boundary conditions, B) grid close-up, and C) representative combustion 
chamber section. 
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Figure 6-17.  Velocity contours vx(m/s) and streamlines.  The injector is located in the lower 

right corner of the combustion chamber.  The reattachment point is at x = 77 mm. 

 
Figure 6-18. Temperature (K) contours. Injector center is at x,y = (0,0). Distances are given in 

millimeters. 
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Figure 6-19.  CFD heat flux values as compared to experimental heat flux approximations. 
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Figure 6-20.  Wall heat transfer and eddy conductivity contour plots.  A) Heat flux along 

combustion chamber wall (xz-plane at y = 12.7) B) eddy conductivity at y = 12.3, and 
C) eddy conductivity at z = 0 with wall at y = 12.7 mm. Eddy conductivity contours 
are oriented perpendicular to wall heat flux contours. Horizontal axis is x-axis. 
(Solutions mirrored across x = 0). Length units are in mm. The injector is centered at 
x,y,z = (0,0,0), and the flow proceeds from left to right. 

 
Figure 6-21.  Streamlines and temperature contours at plane z = 0. All lengths are in millimeters. 
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Figure 6-22.  Heat flux and y+ profiles along combustion chamber wall.  A) Heat flux profile 

along the wall at z = 0 showing sharp increase in heat flux corresponding to the 
location of velocity vx = 0.  B) The y+ values along the near wall cell boundary dip at 
stagnation regions. 

A B  
Figure 6-23.  Temperature and eddy conductivity profiles at various y locations on plane z = 0. 

A) Temperature. B) Eddy conductivity. 
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Figure 6-24.  Mass fraction contours for select species. 
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B  
Figure 6-25.  Mole fractions for all species along combustion chamber centerline (y = 0, z = 0).  

A) uniform and B) log scaling. 
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Figure 6-26.  Select species mole fraction profiles. A) H2 and B) H2O at plane z = 0. 
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Figure 6-27. Sample grid and boundary conditions. 

 
Figure 6-28. Computational grid along symmetric boundary. 
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Figure 6-29. Wall heat flux and y+ values for select grids. The distance from the injector face x 

is given in meters. 

 



 

190 

 
Figure 6-30. Comparison of temperature (K) contours for grids with 23,907, 31,184, 72,239, and 

103,628 points, top to bottom, respectively. The finest grid shows time-dependent 
oscillations. 
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CHAPTER 7  
MULTI-ELEMENT INJECTOR FLOW MODELING AND ELEMENT SPACING EFFECTS 

7.1 Introduction 

Because of the arrangement of injector elements near the wall of the combustion chamber, 

the heat flux peaks near each injector element. Chamber design and potential material failure is 

based on peak heat flux, so the peak heat flux must be minimized to increase component life and 

reliability. By controlling the injection pattern, a layer of cool gas near the wall can be created.  

One method of controlling the injection pattern is to offset the oxidizer post tip away from the 

wall. This results in a higher percentage of unburned fuel near the wall, and this technique was 

used in the SSME. The cooler layer near the wall can possibly further minimize the peak heat 

flux. Another method of controlling the heat flux is to change the spacing of injector elements 

near the combustion chamber wall. This research effort looks to quantify selected geometry 

effects by directly exploring the sensitivity of wall heating and injector performance on the 

injector spacing. 

Shyy et al.29 and Vaidyanathan et al.63 identified several issues inherent in CFD modeling 

of injectors, including the need for rigorous validation of CFD models and the difficulty of 

simulating multi-element injector flows due to lengthy computational times.  They chose to 

simulate single injector flow, as this allowed for the analysis of key combustion chamber life and 

performance indicators.  The life indicators were the maximum temperatures on the oxidizer post 

tip, injector face, and combustion chamber wall, and the performance indicator was the length of 

the combustion zone.  These conditions were explored by varying the impinging angle of the fuel 

into the oxidizer.  In other words, the injector type was gradually varied from a shear coaxial 

injector to an impinging injector element.  Response surface approximations were used to model 

the response of the injector system, and a composite response surface was built to determine the 
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injector geometries that provided the best trade-offs between performance and life.  It was 

determined that a shear coaxial injector provides the lowest maximum temperatures on the 

injector face and combustion chamber wall, but had the lowest performance.  An impinging 

element provided the lowest maximum oxidizer post tip temperature and had high performance 

due to the short combustion length, but because the maximum injector face and combustion 

chamber wall temperatures were high, the life of the injector was compromised.  The study 

confirmed that small changes in the injector geometry can have a large impact on performance.  

The optimization procedure was successful in specifically accessing the effects of a small change 

in the injector geometry.  This is important, as it allows for greater confidence in choosing the 

next design.  This information can be coupled with the experience of injector designers to 

accelerate the design process. 

The purpose of the proposed research is to improve the performance of upper stage rocket 

engines by raising the temperature of the fuel entering the combustor.  A multi-element injector 

model is constructed.  An effort is made to capture the 3-D effects of a full multi-element 

injector face in a simplified 3-D model.  The steps to improve the injector design are twofold: 1) 

the mean heat flux to the combustion chamber wall must be increased to increase fuel 

temperature and subsequently increase engine performance, and 2) the peak heat flux to the wall 

must be decreased to diminish the effects of local heating on the chamber wall.  The injector is 

optimized to best satisfy the objectives. 

