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Millions of transactions are arranged over online marketplaces every day.

Because transactions of identical commodities are carried out in many isolated

auctions, a potential customer may need to decide whether to continue competing

in the current auction or to give up and move on to the next during the bidding

process. To get a good deal, the buyer has to speculate the other bidders’ action

and the price movement of the item. Since it is not clear how the buyers should

bid to maximize their payoffs, this practice places a huge decision burden on the

buyers and deters buyer participation. Consequently, the burden involved can

outweigh the savings for customers and result in the loss of customers for online

marketplaces.

To regain customers, marketplaces have to simplify customers’ decision-

making. This paper proposes a new multi-stage double auction design approach

to accomplish this task, even when shipping and handling costs, and sales taxes

are different across various possible transactions. The novel multi-stage approach

renders truthful double auction mechanisms, which simplifies customers’ decision-

making, as bidding one’s true valuation (private information) is the best strategy

ix



for each individual buyer and seller. This design approach is then applied to

procurement marketplaces and new truthful double auction mechanisms for

procurement auction are proposed. Compared to other known double auction

mechanisms, we show that the resulting mechanisms also achieve higher social

welfare and individual payoffs.
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CHAPTER 1
INTRODUCTION

This dissertation focuses on auction mechanism design for the bilateral

exchange environments. Such mechanisms apply to contexts in which a market

maker, or the auctioneer, provides matching service to multiple buyers and sellers

while having little or no information about the preferences or valuations of his

customers.

For example, these mechanisms can apply to the current customer-to-customer

online auction market, in which a buyer bids the item of interest sequentially in

different auctions till he/she wins the item or gives up. During the bidding process,

a buyer needs to decide whether to continue competing in the current auction or to

give up and move on to the next. To get a good deal, the buyer has to speculate

the other bidders’ action and the price movement of the item. Since it is not clear

how the buyers should bid to maximize their payoffs, this practice places a huge

decision burden on the buyers and deters buyer participation. Consequently, the

current approach may fail to capture the surplus from the trades and hurt the

welfare of both buyers and sellers. As customers are driven by their payoffs, this

current practice may also endanger the market maker’s revenue in the long run.

Little thought has been given to aid customers’ decision processes and facili-

tate the transactions. Here, we focus on the double auction design approaches and

design double auction mechanisms to counterspeculate and improve social welfare.

Since self-interested customers typically know more about their preferences than

the market maker, to tackle the design problem, we have to consider the game

theory aspect of the situation. It is not a trivial problem to predict customers’

behavior, let along to design the right mechanism to improve social welfare. Even

1
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in a very simple two-side exchange environment, the customer-to-customer online

market in which each customer buys/sells one unit of an item, the design challenge

is further complicated by the heterogeneousness of customers, who not only have

various valuations but may also incur different transaction costs due to shipping,

handling, sales tax, etc.

 

Figure 1–1: Buyers, Sellers, and Potential Trades

Figure 1–1 shows a potential customer-to-customer market. The empty circles

represent buyers, and the solid circles represent sellers, while the lines between

the buyers and the sellers represent the potential trades with various shipping,

handling, and sales tax costs.

We propose a novel double auction design approach, and construct mechanisms

applicable to the two following exchange environments:

• Simple exchange environment with transaction costs, and

• Bilateral exchange environment with the single output restriction.

Chapter 2 reviews the auction and game theory literature. Starting with a

brief introduction to game theory, we present some major results on the mechanism

design problem. A central concept in mechanism design is truthful mechanism, in
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which each agent has incentive to bid truthfully. We review the truthful mecha-

nisms for one-sided auction, where we have multiple buyers and a single seller who

also acts as the auctioneer, and for double auction, where we have many buyers

and many sellers and a third-party auctioneer. After the study of auction as a

non-cooperative game, we take a detour and examine the results on the assignment

game in which the current exchange environment is modelled as a cooperative game

with complete information. The results under cooperative game render measures

of the bargaining power of the agents and shed light on how to share the surplus

fairly.

In Chapter 3, we examine the double auction approaches. During the mech-

anism design, we need to make two decisions: i) the allocation decision: how the

resources are allocated; ii) and the pricing decision: how much each customer

should pay/receive. Since it is unpromising to design a truthful mechanism under

the current approach for the simple exchange environment with transaction costs,

we propose the multi-stage design approach, in which we begin with a partial

pricing decision, then the allocation decision, and finally the pricing decision. This

design approach enables a procedure that is applicable to the environment in which

each potential transaction may incur different transaction costs.

In Chapter 4, we propose the agent competition double auction (AC-DA)

mechanism under the multi-stage design approach. Without imposing detailed

structure assumptions on the formulation of the social welfare, we show that this

resulting mechanism possesses the desired properties. When the social welfare

satisfies the complementarity-substitutability conditions [57], truthful revelation of

personal valuation is a dominant strategy for each agent under this double auction

mechanism. Furthermore, the auctioneer will not face a deficit if the social welfare

formulation is also quasi-linear.
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Chapter 5 applies the agent competition double auction mechanism in the

current customer-to-customer online auction market in which the complementarity-

substitutability conditions indeed hold. We find that the existence of the trans-

action costs may segment the market, prohibit the trades, and incur a loss on

social welfare. However, this loss can be alleviated and becomes negligible in a

large market. Thus, as the auction becomes large, almost all feasible surpluses will

be realized. After the analysis on transaction costs, we provide a comprehensive

discussion on false-name bids, self-report of the transaction costs, and the two-part

tariff in this online auction market.

In Chapter 6, we study the problem of designing truthful double auction

mechanisms for e-marketplaces with many buyers and sellers, especially the

industrial procurement setting where sellers are small in size and have little or

no market power. Since the complementarity-substitutability conditions [57]

no longer hold in this general bilateral exchange environment, we propose new

mechanisms that are strategy-proof, weakly budget-balanced, individual-rational,

and asymptotically efficient under the multi-stage design approach. In addition,

one of the mechanisms, achieves asymptotic efficiency by just solving two linear

programs. This is significant because the efficiency maximization problem with

complete information is NP-hard.

Chapter 7 recapitulates the various exchange environments of interest and

details the implementation of various double auction mechanisms proposed in this

paper. After reviewing the double auction mechanisms under the trade reduction

approach, we compare the implementation, applicability, efficiency, and payoffs of

the mechanisms under these two approaches, the trade reduction approach and the

newly proposed multi-stage design approach.

As shown in this dissertation, the multi-stage design approach is applicable

to different exchange environments with simpler implementations as well as higher
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efficiencies and payoffs. These chapters provide a solid foundation for future

research in double auction mechanism design, and we also make several suggestions

for research directions in Chapter 8.



CHAPTER 2
LITERATURE REVIEW

The main purpose of game theory is to consider situations where agents’

decisions are strategic reactions to other agents’ actions. Game theory can be

roughly divided into two broad areas: non-cooperative (or strategic) games and

co-operative (or coalitional) games. Non-cooperative game theory is concerned with

the analysis of strategic choices, while co-operative game theory investigates how

a successful coalition should divide its proceeds. Since the customer-to-customer

online market is typically anonymous and anonymousness prevents coalitions,

we will design double auction mechanisms under non-cooperative game theory

framework.

The remainder of this chapter is organized as follows. Section 2.1 focuses on

non-cooperative game theory and how to model an auction as a non-cooperative

game. Starting with Section 2.1.1, we present a brief introduction to game theory.

Then we go over some major results on the mechanism design problem in Section

2.1.2. A central concept in mechanism design is truthful mechanism, in which

each agent has incentive to bid truthfully. In Section 2.1.3, we review the truthful

mechanisms for both the one-sided auction and the double auction. After the

study of auction as a non-cooperative game, we take a detour in Section 2.2 and

examine the results on the assignment game in which the situation is modelled as a

cooperative game with complete information.

2.1 The Auction Game

Simply stated, an auction is a method of allocating goods with an explicit set

of rules determining resource allocation and prices on the basis of bids from the

market participants.

6
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The analysis of auctions as games of incomplete information originated in

“Counterspeculation, Auctions, and Competitive Sealed Tenders”[60], in which

William Vickrey suggested using second-price auction to counterspeculate and

improve social welfare. Vickrey shows that under second-price auction, truthful

revelation of personal valuation is a dominant strategy for each bidder. Because

of this property, he was able to predict agents’ behavior and claim that this

auction achieves the most efficient social outcome. Following Vickrey, the auction

research focuses on the following questions: What are good bidding strategies for

the bidders under a certain auction mechanism? What are the forms of auctions

likely to bring the auctioneer greater revenues than others? And how does the

private information constrain the ways in which social decisions can respond to

individual preferences? Before we investigate these questions, we need notation and

concepts of the game theory, the theory of rational behavior for interactive decision

problems.

2.1.1 An Introduction to Game Theory

To begin, consider an environment with set of agents, or players, N =

{1, 2, · · · , n}. These agents must make a collective choice from some set X of

possible outcomes. Prior to the choice, however, each agent i privately observes his

preference over the alternative in X. Formally, we model this by supposing that

agent i privately observes a parameter, or signal, θi that determines his preference,

or utility ui(x, θi) for x ∈ X. Because θi is observed only by agent i, we are in a

setting characterized by incomplete information. We will refer to θi as the agent’s

type. Let Θi denote the set of possible types for agent i. Furthermore, let Σi denote

the set of agent i’s possible actions in the game.

Definition 2.1.1 [Strategy] A strategy for agent i is a function si : Θi → Σi.
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The notion of strategy is a central concept of game theory. A strategy is a

complete contingent plan, or decision rule, that denotes the action an agent will

select in every state of the world.

A deterministic strategy for agent i, which we now call a pure strategy,

specifies a deterministic choice si(θi) for each type. Let Si be the set of agent i’s

pure strategies. One way for the agent to randomize is to choose randomly one

element from this set. This kind of randomization gives rise to what is called a

mixed strategy.

We will often find it convenient to represent a profile of agents’ strategy

choices in an n-player game by a vector s = (s1, · · · , sn), where si is the strategy

chosen by agent i. We will also sometimes write the strategy profile s as (si, s−i),

where s−i is the (n − 1) vector of strategies for agents other than i and let S−i

denote ×k 6=iSk. Similarly, let θ−i denote the type of every agent except i and

Θ−i = ×k 6=iΘk.

Every profile of strategies for the agents s = (s1, · · · , sn) induces an outcome of

the game. Thus, for any profile of strategies s, we can deduce the payoffs received

by each agent. Let ui(s1, · · · , sn, θi) ≡ ui(x, θi) denote the utility of agent i at the

outcome x of the game, given type θi and strategies profile s = (s1, · · · , sn) selected

by each agent. A game is specified in terms of strategies set Si and their associated

payoffs ui.

The basic model of agent rationality in game theory is that of a utility

maximizer. An agent will select a strategy that maximizes his utility, given his type

θi, beliefs about the strategies of other agents, and structure of the game.

The most well-known solution concept is that of a Nash equilibrium [44], which

states that in equilibrium every agent selects a utility-maximizing strategy given

the strategy of every other agent.
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Definition 2.1.2 [Nash equilibrium] A strategy profile s = (s1, · · · , sn) is in Nash

equilibrium if for every i = 1, · · · , n,

ui(si(θi), s−i(θ−i), θi) ≥ ui(s
′
i(θi), s−i(θ−i), θi)

for all s′i 6= si and θ−i ∈ Θ−i.

In a Nash equilibrium, each agent play’s strategy choice is a best-response to

the strategy actually played by his opponents. To play a Nash equilibrium, every

agent typically needs perfect information about the preferences of every other

agent. However, we are studying an incomplete information game. Therefore, let

us assume that the agents share a common knowledge about the joint probability

distribution φ(θ1, · · · , θn), and in equilibrium, every agent selects a strategy to

maximize expected utility given the strategy of every other agent. This solution

concept is called Bayesian-Nash equilibrium.

Definition 2.1.3 [Bayesian-Nash] A Bayesian-Nash equilibrium is a strategy

profile s = (s1, · · · , sn) if for every agent i = 1, · · · , n,

Eθ−i
ui(si(θi), s−i(θ−i), θi) ≥ Eθ−i

ui(s
′
i(θi), s−i(θ−i), θi)

for all s′i 6= si and θ−i ∈ Θ−i.

In a Bayesian-Nash equilibrium, each agent must be playing a best-response

to the distribution of his opponents’ strategies and does not necessarily play a

best-response to the actual strategies of the other agents.

A stronger solution concept is the dominant strategy equilibrium. In a

dominant strategy equilibrium, every agent chooses a dominant strategy that

maximizes utility for all possible strategies of other agents.

Definition 2.1.4 [Dominant-strategy] A strategy si ∈ Si is a (weakly) dominant

strategy for player i if for all s′i 6= si, we have
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ui(si(θi), s−i(θ−i), θi) ≥ ui(s
′
i(θi), s−i(θ−i), θi)

for all s−i ∈ S−i and θ−i ∈ Θ−i.

Dominant-strategy equilibrium is a very robust solution concept, because it

makes no distribution assumptions about the information available to the agents,

and does not require an agent to believe that other agents will behave rationally to

select his own optimal strategy.

2.1.2 The Mechanism Design Problem

In this section, we provide an introduction to the mechanism design problem

that studies how the individual preferences can be elicited, and the extent to which

the information revelation problem constrains the ways in which social decisions

can respond to individual preferences.

Definition 2.1.5 [Mechanism] A mechanism Γ = (S1, · · · , Sn, g(·)) is a collection

of n strategy sets (S1, · · · , Sn) and an outcome function g : S1 × · · · × Sn → X.

A mechanism defines the strategies available, and governs the procedure for

making the collective choice. The mechanism Γ combined with the possible types,

the joint probability function φ over the types, and utility functions ui induces a

game of incomplete information. Because the outcome of the game depends on the

realizations of agents’ types θ = (θ1, · · · , θn), we introduce the notion of a social

choice function.

Definition 2.1.6 [Social choice function] Social choice function f : θ → X chooses

an outcome f(θ) ∈ X, given types (θ1, · · · , θn).

In other words, given agent types θ, we may like to choose outcome f(θ). The

mechanism design problem is to implement “rules of a game” to implement the

solution to the social choice function despite the agent’s self-interest. However,

for a given social choice function f(·), an agent may not find it to be in his best

interest to reveal this information truthfully. Loosely speaking, a mechanism
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implements social choice function f(·) if there is an equilibrium of the game

induced by the mechanism that yields the same outcomes as f(·) for each possible

profile of types θ = (θ1, · · · , θn).

Definition 2.1.7 [Mechanism implementation] Mechanism Γ = (S1, · · · , Sn, g(·))

implements social choice function f(·) if there is an equilibrium strategy pro-

file s∗1(·), · · · , s∗n(·) of the game induced by Γ such that g(s∗1(θ1), · · · , s∗n(θn)) =

f(θ1, · · · , θn) for all (θ1, · · · , θn) ∈ (Θ1, · · · , Θn).

One desirable feature for a social choice function to satisfy is the property of

ex post efficiency.

Definition 2.1.8 [Pareto optimal] The social choice function f : Θ1×· · ·×Θn → X

is Pareto optimal if for no profile θ = (θ1, · · · , θn) is there an x ∈ X such that

ui(x, θi) ≥ ui(f(θ), θi) for every i, and ui(x, θi) > ui(f(θ), θi) for some i.

In auction environment, typically we have side payments among agents. A very

common assumption is that agents have quasi-linear utility functions.

Definition 2.1.9 [Quasi-linear preferences] A quasi-linear utility function for agent

i with type θi is of the form:

ui(x, θi) = vi(x, θi) + ti

where vi(x, θi) is agent i’s utility given the allocation x and no side payments, and

ti is the monetary transfer to (or from, if ti < 0) agent i.

Under quasi-linear preferences, the social choice function f(·) is Pareto optimal

if and only if the aggregate social welfare is maximized. A social choice function is

efficient if:

Definition 2.1.10 [Efficiency] Social choice function f : Θ1 × · · · × Θn →

X is efficient if for no profile θ = (θ1, · · · , θn) is there an x ∈ X such that∑n
i=1 vi(x, θi) >

∑n
i=1 vi(f(θ), θi).
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Correspondingly, we say that a mechanism is efficient if:

Definition 2.1.11 [Efficient mechanism] Mechanism Γ is efficient if it implements

an efficient social choice function f(·).

To insure agents’ participation, we must satisfy the interim individual-

rationality (IR) constraints.

Definition 2.1.12 [Individual rationality] A mechanism Γ is (interim) individual-

rational if for all preferences θi it implements a social choice function f(·) with

Eθ−i
ui(f(θ), θi) ≥ ūi(θi)

where ūi(θi) is the expected utility from non-participation.

There are also two other types of individual-rationality. In a mechanism in

which an agent can withdraw once he learns the outcome, ex post individual-

rationality is more appropriate, in which the agent’s expected utility from partici-

pation must be at least his payoff from non-participation for all agents’ types. In a

mechanism in which an agent must choose to participate before he even knows his

own preferences, ex ante individual-rationality is appropriate, in which the agent’s

expected utility in the mechanism, averaged over all possible preferences, must be

at least his expected payoff from non-participation. Ex post individual-rationality

is stronger than interim individual-rationality; while interim individual-rationality

is stronger than ex ante individual-rationality.

In the auction literature, ūi is typically assumed to be normalized to zero;

therefore, we say an auction mechanism is individual-rational if the expected utility

in the mechanism is non-negative.

Individual-rationality draws the potential agents into the auction. Meanwhile,

the auctioneer also faces monetary transfers and expects a non-negative payoff.

This leads to the budget balance constraint. Similar to the individual-rational

property, we have ex ante and ex post budget balance.



13

Definition 2.1.13 [ex ante budget balance] Mechanism Γ is ex ante budget-

balanced if the expected equilibrium net transfers to the auctioneer are non-negative

over the joint distribution of agent preferences.

Definition 2.1.14 [ex post budget balance] Mechanism Γ is ex post budget-

balanced if the equilibrium net transfers to the auctioneer are non-negative for all

agent preferences.

One last important mechanism property, defined for direct revelation mecha-

nisms, is incentive compatibility.

Definition 2.1.15 [Direct revelation mechanism] A direct revelation mechanism is

a mechanism in which Si = Θi for all i and g(θ) = f(θ) for all θ ∈ Θ1 × · · · ×Θn.

In other words, in a direct revelation mechanism the strategy of agent i is to

report type θ̂i = si(θi), based on his actual preferences θi. Let s∗i (θi) = θi denote

the truth-revealing strategy for i = 1, · · · , n.

Definition 2.1.16 [Incentive-compatible] A direct-revelation mechanism Γ is

incentive-compatible if (s∗1, · · · , s∗n) is a Bayesian-Nash equilibrium of the game

induced by the mechanism.

In an incentive-compatible mechanism, every agent has incentive to report

his true preferences if he believes that all other agents would also report their

true preferences. A stronger notation is called strategy-proof (or dominant-strategy

incentive-compatible) if truth-revelation is a dominant-strategy equilibrium:

Definition 2.1.17 [strategy-proof] A direct-revelation mechanism Γ is strategy-

proof if (s∗1, · · · , s∗n) is a dominant-strategy equilibrium of the game induced by the

mechanism.

Dominant-strategy implementation is a very robust concept as it places no

assumption on the agents’ beliefs or the joint distribution.

One major result in mechanism design is the revelation principle [41], which

states that under quite weak conditions any mechanism can be transformed into an
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equivalent incentive-compatible direct-revelation mechanism that implements the

same social-choice function.

The revelation principle enables us to focus on only incentive-compatible

direct-revelation mechanisms during the mechanism design. This is not to say

that truth-revelation is easy to achieve, but that if an indirect-revelation and/or

non-truthful mechanism implements a social-choice function, then we would also

expect a direct-revelation truthful mechanism to do the same thing. The revelation

principle facilitates the theoretical analysis of what is possible, and of what is

impossible, in mechanism design.

Theorem 2.1.18 Suppose that there exists a mechanism Γ that implements

the social-choice function f(·) in dominant strategies. Then f(·) is truthfully

implementable in dominant strategies.

Theorem 2.1.19 Suppose that there exists a mechanism Γ that implements the

social-choice function f(·) in Bayesian Nash equilibrium. Then f(·) is truthfully

implementable in Bayesian-Nash equilibrium.

2.1.3 Strategy-proof Auction Mechanisms

Since it is hard to evaluate the joint type distribution and assert that each

customer holds the same beliefs about the joint type distribution, we are more

interested in strategy-proof auction mechanisms, in which no assumption is placed

on the agents’ beliefs or the joint distribution.

In the reminder of this chapter, let θi specify the valuation of agent i. To

facilitate the representation, we separate the social choice function f(θ) into a

resource allocation choice component x(θ) and side payment components pi(θ)

made from (or to, if pi < 0) agent i: f(θ) = (x(θ), p1(θ), · · · , pn(θ)) for preferences

θ = (θ1, · · · , θn). Under quasi-linear valuation, we have ui(x, θi) = vi(x, θi) − pi

where vi(x, θi) equals θi if agent i holds the resource in outcome x, and zero

otherwise. The auctioneer’s payoff is
∑n

i=1 pi.



15

In the following, we review the strategy-proof auction mechanisms for one-

sided auction and for double auction.

2.1.3.1 One-sided auction mechanisms

In an one-sided auction, we have multiple buyers and a single seller. The

seller acts as the auctioneer, while the buyers are the agents, or the players, of the

auction game. Sometimes, as in an industrial procurement auction environment, we

may also have a one-sided auction with many sellers and one buyer, who acts as the

auctioneer.

For the one-sided auction, Vickrey [60], Clarke [11], and Groves [19], propose

the Vickrey-Clarke-Groves (VCG) family of mechanisms specify all the efficient

and strategy-proof direct-revelation mechanisms. Since all these papers concern

government regulation and organization behavior, and are not constrained for a

transaction environment, the VCG mechanisms do not maximize the auctioneer’s

revenue, but the social welfare. However, when the auctioneer has only one item

to sell and the buyers independently draw their types from the same distribution,

Myerson [42] shows that the auctioneer can maximize his revenue by simply adding

a reserve price, which can be achieved by submitting a fictitious bid. Therefore, we

only focus on the VCG mechanisms in this section.

Vickrey [60] suggests using a second-price auction to counterspeculate and

improve social welfare. Consider an environment with one seller and n buyers

who want the item offered by the seller. In a second-price auction, the bidder who

submitted the highest bid is awarded the object being sold and pays a price equal

to the second highest amount bid. The second-price auction can be implemented

in a sealed bid fashion; that is, each agent submits his bid in a sealed envelope and

does not know others’ bids; or, the second-price auction can be implemented in a

open bid fashion, where agents outbids each other until the bid price stops because
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the price should stop at the second highest valuation (plus some small positive

amount).

It is straightforward to see that individual-rationality holds because the

second-highest bid price is no greater than the highest bid price, which equals the

winner agent’s value in equilibrium. Also, truth-revelation is a dominant strategy

in the Vickrey auction because an agent’s bid determines whether he wins the

item, but not the actual price he pays. The price that an agent pays is completely

independent of his bid price, and even if an agent knows the second-highest bid,

bidding his true value is still in his best interest as he is facing a “take-it-or-leave-

it” offer. Furthermore, note that the strategy-proofness holds without quasi-linear

utility assumption, and the quasi-linear utility assumption is only used to guarantee

that the allocation is efficient.

The Clarke mechanism [11] generalizes the idea of Vickrey auction and study a

general environment with quasi-linear utility assumption. In a Clarke mechanism,

the allocation is the efficient allocation, while each agent’s payoff is set to equal

his marginal contribution to the coalition of the whole. That is, for an agent k, his

payoff is w(N) − w(N\{k}), where N is the agent set and w(·) specifies the worth

of the coalitions. Since more agents enlarge the region of the feasible allocations,

each agent’s payoff is non-negative. That is, individual-rationality holds. Under

quasi-linear assumption, the price each trading agent pays or receives is the critical

price on which he is involved in the optimal allocation and is independent of his

own bid price. Therefore, truth-revelation is a dominant strategy. The critical

price, which equals bk − (w(N) − w(N\{k})) for trading agent k with bid price

bk, is called the VCG price. Since the allocation is efficient, the Clarke mechanism

is efficient. In a sense, the Clarke mechanism is an (ex post) individual-rational,

strategy-proof, and efficient mechanism that also maximizes the payments made by

the agents to the auctioneer.
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Groves [19] considers coordination of agents with quasi-linear preferences in

an organization, where ūi, the expected utility from non-participation may be

different from zero. Therefore, though the Groves mechanism also implements the

efficient allocation, agent k’s payoff may differ from his marginal contribution to

the coalition of the whole by some function hk(θ̂−k), where θ̂−k are the reported

types by all agent other than k. Since hk(θ̂−k) is independent from agent k’s report,

truth-revelation is a dominant strategy. The Groves mechanisms capture the

structure of all efficient, strategy-proof direct-revelation mechanisms for agents with

quasi-linear preferences.

Theorem 2.1.20 The Groves mechanisms are the only efficient and strategy-

proof mechanisms for agents with quasi-linear preferences and general valuation

functions, amongst all direct-revelation mechanisms.

2.1.3.2 Double auction mechanisms

Unlike the one-sided auction, in a double auction, we have multiple buyers and

sellers, hereafter both called agents, and a third-party auctioneer who holds the

auction.

The simplest exchange environment for double auction is the simple exchange

environment.

Definition 2.1.21 [simple exchange] A simple exchange environment is one in

which there are buyers and sellers, selling single units of the same good.

We have seen that in the one-sided auction, the seller, or the auctioneer

can achieve social efficiency. However, under a double auction, we have to make

sure that the budget balance constraint is also satisfied. Because the agents are

self-interested, we should not expect an efficient allocation in general. Hurwicz

[24] shows that it is impossible to implement an efficient, budget-balanced, and

strategy-proof mechanism in a simple exchange environment. This result is further

strengthened by Myerson and Satterthwaite [43]. They showed the impossibility of
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having an efficient, individual-rational, incentive-compatible, and budget-balanced

mechanism.

At first glimpse, one may give up the double auction approach and resort to

one-sided auction mechanisms because of their theoretic efficiency result. However,

this efficiency property is achieved with assumptions and compromises. First, in

a VCG mechanism, the seller may sell the item under his valuation, that is, the

seller may give away too much of his profit to induce the buyers to report their

true valuations. This situation also happens in a procurement auction where

the auctioneer may pay too much. Second, the seller may have little incentive to

implement an efficiency-maximizing mechanism because he may try to maximize

his own revenue instead of the social welfare, that is, the incentives for efficiency

and revenue are not aligned. On the other hand, in a double auction environment,

it is recognized that efficiency-maximizing mechanisms that benefit the whole

system are more likely to attract both buyers and sellers and generate higher

revenues for the auctioneers or the e-marketplaces in the long run (Milgrom [39],

Wise and Morrison [64]); therefore, the incentive for revenue is aligned with social

welfare. Moreover, the budget balance constraint prevents the auctioneer from

overpaying the agents to achieve efficiency and forces us to design a mechanism

with fair or reasonable transaction prices.

There are very few strategy-proof double auction mechanisms in the literature.

McAfee [33] shows a mechanism that is strategy-proof, budget-balanced,

and asymptotically efficient in the simple exchange environment. Asymptotic

efficiency means that the welfare loss under the mechanism compared to the

maximum feasible social welfare converges to 0 as the number of buyers and/or

sellers approach infinity; thus, as the auction becomes large, almost all feasible

surplus will be realized. In McAfee’s mechanism, all the buy bid prices are ranked

from high to low, f1 ≥ f2 ≥ · · · ≥ fm; and all the sell bid prices are ranked from
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low to high, g1 ≤ g2 ≤ · · · ≤ gn. Let q be the optimal trade size, the maximum

number satisfying fq ≥ gq, which is the number of trades in the efficient allocations.

McAfee’s mechanism makes either q or q− 1 transaction depending on the following

condition:

i) If fq ≥ fq+1+gq+1

2
≥ gq, q transactions are made between the highest q buy

bids and the lowest q sell bids, the transaction prices are fq+1+gq+1

2
for all trading

agents.

2) Otherwise, q − 1 transactions are made between the highest q − 1 buy bids

and the lowest q − 1 sell bids, the transaction prices are fq for all trading buyers

and gq for all trading sellers.

 

f1 

fq 

(fq+1+gq+1)/2 
 

g1 

gq 

f1 

fq-1 

g1 

gq-1 

gq 

fq 

fq+1 

Buyers’ payment 

Sellers’ revenue 

Trading buyers Trading buyers 

Trading sellers Trading sellers 

Buyers’ payment 

Sellers’ revenue 

Figure 2–1: Possible Transactions under McAfee’s Mechanism

Note that in fact we can have a strategy-proof, budget-balanced, and asymp-

totically efficient mechanism with simpler structure by always conducting q − 1

trades at buy price fq and sell price gq. Babaioff and Walsh [7] summarize this

approach as the trade reduction approach, in which the allocation decision is con-

structed by removing trades from the efficient allocation, and the pricing decision is

made according to the highest and lowest losing bids. According to this approach,
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they propose a known single-minded trade reduction (KSM-TR) mechanism, which

is strategy-proof, weakly budget-balanced, and individual-rational for a class of

supply chain formation problem where buyers may acquire a bundle of different

items instead of single unit of the same item.

This approach is also used in Babaioff et al. [6], in which they studied a simple

exchange environment with multiple locations and transportation costs. When

a buyer trades a seller at a different location, a location dependent transaction

cost incurs. For this environment, they propose a trade reduction mechanism

(TRM), which is strategy-proof, individual-rational, and budget-balanced. The

TRM removes fewer transactions from the efficient allocation compared to a naive

application of the trade reduction approach.

In a different research direction, Huang et al. [23] examine an exchange

environment in which there are buyers and sellers, exchanging multiple units of the

same good. By ranking all the bid prices, they generalize the result of McAfee and

design a double auction mechanism that is strategy-proof, budget-balanced, and

individual-rational for the multi-unit exchange environment.

