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The dissertation is dedicated to development and application of analytical and discrete

optimization approaches in Risk Management and Financial Engineering. Through tech-

niques of convex analysis, the dissertation rigorously generalizes the axiomatic properties

of standard deviation to a new class of deviation measures. The role of deviation mea-

sures in optimization and Financial Engineering is analyzed. Optimality conditions based

on concepts of convex analysis, but relying on the special features of deviation measures

are derived in support of a variety of potential financial applications, such as portfolio

optimization and the Capital Asset Pricing Model. The dissertation introduces a new one-

parameter family of risk measures called Conditional Drawdown (CDD). These measures

of risk are functionals of the portfolio drawdown (underwater) curve considered in active

portfolio management. Mathematical properties of the CDD are studied; and efficient opti-

mization techniques for CDD computation and solving asset allocation problems with CDD

measure are proposed. A real-life asset-allocation problem is analyzed and solved using

the proposed measures. The dissertation develops a model and corresponding analytical

and discrete optimization approaches for routing an aircraft in a threat environment. The

threat is associated with the risk of aircraft detection by radar or sensor installations. The

model considers the aircraft in three dimensional space with a variable radar cross-section
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and an arbitrary number of installations. The risk minimization problem subject to a con-

straint on trajectory length is reduced to network flow optimization. In the case of a single

installation, an analytical solution for this problem is obtained.
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CHAPTER 1
INTRODUCTION

The dissertation considers and develops analytical and discrete optimization ap-

proaches to various Risk Management and Financial Engineering applications. Chapter

2 considers generalized measures of deviation, as substitutes for standard deviation, in a

framework like that of classical portfolio theory for coping with the uncertainty inherent in

achieving rates of return beyond the risk-free rate. Such measures, associated for example

with conditional value-at-risk and its variants, can reflect the different attitudes of different

classes of investors. They lead nonetheless to generalized one-fund theorems as well as to

covariance relations which resemble those commonly used in capital asset pricing models

(CAPM), but have wider interpretations. A more customized version of portfolio optimiza-

tion is the aim, rather than the idea that a single “master fund” might arise from market

equilibrium and serve the interests of all investors.

The results cover discrete distributions along with continuous distributions; and there-

fore are applicable in particular to financial models involving finitely many future states,

whether introduced directly or for purposes of numerical approximation. Through tech-

niques of convex analysis, our study deals rigorously with a number of features that have

not been given much attention to this subject, such as solution nonuniqueness, or nonex-

istence, and a potential lack of differentiability of the deviation expression with respect to

the portfolio weights. Moreover we address in detail the previously neglected phenomenon

that, if the risk-free rate lies above a certain threshold, a master fund of the usual type will

fail to exist and need to be replaced by one of an alternative type, representing a “net short

position” instead of a “net long position” in the risky instruments.

Chapter 2 develops the Capital Asset Pricing Model (CAPM) based on generalized

deviation measures in the general case of stock distributions. The CAPM is intended for

finding an efficient portfolio of financial instruments available in the market; and pricing

these instruments with respect to an efficient portfolio. The risk and expected rate of

1
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return are two main characteristics associated with a portfolio. The efficient portfolio is an

optimal solution for a problem of portfolio risk minimization with constraint on the portfolio

expected rate of return. Using apparatus of convex analysis, we extended classical CAPM

to the class of deviation measures under the assumption that the risk-free instrument is

available in the market. It turned out, that, theoretically, there is a critical set for the values

of the rate of return of the risk-free instrument, for which an appropriate CAPM cannot

be constructed. A theorem establishing the structure of the critical set is formulated and

proved. The critical set must be a closed finite interval. One of main results is formulated

in the following form: if the rate of return of the risk-free instrument does not belong to

the critical interval, then the vector composed by the stock’s expected rates of return must

belong to the set of generalized gradients of a deviation measure calculated for the efficient

portfolio. This result is illustrated by several examples using classical measures such as

standard deviation and Conditional Value at Risk.

Chapter 3 proposes a new one-parameter family of risk measures called Conditional

Drawdown (CDD). These measures of risk are functionals of the portfolio drawdown (un-

derwater) curve considered in active portfolio management. For some value of the tolerance

parameter α, in the case of a single sample path, drawdown functional is defined as the

mean of the worst (1 − α) ∗ 100% drawdowns. The CDD measure generalizes the notion

of the drawdown functional to a multi-scenario case and can be considered as a generaliza-

tion of a deviation measure to a dynamic case. The CDD measure includes the Maximal

Drawdown and Average Drawdown as its limiting cases. Chapter 3 studies mathematical

properties of the CDD and develops efficient optimization techniques for CDD computation

and solving asset-allocation problems with a CDD measure. For a particular example, we

find the optimal portfolios for cases of Maximal Drawdown, Average Drawdown, and sev-

eral intermediate cases between these two. The CDD family of risk functionals is similar

to Conditional Value-at-Risk (CVaR), which is also called Mean Shortfall, Mean Access

loss, or Tail Value-at-Risk. Some recommendations on how to select the optimal risk func-

tionals for getting practically stable portfolios are provided. Chapter 3 solves a real-life

asset-allocation problem using the proposed measures.
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Chapter 4 deals with Risk Management in military applications. It develops a model

and analytical and discrete optimization approaches for routing an aircraft in a threat en-

vironment. The model considers an aircraft’s trajectory in three dimensional (3D) space;

and presents the aircraft by a symmetrical ellipsoid with the axis of symmetry determining

trajectory direction. The threat is associated with the risk of aircraft detection by radars,

sensors or surface air missiles. Using the analytical and discrete optimization approaches,

the deterministic problem of finding an aircraft’s optimal risk trajectory subject to a con-

straint on the trajectory length has efficiently been solved. Through techniques of Calculus

of Variations, the analytical approach reduces the original risk optimization problem to a

vectorial nonlinear differential equation. In the case of a single detecting installation, the

solution to this equation is expressed by a quadrature. The discrete optimization approach

approximates the original problem by the Constrained Shortest Path Problem (CSPP) for

a 3D network with a flexible structure. The CSPP has been solved for various ellipsoid

shapes and different length constraints in the cases of several radars. The impact of ellip-

soid shape on the geometry of an optimal trajectory as well as impact of variable RCS on

performance of the discrete optimization approach have been analyzed and illustrated with

several numerical examples.



CHAPTER 2
PORTFOLIO ANALYSIS WITH GENERAL DEVIATION MEASURES

2.1 Introduction

The minimization of variance, or equivalently standard deviation, is a universally famil-

iar feature of classical portfolio theory. It has been subjected to criticism, however, because

standard deviation does not adequately account for the phenomenon of “fat tails” in loss

distributions, and moreover penalizes ups and downs equally. In everyday applications, a

more common tool than standard deviation is value-at-risk, VaR. But that too has been

controversial because of mathematical shortcomings (lack of convexity and monotonicity, as

well as reasonable continuity) and its inability to respond to the magnitude of the possible

losses below the threshold it identifies. A related concept, conditional value-at-risk, CVaR

(also known as expected shortfall and tail-VaR), has proved to be superior in these respects

and therefore more suited for the optimization of choices in financial management.

For sound methodology in finance, a theory relating these different approaches and

allowing their effects to be compared is essential. A very important step toward such

a comprehensive theory was made by Artzner et al. [1], who introduced the notion of

a coherent risk measure, demonstrating that VaR did not provide coherency. Although

extensive motivation was given by Artzner et al. [1], “coherency” has not fully taken hold

in the community concerned with applications. One obstacle has been their axiom [1] that

deals with the effect of adding a constant to the return of a financial random variable. Many

have balked at that axiom, despite its explanation.

The reason for this difficulty may well be confusion over the meaning of “loss”. Artzner

et al. [1] referred to loss as a negative outcome, whereas for many practitioners it is assumed

to refer to a shortfall relative to expectation. This is compounded by the fact that, in

applications, VaR and CVaR are typically invoked to measure such a shortfall, instead of

measuring absolute loss itself.

4



5

There is more to this than might appear on the surface. On a space of random variables

X, it is one thing to apply a risk measure to X − C for some fixed constant C, and quite

another to apply it to X − EX. A basic aim of this chapter is to make clear that risk

measures, more or less in the sense of Artzner et al. [1], when applied to X − EX, yield a

separate class functionals that can aptly be called deviation measures. Deviation measures

satisfy different axioms and have their own significance, with standard deviation just being

one example that happens to be symmetric.

In classical portfolio theory, investors respond to the uncertainty of profits by selecting

portfolios that minimize variance, or equivalently standard deviation, subject to achieving

a specified level in expected gain [2, 3]. The well known “one-fund theorem” [4, 5] stipulates

that this can be accomplished in terms of a single “master fund” portfolio by means of a

formula that balances the amount invested in that portfolio with the amount invested at the

current risk-free rate. The accompanying “CAPM” theorem furnishes covariance relations

with respect to the master fund portfolio which are interpreted as having a potential for

predicting the market behavior of financial instruments [6, 5]. An overview of “CAPM”

results was provided by Grauer [7]. Extensions of the theory to account for higher moments

than variance were considered by Samuelson [8].

Nowadays, other approaches to uncertainty have gained in popularity. Portfolios are

being selected on the basis of characteristics such as value-at-risk (VaR), conditional value-

at-risk (CVaR), or other properties proposed for use in risk assessment. These measures

have no pretension of being universal, however, VaR and CVaR depend, for instance, on the

specification of a confidence level parameter, which could vary among investors. Instead,

what is apparent in the alternative approaches currently being touted is a move toward a

kind of partial customization of responses to risk, while still avoiding (as impractical) a

reliance on specifying individual utility functions. Utility functions in finance have been

the theme in numerous publications [9, 10].

A question in this evolving environment is whether any parallels to the classical theory

persist when the minimization of standard deviation is replaced by something else. Re-

searchers have already looked into the possibilities in several special cases, under various

limiting assumptions (recognized explicitly or imbedded implicitly). Our goal, in contrast,
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is to demonstrate that important parallels with classical theory exist much broader and

more, despite technical hurdles. By showing this, we hope to bring out features that have

not completely been analyzed, or even perceived, in the past.

We focus on the general deviation measures that were developed axiomatically by

Rockafellar et al. [11]. These were shown to be closely related to, yet distinct from, risk

measures in the sense of Artzner, Delbaen, Eber and Heath [1]; and to enjoy a number of

attractive characterizations. Our idea is to substitute such a deviation measure for standard

deviation in the setting of classical theory and investigate the consequences rigorously in

detail. Furthermore, we aim at doing so, for the first time, in cases where the rates of return

may have discrete distributions as well as cases where they have continuous distributions.

Our central result says that a basic one-fund theorem holds regardless of the particular

choice of the deviation measure, but with certain modifications. The optimal risky portfolio

need not be unique (although it often might be). More significantly, the full study of

optimality in the context of an available risk-free instrument requires an understanding not

only of an efficient frontier for risky portfolios at cost 1, but also of such a frontier for

risky portfolios at cost −1. We establish that the second frontier comes into play when the

risk-free rate of return exceeds a certain threshold. Moreover, we show how that threshold

can be calculated by solving an auxiliary optimization problem.

The need for an efficient frontier referring to “net short positions,” along with the usual

one for “net long positions,” is not surprising, in view of the diversity of measures that

investors may be using. In line with their different opinions about risk, some investors may

find the risk-free rate high enough to warrant borrowing from the market and investing that

money risk-free, while others will prefer a fund in which the “longs” outweigh the “shorts.”

Sharpe [6, p. 507] discussed an interesting analogy in terms of a stock index futures contract

which might even consist entirely of short positions.

The emergence of a variety of different master funds, optimal for different deviation

measures, is an inescapable outcome of any theory which, like ours, attempts to cope with

the current tendency toward customization in portfolio optimization. What does it mean

for CAPM, though? A master fund identified with respect to the wishes of one class of

investors can no longer be proposed as obviously furnishing input for factor analysis of the
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market as a whole, because the financial markets react to the wishes of all investors. A

master fund, in our general sense, can no longer be interpreted as associated with a sort of

universal equilibrium.

Whether some such master funds, individually or collectively, might nonetheless turn

out to be valuable in factor analysis, is an issue outside the scope of this chapter. We

do, however, prove a theorem that resembles the classical one in providing CAPM-like

covariance relations, which serve to characterize the master funds. We place the generalized

β coefficients in these relations in a framework from which the results in this category that

other researchers have obtained earlier, in special contexts, can readily be derived.

Included in that way are results, subject to restrictions, for the deviation measures

associated with mean-lower partial moments [12, 13], conditional value-at-risk [14, 15, 16],

and with mean absolute deviation [17]. Our CAPM-like results have far fewer restrictions.

They do not rely on the existence of density functions for the distributions that arise, or even

on the absence of probability atoms (corresponding to jumps in the distribution functions),

which would preclude applications to discrete random variables. Furthermore, they do not

require the differentiability of the deviation with respect to the parameters specifying the

relative weights of the instruments in the portfolio. This broad advance has been made

possible by our utilization of techniques of convex analysis [18] beyond standard calculus,

along with strict adherence to the fundamental principles of optimization theory.

Lack of familiarity with the mathematics of optimization has been a handicap in some

of the finance literature in this area, going all the way back to Markowitz. For example,

Markowitz [3] excluded short positions by constraining the portfolio weights to be non-

negative. He neglected, however, to take into account that Lagrange multipliers for those

inequality constraints could come into play, in which case a closed-form solution to the

optimality conditions for a master fund would be impossible. Supposing that the multi-

pliers can be taken to be zero is equivalent (because of convexity) to supposing that, if

shorting were allowed, there would anyway be no short positions at optimality. There is

no support for that conviction, however, and indeed, numerical calculations are known to

produce quite different answers when shorting is allowed and when it is not. Similar loose-

ness about whether solutions to optimization problems even exist must be the reason why
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the magnitude of the risk-free rate was not perceived to have an effect, and the need for

master funds representing net short positions went undetected. The need for allowing at

least some short positions in a master fund was emphasized by Sharpe [6, pp. 500, 505].

Even though the generalized CAPM-like β coefficients we study lack the “universal”

connotations ascribed to the classical β’s, they capture characteristics which may be valu-

able in assessing the riskiness of financial instruments. In every case, the β of an instrument

is the ratio of a covariance expression to the generalized deviation of the random variable

giving the rate of return of a particular master fund. Instead of the covariance between the

rate of return of the instrument and the rate of return of the master fund, however, the β is

based on the covariance between the rate of return of the instrument and a special random

variable extracted from the rate of return of the master fund, as dictated by the particular

deviation measure. For instance

• The β for lower semideviation measures the dependence of the instrument’s rate of
return on the master fund’s downside (this being just the part of the fund’s random
variable that tracks underperformance).

• The β for conditional value-at-risk relative to a chosen α-tail of losses assesses how
the instrument reacts when the master fund for this situation dips into that tail.

• The β for a mixture of conditional value-at-risk involving several different loss tails
provides a balanced assessment based on the possibilities of poor performance of the
master funds associated with those tails.

• The β for the lower-range deviation of an instrument measures its reaction to the
worst-case performance of a certain master fund.

Such examples, worked out near the end of the chapter, reveal that, despite departures

from classical portfolio theory in interpretation, the passage to general deviation measures

is capable of uncovering information that could be of considerable interest in financial

applications.

2.2 Deviation and Risk

We start by reviewing what we mean by deviation measures and explaining how they

are paired with risk measures, which thereby give rise to a spectrum of useful examples.

We consider a space Ω, the elements ω of which can represent future states or individual

scenarios (perhaps just finitely many), and suppose it to be supplied with a probability

measure P and the other technicalities that make it a legitimate probability space. We
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treat as random variables (r.v.’s) the (measurable) functions X on Ω for which E[X2] < ∞;

the space of such functions will be denoted, for short, by L2(Ω). For X in L2(Ω), the mean

µ(X) and variance σ2(X) are well defined, in particular:

µ(X) = EX =
∫
Ω X(ω)dP (ω),

σ2(X) = E[X −EX]2 =
∫
Ω[X(ω)− µ(X)]2dP (ω).

(2.1)

To assist in working with constant r.v.’s, X(ω) ≡ C, the letter C will always denote a

constant in the real numbers IR.

By a deviation measure will be meant a functional D that assigns to each random

variable X (understood to be in L(Ω) always) a value D(X) in accordance with the following

axioms:

(D1) D(X + C) = D(X); equivalently, D(X) = D(X − EX) for all X,

(D2) D(0) = 0, and D(λX) = λD(X) for all X and λ ≥ 0,

(D3) D(X + X ′) ≤ D(X) +D(X ′) for all X and X ′,

(D4) D(X) > 0 for nonconstant X, whereas D(X) = 0 for constant X.

These axioms come from our paper [11], where the notion of a general deviation measure

was first formulated at this level.1 The equivalence in D1 is evident from taking C to equal

−EX, and on the other hand, noting that [X +C]−E[X +C] = X −EX for any constant

C.

The example of standard deviation, D(X) = σ(X), dominates classical portfolio theory

and is symmetric in the sense that D(−X) = D(X). Similar nonsymmetric examples of

deviation measures satisfying the axioms include the standard semideviations D(X) =

σ+(X) and D(X) = σ−(X), where

σ2
−(X) = E[max{EX −X, 0}2], σ2

+(X) = E[max{X − EX, 0}2]. (2.2)

1 Malevergne and Sornette [13] described a class of measures axiomatically in terms of
D1, D2 (effectively), and the version of D4 requiring only weak inequality, but no D3. Such
measures lack convexity and other properties.



10

The first of these emphasizes the downside of X, while the second emphasizes the upside.

A very different pair of examples, likewise oriented to downside or upside, is furnished by

the lower range and the upper range,

D(X) = EX − inf X, D(X) = supX − EX, (2.3)

where inf X and supX denote the “essential” infimum and supremum of X(ω) over ω ∈ Ω

(obtained by disregarding subsets of Ω having probability 0). For either of these, it is

possible for some r.v.’s X that D(X) = ∞, which is allowed by the axioms. Of course, both

are sure to be finite in the case of a finite, discrete probability space Ω.

Another class of deviation measures, of increasing interest now in applications, arises

from conditional value-at-risk, CVaR, as an alternative to value-at-risk, VaR. A brief discus-

sion of risk measures, in contrast to deviation measures, will lay the platform for introducing

this class properly.

By an expectation-bounded risk measure will be meant a functional R that assigns

values R(X) to random variables X in such a way that

(R1) R(X + C) = R(X)− C for all X and constants C,

(R2) R(0) = 0, and R(λX) = λR(X) for all X and all λ > 0,

(R3) R(X + X ′) ≤ R(X) +R(X ′) for all X and X ′,

(R4) R(X) > E[−X] for all nonconstant X, whereas R(X) = E[−X] for constant X.

Axiom R4 is the property we explicitly mean by “expectation-boundedness”. (The equation

part of R4 is already a consequence of R1, so the strict inequality for nonconstant X is the

chief assertion.)

Artzner, Delbaen, Eber and Heath in their landmark contribution to risk theory were

the first to consider risk measures from a broad perspective, but they concentrated instead

on functionals R satisfying R1, R2, R3 and, instead of R4, the monotonicity axiom:

(R5) R(X) ≤ R(X ′) when X ≥ X ′.

They called these coherent risk measures. (Actually, they posed R5 in a seemingly weaker

form, namely R(X) ≤ 0 when X ≥ 0, which is equivalent to the present R5 under the other

axioms. Also, they had somewhat different version R1, tailored to the use of an investment
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instrument, but the version used here was subsequently adopted by Delbaen [19].) Property

R5 is natural and even crucial for many purposes, and we will be concerned with it as well.

However, we forgo it in the basic definition of an expectation-bounded risk measure in order

to capture a fundamental pairing between risk measures and deviation measures. The risk-

boundedness axiom R4, first spelled out in our own earlier work, is needed for the following

result, where it emerges as the counterpart to deviation axiom D4.

Theorem 1 (deviation vs. risk [11]). Deviation measures correspond one-to-one with

expectation-bounded risk measures under the relations

(a) D(X) = R(X − EX),

(b) R(X) = E[−X] +D(X).

Specifically, if R is an expectation-bounded risk measure and D is defined by (a), then D
is a deviation measure that yields back R through (b). On the other hand, if D is any

deviation measure and R is defined by (b), then R is a risk measure that yields back D
through (a). In this correspondence, R has the further property R5, yielding coherency, if

and only if D has the further property that

(D5) D(X) ≤ EX − inf X for all X.

In accordance with the final part of Theorem 1, we call D a coherent deviation measure

when it satisfies D5 along with D1, D2, D3, and D4.

The deviation measure D(X) = ρσ(X) for any ρ ∈ (0,∞) is paired, for instance, with

R(X) = ρσ(X)−µ(X), whereas the lower-range deviation measure D(X) = EX − inf X is

paired with the maximum loss risk measure R(X) = sup[−X]. Coherency is lacking in the

first example but present in the second example.

Recall next that for any α ∈ (0, 1) the value-at-risk of X at level α is defined by

VaRα(X) = − inf{ z |P{X ≤ z} > α}, (2.4)

and then the corresponding conditional value-at-risk is

CVaRα(X) =−[expectation of X in its lower α-tail distribution]. (2.5)
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The expectation in question is the same as the conditional expectation of X subject to

X ≤ −VaRα(X) when P{X |X = −VaRα(X)} = 0, but refers more generally to the

expectation of the r.v. whose cumulative distribution function Fα is obtained from the

cumulative distribution function F for X by taking Fα(z) = F (z)/α when z < −VaRα(X)

and Fα(z) = 1 when z ≥ −VaRα(X). This form of the definition of CVaRα(X) was

developed by Rockafellar and Uryasev [20], earlier Rockafellar and Uryasev [21] concentrated

only on the case of continuous distribution functions. Acerbi [22] has shown that this value

can also be obtained from the formula

CVaRα(X) =
1
α

∫ α

0
VaRp(X)dp. (2.6)

The important thing for our purposes here is that a coherent risk-deviation pair in the

pattern of Theorem 1 is obtained by taking

R(X) = CVaRα(X), D(X) = CVaRα(X − EX). (2.7)

In contrast, the functional R(X) = VaRα(X) fails in general to satisfy axioms R3, R4 and

R5, and correspondinglyD(X) = VaRα(X−EX) fails to satisfy D3, D4 and D5. Rockafellar

et al. [11] provided more detail on these examples, as well as their generalization to “mixed”

CVaR having “spectral” representations.

The abundance of different deviation measures leads naturally to the question of how

to distinguish among them for application purposes. An important guideline is available in

terms of the notion of a risk envelope. By this is meant a subset Q of L2(Ω), with elements

Q appropriately to be called risk monitors, which satisfies the axioms

(Q1) Q is convex, closed, and contains 1 (constant r.v.),

(Q2) EQ = 1 for every Q ∈ Q,

(Q3) for every nonconstant X ∈ L2(Ω) there is a Q ∈ Q such that E[QX] < EX.

A risk envelope Q is called coherent if it satisfies, in addition,

(Q4) Q ≥ 0 for every Q ∈ Q.

When Q is coherent, its elements Q can be interpreted as probability density functions

on Ω relative to the underlying probability measure P on Ω (which itself corresponds to
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the element 1 ∈ Q as its density). For a density function Q, the probability of a subset

Ω0 ⊂ Ω is
∫
Ω0

Q(ω)dP (ω), whereas the expectation of a random variable X is EQ[X] =
∫
Ω X(ω)Q(ω)dP (ω).

To explain the connection between risk envelopes Q and deviation measures D, we

need to impose on D the minor technical property of lower semicontinuity , which means

that the sets {X | D(X) ≤ δ} are closed in L2(Ω) for all δ > 0. This holds for all of the

examples of deviation measures D mentioned above; cf. [11, Proposition 2].

Theorem 2 (risk envelope characterization of deviation [11]). The lower semicontinuous

deviation measures D satisfying D1, D2, D3 and D4 correspond one-to-one with risk en-

velopes Q satisfying Q1, Q2 and Q3 under the relations

(a) D(X) = supQ∈QE[Q(EX −X)],

(b) Q = {Q |EQ = 1, E[Q(EX −X)] ≤ D(X) for allX},
where equivalently

E[Q(EX −X)] = E[Q(−X)]− E[−X] = covar(−X, Q).

Moreover, D has the additional property D5 (for coherency) if and only if Q has property

Q4.

The significance of the characterization in Theorem 2 is especially clear in the coherent

case, because EQ[−X] is then the expectation of the loss r.v. −X with respect to the

alternative probability distribution having density Q on Ω. The interpretation is that

D(X) assesses how much worse that expected loss could be than the expected loss E[−X]

under the reference probability distribution P on Ω, when the alternative distributions the

investor wishes to take into account are those encompassed by Q. The different elements

Q of Q, under their designation as risk monitors, perceive the potential losses in X from

different perspectives. Axiom Q3 requiresQ to be rich enough that, when X has a downside,

that downside can be detected by at least one of the available risk monitors Q ∈ Q. In

association with Q1 and Q2, it can be seen as meaning that the elements Q ∈ Q form a

sort of neighborhood around the constant 1 relative to the all density functions in L2(Ω).
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Focussing on a particular choice of the deviation measure D in some application cor-

responds in this framework to deciding on a particular attitude toward risk, in the sense

of the trustworthiness of the reference probability distribution P . Rockafellar et al. [11]

discussed several issues in connection with concepts of “acceptable risk.”

Descriptions of the risk envelopes Q corresponding to a number of specific deviation

measures D have been worked out by Rockafellar et al. [11, 23]. Some will be recalled toward

the end of this chapter in connection with optimality rules and CAPM-like equations.

An additional example, which we have not addressed elsewhere but deserves mention

because of its rich modeling implications, is the one in which Ω is just a finite set of future

states and Q is taken to be the convex hull of a finite collection of functions Q1, . . . , Qm on

Ω which give probability densities, i.e., satisfy

Qj(ω) ≥ 0,
∑

ω∈Ω

Qj(ω) = 1,

and provide the “richness” property that for every nonconstant function X on Ω there is at

least one index j such that EQj [EX −X] > 0. Axioms Q1, Q2, Q3 and Q4 are all fulfilled

then, and the corresponding deviation measure D in Theorem 2, coming out as

D(X) = max
j=1,...,m

E[Qj(EX −X)] = max
j=1,...,m

{E[Qj(−X)]− E[−X]}, (2.8)

is therefore coherent.

In this setting, each Qj can be viewed as a “mixed scenario” representing an alternative

probability distribution among the “pure scenarios” (the elements ω of Ω) that is different

from the reference distribution. An investor may have specified these mixed scenarios

as tests for what might reasonably be a cause for concern in appraising the future. The

deviation D(X) (2.8) identifies the worst discrepancy that could occur between the expected

losses under the specified alternatives and the expected loss E[−X].

2.3 Portfolio Framework

To proceed with our effort to extend the classical results in portfolio theory for standard

deviation to general deviation measure D, we must provide a market setting. The market

will be taken, for model purposes, to consist of instruments i = 0, 1, . . . , n having rates of

return ri. The first of these instruments, for i = 0, is risk-free; its rate of return r0 is a
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constant. The other instruments, for i = 1, . . . , m, are risky; their rates of return ri are

r.v.’s in L2(Ω). A dollar invested in instrument i brings back 1 + ri, for a gain (or profit)

of ri dollars at the end of the time period under consideration.

We will be concerned with portfolios that can be put together by investing an amount

xi in each instrument i. These amounts (in dollars) can be positive, zero or negative. (A

negative investment corresponds to a short position.) Such a portfolio has the present cost

x0 + x1 + · · ·+ xn and the uncertain future value x0(1 + r0) + x1(1 + r1) + · · ·+ xn(1 + rn).

The associated gain is thus the r.v. X in L2(Ω) described by

X = x0r0 + x1r1 + · · ·+ xnrn. (2.9)

Here we are using “gain” in the sense that a loss is a negative gain. Costs, too, might be

negative as well as positive, or zero.

To facilitate our work with these r.v.’s X while taking into account the special role of

the risk-free instrument and keeping notation simple, we introduce

r = (r1, . . . , rn) (vector r.v.), r̄ = (r̄1, . . . , r̄n) for r̄i = Eri,

along with the vectors

x = (x1, . . . , xn), e = (1, . . . , 1).

The general r.v. X is then x0r0 + x>r (2.9); its expected gain EX is x0r0 + x>r̄, and its

cost is x0 + x>e. We speak of x = (x1, . . . , xn) itself as giving the x-portfolio for which the

gain is the r.v. x>r in L2(Ω), the expected gain is x>r̄, and the cost is x>e.

The following assumptions on instruments i = 1, . . . , n in the model will henceforth

be in effect. The rest of this section will be devoted to elucidating their immediate conse-

quences. Basic assumptions are

(A1) No x-portfolio with x 6= 0 is risk-free.

(A2) The expected rates of return r̄1, . . . , r̄n are not all the same.

(A3) D(ri) < ∞ and D(−ri) < ∞ for all i.

Assumption A1 is harmless and merely underscores our aim of letting the i = 0 instru-

ment do all the risk-free service. A notion of redundancy will help in understanding why
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this is true. Let us say that an instruments i is redundant in the model if the associated r.v.

ri, which gives the gain from investing one dollar in instrument i, can exactly be replicated

by the gain r.v. of a portfolio put together from the other instruments. Note that such

replication, if possible at all, would have to be achieved at cost 1, or an arbitrage opportu-

nity would exist, thereby undermining our intent of starting from a market in which prices

are in equilibrium.

Proposition 1 (elimination of redundancy). Assumption A1 is fulfilled if and only if none

of the instruments i in the model is redundant.

Proof. If some x-portfolio with x 6= 0 were risk-free, we could find a value x0 such that

the r.v. X = x0r0 + x1r1 + . . . + xnrn is identically 0. One of the coefficients x1, . . . , xn

would be nonzero; suppose for purposes of illustration that is x1. We would then have

r1 = x′0r0 +x′2r2 + · · ·+x′nrn for x′i = −xi/x1, which would mean that the i = 1 instrument

is redundant.

For the converse, suppose some instrument i is redundant. If that holds for i = 0,

then by the definition of redundancy there must be a nonzero x-portfolio that is risk-free.

Otherwise, we can suppose for simplicity of notation that i = 1 is redundant. This refers

to the existence of coefficients x0, x2, . . . , xn such that r1 = x0r0 + x2r2 + · · ·+ xnrn. Then

−r1 + x2r2 + · · · + xnrn = −x0r0, so the x-portfolio for x = (−1, x2, . . . , xn) would be

risk-free.

Redundant instruments offer nothing new, so we could always eliminate them from the

model one by one until nothing redundant was left. Then A1 would hold.

Another insight into A1 can be obtained through consideration of distribution func-

tions.

Proposition 2 (continuous distributions). Assumption A1 is satisfied when the r.v. r is

continuously distributed (i.e., the multivariate distribution function for r1, . . . , rn is con-

tinuous on IRn), thus guaranteeing that the gain x>r of any x-portfolio with x 6= 0 is

continuously distributed as well.
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Proof. The well known fact about x>r being continuously distributed in these circum-

stances precludes x>r from being a constant r.v., of course.

Assumption A2 is needed to sidestep special circumstances which have little interest

for us here. If it did not hold, there would be a value ρ such that r̄i = ρ for i = 1, . . . , n;

then the expected gain x>r̄ of an x-portfolio would always be ρ times its cost x>e.

Both A1 and A2 seem to be taken for granted by many in finance, even though they

are essential to the validity of commonly made assertions.2 The desire to maintain mathe-

matical rigor in our development of portfolio theory requires us to make these assumptions,

and others, explicit.

Assumption A3 is certainly satisfied when D is a deviation measure that is finite on

all of L2(Ω), and many measures with that property have already been indicated beyond

D(X) = σ(X), for instance D(X) = CVaRα(X − EX). But A3 may also be satisfied

for some deviation measures that are not finite on all of L2(Ω). An example is D(X) =

EX − inf X when the rates of return ri are bounded. Note that we are obliged to require

the finiteness of D(ri) and D(−ri) separately, because D need not be symmetric.

Proposition 3 (portfolio deviations). The deviation function

fD(x) = D(x>r)

is finite everywhere and convex on IRn (hence also continuous), moreover with the properties

that

(a) fD(0) = 0, but fD(x) > 0 when x 6= 0,

(b) fD(λx) = λfD(x) when λ > 0,

(c) fD(x + x′) ≤ fD(x) + fD(x′),

(d) {x | fD(x) ≤ δ} is a bounded set for every δ > 0,

2 For instance, in the text [24, p. 159], the n + 2 linear equations in n + 2 unknowns that
describe the weights for an efficient risky portfolio in the Markowitz model are said to have
a unique solution, but really that is only true when the coefficient matrix is nonsingular.
The matrix in question fails to be nonsingular if A1 and A2 do not hold.



18

(e) fD(x) = maxQ∈Q
∑n

i=1 xi(r̄i − E[Qri]) = maxQ∈Q
∑n

i=1 xi covar(Q,−ri),

where, in the final formula, Q is the risk envelope associated with the deviation measure D.

Proof. In view of axiom D4 on D, the strict inequality in (a) is equivalent to A1. Prop-

erties (b) and (c), together with the fact in (a) that fD(0) = 0, follow immediately from

axioms D2 and D3 on D. They imply in particular that fD is a convex function. The set

of x for which fD(x) < ∞ is then a convex subset of IRn. Because of A3, that set includes

the vectors,

(±1, 0, . . . , 0), (0,±1, . . . , 0), (0, 0, . . . ,±1),

which correspond to portfolios consisting of just one of the instruments i = 1, . . . , n, either

in unit long position or unit short position. It must also then include all positive multiples

of those vectors, through (b), as well as all sums generated from those, through (c). Thus,

it has to be all of IRn.

For the fact that finite convex functions IRn are continuous [18, Theorem 10.1]. On

the principle of [18, Corollary 8.7.1] and fD being convex and continuous, if any set of form

{x | fD(x) ≤ δ} is bounded, then all sets of that form must be bounded. By (a), the set

{x | fD(x) ≤ 0} is the singleton {0}, so (d) is correct.

Finally, the max formula in (e) comes immediately from applying the max formula in

Theorem 2(a) to X = x>r =
∑n

i=1 xiri.

Proposition 4 (richness of cost-gain combinations). For every choice of (π, ζ) ∈ IR2, there

is an x-portfolio having cost x>e = π and expected gain x>r̄ = ζ.

Proof. This is the main consequence of A2. The set of pairs (π, ζ) coming from portfolios

in this way constitutes a subspace of IR2, so if it were not all of IR2, these pairs would would

be collinear, and we would be in the lockstep situation excluded by A2.

2.4 Fundamental Optimization Problem

The problem of optimization that now we wish to study with respect to the gain r.v.’s

X in (2.9) is

P(∆) minimize D(x0r0 + x>r) subject to x0 + x>e = 1 and x0r0 + x>r̄ ≥ r0 + ∆,



19

where D(x0r0 + x>r) is actually just the fD(x) in Proposition 3, of course. The cost

constraint x0 + x>e = 1 signifies that exactly one dollar is to be invested in the portfolio.

The gain constraint x0r0 +x>r̄ ≥ r0 +∆ requires that this unit investment should result in

an expected future value of at least 1 + r0 + ∆. The parameter ∆ gives the risk premium

— the extra amount being demanded over the gain associated with investing at the risk-

free rate r0. The gain constraint has been written as an inequality instead of an equation

because there should not be any objection if some portfolio, without worsening the deviation

or costing more, might have an expected gain that is more than r0 + ∆. It will come out

below, however, that any portfolio solving problem P(∆) must satisfy this constraint with

equality, when ∆ > 0.

The unit cost constraint in P(∆) can be used to eliminate x0 by assigning it the value

x0 = 1− x>e. The problem statement comes down then to:

P0(∆) minimize fD(x) subject to x>[r̄ − r0e] ≥ ∆.