The feasible design space is determined through exploration of the design space using 

available design space refinement and selection techniques.  After the feasible design space is 

determined, the optimization framework described in Chapter 2 is used to guide the injector 
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element spacing study.  The design space is refined as needed to obtain an accurate surrogate 

model. 

7.2 Problem Set-Up 

This study explores the effects of geometry on the peak heat flux and combustor length. 

Approximately 90% of the heat flux to the combustor wall is due to heat transfer from the outer 

row of injector elements. The second row of injector elements is responsible for approximately 

10% of heat flux to the wall. This information was used to simplify the computational model of a 

GO2/GH2 shear coaxial multi-element injector to make it suitable for a parametric study. The 

injector face simplification of the full injector shown in Figure 7-1 is outlined below: 

1. For the CFD model, only the outer row of elements is considered. Currently, the effects and 
interactions of the outer element row with interior elements are simplified by imposing 
symmetric conditions. 

2. The multi-element injector effects are modeled by imposing symmetric conditions between 
injectors with the computational domain sizes corresponding to the actual radial and 
circumferential spacing of the full injector. 

Thus, the CFD model is a scaled down version of what would occur in an actual combustion 

chamber. The CFD model attempts to capture effects near the outer edge of the injector. 

The variables are the circumferential spacing (number of injector elements in outer row), 

wherein the total mass flow rate through the outer row injector elements is held constant, and the 

radial spacing, such that the distance to the wall is held equal to the distance to the inner slip 

boundary. By this assumption, the mass flow rate through a single injector is equal to the total 

mass flow rate through the outer row of injectors divided by the number of injectors in the outer 

row.  The purpose of the inner slip boundary is to keep the computational domain approximately 

symmetric, as the contributions and interactions from inner elements are neglected in the 

analysis. It is desired that the CFD model be able agree qualitatively with related experiments as 

well as establish the sensitivity of certain geometry changes on wall heating. 



 

194 

The CFD simulations were conducted using loci-STREAM157 (Thakur and Wright 2006). 

The CFD model attempts to approximate the single-element section near the chamber’s outer 

wall given in Figure 7-1. The single-element section was approximated using a rectangular 

shaped computational domain. Only one-half of the domain is simulated. The grid resolution 

used is equivalent to the intermediate grid 3 from the grid sensitivity study of Section 6.6. This 

grid was chosen for its balance of accuracy and relatively short run-time. The solutions are 

expected to give good heat flux accuracy, but the combustion lengths are expected to be 

somewhat under-predicted. 

In summary, the objectives are to minimize the peak heat flux qmax(N*,r*) and minimize 

the combustion length LC(N*,r*) where the independent variables are explored within the range 

*

*

*
max

0.75 1.25
0.25 1.25
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N
r

N N N

≤ ≤

≤ ≤

≤

 (7-1) 

where 

* *,baseline baselineN N N r r r= =  (7-2) 

where N is the number of injector elements, Nmax is the maximum possible number of injector 

elements in the outer row, and r is given as shown in Figure 7-1. The combustion length is the 

length at which combustion is 99% complete, and a shorter combustion length indicates 

increased performance. A low peak heat flux would reduce the risk of wall burnout. Although 

the number of injector elements in the outer row changes, the total combined mass flow rate to 

the outer elements also remains constant, so the mass flow rates for the individual injectors are a 

function of the number of injector elements N. The distance w of the computational domain in 

Figure 7-1B is given by 
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where R is the distance from the center of the injector to the center of an outer element injector 

element and D is the injector element diameter. 

The baseline injector element geometry is based on the experimental test case RCM-1 from 

Section 4.1.4, while the overall injector and element spacing is based on the Integrated 

Powerhead Demonstrator159 (IPD) main injector. For this injector, the maximum number or 

injector elements Nmax allowable in the outer row is 101. The flow conditions and injector 

geometry for the baseline injector are given in Table 7-1. The inlet flow represents incompletely 

burned flow from upstream preburners, so both the fuel and oxidizer contain some water as a 

constituent. 

7.3 Feasible Design Space Study 

The design points based on r* and N* are shown in Figure 7-2. The first seven design 

points were selected based on a preliminary design sensitivity study. Point 16 lies at the center of 

the design space. Latin Hypercube Sampling was then used to select the seven remaining design 

points within the variable ranges. 

Figure 7-3 shows the values of the objectives at each design point. It can be seen that the 

mean heat flux across the combustion chamber wall stays relatively constant across all of the 

design points. The maximum heat flux, however, varies depending on the combustor geometry. 

The design points have an average mean heat flux of 8.2 MW/m2 and an average maximum heat 

flux of 37.3 MW/m2. In general, as the maximum heat flux becomes lower, the combustion 

length is longer, indicating slower combustion. For design purposes, there would need to be 

some balance between the maximum heat flux and combustion length. From Figure 7-3B, it can 

be seen that case 6 shows good balance between minimizing the peak heat flux and minimizing 
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the combustion length, while case 12 gives arguably the worst characteristics due to its high 

maximum heat flux and long combustion length. Figure 7-3 also shows the maximum heat flux 

and combustion length as a function of the hydrogen mass flow rate. It is apparent that the 

maximum heat flux is not a function of the mass flow rate alone, but that there must be other 

influencing factors. There does seem to be an overall decrease in the maximum heat flux with the 

mass flow rate, as well as an overall increase in combustion length with increasing mass flow 

rate, which is a function of N*. No obvious relationship was seen between the maximum heat 

flux or combustion length and the cross-sectional area. This indicates that, a smaller cross-

sectional area does not automatically translate into a longer combustion length, as one might 

expect. This was also demonstrated by the grid sensitivity study.  

