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Recent advances in the ultrashort laser technology have opened up a series of new

directions of research in atomic and molecular physics. This work compounds two

studies on the control and probing of atomic matter by ultrafast laser pulses. One study

is concerned with the control of wavepacket focusing by chirped, ultrashort laser pulses,

while the second study refers to the ionization of sodium Rydberg states via half-cycle

pulses (HCPs).

The ability to control wavepacket focusing is important for the achievement of

specific excitation pathways, for molecular synthesis, as well as for the control of

chemical reactivity. In this work, we present a general method for wavepacket control

in the weak field limit. For ultrashort pulses and linear potentials, we derive analytical

formulas that predict the focusing time and width of the excited wavepacket based on the

width and chirp of the pulse. Numerical simulations involving the ICN molecule confirm

these formulas.

Furthermore, we study the focusing of wavepackets in model exponential potentials.

Analytical formulas for the control of laser excitation of a wavepacket are obtained.
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The intricate interference mechanism by which the pulse chirp can control focusing is

investigated and explained.

For the ionization of Na Rydberg states by HCPs, full quantum-mechanical calcula-

tions demonstrate an asymmetry between the ionization from downhill (Stark red-shifted)

and uphill (Stark blue-shifted) states. The total ionization rates of the uphill states are

much reduced compared to those for downhill states. The final-energy spectra reveal

another discrepancy: the downhill ionization spectra present oscillations as a function of

energy, while the uphill spectra lack any similar pattern.

An intuitive picture for the full-quantum results is obtained by using a 1D semiclas-

sical model. The oscillations observed in the downhill ionization spectra are explained in

this model by the interference of two classical trajectories leading to the same final state.

The dependence of the ionization process on the length of the pulse is investigated.

For downhill states, the results obtained by full-quantum calculations are explained

successfully based on a “two interfering paths” theory.

Finally, we show that the 1D model is not applicable in the case of the uphill states

due to intrinsic 2D dynamics in these states. Multiple ionization trajectories with random

phases wash out the oscillatory interference pattern.
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CHAPTER 1
INTRODUCTION

1.1 Short Historical Perspective of Atomism

More than 2300 years ago, the Greek philosopher Democritus broke with the old

quasi-mystical theories about nature, and advanced the idea that all matter is made up of

tiny indivisible particles, differing in size and shape and floating into an infinite vacuum:

Democritus asserted that space, or the Void, had an equal right with reality,
or Being, to be considered existent. He conceived of the Void as a vacuum,
an infinite space in which moved an infinite number of atoms that made
up Being (i.e. the physical world). These atoms are eternal and invisible;
absolutely small, so small that their size cannot be diminished (hence the
name atomon, or ”indivisible”); absolutely full and incompressible, as they
are without pores and entirely fill the space they occupy; and homogeneous,
differing only in shape, arrangement, position, and magnitude.

‘Democritus’ inEncyclopedia Britannica

Although nearly forgotten in antiquity and the Middle Ages, at the beginning of the

19th century, the atomist theory finally acquired its rightful role, as principal theory of

matter. A major contribution to this revolutionary change of views came from the work of

John Dalton, “A New System of Chemical Philosophy,” published in 1808.

About one hundred years later, in 1912, the physicist Ernest Rutherford was able

to “see” for the first time the elusive atom imagined by Democritus, by bombarding a

thin foil of gold with charged alpha particles. The results of his experiments showed

that the atom is composed of a heavy, small, and positively charged nucleus, having

light, swift, and negatively charged electrons orbiting around it. Several years later, the

quantum mechanics theory developed by many great physicists such as Bohr, Heisenberg,

Schr̈odinger, Dirac and others showed that the electron energy states in the atom are

1
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quantized, and that by jumping from one state to another the atom can absorb or emit

quanta of electromagnetic radiation called photons. The atomic physics era was born.

1.2 Ultrafast Laser Pulses

In his 1917 article, “Zur Quantentheorie der Strahlung” (On the Quantum Theory

of Radiation) [1], Albert Einstein showed that in the interaction between matter and

radiation, complementary to the processes of absorption and spontaneous emission, there

must be a third process: “stimulated emission.” Besides establishing the existence of

this new type of process, Einstein also asserted that the radiation produced in stimulated

emission is identical in all relevant aspects to the incident radiation. The remarkable

implications of these findings were fully exploited at the beginning of the 1960s, in the

building of the first laser sources.

Today, after four decades of advances in laser technology, ultrafast computer- con-

trolled lasers allow experimentalists to interact with the atomic world at an unprecedented

level of swiftness and accuracy. Since the inception of the laser in 1960, the length of the

laser pulses has shrunk more than six orders of magnitude, current pulses having dura-

tions of just a few femtoseconds (10−15 seconds). Such ultrafast pulses permit scientists

to study processes that occur over small time scales, much as a strobe light allows one

to capture a rapid movement in a series of frozen frames. Ultrashort pulses can act as an

”ultrafast camera” to study the motion of molecules, the progression and intermediate

states of chemical reactions or the dynamics of charge carriers in a semiconductor. Pulses

in the attosecond (10−18 seconds) range can even provide real-time observation of the nu-

clear motion, or the Coulomb explosion of a diatomic molecule in the process of double

ionization [2].

The development of ultrafast lasers has had a major impact on the field of atomic

and molecular physics. In the high intensity regime available with ultrafast lasers, the

radiation field is interacting with the atoms and molecules so strongly that the changes

induced can no longer be treated by first order perturbation theory. Examples of such
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nonlinear phenomena are multi-photon ionization (MPI) and above threshold ionization

(ATI), in which multiple photons contribute to the ionization process, or high harmonic

generation (HHG) in which an atom or molecule absorbs several photons to ionize, and

subsequently decays to the initial state emitting harmonics of the exciting laser frequency.

High harmonic generation is actually one of the candidate mechanisms to produce laser

pulses in the UV and X ray domains [3]. Other phenomena observable at high intensities

are atomic stabilization to ionization, “bond softening” and “vibrational trapping” in

molecules, stimulated Raman scattering, hyper-Raman and hyper-Rayleigh scattering,

laser induced collision through pair excitation and double ionization.

Ultrafast lasers bring enormous benefits to other fields of activity as well. In medical

applications, corneal tissue can be removed without any significant sign of thermal

or structural damage to adjacent tissue [4]. Functional neurosurgery might also profit

from the highly localized and efficient ablation process achieved with femtosecond

lasers. Ultrashort pulses are efficient probes in the study of bio-molecular structures,

such as genes in cancer research, or protein and aminoacids in biochemistry. In the

study of the atmosphere, short pulses of mid-infrared wavelengths can be used to record

absorption spectra of atmospheric gasses, which leads to the possibility of long range

atmospheric sensing, and environmental and pollution monitoring. Fast pulses also find

applications in micro-machining and fabrication of nanostructures, in high bandwidth

data communications, laser fusion, and in many other domains. As a result, the field

of ultrafast lasers is presently attracting much interest, and numerous theoretical and

experimental studies are underway to unlock their potential in new applications.

1.3 Terahertz Half-Cycle Pulses

Terahertz half-cycle pulses (HCPs) are an exotic variety of ultrashort electromag-

netic pulses, which resulted from the laser research in the past decade. Unlike normal

laser pulses, HCPs consist (approximately) of only one-half of an optical cycle, thus

having an almost unipolar character. As a result, an HC pulse can impart momentum
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to an atomic electron anywhere in its orbit, in contrast to an ordinary pulse, which can

interact impulsively with the electron only in the vicinity of the nucleus. In this respect,

the interaction with HCPs is quite similar to the interaction with charged particles where

the interaction is mediated by the time-varying field of the passing particle.

Due to their unrestricted interaction with atomic and molecular electrons, HCPs

constitute ideal probes for the investigation of Rydberg states, which are highly excited

states with interesting characteristics. In particular, HCPs have been used to probe

the dynamical properties of Rydberg wavepackets via experimental techniques such

as time-delay spectroscopy [5, 6] and impulsive momentum retrieval [7, 8]. A better

understanding of the dynamics of Rydberg states is crucial for areas of study such as

the quantum-classical correspondence principle, quantum chaos and non-perturbative

response of atoms in external fields. HCPs may also prove to be useful tools for quantum

control in creating and shaping exotic wave packets [8, 9, 10, 11, 12, 13, 14], controlling

THz emission from Stark wavepackets [15], storing and retrieving information in atomic

quantum registers [16, 17], and possibly performing selective chemistry in molecules.

1.4 Quantum Control

With the advent of fast, computer-shaped laser pulses, the desire to control atoms

and molecules was spurred. At sub-nanometer scales concepts of the macroscopic world

fade away, and matter particles can be described accurately only by probability waves. In

this context, the control of a quantum system is achieved by manipulating the constructive

and destructive interferences of the quantum waves of matter to attain a desired target

state.

Due to its intrinsic coherence, laser light is the ideal agent to affect the coherence

of an atomic or molecular system. Currently, laser pulses can be sculpted with great

accuracy in phase, amplitude and even polarization [18], and trains of pulses with definite

phase relationships can be produced [19]. When a shaped laser pulse illuminates a

quantum system, through the coupling between the EM field and matter, its coherence
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is transferred to the quantum wavefunction of the system. More exactly the coherence

of the wavefunction is reflected in a particular superposition of eigenstates of the free

Hamiltonian. In this scenario the principle of quantum control is quite straightforward:

the composition of the laser pulse should excite just the right initial superposition state,

which, under the Hamiltonian of the system, is ensured to evolve to the prescribed target

state at the prescribed target time.

Initial applications of quantum control were focused on the manipulation of

chemical reactions to optimize reaction yields [20, 21, 22, 23], but techniques of quantum

control were adopted rapidly in numerous other areas such as quantum computing

and information, quantum entanglement, wavepacket control in atoms, quantum state

preparation, optimal emission of radiation and nanoscale technology. The successes

obtained to date in these areas are extremely promising, and suggest that quantum control

will play an essential role in future technological developments.

1.5 Thesis Objectives and Organization

This dissertation presents two theoretical studies of the interaction between atomic

and molecular systems with ultrafast laser pulses. In a first study we consider quantum

control of the dynamics of vibrational wavepackets in molecules. We investigate the

focusing of molecular wavepackets by chirped ultrashort laser pulses, with applications

to chemical reaction control. We seek to characterize the dependence of the dynamics on

the parameters of the laser pulse, and ultimately to provide an intuitive explanation for the

observed effects.

The second study is concerned with the ionization of sodium Rydberg states by

half-cycle pulses. In this work we attempt to elucidate the different dimensions of this

phenomenon, and to provide a physical explanation of the characteristics of the ionization

spectrum.
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Chapter 2 provides an overview of the topic of quantum control and brings infor-

mation about previous theoretical and experimental studies in this field. However, the

presentation is not exhaustive as the breadth of this research area is quite significant.

In chapter 3 we present a theoretical study on control of vibrational wavepackets

in molecules. The focusing of molecular vibrational wavepackets has been shown

previously to be one of the key ingredients in the control of chemical reactions.

Chapter 4 is dedicated to the subject of half-cycle pulses, exposing a number of sig-

nificant theoretical and experimental aspects related to HCP ionization and spectroscopy.

In chapter 5, we lay out the theoretical methods used in our investigation on sodium HCP

ionization, and the results obtained by the numerical simulations of the interaction. Also,

an explanation of the characteristics of the ionization spectrum based on semiclassical

criteria is provided.

Chapter 6 concludes this work with a recapitulation of the main results and their

implications and significance. A number of ideas and prospects for future investigation

are also included.



CHAPTER 2
EXPERIMENTAL AND THEORETICAL ASPECTS OF QUANTUM CONTROL

2.1 Overview

“Quantum control” is an emergent paradigm, which has the potential to ignite the

next global technological revolution. The field of quantum control holds the key for future

revolutionary technologies such as quantum and optical computers [24, 25], molecular

engineering [26], and laser-controlled fusion. Research in this field has increased at an

accelerated rate in the past years, and promising results are already starting to appear.

The term ‘control’ is used in general to denote an external programmatic interven-

tion upon the evolution of a system with the goal of achieving a desired outcome. The

attribute ‘quantum’ in quantum control refers to the fact that control is attempted on a

system that obeys the rules of quantum mechanics, and for this reason the system has

a quantum, ‘nonclassical’ behavior. It is exactly this quantum behavior that offers new

possibilities for control, which are systematically pursued in the field of quantum control.

When descending to the level of atomic matter, one starts to feel the bizarre effects

of the ‘quantum world.’ According to quantum mechanics, reality can be described

with states (vectors) in an infinite dimensional Hilbert space. In lay terms, position and

momentum (or trajectory for that matter) lose their attributes of ‘obvious’ and ‘basic’

quantities, and matter appears like uncreated, dangling undecided between concrete

states. The bizarre rules of quantum mechanics are responsible for paradoxes such

as non-locality and multiple universes, but they have been confirmed and irrefutably

validated again and again.

A suggestive illustration of the paradoxical nature of the laws of quantum mechanics

is the ‘poor’ Schr̈odinger’s cat, which can be both dead and alive at the same time [27].

A ”Schrödinger cat”-like atom, which is located simultaneously in two separate places,

7
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has actually been created experimentally by researchers from the National Institute of

Standards and Technology (NIST) [28]. This is possible because in quantum mechanics

a system can be simultaneously in an infinite superposition of ‘classical,’ ‘concrete’

states, this superposition representing the actual quantum state of the system. In this

respect, a quantum state can be viewed as a wave of matter, in which the amplitude

of the wave associated with a ‘classical’ state is directly related to the contribution of

that state to the overall superposition. This wave-like behavior allows for interference

effects, and also leads to the quantization of the energy levels in a bound system, much

as air pressure waves in an enclosed tube have only a discrete spectrum of frequencies.

Thus, one can see how atoms and molecules, which are systems with an intrinsically

quantum behavior, have discrete levels of energy associated with the dynamics of the

nuclei (vibrations, rotations) and electrons (electronic states). In this picture one could

use a coherent electromagnetic excitation (laser) to manipulate the quantum waves

associated with the nuclei and electrons to create specific configurations. Manipulating

the constitution of matter at its most intimate levels has benefits in diverse applications.

These include creating new molecules for medicine, developing new fuels and materials,

making quantum computers and quantum information devices, and building molecular

and atomic machines.

In the next paragraphs of this chapter we will review some of the most significant

developments in the field of quantum control. The presentation will be brief, and some

theoretical and experimental aspects pertinent to each topic will be exposed.

2.2 Quantum Control of Molecules

Since the inception of the laser in the sixties, chemists looked at this new source of

coherent radiation as the ultimate tool for manipulating chemical bonds. They argued that

since each chemical bond has its characteristic resonance frequency, by tuning the laser

to this frequency, one could excite or break the bond. The theory appeared sound, but

early experiments based on this intuitive strategy were a total disaster. The reason for this
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was the phenomenon of internal redistribution of the excitation energy to other, coupled,

vibrational modes, also known as IVR (intramolecular vibrational-energy redistribution)

[29].

Later studies refined the approach and took into consideration the quantum, wave-

like behavior of molecules. Thus, by using a shaped laser pulse that takes into account

the dynamical characteristics of the molecule and produces just the right quantum

interferences, one can achieve a particular configuration or open a particular reaction

channel, while inhibiting competing pathways.

In general, there are two major paradigms for molecular quantum control, and both

exploit the quantum mechanical interferences between the different dynamical paths of a

system in interaction with a laser field. One method was proposed by Brumer and Shapiro

[30] in late 1980s, and uses two or more lasers to excite multiple pathways towards a final

state. An alternative method was proposed by Tannor and Rice [31], also in late 1980s,

and uses multiple pulses, with suitable time-delays, to steer the dynamics in the right

direction at just the right times. In the following pages we will briefly present each of

these methods.

2.2.1 The Brumer-Shapiro Method

The Brumer-Shapiro method [30] for quantum control relies on using coherent laser

radiation to excite multiple dynamic pathways to a degenerate final state. The degeneracy

in the final state correlates to the multiple reaction products that can result from the

process. According to quantum mechanics, the multiple reaction pathways can interfere

to increase the probability of transition into a certain set of products, and decrease the

probability of formation of the other products. In this scenario, control is achieved by

manipulating the relative phases and intensities of the lasers producing the excitation.

To better illustrate this control mechanism we consider excitation from an initial

superposition state

Ψ0 = a1 |φ1〉+ a2 |φ2〉 , (2–1)
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to a degenerate final state

Ψf =
∑
m,q

∣∣E,m, q−〉 , (2–2)

by two CW lasers producing the total field

εtot = ε1e
−i(ω1t+χ1) + ε2e

−i(ω2t+χ2) . (2–3)

In the above,|E,m, q−〉 represents the outgoing state correlating to the final product

channelq (wherem denotes the rest of the degeneracy indices), and the two lasers

are chosen resonant with the transition from the two levels in the initial superposition,

ωi = E − Ei.

From standard perturbation theory, we find that the probability to obtain productq at

energyE is

P (E, q) = 2π
∑
m

∣∣∣〈ε̃1a1φ1 + ε̃2a2φ2|d̂|E,m, q−〉
∣∣∣2 , (2–4)

whered̂ is the component of the dipole moment along the field direction, andε̃i =

εi exp(iχi). Then the ratio of products in channels 1 and 2 is given by

R(1, 2;E) =

∑
m [|A1m|2 + |A2m|2 + 2Re(A∗1mA2m)]∑
m [|B1m|2 + |B2m|2 + 2Re(B∗1mB2m)]

, (2–5)

whereAim = 〈ε̃iaiφi|d̂|E,m, 1−〉 is the transition amplitude in the first pathway, and

Bim = 〈ε̃iaiφi|d̂|E,m, 2−〉 is the transition amplitude in the second pathway. Note that

both the denominator and the numerator in Eq.2–5contain terms that correspond to

independent excitation from each of the two levels in the initial superposition, but also the

interference terms2Re(A∗1mA2m), 2Re(B∗1mB2m). Since the interference terms depend

on both the intensities and the phases of the exciting lasers, they can be manipulated

to achieve a desired distribution of final products. With properly chosen values for the

intensities and phases one can, for example, maximize the formation of a certain desired

product, while inhibiting the formation of another competing product. This is very

similar to the double-slit Young experiment where the interference between two different

pathways produces fringes of enhanced and reduced intensity.
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The above coherent control scheme was employed in a theoretical study by Chan,

Brumer, and Shapiro [32, 33] to obtain product formation selectivity in the photodissocia-

tion of CH3 as

CH3 + I(2P3/2)← CH3I→ CH3 + I∗(2P1/2) .

Another demonstration of coherent control by Brumer and Shapiro [34] uses two

pathways determined by 1- and 3-photon transitions inIBr. Their theoretical study proves

that by varying the relative phase between the 1-photon and 3-photon pathways, one

can achieve significant control over the branching ratio forIBr→ I + Br(2P3/2) vs.

IBr→ I + Br∗(2P1/2).

Chen and Elliot [35, 36] demonstrated an experimental implementation of the

3-photon scheme to control the ionization ofHg. In their experiment the relative phase

between the 1- and 3-photon transitions is controlled by varying the gas density in the

path of the 3-photon resonant laser.

In a series of experiments, Gordon and coworkers [37, 38] demonstrated experimen-

tal control of the vibrational and rotational excitation (in bound-bound transitions) ofHCl

andCO. Other coherent control experiments have been performed by Kleiman, Zhu, Li,

and Gordon [39] to control the ionization versus dissociation ofH2S,

H2 + S+ ← H2S→ H + HS+ .

The same group also performed experiments to control the dissociation ofCH3I

CH3 + I+ ← CH3I→ CH+
3 + I .

Excellent experimental results were also obtained by Zhu et al. [40]. They used

coherent control to optimize the ionization versus dissociation of HI

H + I+ ← HI→ HI+ .
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2.2.2 The Tannor-Rice Method

Tannor and Rice have developed an intuitive scheme using the timing between a pair

of pulses to control product formation in a photodissociation reaction [31]. To illustrate

the method, consider a tri-atomic molecule ABC which can dissociate through two

different reaction channels:

ABC→ AB + C or ABC→ A + BC ,

to form different products. In this case the ground state potential surface has a central

minimum corresponding to the stable molecule ABC, and two different exit channels

corresponding to the two possible products. The goal of the method is to maximize the

evolution of the system through one exit channel, inhibiting, at the same time, the other

channel.

To achieve selectivity in product formation, the method uses a sequence of two

ultrashort pulses separated by a proper time delay. The sequence of two pulses has the

purpose of coupling the ground state to an excited state. Thus, the first laser pulse (pump

pulse) excites the ground-state wavepacket to the excited surface, where it starts to

evolve according to the potential of this surface. At a later time the second pulse (dump

pulse) causes stimulated emission back to the ground state, and if the timing is correct,

the Frank-Condon region of the second interaction corresponds exactly to the desired

product channel. In this way, the formation of the desired product is enhanced, while the

production of the undesired product is inhibited.

In the above scenario the control of product formation is achieved by simply

varying the time-delay between the two pulses. Pulses are properly shaped to achieve

quasi-complete population transfer between the two electronic states. In second order

perturbation theory and the dipole approximation, the transition amplitude to a channelq
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with final energyE is given by

Aq(E, t) = (−i)2
∑
m

〈E,m, q−
∣∣∣∣∫ t

−∞
dt1e

−iE(t−t1)E1(t1)dg,e∫ t1

−∞
dt2e

−iĤe(t1−t2)E2(t2)de,ge
−iEit2

∣∣∣∣Ei〉 , (2–6)

whereE1 andE2 are the two laser pulses,da,b represents the dipole moment element

between the statesa andb, andĤe is the Hamiltonian of the excited electronic state. In

the above equation, the terme−iĤe(t1−t2) represents the evolution of the wavepacket on the

excited surface and depends on the time-delay between the two pulses. Thus, by varying

the time-delay, one can control the transition amplitude to a final product channel. When

the wavepacket is sufficiently localized, the dynamics of the system can be described

satisfactorily by classical trajectories (as shown by Heller [41]). For more complicated

cases when wavepacket delocalization cannot be avoided, classical trajectories can be

used as a guide to determine an initial guess of the time-delay for subsequent quantum

calculations.

An initial experimental verification of the Tannor-Rice method was performed by

Baumert and coworkers [42], who demonstrated two-pulse control over the two-channel

ionization reaction ofNa2:

Na+
2 + e− ← Na2 → Na+ + Na + e− .

In a subsequent experiment onNa2 [43], Baumert and coworkers used a three-photon

procedure, based on the same ideas, and obtained similar results. Another experimental

realization of the Tannor-Rice scheme was performed by the group of Nobel Prize winner

Ahmed Zewail [44] to control the amount of product formed in the bimolecular reaction

Xe + I2 → XeI + I .

Successful control was demonstrated once again.
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2.2.3 Quantum Control by Optimal Control Theory (OCT)

In OCT quantum control the aim is to design a shaped (in frequency, amplitude and

phase) pulse that guides the dynamics of the system towards a desired target. Since the

shaped pulse can be viewed as a sequence of phase-locked shorter pulses of different

intensities and durations, the OCT quantum control can be viewed as an extension of the

Tannor-Rice scheme. The need for OCT arises in situations in which the Hamiltonian

of the system has a complex form, and simple intuition is not sufficient to obtain the

pulses that would drive the system to a desired target state. OCT quantum control was

developed with contributions from Judson and Rabitz [45], Kosloff and coworkers [20],

and Jakubetz, Manz and Schreier [46].

In optimal control, one defines a physical objective, such as the cleavage of a specific

molecular bond, to be achieved at a specific timetf , and then recasts the objective in a

mathematical form. For example, if the wavefunction associated with the desired outcome

at timetf is |Φ〉, then the aim of OCT is to maximize the transition probability

J = 〈Ψ(tf ) | P̂ | Ψ(tf )〉 , (2–7)

(subject to certain constraints on the form of the pulse guiding the system), where|Ψ(tf )〉

is the system’s wavefunction at momenttf , andP̂ = |Φ〉 〈Φ| is the projector on state

Φ. The requirement that the evolution of the system obeys the Schrödinger equation is

introduced as a functional constraint. With the additional constraint that the laser pulse

has a total energyEp =
tf∫
t0

|ε(t)|2dt, the functional that must be maximized becomes

J̄ = J + λ1

∫ tf

t0

|ε(t)|2dt+ i

∫ tf

t0

dt

{
〈λ2|

[
i∂

∂t
− Ĥ

]
|Ψ〉+ c.c.