Adopting this framework in terms of x-portfolios alone, we let




d0(∆) = optimal value (the infimum of the deviation) in P0(∆),

S0(∆) = optimal solution set (the minimizing vectors x) in P0(∆).
(2.10)

Proposition 5 (solution existence and homogeneity). An optimal solution to problem

P0(∆) is sure to exist (not necessarily uniquely), no matter what the choice of ∆. Indeed,

the optimal solution set S0(∆) is always convex, closed and bounded, in addition to being

nonempty. Moreover,





for ∆ ≤ 0 : d0(∆) = 0 and S0(∆) = {0} (put all in the risk-free instrument),

for ∆ > 0 : d0(∆) > 0, with d0(∆) = ∆ d0(1) and S0(∆) = {∆ x |x ∈ S0(1)}.
(2.11)

Additionally, when ∆ > 0 the gain constraint is always active in P0(∆), i.e., every x ∈ S0(∆)

satisfies x>[r − r0e] = ∆.



20

Proof. In view of Proposition 4, the constraint in problem P0(∆) can be satisfied regard-

less of the choice of r0 and ∆. The sets of type

{x | fD(x) ≤ δ, x>[r − r0e] ≥ ∆} for δ > d0(∆) (2.12)

are nonempty by the definition of d0(∆) as well as compact because of the continuity of

fD and the boundedness in Proposition 3(d). Any nest of nonempty compact sets has a

nonempty intersection. In this case, moreover, the sets are convex by virtue of the convexity

of fD, so the intersection is likewise a convex set. This confirms that S0(∆) is nonempty,

convex and compact.

The special assertions about P0(∆) in the case of ∆ ≤ 0 are evident from Proposition

3(a). They rely also on the constraint having been stated as an inequality rather than

an equation. In the case where ∆ > 0, the relationships involving d0(1) and S0(1) are

immediate from the positive homogeneity of fD in Proposition 3(b).

The constraint in P0(∆) has to be active when ∆ > 0, because if x has x>[r−r0e] > ∆,

there is a factor θ ∈ (0, 1) such that the vector x′ = θx satisfies the same inequality and

yet yields a deviation amount that is smaller than the one for x by the same factor. This is

incompatible with x being optimal. Note that here we are invoking Proposition 3(a) once

more, since this argument would fall through if the deviation in question were 0.

Theorem 3 (generalized one-fund theorem in unscaled form). Suppose x∗ belongs to the

solution set S0(∆∗) to problem P0(∆∗) for some ∆∗ > 0. Then, for each ∆ > 0, an

optimal solution to problem P(∆) is obtained by investing the amount (∆/∆∗)(x∗>e) in

the x∗-portfolio and the amount x0 = 1− (∆/∆∗)(x∗>e) in the risk-free instrument.

Proof. According to solution rule in (2.11) of Proposition 5, by having x∗ ∈ S0(∆∗)

we are sure to have (∆/∆∗)x∗ ∈ S0(∆). We have formulated problem P0(∆) in such a

manner that a solution to P(∆) is constructed by acquiring an x ∈ S0(∆), at cost x>e,

and then investing the amount x0 = 1 − x>e in the risk-free instrument. Here we have

x>e = (∆/∆∗)(x∗>e), so the conclusion is at hand.

Theorem 3 is “unscaled” because it imposes no restriction on the cost x∗>e of the risky

portfolio that is being utilized in constructing a solution to problem P(∆) for each ∆ > 0.
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In principle, the cost of the x∗-portfolio should not really matter, since in passing from x∗

to x = (∆/∆∗)x∗ the relative proportions invested in the instruments i = 1, . . . , n remain

the same. The magnitudes of these amounts go up or down, but they do so by the common

factor ∆/∆∗. The unscaled result nevertheless leads right away to the following “scaled”

conclusions.

Theorem 3′ (generalized one-fund theorem in scaled form).

(a) Suppose, for some ∆∗ > 0 and x∗ ∈ S0(∆∗), that x∗>e = 1, i.e., the x∗-portfolio

has positive unit cost. Then, for any ∆ > 0, an optimal solution to problem P(∆) is

obtained by investing the positive amount (∆/∆∗) in the x∗-portfolio and the positive

amount x0 = 1− (∆/∆∗) in the risk-free instrument.

(b) Suppose, for some ∆∗ > 0 and x∗ ∈ S0(∆∗), that x∗>e = −1, i.e., the x∗-portfolio

has negative unit cost. Then, for any ∆ > 0, an optimal solution to problem P(∆) is

obtained by investing the negative amount −(∆/∆∗) in the x∗-portfolio, thereby effectively

obtaining the positive amount (∆/∆∗), and then investing the amount 1 + (∆/∆∗) in the

risk-free instrument.

For someone versed in classical portfolio theory, this scaled form of the one-fund the-

orem may seem strange. Why did we bother with the unscaled form at all? Why not

proceed straight to the case of an x∗-portfolio as in (a)? And how can it ever be necessary

to consider, or even be possible to encounter, an x∗-portfolio as in (b).

The answer lies in the fact that nothing in our assumptions, so far, about r0 and

the r.v.’s r1, . . . , rn ensures that in solving problem P(∆), or equivalently, solving problem

P0(∆), for a specified ∆ > 0, the risky x-portfolio we get in optimality will have positive

cost. The possibility that the cost is negative, or zero, cannot be understood without a

deeper investigation. Indeed, we will see that it depends on the interplay between the

chosen deviation measure D and the size of the risk-free rate r0, relative to the uncertain

rates r1, . . . , rn.

Definition 1 (master funds). An x∗-portfolio meeting the prescription in (a) of Theorem

3′ will be said to furnish a master fund of positive type, whereas an x∗-portfolio meeting

the prescription in (b) of Theorem 3′ will be said to furnish a master fund of negative type.
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In the classical theory, based on D = σ, only master funds of the “positive type” in

this definition are contemplated, and they are immediately tied into the notion of “efficient

set.” The familiar picture in Figure 2–1 is used to indicate that, for ∆ > 0, the optimal

value d0(∆) can be obtained by interpolating along a tangent line to the efficient set that

passes through the point (0, r0). The point of tangency corresponds to an x∗-portfolio of

cost 1 having expected gain ζ∗ = r0 + ∆∗ for some ∆∗ > 0. This portfolio then solves

problem P0(∆∗) and furnishes a master fund which is able to perform the role in Theorem

3′(a).

In our situation of nonstandard deviation, there is a need to look much more closely

at this picture and recognize certain shortcomings as well as major challenges. In the first

place, the “efficient set” corresponding analogously to a general deviation measure D 6= σ

may no longer be a quadratic curve like the one in Figure 2–1 (which is actually a hyperbola).

For that reason, the one-fund theorem must contend with serious complications.3

ζ

tangent portfolio

expected gain

deviation

efficient set

)(10d

slope )(/ 11 0d=

)(0 ∆d δ

∆+0r

10 +r

0r

Figure 2–1: Classical efficient set: expected gain versus standard deviation

3 Without the curve being quadratic, there is no hope at all, by the way, of generalizing
the classical “two-fund” theorem [4], which asserts the existence of two portfolios from which
all efficient portfolios can be constructed as linear combinations. That result is intrinsically
“quadratic” in its mathematical underpinnings.
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Although the region marked out by the efficient set will continue to be convex in our

generalized setting, its boundary may incorporate corners or straight segments. For the

case of a corner, the very meaning of tangency has to be pinned down carefully. In the

presence of straight segments, the tangent line could have a whole interval in common with

the efficient set, and this might in fact be an infinite interval.

Another complication, which can also come up in the classical model, is the possibility

that, because of the asymptotic behavior of the efficient set, the efficient set has no “tangent”

line at all that passes through (0, r0). Indeed, apart from any troubles with asymptotic

behavior, there is an unspoken difficulty in the classical picture over the fact that it takes

for granted the existence of a master fund of positive type. Clearly this existence, perceived

in relation to “tangency,” depends in particular on the rate r0. It might fail if r0 were too

high.

In the traditional setting with D = σ, such a situation has been regarded as implausible

and anyway “incompatible with market equilibrium.” This view appears to originate in

CAPM considerations and the supposition that all investors are effectively engaged in

minimizing standard deviation. A master fund could not be of negative type, for the reason

that if all investors wanted to take a net short position as represented by a certain portfolio,

so as to obtain money to invest at the risk-free rate, something must be wrong with the

risk-free rate — an implicit market instability which fails to account for the limited supply

of money.

None of that really applies to our setting, however, because we are only exploring

portfolio optimization for a subclass of investors, those who choose the particular deviation

measure D we are focussing on. Other investors, with different measures D, can be expected

to come to different conclusions about their portfolio choices. Some may end up with net

short positions, while others may not. From that angle, there is no hint of conflict with

market equilibrium in thinking about a master fund of negative type possibly emerging

from a particular choice of D at some level of r0.

We are compelled, therefore, in our framework of a diversity of deviation measures D,

to face up to all cost possibilities for x-portfolios as potential solutions to problem P0(∆).

This will lead us to study how such solutions may depend on r0 as a parameter.
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Before getting into that parametric analysis, we can record a key fact about duality

in P0(∆). This problem is, after all, a convex programming problem, in which the convex

function fD is minimized subject to a single linear constraint. The Lagrangian function is

L∆(x, λ) = fD(x) + λ(∆− x>[r̄ − r0e]), for λ ≥ 0, (2.13)

and the problem dual to P0(∆) consists therefore of maximizing the function gD(λ) =

infx L∆(x, λ) subject to λ ≥ 0 (cf. the general theory is developed by Rockafellar [18, 25]).

Because of the positive homogeneity in Proposition 3(b), however, we have gD(λ) = λ∆

when fD(x) − λx>[r̄ − r0e] ≥ 0 for all x ∈ IRn, but gD(λ) = −∞ otherwise. The problem

dual to P0(∆) therefore takes the form:

maximize λ∆ with respect to λ satisfying fD(x) ≥ λx>[r̄ − r0e] for all x ∈ IRn. (2.14)

Of course, we really only need to understand the case of ∆ = 1, since everything else can

be obtained from that through rescaling. By applying known duality results about the

relationship between a convex programming problem and its dual, we get the following

conclusion about that case.

Proposition 6 (duality). The optimal value d0(1) in problem P0(1) has the dual charac-

terization of being the highest λ such that

fD(x) ≥ λx>[r̄ − r0e] for all x ∈ IRn. (2.15)

Proof. We are dealing with a convex programming problem in which the objective func-

tion fD has bounded level sets, the property in Proposition 3(d), and on the other hand

the Slater constraint qualification holds (it is possible to satisfy inequality constraints, here

just one, with strict inequality). In that case the dual problem has an optimal solution, as

does the primal problem, and the optimal values in the two problems (the min value in the

primal problem and the max value in the dual problem) coincide; cf. [25].

2.5 Efficient Sets and Frontiers

In our endeavor to understand how the classical picture in Figure 2–1 might have to

be modified and expanded, we cannot limit our attention to x-portfolios with cost x>e > 0,
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for reasons already explained. It is essential to look at costs x>e ≤ 0 as well. Moreover,

we have to adjust to the fact that the deviation measure D under scrutiny might not be

symmetric. If we have an x-portfolio representing a “net long position,” in the sense that

x>e > 0, and we wish to pass to the associated x̃-portfolio with x̃ = −x, representing a “net

short position” because x̃>e = −x>e < 0, we cannot count on having D(x̃>r) = D(x>r).

Switches between “long” and “short” could have significant effects on risk perception.

Out of these considerations, we are obliged to investigate an auxiliary optimization

problem with respect to the instruments i = 1, . . . , n. In this problem, π and ζ are param-

eters denoting targeted cost and expected gain, and we seek to solve:

P(π, ζ) minimize fD(x) = D(x>r) subject to x>e = π and x>r̄ = ζ.

We wish to investigate it without any preconditions on the signs of π or ζ.

The gain constraint in P(π, ζ) has been written as an equation this time because of

the chiefly technical role that the analysis will play and the simpler geometry afforded by

having an equation instead of an inequality. We let




d(π, ζ) = optimal value (the infimum of the deviation) in P(π, ζ),

S(π, ζ) = optimal solution set (the minimizing vectors x) in P(π, ζ).
(2.16)

Proposition 7 (parametric framework for cost and expected gain). An optimal solution

to problem P(π, ζ) is sure to exist (not necessarily uniquely), no matter what the choice of

π and ζ. Indeed, the solution set S(π, ζ) in IRn is always convex, closed and bounded, with

S(0, 0) = {0} and S(λπ, λζ) = {λx |x ∈ S(π, ζ)} when λ > 0, (2.17)

while the function d on IR2 giving the minimum deviation is finite everywhere and convex

(hence also continuous), moreover with the properties that

(a) d(0, 0) = 0, but d(π, ζ) > 0 when (π, ζ) 6= (0, 0),

(b) d(λπ, λζ) = λd(π, ζ) when λ > 0,

(c) d(π1 + π2, ζ1 + ζ2) ≤ d(π1, ζ1) + d(π2, ζ2),

(d) { (π, ζ) | d(π, ζ) ≤ δ} is a bounded set for every δ > 0.
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Proof. Our assumption A2 guarantees through Proposition 4 that the constraints in

P(π, ζ) can be satisfied, regardless of how π and ζ are chosen. The finiteness of d(π, ζ) and

nonemptiness of S(π, ζ) follow then from the properties of fD in Proposition 3 (much as

in the proof of Proposition 5). As the set of solutions to a convex programming problem,

S(π, ζ) is convex and closed. By virtue of the boundedness of the level sets of fD in

Proposition 3(d), S(π, ζ) is bounded. Properties (a)(b)(c)(d) of the function d follow from

the corresponding properties of fD in Proposition 3. In particular, the set in (d) is the

image of the compact set in Proposition 3(d) under the (continuous) linear transformation

x 7→ (x>e, x>r̄), and that guarantees it is compact as well.

The relevance of problem P(π, ζ) for our goal of analyzing the cost of a solution to

problem P0(∆) comes from the following observation.

Proposition 8 (reduced optimization perspective). When ∆ > 0, problem P0(∆) is equiv-

alent to the problem

P ′0(∆) minimize d(π, ζ) subject to π and ζ satisfying ζ − r0π = ∆,

in the sense that optimal values in both problems are the same, and the solutions to P0(∆)

are the vectors x in IRn such that the pair (π, ζ) = (x>e, x>r̄) solves P ′0(∆).

Proof. This is elementary in view of the nonemptiness of the solution sets S(π, ζ) estab-

lished in Proposition 7, but notice that the single linear constraint, which was an inequality

in P0(∆), has been written now as an equation. Proposition 5 has made this possible by

establishing that, when ∆ > 0, the inequality must be tight at optimality.

According to Proposition 8, the pairs (x>e, x>r̄) giving the cost and expected gain

associated with the solutions x (or solution, if unique) to problem P0(∆) are the pairs

(π, ζ) that furnish the minimum of the function d along the line in IR2 described by the

equation ζ = r0π + ∆. Due to positive homogeneity in (2.11) of Proposition 5, of course,

we can concentrate on the case where ∆ = 1. In that case, depicted in Figure 2–2, the line

in question is the one with slope r0 that passes through the point (0, 1).

The “curves” shown in Figure 2–2 are given by the equations d(π, ζ) = δ for various δ >

0 and reflect the properties in Proposition 7. They are the boundaries of certain compact,
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convex sets which are merely rescaled versions of each other, generated by expanding or

contracting the one for δ = d(0, 1). In the classical case of standard deviation, the curves

would be ellipses, but in general they may have corners and straight segments.
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)( 0,0 π
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10 += πζ r
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portfolio cost

Figure 2–2: Reduced optimization perspective

The issue of whether the x-portfolios for x ∈ S0(1) have cost x>e > 0, x>e = 0 or

x>e < 0, comes down to whether, in minimizing d along the line in Figure 2–2, the points

(π, ζ) that are obtained at the minimum have π > 0, π = 0 or π < 0. (We have to speak in

general of “x-portfolios” and “points (π, ζ)” because uniqueness of optimal solutions is not

assured here, in general.) It is immediately clear that this must depend largely on the size

of the risk-free rate r0 and cannot be resolved merely on the basis of any of the assumptions

that have been made, so far, on the rates of return of the instruments i = 1, . . . , n in our

model.

For the r0 that is illustrated, the slanted line in Figure 2–2 cuts into the set

{ (π, ζ) | d(π, ζ) < d(0, 1)} toward the right, and one therefore has π > 0 at optimality.

But for higher and higher levels of r0, a stage will eventually be reached where the line

henceforth cuts into this set instead toward the left, in which case π < 0 at optimality.
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A formal analysis of these circumstances, aimed at characterizing the threshold value, or

values, of r0 where the line does not cut into the set at all, will have to be undertaken.

Observe that in the case shown in Figure 2–2 there is not just one r0 for which line does

not cut into the set in question, but indeed a whole interval of such values. Geometrically,

this corresponds to the boundary of the set having a “corner point” at (0, 1). Although

that can be regarded as an exceptional situation, it cannot be ruled out. Our result on

threshold behavior (Theorem 5 in the next section) must therefore, in general, allow for an

interval of r0 values for which one has π = 0 at optimality.

For now, the essential thing to recognize is the need to study two efficient sets, if cost

behavior in the one-fund theorem is to be understood over the whole range of possible r0

values. There has to be an efficient set corresponding to x-portfolios furnishing “unit long

positions” (cost = 1), but also one for x-portfolios furnishing “unit short positions” (cost

= −1). Because the deviation measure D might not be symmetric, neither of these efficient

sets can be expected to be derivable in a simple way from the other.

Dictates of simplicity in dealing with the geometry of efficiency and its relationship

to the one-fund theorem and properties of the function d cause us to adopt a convention

different from the one in Figure 2–1, where deviation is on the horizontal axis and expected

gain on the vertical axis. Instead, we will have deviation on the vertical axis and expected

gain on the horizontal axis. Of course, a flip across the 45◦ line between the two axes can

be used to convert our convention to the classical one, when desired.

Definition 2 (efficient sets and frontiers, positive and negative). By the positive efficient

set and the negative efficient set will be meant the boundaries G+ and G−, respectively, of

the feasibility sets

F+ = { (ζ, δ) | ∃x with x>e = 1, x>r̄ = ζ, fD(x) ≤ δ},

F− = { (−ζ,−δ) | ∃x with x>e = −1, x>r̄ = ζ, fD(x) ≤ δ}.
(2.18)

By the positive efficient frontier will be meant the part of G+ consisting of all (ζ, δ) ∈ F+ for

which there is no (ζ ′, δ) ∈ F+ with ζ ′ > ζ. Likewise, by the negative efficient frontier will

be meant the part of G− consisting of all (−ζ,−δ) ∈ F− for which there is no (ζ ′, δ) ∈ F−

with ζ ′ > ζ.
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Figure 2–3: Efficient sets in coordinates standard for graphs of functions

The virtue of passing to (−ζ,−δ) in the definition of F− will emerge in the results

below as a way of getting the most out of a single geometric picture in which both of the

efficient sets, or frontiers, can be seen, namely the picture in Figure 2–3, which will be

explained in due course, after Theorem 4. Note that, through a notational switch between

x and −x, one can express F− equivalently by

F− = { (ζ,−δ) | ∃x with x>e = 1, x>r̄ = ζ, fD(−x) ≤ δ}. (2.19)

Thus, in cases where the deviation measure D is symmetric, so that fD(−x) = fD(x), the

set F− would merely be the reflection of the set F+ across the ζ-axis, and there would be

less of an imperative for considering it separately.

As depicted in Figure 2–3, the positive efficient frontier is the “right” boundary of F+,

in contrast to G+ being the whole boundary. In the same way, the negative efficient frontier



30

is the “left” boundary of F−, in contrast to G− being the whole boundary. Only these partial

boundaries will really have a role in what follows, but it is convenient mathematically to

work with G+ and G− themselves. For convenience of comparisons, Figure 2–4 poses all

these sets in the reversed coordinate system that is customary in finance. There, the positive

efficient frontier becomes an “upper” boundary and the negative efficient frontier a “lower”

boundary.
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Figure 2–4: Efficient sets in coordinates traditional for finance

Proposition 9 (efficient sets as function graphs). The positive efficient set G+ is the graph

of the convex function

d+(ζ) = d(1, ζ) = min deviation for cost 1 and expected gain ζ, (2.20)
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whereas the negative efficient set G− is the graph of the concave function

d−(ζ) = −d(−1,−ζ) = −min deviation for cost −1 and expected gain −ζ. (2.21)

Indeed, F+ is the closed, convex set consisting of the pairs (ζ, δ) for which δ ≥ d+(ζ),

whereas F− is the closed, convex set consisting of the pairs (ζ, δ) for which δ ≤ d−(ζ).

Furthermore, the asymptotic slope of G+ on the right is the same as the asymptotic slope

of G− on the left,

lim
ζ→∞

d+(ζ)
ζ

= lim
ζ→−∞

d−(ζ)
ζ

= d(0, 1) > 0. (2.22)

Proof. The convexity of d+ and concavity of d− are evident from the convexity of d

in Proposition 7. Like d, these functions are finite and continuous, in particular. Those

properties, along with the fact in Proposition 7 that the minimum deviations in (2.20) and

(2.21) are sure to be attained, immediately yield the descriptions claimed for F+ and F−.

The relations in (2.22) specialize to d a well known property in convex analysis: the

asymptotic slope of a finite convex function along any half-line depends only on the direction

of the half-line, not on its starting point (see [18, Theorem 8.5]). Here, we are looking at

such slopes along half-lines in the π-ζ space of Figure 2–2 that are parallel to the positive or

negative ζ-axis. On the positive ζ-axis itself, d is linear because of the positive homogeneity

in Proposition 7(b): we have

d(0, ζ)/ζ = d(0, 1) for all ζ > 0.

This value is trivially then the limit of the ratio as ζ → ∞. Therefore, d(0, 1) is also the

limit of d(1, ζ)/ζ as ζ →∞, and as well as the limit of d(−1, ζ)/ζ as ζ →∞, where, by the

definitions of d+ and d−, the first is the limit of d+(ζ)/ζ as ζ →∞ and the second is limit

of d−(−ζ)/(−ζ) as −ζ → −∞.

Incidentally, the asymptotic slope of G+ on the right agrees likewise with the asymptotic

slope of G− on the left, but this fact will not play any role here. (The portions of G+ on

the left and G− on the right would drop out if we wrote the ζ constraint in P(π, ζ) as an

inequality instead of an equation.)
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We are in position now to answer the question of how the tangency relationship associ-

ated with the classical one-fund theorem, as in Figure 2–1, can be extended to our framework

of general deviation measures, as a complement to the one-fund results in Theorems 3 and

3′.

Theorem 4 (efficiency characterization of master funds). The optimal deviation value

d0(1) in problem P0(1) is the highest of the slopes of all the lines in IR2 through (r0, 0) that lie

between the curves G+ and G− (perhaps touching them, but not crossing them). In referring

to the line through (r0, 0) with slope d0(1) as the “r0-line”, the following conclusions can

be drawn.

(a) If the r0-line touches G+ at a point (ζ∗, δ∗), then any x∗ ∈ S(1, ζ∗) furnishes a

master fund of positive type: it has cost x∗>e = 1 and belongs to the optimal solution set

S0(∆∗) for ∆∗ = ζ∗ − r0 > 0.

(b) If the r0-line touches G− at a point (−ζ∗,−δ∗), then any x∗ ∈ S(1, ζ∗) furnishes a

master fund of negative type: it has cost x∗>e = −1 and belongs to the optimal solution

set S0(∆∗) for ∆∗ = ζ∗ + r0 > 0.

(c) The maximum value that d0(1) can have with respect to different values of r0 is

the common asymptotic slope value d(0, 1) for G+ on the right and G− on the left.

Proof. Our strategy is to derive this from the dual characterization of d0(1) in Proposition

6. That characterization translates in terms of the definition of d into having

d0(1) = max{λ |λ[ζ − r0π] ≤ d(π, ζ) for all (π, ζ) ∈ IRn}. (2.23)

For the inequality condition inside this description to hold, it only has to hold when π > 0

or π < 0, since it must then hold automatically for π = 0 by the continuity of d. Indeed,

because of the positive homogeneity of d in Proposition 7(b), it merely has to hold for π = 1

and for π = −1, in order for this conclusion to be reached.

In the case of π = 1, the inequality λ[ζ−r0π] ≤ d(π, ζ) comes down to λ(ζ−r0) ≤ d+(ζ).

Having this hold for all ζ ∈ IR means that the line in (ζ, δ)-space through (r0, 0) with slope

λ does not cross above the graph of d+.
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In the case of π = −1, the inequality λ[ζ − r0π] ≤ d(π, ζ) comes down to λ[ζ + r0] ≤
−d−(−ζ). With a switch of notation between ζ and −ζ, this becomes λ[ζ − r0] ≥ d−(ζ).

Having that hold for all ζ ∈ IR means that the line in question does not cross below the graph

of d−. Thus, the characterization of d0 in (2.23) reduces to the graphical characterization

claimed in the theorem.

Now (a) and (b) are obvious from the representations of G+ and G− in Proposition

9. On the other hand, (c) follows from the monotonicity in the curvatures of G+ and G−

(i.e., of the left and right derivatives of the functions d+ and d−, due to their convexity

and concavity), as expressed through Proposition 8 and the claim there about asymptotic

slopes.

Figure 2–3 illustrates the general situation described in Theorem 4. Two possible

values of the risk-free rate r0 are indicated, corresponding to alternatives (a) and (b) of the

theorem. Note the possibility of more than one point of “tangency,” and on the other hand,

the possibility of a range of r0 values all yielding the same point of tangency. Alternative

(c) of Theorem 4 corresponds to r0-line having the same slope as the diagonal line shown

in dashes. Typically there might be only one such line, associated with a unique threshold

rate, but sometimes there could be a family of parallel lines corresponding to an interval of

r0 rates. This will be the subject of the next section, and eventually, Figure 2–5.

The same basic relationships underlie the reversed-coordinate picture in Figure 2–4, of

course, but there they cannot be described so simply in terms of slopes. A line having slope

d0(1) in Figure 2–3 turns into a line having slope 1/d0(1) in Figure 2–4, so for instance, the

optimal value in problem P0(1) emerges instead as the reciprocal of the lowest of the slopes

of all the lines through (0, r0) that lie between the two efficient sets. The awkwardness

of this kind of statement, insisting on reciprocals, is another of the reasons why we have

chosen to give priority to the presentation in Figure 2–3.

2.6 Threshold Determination for the Risk-Free Rate

The task immediately ahead of us is the analysis of the transitional behavior between

the cases in Theorem 4. For that, we will make use of the Lagrange multipliers associated

with the problem P(π, ζ), specifically in the case of (π, ζ) = (0, 1). The Lagrangian for
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P(π, ζ) is the function

L(π,ζ)(x, ρ, η) = fD(x) + ρ[π − x>e] + η[ζ − x>r̄]. (2.24)

We say that (ρ, η) is a Lagrange multiplier vector for P(π, ζ) when

infx L(π,ζ)(x, η, ρ) = optimal value d(π, ζ) in P(π, ζ). (2.25)

This definition, the standard one for a convex programming problem like P(π, ζ) (cf. [18]),

gets around the fact that the objective function fD(x) need not be differentiable everywhere

with respect to x. We let

M(π, ζ) = set of Lagrange multiplier vectors (ρ, η) in P(π, ζ). (2.26)

Under our assumptions, the Lagrange multiplier set M(π, ζ) is always nonempty, con-

vex and bounded. This is true from the general theory of convex programming problems

because the optimal solution set to P(π, ζ) is always nonempty and bounded, and the opti-

mal value d(π, ζ) is always finite; cf. [25], [18]. Moreover, the multiplier vectors for P(π, ζ)

are known from that theory to be the “subgradients” of the (optimal-value) function d at

the point (π, ζ). Accordingly, they furnish the formula

d′(π, ζ; π′, ζ ′) = max
ρ,η

{π′ρ + ζ ′η | (ρ, η) ∈ M(π, ζ)}, (2.27)

where the left side denotes the one-sided directional derivative of d at (π, ζ) with respect

to a vector (π′, ζ ′) and is defined by

d′(π, ζ;π′, ζ ′) = lim
ε→0+

d(π + επ′, ζ + εζ ′)− d(π, ζ)
ε

(2.28)

Such derivatives exist because d is convex.
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Theorem 5 (rate thresholds and cost behavior).

(a) Threshold values r̂+

0 and r̂−0 exist which satisfy r̂−0 ≤ r̂+

0 and have the following

effect for problem P0(∆) and its solution set S0(∆) for all ∆ > 0:





every x ∈ S0(∆) has cost x>e > 0 when r0 < r̂−0 ,

every x ∈ S0(∆) has cost x>e < 0 when r0 > r̂+

0 ,

every x ∈ S0(∆) has cost x>e = 0 when r̂−0 < r0 < r̂+

0 ,

where the third case falls away if actually r̂−0 = r̂+

0 so as to yield a single threshold rate r̂0.

(b) In the borderline case of r0 = r̂−0 , at least one x ∈ S0(∆) has cost x>e = 0, but there

could be other vectors x ∈ S0(∆) having cost x>e > 0. Similarly, in the case of r0 = r̂+

0 , at

least one x ∈ S0(∆) has cost x>e = 0, but there could be other vectors x ∈ S0(∆) having

cost x>e < 0.

(c) The threshold rates r̂+

0 and r̂−0 can be determined from the Lagrange multiplier set

M(0, 1) for problem P(0, 1). That set consists of the pairs (ρ, η) satisfying η = d(0, 1) and

ρ− ≤ ρ ≤ ρ+ for a certain interval [ρ−, ρ+], and in those terms one has

r̂−0 =
−ρ+

d(0, 1)
, r̂+

0 =
−ρ−

d(0, 1)
.

Proof. Let ϕ(π) = d(π, r0π+1), this being a finite, convex function on IR (by Proposition

7). Because of the scaling relation in (2.11) of Proposition 5, we need only look at the case

where ∆ = 1. As seen in Proposition 9, the costs x>e of the vectors x ∈ S0(1) are the values

of π that minimize ϕ over IR. Such values form a nonempty, closed, bounded interval in IR,

inasmuch as S0(1) is a nonempty, closed, bounded, convex subset of IRn (cf. Proposition

7); this interval may well collapse to just one π value, of course. The issue is the extent to

which the values of π that minimize ϕ may be positive, negative or zero.

As a finite, convex function on IR, ϕ has right and left derivatives ϕ′+(π) and ϕ′−(π)

which are nondecreasing as functions of π, with ϕ′−(π) ≤ ϕ′+(π). The minimum of ϕ is

attained at π if and only if ϕ′−(π) ≤ 0 ≤ ϕ′+(π).

We can test this condition at π = 0. If ϕ′+(0) < 0, the minimum of ϕ can only be

attained at some π > 0, whereas if ϕ′−(0) > 0, it can only be attained at some π < 0. If

ϕ′−(0) < 0 < ϕ′+(0), it can only be attained at π = 0. When ϕ′+(0) = 0, the minimum is
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attained at π = 0, but it is conceivable that ϕ might be constant over some interval [0, ε]

(with ε > 0), and the minimum would also be attained then by the positive values of π

in that interval. Likewise, when ϕ′−(0) = 0, the minimum is attained at π = 0, but it is

conceivable that ϕ might be constant over some interval [−ε, 0], and the minimum would

also be attained then by the negative values of π in that interval.

The crucial left and right derivatives ϕ′+(0) and ϕ′−(0) are obtainable from the one-sided

directional derivatives of d:

ϕ′+(0) = d′(0, 1; 1, r0), ϕ′−(0) = −d′(0, 1;−1,−r0).

The Lagrange multiplier characterization of the directional derivatives of d in (2.27) tells

us then that

ϕ′+(0) = max
ρ,η

{ ρ + r0η | (ρ, η) ∈ M(0, 1)}, ϕ′−(0) = min
ρ,η
{ ρ + r0η | (ρ, η) ∈ M(0, 1)}.

We note next that, because d(0, λ) = λd(0, 1) when λ > 0 by the positive homogeneity in

Proposition 7(b), we have d(0, 1) = d′(0, 1; 0, 1) and −d(0, 1) = d′(0, 1; 0,−1), and conse-

quently by (2.27) that

d(0, 1) = max
ρ,η

{ 0ρ + 1η | (ρ, η) ∈ M(0, 1)} = min
ρ,η
{ 0ρ + 1η | (ρ, η) ∈ M(0, 1)}.

This implies that M(0, 1) lies within the horizontal line consisting of the pairs (ρ, η) such

that η = d(0, 1). Because M(0, 1) is a compact, convex set, it must actually be a closed

segment of that line (possibly reduced to a single point): the corresponding ρ values must

comprise an interval [ρ−, ρ+]. Thus, M(0, 1) has the special form claimed in the theorem.

The formulas we already have for ϕ′+(0) and ϕ′−(0) tell us then that

ϕ′+(0) = ρ+ + r0d(0, 1), ϕ′−(0) = ρ− + r0d(0, 1).

Finally, we can put this together with the criterion already developed for the location of

the values of π that minimize ϕ. Clearly ϕ′+(0) < 0 if and only if r0 < −ρ+/d(0, 1), whereas

ϕ′−(0) > 0 if and only if r0 > −ρ−/d(0, 1), and the proof is thus finished.
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Corollary (optimal portfolios at transition). The values of r0 for which the maximum in

part (c) of Theorem 4 is attained are those in the interval [r̂−0 , r̂+

0 ]. For such r0, the optimal

solution set S0(∆) to P0(∆), for any ∆ > 0, contains an x having cost x>e = 0.

Theorem 5 provides important information about master funds, in particular.

Theorem 6 (existence of master funds). The threshold values r̂+

0 and r̂−0 in Theorem 5

have the property that





when r0 < r̂−0 , there is a master fund of positive type but none of negative type,

when r0 > r̂+

0 , there is a master fund of negative type but none of positive type,

when r̂−0 < r0 < r̂+

0 , there is neither a master fund of positive type nor one

of negative type.

In the borderline case of r0 = r̂−0 , there might be a master fund of positive type, whereas

in the borderline case of r0 = r̂+

0 , there might be a master fund of negative type. (When

r̂−0 = r̂+

0 , it is not excluded that master funds of both types exist simultaneously.)

Proof. When r0 < r̂−0 , there exists by Proposition 5 and Theorem 5(a) an x ∈ S0(∆)

having x>e > 0. By setting x∗ = x/x>e and ∆∗ = ∆/x>e, we get x∗>e = 1 and have

x∗ ∈ S0(∆∗) (again by Proposition 5). This x∗ meets the prescription in Definition 1 for

furnishing a master fund of positive type.

Similarly, when r0 > r̂+

0 , there exists by Proposition 5 and Theorem 5(a) an x ∈ S0(∆)

having x>e < 0. Then, by setting x∗ = x/|x>e| and ∆∗ = ∆/x>e, we get x∗>e = −1 and

have x∗ ∈ S0(∆∗). This x∗ furnishes a master fund of negative type.

On the other hand, Theorem 5(a) makes clear that a master fund of positive type

cannot exist when r0 > r̂−0 , but might exist (by the argument just given) when r0 = r̂−0 .

Likewise, a master fund of negative type cannot exist when r0 < r̂+

0 , but might exist when

r0 = r̂+

0 .

The interpretation coming from Theorems 5 and 6 is that when the risk-free rate r0

is high enough (specifically, above the threshold rate r̂+

0 ), it is advantageous, for investors

whose attitudes toward risk are captured by the particular deviation measure D under

investigation (and its associated risk envelope Q), to take a net “short position” in the
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market (an x-portfolio with negative cost) and invest at the risk-free rate all the money

that is obtained that way.

The relation between threshold behavior and the efficient set geometry in Figure 2–3

is indicated in Figure 2–5. Ordinarily, it can be expected that r̂−0 = r̂+

0 , in which case the

unified threshold value could be denoted simply by r̂0. The explanation is that these values

are determined in the proof of Theorem 5 from right and left derivatives of the convex

function ϕ(π) = d(π, r0π + 1), and such derivatives have to coincide almost everywhere.

When r̂−0 = r̂+

0 , there is only one line that fits between the two efficient sets.

The reason why cases with r̂−0 < r̂+

0 can truly occur is seen, from this vantage point,

to be tied to the fact that the right and left derivatives of ϕ may differ in some places, due

to the function d not being differentiable. But it can also be understood from the remarks

made earlier about the geometry in Figure 2–2. When the curve through (0, 1) in Figure

2–2 has a corner there, one has a range of slopes r0 corresponding to cases for which the

minimum in the reduced format of Proposition 7 occurs with π = 0. This range of slopes

is marked by the two threshold values r̂−0 and r̂+

0 , as shown in Figure 2–6.

