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Computations of immiscible two-phase flows deal with interfaces that may move 

and/or deform in response to the dynamics within the flow field.  As interfaces move, one 

needs to compute the new shapes and the associated geometric information (such as 

curvatures, normals, and projected areas/volumes) as part of the solution.  The present 

study employs the immersed boundary method (IBM), which uses marker points to track 

the interface location and continuous interface methods to model interfacial conditions.  

The large transport property jumps across the interface, and the considerations of the 

mechanism including convection, diffusion, pressure, body force and surface tension 

create multiple time/length scales.  The resulting computational stiffness and moving 

boundaries make numerical simulations computationally expensive in three-dimensions, 

even when the computations are performed on adaptively refined 3D Cartesian grids that 

efficiently resolve the length scales.  A domain decomposition method and a partitioning 

strategy for adaptively refined grids are developed to enable parallel computing 

capabilities.  Specifically, the approach consists of multilevel additive Schwarz method 

for domain decomposition, and Hilbert space filling curve ordering for partitioning. The 



 

xv 

issues related to load balancing, communication and computation, convergence rate of 

the iterative solver in regard to grid size and the number of sub-domains and interface 

shape deformation, are studied.  Moreover, interfacial representation using marker points 

is extended to model complex solid geometries for single and two-phase flows.  

Developed model is validated using a benchmark test case, flow over a cylinder.  

Furthermore, overall algorithm is employed to further investigate steady and unsteady 

behavior of the liquid plug problem.  Finally, capability of handling two-phase flow 

simulations in complex solid geometries is demonstrated by studying the effect of 

bifurcation point on the liquid plug, which is placed in a branching channel.  
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CHAPTER 1 
INTRODUCTION 

1.1 Multiphase Flows 

Multiphase flows are defined as the motion of two or more fluids which are in 

different thermodynamics state and/or have different chemical compositions.  Multiphase 

flows are common in daily life as well as in many industrial applications.  Some of the 

specific practical applications can be cited as boiling heat transfer in power industries, 

impact of a droplet on paper for buble-jet printers and biomedical applications in drug 

delivery processes.  Table 1-1 provides a brief summary of industrial and natural 

occurrences of multiphase flows listed in Kleinstreuer (2003).  

 
Figure 1-1. Illustration of immiscible fluids separated by an interface which evolves in 

time. 

Table 1-1 uses phase configurations to categorize the multiphase flows. The scope 

of this dissertation is to focus on immiscible liquid-liquid or gas-liquid flows for bubble 

and drop dynamics problems.  In these configurations, the constituents are separated by 

an interface, in which the transport properties of the fluid, such as density and viscosity, 

are typically discontinuous.  Figure 1-1 demonstrates the basic characteristics of two-

Fluid 1 

Fluid 2 

Interface Surface 
tension force 
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phase flows, i.e., the presence of an interface separating different fluids/phases, 

discontinuous fluid properties (density, viscosity, etc.) across the interface, and the 

presence of interfacial effects such as surface tension forces. 

Table 1-1. Industrial and natural occurrences of multiphase flows. 
Phases  Configuration Industrial or Natural Occurrences 
Gas-Solid
 
   
  

Dispersion of solid particles 
in gas 

Aerosol, particulate matter pollution, 
Filters and particle-collection devices, 
Pneumatic transport of particles, 
Gas –fluidized beds. 

Liquid-Solid
   
 

Dispersion of particles in 
liquid  

Cells and particles in blood, 
Hydraulic transport of particles, 
Liquid-fluidized beds. 

(a) Dispersion of liquid drops 
in gas 

Mist, fog, cloud, rain storm, 
Coalescence of drops, 
Fuel droplet injection, 
Spray coating and cooling. 

(b) Dispersion of gas bubbles 
in liquid 
  

Transport of oil and gas, 
Bubble-curtain break-water, 
Flow of boiling liquid in pipes, 

  
Gas-Liquid or 
Liquid Gas
  

(c) Both liquid and gas 
connected   

Annular regime of vertical gas-liquid flow, 
Movement of air-water interface in soil. 

(a) Dispersion of liquid drops 
in liquid 

Emulsion and creams, 
Break-up of immiscible drops, 
Coalescence of drops and phase separation. 

Liquid-liquid 

(b) Both bodies of liquids 
connected 

Transport of two liquids in horizontal pipe, 
Movements of oil-water interface in porous 
rocks. 

Note: Adapted from Kleinstreuer (2003). 

Computations of immiscible two-phase flows need to resolve the interface location 

in order to apply the interfacial conditions, which arise as a result of surface tension 

forces and distinctive material properties of the constituents.  When the interface moves 

in response to the flow dynamics, the new conditions need to be computed for its new 

shape.  These include the computation of geometric properties, such as curvatures, 

normal and tangent vectors.  The interaction of surface forces with the flow field creates 

the most obvious difficulties since it adds non-linearity to the problem.  The 
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discontinuities across the interfaces create multiple length/time scales and result in 

numerical stiffness that makes the computer simulations of two-phase flows expensive. 

1.2 Objective and Contributions 

The present study focuses on the development of robust and efficient 

multidimensional algorithms for incompressible two-phase flows.  The building blocks of 

multiphase flow computations have been constructed as part of a larger research group 

activity from the key ideas merged in the recent years.  The following summarizes these 

key concepts: 

• Multi-fluid interface tracking 
o Marker points that represents interface for 2D and 3D 
o Conservative reconstruction by adding/deleting elements on the representation 
o Handling topological changes 
o Modeling complex solid geometries 
o Interactions with the computational boundaries for contact line problems 

• Interfacial dynamics and flow modeling 
o Single fluid formulation for the motion of all constituents 
o The discrete delta function to connect Lagrangian markers to Eulerian grid 
o Adaptive grid computations 
o Resolution adjusted automatically with the interface location and flow features 

• Fractional-step method for momentum equations on staggered grids 
o Axisymmetric extension for its computational advantages 
o Solving linear systems in multiple domains 
o Partitioning strategy for adaptive Cartesian grids 
o Domain decomposition techniques for the solver 

 
These components form the basic structure of a recently emerged tool that can be 

used easily to study interfacial flow dynamics and its applications, one of which include 

the dynamics of an air finger in the lungs during a medical treatment process, i.e., drug 

delivery.  The liquid plug forms in the trachea just before inspiration. It propagates during 

the inspiration while leaving a trailing film thickness and may eventually rupture.  As the 

plug propagates down the airway tree, the film thickness behind is usually thicker than 

the film ahead.  In order to understand how liquid distributes in the airways throughout 
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the lung, Fujioka and Grotberg (2004) studied the interaction of the effect of the plug 

propagation speed and plug length at the Stokes flow limit as well as at finite Reynolds 

numbers.  The present work allows us to simulate both the air and the liquid phase on a 

branching tube for a better understanding of the steady-state and/or non-steady 

development of an air-finger. 

Two-phase flow simulations that involve drop collisions have been studied in three-

dimension by Nobari and Tryggvason (1996), Shin and Juric (2002), Pan and Suga 

(2005) and Singh (2006).  In these cases, the interplay between the impact velocity and 

the interfacial forces determines the dynamics of the flow.  Depending on the regime, 

droplets can bounce back, merge permanently or separate after a merger with a possible 

formation of satellite droplets.  The computational demand due to the requirements of 

high grid resolution amplifies especially when the density ratio between the drops and the 

surrounding environment is high.  Therefore, further examining such problems is only 

possible after developing strategies to reduce computational cost. 

The primary goal of this dissertation is to develop computationally efficient 

algorithms for numerical two phase flow simulations.  In order to achieve this goal, two 

major approaches have been simultaneously studied, adaptively refined Cartesian grids 

and multi-domain techniques.  The key advantage of adaptive grid refinement is its 

ability to manage the grid resolution locally, allowing us to resolve flow features without 

bearing the redundant computational cost.  Furthermore, development of an efficient 

multi-domain strategy on adaptive refined Cartesian grids would lead to a competent 

parallel implementation. 
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In the literature, there are various studies in two-phase flow computations that 

consider parallelism.  They usually lack a robust parallel performance for large number of 

processors (i.e., greater than 100) that are available on massively parallel computers. 

Furthermore, most of these studies fail to consider the effect of large variations in the 

flow field.  A strategy for developing such scalable parallel algorithms requires the 

following elements: 

• Domain decomposition method to be used for solving the linear system of 
equations 

• Partitioning algorithms 

Domain decomposition methods enable us to iteratively solve a linear system of 

equations. Its performance is based on the necessity for data exchange while maintaining 

a reasonable convergence rate.  The existence of large variations in the flow field 

establishes additional constraints on the process of developing a domain decomposition 

method.  We employ the Schwarz type of methods as recent efforts indicate its capability 

of elliptic equations with strong variations.   

Partitioning algorithms are responsible for the division of the computational load in 

such a way that they assure load balancing while keeping the communication cost at 

minimum.  Partitioning is one of the key components of effective parallelism when 

unstructured grids are employed.  Among the possible choices, we employ Peano-Hilbert 

space filling curves to partition adaptively refined Cartesian grid.   

The specific contributions of this dissertation can be listed as 

• Marker based interface tracking and interfacial dynamics modeling 
o Handling 2D interfaces and related topological changes to merge and breakup 
o Interactions between the computational boundaries and the interface 
o Modeling complex solid boundaries 
o Axisymmetric computations 
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• Multi-domain technique for immersed boundary method  
o Development of a partitioning strategy for adaptively refined Cartesian grids 
o Development of a domain decomposition strategy for Navier-Stokes equation 
o Development of multigrid solver.  

 
Capabilities of the developed approach and algorithms have been demonstrated and 

analyzed via a set of case studies; including flow over a cylinder and steady and unsteady 

behavior of the liquid plug problem.   

1.3 Outline of the Dissertation 

This document is organized into seven chapters.  Chapter 2 focuses on the methods 

and materials to illustrate the alternative techniques of two-phase flow computations.  

Chapter 3 explains the fundamental concepts in multi-domain techniques which are 

essential for parallel scientific computing.  In this chapter, primary components of the 

multi-domain techniques, domain decomposition methods and partitioning algorithms, 

are presented. 

Chapter 4 elaborates on the implementation specifics of immersed boundary 

computations on adaptively refined Cartesian grids.  The solution techniques for the 

Navier-Stokes equations are described highlighting the numerical discretization 

procedure. 

Chapter 5 explains the details of the multi-domain technique employed in this 

study.  In this chapter, the partitioning algorithm and its use with the domain 

decomposition technique for Navier-Stokes equations are described in detail.  The 

complexity analysis of the multi-domain solver is presented for various scenarios in high 

performance computing platforms.  

The key results of our research are presented in Chapter 6.  A validation study for 

solid boundary treatment includes the flow over a cylinder.  Moreover, the liquid plug 
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problem is studied to obtain steady and unsteady flow features.  Furthermore, the 

capability of handling two phase flows with complex solid geometries is demonstrated 

using the case of a liquid plug propagating in a branching channel.  The performance of 

the developed domain decomposition method is also investigated in this chapter.  

Chapter 7 provides a summary of the presented work. Future extensions and 

refinements to the present research are also elaborated in this chapter.  
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CHAPTER 2 
MATERIALS AND METHODS 

Typical interfacial-flow computations involve the following components: 

• Interface location is resolved for the geometric properties either by capturing the 
interface location using a scalar function, or tracking explicitly using a 
representative surface. 

• Interfacial dynamics modeling deals with interfacial forces and treatment of the 
discontinuities in transport properties across the interface.   

• Effective solution procedure for Navier-Stokes equations which consider the 
features of interfacial transport in order to obtain accurate, stable and economically 
viable computations.  

Various methods exist for each component with their own strength and weakness.  

A brief review of some of the most popular techniques in practice is presented in the 

following sections. 

2.1 Interface Location 

There are three main categories for handling the moving interface, namely the 

Lagrangian, the Eulerian, and the combined Eulerian-Lagrangian methods (Shyy et al. 

1996).  Figure 2-1 illustrates each of these methods.  

In Lagrangian methods, the interface location coincides with the computational 

grid, which is as well advected and deformed with the moving interface (Figure 2-1a).  

Tracking the interface explicitly, Lagrangian methods produce accurate results when the 

interface motion is modest.  If large deformations/movements take place, it becomes 

necessary to regenerate the whole grid in order to preserve the quality on the 

computational mesh Antaki et al. (2000).  This is a difficult and an expensive task for 
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three-dimensional computations Johansen and Colella (1998).  Examples of this category 

include Wasekar and Manglik (2003) on a curvilinear mesh, and Perot and Nallapati 

(2003) using triangulated meshes. 

 

Fluid 2

Fluid 1

Fluid 2Fluid 2

Fluid 1Fluid 1

Fluid 2

Fluid 1

Fluid 2Fluid 2

Fluid 1Fluid 1

 
 (a) (b) (c) 
Figure 2-1. Illustrations for identifying the interface location. (a) Lagrangian method with 

a grid line coinciding with the interface. (b) Eulerian method with a simplified 
line interface (SLIC). (c) Combined Eulerian-Lagrangian method with mass-
less markers. 

Eulerian methods employ a scalar function on the computational grid to extract 

geometric information of the interface (Figure 2-1b).  This category includes two popular 

methods, namely, the level-set (LS) method and the volume of fluids (VOF) method.  

The difference between these two methods is due to the choice of the scalar function, 

which is a signed-distance function in LS and volume fraction in VOF.  Both of them are 

relatively convenient to implement and can handle topological changes (i.e., merger or 

break-up) naturally (Shyy et al. 1996).  Problems may arise at inadequate grid resolutions 

because the detail level of the interface is restricted to the grid size (Rider and Kothe 

1998).  Enright et al. (2002) reported severe mass loss/gain for LS methods and suggested 

the use of the particle-level set method that uses a cloud of Lagrangian markers to avoid 

erroneous diffusion.  On the other hand, while being able to conserve mass, VOF faces 

the difficulty of retrieving geometric properties due to possible fragmented representation 

of interface (Scardovelli and Zaleski 1999).  This problem with VOF is ameliorated by 
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coupled LS-VOF method which conserves mass due to VOF and computes geometric 

information using LS (Sussman and Puckett 2000).  Another remedy suggested by Aulisa 

et al. (2004) is hybrid marker-VOF method which represents the interface with markers 

to avoid interface reconstruction for geometric-property computation and moves the 

interface using VOF solution.  This method improves the performance of VOF in under-

resolved areas. 
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 (a) (b) (c) 
Figure 2-2. Examples of special cases in interface tracking. (a) Lagrangian methods. (b) 

Eulerian methods. (c) Combined Eulerian-Lagrangian methods. 

Combined Eulerian-Lagrangian methods employ marker points to locate the 

constituents (Figure 2-1c). This is more advantageous than Eulerian methods as the 

interface is known explicitly even at the sub-grid levels.  Such explicit nature is also 

convenient because it allows direct computation of geometric properties on the interface.  

One shortcoming of these methods is that the surface representation requires complex 

data structure and book-keeping for 3D computations.  When topological changes are of 

interest, it becomes even harder because the connectivity information needs to be 

rearranged (Shyy et al. 1996).  Torres and Brackbill (2000) suggested representing the 

interface with a set of unconnected points.  The complications during topological changes 

are mostly avoided since there is no need to preserve any connectivity between the line 

segments.  Subsequent efforts by Shin and Juric (2002) extended this idea using 
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unconnected line segments for 2D and unconnected triangular elements for 3D 

computations.  They employed level-contour based interface reconstruction at regular 

intervals both to capture topological changes and to maintain interface quality.  The idea 

of level-contour based reconstruction is utilized by Singh and Shyy (2006) only when 

topological changes are required.  The connectivity information is kept to maintain the 

interface quality so that the penalties of frequent level-based reconstruction algorithm, 

i.e., excessive perturbation of interface, are avoided. 

Table 2-1. Comparison of Interface Tracking/Capturing methods. 
Methods Highlights Issues 
Lagrangian • Interface explicitly known 

as part of the grid. 
• Conditions applied directly 

on interface. 

• Requires frequent grid regeneration to preserve 
quality (Antaki et al. 2000). 

•  Difficult and expensive for complex and large 
3D computations (Johansen and Colella 1998). 

Eulerian • Easy geometric 
computation. 

• Handles topological 
changes naturally (Sethian 
and Smereka 2003). 

• LS methods have severe mass loss/gain in 
under-resolved areas of the interface.  

• Particle level-set is proposed to ameliorate mass 
loss/gain (Enright et al. 2002).  

• VOF has poor performance in under-resolved 
areas causing fragmentation of interface (Rider 
and Kothe 1998). 

• Hybrid marker-VOF uses markers which moves 
with VOF (Aulisa et al. 2004). 

• Coupled LS-VOF use level-set to compute 
geometry and VOF for conserving phase 
volume (Sussman 2003). 

Mixed 
Eulerian-
Lagrangian 

• Interface explicitly known 
even at sub-grid levels. 

• Geometry-computation 
directly on interface as it is 
known explicitly. 

• Complex data-structure and book-keeping for 
3D interfaces. 

• Topological changes require manipulation of 
interface data (Shyy et al. 1996). 

• Connectivity free tracking is proposed by Torres 
and Brackbill (2000). 

• Level-contour-based reconstruction is proposed 
by Shin and Juric (2002). 

• Connectivity information is used maintaining 
interface quality which is decoupled from level-
contour based reconstruction for topological 
changes (Singh and Shyy 2006). 

 
In Table 2-1, advantages and disadvantages of each method are summarized.  

Among these methods, the present work employs combined Lagrangian-Eulerian 
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methods due to its ability to resolve the interface accurately even at sub-grid levels.  The 

connectivity information is kept for maintaining the interface quality by adding and 

deleting markers locally. Topological changes are handled using an indicator-based 

interface reconstruction.  The details of the algorithm are described in Singh and Shyy 

(2006). 

2.2 Interfacial Dynamics 

The pressure and viscous stresses show discontinuities across the interface as a 

result of the surface tension forces (Figure 2-1).  A representative condition is given by 

the Equation (2-1) where p is the pressure, τ  is the viscous stresses, σ  is the surface 

tension, κ  is the curvature and subscripts represent the corresponding constituents.  

( ) ( )2 1 2 1n np p τ τ σκ− − − =  (2-1) 

 
Figure 2-3. Surface tension, pressure and normal component of shear stress acting on an 

interface. 

Interfacial dynamics modeling incorporates the jump condition using two 

distinguished methods, namely, sharp interface methods (SIM) and continuous interface 

methods (CIM). 

Sharp interface methods solve transport equations separately for each constituent 

by imposing the condition (Equation (2-1)) explicitly.  Such treatment yields in a reduced 

numerical stress imbalance across the interface as indicated by Ye et al. (2002) that SIM 
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brings down the magnitude of spurious currents for a bubble in static equilibrium.  Some 

examples of this category that employ markers include the cut-cell method (Ye et al. 

1999), immersed interface method (Li and Lai 2001) and ghost fluid method (Hao and 

Prosperetti 2004).  Implementation of cut-cell method is challenging because 

constructing control volumes around the interface involves non-rectangular cells.  

Moreover, the algorithm needs to identify the cells intersecting with the interfaces, to 

break them into separate regions and to combine certain portions with the neighboring 

cells depending on the way that the cell is cut (Udaykumar et al. 2001).  Furthermore, it 

employs an iterative procedure which perturbs the interface in local normal direction in 

order to find the correct location of the interface that satisfies the jump condition (Ye et 

al. 1999).  The overall process makes cut-cell method very difficult and computationally 

expensive for three-dimensional computations.  On the other hand, immersed interface 

method (IIM) and ghost fluid method (GFM) modify the discrete operators in the 

governing equations to include the exact jump condition (Marella et al. 2005).  Unlike 

cut-cell method of Ye et al. (1999), these methods do not perturb the interface iteratively.  

GFM is usually used along with level-set methods as the implicit representation of the 

interface location makes the multidimensional implementation easier (Liu et al. 2000).  In 

addition, examples of GFM with explicit interface tracking algorithms also exist in the 

literature (Hao and Prosperetti 2004). 

Continuous interface methods (CIM) solve only one set of equations for all the 

constituents.  Jump condition is transmitted to the momentum and, if appropriate, energy 

equations as source terms.  This approach leads to a smeared interfacial region with a 

thickness of a few computational cells although the actual physical process, based on the 
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continuum mechanics framework, represents a sharp jump with zero-thickness.  Smearing 

is employed to depict the singular surface forces using an approximate Dirac delta 

function.  Smearing of fluid and flow properties enhances the stability of the algorithm 

even though it limits the accuracy of continuous interface methods to only first order in 

space (Rider and Kothe 1995; Shyy 2004).  Recent efforts by Tornberg and Enquist 

(2004) aimed to analyze a class of regularization methods for the treatment of the 

singular source term for higher order of convergence in the vicinity of interfaces.  Even 

though they established fourth order accuracy in one-dimensions, numerical experiments 

in higher dimensions still indicated first order convergence around the interface region. 

Table 2-2. Features of SIM and CIM.  
Interfacial 
Dynamics Highlights Issues 

SIM 
 

• Explicit jump conditions. 
• Magnitude of spurious 

velocity currents is reduced 
(Ye et al. 2004). 

• Extending cut-cell method of Ye et al. 
(1999)  to 3D is difficult. 

• Ghost fluid method is typically first order 
around the interface because the jump 
conditions in tangential derivatives is 
neglected (Liu et al. 2000). 

CIM 
 

• Ease in implementation as 
it involves only one set of 
equation for both phases. 

• Enhanced stability due to 
smearing (Rider and Kothe 
1995). 

• First order spatial accuracy around the 
interface because of smearing out the 
properties (Shyy 2004). 

 
Considering Table 2-2 that presents the features of SIM and CIM,  this dissertation 

employs a continuous interface method (CIM) because it enables solving only one set of 

equations for all the constituents while CIM remains reasonable for a wide range of fluid-

fluid multiphase problems of present interest (Francois and Shyy 2002; Francois and 

Shyy 2003; Shyy 2004).  The overall technique is called the immersed boundary method 
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(IBM) when used with Eulerian-Lagrangian marker-based interface tracking (Peskin 

1977; Peskin 2003). 

2.3 Computational Efficiency 

Numerical simulations of two-phase flows are computationally demanding.  One of 

the primary sources of the computational cost is due to the convergence behavior of 

pressure Poisson equation, which is adversely affected by the existence of multiple fluid 

components (Shyy et al. 1996). 

 ....  
 (a) (b) 
Figure 2-4. Computational time for pressure Poisson equation during a rising bubble 

computation (Re=100, We=4, and Fr=1). (a) Various density ratios.  
(b) Various viscosity ratios. 

Figure 2-4 is a representative case of degrading performance with increasing fluid 

property jumps across the interface (Francois et al. 2004).  In this study, the computations 

were performed for a buoyancy-driven rising bubble using immersed boundary method.  