}
. (2–8)

When the maximization condition∂J̄ = 0 is imposed, the Lagrange multiplierλ2 satisfies

the Schr̈odinger equation

i
∂ |λ2〉
∂t

= Ĥ |λ2〉 , (2–9)
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with the boundary condition

|λ2(tf )〉 = P̂ Ĥ |λ2(tf )〉 . (2–10)

The optimum field resulting from the optimization condition is then given by

ε(t) = O(t)

(
1

Ep

∫ tf

t0

dt|O(T )|2
)−1/2

, (2–11)

whereO(t) is defined as

O(t) = −i〈λ2(t)|
∂Ĥ

∂ε
|Ψ(t)〉 . (2–12)

The above set of equations can be solved by an iterative procedure, which starts with

a guess forε(t) and then determineŝH(t) (which depends onε). UsingĤ(t), the initial

state,Ψ0, is propagated to determineΨ(t), andλ2(tf ) is obtained aŝPΨ(tf ). Thenλ2(tf )

is propagated backwards to obtainλ2(t). With Ψ(t) andλ2(t) determined in this way one

can calculate a new estimate forε(t) using Eq.2–12. The procedure is then repeated until

convergence is obtained.

Various theoretical studies have been employed to determine the utility of the

OCT method in obtaining an optimal shaped field for a general control problem. One

important result was obtained by Peirce and coworkers [47], who prove that bound-state

control is always solvable, and an infinite number of approximate solutions can be found.

In a subsequent study, Zhao and Rice [48] extended the proof of solvability for the

case of unbound, continuum final states. Another study demonstrated that an optimal

solution cannot be found when the initial state does not present a certain degree of phase

coherence [49].

Numerous groups have studied theoretically the OCT quantum control technique.

Shi and coworkers [50] used OCT to achieve the bond selective excitation and dissocia-

tion of a harmonic linear chain molecule. Shi and Rabitz [51] used OCT to demonstrate

selective vibrational excitation of harmonic molecules modeled as Morse oscillators.

Kosloff and coworkers [20] used optimally shaped pump and dump pulses to enhance
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selectivity of product formation on one electronic surface optimally coupled to another

electronic surface. Gross and coworkers [52] used OCT to control the curve-crossing

between two dissociative diabatic Born-Oppenheimer surfaces in order to achieve disso-

ciation channel selectivity (enhance or eliminate dissociation from one channel versus

another). They added a frequency filter to the optimization procedure in order to restrict

the bandwidth of the optimal pulse. The mechanism is reminiscent of the Tannor-Rice

pump-dump control scheme, but the channel selectivity is much improved due to the

dynamic interplay of constructive and destructive interferences.

In general, the iterative process to solve the OCT equations is computationally

expensive and often produces complex, non-intuitive pulses, which are non-feasible

experimentally (e.g. they have rapid turn-on or turn-off). To improve the computing

time, Tannor and coworkers [53, 54] used Krotov’s optimization theory to control

photodissociation and multiphoton ionization. In a similar vein, Zhu and Rabitz [55]

developed a family of rapid convergent iterative methods to solve the OCT problem. A

robust solution was obtained by including a fitness constraint function [56]. To force

solutions with a smooth turn-on and turn-off, Sundermann and de Vivie-Riedle [57] add a

constraint function with just a small performance penalty.

A study by Yan et al. [58] presents an OCT formulation specific to the weak re-

sponse regime. The excited state population scales linearly with the laser intensity and

the system dynamics can be described accurately within first order perturbation theory.

The optimization problem is converted to an integral eigenequation. The eigenvectors cor-

respond to optimal solutions for the field and the eigenvalues represent the achievement.

Notably, the theory is cast into a density matrix formalism, which allows a consideration

of the role of the environment in the dynamics (temperature, solvent etc).

Krause et al. [59] used Linear Density Matrix OCT to control the vibrational

dynamics ofI2. They focused vibrational wavepackets on theB excited electronic state

at a specified position and time. The outgoing continuum wavepackets focused both in
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position and momentum are termed “molecular cannons,” while the incoming bound and

focused wavepackets are termed “molecular reflectrons.” The results obtained in their

study are explained in a simple classical-trajectory picture. According to that picture, for

a cannon, the lower frequencies take longer to reach the target (they have lower energy)

and therefore they must be excited first. For this a positively chirped pulse must be used.

For a reflectron, the higher frequencies take longer to reach the outer potential wall and

experience flatter regions of the potential. As a result, they must be excited first, and a

negatively chirped pulse is required in this case. (We will show in chapter 3 of this thesis

that the above simplistic picture is not always valid, and quantum interference effects

must in general be considered in order to predict the right chirp that achieves focusing.)

In a follow up experiment, Kohler et al. [60] proved experimentally the predictions

of Krause et al. [59] and showed the robustness of the solution. Subsequently, Krause et

al. [61] extended the previous work to the strong response regimes, and used as an initial

guess for the iterative OCT procedure the field obtained in the weak response case. With

this approach they achieved fast convergence (< 10 iterations) towards the optimal field.

2.2.4 Closed-Loop Learning Control

As shown above, optimally shaped laser pulses represent the most versatile in-

strument to control the intricate interferences in the evolution of a quantum system.

However, the determination of the optimal field by OCT requires detailed knowledge of

the Hamiltonian, which in most cases (particularly for complex systems) is not available.

Furthermore, in cases in which the Hamiltonian is known, calculation of the optimal field

may be very time-consuming, and the solution may be too complex and unstable to be

used in experiments.

A practical alternative to the OCT technique was advanced by Judson and Rabitz

[45], who proposed the use of learning algorithms to find directly from experiment the

optimal laser pulse that achieves a particular goal. In this approach, the system itself

works as an analog computer, solving in real-time its own Schrödinger equation (of which
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it has perfect knowledge). A learning algorithm works sequentially to find through trial

and error the shape of the optimal field. At each step, the output from the experiment is

analyzed with respect to the target output, and a ’smart’ decision is made to improve the

shape of the trial laser pulse. Eventually, the trial pulse converges to the optimal shape,

which is robust with regard to the imperfections of the experiment, and achieves the

desired target with high accuracy.

For the purpose of accelerating the learning process, a number of theoretical studies

have analyzed the properties of various search algorithms. Phan and Rabitz [62, 63]

investigated algorithms based on linear input-output mapping, and found that genetic

algorithms (GA) [64] and simulated annealing (SA) [65] are quite efficient for learning

control. They noted that the simulated annealing algorithm is generally faster, but the

genetic algorithm responds better to noisy experimental conditions. For this reason,

genetic algorithms are the method of choice in most close-loop control experiments.

The first experimental implementation of learning control for a molecular system

is due to Wilson and coworkers [66]. They were able to optimize the efficiency and

effectiveness of electronic excitation in the “IR215” dye molecule. Assion et al. [67]

used feedback loop control with an evolutionary algorithm to control branching ratios in

the photodissociation of organometallic compoundsFe(CO)5 andCpFe(CO)2Cl, where

Cp = η5C5H5. Also, in a quite recent experiment, Daniel et al. [68] used pump-probe

feedback control to optimize ion ratios in the photodissociation ofCpMn(CO)3.

A series of experiments by Weinacht, Bucksbaum and associates [69, 70] used

feedback with a learning algorithm to control Rydberg cesium wavepackets, the pho-

todissociation ofNa2, and the vibrational dynamics in methanol. Other experimental

demonstrations were provided by Levis, Menkir and Rabitz [71] who used close-loop

control to optimize ion yields in the photodissociation of a series of organic molecules.

In addition, Weinacht et al. [72] demonstrated control of Raman scattering in liquids, and
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Bartels et al. [73] used closed-loop control to successfully optimize the efficiency of high

harmonic generation for production of coherent X-ray pulses.

2.3 Quantum Control for Quantum State Preparation

Quantum state preparation is an absolute desideratum in modern atomic and

molecular physics. The ability to prepare atoms and molecules in a specific configuration

has applications in many fields: control of chemical reactions, quantum information, state

to state collisions, atom optics, and in general for the purpose of laser control in atomic

and molecular processes.

The central motif in quantum state preparation is to begin with an atom or molecule

in a certain discrete quantum configuration (usually a thermal distribution of population),

and apply appropriate laser radiation to drive the system to a desired target state. The

most successful techniques for population transfer make use of an adiabatic time

evolution of the system along the dressed potentials induced by the laser radiation. This

phenomenon is generally known as adiabatic passage.

For incoherent, near-resonant radiation, the population of the excited state at timet is

given by [74]

Pe(t) = 1/2[1− e−αF (t)] , (2–13)

whereF (t) =
∫ t

−∞ I(t
′)dt′ represents the so called “fluence” of the pulse, andα is the

absorption coefficient. As the fluence of the pulse increases, this population approaches

monotonically the saturation value of0.5, which is the maximum efficiency of incoherent

population transfer. For resonant coherent radiation acting on a two-state system, the

solution of the time-dependent Schrödinger equation shows an excited population given

by [74]

Pe(t) =
1

2
[1 + cosA(t)] , (2–14)

whereA(t) =
t∫

−∞
Ω(t′)dt′ is the pulse area up to time t, andΩ(t) = µE(t)

h̄
is the Rabi

frequency. The excited population varies sinusoidally with time between 0 and 1. Thus
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the maximum theoretical efficiency of population transfer is 100%, but various factors

such as the Doppler broadening of the levels, variation of the intensity of the field over

the beam cross section, and other experimental uncertainties often reduce this efficiency

significantly.

2.3.1 Adiabatic Rapid Passage–ARP

An alternative to coherent resonant excitation is excitation with coherent radiation

whose frequency slowly sweeps through resonance. When the parameters of the laser

pulse are chosen properly, this procedure induces a controlled adiabatic passage of the

lower state population into the excited state. The Hamiltonian describing the two-level

system under coherent excitation is given (in the rotating wave approximation (RWA)) by

H(t) =

 0 1
2
Ω(t)

1
2
Ω(t) ∆(t)

 , (2–15)

where the off-diagonal element is the Rabi frequency,Ω(t) = d12E(t)/h̄, d12 is the dipole

moment of the transition, and∆(t) is the instantaneous detuning of the laser frequency.

The instantaneous eigenstates of the above Hamiltonian are called “adiabatic states” and

are given by

Φ+(t) = ψ1 sin Θ(t) + ψ2 cos Θ(t) ,

Φ−(t) = ψ1 sin Θ(t)− ψ2 cos Θ(t) , (2–16)

whereψ1, ψ2 are the unperturbed (diabatic) atomic states, andΘ(t) is the “mixing angle,”

Θ(t) = (1/2) arctan[Ω(t)/∆(t)]. The energies of the adiabatic states are given by

ε± =
1

2
[∆(t)±

√
∆2(t) + Ω2(t)] . (2–17)

For a sufficiently smooth pulse and large Rabi frequency, the coupling between the two

adiabatic states is small, and the evolution of the system is adiabatic. If at some time,t,
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Figure 2–1:The left panel shows the evolution of the adiabatic state energies (continu-
ous line) and of the diabatic states (dashed line). The right panel shows the
evolution of the populations in the two states.

the system is in one of the two adiabatic states,Φν(t), it will remain in that state at all

ulterior times.

The adiabatic rapid passage (ARP) technique uses the property of adiabatic evolution

of the system to transfer population between two diabatic states. By monotonically

increasing or decreasing the frequency of the exciting laser pulse through resonance, the

mixing angle,Θ(t) varies smoothly between0 andπ/2. For example, in the positive chirp

case (monotonic increasing of laser frequency),Θ(t) decreases monotonically fromπ/2

to 0, and in effect theΦ+(t) = ψ1 sin Θ(t) + ψ2 cos Θ(t) adiabatic state coincides at the

start of the pulse withψ1, and at the end of the pulse withψ2. If conditions for adiabatic

evolution of the system are satisfied, the entire population of stateψ1 will be transferred

via adiabatic stateΦ+ to stateψ2. A graph showing the evolution of the two adiabatic

states and the evolution of the populations in states 1 and 2 is given in Fig.2–1.

Adiabatic population transfer presents significant advantages over Rabi cycling

excitation because the process is more robust to variations in the laser frequency and

intensity, and the total interaction time is no longer a strict parameter. Population

transfer by adiabatic passage was first demonstrated in connection with nuclear magnetic

resonance experiments. In the optical domain, the first successful adiabatic passage

experiment was conducted by Loy [75] in NH3. In this experiment, instead of varying
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Figure 2–2:Diagram showing the evolution of the adiabatic state energies (continuous
line) and of the diabatic states (dashed line) for the 5s-5p-5d ladder in rubid-
ium.

the laser frequency, the complementary approach of varying the transition frequency

with a slowly varying Stark field was used. Later experiments demonstrated adiabatic

passage in the near infrared [76] and the visible domain [77] by Doppler shifting the laser

frequency through an ingenious geometry of the laser-beam-molecular-beam system.

In the picosecond-pulse regime, adiabatic passage was demonstrated by chirping a

large-bandwidth pulse with a pair of parallel gratings [78].

The phenomenon of adiabatic passage of population is not limited to two-state

systems. For example, this method has been applied successfully to a three-level ladder

system by Noordam and co-workers in a series of experiments on the 5s-5p-5d transition

in rubidium [78, 79]. A schematic diagram of the 3-level system involved is shown in

Fig. 2–2. We see in this figure that either red-to-blue or blue-to-red chirped pulses can be

used to adiabatically transfer population from 5s to 5d. This fact was also recorded by

the actual experiments, which have reported complete population transfer in both cases.

However, if the frequency chirp is blue-to-red, meaning that states 2 and 3 get coupled

before states 1 and 2, state 2, which is far from the upper adiabatic state, is virtually

unpopulated during the entire process. This is similar to the stimulated Raman adiabatic



23

5

ε4

ε3

ε2

ε1

ε1

Time

E
ne

rg
y

transition from state 1 to state 6
for blue-to-red chirp

transition from state 1 to state 2
for red-to-blue chirp

ε6

ε5

ε4

ε3

ε2

ε6

ε

Figure 2–3:Diagram showing the evolution of the adiabatic state energies (continuous
line) for the case of a ground state coupled by a chirped pulse to a manifold
of five states.

passage (STIRAP) mechanism, in which a similar counterintuitive pulse sequence is used,

and the intermediate state is unpopulated at all times.

ARP can also be used to achieve selective excitation when the initial state is coupled

to a manifold of closely spaced levels, despite the fact that the laser pulse bandwidth

is larger than the spacing between the manifold levels. The situation is depicted in

Fig. 2–3. From the evolution of the adiabatic states we can see that the laser pulse

selectively excites the lower or higher state in the manifold, depending on whether the

chirp is red-to-blue or, respectively, blue-to-red. One scheme, which achieved selective

excitation in the 3s-3p transition in sodium, was demonstrated both theoretically and

experimentally by Melinger and coworkers [80]. For a red-to-blue chirp, they observed

the predominant excitation of the3p2P1/2 fine-structure level, while for a blue-to-red

chirp the predominant excitation was in the3p2P3/2 fine-structure level. Notably, the

bandwidth of the picosecond laser pulse used was larger than the separation between the

two 3p fine-structure levels. However, it can be shown that with this method only the

uppermost and lowermost states in the manifold can be excited selectively. A modified

technique, which uses narrowband laser pulses (smaller than the level spacing in the
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manifold), and can achieve selective population transfer to all manifold levels, was

developed by Malinovsky and Krause [81].

Multistate ARP can also be used to achieve selective vibrational excitation

in molecules, which is useful for controlling molecular reactivity or dissociation.

Chelkovsky and co-workers have shown theoretically that selective vibrational excitation

can be achieved with ultrashort chirped-pulses, which can compensate for the anhar-

monicity of the vibrational potential, if the pulses have sufficient bandwidth to couple

the vibrational levels of interest. An experimental study by Maas et al. [82] used infrared

sub-picosecond pulses to achieve selective vibrational excitation in the ground electronic

state ofNO. The chirp of the pulse was blue-to-red in order to follow the anharmonicity

of the vibrational ladder. Significant population was transferred to theν = 4 vibrational

state, which was the highest state with a transition frequency within the laser pulse

bandwidth.

The overall adiabatic evolution in one dressed state is the result of controlled in-

terference between the Fock states describing the two-level atom interacting with the

radiation field. The inversion of population can be seen as almost complete construc-

tive interference for population transfer into the excited state versus almost complete

destructive interference for paths transferring population into the initial state.

2.3.2 Stark-Chirped Rapid Adiabatic Passage–SCRAP

In the nanosecond regime, laser chirping by both active phase modulation (suitable

in the microsecond regime) and spatial dispersion (suitable in the pico- and femtosecond

regimes) is quite inefficient. A technique for adiabatic population transfer that is par-

ticularly suitable in the nanosecond regime is the Stark-chirped rapid adiabatic passage

(SCRAP) technique [83].

SCRAP is based on the use of two properly offset pulses: a slightly off-resonant

pump pulse, which drives population into the excited level, and a Stark pulse that creates

two diabatic level crossings on the wings of the pulse. For successful population transfer
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to occur, the evolution of the system must proceed adiabatically at only one of the Stark

crossings. This can be achieved by introducing a short time delay between the two pulses

so that one of the diabatic crossings occurs at the maximum of the pump pulse, and the

other when the pump pulse intensity is low. As a result, the adiabatic evolution, which

requires a strong driving field, is ensured only at the maximum of the pump pulse. An

example of such a situation, in which the pump pulse is offset before the Stark pulse

(although the reverse is also possible), is shown in Fig.2–4. In this case we observe that

if the system is initially in stateψ1 it will follow the lower adiabatic state,Φ−, at the

first Stark crossing, and the diabatic stateψ2 at the second crossing. Eventually, all the

population that was initially in the lower stateψ1 ends up in the upper stateψ2.

The SCRAP technique presents all the advantages of adiabatic passage being robust

to experimental imprecisions and other environment-related factors. In addition, SCRAP

is well suited for experimental implementation [84] since the fixed-frequency long-

wavelength pulsed radiation necessary to produce the Stark shifting is readily available.
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represent the detunings of the two pulses with respect to resonance.

This radiation is used in the first place to generate the visible or UV pump pulse through

frequency conversion.

2.3.3 Stimulated Raman Adiabatic Passage–STIRAP

Single-pulse adiabatic passage techniques cannot be used to transfer population

between two non-optically coupled states. However, if two coherent pulses are used,

alternative schemes for adiabatic transfer can be devised. One very popular scheme,

which uses two coherent, overlapping pulses to achieve population inversion between

the two lower states of aΛ-system, is called “Stimulated Raman Adiabatic Passage”

(STIRAP). The lower states of theΛ-system (see Fig.2–5), |ψ1〉 and|ψ3〉, are not

optically coupled and have long lifetimes, whereas the upper state,|ψ2〉, is optically

coupled to both lower states and can undergo spontaneous emission.

In STIRAP, the order between the pump (coupling|ψ1〉 and|ψ2〉) and Stokes

(coupling|ψ2〉 and|ψ3〉) pulses is counterintuitive, with the Stokes pulse applied

first, followed by the pump pulse. To understand why such an ordering is desired

and beneficial for population inversion between|ψ1〉 and|ψ3〉, we must examine the

evolution of the dressed (or adiabatic) states of the system. In the usual rotating wave
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approximation, the 3-state time-dependent Hamiltonian of the system is given by [74]

H(t) =
1

2


0 ΩP (t) 0

ΩP (t) ∆P ΩS(t)

0 ΩS(t) ∆P −∆S

 , (2–18)

whereΩP (t) andΩS(t) are the Rabi frequencies of the pump and Stokes pulses,

respectively, and∆P and∆S are the 1-photon detunings of the two pulses from their

respective transitions. An essential condition for STIRAP is two-photon resonance

between the initial and final states,∆P = ∆S = ∆. For this situation, the adiabatic

dressed states (the instantaneous eigenstates) of the system are given by

|Φ+(t)〉 = sin Θ(t) sin Γ(t) | ψ1〉+ cos Γ(t) | ψ2〉+ cos Θ(t) sin Γ(t) | ψ3〉

|Φ0(t)〉 = cos Θ(t) | ψ1〉 − sin Θ(t) | ψ3〉

|Φ−(t)〉 = sin Θ(t) cos Γ(t) | ψ1〉 − sin Γ(t) | ψ2〉+ cos Θ(t) cos Γ(t) | ψ3〉(2–19)

where the mixing angles,Θ(t) andΓ(t), are defined (modulo2π) through:

tan Θ(t) =
ΩP (t)

ΩS(t)
, tan(2 Γ(t)) =

√
Ω2

P (t) + Ω2
S(t)

∆
. (2–20)

The corresponding eigenvalues are:

ε0 = 0, ε± =
1

2
∆± 1

2

√
Ω2

P (t) + Ω2
S(t) + ∆2 . (2–21)

From the form of the adiabatic states, we see that the most appropriate ‘conveyor’ of

population between states 1 and 3 is| Φ0〉. Both | Φ−〉 and| Φ+〉 contain contributions

from the short-lived state| ψ2〉, and therefore they may lose some population through

spontaneous decay. State| Φ0〉, which is stable against decay, is an example of a ‘trapped

state’ or radiatively ‘dark state.’ Trapped states are essential for STIRAP, and they are

also extensively studied in connection with a number of other coherent phenomena such
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as electromagnetically induced transparency, induced refractive index changes, and lasing

without inversion.

The expression for| Φ0〉 tells us that in order to achieve population inversion, we

must modify adiabatically the mixing angle from0 to π/2. This variation ofΘ(t) can

be achieved with a counterintuitive ordering of the pump and Stokes pulses, where the

pump pulse follows the Stokes pulse. In this situation, fort → −∞ one hasΩP (t) = 0

andΩS(t) 6= 0, and thereforelim
t→−∞

tan Θ(t) = 0. For t → ∞ one hasΩP (t) 6= 0 and

ΩS(t) = 0, which implies lim
t→∞

tan Θ(t) = ∞. Thus, the requirement that the mixing

angle changes from0 at the beginning of the interaction toπ/2 at the end of the pulse

sequence is satisfied. As a result, if the system is initially in| ψ1〉, and if the evolution is

adiabatic (∆τ
√

Ω2
P (t) + Ω2

S(t) > 10, where∆τ is the pulse width [74]), all population is

transferred to| ψ3〉 (see Fig.2–6).

Bergmann and co-workers performed the first unequivocal experimental demonstra-

tion of STIRAP in 1989 [85]. In their experiment a beam ofNa2 was passed through two

offset, but partially-overlapping CW laser beams. The first beam represents the Stokes

pulse, and the second beam represents the pump pulse, whereas the adjustable offset of

the two beams gives the temporal delay between the pulses. The experiment reported

complete population transfer between two vibrational levels (ν = 0, J = 5 andν = 5,

J = 5) in the electronic ground stateX1Σ+
g of Na2, via an intermediate level (ν = 7,

J = 6) on the first excited electronic state,A1Σ−u . A similar two-beam geometry was

used by Theuer and Bergmann to perform STIRAP between the2p53s 3P0 and2p53s 3P2

metastable states in neon, via an intermediate2p53p 3P1 state. Remarkably, although the

transition time was more than 20 times longer than the intermediate state’s lifetime, the

overall decay from this state was less than 0.5%, confirming its trapped character.

STIRAP has also been applied in the pulsed laser regime to achieve selective

excitation of high-lying vibrational states in molecules [86]. The use of pulsed lasers in

these experiments is dictated by two main factors: first, most molecules have transition
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frequencies between the ground and first-excited electronic states in the UV domain,

which requires frequency conversion from high-intensity laser pulses. Second, electronic

transition dipole moments in molecules are in general much smaller than in atoms, and

adiabatic evolution of the system requires much higher intensities, achievable only with

pulsed lasers.

Successful experimental demonstration of STIRAP with pulsed lasers was performed

in NO [87, 88] andSO2 [89]. In NO the adiabatic population transfer was between

theX2Π1/2 (ν = 0, J = 1/2) andX2Π1/2 (ν = 6, J = 1/2) rovibrational levels

of the ground electronic state, via the intermediateA2Σ (ν = 0, J = 1/2) level

in the first excited electronic state. For this configuration, the STIRAP process is

complicated by the hyperfine splitting of the main levels into an 18-level hyperfine

structure. Although the hyperfine interaction can induce undesired couplings between the

different adiabatic states, the hyperfine splitting of the initial and final states can still be

resolved experimentally. As a result nearly complete population inversion is achieved.

Similarly, the STIRAP process inSO2 is complicated by the increased density of levels,

due to the three constituent nuclei. However, for proper laser powers and proper delays

and sequencing between the Stokes and pump pulses, complete population transfer is

obtained [89].

Extensions of STIRAP to Ladder Systems of Three or More Levels

As shown by Shore et al. [90] the STIRAP technique can be readily extended to

3-level ladder systems in which the final state lies higher than the intermediate state.

