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Gas permeability in composite laminates is investigated based on Darcy’s law for porous 

materials. The composite with transverse cracks and delaminations is treated as a porous 

material. The permeability is derived in terms of crack densities in each ply, interfacial 

intersection area and a material constant to be determined by experiments. The permeability in 

cross-ply laminates is investigated first. A three-dimensional finite element model in conjunction 

with the concept of strain energy release rate is used to determine the crack densities in each ply 

of the laminate. Then a three-dimensional model with delaminations is used to obtain the 

intersection area that forms the leakage path. Parametric studies were performed, and it has been 

found that the permeability is related not only to the resultant forces and thermal loads but also to 

the delamination length, the delamination shape, the stacking sequence and the temperature 

dependent material properties. Finally, the progressive permeability in cross-ply laminate is 

predicted as function of applied loads. 

Multi-directional laminates are also investigated. Unlike the transverse matrix cracks found 

in cross-ply laminates, so-called stitch cracks were observed in angle-plies in multi-directional 

laminates. A unit cell is taken based on experimental observation and the evolution of the stitch 

crack is studied based on the strain energy release rate. The stitch crack length is predicted as a 
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function of applied strain under uniaxial loading. The effects of ply angle and ply thickness on 

the formation and propagation of stitch crack have been investigated. Some experimentally 

observed phenomena are confirmed by the modeling results. A special cracking scenario in 

laminate [0/60/90]s is considered for the permeability prediction including progressive changes 

in permeability. 
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CHAPTER 1 
INTRODUCTION 

Background 

High strength/weight and stiffness/weight ratio makes graphite/epoxy composite materials 

much more favorable to other conventional materials in aerospace structures. Reduction of 

structural weight of space vehicles is a critical issue to reduce the cost of sending payload to 

space. It is estimated that various gas storage tanks account for about 50% of the dry weight of 

space vehicles. Currently, the cost to transport payload into orbit is about $10,000 per pound. 

NASA initiated the next generation single-stage-to-orbit reusable launch vehicle (RLV) program 

trying to reduce the cost to $1,000 per pound. One such vehicle is the Lockheed Martin X-33 

(Figure 1-1).  

The linear aerospike engines in X-33 operate using hydrogen mixed with an oxidizer, 

which needs to be stored at cryogenic temperatures. It had been estimated that composite fuel 

tank would reduce its weight by 40% and the overall weight of the vehicle by 14% compared to 

the conventional metallic fuel tank (Kessler, Matuszeski, & McManus, 2001). The honeycomb 

sandwich structure was used in liquid hydrogen (LH2) tank in X-33. In November 1999, the 

outer wall of the sandwich structure explosively disbonded when the tank was ground-tested at 

the NASA Marshall Space Flight Center. The cause of the failure was believed to be excessive 

permeation of liquid hydrogen from inner face sheet to honeycomb. When the tank was warmed 

up, the gas in honeycomb could not escape quickly, and the corresponding pressure increase 

caused the failure. The failure has caused a setback to further application of composite laminate 

in cryogenic tanks. Hence, understanding the mechanism of gas leakage through composite 

laminates is very critical to the future application of composite materials in cryogenic storage 

tanks. 
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Composite laminate usually include several layers with different fiber directions. 

Generally, the cryogenic tank is under high mechanical/thermal loading and also subjected to 

cyclic loads, which could cause damage in the laminate such as microcracks and delaminations. 

From experimental observation (Berthelot, 2003), transverse microcracks developed in the 

90o-ply of cross-ply laminate when the laminate was loaded in the 0o-direction. The 

“microcracks” in the present work refers to those matrix cracks fully developed in the thickness 

direction of the ply and fully extended through the laminate. These microcracks induced local 

stress concentrations at the crack tip and can cause the interlaminar delaminations between 0o- 

and 90o-plies (Figure 1-2). 

In reality, the composite laminate is under bi-axial cyclic loading as the wall of the cryogen 

tank. In this case, the matrix microcracks will form in both 90o-plies and 0o-plies of the cross-ply 

laminates. Because of the interlaminar delamination, microcracks in different plies can be 

connected by intersection areas (shaded areas) as shown in Figure 1-3. The network formed by 

microcracks and intersection areas provide a pathway for hydrogen to leak through the laminate. 

Of course, there would be some gas leakage due to diffusion mechanism even no microcracks are 

generated. But the amount would be negligibly small compared to the amount leaked through the 

cracks and delamination. Hence, in the present work, we focus on the gas leakage due to cracks 

and delaminations in the composite laminate. 

The goal of the present work is to develop an analytical numerical tool enabling us to 

investigate the mechanism of gas permeability in composite laminates, to quantify the gas 

permeability under given mechanical and thermal loads and to provide information for future 

design of laminates. 
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Literature Review 

 There are a lot of experimental and analytical investigations on microcracking formation 

available in the literature, e.g., see (Nairn, 2000) and (Berthelot, 2003) and references therein. In 

the current research, we focus on the analytical modeling of microcracking. In conventional 

stress analysis it is assumed that microcracks form when stress in the 90o-plies reaches the 

strength of matrix material. This method, however, did a poor job to predict the microcracking 

process compared to the experimental observation (Nairn, 2000). Nairn (2000) presented 

methods based on fracture mechanics and energy balance to analyze microcracking, which 

assumed that new microcracking formed if the total energy released due to the formation of the 

microcrack reached the microcracking fracture toughness Gmc. These energy-release-rate-based 

methods did a good job of predicting the microcracking in cross-ply laminates under uniaxial 

loading. The energy release rate method was then extend by Bapanapalli, Sankar and Primas 

(2006) to predict crack density evolution in cross-ply laminates under bi-axial and thermal 

loading using three-dimensional finite elements. This method will be used in the current research 

to predict the crack density evolution in each ply of the composite laminate. 

After the failure of the liquid hydrogen tank of X-33, many experimental and analytical 

works have been done to investigate the gas permeability in composite laminates. Stokes (2002) 

performed permeability testing on IM7/BMI laminated composites under bi-axial strains based 

on ASTM standard (ASTM D1434-82, 1992). The permeability was measured under constant 

strain at room temperature and it has been found that the permeability was a time dependent 

property. Nettles (2001) tested permeability of composite laminates after impact testing and 

found that the flow rate usually had a nonlinear dependence on the applied pressure. McManus, 

Faust, and Uebelhart (2001) investigated the influence of loading conditions, crack density and 

ply orientation on the permeability of graphite/epoxy laminates. Choi (2005) performed 
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permeability tests on various composite material systems subjected to certain cryogenic cycles, 

and found that for the laminates with same thickness the one with grouped lay-up had higher 

permeability than the one with dispersed lay-up. Among all the specimens, textile composite 

yielded the lowest permeability. Kumazawa, Aoki, and Susuki (2003) investigated Helium gas 

leakage through composite laminates, and compared the experimental results with the analytical 

models. In their later work (Kumazawa, Susuki, & Aoki, 2006), they measured the gas leakage 

rate of cross-ply laminates under biaxial loading and found that besides the amount of the 

damage the gas permeability was also dependent on both load level and biaxial load ratio. 

Grenoble and Gates (2006) performed permeability tests on composite material IM-7/977-2 after 

specimen being mechanically cycled at room temperature and found that the leak rate depended 

on applied mechanical strain, crack density and test temperature. Bechel, Camping, and Kim 

(2005) measured the evolution of microcrack density in composites due to cryogenic thermal 

cycling. Bechel and Arnold (2006) investigated the permeability in multi-directional laminates 

after certain thermal cycling from room temperature to cryogenic temperature and found that the 

permeability increased significantly as the number of cycling increased. 

Besides the experimental measurement of the permeability in composite laminates, efforts 

were also devoted to develop analytical and numerical models to understand the mechanism of 

permeation. As shown in Figure 1-3, the matrix microcracking and the interlaminar 

delaminations form the leakage pathways for the cryogenic gas. The intersection areas (the 

shaded areas shown in Figure 1-3) formed by the crack opening in adjacent plies are the neck 

areas in the leakage pathway. If we treat the damaged composite laminate as a porous medium, 

then Darcy’s law for porous material can be used in modeling gas permeability (Aoki, 

Kumazawa, & Susuki, 2002, Kumazawa, et al. 2003, Roy & Benjamin, 2004, and Roy & Nair, 
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2006). In Darcy’s law, the volume flow rate of fluid is proportional to the pressure gradient, and 

the proportionality constant is given by the ratio of permeability constant to the viscosity of the 

fluid. The gas permeability constant is determined by the micro-structure of the porous material. 

In our case, it is determined by crack densities in each ply, ply thicknesses, intersection area and 

a material constant that can be determined from experiments. For a given laminate, the ply 

thicknesses and the material constant are fixed. The crack densities can be predicted using the 

energy release rate method mentioned before, or directly measured from experiments. However, 

the crack opening of the microcracks is hard to measure in experiments. Hence, analytical 

models are required to predict the intersection area. Kumazawa et al. (2003) only considered 

microcracking in their model and took mean crack opening displacement computed from 

two-dimensional shear-lag analysis to get the intersection area. Theoretically, however, 

microcracking along cannot form the intersection area; delaminations have to be introduced in 

the model. Roy and Benjamin (2004) developed a model with delamination and computed crack 

opening displacement based on first-order shear deformable laminate theory. They compared the 

analytical results for crack opening displacement with finite element (FE) results and 

investigated the permeability under mechanical loading and thermal loading. Later on, Roy and 

Nair (2006) extended this model to include the stitch cracks developed in the oblique layers of 

the laminate by introducing effective spring stiffness. All these models are 2-D models. In the 

current work, we have found that the intersection areas were largely dependent on the local 

geometries, and a full three-dimensional analysis is required to obtain accurate result (Xu & 

Sankar, 2007).  

Some other researchers predicted the gas permeability in composite laminate based on 

fluid mechanics principles (Noh, Whitcomb, Peddiraju, & Lagoudas, 2004; Peddiraju, Lagoudas, 
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Noh, & Whitcomb, 2004; Peddiraju, Grenoble, Fried, Gates, & Lagoudas, 2005; and Peddiraju, 

Noh, Whitcomb, & Lagoudas, 2007). In their models, the opening due to transverse microcracks 

and delaminations and the intersection area are first investigated. Then a damage network 

through laminates with assumed crack opening and delamination was set up and the effective 

conductance through this network was predicted using the computational fluid dynamics 

program FLUENT®. In these studies, the effective conductance was related to the ply thickness 

and the crack density in each ply. Also, the conductance of gas through a representative volume 

element (RVE) of intersection and microcracks were computed and a simplified model was set 

up, which agreed well with the previous simulation results. In these models, however, since the 

damage network was assumed with fixed opening and intersection area, each model can only 

represent one single loading case because the opening and the intersection area are dependent on 

the applied loads. Hence these models have difficulties to relate conductance to applied loads. 

Most of the analytical models focused on the cross-ply laminates, in which transverse 

matrix cracks developed in each ply and extended completely in both thickness direction and 

width direction. In general, it is good to include angle-plies in composite laminate design to gain 

better performance. Different from extensive transverse matrix cracks in cross-ply laminates, 

short cracks (or called stitch cracks) emanated in angle plies in multi-directional laminates. This 

phenomenon was first identified by Jamison, Schulte, Reifsnider, & Stinchcomb (1984) in the 

multi-directional laminates under fatigue loading. Lately, the stitch cracks formed in laminates 

with stacking sequence [+θn/-θn/902n]s were systematically investigated by Lavoie and Adolfsson 

(2001). It has been found that the stitch cracks not only emanated under fatigue loading but also 

emanated due to monotonic loading and thermal residual stresses. Stitch cracks were also 

observed in [0/+45/-45/90]s laminates by Bechel et al. (2005) after certain thermal cycling 
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between room temperature and cryogenic temperature. Yokozeki and his colleagues (Yokozeki, 

Aoki, Ogasawara, & Ishikawa (2005); Yokozeki & Ishikawa (2005); and Yokozeki, Aoki, & 

Ishikawa (2005)) performed experiments on laminates of type [0/θn/90]s under uniaxial loading 

and they found that whether stitch cracks or developed cracks will emanate in the θo-ply 

depended on the value of θ and the thickness of the θo-ply.  

Some of the aforementioned analytical models included stitch cracks in the modeling. As 

mentioned before, Roy and Nair (2006) introduced an effective spring stiffness to incorporate the 

stitch crack into their model and still used the first-order shear deformable laminate theory to 

compute the crack opening displacement of stitch crack. In the damage network, Peddiraju et al. 

(2005) included the stitch cracks with assumed crack length and crack opening. Note that all 

these models either eliminated the difference between stitch crack and transverse crack using an 

effective spring stiffness or assumed damage state of stitch cracks. They were not able to 

represent the relationship between stitch crack and loads. In reality, the crack densities, the crack 

length and the opening displacement of stitch cracks are functions of the applied loads. 

Objectives 

In the current work, the objective is to develop a method based on Darcy’s law and 

three-dimensional finite element analysis (FEA) to predict the gas permeability in composite 

laminates. By using this method, the permeability in both cross-ply laminates and 

multi-directional laminates will be predicted as a function of applied load. Also, the effects of 

different factors, such as ply thickness, delamination length, delamination shape, lay-ups, etc., on 

the permeability will be investigated and some useful suggestions will be provided for the future 

design of composite cryogenic tanks. 
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Figure 1-1. Lockheed Martin X-33 
(http://www.makelengineering.com/dir/Company/History/History.htm) 

 

 

Figure 1-2. Microcracks in the 90o-ply and interfacial delaminations between 0o- and 90o- plies 
due to thermal/mechanical loading. 

 

http://www.makelengineering.com/dir/Company/History/History.htm
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Figure 1-3. Gas permeation pathway provided by microcracks and delaminations in cross-ply 
laminates. 
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CHAPTER 2 
MODELS AND METHODS 

There are several theories that might be useful in developing the permeation model for 

composite laminates: Darcy’s Law for porous materials, Poiseuille’s Law for capillary and 

Darcy-Weisbach Equation for pipe pressure loss. These equations are listed in Appendix A and 

they can be derived from each other. In the present work, the permeation model in composite 

laminate is mainly derived from Darcy’s law for porous material and verified by other laws. The 

permeability is represented in terms of crack density, intersection area and a material constant to 

be determined by experiments. The derivation of the permeation model is based on the cross-ply 

laminate, where only 0o-ply and 90o-ply present, but it can be extended to multi-directional-ply 

laminate as well. 

