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In shallow lakes with organic-rich, soft mud in the nepheloid layer, turbidity can result 

from wind-generated waves and circulation. We examined wave attenuation and mud 

entrainment in such environments with reference to Newnans Lake in north-central Florida. It is 

shown that soft mud behavior as a solid at low cyclic stresses changes to a fluid at higher stresses 

common to most laboratory and field conditions. Accordingly, soft mud is modeled analytically 

as a (single-phase) Newtonian fluid and also as a viscoelastic fluid. These representations of the 

constitutive behavior of mud are coupled with a second-order solution of the governing 

equations for flow in a two-layer mud-water system. Mud thickness is taken to be comparable to 

the Stokes’ boundary layer height. Model results are shown to reproduce laboratory data on wave 

attenuation and mud mass transport with an acceptable degree of accuracy.  

Soft mud is then modeled as a two-phase, solid-with-pore fluid poroelastic medium with 

Coulomb damping. Wave attenuation predicted by this model is shown to be compatible with 

laboratory data. However, since the particle matrix is treated as a solid, mass transport cannot be 

calculated by this approach. The non-dimensional ratio of particle settling velocity to 

permeability is proposed as a parameter that, along with the solids volume fraction (or density), 

characterizes bottom type (gravel to clay) and its state of compaction/consolidation.  For gravel 
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the main mechanism of dissipation internal to the medium is percolation. In sandy and coarse 

silty beds, both of which are two-phase media, the poroelastic model accounts for dissipation 

mainly through Coulomb friction.  In finer silts and clays, the single-phase viscoelastic 

description appears to be more appropriate, even though the poroelastic assumption has been 

made by others.  

Mud can be taken as a Newtonian fluid below densities of about 1,150 kg/m3. In the range 

of about 1,150-1,300 kg/m3, mud is better modeled as a viscoelastic fluid, while beyond about 

1,300 kg/m3 mud is not highly compliant. The characteristic resonance frequency defining peak 

wave attenuation is shown to be dependent on the square-root of the shear wave velocity in mud 

and on a scale based on the mud depth or wave length. Physical parameters affecting wave 

attenuation are examined using dimensional analysis. It is shown that, depending on bed type, 

characteristic dimensionless groups which influence wave attenuation can be identified.  

Based on the application of a numerical sediment transport model to the lake, it is shown 

that the combined current-wave bed shear stress usually does not exceed the critical shear stress 

for erosion. It follows that the classical erosion/deposition mechanism of sediment exchange at 

the bed does not to apply to this lake, where the wind speed seldom exceeds 8 m/s. An attempt 

has been made to explain the observed oscillations of suspended sediment concentration (SSC) 

in the lake through the notion of auto-entrainment, according to which SSC oscillations are 

generated by vertical exchange of sediment between the nepheloid layer and the upper dilute 

suspension, without bed erosion. Sediment advection, which is unimportant in calm (normal) 

conditions, appears to play a significant role in water column mixing during storm events. 
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CHAPTER 1 
INTRODUCTION AND PROBLEM STATEMENT 

Wind-driven processes as a rule play a key role in circulating and overturning water in 

lakes and reservoirs, many of which are laden with fine-grained, organic-rich sediment often 

called muck. In recent decades several muck-laden lakes in Florida and elsewhere have attained 

high trophic levels, and their water quality has become a matter of concern to the managing 

agencies. Such lakes can be repositories as well as sources of phosphorus and nitrogen, which 

are collectively responsible for the high trophic levels. Since nutrients are adsorbed on 

particulate matter, they are released when sediment is entrained and causes water to become 

turbid. This release mechanism significantly contributes to, among other effects, the growth of 

algae and consequent poor water quality. As a result, in various degrees the water quality of such 

systems is related to turbidity-generation in the lake by waves. 

In general, turbidity-generation by waves must be dealt in two parts, one of which 

concerns the interaction of waves with bottom muck, because this interaction determines the 

wave height (and to an extent the period) for given wind speed, fetch and water depth. The other 

part concerns the mechanism of muck entrainment by waves of this height and period. 

An opportunity to examine these two issues arose when the University of Florida was 

contracted by Florida’s St. Johns River Water Management District (SJRWMD) to provide a 

model of nutrient release to the water column due to wind-driven sediment entrainment in 

Newnans Lake. This lake is a shallow, 2,700-hectare hypereutrophic body of water within the 

Orange Creek Basin in north-central Florida. Water quality in this lake has declined over the last 

two decades, and it is listed as impaired by the Florida Department of Environmental Protection 

(FDEP) due to elevated nutrient and chlorophyll levels. SJRWMD has been developing Pollutant 
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Load Reduction Goals (PLRGs) for the lake, to be used by FDEP to refine the Total Maximum 

Daily Loads (TMDLs) for the lake. 

To examine the behavior of suspended sediment, an instrumented tower was installed in 

the lake and data on wind, waves and suspended sediment concentration were collected over an 

eight-month period during 2003-2004. An effort to interpret the data (Jain et al., 2005) led to 

several scientific questions that require exploration for understanding Newnans Lake suspended 

sediment dynamics, and more broadly the nature of wave-induced entrainment of fine-grained 

sediment in the shallow marine environment. Out of these questions, the following are of interest 

to the present study: 

1. Among the various models available for the calculation of wave energy dissipation by 
bottom mud, which one is applicable to Newnans Lake and similar environments? 

2. In typically shallow-water environments, mud thickness tends to be small, in contrast to 
thick, or even semi-infinitely thick, layers assumed in many models. How is one to model a 
thin mud layer, and what should be its rheology? 

3. Applications of available entrainment models to small lakes (of the size of Newnans) suggest 
that entrainment of mud by waves does not always conform to the classical erosion-
deposition mechanism incorporated in these models. Are there alternative approaches that 
could explain the observed behavior of the suspended sediment concentration? 

To answer the above question the thesis is organized in following manner. A brief 

description of Newnans Lake and data collection scheme is given in Chapter 2. This chapter also 

includes analysis of relevant data, which are more fully presented elsewhere (Jain et al., 2005). 

In Chapter 3 a flow circulation model, a wave model and a sediment transport model are applied 

to Newnans Lake. Based on these applications, arguments have been presented stressing the need 

to understand wave-mud interaction, and the mechanism by which sediment is maintained in 

suspension in the lake. To explore wave-mud interaction in Newnans Lake in a more general 

way, in Chapter 4 a first-order semi-analytical solution is presented for the wave-mud boundary 

layer, and this solution is compared with laboratory experimental data. A second-order nonlinear 
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solution is then derived using the well-known Stokes’ perturbation approach. As a test of the 

applicability of the second-order model, in Chapter 4 model-calculated mud mass transport is 

compared with available data. Also posed in this chapter is the question of correct representation 

of mud rheology. Chapter 5 discusses the significance of mud rheology for a single-phase 

system. Mud is modeled as a viscoelastic fluid, and its behavior under stress is compared with 

available data from rheometric tests. A three-component viscoelastic fluid model is then applied 

to mud, and the resulting wave attenuation coefficient and mud mass transport are compared 

with experimental data. In Chapter 6, mud is modeled as a poroelastic bed as an alternative 

rheological description. Available poroelastic models are summarized, and the domains of 

applicability of the poroelastic versus viscoelastic models are discussed with reference to bottom 

sediment composition and density. In Chapter 7, the wave energy dissipation problem in 

Newnans Lake is treated in a general way by carrying out a dimensional analysis for 

characterization of the wave attenuation coefficient. Some new dimensional numbers are 

introduced and their importance is discussed with respect to Newnans Lake. In Chapter 8, 

entrainment mechanisms are described very briefly in relation to Newnans Lake. A new concept 

describing the behavior of suspended sediment concentration known as Auto-Suspension Model 

is proposed and applied to Newnans Lake. Chapter 9 concludes the study with key observations 

related to wave-mud interaction in general, and the behavior of suspended sediment 

concentration in Newnans Lake. Recommendations have been made for future studies to 

continue and enhance the presented work. 
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CHAPTER 2 
FIELD INVESTIGATION 

2.1 Site Description 

Newnans Lake is located occurs approximately 8 km east of the city of Gainesville in 

Alachua County, Florida, at latitude 29o 38.700′ and longitude 82o 13.133′ (Figure 2.1). The lake 

has up to 2 m of muck (a highly organic fine soil made up primarily of humus from drained 

swampland), and portions of the lake’s littoral zone are densely covered with floating 

macrophytes that have contributed to the organic component of muck. The maximum depth of 

water is about 3.9 m in the center of the lake and the mean depth is about 1.9 m (lake bathymetry 

is shown in Figure 3.8). The lake is between 5,000 and 8,000 years old (Holly, 1976; Brenner 

and Whitmore, 1998), and is underlain with Pliocene Bone Valley formation below the northeast 

portion of the lake, and the Miocene Hawthorne formation below the southwest portion. Both 

geological formations contain deposits of phosphoric limestone with inter-bedded phosphoric 

pebbles and granules.  

The drainage area covers approximately 295 km2 (Figure 2.1), and supplies the majority of 

inflow through two tributaries, Hatchet Creek (HC) and Little Hatchet Creek (LHC), both at the 

northern end of the lake. Approximately 88% of the drainage basin is rural, being made up of 

55% upland forest, 17% wetland, 8% water, 6% agriculture, and 2% rangeland. Of the remaining 

12%, 10% is urban, primarily associated with the eastern portion of the city of Gainesville, and 

2% supports transportation associated with the nearby Gainesville Regional Airport. 

Overflow drains out of Prairie Creek (PC) at the southern end and empties into Paynes 

Prairie and the Styx River through Camps Canal. Bee Tree Creek (BTC) (Figure 2.1) is a small 

tributary of HC. The majority of lake shoreline is surrounded by a canopy of local forest trees 

such as cypress trees. 
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2.2 Data Collection 

Two field data collection campaigns were carried out. The first campaign was intensive 

and included the deployment and operation of a three-legged aluminum-frame platform tower (at 

the site marked by a red dot in Figure 2.1) schematically drawn in Figure 2.2. The tower was 

installed in December 2003, and fully operated from the beginning of January to early September 

in 2004 (data set-1).  

2.2.1 Extended Field Campaign 

Figure 2.3 is a photographic view of the tower. The zero reference level for instrument 

elevations was marked on a rod on which several of the instruments were deployed. Devices 

(details in Table 2.1) were included for measuring wind velocity, air and water temperatures, 

total water pressure and pore water pressure within muck, horizontal and vertical current velocity 

components in water, wave-induced acceleration in muck, suspended sediment concentration 

(SSC) in water (at three levels) and water samples (two levels). Table 2.2 provides information 

on the instruments. Data on current velocity, total water pressure, pore water pressure and orbital 

acceleration were collected and stored digitally. Sampling was at the top of each hour for 5 min 

at a bursting frequency of 10 Hz. Wind speed, air temperature, water temperature, air pressure 

and SSC data collection was in the analog mode, with 2-min mean values recorded at the top of 

each hour. All data were sent on real-time basis via a cell-phone connection to the University of 

Florida for storage and analysis. 

At stations BTC, HC, LHC and PC, daily discharges were recorded by the St. Johns River 

Water Management District (SJRWMD). In the lake proper, daily lake water level data were 

reported by SJRWMD, and at the Gainesville Regional Airport, daily values of atmospheric 

parameters were recorded by the airport authority (Jain et al., 2005). 
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Two dye injection tests were also conducted in 2003. One was during a calm period 

(average wind speed of 4 m/s and outflow of 0.23 m3/s from Prairie Creek) beginning 3rd August, 

starting time 2:00 PM, to 9th August 2003, ending time 9:00 AM. The second test was conducted 

under stronger conditions (average wind speed of 8.4 m3/s and average outflow of 7.5 m3/s), 

from September 3rd, starting time 2:00 PM to September 9th, ending time 9:00 AM. For each test, 

250 cm3 of Rhodamine-WT dye was placed in a syringe. The syringe was inserted in a 3.0 m 

long PVS pipe with an interim diameter of 1.27 cm. A 3 m long rod with a diameter of 0.64 cm 

was also inserted into the pipe and was used as a push-rod to activate the syringe plunger. The 

syringe was then lowered into the water column and about 20 cm into the mud layer (at the same 

level as the pore pressure gage and accelerometer; Figure 3.4). After the syringe was in mud, the 

dye was injected by pushing the rod. At the time of injection the two auto-samplers began 

collecting water samples, which allowed the time-history of dye concentration to be recorded at 

two levels, 0.8 m below water surface (which was 0.1 m higher than OBS-2) and 1.5 m (at the 

level of OBS-3) below water surface. A set of 24 water samples was collected at each depth 

every 6 hours using the auto-sampler. Dye concentration was measured in the Coastal 

Engineering Laboratory of the University of Florida using a fluorometer (Turner model 10-005). 

Analysis of the data is presented in Section 8.5. 

2.2.2 Short Field Campaign  

A second, single-day, data collection campaign (set-2) was carried out on the 23rd of 

February, 2006. These data were collected using a boat (a McKee with a 90 hp motor), at five 

sites in the lake - the tower, the deepest water in the lake, and the mouths of Prairie, Little 

Hatchet and Hatchet Creeks. The coordinates of these locations are given in Table 2.3. Water 

samples for SSC measurement were collected at three depths using a Niskin bottle. Water quality 

parameters including pH, temperature and dissolved oxygen were measured using hydrolab 
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(Datasonde 4). A secchi disk was used to measure water transparency and depth. The top of the 

soft bed was defined as the location where the secchi disk firmly rested. Grab samples were also 

collected from each of the five sites. Grab sample descriptions along with secchi disk values and 

water depths are given in Table 2.3. 

2.3 Data Analysis 

In this section, analyses of data from the first 15 days of data set-1 (January 14 to 30, 

2004) and data set-2 (February 23, 2006) are provided. Analysis for the remainder of data set-1 is 

given in Jain et al. (2005). 

2.3.1 Data Analysis from Extended Field Campaign 

The wind-rose for January 2004 is plotted in Figure 2.4. The maximum (2-min avg.) wind 

speed was over 7 m/s, and the mean in the range of 3-5 m/s. The wind-rose shows wind speed in 

all sectors of the pie chart, which is an indication of high directional variability. This variability 

is manifested in Figure 2.5A, which plots wind direction variation with days. Between days 16 

and 18, and 20 and 22, the direction changed over the full circle, which in turn would suggest 

similar variability in wind-driven flow circulation. This variability is also highlighted in Figure 

2.5B, which is a power spectrum of wind direction. The occurrence of peaks over a wide range 

of frequencies (0.7day-1 to 5.1 day-1) implies high wind variability. The resulting directional 

variability in flow has been identified by using a numerical hydrodynamic model in Chapter 3 

(Figures 3.3A-D). 

The time-series of air and water temperatures are plotted in Figure 2.6. Air temperature 

varied between 2oC and 22oC, and there is evidence of a cold front around day 20. Water 

temperature follows a similar trend; however, air temperature variation was as large as 20oC, 

whereas water temperature variation was limited to 5oC. 
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Power spectra of air and water temperatures are plotted in Figure 2.7. Frequency (days-1) is 

plotted on the abscissa and energy on the ordinate. Since sampling was every hour, the Nyquist 

frequency (one-half the sampling frequency and also the maximum frequency that can be 

resolved) was 12 days. Water temperature spectrum has been scaled by a factor of 85 for it to be 

visually comparable with the air temperature spectrum. There are evident peaks in both air and 

water temperatures at frequencies of 1 day-1 and 2 day-1, corresponding to solar diurnal and semi-

diurnal periods, respectively.  

Figure 2.8 shows a time-series of wind speed (left ordinate) and one of SSC-3 (at level 

OBS-3) (right ordinate). In the similarly plotted Figure 2.9, SSC-3 has been phase-shifted by a 

day, the time-lag evident in Figure 2.8. In Figure 2.9, SSC-3 is seen to have responded efficiently 

to increases in wind speed, but not so to decreases in speed. Peaks in wind at days 15.5, 17 and 

18.2 occur synchronously with the SSC peaks, whereas the lows on days 16.2 and 19.2 in wind 

do not correspond to the lows in SSC. So the inference would be that SSC responds to energy 

increase in the system, but not to decrease. 

Since the sediment is highly organic, its settling velocity is very low, on the order of 0.1 

mm/s (Section 3.2). To estimate the settling time-lag, due to low SSC each particle may be 

assumed to settle independently of others. One set of calculations is presented in Table 2.4 for 

SSC at different levels and frequencies. At 1 day-1 the settling lag for SSC-1 is 3.6 hours or 54o 

(with respect to solar day), whereas for SSC-3 it is 0.7 hours (10o). This implies that for SSC-1, 

sediment suspended at a given time was in suspension three hours later. Thus, SSC-1 cannot be 

expected to correlate with the instantaneous wind speed. In general, such a response of SSC to 

wind can result in the superposition of resuspension behaviors at notable high frequencies such 

as 0.28 hr-1, 0.33hr-1 and 1.4 hr-1. 
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Another high frequency is the seiching frequency. The seiching period can be obtained 

from Eq (2.1) proposed by Raichlen, F., (1966) for elliptic basin with major axis as 2a and minor 

axis as 2b and constant depth h. 
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where a = one-half the major axis and b = one-half the minor axis and h is the average depth. . 

The seiching period for Newnans Lake with a = 3.5 km and b = 2 km and average depth of 1.5 m 

would be 51 minutes, which corresponds to frequency of 1.17 hr-1. 

Table 2.5 provides a summary of the SSC data. The ratio of mean SSC to its standard 

deviation decreases from 14 to 4% with an increase in water depth from 0.3 m to 1.5 m below 

the water surface, respectively, which in turn indicates that SSC oscillations decreased with 

depth. Also, SSC-3 had very low oscillations compared to SSC-1 and SSC-2, which reflects 

decay of wind energy with depth. This topic is further discussed in Chapter 8. 

Figure 2.10 is a plot of SSC-3 against wind speed, in which a best-fit line along with the 

95% confidence interval is also shown. The cutoff at 2 m/s avoids the need to analyze data with 

high noise-to-signal ratios. The plot exhibits high level of scatter, which suggests that wind speed 

and SSC-3 are non-uniquely related. The ratio of standard deviation to mean for SSC-3 for wind 

speed between 2 and 3 m/s is 2.8x10-2, while the same ratio in the range of 8 to10 m/s is 3.7x10-

2. These values indicate that the scatter increases with increase in wind speed. The mean 

relationship between SSC and wind speed U is given by Eq (2.2). 

 SSC 0.845 133.7U= +  (2.2) 
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This dependence of SSC on U, even though weak (and non-unique), is also manifested in the 

Figure 2.11, which gives power spectra of wind speed and SSC-3. There are predominant peaks 

at 1.2 days-1, 2.0 days-1 and at 3.7 days-1. Figure 2.12 plots the coherence (a measure of cross-

correlation in the frequency domain) spectra between wind speed, SSC-1 and SSC-3. Coherence 

is observed at several frequencies such as 1.25, 2, 2.6, and 3.75 days-1. As the distance between 

the OBS and water surface increased, coherence peaks shifted towards lower frequencies. In 

other words, correlation shifted from short term to longer term. The strongest coherence is at 2 

days-1 (solar semi-diurnal period) for SSC-1, and at 1 day-1 (diurnal period) for SSC-3, implying 

that SSC-3 took 12 hours longer than SSC-1 to respond to wind.  

Figure 2.13 shows spectra of time-lag between SSC and wind. The phase lag of SSC 

increases from 10o at 1 day-1 to 170o at 2.5 day-1 for SSC-3, and the settling lag also increases 

(Table 2.4), suggesting that observed phase lags and settling lags are related to each other. Since 

the settling velocity was of the order of 0.1 mm/s, and at higher frequencies the phase lags were 

higher, entrained sediment (which would not correlate with wind at the time of entrainment), can 

be expected to have remained in suspension from 1-3 hr for SSC-3-SSC-1. 

The total suspended sediment load (SL) in the water column over a unit planar area can be 

found as the product of a weighted-mean concentration and water depth, as given by Eq (2.3). 

 0.3 1 0.6( 2 3)
1.5

SSC SSC SSCSL + +
=  (2.3) 

The sediment load against wind speed plot in Figure 2.14 shows high degree of scatter. The ratio 

of standard deviation to mean for SL between wind speeds of 2 and 3 m/s is 3.0x10-2, while the 

same ratio between 8 and 10 m/s is 4.0x10-2, indicating that scatter increases with the increase in 

wind speed, as in Figure 2.10. 



 

32 

SSC-3 is plotted against the significant wave height (Hs) in Figure 2.15. Wave heights 

were obtained by spectral analysis of the measured pressure sensor data collected at 10 Hz 

bursting. This plot shows high degree of scatter. The ratio of standard deviation to mean SSC for 

wave heights between 3 and 4 cm is 2.4x10-2, while the same ratio for heights between 5 and 6 

cm is 4.4x10-2, which indicates that the scatter increased with increasing wave height. The best-

fit line is given by Eq (2.4). 

 SSC 242 126sH= +  (2.4) 

Mean wave period versus wind speed data are plotted in Figure 2.16. For wind of 2 m/s the 

period is around 0.7 s, and as the speed increases to 7 m/s the period increases to 1.2 s. The mean 

trend is given by Eq (2.5). 

 29.66 10 0.555T x U−= +  (2.5) 

Wave heights versus wind speeds are plotted in Figure 2.17 and the equation of the mean 

line is given by Eq (2.6). 

 3 23.24 10 3.018 10sH U− −= × + ×  (2.6) 

Phase lags between wind and waves are plotted in Figure 2.18. The phase lag at the 

frequency of 1 day-1 is 5o, which implies that it would take about 20 minutes for the (wind-

generated) waves of that frequency to develop. The coherence spectrum between wave and wind 

in Figure 2.19 indicates that coherence is high, around 0.92 at frequencies of 0.75 day-1 and 1.3 

day-1, 0.80 at 2.3 days-1 and 0.75 at 4.5 days-1. These values indicate that coherence declined with 

increasing frequency. In other words, short-term responses of waves to wind were less correlated 

than longer term responses.  A possible qualitative explanation is that wave response to wind can 

be described in terms of a simple harmonic oscillator. This would mean that lower frequencies 

are selectively generated in preference to higher frequencies which are cutoff. 
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Current velocities measured at the tower are plotted in Figure 2.20. At wind speeds lower 

than 6 m/s the currents are of the order of few millimeters per second. Power spectra of current 

and wind speed are plotted in Figure 2.21. Since the average water inflow into the lake was of 

the order of 0.2 m3/s (during calm periods), discharge-induced currents were negligibly small. 

The dominant direction of flow in the lake is from north to south (Figure 2.1). During wind-

driven circulation, current directions change, as evident from Figures 3.3A-3.3D. Since the lake 

is deeper on the northern end than at the southern end (contours in Figure 3.8), adverse bottom 

gradient from north to south tends to further slow the current speed. 

Pore water pressure is the water pressure over and above the effective normal stress. As 

mentioned, the pore pressure gauge was located 20 cm below the mud-water interface (Figure 

3.4). In Figure 2.22, pore pressures between wind speeds of 2 and 4 m/s have a ratio of standard 

deviation to mean of 0.45, whereas between 4 and 10 m/s the ratio is 0.88. This indicates that 

data scatter increased with the increase in the wind speed. However, there is a degree of 

correlation between pore pressure pw and wind speed U given by Eq (2.7). 

 1.8 14.4wp U= +  (2.7) 

Power spectra of pore pressure and wind speed are plotted in Figure 2.23. Peaks for the 

two variables coincide at the frequency of 1.5 day-1; however, there is considerable noise at 

higher frequencies. This is clear from the spectra in Figure 2.24, in which coherence is 0.6 at 1.7 

day-1, and decreases to 0.1 with increase in frequency. 

In Figure 2.25A, daily average of wind speed time-series is plotted, and in Figure 2.25B 

the corresponding total sediment load (SL) given by Eq (2.3), is plotted. Figure 2.25C plots the 

outflow discharge from Prairie Creek, and rainfall is plotted in Figure 2.25D. There is a 

correlative trend between outflow and SL during days 16-22. However, after day 22 no 
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noteworthy correlation occurs. These trends suggest that during calm periods when discharge is 

low (average only of 0.6 m3/s), the effect of advection on SSC is not significant, but is apparently 

so when the discharge is higher (> 2 m3/s).  

2.3.2 Data Analysis from Short Field Campaign  

The second set of data was collected between 10:00 am and 12:00 pm on February 23rd 

2006 at five locations (indicated in Table 2.3 and identified in Figure 2.1). From these data, DO 

(dissolved oxygen), pH, water temperature and SSC are plotted for location P-2 (Table 2.3) in 

Figure 2.26. Near the water surface, DO was 9 mg/L (fully saturated surface water), pH was 

around 6.5 likely due to leaching of organics (in the form of tannic and fulvic acids) from the 

forested wetlands associated with Hatchet Creek (SJRWMD, 2004), water temperature was 

20.15oC and SSC was 1 mg/L. At the depth of 2.8 m, which was also the top of the soft bed as 

measured by the secchi disk, DO concentration dropped to 5 mg/L, pH decreased to 6.58 and 

SSC increased to 2500 mg/L. A further increase in depth by 20 cm reduced DO concentration to 

zero. This thickness could be a measure of the presence of fluid mud at that site.  