Allowance for corner points really does have to be made, because of deviation measures

such as the one in (2.8), for instance. There we have

fD(x) = max
j=1,...,m

x>(r̄ − E[Qjr]) = max
j=1,...,m

{E[x>r]− EQj
[x>r]}, (2.29)

so that fD is piecewise linear and the curves in Figure 2–6 are polygonal. Aside from the

modeling potential of this kind of formula, it could also come up in numerical methods in

which the risk envelopeQ associated with D is approximated progressively by sets formed by

generating finitely many elements Qj ∈ Q. Such approximation yields (29) as a substitute

for the max formula for fD in Proposition 3(e).

Insight into circumstances in which corner points are sure not to be present will be

furnished later in Proposition 11 and its corollary, and in Example 7.

It should be noted that, although Theorem 6 conveys the circumstances in which master

funds of one type or the other are sure to exist, it says nothing about when they might be

unique. That is an entirely separate issue. Uniqueness could fail on two grounds. The first

is the possibility of more than one point of tangency where the r0-line meets the frontier,
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as seen in Figure 2–3. The second arises when more than one portfolio can yield the same

point on the frontier. It may be anticipated that these phenomena are “rare,” but they

cannot readily be eliminated, a priori, in the absence of a suitable strict convexity property

of D. Rockafellar et al. demonstrated [23, Example 4], however, that the required version

of strict convexity is unavailable, in general, for coherent deviation measures such as lower

semideviation, lower range, and CVaR, and the same can be seen for mixed CVaR and

mean absolute deviation.

In contrast to these observations, and the facts in Theorem 6, both the existence and

uniqueness of a master portfolio seem to be taken for granted in much of the literature

on portfolio optimization. The belief is widespread, moreover, that a master portfolio of

positive type always suffices, regardless of the magnitude of the risk-free rate r0. Our

hope is that the rigorous methodology pursued in this chapter will help to dispel such

misconceptions.

ζ expected gain

)( 1,0

)( 0,0 π

curve

for

δζπ =),(d

),( 10d=δ

slope
+= 0̂r

portfolio cost
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−=

0̂
r

Figure 2–6: Threshold interval tied to corner behavior
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2.7 Characterization of Optimal Portfolios

Our attention turns now to the challenge of identifying the distinguishing characteristics

of the x-portfolios that, for a selected deviation measure D, solve the basic problems P0(∆)

when ∆ > 0. In this context, we henceforth add the assumptions

(A4) D is lower semicontinuous, i.e., the sets {X | D(X) ≤ δ} are closed in L2(Ω) for

every δ > 0,

(A5) D(X) < ∞ for all X ∈ L2(Ω),

which ensure actually that D is continuous on L2(Ω); cf. [11, Proposition 1]. We then have

at our disposal the dual representation of D in terms of its associated risk envelope, as

in part (a) of Theorem 2, which in particular can be expressed by covariances with risk

envelopes

D(X) = max
Q∈Q

covar(−X,Q). (2.30)

Of special interest to us in what follows will be the subset of Q on which the maximum in

this formula is attained for a given X, namely

QX = {Q ∈ Q | covar(−X,Q) = D(X)}. (2.31)

This assists in the statement of optimality conditions for problems in which D is minimized,

through its connection to “subgradients” of D.

By the standard definition in convex analysis, as adapted to the probability framework

of our space L2(Ω), a subgradient of D at X is an element Y ∈ L2(Ω) such that D(X ′) ≥
D(X) + E[Y (X ′ −X)] for all X ′ ∈ L2. The notation is used that

∂D(X) = { set of all subgradients Y of D at X }.

In our situation where D is finite and continuous on L2(Ω) ∂D(X) is always a nonempty,

convex subset of L2 which is closed and bounded. Rockafellar et al. showed [11, Theorem

5] that in fact

∂D(X) = {Y = 1−Q |Q ∈ QX}, (2.32)

and furthermore that, for any Y ∈ ∂D(X) one has EY = 0 and D(X) = E[XY ] =

covar(X, Y ).
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Subgradients of the function fD(x) = D(x>r) can be derived from those of D by a kind

of chain rule. A subgradient of fD(x) at a point x ∈ IRn is of course a vector y ∈ IRn such

that fD(x′) ≥ fD(x) + (x′ − x)>y for all x′ ∈ IRn. The set of such y is denoted by ∂fD(x).

A number of background facts from convex analysis [18] are worth recalling. Because

fD is convex and finite everywhere, the subgradient set ∂fD(x) is always nonempty, convex

and compact. It reduces to a singleton {y} if and only if fD is differentiable at x, in which

case the unique element y = (y1, . . . , yn) is the gradient ∇fD(x), so that

yi =
∂fD
∂xi

(x) for i = 1, . . . , n (2.33)

(see [18, Theorem 25.1]). Indeed, the convexity and finiteness of fD guarantee that this case

of differentiability, in which ∂fD(x) reduces simply to {∇fD(x)}, holds for “almost every”

x ∈ IRn.

But unfortunately, there is no easy way to know, in general, whether a particular x

calculated to be optimal will happen to be such a point of differentiability. Most of the

deviation measures D of interest in our general framework necessarily do lead to functions

fD for which differentiability can fail at a significant class of points x. In consequence, the

simplifications accruing from differentiability cannot be taken for granted.

A possible help sometimes could be the estimate that

if y ∈ ∂fD(x), then
∂−f

∂xi
(x) ≤ yi ≤ ∂+f

∂xi
(x) for i = 1, . . . , n, (2.34)

where (∂−fD/∂xi)(x) and (∂+fD/∂xi)(x) denote the left and right (one-sided) partial deriva-

tives of fD with respect to xi at x (which exist because fD is convex). The converse impli-

cation is generally false; the estimate in (2.34) is not enough to pin down y as a subgradient

at x. When the left and right partial derivatives coincide for each i, however, one does

necessarily have fD differentiable at x with (2.33) holding.

Proposition 10 (chain rule for deviation subgradients). The vectors y ∈ ∂fD(x) are the

vectors (y1, . . . , yn) such that, for the r.v. X = x>r, there exists Y ∈ ∂D(X) with

yi = covar(ri, Y ) for i = 1, . . . , n, (2.35)
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or equivalently, there exists Q ∈ QX such that

yi = covar(−ri, Q) for i = 1, . . . , n, (2.36)

Furthermore,

y ∈ ∂fD(x) entails x>y = fD(x).

When x is a point where fD is differentiable, as is sure to hold in particular when there is

only one Y ∈ ∂D(X), or equivalently, only one Q ∈ QX , these formulas are available to be

combined with the partial derivative relations in (2.33).

Proof. The first formula comes from a general chain rule of convex analysis through the

fact that fD is the composition of D with the continuous linear transformation T from IRn to

L2(Ω) defined by T (x) = x>r. That chain rule [25, Theorem 19] requires, for instance, the

existence of a point in the range of T at which D is continuous, and this requirement is met

under our assumptions A4 and A5, as noted. It characterizes ∂fD(x) as the set of vectors

of the form T ∗(Y ) for Y ∈ D(X), where T ∗ is the adjoint linear transformation from L2(Ω)

to IRn. That adjoint transformation takes Y to the vector in IRn having the components

yi in (2.35). That confirms the first description of ∂fD(x), and the second description then

falls immediately out of (2.32). The fact that x>y = fD(x) when y ∈ ∂fD(x) is obvious

then from the fact that E[XY ] = D(X) when Y ∈ ∂D(X).

It is clear that when ∂D(X) reduces to a singleton {Y }, the characterization of ∂fD(x)

yields a singleton {y}, in which case fD is differentiable at x and (2.33) holds, as recalled

above.

Theorem 7 (optimality rule). A portfolio vector x belongs to the solution set S0(∆) in

problem P0(∆) for a ∆ > 0 if and only if x>[r̄ − r0e] = ∆ and there is a value of λ and a

vector y ∈ ∂fD(x) (as characterized by Proposition 10) such that

λ[r̄i − r0] = yi for i = 1, . . . , n. (2.37)

Then necessarily x 6= 0, fD(x) > 0, and λ = fD(x)/∆ > 0.

Proof. In problem P0(∆), the finite (but not necessarily differentiable) function fD is

minimized subject to the single linear constraint x>[r̄ − r0e] ≥ ∆. For such a problem of
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convex programming, the condition both necessary and sufficient for the optimality of x is

(the fulfillment of the constraint along with) the existence of a Lagrange multiplier λ ≥ 0

such that the Lagrangian expression

L∆(x, λ) = fD(x) + λ[(∆− x>[r̄ − r0e])

attains its unconstrained minimum at this x, with λ = 0 if x>[r̄−r0e] > ∆. By Proposition

5, we necessarily have x>[r̄ − r0e] = ∆ in optimality, however. Since ∆ > 0, that entails

x 6= 0, so fD(x) > 0 by Proposition 3(a). The condition for an unconstrained minimum,

L∆(x′, λ) ≥ L∆(x, λ) for all x′, translates into

fD(x′) ≥ fD(x) + (x′ − x)>[λ(r̄ − r0e)] for all x.

This means λ(r̄ − r0e) ∈ ∂fD(x) and is the same as (2.37) holding for some y ∈ ∂fD(x). It

implies by Proposition 10 that x>[λ(r̄− r0e)] = fD(x), from which it follows (even without

knowing in advance that λ ≥ 0, as we do) that λ = fD(x)/x>[r̄ − r0e] = fD(x)/∆ > 0.

It must be emphasized that the optimality rule in Theorem 7 is valid regardless of the

cost of the x-portfolio. It can be applied in particular to master funds, however, by way of

Theorems 5 and 6, as will be carried out shortly in Theorem 8. For many choices of the

deviation measure D, a precise description of the vectors y ∈ ∂fD(x) that enter the rule is

available through Proposition 10 and the analysis of deviation subgradients Y ∈ ∂D(X) and

risk envelopes Q ∈ QX that we have already carried out in examples [11, 23]. The details

will not be listed here, but we will draw on then below in a series examples concerned with

master funds.

The statement of Theorem 7 has been chosen to keep close to the optimality conditions

that would be anticipated when fD is a differentiable function (away from the origin of IRn,

where its differentiability is impossible). Then the yi’s are the partial derivatives in (2.33),

and it may be imagined that a solution x = (x1, . . . , xn) could be determined from the

n+1 equations in the n+1 unknowns x1, . . . , xn and λ that correspond then to optimality,
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namely 



x1[r̄1 − r0] + · · ·+ xn[r̄n − r0] = ∆,

λ[r̄i − r0] = ∂fD
∂xi

(x1, . . . , xn) for i = 1, . . . , n.

(2.38)

A practical shortcoming in this approach is apparent, however, in the fact that the partial

derivatives depend nonlinearly on x1, . . . , xn, in general, and although this dependence

would be continuous, it would not likely be differentiable. (The twice differentiability of fD

is rarely to be expected in our setting.) Solving systems of nonlinear equations directly is a

formidable task even by numerical methods when the expressions in the equations are not

differentiable. This is true all the more when the solution is not guaranteed to be unique,

even locally — a further difficulty which, on the basis of the remarks at the end of the

preceding section, cannot be shoved aside.

Anyway, there is no need to reduce optimality conditions to a system of equations in

order to gain insight from them. The subgradient expressions in Theorem 7 provide both

practical and theoretical information which can readily be utilized. Numerical methods of

optimization for solving problem P0(∆), making use of these conditions, can be substituted

very effectively for numerical methods of solving nonlinear equations. Such optimization

techniques can take advantage of special features like the max formula for fD in Proposition

3(e) obtained from the risk envelope Q, which relates to the form of the yi’s in (2.36), for

example, but this is not the place to pursue that topic.

The optimality conditions in Theorem 7 can be restated in a different manner by

recognizing that, since λ must turn out to be equal to fD(x)/∆, this ratio can be substituted

for λ in (2.37), moreover with ∆ replaced by x>[r̄ − r0e]. The conditions we reach by that

route are

r̄i − r0 =
yi

fD(x)
∆ for i = 1, . . . , n, with (y1, . . . , yn) = y ∈ ∂fD(x). (2.39)

These equations moreover embody the requirement that x>[r̄− r0e] = ∆, since that follows

from them by Proposition 10 through multiplying each equation by xi and adding up.

The criterion for optimality in (2.39) produces important information about the port-

folios that furnish master funds.
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Theorem 8 (characterization of master funds). For an x∗-portfolio and its gain r.v. X∗ =

x∗>r, let B(x∗) stand for the set of all vectors β = (β1, . . . , βn) (perhaps no more than one)

that satisfy

βi =





covar(ri, Y
∗)/D(X∗) for some Y ∗ ∈ ∂D(X∗), and

covar(−ri, Q
∗)/D(X∗) for some Q∗ ∈ QX∗ ,

(2.40)

the two descriptions in this formula being equivalent.

(a) A master fund of positive type is furnished by x∗ if and only if x∗ has cost x∗>e = 1

and there is a coefficient vector β ∈ B(x∗) such that

r̄i − r0 = βi [EX∗ − r0] for i = 1, . . . , n. (2.41)

(b) A master fund of negative type is furnished by x∗ if and only if x∗ has cost x∗>e =

−1 and there is a coefficient vector β ∈ B(x∗) such that

r̄i − r0 = −βi [(−EX∗)− r0] for i = 1, . . . , n. (2.42)

(c) All coefficient vectors β ∈ B(x∗) have the property that

β1x
∗
1 + · · ·+ βnx∗n = 1. (2.43)

They are subject to the general estimates

1
fD(x∗)

∂−f

∂xi
(x) ≤ βi ≤ 1

fD(x∗)
∂+f

∂xi
(x) for i = 1, . . . , n, (2.44)

which, when x∗ happens to be a point at which fD is differentiable, reduce to fixing β

uniquely through

βi =
1

fD(x∗)
∂fD
∂xi

(x∗) for i = 1, . . . , n. (2.45)

Proof. This combines the optimality conditions in Theorem 7, in the version posed in

(2.39), with the facts in Proposition 10 about vectors y ∈ ∂fD(x∗). In the light of having

x∗>e = 1, the equations in (2.41) assert the existence of y ∈ ∂fD(x∗) such that

r̄i − r0 =
yi

fD(x∗)
∆∗ for i = 1, . . . , n, with ∆∗ = x∗>[r̄ − r0e]. (2.46)
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That is equivalent to having x∗ in the solution set S0(∆∗), and since the cost of x∗ is 1,

corresponds to x∗ furnishing a master fund of positive type in the sense of Definition 1.

The case of a master fund of negative type in (b) is entirely parallel, except for being

adjusted to x∗ having cost −1. Since −βi[(−EX∗)− r0] = βix
∗>[r̄− r0e] in that case, they

correspond again to having (47) hold for some y ∈ ∂fD(x∗). The relations in (2.40), (2.43),

(2.44) and (2.45), simply translate properties in Proposition 10 from y to y/fD(x∗).

The switch in Theorem 8(b) from EX∗ to −EX∗ amounts to a switch from the x∗-

portfolio, which constitutes a net short position, to its opposite, the x̃∗-portfolio for x̃∗ =

−x∗, which constitutes a net long position. The appearance of −βi in place of βi in (2.42),

corresponds to reversing, accordingly, the various correlations in (2.40).

Regardless of the type of master fund, the equation in (2.43) can be interpreted as pro-

viding guidance to the allocation of risk among the instruments i = 1, . . . , n in determining

x∗.

The generality of Theorems 7 and 8 deserves emphasis. Other researchers working

with nonstandard deviation measures have dealt with special classes of measures and have

typically narrowed the scope of their results by supposing the uniqueness of the optimal

portfolio in question, or further in the case of a master fund, that it is of positive type. They

have also relied on the function fD being differentiable. Theorems 7 and 8, in contrast, do

not have these limitations.

2.8 Specialized CAPM-like Relations

The equations in the characterization of master funds in Theorem 8 bear a strong

resemblance to the CAPM relations in classical portfolio theory. They need not have the

same interpretation as in that theory, though. We explore this now with respect to a number

of different choices of the deviation measure D. The subgradients Y ∗ and risk monitors Q∗

described in these examples can be applied also beyond the master fund context to the

optimality conditions in Theorem 7. We leave the details of that aside, however.

Example 1 (master funds for standard deviation). When D = σ and X∗ is any noncon-

stant r.v., there is a unique Y ∗ ∈ ∂D(X∗), namely Y ∗ = [X∗ − EX∗]/σ(X∗). The master

fund characterizations in Theorem 8, with respect to X∗ = x∗>r, therefore hold with fD



48

differentiable and

βi =
covar(ri, X

∗)
σ2(X∗)

. (2.47)

Detail. The description of ∂D for this case comes from [11, Examples 14 and 18].

In this setting, as long as the risk-free rate r0 is not too high (in the sense of the

threshold in Theorem 5), there is a unique master fund of positive type: x∗, ζ∗ and ∆∗

are uniquely determined subject to the x∗-portfolio having unit cost. The coefficients βi in

(48) turn the relations in (2.41) into the standard CAPM equations for the expected rate

of return of this master fund (or “market portfolio”).

These classical covariance relations have been interpreted in the case of a master fund

of positive type4 as furnishing a one-factor predictive model in the form

ri − r0 ≈ βi[X∗ − r0] for i = 1, . . . , n. (2.48)

This is based conceptually on a supposition that all investors seek essentially to minimize

standard deviation, when putting together a portfolio at a specified level of expected gain.

It is tempting to think that the equations of Theorem 8 in (2.41) might be able to take

on such a role as in (49) more widely, for other deviation measures, but one must be careful

not to jump directly to such a conclusion. We are operating here from a distinctly different

standpoint, where the investors employing any particular deviation measure D are viewed

only as a subgroup of all the investors, perhaps just a small subgroup. There is little reason

to believe that the actions of such a subgroup ought to have a determining influence on

market behavior as a whole.

4 Little, if any, attention has been paid in the classical context to the potential nonex-
istence of such a fund. For instance, in Luenberger’s derivation of a master fund in his
book [24, p. 168], he sets up a function of the “weights,” our xi’s, and claims that by de-
termining where the partial derivatives of this function vanish, the fund in question will be
determined. The function is nonconvex, however, so this is just a necessary condition, not
a sufficient condition, and could correspond to a maximum as well as a minimum. Anyway,
he neglects the issue of whether a point where the derivatives vanish even exists. In this
way, the threshold phenomenon with the risk-free rate is missed entirely.
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Another issue which must not be ignored, in general, is that the coefficients βi in

Theorem 8 might not be uniquely determined. This could happen in (2.40) because of Y ∗

or Q∗ not being uniquely determined by the conditions at hand with respect to x∗, but it

could also occur in (2.40) or (2.45) from x∗ not even being the only solution to problem

P0(∆∗). Still another possibility is that x∗ might be the unique solution for this ∆∗, and

yet another portfolio, corresponding to a value different from ∆∗, might furnish a different

master fund. This could arise from a “flat spot” on the efficient frontier; it occurs in Figures

2–3 and 2–4.

Of course, it is conceivable nonetheless that, through statistical analysis, the relations

(2.41) in Theorem 8 with respect to one, or maybe several alternative deviation measures

in combination, may lead to interesting predictive models of type (49) with advantages

over the classical CAPM. (The underlying assumption of the classical model is anyway not

beyond controversy.) That is not a topic to be taken up in this chapter, however.

In the examples that follow, we are content mainly to see what the relations coming

from Theorem 8 look like as master fund characterizations, and to note comparisons with

the “beta” formulas derived by other researchers under assumptions like differentiability

and uniqueness. In each case, the same coefficients work for master funds of negative type

as well as ones of positive type, in line with the alternative forms of the equations in (2.41)

and (2.42).

Example 2 (master funds for lower semideviation). When D = σ− and X∗ is any non-

constant r.v., there is a unique Y ∗ ∈ ∂D(X∗), namely Y ∗ = [X∗
− − EX∗

−]/σ−(X∗) for

X∗
− = min{X∗ − EX∗, 0}. The master fund characterizations in Theorem 8, with respect

to X∗ = x∗>r, therefore hold with fD differentiable and

βi =
covar(ri, X

∗
−)

σ2
−(X∗)

. (2.49)

Detail. Here, we rely on the formula for ∂D established by Rockafellar et al. [23], Example

6.
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Lower semideviation is among the measures covered by Malevergne and Sornette [13].

Those authors, although concerned especially with “moments,” based their results on ax-

ioms aimed at covering a wide class of measures of “deviation” type. They did not require

convexity or continuity, or invoke those properties anywhere, so the underpinnings to their

assertions of the existence and uniqueness of optimal portfolios appears to be without foun-

dation. The same is true of their claims of having determined master funds of positive type

without making any restriction on the risk-free rate.

Example 3 (master funds for CVaR). Let D(X) = CVaRα(X − EX) for any choice of

α ∈ (0, 1). For any r.v. X∗, the elements of QX∗ are then the functions Q∗ on Ω that are

densities (Q∗ ≥ 0, EQ∗ = 1) such that

Q∗





≡ α−1 on {ω ∈ Ω |X∗(ω) < −VaRα(X∗)},

≡ 0 on {ω ∈ Ω |X∗(ω) > −VaRα(X∗)},

∈ [0, α−1] on {ω ∈ Ω |X∗(ω) = −VaRα(X∗)}.

(2.50)

The master fund characterizations in Theorem 8, with respect to X∗ = x∗>r, hold therefore

with the coefficients βi in (2.40) coming from such a density function Q∗.

Moreover, if the set {ω ∈ Ω |X(ω) = −VaRα(X)} has probability 0, as is true in

particular when the r.v. r = (r1, . . . , rn) is continuously distributed, then fD is differentiable

at x∗ and the coefficients βi can be expressed by conditional expectations:

βi =
E[ r̄i − ri |X∗ ≤ −VaRα(X∗) ]

E[ EX∗ −X∗ |X∗ ≤ −VaRα(X∗) ]
. (2.51)

Detail. This utilizes the description of QX∗ coming out of [11, Example 20]. Clearly, Q∗

is uniquely determined (up to the usual equivalence in L2(Ω)) by the relations in (2.50)

for X∗ when there is zero probability of X∗ taking on the value −VaRα(X∗). Then fD

is differentiable at x∗ by Proposition 10. Otherwise, though, Q∗ might not be uniquely

determined, and fD could thus fail to be differentiable at x∗. Indeed, when

P{X∗ < −VaRα(X∗)} < α < P{X∗ ≤ −VaRα(X∗)},
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the values of Q∗ on the set {ω ∈ Ω |X∗(ω) = −VaRα(X∗)} can be selected arbitrarily from

the interval [0, α−1], subject only to arranging that P{X∗ ≤ −VaRα(X∗)} = α. It may

not be possible in that situation to pass from the formula for βi in (2.40) to the formula in

(2.51).

The version of the CVaR optimality relations in (2.51) is interesting for the reason that

the numerators of the beta coefficients give the conditional expectation of the downside of

ri subject to X∗ being in its lower α-tail. As noted, however, this version is valid when r is

continuously distributed, but not necessarily when the distribution of X∗ has a probability

atom at −VaRα(X∗).

In previous work on CVaR master funds, Tasche [14], Bertsimas [15] and Acerbi and

Simonetti [16] have avoided the issue of discontinuities coming up in the probability dis-

tributions and has moreover required the differentiability of fD. The need for a threshold

assumption on the risk-free rate, in order to be assured of the existence of a master fund

of positive type, did not get addressed, nor did the issue of nonuniqueness of such a fund,

even when it exists.

Example 4 (master funds for mixed CVaR). Let D(X) =
∑m

k=1 λkCVaRαk
(X−EX) with

αk ∈ (0, 1), λk > 0 and
∑m

k=1 λk = 1. For any r.v. X∗, the elements of QX∗ are then the

functions Q∗ on Ω of the form Q∗ =
∑m

k=1 λkQ
∗
k, where each Q∗

k is a density (Q∗
k ≥ 0,

EQ∗
k = 1) such that

Q∗
k





≡ α−1
k on {ω ∈ Ω |X∗(ω) < −VaRαk

(X∗)},

≡ 0 on {ω ∈ Ω |X∗(ω) > −VaRαk
(X∗)},

∈ [0, α−1
k ] on {ω ∈ Ω |X∗(ω) = −VaRαk

(X∗)}.

(2.52)

In this case, therefore, the master fund characterizations in Theorem 8, with respect to

X∗ = x∗>r, hold with the coefficients βi in (2.40) coming from such a Q∗, which itself is

another density function.

If the sets {ω ∈ Ω |X∗(ω) = −VaRαk
(X∗)} for k = 1, . . . , m all have probability 0, as is

true in particular when r = (r1, . . . , rn) is continuously distributed, then fD is differentiable
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at x∗ and the coefficients βi can be expressed by a weighting of conditional expectations:

βi =
∑m

k=1 λkE[ r̄i − ri |X∗ ≤ −VaRαk
(X∗) ]∑m

k=1 λkE[EX∗ −X∗ |X∗ ≤ −VaRαk
(X∗) ]

. (2.53)

Detail. We have D =
∑m

k=1 λkDk for Dk(X) = CVaRαk
(X − EX). The rule for the risk

envelope of a sum of deviation measures [23, Example 2] then comes into play. According

to that rule, Q consists of all Q =
∑m

k=1 λkQk with Qk belonging to the risk envelope for

Dk. Then too, since QX∗ , for any r.v. X∗, consists, by definition, of the elements Q that

maximize covar(−X∗, Q) subject to Q ∈ Q, we have Q∗ ∈ Q if and only if Q∗ =
∑m

k=1 λkQ
∗
k

for a choice of functions Q∗
k ∈ (Qk)X∗ . It remains only to utilize for each of the CVaR

deviation measures Dk the description of (Qk)X∗ in the pattern of Example 3.

Example 5 (master funds for lower range deviation). Let D(X) = EX − inf X with the

state space Ω being finite (so that inf X is finite for all X ∈ L2(Ω)). For any r.v. X∗, the

elements of QX∗ are then the functions Q∗ on Ω that are densities concentrated in the worst

ω states for X∗, i.e., they are the functions Q∗ satisfying

EQ∗ = 1 and Q∗(ω) =





≥ 0 for ω ∈ Ω such that X∗(ω) = inf X∗,

= 0 for ω ∈ Ω such that X∗(ω) > inf X∗.
(2.54)

In this case, the master fund characterizations in Theorem 8, with respect to X∗ = x∗>r,

therefore hold with the coefficients βi in (2.40) coming from such a density function Q∗.

When the set of states ω ∈ Ω such that X∗(ω) = inf X∗ consists of a unique ω∗ (having

nonzero probability), then Q∗ is uniquely determined from X∗, so fD is differentiable at x∗

and the coefficients βi come out as

βi =
r̄i − ri(ω∗)

EX∗ −X∗(ω∗)
, where X∗(ω∗) = inf X∗. (2.55)

Detail. The description of QX∗ for this choice of D corresponds to the formula for ∂D
obtained by Rockafellar et al. [11], Example 19.

Example 6 (master funds for generalized mean absolute deviation). Suppose

D(X) = E[ a|X − EX| ] =
∫

Ω
a(ω)|X(ω)−EX|dP (ω) (2.56)
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for a positive (measurable) function a of the states ω ∈ Ω. For any r.v. X∗, the subgradients

Y ∗ ∈ ∂D(X∗) are then the functions of form Y ∗ = V −EV coming from functions V on Ω

that satisfy

V (ω)





= a(ω) on {ω ∈ Ω |X∗(ω) > EX∗},

= −a(ω) on {ω ∈ Ω |X∗(ω) < EX∗},

∈ [−a(ω), a(ω)] on {ω ∈ Ω |X∗(ω) = EX∗}.

(2.57)

Therefore, the master fund characterizations in Theorem 8, with respect to X∗ = x∗>r,

hold with the coefficients βi in (2.40) coming from such a Y ∗ (in which case covar(ri, Y
∗) =

covar(ri, V ), actually).

If the middle set in this formula has probability 0, as is true in particular when the

r.v. r = (r1, . . . , rn) is continuously distributed, then fD is differentiable at x∗ and the

coefficients βi are determined by

βi =
E[ a(ri − r̄i) sign(X∗ − EX∗) ]

E[ a|X∗ −EX∗| ] . (2.58)

Detail. We have D(X) = J (X − EX) for the convex functional J (U) =
∫
Ω ϕ(ω,U(ω))dP (ω) in which ϕ(ω, u) = a(ω)|u| for (ω, u) ∈ Ω × IR. Hence the subgra-

dients Y ∗ ∈ ∂D(X∗) have the form Y ∗ = V −EV for the subgradients V ∈ ∂J(X∗−EX∗).

The subgradients of an integral functional such as J are known in convex analysis to

be characterized by the rule that V ∈ ∂J (U) if and only if V (ω) ∈ ∂uϕ(ω, U(ω)), where

∂uϕ(ω, U(ω)) refers to the subgradient set of ϕ(ω, u) with respect to u at u = U(ω). This

corresponds to V satisfying the relations in (2.57).

Konno [17] has investigated mean absolute deviation with a(ω) ≡ 1 under the assump-

tion that the ri’s have a multivariate distribution given by a density function on IRn, and

with that he has obtained similar β’s. In his setting, the uniqueness of a master fund is not

assured, though, since mean absolute deviation lacks the kind of strict convexity needed for

that. Short positions are said to be excluded, which would make comparisons difficult with

the optimization problem we treat here, but the constraints against shorting are suppressed

in the developments by assuming their Lagrange multipliers can be set equal to 0. The
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optimal portfolio is assumed nevertheless to involve no shorting, so the potential need for

a master fund of negative type does not come into view.

2.9 Multiplier Derivation of Thresholds

The characterization of r̂−0 and r̂+

0 at the end of Theorem 5 provides a means of cal-

culating these threshold risk-free rates through optimization. By solving problem P(0, 1),

one gets its multiplier set M(0, 1), which has the special form described and embodies all

the information needed.

It is possible now, by building on the subgradient developments in the preceding section,

to indicate in more detail what this involves. The Lagrangian function for P(0, 1) is

L(0,1)(x, ρ, η) = fD(x)− ρx>e + η[1− x>r̄],

as specialized from (2.24), and M(0, 1) consists of the pairs (ρ, η) such that

infx L(0,1)(x, ρ, η) = d(0, 1), as noted in (2.25). There are no sign restrictions on these

multipliers ρ and η, a priori, since the constraints in P(0, 1) are equations.

Proposition 11 (threshold multipliers). In terms of an optimal x∗ in P(0, 1), the multiplier

pairs (ρ, η) ∈ M(0, 1) are characterized by the relation

ρe + ηr̄ ∈ ∂fD(x∗), (2.59)

which corresponds to the existence of some Y ∗ ∈ ∂D(X∗) such that

ρ = covar(ri, Y
∗)− ηr̄i for i = 1, . . . , n, with η = D(X∗) = d(0, 1). (2.60)

Proof. In P(0, 1), we are looking at a convex programming problem in which a finite

convex function on IRn, namely fD, is minimized subject to two linear constraints — which

we know can always be satisfied (Proposition 4). In such a problem, the condition that x∗

be optimal and (ρ, η) be a Lagrange multiplier vector corresponds to x∗ satisfying x∗>e = 0

and x∗>r̄ = 1, and being such that the inequality L(0,1)(x∗, ρ, η) ≤ L(0,1)(x, ρ, η) holds for

all x. This inequality has the form

fD(x)− ρx>e + η[1− x>r̄] ≥ fD(x∗)− ρx∗>e + η[1− x∗>r̄],
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which can be written as fD(x) ≥ fD(x∗) + [x− x∗]>[ρe + ηr̄]. Having it hold for all x ∈ IRn

is the same as saying that ρe + ηr̄ is a subgradient y ∈ ∂fD(x∗), as claimed in (2.59).

Applying the description of such subgradients y in (2.35) of Proposition 10, we get the

characterization claimed in (2.60).

Corollary (single thresholds). In situations where the subgradient set ∂D(X∗) consists of

a unique Y ∗, the multiplier set M(0, 1) reduces to a single pair (ρ, η), and a single threshold

is then assured:

r̂0 = r̂−0 = r̂+

0 = −ρ

η
. (2.61)

Although the numerical approach in which the possible multiplier vectors (ρ, η) are

calculated as byproducts of the optimization in P(0, 1) itself may be all that can be counted

on in general, it is interesting to note that, in the classical case of standard deviation, an

analytic formula for the threshold can be derived.

Example 7 (threshold formula for standard deviation). When D = σ, there is a single

threshold r̂0 = r̂−0 = r̂+

0 for the risk-free rate, which can be expressed in terms of the

variance-covariance matrix for the risky assets i = 1, . . . , n. This matrix, let it be denoted

by Λ, is positive definite under assumption A1, so its inverse Λ−1 exists. One has

r̂0 =
r̄>Λ−1e

e>Λ−1e
. (2.62)

Detail. In building on Example 1, we know that the unique Y ∗ in (2.60) must be [X∗ −
EX∗]/σ(X∗). Then (61) says that ρe = Λ[x∗/σ(X∗)] − ηr̄, so Λx∗ = σ(X∗)[ρe + ηr̄] and

consequently

x∗ = σ(X∗)Λ−1[ρe + ηr̄].

Since x∗>e = 0, we must have [ρe+ηr̄]>Λ−1e = 0, or in other words, ρ[e>Λ−1e]+η[r̄>Λ−1e] =

0. Therefore, ρ is uniquely determined and the corresponding single threshold value for the

risk-free rate is the ratio in (2.62).
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2.10 Conclusions

We have endeavored to complement the ground-breaking work of Artzner, Delbaen,

Eber and Heath by demonstrating that when risk measures in their sense are applied to

X − EX instead of to a return r.v. X itself — in the presence of a new property of

expectation-boundedness — a parallel class of functionals, appropriately termed deviation

measures, arises. This should help bridge the gap between the theory of risk measures and

the way that risk is typically viewed by practitioners in the finance industry. To further

this aim, we have explored the distinction between risk measures and deviation measures

in a range of key examples, providing insights also in terms of risk acceptance notions and

their dualization by risk envelopes.

The replacement of standard deviation by other deviations, such as arise from condi-

tional value-at-risk and other risk notions, in accordance with current trends, by no means

causes the classical approach to optimization out-dated. Instead, it enriches that approach

by making a degree of customization available. One-fund theorems still reign as a way

of simplification, even though the designated funds, in their dependence on the deviation

measure, can be different for different classes of investors.

Utilizing tools of convex analysis, we have furthermore developed a scheme for deter-

mining optimality in problems of minimizing deviation or risk. We have shown that risk

envelopes have major significance in solving such problems and have illustrated the partic-

ulars in a number of settings. The results open the way for many applications and advances

in their numerical methodology.

Furthermore, optimality can still be characterized by covariance relations. However,

optimality with respect to net short positions in the risky instruments must be analyzed

in addition to optimality with respect to net long positions in order to determine how an

investor may wish to act with respect to the current risk-free rate. The covariance relations

that are obtained furnish additional information about the behavior of risky instruments in

various situations. This information could be useful in practical analysis even if no longer

associated with notions of equilibrium in which all investors are attracted to a single master

fund.



CHAPTER 3
DRAWDOWN MEASURE IN PORTFOLIO OPTIMIZATION

3.1 Introduction

Optimal portfolio allocation is a longstanding issue in both practical portfolio manage-

ment and academic research on portfolio theory. Various methods have been proposed and

studied by Grinold [26]. All of them, as a starting point, assume some measure of portfo-

lio performance, which consists of at least two components: evaluating expected portfolio

reward; and assessing expected portfolio risk. From theoretical prospective, there are two

well-known approaches to manage portfolio performance: Expected Utility Theory and Risk

Management, which are usually considered within a framework of a one-period or multi-

period model.

If we are interested in Risk Management approach to portfolio optimization within a

long term, what are the functionals for assessing portfolio risk that account for different

sequences of portfolio losses? Let portfolio be optimized within time interval [0, T ], and

let W (t) be portfolio value at time moment t ∈ [0, T ]. One of the functionals that we are

looking for is portfolio drawdown defined by

(
max
τ∈[0,t]

W (τ)−W (t)

)/
W (t), which, indeed,

accounts for a sequence of portfolio losses. What are the advantages to formulate a portfolio

optimization problem with a constraint on portfolio drawdown? To answer to this question,

drawdown regulations in real trading strategies and drawdown theoretical aspects should

be addressed first.