The CFD results for four cases, representing the baseline case along with cases 

demonstrating good or poor heat flux characteristics, are shown in Figure 7-4. It can be seen that 

the flame is flattened somewhat based on the shape of the computational domain. Another major 

observation is of the location of the recirculation region. Instead of hot gases being directed at 

the wall, as in the baseline case and case 12, the recirculation region of case 2 and case 6 is 

located between injector elements, and the streamlines are largely parallel to the combustion 

chamber wall. This led to an observation that all of the CFD solutions resulted in one of two 

scenarios. Eleven of the cases showed a sharp peak in the wall heat flux near the injector face 

with the downstream heat flux considerably lower than the peak heat flux. This is termed 

“Pattern 1,” and corresponds to cases that have hot gases directed at the wall as in Figure 7-5A. 

The remaining five cases had a relatively low heat flux near the combustion chamber wall that 

grew gradually to a slight peak further downstream. This group is termed “Pattern 2,” and 

corresponds to the cases that have a recirculation zone that would exist between injector 
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elements. The two groups can be clearly seen in Figure 7-6 in the plot of maximum heat flux 

versus r*. Figure 7-7 shows the heat flux profile and contours for case 12 of Pattern 1, and case 6 

of Pattern 2. In Pattern 2, the heat flux is spread across the combustion wall, rather than being 

localized as were the cases from Pattern 1. The best performing designs with regards to heat flux 

appear to be those with small distances between the injector and the wall. However, of the cases 

in Pattern 2, the worst cases are cases 7 and 9 that have smaller domain widths as compared to 

the other cases. This would suggest that the peak heat flux might be a function of the domain’s 

aspect ratio, rather than separately being a function of radial or circumferential spacing, alone.   

The domain’s aspect ratio is given by AR = r*/w*, where w* = w/wbaseline, and wbaseline is 

determined based on N = Nbaseline in Equation 7-3. It can be seen in Figure 7-8 that the value of 

the peak heat flux appears to be strongly dependent on the aspect ratio. The designs with the 

lowest peak heat flux also have the lowest aspect ratio. This indicates that it may be desirable to 

have a low ratio of wall spacing (radial spacing) to injector-injector spacing (circumferential 

spacing) to reduce the peak heat flux. Due to the presence of case 5, it is difficult to determine 

whether the cases approximately follow a linear trend and case 5 is an outlier, or if the actual 

trend is quadratic. 

It appears that the peak heat flux is highly sensitive to the combustion chamber geometry 

as evidenced by Figure 7-8. The relationship of the combustion length to geometry is less clear.  

It appears that there is some sensitivity to the geometry due to the fact that equivalent injector 

elements with equal mass flow rates can result in combustion lengths that can differ significantly 

(see points 2, 4, and 6 in Figure 7-3D). In general, the cases in the region defined by Pattern 1 

have shorter combustion lengths than those in Pattern 2.  This indicates that increasing the size of 

the recirculation zone, and hence the mixing, may increase the combustion efficiency. An 
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individual analysis on a single injector element of the effect of the combustion chamber 

geometry on combustion length with constant mass flow rate may be necessary to determine the 

relationship. 

The best trade-off points are located in one or the other region of the design space, as 

shown in Figure 7-9.  Because the behavior of the design points in the different regions are very 

different, this indicates the need for two separate design spaces. The dividing line for the new 

design space is given approximately by the dashed line in Figure 7-9B.  The design space will 

also be expanded slightly to 

*

*

0.60 1.25
0.20 1.25

N
r

≤ ≤

≤ ≤
 (7-4) 

due to the best trade-off points of pattern 2 having low N* and r* values. 

While it does appear that the combustion length is definitely affected by the geometry, the 

results of the feasible design space study were not able to reveal the direct relationship between 

combustion length and geometry. Based on a computational model for an injector element near 

the combustion chamber wall of a multi-element injector, it was found that an injector element 

that is located far from the combustion chamber wall does not always result in the best heat 

transfer characteristics. The results of the feasible design space study suggest that by increasing 

the spacing between injector elements of the outer row, while reducing the distance of the outer 

row to the wall, that the heat transfer results could be better controlled. This configuration helps 

to direct heat away from the wall, rather than towards it, and results in an even distribution of 

heat across the combustion chamber wall. To a lesser degree, increasing the distance to the 

combustion chamber wall can also result in reduced peak heat flux, but the required spacing may 

possibly be prohibitively large. 
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7.4 Design Space Refinement 

Using the merit function smart point selection procedure introduced in Section 2.4.3, along 

with an assigned rank using the formulation for multi-objective problems introduced in Equation 

2-38, additional points were added to the newly expanded design space.  The merit function that 

maximizes the probability of improvements MF2 was chose for point selection, as it resulted in 

the least error for a small number of sampling points as was shown the radial turbine analysis in 

Section 3.4.  The design space refinement proceeded over several steps.  The steps are listed 

briefly, then described in more detail: 

1. Kriging RS was constructed for each objective over 16 initial design points.  Based on the 
results initial Kriging RS, the design space variable ranges were expanded due to favorable 
function values on the edge of design space.  Four points were selected via the multi-
objective merit function-based point selection criteria to add to the original 16 points for a 
total of 20 designs. 