Similar plots as in Figure 2.26 are shown in Figure 2.27 for the shallower depth site P-4 

(Table 2.3). DO changed from 9 mg/L at the water surface to 5 mg/L at 1.6 m. Figure 2.28 

includes plots for the tower location. The top of soft sediment was 2.3 m below the surface 

where DO, pH and temperature started to decrease with depth, suggesting the presence of 

sediment (SSC was 300 mg/L). DO becomes zero at 2.7 m, which could mean that this near-

bottom region may have contained fluid mud. The onset of seasonal anoxia in water overlying 

the sediment has been linked to an increase in phosphorus release from sediment (Caraco et al., 

1991). Low DO favors the generation of methane, sulfide and ammonium, and release of ferrous 

iron from sediment, all of which can lower pH.  
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In order to obtain insight to the effects of sediment entrainment in the lake, flow and 

sediment transport modeling along with wave generation modeling are discussed in Chapter 3. 

2.4 Conclusions 

Newnans Lake is fetch-limited with low bottom shear stresses. Due to low settling 

velocities, settling lags are of the order of 3-4 hours, which results in a superposition of SSC 

response at high frequencies. The amplitudes of SSC oscillations in the lake are not large. The 

standard deviation of SSC normalized by mean SSC at 0.3 m depth was 14% and at 1.5 m it was 

only 3.6%. These values indicate that the effect of wind decays rapidly with water depth. There 

is a good correlation between wind and wave height (correlation coefficient of 0.8). 
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Table 2.1 Instruments deployed in the lake 

Property Instrument make Model no. Frequency of 
bursting (Hz) 

Wind RM Young anemometer 05103 — 
Air temperature Analog Devices gauge AC 2626 — 
Water temperature Analog Devices gauge AC 2626 — 

Current Sontek three-axes acoustic 
current meter Field ADV 10 

Air pressure Trans-metrics gauge B020 — 
Total pressure Trans-metrics gauge P215L 10 
Pore pressure Druck gauge PDCR-81 10 

SSC Sea Point optical backscatter 
sensors (OBS) — 10 

Fluid acceleration Analog Devices 
three-axes accelerometer ADXL 202 10 

Water sampling ISCO auto-samplers 3700 — 
Data logging Campbell Scientific logger CR23X — 
Light Carmanah light 501 — 

Data transmission Airlink Communications 
modem Redwing CDMA — 

 
Table 2.2 Instrument elevations  

Instrument Elevation relative to zero 
reference* 

Anemometer and Air temperature gauge On the top of tower 
Water temperature -1.143 m 
Current meter -0.889 m 
OBS-1 -0.3048 m 
OBS-2 -0.9144 m 
OBS-3 -1.524 m 
Total pressure -1.0414 m 
Pore pressure -2.286 m 
Accelerometer -2.286 m 
* Zero reference was an arbitrary datum marked on the rod on which several 
instruments were deployed. 
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Table 2.3 Summary of data in set-2 
Point P-1 P-2 P-3 P-4 P-5 

Location Tower Deep part of 
lake 

Prairie 
Creek 
mouth 

Little Hatchet 
Creek mouth 

Hatchet 
Creek mouth 

Latitude 29o 37’ 54” 29o 38’ 58” 29o 37’ 0.6” 29o 40’ 27.3” 29o 40’ 20.5” 
Longitude 82o 14’ 6.5” 82o 12’ 54” 82o 14’ 48” 82o 13’ 16” 82o 13’ 52” 
Secchi 
disk depth 
(m) 

0.457 0.53 0.457 0.457 0.457 

Water 
Depth (m) 2.28 2.89 1.68 1.67 1.75 

Grab 
sample 
description 

Highly 
organic and 
dark brown 

Highly 
organic dark 
and like 
fluid mud 

Organic and 
dark brown 
lot of debris 

Dark and very 
stiff 

Sandy and 
light in color 

 
Table 2.4 Sediment settling lags  

OBS Distance from 
bed (m) 

Settling 
time (hours) 

Lag (degree) 
for frequency 
1 Day-1 

Lag (degree) 
for frequency 
0.5 Day-1 

1 (-0.3 m) 1.5 3.62 54.3 108.6 
2 (-0.9 m) 0.9 2.17 32.5 65.1 
3 (-1.5 m) 0.3 0.72 10.8 21.6 
* Settling velocity of 1.15x10-4m/s is used in calculation. 

 
 
Table 2.5 SSC data summary  

OBS Mean 
(mg/L) 

Standard Deviation 
(mg/L) 

Std/Mean 
(%) 

1 (-0.3 m) 6.3 0.87 14% 
2 (-0.9 m) 14.6 0.99 6.8% 
3 (-1.5 m) 136.7 4.93 3.6% 
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Figure 2.1 Newnans Lake with main creeks and watershed (adapted from Gao and Gilbert, 
2003). Coordinates of discharge and water quality stations are shown 
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Figure 2.2 Schematic drawing of platform tower and instrumentation. Initial (as shown) 
elevations of the submerged instruments were changed as necessary during the course 
of the study due to water level variation 
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Figure 2.4 Wind-rose for January 2003 

 
Figure 2.5 Wind direction time series and spectrum A) Wind direction variation with days, B) 

Wind direction power spectrum 

A 
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Figure 2.5 Continued 
 
 

 
Figure 2.6 Air and water temperatures time-series 

Frequency (days-1) 
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Figure 2.7 Power spectra of air and water temperatures (water temperature spectrum is scaled by 

a factor of 85) 

 

 
Figure 2.8 Time-series of wind speed (in blue, left ordinate) and SSC-3 (in green, right ordinate) 

Frequency (days-1) 
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Figure 2.9 Time-series of wind speed (in blue, left ordinate) and SSC-3 (in red, right ordinate) 

phase-shifted by a day to examine correlation 

 
Figure 2.10 Variation of SSC-3 with wind speed 

Cut-off

 



 

44 

 
Figure 2.11 Power spectrum of SSC-3 and SSC-1 

 
Figure 2.12 Coherence spectra of SSC-1 and SSC-3 with wind speed 
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Figure 2.13 Spectra of time-lag between SSC and wind speed 

 
Figure 2.14 Suspended sediment load variation with wind speed 

Cut-off
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SSC-1 
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Figure 2.15 Variation of SSC-3 with wave height 

 
Figure 2.16 Wave period variation with wind speed 

Cut-off
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Figure 2.17 Wave height variation with wind speed  

 

 
Figure 2.18 Phase lag spectra between wind speed and wave height 

Cut-off
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Figure 2.19 Coherence spectrum for wind speed and wave height 

 
Figure 2.20 Current velocity versus wind speed 

Cut-off 

Frequency (days-1) 
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Figure 2.21 Power spectra of wind speed and current velocity 

 
Figure 2.22 Pore pressure versus wind speed  
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Figure 2.23 Power spectra of wind speed and pore pressure 

 

Figure 2.24 Coherence spectrum for wind speed and pore pressure 
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Figure 2.25 Data for Newnans Lake. A) Daily average wind speed, B) total daily sediment load, 

C) daily outflow discharge in Prairie Creek, and D) daily average rainfall in the lake 
area 
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Figure 2.26 DO, pH, temperature and SSC plots for site P-2 (deepest location, Table 2.3)  

Top of the soft bed 
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Figure 2.27 DO, pH, temperature and SSC plots for site P-4 (Little Hatchet Creek mouth, Table 
2.3) 

Top of the soft bed 



 

54 

 

Figure 2.28 DO, pH, temperature and SSC plots for site P-1 (Tower, Table 2.3) 

 
 

Top of the soft bed 
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CHAPTER 3 
CIRCULATION, WAVES AND SEDIMENT TRANSPORT 

3.1 Introduction  

A three-dimensional numerical model was used to simulate flow circulation and suspended 

fine sediment transport in the lake on a real-time basis. A summary of the model is given in 

Section 3.2. A wave-generation model (Section 3.3) was used to simulate the wave field induced 

by wind. Figure 3.1 is a schematic of the bathymetric grid, and inflow and outflow creeks. In 

order to obtain insight into the effects of entrainment and advection on SSC, flow and sediment 

transport modeling was carried out. The main objective of using the wave generation model was 

to identify the effect of the presence of fluid mud on wave properties.  

3.2 Circulation and Sediment Transport 

3.2.1 Flow Circulation 

The numerical model Environmental Fluid Dynamics Code (EFDC) was used to simulate 

wind- and creek discharge-induced circulation in Newnans Lake. EFDC was also used to 

simulate suspended fine sediment transport. The coordinate system in this model can be 

Cartesian or curvilinear-orthogonal in the horizontal plane, and is stretched vertically to follow 

bottom topography and free-surface displacement (Hamrick 1992). Further details on the model 

can be found in Hamrick (1992, 1996, 2000), and also Park et al. (1995). 

The model grid is shown in Figure 3.1. The reference coordinate system is geographical 

(latitudes and longitudes) and the vertical datum is NAVD 88. Each grid cell’s planar size was 

selected to be 100 m in the x-direction and 150 m in the y-direction. These dimensions were 

selected on the basis of available bathymetry. The water column was divided into 3 layers, based 

on the use of three OBS sensors for SSC data collection. The flow model inputs were: 
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• Real-time wind recorded at the tower. 

• Discharge in two inflowing and one out-flowing creeks. 

• Metrological data including rainfall, solar radiation, humidity and cloud cover recorded at 
the Gainesville Regional Airport. These data were used to calculate the loss of water due to 
evaporation.  

 
There were two inflow boundaries (Figure 3.1) and one outflow boundary. Lake stage 

recorded at the tower was used as a comparison parameter between the data and the model. 

Comparison between measured and simulated water levels in Figure. 3.2A during the (hot-start) 

calibration model-run shows reasonable agreement, although by day 95, a 5 cm difference 

developed between the two time-series, with simulation showing a lower water level than that 

measured at the SJRWMD gauge located near the mouth of Prairie Creek. However, during the 

validation model run this difference begins to decrease (Figure 3.2B) until it reaches zero on day 

124. Over the next 6 days (ending at day 130), the sense of the difference changes so that the 

simulated level is about 2 cm higher than measured. 

In the second modeling scenario, two inflow boundary conditions at the north end and a 

water level boundary condition at the mouth of Prairie Creek were set, and measured discharge 

in Prairie Creek was used as the calibrating parameter. In Figure 3.2C, a comparison is made 

between simulated and measured discharges in this creek for the calibration period. Simulated 

total volume of water flowing out over the duration was 7,619,823 m3, while the value from 

measurement was 7,731,790 m3, indicating an error of only 1.45%. The three layers in the 

vertical are not enough to resolve the vertical profile. Another test run was also made with six 

layers in the vertical.  

With regard to circulation, instantaneous depth-mean velocity field from the model is 

plotted in Figure 3.3A-3.3D. Zones of circulation in the lake are identified by circles. In Figure 
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3.3A there are two small circulation cells in the deeper zone and a large cell near the mouth of 

the outflow. As time progresses (day 70.13 to 70.42, from Figures 3.3A-3.3D), the two small 

cells coalesce into one, leading to an increase in the size of the circulation cell, which moves 

northwards. There is some flow channelization as identified by the rectangle. In general, the 

circulation pattern is not organized. In fact, from flow simulations in Figures 3.3A-3.3D, it can 

be inferred that the pattern is chaotic. 

3.2.2 Suspended Sediment Movement 

The lake bottom is covered with a homogeneous layer of highly flocculent organic 

sediment (Holly, 1976). A description of sediment composition has been provided by Gowland 

et al. (2002). The grain size is in the range 0.3 to 1.3 μm, and the organic content of bottom 

sediment is in the range of 20 to 50%. 

A typical density profile of bottom muck is shown in Figure 3.4, which indicates that the 

bulk density ranged from 1,050 to 1,150 kg/m3. The dry density of sediment was in the range of 

100-200 kg/m3. The settling velocity was obtained from laboratory settling column tests 

(Gowland et al., 2005), and also using the Rouse equation for low-concentration (with non-

interfering particles) suspended sediment (Henderson, 1966). The SSC data at three elevations 

mentioned in Chapter 2 were used for modeling purposes.  

The following function describes the dependence of the settling velocity ws on SSC 

(designated as C) according to Hwang (1989): 

 
( )2 2

; ,
n

s 0 f s fm
aCw   = w  , C  C w C  C

b C
≤ = >

+
 (3.1) 

in which Cf, which typically ranges between 0.1 and 0.3 kg/m3, is the concentration limit below 

which ws is practically free of the effect of inter-particle collisions and is assumed constant (w0).  



 

58 

Figure 3.5 shows the settling velocity plot for different organic content. This plot is based 

on laboratory tests (Gowland et al., 2005) on samples of lake sediment in a 2-m tall settling 

column.  It is observed that settling velocities estimated by Jain et al. (2005) (using the Rouse 

equation and measured concentrations in the lake at three elevations) on the average agree with 

the 20% organic content (OC) curve. For this curve, which is assumed to be applicable to the 

present effort, the constants are: 0.17a = , 2.4b = , 1.8m =  1.8n =  and 0.1fC =  kg/m3. This 

value of Cf corresponds to 0 0.000115w = m/s. 

The bed erosion flux rε  due to waves and current combined is given by Eq (3.2) 

 ( )h N cw s
dCr
dt

ε δ ε τ τ= = −  (3.2) 

where δh is a characteristic bottom water layer height, C is the SSC within this layer, t is time, εN 

is the erosion flux constant, cwτ is the bed shear stress and τs is the bed shear strength against 

erosion (also called the critical bed shear stress). In general, cwτ  is taken to be the combined 

shear stress due to waves and current, as obtained from Eq. (3.9). 

Gowland et al. (2005) report that, in order to obtain Eq.(3.2), erosion tests were conducted 

on a variety of fine-grained sediments in a Counter Rotating Annular Flume (CRAF), and in a 

Particle Erosion Simulator (PES). In both devices beds of 3 to 5 cm thickness were allowed to 

consolidate between 24 and 96 hr before each test. The CRAF has been described in detail 

elsewhere (Stuck, 1996; Parchure and Mehta, 1985). In the PES, described by Tsai and Lick 

(1986), the bed was prepared inside a 15 cm diameter plexiglas cylinder. A porous vertical grid 

submerged in water over the bed was then oscillated at a selected angular speed (rpm), which 

caused the sediment to erode. The grid-associated shear stress was obtained from the calibration 

relationship τcw =5.91x10-4 x rpm, derived by measuring and comparing the erosion of muck 
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from the Everglades Agricultural Area (EAA) in southern Florida, concurrently in the PES and 

the CRAF (Stuck, 1996; Mehta et al. 1994). Gowland et al. (2005) obtained the plot shown in 

Figure 3.6 for the lake sediment. The values of εN and τs in Eq. (3.2) corresponding to the 20% 

OC line are 0.83 kg/m2/s/Pa and 0.12 Pa, respectively.  

Suspended sediment concentrations simulated by model (using a time step of 0.1 s) at three 

elevations are plotted in Figure 3.7. The rating curves (relationship with discharge and SSC) 

were developed for each of the inflow and outflow; details are mentioned in Jain et al. (2005). 

Time-mean SSC values from the model and data are given in Table 3.1. The model predicts the 

“average” sediment concentration within an error of 26% for SSC-3 and 46% for SSC-1. At the 

same time, the ratio of standard deviation to mean from the model ranges from 0.82 to 0.20, 

while the same ratio from data ranges from 0.20 to 0.06, indicating that modeled SSC shows 

considerably higher degree of oscillations about the mean (factor of as much as 4 times) in 

comparison with data. 

3.3 Wave Field 

In Section 2.4, it was indicated that the lake is shallow and is fetch-limited. To simulate the 

development of fetch-limited waves, the wave-generation model SWAN (Simulating WAves 

Nearshore), Ver 40.41, was used. The model is based on the wave energy balance equation (in 

the absence of current) with requisite energy sources and sinks. Extensive model description has 

been documented elsewhere (Booij et al., 1999; Ris et al., 1999).The wave field was simulated 

for a steady wind from six directions (north, north-east, north-west, south, south-east and south 

west) and five speeds (2.5, 5.0, 7.5, 10.0 and 12.5 m/s). Wind directions were selected with the 

intention of covering the smallest fetch (due to NE wind) to the longest fetch (due to NW wind) 

and the lowest (2 m/s) to the highest (12 m/s) wind speed. Relevant processes in SWAN include 
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wave generation by wind and dissipation by bottom friction. Lake bottom contours and the grid 

used for SWAN are shown in Figure 3.8. Grid dimensions were 100 m by 100 m.  

Figure 3.9 plots significant wave height versus wind speed from SWAN and data. 

Measured heights are of the order of 4 cm, whereas the simulated heights are of the order of 10 

cm. Figure 3.10 shows the plot of the mean absolute wave period measured at the tower and the 

same simulated by SWAN. At the wind speed of 5 m/s, SWAN predicts periods from 0.9 to 1.2 

s, which are in reasonable agreement with data, in the range 1.1-1.2 s.  

SWAN simulated waves over an assumed rigid bottom in the lake. Although the predicted 

wave period agrees reasonably well with data, wave heights are 80-100% higher than data. The 

part of the difference can be attributed to the fact the SWAN model did not account for the 

current in the lake, which may sometimes oppose the growth of the waves. Also the SWAN 

model was run for the steady and constant wind speeds, whereas the wind speed was variable. 

Some the difference between SWAN and the model can be due to the fact that SWAN does not 

account for wave damping believed to be due to the presence of soft mud.  

3.4 Estimation of Wave-Current Shear Stress 

Due to its simplicity, the combined wave-current bed shear stress τcw formulation of 

Soulsby et al., (1993) was incorporated in EFDC as follows from Eq (3.3). 

 2τ ρc D meanC u=  (3.3) 

where cτ is the current-induced bottom shear stress, ρ is the fluid density, CD is the drag 

coefficient and umean is the depth-mean current velocity. The drag coefficient is obtained from Eq 

(3.4). 
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h z
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where h is the boundary layer height and z0 is the virtual origin of the logarithmic velocity profile 

for turbulent flow. The wave shear stress wτ  is given by Eq (3.5) 

 2τ 0.5ρw w bf u=  (3.5) 

where fw is the wave friction factor and ub is the bottom orbital velocity amplitude. This 

amplitude is calculated using the linear wave Eq (3.6) 

 σ
2sinhb

Hu
kh

=  (3.6) 

where H is the wave height,σ 2 /T= π  is the wave angular frequency, 2 /k L= π  is the wave 

number, T is the wave period and L is the wavelength. Given /σbA u= , the wave friction factor 

is given by (Soulsby et al., 1993), Eq (3.7) 

 
0.19

0.00251exp 5.21 ; 1.57w
s s

A Af
k k

−⎡ ⎤⎛ ⎞
⎢ ⎥= >⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

 (3.7) 

 0.3 ; 1.57w
s

Af
k

= ≤  (3.8) 

where ks = 30z0 is the Nikuradse bed roughness.  

The wave and current shear stresses, wτ and ,cτ respectively, are superimposed non-linearly 

using Eqs (3.9) and (3.10) 
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with analogous expressions for m and n. The quantity φ is the angle between the current stress 

vector and the wave stress vector. This angle was taken to be zero for the present purposes. The 

coefficients a1-a4, m1-m4 and n1-n4 are given in Soulsby et al. (1993).  

3.5 Concluding Observations 

• As mentioned, the sediment transport model predicts significant oscillations in the 
suspended sediment concentration. The ratio of standard deviation to mean SSC from the 
model ranges from 0.82 to 0.20, while the same ratio for the data ranges from 0.20 to 0.06. 

• The total bed shear stress cwτ obtained from Eq (3.9) is plotted in Figure 8.5. The stress was 
less than the critical bed shear stress (0.05 Pa for 20% OC obtained from the Figure 3.6) 
for the entire range of wind speed (2-10 m/s), which means that there was no measurable 
erosion in the lake. It can thus be inferred that the mechanism causing SSC oscillations in 
the lake differs from the modeled (classical) erosion and deposition mechanism. This 
inference leads to the need for a new explanation of the behavior of measured SSC. This 
development is discussed in Chapter 8. 

• Wave heights simulated by (rigid-bed) SWAN are 80-100% higher than the measured data. 
A possible reason for the smaller lake wave heights (than would occur over a rigid bed) 
could be that due to rapid changes in the wind direction, the waves were not fully 
developed. Using the U.S. Army Corps of Engineers (2002) manual Figure II-2-23 
(reproduced as Figures 3.11 and 3.12), the wave height calculated for the longest fetch of 
5.5 km at the tower for a wind speed of 5 m/s, is 18 cm, which are comparable with the 
value obtained from SWAN (Figure 3.9). Accordingly, the wave height may vary from 8 
to18 cm for fetches of 1 and 5.5 km, respectively. 

• Another reason for the lower than predicted wave heights in the lake could be that the lake 
is covered with almost a meter thick layer of fluid mud, which is believed to attenuate the 
waves, while SWAN assumes a rigid bed. This conclusion leads to the need to examine 
wave-mud interaction and its potential effect on SSC. In that regard, various dissipation 
mechanisms and their importance to Newnans Lake are described in Chapter 7. 
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Table 3.1 Comparison of model output of SSC and data  

Time-mean Std/Mean Suspended sediment 
concentration (SSC) Model 

(mg/L) 
Data 

(mg/L) 

Error 
(%) Model 

(mg/L) 
Data 

(mg/L) 
OBS-1 (-0.3 m ) 4.0 7.4 -46% 0.82 0.20 
OBS-2 (-0.9 m) 12.8 15.2 -16% 0.47 0.06 
OBS-3 (-1.5 m) 103.0 141.7 -26% 0.50 0.06 
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17.41 21.34
Bottom Elev
Time: 71.00

 

Figure 3.1 Lake flow and sediment transport simulation grid.  

 

Figure 3.2 Model Simulations A) Simulated water level time-series during calibration (days 75-
90), B) Simulated water level time-series during validation (days 102-128), C) 
Measured and simulated discharge time-series in Prairie Creek (days 80-160). Spikes 
in simulation reflect Hatchet Creek and Little Hatchet Creek inflow character 
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Figure 3.2 Continued 
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Newnans Lake
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Figure 3.3 Instantaneous velocity vectors A) time 70.13 days, B) at time 70.21 days C) at time 
70.31 days, D) at time 70.40 days. Circulation cells are identified by a circle and an 
ellipse. Rectangle identifies channelized flow 
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Figure 3.3 Continued 
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Figure 3.4 Density profile of the muck layer 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3.5 Settling velocity as a function of sediment concentration C. Laboratory data and 

values estimated by Jain et al. (2005) from measured concentration profiles 

 
 
 
 

 1000   1020     1040      1060     1080     1100      1120     1140     1160    1180 
Wet bulk density (kg/m3) 

0.0 

0.5 

-2.5 

-2.0 

-1.0 

-1.5 

-0.5 

El
ev

at
io

n 
re

la
tiv

e 
to

 b
ed

 su
rf

ac
e 

(m
) 

Muck surface 
Level of accelerometer and 
pore pressure gauge 

0.20 m 

20%; 2.4 

 

Concentration, C (kg/m3) 

Se
ttl

in
g 

ve
lo

ci
ty

, w
s (

m
/s

) 

10-1 

10-2 

10-3 

10-4 

10-5 

10-6 

10-2 10-1 100 101 102 

  10%≤OC≤30% 
  30%<OC≤60% 

OC = 10%; b = 1.6 

30%; 3.7 

40%; 5.8 

50%; 7.9 60%; 10 

(Laboratory tests) Based on 
field data 



 

69 

 
Figure 3.6 Erosion flux versus bed shear stress with lines of constant OC; data from Newnans 

Lake 

 

 
Figure 3.7 Comparison of suspended sediment concentration from model and data at the tower. 

Red line represents measurement and blue line is model output 
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Figure 3.8 SWAN grid and bottom contours of the Lake 
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Figure 3.9 Comparison of wave heights from data and SWAN 

 
Figure 3.10 Comparison of wave periods from data and SWAN 
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Figure 3.11 Significant wave height for fetch-limited waves at different wind speeds (from US 

Army Corp of Engineer, CEM, 2002) 

 
Figure 3.12 Wave period for fetch-limited waves at different wind speeds (in increments of 2.5 

m/s, from US Army Corp of Engineer, CEM, 2002 
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CHAPTER 4 
WAVES OVER COMPLIANT MUD BOTTOM 

4.1 Introduction 

As noted in Chapter 3, due to the presence of compliant (soft) mud in Newnans Lake, 

wave generation must be treated differently than in the rigid-bottom case. To predict wave 

heights accurately, it is essential to understand soft mud interaction with waves, which is 

examined here in two parts. The first part deals with wave interaction with soft mud bottom 

assuming no interfacial mixing. The second part deals with entrainment of soft mud by waves. In 

this chapter the first part is presented. The second part is dealt with in Chapter 8. 

4.2 Some Previous Studies 

Bottom mud damps waves, and even acts as an emergency harbor in the open sea during 

storms. One such location, known as “mud hole” in the Gulf of Mexico, has been well 

recognized by investigators (e.g., Gade, 1958; Silvester, 1974; p. 146). High wave attenuation 

rates have also been observed in the Mississippi River delta area. Hurricane-generated waves 

with heights of 20-25 m in deep water reduce to 3-5 m in depths of 12-20 m (Bea, 1974). 

Tubman and Suhayda (1976) measured waves in shallow water over the Mississippi River delta. 