This fact has been proven experimentally in excitation of high-lying states of atoms

by several groups [91, 92]. Generalizations of the STIRAP technique to multi-level

systems (ψ1, ψ2, . . . , ψN) have also been proposed and implemented. Theoretical studies

have revealed that multi-state systems must be approached differently, depending on

whether they involve an even or odd number of states. Thus, for a system containing an

odd number of states (N = 2n + 1), a STRAP-like population transfer can take place
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for delayed and counter-intuitively ordered pulses [90, 93]. In this case, the population

transfer is mediated by a multi-level dark state, which is a coherent superposition of

the odd states in the chain (ψ1, ψ3, . . . , ψ2n+1). For illustration, a five-level dark state is

formed as [90, 93]

|Φ0(t)〉 =
1

χ(t)
[Ω23(t)Ω45(t)ψ1 − Ω12(t)Ω45(t)ψ3 + Ω12(t)Ω34(t)ψ5] , (2–22)

whereχ(t) is a normalization factor, and theΩijs are the various Rabi frequencies.

From the form of this state, it can be seen easily that a first pulse connecting states 4

and 5, followed by a second pulse connecting states 1 and 3, can transfer population

adiabatically from state 1 to state 5.

In the case of multi-state chains, in which the intermediate states have a relatively

short decay time, it is desirable to reduce their population. Malinovsky and Tannor

[94] proposed a scheme in which the decaying intermediate states are coupled by much

stronger pulses than the pulses for the first (pump) and last (dump) transitions. In this

scheme all the intermediate excitation pulses arrive simultaneously with the Stokes pulse,

and vanish with the pump pulse. As a result, the entire process is more robust to radiative

decay from the intermediary states, and better transfer efficiency is achieved.

For a system with an even number of states, when the intermediate transitions are

resonant, a dark state does not exist. Therefore, STIRAP-like population transfer cannot

occur, but instead the final state population exhibit oscillations as the pulse intensity

varies [95]. When the intermediate transitions are off-resonant, but the initial and final

states still satisfy theN− 1-photon resonance, systems with either an even or odd number

of states behave similarly. The STIRAP-like transfer may or may not occur, depending on

the detunings and intensities of the laser pulses [95].

Applications of the STIRAP Technique

As an efficient method of population transfer in molecules and atoms, STIRAP has

found numerous applications in a variety of domains. One important application is in
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the control of chemical reactions, since the reaction cross section depends in general on

the vibrational states of the reactants. One example of such a reaction control study [96]

investigated the process

Na2(ν) + Cl→ NaCl + Na∗ .

It was found that the reaction cross-section increases by about 0.75% per vibrational level

in the range3 ≤ ν ≤ 19. Other studies [97] examined the reactions

Na2(ν
′′, j′′) + H→ NaH(ν ′, j′) + Na and Na2(ν

′′, j′′) + e− → Na + Na− .

In the second case, the experiments showed that excitation ofNa2 to theν ′′ = 12 level

increases the dissociative attachment rate by more than three orders of magnitude.

Another important application of STIRAP is to create coherent superpositions of

states, which are essential in quantum computing, quantum cryptography and a series of

other coherent phenomena. A simple way to create a superposition state is to interrupt the

adiabatic evolution of the dark state before complete transfer occurs [75, 98]. Then, the

composition of the superposition state depends on the ratio of the pump and Stokes Rabi

frequencies at the time the transfer was stopped. This fractional STIRAP process was

demonstrated experimentally by Weitz et al. [99].

In atoms, the laser pulses that coherently transfer population between states impart

momentum to the atom. As a result, STIRAP can be used as an efficient tool for coherent

momentum transfer in atom optics to build key elements such as atom mirrors and beam

splitters. An experimental implementation of coherent momentum transfer by STIRAP

[100] uses two circularly polarized CW lasers of opposite polarizations to couple the3P2-

3D2 transition in metastable Ne atoms. The two beams were ordered counterintuitively

so that theσ+ beam (Stokes) acts first, followed by theσ− beam (pump). The Ne atoms

were prepared initially in theM = 2 sublevel of the3P2 metastable level. When adiabatic

conditions were met the population was transferred completely between theM = 2

andM = −2 sublevels of3P2. Since the two laser beams had opposite polarizations, a
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total momentum of4h̄k was transferred to the atoms:2h̄k due to absorption of twoσ−

photons, and2h̄k due to recoil from stimulated emission of twoσ+ photons.

Coherent momentum transfer by adiabatic passage in similar chains of Zeeman

sublevels has been demonstrated in a number of experiments by Pillet at al. [101, 102].

Lawall and Prentiss [103] have demonstrated a momentum transfer of4h̄k, with 90%

efficiency, using theM = −1 → M = 1 transition between the sublevels of23S1 coupled

to the23P0 levels ofHe∗. Chu et al. [99, 98] have built the first atomic interferometer

based on STIRAP. For this purpose, they use STIRAP between two cesium hyperfine

levels, (6S1/2,F = 3,MF = 0) and (6S1/2,F = 4,MF = 0), via the excited level (6P1/2,

F = 3 or 4,MF = 1). In this implementation they achieve a multiple-pass coherent

transfer of more than 140 photon momenta, with 95% efficiency per exchanged photon

pair.

The STIRAP technique has also been used in the measurement of very weak

magnetic fields through a technique called “Larmor velocity filter” [100]. The technique

is based on the fact that a magnetic field mixes the magnetic sublevels of a given state and

affects the momentum transfer between these levels. Magnetic fields of the order of1µT

have been measured by this method.

STIRAP has also found applications in laser cooling, to manipulate the atomic

wavepackets resulted from subrecoil laser cooling [104, 105]. The momentum distribu-

tion of atoms cooled by velocity selective coherent population trapping has peaks at+h̄k

and−h̄k, both with widths smaller than the photon recoil momentumh̄k. Using STIRAP,

Esslinger et al. [106] coherently transferred atoms cooled by velocity selective trapping

into a single momentum state, with subrecoil momentum spread.

Cavity quantum electrodynamics is another field that benefits from the use of

STIRAP technique. Parkins et al. [107, 108] and Parkins and Kimble [109] have

proposed the use of STIRAP to create coherent superpositions of photon-number states

by strongly coupling an atom to a cavity. The idea is to map the ground state Zeeman
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coherence (previously prepared by an excitation scheme) to the cavity mode by two

time-delayed pulses, one of which has circular polarization, and the other with linear

polarization. The proposed scheme is reversible, also allowing for the mapping of the

cavity-mode fields onto the ground-state Zeeman coherence.

2.3.4 Adiabatic Passage by Light Induced Potentials–APLIP

When an intense laser pulse interacts with a molecule, its potential surfaces are

deformed in response to the strong external perturbation. If one can appropriately control

the dynamics of this deformation it is possible to transfer adiabatically a wavepacket

from an initial vibrational state to a chosen target state. This idea is used in the APLIP

technique developed by Garraway and Suominen [110] to achieve efficient and robust

population transfer between vibrational levels in two coupled electronic states.

Following Sola and coworkers [111], for a three-state system consisting of potential

surfacesV1, V2 andV3, using the Born-Oppenheimer and rotating-wave approximations,

we have the following Schrödinger equation:

ih̄
∂

∂t


ψ1(t)

ψ2(t)

ψ3(t)

 =

T̂ +


U1(x) −Ω1(x,t)

2
0

−Ω1(x,t)
2

U2(x) −Ω2(x,t)
2

0 −Ω1(x,t)
2

U3(x)


×


ψ1(t)

ψ2(t)

ψ3(t)

 , (2–23)

whereT̂ is the kinetic energy operator andUi are the dressed potentials,U1(x) =

V1(x) + h̄(ω1 + ω2), U2(x) = V2(x) + h̄ω2 andU3(x) = V3(x). To gain insight

on the dynamics of the system it is convenient to transform the above equation to a

representation in which the dressed potential matrix is diagonal. UsingR̂ as the unitary

transformation to this representation gives

Φ(x, t) = R̂ψ(x, t) and R̂ÛR̂−1 =


ULIP

+ 0 0

0 ULIP
0 0

0 0 ULIP
−

 = ÛLIP . (2–24)
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U3. ∆ represents the detuning (negative here) from resonance with the inter-
mediary level,U2. The right side shows the adiabatic light induced potentials,
ULIP

+ , ULIP
0 andULIP

− . The initial populated LIP isULIP
0 (correlates toU1).

The new Schr̈odinger equation is

ih̄
∂

∂t
Φ(x, t) =

(
R̂T̂ R̂−1 + ÛLIP − iR̂

∂R̂−1

∂t

)
Φ(x, t) , (2–25)

whereULIP
+ , ULIP

0 andULIP
− are called “light induced potentials.” Figure2–7shows a

diagram of the dressed and light induced potentials.

The dynamics are ‘spatially adiabatic’ when the dynamic coupling introduced

by R̂T̂ R̂−1 is small, allowing this term to be approximated asT̂ . The dynamics is

‘temporally adiabatic’ when the last term in Eq.2–24, iR̂∂R̂−1

∂t
, can be neglected. When

both spatial and temporal adiabaticity is obeyed, the evolution is fully adiabatic, and the

transformed Schrödinger equation can be written as

ih̄
∂

∂t


Φ+(t)

Φ0(t)

Φ−(t)

 =


T + ULIP

+ (t) 0 0

0 T + ULIP
0 (t) 0

0 0 T + ULIP
− (t)

×


Φ+(t)

Φ0(t)

Φ−(t)

 .

(2–26)
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The above equation shows that if the system is initially in a particular LIP state, it will

follow the time evolution of that state as long as adiabatic conditions are maintained.

An important point to remember about the light induced potentials is that, in analogy

to the radiation-free curve crossing problem, real crossings of the dressed potentials

become avoided crossings for the LIPs, when adiabaticity is obeyed. The repulsion

between the light induced potentials grows with the strength of the coupling, which in

turn is determined by the intensity of the field and the dipole moment. Thus, for pulsed

laser excitation, as the field amplitude rises the gap between LIPs opens up, and as the

field vanishes the gap closes down. This simple fact can be used in strong-field control

experiments to manipulate the light induced potentials to achieve the desired transitions.

Theoretical studies by Giusti-Suzor et al. [112, 113] and Aubanel and Bandrauk [114]

have demonstrated the efficiency of LIP shaping in controlling the photodissociation of

H+
2 . Other groups, Verschuur et al. [115] and Zavriyev et al. [116], have demonstrated

experimentally the LIP-shaping control over the photodissociation ofH2.

In these and similar studies another phenomenon called ‘bond softening’ [113] has

been observed. This phenomenon can be explained using the above picture of LIP gap

dynamics. Thus, if the molecule is initially in its ground state, and interacts with a strong

laser pulse, as the laser field increases, the gap between LIPs opens and the lower LIP

(correlated to the ground state initially) is pushed down, which decreases the height of

the potential barrier to dissociation. As a result, the strength of the molecular bond is

reduced and moderate amounts of excitation can photodissociate the molecule, provided

the ground wavepacket reaches the gap at just the right time. In this scenario, the timing

of the wavepacket is crucial, and can be controlled by varying the time delay between the

excitation and the LIP pulses. An opposite effect to “bond softening” is “bond hardening”

or “vibrational trapping” where the molecule is observed to have an increased lifetime

[117].
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Figure 2–8:A) Snapshot A shows the light induced potentials when the pulse coupling
U2 andU3 is turned on. The right well ofULIP

0 (which correlates toU3) is
lifted, and the wavepacket is localized in the left well (which correlates to
U1). B) In snapshot B the first pulse is almost over and the second pulse turns
on, couplingU1 andU2. This causes the left well ofULIP

0 to rise, and the
right well to fall. The barrier between the two wells has disappeared and the
wavepacket evolves into the right well. C) In this snapshot only the second
pulse is on, and the wavepacket is localized in the right well ofULIP

0 .

To show how light induced potential shaping can be used for adiabatic population

transfer in a scheme similar to STIRAP, consider the scenario in Fig.2–8. This diagram

corresponds to a counterintuitive pulse sequence and negative detuning of the laser

pulses, though other scenarios are possible [111].

Consider the initially populated LIP asULIP
0 , whileU2 is the dressed state with the

lowest energy (negative detuning). Using a counterintuitive pulse sequence, the pulse

couplingU2 andU3 is turned on. This coupling corresponds roughly to the right well of

ULIP
0 , and therefore as the pulse intensity increases, the repulsion between LIPs pushes

the right well up. In effect the wavepacket is trapped in the left well ofULIP
0 . As the first

pulse decreases in intensity and the second pulse increases, couplingU1 andU2, the right

well goes down and the left well rises up. At some point the potential barrier between

the wells disappears and the wavepacket evolves adiabatically into the right well. After

both pulses are over, the potential barrier is restored and the wavepacket remains trapped

in the right well, which correlates to the final stateU3. In this way adiabatic population
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transfer can be effectively and robustly achieved by using potential shaping with strong

laser pulses.

2.4 Quantum Control for Quantum Computing

In 1965, Gordon Moore, co-founder of Intel Corporation, predicted that the number

of transistors on computer chips would double about every two years [118]. Moore’s

law has proved to be quite accurate to this day, when the latest Pentium 4 processors

integrate tens of millions of transistors with features of about 140nm. If the current trend

continues, by year 2012 the dimensions of an integrated transistor will approach those of

a large molecule, and quantum effects will start to affect its functionality.

Although quantum effects may negatively affect the functionality of a tiny electronic

component designed for classical operation, they could be extremely beneficial if

harnessed in a device operating on quantum principles. The first to realize that quantum

systems might be used to perform computations were Paul Benioff [119] and Richard

Feynman [120] in early ’80s. Going one step further, David Deutsch was first to introduce

the concept of quantum computation based on manipulation of quantum superposition

states [121]. He showed that quantum computing is more potent than classical Turing

computing since it can operate in parallel on a superposition of inputs to produce a

superposition of results [122]. This is due to the fact that a quantum superposition is

actually a single quantum state. Powerful quantum algorithms for discrete Fourier

transform [123, 124, 125], large number factorization (Shor [126]), and database

search (Grover [127]) take advantage specifically of the ability to perform in parallel a

superposition of calculations.

Since Deutsch’s seminal work, a number of authors have contributed to the research

required for the creation of quantum computers. Several studies have been concerned

with identifying universal quantum gates, on which any quantum computation can be

decomposed [128, 129, 130]. Eventually, it was found that any quantum computation

can be expressed in terms of two-qubit quantum operations, like controlled-NOT (CN),
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and simple qubit rotations [129, 131]. Based on these findings, numerous theoretical

and experimental groups have started to search for implementations of two-qubit and

single-qubit gates in various quantum systems.

Implementing universal quantum gates in atoms and molecules require many of the

same techniques as quantum control. For example, we have already shown above how

partial STIRAP can be used to create predetermined superpositions of states, which are

essential for quantum computing [75, 98]. In another interesting study, STIRAP was used

to perform qubit rotation in a 4-state system [132]. Numerical simulations show that the

qubit rotation procedure inherits the attributes of robustness and efficiency characteristic

to STIRAP.

Ion trapping, laser cooling and coherent population transfer are key ingredients

in an early model for quantum computing with trapped ions proposed by Cirac and

Zoller [133]. Experimental implementations of this model with one and two ions have

been demonstrated by Monroe and coworkers [134]. Theoretical studies by Kielpinski

et al. and Monroe [135, 136] propose large scale quantum computers based on either

trapped ions or optical lattices. In order to transmit the results of computations from one

place to another inside the computer, these proposals use cavity QED [137] or quantum

teleportation [138].

The main obstacle for the experimental implementations of quantum computing is

the destructive effect of the environment on the coherence of a quantum system. This

phenomenon is called quantum decoherence and its effect is to destroy the relative phases

between the states in the quantum superposition, which carry the information of the

quantum computation. Fortunately, error correction schemes have been developed, some

of which are based on actively controlling the interaction with the environment by laser

pulses [139].

Another effective model for implementing quantum computing is related to the use

of cavity quantum electrodynamics (QED) techniques [129, 140, 141]. In this model a
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two-state atom is entangled with the cavity field, and quantum operations are performed

by either using the atom to provide nonlinear interactions between photons, or using

photons to provide nonlinear interactions between atoms in different cavities.

An interesting implementation for quantum computing has been proposed by

Sundermann and de Vivie-Riedle [57]. In their scheme a qubit is formed by a pair of

states belonging to some vibrational mode. For each vibrational mode an associated qubit

is defined. Single qubit rotations are achieved using techniques of coherent population

transfer between vibrational levels (e.g. STIRAP), whereas 2-qubit gates are performed

using shaped pulses obtained by OCT.

A recent proposal for quantum computing uses strong field alignment to implement

1-qubit and 2-qubit quantum gates [142]. This study uses Raman transitions in a linearly

polarized field between rotational states to implement the desired operations. The

transitions are optimized with the help of a strong aligning field.

A very attractive way of performing quantum computing is by using optical lattices

[143]. Optical lattices present a natural way to trap neutral atoms based on the interaction

between their induced dipole moments and the electric field of the laser light. Varying

the intensity and phase of the lattice laser beams can control the exact positions of the

atoms in the optical lattice. When two atoms are brought close together, they can become

entangled due to dipole-dipole interactions. The idea is to perform quantum logic gates

by using the controlled dipole-dipole interaction between atoms at different sites in

the optical lattice [144]. Brennen et al. [145] proposed a new system for implementing

quantum logic gates: neutral atoms trapped in a very far-off-resonance optical lattice.

Pairs of atoms are made to occupy the same well by varying the polarization of the

trapping lasers, and then a near-resonant electric dipole is induced by an auxiliary laser.

A controlled-NOT can be implemented by conditioning the target atomic resonance on

a resolvable level shift induced by the control atom. Atoms interact only during logical
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operations, and thereby the decoherence of the system is reduced. Similar schemes have

also been reported [143, 146].

Quite recently a scheme has been proposed in which atomic Rydberg states are used

as a quantum register for data storage [13, 147]. In this proposal, optimal control theory is

employed to design shaped laser fields that achieve efficient storage and retrieval of data.

The lasers work coherently with the quantum superposition of Rydberg sates affecting

only the desired member(s) of the superposition.

There is a rapidly increasing number of experimental systems in which quantum me-

chanical effects are being used and investigated for the purpose of quantum computing.

Examples include many optical devices using lasers, microwave cavities, and entangled

photon pairs, or implementations based on nuclear magnetic resonance with molecules

in liquid or solid state, trapped ion or atom systems, Rydberg atoms, quantum dots,

superconducting devices (Josephson junctions, SQUIDs) and spintronics (electron spins

in semiconductor devices). Although at present no viable experimental implementation of

a quantum computer exists, the increased research activity in this field brings hope that in

the near future useful quantum information processing technologies may be developed.

2.5 Some Other Applications of Quantum Control

The advances in laser technology over the past two decades have spurred a plethora

of applications of quantum control to various fields in atomic and molecular physics. The

number of applications is so large that this presentation is by no means exhaustive, but

attempts only to briefly illustrate some of the most exciting experimental and theoretical

achievements. The interested reader who wants to find more information about the field

of quantum control may refer to several books written on this topic [148, 149, 150].

In the remainder of this subchapter I will sketch some of the most exciting fields in

which quantum control finds spectacular uses. There are of course many other fields that

are not included, but this is to be expected due to the overwhelming breadth of research in
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quantum control. The presentation will be just a brief browsing through some significant

results in each field, and references will be given for further information.

We showed in the previous sections how the reactivity of a molecule and its

excitation can be controlled. Another molecular parameter that can be controlled is

orientation. Molecular orientation is a major factor in enhancing chemical reaction cross-

section [151, 152, 153], in controlling surface processing [154] or catalysis [155], and for

nanoscale design by laser focalization of molecular beams [154, 156].

A successful experiment on the control of molecular orientation was performed by

Dion et al. [142]. They used a pair of intense linearly polarized laser fields combining

a frequencyω and its second harmonic (resonant with a vibrational transition) to orient

HCN. Due to polarizability, both even and odd rotational states are excited, resulting in

a controlled rotational effect. Dion and coworkers [157] employed an optimal control

scheme based on a genetic algorithm to determine the optimal pulse for achieving

controlled molecular orientation. The optimization procedure leads to a sudden pulse field

which can be efficiently produced using half-cycle pulses.

Another study by Hoki and Fujimura [158] used OCT to achieve control over the

orientation ofCO. Their results were compared to the fields calculated by Dion et al., and

common features were observed.

An extension to the techniques for molecular alignment was developed by Ivanov,

Spanner and coworkers, who used a strong field with rotating polarization to spin

molecules [159]. To create a rotating field of frequencyΩ, they used two femtosecond

counterrotating circularly polarized fields, with frequenciesωL − Ω andωL + Ω. To

(relatively) slowly accelerate the rotation frequency,Ω, the two circularly polarized

pulses were chirped in opposite frequency directions. They applied the entire process to

a chlorine molecule, which was accelerated from0 to 6THz in less than50ps. Angular

momentum states as high asJ = 420 (!) were excited. At this point the centrifugal forces

inside the molecule broke the molecular bond, and the molecule dissociated.
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The same group proposed the binding of bare nuclei with strong laser fields [160].

They describe a technique analogous to that of a street performer balancing a broom on

its forehead. Although the gravity is always tipping the broom from vertical, s/he can

prevent it from falling by rapid movements of the head in the direction of falling. In the

bare nuclei scenario, the equilibration trick is performed by properly shaped laser pulses

that jostle the nuclei around each other before they have a chance to separate. It was

speculated that by using an additional strong and fast pulse, the nuclei could be smashed

together to achieve nuclear fusion.

Quantum control has also been employed for isotope separation. Charron et al. [113]

show that linearly polarized lasers containing a base frequency and its second harmonic

can be used to separate isotopes through molecular photodissociation. In subsequent

study, Leibscher and Averbukh [161] used OCT to obtain optimized pulses allowing

for the separation of79Br2 and81Br2. Their scheme is based on the spatial separation

of the excited molecular wavepackets due to their different masses (and hence different

vibrational periods).

Quantum control of atoms concerns the creation and manipulation of coherent elec-

tronic wavepackets. Krause and coworkers [162] have shown that transient nanostructures

with dynamics on a picosecond time scale can be produced by controlling the quantum

dynamics of Rydberg electrons. The shaped pulses that achieve this objective are deter-

mined using OCT based on a genetic algorithm. For detection of these structures ultrafast

extreme ultraviolet diffraction is proposed. Stroud and Noel [163] demonstrated an

experiment in which an atomic electron interferes with itself, in much the same way as a

beam of light in the Young’s double-slit experiment. They used two phase-coherent laser

pulses to excite a single electron into two wavepackets initially located on opposite sides

of the orbit. The two wavepackets evolved and spread until they completely overlapped.

A third pulse was used to probe the resulting fringe pattern.
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Weinacht et al. [164] used shaped optical pulses to engineer Rydberg wavepackets

in cesium. Their pulse-shaper was a computer-controlled liquid-crystal modulator, which

allowed control over the phase and amplitude of the different spectral components of the

pulse. The resulting wavepacket was analyzed by monitoring temporal interference via

the optical Ramsey method [165]. A reiteration on the same theme, by Weinacht et al.

[69], demonstrated an automated process for shaping an atomic wavepacket. They used

a computer-controlled laser to excite a coherent state in atomic cesium. The shape of

the wavefunction was then measured and the information fed back into the laser control

system, which reprograms the pulse field. The process was repeated until the shape of

the wavefunction matched that of a target wavepacket. Using a variation of quantum

holography [166] to reconstruct the measured wavefunction, the shaped quantum state

was converged within only two iterations to the desired target.

In an interesting study, Krause and Schafer [15] present a method for controlling the

THz emission from Stark wavepackets inNa. They used a genetic algorithm to find the

optimal pulse that produces the desired frequency and intensity of the THz emission. The

dynamics of the system and the emitted radiation are found to be sensitive to the pulse

parameters, as the control space has a rich and complicated structure.

Another interesting experiment was recently demonstrated by Monroe and coworkers

[167] who excited aBe ion into a Schr̈odinger-cat-like state. They laser-cooled a trapped

9Be+ ion to the zero-point energy, and then prepared it in a superposition of spatially

separated harmonic-oscillator states. This was achieved by using a sequence of laser

pulses that entangle the external (motional) and internal (electronic) degrees of freedom

of the ion. The Schr̈odinger-cat state was detected by quantum interference between the

localized wavepackets. This mesoscopic system may provide insight into the quantum

world by allowing studies of quantum measurement and quantum decoherence. The same

group reported the generation of nonclassical motional states, such as thermal, Fock, and

squeezed states, in a trapped9Be+ ion [168].
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Two studies, by Bialynicki-Birula et al. [169] and Shapiro et al. [170], studied the

formation of both circular and non-circular Trojan states by atomic electrons. Trojan

electronic states are stable, non-spreading wavepackets, which are confined by the

effective potential well created by the Coulomb field and the rotating field produced by

a strong circularly polarized laser. Trojan wavepackets are interesting in the context of

studying quantum chaos, and as a tool for non-perturbative quantum control [171].