2. The design space was separated based on flow patterns into two regions called Pattern 1 
and Pattern 2.  A Kriging RS was constructed for each objective for the 12 out of 20 
designs in Pattern 1.  Three new points were selected using MF2 for a total of 15 designs in 
Pattern 1. 

3. A Kriging RS was constructed for each objective for the 8 out of 20 designs in Pattern 2.  
Four new points were selected using MF2 for a total of 12 designs in Pattern 2. 

4. A Kriging RS was constructed for each objective for the 15 designs in Pattern 1. 

5. A Kriging RS was constructed for each objective for the 12 designs in Pattern 2. 

6. For visualization of the full design space, a Kriging response surfaces were fit for each 
objective to all 27 design points. 

The error statistics for all six steps are given for each objective in Table 7-2. 

A Kriging surrogate was fit to the entire design space before the design space separation.  

The merit function value was calculated for points sampled across the design space as shown in 

Figure 7-10. The densely sampled points were divided into eight clusters based on location.  The 

point with the best rank in each cluster was selected.  Out of the eight resulting points, four were 
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chosen based on their favorable objective function values predicted by the surrogate model. The 

Kriging surrogate results along with the four selected points are shown in Figure 7-11.  While 

Kriging can provide an adequate surrogate model for the peak heat flux, Figure 7-11B shows that 

the design space is too large for an appropriate surrogate fit for the combustion length.  When the 

PRESSrms is calculated as a percent of the objectives sampling range or the standard deviation of 

the objectives, it can be seen that the PRESSrms error for the LC surrogate fit is about twice that of 

the qmax surrogate. The design space was thus divited into two smaller regions to try to improve 

the surrogate fits. 

Fifteen of the 20 design points were located in the region for Pattern 1, while eight of the 

20 design points were located in the region for Pattern 2.  Kriging fits to the individual regions 

increased the scaled prediction error in each region.  In particular the Kriging scaled prediction 

error for Pattern 2 increased significantly due to the small number and poor distribution of the 

data points located in the region. 

To improve the surrogate fits, additional data points were added to each region.  Three 

points were added to the Pattern 1 region, and four points were added to the Pattern 2 region 

based on merit function evaluations and favorable objective function values.  The Kriging 

surrogate fit and merit function contours for Pattern 1 and Pattern 2 are given in Figure 7-12 and 

Figure 7-13, respectively.  Figure 7-12 indicates the locations of the three points added to the 

design space in the region of Pattern 1.  Figure 7-13 indicates the locations of the four points 

added to the design space in the region of Pattern 2.  These points were chosen out of the points 

selected by the merit function analysis based on high uncertainty and high promise of function 

improvement.  Regions where the predicted function values were very poor were avoided.  This 

would have the overall effect of refining the design space only in the region of the best trade-off 
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designs.  The resulting Kriging fits including the new data points are shown for Pattern 1 and 2 

in Figure 7-14 and Figure 7-15, respectively.  The response surface for peak heat flux of Pattern 

1 in Figure 7-14 shows smooth contours, indicating a good surrogate fit.  The prediction errors of 

the Kriging fits echo what can be casually observed from the contour plots.  For Pattern 1, the 

addition of points slightly decreases the scaled error in qmax, and significantly decreases the 

scaled error in the prediction for LC.  The prediction of the combustion length of Pattern 2 was 

improved by separating the design space into two regions as evidenced by the scaled prediction 

error.  The fit of the peak heat flux became worse for Pattern 2 after splitting the design space 

into two regions, but this may be due to the sparseness of data points in the region. 

When the data points were plotted as combustion length versus peak heat flux in Figure 

7-16, it was discovered that all of the newly added points dominated the points in the original 

Pareto front.  Overall, the heat flux was reduced by up to 20% and the combustion length was 

reduced by up to 5% among the eleven new points as compared to the best trade-off points from 

the original data set of 20 points.  This indicates the success of using merit functions to select 

points for design space refinement. This is a case where a surrogate based on a simple DOE can 

be used to positively identify the “bad” regions so that they may be avoided.  In this case, the 

original surrogates were not accurate in regions away from the original design points, 

particularly in the prediction of the combustion length, but they are sufficient to identify regions 

that are obviously bad.  By ignoring obviously bad regions of the design space, new data points 

could be concentrated in the best trade-off region.  The original surrogate model was also 

successful in identifying the regions of the design space that may result in function improvement, 

as six of the eleven new points lay in the expanded portion of the design space.   
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A Kriging fit to all points of the design space shown in Figure 7-17 show a smooth 

response surface for the prediction of the peak heat flux.  The highest peak heat fluxes are 

predicted in Pattern 2.  This is to be expected, as these cases have a recirculation zone that directs 

hot gases to the combustion chamber wall.  This feature allows for a new approximation of the 

boundaries between the two regions of the design space.  Cases that lie very near the division, 

such as case 20 at N* = 0.6 and r* = 0.9, show characteristics of both regions with a recirculation 

zone evenly situated about the injector, rather than in the vertical or horizontal directions, as 

shown in Figure 7-18. The longest combustion lengths, or worst combustion efficiencies, occur 

in the points in Pattern 2.  This is likely due to the smaller cross-sectional area combined with 

mass flow rates that are larger, in general, than the designs in Pattern 1. However, for very low 

r* values, the combustion efficiency improves. 