A W-cycle multigrid technique was used to solve the pressure Poisson equation.  The 

computations were performed for different density and viscosity ratios across the 

interface to evaluate the effect of fluid property jumps on the overall computation-time.  

The horizontal axis in Figure 2-4 shows the levels of multigrid used for computation 
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where “level=1” represents computation without any multigrid computation.  They 

conclude that the density ratio has the most significant impact on the performance; i.e., 

computational time for density ratio of 1000 is ten times higher than that for density ratio 

of 10 when no enhancement with multigrid exists.  Although these observations come 

from using a specific method (immersed boundary) for multiphase flows, they still 

represent a general trend (Francois et al. 2004; Lörstad and Fuchs 2004). 

These observations recommend taking appropriate measures to make multiphase 

flows computationally more affordable especially for large three-dimensional problems.  

The commonly employed remedies are listed as follows: 

• Adaptive grid refinement around the interfacial region to resolve the multiple 
length/time scales effectively at the desired accuracy level (Singh et al. 2005; 
Sussman 2005; Wang and Wang 2004).  

• Improvements for convergence properties of the iterative solver using multigrid 
and/or preconditioners (Saad 2003). 

• Parallel computations using domain decomposition methods which make large-
scale simulations possible (Uzgoren et al. 2004). 

The subsequent sections provide an overview on improvements on adaptive grids, 

iterative solvers and parallel computations. 

2.3.1 Adaptive Grid Computation 

Adaptive grid is a procedure that optimizes computational data size while 

maintaining a desirable solution by efficiently resolving local length scales.  The desired 

level of resolution is achieved by refining/coarsening grid cells locally. 

Local adaptation creates a complicated data-structure and more computational-

burden per grid-cell while it can freely control the local grid resolution.  The fundamental 

advantage of such a technique is its ability to resolve length scales locally with much 

fewer numbers of global grid-cells as compared to uniform grids.  The overall 
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computation-time and computational-resources (memory requirements) can be reduced 

significantly, especially for 3D computations. 

The grid type used for spatial discretization plays a key role on the efficiency and 

accuracy of the numerical solution.  Cartesian grids are widely used with local adaptation 

because they offer relatively uncomplicated grid generation as well as data-structure.  

Figure 2-5 indicates the typical features of adaptive Cartesian grids using various types of 

data-structures: quadtree/octree in 2D/3D (Wang and Wang 2004), unstructured 

(Aftosmis 1997), and AMR or adaptive mesh refinement (Sussman 2005). 

   
 (a) (b) 
Figure 2-5. Characteristics of adaptive Cartesian grids. (a) Unstructured data or quadtree. 

(b) AMR showing embedded blocks of different resolutions. 

AMR collects cells in blocks and refine them to the desired level. This results in 

number of excessive cells.  A tree-based data-structure offers a compact data-storage 

system that ignores storing the explicit information about the identities of neighboring 

cells.  When needed, grid connectivity information is extracted by employing a query on 

the tree which results in an additional computational effort. On the other hand, 

unstructured approach stores the geometric information as well as the connectivity 

information.  Despite the large memory requirement, this method is usually the most 
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feasible since it saves significant amount of computational time on the retrieval of 

connectivity information (Aftosmis 1997).  The present study employs a cell-by-cell 

adaptation and the grid-data is stored in an unstructured format. 

2.3.2 Improvements on Iterative Solvers 

The convergence behavior of pressure Poisson equation can be improved by 

numerically enhancing the iterative procedure.  Multigrid is often used in fluid dynamics 

computations for such purposes.  Its efficiency has been demonstrated for smooth elliptic 

equations (Briggs and McCormick 2000; Wesseling 1982).  Multigrid achieves such 

computational efficiency by damping the highest frequency component of the error 

arising from the fine grid on a coarser level (Ghia et al. 1982; Shyy 1994).  Multigrid 

techniques have been popular with relaxation-based iterative methods such as Gauss 

Seidel or Jacobi methods and are often used with equations rising from regular structured 

meshes. 

When unstructured meshes are considered, implementation of geometric multigrid 

is challenging.  Algebraic multigrid, initiated by Ruge and Stuben (1985), can be used for 

unstructured grids while its performance is subject to limitations for anisotropic and/or 

variable coefficients (Brezina et al. 2005). 

Systems arising from unstructured meshes are usually solved using Krylov 

subspace solvers, i.e., generalized minimum residual (GMRES) and conjugate gradient 

(CG).  Such methods employ some form of local projection for convergence, resulting in 

less number of iterations than stationary iterative methods.  The acceleration can be 

improved by using preconditioners (Saad and van der Vorst 2000).  These methods along 

with preconditioners are widely used for problems that employ unstructured grids. 
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Table 2-3 summarizes the aspects of possible methods to improve the convergence 

behavior of pressure Poisson equations.  The present work employs Krylov subspace and 

multigrid methods to accelerate the iterative solver for the elliptic pressure Poisson 

equation. 

Table 2-3. Aspects of accelerators for iterative solvers. 
Method for improvement Aspects 

Geometric: • Efficient for smooth elliptic equations (Briggs 
and McCormick 2000). 

• Usually used with relaxation based iterative 
solvers (Saad and van der Vorst 2000). 

• Widely employed for structured grids.  

Multigrid 

Algebraic: • Difficult to implement. 
• Can be used with unstructured grids. 
• Problems may arise for anisotropic or variable 

coefficients (Brezina et al. 2005). 
Krylov Methods • It is often used for unstructured grids.  

• Preconditioners can be effective to close the gap 
between multigrid type accelerators.  

 
2.3.3 Parallel Computing 

Many applications of fluid flow simulations involve multiple length scales, which 

can only be resolved using fine grids.  A valid approximation for such problems requires 

an enormous amount of computer memory and computational time even when both 

accelerators and adaptive grids are employed.  Such requirements limit our capabilities 

on sequential computers.  Massively parallel computing offers an effective way for 

simulating large-scale problems by distributing overall computational load on a number 

of processors.  

The main objective of parallel computing is to decrease the computational time by 

increasing the number of processors used.  Such scalable parallelism is only possible for 

“embarrassingly parallel problems” (Fox et al. 1994).  An example of such problems is 

Monte Carlo trials, in which processors perform computations independently without a 
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need to communicate with others.  Unfortunately, this is not the case for most of the 

computational fluid dynamics’ applications in which processors are required to 

communicate to obtain a global solution. 

Several factors deteriorate the expected scalability preventing us to fully benefit 

from the parallel computing.  Load balancing and communication cost are some of the 

fundamental factors that need to be addressed for a scalable parallel design.  Load 

balancing refers to equal division of computational tasks on processors so that it is 

ensured that the processors complete their computational cycles simultaneously.  

Communication cost is the time spent to exchange data between the processors.  In most 

cases, it may not be possible to eliminate communication cost completely while it is 

crucial to reduce it as much as possible to achieve an efficient parallelism.  

Scientific parallel computations of fluid flow simulations typically require solving 

linear systems of equations resulting from the discrete form of the governing equations.  

The parallel strategy considers the following ingredients for scientific computing: 

• Domain decomposition: The strategy of solving linear systems iteratively using 
data parallelism. 

• Partitioning: The way that the data is divided into smaller sub-domains. 

Domain decomposition methods that support data-paralelism are Schwarz and 

Schur complement methods.  Schwarz domain decomposition methods have been 

successfully employed with the computational fluid dynamics problems.  They are known 

to be robust, but they usually require special treatments on the overlap region to obtain 

good scalability on massively parallel systems (number of processors larger than 100 

computers (Garbey 2005)).  In contrast to Schwarz methods, Schur complement methods 

handle the linear system globally.  However, Schur complement methods are difficult to 
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implement and consequently, there are limited number of parallel flow solvers based on 

Schur complement methods.  One example is studied by Hill et al. (2004) using PETSc, 

an open-source library for parallel linear solvers.   

Partitioning is a crucial gradient on the success of parallel algorithms especially on 

adaptive grids.  The fundamental goal of partitioning is to minimize the communication 

cost while maintaining the computational load on each processor balanced.  Partitioning 

of unstructured meshes can be treated as a graph partitioning problem that is shown to be 

NP-complete (Garey and Johnson 1979) and optimal solutions are computationally 

intractable for large problems.  However, several solution methods have been proposed.  

Among many possible approaches, the most popular two methods are the space filling 

curves (SFC) (Aftosmis 1997) and multi-level k-way partitioning (METIS) (Karypis and 

Kumar 1998).   

This study employs SFC for partitioning due to its computational efficiency while 

having comparable performance with other partitioning strategies for the following 

reasons. 

• The quality of partitioning based on space curves has been examined and found to 
be competitive with respect to other partitioners (Iqbal and Carey 2005; Oliker and 
Biswas 1998; Pilkington and Baden 1996). 

• On adaptation, repartitioning can be performed locally as the basis of the curve 
remains the same.  This avoids global remapping when compared to other 
techniques, which is an order of magnitude more expensive (Oliker and Biswas 
1998). 

• Partitioning is based on local values; hence there is no need for communication via 
processors in the partitioning procedure (Aftosmis et al. 2004). 

2.4 Summary 

In this chapter, available methods and components of numerical two-phase flow 

simulations are overviewed.  Firstly, techniques to identify the moving interface location 
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are categorized as Lagrangian, Eulerian and mixed Eulerian/Lagrangian methods.  

Advantages and disadvantages of the primary methods in each group are discussed.  

Among these methods, marker based tracking, especially with the recent advances in data 

handling, is chosen because of its capability to keep the explicit knowledge of the 

interface shape/location at all times.  Secondly, two main classes for interfacial dynamics 

models are introduced, sharp interface methods and continuous interface methods.  

Because of the concerns related to computational efficiency and relative difficulties with 

sharp interface methods via marker based tracking, present study focuses on the 

continuous interface methods, which offers a reasonably accurate and stable method for 

bubble/drop dynamics problems.  The overall technique is referred to immersed boundary 

method.  

Even though immersed boundary technique is one of the most computationally 

efficient algorithms for two-phase flow simulations, tackling with large scale problems 

especially with multiple interfaces can still be a major challenge.  This is mainly because 

the existence of multiple lenght/time scales and discontinuities make the simulations 

computationally demanding.  Efficient algorithms, such as employing adaptively refined 

grids, can ameliorate such issues to an extent.  Further remedies aiming to improve flow 

solution procedure include the multi-domain techniques, which provide an effective way 

of enabling parallel computations on massively parallel systems. For a successful multi-

domain strategy for two-phase flow simulations, partitioning algorithms and domain 

decomposition methods are overviewed briefly.  A more comprehensive discussion on 

these methods is presented in Chapter 3.  
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CHAPTER 3 
LITERATURE REVIEW 

Moore’s law states that processors’ speed doubles about every three years.  Instead 

of anticipating for such a trend for cost-effective computations, one can combine 

currently available processors’ power to solve large scale problems in a shorter execution 

time.  This is known as parallel computing.  Since the numerical simulations of two-

phase flows are computationally demanding, employing such an idea brings the benefits 

of efficient use of resources.   

One of the major concepts in scientific parallel computing is locality (Demmel et 

al. 1993).  Locality refers to the proximity of processor and memory units.  This concept 

can be better understood examining Figure 3-1, which shows the layout of a distributed 

memory system.  Such systems include blocks of processor and memory units which are 

combined through interconnect/network.  Even though any processor can reach the data 

stored in local and non-local memory units, their access may be established through 

different devices.  When it is on non-local memory unit, data travel through interconnect, 

which is about an order magnitude slower than the internal speed of any block.  As a 

result, reaching non-local data via network requires more time than reaching data from a 

local data source.  This extra time spent on the network is a cost in parallelism resulting 

from the communication procedure between the processors. 

The cost attached to communication is significant for parallel systems especially 

with 100 or more computing units.  Such a number is not unusual when it is possible to 
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find scientific computers using 100,000 processors.  Figure 3-2 shows the trend in 

parallel systems that are used for scientific computing. 
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Figure 3-1. Routes for processors to reach data in a parallel system. 

 
Figure 3-2. Trend in parallel systems. 

Scientific computations involve linear systems that result from the discrete form of 

partial differential equations.  Solutions of such linear systems are usually attained using 

iterative solvers.  In contrast to solvers that directly invert the coefficient matrix, they 

correct unknowns repeatedly until a reasonable approximation is obtained.  Iterative 

solvers are preferred over the direct solution techniques especially for large-scale 

problems because of their computational efficiency.  On the other hand, its success 

depends greatly on the spectrum of the coefficient matrix that influences the number of 

iterations it takes for the solution to converge (Barrett 1994).  The extension of iterative 

methods for parallel environments may exhibit different convergence rates even though 

original behavior can be achieved at the cost of frequent communication.  Attaining 
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convergence rate with a reasonable communication cost comes as another constraint for 

efficient scientific parallel computing. 

The following list is a summary of the key components of efficient parallel 

algorithm design for scientific computing in order to assure an optimal arrangement of 

where and when to store or access data:  

• A balanced distribution of computational load, 
• Minimal communication between processors, 
• Minimal number of iterations for convergence. 
 

Domain decomposition methods offer a way to cope with these tradeoffs in parallel 

algorithms for solving linear systems.  Because it is based on data-parallelism, many flow 

computations have used this approach during the last two decades (Johan 1992; Liu et al. 

2003; Passoni et al. 2001; Wasfy et al. 1998).  The distribution of the computational load 

may become challenging for large sparse systems that may arise with adaptive mesh 

refinement.  Such data may contain irregular structures which require special partitioning 

algorithms in order to ensure the success of the domain decomposition method.   

The following sections provide an overview on domain decomposition techniques 

and partitioning methods in order to establish a strategy for parallel implementation of 

two-phase flow computations with adaptive grid refinement capabilities. 

3.1 Domain Decomposition Methods 

Domain decomposition methods, in which the words literally indicate partitioning 

of a region, are based on the idea of ‘divide and conquer’.  Its essence is to divide a large 

problem into smaller pieces, each of which then solved independently before being 

combined to obtain the global solution of the original problem (Chan and Mathew 1994).  

In the case of a system of equations, the problem is denoted by Equation (3-1). 
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Au f=  (3-1) 

where A is the coefficient matrix, u is the unknown vector and f is the source term. This 

system can be represented as a combination of N subsystems (Table 3-1). 

Table 3-1. Decomposition of a linear system. 

Decomposition of unknowns: 
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Figure 3-3 illustrates this procedure for three subsystems on a linear system and its 

corresponding graph. 

 

 

 

 

 

 

 
 (a) (b) 
Figure 3-3. Fundamental idea of parallelism in scientific computing. (a) Representation 

on a linear system. (b) Representation on a graph or a mesh. 

Domain decomposition methods were first suggested by Schwarz in late 19th 

century.  It garnered interest in late 80’s and early 90’s due to its intrinsic properties for 

parallel computing.  Domain decomposition methods have been extensively studied for 

different type of equation systems and produced a variety of methods.  In the literature, 

they are recognized in two different classes; namely, Schur complement methods and 

Schwarz methods (Smith et al. 2004).  These are explained in the following sections. 
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3.1.1 Schur Complement Methods 

Schur complement methods, which are also referred to “iterative substructuring”, 

iterate on the interface unknowns implicitly using the internal unknowns as intermediate 

variables.  They are based on organizing a large linear system by direct factorization of 

the matrix, yielding in Schur complements, that eliminates the interior degrees of 

freedom.  Consider the local system, i, in Equation (3-5) that yields from Equation (3-1). 

,
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where I and B represent the corresponding values at the interior and boundary of the 

subsystems. Original Schur complement methods construct the sub-sytems for boundary 

unknowns using Dirichlet boundary conditions.  The summation term on the left-hand 

side is the contribution of the neighboring subsystems to the local equation.  Eliminating 

the interior unknowns from Equation (3-5) yields 
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where iS  is the local Schur complement, given as, 
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−
= −  (3-7) 

When all the subdomains are combined together, they constitute a linear system 

involving only the interface unknowns. 
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The coefficient matrix of (3-8) has the same off-diagonal blocks as the coefficient 

matrix in Equation (3-4).  Obtaining a solution for Equation (3-8) enables us to solve the 

subsystems independently.  Because Schur complements are usually dense matrices, non-

stationary iterative solution techniques (Krylov methods) are preferred for reducing the 

computational cost.   

The strength of Schur complement methods is its global nature of handling the 

linear system.  Also, parallelism is natural because it doesn’t need to communicate with 

other processors during the elimination process.  On the other hand, the major problems 

come with the way that Si is computed.  It involves the inverse of the coefficient matrix 

for the interior unknowns, which increase the overall computation time of the method.  

This indicates that more sub-systems would deteriorate the performance. Consequently, 

approximations to these substructures are used through preconditioners on directly 

employed in the factorized system of Equation (3-8).  Convergence rate becomes 

dependent on the choice of approximate substructures and the suitability of the 

preconditioner. 

The variants of the described method aim to enhance the convergence behavior of 

the reduced system.  A very popular practice is to employ a Neumann-Neumann 

preconditioner, which makes use of symmetric decompositions (Bourgat et al. 1989).  For 

the case of non-symmetric systems, it is preferable to use Robin-Robin type 

preconditioner, which is usually obtained through a Fourier analysis.  However, neither 

of these preconditioners is exact for arbitrary decompositions and they require additional 

modifications in the original method.  Otherwise, convergence rate is observed to 

deteriorate with an increase in the number of subsystems and become dependent on the 
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aspect ratio (De Roeck et al. 1992; Le Tallec 1994).  (Mandel 1993) showed that 

convergence rate dependence can be ameliorated by adding a coarser-level problem to the 

Neumann-Neumann method. This method is known as balancing Neumann methods 

(BDD).  
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Figure 3-4. Overview of Schur complement methods. 

Variations of BDD methods use different weight matrices for Neumann-Neumann 

preconditioners to form a decomposition of unity on the subsystem boundaries.  A recent 

form of this method, BDDC, is introduced by Dohrmann (2003) in which  

preconditioning is based on energy minimization. Such constraints at the interfaces for 

continuity of unknowns are also used in dual-primal finite element tearing and 

interconnecting methods (FETI-DP), which is a variation of the original FETI algorithm.  

FETI methods can be viewed as a two-step preconditioned conjugate gradient (PCG) 

algorithm (Farhat et al. 2001). Both FETI and BDD variants are difficult to implement, 

especially for problems with irregular data structures.  More importantly, they lack a 

generalized approach for 3D fluid dynamics applications.  Figure 3-4 summarizes the 

Schur complement methods.  
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3.1.2 Schwarz Methods 

Schwarz algorithms divide the computational domain into sub-regions, possibly 

overlapping.  Each of these sub-regions forms subsystems of linear equations that are 

solved locally and they are then coupled with other sub-systems to obtain global solution.  

The classical alternating Schwarz method couples sub-systems using successive 

exchange of Dirichlet data at the overlap regions (Schwarz 1869).  In the case of 

matching meshes, alternating Schwarz may be interpreted as additive Schwarz or 

multiplicative Schwarz methods.  The differences between these two methods are 

highlighted using a system decomposed into two as in Equation (3-9). 

11 12 1 1

21 22 2 2

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
=⎢ ⎥ ⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦ ⎣ ⎦

A A u f
A A u f

 (3-9) 

When considered with stationary iterative methods, Equation (3-9) can be 

transformed into the following form: 

( )1k k+ = − +Nu N A u f ,     where 11

22

∅⎡ ⎤
= ⎢ ⎥Γ⎣ ⎦

A
N

A
 (3-10) 

In Equation (3.10), the first row of N corresponds to subsystem 1Ω  and similarly 

second row corresponds to subsystem 2Ω .  During the iterations on 1Ω , the entry 12A  is 

moved to the right hand side of the equation using the previous iteration values.  The 

original Schwarz method uses the most recently updated values from 1Ω  in the iterations 

of 2Ω .  This is equivalent to setting 21=Γ A  in Equation (3-10), which is analogous to 

blockwise Gauss Seidel.  The resulting scheme is known as multiplicative Schwarz 

method.  This method, however, can only be used in sequential algorithms because the 

subsystems are solved one after another.  On the other hand, setting = ∅Γ  allows 
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solving each sub-system independently, which makes Schwarz methods suitable for 

parallel computing.  This technique is known as additive Schwarz method and it is 

analogous to block Jacobi. 
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Figure 3-5. Local solves at the end of iterations to illustrate the influence of the overlap 

region on the convergence rate. 

One of the major drawbacks of classical Schwarz methods is that the size of the 

overlap region affects the convergence behavior of the iterative solver.  In the limit of 

zero overlap size, it fails to converge.  Figure 3-5 illustrates the iteration behavior after 

each local solve of a simple 1D elliptic equation with an overlap (Garbey 2005).  The 

first iteration of additive Schwarz algorithm yields A0 and B0 at the sub-domain 

interfaces.   Second iteration uses the artificial conditions on these lines to obtain A1 and 

B1.  This is repeated until the convergence criterion is met.  As it can also be inferred 

from Figure 3-5, overlap region determines the convergence rate.  When the overlap 

region gets smaller, convergence rate deteriorates.  Classical Schwarz methods are slow 

especially when large number of subsystems exist (O (100) or more).  This is linked to 

the overlapping because there are more barriers to achieve the actual speed of 

propagation.  The recent improvements/developments of the Schwarz methods are 

summarized in Figure 3-6. 
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Figure 3-6. Overview of Schwarz methods. 

One way to speedup the original Schwarz method is to use two-level or multilevel 

(multigrid) methods.  Besides the usual advantages of multilevel techniques, the overlap 

dependence is ameliorated because the width of the overlap is naturally wide for coarser 

grids (Smith et al. 2004).  On the other hand, implementation requires deep modifications 

to the data structure which makes it challenging for unstructured grids.  Furthermore, 

coarse grids may become a bottleneck for parallelism because the ratio of communication 

over computation amplifies (Garbey 2005). 

Another remedy is to employ more general conditions at the processor interfaces. 

Lions (1990) proposed to use Robin conditions. Since this idea not only enhances 

convergence behavior but also permits non-overlapping decompositions, it has been 

followed by many others (Bramble et al. 1998; Dubois 2003; Nataf and Rogier 1995).  

The Robin conditions are represented in Equation (3-11). 
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In these conditions, Si is a linear operator acting on variable in tangent direction.  

The choice of these operators has a considerable influence on the convergence behavior 

of the domain decomposition methods and brings the major question for these techniques; 

what would be the optimal transmission conditions?  One way to find the optimal 

conditions is through the Fourier space after taking lower order Taylor approximations of 

the parameter that makes the convergence rate (in Fourier space) zero.  Alternatively, one 

can choose to solve an optimization problem to minimize the convergence rate (Dubois 

2003). 