Permeation Model 

From experimental observations, matrix transverse micro-cracking in the 90o-ply is the 

first form of damage in cross-ply composite laminates. Due to stress singularity at the crack tip 

when transverse crack reaches the interface between 90 o-ply and 0o-ply, interlaminar 

delamination may occur at the interface. Theoretically, microcracks alone cannot form a 

contiguous path for gas leakage since no intersection area is formed. Hence, the delamination has 

to be introduced in the numerical model as shown in Figure 1-3. The shaded intersection areas 

formed by the crack opening displacements (CODs) of adjacent plies connect the micro-cracks, 

and allow gas to leak out. If the composite laminate with micro-cracks and delaminates is treated 

as a porous material, Darcy’s Law for porous materials can be applied. 

Darcy’s law for viscous flow of gases through porous media is given as 

Pq ∇−=
μ
κ                  (2-1) 
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where q is volume flow rate per unite area, κ is the permeability tensor, μ is the viscosity and ∇P 

is pressure gradient vector. If we only consider the gas leakage in the thickness direction of the 

laminate, following one-dimensional version of Darcy’s law can be used: 

z
Pkq

∂
∂

−=
μ

                   (2-2) 

where k is the overall permeability constant in the thickness direction and z is the thickness 

coordinate. The permeability constant k is dependent on the microstructure of the laminate. 

Integrating both sides of Equation 2-2 over laminate thickness gives 

( )0PPkqh N −−=
μ

                (2-3) 

or 

( )
k

qhPPN
μ

=−− 0                 (2-4) 

where h is the laminate thickness, PN and P0 are pressure at the top and bottom respectively 

(Figure 2-1).  

Also, if the integration is done layer wise, we have 

( ) Ni
k

qhPP
i

iii ,...,1   ,1 ==−− −
μ               (2-5) 

where hi and ki are thickness and permeability for each lamina. 

Summing Equation 2-5 from i = 1 to i = N yields 

∑
=

=−−
N

i i

i
N k

hqPP
1

0 )( μ                (2-6) 

Comparing Equation 2-6 with Equation 2-4, it can be seen that 

∑
∑=

=

==
N

i
N

i
ii

i

i

kh

hk
k
h

k
h

1

1

or                        (2-7) 

For each lamina, most of the resistance comes from the intersection area. According to 

Poiseuille’s Law, the volume flow rate in a rectangular tube (Figure 2-2) for the laminar flow is 

given by: 
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P
L

dQ Δ=
μ12

4

                 (2-8) 

Dividing both sides by the cross-section area of the tube, d 2, gives: 

L
Pdq Δ

=
μ12

2

                 (2-9) 

Comparing Equation 2-9 with Equation 2-2, it can be seen that the permeability constant k 

for the rectangular tube is proportional to the cross-section area. Based on this fact, we can 

assume that the permeability for each lamina is proportional to the total intersection area. This 

assumption is also confirmed by Peddiraju, et al. (2007) using FLUENT® simulation. Noting that 

first and last lamina only has one interface with other laminas while internal laminas have two 

interfaces, so the individual permeability is assumed to take following form: 

( )
),1(1

)1,(1),1(1

)2,1(211

1,...,2  ,2/

NNNNN

iiiiiiiii
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where λi is the crack density in ith ply, Α(i,i+1) is the individual intersection area between ith and 

i+1th ply, and C is a material property to be determined by experiments. 

If we substitute ki back into Equation 2-7, the overall permeability of the laminate can be 

written as: 
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It is obvious from Equation 2-11 that the permeability is determined by the crack densities 

λi and the intersection areas A(i,j) once the laminate lay-up is given and the material constant C is 

determined by experiments. In another word, the overall permeability is determined by the total 

intersection area in each ply because that the crack densities give the number of intersection area 

in each ply. Hence, it is easy to extend Equation 2-11 to multidirectional laminates if the total 

intersection area in each ply is obtained. 
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Preliminary Two-Dimensional FE Modeling 

Before using a three-dimensional finite element model, two-dimensional FE modeling is 

presented first to obtain some preliminary results. A three layer cross-ply laminate is considered 

in this modeling. Figure 2-3 shows the unit cells of two different cases of damage scenarios that 

could occur in cross-ply composite laminates. In the first case, [90/0/90], the delamination 

emanates from the surface ply of the laminate whereas in the second case, [0/90/0], it emanates 

from the middle ply. Due to symmetry, only one-fourth of the unit cell is considered in the 

simulation. Eight-node isoparametric elements are used in the simulation and the orthotropic 

material properties used in the simulation are shown in Table 2-1. The simulation has been done 

using the commercial finite element package ABAQUS 6.5®. 

From Figure 2-3, it can be seen that the unit cell can be described by the crack spacing 

(reciprocal of the crack density), the ply thickness and the delamination length. The ply thickness 

h is taken as 0.33mm in the current model. First, the variation of strain energy release rate 

(SERR) at the delamination tip with respect to the delamination length a is investigated. A fixed 

crack density of 1 cm-1 is taken. Even though the individual Mode I and Mode II strain-energy 

release rates do not exist due to the oscillatory characteristic of stresses and displacements near 

the crack tip for bi-material interface cracks (Sun & Jih, 1987), the total strain-energy release 

rate is well defined (Hutchinson & Suo, 1992). Under a linear elastic assumption, the path 

independent J-integral is identical to the strain energy release rate. Since J-integral is insensitive 

to the FE mesh, uniform mesh is accurate enough for this simulation. 

Figure 2-4 shows the J-integrals with respect to the delamination length a. The 

delamination length a is normalized by the ply thickness h in Figure 2-4. The unit cell is under 

constant displacement loading. It can be seen that the J-integrals reach maximum values when 

the delamination length is about the ply thickness, and then decrease slowly. This implies that 
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the delamination propagates steadily when the delamination length exceeds the ply thickness 

under displacement controled loading. When the delamination length is too small, less than the 

ply thickness, the boundary effects are obvious.  

From Figure 2-4, it seems to be a proper choice to take ply thickness as the delamination 

length since the delamination propagates steadily after its length exceeds ply thickness. Hence, in 

three-dimensional FE analysis, a length comparable to the ply thickness is taken to be the 

delamination length and the sensitivity of the intersection area to the delamination length is 

investigated. 

Next, the COD of the microcrack is computed with a fixed delamination length and 

varying crack density. Even though both the crack density and intersection area are functions of 

applied loads, fortunately, the following results show that these two factors can be decoupled, 

since crack density does not have much influence on the COD. 

Figure 2-5 shows the computed COD with respect to crack density. The CODs are 

expressed for unit force by normalizing with respect to the force resultant Nx, which can be 

computed directly from FEA by volume average method (average stress equals to the summation 

of production of stress and element volume divided by the total element volume, and force 

resultant is given by the production of average stress and laminate thickness). It can be seen from 

these two figures that the CODs are almost constants for a given force resultant and delamination 

length. 

From the above discussion, we can argue that the crack density does not influence the 

crack opening displacement much. Hence the permeability prediction can be decoupled into two 

parts, first find crack densities for given force resultants and then compute intersection area 

under these loads. Then, the permeability for a given set of force resultants can be computed 
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using Equation 2-11. The crack densities in each ply can be either predicted using analytical 

methods (Nairn, 2000 and Bapanapalli, et al., 2006) or measured directly from experiments 

(Nairn, et al., 1993 and Nairn, 2000). However, most of the available experimental data are for 

laminates under uniaxial loading. In reality, the composite laminate in a cryogenic tank is under 

biaxial loading. Hence, the analytical method developed by Bapanapalli, et al. (2006) will be 

adopted in the current work to predict crack densities in cross-ply laminates under biaxial 

loading. The intersection area will be computed using three-dimensional finite element method 

(FEM) and a parametric investigation will be performed. 

 

Table 2-1. Orthotropic material properties for the epoxy/graphite composite material in the 
present study. (Bapanapalli, et al. 2006) 

Properties Value 

E1 169 GPa 

E2, E3 8.62 GPa 

G12, G13 5.0 GPa 

G23 1.22 

ν12, ν13 0.355 

ν23 0.41 

α1 -3.384e-9/oC 

α2, α3 28.998e-6/oC 
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Figure 2-1. Pressure distribution along thickness direction of laminate. 

 

 
Figure 2-2. Laminar flow in a rectangle tube. 
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Figure 2-3. Two-dimensional delamination model. A) Delamination from surface plies [90/0/90]. 
B) Delamination from middle ply [0/90/0]. 
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     A               B 

Figure 2-4. J-integral variation with respect to normalized delamination length a/h. A) [90/0/90] 
laminate. B) [0/90/0] laminate. 
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Figure 2-5. COD variation with respect to crack density. A) [90/0/90] laminate. B) [0/90/0] 
laminate. 
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CHAPTER 3 
CRACK DENSITY PREDICTION 

In this chapter, the method developed by Bapanapalli, et al. (2006) is briefly summarized; 

predicted crack densities under uniaxial loading is compared with experimental results; and then 

crack densities under biaxial loading are predicted for various cases. 

Methodology 

Cross-ply composite laminate [0/90/0] is considered as an example in this section to 

understand the methodology. From experimental observations (Nairn, 1993), two different 

microcracking scenarios could develop in the laminate when the laminate was subjected to 

uniaxial loading as shown in Figure 3-1. If the laminate is loaded in the 0o-direction, microcracks 

emanated in the 90o-ply (middle ply) and next new microcrack usually formed in between two 

existing cracks (Figure 3-1A). On the other hand, if the laminate is loaded in the 90o-direction, 

microcracks emanated in the 0o-plies (surface plies). The asymmetric crack pattern shown in 

Figure 3-1B has been observed by Nairn (2000). Hence, four new cracks formed to keep the 

same pattern. 

A finite fracture mechanics approach was used by Nairn (2000) to predict new microcrack 

formation. In this approach, the strain energy release rate due to the formation of new 

microcracks is expressed as a function of applied load, mechanical properties and crack density. 

Then this strain energy release rate is equated to microcracking fracture toughness, Gmc, to solve 

for the required load to form new microcracks. It has been shown that the microcracking fracture 

toughness Gmc is a material property and it can be determined through experimental techniques 

(Nairn, 2000). The predicted results using this approach matched the experimental results quite 

well. However, this approach can only predict the crack density of composite laminate subjected 
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to uniaxial loading. Bapanapalli, et al. (2006) extended this approach to predict crack densities in 

both 0o-ply and 90o-ply at same time when the laminate is subjected to biaxial loading. 

In the current work, the extended finite fracture mechanics approach (Bapanapalli, et al., 

2006) is used to predict crack densities in each ply of composite laminate. Based on the two 

scenarios shown in Figure 3-1, a three-dimensional unit cell is taken as shown in Figure 3-2. In 

this model, crack surfaces are shown in shaded area. The dimension of the unit cell is determined 

by the crack densities of surface and middle plies. 

The strain energy of the unit cell for load control condition is given by 
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N  is force resultant matrix, and λx, λy are crack densities in x- and 

y-direction. The formation of new microcracks will cause the degradation of the stiffness matrix 

of the laminate. Hence, the released strain energy due to the formation of new microcracks is 

given by 
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where 12 AAA −=Δ  is the difference of the compliance matrix before and after the formation of 

new microcracks. 

As the wall of cryogenic tank, the composite laminate is under biaxial loading, and the 

hoop stress and the longitudinal stress are proportional to each other. Hence, it is reasonable to 

assume that the force resultants in the laminate in the form: 

yx NN α=                   (3-3) 
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where α is a proportional factor, whose value equals to 2 or 0.5 for cylindrical body and 1 for the 

spherical cap of a pressure vessel. 

Substituting Equation 3-3 into Equation 3-2, the released strain energy can be rewritten as 

( ) 2
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           (3-4) 

where 11AΔ , 12AΔ , and 22AΔ  are the entries of matrix AΔ . 

According to the finite fracture mechanics, the strain energy released due to new crack 

formation should equal to the energy required to create new crack surfaces. There are three cases 

could happen for the microcrack formation: 

• Case I: new microcracks formed only in surface plies. In this case, λx remains the same but 
λy is tripled. 

• Case II: new microcracks formed only in middle ply. In this case, λx is doubled and λy 
remains the same. 

• Case III: new microcracks formed in both middle and surface plies. In this case, λx is 
doubled and λy is tripled. 

The required surface energies for these three cases are given by 
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where h0 and h90 are the thickness of 0o-ply and 90o-ply respectively. 

Equating these surface energies to the released strain energy in Equation 3-4, one can solve 

for the required force resultants for the three cases as follows 
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In reality only one case could happen, so the case that gives the smallest value of Ny will 

happen. In another word, for a given unit cell (λx and λy fixed), if Ny(II) is the least values among 

three computed force resultants, then next microcrack will form in surface ply. Note that the 

values of AΔ are different for these three cases. 

This method can also be extended to displacement control condition. For details, please 

refer to Bapanapalli, et al., (2006). 

Predicted Results 

Uniaxial Loading 

First, the crack density in a composite laminate is predicted under uniaxial loading 

condition. To compare with the available experimental data, laminate [0/90n/0] (n=1, 2, 4) are 

investigated. The material properties are taken to be the same as in Table 2-1.  

In Equation 3-6 to Equation 3-8, for each combination of (λx, λy), the stiffness matrix [A] 

is different. Matrix [A] is computed using FE analysis, but if we run the FE analysis for every 

unit cell (given λx and λy), there will be too much work since 3-D FE analysis is very time 

consuming. Hence, in the current work, the [A] matrices for certain (λx, λy) combinations are 

computed and then stiffness matrix is fitted as a complete cubic function of λx and λy based on 

the computed values using the least square approximation. 

For a given unit cell, the [A] matrix is computed based on constitutive relation: 
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Displacement boundary conditions are applied to the unit cell to make the strain status be 

εx = 1 and εy = 0. The force resultants Nx and Ny are computed using volume average method. 

Then the first column in [A] matrix equals to the computed force resultants. Similarly, applying 

the boundary condition εx = 0 and εy = 1 will give the second column of [A] matrix. For each pair 

of (λx, λy), two FE analysis are needed to determine [A] matrix. In our case, seven values of λx 

(ranging from 0 to 9.5 cracks/cm) and eight values of λy (ranging from 0 to 12.6 cracks/cm) are 

taken. So totally 112 FE analysis are needed for each laminate to determine response surface of 

[A] matrix. It can be seen that this is a quite time consuming procedure. Figure 3-3 shows the 

response surfaces for the entries in [A] matrix of laminate [0/90/0]. The dot marks are data 

points. Other laminates also have similar response surfaces. 

A MATLAB program is developed to predict the progressive crack densities λx and λy of 

laminate subjected to biaxial loading as a function of Nx or Ny. In this program, initial values of 

crack densities and the ratio between Nx and Ny are the inputs and crack densities in both 0o-ply 

and 90o-ply are outputs. The crack densities are plotted with respect to the applied loads. For 

uniaxial loading, the ratio α is taken as 0. The MATLAB codes and the derivation of the least 

square approximation of [A] matrix are enclosed in Appendix B.  