Wave attenuation rates were much greater than could be attributed to bottom friction. Ewing and 

Press (1949) reported that wave motion on soft bottom sediment affect the characteristics of the 

overlying surface waves. Jiang (1993) observed that the wave attenuation coefficient in Lake 

Okeechobee (laden with fluid muck) in Florida was of the order 10-3 m-1, whereas for the same 

lake treated theoretically as one with a rigid bed, the wave attenuation coefficient was of the 

order of 10-5 m-1.  

The classical wave theory, when applied to soft mud beds, has a drawback due to the 

assumption of a non-porous bottom overlain by an inviscid fluid. Soft mud interacts with waves 
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resulting in attenuation of wave height due to bottom friction, percolation losses and viscous 

damping within the sediment. These interactive modes are also manifested as changes in the 

wave length, water particle motion, and the elevation of the interface between the fluid and 

bottom sediment. 

To investigate wave damping, two-fluid systems (Figure 4.1) have been studied by 

researchers over past decades. Such a system was first considered by Gade (1958), who solved 

the problem analytically by simplifying the governing equations of flow continuity and 

momentum for shallow water ( /10kh π< ) application, where k is the wave number and h is the 

water depth. Gade verified his results by conducting experiments with kerosene on top of sugar 

solution in water. Dalrymple and Liu (1978) extended Gade’s (1958) solution to the intermediate 

water depth case. They simplified their system by assuming that mud thickness d is much greater 

than the Stokes’ boundary layer thickness ( 2 22 / dδ ν σ= << ) where 2ν  is the kinematic 

viscosity of the mud, 2 /Tσ π=  is the wave frequency and T is the wave period. 

Mei and Liu (1987) correctly pointed out that mud in the marine environment is typically 

much thinner than the overlying water layer. Accordingly, Ng (2000) obtained an analytical 

solution for the two-fluid system having mud thickness of the order of 2δ . His approach is 

discussed in Section 4.5. The solution begins to deviate from Full Semi-Analytical model (FSM, 

discussed in Section 4.6) for 2d δ> . Depending of the water depth (shallow to deep), wave 

energy dissipation reaches its peak value when the mud layer is 30-50% thicker than 2δ . This is 

the region where both Ng’s and Dalrymple and Liu (D&L) solutions are inaccurate (Figures 4.2 

and 4.3. So there is a need to capture the correct magnitude of dissipation and obtain a solution 

with greater accuracy in the range of 2d δ> . Also, additional effort is required in solving the two 

problems separately, one (Ng) analytically and the other (D&L) numerically. This extra effort 
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points to the need for a full solution that is valid over the entire mud depth. Lowes (1993) carried 

out the full first-order solution inclusive of boundary layer effects in thin mud. Her solution is 

described in Section 4.6. This solution converges to that of Ng (2000) for 2d δ≤ , and to D&L 

for 2d δ>  (Figures 4.2 and 4.3). To capture the non-linear effects of waves over mud a complete 

second-order solution is derived here from the first-order solution of Lowes. 

4.3 Problem Formulation 

Consider the mud-water system of Figure 4.1, in which water wave propagates in the 

positive x-direction. Water layer thickness is h, mud layer is d, free-surface displacement is 1,η  

interfacial displacement is 2 ,η water density is 1,ρ  water viscosity is 1,ν density of mud is 2ρ  and 

viscosity of mud is 2.ν  The two fluids are assumed to be Newtonian, laminar and incompressible, 

with no interfacial mixing. For a small disturbance to this system, the continuity and momentum 

equations can be derived from the linearized equation of motion (MacPherson, 1980; Kolsky, 

1963) as follows from Eqs (4.1)-(4.3) 
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where ˆ jiu and ˆ jiw  (functions of x , z and t ), are the horizontal and vertical components of the 

wave orbital velocity, respectively. Subscripts j=1and j=2 are for water and mud layers, 

respectively, and i=1, 2 denote first- and second-order solutions, respectively. The quantity ejν is 
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the equivalent kinematic viscosity for water (j=1) and mud (j=2). The kinematic viscosity of the 

Newtonian fluid is its material property, given by /ej ej jν μ ρ= . 

The dynamic pressure ˆ
jP  is given by Eq (4.4) 

 0ˆ ˆT
j j j jP P gz Pρ= + +  (4.4) 

where ˆTP is the total pressure in Eq (4.5) 
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 (4.5) 

Ten boundary conditions are required to solve the above system of equations [Eqs (4.1)-

(4.3)]. At the rigid bottom, ( )z h d= − + , the no-slip and no-penetration kinematic boundary 

conditions are, respectively in Eqs (4.6), (4.7). 

 2ˆ 0iu =  (4.6) 

 2ˆ 0iw =  (4.7) 

At the mud-water interface, z h= − , kinematic and dynamic boundary conditions must be 

satisfied. The continuity of both vertical and horizontal velocities in mud and water requires 

them to be equal at the interface. Also, there must be equality of normal and shear stresses in 

mud and water at the interface: 
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At the free water surface, 0z = , the kinematic and dynamic conditions is given by Eq 

(4.13). 
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4.4 Solution Approach 

The first-order problem is formulated using the governing equations described in the 

preceding section. The solution is obtained in two ways. One is a simplified analytical solution 

by Ng (2000) for 2d δ≤ , and other is the full semi-analytical solution of Lowes (1993). 

Second-order Stokes’ (1847) perturbation approach is then applied to the first-order semi-

analytical solution. In this method, it is assumed that all variables can be expanded as a 

convergent power series of a small parameter such as the water surface slope. The variables can 

be written as summations of higher harmonics. 

 1 11 12 13( )Oη η η η= + +  (4.16) 

 2 21 22 23( )Oη η η η= + +  (4.17) 

 ( )1 2 3ˆ ˆ ˆ ˆj j j ju u u O u= + +  (4.18) 

 ( )1 2 3ˆ ˆ ˆ ˆj j j jw w w O w= + +  (4.19) 

 ( )1 2 3
ˆ ˆ ˆ ˆ

j j j jP P P O P= + +  (4.20) 
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where, 11η is the first-order solution for water surface elevation, and 12η is the second-order 

solution for the same. Similarly, 21η  and 22η  are the first- and second-order solutions for the 

interfacial displacement, respectively. 

4.5 First-Order Analytical Solution 

An analytical solution for the water-mud system was rigorously derived by Ng (2000), 

based on the asymptotic theory for the kinematics of thin mud ( 2d δ≤ ) under waves. His 

analysis was aimed at completing the solution of Dalrymple and Liu (1978). The basic 

assumption is that the wave amplitude a  is comparable to 2δ , and also that a is much smaller 

than wavelength, i.e., 2( )a O Lδ . The small wave steepness ka kd kε δ≡  can be used as 

the scaling parameter to understand the order analysis of the basic equations (continuity and 

momentum equations [Eq (4.1)-Eq (4.3)]and the boundary conditions [Eq (4.6)-Eq (4.15)] for 

obtaining the wave attenuation coefficient. Since mud thickness is considered to be very small, 

the entire layer is subject to viscous shear. Under this assumption the boundary layer equations 

become the governing equations, which are further simplified by scaling analysis. The solution is 

divided in two parts, one for viscous flow and the other for (inviscid) potential flow. The viscous 

solution is obtained for the mud boundary layer, the potential solution for the water layer, and the 

two are asymptotically matched to solve for the unknowns. 

4.5.1 Scaling Analysis 

Continuity of flow is given by Eq (4.1). As for momentum conservation, based on the 

following scaling of variables 

1( ),x O k −= ( ) ( ),z O d O x= = ε 1( ),t O −= σ ˆ ( ),u O a= σ ˆ ( ),w O a= εσ ( ) ( )2 1ˆ / ,P O ak O ga−= =ρ σ  

the x-momentum conservation equation [Eq (4.2)] is scaled as follows: 
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2 2

2
2 2

ˆˆ ˆ ˆ1ji ji ji ji
ej

j

u P u u
t x x z

ν ε
ρ

⎛ ⎞∂ ∂ ∂ ∂
= − + +⎜ ⎟⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠

 (4.21) 

 ( )2(1) (1) ( ) (1)O O O Oε= + +  

This scaling suggests that the third tem, which is the diffusion term in the x-direction, can 

be ignored. The z-momentum equation [Eq (4.3)] is simplified to Eq (4.22) 

 ( )2
ˆ1 0ji

j

P
O

z
ε

ρ
∂

− + =
∂

 (4.22) 

which indicates that the pressure is constant to leading order.  

Given the local coordinate (pointed upward) for the boundary layer n h z d= + + , 0n =  

specifies the mud bottom, and the mud-water interface is given by 2.n d= +η The surface 

displacement ( ) ,b O k a= δ is an order of magnitude smaller than a . The scaled boundary 

conditions [Eqs (4.6) –(4.12)] in terms of this coordinate convention are expanded using Taylor 

series about n d=  and are written as in Eqs (4.23) and (4.24) 

 ( )21 2
1 2 2 2

ˆ ˆˆ ˆu uu u O
n n

εη εη ε∂ ∂
+ = + +

∂ ∂
 (4.23) 

 ( ) ( ) ( ) ( ) ( )21 1O O O O Oε ε ε+ = + +  

 ( )21 2
1 2 2 2

ˆ ˆˆ ˆw ww w O
n n

εη εη ε∂ ∂
+ = + +

∂ ∂
 (4.24) 

The kinematic boundary condition at the interface requires that 

 ( ) ( )2
1 2ˆ ˆw O w O

t
η ε ε∂

= + = +
∂

 (4.25) 

Normal stresses are ignored since they are of ( )O ε . Balance of shear stresses at the 

interface demands that 
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 ( )
2 2

21 1 2 2
1 2 2 22 2

ˆ ˆ ˆ ˆ
e e

u u u u O
n n n n

μ εη μ εη ε
⎛ ⎞ ⎛ ⎞∂ ∂ ∂ ∂

+ = + +⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠
 (4.26) 

 ( )21 2
1 2 1 2 2 2 1 2

ˆ ˆˆ ˆP PP g P g O
n n

ε η ρ η ε η ρ η ε
⎛ ⎞ ⎛ ⎞∂ ∂

+ − = + − +⎜ ⎟ ⎜ ⎟
∂ ∂⎝ ⎠ ⎝ ⎠

 (4.27) 

Outside the boundary layer this solution is asymptotically matched with the inviscid 

potential solution  

 ( ) ( )1 1 1 1
ˆ ˆ ˆˆ , ,u P U→ Ρ  as n d>> as z h→−  (4.28) 

The governing equation for the potential solution is Eq (4.29) 

 1 1 1
1

1

ˆ ˆ ˆ1ˆU UU
t x x

ε
ρ

∂ ∂ ∂Ρ
+ = −

∂ ∂ ∂
 (4.29) 

Details of the solution are given in Appendix. The above analytical solution is compared in 

Section 4.7 with FSM obtained in the next section. 

4.6 First Order Full Semi-Analytical Model Solution (FSM) 

The full semi-analytical model (FSM) solution is obtained under same basic assumptions 

as for the analytical solution of Ng (2000), i.e., the wave amplitude a, is so small that all terms of 

2( )rO ak  can be ignored when compare to the terms of ( ).rO ak  So, the kinematic and dynamic 

conditions can be linearized to obtain the first-order solution. 

First-order equations are obtained from the governing equations [Eqs (4.1)-(4.3)] in 

Section 4.2. For doing so it is necessary to replace subscript i with 1 in Eqs (4.1)-(4.15). 

The surface wave profile is known from ( )11 1 expa i kx tη σ= −⎡ ⎤⎣ ⎦ . Assume solutions of the 

type 
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( )
( )
( )
( )

21 1

1 1

1 1

1 1

exp

ˆ exp

ˆ exp
ˆ exp

j j

j j

j j

b i kx t

u u i kx t

w w i kx t

P P i kx t

η σ

σ

σ

σ

= −⎡ ⎤⎣ ⎦
= −⎡ ⎤⎣ ⎦
= −⎡ ⎤⎣ ⎦

= −⎡ ⎤⎣ ⎦

 (4.30) 

The amplitudes in the above solutions are functions of the z-coordinate only. 

Substituting Eq (4.30) into Eq (4.1) we have Eq (4.31) 

 1
1

j
j

dwiu
k dz

=  (4.31) 

From Eq (4.2) we obtain Eq (4.32) 

 
3

1 12
1 2 3

ej j j
j j

d w dw
P

k dz dz
μ

λ
⎡ ⎤

= −⎢ ⎥
⎢ ⎥⎣ ⎦

 (4.32) 

 2 2
j

ej

k i σλ
ν

= −  (4.33) 

From Eq (4.3) we obtain a fourth-order ordinary differential equation. 

 ( )
4 2

1 12 2 2 2
14 2 0j j

j j j

d w d w
k k w

dz dz
λ λ− + + =  (4.34) 

which has the following solution 

 
( ) ( )

( ) ( )
11 1 1

1 1 1 1

sinh cosh

exp exp

w A k h z B k h z

C z D h zλ λ

= + + +⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦
+ + − +⎡ ⎤⎣ ⎦

 (4.35) 

 
( ) ( )

( ) ( )
21 1 1

1 2 1 2

sinh cosh

exp exp

w E k h d z F k h d z

G h z H h d zλ λ

= + + + + +⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦
+ + + − + +⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦

 (4.36) 

where 1 1 1 1 1 1 1 1 1, , , , , , , , ,A B C D E F G H k b  are unknowns to be determined from the 10 boundary 

conditions, Eqs (4.6)-(4.15).  
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From the free-surface boundary condition of Eq (4.13), the wave dispersion relationship is 

given by Eq (4.37) 

 ( ) ( ) ( )1 1 1 1 1
1

sinh cosh expi A kh B kh C D h
a

= + + + −⎡ ⎤⎣ ⎦σ λ  (4.37) 

First, the complex part, ki of the wave number k, which is the wave attenuation coefficient, 

is obtained iteratively by setting the determinant from Eqs (4.6)-(4.15) to zero, and then solving 

the equations simultaneously to obtain the other nine unknowns. After these coefficients are 

known, the horizontal velocity and pressure are calculated from the following Eqs (4.38)-(4.41) 

 
( ) ( )

( ) ( )( )
1 1

11 1
1 1 1 1

cosh sinh

exp exp

A k h z B k h z
u i

C z D h z
k
λ λ λ

⎧ + + + ⎫
⎪ ⎪= ⎨ ⎬

⎡ ⎤+ − − +⎪ ⎪⎣ ⎦⎩ ⎭

 (4.38) 

 
( ) ( )

( )( ) ( )( )
1 1

21 2
1 2 1 2

cosh sinh

exp exp

E k h d z F k h d z
u i

G h z H h d z
k
λ λ λ

+ + + + +⎧ ⎫
⎪ ⎪= ⎨ ⎬⎛ ⎞ ⎡ ⎤+ + − − + +⎜ ⎟⎪ ⎪⎣ ⎦⎝ ⎠⎩ ⎭

 (4.39) 

 ( ) ( ) ( )2 21
11 1 1 1cosh sinheP k A k h z B k h z

k
μ λ= − + + +⎡ ⎤⎣ ⎦  (4.40) 

 ( ) ( ) ( )2 22
21 2 1 1cosh sinheP k E k h d z F k h d z

k
μ λ= − + + + + +⎡ ⎤⎣ ⎦  (4.41) 

4.7 Comparison of Analytical of Ng and FSM Solutions 

Since the analytical solution of Ng is obtained from an approximate dispersion relationship 

for the water layer of Eq A.19, it is only valid for 2d δ≤ . The wave number is modified by the 

presence of mud, as shown from Figure 4.2. Ng’s solution yields a constant wave number, while 

wave numbers from D&L and FSM vary with mud thickness. In Figure 4.3 (shallow water case), 

in Ng’s solution, not only does the peak occur 0.5d%  later than Gade’s data, but also dissipation is 

17% higher than in data (Table 4.1). In D&L, the peak occurs 1.2d%  earlier and peak dissipation 
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is 17% higher than in data. The D&L solution begins to deviate from FSM for dimensionless 

mud depths ( )22d d σ ν=%  less than 2.5, and the analytical solution is applicable up to 1d =% . 

FSM not only patches the two solutions, but follows the data trend. It approaches zero when d%  

tends to zero unlike D&L, which approaches a constant value at 0d =% . In the analytical solution 

of Ng, peak dissipation always occurs at 21.55δ , while the occurrence of peak in data varies from 

1.3 2δ -1.5 2δ depending on water depth.  

Since FSM appears to yield satisfactory results based on the first-order solution, it provides 

motivation for extending the solution to second-order so as to examine non-linear wave effects.  

4.8 Second-Order Solution 

To examine wave-mud interaction more closely, e.g., to calculate the mass transport 

velocity in mud, it is necessary to take the solution to a higher order.  

Higher-order solutions are obtained by extending FSM by the perturbation approach with 

respect to wave steepness. In the second-order model considered here, wave heights need not be 

infinitesimally small because a second-order 2( )rO ak contribution to height is present. 

Second-order governing equations are obtained from Eqs (4.1)-(4.3) by replacing the 

subscript i by 2. Boundary conditions include forcing from first-order and are as follows. 

At the rigid bottom, ( )z h d= − + , the no-slip and no-penetration kinematic boundary 

conditions are, respectively, 

 22ˆ 0u =  (4.42) 

 22ˆ 0w =  (4.43) 
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At the mud-water interface, z h= − , both kinematic and dynamic boundary conditions 

must be satisfied. These require that both, the vertical and the horizontal, velocities in mud and 

water be equal, and also the equality of shear and normal stresses in mud and water: 

 
12 22 1

21 11
1 21

ˆ ˆ
ˆ ˆ

u u
u u
z z

η

− = ϒ

∂ ∂⎡ ⎤ϒ = −⎢ ⎥∂ ∂⎣ ⎦

 (4.44) 

 
12 22 2

21 11
2 21

ˆ ˆ
ˆ ˆ

w w
w w
z z

η

− = ϒ

∂ ∂⎡ ⎤ϒ = −⎢ ⎥∂ ∂⎣ ⎦

 (4.45) 

 

22
12 3

11 21
3 21 11

ˆ

ˆ

w
t

w u
z x

η

ηη

∂
− = ϒ

∂
∂ ∂

ϒ = −
∂ ∂

 
11 21

11 21

&
@

u u

w w z h

=⎧ ⎫
⎪ ⎪
⎨ ⎬
⎪ ⎪= = −⎩ ⎭

Q

 (4.46) 

The condition that normal and shear stresses be equal at the mud-water interface leads to 

Eqs (4.47) and (4.48). 

 

12 22
12 1 22 2 4

21 11
4 21 21 11 2 1

ˆ ˆˆ ˆ2 2

ˆ ˆˆ ˆ 2 2

T T
e e

T T
e e

w wP P
z z

w wP P
z z z

μ μ

η μ μ

∂ ∂⎛ ⎞ ⎛ ⎞− − − = ϒ⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠
∂ ∂∂ ⎡ ⎤ϒ = − − +⎢ ⎥∂ ∂ ∂⎣ ⎦

 (4.47) 

 

12 12 22 22
1 2 5

21 21 11 11
5 21 2 1

ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ

e e

e e

u w u w
z x z x

u w u w
z z x z x

μ μ

η μ μ

∂ ∂ ∂ ∂⎛ ⎞ ⎛ ⎞+ − + = ϒ⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠
⎡ ∂ ∂ ∂ ∂ ⎤∂ ⎛ ⎞ ⎛ ⎞ϒ = + − +⎜ ⎟ ⎜ ⎟⎢ ⎥∂ ∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠⎣ ⎦

 (4.48) 

At the free water surface, 0z = , the kinematic and dynamic conditions is given by Eq 

(4.49). 

 

12
12 6

11 11
6 11 11

ˆ

ˆ

w
t

w u
z x

η

ηη

∂
− = ϒ

∂
∂ ∂

ϒ = −
∂ ∂

 (4.49) 
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12
12 1 7

11
7 11 11 1

ˆˆ 2

ˆˆ 2

T
e

T
e

wP
z

wP
z z

μ

η μ

∂
− = ϒ

∂
∂∂ ⎡ ⎤ϒ = − −⎢ ⎥∂ ∂⎣ ⎦

 (4.50) 

 

12 12
1 8

11 11
8 11 1

ˆ ˆ

ˆ ˆ

e

e

u w
z x

u w
z z x

μ

η μ

∂ ∂⎛ ⎞+ = ϒ⎜ ⎟∂ ∂⎝ ⎠
⎡ ∂ ∂ ⎤∂ ⎛ ⎞ϒ = − +⎜ ⎟⎢ ⎥∂ ∂ ∂⎝ ⎠⎣ ⎦

 (4.51) 

where 1 2 3 4 5 6 7 8, , , , , , ,ϒ ϒ ϒ ϒ ϒ ϒ ϒ ϒ  are forcing terms from the first-order solution. 

In analogy with the first-order case, Eq (4.30), second-order variables are taken to be 

second-order harmonics, Eq (4.52) 

 

( )
( )
( )
( )
( )

12 2

22 2

2 2

2 2

2 2

exp 2

exp 2

ˆ exp 2

ˆ exp 2
ˆ exp 2

j j

j j

j j

a i kx t

b i kx t

u u i kx t

w w i kx t

P P i kx t

η σ

η σ

σ

σ

σ

= −⎡ ⎤⎣ ⎦
= −⎡ ⎤⎣ ⎦
= −⎡ ⎤⎣ ⎦
= −⎡ ⎤⎣ ⎦

= −⎡ ⎤⎣ ⎦

 (4.52) 

The amplitudes in the above equations are functions of the z-coordinate only. 

Substituting Eq (4.52) into Eq (4.1) we have Eq (4.53). 

 2
2 2

j
j

dwiu
k dz

=  (4.53) 

From Eq (4.2) we get Eq (4.54). 

 
3

2 22
2 2 34

ej j j
j j

d w dw
P

k dz dz
μ

β
⎡ ⎤

= −⎢ ⎥
⎢ ⎥⎣ ⎦

 (4.54) 

 2 24 2j
ej

k i σβ
ν

= −  (4.55) 

From Eq (4.3) we obtain a fourth-order ordinary differential equation, Eq (4.56). 
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 ( )
4 2

2 22 2 2 2
14 24 4 0j j

j j j

d w d w
k k w

dz dz
β β− + + =  (4.56) 

which has the solution 

 
( ) ( )

( ) ( )
12 2 2

2 1 2 1

sinh 2 cosh 2

exp exp

w A k h z B k h z

C z D h zβ β

= + + +⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦
+ + − +⎡ ⎤⎣ ⎦

 (4.57) 

 
( ) ( )

( )( ) ( )( )
22 2 2

2 2 2 2

sinh cosh

exp exp

w E k h d z F k h d z

G h z H h d zβ β

= + + + + +⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦
+ + + − + +

 (4.58) 

where 2 2 2 2 2 2 2 2 2 2, , , , , , , , ,A B C D E F G H a b  are 10 unknowns, to be determined from the 10 

boundary conditions [Eqs (4.42)-(4.51)]. 

Once the above coefficients are known, second-order components of horizontal velocity 

and pressure are obtained from Eqs (4.59)-(4.62). 

 
( ) ( )

( ) ( )( )
2 2

12 1
2 1 2 1

cosh 2 sinh 2

exp exp
2

A k h z B k h z
u i

C z D h z
k
β β β

⎧ + + + ⎫
⎪ ⎪= ⎨ ⎬

⎡ ⎤+ − − +⎪ ⎪⎣ ⎦⎩ ⎭

 (4.59) 

 
( ) ( )

( )( ) ( )( )
2 2

22 2
2 2 2 2

cosh 2 sinh 2

exp exp
2

E k h d z F k h d z
u i

G h z H h d z
k
β β β

+ + + + +⎧ ⎫
⎪ ⎪= ⎨ ⎬⎛ ⎞ ⎡ ⎤+ + − − + +⎜ ⎟⎪ ⎪⎣ ⎦⎝ ⎠⎩ ⎭

 (4.60) 

 ( ) ( ) ( )2 21
12 1 2 22 cosh 2 sinh 2

2
eP k A k h z B k h z
k

μ β= − + + +⎡ ⎤⎣ ⎦  (4.61) 

 ( ) ( ) ( )2 22
22 2 2 22 cosh sinh

2
eP k E k h d z F k h d z
k

μ β= − + + + + +⎡ ⎤⎣ ⎦  (4.62) 

Finally, the total second-order velocity, pressure, surface elevation, etc., are obtained by 

adding the first- and second-order solutions [Eqs (4.16)-(4.20)]. 
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4.9 Validity of Second-Order Solution 

A measure of the validity of Stokes’ expansion is whether the series converges (Dean and 

Dalrymple, 1991). A measure of convergence R is given by Eq (4.63) 

 2
3

1

3 cosh 2 1
8 cosh sinh

j

j

ka khR
kh kh

η
η

= =  (4.63) 

For deep water ( kh π> ) the above relation simplifies to Eq (4.64) 

 ( )3exp 2R kh ka= −  (4.64) 

In deep water R is very small because ka is small and is large in shallow water ( /10kh π< ), the 

hyperbolic functions can be replaced by their asymptotic values, so Eq (4.63) becomes Eq (4.65) 

 
2

3 3 2 3

3 3
8 64

ka L HR
k h hπ

= =  (4.65) 

It is difficult to achieve a small value of R in shallow water. For example, in Gade’s shallow 

water experiments, R would be 1.2 based on characteristic values of experimental parameters in 

Table 4.1. Given this limitation, for Stokes’ expansion to be applicable, a criterion based on the 

Ursell number Ur must be used. According to this criterion, Eq (4.66)can be written as: 

 
2

3 25L HUr
h

= <  (4.66) 

Stokes’ expansion is valid for Ur less than 25 because it is a measure of wave steepness over 

water depth, and wave steepness (slope) is the perturbing parameter. Small wave steepness 

ensures that the series would be convergent and can be expanded as a perturbation series. For 

large wave steepness (large Ur), in shallow water, the wave form develops anomalous bumps in 

the trough. Ur in Gade’s experiments was 258, which indicates that the Stokes’ perturbation 

approach cannot be applied to Gade’s analysis. 
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4.10 Comparison with Data  

The described models are now compared using Gade’s (1958) characteristic parameters 

given in Table 4.1. Figs 4.2 and 4.3 plot dimensionless wave numbers /r rk k gh=% σ  and 

dimensionless wave attenuation coefficients /i ik k gh=% σ  from FSM, D&L and Ng, and Gade’s 

data. FSM, with inherent boundary layer, effect is able to predict the trend in data and the peak in 

data within 20% error (in Figure 4.3). D&L does not predict the trend for 2( / ) 1d d= <% δ , and the 

peak is 40% higher than data. Ng does predict the trend but the peak is higher by 40% and is 

shifted by 0.5d% . The reason for the differences between the models is that Gade’s experiment 

was conducted for shallow water conditions with ( )2 22 3.4 cm,= =δ ν σ which is equal to the 

depth of sugar solution layer he used as the lower fluid, so boundary layer effects in the lower 

layer become quite important, while these are absent from D&L. 