Other interesting objectives of atomic and molecular control are related to cooling

[105, 172, 173, 174] and entanglement control [175, 176]. Wineland and coworkers [172]

reported laser cooling of a single9Be+ ion held in an rf (Paul) ion trap to the ground state

of vibrational motion. With the use of resolved-sideband stimulated Raman cooling, the

zero point of motion was achieved 98% of the time in 1D, and 92% of the time in 3D.

Hamann and coworkers [177] trapped neutral Cs atoms in a two-dimensional optical

lattice and cooled them close to the zero-point motion by resolved-sideband Raman

cooling. Sideband cooling occurs via transitions between the vibrational manifolds

associated with a pair of magnetic sublevels, and the required Raman coupling is

provided by the lattice potential itself.

Quite recently Hopkins and coworkers [178] presented an active feed-back control

scheme for cooling a nanomechanical resonator down to temperatures where quantum

dynamical effects can be observed. The required temperatures are on the order of a few

milliKelvin. The feedback strategy is based on continuous observation of the resonator

position

Optical lattices were also used for studying quantum entanglement. One study by

Deutsch and coworkers [146] was concerned with creating multiparticle entanglement

of neutral atoms trapped in optical lattices, by using pairwise controlled dipole-dipole

interactions. Excitation of the dipoles can be made conditional on the atomic states,

allowing for deterministic generation of entanglement. The study also presented different
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protocols for implementing two-qubit quantum logic gates such as the “controlled-phase”

and “swap” gates.

The same dipole-dipole interaction was used by Hettich et al. [179] to entangle

molecules. Their experiment employed cryogenic laser spectroscopy to resolve two

individual fluorescent molecules separated by 12 nanometers in an organic crystal.

The two molecules underwent a strong coherent dipole-dipole coupling that produced

entangled sub- and super-radiant states. This experimental scheme can be used efficiently

to optically resolve molecules at the nanometer scale, and to manipulate the degree of

entanglement among them. A scenario that uses molecular entanglement and nanoscale

structures for the purpose of quantum information processing has also been proposed

[180].

A very interesting proposal by Schwab and coworkers, from the Laboratory for

Physical Sciences at University of Maryland, attempted the first viable scheme to

produce and detect the presence of a superposition state of a mechanical device. Their

idea was to entangle a nano-mechanical resonator and a cooper-pair box, which has

an intrinsic quantum-coherent behavior [181]. By capacitively coupling the box to the

nanomechanical resonator, an entangled state was formed. Detection of this entanglement

can be accomplished by observing the decoherence and recoherence of the box quantum

state. Experiments are now under development to demonstrate this dynamics. The

experiments are expected to be an excellent test-bed for models of decoherence for

macroscopic objects.

Semiconductor physics is another field that has witnessed important applications

of quantum control. The objectives of quantum control in this domain have been mainly

concerned with the active manipulation of carrier dynamics for modifying transport

properties, optimizing THZ emission, or creating specific target superpositions.

Notably, the same quantum control schemes that were employed in gas-phase

molecular and atomic dynamics were employed successfully in the solid-state domain.
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For example, a series of studies have reported the use of multiple pulses with appropriate

timings and relative phases to achieve exciton control in quantum wells [182, 183].

Other similar studies that use interference between wavepackets created by properly

timed pulses [184, 185, 186, 187] have demonstrated unequivocally the pertinence of the

Tannor-Rice paradigm to control in semiconductors.

Some interesting applications of quantum control, both theoretical and experimental,

have been concerned with the THz emission from wavepackets in quantum wells

[188, 189, 190, 191]. One method developed by Pötz [192] used, in a manner similar to

the Brumer-Shapiro method, one- and two-photon transitions to control the wavepacket

emission. Dupont and coworkers reported another implementation based on the Brumer-

Shapiro scheme. They used one- and two-photon transitions to control photocurrents in

quantum wells [193] and in the bulk [194, 195].

Other theoretical and experimental studies have focused on creating wavepackets

with predetermined structures in quantum wells and bulk semiconductors [196, 197, 198].

These applications generally used optimal control theory based on genetic or evolutionary

algorithms.

A number of groups have applied quantum control techniques to quantum dots.

Bonadeo et al. [199] and P̈otz [200] support the idea that quantum dots are more

amenable for quantum control due to their reduced density of energy levels. Actually,

this reduced density of energy levels can even allow for the implementation of adiabatic

population transfer techniques. Theoretical studies by Hohenester et al. [201] and Pazy

et al. [202] showed that STIRAP could be successfully implemented in double-dot

structures. The implementation of such powerful coherent population transfer techniques

in quantum dots may lead to the realization of ultrafast (THz) optoelectronic switching

devices [203].
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2.6 Closing Words

The above review of quantum control applications, although very brief, brings

to attention the importance of this paradigm for future scientific and technological

developments. As laser technology progresses many other applications of quantum

control will appear. The day when quantum control will allow for the creation of new

molecules, of quantum machines and computers, or even the creation of biologically

active agents to correct genetic reactivity may not be too far in the future. Looking back

to the extraordinary achievements from the past few decades, these “scientifico-fantastic”

objectives may be closer ahead than we realize.



CHAPTER 3
CONTROL OF WAVEPACKET FOCUSING BY CHIRPED ULTRASHORT LASER

PULSES

3.1 Introduction–Wavepackets

An atomic or molecular wavepacket is an intrinsic quantum object representing

a superposition of stationary states (solutions to the time independent Schrödinger

equation). Wavepackets are particularly appealing because they relate more naturally

to our classical intuition of motion as movement along a trajectory. Thus, when the

width (position uncertainty) of a wavepacket is small, its motion can be fairly well

approximated by the classical motion of a particle placed at the center of the packet, with

a momentum equal to the average momentum of the wavepacket. A semiclassical method

for wavepacket propagation, developed by Heller [204], and extended by Møller and

Henriksen [205], is based on exactly this quantum-classical analogy.

When an atom or molecule interacts with an ultrashort laser pulse, many energy

levels are excited due to the large coherent bandwidth of the pulse. This superposition

of energy states is nothing else but a wavepacket, which will coherently evolve in time

as dictated by the Hamiltonian of the system. In this scenario, the only element that can

be controlled is the laser pulse. By appropriately shaping the excitation pulse, one can

manipulate the composition of the excited wavepacket, such that it evolves exactly into

the desired target state. With this approach it is possible to control different aspects of the

molecular dynamics such as vibrations and dissociation, rotations, electronic excitation,

and even chemical reactivity.

3.2 Focusing Control

A particularly important aspect of wavepacket control is the control of focusing,

where the exciting laser must be engineered to focalize the wavepacket at a specified

49
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location and time [58, 59, 206, 207]. The ability to focalize wavepackets may prove

useful if one wants to control chemical reactivity using a pump-dump Tannor-Rice

scheme [20]. In such a scheme a first laser pulse excites a ground-state wavepacket to

an excited electronic state, and after a properly timed evolution on the excited potential,

a second pulse dumps the wavepacket back to the ground state. Since the transition

amplitude between electronic states depends on the radial coordinate, by focalizing the

excited wavepacket at the time when the pump pulse acts, one can ensure that the entire

nuclear distribution follows the desired pathway. Other studies suggest that focusing

control can be used to place atoms and electrons at desired spatial locations with the

correct momenta, such as to control their chemical bonding for the formation of special

designer molecules [26]. Wavepacket focusing also has important applications in the

field of nanoscale processing (deposition, etching, doping, etc) of materials [154, 208],

in atom optics [209, 210], and possibly in the building of single-electron “Y-branch”

switches [211].

Previous studies on focusing control have demonstrated this method in both atoms

[212] and molecules [58, 59, 213]. The results of these studies have shown that a

continuum wavepacket, created with a transform-limited, Gaussian pulse, spreads in

time. In contrast, a continuum wavepacket created with a positively chirped pulse has

a self-focusing tendency, such that in a first phase its position variance (or uncertainty)

decreases in time. Alternatively, if a bound wavepacket is excited (in the bound region

of an excited-state potential) in a molecule by a negatively chirped pulse, the wavepacket

focuses after one recoil from the turning point of the potential [59, 214, 215]. These

predictions of wavepacket focusing have now been observed experimentally [60, 214,

216].

Early work on wavepacket focusing developed a simple, semi-classical model for

the focusing mechanism. To explain the various cases presented above, this model looks

at the focusing process in terms of the individual frequencies that compose an excited
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wavepacket. For example, if the generation of an auto-focusing wavepacket is desired,

one should excite first the lower frequencies, which are slower (have lower momentum),

followed by the high frequencies, which travel faster (have higher momentum). In this

scenario, focusing is caused by the higher frequency components catching up with the

lower frequency components. The same mechanism is operative in both the continuum

(termed previously the “cannon”), and the bound region of a potential (the “paddle-ball”).

In contrast, to obtain a “reflectron,” which is a bound wavepacket that focuses after

reflection on the outer wall of the potential, one should employ a negatively chirped pulse.

The explanation is that, the high-frequency components should be excited first, since

they have to travel further to reach the potential wall, and the low-frequency components

should be excited later since they have to travel a shorter distance.

The simple classical model was quite successful in explaining the situations

encountered in the studies cited above. But is this really the complete picture? How about

interference effects? For instance, when decomposing a wavepacket into its frequency

components, one must take into account the quantum phase of each component. As a

result, when the different frequency components catch-up with each-other, they should

also be in-phase in order to interfere constructively and to produce a focused wavepacket.

So interference effects, which are eminently quantum mechanical, are important!

In addition, for an accurate picture, one must also consider the initial momentum

distribution of the excited frequency components. That may play an important role in the

race between the different components.

The goal of the present study is to analyze the mechanism of wavepacket focusing

in greater detail, both analytically and numerically. The results we obtain confirm, in

some cases, the simple classical model, but contradict it in others. The reason for this

contradiction is the omission from the classical model of the two factors pointed above:

quantum interference, and the initial momentum distribution.
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3.3 Wavepacket Focusing

3.3.1 General Conditions for Wavepacket Focusing

Given a general one-dimensional system described by the HamiltonianĤ =

p̂2/(2m)+V (x), the time-derivative of the position uncertainty is given by (see Appendix

E for derivation)

d

dt

[
(∆x)2

t

]
=

2

m
[〈xp̂+ p̂x〉 /2− 〈x〉 〈p̂〉] ≡ (2/m)rt (3–1)

wherert represents the correlation between the position and momentum observables.

The above equation shows that the necessary and sufficient condition for a wavepacket

to focalize (or contract) isrt < 0. In the casert > 0, a wavepacket will spread in time.

At times when the correlationrt is zero, the width is either in a local minimum or a local

maximum.

Next, we apply the above formulas to the case of a linear potential,

V (x) = V (x0)− α(x− x0) . (3–2)

In this case, it can be shown (see AppendixE) that the time derivative forrt is

drt

dt
= (∆p)2

0/m , (3–3)

which implies

rt = r0 + [(∆p)2
0/m]t , (3–4)

wherer0 is the initial correlation. Using this expression and Eq.3–1, we obtain

(∆x)2
t = (∆x)2

0 + [(2/m)r0]t+ [(∆p)2
0/m

2]t2. (3–5)

We see that forr0 ≥ 0, the wavepacket spreads continuously, whereas forr0 < 0, (∆x)2
t

has a minimum as a function of time, and the packet will initially focus or contract.

The fact that, for a linear potential,drt/dt is always positive implies that for large

enough times a wavepacket always spreads. The only possibility for focusing is to have a
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wavepacket that initially has a negative position-momentum correlation,r0 < 0. In this

situation the wavepacket will contract until the timetfoc, when the correlationrt is zero,

i.e.,

tfoc = m|r0|/(∆p)2
0, (3–6)

after which it will start spreading. The width of the focalized packet (at timetfoc) can be

obtained from Eq.3–5as

(∆x)2
tfoc

= (∆x)2
0 − r2

0/(∆p)
2
0. (3–7)

3.3.2 Dynamics of Gaussian Wavepackets in a Linear Potential

To understand the dynamics, we seek to derive analytical formulas for the propaga-

tion of a Gaussian wavepacket on a linear potential. Note that in this model much of the

relevant physics is retained, since a linear potential is often a reasonable approximation

for the Franck-Condon region of diatomic molecules, or for wavepackets moving at high

kinetic energies.

We start with a Gaussian wavepacket having the following form

ψG(x, t) = exp

{
i

h̄

[
At(x− xt)

2 + pt(x− xt) + st

]}
, (3–8)

wherext andpt are the expectation values of position and momentum, respectively, and

At is a complex parameter. It is straightforward to show that the uncertainties in position

and momentum are given by

(∆x)2
t =

h̄

4Im(At)
(3–9)

(∆p)2
t = h̄

Re(At)
2 + Im(At)

2

Im(At)
. (3–10)

For a linear potential, the integration of the time Schrödinger equation gives [41]

At =
A0

1 + (2A0/m)t
(3–11)
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whereA0 isAt at t = 0. Using this relation, we obtain the following time evolution for

the position uncertainty

(∆x)2
t = (∆x)2

0 + h̄
Re(A0)

Im(A0)

t

m
+

(∆p)2
0t

2

m2
. (3–12)

Equation Eq.3–11also implies a fixed momentum uncertainty

(∆p)2
t = (∆p)2

0 . (3–13)

By comparing Eq.3–5and Eq.3–12we can identifyrt as

rt = (h̄/2)Re(At)/Im(At) . (3–14)

With this result and Eq.3–9we obtain that

(∆p)2
t = 4|At|2(∆x)2

t =
h̄2/4 + r2

t

(∆x)2
t

. (3–15)

Note that from Eq.3–15, a Gaussian withrt = 0 is a minimum uncertainty state. Given

a Gaussian wavepacket with a negative initial position-momentum correlation,r0 < 0,

we derive the time,tfoc, when the packet gets focalized (rtfoc
= 0), and the width of the

focalized wavepacket,(∆x)2
tfoc

. By inserting Eq.3–15into Eqs.3–6and3–7we obtain

tfoc = m(∆x)2
0

|r0|
h̄2/4 + r2

0

(3–16)

and

(∆x)2
tfoc

= (∆x)2
0

h̄2/4

h̄2/4 + r2
0

. (3–17)

The equation fortfoc shows that to obtain a large focusing time (for a given(∆x)2
tfoc

), the

initial width of the wavepacket must be large. Once we knowtfoc we can immediately

find the focusing position as

xfoc = x0 + αt2foc/(2m) , (3–18)
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whereα is the slope of the potential and the initial momentum isp0 = 0. We note that

given a desired focusing time,tfoc, and focused width,(∆x)2
tfoc

, one can invert Eqs.3–16

and3–17to obtain the initial conditions that produce these focusing characteristics.

Next we compute the maximum focusing time, and, implicitly, distance, that can be

achieved starting from a wavepacket with a given initial uncertainty(∆x)0. Maximizing

tfoc in Eq.3–16with respect tor0 for a fixed value of(∆x)0, gives

tmax
foc =

m

h̄
(∆x)2

0 (3–19)

for r0 = −h̄/2. This relation shows again that a large value oftfoc requires a delocalized

promoted state. Such a state could be obtained, for instance, by excitation from an excited

vibrational state, which has a large uncertainty. The focalized width is obtain from

Eq.3–17as

(∆x)2
tmax
foc

= (∆x)2
0/2 . (3–20)

This equation shows that for maximum focusing time the width of the wavepacket is

reduced exactly by a factor of
√

2 = 1.41.

3.4 Generic Control of Excited Wavepackets

In this section we explore the possibilities of controlling the excitation of a

wavepacket by a laser pulse, in the weak-field limit. Let us consider the laser excita-

tion of an electronic transition in a molecule, from electronic state “1” to electronic

state “2.” For a laser fieldE(t), within the electric-dipole approximation and first-order

perturbation theory, the excited wavepacket assumes the form (at times,t, when the laser

pulse has vanished) [217]

| ψ2(t)〉 = exp(−iĤ2t/h̄) | χ2〉. , (3–21)

where| χ2〉 is thepromoted state,

| χ2〉 =
i

h̄

∫ ∞

−∞
dt′e−iε0t′/h̄E(t′) exp(iĤ2t

′/h̄) | φ〉, (3–22)
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andĤ2 is the Hamiltonian for the excited state “2.” Here| φ〉 is the Franck-Condon

wavepacket

| φ〉 = µ12 | ψ1〉 , (3–23)

where| ψ1〉 is the stationary electronic state “1” of energyε0, andµ12 is the projection of

the electronic transition dipole moment on the polarization of the electric field.

The goal of our control scheme is to find the laser pulse,E(t), which excites a

wavepacket that evolves to a desired target state| χfoc〉, at timet = tfoc. To do this, we

invert Eq.3–21to obtain the promoted state that must be created by the laser,

| χ2〉 = exp(iĤ2tfoc/h̄) | χfoc〉. (3–24)

Considering the Fourier representation of the laser field

E(t) =

∫ ∞

−∞
Ẽ(ω)e−iωtdω , (3–25)

and using Eq.3–22, we can write

| χ2〉 =
2iπ

h̄

∫
Ẽ(ωE)〈E | φ〉 | E〉dE =

2iπ

h̄

∫
CE | E〉dE , (3–26)

where we introduced the coefficients{CE} as

CE = Ẽ(ωE)〈E | φ〉 =
h̄

2iπ
〈E | χ2〉 , (3–27)

whereωE = (E − ε0)/h̄, and{| E〉} are the eigenstates of̂H2. Thus, when the expansion

coefficients of the excited wavepacket,{CE}, are known, the laser field producing this

wavepacket can be calculated by inverting Eq.3–27. The wavepacket excited by this field

is guaranteed to achieve the desired target,| χfoc〉, at the target time,tfoc.
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3.5 Focusing of Wavepackets Created by Chirped Ultrashort Pulses

3.5.1 Excited Wavepacket Dynamics in a Linear Potential–Theory

Here we consider the excitation of a wavepacket to a linear potential surface, via a

linearly chirped laser pulse. The form of the pulse field is assumed to be

E(t) = E0 exp[−t2/(2τ 2)− iω0t− iβt2/2] , (3–28)

where the instantaneous frequency isω(t) = ω0 + βt, andβ is the linear chirp. We also

presume that the initial state is a Gaussian, i.e.,φ(x) = N exp[−(x − x0)
2/4(∆x)2

g], and

that the duration of the pulse can be considered short with respect to the characteristic

time of the nuclear motion. This short-pulse approximation allows us to neglect the

action of the kinetic energy operator, which gives the evolution in position, and consider

only the action of the potential energy operator, which accounts for the momentum

space evolution. Using Eq.3–22together with the condition for resonant excitation,

h̄ω0 = V (x0)− ε0, the promoted packet is given by [205]

χ2(x) =
i

h̄
Ẽ

[
V (x)− ε0

h̄

]
φ(x)

= exp

{
i

h̄

[
A0(x− x0)

2 + s0

]}
, (3–29)

where

Re(A0) =
r0

2(∆x)2
0

=
α2

2h̄

β

(1/τ 2)2 + (β)2

Im(A0) =
h̄

4(∆x)2
0

=
h̄

4(∆x)2
g

+
α2

2h̄

1/τ 2

(1/τ 2)2 + (β)2
. (3–30)

The above equations clearly contradict the classical model discussed in the second section

of this chapter. Namely, anegativechirp (β < 0) excites a self-focusing Gaussian

wavepacket (has negative correlation,r0 < 0). Another fact implied by Eq.3–30is

that the promoted state is squeezed compared to the initial vibrational ground state

((∆x)g > (∆x)0). As a result its focusing time,tfoc, is relatively short. Note also that for
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α = 0 (i.e., a constant potential) the promoted state generated by an ultrashort pulse is

identical to the ground state, and focusing is not possible in the short-pulse limit.

The timetfoc at which the wavepacket focuses can be determined using Eq.3–16and

Eq.3–30as

tfoc =
2m(α′)2(∆x)2

g

h̄

|β/2|
a2 + (β/2)2

, (3–31)

where we use the notations

α′ = α(∆x)g/h̄, and a = (α′)2 + 1/2τ 2 . (3–32)

The chirp that renders a maximum focusing timetmax
foc is found by canceling the derivative

of Eq.3–31with respect to time, to obtain

β = βmax = −2a . (3–33)

For this value of the chirp,

tmax
foc =

m(∆x)2
g/h̄

1 + b
, (3–34)

where

b = h̄2/(2(∆x)2
gα

2τ 2) . (3–35)

The associated uncertainty in position is given by

(∆x)2
tmax
foc

=
1 + 2b

1 + b
(∆x)2

g/2. (3–36)

For a general value of the chirpβ = kβmax, using Eqs.3–30, 3–31and3–34we obtain

the focusing time and uncertainty as

tfoc =
2k

1 + k2
tmax
foc , and (∆x)t2foc

=
k(1 + 2b)

k2(1 + b) + b
(∆x)2

tmax
foc

, (3–37)

where, as expected,tfoc < tmax
foc . Remarkably, the last set of equations allow us topredict

andcontrol the focusing of the wavepacket based on the pulse parameters,τ andβ (when

(∆x)g andα are fixed).
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Note that Eqs.3–34and3–36are quite similar to the results in Eqs.3–19and3–20.

In this case, however, they represent the connection betweentfoc and(∆x)tmax
foc

and the

set of parameters formed by the ground state width ((∆x)g), the pulse width (τ ), and the

potential slope (α). In these formulas the pulse chirp is not a parameter, but instead, the

chirp is set implicitly by the condition for a maximumtfoc (β = −2a).

In a different scenario, rather than maximizing the focusing time we can choose to

maximize the effect of the focusing. To do this, we define a focusing parameter,f , as the

ratio between the variance of the promoted state,(∆x)2
0, and the variance at the focusing

time,(∆x)2
tfoc

. Using Eq.3–17, f is given by

f =
(∆x)2

0

(∆x)2
tfoc

= 1 + (2r0/h̄)
2. (3–38)

As can be seen in this equation, to maximizef , we must maximize|r0| (i.e., the absolute

value of the initial correlation between position and momentum) with respect to the chirp.

Recalling Eq.3–14, and setting the chirp asβ = −2ka we have (see AppendixE)∣∣∣∣2r0h̄
∣∣∣∣ =

∣∣∣∣Re(A0)

Im(A0)

∣∣∣∣ =
k

k2(1 + b) + b
, (3–39)

wherea andb are defined in Eqs.3–32and3–35above. The maximum of this ratio is

obtained fork =
√
b/(1 + b), which implies that

fmax = 1 + [4(b+ b2)]−1 (3–40)

We remark that in the above formulas, bothtmax
foc andfmax depend on the parameterb,

which implies that all cases with the same value ofα2τ 2 are equivalent.

3.5.2 Numerical Results for the Linear Potential

In this section, we present the results of several numerical simulations designed to

test the validity of the analytical expressions derived in section3.5.1. The numerical re-

sults are obtained via a direct integration of the time-dependent Schrödinger equation. As

a model system, we consider the photodissociation of the ICN molecule. In this molecule,
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Figure 3–1:Snapshots of the wavepacket evolution for the maximum focusing time case.
(∆x)g = 0.08 a.u., corresponds to ground vibrational state of ICN, Pulse
parameters:τ = 125.69 a.u.,β = −1.45 × 10−4 a.u., Predicted focusing
values:tfoc = 142.2 a.u.,f = 1.08, andxfoc = 0.02 a.u. From left to right the
propagation times are: 0, 80, 142, 220, 300, 380, 460, 540, 620, and 700 a.u.

dissociation occurs along the I–C coordinate, and the CN bond can be considered rigid.

A linearization of one of the purely repulsive excited electronic states of ICN [218] in the

Franck-Condon region leads toα = 0.08 a.u., whereα is defined in Eq.3–2. The linear

approximation is reasonable for the first 20–25 fs [218] (i.e., about 1000 a.u.). At longer

times, the linear potential is simply a model potential. For the ground vibrational state of

ICN, (∆x)g = 0.08 a.u. The reduced mass,m, of ICN is 21.6 amu.

Figure3–1shows snapshots of the wavepacket dynamics for the maximum focusing

time case for the ground vibrational state of ICN. The pulse width,τ , is 126 a.u., and the

chirp,β, has the optimal value of−1.45 × 10−4 a.u. With these parameters, Eq.3–34

predicts thattmax
foc = 142 a.u., and the location at which the focusing occurs isxfoc = 0.02.

As can be seen in the figure, these predictions agree perfectly with the numerical results.

The focusing,f , for this case is modest, withf = 1.08.

While the results in Fig.3–1confirm the validity of the analytical formulas, they

are somewhat disappointing in the sense that the maximum focusing time occurs just
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after the end of the pulse, and the focusing distance is very close to the Franck-Condon

region. The reason for this difficulty can be seen by examining Eqs.3–34and 3–36. The

maximum focusing time, for a fixed slope of the potential and mass, depends on(∆x)g

andτ . The maximum possibletmax
foc is obtained asτ → ∞, in which casetmax

foc ∝ (∆x)2
g.

