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The presence of critical races causes an asynchronous sequential machine to
produce unpredicted and undesired behavior. This has been a major problem since the
early development of asynchronous sequential machines. Although many methods are
available for the design of race free machines, the literature seems to contain no
techniques for eliminating the negative effects of races in existing machines.
We investigated the problem of eliminating the effects of critical races on
asynchronous sequential machines by using feedback controllers. In addition to
eliminating the effects of races, these controllers also transform the system to match the
behavior of a prescribed model.
Our study addressed machines in which the state is provided as output (input/state
machines) as well as machines whose state is not provided as output (input/output
machines). In the case of asynchronous input/state machines, the controller works as a
state-feedback controller. For asynchronous input/output machines, the controller
decomposes into two units: an observer and a state-feedback control unit. The observer
ix

estimates the state of the system and provides this information to the control unit, which
uses it to correct the behavior of the controlled machine. This decomposition of the
controller into an observer and a state feedback control unit generalizes the well-known
separation principle of linear control theory to the case of asynchronous machines.
The model matching problem is resolved for both deterministic machines and
machines affected by a critical race. For asynchronous machines affected by races, the
proposed solution of the model matching problem yields a machine whose input/output
behavior is deterministic and simulates the behavior of a prescribed desirable model. This
strategy overcomes the uncertainty induced by the race and corrects other undesirable
aspects of the machine's behavior.
The results presented in the dissertation include necessary and sufficient conditions
for the existence of controllers as well as algorithms for their construction (whenever the
controllers exist). The necessary and sufficient conditions are presented in terms of
certain matrix inequalities.
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CHAPTER 1
INTRODUCTION
Asynchronous sequential machines are digital logic circuits in which state changes
are not governed by a clock. In different scenarios, they are also referred to as discrete
event systems, self-timing logic systems, or asynchronous finite state machines (AFSMs).
The design of asynchronous machines has been an active area of research since at least
the mid 1950s (Huffman 1954a, 1957), because of the advantages of asynchronous
machines over their synchronous counterparts: they tend to be faster and smaller,
dissipate less power, lack clock skew problems, are more robust in respect to temperature
variations and electromagnetic interactions (Cole and Zajicek 1990, Fisher and Wu 1993,
Furber 1993, Hauck 1995, Lavagno et al. 1991, Moon et al. 1991, Nowick 1993, Nowick
and Coates 1994, Yu and Subrahmanyam 1992). Moreover, asynchrony is an inherent
ingredient in parallel computation systems (Bruschi et al. 1994, Nishimura 1990).
Asynchronous design techniques must be used in order to achieve maximum efficiency in
parallel computation (Cole and Zajicek 1990, Higham and Schenk 1992, Nishimura
1995).
The use of asynchronous machines requires one to address specific design issues,
related to potential inconsistencies in the timing of pulses that propagate through the
system. These potential timing difficulties are often referred to as "critical races" or
"hazards" (Kohavi 1970 and Unger 1995).
A critical race is a flaw in the operation of an asynchronous sequential machine; it
causes the machine to exhibit unpredictable behavior. Usually, we would consider critical
1
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races as being design defects, but they can also occur as a result of system malfunctions
or implementation flaws. When a critical race occurs, common practice is to replace the
machine with a new one, built from a race-free design.
This work proposes a different, and possibly more efficient, alternative: develop
feedback control strategies to overcome the effects of the race. A feedback controller C
is connected to the faulty machine Σ, with the objective of eliminating the indeterminacy
induced by the critical race. This approach is especially valuable in situations where
replacement or internal modification of the machine Σ are not possible or not
economically favorable. The closed-loop configuration is shown in Figure 1-1.
v
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Σ

Figure 1-1. Control configuration for asynchronous sequential machine Σ
The goal is to design a controller C so that the external behavior of the closedloop system Σc matches that of a prescribed model Σ′ (i.e., to find a controller C such
that Σc = Σ′). This is, of course, an instance of the Model-matching problem. In the case
where Σ exhibits unpredictable behavior due to a critical race, the controller transforms
the closed loop system into a deterministic system equivalent to the model Σ′. In this
sense, the controller corrects the faulty behavior of the machine caused by the critical
race.
In the case when Σ is an input/state machine ( i.e., when the output of Σ is the
state of Σ), the controller C becomes a state-feedback controller. For the more general
case of input/output machines (i.e., when the output of Σ is not necessarily the state), it
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has been shown that a separation principle is valid for the controller C: it decomposes
into an observer Γ and a state feedback control unit Φ, as shown in Figure 1-2. This
separation is analogous to the separation encountered in the linear pole assignment
problem (Kailath 1980, Chapter 4).
The observer Γ estimates the state of the machine Σ from the input/output data
of Σ. This estimate of the state is used by the control unit Φ to generate the input
sequence of Σ. The combination of Φ and Γ forms a controller, which we denote by C
= (Φ,Γ). Both Φ and Γ are asynchronous sequential machines. Our aim is to obtain
necessary and sufficient conditions for the existence of a controller C that solves the
model-matching problem, and to provide an algorithm for its design.
Controller C
v
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Figure 1-2. Control configuration for input/output asynchronous machine Σ
The controller C performs two important functions: It eliminates the uncertainty
caused by the race, and it assigns to the closed loop system the behavior of a specified
model Σ′. To explain how the controller corrects the effects of a critical race, we have to
mention the two kinds of states that an asynchronous machine can have: stable states –
states at which the machine lingers until an input change occurs; and unstable states –
states through which the machine passes rapidly, ideally in zero time. When moving from
one stable state to another, an asynchronous machine may pass in rapid succession
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through several unstable states. Only the outputs generated at the stable states are
noticeable to the user, since the machine lingers at them. The controller C then functions
by transforming all undesirable stable states of Σ into unstable states of the closed loop
system. In this way, the unwanted outputs become unnoticeable, and the machine exhibits
the desirable external behavior.
The present discussion of the model-matching problem is a continuation of the
work of Hammer 1994,1995, 1996a and b; and Murphy 1996. There is a body of work
regarding model matching of finite state machines (i.e., synchronous sequential machines)
(Dibenedetto et al. 1994, 1995a, 1995b, and Dibenedetto et al. 2001; Barrett and
Lafortune 1998). The latter papers, being related to the operation of synchronous
machines, do not take into consideration specialized issues involved with the function of
asynchronous machines, like the notions of stable states, unstable states, and fundamental
mode operation (Chapter 2). It seems that this work is the first to explore the modelmatching problem for asynchronous sequential machines and to develop control theoretic
methods for the elimination of the undesirable effects of critical races.
Besides the elimination of the effects of critical races, at least two additional
situations are of interest in model matching for asynchronous sequential machines
(Dibenedetto et al. 2001). First, large digital systems are often designed as many
subsystems. Later in the design phase, if an error is detected in the behavior of an
asynchronous sequential machine, the cost of redoing the entire design is generally
prohibitive. A possible solution is an engineering change where design error is remedied
by using model matching (Fujita 1993).
Second, the controller which will be designed can be deployed before any flaw
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develops in the system, to guard against a potential malfunction; it only takes effect when
the system starts to produce undesired outcomes. Other than that, the controller is simply
transparent. The resulting closed loop system will function properly both before and after
a malfunction occurs, contributing to a substantial improvement in reliability. This
approach provides a new design option for asynchronous machines in applications where
high reliability is a critical requirement.
Existing technical literature on the subject of critical races deals mostly with the
development of techniques for the design of race free machines. Race free designs can be
achieved through appropriate state assignments. The classical techniques for race free
state assignments (Huffman 1954a and 1954b) are reviewed in most textbooks on digital
circuit design (Kohavi 1970). More recent studies on the subject were done by Chu 1994,
Datta et al. 1988, Fisher and Wu 1993, Lavagno et al. 1994, Lin and Devadas 1995, Maki
and Tracey 1971, Nowick and Coates 1994, and Nowick and Dill 1991. Methods for
evading the race problem by using locally generated clock pulses were introduced by
Moore el at. 2000, Nowick and Dill 1991, and Unger 1977. Another approach for optimal
state assignment is provided by Fuhrer et al. 1995, who studied the optimal state
assignment for avoiding critical races in terms of an input encoding problem. As
mentioned earlier, all of these methods refer to the initial design of race-free
asynchronous machines, and are applicable only before the machine is constructed; none
of them helps overcome the effects of a critical race in an existing asynchronous machine.
In most applications of asynchronous machines, it is assumed that the environment
operates in fundamental mode (Unger 1969), that is, that the environment generates a
single input change, and waits for the machine to stabilize before it generates the next
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input change. Some recent work in asynchronous sequential circuits allows simultaneous
change in several input variables. Such mode of operation is referred to as burst-mode
(Davis et al. 1993a, Nowick 1993, Oliveira et al. 2000, and Yun 1994). Special
restrictions have to be imposed in this approach to guaranty deterministic behavior of the
machines.
Other applications of control theory to the design of automata and asynchronous
machines can be found in the literature on discrete event systems. One example is
supervisory control (Ramadge and Wonham 1987, 1989) that is based on formal
language theory. In this work, it is assumed that certain events in the system can be
enabled or disabled. The control of the system is achieved by choice of control inputs that
enable or disable these events. There is an extensive literature on discrete event systems;
this topic was discussed by Alpan and Jafari 2002, Hubbard and Caines 2002,
Koutsoukos el at. 2000, Lin 1993, Ozveren et al. 1991, Park and Lim 2002. The
separation principle, which is shown applicable to the model-matching problem for
asynchronous machines, is also discussed in the centralized supervisory control problem
for discrete-event systems (Barrett and Lafortune 2000), where the estimated information
sets could be independent of the supervisor’s control policy. Issues related to observers
and observability in discrete-event systems are investigated by Bose et al. 1994, Caines
and Wang 1989, Caines et al. 1988, Ozveren and Willsky 1990. The present work uses
the finite state machine model since it can be advantageous versus the use of language
theory to investigate discrete-event control problems, and a detailed discussion is
provided by Dibenedetto et al. 2001.
Asynchronous machines are heavily used in industry, as they yield fast and
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economical digital systems. Here are some examples of asynchronous machines in
industrial use: an adaptive routing chip (Davis et al. 1993b), a cache controller (Nowick
et al. 1993), and an infrared communications chip (Marshall et al. 1994).
The dissertation is organized as follows. Terminology and background are
presented in Chapter 2. Chapter 3 deals with the model-matching problem for
asynchronous input/state machines; the chapter presents necessary and sufficient
conditions for the existence of a solution to the model-matching problem, as well as
algorithms for the implementation of appropriate controllers. The discussion of
input/output machines starts in Chapter 4, where the model-matching problem for
deterministic input/output machines is solved. Chapter 5 addresses the model-matching
problem for input/output machines with critical races. Both Chapters 4 and 5 include
necessary and sufficient conditions for the existence of controllers, as well as algorithms
for the design of such controllers. Finally, conclusions and possible directions of future
research are presented in Chapter 6.

CHAPTER 2
TERMINOLOGY AND BACKGROUND
2.1 Asynchronous Machines and Fundamental Mode
An asynchronous sequential machine Σ is a quintuple (A,Y,X,x0,f,h), where A,
Y and X are nonempty finite sets; A is the input set, Y is the output set, and X is the
state set. The initial state of the machine is x0 ∈ X, and f : A×X → X and h : A×X → Y
are partial functions, namely, functions defined only on part of their domain. We name f
the state transition function (or recursion function) and h the output function. When the
output function h does not depend on the input character (i.e., when h : X → Y), the
machine Σ is called a Moore machine (Moore 1956). It can be shown in general (Kohavi
1970 and Mealy 1955) that every asynchronous machine can be represented as a Moore
machine. In view of this fact, the present work deals with only Moore machines (without
loss of generality), namely, with asynchronous machines that can be represented in
Equation 2-1,
xk+1 = f(xk,uk) 
yk = h(xk)  k = 0  1  2  . ..

(2-1)

Here, u0, u1, u2, ... is the input sequence of the machine; y0, y1, y2, ... is the output
sequence of the machine; and x0, x1, x2, ... is the state sequence of the machine; the state
x0 is the prescribed initial condition. The integer k represents the "step counter" of the
sequential machine Σ. The step counter k advances by at every state transition and at
every change in the input value. The system Σ is an input/state machine when the output
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is the state. That is, when
xk+1 = f(xk,uk) 
yk = xk  k = 0  1  2  ...

(2-2)

A pair (x,u) is a stable combination if x = f(x,u). For a pair (x,u) which is not a
stable combination, the system engages in a chain of transitions
x1 = f(x,u), x2 = f(x1,u), ...

(2-3)

If there is an integer i ≥ 0 such that (xi, u) is a stable combination, then xi is called the
next stable state of x. If there is no integer i for which (xi, u) is a stable combination,
then the system contains an infinite cycle. The present discussion assumes that none of
the machines under considerations have infinite cycles. Ideally, for an asynchronous
machine with no infinite cycles, it takes zero time to reach the next stable combination,
irrespective of the number of intermediate transitions involved. From a user’s point of
view, only stable combinations and their corresponding output values are noticeable,
since the machine may linger only at stable combinations.
Using the concept of next stable state, we can induce a new transition function s
of Σ defined as follows. Let x′ be the next stable state for the pair (x, u); then, set
s(x,u) := x′. In other words, s generates the next stable state of any pair (x, u). We refer
to s as the stable transition function of the system Σ. The operation of Σ is best
described by the stable state transition function s, since, as mentioned earlier, only stable
combinations are meaningful to the user. Nonetheless, unstable states are important to the
present discussion, since the controllers developed in the present work function by
transforming certain undesirable stable states of Σ into unstable states of the closed loop
system. We refer to the quintuple (A,Y,X,x0,s,h) as the stable-state machine induced by
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Σ.
An important restriction on an asynchronous sequential machine is that only a
single variable of the machine is allowed to change its value at a time. A machine that
satisfies this requirement is said to operate in fundamental mode. In fundamental mode
operation, an input variable of the machine can change its value only after the machine
has reached a stable combination. This guarantees that the state value is fixed when the
input value changes. Of course, if the machine has more than one input variable, then
only one input variable may change its value at any instant of time. In the ensuing
discussion, all asynchronous machines, as well as all combinations of asynchronous
machines, operate in fundamental mode.
When the state-input pair (x,u) is not a stable combination, the machine Σ will
continue from this pair through a chain of state transitions, reaching the next stable state
s(x,u) in the end. In fundamental mode operation, the input value u must be kept fixed
while this chain of transitions is in progress. Note that an infinite cycle cannot be
terminated in fundamental mode operation, since one cannot change the input value while
the cycle is in progress. As the present work is restricted to fundamental mode operation,
we have to exclude from consideration machines with infinite cycles. Thus, for every
asynchronous machine Σ discussed here, a valid pair (x,u) of Σ always has a next
stable state.
Now, consider the situation where an input string t = u0u1…um-1 is applied to the
system Σ at the initial state x0. In accordance with fundamental mode operation, the first
input value u0 remains fixed until Σ reaches the next stable state x1 := s(x0,u0). After
that, the input value switches to u1 and stays constant until the next stable state x2 :=
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(s(s(x0,u0),u1) is reached. This process continues until the last stable state xm :=
s(...s(s(s(x0,u0),u1),u2)...,um-1) is reached. Let us use the shorthand notation
s(x0,t) := s(...s(s(s(x0,u0),u1),u2)...,um) = xm;

(2-4)

the multiple-step stable transitions can also be represented by (x0,t) → xm. It is said that
the state x′ is stably reachable from the state x if there is an input string t for which
s(x,t) = x′. The corresponding output string of the machine is defined as
h(x0)h(x1)…h(xm), that is, the output values contributed by the stable states. As before,
only output values associated with stable combinations are meaningful to users.
2.2 Machine Equivalence and Quotient Machines
This section introduces minimal machines and quotient machines which are
associated with the concept of machine equivalence. The following is some notation. For
the input set A, denote by A* the set of all finite strings of characters of A. Also, given
a function f with domain X and a subset X1 of X, denote by f[X1] the image of the
subset X1 through the function f (i.e., f[X1] = ∪x ∈ X f(x)). We need the following
1

definition.
Definition 2.1 Let Σ= (A,Y,X,x0,s,h) and Σ′ = (A,Y,X′,σ0,s′,h′) be two stablestate machines having the same input and output sets. Let x ∈ X and σ ∈ X′ be two
states in the corresponding state spaces. The states x and σ are stably equivalent if the
following is true: When Σ starts from the state x and Σ′ starts from the state σ, then (i)
Σ and Σ′ have the same permissible input strings, and (ii) Σ and Σ′ generate the same
output string for every permissible input string.
We shall indicate stable equivalence of the states x and σ by writing x ≡ σ.
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Definition 2.2 Two machines Σ and Σ′ with initial states x0 and σ0, respectively,
are stably equivalent if x0 ≡ σ0.
To indicate that two machines Σ and Σ′ are stably equivalent, we write Σ = Σ′. If
Σ = Σ′, then it must hold that h(x0) = h′(σ0). In practical terms, stably equivalent
machines cannot be distinguished from each other through their input/output behavior.
The present dissertation only talks about the stable equivalency of asynchronous
machines.
Definition 2.3 A machine Σ is reduced if it has no two states that are stably
equivalent.
Recall that the state x is stably reachable from the state σ if there is an input
string that takes the machine from the state x to the stable state σ. Note that it is
possible for a machine to have states that are not stably reachable from any other states.
In this regard, let us introduce the following definitions (Holcombe 1982 and Shields
1987).
Definition 2.4 A stable-state machine is stably reachable if every state of the
machine is stably reachable from its initial state; it is called strongly stably reachable if
every two states of the machine are stably reachable from each other.
Definition 2.5 An asynchronous sequential machine is stably minimal if it is
stably reduced and stably reachable.
It can be seen that by removing the states which are not stably reachable from the
initial state, the remaining part of the machine is stably reachable and possesses the same
input/output behavior as the original machine. Therefore, the later discussion simply
focuses on stably reachable machines without losing generality.
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Given a set X, a partition π of X is a set whose members are disjoint subsets of
X and whose union is X. The members of a partition π are called blocks of π. The
following definitions adapt certain classical concepts of automata theory to the present
context (compare to Eilenberg 1974 and Nelson 1968).
Definition 2.6 Let Σ = (A,Y,X,x0,s,h) be a stable-state machine, and let π be a
partition of the set of all stably reachable states in X. Then, the partition π is transition
consistent if, for every block P ∈ π and every input character u ∈ A, there exists a
block Q ∈ π such that s[P,u] ⊆ Q.
Definition 2.7 Let Σ = (A,Y,X,x0,s,h) be a stable-state machine, and let π be a
partition of the set of all reachable states in X. Then, the partition π is output consistent
if for every block Q ∈ π, and any element q1,q2 ∈ Q, it holds that h(q1) = h(q2).
A partition that is both transition consistent and output consistent is called a stably
equivalence partition.
Definition 2.8 Given an asynchronous stable-state machine Σ = (A,Y,X,x0,s,h), let
π be a partition of the set of all stably reachable states of X, and assume that π is a
stably equivalence partition. Then, the stably quotient machine Σ/π is the machine
(A,Y,π,τ0,sπ,hπ) that satisfies the following conditions: For any blocks τi, τj of π and
any input character u ∈ A, it holds that
(i) The stable transition function sπ is defined by sπ(τi,u) := τj if s[τi,u] ⊆ τj, for all τi,
τj ∈ π.
(ii) hπ(τi) := h[τi] for all τi ∈ π.
(iii) τ0 is the block of π containing x0.
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Given a machine Σ and one of its stably equivalence partitions, say π, we can
construct the stably quotient machine Σ/π by substituting each state with a
corresponding block of the partition π, and it holds that Σ = Σ/π. The following is a
modified statement of a well-known result in automata theory.
Proposition 2.9 Let Σ = (A,Y,X,x0,s,h) be a stable-state machine, and let π be
an stable equivalence partition of X. Then, Σ = Σ/π.
The following definition and proposition follow along well-established lines of
automata theory (Eilenberg 1974).
Definition 2.10 Given two machines Σ1 = (A1,Y1,X1,x10,f1,h1) and Σ2 = (A2,Y2,X2,
x20,f2,h2), with the stable recursion functions s1 and s2, respectively. We say that Σ1 and
Σ2 are stably isomorphic if there exist bijective functions, α, β, and χ, where α : X1 →
X2, β : A1 → A2, and χ : Y1 → Y2, such that, for all x ∈ X1, u ∈ A1,
(i) α(s1(x,u)) = s2(α(x),β(u)),
(ii) h1(x,u) = χ[h2(α(x),β(u))],
(iii) x20 = α(x10).
Proposition 2.11 Let Σ1 and Σ2 be stably equivalent machines. If Σ2 is stably
minimal, then there exists a stable equivalence partition π for Σ1 such that the stably
quotient machine Σ1/π is stably isomorphic to Σ2.
2.3 Races and Race Machine Families
A race is a situation in an asynchronous sequential machine when two or more
variables try to change their values simultaneously (Kohavi 1970 and Unger 1995). As
simultaneous change of independent variables is unlikely, a sequential change of the
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variables occurs instead. The order in which the values of the variables change is,
however, unpredictable, since it depends on irregular delays and on other random
conditions within the hardware.
A critical race is a race in which the response of the machine depends on the order
in which the race variables change their values. Since this order is unpredictable, a
critical race causes the response of the machine to be unpredictable at the race. In this
way, a critical race manifests itself through a state-input pair whose next stable state is
unpredictable. A state-input pair (r,v) for which the next stable state of the machine is
unpredictable is called a critical race pair, or, briefly, a critical race.
Asynchronous sequential machines are always designed with the objective of
incurring no critical races. Nevertheless, a critical race may appear in a machine anyway,
as a result of a component malfunction, an implementation fault, or a design error.
Consider an asynchronous machine Σ having a single critical race pair (r,v).
When Σ is at the state r and receives the input value v, the next stable state of the
machine can be one of several options, say r1, ..., rγ. The states r1, ..., rγ are called the
outcomes of the race. To represent the race, we build a family M = {Σ1, ..., Σγ} of γ
sequential machines as follows. All machines of M have the same input set, the same
output set, the same state set, and the same output function as the race afflicted machine
Σ. For each i = 1, ..., γ, the recursion function fi of Σi is the same as the recursion
function f of Σ at all points except at the critical race pair (r,v), at which fi(r,v) := ρi, i
= 1, ..., γ.
As mentioned earlier, a race (as the term indicates) is created by a "simultaneous"
change of the values of two or more variables of the machine. Since our machine has a
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single input variable, it is not possible for the race state r to remain unchanged during
the race. This implies that ρi ≠ r for all i = 1, ..., γ, and the recursion function fi of Σi
satisfies
f(x,u) for all (x,u) ≠ (r,v);
fi(x,u) = 
 ρi for (x,u) = (r,v) where ρi ≠ r 

(2-5)

i = 1, ..., γ. Let us denote by ri the next stable state reached with the input value v from
the state ρi, i = 1, ..., γ. Note that, here too, it is necessary to have ri ≠ r for all i = 1, ...,
γ to prevent an infinite cycle. To summarize, each member of a critical race family M is
a machine with no critical races; it represents the behavior of the machine Σ for one
possible outcome of the race. Let us call the family M a critical race family.
Of course, a sequential machine may have more than one critical race, and a family
of sequential machines can be built to represent such multiple critical races. The
presentation in this dissertation, however, concentrates on the study of critical race
families that model the effects of a single critical race. Machines with multiple critical
races can be handled by similar methods.
Next is a basic technical property of critical race families which is important to the
present discussion. First, some notation. Consider an asynchronous machine Σ operated
in fundamental mode. Let f be the recursion function of Σ. Assume Σ starts from a
state x0, and is driven by an input string w = u0u1 ... um–1 that takes the machine to its
next stable combination. On its way, the machine will pass through a string of states
x0, ..., xm, where
xi+1 = f(xi,ui), i = 0, ..., m–1,

(2-6)
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ending with the combination (xm,um–1). Fundamental mode operation implies that
ui = ui+1 whenever (xi,ui) is not a stable combination, i = 0, ..., m – 2.

(2-7)

Definition 2.12 Let w = u0u1 ... um–1 be an input string of the asynchronous
machine Σ. In the notation of Eq. 2-6 and Eq. 2-7, the transient path P(Σ,x0,w) is the list
of pairs
P(Σ,x0,w) := {(x0,u0), (x1,u1), ..., (xm–1,um–1), (xm,um–1)}.

(2-8)

Note that a transient path is always generated by the recursion function of the
machine, not by its stable recursion function. In these terms, a critical race family has the
following property, which follows directly from Eq. 2-5.
Proposition 2.13 Let M = {Σ1, ..., Σγ} be a critical race family induced by the
asynchronous machine Σ with the single critical race pair (r,v). Let x be a state of Σ
and let w be an input string. If there is an integer i ∈ {1, ..., γ} for which (r,v) ∉
P(Σi,x,w), then all transient paths are equal: P(Σj,x,w) = P(Σi,x,w) for all j = 1, ..., γ.
Condition in Eq. 2-7 requires each input value to be “repeated” until the next stable
combination is reached. In reality, the input value is not repeated; it is just held constant
until the next stable combination. As all our machines are operated in fundamental mode,
Eq. 2-7 is valid for all input strings mentioned in the present discussion.
To simplify the notation for input strings, it will be convenient to adopt the
convention that only one representative is listed for each sub-string of consecutive
“repeating” input values. For example, an input string w = u0u0u1u2u2u2 will be listed
simply as w = u0u1u2. Under this convention, it is understood that each input value is
“repeated” consecutively as many times as necessary to satisfy Eq. 2-7. Note that this
shortened notation signifies, in fact, the corresponding input string for the stable
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recursion function. Thus, under this convention, the input string of the recursion function
and the corresponding input string of the stable recursion function are denoted by the
same symbols.
2.4 Stable Transition Matrices and Skeleton Matrices
As usual, reachability characterizes the states a sequential machine can reach from
a given initial condition in response to various input strings. In the following we
introduce two types of matrices to characterize the reachability of asynchronous
machines, namely, transition matrices and skeleton matrices. A complete characterization
of these matrices for input/state asynchronous machines can be found in Murphy et al.
2002, 2003.
The following discussion won’t specify the initial states of machines when the
initial states are not relevant to the issue under investigation.
Let Σ = (A,X,X,s,h) be an input/state stable-state machine with state set X =
{x1, …, xn}. For an integer m ≥ 1, The matrix R(m)(Σ) of m-step stable transition matrix
i
is an n×n matrix whose (i,j) entry R(m)
ij (Σ) is the set of all input strings that take x to

xj in at most m stable transitions; the entry is written as N otherwise. It can be shown
that the matrix R(m)(Σ) can be easily calculated from the matrix R(1)(Σ) (Murphy et al.
2003). Let n be the number of states of the machine Σ. Then, it can be shown that, if an
entry of R(n-1)(Σ) is N, then the corresponding entry of R(m)(Σ) is also N for all m ≥ 1
(Murphy, Geng, and Hammer 2003).
Proposition 2.14 Let Σ be an asynchronous machine having n ≥ 1 states, and let
i, j ∈ {1, 2, ..., n} be a pair of integers. Then, for all m ≥ 1, the entry R(m)
ij (Σ) = N if and
only if the entry R(n–1)
(Σ) = N.
ij
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In view of Proposition 2.14, the matrix R(n–1)(Σ) completely characterizes all pairs
of states (xi, xj) of the machine Σ for which xj is stably reachable from xi. This leads
us to the next.
Definition 2.15 Let Σ be an asynchronous machine with n states. Then, R(n–1)(Σ)
is called the matrix of stable transitions of Σ.
Note that the entries of R(n–1)(Σ) consist of input strings (if any) that take Σ from
one state to another through a succession of stable transitions. These input strings are
important for the construction of corrective controllers later in this dissertation. However,
the existence of such controllers can be verified from the simpler matrix introduced next.
Let Σ be the input/state machine with the one-step stable transition matrix R(1)(Σ).
The one-step skeleton matrix S(1)(Σ) of Σ is an n×n matrix whose (i,j) entry S(1)
ij (Σ)
is given by
0 if R(1)
ij (Σ) = N;
S (Σ) := 
(1)
1 if Rij (Σ) ≠ N 
(1)
ij

(2-9)

for all i, j ∈ {1, ..., n}. As we can see, the matrix S(1)(Σ) is a matrix of zeros and ones.
The (i,j) entry of the S(1)(Σ) indicates whether or not there exists a one-step stable
transition that takes Σ from the state xi to the state xj. Similarly, we can get the mstep skeleton matrix S(m)(Σ) of Σ from R(m)(Σ), whose (i,j) entry is one if and only if it
is possible to reach the state xj from the state xi through m stable transitions or fewer.
The following is a special operation for skeleton matrices, which will lead us to the
relationship between the skeleton matrices defined above.
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Definition 2.16 Let A, B be two n×n matrices of zeros and ones. The
combination AB of A and B is again an n×n matrix of zeros and ones, whose (i,j)
entry is
(AB)ij := max {AikBkj : k = 1, ..., n}

(2-10)

for all i, j = 1, ..., n.
Note that the operation of matrix combination bears a formal similarity to matrix
multiplication, with the operation of taking the maximum replacing the addition of
standard matrix multiplication. Using combination, it can be shown (Murphy, Geng, and
Hammer 2002, 2003) that the relationship between the m-step skeleton matrix and the
one-step skeleton matrix in given by
S(m)(Σ) = S(m–1)(Σ)S(1)(Σ), m = 2, 3, ...

(2-11)

It can also be shown that a state xj is stably reachable from a state xi if and only if
S(n-1)
ij (Σ) = 1 (Murphy, Geng, and Hammer 2002, 2003). The same reference also contains
a proof of the fact that S(p)(Σ) = S(n–1)(Σ) for all p ≥ n–1. These observations indicate
that the matrix S(n–1)(Σ) contains substantial structural information about the system Σ.
This matrix is critical to the ensuing discussion, and so it is defined formally next.
Definition 2.17 Let Σ be an input/state asynchronous machine with the one-step
skeleton matrix S(1)(Σ). The matrix S(n–1)(Σ) is the skeleton matrix of Σ, and it is denoted
by K(Σ):
K(Σ) := S(n–1)(Σ).

(2-12)

Note that K(Σ) has at least n non-zero entries, since, according to the previous
assumptions, every state must have at least one stable combination.
Sometimes there is a need to compare two n×n skeleton matrices K, K′. We shall
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write K ≥ K′ whenever Kij ≥ K′ij for all i, j = 1,…,n, that is, element by element
comparison. The (i,j) entry Kij(Σ) of the matrix K(Σ) is sometimes written as
K(Σ,xi,xj). The following is then true.
Proposition 2.18 Let A, B, C and D be n×n skeleton matrices. If A ≥ B and
C ≥ D, then, under matrix combination, AC ≥ BD.
Proof. Denote by (AC)ij and (BD)ij the (i,j) entries of the matrices AC and BD,
respectively. Using Eq. 2-10 and the relations A ≥ B and C ≥ D, we obtain
(AC)ij := max {AikCkj : k = 1, ..., n} ≥ max {BikDkj : k = 1, ..., n} = (BD)ij (2-13)
for all i, j = 1, ..., n. Therefore, AC ≥ BD. ♦
For race families of input/state asynchronous machines, we have the following
definition of skeleton matrices.
Definition 2.19 Let M = {Σ1, ..., Σγ} be a critical race family of asynchronous
machines with the state space X = {x1, ..., xn}. Let K(Σk) be the skeleton matrix of the
machine Σk, k = 1, ..., γ. The skeleton matrix K(M) of the family M is an n×n matrix
whose (i,j) entry Kij(M) is given by
Kij(M) := min {Kij(Σk) : k = 1, ..., γ}, i, j = 1, ..., n.

(2-14)

It follows that the skeleton matrix K(M) of a critical race family M is a matrix of
zeros and ones. The (i,j) entry of K(M) is 1 if and only if the state xj is stably
reachable from the state xi for each one of the members of M.