Recently, an alternative way to accelerate the overlap convergence of Schwarz 

method, the Steffensen-Schwarz (Aitken-like acceleration) method, is proposed by 

Garbey and Dervout (2002).  The idea is based on predicting the iteration behavior at the 

overlap region, i.e., the operator 1k ku u u u+− → −  is linear.  This information is used to 

construct a linear square matrix P that may satisfy the following system. 

( ) ( )1 Pk ku u u u+ − = −  (3-12) 

The additive Schwarz algorithm becomes 

( ) ( )1 1I P Pn nu u u−∞ += − −  (3-13) 

The original Steffensen-Schwarz algorithm was restricted to regular Cartesian grids 

and has been extended to non-uniform Cartesian grids (Baranger et al. 2005).  This 
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method is shown to exhibit good scalability on parallel architectures with large number of 

processors (Barberou et al. 2003).  From the implementation point of view, their 

algorithm can easily be extended from classical Schwarz as it only operates on the 

overlap region. 

A general improvement of Schwarz methods is the use of Krylov subspace methods 

(Japhet et al. 2001).  Its usage can be illustrated for the classical additive Schwarz 

algorithm as follows; 

( )1 2u u B f Auk k k+ = + −  (3-14) 

where B can be used as a preconditioner for Krylov subspace solvers.  The additive 

Schwarz preconditioner reads; 

( )
1

1
B R A

N
T
i k i

i
R

−

=

= ∑ % ,     where A Ak k≈%  (3-15) 

Table 3-2. Comparison of Schwarz and Schur domain decomposition methods. 
 Highlights Issues 
Schwarz Methods  • Robust and easy to implement.  

• Highly parallel; especially for 
memory reduction.   

• Convergence rate deteriorates for O 
(100) or more.  

• Dependence on the overlap width.  
Two-level Multi-
level 

• Convergence rates independent of 
overlap width. 

• Change in data-structure. 
• Coarse levels may become a 

bottleneck for parallelism. 
Optimal 
Conditions 

• Better convergence rate with reduced 
independency of overlap width. 

• Allows non-overlapping. 

• Optimal conditions may vary 
locally: leads to solving an 
optimization problem.  

Im
pr

ov
em

en
ts

 

Steffensen-
Schwarz 

• Improved convergence rate even for 
large number of sub-systems. 

• Can easily be modified from original 
Schwarz. 

• Increase in computational cost, but 
can be ameliorated with the use of 
parallelism. 

Schur complement 
methods 

• Global nature. 
• Reduced communication cost. 

• Computationally expensive and 
requires approximations to 
substructures and use of suitable 
preconditioners.  

• Difficult to implement and to 
generalize, especially in 3D. 

• Convergence depends on aspect 
ratio and number of sub-domains. 

FETI  
BDDC 

• Extended for complex problems with 
better convergence properties. 

• They are even more difficult to 
implement. 
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Table 3.2 provides a comparison chart for highlights and issues of various domain 

decomposition methods. 

3.1.3 Applications of Continuous Interface Methods 

The solution strategy for the continuous interface methods usually involves 

projection methods that have two components which are iteratively solved; namely, 

advection-diffusion equation and pressure Poisson equation.  The pressure Poisson 

equation takes most of the computational time of the overall algorithm due to its slow 

convergence behavior (Shyy 1994). The nature of this equation is elliptic.  In order to 

benefit from parallelism, methodology for domain decomposition needs to address the 

issues of an elliptic type of equations.  In these systems, the speed of propagation is 

infinite and it is crucial to find an appropriate domain decomposition method that has 

loosely coupled subsystems.  

The interfacial jump conditions and material property variations bring another 

challenge for continuous interface methods.  They appear in the linear system as strong 

variations in the coefficient matrix and as the source term due to freely moving interface.  

When the domain is decomposed into a number of sub-problems, the location of the 

unknowns is expected to have an influence on the convergence rate.  This can be 

illustrated using a case of a spherical bubble in static equilibrium at different locations 

with respect to the decomposed domain (Figure 3-7). 

 

 

 

 

 

 
 (a) (b) (c)  
Figure 3-7. Different locations set for the simulations. (a) Case I. (b) Case II. (c) Case III. 
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Each configuration is tested for density ratio of 1 and 10 to see the effect of density 

variation and location on the convergence behavior.  Figure 3-8 shows the convergence 

trend of  the interface location for different density ratios. The increase in the iteration 

number is marked with respect to single processor runs.  The number of iterations 

required to converge increases as the interface is shared with more processors for density 

ratios different than one.  These results indicate that the domain decomposition method 

needs to consider such variations in the coefficient matrix. 

Mandel (1992) and Dryja & Widlund (1996) tackled this problem using Schur 

complement methods that has a coarser grid level.  Their approach requires locally 

uniform meshes that a coarser mesh can resolve the discontinuous coefficients in the 

coefficient matrix.  In practice, the preconditioner chosen for the domain decomposition, 

partitioning of adaptive meshes and coarse grid construction are not directly linked.  

Graham and Hagger (1999) points out that it becomes unreasonable to assume that these 

discontinuities can be resolved by the coarser mesh for unstructured grids. They suggest 

that the use of additive Schwarz preconditioners with conjugate gradient method 

produces optimal convergence rate that is only weakly dependent on the discontinuities.  
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Figure 3-8. Increase in iteration number according to the placement of the interface with 

respect to the processor distribution. 
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Many studies in two-phase flow computations have employed parallelism in order 

to reduce the computational cost and enable large-scale simulations.  However, existing 

studies usually do not emphasize the features/performance evaluation of the parallel 

implementation (Liovic et al. 2004).  Even though most examples employ Eulerian 

tracking, their domain decomposition methodology can be generalized for continuous 

interface methods that employ markers for tracking, i.e., immersed boundary method. 

This is mainly because the challenges they face for domain decomposition are closely 

related, i.e., rapid variations in coefficient matrix and the source term.  Algorithmic 

variations have been reported, e.g. in Al-Rawahi and Tryggvason (2004) . They 

employed immersed boundary method in which they reserved an additional processor 

only for interface tracking. 

McQueen and Peskin (1997)  implemented a shared memory implementation of 

immersed boundary method based on loop parallelism.  They achieved 60% parallel 

efficiency for 16 processors.  Xiao (1999) used classical additive Schwarz method by 

decomposing a uniform Cartesian grid into slices.  They used level-set method for 

interface tracking with a Krylov solver, specifically Bi-CGSTAB.  They obtained 77% 

efficiency for up to 32 processors.  Their results indicate that the more processors are 

used, the more efficiency is lost.  Another example of overlapping domain decomposition 

with level-set approach in three-dimensions is developed by Croce et al. (2003). In their 

work, Cartesian grids are employed.   

Hill et al. (2004)  studied parallel phase field model for flow with elastic 

membranes.  Their parallel implementation employs the open source parallel linear 

solver, PETSc.  They used Schur complement method with a Schwarz preconditioner for 
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the reduced system.  This aimed to address the difficulties that may arise due to 

discontinuous coefficients. However, their results indicate an increase in iteration number 

with square root of the problem size.  

Sussman (2005) employed level based parallelism with adaptive mesh refinement 

using coupled level-set and volume of fluids method.  They used additive Schwarz 

domain decomposition technique at each level, separately and hence the problems that 

may arise in domain decomposition technique due to unstructured grids were avoided.  

They used a parallel library developed by CSSE group at Lawrence Berkeley National 

Laboratories (Rendleman et al. 2000). They used up to 16 processors, and their 

performance result indicated no improvement in computational time when they used 

more than 8 processors, for which they achieved a speedup of ~75%. 

3.2 Partitioning 

The decision for choosing sub-problems for domain decomposition is referred to 

partitioning, which is a crucial ingredient of efficient parallel scientific computations.  

Once the decomposition is marked in the data, sub-problems are mapped onto a number 

of processors.  This procedure is trivial for uniform Cartesian grids.  The sub-domains 

could be arranged by dividing the number of cells to the corresponding number of 

available processors in different ways.  Figure 3-9 illustrates some examples of 

partitioning for regular Cartesian grids. 

 
Figure 3-9. Examples of possible partitions on regular Cartesian grids. 
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When unstructured Cartesian grids are considered, the linear system usually 

produces sparse coefficient matrix (Figure 3-10).  In order to solve the system efficiently, 

we seek to decompose the problem in such a way that each processor would have equal 

number of elements while keeping the sub-domain data as clustered as possible.  For this 

purpose, partitioning algorithms use either computational mesh or the coefficient matrix 

to obtain such decompositions.  The graph of the coefficient matrix may be used to 

reorder the rows and columns in order to obtain a better clustered representation of the 

original system.  This can also be obtained by ordering the elements of the computational 

mesh.   

  

 
Figure 3-10. Adaptively refined Cartesian grid. 

Following section highlights some of the most popular techniques that have been 

employed for scientific parallel computing on unstructured grids. 

3.2.1 Partitioning Techniques 

Partitioning techniques are usually recognized in two categories: geometric and 

graph partitioners.  Geometric techniques use the information on the location of the cells 

and they usually ignore the connectivity information. On the other hand, graph 
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partitioners take advantage of the connectivity information to work on the graph of the 

coefficient matrix.   

Since partitioning algorithms are used so as to reduce the computational cost, it 

needs to be completed fast and as space-efficient as possible.  Being an NP-hard problem, 

it garnered interest from the scientific community for exploring ways to find good 

strategies.  There exist open source libraries which are devoted to solely partitioning 

problems.  These include METIS (Karypis and Kumar 1998), JOSTLE (Walshaw et al. 

2002), CHACO (Hendrickson and Leland 1995) and PARTY (Schamberger 2004).  

These packages follow the multilevel partitioning method which is a graph partitioner. 

3.2.1.1 Multilevel schemes 

Multilevel schemes consist of three phases: graph coarsening, initial partitioning, 

and multilevel refinement. The graph coarsening phase involves constructing several 

graphs to find a related coarser graph.  This graph is used to find another related coarser 

graph and this will be repeated until a sufficiently small graph is obtained.  The 

partitioning problem is then solved for the smallest graph and cells in higher levels are 

assigned to different partitions according to their lower levels.  Then a local refinement is 

applied to further enhance the solution. This process usually leads to a high-quality 

partitioning of the original graph.  Figure 3-11 illustrates this procedure. 

 

 
Figure 3-11. Coarsening procedure in multilevel partitioning method.  Computational 

nodes are colored circles and lines show the connectivity information. 
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Multilevel method is successfully used for partitioning unstructured grids 

with/without adaptive capabilities (Lang and Wittum 2005; Park and Kwon 2004).  In 

some applications, such as multiphase flows, the load weight of cells in the mesh may 

vary rapidly or unexpectedly.  In addition, when an adaptive grid refinement is employed, 

the graph structure may change frequently.  In these cases, load has to be rebalanced very 

quickly to avoid runtime being dominated by the partitioning algorithm.  Although 

multilevel methods produce high quality partitions, they execute slowly which makes it 

unsuitable for dynamic adaptive problems.  On the other hand, another partitioning 

method, space filling curves, offers a relatively faster approach (O(NlogN)) to balance 

meshes containing nodes with fluctuating computational load. 

3.2.1.2 Space filling curves 

Space filling curves are special functions passing through all the points in space in 

a compact way.  Such curves provide 1D ordering of points in 3D space that translates 

physical locality into memory locality.  Figure 3-12 illustrates the most popular space 

filling curves: Hilbert, Lebesgue and Sierpinski. 

 
 (a) Hilbert (b) Lebesgue (c) Sierpinski  
Figure 3-12. Popular space-filling curve structures in a 16x16 grid. 

Partitioning algorithms take advantage of such curves to obtain locality.   

Zumbusch (2003) showed that partitioning using space filling curves is quasi-optimal for 
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adaptively refined grids.  The communication volume is bounded by ( )2/3C N P   for 3D 

curves, where N is the number cells, P is the number of partitions and C is a constant 

dependent on the curve employed.  Applications using space filling curves as partitioners 

include Aftosmis et al. (2003), Berger et al. (2003) and Bartholdi and Goldman (2001).   

3.2.2. Quality Considerations 

When deciding on the partitioning algorithm, one needs to consider the following 

requirements for effective parallelization: load balancing, communication overhead, 

convergence behavior, and computational time spent for partitioning.  Figure 3-13 shows 

examples of possible partitions to illustrate the quality considerations. 

 
 (a) (b) (c)  
Figure 3-13. Possible partitions. (a) Poor load balance. (b) Poor locality and disconnected 

sub-domains. (c) Good load balance and goof connectivity. 

3.2.2.1 Load balancing  

The operation count on each cell is the same which indicates that each represents 

some fraction of the overall computational load of the simulation.  Provided that cells 

have equal weight of computational load, distribution of equal number of cells on 

partitions is an indicator of good load balancing.  Figure 3-13(a) shows a partition with 

poor load balancing as the number of cells in different sub-domains varies. Space filling 

curves offer partitioning that considers the variations in work load.  One can assign 

weights on cells that may also change during computations.  Load balancing can be 

performed at any time without modifying the original space filling curve used.  
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3.2.2.2 Communication overhead  

Processors communicate with others after each local solve.  In overlapping domain 

decomposition, the information to be exchanged lies in the overlapping region.  This 

indicates the communication volume which can be quantified by the ratio of the element-

faces on partition boundaries, known as edge-cuts, to the total elements in the partition.  

One of the objectives of the partitioning algorithms is to minimize this ratio.  In the 

illustrated example, partitioning quality is low in Figure 3-13(b) when compared to 

Figure 3-13(a) and Figure 3-13(c) as the communication volume is larger.  Comparisons 

between multilevel algorithms and space-filling curves have been mostly focused on the 

communication volume (Hendrickson and Devine 2000; Schamberger 2004; Schloegel et 

al. 2004).  Results indicate that multilevel methods determine partitions with lower 

communication volume especially for small number of partitions.  In their study, they 

presented that the gap closes as the number of sub-domains increase.  Space filling curves 

have better properties on orthogonal grids and they are shown to perform even better 

when more cells are employed. 

Another consideration for communication overhead is the number of neighbors 

each sub-domain has.  This correlates the number of message startups for each 

communication.  Exchanging information with a number of neighboring processors often 

requires serialization of message setup, making this an important measure of scalability.   

3.2.2.3 Convergence  

The convergence behavior of the linear systems of sub-domains is affected by cell-

ordering algorithm.  If the partition has unconnected cells, the solution may not converge. 

Partitioning algorithms with locality properties reorder cells or the coefficient matrix to 
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obtain a clustered graph of the overall system. Figure 3-13(b) shows disconnected cells 

(14, 15, 26, etc) which would hamper the convergence of the local solution. 

Table 3-3 illustrates the results of Oliker et al. (2000), in which the overall 

computational time for a linear system is compared.  The system is solved using 

conjugate gradient (CG) with different ordering routines.  As it can be seen from the 

table, self avoiding walk (a variation of SFCs) is found to be three times faster than 

METIS while they both achieved above 75% scalability. 

Table 3-3. Overall computational time spent to solve a linear system of 6.6x105 elements 
using CG with different orderings.  

P Original METIS 
Self avoiding walk 
(a variation of SFCs) 

8 8.652 7.662 2.916 
16 5.093 2.909 1.491 
32 3.167 1.468 0.795 
64 1.929 0.961 0.462 
 
3.2.2.4 Computational time  

Scientific simulations with adaptive mesh refinement capabilities require 

repartitioning whenever grid structure is modified.  Additional computation time resulted 

by partitioning algorithm may hamper the advantages of parallel computing.  In order to 

prevent such computational inefficiency, a very fast partitioning algorithm is required.  

SFCs are very fast with an operation count of O(NlogN) (Pilkington and Baden 1996), 

whereas multilevel methods are known to have computational cost (Teresco et al. 2005). 

3.3 Summary 

In this chapter, an overview on multi-domain techniques is presented for scientific 

computing and for numerical two-phase flow simulations.  Multi-domain techniques 

provide a strategy for solving large linear systems in multiple domains.  When practiced 

with parallel computing, multi-domain techniques help developing scalable algorithms 
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that would utilize the computational resources economically.  Key components of multi-

domain technique include domain decomposition methods and partitioning algorithms.  

Domain decomposition methods contain the essence of “divide-and-conquer”, 

which refers to dividing a large problem into smaller pieces, each of which then solved 

independently before being combined to obtain the global solution of the original 

problem.  Among many techniques, domain decomposition is categorized into two major 

groups, Schwarz and Schur complement methods.  Since there are concerns related to 

relative difficulties with Schur complement methods, especially when two-phase flow 

computations are considered, present study focuses on Schwarz methods.   

It is known that the classical Schwarz methods are slow, especially when the 

number of sub-domains is large.  Fortunately, it is possible to improve the classical 

Schwarz algorithm via multilevel methods, which can eliminate the convergence rate 

dependence on the overlap region.  Other factors, such as variations in stiffness matrix for 

unstructured systems are discussed in the context of two-phase flow computations.  

Using domain decomposition methods on adaptively refined grids requires 

development of a strategy for partitioning, which is known to be NP-hard problem.  This 

study particularly employs space filling curves for partitioning due to its capability of 

producing good quality partitions at a low computational cost.  
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CHAPTER 4 
MULTIDIMENSIONAL IMMERSED BOUNDARY COMPUTATION 

4.1 Immersed Boundary Method 

Immersed boundary method (IBM) employs Eulerian and Lagrangian variables in 

order to perform the interfacial flow computations.  Eulerian quantities are solved on the 

stationary background grid, whereas Lagrangian quantities arise due to the marker points 

defined on the interface which can move freely.  Immersed boundary method’s strength 

lies in its ability to communicate between these quantities, which are connected through 

the Dirac delta function. 

IBM solves a single fluid formulation for all the constituents by smearing the 

properties across the interface.  Incompressible Navier-Stokes equations for mass and 

momentum conservation are given in Equations (4-1) and (4-2) respectively, which also 

accounts for the interfacial dynamics.  The source term in the momentum equation (Fs) 

arises from the surface tension (σ ) and the curvature (κ ) as shown in Equation (4-3) 

(Brackbill et al. 1992). 

0u∇ ⋅ =   (4-1) 

( ) ( )T
s

u uu p u u F g
t

∂ρ
+ ∇ ⋅ ρ = −∇ + ∇ ⋅ μ∇ + μ∇ + + ρ

∂
  (4-2) 

( )ˆ x Xs
S

F n dSσκ δ= −∫    (4-3) 

The surface force in Equation (4-3) is computed using the Lagrangian marker 

points, X , and is translated into an Eulerian quantity, x , via the approximate discrete 
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Dirac delta function,  ( )x Xδ − .  After these equations are solved, approximate Dirac 

delta function is used again for obtaining the marker velocity field to move marker points 

for obtaining the new geometric surface representation. 
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Figure 4-1. Flowchart for immersed boundary method for the computations of two-phase 

flows using marker points with capabilities of handling topological changes. 

Figure 4-1 illustrates the overall process of immersed boundary method.  As the 

interface evolves, markers are added or deleted to maintain interface resolution.  
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Capabilities of handling topological changes are included in this algorithm utilizing level-

contour based reconstruction algorithms.  

Key components of the present IBM algorithm are: 

• Interface tracking via marker points 
• Conservative reconstruction 
• Interface construction for topological changes 
• Solid boundary treatment 
• The interaction between the interface and the computational boundaries 
• Connection between Eulerian and Lagrangian variables 

 
The following sections explain the details of the numerical implementation of 

immersed boundary method. 

4.1.1 Interface Tracking 

Fundamental goal of interface tracking is to construct a geometric representation 

for the surface separating the constituents.  For this purpose, IBM uses marker points 

which are defined on the interface.  Two-dimensional interfaces are represented by line 

segments whereas three-dimensional interfaces are represented by a triangulated surface 

grid as shown in Figure 2.2(a)-(b) where the nodes are interface markers. 

 

 

 

 

 

( )
 

 (a) (b) 
Figure 4-2. Interface representation by marker points. (a) Curve by line segments in 2D. 

(b) Surface with triangular elements in 3D. 

The elements of the interface, either representing a line segment or a triangulated 

surface, are represented using the same data structure, which is given in Figure 4-3.  The 

nodes within an element are arranged in a way that the yielding normal vector 
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computation points outward direction from the element. When the computations are held 

in two-dimensional coordinates, z-coordinate is set to a constant value and the last node 

in the element list is set to a negative value to make sure that it is not included 

accidentally during the computations.  
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Figure 4-3. Data structure to represents the interface both in 2D and 3D. 

4.1.2 Conservative Reconstruction 

The quality of surface representation depends on the way that the markers are 

placed on the surface.  When the distance between any two marker points is too large or 

too small, there is a danger that unphysical undulations occur on the interface data.  Such 

effects can be avoided by continuously adding or deleting marker points to maintain 

appropriate marker spacing. 

Marker addition and deletion may cause a loss/gain in the volume enclosed by the 

interface.  Conservation properties can be enforced by modifying the addition and 

deletion procedure to account for the defects locally (Singh and Shyy 2006).  Figure 4-4 

illustrates this procedure in two-dimensions for marker deletion. The volume defect due 
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to the deletion of markers is recovered by moving the newly placed marker in the normal 

direction to match the original volume. 
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 (a) (b) (c) 
Figure 4-4. Marker deletion procedure for the old interface to form the new interface.  

(a) Non-conservative marker deletion, (b) Intermediate step for conservation 
that computes a reference area. (c) Conservation via moved marker. 

4.1.3 Interface Construction for Topology Changes 

The interaction of two or more bubbles may require a change in the interface 

topology.  When two interfaces come within a certain distance, they merge to form a 

single entity.  The criterion to trigger a topological change is based on the distance 

between the two interfaces coming close to each other because the smearing effect of 

each starts to interfere the other.  In such cases, marker points are required to go through 

an extensive rearrangement process, which can be very challenging since the connectivity 

information needs to be preserved.  Instead, the indicator function, which is related to the 

Dirac delta function, is used to reconstruct the interface. Figure 4-5 illustrates an 

indicator function which varies from zero to one to identify constituents.  

When reconstruction is requested, the indicator function is used to redraw the 

interface at the location where the function value equals to half.  Shin and Juric (2002) 

suggested this idea and applied it by removing all the marker points and replacing the 

interface data with the new one. The present work tracks the interface with its 
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connectivity information.  Unlike the connectivity free method introduced by Shin and 

Juric (2002), reconstruction is invoked only when the topological change is required. 

 

I=0I=0 

I=1

 
Figure 4-5. Indicator function varies from zero to one to identify the constituents lying 

inside or outside the interface. 

The topological change decision is made using a probe from the interface in the 

positive and negative normal direction.  If the probe detects that both these indicator 

values lie in the same range (both are less or greater than half), the algorithm recognizes 

that either two interfaces had become closer or the interface became thinner.  This 

triggers a reconstruction procedure which can result in an interface break-up or merger 

cases.  