Consequently, when(∆x)2
g is small,tmax

foc is small, andxfoc must also be small. With a

short pulse,tmax
foc is further reduced due to the small pulse width.

To obtain more impressive focusing results, we consider(∆x)g = 0.24 a.u., which

corresponds to the variance associated with an excited vibrational state of ICN with

ν = 4 [205]. Figure3–2shows snapshots of the wavepacket propagation fortmax
foc , with

pulse parameters as listed in the caption. In this case, the focusing time is 2169 a.u.,

which is well after the end of the excitation pulse, and the focusing position is 4.78 a.u.,

which is well beyond the Franck-Condon region. The focusing,f , is 1.37. Once again,

the agreement with the analytical formulas is perfect.

While the focusing in Figure3–2appears to be fairly low, if the sign of the chirp is

reversed, as in Fig.3–3, the wavepacket dynamics are completely different. The wave

packet spreads continuously, and the width at the target time is much greater than in the

negatively chirped case. The comparison of Figs.3–2and3–3shows that the negative

chirp does indeed counteract the natural tendency of a wavepacket to spread.

Figure3–4shows snapshots of the dynamics for the same situation as in Fig.3–2,

except that the chirp has been chosen according to Eq.3–40, such that the focusing is

maximized. The focusing,f is 2.56 and the wavepacket is focused attfoc = 867.4 a.u.,

in the region in which the linear approximation to the excited-state potential of ICN is

reasonable.

Figure3–5shows snapshots of the dynamics for the maximum focusing case (Eq.3–

40), where the pulse width,τ , is 1000 a.u. (much longer pulse than in Fig3–3). The

focusing time is 1579 a.u., which, as expected, is considerably shorter than the maximum

focusing time. However, the focusing,f is 2.70, which is significantly larger than the
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Figure 3–2:Snapshots of the wavepacket evolution for the maximum focusing time case.
Here(∆x)g = 0.24 a.u., corresponds toν = 4 excited vibrational state of
ICN. Pulse parameters:τ = 172.6 a.u.,β = −7.71 × 10−4 a.u. Predicted
focusing values:tfoc = 2169 a.u.,f = 1.37, andxfoc = 4.78 a.u. From left to
right the propagation times are: 0, 600, 1150, 1700, 2169, 2600, 3000, 3400,
3800, and 4200 a.u.
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Figure 3–3:Same as in Fig.3–2, except that the sign of the chirp is reversed. That is,β =
7.71× 10−4 a.u.
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Figure 3–4:Snapshots of the wavepacket evolution for the maximum focusing case. Here
(∆x)g = 0.24 a.u., corresponds toν = 4 excited vibrational state of ICN.
Pulse parameters:τ = 172.6 a.u.,β = −1.61× 10−4 a.u. Predicted focusing
values:tfoc = 867.4 a.u.,f = 2.56, andxfoc = 0.76 a.u. From left to right the
propagation times are: 0, 350, 600, 867, 1100, 1500, 1900, 2300, 2700, and
3100 a.u.

previous case. Once again, the agreement between the analytical predictions and the

numerical results is excellent.

3.5.3 Excited Wavepacket Dynamics in an Exponential Potential

In this section we study the dynamics of the excited wavepacket in the case of a

potential surface with exponential form

V (x) = v0 exp{−b(x− δ0)} . (3–41)

We consider again excitation by an ultrashort, linearly chirped laser pulse as in Eq.3–28.

In the short-pulse limit, we also consider a linear approximation of the excited potential

in the Franck-Condon region, with a slope,α, given by the derivative of the potential at

the center of the region. With these approximations we are able to calculate the promoted
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Figure 3–5:This is the maximum focusing case. Here(∆x)g=0.24 a.u. corresponds
ν=4 excited vibrational state of ICN. Pulse parameters:τ = 1000 a.u.,β =
-3.0×10−4 a.u. Predicted focusing values:tfoc = 1580 a.u.,f = 2.70, and
xfoc = 2.54 a.u. From left to right the propagation times are: 0, 600, 1100,
1579, 2100, 2500, 2900 3300, 3600, and 3900 a.u.

wavepacket as [205]

χ2(x) =
i

h̄
Ẽ

[
V (x)− ε0

h̄

]
φ(x)

= exp

{
i

h̄

[
A0(x− x0)

2 + s0

]}
, (3–42)

where

Re(A0) =
r0

2(∆x)2
0

=
α2

2h̄

β

(1/τ 2)2 + (β)2

Im(A0) =
h̄

4(∆x)2
0

=
h̄

4(∆x)2
g

+
α2

2h̄

1/τ 2

(1/τ 2)2 + (β)2
. (3–43)

We are interested to study the focusing of the above wavepacket in the excited exponen-

tial potential given by Eq.3–41. As we showed in section3.3.2the free evolution of the

excited wavepacket is determined by the initial form of the promoted state. In order to

assess the different dynamical scenarios, we must parameterize the promoted wavepacket

in a suitable manner. To do this, we find a set of parameters that uniquely determines the
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focusing parameters of the wavepacket,tfoc and(∆x)tfoc
, in a linear potential. Using

Eq.3–14, we can rewrite Eqs.3–16and 3–17as

tfoc = −m
2

Re(A0)

Re(A0)2 + Im(A0)2
(3–44)

and

(∆x)2
tfoc

=
h̄

4

Im(A0)

Re(A0)2 + Im(A0)2
. (3–45)

These formulas clearly show that the focusing values,tfoc and(∆x)tfoc
, depend directly

on thephaseandamplitudeof the quadratic coefficient,A0, of the initial wavepacket

(Eq.3–8). Hence, we parameterize the promoted wavepacket based on this variables.

Furthermore, to control the excitation process, we determine the pulse parameters,τ

andβ, that (starting from a given state) produce a promoted wavepacket with a specified

complexA0.

Consider a ground state wavepacket

φ(x) = N exp
{
−(x− x0)

2/4(∆x)2
g

}
, (3–46)

and a promoted Gaussian packet characterized by a givenA0

χ2(x) = exp

{
i

h̄

[
A0(x− x0)

2 + s0

]}
. (3–47)

The objective is to find the pulse parameters,τ andβ, that lead to the excitation of the

above promoted packet.

With the notationsag = h̄/(4(∆x)2
g), a0 = |A0|, ξ = arg(A0) (orA0 = a0 exp(iξ)),

u = α2/(2h̄), andτ ′ = 1/τ 2, Eq.3–43becomes

a0 cos(ξ) =
uβ

β2 + τ ′2
= x

a0 sin(ξ) = ag +
uτ ′

β2 + τ ′2
= y . (3–48)

From the first equation above we find thatβ2 + τ ′2 = uβ/x, which inserted into the

second equation leads toτ ′ = β(y − ag)/x = rβ, wherer = (y − ag)/x. Replacing
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τ ′ asrβ in the equationRe(A0)
2 + Im(A0)

2 = x2 + y2 = a2
0, we obtain a second order

equation:

(1 + r2)(a2
g − a2

0)β
2 + 2ua0rβ + u2 = 0 , (3–49)

or

(1 + r2)(1− k2)a2
gβ

2 + 2uagrβ + u2 = 0 , (3–50)

wherek = a0/ag. In the case of a positive chirp (β > 0), r will be positive and the

solution is

β =
u

ag(
√
k2(1 + r2)− 1− r)

, τ ′ = rβ . (3–51)

For a negative chirp (β < 0), r will be negative and we have

β = − u

ag(
√
k2(1 + r2)− 1 + r)

, τ ′ = rβ . (3–52)

In terms ofξ (the phase of the quadratic coefficientA0) r can be written as

r =
k sin(ξ)− 1

k cos(ξ)
. (3–53)

Replacing this result in Eqs.3–51and3–52, we obtain

τ =

√
ag(k2 − k sin(ξ) + 1)

u(k sin(ξ)− 1)
(3–54)

and

β =

√
uk cos(ξ)

ag(k2 − k sin(ξ) + 1)
. (3–55)

The above relations provide the desired relationships between the promoted

wavepacket and the laser pulse parameters. Based on these relations we can control the

excitation process to obtain any desired promoted Gaussian wavepacket, in the limit of

ultrashort pulses. With these results we proceed to perform numerical simulations for the

excitation of a wavepacket to a potential surface with exponential form (see Eq.3–41).

But first, we discuss a few aspects related to wavepacket focusing on an exponential

potential.
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3.5.4 Wavepacket Focusing in an Exponential Potential

There are two important factors that contribute to the dynamics of a Gaussian

wavepacket

Ψ(x) = exp

{
i

h̄

[
A0(x− x0)

2 + p(x− x0) + s0

]}
(3–56)

on an exponential potential. One factor is related to the amplitude of the quadratic

coefficient,A0. Thus, it can be reasoned that a Gaussian wavepacket for whichRe(A0) <

0 has a self-focusing tendency, whereas a packet withRe(A0) > 0 has a spreading

tendency. This fact is implied by the analytical formulas for the linear potential Eq.3–

30, but can also be rationalized on an intuitive basis. To see this, let us write the term

exp{iRe(A0)(x− x0)
2} in Eq.3–56as

eiRe(A0) = eiP (x)(x−x0) , (3–57)

whereP (x) = Re(A0)(x − x0). In the above equation,P (x) appears as a position

dependent momentum, which, forRe(A0) < 0, is positive whenx < x0, and negative

whenx > x0. Thus, for negativeRe(A0), the wavepacket components at positionsx < x0

are moving faster than the components at positionsx > x0. As a result, thex < x0

components (the left side of the wavepacket) catch up with thex > x0 components (the

right side of the wavepacket), and the packet will focalize (see Fig.3–6A).

In contrast, for a positiveRe(A0), P (x) is negative whenx < x0 and positive when

x > x0. Therefore, the wavepacket components at positionsx < x0 are moving slower

than the components at positionsx > x0. This implies that the left and right sides of the

wavepacket will move apart, and the wavepacket will spread (see Fig.3–6B).

The other important factor that influences the dynamics of the wavepacket comes

from the non-uniformity of the exponential potential. Normally, for a decreasing

potential, the parts of the wavepacket withx < x0 experience a higher potential than

the parts withx > x0. In a linear potential this difference of potential is maintained

at all times, and all positions experience the same acceleration. But for a decreasing
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BA

Figure 3–6:A) Panel A presents a wavepacket whose sides are moving (relatively) to-
wards each other, leading to the focusing of the wavepacket. B) In panel B
the sides of the wavepacket are moving (relatively) away, and the packet
spreads.

exponential potential, the slope of the potential decreases as the packet evolves in time,

and therefore the potential energy difference between the two sides (x < x0 andx > x0)

decreases in time. From energy conservation considerations, the loss in relative potential

energy is transformed into a difference in kinetic energy between the left and right

sides. Hence, in time, if only the effect of the potential is considered, the relative speed

between the left side and the right side of the wavepacket increases, and the left side starts

catching up with the right side. This translates into a focusing of the wavepacket. Based

on the above facts, we can say that a decreasing exponential potential tends to focalize a

wavepacket. However, the effect of focusing is reduced because, in general, the difference

in potential energy between the two sides of the wavepacket is small.

3.5.5 Numerical Results for the Exponential Potential

Next, we present numerical simulations for the exponential potential. In all sim-

ulations, the potential has the form in Eq.3–41, whereδ0 = −2.14a.u. andb = 8.0.

Also, with respect to the parameterization of the promoted Gaussian wavepacket, we

vary independently only the phase of theA0 quadratic coefficient,ξ. The variation of the

amplitude ofA0 is conditioned by the requirement to have a minimum width pulse, which

implies (from Eq.3–54)

k =
a0

ag

=
1 + | cos(ξ)|

sin(ξ)
. (3–58)
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In Fig. 3–7we show a promoted wavepacket created with a positive (β > 0) chirp.

The phase of the quadratic coefficient,A0, is ξ = π/4 andag = 6.66 a.u. From the figure,

we can see that the focusing of the wavepacket becomes more pronounced as the slope

of the exponential potential increases, which supports the observations in the preceding

paragraph. We can also see that the positively chirped pulse creates a wavepacket that

initially spreads. In time, the spreading is counteracted by the potential (as per our

considerations), which focuses the wavepacket.

In figure Fig.3–8we show a promoted wavepacket created with a positive chirp,

whereξ = 0.42π andag = 6.66 a.u. Here we observe a transition from a non-focusing

promoted wavepacket to a focusing promoted wavepacket as the slope of the potential

increases. For lower slopes, the potential does not have sufficient strength to cancel

the initial spreading tendency, which is due to the positive chirp. In this case the initial

spreading is hampered for a while by the potential, but not totally cancelled, and no

focusing occurs. For higher potential slopes, the focusing effect of the potential can

overcome the spreading effect of the positive chirp, and focusing occurs.

Figure Fig.3–9presents snapshots of a wavepacket created by a negative chirp,

where the initial phase isξ = 0.58π. In this case we see that the wavepacket has at early

times a focusing tendency, due to the negativeRe(A0), as explained in the beginning of

this section. The exponential potential only compounds the focusing effect, which results

in a short focusing time, and accentuated focusing.

In Fig. 3–10we present another case of a wavepacket excited via a negatively

chirped pulse, whereξ = 3π/4. In this situation the focusing is even faster, due to the

more negative value ofRe(A0) = a0 cos(ξ). Apparently, the focusing of the wavepacket

happens at longer times when the slope of the potential increases, where one would

expect it to happen faster. In fact, the focusing only happens at a larger distance (but

somewhat shorter times) because of the higher velocities induced by the higher potential

slope.
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Graphs forξ = 0.25 ∗ π, ag = 6.66 a.u.
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Figure 3–7:Excited wavepackets (created byβ > 0 pulse) at different moments during
their propagation. Each graph shows the wavepacket every 7500 a.u for a
15000 a.u. interval. From top to bottomv0 has the values 0.08, 0.12, 0.15 .
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Graphs forξ = 0.42 ∗ π, ag = 6.66 a.u.
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Figure 3–8:Excited wavepackets (created byβ > 0 pulse) at different moments during
their propagation. Each graph shows the wavepacket every 7500 a.u for a
15000 a.u. interval. From top to bottomv0 has the values 0.05, 0.1, 0.15.
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Graphs forξ = 0.58 ∗ π, ag = 6.66 a.u.

−10 −5 0 5 10 15 20
0

0.005

0.01

0.015

−10 −5 0 5 10 15 20
0

0.005

0.01

0.015

distance (a.u.)

pr
ob

ab
ili

ty
 a

m
pl

itu
de

 (a
rb

r.
 u

ni
ts

)

Figure 3–9:Excited wavepackets (created byβ < 0 pulse) at different moments during
their propagation. Each graph shows the wavepacket every 7500 a.u for a
15000 a.u. interval. From top to bottomv0 has the values 0.1, 0.18
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Graphs forξ = 0.75 ∗ π, ag = 6.66 a.u.

−10 −5 0 5 10 15 20
0

0.005

0.01

0.015

0.02

−10 −5 0 5 10 15 20
0

0.005

0.01

0.015

−10 −5 0 5 10 15 20
0

0.01

0.02

0.03

distance (a.u.)

pr
ob

ab
ili

ty
 a

m
pl

itu
de

 (a
rb

r.
 u

ni
ts

)

Figure 3–10:Excited wavepackets (created byβ < 0 pulse) at different moments during
their propagation. Each graph shows the wavepacket every 7500 a.u for a
15000 a.u. interval. From top to bottomv0 has the values 0.1, 0.15, 0.18.
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3.6 Analysis of the Ultrashort Pulse Limit

All the calculations presented in the previous section have assumed an ultrashort

laser pulse, which acts on a time-scale shorter than the time-scale for the nuclear motion.

This assumption allowed us to neglect the wavepacket evolution in coordinate space,

during the action of the pulse. In this section we determine the conditions that guarantee

the validity of the short-pulse approximation.

To find the limits of applicability for theτ → 0 approximation, we compute the

full form of the promoted wavepacket in Eq.3–22, and compare it to the reduced form

obtained in the short-pulse approximation (Eqs.3–29and3–30). To compute the term

eiH2t |φ〉 in Eq.3–22it is convenient to start from the representation of the ground-state

wavepacket (Eq.3–46) in momentum space

φ̃(p) = (2ag)
−1/2 exp{1

h̄
p2/(4ag)} , (3–59)

whereag = h̄/(4(∆x)2
g). Using the above formula, we can compute the momentum space

representation of| φ2〉 = eiĤ2t | φ〉 as

φ2(p, t) = (2ag)
−1/2 exp

{
−(p− pt)

2

4(∆p)2
g

+
i

h̄

[
αt2

2m
p− t

2m
p2 − α2t3

6m
− V0t

]}
, (3–60)

where(∆p)2
g = h̄2/(4(∆x)2

g) andV0 is the value of the excited potential at the center of

the ground-state wavepacket. This equation can be Fourier-transformed to obtain, up to a

normalization constant,

φ2(x, t) ∼ exp

{
i
t

φ′

[
1

12
ζx2

t + xt

(
α

3
− xζ

2

)
− x

(
α+

xζ

4

)]
+ itV0 −

1

φ′
(x− xt)

2

4∆x2
0

}
,

(3–61)

where

xt =
αt2

2m
, ζ =

1

2m∆x4
0

, φ′ = 1 +
t2

(2m∆x2
0)

2
. (3–62)

We prefer the above form for the back-propagated ground wavepacket,| φ2〉, because

its magnitude and phase are evident. For the following discussion we rewrite the above
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formula as:

φ2(x) ∼ exp

{
i
t

φ′
[T3 + T2 − x (α+ T1)] + itV (x0)−

1

φ′
(x− T0)

2

4∆x2
0

}
, (3–63)

whereT3 = 1/12ζx2
t , T2 = xt(α/3 − xζ/2), T1 = xζ/4, andT0 = xt. Note that, in the

τ → 0 approximation,T0, T1, T2, T3 are all 0, andφ′ is 1.

To illustrate the relative magnitudes of the different terms contributing to the

above expression, we provide a numerical example for the caseα2 = 0.0032 a.u.,

∆x2
0 = 0.2 a.u.,V (x0) = 0 a.u., andm = 58313.85 a.u. For this set of values,φ2 takes the

form

φ2(x) ∼ exp
{
it
[
.42 · 10−17t4 + .485 · 10−6t2(.01885− .000107x)− x(.0565 + .535 · 10−4x)

]
−1.25(x− .485 · 10−6t2)2

}
.

This example shows that, for the wavepacket phase, theT3 term has a very small

magnitude, and the essential deviation from theτ → 0 approximation is given by the

termT2, which can become important forτ ≈ 1000 a.u. TheT0 term, which centers the

wavepacket at the instantaneous positionxt, can also become important forτ ≈ 1000 a.u.

However, our calculations show that the main term which leads to the departure from the

τ → 0 limit is T2 (in the wavepacket phase). Below we provide graphs showing results

that support this analysis.

In figure Fig.3–11we present the dependence of the promoted wavepacket (Eq.3–

22) on the width of the exciting laser pulse,τ , for zero chirp (β = 0). As the width of the

excitation pulse increases, the amplitude of the promoted wavepacket decreases, and the

wavepacket is more delocalized. We also notice that for longerτ -s the oscillations on the

right side of the packet become more significant, increasing the deviation from a Gaussian

form.

Figure3–12shows the same promoted wavepackets as in Fig.3–11with theT2

term in Eq.3–63neglected (T2 = 0). The side oscillations have disappeared, and the
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Figure 3–11:Graphs showing the promoted wavepacket (Eq.3–22) as a function of
the pulse width at zero chirp (β=0 a.u.). All graphs haveα2=.004 a.u.,
∆x2

0=0.2 a.u. In ascending order of peak amplitudes theτ 2 values are:
3840000, 960000, 60000, 240000 a.u.

wavepackets have a clear Gaussian form. This result suggests that termT3 is mainly

responsible for deviations from the Gaussian form, which was obtained in theτ → 0

limit.

Next we study the influence of the potential slope (in the Franck-Condon region) on

the full form of the promoted wavepacket (Eq.3–22). In Fig.3–13we show the limiting

τ -s for which the breakdown of the short-pulse limit occurs as a function of the potential

slopeα. For a givenα, we consider as breakdownτ , the pulse width for which the height

of the first side kink of the promoted wavepacket is approximately 1% of its peak height.

The figure shows that as the slope of the potential increases, the breakdown of theτ → 0

limit happens at even shorter pulse widths. To show this more clearly, in Fig.3–14we

present a graph of the square of the breakdown pulse width as a function of the squared

slope (α2).

Another issue studied is the dependence of the breakdown of theτ → 0 approxi-

mation with the chirp of the pulse,β. In this case we consider the breakdown limit as the
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Figure 3–12:A plot of the same promoted wavepackets as in Fig3–11with T2 in Eq.3–
63neglected (T2=0).
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Figure 3–13:Graphs showing the dependence of the breakdownτ with the slope of
the excited surface potential. All graphs display small kinks on the right-
bottom side. We consider as breakdownτ (at a givenα) the pulse width
for which the height of the first kink becomes larger than 1% of the peak
height of the promoted wavepacket. In ascending order of peak amplitudes
the (α2,τ 2) values are: (0.71×10−5,3840800.), (0.203 × 10−4,1920800),
(0.58 × 10−4,960800), (0.165 × 10−3,480800), (0.49 × 10−3,240800),
(0.14× 10−2,120800), (0.4× 10−2,60800).
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Figure 3–14: Graph showing the dependence of the breakdownτ onα

case where the shape of the wavepacket loses its central symmetry. Here the chirps are

expressed in terms of a reference chirpβ0 = α2τ/(2m), which depends on the width of

the pulse and the slope of the potential. The idea is to compare the average phase shift

introduced by the termT2 in Eq.3–63, which isα2τ 3/(6m), with the average phase

shift due to the chirp,βτ 2/2. The two shifts are equal whenβ = α2τ/(3m). Hence, we

introduce a relative chirpβr as

βr =
β

α2

2m
τ
. (3–64)

Figure3–15shows numerical results for the dependence of the breakdown on

βr for different values ofτ . As observed here, even long pulses can be treated in the

short-pulse approximation if the chirp of the pulse is adjusted appropriately. Fig.3–16

shows the dependence of the breakdown value ofβr on the square of the pulse width. It is

interesting to note the fact that after a first rapid increase,βr seems to decrease towards0

for longer pulses.

In Fig. 3–17we show results for the case whereβr is reduced by 33% below the

breakdown value. The irregularity in the shape of the promoted wavepacket develops

rapidly. The effect is more visible for larger pulse widths.
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Figure 3–15:Graphs showing the dependence of the breakdownτ with the chirp of
the pulse. All graphs haveα2=.004 a.u.,∆x2

0=0.2 a.u. In ascending or-
der of peak amplitudes the (βr,τ 2) values (in a.u.) are: (0.82,7640800),
(1.2,3820800), (1.6,1960800), (2.2,960800), (2.9,480800), (3.4,240800),
(3.5,120800), (1.7,60800).
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Figure 3–16: Graph showing the dependence of the breakdownβr on τ
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Figure 3–17:Graphs showing the above promoted wavepackets in the case chirp is re-
duced by 33%.

3.7 Discussion of the Results for the Breakdown Dependence on Chirp. Explanation for
the Mechanism of Producing Self-Focusing Wavepackets by Negative-Chirp Pulses.

For both the linear potential case and the exponential potential case, we found that

negatively chirped pulses excite wavepackets with an initial self-focusing tendency. We

also saw in the previous section that a chirped pulse, although long, can preserve the

results obtained in theτ → 0 limit. In this section we present an explanation for both

observations.

We start from equation Eq.3–22for the promoted wavepacket. Next, we define the

notion of ‘instantaneous|φ2(t)〉-contribution’ to the promoted state in Eq.3–22. For this

we consider a division of the interval [−T , T ] in which the pulse,E(t), has significant

amplitude. Lett0 = −T < t1 < t2 . . . < tN = T be the points of this division. Consider

next a decomposition of the entire Gaussian pulse,E(t), into Gaussian sub-pulses,

{Pk}k=0..N , where each sub-pulsePk(t) is centered attk, and has a widthτk of the order

of the spacing of the division,∆t. ThePks are taken to have the following form:

Pk(t) = Ek exp{−(t− tk)2

2τ 2
k

− iω0t− iβ
t2

2
} , (3–65)
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and we have

E(t) =
∑

k

Pk(t) . (3–66)

Using the above equation we can write

|χ2〉 = i

∫ ∞

−∞
dt′E(t′) |φ2(t

′)〉 =
∑

k

|Ik〉 , (3–67)

where|Ik〉 = i
∫∞
−∞ dt

′ Pk(t
′) |φ2(t

′)〉. When the spacing of the time division,∆t, is

very small (where ‘small’ is case-dependent), we define the ‘instantaneous|φ2(t)〉-

contribution’ at momenttk to the promoted state|χ2〉 as

|Ik〉 = i

∫ ∞

−∞
dt′ Pk(t

′) |φ2(t
′)〉 . (3–68)

Note that the average momentum of an instantaneous contribution,Ik(x), at momenttk,

is the same as the average momentum ofφ2(x, tk), since the pulsePk is extremely short.