CHAPTER 3
MODEL MATCHING FOR INPUT/STATE ASYNCHRONOUS MACHINES
This chapter presents solutions to the model matching problem for input/state
asynchronous machines with critical races, which are represented as critical race families.
We start with the description of the model matching problem and the control system in
Figure 1-1. Then, we study the basic characteristics and functions of the controllers for
deterministic machines. In the end, we present solutions to the model matching problem
for both deterministic machines and critical race families. In both cases, the results
include necessary and sufficient conditions for the existence of solutions, and algorithms
to construct such solutions as well.
3.1 Control Configuration and Model Matching
Let Σ = (A,X,X,f,h) and Σ′ = (A,X,X,f′,h′) be two input/state asynchronous
machines, where Σ denotes the machine in the control configuration of Figure 1-1 and
Σ′ servers as a prescribed model. Note that initial conditions are not specified in these
two machines.
Consider the closed loop configuration of Figure 1-1. The controller C is also an
asynchronous machine, and it has two input variables: the external reference input v, and
the feedback variable y. To simplify notation, it is convenient to assume that the set of
possible values of v is the input set A of Σ. Recalling that the output set of Σ is X
(the state set of Σ), we obtain that the input set of the controller C is the cross product
set A×X.
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Clearly, the output values of C must be contained in A, since the output of C
serves as the input of Σ. Let Ξ be the state set of C, let φ being its recursion function,
and let η being its output function. Then, C is represented by the quintuple
(A×X,A,Ξ,φ,η).
The closed loop system Σc of Figure 1-1, being the combination of the machines
Σ and C, has a state set given by the cross product X×Ξ. A direct observation of Figure
1-1 indicates that the output set X of the input/state system Σ is also the output set of
Σc since the output of Σc is the output of Σ. Consequently, the output function of Σc is
a partial function hc : (X×Ξ)×A → X, satisfying hc((x,ξ),v) = x for all states ξ ∈ Ξ and
all valid pairs (x,v) ∈ X×A of Σ. Letting sc denote the stable transition function of Σc,
we conclude that Σc can be represented by the quintuple (A,X,X×Ξ,sc,hc).
Several preliminary issues arise when the control loop is closed around the system
Σ of Eq. 2-2. The first issue is the need to guarantee that the closed loop system of Figure
1-1 is well posed, namely, that all signals within the loop are uniquely and causally
determined by the external reference signal v. This condition is satisfied in the present
setup, since the input/state machine Σ of Eq. 2-2 is a strictly causal system (Hammer
1996a).
Another important issue is the requirement that no new critical races arise from the
closure of the control loop in Figure 1-1. To satisfy this requirement, we shall guarantee
that the controller C, as well as the entire composite system Σc, operate in fundamental
mode. To attain fundamental mode operation, the controller C is designed to satisfy the
following conditions.
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•

Starting from a stable combination, and in response to a change in the external
input variable v, the output value of the controller does not change until the
controller reaches its next stable state.

•

In response to changes in the output value y of Σ, the controller C does not
commence any state transitions until Σ reaches its next stable state.
When these conditions are met, the systems Σ and C do not simultaneously

engage in state transitions. Furthermore, while one of the systems Σ or C is in the
process of state transitions, its input values remain fixed. And, finally, for C, not more
than one input variable can change at a time.
Of course, Σc must be operated so that the time span between consecutive changes
of the external variable v is long enough, to allow the closed loop system to reach its
next stable state before an input change occurs. This is a standard restriction on the
operation of asynchronous sequential machines.
Consider the case where Σ is an input/state machine possessing a critical race,
then, represent the machine as M = {Σ1, ..., Σγ}, a critical race family of input/state
asynchronous machines. For a member Σi of M, let Σci be the stable-state machine of
the closed loop system obtained when Σ is replaced by Σi in Figure 1-1. In these terms,
the main topic of the present discussion can be phrased as follows.
Problem 3.1 Let M = {Σ1, ..., Σγ} be a critical race family of input/state
asynchronous machines, and let Σ′ be a race-free stable-state machine. Assume that Σ′
has the same input set and the same output set as the members of the family M. Find
necessary and sufficient conditions for the existence of a controller C such that Σci is
equivalent to Σ′ (i.e., Σic = Σ′) for all i = 1, ..., γ. When such a controller exists, provide
an algorithm for its design.
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When it exists, the controller C of Problem 3.1 eliminates the effects of the race. It
assigns to the closed loop system the desirable behavior of the stable-state machine Σ′,
irrespective of the outcome of the race.
A demonstration of the model matching problem and its solution is provided in the
example of Section 3.4 below. There, the family M consists of two members whose
recursion functions are given (in table form) by Table 3-1 and Table 3-2. The objective is
to design a controller C for which the closed loop system always behaves according to a
prescribed model, irrespective of the race outcome. Clearly, such a controller removes the
indeterminacy about the system′s response, and assigns to the closed loop system a
preferred behavior. The method used in the example to calculate the controller′s recursion
function is developed in Sections 3.2 and 3.3.
The model matching problem considered here bears similarity to the model
matching problems investigated for synchronous sequential machines in Hammer
1994,1995,1996a, and 1996b. However, the case of asynchronous machines considered
here has much more flexibility, since one only needs to match a specified stable state
behavior (rather than a full behavior). Consequently, the methods used here are different,
as are the derived results. The presentation is for the case of a machine afflicted by a
single critical race, but the results can be generalized to machines with multiple races.
3.2 Basic Considerations on Feedback Controllers
The present section examines some of the basic characteristics of controllers for
input/state asynchronous machines. Specifically, it concentrates on the characteristics of
controllers that modify the stable transition function of an asynchronous machine.
Understanding these characteristics will help in the next section, where we derive
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necessary and sufficient conditions for the existence of controllers that overcome the
effects of a critical race.
Consider the configuration of Figure 1-1 with the input/state machine Σ =
(A,X,X,f,h) and the controller C = (A×X,A,Ξ,φ,η). The stable-state machine Σc that
results from the combination of Σ and C is then described by a quintuple of the form
(A,X,X×Ξ,sc,hc). As Σ is an input/state machine, we have h(x,u) = x. Letting πx : X×Ξ
→ X : (x,ξ) α x be the standard projection, and noting that in Figure 1-1 the output of Σc
is the output of Σ, we obtain
hc = πx.

(3-1)

Now, let Σ′ = (A,X,X,s′,h) be a stable-state input/state machine, having the same
input set and the same state set as the machine Σ. Consider the existence of a controller
C for which
Σc = Σ′;

(3-2)

Eq. 3-2 represents the Model Matching Problem 3.1 for the case of a race free machine.
Let sc : X×Ξ×A → X×Ξ : (x,ξ,v) α sc(x,ξ,v) be the recursion function of Σc. Recalling
that the output of Σc is the state of Σ, it follows by Definition 2.1 that Eq. 3-2 is
equivalent to the following. For every valid pair (x,v) of Σ′, there is a state ξ ∈ Ξ for
which ((x,ξ),v) is a valid pair of Σc, where, in view of Eq. 3-1,
πx sc(x,ξ,v) = s′(x,v).

(3-3)

The next statement forms the first step in the process of constructing controllers. It
shows how a controller can change the stable recursion function of an asynchronous
machine. Given two sets α, β, we denote by β \ α the difference set (i.e., the set of all
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elements of β that are not in α).
Theorem 3.2 Let Σ = (A,X,X,f,h) be an input/state machine with s being its
stable transition function. For an integer k ≥ 1, let x1×U1, x2×U2, ..., xk×Uk ⊂ X×A be
disjoint sets whose members are valid pairs of Σ. For each i ∈ {1, ..., k}, let x′i ∈ X be a
state stably reachable by Σ from the state xi. Then, there is a controller C for which Σc
is equivalent to a stable-state machine Σ′ = (A,X,X,s′,h), whose recursion function s′
satisfies
(i) s′[xi×Ui] = x′i for all i = 1,…,k, and
(ii) s′(z,t) = s(z,t) for all (z,t) ∈ X×A \ (∪i=1, ..., k xi×Ui).
Furthermore, the closed loop system Σc is well posed and operates in fundamental mode.
The controller C of Theorem 3.2 allows one to assign desirable values to the
stable recursion function of the closed loop system. An algorithm for the construction C
is provided in the proof below.
Proof (of Theorem 3.2). Recall that s is the stable recursion function of Σ. In
view of the fact that x′i is stably reachable from xi, there is an input string wi ∈ A+ for
which s(xi,wi) = x′,i i = 1, ..., k. Let m(i) := |wi| be the length of the string and let v0i, v1i,
…, vm(i)-1
be its characters, so that wi := v0iv1i…vm(i)-1
for all i = 1, ..., k. With this input
i
i
string, the stable recursion function s generates the following string of states
x1i := s(xi,v0i),
x2i := s(x1i,v1i), … ,
xm(i)-1
:= s(xm(i)-2
,vm(i)-2
)
i
i
i
m(i)-1
m(i)-1
x′i := s(xi , vi ), i = 1, …, k.

(3-4)

Let U(xi) ⊂ A be the set of all input characters that form stable combinations with
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the state xi, i = 1, ..., k. Define the sets
S := ∪i = 1  ...  k xi×U(xi),

(3-5)

V := ∪i = 1  ...  k xi×Ui.

(3-6)

A controller C = (A×X,A,Ξ,φ,η) that satisfies the requirements of Theorem 3.2
can then be constructed as follows.
(i) The state set Ξ of C has 2 + Σki=1 m(i) states denoted by
1
m(2)
1
m(k)
Ξ = { ξ0, ξ1, ξ11, ξ12, ..., ξm(1)
1 , ξ2, ..., ξ 2 , ..., ξk, ..., ξ k }.

(3-7)

(ii) The initial state of the controller C is ξ0. The controller moves to the state ξ1 upon
detection of a stable combination with one of the states x1, ... xk. To this end, the
recursion function φ of C is defined at the point ξ0 as follows.
φ(ξ0,(z,t)) := ξ0 for all (z,t) ∈ X×A \ S,

(3-8)

φ(ξ0,(x,u)) := ξ1 for all (x,u) ∈ S.

(3-9)

Due to fundamental mode operation, no changes in the output of C may occur before C
reaches the state ξ1. Consequently, the output function η of C is defined at ξ0 by
η(ξ0,(z,t)) := t for all (z,t) ∈ X×A,

(3-10)

that is, at ξ0 the controller applies to Σ the external input value. To define the output
function η at the state ξ1, choose a character ui ∈ U(xi), and set
η(ξ1,(xi,t)) := ui for all t ∈ A, i = 1, ..., k,

(3-11)

so that the input of Σ is set to be ui when the controller reaches the state ξ1. This
preserves fundamental mode operation, since the system Σ was in a stable combination
when the controller moved to the state ξ1.
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(iii) Assume that an input value u ∈ Ui appears at the input of the closed loop system
while Σ is in a stable combination with the state xi, where i ∈ {1, ..., k}. The controller
C starts then to generate the input string wi that drives Σ to the state x′i . To guarantee
fundamental mode operation, the string wi is generated by C one character at a time,
where a new character is generated only after Σ has reached a stable combination. The
1

first step in this process is the detection of the input u, signified by the state ξi of C as
follows.
φ(ξ1,(xi,u)) := ξ1i for all u ∈ Ui, i = 1, ..., k;
φ(ξ1,(xi,u)) := ξ1 for all u ∈ U(xi) \ Ui, i = 1, ..., k;
φ(ξ1,(z,t)) := ξ0 for all pairs (z,t) ∈ X×A \ (S ∪ V).

(3-12)

Upon reaching the state ξi1, the controller generates the first character of the input string
wi for Σ:
η(ξ1i,(z,t)) = v0i for all (z,t) ∈ X×A, i = 1, ..., k.

(3-13)

This input character causes Σ to move to the state x1i; recall that (xi1,v0i) is a stable
combination of Σ.
(iv) In a similar fashion, the following definitions of the recursion function φ and the
output function η prompt C to continue to generate the input string wi for Σ.
φ(ξij,(xij,u) := ξj+1
for all u ∈ Ui,
i
j
j
φ(ξi,(z,t)) := ξi for all (z,t) ∈ X×A \ xij×Ui,

(3-14)

for j = 1, ..., m(i)–1 and i = 1, ..., k. The state ξj+1
of the controller signifies that
i
Σ has reached the stable combination (xji,vj-1
i ). In compliance with fundamental mode
operation, the system is now ready for the next input character vji of the string wi.
Consequently, for j = 1, 2, ..., m(i)–1, set
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j
η(ξj+1
i ,(z,t)) := vi for all (z,t) ∈ X×A, i = 1, ..., k.

(3-15)

(v) Finally, for j = m(i), assign
φ(ξm(i)
:= ξm(i)
for u ∈ Ui,
i ,(x′,u))
i
i
m(i)
φ(ξi ,(z,t)) := ξ0 for all (z,t) ∈ X×A \ S, i = 1, ..., k.
φ(ξm(i)
i ,(z,t)) := ξ1 for (z,t) ∈ S.

(3-16)

The fact that the sets x1×U1, x2×U2, ..., xk×Uk are disjoint guaranties that there is no
inconsistency in the definition of the recursion function φ. A careful review of the above
construction shows that the stable recursion function sc of the closed loop system Σc
satisfies:
sc(xi,ξ0,u) = (s(xi,u),ξ1) for all u ∈ U(xi);
sc(z,ξ0,t) = (s(z,t),ξ0) for all (z,t) ∈ X×A \ S;
sc(xi,ξ1,ui) = (x′i ,ξm(i)
i ) for all ui ∈ Ui;
sc(xi,ξ1,u) = (xi,ξ1) for all u ∈ U(xi);
sc(xi,ξ1,t) = (xi,ξ0) for all t ∈ A \ (U(xi) ∪ Ui);
m(i)
m(i)
sc(x′,ξ
i i ,u) := (x′,ξ
i i ) for u ∈ Ui;
sc(z,ξ m(i)
i ,t) := (s(z,t),ξ0) for all (z,t) ∈ X×A \ x′×U
i
i;

(3-17)

for all i = 1, ..., k. This shows that Eq. 3-3 is valid.
Finally, as detailed during the construction, fundamental mode operation is obeyed.
Also, being an input/state system, Σ is strictly causal, and consequently the closed loop
system Σc is well posed (Hammer 1996a). This concludes the proof. ♦
The controller C of Theorem 3.2 is a state feedback controller that assigns
desirable behavior to the closed loop system Σc. It functions by generating an input string
that takes the machine Σ from the state xi to the state x′i through a string of stable
transitions of Σ. The intermediate steps of this transition become unstable states of the
closed loop system Σc, so that, for the closed loop, x′i becomes the next stable state of xi
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with any input character of the set Ui. The proof of the theorem contains an algorithm for
the construction of C. Once the controller C is constructed by this algorithm, standard
machine reduction techniques can be used to reduce its number of states.
Finally, an examination of the proof of Theorem 3.2 indicates that, for fundamental
mode operation of the closed loop system, it is necessary for the state x′i to be stably
reachable from the state xi for all i = 1, ..., k. This shows that the scope of Theorem 3.2
includes all cases in which an appropriate controller C exists.
3.3 Model Matching for Input/State Machines
This section presents a solution of the Model Matching Problem 3.1 for a critical
race family M of input/state asynchronous machines. It starts with the simpler case
where the family M consists of a single member. This case is also of interest on its own
merit.
3.3.1 Model Matching for a Single Machine
The following statement provides a necessary and sufficient condition for the
existence of a state feedback controller that assigns a prescribed stable recursion function
to a deterministic asynchronous machine Σ.
Theorem 3.3 Let Σ = (A,X,X,f,h) be an input/state machine, and let Σ′ =
(A,X,X,s′,h) be a stable-state input/state machine. The following two statements are
equivalent.
(i) There exists a controller C for which Σc = Σ′, where Σc is well posed stable-state
machine and operates in fundamental mode.
(ii) The skeleton matrices of the machines Σ and Σ′ satisfy K(Σ) ≥ K(Σ′).
Proof. Let s and s′ be the stable recursion functions of Σ and of Σ′, respectively,
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and following the previous notation, denote by Σc = (A,X,X×Ξ,sc,hc) the stable-state
composite machine. Then, sc is the stable recursion function of Σc. Define ψ := πxsc, and
let X = {x1, ..., xn} be the state set of Σ.
Assume first that condition (i) of the theorem is valid, namely, that there is a
controller C for which Σc = Σ′. Then, for every valid pair (x,u) ∈ X×A of Σ′, there is a
state ξ ∈ Ξ such that ψ(x,ξ,u) = s′(x,u). Now, x and ψ(x,ξ,u) are states of Σ, say x =
xi ∈ X and ψ(x,ξ,u) = s′(x,u) = xk ∈ X. This means that we can write xk = ψ(xi,ξ,u) =
s′(xi,u). Letting S(Σ′) be the one-step skeleton matrix of Σ′, the equality xk = s′(xi,u)
implies that Sik(Σ′) = 1.
Further, since the controller C accesses Σ only through the input of Σ, the
equality xk = ψ(xi,ξ,u) means that there is an input string w ∈ A+ such that xk = s(xi,w).
By the definition of the skeleton matrix K(Σ) of Σ, the last equality implies that Kik(Σ)
= 1. Thus, it concludes that Kik(Σ) = 1 if Sik(Σ′) = 1. In symbolic form, that means that
K(Σ) ≥ S(Σ′). Multiplying each side of this inequality by itself n–1 times, we obtain by
Proposition 2.18 that K(n–1)(Σ) ≥ S(n–1)(Σ′) = K(Σ′). Applying Proposition 2.17, we
conclude that K(Σ) ≥ K(Σ′). This shows that condition (i) implies condition (ii).
Conversely, assume that condition (ii) of the theorem is valid (i.e., K(Σ) ≥ K(Σ′)).
Now, by the definition of skeleton matrix, one always has K(Σ′) ≥ S(Σ′). Combining the
last two inequalities, it follows that K(Σ) ≥ S(Σ′). This implies that, for every valid pair
(x,u) of Σ′, the state s′(x,u) is stably reachable from x by Σ. Theorem 3.2 guaranties
then the existence of a controller C for which Σc = Σ′. Thus, condition (ii) implies
condition (i), and the proof concludes. ♦
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In view of the last paragraph of the above proof, the proof of Theorem 3.2 provides
an algorithm for the construction of a controller C that satisfies Theorem 3.3. We turn
now to the issue of controlling a critical race family of machines.
3.3.2 Controlling Races
The following statement provides necessary and sufficient conditions for the
existence of a solution to the Model Matching Problem 3.1. It is one of the main results
of the present chapter.
Theorem 3.4 Let M = {Σ1, ..., Σγ} be a critical race family of input/state
asynchronous machines with state set X and input set A, and let Σ′ be a stable-state
input/state machine having the same state set X and input set A. Let K(M) be the
skeleton matrix of the family M, and let K(Σ′) be the skeleton matrix of Σ′. Then, the
following two statements are equivalent.
(i) There is a controller C for which Σci = Σ′ for all i = 1, ..., γ, where the closed loop
systems Σ1c, Σc2, ..., Σγc are all well posed and all operate in fundamental mode.
(ii) The skeleton matrices satisfy K(M) ≥ K(Σ′).
In crude terms, the controller C functions by transforming into unstable
combinations the undesirable outcomes of the race, and driving all members of the
critical race family to the same stable combination after the race. In this way, the
controller equalizes the stable state response of the closed loop system for all members of
the family M.
More specifically, the controller C detects the stable combination (ri,v) reached
by the member Σi of the family M after the race. It then applies an input string that
drives Σi to a stable combination that is common to all members of M. This has the
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effect of making (ri,v) into an unstable combination of the closed loop system, and
equalizing the stable state response of the closed loop system for all members of M.
The proof of Theorem 3.4 (provided later in this section) includes an algorithm for
the construction of an appropriate controller C. This construction guaranties fundamental
mode operation of the closed loop system. An example of the construction of C can be
found in Section 3.4 below.
Recall from Section 2.4 that the skeleton matrix K(M) of a critical race family M
cannot be a zero matrix, since each state must be part of a stable combination.
Consequently, one can always build a stable-state machine Σ′ whose skeleton matrix is
equal to K(M). Taking this into account, Theorem 3.4 implies that every critical race can
be eliminated through state feedback control. The remaining part of this section deals
with technical issues related to the proof of Theorem 3.4.
In preparation for the proof of Theorem 3.4, several auxiliary results are needed.
First, using the notation of Theorem 3.4, the following argument is a consequence of the
definition of the skeleton matrix K(M). If K(M) ≥/ K(Σ′), then there is a machine Σi ∈ M
for which K(Σi) ≥/ K(Σ′). In view of Theorem 3.3, this implies that there is no controller
C for which Σic = Σ′. This proves the next statement.
Lemma 3.5 Let M = {Σ1, ..., Σγ} be a critical race family of input/state
asynchronous machines with state set X and input set A, and let Σ′ be a stable-state
input/state machine with the same state set X and input set A. Let K(M) be the
skeleton matrix of the family M, and let K(Σ′) be the skeleton matrix of Σ′. If K(M) ≥/
K(Σ′), then there is no controller C satisfying Σic = Σ′ for all i = 1, ..., γ.
Consider now the case where the skeleton matrix K(M) of the critical race family
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M = {Σ1, ..., Σγ} does satisfy the condition K(M) ≥ K(Σ′). Then, by Definition 2.19, we
have K(Σi) ≥ K(M) for all i = 1, ..., γ. Consequently, K(Σi) ≥ K(Σ′) for all i = 1, ..., γ.
Theorem 3.3 implies then that, for each i ∈ {1, ..., γ}, there is a controller C(i) such that
i
Σc(i)
= Σ′. The present objective in the remaining part of this section is to show that the

controllers C(1), ..., C(γ) can be chosen all equal to the same controller C. This will
then yield a single controller C that satisfies condition (i) of Theorem 3.4.
To this end, consider a member Σi of M. Let si be the stable recursion function
of Σi, and let s′ be the stable recursion function of Σ′. Build the set
D(Σi,Σ′) = {(x,u) ∈ X×A : (x,u) is a valid pair of Σ′ and si(x,u) ≠ s′(x,u)};
(3-18)
this is the set of all valid pairs of Σ′ for which the next stable state of Σ′ is different
from the next stable state of Σi. We shall refer to D(Σi,Σ′) as the discrepancy set of the
machine Σi.
The discrepancy set indicates the points where controller action is required in order
to match the desired stable state response. Note that the term "discrepancy" here refers to
single input characters. The condition K(Σi) ≥ K(Σ′) implies that, for each element (x,u)
∈ D(Σi,Σ′), there is an input string w ∈ A* satisfying si(x,w) = s′(x,u). Let Si(x,u) ⊂ A*
be the set of all such input strings w.
Next, consider a pair (x,u) ∈ D(Σi,Σ′) and an input string w ∈ Si(x,u). Let
P(Σi,x,w) be the corresponding path of the machine Σi, and recall that (r,v) is the
critical race pair of the family M. For each i ∈ {1, ..., γ}, build a subset DN(Σi,Σ′) ⊂
D(Σi,Σ′) by setting
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DN(Σi,Σ′) := {(x,u) ∈ D(Σi,Σ′) : (r,v) ∉ P(Σi,x,w) for at least one string w ∈ Si(x,u)}.
(3-19)
In other words, DN(Σi,Σ′) is the set of all pairs (x,u) where the stable state response of
Σi can match the response of Σ′ without passing through the critical race (r,v). By
Proposition 2.13, a path P(Σi,x,w) that does not contain (r,v) is common to all members
of M. In other words, if the stable state response of one member of M can match the
response of Σ′ without passing through the race, then so can the stable state responses of
all members of M. The argument of this paragraph yields the following.
Lemma 3.6 Let M = {Σ1, ..., Σγ} be a critical race family of input/state
asynchronous machines having the skeleton matrix K(M), the state set X, and the input
set A. Let Σ′ be a stable-state input/state machine with the skeleton matrix K(Σ′) and
the same state set X and input set A. Assume that K(M) ≥ K(Σ′), and let DN(Σi,Σ′) be
the set of Eq. 3-19. Then, DN(Σi,Σ′) = DN(Σj,Σ′) for all j = 1, ..., γ.
In view of Lemma 3.6, we use the notation
DN(M,Σ′) := DN(Σi,Σ′), i = 1, ..., γ.

(3-20)

Considering the paragraph following Eq. 3-19, we conclude that in the process of
matching the response of Σ′ for elements of DN(M,Σ′), the controller can apply the same
input string to all members of M. It is, therefore, relatively simple to control the family
M over the set DN(M,Σ′). Let us direct now our attention to the other members of the
discrepancy set, namely, to the members of the difference set
DR(Σi,Σ′) := D(Σi,Σ′) \ DN(M,Σ′).

(3-21)

The set DR(Σi,Σ′) consists of all valid pairs of Σ′ at which the response of Σ′ cannot be
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matched by Σi without passing through the critical race pair (r,v). As a result, there must
be an input string w that takes each pair of DR(Σi,Σ′) to (r,v). Consider the path of the
machine Σi induced by w up to (but not beyond) (r,v). It follows by Proposition 2.13
that this path is identical for all members of M. This leads to the following.
Lemma 3.7 Let M = {Σ1, ..., Σγ} be a family of input/state machines induced by
the critical race (r,v) of an asynchronous machine Σ with state set X and input set A.
Let Σ′ be a stable-state input/state machine with the same state set X and input set A.
Assume that K(M) ≥ K(Σ′). Then, in the notation of Eq. 3-21, the following are true.
(i) For every element (x,u) ∈ DR(Σi,Σ′), there is an input string w that takes Σi from
(x,u) to the race pair (r,v), encountering the race pair (r,v) only in the last step of w.
(ii) The input string w of (i) takes every member of M from (x,u) to the race pair (r,v).
In view of Lemma 3.7, the process of matching the performance of Σ′ for pairs of
the set DR(Σi,Σ′) can be split into two parts: the part before the race and the part after the
race. The part before the race can be the same for all members of M.
Specifically, for a pair (x,u) ∈ DR(Σi,Σ′), suppose s′(x,u) = x′. Then, the controller
C functions as follows. First, it generates an input string that takes the active machine Σ
from the pair (x,u) to the race pair (r,v). By part (ii) of Lemma 3.7, this input string can
be the same for all members of M, and therefore, during this part, the controller does not
need to identify which member of M is active, since the outcome of the race has not
occurred yet.
Next, the controller drives the machine from the outcome of the race to the state x′.
Here, the string that the controller needs to generate may vary from one member of M to
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another, as it may depend on the outcome of the race. The outcome of the race is the first
stable combination of this segment. Upon reaching this combination, the controller
identifies the outcome of the race and determines which member of M is active. Based
on this identification, the controller generates an input string that drives the active system
from the outcome of the race to the state x′. The existence of such a string is guaranteed
by condition (ii) of Theorem 3.4, as shown in the proof below. This action of the
controller has the effect of making the outcome of the race into an unstable combination
of the closed loop system (if the outcome is not at the state x′).
To summarize, for each member Σi ∈ M, we have induced a disjoint partition of
the discrepancy set D(Σi,Σ′)
D(Σi,Σ′) = DN(M,Σ′) ∪ DR(Σi,Σ′).

(3-22)

Based on this partition, the controller C operates in two modes. For pairs belonging to
DN(M,Σ′), it generates the same input string for all members of M. For pairs belonging to
DR(Σi,Σ′), it first generates a common input string that drives all members of M to the
race pair (r,v). Thereafter, based on the outcome of the race, it generates an input string
that drives the active member of M to the corresponding response of the machine Σ′.
This is the basic principle guiding the construction of the controller C in the proof of
Theorem 3.4 below.
Proof (of Theorem 3.4). In view of Lemma 3.5, condition (i) of Theorem 3.4
implies condition (ii). Thus, to complete the proof, it only remains to show that condition
(ii) implies condition (i). To this end, assume that condition (ii) of Theorem 3.4 is
satisfied. Let Σ be the asynchronous machine whose critical race (r,v) gives rise to the
critical race family M = {Σ1, ..., Σγ}. Let si be the stable recursion function of the
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member Σi of M, and let s′ be the stable recursion function of Σ′. Finally, let (ri,v) be
the stable combination following the critical race pair (r,v) for the machine Σi, and
recall from Section 2.3 (the paragraph following Eq. 2-5) that ri ≠ r, i = 1, ..., γ. The
below exhibits the construction of a controller C that satisfies condition (i) of Theorem
3.4.
For each member Σi ∈ M, build the set D(Σi,Σ′) of Eq. 3-18. Of course, if D(Σi,Σ′)
is empty for all i = 1, ..., γ, then each member of M matches the response of Σ′, and
there is no need for a controller. Assume then that D(Σi,Σ′) ≠ ∅ for at least one i ∈
{1, ..., γ}. We denote by πxD(Σi,Σ′) the projection of D(Σi,Σ′) onto the state set X; then,
πxD(Σi,Σ′) is the set of all states x for which there is an input value u such that (x,u) ∈
D(Σi,Σ′).
For a state x ∈ X, let Ui(x) be the set of all input characters that form stable
combinations with the state x of the machine Σi ∈ M. In view of Eq. 2-5, the only pair
at which the members of the critical race family M differ from each other is the race pair
(r,v). Furthermore, in view of Eq. 2-5 and the paragraph subsequent to Eq. 2-5, the pair
(r,v) cannot be a stable combination of a member of M. Consequently, the set Ui(x) is
the same for all members Σi ∈ M. Denoting this set by U(x), we have
Ui(x) = U(x), i = 1, ..., γ.

(3-23)

Vi := {x×U(x) : x ∈ πxD(Σi,Σ′)}

(3-24)

The set

describes then the set of all stable combinations with states in the set πxD(Σi,Σ′). The
union of all such stable combinations is denoted by
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V := ∪i = 1  ...  γ Vi.

(3-25)

For each i ∈ {1, ..., γ}, partition the set D(Σi,Σ′) into the disjoint union D(Σi,Σ′) =
DN(M,Σ′) ∪ DR(Σi,Σ′) of Eq. 3-22, where DN(M,Σ′) is defined in Eq. 3-20 and DR(Σi,Σ′)
is defined in Eq. 3-21. We also define the set
DR(M,Σ′) := ∪i=1,...,γ DR(Σi,Σ′).

(3-26)

D := ∪i=1, ..., γ D(Σi,Σ′),

(3-27)

Finally, let

and denote by D(x) the set of all input characters u ∈ A for which (x,u) ∈ D.
Consider first the case where DN(M,Σ′) ≠ ∅. As explained near Eq. 3-20, points of
DN(M,Σ′) can be handled without passing through the race (r,v). On paths not passing
through the race, all recursion functions of the members of M are equal. To indicate this
fact, we use the symbol s to denote the equal restrictions of the stable recursion
functions s1, ..., sγ to such paths. For each pair (x,u) ∈ DN(M,Σ′), let w(x,u) be a
shortest input string that satisfies the conditions s(x,w(x,u)) = s′(x,u) and (r,v) ∉
P(Σ,x,w(x,u)). The input string w(x,u) exists by the definition of the set DN(M,Σ′).
Letting m(x,u) := |w(x,u)|, and denoting by v0(x,u), v1(x,u), ..., vm(x,u)–1(x,u) the
characters of this string, we have
w(x,u) := v0(x,u) ... vm(x,u)–1(x,u).