Reconstruction is performed by marking the cell corners and face-centers with a 

flag that is assembled using the indicator values.  These flags in each of the relevant cells 

are scanned to create new marker points, which are placed on the relevant faces where the 

indicator function equals to half.  The connectivity of marker points are determined based 

on pre-identified element construction scenarios.  Some of these cases are illustrated in 

Figure 4-6. 

The new elements may not immediately be suitable for the data structure, i.e., 

polygons instead of triangular elements may form in 3D.  These are broken into 
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proper/acceptable elements once it is formed.  The details of 3D reconstruction can be 

found in Singh and Shyy (2005). 
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Figure 4-6. Reconstruction process in 2D and 3D. 

4.1.4 Modeling Complex Solid Boundaries 

One of the biggest challenges in computations of fluid flows with complex solid 

boundaries is to preserve the quality of the grid when boundary conforming methods are 

used.  On the other hand, using non-boundary conforming strategies can help us to tackle 

such challenges.  Such methods are easier to generalize, computationally efficient and 

can be used along with Cartesian grids.  

The elastic/rigid solid bodies can be defined using marker points when Cartesian 

grids are used.  Implementation details of this approach are quite similar to the algorithm 

by Yang and Balaras (2006).  This method employs given boundary conditions on an 

arbitrary interface by reconstructing a velocity field at cells near the interface.  This 

process doesn’t involve smearing and can be seen as a sharp interface method. 

The present study employs the modeling approach where cells around a solid body 

are marked as forcing, pseudo-fluid and solid cells. Forcing points are used to define the 

imposed boundary conditions on the flow field; pseudo-fluid points are required in case 
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the solid body can freely move and solid points are turned off for velocity and pressure 

field computations. 

As the flow field can have multiple fluid components and complex solid bodies, a 

function of I smoothly varying from zero to two is formed.  Certain ranges are marked to 

indicate if the cell lies in the vicinity of a different constituent than the bulk material. 

This is illustrated in Figure 4-7 with the ranges used in the computations. 

 

Solid 
I = 2 

Fluid I 
I = 0 

Fluid II 
I = 1 

 
Figure 4-7. Indicator function varying smoothly from zero to two. 

The velocity field is constructed at the forcing points to yield the boundary 

condition defined on the solid boundary.  Forcing points are defined in the fluid phase, 

which have at least one neighboring point inside the solid interface (a pseudo-fluid point).  

The velocity components are defined at the faces of a cell.  Figure 4-8 shows a 

representation for flagging x-oriented faces as liquid, solid, forcing and pseudo-liquid 

faces.  

In Figure 4-8, the triangle shaded areas represent the points considered for 

reconstruction of forcing point velocities.  The construction involves an interpolation 

schema that uses one point on the interface (which does not necessarily have to be a 

marker point), two points from the liquid faces.  Among the interpolation schemas 

suggested by Young and Balaras (2006) and Gilmanov and Sotiropoulos (2005), present 

study adopts the former one.  These schemas mainly differ by the points involved.  
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Young and Balaras (2006) schema gives a more compact scheme, represented by 

triangular area marked with A in Figure 4-8 than the one by Gilmanov and Sotiropoulos 

(2005). 

 
Figure 4-8. Definition of faces around the solid interface for u-velocity. 

The interpolation procedure is performed assuming a linear variation of any 

variable φ .  Equations (4-4) and (4-5) is the formulation of the procedure in 2D.  

1 2 3b b x b yφ = + +  (4-4) 

1
1 1 1 1

2 2 2 2

3 3 3 3

1
1
1

b x y
b x y
b x y

φ
φ
φ

−
⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥=⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

 (4-5) 

In Equations (4-4) and (4-5), xi, yi represents the corners of the triangle presented in 

Figure 4-8.  For stationary objects, the coefficients can be obtained once and can then be 

used for reconstructing the velocity field at each time step.  On the other hand, the system 

has to be solved at every time step for moving boundaries.  3D computations are achieved 

in a similar manner by adding an additional point to obtain the coefficient of the z-

coordinate, b4. 
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4.1.5 Interactions between Interface and Computational Domain Boundary  

When we consider the case of a drop on a solid surface, the interaction of all three 

phases, fluid-fluid-solid, becomes very challenging.  During the impact, the drop starts 

spreading on the surface forming a thin film and if it doesn’t break up, it would recover 

its thickness back, which is known as recoiling.  This behavior is found to be influenced 

by the following parameters. 

• Drop inertia at the time of impact influences the spread characteristics 
• Surface tension determines recoil frequency 
• Drop viscosity damps out the drop spreading and recoiling processes 
• Contact angle affects both drop spreading and recoiling processes 
 

Figure 4-9 illustrates the snapshot of a bubble after the impact. The contact line is 

illustrated along with the angle, θ.  Red box illustrates the critical part of the problem for 

numerical simulations, which needs to be handled using a proper model. 

θ 
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Interface
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Solid 
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Ud
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hTs  
Figure 4-9. Snapshot of the geometry of the interface an instance after the impact. 

The interface data is required to be modified to handle the interaction between the 

solid wall and the interface at the contact point.  Interfaces use a probe similar to the one 

introduced for the topological changes to identify whether they are close to any of the 
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computational boundaries.  In case any of its elements is in the vicinity of the boundary, 

it snaps itself to the computational boundary.  The connectivity information for the 

interface is edited to include a negative number when the element is connected to a 

computational domain boundary.  The negative number is chosen in a way to represent 

the east, west, north, south, front and back boundaries.  The proper model then can be 

applied if the computational boundary is defined as solid, symmetric, inflow or outflow.  

For simplicity, the wall condition utilizes a constant contact angle model, which 

lets the marker slip on the no-slip surface depending on the first marker inside the flow 

domain based on a predetermined contact angle.  

For symmetric boundary conditions, the marker on the computational domain sets 

its normal in the direction of the symmetry axis.  This is achieved by an imaginary 

element on the other side of the computational domain.  The inflow condition sets its 

contact angle according to the direction that the flow comes in.  

4.1.6 Connection between Eulerian and Lagrangian variables 

The equations of motion are solved on the Eulerian grid including the surface 

tension forces which are computed on the Lagrangian marker points.  As shown by 

Equation (4-3), transferring quantities from one to another involves Dirac delta function 

(denoted by δ ).  This is illustrated via Equation (4-6) which relates the surface forces 

computed on the Lagrangian (X) surface to Eulerian (x) grid. 

( )(x) (X) x X
s

f f dSδ= −∫ , Lagrangian to Eulerian (4-6) 

The force due to the surface is computed on the line segments or the triangular 

elements using its tangent and normal vectors.  This procedure to compute the surface 

force is relatively simpler than extracting the curvature from the marker points.  
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Moreover, it produces good results due to its intrinsic nature of smoothing dilations (Al-

Rawahi and Tryggvason 2004; Shin and Juric 2002). 

In addition to the surface force, velocity field is the second quantity to be 

computed.  It is first calculated at the Eulerian grid and then interpolated on the 

Lagrangian marker points using Equation (4-7). 

( ) ( )u (X) u x x Xn n
h

v

dvδ= −∫  (4-7) 

The new marker locations are then computed using Equation (4-8). 

( )X u Xn

t
∂

=
∂

 (4-8) 

The material properties, i.e., density and viscosity, are discontinuous across the 

interface. The variation needs to be smoothed in order to facilitate a single fluid 

formulation.  An indicator function, I, that varies smoothly from one (outside the 

interface) to zero (inside the interface) is employed for this purpose.  The indicator 

function is computed on the background grid using the Dirac delta function which is 

given by Equation (4-9).  Once the indicator function is computed, the fluid properties 

varying from 1α  to 2α  are computed using Equation (4-10). 

( ) ( )2 ˆ x X
s

I x n dSδ
⎛ ⎞

∇ = ∇ ⋅ −⎜ ⎟
⎝ ⎠
∫  (4-9) 

( )2 1 2 Iα α α α= + −  (4-10) 

Equations (4-7)-(4-10) implies that the Dirac function is actively involved in the 

procedure and directly affects the numerical formulation.  The presented formulations are 

exact in the continuous form.  The discrete form requires a smoothed approximation to 

Dirac delta function.  This “approximation” can be acquired in various ways, but the 
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quantity needs to be conserved during the transformation process.  Equation (4-11) 

ensures that mass and momentum are conserved, while energy conservation can be 

imposed by Equation (4-12) (Peskin 2003). 

( ) 3x X 1h
s

hδ
Δ

− =∑ , for all X  (4-11) 

( ) ( ) 3x X x X 0h
s

hδ
Δ

− − =∑ , for all X  (4-12) 

In Equations (4-11) and (4-12), hδ  is an approximated delta function which is 

scaled with grid spacing h.  There are several Dirac delta function approximations that 

satisfy these fundamental requirements.  Among them, some have enhanced properties 

due to the consideration of additional constraints on the construction of the delta function 

(Peskin 2003; Tornberg and Engquist 2004).   

A one-dimensional representation of delta function (φ ) is used in the following 

formulations to illustrate the main ideas of approximations.  A three-dimensional quantity 

hδ  can be obtained from φ  either through the distance function (Equation (4-13)) or 

through the product of three one-dimensional quantities of φ  (Equation (4-14)). 

( )1( )h d r
h

δ φ= , where 
x X

r
h
−

=  (4-13) 

( ) ( ) ( )1 2 33

1( )h x r r r
h

δ φ φ φ= , where 31 2
1 2 3, , xx xr r r

h h h
= = =  (4-14) 

Equation (4-13) has been used with level-set methods because the shortest distance 

from any cell to the surface is readily available.  For other methods, it is computationally 

convenient to use Equation (4-14) instead. 

Unbounded functions require all of the Lagrangian points to interact with all the 

Eulerian points, even though there won’t be any significant contribution from the far 
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fields.  Therefore, from the computational point of view, it is desirable to have a bounded 

region for the approximate Dirac delta function (i.e., r m≤ ).  

The additional constraints on the construction procedure can be developed by 

applying Taylor expansion for f(x) in Equation (4-6) which yields Equation (4-15). 

( ) ( ) ( ) ( )( )

( ) ( )( ) ( ) ( )( )

(1)

(2) ( )
2

f ( ) f f

f f
2 !

j j

p
p

j j

r r j r r j r j r

r r
j r j r j r j r

p

φ φ

φ φ

= − + − − +

− − + + − − +

∑ ∑

∑ ∑L L
 (4-15) 

Equation (4-15) leads to the definition of moments ( pM ) of the order p .  The 

equalities for moment conditions are obtained in Equation (4-16) by matching the left 

hand side terms with the right hand side terms. 

( ) ( )( )

( )( ) ( )( )

0 1

2
2

1,   0,

0,      0

j j

p
p

j j

M j r M j r j r

M j r j r M j r j r

φ φ

φ φ

= − = = − − =

= − − = = − − =

∑ ∑

∑ ∑L
 (4-16) 

The bounded discrete form of Dirac delta function can only satisfy a certain 

number of moment conditions.  Tornberg and Engquist (2004) indicate that the higher 

power moment conditions are satisfied, the more accurate the approximation gets. 

When carefully examined, zeroth moment, 0M , is actually the condition required 

for mass and momentum conservation, which is previously stated by Equation (4-11).  In 

addition, First moment condition, 1M , resembles the energy conservation of Equation 

(4-12).  The second moment condition, 2M , on the other hand, indicates that the mean 

square thickness of the boundary is zero (Peskin 2003).  

The consideration of all the moments is sufficient for the total quantity but the 

discrete operators on the Eulerian grid may not see their effects locally.  For instance, if a 
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central difference operator is defined in a two-cell width stencil, there is a possibility of 

odd and even decoupling.  This is mainly because the distribution does not impose any 

constraint on even or odd cells (Figure 4-10). 
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Figure 4-10. Odd/even modes of the first moment for piecewise cubic function produces 

a checker-board field. 

In order to overcome this problem, Peskin (2003) suggests a stronger condition on 

0M  that would ensure that the even and odd cells have equal weight in the distribution 

with Equation (4-17). 

( ) ( ) 21=−=− ∑∑
== evenjoddj

jrjr φφ  (4-17) 

Transferring the approximated Eulerian quantity in Equation (4-15) back to the 

Lagrangian framework is expected to yield the original function. Similar analysis is 

established by observing the function recovering its original value in the reverse transfer 

direction.  If we apply the Taylor series expansion on Equation (4-15): 

( ) ( ) ( ) ( ) ( ) ( )
1

f ( ) f f p
p

k r p r
j r j r k r M r j rφ φ φ

=

= − − + −∑ ∑ ∑ ∑  (4-18) 
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In the ideal situation, the second term needs to be zero. On the other hand, the first 

term on the right-hand side can be manipulated to yield Equation (4-19). This is done by 

relating the point k with j. 

( ) ( )( )
r

j k j r k rφ φΦ − = − −∑  (4-19) 

This condition implies translation-invariance, which can not be satisfied for 

functions that are bounded (Peskin 2003).  For such functions, one can impose a weaker 

form of the equation by setting j equal to k yielding the Equation (4-20). 

( )( ) ( )2
0

j
r j Cφ − = Φ =∑  (4-20) 

According to Peskin (2003), the ultimate goal for utilizing approximate delta 

functions is to hide the effect of the Eulerian grid as much as possible.  Among the 

approximate delta function examples presented in Table 4-1, the ones that satisfy more 

moment conditions are expected to be less influenced by the numerical effect introduced 

by the approximation.  On the other hand, satisfying higher order moments requires 

sacrifices from other desired properties.   

Table 4-2 gives a comparison of the properties of the delta approximations 

presented in Table 4-1.  Even though approximation for Cφ  (piecewise cubic function) 

satisfies higher order moments; the odd-even coupling is not forced by the first moment 

condition.  This limits the usage of central differencing operators which primarily utilize 

the two-cell width stencil of collocated arrangements.  In such arrangements, the pressure 

and the velocity fields are defined at the same location on a given grid.  On the other 

hand, Bφ , introduced by Peskin (2003), considers the odd-even decoupling but satisfies 

only M0 and M1. 
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Table 4-1. Examples of delta function bounded by two cell width. 
1 1 cos , 2

( ) 4 2
0, otherwise

A

r r
r

π
φ
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Consistent usage of discrete divergence and gradient operator via momentum 

interpolation allows collocated arrangements to eliminate the possibility of odd-even 

decoupling.  However, when large gradients of pressure field may still result in 

physically unrealistic solutions where the constructed cell-face velocities do not lie 

between the neighboring cell-centered velocities (Miller and Schmidt 1988).  Parallel 

observations are reported by Gu (1991) and Choi et al. (2003) for the cases where the 

body source term is very large.  Similar situations may also arise for the immersed 

boundary method, which represents interfacial conditions as body forces. 
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Table 4-2. Comparison of various delta functions. 
 ( )A rφ  ( )B rφ  ( )C rφ  
Continuous function Yes Yes Yes 

Bounded region 2 cell-width 2 cell-width 2 cell-width 

Odd-even coupling on M0 Yes Yes Oscillates 
btw 0.0-1.0 

pth order moment 0 1M =  

1 0.02M ≈ ±  

2 0.5 0.55M ≈ −  

0 1M = 1 0M =  

2 0.5 0.55M ≈ −  
0 1M = 1 0M =  

2 0M = 3 0M =  

4 0.2 1.0M = −  

( )( )2

j

r j Cφ − =∑  C = 0.375 C=0.375 Oscillates  
btw 0.6-1.0 

 
Figure 4-11 illustrates a possible unrealistic field that has been produced by one of 

the delta-functions.  On the other had, staggered grid arrangements, in which the velocity 

field is defined at locations where the pressure gradient is defined, avoid odd-even 

decoupling naturally without introducing artificial terms in the continuity equation. 
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Figure 4-11. Gradients computed using central differencing operators for cell-center and 

cell-faces for a rapidly varying pressure field. The illustration is computed in 
1D using an analytical representation for pressure field. 

The present study employs the delta function proposed by Peskin (2003) ( Bφ  in 

Table 4-1) on staggered grid arrangements in order to avoid any possibilities of odd-even 

decoupling.   
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4.2 Adaptive Cartesian Grid Based Flow Computations 

Various approaches have been successfully developed for the Navier-Stokes flow 

computations (Issa 1986; Kim and Moin 1985; Patankar and Spalding 1972).  The present 

study focuses on flow problems at the incompressible limit.  Therefore, the 

compressibility effect caused by the Mach number is not considered.  For fluid flow 

computations, the fractional step method originally developed by Chorin (1968) is 

employed because it offers efficient solutions to the Navier-Stokes equations for 

incompressible flows (Equations (4-1) and (4-2)).   

The fractional step method decouples the pressure field by integrating an 

incomplete form of the momentum equations.  This yields an approximate velocity field, 

*u , which is usually not divergence free.  Equation (4-24) gives the semi-discrete form of 

Equation (4-2) for a time step size of tΔ . 

( )
*u u 1uu τ f

n

t Re
−

+ ∇ ⋅ = ∇ ⋅ +
Δ

 (4-24) 

The pressure field is solved using the continuity equation.  This equation can be 

obtained by taking the divergence of the momentum equation while considering solely 

pressure term.  Equation (4-25) indicates the computation of the continuity equation. 

1 * 1u u un n

p
t

+ +⎛ ⎞− ∇ ⋅
∇ ⋅ = −∇ →⎜ ⎟Δ⎝ ⎠

( )
*u p

t
− ∇ ⋅

= −∇ ⋅ ∇
Δ

 (4-25) 

The intermediate velocity field is corrected using the pressure gradient to make the 

final velocity field divergence free (Equation (4-26)). 

1 *u un t p+ = − Δ ∇  (4-26) 

When applying the fractional step method, one needs to solve a sequence of 

decoupled equations for the velocity and the pressure at each time step.  This makes the 
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large scale unsteady numerical simulations of incompressible flows very efficient.  For 

this reason, the fractional step method is very suitable for immersed boundary method. 

4.2.1 Grid Adaptation and Data Structure 

Using a single set of equations for all of the constituents brings rapid variations to 

flow variables and material properties around the interface.  Resolving the whole domain 

to the desired length scale may result in unnecessary resolutions at regions far from the 

interface.  This would require an enormous amount of memory and computational power 

especially for large-scale simulations.  One remedy is to employ adaptive grid 

refinement, which offers a way to locally adjust the grid sizes to the desired length scale.  

Adaptation is performed on an unstructured Cartesian grid similar to the works of 

Aftosmis (1997) and Ham et al. (2002). 

 

 

 

 

 

 
 (a) (b) (c) 
Figure 4-12. Steps of interface location based adaptation. (a) Initial 10x10 base grid.  

(b) Grid after two level of adaptation. (c) Grid after four levels of adaptation. 

The grid is initialized in a uniform structure which has prescribed number of cells 

in each coordinate direction.  The cell that needs to be refined is split into two in each 

direction yielding four or eight equal sized smaller cells in 2D or 3D respectively.  This 

procedure brings additional levels of grid in which new coordinates in computational 

space is assigned to the level that cells reside.  To ensure a smooth variation in grid cell-

size for quality and simplicity, cells sharing a face are not allowed to differ by more than 
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one level of refinement.  The adaptation is triggered by two different mechanisms.  These 

are interface location and flow solution based adaptation. 

Interface based adaptation refines the cells around the interface to the finest level.  

As the approximate delta functions usually operate on uniform mesh, cells within the 

vicinity of the interface are always kept at this resolution.  The typical width of this 

region contains 8 to 10 cells across the interface so that the accuracy is maintained even 

when the interface moves before adaptation is requested.  This procedure is illustrated in 

Figure 4-12. 

Solution based grid adaptation method is designed to handle large gradients in the 

flow field for the cells away from the interface.  The current implementation considers 

velocity-curl to activate the adaptation process.  Implementation details can also be found 

in Singh et al. (2005). 

4.2.2 Staggered Grid Arrangement 

Grid arrangements have an influence on the features of the numerical algorithm 

because spatial discretization of the Navier-Stokes equations involves the discrete form 

of divergence and gradient operators.  Correct velocity field is divergence free only when 

the discrete Laplace operator in the pressure Poisson equation is defined in a consistent 

and conservative manner with the discrete gradient operator in Equation(4-25), i.e., the 

product of discrete divergence and discrete gradient operators (Tafti 1995).   

Staggered arrangements offer a natural way to prevent the checker-board 

oscillations that may happen when using collocated arrangements (Ferziger and Peric 

2002).  This is achieved by shifting the control volumes for momentum equation where 

the pressure gradient is defined.  The schematic in Figure 4-13 illustrates the staggered 

variable arrangement on a uniform grid. 
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Figure 4-13. Placement of velocity field and corresponding control volumes on a 

staggered variable arrangement. Pressure, density and viscosity are defined at 
the cell centers, whereas components of velocity are shifted on the cell-faces. 

The implementation of staggered grid involves construction of separate control 

volumes for each velocity component.  These control volumes is important to ensure the 

local and global conservation for mass and momentum.  This is natural in uniform 

Cartesian grids when the control volumes are constructed as in the schematic given in 

Figure 4-13.  However, there exists some freedom in the choice of defining the 

momentum control volumes when the grid is non-uniform.   
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 (a) (b) 
Figure 4-14. Schematic for the staggered control volume. (a) Location where grid levels 

change. (b) Sum of all control volumes gives a global volume ensuring the 
global conservation. 

One possible arrangement, proposed originally by Losasso et al. (2004a; 2004b), 

employs equal velocities on fine faces when there is a level difference between the cells.  

Figure 4-14 illustrates an example of this case. 
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Because of the equality defined at the fine face, sum of the control volumes yields a 

bigger control volume that would require only one pressure gradient defined at both 

faces.  The gradient is computed using Equation (4-27). 

1 2

1 2 2

2

e p e e p

p eface face p e

P P P P PP P
x xx x x x

− + −∂ ∂
= = =

Δ + Δ∂ ∂ Δ + Δ
 (4-27) 

4.2.3 Discretization of Governing Equations 

Finite volume method is employed to obtain the discrete equations of flow motion. 

Following the steps of the projection method as given in Equations (4-24) and (4-25), the 

discrete equations are derived in  the finite-volume form for the advection-diffusion 

equation (Equation (4-28)) and pressure Poisson equation (Equation (4-29)).   
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where u  is the velocity field, p  is the pressure field, ρ  is the density, μ  is the viscosity 

and F  is the body forces including the interfacial forces of immersed boundary method. 

The unit normal direction of the surface is represented by n̂ . 
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 (4-30) 

Convection term in the advection-diffusion equation can be represented in the 

discrete form as in Equation (4-31). 

( )ˆ
facesCS

u u n dA UAρ φ⋅ = ∑∫  (4-31) 
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where φ  is the velocity component, U  is the velocity normal to the control volume faces 

and A  is the area of the corresponding face.  The normal velocities on the control volume 

faces are computed appropriately to maintain the divergence free condition within each 

control volume.  The following normal face computations are performed for Figure 4-15 

in order to illustrate the construction process. 
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Figure 4-15. Construction of the normal velocities on the control volume for the 

convection term. 