FSM is next compared with the flume experimental data of Sakakiyama and Bijker (1989) 

(S&B) using a mixture of kaolinite in water as mud below the water layer. Characteristic 

parameters are given in Table 4.2 and data from S&B. In Figure 4.4, FSM follows the general 

trend of the data, and predicts the wave damping coefficient within 1-2% error for mud with a 

density of 1,150 kg/m3. However, as mud density increases to 1,240 kg/m3, the peak is over-

predicted by 20%, while for 1,370 kg/m3 the peak is under-predicted by 100%. These trends 

imply that mud behavior is Newtonian at low densities, but as density increases its rigidity 

becomes important. Also, with increasing mud density increasing stress is required to shear mud, 

which is no longer a Newtonian fluid. It behaves as a viscoplastic with a yield stress that must be 

exceeded before it can flow. Figure 4.5 is a plot of the yield stress versus density of a kaolinitic 

mud tested by S&B. The trend shows that for mud density under 1,150 kg/m3, the yield stress 
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was practically zero. At higher densities the yield stress increased, which means that mud had a 

residual shear strength which had to be overcome before it could be sheared. 

The ratio of interfacial amplitude to surface amplitude /b a  is plotted in Figure 4.6. This 

ratio is 2 times greater for mud D as compare to A, which is 1/15 times less viscous than A. The 

plot also shows the shift of the peak (of ratio b/a) towards lower frequencies with more denser 

and viscous mud. For mud A, the peak in b/a is around 4.8 radians/s, while for D the peak is 

around 1.5 radians/s. The plot illustrates how mud can heave increasing with decreasing density.  

A set of flume experiments was conducted by Jiang (1993) using two muds, a clay mixture 

called AK mud, and natural mud (OK) from Lake Okeechobee in Florida. He conducted several 

tests with different mud densities and water depths. Characteristic experimental parameters are 

given in Table 4.3. 

The wave attenuation coefficients from Jiang are plotted in Figure 4.7 for a mud depth of 

18 cm. An interesting feature is that in the frequency range of 3-7 radians/s, the FSM result is 

lower than data by 8-12%, and the peak is under-predicted by 15%. However, in the frequency 

range of 8-12 radians/s the model over-predicts data by 1-5%. This implies that at frequencies 

greater than the peak frequency, at which resonance occurs, model agreement with data 

improves. This could be so because at higher frequencies mud is in a liquefied state and closer to 

Newtonian in behavior compared to its state at lower frequencies, when the effect of mud’s 

rigidity is important.  

The horizontal acceleration amplitude in mud is plotted in Figure 4.8. FSM shows 30% 

higher acceleration than data, which is related to the under-prediction of the wave attenuation 

peak, as wave dissipation and acceleration are inversely related. This relationship is due to the 

following reason. Dense mud is less compliant than lighter mud, as exemplified in Figure 4.6 by 
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the ratio of interfacial amplitude to surface amplitude, which is 1/2 times lower for mud A than 

D. Also the measured dimensionless wave attenuation coefficient is 12 times higher for A 

compared to D in Figure 4.4. So it can be inferred that the interfacial amplitude is inversely 

related to wave attenuation. The same is the case with acceleration in mud, which is directly 

related to the interfacial amplitude.  

4.11 Mud Behavior from FSM 

“Wave-active” mud in the marine and lacustrine environments is typically much thinner 

than the overlying water layer, and maximum dissipation occurs between 2 21.3 1.5δ δ− , i.e., of 

the order of 2δ . Thus it is essential to consider boundary layer effects in, and due to, thin mud 

layers. FSM predicts the peak and trend of wave attenuation (Figs 4.3, 4.4 and 4.7) over the 

entire range 0 d≤ ≤ ∞ . 

Following the testing of FSM with three data sets (Tables 4.1, 4.2 and 4.3), applications of 

FSM can be considered for a greater insight into wave kinematics. Figure 4.9 is a plot of the 

horizontal wave orbital velocity amplitude, u  against dimensionless depth based on 

characteristic parameters from the experimental study of Jiang in Table 4.3 (for T = 1.8 s). For 

this case, the Ursell number varies from 3 for a water depth of 34 cm (if mud is considered to be 

a fluid) to 23 for a depth of 16 cm (if mud is not considered). So in this case the second-order 

solution is applicable. The second-order velocity in red is seen to be almost 10% higher at the 

mud-water interface than the first-order velocity. The dashed black line identifies the interface 

between mud and water. The velocity is of O (10-2) m/s, and there is an overshoot in velocity at 

the interface due to matching requirement of the potential flow solution in water and boundary 

layer solution in mud. 
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The mud kinematic viscosity is 15,000 times that of water (Table 4.3). However, the 

requirement that the velocities be continuous and that the shear stresses must be equal at the 

interface leads to a very sharp gradient in water velocity. 

The vertical wave orbital velocity amplitude w  corresponding to u  is plotted in Figure 

4.10. The second-order velocity is 12.5% higher than first-order. As expected, the velocity is 

continuous across the interface, and at the mud bottom the velocity is almost normal to the 

abscissa. This behavior indicates that not only the vertical velocity is zero (no-penetration 

condition), but also that the gradient of the vertical velocity is zero, so there is no contribution 

from the vertical component of velocity to bed shear stress. 

To highlight second-order effects on wave form, the surface elevation profile is plotted in 

Figure 4.11 based on parameters in Table 4.4, but for a wave height of 20 cm. Second-order 

effects, characterized by flattened troughs and peaked crests, are evident. The second-order wave 

amplitude at the crest is 20% higher than first-order.  

The phases of the horizontal orbital velocity (relative to water surface crest) for muds in 

Table 4.2 are plotted in Figure 4.12. Mud A with density of 1,370 kg/m3 is out of phase by 38o at 

the interface and 50o at mud bottom. On the other hand, mud D with density 1,150 kg/m3 is out 

of phase by 2o at the interface and almost 40o at mud bottom. As the density of the mud 

increases, mud motion is increasingly out of phase relative to water because the higher the 

density the lesser the compliance of mud with water motion. 

Figure 4.13 is a plot of u (horizontal orbital velocity amplitude) for different mud 

densities and viscosities. As viscosity increases from 5x10-4 m2/s to 1.5x10-2 m2/s, i.e., by a factor 

of 30 (at a constant wave frequency), the Stokes’ boundary layer thickness ( )2 22δ ν σ=  

increases by a factor of 5.8, equal to the square-root of the ratio of the two viscosities. The 
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boundary layer thickness (marked by solid black lines) is representative of the length over which 

molecular diffusion is dominant. For low-viscosity (5x10-4 m2/s) mud (Curve-4) the diffusion 

length in mud is only 1.5 cm, whereas at the highest viscosity (1.5x10-2 m2/s) the diffusion length 

is 9 cm. An over-shoot occurs in water velocity close to the interface due to the requirement of 

matching the inviscid flow solution outside the boundary layer with viscous solution within mud. 

As mud viscosity increases from 5x10-4 m2/s to 1.5x10-2 m2/s, the position of the over-shoot 

shifts upward from 5 cm above the mud bottom (Curve-4) to the mud-water interface (Curve-1). 

Correspondingly, the velocity gradient changes from 1.3 to 0.3 s-1. So there is a 77% decrease in 

the gradient from Curve-4 to Curve-1, but almost 30-fold increase in viscosity, resulting in a 

lower shear stress in the lighter fluid (in Curve-1) compared to the more dense fluid (Curve-4).  

4.12 Mass Transport Velocity 

4.12.1 Mass Transport Phenomenon 

Mass transport in mud is caused by an interaction between water and mud movements. The 

mass transport velocity, often called Lagrangian mass transport (velocity), has two components, 

a steady-state streaming velocity, also known as the mean Eulerian streaming velocity (ESV), 

and Stokes’ drift (SD) (velocity). One of the early relevant studies of mass transport in a two-

layered fluid system was by Dore (1970). Nagai et al. (1984) conducted laboratory experiments 

to investigate wave attenuation and mass transport in mud, and based on their experimental data 

concluded that mud mass transport is proportional to the square of the wave height. In studies by 

Shibayama et al. (1986) and Tsuruya and Nakano (1987), ESV was ignored. Thus, the 

mechanism of mass transport in mud was not fully described. ESV is usually larger then the 

Stokes’ drift component (Figure 4.14), and therefore, in general, must not be ignored.  

Sakakiyama and Bijker (1989) (S&B) measured the mass transport velocity in muds of 

different kinematic viscosities. As part of the experiment they also measured the wave 
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attenuation coefficient (Figure 4.14) for muds (Table 4.2). They considered both ESV and 

Stokes’ drift, and compared predicted mass transport velocities with measurements. Ng (2000) 

provided an analytical expression for the mass transport velocity in the thin mud; however, his 

expression is valid only for 2d δ≤ . 

The average velocity of the fluid particle over a wave period (mass transport velocity) is 

defined as in Eq (4.67) 

 L E SU u u= +  (4.67) 

The particle executes an orbital trajectory during a wave period, and particle velocity at the crest 

is highest, and at the trough the smallest and the particle at the crest is moving in opposite 

direction to the particle, which results in a net forward motion of a particle due to Stokes’ drift. 

The Stokes’ drift component can be written as in Eq (4.68) 

 
0 0

t t
E E

S E E
u uu u dt w dt
x z

∂ ∂
= +

∂ ∂∫ ∫  (4.68) 

 2 1
2 2

E
S E E

uku u w
zσ σ

∂
= +

∂
 (4.69) 

where the Eulerian velocity Eu is the same as wave orbital velocity obtained from Eq (4.18), i.e., 

the sum of the first-order and the second-order solutions.  

ESV is due to the viscosity of fluid. The time-mean Eulerian velocity Eu was deduced by 

Longuet-Higgins (1953) for constant wave conditions. S&B considered the governing equations 

under more general conditions in order to make them applicable to soft mud as follows.  

The horizontal momentum equation of any fluid system is given by Eq (4.70) 

 ( ) ( ) ( )2
EE E E xx xz

uu u w
t x z x z

ρρ ρ σ τ⎡ ⎤∂∂ ∂ ∂ ∂
⎢ ⎥= − + + +

∂ ∂ ∂ ∂ ∂⎢ ⎥⎣ ⎦
 (4.70) 
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If forcing of the system is due to waves, the time-mean form of the momentum equation must be 

considered. From Eq (4.70), the time-mean equation is obtained as in Eq (4.71) 

 
( )2

0 E E xx zxE
u wu

x z x z

ρρ σ τ⎡ ⎤∂∂ ∂ ∂⎢ ⎥= − + + +
∂ ∂ ∂ ∂⎢ ⎥

⎣ ⎦
 (4.71) 

The terms 2
Euρ  and E Eu wρ  are components of Reynolds stress tensor representing momentum 

fluxes due to wave fluctuations.  ESV arises because a mean stress field ( ),xx xyσ τ  must exist to 

balance the Reynolds stresses field: 

 2xx
up
x

σ μ ∂
= − +

∂
, zx

u w
z x

τ μ ∂ ∂⎛ ⎞= +⎜ ⎟∂ ∂⎝ ⎠
 (4.72) 

Substituting from Eq (4.72) for the normal and shear stresses in Eq (4.71), we obtain Eq (4.73) 

 

 
( )2 2 2 2 2

2 2

E EE E E
u wu u u

x z x z

ρρμ
⎡ ⎤∂⎛ ⎞∂ ∂ ∂⎢ ⎥+ = +⎜ ⎟∂ ∂ ∂ ∂⎢ ⎥⎝ ⎠ ⎣ ⎦

 (4.73) 

Based on an order of magnitude analysis the gradient in x-direction can be shown to be much 

smaller than in the z-direction. So Eq (4.73) simplifies to Eq (4.74). 

 ( ) 2 2

2
E E Eu w u
z z

ν
∂ ∂

=
∂ ∂

 (4.74) 

There are two such equations, one for mud and another for water. The subscript E is replaced by 

1 for water and 2 for mud we obtain Eqs (4.75) and (4.76). 
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which are solved numerically to obtain the mean Eulerian velocities, 1u , 2u with four boundary 

conditions. [Eqs (4.77)-(4.80)] 

 2 0u =  at ( )z h d= − +  (4.77) 

 2 1u u=  at z h= −  (4.78) 

 1 2
1 2

u u
z z

μ μ∂ ∂
=

∂ ∂
 at  z h= −  (4.79) 

 1
1 0u

z
μ ∂

→
∂

 outside the boundary layer or at the surface. (4.80) 

4.12.2 Comparison with Data 

The steady streaming component 2EU , Stokes’ drift 2Su and total mass transport 2LU along 

with S&B data for mud of different densities are plotted in Figures 4.14 and 4.15. The velocities 

are normalized by 0.00111 m/s.LU =  The model predicts  mass transport velocity of mud (of 

1,150 kg/m3 density) at the interface within 2-5% (Figure 4.15), but over-predicts by 20% at 

mid-depth. Near the bottom, the predicted velocity is substantially lower (200-400%) than 

measured. However, for mud with a density of 1,250 kg/m3, the predicted velocity is 40% higher 

than observed. The reason for this over-prediction may be that at lower densities mud behaves as 

a Newtonian fluid. However, as the density increases the (upper Bingham) yield stress develops 

(Figure 4.5). So, viscoplastic mud modeled as a Newtonian fluid (Figure 4.15 and Figure 4.16) 

would indicate a greater mass transport than in reality. 

From linear wave theory and Newtonian fluid assumption, it can be shown that mass 

transport velocity (a second-order quantity) is proportional to the square of surface wave height. 

However, in S&B’s analysis of their laboratory experiments, mud mass transport velocity was 

related to higher than second power of wave height. At high mud densities this law was not 



 

96 

found to be applicable to data. Since the relationship between stress and shear rate of mud is 

nonlinear (Herchel-Bulkley, Fig 5.1), shear stress under large waves is smaller than the value 

that would be attained if the fluid were Newtonian.  

The non-Newtonian behavior of soft mud necessitates an examination of mud rheology. 

Accordingly, in Chapter 5 mud is modeled as a single-phase (viscoelastic) material, and in 

Chapter 6 as a two-phase (poroelastic) material. In Chapter 6 also, domains of applicability of 

viscoelastic, poroelastic and other models are discussed in relation to mud grain size and density. 

4.13 Application of FSM to Newnans Lake 

In this section, FSM is applied to Newnans Lake using characteristic parameters for the 

lake in Table 4.4. The amplitude of the horizontal wave orbital velocity u  is plotted in Figs 

4.17. The maximum u  is around 1 cm/s at the mud-water interface. The Stokes’ boundary layer 

thickness is 2 cm. Stokes’ drift component of the mud mass transport velocity is plotted in Figure 

4.18. The mass transport velocity is very small, of the order of 10-5 m/s for a wave height of 5 

cm, but has a much larger value of 10-2 m/s for a height of 20 cm.  
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Table 4.1 Gade’s experimental parameters 
T 
(s) 

a  
(m) 

h  
(m) 

d  
(m) 

1ν  
(m2/s) 

2ν  
(m2/s) 

1ρ  
(kg/m3) 

2ρ  
(kg/m3) 

1.4 0.01 3.8x 10-2 3.4x 10-2 2.42x10-6 2.6x10-3 859.3 1504 
 
Table 4.2 Sakakiyama and Bijker’s experimental parameters 

Data set T 
(s) 

a  
(m) 

h   
(m) 

d  
(m) 

1ν  
(m2/s) 

2ν  
(m2/s) 

1ρ  
(kg/m3) 

2ρ  
(kg/m3) 

A 1.0 0.016 0.3 0.09 1.0x10-6 1.5x10-2 1000 1370 
B 1.0 0.016 0.3 0.09 1.0x10-6 1.0x10-2 1000 1300 
C 1.0 0.016 0.3 0.09 1.0x10-6 0.4x10-2 1000 1240 
D 1.0 0.016 0.3 0.09 1.0x10-6 0.1x10-2 1000 1150 
 
Table 4.3 .Jiang’s experimental parameters 
Data 
set  

a  
(m) 

h   
(m) 

d  
(m) 

1ν  
(m2/s) 

2ν  
(m2/s) 

1ρ  
(kg/m3) 

2ρ  
(kg/m3) 

T  
(s) Ur 

1 0.01 0.16 0.18 1x10-6 1.5x10-2 1000 1200 1.1 3 
2 0.0125 0.14 0.17 1x10-6 1.5x10-2 1000 1200 2.0  
 
Table 4.4 Characteristic parameters for Newnans Lake 
T 
(s) 

a  
(m) 

h  
(m) 

d  
(m) 

1ν  
(m2/s) 

2ν  
(m2/s) 

1ρ  
(kg/m3) 

2ρ  
(kg/m3) 

Ur for 
a=0.05m 

Ur  for 
a=0.01m 

1.2 0.05 1.2 0.3 1x10-6 1x10-3 1000 1200 0.29 0.6 
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Figure 4.1 Schematic diagram of water-mud system 

 

 

Figure 4.2 Dimensionless wave number from models and Gade’s (1958) data 
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Figure 4.3 Dimensionless wave attenuation coefficient from models and Gade’s (1958) data 

 

Figure 4.4 Wave attenuation coefficient from FSM and data of Sakakiyama and Bijker (1989) 
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Figure 4.5 Yield stress versus density of kaolinitic mud (derived from data presented in 
Sakakiyama and Bijker, 1989) 

 

Figure 4.6 Dimensionless amplitude in mud from FSM and data of Sakakiyama and Bijker 
(1989) 
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Figure 4.7 Wave attenuation coefficient from FSM and data of Jiang (1993). 

 

Figure 4.8 Horizontal acceleration amplitude for Jiang’s data a=0.5cm T=1 s, h=16 cm and d =18 
cm 
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Figure 4.9 Horizontal wave orbital velocity amplitude for test case in Table 4.2 (T = 1.8 s) 

 

 

Figure 4.10 Vertical wave orbital velocity amplitude for test case in Table 4.2 (T=1.8 s)  
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Figure 4.11 Surface amplitude profiles (first- and second-order) for a wave height of 20 cm in 
Newnans Lake 

 

Figure 4.12 Dependence of the phase of wave horizontal velocity on mud properties based on 
data in Table 4.2 (T=1 s) 
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Figure 4.13 Horizontal velocity variation with density and viscosity for test case in Table 4.4 

 

 

Figure 4.14 Normalized Lagrangian, Stokes’ drift and Eulerian streaming mass transport velocity 
for test case Table 2.4 (D). Data of Sakakiyama and Bijker (1989). 



 

105 

 

Figure 4.15 Normalized Lagrangian, Stokes’ drift and Eulerian streaming velocities for test case 
in Table 4.4 (C). Data of Sakakiyama and Bijker and (1989). 

 

Figure 4.16 Mass transport velocity profile and Jiang’s data a=3.0 cm, T=1s, h =14cm and d 
=17cm 
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Figure 4.17 Horizontal wave velocity using characteristic parameters from Newnans Lake (Table 
4.4) 
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Figure 4.18 Mass transport velocity in Newnans Lake using characteristic parameters in Table 
4.4 
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CHAPTER 5 
MUD AS A SINGLE-PHASE MEDIUM 

5.1 Introduction 

A wave profile is modified when an interaction occurs between it and soft mud at the 

bottom. The wave and mud form a coupled system, and as a result the constitutive behavior of 

mud plays an important role in governing the nature of wave profile. A few decades ago, bottom 

friction, percolation, wave refraction and shoaling were recognized as the principal mechanisms 

of the wave energy attenuation. It was commonly accepted that the friction coefficient for wave-

induced bed shear stress is equal or close to 0.01 for sandy bottoms, and a value greater than that 

is applicable to muddy bottoms (without further qualification with respect to the nature of mud). 

Beginning in the 1940’s, interest grew in understanding mud behavior from a fluid mechanical 

point of view, and experimental investigations were initiated. For instance, Ewing and Press 

(1949) reported that soft mud attenuates the overlying wave under intermediate and shallow 

water conditions. Lhemitte (1958) reported that bottom mud can be transported by waves even in 

the absence of tidal currents. 

As we now know, processes within mud are also responsible for wave attenuation, such as 

seepage flow through the bed pores and friction on the walls of these pores. To date, two 

approaches have been followed to formulate the wave-mud interaction problem. The first is to 

treat mud as a single-phase medium. For example, Gade (1958) and Dalrymple and Liu (1978) 

assumed soft marine sediment to behave as a single-phase viscoelastic material. The second 

approach is to treat mud as a two-phase medium. Based on the assumption of a rigid and 

permeable sandy seabed, Reid and Kajiura (1957) investigated wave damping analytically. 

Subsequently, this (two-phase system) approach has been extended to more complex cases (e.g., 
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Liu, 1973; Dean and Dalrymple, 1991; Kim et al., 2000). Further details on some of these cases 

are mentioned in Chapter 6. 

Mitchell et al. (1972) concluded from experiments that wave action can lead to bottom 

slope failure and thereby generate fluid mud. Doyle (1973) showed that bottom sediment 

movement varies considerably with depth below the water-mud interface, and that wave-induced 

bottom pressure is considerably altered from that expected over a rigid bottom. Bea et al. (1973) 

and Bea (1983) reported that storm waves can cause massive mud flows and thereby decrease 

water depth.  

Forristall and Reece et al. (1980) and Forristall and Reece (1985) measured wave 

attenuation and bottom motion as waves traveled from deep to relatively shallow water at 

platform VV off the Mississippi Delta. A rapid increase in wave attenuation was observed with 

increase in wave height, which is not a typical feature of refraction. Based on data from 

Louisiana and Surinam, Wells and Kemp (1986) indicated that interactions between waves and 

cohesive sediment might govern transport processes in areas of erosion and accretion at open 

coasts, and cause extraordinary high rates of mud transport, even under relatively weak currents. 

Jiang and Zhao (1989) examined solitary wave motion over soft fluid mud. It was shown 

that the wave attenuated much faster than the rate determined by Keulegan (1948) over a rigid 

smooth bed. Ross and Mehta (1990) indicated that wave conditions required for significant 

erosion of soft mud beds are more moderate than conditions required for erosion of more rigid 

particulate beds. 

From the above review it is evident that, rather than bottom friction, the constitutive 

properties of bottom mud play a critical role in determination of the degree of wave attenuation.  
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In this chapter, relevant constitutive rheological models that characterize mud behavior 

under stress are summarized. Then, a viscoelastic model is selected and applied to simulate 

surface wave attenuation and mud mass transport velocity. 

5.2 Rheological Models 

‘Rheological model’ implies a certain constitutive relationship between shear stress and 

strain (or strain rate). Based on theoretical considerations or assumptions, the five basic 

rheological behaviors include: elastic, viscous, viscoplastic, viscoelastic and poroelastic 

behaviors. Based on experiments, some researchers such as Jiang and Watanabe (1996) and 

Isobe et al. (1992) have also proposed empirical models. They essentially modify the bottom 

shear stress to account for changes in water content and other properties of the bed due to cyclic 

loading. As a relevant example of the behavior of a single-phase system, the viscoelastic model 

is discussed further, and the two-phase (poroelastic) model is described in Chapter 6. 

5.3 Single-Phase System: Viscoelastic Model 

The elastic versus viscous nature of the material can be characterized by the so-called 

Deborah number / ,e e eD T=τ a ratio of characteristic time intrinsic to the material eτ , to the 

characteristic time of the deformation process, an extrinsic quantity Te. For a Newtonian liquid 

0eD = and for purely elastic medium eD →∞ . Cyclic forcing time-scales (Te) in the marine 

environment can vary from 10-3 s (turbulence) to 101 s (waves) to 104 s (tide). Arbitrarily taking 

1eτ =  representative of mud, the Deborah number is found to vary from 10-4 to 103. Thus, in 

general, both viscous as well as elastic behavior of mud is important. 