(3-28)

The stable states through which w(x,u) takes the machine Σ are denoted by
x1(x,u) := s(x,v0(x,u)),
x (x,u) := s(x1(x,u),v1(x,u)),
…,
xm(x,u)–1(x,u) := s(xm(x,u)–2(x,u),vm(x,u)–2(x,u)), and
s′(x,u) := s(xm(x,u)–1(x,u),vm(x,u)–1(x,u)).
2

(3-29)
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Let n(N) := #DN(M,Σ′) and, assuming the set is nonempty, let (x1,u1), ..., (xn(N),un(N)) be
the elements of the set DN(M,Σ′). The following set of elements will be used later as
states of the controller C.
ΞN := {(ξ1(x1,u1), ..., ξm(x ,u )(x1,u1), ..., ξ1(xn(N),un(N)), ..., ξm(x
1 1

(xn(N),un(N))}. (3-30)

n(N),un(N))

In case DN(M,Σ′) = ∅, set ΞN := ∅.
Next, denote
n(R) := #DR(M,Σ′),

(3-31)

and, assuming the set is nonempty, let (x1,u1), ..., (xn(R),un(R)) be the elements of
DR(M,Σ′). For an integer i ∈ {1, ..., γ}, consider the case where DR(Σi,Σ′) ≠ ∅. By the
construction of the set DR(Σi,Σ′), there is, for each pair (x,u) ∈ DR(Σi,Σ′), an input string
w(x,u) such that si(x,w(x,u)) = s′(x,u); select a shortest such string w(x,u). By the
definition of DR(Σi,Σ′), the path P(Σi,x,w(x,u)) contains the race pair (r,v) of Σ.
Because cycles are not allowed, P(Σi,x,w(x,u)) contains (r,v) exactly once. Divide the
path P(Σi,x,w(x,u)) into two parts P1,i(x,u) and P2,i(x,u), as follows. The part P1,i(x,u)
contains the race pair (r,v) and ends with the stable combination (ri,v) immediately
following (r,v). The part P2,i(x,u) consists of the remaining segment of the path
P(Σi,x,w(x,u)), starting with the pair immediately following (ri,v).
Now, referring to the common part of the path considered in Lemma 3.7, let w0(x,u)
be a shortest common input string that takes the machine Σ from the state x to the race
pair (r,v), and set m(x,u) := |w0(x,u)|. Name the characters of this input string v0(x,u),
v1(x,u), ..., vm(x,u)–1(x,u). Note that vm(x,u)–1(x,u) = v, the race input character, since this part
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of the path ends at the race pair. Then,
w0(x,u) := v0(x,u) ... vm(x,u)–1(x,u).

(3-32)

Let P(Σi,x,w0(x,u)) be the path of the machine Σi starting at (x,u), driven by the input
string w0(x,u), and ending with the stable combination (ri,v) which follows the race for
Σi. Recalling Lemma 3.7, let us replace the path P1,i(x,u) by the path P(Σi,x,w0(x,u)) for
all i = 1, ..., γ. Then, the concatenated path P(Σi,x,w0(x,u))P2,i(x,u) still takes the
machine Σi from the combination (x,u) to the desired state s′(x,u).
Let wi(x,u) be the input string that generates the path P2,i(x,u). Let m(x,u,i) :=
|wi(x,u)|, and write this input string in terms of its individual characters as
wi(x,u) := v0(x,u,i) ... vm(x,u,i)–1(x,u,i).

(3-33)

By construction, the machine Σi is at the state ri when the input string wi(x,u) starts,
where ri is the stable outcome of the race. The state ri is reached at the end of the path
P(Σi,x,w0(x,u)). Using notation analogous to Eq. 3-29, we have then
ri = si(xm(x,u)–1(x,u),vm(x,u)–1(x,u)).

(3-34)

At this point, the input string wi(x,u) starts, driving the machine Σi through the
following states:
x1(x,u,i) := si(ri,v0(x,u,i)),
x2(x,u,i) := si(x1(x,u,i),v1(x,u,i)),
…,
s′(x,u) := si(xm(x,u,i)–1(x,u,i),vm(x,u,i)–1(x,u,i)),

(3-35)

for all (x,u) ∈ DR(Σi,Σ′) and all i = 1, ..., γ.
The following sets of elements will be used later as states of the controller C:
ΞR := {(ξ1(x1,u1), ..., ξm(x ,u )(x1,u1), ..., ξ1(xn(R),un(R)), ..., ξm(x
1 1

(xn(R),un(R))},

n(R),un(R))

(3-36)
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Ξi := {(ξ1,i(x1,u1), ..., ξm(x ,u ,i),i(x1,u1), ..., ξ1,i(xn(R),un(R)), ..., ξm(x
1 1

,i
n(R),un(R),i)

(xn(R),un(R))},
i = 1, ..., γ. (3-37)

The various elements are selected so that ΞN, ΞR, Ξ1, ..., Ξγ are disjoint sets.
If DR(Σi,Σ′) = ∅ for some i ∈ {1, ..., γ}, then set Ξi := ∅; if DR(M,Σ′) = ∅, then
set ΞR := ∅ and Ξi := ∅ for all i = 1, ..., γ. Finally, define the following set of two new
elements, also to be used later as states of the controller C
Ξ0 := {ξ0, ξ1}.

(3-38)

Now, we are ready to start the construction of the controller C. First, the state set
of C is given by
Ξ := Ξ0 ∪ ΞN ∪ ΞR ∪ Ξ1 ∪ ... ∪ Ξγ.

(3-39)

In the construction outlined below, the state subset Ξ0 is used by the controller to record
certain stable combinations of Σ, to ensure fundamental mode operation. The state
subsets ΞN and ΞR are used by the controller to generate input strings of Σ along path
segments that are common to all members of M. Finally, the state subset Ξi is used by
the controller to generate the input string of Σ after the machine has passed through the
race with the outcome ri. The recursion function φ and the output function η of the
controller C are constructed in the following steps. The construction is described for the
case where the sets ΞN, ΞR, Ξ1, ..., Ξγ are all nonempty; appropriate adjustments can be
made for cases where one or more of these sets is empty.
(i) The initial state of the controller C is ξ0. Without a change in its output, C moves to
the state ξ1 upon detection of a stable combination in the set V of Eq. 3-25. This
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assures that Σ is in a stable combination before its input is changed by the controller, as
required for fundamental mode operation. Accordingly, the recursion function φ of C is
defined as follows.
φ(ξ0,(z,t)) := ξ0 for all (z,t) ∈ X×A \ V,
φ(ξ0,(x,u)) := ξ1 for all (x,u) ∈ V.

(3-40)

While in the state ξ0, the controller is inactive; it is transparent, applying to Σ its
own external input. Accordingly, the output function η of the controller is defined at this
state by
η(ξ0,(z,t)) := t for all (z,t) ∈ X×A.

(3-41)

To define η at the state ξ1, choose a character u* ∈ U(x), and set
η(ξ1,(z,t)) := u* for all (z,t) ∈ X×A.

(3-42)

In this way, Σ remains in a stable combination with the state x as long as the controller
is in the state ξ1. Note that the system Σ is in a stable combination when its input is
(possibly) changed to u*, so fundamental mode operation is retained.
(ii) Recalling the set D of Eq. 3-27, assume that Σ is in a stable combination with a
state x ∈ πxD and an input value u appears for which (x,u) ∈ D. Then, C gets ready to
generate for Σ an input string which will take Σ to the state s′(x,u) to match the model
Σ′. This process is similar to the one used in the proof of Theorem 3.2. First, the
controller moves to a state ξ1(x,u) to signify the encounter of the pair (x,u) (required
for fundamental mode operation).
φ(ξ1,(x,u)) := ξ1(x,u) for (x,u) ∈ D;
φ(ξ1,(x,u)) := ξ1 for all u ∈ U(x) \ D(x); and
φ(ξ1,(z,t)) := ξ0 for all pairs (z,t) ∈ X×A \ (V ∪ D).

(3-43)
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Upon reaching the state ξ1(x,u), the controller starts to generate for Σ the input
string w(x,u) or the input string w0(x,u), as the case may be. In view of Eq. 3-28 or Eq.
3-32, as appropriate, this is accomplished by setting
η(ξ1(x,u),(z,t)) = v0(x,u) for all (z,t) ∈ X×A.

(3-44)

Note that Σ is in a stable combination when this change in its input value occurs.
According to Eq. 3-29, the input value v0(x,u) causes Σ to move to the state x1(x,u).
The pair (x1(x,u),v0(x,u)) is again a stable combination; it is the next step of the stable
recursion function s.
From here on, the controller continues to generate the input string w(x,u) (or
w0(x,u), depending on the case) as input for Σ, according to the following scheme.
(iv) For 1 ≤ j ≤ m(x,u)–1 and for all (x,u) ∈ D,
φ(ξj(x,u),(xj(x,u),u)) := ξj+1(x,u),
φ(ξj(x,u),(z,t)) := ξj(x,u) for all (z,t) ≠ (xj(x,u),u),
η(ξj+1(x,u),(z,t)) := vj(x,u) for all (z,t) ∈ X×A,

(3-45)

where vj(x,u) is from Eq. 3-28 or Eq. 3-32, as the case may be.
(v) For j = m(x,u), consider two cases:
(a) For the case (x,u) ∈ DN(M,Σ′), assign
φ(ξm(x,u)(x,u),(s′(x,u),u))) := ξm(x,u)(x,u),
φ(ξm(x,u)(x,u),(z,t)) := ξ0 for all (z,t) ≠ (s′(x,u),u).

(3-46)

This terminates the action of the controller C for this case, since the state s′(x,u) of Σ′
has been reached.
(b) When (x,u) ∈ DR(Σi,Σ′) for some i ∈ {1, ... γ}, set

46
φ(ξm(x,u)(x,u),(ri,u)) := ξ1,i(x,u),
φ(ξm(x,u)(x,u),(z,t)) := ξm(x,u)(x,u) for all (z,t) ≠ (ri,u),
η(ξ1,i(x,u),(z,t)) := v0(x,u,i) for all (z,t) ∈ X×A,

(3-47)

where v0(x,u,i) is the first input value in Eq. 3-33. The controller C then continues to
generate the input string in Eq. 3-33, following the string of stable combinations of Σi
described in Eq. 3-35.
φ(ξj,i(x,u),(xj(x,u,i),u)) := ξj+1,i(x,u),
φ(ξj,i(x,u),(z,t)) := ξj,i(x,u) for all (z,t) ≠ (xj(x,u,i),u)),
η(ξj+1,i(x,u),(z,t)) := vj(x,u,i) for all (z,t) ∈ X×A,

(3-48)

where j = 1, ..., m(x,u,i)–1.
The end of the input string in Eq. 3-33 is reached at j = m(x,u,i)–1; by Eq. 3-35, the
system Σi reaches then the desired state s′(x,u), and then assign
φ(ξm(x,u,i)(x,u),(s′(x,u),u)) := ξm(x,u,i)(x,u),
φ(ξm(x,u,i)(x,u),(z,t)) := ξ0 for all (z,t) ≠ (s′(x,u),u).

(3-49)

This completes the construction of the controller C. An argument similar to the one used
in the proof of Theorem 3.2 shows that this construction yields a controller for which the
closed loop system is well posed and operates in fundamental mode. ♦
Theorem 3.4 presents the solution to the model matching problem for machines
without specified initial conditions. Considering the situation where the machine Σ and
the model Σ′ have a preset initial state, we obtain the following statement.
Corollary 3.8 Given the same machines and the notation in Theorem 3.4, let x0 ∈
X to be the preset initial state of both Σ and Σ′. Then, the two statements (i) and (ii) in
Theorem 3.4 are equivalent.
Proof. The results could be derived directly from Theorem 3.4. ♦
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We comment that the construction of the controller C in the proof of Theorem 3.4
does not attempt to minimize the number of controller states. Once C has been
determined through the construction described in the proof, the number of its states can
be reduced by using standard state reduction techniques for asynchronous machines
(KOHAVI 1970). In cases where the input strings needed to control the machine are not
uniquely determined, careful selection of the strings generated by the controller can help
further reduce the number of controller states.
3.4 Example
This section demonstrates the construction of a controller C that fulfills the
requirements of Theorem 3.4. Consider an input/state asynchronous machine Σ having
the input set A = {a,b,c} and the state set X = {x1,x2,x3}. Assume the machine has a
critical race at the pair (x1,c), with two possible outcomes: x2 and x3. The recursion
function f of Σ is described by Table 3-1 of transitions.
Table 3-1. Stable transition table for the machine Σ
a
b
c
1
1
2
2
x
x
x
{x , x3}
x2
x3
x2
x2
x3
x3
x2
x3
The machine Σ induces a critical race family M = {Σ1, Σ2} with two stable-state
member machines whose stable recursion functions s1 and s2 are described in Table 3-2
and Table 3-3, respectively.
Using the tables, we obtain the one-step stable transition matrices:

 {a}
R(Σ ) =  N
 N
1

{b  c}
{b  c}
{b}

N


{a} ,
{a  c} 

 {a}
R(Σ ) =  N
 N
2

{b}
{b  c}
{b}

{c}



{a  c} 
{a}

(3-50)
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Using the corresponding matrix operations in Murphy, Geng, and Hammer 2003, the
resulting matrices of stable transitions are given by
R(2)(Σ1) =

 {a  aa}
 N
 N
R

(2)

{b  c  ab  ac  bb  bc c b  cc}
{b  c  bb  bc  cb  cc  ab}
{b  bb  bc a b  cb}

 {a  aa}
N
(Σ ) = 
 N
2

{ba  ca}


{a  ba  ca  aa  ac}

{a  c  ba  a a  ac  ca  c c} 

{b  ab  bb b c  cb}

(3-51)

{c  ac  ba  ca  cc}

{b  c  bb  bc  cb  cc  ab}
{b  bb  bc a b  cb}


{a  ba  ca  aa  ac}

{a  c  ba  a a  ac  ca  c c} 

(3-52)
Table 3-2. Stable transition table for the machine Σ1
a
b
c
x1
x1
x2
x2
x2
x3
x2
x2
x3
x3
x2
x3
Table 3-3. Stable transition table for the machine Σ2
a
b
c
1
1
2
x
x
x
x3
x2
x3
x2
x2
x3
x3
x2
x3
Next, the one-step skeleton matrices are

1
S(Σ ) =  0
0
1

1 0
1
1


1 ,
1

1
S(Σ ) =  0
0
2

1 1
1
1


1 ,
1

(3-53)

The skeleton matrices are then calculated by Eq. 2-9 as

1
K(Σ ) =  0
0
1

1 1
1
1


1 ,
1

1
K(Σ ) =  0
0
2

1 1



1 1 .
1 1



(3-54)
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The skeleton matrix of the family M is found by Eq. 2-12 to be

1
K(M) =  0
0

1 1
1
1


1 .
1

(3-55)

Choose the stable-state machine
Σ′ := Σ2

(3-56)

as the desired model to match (this is an arbitrary choice).
Apply now the construction described in the proof of Theorem 3.4 to obtain a
controller C. In view of Eq. 3-18 and Table 3-2 and 3-3, a slight reflection shows that the
discrepancy sets satisfy
D(Σ1,Σ′) = {(x1,c)}, and
D(Σ2,Σ′) = ∅,

(3-57)

where the last equality originates from the fact that Σ′ = Σ2. The set of input values which
form stable combinations with the state x1 is U(x1) = {a}, and the set V of Eq. 3-25 is
given by
V = {(x1,a)}.

(3-58)

Letting s′ be the recursion function of Σ′ and recalling that Σ′ = Σ2, it follows
from Table 3-3 that s′(x1,c) = x3. By Table 3-2, the set of input strings that take Σ1 from
(x1,c) to s′(x1,c) = x3 is, in the notation following Eq. 3-18, given by
S1(x1,c) = {ca}.

(3-59)

By Table 3-3, the set of input strings that take Σ2 from (x1,c) to s′(x1,c) is
S2(x1,c) = {c}.
The paths of each system are then given by

(3-60)
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P(Σ1,x1,ca) = {(x1,c), (x2,c), (x2,a), (x3,a)},

(3-61)

P(Σ2,x1,c) = {(x1,c), (x3,c)}.

(3-62)

As we can see, both paths contain the race pair (x1,c), so that in this case we have
DN(M,Σ′) = ∅, DR(Σ1,Σ′) = D(Σ1,Σ′) = {(x1,c)}.

(3-63)

Referring next to Eq. 3-30, Eq. 3-36, and Eq. 3-37, it follows that ΞN = ∅, ΞR =
{ξ1(x1,c)}, Ξ1 = {ξ1,1(x1,c)}, and Ξ2 = ∅. By Eq. 3-39, the controller C has the state set
Ξ = {ξ0, ξ1, ξ1(x1,c), ξ1,1(x1,c)},

(3-64)

consisting of 4 states in this case. Following the construction described in the proof of
Theorem 3.4, the recursion function and the output function of the controller C are as
follows.
φ(ξ0,(z,u)) := ξ0 for all (z,u) ∈ X×A \ (x1,a);
φ(ξ0,(x1,a)) := ξ1;
η(ξ0,(z,u)) := u for all (z,u) ∈ X×A;
φ(ξ1,(x1,c)) := ξ1(x1,c);
φ(ξ1,(x1,a)) := ξ1;
φ(ξ1,(z,t)) := ξ0 for all pairs (z,t) ∉ {(x1,a), (x1,c)};
η(ξ1,(z,u)) := a for all (z,u) ∈ X×A;
φ(ξ1(x1,c),(x2,c)) := ξ1,1(x1,c);
φ(ξ1(x1,c),(z,t)) := ξ1(x1,c) for all pairs (z,t) ∉ {(x2,c), (x3,c)};
φ(ξ1(x1,c),(x3,c)) := ξ0;
η(ξ1(x1,c),(z,u)) := c for all (z,u) ∈ X×A;
φ(ξ1,1(x1,c),(x3,c)) := ξ1,1(x1,c),
φ(ξ1,1(x1,c),(z,t)) := ξ0 for all (z,t)  (x3,c);
η(ξ1,1(x1,c),(z,u)) := a for all (z,u) ∈ X×A.
This completes the example.

(3-65)

CHAPTER 4
MODEL MATCHING FOR INPUT/OUTPUT DETERMINISTIC MACHINES
Chapter 3 has seen how to design state feedback controllers that correct undesirable
properties of input/state asynchronous machines. The present chapter deals with a similar
problem for a more general class of asynchronous machines: the class of input/output
machines (i.e., machines whose output is not necessarily their state). The goal is to design
an output feedback controller C for which the input/output behavior of the closed-loop
system Σc matches that of a prescribed model Σ′. This is, again, an instance of the
model matching problem.
Among other topics, we prove in this chapter the validity of a separation principle,
whereby every solvable model matching problem can be solved by a controller C that
consists of two asynchronous machines: an observer Γ and a state-feedback control unit
Φ, as depicted in Figure 1-2. The observer Γ estimates the state of the machine Σ from
the input/output data of Σ, and feeds the estimated information to the control unit Φ. The
latter generates a sequence that drives Σ along a desirable path. To exhibit such
decomposition, we write C = (Φ, Γ). In the present chapter, necessary and sufficient
conditions are obtained for the existence of a solution for the model matching problem.
Also an algorithm is provided for the design of an appropriate controller C, whenever
one exists.
The present chapter is organized as follows. Section 4.1 focuses on asynchronous
observers and related issues. The main results about the model matching problem are
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presented in Section 4.2, which includes necessary and sufficient conditions for the
existence of solutions, as well as methods for the implementation of solutions, whenever
solutions exist. An algorithm to check the existence of a solution to the model matching
problem is presented in Section 4.3. The chapter concludes with Section 4.4, which
contains an example of the calculation of a model matching controller.
4.1 Detectability and Observers
In order for the control configuration of Figure 1-1 (or Figure 1-2) to operate in
fundamental mode, the input value of Σ must remain constant while Σ undergoes state
transitions. This requires that, after every change, the output value of the controller C
must remain constant until Σ reaches a stable combination. Accordingly, it must be
possible for the controller to detect when Σ reaches its next stable combination. As the
controller has no access to the state of Σ, this detection can only be based on input/output
data of Σ, namely, on its input string and on its output string. The following concept is
crucial in this context.
Definition 4.1 An asynchronous machine Σ = (A,Y,X,x0,f,h) is detectable at a
valid pair (x,u) if it is possible to determine from input/output data whether Σ has
reached the next stable combination of (x,u).
To examine the situation more closely, let Σ = (A,Y,X,x0,f,h) be an asynchronous
machine with stable recursion function s. Assume that Σ is in a stable combination
(x1,v) when the input character changes to u. Let x1, x2, ..., xm be the string of states
generated by this input change, where xm = s(x1,u) is the next stable state of Σ, and, if
m > 1, the other states satisfy xi+1 = f(xi,u), i = 1, ..., m – 1. The corresponding output
string is then h(x1)h(x2)…h(xm). When m = 1, the machine Σ remains in a stable
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combination, so the issue of detecting arrival at the next stable state becomes mute.
However, when m > 1, a careful examination is required, since the output values h(x1),
h(x2), …, h(xm) generated during this transition may not be all distinct. In an
asynchronous environment, it is impossible to distinguish between consecutive equal
values of a string, since there is nothing to mark the start of a new step. Accordingly,
constant segments of the output string appear as a single element. The presence of
constant segments in the output string, say, when h(xi) = h(xi+1) for some i ∈ {1, ..., m–
1}, may produce a difficulty: it would make it impossible to determine from input/output
data when the transition from xi to xi+1 has occurred. Note that the input data does not
help in this regard, since the input is fixed at u during this entire string of transitions.
Before discussing these issues further, it is convenient to introduce the following notion.
Definition 4.2 Let y = y0…y0y1…y1…yk…yk be a string of elements of a set Y,
where yj ≠ yj+1 for all j = 0, …, k-1. The string burst(y) := y0y1…yk is named the burst
string or the burst of y.
The burst is obtained by replacing each segment of repeating characters by a single
occurrence of the same character. For example, the output string abbcccaa has the burst
burst(abbcccaa) = abca. Clearly, the burst is the only discernible entity of an
asynchronous output string. When referring to the output string generated by the machine
Σ from the valid pair (x1,u), we use the shorter notation
burst(x1,u) := burst(h(x1)h(x2)…h(xm–1)h(xm)).

(4-1)

To determine from input/output data whether Σ has reached the stable
combination (xm,u), we need to find out whether the output string h(x1)h(x2)…h(xm) has
reached its end. This, however, is not always feasible. Consider, for example, the case
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where m = 3, and h(x1) = a, h(x2) = b, h(x3) = b. Here, it is not possible to determine from
the output whether the machine has reached the stable combination (x3,u), since the
output switches to b at the state x2 and remains unchanged during the transition from
x2 to x3. The difficulty originates from the fact that one observes only the burst of a
string, not the string itself. Consequently, the end of the output string can be determined
if and only if it is signified by a difference in the burst, that is to say, if and only if
burst(h(x1)h(x2)…h(xm–1)) ≠ burst(h(x1)h(x2)…h(xm–1)h(xm)). The last condition is
equivalent to h(xm–1) ≠ h(xm). This provides a practical test for detectability and justifies
the next statement. It will be convenient to use the notation
burst(h(x1)h(x2)…h(xm–1)) for m > 1 
burst–1(x1,u) := 
for m = 1.
∅

(4-2)

The following is a necessary and sufficient condition for the detectability.
Proposition 4.3 An asynchronous machine Σ = (A,Y,X,x0,f,h) is detectable at a
valid pair (x,u) if and only if burst–1(x,u) ≠ burst(x,u).
In general, of course, an asynchronous machine may or may not be detectable at
any one of its valid pairs. However, for input/state machines, the situation is different.
Proposition 4.4 An asynchronous input/state machine is detectable at all its valid
pairs.
Proof. The following uses the notation of the previous paragraphs regarding the
valid pair (x1,u). When m = 1, one always has burst–1(x1,u) ≠ burst(x1,u), since burst–
1

(x1,u) = ∅ and burst(x1,u) = xm in this case. Next, assume that m > 1. Then, since xm

is the next stable state, the states x1, x2, ..., xm must all be distinct. Indeed, a repeating
state in this list would either create a stable combination before xm is reached, or it
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would cause an infinite loop. But then, burst–1(x1,u) = x1x2 ... xm–1, while burst(x1,u) =
x1x2 ... xm, so burst–1(x1,u) ≠ burst(x1,u) in all cases.♦
Critical to the present discussion is the following notion (Murphy, Geng, and
Hammer 2002 and 2003). Let Σ = (A,Y,X,x0,f,h) be an asynchronous machine with state
set X = {x1, …, xn}, and let s be its stable recursion function. The one-step skeleton
matrix S(Σ) is an n×n matrix of zeros and ones whose (i,j) entry is
Sij(Σ) = 1 if there is a character u ∈ A such that Σ is detectable at (xi,u) and xj =
s(xi,u); Sij(Σ) = 0 otherwise. ♦
In the special case when the machine Σ is detectable (e.g., when Σ is an
input/state machine), the present definition reduces to the one used in Murphy, Geng, and
Hammer 2002 and 2003. Using the combination operation for matrices described in
Definition 2.16, let us consider the k-th power Sk(Σ) of the one-step skeleton matrix, k
k

= 1, 2, ... Let Sij(Σ) be the (i,j) entry of Sk(Σ). Define the matrix S(m)(Σ) by setting its
(i,j) entry to be
(m)

k

Sij (Σ):= maxk = 1, ..., m Sij(Σ), m = 1, 2, …

(4-3)

Then, S(m)(Σ) is also a matrix of zeros and ones, and S(1)(Σ) = S(Σ). The following
terminology is convenient at this point.
Definition 4.5 Let xi and xj be two states of the asynchronous machine Σ =
(A,Y,X,x0,f,h). A chain of detectable stable transitions from the state xi to the state xj
is a string of detectable pairs (xi,u1), (x2,u2), ..., (xm–1,um), where u1, u2, ..., um ∈ A are
input characters, and x2 := s(xi,u1), x3 := s(x2,u2), ..., xm := s(xm–1,u) = xj are stable
states.♦
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(m)

Returning to the matrix S(m)(Σ), a slight reflection shows that the entry Sij (Σ) = 1
if and only if the state xj can be reached from the state xi through a chain of detectable
stable transitions. The case m = n–1, where n is the number of states of Σ, is of
particular importance.
Definition 4.6 Let S(Σ) be the n×n one-step skeleton matrix of Σ. The skeleton
matrix of Σ is K(Σ) := S(n–1)(Σ). ♦
In view of Proposition 4.4, it follows that, in the case of asynchronous input/state
machines, the present definition of the skeleton matrix reduces to the definition of
Murphy, Geng, and Hammer 2002 and 2003. A discussion analogous to the same
reference yields the next result.
Proposition 4.7 Let xi and xj be two states of the asynchronous machine Σ =
(A,Y,X,x0,f,h), and let K(Σ) be the skeleton matrix of Σ. Then, the following two
statements are equivalent.
(i) There is a chain of detectable stable transitions from the state xi to the state xj.
(ii) Kij(Σ) = 1.
As mentioned earlier, fundamental mode operation implies that the controller C in
Figure 1-2 can guide the system Σ only along paths that are chains of detectable stable
transitions. When this fact is combined with Proposition 4.7, it gives rise to the
expectation that the skeleton matrix K(Σ) would be critical in determining control
capabilities. The forthcoming sections bear out this expectation.
The next turns to a discussion of observers for asynchronous machines. The notion
of observer is employed here in a role similar to its use in other branches of control
theory. Briefly, an observer is an asynchronous input/state machine whose purpose is to
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calculate the current state of another asynchronous machine, using input/output data of
that machine.
One can attempt to obtain an observer for a machine Σ = (A,Y,X,x0,f,h) by using
the input/state part of Σ, namely Bf = (A,X,X,x0,f,I), where I indicates the identity
output function. The machine Bf would, of course, reproduce the transitions of the
input/state part of Σ, except that the transitions would not be synchronized among the
two machines. Indeed, if, in response to an input string, the machine Bf passes a state x,
then the machine Σ must also pass the state x in response to the same input string.
However, since the machines are asynchronous, Σ may reach the state x either before,
or during, or after the time x is reached by Bf. In other words, Bf is not an observer,
since it is not synchronized with Σ. Furthermore, this argument indicates that it would
never be possible to build an observer for transient states of Σ; as the machines (ideally)
spend zero time in a transient state, there is no opportunity to synchronize them. Thus, the
most one can hope is to build an observer for stable combinations of Σ. To deal with
stable combinations, the following discussion restricts to the stable recursion function s
of Σ, and whence we use the stable input/state machine Bs = (A,X,X,x0,s,I) as the basis
of the ensuing discussion. The next statement will help us show that Bs can be
augmented in a simple way to yield an "observer" by utilizing the notion of detectability
introduced earlier in this section.
Lemma 4.8 Given an asynchronous machine Σ = (A,Y,X,x0,f,h), let (x1,u) be a
valid pair, and let xm be the next stable state of (x1,u) through the transient state chain
x1, x2, …, xm. Let βj be the burst of Σ moving from x1 to xj. Then the following two
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statements are equivalent.
(i) The machine Σ is detectable at the pair (x1,u).
(ii) There is a function κ(x1,u,•) : Y* → {0,1} such that κ(x1,u,βj) = 1 if and only if βj
= βm.
Proof. First, assume that (ii) is valid. Then, it must be true that κ(x1,u,burst–1(x1,u))
≠ κ(x1,u,burst(x1,u)), which implies that burst–1(x1,u) ≠ burst(x1,u), and part (i) follows by
Proposition 3.3. Conversely, assume that (i) is valid. Then, using again Proposition 3.3,
we get burst –1(x1,u) ≠ burst(x1,u). The latter implies that the function κ(x1,u,•) : Y* →
{0,1} defined by κ(x,u,burst(x1,u)) := 1 and κ(x1,u,y) := 0 for all y ≠ burst(x1,u)
satisfies condition (ii). This completes the proof. ♦
As discussed earlier, the observer has to be designed in such a way that the entire
composite system Σc operates in fundamental mode, that is, the controller needs to
remain unchanged until the machine reaches a stable combination. According to Lemma
4.8, the detectability of Σ at the pair (x1,u) ensures that the observer can determine the
state status of Σ from the output data (i.e., the transition burst burst(x1,u)). The observer
then indicates the point at which the controller can start to change.
One of the input ports of the observer is connected to the output of the machine Σ
(see Figure 1-2); the burst of Σ can then be recorded on a shift register. The register is
initially empty, and it accumulates the output data until the machine Σ has reached a
stable combination; then, it clears the memory and starts afresh for the next stable
transition of Σ.
Let
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Ψ′ := {burst(x,u), (x,u) is a valid and detectable pair of Σ}

(4-4)

be the set of all transition bursts of the machine Σ; denote by Ψ the set of all prefixes of
the elements of Ψ′. Then, the output string recorded by the above shift register at any
moment is an element of Ψ, and the register resets its memory when the recorded string
is an element of Ψ′. Clearly, as the length of the transition bursts in Ψ′ is finite, the
above register can be finite.
Then, the observer is an input/state machine Γ = (A×Ψ,X,X,x0,λ,I), where λ is the
recursion function and I is the output function. We can build now an observer that will
reproduce all transitions of Σ that are both stable and detectable. To define the operation
of the observer, consider the situation where the machine Σ is in a stable combination
(x,uk–1) it has reached from a detectable pair. Assume that, at the step k, the input
character changes from uk–1 to uk, where (x,uk) is also a detectable pair. For the
machine Σ, let x′ = s(x,uk) be the next stable state of x with the input uk, and let
burst(x,uk) be the burst of this transition. Then, the inputs of the observer Γ are the input
character uk of Σ and the output burst y* from Σ. Letting βk and ϑk be, respectively,
the state and the output of Γ at a step k, we set
Γ:

s(βk,uk)
βk+1 = λ(βk,(uk,y*)) = 
 βk
ϑk = βk.

if y* = burst(βk,uk)
otherwise

;

(4-5)

The observer Φ functions then recursively, as follows. Assume Σ is initially at x0
and moves to the next stable state x1 in response to the input u0. Starting from the initial
state β0 = x0, the observer Φ keeps staying at β0 until one of its inputs turns to
burst(β0,u0). At that point, the machine Σ has reached the next stable state x1; then, the
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observer moves to β1 = s(β0,u0) = x1 and outputs ϑ1 = x1, indicating the new state of Σ.
Consider a step k when Σ is in the stable combination (x,uk-1) and the output of the
observer Γ is equal to the state x. As a result of a new input uk, the machine Σ moves
to its next stable state x′ = s(x,uk), generating burst(x,uk) along the way. During this
process, the output of Γ stays at x until the entire string burst(x,uk) is received from Σ,
at which point the state of the observer changes to x′ and outputs ϑk+1 = x′. In such a
fashion, the output of the observer Γ always indicates the most recent stable state the
machine Σ has reached via a detectable transition. The observer Γ can be used to read
the state of Σ after a detectable stable transition; by Lemma 4.8, it is not possible to infer
the state of Σ under any other circumstances. Note that the observer Γ is a stable state
input/state machine.
4.2 Controller Design and Existence Condition
This section presents a solution of the model matching problem. Specifically, the
work includes necessary and sufficient conditions for the existence of a solution, and it
shows that, when a solution exists, a model matching controller can be taken as a
combination of an observer and a control unit, as depicted in Figure 1-2. The structure of
the observer was described earlier in Eq. 4-5; an algorithm for the construction of the
control unit is included later in this section. We start with a technical notion that is
critical to the ensuing discussion.
4.2.1 Extended Skeleton Matrices
Given a set X, let Z = {Z1, ..., Zm} be a list of subsets of X. The integer m is the
length of the list Z. Given a list Z = {Z1, ..., Zm}, another list Z′ = {Z′1, ..., Z′m} of the
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same length m is a subordinate list of Z if Z′i ⊆ Zi for each i = 1, ..., m. To indicate
that Z′ is a subordinate list of Z, we write Z′ ⊆ Z. If a list contains the empty set ∅ as
one of its members, then we say that it is deficient.
Definition 4.9 Let Σ be an asynchronous sequential machine with the state set X.
Let Z1, Z2 be two lists of elements of X. The reachability indicator of Σ with Z1 and
Z2, denoted by d(Σ,Z1,Z2), is 1 if every element of Z1 can stably reach at least one
element of Z2; otherwise, d(Σ,Z1,Z2) := 0.
Given the skeleton matrix K(Σ) and two lists of elements of X, Z1 and Z2, we are
able to obtain the reachability indicator d(Σ,Z1,Z2) from K(Σ) by the definition. For
example, suppose that we have the machine Σ with the state set X = {x1,x2,x3} and the
skeleton matrix
1 1 1
K(Σ) =  0 1 1 .
0 1 1

(4-6)

Let Z1 = { x1,x2} and Z2 = {x1,x3} be two lists of elements of X. We get the reachability
indicator d(Σ,Z1,Z2) = 1 since both x1 and x2 in Z1 can stably reach x3 in Z2 at least.
Definition 4.10 Given a machine Σ with the state set X and the skeleton matrix
K(Σ), let Z = {Z1, ..., Zm} be a list of subsets of the state set X. The extended skeleton
matrix K(Σ,Z) is an m×m matrix, whose (i,j) entry is Kij(Σ,Z) := d(Σ,Zi,Zj)
Following the preceding example, let Z = {Z1,Z2} be a list of subsets of X, where
Z1 and Z2 are given as before. We can obtain that the extended skeleton matrix of Σ
with respect to Z by calculating each of its entries. The entry K11(Σ,Z) = d(Σ,Z1,Z1) = 1
and the entry K22(Σ,Z) = d(Σ,Z2,Z2) = 1 since each element of Z1 and Z2 can stably
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reach itself; K12(Σ,Z) = d(Σ,Z1,Z2) = 1 as calculated before; and K21(Σ,Z) = d(Σ,Z2,Z1) = 1
since both x1 and x3 in Z2 can stably reach x2 in Z2 at least. Therefore, the extended
skeleton matrix K(Σ,Z) is the 2×2 matrix
1 1
K(Σ,Z) =  1 1 .