Control volumes that lead to global conservation need to address how the fluxes 

will be distributed at the locations where the grid level changes.  The common faces 

between the large cell and the small cells are indicated by a capital letter.  The fluxes are 

always computed from the side of a smaller cell and the corresponding portion is added 

as a contribution to the large cell’s control volume.  These fluxes are marked as f1, f2, and 

f3 in Figure 4-16.  These fluxes are counted for the small faces, AC, CD and DF as they 

are. On the other hand, the larger control volume’s face is recognized as BE instead of 

AF.  This is handled by equally splitting the fluxes f1 and f3 into two for the missing parts 

AB and EF. 

The viscous terms require the gradient of the velocity term at the control volume 

faces. They are computed in a similar way to the normal velocities in convection terms by 
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replacing the interpolation operator with the differencing operator, which is defined in 

Equation (4-32).  
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Figure 4-16. Flux distribution at the control volumes of T-nodes that leads to global 

conservation. 
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, where xδ  is the distance between 1θ  and 2θ  (4-32) 

The viscous terms around the interface include the mixed derivative terms 

( )Tuμ∇ ⋅ ∇  for incompressible flows due to smoothly varying viscosity of different 

constituents.  The treatment far from interface accounts only for ( )Tuμ∇ ⋅ ∇  where the 

viscosity is constant. 

The temporal discretization for the convection terms employs second order Runge-

Kutta methods, whereas the diffusion terms use Crank-Nicolson.  The overall discrete 

form of the governing equations of fractional method is given in Equation (4-35)-(4-35). 

( ) ( ) ( ) ( ) ( )
*

* *1
2

n
n n

x
faces faces faces

u u
V uU A u A u A f V

t
ρ ρ

ρ μ μ
−

Δ = − ⋅ + ∇ ⋅ + ∇ ⋅ + Δ
Δ

⎛ ⎞
⎜ ⎟
⎝ ⎠

∑ ∑ ∑  (4-33) 



71 

 

( ) ( ) ( ) ( ) ( )
*

* *1
2

n
n n

y
faces faces faces

v v
V vU A v A v A f V

t
ρ ρ

ρ μ μ
−

Δ = − ⋅ + ∇ ⋅ + ∇ ⋅ + Δ
Δ

⎛ ⎞
⎜ ⎟
⎝ ⎠

∑ ∑ ∑  (4-34) 

( ) ( ) ( ) ( ) ( ) {

*
* *

body forces

convection diffusion

1
2

n
n n

z
faces faces faces

prediction

w w
V wU A w A w A f V

t
ρ ρ

ρ μ μ
−

Δ = − ⋅ + ∇ ⋅ + ∇ ⋅ + Δ
Δ

⎛ ⎞
⎜ ⎟
⎝ ⎠

∑ ∑ ∑
144424443 1442443 1444442444443

 (4-35) 

The solution to Equation (4-35) yields the predicted velocity field which doesn’t 

satisfy the velocity divergence condition.  The asterisk in the convection equation denotes 

the Runge-Kutta treatment for convection terms.  The body forces include gravitational 

forces as well as interfacial forces in volumetric form.  These terms, convection and body 

forces,  the part of the diffusion term that comes from the nth time step are summed up 

together to form a linear system as presented in Equation (4-36). 

*
* vV a S

t
ρφ

⎛ ⎞Δ −
=⎜ ⎟Δ⎝ ⎠

 (4-36) 

where *φ  represents the predicted velocity field that includes all components, va  is the 

coefficient related with the viscous terms, and S  includes all other terms that are known 

at time n. 

The continuity equation is forced through the pressure Poisson equation, which is 

presented in discrete form in Equation (4-37). 

*1
faces faces

p A u A
tρ

⎛ ⎞∇
⋅ = ⋅⎜ ⎟ Δ⎝ ⎠

∑ ∑  (4-37) 

The control volumes for the pressure Poisson equation is the actual cell volume.  

The predicted face velocities are already solved at the faces of the control volume.  The 

gradient of pressure is constructed following the procedure illustrated in Figure 4-14.  

Then the systems of equations can be represented as in Equation (4-38).  
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 (a) (b) 

Figure 4-17. Graphs for two different cell-orderings. (a) Using Jordan curve. (b) Using 
Peano-Hilbert curve. 

[ ]{ } { }A p b=  (4-38) 

The coefficient matrix [ ]A  is sparse and symmetric in nature but it includes strong 

variations in the coefficients because of the density variations of different constituents.  A 

compact AIJ format is adopted for the storage of the coefficient matrix after adopting a 

cell-ordering routine which aids the convergence rate of the iterative solver.  Figure 4-17 

shows two different orderings to illustrate the structure of the same coefficient matrix. 

The right hand side of Equation (4-38) also shows strong variations because of the local 

effect due to the interfacial forces. 

Table 4-3. Original conjugate gradient with preconditioning M. 
while (convergence) { 
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The nature of the pressure Poisson equation requires us to use an efficient iterative 

solver which can handle the structures present in the coefficient matrix.  Conjugate 

gradient, a Krylov subspace solver, is employed to reduce the computational cost. The 

original algorithm is given in Table 4-3.  After solving for the pressure field, the 

predicted velocity field is corrected using Equation (4-26). 

4.2.4 Axisymmetric Computations 

The axisymmetric computations consider each control-volume as a cylindrical 

volumetric element.  An array that holds the distance between each face of the control 

volume and the axisymmetric line is constructed whenever the grid is created or adapted.  

This variable, which is initialized with unity for the planar case, is used to modify the 

area of the each control volume during flux computations with following relations 

illustrated in Figure 4-18. 
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Figure 4-18. Volumetric element considered for axisymmetric computations. 

e eA r y= Δ , w wA r y= Δ , n nA r x= Δ , s sA r x= Δ  (4-39) 

e w cellcenterr r y= = , nr 0.5e rr= + Δ , sr 0.5e rr= − Δ  (4.40) 

The computations of the surface tension forces are also modified with the 

additional primary axis present in axisymmetric computations. This modification applies 

to curvature computations as in Equation (4-41). 
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planar axisymmκ κ κ= + , 
ˆr

axisymm
n
r

κ = −  (4-41) 

where ˆrn is the radial component of the normal and r  is the distance from the 

axisymmetric axis. 

4.3 Summary 

This chapter explicated the adaptive Cartesian grid implementation for immersed 

boundary computations.  Overall algorithm is explained in two major sections, the 

immersed boundary method and the solution procedure for the flow field.  The key 

aspects of these components are listed as:  

• Immersed boundary method  
o Interface tracking 

 Conservative reconstruction 
 Interface construction for topology changes 
 Interactions between interface and computational boundary 

o Modeling interfacial conditions 
 Link between Eulerian and Lagrangian variables 
 Modeling complex solid boundaries 

• Adaptive Cartesian grid based flow computations 
o Grid adaptation and data structure 
o Staggered grid arrangement 
o Fractional step method 
o Axisymmetric computations 

 
The components of the immersed boundary method include management of 

interface markers via interface tracking and modeling the interfacial conditions with the 

help of the discrete delta function.   

Using unstructured meshes (triangles in 3D and line segments in 2D) for interface 

representation simplifies the issues related with data management.  Elements formed by 

nodes provide connectivity information which can be modified by simply 

adding/removing marker points on the interface.  This idea is used extensively to manage 

the surface quality, while being careful by avoiding undesired volume errors via the 



75 

 

conservative reconstruction algorithm.  In addition, this allows defining multiple 

interfaces that are not connected, i.e. multiple droplets.  When interfaces go through a 

change in its topology during a merger or a breakup, interfacial data can be partially 

modified with the help of a level-contour.  Furthermore, in case any structure on an 

interface approaches a computational boundary, the closest marker snaps itself on the 

computational boundary and inherits its predefined condition, which can be slip, no-slip, 

inlet, and outlet.  For instance, if the corresponding boundary is defined as a wall (no-slip 

condition), the snapped marker defines a contact line problem.  In the case of the liquid 

plug problem, studied in Chapter 6, interface is defined at the inlet and the symmetry line.  

A special treatment for the inlet condition is defined because the intersection point, which 

may move with the flow conditions, can redefine the boundary condition for the flow 

field.  

Interfacial conditions can have two separate forms whether the interface represents 

a solid boundary or a fluid boundary.  Solid boundary treatment allows us to handle two-

phase flow simulations in complex geometries.  Such capability is crucial for Cartesian 

grid formulations.  The present methodology involves enforcing velocity and pressure 

conditions of the solid interface into the flow field, which makes the treatment a sharp 

interface method.  When fluid boundaries are considered, solution field employs a 

discrete form of Dirac delta function to translate Eulerian variables to Lagrangian 

quantities and vice versa.  In this process, transport properties are smoothened across the 

interface, which a characteristic of continuous interface methods.  Formation of various 

approximate delta functions are examined for their applicability/compatibility with the 

adaptive grid based flow computations. 
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Flow computations are carried on an adaptively refined Cartesian grid.  Data 

structure and adaptation criteria are illustrated.  Staggered grid layout of Harlow and 

Welch (1965) is adopted on isotropically refined Cartesian grids.  Spatial and temporal 

discrete equations are formulated for 2D, 3D and axisymmetric computations.  
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CHAPTER 5 
ADAPTIVE COMPUTATIONS IN MULTIPLE DOMAINS 

Multi-domain implementation employs the following components: 

• Partitioning Algorithm 
• Domain decomposition for convection-diffusion equation 
• Domain decomposition for pressure Poisson equation 
 

The following sections describe the key components of each algorithm. 

5.1 Partitioning Algorithm 

Partitioning algorithm divides the computational space into a number of sub-

spaces, which will be assigned to a separate computational unit.  Following strategies can 

be used: 

• Cell-ordering based partitioning that utilizes a special curve 
• Optimization techniques to find the minimum communication/computation ratio 
 

1 

2 

3 

 
 (a) (b) 
Figure 5-1. Partitioning based on curves. (a) Jordan curve. (b) Final partitions for three 

sub-domains. 

METIS is an open source package that provides a solution to the partitioning 

problem by using optimization techniques.  It is included in the development as an option 

to the partitioning algorithm.  However, due to METIS’s computational cost, this study 
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mainly utilizes a cell ordering based partitioning algorithm.  This is because, cell-

ordering is not only required for the purpose of the partitioning algorithm, but also one of 

its merits is to enhance the convergence rate of the solvers, especially for relaxation 

based solvers.   

Initially, Jordan curve had been used in the sequential solver for cell-ordering 

purposes.  Jordan curve basically collects all the neighboring cells for a given cell and 

keeps collecting further the neighboring cells of those collected.  This procedure results 

in an ordering that follows a diagonal based path throughout the computational domain.  

Figure 5-1 illustrates the path that it divides the computational domain into a number of 

partitions by relating the computational load to the number of cells.  Although Jordan 

curve has the ability to improve the convergence rate of the solver, it doesn’t serve as an 

effective partitioning tool.  This can be observed from Figure 5-1 as the partitions might 

have unconnected cells depending on the choice of the division point for the Jordan 

curve.  Such problems can be handled by introducing additional algorithms, which 

considerably increase the computational cost and therefore diminishes the attractiveness 

of cell ordering algorithms over METIS.  On the other hand, as opposed to Jordan curves, 

space filling curves (SFC) can produce quality partitions due to the curves’ intrinsic 

properties, i.e., locality.  

SFC’s are special functions, which are used to map n-dimensional space into 1D 

space at a desired resolution.  The present work considers Peano-Hilbert type space 

filling curves.  The details of the algorithm for curve generation, its use for cell-ordering, 

partitioning, and preparing the data structure to perform parallel computations are 

described in the following sections. 
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5.1.1 Space Filling Curve Generation  

A space-filling curve is a parameterized, injective function which maps a unit line 

segment to a continuous curve in the unit square, cube, hypercube, etc, which gets 

arbitrarily close to a given point in the unit cube as the resolution increases.   

In two dimensions, the basic building block of the Hilbert curve is a “U” shaped 

line which visits each of 4 cells in a 2x2 block.  Each subsequent level further divides the 

previous level’s cells, creating sub-quadrants, visited by rotated “U” shaped curves.  In 

three dimensions, the curves follow the same basic construction rules, but the basic 

building block extends into the third dimension with additional “U” shaped turns.  As the 

resolution increases, the curve fills the space. Hence we can map the space with a 1D 

line. Figure 5-2 illustrates the Hilbert curves on 0-1 domain with different resolution, 

which can be recursively defined by substituting a straight line segment by a certain 

pattern of lines.  The curve fills the whole domain as this process is repeated infinitely. 

Repeating this sub-division for k times will yield in an approximation of a Hilbert curve 

of k-order, which refers to its resolution. 

 
 (a) (b) (c) 

Figure 5-2. Construction of the Peano-Hilbert curve. (a) level=1. (b) level = 2. 
(c) level = 3. 

Hilbert curves pass every point in an n-dimensional space once and only once in 

some particular order according to some algorithm. As a result, they graphically express a 
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mapping between one-dimensional values and the coordinates of the points, regarded as 

multi-dimensional values. The points are placed in a sequence according to the order in 

which the curve passes through them. This sequence number is referred to Hilbert 

derived-key, Hi, which is an integer between 1 and 2k. 

( ) ( ), ,k i i i if H x y z=  (5-1) 

The function given in Equation (5-1) can be constructed for any dimension for any 

resolution using the algorithm suggested by Butz (1971).  Alternative curve generation 

algorithms that use recursion have more computational cost than Butz’s algorithm.  The 

advantage of the Butz’ algorithm is simply because it works on binary numbers to rotate 

the basic shape at a given level which enables the access to any point on the curve 

without visiting the prior nodes on the Hilbert curve.  This operation is referred to 

encoding Hilbert keys. 

The idea to be able to access the Hilbert keys from the physical space is suggested 

by Lawder (2000), who constructed a similar algorithm for the inverse function (Equation 

(5-2)).  This operation is referred to decoding Hilbert keys.  Both algorithms give us the 

ability to encode and decode Hilbert keys without baring the computational cost of curve 

construction.  The details of both algorithms are explained in detail by Lawder (2000). 

( )1 , ,k i i i if x y z H− =  (5-2) 

Algorithms for encoding and decoding work on a domain, which is either a unit-

square in 2D or a unit-cube in 3D, can only be applied for cell-ordering on a 

computational domain, that have equal number of cells in each direction.  Moreover, the 

number of cells is required to be multiples of 2n.  Otherwise, some cells would not 

conform to the 2n nature of the space filling curve.  In order to overcome such issues, the 
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initial box grid, which is defined by the user as an input parameter, is assigned a base 

orientation and a base Hilbert key.  Because the nature of the isotropic adaptation is 

similar to the Hilbert curve, which is based on division of a square/cube cell to four/eight 

sibling cells, the function for Hilbert curve can operate independently inside each of these 

boxes to create Hilbert keys depending on the refinement.  During the cell-ordering, the 

independent Hilbert keys can be combined with the base values of orientation and 

resolution parameters to preserve the overall ordering.  Figure 5-3 illustrates possible grid 

arrangements for channel flows with the initial and adapted curves.  The initially set base 

values are inherited by the sibling cells during the adaptation. 

  
 (a) (b) 

Figure 5-3. Initial cell-ordering for a channel flow. (a) Two-dimensional domain. (b) 
Three-dimensional domain.  

5.1.2 Cell Ordering 

The algorithm for SFC is used to assign Hilbert key values all the active cells in the 

computational domain.  The input parameters used are based on their coordinate in the 

computational domain, which are represented by integers (i, j, k, level).   

Figure 5-4 illustrates the way that the cells are ordered when multiple levels exist.  

The resolution for the Peano-Hilbert curve is set to the maximum allowable resolution in 
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the grid.  This allows us to use a sorting algorithm instead of a walk through the cells.  A 

quick sort algorithm, which has NlogN operations, is used to finalize the cell-ordering.  

The process creates a compact coefficient matrix as the curve ensures at least two 

neighboring cells reside next to the diagonal element. 

 
 (a) (b) 
Figure 5-4. Hilbert curve based ordering. (a) Initial adaptively refined Cartesian grid. (b) 

Ordering produced by the algorithm. 

5.1.3 Mapping Partitions 

A cut-off point is set on the ordered cell list to determine the partition for the 

parallel computing.  Then each of these partitions are assigned, or mapped, to one of the 

available processing units.  One of the simplest but an effective approach that ensures 

load balancing is to assign equal number of cells into each sub-domain (Table 5-1).  The 

cells from one cut-off point, H0, to another, H1, form a sub-domain/partition.  

Table 5-1. Algorithm for mapping partitions to the available processors. 
if (N/p) is an integer 
 H0 = I.N/P + 1 
 H1 = (I+1)N/P 
 

if (N/p) has a remainder [r] 
if I < r, 
 H0 = I.N/P + P + 1 
  H1 = (I+1)N/P + P + 1  
else 
 H0 = I.N/P + r + 1 
  H1 = (I+1)N/P + r  
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Figure 5-5 illustrates the mapping process for a computational domain with a 

number of N cells over a number of P processors.  Since, each processor is responsible 

for only one partition; P also implies the desired number of sub-domains.  Each sub-

domain is denoted with i (ranging from 0 … P-1).  Ordered cells are marked with these 

cut-off points, as indicated with capital letters in Figure 5-5.  These cut-off points form 

line segments of AB, BC, CD, and DE which include equal number of cells even though 

they govern different sized areas in the physical domain.  

 

A 

B 

C 

D

E

A B C D E 

1st quad 2nd quad 3rd quad 4th quad 

 
Figure 5-5. Partitioning based on cell-ordering. New partitions start at the capital letters. 

A global1 array is created in order to track the identification of the governing 

processor for each cell.  This enables us to create overlapping cell/face lists (ghost 

cells/faces).  A local array is created that governs only the cells between H0 and H1 and a 

local list is arranged to transfer any local location to a global location and vice versa.   

5.1.4 Overlap Region 

As part of the additive Schwarz algorithm, the overlap region is required to 

exchange information at the end of each local solve.  These cells/faces, referred to as 

                                                 
1 The term “global” is referred to data available to all processors, whereas the term “local” is referred to 
data available only to the processor of ownership. 
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ghost cells/faces, need to be marked as overlapping cells to form a buffer to be sent to the 

neighboring sub-domain. 

5.1.4.1 Ghost cells 

The communication through the cell-list is arranged in such a way that provides a 

solution to the Pressure Poisson equation.  The computational stencil for pressure Poisson 

equation is represented in Figure 5-6. 

  

 
Figure 5-6. Computational stencil for pressure Poisson equation in 2D consisting of 

immediate neighbors in east, west, north, south. 

As the mapping routines had formed a global array to track the governing processor 

for each cell, we perform a search for the cells that has neighbors from other processors 

in east, west, north, south, front and back.  Each processor marks those cells and forms a 

receive buffer locally while also marking the ownership of those cells in another list. 

Computational cell 

Ghost cells 
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Figure 5-7. Overlapping regions that will exchange information with the neighboring sub-

domains (marked with crosshatches). 
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Figure 5-7 shows the overlapping/ghost cells being prepared for communication.  

Red lines represent a boundary of local solution domains.  At this stage, overlapping cells 

appear as an extension of the global mesh structure.  Each processor marks all the ghost 

cells, for which they expect to receive data from other processors.  Information in the first 

inner layer, cross-hatched region, is to be sent to the corresponding neighboring sub-

domain. 

Table 5-2 illustrates the data structure of ghost cells for Figure 5-7.  Neighbors of 

1Ω  are given as the following sub-domains: 2Ω , 3Ω  and 5Ω .  Receive buffer will consist 

of two arrays; receive domain list and receive buffer list.  Receive domain list has number 

of elements equal to the total number of sub-domains.  Indices marked with the sub-

domain number pointing out the starting index of the receive buffer list, which includes 

the indices of the cell numbers.  The end index is retrieved via the next sub-domain’s 

start index. In the example, cells between 1-24 will be sent to 2Ω , cells between 25-60 

will be sent to 3Ω , and cells between 61-92 will be sent to 5Ω . On the other hand, sub-

domain 4Ω  is ignored. 

Table 5-2. Data structure of ghost cells. 
 1 … 24 25 … 60 61  92 
Receive Buffer C1 C2 C3 … contains cell numbers … Ci 
Receive Domain 1 1 25 61 61 93 
 

1Ω  2Ω 3Ω 4Ω 5Ω  
 

The same format is used in the send list and other possible lists for communication.  

After constructing the receive list, each processor has the information what they should 

be receiving and from which processor they expect to receive it. These processors need to 

be invoked to prepare the information to be sent.  This is done through explicit 

communication of the receive list with the responsible parties of the other side.  This 
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process prevents certain inconsistencies when compared to building the send buffers in 

the same manner of building the receive buffers.  

The cells in the receive buffer is added to the ordered cell list yet they are marked 

as ghost, indicating that these cells are not going to be solved for.  The ordered cell list is 

extended from the size [H1 – H0 + 1] by the number of cells to be sent.  The cells in the 

communication volume are not ordered as they do not involve in the solution process 

other than providing continuity to the solution field.  

5.1.4.2 Ghost faces 

The communication through the face-list is mainly for the staggered arrangement of 

the convection-diffusion equation and hence the ghost-faces are determined according to 

the needs of the convection-diffusion equation.  

 
Figure 5-8. Computational stencil for convection-diffusion equation for a face in y-

direction.  Control volume is represented with dashed lines. 

Figure 5-8 is an example of the stencil for y-control volumes that is used to 

compute the convection-diffusion equation.  The construction of the surface integral for 

the control volume represented with the black dash line requires the fluxes computed for 

the gray control-volumes.  This would require additional faces to be included in the 

stencil especially at the places where grid resolution level changes. 

The solution domain for the velocity field is determined by the core-ordered cell-

list; which also includes the common faces at the processor domains. Those control 
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volumes form the overlap region for convection-diffusion equation. Figure 5-9 is an 

illustration of ghost faces which may include more faces than the faces of the ghost cells 

created for the pressure equation. 

Computational face 
Processor boundary 
Computational face 

Ghost faces 

 
Figure 5-9. Ghost faces at the corner of a partition. 

5.1.5 Communication Routines 

Once the lists are constructed, the values for any array can be updated at any time.  

Two separate routines are arranged to update a local array (with the size of the local 

cells/faces) or a global array (with the size of the total grid size).  These routines are 

based on another set of fundamental subroutines for communication that sets MPI 

commands.  These utilize the non-blocking MPI_ISEND and MPI_IRECV commands 

based on the data type (integer or double precision) to post messages and to wait and 

receive for others to send.  The non-blocking nature is analogous to sending a regular 

mail and receiving a tracking number instead of confirming the message is actually sent 

or delivered.  Operations can still be performed in the period between sending and 

receiving as long as the operations do not involve the message to be transferred. 