From experimental observations (Nairn, 2000) in laminates [0/90n/0], it has been found 

that the initiation stress for microcracks in the middle ply is less for the laminate with a thicker 

middle ply, and the initiation stress for microcracks in the surface ply is greater for the laminate 

with a thicker middle ply. However, at high stress levels, a larger crack density was observed in 

the middle ply of the laminate with the thinner middle ply. The predicted crack densities of 

laminates [0/90n/0] (n = 1, 2, 4) under uniaxial loading are shown in Figure 3-4 and Figure 3-5. 

The microcracking fracture toughness Gmc is taken as 240 J/m (Nairn, 2000). In Figure 3-4, the 
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stress to initiate first microcrack increases as the middle ply thickness decreases. However, once 

the initiation stress is reached, the crack density increases faster in the laminate with a thinner 

middle ply. For a [0/90/0] laminate, a negative slope is obtained, which means that the 

microcracks accumulate simultaneously in the laminate. As shown in Figure 3-5, as the middle 

ply thickness of the laminate increases, the initiation stress increases as well. Hence, our 

prediction and experimental observation matches quite well qualitatively, which gives us 

confidence to use this approach to predict the crack densities of laminates under biaxial loading. 

Biaxial Loading 

In reality, the laminate used in propellant tank is under bi-axial loading. The proportional 

constant α between force resultants Nx and Ny is taken as 0.5, 1.0 and 2.0 to represent different 

possible stress states in hydrogen tank. Figure 3-6 to Figure 3-14 show the variations of crack 

densities in different laminates under different biaxial loading. For each laminate, crack densities 

λx and λy are plotted in the same figure with respect to the average stress in the y-direction (Ny 

divided by the laminate thickness). Figures 3-6 through 3-8 represent the cases when α = 0.5, 

Figures 3-9 through 3-11 represent α = 1.0, and Figure 3-12 through 3-14 represent α = 2.0. 

From these figures, it can be seen that the initiation stresses for first microcrack in both x- and 

y-direction are lower than their corresponding values under uniaxial loading. With the same 

proportionality constant α, the initiation stress for λx decrease dramatically as the middle ply 

thickness increase. On the contrary, the initiation stress for λy increases as the middle ply 

becomes thicker, but the increase step is not as great as that under uniaxial loading. Loads in the 

x-direction affect the crack densities in the y-direction. For the same laminate, say [0/90/0], when 

α increases (σx increases), the initiation stress for λy decreases. No microcracks are generated in 
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[0/90/0] for α = 0.5 and 1.0 when λy already meet the preset limit (saturation status). These 

predicted crack densities will be used to predict the progressive gas permeability later on. 

 

 

          A              B 

Figure 3-1. Two microcracking scenarios in composite laminate [0/90/0] under uniaxial loading. 
A) Unit cell for microcracks in middle ply and new crack formation. B) Unit cell for 
microcracks in surface ply and new cracks formation. (Courtesy: Bapanapalli, et al., 
2006) 

 

 

Figure 3-2. Three-dimensional unit cell with microcracks in both middle and surface plies. 
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                    A 
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                   C 

Figure 3-3. Response surface for [A] matrix of laminate [0/90/0]. A) A11. B) A12. C) A22. 
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Figure 3-4. Crack density evolution in the middle ply under loading in x-direction. 
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Figure 3-5. Crack density evolution in the surface ply under loading in y-direction. 
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α = 0.5, [0/90/0]

0

2

4

6

8

10

12

14

0 200 400 600 800 1000
σy (MPa)

λ 
(c

m
-1

)
λx
λy

 

Figure 3-6. Crack density prediction for laminate [0/90/0]. Nx/Ny = 0.5 
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Figure 3-7. Crack density prediction for laminate [0/902/0]. Nx/Ny = 0.5 
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α = 0.5, [0/904/0]
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Figure 3-8. Crack density prediction for laminate [0/904/0]. Nx/Ny = 0.5 
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Figure 3-9. Crack density prediction for laminate [0/90/0]. Nx/Ny = 1.0 
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α = 1.0, [0/902/0]
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Figure 3-10. Crack density prediction for laminate [0/902/0]. Nx/Ny = 1.0 
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Figure 3-11. Crack density prediction for laminate [0/904/0]. Nx/Ny = 1.0 
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α = 2.0, [0/90/0]
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Figure 3-12. Crack density prediction for laminate [0/90/0]. Nx/Ny = 2.0 
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Figure 3-13. Crack density prediction for laminate [0/902/0]. Nx/Ny = 2.0 
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α = 2.0, [0/904/0]
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Figure 3-14. Crack density prediction for laminate [0/904/0]. Nx/Ny = 2.0 
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CHAPTER 4 
INVESTIGATION ON INTERSECTION AREA 

After predicting crack density in the previous chapter, we will focus on the intersection 

area and its variation due to different factors in this chapter. 

Model Description 

Three layer cross-ply composite laminate [0/90/0] is considered in the current model and 

the following assumptions have been made for simplicity: the crack densities and the position of 

microcracks in the two surface plies are identical; the microcracks in both surface plies and 

middle ply are evenly distributed. Once crack densities are given, the dimensions of the unit cell 

are fixed as shown in Figure 4-1. The upper figure in Figure 4-1A represents the top view of the 

laminate with transverse matrix microcracks. The horizontal and vertical solid lines represent the 

microcracks in 0o- and 90o- plies, respectively. Due to both in-plane symmetry and symmetry in 

thickness direction, only one-eighth of the unit cell is analyzed as shown in the bottom figure in 

Figure 4-1A. Two free surfaces are the microcrack faces. Symmetry boundary conditions are 

applied to the surfaces opposite to the free surfaces and the bottom surface. Constant 

displacement boundary conditions are applied as shown by the arrows. Delamination is 

introduced in this model since no contiguous gas-leak-pathway will be formed without 

delamination. The delaminations emanated from both surface ply and middle ply form a 

rectangular delamination front. In the current model, the crack densities in the 0o- and 90o-plies 

are taken as equal, λx = λy = 1cm-1. The material properties are kept identical to those of the 

two-dimensional model as shown in Table 2-1. Ply thickness is still taken as 0.33 mm. 

Twenty-node 3-D isoparametric solid elements and uniform mesh are used in the simulation. 

About 28,000 elements were used in the model. Figure 4-1B shows a typical deformation of the 

model under bi-axial loading. Note that the deformation is enlarged by a factor of 10. 
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Kumazawa et al. (2003) and Roy and Benjamin (2004) proposed to superpose the 

two-dimensional CODs obtained from analytical methods to get the intersection area. In fact, if 

we monitor the COD along the path shown by the arrow in Figure 4-2A, the COD first remains 

as a constant at the straight edge, and then increases remarkably close to the rectangular crack 

front. The constant value along the straight edge is identical to the result predicted by 

two-dimensional analytical model. The COD near the rectangular delamination front, however, is 

almost 50% larger than the two-dimensional result as shown in Figure 4-2B. Therefore, the local 

effects cannot be neglected and COD near the rectangular front computed from 

three-dimensional analysis should be used to compute the intersection area.  

Intersection Area Computation 

Due to the linear relation between COD and load, the intersection area under any loading 

case (Nx, Ny, ΔT) can be obtained once the CODs for the following three basic cases are 

computed:  

• ;0,0%,1 =Δ== Tyx εε  

• ;0%,1,0 =Δ== Tyx εε  

• re). temperatucryogenic  tore temperaturoom (From22300 CΔT,ε,ε o
yx −===  

For any combination of (Nx, Ny, ΔT), the corresponding (εx, εy, ΔT) can be obtained from 

the basic formula for composite laminate shown in Equation 4-1, in which the matrices [A] and 

[α] can be determined from FE analysis of those three basic cases using the approach mentioned 

in Chapter 3.  
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The corresponding CODs for (Nx, Ny, ΔT) are then obtained by superposing the results of 

three basic cases with different weighting factors. The intersection area is computed by assuming 
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that the cross-section formed by the CODs at corner is a rectangle. Figure 4-3 shows the 

variation of the intersection area with respect to the mechanical and thermal loads. In Figure 

4-3A, different symbols represent different ratios between Ny and Nx, the solid lines represent the 

cases with thermal load and the dotted lines represent the cases without thermal load; in Figure 

4-3B, each surface represents the intersection area variation with respect to Ny and Nx under 

certain thermal load. 

Actually, from those three basic numerical tests, the CODs can be expressed explicitly in 

terms of Nx, Ny, and ΔT. 

TeNeNeu yx Δ−+= −−− 81111 082.1446.0592.0           (4-2) 

TeNeNev yx Δ−+= −−− 81111 036.1156.1204.0           (4-3) 
The corresponding intersection area A is given by 
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        (4-4) 

From Equation 4-4, it is obvious that the intersection area shows parabolic variations with 

respect to Nx, Ny, and ΔT, which can be seen clearly in Figure 4-3. Equations 4-2 through 4-4, 

however, are only valid for the current model. If any condition of the model, such as 

delamination length, material properties and ply thickness, is changed, we have to redo the 

computations of those three basic cases.  

Effects of Delamination Shape and Delamination Length 

The effects of delamination shape and the delamination length on the intersection area are 

investigated in this section. In the previous section, the delamination fronts developed from the 

surface ply and from the middle ply were connected by a pair of straight lines forming a 

rectangular delamination front. However, if three-dimensional J-integrals are computed along the 

crack front as shown in Figure 4-4, it can be seen that the greatest value occurs at the corner, i.e., 
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the crack will first propagate at the corner. Hence, the delamination with a circular front might be 

a more appropriate scenario.  

Figure 4-4A shows the top view of quarter of the unit cell with delaminations, and Figure 

4-4B shows the distribution of J-integrals with different connections. The model is subjected to 

thermal load only. As we can see the J-integral values remain as constant at the straight crack 

front and increase near the connecting corner. For the case of the rectangular front, the J-integral 

value computed at the corner, which is extremely high due to the discontinuity of the first order 

derivative of the geometrical path, may not be meaningful and is eliminated from Figure 4-4B. 

As we expected, the circular delamination front reduces the highest value of J-integral at corner, 

and bigger is the radius, lower is the value. 

The intersection areas in the models with different connecting radii are computed. Figure 

4-5 shows the effects of the radius of the connecting circle. In all three basic cases, the 

cross-sectional area increases quadratically with respect to the radius. 

Moreover, the effect of delamination length is also investigated, as shown in Figure 4-6. In 

this case, the rectangular front is still used and the delamination length changed from half of the 

ply thickness to twice the ply thickness. It can be seen that the intersection area is more sensitive 

to the delamination length than to the circle radius. It does not show the tendency to be a plateau 

as mentioned by Roy and Benjamin (2004).  

Single Delamination Model 

Another phenomenon shown in Figure 4-4B is that the steady state values on different 

sides are quite different even though both directions are under the same loading condition. Hence, 

delaminating from the surface ply (high J-integral) is much easier than delaminating from the 

middle ply (low J-integral). From a different view of the typical deformation of the unit cell as 

shown in Figure 4-7, it can be seen that delamination from the middle ply (Figure 4-7A) tries to 
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close while the delamination from the surface ply (Figure 4-7B) tries to open up. Therefore, it is 

much more possible that the delamination only emanates from surface plies. Even if only 

one-side of the delamination appears, the path for gas leakage can still be formed as shown in 

Figure 4-8. We call this model as the “Single Delamination Model (SDM)”, and, 

correspondingly, the previous model is called the “Double Delamination Model (DDM)”. 

In this case, the intersection area is smaller than the one in the previous model. Figure 4-9 

shows the comparison between the intersection areas computed using SDM and DDM under the 

same loading condition ( Ny/Nx = 0.5 and ΔT = -223oC ). The intersection area A computed 

using SDM also shows a parabolic variation, but the magnitude is only about half of that 

computed using DDM.  

Effect of Lay-Ups 

Until now, only three-ply laminates are investigated. In reality, there are various lay-up 

possibilities. Choi (2005) performed permeability tests for different laminates and found that for 

the same thickness the specimen with layers grouped together has greater permeability than the 

one with layers dispersed, i.e., laminate [0/90/02/90/0] performs better than laminate [02/902/02]. 

Similar conclusion was also obtained by Kumazawa, Hayashi, Susuki, & Utsunomiya (2006) in 

the permeability test for laminates [0/90/0/90]s and [0/0/90/90]s under bi-axial loading.  In this 

section, the current modeling technique will be used to demonstrate this phenomenon. In this 

investigation, the exact same lay-up and material properties are used as in Choi’s tests (Choi, 

2005). For laminate [02/902/02], the unit cell is kept same as the one described in previous 

sections. For laminate [0/90/02/90/0], in order to describe the unit cell, the micro-cracks in the 

0o-plies and in the 90o-plies are assumed to appear in same position and the crack densities in all 

0o-plies or in all 90o-plies are equal, as shown in Figure 4-10A. Due to the symmetry of the 
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model, only one-eighth of the unit cell is considered. Figure 4-10B shows the typical 

deformation of the unit cell. 

The crack densities in laminate [02/902/02] and in laminate [0/90/02/90/0] are kept the same. 

The permeabilities in both laminates are computed using Equation 2-11. Since the material 

constant C is to be determined, the permeability is normalized by the constant C. In Table 4-1 the 

normalized permeability k/C for both specimens are tabulated and compared with the 

experimental results by Choi (2005). From this table, it can be seen clearly that the specimen 

with grouped layers has a much higher permeability than the specimen with dispersed layers. 

Note that the ratios between the permeability of the two specimens are quite different in the 

models and the experiments. This is due to the fact that the modeling procedure does not 

precisely reflect the testing procedure. In Choi’s tests, the specimens were tested at room 

temperature after certain cryogenic cycles (cooling specimen down to cryogenic temperature and 

then warming it up to room temperature is defined as one cryogenic cycle) without mechanical 

loading. While in our modeling, crack density and delamination length is assumed and bi-axial 

loading is applied. Hence, the two sets of results can only be compared qualitatively for now. 

Temperature Dependent Properties 

In this section, the effect of temperature dependent properties is investigated. In previous 

sections all material properties are assumed to be temperature independent. For graphite/epoxy 

composite laminates, the matrix properties largely depend on temperature, while the fiber 

properties do not. Hence, the composite properties that depend mainly on matrix properties, such 

as transverse modulus E2 and shear modulus G12, vary remarkably with respect to temperature. 

Schulz (2005) and Speriatu (2005) have performed some experiments to measure the temperature 

dependent properties for graphite/epoxy composite IM7/977-2. Transverse modulus E2, shear 

modulus G12, and coefficient of thermal expansion α were measured at different temperature and 
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fitted with polynomial functions. In the following simulation, these experimental results are used. 