Based on Figure 7-16, cases 18 and 19 were chosen as the best trade-off designs.  These 

designs exist on opposite sides of the design space and in different pattern regions, as shown in 

Figure 7-19, but have similar number of injectors in the outer row of the multi-element injector, 

as shown in Figure 7-20.  The cases also have similar heat flux values and combustion lengths.  

Compared to the baseline case, case 19 predicts a 45% reduction in heat flux as compared to the 

baseline case while maintaining the combustion length.  Case 19 predicts a 38% reduction in the 

heat flux and a 5% reduction in the combustion length as compared to the baseline case.  Figure 

7-21 shows the predicted heat flux profile for the selected trade-off cases as compared to the 

baseline cases.  The grid resolutions of the baseline case and one trade-off solution were 

moderately increased and compared to the solutions used for the surrogate modeling.  The 

coarser grid solution required less than one day to obtain a solution, while increasing the number 

of grid points by a factor of two increased the run time to approximately five days.  A moderate 
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increase in the grid resolution has a minimal effect on the baseline peak heat flux, but increases 

the downstream heat flux, as shown in Figure 7-22A.  However, the combustion length is 15% 

longer using a finer grid as compared to the grid used to construct the surrogate model.  For case 

19, the trade-off case from Pattern 1, and increase in the grid resolution results in a 45% 

increased prediction of peak heat flux over the coarser grid and a 10% increase in the combustion 

length.  When comparing the fine grid solutions of the baseline case and case 19, the peak heat 

flux is only reduced by 16% and the combustion length reduced by approximately 6%.  

Significant differences in the prediction can occur as a result of the grid resolution.  However, 

the improvement in the finer grid solutions indicates that the surrogate model can still provide 

significant information on the general trends in the data with which to improve the design. 

The peak heat flux has a strong dependence on the combustion geometry.  The effects of 

geometry can be stronger than the mass flow rate dependence.  It was observed by Conley et al.22 

(2005) that the heat flux of an injector was strongly dependent on the injector’s mass flow rate, 

with the heat flux increasing proportionally with the square of the mass flow rate.  The injector 

spacing analysis, however found that the peak heat flux actually decreased with increasing mass 

flow rate, as shown in Figure 7-23.  This shows that there are definite effects of geometry on the 

peak heat flux.  In contrast, the combustion length predictably increases with the mass flow rate, 

although the spread in the data indicates geometric sensitivity. 

7.5 Conclusion 

The optimization framework was used to determine the effects of combustion chamber 

geometry on the wall heat flux and combustion length. Although, the accuracy of the surrogate 

models may have been affected by the coarse grid resolutions used in the study, the surrogate 

models provided an approximation of the design space that was sufficient enough to give 

predictions of variable combinations that would result in improvement over the baseline case.  
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When additional points were selected based on large probabilities of improvement given as given 

by the merit function MF2, improvements in the function values were obtained for every newly 

selected variable combination as compared with the original data set.  This indicates that the 

search for best trade-off designs can proceed efficiently with careful selection of design points 

using merit functions. 

Based on a computational model for an injector element near the combustion chamber wall 

of a multi-element injector, it was found that an injector element that is located far from the 

combustion chamber wall does not always result in the best heat transfer characteristics. The 

results of the multi-element injector spacing study suggest that by increasing the spacing 

between injector elements of the outer row, while reducing the distance of the outer row to the 

wall, that the heat transfer results could be better controlled. This configuration helps to direct 

heat away from the wall, rather than towards it, and results in an even distribution of heat across 

the combustion chamber wall.  Sufficiently increasing the distance to the combustion chamber 

wall can also result in reduced peak heat. In the future, further exploration into each phenomenon 

should provide additional insight. 

Table 7-1. Flow conditions and baseline combustor geometry for parametric evaluation. 
Fuel annulus outer diameter (mm) 7.49
Fuel annulus inner diameter (mm) 6.30
Oxidizer post inner diameter (mm) 5.26
Oxidizer post tip recess (mm) 0.43
Combustion chamber diameter (mm) 262
rbaseline (mm) 6.59
Nbaseline 60
Total fuel mass flow rate in outer row (kg/s) 1.986
Total oxidizer mass flow rate in outer row (kg/s) 5.424
Fuel temperature (K) 798.15
Oxidizer temperature (K) 767.59
Chamber pressure (MPa) 5.42
H2 mass percentage of fuel 41.3
H2O mass percentage of fuel 58.7
O2 mass percentage of oxidizer 94.62
H2O mass percentage of oxidizer 5.38
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Table 7-2.  Kriging PRESSrms error statistics for each design space iteration. 
 
# Data set 

# of 
pts 

σ, 
qmax

a 
σ, 
LC

a 
PRESSrms, 
qmax 

PRESSrms, 
LC 

PRESSrms/
range(qmax) 

PRESSrms/ 
range(LC) 

PRESSrms/ 
std(qmax) 

PRESSrms/
std(LC) 