3.1.1 Drawdown Regulations in Real Trading Strategies

From a standpoint of a fund manager, who trades clients’ or bank’s proprietary capital,

and for whom the clients’ accounts are the only source of income coming in the form of

management and incentive fees, losing these accounts is equivalent to the death of his

business. This is true with no regard to whether the employed strategy is long-term valid

and has very attractive expected return characteristics. Such fund manager’s primary

concern is to keep the existing accounts and to attract the new ones in order to increase

57
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his revenues. Commodity Trading Advisor (CTA) determines the following rules regarding

magnitude and duration of their clients’ accounts drawdowns

• Highly unlikely to tolerate a 50% drawdown in an account with an average- or small-
risk CTA.

• An account may be shut down if a 20% drawdown is breached.

• A warning is issued if an account in a 15% drawdown.

• An account will be closed if it is in a drawdown, even of small magnitude, for longer
than 2 years;

• Time to get out of a drawdown should not be longer than a year.

3.1.2 Drawdown Notion in Theoretical Framework

Several studies discussed portfolio optimization with drawdown constraints. Grossman

and Zhou [27] obtained an exact analytical solution to portfolio optimization with constraint

on maximal drawdown based on the following model

• Continuous setup

• One-dimensional case — allocating current capital between one risky and one risk-free
assets

• An assumption of log-normality of the risky asset

• Use of dynamic programming approach — finding a time-dependent fraction of the
current capital invested into the risky asset

Cvitanic and Karatzas [28] generalized this model [27] to multi-dimension case (several

risky assets). In contrast to Grossman and Zhou [27] and Cvitanic and Karatzas [28],

Chekhlov et al. [29] defined portfolio drawdown to be the drop of the current portfolio value

comparing to its maximum achieved in the past up to current moment t, i.e. max
τ∈[0,t]

W (τ)−
W (t), and introduced one-parameter family of drawdown functionals, entitled Conditional

Drawdown (CDD). Moreover, Chekhlov et al. [29] considered portfolio optimization with a

constraint on drawdown functionals in a setup similar to the index tracking problem [30],

where an index historical performance is replicated by a portfolio with constant weights.

Chekhlov et al. [29] proposed the following setup

• Discrete formulation
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• Multi-dimensional case — several risky assets (markets and futures)

• A static set of portfolio weights satisfying a certain risk condition over the whole
interval [0, T ]

• No assumption about the underlying probability distribution, which allows considering
variety of practical applications — use of the historical sample paths of assets’ rates
of return over [0, T ]

• Use of linear programming approach — reduction of portfolio optimization to linear
programming (LP) problem

The CDD is related to Value-at-Risk (VaR) and Conditional Value-at-Risk (CVaR)

measures studied by Rockafellar and Uryasev [21, 20]. By definition, with respect to a

specified probability level α, the α-VaR of a portfolio is the lowest amount ζα such that,

with probability α, the loss will not exceed ζα in a specified time τ , whereas the α-CVaR

is the conditional expectation of losses above that amount ζα. Various issues about VaR

methodology were discussed by Jorion [31]. The CDD is similar to CVaR and can be viewed

as a modification of the CVaR to the case when the loss-function is defined as a drawdown.

CDD and CVaR are conceptually related percentile-based risk performance functionals.

Optimization approaches developed for CVaR are directly extended to CDD. The CDD

includes the average drawdown and maximal drawdown as its limiting cases. It takes

into account both the magnitude and duration of the drawdowns, whereas the maximal

drawdown concentrates on a single event — maximal account’s loss from its previous peak.

However, Chekhlov et al. [29] only tested the suggested approach to portfolio opti-

mization subject to constraints on drawdown functionals. The CDD [29] was not defined as

a true risk measure and the real-life portfolio optimization example was considered based

only on the historical sample paths of assets’ rates of return.

This chapter is focused on

• Concept of drawdown measure — possession of all properties of a deviation measure,
generalization of deviation measures to a dynamic case

• Concept of risk profiling — Mixed Conditional Drawdown (generalization of CDD)

• Optimization techniques for CDD computation — reduction to linear programming
(LP) problem

• Portfolio optimization with constraint on Mixed CDD
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Our study develops concept of drawdown measure by generalizing the notion of the

CDD to the case of several sample paths for portfolio uncompounded rate of return. Def-

inition of drawdown measure is essentially based on the notion of CVaR [32, 21, 20] and

mixed CVaR [11] extended to a multi-scenario case. Drawdown measure uses the concept

of risk profiling introduced by Rockafellar et al. [11], namely, drawdown measure is a

“multi-scenario” mixed CVaR applied to drawdown loss-function.

From theoretical prospective, drawdown measure satisfies the system of axioms deter-

mining deviation measures [11, 23]. Those axioms are: nonnegativity, insensitivity to con-

stant shift, positive homogeneity and convexity. Moreover, drawdown measure is an example

generalizing properties of deviation measures to a dynamic case. We develop optimization

techniques for efficient computation of drawdown measure in the case when instruments’

rates of return are given.

Similar to the Markowitz mean-variance approach [3], we formulate and solve an opti-

mization problem with the reward performance function and CDD constraints. The reward-

CDD optimization is a piece-wise linear convex optimization problem [18], which can be

reduced to a linear programming problem (LP) using auxiliary variables.

Linear programming allows solving large optimization problems with hundreds of thou-

sands of instruments. The algorithm is fast, numerically stable, and provides a solution dur-

ing one run (without adjusting parameters like in genetic algorithms or neural networks).

Linear programming approaches are routinely used in portfolio optimization with various

criteria, such as mean absolute deviation [33], maximum deviation [34], and mean regret

[30]. Ziemba and Mulvey [35] discussed other applications of optimization techniques in the

finance area.

3.2 Model Development

Suppose a given time interval [0, T ] is partitioned into N subintervals [tk−1, tk], k =

1, N , by the set of points {t0 = 0, t1, t2, . . . , tN = T}, and suppose there are m risky assets

with rates of return determined by random vector r(tk) = (r1(tk), r2(tk), . . . , rm(tk)) at

time moments tk for k = 1, N . We also assume that the risk-free instrument (or cash) with

the constant rate of return r0 is available. The ith asset’s rate of return at time moment



61

tk is defined by ri(tk) = pi(tk)
pi(tk−1) − 1, where pi(tk) and pi(tk−1) are the ith asset’s prices per

share at moments tk and tk−1, respectively. Let C denote an initial capital at t0 = 0 and

let values xi(tk) for i = 1,m and x0(tk) define the proportion of the current capital invested

in the ith risky asset and risk-free instrument at tk, respectively. Consequently, a portfolio

formed of the m risky assets and the risk-free instrument is determined by the vector of

weights x(tk) = (x0(tk), x1(tk), x2(tk), . . . , xm(tk)). The components of x(tk) satisfy the

budget constraint
m∑

i=0

xi(tk) = 1. (3.1)

By definition, the rate of return of the portfolio at time moment tk is

r
(p)
k (x(tk)) = r(tk) · x(tk) =

m∑

i=0

ri(tk)xi(tk). (3.2)

Portfolio optimization can be considered within a framework of a one-period or multi-

period model. A one-period model in portfolio optimization assumes the ith asset’s rates

of return for all tk, k = 1, N , to be independent observations of a random variable ri.

In this case, the vector of portfolio weights is constant and portfolio rate of return is a

random variable r(p) presented by a linear combination of random assets’ rates of return ri,

i = 1,m, and constant r0, i.e. r(p) =
m∑

i=0
ri xi. A traditional setup for a one-period portfolio

optimization problem from Risk Management point of view is maximizing portfolio expected

rate of return subject to the budget constraint and a constraint on the risk

max
x

E(r(p))

s. t. Risk(r(p)) ≤ d,
m∑

i=0
xi = 1.

(3.3)

Risk of the portfolio can be measured by different performance functionals, depending

on investor’s risk preferences. Variance, VaR, CVaR and Mean Absolute Deviation (MAD)

are examples of risk functionals used in portfolio Risk Management [11]. Certainly, solv-

ing optimization problem (3.3) with different risk measures will lead to different optimal

portfolios. However, all of them are based on a one-period model, which does not take into

account the sequence of the asset’s rates of return within time interval [0, T ].
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A multi-period model in portfolio optimization is intended for controlling and optimiz-

ing portfolio wealth over a long term. It is essentially based on how the asset’s rates of

return evolve within the whole time interval. Moreover, in each time moment tk, k = 0, N ,

there might be a capital inflow or outflow into or from the portfolio and portfolio weights

xi(tk), i = 1,m, might be re-balanced. In this case, the portfolio wealth at tk for k = 1, N

is defined

Wk(x(tk)) = (Wk−1(x(tk−1)) + Y (tk−1)) (1 + r
(p)
k (x(tk))), (3.4)

where Y (tk−1) = F+(tk−1)−F−(tk−1) is the resulting capital flow at tk−1 (inflow F+(tk−1)

minus outflow F−(tk−1)), which can be positive or negative.

A portfolio optimization problem can also be formulated based on the Expected Utility

Theory (EUT). According to the EUT, an investor with additively separable concave utility

function U(.) chooses a consumption stream {C0, C1, . . . , CN−1} and portfolio to maximize

E

(
N−1∑
k=0

U (C(tk), tk) + B (W (tN , x(tN )))

)
, where B(.) is the concave utility of bequest.

Note the EUT is focused on maximization of investor’s consumption. However, a risk

manager who runs a hedge fund and wishes to increase capital inflow by attracting new

investors would be more interested in maximizing portfolio wealth at the final moment

tN = T and decreasing portfolio drops over the whole time interval [0, T ]. In this case, Risk

Management approach is more adequate to formulate a portfolio optimization problem

max
x

P(W )

s. t. R(W ) ≤ d,
m∑

i=0
xi(tk) = 1, k = 0, N,

(3.5)

where P(W ) and R(W ) are performance and risk functionals, respectively, depending on

stream W = (W1, W2, . . . , WN ).

Suppose the optimization problem (3.5) is considered under the following conditions

• A manager cannot affect a stream of Y (tk) (if the portfolio value increases it is likely
that capital inflow will also increase and vise-versa).

• The manager can only allocate resources among different instruments (investment
strategies) in the portfolio at every moment tk, k = 0, N , i.e. he/she can only optimize
portfolio rate of return by choosing portfolio weights xi(tk).
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Accounting for these conditions, how can the manager evaluate portfolio performance

over [0, T ] and efficiently solve (3.5)? Before to answer to this question, the following

legitimate issues regarding problem formulation (3.5) should be addressed

• How the risk is measured within [0, T ]

• How the assets’ rates of return are modeled within [0, T ]

• What optimization approach is chosen to solve (3.5)

3.2.1 Dynamic Performance Functionals

Does using variance, VaR, CVaR or MAD by itself make sense in a dynamic case? The

obvious answer is no, since no one of them by itself takes into account the sequence of assets’

rates of return. Although, the aforementioned risk measures may be quite appropriate if

they are applied to a random variable or functional, which distinguishes different sequences

of Wk in a stream (W1, W2, . . . , WN ). One of the functionals accounting for a sequence of

Wk is based on the notion of portfolio drawdown, which deals with the drop in portfolio

wealth at time moment tk with respect to the wealth’s maximum value preceding tk. By

definition, the portfolio drawdown at tk is the ratio of the drop in portfolio wealth at tk to

the preceding wealth’s maximum

DD (W, tk) = 1− Wk(x(tk))
max
0≤j≤k

{Wj(x(tj))} . (3.6)

A possible problem formulation is to consider portfolio optimization with drawdown

constraints in continuous dynamics [27, 28], for instance

Pr {DD (W, t) ≤ γ, ∀ t ∈ [0, T ]} = 1. (3.7)

In this case, portfolio drawdown should not exceed given value γ ∈ [0, 1] almost surely

for all t ∈ [0, T ]. However, instead of imposing the constraint (3.7) for all t ∈ [0, T ], we

are interested in maximizing portfolio expected rate of return while controlling an integral

characteristic of portfolio performance. We entitle such a characteristic to be a dynamic

performance functional (DPF). In this case, following Risk Management methodology, we

would be able to construct an efficient frontier establishing the dependence between the
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expected rate of return of optimal portfolios and corresponding values of the DPF. Devel-

oping DPF based on the notion of portfolio drawdown and solving a real-life asset-allocation

problem with these functionals is the subject of this chapter.

3.3 Absolute Drawdown for a Single Sample Path

This section presents the notion of the Absolute Drawdown (AD) and considers three

DPF based on this notion. The AD is applied to a sample path of the uncompounded cumu-

lative portfolio rate of return. Note the AD is applied not to the compounded cumulative

portfolio rate of return Wk(x(tk)). If the values of r
(p)
k (x(tk)) for k = 1, N determine a sam-

ple path (time series) of the portfolio’s rate of return, then, by definition, the uncompounded

cumulative portfolio rate of return at time moment tk is

wk(x(tk)) =





0, k = 0,
k∑

l=1
r
(p)
l (x(tl)), k = 1, N.

(3.8)

To simplify notations, we use wk instead of wk(x(tk)), assuming that wk is always a

function of vector x(tk). Further in this section, we consider only a single sample path of

wk, k = 1, N , which we denote by vector w, i.e. w = (w1, . . . , wN ).

Definition 1. The AD is a vectorial-functional depending on the sample path w

AD(w) = ξ = (ξ1, . . . , ξN ), ξk = max
0≤j≤k

{wj} − wk. (3.9)

Note that components (w1, . . . , wN ) and (ξ1, . . . , ξN ) of vectors w and ξ, are, in fact,

time series w1, . . . , wN and ξ1, . . . , ξN , respectively, where the kth components of w and ξ

correspond to time moment tk. Since ξ0 is always zero, we do not include it into drawdown

time series ξ. Moreover, although AD(w) and ξ are the same drawdown time series, we

refer to notation AD(w) to emphasize its dependence on w and to notation ξ whenever we

use drawdown time series just as vector of numbers.

Figure 3–1 illustrates an example of the absolute drawdown ξ and a corresponding

sample path of uncompounded cumulative rate of return w. Starting from t0 = 0, uncom-

pounded cumulative rate of return w goes up and the first component of ξ equals zero.

When w decreases, ξ goes up. When time series w achieves its local minimum, absolute

drawdown achieves its local maximum. This process continues until tN = T .
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Figure 3–1: Time series of uncompounded cumulative rate of return w and corresponding
absolute drawdown ξ.

Proposition 1. Defining vectorial operations: w + const = (w1 + const, . . . , wN + const)

and λw = (λw1, . . . , λwN ), the AD(w) satisfies the following properties

1. Nonnegativity: AD(w) ≥ 0.

2. Insensitivity to constant shift: AD(w + const) = AD(w).

3. Positive homogeneity: AD(λw) = λ AD(w), ∀λ ≥ 0.

4. Convexity: if wλ = λwa +(1−λ) wb is a linear combination of any two sample paths

of uncompounded cumulative rates of return, wa and wb, with λ ∈ [0, 1], then AD(wλ) ≤
λ AD(wa) + (1− λ)AD(wb).

Proof. Properties 1–3 are direct consequences of definition (3.9). Property 4 is proved

based on max
0≤τ≤t

{λwa + (1− λ) wb} ≤ λ max
0≤τ≤t

{wa}+ (1− λ) max
0≤τ≤t

{wb}, λ ∈ [0, 1].

Note DD does not satisfies the properties which AD does (advantage of AD). The

difference between the AD and DD is similar to the difference between absolute and relative

errors in a measurement. The AD and DD functionals can be used in Risk Management

and Statistics to control absolute and relative drops in a realization of a stochastic process.

However, in this chapter we are focused on applications of drawdown functionals in portfolio

optimization. Since further in this chapter, we deal only with the absolute drawdown

functional, AD, the word “absolute” can be omitted without confusion.
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3.3.1 Maximum, Average and Conditional Drawdowns

We consider three DPF based on the notion of drawdown: (i) Maximum Drawdown

(MaxDD), (ii) Average Drawdown (AvDD), and (iii) CDD. The last risk functional is

actually a family of performance functions depending upon parameter α. It is defined

similar to CVaR [20] and, as special cases, includes the MaxDD and AvDD.

Definition 2. For given time interval [0, T ], partitioned into N subintervals [tk−1, tk],

k = 1, N , with t0 = 0 and tN = T , AvDD and MaxDD functionals are defined, respectively

MaxDD(w) = max
1≤k≤N

{ξk} , (3.10)

AvDD(w) =
1
N

N∑

k=1

ξk. (3.11)

To define Conditional Value-@-Risk (CV@R) and CDD, we introduce a function πξ(s)

such that

πξ(s) =
1
N

N∑

k=1

I{ξk≤s}, (3.12)

where I{ξk≤s} is an indicator equal to 1, if the condition in curly brackets is true, and equal

to zero, if the condition is false, i.e.

I{c≤s} =





1, c ≤ s,

0, c > s,
c ∈ R.

Figure 3–2 explains definition of function πξ(s). For the threshold s shown on the

figure, function πξ(s) equals 5
8 , since ξk ≤ s for 5 values of k, namely, k = 2, 3, 4, 7, 8.

The inverse function to (3.12) is defined

π−1
ξ (α) =





inf { s | πξ(s) ≥ α} , α ∈ (0, 1],

0, α = 0.
(3.13)

Remark 1. Since all ξk, k = 1, N , are nonnegative, we define π−1
ξ (0) to be zero.

Remark 2. In fact, ∀α ∈ (0, 1], s = π−1
ξ (α) is the unique solution to two inequalities

πξ(s− 0) < α ≤ πξ(s + 0). (3.14)
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Figures 3–3 and 3–4 illustrate left and right continuous step functions πξ(s) and π−1
ξ (α),

respectively, which correspond to drawdown time series ξ shown on Figure 3–2.

0 Tt =82t 3t

s

t

t

1t 4t 5t 6t 7t

5ξ

2ξ

Drawdown time series

Figure 3–2: Drawdown time series ξ and indicator function I{c≤s}

Let ζ(α) be a threshold such that (1− α) ∗ 100% of drawdowns exceed this threshold.

By definition,

ζ(α) = π−1
ξ (α). (3.15)

If we are able to precisely count (1−α)∗100% of the worst drawdowns, then πξ(ζ(α)) =

πξ

(
π−1

ξ (α)
)

= α. For such a value of the parameter α, the CV@R of ξk, k = 1, N , is defined

as the mean of the worst (1−α)∗100% drawdowns. For instance, if α = 0, then CV@R is the

average drawdown, and if α = 0.95, then CV@R is the average of the worst 5% drawdowns.

However, in a general case, πξ(ζ(α)) = πξ

(
π−1

ξ (α)
)
≥ α, followed from definition (3.13).

It means that, in general, we are not able to precisely count (1 − α) ∗ 100% of the worst

drawdowns. In this case, the CV@R becomes a weighted average of the threshold ζ(α) and

the mean of the worst drawdowns strictly exceeding ζ(α).
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Definition 3. For a given sequence of ξk, k = 1, N , CV@R is formally defined by

CV@Rα(ξ) =
(

πξ (ζ(α))− α

1− α

)
ζ(α) +

1
(1− α)N

∑

ξk∈ Ξα

ξk, (3.16)

where Ξα =
{

ξk | ξk > ζ(α), k = 1, N
}
.

Note the first term in the right-hand side of (3.16) appears because of inequality

πξ

(
π−1

ξ (α)
)
≥ α. If (1 − α) ∗ 100% of the worst drawdowns can be counted precisely,

then πξ

(
π−1

ξ (α)
)

= α and the first term in the right-hand side of (3.16) disappears. Defi-

nition (3.16) follows from the framework of the CVaR methodology [21, 20]. Close relation

between the CVaR and CV@R is discussed in the following remark.

Remark 3. CV@Rα, given by (3.16), and functional CVaRα [11] (p. 7, example 4), are

linearly dependent, i.e. if X is an arbitrary random variable then

CV@Rα(X) =
1

1− α
(E(X) + α CVaRα(X)) . (3.17)

Thus, use of the CV@R or CVaR is only the matter of convenience.

Definition 4. In a single scenario case, the CDD with tolerance level α ∈ [0, 1] is the

CV@R applied to the drawdown functional, AD(w),

∆α(w) = CV@Rα(AD(w)). (3.18)

Equivalently, interpreting ξk, k = 1, N , to be observations of a “random variable” ξ, α-CDD

is the CV@Rα of a loss function AD(w).

3.3.2 Conditional Value-at-Risk and Conditional Drawdown Properties

CDD is an example of a functional generalizing properties of deviation measures to

a dynamic case. However, since CDD is closely related to CVaR, which properties were

studied in detail by Rockafellar and Uryasev [21, 20], it is useful to discuss CDD properties

based on properties of CVaR. Because of linear relation (3.17), we can replace CVaR by

CV@R.

Proposition 2. CV@Rα(ξ) satisfies the following properties

1. Constant translation: CV@Rα(ξ + const) = CV@Rα(ξ) + const, ∀α ∈ [0, 1].

2. Positive homogeneity: CV@Rα(λ ξ) = λCV@Rα(ξ), ∀λ ≥ 0 and ∀α ∈ [0, 1].
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3. Monotonicity: if ξk ≤ ηk, ∀k1, k, then CV@Rα(ξ) ≤ CV@Rα(η), ∀α ∈ [0, 1].

4. Convexity: if ξλ = λ ξa+(1−λ) ξb is a linear combination of any two drawdown sam-

ple paths ξa and ξb with λ ∈ [0, 1], then CV@Rα(ξλ) ≤ λCV@Rα(ξa)+ (1−λ) CV@Rα(ξb).

Proof. Based on linear relation between CV@Rα and CVaRα, given by (3.17), properties

1–4 are direct consequence of CVaRα properties [11].

Proposition 3. The CDD = ∆α(w) satisfies the properties of deviation measures, i.e.

1. Nonnegativity: ∆α(w) ≥ 0, ∀α ∈ [0, 1].

2. Insensitivity to constant shift: ∆α(w + const) = ∆α(w), ∀α ∈ [0, 1].

3. Positive homogeneity: ∆α(λw) = λ∆α(w), ∀λ ≥ 0 and ∀α ∈ [0, 1].

4. Convexity: if wλ = λwa +(1−λ) wb is a linear combination of any two sample paths

of uncompounded cumulative rate of returns wa and wb with λ ∈ [0, 1], then ∆α(wλ) ≤
λ∆α(wa) + (1− λ)∆α(wb).

Proof. Properties 1 – 4 follow from Propositions 1 and 2. Indeed, based on the relation

between the CDD and CV@R, i.e. ∆α(w) = CV@Rα(AD(w)), the first property is a direct

consequence of AD(w) nonnegativity. Properties 2 – 4 are proved, respectively,

∆α(w + c) = CV@Rα(AD(w + c)) = CV@Rα (AD(w)) = ∆α(w),

∆α(λw) = CV@Rα(AD(λw)) = CV@Rα(λAD(w)) = λCV@Rα (AD(w)) = λ∆α(w),

∆α(wλ) = CV@Rα(AD(λwa + (1− λ)wb)) ≤ CV@Rα (λAD(wa) + (1− λ)AD(wb))

≤ λCV@Rα (AD(wa)) + (1− λ)CV@Rα (AD(wb))

= λ∆α(wa) + (1− λ)∆α(wb).

Note the monotonicity property of CV@R is used in the first line of the proof of CDD

convexity.

Proposition 4. MaDD (3.10) and AvDD (3.11) are the special cases of the α-CDD func-

tional (this notation is used to emphasize CDD dependence on α), namely,

MaxDD(w) = ∆1(w), AvDD(w) = ∆0(w). (3.19)

Proof. To prove the first formula of (3.19), we assume that ζ(1) < ∞. Based on this

assumption, in the case of α = 1, we have ζ(1−) = π−1
ξ (1−) = π−1

ξ (1) = ζ(1), i.e. function



71

ζ(α) is constant in the left vicinity of 1. Hence, πξ(ζ(1−)) = πξ(ζ(1)) = 1, Ξ1 = ∅ and

∆1(w) = ζ(1) lim
α→1−

(
πξ (ζ(α))− α

1− α

)
= ζ(1) lim

α→1−

(
1− α

1− α

)
= ζ(1) = MaxDD(w).

When α = 0, according to the definition (3.13), ζ(0) = 0, Ξ0 =
{

ξk | k = 1, N
}

and,

consequently,

∆0(w) =
1
N

∑

tk∈Ξ0

ξk =
1
N

N∑

k=1

ξk = AvDD(w).

Theorem 1. CV@Rα(ξ) can be presented in the alternative form

CV@Rα(ξ) =
1

1− α

1∫

α

π−1
ξ (q) dq, (3.20)

which is mathematically equivalent to (3.16).

Proof. Let
{
sj | j = 1, J

}
be the set of the ordered values of ξk, k = 1, N , where J is the

number of different values of ξk, k = 1, N , such that s1 < s2 < . . . < sJ and nj ≥ 1 is

the multiplicity of sj , i.e. nj =
N∑

k=1
I{ξk=sj} and

J∑
j=1

nj = N . Defining qj = 1
N

j∑
l=1

nl, step

functions πξ and π−1
ξ are determined by the set of (sj , qj), j = 1, J , i.e.

πξ(sj) = qj , π−1
ξ (qj) = sj . (3.21)

Let s0 = 0 and q0 = 0, then since
J⋂

j=1
(qj−1, qj ] = ∅ and

J⋃
j=1

(qj−1, qj ] = (0, 1], for any

value of α ∈ (0, 1], there exists j∗ from 1, J such that α ∈ (qj∗−1, qj∗ ]. Using (3.21) and

condition α ∈ (qj∗−1, qj∗ ], we obtain

ζ(α) = sj∗ , πξ(ζ(α)) = qj∗ ,

and, consequently,

1
N

∑

tk∈Ξα

ξk =
1
N

J∑

j=j∗+1

sj nj =
J∑

j=j∗+1

π−1
ξ (qj) (qj − qj−1) =

1∫

qj∗

π−1
ξ (q) dq.
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Taking the last relations into account, for any α ∈ (0, 1), the integral in the right-hand

side of (3.20) is presented

1∫

α

π−1
ξ (q) dq = (qj∗ − α) sj∗ +

1∫

qj∗

π−1
ξ (q) dq = (πξ(ζ(α))− α) ζ(α) +

1
N

∑

tk∈Ξα

ξk,

which coincides with the expression (3.16) with accuracy of multiplier (1− α)−1.

Only two cases are left to consider, namely, when α = 0 and α = 1. Assuming

π−1
ξ (1) < ∞, we have, respectively,

∆0(w) =
1∫
0

π−1
ξ (q) dq = 1

N

J∑
j=1

nj sj = 1
N

N∑
k=1

ξk = AvDD(w),

∆1(w) = lim
α→1

(
1

1−α

1∫
α

π−1
ξ (q) dq

)
= π−1

ξ (1) = MaxDD(w).

Remark 4. Let X be an arbitrary random variable with the cumulative distribution

function FX(t) = Pr{X ≤ t}. Assuming F−1
X (α) to be the inverse function of FX(t),

functionals CV@Rα and CVaRα are expressed, respectively,

CV@Rα(X) =
1

1− α

1∫

α

F−1
X (q) dq, CVaRα(X) = − 1

α

α∫

0

F−1
X (q) dq. (3.22)

Relation (3.17) can be verified based on (3.22). CVaR methodology was thoroughly devel-

oped by Rockafellar and Uryasev [21, 20].

Example 1. To illustrate the concept of the CV@R, let us calculate CV@R0.7(ξ) for

drawdown time series ξ shown on Figure 3–2. According to Figure 3–4, ζ(0.7) = π−1
ξ (0.7) =

ξ6, and, consequently, from Figure 3–3, πξ(ζ(0.7) = πξ(ξ6) = 0.75. Using formula (3.16),

we obtain CV@R0.7(ξ) = (0.75−0.7)
1−0.7 ξ6 + 1

1−0.7
(ξ1+ξ5)

8 = 1
6 ξ6 + 5

12 (ξ1 + ξ5). To verify this

result, we can calculate CV@R0.7(ξ) based on (3.20). Namely, following Figure 3–4, we have

CV@R0.7(ξ) = 1
1−0.7 ((0.75−0.7) ξ6 +(0.875−0.75) ξ1 +(1−0.875) ξ5) = 1

6 ξ6 + 5
12 ξ1 + 5

12 ξ5.

Example 2. For the drawdown time series shown on Figure 3–2, MaxDD(w) = ξ5 and

AvDD(w) = 1
8

8∑
k=1

ξk.
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3.3.3 Mixed Conditional Drawdown

The notion of CDD can be generalized by considering convex combinations of the CDDs

corresponding to different confidence levels. This idea is essentially based on risk profiling,

i.e. assignment of specific weights for CDDs with predetermined confidence levels.

Definition 5. Given a risk profile χ(α) such that

1) dχ(α) ≥ 0;

2)
1∫
0

dχ(α) = 1;

mixed CDD, is defined

∆+
χ (w) =

1∫

0

∆α(w) dχ(α). (3.23)

Obviously, the mixed CDD preserves all properties of ∆α(w) stated in proposition 4. A

fund manager can flexibly express his or her risk preferences by shaping χ(α).

Proposition 5. The mixed CDD can be presented in the alternative form

∆+
χ (w) =

1∫

0

π−1
ξ (α) µ(α) dα, (3.24)

with “spectrum” µ(α) to be:

1) nonnegative on [0, 1];

2) nondecreasing on [0, 1];

3)
1∫
0

µ(α) dα = 1.

The relation between χ(α) in (3.23) and µ(α) in (3.24) is

dµ(α) =
1

1− α
dχ(α).

Proof. Expressing ∆α(w) in the form of (3.20), consider

∆+
χ (w) =

1∫
0

(
1

1−α

1∫
α

π−1
ξ (q) dq

)
dχ(α) =

1∫
0

(
1

1−α

1∫
0

π−1
ξ (q) I{q≥α} dq

)
dχ(α)

=
1∫
0

π−1
ξ (q)

(
1∫
0

1
1−α I{q≥α} dχ(α)

)
dq =

1∫
0

π−1
ξ (q)

(
q∫
0

1
1−α dχ(α)

)
dq

=
1∫
0

π−1
ξ (q) µ(q) dq,
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where µ(α) =
α∫
0

1
1−q dχ(q) satisfies all properties 1) – 3). Indeed, µ(α) is nonneg-

ative and nondecreasing, since dµ(α) = 1
1−α dχ(α) ≥ 0. Moreover,

1∫
0

µ(α) dα =

1∫
0

1∫
0

1
1−q I{α≥q} dχ(q) dα = 1. Obviously, conditions 1) – 3) are necessarily satisfied by

function µ(α), since they are derived from the properties of function χ(α). However, if

function µ(α) satisfies conditions 1) – 3) then it is sufficient for (3.24) to be constant trans-

lating, positively homogeneous, monotonic and convex with respect to ξ. The last fact

comes from a direct verification of those properties.

Corollary 1. The non-decrease property of “spectrum,” µ(α), is a necessary condition for

the mixed CDD to be convex. This property has an obvious but important interpretation,

namely, the greater drawdown quantile, π−1
ξ , is, the greater penalty coefficient, µ, should

be assigned. A similar conclusion regarding risk spectrum in coherent risk measures was

made by Acerbi and Tasche [32]. This conclusion is a consequence of a general coherency

principle, stating: the greater risk is, the more it should be penalized [1].

Example 3. MaxDD and AvDD are mixed CDDs with risk profiles χ(α) = I{α≥1} and

χ(α) = I{α>0}, respectively.

Discrete risk profile. An important case is when risk profile, χ(α), is specified by the

discrete set of points χi = dχ(αi), i = 1, L. In this case, the mixed CDD is expressed

∆+
χ (w) =

L∑

i=1

χi ∆αi(w), (3.25)

where
L∑

i=1
χi = 1 and χi ≥ 0. Consequently, “spectrum” function is presented by

µ(α) =
L∑

i=1

χi

1− αi
I{α≥αi}. (3.26)

Detail. Interchanging summation and integration operations in ∆+
χ (w), the result follows

∆+
χ (w) =

L∑

i=1

χi ∆αi(w) =
L∑

i=1

χi

1− αi

1∫

αi

π−1
ξ (q) dq =

1∫

0

(
L∑

i=1

χi

1− αi
I{α≥αi}

)
π−1

ξ (q) dq.

Obviously, (3.26) is a positive nondecreasing function.
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3.4 Optimization Techniques for Conditional Drawdown Computation

This section develops optimization techniques for CDD efficient computation. Formulas

(3.16) and (3.20) require to calculate the value of ζ(α) first, which doubles computational

time. However, there is an optimization procedure that obtains the values of threshold

ζ(α) and CDD simultaneously. This procedure is especially important in a large scale

optimization.

In the case when a time series of drawdowns is given, computation of the α-CDD is

reduced to computation of CV@Rα(ξ).

Theorem 2. Given a time series of instrument’s drawdowns ξ = (ξ1, . . . , ξN ), correspond-

ing to time moments {t1, . . . , tN}, the CDD functional is presented by CV@Rα(ξ), which

computation is reduced to the following linear programming procedure

CV@Rα(ξ) = min
y, z

y + 1
(1−α)N

N∑
k=1

zk

s. t. zk ≥ ξk − y, zk ≥ 0, k = 1, N,

(3.27)

leading to a single optimal value of y equal to ζ(α) if πξ(ζ(α)) > α, and to a closed interval

of optimal y with the left endpoint of ζ(α) if πξ(ζ(α)) = α.

Proof. We introduce a piece-wise function

h(y) = y +
1

(1− α)N

N∑

k=1

[ξk − y]+, (3.28)

where [ξk − y]+ = max {ξk − y, 0}, and establish the following relation

CV@Rα(ξ) = min
y

h(y). (3.29)

The derivative of h(y) with respect to y is presented

d

dy
h(y) = 1− 1

(1− α)N

N∑

k=1

I{y<ξk} = 1− 1
(1− α)N

N∑

k=1

(
1− I{ξk≤y}

)
=

πξ(y)− α

1− α
. (3.30)

Note d
dyh(y) is continuous for all values of y, except the set of points y =

{
ξk | k = 1, N

}
. The necessary condition for function h(y) to attain an extremum is

d−

dy
h(y) ≤ 0 ≤ d+

dy
h(y), (3.31)
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where d−
dy h(y) = 1

(1−α) (πξ(y − 0)− α) and d+

dy h(y) = 1
(1−α) (πξ(y + 0)− α) are left and right

derivatives, respectively, which coincide with each other for all y except y =
{

ξk | k = 1, N
}
.

According to (3.30) and (3.31), an optimal value y∗ should satisfy inequalities

πξ(y∗ − 0) ≤ α ≤ πξ(y∗ + 0),

which have a unique solution y∗ = ζ(α) if πξ(ζ(α)) > α (see Remark 2), i.e. if y∗ 6=
{

ξk | k = 1, N
}
. However, if πξ(ζ(α)) = α, then there is a closed interval of optimal values

y∗, with the left endpoint of ζ(α), namely, y∗ ∈ [ζ(α), ζ(α + 0)], where πξ(ζ(α + 0)) > α.

Hence, two cases are considered:

a) y∗ = ζ(α) if πξ(ζ(α)) > α;

b) y∗ ∈ [ζ(α), ζ(α + 0)] if πξ(ζ(α)) = α.

In both cases, equality [ξk − y∗]+ = (ξk − y∗) I{ξk≥y∗} = (ξk − y∗) I{ξk>ζ(α)} holds with

respect to all ξk, k = 1, N , for any fixed y∗. Thus, based on this fact, we obtain

min
y

h(y) = h (y∗) = y∗ + 1
(1−α)N

N∑
k=1

[ξk − y∗]+

= 1
1−α

(
1− α− 1

N

N∑
k=1

I{ξk>ζ(α)}

)
y∗ + 1

(1−α)N

N∑
k=1

ξkI{ξk>ζ(α)}

= (πξ(ζ(α))−α)
1−α y∗ + 1

(1−α)N

∑
tk∈Ξα

ξk,

where (πξ(ζ(α))−α)
1−α y∗ = (πξ(ζ(α))−α)

1−α ζ(α) in the case of a), and (πξ(ζ(α))−α)
1−α y∗ = 0 in the case

of b). Consequently, min
y

h(y) coincides with the definition of the CDD.