(4-7)

Finally, let Σ = (A,Y,X,x0,s,h) and Σ′ = (A,Y,X′,σ0,s′,h′) be two stable-state
machines, and let X′ = {σ1, …, σq} be the state set of Σ′. For a point y ∈ Y, denote by
hI(y) the subset of all states x ∈ X satisfying h(x) = y, where hI(y) = ∅, the empty set,
when y is not in the image of h. Clearly, hI simply denotes the inverse function of h.
Given the output set Y = {y1, …, yϖ}, we define the counter-image list of Σ as
{hI(y1), …, hI(yϖ)}.

(4-8)

We define the equivalence list B(Σ,Σ′) of Σ with respect to Σ′
B(Σ,Σ′) := {hIh′(σ1), …, hIh′(σq)}

(4-9)

as a list of the q subsets of X. Clearly, B(Σ,Σ′) is a special list of members of the
counter-image list of Σ.
4.2.2 Existence Conditions for Controllers
In this section we derive necessary and sufficient conditions for the existence of
controllers that solve the model matching problem for asynchronous machines. We show
that the model matching problem can always be solved by a controller that is decomposed
into a control unit and an observer, as depicted in Figure 1-2. The principles of
constructing the control unit are outlined as well. Recall that the structure of the observer
was described earlier in Eq. 4-5.
First we set some notation for the control system. Let A be the input set of the
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machine Σ, and let Ψ be the set that contains all prefixes of the transition bursts of Σ,
as defined in Section 4.1. In view of Figure 1-1, the input set of C is then the cross
product A×Ψ; the output set of C is simply the set A. We can describe C as the
sextuple (A×Ψ,A,Ξ,α0,φ,η), where Ξ is the state set, φ is the recursion function, η is
the output function, and α0 is the initial state of C.
Being a combination of the machines C and Σ, the closed-loop system Σc has the
state set Ξ×X. Denote by G the set of reachable stable states of Σ, then G ⊆ Ξ×X. The
input and output of Σc are A and Y, respectively. Denote by sc the stable transition
function of Σc, and denote by hc the output function. Then, we can describe the closedloop system Σc by (A,Y,G,(α0,x0),sc,hc). Also notice that the output of Σc is the output
of Σ, so the output function of Σc is a partial function hc : G×A → Y satisfying
hc((α,x),v) = h(x) for any state (α,x) ∈ Ξ×X and any input v ∈ A.
We turn now to a formal statement of the model matching problem. Let Σ be the
machine that needs to be controlled. Assume that it is necessary to change the behavior of
the machine Σ so that it becomes equal to the behavior of a specified asynchronous
machine Σ′. We refer to the machine Σ′ as the model. Clearly, as only the input/output
behavior of Σ′ is relevant, the model Σ′ can always be taken as a stably minimal
machine -- reduction to stably minimal form does not alter the input/output behavior. The
problem is then to find a controller C such that the closed loop system in Figure 1-1
satisfies Σc = Σ′.
Lemma 4.11 Let Σ = (A,Y,X,x0,f,h) and Σ′ = (A,Y,X′,σ0,s′,h′) be two
asynchronous machine, where Σ′ is stably minimal and satisfies h(x0) = h′(σ0). Assume
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there is a controller C for which Σc is stably equivalent to Σ′. Then, there is a
nondeficient subordinate list Z of the equivalence list B(Σ,Σ′) for which the extended
skeleton matrix satisfies K(Σ,Z) ≥ K(Σ′).
Proof: Given a controller C = (A×Ψ,A,Ξ,α0,φ,η) for which Σc = Σ′, we will
derive the inequality K(Σ,Z) ≥ K(Σ′) in the following by constructing an equivalence
partition and a quotient machine of Σc. Following the earlier notation, the state set of Σ′
is X′ ={σ1, …, σq}.
The machine Σc is stably equivalent to the stably minimal machine Σ′, then, by
Proposition 2.11, there exists an equivalence partition π of the state set G of Σc such
that the quotient machine Σc/π is isomorphic to Σ′. Denote the partition π by {τ1, …,
τq} where its blocks are disjoint subsets of G. For the quotient machine Σc/π, we use π
to represent its state set, then each block of π stands for a state of the machine Σc/π.
Since Σc/π is stably equivalent to Σ′, we are able to set τi ≡ σi, i = 1, …, q. The initial
state of Σc/π is denoted by τ0, so we have (α0,x0) ∈ τ0. Denote by sc and sπ the stable
recursion functions of Σc and Σc/π, respectively.
Denote the block τi of π by {(αi,1,xi,1), …, (αi,m(i),xi,m(i))}, where αi,1, …, αi,m(i) ∈
Ξ and xi,1, …, xi,m(i) ∈ X for i = 1, …, q. From the properties of the equivalence
partition, namely, transition consistency and output consistency, it follows that
(i)

hc((αi,1,xi,1),u) = … = hc((αi,m(i),xi,m(i)),u), for any u ∈ A;

(ii)

sπ(τi,u) = τj in Σc/π if and only if for each m = 1, …, m(i), there exists an
index n ∈ {1, …, m(j)} such that the transition sc((αi,m,xi,m),u) = (αj,n,xj,n)
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holds in Σc.
Since the output function hc((α,x),u) = h(x) and the states τi ≡ σi, we get from (i) and
(ii) that
(iii)

h(xi,1) = … = h(xi,m(i)) = h′(σi);

(iv)

s′(σi,u) = σj in Σ′ if and only if for each m = 1, …, m(i), there exists n ∈
{1, …, m(j)} such that sc((αi,m,xi,m),u) = (αj,n,xj,n) exists in Σc.

In view of the closed-loop configuration in Figure 1-1, the controller has access to the
machine Σ only through the input of Σ, so, the statement (iv) implies that
(v)

s′(σi,u) = σj in Σ′ then for each m = 1,…m(i), there exists an integer n ∈
{1, …, m(j)} and t ∈ A* such that s(xi,m,t) = xj,n in Σ.

Now, collect the second variables of τi, which are xi,1, xi,2, …, xi,m(i), and denote as
Zi; and then Zi is a subset of X. We define further Z = {Zi ⊆ X, i = 1, …, q}. Evidently,
Z is a subordinate list of B(Σ,Σ′).
Now, we verify the skeleton matrix inequality in the theorem. In view of statement
(v), s′(σi,u) = σj implies that Kij(Σ′) = 1. The second-half part of (v) implies that each
element of Zi has access to an element of Zj, which follows that the extended
reachability indicator d(Σ,Zi,Zj) = 1. The above holds for any element Zi and Zj in Z,
so we have Kij(Σ,Z) = 1 from the definition of the extended skeleton matrix K(Σ,Z). We
conclude that if Kij(Σ′) = 1, then Kij(Σ,Z) = 1 from the statement (v). In other words,
K(Σ,Z) ≥ K(Σ′) holds, which completes the proof. ♦
The above lemma presents a necessary condition for the existence of solutions to
the model matching problem with the model given as a stably minimal machine. The next
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statement will tell us that the same kind of condition holds when the model is not stably
minimal. Assume here the model is stably reachable; if not, again, it is always easy to get
a stably equivalent machine which is stably reachable, by removing the states that are not
stably reachable.
Lemma 4.12 Let Σ and Σ′ be as described in Lemma 4.11, and assume that Σ′ is
a stably reachable machine. If there is a controller C such that Σc = Σ′, then there exist a
subordinate list of B(Σ,Σ′), denoted by Z, such that K(Σ,Z) ≥ K(Σ′).
Proof. The result will be derived by examining the relations between the skeleton
matrix of Σ and that of its stably equivalent machine which is stably minimal. First, if
the machine Σ′ is not stably minimal, it is always possible to find an equivalence
partition π to construct a quotient machine of Σ′, denoted by Σ′/π = {A,Y,π,τ0,sm′,hm′},
which is a stably minimal machine. It is evident that the machine Σ′/π is stably
equivalent to Σ′.
For the machines Σ′ and Σ′/π, denote their state set by X′ = {σ1, …, σq} and π =
{τ1, …, τp}, respectively, and then build a homomorphism ϕ : X′ → π with ϕ(σi) = τj,
where τj is the block of π containing σi, and σi ≡ ϕ(σi). Then, by the definition of
quotient machines, we have h′(σi) = hm′(ϕ(σi)) and ϕ(σ0) = τ0.
Next, we shall show the following argument is true: There exists a subordinate list
Z′ = {z′1, …, z′q} of B(Σ,Σ′) such that K(Σ,Z′) ≥ K(Σ′) if there exists a subordinate list
Z = {z1, …, zp} of B(Σ,Σ′/π) such that K(Σ,Z) ≥ K(Σ′/π).
The state set of machine Σ′ is given by X′ = {σ1, …, σq}. Using the
homomorphism ϕ, we build another set by ϕ[X′] := {ϕ(σ1), …, ϕ(σq)} where ϕ(σi) ∈
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π for i = 1, …, q. Since π = {τ1, …, τp}, we can write ϕ[X′] as {τi(1), …,τi(q)} where
τi(j) ∈ π and i(1), …, i(q) ∈ {1, …, p}. In the notation of the indices i(1), …, i(q), we
define Z′ in terms of elements of Z as follow,
Z′ = {zi(1), …, zi(q)} := {z′1, …, z′q} where zij ∈ Z for j = 1, …, q.

(4-10)

We show that this Z′ is a subordinate list of B(Σ,Σ′). We have h(zj) = {h′m(τj)}
since Z is a subordinate list of B(Σ,Σ′/π), and also it holds that τi(j) = ϕ(σj) from the
preceding discussion, thus,
h[z′j ] = h[zij] = hm′ (τi(j)) = h′m(ϕ(σj)).

(4-11)

Applying Eq. 4-10 into Eq. 4-11, we get h[z′j ] = h′(σj) for each j. Hence, Z′ is a
subordinate list of B(Σ,Σ′).
Now, we will show that the list Z′ we define above satisfies K(Σ,Z′) ≥ K(Σ′) if
K(Σ,Z) ≥ K(Σ′/π) holds. First, we have Kjk(Σ,Z′) = Ki(j),i(k)(Σ,Z) by the relation between
Z and Z′; then, Ki(j),i(k)(Σ′/π) = Kjk(Σ′) holds in terms of the relation between ϕ[X′] and
X′. Hence, we conclude that Kjk(Σ,Z′) ≥ Kjk(Σ′) for j, k = 1, …, q, namely, K(Σ,Z′) ≥
K(Σ′). So, the argument is valid.
In view of Lemma 4.11, if there exists a controller C such that the closed-loop
system Σc is stably equivalent to the stably minimal machine Σ′/π, then there is a
subordinate list Z of B(Σ,Σ′/π) such that K(Σ,Z) ≥ K(Σ′/π). Applying the result of the
above statement, it follows that there exists a subordinate list Z′ of B(Σ,Σ′), such that
K(Σ,Z′) ≥ K(Σ′).♦
Next, we shall derive a necessary and sufficient condition for the existence of
solutions to the model matching problem. This derivation includes the design of a
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controller C = (Φ,Γ) that decomposes into a control unit Φ and an observer Γ. The
observer Γ := (A×Ψ,X,X,x0,λ,I) is described in Section 4.1. As to the control unit Φ, we
denote by Φ := (A×X,A,Ξ,α0,φ,η). Note that the input set A×X indicates that it has two
inputs -- the system input and the output of Γ. Being a combination of the machines
Φ, Σ, Γ, the system Σc has the state set G := Ξ×X×X = {(α,x,β), α ∈ Ξ, x ∈ X, β ∈ X}.
Theorem 4.13 Let Σ = (A,Y,X,x0,f,h) be an asynchronous machine, and let Σ′ =
(A,Y,X′,σ0,s′,h′) be a stable-state machine satisfying h(x0) = h′(σ0), where both
machines are stably reachable. Then the following two statements are equivalent.
(a) There is a controller C = (Φ,Γ) such that the closed-loop system Σc is stably
equivalent to Σ′, where Σc operates in fundamental mode.
(b) There is a subordinate list Z of B(Σ,Σ′) for which the skeleton matrix inequality
K(Σ,Z) ≥ K(Σ′) holds.
Proof: Regarding the verification that (a) implies (b), it has been given in the
above lemmas. For the converse direction, assume that Z = {Zi ⊆ X, i = 1, …, q} is a
subordinate list of B(Σ,Σ′) that satisfies K(Σ,Z) ≥ K(Σ′). Using the list Z, we shall build
a controller C for which the input/output behavior of the closed-loop system Σc
matches that of the machine Σ′. Incidentally, we will also show that C can be
decomposed into a control unit Φ and an observer Γ, as connected in the Figure 1-2.
First, suppose the initial states of Σ and Σ′ satisfy σ0 := σe ∈ X′ and x0 := xd ∈
X, respectively. We construct a new list W = {Wi ⊆ X, i = 1, …, q} by adding the initial
state x0 of Σ to the member Ze of Z (if it is not already there), while leaving all other

69
members of Z unchanged. In other words, We = Ze ∪ {x0} and Wj = Z′j for j ≠ e. We
show next that the list W is still a subordinate list of B(Σ,Σ′) satisfying K(Σ,W) ≥
K(Σ′).
Indeed, since h(x0) = h′(σ0) by the assumption of the theorem and h[Ze] = h′(σe) =
h′(σ0) by definition, it follows that h[We] = h[Ze ∪ {x0}] = h[Ze] ∪ h[x0] = h(Ze). In
addition, since Wi = Zi for i = 1, …, q and i ≠ e, we get h[Wi] = h[Zi] = h′(σi) for i =
1, 2, …, q and i ≠ e. Thus, the list W is still a subordinate list of B(Σ,Σ′). Next, since
every state of Σ is stably reachable from the initial state x0, we have K(Σ,x0,xi) = 1 for
all xi ∈ X. Combining the equality We = Ze ∪ {x0} with Definition 4.9, we get
d(Σ,We,Wi) = d(Σ,Ze,Zi) for all i = 1, …, q,

(4-12)

d(Σ,Wi,We) ≥ d(Σ,Zi,Ze) for all i = 1, …, q.

(4-13)

Together with d(Σ,Wi,Wj) = d(Σ,Zi,Zj) for all i, j = 1, …, q and i, j ≠ e, we have
K(Σ,W) ≥ K(Σ,Z) ≥ K(Σ′).
Recall that for each member of W, say, Wi, its elements generate the same output
value as the state σi of Σ′ does. In the following, we shall design the controller so that
any member Wi of W corresponds to one state, i.e., σi, of the model, i = 1, …, q. That
is to say, whenever the machine Σ stays at a state x ∈ Wi, the controller will work in
such a way that the closed-loop machine Σc has the same input/output behavior as the
model does at the state σi.
From the definition of the list W, it is possible that different members of W
contain the same state of X. For instance, x ∈ Wi and x ∈ Wj for x ∈ X. If this
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happens, we need to know which member of W the state x currently belongs to, Wi or
Wj, since the controller action will depend on whether x is treated as a member of Wi
or of Wj at that instant. This is done by assigning different states of the control unit Φ.
Remember that the state space of the closed-loop machine Σc is contained in the crossproduct Ξ×X×X, where Ξ is the state set of the control unit Φ. To be simple, we assign
the state of Φ to be αi if the machine Σ is at the state x ∈ Wi. Denote by Gi :=
{(αi,x,x) : x ∈ Wi}, i = 1, …, q; clearly the elements of the sets G1, ..., Gq are stable
states of the composite machine Σc. The controller C is designed below so that, starting
from a state in Gi, the closed-loop machine Σc generates the same input/output behavior
as the model does at its state σi, i = 1, …, q. Note that x0 ∈ We, so we have (αe,x0,x0) ∈
Ge from the above assignment.
Now, let us construct a controller to achieve the above objective. The controller
decomposes into two machines: an observer Γ whose output is the current stable state of
Σ, and a control unit Φ which serves as a "state-feedback" controller. The observer Γ :=
(A×Ψ,X,X,x0,λ,I) is described in Eq. 4-5, so we only need to build the control unit Φ.
The control unit Φ has the inputs x and u, where x is the output of the observer Γ
(equal to the state of Σ) and u is the external input of the composite system. The
elements α1, ..., αq mentioned earlier will be part of states of the control unit Φ. Denote
by Ξ′ = {α1, ..., αq} which is a subset of the state set Ξ of Φ.
The state transition function φ of the control unit Φ is built so that Φ has the
following property. Whenever there is a stable state transition s′(σi,u) = σj in Σ′ and
the system Σ is at a state x ∈ Wi, the control unit Φ generates an input string for Σ
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that takes Σ to a state ξ ∈ Wj. The existence of such an input string is guaranteed by the
inequality K(Σ,W) ≥ K(Σ′). The special construction of the sets W1, ..., Wq guarantees
that the output of the closed loop system Σc will mimic the output of the model Σ′ by
the above transitions. The states α1, ..., αq of the controller are used to help identify the
relevant member of W, since the same state x may belong to several members of W.
Let us start now to design the transition function φ of the control unit Φ. Assume
that the control unit is currently in a stable combination with the state αi and that Σ is
in a stable combination at the state x ∈ Wi. By construction, the observer Γ will then
also be in a stable combination with the state x, so the composite system Σc is at the
stable state (αi,x,x). This is necessary in order to ensure fundamental mode operation, in
which the system Σ must be in a stable combination before the controller initiates its
action. We will now design the control unit Φ so that it generates an input string t that
drives the machine Σ from the state x ∈ Wi to the state ξ ∈ Wj. At the end of this
process, the composite machine Σc will settle down at the state (αj,ξ,ξ). Note that this
process is associated with the state-input pair ((αi,x,x),u) (or the triple (αi,x,u) for short).
Suppose that the string t consists of λ characters t = t1t2 ... tλ. Due to the
requirement of fundamental mode operation, the control unit must generate the string t
one character at a time, making sure at each step that the composite system has reached a
stable combination before generating the next character. To this end, the control unit
needs λ states which we shall denote later by α1, α2, … αλ-1, αλ, and denote by
Ξ(αi,x,u) := {α1, α2, … αλ-1, αλ}. Input string t will take the system Σ through λ stable
combinations, say (x1,t1), (x2,t2), ..., (xλ,tλ), where xλ = ξ. The outputs of the observer Γ
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recognize these states as Σ passes through them, so x1, ..., xλ can be regarded as the
corresponding observer output values. Let s be the stable state transition function of Σ,
and denote by U(x) := {u ∈ A : s(x,u) = x}, the set of all input characters that form stable
combinations with the state x. Similarly, U′(σ) := {u ∈ A : s′(σ,u) = σ}. We can next
specify the transition function φ and the output function η of Φ step by step.
(i) Suppose the system Σc is initially in a stable combination with the state (αi,x,x), as
we discussed above. Accordingly, the operations of Φ are defined as follows. Select an
element u* ∈ U(x).
φ(αi,(x,w)) := αi, for all w ∈ U′(σi),
η(αi,(x,w)) = u*, for all w ∈ A.

(4-14)

(ii) An external input value u appears for which the model Σ′ possesses s′(σi,u) = σj.
The control unit Φ starts to apply to Σ the input string t = t1t2 ... tλ which will bring Σ
to the state ξ ∈ Wj. This process is accomplished by the following settings.
φ(αi,(x,u)) := α1,
η(α1,(z,w)) := t1 for all (z,w) ∈ X×A.

(4-15)

φ(αj-1,(xj-1,u)) := αj,
η(αj,(z,w)) := tj for any (z,w) ∈ X×A.

(4-16)

For 2 ≤ j ≤ λ,

(iii) As a result of the last input character tλ that the control unit Φ produces, the
machine Σ reaches the stable state ξ. Then we choose an element v* ∈ U(ξ) and
assign the following.
φ(αλ,(ξ,u)) := αj,
φ(αj,(ξ,u)) := αj,
η(αj,(ξ,w)) = v*, for all w ∈ A.

(4-17)

73

This step guarantees the composite machine Σc stays in a stable state combination at the
state (αj,ξ,ξ) before the external input changes. This terminates the action of the
controller Φ for the process to imitate the stable transition s′(σi,u) = σj providing that
the machine Σc is at the stable state (αi,x,x).
The above assignments implement the one-step stable transition of Σc, which can
be described by using the stable transition function sc as
sc((αi,x,x),u) = (αj,ξ,ξ), where u ∈ A for which s′(σi,u) = σj.

(4-18)

Similarly, for any state x ∈ Wi, there is a corresponding state ξ ∈ Wj so that we
can construct the operations of the control unit Φ to implement the transition
sc((αi,x,x),u) = (αj,ξ,ξ), in order to match the output behavior of the one-step transition
s′(σi,u) = σj of Σ′. Also denote by Ξ(αi,Wi,u) := ∪x ∈ Wi Ξ(αi,x,u) the total states of Φ
we need in order to implement the above transitions. Furthermore, we do the similar
design for all the one-step transitions of Σ′. Gathering the union of all the transient states
and the stable states of Φ appearing above, we obtain the state space of Φ, denoted by
Ξ := {∪i = 1  …  q  u ∈ A Ξ(αi,Wi,u)} ∪ Ξ′. This completes the design of the controller, and it
can be shown that the composite system operates in fundamental mode from its
construction.
Finally, we show that the controller we build is a solution for the model-matching
problem such that Σc = Σ′. Consider the partition of G denoted by π := {G1, …, Gq}. In
view of the operations we built above, for any element of the block Gi and every
permissible input symbol u ∈ A, there is a block, say Gj, such that (Gi,u) ⊆ Gj.
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Therefore, the partition π is transition consistent. Furthermore, the output value of Σc is
equal to that of Σ, that is, hc[Gi,u] = h(Wi) = h(σi), i = 1, …, q, which explains that π is
output consistent. Besides, the initial state of Σc, denoted by (α0,x0) := (αe,x0), is
contained in Ge ; we name Ge = G0 the initial state of the composite machine Σc. So, π
is an equivalence partition, and the quotient machine Σc/π with the state set π := {G1, …,
Gq} and the initial state G0, is stably equivalent to Σc. Now consider the machine Σc/π
and Σ′. For each state σi in Σ′, there is a one-one and onto correspondent state Gi in
Σc/π for i = 1, …, q, such that (1) s′(σi,u) = σj if and only if sc(Gi,u) = Gj; (2) h′(σi) =
h[Gi] for i = 1, …, q; (3) G0 := Ge is the initial state of Σc while σe is the initial state
of Σ′. By the definition, Σc/π and Σ′ are isomorphic. Therefore, the above yields Σc =
Σc/π = Σ′. The proof of the theorem is complete. ♦
Theorem 4.13 states a necessary and sufficient condition for the existence of
controllers to the model matching problem; its proof includes an algorithm for
constructing an appropriate controller. Note that this controller, as constructed in the
proof, decomposes into an observer and a control unit. This fact implies that a separation
principle is valid here: we can always build the controller C as a combination of an
observer Γ and a feedback control unit Φ, as connected in Figure 1-2, whenever model
matching is possible. This separation is analogous to the separation encountered for linear
systems. The observer Γ detects the state of the machine Σ from the input/output data
of the machine Σ, and provides this information to the control unit Φ. The observer Γ
depends only on the system Σ, and is independent of the model Σ′; the control unit Φ
depends both on Σ′ and on Σ.
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The machine Σ in the theorem is assumed to be a stably reachable machine, but
the result in the above theorem is still valid if Σ is not stably reachable.
Theorem 4.14 Theorem 4.13 remains true when the machine Σ is not stably
reachable.
Proof: Again, the proof that (a) implies (b) has been given in the lemmas. Now
assume Z be a subordinate list of B(Σ,Σ′) for which K(Σ,Z) ≥ K(Σ′), as given in the
theorem. Without losing generality, we assume the initial state x0 contains in the
element Ze of Z. If it is false, we can always build such a new list from the given list Z
that the new list satisfies the above condition and the condition in (b).
If Σ is stably reachable, the results have been proven in the preceding theorem. If
Σ is not stably reachable, denote by X the set which contains all the stably reachable
states from x0, then we can construct a reachable machine Σ which is stably equivalent
to Σ, by removing the non-reachable states in X\X and their associated operations. We
denote by Σ = (A,Y,X,x0,f,h). Notice that X is the state set of Σ, and the functions f
and h are identical to the functions f and h but only defined on the state subset X.
Let X′ = {σ1, …, σq} be the state set of Σ′, and denote by Z = {Zi ⊆ X, i = 1, …,
q}. Define Z′ = {Z′i = Zi ∩ X, i = 1, …, q}. We shall verify in the following that the list
Z′ is a non-deficient subordinate list of B(Σ,Σ′) satisfying K(Σ,Z′) ≥ K(Σ′). Following
the earlier notation, the initial state of Σ′ is σ0 := σe ∈ X′, where e ∈ {1, …, q}, and the
initial state of Σ is x0 := xd ∈ X, where d ∈ {1, …, n}.
First we show Z′ is not a deficient subordinate list of B(Σ,Σ′). Each element of Z′
is a subset of the state set X of the reachable machine Σ; the output function of Σ is
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identical to that for Σ defined on the set X. Therefore, the list Z′ is a subordinate list of
B(Σ,Σ′) by the definition. The machine Σ′ is stably reachable, hence, for any j ∈ {1, …,
q}, the (e,j) entry of the skeleton matrix K(Σ′), namely, Kej(Σ′) = 1. Since the subordinate
list Z satisfies K(Σ,Z) ≥ K(Σ′), we get Kej(Σ,Z) = 1, and it implies that d(Σ,x0,Zj) = 1
from the definition and the fact x0 ∈ Ze, which further follows that there exists a state ξj
∈ Zj such that it is stably reachable from x0 for all j. So, Z′j = Zj∩X is not empty for all
j. We draw a conclusion that Z′ is not a deficient subordinate list of B(Σ,Σ′).
Next, we show that K(Σ,Z′) ≥ K(Σ′) holds for the above Z′. Keep in mind that for
any integer k, the set Z′k contains the states in Zk that is stably reachable from x0. For
any integers i, j such that Kij(Σ′) = 1, we have d(Σ,Zi,Zj) = 1 because of K(Σ,Z) ≥
K(Σ′). Then, for any state xi ∈ Z′i ⊆ Zi, there must exist a state xj ∈ Zj for which
K(Σ,xi,xj) = 1, which implies that xj is stably reachable from xi. We know xi is stably
reachable from x0 due to xi ∈ Z′i , thus, the state xj is stably reachable from x0. From
the definition of Z′j , it yields that xj ∈ Z′j . In conclusion, given any integers i, j
satisfying Kij(Σ′) = 1, there is a corresponding state xj in Z′j for each state xi in Z′i
such that xi can stably reach xj. In other words, we have d(Σ,Z′i ,Z′j ) = 1. Hence, it holds
that K(Σ,Z′) ≥ K(Σ′).
Therefore, it is true that there is a subordinate list Z′ of B(Σ,Σ′) for which K(Σ,Z′)
≥ K(Σ′) provided that there is a subordinate list Z of B(Σ,Σ′) satisfying K(Σ,Z) ≥
K(Σ′). The machine Σ is reachable; by applying Theorem 4.13 to Σ and Σ′, there is a
controller (Φ,Γ) such that Σc = Σ′, where Σc is the closed-loop system in Figure 1-1 by
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replacing Σ with Σ. Since all the operations of the reachable machine Σ are identical to
that of Σ on the set of stable sets, if we substitute Σ for Σ in the closed-loop system Σc,
we end up the system Σc with the same input/output behavior. So, there is a controller
(Φ,Γ) such that Σc = Σ′. The construction of the controller can be built by following the
procedures in the proof of Theorem 4.13 and by utilizing the subordinate list Z′ we built
above.♦
The next statement presents a sufficient condition for the existence of solutions to
the model matching problems. Given the output set Y = {y1, …, yϖ}, recall that the
counter-image list of Σ is hI(Y) := {hI(y1), …, hI(yϖ)}.
Corollary 4.15. Let Σ = (A,Y,X,x0,f,h) be an asynchronous machine and let Σ′ =
(A,Y,X′,σ0,s′,h′) be a stable-state machine. Assume that the counter image list hI(Y) is
not deficient. If every entry of the extended skeleton matrix K(Σ,hI(Y)) is equal to one,
then there exists a solution to the model matching problem for Σ and Σ′.
Proof. Given the output set Y = {y1, …, yϖ}, denote by hI(Y) := {hI(y1), …,
hI(yϖ)}. Since K(Σ,hI(Y)) is an all-one matrix, the reachability indicator d(Σ,hI(yi),hI(yj))
is 1 for any i, j = 1, …, ϖ. Denote by Z := B(Σ,Σ′) the equivalence list of Σ with
respect to Σ′, and consider the extended skeleton matrix K(Σ,Z). Each entry of K(Σ,Z)
is one element of {d(Σ,hI(yi),hI(yj)), i, j = 1, …, ϖ}, which is 1. Therefore, K(Σ,Z) is an
all-one matrix too. The inequality of skeleton matrices in Theorem 4.13 is always
satisfied, so, there exists a solution to this model matching problem. ♦
The following are more corollaries in which some simplified sufficient conditions
are derived for the existence of solutions. We assume the model is stably reachable
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without loss of generality.
Corollary 4.16 Let the system and the notation be as given in Theorem 4.13.
Assume there is a list Z = {x1, …, xq} of elements of the state set X of Σ such that
h(xi) = h′(σi), i = 1, …q, and K(Σ,Z) ≥ K(Σ′). Then, there is a controller (Φ,Γ) such that
Σc = Σ′.
This result is a direct consequence of Theorem 4.13. It refers to the following
special situation. For each stable state σ of the model, there is a corresponding state x
of the machine Σ, so that the input/output behavior starting from σ can be achieved by
the transitions of Σ starting from x, via the present control scheme. Collecting the
corresponding state for each state of Σ′, we then obtain the list Z of the corollary.
The next statement is for the case when the machine Σ is strictly stably reachable.
The strict reachability indicates that, for any two states of the machine, one is stably
reachable from the other and vice versa.
Corollary 4.17 Let Σ and Σ′ be as described in Theorem 4.13, and assume that
Σ is strictly stably reachable. There is a controller (Φ,Γ) such that Σc = Σ′ if and only if
the equivalence list B(Σ,Σ′) is not deficient.
Proof: In terms of strict reachability, every entry of K(Σ) is 1, that is, K(Σ) is an
all-one matrix. Following the same line of argument, we know that the extended skeleton
matrix K(Σ,Z) is also an all-one matrix for any subordinate list Z of the non-deficient
list B(Σ,Σ′). So, as long as B(Σ,Σ′) is not deficient, we can always choose a list of
elements of X that satisfies the condition in Theorem 4.13. On the other hand, if B(Σ,Σ′)
is deficient, there exists a state σ of Σ′ such that no state of Σ generates the same
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output value. Recall the output of the closed-loop machine Σc is the output of Σ, thus,
there is no state of Σc stably equivalent to σ. Namely, there is no controller (Φ,Γ) such
that Σc = Σ′ if B(Σ,Σ′) is deficient. ♦
To summarize, if we can find a subordinate list Z of the equivalence list B(Σ,Σ′)
such that the skeleton matrix inequality of Theorem 4.13 is satisfied, then the model
matching problem for Σ and Σ′ is solvable, and a controller can be constructed by
utilizing Z. So, the subordinate list Z is the key to the solution. The next subsection
describes the construction of an appropriate subordinate list Z.
4.3 Constructing Subordinate Lists
This section presents the procedure of finding a list that satisfies the conditions of
Theorem 4.13. We start with the following definition.
Definition 4.18 Let Σ be an input/output asynchronous machine with the state set
X = {x1, ..., xn} and the skeleton matrix K(Σ). Let Z1, Z2 be two lists of elements of X,
where Z1 has m1 members and Z2 has m2 members. The restricted skeleton matrix
K(Σ,Z1,Z2) of Σ associated with Z1 and Z2 is an m1 × m2 matrix whose (i,j) entry is
defined as follows. If xr is the i-th element of Z1, and xs is the j-th element of Z2, then
Kij(Σ,Z1,Z2) = Krs(Σ).