Figure 5-10, based on Figure 5-7, illustrates the locations of the buffers to be sent 

and where it is located.  The communication routines accept additional two parameters 

other than the variable itself.  These routines should accommodate the type of action to be 

taken with the message received. These routines provide the flexibility not only to update 
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the cells/faces with the received values, but also to perform certain operations, such as 

relaxation or subtraction. 

 

 
Figure 5-10. Communication processes to update the information present in the ghost 

cells. 

2 1 1( )g old
i i jx x xβ β β= − +   (5-3) 

In Equation(5-3), old
ix  is the old value contained in the ith processor’s ghost cell, jx  

is the value received from the jth processor, and g
ix  is the updated value at the ghost cell 

of CPU i.  

• When 1β  and 2β  are one, it will replace the old values with the new.  
• If 1β  is less than one but 2β  is one, value is under-relaxed.  
• If 1β  is greater than one but 2β  is one, value is over-relaxed.  
• If 1β  is greater than one but 2β  is zero, old value is subtracted from the original.  
 

When updating of the ghost cells of processor i, which has d neighboring 

processors; i will send and expect to receive data from each neighboring processor, j. Let 

n be the number of local computational cells (N is the total cells), and yij be the length of 

data to be sent and yji is the length of data to be received. Usually it is expected that yij = 

yji; but in some cases yij ~ yji. Let the cost of communication of a unit length be denoted 
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by c (even though c becomes smaller when yij is large). The operation cost for 

communication (C) can be approximated for non-blocking communication as in 

Equation(5-4). 

 yij.c < Cij < 2yij.c  
'

1 1

j jd d

i ij ij i i
j j

C C c y cd y
= =

= = ≈∑ ∑  (5-4) 

1

jd

iji
j

y y
=

= ∑    

Another way to represent the cost is to establish the communication to computation 

ratio.  If we denote α  as the ratio, i id y n  , we can replace iy  in Equation (5-4) to obtain 

Equation (5-5).  

i i i
NC cd y c n c
P

α α= = =  (5-5) 

These routines use prescribed lists that are only for ghost cells/faces.  An additional 

routine is also available as an option for custom lists.  If a new communication with cells 

other than ghost cells is required, it is possible to construct a list in the similar format that 

is presented for receive list. This way of communication is used after grid adaptation.  

Another type of communication required for computing the dot product utilizes 

MPI_ALLREDUCE command, which collects the local sums from individual processors 

to distribute the overall sum to all the available processors.  This process’ operation 

count, S, can be approximated based on c as in Equation (5-6). 

( )2 1S c P= −  (5-6) 

5.1.6 Grid Adaptation 

Whenever the grid is adapted, the partitions need to be rearranged in order to 

accommodate the requirements of load balancing.  This brings an additional 
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communication step as the previously computed flow field variables may no longer be 

available to the recently assigned processor and are required to be retrieved from the 

previous owner.  This situation is illustrated in Figure 5-11.  The locality property of 

space filling curves minimizes the movement and hence the amount of information that 

needs to be exchanged is observed to be around 10% at each adaptation.   

 
Ωl

n-1 
Managed by same processor 
at both time steps 
Managed only at the previous time 
step, need to send info to whom is 
assigned at current time step.  

Managed only at the current time 
step, need to receive info from the 
previous responsible CPU.  

Subdomain at time n-1 Subdomain at time n-1

  
Figure 5-11. Adjusting partition boundaries after adaptation. 

In order to establish such communication, following steps are included in the 

implementation.  

• When adaptation is requested, allocate an array and copy the values of the old 
values in order to identify the previous owner of the cells.  

• During adaptation, if a cell is refined, the siblings will inherit the parent’s processor 
ownership (flow variable is also updated for those sibling cells).  

• Create new partitions and build a list of cells that changed from one processor to 
another by comparing the new and old values.  

• Communicate for flow field variables to update the data in the current partitions 

• Discard the allocated array. 

5.2 Domain Decomposition for Advection-Diffusion Equation 

The convection-diffusion equation involves in construction of convection related 

terms, diffusion related terms (also cross-derivative (ux, uy, vx, vy) terms around the 

interface), moving marker points, including surface tension forces/additional body forces.  
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All of these routines are adjusted for computing the fluxes only in the “local” domain of 

each processor.  

We use the following schemes for the time integration of the convection-diffusion 

equation: 

• Forward-Euler 
• Runge-Kutta/Crank Nicolson 
 

When Forward-Euler method is used, the integration is explicit and it involves only 

one communication routine for the ghost faces.  The faces common to two processors (at 

the processor boundaries) are solved for in each sub-domain but not shared via 

communication. The solved flow field results in the same values as long as the previous 

time step values at the ghost faces are updated correctly.  

When Runge-Kutta/Crank Nicolson method is used, the convection terms from the 

previous time step and the current time step are computed and there should be an update 

for the ghost faces in between these computations.  The Crank-Nicolson requires solution 

of a linear system, for which the coefficient matrix is formed by the diffusion equation.  

The linear system is solved using Gauss-Seidel method for which the convergence rate 

significantly improves with the utilization of the order cell list.  The faces, which are 

corrected during the iterations, are used to compute the rest.  Once the iteration is 

complete, the ghost face values are updated to adopt additive Schwarz domain 

decomposition.  The local error in each processor is computed by taking the maximum of 

the difference between the old and the new value of cells and global error is deduced 

from the maximum of all the local errors.  This error is normalized by the cell volume 

and Δt. The convergence is achieved only if the normalized error is less than the desired 

level of tolerance.  
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5.3 Domain Decomposition for Pressure Poisson Equation 

The solution for the pressure Poisson equation is obtained by solving a linear 

system of equations.  Since the coefficient matrix is symmetric and sparse, the conjugate 

gradient solver is used to obtain the solution for the linear system.   

The coefficient matrix is updated after each grid adaptation.  This avoids the 

computational cost of the matrix assembly is during the time steps between adaptations.  

Moreover, the coefficient matrix at this stage is in a template form involving only grid 

related information without the density field which changes with the location of the 

interface.  Density field can be incorporated to the template with some modifications to 

the current coefficients of the matrix.  Let ija′  and ija  denote the template and corrected 

coefficients for the cell with the row, i, and column number, j, respectively.  Equation 

(5-7) addresses modification process. 

( )1
2

ij
ij

i j

a
a

ρ ρ

′
=

+
 (5-7) 

The coefficients of the matrix are stored in a sparse matrix storage format for better 

memory management purposes.  The particular format used in this theses is the AIJ 

format, which involve a one-dimensional integer and a real array to store the diagonal 

and non-zero off-diagonal elements of the matrix.  This matrix storage is represented in 

Figure 5-12. 

Iterations of the conjugate gradient algorithm involve dot products and a matrix-

vector multiplication.  These processes are adjusted for the sparse storage format and they 

only perform operations on non-zero elements.  Table 5-3 gives an analysis of the 

complexity of the conjugate gradient algorithm. 



93 

 

1 2 N-1 N

1 1

2 2 2, 1

1

   C C C C

N

N

N N

R D
R D O

D
R D

−

−

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

L

O
 

 
Figure 5-12. Sample matrix that has a non-zero element at the second row and its AIJ 

format. 

In Table 5-3, N denotes the number of unknowns to be solved, M denotes the 

average number of off-diagonal elements per row, and L is the iteration count, which is 

limited by N.  When there is no parallelism, the operation count ( ∑ ) for convergence can 

be estimated as in Equation (5-8)  

( )( )1 4N M L L∑ = + +  (5-8) 

Table 5-3. Complexity analysis of the original conjugate gradient method. 
 Operation Count 
Compute the residual (involves a matrix vector multiplication) NxM (>6N; < N2) 
 Loop until converges  
 Dot product N 
 Compute direction (p) N 
 Compute A.p (matrix vector multiplication) NxM 
 Dot product N 
 Update solution vector and residual N 
 End Loop L 

 
There are multiple ways to achieve parallelism with this algorithm. One can simply 

apply the direct parallelism by simply employing parallel versions of a dot product and a 

parallel matrix-vector multiplication.  Alternatively, one can employ Additive Schwarz 

domain decomposition routine for coarse granular parallelism.   

This dissertation focuses on several approaches for parallel implementation of the 

conjugate gradient method.  These are given in the following list as:   
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• Global treatment of conjugate gradient solver 
• Additive Schwarz technique 
• Multigrid solver 
 
5.3.1 Global Treatment  

Global treatment of conjugate gradient solver requires an update on the ghost cells 

in order to complete the matrix vector multiplication and a global summation over sub-

domains during the dot product.  On the other hand, this method introduces an additional 

cost due to the required communications between the processors.  First of these is due to 

the update performed on the ghost cells. This is denoted as C in Table 5-4, which can also 

be represented by the ratio between the communication to computation ratio using 

Equation (5-5). 

Table 5-4. Complexity of the conjugate gradient method with direct parallelism. 
 Operation Count 
Compute the residual (involves a matrix vector multiplication) n.M + C 
 Loop until converges  
 Dot product n + S 
 Compute direction (p) n 
 Compute A.p (matrix vector multiplication) n.M + C 
 Dot product n + S 
 Update solution vector and residual n 
 End Loop L 
 

The communication cost, C, can be minimized by taking advantage of the nature of 

the matrix-vector multiplication and the non-blocking nature of the MPI routines.  The 

latency between sending and receiving the messages can be hidden during computation of 

the locally available values.  Once the message is received, contribution of the ghost cells 

can then be accounted to finalize the summation.  This works very well if the latency is 

equal or greater than the cost of the local multiplication, which is the case for a large 

matrix.  Otherwise, latency will become visible.  This is illustrated in Figure 5-13.   
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Figure 5-13. Hiding the latency of communication between the processors during a 

matrix-vector product.  

Another communication is required to complete the dot product process, which is a 

global type of communication and denoted with (S).  In Table 5-4, n represents the local 

number of cells which is in the order of N/P, where P is the total number of processors. M 

doesn’t change because the process involves all the coefficients of the stiffness matrix. 

Using this notation, the operation cost for the direct parallel option for the conjugate 

gradient algorithm is approximated as in Equation (5-9).  

( )1 2 2N NM C L L S
P P

⎛ ⎞ ⎛ ⎞∑ = + + + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 (5-9) 

The speed-up that can be achieved by using this algorithm is given in Equation 

(5-10), which can be further manipulated to give Equation (5-11) with the assumption of 

average number of neighboring cells (M) equal to 4 (for 2D).  

( )

( 1) 4

1 2 2

NM L LN
N NM C L L S
P P

ε + +
=

⎛ ⎞ ⎛ ⎞+ + + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 (5-10) 

( )
1
1 2

1
8 4

CP L LSPP
NL N

ε
=

+ +
+

+

 (5-11) 

The efficiency of the parallelism is improves when the ratio of Equation (5-11) 

increases.  The maximum value of this ratio can only be one. The second term in the 
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denominator is the cost due to communication (η ) and it can be further manipulated to 

yield Equation (5-12). 

2 4 ( 1)     for L >> 1
8 8 8

CP SP d P P cc
N N

αη + −
≈ ≈ +  (5-12) 

This analysis helps us to identify the factors that have effect on the communication 

cost.  For instance, communication cost decreases when;  

• Communication to computation ratio is small, 
• Number of neighboring processors is small, 
• Total number of cells is large, 
• Total number of processors is small. 
 
5.3.2 Additive Schwarz Technique 

A domain decomposition technique which utilizes coarse grain parallelism might 

enable us to efficiently use the available parallel computing resources.  On the other 

hand, when communication frequency decreases, the convergence rate of the iterative 

solvers would deteriorate.  Therefore, to improve the convergence rate, Additive Schwarz 

domain decomposition method is applied to conjugate gradient as a preconditioner.  

Additive Schwarz domain decomposition method can be incorporated into conjugate 

gradient with the following modification as given in Equation (5-13). 

( )1 1T
i i i i i i ir M r R A R r− −= =% , for ith sub-domain (5-13) 

The solution of ir%  in i i iM r r=%  can be obtained using the conjugate gradient 

algorithm, during which communication is not required as the components of r can be 

obtained locally.   

Table 5-5 illustrates the complexity of the conjugate gradient algorithm with an 

Additive Schwarz preconditioner. In Table 5-5, t denotes the number of iterations to 

obtain an approximate solution for the preconditioner.  As the preconditioning step can 



97 

 

become costly, this parameter can be set to a fixed number of sweeps than obtaining a 

solution at a given accuracy level. 

Table 5-5. Complexity of Additive Schwarz preconditioned conjugate gradient algorithm.  
 Operation Count  
Compute the residual (involves a matrix vector multiplication) nM  + C 
Loop until global convergence  
 Solve for z in i i iM z r=  nmt 
 Dot product n + S 
 Compute direction (p) n  
 Compute A.p (matrix vector multiplication) nM + C 
 Dot product  n + S 
 Update solution vector and residual n 
End global convergence loop A 
 

Operation cost of this algorithm is approximated as in Equation (5.14). 

( )1 4 2N N NM C A A mt A S
P P P

⎛ ⎞ ⎛ ⎞∑ = + + + + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 (5.14) 

The speed-up that can be achieved by using this algorithm is given in Equation 

(5-15), which leads to Equation (5-16) with the assumption of average number of 

neighboring cells in global matrix (M) and in the local matrix (m) to be equal to 4 in two-

dimensional computations. 

( )

( 1) 4

1 4 2

NM L LN
N N NM C A A mt A S
P P P

ε + +
=

⎛ ⎞ ⎛ ⎞+ + + + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 (5-15) 

( )
1

22
3 8

CP SPP A t A
L L N

ε
≈

++
+

 (5-16) 

According to the denominator of Equation (5-16), the ratio of “A/L” has significant 

effect on both computation time (first term in the denominator) and communication cost 

(second term in the denominator).  Further studying this relation, the following can be 

deduced: 
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• If L = A, then no gain is achieved through the preconditioner. 

• If L < A, then it is more costly than the direct parallelization 

• If L > A, the communication cost and computational cost of direct parallelization is 
reduced considerably as long as the relation in Equation (5-17) holds.  

3 2Lt
A

< −  (5-17) 

Equation (5-17) limits the use of Additive Schwarz algorithm as the number of 

iterations to obtain the local solution is problem dependent.  When the number of 

iterations, t, is fixed, there would be no guarantee that the convergence of the global 

system will enhance.  In addition, Additive Schwarz methods’ convergence behavior is 

highly dependent on the grid size in the overlap region.  Employing multigrid type 

methods removes this direct reliance on the grid size.  This possibility is further explored 

in the following section.  

5.3.3 Multigrid Solver 

The high frequency components of error decay faster than the low frequency 

components.  Multigrid aims to damp all solution error components, low and high 

frequency, at the same rate to achieve a better convergence rate.  The highest frequency 

component of the error is due to smallest grid size.  Coarse grid levels are used to smooth 

errors that exist on the fine grid.  This process leads to damping the error uniformly at all 

levels, which is demonstrated by Ghia et al (1982) and Shyy (1994).  

Let solφ  satisfies Equation (5-18), and let nφ   be the nth iterative solution that 

contains error ε  yielding a residual from R as given in Equation (5-19).  

[ ]{ } { }solA bφ =  (5-18) 

[ ]{ } [ ]{ } { }n solA A b Rφ φ ε= + = +  (5-19) 
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This leads to Equation (5-20) assuming A operates on the solution vectors 

independently,  

[ ]{ } [ ]{ } { } { }solA A b Rφ ε+ = +  (5-20) 

Using Equation (5-18), Equation (5-21) holds for the residual. 

[ ]{ } { } { } [ ]{ }nA R b Aε φ= = −  (5-21) 

In order to apply the idea in multigrid, this relation is transferred from a fine level 

grid (l) to a coarser level (l-1) using a appropriate interpolation/restriction operator, 1l
lI − . 

Its application is given in Equation (5-22). 

[ ]{ } { }

1
1

1
1

1 1 1

l
l l l

l
l l l

l l l

I A A

I R R
A Rε

−
−

−
−

− − −

=

=

=

 (5-22) 

After solving for 1lε −  at a coarser level, the solution field is corrected after 

transferring the smoothed error back to the fine level via prolongation/interpolation 

operator.   

1
1 1

n n l
l l l lIφ φ ε+

− −= +  (5-23) 

This process enables damping of high frequency and low frequency error 

components at the same rate.  This is an attractive property as the additive schwarz 

algorithm has a strong dependence on the overlap grid size.   

5.3.3.1 Coarse grid generation 

Coarse grids are created representatively to assemble the coefficient matrix and to 

perform the interpolation operators for restriction and prolongation.  They are represented 

with a list that contains cells from the closest fine grid without connectivity information.  

The coarse grids are created using following rules 
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• The grid is coarsened one level at a time 

• Candidate cells for coarsening are chosen based on the cells Hilbert key values 

• If the cells to be coarsened already have multiple levels; only the cells at the 
highest level are coarsened  

• The coarsest grid is set to be initial box grid set by the user, i.e., level = 0 at normal 
computations 

According to the definitions given above; the coarse level computations produce 

the coarse levels as in Figure 5-14. 

 
 (a) (b) (c) 
Figure 5-14. Results of the coarsening process. (a) Level = 2 illustrated with Hilbert cell-

ordering. (b) Level = 1. (c) Level = 0 (initial box grid).  

The creation of coarser grids is handled based on Hilbert space filling curves by 

combining 4 cells in 2D and 8 cells in 3D together. We travel along the ordered cell list 

and check if this is possible or not. If all candidate cells to be combined are at the same 

level, all represent a coarser cell in the new level. This process is repeated until the 

desired number of coarse grid levels is constructed.  This is illustrated in Figure 5-15 in 

detail. 

Coarse grid generation process involves set of rules to ensure that cells being 

coarsened can form a proper cell.  These are listed as follows: 
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• Check the current cell using Hilbert key values whether it is at a proper location for 
coarsening. If it is, mark the current cell as C1 and put the following cells into the 
stack as candidates.  

• Check the current four cells (C1, C2, C3, C4) if it matches with the level of C1. 

• In case they are at the same level, put C1 into the stack and mark cells at this level 
as coarsened. Set new C1 as the cells after C4. 

Check order is C2, C3, and C4. If the check is failed at any point; put the priors into 

the list with flags as not coarsened and set C1 to the current and perform a similar check. 

C1 C2 

C3 

C4 

C1 

C2 C3 

C4 
C1 

C3 C4 

C2 

 
 (a) (b) (c) 

C3 

C4 

C2 

C1 

C3 
C4 

C2 C1 

C3 
C4 

C2 
C1 

 
 (d) (e) (f) 
Figure 5-15. Step-by-step illustration of the coarsening algorithm. Shaded areas represent 

the candidate cells; reds are denied. The red shaded cells are the ones that 
prevent coarsening for the candidates.  

5.3.3.2 Matrix assembly 

Geometric based coefficient matrix assembly is based on conservation laws.  

Coefficient matrix is created for all grid levels and its algorithm requires the connectivity 

information at all levels.  However, such information is only available at the original grid 
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level and the rest are constructed using the cell-list that contains the identification of the 

smaller cells that a coarse cell contains.  Connectivity information of the contained cells 

(at the finest level) would help us to construct the connectivity information at the coarse 

levels.  The cells coarsened also tracks the information of refinement level from the 

initial box grid to access the shape of the cell (spacing and area).  This is mainly because 

of the non-uniform nature of the original grid.  Some cells may not be coarsened for all 

created coarse grids.  

5.3.3.3 Restriction 

Restriction operator relates the variables that are at a fine level to a coarser level.  

In the multigrid method, restriction operates either on the residual or on the density at a 

given level to compute its representative value at the coarser level.  The density is a field 

variable and it is restricted by means of averaging the fine level values using Equations 

(5-24) and  (5-25) based on Figure 5-16.  The difference in Equations (5-24) and (5-25) is 

because density is a field variable and residual includes the volumetric information of the 

cell it resides in.  

 

ρ2 

ρ3 

ρ1 

ρ4 

ρc 

R2 

R3 

R1 

R4 

Rc 

 
 (a) (b) 
Figure 5-16. Restriction operator. (a) Density. (b) Residual. 

( )1 2 3 40.25C f f f fρ ρ ρ ρ ρ= + + +  (5-24) 

1 2 3 4
C f f f fR R R R R= + + +  (5-25) 
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5.3.3.4 Prolongation 

The prolongation operator relates the variables that are at a coarse level to a fine 

level.  It operates on the correction obtained after solving the coarse grid equations.  This 

is simply achieved by Equation (5-26) based on Figure 5-17 as the correction is a field 

variable.  

1 2 3 4
f f f f CR R R R R= = = =  (5-26) 
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Figure 5-17. Prolongation operates on the residual correction.  

5.3.3.5 Scheduling 

The multigrid algorithm is recursively defined and accepts three parameters, γ , 1μ , 

and 2μ  which sets the nature of the cycle as V-cycle or W-cycle. 1μ  and 2μ  denote the 

number of sweeps for pre-smoothing and post-smoothing, respectively.  When γ=1, 

μ1=μ2>0, multigrid follows a V-Cycle and when γ=2, μ1=μ2>0; it follows a W-cycle 

scheduling which are represented in Figure 5-18. 

 

L3 

L2 

L0 

L1 

Restriction Prolongation Smoothing Legend 

V-Cycle W-Cycle 

 
Figure 5-18. Cycles of multigrid. 
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Both pre- and post-smoothing is performed using a conjugate gradient algorithm.  

In the parallel application of multigrid preconditioned conjugate gradient, the smoother 

can also employ an additional Additive Schwarz preconditioner to enhance the 

approximate M-1 in a given number of sweeps.  Since the number of grids becomes 

negligible in the coarse levels, the operation cost for smoothing can be ignored in some 

cases.  However, one should note that the latency cannot be hidden in too coarse grids 

and possible restrictions on the maximum level of the multigrid can provide a solution to 

such issues.  

Multigrid cycles usually have good convergence characteristics and convergence is 

achieved when the cycles are repeated as defined until the tolerance limit is reached.  

During these iterations, solution vector can be under- or over-relaxed.  Furthermore, 

multigrid algorithm can be used along with the conjugate gradient algorithm when it is 

applied as a preconditioner.  The modification process is similar to the case when 

Additive Schwarz preconditioner is applied to the conjugate gradient algorithm.  

Equation (5-27) represents the difference with Equation (5-13) using the restriction and 

prolongation operators. 