Longitudinal modulus E1 and Poisson’s ratios ν are assumed to be temperature independent, and 

shear modulus G23 is assumed to follow the relation 

( )23

2
23 12 ν+

=
EG                 (4-5) 

In the simulation, constant strain boundary conditions are applied. Strains in both 

x-direction and y-direction are 1%. Thermal load is applied from room temperature to cryogenic 

temperature. Figure 4-11 shows the computed intersection area. The line with square symbols is 

the result with temperature independent material properties and the line with diamond symbols is 

the result with temperature dependent properties. From this figure, it can be seen that at 

cryogenic temperature the result with temperature dependent properties is almost 15% less than 

that with temperature independent properties. Hence, if temperature independent material 

properties were used, the simulation will give the upper bound of the permeability.  

Progressive Permeability Prediction 

Based on the argument drawn from the two-dimensional FE analysis in Chapter 2, the two 

determining factors of gas permeability can be decoupled. In this section, progressive gas 

permeability in laminates [0/90n/0] (n = 1, 2, 4) is predicted in terms of applied load. In Chapter 

3, the crack densities in laminates [0/90n/0] are predicted under different biaxial loadings. In this 

section, a typical unit cell is taken to compute the intersection area. To keep the same as the unit 

cell in crack density prediction, the surface cracks in the unit cell are not symmetric. The crack 

densities in this unit cell is taken as λx = λy = 2 cm-1. Delaminations from both surface ply and 

middle ply are introduced in this model. Due to symmetry, only one-fourth of unit cell is taken 

for analysis, as shown in Figure 4-12. In this section, only mechanical loads are considered, so 

only two basic cases are needed for each unit cell: (εx = 1%, εy = 0) and (εx = 0, εy = 1%). Figure 
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4-13 shows the deformation of the unit cell under loading case (εx = 1%, εy = 0). The deformation 

is enlarged by a factor of 10. 

The intersection areas of the two basic cases for laminates [0/90n/0] are tabulated in Table 

4-2. From this table, it can be seen that in both cases the intersection area increases as the 

thickness of the middle ply increases. A MATLAB program is then developed to predict 

progressive permeability and to plot the permeability versus the applied load. The program is 

attached in Appendix C. In this program, the predicted crack densities shown in Figures 3-6 

through 3-14 are fitted with cubic polynomials and then the intersection areas are computed from 

the two basic cases shown in Table 4-2. Finally, the progressive permeability is computed using 

Equation 2-11. 

Figures 4-14 through 4-16 show the predicted permeability as a function of average stress 

σy. Each figure represents one loading ratio. In Figure 4-14, Nx/Ny = 0.5, in Figure 4-15, Nx/Ny = 

1.0, and in Figure 4-16, Nx/Ny = 2.0. From these figures, it can be seen that the initiation stresses 

of gas permeability increase as the thickness of middle ply decrease. After initiation, however, 

the gas permeability in the laminate with thinner middle ply increases faster than in the one with 

thicker middle ply. This follows the same trend as the evolution of crack density. Even though 

the intersection area in [0/904/0] is the largest, the permeability in [0/904/0] increases at the 

slowest rate comparing to the other laminates. Hence, it can be concluded that the permeability is 

dependent more on the crack density than on the intersection area.  

For laminate [0/90/0], no permeability is predicted for Nx/Ny = 0.5 and Nx/Ny = 1.0 under 

available stress level because the middle ply remains undamaged (Figure 3-6 and Figure 3-9).  
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Table 4-1. Comparison between computed and tested permeability 

Laminates Normalized Permeability k/C 
Test results by Choi (2005)  

(mol/sec/m/Pa) 

[02/902/02] 1.26×10-8 2.23×10-18 

[0/90/02/90/0] 3.30×10-9 1.16×10-20 

 

Table 4-2. Typical intersection areas for [0/90n/0] laminates. (unit: m2) 

Lay-ups [0/90/0] [0/902/0] [0/904/0] 

Case I: εx = 1%, εy = 0 8.32×10-11 10.5×10-11 12.5×10-11 

Case II: εx = 0, εy = 1% 7.72×10-11 10.1×10-11 11.8×10-11 
 

 

    A           B 

Figure 4-1. Three-dimensional delamination model and typical deformation. 
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             A            B 

Figure 4-2. COD along specific path shows the local effect. 

 

 

      A           B 

Figure 4-3. Variation of intersection area with respect to Nx, Ny, and ΔT. 
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      A          B 

Figure 4-4. J-integral distribution along crack front with different connect radius 
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Figure 4-5. Effect of connecting radius of delamination on intersection area. 
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Figure 4-6. Effect of delamination length on intersection area. 

 

 

     A           B 

Figure 4-7. Typical deformation of unit cell from different views. 
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Figure 4-8. Gas leakage path formed by the delamination from surface ply only. 

 

 

Figure 4-9. Comparison between two different scenarios. 
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    A           B 

Figure 4-10. Geometric model and typical deformation for multiple-layer laminates. 
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Figure 4-11. Effect of temperature dependent material properties on the intersection area. 
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Figure 4-12. Unit cell used to compute typical intersection area. (λx = λy = 2 cm-1). 
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Figure 4-13. Typical deformation of the unit cell of [0/90/0]. 

 

 

Figure 4-14. Progressive permeability in laminates with loading ratio α = 0.5. 
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Figure 4-15. Progressive permeability in laminates with loading ratio α = 1.0. 

 

 

Figure 4-16. Progressive permeability in laminates with loading ratio α = 2.0. 
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CHAPTER 5 
DAMAGE AND PERMEABILITY PREDICTION IN MULTI-DIRECTIONAL LAMINATES 

In previous chapters, the permeability in cross-ply laminates was investigated. Usually, it 

is good to include angle plies in realistic composite laminate design to gain better performance. 

The damage pattern in multi-directional laminates is quite different from the one in cross-ply 

laminates (Lavoie & Adolfsson, 2001; Yokozeki, Aoki, Ogasawara, & Ishikawa, 2005; Yokozeki 

& Ishikawa, 2005 and Yokozeki, Aoki, & Ishikawa, 2005). In this chapter, the damage evolution 

and the permeability in multi-directional laminates is investigated. 

Laminates with stacking sequence [0/θn/90]s (same as the laminates investigated by 

Yokozeki and his colleagues (Yokozeki, Aoki, Ogasawara, & Ishikawa, 2005; Yokozeki & 

Ishikawa, 2005 and Yokozeki, Aoki, & Ishikawa, 2005)) are investigated in order to compare 

with their experimental observations. In their experiments, θ was taken as three different values 

(30o, 45o, and 60o). The specimen was loaded in 0o-direction. Depending on the value of θ and 

the thickness of θo-ply, different patterns of cracking appear in the laminates. For large angle θ 

and thick angle ply, developed cracks were generated in angle ply, and for small angle θ and thin 

angle ply, stitch cracks were generated. For example, developed cracks were observed in 30o-ply 

and stitch cracks were observed in 60o-ply in [0/θ2/90]s laminates. In the current work, θ = 30o 

and 60o are considered. Damage evolution is first investigated and then gas permeability in 

laminate [0/60/90]s is predicted. 

Damage Prediction  

In the current model ply thickness is taken as 0.14 mm. The orthotropic material properties 

are the same as those listed in Table 2-1. Figure 5-1 depicts the unit cell taken from the laminate. 

As shown in Figure 5-1A, the vertical lines represent the transverse matrix cracks developed in 

the 90o-ply and the short-oblique lines represent the stitch cracks developed in the θo-ply. In the 
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current model, it is assumed that both the transverse cracks in the 90o-ply and the stitch cracks in 

the θo-ply are evenly distributed. Hence, a unit cell containing one stitch crack can be taken as 

shown in Figure 5-1B. It can be seen that once the ply thickness is fixed this unit cell can be 

described using three parameters: the spacing of transverse crack lx, the spacing of stitch crack ly, 

and the stitch crack length 2a. Due to symmetric lay-up, only half of the unit cell is analyzed, as 

shown in Figure 5-1C. 

The dependence of strain energy release rate (SERR) on the three parameters (a, lx, and ly) 

is investigated in the current work. Two methods are used to compute the SERR: definition of 

SERR, and the J-integral at the crack front. In the first method, the total strain energy in the unit 

cell is computed before and after stitch crack propagation, and then the SERR is obtained as the 

difference of the strain energy divided by the generated crack surface area during propagation. In 

the second method, three-dimensional J-integrals along the stitch crack front are computed. The 

computed J-integrals do not remain constant along the thickness direction. Hence, the average of 

the J-integrals is taken as the SERR. Figure 5-2 shows the comparison of the two methods with 

the same unit cell. It can be seen that the SERR computed from the two methods agree with each 

other quite well except for the first point. When the stitch crack is very short, there will be very 

few elements after the crack front, which may cause the error in the J-integral computation. In 

the following investigation, the J-integral method will be used in most cases, and the method 

using the definition of SERR will be used when the J-integral method is not applicable.  

Effects of Stitch Crack Length a 

First, spacing lx and ly are fixed and the variation of SERR with respect to stitch crack 

length a is investigated as shown in Figure 5-3. Lay-ups [0/60/90]s and [0/30/90]s are considered. 

In the present model, periodic boundary conditions are applied to obtain unidirectional loading 

state: εx = ε0 and εy = 0%. First, only mechanical loads are applied. The SERR computed from 
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J-integrals are plotted with square symbols. It can be seen that for a strain of about εx = 1% the 

value of SERR is around 100 J/m2, which is much less than the microcracking fracture toughness 

Gmc. It means that there is no crack formed at this strain, which is not true from experimental 

observations (Yokozeki, et al., 2005; Yokozeki & Ishikawa, 2005 and Yokozeki, Aoki, & 

Ishikawa, 2005). Hence the effect of thermal residual stress has to be included in the calculation. 

For these calculations, the unit cell is under zero strain (εx = εy = 0%) and the temperature 

decreases from the curing temperature (177oC) to room temperature (27oC). The computed 

SERR is denoted as GT. From mixed-mode fracture mechanics (Appendix D) the SERR due to 

thermal residual stresses is included in the total SERR using Equation D-8. 

It has been found that GT itself is very low (around 10-20 J/m2) but it has a great effect on 

the total SERR. From Figure 5-3, it can be seen that after including thermal effects, the total 

SERR increases to around 250 J/m2, which is comparable to the microcracking fracture 

toughness Gmc. Hence, it is very important to take the thermal stress effect into account. 

From experimental observations by Yokozeki and his group (Yokozeki, et al., 2005; 

Yokozeki & Ishikawa, 2005 and Yokozeki, Aoki, & Ishikawa, 2005), for the same thickness of 

θo-ply the stitch crack is more likely to develop in the laminates with greater values of θ. It can 

be easily seen from Figure 5-3 that in lay-up [0/60/90]s the SERR drops down significantly after 

it reaches the maximum, while in [0/30/90]s the SERR drops down a little from the peak and then 

reaches a plateau. Hence, if the SERR decreased below the microcracking fracture toughness in 

[0/60/90]s, then the stitch crack would stop propagating. In [0/30/90]s laminate, if the plateau 

value is higher than the microcracking toughness, then the stitch crack would continue to 

propagate to form a developed crack. Further comparison is shown in Figure 5-4, where the 

[0/60/90]s laminate is under 1% strain and the [0/30/90]s is under 1.2% strain. It can be seen that 
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the SERR in [0/30/90]s requires more strain to reach the same peak value as in [0/60/90]s, i.e., 

the onset strain of stitch crack in [0/30/90]s is greater than in [0/60/90]s. And once it reaches 

same value the SERR in [0/30/90]s remains higher than in [0/60/90]s. A typical value of 

microcracking fracture toughness Gmc (240 J/m2) for epoxy material has been taken (Nairn, 

2000). It can be seen that under constant strain loading, the SERR in [0/60/90]s drops below Gmc 

at ac, which gives the stitch crack length at current strain state. Meanwhile, the SERR in 

[0/30/90]s is always greater than Gmc as a increases, which means that the stitch crack will 

continue to propagate to become a developed crack at this strain state. This confirms the results 

of experiments and analysis performed by Yokozeki’s group (Yokozeki, et al., 2005; Yokozeki 

& Ishikawa, 2005 and Yokozeki, Aoki, & Ishikawa, 2005). 

From Figure 5-4, there is a unique stitch crack length ac for a given loading state. Hence 

the stitch crack length can be represented in terms of the loading strain. Figure 5-5 shows the 

variation of stitch crack in [0/θ/90]s laminate with respect to strain. It can be seen that the onset 

strain of stitch crack in [0/60/90]s is much less than in [0/30/90]s. Also, stitch crack propagation 

in [0/60/90]s is slower and steady. In [0/30/90]s the stitch crack appears at high stain levels and 

then propagates very quickly to become a developed crack. 

Another phenomenon observed by Yokozeki et al. (2005) is that the thickness of the θo-ply 

affects the formation of stitch cracks. The thicker the θo-ply, the easier it is to form developed 

cracks instead of stitch cracks. Figures 5-6 and 5-7 show the effect of thickness of the θo-ply on 

the SERR of stitch cracks. In Figure 5-6, the [0/60n/90]s laminate is investigated. In this figure, 

the line with diamond symbols represents the SERR variation with respect to stitch crack length 

in [0/60/90]s under εx = 1% and the line with square symbols represents the SERR variation in 

[0/602/90]s under εx = 0.8%. It can be seen that even under lower strain levels, the SERR in 
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[0/602/90]s is much greater than in [0/60/90]s and the stitch crack length ac is much greater in 

[0/602/90]s. For the laminates [0/30n/90]s, the same tendency can be found. As shown in Figure 

5-7, the SERR in [0/302/90]s under 0.8% strain is higher than in [0/30/90]s under 1.2% strain. 

However, the fully developed cracks are present in both laminates. 

Effects of Spacing lx 

After the dependences of the SERR variation on the stitch crack length, angle θ and 

thickness of angle ply are investigated, the effects of spacing lx and ly will be investigated. First 

the variation of SERR with respect to lx in [0/60/90]s is computed for fixed a (0.6mm) and ly 

(1.0mm) as shown in Figure 5-8. J-integral method is used to compute the SERR. It can be seen 

that the SERR almost remains at the same level, which means that the spacing lx does not affect 

the SERR of stitch cracks so much. In this case, the prediction of the crack density λx (=1/lx) in 

the 90o-ply and the stitch crack density in the angle ply could be two independent processes. 