1 Original 16 6.93 5.33 3.32 5.63 12.14 25.39 0.41 1.02 
2 Pattern 1 12 7.34 4.67 5.18 5.08 17.77 34.67 0.67 1.04 
3 Pattern 1 15 4.28 5.90 6.59 4.62 14.97 12.26 0.40 0.35 
4 Pattern 2 8 9.89 4.29 1.93 2.24 21.56 31.54 0.65 1.05 
5 Pattern 2 12 4.26 6.06 4.59 3.78 33.34 20.72 1.03 0.66 
6 Final 27 10.13 5.15 4.96 5.01 15.87 22.59 0.51 0.97 
range(qmax) = max(qmax) – min(qmax) 
range(LC) = max(LC) – min(LC) 
a σ = √σ2 = square root of the process variance given in Equation 2-11 
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Figure 7-1. Injector element subsection. A) Outer row representation of baseline injector with 

computational subsection shown at top and B) in close-up. C) Computational domain 
and boundary conditions on injector element face for injector subsection. One 
element in the outer element row is simulated. The circumferential spacing w is a 
function of the number of injector elements in the outer row. 
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Figure 7-2. Design points selected for design space sensitivity study.  Point 1 indicates the 

baseline case. 
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Figure 7-3. Effect of hydrogen mass flow rate on objectives.  A) Heat flux and combustion 

length data for original sixteen points, B) Combustion length versus maximum heat 
flux, and C) maximum heat flux and D) combustion length versus the hydrogen flow 
rate. 
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A B  

C  D  
 
Figure 7-4. Oxygen iso-surfaces and hydrogen contours. A) Baseline case (case 1). B) Worst 

overall case (case 12). C) Case with the lowest peak heat flux (case 2).  D) Best 
overall case (case 6). The combustion chamber wall is at the top of each figure. 
Approximately half of the designs showed solutions similar to A) and B), while the 
remainder was similar to C) and D).  Solutions are mirrored across the z-plane. 

A                   

B  
 
Figure 7-5. Hydrogen contours and streamlines. A) Case 12 and B) Case 6. The wall is located at 

the top of each plot. Case 6 shows the persistence of a gaseous hydrogen layer near 
the combustion chamber wall.  
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Figure 7-6. Maximum heat flux for a changing radial distance r*.  Point 1 is the baseline case. 
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Figure 7-7. Heat flux distribution. A) Center of combustion chamber wall for case 6 and case 12. 
B) Heat flux distribution along first one-third length of entire wall for case 12 (top) 
and case 6 (bottom). Horizontal axis is x-axis. 
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Figure 7-8. Maximum heat flux as a function of aspect ratio. 
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Figure 7-9.  Design points in function and design space.  A) Combustion length versus maximum 

heat flux, and B) the location of design points in the design space.  The best trade-off 
points within each pattern are circled by a dashed line. 



 

210 

A

-0.5

-0.49

-0.48

-0.47

-0.46

-0.45

r*

N
*

0.2 0.4 0.6 0.8 1 1.2
0.6

0.7

0.8

0.9

1

1.1

1.2

MF(qmax)

original DS bound

r*

N
*

0.2 0.4 0.6 0.8 1 1.2
0.6

0.7

0.8

0.9

1

1.1

1.2

MF(qmax)

original DS bound

-0.5

-0.49

-0.48

-0.47

-0.46

-0.45

r*

N
*

0.2 0.4 0.6 0.8 1 1.2
0.6

0.7

0.8

0.9

1

1.1

1.2

MF(qmax)

original DS bound

r*

N
*

0.2 0.4 0.6 0.8 1 1.2
0.6

0.7

0.8

0.9

1

1.1

1.2

MF(qmax)

original DS bound

B r*

N
*

0.2 0.4 0.6 0.8 1 1.2
0.6

0.7

0.8

0.9

1

1.1

1.2

MF(Lc)

original DS bound

r*

N
*

0.2 0.4 0.6 0.8 1 1.2
0.6

0.7

0.8

0.9

1

1.1

1.2

MF(Lc)

original DS bound

-0.5

-0.4995

-0.499

-0.4985

-0.498

-0.4975

r*

N
*

0.2 0.4 0.6 0.8 1 1.2
0.6

0.7

0.8

0.9

1

1.1

1.2

MF(Lc)

original DS bound

r*

N
*

0.2 0.4 0.6 0.8 1 1.2
0.6

0.7

0.8

0.9

1

1.1

1.2

MF(Lc)

original DS bound

-0.5

-0.4995

-0.499

-0.4985

-0.498

-0.4975

 
Figure 7-10.  Merit function (MF2) contours for A) qmax and B) LC.  Dark blue indicates regions 

of lowest uncertainty. White points are data points.  Black points are points chosen 
using merit function analysis. Points circled by dashed lines indicate best trade-off 
points.  Circled black points are new points chosen for simulation. 
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Figure 7-11.  Kriging surrogates based on initial 16 design points. A) qmax and B) LC.  White 

points are data points.  Black points are points chosen using merit function analysis. 
Points circled by dashed lines indicate best trade-off points.  Circled black points are 
new points chosen for simulation. 
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Figure 7-12.  Kriging surrogates and merit function contours for 12 design points in Pattern 1. 

Kriging fit for A) qmax and B) LC and merit function values for C) qmax and D) LC.  
White points are data points.  Black points are points chosen using merit function 
analysis.  Circled black points are points chosen for simulation. 
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Figure 7-13. Kriging surrogates and merit function contours for 12 design points in Pattern 2. 