Since expression
N∑

k=1
[ξk − y]+ is minimized, it can equivalently be presented by the sum

of nonnegative auxiliary variables zk ≥ 0, k = 1, N , with imposing additional constraints

zk ≥ ξk − y, k = 1, N .

Corollary 2. CV@Rα(ξ) is an optimal value for the objective function of the following

knapsack problem

CV@Rα(ξ) = max
q

N∑
k=1

ξk qk

s. t.
N∑

k=1
qk = 1, 0 ≤ qk ≤ 1

(1−α)N , k = 1, N.
(3.32)

The value of CV@Rα(ξ) can be found in O(n log2 n) time.
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Proof. It is enough to observe that knapsack problem (3.32) is dual to linear programming

problem (3.27). Based on duality theory, optimal values of the objective functions in (3.27)

and (3.32) should coincide.

Problem (3.32) can be solved by the standard greedy algorithm in O(n log2 n) time. The

algorithm sorts items according to their “costs”
{
ξk | k = 1, N

}
. Let bac denote the integer

part of real number a. Obviously, q-variables, corresponding to the largest b(1− α)Nc
“costs,” have optimal values equal to 1

(1−α)N , and the q-variable, corresponding to the

(b(1− α)Nc+1)th “cost” in the sorted order, has optimal value equal to 1− b(1−α)Nc
(1−α)N . The

rest of q-variables equal 0. In this case, the complexity of the algorithm is mainly determined

by a sorting procedure, which, in this case, requires at least O(n log2 n) operations.

Formulation (3.32) is closely related to the presentation of CV@R based on the concept

of a risk envelope, which is a closed, convex set of probabilities containing 1. Risk envelope

theory was developed by Rockafellar et al. [11, 23].

Suppose, a sample path of instrument’s rates of return (r1, . . . , rN ), corresponding to

time moments {t1, . . . , tN}, is given. In this case, uncompounded cumulative instrument’s

rate of return at tk is wk =
k∑

l=1
rl, and the CDD is presented in the form of ∆α(w).

Proposition 6. Given a sample path of instrument’s rates of return (r1, . . . , rN ), the

CDD functional, ∆α(w), is computed by the following optimization procedure

∆α(w) = min
u, y, z

y + 1
(1−α)N

N∑
k=1

zk

s. t. zk ≥ uk − y,

uk ≥ uk−1 − rk, u0 = 0,

zk ≥ 0, uk ≥ 0, k = 1, N,

(3.33)

which leads to a single optimal value of y equal to ζ(α) if πξ(ζ(α)) > α, and to a closed

interval of optimal y with the left endpoint of ζ(α) if πξ(ζ(α)) = α.

Proof. By virtue of relation ∆α(w) = CV@Rα(AD(w)) = CV@Rα(ξ), optimization prob-

lem (3.33) is a direct consequence of (3.27). Using recursive formula ξk = [ξk−1 − rk]+,

constraint zk ≥ ξk − y in (3.27) is reduced to zk ≥ uk − y, where nonnegative auxiliary

variables uk satisfy additional constraints uk ≥ ξk−1 − rk, k = 1, N , with u0 = 0.
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Corollary 3. Given a sample path of instrument’s rates of return (r1, . . . , rN ), the CDD

functional, ∆α(w), is computed by the following optimization procedure

∆α(w) = max
q, η

−
N∑

k=1
rk ηk

s. t.
N∑

k=1
qk = 1, ηk − ηk+1 ≤ qk ≤ 1

(1−α)N ,

qk ≥ 0, ηk ≥ 0, ηN+1 = 0, k = 1, N.

(3.34)

Proof. Problem (3.34) is dual to linear programming program (3.32).

Theorem 2 and all its corollaries can be easily generalized to the case of mixed CDD.

Proposition 7. Given a sample path of instrument’s rates of return
{
rk | k = 1, N

}
and

discrete risk profile χi = dχ(αi), i = 1, L, the mixed CDD, ∆+
χ (w), is computed by

∆+
χ (w) = min

u, y, z

L∑
i=1

χi

(
yi + 1

(1−α)N

N∑
k=1

zik

)

s. t. zik ≥ uk − yi,

uk ≥ uk−1 − rk, u0 = 0,

zik ≥ 0, uk ≥ 0, i = 1, L, k = 1, N.

(3.35)

Proof. Formulation (3.35) is a direct consequence of mixed CDD definition (3.25) and

optimization problem (3.33). Notice that auxiliary variables uk do not have index i, since

they determine the drawdown sequence same for all αi.

3.5 Multi-scenario Conditional Value-at-Risk and Drawdown Measure

This section presents concept of the “Multi-scenario” CV@R and drawdown measure,

which, in fact, are the CV@R and CDD defined in the case of several sample paths for

uncompounded cumulative portfolio rate of return. We generalize results obtained for the

CDD under assumption of a single sample path to the case of several sample paths.

Let Ω denote a discrete set of random events, i.e. Ω = {ωj | j = 1,K}, and let

pj be the probability of event ωj (∀j : pj ≥ 0, and
K∑

j=1
pj = 1). Suppose rj(tk) =

(r1j(tk), r2j(tk), . . . , rmj(tk)), k = 1, N , is the jth sample path for the random vector of

risky assets’ rates of return, corresponding to random event ωj ∈ Ω and time interval [0, T ]

presented by the discrete set of time moments {t0 = 0, t1, t2, . . . , tN = T}. Consequently,

the jth sample path for the rate of return and uncompounded cumulative rate of return
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of a portfolio with capital weights x(tk) = (x0(tk), x1(tk), x2(tk), . . . , xm(tk)) are defined,

respectively,

r
(p)
jk (x(tk)) = rj(tk) · x(tk) =

m∑

i=1

rij(tk) xi(tk), (3.36)

wjk(x(tk)) =





0, k = 0,
k∑

l=1
r
(p)
jl (x(tl)), k = 1, N.

(3.37)

To simplify notations, we use wjk instead of wjk(x(tk)) implying that wjk is always a

function of x(tk). In a multi-scenario case, w denotes matrix {wjk}, j = 1,K, k = 0, N .

3.5.1 Multi-scenario Conditional Value-at-Risk

Definition 6. In a multi-scenario case, the AD(w) is a matrix-functional defined on Ω ×
[0, T ]

AD(w) = ξ = {ξjk}, ξjk = max
0≤l≤k

{wjl} − wjk, j = 1,K, k = 1, N. (3.38)

All AD properties stated in Proposition 1 hold in a multi-scenario case. Indeed, based

on (3.38), properties 1 – 4 in Proposition 1 can be verified directly. Matrix AD(w) is

interpreted to be drawdown surface ξjk, (ωj , tk) ∈ Ω× [0, T ].

Definition 7. Similar to definitions of MaxDD and AvDD in single scenario case, MaxDD

and AvDD are defined on Ω× [0, T ], respectively,

MaxDD(w) = max
1≤j≤K, 1≤k≤N

{ξjk} , (3.39)

AvDD(w) =
1
N

N∑

k=1

K∑

j=1

pj ξjk. (3.40)

Definition 8. Indicator function for drawdown surface,its inverse function and threshold

plane, ζ(α), are defined, respectively,

πξ(s) =
1
N

N∑

k=1

K∑

j=1

pj I{ξjk≤s}, (3.41)

π−1
ξ (α) =





inf { s | πξ(s) ≥ α} , α ∈ (0, 1],

0, α = 0,
(3.42)

ζ(α) = π−1
ξ (α). (3.43)
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Figure 3–5 illustrates drawdown surface ξjk and threshold plane ζ(α).
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Figure 3–5: Drawdown surface and threshold plane

Definition 9. Multi-scenario CV@R may be defined similar to a single period CV@R,

namely,

CV@R(ξ) =
(

πξ (ζ(α))− α

1− α

)
ζ(α) +

1
(1− α)N

∑

ξjk∈ Ξα

pj ξjk, (3.44)

where Ξα =
{

ξjk | ξjk > ζ(α), k = 1, N
}
.

Proposition 8. Multi-scenario CV@R, given by (3.44), can be presented in the alternative

form

CV@R(ξ) =
1

1− α

1∫

α

π−1
ξ (q) dq, (3.45)

where π−1
ξ (q) is the inverse function given by (3.42).

Proof. Similar to the proof of Theorem 1.

Remark 5. Let X be an arbitrary random variable. Suppose we are given K sample paths

X(tk, ωj), k = 1, N , corresponding to random events ωj ∈ Ω with probabilities pj such that
K∑

j=1
pj = 1. Defining an indicator function for X to be πX(s) = 1

N

N∑
k=1

K∑
j=1

pjI{X(tk,ωj)≤s}

(where the inverse function π−1
X is defined similar to (3.42)), multi-scenario CV@R may be

determined similar to a single period CV@R, namely, CV@Rα(X) = 1
1−α

1∫
α

π−1
X (q) dq.
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3.5.2 Drawdown Measure

In a multi-scenario case, CDD with tolerance level α is interpreted as

• The average of the worst (1−α)∗100% drawdowns on drawdown surface, if the worst
(1− α) ∗ 100% drawdowns can be counted precisely

• The linear combination of ζ(α) and the average of the drawdowns strictly exceeding
threshold plane ζ(α), if we are unable to precisely count of (1−α) ∗ 100% drawdowns

A strict mathematical definition of the drawdown measure is given below.

Definition 10. In a multi-scenario case, the CDD, with tolerance level α ∈ [0, 1], is the

multi-scenario CV@Rα applied to drawdown surface, AD(w),

∆α(w) = CV@Rα(AD(w)), (3.46)

and drawdown measure is the mixed CDD with risk profile χ(α)

∆+
χ (w) =

1∫

0

∆α(w) dχ(α), (3.47)

where ∆α(w) is given by (3.46).

Proposition 9. Defining matrix operations: w+ const = {wjk + const} and λw = {λwjk},
drawdown measure ∆+

χ (w) satisfies the following properties

1. Nonnegativity: ∆+
χ (w) ≥ 0, ∀α ∈ [0, 1].

2. Insensitivity to constant shift: ∆+
χ (w + const) = ∆+

χ (w), ∀α ∈ [0, 1].

3. Positive homogeneity: ∆+
χ (λw) = λ∆+

χ (w), ∀λ ≥ 0 and ∀α ∈ [0, 1].

4. Convexity: if wλ = λ w1 + (1− λ) w2 is a linear combination of any w1 and w2 with

λ ∈ [0, 1], then ∆+
χ (wλ) ≤ λ∆+

χ (w1) + (1− λ)∆+
χ (w2).

Proof. Properties 1–4 are direct generalization of CDD properties stated in Proposition 4.
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Proposition 10. In the case of discrete risk profile, drawdown measure is computed by

∆+
χ (w) = min

u, y, z

L∑
i=1

χi

(
yi + 1

(1−αi)N

N∑
k=1

K∑
j=1

pj zijk

)

s. t. zijk ≥ ujk − yi,

ujk ≥ uj(k−1) − r
(p)
jk ,

ujk ≥ 0, uj0 = 0, zijk ≥ 0,

i = 1, L, j = 1, K, k = 1, N.

(3.48)

Proof. Introducing intermediate optimization problems

L∑

i=1

χi CV@Rαi(ξ) = min
yi

L∑

i=1

χi


yi +

1
(1− αi)N

N∑

k=1

K∑

j=1

pj [ξjk − yi]
+


 ,

L∑
i=1

χi CV@Rαi(ξ) = min
yi, zijk

L∑
i=1

χi

(
yi + 1

(1−αi)N

N∑
k=1

K∑
j=1

pj zijk

)

s. t. zijk ≥ ξjk − yi, zijk ≥ 0,

i = 1, L, j = 1,K, k = 1, N,

the proof is conducted similar to the proof of Theorem 2.

3.6 Portfolio Optimization with Drawdown Measure

This section formulates a portfolio optimization problem with drawdown risk measure

and suggests efficient optimization techniques for its solving. Optimal asset allocation

considers

• Generation of sample paths for the assets’ rates of return.

• Uncompounded cumulative portfolio rate of return rather than compounded one.

In this case, optimal asset allocation maximizes the expected value of uncompounded

cumulative portfolio rate of return at the final time moment tN = T subject to a constraint

on drawdown measure

max
x∈X

Eω (w(T, ω, x)) =
K∑

j=1
pj wjN (x)

s. t. ∆+
χ (w(x)) ≤ γ,

(3.49)

where X is the set of linear “technological” constraints and γ ∈ [0, 1] is a proportion of the

initial capital allowed to loose.
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In contrast to Grossman and Zhou [27] and Cvitanic and Karatzas [28], who considered

vector of portfolio weights to be a function of time within [0, T ], we assume portfolio weights

x(tk) to be static for all tk, k = 0, N . This special strategy can be achieved by portfolio

rebalancing at every tk, k = 0, N . Justification of this assumption depends on a particular

case study. Based on the assumption made, uncompounded cumulative portfolio rate of

return w is rewritten

wjk(x) =
k∑

l=1

r
(p)
jl (x) =

m∑

i=1

k∑

l=1

rij(tl) xi. (3.50)

3.6.1 Reduction to Linear Programming Problem

Theorem 3. Problem (3.49) is reduced to linear programming (LP) problem

max
u, x∈X, y, z

K∑
j=1

pj wjN (x)

s. t.
L∑

i=1
χi

(
yi + 1

(1−αi)N

N∑
k=1

K∑
j=1

pj zijk

)
≤ γ,

zijk ≥ ujk − yi,

ujk ≥ uj(k−1) − r
(p)
jk (x),

ujk ≥ 0, uj0 = 0, zijk ≥ 0,

i = 1, L, j = 1, K, k = 1, N,

(3.51)

where ujk, yi and zijk are auxiliary variables.

Proof. Consider piece-wise function H(x, y)

H(x, y) =
L∑

i=1

χi


yi +

1
(1− αi)N

N∑

k=1

K∑

j=1

pj [ξjk(x)− yi]
+


 . (3.52)

According to Proposition 10, drawdown measure may be presented by

∆+
χ (w(x)) =

L∑

i=1

χi CV@Rαi(ξ(x)) = min
y

H(x, y). (3.53)

Consequently, problem (3.49) is reduced to

max
x∈X

K∑
j=1

pj wjN (x)

s. t. min
y

H(x, y) ≤ γ,

(3.54)
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The key point of the proof is to show that minimum in the constraint of (3.54) may be

relaxed, i.e to show that problem (3.54) is equivalent to

max
x∈X, y

K∑
j=1

pj wjN (x)

s. t. H(x, y) ≤ γ,

(3.55)

The proof of this fact is conducted by relaxing constraint min
y

H(x, y) ≤ Cγ in (3.54),

namely, problem (3.54) is equivalently rewritten

min
λ≥0

max
x∈X




K∑

j=1

pj wjN (x) + λ

(
γ −min

y
H(x, y)

)
 ,

min
λ≥0

max
x∈X, y




K∑

j=1

pj wjN (x) + λ (γ −H(x, y))


 . (3.56)

However, problem (3.56) is the Lagrange relaxation of (3.55). Hence, (3.55) is equivalent

to (3.54). According to Theorem 4 and Proposition 10, LP (3.51) is a direct consequence

of (3.55).

Corollary 4. In the cases of MaxDD(w) and AvDD(w), corresponding to the mixed CDD

with risk profiles of χ(α) = I{α>0} and χ(α) = I{α≥1}, LP (3.51) is simplified, respectively,

max
u, x∈X

K∑
j=1

pj wjN (x)

s. t. ujk ≥ uj(k−1) − r
(p)
jk (x),

γ ≥ ujk ≥ 0, uj0 = 0,

j = 1,K, k = 1, N,

(3.57)

max
u, x∈X

K∑
j=1

pj wjN (x)

s. t. 1
N

N∑
k=1

K∑
j=1

pjujk ≤ γ,

ujk ≥ uj(k−1) − r
(p)
jk (x),

ujk ≥ 0, uj0 = 0,

j = 1,K, k = 1, N.

(3.58)
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3.6.2 Efficient Frontier

Efficient frontier is a central concept in Risk Management methodology. Suppose for

every value of γ and risk profile χ , x∗χ(γ) is an optimal solution to (3.51). In this case,

efficient frontier is a curve expressing dependence of optimal portfolio expected reward
K∑

j=1
pj wjN (x∗χ(γ)) on portfolio risk γ.

Proposition 11. Efficient frontier

(
γ,

K∑
j=1

pj wjN (x∗χ(γ))

)
is a concave curve.

Proof. Denoting g(x) =
K∑

j=1
pj wjN (x), we show that for any γ1,2 ∈ [0, 1] and τ ∈ [0, 1]

g(x∗χ(τ γ1 + (1− τ)γ2)) ≥ τ g(x∗χ(γ1)) + (1− τ) g(x∗χ(γ2)).

According to the proof of Theorem 3, we have

g(x∗χ(γ)) = max
x∈X, y

g(x)

s. t. H(x, y) ≤ γ,

and using notation Gλ(x, y) = g(x)− λH(x, y), we obtain

g(x∗χ(γ)) = min
λ≥0

max
x∈X, y

(Gλ(x, y) + λγ) = min
λ≥0

(Gλ(x(λ), y(λ)) + λγ) .

Since expression Gλ(x(λ), y(λ))+λγ is linear with respect to γ, min
λ≥0

(Gλ(x(λ), y(λ)) + λγ)

is a concave function of γ. Indeed,

min
λ≥0

(Gλ(x(λ), y(λ)) + λ(τ γ1 + (1− τ)γ2))

= min
λ≥0

(τ (Gλ(x(λ), y(λ)) + λγ1) + (1− τ) (Gλ(x(λ), y(λ)) + λγ2))

≥ τ min
λ≥0

(Gλ(x(λ), y(λ)) + λγ1) + (1− τ) min
λ≥0

(Gλ(x(λ), y(λ)) + λγ2) .

This fact proves the proposition.

Risk-adjusted return is an important characteristic for choosing an optimal portfolio

on an efficient frontier that evaluates the ratio of the portfolio reward to the portfolio risk

ρχ(γ) = γ−1
K∑

j=1

pj wjN (x∗χ(γ)). (3.59)

A fund manager is interested in such a value of γ ∈ [0, 1], for which the risk-adjusted

return ρχ(γ) is maximal. It is interpreted to be the best balance between the risk accepted
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and the rate of return achieved. According to Proposition 11,
K∑

j=1
pj wjN (x∗χ(γ)) is concave,

hence, ratio ρχ(γ) has a finite global maximum. Although ρχ(γ) is a nonlinear function

with respect to γ, a problem for finding ρχ(γ) maximum and corresponding optimal γ is

reduced to an LP.

Proposition 12. The optimization problem max
γ∈[0,1]

ρχ(γ) is reduced to LP

max
ũ, v, x̃∈X̃, ỹ, z̃

K∑
j=1

pj wiN (x̃)

s. t.
L∑

i=1
χi

(
ỹi + 1

(1−αi)N

N∑
k=1

K∑
j=1

pj z̃ijk

)
≤ 1,

z̃ijk ≥ ũjk − ỹi,

ũjk ≥ ũj(k−1) − r
(p)
jk (x̃),

ũjk ≥ 0, ũj0 = 0, z̃ijk ≥ 0,

i = 1, L, j = 1, K, k = 1, N.

(3.60)

If x̃∗ is an optimal solution to (3.60) then ρχ(γ∗) = max
γ∈[0,1]

ρχ(γ) =
K∑

j=1
pj wjN (x̃∗), with

optimal value γ∗ = 1
/

m∑
l=0

x̃∗l and corresponding optimal portfolio x∗l = x̃∗l γ∗, l = 0, m.

Proof. Since max
γ∈[0,1]

ρχ(γ) = max
γ∈[0,1]

γ−1
K∑

j=1
pj wjN (x∗χ(γ)) = max

γ∈[0,1]
max
x∈Xχ

γ−1
K∑

j=1
pj wjN (x),

where Xχ is the set of constraints in problem (3.51), the problem of

max
γ∈[0,1]

max
x∈Xχ

γ−1
K∑

j=1
pj wjN (x) is reduced to LP (3.60) by changing variables x̃l = xl/γ,

ỹi = yi/γ, ũkj = ukj/γ, z̃ijk = zijk/γ, l = 0,m, i = 1, L, j = 1,K, k = 1, N . Set X̃ may

include additional variable v = 1/γ. For instance, a box constraint xmin ≤ xl ≤ xmax from

the set X is transformed to xmin v ≤ x̃l ≤ xmax v, which is an element of X̃.

3.7 Drawdown Measure in Real-life Portfolio Optimization

3.7.1 Static Asset Allocation

This section formulates and solves a real-life portfolio optimization problem with a

static set of weights using drawdown measure. A problem of dynamic weight allocation

when asset (or a set of assets) is log-Brownian under a constraint on the worst equity

drawdown was considered in several papers. First, a 1-dimensional case was solved by

Grossman and Zhou [27] as a mathematical programming problem. Then, the problem was

generalized to a multi-dimensional case by Cvitanic and Karatzas [28].
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In contrast to Grossman and Zhou [27] and Cvitanic and Karatzas [28], we are inter-

ested in a constant set of weights that optimizes a certain portfolio of assets, which are not

assumed to have a log-brownian dynamics. This problem is stimulated by several important

practical financial applications, particularly related to the so-called hedge-fund business.

A Commodity Trading Advisor (CTA) company is a hedge fund that normally trades

several (sometimes, more than a 100) futures markets simultaneously using some mathe-

matical strategies that it believes have certain edge. Such a company manages substantial

assets as a part of all hedge funds, by some estimates, close to $100 BN. Most of the CTA

community trades the, so-called, long-term trend-following systems, but there are now mul-

tiple examples of short-term mean-reverting trading systems as well. These systems may

be viewed as some functions of the individual futures market price realized prior to the

present time. These strategies normally have a substantial smoothing-out effect on the

futures prices and have close to stationary properties. Every CTA, then, has to allocate a

certain portion of overall risk (or overall capital that it manages) to each and every “mar-

ket”. Due to a substantial level of stationarity of the strategies, each CTA calculates the

weights according to a certain internal proprietary weight allocation procedure. Normally,

this set remains fixed and does not change unless a certain market gets added or removed

from the set, which normally happens when a new system is introduced, when a certain

market disappears (like Deutsche Mark or French Franc in 1999), or a new market is being

added. A standard practice in the CTA community is to use some version of the classical

Markowitz mean-variance approach.

Another important example of static asset allocation comes form the so-called, Fund of

Fund (FoF) business. In the recent several years this sector of hedge funds has experienced

a substantial growth. A typical FoF manager gives allocations of its clients’ capital to a set

of pre-selected managers, normally between 5 and 25. It does so fairly infrequently, because

of liquidity constraints imposed by managers themselves, but this is not the only reason.

FoF views equity return streams as fairly stationary time series with some attractive return,

risk, and correlation properties, which need some time to present themselves. Unless some

unexpected event happens, the allocations are given for a substantial period of time, on

average of 2 years or more. A group of analysts in a typical FoF is responsible for finding
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a constant set of weights, which makes a total portfolio of the FoF to be attractive to its

clients.

Both of these typical cases are faced with a problem of finding a constant set of weights,

which optimize their portfolios in a certain sense. The practical goal of this chapter is to

facilitate this process with a clear and statistically sound algorithm, which utilizes a newly

designed set of risk-measures based on a notion of an equity drawdown.

Despite their known potential drawbacks, it is a well-accepted and, moreover, recom-

mended practice [36], is to study historical back-tested strategy results of a hedge fund and,

based on these results, obtain an estimate of the inherent risk using some risk measures.

The only popular quantitative risk measure is VaR [36]. Various insufficiencies of the VaR

measure are also widely known. We believe that the results developed in our study would

facilitate understanding of how this can be achieved.

3.7.2 Historical Data and Scenario Generation

Even though scientists and engineers used certain simple versions of re-sampling pro-

cedures since 1930s, it was namely B. Efron [37] who unified the disconnected ideas; and

re-sampling emerged as a robust method of estimating confidence intervals of some measur-

able functions over a statistical sample of data. Method is particularly useful for the time

series where obtaining other realizations of the data may be difficult or even impossible.

Bootstrap is a form of re-sampling the original data set bootstrap, which “re-samples

with replacement.” Sometimes, the simplest version of it is called “nonparametric boot-

strap.” The method originally was applied to some sociological and biological applications,

staying in the shade for statistical, engineering and financial applications up until the 1990s.

Due to their intrinsic “one realization only”-nature, the financial time series could be one

of the best applications for re-sampling methods.

Within financial applications, a strong particular interest in obtaining estimates of

certain measurable quantities (such as rate of return, or standard deviation), comes from

the development of trading systems. It is well known, that a problem of actual using over-

fitted trading systems can possibly lead to substantial financial losses. Therefore, it is hard

to underestimate the importance of a problem of discovering how over-fitted a particular

trading system is. Among a few examples, one can mention a single asset trading system,
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for example, a system which trades a back-adjusted continuous 10-year U.S. Government

Note futures contract, or, a more general portfolio optimization problem such as allocation

of weights between several assets in a portfolio subject to certain constraints.

Our study considers a particular example of optimal portfolio-allocation problem. This

example could be very relevant for global CTA managers, who apply certain trading sys-

tems (very frequently, long-term trend-following systems) across a wide set of global futures

markets attempting to take advantage of price movements occurring in these markets. Nor-

mally, after they are content with their trading system, they have to make a decision of

allocating their portfolio risk between various markets.

In this example, we are given a set of sample paths of certain futures trading systems

(in this particular case, some long-term trend-following system) as applied to a set of 32

different global futures markets. The system includes long, short or flat markets, and always

trades the same number of contracts with the average trade length from one to two months.

Here is a list of the markets with their corresponding exchanges that were traded by

the system. Ticker symbols of FutureSource are used for their abbreviation. In alphabetical

order of ticker symbol:

1. AAO - The Australian All Ordinaries Index (OTC);

2. AD - Australian Dollar Currency Futures (CME);

3. AXB - Australian 10-Year Bond Futures (SFE);

4. BD - U.S. Long (30-Year) Treasury Bond Futures (CBT);

5. BP - British Pound Sterling Currency Futures (CME);

6. CD - Canadian Dollar Currency Futures (CME);

7. CP - Copper Futures (COMEX);

8. DGB - German 10-Year Bond (Bund) Futures (LIFFE);

9. DX - U.S. Dollar Index Currency Futures (FNX);

10. ED - 90-Day Euro Dollar Futures (CME);

11. EU - Euro Currency Futures (CME);

12. FV - U.S. 5-Year Treasury Note Futures (CBT);

13. FXADJY - Australian Dollar vs. Japanese Yen Cross Currency Forward (OTC);

14. FXBPJY - British Pound Sterling vs. Japanese Yen Cross Currency Forward (OTC);
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15. FXEUBP - Euro vs. British Pound Sterling Cross Currency Forward (OTC);

16. FXEUJY - Euro vs. Japanese Yen Cross Currency Forward (OTC);

17. FXEUSF - Euro vs. Swiss Franc Cross Currency Forward (OTC);

18. FXNZUS - New Zealand Dollar Currency Forward (OTC);

19. FXUSSG - Singaporean Dollar Currency Forward (OTC);

20. FXUSSK - Swedish Krona Currency Forward (OTC);

21. GC - Gold 100 Oz. Futures (COMEX);

22. JY - Japanese Yen Currency Futures (CME);

23. LBT - Italian 10-Year Bond Forward (OTC);

24. LFT - FTSE-100 Index Futures (LIFFE);

25. LGL -Long Gilt (U.K. 10-Year Bond) Futures (LIFFE);

26. LML - Aluminum Futures (COMEX);

27. MNN - French National Bond Futures ();

28. SF - Swiss Franc Currency Futures (CME);

29. SI - Silver Futures (COMEX);

30. SJB - JGB (Japanese 10-Year Government Bond) Futures (TSE);

31. SNI - NIKKEI-225 Index Futures (SIMEX);

32. TY - 10-Year U.S. Government Bond Futures (CBT).

These markets include most major asset classes traded through futures: fixed-income

(short-term and long-term, both domestic and international), international equity indices,

currencies and cross-currencies, and metals. Given set of 32 time series with daily rates

of return covers a period of time between 6/12/1995 and 12/13/1999. Time is measured

in trading days only, with a convention of 5 workdays per week, with adding previous day

closing data for holidays with missing data.

A basic version of non-parametric bootstrap re-sampling generates “children” samples

from the original “father” sample in the following way: it fills out a “child” with father’s

daily rates of return in random order “with replacement”, i.e. when the same daily rate

of return can be pulled out twice or more. Well-known difficulty in obtaining a re-sampled

probability distribution function by such a procedure is that if the original “father” time
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series has certain auto-correlation structure, it will be totally lost in the “children”-re-

samples because of random mixing in re-sample generation. At the same time, namely

those auto-correlation properties of the time series, if present, should be responsible for

the trend-following systems having positive rate of return. To remedy the situation, we

will use a modification of a simple bootstrap re-sampling, which is called block-bootstrap

re-sampling. Here is a brief description of the procedure.

First, we need to empirically study the correlation properties of the time series involved.

For all data series, we have numerically calculated their auto-correlation coefficients C(n)

for the period of 200 days, where n = 200 is number of days in a period. The cut-off of

200 trading days was chosen in such a way that the measurements of correlation coefficient

would still have some statistical accuracy on a sample length of 1076 days used.

Next, we empirically found a threshold for the absolute value of the auto-correlation

coefficients equal to 2.5%, above which the values of coefficient larger than this threshold

are statistically significant. Then, reducing number of days n in the period from 200 to 0,

for all time series, we found the first value n∗ that violates condition C(n) ≤ 2.5%. In this

case, the value of n∗, which provides the statistically significant correlation lengths for all

considered time series, is 100 trading days.

Now, instead of randomly picking an individual daily return from the original data

series, we pick un-interchanged blocks of daily returns of length 100 trading days, starting

from a random starting point. To ensure consistency across all time series, and preserve the

cross-market correlation structure, we choose the same starting point for all 32 time series.

That is, we use the same random starting point for all markets, then draw another starting

point, and use it across all markets again, etc., until the necessary number of “children”

re-samples will be filled-in .

3.7.3 Numerical Results

This asset-allocation problem considers additional (“technological”) box constraints

on portfolio weights 0.2 ≤ xi ≤ 0.8, i = 1, 32. This choice was dictated by the need to

have the resultant margin-to-equity ratio in the account within admissible bounds, which

are specific for a particular portfolio. In futures trading setup, “technological” constraints

are analogous to the “fully-invested” condition from classical Sharpe-Markowitz theory [3],
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which make the efficient frontier strictly concave. In the absence of these constraints, the

efficient frontier would be a straight line passing through (0,0), due to the virtually infinite

leverage of these types of strategies. If all positions are equal to the lower bound 0.2, then

the sum of the positions is 0.2 × 32 = 6.4 and the minimal leverage is 6.4. However, if all

positions are equal to the upper bound 0.8, then the sum of the positions is 0.8× 32 = 25.6

and the maximal leverage becomes 25.6. The optimal allocation of weights picks both the

optimal leverage and proportions between instruments. Another subtle issue has to do

with the stability of the optimal portfolios if the constraints are “too lax”. It is a matter

of empirical evidence that the more lax the constraints are, the better portfolio equity

curve you can get through optimal mixing, and the less stable with respect to walk-forward

analysis these results would be. The above set of constraints was empirically found to be

both leading to sufficiently stable portfolios and providing enough mixing of the individual

equity curves.

We solved optimization problems (3.57), (3.58) and (3.51) with MaxDD, AvDD and

0.8-CDD (α = 0.8) measures, respectively, in the cases of 1-historical, 100 and 300 sample

paths generated for all 32 instruments. All optimization problems were solved using CPLEX

package. The graphs of efficient frontiers and tables with optimal portfolio configurations

for optimization problems with MaxDD, AvDD, and 0.8-CDD in all three cases: 1, 100

and 300 sample paths are presented by Figures 3–6, 3–8, 3–10 and Tables 3–1 — 3–9,

respectively. We, also, enclose the risk-adjusted returns (annualized rate of return divided

by the corresponding value of a risk measure) for each of these cases, see Figures 3–7, 3–9

and 3–11. The solutions achieving maximal risk-adjusted returns are boldfaced, see Tables

3–1 — 3–9.