2.2 The Assignment Game

In this section, we take a detour and visit some classic results of the assign-

ment game. The major difference between our current setting and an assignments

game is that the assignment game is a cooperative game with complete informa-

tion. At this point it would be more convenient to give the formal definition of the

cooperative game.

Definition 2.2.1 [Cooperative game] A game in coalitional form consists of

1) a set N (the agents), and

2) a function v : 2N → R such that v(∅) = 0.

A subset of N is called a coalition; v(S) is called the worth of the coalition S.
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Assignment games were introduced by Shapley and Shubik [58] as a model

for a bilateral market with transferable utility. The agent set consists of the union

of two finite disjoint sets I ∪ J , where I is the set of buyers and J is the set of

sellers. Given a non-negative matrix A = (aij)(i,j)∈I×J , where aij is the joint profit

that the pair (i, j) can obtain if they trade, we can define a cooperative game by

determining the worth of coalition S ∪ T , where S ⊆ I and T ⊆ J . Let U(S, T )

be the set of matchings between S and T , define w(S, T ) = max{
∑

(i,j)∈µ aij|µ ∈

U(S, T )} and w(S, ∅) = w(∅, T ) = 0. The matching problem induces a cooperative

game (I ∪ J, w).

Since an auction mechanism needs to specify an allocation and the payoffs,

we investigate the point solution concepts for this game. As the assignment game

is a cooperative transferable utility game, the agents share the worth of the whole

aggregation in all the solution concepts, because otherwise the solution is not

Pareto optimal and we can improve the agents’ payoffs. The impossibility result in

Section 2.1.3 shows that an individual-rational, budget-balanced mechanism does

not always achieve the efficient allocations; thus, we should not expect a mechanism

to implement any solution concept of the assignment game. Nevertheless, these

solution concepts render measures of the bargaining power of the agents and

provide insight on how to share the surplus fairly.

The well known solution concepts for point solutions are the Shapley value [56]

and the nucleolus [55]. We define and investigate these concepts one by one:

Definition 2.2.2 [Substitute] i and j, elements of N , are substitutes in v if for all

S containing neither i nor j, v(S ∪ {i}) = v(S ∪ {j}).

Definition 2.2.3 [Null agent] An element i of N is called a null agent if v(S ∪

{i}) = v(S) for all S ⊆ N .

Definition 2.2.4 [EN ] EN is the Euclidean space whose dimension is the cardinal-

ity of N , and whose coordinates are indexed by the members of N themselves.
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Definition 2.2.5 [Shapley value] Let N = {1, 2, · · · , n} and let GN be the set of

all games whose agent set is N . A Shapley value on N is a function φ : GN → EN

satisfying the following conditions:

1. (Symmetry condition): if i and j are substitutes in v then (φv)i = (φv)j.

2. (Null agent condition): if i is a null agent, then (φv)i = 0.

3. (Efficiency condition):
∑N

i=1(φv)i = v(N).

4. (Additivity condition): (φ(v + w))i = (φv)i + (φw)i.

Shapley [56] establishs the existence and uniqueness of the Shapley value.

Let us check the Shapley value for a simple assignment game. Consider a market

with one seller (1) and two buyers (2 and 3), where w({1, 2, 3}) = w({1, 2}) =

w({1, 3}) = 1 and w(S) = 0 for all other S ⊆ {1, 2, 3}. We have φw = (2
3
, 1

6
, 1

6
).

This allocation of the payoff under the cooperative game is counter to the intuition

from the non-cooperative game, where we expect the competition of the buyers to

reduce their payoff to zero, and the seller to capture all the surplus. This is a major

drawback of the Shapley value as it may lie outside the core, a general solution

concept of the cooperative games. Before we give the definition of the core, let us

first examine the nucleolus.

Definition 2.2.6 [Payoff vector] A payoff vector is a member of EN such that∑
i∈N xi = v(N).

Let x(S) denotes
∑

i∈S xi.

Definition 2.2.7 [θ(x)] For game (N, v), let θ(x) be a vector in R2|N|
, the compo-

nents of which are the numbers v(S)− x(S), arranged according to their magnitude,

where S runs over the subsets of N .

Definition 2.2.8 [Nucleolus] The nucleolus of the game (N, v) is the set of all x

such that θ(x) � θ(y) according the lexicographical order on R2|N|
for all y.

We may think v(S) − x(S) as a measure of dissatisfaction of a coalition S,

and the nucleolus is the set of points that minimizes the overall dissatisfaction in
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a lexicographical fashion. Schmeidler [55] proves that the nucleolus is nonempty,

and the nucleolus contains only one point. For the previous example, the nucleolus

offers the desired outcome (1, 0, 0). However, the nucleolus in general is not easy

to compute and offers very little insight on each agent’s payoff. Here, instead of

examining the point solution concepts, we analyze the structure of the core, the

general solution concept of the cooperative games.

Definition 2.2.9 [Core] The core of the game (N, v) is the set of all the payoff

vectors x such that v(S) ≤
∑

i∈S xi for all S ⊆ N .

The core is the set of allocations that cannot be improved upon by any

coalition. Shapley and Shubik [58] prove that the core of the assignment game

(I ∪ J, w) is nonempty, and Solymosi and Raghavan [59] show that the nucleolus is

always a core allocation in the assignment game.

Let C(w) denote the core of the assignment game (I ∪ J, w). C(w) can be

represented in terms of an optimal matching in I ∪ J . Moreover, if we denote

ui = max{ui|(u,v) ∈ C(w)}, and ui = min{ui|(u,v) ∈ C(w)} for all i ∈ I,

and denote vi = max{vi|(u,v) ∈ C(w)}, and vi = min{vi|(u,v) ∈ C(w)}

for all j ∈ J . It happens that all agents on the same side of the market achieve

their maximum core payoffs in the same core allocation. As a consequence,

there are two special extreme core allocations: in one of them (u,v), each buyer

achieves his maximum core payoff and in the other, (u,v), each seller does. From

a mathematical programming viewpoint, the maximum and minimum core payoffs

of an agent is his maximum and minimum shadow prices in the linear relaxation

formulation.

Leonard [25] proves that this maximum payoff of an agent in the core of the

assignment game is his marginal contribution, ui = w(I ∪ J)− w(I\{i} ∪ J) for all

i ∈ I and vj = w(I ∪ J) − w(I ∪ J\{j}) for all j ∈ J . That is, (u,v) are the VCG

payoffs of the agents.
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On the other hand, the minimum payoffs also follow easily. If we introduce an

addition buyer i∗ such that ai∗j = aij for all j ∈ J , and enlarge w to w∗ according

to A(I∪{i∗})×J , ui = w∗(I ∪ {i∗} ∪ J) − w∗(I ∪ J). Since i∗ and i are substitutes in

the enlarged game (I ∪ {i∗} ∪ J, w∗), the minimum payoffs indicates whether i is

able to acquire one more matching. Similarly, vj = w∗(I ∪ J ∪ {j∗}) − w∗(I ∪ J)

for all j ∈ J , where j∗ is an addition seller such that aij∗ = aij for all i ∈ I. These

minimum payoffs can be used in the pricing decision in the later multi-stage design

approach.



CHAPTER 3
MULTI-STAGE DESIGN APPROACH

There are two decisions an auction mechanism needs to make: the allocation

decision and the pricing decision. Mechanism design is to construct a solution

for these decisions to achieve desired properties. In this chapter, we examine the

possible double auction design approaches on these two decisions.

The remainder of this chapter is organized as follows. Section 3.1 summarizes

the existing design approaches. Section 3.2 points out why these design approach

falls short of the need under the simple exchange environment with transaction

costs. Section 3.3 proposes the multi-stage design approach as a design solution to

our problem.

3.1 Existing Approach

The existing strategy-proof double auction mechanisms first make the alloca-

tion decision, and then the pricing decision follows. In order to be strategy-proof

and budget-balanced, given agents’ bids, these mechanisms select a subset of trades

from the efficient allocation, which are generally achieved by removing the least

profitable trade(s) from the efficient allocation. Since each agent has other agents

who are perfect substitutes in these models, those bids in the removed trade(s)

become reference prices, and the pricing decision is made by setting the trans-

action prices equal to the reference prices. This is the trade reduction approach

summarized by Babaioff and Walsh [7].

This approach is extended in Babaioff et al. [6], where they studied a simple

exchange environment with multiple locations and transportation costs. They

showed that in some cases the reference prices can be calculated from the bid prices

25
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instead of setting equal to some losing bid prices. Therefore, fewer trades can be

removed and higher efficiency can be achieved.

Another intuitive approach is to make the pricing decision first. If we can

calculate a threshold price for each buyer such that she wins an item if she outbids

this threshold price and loses if she underbids, and vice versa for the seller, then

the resulting mechanism is strategy-proof. A naive example is to set all the

threshold prices equal to the VCG prices, and then the final allocation is the

efficient allocation. However, under this case, the auctioneer generally will have

a budget deficit. (Since we know the allocation is efficient, we can also say that

allocation decision is made first in this example.)

3.2 Drawbacks of the Existing Approaches

The trade reduction approach works well when agents are perfect substitutes.

However, when agents are heterogeneous, it is not clear how to remove trades from

the efficient allocation or calculate the reference prices under the trade reduction

approach. Even though the mechanism by [6] successfully handled the location

dependent costs, it makes no transaction if each trade may incur different costs.

Therefore, it is unpromising to use the trade reduction approach, or first figure out

an allocation decision to design a mechanism for an environment, in which we may

have various cost due to shipping, handling, sales tax, etc.

On the other hand, no known mechanism first makes the pricing decision,

then the allocation decision, since it typically leads to a supply/demand volume

mismatch even in the simple exchange environment. Moreover, as agents are

heterogeneous and transaction costs vary, it is not clear how a mechanism can

determine the buying or selling prices for each individual agent and guarantee

budget balance with high efficiency without information on the allocation decision

and how much each transaction costs. For these reasons, if we make the pricing
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Figure 3–1: Diagram for Multi-Stage Approach

decision first, the resulting strategy-proof budget-balanced mechanism is unlikely to

have superior efficiency.

Therefore, these two intuitive approaches fail to provide a satisfactory solution

for the current setting. An alternative is needed.

3.3 Multi-Stage Design Approach

Here, we propose a novel multi-stage approach as shown in Figure 3–1.

Under this approach, a mechanism begins with a pricing decision for one side

and eliminates some agents from the auction, then makes the allocation decision,

and finalizes the pricing decision for the other side subsequently. For example, a

mechanism can first set the threshold price/transaction price for each buyer and

remove the buyers who bid lower than their threshold prices, that is, first make

the pricing decision on the buyer side. Then, the allocation decision can be made

by choosing an efficient allocation among the remaining buyers and the original

sellers. Finally, the mechanism makes the pricing decision on the seller side, that

is, sets the transaction prices for each trading seller. The idea is to select a (small)

group of sellers who are highly competitive during the first stage, such that when
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we take an efficient allocation among original buyers and these sellers, all of the

sellers get transaction. And hopefully, the transaction prices for the winning buyers

can be determined by the competitions among buyers in the final allocation, so

that buyers have no incentive to speculate even though their bids can influence the

sellers’ threshold prices and consequently the final allocation as shown in the Figure

3–1.

During the first stage of the design, we face a trade-off. On the one hand,

the lower the threshold prices for sellers in the first stage, the more likely this

approach will work. On the other hand, the lower the threshold prices for sellers

in the first stage, the less the allocation efficiency will be realized. As we will show

next, by setting these threshold prices wisely, strategy-proof, budget-balanced, and

individual-rational mechanisms can be obtained. The fine-tuned pricing decision

on the seller side secures a non-negative payoff for the auctioneer, guarantees

transactions for competitive sellers, and deters speculations of buyers although

their bids can influence the sellers’ threshold prices and consequently the final

allocation.



CHAPTER 4
AGENT COMPETITION DOUBLE AUCTION MECHANISM

In this chapter, we propose the agent competition double auction (AC-

DA) mechanism under the multi-stage design approach. We show that the AC-

DA mechanism is strategy-proof, (ex post) individual-rational, and (ex post)

budget-balanced if the quasi-linear social welfare satisfies the complementarity-

substitutability conditions [57].

The remainder of this chapter is organized as follows. Section 4.1 defines

the model and related notation. Section 4.2 proposes the two versions of the

agent competition double auction (AC-DA) mechanism: the buyer competition

mechanism and the seller competition mechanism. Section 4.3 shows that the

AC-DA mechanism is strategy-proof, (ex post) individual-rational, and (ex post)

budget-balanced under mild conditions. The proofs for Section 4.3 are compiled in

Section 4.4.

4.1 Model and Notation

Let I denote the group of buyers, and J the group of sellers, hereafter both

called agents. We also refer to a buyer as “she” and a seller as “he”. Let us

consider a general bilateral exchange environment, where each buyer tries to

acquire a certain bundle and each seller tries to sell a certain bundle. We assume

a private value model, that is, each agent knows his/her valuation of the bundle

of interest, but not others’. If we assume quasi-linear preferences, where an

agent’s utility is the difference between his/her valuation of the item he/she sells

(buys) and the amount of money he/she receives (pays), then we can define a

quasi-linear social welfare, which is the summation of the auctioneer’s payoff and

each individual agent’s utility. Here, we allow the possibility of other forms of

29
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social welfare and adopt a weaker assumption: the function value of the social

welfare is zero if there is no transaction, and for each of other possible allocations,

the social welfare function is an additive measure over functions of individual

agent’s bid. Note that the quasi-linear social welfare satisfies this condition.

Consider the maximum social welfare among all the possible allocations, we are

interested in the exchange environments whose maximum social welfare satisfies the

complementarity-substitutability conditions in Shapley [57]:

Property 1 If k and l ∈ I are two different buyers, then V + V−{k,l} ≤ V−k + V−l.

Property 2 If k and l ∈ J are two different sellers, then V + V−{k,l} ≤ V−k + V−l.

Property 3 If k ∈ I is a buyer and l ∈ J is a seller, then V + V−{k,l} ≥ V−k + V−l.

where V is the maximum feasible social welfare, V−h is the maximum feasible social

welfare without agent h for h ∈ I ∪ J , and V−{k,l} is the maximum feasible social

welfare without agent k and l.

Property 1 means that buyers are substitutes for each other. Similarly,

Property 2 says that sellers are substitutes for each other. Property 3, the com-

plementary condition, implies that the contribution from a system in which only

new buyers are allowed to enter plus the contribution from a system in which only

new sellers are allowed to enter is less than the contribution from a system in which

both buyers and sellers are allowed to enter.

In this paper, we use the term “bid” to denote both a buyer and a seller’s

declaration. Before introducing the mechanisms, we need to define the following

notation.

Notation

fi The bid price of buyer i, i ∈ I.

gj The bid price of seller j, j ∈ J .

V (I ′, J ′) The maximum feasible social welfare regarding to the bids of buyer set I ′

and seller set J ′.
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V−k(I
′, J ′) The maximum feasible social welfare regarding to the bids of agent set

I ′ ∪ J ′\{k} (k ∈ I ′ ∪ J ′).

Vk(I
′, J ′) The maximum feasible social welfare regarding to the bids of agent set

I ′ ∪ J ′ and one more agent who is identical to agent k (k ∈ I ′ ∪ J ′).

p−(k)(I ′, J ′) The infimum (supremum) of bid prices of buyer (seller) k satisfying

V (I ′, J ′) > V−k(I
′, J ′).

p+(k)(I ′, J ′) The infimum (supremum) of bid prices of buyer (seller) k satisfying

Vk(I
′, J ′) > V (I ′, J ′).

Note if agent k is a buyer, when we say that there is one more agent who

is identical to agent k, it means that we have an additional buyer who acquires

the same bundle as agent k’s and submits a bid price the same as agent k’s.

Furthermore, when sellers trade with this additional buyer, they incur the same

costs or benefits as with agent k. Similarly, if agent k is a seller, when we say

that there is one more agent who is identical to agent k, it means that we have an

additional seller who disposes the same bundle as agent k’s and submits a bid price

the same as agent k’s. Furthermore, when buyers trade with this additional seller,

they incur same costs or benefits as with agent k.

For simplicity of representation, we may drop the parameters (I ′, J ′) when the

references to the buyer set and the seller set are obvious. Also, in the definition

of p+(k) and p−(k), the infimum of an empty set is positive infinity, and the

supremum of an empty set is negative infinity.

More comments on p−(k) and p+(k) are in order. Essentially, p− is the price at

which an agent is able to trade in some efficient allocation. In particular, when we

have the quasi-linear utility assumption, p− is the agent’s VCG price. The reason

that we adopt the current definitions is to be able to specify p+ and p− even if we

do not have the quasi-linear utility assumption. If we employ an efficient allocation

and complete the transactions at the VCG prices, the auctioneer will likely face a
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deficit. To avoid this, the auctioneer needs to retain some earnings from the agents.

Because of this, we define p+, which is the price at which an agent is able to sell

(buy) one more identical bundle in some efficient allocation. The auctioneer may

retain some earnings by letting all or part of the agents trade at p+, instead of

p−. Under the complementarity-substitutability conditions, p+ is greater than or

equal to p− for each buyer, and p+ is less than or equal to p− for each seller. This

is intuitive since p+ is derived under an environment with more competition.

4.2 Buyer Competition Mechanism and Seller Competition Mechanism

Now we present our double auction mechanism. We let the p+s be the thresh-

old prices for the pricing decision of one side of the market. Since these prices are

obtained through fictitious competition, we call the mechanism the Agent Com-

petition Double Auction (AC-DA) Mechanism. We provide two different

versions, a seller competition mechanism and a buyer competition mechanism.

• Buyer Competition (BC) Mechanism:

– Each agent submits one sealed bid.

– For buyer i ∈ I, if her bid fi is less than p+(i)(I, J), she is eliminated

from the auction. Let Ĩ denote the set of remaining buyers, {i | fi ≥

p+(i)(I, J), i ∈ I}.1

– The items are allocated among the remaining agents (Ĩ and J) in the

most efficient way.

– The trading buyer k pays p+(k)(I, J) , and the trading seller l receives

p−(l)(Ĩ , J).

• Seller Competition (SC) Mechanism:

1 We may also eliminate buyer i if her bid is no more than p+(i), that is, we set
Ĩ = {i | fi > p+(i)(I, J), i ∈ I}. The resulting mechanism maintains the properties,
and should be recognized as a variant of the buyer competition mechanism.
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– Each agent submits one sealed bid.

– For seller j ∈ J , if his bid gj is greater than p+(j)(I, J), he is eliminated

from the auction. Let J̃ denote the set of remaining sellers, {j | gj ≤

p+(j)(I, J), j ∈ J}.2

– The items are allocated among the remaining agents (I and J̃) in the

most efficient way.

– The trading buyer k pays p−(k)(I, J̃), and the trading seller l receives

p+(l)(I, J).

4.3 Theorems

Due to the symmetry, we use AC-DA mechanism to refer to both the seller

competition mechanism and the buyer competition mechanism. Surprisingly,

without any restriction on the formulation of the social welfare, we have the first

set of our major theorems:

Theorem 4.3.1 The AC-DA mechanism is (ex post) individual-rational if

the social welfare satisfies the complementarity-substitutability conditions.

Theorem 4.3.2 The AC-DA mechanism is strategy-proof if the social welfare sat-

isfies the complementarity-substitutability conditions.

Theorem 4.3.3 The AC-DA mechanism is (ex post) budget-balanced if the social

welfare satisfies the complementarity-substitutability conditions and is no more than

the corresponding quasi-linear social welfare.

2 We may also eliminate seller j if his bid is no less than p+(j), that is, we set
J̃ = {j | gj < p+(j)(I, J), j ∈ J}. The resulting mechanism maintains the proper-
ties, and should be recognized as a variant of the seller competition mechanism.
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If we have a bilateral exchange market in which the agents on the same

side are substitutes, and the agents on the different sides are complements, then

Theorems 4.3.1 and 4.3.2 imply that we can construct a strategy-proof and (ex

post) individual-rational double auction mechanism. The strategy-proofness and

individual-rationality properties do not require that each agent has a quasi-linear

utility, as each of them is facing a “take-it-or-leave-it” offer. Furthermore, if

the social welfare function is quasi-linear or is no more than the corresponding

quasi-linear social welfare, Theorem 4.3.3 guarantees the mechanism is (ex post)

budget-balanced.

Due to the lengthes of the proofs, they are deferred to the next section.

4.4 Proofs

We only prove the results for the seller competition mechanism, and it is

understood that all theorems about the seller competition mechanism also hold,

mutatis mutandis, for the buyer competition mechanism. Recall J̃ is the set of

remaining sellers, let p̂−(k) = p−(k)(I, J̃).

We first prove Theorems 4.3.1 and 4.3.2, note that quasi-linear assumption is

not required in these proofs, we only require that the social welfare function is an

additive measure over functions of individual’s bid.

It is relatively straightforward to see that the seller competition mechanism is

always (ex post) individual-rational.

Proof of Theorem 4.3.1: note that if seller k trades, his bid gk must be no more

than p+(k) because otherwise he would be eliminated. Since his transaction price

is p+(k), his utility from participation, p+(k) − gk, is non-negative. Because all the

non-trading sellers have utility zero, the mechanism is (ex post) individual-rational

for all the sellers.

If buyer l trades, she is involved in the efficient allocation of agent set I ∪ J̃ .

That is, her bid fl must be no less than p̂−(l). Since her transaction price is p̂−(l),
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her utility from participation, fl − p̂−(l), is non-negative. Because all the non-

trading buyers have utility zero, the mechanism is (ex post) individual-rational for

all the buyers.

Therefore, the mechanism is (ex post) individual-rational.

To show that the mechanism is strategy-proof, we first show that truth-

revelation is a dominant strategy for all the sellers. This is accomplished by the

following lemmas.

Lemma 4.4.1 p+(k) ≤ p−(k) for seller k ∈ J .

Proof: Consider an exchange environment with one more seller who is identical to

k. By Property 2, we have Vk +V−k ≤ V +V . Thus, Vk−V ≤ V −V−k. Since p+(k)

and p−(k) are the suprema of the bid prices such that Vk − V > 0 and V − V−k > 0,

respectively, we have p+(k) ≤ p−(k).

The following lemma implies that if seller k ∈ J ′ ⊂ J bids gk, which is lower

than p−(k)(I, J) (he is involved in every efficient allocation for agent set I ∪ J),

seller k is involved in every efficient allocation for agent set I ∪ J ′.

Lemma 4.4.2 For k ∈ J ′ ⊂ J , V − V−k ≤ V−J\J ′ − V−(J\J ′)∪{k}.

Proof: It suffices to prove the result for the case |J ′| = |J | − 1. Suppose l is the

unique element in J\J ′. From Property 2, we have V + V−{k,l} ≤ V−k + V−l, i.e.,

V − V−k ≤ V−l − V−{k,l}. Note if gk < p−(k), we have V > V−k. Thus, V−l > V−{k,l},

which means that seller k is involved in every efficient allocation for agent set I∪J ′.

Lemma 4.4.3 If seller k bids lower than p+(k), he trades his bundle.

Proof: From Lemma 4.4.1, we know if seller k bids lower than p+(k), his bid is also

lower than p−(k). Note that after the elimination phase, the agent set becomes

I ∪ J̃ where J̃ ⊆ J and k ∈ J̃ . By Lemma 4.4.2, seller k is involved in every efficient

allocation for agent set I ∪ J̃ . Therefore, seller k trades.
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Theorem 4.4.4 Each seller has a (weakly) dominant strategy to bid truthfully.

Proof: Note that p+(k) is determined by agent set I∪J\{k}; thus, it is independent

of the bid price gk. Also, if seller k trades, his revenue is p+(k). Thus, if seller k’s

valuation is higher than p+(k), he prefers not to trade, which can be achieved by

bidding his valuation. If seller k’s valuation is lower than p+(k), he prefers to trade

at price p+(k), which can also be achieved by bidding his valuation. If seller k’s

valuation is equal to p+(k), he is indifferent between trading and not trading. Thus,

it is a (weakly) dominant strategy for all the sellers to bid truthfully.

Now we show that truth-revelation is a dominant strategy for all the buyers.

The result builds on the following lemmas. The next lemma implies that if buyer k

bids an amount fk, which is higher than p−(k)(I, J ′) for J ′ ⊂ J , buyer k is involved

in every efficient allocation for agent set I ∪ J .

Lemma 4.4.5 Given a subset J ′ ⊂ J and a buyer k ∈ I, V − V−k ≥ V−J\J ′ −

V−(J\J ′)∪{k}.

Proof: It suffices to prove the result for the case |J ′| = |J | − 1. Suppose l is the

unique element in J\J ′. From Property 3, we have V + V−{k,l} ≥ V−k + V−l, or

V − V−k ≥ V−l − V−{k,l}. Note that if buyer k bids an amount fk, which is higher

than p−(k)(I, J ′), V−l > V−{k,l}. Thus, V > V−l and, buyer k is involved in every

efficient allocation for agent set I ∪ J .

Lemma 4.4.6 If buyer k ∈ I bids an amount fk, which is lower than p−(k), then

she does not trade in any efficient allocation of agent set I ∪ J ′, where J ′ ⊂ J .

Proof: It suffices to prove the result for the case |J ′| = |J | − 1. Suppose l is the

unique element in J\J ′. We have fk < p−(k) and V = V−k. From Property 3, we

know V−{k,l} = V−l as we always have V−{k,l} ≤ V−l. Now suppose buyer k bids

p−(k) − ε > fk instead of fk for some small ε > 0. Then we still have V = V−k and

V−{k,l} = V−l for the new bid. This means that the value of V−l remains the same,

since V−{k,l} is independent of k’s bid. Thus, buyer k does not trade in any efficient
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allocation for agent set I ∪ J ′, otherwise V−l increases as buyer k increases her bid

to p−(k)− ε.

Lemma 4.4.7 p+(l) for l ∈ J does not increase if one buyer lowers her bid.

Proof: Since we define p+(l) as the supremum of seller l’s price to make Vl > V , it

suffices to show that Vl − V does not increase when some buyer k lowers her bid.

Let buyer k lower her bid continuously. Both Vl and V either decrease or remain

the same when fk decreases. If V decreases as fk decreases, buyer k is involved in

every efficient allocation for agent set I ∪ J . Due to Lemma 4.4.5, if there is one

more seller who bids the same price as seller l’s price, buyer k still trades; thus, Vl

decreases at the same rate, and Vl − V does not increase when some buyer k lowers

her bid.

Now let us consider the set of remaining sellers in the limit as buyer k’s bid

approaches infinity. This limiting set is well defined by Lemma 4.4.7. Since there

are only finitely many possible remaining seller sets, if buyer k bids high enough,

the set of remaining sellers is the limiting set. We use J̃k to denote this limiting

remaining seller set and use p̃−(k) to denote p−(k)(I, J̃k). We have the following

lemma:

Lemma 4.4.8 The buyer k who bids higher than p̃−(k) trades the bundle at price

p̃−(k).

Proof: We know if buyer k bids higher than p̃−(k), she is involved in every efficient

allocation for agent set I ∪ J̃k. From Lemma 4.4.5, we know that buyer k is

involved in every efficient allocation for V (I, J) and Vl(I, J) for any seller l ∈ J .

Thus, Vl − V and p+(l)(I, J) remain the same, as long as buyer k bids higher than

p̃−(k). We claim that the set of remaining sellers is J̃k because the set of remaining

sellers is J̃k if buyer k bids high enough. Since buyer k bids higher than p̃−(k), she

is involved in every efficient allocation for agent set I ∪ J̃k. Therefore, she trades at

price p̃−(k).
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Corollary 4.4.9 The remaining seller set is J̃k as long as buyer k bids higher than

p̃−(k). Furthermore, p+(j)(I, J) remains the same for all j ∈ J̃k.

Theorem 4.4.10 Each buyer has a (weakly) dominant strategy to bid truthfully.

Proof: We have already shown that if buyer k bids higher than p̃−(k), she trades at

price p̃−(k). Suppose she bids lower than p̃−(k), then the set of remaining sellers

J̃ becomes a subset of J̃k by Lemma 4.4.7. Furthermore, she does not trade in

any efficient allocation for agent set I ∪ J ′ since she bids lower than p̃−(k) by

Lemma 4.4.6. Thus, buyer k does not trade if she bids lower than p̃−(k). Now if

she bids p̃−(k), the set of remaining sellers J̃ is a subset of J̃k, and she may either

not trade or trade at price p̃−(k). Thus, if her valuation of the item is lower than

p̃−(k), she prefers not to trade, which can be achieved by bidding her valuation. If

her valuation is higher than p̃−(k), she prefers to trade at price p̃−(k), which can

also be achieved by bidding her valuation. If her valuation is equal to p̃−(k), she

is indifferent between trading and not trading. Thus, it is a (weakly) dominant

strategy for all the buyers to bid truthfully.

Proof of Theorem 4.3.1: by Theorems 4.4.4 and 4.4.10, the mechanism is strategy-

proof.

Now we show that the seller competition mechanism is (weakly) budget-

balanced if the social welfare not only satisfies the complementarity-substitutability

conditions, but also is no more than the corresponding quasi-linear social welfare.

Since J̃ ⊆ J , p+(j)(I, J) ≤ p̃+(j) by Lemma 4.4.2, that is, no seller is

eliminated if the auction starts with agent set I ∪ J̃ . Note that the trading prices

for the buyers remain the same, while the trading prices of the sellers increase

from p+(j)(I, J)s to p̃+(j)s, and the auctioneer’s revenue does not increase. Thus,

it suffices to prove the budget balance result only for the special case J = J̃ .

Note that in such an environment, the allocation determined by our mechanism is

efficient.
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The following lemma implies that if buyer k ∈ I ′ ⊂ I bids fk, which is higher

than p−(k)(I, J) (she is involved in every efficient allocation for agent set I ∪ J),

buyer k is involved in every efficient allocation for agent set I ′ ∪ J .