Effects of Spacing ly 

Next, the SERR for generating new stitch cracks is computed, i.e., the effect of ly on SERR 

is studied for a fixed a (0.6mm) and lx (2.5mm). Since we assume that the stitch cracks are 

evenly distributed, the new stitch crack has to appear at the middle of two existing cracks. Hence 

one unit cell becomes two, and the spacing ly reduces to half, as shown by Figure 5-9A. In this 

case, the old cracks will not propagate and the released strain energy is due to newly generated 

cracks, hence the J-integral method is not valid any more. So the SERR is computed using the 

strain energy difference method. Figure 5-9B shows the variation of the computed SERR, which 

tells us that the SERR remains almost as a constant for large ly and then drops down significantly 

as ly goes to zero. This means that once stitch cracks appear they will accumulate very fast until 

saturation occurs. 
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Permeability Prediction Model 

In Chapter 2, the gas permeability was derived for cross-ply laminates. Based on our 

assumption that the gas permeability is mainly determined by the total intersection areas between 

layers, the permeation model can be easily extended to multi-directional laminates. The 

difference between multi-directional laminates and cross-ply laminates is in the method to 

compute the number of intersections and the intersection areas. As shown in Figure 5-10, instead 

of a rectangle, the intersection area formed by the crack openings of stitch cracks and transverse 

cracks in the 90o-ply is now a parallelogram. Hence the intersection area A is given by d1×

d2/cosθ.  

Under biaxial loading, cracks are generated in every layer. Compared to cross-ply 

laminates, there are more scenarios in multi-directional laminates because of the crack formation 

in angle ply. In this work, we consider a special scenario as shown in Figure 5-11. In this 

scenario, we assume that the cracks in 0o-ply, 90o-ply and θo-ply are all evenly distributed and 

characterized by respective crack densities. Stitch cracks are formed in angle ply and one stitch 

crack interact only once with the transverse cracks in 0o-ply and/or 90o-ply. We assume that there 

is always a stitch crack at the cross point between transverse cracks in 0o-ply and 90o-ply. In this 

case, only the stitch cracks at the cross point will connect the transverse cracks in 0o-ply and 

90o-ply to form the contiguous gas leak pathway. In another word, the number of intersections is 

only related to the crack densities of 0o-ply and 90o-ply. 

The crack densities in 0o-ply and 90o-ply can be predicted using the method given in 

Chapter 3. The only difference is that the angle ply with stitch cracks should be included into the 

unit cell. Based on the assumption that the crack density does not have much influence on the 

intersection area, for the comparison with the results in cross-ply laminate, the crack densities in 
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0o-ply and 90o-ply is taken as the same crack densities predicted for cross-ply laminates in 

Chapter 3. The stress ratio α = 0.5 is considered, so the crack densities shown in Figure 3-8 are 

taken in the permeability computation. Laminate [0/60/90]s is taken as an example to 

demonstrate the prediction process. 

To compute the intersection area, a unit cell shown in Figure 5-12 is considered, whose 

dimensions are determined by the crack densities in the 0o-ply and 90o-ply. All the shaded areas 

are crack surfaces. Delaminations with a length of 0.14 mm from both 0o-plies and 90o-plies are 

introduced in this model (not shown in Figure 5-12). The crack density in the 0o-ply and 90o-ply 

are taken as 2/cm. From the aforementioned discussion, only the crack at the cross-point of the 

transverse cracks in 0o-ply and 90o-ply will be part of the contiguous leak pathway. So it is 

reasonable to only model the stitch crack at the cross-point. The results shown in Table 5-1 

support this argument. In this table, the intersection areas between 90o-ply and 60o-ply are 

computed for unit cells with different numbers of stitch cracks along transverse crack in 90o-ply. 

The unit cells are loaded under the same condition (εx = 1%, εy = 0). As one can see, as the 

number of the stitch cracks increase from 1 through 4, the intersection areas does not change so 

much. The difference is less than 1%. 

In Figure 5-13, the intersection areas are computed as a function of stitch crack length 

under the same loading condition (Case I: εx = 1%, εy = 0; Case II: εx = 0, εy = 1%). The stitch 

crack length (2a) increases from 1.2 mm to 2.8 mm. Unlike the delamination length, the length 

of a stitch crack does not have much influence on the intersection areas. The intersection areas 

increase a little bit as the stitch crack length increases. But, when the stitch crack length increases 

by 133%, the increment of intersection area is less than 5%. Under both loading cases, the 
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intersection areas between the 90o-ply and 60o-ply are larger than the areas between the 60o-ply 

and 0o-ply. 

Following the procedure to predict the progressive permeability in cross-ply laminates, the 

progressive normalized permeability in laminate [0/60/90]s is predicted as a function of applied 

stress in Figure 5-14. In this figure, the line with cross marks represents the permeability in 

[0/60/90]s laminate. For comparison, the permeability in [0/904/0] is re-plotted in Figure 5-14. It 

can be seen that the permeability in [0/60/90]s is much less than that in [0/904/0] even though 

they have same number of layers and same crack densities. At the same time, the permeability is 

plotted as a function of strain as shown in Figure 5-15. In this figure, the permeabilities in both 

laminates are about the same for a given strain (< 0.55%). But, the permeability in [0/904/0] still 

has a greater increasing trend under higher strains. There are two reasons that can explain this. 

One is that the lay-up in [0/60/90]s is dispersed and in [0/904/0] is grouped. From the 

investigation in Chapter 4, dispersed lay-up has lower permeability than grouped lay-up. Another 

reason is that the intersection areas in [0/60/90]s is less than the intersection areas in [0/904/0] 

comparing the results in Table 5-1 and Table 4-2.  

In this section, a very idealized unit cell is taken to predict the permeability in 

multi-directional laminate [0/60/90]s. In reality, the case would be much more complicated and 

random. The stitch cracks may interact with the transverse cracks more than once, the position of 

the stitch cracks that connect the transverse cracks may be random, and the number of the 

intersection areas may be greater than in current model. Hence, some statistical tools may be 

needed to obtain a more realistic prediction. 
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Table 5-1. Intersection areas for unit cells with different numbers of stitch cracks. 

Number of stitch cracks Intersection area (m2) 
1 6.1920E-11 
2 6.1769E-11 
4 6.1505E-11 
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Figure 5-1. Unit cell taken from laminate [0/θ/90]s. A) Top view of laminate. B) Top view of the 
unit cell. C) Three-dimensional view of the half of the unit cell. 
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Figure 5-2. Comparison of strain energy release rate computed from two different methods. 
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Figure 5-3. Thermal stress effect due to difference in curing temperature and service temperature. 
A) [0/60/90]s. B) [0/30/90]s. 
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Figure 5-4. Effect of angle θ on the formation of stitch crack. 
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Figure 5-5. Progressive stitch crack growth in terms of strain in [0/θ/90]s laminates. 
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Figure 5-6. Effect of number of angle plies, n, of lay-up [0/60n/90]s on the strain energy release 
rate. 
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Figure 5-7. Effect of number of angle plies, n, of lay up [0/30n/90]s on the strain energy release 
rate. 
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Figure 5-8. Effect of spacing lx on the strain energy release rate of stitch crack. 
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Figure 5-9. Strain energy release rate related to the formation of new stitch crack. 
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Figure 5-10. Interlaminar cross-sectional area formed by crack openings of stitch crack and 
transverse crack. 

 

 

Figure 5-11. Special cracking scenarios in multi-directional laminates. 
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Figure 5-12. Unit cell for laminate with stitch cracks. 
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Figure 5-13. Effect of the stitch crack length on the intersection areas. 
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Figure 5-14. Permeability in [0/60/90]s laminate with stitch cracks versus average stress 
compared to the permeability in [0/904/0] laminate. 

 

 

Figure 5-15. Permeability in [0/60/90]s laminate with stitch cracks versus applied strain 
compared to the permeability in [0/904/0] laminate. 
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CHAPTER 6 
CONCLUSION AND DISCUSSION 

Conclusions 

In this work, a finite element based method to predict gas permeability was used in 

conjunction with Darcy’s Law for porous materials. In Chapter 2, the permeability of cross-ply 

laminate was derived as a function of crack density and the intersection area formed by crack 

opening displacements. Based on preliminary 2-D FEM modeling, the problem is decoupled into 

two parts: crack density prediction and intersection area computation. In Chapter 3, the crack 

densities in both 0o-ply and 90o-ply in cross-ply laminate are predicted using a strain energy 

release rate method based on 3-D finite element modeling. Then the intersection areas are 

investigated parametrically in Chapter 4 and the progressive permeability is predicted in terms of 

applied load. In Chapter 5, the damage evolution in multi-directional laminates is investigated 

and the permeability model is extended to multi-directional laminates. From this study, the 

following conclusions can be drawn:  

• For cross-ply laminates [0/90n/0], the microcrack initiation stress and the crack density 
evolution largely depend on the thickness of the 90o-ply. Usually, the thinner the 90o-ply 
is, the greater the initiation stress and the greater the crack accumulating rate after 
initiation. 

• Local effects on the intersection area in the cross-ply are not negligible; 

• The intersection area is strongly influenced by the delamination shape and delamination 
length; 

• Leakage paths can still be formed in [0/90/0] laminates if delamination only occurs from 
the surface ply; 

• For a given laminate thickness, the laminates with dispersed-layers show lower 
permeability than the laminates with grouped layers; 

• Although some of the composite properties depend strongly on the temperature, 
temperature independent material properties give the upper bound for intersection area. 

• The permeability in cross-ply laminate is mainly dependent on crack densities.  
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• In multi-directional laminates such as [0/θn/90]s, whether stitch cracks or developed cracks 
will form in the θ o-ply depends on the angle θ and the thickness of the angle ply. The 
thicker angle ply and the smaller angle θ lead to longer cracks. The stitch crack length can 
be predicted using strain energy release rate criterion.  

• Thermal effects can significantly increase the total strain energy release rate of stitch 
cracks. 

• Crack density in the 90o-ply does not have much effect on the evolution of stitch cracks. 

• The intersection area computed in the unit cell of a multi-directional laminate is not largely 
affected by the number of stitch cracks in the unit cell and the stitch crack length. 

• The permeability predicted in multi-direction laminates is much lower than that in 
cross-ply laminate with same crack densities and number of layers.  

General Recommendations 

From the modeling results in the current study, we can make the following 

recommendations for the future design of the composite cryogenic tank: 

• Thin laminates are preferable to prevent microcrack initiation. 

• For a given thickness, dispersed lay-up performs better than grouped lay-up. 

• Multi-directional laminate may have lower permeability than cross-ply laminate with the 
same thickness. 

Future Work 

Based on the work done in this study, some future work can be suggested. First, the 

material constant involved in permeability calculation needs to be determined using some 

experimental techniques.  

Second, from what we found, the delamination length and the delamination shape affect 

the intersection area significantly. Hence, our model could predict the permeability in composite 

more accurately if the delamination length and the delamination shape can be measured 

experimentally.  
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Third, currently, an ideal unit cell is taken in the multi-directional laminates to simplify the 

prediction procedure, which could be improved in the future. Some statistical tools may be used 

to obtain the more realistic unit cell dimensions, and the numbers of intersection areas per unit 

area. 

Finally, a linear material constitutive relationship was adopted in the FE analysis and a 

constant value of the microcracking fracture toughness is used in crack density prediction, which 

may not accurately characterize graphite/epoxy composite laminates. Hence, in the future, more 

realistic constitutive relations may be used, and the variability of the microcracking fracture 

toughness, e.g., as a function of temperature, could be considered. 
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APPENDIX A 
SOME FLUID FLOW LAWS RELATED TO PERMEABILITY 

Darcy’s Law 

Darcy’s Law is a phenomenological equation that describes the flow in porous materials.  

L
PAQ Δ−

=
μ
κ                  (A-1) 

where Q is the volume flow rate, μ is the viscosity, κ is the permeability, A is the 

cross-section area, and ΔP is the pressure drop along length L.  

Dividing both sides of Equation A-1 by cross-section area A yields more general form 

Pq ∇−=
μ
κ                  (A-2) 

where q is volume flow rate per unit area and ∇P is pressure gradient. 

Poiseuille Law 

Poiseuille’s Law (or Hagen-Poiseuille law) for laminar Newtonian fluid in a capillary is 

given as (Kulinchenko, 2005) 

4

8
r

L
PQ Δ

=
μ

π                  (A-3) 

where r is the diameter of the capillary. 

For the rectangular cross section with edge length a and b (a<=b), Poiseuille’s Law take 

following form 

ba
L
PQ 3

12
1 Δ

=
μ

                (A-4) 

It can be seen that volume flow rate is largely dependent on the size of the cross-section 

areas. Also, comparison between Darcy’s Law and Poiseuille Law implies that the permeability 

is related to the square of the size of the cross-section area. 

Darcy-Weisbach Equation 

Darcy-Weisbach Equation for pressure loss in pipe is (Kulinchenko, 2005) 
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hd
LvP

2

2⋅
=Δ

ρλ                 (A-5) 

where ρ is density of fluid, v is the velocity of fluid, dh is hydraulic diameter of pipe, and λ is 

called friction factor which depends on the Reinolds Number Re.  