Hence, the average position and momentum of anIk are (for a linear potential of slopeα,

andx0 = 0, p0 = 0)

xtk =
αt2k
2m

and ptk = −αtk , (3–69)

where the negative result forptk is due to the time reversed propagation of| φ〉 in

Eq.3–22.

Next, we show how an extra factor ofe−iγt in the integrand in Eq.3–68modifies the

energy of the instantaneous contribution vector|Ik〉. Consider a decomposition of|φ〉 (in

Eq.3–22) in the (non-degenerate continuum) basis ofĤ2:

|φ〉 =
∑

E

αE |E〉 . (3–70)

Then we have

|Ik〉 =
∑

E

u(E) |E〉 , (3–71)

where

u(E) = iαE

∫ ∞

−∞
dt′ Pk(t

′)eiEt′ , (3–72)
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and the energy of|Ik〉 is

E =
〈
Ik|Ĥ2|Ik

〉
=
∑

E

E|u(E)|2 . (3–73)

If the initial integrand acquires an extra factor ofe−iγt, the new expansion coefficients for

|Ik〉 are

u′(E) = iαE

∫ ∞

−∞
dt′ Pk(t

′)ei(E−γ)t′ = u(E − γ) . (3–74)

As a result the new energy is

E ′ =
〈
Ik|Ĥ2|Ik

〉
=
∑
E

E|u(E − γ)|2 =
∑

E

(E + γ)|u(E)|2 = E + γ , (3–75)

where we used the completeness of the basis (
∑

E |uE|2 = 1). Hence,e−iγt modifies

the energy of the instantaneous contribution|Ik〉 by γ. Since the kinetic energy of|Ik〉 is

not modified by an additional integrand factore−iγt (γ is independent ofx), its potential

energy must change. But a change in potential energy is equivalent to a change in average

position, for a linear potential. Forγ > 0 the potential energy of| Ik〉 increases,

and, assuming a decreasing potential (dV/dx < 0), the instantaneous contribution

Ik(x) = 〈x|Ik〉 is shifted towards lowerx (higher potential). Forγ < 0 the potential

energy decreases, andIk(x) is shifted towards higherx (lower potential).

Going back to the formula forφ2(x, t) (Eq.3–63), and making the approximations

T3 = 0, T1 = 0 andφ′ = 1, we obtain

φ2(x, t) ≈ exp

{
it [T2 − xα] + itV (x0)−

(x− T0)
2

4∆x2
0

}
. (3–76)

Next we consider a time division of the interval of interest, with a spacing such that

during each subpulse,Pk, T2 andT0 can be considered constant. In these conditions,

the termeitT2 produces a shift of the average position of an instantaneous contribution

Ik by δx = T2(tk)/α downhill ( T2 > 0 andα > 0). For two symmetric (with respect

to t = 0) moments,tk and−tk, the instantaneous contributionsIk(x) andI−k(x) have

equal and opposite momenta, and are shifted by the same amount−T2(tk)/α (because
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T2(−tk) = T2(tk)). (Note: In the previous result we considerβ = 0, otherwise the

chirp will also introduce shifts of the instantaneous contributions.) Because these two

instantaneous packets have the same frequency (average momenta), they will interfere

and produce position dependent oscillations. This explains the features in the graphs in

Fig. 3–11, whereβ is 0.

When a linear positive chirp,β > 0, is present, with the approximationβt2/2 ≈

(βtk/2)t = µkt during each subpulsePk, the instantaneous contributionIk(x) will

be displaced due to an extra factore−iβt2/2 ≈ e−iµkt. The displacement is given by

δx = −µk/α (the shift in potential energy/the slope of the potential). For example, an

instantaneous contributionIu(x), at negative timetu < 0, will be displaced downhill

(becauseµu = βtu/2 < 0). In contrast, an instantaneous contributionIv(x), at positive

time tv > 0, will be displaced uphill (becauseµv = βtv/2 > 0). Consequently, if

the quadratic chirp is strong enough, the contributions with similar frequencies do not

overlap, as in the zero-chirp case, and no interference occurs. This explains the graphs in

Fig. 3–15, where even wavepackets created with longer pulses are quite well trimmed by

the effect of the chirp, and have a reduced deviation from theτ → 0 limit.

Figures3–18and3–19present numerical simulations that demonstrate the agree-

ment with theτ → 0 limit, even in the case of a pulse length of approximately40 fs (or

1581 a.u.)! As predicted in the short-pulse limit, a wavepacket excited with a negative-

chirp pulse will focalize (Fig3–18), whereas a wavepacket promoted via a positive-chirp

pulse spreads (Fig.3–19).

We can now explain this behavior in detail. Since the instantaneous|φ2(tk)〉 s

(in Eq.3–67) are obtained through time-reversed propagation of the ground state

(|φ2(t)〉 = eiĤ2t |φ〉), for t < 0 their average speed is downhill, and fort > 0 their average

speed is uphill (sincex = 0 is the turning point, and it is reached att = 0, see Fig.3–20).

Also note that the average momentum of an instantaneous contribution,Ik(x) (Eq.3–68),

at momenttk, is the same as the average momentum of| φ2(tk)〉, since the pulsePk is
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Figure 3–18:Promoted wavepacket created byβ = −6.44 × 10−4 a.u. pulse at different
times during its propagation. Other parameters:α2=0.42 a.u.,∆x2

0=0.2 a.u.,
τ=1581 a.u. The times are given byn × 750 a.u., where from left to right n
is 0, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12.
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Figure 3–19:Promoted wavepacket created byβ=6.44×10−4a.u. pulse at different times
during its propagation. Other parameters:α2=0.42 a.u.,∆x2

0=0.2 a.u.,
τ=1581 a.u. The times are given byn × 750 a.u., where from left to right n
is 0, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12.
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state 2

v=0 at x=0

state 1

Figure 3–20:For atime-reversedevolution, the particle starts in state 2 with a momentum
directed downhill, it backs up the hill to reach the turning pointx = 0, and
then it backs down downhill with a momentum directed uphill.

extremely short. Hence, for a positive chirp, the negative time (t < 0) instantaneous

contributions have a momentum directed downhill and are displaced downhill (towards

x > 0), while the positive time (t > 0) instantaneous contributions have a momentum

directed uphill and are displaced uphill (towardsx < 0). Since the promoted wavepacket

is the sum of all the instantaneous contributions (Eq.3–67), one can see how a positively

chirped pulse produces a promoted wavepacket that tends to spread in time because its

sides move away from each other (see Fig.3–6B).

For a negative chirp, thet < 0 instantaneous contributions are displaced uphill

(opposite than from positive chirp) and have an average momentum downhill, and the

t > 0 instantaneous contributions are displaced downhill and have an average momentum

uphill. This means that the two sides of the promoted wavepacket are moving towards

each other, and the promoted wavepacket has an initial self- focusing tendency (see

Fig. 3–6A).

3.8 Conclusions

In this chapter we presented a theoretical study of the control of wavepacket

focusing by ultrashort pulses. The ability to control wavepacket focusing is important for
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the achievement of specific excitation pathways, as well as for the control of chemical

reactivity.

In the short-pulse limit and a linear potential, we have derived important analytical

results that predict the focusing time, and the width of the focalized excited wavepacket,

based on the parameters of the pulse. To verify the validity of these results we performed

numerical simulations for a realistic molecular system, ICN. The results show excellent

agreement between the simulation and the analytical equations. The short-pulse limit was

observed to hold for all cases studied here.

We have also derived general equations for the control of wavepacket focusing,

which are valid beyond the ultrashort pulse limit. However, in the general case, the

optimum laser pulse may have a complicated form depending on the constitution of the

target in terms of the eigenstates of the excited potential.

Furthermore, we studied the focusing of wavepackets in exponential potentials.

Important factors that contribute to the focusing dynamics have been identified. Ana-

lytical formulas for the control of laser excitation of a wavepacket have been derived.

Our simulations for the exponential potential are in total agreement with the analytical

formulas and with the theoretical considerations presented.

The breakdown limit for the ultrashort pulse approximation has also been investi-

gated. We find that the breakdown limit depends on the length of the pulse, the potential

slope, as well as the pulse chirp. The chirp of the pulse was found to be an important

factor that, for appropriate values, may assure the validity of theτ → 0 limit even for

long pulses.

At the end of the chapter we study the intricate interference mechanism by which the

pulse chirp can control the focusing of a wavepacket, as well as enforce the validity of

the ultrashort pulse limit even for long pulses. Our theoretical considerations are in full

agreement with the results obtained in numerical simulations.



CHAPTER 4
HALF-CYCLE PULSES–OVERVIEW

4.1 Introduction

Over the past two decades the physics of ultrafast phenomena has witnessed rapid

growth, and has become an increasingly important field of scientific research. Major

advances in the ultrashort laser-pulse technology have led, in the first half of the 1990s,

to the development of new sources, that emit a nearly unipolar electromagnetic pulse (the

electric field mainly lies in one half of the optical cycle), generically termed a “half cycle

pulse” (HCP) [219, 220].

For a freely propagating electromagnetic field the term half-cycle pulse is not

strictly correct since, according to the Maxwell’s equations, the time integral of the

field over the pulse duration must be zero [221]. Experimental measurements of half-

cycle pulses [222, 223] show that they consist of a short steep lobe, of approximately

0.5 ps, followed by a long and shallow tail of opposite polarity that can last up to

70 ps. However, the effect of the tail is not significant in cases in which the interaction

between a HCP and an atom occurs on a time-scale of the order of the classical orbital

period [221]. In such cases, only the steep initial lobe of the pulse impacts the dynamics,

and the HCP can be accurately approximated as a unipolar, ultrafast pulse, with a duration

τHCP approximately equal to the duration of the short, steep lobe.

Conventional ac electromagnetic pulses cannot transfer momentum when interacting

with a free electron, since the total momentum transferred over an entire period averages

to zero. For an atomic electron interacting with an EM pulse, the momentum transfer can

only occur if the atomic core participates in the interaction. Accordingly, in traditional

spectroscopic methods such as photoionization, the electron ionization occurs only when

the electronic distribution has a high probability density near the nucleus. This restriction
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makes it difficult to investigate the properties of atomic Rydberg states, in which the

electronic wavefunction is concentrated at large radial distances.

In contrast, due to their unipolar nature, HCPs can change the momentum of an

atomic electron, and therefore they can excite or ionize the electron anywhere in its

orbit [5]. Owe to this characteristic, HCP pulses have important applications in the

physics of Rydberg atoms, where they are used extensively to observe and control the

dynamics of electronic wavepackets. Powerful experimental techniques, such as time-

delay spectroscopy [5, 6] and impulsive momentum retrieval [7, 8], have been developed

based on the special properties of the HCPs. A better understanding of the dynamics of

Rydberg states is crucial for areas of study such as quantum-classical correspondence

principle, quantum chaos, and the non-perturbative response of atoms in intense external

fields.

Aside from their utility in probing atomic properties, HCP pulses also prove to

be useful as a tool for quantum control in creating and shaping exotic wavepackets

[8, 9, 10, 11, 12], controlling the THz emission from Stark wavepackets [15], and

possibly performing selective chemistry on large molecular systems. Recent work has

proposed using Rydberg wavepackets, controlled by engineered HCP laser pulses, as a

physical realization of qubit registers [16, 13, 17], in support of quantum computing.

4.2 Theoretical and Experimental Background

A number of experimental and theoretical studies in the last few years have focused

on the excitation and ionization of Rydberg-Stark atomic states with HCP electromag-

netic pulses. The regimes investigated are characterized by a duration of the pulse,Tp,

shorter than, or of the order of, the Kepler orbital period,Tn. Ionization by HCPs is of

particular interest since it represents an intermediate regime between the ionization by

electromagnetic radiation (photoionization), and ionization by collision with high energy

particles, where momentum transfer is mediated by the short unidirectional electric field

of the passing projectile. Due to the peculiar characteristics of the HCPs, new features,
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not present in the case of ordinary electromagnetic pulses, have been revealed. Examples

are the broad ionization thresholds and the unconventional1/n2 (or 1/n in the impulsive

regime limit) scaling law of the threshold field [224, 225].

Early studies concerning the interaction of HCPs and extreme Stark states in

hydrogen, have revealed a manifest asymmetry between the total ionized fractions of the

uphill (Stark-blueshifted) and downhill (Stark-redshifted) states. This asymmetry was

explained in relation to the localization properties of these states [225, 226].

A number of studies on the interaction of HCPs with extreme parabolic states have

investigated the dependence of the excitation and ionization processes on the properties

of the pulse. In this direction, one study investigating bound-bound transitions caused

by HCPs found evidence of so called ‘Stark beats’ [227], which are oscillations in the

transition probability as a function of the HCP intensity. Two later studies [228, 229],

employing quantum and semiclassical calculations, extended these results by showing

that the ionization rates of the hydrogen downhill states oscillate as a function of both the

HCP intensity, and the duration of the pulse. Uphill state ionization probabilities showed

no discernible oscillations as a function of the pulse intensity.

Another interesting study concerned the ionization of elliptic Rydberg states by half-

cycle pulses [230]. Elliptic states are Rydberg coherent states in hydrogen-like atoms,

which can be prepared by laser excitation in crossed electric and magnetic fields [231].

They are the most general stationary states of a hydrogen-like atom, including as special

cases the Stark and circular states. The study investigated, in particular, the dependence of

the ionization probabilities on the eccentricity and orientation of the ellipse with respect

to the polarization of the field. The results have shown that the ionization is strongly

dependent on the characteristics of the elliptic state, whereas the dependence on the shape

of the HCP is weak.

Several theoretical studies [16, 13, 17] concerned the possibility of using Rydberg

wavepackets as quantum registers. These studies show that information can be stored
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in the relative phases of the states in a quantum superposition by using ultrashort HCPs.

Furthermore, the retrieval of information (or quantum phase) can be performed by using

subsequent HCP pulses, or alternatively by using optimally shaped (using OCT) THz

pulses.

On the experimental side, HCPs have been used in a number of Rydberg spec-

troscopy experiments. An early study [11] reports a time-delay spectroscopy experiment

on highly-excited Rydberg wavepackets. A half-cycle pulse initially excites a wave-

packet comprising very-high-lying Rydberg states. The properties of this wavepacket are

then probed by using a second HCP, applied after a variable time delay. It is found that

the survival probability, after the ionization with the second pulse, exhibits pronounced

oscillations, which are associated with the quasiperiodic evolution of the wavepacket.

Another example of Rydberg wavepacket time-delay spectroscopy is provided by Raman

et al. [5]. In this experiment the ionization of a Rydberg packet in Cs is observed as the

wavepacket orbits the atom.

In another experiment, sub-picosecond half-cycle pulses and a single-shot imaging

detector were used to monitor the evolution of an electronic wavepacket in calcium

[7]. The time-dependent momentum-space probability of the wavepacket is obtained

by a novel technique called “Impulsive Momentum Retrieval” (IMR). In a related

experiment [232] Rydberg wavepackets in calcium were excited by an HCP in the

presence of a static electric field. The dynamics of the Stark wavepackets was observed

by the IMR technique. This allows for the observation of interesting dynamic processes

such as the full precession of the orbital angular momentum, the appearance of a large

amplitude oscillation in the dipole moment, and a periodic up-down asymmetry in the

momentum distribution.

An experimental implementation of a kicked atom [233] has also been demonstrated

with half-cycle pulses. The kicked atom was realized by exposing potassium Rydberg

wavepackets, withn ≈ 388 to a sequence of up to 50 HCPs. The duration of the HCPs
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was chosen to be shorter than the Kepler orbital period of the packet. The Rydberg atom

survival probability was seen to have a broad maximum for pulse repetition frequencies

close to the orbital period of the electron.

Finally, we mention a recent experiment, which finds that very-highly-excited

Rydberg atoms (n ≈ 100) are quite robust against ionization by HCPs [221]. Instead,

the atomic electron is displaced to even higher-lying Rydberg states. For the low-lying

Rydberg states, where the length of the HCP is comparable to the orbital period, the HCP

can be accurately treated as a fast, unipolar pulse.

4.3 Study Goals and Overview

In the present study we investigate in detail the ionization of extreme Stark states

of sodium via half-cycle pulses. For regimes in whichτHCP > τn, ionization is sup-

pressed [147], whereas for very short pulsesτHCP << τn, the interaction with the core

can be neglected, and the electron is simply kicked into the continuum impulsively. Here,

we consider the regime with the richest ionization dynamics, in which the duration of the

pulse is comparable to the characteristic time of the Rydberg electronτHCP ' τn.

All our calculations for HCP ionization are performed in a the presence of a static

electric field~Fs. For the purposes of this study, we distinguish between the cases when

the static electric field,~Fs, and the HCP field are parallel and anti-parallel. Based on this

we have two possible situations. In situation one, the HCP field is parallel to the static

field, and the electron is kicked downhill (opposite to~Fs). A second situation arises when

the HCP field is antiparallel to the static field, and the electron is kicked uphill (in the~Fs

direction). We concentrate here on the first case, namely, we investigate the ionization

of the downhill (Stark red-shifted) states kicked downhill (DkD), and the ionization of

the uphill states (Stark blue-shifted) kicked downhill (UkD). We have also performed

some calculations for the case where the HCP is antiparallel to the static field. The results

indicate that for small static field intensities and most HCP field strengths, the ionization

spectra for the uphill states kicked uphill (UkU) are very similar to those for DkD, and



92

the ionization spectra for the downhill states kicked uphill (DkU) are similar to those for

UkD. Concentrating on the two cases mentioned above, DkD and UkD, captures most of

the relevant physics of the problem.

In this study we show that the energy-resolved ionization spectra of the downhill

states exhibit an oscillatory pattern. This phenomenon appears to be related to the field

dependent oscillations found in earlier studies [228, 229]. In contrast, the ionization

energy spectra of the uphill states lack any discernible oscillations. We perform fully

quantum-mechanical calculations to study the dependence of the oscillations in the

downhill spectrum on the scaled durationτHCP/τn of the HCP. The role played by the

atomic core in the ionization process is investigated by employing a mask function, or

flux gobbler, that absorbs the electronic flux moving towards the nucleus. Our results

show that the interaction with the atomic core is essential in creating the oscillations in

the downhill spectrum.

A picture of the quantum-classical parallelism is obtained with the help of a 1D

classical-trajectory model [234, 235]. The classical-trajectory interpretation of the

ionization is more intuitive, allowing us to interpret the elusive quantum-mechanical

results. We find good agreement between the full quantum and the 1D calculations for

the case of ionization from the downhill states. However, the quantum and 1D models do

not agree in the case of ionization from the uphill states. This is an indication that the 1D

analysis is inadequate here, mainly because the electron is not confined to one side of the

atom core as implied by the 1D model.

Finally, we examine the spatial evolution of the downhill and uphill states during

and following the laser pulse. The results obtained provide support for the applicability

of the one-dimensional semiclassical model and the interfering-trajectory method

[229, 235, 236] for the downhill state dynamics, and illustrate how this model fails to

explain the uphill ionization dynamics.



CHAPTER 5
IONIZATION OF SODIUM RYDBERG STATES BY HALF-CYCLE

PULSES–THEORY AND RESULTS

5.1 Theoretical Methods

5.1.1 Field-Free Sodium States

The alkali-metal atoms are in many respects similar to hydrogen, since they have

only one valence electron orbiting in the non-Coulombic potential created by the finite

sized core. Compared to hydrogen, the presence of the core simply causes a downward

shift of the energy levels, which is larger for levels with low orbital momentum. The

energy levels of the field-free alkali-metals are given by a formula similar to hydrogen:

Enl =
−1

2(n− µl)2
(5–1)

whereµl is called quantum defect.

In the case of sodium, the quantum defect is significant only for states with low

orbital quantum number (µs = 1.35, µp = 0.85). For higherl values (l > 1), the

centrifugal barrier prevents the wavefunction from penetrating the core, and consequently

the quantum defect is practically zero. The field-free spectrum of Na shows that the

states of s and p character, within some manifoldn, are significantly lower than their

counterparts in hydrogen, while the rest of the states are not affected, and form a quasi-

degenerate manifold. When an external electric field is applied, the quasi-degeneracy

of the states withl > 1 is lifted, and a Stark manifold, similar to that formed by the

corresponding states in hydrogen, is obtained.

To find the eigenstates of Na in an external electric field, we start by solving the

stationary Schr̈odinger equation of the field-free atom:
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Ĥ0Ψ(r) =

[
−∇

2

2
+ V (r)

]
Ψ(r) = EΨ(r) , (5–2)

where atomic units withe = me = h̄ = 1 (see AppendixA) are used. For the Na core

potential,V (r), we use a non-local form [237]:

V (r) =
∑

l

Vl(r) | l〉〈l | +Vpol(r)−
1

r
, (5–3)

whereVl(r) is anl-dependent short range contribution representing the effect of the

nuclear shielding by the core electrons, andVpol is a polarization term accounting for

the polarization of the core up to quadrupole contributions. Note that the Hamiltonian

preserves azimuthal symmetry, which means thez-component of the angular momentum

is a constant of motion andm is a good quantum number. Due to the finite-size core, the

wavefunction is no longer separable in parabolic coordinates, as it is in hydrogen, and the

parabolic quantum numbern1 is no longer a good quantum number. In order to solve the

Schr̈odinger equation numerically, we consider an expansion of the wavefunction in terms

of spherical harmonics:

Ψ(r, θ, φ) =
lmax∑
l=0

Φl(r)Y
m
l (θ, φ) , (5–4)

wherelmax represents the expected maximum value for the orbital momentum. Inserting

in Eq.5–2we have

∑
l

{
−1

2

∂2

∂r
+
l(l + 1)

r2
+ V (r)

}
Φl(r)Y

m
l = E

∑
l

Φl(r)Y
m
l . (5–5)

The above equation shows that we can solve for the radial functions individually, for each

value ofl. The resulting set of equations forΦl are discretized (see AppendixB) on a

non-uniform grid [238]. This method renders an efficient discretization of the problem,

with a resulting grid that has a higher density close to the nucleus (where higher kinetic

energies are expected), and is sparse at longer radial distances. By using a second-order

approximation in the discretization procedure, we obtain a symmetric tridiagonal matrix
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for each value ofl. This matrix is subsequently diagonalized to obtain the field-free

energies and eigenstates. The diagonalization procedure scales asO(Nr), whereNr is

the number of points in the grid. The results obtained are converged to 0.01% error by

optimizing the various parameters of the grid. Comparison with previous calculations

[239] show excellent agreement.

5.1.2 Na Stark States

The application of an external electric field produces a mixing of the Na unperturbed

states, and lifts the zero-field degeneracies. We can find the new eigenstates of the system

by diagonalizing the matrix of the full Hamiltonian,

Ĥ = Ĥ0 + Fsẑ (5–6)

(whereFs is the static field polarized along thêz axis), in a restricted basis of field-free

states. For instance, to compute the Stark manifoldn = 15, a typical restricted basis

of approximately 90 states, including manifoldsn = 12 throughn = 18, is used.

Considering thez axis in the direction of the applied field, the Stark potential is

V (r) = Fsz = Fsr cos θ . (5–7)

The matrix elements of the Stark potential in the unperturbed basis are given by

〈V 〉 = 〈Ψn′l′ | r | Ψnl〉 〈l′ | cos θ | l〉 , (5–8)

where ther matrix element can be easily computed through a quadrature over the grid

points, and thecos θ term amounts to

〈l + 1 | cos θ | l〉 =
l + 1√

(2l + 1)(2l + 1)
. (5–9)

As a result, the diagonalization of the full Hamiltonian̂H0 + Fsr̂cosθ reduces to finding

the eigenvaluesEk and eigenvectors
{
ak

l

}
l=0,lmax

of a real, symmetric, banded matrix of
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dimensionNr × l. The eigenstates of the system are then computed as:

| k〉 =
∑

l

ak
l (r) | l〉 . (5–10)

Concerning the labeling of the Stark states, for hydrogen the eigenstates are labeled

by a pair of indices(n, k), wheren is the principal quantum number, andk is equal

to the differencen1 − n2 between the two parabolic quantum numbers. For a certain

manifoldn, the Stark indexk takes the values−(n − 1),−(n − 1) + 2, . . . , (n − 1).