Lemma 4.4.11 For buyer k ∈ I ′ ⊂ I, V − V−k ≤ V−I\I′ − V−(I\I′)∪{k}.

Proof: The proof is similar to the proof of Lemma 4.4.2, except that we use

Property 1 instead of Property 2.

Lemma 4.4.12 Suppose buyer k bids fk > p−(k)(I, J), and she lowers her bid to

p−(k)(I, J) + εk (εk > 0), then i) the set of remaining sellers and p+(j)(I, J) for

seller j ∈ J do not change; ii) for buyer i with fi > p−(i)(I, J), p−(i)(I, J) does not

change; iii) the original efficient allocation is still efficient.

Proof: i) Since J = J̃ , this is just a restatement of Corollary 4.4.9.

To prove ii), note that since fk > p̃−(k), buyer k is involved in every efficient

allocation for agent set I ∪ J = I ∪ J̃ . By Lemma 4.4.11, she is also involved in

every efficient allocation for agent set I ∪ J = I ∪ J̃\{i} for i ∈ I and i 6= k. As

buyer k lowers her bid, both V and V−i change by the same amount, p−(i)(I, J) of

buyer i, who bids higher than original p−(i)(I, J), remains unchanged.

For iii), since bidding higher than p−(k)(I, J) guarantees that buyer k is

involved in every efficient allocation for agent set I ∪ J , the decrease of social

welfare is determined by the amount of bid decrease. Thus, iii) follows.

Lemma 4.4.13 Suppose seller k bids gk, which is less than p̃−(k), and he raises

his bid to p̃−(k) − εk (εk > 0). Then i) for trading seller j (6= k), p+(j)(I, J) does

not change; ii) the original efficient allocation is still efficient.

Proof: i) If seller k changes his bid to p+(k)(I, J) − εk, V decreases, and Vj

decreases by at most the same amount for any other seller j ∈ J . Thus, p+(j)(I, J)

for seller j ∈ J does not decrease, and no seller is eliminated after this change.
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For ii), since bidding lower than p+(k)(I, J) guarantees that seller k is involved

in every efficient allocation, the social welfare decreases according to the amount

changed in the bid. Thus, ii) follows.

We denote the trading buyer set as Î and the trading seller set as Ĵ . We now

prove the main theorem for budget balance. Recall that we have J = J̃ .

Proof of Theorem 4.3.1: Suppose we let all trading buyers who bid higher than

p−(k)(I, J) lower their bids to p−(k)(I, J) + εk (for some εk > 0) one by one.

Then by Lemma 4.4.12, the original allocation remains efficient and p+(j)(I, J)

remains the same for seller j ∈ J . After that, by Lemma 4.4.13, we can let all of

the trading sellers who bid lower than p+(k)(I, J) raise their bids to p+(k)(I, J)−εk

(for some εk > 0) one by one and still keep the original allocation efficient. Since

the original allocation is still efficient, it is better than making no transaction.

Since the social welfare V is no more than the corresponding quasi-linear social

welfare, under quasi-linear social welfare function, we have
∑

i∈Î(p−(i)(I, J) +

εi) −
∑

j∈Ĵ(p+(j)(I, J) − εj) − C(Q) ≥ 0, where C(Q) is the transaction costs

to execute the allocation Q. Since the εks are arbitrary positive numbers and

J = J̃ ,
∑

i∈Î p̃−(i) ≥
∑

j∈Ĵ p+(j)(I, J) + C(Q), i.e., the total cash inflow is no less

than the total cash outflow. Thus, the seller competition mechanism is (weakly)

budget-balanced.



CHAPTER 5
SIMPLE EXCHANGE ENVIRONMENT

WITH TRANSACTION COSTS

Now, let us revisit the current customer-to-customer online auction market

and apply the AC-DA mechanism to this market. For simplicity, we first model

this market as a simple exchange environment in which each agent wants to buy

(sell) one unit of the same item. We assume that when buyer i trades with seller

j, transaction cost di,j is incurred due to shipping, handling, sales tax, etc. The

transaction costs can be common knowledge or only known by the auctioneer, and

these costs result in product differentiation.

The remainder of this chapter is organized as follows. Section 5.1 specifies the

simple exchange model and shows that the AC-DA mechanism maintains all the

desired properties under this environment. Section 5.2 investigates the impact of

transaction costs, which may segment the market, prohibit the trades, and incur a

loss on social welfare. However, Section 5.3 shows that this loss can be alleviated

and becomes negligible in a large market. Thus, as the auction becomes large,

almost all feasible surpluses will be realized. Section 5.4 provides a comprehensive

discussion on false-name bids, self-report of the transaction costs, and the two-part

tariff in this online auction market.

41
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5.1 Model and Mechanism

Given agents’ bids f(i)s (i ∈ I) and g(j)s (j ∈ J), we can formulate a

quasi-linear social welfare V (I, J):

P : Maximize V =
∑

i fixi −
∑

j gjyj −
∑

i,j di,jzi,j

Subject to
∑

j zi,j = xi for each i ∈ I

∑
i zi,j = yj for each j ∈ J

xi ∈ {0, 1} for each i ∈ I

yi ∈ {0, 1} for each j ∈ J

zi,j ∈ {0, 1} for each i ∈ I and j ∈ J

where xi and yj denote whether buyer i, or seller j, respectively, enter a transaction

or not; zi,j denotes whether buyer i transacts with seller j or not. Due to the

network property of the formulation, this maximization problem can be solved

efficiently.

Furthermore, under this quasi-linear formulation, p−(k) is the VCG price, and

we can calculate it by the following method: let the buyer (seller) k bid a price p

high (low) enough so that V > V−k. Then p−(k) = p−(V −V−k) if k is a buyer, and

p−(k) = p+(V −V−k) if k is a seller. When buyer i has valuation higher than p−(i),

and she trades at p−(i), her payoff is V − V−i, her maximum core payoff in the

assignment game. Similarly, when seller j has valuation lower than p−(j), and he

trades at p−(j), his payoff is V − V−j, his maximum core payoff in the assignment

game. We can also calculate p+(k) in a similar approach: let the buyer (seller) k

bid a price p high (low) enough so that Vk > V . Then p+(k) = p − (Vk − V ) if k

is a buyer, and p+(k) = p + (Vk − V ) if k is a seller. When buyer i has valuation

higher than p+(i), and she trades at p+(i), her payoff is Vi − V , her minimum core

payoff in the assignment game. Similarly, when seller j has valuation lower than



43

p+(j), and he trades at p+(j), his payoff is Vj − V , his minimum core payoff in the

assignment game.

Shapley [57] shows that the social welfare formulation P of the simple ex-

change environment satisfies the complementarity-substitutability conditions.

Therefore, the AC-DA mechanism induced by formulation P is applicable to this

environment.

Theorem 5.1.1 The AC-DA mechanism is strategy-proof, (ex post) individual-

rational, and (ex post) budget-balanced in the simple exchange environment with

transaction costs.

5.2 Impact of Transaction Costs

If there is no transaction cost, we can use the ranking method to illustrate the

behavior of the AC-DA mechanism. Without loss of generality, consider the seller

competition mechanism and suppose there are m buy offers f1 ≥ f2 ≥ · · · ≥ fm

and n sell offers g1 ≤ g2 ≤ · · · ≤ gn. Let q be the optimal trade size. The seller

competition mechanism makes either q or q − 1 transactions, depending on the

following conditions:

1) If gq ≤ fq+1: For the q sellers who bid no higher than fq+1, their p+s equal

fq+1. Thus, they survive the elimination phase. For all other sellers, their p+s equal

max{gq, fq+2}. Thus, they are eliminated. q transactions occur among the highest q

buy offers and the lowest q sell offers. The price for all trading buyers is fq+1, and

the price for all trading sellers is also fq+1.

2) If gq > fq+1 and gq = gq−1: For those sellers who bid no higher than

gq = gq−1, their p+s equal gq, and they survive the elimination phase. For all other

sellers, their p+s equal gq, and they are eliminated. q transactions occur among the

highest q buy offers and the lowest q sell offers. The price for all trading buyers is

gq, and the price for all trading sellers is also gq.
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3) If gq > gq−1 and gq > fq+1: For the q− 1 sellers who bid no higher than gq−1,

their p+s equal gq. Thus, they survive the elimination phase. For all other sellers,

their p+s equal max{gq−1, fq+1}, and they are eliminated. q − 1 transactions occur

among the highest q − 1 buy offers and the lowest q − 1 sell offers. The price for all

trading buyers is fq, and the price for all trading sellers is gq.
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Buyers’ payment 
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Trading sellers Trading sellers 

Buyers’ payment 

Sellers’ revenue 

Figure 5–1: Possible Transaction Structures

The seller competition mechanism either achieves an efficient allocation or

misses at most one least profitable trade in comparison to the efficient allocation

if there are no transaction costs. Similarly, the buyer competition mechanism

misses at most one least profitable trade. Therefore, the AC-DA mechanism is

asymptotically efficient as the number of trades approaches infinity.

Now we use the example in Figure 5–2 to illustrate how the AC-DA mecha-

nism may behave under a simple exchange environment with transaction costs. In

this example, we have two sellers and three buyers, and apply the seller competi-
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tion mechanism. The transaction cost matrix di,j is

given at the top of the figure. The agents have the

incentives to truthfully bid their valuations, which

are shown in the graph below the table. In this exam-

ple, the p+s of the sellers are 88 and 90, respectively,

and both sellers survive the elimination phase. Then

according to the efficient allocation, the mechanism

executes two transactions between buyer 1 and seller

1, and buyer 2 and seller 2. The payments from buyer

1 and 2 are 92 and 94, respectively. The revenues for

seller 1 and 2 are 88 and 90, respectively.
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Figure 5–2:

Example with Low

Transaction Costs

Note that the seller competition mechanism achieves the efficient allocation in

this example.

It is interesting to see how transaction costs affect the maximum efficiency of

a mechanism. We illustrate this effect by the example shown in Figure 5–3. This

example is the same as the one in Figure 5–2 except that the transaction costs

are about 70% higher. The new transaction cost matrix is given in Figure 5–3. In

this example, p+s of the sellers are 85 and 86, respectively. The seller competition

mechanism executes only one transaction (between buyer 2 at buying price 93

and seller 2 at selling price 86) instead of two in the previous example, while the

efficient allocation allows two transactions, i.e., between buyer 1 and seller 1, and

between buyer 2 and seller 2.
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Note that due to the high transaction costs, we

essentially have two separate markets: the first mar-

ket consists of buyer 1 and seller 1, while the second

one has buyers 2, 3 and seller 2. By Myerson and

Satterthwaite [43], no incentive-compatible, budget-

balanced mechanism is capable of always inducing the

transaction for the first market. Thus, it is unlikely

that there is any strategy-proof, budget-balanced

mechanism that leads to a transaction between buyer

1 and seller 1 at a fair price. In this sense, the seller

competition mechanism achieves the highest possible

efficiency in this example.
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Figure 5–3:

Example with High

Transaction Costs

This example illustrates that the transaction costs can prevent some possible

transactions by separating the buyers and sellers into small markets, and the

separation results in a loss of efficiency. This effect can be aggravated if there are

an infinite number of transaction costs.

To demonstrate this point, let us assume that F is a family of continuous

distributions with support contained in [0, a] for some constant a. Suppose dis-

tributions F and G are drawn from F according to some stochastic process. Let

each buyer’s valuation independently follow F , and each seller’s valuation inde-

pendently follow G. Now, we assume that the agents are independently generated

from some compact domain H according to some continuous distribution U , and

that the transaction cost, di,j, is the distance between buyer i and seller j. That

is, the transaction cost d depends on x and y, the locations of i and j, respec-

tively, (x, y ∈ H), and d(x, y) is a metric: d is symmetric; d satisfies the triangle

inequality; and d(x, y) = 0 if and only if x = y. Let us also assume that d is

continuous.
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Then we have the following result:

Theorem 5.2.1 Given a finite buyer set, the efficiency achieved by the seller

competition mechanism approaches zero almost surely as the number of sellers

approaches infinity.

Proof: Without loss of generality, assume that every buyer in the given buyer

set has a positive probability of making a profitable transaction with a seller,

otherwise we could remove this buyer, as she does not contribute to the system.

Since U is continuous, the probability of two buyers being at the same location is

zero. Let d0 be the minimum of d(x, y), where x and y are locations of different

buyers. Then d0 is positive with probability 1. Set ε = d0/3 > 0, and define

A(x, ε) = {y|d(x, y) < ε, y ∈ H}. Since d is continuous, the probability that some

seller is from the area A(x, ε) is always positive. Due to the triangle inequality,

we have a disjoint neighborhood A(xi, ε) for each buyer i at xi. Let us define

r = inf{y|G(y) > 0} and B = [r, r + ε]. We have Prob(Y ∈ B) > 0 for Y drawn

from distribution G. As the number of sellers approaches infinity, the number

of sellers with a valuation belonging to B exceeds the number of buyers, m, in

every neighborhood A(xi, ε) with probability 1. We show under this condition

that no seller survives the elimination phase. With no seller left in the remaining

system, the social welfare achieved by the seller competition mechanism equals

zero. It suffices to show that there is no efficient allocation in which seller j, whose

valuation is r, can sell one more item with this condition. Note that the probability

of some seller having a valuation lower than r is zero. Suppose there is such an

efficient allocation where seller j, with two items, makes transactions with both

i1 and i2. Since the neighborhood A(xi1 , ε) and A(xi2 , ε) are disjoint, without loss

of generality, we assume that seller j does not locate at A(xi1 , ε). Since there are

only m buyers, there must be some seller j′ in A(xi1 , ε) who is not involved in the

efficient transaction with a valuation belonging to B. However, by the triangle
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inequality, one can improve the maximum social welfare by making transactions

between i1 and j′ instead of i1 and j. We have a contradiction; thus, no seller

survives the elimination phase, and the social welfare achieved by the seller

competition mechanism is zero almost surely as the number of buyers approaches

infinity.

This counterintuitive result shows the importance of choosing the right

mechanism to achieve higher efficiency. In fact, the buyer competition mechanism

is asymptotically efficient in such a buyer’s market. We discuss the asymptotic

efficiency result further in the next subsection.

5.3 Asymptotic Efficiency Property

Now, we will show that even though transaction costs hurt efficiency, the loss

can be mitigated and becomes negligible in a large market.

We adopt the same distribution and transaction costs assumptions as in the

previous section. We have the following result:

Theorem 5.3.1 The AC-DA mechanism is asymptotically efficient if both m and n

approach infinity and m/n approaches some number p satisfying 0 < p < ∞.

Proof: Let z be a number satisfying F (z) + pG(z) = 1. It is clear that z exists since

both F and G are continuous and the left hand side increases from 0 to 1 + p. For

any ε > 0, since H is compact, there exists a finite ε-partition A1, A2, · · · , Ak of H

(i.e., a partition such that Al has radius less than ε).

We prove the result by first calculating the limiting maximum feasible social

welfare per agent with complete information and then showing that the social

welfare per agent achieved by the seller competition mechanism also approaches

this limit almost surely.

Now, let us define r = inf{y|G(y) ≥ G(z)}. We first consider those sellers who

bid less than r−ε in region Ai. We have G(r−ε) < G(z), thus pG(r−ε) < 1−F (z).

As m/n → p, with probability 1, the number of sellers who bid less than r−ε is less
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than the number of buyers who bid higher than z. Thus, just by ranking the prices

in each region and transacting according to the ranking, one can achieve social

welfare per agent greater than
G(r−ε)

G(z)

∫∞
z xdF (x)−p

∫ r−ε
0 (y+ε)dG(y)

1+p
as the transaction

cost for each transaction is less than ε. Also note that G(r) = G(z) since G is left

continuous, as ε → 0, it is almost sure that the social welfare achieved per agent is

no less than C ≡
∫∞

z xdF (x)−p
∫ z
0 ydG(y)

1+p
as the number of agents approaches infinity.

From the above arguments, with complete information, there is an allocation that

achieves social welfare per agent no less than C as the number of agents approaches

infinity. We next show that C is in fact also an upper bound on the social welfare

per agent for any allocation. Thus, the maximum feasible social welfare per agent

with complete information approaches C almost surely. To see this, we consider the

case in which we ignore the transaction costs. The social welfare per agent with

complete information is no greater than C almost surely, which gives us an upper

bound for the case with transaction costs.

Note that as n → ∞, it is almost sure that in each region Ai there exists some

seller whose valuation is between r − ε and r. Moreover, the percentage of these

sellers whose valuations are between r − ε and r approaches some positive number

in each region. Due to the triangle inequality, a seller whose valuation is less than

r − 2ε is always more competitive than the seller whose valuation is between

r − ε and r in the same region. Thus, if in an efficient allocation, some seller with

valuation between r − ε and r completes a transaction, all sellers in the same region

with valuations less than r − 2ε must also get transactions. Moreover, each seller

whose valuation is less than r − 2ε survives in this case. By the calculation in the

above paragraph, we know in an efficient allocation, the percentage of the sellers

who bid between r − ε and r and get a transaction can not go to zero, otherwise,

the limiting maximum feasible social welfare per agent with complete information

is strictly less than C. That is, it is almost sure there is some seller with valuation
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between r − ε and r who completes a transaction in each allocation. Thus, sellers

whose valuation is less than r − 2ε survive in the elimination phase. Since ε can be

arbitrary, by the same arguments as we used in the above paragraph, we know as

n → ∞, the social welfare per agent achieved by the seller competition mechanism

is no less than C. Note that C is an upper bound on the social welfare per agent

for any allocation, the social welfare per agent achieved by the seller competition

mechanism approaches C almost surely.

As both the maximum feasible social welfare per agent with complete informa-

tion and the social welfare per agent achieved by the seller competition mechanism

approach C almost surely, the ratio between the welfare achieved by the seller

competition mechanism and the maximum feasible social welfare with complete

information converges to 1 as the number of agents approaches infinity. Thus, the

seller competition mechanism achieves asymptotic efficiency.

Theorem 5.3.2 The AC-DA mechanism is asymptotically efficient if m → ∞,

n →∞, and 0 < limm
n
≤ limm

n
< ∞.

Proof: Given any δ > 0, we use E to denote the following event: the efficiency

achieved by the AC-DA mechanism is higher than (1 − δ)× (maximum feasible

social welfare with complete information). We know from the proof of Theorem

5.3.1 that for any ε > 0 and 0 < p < ∞, there is an open set containing p, such

that as long as m/n is in the set, Prob(E) > 1 − ε if the number of agents is

large enough. Also, since 0 < limm
n
≤ limm

n
< ∞, we have m

n
∈ [1

2
limm

n
, 2limm

n
].

By Heine-Borel theorem, we can have finitely many these open sets covering the

compact set [1
2
limm

n
, 2limm

n
]. Thus, for any ε, δ > 0, Prob(E) > 1 − ε when the

number of agents approaches infinity. By letting ε, δ → 0, the ratio between the

welfare achieved by AC-DA mechanism and the maximum feasible social welfare

with complete information converges to 1 almost surely as the number of agents

approaches infinity, that is, the AC-DA mechanism is asymptotically efficient.
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The asymptotic efficiency theorem shows that as long as the market is large

enough and balanced between buyers and sellers, both the buyer competition

mechanism and the seller competition mechanism achieve satisfactory efficiency. If

the market is unbalanced, say m
n

approaches zero, then we should choose the buyer

competition mechanism to achieve asymptotic efficiency. Similarly, if m
n

approaches

infinity, we should pick the seller competition mechanism to achieve asymptotic

efficiency.

5.4 Remarks

Up to now we have concentrated on a simple exchange environment with only

one type of item, in practice, there are many other scenarios that can make the

auction more complicated. For instance, one buyer may find several different items

to be perfect substitutes, while another buyer is only willing to accept one of them

due to the brand name effect. Can the AC-DA mechanism apply to this setting?

The answer is affirmative. As long as the quasi-linear social welfare satisfies

the following complementarity-substitutability conditions, the AC-DA mechanism is

strategy-proof, (ex post) individual-rational, and (ex post) budget-balanced.

There are also other complications of the simple exchange environment. In the

next, we discuss whether agents have incentives to submit false-name bids and how

this impact the social efficiency and individual revenue, we also study the agents’

incentive of truthfully reporting the transaction costs, and the scenario when the

auctioneer wants a two-part tariff and the social welfare is not quasi-linear.

5.4.1 False-name Bid

Even though we have shown that it is each agent’s best interest to submit

his/her own valuation, agents’ may try to maximize their payoffs by other means,

one of which is a false-name bid. To see the power of false-name bids, consider
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when there is one unique seller. The seller prefers an optimal auction that max-

imizes his revenue, and he can turn the seller competition mechanism into a

second-price sealed-bid auction with reserve price by submitting a false buyer’s bid.

Some auction literature devises protocols to prevent false-name bids. But

for an online customer-to-customer marketplace, where typically agents can bid

anonymously, false-name bids are part of the agents’ strategies. Therefore, we need

to study the agents’ behavior on false-name bids and understand theirs impact.

More detailed examinations on false-name bids are in order. For the second-

price sealed-bid auction where only buyer’s bids are accepted, buyers have no

incentive to submit false-name bids, while the unique seller can use either a

false buyer’s bid or a reserve price to maximize his revenue. For double auction

mechanisms, both buyers and sellers in the mechanisms of McAfee [33], Huang et

al. [23], Babaioff et al. [6], and Babaioff and Walsh [7] may have the incentive to

submit both false buyer’s and false seller’ bids.

However, under the seller competition mechanism, because the multi-stage

approach treats buyers and sellers asymmetrically, agents have no incentive to

submit false seller’s bids, while they may want to submit false buyer’s bids.

Theorem 5.4.1 No agent has incentive to submit false seller’s bids under the

seller competition mechanism in the simple exchange environment with transaction

costs.

Proof: The complementarity-substitutability conditions hold in the simple exchange

environment with transaction costs. Because of this, when there is one more seller’s

bid, the p+s for all the original sellers do not increase. Therefore, a seller can

not use false seller’s bids to boost up his threshold transaction price, and has no

incentive to submit false seller’s bids.

As the p+s for all the original sellers do not increase, a buyer can not enlarge

the set of remaining sellers via false seller’s bids. Thus, the p̃− decreases only when
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the submitted false-name survives the elimination phase. When the valuation

distribution is continuous, it is almost surely that all the seller bids that pass the

elimination phase get transaction, that is, p̃− decreases only when the buyer is

obliged to sell an item. Note that when the transaction cost d satisfies the triangle

inequality, the buying price must be no less than the selling price. Thus, a buyer

has no incentive to submit false seller’s bids.

Next, we study the incentive for false-name bids in a simple exchange environ-

ment without transaction costs. Suppose sellers’ valuations of goods are normalized

to zero. Also for illustration purpose, consider a seller’s market with n sellers

and m = 2n buyers, while buyers’ valuations are independent identical random

variables, uniformly distributed on [0, 1]. All the results remain valid when buyers’

valuations are independent identical random variables following distribution F and

n ≤ m(1− F (r∗)), where r∗ is optimal reserve price with regard to F .

We apply the seller competition mechanism. It is in each agent’s best interest

to report his/her valuation. The expected revenue per seller and the expected

social welfare per seller are summarized in Table 5–1 if there is no false-name bid.

Under the current setting, buyers have no incentive to submit false-name bids,

while sellers may improve their revenues by submitting one false buyer’s bids.

Instead of pinpointing the equilibrium behavior with false-name bids, we construct

an upper and a lower bound on social welfare and sellers’ revenues, taking into

account false-name bids. Note that in an equilibrium, a buyer should not submit

a false buyer’s bid higher than r∗. And when each seller submits a false buyer’s

bid r∗, the seller competition mechanism is equivalent to an optimal auction for

the seller coalition. Thus, we obtain an upper bound for expected revenue per

seller and a lower bound for expected social welfare per seller. These numbers are

summarized in Table 5–2. On the other hand, when there are no false-name bids,

the mechanism is efficient in the current setting. This provides a lower bound for
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expected revenue per seller and an upper bound for expected social welfare per

seller. These numbers are summarized in Table 5–1. The expected revenue and the

expected social welfare of any equilibrium lie between the numbers in these two

tables.

Table 5–1: Expected Revenue/Social Welfare without False-name Bids

number of sellers/buyers 1/2 2/4 3/6 · · · n/2n · · · infinity

expected revenue per seller 1
3

2
5

3
7

· · · 1
2
− 1

4n+2
· · · 1

2

expected social welfare per seller 2
3

7
10

5
7

· · · 3
4
− 1

8n+4
· · · 3

4

Table 5–2: Expected Revenue/Social Welfare with Seller Coalition

number of sellers/buyers 1/2 2/4 · · · n/2n · · · infinity

expected revenue per seller 5
12

9
20

· · · 1
2
− 1

8n+4
· · · 1

2

expected social welfare per seller 7
12

101
160

· · · 3
4
− 1

16n+8
− 1

22n+2

(
2n
n

)
· · · 3

4

Note that the expected social welfare and revenue per seller converge when n

approaches infinity. The performances with or without false-name bids converge as

long as n ≤ m(1− F (r∗)), i.e., the expected number of buyers with valuation higher

than r∗ is no less than the number of sellers. Since these two settings provide

the upper and lower bounds for expected revenue and expected social welfare,

the convergence implies that if keeping m/n constant and n approaches infinity,

any equilibrium performance approaches the maximum feasible social welfare and

the maximum revenues simultaneously. We summarize the result in the following

proposition:

Proposition 5.4.2 If m/n is a constant and (1 − F (r∗)) ≥ n/m, the double

auction mechanism approaches both the maximum feasible social welfare and the

maximum revenues as n increases.

As shown in the example, it is worthwhile to point out that the expected

improvement by using false-name bids approaches zero at rate O(n−1), which
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implies that if the market is large enough, it is probably not worth the efforts for

sellers to collect detailed information on buyers’ evaluations in order to submit

false-name bids.

We have shown that when there is no transaction cost, the incentive for false-

name bids vanishes as the market become larger and larger when some regularity

conditions are satisfied. We expect that this result holds for general environment;

however, a more detailed analysis of the incentive for false-name bids and their

impact is still an open research question.

5.4.2 Incentive on Revealing the Transaction Costs

In our current information setting, the auctioneer knows the transaction costs

of any potential trade. This seems very restrictive; however, the auctioneer may ask

each seller the transaction costs for each geographic location beforehand, because

the transaction costs are typically shipping, handling, and sales tax costs, which

can be determined by the seller if he knows the locations of the buyers. In this

case, we have to examine the incentive for misreporting the transaction costs.

The seller can misreport his private information about the transaction costs.

Say, he overprices all of his handling fees by $2. However, as the AC-DA mech-

anism is strategy-proof and the price is determined by the seller’s marginal

contribution, the seller should realize that he should bid $2 lower than his true

valuation of the item if he cares about the total revenue (the sale price plus the

charged transaction costs minus the real transaction costs). This is equivalent to

that he bids both the handling fees and the valuation truthfully.

A seller may profit by overpricing some of his possible transaction costs while

underpricing others if he knows the detailed information of buyers’ valuation.

Consider a simple environment with one seller and two buyers, while the real

transaction costs is zero for all possible trades. Assume the seller’s valuation is

normalized at zero, while buyer 1 and 2’s valuation is 10 and 5, respectively. If the
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seller knows the buyers’ valuations, he can extract all of the 10 from buyer 1 if he

reports to the auctioneer that it costs him 5 more to trade with buyer 1.

However, when sellers have the same prior valuation distribution, it is not

clear why a seller should discriminate between the buyers by misreporting the

transaction costs. Return to the case that with one seller, two buyers and no

transaction costs, if the seller believes that both buyers draw their valuation

from the same distribution, he has no incentive to manipulate the report of the

transaction costs. The detailed analysis of his incentive can be very interesting and

this is still an open research question.

5.4.3 Non-quasi-linear Social Welfare

To compensate for the cost of running the marketplace, the auctioneer needs

to charge a commission. Typically, a commission has two components, a fixed

part and a variable part, which is general a percentage of the transaction price.

In this section, we discuss how to incorporate this two-part tariff into the AC-DA

mechanism.

Let t be the fixed charge for each transaction. Since we have both a buying

price and a selling price for each transaction, let α and β denote the percentages

of tariff we imposed on the buyer and seller, respectively. Furthermore, different

buyers may have different percentage charges αi (i ∈ I), while different sellers

may have different percentage charges βj (j ∈ J). The auctioneer may want

to implement these differences in the percentage charge to distinguish agents

according to transaction records, credit, location, etc. Taking into account these

charges, a potential gain of transaction between buyer i and seller j becomes

(1 − αi)fi − (1 + βj)gj − di,j − t. The maximum feasible social welfare can be
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formulated as:

P ′ : Maximize V =
∑

i(1− αi)fixi −
∑

j(1 + βj)gjyj −
∑

i,j di,jzi,j − t

Subject to
∑

j zi,j = xi for each i ∈ I

∑
i zi,j = yj for each j ∈ J

xi ∈ {0, 1} for each i ∈ I

yi ∈ {0, 1} for each j ∈ J

zi,j ∈ {0, 1} for each i ∈ I and j ∈ J

This formulation is a matching formulation and satisfies the complementarity-

substitutability conditions as shown by Shapley [57]. Thus, the AC-DA mechanism

induced by formulation P ′ is strategy-proof and (ex post) individual-rational.

Furthermore, the social welfare according to P ′ is no more than the corresponding

quasi-linear social welfare P . Thus, the AC-DA mechanism induced by formulation

P ′ is also (ex post) budget-balanced. Therefore, we can implement the commissions

into the mechanism via a non-quasi-linear social welfare function.

This technique can also be used to formulate the real percentage transaction

cost like sales tax.