Basically there are two linear viscoelastic elements: Voigt and Maxwell (Figure 5.2). In 

simple shear flow the constitutive equation for the Voigt element is given by Eq (5.1) 

 Gτ γ μγ= + &  (5.1) 
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and for the Maxwell element 
  

 
G
μτ τ μγ+ = &&  (5.2) 

where τ is the shear stress, γ is the shear strain, the dot indicates derivative with respect to time, 

μ  is the viscosity and G is the shear modulus of elasticity. The Voigt model is also known as a 

Kelvin solid, because the material deforms under the application of stress and regains its initial 

state after removal of stress. This behavior is unlike that of a Maxwell fluid, which continues to 

flow even after stress is removed. The properties of two models are further described in the next 

section. 

To investigate the viscoelastic behavior of materials, researchers have applied both Voigt 

and Maxwell models. Christensen and Wu (1964) and Abdel-Hady and Herrin (1966) applied a 

model that was a combination of Maxwell and Voigt models in order to investigate the creep 

behavior of clays. Carpenter et al. (1973) applied the concept of viscoelasticity to marine 

sediments by considering that a material is viscoelastic if the total deformation is calculated from 

the sum of elastic and viscous deformations. Stevenson (1973) presented a practical method for 

determining the modulus of a linear viscoelastic model for submarine sediment.  

Macpherson (1980) considered mud as a Voigt material characterized by an equivalent 

viscosity ( / ) ( / ),e i G= +ν μ ρ σρ where σ  is wave frequency and 1i = − . The results of his 

model showed that depending on the elasticity and the viscosity of the seabed, wave attenuation 

can be of the same or higher order of magnitude than that due to bottom friction or percolation in 

a permeable bed. For the viscosity-dominated case, rapid rate of attenuation can occur whereby 

waves are almost completely damped within few wave lengths. Hsiao and Shemdin (1980) 
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compared their results with field measurements. They found that the observed wave energy 

dissipation was predicted reasonably well by the viscoelastic mud model. 

Suhayda (1986) presented a simplified technique based on an empirical nonlinear 

viscoelastic model to predict wave attenuation as well as shear stress and shear strain profiles in 

the soil. Vertical soil movement under hurricane waves was predicted to be up to 0.5 m, 

depending on the soil shear strength profile. Motion was predicted to occur in water depths of 

over 30 m. Bottom pressure was shown to be more out of phase relative to surface wave than the 

rigid bottom case. Horizontal and vertical mud motions also showed large phase shifts relative to 

the surface waves.  

Maa and Mehta (1988) experimentally investigated the dynamic properties of soft mud 

beds. They argued that the Voigt and the Maxwell elements are possible choices. It was however 

further argued that the Voigt model is a better choice than Maxwell. Based on the linear 

viscoelastic theory, these investigators (1986, 1990) applied the Voigt model to a multi-layered 

bed in order to calculate the wave attenuation coefficient. They also noted that the interfacial 

shear stress (0.25 Pa) was out of phase by 100o-120o compared to the rigid bottom case. Among 

other investigators who have studied similar systems include Dalrymple and Liu (1978), Chou 

(1989), Piedra-Cueva (1993) and Jiang (1993). 

In wave-mud interaction studies involving viscoelastic behavior of mud, researchers have 

typically adopted a viscoelastic solid model (Voigt or an equivalent Voigt) to determine the 

degree of wave attenuation. Some researchers have also used the same solid model to calculate 

mud mass transport. When the Navier-Stokes’ equation is used as the governing equation for 

wave-mud modeling, the use of an equivalent solid voids the continuum assumption of the 

governing equation. So for studying such phenomena as mud mass transport, it is necessary to 
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adopt a constitutive model that is a viscoelastic fluid. In that regard, different viscoelastic models 

and their properties are summarized next. 

5.4 Viscoelastic Analogs 

Based on the linear viscoelastic assumption, the rheology of a material can be studied as a 

superposition of mechanical analogs. Four such analogs - Voigt, Maxwell, Jeffery’s and Burgers, 

are described.  

The general differential constitutive equation for linear viscoelasticity can be expressed as 

in Eq (5.3) 

 1 2 0 1 2.... ...τ α τ α τ β γ β γ β γ+ + + = + + +& &&& &&  (5.3) 

where τ is the shear stress, γ is the shear strain, the dots indicate the derivatives with respect to 

time, and iα  and iβ  are material constants taken to be independent of time to preserve linear 

behavior. In Eq (5.3), if 0β is the only non-zero parameter, the equation reduces to Hooke’s law 

for solids. On the other hand, if 1β  is the only non-zero parameter the equation describes a 

Newtonian fluid with 1β  as the dynamic viscosity. 

Eq (5.3) can be represented by a general mechanical analog made up of a combination of 

elastic (solid) springs and viscous (fluid) dashpots. The force on a spring is proportional to strain 

( )γ , and on a dashpot to strain rate ( )γ& . By adopting various combinations of spring and dashpot 

the above four analogs are obtained. 

5.4.1 Voigt and Maxwell Models 

If in Eq (5.3) 0β and 1β  are both non-zero, while the other parameters are zero, we obtain 

one of the simplest viscoelastic model, i.e., Voigt or Kelvin (Figure 5.2A), which results from a 

combination of a spring and a dashpot in parallel. Both the spring and the dashpot experience the 
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same deformation (strain), and the total stress is equal to the sum of the stresses on each element. 

The resulting constitutive relationship is given by Eq (5.1). As mentioned earlier, the material 

recovers its initial state after the removal of stress, so the model exhibits the behavior of a solid. 

The Maxwell model is obtained from a combination of a spring and a dashpot in series 

(Figure 5.2B). All the parameters in Eq. (5.3) are zero except 1α and 1β . Both the spring and the 

dashpot elements experience the same stress and the total strain is the sum of the strains in the 

two elements. Thus the constitutive relationship is given by Eq (5.2).  As indicated earlier, the 

material continues to flow even after the stress is removed, so this is a fluid analog. 

5.4.2 Jeffrey’s and Burgers Models  

Jeffrey’s model is an extension of the Voigt and Maxwell models, and is obtained either by 

adding a dashpot in parallel with the Maxwell model, or a dashpot in series with the Voigt model 

(Figures-5.3 A & B). The two analogs are equivalent in terms of their mechanical behavior. The 

coefficients 1α , 1β  and 2β  are the only non-zero parameters in Eq (5.3): 

 1 1 2τ α τ β γ β γ+ = +& &&&  (5.4) 

An equation of this form was theoretically derived by Oldroyd (1953), when he investigated the 

viscoelastic properties of emulsions and suspensions. It was successfully applied by Toms and 

Strawbridge (1953) to describe the behavior of polymer solutions. The model is capable of 

continued flow even after removal of applied stress. 

Burgers model is also an extension of Voigt and Maxwell models, obtained either by series 

combination of Voigt and Maxwell models or a parallel combination of two Maxwell models. 

[Figures-5.4 A & B)]. Both analogs are mechanically equivalent. The only non-zero parameters 

in Eq (5.3) are 1α , 2α , 1β  and 2β :  

 1 2 1 2τ α τ α τ β γ β γ+ + = +& &&& &&  (5.5) 
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Compared to a two-parameter (Voigt or Maxwell) or a three-parameter (Jeffrey’s) model, 

in Burgers model there are four unknowns, so one needs to conduct several rheometric tests in 

order to determine these coefficients. It is an equivalent Voigt solid, so it regains its initial state 

after stress is removed. 

5.5 Viscoelasticity Characterization Tests 

Two types of rheometric tests (Figure 5.5), the static test and the dynamic test, are applied 

to determine the coefficients in Eq (5.3). Theoretical relationships corresponding to these tests 

can be obtained analytically for different mechanical analogs. The static test in general includes 

the creep test at constant stress and a relaxation test at constant strain. The dynamic test includes 

the oscillatory test and the shear wave test. Only the creep and the oscillatory tests are described 

here. Details on the other two tests can be found in, for instance, Barnes et al. (1989) and 

Wilkinson (1960).  

5.5.1 Creep Test 

In this test a constant stress is applied to the material. Theoretically, the input stress is 

assumed to be applied instantaneously. In reality, a finite time is required for stress application 

due to inertia effects in the measuring system, and delay in transmitting the signal across the test 

sample. The time required for input stress to reach a steady value must be short compared to the 

time over which strain output is to be recorded. There are two stages of strain output. The stress 

loading stage ( )0 ct t≤ ≤ , often called the creep curve. The stress unloading stage ( )ct t>  is 

referred as creep recovery or the recoil. The input stress is given in Eq (5.6) 

 
( )
( )

0 , 0

0,
c

c

t t

t t

τ
τ

≤ ≤⎧⎪= ⎨
>⎪⎩

 (5.6) 

For the Voigt model, loading and unloading strain responses are, respectively,  
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 0 1 exp G t
G
⎡ ⎤⎛ ⎞

= − −⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

τγ
μ

 for ( )0 ct t≤ ≤  (5.7) 

 ( )0 exp c
G t t

G
⎡ ⎤

= − −⎢ ⎥
⎣ ⎦

τγ
μ

for ( )ct t>  (5.8) 

where Gμ  is the retardation time representing the characteristic time-scale for strain creep. It is 

easy to show that in the first stage, given sufficient time, the strain will reach its final value, 

0 Gτ  exponentially, and that viscosity retards the approach to this final value. In the second 

stage the strain returns eventually to the initial value (of zero) (Figure 5.6). 

For the Maxwell model the strain response is linear with time and is given by Eq (5.9) and 

Eq (5.10). 

 0 tτγ
μ

=  for ( )0 ct t≤ ≤  (5.9) 

 0
ct

τγ
μ

= for ( )ct t>  (5.10) 

In this case, there is no final steady strain due to viscosity-induced continuous deformation. In 

the first stage, the strain increases linearly with a slope of 0τ μ , and in the second stage remains 

constant (Figure 5.7). 

5.5.2 Oscillatory Test  

There are two modes of oscillatory tests depending on the input oscillation. One is 

controlled-strain test in which the input is oscillating strain. The other is controlled-stress test in 

which the input is oscillating stress. In both tests the stress always exhibits a phase shift, 

0 2ψ π≤ ≤ , ahead of strain. When ψ  is zero, the material response is purely elastic, 2ψ π=  

represents a pure viscous material, and 0 2ψ π≤ ≤ is the viscoelastic range. 

In the controlled-strain test, the input strain and output stress are expressed as  
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 ( )0 exp i tγ γ σ= −  (5.11) 

 ( )0 exp i t= − +⎡ ⎤⎣ ⎦τ τ σ ψ  (5.12) 

where 0τ  is the stress amplitude, 0γ  is the strain amplitude and σ is the frequency of oscillation. 

The input stress and output strain in a controlled-stress test are given by Eqs (5.13) (5.14).and  

 ( )0 exp i tτ τ σ= −  (5.13) 

 ( )0 exp i t= − −⎡ ⎤⎣ ⎦γ γ σ ψ  (5.14) 

The relationship between stress and strain (or strain rate) in the oscillatory test can be 

stated in terms of an equivalent complex shear modulus and an equivalent complex viscosity, 

respectively, according to Eqs (5.15) and (5.16) 

 *Gτ γ=  (5.15) 

 *τ μ γ= &  (5.16) 

 *G G iG′ ′′= −  (5.17) 

The complex shear modulus comprises of a real part G′known as the storage modulus, and an 

imaginary part G′′  called the loss modulus. The complex viscosity *μ is represented in Eq (5.18) 

 * iμ μ μ′ ′′= +  (5.18) 

The real part μ′  is the dynamic viscosity of material and the complex part μ′′  is a measure of 

the elastic response of the material under oscillatory forcing. 

For the Voigt model, in both types of tests it can be shown that 

 
G G
G μσ
′ =
′′ =

 (5.19) 

 G
μ μ

μ
σ

′ =

′′ =
 (5.20) 
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Similarly, for the Maxwell model 

 
( )

2 2

2 2 2

GG
G

μ σ
μ σ

′ =
+

 (5.21) 
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 (5.22) 
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 (5.23) 

 
( )
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2 2 2

G
G

μσμ
μ σ

′′ =
+

 (5.24) 

It can also be shown that for the Voigt and Maxwell models the two parameters ( ),Gμ  can 

be determined from the oscillatory test alone. However, for Jeffrey’s model (with three 

parameters) and the Burgers model (with four parameters), additional conditions are needed; 

these are provided by static testing of the material. 

5.6 Mud Behavior as a Viscoelastic Solid and Fluid 

5.6.1 Solid Behavior 

Whether soft mud is a viscoelastic solid or liquid is a question relevant to wave-mud 

interaction. In general, mud in the density range of interest can be a solid or a liquid, depending 

on the conditions to which it is subjected. In the creep test, when the applied stress is small, mud 

tends to behave approximately as a solid. This is seen in Figure 5.10, in which a Voigt element, a 

two-Voigt-element (Figure 5.8) and Jiang’s (1993) element (combination of Voigt element and a 

spring in series, Figure 5.9) are fitted to Jiang’s (1993) flume data given in Figures 4.4 and 4.5 of 

his work. The two-Voigt element duplicates the data, and the other two models also fit 

reasonably well within an error of 10%± .  
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Buscall et al. (1987) studied the rheology of highly flocculated suspensions. Creep tests 

using an applied-stress rheometer showed that the material exhibited solid-like viscoelastic 

behavior at sufficiently small stresses. On increasing the stress there was a change from solid-like 

to fluid-like behavior over a narrow range of applied stress. Details are discussed in next section.  

5.6.1 Viscosity Dependence on Shear Rate 

The viscosity of mud in the fluid state can be represented as a power-law. On increasing 

the stress the floc structure breaks due to shear between flocs, and as a result the viscosity 

decreases (Figure 5.11), thus representing a shear-thinning behavior. 

Feng (1992) showed that the viscosity of mud follows the Sisko (1958) power-law given 

by Eq (5.25) 

 1n
scμ μ γ −

∞= + &  (5.25) 

where μ∞  is the constant viscosity at high shear rate, cs is a measure of the consistency of the 

material, and n indicates whether the material is shear-thinning or shear-thickening. When 1n > , 

material shows shear-thickening behavior, and when n < 1 it is shear-thinning (n = 1 is a 

Newtonian fluid). 

Feng (1992) conducted rheometric tests on different muds using a Brookfield viscometer. 

For most of the muds, there was a shear-thinning behavior. For example, for AK mud (a 1:1 

mixture of an attapulgite and a kaolinite in tap water) with a density of 1,200 kg/m3 the 

coefficients were 4.4μ∞ = , 0.76sc =  and 1.083n = − (Figure 5.11). 

5.6.2 Creep-Compliance under Cyclic Loading 

Creep tests in applied-stress (τ) rheometers have been used to investigate the viscoelastic 

properties of the cohesive materials under a range of gradually increasing levels of applied stress 

(Davis et al. 1968; James et al. 1987; Williams and Williams 1989). 



 

120 

Typical test curves are shown in Figure 5.12, in which creep-compliance ( ) ( )J t tγ τ= , and 

yτ is the apparent yield stress related to the strength of the space-filling soil structure. The 

apparent yield stress, also called upper-Bingham yield stress, differs from Bingham yield stress, 

below which no viscous flow occurs.  Upper-Bingham yield stress is obtained by a linear 

extrapolation of the shear-thinning flow curve (between stress and rate of strain) at high rates of 

strain. The intercept of the line on the stress axis is taken as .yτ   

The quantity Jo represents instantaneous compliance due to purely elastic response. With 

increasing time the compliance increases, and is retarded due to the viscous effect. When yτ τ≥ , 

thixotropic breakdown of material structure occurs, i.e., the network structure collapses with 

disappearance of elastic response. The material is no longer a solid; in fact, it is a Maxwell fluid, 

which indicates that mud is liquefied. It should be noted that yτ  based on creep-compliance is 

independent of any assumptions concerning the rheological behavior. Thus it is not equivalent to 

the upper Bingham yield stress, which is only an approximate measured of yield, due to the 

qualitative nature of the extrapolation method used to obtain its value.  

James et al. (1987) used a combination of an applied-stress rheometer and miniature vane 

geometry to measure the static yield properties of illitic suspensions. An advantage of using the 

vane geometry is that it avoids the wall-slip problem, which occurs in rotational measuring 

devices such as a cylindrical bob. From the tests, the instantaneous compliance Jo, was plotted 

against applied stress. It was found that under small stresses the behavior of the suspension was 

predominantly elastic, becoming essentially viscous or, more like a fluid, at higher stresses. 

Creep-compliance tests similar to those of James et al. (1987) were conducted on AK mud 

in a controlled-stress rheometer (Jiang, 1993). Based on these tests, Jo has been plotted against 
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applied stress 0τ for four samples with different solids volume fractions vsϕ  (Figure 5.13). The 

solids volume fraction is defined as / ,vs s=ϕ ρ ρ  where ρ  is the bulk density of mud and sρ is the 

particle density.  The curve for each vsϕ  is divided approximately by the dashed line representing 

the yield condition (i.e., applied stress equal to yield stress). At stresses below yτ , Jo increases 

very gradually with 0τ , with the rate of increase decreasing with increasing vsϕ . As also found 

by James et al., except for the curve for 0.03,vs =ϕ  Jo is almost independent of 0τ , which 

indicates a practically linear viscoelastic response. Once yield commences, Jo increases rapidly 

with increasing 0τ . In Figure 5.14, which is based on the 0 yτ τ= line of Figure 5.13, when vsϕ  

exceeds about 0.05, the rise in Jo is dramatic due to the development of a fully particle-

supported, space-filling sediment network. Thus, ~0.05 is the space-filling value of vsϕ . 

Migniot (1968) showed that soft mud undergoing oscillatory motion due to waves can 

behave as a fluid. He indicated that there is an initial rigidity (upper Bingham yield stress), and 

after the particulate structure of mud is broken it behaves as a fluid. 

Mehta et al. (1987) used a miniature device called a Virtual Gap Rheometer (VGR) to 

measure the shear modulus of soft kaolinite sediment beds subjected to monochromatic water 

waves in a flume. The VGR, which is a modified shearometer, was placed in situ, thus allowing 

the time-evolution of the rigidity modulus G to be measured as waves worked on the bed. In a 

similar study, Babatope et al. (1999) improved the capability of the VGR and measured the 

storage modulus G′  and the loss modulusG′′ . These two studies are descriptive of the way in 

which fluid mud is generated from a (solid) mud bed. 

Chou (1989) conducted measurements of the rheological properties of soft mud made of a 

kaolinite and a montmorillonite, under oscillatory shear in an applied rate of strain rheometer. He 
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found that mud response depended on the amplitudes of wave-induced strain and mud density. 

Under intermediate strain amplitudes (up to 0.1) mud responded as viscoelastic material. He 

showed that the storage modulus G′  and the loss modulus G′′  were not sensitive to the forcing 

frequency. The induced shear during rate of strain loading ( )0 rt t< < was steady rather than 

monotonically increasing, as would be predicted by the Voigt model, and a residual stress 

remained at the end of the test. Accordingly, both the Voigt and the Maxwell model were shown 

to be inapplicable for the selected mud. 

5.6.3 Shear Stresses in Mud 

Figure 5.15 shows the shear stress profile of AK mud (Jiang, 1993), for two wave heights. 

Since the flow was viscous-dominated (wave Reynolds number was 1800), the shear stress at the 

mud-water interface can be taken as / .i m u z= ∂ ∂τ μ  The mean stress for wave height H = 2.5 cm 

is around 8 Pa and for H = 6 cm around 15 Pa, both of which are an order magnitude larger than 

apparent yield stress of 0.05 Pa (Figure 5.13), beyond which mud flows. This finding suggests 

that under cyclic loading the shear stress is typically much higher than the apparent yield stress, 

and therefore mud does not have a solid-like response.  

Figure 5.16 shows the variation of phase of shear stress (relative to surface wave crest) 

with depth (the black dashed line represents the mud-water interface). The phase changes from 

150o at the interface, to 40o at the depth of 1 cm below the interface, and then to -40o at mud 

bottom. The frequent change in the phase with depth is due to the fact that at the interface the 

viscosity increases more than 1,000-fold, while the shear stresses in mud and water are equal (at 

the interface). So to adjust to this sudden change in the material property the velocity gradient is 

very large, which in turn is reflected in a sudden change in phase.  
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Figure 5.18 shows that the shear stress decreases with increasing water content, which in 

turn relates to increasingly fluid-like state of mud.  

5.7 Mud as a Viscoelastic Fluid 

From the above presentation it is seen that mud flows when the applied stress is greater 

than the apparent yield stress. Also, this transition typically occurs at low applied stresses, 

because the yield stress of soft mud is usually low (<~25 Pa) compared to wave-induced stress. 

This observation in turn dictates the need to model mud as a viscoelastic fluid, as mentioned 

earlier. In this section a constitutive model for fluid mud is derived based on the linear 

viscoelastic assumption. 

Chou (1989) illustrated the general difficulty in the utility of simple two-parameter 

mechanical analogs to mud rheology. Here a three-component analog based on Jeffery’s model 

(Figure 5.3B) is proposed. The coefficients 1α , 1β  and 2β  in Eq (5.5) are obtained from force 

balance, i.e., total applied stress is equated to the sum of stresses from each elemental 

(mechanical) analog of the modeled system (and similarly, total applied strain is equated to the 

strain contribution from each element). Elements in parallel undergo the same strain, so the 

stresses are additive, while the vice versa is the case for elements in series. Under these 

conditions  

 1 2 1 2
1 1 1 2; ;

G G
μ μ μ μα β μ β+

= = =  (5.26) 

From oscillatory tests the equivalent viscosity and shear modulus can be obtained (as 

described in Section 5.3.2.2) as functions of frequency. In the wave-dominated environment, the 

testing frequency is replaced by wave frequency. Accordingly, 
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The wave attenuation coefficient is obtained by replacing the equivalent kinematic 

viscosity *
2eν μ ρ= in first- and second-order semi-analytical solutions for mud motion derived 

in Chapter 4. The equivalent viscosity is a complex number, the real part of which is related to 

the material property and the imaginary part to the dissipative (loss) property.  

The above “Jeffrey’s-b” model was calibrated for a mud depth of 18 cm used in Jiang’s 

(1993) experiments, with creep test data also from Jiang’s work (Figure 5.19). The coefficients 

obtained were 1 1.07α = , 1 21β =  and 2 21β = . After model calibration it was validated for a mud 

depth of 12 cm (also used in experiments). Both results are plotted in Figure 5.18. The Maxwell 

model result is also plotted for 21 Pa.s=μ  and 300 Pa.G =  With reference to wave attenuation, 

Jeffrey’s-b and Maxwell models under-predict the wave attenuation coefficient within 6% of 

error. However, the Maxwell model under-predicts the peak by 11.5%, and the Newtonian fluid 

model is within 13% of error.  

The models were then used to predict the mud mass transport velocity, plotted in Figure 

5.20 for Jiang’s data (with characteristic parameters from Table 4.3). Jeffrey’s-b is +50% off 
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from measurement at the interface, the Maxwell model is off by +120%, and the Newtonian fluid 

model is off by +85%. Although Jeffery’s-b predicts wave attenuation within +10%, mass 

transport is off by +50%. For better agreement, it will be necessary to obtain accurate values of 

the viscoelastic coefficients from rheometric tests (described in Section 5.5). 

The main purpose of the present exercise has been to show that a viscoelastic fluid model, 

such as Jeffery’s-b, Maxwell and Newtonian fluid, can simulate mud mass transport velocity, 

while solid models is not suitable on physical grounds.  

5.8 Empirical Models 

Due to the dependence of mud properties on wave forcing, assuming these properties to be 

time-independent often introduces significant limitations in modeling mud response. The 

essential purpose of empirically defined models is to allow the shear stress to be modified by a 

physical property such as density or water content, or the shape of the backbone curve. For 

example, Tsuruya and Nakano (1987) modified the viscosity (and therefore the shear stress) due 

to water content (Figure 5.17). Figure 5.18 illustrates a basic concept for constructing a 

constitutive equation. Figure 5.18A is a characteristic hysteresis loop of shear stress τ versus 

shear rate γ obtained from rheometric tests. This loop can be separated into two parts, namely, a 

backbone curve shown in Figure 5.18B and a compensatory curve (not shown). An example of 

the determination of shear stress in accordance with the backbone curve is given by Isobe et al. 

(1992). 

Huynh et al. (1990) studied the rheology of mud under different loading modes in a 

dynamic rotary shearometer. Shen et al. (1993) also conducted similar experiments. Both groups 

of researchers concluded that the relationship between shear stress and shear rate is significantly 

complicated. Jiang and Watanabe (1996) and Isobe et al. (1992) discussed empirical rheological 

models of soft mud under oscillatory loading based on a large number of measurements. Jiang 
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and Watanabe developed a simple model with modified shear stress (including the effect of 

water content) in the Navier-Stokes’ equations and developed a two-dimensional (vertical) 

numerical model for wave-mud interaction.  

The rheological model of (Jiang and Watanabe, 1996) was derived from the well known 

Gibson equation for consolidation (Gibson et al., 1967). The constitutive equation for soft mud 

subject to waves is given by Eq (5.33) 

 0 0

1 1
G γ μ γ

τ
α γ β γ

= +
− +

&
%% &

 (5.33) 

where 0G  is the initial shear modulus at zero shear strain 0γ = , 0μ  is the initial viscosity at zero 

shear rate, 0γ =&  and α%  and β%  are coefficients determining the shape of the backbone curve. 