Kriging fit for A) qmax and B) LC.  Merit function values for C) qmax and D) LC.  White 
points are data points.  Black points are points chosen using merit function analysis.   
Circled black points are points chosen for simulation.  Points in Pattern 1 region are 
ignored. 
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Figure 7-14.  Kriging fits for all 15 design points from Pattern 1. A) qmax and B) LC. 
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Figure 7-15.  Kriging fits for all 12 design points from Pattern 2. A) qmax and B) LC. 
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Figure 7-16.  Pareto front based on original 16 data points (dotted line) and with newly added 

points (solid line).  Use of surrogate model plus merit functions as selection criteria 
along with refinement of the design space resulted in all eleven new points (circled) 
dominating all original sixteen points. 
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A B  

Figure 7-17.  Approximate division in the design space between the two patterns based on A) 
peak heat flux. Division is also shown for B) combustion length. Designs near the 
division have qualities of both patterns. 

 

Figure 7-18.  Variation in flow streamlines and hydrogen contours in design space. 
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Figure 7-19.  Location of best trade-off points in each pattern group in design space. 
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Figure 7-20.  Injector spacing for selected best trade-off design point for A) Pattern 1 (case 19 
shown with 50 injector elements) and B) Pattern 2 (case 18 shown with 54 injector 
elements). 
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Figure 7-20.  Continued. 
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Figure 7-21.  Predicted heat flux profiles for baseline case (case 1), best trade-off from Pattern 1 
(case 19), and best trade-off from Pattern 2 (case 18). 
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Figure 7-22.  Heat flux profiles for different grid resolutions.  The coarser grid was used to 
construct the surrogate model.  A) Baseline (case 1). B) Case 19 of Pattern 1. 
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Figure 7-23.  Peak heat flux and combustion length as a function of hydrogen mass flow rate.  

Peak heat flux decreases and combustion length increases with an increase in mass 
flow rate.
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CHAPTER 8  
CONCLUSIONS  

CFD-based optimization can improve rocket engine component design by predicting the 

effect of design changes on performance and life indicators.  The development of a 

comprehensive and efficient multi-objective optimization framework for CFD analysis is 

necessary in this effort.  Additionally, design space refinement techniques can help direct the 

design optimization by guiding the process in meaningful directions.  Design space refinement 

techniques were used to reduce the cost of CFD-based optimization through the practice of 

removing infeasible regions from the design space using low-fidelity analyses.  Coupled with 

tools including merit functions and Pareto fronts, design space refinement is a useful tool in 

improving the accuracy and applicability of a surrogate model. 

Design space refinement techniques were developed to account for optimization problems 

with multiple objectives.  This includes the use of Pareto fronts to identify favorable design 

space regions in both objectives to allow for the removal of unnecessary regions.  Additionally, a 

merit function was selected based on its ability to provide a good accuracy surrogate with a 

minimum number of points. A rank formulation was applied with data clustering to choose data 

points that were simultaneously (a) in regions of high surrogate uncertainty, (b) have good values 

in each function, and (c) are spread evenly across the design space.   The design space 

refinement techniques were used in conjunction with problems of interest to liquid rocket engine 

design, looking at techniques to improve the mixing in flame-holding devices, improve turbine 

efficiency, and improving performance and life characteristics of a rocket engine combustion 

chamber.  The results show that even simple analyses can provide significant insight into rocket 

engine component flow dynamics that can supplement the existing experimental studies. 
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8.1 Radial Turbine Efficiency and Weight Optimization 

The compact radial turbine preliminary optimization identified several factors that can 

improve its efficiency.  The low-cost surrogate model analysis revealed that reducing the radius 

of the turbine while increasing blade size has a positive impact on efficiency without impacting 

the turbine’s weight.  The most efficient designs have higher rotational speeds and isentropic 

velocity ratios.  A grid sensitivity analysis revealed that the rotational speed and the velocity 

ratio accounted for 97% of the variability in the rotor weight, while the turbine efficiency was 

sensitive to all variables included in the analysis. 

The applicability of DSR techniques was successfully demonstrated in the preliminary 

optimization of a radial turbine optimization. 

1. In the case where the feasible design space was unknown, response surfaces proved 
invaluable in determining design constraints.  

2. After the feasible design space was determined, information from a Pareto front was used 
to refine the design space to improve surrogate accuracy without compromising the 
performance of either objective. 

For the radial turbine optimization, the infeasible points were not thrown away.  Instead, 

they served a useful purpose by providing the location of the bounds of the feasible design space.  

For a six-variable design space, surrogate models were necessary in extracting these bounds—a 

task which would have been very difficult, otherwise.  In addition, the study addressed the 

problem of refining the design space in the presence of multiple objectives.  To prevent missing 

the region of interest in one objective or the other when the design space was refined, Pareto 

fronts were used to simultaneously locate the regions of interest in both objectives. 

Finally, the radial turbine case was analyzed again using merit functions to aid the 

analysis.  It was discovered that the use of merit functions could improve the efficiency of the 

optimization process by improving point selection during design space refinement.  Using merit 
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functions also means that fewer points are required during each stage in the analysis.  Because 

the radial turbine optimization was low cost, comparisons could be made of the accuracy 

between the selection of a large number of points using standard DOE techniques of Latin 

Hypercube Sampling and factorial designs and the selection of a small number of points using 

merit functions. By using the merit function that maximized the probability of improvement of 

the function values, the number of points in the final optimization cycle could be reduced by 

94% while maintaining a Pareto front accuracy within 10%.  This substantial reduction in the 

number of points required meant that the use of merit functions would be a suitable method of 

point selection in the optimization cycles of a computationally expensive problem, such as 

injector flow. 

8.2 Bluff Body Mixing Dynamics 

A study of the sensitivity of flame-holder mixing to the bluff body geometry illustrated the 

multiple roles of surrogate-based optimization.   