CHAPTER 6
BILATERAL EXCHANGE ENVIRONMENT

WITH THE SINGLE OUTPUT RESTRICTION

In this chapter, we study the problem of designing truthful double auction

mechanisms for e-marketplaces with many buyers and sellers, especially the

industrial procurement setting where sellers are small in size and have little or no

market power.

Since the complementarity-substitutability conditions [57] no longer hold in

this general bilateral exchange environment, we propose new mechanisms that are

strategy-proof, weakly budget-balanced, individual-rational, and asymptotically

efficient under the multi-stage design approach.

These mechanisms are also capable of handling transaction-related costs,

including costs related to product quality, deliveries, and product customization.

Furthermore, one of the mechanisms achieves asymptotic efficiency by just solving

two linear programs. This is significant considering the fact that the efficiency

maximization problem with complete information is NP-hard.

The remainder of this chapter is organized as follows. Section 6.1 specifies the

exchange model and introduces the single output restriction. Section 6.2 proposes

the buyer competition (LP) mechanism, which only need to solve linear relaxation

of the social welfare. We then improve this mechanism in both social efficiency and

individual payoffs, and propose an enhanced buyer competition (LP) mechanism in

Section 6.3. Section 6.4 proposes another strategy-proof, weakly budget-balanced,

and individual-rational double auction mechanism, the modified buyer competition

mechanism. Section 6.5 provides asymptotic efficiency results for both mechanisms.

58
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Section 6.6 demonstrates the behaviors of different mechanisms in one bilateral

exchange environment. The proofs of this chapter are compiled in Section 6.7.

6.1 Model and Single Output Restriction

As before, let I denote the group of buyers, and J the group of sellers,

hereafter both called “agents”. We also refer to a buyer as “she” and a seller as

“he”. Let G denote the set of indivisible commodities. We consider the following

bilateral exchange environment in which each buyer i (i ∈ I) wants to purchase

a bundle of goods qi = (qg
i )g∈G and each seller j (j ∈ J) supplies a bundle of

goods qj = (qg
j )g∈G. All qg

ks (k ∈ I
⋃

J, g ∈ G) are nonnegative integers since the

commodities are indivisible. We also assume that when buyer i purchases a unit of

commodity g from seller j, a transaction cost di,j,g is incurred. The transaction cost

includes costs associated with transportation, quality, lead time, customization,

and the buyer-vendor relationship. Thus, even if two sellers provide the same

commodities, they may still be heterogeneous due to the transaction costs. These

transaction costs can be common knowledge or only known by the auctioneer. The

auctioneer and each agent may or may not know the number of agents involved, the

statistical joint distribution of the valuations, or any other relevant information.

We assume a private value model, where each agent’s valuation of his/her

bundle is private information. Suppose all agents have quasi-linear utility, that is,

if an agent makes no transaction, his or her utility (payoff) is zero; otherwise, the

payoff is the difference between the agent’s valuation of the bundle and the amount

of money transferred. The auctioneer’s monetary payoff is the total payments from

the buyers, less the revenues of the sellers and the needed transaction costs. The

social welfare is the summation of the auctioneer’s payoff and each agent’s utility.

Without loss of generality, we focus on one-shot sealed-bid auction mecha-

nisms. Let fi be the bid price of buyer i for her bundle, and gj be the bid price of
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seller j. If all the agents bid truthfully, the maximum feasible social welfare can be

formulated as the following mixed integer program:

Q : Maximize
∑

i∈I fixi −
∑

j∈J gjyj −
∑

i∈I,j∈J,g∈G di,j,gzi,j,g

Subject to
∑

j∈J zi,j,g = qg
i xi for each i ∈ I, g ∈ G

∑
i∈I zi,j,g = qg

j yj for each j ∈ J, g ∈ G

0 ≤ zi,j,g for each i ∈ I, j ∈ J, g ∈ G

xi ∈ {0, 1} for each i ∈ I

yj ∈ {0, 1} for each j ∈ J

where xi and yj denote whether an agent trades in the auction, and zi,j,g specifies

the quantity of good g buyer i buys from seller j. The variables (xi∈I , yj∈J) specify

the resource allocation.

The optimization problem Q and its corresponding decision problem – the

problem of deciding whether there is some allocation with positive welfare – are

NP-complete in the strong sense by transforming from 3-PARTITION problem.

Thus, it is unlikely that any polynomially implementable mechanism would

generate positive welfare in the general bilateral exchange environment.

In this chapter, we focus on the industrial procurement setting where sellers

are small in size and have little or no market power. Specifically, we consider an

e-marketplace in which each buyer wants to purchase a bundle of different items

and each supplier (seller) can produce only a single unit of one commodity; that is,∑
g∈G qg

j = 1 for j ∈ J . The assumption we make about the suppliers is called the

single output restriction [7]. The assumption is not as limited as it appears to be.

For example, a supplier typically has a limited capacity, and we may normalize the

capacity to 1 if all the suppliers have similar capacities. Also, the auctioneer may
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restrict the amount each supplier can trade in one auction. With the single output

restriction, we show that bidding truthfully is the dominant strategy for each

agent under the later proposed mechanism. Even if different sellers have different

capacities and are able to deliver different amounts of commodities, the agents have

little incentive to deviate from reporting their true valuations under the proposed

mechanism as long as the sellers are small in size compared to the buyers and have

little or no market power.

With the single output restriction, the optimization problem Q is NP-hard by

transforming from KNAPSACK problem. But, the corresponding decision problem

of deciding whether there exists some allocation with positive welfare is polynomial

solvable. This suggests that it is possible to develop a polynomially implementable

mechanism with high efficiency.

6.2 Buyer Competition (LP) Mechanism

The key difference between the buyer competition mechanism and the buyer

competition (LP) mechanism is that for the allocation and pricing decisions, the

buyer competition (LP) mechanism focuses on the linear relaxation of the social

welfare:

Q̂ Maximize
∑

i∈I fixi −
∑

j∈J gjyj −
∑

i∈I,j∈J,g∈G di,j,gzi,j,g

Subject to
∑

j∈J zi,j,g = qg
i xi for each i ∈ I, g ∈ G

∑
i∈I zi,j,g = qg

j yj for each j ∈ J, g ∈ G

0 ≤ zi,j,g for each i ∈ I, j ∈ J, g ∈ G

0 ≤ xi ≤ 1 for each i ∈ I

0 ≤ yj ≤ 1 for each j ∈ J
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One immediate benefit of this linear relaxation is that the resulting mechanism

can be solved efficiently and implemented in polynomial time. As we will see, this

formulation will, in fact, produce integer solutions in the final allocation and induce

truth-telling.

Before introducing the mechanism, we need to define the following notation.

Notation

fi The bid price of buyer i.

gj The bid price of seller j.

di,j,g The transaction cost when buyer i purchases one unit of commodity g

from seller j.

V̂ (I ′, J ′) The linear relaxation of social welfare regarding to the bids of buyer set

I ′ and seller set J ′.

V̂−k(I
′, J ′) The linear relaxation of social welfare regarding to the bids of agent set

I ′
⋃

J ′\{k} (k ∈ I ′
⋃

J ′).

V̂k(I
′, J ′) The linear relaxation of social welfare regarding to the bids of agent set

I ′
⋃

J ′ and one more agent who is identical to agent k (k ∈ I ′
⋃

J ′).

p̂−(k)(I ′, J ′) The infimum (supremum) of bid prices of buyer (seller) k satisfying

V̂ (I ′, J ′) > V̂−k(I
′, J ′).

p̂+(k)(I ′, J ′) The infimum (supremum) of bid prices of buyer (seller) k satisfying

V̂k(I
′, J ′) > V̂ (I ′, J ′).

For simplicity of representation, we may drop the parameters (I ′, J ′) when the

references to the buyer set and the seller set are obvious.

Note in the definitions of p̂−(k) and p̂+(k) that the infimum of an empty set

is positive infinity, and the supremum of an empty set is negative infinity. When

p̂−(k) and p̂+(k) are finite, these prices can be calculated via the shadow prices.

p̂+(i) and V̂i are closely related to the minimum shadow price of the constraint

associated with buyer i, xi ≤ 1. We use V̂ ′
i+ to denote the minimum shadow
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price and V̂ ′
i− to denote the maximum shadow price of the constraint associated

with buyer i. Similarly, we use V̂ ′
j+ to denote the minimum shadow price and V̂ ′

j−

to denote the maximum shadow price of the constraint associated with seller j,

yj ≤ 1. When the minimum shadow price V̂ ′
k+(I, J) is positive, if agent k trades

at p̂+(k)(I, J), his or her utility equals the minimum shadow price V̂ ′
k+(I, J). The

following propositions formalize this relationship.

Proposition 6.2.1 For all i ∈ I, fi > p̂+(i)(I, J) if and only if V̂ ′
i+(I, J) > 0.

Proposition 6.2.2 For all i ∈ I, if V̂ ′
i+(I, J) > 0, then p̂+(i)(I, J) = fi − V̂ ′

i+(I, J).

Now we present the BC-LP mechanism under the multi-stage design approach,

in which we use p̂+s as the threshold prices for the buyer side.

• Each agent submits one sealed bid.

• For buyer i ∈ I, if her bid fi is no more than p̂+(i)(I, J), she is eliminated

from the auction. Let Ĩ denote the set of remaining buyers, Ĩ = {i | fi >

p̂+(i)(I, J), i ∈ I}.

• The items are allocated among the remaining agents (Ĩ and J) according to

the optimal solution to V̂ (Ĩ , J).

• The trading buyer k pays p̂+(k)(I, J), and the trading seller l receives

p̂−(l)(Ĩ , J).

Because of the structure of the mechanism, p̂−(k) and V̂ ′
k− are also closely

related for each trading seller.

Proposition 6.2.3 In the remaining system Ĩ and J , p̂−(j)(Ĩ , J) = gj + V̂ (Ĩ , J)−

V̂−j(Ĩ , J) = gj + V̂ ′
j−(Ĩ , J) for trading seller j.

Propositions 6.2.1, 6.2.2, and 6.2.3 (whose proofs are in Section 6.7) enable us

to calculate p̂+(i)s and p̂−(j)s using shadow prices. Furthermore, we only need to

check whether fi > p̂+(i)(I, J) for all the buyers, then calculate p̂+s for trading

buyers and p̂−s for trading sellers; we do not need to calculate all the p̂+s and p̂−s.
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Since the BC-LP mechanism is based on Q̂, the linear relaxation of for-

mulation Q, it is important to check whether the BC-LP mechanism renders a

legitimate allocation that no buyer receives a partial bundle and no seller sends a

partial bundle. The following theorem shows that this can be achieved by picking

an optimal extreme point solution:

Theorem 6.2.4 All the optimal extreme point solutions to formulation V̂ (Ĩ , J) are

integer-valued.

Theorem 6.2.4 and Propositions 6.2.1, 6.2.2, and 6.2.3 lead to a polynomial

implementation of the mechanism:

• Collect one sealed bid from each agent.

• Solve linear program V̂ (I, J).

• For each buyer i, calculate V̂ ′
i+(I, J), the minimum shadow price of the

constraint associated with buyer i, xi ≤ 1, in V̂ (I, J). If V̂ ′
i+(I, J) > 0,

p̂+(i)(I, J) = fi − V̂ ′
i+(I, J). Otherwise, buyer i is eliminated.

• Solve linear program V̂ (Ĩ , J), where Ĩ is the set of remaining buyers, and pick

an optimal extreme point solution.

• For each trading seller j, calculate p̂−(j)(Ĩ , J) which equals gj + V̂ ′
j−(Ĩ , J),

where V̂ ′
j−(Ĩ , J) is the maximum shadow price of the constraint associated

with seller j, yj ≤ 1, in V̂ (Ĩ , J).

• Conduct transactions according to the optimal solution to V̂ (Ĩ , J). The

transaction price for trading buyer k is p̂+(k)(I, J), and the transaction price

for trading seller l is p̂−(l)(Ĩ , J).

So, to implement the mechanism, we only need to solve two linear programs

V̂ (I, J) and V̂ (Ĩ , J) and calculate the associated shadow prices.

Next we present the main results of the BC-LP mechanism.

Theorem 6.2.5 The BC-LP mechanism is (ex post) individual-rational.
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Proof: Trading buyer i bids fi and pays p̂+(k)(I, J), since she survives the buyer

elimination phase, fi > p̂+(k)(I, J). Thus, the difference between the bid price and

the transaction price for trading buyer k is positive, and the BC-LP mechanism is

therefore (ex post) individual-rational for each trading buyer.

If seller l trades in the remaining system consisting of Ĩ and J , he receives

p̂−(l)(Ĩ , J). For any ε > 0, if seller l bids gl − ε instead of gl, V̂ (Ĩ , J) will increase,

and we will have V̂−l(Ĩ , J) < V̂ (Ĩ , J). That is, p̂−(l)(Ĩ , J) ≥ gl − ε for any ε > 0.

Thus, p̂−(l)(Ĩ , J) ≥ gl; this means that the seller receives no less than his bid price,

and the BC-LP mechanism is (ex post) individual-rational for each trading seller.

Since the payoff of non-trading buyers and sellers is zero, all the buyers and

sellers get nonnegative payoffs.

Thus, the BC-LP mechanism is (ex post) individual rational for all buyers and

sellers.

Theorem 6.2.6 The BC-LP mechanism is strategy-proof in the bilateral exchange

environment with the single output restriction.

Theorem 6.2.7 The BC-LP mechanism is (ex post) weakly budget-balanced in the

bilateral exchange environment with the single output restriction.

The proofs of Theorems 6.2.6 and 6.2.7 are available in Section 6.7. In the

proof of Theorem 6.2.6, we notice that for each buyer, a critical threshold price

exists such that she trades her bundle if she bids above this price and does not

trade if she bids below. The opposite is true for each seller. This observation tells

us that Theorems 6.2.5, 6.2.6, and 6.2.7 do not depend on the assumption that

each agent’s utility is quasi-linear – each agent only faces a “take-it-or-leave-it”

situation.
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6.3 An Enhanced BC-LP Mechanism

Let us first look at the example in Figure 6–1, in

which there are five sellers, two buyers, and one com-

modity. Each buyer wants two units of the commodity

and each seller supplies one unit. Transaction cost

between a buyer and a seller is zero if they are linked

in the graph and positive infinity otherwise, and the

bidding prices are shown in the graph. It turns out

that p̂+ for both buyers is 6. Thus, both of them are

eliminated, and no transaction takes place under the

BC-LP mechanism.
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f2 = 6

f1 = 6

g5 = 1

g3 = 3

g1 = 1

g4 = 2

g2 = 2

Figure 6–1:
Example for the BC-LP

Mechanism

We propose the following perturbation technique to improve the efficiency

for situations like this. For notational simplicity, let us index the buyers by iks,

k = 1, 2, · · · , |I|; and index the sellers by jks, k = 1, 2, · · · , |J |. We add a

perturbation factor ε· into each agent’s bid price, that is, we treat their bids as

fik + εik and gjk
− εjk

, instead of fik and gjk
, for each buyer and seller, where

1 � εi1 � εi2 · · · � εi|I| � εj1 � εj2 · · · � εj|J| > 0. We call the corresponding

BC-LP mechanism the Enhanced Buyer Competition (LP) Mechanism.

In the above example, p̂+ for both buyers becomes (6 − 2εj3) after the

perturbation. Note that the perturbed bid prices for the buyers are (6 + εi1) and

(6 + εi2), respectively, both of which are greater than (6 − 2εj3). Therefore, both of

them survive, and two transactions take place. Buyer 1 receives items from sellers

1 and 2, while buyer 2 receives items from sellers 4 and 5. Each buyer pays 6 and

each seller receives 3 since ε· � 1. This is the efficient allocation for the system.

Why is the enhanced BC-LP mechanism an improvement over the BC-LP

mechanism? This is because after perturbation, p̂+s may change by additions and
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subtractions of the perturbation factor, so some of the buyers who bid their critical

threshold prices may survive the elimination phase.

The perturbation factor essentially specifies a lexicographic order among the

multiple solutions to V̂ (I, J) and V̂i(I, J) (i ∈ I). This order is used to decide

which optimal (extreme point) solution the mechanism should pick. To better un-

derstand the relationship between the perturbation technique and the lexicographic

order, let us reexamine the above example. After we index all the buyers and

sellers, the perturbation factors induce a lexicographic order among all the optimal

solutions to V̂ (I, J) and V̂i(I, J). When there is more than one optimal solution,

we always pick one that maximizes x1. If x1 is maximized in several optimal solu-

tions, we select one that maximizes x2. If both x1 and x2 are maximized in several

optimal solutions, we select one that maximizes y1, and so on, up to y5. Therefore,

the perturbation factors induce a lexicographic order. On the other hand, each lex-

icographic order specifies the order of magnitudes of the perturbation factors and

how to index the agents. Because of these correspondences, we can interpret the

enhanced BC-LP mechanism under both the perturbation factors representation

and the lexicographic order representation.

Now we apply both representations to the above example. According to the

bid prices fis and gjs, V̂ (I, J) has unique optimal solution: x1 = x2 = y1 = y2 =

y4 = y5 = 1 and y3 = 0. Neither the lexicographic order nor the perturbation

factors alter this unique optimal solution to V̂ (I, J). On the other hand, V̂i1(I, J)

has multiple optimal solutions: x2 = y1 = y2 = y4 = y5 = 1, x1 = 1 + t/2,

and y3 = t for t ∈ [0, 1/2]. After perturbation, V̂i1(I, J) has unique optimal

solution: x2 = y1 = y2 = y3 = y4 = y5 = 1, and x1 = 3/2. Since V̂ (I, J)

and V̂i1(I, J) have different unique optimal solutions while V̂i1(I, J) has a larger

feasible region, V̂i1(I, J) > V̂ (I, J), and buyer 1 survives the elimination phase

after the perturbation. Note that we can obtain the same unique optimal solution
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to V̂i1(I, J) using the induced lexicographic order and detect the difference of

the optimal solutions without explicitly applying the perturbation. Moreover,

the only difference between V̂ (I, J) and V̂i1(I, J) is that the constraint x1 ≤ 1

in V̂ (I, J) becomes x1 ≤ 2 in V̂i1(I, J), that is, the constraint x1 ≤ 1 is relaxed

in V̂i1(I, J). Therefore, if we have the optimal solution to V̂ (I, J), we only need

to check whether this optimal solution changes if we relax the constraint xi ≤ 1

instead of solving V̂i1(I, J) from scratch.

In general, buyer i survives in the enhanced BC-LP mechanism if and only

if the optimal solution based on the given lexicographic order changes when

we relax the constraint xi ≤ 1 from V̂ (I, J), because the latter is equivalent

to V̂i(I, J) > V̂ (I, J). Since the lexicographic order interpretation and the

perturbation factor interpretation are equivalent, we will use whatever is handy in

the reminder of this paper.

These observations lead to a polynomial implementation of the enhanced

BC-LP mechanism:

• Collect one sealed bid from each agent.

• Generate an arbitrary lexicographic order.

• Solve linear program V̂ (I, J), and pick the optimal solution based on the

lexicographic order.

• For each buyer i, check whether this optimal solution changes if the con-

straint associated with buyer i, xi ≤ 1, is relaxed. If so, p̂+(i)(I, J) =

fi − V̂ ′
i+(I, J), where V̂ ′

i+(I, J) is the minimum shadow price of the above

constraint in V̂ (I, J); if not, buyer i is eliminated.

• Solve linear program V̂ (Ĩ , J), where Ĩ is the set of remaining buyers, and pick

the optimal solution based on the lexicographic order.
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• For each trading seller j, calculate p̂−(j)(Ĩ , J), which equals gj + V̂ ′
j−(Ĩ , J),

where V̂ ′
j−(Ĩ , J) is the maximum shadow price of the constraint associated

with seller j, yj ≤ 1, in V̂ (Ĩ , J);

• Conduct transactions according to the optimal solution to V̂ (Ĩ , J). The

transaction price for trading buyer k is p̂+(k)(I, J), and the transaction price

for trading seller l is p̂−(l)(Ĩ , J).

To implement the enhanced BC-LP mechanism, we only need to solve two

linear programs V̂ (I, J) and V̂ (Ĩ , J) and calculate the associated shadow prices.

The enhanced BC-LP mechanism inherits the desired properties of the BC-LP

mechanism. Formally, we have:

Theorem 6.3.1 The enhanced BC-LP mechanism is strategy-proof, (ex post)

individual-rational, and (ex post) weakly budget-balanced in the bilateral exchange

environment with the single output restriction.

Proof: The proof of the (ex post) weakly budget balance property remains the

same. So do the proofs of the strategy-proofness and individual rationality proper-

ties for the sellers. We now prove the strategy-proofness and individual rationality

properties for the buyers.

Consider two scenarios of buyer i’s bid price:

(1) Buyer i bids higher than p̂+(i)(I, J): We show that buyer i trades her bundle

at p̂+(i)(I, J) under this scenario. Note that if we relax the constraint

associated with buyer i, the optimal solution changes as the optimal objective

function value increases. Thus, buyer i survives according to the procedure of

the enhanced BC-LP mechanism. Since all the surviving buyers trade in the

BC-LP mechanism, buyer i acquires her bundle at p̂+(i)(I, J).

(2) Buyer i bids lower than p̂+(i)(I, J): We show that buyer i does not trade

under this scenario. Suppose constraint xi ≤ 1, the constraint associated with

buyer i, is relaxed, and buyer i bids fi = p̂+(i)(I, J). Any feasible solution
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with xi > 1 is no better than any optimal solution to V̂ (I, J). As the bid

price of buyer i decreases, any feasible solution with xi > 1 is inferior to

any optimal solution to V̂ (I, J). Thus, there exists no optimal solution with

xi > 1 if we relax the constraint associated with buyer i. Consequently, the

optimal solution does not change, and buyer i is eliminated.

To summarize, if buyer i bids lower than p̂+(i)(I, J); she does not trade; if

she bids higher than p̂+(i)(I, J), she acquires the bundle at p̂+(i)(I, J); and if she

bids p̂+(i)(I, J), she does either. The transaction price is never more than the bid

price, thus, the enhanced BC-LP mechanism is (ex post) individual-rational for each

buyer. Furthermore, bidding truthfully is a weakly dominating strategy for each

buyer, thus, the enhanced BC-LP mechanism is also strategy-proof for each buyer.

The most important advantage of the enhanced BC-LP mechanism is that

it can achieve higher efficiency and payoffs compared to the original BC-LP

mechanism. Formally, we have:

Theorem 6.3.2 The efficiency achieved by the enhanced BC-LP mechanism is no

less than the efficiency achieved by the original BC-LP mechanism.

Proof: We have seen that the set of remaining buyers Ĩ is larger under the en-

hanced BC-LP mechanism enlarges than under the original BC-LP mechanism.

Both mechanisms maximize V̂ (Ĩ , J) in the final allocation, but the enhanced BC-

LP mechanism achieves higher efficiency since it has a larger feasible solution set.

Theorem 6.3.3 Each agent’s payoff under the enhanced BC-LP mechanism is at

least as high as it under the original BC-LP mechanism.

Proof: For each buyer, her payoff is zero if fi ≤ p̂+(i)(I, J) and p̂+(i)(I, J) − fi

if fi > p̂+(i)(I, J) under both mechanisms. Therefore, each buyer’s payoff under



71

the enhanced BC-LP mechanism is at least as high as it under the original BC-LP

mechanism.

Now we consider the payoffs of the sellers. We have seen that the set of

remaining buyers Ĩ is larger under the enhanced BC-LP mechanism enlarges

than under the original BC-LP mechanism. As all the remaining buyers trade

under both mechanisms, the total transaction quantity under the original BC-

LP mechanism is no more the total transaction quantity under the enhanced

BC-LP mechanism for each commodity. When a seller has positive payoff under

the original BC-LP mechanism, he must also trade under the enhanced BC-LP

mechanism. Note both mechanisms are deterministic mechanisms, where there is

some critical price such that seller j trades at this critical price if his bid price is

lower, and he loses the transaction if his bid price is higher. Thus, the critical price

for each seller under the enhanced BC-LP mechanism is no less than the critical

price under the original BC-LP mechanism. The payoff of a trading seller is the

difference between the critical price and his bid price. Thus, each seller’s payoff

under the enhanced BC-LP mechanism is no less than his payoff under the original

BC-LP mechanism.

6.4 Modified Buyer Competition Mechanism

The BC-LP mechanism relies on the linear relaxation Q̂, whose optimal

solution may be quite different from the optimal solution to Q. An interesting

question is that whether we can design a mechanism by taking advantage of

the information about the true problem Q, namely the efficient allocation and

associated p+s and p−s.

Because of this, we propose the modified buyer competition (MBC) mechanism

under the multi-stage design approach. Similar to the enhanced BC-LP mechanism,

we use an arbitrary lexicographic order to uniquely determine the optimal solution.

We state the MBC mechanism as follows:
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• Collect one sealed bid from each agent.

• Generate an arbitrary lexicographic order.

• Calculate the VCG payment p− for each agent.

• Calculate the optimal solution to Q based on the lexicographic order.

• Remove all the buyers who are not involved in the optimal solution. Let Ī

denote the set of trading buyers in the optimal solution.

• Solve linear program V̂ (Ī , J) and pick the optimal solution based on the

lexicographic order.

• For each buyer i, check whether this optimal solution changes if the con-

straint associated with buyer i, xi ≤ 1, is relaxed. If so, p̂+(i)(Ī , J) =

fi − V̂ ′
i+(Ī , J), where V̂ ′

i+(Ī , J) is the minimum shadow price of the above

constraint in V̂ (Ī , J); if not, buyer i is eliminated.

• Solve linear program V̂ (Ĩ , J), where Ĩ is the set of remaining buyers, and pick

the optimal solution based on the lexicographic order.

• For each trading seller j, calculate p̂−(j)(Ĩ , J) by solving p̂−(j) = gj +

V̂ ′
j−(Ĩ , J), where V̂ ′

j−(Ĩ , J) is the maximum shadow price of the constraint

associated with seller j, yj ≤ 1, in V̂ (Ĩ , J).

• Conduct transactions according to the optimal solution to V̂ (Ĩ , J). The

transaction price for trading buyer k is the higher of her VCG price

and p̂+(k)(Ī , J), i.e. max{p−(k)(I, J), p̂+(k)(Ī , J)}; and the transaction

price for trading seller l is the lower of his VCG price and p̂−(j)(Ĩ , J), i.e.

min{p−(l)(I, J), p̂−(l)(Ĩ , J)}.

The MBC mechanism can be viewed as a BC-LP mechanism following a

preliminary elimination phase based on the optimal solution to formulation Q

and the VCG prices. Similar to the BC-LP mechanism, the MBC mechanism has

certain desired properties. Formally, we have:
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Theorem 6.4.1 The modified buyer competition (MBC) mechanism is strategy-

proof, (ex post) individual-rational, and (ex post) weakly budget-balanced in the

bilateral exchange environment with the single output restriction.

6.5 Asymptotic Efficiency Theorems

To evaluate the efficiency of the mechanisms, we need to specify the attributes

of the underlying bilateral exchange environment. We assume that there is a finite

number of commodities, and there exists a number M such that
∑|G|

g=1 qg
i < M

for every buyer i. That is, M is the limit on how many commodities a buyer can

acquire. Let F be a family of continuous distributions with support contained in

[0, a] for some constant a. Suppose the distributions F(q1,··· ,q|G|) and G(q1,··· ,q|G|)

(
∑|G|

g=1 qg < M) are drawn from F according to some stochastic process. Let

each buyer’s valuation independently follow F
(q1

i ,··· ,q|G|i )
where (q1

i , · · · , q
|G|
i ) is the

bundle the buyer is acquiring, and let each seller’s valuation independently follow

G
(q1

j ,··· ,q|G|j )
where (q1

j , · · · , q
|G|
j ) is the bundle the seller is providing.

If there is no transaction cost associated with each trade, we can show the

following result:

Theorem 6.5.1 With bounded continuous valuation distributions and zero

transaction costs, the BC-LP mechanism is asymptotically efficient as the social

welfare approaches infinity.

We now consider the case with positive transaction costs. We assume that the

transaction cost depends only on location, where the locations of the agents are

independently distributed according to some continuous distribution U on some

compact domain H. We assume that the transaction cost di,j,g is the distance

between buyer i and seller j. That is, the transaction cost d depends on i’s and

j’s locations, x and y, respectively (x, y ∈ H). Furthermore, the distance function

d(x, y) is a metric: d is symmetric, d satisfies the triangle inequality, and d(x, y) =

0 if and only if x = y. Let us also assume d is continuous. We use an agent
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bundle type to denote whether an agent is a seller providing bundle (q1, · · · , q|G|)

(
∑|G|

g=1 qg < M) or a buyer acquiring bundle (q1, · · · , q|G|) (
∑|G|

g=1 qg < M).

Theorem 6.5.2 With bounded continuous valuation distributions and continuous

transaction costs, the BC-LP mechanism is asymptotically efficient if every agent’s

bundle type is independently drawn from the same distribution

The asymptotic efficiency results in Theorems 6.5.1 and 6.5.2 are based on

the assumption that each agent draws his or her valuation independently from

some continuous distribution. We can still have the asymptotic efficiency properties

without assuming the valuation distributions are continuous if we apply the

enhanced BC-LP mechanism.

Theorem 6.5.3 With bounded valuation distributions and zero transaction costs,

the BC-LP mechanism is asymptotically efficient as the social welfare approaches

infinity.

Theorem 6.5.4 With bounded valuation distributions and continuous transaction

costs, the BC-LP mechanism is asymptotically efficient if every agent independently

draws the agent bundle type from the same distribution.

As the MBC mechanism applies the same lexicographic order technique as the

enhanced BC-LP mechanism, we can have similar asymptotic efficiency properties

without assuming the valuation distributions are continuous.

Theorem 6.5.5 With bounded valuation distributions and zero transaction costs,

the MBC mechanism is asymptotically efficient as the social welfare approaches

infinity.