The following empirical relationships were obtained from Eqs (5.34)-(5.37) 

 ( ) ( )( ){ }3
max max1.0 0.8 5.0 10 exp 0.75 tanh 4T Tα γ γ−= − − × − ⎡ ⎤⎣ ⎦%  (5.34) 
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 (5.36) 

 ( ) ( ) ( ){ }5 2.8
0 5.6 10 37.5 1.31 ln 24.7exp 0.31 1TW Tμ β− ⎡ ⎤= × − +⎣ ⎦

%  (5.37) 

where T is cyclic loading (or wave) period, ( )max 0.5 0.4γ γ< < is the shear strain amplitude, and 

W(%) is the water content of mud. Jiang and Watanabe used this modified shear stress [Eq 

(5.35)] to model wave damping and mud mass transport velocity. Results are plotted in Figures 

5.21 and 5.22. The empirical model over-predicts measured wave damping by 16-100% (for 

wave heights of 1-3cm), and under-predicts the mass transport by 5-10%.  
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5.9 Comments on Resonance 

An important observation related to wave damping is the consistent presence of a 

resonance peak corresponding to a maximum in the wave attenuation coefficient curve (Figure 

5.19). Resonance has been reported by several researchers (e.g., Ng, 2000; Piedra-Cueva, 1993; 

Maa and Mehta, 1998).  

According to Ng (2000) the peak always occurred at 1.55d%  in his analysis, where d% is mud 

depth made non-dimensional by Stokes’ boundary layer thickness in mud. This was so, because 

he considered the wave dispersion relationship to be independent of mud depth. This assumption 

is tenuous because, in general, the wave number and the wave attenuation coefficient depend on 

mud depth.  

Maa and Mehta (1990) attributed the resonance peak to the presence of spring in the Voigt 

model. They observed that the resonance frequency was a function of mud thickness, with 

resonance occurring at lower frequencies in thicker mud. Piedra-Cueva (1993) also concluded 

that the resonance frequency depends on mud thickness and wave frequency. The right part of 

the curve can also be attributed to the decay of the wave attenuation due to the deep water. 

None of the above researchers, except for Ng (2000), were able to explain the resonance 

frequency in quantitative terms. In shallow water, Gade (1958) showed that the peak occurs at 

about 1.3d%  (Figure 4.3) and for intermediate to deep water, Dalrymple and Liu (1978) found the 

peak to be at 1.55d% . So one can at least infer that in general the resonance frequency occurs in 

the range 2
2(3.54 ) / dν N≤ ≤σ  2

2(4.8 ) / dν . 

To examine the significance of the resonance frequency ,Nσ  dimensional analysis can be 

carried out using the Buckingham’s π-theorem. For that purpose, six pertinent physical variables 
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involving a minimum of three dimensions are here selected. Thus, there exist three independent 

(dimensionless) π-groups: 

 ( )2 2, , , ,N rF k d Gσ ρ ν=  (5.38) 

 ( )1 2 3,Π = Φ Π Π  (5.39) 

and 
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The resonance frequency is obtained from the first group. The development is based on the 

work of Li (1998), who examined the resonance frequency based on extensional rheology. Mud 

is subjected to extension due to compression and expansion, or due to tangential forces during 

cyclic action of waves, (Figure 6.7), resulting in change in geometry. Due to extension, mud 

viscosities are modified by a factor which is a function of type of extension (uniaxial, biaxial and 

planar). More details on extensional rheology can be found in Barnes et al. (1989). 

However, since the analysis as such does not lead to the desired result, the development is 

simplified here as follows. The bed is modeled as a mass-spring-dashpot system (Figure 5.23) 

forced by wave-induced cyclic pressure wp  at angular frequency of σ : 

 ( ) ( )1
0 sin sin

cosh( )w
gap p t t

kh
ρσ σ= =  (5.41) 

where a is the wave amplitude, k is the wave number and h is the water depth. The dynamic 

equation of the system can be written as in Eq (5.42) 

 ( ) ( ) ( ) 00, 0, 0, sine e em t c t k t p tξ ξ ξ σ+ + =&& &  (5.42) 
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where me is the mass per unit area, ce is the damping coefficient, ξ  is the displacement, the dot 

denotes time-derivative and two dots denote second derivative with respect to time. The solution 

of the above equation is given by Eq (5.43) 
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where the resonance frequency is N e ek mσ = , the dimensionless frequency is Nσ σ σ=% , 

2e ec mξ σ=%  and 21Dσ σ ξ= − % . The first term on the right hand side in Eq (5.43) represents 

exponential decay, and the second term is a harmonic response. As t →∞ , the decay term 

vanishes and the system shows harmonic response given by Eq (5.44) 
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where ( )1 2tan 2 1ξφ ξσσ σ− ⎡ ⎤= −⎣ ⎦
% % % , and the amplitude of displacement is 
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In the expression for the resonance frequency, the stiffness (of mud) given by Eq (5.46) 

 n G
e

G Gk
d d

= =
α  (5.46) 

where Gα depends on the selected extensional rheological model. For axial extension its value is 

3, and for planar extension 4 (Barnes et al., 1989). The mass per unit area is given by Eq (5.47) 

 2 2
0

d

em dz dρ ρ= =∫  (5.47) 

Therefore, the resonance frequency becomes  
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For Jiang’s (1993) data (in Figure 5.18) with a mud depth of 12 cm and a shear modulus G 

equal to 300 Pa, we obtain 7.22Nσ =  radians/s, which is very close to the data, which show a 

peak at about 7.4 radians/s.  

If Eq (5.48) is combined with the first and second dimensionless groups of Eq. (5.42), the 

resonance frequency is given by Eq (5.49) 
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ρ

=  (5.49) 

which is the same as that given by Yamamoto and Takahashi (1985) for their poroelastic model 

(described in Chapter 6). From Jiang’s (1993) data (with characteristic parameters from Table 

4.3) for a mud depth of 12 cm and a shear modulus of 300 Pa, the real wave number would be 

5.6 m-1 at a mud density of 1,200 kg/m3. These values give a resonance frequency of 4.0 

radians/s.  

The third dimensionless group on the right hand side of Eq. (5.42) is related to the 

kinematic viscosity of the mud, and the resonance frequency is given by Eq (5.50) 
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⎛ ⎞ ⎛ ⎞⎜ ⎟′= = =⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎜ ⎟
⎝ ⎠

ρ
σ

ν ρ ν ν
 (5.50) 

So at a given viscosity, the resonance frequency depends on the shear wave speed 2 .V G= ρ in 

all the three cases.  
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Figure 5.1 Flow behavior of different materials. 

 

 

 

 

 

 

 

 

 

Figure 5.2 Mechanical analogs: A) Voigt model, and B) Maxwell model. 
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Figure 5.3 Mechanical analogs: A) Jeffery’s-a model, and B) Jeffrey’s-b model. 

 
 
 
 

 

 

 

 

 

 

 

 

Figure 5.4 Mechanical analogs: A) Burgers-a model, and B) Burgers-b model. 
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Figure 5.5 Rheometric tests (Mehta 2006) 

 

 
 
 
Figure 5.6 Creep test plot for Voigt model 

 

Figure 5.7 Creep test plot for Maxwell fluid 
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Figure 5.8 Two-Voigt-elements model 

 

 

 

Figure 5.9 Jiang’s model (Jiang, 1993) 

μ 2 G2 

G1 

μ
G μG



 

135 

 

Figure 5.10 Creep test data for AK mud (Jiang, 1993), and best-fit curves for Voigt, Jiang’s and 
two-element models 

 

Figure 5.11 Viscosity variation with shear rate plot of Feng (1992) for AK mud with density 
1200 kg/m3 

Time (s) 
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Figure 5.12 Schematic diagram showing changing creep-compliance response with increasing 

applied stress (from James et al., 1987) 

 
 

 

Figure 5.13 Initial compliance versus applied stress for AK mud (from Jiang, 1993) 
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Figure 5.14 Yield stress versus solids volume fraction for AK sediment (from Jiang, 1993) 

 

Figure 5.15 Shear stress profile for AK mud in Jiang’s (1993) experiment (characteristic 
parameters from Table 4.3) 
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Figure 5.16 Phase of shear stress based on Jiang’s (1993) data 

 

Figure 5.17 Variation of shear stress with water content (from Tsuruya and Nakano, 1987) 
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Figure 5.18 Definition sketch for stress-strain constitutive behavior from Jiang and Watanabe 

(1996). A) Hysteresis loop and B) Compensatory loop. 

 

Figure 5.19 Wave attenuation coefficient versus frequency plot for AK mud, for d = 18 and 12 
cm (characteristic parameters from Table 4.3) 
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Figure 5.20 Mass transport velocities and Jiang’s (1993) data (characteristic parameters from 

Table 4.3) 

 

Figure 5.21 Wave height variation with distance (from Jiang and Watanabe, 1996)  
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Figure 5.22 Mud mass transport velocity profiles (from Isobe et al., 1992) 

 

Figure 5.23 One-dimensional spring-dashpot-mass harmonic oscillator 
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CHAPTER 6 
MUD AS A TWO-PHASE MEDIUM 

6.1 Introduction 

As an alternative to the treatment of mud rheology as a single-phase medium, it can be 

modeled as a two-phase medium with a solid and a fluid phase. The solid phase forms an 

interlocking particulate frame with elastic behavior governed by Hooke’s law. The fluid phase 

(liquid and sometimes gas) occupies pore spaces in which flow is assumed to be governed by 

Darcy's law. This system is also known as a poroelastic medium. The coupling between the two 

phases is affected by the physical properties of the soil and the characteristics of the disturbance 

which initiates flow.  

In a saturated soil (of present interest) undergoing periodic movement there are three 

damping forces: (1) frictional resistance offered by the motion of fluid surrounding the solids, (2) 

viscous shear and kinetic friction between sliding dry surfaces (Coulomb friction), and (3) 

internal friction or hysteresis in the body undergoing non-linear elastic deformation (e.g., 

Meriam, 1959). In this chapter a review of poroelastic models is presented, following which the 

poroelastic bed assumption is used to quantify wave attenuation over different beds (gravel, 

coarse sand, fine sand and mud). Finally, a poroelastic model based on Coulomb friction is 

described, and model results are compared with results from a viscoelastic model in order to 

explore the domains of applicability of different models with respect to bed type.  

6.2 Literature Review 

Different solutions are obtained for the poroelastic system based on assumptions for the 

solid skeleton (rigid or non-rigid) and the pore fluid (compressible or incompressible). For a 

rigid and permeable sandy seabed, Bretschneider and Reid (1954) presented solutions in the 
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graphical form for wave attenuation by bottom friction and percolation (as well as shoaling and 

refraction).  

For rigid and non-deformable porous beds with isotropic permeability and incompressible 

pore fluid (governed by Darcy’s law), numerous researchers (e.g., Liu, 1973; Massel, 1976; 

Putnam, 1949; Reid and Kajiura, 1957; Sleath, 1970), have analytically investigated flow 

induced by waves leading to the Laplace equation for pore-water pressure. Darcy's law for 

unsteady flow is given by Eq (6.1). 

 w
p e

qp q
K n t
μ ρ ∂

∇ = +
∂

r
r  (6.1) 

where wp∇  is the gradient of pore pressure, qr  is the discharge velocity, μ  is the dynamic 

viscosity, pK  is the intrinsic permeability coefficient representing the characteristics of the 

porous medium, ρ  is the density of fluid, and ne the porosity of the medium.  

Massel (1976) included non-linear damping and inertia in the momentum equation in place of 

Darcy's law. He concluded that permeability has a negligible influence on the pressure 

distribution in both water and seabed. The result was essentially the same as that obtained from 

Eq (6.1). 

In another approach, heat conduction equation for the pore pressure was obtained by 

Nakamura et al. (1973) and Moshagen and Torum (1975) based on the assumption that water is 

compressible and the porous bed is non-deformable. A conclusion from this development was 

that pore pressure response is strongly dependent on the permeability of the bed material. The 

pressure attenuated rapidly with depth and had a phase lag in fine soil.  

Biot (1941) presented a theory which takes into account the elastic deformation of the 

porous medium, compressibility of pore fluid, and Darcy flow in pore fluid. Yamamoto et al. 
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(1978) carried out an analysis of porous bed response based on Biot’s (1941) theory. They 

examined bed response to waves in terms of a combination of a fluid and a solid mechanical 

model, which included effects of pore-water flow, bed volume change and bed deformation. 

They assumed the bed to be a two-dimensional, semi-infinitely deep medium with homogeneous 

sediment. 

Biot (1956) evaluated the linear response of fluid-filled porous media under dynamic 

loading. He found that dissipative poroelastic waves exist in addition to the usual elastic waves. 

The presence of such dissipative waves was later confirmed experimentally by Plona (1980) and 

Mayes et al., (1986). Based on Biot’s poroelastic theory, Mei and Foda (1981) re-derived the 

equations for wave-seabed interaction with dynamic soil behavior. To simplify the analytic 

procedure, they proposed a boundary-layer approximation to solve the problem, rather than an 

exact, close-form solution. Dalrymple and Liu (1982) improved the poroelastic model in which 

they included both soil and wave dynamics including the effect of inertia. It was concluded that 

wave energy attenuation was largely due to energy losses in the porous medium rather than from 

boundary layer losses.  

Another approach to dynamic soil response was derived by Jeng et al. (1999, 2000), who 

directly solved the governing equations proposed by Biot, unlike the simplified formulation from 

Mei and Foda. However, the acceleration term considered in their model was only generated 

from soil particles, excluding the acceleration of pore fluid. Thus, Jeng et al.’s solution is not a 

complete dynamic solution. Jeng (2001) further investigated wave dispersion based on Biot’s 

static elastic model. 
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Lin (2001) and Lee et al. (2002) extended Yamamoto’s (1983) analytical framework to a 

finite bed thickness model. Lee et al. (2002) obtained an analytical solution by including the 

influence of Coulomb friction and fluid acceleration on soil response.  

6.3 Comparison of Poroelastic Models 

Depending on assumptions concerning the solid skeleton and the pore fluid, there can be 

four kinds of poroelastic models: 1) Full dynamic model (Z-M), 2) Drained model (D-M), 3) 

Consolidation model (C-M), and 4) Coulomb damping model (Y-M). Details on the assumptions 

are provided in Table 6.1. The dispersion relation for each model is given by the following 

equations (Jeng and Lin, 2003) 

 ( ) ( )2 1tanh 0 0
cosh z zgk kd w u

a kd
σ − = +⎡ ⎤⎣ ⎦  (6.2) 

 2 2tanh tanh tanhpK
gk kd i gk kd kd

g
σ σ σ⎡ ⎤− = − −⎣ ⎦  (6.3) 
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⎧ ⎫⎡ ⎤− + + − +⎪ ⎪⎢ ⎥− = −⎨ ⎬
⎢ ⎥− + +⎪ ⎪⎣ ⎦⎩ ⎭

 (6.5) 

where wave number k has two parts the real part is kr and the complex part is ki and the 

coefficients 1 2 1 2 1 2, , , , , , , , , ,f f s s T T f s T f sa a a a a a c c c λ λ can be found from Lin (2001), and Lee et al. 

(2002). The symbol zu denotes the displacement of solid matrix, zw is the displacement of pore 

fluid and γw is the unit weight of pore fluid. 

The above models can be compared for their prediction of wave damping over different 

non-cohesive beds (gravel, coarse sand and fine sand). Due to work done by waves in a viscous 
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fluid, energy is dissipated, and the mean rate of energy dissipation per unit time, Dε  is given by 

Eq (6.6). 
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where ν is the kinematic viscosity of water, Cg is the wave group velocity, E0 is the undamped 

wave energy and H0 is the un-damped wave height.  

Jeng and Lin (2003) compared the four models with respect to a dimensionless damping 

coefficient ik% defined as in Eq (6.9) 

 
0

2 iD
i

r

kk
E k

= =% ε
σ

 (6.9) 

Data used by Jeng and Lin are summarized in Table 2.3. The coefficient ik% against dimensionless 

water depth is plotted for gravel, coarse sand and fine sand in Figures 6.1A, B, and C, 

respectively. Figure 6.1 shows that wave damping decreases with increasing relative water depth. 

The investigators concluded that for gravel and coarse sand beds, the damping ratios calculated 

by D-M, C-M and Y-M were comparable, and the one calculated from Z-M was 200% higher in 

the shallow water case. Soil type also affected wave damping. The coefficient ik% was of the order 

of 10-1 for gravel due to high percolation losses, and 10-3 for coarse and fine sands. 

The coefficient ik% , is plotted against dimensionless bed thickness in Figure 6.2, which 

indicates that wave damping increases with increase in bed thickness. There is a significant 
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difference between the models for coarse sand versus fine sand. For fine sand, Coulomb friction 

becomes important and Y-M gives a reasonable value of ik% , whereas the other models do not 

appear to be applicable to fine sand. Z-M always predicts high ik%  (for gravel, ik%  is about 300% 

higher than values from the other models). The coefficient ik%  obtained from D-M and C-M 

converges for all depths in gravel. 

As grain size becomes smaller (gravel to fine sand), Yamamoto’s Coulomb friction model 

(Y-M) predicts ik%  within a reasonable range of values (of the order of 10-3), whereas the other 

models predict ik%  to be an order magnitude lower than Y-M. In the next section, this model is 

applied to clays. 

6.4 Coulomb Friction and Poroelastic Model 

When waves propagate over a seabed, forces due to viscosity and pressure gradient in the 

pores are transmitted as effective stresses to the solid skeleton. These stresses deform the solid 

frame. As the frame possesses rigidity as well as compressibility, two kinds of stress waves, 

shear and compressional, occur. Also, since the pore fluid is compressible, compressional waves 

are transmitted through the pore fluid. As a result, wave energy is dissipated by viscous friction 

and solid-to-solid friction (Coulomb damping) at points of contact between the grains (Lee et al., 

2002). 

Mindlin and Deresfewicz (1953) studied soil response to oscillatory stresses and noted that 

non-linear elasticity and energy dissipation due to Coulomb friction are independent of the 

frequency of oscillation. As with a linear viscoelastic material, the shear modulus of a poroelastic 

bed is a complex number defined as in Eq (6.10) 

 ( )1i cG G iG G iδ= + = +  (6.10) 
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where G  is the shear modulus of the soil skeleton, and iG  is the linearized expression of non-

linear Coulomb damping. The quantity cδ  is called the Coulomb energy loss parameter. In 

general, the shear modulus G for clay varies between 105 and 107 Pa, and for sand between 106 

and 108 Pa. Based on experimental investigations, Lee et al. (2002) assumed cδ = 0.05 for coarse 

sand, 0.4 for fine sand and 0.8 for clay. 

As mentioned previously, Yamamoto and Takahashi’s (1985) analysis is based on the 

assumption of infinite bed thickness. The wave attenuation coefficient due to percolation ipk is 

given by Eq (6.11). 
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where μ is the water dynamic viscosity and 
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in which mρ  is the bulk density of the soil, wρ is the water density, m is the virtual-mass density 

of the soil, mα is an added mass coefficient, pK  is the permeability and Nσ  is the resonance 

frequency. For a quasi-static bed ( )2 0Nσ σ → . Hazen (see Lambe and Whitman, 1968) 

proposed the following empirical relation for permeability as a function of grain diameters of 

sand and silt  

 2
10100pK d=  (6.14) 
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where d10 is the cumulative 10-percentile grain diameter. Permeability is higher in sand than in 

silt because the characteristic mean diameter of sand (1 mm) is larger than the diameter of silt 

(0.01 mm).  

Figure 6.3 is a plot of wave attenuation coefficient ,ipk due to percolation as a function of 

wave frequency and permeability for wave data given in Table 6.3. Since the larger the 

permeability the higher the percolation loss, percolation loss is the highest in sand. 

The wave attenuation coefficient related to Coulomb friction is given by Eq (6.15). 
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The coefficient iCk is plotted in Figure 6.4 against the shear modulus for different soils (data from 

Table 6.3). Except for the peak in ,iCk which is explained later, wave attenuation is maximum in 

clays and minimum in sand. This can be explained by the fact that compressional and shear wave 

celerity in coarse sand are much greater than water wave celerity. Thus, damping is insignificant. 

On the other hand, wave celerity in fine sand is smaller than in water, thus leading to resonating 

vibration in the bed (Lee et al., 2002). This phenomenon is more obvious in clays. Higher 

coulomb friction losses in clay can also be explained in terms of particle size. Sand size is around 

0.25-10 mm, while clay is less than 1 μm. So for given volume and porosity, the number of clay 

particles is substantially higher than sand particles. The more the particles the higher would be 

Coulomb friction losses, because there would be more particle-particle interaction. Thus, losses 

due to Coulomb friction can be expected to be higher in clay than in sand.  
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Wave damping coefficient peaks in Figure 6.4 are due to resonance. Tzang et al. (1992) 

found that a large increase in excess pore pressure, i.e., pore pressure above its hydrostatic value, 

was accompanied by a substantial jump at a certain wave frequency, which suggested 

liquefaction of the bed. It was further suggested that the peak in wave attenuation was due to a 

significant amplification in the pore pressure amplitude for given wave frequency, which is 

related to the cavity structure of the soil. When the frequency approaches the natural frequency 

of a cavity, internal resonance occurs, which in turn leads to liquefaction. Yamamoto and 

Takahashi (1985) defined the natural frequency as given by Eq (6.13). For a given wave number 

and bulk density of soil, the resonance frequency was higher in sand than in clay, because the 

shear modulus of sand is higher than that of clay. 

6.5 Domains of Applicability of Constitutive Models 

Domains of applicability of the different constitutive models in relation to bed properties 

are qualitatively illustrated in Figure 6.6. One may consider a relevant non-dimensional 

parameter characterizing the bed to be the ratio of the (Stokes’) settling velocity of the particles 

ws to bed permeability Kp  

 s

p

wU
K

=%  (6.17) 

in which ws is a function of grain size, and permeability also depends on porosity. So the above 

ratio is measure of grain size to Darcy flow velocity within the pores. This ratio is estimated for 

different soils in Table 6.4; it is the highest for sand (90) and the lowest for clay (1). High values 

of U%for sand indicate that there are a large differences between the settling velocity and pore 

fluid velocity. Since high settling velocity connotes large particle size, a high value ofU% is 

indicative of a two-phase medium. For clays, the low value of U% implies that clay-water mixture 
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behaves as a single-phase medium, as the size of solids is small enough to result in Stokes’ 

settling velocity to be equivalent to the pore fluid velocity.  

In gravel and sand, wave dissipation is mainly due to percolation and bed friction. 

Coulomb friction loss is less important in sand, and even less so in gravel. For silt, since the 

characteristic grain size is 10 μm, which is in between sand (100μm) and clay (1μm), losses due 

to both the percolation and Coulomb friction can be expected to be important. The surface solid 

volume fraction for clay is higher than the mud.  

As indicated by Jiang and Watanabe (1996), waves induce stresses in two ways, i.e., by 

pumping and by shaking. In pumping, compression and expansion of soil due to wave pressure 

gradient in the direction normal to the bed occurs. Shaking refers to tangential action by 

oscillatory bottom shear stresses and wave pressure gradient in the direction of wave propagation 

(Figure 6.8). Under pumping and shaking, inter-particle bonding may begin to break. When this 

occurs the effective normal stress vσ ′  begins to decrease. Liquefaction occurs when vσ ′ becomes 

zero: 

 0v v u′ = − Δ =σ σ  (6.18) 

where vσ is the total normal stress and uΔ is the excess pore pressure. For a bed to be modeled as 

a poroelastic medium it must possess effective stress, as without it there would be no grain-grain 

contact. 

Feng (1992) measured both total pressure and pore water pressure in a flume to examine 

the liquefaction of mud by waves. The rate of liquefaction was shown to vary with wave energy. 

Also, the duration of mud consolidation prior to initiation of wave action was an important 

factor. In general, bed shear strength is reduced with the cyclic loading, and if the effective 
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stresses eventually become zero mud behaves as a fluid and cannot be modeled as a poroelastic 

medium.  

In Figure 6.5, wave attenuation coefficient ik from the poroelastic (Eq 6.15) and 

viscoelastic models, and data from the work of Sakakiyama and Bijker (1989) (Table 4.4) are 

shown. Values of ik from the poroelastic model are within the range of 0.07-0.18 m-1, which is 

also the data range. Plots are shown for selected ranges of porosity ne (0.4 to 0.8), and shear 

modulus of elasticity G 500 Pa. The bulk density is a function of porosity and can be obtained if 

the solid density is known. As noted earlier, Y-M assumes infinite bed thickness. Results from 

V-M (for finite bed thickness) from Chapter 4 are also plotted. Y-M predicts wave attenuation 

peaks ranging from 0.07-0.19 m-1, and V-M between 0.02-0.1 m-1. The data show peak values in 

the range of 0.02-0.125 m-1. Closer comparisons cannot be obtained because the porosity and the 

shear modulus of soil are unknown. Accordingly, representative ranges of these parameters have 

been selected to show that both Y–M and V-M are able to predict the wave attenuation 

coefficient within these parametric ranges. Y-M predicts a constant wave attenuation coefficient 

at zero frequency, while the value from V-M reaches zero indicating that there is no dissipation 

when there are no waves. The behavior of Y-M in this regard (i.e., non-zero damping) may be 

due to the fact that it is for infinite bed thickness (as in the case of D&L, which also predicts a 

constant wave attenuation coefficient as mud thickness tends to zero because the model assumes 

a very deep mud layer) and is not applicable for shallow water depths.   