In the case of Na, thes andp states have large quantum defects (and are displaced from

the rest of the manifold), and only the states withl ≥ 2 are effectively coupled by

the electric field, forming a Stark manifold. The convention is that the indexk is used

to label only these states, and therefore, for a certain manifoldn, k takes the values

−(n − 3),−(n − 3) + 2, . . . , (n − 3). For instance, in the case ofn = 15 Na manifold,

we have the isolated (split off)15s and15p states, and the higher angular momentum

states form a Stark manifold labeled by pairs(n = 15, k), wherek takes the values

−12,−10, . . . ,+12.

5.1.3 Numerical Model of a HCP

Ionization by half-cycle pulses (HCPs) is a spectroscopic technique developed

recently for studying Rydberg state dynamics [219, 220]. An HCP is essentially a

unipolar electro-magnetic pulse with a large, intense lobe in one half of the optical cycle.

The pulse consists of a steep lobe of short duration, followed by a long tail of opposite

polarity and more reduced amplitude. In laboratory experiments, the HCP is a locally

focused pulse, and the electron usually leaves the focal region before experiencing the tail

of the pulse. More details about the production and experimental use of HCPs are given

in AppendixC.
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Figure 5–1:Theoretical models of half-cycle pulses: half-sin2 (solid line), half-sin
(dashed line), form suggested by Jones (dotted line).

Most of the calculations in our study assume a squared half-sinusoid form for the

HCP as given in the equation below:

FHCP (t) =

 ẑFpeak sin2( π
τHCP

t) 0 ≤ t ≤ τpulse

0 τ ≥ τpulse ,
, (5–11)

whereτHCP is the full-width at half maximum (FWHM) of the electric field, andFpeak is

the maximum amplitude of the HCP. However, in order to check the influence of the pulse

shape on the ionization results, we also performed calculations using a half-sin shape

(more gradual slope), and a shape suggested by Jones [226] (even more gradual slope) for

the HCP (see also Fig.5–1).

In this study, most of the simulations used initial Sodium Stark states withn = 15

(static fieldFs ' 400 V/cm), although several computations withn = 16 andn = 20

states were performed as well. These states were computed by diagonalizing the Stark

Hamiltonian in a zero-field eigenstate basis, as presented above. The evolution of

the initial atomic state during the HCP pulse was computed with a Chebysev time-

propagation scheme [240] (AppendixD).
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5.1.4 The Impulse Approximation and the Impulsive Momentum Retrieval (IMR) Method

When the interaction between the HCP pulse and an atomic electron takes place on a

time-scale much shorter than the characteristic time for the Coulomb interaction with the

nucleus, the total momentum transferred to the electron is:

Q = −
∫ τHCP

0

dtFHCP(t) . (5–12)

This regime is usually referred as the impulse approximation (or impulsive limit) regime.

In the impulsive limit conditions, the effect of the HCP pulse is simply to boost the

electron by a net momentumQ:

Ψf (r, t) = eiQrΨi(r, t) , (5–13)

whereΨi andΨf are the initial and final states, respectively, of the electron. One way to

compute the final state is to find the similarity transformation that diagonalizes theeiQz

operator in ther − l basis. We employ instead a Chebysev polynomial expansion of the

exponential, which yields the result via multiplications of theẑ matrix with state vectors

(see AppendixD).

Using a Fourier expansion of the initial wavefunction in terms of momentum

eigenfunctions, it can be shown that the total energy transfer during this interaction is:

∆E =
〈p2〉f

2
− 〈p

2〉i
2

= 〈pz〉i ·Q+
Q2

2
, (5–14)

where〈x〉y represents the average ofx̂ in state| y〉. For the HCP to ionize the electron,

the transferred energy must be greater than the binding energy,|Eb|; or in terms of

momentum, the ionization of the atomic electron occurs only if it has an initialz-

component of the momentum greater than

p0z = (|Eb| −
Q2

2
)/Q . (5–15)
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The above relation can be used in ionization experiments to extract information about the

initial momentum distribution of the electronic state. It also represents the basis for the

“impulsive momentum retrieval technique” (IMR) [7, 8].

5.1.5 Longer HCP Pulses

When the width of the HCP pulse is comparable to the characteristic time of the

interaction with the core (orTn-the orbital period), the electron experiences the influences

of both the half-cycle pulse and the core. The solution of the time dependent Schrödinger

equation

ih̄
dΨ(t)

dt
= ĤΨ =

{
p2

2
+ V (r) + [Fs + FHCP(t)] z

}
Ψ(t) (5–16)

can be expressed as a perturbative series

| Ψ(t)〉 =
∞∑

n=0

(−i)n

n!

∫ t

0

dt1

∫ t

0

dt2 . . .

∫ t

0

dtn T̂ [Ĥ(t1)Ĥ(t2) . . . Ĥ(tn)] | Ψ(0)〉 ,

(5–17)

whereT̂ represents the time-ordering operator. To solve for| Ψ〉, we split the entire

time interval into a number,N , of equal and short subintervals(ti, ti+1), such that during

each subinterval a first order approximation can be used. The relation between the

wavefunctions at two successive times is

| Ψ(ti+1)〉 = e−iĤ(ti+δt/2) δt | Ψ(ti)〉 i = 0, . . . , N − 1 , (5–18)

whereδt = t/N is the length of one subinterval. A hint about the proper length of the

subintervals is provided by the requirement that the following relation is satisfied to a

good degree of accuracy:

rmax ·
∫ t

0

FHCP (t)dt = rmax ·
∑

i

FHCP (ti) ·∆ti , (5–19)

whereti are the division points,∆ti = ti+1 − ti, andrmax is the maximum radial distance

of the grid.
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With the above division, the total time propagator is decomposed according to

Û(t, 0) =
N−1∏
i=0

Û(ti+1, ti) , (5–20)

wheret0 = 0, tN = t . Hence, the interaction with the time dependent HCP field is

treated as a series ofN ultrafast kicks of the electron, each transferring momentum

FHCP (ti + δt/2)δt.

Once a suitable division of the entire time interval is found, the Chebysev time-

propagation scheme (AppendixD) is employed is each subinterval. As a result, the wave

vector at the end of the i-th subinterval is given by a series expansion

| ψ(ti+1)〉 =
∑

n

an(t) | Xn〉 , (5–21)

where| X0〉 =| ψ(ti)〉 is the wave vector at the beginning of thei-th subinterval and

| Xn〉 = Φn(Ĥnorm) | X0〉 , (5–22)

whereΦn is the complex Chebysev polynomial ofn-th order. In the above equation

Ĥnorm is the scaled Hamiltonian

Ĥnorm =
Ĥ(ti + δt/2)−Hmed

∆H
, (5–23)

whereHmed and∆H are approximate values for the average and the half-width of the

Hamiltonian spectrum.

The coefficientsan are given by

an(t) = e−iHmedt(2− δn0)Jn(t∆H) , (5–24)

whereJn is then-th order Bessel function. The result of the propagation over the entire

HCP pulse is given by the wavefunction calculated at the end of the last subinterval of the

division, | ψ(tN)〉.
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The main advantages of the Chebysev method [241] are stability, space-time

computational efficiency, and ease of implementation. All these remarkable properties

are mainly due to the stable recurrence relation satisfied by the complex Chebysev

polynomials

Φn(x) = 2x Φn−1(x) + Φn−2(x) . (5–25)

The main computational operation in the Chebysev scheme is the product of the Hamilto-

nian matrix with a state vector. The sparseness of the Hamiltonian matrix, as ensured by

the non-uniform grid representation, makes this operation scale linearly with the dimen-

sion of the gridO(Nr × l). The total propagation procedure scales asO(N ×Nr × l).

5.1.6 Ionization Spectrum

After the time-propagated wavefunction is performed, the photoelectron spectrum

is computed using an “energy window” method [242]. Basically, the method consists of

projecting the final state onto the eigenstates of the stationary HamiltonianĤ0 using a so

called window function

f̂(E) =
γ2n

(Ĥ0 − E)2n + γ2n
. (5–26)

Forn = 1 this function has a Lorentzian profile, while, asn increases, it approaches a

rectangular profile. The application of the window operator of argumentE to the final

electronic wavefunction, selects only those contributions from energies within a rangeγ

fromE, and discards all other components. The probability that the final electron has an

energyEi, with resolution2γ, is given by

P (Ei) = 〈Ψf |
γ2n

(H0 − Ei)2n + γ2n | Ψf〉 . (5–27)

In general, it would be more accurate (and more cumbersome) to project on the

eigenstates of the Stark Hamiltonian, rather than the field-free Hamiltonian. However, the

error entailed in using the field-free states is roughlyFs · z, which using a value for the

static field of≈ 400 V/cm, and an averagez of ≈ 400 a.u., is of the order of10−4 a.u.
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This represents only about1% of the energy width of the electron after the kick, which is

of the order of10−2 a.u.

Forn = 2, application of the window operator can be evaluated by solving two

successive linear equations for the vector| χi〉

(H0 − Ei +
√
iγ)(H0 − Ei −

√
iγ) | χi〉 =| Ψf〉 . (5–28)

P (Ei) is then given byP (Ei) = γ4〈χi | χi〉. The total ionization probability is easily

seen to be the area under the graph in the energy-resolved spectrum,
∑

i P (Ei). In

Eq.5–28, the process of solving for| χi〉 is greatly simplified by the sparse form of the

Hamiltonian matrix. The complexity of this operation isO(Nr × l)

5.1.7 Semiclassical Calculations

To provide an intuitive picture of the results obtained by the full-quantum calcula-

tions, we have performed a series of classical trajectory calculations within the framework

of a one-dimensional model of the Na extreme parabolic states developed previously

[234, 235]. The full 2-D classical Hamiltonian of the system in cylindrical coordinates is

given by

H2D =
1

2

(
p2

ρ + p2
z +

l2z
ρ2

)
− 1

(ρ2 + z2)1/2
+Vd

(
(ρ2 + z2)1/2

)
+ z[Fs +FHCP(t)] , (5–29)

wherelz is a constant of motion,Fs andFHCP(t) are the static and HCP fields, respectively

(both parallel tôz), andVd is the short-range, non-Coulombic contribution of the Na core.

AlthoughVd makes the static field Hamiltonian non-separable in parabolic coordinates,

for states with small quantum defectsδl (l ≥ 2), this term can be neglected due to the

limited penetration to the core by these states.

Transforming Eq.5–29to semi-parabolic coordinates

u = (r + z)1/2, v = (r − z)1/2, (5–30)
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and extending the phase space (as is customary for time-dependent problems) by

introducing the momentum conjugate to time,pt = −H(t), the Hamiltonian of the system

becomes

H2D =
1

2

p2
u + p2

v − 4

u2 + v2
+

1

2
(u2 − v2)[Fs + FHCP(t)] + pt = 0 . (5–31)

In the absence of the HCP, the equations of motion foru andv are separable.

However, the presence of the time-dependent field couples the two degrees of freedom

through the time varying energy,−pt. Nevertheless, for initial conditions in whichv = 0

andpv = 0, the coupling terms remain zero at all times, and the motion inv can be

neglected.

Similarly, an approximate separation of the equations of motion foru andv can be

performed when thepv andv coordinates remain small throughout the duration of the

HCP pulse [234]. The degree of separability is characterized by a quantityβ defined as:

p2
u

2
+u2pt−2+

1

2
u4[Fs+FHCP(t)] = −

{
p2

v

2
+ v2pt −

1

2
v4[Fs + FHCP(t)]

}
= −β , (5–32)

Thus, when the motion in thev coordinate is negligible (small values ofβ), the system

can be described approximately by a 1-D Hamiltonian given as

H =
1

2
p2

u + u2pt − 2 +
1

2
u4[Fs + FHCP(t)] = 0 , (5–33)

or in cylindrical coordinates as

H =
p2

z

2
− 1

z
+ z [Fs + FHCP(t)] + pt = 0 . (5–34)

Note that in the work of Delos et al. [236] an effective nuclear charge,Zeff = Z − β/2,

was used. In this work, we assumeβ ≈ 0 and takeZeff = 1.

The above Hamiltonian leads to a system of coupled differential equations, which is

integrated using a fifth order Runge-Kutta algorithm [243]. The results of the integration

are used to obtain the final energy manifold of the system. This manifold helps in

investigating the properties of the energy-resolved ionization spectrum.
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An important point to remember about the 1D model is that the motion of the

electron is confined to one side of the nucleus. The electron starts on one side of the core,

z > 0 or z < 0, and never leaves the half-space in which it begins. That is, when the

electron scatters from the core, it must backscatter. As a result, in the 1D model uphill

states must ionize uphill, and downhill states must ionize downhill, regardless of the

direction in which the HCP is applied.

5.2 Numerical Results and Discussion

The presence of localized states is known to be a general feature in systems with

highly degenerate manifolds, under the influence of external interactions [244, 245].

For sodium in an external electric field, the Stark effect mixes the degenerate l-states

in ann manifold, lifting the initial degeneracy. Considering thez-axis parallel with

the external field, the extreme blue- and red-shifted states in the Stark manifold are

characterized by a pronounced localization along the +z and -z axis, respectively (Fig.5–

2). As a result the downhill (Stark red-shifted) states possess a permanent electric dipole

parallel to the external field, while the uphill (Stark blue-shifted) states have a dipole

moment antiparallel to it. The terminology “uphill” and “downhill” derives from the

linear potential+Ez created by the static field, which appears as a “potential hill” rising

monotonically in the +z direction.

5.2.1 Semiclassical Interpretation of the Oscillations in the Downhill Ionization Spectrum

One effect of the localization properties of the extreme Stark states is the manifest

asymmetry observed between the total ionization rates of the uphill and downhill states

[225, 226]. This asymmetry can be attributed to the fact that the uphill states must

pass the atomic core to reach the saddle-point region of the combined Coulomb-Stark

potential, whereas the downhill states are at relatively close distances to this region. As a

result, the downhill states are easily kicked over the potential barrier to ionization by the

HCP, whereas the uphill states need a much stronger field to overcome the opposition of

the core and to pass over the potential barrier.
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Figure 5–2: Sodiumn = 15, k = −12 (top), andk = +12 (bottom) Stark states.
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In addition to the asymmetry in the total ionization rates, the final-energy spectra

for the ionization from downhill (Fig.5–3a) and uphill (Fig.5–3b) states exhibit another

important difference: the downhill spectrum shows oscillation in the final energy

probabilities, whereas no oscillations are present in the uphill spectrum (Fig.4).
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Figure 5–3:Ionization spectra for the uphill (top) and downhill (bottom) states
(Tp = 200 fs). The k=+12 spectrum shows no oscillations, whereas k=-12
spectrum presents interference-like oscillations.

To elucidate this discrepancy we employ a unidimensional semiclassical model

developed previously [234, 236, 235]. This model explains the downhill spectrum

oscillations in terms of two interfering semiclassical trajectories. To better illustrate the

predictions of the 1D model, we perform classical calculations that show the evolution of

the initial energy manifoldEn during the HCP pulse. As in previous calculations [235]

we start with a number of initial trajectories uniformly distributed in the angle variable
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θn = φe − sin φe, whereφe represents the so called eccentric anomaly of the electron

orbit. The initial values forz andpz are then determined byz = n2 (1 − cos φe) and

pz = n sin φe/z. With these values, we integrate the classical equations of motion

Eq.5–32, to find the final energy of the electron. The results are showed in Fig.5–4.

Since the energy is a periodic function in the angle variable, it is clear that for any energy

0 2 4 6
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Figure 5–4:Curves representing the classical final energy as a function of the initial angle
variable. Continuous flat line–initial energy manifold, continuous line–final
manifold forTp = 250 fs, large dashed line–Tp = 100 fs, small dashed
line–Tp = 50 fs.

in the final manifold (except for the extremal values) there are an even number (in our

case two) of trajectories that have this energy. We see in Fig.5–4that a horizontal line

corresponding to some final energy crosses the final manifold at two points. The abscissae

of these points are the initial angle variables of the two trajectories.

In a classical description (presented in Fig.5–5) the electron in trajectory I moves

initially towards the core, being slowed down by the HCP field. After scattering off

the nucleus, the electron regains the lost energy and, if sufficient energy is transferred,

it ionizes. In trajectory II, the electron moves initially away from the nucleus, and is
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continuously accelerated by the HCP field. Again, if sufficient energy is transferred, the

electron eventually escapes over the potential barrier and ionizes.

Although the electron in the first trajectory initially loses energy, it compensates

for this loss by scattering off the core, due to the higher electronic velocities reached in

the vicinity of the nucleus (E = −
∫
~F~v dt). Eventually, it may ionize with the same

final energy as the electron in trajectory II. In a semiclassical theory, the two trajectories

are represented by two semiclassical wavefunctions, which can interfere to produce the

observed oscillatory pattern in the ionization spectrum.

Note that in the above model an important role is played by the core, which scatters

the first trajectory so that it later interferes with trajectory II. To study the influence of the

core in the full-quantum calculations, we use a smooth absorbing potential (or ‘gobbler’).

The effect of the gobbler is to remove the electronic flux moving towards the nucleus.

The results of these tests are presented in Fig.5–6. Note that as the gobbler becomes

more effective in canceling the component of the wavefunction reaching the nucleus

(higher gobbler radius), the interference pattern disappears. This result shows that the

close-range interaction with the core is essential in producing the observed interference

behavior, and therefore it supports the semiclassical view of ‘two interfering paths.’

5.2.2 The Influence of the HCP Width upon the Ionization

Another ionization feature of interest is the dependence of the ionization spectrum

on the HCP pulse lengthTp. When the pulse length is much smaller than the Kepler

periodTp << Tn, the electron-core interaction is negligible during the short time the

pulse is on. The net result is a ‘kick’ of the electron with a total momentum transfer

Q =
∫ Tp

0
~F (t)dt. In this ‘impulse approximation,’ the electronic wavefunction, after the

interaction with the HCP, is given by

ψf (~r) = eiQ zψ0(~r) , (5–35)
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Figure 5–5:Trajectory I heads initially towards nucleus and is slowed by the field,
whereas trajectory II starts moving away from the nucleus and is acceler-
ated by the external field.
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whereψ0 is the initial wavefunction. Using a Fourier expansion of the initial wave

function in momentum space, it can be easily shown that the total energy transferred

during interaction is

∆E =
〈p2〉f

2
− 〈p

2〉i
2

= 〈pz〉i ·Q+
Q2

2
, (5–36)

where〈x〉y signifies the average of operatorx̂ in state| y〉.

To study ionization characteristics in the impulsive limit regime, we have performed

several simulations for ionization in the impulsive limit. For instance, we show in Fig.(5–

7a) the final wavefunctioneiQ zψ0(~r), whereψ0 is then = 15, k = −12 Na state,

andQ = 0.129 a.u. Note that in the impulsive limit the spectral oscillations disappear.

Semiclassically, this can be related to the fact that the transition amplitudes corresponding

to the two interfering trajectories are proportional to
∣∣∣∂If

∂θi

∣∣∣−1

(or
∣∣∣∂Ef

∂θi

∣∣∣−1

) [236], where

〈If | I0(t)〉 =

(
−2πi

∂If
∂θi

)−1/2

exp

[
i

∫ tf

t0

(
−θ(t)dI

dt
−H(t)

)
dt

]
. (5–37)

In the limit of ultrashort pulses, one can see in Fig.5–4that the quantity
∣∣∣∂Ef

∂θi

∣∣∣−1

approaches zero (∞ slope) for trajectories on the right branch (θ0 > θmin, whereθmin

corresponds to the trajectory with minimum final energy) of the final manifold. As a

result, one of the two trajectories has a much smaller transition amplitude than the other,

and the interference is greatly reduced. Intuitively, the lack of oscillations in the spectra

calculated in the impulsive limit spectrum can be related to the fact that the electron

does not have time to interact with the core while the HCP pulse is on. Therefore, the

two-trajectory interference mechanism described above is not operative.

As the HCP length increases, the oscillations in the ionization spectrum have

more contrast, and the frequency of the oscillations increases slightly towards higher

energies. This can again be related to the semiclassical results in Fig.5–4, where we

observe that for longer pulses the final manifold tends to be more symmetric about the

minimum value. In effect, the slope for trajectories on the right branch (θ > θmin) of
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the manifold decreases, and becomes comparable to the slope for trajectories on the left

branch (θ < θmin). This implies more balanced transition amplitudes of the semiclassical

wavefunctions associated with these trajectories, and therefore the interference pattern

gains more contrast (see Fig.5–7b,c,d).

Another fact apparent from the spectrum is a decrease in the total ionization

probability (Fig.5–7c), compared to the impulsive limit case. For longer pulses, unlike

the case of impulsive excitation, the interaction with the core becomes important.

Since the effect of this interaction is to slow and curve the trajectory of the electron

moving away from the core, the total energy transferred by the electromagnetic pulse

∆E = −
∫ Tp

0
~F (t)~vdt is reduced. The net result is reflected in a reduction of the

ionization rates.

An even more drastic reduction of the total ionization probability is observed when

Tp > Tn/2 (Fig. 5–7d). This is expected, sinceTn/2 is the average electron-core

interaction time. The frequency of the oscillations is also seen to decrease, which can be

explained by a decrease in the variation with energy of the phase difference between the

two interfering trajectories,δ(∆φ)/δE.

5.2.3 Why Are There No Oscillations in the Uphill Ionization Spectrum?

One question that we tried to answer is concerned with the absence of oscillations

in the ionization spectra for the uphill states. If the semiclassical model is applied

to the dynamics of the uphill states, the same argument of periodicity of the final-

energy manifold, evoked for the downhill states, would predict oscillations in the

uphill ionization spectrum. However, the quantum calculations show no trace of such

oscillations.

To understand the difference in the dynamics for the two types of states, we

perform quantum-mechanical simulations of the interaction with an HCP. The results

of these simulations are presented in Fig.5–8. Important differences are revealed at

the examination of the electronic wavefunctions for the Na,n = 15,m = 0 downhill
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(k = −12) and uphill (k = +12) states as they propagate under the influence of the

half-cycle pulse. For the uphill state, a large part of the wavefunction is pulled by the

HCP field beyond the atomic core, into the−z region. The short-range interaction with

the atomic core strongly scatters the electronic wavefunction. In contrast, the evolution

of the downhill state is completely contained in thez < 0 half-space. The HCP field

smoothly pulls this wavefunction towards ionization. The resulting motion has a quasi-1D

character.

A revealing picture of the two types of motion is obtained by analyzing the wave

packet evolution in semi-parabolic coordinates,u andv (conform Eq.5–30). The

evolution of the expectation values of theu andv coordinates is shown in Fig.5–9. These

values are obtained from the time-dependent wavefunctions presented above. Notice

that the motion of the downhill state in thev coordinate is negligible, while the uphill

state exhibits a significant spread in this coordinate. Because the 1D semi-classical

model requires quasi-1D dynamics at all times, it is clear why this model cannot describe

appropriately the 2D evolution of the uphill state. As a result the two-trajectory theory is

not valid for the uphill case, and interference effects are not observed.

In the simple classical trajectory picture, the final-energy manifold for the uphill

ionization depends on two parameters, and therefore its intersection with a constant

energy plane is represented by a contour in this plane. This means there will be a

multitude of trajectories that reach to the same final energy, and the random phases of

these trajectories conspire to average out the interference pattern.

Further support for the above considerations comes from calculations of the

dependence of the downhill ionization spectrum on the intensity of the static field. The

results are presented in Fig.5–10. The static field can be seen as an alignment instrument

that induces an initial localization of the electronic wavefunction along thez axis. For

low fields, the 15d state, due to its small quantum defect, is not yet mixed with the higher-

l states in the Stark manifold. As a result, the would bek = −12 state (or downhill state),
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Figure 5–8:Electronic distribution as a function of time during the interaction with a sin2

HCP ofQ = 0.129 a.u.,τHCP = 100 fs. The panels on the left display the
evolution for thek =+12 uphill state, and the panels on the right show the
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has nearly pured (l = 2) character, and is not well localized along thez axis. In this

situation, the evolution of this state during the interaction with the HCP presents non-

negligible motion in the semi-parabolicv coordinate. Thus, the quasi-1D approximation

breaks down, and the interference pattern is washed out.

When the magnitude of the static field increases (Fs > 100V/cm), the 15d state

joins the Stark manifold and becomes thek = −12 Stark state. The confinement of

this state along thez axis becomes more pronounced, and the 1D approximation is valid

(Eq.5–32). The net effect is the restoration of the interference pattern in the ionization

spectra.

5.3 Summary

In this chapter we study the ionization of Na Rydberg states by half-cycle pulses. A

number of efficient theoretical and numerical techniques are described. The full quantum-

mechanical calculations performed provide evidence for several important characteristics
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of the ionization process: the dependence of the ionization spectra on the width of the

HCP, the influence of the electronic wavefunction localization on the ionization process,

and also the role played by the atomic core in producing interference effects in the

ionization of downhill states.