Theorem 6.5.6 With bounded valuation distributions and continuous transaction

costs, the MBC mechanism is asymptotically efficient if every agent independently

draws the agent bundle type from the same distribution.
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6.6 An Example

In this section, we use an example to show how the (enhanced) BC-LP

mechanism, the MBC mechanism, and the buyer competition mechanism in

Chapter 4 behave under the bilateral exchange environment with the single output

restriction.

The example is illustrated in Figure 6–2, where there are two commodities,

C1 and C2. For commodity C1, there are 4 sellers, all of which have valuations

normalized to 0; for commodity C2, there are 5 sellers, where the valuations are 0,

0, 1, 4, and 4, respectively. There are two buyers: buyer 1 wants one unit of C1 and

two units of C2 with valuation 9; buyer 2 wants two units of C1 and one unit of C2

with valuation 7. The efficient allocation for this instance is to let the two buyers

transact with three lowest sellers of each commodity. The social welfare for this

allocation is 15.

 
 

Sellers 

  0    0      0        0 0 0 1 4 4 

     9   7    
 Buyers 

Figure 6–2: An Exchange Environment

Let us first analyze the performance of the buyer competition mechanism for

this example. Under this mechanism, the threshold prices and the final transaction

prices for the multi-stage approach are calculated according to the integer program

Q.

If all the buyers and sellers bid truthfully, it turns out that the threshold price

for both buyers 1 and 2 is 8. Since buyer 2’s bid price is lower than her threshold
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price, she is eliminated. The commodities are allocated according to the efficient

solution among buyer 1 and the sellers, that is, buyer 1 transacts with one C1 seller

and two C2 sellers, where each of these sellers has valuation 0. The transaction

price for this C1 seller is 0; the transaction prices for these C2 sellers are 1. The

transaction price for buyer 1 is her threshold price 8.

Note that the C2 seller with valuation 1 has incentive to manipulate his bid.

If he bids 3 instead of 1, the social welfare for the efficient allocation is 13. The

threshold price for buyer 1 is still 8, while the threshold price for buyer 2 becomes

6. Then, both buyers survive the elimination phase, and the commodities are

allocated according to the efficient allocation, where two buyers transact with

three lowest sellers of each commodity. The transaction price for these C2 sellers

is 4. The C2 seller with valuation 1 is able to sell his item at price 4 if he bids 3

instead of 1. Thus, the buyer competition fails to be strategy-proof in the bilateral

exchange environment.

Now let us apply the BC-LP mechanism to the above example, that is, we

use Q̂, the linear relaxation of the social welfare, to calculate the threshold prices.

If all the buyers and sellers bid truthfully, the p̂+s for the buyers are 8 and 4,

respectively. Both buyers survive the elimination phase, and the commodities are

allocated according to the efficient allocation. The p̂−s for trading sellers of C1

and C2 are 0 and 4, respectively. The BC-LP mechanism is strategy-proof, that is,

bidding truthfully is a weakly dominant strategy for each buyer and seller. Note

that the BC-LP mechanism also achieves strong budget balance and the efficient

allocation in this example.

Since p− is zero for both buyers, the MBC mechanism renders the same

allocation and the transaction prices as the BC-LP mechanism.
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6.7 Proofs

6.7.1 Proofs of Propositions 6.2.1 and 6.2.2

In this section, we explore the relationship between V̂ ′
i+ and p̂+(i). The

following notation will be used frequently: x is a column vector with |I| entries,

and the ith entry is xi; y is a column vector with |J | entries, and the jth entry is

yj; 0 is a column vector where all entries are 0; and ek denotes a column vector

where the kth entry is 1 and all other entries are 0.

Let us start by reviewing some results for the following linear program:

V̂ (I, J)(λ, µ) = Maximize
∑

i∈I fixi −
∑

j∈J gjyj −
∑

i∈I,j∈J,g∈G di,j,gzi,j,g

Subject to
∑

j∈J zi,j,g = qg
i xi for each i ∈ I, g ∈ G

∑
i∈I zi,j,g = qg

j yj for each j ∈ J, g ∈ G

0 ≤ zi,j,g for each i ∈ I, j ∈ J, g ∈ G

0 ≤ x ≤ 1 + λ

0 ≤ y ≤ 1 + µ

where λ is a column vector with |I| entries, and µ is a column vector with |J |

entries. For the remainder of this section, we will not write (I, J) if it is clear what

we are referring to. Note that as long as λ + 1 ≥ 0 and µ + 1 ≥ 0, the linear

program is feasible. Furthermore, the objective function V̂ (λ, µ) is concave, as well

as piecewise-linear nondecreasing for each component of λ and µ.

Lemma 6.7.1 For all i ∈ I, fi > p̂+(i)(I, J) if and only if V̂ (ei,0) > V̂ (0,0).

Proof: p̂+(i) is the infimum of bid prices for buyer i that makes V̂i > V̂ . V̂ is the

same as V̂ (0,0), while V̂i is simply V̂ (ei,0).

If V̂ (ei,0) > V̂ (0,0), fi ≥ p̂+(i) according to the definition of p̂+(i). Since

both V̂ (ei,0) and V̂ (0,0) are continuous functions of fi, there exists some ε > 0

such that V̂ (ei,0) > V̂ (0,0) if the coefficient in the objective function is fi − ε
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instead of fi. Then, fi − ε ≥ p̂+(i) according to the definition of p̂+(i). Thus,

fi > p̂+(i) if V̂ (ei,0) > V̂ (0,0).

If fi > p̂+(i), according to the definition of p̂+(i), there exists some bid

price f ′
i such that p̂+(i) ≤ f ′

i ≤ fi. Also, if we replace the coefficient fi with f ′
i ,

V̂ (ei,0) > V̂ (0,0). Therefore, the optimal solution for V̂ (ei,0) must have xi > 1

under coefficient f ′
i . If we increase the coefficient from f ′

i to fi, V̂ (0,0) increases by

at most (fi − f ′
i) · 1 = (fi − f ′

i), and V̂ (ei,0) increases by at least (fi − f ′
i)xi, which

is greater than (fi − f ′
i). Thus, V̂ (ei,0) > V̂ (0,0) if fi > p̂+(i).

Since V̂ (λ, µ) is piecewise-linear nondecreasing concave for each component

of λ and µ, V̂ (rei,0) is a piecewise-linear nondecreasing concave function of r,

and the right and left derivatives of V̂ (rei,0) must exist. Denote the right and left

derivatives of V̂ (rei,0) at r = 0 as V̂ ′
i+ and V̂ ′

i−, respectively. V̂ ′
i+ and V̂ ′

i− are the

minimum and maximum shadow prices of the constraint associated with buyer i.

Similarly, denote the right and the left derivatives of V̂ (0, rej) at r = 0 by V̂ ′
j+ and

V̂ ′
j−, respectively. V̂ ′

j+ and V̂ ′
j− are the minimum and maximum shadow prices of

the constraint associated with seller j.

Proof of Proposition 6.2.1: By Lemma 6.7.1, fi > p̂+(i) if and only if V̂ (ei,0) >

V̂ (0,0). Since V̂ (rei,0) is a nondecreasing concave function of r, V̂ (ei,0) > V̂ (0,0)

if and only if the right derivative of V̂ (rei,0) with respect to r at 0 is positive; that

is, if and only if V̂ ′
i+ > 0. Thus, for all i ∈ I, fi > p̂+(i) if and only if V̂ ′

i+ > 0.

Proof of Proposition 6.2.2: By Proposition 6.2.1, if V̂ ′
i+ > 0, fi > p̂+(i), and

p̂+(i) is a finite value that is independent of bid price fi. Also by Proposition 6.2.1,

if fi = p̂+(i), the corresponding V̂ ′
i+ ≤ 0. Since V̂ (rei,0) is an increasing function of

r, V̂ ′
i+ ≥ 0. Thus, V̂ ′

i+ = 0 if fi = p̂+(i).

To prove p̂+(i) = fi − V̂ ′
i+ when fi > p̂+(i), it suffices to show that if fi

increases from p̂+(i) to p̂+(i) + ∆ for some ∆ > 0, the corresponding V̂ ′
i+ increases

from 0 to ∆.
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If fi is greater than p̂+(i), by Lemma 6.7.1, we have V̂ (ei,0) > V̂ (0,0); thus,

xi ≤ 1, the constraint associated with buyer i in formulation V̂ (0,0) must be tight.

As fi increases from p̂+(i) to p̂+(i) + ∆, V̂ (0,0) increases by ∆. For any r > 0,

as fi increases from p̂+(i) to p̂+(i) + ∆, V̂ (rei,0) increases by at most (1 + r)∆;

thus, V̂ ′
i+ increases by at most ((1 + r)∆ − ∆)/r = ∆. To show that V̂ ′

i+ increases

from 0 to ∆, it suffices to show that for any small ε > 0, we can find a r > 0

such that V̂ (rei,0) − V̂ (0,0) > (∆ − ε)r. Now suppose fi = p̂+(i) + ε, then

V̂ (ei,0) > V̂ (0,0), and there exists some rε > 0 such that V̂ (rεei,0) > V̂ (0,0)

where the constraint associated with buyer i in formulation V̂ (rεei,0) is tight. As

fi increases from p̂+(i) + ε to p̂+(i) + ∆, V̂ (rεei,0) increases by (1 + rε)(∆ − ε),

while V̂ (0,0) increases by (∆− ε). For r = rε, V̂ (rei,0)− V̂ (0,0) > (∆− ε)r, and

V̂ ′
i+ increases to at least ∆ − ε. Since ε can be arbitrarily small, V̂ ′

i+ increases from

0 to ∆ as fi increases from p̂+(i) to p̂+(i) + ∆. We can conclude that for all i ∈ I,

if V̂ ′
i+ > 0, p̂+(i) = fi − V̂ ′

i+.

6.7.2 Proofs of Theorems 6.2.4 and 6.2.6

We show in this section that the BC-LP mechanism renders a legitimate

allocation that no buyer receives a partial bundle and no seller sends a partial

bundle, and this mechanism is strategy-proof in the bilateral exchange environment

with the single output restriction.

Let x̌ = (x̌i∈I) be a nonnegative vector. We first consider the following linear

program M̂(x̌):
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M̂ : Maximize
∑

i∈I fixi −
∑

j∈J gjyj −
∑

i∈I,j∈J,g∈G di,j,gzi,j,g

Subject to
∑

j∈J zi,j,g = qg
i xi for each i ∈ I, g ∈ G

∑
i∈I zi,j,g = qg

j yj for each j ∈ J, g ∈ G

0 ≤ zi,j,g for each i ∈ I, j ∈ J, g ∈ G

0 ≤ xi ≤ x̌i for each i ∈ I

0 ≤ yj ≤ 1 for each j ∈ J

where xis, yjs, and zi,j,gs are decision variables. Since the zero vector is a feasible

solution, we know that M̂ is both feasible and bounded.

M̂ is equivalent to V̂ (I, J) if x̌i = 1 for all i ∈ I. x̌ takes this default value in

the remainder of this chapter unless we specifically reassign another value to it. Let

{x̂, ŷ, ẑ} = {(x̂i∈I), (ŷj∈J), (ẑi∈I,j∈J,g∈G)} be an optimal solution to M̂.

Lemma 6.7.2 Let x̌i = 1 for all i ∈ I. If fi > p̂+(i)(I, J), then x̂i = 1.

Proof: By Proposition 6.2.1, if buyer i bids higher than p̂+(i)(I, J), the correspond-

ing shadow price is positive, and xi must equal 1 in every optimal solution to M̂.

Let x̃ = (x̃i∈I) be a nonnegative vector satisfying x̃ ≤ x̂ for any optimal

solution {x̂, ŷ, ẑ} to M̂. We consider the following linear program M̄(x̃):
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M̄ : Maximize
∑

i∈I fixi −
∑

j∈J gjyj −
∑

i∈I,j∈J,g∈G di,j,gzi,j,g

Subject to
∑

j∈J zi,j,g = qg
i xi for each i ∈ I, g ∈ G

∑
i∈I zi,j,g = qg

j yj for each j ∈ J, g ∈ G

0 ≤ zi,j,g for each i ∈ I, j ∈ J, g ∈ G

0 ≤ xi ≤ x̃i for each i ∈ I

0 ≤ yj ≤ 1 for each j ∈ J

M̄ is also feasible and bounded; thus, an optimal solution exists.

M̄ is equivalent to V̂ (Ĩ , J) if x̃i equal to 1 for all i where fi > p̂+(i)(I, J) and

0 for all other values of i. Lemma 6.7.2 guarantees that x̃ ≤ x̂ for any optimal

solution {x̂, ŷ, ẑ} to M̂. Let {x̄, ȳ, z̄} = {(x̄i∈I), (ȳj∈J), (z̄i∈I,j∈J,g∈G)} be an optimal

solution to M̄.

By the Flow Decomposition Theorem (Ahuja et al., 1993), we can view the

solutions as flows sent from sellers to buyers. Let us consider the difference between

an optimal solution {x̂, ŷ, ẑ} to M̂ and an optimal solution {x̄, ȳ, z̄} to M̄. We

know the difference can be represented as finite path flows and cycle flows, that

is, if we send a certain amount of flows along these paths and cycles, we can get

{x̄, ȳ, z̄} from {x̂, ŷ, ẑ}. Moreover, if we obtain these paths and cycles according

to the Flow Decomposition Theorem, we can send partial amounts of these flows

along the paths and cycles without violating the non-negative constraints of the

arcs, as the flow of each arc will be between ẑ and z̄. Each path connects a source

to a sink. Note that no buyer can be a sink, since x̂ ≥ x̃ ≥ x̄; thus, there are two

possibilities for a path flow: 1) a seller to a seller; 2) a buyer to a seller.

Figure 6–3 illustrates what the flow representations of M̂, M̄, and the

difference (M̄ − M̂) may look like. In this example, the only difference between M̂
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Figure 6–3: Illustration of the Flows

and M̄ is the constraint x ≤ x̃ in M̄, which requires the inflow of the middle buyer

to be zero. The difference in the flows of M̂ and M̄ is represented by two flows:

one goes from a seller to a seller, and the other goes from a buyer to a seller.

Lemma 6.7.3 For any optimal solution {x̄, ȳ, z̄} to M̄, x̄ = x̃.

Proof: Consider the flow decomposition of the difference between {x̄, ȳ, z̄} and

{x̂, ŷ, ẑ}. Consider all the flows starting from a particular buyer i where x̃i > x̄i.

When we send a proportion of all these flows from {x̂, ŷ, ẑ}, we get another feasible

solution to the original problem M̂, since each seller only provides one type of

commodity. Since x̄i < x̃i ≤ x̂i for every optimal solution {x̂, ŷ, ẑ} to M̂, the

generated solution cannot be optimal for M̂, and the objective function value must

decrease. Thus, if x̄i < x̃i, by sending all these flows proportionally in the reverse

directions, we can get a feasible solution to M̄, which has higher objective function

value than the objective function value of {x̄, ȳ, z̄}. This is a contradiction! Thus,

we must have x̄ = x̃.

Proof of Theorem 6.2.4: Set x̌i equal to 1 for all i ∈ I. Set x̃i equal to 1 for

all i where fi > p̂+(i)(I, J) and equal to 0 for all other values of i. M̂ and M̄ are

equivalent to V̂ (I, J) and V̂ (Ĩ , J), respectively. By Lemma 6.7.3, x̄ = x̃ in every
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optimal solution to M̄. Given that the optimal xis are integer-valued and that the

single output restriction applies to the sellers, the linear program M̄ is a network

flow problem. Thus, all the extreme points of the optimal solution set of V̂ (Ĩ , J)

are integer-valued.

Next, we show that truthful revelation is a dominant strategy for each buyer.

Lemma 6.7.4 If buyer i ∈ I bids higher than p̂+(i)(I, J), then she trades her

bundle.

Proof: Set x̌i equal to 1 for all i ∈ I. Set x̃i equal to 1 for all i where fi >

p̂+(i)(I, J) and equal to 0 for all other values of i. By Lemma 6.7.3, we know that

in the optimal solution to M̄, x̄i = x̃i = 1; that is, buyer i trades her bundle for

sure.

Theorem 6.7.5 Bidding truthfully is a (weakly) dominant strategy for each buyer.

Proof: Note that p̂+(i)(I, J) is determined by the agent set I
⋃

J\{k}, and

that it is independent of the bid price fi. Also, if buyer i trades, her payment is

p̂+(i)(I, J). Thus, if the buyer’s valuation is higher than p̂+(i)(I, J), she prefers

to trade, which will happen if she bids her valuation as shown in Lemma 6.7.4.

If the buyer’s valuation is lower than p̂+(i)(I, J), she prefers not to trade, which

can also be achieved by bidding her valuation. If the buyer’s valuation is equal

to p̂+(i)(I, J), she is indifferent between trading and not trading. Thus, bidding

truthfully is a (weakly) dominant strategy for each buyer.

The following lemmas show that truthful revelation is a dominant strategy for

each seller.

Lemma 6.7.6 There is an optimal solution {x̄′, ȳ′, z̄′} to M̄ such that ȳ′ ≤ ŷ.

Proof: Consider the flow decomposition of the difference between the optimal

solutions {x̄, ȳ, z̄} and {x̂, ŷ, ẑ}. Especially consider all the flows from a seller

to another seller. Starting from {x̂, ŷ, ẑ}, we can send these flows along the path

to get another feasible solution to M̂ since each seller only provides one type of
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commodity. Since {x̂, ŷ, ẑ} is optimal for M̂, sending these flows does not increase

the objective function value of M̂. We will show by contradiction that sending

these flows does not decrease the objective function value either. Suppose sending

these flows decreases the objective function value. Then sending these flows in

the reverse direction should increase the objective function value. Note starting

from {x̄, ȳ, z̄}, if we send these flows in the reverse direction, we can get another

feasible solution for M̄. Thus, we can improve the optimal solution {x̄, ȳ, z̄} to M̄

by sending all these flows in the reverse directions. That is a contradiction! Thus,

sending these flows in either direction does not change the objective function value.

Starting from {x̄, ȳ, z̄}, we can get an optimal solution {x̄′, ȳ′, z̄′} to M̄ by sending

these flows in the reverse directions. It is straightforward to check that this optimal

solution {x̄′, ȳ′, z̄′} to M̄ satisfying ȳ′ ≤ ŷ.

Lemma 6.7.7 There is an optimal solution {x̂′, ŷ′, ẑ′} to M̂ such that ȳ ≤ ŷ′.

Proof: The proof is similar to Lemma 6.7.6. Consider the flow decomposition of the

difference between the optimal solutions {x̄, ȳ, z̄} and {x̂, ŷ, ẑ}. Especially consider

all the flows from a seller to another seller. Starting from {x̂, ŷ, ẑ}, we can get an

optimal solution {x̂′, ŷ′, ẑ′} to M̂ satisfying ȳ ≤ ŷ′ by sending all these flows along

the paths.

Let p̂(j) denote the maximum bid price for seller j such that there exists an

optimal solution to V̂ (I, J) with yj = 1. We first show that if seller j bids higher

than p̂(j), he does not trade.

Lemma 6.7.8 If seller j ∈ J bids higher than p̂(j), then he does not trade.

Proof: Set x̌i equal to 1 for all i ∈ I. Set x̃i equal to 1 for all i where fi >

p̂+(i)(I, J) and equal to 0 for all other values of i. M̂ and M̄ are equivalent to

V̂ (I, J) and V̂ (Ĩ , J), respectively. Since seller j ∈ J bids higher than p̂(j), no

optimal solution to M̂ has yj = 1. By Lemma 6.7.7, M̄ has no optimal solution

with yj = 1. Since all the extreme points of the optimal solution set of V̂ (Ĩ , J) are
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integer-valued by Theorem 6.2.4, yj = 0 in every optimal solution. That is, seller j

does not trade in the remaining system consisting of Ĩ and J .

Lemma 6.7.9 No remaining buyer is eliminated if seller j increases his bid, as

long as his bid is no greater than p̂(j).

Proof: fi > p̂+(i)(I, J) is equivalent to V̂ (ei,0) − V̂ (0,0) > 0 by Lemma 6.7.1.

If seller j increases his bid price by ∆, as long as he bids no more than p̂(j),

V̂ (0,0) decreases by ∆, while V̂ (ei,0) decreases by at most ∆. Thus, the difference

V̂ (ei,0)− V̂ (0,0) is still positive, and buyer i is not eliminated.

Now let us consider the set of remaining buyers as the bid price gj of seller j

goes from p̂(j) to negative infinity. By Lemma 6.7.9, the set of remaining buyers

becomes smaller and smaller as the bid price decreases. We use Ĩj to denote the

limit of the set of remaining buyers. Note that since there is only a finite number of

possible sets of remaining buyers, if seller j bids low enough, the corresponding set

of remaining buyers becomes the limit set, Ĩj. We use p̃−(j) to denote p̂−(j)(Ij, J),

the supremum of bid prices of seller j satisfying V̂ (Ij, J) > V̂−j(Ij, J).

We have the following lemmas:

Lemma 6.7.10 For all j ∈ J , p̃−(j) ≤ p̂(j).

Proof: We prove this by contradiction. Assume that for some seller j ∈ J ,

p̂(j) < p̃−(j). By Lemma 6.7.9, if seller j bids p̂(j), all buyers in Ĩj survive the

elimination phase; that is, V̂ (ei,0) − V̂ (0,0) > 0 for all i ∈ Ĩj. Since V̂ (0,0) and

V̂ (ei,0) (i ∈ Ĩj) are continuous functions of bid price gj, there exists some ε > 0

that satisfies p̂(j) + ε < p̃−(j) and V̂ (ei,0)− V̂ (0,0) > 0 for all i ∈ Ĩj if seller j bids

p̂(j) + ε. Now, assume that seller j bids p̂(j) + ε. Set x̌i equal to 1 for all i ∈ I. Set

x̃i equal to 1 for all i ∈ Ĩj and equal to 0 for all other values of i. At these values,

M̂ and M̄ are equivalent to V̂ (I, J) and V̂ (Ĩj, J), respectively. To apply Lemma

6.7.7, we need to show x̃ ≤ x̂, which holds because V̂ (ei,0) − V̂ (0,0) > 0. That

is, x̂i = 1 for all i ∈ Ĩj, and x̃ ≤ x̂. Seller j’s bid price is higher than p̂(j); thus,
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Table 6–1: Notation for the Proofs

Name Definition/Restriction

x̌ = (x̌i∈I) some nonnegative vector

M̂(x̌)

Maximize
∑

i∈I fixi −
∑

j∈J gjyj −
∑

i∈I,j∈J,g∈G di,j,gzi,j,g

Subject to
∑

j∈J zi,j,g = qg
i xi for each i ∈ I, g ∈ G∑

i∈I zi,j,g = qg
j yj for each j ∈ J, g ∈ G

0 ≤ zi,j,g for each i ∈ I, j ∈ J, g ∈ G

0 ≤ xi ≤ x̌i for each i ∈ I

0 ≤ yj ≤ 1 for each j ∈ J

{(x̂i∈I), (ŷj∈J), (ẑi∈I,j∈J,g∈G)} an optimal solution to formulation M̂

x̃ = (x̃i∈I)
a nonnegative vector satisfying x̃ ≤ x̂

for any optimal solution {x̂, ŷ, ẑ} to M̂

M̄(x̃)

Maximize
∑

i∈I fixi −
∑

j∈J gjyj −
∑

i∈I,j∈J,g∈G di,j,gzi,j,g

Subject to
∑

j∈J zi,j,g = qg
i xi for each i ∈ I, g ∈ G∑

i∈I zi,j,g = qg
j yj for each j ∈ J, g ∈ G

0 ≤ zi,j,g for each i ∈ I, j ∈ J, g ∈ G

0 ≤ xi ≤ x̃i for each i ∈ I

0 ≤ yj ≤ 1 for each j ∈ J

{(x̄i∈I), (ȳj∈J), (z̄i∈I,j∈J,g∈G)} an optimal solution to formulation M̄

p̂(j)
the maximum bid price for seller j such that

there exists an optimal solution to V̂ (I, J) with yj = 1

Ĩj
the limit remaining buyer set as the bid price

gj of seller j goes to negative infinity

p̃−(j)
p̂−(j)(Ĩj, J), the supremum of bid prices of seller j

satisfying V̂ (Ij, J) > V̂−j(Ij, J)
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ŷj < 1 in every optimal solution to M̂. By Lemma 6.7.7, ȳj < 1 in every optimal

solution to M̄. Also, from Lemma 6.7.3, x̄ = x̃ in every optimal solution to M̄.

Given that the optimal xis are integer-valued and that the single output restriction

applies to the sellers, M̄ is a network flow problem; thus, all the extreme points

for the optimal solution set of M̄ are integer-valued. So we must have ȳj = 0 in

every optimal solution to M̄. This contradicts to the assumption that the bid price

p̂(j) + ε is lower than p̃−(j). Thus, for all j ∈ J with a finite p̂(j), p̃−(j) ≤ p̂(j).

Lemma 6.7.11 If seller j bids lower than p̃−(j), he trades.

Proof: Set x̌i equal to 1 for all i ∈ Ĩ and equal to 0 for all other values of i. Set x̃i

equal to 1 for all i ∈ Ĩj and equal to 0 for all other values of i. At these values, M̂

and M̄ are equivalent to V̂ (Ĩ , J) and V̂ (Ĩj, J), respectively. By Lemma 6.7.4, each

remaining buyer has xi = 1 in every optimal solution to V̂ (Ĩ , J), and by Lemma

6.7.10, if seller j bids lower than p̃−(j), he also bids lower than p̂(j). Finally from

Lemma 6.7.9, we know that the set of remaining buyers Ĩ contains Ĩj, thus, x̃ ≤ x̂.

Since seller j bids lower than p̃−(j), ȳj > 0 in every optimal solution {x̄, ȳ, z̄}

to M̄. By Lemma 6.7.3, x̄ = x̃ in every optimal solution to M̄. Given that the

optimal xis are integer-valued and that the single output restriction applies to the

sellers, M̄ is a network flow problem; thus, all the extreme points for the optimal

solution set of M̄ are integer-valued, and ȳj = 1 in every optimal solution to M̄.

By Lemma 6.7.6, the optimal solution to M̂ must also have ŷj = 1. Therefore,

seller j trades if he bids lower than p̃−(j).

Lemma 6.7.12 If Ĩ 6= Ĩj, seller j does not trade.

Proof: By Lemma 6.7.8, if seller j bids higher than p̂(j), he does not trade. Now,

consider the case in which the bid price gj is no more than p̂(j).

By Lemma 6.7.9, the set of remaining buyers Ĩ always contains Ĩj. Since

Ĩ 6= Ĩj, there must be some buyer l ∈ I\Ĩj in the set of remaining buyers Ĩ. For

each remaining buyer i ∈ Ĩ, by Lemma 6.7.1, V̂ (ei,0) > V̂ (0,0). V̂ (λ, µ) is a
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continuous function; thus there exists some εi > 0 such that V̂ (ei + εiel,0) >

V̂ (εel,0). Because there is a finite number of buyers, there exists an ε > 0 such

that V̂ (ei + εel,0) > V̂ (εel,0) for all the remaining buyers Ĩ. This means that in

the optimal solutions to V̂ (εel,0), xi = 1 for all i ∈ Ĩ\{l}. Since buyer l survives

the elimination phase, Proposition 6.2.1 implies that V̂ (εel,0) > V̂ (0,0), and the

optimal xl in every optimal solution to V̂ (εel,0) is greater than 1.

Now set x̌i equal to 1 for all i ∈ I\{l} and x̌l = 1 + ε. Set x̃i equal to 1 for

all i ∈ Ĩ and equal to 0 for all other values of i. At these values, M̂ and M̄ are

equivalent to V̂ (εei,0) and V̂ (Ĩ , J), respectively. Recall we have shown that in

every optimal solution (x̂, ŷ, ẑ) to V̂ (εel,0), x̂i = 1 for all i ∈ Ĩ\{l} and x̂l > 1.

Thus, x̃ ≤ x̂.

Note that if seller j bids low enough, buyer l is eliminated and V̂ (εel,0) =

V̂ (0,0). If the bid price gj increases, as long as gj ≤ p̂(j), V̂ (0,0) decreases at the

same rate, and V̂ (εei,0) must decrease at a slower rate to have V̂ (εel,0) > V̂ (0,0).

Thus, yj < 1 in every optimal solution to V̂ (εel,0).

Since ŷj < 1 in every optimal solution {x̂, ŷ, ẑ} to M̂, by Lemma 6.7.7, the

optimal solution to M̄ must have ȳj < 1. Furthermore, by Lemma 6.7.3, x̄ = x̃

in every optimal solution to M̄. Given that the optimal xis are integer-valued

and that the single output restriction applies to the sellers, M̄ is a network flow

problem; thus, all the extreme points for the optimal solution set of M̄ are integer-

valued. So we must have ȳj = 0 in every optimal solution to M̄. That is, seller j

does not trade when the set of remaining buyers is not Ĩj.

Corollary 6.7.13 If seller j bids lower than p̃−(j), Ĩ = Ĩj.

Theorem 6.7.14 Bidding truthfully is a (weakly) dominant strategy for each

seller.

Proof: By Lemma 6.7.8, if seller j bids higher than p̂(j), he does not trade. By

Lemma 6.7.11, if seller j bids lower than p̃−(j), he trades.
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Now, consider the case in which the bid price gj lies between these two

numbers; i.e. p̃−(j) < gj ≤ p̂(j). There are two possible scenarios:

1) the set of remaining buyers is Ĩj: according to the definition of p̃−(j), seller

j does not trade in this situation;

2) the set of remaining buyers is not Ĩj: by Lemma 6.7.12, seller j does not

trade.