From these observations it can be concluded that both Y-M and V-M can predict wave 

attenuation that is generally comparable to data. Unfortunately, deviations from data cannot be 

estimated as exact mud properties are not known 
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Fluid mud has a characteristic density range of 1,050-1,200 kg/m3 (Table 6.5). Depending 

the sediment (inorganic versus organic), the corresponding concentration can be expected to be 

in the range of 90-350 kg/m3. The ratio of floc volume fraction (volume of flocs divided by total 

volume) to solids volume fraction vsϕ (volume of the solids divided by total volume) can range 

from 1.5-3.3 (Mehta, 2006). The floc volume fraction can be obtained from the measurements, 

but for simplicity of analysis in regard to the domains of applicability of constitutive models, 

vsϕ will be used in the following analysis.  

The solids volume fraction vsϕ  is 3 to 12% for the above density range. Since the values are 

very low compare to the total volume, the particles (or the solids) are not in continuous or 

contiguous contact. So there can be no significant loss due to Coulomb friction, and the 

poroelastic model would not be applicable. Also, at such low concentrations mud suspensions 

can be treated as single-phase media.  

The domain of applicability of the viscoelastic model depends on mud viscosity and 

density (solids volume fraction). Typical variation of yield stress with mud density is plotted in 

Figure 4.5 from the work of Sakakiyama and Bijker (1989). For density lower than 1,150 kg/m3 

the yield stress is zero, indicating that mud is a fluid (and can be modeled as a Newtonian fluid). 

This inference is supported by the wave attenuation coefficient plot (Figure 4.4) for different 

density muds modeled as a Newtonian fluid (FSM is able to predict the wave attenuation 

coefficient within 1-5%). 

For densities in the range of 1,150 to 1,200 or 1,300 kg/m3 (depending on mud 

composition), vsϕ is low (3-12%) but because the floc volume fraction is higher (4.5-36%), there 

is a measurable yield stress. So it is important to incorporate the appropriate rheology, and mud 

must be modeled as a viscoelastic (rather than Newtonian) fluid. At densities greater than 1,200-
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1,300 kg/m3, mud starts to form a space-filling network and the solid (elastic) behavior becomes 

measurable. The solids volume fraction vsϕ range is 3-36%, so the poroelastic model would be 

applicable. At densities higher than about 1,300 kg/m3 mud hardens and is no longer compliant 

to wave action.  

The utility of a rheological model also depends on its suitability to predict mud mass 

transport. Based on the laboratory observations, Lhemitte (1958) indicated that mud may loose 

its shear resistance due to surface wave penetration to the bottom, and therefore mud transport 

may occur by waves even in the absence of a steady (e.g., tidal) current. As noted in Section 

4.12, researchers have measured mass transport in mud. However, mud with density greater than 

about 1,300 kg/m3 cannot show mass transport as it possesses yield stress. In such mud if mass 

transport is found to occur, one may infer that this behavior is due to cyclic loading. As a result 

of loading, the floc structure breaks down and the viscosity of the mud decreases as mud exhibits 

a shear thinning behavior, even as the density may remain unchanged (Section 5.6.1). 

The poroelastic model does not predict mud mass transport; because mud is modeled as a 

two-phase medium with a solid skeleton and a solid cannot have mass transport. 

The poroelastic model is applicable to prediction of wave attenuation over the entire range 

of (solid) bed material from gravel to clay. In gravel and clay the order of dissipation due to 

percolation is higher than dissipation due to Coulomb friction.  

The application of poroelastic model to fluid mud (with density less than 1,200 kg/m3) is 

inconsistent with the nature of fluid mud (a single-phase medium), as there are no sustained 

particle-particle stresses. On the other hand, the viscoelastic model is only applicable to clays. As 

for sand and silt, the settling velocity to permeability ratio is high, indicating that a sand bed 

must be treated a two-phase medium.  
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Table 6.1 Comparison of poroelastic models  
Model/ 
Properties Full dynamic Drained behavior Consolidation Coulomb-damping 

Model (Z-M) (D-M) (C-M) (Y-M) 

Investigators Zienkiewicz et al. 
(1980) 

(Dean and 
Dalrymple, 1991, 
Kim et al., 2000).

(Yamamoto et al., 
1978; Madsen, 
1978; Jeng, 1997). 

Yamamoto (1983), 
Lin (2001); Lee et 
al. (2002). 

Assumptions 

Incompressible 
and irrotational 
flow in water; 
linearized free 
surface boundary 
condition; small 
loading wave 
amplitude 

Rigid seabed; 
rigid porous 
medium; 
incompressible 
pore fluid 

Large time- scale; 
all accelerations 
negligible 

Coulomb damping 

Wave 
dispersion 
relationship 

Eq (6.2) Eq (6.3) Eq (6.4) Eq (6.5) 

 

Table 6.2 Characteristic parameters for model comparison  
Parameter Sand Gravel Coarse Sand Fine Sand 
Soil permeability ks 10−1 10−2 10−4 
Shear modulus G (Pa) 5×107 107 5×106 
Porosity ne 0.4 
Particle density ρs 2650 
Density of pore fluid ρw 1000 
Thickness of bed d 0.1 L (wave length) 
wave period T (s) 10 
water depth h (m) 15 
Source: Jeng and Lin (2003) 

 

Table 6.3 Characteristic parameters for poroelastic beds with Coulomb friction 
Parameter Coarse Sand Fine Sand Clay 
Coulomb friction loss cδ  0.05 0.4 0.8 
Porosity ne 0.4 
Particle density ρs 2650 
Density of pore fluid ρw 1000 
Added mass coefficient αm 0.25 
wave period T (s) 1s 
water depth h (m) 0.3 
Shear modulus G (Pa) 500 
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Table 6.4 Dimensionless velocity for different soils 

Soil Grain size 
(m) 

Stokes’ settling velocity sw  
(m/s) 

Permeability 
pK (m/s)* s pw K  

Coarse sand 1.00 ×10-3 9 ×10-1 1.00 ×10-2 90 
Fine sand 1.00 ×10-4 9 ×10-3 5.00 ×10-4 18 
Clay 1.00 ×10-6 9 ×10-7 1.00 ×10-6 1 
.* Kp values are taken from Table-1 of Lee et al. (2002) 

 

Table 6.5 Fluid mud density and concentration  
Investigators Density (kg/m3) Concentration (kg/m3) 
Inglis and Allen (1957) 1,030-1,300 10-480 
Krone (1962) 1,010-1,110a 10-170 
Nichols (1985) 1,003-1,200 3-320 
Kendrick and Derbyshire (1985) 1,120-1,250a 200-400 
Hwang (1989) 1,002-1,065b 4.4-120 
Mean range 1,033-1,185 4.6-300 
Mean range without Hwang (1989) 1,040-1,215 56-340 
Source: Mehta (2006) 
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Figure 6.1 Dimensionless wave attenuation coefficient as a function of dimensionless water 

depth A) gravel, B) coarse sand, C) fine sand (from Jeng and Lin, 2003) 
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Figure 6.1 Continued 
 

 
 

Figure 6.2 Dimensionless wave attenuation coefficient as a function of dimensionless bed 
thickness A) gravel, B) coarse sand, C) for fine sand (from Jeng and Lin, 2003) 
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Figure 6.2 Continued 
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Figure 6.3 Percolation loss: wave attenuation coefficient as a function of wave frequency and 

permeability 

 
Figure 6.4 Coulomb friction loss: wave attenuation coefficient as a function of elastic modulus 
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Figure 6.5 Wave attenuation coefficient variation with frequency for viscoelastic and poroelastic 

beds  
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Figure 6.6 Domains of applicability of constitutive models (revised from Mehta, 2006)  

 

Figure 6.7 Bed liquefaction mechanisms (adapted from Isobe and Watanabe, 1996) Kp is the 
permeability coefficient, vσ ′  is effective stresses  
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                      CHAPTER 7 
WAVE-MUD ISSUES IN NEWNANS LAKE 

7.1 Wave Damping 

Parameters influencing wave damping depend on the type of bed. Therefore, in order to 

characterize the behavior of the wave dissipation coefficient, it is useful to express these 

parameters in the dimensionless form.  

Wave damping is characterized by Dε , the mean rate of energy dissipation per unit time. 

This quantity can be expressed in terms of wave energy E0 according to Eq (7.1). 

 
22

0
2

8

ik x
i

D g g
r

kdE dE gH eC C E
dt dx k

ρε σ
−

= − = − = − = −  (7.1) 

 
0

2 iD
i

r

kk
E k
ε
σ

= =%  (7.2) 

 0 e ik xa a −=  (7.3) 

Given the wave attenuation coefficient ,ik the damped wave amplitude can be calculated 

from Eq (7.3), where 0a  is the un-damped amplitude, and x is the distance traveled by the wave 

at which it damps to amplitude a. 

From analysis and comments in Chapters 4, 5 and 6, it can be concluded that ik depends on 

the type of bed, and therefore on the rheological model (viscoelastic or poroelastic) used. In 

general, the dependence of ik on factors affecting the wave attenuation can be stated as in Eq 

(7.4). 

 ( ), , , , , , , , , , , , , , , ,n
i r s w w m m p s vk f a k g h k d G G K wσ ρ μ ρ μ μ σ′′ ′′ ′=  (7.4) 

in which a is wave amplitude, σ  is wave frequency, rk  is wave number, g is acceleration due to 

gravity, h is water depth, ks is bottom roughness height, wρ  is density of water, wμ  is dynamic 
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viscosity of water, d is mud depth, mρ  is mud density, mμ  is mud dynamic viscosity, μ′′  

represents rigidity effect on viscosity, G′′  is loss modulus and G is shear modulus of mud. 

Subscripts w (water) and m (mud) are used in place of 1 and 2 in Chapter 3. The underlined 

variables in Eq (7.4) are for mud as a viscoelastic medium (fluid), and the double-underlined 

variables are for mud as a poroelastic medium (bed with percolation and Coulomb friction 

losses), pK is permeability, sw  is particle settling velocity and vσ ′  is effective stress. 

According to the π-theorem, there are 17 variables with 3 minimum dimensions are 

required to describe these variables. So there exist 14 independent dimensionless π-groups 

 ( )1 2 3 14, ,....Π = Φ Π Π Π  (7.5) 

 

2

, , , , , , ,
2

, , , , ,

m m s

r w ww w m mi
i

r s

m pm v m

kh d d
gk h akk

k gh gd wG
G K GG

ρ μσ σ σ
ρ μρ μ μ ρ

μ σ
μρ σ ρ

⎛ ⎞
⎜ ⎟
⎜ ⎟

= = Φ⎜ ⎟′′ ′′ ′⎜ ⎟
⎜ ⎟′⎝ ⎠

%  (7.6) 

The first π-group is the dimensionless wave attenuation coefficient defined in Eq 6.9, the second 

group 2 / rgkσ is a measure of wave dispersion, the third group is the ratio of water depth to the 

Stokes’ boundary layer in water ( )2w w wδ μ ρ σ= , the fourth group is relative water depth, the 

fifth group is the ratio of mud thickness to Stokes’ boundary layer in mud ( )2m m mδ μ ρ σ= , the 

sixth group is the specific gravity of mud particles, and the eighth group is the relative bed 

roughness. The shear Mach number for the viscoelastic bed, ,v mMa gh G ρ=  is the ratio of 

the shallow water wave celerity to shear wave velocity in bed. The ratio / mμ μ′′ represents loss of 

mud viscosity due to elastic properties of mud (normalized by viscosity) and /G G′′  is the shear 

loss modulus normalized by the elastic shear modulus. The quantity p v mMa gd σ ρ′=  is the 
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Mach number for a poroelastic bed. Bed grain size and porosity are characterized by ws/Kp, and 

/v Gσ ′  is the ratio effective stress to shear modulus.  

The wave orbital velocity, ub is obtained from wave amplitude a, wave number kr and 

wave frequency σ. The, wave Reynolds number, Rew is then obtained from Eq (7.7). 

 
2

Re w b
w

w

uρ
μ σ

=  (7.7) 

For a rigid bed with a laminar wave boundary layer, ik% takes the form in Eq (7.8). 

 2 i
i

r ww w

k h hk
k

σ
δρ μ

⎛ ⎞ ⎛ ⎞
= = Φ = Φ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠

%  (7.8) 

From the work of Dean and Dalrymple (1991), the above function is derived in Eq (7.9). 

 
2 2

2 sinh 2
r w

i
r r

k
k

k h k h
ν σ⎛ ⎞

= ⎜ ⎟⎜ ⎟+⎝ ⎠
%  (7.9) 

Due to energy dissipation the wave amplitude diminishes with distance x, as given by Eq (7.3). 

Combining Eqs (7.9) and (7.3). 

 
2

0
2

exp
2 sinh 2

r w

r r

k
a a x

k h k h
ν σ⎛ ⎞

= −⎜ ⎟⎜ ⎟+⎝ ⎠
 (7.10) 

For a rigid bed with a turbulent wave boundary layer, ik% can be written as in Eq (7.11). 

 , ,s s
i

ww w

k kh hk
a a

σ
δρ μ

⎛ ⎞ ⎛ ⎞
= Φ = Φ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠

%  (7.11) 

where the relative roughness height is used to determine the friction factor f. The corresponding 

wave amplitude has been derived by Dean and Dalrymple (1991) as in Eq (7.12). 
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( )

0

2
0

2 11
3 2 sinh 2 sinhr

r r r

aa
f k a x

k h k h k hπ

=
⎧ ⎫⎡ ⎤⎪ ⎪+⎨ ⎬⎢ ⎥+⎪ ⎪⎣ ⎦⎩ ⎭

 (7.12) 

It should be noted that the exponential function in Eq (7.3) is required to be expanded as a Taylor 

series to obtain the above expression. 

For a soft bed described by the viscoelastic model, the dimensionless wave attenuation 

coefficient is given by Eq (7.13). 

 
2

, , , , , , , ,m m
i v

r w m w w m

d h d Gk Ma
gk h G

ρ μσ μ
δ δ ρ μ μ

⎛ ⎞′′ ′′Δ
= Φ⎜ ⎟

⎝ ⎠
%  (7.13) 

where / ( ) /m m m w wρ ρ ρ ρ ρΔ = − incorporates the buoyancy effect. For mud modeled as a 

viscoelastic fluid with typically low rigidity, we may further assume that / mμ μ′′ and /G G′′ are 

both unimportant. The shear Mach number can be taken out for the same reason. Also, since 

most dissipation occurs in mud, we may ignore / .wh δ  Finally, with water as the upper 

medium, wμ can be taken to be constant, and since mμ determines ,mδ the ratio /m wμ μ may be 

dropped. Equation (7.13) then reduces to Eq (7.14). 

 
2

, , ,m m
i

r w

dk
gk h d

δ ρσ
ρ

⎛ ⎞Δ
= Φ⎜ ⎟

⎝ ⎠
%  (7.14) 

The Eq (7.14) can be used as a basis of comparison for various models (Table 7.4) 

For a poroelastic bed, based on similar arguments we obtain Eq (7.15). 

 
2

, , , s
i p

r p

wdk Ma
gk h K
σ⎛ ⎞

= Φ⎜ ⎟⎜ ⎟
⎝ ⎠

%  (7.15) 

in which Map is obtained by conveniently replacing vσ ′ by G. Eq (7.15) can then be used to 

compare various poroelastic models. (Table 7.5) 
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7.2 Wave Damping in Newnans Lake 

The wave attenuation coefficient values are now calculated from different causes of 

dissipation including a laminar boundary layer, a turbulent boundary layer, a viscoelastic bottom 

and a poroelastic bed using parameters characteristic of Newnans Lake given in Table 7.1. The 

calculated wave attenuation coefficients are given in Table 7.2. 

For an assessment of these values, we note that the percent reduction in wave amplitude 

and wave energy are given by, respectively in Eqs (7.16) and (7.17). 

 0

0

100a aa
a

⎛ ⎞−
Δ = ⎜ ⎟

⎝ ⎠
 (7.16) 

 
2 2
0

2
0

100a aE
a

⎛ ⎞−
Δ = ⎜ ⎟

⎝ ⎠
 (7.17) 

As an illustration of the order of magnitudes of aΔ  and ,EΔ  they are calculated for Newnans 

Lake at the tower site, and are compared with measurements.  

To examine the effect of wave damping at the tower site, the longest fetch (x) of 5.5 km 

and a mean water depth h = 1.5 m (between the northern shoreline of the lake to the tower) are 

selected as characteristic values. With these values, wave dissipation over different beds is 

estimated using additional characteristic quantities given in Table 7.1. We will ignore wave 

generation and consider only dissipation to occur over the 5.5 km distance. For a wave period of 

1.2 s (σ = 5.24 radians/s), a wave height 2a = 5 cm at the tower would (hypothetically) have a 

height of 2a0 = 5.003 cm at 5.5 km distance upwind of the tower if dissipation were due to a 

laminar boundary layer, as given by Eq (7.10). This in turn would mean that there would have 

been less than 1% decay of wave height over the (assumed) rigid bed. 
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Wave decay due to a turbulent boundary layer is given by Eq (7.12). For the lake bottom, 

which is covered with vegetation, we will assume a friction factor fw = 0.1. In this case the 

hypothetical upwind wave height would have been only about 1.3%.  

Now let us consider wave energy dissipation due to fluid mud. The wave attenuation 

coefficient ik obtained from FSM, described in Chapter 4, as a function of water depth for various 

fluid mud thicknesses is plotted in Figure 7.1. Also, ik is plotted against mud depth for different 

water depths in Figure 7.2. The corresponding wave number rk  as a function of water and mud 

depths is plotted in Figs 7.3 and 7.4, respectively. In Newnans Lake, the 1.5 m mean depth 

includes the thickness d of fluid mud layer. For a sample calculation, this fluid mud is assumed 

to have a typical thickness of d = 30 cm. So the effective water depth becomes h = 1.2 m. For a 

fluid mud of density ρm =1,200 kg/m3 and kinematic viscosity vm = 10-3 m2/s, ik would be 

1.5x10-4 m-1, and the 5 cm wave height (=2a) at the tower would be 10.5 cm upwind, as 

calculated from Eq (7.3). This would mean a wave decay a/a0 = 0.53, or 53%, at the tower. The 

change of wave height against distance from the tower for rigid and soft beds is plotted in Figure 

7.5. Corresponding changes in wave energy are plotted in Figure 7.6. Percent reductions in wave 

amplitude aΔ  and wave energy EΔ  are given in Table 7.2. 

Similar to above estimation, ik  can be evaluated for an assumed poroelastic bed using Y-

M (described in Chapter 6). The resulting values of ik are found to be of the order of 10-6 m-1 due 

to dissipation over an assumed rigid bed and of the order of 10-4 m-1 over a soft bed. Wave 

amplitude decay for a rigid bed would be 0.5-1.3%, whereas over a soft bed would be in the 

range of 60-90%. Likewise, the respective wave energy dissipation rates would be about 1% over 

the rigid bed and 85-95% over soft bed. These calculations strongly emphasize the need to 

account for the correct description of bed character in wave height determinations.  
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Dimensionless parameters characteristic of Newnans Lake are given in Table 7.3. The ratio 

of Stokes’ boundary layer to water depth, /w hδ is 4x10-4, indicating that boundary layer 

thickness in water is very small, and may be ignored in wave-mud interaction analysis. In 

contrast, /m dδ  is of the order 1, so the boundary layer in mud must be accounted for. The wave 

Reynolds number in water Rew is only 0.5 at a low wind speed of 2 m/s and 1.5 for a high wind 

speed of 8 m/s. This implies that the boundary is laminar, i.e., there are no losses due to 

turbulence. The Mach number vMa  is around 6.8. This means that the speed of waves in water is 

7 times greater than that in the fluid mud layer, which is a reflection of the significance of the 

role of bottom mud as an energy dissipater. Since the speed of wave in the fluid mud bed is an 

order of magnitude smaller than the speed of wave in water, the effect of dissipation due to the 

wave propagation in the bed cannot be ignored. The ratio /G G′′  (loss modulus divided by shear 

modulus) is around 0.05, indicating that the loss modulus is small compared to total shear 

modulus. Values ofG′′  andμ′′ can be estimated from Eqs 5.34 and 5.31, respectively. The 

quantity / mμ μ′′  (ratio of loss due to elasticity of mud to mud viscosity) is very small (0.004), 

which implies that the soft mud layer does behave like a fluid rather than a solid.  

The total pore pressure, wp  measured in the lake can be obtained from the Figure 2.22. The 

excess pore pressure is then found from Eq (7.18). 

 ( )w wu p g h dρΔ = − +  (7.18) 

The total stress vσ  is equal to the total force per unit area applied at the level of the pore pressure 

gage. So vσ is equal to the hydrostatic pressure and the weight of soil per unit area above it. The 

pore pressure gage was 20 cm inside the fluid mud layer with a bulk density of 1,100 kg/m3. So 

the total stress vσ = 18.8 kPa, was obtained from Eq (7.19). 
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 ( )v w mg h d gdσ ρ ρ= + +  (7.19) 

The effective stress is given by Eq (7.20). 

 v v uσ σ′ = − Δ  (7.20) 

Characteristic effective stress values for the lake are plotted as functions of wind speed in 

Figure 7.7. This plot is obtained from Eq 7.19 and mean pore pressure data in Figure 2.22. As the 

wind speed increases it exerts higher bottom shear stresses which can break the soil matrix and 

result in a reduction of effective stress. When the soil structure is completely broken it is no 

longer able to take any effective stresses and is liquefied (Chapter 6). Liquefaction is seen to 

occur in the lake at the wind speed higher than 7 m/s. So the bottom cannot be modeled as a 

poroelastic bed in general. The Mach number pMa  for a wind speed of 5 m/s (when effective 

stress is 0.2 kPa) is 2, indicating that the wave speed in the bed is comparable to the shear wave 

velocity.  
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Table 7.1 Characteristic parameters for Newnans Lake 
T 
(s) 

a  
(m) 

h  
(m) 

d  
(m) 

G 
(Pa) 

wμ  
(Pa.s) 

mμ  
(Pa.s) 

wρ  
(kg/m3) 

mρ  
(kg/m3) 

Kp 
(m/s) 

cδ  

1.2 0.05 1.2 0.3 300 1x10-3 1x10-3 1000 1200 1x10-8 0.8 
 
 
 
Table 7.2 Wave attenuation coefficient and percentage reductions of amplitude and wave energy 

 
Laminar 
boundary 
layer 

Turbulent 
boundary 
layer 

Percolation 
loss 

Coulomb 
friction loss 

Viscoelastic 
(Newtonian) 

Viscoelastic 
(3-component) 

ik (m-1) 1.06x10-6 2.64x10-6 5.6x10-5 4.6x10-4 1.5x10-4 2.0x10-4 
aΔ  (%) 0.5 1.3 25 90 53 63 
EΔ (%) 1.1 2.6 43 99 78 87 

 
 
 
Table 7.3 Characteristic dimensionless numbers for Newnans Lake 

/d h  /w hδ  /m dδ  ( ) /m w wρ ρ ρ− /m wμ μ Rew  vMa  /G G′′  / mμ μ′′  pMa  
0.25 0.00041 0.067 0.2 0.001 1.5 6.8 0.05 0.004 2 
 
 
 
Table 7.4 Comparison of two-layer models w.r.t. dimensionless numbers for viscoelastic model 
Models/ 
Dimensionless 
numbers 

2
rgkσ  d h  m dδ  m wρ ρΔ  

Gade No dispersion 
(shallow water) √ Mud boundary layer 

effect no included √ 

D&L √ √ Mud boundary layer 
effect no included √ 

FSM √ √ √ √ 
From Eq (7.14) 

 

 



 

172 

Table 7.5 Comparison of two-layer models w.r.t. dimensionless numbers for poroelastic model 
Models/ 
Dimensionless 
numbers 

2
rgkσ  d h  pK  

Reid and Kajiura, 
(1957) kr only a function of water depth Not included √ 

Yamamoto and 
Takahashi’s (1985) kr only a function of water depth infinite Not included 

Lee et al. (2002) kr function of both water depth and sea 
bed thickness √ Not included 

From Eq (7.15) 
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Figure 7.1 Wave attenuation coefficient as a function of water depth 

 

Figure 7.2 Wave attenuation coefficient as a function of mud thickness 
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Figure 7.3 Wave number as a function of water depth 

 

Figure 7.4 Wave number as a function of mud thickness 
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Figure 7.5 Change in wave height (over a rigid bed and over a soft mud bed) with distance 

 

Figure 7.6 Change in wave energy (over a rigid bed and over a soft mud bed) with distance 
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Figure 7.7 Effective stress as a function of wind speed, where stars represent the effective 
stresses calculated from the pore pressure data in Fig 2.22 

 

Liquefaction 
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CHAPTER 8 
SEDIMENT ENTRAINMENT IN NEWNANS LAKE  

8.1 Introduction 

In this chapter the mechanism by which muck entrains into the water column due to wind 

and waves in Newnans Lake is briefly examined. Specifically, the cause of the observed 

oscillations in SSC (e.g., Figure 3.7) is of primary interest. Modes of entrainment are briefly 

reviewed, and they are considered in relation to Newnans Lake. The applicability of “auto-

entrainment” is explored, and model results are compared with data. Finally, a discussion is 

presented on results from two dye entrainment studies in the lake.  One took place during a 

period of low wind speed and water discharge, and the other when wind and discharge were 

higher.  