One feature revealed by the calculations is the asymmetry in the ionization process

of the sodium downhill and uphill states. This asymmetry is manifested in the discrep-

ancy between the total ionization rates of the two states, and also in the characteristics

of the energy-resolved ionization spectra. Thus, the downhill ionization spectra display

oscillations as a function of energy, while the uphill spectra lack any similar pattern.

To provide a bridge between the non-intuitive quantum description and the classical

description, we employed a unidimensional semiclassical model. This model provides

an intuitive interpretation of the results in terms of classical-trajectories. The oscillations

observed in the downhill ionization are explained, in this model, as the interference of

two classical trajectories leading to the same final state. In revealing the mechanism, the

1D model emphasizes the effect of the atomic core in the interference process.

To isolate the role played by the core during the interaction with the HCP, we used a

flux gobbler, which removes the electronic flux near the nucleus. The observed effect is a

disappearance of the oscillatory pattern as the gobbler radius increases. This fact shows

that the short-range interaction with the core is essential in producing the oscillations in

the ionization spectrum.

For the case of downhill states, we investigated the dependence of the spectral oscil-

lations on the length of the pulse, and successfully related the results to the predictions of

the “two interfering paths” theory. We show that the good agreement between our results

and the 1D model is due to the quasi-one-dimensional character of the dynamics in the

downhill states.
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Finally, we showed that the unidimensional model is inadequate to represent the

dynamics of uphill states. This explains why the oscillatory interference pattern is absent

in the ionization spectrum of these states.



CHAPTER 6
CONCLUSIONS AND FUTURE WORK

6.1 Summary

In conclusion, this work presents two studies on the control and spectroscopy

of atomic matter by ultrafast laser pulses. One study is concerned with the control of

wavepacket focusing by chirped, ultrashort laser pulses, while a second study involves

the ionization of sodium Rydberg states by half-cycle pulses. Efficient theoretical

methods are developed in both cases, and the predictions of these methods are tested in

numerical simulations. Whenever possible, classical trajectory arguments complement the

quantum-mechanical description to provide a more intuitive picture of the dynamics.

In review, in chapter 2 of this work we present a compendium of previous theoretical

and experimental work in the field of quantum control. Quantum control is an emergent

paradigm that has demonstrated great potential for the development of new techniques

and technologies such as molecular synthesis, quantum computing and quantum informa-

tion, nano-fabrication of molecular devices, and control of chemical reactivity. Chapter

2 gives a short overview of the two main paradigms for quantum control: the Brumer-

Shapiro method, and the Tannor-Rice method. It also discusses the feedback-loop control

technique, which is extremely useful when the Hamiltonian of the system is unknown or

complex. In this technique a learning or evolutionary algorithm controls the laser-shaping

device. The algorithm proceeds in a series of steps, and at each step the experimental

output is analyzed, and the laser parameters are changed to converge to a desired target

state.

The topic of adiabatic population transfer in atoms and molecules is presented in

detail. Techniques such as adiabatic rapid passage (ARP), stimulated Raman adiabatic

passage (STIRAP), Stark-chirped rapid adiabatic passage (SCRAP), adiabatic passage

120
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by light induced potentials (APLIP) and Raman chirped adiabatic passage (RCAP)

are reviewed. At the end of the chapter we give a short review on the topic of quantum

computing, and also present a number of interesting applications of quantum control like

for example a ‘molecular centrifuge.’

In chapter 3 we present a theoretical study of the control of wavepacket focusing

by ultrashort pulses. The ability to control wavepacket focusing is important for the

achievement of specific excitation pathways, as well as for the control of chemical

reactivity. In the short-pulse limit and for linear potentials, we derive important analytical

results that make the connection between the focusing time and the width of the focused

wavepacket, on one hand, and the chirp and duration of the laser pulse, on the other hand.

The validity of the analytical formulas is verified in a number of numerical simulations

pertaining to a realistic molecular system, ICN. The results show excellent agreement.

General equations for focusing control, which are valid beyond the ultrashort

pulse limit. are also derived. Furthermore, we study the focusing of wavepackets in

exponential potentials. Important factors that contribute to the focusing dynamics, such

as the nonuniformity of the potential and the chirp of the laser pulse, are identified

and discussed. Analytical formulas for the control of laser excitation of a wavepacket

are obtained. Since most of our results are obtained in the ultrashort-pulse limit, we

investigate the breakdown of this limit as a function of various parameters. We find that

the breakdown limit depends on the length of the pulse, the slope of the potential, and

the chirp of the pulse. The chirp was found to be an important factor that, for appropriate

values, may ensure the validity of theτ → 0 limit even for quite long pulses.

At the end of chapter 3, we study the intricate interference mechanism by which the

pulse chirp can control the focusing of a wavepacket, as well as enforce theτ → 0 for

long pulses. Our theoretical considerations are in full agreement with results obtained in

numerical simulations.
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In chapter 4 we provide a general overview of half-cycle pulses (HCPs). A half-cycle

pulse has the unique property that its electric occurs in one half of an optical cycle. This

confers the HCP an approximately unipolar character, which increases its probability

of interaction with a Rydberg electron far from the atomic core. In contrast, ordinary

laser pulses cannot transfer momentum to an electron far from the core, because their

cycle-averaged electrical field is zero. Due to their increased interaction with Rydberg

electrons, HCPs are sensitive tools for creating and probing Rydberg wavepackets.

Chapter 5 presents theoretical and numerical results for the ionization of sodium

Rydberg states by half-cycle pulses. A number of efficient theoretical and numerical

techniques are presented. Full quantum-mechanical calculations reveal several important

characteristics of the ionization process; the dependence of the ionization spectra on the

width of the HCP, the influence of the electronic wavefunction localization properties on

the ionization process, and the role played by the atomic core in producing interference

effects in the ionization of downhill states.

A first feature revealed by the calculations is the asymmetry in the ionization process

of the sodium downhill and uphill states. The total ionization rates of the uphill states

are found to be much reduced compared to the ionization rates for downhill states. The

final-energy spectra reveal another discrepancy: the downhill ionization spectra display

oscillations as a function of energy, while the uphill spectra do not.

To provide an intuitive picture for the results obtained by the full-quantum calcu-

lations we adopt a unidimensional semiclassical model. The oscillations observed in

the downhill ionization spectra are explained, in this model, by the interference of two

classical trajectories leading to the same final state.

To isolate the role played by the core during the interaction with the half-cycle

pulse, we employ a “gobbler” potential, which absorbs the electronic flux towards

nucleus. When the radius of gobbler is increased, the oscillatory pattern disappears.
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These observations indicate that the short-range interaction with the core is essential in

producing the oscillations in the ionization spectrum.

The dependence of the ionization process on the length of the pulse is also in-

vestigated. All of the results obtained by full quantum mechanical calculations can

be explained successfully based on a “two interfering paths” theory. We show that

the good agreement between our results and the 1D semiclassical model is due to the

quasi-one-dimensional character of the dynamics in the downhill states.

Finally we show that the unidimensional model is not applicable in the case of the

uphill states due to intrinsic 2D dynamics in these states. Multiple trajectories, which

evolve through a second dimension, are now contributing to the ionization. Their random

phases conspire to wash out the oscillatory interference pattern in the ionization of the

uphill states.

6.2 Future Work

The theoretical techniques used in this work can be used to study a number of

interesting issues related to the interaction between ultrashort laser pulses and atomic

matter. For instance, wavepacket focusing could be applied to the study of realistic

atomic and molecular systems. We can imagine, for example, a mechanism for molecular

synthesis, in which wavepacket control is used to bring the constituent atoms and

electrons to the right positions that molecular bonds can form. At a larger scale the same

mechanism could be used to build nano-machines, or biologically active molecules that

could help in rectifying genetic maladies or destroying tumors.

Wavepacket control can also be used to control chemical reactivity by employing,

for example, a pump-dump Tannor-Rice scheme [113]. In such a scheme a first laser

pulse excites a ground wavepacket to an excited electronic state, and after a properly

timed evolution on the excited potential, a second pulse dumps the wavepacket back to

the ground state. Since the transition amplitude between electronic states depends on

the radial coordinate, focusing the excited wavepacket at the time when the pump pulse



124

acts ensures that the entire nuclear distribution follows the desired pathway. Guiding a

molecular wavepacket along a specially designed path can have a strong influence on

the formation and breaking of a molecular bond. Similar wavepacket techniques can be

employed for isotope separation [113] as shown in chapter 2.

Another scenario for wavepacket control would be in atom optics to study cold colli-

sions or unique quantum effects induced by spatial confinement. Controlled wavepackets

can be used to achieve the deposition of nanoscale strips of atoms using weak field stand-

ing waves [113]. Techniques for nanoscale etching based, for example, on the focusing of

I2 on silicon followed by the photodesorption of Si-I, have also been proposed [154].

Schemes that use half-cycle pulses to probe the dynamics of atomic and molecular

wavepackets are also possible future prospects. For example two HCPs can be used in a

pump-probe study, in which the first pulse excites some particular superposition of states,

and the second extracts through ionization the information about the created wavepacket.

Another direction of study is the possibility of coherently controlling the atomic

excitation by HCPs, to obtain Rydberg wavepackets with interesting coherent properties.

Examples of such “exotic” targets are: classical-limit atomic states (wavepackets that

display 3D localization similar to the classical picture of an electron orbiting the atomic

core), Trojan wavepackets (non-dispersive wavepackets that orbit at large distances

from the nucleus), and even Schrödinger cat states (superposition of atomic states with

different spatial localizations). The study of these states can provide valuable insights for

areas such as the quantum-classical limit, quantum chaos, and quantum control. Along

the same lines, the possibility of coherently controlling THz emission using specifically

designed HCPs has been demonstrated recently [15], and further study in this area may

also be conducted.

Last but not least, we are considering research in a new area concerned with the

possibility of using atomic wavepackets controlled by specially sculpted ultrashort

pulses to perform quantum computations. Recent work by Bucksbaum et al. [16] has
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showed that a quantum register can be implemented physically as a Rydberg wavepacket,

in which the information is stored in the relative phases of the different component

states. The role of the HCP is to coherently manipulate these phases to store the desired

information. A subsequent paper [17] shows that a second, properly shaped HCP can be

used to selectively retrieve the information stored (as quantum phase) in such a quantum

register. What remains to be accomplished for quantum computation to be feasible, is to

find a way to implement a universal quantum-logical gate within the constraints of this

system.
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APPENDIX A
ATOMIC UNITS

Atomic units (a.u.) were first introduced by Hartree in 1928. In these units the

charge of the electron, the electron mass, and the “rationalized Planck constant”h̄ are

considered to have unitary value:

e = me = h̄ = 1 . (A–1)

Atomic units of some physical quantities

1 a.u. of charge= 1.6× 10−19C ;

1 a.u. of mass= 9.1× 10−31kg ;

1 a.u. of length= 5.29× 10−11m ;

1 a.u. of energy= 27.21eV ;

1 a.u. of time= 2.41889× 10−17s ;

1 a.u. of electric field strength= 5.142× 109V/cm ;

1 a.u. of magnetic field strength= 2.35× 105T .

A few useful conversions

1 a.u. of energy equals twice the absolute value of the ground state energy in

hydrogen = 27.2eV or219474.6 cm−1.

1eV is equal to8068.92 cm−1.

1ps is equal to 41341.27a.u. of time.

6T is equal to15.32× 10−5a.u. of magnetic field strength.

400V/cm is equal to7.773× 10−8a.u. of electric field strength.

Classical scaling of atomic properties

Following is a list with properties of Rydberg atoms that classically scale with

the principal quantum number n:
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binding energy∝ −1

n2 ;

energy level spacing∝ 1

n3 ;

the radiative lifetime∝ n3;

the orbital radius∝ n2;

Kepler orbital period∝ n3;

the classical momentum∝ 1
n ;

Stark crossing field∝ 1

3n5 ;

threshold of field ionization∝ 1

9n4 ;

the diamagnetic energy∝ n4;

Zeeman crossing field∝ 1

n7/2 ;



APPENDIX B
PRODUCTION OF A HALF-CYCLE PULSE

An HCP is produced using a thin GaAs semiconductor wafer of' 0.5 mm thickness

and' 3 cm2 surface area [222]. An electric field of about10 kV/cm is applied parallel

to the wafer surface. This biased semiconductor acts as a photoconducting switch. The

bias field is shorted across the semiconductor surface by illuminating the system with an

100 fs pulse, produced by a Ti:saphire laser operating near780 nm (above the band gap in

GaAs' 880 nm). As a result the GaAs wafer is driven into conduction and the electrons

accelerated by the bias field start radiating energy. A significant ratio of this energy (up

to' 80%) is emitted as a spatially coherent, almost unipolar electric pulse, of duration

' 0.5 ps. The HCP is polarized in the direction of the bias field and its peak amplitude

is determined by the bias field intensity. The HCP pulse has a bandwidth of the order of

1 THz, which can be measured by using an electric field autocorrelator. The shape of the

HCP can be found using cross correlation techniques [222].

The HCP pulse produced by the above mechanism has a short unipolar component,

followed by a long weak tail of opposite polarity. In recent experiments the long tail

of the pulse has been cut off by a second photoswitch. During its spatial propagation,

the HCP changes shape due to the diffraction of its low frequency components. The

unipolar character of an HCP is restricted to a small spatial location which depends on the

focalization procedure. The interaction of the atoms with the main unipolar lobe of the

HCP is ensured by a narrow extraction slit.
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APPENDIX C
DISCRETIZATION OF THE SCHR̈ODINGER EQUATION ON A NON-UNIFORM

GRID

We use a non-uniform radial grid to discretize the sodium field free Hamiltonian.

Since we expect the radial wavefunctions to be oscillatory near the origin (higher kinetic

energy) and relatively smooth at larger radial distances, we use a radial grid that takes into

account these characteristics. The grid that we used is given by

ri = ri−1 + ∆min + (1− e−αri−1)(∆max −∆min) , (C–1)

with the convention that

r0 = −∆min, r1 = ∆min . (C–2)

In the above relation we notice that∆min and∆max are the minimum, and, respectively,

maximum spacings of the grid, andα is an acceleration parameter that determines the rate

at which the grid spacing changes from∆min near the origin to∆max at the outer edge.

The typical grid parameters used in our study wereN = 1100 ÷ 1500, ∆min = 0.01,

∆max = 5. andα = 5 × 10−4, which ensured an accurate representation for states with

n = 15 throughn = 20.

We start the discretization of the Schrödinger equation with the following assump-

tions:

Ψ(rmax) = 0 - the grid contains the wavefunction

lim
r→0

rΨ = 0 (C–3)

lim
r→0

r
∂Ψ

∂r
= 0 .
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The actionS is defined as

S =

∫ t2

t1

L(Θ,Θ′), (C–4)

whereL is

L =< Ψ|i ∂
∂t
−H0|Ψ >=< Ψ|i ∂

∂t
− T − V |Ψ > . (C–5)

The stationarity of the actionS implies

d

dt

(
∂L
∂Ψ̇∗

)
− ∂L
∂Ψ∗ = 0. (C–6)

In spherical coordinates, the wavefunctionΨ can be written as a sum over radial functions

ψl(r) times spherical harmonicsYlm

Ψ =
∑

l

ψl(r)Ylm(θ, φ) . (C–7)

The expression forL can be written separately for each value ofl. Thus the kinetic

and potential energies for somel are

< T > =
1

2

∫ rmax

0

dr · r2 · |∂ψ
∂r
| (C–8)

< V > =

∫ rmax

0

dr · r2 ψ∗
(
Vl(r) +

l(l + 1)

2r2

)
ψ . (C–9)

Using these integral expressions permits us to deal efficiently with the boundary condi-

tions atr → 0.

To discretizeL on a nonlinear grid, we define an integration rule. Functions are

evaluated at each grid pointrj. Derivatives are evaluated at the midpoint between grid

points. Distance increments are calculated as the distance between half-points. Thus we

have

f(r) → fj(rj)∣∣∣∣∂f∂r
∣∣∣∣2 r2dr →

∣∣∣∣fj+1 − fj

rj+1 − rj

∣∣∣∣2 (rj+1 − rj)

[
rj+1 + rj

2

]2

(C–10)

∆rj →
rj+1 + rj

2
− rj + rj−1

2
=
rj+1 − rj−1

2
.
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This three point integration rule ensures that the discretized equation is correct to the

second-order in the grid spacing. For a singlel, L is written as

L =
N∑

j=1

ψ∗j iψ̇jr
2
j

[
rj+1 − rj−1

2

]
−

N∑
j=1

ψ∗j Ṽjψjr
2
j

[
rj+1 − rj−1

2

]
−1

2

N∑
j=1

(ψ∗j+1 − ψ∗j )(ψj+1 − ψj)
rj+1 − rj

[
rj+1 + rj

2

]2
,

(C–11)

whereṼj is the effective potential including the centrifugal barrier. By defining a new

radial function

gj = rj

√
∆rjψj (C–12)

we get

L =
N∑

j=1

g∗j iġj −
N∑

j=1

g∗j Ṽj ġj−

−1
2

N∑
j=1

g∗j

{
gj+1

(rj+1 − rj)

√
4

(rj+2 − rj)(rj+1 − rj−1)
1

rj+1rj

(
rj+1 + rj

2

)2

+
gj−1

(rj − rj−1)

√
4

(rj+1 − rj−1)(rj − rj−2)
1

rjrj−1

(
rj + rj−1

2

)2

− 2gj
rj+1 − rj

(
1

rj − rj−1

(
rj + rj−1

2rj

)2

+ 1
rj+1 − rj

(
rj+1 + rj

2rj

)2
)}

.

(C–13)

Writing the Euler-Lagrange equations in terms of the new functionsg∗j we obtain the time

evolution equation forgj

iġj = Ṽjgj −
1

2
[Cjgj+1 − 2Djgj + Cj−1gj−1], (C–14)

where

Cj = 2
(rj+1 − rj)

√
1

(rj+2 − rj)(rj+1 − rj−1)
× 1
rj+1rj

[
rj+1 + rj

2

]2
,

Dj = 1
(rj+1 − rj−1)

(
1

rj − rj−1

[
rj + rj−1

2rj

]2
+ 1
rj+1 − rj

[
rj + rj−1

2rj

]2)
,

Ṽj = Vj +
l(l + 1)

2r2
j

.

(C–15)
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Since the wavefunctionΨ is normalized

∑
j

∆jr
2
j |ψj|2 = 1, (C–16)

we get ∑
j

|gj|2 = 1. (C–17)

For a given nonlinear grid, the coefficientsCj andDj can be computed, and the eigenval-

uesEnl and eigenfunctionsgl
j of the real symmetric tridiagonal matrix in Eq.C–14can be

found by using standard algorithms.



APPENDIX D
THE CHEBYSEV TIME-PROPAGATION METHOD

The Chebysev method is a global time-propagation method, which means it provides

an algorithm for computing the time-evolution operatorÛ(t). In the case of a time-

independent Hamiltonian, the time-propagator is given byÛ(t) = e−iĤt. The simplest

scheme to compute this operator would be to expand the exponential operator in a Taylor

series:

exp(−iĤt) = 1− iĤt+ . . . , (D–1)

but unfortunately numerical schemes based on this expansion are not stable. It can be

shown that stability can be achieved by using a symmetric modification of the expansion.

Nevertheless, for long duration times errors will accumulate in the phase, affecting the

accuracy of the result.

In the Chebysev time-propagation scheme the time-evolution operator is expanded

in a series of complex Chebysev polynomialsΦn(X̂). These polynomials are a complex

version of the Chebysev polynomials (Tk) being defined as

Φk(ω) = Tk(−iω). (D–2)

Note that they are orthogonal with respect to the following inner product

< f, g >= −i
∫ i

−i

f(ω)g∗(ω)√
(1− |ω|2)

dω . (D–3)

Because the definition domain of this polynomials is[−i, i], the Hamiltonian must be

normalized to[−1, 1]. We define the normalized Hamiltonian as

Hnorm =
H −Hmed

∆H
, (D–4)
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whereHmed and∆H are the average, respectively the half-width of the Hamiltonian

spectrum. With a guess for the minimum energy (Vmin), the maximum value in the

Hamiltonian spectrum can be computed by applyingH − Vmin repeatedly to a random

initial vector. This procedure will rapidly remove all the contributions in the vector,

except the one corresponding to the maximum eigenvalue. Once the extremum spectral

values are known,Hmed and∆H are computed easily. With the above notation the

expansion for̂U(t) is given by

Û(t) = e−iHmedt e−iĤnorm t∆H ' e−iHmedt

N∑
n=0

an(t∆H)Φn(−iĤnorm), (D–5)

where the coefficientsan are

an(t∆H) =

∫ i

−i

eit∆HxΦn(x)

(1− x2)1/2
dx = (2− δn0)Jn(t∆H). (D–6)

To compute the termΦn(−iĤnorm) in the above expansion, we can make use of the

recursion relation satisfied by the complex Chebysev polynomials:

Φn+1(−iĤnorm) = −2iĤnormΦn(−iĤnorm) + Φn−1(−iĤnorm), (D–7)

whereΦ0 = Î andΦ1(−iĤnorm) = −iĤnorm. In order to save storage only the results

for then andn − 1 terms in the expansion must be saved. The number of terms in the

expansion needed to achieve convergence is determined by the quantityt∆H. Because

the Bessel functionsJn(x) have an exponential decay as soon asn becomes larger than

the argument x, the number of terms required is usually slightly larger thant∆H. The

Chebysev polynomial expansion is optimal since the error in approximation is minimal

compared to other polynomial expansions.



APPENDIX E
SOME FORMULA DERIVATIONS

Derivation of Eq.3–1

The square of the uncertainty is given by

(∆x)2 = 〈x̂2〉 − 〈x̂〉2. (E–1)

Then, the time-derivative of the uncertainty is

d(∆x)2

dt
=

d

dt
〈x̂2〉 − 2〈x̂〉 d

dt
〈x̂〉

=
〈
−i
[
x̂2, Ĥ

]〉
− 2 〈x̂〉

〈
−i
[
x̂, Ĥ

]〉
=

〈
−ix̂

[
x̂, Ĥ

]
− i
[
x̂, Ĥ

]
x̂
〉
− 2 〈x̂〉

〈
−i
[
x̂, Ĥ

]〉
=

2

m

[
〈x̂p̂+ p̂x̂〉

2
− 〈x̂〉 〈p̂〉

]
, (E–2)

whereĤ is the Hamiltonian of the system, and we used the fact that

−i
〈[
x̂, Ĥ

]〉
=
〈p̂〉
m

. (E–3)

Derivation of Eq.3–3

Similar to the above derivation we have

d rt

dt
=

d

dt

{
〈x̂p̂+ p̂x̂〉

2

}
− d

dt
{〈x̂〉 〈p̂〉}

=

〈
−i
[
x̂p̂+ p̂x̂, Ĥ

]〉
2

−
〈
−i
[
x̂, Ĥ

]〉
〈p̂〉 − 〈x̂〉

〈
−i
[
p̂, Ĥ

]〉
=

〈
2 p̂2

m
+ 2α〈x̂〉

〉
2

− 〈p̂〉〈p̂〉/m− α〈x̂〉

=
1

m

[
〈p̂2〉 − 〈p̂〉2

]
=

(∆p)2

m
, (E–4)
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where we used the fact that−i
[
p̂, Ĥ

]
= −i [p̂,V(x̂)] = i [p̂, αx̂] = α.

Derivation of Eq.3–39

Using Eqs.3–30and the valuesa, α′ andb defined in Eqs.3–32and3–35, we have

Re(A0) =
α2

2h̄

β

N

Im(A0) =
α2

2h̄

{
1

2α′2
+

1/τ 2

N

}
, (E–5)

whereN = (1/τ 2)2 +(β)2. From the above equations, the ratioRe(A0)/Im(A0) becomes

Re(A0)

Im(A0)
=

β
N

2α′2
+ 1

τ2

. (E–6)

Using the fact that in Eq.3–39we haveβ = −2ka, and thata = α′2(1 + b) and

b = 1/(2α′2τ 2), we obtain

N = (1/τ 2)2 + (β)2

= (1/τ 2)2 + 4α′4k2(1 + b)2

= 4α′4

[(
1

2α′2τ 2

)2

+ k2(1 + b2)

]
= 4α′4

[
b2 + k2(1 + b)2

]
. (E–7)

Inserting this result in Eq.E–6we find

Re(A0)

Im(A0)
=

−2kα′2(1 + b)

2α′2 [b2 + k2(1 + b)2] + 1
τ2

=
−k(1 + b)

b2 + k2(1 + b)2 + b

=
−k

k2(1 + b) + b
. (E–8)
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