( )1 1 1
1

l l
i i i l i l ir M r I A I r− − −

−= =%  (5-27) 

The solution of ir%  in i i iM r r=%  can be obtained through a cycle of multigrid, which 

is illustrated in Table 5-6 with its use in the conjugate gradient algorithm.  The 

complexity of this algorithm have similar results as the Additive Schwarz 

Decomposition, except that the iteration number enhancement quite considerably and it 

does not depend on the overlap size.  When the MG cycle is considered alone, the 

algorithm becomes the multigrid solver. 
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Table 5-6. Multigrid cycle and its use with the conjugate gradient algorithm.  
Multigrid cycle MG preconditioned conjugate gradient  
Algorithm MG (Al, b, x, γ, μ1, μ2) { 

 

1
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if (  coarsest) Solve 
else {
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} 
 

5.4 Summary 

This chapter explained the implementation specifics for the developed multi-

domain technique.  The key aspects of these components are as follows:  

• Partitioning algorithm 
o Hilbert curve generation 
o Cell ordering 
o Mapping partitions 
o Overlap region 
o Communication routines 
o Grid Adaptation 

• Domain decomposition method 
o Global treatment 
o Additive Schwarz technique 
o Multigrid solver 

 
Partitioning algorithm divides the computational space into a number of sub-

spaces, which can be assigned to a separate computational unit.  As the approach involves 

Hilbert type space filling curves, an algorithm that translates n-dimensional coordinate 

into one-dimensional Hilbert key values (vice versa) is presented.  This algorithm is 

utilized during the cell-ordering process, which is done via the quick sort algorithm with 

a computational cost of NlogN operations.  After the partitions are created by assigning 
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equal number of cells to each sub-domain, they are expanded by one cell to determine the 

cells at the overlap regions.  These cells are actively used in the domain decomposition 

implementation and they resemble the communication process during parallel 

computations.  

Even though multi-domain technique targets pressure Poisson equation, its 

application to advection-diffusion equation is practiced as well.  The solution procedure 

for the pressure Poisson equation is examined for three different multi-domain 

techniques, which are implemented for a comparison study of their efficiency.  These 

methods include a global treatment for conjugate gradient method, additive Schwarz 

treatment, and multigrid methods.   

The global treatment resembles fine grain parallelism (frequent communication) as 

it collects the direction and magnitude for conjugate gradient iterations from each sub-

domain whenever required.  Considerations for parallelism of this approach show that it 

can be inefficient due to an increase in the communication cost when large number of 

sub-domains is considered.  On the other hand, Schwarz methods, which don’t require as 

frequent communications in parallel environments, are shown to be beneficiary only 

when there is a reduction in the iteration number for convergence.  Final approach that 

involves multigrid solver is expected to ameliorate the issues of Schwarz methods.  The 

numerical experiments using these techniques are explored in Chapter 6 in detail.  
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CHAPTER 6 
RESULTS AND DISCUSSION 

Previous chapters have focused on the key concepts and necessary methods to 

develop robust and efficient multidimensional algorithms for incompressible two-phase 

flows.  In this chapter, we concentrate on the validation and analysis of the developed key 

components as well as their engineering applications. 

First section is a validation study for the solid boundary treatment using immersed 

boundary method.  For this purpose, flow over a cylinder at a Reynolds number equal to 

100 is considered.  The vortex shedding frequency and drag/lift coefficients are compared 

with the prior studies.   

Second case study examines liquid plug problem, in which air finger propagates in 

a channel filled with liquid.  In this case, interface appears at the computational 

boundary.  Our treatment allows the marker at this location to move only in one direction, 

which in return modifies the initial boundary condition.  This interactive boundary 

condition and overall method is compared to prior numerical studies that computed the 

steady state solution for the film thickness and interface features.  In addition, unsteady 

propagation of the liquid plug is investigated in horizontal and branching channels.  

When the branching channel flow is considered, the shape of the channel is constructed 

using marker points.  This case aims to demonstrate the method’s capability of handling 

solid, liquid and gas objects all together.  

Finally, developed strategy for the treatment of multi-domain computations on 

adaptively refined Cartesian grids is analyzed for its performance and its applicability for 
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parallel computations.  The partitioning method by space filling curves is demonstrated 

on two and three dimensional grids.  Its performance is compared with METIS.  The 

solution procedure for pressure Poisson equation is analyzed for its performance when 

multigrid and conjugate gradient solvers are utilized.  The single domain study is used to 

compare both methods’ convergence rate and total computational time on uniform and 

non-uniform grids.  In addition, the effects of various density ratios are also examined.  

The application of additive Schwarz domain decomposition method is considered for the 

multi-domain solution.  Its use with conjugate gradient algorithm and multigrid solver is 

examined to determine the best approach suitable for parallel computations.  

6.1 Flow over a Cylinder 

The implementation for solid boundary treatment is validated using the test case of 

flow over a circular body.  Figure 6-1 shows the computational geometry and the 

boundary conditions used for this test case.  We note that the configuration presented 

above is similar to the one recently used by Xu and Wang (2006). 
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Figure 6-1. Computational setup used for the flow over a stationary cylinder case. 

The flow is initiated with a velocity field that is set to zero everywhere.  As the 

inlet velocity is introduced to the flow domain, the fluid flows around the cylindrical 

object.  The Reynolds number for this case is set to 100, which is based on the diameter 
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of the stationary cylinder and the inlet velocity.  The computations are performed until 

frequency of vortex shedding becomes constant.  
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Figure 6-2. Typical grid after adaptive refinement for the case of a flow over a cylinder. 

The base grid resolution is set to 40x20 with four levels of resolution, which 

corresponds to a uniform grid at a resolution of 640x320.  The grid is refined to the 

maximum level around the solid body due to the adaptation criterion that is based on 

interface location.  The remaining sections of the computational domain are adaptively 

refined or coarsened based on the level of vorticity so that the features of the flow can 

sufficiently be captured.  Figure 6-2 illustrates the features of the adaptively refined grid 

at an instant after the frequency of vortex shedding becomes constant.  
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Figure 6-3. Pressure contours of Re=100 flow at an instant after vortex shedding become 

constant (Contours are spaced by ΔP = 0.2). 
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Figure 6-3 presents the pressure contours obtained for the grid presented in Figure 

6-2. The boundary condition at the cylinder is incorporated in the solution procedure by 

constructing a force field around the marker points.  This is analogous to a sharp interface 

method that doesn’t involve smearing to obtain the desired boundary conditions.  Figure 

6-4 illustrates the streamlines around the cylinder at an instant (t = 100, non-dimensional 

time). 

 
Figure 6-4. Streamlines around the cylinder; colors indicate pressure levels. 

Table 6-1. Comparison between prior studies and present study for drag, lift coefficients 
and Strouhal number at Re=100. 

 Drag coefficient Lift coefficient Strouhal number 
Prior studies 
(Range) 

1.33 ± 0.014 
1.43 ± 0.009 

±0.25 
±0.34 

0.164 
0.175 

Present study 1.39 ± 0.012 ±0.28 0.167 
 

For the computations of flow over a cylindrical body at Re=100, the Strouhal 

number is observed to be 0.167, which had been reported to be in the range between 

0.164 and 0.175 by Russell and Wang (2003).  The study by Xu and Wang (2006) 

obtained the Strouhal number equal to 0.171 on a uniform grid at the resolution of 

640x320.  Table 6-1 compares the lift and drag coefficients obtained for Re=100.  It 

indicates that our results are within the range of computations reported by Xu and Wang 

(2006) and those reviewed by Russell and Wang (2003).  
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Grid adaptation evolution is shown in Figure 6-5, in which the total number of cells 

employed is normalized by the corresponding uniform grid size.  Using four level of grid 

refinement is shown to reduce the computational cost by 87%. 
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Figure 6-5. Evolution of grid adaptation in time for 3 different levels of refinement. 

Grid convergence analysis is performed using 3 different levels of refinement on 

the base grid of 40x20.  Error in Strouhal number is utilized to determine the order of 

spatial accuracy, which is computed to be 1.94 based on the solution obtained at the 

finest grid.  The asymptotic analysis using Richardson extrapolation is presented in 

Figure 6-6. 
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Figure 6-6. Grid convergence study based on the percentage error in Strouhal number. 
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6.2 Liquid-Plug Flow 

Theory of elongated bubbles is a classical problem in fluid mechanics, referred to 

as the Bretherton problem or liquid plug flow.  Figure 6-5 illustrates an infinitely long air 

finger in a channel. 

  

gas liquid 

h 

U 2H 

 
Figure 6-7. Illustration of the Bretherton problem. 

Bretherton (1961) showed that the thickness between the film and the channel wall, 

or the film thickness, decreases with a decrease Capillary number, Ca U μ σ= , where U 

is the speed of the air finger, μ  is the viscosity and σ  is the surface tension.  Using the 

asymptotic analysis, Bretherton (1961) demonstrated that at the limit of Capillary number 

approaching zero, the film thickness is proportional to 2/3Ca .  Also, Cox (1962) stated 

that the film thickness reaches a finite value for large Capillary numbers.  

Bretherton problem has been investigated numerically for intermediate values of 

Capillary number.  Giavedonni and Saita (1997) and Heil (2000) studied the effects of 

inertia and showed that the film thickness decreases with increasing Reynolds number for 

flows at a fixed Capillary number.  This observation holds at low Reynolds numbers and 

the behavior is reversed at high Reynolds numbers.  Heil (2001) showed that the 

formation of closed vortices at the bubble tip causes a significant increase in the pressure 

rise in that region.  It is also concluded that this becomes more significant for flows at 

low Ca and high Re, which would cause a rupture (Howell et al. 2000).  Such a 

phenomenon can occur in the lungs during a medical treatment process, i.e., drug 

delivery.  
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Fujioka and Grotberg (2004) studied the interaction between the plug propagation 

speed and plug length (distance between the front and the back air finger) at the Stokes 

flow limit and at various Reynolds numbers.  They concluded that the film thickness 

decreases as the plug length decreases below the channel width, and for sufficiently short 

plugs, there is a significant interaction between the leading and the trailing menisci and 

their local flow effects.  

So far, Bretherton problem has only been investigated for the steady state using 

free-surface boundary conditions while neglecting the viscous effects of the air finger.  

Some of the examples of such studies include Heil (2001), Howell et al. (2000), and 

Fujioka and Grotberg (2006).  These researchers solved the governing equations using 

body fitted grids, in which preserving the grid quality for large deformations is a difficult 

and computationally expensive task.  Therefore, in order to further investigate liquid plug 

dynamics, a flexible interface tracking method that can handle the large deformations 

with a feasible computational cost needs to be considered.  This is crucial especially 

when the mechanisms of rupture and the interactions between multiple air bubbles are of 

interest.  Immersed boundary method is a very good candidate for such problems since it 

has more attractive features when compared to methods that use body fitted grids.  These 

features can be listed as: 

• It includes the effects of all the constituents in the flow field   
• Interface is tracked via markers allowing us handle possible large deformations.  
 

In numerical simulations of liquid plug flows, the grid needs to be resolved in the 

region between the wall and air finger in order to correctly capture the film thickness.  As 

the current method employs adaptively refined Cartesian grids, this region can have very 

high resolution locally without globally handling such a resolution demand.   
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Computational setup for the Bretherton problem is considered to be a planar 

channel, in which the bubble pressure drives an air-finger to advance inside the liquid.  

Previous numerical studies considering steady state solution for the finger shape and film 

thickness used the computational framework that moves at a constant speed with the air-

finger.  Present study adopts a similar strategy for validation purposes.  
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Markers adjust 
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Markers adjust 
for symmetry 
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Figure 6-8. Illustration of computational setup for liquid plug problem. 

Computational setup for a planar channel flow is presented in Figure 6-8.  Interface 

of the air finger, represented with marker points, is initially separated from the channel 

wall by a distance, h0.  Marker point at the computational boundary (marked with A) 

imposes a mixed boundary condition, which imposes inflow condition at the lower part 

and zero mass flux condition at the film.  Condition for the interface at this location is 

assumed to remain horizontal further from the inlet condition, which allows the 

movement of the marker point only in the vertical direction.  The marker point at the 

symmetry axis (marked with B) is treated following the symmetry condition used for the 

computations and it doesn’t modify the conditions at the computational boundary. 

Non-dimensional parameters of the flow based on the properties of the liquid are 

defined as follows: 
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In Equation (6-1), H is the half of the channel height, U is the velocity at which the 

bubble propagates, lρ  and lμ  are the density and viscosity of the liquid and σ  is the 

surface tension.  Because the solution of the lower and the upper half channel are 

identical, computations are carried only on the upper half. 

Following the above definitions, steady state propagation of air finger in water is 

studied at the limit of Reynolds number equal to zero at various Capillary numbers. 

Moreover, the shape and the film thickness values are obtained and compared at various 

Reynolds number when Capillary number is fixed.  After these validation cases, we 

investigate the unsteady shapes of the flows in a horizontal and branching channels.  

6.2.1 Steady State Solution 

At the steady state, the finger propagates at a speed of U and leaves a film thickness 

of h behind.  Therefore, a frame of reference is chosen so that the computational domain 

moves at a constant speed of U.  No-slip condition at the channel walls is applied as u=(-

1,0).  Far right from the bubble tip, outlet condition is imposed by specifying the 

pressure.  A mixed boundary condition is used on the far left from the bubble tip by 

enforcing u=(0,0) for air and u=(-1, 0) for liquid.  

  
Figure 6-9. Snapshot of adaptively refined grid (at 3 levels) for Re=0 and Ca=0.05 at the 

steady state. 
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Figure 6-9 is an illustration for the adaptively refined grid at Re=0 and Ca=0.05.  

The film region, between the channel wall and the interface at the inlet, is required to 

contain minimum of 10 cells to be able to resolve the flow field.  Grid in Figure 6-9 is 

obtained using a base grid of 50x10 and three levels of refinement. 

Original theory by Bretherton (1961) suggests that the film thickness varies with 

capillary number, Ca, when Re approaches zero.  Equation (6-2) presents the expression 

of this analysis.  

2/31.3375h Ca=  (6-2) 

Figure 6-10 illustrates the variation of the film thickness and the pressure drop at 

the bubble tip for various Capillary numbers.   

 
 (a) (b) 
Figure 6-10. Validation study for various Capillary numbers. (a) Pressure drop at the 

bubble tip. (b) Film thickness. 

Flow conditions explored in the present study include Ca=0.01, 0.05, 0.1, 0.25, 1.0, 

and 5.0.  Figure 6-10 illustrates that our results are in good agreement with the prior 

studies of Reinelt and Saffman (1985) and Heil (2001).  Variation from the theory of 

Bretherton (1961) is due to an increase in the capillary number as the approach is 
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applicable to small Capillary numbers.  The corresponding bubble shapes at the steady 

state are also presented in Figure 6-11.  
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Figure 6-11. Steady state shapes of the air-finger for various Capillary numbers. 

Reynolds number at a given Capillary number is also investigated at the steady 

state.  Figure 6-12 compares the results obtained using the immersed boundary method 

and a benchmark solutions of Heil (2001) when Ca=0.05.  In this figure, pressure 

contours are shown with colors and streamlines are presented via white lines.  Similar to 

their observations, IBM solutions also captured the formation of a closed vortex field in 

the vicinity of the bubble tip for finite Reynolds numbers.  This vortex field is not 
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observed when the fluid inertia is not considered as in the case of Re=0 and it is observed 

to increase with Reynolds number. 

 
Figure 6-12. Pressure contours and streamline traces of the steady propagation of liquid 

plug (Ca=0.05). 

 
Figure 6-13. Comparison of the trailing film thickness at Ca=0.05 for various Reynolds 

number. 
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Film thickness variation with Re at Ca =0.05 is shown in Figure 6-13 comparing 

the results with the numerical study of Heil (2001).  In the steady state simulations, the 

initial thickness is usually chosen to be close to the thickness suggested by the analytical 

theory or earlier numerical studies in order to avoid extensive computation time.  

However, the steady state solution is independent from the initial conditions and the 

simulations recover the trailing thickness value regardless of the choice of h0. 
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Figure 6-14. History of trailing film thickness for different initial conditions, i.e., h0 = 0.1 

and h0 = 0.2 until steady state is achieved. 

Figure 6-14 illustrates results of a numerical experiment, in which two different 

initial values are used for h0.  Film thickness at the steady state for the case Re=100 and 

Ca=0.05 is studied on a base grid of 50x10 with two levels of refinement.  The film 

thickness is known to be around 0.137 and the two values for initial thickness are set to 

0.1 and 0.2.  These values are chosen to approach the steady state value from different 

directions.  The first point is at a closer point to the wall than the steady state, whereas the 

second choice of initial film thickness is further away from the wall. 
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As it can be observed from Figure 6-14, film thickness at the steady state is 

obtained regardless of the initial film thickness value.  The variation from the initial stage 

to the steady state is derived by the pressure difference due to the boundary conditions.  

When the marker at the boundary adjusts itself to a new cell, the inlet velocity is 

readjusted in order to account for the change in the boundary conditions.  The effect of 

this adjustment appears in the time history figures as flat regions, where the change in 

film thickness is small.  

Film region needs to be adequately resolved by computational grid because the 

smearing nature of immersed boundary method at the near wall regions and at the inlet 

location may deteriorate the level of accuracy in a way that the bias error in the solution 

can be significant.  This is mainly because the inlet boundary condition changes 

according to the solution field.   
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Figure 6-15. Effect of grid refinement on the trailing film thickness at Re=100 and 

Ca=0.05. 

Figure 6-15 shows the time history of film thickness when two and three levels of 

refinement are employed on the same base grid of 50x10.  The flow is computed at 
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Re=100 and Ca=0.05.  At the initial stages of the flow computations, the coarse grid 

solution comes too close to the wall, where there are only four cells between the wall and 

the interface at the inlet.  On the other hand, the number of cells in that region drops 

down to 10 cells at most when three levels of refinement are used.  As a result, the fine 

grid computations were able to produce the same result which is obtained by the 

benchmark solution (Heil 2001). 

6.2.2 Time Dependent Plug Propagation 

Capabilities developed by the current study allow us to further investigate the 

evolution of the interface for the liquid plug problem.  In this section, we focus on the 

growth of the air finger to capture the bubble shapes.  Boundary conditions are chosen to 

be the same as the ones used in the steady state computations.  Representation of the 

computational domain is shown in Figure 6-8.  On the other hand, computational frame is 

stationary and does not follow the bubble to observe the changes at the bubble tip.  

Imposition of the boundary conditions of unsteady computations is modified for its 

consistency with the steady state cases.  Mixed inflow conditions are given on the left 

boundary where the liquid velocity is set to u=(0,0) and air to u=(1,0).  No-slip condition 

is used at the top channel wall by enforcing u=(0,0).  Outflow and symmetry conditions 

are imposed for the right and bottom boundaries.  

Inlet condition brings extra mass into the computational domain.  This condition 

will cause bubble volume to increase, which is computed using the area and velocity at 

the inlet.  Volume conservation routine accounts for this change when it is required to 

conserve the mass enclosed by the interface.   

Bubble shapes are also studied for Re=100 and Ca=0.05 for its development in a 

channel flow.  Snapshots from the computations are shown in Figure 6-16.  As the air 
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finger elongates in time, the liquid plug starts developing a neck between the tip of the air 

finger and the inlet conditions.  This is due to the pressure rise at the film region.  

t=0.0 

t=0.2 

t=0.4 

t=0.6 

t=0.8 

 
Figure 6-16. Evolution of air finger in a 2D channel for Re=100 and Ca=0.05. 

Figure 6-17 shows the pressure contours at an instant, t = 0.8. As the pressure at the 

film region builds up, the interface forms a neck by balancing the pressure drop with 

interfacial forces.  If the air finger reaches a certain length, this mechanism would cause 

rupture as shown in the experiments by Cassidy et al. (1999). 
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Figure 6-17. Pressure contours at t = 0.8.  The cutoff values are limited to ±5 in order to 
highlight the pressure developing at the film region. 

6.2.3 Liquid Plug Flow in Branching Channels 

Having capabilities of handling complex solid geometries opens up the possibilities 

to further investigate the unsteady behavior of liquid plug flows in practical applications.  

One relevant example occurs in the medical treatment in the lung.  Liquid plugs are 
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transported through the airways in drug delivery applications.  This process relies heavily 

on the liquid distribution in the lung, which has many branching airways.  In order to 

understand the liquid distribution, it is important to understand the nature of liquid plugs 

at these airway bifurcations.   

Developed methodology is used to initiate the computational approach that can be 

directly applied to such a practical problem.  Bifurcation point and branches at a 

predefined angle can be included in the computations via marker points.  These markers 

are tagged as solid points to enforce the boundary conditions at these geometries.  

Another group of markers, tagged as fluid points, is utilized to define the interface 

between the air and the liquid phases.  

Before including both solid and fluid points, we first explore the single phase flow 

in branching channels.  Solid walls of the channel are represented by additional interfaces 

at the locations where it doesn’t conform to the computational boundary.  Bottom 

computational boundary is set for the axis of symmetry.  Figure 6-18 shows the 

configuration of the channel which has a section that makes 30o from the horizontal.  

 
Figure 6-18. Computational setup for the solid boundaries for the flow inside branching 

channels.  

Computations are performed on a base grid of 40x10 with four levels of 

refinement.  The mesh covers the whole computational domain but the solid cells and 
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faces are skipped during the flow computations.  Flow parameters used for the single 

phase computations include the Reynolds number, which is based on the channel height 

H, inlet velocity magnitude U, density ( lρ ) and the viscosity ( lμ ) of the fluid as given in 

Equation (6-3).  

l

l

UH
Re

ρ
μ

=  (6-3) 

Figure 6-19 shows the pressure contours obtained when the Reynolds number is set 

to 100.  Pressure gradient parallel to the channel walls is observed to be constant.  At this 

flow condition, separation didn’t occur at the critical locations where the channel tilts.   

 
Figure 6-19. Pressure contours for single phase flow (ΔP = 1). 

Figure 6-20 shows the initial computational setup for the liquid plug problem when 

the interface is included.  The grid employed for this case is same as the single phase 

flow computations.  Flow parameters as defined in Equation (6-1) is taken as Re=100 and 

Ca=0.5.   

 
Figure 6-20. Computational setup for liquid plug problem in branching channels.  
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Figure 6-21. Time-dependent development of the bubble shape in branching channels.  

Figure 6-21 shows snapshots of the air-finger shapes in the channel before its 

bifurcation point.  The development of the air-finger during the initial stages occurs in a 

similar fashion to the one that is presented for the horizontal channel (Figure 6-16).  On 

the other hand, air bubble, in contrast to the referred case, doesn’t create a neck during 

elongation process.  This is because the bubble shape is affected by the existence of the 
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bifurcation point.  As a result, the film thickness gets smaller than the steady state 

solutions for the same flow parameters while the bubble tip region becomes more flat. 

Film thickness development in the branching channel is compared with the steady 

state solutions of Heil (2001).  Figure 6-22 illustrates the variation of film thickness in 

time before the bifurcation point.  According to Figure 6-22, the present case study 

determines thickness to be 0.107 whereas steady state solution predicts the thickness to 

be around 0.129.  
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Figure 6-22. Variation of film thickness in time in the branching channel flow before 

bifurcation point is reached. 