Thus, if seller j bids higher than p̃−(j), he does not trade. If seller j bids lower

than p̃−(j), he trades by Lemma 6.7.11. By Corollary 6.7.13, the set of remaining

buyers is Ĩj and seller j’s revenue is p̃−(j). If seller j bids p̃−(j), he either does not

trade or trade at price p̃−(j). Thus, if his valuation of the item is lower than p̃−(j),

he prefers to trade, which happens if he bids his valuation. If his valuation is higher

than p̃−(j), he prefers not to trade, which also happens if he bids his valuation. If

his valuation is equal to p̃−(j), he is indifferent between trading and not trading.

Thus, bidding truthfully is a (weakly) dominant strategy for each seller.

Proof of Theorem 6.2.6: By Theorems 6.7.14 and 6.7.5, the BC-LP mechanism

is strategy-proof in the bilateral exchange environment with the single output

restriction.

6.7.3 Proof of Proposition 6.2.3

Proof of Proposition 6.2.3: By Corollary 6.7.13, if seller j bids lower than

p̃−(j), the set of remaining buyers Ĩ is Ĩj, and seller j trades; that is, yj = 1

in every optimal solution to V̂ (Ĩ , J), which is equivalent to V̂ (Ĩj, J). If seller

j bids higher than p̃−(j), by the definition of p̃−(j), yj = 0 in every optimal

solution to V̂ (Ĩj, J). Since the optimal solution set is upper hemi-continuous

with respect to the parameters, when seller j bids p̃−(j), there exist optimal

solutions {x′,y′, z′} and {x′′,y′′, z′′} to V̂ (Ĩj, J) where y′j = 0 and y′′j = 1, and

V̂ (Ĩj, J) = V̂−j(Ĩj, J) = V̂ (Ĩj, J)(0, rej) for −1 ≤ r ≤ 0.
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As seller j lowers his bid price from p̃−(j) to p̃−(j) − ∆, Ĩ = Ĩj, V̂ (Ĩ , J)

increases by ∆, and V̂−j(Ĩ , J) remains the same. The constraint associated with

seller j in V̂ (Ĩ , J)(0, rej) (−1 ≤ r ≤ 0) is tight as long as the bid price is lower than

p̃−(j), so V̂ (Ĩ , J)(0, rej) increases by (1 + r)∆ for −1 ≤ r ≤ 0 as seller j lowers his

bid price. Thus, V̂ ′
j−(Ĩ , J) = ∆, and p̂−(j) = gj + V̂ (Ĩ , J)− V̂−j(Ĩ , J) = gj + V̂ ′

j−(Ĩ , J)

for trading seller j.

6.7.4 Proof of Theorem 6.2.7

In this section, we show that the BC-LP mechanism is (ex post) weakly

budget-balanced in the bilateral exchange environment with the single output

restriction. We accomplish this by using the following lemmas.

Lemma 6.7.15 For all j ∈ J , xi = 1 for all i ∈ Ĩ in every optimal solution to

V̂−j(Ĩ , J).

Proof: If seller j does not trade, yj = 0 in the optimal solution to V̂ (Ĩ , J), and

V̂−j(Ĩ , J) = V̂ (Ĩ , J). Since xi = 1 for all i ∈ Ĩ in every optimal solution to V̂ (Ĩ , J),

the same is true for every optimal solution to V̂−j(Ĩ , J).

Now consider the case where seller j trades. By Theorem 6.7.5, seller j bids

no more than p̃−(j), and the set of remaining buyers Ĩ = Ĩj. By Lemma 6.7.9,

no remaining buyer is eliminated if seller j increases his bid, as long as his bid is

no greater than p̂(j). By Lemma 6.7.10, p̃−(j) ≤ p̂(j), so if seller j bids p̃−(j), no

remaining buyer is eliminated. That is, V̂ (ei,0) > V̂ (0,0) for each buyer i ∈ Ĩ by

Lemma 6.7.1 when gj = p̃−(j).

Now assume that seller j raises his bid to above p̃−(j). Because V̂ (λ, µ)

is continuous, there exists some ε > 0 such that V̂ (ei,0) > V̂ (0,0) as long as

gj < p̃−(j) + ε. Thus, if seller j bids between p̃−(j) and p̃−(j) + ε, xi = 1 for all

i ∈ Ĩ in every optimal solution to V̂ (0,0). Set x̌i equal to 1 for all i ∈ I. Set x̃i

equal to 1 for all i ∈ Ĩ and equal to 0 for all other values of i. At these values,

M̂ and M̄ are equivalent to V̂ (I, J) and V̂ (Ĩ , J), respectively. Since xi = 1 for
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all i ∈ Ĩ in every optimal solution to V̂ (0,0), x̃ ≤ x̂. By Lemma 6.7.3, x̄ = x̃;

that is, xi = x̄i = 1 for i ∈ Ĩ in every optimal solution to V̂−j(Ĩ , J). Since

seller j bids above p̃−(j), yj = 0 in every optimal solution to V̂ (Ĩ , J); that is,

V̂ (Ĩ , J) = V̂−j(Ĩ , J). Note that the optimal solution set for V̂−j(Ĩ , J) is independent

from bid price gj. Therefore we have xi = 1 for all i ∈ Ĩ in every optimal solution

to V̂−j(Ĩ , J).

Lemma 6.7.16 If seller k bids lower than p̃−(k), then yk = 1 in every optimal

solution to V̂−j(Ĩ , J).

Proof: We prove this lemma by contradiction. Consider the flow decomposition of

the difference between an optimal solution to V̂ (Ĩ , J) and an optimal solution to

V̂−j(Ĩ , J), where yk < 1. By Lemmas 6.7.4 and 6.7.15, xi = 1 for all i ∈ Ĩ in every

optimal solution to V̂ (Ĩ , J) and to V̂−j(Ĩ , J). Thus, all the flows must go from a

seller to a seller.

Since k bids lower than p̃−(k), yk = 1 in the optimal solution to V̂ (Ĩ , J), and

yk < 1 in the optimal solution to V̂−j(Ĩ , J). Therefore, there exists a flow starting

from seller k in the flow decomposition. Starting from the optimal solution to

V̂ (Ĩ , J), sending this flow in reverse direction gives us another feasible solution to

V̂ (Ĩ , J) because each seller only provides one type of commodity. Furthermore,

since yk < 1 in this feasible solution, the objective function value must decrease.

Thus, starting from the optimal solution to V̂−j(Ĩ , J), this flow gives us an another

feasible solution to V̂−j(Ĩ , J) with a higher objective function value than its optimal

solution. This is a contradiction! Thus, yk = 1 in every optimal solution to

V̂−j(Ĩ , J).

Lemma 6.7.17 Suppose seller k bids gk, which is less than p̃−(k), and he raises

his bid to p̃−(k) − εk (εk > 0). Then i) the set of remaining buyers and p̂+(i)(I, J)

for buyer i in the set do not change; ii) p̃−(j) for trading seller j (6= k) does not

change; iii) the original efficient allocation of V̂ (Ĩ , J) is still efficient.
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Proof: i) By Theorem 6.7.14, the set of remaining buyers Ĩ is Ĩk as long as seller

k bids lower than p̃−(j). Consider the case where seller k raises his bid price to

p̃−(k)− εk.

By Lemma 6.7.1, V̂ (el,0) > V̂ (0,0) for each remaining buyer l ∈ Ĩ. Because

V̂ (λ, µ) is continuous, there exists some δ > 0 such that V̂ (el + εei,0) > V̂ (εei,0)

if 0 < ε < δ and l ∈ Ĩ. Thus, in every optimal solution to V̂ (εei,0), xl = 1 for all

l ∈ Ĩ\{i} and xi > 1, since i ∈ Ĩ.

Now set x̌l equal to 1 for all l ∈ I\{i} and x̌i equal to 1 + ε. Set x̃i equal to

1 for all i ∈ Ĩ and equal to 0 for all other values of i. At these values, M̂ and M̄

are equivalent to V̂ (εei,0) and V̂ (Ĩ , J), respectively. Since in every optimal solution

{x̂, ŷ, ẑ} to V̂ (εel,0), x̂l = 1 for all l ∈ Ĩ\{i}, and x̂i > 1, x̃ ≤ x̂.

Every optimal solution to V̂ (Ĩ , J) has yk = 1, as long as seller k bids lower

than p̃−(j). By Lemma 6.7.6, every optimal solution to V̂ (εei,0) (0 < ε < δ) has

yk = 1 if seller k bids p̃−(k) − εk. Now consider the case where seller k bids lower

than p̃−(k) − εk: yk must still equal 1 in every optimal solution to V̂ (εei,0) for

0 < ε < δ.

On the other hand, by Lemma 6.7.10, p̂−(k) ≥ p̃−(k), and every optimal

solution to V̂ (0,0) has yk = 1, as long as seller k bids lower than p̃−(j).

Thus, if seller k raises his bid price gk to p̃−(k)− εk, V̂ (εei,0)− V̂ (0,0) remains

the same as long as gk < p̃−(k), and the set of remaining buyers remains the

same. Since V̂ (εei,0) − V̂ (0,0) remains the same, V̂ ′
i+(I, J) remains the same. By

Proposition 6.2.2, if buyer i survives the elimination, p̂+(i)(I, J) = fi − V̂ ′
i+(I, J).

Thus, p̂+(i)(I, J) remains the same.

ii) By Lemma 6.7.16, yk = 1 in every optimal solution to V̂−j(Ĩ , J). Thus,

V̂ (Ĩ , J) and V̂−j(Ĩ , J) decrease at the same rate as seller k raises his bid price.

For trading seller j, Ĩ = Ĩj and p̃−(j) = p̂−(j)(Ĩ , J). By Proposition 6.2.3,



93

p̂−(j)(Ĩ , J) = gj + V̂ (Ĩ , J) − V̂−j(Ĩ , J), and p̃−(j) for trading seller j remains the

same.

iii) Since seller k trades in every efficient allocation for V̂ (Ĩ , J) if he bids lower

than p̃−(k) by Lemma 6.7.11, the amount of the social welfare decreased is the

same as the amount equal to the change of his bid. Thus, iii) follows.

Lemma 6.7.18 Suppose buyer k bids fk > p̂+(k)(I, J), then lowers her bid to

p̂+(k)(I, J) + εk (εk > 0). We show i) the set of remaining buyers and p̂+(i)(I, J)

for buyer i in the set do not change; ii) the original efficient allocation V̂ (Ĩ , J) is

still efficient.

Proof: i) If buyer k bids p̂+(k) + εk, by Lemma 6.7.1, V̂ (ek,0) > V̂ (0,0).

Because V̂ (λ, µ) is continuous, there exists some δ > 0 such that for all i ∈ I,

V̂ (ek + εei,0) > V̂ (εei,0) as long as 0 < ε < δ. Thus, the constraint associated

with buyer k must be tight in V̂ (εei,0), and xk = 1 in every optimal solution to

V̂ (εei,0). Now consider the case where buyer k bids higher than p̂+(k)(I, J) + εk.

xk must still equal 1 in every optimal solution to V̂ (εei,0).

Thus, if buyer k lowers her bid price fk to p̂+(k)(I, J) + εk, V̂ (εei,0) and

V̂ (0,0) decrease the same amount, V̂ (εei,0) − V̂ (0,0) remains the same, and

V̂ ′
i+(I, J) remains the same. By Proposition 6.2.1, the set of remaining buyers does

not change. By Proposition 6.2.2, for all i ∈ Ĩ, p̂+(i)(I, J) = fi − V̂ ′
i+(I, J); thus,

p̂+(i)(I, J) for buyer i remains the same.

ii) By Lemma 6.7.4, if buyer k bids higher than p̂+(k)(I, J), she trades in every

efficient allocation for V̂ (Ĩ , J), and the social welfare decreases by an amount equal

to the change of her bid. Thus, ii) follows.

Proof of Theorem 6.2.7: By Lemma 6.7.17, if we let all the trading sellers

who bid lower than p̃−(k) raise their bids to p̃−(k) − εk (for some εk > 0) one by

one, the set of remaining buyers does not change and the original allocation in

the remaining system is still efficient. Then, by Lemma 6.7.18, we can let all the
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trading buyers who bid higher than p̂+(k)(I, J) lower their bids to p̂+(k)(I, J) + εk

(for some εk > 0) one by one while keeping the original allocation in the remaining

system efficient. Because the original allocation in the remaining system is still

efficient, the objective function value must be non-negative, since zero is a feasible

solution. We have
∑

(p̂+(i)(I, J) + εi)xi −
∑

(p̃−(j) − εj)yj −
∑

di,j,gzi,j,g ≥ 0 for

the optimal allocation (x,y, z) in the remaining system. Since the εks are arbitrary

positive numbers,
∑

p̂+(i)(I, J)xi −
∑

p̃−(j)yj −
∑

di,j,gzi,j,g ≥ 0, i.e. the BC-LP

mechanism is (ex post) weakly budget-balanced.

6.7.5 Proof of Theorem 6.4.1

In this section, we prove the (ex post) weakly budget balance, (ex post)

individual rationality, and strategy-proofness properties of the MBC mechanism. In

order to prove these properties, we need the following lemma:

Lemma 6.7.19 Trading seller l under the MBC mechanism also trades in the

optimal solution to Q.

Proof: Consider the flow representation of the difference of the optimal solution to

Q and the final allocation. We prove by contradiction. Assume that seller l trades

in the final allocation and does not trade in the optimal solution to Q. Then there

must be a flow sending from seller l to some seller j in the difference. Since both

solutions are integer-valued, the flow sends exactly one unit of the commodity seller

l supplies. Note that starting from the optimal solution to Q, sending this unit

flow gives us a feasible solution to Q. Due to the perturbation/lexicographic order,

Q has a unique optimal solution, so this feasible solution must be inferior. Now,

starting from the final allocation, sending this flow in reverse direction improves the

final allocation. This is a contradiction. Thus, under the MBC mechanism, each

trading seller is involved in the transaction under the optimal solution to Q.

Proof of Theorem 6.4.1:
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(ex post) weakly budget balance: we compare the following two scenarios: 1)

we have buyer set I and seller set J , and we apply the MBC mechanism; 2) we

have buyer set Ī and seller set J , and we apply the BC-LP mechanism. Note that

both scenarios produce same allocations. Trading buyer k in scenario 1 pays at

least the price in scenario 2, since max{p−(k)(I, J), p̂+(k)(Ī , J)} ≥ p̂+(k)(Ī , J),

and trading seller l in scenario 1 receives at most the price in scenario 2, since

min{p−(l)(I, J), p̂−(l)(Ĩ , J)} ≤ p̂−(l)(Ĩ , J). Since the BC-LP mechanism is (ex post)

weakly budget-balanced, the MBC mechanism is also weakly budget-balanced.

(ex post) individual rationality: Consider the scenario in which we have buyer

set Ī and seller set J , and apply the BC-LP mechanism. Since the BC-LP mech-

anism is (ex post) individual-rational, trading buyer k must bid no less than her

p̂+(k)(Ī , J), while trading seller l must bid no more than his p̂−(l)(Ĩ , J). Now,

consider the scenario in which we have buyer set I and seller set J , and we ap-

ply the MBC mechanism. Trading buyer k must bid no less than p−(k)(I, J)

because she trades in the optimal solution to Q. Thus, trading buyer k’s bid

price fk ≥ max{p−(k)(I, J), p̂+(k)(Ī , J)}, and each buyer’s payoff is nonneg-

ative. By Lemma 6.7.19, trading seller l also trades in the optimal solution to

Q, and must bid no more than p−(l)(I, J). Thus, trading seller l’s bid price

gl ≤ min{p−(l)(I, J), p̂−(l)(Ĩ , J)}, and each seller’s payoff is nonnegative.

Strategy-proofness for the buyer side: for each buyer k, p−(k)(I, J) is deter-

mined by the agent set I
⋃

J\{k}. If buyer k trades in the optimal solution to

Q, Ī is independent of the bid price fk. Thus, if buyer k trades, both p−(k)(I, J)

and p̂+(k)(Ī , J) are independent of the bid price fk. By the strategy-proofness

of the BC-LP mechanism, buyer k trades at max{p−(k)(I, J), p̂+(k)(Ī , J)} if she

bids higher than max{p−(k)(I, J), p̂+(k)(Ī , J)}, and she does not trade if she bids

lower than max{p−(k)(I, J), p̂+(k)(Ī , J)}. Buyer k does not trade or trades at

max{p−(k)(I, J), p̂+(k)(Ī , J)} if she bids at max{p−(k)(I, J), p̂+(k)(Ī , J)}. Thus,
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if buyer k’s valuation is higher than max{p−(k)(I, J), p̂+(k)(Ī , J)}, she prefers

to trade, which can be achieved by bidding her valuation. If buyer k’s valua-

tion is lower than max{p−(k)(I, J), p̂+(k)(Ī , J)}, she prefers not to trade, which

can also be achieved by bidding her valuation. If buyer k’s valuation is equal to

max{p−(k)(I, J), p̂+(k)(Ī , J)}, she is indifferent between trading and not trading.

Thus, bidding truthfully is a (weakly) dominant strategy for each buyer.

Strategy-proofness for the seller side: for every seller l, p−(l)(I, J) is deter-

mined by the agent set I
⋃

J\{l}. If seller l trades in the optimal solution to

Q, Ī is independent of the bid price gl. By Lemma 6.7.19, trading seller l must

trade in the optimal solution to Q. Furthermore, if seller l trades, p̂+(l)(Ĩ , J)

is independent of the bid price gl because the BC-LP mechanism is a strategy-

proof deterministic mechanism. Thus, if seller l trades, both p−(l)(I, J) and

p̂+(l)(Ĩ , J) are independent of the bid price gl. By the strategy-proofness

of the BC-LP mechanism, seller l trades at min{p−(l)(I, J), p̂+(l)(Ĩ , J)} if

he bids lower than min{p−(l)(I, J), p̂+(l)(Ĩ , J)}. By Lemma 6.7.19 and the

strategy-proofness of the BC-LP mechanism, seller l does not trade if he bids

higher than min{p−(l)(I, J), p̂+(l)(Ĩ , J)}. Seller l does not trade or trades at

min{p−(l)(I, J), p̂+(l)(Ĩ , J)} if he bids min{p−(l)(I, J), p̂+(l)(Ĩ , J)}. Therefore, if

seller l’s valuation is lower than min{p−(l)(I, J), p̂+(l)(Ĩ , J)}, he prefers to trade,

which can be achieved by bidding his valuation. If seller l’s valuation is lower than

min{p−(l)(I, J), p̂+(l)(Ĩ , J)}, he prefers not to trade, which can also be achieved by

bidding his valuation. If seller l’s valuation is equal to min{p−(l)(I, J), p̂+(l)(Ĩ , J)},

he is indifferent between trading and not trading. Thus, bidding truthfully is a

(weakly) dominant strategy for each seller.

6.7.6 Proofs of Theorems 6.5.1 and 6.5.2

In this section, we prove the asymptotic efficiency of the (enhanced) BC-LP

mechanism and the MBC mechanism.
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Assume that there are a finite number of possible commodities, and that

there exists a number M such that
∑|G|

g=1 qg
i < M for each buyer i. That is, M

is the limit on how many commodities a buyer can acquire. Let F be a family

of continuous distributions with support contained in [0, a] for some constant a.

Suppose the distributions F(q1,··· ,q|G|) and G(q1,··· ,q|G|) (
∑|G|

g=1 qg < M) are drawn from

F according to some stochastic process. Let each buyer’s valuation independently

follow F
(q1

i ,··· ,q|G|i )
where the seller is acquiring bundle (q1

i , · · · , q
|G|
i ), and each seller’s

valuation independently follow G
(q1

j ,··· ,q|G|j )
where the buyer is providing bundle

(q1
i , · · · , q

|G|
i ). We assume that each valuation is generated in such a way that the

probability to make a profitable transaction is positive; otherwise, the probability

of the social welfare being positive would be zero.

We first consider the case where there is no transaction cost.

Lemma 6.7.20 The social welfare loss in the BC-LP mechanism is bounded almost

surely when there are no transaction costs.

Proof: Consider an optimal solution to V̂ (I, J) in which buyer k is involved, i.e.

xk > 0. If buyer i acquires the same bundle that k does and bids higher than

buyer k, since there is no transaction cost, we get a feasible solution to V̂i(I, J)

with a higher objective function value compared to the objective function value of

V̂ (I, J). Thus, V̂i(I, J) > V̂ (I, J); buyer i survives and trades the bundle in the

final allocation according to Lemma 6.7.4.

Since F is a family of continuous distributions, the probability of two buyers

with the same valuation acquiring the same bundle is zero. Thus, with probability

one, at most one trade (the least valuable trade) for each possible bundle is lost

under the BC-LP mechanism compared to the optimal solution to the linear

relaxation formulation V̂ (I, J). The linear relaxation gives an upper bound on the

social welfare, and the loss from the failed trades is bounded almost surely as both

F and G have bounded supports.
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Proof of Theorem 6.5.1: By Lemma 6.7.20, the social welfare loss is bounded if

there are no transaction costs. As the social welfare approaches infinity, the ratio

between the social welfare achieved by the BC-LP mechanism and the maximum

feasible social welfare approaches 1. Thus, without transaction costs, the BC-LP

mechanism is asymptotically efficient as the social welfare approaches infinity.

Now we analyze the case with transaction costs. We assume that the transac-

tion cost depends only on location, where the locations of the agents are indepen-

dently distributed according to some continuous distribution U on some compact

domain H. We assume that the transaction cost di,j,g is the distance between buyer

i and seller j. That is, the transaction cost d depends on i’s and j’s locations, x

and y, respectively (x, y ∈ H). We assume that the distance function d(x, y) is a

metric: d is symmetric, d satisfies the triangle inequality, and d(x, y) = 0 if and

only if x = y. Let us also assume d is continuous. We use an agent bundle type to

denote whether an agent is a seller providing bundle (q1, · · · , q|G|) (
∑|G|

g=1 qg < M)

or a buyer acquiring bundle (q1, · · · , q|G|) (
∑|G|

g=1 qg < M), and we assume that

every agent’s bundle type is independently drawn from the same distribution.

Proof of Theorem 6.5.2: Let pg denote the probability that an agent is a seller

providing commodity g. Without loss of generality, we assume that pg is positive

for all g ∈ G. For simplicity, we slightly expand the notation g to represent the

bundle containing only one unit of commodity g. We use b to denote a bundle of

a buyer, and bg to denote the amount of commodity g that the buyer wants to

acquire. Let pb be the probability of an agent being a buyer acquiring bundle b, and

let B be the set of agents with pb > 0. We assume that B is nonempty; otherwise,

the probability of making a transaction is zero.

We first calculate an upper bound on the maximum feasible social welfare per

agent. Let αb and αg be the decision variables, denoting the transaction percentage

for agents acquiring b and supplying g, respectively. To get this upper bound, we
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ignore the transaction costs and solve the following problem:

Ê : Maximize
∑

b∈B V̂ F b(αb)−
∑

g∈G V̂ Gg(αg)

Subject to αgp̂g =
∑

b∈B αbbgp̂b for all g ∈ G

0 ≤ αg ≤ 1 for all g ∈ G

0 ≤ αb ≤ 1 for all b ∈ B

where p̂b and p̂g are the realized proportions of the agents acquiring b and supply-

ing g, respectively. V̂ F b(αb) ≡
∫ 1

1−αb
F̂−1

b (x)dx, and V̂ Gg(αg) ≡
∫ αg

0
Ĝ−1

g (x)dx,

where F̂b and Ĝg are the realized valuation distributions of bundle b and bundle g,

respectively. V̂ F b and V̂ Gg are the welfare contributions per agent that come from

acquiring bundle b and supplying bundle g, respectively.

Let V Fb(α) ≡
∫ 1

1−α
F−1

b (x)dx and V Gg(α) ≡
∫ α

0
G−1

g (x)dx. As the number

of agents approaches infinity, p̂b → pb, p̂g → pg, F̂b → Fb, and Ĝg → Gg.

V̂ F b(α) → V Fb(α) and V̂ Gg(α) → V Gg(α). Since in problem Ê , V Fbs, and V Ggs

are all continuous, we can obtain an upper limit of the maximum feasible social

welfare per agent by solving the following problem:

E : Maximize
∑

b∈B V Fb(αb)−
∑

g∈G V Gg(αg)

Subject to αgpg =
∑

b∈B αbbgpb for all g ∈ G

0 ≤ αg ≤ 1 for all g ∈ G

0 ≤ αb ≤ 1 for all b ∈ B

Note that the feasible region is a compact convex set, since if we have two

feasible solutions α′ and α′′, then (α′ + α′′)/2 is also a feasible solution. Moreover,

the objective function is strictly concave, since V Fbs are strictly concave while

V Ggs are strictly convex. Thus, problem E has a unique optimal solution α∗, and

optimal objective function value gives the upper limit C of the maximum feasible
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social welfare per agent. Also, as the number of agents approaches infinity, αb → α∗
b

and αg → α∗
g. Therefore, F−1

b (α∗
b) and G−1

g (α∗
g) are the limit equilibrium prices for

bundle b and bundle g, respectively.

Now we show that with transaction costs, the maximum feasible social welfare

per agent converges to this limit C. Since H is compact, there exists a finite ε-

partition A1, A2, · · · , Ak of H (i.e. a partition such that Al has a radius less than

ε) for any ε > 0. If we restrict transactions to be within each partition, the social

welfare per agent is no less than C − ε, since the transaction cost per agent is

less than ε. If the number of agents is large enough, we can get a feasible solution

where the welfare per agent is no less than C − ε. Thus, C − ε is a lower bound

for the limit maximum feasible social welfare per agent. Since ε can be arbitrarily

small, the maximum feasible social welfare per agent converges to the limit C.

Then, since all the valuation distributions are continuous, we can prove that

as the number of agents approaches infinity and the maximum feasible social

welfare per agent approaches C, the percentage of the buyers who bid higher than

the limit equilibrium price for each bundle, but fail to get a transaction, must

approach zero in the efficient allocation by contradiction, because otherwise the

social welfare would converge to a number strictly smaller than C. Therefore, for

each bundle in each partition Al, some buyer with valuation no more than ε above

the equilibrium price trades in the efficient allocation almost surely. Also note that

the transaction costs of an agent within each partition Al are bounded by Mε,

since M is the limit on how much a buyer can acquire. Now consider buyer i in

partition Al who bids above the limit equilibrium price by (M + 1)ε. There exists

another buyer k in partition Al who acquires the same bundle as buyer i and trades

in the efficient allocation with valuation no more than ε above the equilibrium

price. This tells us that V̂i(I, J) > V̂ (I, J), because we can improve social welfare

by replacing buyer k in the efficient allocation with an additional buyer who is
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identical to i. That is, when we apply the BC-LP mechanism, it is almost surely

that each buyer who bids above the limit equilibrium price by (M + 1)ε survives

the elimination phase. By Lemma 6.7.4, all the surviving buyers trades in the final

allocation. Thus, we can obtain a lower bound on social welfare per agent under

the BC-LP mechanism by calculating the social welfare of the system consisting

of the surviving buyers and the original sellers. Also, as ε goes to zero, the lower

bound on the social welfare per agent under the BC-LP mechanism converges to

C, because all the valuation distributions are continuous. Since C is also an upper

bound for the social welfare per agent, the social welfare per agent achieved by the

BC-LP mechanism converges to C.

Since both the maximum feasible social welfare per agent and the social

welfare per agent under the BC-LP mechanism converge to C, the ratio between

the welfare under the BC-LP mechanism and the maximum feasible social welfare

converges to 1 as the number of agents approaches infinity. Thus, the BC-LP

mechanism is asymptotically efficient if every agent’s bundle type is independently

drawn from the same distribution.

The proofs of other asymptotic efficiency properties are omitted as we can

apply the above arguments in a similar fashion.



CHAPTER 7
IMPLEMENTATION AND COMPARISON

Besides this paper, considerable research has addressed issues on the design

of double auction mechanisms that induce truthful revelation of information from

self-interested agents and apply to various trade settings involving many buyers and

sellers.

In this paper, we investigate two truthful double auction design approaches,

one in Babaioff and Walsh [7] and the multi-stage design approach. We compare

the effectiveness of the resulting mechanisms in various exchange environments. All

the mechanisms of interest assume the private value model, in which each agent

has his/her own private information about the value of the goods. From a game

theory viewpoint, all these mechanisms have the following properties: 1) strategy-

proofness : truthful revelation of private information is a dominant strategy for each

agent; 2) (ex post) individual-rationality : each agent’s payoff from participation

is no less than his or her payoff from non-participation; 3) (ex post) weakly budget

balance : the auctioneer’s payoff is non-negative.

We compare the applicability of the two approaches; that is, we examine

which design approach can offer mechanisms applicable to more general exchange

environments. For each exchange environment of interest, we compare all the

applicable mechanisms based on the following three criteria:

• Individual payoff: The higher the expected payoffs are, the more likely a

mechanism is to attract individual buyers and sellers.

• Social efficiency: The higher the efficiency is, the more likely a mechanism is

to generate higher revenues for the auctioneer or the auction marketplace in

the long run as pointed by Milgrom [39] and Wise and Morrison [64].

102
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• Implementation Complexity: The level of complexity to implement these

mechanisms determines whether they can be applied in some practical

situations.

The remainder of the chapter is organized as follows. In Section 7.1, we

describe the various exchange environments of interest. In Section 7.2, we present

the trade reduction approach and the resulting mechanisms. In Section 7.3, we

discuss the implementation of the AC-DA mechanism, the BC-LP mechanism, and

the MBC mechanism. We then evaluate the implementation and applicability of

the mechanisms in Section 7.4. In Section 7.5, we focus on to the efficiency and

payoff comparison of the applicable mechanisms under both the simple exchange

environment and the bilateral exchange environment. The proofs of this chapter are

compiled in Section 7.6.

7.1 Model and Exchange Environment

Recall that I denotes the group of buyers, and J denotes the group of sellers,

and we refer to a buyer as “she” and a seller as “he”.