(4-19)

From the definition, the restricted skeleton matrix K(Σ,Z1,Z2) represents the
reachability from each element of Z1 to each element of Z2. Recall that the reachability
indicator d(Σ,Z1,Z2) indicates whether each element of Z1 has access to at least one
element of Z2. Given the restricted skeleton matrix K(Σ,Z1,Z2), we can calculate the
reachability indicator d(Σ,Z1,Z2) as follows. Build a vector v in which each entry is the
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maximum of the corresponding row of the matrix K(Σ,Z1,Z2). Then, the reachability
indicator d(Σ,Z1,Z2) is the minimum the entries of v.
For example, suppose that we have the state set X = {x1,x2,x3} and the skeleton
matrix
1 1 1
K(Σ) =  0 1 1 .
0 1 1

(4-20)

Let Z1 = {x1,x2} and Z2 = {x1,x3} be two lists of elements of X. The restricted skeleton
matrix K(Σ,Z1,Z2) will be
1 1


0 1

(4-21)

by following the definition. We take maximum operation on each row to get a vector
(1,1), then the reachability indicator is d(Σ,Z1,Z2) = 1, the minimum of all elements of
this vector.
The following algorithm determines if there is a subordinate list Z of B(Σ,Σ′)
satisfying the inequality K(Σ,Z) ≥ K(Σ′); whenever such a list exists, the algorithm yields
the list. The derivation of the list Z, when combined with Theorem 4.13, completes the
solution of the model matching problem for input/output asynchronous machines.
Algorithm 4.19
Let Σ = (A,Y,X,x0,f,h) and Σ′ = (A,Y,X′,σ0,f′,h′) be two asynchronous machines,
where Σ′ is stably minimal. Let X′ = {σ1, …, σq} be the state set of Σ′, let K(Σ) be the
skeleton matrix of Σ, and let B(Σ,Σ′) := {B1, …, Bq} be the equivalence list of Σ with
respect to Σ′. Let zki ∈ X, i = 1, …, p(k), be the elements of the member Bk of B(Σ,Σ′),
where p(k) is the cardinality of Bk, k = 1, ..., q. The algorithm uses a recursive process
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to build a decreasing chain Z0 ⊇ Z1 ⊇ ... ⊇ Zδ of subordinate lists of B(Σ,Σ′); the integer
k = 0, 1, …, δ is used to count the steps in this recursive process. The last subordinate list
Zδ determines whether or not a solution exists to the problem of matching the model Σ′.
If there is such a solution, then an appropriate controller C can be derived through the
construction described in the proof of Theorem 4.13, by taking Z := Zδ, the last
subordinate list. In the process below, the members of the subordinate list Zk are
denoted by Zk,1, …, Zk,q, k = 0, ..., δ. Recall that each member Zk,i is a set of states of the
machine Σ.
Step 1. Set k := 0 and Z0 := B(Σ,Σ′), where B(Σ,Σ′) is given by Eq. 4-8.
Step 2. Consider a pair of integers i, j ∈ {1, …, q}. Let S(i,j) be the set of all
states that correspond to zero rows in the restricted skeleton matrix K(Σ,Zk,i,Zk,j), where
S(i,j) = ∅ if this matrix contains no zero rows or if Kij(Σ′) = 0. Set
Zk+1,i = Zk,i \∪j = 1, ..., q S(i,j), i = 1, ..., q,

(4-22)

Zk+1 := {Zk+1,1, ..., Zk+1,q}.

(4-23)

and

If Zk+1,i = ∅ for an integer i, then the present model matching problem has no solution,
and the algorithm terminates.
Step 3. If Zk+1 = Zk, then Zk determines a solution to the model matching problem,
and the algorithm terminates. Otherwise, repeat from Step 2, using the value of k+1 for
k. ♦
The algorithm generates a decreasing chain Z0 ⊇ ... ⊇ Zδ-1 ⊇ Zδ of subordinate lists
of B(Σ,Σ′). This chain has the following fundamental property.
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Proposition 4.20 Let Σ and Σ′ be two machines as described in Theorem 4.13,
and let Z0 ⊇ ... ⊇ Zδ-1 ⊇ Zδ be the chain of subordinate lists generated by Algorithm 4.19.
Then, any subordinate list Z of B(Σ,Σ′) that satisfies the inequality K(Σ,Z) ≥ K(Σ′) is
contained in Zδ.
Proof. As in the previous notation, we have Zk = {Zk,1, …, Zk,q}, k = 0, ...,
δ. Consider the chain of the m-th members in the subordinate lists, that is, Z0,m ⊇ … ⊇
Zδ,m. By the construction in Algorithm 4.19, for any element x ∈ Zk,m but x ∉ Zk+1,m,
there is an integer n such that the reachability indicator d(Σ,x,Zk,n) < Km,n(Σ′), namely,
d(Σ,x,Zk,n) = 0 and Km,n(Σ′) = 1, where k = 0, …, δ-1.
We shall show by induction that the following is true: for any element x removed
from Bm during the algorithm, any subordinate list Z = {Z1, …, Zq} of B(Σ,Σ′) with x
∈ Zm cannot satisfy K(Σ,Z ) ≥ K(Σ′). The induction is taken on the number of steps (or
runs) in the recursive process of the algorithm. Recall that Z0 = B(Σ,Σ′) :={B1, …, Bq}.
First, we show the above argument is true for any element x removed in the first
run (i.e., in the process to obtain Z1 from Z0). Assume x ∈ Z0,m = Bm but x ∉ Z1,m,
where m ∈ {1, …, q}. Then, there is an integer n such that the reachability indicator
d(Σ,x,Z0,n) < Km,n(Σ′). It follows, for any subset Bn′ of Z0,n = Bn and for any subset Bm′
of Bm with x ∈ Bm′, that d(Σ,Bm′,Bn′) < Km,n(Σ′). Thus, no subordinate list Z with x
∈ Zm can satisfy K(Σ,Z ) ≥ K(Σ′).
Next, assume the statement is true for any element x removed in the previous k
runs of the recursive process, and we shall show it also holds for the previous k+1 runs.
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More specifically, for any element ξ ∈ Bm but ξ ∉ Zk,m, where m ∈ {1, …, q}, we
assume that no subordinate list Z with ξ ∈ Zm satisfies K(Σ,Z ) ≥ K(Σ′). Let us
consider the elements removed in the first k+1 runs in order to build the subordinate list
Zk+1. Suppose x ∈ Bm but x ∉ Zk+1,m (x is removed in the first k+1 runs of the
algorithm). If x ∉ Zk,m, then the statement is true by the induction assumption. If x ∈
Zk,m and x ∉ Zk+1,m, then there is an integer n such that the reachability indicator
d(Σ,x,Zk,n) < Km,n(Σ′) (that is, d(Σ,x,Zk,n) = 0 and Km,n(Σ′) = 1). Next, consider the
following two cases.
(1)

Consider a subordinate list Z = {Z1, …, Zq} of B(Σ,Σ′) with x ∈ Zm and
Zn ⊆ Zk,n. By definition, we get the reachability indicator d(Σ,Zm,Zn) = 0 from
d(Σ,x,Zk,n) = 0. Since Km,n(Σ,Z) = d(Σ,Zm,Zn) = 0 but Km,n(Σ′) = 1, it implies
that K(Σ,Z) ≥ K(Σ′) is not true.

(2)

Consider a subordinate list Z = {Z1, …, Zq} of B(Σ,Σ′) with x ∈ Zm but Zn
is not a subset of Zk,n. Then, there exists at least one element y ∈ Zn ⊆ Bn
and y ∉ Zk,n (i.e., y is an element removed during the first k runs). By the
induction assumption, the inequality K(Σ,Z) ≥ K(Σ′) cannot be true.

Combining the case (1) and (2), we claim that no subordinate list Z with x ∈ Zm can
satisfy K(Σ,Z ) ≥ K(Σ′), where x ∈ Zk,m and x ∉ Zk+1,m, for m ∈ {1, …, q} and k ∈
{0, …, δ}. Together with the previous discussion, we have shown that the argument is
true for any element x removed in the first k+1 steps of the recursive process.
By induction, we draw a conclusion that for any element x removed from Bm
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during the algorithm, any subordinate list Z = {Z1, …, Zq} of B(Σ,Σ′) with x ∈ Zm
cannot satisfy K(Σ,Z) ≥ K(Σ′). In other words, any subordinate list Z of B(Σ,Σ′)
satisfying the inequality K(Σ,Z) ≥ K(Σ′) is contained in the Zδ, and so is in Zi, i = 0, ...,
δ. ♦
The next statement shows that there exists a solution to the model matching
problem if and only if Zδ = Zδ-1 (i.e., if and only if Zδ is not deficient); more specifically,
we show the non-deficient list Zδ is a subordinate list of B(Σ,Σ′) that satisfies the
inequality K(Σ,Zδ) ≥ K(Σ′).
Proposition 4.21 Let Σ and Σ′ be two machines as described in Theorem 4.13,
and let Z0 ⊇ ... ⊇ Zδ-1 ⊇ Zδ be the chain of subordinate lists generated by Algorithm 4.19.
Then, the following two statements are equivalent:
(i) There is a subordinate list Z of B(Σ,Σ′) satisfying K(Σ,Z) ≥ K(Σ′).
(ii) Zδ is not deficient.
When (ii) holds, then K(Σ,Zδ) ≥ K(Σ′).
Proof: Assume first that (ii) is valid, namely, that Zδ = Zδ-1. We shall show that
Kij(Σ,Zδ) = 1 whenever Kij(Σ′) = 1. Indeed, by contradiction, assume that Kij(Σ′) = 1
and Kij(Σ,Zδ) = 0. Then, from its definition, the reachability indicator satisfies d[Σ,Zδ1,i

,Zδ-1,j] = d[Σ,Zδ,i,Zδ,j] = Kij(Σ,Zδ) = 0. The fact that d[Σ,Zδ-1,i,Zδ-1,j] = 0 implies, as a result

of construction, that there must be a zero row in the restricted skeleton matrix K(Σ,Zδ1,i

,Zδ-1,j). In such case, Step 2 of Algorithm 4.19 will yield Zδ,i ⊃ Zδ-1,i, violating the

previous assumption that Zδ = Zδ–1. Therefore, we conclude that Kij(Σ,Zδ) = 1 whenever
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Kij(Σ′) = 1 for all i, j ∈ {1, ..., q}; it implies that K(Σ,Zδ) ≥ K(Σ′), so (i) holds with Z =
Zδ.
Conversely, assume Zδ ≠ Zδ-1 in the string Z0, …, Zδ-1, Zδ obtained from
Algorithm 4.19. Then, the algorithm terminates because there is an integer i ∈ {1, …, q}
such that Zδ,i = ∅ in Step 2 of the algorithm. By Proposition 4.20, any subordinate list Z
= {Z1, …, Zq} of B(Σ,Σ′) satisfying K(Σ,Z) ≥ K(Σ′) is contained in Zδ. However, any
subordinate list of Zδ is deficient since Zδ is deficient. Thus, there is no non-deficient
subordinate list Z of B(Σ,Σ′) satisfying K(Σ,Z) ≥ K(Σ′). ♦
By combining Proposition 4.21 with Theorem 4.13, we obtain
Corollary 4.22. Let Σ and Σ′ be two machines as described in Theorem 4.13, and
let Z0 ⊇ ... ⊇ Zδ-1 ⊇ Zδ be the chain of subordinate lists generated by Algorithm 4.19.
Then, there exists a solution to the model matching problem for Σ and Σ′ if and only if
Zδ is not deficient.
Next, let us take a deeper look at how Algorithm 4.19 produces the solution. Let L
be the set of subordinate lists of B(Σ,Σ′). Given any two lists Z1 = {Z11, …, Z1q} and Z2
= {Z21, …, Z2q }, define the meet Z1 ∪ Z2 of Z1 and Z2 as
Z1 ∪ Z2 := {Z11 ∪ Z21, …, Z1q ∪ Z2q },

(4-24)

and define the join Z1 ∩ Z2 of Z1 and Z2 as
Z1 ∩ Z2 = {Z11 ∩ Z21, …, Z1q ∩ Z2q }.

(4-25)

By definition of the equivalence list B(Σ,Σ′), we have Z1 ∪ Z2 ∈ L and Z1 ∩ Z2 ∈ L if
Z1 ∈ L

and Z2 ∈ L. Therefore, L is a lattice since any two elements of L have both a
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meet and a join in L. Clearly, the lattice L has the universal maximal element B(Σ,Σ′).
By the property of the decreasing chain Z0 ⊇ ... ⊇ Zδ-1 ⊇ Zδ given in Proposition
4.20, it can be seen that the subordinate list Zδ is the meet or the maximal element of
any subordinate lists satisfying the skeleton matrix inequality in the theorem. As a result
of the construction in Algorithm 4.19, the decreasing chain satisfies Z0 ⊃ ... ⊃ Zδ-1 ⊇ Zδ.
So, Algorithm 4.19 operates in such a way that it searches along a downward chain of the
lattice L from the universal maximum B(Σ,Σ′) till the maximal solution Z that satisfies
the inequality K(Σ,Z) ≥ K(Σ′). Consequently, the sub-lattice of L with the universal
maximal element Zδ contains all subordinate lists that satisfy this inequality.
Considering the complexity of Algorithm 4.19, we have the following statement.
Proposition 4.23 Algorithm 4.19 has polynomial complexity.
Proof. Denote by X and X′ the state set of Σ and Σ′, respectively. Let n := |X|
and q :=|X′|. Then, the total number of elements of X in B(Σ,Σ′) is less than q×n.
Since Z0 ⊃ ... ⊃ Zδ-1 ⊇ Zδ is strictly decreasing except the last step, the maximal number
of runs of the recursive process is q×n-q = q×(n-1). For each run, we evaluate its
complexity by the number of times of checking zero rows. The total rows that we need to
check are less than q×n. In all, the number of times of checking zero rows is less than
q2×n2. So, Algorithm 4.19 has polynomial complexity and is practical to implement. ♦
4.4 An Example of Controller Design
Let Σ = (A,Y,X,x0,f,h) and Σ′ = (A,Y,X′,σ0,f′,h′) be two input/output
asynchronous machines. The objective is to control the Σ so as to match the model Σ′.
Let A = {a,b,c} be the input set of the machines Σ and Σ′, and let Y = {0,1,2} be their
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output set. The state set of Σ is X = {x1, …, x6} with the initial state x0 = x1, and the
state set of Σ′ is X′ = {σ1, …, σ4} with the initial state σ0 = σ1. Tables 4-1 and 4-2
define the stable state transition functions and the output functions of Σ and Σ′,
respectively.
Table 4-1. Transition table of the machine Σ
a
b
c
Y
1
2
3
1
x
x
x
x
0
2
2
2
x
x
x
x4
1
3
3
5
3
x
x
x
x
2
4
4
6
6
x
x
x
x
0
5
5
5
5
x
x
x
x
0
6
6
6
6
x
x
x
x
1

Table 4-2. Transition table of the machine Σ′
a
b
c
Y
1
1
2
3
0
σ
σ
σ
σ
2
2
4
2
1
σ
σ
σ
σ
2
σ3
σ4
σ3
σ4
0
σ4
σ4
σ4
σ4

Utilizing the tables, we can directly calculate the stable transition matrix R(5)(Σ)
for the input/output machine Σ. The following matrix R(Σ) contains only the shortest
strings within the entries of R(5)(Σ),
c

Φ

Φ
R(Σ) =
Φ
Φ
Φ

a

b

ac

bb

{a  b}

Φ

c

Φ

{a  c} Φ

b

Φ
Φ

Φ

a

Φ

Φ

Φ

Φ {a  b  c}

Φ

Φ

Φ

Φ

acc



Φ
.
{b  c} 
Φ

{a  b  c} 
cc

(4-26)
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The skeleton matrices of Σ and Σ′ are then obtained from R(Σ) by inspection:
1 1 1 1 1 1

0

0
K(Σ) =
0
0
0



0
,
1

0

1

1 0 1 0 1
0 1 0 1
0 0 1 0
0 0 0 1
0 0 0 0

1 1 1 1

0

K(Σ′) =
0
0


.
1

1

1 0 1
0 1
0 0

(4-27)

Next, to determine whether the posed model matching problem has a solution, we
employ Algorithm 4.19 to check whether there is a subordinate list Z satisfying
condition (ii) of Theorem 4.13. In the present case, since the state set of Σ′ consists of 4
elements, this subordinate list, if it exists, consists of 4 members as Z = {Z1,Z2,Z3,Z4}.
To perform the initial step of Algorithm 4.19, we calculate B(Σ,Σ′) = {B1,B2,B3,B4} =
{(x1,x4,x5),(x2,x6),(x3),(x1,x4,x5)}. Proceeding with the Algorithm yields the final result Z
= {x1,x2,x3,(x1,x4,x5)}, a subordinate list of B(Σ,Σ′) that satisfies K(Σ,Z) ≥ K(Σ′). As this
list is not deficient, it concludes that there is a solution of the model matching problem. A
controller can then be derived from the list Z by following the steps of the proof of
Theorem 4.13.
In some cases it is possible to simplify the controller by eliminating from Z states
that are redundant. The elimination is performed by searching for a subordinate list Z′ of
Z that satisfies the inequality K(Σ,Z′) ≥ K(Σ′). An examination shows that the
subordinate list Z′ = {x1,x2,x3,(x4,x5)} satisfies these requirements. By trying the various
options, it can be seen that this is the minimal subordinate list that satisfies the
requirements. Regarding the states x4 and x5 of the last member of Z′, no matter which
one we remove, the resulting list does not satisfy the skeleton matrix inequality any more.
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Consequently, these two states in Σ have to work together in order to implement the
behavior of Σ′. A direct calculation leads to
1 1 1 1

0

K(Σ,Z′) =
0
0


 = K(Σ′).
1

1

1 0 1
0 1
0 0

(4-28)

The following discusses the observer. By definition, the (i,j) entry of the skeleton
matrix is 1 if and only if the state xj is stably reachable from the state xi through a
chain of detectable and stable transitions. Hence, there is always an observer Γ for these
transitions of the machine; we can construct the observer Γ = (A×Y,X,X,x0,λ,I) as
described by Eq. 4-5.
Next, we set the stable states of the composite system Σc to be {(α1,x1,x1),
(α2,x2,x2), (α3,x3,x3), (α4,x4,x4), (α4,x5,x5)}, and we design the controller C so that the
following equivalence relations hold between the states of the composite machine Σc
and the states α1, σ2, σ3, and σ4 of the model Σ′
(α1,x1,x1) ≡ σ1, (α2,x2,x2) ≡ σ2, (α3,x3,x3) ≡ σ3, and (α4,x4,x4) ≡ (α4,x5,x5) ≡ σ4.
For each state and each transition of the model Σ′ in Table 4-2, we create corresponding
transitions for the equivalent states of Σc.
First, for the transition s′(σ1,a) = σ1 of Σ′, the corresponding operation for Σc will
be assigned as sc((α1,x1,x1),a) = (α1,x1,x1). From the transition matrix R(Σ), we know
there is a transition s(x1,c) = x1 for the machine Σ. Then, the operations of the controller
(Φ,Γ) and the corresponding system transitions are described by the following.
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φ(α1,(x1,a)) = α1,
η(α1,(x1,a)) = c;

(4-29)

For the transition s′(σ1,b) = σ2 of Σ′, the corresponding transition of Σc is
sc((α1,x1,x1),b) = (α2,x2,x2). From the transition matrix R(Σ) in Eq. 4-26, we have s(x1,a)
= x2 for Σ. Then, the transitions of the control unit Φ are:
φ(α1,(x1,b)) = α1(x1,σ1,b),
η(α1(x1,σ1,b),(z,w)) = a (to take Σ from x1 to x2), for all (z,w) ∈ X×A,
φ(α1(x1,σ1,b),(x2,b)) = α2,
(4-30)
η(α2,(x2,b)) = a (to keep Σ staying at x2).
Here, the state α1(x1,σ1,b) of Φ is associated with variables x1, σ1, and b, at which Φ
outputs the input symbol a to control the machine Σ. Once the machine reaches x2, the
state of Φ switches to α2 to help Σ stay at x2. Similarly, for the transition s′(σ1,c) =
σ3 of Σ′, we assign
φ(α1,(x1,c)) = α1(x1,σ1,c),
η(α1(x1,σ1,c),(z,w)) = b, for all (z,w) ∈ X×A,
φ(α1(x1,σ1,c),(x3,c)) = α3,
η(α3,(x3,c)) = b.

(4-31)

For the transition of Σ′ starting from the state σ2 (i.e., Σ is in a stable combination
at the state x2 ∈ Z2), we have the next assignment:
φ(α2,(x2,a)) = α2,
η(α2,(x2,a)) = a;
φ(α2,(x2,c)) = α2,
η(α2,(x2,c)) = a;
φ(α2,(x2,b)) = α1(x2,σ2,b),
η(α1(x2,σ2,b),(z,w)) = c, for all (z,w) ∈ X×A,
φ(α1(x2,σ2,b),(x4,b)) = α4,
η(α4,(x4,b)) = c.
Considering the transitions s′(σ3,a) = σ4 and s′(σ3,c) = σ4 of Σ′, the states

(4-32)
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(α4,x4,x4) and (α4,x5,x5) are both stably equivalent to σ4, so the corresponding transition
of Σc can be chosen as either sc((α3,x3,x3),v) = (α4,x4,x4) or sc((α3,x3,x3),v) = (α4,x5,x5),
where v = a, c. By observing R(Σ), the state x4 is not stably reachable from x3, but x5
is stably reachable from x3 under the input b, therefore, we use the latter transition for
the design of Φ. Regarding the transition s′(σ3,b) = σ3, we assign sc((α3,x3,x3),b) =
(α3,x3,x3) by using the input a or c. The corresponding transitions of Φ are
φ(α3,(x3,b)) = α3,
η(α3,(x3,b)) = a;
φ(α3,(x3,v)) = α1(x3,σ3,v), for v ∈ {a,c},
η(α1(x3,σ3,v),(z,w)) = b, for all (z,w) ∈ X×A and v ∈ {a,c},
φ(α1(x3,σ3,v),(x5,v)) = α4, for v ∈ {a,c},
η(α4,(x5,v)) = v, for v ∈ {a,c}.

(4-33)

For the transition s′(σ4,v) = σ4 of Σ′ where v = {a,b,c}, we get the transitions
s(x4,a) = x4 and s(x5,a) = x5 by examining the matrix of stable transitions R(Σ).
Accordingly, the transitions sc((α4,x4,x4),a) = (α4,x4,x4) and sc((α4,x5,x5),a) = (α4,x5,x5)
for the composite machine Σc can be generated as follows.
φ(α4,(x4,w)) = α4, for w ∈ {a,b,c},
η(α4,(x4,w)) = a, for w ∈ {a,b,c},
φ(α4,(x5,w)) = α4, for w ∈ {a,b,c},
η(α4,(x5,w)) = a, for w ∈ {a,b,c}.

(4-34)

So far, for each possible one-step stable transition of Σ′, we have designed the
corresponding operations for the control unit Φ. Together with the function of the
observer Γ described in Eq. 4-5, the controller (Φ,Γ) drives the machine Σ to match
the behavior of the model Σ′.♦
In view of the example, it is clear that the length of input strings in the transition
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matrix we use for constructing the operations of the system determines the order of the
controller (i.e. the number of states). Also we can see that the construction above doesn’t
attempt to minimize the number of states. Once the controller is designed through the
procedure described in the proof of Theorem, we can reduce the number of its states by
using available state reduction techniques for asynchronous machines (Fisher and Wu
1993, and Kohavi 1970).

CHAPTER 5
MODEL MATCHING FOR INPUT/OUTPUT ASYNCHRONOUS MACHINES WITH
CRITICAL RACES
Chapter 3 and Chapter 4 have introduced feedback controllers to drive an
asynchronous machine so that the composite system performs a prescribed behavior.
Chapter 3 considers input/state machines and chapter 4 focuses on input/output
deterministic machines.
The present discussion deals with the model matching problem for input/output
machines whose behaviors suffer from the effects of critical races. The goal is to design
an output-feedback controller C so that the input/output behavior of the composite
system Σc matches a prescribed model Σ′. Whenever such a controller exists, it removes
the indeterminacy of the system’s behavior, and assigns to the composite system a
preferred behavior. It is also shown that every solvable model matching problem can be
solved by a controller C that consists of two asynchronous machines: an observer Γ
and a state-feedback control unit Φ, as depicted in Figure 1-2.
The present chapter is organized in the following way. Section 5.1 concentrates on
the observer part of the controller and its associated concepts. In Section 5.2, we define
extended skeleton matrices for input/output machines with critical races. The concept
here is a generalization of the extended skeleton matrices presented in Chapter 4. The
main results about the model matching problem are presented in Section 5.3, which
includes a necessary and sufficient condition for the existence of solutions, as well as
methods for the implementation of solutions, whenever solutions exist. Section 5.4
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presents an algorithm to check the above condition, and Section 5.5 makes some
extended discussion on the preceding results. In the end, examples are given in Section
5.6 for the implementation of these results.
5.1 Characterizations of Observers
This section views observers for nondeterministic asynchronous machines and
discuss some special issues associated with the inputs/outputs of machines. In the present
work, the function of observers is to detect as much as possible of the information of
machines from their input/output data.
Similar to observers for deterministic asynchronous machines, the observers here
need to fulfill two tasks; one is to inform if the machine is in a stable combination, and
the other is to estimate the states based on input/output data of the machine.
Consequently, we separate the function of the observer as two kinds in the following:
One is associated with detectability and the other is related to observability. Unlike the
deterministic case, it is possible that the observer only provides a state uncertainty set in
which the machine might be, instead of an accurate state value. Therefore, the present
discussion will be involved with state uncertainty sets.
5.1.1 Detectability at Uncertainty Sets
Let us first define the concept of detectability at state uncertainty sets. Consider an
input/output asynchronous machine Σ = (A,Y,X,x0,f,h). Let s be its stable state
transition function. Given a subset Z = {z1, …, zn} of X and an input u ∈ Α, let the
successor of (Z,u) be the set Z′ = {z′1,…,z′n} := s[Z,u] where z′i = s(zi,u) for i = 1, …,
n. Similarly, define the successor of (Z,t), where t ∈ A* is an input string. Suppose the
machine Σ is in a stable combination at a state x1 ∈ Z, and it moves to the next stable
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state xm = s(x1,u) under the input u, by going through a chain of transient states x1,
x2 ,…, xm. Denote by
h(x1)…h(xj)
y*(j) = 
h(x1)…h(xm)

for j = 1 … m;
for j = m+1 … 

(5-1)

the corresponding transient output string at moment j, and denote the burst of y*(j) by
b(j) := burst(y*(j)),

(5-2)

Recall the definition of transition burst, the burst b(m) is the transition burst of (x1,u),
and denoted by b(m) = burst(x1,u). Recall a burst takes only the symbol changes into
account, and it is the type of data that is measurable from an asynchronous machine.
Next, following the notation described in Eq. 5-1 and Eq. 5-2 for any one-step
stable transition of Σ, we define the detectability at uncertainty sets for asynchronous
machines.
Definition 5.1 Let Σ be an asynchronous machine with the state set X and an
input symbol u. Denote by Z a subset of X and denote by Z′ the successor of (Z,u).
Then, Σ is detectable at the set (Z,u) if there is a function κ: Y* → {0, 1} for j = 1,
2, … such that
1
κ(b(j)) = 
0

if xj ∈ Z′;
otherwise.