1. In addition to facilitating the optimization, surrogates can be used to warn against an 
inadequate CFD model.  In this case, the large difference between an RSA and RBNN 
approximation showed that a problem existed. 

2. Complete improvement cannot always be gained using an alternative surrogate.  A neural 
network provided a better approximation in some regions, while an RSA performed better 
in other regions. 

3. It may be necessary to improve the accuracy of the CFD model or refine the design space 
to obtain a better result.  In this case, problems in the CFD model must be resolved before 
the analysis can continue. 

4. Exploration of the design space may be necessary to determine the deficiency in the CFD 
model.  Additional data points were added in suspect regions to reveal the true nature of 
the CFD model response. 

These conclusions are particularly important, as similar issues can arise in other CFD-based 

design optimizations with complex flow situations.  Without the use of surrogate models and 
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DSR, the problem of insufficient grid refinement in the CFD model might not have been 

discovered. 

Understanding the mixing dynamics and the effects of the geometry on mixing is 

important in the design of combustion devices such as injector flow.  In this case, the CFD-based 

surrogate model was able to reveal important aspects on the sensitivity of the mixing to the bluff 

body geometry.  It was found that the mixing could be increased by changing the shape of the 

trailing edge of the bluff body.  This increased mixing often came at the expense of increasing 

drag on the body, however, locations of extreme cases revealed designs that gave favorable 

mixing characteristics and low drag.   

8.3 Single-Element Injector Flow Modeling 

The injector flow modeling was conducted as a preliminary exercise to the combustion 

chamber flow optimization.  Flow was analyzed within the injector itself to determine 

combustion chamber inlet conditions.  Model verification was provided by developing a 

computational model of an experimental combustion chamber.  Finally, a grid sensitivity 

analysis was conducted.  It was discovered that the combustion length was more sensitive to the 

grid resolution than the wall heat flux.  Grid independency is not reached in the present study.  

The wall treatment of the turbulence model reduces the sensitivity of wall heat transfer 

computations.  A grid resolution was selected for the injector flow optimization that provided 

good trade-off between heat flux profile accuracy and computational run time. 

8.4 Multi-Element Injector Flow Modeling 

The CFD model sought to approximate the effects near a single injector element in the 

outer injector row of multi-element combustor flow.  Geometric design variables were selected 

to improve the performance and life of a rocket engine combustion chamber.  The spacing 
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between injector elements and the distance to the wall were adjusted to determine the effect on 

the peak heat flux profile and combustion length. 

Determination of the feasible design space revealed interesting flow characteristics of the 

initial data set.  It was found that each point in the design space resulted in injector flow that 

exhibited one of two characteristics: 

1. The outer shear layer is directed towards the combustion chamber wall, resulting in a sharp 
peak in heat flux near the injector face.  This occurs due to a large distance to the wall as 
compared to the inter-element distance.  Although these designs, in general, had lower 
mass flow rates per injector, overall, this scenario resulted in very high peak heat fluxes. 

2. The outer shear layer is directed towards the neighboring element within the same row, 
resulting in a low heat flux near the injector face that gradually increases to a peak 
downstream.  This occurs due to an injector-to-wall distance that is small compared to the 
inter-element distance.  These designs had higher mass flow rates per injector, but the heat 
transfer was spread more evenly across the combustion chamber wall. 

The behavior of the different flow patterns and trends dictated that separate analyses be 

conducted based on the characteristic flow pattern. 

 The accuracy of the initial surrogate was low, indicating the need for a design space 

refinement.  In the radial turbine analysis, merit functions were shown to have the ability to 

minimize the number of points needed to improve the surrogate model without significantly 

compromising the future accuracy of the surrogate.  For this reason the merit function that 

maximizes the probability of improvement of the surrogate model was used to select additional 

points for each region of the design space.  The refinement process consisted of a change in the 

design variable bounds as well as an addition of points based on the multi-objective merit 

function-based point selection procedure.  The DSR was applied to each of the two regions of the 

design space based on the predicted flow characteristics.  All of the new points selected using the 

merit function-based DSR dominated all of the original design points.  The multi-objective 
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surrogate-based DSR using merit functions for point selection was thus successful in providing 

optimal design using a small number of design points. 

8.5 Future Work 

This study provides a starting point for CFD-based design of rocket engine components.  

In particular, this study provides a new method of attacking complex rocket engine component 

design.  Future studies may include 

1. Full 3-D simulations of the selected optimum radial turbine design and a comparison with 
the 1-D Meanline code results to determine if the efficiency gains are comparable over the 
baseline case. 

2. A three-dimensional blade shape optimization of the selected optimum radial turbine 
design. 

3. Adding additional design points near the selected designs of the multi-element injector 
analysis.  Doing so would provide a more accurate representation of the design space near 
the selected designs. 

4. Improving the accuracy of the multi-element injector model by including the second row 
of injector elements in the CFD model.  In this case, the best designs as selected in the 
current study can provide a starting point for the additional analysis.  The effect of the 
injector interactions can be quantified, and the applicability of the slip boundary and 
symmetric computational domain can be determined. 

5. Systematic experimental investigation of the effects of the wall distance and/or the inter-
element injector spacing on peak heat flux and combustion efficiency for a multi-element 
injector.  Experimental studies on the selected best, or similar, multi-element injector 
designs and a comparison with the baseline case would provide experimental confirmation 
of the results of the simple study. 
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