Figure 7–1 illustrates several bilateral exchange environments and some known

mechanisms that work in each environment. In these exchange environments, each

buyer i (i ∈ I) wants to purchase a bundle of goods (or a single commodity), and

each seller j (j ∈ J) supplies a bundle of goods (or a single commodity).

We assume a private value model, where each agent has his or her own

valuation of the bundle he or she is interested in. We assume that all the agents

have quasi-linear utility, that is, if an agent makes no transaction, his or her utility

(payoff) is zero; otherwise, the payoff is the difference between the agent’s valuation

and the amount of money transferred. The auctioneer’s monetary payoff is the

total payments from the buyers less the revenues of the sellers and the realized

transaction costs. The social welfare is the summation of the auctioneer’s payoff

and each agent’s utility.
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∪ ∪ 

C: Bilateral exchange 
environment with the 

single output restriction: 
 

KSM-TR 

A: Simple exchange 
environment: 

 
McAfee’s 

B: Simple exchange 
environment with 
transaction costs: 
AC-DA and TRM 

D: Bilateral exchange 
environment with the 

single output restriction 
and transaction costs: 

BC-LP and MBC 

⊂ 

⊂ 

Figure 7–1: Bilateral Exchange Environments and the Corresponding Mechanisms

In all the mechanisms mentioned in this paper, each agent submits one sealed

bid. Let fi be the bid price of buyer i, (i ∈ I), and gj be the bid price of seller j,

(j ∈ J). Since bidding truthfully is a dominant strategy for each agent in all the

mechanisms of interest, the bid price of each agent is also the true valuation of that

agent.

• Environment A: Simple exchange environment

Each agent wants to buy/sell one unit of the same item and there is no

transaction cost involved.

• Environment B: Simple exchange environment with transaction costs

Each agent wants to buy/sell one unit of the same item. When buyer i

trades with seller j, transaction cost di,j is incurred. We assume that the

transaction costs are common knowledge.

• Environment C: Bilateral exchange environment with the single output

restriction

There are multiple indivisible commodities in this environment. Each

buyer wants to purchase a bundle of goods and each seller can produce

only a single unit of one commodity.
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• Environment D: Bilateral exchange environment with the single output

restriction and transaction costs.

This is the same setting as in Environment C, except when buyer i buys

commodity g from seller j, transaction cost di,j,g is incurred.

As Chapter 5, Environment B, the simple exchange environment with trans-

action costs can be used to model the current customer-to-customer online market,

while Environments C and D, the bilateral exchange environments with the single

output restriction, can be used to model the procurement auction environment in

which sellers are small in size and have little or no market power (Babaioff and

Walsh [7] and Chapter 6).

We use X ⊂ Y to denote Environment Y contains Environment X as a special

case. It is easy to see that A ⊂ B, C ⊂ D, A ⊂ C, and B ⊂ D. Furthermore,

A ⊂ D. For Environments B and D, we assume the transaction costs are common

knowledge that can include transportation costs, vendor switch costs, or costs due

to quality, timing of deliveries, and customization.

For Environments A and B, if all agents bid truthfully, the maximum feasible

social welfare for Environments A and B can be formulated as by formulation P

(di,j = 0,∀i, j in Environment A):

P : Maximize
∑

i fixi −
∑

j gjyj −
∑

i,j di,jzi,j

Subject to
∑

j zi,j = xi for each i ∈ I

∑
i zi,j = yj for each j ∈ J

xi ∈ {0, 1} for each i ∈ I

yi ∈ {0, 1} for each j ∈ J

zi,j ∈ {0, 1} for each i ∈ I and j ∈ J
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where xi and yj denote whether an agent trades in the auction, and zi,j specifies

whether seller j trades with buyer i.

Recall that P̂ denotes the linear relaxation of P . Note that P is a network

formulation, thus P̂ has an integer-valued optimal solution, and P and P̂ have the

same optimal objective value.

For Environments C and D, we assume there are multiple indivisible com-

modities in this environment. Let G denote the set of indivisible commodities.

Each buyer i (i ∈ I) wants to purchase a bundle of goods qi = (qg
i )g∈G, where

qg
i s are nonnegative integers since the commodities are indivisible. Each seller j

(j ∈ J) can produce only a single unit of one commodity; thus, seller j supplies the

bundle qj = (qg
j )g∈G satisfying the conditions that qg

j s are nonnegative integers and∑
g∈G qg

j = 1. The restriction
∑

g∈G qg
j = 1 is called the single output restriction.

The problem of finding the maximum feasible social welfare can be formulated

as the following mixed integer programming, if all agents bid truthfully:

Q : Maximize
∑

i∈I fixi −
∑

j∈J gjyj −
∑

i∈I,j∈J,g∈G di,j,gzi,j,g

Subject to
∑

j∈J zi,j,g = qg
i xi for each i ∈ I, g ∈ G

∑
i∈I zi,j,g = qg

j yj for each j ∈ J, g ∈ G

0 ≤ zi,j,g for each i ∈ I, j ∈ J, g ∈ G

xi ∈ {0, 1} for each i ∈ I

yj ∈ {0, 1} for each j ∈ J

where xi and yj denote whether an agent trades in the auction, and zi,j,g specifies

the amount of good g buyer i buys from seller j.

Recall that Q̂ denotes the linear relaxation of Q.

Before we present and compare the mechanisms under different auction design

approaches, it will be helpful to review all the notation.
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Notation

fi The bid price of buyer i.

gj The bid price of seller j.

di,j,g The transaction cost when buyer i purchases one unit of commodity g

from seller j.

V (I ′, J ′) The maximum feasible social welfare regarding to the bids of buyer set I ′

and seller set J ′.

V−k(I
′, J ′) The maximum feasible social welfare regarding to the bids of agent set

I ′
⋃

J ′\{k} (k ∈ I ′
⋃

J ′).

Vk(I
′, J ′) The maximum feasible social welfare regarding to the bids of agent set

I ′
⋃

J ′ and one more agent who is identical to agent k (k ∈ I ′
⋃

J ′).

p−(k)(I ′, J ′) The infimum (supremum) of bid prices of buyer (seller) k satisfying

V (I ′, J ′) > V−k(I
′, J ′).

p+(k)(I ′, J ′) The infimum (supremum) of bid prices of buyer (seller) k satisfying

Vk(I
′, J ′) > V (I ′, J ′).

V̂ (I ′, J ′) The linear relaxation of social welfare regarding to the bids of buyer set

I ′ and seller set J ′.

V̂−k(I
′, J ′) The linear relaxation of social welfare regarding to the bids of agent set

I ′
⋃

J ′\{k} (k ∈ I ′
⋃

J ′).

V̂k(I
′, J ′) The linear relaxation of social welfare regarding to the bids of agent set

I ′
⋃

J ′ and one more agent who is identical to agent k (k ∈ I ′
⋃

J ′).

p̂−(k)(I ′, J ′) The infimum (supremum) of bid prices of buyer (seller) k satisfying

V̂ (I ′, J ′) > V̂−k(I
′, J ′).

p̂+(k)(I ′, J ′) The infimum (supremum) of bid prices of buyer (seller) k satisfying

V̂k(I
′, J ′) > V̂ (I ′, J ′).

For simplicity of representation, we may drop the parameters (I ′, J ′) when the

references to the buyer set and the seller set are obvious.
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It is straightforward to check that V−k corresponds to the formulation P(Q)

with the right-hand-side of the agent k’s constraint equal to 0, and Vk corresponds

to the formulation P(Q) with the right-hand-side of the agent k’s constraint equal

to 2. p−(k) is the price at which agent k may trade in some efficient allocation,

that is, p−(k)s are the VCG payments (Vickrey [60], Clarke [11], Groves [19]) of the

agents.

7.2 Mechanisms under Trade Reduction Approach

Inspired by McAfee [33], one approach to double auction design is to first

make the allocation decision, and then the pricing decision. Under this approach,

a mechanism typically selects a subset of trades from the efficient allocation. In

order to be strategy-proof and budget-balanced, the subset is generally determined

by removing the least profitable trade(s) from the efficient allocation. Since each

agent has other agents who are perfect substitutes in these models, those bids in

the removed trade(s) become reference prices, and the pricing decision can be made

by setting the transaction prices equal to the reference prices. This is the trade

reduction approach summarized by Babaioff and Walsh [7].

7.2.1 KSM-TR mechanism

Babaioff and Walsh [7] propose a known single-minded trade reduction (KSM-

TR) mechanism. This mechanism is strategy-proof, (ex post) individual-rational,

and (ex post) weakly budget-balanced when applied in Environment C: the

bilateral exchange environment with the single output restriction.1

1 In Babaioff and Walsh [7], the target exchange environment is a class of supply
chain formation problem with Unique Manufacturing Technologies (UMT) and sin-
gle output restriction, which is equivalent to a bilateral exchange environment with
the single output restriction. The following interpretation of KSM-TR mechanism
is also in its equivalent form instead of its original narration.
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The first step of the KSM-TR mechanism is to pick an optimal solution to

formulation Q. In case of multiple optimal solutions, a perturbation technique

is adopted to break the tie and select a unique optimal solution. To present the

perturbation technique, let us index the buyers by iks, k = 1, 2, · · · , |I|; and index

the sellers by jks, k = 1, 2, · · · , |J |. A perturbation factor ε· is added into each

agent’ bid price, that is, we treat their bids as fik + εik and gjk
− εjk

instead of

fik and gjk
for each buyer and seller, where 1 � εi1 � εi2 · · · � εi|I| � εj1 �

εj2 · · · � εj|J| > 0. After adding the perturbation factors, formulation Q has one

unique solution. Since ε· � 1, this solution indeed is an efficient allocation under

the original bid prices.

The perturbation technique specifies the rule of how to pick an optimal solu-

tion to formulation Q: when there is more than one optimal solution, we always

pick one that maximizes xi1 . If xi1 is maximized in several optimal solutions, we

select one that maximizes xi2 . If both xi1 and xi2 are maximized in several optimal

solutions, we select one that maximizes xi3 , · · · , xi|I| , yj1 , and so on, up to yj|J| .

Therefore, the perturbation factors induce a lexicographic order among the optimal

solutions, and to index the agents and apply the perturbation technique is equiv-

alent to set a lexicographic order. Hence, we can specify an optimal solution by a

lexicographic order without explicitly using the perturbation technique. Since these

two methods are equivalent, we will use whatever is handy in the reminder of this

paper.

In the KSM-TR mechanism, we also need a new term: market. Each market

represents a set of agents who acquire or supply the same bundle. When we say

buyer i’s market, we mean the set of all buyers who acquire the same bundle as

buyer i; when we say seller j’s market, we mean the set of all seller who supply the

commodity as seller j.



110

Now, let us briefly explain how the KSM-TR auction mechanism works:

• Collect one sealed bid from each agent.

• Generate an arbitrary lexicographic order.

• Calculate the VCG payment p−s for all the agents.

• Calculate the optimal solution to Q based on the lexicographic order.

• Remove all the buyers who are not involved in the transactions specified by

the optimal solution.

• For each buyer’ market, rank the remaining buyers by their bid prices from

high to low and break the tie based on the lexicographic order; set this

market’s reference price pr equal to the bid price of the buyer who ranks last,

and remove this buyer from the exchange system.

• Calculate the total demand of the remaining buyers and the demand Dg for

each commodity.

• For each seller’ market, rank the sellers by their bid prices from low to high

and break the tie based on the lexicographic order; set this market’s reference

price pr equal to the bid price of the (Dg + 1)th buyer in this market.

• Conduct transactions between all the remaining buyers and the first Dg

sellers of commodity g. The transaction price for a buyer is the higher of

her VCG payment and her market’s reference price, i.e. max{p−, pr}. The

transaction price for a trading seller is the lower of the his VCG payment and

his market’s reference price, i.e. min{p−, pr}.

7.2.2 Trade reduction mechanism

Babaioff et al. [6] propose a trade reduction mechanism (TRM), which is

strategy-proof, (ex post) individual-rational, and (ex post) weakly budget-balanced

when applied in Environment B: the simple exchange environment with transaction

costs.
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The trade reduction mechanism needs to specify an optimal solution to

formulation P , and it is implied that the perturbation technique is applied. Since

there is only one commodity in the exchange environment, we need a different

meaning for the term market when we deal with TRM. In the TRM, a market is

a set of agents who have the same transaction costs when trading with any other

buyer/seller.

Babaioff et al. [6] implement a directed graph formulation. In the graph, each

market is formulated as a node and each possible transaction is formulated as an

uncapacitated edge with a transaction cost. A sink node is also introduced which

connects all other nodes with edges. The capacity of an edge from the sink to a

market is the number of the sellers in this market. The cost of sending one unit

flow on this edge is the lowest seller’s bid in this market, and the cost of sending

one more unit flow on this edge is the next lowest seller’s bid in this market,

therefore, the cost of this edge is a convex function. The capacity of an edge from

a market to the sinker is the number of the buyers in this market. The cost of

sending one unit flow on this edge is the negative of the highest buyer’s bid in this

market, and the cost of sending one more unit flow on this edge is the negative

of the next highest buyer’s bid in this market. Therefore, the cost of this edge is

also a convex function. At this point, maximization problem P is represented as a

convex minimal cost flow problem, and an allocation is represented by an integer

flow in the graph. After perturbation, the formulation P has a unique optimal

solution.

We need the following definitions from Babaioff et al. [6] in order to represent

the mechanism:

Definition 7.2.1 Markets Mi and Mj are in a direct Commercial Relationship

(CR) if there is trade between Mi and Mj in the efficient allocation.
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Definition 7.2.2 Markets Mi and Mj are in an indirect Commercial Relationship

if there are markets Mk1 , Mk2 , · · · , Mkl
and trades between Mi and Mk1, between

Mk1 and Mk2, · · · , and between Mkl
and Mj in the efficient allocation.

Definition 7.2.3 The Commercial Relationship Component (CRC) of a market

Mi refers to a subset of markets, each of which and Mi are in a direct or indirect

Commercial Relationship.

Definition 7.2.4 The Reduced Residual Graph (RRG) is a graph consisting of all

nodes of the residual graph and the following subset of the edges, each with its cost

in the residual graph serving as the edge length.

• For each edge (Mi, Mj) such that there is flow on the edge, we add the edge

with its cost and its reversed residual edge with the negated cost.

• For each market Mi we add the residual edges corresponding to the trading

buyer with the minimal valuation (if such buyer exists) and the trading seller

with the maximal cost (if such seller exists).

Note that none of the edges between CRCs, as well as edges corresponding to

non-trading agents are in the RRG. Also, the only edges that are retained in the

RRG belong to the lowest value trading agents for each class (buyers or sellers) in

each market.

The trade reduction mechanism works as follows:

• Collect one sealed bid from each agent.

• Generate an arbitrary lexicographic order.

• Calculate the optimal solution to P based on the lexicographic order and

construct the residual graph and the RRG.

• For each CRC, calculate the minimal positive cycle in the RRG and remove it

from the allocation by sending a unit flow along the cycle.

• Conduct transactions according to the modified allocation. The transaction

price for a trading buyer is the distance from the sink to her market in RRG,
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and the transaction price for a trading seller is the negative distance from his

market to the sink in RRG.

As pointed out by Babaioff et al. [6], the minimal positive cycles can be found

using a shortest path algorithm. The complexity of the mechanism is the sum

of the complexities of the convex minimum cost flow algorithm and the sorting

algorithm for each market.

7.3 Implementation of the Mechanisms

In Chapter 4, we propose the AC-DA mechanism without specifying social

welfare formulation. Here, we show how to implement the AC-DA mechanism un-

der Environment B by taking advantage of the network structure of the exchange

environment. We also recapitulate the implementation of the (enhanced) BC-LP

and MBC mechanism as well as their special simplified implementation under

Environment B.

7.3.1 Implementation of the AC-DA Mechanism

Recall that the AC-DA mechanism has two different versions: the buyer

competition mechanism and the seller competition mechanism.

• Buyer Competition (BC) Mechanism:

– Each agent submits one sealed bid.

– For buyer i ∈ I, if her bid fi is less than p+(i)(I, J), she is eliminated

from the auction. Let Ĩ denote the set of remaining buyers, {i | fi ≥

p+(i)(I, J), i ∈ I}.

– The items are allocated among the remaining agents (Ĩ and J) in the

most efficient way.

– The trading buyer k pays p+(k)(I, J), and the trading seller l receives

p−(l)(Ĩ , J).

• Seller Competition (SC) Mechanism:

– Each agent submits one sealed bid.
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– For seller j ∈ J , if his bid gj is greater than p+(j)(I, J), he is eliminated

from the auction. Let J̃ denote the set of remaining sellers {j | gj ≤

p+(j)(I, J), j ∈ J}.

– The items are allocated among the remaining agents (I and J̃) in the

most efficient way.

– The trading buyer k pays p−(k)(I, J̃), and the trading seller l receives

p+(l)(I, J).

Let us first focus on the buyer competition mechanism. All the results apply to

the seller competition mechanism. Note that in the buyer competition mechanism,

we only need to check whether fi ≥ p+(i)(I, J) for all the buyers, then calculate

p+s for trading buyers and p−(l)(Ĩ , J)s for trading sellers; we do not need to

calculate all the p+s and p−s. It turns out that all these price calculations can be

incorporated with allocation decision if we use a network representation. In this

network, we have one node for each agent and also a sink node. For seller j (j ∈ J),

there is an arc from sink to seller j’s node with capacity 1 and cost equal to gj. For

buyer i (i ∈ I), there is an arc from buyer i’s node with capacity 1 and cost equal

to −fi. For each buyer i and each seller j, there is an arc from j’s node to i’s node

with capacity 1 and cost equal to di,j. Note that if seller k trades in some efficient

allocation, p−(k) is equal to the distance from sink to k’s node in the residue

graph. Furthermore, if buyer k does not trade in this efficient allocation, then

the distance from sink to k’s node in the residue graph is p−(k), which satisfies

fk ≤ p−(k) ≤ p+(k); and if buyer k trades in some efficient allocation, then the

distance from sink to k’s node in the residue graph is the smaller of fk and p+(k).

Hence, by examining these distances, we can find all the values of p+s for the

buyers who bids higher than p+. Then, for other buyers, we can check whether

p+(k) = fk or not by testing the scenario in which buyer k bids fk + ε (ε > 0)
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instead of fk. This observation leads to the following implementation of the buyer

competition mechanism:

• Collect one sealed bid from each agent.

• Calculate an optimal solution to P .

• For each trading buyer i ∈ I, calculate the distance from the sink to her node

in the residual graph. Set p+(i)(I, J) equal to the distance if the distance

is smaller than fi. Otherwise, calculate an optimal solution to P with i’s

bid price equal to fi + 1, set p+(i)(I, J) equal to the distance from the sink

to her node in the residual graph. Remove buyer i if her bid fi is less than

p+(i)(I, J).

• Calculate an efficient allocation for the remaining system consisting of the

remaining buyers and original sellers, and conduct transactions according to

this allocation. The transaction price for trading buyer i is p+(i)(I, J), and

the transaction price for trading seller j is the distance from the sink to his

node in the residue graph in the remaining system.

Starting from an optimal solution to P , whether a buyer trades in some

optimal solution could be determined by a shortest path algorithm. Thus, if we

formulate P as a maximum weighted bipartite matching problem, the complexity

of the mechanism is determined by the complexity of the matching algorithm. If

there are many agents with the same transaction cost, they form a market as they

do in the TRM. In this case, we can also formulate P as a convex minimal cost flow

problem, and the complexity of the mechanism is the sum of the complexities of

the convex minimum cost flow algorithm and sorting algorithm for each market.

To implement the algorithm more quickly, instead of solving for the most efficient

allocation in the remaining system, we can obtain it by removing the eliminated

buyers and the corresponding transactions from the optimal solution to P via

a shortest path algorithm. Then, we only need to solve the maximum weighted
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bipartite matching problem or the convex minimum cost flow problem once for the

buyer competition mechanism. The seller competition mechanism is implemented

similarly and has similar complexity.

7.3.2 Implementation of the BC-LP and MBC Mechanisms

Since the enhanced BC-LP mechanism always offers higher efficiency and

payoffs compared to the original BC-LP mechanism, we will use BC-LP to denote

its enhanced version in the remainder of this chapter. Recall the implementation of

the BC-LP mechanism under Environment D, the bilateral exchange environment

with the single output restriction and transaction costs:

• Collect one sealed bid from each agent.

• Generate an arbitrary lexicographic order.

• Solve linear program V̂ (I, J), and pick the optimal solution based on the

lexicographic order.

• For each buyer i, check whether this optimal solution changes if the con-

straint associated with buyer i, xi ≤ 1, is relaxed. If so, p̂+(i)(I, J) =

fi − V̂ ′
i+(I, J), where V̂ ′

i+(I, J) is the minimum shadow price of the above

constraint in V̂ (I, J); if not, buyer i is eliminated.

• Solve linear program V̂ (Ĩ , J), where Ĩ is the set of remaining buyers, and pick

the optimal solution based on the lexicographic order.

• For each trading seller j, calculate p̂−(j)(Ĩ , J), which equals gj + V̂ ′
j−(Ĩ , J),

where V̂ ′
j−(Ĩ , J) is the maximum shadow price of the constraint associated

with seller j, yj ≤ 1, in V̂ (Ĩ , J).

• Conduct transactions according to the optimal solution to V̂ (Ĩ , J). The

transaction price for trading buyer k is p̂+(k)(I, J), and the transaction price

for trading seller l is p̂−(l)(Ĩ , J).

To implement the BC-LP mechanism, we only need to solve two linear

programs V̂ (I, J) and V̂ (Ĩ , J) and calculate the associated shadow prices.
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When we implement the BC-LP mechanism under Environment B, the simple

exchange environment with the transaction costs, we can have a faster algorithm

by taking advantage of the structure of the exchange environment. Note that the

linear relaxation formulation P̂(Q̂) has an integer-valued optimal solution and the

same optimal objective value as P . Therefore, p̂+ and p̂− in the BC-LP mechanism

are essentially equal to p+ and p− in the AC-DA mechanism. So to implement the

BC-LP mechanism in the simple exchange environment with transaction costs, the

following procedure can be used:

• Collect one sealed bid from each agent.

• Apply the perturbation technique.

• Calculate the optimal solution to P based on the perturbation and construct

the residual graph.

• Remove each buyer i ∈ I if she does not trade in the optimal solution to P .

For each remaining buyer i, p̂+(i)(I, J) is equal to the distance from the sink

to her node in the residual graph. Remove buyer i if her bid fi is less than

p̂+(i)(I, J).

• Calculate the most efficient allocation based on the perturbation for the

remaining system consisting of the remaining buyers and original sellers.

• Conduct the transaction according to the most efficient allocation for the

remaining system. The transaction price for trading buyer i is p̂+(i)(I, J),

and the transaction price for a trading seller is the distance from the sink to

his node in the residue graph in the remaining system.

As in the BC mechanism, instead of solving for the most efficient allocation

in the remaining system, we can obtain it by removing the eliminated buyers and

the corresponding transactions from the optimal solution to P . Therefore, we only

need to solve the maximum weighted bipartite matching problem or the convex

minimum cost flow problem once.
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The MBC mechanism is equivalent to the BC-LP mechanism under Envi-

ronment B, the simple exchange environment with the transaction costs. Note

that the linear relaxation formulation P̂(Q̂) has an integer-valued optimal solution

and the same optimal objective value as P . Therefore, p̂+ and p̂− in the BC-LP

mechanism are essentially equal to p+ and p− in the AC-DA mechanism. Since p−

is no more than p+ for a buyer under the AC-DA mechanism, the MBC mechanism

is equivalent to the BC-LP mechanism under Environment B.

Recall the implementation of the MBC mechanism under Environment D,

which can be viewed as a BC-LP mechanism following a preliminary elimination

phase based on the optimal solution to formulation Q and the VCG prices:

• Collect one sealed bid from each agent.

• Generate an arbitrary lexicographic order.

• Calculate the VCG payment p− for each agent.

• Calculate the optimal solution to Q based on the lexicographic order.

• Remove all the buyers who are not involved in the optimal solution. Let Ī

denote the set of trading buyers in the optimal solution.

• Solve linear program V̂ (Ī , J) and pick the optimal solution based on the

lexicographic order.

• For each buyer i, check whether this optimal solution changes if the con-

straint associated with buyer i, xi ≤ 1, is relaxed. If so, p̂+(i)(Ī , J) =

fi − V̂ ′
i+(Ī , J), where V̂ ′

i+(Ī , J) is the minimum shadow price of the above

constraint in V̂ (Ī , J); if not, buyer i is eliminated.

• Solve linear program V̂ (Ĩ , J), where Ĩ is the set of remaining buyers, and pick

the optimal solution based on the lexicographic order.

• For each trading seller j, calculate p̂−(j)(Ĩ , J) by solving p̂−(j) = gj +

V̂ ′
j−(Ĩ , J), where V̂ ′

j−(Ĩ , J) is the maximum shadow price of the constraint

associated with seller j, yj ≤ 1, in V̂ (Ĩ , J).
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• Conduct transactions according to the optimal solution to V̂ (Ĩ , J). The

transaction price for trading buyer k is the higher of her VCG price

and p̂+(k)(Ī , J), i.e. max{p−(k)(I, J), p̂+(k)(Ī , J)}; and the transaction

price for trading seller l is the lower of his VCG price and p̂−(j)(Ĩ , J), i.e.

min{p−(l)(I, J), p̂−(l)(Ĩ , J)}.

7.4 Implementation and Applicability Comparison

We have introduced the following mechanisms: the TRM, BC and SC (both

variants of AC-DA), KSM-TR, MBC and BC-LP mechanisms. Similarly to the

BC-LP mechanism, we can define a seller competition (LP) mechanism, or SC-LP

mechanism in short, in which we first remove sellers who bid lower than their

p̂+, then conduct the efficient allocation in the remaining system. Note that

the SC-LP mechanism maintains all the properties under the simple exchange

environment with transaction costs, but may reach an allocation with agents

trading partial bundles under the bilateral exchange environment with the single

output restriction. Therefore, we should only apply the SC-LP mechanism under

the simple exchange environment, or the simple exchange environment with

transaction costs.

We first compare the implementation complexity under Environment A, the

simple exchange environment. All the above mechanisms are applicable to this

environment. We can find the efficient allocation by ranking all the bid prices, and

these mechanisms either allocate resource efficiently or remove one least profitable

transaction. Therefore, the implementation complexity of the implementation is

determined by the sorting algorithm adopted.

Now, we compare the implementation complexity under Environment B,

the simple exchange environment with transaction costs. All the mechanisms

except KSM-TR mechanism are applicable to this environment. Since formulation

P̂ is equivalent to formulation P under this environment, the MBC mechanism
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is equivalent to the BC-LP mechanism. In Sections 7.2 and 7.3, we have seen

that all the mechanisms can take advantage of the problem structure and obtain

the optimal solution of formulation P by solving a maximum weighted bipartite

matching algorithm or a convex minimum cost flow algorithm. All the transaction

prices are then determined by the distance labels via a shortest path algorithm.

Each mechanism can be implemented by iteratively removing buyers from the

optimal solution to P via a shortest path algorithm.

The BC-LP/SC-LP mechanism has a slight advantage in terms of implementa-

tion. Unlike the AC-DA mechanism, the implementation of the BC-LP mechanism

needs not to check whether buyer i trades in any optimal solution to P since the

lexicographic order determines a unique optimal solution. Unlike the TRM, the

implementation of the BC-LP mechanism does not require constructing the reduced

residual graph. It also requires less effort to obtain the final allocation because it

removes less trades than the TRM does, as we will see in Theorem 7.5.2.

Now, we compare the implementation complexity under Environment C, the

bilateral exchange environment with the single output restriction. The KSM-TR,

MBC, and BC-LP mechanisms are applicable to this environment. Both the KSM-

TR and the MBC mechanisms require the solution of integer formulation Q, while

the BC-LP mechanism only need to solve its linear relaxation Q̂. Therefore, the

BC-LP mechanism has a great advantage in terms of implementation.

Finally, we compare the implementation complexity under Environment D, the

bilateral exchange environment with the single output restriction and transaction

costs. Only the MBC and BC-LP mechanisms are applicable to this environment

while no known mechanism under the trade reduction approach can. The KSM-

TR mechanism requires the solution of integer formulation Q, while the BC-LP

mechanism only need to solve its linear relaxation Q̂. Once again, the BC-LP

mechanism has a great advantage in terms of implementation.
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Table 7–1: Implementation Needs of the Mechanisms

Environment A Environment B Environment C Environment D

TRM
Sorting

Algorithm
Network
Program

- -

BC and SC
Sorting

Algorithm
Network
Program

- -

KSM-TR
Sorting

Algorithm
-

Integer
Program

-

MBC
Sorting

Algorithm
Network
Program

Integer
Program

Integer
Program

SC-LP
Sorting

Algorithm
Network
Program

- -

BC-LP
Sorting

Algorithm
Network
Program

Linear
Program

Linear
Program

“-” denotes that a mechanism is not applicable to the specified environment.

Table 7–1 summarizes the finding of this section. We use “Network Program”

to denote that a mechanism can be implemented under the specified environment

via a maximum weighted bipartite matching algorithm or a convex minimum cost

flow algorithm. Similarly, “Sorting algorithm”, “Linear Program”, and “Integer

Program” denotes that a mechanism can be implemented under the specified

environment via a sorting algorithm, a linear program, and an integer program,

respectively. We see that the BC-LP mechanism has the lowest implementation

complexity while it is applicable to all the environments of interest.

7.5 Efficiency and Payoffs Comparison

Now, we investigate the efficiencies and the payoffs of the mechanisms that

are applicable to Environment B and Environment C, the simple exchange

environment with transaction costs, and the bilateral exchange environment

with single output restriction, respectively. We find that in terms of both social

efficiency and individual payoffs, the mechanisms under the multi-stage design

approach dominate the corresponding mechanisms under the trade reduction

approach.
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7.5.1 Comparison under the Simple Exchange Environment

We have the following mechanisms that are applicable in the simple exchange

environment with transaction costs: the TRM, BC and SC (both variants of

AC-DA), MBC, SC-LP and BC-LP mechanisms.