(5-3)

According to the definition, if the machine Σ starts from an arbitrary pair in (Z,u)
and Σ is detectable at (Z,u), then there is a one-one mapping from the step number j to
{Z′, X\Z′}, where Z′ is the successor of (Z,u). Next is an argument about the
detectability.
Proposition 5.2 Let Σ be detectable at the set (Z,u) of state-input pairs. If Σ
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starts from an arbitrary state in Z with the input u, at any moment, we can tell whether
the machine is in a stable combination from the current output burst.
Proof. Denote by Y1 := burst[Z,u] the set of the transition bursts, which includes
all the transition bursts generated by the machine Σ from any initial state in Z; denote
by Y2 the set of the bursts from an initial state till the moment the machine is still at
transient states (i.e., before entering a stable combination). By the definition of
detectability, there is a function κ: Y* → {0, 1} such that κ[Y1] = 1 and κ[Y2] = 0.
The existence of the function κ guarantees that Y1 ∩ Y2 = ∅ (empty set). Following the
earlier notation, denote by b(j) the current output burst of Σ, then we can tell whether
the machine is in a stable combination by checking b(j) ∈ Y1 or b(j) ∈ Y2. ♦
The following statement shows that the detectability defined in Section 4.1 for
single input-state pairs is a special case of the one defined above for sets of pairs.
Proposition 5.3 If Σ is detectable at (Z,u) ⊆ X × A, where X is the state set and
A is the input set of Σ, then Σ is detectable at any input-state pair (x,u) ∈ (Z,u).
A necessary and sufficient condition for the detectability is given as follows. It
provides us an easy way to verify the detectability of a machine. We use prefix(•) for the
prefix relation, and use s_prefix(•) for the strict prefix relation (not including the string
itself).
Proposition 5.4 Let Σ = (A,Y,X,x0,f,h) be an asynchronous machine, and follow
the notation in Definition 5.1. The machine Σ is detectable at (Z,u) if and only if (i) Σ
is detectable at all pairs (x,u) ∈ (Z,u), and (ii) For any two transition bursts y1, y2 ∈
burst[Z,u] of Σ, it holds that y1 is not a prefix of y2.
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Proof. Assume first Σ is detectable at (Z,u), then (i) is valid from the proposition
5.3. Suppose that there exist two bursts y1, y2 ∈ burst[Z,u], and y1 = prefix(y2). Since y1
≠ y2, it is evident that y1 = s_prefix(y2). Suppose Σ generates a transition burst y1 with
the initial state being x1 ∈ Z, and it generates y2 with the initial state being x2 ∈ Z. Let
Σ starts from an arbitrary state in Z. At a certain moment, the machine Σ produces a
burst y1 in its output port. Two different situations might occur at this instant:
(a) The machine reaches the next stable state if the initial state is x1;
(b) It is not yet in a stable combination if the machine is initially from x2.
Following Definition 5.1 of detectability, there is a function κ for which κ(y1) = 1
(from case (a)) and κ(y1) = 0 (from case (b)). A contradiction occurs, which yields that
y1 is not a prefix of y2. Since y1, y2 are picked up arbitrarily in burst[Z,u], it concludes
that there is no prefix relation for any two elements in burst[Z,u] if Σ is detectable at
(Z,u).
On the other hand, assuming that the detectability of Σ at any individual stateinput pair holds (i.e., condition (i)), and that no prefix relation exists between any two
elements of burst[Z,u] (i.e., condition (ii)), we shall show Σ is detectable at (Z,u).
Construct the set Yp(Z,u) = {s_prefix(burst(x,u)) : x ∈ Z} which includes the strict
prefix strings of all transition bursts in burst(Z,u). Following the previous notation,
suppose the machine Σ is initially in a stable combination at x1 ∈ Z, and suppose Σ
moves to the next stable state xm through a chain of transient states x1x2…xm-1xm as the
result of an input u. Denote by b(j) the output burst of Σ at transient step j and let
y1 := b(m) = burst(x1,u). Cleary, the string y1 ∈ burst[Z,u]. Let y2 ∈ burst[Z,u] be
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another transition burst. Then, we have the string y2 ≠ s_prefix(y1) due to the condition
(ii). For the burst b(j) of Σ at transient step j, it holds that b(j) = s_prefix(y1) for j =
1, … m-1, from the condition (i). Thus, it yields that y2 ≠ b(j) ∈ Yp(Z,u) for j = 1, … m1. So, for any string y* ∈ burst(Z,u), we have s_prefix(y*) ∉ burst(Z,u), that is,
burst[Z,u] ∩ Yp(Z,u) = ∅. Hence, there exists a function κ such that
1
κ(b(j)) = 
0

if b(j) ∈ Y*(Z,u) 
if b(j) ∈ Yp(Z,u).

(5-4)

If b(j) ∈ burst(Z,u), the machine is in the next stable state, and it is not, otherwise. So,
the machine Σ is detectable at (Z,u) by the definition. ♦
Proposition 5.4 provides a convenient way to verify the detectability of the machine.
Intuitively, if there exists two output burst strings y1, y2 ∈ burst[Z,u] such that y1 =
prefix(y2). The moment Σ outputs the entire string of y1, it is impossible to tell if Σ
reaches the next stable state because it might continue to generate more symbols and
eventually the output burst turns out to be y2. Therefore, we cannot determine whether Σ
has reached the next stable state when we observer the output burst y1, that is to say, Σ is
not detectable at (Z,u). The following gives a property of the detectability.
Proposition 5.5 Let Σ = (A,Y,X,x0,f,h) be an asynchronous machine. Let Z1, Z2
be two subsets of X where Z1 ⊆ Z2. Then, the machine Σ is detectable at (Z1,u) if it is
detectable at (Z2,u), where u ∈ A is an input character.
Proof. From the necessary and sufficient condition in Proposition 5.4, the fact that
Σ is detectable at (Z2,u) implies that (i) Σ is detectable at (x,u) where x ∈ Z2, and (ii)
for any two bursts y1, y2 ∈ burst[Z2,u], the burst y1 is not a prefix of the burst y2. It
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follows from (i) that Σ is detectable at (x,u) where x ∈ Z1 ⊆ Z2, and from (ii) that for
any two strings in burst[Z1,u] ⊆ burst[Z2,u], one is not a prefix of the other. Applying
again the condition in Proposition 5.4, the machine Σ is detectable at (Z1,u). ♦
5.1.2 Observability for Critical Race Machines
The present section studys the observability issue, namely, the ability of observers
to identify the value of stable states of a machine. There are known to be at least two
types of observing (or identification) problems, the initial-state observing problem and
the terminal-state observing problem (Booth 1967 and Kohavi 1970 for sequential
machines). The following statements adapt original definition of automata theory to our
present context of asynchronous machines.
The initial-state observing issue deals with the problem of determining the
unknown initial state of the machine from its subsequent input/output data. For
asynchronous machines, the available data are input strings and their resulting output
bursts. Let Σ = (A,Y,X,x0,f,h) be an asynchronous machine, where the initial state x0 is
unknown but contains in the uncertainty set Z ⊆ X. In response to an input symbol u ∈
A, the machine Σ moves from any initial state x ∈ Z to the next stable state of (x,u)
and produces a transition burst burst(x,u). Different initial states may or may not result in
different transition bursts. If two states in Z correspond to a same transition burst, then it
is impossible to identify the initial states based on the output. The function of the
observer is to detect from the output burst the smallest uncertainty set which the initial
state x0 might be in.
Regarding the terminal-state observing problem, we assume again the machine is
initially at an unknown state in Z. Apply an input string and measure the ensuing output
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burst. Then, on the basis of this observation, we try to specify the terminal (i.e., current)
state of the machine. This type of problem is what we will face in the present discussion
on model matching.
Now, we define the burst matrix of asynchronous machines as follows. Given the
asynchronous machine Σ, let the state set be X = {x1, …, xn} and let the input set be A
= (u1, …, uυ), its burst matrix is an n×υ matrix denoted by W, whose (i,j) entry is equal
to burst(xi,uj), the transition burst generated from Σ for the one-step stable transition at
(xi,uj). The burst matrix is convenient to get from the transition matrices of the machine.
We use the above burst matrix as a tool to help check the observability of the machine.
Utilizing the burst matrix W of the machine Σ, we will show below how to solve
the observability problems. Suppose the state uncertainty set is initially at Z0 ⊆ X. The
input symbol u0 is applied to the machine and the transition burst y* is then observed.
By checking the entries of W which are associated with the pair in (Z0,u0), we can
simply reduce the uncertainty Z0 to the states whose corresponding entries match y*. In
other words, denoting the refined set by Z0′ ⊆ Z0, we have Z0′ = {x: burst(x,u) = y*, x ∈
Z0}. Furthermore, let s be the stable transition function of Σ, and the current state
uncertainty will simply be the successor Z1 := s(Z0′,u0). If more symbols are applied, say,
u1 is applied after u0, we can further reduce the uncertainty based on the burst as a result
of the input u1.
The following example illustrates how to refine the uncertainties. Let the state
space of Σ be X = {x1,x2,x3} with h(x1) = y0 and h(x2) = h(x3) = y1. Suppose the onestep stable transition matrix for the machine is
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 b N a
 N b a ,


 b N a
where each entry gives the possible input characters for the corresponding row and
column, and symbol ‘N’ indicates that there is no such a character. Then, the burst matrix
can be built as
 y1y0 y1 
W =  y0 y0 .
 y0 y0y1 

(5-5)

Assume the machine is detectable at any uncertainty pair, so that the detectability
issue is of no concern to our present discussion. If the machine is initially in a stable
combination at uncertainty set Z = {x1,x2,x3} when the input turns to a. By examining
the related entries in W, we can reduce the initial uncertainty to be either {x1} or
{x2,x3}, depending on which output burst it actually produces, y1y0 or y0. Given the
stable transition function s, we can further obtain the uncertainty of the current state to
be {s(x1,a)} or {s(x2,a), s(x3,a)}. In such a way, the observer we will construct later
estimates the smallest uncertainty of the current stable state, so as to refine the state
uncertainty along the transitions.
In the situation where the input/output machine Σ is afflicted by a critical race, we
can represent the machine by a critical race family M which contains several member
machines; each member machine is a deterministic machine and corresponds to one
outcome of the race. Suppose there are γ outcomes of the race, then we denote by M =
{Σ1, …, Σγ}. For each member machine Σi, we can build its burst matrix Wi which will
be used next to observe the state uncertainty.
Proposition 5.6 Given a critical race family M = {Σ1, …, Σγ}, denote by si and
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Wi the stable state transition function and the burst matrix of Σi, i = 1, …, γ. Starting
from an initial uncertainty set Z0, the machine generates a transition burst y* in
response to an input u. Then, the minimal uncertainty set of the current stable state is
Z1 := ∪i = 1, …, γ si(Z′i ,u), where Z′i = {x: y* = burst(x,u), x ∈ Z0} is obtained directly from
the burst matrix Wi, i = 1, …, γ.
Proof. During the one-step stable transition under the input u, if the machine does
not encounter the critical race, then the corresponding entries burst(x,u) = y* are the
same in each burst matrix Wi, i = 1, …, γ, namely, Z′i = Z′j for all i, j = 1, …, γ.
Therefore, the uncertainty set of the current stable state Z1 = si(Z′i ,u) where i ∈ {1, …,
γ}, which is the same result as in the case of a single deterministic machine.
If a critical race occurs in the one-step stable transition, different outcomes of the
race cause different next stable states. The set Z′i contains the possible initial states in Z0
for the member machine Σi, and then si(Z′i ,u) are the stable states of Z′i resulting from
the input u. Which member machine takes effect is random after the race, so, the
uncertainty set of the current stable state will be the union of Z′i , i = 1, …, γ. ♦
In some situations, we only have knowledge that the actual machine Σ is one of a
general machine family, in which each member machine is deterministic and distinct.
Again the machine can be represented as a machine family, say, M = {Σ1, …, Σγ}. The
difference on the transitions of a general family from that of a race family is that the same
member machine is operating at any time; however, in a race family, the member might
be different when the machine hits the race at different times. Given the same one-step
transition and the same initial uncertainty as discussed previous, we can utilize the burst
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matrix to identify the uncertainty of the stable states as follows. The uncertainty is stored
in a list of subsets of the state space, denoted by Z1 := {s1(Z′1,u), …, sγ(Z′γ,u)} where Z′i =
{x: y* = burst(x,u), x ∈ Z0} is obtained from the burst matrix Wi of Σi, i = 1, …, γ. If a
member si(Z′i ,u) of the list Z1 is empty set ∅, it indicates that the member machine Σi
has been out of the consideration hereafter.
5.1.3 Observer Structure
We have discussed detectability and observability issues for input/output
asynchronous machines. Given the asynchronous machine Σ = (A,Y,X,x0,f,h) and its
stable transition function s, now, let us construct the observer Γ. The observer is such an
asynchronous machine that its initial state is identical to x0 (the preset initial state of Σ)
and that its output signifies the minimum uncertainty for the most recent stable state of Σ.
The minimum means, that Σ might be at any state in the minimum uncertainty set, and
that the state of Σ must be in this uncertainty set. We choose the observer Γ as an
input/state asynchronous machine without losing generality.
First of all, let us take a view of how the observer functions. Suppose the machine
Σ is currently at a state uncertainty set Z0 (in the later discussion, the set Z0 will be
assigned as the current state of the observer Γ). As a result of the input character u, the
machine Σ starts moving and generating output characters. The observer has to be
designed in such a way that the whole system operates in fundamental mode, that is, the
observer remains unchanged until the machine has reached a stable combination. Similar
to the concept in Chapter 4 for deterministic machines, we use a shift register of finite
memory to store the output data of one-step stable transition of the machine; the register
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clears its memory once Σ launches the next stable transition in response to a new input.
Consider the example in Section 5.1.2, where we assume Σ is detectable at the set
(Z0,u). The detectability ensures that we can determine if the machine Σ has reached a
stable combination by examining if the output burst of Σ is equal to y* ∈ burst(Z0,u).
Then, required by the fundamental mode, the observer can make a move only if y* ∈
burst(Z0,u). Utilizing the observing procedure described in Section 5.1.2, we could obtain
the refined state uncertainty Z1, which contains the possible stable states of Σ as a result
of the input u. The observer then outputs Z1 which is a function of Z0 and the inputburst pair (u,y*); next, this relation is described by the recursion function λ of the
observer.
Note that the stable state of the observer Γ carries the information of state
uncertainty of the machine Σ; we will simply symbolize the states of Γ by subsets of X.
Denote by F the state set of Γ, then each element of F is a subset of X. If the set X
contains n elements (i.e., |X| = n), then the maximal size of F will be 2n. To reduce the
number of variables, each state of Γ can be implemented as an n-tuple variable, say,
(a1, …, an), where ai = 1 if xi ∈ X is included in the uncertainty set represented by the
state of Γ, and ai = 0 otherwise. By this means, the exponential size of state space can
be easily put into practice by n variables.
Denote by β0 the initial state of the observer, which is assigned to be the initial
state x0 of the machine Σ. Denote by Ψ the set of all prefixes of transition bursts of Σ.
Then, the output string y* recorded in the register at any moment contains in Ψ, and y*
∈ Ψ serves as one input of the observer. To conclude, the observer Γ can represented as
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the stable transition machine Γ = (A×Ψ,F,F,x0,λ,I), where the output function I stands
for the ‘identity’. Assume that, at the step k, the state of Γ is βk (i.e., the uncertainty of
stable state of Σ at the same moment). As an input uk appears, the machine Σ moves to
its next stable state and generates a transition burst contained in burst(βk,uk). The state of
Γ at the step k+1 is denoted by βk+1 which represents the subset of X that satisfies
 burst(β′k,u) = y* 

 s(β′k,u) = βk+1.

(5-6)

The procedure to calculate βk+1 is explained in the preceding section by utilizing the
burst matrix.
Note that it is necessary that Σ is detectable at (βk,uk) in order to guarantee the
combination of the observer Γ and the machine Σ operates in fundamental mode. The
observer keeps unchanged until it has received a transition burst in burst(βk,u) to
guarantee the machine Σ has reached a stable combination. More specifically, we have
the following transition for the operation of the observer:
s(β′k,uk)
βK+1 = λ(βk,(uk,y*)) = 
 βk

if y* ∈ burst(βk,uk) 
otherwise 

(5-7)

where β′k ={x ∈ βk : burst(x,u) = y*}.
5.2 Reachability Trees and Skeleton Matrices
5.2.1 Reachability Trees for Machines with Critical Races
For input/output asynchronous machine, the occurrence of critical races results in
the following situation: from the available input/output data, we may not be able to
identify which individual state the machine is at; instead, we can only get a state
uncertainty set. In order to investigate the model matching problem for input/output
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machines, in this section, we introduce the concept of stable transitions between two
uncertainty sets. The reachability tree is a tool to produce and store these possible
transitions.
The reachability tree, which is similar to the successor tree (Kohavi 1970), displays
the uncertainties of the successor for all permissible inputs starting from a specified
initial uncertainty set. It is composed of branches arranged in successive levels, numbered
0, 1, .., j, … There are several branches in the jth level, each corresponding to and labeled
with one permissible input symbol of the machine. Each node of the reachability tree is
associated with a state uncertainty set. Each branch emanates from one node in a level,
and forms one or more nodes in its successive level. If there are two or more successive
nodes for one branch, these nodes are called siblings to each other; they distinguish
themselves by different transition bursts of the one-step stable transition associated with
this branch. The fact that the siblings exist indicates that the uncertainty associated with
one node get refined based on the information of this one-step stable transition. For two
or more branches emanating from a common node, while labeled with different input
symbols, the successive nodes generated from one branch are cousins to those from other
branches. A sequence of branches, starting from node i and terminating at node j, is
referred to as a path from node i to node j. Each branch is labeled as an input character,
so each path is associated with an input string which is composed of all the input
characters of its branch in the downward order. The length of a path is the number of
levels going through, or the number of input characters in the string.
The initial node (at level 0) of the reachability tree is associated with the initial
uncertainty of the machine; in the present discussion the initial state is specified by x0 ∈
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X. Denote by N0 an arbitrary node (i.e., an uncertainty set), and label a branch
emanating from N0 by the input symbol u. If the successive nodes of this branch are
nodes N1, …, Nk (they are siblings), then there exist k disjoint sets A1, …, Ak ⊆ N0
with N0 = ∪i = 1, …, k Ai such that the following transitions occur: s(A1,u) = N1, …, s(Ak,u)
= Nk. For the transitions of s(Ai,u) = Ni := {s(x,u) = Ni : x ∈ Ai}, their bursts are the same;
however, the transition burst of s(Ai,u) = Ni is different for different i’s. So, given a
node, each of its successive node Ni can be identified as a pair (u,y*) of input and
transition burst, where y* = burst(Ni,u). The successive nodes N1, …, Nk can be easily
obtained from the burst matrix of the machine we defined in Section 5.1.2 (see
Proposition 5.6).
Following the construction of the reachability tree, given any node A and any
permissible input u, the existence of successive nodes of (A,u) requires that the
machine Σ is detectable at (A,u). So, there will be no branch emanating from the node
A if any input symbol u cannot satisfy the detectability condition. If it happens, this
node becomes terminal. A node in the tree becomes terminal whenever any of the
following occurs:
•

The node is associated with an uncertainty that is also associated with some
node in a preceding level.

•

The node is associated with an uncertainty such that no permissible input
symbol exists.

The following is an example of constructing reachability trees. Consider the
machine Σ with the stable transitions shown in Table 5-1. Its state set is X = {x1,x2,x3}
with the initial state x0 := x1, its input set is A = {a,b,c}, and its output set is Y = {0,1}.
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The state-input pair (x1,c) is a critical race pair, so we could build a race family Μ =
{Σ1,Σ2} with two deterministic member machines, where Σ1 and Σ2 have everything
the same except the next states at the critical race pair.
Table 5-1. State transition function and output function of the Machine Σ
a
b
c
y
1
1
2
1
2
x
x
x
{x , x }
0
2
3
2
2
x
x
x
x
0
x3
x3
x2
x3
1
By definition, it is easy to obtain the burst matrices for Σ1, Σ2, which are

W1 = W2

0
=  01
1

0 0
0
10


0
1

(5-8)

Checking the entries in each column, there are not two entries of a column for which one
is the prefix of the other. Hence, Σ is detectable at any uncertainty combination (Z,u)
where Z ⊆ X and u∈ A.
We construct the reachability tree of the machine Σ with the initial state x1 (i.e.,
the 0th-level node of the tree) as follows. There are totally three branches emanating from
x1 associated with three inputs a, b, c, respectively. Figure 5-1 shows only the
successive nodes of the branch labeled with the input c; we omit those of the other two
branches since they are just regular branches as defined in a successor tree (Kohavi 1970).
As we can see from Figure 5-1, the race occurs in the first level, and it generates an
uncertainty set (x1,x2). By definition, the nodes x1 and x3 in the terminal level are
siblings, but x1 and x2 are cousins.
^ all the state uncertainty sets of Σ associated with the
Now, collect as a set X
− := X
^ ∪ X, which we call the observing
nodes in the reachability tree, and denote by X
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− := {x̄ ,x̄ ,x̄ ,x̄ } =
set of Σ. For the above example, we have the observing set X
1 2 3 4
− , then, we say that N is stably
{x1,x2,x3,(x1,x2)}. Let N1 and N2 be two elements of X
2
reachable from N1 if there is a path from N1 to N2 in the reachability tree, and is kstep stably reachable if the path has length k or less. Similar to the concept for
deterministic machines, we are able to define k-step stable transition matrices and k-step
− , denoted by R(k) −
− ),
skeleton matrices of Σ with the observing set X
(Σ,X) and S(k)(Σ,X
respectively. We omit their details. Likewise, skeleton matrices are matrices of zeros and
− | = ω, similarly, the skeleton matrix of Σ with the observing set X
−,
ones. Supposing |X
− ), is defined as
denoted by K(Σ,X
− ) := S(ω-1)(Σ,X
− ).
K(Σ,X

(5-9)

x1
c
(x1,x2)

a
x1

b
x3

x2

c
(x1,x2)

Figure 5-1. Part of the reachability tree of Σ that shows the transitions after the race.
− ) as the skeleton matrix for the input/output machine Σ with
We name K(Σ,X
critical races. It stores the information of reachability between any two nodes in the
−) .
reachability tree (i.e., any two elements in X
−=
If the machine Σ is an input/output deterministic machine, its observing set is X
X, and then the transition matrices and skeleton matrices defined above are identical to
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the corresponding matrices defined for input/output deterministic machines in Section
4.2.1. Thus, the definition of these matrices in the present discussion for the machines
with critical races is an extension of the definition for deterministic machines, which we
state in the following proposition.
− be its
Proposition 5.7 Let Σ be an input/output deterministic machine, and let X
− ) defined for machines having critical
observing set. Then, the skeleton matrix K(Σ,X
races is identical to the skeleton matrix K(Σ) for deterministic machines in Section 4.2.1.
− for the deterministic machine Σ is
Proof. It is a fact that the observing set X
identical to its state set X. From the construction of the reachability tree, for each node
N1 and a branch emanating from N1 with label u, it holds that Σ is detectable at the set
(N1,u). Since any node N1 is an element of X for the deterministic machine Σ, the
machine Σ is detectable at the state-input pair (N1,u). By the definition of one-step
− ) = S(1)(Σ,X) =
skeleton matrices for deterministic input/output machines, we get S(1)(Σ,X
−
S(1)(Σ). The skeleton matrices K(Σ,X) and K(Σ) are computed in the analogous way
− ) and S(1)(Σ), respectively, which implies that K(Σ,X
− ) = K(Σ).♦
from S(1)(Σ,X
−
For the previous example, the one-step transition matrix R(1)(Σ,X) is described as

−) =
R(1)(Σ,X






{a}

{b}

N

N

{b  c}

{a}

N

{b}

{a  c}

a

b

a

c


,
N

c 
N

(5-10)

where the input characters in its (i,j) entry could take the machine Σ from the node x̄i
to the node x̄j, and the entry with the value ‘N’ indicates that x̄j is not stably reachable
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−
−
from x̄i. The skeleton matrix K(Σ,X) with the observing set X can be calculated from
− ) to be
R(1)(Σ,X
1 1 1 1

−) =
K(Σ,X

0

0
1


.
0

1

1 1 0
1 1
1 1

(5-11)

− ) indicates that there is a path from the node x̄
The (i,j) entry with value 1 in K(Σ,X
i
− . For instance, the (4,1) entry is
to the node x̄j in the reachability tree, where x̄i, x̄j ∈ X
1 if there is a path from the uncertainty (x1x2) to the state x1.
5.2.2 Fine Subtrees and Fine Sets
In the present section, we will introduce the concept of fine subtrees and fine sets
on the basis of the reachability tree. Following the earlier notation, the state set of Σ is
−.
X, and the set of nodes in the reachability tree, named as the observing set of Σ, is X
− are subsets of X. We introduce subtrees and fine subtrees as follows.
The elements of X
Definition 5.8 A subtree of the reachability tree is composed of the nodes and
branches that include in the reachability tree. A fine subtree of a reachability tree is such
that, if a node of the reachability tree is contained in the subtree, so are its siblings.
− (X and X contain subsets
The next is some notation. Given two sets X1, X2 ⊆ X
1
2
of X), we say X1 ≤ X2 (or X2 ≥ X1) if there is a corresponding element β2 ∈ X2 for
each β1 ∈ X1 such that β1 ⊆ β2. And we say that X2 is a closed set of X1 if X2
contains all the subsets of the elements of X1, that is to say, X2 := {β2 : β2 ⊆ β1 for any
β1 ∈ X1}. For example, the set {(a,b),a,b} is a closed set of {(a,b)}, and {(a,b),a,b} ≥
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{(a,b)}.
(x1,x2)

(x1,x2)

a

a

a

x1

x3

x1

(A)

(B)

Figure 5-2. These are two spanned trees of the set {a}. (A) is a fine subtree for the triple
(Σ,(x1,x2),{(x1),(x3)}), but (B) is not a fine subtree for the triple
(Σ,(x1,x2),{(x1),(x3)})
− and a set of nodes, X ⊆ X
− , we define
Given a reachability tree, its node β1 ∈ X
2
the spanned subtree (or spanned tree) of a string set T for the triple [Σ,β1,X2] as
follows. It is a subtree with the initial node being β1 and the terminal nodes contained in
the closed set of X2; each path of the spanned tree from β1 to a node in the closed set of
X2 is associated with an input string in T. We call the set T of strings a fine set for the
triple [Σ,β1,X2] if the subtree spanned by T is a fine subtree. In the previous example,
the string set {a} does not span a fine subtree for the triple [Σ,(x1,x2),{(x1)}], but it does
for the triple (Σ,(x1,x2),{(x1),(x3)}). The subtree for the former case is shown in (A) of
Figure 5-2, and for the latter case is in (B).
Following the previous notation, let β1 be a node of the reachability tree of the
machine Σ, and let X2 be a set of nodes. Denote by T the set of all the possible input
strings that can drive Σ from the node β1 to nodes in the closed set of X2. The
following describes an algorithm to detect if there is a fine subtree within the spanned
tree of the string set T. From the existence of a fine subtree, we can conclude that T is a
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fine set for the triple (Σ,β1,X2). In practice, the reachability tree can be stored in the
computer with a form of date structure.
Algorithm 5.9
Step 1. Going through all the paths in the reachability tree which originate from the
node β1 and terminate at the nodes in the closed set of X2, we mark the nodes along the
paths which are associated with the strings in T.
Step 2. Remove the mark of a node if one of its siblings has no mark; and remove
the mark of a node if all its successive nodes have no mark.
Step 3. In the end, check if the initial node β1 is marked. If yes, then T is a fine
set for the triple (Σ,β1,X2). Moreover, the paths running through the remaining nodes
with marks on comprise a fine subtree, and the input strings associated with these paths
form a fine set too.
Proposition 5.10 The set T of strings is a fine set for (Σ,β1,X2) if and only if the
initial node β1 is marked after Algorithm 5.9, and if so, the input strings associated with
the remaining paths also form a fine set for (Σ,β1,X2).
Proof. Assume first that the initial node β1 remains marked. It implies there is at
least one of its successive nodes having mark, otherwise, the mark of β1 needs to be
removed by Step 2. Similarly, this successive node of β1 also has at least one marked
successive node, and so on and so forth, until we reach the terminal nodes of the paths.
Thus, there is at least a path from β1 to a node in the closed set of X2, along which all
nodes are marked. Also the siblings of these nodes have marks due to the operation in
Step 2. Therefore, the remaining paths from the initial node to the terminal nodes build
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up a fine subtree, and the input string associated with those paths constitute a fine set for
the triple (Σ,β1,X2).
Conversely, assume that T is a fine set for (Σ,β1,X2) but the initial node β1 has
no mark after the algorithm. This fine set T constructs a fine subtree from β1 to nodes
in the closed set of X2. For each node in this subtree, at least one of its successive nodes
has mark, and all of its siblings have mark. So, after applying Algorithm 5.9, all the
nodes in this subtree still have marks, which is conflicted with the assumption that β1
has no mark. This completes the proof. ♦
Proposition 5.11 Let the system and the notation be as described in Proposition
5.10. Let T be a set of input strings that spans a fine subtree for (Σ,β1,X2), and let β2 be
a node in this subtree. Then, there is a fine set for the triple (Σ,β2,X2).
Proof. Consider all the paths in the spanned subtree of T for the triple (Σ,β1,X2).
If we only look at the segments of these paths starting from the node β2, then these
segments form a fine subtree for (Σ,β2,X2) by the definition. Therefore, there is always a
fine set for (Σ,β2,X2). ♦
Comparing to Definition 4.9 in Section 4.2.1, we give the following notation.
− be its
Definition 5.12 Given an input/output nondeterministic machine Σ, let X
− . Then, the reachability indicator
observing set. Denote by Z1 and Z2 two subsets of X
d[Σ,Z1,Z2] of Σ is 1 if there is a fine set for the triple (Σ,β1,Z2) for every β1 ∈ Z1;
d[Σ,Z1,Z2] = 0 otherwise. If d[Σ,Z1,Z2] = 1, we say there is a fine set for the triple
(Σ,Z1,Z2).
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The reachability indicator possesses the following properties.
Proposition 5.13 Let the system and the notation be as given in Definition 5.12.
− , denoted by Z′, for which Z′ ≥ Z , we have d(Σ,Z ,Z′) ≥
Given another subset of X
2
2
2
1 2
d(Σ,Z1,Z2).
Proof. It implies from Z′2 ≥ Z2 that for any node β ∈ Z2, there is a node β′ ∈ Z′2
such that β′ ⊇ β (β, β′ are nodes in the reachability tree of Σ, i.e., subsets of X). If a set
T of input strings spans a fine subtree for (Σ,Z1,Z2), then it is also a fine subtree for
(Σ,Z1,Z′2) by definition. Therefore, if d(Σ,Z1,Z2) = 1, then d(Σ,Z1,Z′2) = 1, namely,
d(Σ,Z1,Z′2) ≥ d(Σ,Z1,Z2). ♦
Proposition 5.14 Let the system and the notation be as given in Definition 5.12.
− , denoted by Z′
Given another subset of X
1, for which Z′1 ≤ Z1, we have d(Σ,Z′1,Z2) ≥
d(Σ,Z1,Z2).
Proof. It implies from Z′1 ≤ Z1 that for any node β′ ∈ Z′1, there is a node β ∈ Z1
such that β ⊇ β′ (β, β′ are subsets of X). The equality d(Σ,Z1,Z2) = 1 implies that for
each node β ∈ Z1, there is a fine set T of input strings that spans a fine subtree, denoted
by Tr1, for the triple (Σ,β,Z2).
The next discussion is within the subtree Tr1. Denote by u the label of an arbitrary
branch emanating from the node β of Tr1, then, the machine Σ is detectable at (β,u).
Considering a node β′ ∈ Z′1 for which β ⊇ β′, we know the machine Σ is detectable at
(β′,u) by Proposition 5.5. Denote by β′1 a successive node of (β′,u), then there is a
successive node β1 of (β,u) for which β′1 ⊆ β1. This is true for all the successive node
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of (β′,u) which are siblings of the node β1. Now, if we substitute β1, β′1 for β, β′
respectively, in the above discussion, we can obtain the similar statement as addressed
above. The process could continue until the successive nodes reach the terminal nodes of
Tr1.
We shall build a tree Tr2 with an initial node β′ as follows. First, replace the
initial node β by β′, and then replace any successive node β1 of β by the successive
node β′1 if a corresponding β′1 is available. So on and so forth, till hitting the terminal
nodes in the closed set of Z2. From the preceding discussion, all the siblings of the nodes
in Tr2 are also included in Tr1. We conclude that there is a fine tree for (Σ,β′,Z2), where
β′ is an arbitrary node in Z′1. Therefore, we have the reachability indicator d(Σ,Z′1,Z2) =
1 given that d(Σ,Z1,Z2) = 1, which implies d(Σ,Z′1,Z2) ≥ d(Σ,Z1,Z2). ♦
In terms of reachbility indicator, we define next the extended skeleton matrix for
input/output machines with critical races.
Definition 5.15 Following the above notation, let Z be a list whose members are
− for all i. The extended
− , denoted by Z = {Z , …, Z }, where Z ⊆ X
subsets of X
1
m
i
skeleton matrix K(Σ,Z) of Σ with respect to the list Z is an m×m matrix, whose (i,j)
entry is Kij(Σ,Z) = d(Σ,Zi,Zj).
Let Σ be an input/state machine with a critical race. Given the state set of Σ as X
= {x1, …, xn}, let Z = {Z1, …, Zn} be a list described in definition 4.19, where each
−
member Zi contains only one element xi ∈ X ⊆ X, namely, Z = X. Then, we have the
following argument on the extended skeleton matrix K(Σ,Z).
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Proposition 5.16 Given an input/state asynchronous machine Σ with a critical
race, we represent it as a critical race family M and let Z be the list defined above so
that Z = X. Denote by K(M) the skeleton matrix of M defined in (3.19), and denote by
K(Σ,Z) the extended skeleton matrix given in Definition 5.15. Then, it holds that K(Σ,Z)
= K(M).
Proof. We show first K(M) = 1 given that K(Σ,Z) = 1. By Definition 5.15 of the
skeleton matrix K(Σ,Z), its (i,j) entry Kij(Σ,Z) = 1 if the reachability indicator
d(Σ,Zi,Zj) = 1. Since each member Zk contains only one element which is xk ∈ X for k
= 1, …, n, there exists a fine subtree in the reachability tree for the triple (Σ,xi,xj) if
Kij(Σ,Z) = 1.
Two situations might appear. If there is a path in the fine subtree from the node xi
to xj without passing through the critical race, then each node in this path has no siblings
(no uncertainty occurs). It yields that Kij(M) = 1. Otherwise, all paths in the fine subtree
go through the race. Note that the nodes that can have siblings are only the successive
nodes of the critical race pair (i.e., the outcomes of the race). The existence of a fine tree
for (Σ,xi,xj) guarantees that there are paths from all these siblings to the node xj. It
indicates that there is a path from xi to xj for each member machine of M, namely,
Kij(M) = 1.
Conversely, we shall verify K(Σ,Z) = 1 by assuming K(M) = 1. Suppose Kij(M) =
1. And again, there are two possible cases here.
(1) There is a string taking Σ from xi to xj without encountering races. Then,
there is a corresponding path in the reachability tree of Σ, and the nodes on the path have
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no sibling. Clearly, this path builds a fine subtree for (Σ,xi,xj), which follows that Kij(Σ,Z)
= 1.
(2) All the stings from xi to xj have to go through the critical race. Denote the
race family by M = {Σ1, …, Σγ}, then there is a set of input strings T = {ttk, k = 1, …, γ}
such that the input string t takes all the member machines from xi to the state right
before the race, and tk then continues to drive the member machine Σk from one
outcome of the race to xj. In view of the reachability tree, the set T forms a fine subtree
for (Σ,xi,xj) such that siblings of each node are included. Therefore, we have Kij(Σ,Z) =
1 from Kij(M) = 1. It completes the proof. ♦
5.3 Solutions to Race Control Problems
In the present section, we shall investigate the model matching problem for
input/output asynchronous machines which are nondeterministic due to critical races. The
objective is to obtain a necessary and sufficient condition for the existence of solutions,
and to provide an algorithm for constructing a solution as well. To this end, we first
present some lemmas for auxiliary results, as a preparation of the theorem.
The following are descriptions of the feedback loop system in Figure 1-1 provided
that Σ is an input/output machine with a critical race. Given Σ = (A,Y,X,x0,f,h), let Ψ
be the set that contains all prefixes of transition bursts of Σ, as defined in Section 5.1.3.
In view of Figure 1-1, the input set of C is the cross product A×Ψ; the output set of C
is the set A. Let Ξ be the state set, φ the recursion function, η the output function and
α0 the initial state. Then, we can depict C by a sextuple (A×Ψ,A,Ξ,α0,φ,η). Being a
combination of the machines C and Σ, the closed-loop system Σc is represented as
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(A,Y,G,(α0,x0),sc,hc), where G ⊆ Ξ×X is the set of reachable stable states, sc is the stable
transition function, and hc is the output function.
The following two lemmas show some basic characteristics of the system in Figure
1-1 for input/output asynchronous machines with a critical race. The lemmas help us to
have a good understanding of the theorem presented later.
Lemma 5.17 Given Σ = {A,Y,X,x0,f,h} as an input/output asynchronous machine
− be its observing set, and let Z ∈ X
− and Z ⊆ X
− . The current
with a critical race, let X
i
j
state of Σ is at an arbitrary member of Zi. The symbol ‘-‘ substitutes the variables that
are allowed to take any values. If there exists a controller C such that the closed-loop
system Σc in the Figure 1-1 satisfies sc[(-,Zi),u] ∈ (-,Zj) for u ∈ A, then, we have the
reachability indicator d(Σ,Zi,Zj) = 1.
Proof. Initially, the machine Σ is in a stable combination at an arbitrary state in
the set Zi. Denote by α0 ∈ Ξ the initial sate of the controller C. Then, the initial state of
the composite machine Σc will be in the set (α0,Zi). After applying the input symbol u
∈ A to the machine Σc, the machine Σ settles down at an element of Zj by the
assumption; assume the controller is at α0′ ∈ Ξ at the same moment, then the composite
machine Σc reaches a stable combination in the set (α0′,Zj) as a result of u. For the
above operation of Σc, we can represent it as the following one-step stable transitions:
Sc((α0,Zi),u) ∈ (α0′,Zj)