For the laminar flow (Re < 2300), the friction factor is given by 

Re
64

=λ                   (A-6) 

Substituting Equation A-6 back to Equation A-5 leads to Poiseuille’s Law (Equation A-3).  
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APPENDIX B 
MATLAB CODES FOR CRACK DENSITY PREDICTION 

Matlab Codes 

%*********************************************************************** 
%               PROGRESSIVE BIDIRECTIONAL MICROCRACKING. 
% This program predict crack densities for laminate [0/90/0] 
% The program first fits a complete cubic polynomial to each of A11, A12 and A22 using  
% least squares approximation from data computed from FEM. Then it calculates  
% progressive bidirectional microcracking. 
% Laminate with ply thickness = 0.33mm and material properties from Table 2-1 
% For other laminate, change the crack densities in the 'x' and 'y' matrices and  
% then change the three 'Z' matrices. 
%  
% Developed by: Satish Bapanapalli 
% Modified by: Jianlong Xu 
%  
% The unit used in this program is S.I. unit 
%*********************************************************************** 
clear all; 
 
% crack densities in x- and y-direction 
x = [0  0.5 1   2   4   6   9.5]; 
y = [0  0.5 1   2   4   8   10  12.6]; 
 
% Cubic equation for A11. 
% Matrix Z is the A11 values obtained from FEM simulation for different combination of x and y value.  
% Then the A11 is fitted using least squire approximation as a function of crack density lambda_x and lambda_y 
Z=[115124166.300 115051076.169 114983796.644 114830976.957 114538885.788 114252612.330 113788986.829 
      115072076.088 115001789.291 114931532.927 114779254.329 114487140.722 114200061.974 
113736878.189 
      115020420.990 114947917.088 114879789.965 114727684.948 114435504.389 114149182.967 
113685477.863 
      114921525.458 114849519.101 114780990.642 114640564.895 114337532.488 114049833.473 
113587040.365 
      114766384.882 114693253.386 114619226.459 114472602.251 114204007.518 113893268.851 
113429330.391 
      114606404.382 114531177.475 114459259.306 114312180.932 114022654.509 113733427.377 
113270133.621 
      114568529.731 114494422.741 114421387.135 114274040.267 113979649.641 113691711.390 
113232333.069 
    114535304.276 114461680.841 114388158.047 114241385.079 113947459.433 113659520.466 
113200147.736]; 
 
% Cubic_coef is a function to obtain the ten coefficients in the cubic polynomial using least square approximation.  
A11 = Cubic_coef(x, y, Z); 
 
% Cubic equation for A12 
Z=[3043009.8959 3017132.5585 2993389.7655 2939459.3765 2836380.4873 2735356.0127 2571741.4473  
      2895607.0959 2870814.1059 2845982.6807 2793143.2410 2689950.8282 2588589.3957 2424984.7627  
      2750099.9526 2726547.0760 2700418.8413 2648510.5360 2545191.4487 2444046.3998 2280224.1904  
      2471521.6021 2449373.3120 2421934.0958 2372175.9896 2268559.7048 2166509.8680 2002994.4629  
      2034505.9375 2009605.6089 1982448.8061 1930523.6023 1831004.3452 1725733.2698 1563755.5200  
      1583854.7372 1553068.4196 1531865.5126 1479536.2481 1379434.9310 1274800.2837 1115510.3115  
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      1477165.5944 1449819.6792 1425196.6639 1377075.4985 1273097.6661 1171398.9266 1009129.8300  
      1383570.7846 1357575.4708 1331615.1250 1279790.8474 1182483.2131 1080813.3098 918597.3278 ]; 
A12 = Cubic_coef(x, y, Z); 
 
% Cubic equation for A22 
Z=[61852537.9986 61843406.6387 61835027.8469 61815995.8661 61779618.8095 61743968.0339 61686227.2949  
      61437319.2629 61428601.5376 61419731.9961 61403619.5862 61366906.4832 61330987.6387 
61272841.4494  
      61027439.9594 61024857.4708 61009760.9249 60996427.7670 60959380.1429 60923394.7747 
60865077.7963  
      60252963.0372 60244087.9876 60225235.3082 60207108.2724 60179906.4239 60142423.7126 
60084173.7244  
      59011682.3750 59005453.5207 58992962.0937 58974127.9208 58925680.0016 58900890.0190 
58848651.0728  
      57742242.2748 57719438.2380 57723723.0053 57704059.4061 57674572.4809 57630416.7839 
57586055.8405  
      57441705.2035 57428693.0542 57423247.8372 57417188.6166 57380249.8881 57344116.7740 
57286422.5137  
    57178059.2794 57168846.8293 57159646.4955 57141279.8226 57125021.0986 57088979.9209 
57031447.9881]; 
A22 = Cubic_coef(x, y, Z); 
 
% Input the initial crack densities and the ratio between Ny and Nx 
lambda_x = input('\nInitial crack density in the x-direction (cracks/cm) = '); 
lambda_y = input('\nInitial crack density in the y-direction (cracks/cm)= '); 
Ny_limit = input('\nUpper limit for Ny (N*m) = '); 
fid = fopen('results.txt','a'); 
alpha    = input('\nALPHA: Ratio of Nx to Ny ='); 
 
% Microcracking fracture toughness and ply toughness 
Gmc = 240; 
 t1 = 0.00033; 
 % 
% Create the current [ A ] matrix from the cubic functions 
A1(1,1) = A11(1)*lambda_x^3 + A11(2)*lambda_x^2*lambda_y + A11(3)*lambda_x*lambda_y^2 + … 
 A11(4)*lambda_y^3 + A11(5)*lambda_x^2 + A11(6)*lambda_x*lambda_y + A11(7)*lambda_y^2 + … 
 A11(8)*lambda_x + A11(9)*lambda_y + A11(10); 
A1(1,2) = A12(1)*lambda_x^3 + A12(2)*lambda_x^2*lambda_y + A12(3)*lambda_x*lambda_y^2 + … 
 A12(4)*lambda_y^3 + A12(5)*lambda_x^2 + A12(6)*lambda_x*lambda_y + A12(7)*lambda_y^2 + … 
 A12(8)*lambda_x + A12(9)*lambda_y + A12(10); 
A1(2,1) = A1(1,2); 
A1(2,2) = A22(1)*lambda_x^3 + A22(2)*lambda_x^2*lambda_y + A22(3)*lambda_x*lambda_y^2 + … 
 A22(4)*lambda_y^3 + A22(5)*lambda_x^2 + A22(6)*lambda_x*lambda_y + A22(7)*lambda_y^2 + … 
 A22(8)*lambda_x + A22(9)*lambda_y + A22(10); 
A1bar = inv(A1); 
 % 
 fprintf('\n\nSTEP    lambda_x  lambda_y        Ny_1           Ny_2           Ny_3\n'); 
 fprintf(fid, '\n\n lambda_x0 = %e, lambda_y0 = %e', lambda_x, lambda_y); 
 % Start the loop 
 step = 1; 
 Ny = 0.0; 
 for i = 1:1:20 
     lambda_x2 = 2*lambda_x; 
     lambda_y2 = 3*lambda_y; 
     len_x = 0.01 / lambda_x; 
     len_y = 0.01 / lambda_y; 
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     % lambda is in 1/cm, len is in m 
     if (lambda_x2 > 9.5) 
         fprintf('\nCRACK DENSITY LIMIT: x-DIRECTION'); 
         break; 
     end 
     if (lambda_y2 > 12.6) 
         fprintf('\nCRACK DENSITY LIMIT: y-DIRECTION'); 
         break; 
     end 
     % 
     % Case I: new crack in the surface ply. 
     % Create the [A] matrix for Case I. 
     A2_1(1,1) = A11(1)*lambda_x^3 + A11(2)*lambda_x^2*lambda_y2 + A11(3)*lambda_x*lambda_y2^2 + … 
             A11(4)*lambda_y2^3 + A11(5)*lambda_x^2 + A11(6)*lambda_x*lambda_y2 + 
A11(7)*lambda_y2^2 + … 
             A11(8)*lambda_x + A11(9)*lambda_y2 + A11(10); 
     A2_1(1,2) = A12(1)*lambda_x^3 + A12(2)*lambda_x^2*lambda_y2 + A12(3)*lambda_x*lambda_y2^2 +  
… 
             A12(4)*lambda_y2^3 + A12(5)*lambda_x^2 + A12(6)*lambda_x*lambda_y2 + 
A12(7)*lambda_y2^2 + … 
             A12(8)*lambda_x + A12(9)*lambda_y2 + A12(10); 
     A2_1(2,1) = A2_1(1,2); 
     A2_1(2,2) = A22(1)*lambda_x^3 + A22(2)*lambda_x^2*lambda_y2 + A22(3)*lambda_x*lambda_y2^2 + … 
             A22(4)*lambda_y2^3 + A22(5)*lambda_x^2 + A22(6)*lambda_x*lambda_y2 + 
A22(7)*lambda_y2^2 + … 
             A22(8)*lambda_x + A22(9)*lambda_y2 + A22(10); 
     A2_1bar = inv(A2_1); 
     % 
     %Calculate Ny 
     Ny_1 = 
sqrt(8*Gmc*t1/((alpha^2*(A2_1bar(1,1)-A1bar(1,1))+2*alpha*(A2_1bar(1,2)-A1bar(1,2))+(A2_1bar(2,2)-A1bar(2,
2)))*len_y)); 
     % 
     % Case II: new crack in the middle ply. 
     % Create the [A] matrix for Case II.  
     A2_2(1,1) = A11(1)*lambda_x2^3 + A11(2)*lambda_x2^2*lambda_y + A11(3)*lambda_x2*lambda_y^2 + 
… 
             A11(4)*lambda_y^3 + A11(5)*lambda_x2^2 + A11(6)*lambda_x2*lambda_y + 
A11(7)*lambda_y^2 + … 
             A11(8)*lambda_x2 + A11(9)*lambda_y + A11(10); 
     A2_2(1,2) = A12(1)*lambda_x2^3 + A12(2)*lambda_x2^2*lambda_y + A12(3)*lambda_x2*lambda_y^2 + 
… 
             A12(4)*lambda_y^3 + A12(5)*lambda_x2^2 + A12(6)*lambda_x2*lambda_y + 
A12(7)*lambda_y^2 + …. 
             A12(8)*lambda_x2 + A12(9)*lambda_y + A12(10); 
     A2_2(2,1) = A2_2(1,2); 
     A2_2(2,2) = A22(1)*lambda_x2^3 + A22(2)*lambda_x2^2*lambda_y + A22(3)*lambda_x2*lambda_y^2 + 
… 
             A22(4)*lambda_y^3 + A22(5)*lambda_x2^2 + A22(6)*lambda_x2*lambda_y + 
A22(7)*lambda_y^2 + … 
             A22(8)*lambda_x2 + A22(9)*lambda_y + A22(10); 
     A2_2bar = inv(A2_2); 
     Ny_2 = 
sqrt(2*Gmc*t1/((alpha^2*(A2_2bar(1,1)-A1bar(1,1))+2*alpha*(A2_2bar(1,2)-A1bar(1,2))+(A2_2bar(2,2)-A1bar(2,
2)))*len_x)); 
     % 
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     % Case III: new crack in both the middle and the surface ply. 
     % Create the [A] matrix for Case III.   
     A2_3(1,1) = A11(1)*lambda_x2^3+A11(2)*lambda_x2^2*lambda_y2 + A11(3)*lambda_x2*lambda_y2^2 + 
… 
         A11(4)*lambda_y2^3 + A11(5)*lambda_x2^2 + A11(6)*lambda_x2*lambda_y2 + 
A11(7)*lambda_y2^2 + … 
         A11(8)*lambda_x2 + A11(9)*lambda_y2 + A11(10); 
     A2_3(1,2) = A12(1)*lambda_x2^3+A12(2)*lambda_x2^2*lambda_y2 + A12(3)*lambda_x2*lambda_y2^2 + 
… 
         A12(4)*lambda_y2^3 + A12(5)*lambda_x2^2 + A12(6)*lambda_x2*lambda_y2 + 
A12(7)*lambda_y2^2 + … 
         A12(8)*lambda_x2 + A12(9)*lambda_y2 + A12(10); 
     A2_3(2,1) = A2_3(1,2); 
     A2_3(2,2) = A22(1)*lambda_x2^3+A22(2)*lambda_x2^2*lambda_y2 + A22(3)*lambda_x2*lambda_y2^2 + 
… 
         A22(4)*lambda_y2^3 + A22(5)*lambda_x2^2 + A22(6)*lambda_x2*lambda_y2 + 
A22(7)*lambda_y2^2 + … 
         A22(8)*lambda_x2 + A22(9)*lambda_y2 + A22(10); 
     A2_3bar = inv(A2_3); 
     Ny_3 = sqrt((2*Gmc*len_y*t1 + 
8*Gmc*len_x*t1)/((alpha^2*(A2_3bar(1,1)-A1bar(1,1))+2*alpha*(A2_3bar(1,2)-A1bar(1,2))+(A2_3bar(2,2)-A1ba
r(2,2)))*len_x*len_y)); 
     % 
     %fprintf('\n%-8d %-10.2f %-10.2f %-15.2f %-15.2f %-15.2f', step, lambda_x, lambda_y, Ny_1, Ny_2, Ny_3); 
     % 
     % Compare the 3 values of Ny and find the least amongst them. 
     if (Ny_1 < Ny_2) 
         if (Ny_1 < Ny_3) 
             least = 1; 
         else  
             least = 3; 
         end; 
     elseif (Ny_2 < Ny_3) 
         least = 2; 
     else  
         least = 3; 
     end; 
    % 
    % Prepare for next step 
    if (least == 1) 
        Ny = Ny_1; 
        A1 = A2_1; 
        A1bar = inv(A1); 
        lambda_y = lambda_y2; 
    elseif (least == 2) 
        Ny = Ny_2; 
        A1 = A2_2; 
        A1bar = inv(A1); 
        lambda_x = lambda_x2; 
    else 
        Ny = Ny_3; 
        A1 = A2_3; 
        A1bar = inv(A1); 
        lambda_x = lambda_x2; 
        lambda_y = lambda_y2; 
    end; 
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    %  
    % Print this step summary 
    fprintf('\n%-8d %-10.2f %-10.2f %-15.2f %-15.2f %-15.2f %-15.2f', step, lambda_x, lambda_y, Ny_1, Ny_2, 
Ny_3, Ny); 
    fprintf(fid, '\n%-8d %-15.2f %-10.3f %-10.3f', step, Ny, lambda_x, lambda_y); 
    step = step + 1; 
    if (Ny >= Ny_limit) 
        fprintf('\n LOAD LIMIT REACHED.\n'); 
        break; 
    end; 
end; % for loop ends. 
fprintf(fid,'\n'); 
fclose(fid); 
fprintf('\n END PROGRAM.\n'); 