8.2 Modes of Entrainment 

Modes of entrainment are depicted in Figure 8.1.The vertical structure of sediment 

concentration is characteristically sub-divided into four zones. In the upper zone of the water 

column the suspension layer (DSL) is dilute, and is characterized by Newtonian behavior. The 

lower zone is occupied by the so-called benthic nepheloid layer (BNL), which contains fluid 

muck. Between DSL and BNL, benthic suspension layer (BSL) occurs, in which the 

concentration is intermediate between BSL and BNL. Its fluid properties are non-Newtonian but 

the concentration is not high enough for settling to be hindered. Finally, at the bottom a 

consolidating bed (CB) occurs. It possesses an effective stress but is soft enough (i.e., it is not 

fully consolidated) for the sediment to be susceptible to entrainment when wave forcing is 

sufficiently strong.  

In the dynamic sense, the four zones are linked by processes of particle settling, 

coalescence or deposition of particles-in-fluid parcels, and entrainment of parcels. In the absence 
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of BNL and BS, dilute suspension is sustained by erosion of particles from CB, and in turn 

particles settle through the water column and may deposit onto the bed, unless the near-bed fluid 

stresses are high enough to prevent deposition. These are sometimes called classical erosion and 

deposition modes associated with CB (Winterwerp et al., 2002). When BNL occurs but BSL is 

(practically) absent, entrainment of fluid muck into DSL occurs by mixing between the two fluid 

layers. The settling parcels, if and when they reach BNL, will coalesce into BNL. Exchange 

between BSL and DSL cannot be called coalescence, since in this case settling flocs from DSL 

mix with BSL merely by penetration, as the inter-particle spacing is much higher than in BNL. 

Finally, exchange processes between BSL, BNL and CB can change their thickness and 

concentration without participation of DSL. 

8.3 Entrainment in Newnans Lake 

Entrainment can be modeled by the advection and diffusion equation (Winterwerp, 2004) 

given by Eq (8.1). 

 ( ) s t
s

S

DC Cw C
t z z zσ

⎡ ⎤⎛ ⎞+ Γ∂ ∂ ∂ ∂
= − + ⎢ ⎥⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠⎣ ⎦

 (8.1) 

where concentration C is the mass of solids per unit volume of suspension, and sD is the 

molecular diffusion coefficient given by Eq (8.2) 

 
6

B w
s

p

k TD
dπμ

=  (8.2) 

in which Bk is the Boltzmann constant, wT  is the water temperature and pd is the particle size. In 

Eq (8.1) tΓ is the eddy diffusivity Sσ is the Prandtl-Schmidt number and sw is the settling 

velocity of the particle. The l.h.s. term in Eq (8.1) is the rate of change of concentration, the first 

r.h.s term is the gradient of the settling flux, the second is the diffusion term.  



 

179 

To solve the above equation the eddy diffusivity tΓ  must be known. Eddy diffusivity 

closure can be formulated from one of the flowing approaches (Pope, 2000): 

• Assumed constant or obtained from empirical relationships  

• Derived from the mixing length theory  

• Modeled using a k ε− turbulence closure model  

• Modeled using a k ω−  model  

To select the appropriate approach, the physical environment of Newnans Lake must be 

considered. It is a shallow water body with 0.3 m of active fluid mud (muck) at the bottom. This 

mud layer has high organic content (40-60%) with very fine particles (size less than 2μm ), very 

low settling velocity of the order of 10-4 m/s, and shear strength as low as 0.01 Pa (Gowland, 

2005). Wave heights at the tower were of the order of few centimeters and the current velocity 

was of the order of cm/s (Chapter 2), so the combined wave and current shear stress was very 

small. The current induced Reynolds number is of the order of 103 so the flow can become 

transitional to turbulent due to currents. To characterize wave-induced movement, the wave 

Reynolds number Rew  is plotted in Figure 8.2. The value of Rew was less than 2 for all wind 

speeds and less than 1 most of the time. So the flow regime was close to creeping flow. Thus, 

turbulent closure schemes and mixing length theory cannot be applied to obtain the eddy 

diffusivity. The only choice is to use an empirical relationship for the diffusivity. 

Using an empirical relationship from Hwang (1982), the diffusivity in wave-dominated 

environment can be roughly estimated from Eq (8.3) 

 
2

2
2

sin h ( )
2sin h

r
t w

r

k h zH
k h

α σ +
Γ =  (8.3) 
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where H is the wave height and wα is an empirical proportionality coefficient chosen as 1. The 

origin of the vertical coordinate z is at the water surface. 

Equation (8.4) was applied to Newnans Lake and the diffusivity due to waves was 

calculated using the parameters specified in Table 4.5 and plotted in Figure 8.3. The mean 

diffusivity due to wave is seen to be of the order of 10-7 m2/s, which is close to the molecular 

diffusivity (diffusion scales are shown in Figure 8.4). So it can be inferred that wave-induced 

local entrainment makes a very small contribution to the suspended sediment concentration 

variation in the water column. 

The combined wave and shear stress for different wind speeds is plotted in Figure 8.5. The 

plot also includes a line for the bed shear strength (critical bed shear stress) line. The bed shear 

strength is equal to the bed shear stress above which the bed will start to erode. Since the bed 

shear stress did not exceed the bed shear strength, bed erosion and deposition are not significant 

mechanisms for the observed oscillations in SSC. Thus, in order to explain these oscillations, in 

the following section a simple approach is described and applied to the lake.  

8.4 Auto-Entrainment 

Auto-entrainment is based on the hypothesis that the benthic nepheloid layer (BNL) acts as 

a reservoir of sediment in suspension, while sediment exchange between BNL and the bed (CB) 

is absent (Figure. 8.6). Since the wave-mean concentration is of interest, the steady state form of 

Eq (8.3) is considered, and a lumped diffusion coefficient, designated by the symbol E, is 

selected and parameterized as a function of wind. It is assumed to be independent of the depth.  

Since SSC-1 and SSC-2 are low (10-30 mg/L), the particles are assumed to settle 

independently of each other and the settling velocity sw  is assumed to be constant over depth. 

Under these conditions, Eq (8.3) simplifies to Eq (8.4) 
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 0s
dCw C E
dz

+ =  (8.4) 

This equation can be solved for concentration C(z) with bottom boundary condition C(az) = Ca 

where Ca is a reference concentration at elevation z = az above bed datum (z = 0). Given water 

depth h, the solution of Eq. (8.4)gives Eq (8.5) 

 ( ) /s zw z h a E

a

C e
C

− + −=  (8.5) 

A selected SSC time-series segment is reproduced in Figure 8.7 for the period January 14th 

to January 30th, 2004. The reference concentration Ca is taken as 325 mg/L based on 

extrapolation (shown in black dotted line) of measured concentration profile (in black solid line). 

This concentration was assumed to occur at a distance az = 10 cm above the mud-water interface 

(datum).  

Diffusivity was parameterized as a function of wind for the period January 14th to 20th. The 

plot of diffusivity with wind speed is shown in Figure 8.8, in which 95% confidence limit lines 

are also included. The average diffusivity, E (m2/s) was parameterized as a linear function of 

wind speed U (m/s) given by Eq (8.6). 

 -5 -8=3.32x10  + 8.13x10E U  (8.6) 

The diffusivity equation (Eq 8.7) was then used to determine SSC using Eq (8.5) at three levels 

for the period of January 21st to 28th. The diffusivity in Eq (8.6), is larger than the molecular 

diffusion which might indicate the effect due to the presence of current. 

Since diffusivity in its time-mean form was parameterized as a function of wind speed, 

calculated SSC using this diffusivity cannot be compared with instantaneous values of SSC in 

the measured time series (at any elevation). So an analysis of data for January 21st to 28th was 

done in the frequency domain. Figures 8.9 and 8.10 show spectra of SSC-1 and SSC-3 (for 
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illustrative purposes). To determine the degree of correlation, the coherence spectrum between 

the predicted SSC and data is given in Figure 8.11. The correlation value ranges up to 0.5. Since 

the settling velocity is very low there is a superposition of the response at frequencies greater 

than about 0.28 hr-1.  

Figure 8.12 shows the concentration profile obtained by time-averaging SSC calculated 

from Eq (8.5) for the period January 21st to 28th. As can be expected on account of the method 

used to obtain Eq (8.7), the calculated profile is almost coincident with data. 

8.5 Dye Study 

From the dye study summarized in Section 2.2, dye concentration series is plotted in 

Figure 8.13. The upper plot (a) is for the calm period (average wind speed of 4 m/s and outflow 

of 0.23 m3/s from Prairie Creek) and the lower plot (b) corresponds to a stormy period (wind 8.4 

m/s and outflow 7.5 m3/s). Dye concentration was 50% higher at the depth of 1.5 m compared to 

0.83 m. Thus, the vertical gradient of dye concentration was 2238 ppb/m. The dye concentration 

at 1.5 m depth during the calm period was higher by 1,500 ppb compared to the stormy period. 

The mean concentration remained same at both elevations during the stormy period, indicating 

high vertical mixing.  

Figure 8.14 is a plot of dye concentration against wind speed. The concentration does not 

correlate with wind, which suggests that the effect of wind decayed with the depth and was 

negligible at the depth of 1.5 m. Figure 8.15 is a plot of dye concentration at both elevations 

against outflow discharge in Prairie Creek. Dye concentration shows some dependence on 

outflow, with a correlation coefficient of 0.45 for plot (a) and 0.20 for (b). This observation 

suggests that advective effects during storm events may govern entrainment in the lake, although 

such was not the case during the calm period. 
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8.6 Chemical and Biological Processes 

Figure 8.16 is a plot of dissolved oxygen (DO) with depth. DO concentration decreases 

rapidly in the nepheloid layer, indicating an anaerobic condition near the bottom. The onset of 

seasonal anoxia in water overlying the sediment has been linked to an increase in phosphorus 

release from the sediment (Caraco et al., 1991). Low DO favors the production of methane 

sulfide and ammonium, and release of ferrous iron from sediment. Some of these reactions may 

contribute to release of the sediment from the bottom. 

Bio activity (fish and alligators) can also cause the suspension of the sediments. The lake 

has a large population of fish (cat fish and large-mouth bass) and alligators, which feed at the 

bottom.  
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Figure 8.1 Lake sediment concentration zones and entrainment modes 

 

 

Figure 8.2 Wave Reynolds number as a function of wind speed in Newnans Lake 
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Figure 8.3 Wave diffusion coefficient as a function of wind speed in Newnans Lake 

 

 

Figure 8.4 Scales of diffusion (Chapra, 1997) 
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Figure 8.5 Bed shear stress as a function of wind speed in Newnans Lake 

 

 
Figure 8.6 Auto-entrainment due to exchange of suspended sediment between BNL, BSL and 

DSL, without participation by the bed (CB) 
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Figure 8.7 Suspended sediment concentration time-series 

 

Figure 8.8 Eddy diffusivity as a function of wind speed in Newnans Lake 
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Figure 8.9 Comparison of spectra of SSC-1 from data (dashed line) and model in Eq (8.6) (solid 
line) 

 

Figure 8.10 Comparison of spectra of SSC-3 from data (dashed line) and model in Eq (8.6) (solid 
line) 
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Figure 8.11 Coherence spectra of data and model in Eq (8.6) 
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Figure 8.12 Concentration profile from model in Eq (8.6) and data 

 
Figure 8.13 Dye concentration time-series for: A) calm period, and B) storm period 
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Figure 8.14 Dye concentration variation with wind speed for: A) calm period, and B) storm 

period 

 

 
Figure 8.15 Dye concentration variation with the outflow discharge for: A) calm period, and B) 

stormy period 
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Figure 8.16 Dissolved oxygen profiles at five locations (Table 2.3) 
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CHAPTER 9 
CONCLUDING OBSERVATIONS 

9.1 Study Summary 

Shallow-water lakes laden with fluid mud as a nepheloid layer often have problems 

associated with high levels of turbidity. Physical conditions in such lakes require that the issue of 

turbidity generation be examined in two parts. The first is to identify the mechanism(s) by which 

fluid mud damps wind-generated waves, and the second is to understand how these (damped) 

waves entrain sediment stored in the nepheloid layer. In this work these issues have been 

examined with reference to Newnans Lake, a shallow, 2,700-hectare hypereutrophic lake in 

north-central Florida. 

To examine wave-mud interaction in shallow lakes, a first-order semi-analytical solution 

is presented for simulating the effect of the nepheloid layer on surface wave attenuation. The 

utility of the solution is tested by comparing results with laboratory data.  

A second-order nonlinear solution is then derived using the well known Stokes' 

perturbation approach, with mud modeled as a Newtonian fluid. As a test of the applicability of 

this model, calculated mud mass transport is compared with laboratory data, and the issue of 

correct representation of mud rheology is highlighted. 

The significance of the rheology of mud as a single-phase medium is considered. Mud is 

treated as a viscoelastic fluid, and its behavior under stress is compared with data from 

rheometric tests. A viscoelastic fluid model (Jeffrey's-b) is then incorporated in the second-order 

solution, and the resulting wave attenuation coefficient and mud mass transport are compared 

with experimental data. 

Mud is then modeled as a two-phase poroelastic medium as an alternative rheological 

description. Since sediment grain size and density can vary widely, the domains of applicability 
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of viscoelastic and poroelastic models are discussed with reference to bottom sediment 

composition and density.  

Wave energy dissipation in Newnans Lake is next treated in a general way by carrying out 

a dimensional analysis for characterization of the wave attenuation coefficient. The significance 

of the dimensionless groups is first discussed with respect to soft mud modeled as a viscoelastic 

or poroelastic medium. Characteristic values of the groups are then discussed with reference to 

the wave-mud regime of Newnans Lake.  

Lake circulation due to wind and water discharge from the creeks is simulated using a 

three-dimensional numerical hydrodynamic code. Suspended sediment transport is then 

examined using this model. In order to better explain the behavior measured SSC oscillations in 

the lake, it is hypothesized that the lake is subject to “auto-entrainment”. In this mode of 

entrainment, vertical exchange of suspended sediment between the nepheloid layer and water 

layer above determines SSC, in the absence of erosion and deposition.   

9.2 Main Observations 

The following observations have been made in this study: 

• Newnans Lake is a small, fetch-limited lake in which about 0.3 m thick nepheloid layer of 
fluid mud dissipates waves.  

• The organic content of bottom sediment is 20-40% with a very low shear strength (critical 
shear stress) of 0.01 Pa. Settling velocities of the suspended organic-rich matter are of 
order on 10-4 m/s. Due to these low settling velocities, settling lags are of the order of 3-4 
hours, which results in a superposition of SSC response at high frequencies. 

• Peak wave energy dissipation characteristically occurs between 2 21.3 1.5δ δ− , which is of 
the order of 2δ , the Stokes’ boundary layer thickness in mud. Thus it becomes essential to 
consider mud boundary layer effects in prediction of wave heights. 

• At low stresses mud behaves as a solid. However at high stresses under cyclic loading in 
both laboratory and field settlings, mud is easily liquefied and start to flow. Therefore, it 
needs to be modeled as a fluid. 
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• Mud can be assumed to be a Newtonian fluid below densities of about 1,150 kg/m3. In the 
density range of about 1,150-1,300 kg/m3, it can be modeled as a viscoelastic fluid. 
Beyond about 1,300 kg/m3 it is not compliant to waves. 

• The commonly used Voigt model cannot be applied to simulate wave-mud interaction 
based on the governing equations for fluid flow, especially to predict mud mass transport 
velocity, as the Voigt element represents a solid. 

• Due to mud elasticity a resonance frequency exists, at which wave energy dissipation has 
its maximum value. This frequency is a function of the square-root of the shear wave 
velocity in mud and a length scale based on the mud depth or wave length. 

• A poroelastic bed with Coulomb friction assumption can be applied to the entire range of 
beds from gravel to clay. However, application to soft mud beds becomes empirical as 
these beds, with density in the range of 1050-1200 kg/m3, have a solids volume fraction in 
the range of 0.03-0.12, indicating that the mud (suspension) is dilute and particle-particle 
interaction is negligible. In this case there are no significant losses due to Coulomb 
friction. 

• The poroelastic model is based on the existence of a solid soil skeleton which may be rigid 
or non-rigid, but it cannot be used to determine mud mass transport velocity. 

• The domains of applicability of various mechanisms of wave energy dissipation can be 
quantified on the basis of a proposed dimensionless parameter s pU w K=% ,which is a 
measure of rate of solid settling in the liquid to the rate of liquid flowing in the pore spaces 
of the solid. A low ratio indicates that the medium is single-phase (for which the 
viscoelastic assumption is applicable), while a large value of the ratio indicates differential 
settling associated with a two-phase medium (which can be modeled as poroelastic bed). 

• Physical parameters affecting wave damping are examined using dimensional analysis. It 
is shown that, depending on the bed conditions, dimensionless groups which influence 
wave attenuation coefficient can be identified. 

• Based on the above dimensional analysis it is shown that in Newnans Lake liquefaction of 
bottom mud occurs at wind speeds greater than 7 m/s. 

• The amplitudes of SSC oscillations in the lake are not large. The standard deviation of SSC 
normalized by mean SSC at 0.3 m depth was 14% and at 1.5 m it was only 3.6%. These 
values indicate that the effect of wind decays rapidly with water depth. 

• A sediment transport model applied to the lake showed that almost nowhere in the lake did 
the combined bed shear stress due to current and waves exceed the critical shear stress. 
therefore, classical erosion and deposition mechanism based on sediment exchange at the 
bed appears not to apply to this lake, where the wind speed is usually below 8 m/s.  

• Advection plays a significant role in mixing in the water column during storm events, but 
is small under calm (normal) conditions. 
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• As bed erosion and deposition are not the dominant modes of sediment entrainment, to 
explain the observed amplitude oscillations in SSC, a simple concept called auto-
entrainment has been applied to the lake. It is shown that there is a repository of sediment 
in the benthic nepheloid layer which contributes to sediment in the upper water column 
and allows SSC to oscillate in response to wind speed variation. 

 
9.3 Recommendations for Future Studies 

To develop a better understanding of domains of applicability of different mud behavior 

models discussed in Chapter 6, and to explore the physics behind the dimensional analysis 

presented in Chapter 7, the following recommendations are made for future studies. 

• The FSM approach should be tested against field data.  

• Since the second-order Stokes’ theory is not valid for shallow water, a fully non-linear 
wave model should be applied to solve the equations numerically to better understand the 
effects of non-linearity of waves on wave orbital and mass transport velocities. 

• Fluid mud in the field should be examined in rheometric tests described in Chapter 5. Such 
tests should be conducted to calibrate the viscoelastic fluid model, which can then be 
applied to understand wave dissipation phenomena. Pore pressure should also be measured 
in the field and, based on mud properties, the poroelastic model should be applied to 
estimate the wave attenuation coefficient, thereby exploring the domains of applicability of 
mud models in a more extensive way. 

• To gain a better understanding of fluid mud formation, wave damping and entrainment 
mechanisms along with liquefaction by waves, these processes should be incorporated in a 
comprehensive model that can respond to interaction between waves and change in mud 
state.  

• To understand the effect of advection on entrainment in Newnans Lake, a minimum of two 
data measurement stations should be installed. 

• The auto-entrainment concept should be tested rigorously in lakes similar to Newnans 
Lake.  
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                        APPENDIX  
FIRST-ORDER ANALYTICAL SOLUTION 

The first-order solution is obtained by asymptotically matching the velocity field at the 

edge of the boundary layer with the velocity field in the outer inviscid core (potential solution). 

Asymptotic matching allows determination of the complex eigenvalue of the wave number. 

Solution variables are functions only of relative mud depth, d%  (d normalized with respect to 2δ ). 

All the variables are expanded as ( )2 3
1 2 3

ˆ ˆ ˆ ˆf f f f Oε ε ε≅ + + + , ( )ˆ ( ) ei kx tf f n σ−= . Subscript 1 is 

omitted for the first-order solution for all the variables. n h z d= + + , 0n =  defines the mud 

bottom and the mud-water interface is given by 2.n d= +η  

Pressure is constant at the leading order. Substituting Eq (4.29) into Eq (4.21) we obtain 

ordinary differential equations for the horizontal components of velocity in water and mud: 

 ( )
2

1
1 12

1

d u i u U
dn v

σ
= − −  in d n< < ∞  (A.1) 

 ( )
2

2
2 22

2

d u i u U
dn v

σ γ= − −  in 0 n d< <  (A.2) 

where 1 2 1γ ρ ρ= <  is the density ratio. These differential equations can be solved for water and 

mud separately to obtain a general solution of the horizontal wave orbital velocities in mud and 

water: 

 ( )1 1 11 exp( ( ))u D n d Uχ= + − −  in d n< < ∞  (water) (A.3) 

 ( )2 2 2 1cosh sinhu G n H n Uγ χ χ= + +  in 0 n d< <  (mud) (A.4) 

where D, G and H are constants, 1,2 1,2(1 ) /iχ δ= −  and 1,2 1,22 / .=δ ν σ  

Using the boundary conditions at the bottom and at the interface: 2 0u =  on 0n = ; 

2 1u u= and 2 2 1 1( / ) ( / )du dn du dnμ μ=  on n d= , the above constants can be determined: 
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 ( ) 2

2 2

1 cosh
cosh sinh

d
D

d d
γζ γ ζ χ
ζ χ γ χ
− − −

=
+

 (A.5) 

 G γ= −  (A.6) 

 ( ) 2
2 2

2 2

1 cosh sinh
cosh sinh

d d
H

d d
γ γ γ χ γζ χ

ζ χ γ χ
− + +

=
+

 (A.7) 

where 2 1 2 1v vζ δ δ= = is the ratio of Stokes’ boundary layer thicknesses in mud and water. 

The vertical component of velocity is obtained from the continuity equation (Ng, 2000) 

 ( ) ( )2 2 2 2 1
2

sinh cosh 1ikw n n H n Uγ χ χ χ
χ

= − − + −⎡ ⎤⎣ ⎦  (A.8) 

 ( ) ( )1 2 1 1
1

( ) exp( ( )) 1kDw w d i k n d n d Uχ
χ

⎡ ⎤
= − − − − − −⎢ ⎥

⎣ ⎦
 (A.9) 

Adopting the general solution form of Dalrymple and Liu (1978) and applying the 

boundary conditions, u1 is obtained as  

 ( )1 1 1( ) cosh ( ) sinh ( ) exp( ( ))u z k h z B k h z D h z Uχ= + + + + − +  (A.10) 

 1 1 1
1

( ) sinh ( ) cosh ( ) exp( ( ))kDw z i k h z B k h z h z Uχ
χ

⎛ ⎞
= − + + + − − +⎜ ⎟

⎝ ⎠
 (A.11) 

Asymptotically matching the outer solution (potential solution) and inner (boundary layer) 

solution, (Ng, 2000) gives  

 
2

BB k dγ
χ

⎛ ⎞′
= +⎜ ⎟

⎝ ⎠
 (A.12) 

 ( ) 1
2 2sinh cosh 1B d H d Dγ χ χ ζ −′ = − + − +  (A.13) 

After some manipulation the vertical velocity in mud can be written as  

 ( ) ( )( )2 1 1
1

( ) expkDw n i k n d B n d Uχ
χ

⎡ ⎤
= − − + − − −⎢ ⎥

⎣ ⎦
 (A.14) 
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The amplitude of interface displacement is obtained from Eq (4.10) as 

 1

1

UkDb B
χ σ

⎛ ⎞
= −⎜ ⎟
⎝ ⎠

 (A.15) 

 1 sinh cosh
aU

kh B kh
σ

=
+

 (A.16) 

The eigenvalue of wave number k is obtained from the linearized dynamic free-surface 

boundary condition 

 ( )1 exp( ( ))u i kx t g
t x

ησ∂ ∂
− = −

∂ ∂
 on 0z =  (A.17) 

 
2 tanh

1 tanh
kh B

gk B kh
σ +

=
+

 (A.18) 

Since ( )B O kδ= , we may replace the wave number by its expansion 1 2 ...k k k= + + . Clearly the 

leading order k1 is real and the solution is the well-known dispersion relationship 

 2
1 1tanhgk k hσ =  (A.19) 

One should note that the above dispersion relationship is approximate for this two-fluid 

system, as it merely includes dispersion due to water, and no effects are considered from mud. 

The second-order solution for k2 (which is known as wave attenuation coefficient ik ) is a 

complex solution  

 1
2

1 1 1sinh cosh
Bkk

k h k h k h
= −

+
 (A.20) 

 ( )21
2

1 1 1 1 1

Im( )Im( )
sinh cosh sinh 2 2

r iB BB kk
k h k h k h k h k h

δ ′ ′+
= − = −

+ +
 (A.21) 

 1 3

2 3

r

i

B B B
B B B
′ =
′ =

 (A.22) 
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( ) ( )
( ) ( )
( )( )

2 2 2 2 2
1

2 2 2 2 2

2 2 1 sinh cosh cosh sinh

1 cosh cos sinh sin

2 1 cosh sinh cos

B d d d d

d d d d

d d d

γ γ γ ζ γ ζ

γ ζ

γ γ ζ γ

= − + − − − +

− − +

− − +

% % % %

% % % %

% % %

 (A.23) 

 
( )

( )( )

2 2
2 2 2 1 sin cos

2 1 sinh cosh sin

B d d

d d d

γ γ γ ζ

γ γ ζ γ

= − + − −

− − +

% %

% % %
 (A.24) 

 ( ) ( )2 22 2
3 cosh sinh cos sinh cosh sinB d d d d d dζ γ ζ γ= + + +% % % % % %  (A.25) 

where 2/ .d d δ=%  
 

This analytical solution for ki is compared with the full semi-analytical solution (FSM) and 

is tested on different data sets in Section 4.9. 
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