(5-12)

In view of Figure 1-1, the controller has access to the machine Σ only through the
input of Σ, so, Eq. 5-12 implies that the controller C generates an input string t ∈ A*
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to drive the machine Σ from an arbitrary state in Zi to a state in Zj. Denote by t =
u1…um. To guarantee the fundamental mode operation, the string t is generated by C
one character at a time, where a new character is generated only after Σ has reached a
stable combination. So, the controller C has to be able to detect the state status of Σ by
reading the output burst generated from Σ, which requires the detectability of Σ at
certain conditions.
Denote by y1*y2*…ym* the chain of bursts of Σ in response to u1u2…um, then,
the input character uk+1 depends on the input/output data (u1,y1*), …, (uk,yk*) and the
initial uncertainty Zi, k = 1, …, m-1. Due to the uncertainty of the initial state and the
race outcomes, each burst of y1*, y2*, …, and ym* may not be fixed but randomly varied,
which might result in different input strings for u1u2…um. That is, for each possible chain
of the bursts of Σ, there is a corresponding input string to fulfill the task. Counting all the
possibilities, we obtain a set of input strings, denoted by T.
Now, Let m be the maximal length of input strings in T, and we shall show by
induction on the number m that the set T spans a fine tree for the triple (Σ,Zi,Zj). A
trivial case is when m = 0, where there is no need for any operation of the controller
since the initial uncertainty satisfies Zi ⊆ Zj. When m = 1, the controller C can drive Σ
from Zi to a state in Zj by applying one input symbol, say, u1, which is dependent on Zi.
Then, consider the following subtree. The initial node is Zi, and a branch emanating from
Zi is labeled with u1. Clearly, the successive nodes of (Zi,u1) are siblings to each other,
which represent all the possible uncertainties of the next stable state of Σ. The existence
of controllers guarantees that these nodes are contained in Zj. Therefore, this two-level
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subtree is a fine tree for (Σ,Zi,Zj).
Here is an assumption: if a set T of input strings with maximal length k drives
the machine Σ from Zi to a state in Zj, then T spans a fine tree for (Σ,Zi,Zj). We shall
show in the following the argument is true for T with length k+1. Again, consider the
following subtree with the initial node Zi. Suppose u1 is the first input symbol that the
controller C generates and applies to Σ. Consider the branch emanating from the node
Zi with label u1, and denote by Z1 the set of the successive nodes of (Zi,u1). Each node
in Z1 is a possible uncertainty set which the next stable state of Σ is in after applied u1 .
The existence of the controller C ensures that there are input strings that drive Σ from
each node of Z1 to a state contained in Zj; and clearly, these input strings have length
less than or equal to k. Let β be an arbitrary node in Z1, and consider β as the initial
node. By assumption, there is an input string set, denoted by T(β), that spans a fine tree
for (Σ,β,Zj). Let a, b be two strings, and we use the notation con(a,b) to represent their
concatenation. By the definition of fine trees, the input string set T = {con[u1,T(β)] : β ∈
Z1} spans a fine tree for (Σ,Zi,Zj), where the maximal length of strings in T is k+1.
From the above induction, we claim that the existence of the controller guarantees
that there is a set of input strings that spans a fine tree for (Σ,Zi,Zj), that is, the
reachability indicator d(Σ,Zi,Zj) = 1. ♦
Lemma 5.17 presents a necessary condition for the existence of a controller to
fulfill a simple task (i.e., to drive the machine from an initial uncertainty set to a state in
another set. Next, we shall derive a sufficient condition for its existence by constructing
such a controller.
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The feedback controller C we design next will be decomposed into a control unit
Φ and an observer Γ, for which we use notation C := (Φ,Γ). The observer Γ :=
(A×Ψ,F,F,x0,λ,I) has the same notation and the same function as given in Section 5.1.3.
As to the control unit Φ, we denote by Φ := (A×X,A,Ξ,α0,φ,η). Note that the input set
A×X indicates that Φ has two inputs which are the external input and the output of Γ.
As showed in Figure 1-2, being a combination of the machines Φ, Σ, and Γ, the system
Σc has the state set G := Ξ×X×F = {(α,x,β), α ∈ Ξ, x ∈ X, β ∈ F}.
Lemma 5.18 Given Σ = {A,Y,X,x0,f,h} as an input/output asynchronous machine
− be the observing set of Σ, and let Z ∈ X
− and Z ⊆ X
− . The
with a critical race, let X
i
j
state of Σ is currently in the uncertainty set Zi. If the reachability indicator d(Σ,Zi,Zj) =
1, then there exists a controller C = (Φ,Γ) such that the closed-loop system Σc in Figure
1-2 satisfies
Sc((-,x,Zi),u) ∈ {(-,ξ,β): ξ ∈ β, β ∈ Zj}

(5-13)

for any x ∈ Zi and any given u ∈ A.
Proof. We shall construct a controller C that satisfyies the given requirement. The
following explains the idea of how our controller works. From the condition that the
reachability indicator d(Σ,Zi,Zj) = 1, we know there is a set T of input strings that spans
a fine tree for the triple (Σ,Zi,Zj). Pick up an arbitrary branch emanating from the node Zi
in the spanned fine tree, and denote its label by u1. The control unit Φ applies u1 to Σ,
and consequently, the machine Σ produces an output burst denoted by y1*. In the
reachability tree, we know that there is one successive node of Zi which is associated
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−
with the input-burst pair (u1,y1*). Suppose this node is β1 ∈ X, and then the observer Γ
produces and delivers this information to the control unit Φ. Next, pick up an arbitrary
branch emanating from the node β1 and label it by u2. Then, the control unit Φ
generates and applies u2 to the machine Σ. So on and so forth, the process continues
until the input-burst pair (um,ym*) corresponds to a node βm, where βm is contained in
the closed set of Zj.
In brief, the control unit Φ drives the machine Σ from the initial uncertainty Zi
to some states in Zj along a path of the fine tree spanned by T. The input string which
labels this path is denoted by u1…um, and the output bursts associated with the nodes
along the path are denoted by the chain y1*…ym*, where yk* ∈ Ψ′ (the set of transition
bursts of Σ), k = 1, …, m. During the process, set the initial state of the control unit Φ
to be α0; and set the initial state of the observer Γ to be the node β0 := Zi, indicating
that the initial uncertainty of Σ is Zi. To complete the operations along the path, the
state chain of Φ is denoted by α0α1α2…αmα0′, and the state chain of Γ is β0β1…βm in
which each character represents a node on the path.
Let s be the stable transition function of Σ, and denote by U(x) := {u ∈ A : s(x,u)
= x}, the set of all input characters that form stable combinations with the state x. The
following are transitions for the control unit and the observer so that the behavior of the
composite system Σc satisfies the given requirement.
(i) The system Σc is initially in a stable combination with the state (α0,x,β0),
where β0 = Zi and x ∈ Zi, as discussed above. Accordingly, the operations of the
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controller are defined as follows. Select an element u* ∈ U(β0).
Φ: φ(α0,(β0,w)) := α0 for all w ∈ A\u;
η(α0,(β0,w)) := u* where u* ∈ U(β0) and w ∈ A\u.
Γ: λ(β0,(u*,-)) = β0

(5-14)

(ii) After an external input value u appears, the control unit Φ starts to apply to
Σ the input symbols of t = u1…um which will bring Σ to an uncertainty set contained in
the closed set of Zj. Again, to guarantee fundamental mode operation, the string t is
generated by Φ one character at a time, where a new character is generated only after
the observer Γ provides the information that Σ has reached a stable combination.
Recall that yk* is the transition burst of Σ in response to the input character uk, k =
1, …, m. This process is accomplished by the following settings.
Φ: φ(α0,(β0,u)) := α1 for u ∈ A,
η(α1,(z,w)) = u1 for all (z,w) ∈ X×A;
Γ: λ(β0,(u1,y1*)) = β1.

(5-15)

Φ: φ(αj-1,(βj-1,u)) := αj,
η(αj,(z,w)) := uj for any (z,w) ∈ X×A;
Γ: λ(β j-1,(uj,yj*)) = βj.

(5-16)

For 2 ≤ j ≤ m,

(iii) Finally, the observer Γ sends βm ∈ Zj to the control unit to show that Σ has
reached a stable combination at a state in βm. Then, the control unit moves to the state
α0′, and at the same time, outputs an element v* ∈ U(βm), which helps Σc remain in a
stable state combination before the next external input appears. We assign the following.
Φ: φ(αm,(βm,u)) := α0′ for u ∈ A,
η(α0′,(βm,u)) := v* where v* ∈ U(β0) and u ∈ A;
Γ: λ(βm,(v*,-)) = βm.

(5-17)
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It is easy to justify that, applying the controller we design above, the composite
system Σc performs as an asynchronous machine which starts from a stable state in
{(α0,x,β0) : x ∈ Zi} and enters a stable state in {(α0′,ξ,βm) : ξ ∈ βm, βm ∈ Zj} in
response to an external input u ∈ A. During the process, the definition of fine set
guarantees that the machine Σ is detectable at any state-input pairs in (βk,uk), k = 1, …,
m. By receiving two input variables, uk and yk*, the observer Γ knows that the Σ is in
a stable combination and starts to output a state estimation (i.e., uncertainty set). Then,
the control unit Φ updates its state values as a response to this state information.
Therefore, we draw a conclusion that the control system designed above works in
fundamental mode and fulfills the task stated in the lemma. ♦
Lemma 5.17 and 5.18 present together a necessary and sufficient condition for the
existence of the controller C such that the composite system Σc satisfies a given onestep stable transition. The proof also implies that a separation principle is valid here: we
can always build the controller C as a combination of an observer Γ and a feedback
control unit Φ, as connected in Figure 1-2, whenever model matching problem is
solvable. When a critical race occurs during transitions of the machine Σ, uncertainties of
the outcomes of the race are examined and refined on the basis of input/output data of Σ.
Effects of the critical race are taken into consideration while different inputs are
generated based on different outcomes (i.e., output bursts) of Σ.
Based on the design idea in Lemma 5.17 and 5.18, next, we shall derive a complete
solution to the problem of model matching. Recall that B(Σ,Σ′) denotes the equivalence
list of machine Σ with respect to machine Σ′. Without losing generality, we assume the
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machine Σ is stably reachable and the mode Σ′ is minimal.
Lemma 5.19 Let Σ = (A,Y,X,x0,f,h) be an input/output asynchronous machine
with a critical race. Let Σ′ = (A,Y,X′,σ0,s′,h′) be a deterministic stable-state machine
with h(x0) = h′(σ0). Denote by B(Σ,Σ′) = {B1, …, Bq} where q = |X′|. If there is a
controller C such that Σc = Σ′, then there exists a list Z = {Z1, …, Zq} whose member
Zi contains subsets of Bi, i = 1, …, q, such that K(Σ,Z) ≥ K(Σ′).
Proof. Following the earlier notation, let C = (A×Ψ,A,Ξ,α0,φ,η) be a controller
such that Σc = Σ′. The closed-loop machine Σc = (A,Y,(Ξ×X),(α0,x0),sc,hc) is
deterministic and stably equivalent to the minimal machine Σ′. In terms of machine
equivalence, there exists an stable equivalence partition π of the states of Σc such that
the stably quotient machine Σc/π is isomorphic to Σ′. Let X′ = {σ1, …, σq} and denote
by π := {τ1, …, τq} with τi := {(αi,1,xi,1), …, (αi,m(i),xi,m(i))}, where αi,j ∈ Ξ and xi,j ∈ X
for j = 1, …, m(i), i = 1, …, q. It holds that τi ≡ σi for i = 1, …, q.
From the properties of the stable equivalence partition, namely, transition
consistency and output consistency, it follows that
(i) hc((αi,1,xi,1),u) = … = hc((αi,m(i),xi,m(i)),u), for any u ∈ A;
(ii) sπ(τi,u) = τj in Σc/π if and only if for each m = 1, …, m(i), there exists an index n ∈
{1, …, m(j)} such that the transition sc((αi,m,xi,m),u) = (αj,n,xj,n) holds for Σc.
Due to the output function hc((α,x),u) = h(x) and the states τi ≡ σi, we get from (i) that
(iii) h(xi,1) = … = h(xi,m(i)) = h′(σi);
it also implies that the condition in (ii), sπ(τi,u) = τj, is equivalent to s′(σi,u) = σj in Σ′. In
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view of the closed-loop configuration in Figure 1-2, the controller has access to the
machine Σ only through the input of Σ, so, the statement (ii) implies that
(iv) s′(σi,u) = σj in Σ′ then for each m = 1,…m(i), there exists n ∈ {1, …, m(j)} and t
∈ A* such that s(xi,m,t) = xj,n in Σ.
Let Zi = {xi,1, xi,2, …, xi,m(i)} for i = 1, …, q. Clearly we have Zi ⊆ Bi for i = 1, …,
q from the statement (iii). The statement (iv) indicates that the composite system Σc
satisfies sc((-,xi,m),u) ∈ (-,Zj) for all m = 1, …, m(i). Applying the results in Lemma
5.17, it follows that the reachability indicator
d(Σ,xi,m,Zj) = 1

(5-18)

for m = 1, …, m(i). That is, there is a fine set for the triple (Σ,xi,m,Zj) that spans a fine
tree with the initial node xi,m and the terminal nodes in the closed set of Zj. We denote
this fine set by T(xi,m,Zj), and denote the set of all its terminal nodes by Xf(xi,m,Zj), for
each m = 1, …, m(i). When the closed-loop system Σc reaches a stable combination
after the transition in (iv) in order to match s′(σi,u) = σj, the machine Σ lies at a node in
Xf(xi,m,Zj). Due to the existence of a critical race, the machine Σ settles down at different
nodes in response to different outcomes of the race, and also each terminal node might be
a state uncertainty set. Therefore, each member of Xf(xi,m,Zj) is a subset of Zj and Bj (Zj
⊆ Bj).
So, in order to match the transition s′(σi,u) = σj of the model, all the possible
terminal nodes that the machine reaches are contained in the union of Xf(xi,1,Zj),
Xf(xi,2,Zj), …, and Xf(xi,m(i),Zj). Consider all the transitions of the model terminating at the
state σj (i.e., s′(σ,u) = σj for any state σ ∈ X′ and u ∈ A), then we define
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Xf1(Zj) := ∪i = 1, …, q {∪m = 1, …, m(i) Xf(xi,m,Zj)

(5-19)

for j = 1, …, q. The set X1f(Zj) consists of all the possible state uncertainties in Zj at
which Σ settles down after the composite machine Σc mimics the behavior of any onestep stable transition of the model; here, Σ initially stays at an individual state.
Suppose the state of Σc is currently in an uncertainty set X1 ∈ X1f(Zj). An external
input u′ is applied for which the model Σ′ responds with s′(σj,u′) = σn.
Correspondingly, the machine Σ needs to be transformed to a state in Zn = {xn,1, …,
xn,m(n)} so that the one-step stable transition of Σc is formulated as sc((-,X1),u′) = (-,Zn).
Applying the result in Lemma 5.17, we get the reachability indicator
d(Σ,X1,Zn) = 1

(5-20)

for any X1 ∈ X1f(Zj). Again, the above transition induces a new set of terminal state
uncertainties for the machine Σ after the composite system Σc enters a stable
combination with the input u′; we denote this new set by Xf(X1,Zn), where X1 ∈ X1f(Zj).
Hence, in order to match s′(σj,u′) = σn of the model, the machine Σ may settle down at
any state uncertainty in the union of Xf(X1,Zn) for all X1 ∈ X1f(Zj).
Consider all the possible one-step transitions of the model Σ′ ending at σn, namely,
the transition s′(σj,u′) = σn for any σj ∈ X′ and u′ ∈ A, j = 1, …, 1, then, we obtain
Xf2(Zn) = ∪j = 1, …, q {Xf(X1,Zn) : X1 ∈ X1f(Zj)}

(5-21)

for n = 1, …, q. The set X2f(Zn) includes all the possible state uncertainties where Σ
may terminate starting from any uncertainty set contained in Xf1(Zj), j = 1, …, q, so as to
match an arbitrary one-step transition of the model with the ending state x′n.
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Do the similar procedure on Xf2(Zj) as we did on X1f(Zj), we can obtain Xf3(Zj) for
all j = 1, …, q. So on and so forth. Note that Xfk(Zj) contains subsets of Zj for any
integer k, so the above process terminates in finite steps. Finally, define the following
Xf(Zj) = ∪k =1, 2, … Xfk(Zj),

(5-22)

where j = 1, …, q.
For any uncertainty Xi ∈ Xf(Zi), it follows from the above discussion that
d(Σ,Xi,Zj) = 1 if there is a transition from σi to σj in the model Σ′, that is, Kij(Σ′) = 1.
In other words, there is a fine set T for (Σ,Xi,Zj) such that all the possible terminal state
uncertainties are contained in Xf(Zj), which is true for all the set Xi ∈ Xf(Zi), where i, j
= 1, …, q. Define the list Z = {Xf(Z1), …, Xf(Zq)}. Clearly, each member Zj of Z
contains subsets of Bj. We then claim in terms of the skeleton matrix for the list Z that
K[Σ,Xf(Zi),Xf(Zj)] = 1

(5-23)

given that Kij(Σ′) = 1 for i, j = 1, …, q, which follows that K(Σ,Z) ≥ K(Σ′). ♦
The above Lemma presents a necessary condition for the existence of solutions to
the model matching problem. Next, we shall show that it is also a sufficient condition by
constructing such a controller (consisting of a control unit and an observer) that the
closed-loop system is stably equivalent to the model. Again in the following, the machine
Σ is stably reachable and the model Σ′ is minimal.
Theorem 5.20 Let Σ = (A,Y,X,x0,f,h) be an input/output asynchronous machine
with a critical race. Let Σ′ = (A,Y,X′,σ0,s′,h′) be a deterministic stable-state machine
with |X′| = q and h(x0) = h′(σ0). Denote by B(Σ,Σ′) = {B1,…,Bq}. Then, the following
two statements are equivalent.
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(a) There is a controller C = (Φ,Γ) such that the closed-loop system Σc = Σ′, where Σc
operates in fundamental mode;
(b) There exists a list Z := {Z1, …, Zq} of which each member Zi contains subsets of Bi,
i = 1, …, q, such that K(Σ,Z) ≥ K(Σ′).
Proof: Regarding the part that (a) implies (b), it has been shown in Lemma 5.19.
For the converse direction, assume that Z = {Z1, …, Zq} is a list that satisfies the
conditions in (b). Denote the state set of Σ by X = {x1, …, xn} and its initial state x0 :=
xd; and denote the state set of Σ′ by X′ = {σ1, …, σq} and its initial state σ0 := σe. From
the given condition, we get h(x0) = h′(σ0) = h′(σe). We assume that the initial state x0
appears in Ze without losing generality; the reason is that we can always add x0 into Ze
so that Z is still a list that satisfies (b) owing to the fact that Σ is stably reachable and
h(x0) = h′(σe). Utilizing the list Z, we shall build a controller C for which the
input/output behavior of the composite system Σc matches that of the model Σ′.
Incidentally, we will also show that C can always be decomposed into a control unit Φ
and an observer Γ, as shown in the Figure 1-2.
From the definition of the equivalence list, the condition in (b) implies that all the
states of Σ appearing in Zi generate the same output value as the state σi does. We
shall design the controller so that each member Zi of Z corresponds to the state σi of
the model Σ′, i = 1, …, q. We denote by Zi = {Zi,1, …, Zi,n(i)}, where Zi,j ⊆ Bi for j
=1, …, n(i), i = 1, …, q. Each element of Zi represents a possible state uncertainty, and
q

will serve as a state (or output) of the observer Γ. Define the set F := ∪i = 1 Zi = {Z1,1, …,
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Z1,n(1), …, Zq,1, …, Zq,n(q)}, which will be the stable state set of the observer Γ, that is, all
the possible state uncertainty of the machine Σ that can be observed from its
input/output data.
By the definition of equivalence list B(Σ,Σ′), its member is given by Bk := {x ∈ X:
h(x) = h′(σk), σk ∈ X′}, so two members of B(Σ,Σ′), say Bi and Bj, will be the same if
the two states σi and σj of the model generate the same output, namely, h′(σi) = h′(σj).
The member Zi of the list Z contains subsets of Bi, so, the two members Zi and Zj
may contain a same subset. If this happens, we would like to know which member, Zi or
Zj, this subset belongs to, since the controller action depends on whether the subset is
treated as an element of Zi or of Zj at that instant. This is done by assigning different
states of the control unit Φ.
For simplicity, we assign the state of Φ to be αi if the state uncertainty of Σ is
considered to be an element of Zi. Then, for Zi = {Zi,1, …, Zi,n(i)}, we build a set of pairs
as { (αi,Zi,1), …, (αi,Zi,n(i))}, i = 1, …, q. The first variables in the pairs are states of the
control unit Φ and the second are states of the observer Γ. The state of the observer Γ
serves to report the estimated information on the state status of the machine Σ. For
instance, the fact that the state of Γ is Zi,j indicates that the current stable state of Σ is
an arbitrary element in the set Zi,j.
Recall that the closed-loop system Σc, as a composite machine of Σ, Φ, and Γ, has
the state set G := Ξ×X×F = {(α,x,β), α ∈ Ξ, x ∈ X, β ∈ F}. For each pair (αi,Zi,j) ∈ Ξ×F
we build above, we generate a set
Ai,j := {(αi,x,Zi,j), x ∈ Zi,j} ⊆ Ξ×X×F,

(5-24)
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where j = 1, …, n(i), and i = 1, …, m(i). We do it for each element Zi,j of Zi, and then
we define
n(i)

Gi := ∪j = 1 Ai,j = {(αi,x,Zi,j) : x ∈ Zi,j, j = 1, …, n(i)},

(5-25)
q

i = 1, …, q. The stable state set of the system Σc is then defined as G = ∪i = 1 Gi. So, for
each state of Σc, say (αi,x,Zi,j), the variable Zi,j is the state (or output) of the observer to
present an estimated information about where the state of Σ might be, the variable αi is
the state of the control unit to indicate that the uncertainty set Zi,j is treated as a member
of Zi, and the variable x is simply the current state of Σ, where x ∈ Zi,j.
The controller C is designed below so that, starting from a state in the set Gi, the
closed-loop machine Σc generates the same input/output behavior as the model does
starting from its state σi, i = 1, …, q. More specifically, for each transition s′(σi,u) = σj
in Σ′, we shall build operations of Φ and Γ so that the system Σc goes through the
corresponding transition sc(Gi,u) = Gj, namely, the transition s (Ai,k,u) ∈ {Aj,1, …, Aj,n(j)}
for any k = 1, …, n(i).
From the inequality K(Σ,Z) ≥ K(Σ′), the reachability indicator d(Σ,Zi,k,Zj) = 1 for
k = 1, …, n(i) if Kij(Σ′) = 1. Applying the result of Lemma 5.18, we know that there
exists a controller C = (Φ,Γ) such that Σc runs the following transition:
Sc((-,x,Zik),u) ∈ {(-,ξ,β): ξ ∈ β, β ∈ Zj},

(5-26)

where x ∈ Zik. Following the procedure in the proof of Lemma 5.18, we can design the
operations of a controller
Sc((αi,x,Zik),u) ∈ {(αj,ξ,β): ξ ∈ β, β ∈ Zj}

(5-27)

133
for any x ∈ Zik. Note that here the initial state of the control unit will be αi and the state
in the end of this process will be αj, instead of α0 and α0′, respectively, in the proof of
Lemma 5.18. During this process, the machine Σ initially stays at an arbitrary state in
the uncertainty set Zik, and terminates at a state in an uncertainty set of Zj, where k =
1, …, n(i). Different initial state in Zik might result in different terminal uncertainty in
Zj; even the same initial state in Zik might have different terminal uncertainties due to
the random outcomes of the race. In other words, the controller transforms the machine Σ
from each state uncertainty Ai,k into another uncertainty in {Aj,1, …, Aj,n(j)}, for k =
1, …, n(i), which follows that sc(Gi,u) = Gj for the composite system Σc. For each
possible transition s′(σi,u) = σj of the model, we can design the corresponding
operations for the controller in the similar way due to the condition K(Σ,Z) ≥ K(Σ′).
Let us look at how the composite machine Σc operates. Note that x0 ∈ Ze, so we
have (α0,x0,x0) ∈ Ge according to the assignment in Eq. 5-24 and Eq. 5-25. The initial
state of Σc is (α0,x0,x0). When an external input u appears for which (σ0,u) := s′(σe,u)
= σi holds for the model, the machine Σc runs through the process as designed above to
enter a state in Gi; the machine Σc may enter different states in Gi due to the
uncertainties caused by the critical race. Suppose the next input u′ comes in for which
the model runs the transition s′(σi,u′) = σj, then Σc will transform from the state in Gi
to a state in Gj. Again, it might reach different states of Gj due to the uncertainty. So on
and so forth. The operations of each step are designed in such a way that they have no
interference with each other, which guaranties that there is no inconsistency in the
definition of the functions, and ensures that the system operates in fundamental mode.
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Let π := {G1, …, Gq} be a partition of the state space G. It can be seen that π is
an stable equivalence partition from the previous definition of G and the above
operations on G, therefore, the quotient machine Σc/π is stably equivalent to Σc. Also
from the above design, we have that Σc is isomorphic to Σ′, which follows that Σc is
stably equivalent to the model Σ′. This completes the proof. ♦
Theorem 5.20 presents a necessary and sufficient condition for the existence of
controllers to the model matching problem; its proof also supplies an algorithm to obtain
the structure of the controller which decomposes into an observer and a control unit.
Again, similar to the result in Section 4.2.2, a separation principle is valid here, that is,
we can always build a controller C to be the combination of an observer Γ and a
control unit Φ, as connected in Figure 1-2, whenever the model matching problem is
solvable.
Consider the situation where Σ is deterministic in the above discussion. Then, the
reachability tree of Σ will collapse to a regular successor tree, except the requirement in
the present work that only detectable transitions be considered in the tree. In other words,
each node of the tree represents a state of the machine, there are no siblings for any node,
− will be identical to the
and each transition is detectable. Therefore, the observing set X
state set X, and the list Z in Theorem 5.20 will be a list of subsets of X. It then follows
that the necessary and sufficient condition in Theorem 5.20 becomes the same as that of
the theorem in Section 4.2.2 for input/output deterministic machines.
Corollary 5.21 The necessary and sufficient condition for the model matching
problem presented in Theorem 5.20 is an extension to the result in Section 4.2.2 for
input/output deterministic machines.
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Consider the case when the machine Σ is an input/state machine with a critical
race. In such a situation, the machine Σ and the model Σ′ share the same state space X
(refer to Chapter 3), all the nodes in the reachability tree of Σ are individual states, and
siblings only happen to the successive nodes of the race condition. Thus, the observing
set of Σ is X, and there is only one candidate for non-deficient lists Z in Theorem 5.20,
which is Z = X. Letting M be the race family representing the machine Σ, we have
K(Σ,Z) = K(M) from Proposition 5.16. So, the condition in Theorem 5.20 turns to the
verity of the inequality K(M) ≥ K(Σ′), which is exactly the result for input/state machines
in Section 3.3.2.
Corollary 5.22 The necessary and sufficient condition for the model matching
problem presented in Theorem 5.20 is an extension to the result in Section 3.2.2 for
input/state machines with criical races.
5.4 Constructing Suitable Lists
By Theorem 5.20, once there is a list Z satisfying the conditions in the theorem,
we can conclude the existence of the solution to the model matching problem; and
moreover, we are able to design a controller by utilizing the list Z. In this present section,
we shall present an algorithm to check if such a list Z exists, and furthermore, to find
one suitable list Z if it exists.
First, some notation. Let the state set of the model Σ′ be X′ = {σ1, …, σq}, and let
the equivalence list be B(Σ,Σ′) = {B1, …, Bq}. Assume Z = {Z1, …, Zq} is a list that
satisfies the condition in Theorem 5.20, where Zi := {zi,1 …, zi,n(i)} consists of subsets of
Bi, for i = 1, …, q. From the construction of controllers in the preceding section, all those
subsets in Zi, for i = 1, …, q, are possible states of the observer (i.e., nodes in the
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reachability tree).
The procedure to calculate such a list Z will be somewhat similar to the one in the
− , the matrix
deterministic situation, but have its specialty. Given the observing set X
− ) is defined to be the skeleton matrix for the input/output nondeterministic
K(Σ,X
− ), the following is a definition
machine Σ (refer to Section 5.2.1); on the basis of K(Σ,X
of restricted skeleton matrices of Σ, which is a counterpart of the same notation for
deterministic machines.
− ) be the skeleton matrix of the machine Σ with its
Definition 5.23 Let K(Σ,X
− . Let Z
−
observing set X
1, Z2 be two lists of elements of X, where Z1 has m1 elements
and Z2 has m2 elements. The restricted skeleton matrix K(Σ,Z1,Z2) of Σ associated
with Z1 and Z2 is an m1×m2 matrix whose (i,j) entry is defined as follows. If x̄r is
the i-th element of Z1, and x̄s is the j-th element of Z2, then
− ).
Kij(Σ,Z1,Z2) = Krs(Σ,X

(5-28)

The following algorithm uses a recursive process to build a decreasing chain Z0 ≥
Z1 ≥ ... ≥ Zδ of lists; the integer k = 0, 1, …, δ is used to count the steps in this recursive
process. The initial list Z0 is such as each element Z0,i contains all subsets of Bi which
are nodes in the reachability tree, i = 1, …, q. The last list Zδ determines whether or not
there is a solution to the problem of matching the model Σ′. Following our earlier
notation, the members of the list Zk are Zk,1, …, Zk,q, k = 0, ..., δ, and each member
contains some nodes of the reachability tree.
Algorithm 5.24
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−
Step 1. Set k := 0 and Z0 := {Z0,1, …, Z0,q} with Z0,i := {x̄ ∩ Bi : x̄ ∈ X}, where
Bi is i-th member of the equivalence list B(Σ,Σ′), i = 1, …, q.
Step 2. Consider a pair of integers i, j ∈ {1, …, q}. Let S(i,j) be the set of any
node x̄ in Zk,i that satisfies the reachability indicator d(Σ,x̄,Zk,j) = 0 (by Algorithm 5.9),
where S(i,j) = ∅ if no such a node exists, or if Kij(Σ′) = 0. Set
Zk+1,i = Zk,i \∪j = 1, ..., q S(i,j), i = 1, ..., q;

(5-29)

Zk+1 := {Zk+1,1, ..., Zk+1,q}.