3.8 Conclusions

We introduced drawdown measure, which, we believe, is useful for practical portfolio

management. This measure is similar to CVaR, includes the MaxDD and AvDD mea-

sures as its limiting cases and possesses all properties of a deviation measure. Moreover,

it may be considered as a generalization of deviation measure to a dynamic case. We de-

veloped the optimization techniques that efficiently solve an asset-allocation problem with

CDD, MaxDD and AvDD measures. We formulated and, for a real-life example, solved a
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Figure 3–6: Efficient frontiers: Average Drawdown

Optimal risk-adjusted returns, AvDD
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Figure 3–7: Optimal risk-adjusted returns: Average Drawdown
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Efficient Frontiers, 0.8-CDD
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Figure 3–8: Efficient frontiers: 0.8-Conditional Drawdown

Optimal risk-adjusted returns, 0.8-CDD
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Figure 3–9: Optimal risk-adjusted returns: 0.8-Conditional Drawdown
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Efficient Frontiers, MaxDD
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Figure 3–10: Efficient frontiers: Maximum Drawdown
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Figure 3–11: Optimal risk-adjusted returns: Maximum Drawdown
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Table 3–1: Average Drawdown optimization: 1 sample path

Rate of return, % 23.9 37.1 45.7 51.7 56.8 60.7 64.3 67.4 69.6 70.4
AvDD, % 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0 11.0 12.0
Risk-adj. return 7.98 9.27 9.13 8.62 8.12 7.59 7.15 6.74 6.33 5.86

AD 0.20 0.20 0.20 0.20 0.20 0.63 0.46 0.80 0.80 0.80
BD 0.20 0.20 0.39 0.20 0.20 0.20 0.80 0.80 0.80 0.80
BP 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.65
CD 0.20 0.64 0.74 0.80 0.80 0.80 0.80 0.80 0.80 0.80
CP 0.20 0.20 0.20 0.20 0.20 0.62 0.71 0.80 0.80 0.80
DX 0.20 0.20 0.20 0.80 0.80 0.80 0.80 0.80 0.80 0.80
ED 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20
EU 0.20 0.78 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXADJY 0.20 0.20 0.20 0.29 0.52 0.76 0.80 0.80 0.80 0.80
FXBPJY 0.20 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXEUBP 0.49 0.51 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXEUJY 0.79 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXEUSF 0.27 0.77 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXNZUS 0.20 0.47 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXUSSG 0.70 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXUSSK 0.79 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FY 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.80 0.80 0.80
GC 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.80 0.80
JY 0.20 0.41 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
LIFT 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20
LIGI 0.20 0.20 0.67 0.80 0.80 0.80 0.80 0.80 0.80 0.80
LIIB 0.20 0.20 0.20 0.22 0.73 0.80 0.80 0.80 0.80 0.80
LMAL 0.20 0.20 0.20 0.45 0.80 0.80 0.80 0.80 0.80 0.80
MANB 0.20 0.20 0.20 0.20 0.20 0.20 0.77 0.80 0.80 0.80
SF 0.20 0.20 0.20 0.20 0.20 0.39 0.73 0.80 0.80 0.80
SFAO 0.20 0.20 0.43 0.76 0.80 0.80 0.80 0.80 0.80 0.80
SFBD 0.22 0.53 0.44 0.80 0.80 0.80 0.80 0.80 0.80 0.80
SI 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.24 0.80
SIJB 0.20 0.20 0.20 0.32 0.46 0.47 0.50 0.77 0.80 0.80
SINI 0.20 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
TY 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.25 0.80 0.80
UXBU 0.20 0.54 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
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Table 3–2: Average Drawdown optimization: 100 sample paths

Rate of return, % 20.8 26.4 36.1 43.4 49.7 55.8 61.5 66.3 70.1 73.1
AvDD, % 3.5 4.0 5.0 6.0 7.0 8.0 9.0 10.0 11.0 12.0
Risk-adj. return 5.94 6.61 7.22 7.23 7.11 6.98 6.83 6.63 6.38 6.09

AD 0.20 0.20 0.20 0.22 0.30 0.36 0.77 0.80 0.80 0.80
BD 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.25 0.80 0.80
BP 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20
CD 0.44 0.38 0.77 0.80 0.80 0.80 0.80 0.80 0.80 0.80
CP 0.20 0.20 0.36 0.50 0.53 0.80 0.80 0.80 0.80 0.80
DX 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.48
ED 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20
EU 0.20 0.35 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXADJY 0.20 0.20 0.20 0.26 0.46 0.54 0.64 0.70 0.79 0.80
FXBPJY 0.20 0.29 0.69 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXEUBP 0.20 0.20 0.22 0.45 0.75 0.80 0.80 0.80 0.80 0.80
FXEUJY 0.48 0.45 0.20 0.20 0.21 0.51 0.80 0.80 0.80 0.80
FXEUSF 0.24 0.47 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXNZUS 0.20 0.20 0.20 0.20 0.44 0.74 0.80 0.80 0.80 0.80
FXUSSG 0.26 0.36 0.74 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXUSSK 0.56 0.73 0.72 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FY 0.20 0.20 0.20 0.20 0.20 0.20 0.38 0.80 0.80 0.80
GC 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.34 0.78 0.80
JY 0.20 0.20 0.20 0.20 0.36 0.62 0.80 0.80 0.80 0.80
LIFT 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20
LIGI 0.20 0.20 0.20 0.20 0.24 0.51 0.68 0.80 0.80 0.80
LIIB 0.20 0.20 0.20 0.20 0.28 0.44 0.72 0.80 0.80 0.80
LMAL 0.20 0.20 0.20 0.20 0.20 0.20 0.23 0.38 0.42 0.80
MANB 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.80 0.80 0.80
SF 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.64 0.80
SFAO 0.20 0.31 0.42 0.77 0.80 0.80 0.80 0.80 0.80 0.80
SFBD 0.20 0.20 0.20 0.45 0.58 0.80 0.80 0.80 0.80 0.80
SI 0.21 0.46 0.70 0.80 0.80 0.80 0.80 0.80 0.80 0.80
SIJB 0.20 0.20 0.20 0.24 0.37 0.32 0.46 0.64 0.80 0.80
SINI 0.20 0.20 0.20 0.51 0.77 0.80 0.80 0.80 0.80 0.80
TY 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.60
UXBU 0.21 0.58 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
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Table 3–3: Average Drawdown optimization: 300 sample paths

Rate of return, % 20.5 26.1 35.4 42.9 49.4 55.4 60.8 65.3 69.0 71.9
AvDD, % 3.5 4.0 5.0 6.0 7.0 8.0 9.0 10.0 11.0 12.0
Risk-adj. return 5.85 6.52 7.08 7.16 7.06 6.93 6.76 6.53 6.27 5.99

AD 0.20 0.20 0.20 0.29 0.26 0.51 0.80 0.80 0.80 0.80
BD 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.80 0.80
BP 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20
CD 0.24 0.32 0.72 0.80 0.80 0.80 0.80 0.80 0.80 0.80
CP 0.20 0.20 0.47 0.50 0.80 0.80 0.80 0.80 0.80 0.80
DX 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.23 0.20 0.63
ED 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20
EU 0.20 0.37 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXADJY 0.20 0.20 0.20 0.20 0.36 0.42 0.49 0.60 0.69 0.80
FXBPJY 0.20 0.20 0.66 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXEUBP 0.20 0.20 0.27 0.55 0.77 0.80 0.80 0.80 0.80 0.80
FXEUJY 0.62 0.73 0.29 0.33 0.37 0.69 0.80 0.80 0.80 0.80
FXEUSF 0.23 0.52 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXNZUS 0.20 0.20 0.20 0.20 0.46 0.62 0.80 0.80 0.80 0.80
FXUSSG 0.22 0.33 0.74 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXUSSK 0.59 0.69 0.65 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FY 0.20 0.20 0.20 0.20 0.20 0.20 0.24 0.80 0.80 0.80
GC 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.22 0.62 0.72
JY 0.20 0.20 0.20 0.20 0.45 0.70 0.80 0.80 0.80 0.80
LIFT 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20
LIGI 0.20 0.20 0.20 0.20 0.27 0.56 0.57 0.80 0.80 0.80
LIIB 0.20 0.20 0.20 0.20 0.20 0.45 0.72 0.80 0.80 0.80
LMAL 0.20 0.20 0.20 0.22 0.22 0.20 0.20 0.41 0.46 0.80
MANB 0.20 0.20 0.20 0.20 0.20 0.20 0.70 0.80 0.80 0.80
SF 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.35 0.80 0.80
SFAO 0.20 0.25 0.38 0.63 0.78 0.80 0.80 0.80 0.80 0.80
SFBD 0.20 0.20 0.20 0.40 0.63 0.80 0.80 0.80 0.80 0.80
SI 0.21 0.37 0.52 0.72 0.80 0.80 0.80 0.80 0.80 0.80
SIJB 0.20 0.20 0.20 0.27 0.32 0.38 0.50 0.69 0.80 0.80
SINI 0.20 0.20 0.22 0.67 0.80 0.80 0.80 0.80 0.80 0.80
TY 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.50
UXBU 0.29 0.69 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
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Table 3–4: 0.8-Conditional Drawdown optimization: 1 sample path

Rate of return, % 23.3 25.5 31.9 38.0 46.6 52.9 57.9 61.8 65.0 70.3
0.8-CDD, % 5.7 6.0 7.0 8.0 10.0 12.0 14.0 16.0 18.0 23.0
Risk-adj. return 4.09 4.24 4.56 4.75 4.66 4.41 4.14 3.86 3.61 3.06

AD 0.20 0.20 0.20 0.20 0.20 0.20 0.42 0.55 0.33 0.80
BD 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.44 0.80 0.80
BP 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.56
CD 0.20 0.20 0.20 0.20 0.27 0.80 0.80 0.80 0.80 0.80
CP 0.20 0.20 0.20 0.20 0.20 0.20 0.80 0.80 0.80 0.80
DX 0.20 0.20 0.20 0.20 0.20 0.72 0.80 0.80 0.80 0.80
ED 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20
EU 0.20 0.20 0.20 0.50 0.80 0.80 0.80 0.80 0.80 0.80
FXADJY 0.20 0.25 0.26 0.25 0.30 0.37 0.29 0.36 0.80 0.80
FXBPJY 0.77 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXEUBP 0.20 0.33 0.39 0.53 0.76 0.80 0.80 0.80 0.80 0.80
FXEUJY 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXEUSF 0.20 0.20 0.20 0.52 0.27 0.80 0.80 0.80 0.80 0.80
FXNZUS 0.20 0.25 0.40 0.68 0.80 0.80 0.80 0.80 0.80 0.80
FXUSSG 0.42 0.47 0.65 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXUSSK 0.20 0.20 0.33 0.43 0.80 0.80 0.80 0.80 0.80 0.80
FY 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.80
GC 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.80
JY 0.20 0.25 0.60 0.77 0.80 0.80 0.80 0.80 0.80 0.80
LIFT 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20
LIGI 0.20 0.20 0.20 0.20 0.20 0.20 0.80 0.80 0.80 0.80
LIIB 0.20 0.20 0.49 0.44 0.74 0.80 0.80 0.80 0.80 0.80
LMAL 0.20 0.20 0.20 0.20 0.20 0.20 0.26 0.59 0.48 0.80
MANB 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.80 0.80 0.80
SF 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.61 0.80
SFAO 0.20 0.20 0.20 0.20 0.61 0.80 0.80 0.80 0.80 0.80
SFBD 0.20 0.20 0.20 0.20 0.63 0.80 0.80 0.80 0.80 0.80
SI 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.80
SIJB 0.20 0.21 0.20 0.29 0.29 0.38 0.60 0.80 0.80 0.80
SINI 0.47 0.58 0.60 0.67 0.80 0.80 0.80 0.80 0.80 0.80
TY 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.80
UXBU 0.20 0.23 0.52 0.80 0.80 0.80 0.80 0.80 0.80 0.80
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Table 3–5: 0.8-Conditional Drawdown optimization: 100 sample paths

Rate of return, % 19.4 24.7 30.1 39.3 46.7 53.6 60.1 65.7 70.0 74.5
0.8-CDD, % 6.2 7.0 8.0 10.0 12.0 14.0 16.0 18.0 20.0 23.0
Risk-adj. return 3.12 3.53 3.76 3.93 3.89 3.83 3.76 3.65 3.50 3.24

AD 0.20 0.20 0.20 0.20 0.21 0.29 0.62 0.80 0.80 0.80
BD 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.74 0.80
BP 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.55
CD 0.20 0.20 0.20 0.33 0.47 0.58 0.75 0.80 0.80 0.80
CP 0.20 0.20 0.20 0.41 0.46 0.62 0.80 0.80 0.80 0.80
DX 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.28 0.80
ED 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20
EU 0.20 0.24 0.50 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXADJY 0.20 0.20 0.20 0.20 0.23 0.36 0.45 0.60 0.79 0.80
FXBPJY 0.20 0.40 0.51 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXEUBP 0.20 0.20 0.20 0.43 0.62 0.79 0.80 0.80 0.80 0.80
FXEUJY 0.39 0.54 0.49 0.47 0.77 0.80 0.80 0.80 0.80 0.80
FXEUSF 0.20 0.43 0.67 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXNZUS 0.20 0.20 0.20 0.20 0.40 0.75 0.80 0.80 0.80 0.80
FXUSSG 0.20 0.39 0.52 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXUSSK 0.51 0.74 0.73 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FY 0.20 0.20 0.20 0.20 0.20 0.20 0.24 0.67 0.80 0.80
GC 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.24 0.80
JY 0.20 0.20 0.20 0.20 0.25 0.41 0.70 0.80 0.80 0.80
LIFT 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20
LIGI 0.20 0.20 0.20 0.20 0.20 0.35 0.72 0.80 0.80 0.80
LIIB 0.20 0.20 0.20 0.23 0.43 0.57 0.75 0.80 0.80 0.80
LMAL 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.37 0.80
MANB 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.77 0.80 0.80
SF 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.24 0.80 0.80
SFAO 0.20 0.20 0.32 0.53 0.78 0.80 0.80 0.80 0.80 0.80
SFBD 0.20 0.20 0.20 0.20 0.26 0.39 0.49 0.74 0.80 0.80
SI 0.20 0.20 0.26 0.55 0.72 0.80 0.80 0.80 0.80 0.80
SIJB 0.20 0.20 0.20 0.40 0.48 0.58 0.69 0.80 0.80 0.80
SINI 0.20 0.20 0.20 0.24 0.58 0.80 0.80 0.80 0.80 0.80
TY 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.80
UXBU 0.20 0.47 0.78 0.80 0.80 0.80 0.80 0.80 0.80 0.80
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Table 3–6: 0.8-Conditional Drawdown optimization: 300 sample paths

Rate of return, % 19.5 29.8 38.9 46.3 53.3 59.6 65.1 69.3 72.4 73.5
0.8-CDD, % 6.2 8.0 10.0 12.0 14.0 16.0 18.0 20.0 22.0 23.0
Risk-adj. return 3.14 3.73 3.89 3.86 3.80 3.73 3.62 3.46 3.29 3.19

AD 0.20 0.20 0.20 0.37 0.36 0.72 0.80 0.80 0.80 0.80
BD 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.72 0.80 0.80
BP 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.66
CD 0.20 0.20 0.33 0.37 0.47 0.71 0.80 0.80 0.80 0.80
CP 0.20 0.25 0.48 0.56 0.80 0.80 0.80 0.80 0.80 0.80
DX 0.20 0.20 0.20 0.20 0.20 0.20 0.38 0.62 0.80 0.80
ED 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20
EU 0.20 0.57 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXADJY 0.20 0.20 0.20 0.27 0.40 0.49 0.57 0.72 0.80 0.80
FXBPJY 0.20 0.50 0.77 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXEUBP 0.20 0.20 0.47 0.64 0.80 0.80 0.80 0.80 0.80 0.80
FXEUJY 0.58 0.66 0.64 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXEUSF 0.20 0.72 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXNZUS 0.20 0.20 0.20 0.32 0.63 0.80 0.80 0.80 0.80 0.80
FXUSSG 0.21 0.49 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXUSSK 0.57 0.68 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FY 0.20 0.20 0.20 0.20 0.20 0.20 0.44 0.80 0.80 0.80
GC 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.62 0.80
JY 0.20 0.20 0.20 0.40 0.59 0.80 0.80 0.80 0.80 0.80
LIFT 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20
LIGI 0.20 0.20 0.20 0.20 0.39 0.72 0.80 0.80 0.80 0.80
LIIB 0.20 0.20 0.20 0.33 0.49 0.70 0.80 0.80 0.80 0.80
LMAL 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.39 0.80 0.80
MANB 0.20 0.20 0.20 0.20 0.20 0.20 0.80 0.80 0.80 0.80
SF 0.20 0.20 0.20 0.20 0.20 0.20 0.35 0.80 0.80 0.80
SFAO 0.20 0.27 0.50 0.70 0.80 0.80 0.80 0.80 0.80 0.80
SFBD 0.20 0.20 0.20 0.42 0.51 0.68 0.80 0.80 0.80 0.80
SI 0.20 0.20 0.36 0.47 0.73 0.80 0.80 0.80 0.80 0.80
SIJB 0.20 0.20 0.41 0.49 0.56 0.68 0.80 0.80 0.80 0.80
SINI 0.20 0.20 0.33 0.71 0.80 0.80 0.80 0.80 0.80 0.80
TY 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.62 0.80
UXBU 0.20 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
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Table 3–7: Maximum Drawdown optimization: 1 sample path

Rate of return, % 24.3 39.7 47.6 54.6 58.8 62.6 65.5 67.6 69.3 70.4
MaxDD, % 7.5 10.0 12.0 15.0 18.0 21.0 24.0 27.0 30.0 33.0
Risk-adj. return 3.24 3.97 3.97 3.64 3.27 2.98 2.73 2.50 2.31 2.13

AD 0.20 0.20 0.20 0.20 0.20 0.20 0.49 0.80 0.80 0.80
BD 0.20 0.20 0.20 0.20 0.20 0.20 0.80 0.80 0.80 0.80
BP 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.73
CD 0.20 0.20 0.20 0.20 0.80 0.80 0.80 0.80 0.80 0.80
CP 0.20 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
DX 0.33 0.20 0.55 0.80 0.80 0.80 0.80 0.80 0.80 0.80
ED 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20
EU 0.20 0.20 0.48 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXADJY 0.20 0.57 0.54 0.49 0.79 0.80 0.80 0.80 0.80 0.80
FXBPJY 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXEUBP 0.20 0.79 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXEUJY 0.63 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXEUSF 0.31 0.66 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXNZUS 0.20 0.70 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXUSSG 0.20 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXUSSK 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FY 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.80 0.80
GC 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.72 0.80
JY 0.20 0.41 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
LIFT 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20
LIGI 0.20 0.20 0.20 0.20 0.20 0.80 0.80 0.80 0.80 0.80
LIIB 0.20 0.20 0.20 0.80 0.80 0.80 0.80 0.80 0.80 0.80
LMAL 0.20 0.20 0.20 0.23 0.20 0.20 0.20 0.20 0.20 0.80
MANB 0.20 0.20 0.20 0.20 0.20 0.33 0.80 0.80 0.80 0.80
SF 0.20 0.20 0.20 0.20 0.32 0.80 0.80 0.80 0.80 0.80
SFAO 0.48 0.66 0.77 0.80 0.80 0.80 0.80 0.80 0.80 0.80
SFBD 0.20 0.20 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
SI 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.80 0.80
SIJB 0.20 0.20 0.20 0.55 0.80 0.80 0.80 0.80 0.80 0.80
SINI 0.20 0.37 0.72 0.80 0.80 0.80 0.80 0.80 0.80 0.80
TY 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.73 0.80 0.80
UXBU 0.20 0.47 0.68 0.80 0.80 0.80 0.80 0.80 0.80 0.80
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Table 3–8: Maximum Drawdown optimization: 100 sample paths

Rate of return, % 21.3 32.2 41.7 49.2 55.5 60.8 65.6 69.5 72.6 74.0
MaxDD, % 9.6 12.0 15.0 18.0 21.0 24.0 27.0 30.0 33.0 36.0
Risk-adj. return 2.21 2.68 2.78 2.74 2.64 2.53 2.43 2.32 2.20 2.06

AD 0.20 0.20 0.46 0.43 0.25 0.20 0.70 0.80 0.80 0.80
BD 0.20 0.20 0.20 0.20 0.20 0.38 0.80 0.80 0.80 0.80
BP 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.35 0.80
CD 0.20 0.20 0.20 0.20 0.45 0.49 0.73 0.74 0.80 0.80
CP 0.12 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
DX 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.80 0.80 0.80
ED 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20
EU 0.20 0.44 0.66 0.58 0.80 0.80 0.50 0.80 0.80 0.80
FXADJY 0.20 0.30 0.33 0.42 0.71 0.80 0.80 0.80 0.80 0.80
FXBPJY 0.20 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXEUBP 0.20 0.20 0.61 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXEUJY 0.20 0.20 0.23 0.20 0.80 0.80 0.80 0.80 0.80 0.80
FXEUSF 0.20 0.44 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXNZUS 0.20 0.20 0.20 0.51 0.80 0.80 0.80 0.80 0.80 0.80
FXUSSG 0.34 0.49 0.73 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXUSSK 0.74 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FY 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.59 0.80 0.80
GC 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.21 0.39
JY 0.20 0.20 0.46 0.30 0.29 0.63 0.70 0.80 0.80 0.80
LIFT 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20
LIGI 0.20 0.20 0.20 0.69 0.80 0.80 0.80 0.80 0.80 0.80
LIIB 0.20 0.20 0.20 0.20 0.40 0.80 0.80 0.80 0.80 0.80
LMAL 0.20 0.20 0.20 0.29 0.20 0.20 0.20 0.20 0.20 0.64
MANB 0.20 0.20 0.20 0.32 0.20 0.29 0.28 0.20 0.80 0.80
SF 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.55 0.80 0.80
SFAO 0.35 0.36 0.41 0.74 0.80 0.80 0.80 0.80 0.80 0.80
SFBD 0.20 0.20 0.20 0.38 0.80 0.80 0.80 0.80 0.80 0.80
SI 0.60 0.74 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
SIJB 0.20 0.20 0.20 0.20 0.20 0.28 0.80 0.80 0.80 0.80
SINI 0.20 0.20 0.65 0.80 0.80 0.80 0.80 0.80 0.80 0.80
TY 0.20 0.20 0.20 0.20 0.21 0.48 0.71 0.76 0.80 0.80
UXBU 0.20 0.66 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
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Table 3–9: Maximum Drawdown optimization: 300 sample paths

Rate of return, % 21.3 31.1 40.3 48.1 54.4 59.6 64.1 68.1 71.3 72.7
MaxDD, % 9.8 12.0 15.0 18.0 21.0 24.0 27.0 30.0 33.0 36.0
Risk-adj. return 2.18 2.59 2.69 2.67 2.59 2.49 2.38 2.27 2.16 2.02

AD 0.20 0.20 0.37 0.63 0.36 0.20 0.46 0.80 0.80 0.80
BD 0.20 0.20 0.20 0.20 0.20 0.20 0.80 0.80 0.80 0.80
BP 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.79
CD 0.20 0.20 0.20 0.20 0.23 0.35 0.50 0.76 0.80 0.80
CP 0.50 0.76 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
DX 0.20 0.20 0.20 0.20 0.20 0.20 0.25 0.80 0.80 0.80
ED 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20
EU 0.20 0.42 0.49 0.54 0.80 0.76 0.80 0.80 0.80 0.80
FXADJY 0.20 0.25 0.40 0.52 0.64 0.80 0.80 0.80 0.80 0.80
FXBPJY 0.29 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXEUBP 0.20 0.21 0.51 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXEUJY 0.20 0.20 0.24 0.64 0.80 0.80 0.80 0.80 0.80 0.80
FXEUSF 0.20 0.21 0.50 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXNZUS 0.20 0.20 0.37 0.28 0.68 0.80 0.80 0.80 0.80 0.80
FXUSSG 0.26 0.48 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FXUSSK 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
FY 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.54 0.72 0.80
GC 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20
JY 0.20 0.20 0.27 0.26 0.21 0.61 0.80 0.80 0.80 0.80
LIFT 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20
LIGI 0.20 0.20 0.20 0.27 0.80 0.80 0.80 0.80 0.80 0.80
LIIB 0.20 0.20 0.20 0.20 0.51 0.80 0.80 0.80 0.80 0.80
LMAL 0.20 0.20 0.20 0.37 0.20 0.20 0.20 0.20 0.26 0.70
MANB 0.20 0.20 0.20 0.55 0.23 0.31 0.31 0.20 0.80 0.80
SF 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.56 0.80 0.80
SFAO 0.27 0.37 0.42 0.80 0.80 0.80 0.80 0.80 0.80 0.80
SFBD 0.20 0.20 0.36 0.26 0.80 0.80 0.80 0.80 0.80 0.80
SI 0.20 0.59 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
SIJB 0.20 0.25 0.34 0.20 0.24 0.46 0.80 0.80 0.80 0.80
SINI 0.20 0.41 0.58 0.80 0.80 0.80 0.80 0.80 0.80 0.80
TY 0.20 0.20 0.20 0.20 0.20 0.48 0.67 0.70 0.80 0.80
UXBU 0.20 0.61 0.80 0.80 0.80 0.80 0.80 0.80 0.80 0.80
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portfolio optimization problem. These techniques, if implemented in a managed accounts’

environment, will allow a trading or risk manager to allocate risk according to his/her

personal assessment of extreme drawdowns and their duration on his/her portfolio equity.

We believe that however attractive the MaxDD measure is, the solutions produced

using this measure in portfolio optimization may have a significant statistical error because

the decision is based on a single observation of the maximal loss. Whereas CDD controls

the worst (1− α) ∗ 100% of drawdowns, and due to statistical averaging within that range,

obtains a better predictive power for the risk in the future, leading to a more stable portfolio.

Our study indicates that the CDD with an appropriate level (α = 0.8, i.e., optimizing over

the 20% of the worst drawdowns) generates a more stable weights allocation than that

produced using MaxDD measure.

Numerical results of the considered real-life asset-allocation problem with drawdown

measure draw the following conclusions

• The statistical accuracy is already sufficient for the case of 100 sample paths, i.e.
difference between 100-sample path solutions and 300-sample paths solutions is neg-
ligible.

• For most of the allowable risk values (across all risk measures considered), the efficient
frontier for stochastic (re-sampled) solutions lies below and is less concave than the so-
called historical, or 1-scenario, efficient frontier. Only at the riskiest end of the efficient
frontier, the efficient frontiers either converge to one another or intersect. This means
that only for the riskiest portfolios, the stochastic, or, re-sampled solutions, provide
an improvement to the risk-adjusted returns.

• The risk adjusted returns, especially at the optimal (maximal risk-adjusted return)
point on the efficient frontier are, however, uniformly smaller than the re-sampled, or,
stochastic solutions. On average, re-sampled optimal risk-adjusted returns solutions
are 20% to 30% worse than those predicted by 1-path historical solutions. This result
supports the wide-spread idea that using only one historical price path may lead (and
probably does) to overstated and over-fitted results, which may not realize on average
in the future. Though the results of the re-sampled or stochastic optimization lead to
worse optimal solutions, those solutions are more trustworthy.

• Analyzing 32-dimensional vectors of instruments weights for the optimal historical
and stochastic solutions, we found that they are substantially different: for example,
the Euclidian norm of the stochastic optimal solution is, on average 50%, smaller than
that for the historical optimal solution, and the angle between these vectors in our
particular case is 50 degrees.



CHAPTER 4
TRAJECTORY OPTIMIZATION IN A THREAT ENVIRONMENT

4.1 Introduction

The class of military and civil engineering applications dealing with optimal trajectory

generation for space, air, naval and land vehicles is very broad. It addresses several types

of problems with various objectives, constraints on resources and control limitations, for

instance,

• Minimizing risk of aircraft detection by radars, sensors or surface air missiles (SAM)
[38, 39, 40]

• Minimizing risk of submarine detection by sensors [41]

• Minimizing cumulative radiation damage in passing through a contaminated area

• Finding optimal trajectories for multiple aircraft avoiding collisions [42]

• Maximizing the probability of target detecting by a searcher [43, 44, 45, 46, 47, 48,
49, 50]

• Minimizing propellant consumption by a spacecraft in interplanetary and orbit trans-
fers [51]

• Minimizing a weighted sum of fuel cost and time cost for a commercial plane

• Minimizing energy for a mobile robot on terrains

We are interested in developing efficient optimization approaches capable to solve a

broad class of applications related to trajectory optimization. This chapter, being the first

step in accomplishing this task, is primarily focused on optimal path planning for an aircraft

in a treat environment. The threat is associated with the risk of aircraft detection by radars,

sensors or SAM. The chapter develops analytical and discrete optimization approaches to

optimal trajectory generation that minimize the risk of aircraft detection with: 1) variable

aircraft Radar Cross-Section (RCS); 2) different types of detecting installations; 3) arbitrary

number of detecting installations; 4) constraint on trajectory length; and suggests efficient

algorithms for solving formulated risk minimization problem.
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Optimal trajectory generation is a fundamental requirement for military aircraft flight

management systems. These systems are required to take advantage of all available infor-

mation in order to perform integrated task processing, reduce pilot workloads and provide

updates at regular time intervals sufficient for threat avoidance [39]. A model for optimal

routing an aircraft in a threat environment is developed based on specified mission objec-

tives, available resources (fuel capacity), limitations on aircraft control while minimizing

risk exposure. In general, it addresses uncertainty and dynamics inherent to optimal path

planning and makes idealizing assumptions with respect to geometrical and physical prop-

erties of an aircraft and threat environment. Despite numerous studies in this area, only

a few considered risk optimization problems with technological constraints. Zabarankin et

al. [40] suggested analytical and discrete optimization approaches for optimal risk path

generation in two-dimensional (2D) space with constant RCS, arbitrary number of sensors

and a constraint on path length.

This chapter develops a 3D model for minimizing risk of aircraft detection by radars,

sensors or SAM with variable RCS. The model is deterministic and static, since it assumes

no uncertainty in aircraft detection and radar locations and considers neither aircraft kine-

matics equations nor parameters for aircraft control during a flight. The risk of detection is

assumed to be independent on aircraft speed. This model extends the 2D risk minimization

problem of aircraft detection by sensors [40], to

• 3D space

• Variable RCS — an aircraft is considered to be an axisymmetrical ellipsoid with the
axis of ellipsoid symmetry determining direction of aircraft trajectory

• Risk of detection to be proportional to the aircraft’s RCS and reciprocal to the nth-
power of the distance between the aircraft and a particular detecting installation,
where n = 2 corresponds to a passive listener or sensor (a.k.a. one-way radar), and
n = 4 corresponds to an active listener or radar (a.k.a. two-way radar)

The purpose of this simplified model is analyzing the impact of variable RCS on the 3D

geometry of optimal trajectories subject to a constraint on trajectory length and evaluating

performance of the developed discrete optimization approach with respect to running time

and accuracy. Verified optimization techniques will be applied in optimal path planning

with actual-tabulated RCS.
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We developed analytical and discrete optimization approaches for solving formulated

trajectory optimization problem with a constraint on trajectory length and arbitrary num-

ber of detecting installations (sensors or radars). Through techniques of Calculus of Vari-

ations, the necessary optimality conditions for a solution to the risk minimization problem

were reduced to a nonlinear vectorial differential equation. In the case of a single radar,

we obtained an analytical solution to this equation expressed by a quadrature. Analytical

solutions are intended for conceptual understanding and analyzing the impact of variation

in RCS on the geometry of optimal trajectories and testing performance of the developed

discrete optimization approach in the case of a single radar in 2D and 3D spaces. Although

we have made significant progress in the development of the analytical approach, finding

an analytical solution to the vectorial differential equation in the case of an arbitrary num-

ber of installations is still an open issue. This is one of the main reasons for addressing

development of discrete optimization approaches.

Several discrete optimization approaches are available for numerical solving proposed

risk minimization model. All these approaches may tentatively be divided into three major

categories

• Gradient-based algorithms

• Dynamic programming

• Network flow (NF) optimization

Efficiency of discrete optimization approaches in optimal risk path planning essentially

depends on type of risk functionals, technological constraints, and a scheme of trajectory

approximation [39]. Gradient-based algorithms are very efficient when the risk of detec-

tion is determined by smooth analytical functionals. However, while dynamic programming

and NF optimization are global optimization approaches, gradient-based algorithms most

likely find only locally optimal solutions in the case when risk functionals are nonconvex.

Many of the previous studies on trajectory generation for military aircraft are concentrated

on feasible direction algorithms and dynamic programming [38]. These methods tend to

be computationally intense and, therefore, are not well suited for onboard applications.

To improve computation time, John and Moore [39] used simple analytical risk functions.

Based on such an approach, they developed lateral and vertical algorithms to optimize flight
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trajectory with respect to time, fuel, aircraft final position, and risk exposure. Neverthe-

less, these algorithms are not intended for solving optimization problems with technological

constraints, such as a constraint on the trajectory length. Zabarankin et al. [40] demon-

strated efficiency of NF optimization approach in solving risk minimization problem with

a constraint on trajectory length and arbitrary number of sensors in 2D space. The main

advantages of using NF optimization approach are

• Among all feasible approximated trajectories in a considered network, NF approach
finds a globally optimal one.

• Complexity of NF algorithms is independent on number of detecting installations.

• It can easily be applied for the case with actual nonsmooth RCS.

In spite of these advantages, the complexity of NF algorithms substantially depends on

the coarseness of a network, in particular on the number of arcs. Consequently, precision

for an optimal solution should reasonably be specified. Recently, Tsitsiklis [52] and Poly-

menakos et al. [53] suggested Dijkstra-like and correcting-like methods for efficient solving

a continuous-space shortest path problem in 2D plane. In this case, finding a globally opti-

mal trajectory employs discretization of Hamilton-Jacobi equation [52], which turns out to

be an efficient synthesis of analytical and discrete optimization techniques. This supports

the philosophy that using analytical properties of objective functions in NF optimization

leads to more efficient algorithms. Since our goal is generating globally optimal trajectories

and on the next step applying developed optimization approach in optimal path planning

with actual-nonsmooth RCS (in this case utilizing analytical properties of risk functionals

is limited), we considered NF optimization approach.

We approximated an admissible domain for aircraft trajectory by a 3D network with

a flexible structure and presented aircraft trajectory by a path in this network. NF op-

timization approach reduced optimal risk path generation with a constraint on trajectory

length to the Constrained Shortest Path Problem (CSPP). Development of efficient network

structures with relatively small numbers of arcs and nodes while preserving flexibility for

trajectory approximation is one of the key issues in reduction of approach computational

time.
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To solve the CSPP in 2D and 3D cases, we used the Label Setting Algorithm (LSA)

with a preprocessing procedure [54, 55] and network structure smoothing. The efficiency

of the discrete optimization approach is demonstrated by several numerical examples with

various ellipsoid shapes, constraints on trajectory length in the cases of one, two and three

radars. For the case with a single radar, we compared analytical and numerical solutions

and found that solutions coincide with high precision in 2D case and are very close in

3D case. The fact that discrete trajectories are closer to corresponding analytical ones

in 2D case can be explained by different flexibility of 2D and 3D network structures in

trajectory approximation. LSA running time in all 2D testing examples is only several

seconds, indicating that this NF algorithm is fast enough for use in online applications with

a relatively small number of arcs in a graph. However, it is also known that the CSPP is an

NP-hard problem and, consequently, no exact polynomial algorithms should be expected.

Numerical tests in a 3D case reveal that LSA running time strongly depends on the shape

of ellipsoid. This phenomenon has been analyzed from optimization perspective and an

improvement for preprocessing procedure has been suggested.

Chapter 4 is organized as follows: section 2 develops 3D model for trajectory opti-

mization with variable RCS subject to a constraint on trajectory length; section 3 considers

necessary optimal conditions for calculus of variations problem with a nonholonomic con-

straint and movable end point; section 4 derives the vectorial differential equation for finding

optimal trajectory in a general case and obtains analytical solution to this equation in the

case of a single radar; section 5 reduces optimal path planning to the CSPP and presents

the LSA with preprocessing procedure and smoothing condition; section 6 conducts nu-

merical experiments with various ellipsoid shapes and constraints on trajectory length in

the cases of one, two and three radars; section 7 analyzes results of numerical experiments

from optimization and variable RCS perspectives; section 8 discusses main analytical and

numerical results and concludes the chapter.

4.2 Model Development

This section develops a three-dimensional (3D) model for minimizing the risk of aircraft

detection by a network of active or passive installations (radars, sensors) with variable

aircraft RCS. Suppose an aircraft must fly from point A(xA, yA, zA) to point B(xB, yB, zB)
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in 3D space trying to minimize the cost of detection from N radars located in the area of

interest. We model the aircraft by an axisymmetrical ellipsoid with the axes’ lengths a, b

and b. The axis with length a is the axis of ellipsoid symmetry, which orients a direction

of aircraft trajectory. Ellipsoid shape is defined by parameter κ = b/a. Cases of κ = 1,

κ < 1 and κ > 1 correspond to sphere, elongated and compressed ellipsoids, respectively,

see Figure 4–1.

elongated ellipsoid compressed ellipsoidsphere

1<κ 1=κ 1>κ

b

ab

a

b

b

a

b

b

Figure 4–1: Ellipsoid shape is defined by parameter κ = b/a

Let vectors r = (x, y, z) and qi = (ai, bi, ci), i = 1, N , determine position of ellipsoid

geometrical center and position of the ith radar, respectively. A trajectory of the ellipsoid’s

center is assumed to be a path of the aircraft. We define a trajectory as a function of its

current length s, i.e. r = r(s) = (x(s), y(s), z(s)). Such a parameterization is also known

to be the natural definition of a curve. Vector ṙ(s) = d
dsr(s) = (ẋ(s), ẏ(s), ż(s)) determines

a direction of aircraft trajectory that coincides with the axis of ellipsoid symmetry. Since

(ds)2 = (dx)2 + (dy)2 + (dz)2, vector ṙ(s) must satisfy condition ṙ2 = ẋ2 + ẏ2 + ż2 =

1. The length of vector ri(s) = r(s) − qi = (x − ai, y − bi, z − ci), denoted by ||ri(s)||,
defines the distance from the aircraft to the ith installation (see Figure 1), i.e. ||ri(s)|| =
√

(x− ai)2 + (y − bi)2 + (z − ci)2.

The RCS of the aircraft exposed to the ith radar at point (x, y, z) is proportional to

the area of the ellipsoid’s projection to the plane orthogonal to vector ri

RCSi = σi Si,
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Figure 4–2: 3D model for optimal path planning in a threat environment

where the constant coefficient σi depends on the radar’s technical characteristics such as

the maximum detection range, the minimum detectable signal, the transmitting power of

the antenna, the antenna gain and the wavelength of radar energy.

The magnitude of ellipsoid projection area is given by the formula Si =

π b
√

a2 sin2 θi + b2 cos2 θi, where θi is the angle between vectors ri and ṙ. Based on relation

cos θi = ri·ṙ
||ri|| and using notation κ = b/a, the formula for RCSi is identically rewritten as

RCSi = σi π

(
a2 + b2

2

)
2κ

1 + κ2

√
1 + (κ2 − 1)

(
ri · ṙ
||ri||

)2

, k ∈ [0,+∞). (4.1)

The purpose of presenting RCSi in the form of (4.1) is the following. Since the aircraft

has a limited size, we assume the value
√

a2 + b2 (”diameter” of cross-section) to be constant

for all a and b and, hence, the form of the ellipsoid to be defined by ratio b/a, i.e. parameter

κ, only. For instance, the case of κ = b/a = 0 corresponds to a “thickless” needle with

the length of a, while the case of κ = b/a → ∞ corresponds to a “thickless” disk with the

radius of b. Note that the cross-section of the ”thickless” needle always equals zero, whereas

the cross-section of a “thickless” disk is reduced to σi π a2 | cos θi|, which is zero only when

θi = π
2 .