Since formulation P̂ is equivalent to formulation P , the MBC mechanism is

equivalent to the BC-LP mechanism, and we will only compare the social efficiency

and agent payoffs of the TRM, BC and SC, BC-LP and SC-LP mechanisms. We

say that mechanism Y dominates mechanism X if, for any instance, mechanism Y is

at least as efficient as mechanism X and each agent’s payoff under mechanism Y is

at least as high as it under mechanism X.

We have the following theorem (whose proof is in Appendix along with other

proofs).

Theorem 7.5.1 The BC mechanism dominates the BC-LP mechanism.

There are instances where the BC mechanism outperforms the BC-LP mech-

anism. Consider the following example with two buyers, two sellers, and no

transaction costs. The bid price for both buyers is 1, and the bid price for both

sellers is 0. In the BC mechanism, p+ for both buyers is 1, both buyers survive

the elimination stage, and the final allocation makes two transaction at price 1.

This allocation is the efficient allocation for the system. In the BC-LP mechanism,

according to the perturbation technique, we take the buyers’ bid prices as 1 + εi1

and 1+εi2 , respectively, and the buyers’ p+s are 1+εi2 and 1+εi1 , respectively. One

of the buyers is eliminated, and the final allocation makes one transaction where

the trading buyer pays 1 and the trading seller receives 0 since ε· � 1. We see that

in this example, the BC mechanism achieves a higher efficiency than the BC-LP

mechanism.

Theorem 7.5.2 The BC-LP mechanism dominates the TRM.
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There are instances where the BC-LP mechanism achieves the efficient

allocation while TRM cannot. Consider the following example with one buyer, two

sellers, and no transaction costs. The bid price for the buyer is 1, and the bid price

for both sellers is 0. In the BC-LP mechanism, p̂+ for the buyer is 0. The buyer

survives the elimination stage, and the final allocation makes one transaction at

price 0. This allocation is the efficient allocation for the system. In the TRM, this

transaction is removed and no transaction takes place. We see that in this example,

the BC-LP mechanism achieves a higher efficiency than the TRM.

Since the TRM is symmetric between buyers and sellers, by symmetry between

the BC-LP and SC-LP mechanisms, we have:

Theorem 7.5.3 The SC-LP mechanism dominates the TRM.

Furthermore, due to the symmetry between the BC and SC mechanisms, we

have:

Theorem 7.5.4 The SC mechanism dominates the SC-LP mechanism.

Since the dominance relationship is transitive, by Theorems 7.5.1 and 7.5.2,

and Theorems 7.5.4 and 7.5.3, we have:

Corollary 7.5.5 The BC mechanism dominates the TRM.

Corollary 7.5.6 The SC mechanism dominates the TRM.

Now we show that there is no budget-balanced mechanism can dominate both

the BC mechanism and the SC mechanism. Let us consider an example with two

buyers, two sellers, and no transaction costs. Both of sellers’ bids are zero, while

both of buyers’ bids are 1. Under the BC mechanism, each seller receives payoff 1.

Under the SC mechanism, each buyer receives payoff 1. Since the maximum social

welfare is 2, there is no budget-balanced mechanism can have payoffs equal to or

greater than 1 for all four agents.
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7.5.2 Comparison under the Bilateral Exchange Environment

In this section, we compare the mechanisms that are designed for the bi-

lateral exchange environment with the single output restriction. We have three

mechanisms that are applicable to this environment: the KSM-TR, BC-LP, and

MBC mechanisms. Even though the BC-LP and MBC mechanisms can also han-

dle transaction costs, we assume no transaction costs in this section because the

KSM-TR mechanism under the trade reduction approach can not be applied to an

environment with transaction costs.

The BC-LP mechanism can be implemented polynomially, while both the

KSM-TR and MBC mechanisms need to be implemented by computing the VCG

prices and the optimal solution to formulation Q, which is NP-hard. We are

especially interested in comparing the efficiency and the payoffs of the KSM-TR

and MBC mechanisms. We have the following theorem.

Theorem 7.5.7 The MBC mechanism dominates the KSM-TR mechanism.

There are instances where the MBC mechanism achieves the efficient allocation

while KSM-TR mechanism cannot. Consider the following example with one buyer,

two sellers, and no transaction costs. The bid price for the buyer is 1, and the

bid price for both sellers is 0. The VCG price for the buyer is 0, while the VCG

price for both sellers is 0. In the MBC mechanism, p̂+ for the buyer is 0, and the

buyer trades in the final allocation for price 0. The final allocation is the efficient

allocation for the system. In the KSM-TR mechanism, this trade is removed, and

no transaction takes place. We see that in this example, the MBC mechanism

achieves a higher efficiency than the KSM-TR mechanism.

Now we show that there is no budget-balanced mechanism can dominate both

the BC-LP mechanism and the MBC mechanism. Let us consider an example with

two buyers, six sellers, one commodity, and no transaction costs. The first buyer

wants five units and she bids 5. The second buyer wants three units and she bids
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Table 7–2: Efficiency and Payoff Comparison Summary

Simple Exchange Environment
with Transaction Costs

TRM ≺ BC-LP ≺ BC
TRM ≺ SC-LP ≺ SC

Bilateral Exchange Environment
with Single Output Restriction

KSM-TR ≺ MBC

∗ X ≺ Y means that mechanism Y dominates mechanism X
and may outperform mechanism X in some instances.

4. Five of the six sellers’ bids are zero, while the last seller’s bid is 1. Under the

MBC mechanism, the first buyer gets transaction, and five of the six sellers receive

payoff 1. Under the BC-LP mechanism, the second buyer gets transaction at price

1, and she receives payoff 1. Since the maximum social welfare is 5, there is no

budget-balanced mechanism can dominate both the BC-LP mechanism and the

MBC mechanism.

Table 7–2 summaries our efficiency and payoff comparison from Sections 7.5.1

and 7.5.2.

There are instances where the BC-LP mechanism and the MBC mechanism

outperform each other. To fully study the efficiency of the BC-LP mechanism,

we conduct computational tests on the performance of the KSM-TR, BC-LP, and

MBC mechanisms with the assumption that there are three commodities. We

test the performance of these mechanisms when there are different numbers of

markets, different numbers of buyers per market, and different variances in the

valuation distribution. Parameters and notation used in the computational tests

are summarized in Table 7–3.

In the computational test, the number of markets is set to be either 5 or 10,

and the bundle acquired in each market is an integer triple (i, j, k), where i, j, and

k each corresponds to the demand for one commodity, and each is independently

drawn from 0 to 10. In each market, the number of buyers is either 5 or 10, while

the number of sellers for each commodity equals the expected total demand of each

commodity. The valuations of the agents are independent random variables. The
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Table 7–3: Parameter Settings

Variable name Value
Number of Markets 5 (MS) , 10 (ML)

Number of Buyers in Each Market 5 (NS), 10 (NL)
Standard Deviation of Seller’s Valuation σ 10 (σS), 20 (σL)

Bundle of Each Market (i, j, k) i.i.d. integer U [0, 10]
Number of Sellers The size of the expected total demand
Valuation of sellers i.i.d N(100, σ2)
Valuation of buyers i.i.d. N((i + j + k) ∗ 100, (i + j + k)σ2)

“integer U [a, b]” denotes the uniform distribution of the integers in [a, b];
“N [µ, σ2]” denotes the normal distribution with mean µ and variance σ2.

Table 7–4: Comparisons of the Mechanisms

KSM-TR BC-LP MBC
A(%) E(%) B(%) A(%) E(%) B(%) A(%) E(%) B(%)

MS, NS, σS 81.9 0 0 94.9 23 33 99.5 62 83
MS, NS, σL 81.8 0 0 95.1 27 40 99.6 63 83
MS, NL, σS 94.8 0 0 95.9 20 30 99.8 75 83
MS, NL, σL 94.8 0 0 96.2 28 45 99.8 72 82
ML, NS, σS 83.0 0 0 96.6 20 27 99.8 73 87
ML, NS, σL 83.0 0 0 96.6 17 27 99.9 77 90
ML, NL, σS 95.0 0 0 97.2 13 20 99.8 67 87
ML, NL, σL 95.3 0 0 97.5 7 14 99.9 57 86

valuation of a seller is normally distributed with mean 100 and variance σ2, where

σ is either 10 or 20. The valuation of a buyer is normally distributed with mean

(i + j + k)100 and variance (i + j + k)σ2, where (i, j, k) is the bundle she wants.

In Table 7–4, we use A(%) to denote the percentage of average efficiency

achieved by the mechanism, E(%) to denote the percentage of instances in which

the mechanism yields efficient allocation, and B(%) to denote the percentage

of instances in which the mechanism gives the best efficiency result among the

three mechanisms. It is observed that, for all scenarios, MBC achieves the highest

efficiency. In all scenarios, MBC provides efficient allocations for over half of the

instances, as well as the best results among the three mechanisms in over 80% of

the instances. BC-LP is also highly desirable because it involves only solving linear

programming problems and still achieves over 95% efficiency in all scenarios. The
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computational results show that the efficiency achieved by KSM-TR is substantially

lower than both the MBC and BC-LP mechanisms.

As the number of agent increases, all the mechanisms become more efficient as

they are all asymptotically efficient in the current computational test scheme. For

all three mechanisms, the increase of variance seems to have only trivial impact.

7.6 Proofs

Proof of Theorem 7.5.1. We first compare the efficiency of the BC and BC-LP

mechanisms. Let ĨBC denote the set of remaining buyers under the BC mechanism,

and ĨBC−LP denote the set of remaining buyers under the BC-LP mechanism.

We will first show that ĨBC ⊇ ĨBC−LP and that the BC mechanism is at least as

efficient as the BC-LP mechanism.

Under the simple exchange environment, p+(k)(I, J) = p̂+(k)(I, J) for each

agent k ∈ I
⋃

J . The BC mechanism only eliminates each buyer who bids lower

than her p+, that is, ĨBC = {i | fi ≥ p+(i)(I, J), i ∈ I}. Because the BC-LP

mechanism applies the perturbation technique, these threshold prices may differ

additions and subtractions of the perturbation factors. Therefore, the BC-LP

mechanism also eliminates each buyer who bids lower than her p+, and may

eliminate buyers whose bid prices equal their p+s. Thus, the set of remaining

buyers ĨBC under the BC mechanism is at least as large as ĨBC−LP under the

BC-LP mechanism. Since both mechanisms implement the most efficient allocation

of the remaining system, the BC mechanism is at least as efficient as the BC-LP

mechanism.

Now, we compare the buyers’ payoffs. For each non-trading buyer, the payoff

is zero. For trading buyer i, the payoff is fi − p+(i)(I, J) under the BC mechanism.

Due to the strategy-proofness of the BC mechanism, each buyer who bids higher

than her p+ is involved in a transaction. Thus, under the BC mechanism, buyer

i’s payoff is zero if fi ≤ p+(i)(I, J) and fi − p+(i)(I, J) if fi > p+(i)(I, J). Due to
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the strategy-proofness of the BC-LP mechanism, each remaining buyer is involved

in a transaction. Thus, under the BC-LP mechanism, buyer i’s payoff is zero if

fi ≤ p̂+(i)(I, J) and fi − p̂+(i)(I, J) if fi > p+(i)(I, J). Under the simple exchange

environment, p+(k)(I, J) = p̂+(k)(I, J) for each agent k ∈ I
⋃

J , and each buyer

receives the same payoff under both the BC and BC-LP mechanisms.

Now, we consider the sellers’ payoffs. We will show that each seller’s payoff

under the BC mechanism is at least as high as it under the BC-LP mechanism.

Since the BC mechanism is (ex post) individual-rational, it suffices to show that for

each seller with a positive payoff under the BC-LP mechanism, his payoff under the

BC mechanism is at least as high as his payoff under the BC-LP mechanism.

Under the BC-LP mechanism, the payoff for a non-trading seller is zero. Con-

sider trading seller j with a positive payoff. This payoff is p̂−(j)(ĨBC−LP , J) − gj =

V (ĨBC−LP , J)− V (ĨBC−LP , J\{j}). Shapley (1962) shows that the simple exchange

environment with transaction costs satisfies the complementarity-substitutability

conditions, which guarantee that V (ĨBC−LP , J)− V (ĨBC−LP , J\{j}) ≤ V (ĨBC , J)−

V (ĨBC , J\{j}) if ĨBC ⊇ ĨBC−LP . Since seller j has a positive payoff un-

der the BC-LP mechanism, V (ĨBC−LP , J) − V (ĨBC−LP , J\{j}) > 0; there-

fore, V (ĨBC , J) − V (ĨBC , J\{j}) > 0, that is, seller j must trade under

the BC mechanism, and seller j’s payoff under the BC mechanism equals

p−(j)(ĨBC , J) − gj = V (ĨBC , J) − V (ĨBC , J\{j}). This is no less than his pay-

off under the BC-LP mechanism.

Proof of Theorem 7.5.2. We first compare the efficiency of the BC-LP and TRM

mechanisms. Let ĨBC−LP denote the set of remaining buyers under the BC-LP

mechanism, and ĨTRM denote the trading buyer set under the TRM. We will first

show that ĨBC−LP ⊇ ĨTRM and that the BC-LP mechanism is at least as efficient as

the TRM.
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To prove ĨBC−LP ⊇ ĨTRM , it suffices to show that all the trading buyers under

the TRM survives the elimination under the BC-LP mechanism. Note that both

mechanisms apply the perturbation technique, so we know that any cycle length in

the (reduced) residual graph is non-zero.

Under the TRM, a buyer i is removed from the transactions if she is the first

buyer starting from the sink in the minimal positive cycle in the Reduced Residual

Graph (RRG) for her Commercial Relationship Component (CRC). Let s denote

the last seller starting from the sink in the minimal positive cycle in the RRG for

his CRC. Now, consider any buyer b 6= i in the CRC, by the definition of RRG and

CRC, there exists a path from b to s. Consider the cycle in the RRG consisting

of the edge from the sink to b, the path from b to s, and the edge from s to the

sink. Since perturbation technique is applied, the cycle has a nonnegative length.

Furthermore, since it belongs to the residual graph related to the efficient allocation

in the original system, the cycle length must be positive. Because no two cycles

have the same length under the perturbation technique, the cycle “sink-b-s-sink”

has a length greater than the length of the minimal positive cycle “sink-i-s-sink”.

Assume now we have one more buyer who is identical to buyer b. The residual

graph of the original allocation would have one more edge from b to sink with

length/cost equal to the negative of the bid price of b. Consider the cycle “sink-i-

s-b-sink”, which is the difference of the cycles “sink-i-s-sink” and “sink-b-s-sink”.

This cycle has a negative length, and the maximum social welfare would improve if

we had one more buyer who was identical to buyer b. This shows that Vb(I, J) >

V (I, J). Since both Vb(I, J) and V (I, J) are continuous functions of buyer b’s bid

price fb, fb > p+(b)(I, J) by the definition of p+(b), and buyer b survives under

the BC-LP mechanism. Thus, all trading buyers under the TRM survives the

elimination stage under the BC-LP mechanism, that is, ĨBC−LP ⊇ ĨTRM . Since
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the BC-LP mechanism implements the most efficient allocation of the remaining

system, it is at least as efficient as the TRM.

Now, we compare the buyers’ payoffs. The strategy-proofness of the BC-LP

mechanism guarantees that all the remaining buyers in ĨBC−LP are involved in

transactions under this mechanism. Thus, ĨBC−LP ⊇ ĨTRM shows that if a buyer

trades under the TRM, she trades under the BC-LP mechanism. Note that both

mechanisms are deterministic mechanisms, that is, there is some critical price such

that buyer i trades at this critical price if her bid price is higher, and she loses the

transaction if her bid price is lower. Thus, the critical price for each buyer under

the BC-LP mechanism is no more than the critical price under the TRM. The

payoff of a trading buyer is the difference between her bid price and the critical

price. Thus, each buyer’s payoff under the BC-LP mechanism is no less than her

payoff under the TRM.

Now, we consider the sellers’ payoffs. Under the TRM, if we removes all

non-trading buyers in the exchange system, the corresponding residual graph

has no negative cycle. Thus, the final allocation under the TRM is an efficient

allocation among the trading buyer set ĨTRM and original seller set J . We will show

that if a seller trades under the TRM, he trades under the BC-LP mechanism.

Shapley (1962) shows that the simple exchange environment with transaction

costs satisfies the complementarity-substitutability conditions, which guarantee

that V (ĨBC−LP , J) − V (ĨBC−LP , J\{j}) ≥ V (ĨTRM , J) − V (ĨTRM , J\{j}) if

ĨBC−LP ⊇ ĨTRM . Since perturbation technique is applied, each trading seller j

under the TRM must have V (ĨTRM , J)−V (ĨTRM , J\{j}) > 0; thus, V (ĨBC−LP , J)−

V (ĨBC−LP , J\{j}) > 0 and seller j trades under the BC-LP mechanism. Therefore,

if a seller trades under the TRM, he trades under the BC-LP mechanism. Note

both mechanisms are deterministic mechanisms, that is, there is some critical price

such that seller j trades at this critical price if his bid price is lower, and he loses
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the transaction if his bid price is higher. Thus, for each seller, the critical price

under the BC-LP mechanism is no less than the critical price under the TRM. The

payoff of a trading buyer is the difference between the critical price and the bid

price. Thus, each seller’s payoff under the BC-LP mechanism is no less than his

payoff under the TRM.

Proof of Theorem 7.5.7. We first compare the social efficiency of the MBC

and KSM-TR mechanism. Both mechanisms apply the same perturbation tech-

nique/lexicographic order and calculate the optimal solution to Q. Let Ī denote the

set of trading buyers in the optimal solution to Q.

Each trading buyer i in the KSM-TR mechanism, that is, each buyer in Ī

who does not rank last in her market, survives the elimination stage of the MBC

mechanism. To see this, if the right-hand-side of the constraint associated with

buyer i, xi ≤ 1, changes from 1 to 2, i.e., if we have one more buyer who is identical

to buyer i, we can improve the optimal solution to V̂ (Ī , J) by using this additional

buyer to replace the buyer who ranks last in the market. Thus, V̂i(Ī , J) > V̂ (Ī , J),

and each trading buyer in the KSM-TR mechanism survives the elimination stage

of the MBC mechanism. That is, the trading buyer set of the KSM-TR mechanism

is a subset of the set of remaining buyers Ĩ in the MBC mechanism. Since the

MBC mechanism implements the efficient allocation of the remaining system

consisting of Ĩ and J , the MBC mechanism is at least as efficient as the KSM-TR

mechanism.

Now, we compare the buyers’ payoffs. The strategy-proofness of the MBC

mechanism guarantees that each buyer in Ĩ is involved in the transactions under

the MBC mechanism. Thus, if a buyer trades under the KSM-TR mechanism,

she trades under the MBC mechanism. Note both mechanisms are deterministic

mechanisms, where there is some critical price such that buyer i trades at this

critical price if her bid price is higher, and she loses the transaction if her bid
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price is lower. Thus, the critical price for each buyer under the MBC mechanism

is no more than the critical price under the KSM-TR mechanism. The payoff of a

trading buyer is the difference between her bid price and the critical price. Thus,

each buyer’s payoff under the MBC mechanism is no less than her payoff under the

KSM-TR mechanism.

Now, we consider the sellers’ payoffs. Since the trading buyer set under

the KSM-TR mechanism is a subset of the trading buyer set under the MBC

mechanism, the total transaction quantity under the KSM-TR mechanism is no

more than the total transaction quantity under the MBC mechanism for each

commodity. For each commodity, we can decide the trading sellers by ranking their

bid prices and breaking the tie based on the perturbation technique/lexicographic

order; thus, the trading seller set under the KSM-TR mechanism is a subset of

the trading seller set under the MBC mechanism. Note both mechanisms are

deterministic mechanisms, where there is some critical price such that seller j

trades at this critical price if his bid price is lower, and he loses the transaction

if his bid price is higher. Thus, the critical price for each seller under the MBC

mechanism is no less than the critical price under the KSM-TR mechanism. The

payoff of a trading seller is the difference between the critical price and his bid

price. Thus, each seller’s payoff under the MBC mechanism is no less than his

payoff under the KSM-TR mechanism.



CHAPTER 8
CONCLUDING REMARKS

In this paper, we establish a multi-stage double auction mechanism design

approach, under which we propose various truthful mechanisms for different

exchange environments. We discuss both the simple exchange environment, which

models the customer-to-customer online markets, and the bilateral exchange

exchange environment, which models the online procurement marketplaces where

sellers are small in size and have little or no market power. All the mechanisms for

these environments achieve strategy-proofness, (ex post) individual rationality, (ex

post) weakly budget balance, and asymptotic efficiency.

We then detail the implementation of various double auction mechanisms

proposed in this paper and compare these mechanisms with other truthful mech-

anisms under a different double auction design approach, the trade reduction

approach. We focus on the implementation, applicability, efficiency, and payoffs of

the mechanisms. The multi-stage design approach offers mechanisms applicable to

more complicated exchange environments. For example, both the BC-LP and MBC

mechanisms are applicable to the procurement marketplaces with the single output

restriction and transaction costs, while no known mechanism under the trade re-

duction approach is capable of doing. The mechanisms under both approaches have

similar implementation complexity, while the mechanisms under the multi-stage

design approach dominate the mechanisms under the trade reduction approach in

both social efficiency and individual payoffs in each type of exchange environment

of interest.

We also want to emphasize the BC-LP mechanism’s contribution in terms

of implementation as this mechanism can be implemented by solving two linear
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programs and calculating the associated shadow prices. From the computational

results, we know that the BC-LP mechanism successfully captures most of the

possible efficiency. This is significant considering the fact that the efficiency

maximization problem with complete information is NP-hard.

The double auction design approach we present serves as a useful founda-

tion for further development of general double auctions. In the near future, we

plan to develop highly efficient double auction mechanisms for a more general

exchange environment. Possible topics include situations without neither the

complementarity-substitutability conditions nor the single output restriction and

with a complex cost structure or a combinatorial auction structure.



REFERENCES

[1] R. K. Ahuja, T. L. Magnanti, and J. B. Orlin, Network Flows: Theory,
Algorithms, and Applications, Prentice Hall, Englewood Cliffs, NJ, 1993.

[2] M. Armstrong, “Optimal multi-object auctions,” Review of Economic
Studies, vol 67, no 3, pp. 455–482, 2000.

[3] R. J. Aumann, Lectures on Game Theory, Westview Press, Boulder, CO,
1989.

[4] R. J. Aumann and M. Maschler, “The bargaining set for cooperative
games,” In Advances in Game Theory, (Annals of Mathematics Studies,
52) M. Dresher, L. S. Shapley, and A. W. Tucker, eds., Princeton University
Press, pp. 443–476, 1964.

[5] M. Babaioff and N. Nisan, “Concurrent auctions across the supply chain,”
Journal of Artificial Intelligence Research, vol. 21, pp. 595–629, 2004.

[6] M. Babaioff, N. Nisan, and E. Pavlov, “Mechanisms for a spatially dis-
tributed market,” Fifth ACM Conference on Electronic Commerce, pp. 9–20,
2004.

[7] M. Babaioff, and W. E. Walsh “Incentive-compatible, budget-balanced,
yet highly efficient auctions for supply chain formation,” Decision Support
Systems, vol. 39, no. 1, pp. 123–149, 2005.

[8] M. S. Bazaraa, J. J. Jarvi, and H. D. Sherali, Linear Programming and
Network Flows, 2nd ed., John Wiley & Sons, New York, NY, 1990.

[9] D. Beil and L.M. Wein, “An inverse-optimization-based auction mechanism
to support a multiattribute RFQ process,” Management Science, vol. 49, no.
11, pp. 1529–1545, 2003.

[10] J. Bulow and P. Klemperer, “Prices and the winner’s curse,” Rand Journal of
Economics, vol. 33, no. 1, pp. 1–21, 2002.

[11] E. H. Clarke, “Multipart pricing of public goods,” Public Choice, vol. 11, pp.
17–33, 1971.

[12] O. Compte and P. Jehiel, “On the value of competition in procurement
auctions,” Econometrica, vol. 70, no. 1, pp. 343–356, 2002.

135



136

[13] W. Elmaghraby, “The importance of ordering in sequential auctions,”
Management Science, vol. 49, no. 5, pp. 673–682, 2003.

[14] R. Engelbrecht-Wiggans, “On optimal reservation prices in auctions,”
Management Science, vol. 33, no. 6, pp. 763–770, 1987.

[15] R. Engelbrecht-Wiggans and R. J. Weber, “An example of a multi-object
auction game,” Management Science, vol. 25, no. 12, pp. 1272–1277, 1979.

[16] J. Gallien and L.M. Wein, “A smart market for industrial procurement with
capacity constraints,” Management Science, vol. 51, no. 1, pp. 76–91, 2005.

[17] J. Ganuza, “Ignorance promotes competition: an auction model with
endogenous private valuations,” Rand Journal of Economics, vol. 35, no. 3,
pp. 583–598, 2004.

[18] M. R. Garey and D. S. Johnson, “‘Strong’ NP-Completeness results:
motivation, examples, and implications,” Journal of the Association for
Computing Machinery, vol. 25, no. 3, pp. 499–508, 1978.

[19] T. Groves, “Incentives in teams,” Econometrica, vol. 41, no. 4, pp. 617–631,
1973.

[20] M. Harris and A. Raviv, “Allocation mechanisms and the design of auctions,”
Econometrica, vol. 49, no. 6, pp. 1477–1499, 1981.

[21] D. B. Hausch, “Multi-object auctions: sequential vs. simultaneous sales,”
Management Science, vol. 32, no. 12, pp. 1599–1610, 1986.

[22] C. W. Holden and A. Subrahmanyam, “Long-lived private information and
imperfect competition,” Journal of Finance, vol. 47, no. 1, pp. 247-270, 1992.

[23] P. Huang, A. Scheller-Wolf, and K. Sycara, “Design of a multi-unit double
auction e-market,” Computational Intelligence, vol. 18, no. 4, pp. 596–617,
2002.

[24] L. Hurwicz, “On informationally decentralized systems,” In Decision
and Organization, C. B. McGuire and R. Radner, eds., North-Holland,
Amsterdam, pp. 297–336, 1972.

[25] H. B. Leonard, “Elicitation of honest preferences for the assignment of
individuals to positions,” In Journal of Political Economy, vol. 91, no. 3, pp.
461–479, 1983.

[26] P. Klemperer, “Auction theory: a guide to the literature,” Journal of
Economic Surveys, vol. 13, no. 3, pp. 227–286, 1999.

[27] P. Klemperer, “What really matters in auction design,” Journal of Economic
Perspectives, vol. 16, no. 1, pp. 169–189, 2002.



137

[28] V. Krishna, Auction Theory, Academic Press, San Diego, CA, 2002.

[29] A. S.Kyle, “Continuous auctions and insider trading,” Econometrica, vol. 53,
no. 6, pp. 1315–1335, 1985.

[30] A. Madhavan, “Trading mechanisms in securities markets,” Journal of
Finance, vol. 47, no. 2, pp. 607-642, 1992.

[31] A. Mas-Colell, M. D. Whinston, and J. R. Green, Microeconomic Theory,
Oxford University Press, New York, NY, 1995.

[32] E.S. Maskin and J.G. Riley, “Optimal multi-unit auctions,” In The
Economics of Missing Markets, Information and Games F. Hahn ed.,
Oxford University Press, pp. 312–335, 1989.

[33] R. P. McAfee, “A dominant strategy double auction,” Journal of Economic
Theory, vol. 56, no. 2, pp. 434–450, 1992.

[34] R. P. McAfee, “Mechanism design by competing sellers,” Econometrica, vol.
61, no. 6, pp. 1281-1312, 1993.

[35] R. P. McAfee and J. McMillan, “Auctions and bidding,” Journal of Economic
Literature, vol. 25, no. 2, pp. 699–738, 1987.

[36] R. P. McAfee and D. Vincent, “The declining price anomaly,” Journal of
Economic Theory, vol. 60, no. 1, pp. 191–212, 1993.

[37] P. R. Milgrom, “A convergence theorem for competitive bidding with
differential information,” Econometrica, vol. 47, no. 3, pp. 679–688, 1979.

[38] P. R. Milgrom, “Putting auction theory to work: the simultaneous ascending
auction,” Journal of Political Economy, vol. 108, no. 2, pp. 245–272, 2000.

[39] P. R. Milgrom, “An economist’s vision of the B-to-B marketplace,” Executive
white paper, www.perfect.com.

[40] P. R. Milgrom and R. J. Weber, “A theory of auctions and competitive
bidding,” Econometrica, vol. 50, no. 5, pp. 1089–1122, 1982.

[41] R. B. Myerson, “Incentive compatibility and the bargaining problem,”
Econometrica, vol. 47, no. 1, pp. 61–73, 1979.

[42] R. B. Myerson, “Optimal auction design,” Mathematics of Operation
Research, vol. 6, no. 1, pp. 58–73, 1981.

[43] R. B. Myerson and M. Satterthwaite “Efficient mechanisms for bilateral
trading,” Journal of Economic Theory, vol. 29, no. 2, pp. 265–281, 1983.

[44] J. Nash, “Equilibrium points in n-person games,” In Proceedings of the
National Academy of Sciences, vol. 36, pp. 48–49, 1950.



138

[45] J. Nash, “Non-cooperative games,” Annals of Mathematics, vol. 54, pp.
286–295, 1951.

[46] M. Núñez and C. Rafels, “The assignment game: the τ -value,” International
Journal of Game Theory, vol. 31, no. 3, pp. 411–422, 2002.

[47] M. J. Osborne and A. Rubinstein, A Course in Game Theory, MIT Press,
Cambridge, MA, 1994.
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