(5-30)

and set

If Zk+1,i = ∅ for an integer i, then the present model matching problem has no solution,
and the algorithm terminates.
Step 3. If Zk+1 = Zk, then Zk determines a solution to the model matching problem,
and the algorithm terminates. Otherwise, repeat from Step 2, using the value of k+1 for
k. ♦
We name Z0 the list of equivalent nodes of Σ with respect to the model Σ′, and
denote by P(Σ,Σ′) := Z0. After the algorithm ends, we obtain a decreasing chain Z0 ≥ ... ≥
Zδ-1 ≥ Zδ of lists whose members are subsets of nodes in the reachability tree. This chain
has the following fundamental property.
Proposition 5.25 Let Σ and Σ′ be two machines as described in Theorem 5.20,
and let Z0, …, Zδ-1, Zδ be the string of lists generated by Algorithm 5.24. Then, any list
Z := {Z1, …, Zq} satisfying Z ≤ Z0 and K(Σ,Z) ≥ K(Σ′), is less than or equal to Zi, i =
0, ..., δ.
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Proof. We know Z0 := {Z0,1, …, Z0,q} with Z0,i := {x̄ : x̄ ⊆ Bi and x̄ ∈ X} from
the algorithm. The argument in the proposition is true if we show by induction that the
following is true: for any element x̄ removed from Z0,m during the algorithm, any list
Z := {Z1, …, Zq} ≤ Z0 with x̄ ∈ Zm cannot satisfy K(Σ,Z ) ≥ K(Σ′). The induction is
taken on the number m of steps (or runs) in the recursive process of the algorithm. The
procedure will be similar to the proof of Proposition 4.20 and the details are omitted. ♦
We claim next that there exists a solution to the model matching problem if and
only if Zδ = Zδ-1, or Zδ is not deficient; more specifically, we show the non-deficient list
Zδ obtained from the algorithm is a list satisfying the condition in the theorem and the
inequality K(Σ,Zδ) ≥ K(Σ′).
Proposition 5.26 Let Σ and Σ′ be two machines as described in Theorem 5.20,
and let Z0, …, Zδ-1, Zδ be the string of lists generated by Algorithm 5.24. Denote by
P(Σ,Σ′) the list of equivalent nodes of Σ with respect to Σ′. Then, the following two
statements are equivalent:
(i) There is a list Z ≤ P(Σ,Σ′) satisfying K(Σ,Z) ≥ K(Σ′).
(ii) Zδ = Zδ-1 (or Zδ is not deficient).
When (ii) holds, then K(Σ,Zδ) ≥ K(Σ′).
Proof: The idea is similar to that of the proof for Proposition 4.21 in the
deterministic situation, and the detail of the proof is omitted. ♦
Combining Proposition 5.26 with Theorem 5.20, we obtain
Corollary 5.27 Let Σ and Σ′ be two machines as described in Theorem 5.20, and
let Z0, …, Zδ-1, Zδ be the string of lists generated from Algorithm 5.24. Then, there exists
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a solution to the model matching problem for Σ and Σ′ if and only if Zδ ≠ Zδ-1 (or Zδ
is not deficient).
5.5 Analyses of the Theorem and the Algorithm
The solution to the model matching problem in Theorem 5.20 can be obtained if
there is a list Z with Z ≤ P(Σ,Σ′) for which the inequality K(Σ,Z) ≥ K(Σ′) holds, where
P(Σ,Σ′) is the list of equivalent nodes of Σ with respect to Σ′. Algorithm 5.24 provides a
general means to check this condition and to calculate such a list if the condition can be
satisfied by utilizing the reachability tree. In this section, we shall discuss solutions to the
model matching problem under certain conditions, and in the meantime, to analyze the
complexity of the algorithm.
In practice, it is not necessary sometims to build up an entire reachability tree of the
machine as introduced in Section 5.2.1. In some scenarios, we only need to get part of the
reachability tree which initially starts from the critical race pair. In the following
circumstances, we even do not need the reachability tree at all.
Following the previous notation, let Σ = {A,Y,X,x0,f,h} be an asynchronous
machine with a critical race pair (r,v) and the state set X = {x1, …, xn}. Denote by s
the stable transition function with s(r,v) = {r1, …, rγ}. Let Xr := {x : s(x,v) = s(r,v)},
namely, the set of states whose next stable states with input v are the outcomes of the
race (r,v). In other words, (Xr,v) consists of all the critical race pairs in the stable-state
machine induced from Σ. As depicted earlier, we could always represent Σ as a race
family M = {Σ1, …, Σγ} of which each member machine is deterministic and
corresponds to one outcome of the race. The following are definitions of two special
types of skeleton matrices of Σ.
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Definition 5.28 Let Σ be as given above, the race-free skeleton matrix of Σ,
denoted by Kd(Σ), is such that its (i,j) entry
1
Kijd(Σ) := 
0

if xj is stably reachable from xi without going through the race
otherwise
(5-31)

where i, j = 1, …, n.
It is very easy to get the race-free skeleton matrix from the transition function f:
first remove the transition at the critical race pair (r,v), then calculate the one-step stable
transition matrix, and further get the skeleton matrix by following the procedure provided
by Murphy (1996, Chapter 4). The skeleton matrix we obtain will be the race-free
skeleton matrix.
Definition 5.29 Given an input/output machine Σ and it race family M, the
skeleton matrix K(Μ), is an n×n matrix of zeors and ones, whose (i,j) entry is
1
Kij(Μ) := 
0

if Kij(Σk) = 1 for k = 1 … γ
otherwise

(5-32)

for i, j = 1, …, n.
The above definition of skeleton matrices for input/output race families is
congruent to the definition in Section 2.4 for input/state machines. In order to have Kijd(Σ)
= 1, not only need we have Kij(Σk) = 1 for all k, but also there is a string that can drive
the race machine from the state xi to xj without entering the race. Therefore, the
condition for the race-free skeleton matrix Kd(Σ) is stronger than the skeleton matrix
K(M), that is, Kd(Σ) ≤ K(Μ). Given a sublist Z of elements of X, we can define the
corresponding extended skeleton matrices Kd(Σ,Z) and K(M,Z) with respect to Z
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analogous to the previous definition of extended skeleton matrices. Next, in terms of
these skeleton matrices, we present results to the model matching problem regarding to
some special cases.
Proposition 5.30 Let M be a race family of input/output machines, let Σ′ be an
input/output machine, and let Z be a sublist of B(Σ,Σ′) such that Kd(Σ,Z) ≥ K(Σ′). Then,
there exists a solution to the model matching problem.
Proof. It is a direct result from the definition of the race-free skeleton matrix and
Theorem 5.20. ♦
The algorithm of checking the existence of such a list Z in Proposition 5.30 and
obtaining one whenever it exists is the same as the algorithm in Section 4.3 for
deterministic machines. The algorithm has polynomial complexity.
Recall that the set Xr is the set of states from which the machine will run through
the race (r,v) after the input symbol v is applied, for which we have s(Xr,v) = s(r,v) =
{r1, …, rγ}. By different output values the outcomes of the race generate, we could
partition them into different blocks, denote by Rp := (R1, …, Rµ). We name it as the race
partition of the critical race (r,v). Clearly, |R1| + … + |Rµ| ≤ γ. For any state ξ ∈ Xr, let
Xs(ξ) be the set of stably reachable states from ξ without going through the race.
Considering the situation when there is at least one common state in Rp and Xs(ξ) for
any ξ ∈ Xr, we have the next result about the model matching problem.
Corollary 5.31 Let the system and the notation be as given above. If s(r,v) ∩ Xs(ξ)
≠ ∅ for any ξ ∈ Xr, then a necessary and sufficient condition for the existence of
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solutions to the model matching problem is: there is a sublist Z of B(Σ,Σ′) such that
Kd(Σ,Z) ≥ K(Σ′).
Proof. Suppose first there is a solution to the model matching problem. From
Theorem 5.20, there is a list Z = {Z1, …, Zq} ≤ P(Σ,Σ′) such that K(M,Z) ≥ K(Σ′),
where P(Σ,Σ′) is the list of equivalent nodes. Following the algorithm in the proof of the
theorem, we could build a controller C such that the machine Σ could transform into Zj
from any node of Zi in order to match the transition s′(σi,u) = σj of the model, where σi,
σj ∈ X′ and u ∈ A, and i, j = 1, …, q.
Supposing Kij(Σ′) =1, we consider the transition of Σ that transform into a node in
Zj from any node in Zi. Assume that we know Σ is currently at an individual state in Zj,
say, x. Then, there is a fine tree for (Σ,x,Zj) and the reachability indicator d(Σ,x,Zj) = 1
from Kij(Σ,Z) = 1. If no race appears in the fine tree, the terminal node of Σ will be an
individual state in Zj, say, z ∈ X. Hence, the entry of the race-free skeleton matrix Kd(Σ)
indexed by x and z, that is, Kd(Σ,x,z) = 1.
Given that the critical race occurs during the above transformation, we consider
the first time when the race occurs. Before the race, the machine Σ is at a state ξ ∈ Xr;
and after the race, Σ reaches a state in s(r,v) randomly. Since s(r,v) ∩ Xs(ξ) ≠ ∅ for
any ξ ∈ Xr, there is a state ξ′ ∈ s(r,v) ∩ Xs(ξ), namely, the machine Σ can reach ξ′
from ξ without passing the race.
Next, consider the last time the race appears in the fine tree for (Σ,x,Zj). Surely, the
state ξ′ is contained in one of the successive nodes of the race pair. By the property of
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fine trees and skeleton indices, we have d(Σ,ξ′,Zj) = 1 for any state ξ′ ∈ s(r,v) ∩ Xs(ξ),
and there is a fine tree for (Σ,ξ′,Zj) without encountering the race. Connect the path from
x ∈ Zi to ξ ∈ Rr before the first-time race, the path from ξ to ξ′ ∈ s(r,v) ∩ Xs(ξ)
without being through the race, and the path from ξ′ to a node z ∈ Zj after the last-time
race. since all the paths are not involved with the race, the node z is an individual state
and the entire path from x ∈ Zi to z ∈ Zj does not pass the race. It concludes that
Kd(Σ,x,z) = 1.
So, if Kij(Σ′) = 1, we have Kd(Σ,x,z) = 1 for any state x ∈ Xi and an arbitrary
state z ∈ Zj. The machine Σ starts initially from an individual state x0; along the way to
match the model, Σ goes from one individual state to another and never runs into the
race. Therefore, there is a sublist Z of B(Σ,Σ′) such that Kd(Σ,Z) ≥ K(Σ′) from the
result for deterministic situations.
Conversely, assume that there is a sublist Z = {Z1, …, Zq} of B(Σ,Σ′) such that
Kd(Σ,Z) ≥ K(Σ′). Treat each state in Zi as a node in the reachability tree, then, the list Z
also satisfies the condition in Theorem 5.20. Therefore, there is a solution for the model
matching problem, which completes the proof. ♦
Again, when the condition, s(r,v) ∩ Xs(ξ) ≠ ∅ for any ξ ∈ Xr, is satisfied, the
algorithm of finding such a list Z is analogous to the algorithm in Section 4.4 for
deterministic machines. The algorithm has polynomial complexity.
Corollary 5.32 Following the previous notation, if each block of the race partition
is an individual state, then a necessary and sufficient condition of the existence of
solutions to the model matching problem is as follows: there is a sublist Z of B(Σ,Σ′)
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such that K(M,Z) ≥ K(Σ′).
Proof. Suppose first there is a controller C to solve the model matching problem.
From Theorem 5.20, there is a list Z = {Z1, …, Zq} ≤ P(Σ,Σ′), where P(Σ,Σ′) is the list
of equivalent nodes, such that K(Σ,Z) ≥ K(Σ′). Since Σ starts initially from the initial
state x0 and all the successive nodes of the race pair are individual states, all the nodes in
the reachability tree are individual states. Then the list Z in Theorem 5.20 simply
reduces to a sublist of B(Σ,Σ′).
Supposing Kij(Σ,Z) = 1, for any states x ∈ Zi and ξ ∈ Zj, we have a fine tree for
(Σ,x,ξ) and the reachability indicator d(Σ,x,ξ) = 1. If no race is in the fine tree, it implies
K(M,x,ξ) = 1. If the race does occur and the race partition Rp = (r1, … , rγ), we have
K(M,rk,ξ) =1 for k = 1, …, γ, which implies that K(M,x,ξ) = 1. Therefore, the list Z
satisfies K(M,Z) ≥ K(Σ′).
For the converse part, assuming there is a sublist Z such that K(M,Z) ≥ K(Σ′), we
could build a controller by following the similar procedure in the proof of Theorem 5.20
to solve the model matching problem. ♦
Again, for machines satisfying the condition in Corollary 5.32, the algorithm of
constructing controllers has polynomial complexity. Suppose the state set X has n
elements, and consider an arbitrary transition that Σ transforms from x ∈ Zi to ξ ∈ Zj.
If no race is encountered, the maximal number of steps Σ takes by going from x till ξ
will be n-1; if a race is necessary, the race only needs to happen once, and then the
maximal number of steps will be 2(n-1) (i.e., n-1 before the race and n-1 after the
race).Moreover, it means also that the maximal number of levels of the reachability tree
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will be 2n-1.
The next argument gives the bounds to the number of levels (or the height) of the
reachability tree for certain situations. In those scenarios, the race needs only to happen
once in the reachability tree. This is to say, instead of storing the information of the
whole reachability tree, we need only to build one of its subtrees, called a race tree, as
follows. Its initial node is Rr and the only branch emanating from Rr is labeled by v.
Then, the nodes on the second level will be the blocks in the race partition Rp. The
subsequent levels will follow the same rules as a reachability tree. Except the first level,
no race is allowed to happen in the race tree. Evidently, combining the race tree together
with the one-step transition matrix that characterizes the deterministic transitions between
individual states, we have full information of the original machine.
Proposition 5.33 Let the system and the notation be as given above with |X| = n
and B(Σ,Σ′) = {B1, …, Bq}. Given the race partition Rp := (R1, …, Rµ), let max{|R1|, …,
|Rµ|} = m. In the following two situations, the height of the reachability tree is less than
n(n-1)
2 ×(m-1)+(n-1),

and the race needs only happening once in the transitions of Σ in

response to any input symbol.
(a) For any state z ∈ hIh(x), where x ∈ Xr, we have s(z,v) ∈ s(r,v).
(b) For any node β that β∩Xr ≠ ∅ in the race tree, there is a fine subtree for the triple
(Σ,β,Rp).
Proof. We view the condition (a) first. The race tree stores the possible transitions
after the first-time race and before the second-time race. Suppose the machine Σ is
currently at an arbitrary node β of the race tree, for which there is a state x ∈ β∩Xr.
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Then, the critical race will occur if the input v is applied when Σ is at β. Since h[β] =
h(x), we have that β ⊆ hIh(x). Owing to s[hIh(x),v] ⊆ s(r,v) from the condition (a), the
successive nodes of (β,v) will still be the blocks of the race partition Rp, which repeats
the nodes in the second level of the race tree. Therefore, the race is not necessary to
happen more than once to complete a one-step stable transition of the composite machine
Σc; the maximal step size of the controller to respond to an external input will be (n-1)
before the race plus

n(n-1)
2 ×(m-1)

after the race.

Next, we study the situation in (b). Again, consider an arbitrary node β′ in the race
tree. Let Z be a set of subsets of X, and assume there is a fine set for the triple (Σ,β′,Z)
and the race occurs in the spanned tree of this fine set. Denote by β the node at which
the last-time race appears, then we must have β ∩ Xr ≠ ∅. The successive nodes of (β,v)
are denoted by N1, …, Nm. It can be seen that for any block Rk of the race partition Rp,
there is a node Ni such that Rk ⊆ Ni, where i ∈ {1, …, m}, for k = 1, …, µ. By the
property of fine sets, there are fine sets for the triples (Σ,Ni,Z) without passing races, i =
1, …, m, which further follows that there are fine sets for (Σ,Rk,Z) without going
through races, k = 1, …, µ. From the condition in (b), there is a fine set for the triple
(Σ,β,Rp) without encountering races. Connecting the two processes together, we get that
there is a fine set for the triple (Σ,β,Z) and no race is necessary to appear in between.
This is true for any node in the race tree. Therefore, it is enough for the machine Σ to
run the transitions in the race tree plus the deterministic transitions. And again, the
maximal step size of the controller to respond to an external input is the same as the one
for the situation (a). ♦
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For all the situations discussed above, it suffices to consider the transitions in the
race tree for uncertainty subsets, in company with the deterministic transitions between
individual states. In many situations, such information is enough to determine the
existence of the solution. For general situations, it is possible to have multiple occurrence
of the race during the transitions of the machine Σ in response to an external input; the
number of occurrence is limited by blocks of the race partition Rp and the members of
the equivalence list B(Σ,Σ′).
5.6 Examples
Example 5.34 Given an asynchronous machine Σ = (A,Y,X,x0,f,h), its initial state
x0 := x1 and its transition function f and output function h are given in the Table 5-2
(the same machine as shown in Table 5-1). Let Σ′ = (A,Y,X′,σ0,s′,h′) be an
asynchronous stable-state machine satisfying h(x0) = h′(σ0).
Table 5-2. Transition Table of the machine Σ in Example 5.34
a
b
c
Y
1
1
2
1
2
x
x
x
{x , x }
0
2
4
2
2
x
x
x
x
0
x4
x4
x2
x4
1
From the table, we have the input set A = {a,b,c}, the output set Y = {0,1}, and
the state set X = {x1,x2,x4}. Clearly, the state-input pair (x1,c) is a critical race pair. The
race tree of the machine has been shown in Figure 5-1 in the previous discussion. We
− := {x̄ ,x̄ ,x̄ ,x̄ } = {x1,x2,x4,(x1,x2)} which includes
observe the observing set of Σ as X
1 2 3 4
− ) of
the nodes in the race tree and the individual states in X. The skeleton matrix K(Σ,X
Σ is calculated as
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1 1 1 1

−) =
K(Σ,X

0

0
1


.
0

1

1 1 0
1 1
1 1

(5-33)

Let us investigate the existence of solutions to this model matching problem. First,
we check the race-free skeleton matrix Kd(Σ) of Σ. Following the definition, we remove
the one-step transition at the race pair (x1,c), and then obtain

K (Σ) =
d

1
0
0

1 1



1 1 .
1 1



(5-34)

From h(x1) = h(x2) = 0 and h(x4) = 1, we get the counter-image list hI(Y) = {(x1,x2),x4}.
The extended skeleton matrix of Kd(Σ) with respect to the list hI(Y) is then obtained as
1 1
.
Kd(Σ,hI(Y)) = 
1 1

(5-35)

Given the list Z = B(Σ,Σ′), each member of Z is an element of hI(Y). In terms of the
definition of extended skeleton matrices, each entry of Kd(Σ,Z) is an entry of Kd(Σ),
which is equal to 1. Thus, the skeleton matrix Kd(Σ,Z) is an all-one matrix, and it holds
that Kd(Σ,Z) ≥ K(Σ′) for any model Σ′. From Proposition 5.14, it follows that this model
matching problem is always solvable. The construction of a solution (i.e., a controller)
can be designed by following the procedure in the proof of the theorem.
The above discussion only involves the race-free skeleton matrix which
demonstrates the characteristics of the deterministic part of the machine. In other words,
in order to match the input/output behavior of any deterministic model, it suffices to run
the machine Σ without triggering any critical race.
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Example 5.35 The machines Σ and Σ′ have the same the input set A = {a,b,c}
and the output set Y = {0,1,2}. The state set of Σ is X = {x1, …, x5} and its initial state
x0 := x1; the state set of Σ′ is X′ = {σ1, …, σ4} and its initial state σ0 := σ1. The
following flow tables, Table 5-3 and Table 5-4, depict the stable state transition function
and the output function for Σ and Σ′, respectively.
Table 5-3. Transition Table of the machine Σ in Example 5.35
a
b
c
Y
1
2
3
1
x
x
x
x
0
2
2
2
1 4
x
x
x
{x ,x }
1
3
5
3
5
x
x
x
x
2
x4
x4
x2
x4
0
5
4
5
5
x
x
x
x
0
Table 5-4. Transition Table of the machine Σ′ in Example 5.35
a
b
c
Y
1
2
3
1
0
σ
σ
σ
σ
2
2
4
2
1
σ
σ
σ
σ
2
σ3
σ3
σ3
σ4
0
σ4
σ2
σ4
σ4

Utilizing the table, we can easily calculate the race-free skeleton matrix Kd(Σ) of
Σ and the skeleton matrix K(Σ′) of the model Σ′ as follows;
1 1 1 1 1

 0 1 0 0 0
 0 0 1 1 1 ,
K (Σ) =
 0 1 0 1 0
 0 1 0 1 1
d

1 1 1 1

0

K(Σ′) =
0
0


.
1

1

1 0 1
1 1
1 0

(5-36)

The counter-image list of the output function h for the machine Σ is given by
hI(Y) := {(x1,x4,x5),x2,x3}, and the equivalence list is calculated to be B(Σ,Σ′) =
{(x1,x4,x5),x2,x3,(x1,x4,x5)}. Applying Algorithm 4.19, we conclude that there does not
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exist a sublist Z of B(Σ,Σ′) such that Kd(Σ,Z) ≥ K(Σ′). It indicates that there is no
solution to the model matching problem without taking the race into account. Therefore,
we need take a further look at the race tree of Σ which is shown as follows.

x2
c
(x1,x4)
a
x2

b
x4

x2

x3

c
(x1,x4)

Figure 5-3. Race tree of machine Σ in Example 5.35
Observing the race tree in Figure 5-3, we notice that there is no new uncertainty
subset except outcomes of the race (x1,x4). Therefore, the race only occurs at most once
in the transitions of Σ in response to an external input. We have the observing set is
− := {x1,x2,x3,x4,x5,(x1,x4)}, and denote by Z := {Z , …, Z } the list that satisfies the
X
1
4
condition in the Theorem. Then, we have Z1, Z4 ⊆ {x1,x4,x5,(x1,x4)}, Z2 = {x2}, and Z3 =
{x3}. Following Algorithm 5.24, check each entry of the extended skeleton matrix (Σ,Z),
then we get K(Σ,Z) ≥ K(Σ′). Therefore, the model matching problem is solvable.
Moreover, the machine Σ might enter the critical race during the operation, but the
critical race appears only once during the system’s transition to respond to one external
input. We omit the detailed construction of the controller (see the proof of the theorem).
Example 5.36 The machines Σ and Σ′ have the same the input set A = {a,b,c}
and the output set Y = {0,1,2}. The state set of Σ is X = {x1, …, x5}, and the state set of
Σ′ is X′ = {σ1, …, σ3}. The initial state of Σ is x0 := x1 and the initial state of Σ′ is
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σ0 := σ1. Table 5-5 and Table 5-6 show the stable state transition function and the output
function for Σ and Σ′, respectively.
Table 5-5. Transition Table of the machine Σ in Example 5.36
a
b
c
Y
x1
x2
x3
x1
0
2
2
2
1 4
x
x
x
{x ,x }
1
3
3
3
3
x
x
x
x
2
4
5
3
4
x
x
x
x
0
5
5
5
4
x
x
x
x
1
Table 5-6. Transition Table of the machine Σ′ in Example 5.36
a
b
c
Y
0
σ1
σ2
σ1
σ3
2
2
1
3
1
σ
σ
σ
σ
3
3
3
3
2
σ
σ
σ
σ

Utilizing the table, we can easily calculate the race-free skeleton matrix Kd(Σ) of
Σ and the skeleton matrix K(Σ′) of Σ′ as follows;
1 1 1 1 1

 0 1 0 1 0
 0 1 0 0 0 ,
K (Σ) =
 0 1 0 1 0
 0 1 0 1 1
d

1
K(Σ′) =  1
0

1 1



1 1 .
0 1

(5-37)

The counter-image list of the output function h for the machine Σ is given by
hI(Y) := {(x1,x4),(x2,x5),x3}, and the equivalence list is B(Σ,Σ′) = {(x1,x4),(x2,x5),x3}.
Again we can verify that there does not exist a sublist Z of B(Σ,Σ′) such that Kd(Σ,Z) ≥
K(Σ′), which implies that the race has to appear in the transitions of the machine Σ in
order for the composite machine Σc to match the model. The race tree of Σ is shown in
Figure 5-4.
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x2
a
(x1,x4)
a

b

(x2,x5)
a,b
(x2,x5)

x3

c
(x1,x4)

c
(x1,x4)

Figure 5-4. Race tree of machine Σ in Example 5.36
The race tree initially starts from the race pair (x2,a), whose successive node is a
state uncertainty subset (x1,x4). Notice that the race pair (x2,a) occurs again when Σ is
at the uncertainty set (x2,x5). Since (hIh(x2),a) = ({x2,x5},a) ∈ {x1,x4}, by Proposition
5.33, the race needs only happening once in order to match the behavior of a one-step
transition of the model. Following the algorithm, we obtain a list Z = {Z1,Z2,Z3}, where
Z1 = {x1,(x1,x4)}, Z2 = {x2,(x2,x5)}, and Z3 = {x3}, for which the skeleton matrix
inequality K(Σ,Z) ≥ K(Σ′). Utilizing the list Z and following the procedure in the proof
of Theorem 5.20, we can design the controller to solve the model matching problem. The
detailed construction for the controller is omitted.

CHAPTER 6
SUMMARY AND FUTURE RESEARCH
In the present work, feedback controllers have been introduced to correct
undesirable behavior of asynchronous sequential machines. Specifically, controllers can
eliminate the indeterminacy caused by critical races, while driving the machine to match
the desirable behavior of a race-free model. This approach opens an interesting and
constructive field in which many open problems remain to be investigated.
In earlier chapters of this dissertation, solutions have been presented to the model
matching problem for both input/state machines and input/output machines, as well as for
deterministic machines and machines with critical races. The results include necessary
and sufficient conditions for the existence of controllers and algorithms for their
construction, whenever the controllers exist. In the case of input/output machines, we
have proved that a separation principle is valid: if model matching is possible, a
controller, which decomposed into an observer and a state feedback control unit, always
exists, as depicted in Figure 1-2. This separation property is analogous to the separation
encountered for certain classes of linear controllers.
We have shown in Chapter 5 that the necessary and sufficient condition derived for
input/output machines with critical races is very general, and can be extended and applied
to many other situations. One possible generalization is to permit an uncertainty about the
initial state of the machine. Another possible generalization is to consider the model
matching problem for a general family of asynchronous machines, rather than a race
family.
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To summarize, here are several topics for future research:
(i)

In Chapter 5, we have presented a solution of the model matching problem for
critical race families of asynchronous machines which include both cases of
input/state machines and input/output machines. In the case of input/state
machines, the solution of the model matching problems for general families is
quite similar to its solution for critical race families. In the case of
input/output machines, the solution of the model matching problem for
general families is somewhat different from its solution for critical race
families. It would be interesting to formulate the solution to the problem of
model matching for general families of asynchronous machines.

(ii)

The present dissertation uses asynchronous finite state machines (FSMs) to
model asynchronous machines (i.e., discrete-event dynamical systems
(DEDS)). In the domain of DEDS control problems, supervisory control
problems have earned a lot of attention, and they use the generator-acceptor
model and are based on language theory. Dibenedetto et. al (2001) have
mentioned some connections between the model matching problems using
FSM model and the supervisory control problems based on language theory. It
would be meaningful to investigate further the relation between the model
matching problems of asynchronous FSMs (the topics in the present work)
and the supervisory control problems; the relation would help us apply the
present techniques and results to solving the corresponding supervisory
control problems.
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(iii)

Asynchronous sequential machines can be used to model and simulate parallel
and distributed systems due to their event-driven nature. For instance,
stochastic automata networks have been proposed to model complex parallel
systems. The use of feedback has the promise to improve the performance of
parallel computing systems, and it is possible to apply the methods developed
in the present work. In addition, as distributed systems are becoming
increasingly popular, it would be a practical and valuable direction to explore
hierarchical control and distributed control for distributed multi-plants, instead
of centralized control as we consider in the present dissertation.
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