 

function [A] = Cubic_coef(x, y, Z) 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
% Get the ten coefficients for a complete cubic polynomial 
%  
% Input: x - first variable (N by 1) 
%        y - second variable (M by 1) 
%        Z - values of function (N by M) 
%  
% Output: A - matrix of ten coefficients 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
C = zeros(10,10); 
R = zeros(10,1); 
for j = 1:1:7 
      for i = 1:1:8 
 C(1,1)=C(1,1)+x(j)^6;  C(1,2)=C(1,2)+x(j)^5*y(i); C(1,3)=C(1,3)+x(j)^4*y(i)^2;
 C(1,4)=C(1,4)+x(j)^3*y(i)^3; 
 C(1,5)=C(1,5)+x(j)^5; C(1,6)=C(1,6)+x(j)^4*y(i); C(1,7)=C(1,7)+x(j)^3*y(i)^2; C(1,8)=C(1,8)+x(j)^4;  
 C(1,9)=C(1,9)+x(j)^3*y(i); C(1,10)=C(1,10)+x(j)^3; 
 C(2,1)=C(1,2);  C(2,2)=C(1,3);  C(2,3)=C(1,4);   C(2,4)=C(2,4)+x(j)^2*y(i)^4; 
 C(2,5)=C(1,6);  C(2,6)=C(1,7);  C(2,7)=C(2,7)+x(j)^2*y(i)^3; C(2,8)=C(1,9); 
 C(2,9)=C(2,9)+x(j)^2*y(i)^2;C(2,10)=C(2,10)+x(j)^2*y(i); 
 C(3,1)=C(2,2);  C(3,2)=C(2,3);  C(3,3)=C(2,4);   C(3,4)=C(3,4)+x(j)*y(i)^5; 
 C(3,5)=C(2,6);  C(3,6)=C(2,7);  C(3,7)=C(3,7)+x(j)*y(i)^4;  C(3,8)=C(2,9); 
 C(3,9)=C(3,9)+x(j)*y(i)^3; C(3,10)=C(3,10)+x(j)*y(i)^2; 
 C(4,1)=C(3,2);  C(4,2)=C(3,3);  C(4,3)=C(3,4);   C(4,4)=C(4,4)+y(i)^6; 
 C(4,5)=C(3,6);  C(4,6)=C(3,7);  C(4,7)=C(4,7)+y(i)^5;  C(4,8)=C(3,9); 
 C(4,9)=C(4,9)+y(i)^4; C(4,10)=C(4,10)+y(i)^3; 
 C(5,1)=C(1,5); C(5,2)=C(2,5); C(5,3)=C(3,5); C(5,4)=C(4,5); C(5,5)=C(1,8); 
 C(5,6)=C(2,8); C(5,7)=C(3,8); C(5,8)=C(1,10); C(5,9)=C(2,10); C(5,10)=C(5,10)+x(j)^2; 
 C(6,1)=C(5,2); C(6,2)=C(5,3); C(6,3)=C(5,4); C(6,4)=C(4,6); C(6,5)=C(5,6); 
 C(6,6)=C(5,7); C(6,7)=C(4,8); C(6,8)=C(5,9); C(6,9)=C(3,10); C(6,10)=C(6,10)+x(j)*y(i); 
 C(7,1)=C(6,2); C(7,2)=C(6,3); C(7,3)=C(6,4); C(7,4)=C(4,7); C(7,5)=C(6,6); 
 C(7,6)=C(6,7); C(7,7)=C(4,9); C(7,8)=C(6,9); C(7,9)=C(4,10); C(7,10)=C(7,10)+y(i)^2; 
 C(8,1)=C(1,8); C(8,2)=C(2,8); C(8,3)=C(3,8); C(8,4)=C(3,9); C(8,5)=C(5,8); 
 C(8,6)=C(6,8); C(8,7)=C(7,8); C(8,8)=C(5,10); C(8,9)=C(6,10); C(8,10)=C(8,10)+x(j); 
 C(9,1)=C(1,9); C(9,2)=C(2,9); C(9,3)=C(3,9); C(9,4)=C(4,9); C(9,5)=C(5,9); 
 C(9,6)=C(6,9); C(9,7)=C(7,9); C(9,8)=C(8,9); C(9,9)=C(7,10); C(9,10)=C(9,10)+y(i); 
 C(10,1)=C(1,10); C(10,2)=C(2,10); C(10,3)=C(3,10); C(10,4)=C(4,10); C(10,5)=C(5,10); 
 C(10,6)=C(6,10); C(10,7)=C(7,10); C(10,8)=C(8,10); C(10,9)=C(9,10); C(10,10)=C(10,10)+1; 
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 R(1)=R(1)+Z(i,j)*x(j)^3; R(2)=R(2)+Z(i,j)*x(j)^2*y(i); R(3)=R(3)+Z(i,j)*x(j)*y(i)^2;
 R(4)=R(4)+Z(i,j)*y(i)^3;  R(5)=R(5)+Z(i,j)*x(j)^2;  R(6)=R(6)+Z(i,j)*x(j)*y(i); 
 R(7)=R(7)+Z(i,j)*y(i)^2; R(8)=R(8)+Z(i,j)*x(j);  R(9)=R(9)+Z(i,j)*y(i); R(10)=R(10)+Z(i,j); 
      end; 
end; 
A = inv(C) * R; 
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Least Square Approximation for [A] Matrix 

Suppose the computed values for [A] matrix are available for the crack density 

combinations of m λxs and n λys, then for each entry in [A] matrix, there are m×n values. Take 

A11 as an example 

[ ]mxxxx λλλλ L21=               (B-1) 
[ ]

nyyyy λλλλ L
21

=               (B-2) 
The computed values of A11 from finite element analysis are 
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Suppose A11 is a complete cubic polynomial of λx and λy: 
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where a1 to a10 are the coefficients need to be determined. 

Then the error can be computed as 

( )[ ]∑∑
=

+++++−=
m

i

n

j
jyjyixjyixixij aaaaaZE

1

2

10
3

4
2

3
2

2
3

1 Lλλλλλλ      (B-5) 

Want the error to be minimum, so 
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Writing this system of equation into matrix format yield 

[ ] { } { } 1101101010 ××× = RaC                (B-7) 
where  
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Solving the linear system given by Equation B-7 will give all ten coefficients needed in the 

cubic polynomial for A11. The same procedures can be applied to A12 and A22 as well. 
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APPENDIX C 
MATLAB CODES TO PREDICT PROGRESSIVE PERMEABILITY 

Functions Amatrix_n1, Amatrix_n2, and Amatrix_n4 are used in the main program later. 
 

function [A_matrix] = Amatrix_n1(lambda_x, lambda_y) 
%************************************************************************** 
% This function is to compute the A matrix for different combination of 
% lambda_x and lambda_y for the laminate [0/90/0].  
% 
% Input: lambda_x, lambda_y  (/cm) 
% Output: A matrix (4X4) 
% Function Cubic_coef is listed in Appendix B. 
%************************************************************************** 
x = [0 0.5 1 2 4 6 9.5]; 
y = [0 0.5 1 2 4 8 10 12.6]; 
% Cubic equation for A11 
Z = [115124166.300 115051076.169 114983796.644 114830976.957 114538885.788 114252612.330 
113788986.829 
     115072076.088 115001789.291 114931532.927 114779254.329 114487140.722 114200061.974 
113736878.189  
     115020420.990 114947917.088 114879789.965 114727684.948 114435504.389 114149182.967 
113685477.863  
     114921525.458 114849519.101 114780990.642 114640564.895 114337532.488 114049833.473 
113587040.365  
     114766384.882 114693253.386 114619226.459 114472602.251 114204007.518 113893268.851 
113429330.391  
     114606404.382 114531177.475 114459259.306 114312180.932 114022654.509 113733427.377 
113270133.621  
     114568529.731 114494422.741 114421387.135 114274040.267 113979649.641 113691711.390 
113232333.069  
    114535304.276 114461680.841 114388158.047 114241385.079 113947459.433 113659520.466 
113200147.736]; 
A11 = Cubic_coef(x, y, Z); 
 % 
 % Cubic equation for A12 
Z=[3043009.8959 3017132.5585 2993389.7655 2939459.3765 2836380.4873 2735356.0127 2571741.4473 
      2895607.0959 2870814.1059 2845982.6807 2793143.2410 2689950.8282 2588589.3957 2424984.7627  
      2750099.9526 2726547.0760 2700418.8413 2648510.5360 2545191.4487 2444046.3998 2280224.1904  
      2471521.6021 2449373.3120 2421934.0958 2372175.9896 2268559.7048 2166509.8680 2002994.4629  
      2034505.9375 2009605.6089 1982448.8061 1930523.6023 1831004.3452 1725733.2698 1563755.5200  
      1583854.7372 1553068.4196 1531865.5126 1479536.2481 1379434.9310 1274800.2837 1115510.3115  
      1477165.5944 1449819.6792 1425196.6639 1377075.4985 1273097.6661 1171398.9266 1009129.8300  
      1383570.7846 1357575.4708 1331615.1250 1279790.8474 1182483.2131 1080813.3098 918597.3278 ]; 
A12 = Cubic_coef(x, y, Z); 
 % 
 % Cubic equation for A22 
Z=[61852537.9986 61843406.6387 61835027.8469 61815995.8661 61779618.8095 61743968.0339 61686227.2949 
      61437319.2629 61428601.5376 61419731.9961 61403619.5862 61366906.4832 61330987.6387 
61272841.4494 
      61027439.9594 61024857.4708 61009760.9249 60996427.7670 60959380.1429 60923394.7747 
60865077.7963  
      60252963.0372 60244087.9876 60225235.3082 60207108.2724 60179906.4239 60142423.7126 
60084173.7244  
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      59011682.3750 59005453.5207 58992962.0937 58974127.9208 58925680.0016 58900890.0190 
58848651.0728  
      57742242.2748 57719438.2380 57723723.0053 57704059.4061 57674572.4809 57630416.7839 
57586055.8405  
      57441705.2035 57428693.0542 57423247.8372 57417188.6166 57380249.8881 57344116.7740 
57286422.5137  
    57178059.2794 57168846.8293 57159646.4955 57141279.8226 57125021.0986 57088979.9209 
57031447.9881]; 
A22 = Cubic_coef(x, y, Z); 
 % 
 % Create the current [ A ] matrix 
 A_matrix = zeros(2,2); 
 A_matrix(1,1) = A11(1)*lambda_x^3 + A11(2)*lambda_x^2*lambda_y + A11(3)*lambda_x*lambda_y^2 + … 
 A11(4)*lambda_y^3 + A11(5)*lambda_x^2 + A11(6)*lambda_x*lambda_y + A11(7)*lambda_y^2 + … 
 A11(8)*lambda_x + A11(9)*lambda_y + A11(10); 
 A_matrix(1,2) = A12(1)*lambda_x^3 + A12(2)*lambda_x^2*lambda_y + A12(3)*lambda_x*lambda_y^2 + … 
 A12(4)*lambda_y^3 + A12(5)*lambda_x^2 + A12(6)*lambda_x*lambda_y + A12(7)*lambda_y^2 + … 
 A12(8)*lambda_x + A12(9)*lambda_y + A12(10); 
 A_matrix(2,1) = A_matrix(1,2); 
 A_matrix(2,2) = A22(1)*lambda_x^3 + A22(2)*lambda_x^2*lambda_y + A22(3)*lambda_x*lambda_y^2 + … 
 A22(4)*lambda_y^3 + A22(5)*lambda_x^2 + A22(6)*lambda_x*lambda_y + A22(7)*lambda_y^2 + … 
 A22(8)*lambda_x + A22(9)*lambda_y + A22(10); 
 
function A_matrix = Amatrix_n2(lambda_x, lambda_y) 
%************************************************************************** 
% This function is to compute the A matrix for different combination of 
% lambda_x and lambda_y for the laminate [0/90_2/0].  
% 
% Input: lambda_x, lambda_y  (/cm) 
% Output: A matrix (4X4) 
%************************************************************************** 
x = [0 0.5 1 2 4 6 9.5]; 
y = [0 0.5 1 2 4 8 10 12.6]; 
% Cubic equation for A11 
Z = [117987202.37 117687685.17 117389249.80 116795817.32 115664529.51 114765880.45 113848508.31  
       117941618.09 117642126.80 117343636.32 116751802.12 115617652.23 114718967.31 113781643.83  
       117896306.71 117596545.42 117298299.63 116704668.88 115573290.73 114674561.91 113736077.79  
       117807051.38 117507160.86 117208181.20 116615470.79 115484007.34 114585203.44 113646618.19  
       117650638.19 117350412.42 117051715.53 116458961.59 115327417.07 114428548.97 113505654.61  
       117477822.48 117177546.83 116878843.86 116285986.90 115156132.08 114262635.21 113339153.63  
       117434051.83 117133789.81 116835059.39 116244529.51 115114618.48 114220867.69 113297837.96  
       117401559.94 117101227.67 116802427.27 116209509.48 115079453.48 114186189.03 113263112.80 ];  
A11 = Cubic_coef(x, y, Z); 
 % 
 % Cubic equation for A12 
Z = [4053287.4987 3947586.8143 3842268.7924 3632846.3491 3233614.7176 2916482.5496 2592740.8214  
        3924871.3483 3819266.3069 3713804.1817 3504906.9703 3104587.7396 2787215.2078 2456267.5829  
        3797234.0365 3691409.3130 3586119.4655 3376178.4570 2976760.3371 2659451.6819 2328029.6941  
        3545811.4744 3440152.5682 3334320.0401 3125004.0099 2725414.9172 2407941.0838 2076263.1169  
        3105210.1150 2999169.6788 2893669.0654 2684306.8171 2284627.6703 1967063.5446 1641732.8102  
        2618406.8082 2512385.9593 2406920.4852 2197595.5123 1798659.9210 1483137.2799 1159552.7446  
        2495109.0042 2389106.5224 2283644.7407 2081399.9765 1682500.0854 1366943.1636 1043567.2000  
        2403579.8806 2297567.5454 2192095.4843 1982804.7475 1583908.4180 1268578.1089 946272.8516 ]; 
A12 = Cubic_coef(x, y, Z); 
 % 
 % Cubic equation for A22 
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Z = [117979056.58 117941755.98 117904588.47 117830683.21 117689796.28 117577879.52 117463630.49  
        117617321.86 117580294.89 117542726.62 117468898.10 117327408.12 117214766.65 117097511.80  
        117257780.04 117220326.26 117183061.64 117107711.46 116966323.50 116853929.04 116736325.35  
        116549547.72 116512749.94 116474495.85 116400212.88 116258368.98 116145527.28 116027214.60  
        115308416.29 115270744.37 115233262.23 115158877.27 115016829.15 114903767.56 114789971.37  
        113937140.24 113899578.02 113862212.51 113788047.45 113646675.82 113534743.97 113427066.78  
        113589813.46 113552296.52 113514969.80 113460932.98 113319730.54 113207942.00 113100476.92  
        113331986.95 113294507.36 113257217.03 113183219.80 113042172.88 112930618.35 112826593.40 ]; 
A22 = Cubic_coef(x, y, Z); 
 % 
 % Create the current [ A ] matrix 
 A_matrix = zeros(2,2); 
 A_matrix(1,1) = A11(1)*lambda_x^3 + A11(2)*lambda_x^2*lambda_y + A11(3)*lambda_x*lambda_y^2 + … 
 A11(4)*lambda_y^3 + A11(5)*lambda_x^2 + A11(6)*lambda_x*lambda_y + A11(7)*lambda_y^2 + … 
 A11(8)*lambda_x + A11(9)*lambda_y + A11(10); 
 A_matrix(1,2) = A12(1)*lambda_x^3 + A12(2)*lambda_x^2*lambda_y + A12(3)*lambda_x*lambda_y^2 + … 
 A12(4)*lambda_y^3 + A12(5)*lambda_x^2 + A12(6)*lambda_x*lambda_y + A12(7)*lambda_y^2 + … 
 A12(8)*lambda_x + A12(9)*lambda_y + A12(10); 
 A_matrix(2,1) = A_matrix(1,2); 
 A_matrix(2,2) = A22(1)*lambda_x^3 + A22(2)*lambda_x^2*lambda_y + A22(3)*lambda_x*lambda_y^2 + … 
 A22(4)*lambda_y^3 + A22(5)*lambda_x^2 + A22(6)*lambda_x*lambda_y + A22(7)*lambda_y^2 + … 
 A22(8)*lambda_x + A22(9)*lambda_y + A22(10); 
 