As the bubble elongates in the channel, the interaction between the solid interfaces 

at the bifurcation point is yet to be investigated.  Such problems require modeling of their 

interaction, which can be handled in a similar fashion that computational boundary and 

fluid interfaces are handled.   

6.3 Multi-Domain Solution Techniques 

Previous sections have focused on the applications of the developed method for 

two-phase flow computations with complex solid boundaries.  In this section, we explore 
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both single and multi-domain techniques for the solution procedure to identify their 

influences on the efficiency of the overall algorithm.  Firstly, partitioning algorithm that 

establishes the sub-domain distribution is examined for its applicability in parallel 

computing. In addition, quality of the partitions produced by two separate approaches, 

SFC and METIS, are compared.  Finally, multigrid method on adaptively refined grids is 

studied for both single and multi-domains, which utilizes SFC partitioning methodology.  

6.3.1 Partitioning 

Partitioning algorithm based on Hilbert space filling curve is tested for different 

grid arrangements.  The algorithm creates a map of cells that contain the processor 

identification they belong to.  Overlap region is created and tested for communication 

performance.   

We first explore the quality of the partitioning algorithm on a uniform grid with the 

size of 32x32x32.   

 
Figure 6-23. Hilbert curve based partitioning algorithm is illustrated on a 32x32x32 

uniform grid for 2, 3 and 4 processors. 

Figure 6-23 illustrates the partitions obtained using Hilbert curve for a set of 

processors.  In this figure, each color represents a partition.  For instance, for the two 

processors case, processor 1 is represented by red, and processor 2 is represented by blue.  

When the number of sub-domains can be represented as a power of two, then the sub-
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regions are rectangular boxes.  This is due to a locality property for Hilbert curve based 

partitioning and it improves the convergence properties of the domain decomposition 

algorithm when linear systems with elliptic nature are considered. 

For two-phase flows, grid is refined to the finest level in the vicinity of interfaces.  

Figure 6-24 denotes the case when an ellipsoid is placed at the center of a grid 16x16x16 

that is resolved around the interface to 64x64x64.  Figure 6-24 is produced for a spherical 

interface shifted from the center. 

 
Figure 6-24. Sample partitioning on an adaptive grid into 6 sub-domains. 

In parallel environments, transferring information from one processor to the others 

brings additional computational cost.  Current implementation is evaluated in terms of 

communication requirement among different processors.  For benchmarking purposes, 

our results obtained using one-dimensional arrays are compared to the results of METIS.  

The ratio of overlap cells to computational cells can also be used as a performance 

measure for the communication cost.  Attractiveness of a partitioning algorithm increase 

when this ratio gets smaller.  Therefore, keeping this ratio at its minimum is one of the 

main objectives of the partitioning algorithm.  

Figure 6-25(a) illustrates the communication to computation ratio for METIS and 

SFC.  According to the figure, the performances of both METIS and SFC partitioning are 

comparable for the grids tested.  For small grid sizes, the ratio for Hilbert curve takes 
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more desirable values, i.e., smaller values, when compared to METIS.  On the other 

hand, when the grid sizes get larger, METIS produces better results.   

Figure 6-25(b) summarizes our results with respect to actual time spent for 

communication for a single variable for METIS and SFC.  The actual communication 

time, which is performed on SGI Altix system (Table 3.3), is observed to be shorter for 

Hilbert curve based partitioning (SFC) even though the results are within the same order.  

The increase in grid size works in the favor of communication.  This is as a result of a 

decrease in the performance of the network connection for small sized packages. 
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 (a) (b) 
Figure 6-25. Comparision of the quality of partitions between current algorithm (SFC) 

and METIS. (a) Communication to computation ratio. (b) Communication 
time. 

Figure 6-26 summarizes our analysis for the computation time for SFC and METIS.  

Figure 6-26(a) compares performances of SFC and METIS for number of sub-domains.  

Similarly, Figure 6-26(b) illustrates the computation time spent in partitioning for various 

grid sizes.  Figure 6-26(a) implies that the SFC initial partitioning algorithm runs faster 

than METIS.  Furthermore, according to Figure 6-26 (b), the difference between 

performances of SFC and METIS gets even more dramatic when grid size increases 

(even though, they are observed to be in the same order).  
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Figure 6-26. Computation time for partitioning algorithm. (a) Variation with respect to 

number of subdomains. (b) Variation with respect to grid size. 

6.3.2 Pressure Poisson Equation in a Single Domain 

Pressure Poisson equation is one of the most critical components of the overall 

immersed boundary computations in terms of computational cost.  This section focuses 

on the techniques to solve this equation.  A test case is developed in order to evaluate the 

performance and possible issues.  Equation (6-4) addresses the governing equation for 

this test case for a given density field ( ρ ) on a unit square which covers the spatial 

domain of 0.5 0.5x− < <  and 0.5 0.5y− < < .  

( )

( ) ( ) ( )2

,

, 2 cos cos

p f x y

f x y x y

ρ

π π π

⎛ ⎞∇
∇ ⋅ =⎜ ⎟

⎝ ⎠
= −

 (6-4) 

Equation (6-5) states the boundary conditions applied to Equation (6-4). 

( 0.5, ) (0.5, ) ( , 0.5) ( ,0.5) 0f y f y f x f x− = = − = =  (6-5) 

The solution field for p  is obtained using the discretization procedure described in 

Chapter 4. 
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First, we explore the problem presented in Equations (6-4) and (6-5) on uniform 

grids.  Both conjugate gradient and multigrid solvers are used to obtain the solution field 

for pressure.  Two base grid sets are used with a resolution of 5x5 and 10x10 at 6 levels 

of refinement.  This arrangement yields approximately 25,000 cells and 100,000 cells in 

two-dimensional representation, respectively.  The number of levels for grid refinement 

determines the number levels of multigrid solver.  

Iteration

Lo
g(

er
ro

r)

10 20 30 40 50 60
-7

-6

-5

-4

-3

-2

-1

0

1 CG (G0 = 25,000)
CG (G1 = 100,000)
MG6 (G0 = 25,000)
MG6 (G1 = 100,000)

 
Figure 6-27. Iteration history for conjugate gradient and multigrid solvers on uniform 

grids. 

Iteration history based on the grid size is given in Figure 6-27.  Based on the figure, 

it can be concluded that multigrid solver converges faster than the conjugate gradient 

algorithm.  Even though the computational time for one mutigrid cycle is larger than a 

single iteration of conjugate gradient solver, multigrid solver usually achieves a speedup 

of 2-3 mainly because of the order of reduction in the iteration number.  Furthermore, the 

number of cycles for convergence in multigrid remains almost the same whereas 

conjugate gradient algorithm shows an increase of 30% in the iteration number when the 

grid is doubled. 
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A similar scenario is explored for adaptively refined grids.  The grid refinement 

criterion is based on the interface location.  For this particular test case, a circle with a 

radius of 0.25 is placed at the center of the computational domain.  The immersed 

boundary algorithm is used to smooth the density field when different materials are used.  

The solution for pressure field is sought on a base grid of 20x20 with five levels of 

refinement using both multigrid and conjugate gradient algorithm.   

 
 Level 4 Level 3 Level 2 

 
 Level 1 Level 0 
Figure 6-28. Illustration for creation of coarser levels for multigrid solver based on the 

initial grid represented as Level 4. 

The levels presented in Figure 6-28 reflect all of the levels that the current 

algorithm supports.  However, it is also possible to adjust the maximum number of levels 

in the multigrid solver.  Using more levels enhances the convergence rate and the 

computational time even though it brings an overhead to each of the multigrid cycles. 
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Figure 6-29 illustrates the performance of multigrid algorithm when different levels 

of multigrid employed.  As expected, the number of iterations decreases when we include 

more levels in multigrid solver.  Furthermore, the computation time, scaled with respect 

to the total time spent by the conjugate gradient algorithm as presented in Figure 6-29(b), 

is found to be in favor of the multigrid solver in most of the cases.  Only the case of 

multigrid with two levels is found to be slower than CG, while a speedup of 3 is achieved 

when all the available levels are employed by the algorithm.   
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Figure 6-29. Performance of multigrid when different number of levels is employed. 

(a) Iteration history. (b) Speedup based on the solution time of the conjugate 
gradient algorithm.  

Behavior of the convergence rate on adaptively refined grids is similar to the 

uniform grid cases.  However, it is certain that each multigrid level in uniform grids is 

subject to coarsening.  On the other hand, coarsening process only includes those cells 

that can be coarsened in the non-uniform grids.  Figure 6-30 shows the performance of 

conjugate gradient and multigrid solvers on adaptively refined grids.  Grid size is 

modified by changing the base level grid size while keeping the level of refinement in 

order to employ same number of levels in the multigrid solver.  Total iteration number to 
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reduce the maximum error to a tolerence limit is observed to remain in the same order for 

multigrid while it is found to increase linearly for the conjugate gradient algorithm.  

Similar to the uniform grid case, the computational cost of multigrid algorithm is less 

than conjugate gradient solver for all grid sizes and the speedup values vary between 1.5 

and 3.4. 
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Figure 6-30. Performance of multigrid and conjugate gradient algorithms on non-uniform 

grids. (a) Iteration number. (b) Computational time and speedup. 

Density variation in the flow field affects the coefficient matrix at all levels.  At the 

finest grid level, density varies across the interface smoothly as it is smeared using 

indicator function.  One way to incorporate density values at a coarse level is to employ 

the restriction operator on the fine level.  Another way we consider is to use interface 

location and employ the density variation sharply only at coarser levels.  Original density 

field with smooth variation and both options for density field at coarse levels are 

presented in Figure 6-31. 
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 (a) (b) (c) 
Figure 6-31. Treatment of the density field in multigrid algorithm. (a) Smeared density 

field at the finest level. (b) Smooth variation at intermediate levels. (c) Sharp 
variation at intermediate levels. 

Figure 6-32 shows the performance results at different density ratios for conjugate 

gradient algorithm and multigrid algorithm with smooth and sharp density treatment.  

Materials inside and outside the interface is chosen in a way to simulate the problems of 

bubble and drop dynamics.  Ratios less than one corresponds to a bubble (lighter fluid 

inside the interface) while ratios greater than one corresponds to a drop (heavier fluids 

inside the interface).  
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Figure 6-32. Performance of multigrid and conjugate gradient at various density ratios. 

(a) Total iteration number. (b) Total CPU time. 

The convergence rate and hence the computational cost of multi-grid algorithm for 

both density treatments stayed advantageous over conjugate gradient for moderate 
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density variations.  All algorithms of MG and CG have shown a significant increase for 

the iteration numbers when the density ratios are in the order of 1000.  Such an increase 

in iteration number is observed to be higher in cases resembling droplets than the ones of 

bubbles.  Especially, the multi-grid algorithm with smooth density variations in coarse 

levels requires under-relaxation factor to achieve convergence at the ratio of 1000.  On 

the other hand, convergence is achieved without employing under-relaxation with the 

sharp treatment for density variation achieved convergence without under-relaxation even 

though the iterations for convergence still shows a significant increase when compared to 

moderate density ratios.  Figure 6-32 is produced using 4 sweeps for pre- and post-

smoothing inside the multigrid algorithm.  When the number of sweeps is increased from 

4 to 8 for the case of sharp treatment of density variation, the iteration number for 

convergence decreased to back to 19.  Also, sharp treatment achieved convergence at a 

reasonable rate for density ratios of 10,000 when the number of sweeps is set 24, while 

smooth treatment failed to converge for ratios above 1,000.  

Figure 6-32(b) shows the total computation time for CG and MG with sharp and 

smooth treatment.  The number of sweeps for smoothing operators is consistent with the 

iterations presented in Figure 6-32(a) (4 sweeps).  Sharp variation for multigrid achieves 

better performance for the ratios of 0.001, 0.01, 0.1, 1, 10 and 100 than the CG and MG 

with smooth treatment.  The choice of underrelaxation parameters and number of sweeps 

in smoothing steps of multigrid modifies the overall performance significantly for density 

ratios in the order of 1000 or higher. 

Figure 6-33 illustrates the steps of residual correction in multigrid for a density 

ratio of 100.  Density variation at coarse levels is treated sharply. 
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Figure 6-33. Residual correction steps in multigrid solver for density ratio of 100 using 

sharp varying density field. 

6.3.3 Pressure Poisson Equation in Multiple domains 

Direct parallelization approach for the conjugate gradient method algorithm can 

give good speedup rates for small number of processors.  However, its performance 

deteriorates significantly when the communication between the processors is slow or 

non-homogenous as in the applications of metacomputing.  In order to open up the 

possibilities for coarse grain parallelism, we explore domain decomposition methods 
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using multigrid.  The implemention is examined for its performance on multiple domains 

for the problem presented in Equations (6-4) and (6-5).  

Direct application of additive Schwarz domain decomposition method on any 

iterative solver exhibits dependency on both the grid size at the overlap region and the 

number of sub-domains employed.  We explore the behavior of single level additive 

Schwarz method when applied as a preconditioner to the conjugate gradient algorithm.  

Grid initialized with a box grid (64x64) and adapted continuously for additional levels 

uniformly.  Cases were compared for different number of processors.  Figure 6-34 

illustrates some of the partitions used for the domain decompositions method (64x64). 

 
 (a) (b) (c) 
Figure 6-34. Grids and partitions used for parallel performance study. (a) Single CPU.  

(b) 6 CPUs. (c) 11 CPUs. (Number of colors indicates maximum number of 
neighbors per processor.) 

Additive-Schwarz preconditioner is employed as an inner solver, which produce 

yields a residual vector to be used by the conjugate gradient algorithm.  Attractive nature 

of AS preconditioner is that the solution process is completely performed on the local 

processor without any need of communication.  However, efficiency of the overall CG 

algorithm is dependent on the number of sweeps employed to obtain the approximate 

preconditioner.  The more the number of sweeps is used, the coarser the granularity of 

parallelism gets.  An excessive reduction of error for this equation can cause redundant 
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computational effort, while inadequate reduction of error results less employment for 

local computation. 

 

 
 (a) (b) 
Figure 6-35. Iteration history of ASCG. (a) Different number of grids at 4 sweeps.  

(b) Different number of sweeps on first two grids (G0 and G1).  

Figure 6-35 illustrates the effect of the grid size and the number sweeps employed 

for the additive Schwarz solver on the number of iterations on four sub-domains.  It can 

be inferred from the Figure 6-35 that the iteration number for convergence is doubled 

when number of cells increase by four.  Furthermore, convergence histories of iterations 

for different number of sweeps shows that more number of sweeps decrease the number 

of conjugate gradient iterations, resulting an increase in the computational cost.  The 

number of iterations for convergence reduces when the number of sweeps is set 

according to the number of sub-domains employed.  

Figure 6-36(a) illustrates the domain dependency of additive Schwarz algorithm for 

different frequencies of communication.  Figure 6-36(b) compares the convergence 

behavior of conjugate gradient to the additive Schwarz algorithm. Figure 6-36 suggests 

that direct application of additive Schwarz algorithm as a preconditioner to conjugate 

gradient is dependent on the number of partitions and grid size.  Convergence rate 
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deteriorates when communication frequency is set to a lower value (coarse granular).  

Moreover, convergence rate greatly deteriorates when more subdomains are employed.  
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 (a) (b) 
Figure 6-36. Effect of number of sub-domains on convergence rate. (a) AS solver with 

CG sweeps for coarse and fine grain domain decomposition. (b) Convergence 
history of CG preconditioned with AS using different number of sweeps. 

Multilevel additive Schwarz method is explored for its performance on multiple 

domains.  It is similar to the multigrid method presented in a single domain.  As it can be 

seen from Figure 6-37, grids at the coarser levels are also decomposed into multiple 

subdomains provided that they are greater than a threshold value for the number of cells 

in a single domain.  If it is lower than the threshold value or it is the coarsest level, then 

partitioning is not employed.  This is mainly because the hidden latency for the vector-

matrix multiplication would become ineffective for the communications on very coarse 

grids. 

Choice for the smoother can affect the performance of the multigrid solver and 

parallelization procedure.  Ghost cells at each grid level are required to communicate as 

many as the number of sweeps when conjugate gradient is used as a smoother.  This is 

referred to MG-CG algorithm.  This algorithm can further be enhanced to yield a better 
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performance by utilization of AS preconditioner to the conjugate gradient algorithm.  

Another approach is to employ Gauss-Seidel as both pre- and post smoother.  This 

arrangement, referred to MG-GS, requires single communication at the beginning of the 

sweep and uses that value to smooth the solution field.   

 
 (Level 4) (Level 3) (Level 2) 

 
 (Level 1) (Level 0) 
Figure 6-37. Creation of coarse grid levels and the way they are partitioned into five sub-

domains. 

Figure 6-38 shows the number of iterations for each of the algorithm for density 

ratio of 100.  In this figure, coarse granular solver with Gauss-Seidel smoothing has 

similar characteristics of single level additive Schwarz algorithm.  On the other hand, 

multigrid solver with CG smoother can achieve convergence rates independent of number 

of subdomains.  When employed as a preconditioner, iteration number for convergence 

decreases.  
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Figure 6-38. Iteration numbers for different number of sub-domains.  

6.4 Summary 

In this chapter, the key components of the immersed boundary technique are 

validated and analyzed using benchmark problems.  In addition, steady and unsteady 

behavior of the liquid plug problem is investigated.  

The results obtained for the flow over a cylinder show good agreement with the 

prior studies.  This completes the validation study of the solid boundary treatment that 

utilizes marker points to enforce the boundary conditions on the flow field.  Second case 

study examines liquid plug problem, in which air finger propagates in a channel filled 

with liquid.  Interactive boundary condition due to the marker points at the inlet and the 

symmetry line are used to obtain the steady state solution field.  These results are verified 

using the prior numerical studies.  Furthermore, unsteady propagation of the liquid plug 

is studied in horizontal and branching channels.  Since the branching channel flow 

simulation involves both solid and fluid interfaces, our computations demonstrate the 

method’s capability of handling solid, liquid and gas objects all together.  
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Finally, developed strategy of the treatment of multi-domain computations on 

adaptively refined Cartesian grids is investigated for its performance and its applicability 

on parallel computations.  The partitioning method by space filling curves is 

demonstrated on two and three dimensional grids.  It is shown that the communication 

cost that is produced using Hilbert curve based partitions is in the same order with the 

communication cost of partitions by METIS while computational time required for 

partitioning algorithm tends to increase with grid size for METIS much faster than SFC 

partitioning.  

The solution procedure for pressure Poisson equation is analyzed for its 

performance when multigrid and conjugate gradient solvers are utilized.  Single domain 

study showed that standalone multigrid solver offers a speedup of 2-3 when compared to 

conjugate gradient solver.  The effect of variations in the stiffness matrix is examined 

using various density ratios.  Convergence rate of multigrid remained almost constant for 

density ratios between 0.01 and 100, whereas conjugate gradient solver exhibited a 

decrease.  However, multigrid solvers may require additional tuning of relaxation 

parameter and/or pre- and post smoothing parameters when the variations in the stiffness 

matrix are in the order of 1000.  At these conditions, conjugate gradient stayed consistent 

with the trend of a decrease in its convergence rate.   

The application of additive Schwarz domain decomposition method is considered 

for the multi-domain solution.  The number of iterations for convergence is found to be 

highly dependent on the number of subdomains.  One of the reasons of such strong 

dependence can be due to the existence of various cell sizes in the overlap region.  

Multigrid approach is shown to aid such issues as it is shown that the iteration number for 
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convergence remain constant for up to 28 sub-domains.  As a result, we can conclude that 

multigrid technique is a suitable technique for parallel computations of two-phase flow 

simulations. 
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CHAPTER 7 
SUMMARY AND FUTURE WORK  

7.1 Summary  

Primary objective of this dissertation is to develop an effective computational 

framework using multi-domain techniques for complex interfacial flow simulations.  

Main components of the present work are summarized as follows: 

• Immersed boundary method for multidimensional flow with the capabilities of 
handling multiple separate interfaces of complex solid geometries and fluid-fluid 
phase combinations.  

• A domain decomposition algorithm that accounts for large property variations in 
the flow field.  

• A partitioning algorithm for unstructured mesh data with capabilities of adaptation.  

A validation study for modeling complex geometries is performed using the case of 

a flow over a cylinder.  Our results agreed with the results obtained by the prior studies.  

Second case study examines the liquid plug problem and results are compared to prior 

numerical studies that computed the steady state solution for the film thickness and 

interface features.  Furthermore, unsteady propagation of the liquid plug is investigated in 

horizontal and branching channels.  When branching channel flow is considered, shape of 

the channel is constructed using marker points.  This case demonstrates the method’s 

capability of handling solid, liquid and gas objects all together.  

The developed strategy for the treatment of multi-domain computations on 

adaptively refined Cartesian grids is studied.  The partitioning method by space filling 

curves is demonstrated on two and three dimensional grids.  Solution procedure for 
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pressure Poisson equation is analyzed for its performance when multigrid and conjugate 

gradient solvers are utilized.  The single domain study is aimed to compare both 

methods’ convergence rate, total computational time on uniform and non-uniform grids.  

In addition, the effects of various density ratios are also examined.  The application of 

additive Schwarz domain decomposition method is considered for the multi-domain 

solution.  Multigrid implementation showed that it achieves convergence rates which are 

independent of the number of sub-domains.  When there is large variation in the density 

field, sharp treatment of density in coarse grid levels is observed to yield better results.  

When additive Schwarz is used as a preconditioner to the smoothers in MG-CG 

algorithm, computational cost increases even though iteration numbers decrease.  

7.2 Future Work 

Marker based interface tracking methods to model moving/stationary solid 

boundaries have been used by several researchers for a wide range of computations 

ranging from turbulent flows (Yang and Balaras 2006) and fluid-structure interaction 

(Gilmanov and Sotiropoulos 2005; Zhu and Peskin 2002).  This dissertation adopted an 

approach that is capable of handling fixed solid bodies immersed inside the flow field.  

The approach is similar to the one used by Yang and Elias (2005), in which the bodies 

can also deform and move with the flow features.  Having such capabilities would open 

the possibilities of exploring many flow problems, i.e.; micro-air vehicle design and 

flight of an insect. 

The heat transfer computations involving phase change are crucial parts of the 

multiphase flows, which need to be investigated.  It was studied as part of a group work 

and needs to be extended and studied further for complex flows.  Important concepts to 

be addressed include the artificial correction of temperature in cells across the interface, 
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and thermal boundary layer thickness.  In addition, for morphological level of phase 

changes, such as crystal growth problems, when the geometry is highly irregular and the 

curvatures and surface tension/energy effects more difficult to accurately capture, 

significant efforts will be required before truly three-dimensional physics of practical 

interest can be simulated. 
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