The risk function (also referred to as cost function) for detection of the aircraft by the

ith radar is proportional to the ith RCS and reciprocal to the n-th power of the distance

between the aircraft and the ith radar, ||ri||n (cases of n = 2 and n = 4 correspond to sensor
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and radar, respectively) namely,

C(ri, ṙ) = RCSi /||ri||n = σi π

(
a2 + b2

2

)
2κ

1 + κ2

√
1 + (κ2 − 1)

(
ri·ṙ
||ri||

)2

||ri||n .

Since the value of
√

a2 + b2 is assumed to be constant, product π
(

a2+b2

2

)
can be omitted

for simplicity and the risk function for detection of the aircraft by the ith installation is

reexpressed with normalized coefficient wi

C(ri, ṙ) =
2κwi

1 + κ2

√
||ri||2 + (κ2 − 1) (ri · ṙ)2

||ri||n+1
, (4.2)

where wi = σi

/
N∑

i=1
σi and

N∑
i=1

wi = 1.

We assume the risk of detection from N radars at point r = (x, y, z) to be the sum of

risk functions (4.2) for all i = 1, N

L(r, ṙ) =
N∑

i=1

C(ri, ṙ) =
2κ

1 + κ2

N∑

i=1

wi

√
||ri||2 + (κ2 − 1) (ri · ṙ)2

||ri||n+1
. (4.3)

The total risk of detection is the integral of (4.3) along aircraft trajectory with length l, i.e.

F(r, ṙ) =
l∫

0

L (r(s), ṙ(s)) ds. (4.4)

The risk minimization problem is finding a trajectory P = r(s) = (x(s), y(s), z(s)), 0 ≤
s ≤ l, from point A to point B, having coordinates rA = (xA, yA, zA) and rB = (xB, yB, zB),

respectively, with the minimal risk of detection subject to a constraint on trajectory length

min
P

F(r, ṙ)

s. t. ṙ2 = 1,

r(0) = rA, r(l) = rB,

l ≤ l∗.

(4.5)

The form of risk functional (4.4) implies that either the risk is independent on aircraft

speed, or aircraft speed is always a unit. Under assumption of unit speed, s becomes time

variable t, total length l becomes total time T and (4.5) is viewed as a problem of optimal

control with F(r,v) =
T∫
0

L (r(t),v(t)) dt, with v = ṙ. Whatever the interpretation of (4.5)
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is, analysis techniques are the same. To solve problem (4.5), calculus of variations and

network flow optimization approaches are addressed.

We want to mention the 2D dynamic model for minimizing the risk of submarine

detection by a network of sensors [41]. In that model, the risk functional considers different

directions of the power radiation and variable speed of a submarine

T∫

0

N∑

i=1

Si
(1− κ2 cos(2θi(t)))

||ri(t)||2
(
1 + κ1||r′t||4

)
dt,

where ri(t) and θi(t) mean exactly the same as in aircraft detection model (see Figure

4–2), i.e. ri(t) is the distance between the submarine and the ith sensor and θi(t) is the

corresponding angle, which now both depend on time t; r′t denotes submarine speed at

time moment t; Si is the sensitivity coefficient associated with the ith sensor; κ1 and κ2

are parameters, which correspond to doubling the radiated power relative to small speeds

(usually, κ1 = 0.0003 << 1) and adjustment of power radiation in different directions

(κ2 ≤ 1; when κ2 > 0, power tends to be radiated most strongly broadside [41], κ2 is

arbitrarily set to 0.5), respectively. The term 1 − κ2 cos(2θi(t)) may be considered as

submarine cross-section in 2D space. The Optimal Control approach, suggested to solve

the model, starts with some feasible trajectory provided by an observer and transforms it

to locally optimal one by steepest-descent technique.

4.3 Minimization of a Functional with Nonholonomic Constraint and
Movable End Point

This section reduces necessary conditions for minimization of a functional with a non-

holonomic constraint and a moveable end point to a vectorial nonlinear differential equation.

This equation plays a central role in solving (4.5) in the case of a single radar. We consider

the following general formulation

min
r

Φ(r, ṙ, l), (4.6)

Φ(r, ṙ, l) =
l∫

0

L (r(s), ṙ(s))ds, (4.7)

r(0) = r1, r(l) = r2, (4.8)

ϕ (ṙ(s)) = 0, (4.9)
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l ≤ l∗, (4.10)

where r(s) = (x(s), y(s), z(s)), ṙ(s) = (ẋ(s), ẏ(s), ż(s)).

A necessary condition for the existence of a functional extremum requires the total

variation of the functional to be equal to zero. However, because of constraint (4.10),

(4.6)–(4.10) is the problem with the movable end point, r(l), which means that variation

of the total curve length, l, is not zero. Note variations δx, δy and δz are dependant by

virtue of nonholonomic constraint (4.9). Lagrange multiplier method is used to separate

differential expressions in the functional variation.

Let δr = (δx, δy, δz), δṙ = (δẋ, δẏ, δż), ∂L
∂r = (∂L

∂x , ∂L
∂y , ∂L

∂z ) and ∂L
∂ṙ = (∂L

∂ẋ , ∂L
∂ẏ , ∂L

∂ż ).

Applying the Lagrange multiplier method to problem (4.6)–(4.7) with constraint (4.9), the

functional (4.7) is rewritten as Φ(L,ϕ, λ, l) =
l∫
0

(L(r, ṙ) + λ(s) ϕ(ṙ)) ds. By definition the

variation of this functional is

δΦ =
l∫
0

(δL(r, ṙ) + λ δϕ(ṙ) + ϕ δλ) ds + (L + λϕ)|s=l δl

=
l∫
0

(
∂L
∂r · δr + ∂L

∂ṙ · δṙ + λ ∂ϕ
∂ṙ · δṙ + ϕ δλ

)
ds + (L + λϕ)|s=l δl

=
l∫
0

[(
∂L
∂r − d

ds
∂L
∂ṙ − d

ds

(
λ ∂ϕ

∂ṙ

))
· δr + ϕ δλ

]
ds

+
[(

∂L
∂ṙ + λ ∂ϕ

∂ṙ

)
· δr

]∣∣∣
s=l

+ (L + λϕ)|s=l δl.

Note δr|s=l 6= 0, since l is varied and s = l is not anymore a boundary point. Based on

boundary conditions (4.8), the variation δr at the starting and finishing points s = 0 and

s = l + δl, respectively, should be zero, i.e. δr(0) = 0 and δr(l + δl) = 0. The last condition

is used to calculate the variation δr at s = l. Namely, from δr(l + δl) ≡ δr(l) + ṙδl = 0 we

obtain δr(l) = −ṙ δl. Using the last equality, the variation δΦ is rearranged in the form

δΦ =
l∫
0

[(
∂L
∂r − d

ds
∂L
∂ṙ − d

ds

(
λ ∂ϕ

∂ṙ

))
· δr + ϕ δλ

]
ds

+
[
L + λϕ−

(
∂L
∂ṙ + λ ∂ϕ

∂ṙ

)
· r

]∣∣∣
s=l

δl.

Since after relaxing constraint (4.9), all three variations (δx, δy, δz) became indepen-

dent, the necessary conditions for an extremum, i.e. δΦ = 0, are reduced to the constraint

(4.9) and the following equations

∂L

∂r
− d

ds

∂L

∂ṙ
− d

ds

(
λ

∂ϕ

∂ṙ

)
= 0, (4.11)



116

and [
L−

(
∂L

∂ṙ
+ λ

∂ϕ

∂ṙ

)
· r

]∣∣∣∣
s=l

= 0. (4.12)

Vectorial equation (4.11) has the first integral. Indeed, the scalar product of (4.11)

with ṙ gives (
∂L

∂r
− d

ds

∂L

∂ṙ
− d

ds

(
λ

∂ϕ

∂ṙ

))
· ṙ = 0,

The left-hand side of this equality is a total differential, which after integration becomes

L− ṙ · ∂L

∂ṙ
− λ

(
ṙ · ∂ϕ

∂ṙ

)
= const. (4.13)

Lagrange multiplier, λ(s), is derived from (4.13)

λ(s) =
(

L− ṙ · ∂L

∂ṙ
+ cL

)/ (
ṙ · ∂ϕ

∂ṙ

)
, (4.14)

where cL = −const is an unknown constant. Substitution of (4.14) into (4.11) leads to the

vectorial differential equation for determining optimal r

∂L

∂r
− d

ds

(
∂L

∂ṙ
+

∂ϕ
∂ṙ

ṙ · ∂ϕ
∂ṙ

(
L− ṙ · ∂L

∂ṙ
+ cL

))
= 0, (4.15)

which along with the nonholonomic constraint (4.9) and boundary conditions (4.8) are

necessary conditions for an extermum. Note that equations (4.15) and (4.9) are dependent

in the sense that the scalar product of (4.15) with ṙ is reduced to r̈ · ∂ϕ
∂ṙ = 0, which is the

differential of (4.9).

In the case when constraint l ≤ l∗ is active, i. e. l = l∗, equation (4.12) is excluded

from determining an optimal solution, since in this case curve total length is fixed and,

therefore, the variation δl should equal zero by definition. If constraint l ≤ l∗ is inactive,

then from (4.12) and (4.13) we have cL = 0.

However, (4.15) with (4.9) and (4.8) are only the necessary conditions for an optimal

solution to solve minimization problem (4.6)–(4.10), since (4.15), (4.9) and (4.8) find an

extremal trajectory, which either minimizes or maximizes the functional.

In the case of active length constraint (variation δl is zero), sufficient condition for an

extremal, r∗, minimizing functional (4.7) is formulated

for all r sufficiently close to r∗ and
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(a) all ṙ sufficiently close to ṙ∗ (weak minimum);

(b) all ṙ (strong minimum);

the following relation holds

l∗∫

0

(L(r, ṙ) + λ∗ϕ(ṙ)) ds ≥
l∗∫

0

(L(r∗, ṙ∗) + λ∗ϕ(ṙ∗)) ds,

where λ∗ is given by (4.14) calculated at r∗. This condition is reduced to verification of

wether the second variation of the functional Φ(L,ϕ, λ∗, l) at r∗ is greater than or equal to

zero.

4.4 Calculus of Variations Approach

This section presents the vectorial differential equation for solving optimal trajectory

generation subject to a constraint on trajectory length with arbitrary number of radars and

derives an analytical solution to this equation in the case of a single radar. Model (4.5)

is a particular case of a general problem of minimizing a functional with a nonholonomic

constraint and a movable end point. Through techniques of Calculus of Variations, the

previous section reduced the necessary conditions for an extremal trajectory that solves

this general problem to a vectorial differential equation. The last one plays a central role

in analyzing and solving (4.5).

Introducing a new function

gi(ri, ṙ, λL) =
1

||ri||n−1
√
||ri||2 + (κ2 − 1) (ri · ṙ)2

+ λL, (4.16)

and using notation ġi = d
dsgi, we formulate necessary conditions for optimal trajectory

satisfying (4.5).

Theorem 1 (vectorial differential equation). An optimal solution to optimization problem

(4.5) should necessarily satisfy the following vectorial differential equation

N∑

i=1

wi

((
ri

ri · ṙ − ṙ
)

ġi − r̈ gi

)
= 0, (4.17)

with boundary conditions

r(0) = rA, r(l) = rB, l ≤ l∗, (4.18)
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and nonholonomic constraint

ϕ(ṙ) = ṙ2 − 1 = 0. (4.19)

Proof. The problem (4.5) is a particular case of the problem (4.6)-(4.10) considered

in section 3. In the case of (4.19) we have ∂ϕ
∂ṙ = 2ṙ and consequently ∂ϕ

∂ṙ

/ (
ṙ · ∂ϕ

∂ṙ

)
≡ ṙ.

Substituting the last equality into the general vectorial differential equation (4.15) derived in

section 3, we obtain the vectorial differential equation for determining an optimal trajectory

r(s), 0 ≤ s ≤ l,
∂L

∂r
− d

ds

(
∂L

∂ṙ
+ ṙ

(
L− ṙ · ∂L

∂ṙ
+ cL

))
= 0. (4.20)

Introducing a new constant λL by relation cL = 2κ
1+κ2 λL and using notations gi =

g(ri, ṙ, λL), ġi = d
dsg (ri, ṙ, λL), where function g(ri, ṙ, λL) is defined by (4.16), we verify

that the following relations hold for (4.3)

L− ṙ · ∂L

∂ṙ
+ cL =

2κ

1 + κ2

N∑

i=1

wi gi,

∂L

∂r
− d

ds

∂L

∂ṙ
=

2κ

1 + κ2

N∑

i=1

wi ġi

(
ri

ri · ṙ
)

,

which reduce (4.20) to equation (4.17).

Note equation (4.17) and constraint (4.19) are dependent in the sense that the scalar

product of (4.17) with ṙ is reduced to
N∑

i=1
wi

((
1− ṙ2

)
ġi − r̈ gi

)
= 0, which becomes identity

if (4.19) is satisfied.

Remark: equation (4.17) may be presented in different forms. Using relation (4.5), we

have ri
ri·ṙ − ṙ = ṙ×[ri×ṙ]

ri·ṙ and −r̈(ri · ṙ) = ṙ× [ri × r̈]. Consequently, (4.17) becomes

N∑

i=1

wi

(
ṙ× [ri × ṙ]

ri · ṙ ġi − r̈ gi

)
= ṙ×

N∑

i=1

wi

ri · ṙ
[
ri × d

ds
(ṙ gi)

]
= 0.

Equation (4.17) may also be presented in a matrix form. Denoting

GN×1 =




w1g1

w2g2

...

wNgN




, R3×N =
(

r1

r1 · ṙ ,
r2

r2 · ṙ , . . . ,
rN

rN · ṙ
)

, eN×1 =




1

1
...

1




,
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(4.17) is rewritten as

R Ġ =
d

ds
(ṙ(e> ·G)) .

Choice of a form for (4.17) is just a matter of convenience in conducting analytical

manipulations or numerical analysis. Differential equation (4.17) may be solved numerically

by an appropriate gradient-based algorithm, however, in this case we are not guaranteed

obtaining a globally optimal solution.

Deriving an analytical solution to (4.17)–(4.19) with an arbitrary number of radars is

reduced to finding the second integral for equation (4.17) (the first one is nonholonomic

constraint (4.19)), which still remains to be an open issue. The next theorem shows how

the second integral and a corresponding analytical solution are found in the case of a single

radar.

Theorem 2 (the case of a single radar). In the case of a single radar, located at the origin

of the system of coordinates, i.e. point (0, 0, 0),

(1) optimal trajectory is a planar curve in 3D space, where the trajectory’s plane

is determined by the origin of the system of coordinates and the starting and finishing

trajectory’s points, i.e. by (0, 0, 0), rA and rB (the equation of the plane is given by

[rA × rB] · r = 0);

(2) introducing a polar system coordinates (ρ, ψ) in the trajectory’s plane, vectorial

differential equation (4.17) with (4.18) and (4.19) is reduced to a nonlinear first-order dif-

ferential equation with respect to function ρ = ρ(ψ)

1

ρn−2
√

κ2(ρ′ψ)2 + ρ2
+

λLρ2

√
(ρ′ψ)2 + ρ2

= C, (4.21)

with boundary conditions

ρ(ψA) = ρA, ρ(ψB) = ρB, (4.22)

defining points A and B in the polar system (ρ, ψ), and a constraint on trajectory length

ψB∫

ψA

√
(ρ′ψ)2 + ρ2 dψ = l∗. (4.23)
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Proof. Since an analytical solution to (4.17) is derived in the case of a single radar,

without loss of generality, we assume that the radar is located at the origin of the system

of coordinates, that is, (a1, b1, c1) = (0, 0, 0), and r1 = r. Functions L (r, ṙ), g (r, ṙ, λL) and

equation (4.17) in this case are presented, respectively,

L(r, ṙ) =
2κ

1 + κ2

√
||r||2 + (κ2 − 1) (r · ṙ)2

||r||n+1
,

g (r, ṙ, λL) =
1

||r||n−1
√
||r||2 + (κ2 − 1) (r · ṙ)2

+ λL,

(
r

r · ṙ − ṙ
)

ġ − r̈ g = 0.

Producing vectorial product of the last equation with vector r, we obtain

d
ds ([r× ṙ] g) = 0,

which is equivalent to having the first integral

[r× ṙ] g = C, (4.24)

where C = (C1, C2, C3) is a constant vector. Since (r · [r× ṙ]) = 0 and g (r, ṙ, λL) 6≡ 0, the

scalar product of (4.24) with r leads to

C · r = 0,

which is the equation of a plane going through the origin of the system of coordinates. It

means that an optimal trajectory is a planar curve in a 3D space, i.e. all its points form

a single plane in a 3D space (lie within the same plane). Since boundary points A and B

must also belong to trajectory’s plane, i.e. vectors rA, rB must satisfy equation C · r = 0,

vector C is parallel to [rA × rB], and the explicit expression for the trajectory’s plane is

given by

[rA × rB] · r = 0, (4.25)

or

hx x + hy y + hz z = 0,
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where (hx, hy, hz) are the components of vector [rA × rB]

(hx, hy, hz) = (yAzB − yBzA, zAxB − zBxA, xAyB − xByA),

The next step is parameterizing 3D plane (4.25) by a 2D polar system of coordinates

(ρ, ψ). A point with coordinates (x(ρ, ψ), y(ρ, ψ), z(ρ, ψ)) should satisfy (4.25) identically.

Suppose the origin of the polar system (ρ, ψ) coincides with the origin of the original 3D

system of coordinates, i.e. point (0, 0, 0). Let ψ be a counterclockwise angle producing

left-handed screw with the vector [rA × rB] and counted from the upper side of the plane

xy. Introducing notations

cosα = hx√
h2

x+h2
y

, cosβ = hz√
h2

x+h2
y+h2

z

,

sinα = hy√
h2

x+h2
y

, sinβ =
√

h2
x+h2

y√
h2

x+h2
y+h2

z

,

coordinates (x, y, z) of points identically satisfying (4.25) are determined by the following

relations
x(ρ, ψ) = ρ (sinα cosψ − cosα cosβ sinψ) ,

y(ρ, ψ) = −ρ (cosα cosψ + sin α cosβ sinψ) ,

z(ρ, ψ) = ρ sinβ sinψ.

Based on these relations, we have

[r× ṙ] = −ρ2ψ̇
[rA × rB]
||[rA × rB]|| ,

and, consequently, using the last formula, (4.24) is reduced to the following scalar equation

ρ2ψ̇ g = C, (4.26)

where C is unknown constant scalar value. Since r2 = ||r||2 = ρ2, function g (r, ṙ, λL) is

rewritten as

g (ρ, ρ̇, λL) =
1

ρn
√

1 + (κ2 − 1)ρ̇2
+ λL.

With this relation, equation (4.26) and constraint (4.19), expressed in terms of (ρ, ψ) as

ρ̇2 + ρ2ψ̇2 = 1, determine a system of differential equations for finding optimal ρ(s) and
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ψ(s) (
1

ρn−2
√

1 + (κ2 − 1)ρ̇2
+ λLρ2

)
ψ̇ = C, ρ̇2 + ρ2ψ̇2 = 1, (4.27)

with boundary conditions ρ(0) = ρA, ψ(0) = ψA, ρ(l∗) = ρB, ψ(l∗) = ψB, where (ρA, ψA)

and (ρB, ψB) are given by

ρA = ||rA||, ψA = arccos
(

xA sin α−yA cos α
||rA||

)
,

ρB = ||rB||, ψB = arccos
(

xB sin α−yB cos α
||rB ||

)
.

Let ρ′ψ = dρ
dψ . Using relation ρ̇ = ρ′ψ ψ̇ with the second equation of (4.27) we present ρ̇

and ψ̇ as

ρ̇ = ± ρ′ψ√
(ρ′ψ)2 + ρ2

, ψ̇ = ± 1√
(ρ′ψ)2 + ρ2

.

Substitution of the last formulas into the first equation of (4.27) excludes variable

s from the system (4.27) and reduces it to the nonlinear first-order differential equation

(4.21) determining ρ as a function of ψ with boundary conditions (4.22). Since variable s

was excluded from (4.27) (the second equation of (4.27) is satisfied identically) we should

include constraint on trajectory length in the form of (4.23).

Note it does not matter what sign, plus or minus, we choose for ψ̇ in ψ̇ = ± 1√
(ρ′

ψ
)2+ρ2

,

since we always can change the sign of the constant C in the right-hand side of equation

(4.24) and denote it by a new constant.

Discussion of necessary and sufficient conditions for a minimum. Equation (4.21)

(or system (4.27)) is only the necessary condition for a trajectory to be just an extremal,

since (4.21) finds trajectories minimizing the functional (4.4) under given conditions as well

as maximizing it. Sufficient condition for a solution to system (4.21) to be an optimal

trajectory (ρ∗, ψ∗), i.e. to minimize the functional, requires the second variation of the

functional at (ρ∗, ψ∗) to be greater than or equal to zero.

In the case of a single radar, the risk functional with the relaxed constraint ρ̇2+ρ2ψ̇2 = 1

is presented in polar coordinates by

F =
l∫

0

L(ρ, ρ̇, ψ̇)ds, L(ρ, ρ̇, ψ̇) =
2κ

1 + κ2

√
1 + (κ2 − 1)ρ̇2

ρn
+ λ∗

(
ρ̇2 + ρ2ψ̇2 − 1

)
.
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where λ∗ = κ
1+κ2

(
1

ρn∗
√

1+(κ2−1)ρ̇2∗
+ λL

)
= κ

1+κ2 g∗. Assuming the constraint on the length

of a trajectory to be active, i.e. l = l∗, the second variation of the functional F at (ρ∗, ψ∗)

is defined

δ2F =
l∗∫
0

(
L
′′
ρρ(δρ)2 + L

′′
ρ̇ρ̇(δρ̇)2 + L

′′
ψ̇ψ̇

(δψ̇)2 + 2L
′′
ρρ̇δρδρ̇

+ 2L
′′
ρψ̇

δρδψ̇ + 2L
′′
ρ̇ψ̇

δρ̇δψ̇
)∣∣∣

ρ=ρ∗, ψ=ψ∗
ds

=
l∗∫
0

((
L
′′
ρρ − d

dsL
′′
ρρ̇

)
(δρ)2 + L

′′
ρ̇ρ̇(δρ̇)2 + L

′′
ψ̇ψ̇

(δψ̇)2

+ 2L
′′
ρψ̇

δρδψ̇ + 2L
′′
ρ̇ψ̇

δρ̇δψ̇
)∣∣∣

ρ=ρ∗, ψ=ψ∗
ds

= 2κ
1+κ2

l∗∫
0

(
P (δρ)2 + Q(δρ̇)2 + g∗ρ2∗(δψ̇)2 + 4g∗ρ∗ψ̇∗δρδψ̇

)
ds

= 2κ
1+κ2

l∗∫
0

((
P − 4g∗ψ̇2∗

)
(δρ)2 + Q(δρ̇)2 + g∗

(
2ψ̇∗δρ + ρ∗δψ̇

)2
)

ds,

where P and Q are given by

P = − n

ρ̇∗
d

ds

(
1

ρn+1∗
√

1 + (κ2 − 1)ρ̇2∗

)
, Q =

κ2 − 1

ρn∗ (1 + (κ2 − 1)ρ̇2∗)
3
2

+ g∗.

Since the extremal (ρ∗, ψ∗) satisfies (4.27), we can use (4.27) to rearrange P , Q and

the other terms in the integral of δ2F and, thus, obtain different equivalent expressions for

δ2F . However, verification of the condition δ2F ≥ 0 for all δρ, δρ̇ and δψ̇, even in this

particular case, is not a trivial task.

We confine ourselves here only to verification of necessary conditions for a minimum.

In order that an extremal (ρ∗, ψ∗) to minimize the functional, it should necessarily satisfy

the Legendre conditions

L
′′
ρ̇ρ̇

∣∣∣
ρ=ρ∗, ψ=ψ∗

≥ 0,

∣∣∣∣∣∣∣

L
′′
ρ̇ρ̇ L

′′
ρ̇ψ̇

L
′′
ρ̇ψ̇

L
′′
ψ̇ψ̇

∣∣∣∣∣∣∣
ρ=ρ∗, ψ=ψ∗

≥ 0,

which are reduced to verification of Q ≥ 0 and g∗ ≥ 0. In the case of k ≥ 1, condition

λL ≥ 0 guarantees satisfaction of both Q ≥ 0 and g∗ ≥ 0, which, however, may not be

sufficient to guarantee Q ≥ 0 when k < 1. The assumption of λL’s positivity will play a

crucial role in finding appropriate values of λL and C in numerical examples.

Although an analytical verification of weather a particular extremal trajectory mini-

mizes the functional is cumbersome, the graph of this trajectory immediately reveals what
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kind of an extremal it is. Indeed, if the line passing through points A and B separates the

trajectory and the radar/sensor, i.e. the trajectory moves away from a detecting installation

(the trajectory is “concave”), then it minimizes the risk, and vise-versa, if the trajectory

moves towards the detecting installation (the trajectory is “convex”), then it maximizes the

risk.

An analytical solution to equation (4.21) with boundary conditions (4.22) and con-

straint (4.23) is presented in the next theorem.

Theorem 3 (analytical solution in the case of a single radar). An analytical solution for

nonlinear first-order differential equation (4.21) with conditions (4.22), (4.23) is given by

the following quadrature

ψ(ρ) = ψA ±
ρ∫

ρA

dτ√
(υ∗(τ, λL, C))2 − τ2

, (4.28)

where υ∗(ρ, λL, C) is a positive root of the algebraic equation (quartic equation)

f(υ) = ρn−2
(
Cυ − λLρ2

) √
κ2υ2 + (1− κ2)ρ2 − υ = 0, (4.29)

and unknown constants λL and C are found from the conditions

(1)
ψB∫
ψA

υ∗(ρ, λL, C) dψ = l∗ and ψ(ρB) = ψB if the length constraint is active;

(2) λL = 0 and ψ(ρB) = ψB if the length constraint is inactive.

Proof. The main technique for solving any first-order differential equation analytically

is to explicitly express the derivative of an unknown function. By introducing an auxiliary

function

υ =
√

(ρ′ψ)2 + ρ2, (4.30)

we reduce (4.21) to the algebraic equation (4.29) with respect to υ, which is a particular

case of the following quartic equation

ρ2(n−2)
(
Cυ − λLρ2

)2 (
κ2υ2 + (1− κ2)ρ2

)
− υ2 = 0.

Explicit analytical expressions for four roots of any quartic equation may be presented

by Cardan’s (Cardan-Ferrari’s) formulas. This is a crucial point in obtaining an analytical

solution for the differential equation (4.21). Due to the cumbersome form of the expressions
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for the roots of equation (4.29) we do not present them here. Suppose that υ∗(ρ, λL, C) is

a root for (4.29), then according to (4.30), derivative ρ′ψ is expressed

ρ′ψ = ±
√

(υ∗(ρ, λL, C))2 − ρ2,

which leads to a quadrature expression for ψ = ψ(ρ)

ψ(ρ) = ±
∫

dρ√
(υ∗(ρ, λL, C))2 − ρ2

+ D.

Excluding constant D based on boundary conditions ψ(ρA) = ψA and ψ(ρB) = ψB,

this quadrature is reduced to the form of (4.28).

Note a root for (4.29) depends on values of λL and C. Which root should be chosen

with respect to λL and C and what are the estimates for λL and C are the subject of the

next theorem.

The quadrature (4.28) is considered to be an analytical solution, since the roots of the

quartic equation (4.29) may be expressed by Cardan’s (Cardan-Ferrari’s) formulas analyt-

ically. There are two special cases when the quadrature (4.28) is simplified.

Example 1 (the optimization problem without a constraint on trajectory length). The first

case corresponds to the optimization problem without a constraint on trajectory length, in

this case an optimal trajectory is presented by Rhodenea (rose function)

ρ(ψ) = C− 1
n−1 sin

1
n−1

(
(n− 1)

κ
(ψ + D)

)
, (4.31)

where D is a constant D = κ
n−1 arcsin

(
Cρn−1

A

)
− ψA.

Detail. In the case without a constraint on trajectory length, λL = 0. Consequently, the

only one feasible root for (4.29) satisfying υ∗ > 0 is

υ∗ =

√
1− (1− κ2)C2ρ2(n−1)

Cκρn−2
.

Its substitution into (4.28) leads to

ψ(ρ) = ψA ± κ

n− 1
arcsin

(
Cτn−1

)∣∣∣
ρ

ρA

,

which, being rewritten as a function ρ = ρ(ψ), is reduced to (4.31).
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In the case of n = 2, function (4.31) represents an arc of a circle passing through the

origin of the system of coordinates and points A and B. Figure 4–3 illustrates behavior of

function ρ(ψ) = sin
1

n−1

(
(n−1)

κ ψ
)

for parameters n = 4 and κ = 0.5, 1.0, 2.0.

-0.2 0 0.2 0.4 0.6 0.8

0

0.2

0.4

0.6

0.8

1
Κ = 2.0

Κ = 1.0

Κ = 0.5

Figure 4–3: Function ρ(ψ) = sin
1
3

(
3ψ
κ

)

Note if n > 2 constant C in (4.31) can be determined only when |ψB − ψA| <

min
{
π, πκ

n−1

}
, otherwise a solution to (4.21– 4.22) without constraint (4.23) will be un-

bounded.

Example 2 (the case of sphere). The second case corresponds to the optimization problem

when an aircraft is modeled by a sphere, in this case κ = 1 and an optimal trajectory is

presented by the explicit quadrature

ψ(ρ) = ψA ± C

ρ∫

ρA

τn−2dτ√
(λLτn + 1)2 − C2τ2(n−1)

. (4.32)

In the case of n = 2, quadrature (4.32) is reduced to the elliptic sine [40].

Detail. In the case of κ = 1, the root for (4.29) is given by

υ∗ =
λLρn + 1
Cρn−2

,

which being substituted into the quadrature (4.28) reduces it to (4.32).

Figure 4–4 illustrates optimal trajectories for a ”spherical” aircraft (κ = 1) for n = 4

with different constraints on trajectory length, l∗, in trajectory’s plane determined by points
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(xA, yA) = (−0.25, 0.25), (xB, yB) = (1.75, 0.25) and radar position (0, 0). Figure 4–5 shows

the same optimal trajectories for a “spherical” aircraft (κ = 1) for n = 4 with the same

constraints on trajectory length, l∗, in 3D space with (xA, yA, zA) = (−0.25, 0.15, 0.2),

(xB, yB, zB) = (1.75, 0.15, 0.2). Similar example for n = 2 was considered by Zabarankin et

al. [40].

-0.5 0 0.5 1 1.5

0

0.25

0.5

0.75

1

1.25

1.5

Radar

A B
ΨB

ΨA

ΡA ΡB

l* = 2.6

l* = 3.2

l* = 4.0

Figure 4–4: Optimal trajectories for the case of “sphere” with different constraints on the
length, l∗, in the trajectories’ plane

We compared analytical solutions for optimal trajectories in the cases with radars

and sensors. A sensor is an antenna capable just to receive a signal generated by aircraft

movement, whereas a radar sends a signal and detects its reflection from an aircraft. The

risk of detection by a sensor is reciprocal to the squared distance between the sensor and

the aircraft. Analytical solution for an optimal trajectory with a constraint on trajectory

length in the case of a single sensor is expressed by the elliptic sine [40]. Figure 4–6

compares optimal trajectories with the same constraint on trajectory length l∗ = 3.2 for a

“spherical” aircraft in the cases of a single sensor and single radar. As it is expected based

on risk functions, an optimal trajectory is more sensitive to a radar than to a sensor within

proximity to an installation and vise-versa.
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Figure 4–5: Optimal trajectories for the case of “sphere” with different constraints on the
length, l∗, in 3D space
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single sensor (n = 2) and single radar (n = 4) with the same constraint on the length,
l∗ = 3.2
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The next theorem provides some insights regarding bounds of unknowns υ∗ and C

facilitating numerical implementation of (4.28) and (4.29).

Theorem 4 (estimates for λL, C and a feasible root for the quartic equation). If λL > 0

then constant C should satisfy

C ∈





[
0, n

(
λL

n−1

)n−1
n

]
, if λL ∈

[
λ−L , λ+

L

]
,

[
0, min

{
λLρA + ρ

−(n−1)
A , λLρB + ρ

−(n−1)
B

}]
, if λL /∈

[
λ−L , λ+

L

]
,

(4.33)

with λ+
L = max

{
n−1
ρn

A
, n−1

ρn
B

}
, λ−L = min

{
n−1
ρn

A
, n−1

ρn
B

}
and equation (4.29) has a unique root

υ∗ within interval [υmin, υmax] where

υmin = max
{

ρ, C−1
(
λLρ2 + ρ−(n−2) min

{
1, κ−1

})
,

ρ
κ

√
max

{
C−2ρ−2(n−1) + κ2 − 1, 0

}}
,

(4.34)

υmax = C−1 κ−1
(

κλLρ2 + ρ−(n−2) + Cρ
√

max {1, κ2} − 1
)

. (4.35)

Proof. All estimates for C and root υ∗ are obtained by analyzing equation (4.29) with

respect to feasibility of υ∗ and the assumption of λL’s positivity.

The first part establishes bounds for C depending on λL. Using inequality υ =
√

(ρ′ψ)2 + ρ2 ≥ ρ or just υ ≥ ρ, equation (4.29) is reduced to ρn−1
(
Cυ − λLρ2

) − υ ≤ 0

or, equivalently, to λLρn+1 ≥ (
Cρn−1 − 1

)
υ. Applying υ ≥ ρ again, the last inequality is

reduced to λLρn ≥ Cρn−1 − 1, which is rearranged in the form

C ≤ λLρ + ρ−(n−1). (4.36)

Since (4.36) holds for all feasible ρ, we obtain C ≤ min
ρ

(
λLρ + ρ−(n−1)

)
. Expres-

sion λLρ + ρ−(n−1) is a convex function with respect to ρ, achieving its global mini-

mum at ρ0 =
(

λL
n−1

)− 1
n . Consequently, if min {ρA, ρB} ≤ ρ0 ≤ max {ρA, ρB} (equiva-

lently λL ∈
[
λ−L , λ+

L

]
) then ρ0 is feasible and C ≤ λLρ0 + ρ

−(n−1)
0 = n

(
λL

n−1

)n−1
n . If

ρ0 /∈ [min {ρA, ρB} , max {ρA, ρB}] (or equivalently λL /∈
[
λ−L , λ+

L

]
) then we are not guaran-

teed that in a particular example, function λLρ + ρ−(n−1) will achieve its global minimum

at ρ0, since ρ0 may not be feasible. However, in this case, at least the following weak

estimate should hold C ≤ min
{
λLρA + ρ

−(n−1)
A , λLρB + ρ

−(n−1)
B

}
. Based on υ ≥ 0 and
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the assumption of λL ≥ 0, positivity of C is obvious. Indeed, rewriting (4.29) in the form

ρn−2
(
Cυ − λLρ2

) √
κ2υ2 + (1− κ2)ρ2 = υ ≥ 0, we obtain Cυ ≥ λLρ2, which concludes

that C > 0. This finalizes the proof of formula (4.33).

The second part finds bounds for υ∗, i.e. interval [υmin, υmax] containing a single root

υ∗. This part includes the following consecutive steps.

• The first lower estimate for υ∗ is obtained by expressing λL from (4.29) and satisfying

the condition λL ≥ 0. That is, from λL = υ
ρ2

(
C − 1

ρn−2
√

κ2υ2+(1−κ2)ρ2

)
≥ 0 we have

υ ≥ ρ

κ

√
max

{
C−2ρ−2(n−1) + κ2 − 1, 0

}
. (4.37)

Then we utilize upper and lower estimates for
√

κ2υ2 + (1− κ2)ρ2 depending on

whether κ ≤ 1 or κ > 1.

• In the case of κ ≤ 1, we have κυ ≤ √
κ2υ2 + (1− κ2)ρ2 ≤ υ, which being applied

to equation (4.29) reduces it to ρn−2κ
(
Cυ − λLρ2

) ≤ 1 ≤ ρn−2
(
Cυ − λLρ2

)
. These

inequalities give the upper and lower estimates for υ when κ ≤ 1

C−1
(
λLρ2 + ρ−(n−2)

)
≤ υ ≤ C−1

(
λLρ2 + κ−1ρ−(n−2)

)
. (4.38)

Note if κ = 1 then (4.38) provides an exact value for the root υ∗ =
C−1

(
λLρ2 + ρ−(n−2)

)
.