function A_matrix = Amatrix_n4(lambda_x, lambda_y) 
%************************************************************************** 
% This function is to compute the A matrix for different combination of 
% lambda_x and lambda_y for the laminate [0/90_4/0].  
% 
% Input: lambda_x, lambda_y  (/cm) 
% Output: A matrix (4X4) 
%************************************************************************** 
x = [0 0.5 1 2 4 6 9.5]; 
y = [0 0.5 1 2 4 8 10 12.6]; 
% Cubic equation for A11 
Z = [123712759.73 122494744.24 121297450.60 119038610.88 116023569.18 114705419.21 113785266.84  
        123669288.74 122451361.56 121254657.92 118996636.75 115973574.90 114661655.69 113718223.70  
        123625952.46 122406677.38 121210501.44 118953188.95 115936262.77 114618039.67 113674574.27  
        123539670.48 122320030.72 121123178.60 118865082.87 115849801.05 114531509.07 113602596.01  
        123384655.15 122164966.14 120967580.98 118709754.04 115694346.57 114376010.47 113447311.49  
        123205464.39 121984694.65 120788096.83 118530103.50 115526392.29 114211221.65 113278207.24  
        123161668.09 121940828.47 120744172.14 118486089.06 115483480.72 114168163.28 113235476.85  
        123127912.91 121907512.26 120711288.31 118455106.86 115447337.37 114132440.23 113190438.82 ];  
A11 = Cubic_coef(x, y, Z); 
 % 
 % Cubic equation for A12 
Z = [6073842.5182 5644003.6413 5221478.4213 4424333.0737 3360324.0431 2895150.1467 2570427.5831  
        5951378.9434 5521864.8269 5099295.8205 4302290.0779 3235347.5148 2772095.4604 2439032.2755  
        5829302.9700 5399231.3841 4976779.3288 4180066.3604 3114834.4295 2649453.5407 2316254.3357  
        5586256.0118 5156190.0921 4733449.2430 3936199.3370 2871721.7207 2406143.5528 2077463.2805  
        5149592.8446 4719652.1564 4296355.7369 3499325.2493 2434703.1371 1968993.7253 1640732.5978  
        4644832.4978 4213938.5267 3791576.2978 2994568.9492 1936441.4063 1472009.8981 1144726.7438  
        4521461.0644 4090571.6296 3668217.2933 2871234.1053 1816189.9701 1351810.6800 1025007.0641  
        4426377.3502 3995666.8782 3573488.8468 2777223.0115 1715663.9635 1251522.1743 920068.8042 ]; 
A12 = Cubic_coef(x, y, Z); 
 % 
 % Cubic equation for A22 
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Z = [230232128.00 230080439.85 229931330.67 229650017.85 229274529.80 229110369.49 228995775.35  
        229887161.45 229736413.01 229586580.22 229304895.60 228928080.98 228763820.03 228645930.72  
        229543286.64 229392112.42 229242127.24 228960666.31 228583176.00 228418433.73 228300146.88  
        228858646.85 228707858.77 228557633.20 228275249.25 227898515.39 227733217.55 227614786.31  
        227628610.90 227478272.57 227326817.56 227044863.59 226667797.04 226502129.16 226384812.14  
        226206750.23 226054463.16 225905187.18 225623475.89 225255360.90 225090596.43 224980665.49  
        225859208.72 225707000.42 225557805.12 225276257.61 224916825.38 224752372.53 224643635.55  
        225591371.96 225439292.89 225290224.48 225009059.31 224634109.76 224469991.25 224355784.54 ]; 
A22 = Cubic_coef(x, y, Z); 
 % 
 % Create the current [ A ] matrix 
 A_matrix = zeros(2,2); 
 A_matrix(1,1) = A11(1)*lambda_x^3 + A11(2)*lambda_x^2*lambda_y + A11(3)*lambda_x*lambda_y^2 + … 
 A11(4)*lambda_y^3 + A11(5)*lambda_x^2 + A11(6)*lambda_x*lambda_y + A11(7)*lambda_y^2 + .. 
 A11(8)*lambda_x + A11(9)*lambda_y + A11(10); 
 A_matrix(1,2) = A12(1)*lambda_x^3 + A12(2)*lambda_x^2*lambda_y + A12(3)*lambda_x*lambda_y^2 + … 
 A12(4)*lambda_y^3 + A12(5)*lambda_x^2 + A12(6)*lambda_x*lambda_y + A12(7)*lambda_y^2 + … 
 A12(8)*lambda_x + A12(9)*lambda_y + A12(10); 
 A_matrix(2,1) = A_matrix(1,2); 
 A_matrix(2,2) = A22(1)*lambda_x^3 + A22(2)*lambda_x^2*lambda_y + A22(3)*lambda_x*lambda_y^2 + … 
 A22(4)*lambda_y^3 + A22(5)*lambda_x^2 + A22(6)*lambda_x*lambda_y + A22(7)*lambda_y^2 + … 
 A22(8)*lambda_x + A22(9)*lambda_y + A22(10); 
 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
% This prgram is to plot the normalized permeability with respect to the 
% force resultant Ny(or average stress sigma_y) with Nx be proportional to  
% Ny and neglecting the thermal stress effect. 
%   case I: epsilon_x = 0, epsilon_y = 1%, dT = 0 
%   case II: epsilon_x = 1%, epsilon_y = 0, dT = 0 
% The basic idea is to get epsilon_x, epsilon_y from given N_x, N_y 
% and then superpose above two cases to get u, v and the intersection area. 
% The normalized permeability is computed according to Equation 2-11. 
% In this program, the crack density predicted from FE analysis are used. 
% The ratio between Nx and Ny: ratio is input and the permeability for all three laminates 
% are plotted in the same figure as a function of Ny. 
% In this program, dT = 0. 
% 
% Developed by: Jianlong Xu, May, 2007. 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
clear all; 
 
% ply thickness 
t_ply = 0.00033; 
% The ratio between N_x and N_y  
ratio = 0.5; 
 
% Make a choice for three different lay-ups 
display('what kind of lay-up?'); 
display('[0/90/0], [0/90_2/0] or [0/90_4/0]?'); 
n = input('make your choice (1, 2 or 3):'); 
 
% Laminate thickness for different lay-up 
switch n 
    case 1 
        t = 3*t_ply; 
    case 2 
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        t = 4*t_ply; 
    case 3 
        t = 6*t_ply; 
    otherwise 
        display('wrong choice'); 
end 
 
% Typical crack opening displacements for different lay-ups. 
% The crack opening displacement is obtained from unit cell where lx=ly=2.0/cm 
% 
% Case I: epsilon_x = 1%, epsilon_y = 0, dT = 0 
epsilon_x1 = 0.01 
switch n 
    case 1 
        dU1 = 6.98E-06; 
        dV1 = 2.98E-06; 
    case 2 
        dU1 = 8.96E-06; 
        dV1 = 2.94E-06; 
    case 3 
        dU1 = 1.06E-05; 
        dV1 = 2.97E-06; 
    otherwise 
        display('wrong choice'); 
end 
 
% Case II: epsilon_x = 0, epsilon_y = 1%, dT = 0 
epsilon_y2 = 0.01 
switch n 
    case 1 
        dU2 = 2.41E-06; 
        dV2 = 8.01E-06; 
    case 2 
        dU2 = 3.28E-06; 
        dV2 = 7.68E-06; 
    case 3 
        dU2 = 3.91E-06; 
        dV2 = 7.55E-06; 
    otherwise 
        display('wrong choice'); 
end 
 
% Stress range is determined from the crack density prediction. 
stress_y_n1 = 34e7:1e7:65e7;  stress_y_n2 = 47e7:1e7:85e7; stress_y_n4 = 44e7:1e7:76e7; 
stress_x_n1=stress_y_n1*ratio; stress_x_n2=stress_y_n2*ratio; stress_x_n4=stress_y_n4*ratio; 
 
% Compute the corresponding force resultant, which will be used to compute 
% the A matrix for different lx, ly combination 
N_x_n1 = stress_x_n1*t; N_x_n2 = stress_x_n2*t; N_x_n4 = stress_x_n4*t; 
N_y_n1 = stress_y_n1*t; N_y_n2 = stress_y_n2*t; N_y_n4 = stress_y_n4*t; 
 
% Obtain crack density values for given loads. Crack densities are fitted as cubic polynomials  
% based on the predicted values using “Trendline” function in EXCEL.  
% If the stress level is less than initiation stress, crack density is considered to be 0.01  
% (close to ZERO but not ZERO).  
% And if the stress level is greater than stress limit, crack density is considered to remain  
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% same as the maximum value. 
switch n 
    case 1 
    % For layup [0/90/0] 
        for i = 1:length(N_x_n1) 
            lambda_x(i) = 0.01; 
            lambda_y(i) = 2.6206450E-25*stress_y_n1(i)^3 - 4.5320139E-16*stress_y_n1(i)^2 + ... 
                2.8746996E-07*stress_y_n1(i) - 5.5172903E+01; 
        end 
    case 2 
    % For layup [0/90_2/0] 
        for i = 1:length(N_x_n2) 
            if stress_y_n2(i)<77e7 
                lambda_x(i) = 0.01; 
            else 
                lambda_x(i) = 2.1493319E-23*stress_y_n2(i)^3 - 5.3050630E-14*stress_y_n2(i)^2+... 
                    4.3677142E-05*stress_y_n2(i) - 1.1989756E+04; 
            end 
            lambda_y(i) = 1.1562576E-25*stress_y_n2(i)^3 - 2.7728675E-16*stress_y_n2(i)^2 + ... 
                2.4313246E-07*stress_y_n2(i) - 6.5196048E+01; 
        end 
    case 3 
    % For layup [0/90_4/0] 
        for i = 1:length(N_x_n4) 
            lambda_x(i) = 1.0773194E-25*stress_y_n4(i)^3 - 2.3211953E-16*stress_y_n4(i)^2 + ... 
                1.7951598E-07*stress_y_n4(i) - 4.3240891E+01; 
            if stress_y_n4(i) < 55e7 
                lambda_y(i) = 0.01; 
            else 
                lambda_y(i) = 3.6124431E-26*stress_y_n4(i)^3 - 1.3545644E-16*stress_y_n4(i)^2+... 
                    1.6900304E-07*stress_y_n4(i) - 5.7924787E+01; 
            end 
        end 
    otherwise 
        display ('wrong choice') 
end 
 
% 
% Compute cross area from two basic cases 
% Amatrix_n1, Amatrix_n2, and Amatrix_n4 are functions to obtain [A] matrix for given (lx, ly) 
switch n 
    case 1 
        for i = 1:length(N_x_n1) 
            A = Amatrix_n1(lambda_x(i), lambda_y(i)); 
            N = [N_x_n1(i); N_y_n1(i)]; 
            epsilon = inv(A)*N; 
            dU = dU1*epsilon(1)/epsilon_x1+dU2*epsilon(2)/epsilon_y2; 
            dV = dV1*epsilon(1)/epsilon_x1+dV2*epsilon(2)/epsilon_y2; 
            area(i) = 4*dU*dV; 
        end 
    case 2 
        for i = 1:length(N_x_n2) 
            A = Amatrix_n2(lambda_x(i), lambda_y(i)); 
            N = [N_x_n2(i); N_y_n2(i)]; 
            epsilon = inv(A)*N; 
            dU = dU1*epsilon(1)/epsilon_x1+dU2*epsilon(2)/epsilon_y2; 
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            dV = dV1*epsilon(1)/epsilon_x1+dV2*epsilon(2)/epsilon_y2; 
            area(i) = 4*dU*dV; 
        end 
    case 3 
        for i = 1:length(N_x_n4) 
            A = Amatrix_n4(lambda_x(i), lambda_y(i)); 
            N = [N_x_n4(i); N_y_n4(i)]; 
            epsilon = inv(A)*N; 
            dU = dU1*epsilon(1)/epsilon_x1+dU2*epsilon(2)/epsilon_y2; 
            dV = dV1*epsilon(1)/epsilon_x1+dV2*epsilon(2)/epsilon_y2; 
            area(i) = 4*dU*dV; 
        end 
    otherwise 
        display('wrong choice of n'); 
end 
 
% Compute normalized permeability k/C using Equation 2-11.  
% Note that since crack densities in every plies are assumed to be same, the equation for  
% permeability is simplified to following form. In generally case, should following  
% Equation (2.11) 
% Also Note that the unit for lambda is 1/cm, hence there's a factor of 1e-4 appeared in  
% the formula. 
k = lambda_x.*lambda_y.*area*1E4; 
 
% Plot the computed permeability in terms of stress_y. 
switch n 
    case 1 
        plot(stress_y_n1, k); 
    case 2 
        plot(stress_y_n2, k); 
    case 3 
        plot(stress_y_n4, k); 
end 
hold on; 
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APPENDIX D 
SUPERPOSITION OF STRAIN ENERGY RELEASE RATE 

In linear elastic fracture mechanics, the stress intensity factors for angled crack subjected 

to biaxial loading (Figure D-1) is given by (Anderson, 1995) 
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where β is the angle between the crack and the σ1 plane, B is the ratio between σ2 and σ1 

(σ2<σ1), KI(0) is the Mode I stress intensity factor when β = 0.  

In 2-D problem, stress intensity factor is related to strain energy release rate by 
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where EE =′ for plane stress and 21 ν−
=′ EE  for plane strain. Here we only consider 

Mode I and Mode II.  

For different loading case, the stress intensity factors for same Mode can be superposed. 

Then the total strain energy release rate can be obtained from the superposed total stress intensity 

factors for each mode using Equation D-2. 

In our case, two kinds of loading are considered: uniaxial loading and thermal loading. The 

strain energy release rates under mechanical loading and under thermal loading are denoted as 

GM and GT. In the uniaxial loading, B = 0, β = 90 – θ, where is the fiber direction in angle ply. 

From Equation D-1, the stress intensity factors are 
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Substituting Equation D-3 back into Equation D-2 yields 
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For the thermal loading case, we assume B = 1. So only Mode I stress intensity factor left, 

which is  

EGK TI ′=                  (D-6) 
By superposing, the total stress intensity factors for Mode I and Mode II are 
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Subsequently, the total strain energy release rate is given by 

θsin2 TMTM
Total GGGGG ++=             (D-8) 

These equations are derived based on linear elastic fracture mechanics for isotropic 

homogeneous material. In this work, we use these equations for composite material as an 

approximation. 
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Figure D-1. Angled crack subjected to biaxial loading. 
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