• Analogously, in the case of κ > 1, we use κυ − ρ
√

κ2 − 1 ≤ √
κ2υ2 + (1− κ2)ρ2 ≤

κυ to reduce equation (4.29) to ρn−2
(
Cυ − λLρ2

) (
κυ − ρ

√
κ2 − 1

)
≤ υ ≤

ρn−2κυ
(
Cυ − λLρ2

)
, where the left inequality is then transformed to υ ≥

ρn−2υ
(
Cκυ − λLκρ2 − Cρ

√
κ2 − 1

)
. Consequently, we obtain

C−1
(
λLρ2 + κ−1ρ−(n−2)

)
≤ υ ≤ C−1

(
λLρ2 + κ−1ρ−(n−2) + Cρ

√
1− κ−2

)
. (4.39)

Combining inequality υ ≥ ρ with (4.37), (4.38) and (4.39) for both cases k ≤ 1 and

κ > 1, we obtain (4.34) and (4.35).

Finally, to prove that equation (4.29) has a single root in the interval [υmin, υmax], we

show that the function f(υ) = ρn−2
(
Cυ − λLρ2

) √
κ2υ2 + (1− κ2)ρ2 − υ is monotonically

increasing on [υmin, υmax] and f(υmin) ≤ 0, f(υmax) ≥ 0. Consider

d

dυ
f(υ) =

(
Cρn−2

√
κ2υ2 + (1− κ2)ρ2 − 1

)
+

ρn−2
(
Cυ − λLρ2

)
κ2υ√

κ2υ2 + (1− κ2)ρ2
.
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The first term and the nominator of the second term in the expression of d
dυf(υ) are

increasing functions with respect to υ. For υ ≥ υmin the first term is always nonnegative

due to (4.37) and the nominator of the second term is always positive based on (4.38)

and (4.39). Consequently, d
dυf(υ) is positive on [υmin, υmax], which means that f(υ) is a

monotonically increasing function.

Since υmin is the maximum of three values (4.34), we check the sign of f(υ) for each

of them.

• The relation f(ρ) = ρn
(
C − λLρ− ρ−(n−1)

)
≤ 0 holds by virtue of (4.36).

• For υ̂min = ρ
κ

√
max

{
C−2ρ−2(n−1) + κ2 − 1, 0

}
we consider two cases. If

C−2ρ−2(n−1) + κ2 − 1 ≤ 0,

(when κ < 1) then υ̂min = 0 and f(υ̂min) = −λLρn+1
√

1− κ2 < 0. If

C−2ρ−2(n−1) + κ2 − 1 > 0,

then υ̂min = ρ
κ

√
C−2ρ−2(n−1) + κ2 − 1 and f(υ̂min) = C−1

(
Cυ̂min − λLρ2

) − υ̂min =
−C−1λLρ2 < 0.

• For υ̃min = C−1
(
λLρ2 + ρ−(n−2) min

{
1, κ−1

})
, based on

√
κ2υ2 + (1− κ2)ρ2 ≤

υ min {1, κ},

f(υ̃min) ≤ υ̃min
(
ρn−2

(
Cυ̃min − λLρ2

)
min {1, κ} − 1

)

= υ̃min
(
min

{
1, κ−1

}
min {1, κ} − 1

)
= 0.

Thus, we showed that f(υmin) ≤ 0 for υmin = max {ρ, υ̂min, υ̃min}.

In the case of υmax given by (4.34), we use
√

κ2υ2 + (1− κ2)ρ2 ≥ κυ −
ρ
√

max {1, κ2} − 1 to show that

f(υmax) ≥ ρn−2
(
Cυmax − λLρ2

) (
κυmax − ρ

√
max {1, κ2} − 1

)
− υmax

≥ ρn−2υmax

(
C κ υmax − Cρ

√
max {1, κ2} − 1− κλL ρ2

)
− υmax = 0.

Consequently, we proved that f(υmin) ≤ 0 and f(υmax) ≥ 0, which along with the

condition of f(υ)’s monotonicity on [υmin, υmax] guarantee existence of only a single root

for f(υ) on [υmin, υmax].

Example 3 (elongated and compressed ellipsoids in the case of n = 4). Coordinates of

points A and B are the same in all examples. In trajectory’s plane (xA, yA) = (−0.25, 0.25),
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(xB, yB) = (1.75, 0.25), and in 3D space (xA, yA, zA) = (−0.25, 0.15, 0.2), (xB, yB, zB) =

(1.75, 0.15, 0.2). Figures 4–7, 4–8 and 4–9 compare optimal trajectories for sphere, elongated

and compressed ellipsoids. Table 4–1 presents values for the optimal risk, λL, C and C’s

estimate (4.33) for all considered numerical examples with different κ and l∗.
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Figure 4–7: Optimal trajectories for sphere (κ = 1.0) and elongated ellipsoids (κ = 0.5,
0.1) for n = 4 and l∗ = 3.2 shown in trajectory’s plane
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Figure 4–8: Optimal trajectories for sphere (κ = 1.0) and compressed ellipsoids (κ = 2.0,
10) for n = 4 and l∗ = 3.2 shown in trajectory’s plane

Analyzing optimal trajectories in Figures 4–4, 4–5, 4–6, 4–7, 4–8 and 4–9 and compu-

tational results in Table 4–1 we can conclude the following

• The optimal risk is more sensitive to variation of the shape of ellipsoid (parameter
κ), than to the variation of a trajectory’s total length, l∗.
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Figure 4–9: Optimal trajectories for sphere (κ = 1.0), elongated (κ = 0.1) and compressed
(κ = 2.0) ellipsoids for n = 4 and l∗ = 3.2 in 3D space

Table 4–1: Optimal risk, λL, C and C’s estimate

κ l∗ Risk λL C 4(λL/3)3/4

1.0 2.6 9.792116 4.763580322 5.369280470 5.658081121

1.0 3.2 8.421726 1.040107422 1.759684438 1.807289381

1.0 4.0 7.966210 0.300707031 0.712062456 0.712568693

0.1 3.2 0.468371 1.451660156 2.282777298 2.320693404

0.5 3.2 3.980716 1.993432500 2.908499104 2.943880665

2.0 3.2 12.464087 0.610351562 1.143055224 1.211725076

10.0 3.2 14.845494 0.109076172 0.251462743 0.333055390
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• Optimal trajectories for different κ (especially for κ > 1) are close to each other, which
indicates that a variation of ellipsoid shape has no strong effect on the geometry of
an optimal trajectory.

• Within proximity to an installation, an optimal trajectory is more sensitive to a radar-
installation than to a sensor-installation and in the area remote from the installation
the effect is opposite.

4.5 Network Flow Optimization Approach

The calculus of variations approach reduces the optimization problem to the vectorial

nonlinear differential equation. Obtaining an analytical solution to this equation in the

case of arbitrary number of detecting installations is still an open issue. Certainly, vari-

ous gradient-based techniques may solve the equation numerically. However, regardless of

efficiency of those techniques (although, this issue is also questionable due to strong non-

linearity of the equation), most of them provide only locally optimal solution. This section

develops a discrete optimization approach generating globally optimal trajectories.

We propose network flow (NF) optimization approach to directly solve the original

problem. This approach reduces optimal risk path generation with a constraint on the

length to the Constrained Shortest Path Problem (CSPP) for a 3D network, which can

efficiently be solved by NF optimization algorithms. There are several advantages of using

NF optimization

• Among all feasible approximated trajectories in a considered network, it finds a glob-
ally optimal one.

• Its complexity (running time) depends neither on a number of installations in a net-
work nor on power n in the risk functional (4.2).

• It can readily be generalized for the case with an actual-tabulated radar cross-section
(RCS) (i.e. when RCS is not a smooth function).

However, due to NP-hard nature of the CSPP, no polynomial algorithm solves the

CSPP exactly. It means that in a worst case, computational time for the CSPP will ex-

ponentially depend on the number of arcs in a network. Consequently, coarseness of the

network should be specified reasonably.

4.5.1 Network Structure

We assume an admissible deviation domain for aircraft trajectory to be an undirected

graph G = (N ,A), where N = {1, . . . , n} is the set consisting of n nodes and A is the set
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of undirected arcs. A trajectory (x(.), y(.), z(.)) is approximated by a path P in the graph

G, where path P is defined as a sequence of nodes 〈j0, j1, . . . , jp〉 such that j0 = A, jp = B

and 〈jk−1, jk〉 ∈ A for all k from 1 to p. Let graph G be a 3D grid of nodes (rectangular

parallelepiped) of nx × ny × nz size with edges oriented along coordinate axes x, y, z and

having nx, ny and nz numbers of unit segments in each edge, respectively. Similarly, in

2D case graph G is a 2D grid of nodes (rectangle) of nx × ny size with edges oriented

along coordinate axes x, y and having nx and ny numbers of unit segments in each edge,

respectively. Structures of arcs assigned in G in 2D and 3D cases are shown in Figures 4–10

and 4–11, respectively. A 2D network with arcs structure, shown in Figure 4–10, contains

(nx + 1)(ny + 1) nodes and

2(8nxny − nx − ny)

arcs, where nx ≥ 1 and ny ≥ 1. In 3D case the total number of nodes and arcs in an

undirected G with arcs structure, as shown in Figure 4–11, are (nx +1)(ny +1)(nz +1) and

2(49nxnynz − 8nxny − 8nxnz − 8nynz + nx + ny + nz),

for nx ≥ 1, ny ≥ 1, and nz ≥ 1. For instance, the case of nx = 1, ny = 1, and nz = 1

corresponds to a single cube with 12 liner arcs, 12 planar arcs and 4 3D arcs (see Figure

4–11). All these numbers should be doubled due to “undirectness” of the graph. Thus, the

total number of arcs just in a single cube is 56. Moreover, in order to provide sufficient

amount of feasible directions for a trajectory (i.e. to avoid “naive discretization,” sometimes

referred to as the digitization bias [52]), we assign not only axis and diagonal but also

so-called “long-diagonal” arcs connecting opposite vertexes of any two neighbor cubes (see

Figure 4–11). However, in this case, network structure becomes very condense. For example,

a relatively small 3D undirected network of 40× 40× 40 contains about 69,000 nodes and

6,200,000 arcs. It would be naive to assume that even a very efficient NF algorithm is

capable to find a constrained shortest path in this network within seconds (at least at

the current moment of the technological progress). Obviously, a main task in this case

is development of efficient network structures with relatively small numbers of arcs and

nodes, while preserving flexibility for trajectory approximation, rather than finding the
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most efficient NF algorithm (although this is also a quite legitimate question). However,

the chapter only partially addresses the issue of efficient network structures, since this is

a separate subject for discussion, which calls for a separate publication. Zabarankin et

al. [40] showed that existing NF algorithms [54] are quite efficient in finding a constrained

shortest path in a network with about 100,000 arcs.

1

1

1

1

22
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3

33

3
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3

Figure 4–10: Structure of arcs in every node in a 2D network: “1” – axis arcs, “2” – diagonal
arcs, “3” – long diagonal arcs

4.5.2 Smoothing Procedure and Curvature Constraint

Number of arcs can significantly be reduced by smoothing network structure. Starting

from both j0 = A and jp = B nodes along all directions outgoing from j0 and jp, we retain

only those pairs of arcs, which produce the angle not greater than, for instance, π
6 , see

Figure 4–12.

Let Ni be the set of nodes connected to node i. For instance, for 2D network structure

shown in Figure 4–10, set Ni for each i consists of 16 nodes producing 4 axis, 4 diagonal and

8 long diagonal arcs with node i. Let T A
i be a subgraph starting from node j0 = A along arc

〈j0, i〉, i ∈ Nj0 . Now T A
i = {j0, i}. If j ∈ Ni/{j0} satisfies condition ej0i · eij ≥

√
3

2 , where

eij is the unit vector along arc 〈i, j〉, then j is added to the subgraph T A
i = T A

i ∪ {j}. The

next step is to examine new added nodes, i.e. for all j ∈ T A
i /{j0, i} check eij · ejk ≥

√
3

2 ,

k ∈ Nj . If node k satisfies this condition then T A
i = T A

i ∪ {k} and so on. T A
i is full when
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Figure 4–11: Structure of arcs in every node in a 3D network

there is no nodes left satisfying the condition. Similarly, we construct T A
i for all i ∈ Nj0 .

Then the whole process is repeated for T B
i .
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Figure 4–12: Network smoothing and curvature constraint

To avoid “sharp turns” in aircraft trajectory, we may use a curvature constraint, which

also can be imposed by aircraft control limitations. Analytically, for any given triad of

arcs, curvature constraint is expressed by ejk−2jk−1
· ejkjk+1

≥ cosα, where α, for instance,

may be π
4 . In general, α should be a function of the length of the middle arc 〈jk−1, jk〉,
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since a constant constraint on trajectory curvature may prevent from obtaining an optimal

solution.

Finding a globally optimal risk path subject to length constraint is the task for NF

optimization. Network structure smoothing will be integrated into a NF algorithm as a

condition eliminating inadmissible arcs in a network rather than implemented as a separate

procedure. Consequently, smoothing condition is considered now as an adjustment for the

NF algorithm rather than property of network structure.

4.5.3 Approximation Scheme

Several schemes for approximation of optimization problem (4.5) are available. Here

we consider one of them. Let vector rjk
with components x(jk), y(jk) and z(jk) determine

position of node jk. Then a path P =
{
rj1 , rj2 , . . . , rjp

}
is a piece-wise linear curve (broken

line) with vertexes at points rjk
, k = 1, p. Any point on the arc 〈jk−1, jk〉 can be defined by

vector rk(t) = (1− t) rjk−1
+ t rjk

with t ∈ [0, 1]. Thus, length differential ds and derivative

ṙ for each arc are

ds = ||rjk
− rjk−1

|| dt, ṙk =
rjk

− rjk−1

||rjk
− rjk−1

|| , k = 1, p.

Using approximations for r, ṙ and ds, functional (4.4) and trajectory length are pre-

sented, respectively

F(r, ṙ) ≈
p∑

k=1

||rjk
− rjk−1

||
1∫

0

L (rk(t), ṙk) dt =
p∑

k=1

C(rjk−1
, rjk

), (4.40)

l ≈
p∑

k=1

||rjk
− rjk−1

||, (4.41)

where ||rjk
− rjk−1

|| and C(rjk−1
, rjk

) are the length and risk index of the arc 〈jk−1, jk〉,
respectively. To derive the formula for C(rjk−1

, rjk
) we compute the risk accumulated along

the arc 〈jk−1, jk〉 from the ith radar located at qi = (ai, bi, ci). Substituting rik(t) =
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rk(t)− qi into (4.2), we have

C(rjk−1
, rjk

) = 2κ
1+κ2

N∑
i=1

wi

1∫
0

√
||rik(t)||2 ||rjk

−rjk−1
||2+(κ2−1)

(
rik(t)·(rjk

−rjk−1
)
)2

||rik(t)||n+1 dt

= 2κ
1+κ2

N∑
i=1

wi

1∫
0

√
l2i,jk−1

sin2 ϕi,jk−1jk
+κ2

(
li,jk−1

cos ϕi,jk−1jk
+t ∆sjk−1 jk

)2

(
l2i,jk−1

sin2 ϕi,jk−1jk
+
(
li,jk−1

cos ϕi,jk−1jk
+t ∆sjk−1 jk

)2
)n+1

2

dt,

(4.42)

where li,jk
= ||rjk

−qi||, ∆sjk−1 jk
= ||rjk

−rjk−1
|| and ϕi, jk−1jk

∈ [0, π] is the angle between

vectors rjk−1
− qi and rjk

− rjk−1
(see Figure 4–13), i.e.

ϕi, jk−1jk
= arccos

(
(rjk−1

− qi) · (rjk
− rjk−1

)
||rjk−1

− qi|| ||rjk
− rjk−1

||

)
.

Figure 4–13 illustrates a 3D network for solving the risk minimization problem. Broken

line AB is a path in the area with the ith radar, while ∆sjk−1 jk
is the length of arc 〈jk−1, jk〉

between nodes jk−1 and jk in this path. Magnitude ϕi, jk−1jk
is the angle between vector

rjk−1
− qi and arc 〈jk−1, jk〉 directed from node jk−1 to node jk.
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iq
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kj
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Figure 4–13: 3D network for solving the risk minimization problem
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Integral (4.42) can efficiently be approximated by the Gaussian quadrature. If f(t) is

a bounded smooth function on [0, 1] then the Gaussian quadrature is

1∫

0

f(t) dt ≈
J∑

j=1

hj f(tj),

where hj and tj ∈ [0, 1] are known for any given J . For instance, Table 4–2 presents values

tj and weight coefficients hj for the Gaussian quadrature for J = 16.

Table 4–2: Coefficients for the Gaussian quadrature for J = 16

j tj hj

1 0.048307665687738316235 0.096540088514727800567

3 0.144471961582796493485 0.095638720079274859419

3 0.239287362252137074545 0.093844399080804565639

4 0.331868602282127649780 0.091173878695763884713

5 0.421351276130635345364 0.087652093004403811143

6 0.506899908932229390024 0.083311924226946755222

7 0.587715757240762329041 0.078193895787070306472

8 0.663044266930215200975 0.072345794108848506225

9 0.732182118740289680387 0.065822222776361846838

10 0.794483795967942406963 0.058684093478535547145

11 0.849367613732569970134 0.050998059263376176196

12 0.896321155766052123965 0.042835898022226680657

13 0.934906075937739689171 0.034273862913021433103

14 0.964762255587506430774 0.025392065309262059456

15 0.985611511545268335400 0.016274394730905670605

16 0.997263861849481563545 0.007018610009470096600

Consequently, using a direct method of Calculus of Variations, problem (4.5) is ap-

proximated by

min
P

p∑
k=1

C(rjk−1
, rjk

)

s. t.
p∑

k=1
||rjk

− rjk−1
|| ≤ l∗,

rj0 = rA, rjp = rB.

(4.43)

If for all k = 1, p, rjk
is variable (not fixed in nodes of a network), then, in the case of

active constraint
p∑

k=1
||rjk

− rjk−1
|| = l∗, optimality conditions for (4.43) can be derived by

standard calculus

∂

∂rjk

(C(rjk−1
, rjk

) + C(rjk
, rjk+1

)
)

= −γ
(
ejk−1 jk

− ejk jk+1

)
, k = 1, (p− 1), (4.44)
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where γ is the Lagrange multiplier for the constraint in (4.43) and ejk−1 jk
=

rjk
−rjk−1

||rjk
−rjk−1

|| .

System (4.44) may be solved numerically by a gradient-based algorithm. However, in this

case, we most likely obtain only locally optimal solution. Moreover, instead of solving (4.44)

we could numerically solve differential equation (4.17).

4.5.4 Reduction to the Constrained Shortest Path Problem

To formulate (4.43) as a network flow optimization problem, let

cjk−1 jk
= C(rjk−1

, rjk
), ∆sjk−1 jk

= ||rjk
− rjk−1

||,

and values R(P) and l(P) define the total cost (risk) and weight (length) accumulated along

the path P, respectively,

R(P) =
p∑

k=1

cjk−1 jk
, l(P) =

p∑

k=1

∆sjk−1 jk
.

Thus, each arc 〈jk−1, jk〉 ∈ A is associated with its length ∆sjk−1 jk
and nonnegative

cost cjk−1 jk
. The path P is weight feasible if the total weight l(P) is at most l∗, i.e.

l(P) ≤ l∗. Consequently, the CSPP is finding such a feasible path P from point A to point

B that minimizes cost R(P)

min
P

p∑
k=1

cjk−1 jk

s. t.
p∑

k=1
∆sjk−1 jk

≤ l∗.
(4.45)

The difference between (4.43) and (4.45) is that (4.43) still preserves analytical proper-

ties of the risk and length, whereas (4.45) completely “forgets” about the nature of obtained

cjk−1 jk
and ∆sjk−1 jk

values. The CSPP (4.45) is closely related to the Shortest Path Prob-

lem with Time Windows (SPPTW) and also to the Resource Constrained Shortest Path

Problem (RCSPP), which uses a vector of weights, or resources, rather than a scalar. These

problems are solved in column generation approaches for Vehicle Routing Problems with

Time Windows (VRPTW) and in long-haul aircraft routing problems. Under the assump-

tion of cost and weight integrality, the CSPP was shown to be a NP-hard problem [55]. It

means that in a worse case, the CSPP is solved in time exponentially depending on the

number of arcs. Algorithms for solving the CSPP are divided into three major categories
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• Label-setting algorithms based on dynamic programming methods

• Scaling algorithms

• Algorithms based on the Lagrangean relaxation approach

The label setting algorithm is the most efficient in the case when the weights are positive

[56]. The Lagrangean relaxation algorithm is based on the subgradient optimization [57]

and cutting plane [58] methods, and efficient for solving the Lagrangean dual problem

of the CSPP in the case of one resource. Scaling algorithms use two fully polynomial

approximation schemes for the CSPP based on cost scaling and rounding [59]. The first

scheme is a geometric bisection search whereas the second one iteratively extends paths.

We solve the CSPP (4.45) by the Label Setting Algorithm (LSA) with a preprocessing

procedure [55].

4.5.5 The Label Settings Algorithm with Preprocessing Procedure

The Preprocessing Procedure and Label Setting Algorithm (LSA) are two consecutive

stages in finding a constrained shortest path. The objective of preprocessing is to reduce

the original graph by eliminating all arcs and nodes such that any path containing them

is infeasible or does not improve current cost upper bound. To discuss the algorithm in

detail, let us denote the arc’s nodes jk−1 and jk by i and j, respectively. For each node i,

we consider the path obtained by appending the least cost path from the source node s to

i to the least cost path from i to the sink node t. If the total cost accumulated along the

new path is at least the current cost upper bound, then the use of node i cannot improve

a known feasible solution. Hence, node i and all arcs incident to it can be deleted from

the graph. If the total cost is less than the upper bound and the path is feasible, then the

upper bound can be updated and the process continues with the improved upper bound.

Similar, for each arc 〈i, j〉, we consider the path obtained by appending the least cost path

from s to i to the least cost path from j to t, via arc 〈i, j〉. If the total cost accumulated

along the new path is at least equal to the current cost upper bound, then we can delete

arc 〈i, j〉 from the graph. If the total cost is less than the upper bound and the path is

feasible then the upper bound can be updated. The preprocessing procedure is presented

in the pseudo-code form below.
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Preprocessing Algorithm for the CSPP

Step 0: Let U = C(n− 1) where C = max
〈i,j〉 ∈A

cij .

Step 1: Find the minimum cost paths from source node s = A with arc costs

given by cij . Let Qc
sj be the least cost path from s to j and αc

j

be the cost of the path: αc
j = R(Qc

sj).

If there is no path from s to the sink node t = B then stop;

the problem is infeasible.

If l(Qc
st) ≤ l∗ then Qc

st is the optimal path.

Step 2: Find the minimum cost paths from all nodes to t with arc costs given

by cij . Let Qc
jt be the least cost path from j to t and βc

j be the

cost of the path: βc
j = R(Qc

jt).

Step 3: Find the minimum length paths from s to all nodes with arc lengths

given by ∆sij . Ql
sj is the minimum length path from s to j and αl

j is

the length of this path: αl
j = l(Ql

sj).

If l(Ql
st) > l∗ then stop; the problem is infeasible.

If l(Ql
st) ≤ l∗ and R(Ql

st) < U then set U = R(Ql
st).

Step 4: Find the minimum length paths from all nodes to t with the arc lengths

given by ∆sij . Ql
jt is the least length path from j to t and βl

j

is the length of this path: βl
j = l(Ql

jt).

Step 5: For all j ∈ V \{s, t} do

if αl
j + βl

j > l∗ then delete node j and all arcs incident to it;

if αc
j + βc

j ≥ U then delete node j and all arcs incident to it;

end

Step 6: For all 〈i, j〉 ∈ A do

if αl
i + ∆sij + βl

j > l∗ then delete 〈i, j〉
else if αc

i + cij + βc
j ≥ U then delete 〈i, j〉

else if l(Qc
si) + ∆sij + l(Qc

jt) ≤ l∗ then U = αc
i + cij + βc

j ;

end
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Step 7: If during steps 5 and 6 the graph changed then goto Step 1,

else set L = αc
t and stop.

End.

The next stage after the preprocessing procedure is the Label Setting Algorithm. The

idea of the algorithm is to use a set of labels for each node and compare the labels to one

another. Each label on a node represents a different path from node s to that node and

consists of a pair of numbers representing the cost and weight of the corresponding path.

No labels having the same cost are stored and for each label on a node, any other label

on that node with a lower cost must have a greater weight. Let Ii be the index set of

labels on node i and for each k ∈ Ii let Pk
i denote a path from s to i with weight W k

i

and cost Ck
i . Pair (W k

i , Ck
i ) is the label of node i and Pk

i is the path corresponding to it.

For two labels (W k
i , Ck

i ) and (W q
i , Cq

i ), corresponding to two different paths Pk
i and Pq

i ,

respectively, (W k
i , Ck

i ) dominates (W q
i , Cq

i ) if W k
i ≤ W q

i , Ck
i ≤ Cq

i , and the labels are not

equal. Label (W k
i , Ck

i ) is efficient if it is not dominated by any other label at node i, i. e.

if (l(P), R(P)) does not dominate (W k
i , Ck

i ) for all paths P from s to i. A path is efficient

if the label it corresponds to is efficient. The LSA finds all efficient labels in every node.

Starting without any labels on any node, except for label (0, 0) on node s, the algorithm

extends the set of all labels by treating an existing label on a node, that is, by extending

the corresponding path along all outgoing arcs. Let Li be the set of labels on node i and

let Ti ⊆ Ii index the labels on node i, which have been treated. The algorithm proceeds

until all labels have been treated, i.e. until Ii\Ti = ∅ for all i ∈ V \{t}.

The Label Setting Algorithm (LSA) with smoothing condition

Step 0: Initialization

Run Preprocessing Algorithm for the CSPP to find U , βc
j , βl

j

and Qc
jt ∀ j ∈ V \{t}.

Set Ls = {(0, 0)} and Li = ∅ for all i ∈ V \{s}.
Initialize Ii accordingly for each i ∈ V .

Set Ti = ∅ for each i ∈ V .

Step 1: Selection of the label to be treated
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If
⋃

i∈V
(Ii\Ti) = ∅ then stop; all efficient labels have been generated.

Else choose i ∈ V and k ∈ Ii\Ti so that W k
i is minimal.

Step 2: Treatment of label (W k
i , Ck

i )

For all 〈i, j〉 ∈ A do

If
(
e(←i)i · eij ≥ ε

)
/*smoothing condition: ε =

√
3

2 ;

(← i) is a predecessor node */

If (W k
i + ∆sij + βl

j ≤ l∗)

If (Ck
i + cij + βc

j < U)

If (W k
i + ∆sij , C

k
i + cij) is not dominated

by (W q
j , Cq

j ) ∀q ∈ Ij

then set Lj = Lj ∪ {(W k
i + ∆sij , C

k
i + cij)}

and update Ij

If (W k
i + ∆sij + l(Qc

jt) ≤ l∗) then U = Ck
i + cij + βc

j .

end

Step 3: Set Ti = Ti ∪ {k}, goto to Step 1.

End.

4.6 Numerical Experiments

Zabarankin et al. [40] demonstrated efficiency of the NF optimization approach in

optimal trajectory generation in 2D space with arbitrary number of sensors (n = 2) for the

case of sphere (κ = 1). This section tests complexity of the CSPP (4.45) and flexibility of

the proposed 3D network structure in optimal trajectory generation with variable aircraft

RCS in 3D space. We computed discrete solutions using 2D and 3D networks for the same

data considered in Examples 2 and 3 in the case of a single radar (n = 4). Radar position,

coordinates of points A and B and testing values for a constraint on trajectory length are

exactly the same. In 3D case, the CSPP was solved by the LSA with and without smoothing

condition. All calculations were conducted using a PC with Xeon 3.08 GHz and 3.37 Gb of

RAM.

We used 2D and 3D networks, with structures as shown in Figures 4–10 and 4–11, to

compare discrete optimization trajectories with analytical ones in the case of a single radar.
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2D network is a special case of 3D one with nz = 0. It tests discrete solutions in the trajecto-

ries’ plane determined by points A, B and (0, 0, 0) (radar position). We associate nodes of a

3D graph with integer vectors (i, j, k) forming 3D integer grid. Consequently, the set of arcs

lengths in an integer grid with structure as shown in Figure 4–11 is
{
1,
√

2,
√

3,
√

5,
√

6, 3
}
.

In assigning real arc length, all these values are scaled by an appropriate coefficient depend-

ing on actual size of a network. In order to reduce computational time, we approximated

arcs lengths by the set of integer numbers {1000, 1414, 1732, 2236, 2449, 3000}. In this case,

the scaling coefficient is adjusted correspondingly. Finding a constrained shortest path in a

network with the integer lengths of arcs is approximately 1.5 times faster than the same pro-

cedure with real lengths of arcs. However, due to the integer approximation of arcs lengths,

the actual length of a constrained shortest paths in a network may be slightly greater than

assigned length constraints, while the corresponding optimal risk value may be lesser than

the one obtained by analytical solutions approach. In tables presenting results of network

flow optimization, optimal risk values, obtained by network optimization and inconsistent

with “true” ones in the discussed sense, are marked by † symbol.

We calculated constrained shortest paths depending on ellipsoid shape (parameter κ)

and length constraint, l∗, and compared optimal risk values R2D and R3D (in 2D and 3D

network optimization, respectively) with the “true” ones, obtained by analytical solutions

approach. Values of l2D and l3D are lengths of constrained shortest paths in 2D and 3D

cases, respectively. We were interested in the following parameters: number of nodes left

after preprocessing, Nprep, cost upper bound in preprocessing, U , preprocessing time, Tprep,

number of labels treated in the LSA, Nlabels, and running time of the LSA, TLSA, measured

in seconds. All these parameters are helpful in evaluating performance of the discrete

optimization approach. We analyzed the impact of using smoothing condition on accuracy

of discrete solutions and LSA running time in 3D case.

4.6.1 2D Network Optimization

To calculate 2D optimal trajectories for the cases considered in Examples 2 and 3, we

used a 2D squared graph with the following parameters
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Size of the graph = 2.3× 2.3

nx × ny = 46× 46

Length of axis arcs = 2.3/46 = 0.05

Number of nodes = (46 + 1)2 = 2209

Number of arcs = 33672

Radar position = (0, 0)

Point A = (−0.25, 0.25)

Point B = (1.75, 0.25)

Numerical results of 2D network optimization for different values of κ and l∗ are pre-

sented in Tables 4–3 and 4–4. Figures 4–14 and 4–15 compare analytical and discrete

optimization solutions in 2D space with parameters: a) n = 4, κ = 1.0, l∗ = 2.6, 3.2, 4.0;

and b) n = 4, κ = 0.1, 2.0, l∗ = 3.2, respectively. The smooth curves are the optimal tra-

jectories obtained by the analytical approach and the nonsmooth curves are those obtained

by solving the CSPP. Analytical and corresponding discrete optimization trajectories are

close to each other, which validates both approaches. Note for the case of k = 10.0, values

of optimal risk for discrete trajectories in Tables 4–3, 4–4, 4–5, 4–6 and 4–7 are lesser than

the risk value for the corresponding analytical solution. Due to integer approximation of

arcs lengths, the total length of those paths are greater than their integer representations.

Table 4–3: 2D network preprocessing: single radar

κ l∗ True Risk U Npr Tpr, sec
1.0 2.6 9.792116 91.336509 837 0.359

1.0 3.2 8.421726 91.336509 1260 0.313

1.0 4.0 7.966210 35.693792 1703 0.500

0.1 3.2 0.468371 15.942982 1281 0.484

0.5 3.2 3.980716 66.836609 1265 0.329

2.0 3.2 12.464087 12.858975 764 0.547

10.0 3.2 14.845494 14.84242† 42 0.359

4.6.2 3D Network Optimization in the Case of a Single Radar

For 3D network optimization with the data from Examples 2 and 3, we used a paral-

lelepiped graph with parameters



148

Table 4–4: 2D network optimization with LSA: single radar

κ l∗ True Risk l2D R2D Nlabels TLSA, sec
1.0 2.6 9.792116 2.592 9.983805 85461 0.609

1.0 3.2 8.421726 3.1995 8.504245 224524 2.047

1.0 4.0 7.966210 3.9933 8.004489 423056 4.750

0.1 3.2 0.468371 3.199 0.488162 329517 3.641

0.5 3.2 3.980716 3.1932 4.063807 292594 2.922

2.0 3.2 12.464087 3.1958 12.518963 60619 0.406

10.0 3.2 14.845494 3.1958 14.84242† 0 0

-0.5 0 0.5 1 1.5
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0.5
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1.5

Radar

A B
ΨB

ΨA

ΡA ΡB

l* = 2.6

l* = 3.2

l* = 4.0

Figure 4–14: Comparison of analytical and discrete optimization trajectories for the case
of sphere (κ = 1.0), n = 4 and different length constraints, l∗, in trajectories’ plane
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Figure 4–15: Comparison of analytical and discrete optimization trajectories for elongated
(κ = 0.1) and compressed (κ = 2.0) ellipsoids for n = 4 and the same constraint on the
length l∗ = 3.2 in trajectories’ plane

Size of the graph = 2.3× 1.0× 1.25

nx × ny × ny = 46× 20× 25

Length of axis arcs = 2.3/46 = 1.0/20 = 1.25/25 = 0.05

Number of nodes = (46 + 1)(20 + 1)(25 + 1) = 25662

Number of arcs = 2213062

Radar position = (0, 0, 0)

Point A = (−0.25, 0.15, 0.2)

Point B = (1.75, 0.15, 0.2)

Numerical results of 3D network optimization with and without network structure

smoothing for different values of κ and l∗ are presented in Tables 4–5, 4–6 and 4–7. Figures

4–16, 4–17 and 4–18 compare the analytical and discrete optimization solutions in 3D space

for the following sets of parameters: a) n = 4, κ = 1.0, l∗ = 2.6, 3.2, 4.0; b) n = 4, κ = 0.1,

l∗ = 3.2; and c) n = 4, κ = 2.0, l∗ = 3.2, respectively.

4.6.3 3D Network Optimization in Cases with Two and Three Radars

This section analyzes impact of variable RCS in the case of several radars on: a) ge-

omety of optimal trajectories; and b) performance of the discrete optimization approach.

For optimal trajectory generation in the cases with two and three radars, we used the same
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Table 4–5: 3D network preprocessing: single radar

κ l∗ True Risk U Npr Tpr, sec
1.0 2.6 9.792116 91.336509 11518 9.516

1.0 3.2 8.421726 91.336509 22521 14.234

1.0 4.0 7.966210 8.902138 21175 18.031

0.1 3.2 0.468371 15.942982 22598 16.094

0.5 3.2 3.980716 66.836609 22553 14.875

2.0 3.2 12.464087 12.969952 15543 22.187

10.0 3.2 14.845494 14.840356† 2873 12.781

Table 4–6: 3D network optimization with LSA: single radar

κ l∗ True Risk l3D R3D Nlabels TLSA, sec
1.0 2.6 9.792116 2.5998 10.251423 1936613 766.704

1.0 3.2 8.421726 3.19805 8.525182 6644608 6597.750

1.0 4.0 7.966210 3.9997 8.040955 8066613 7252.609

0.1 3.2 0.468371 3.1987 0.554746 9930869 11519.922

0.5 3.2 3.980716 3.1963 4.11088 8427875 9069.281

2.0 3.2 12.464087 3.19895 12.529767 2529266 1220.188

10.0 3.2 14.845494 3.1953 14.83876† 132135 8.031

Table 4–7: 3D network optimization with LSA & smoothing condition: single radar

κ l∗ True Risk l3D R3D Nlabels TLSA, sec
1.0 2.6 9.792116 2.5998 10.251423 1080091 299.735

1.0 3.2 8.421726 3.19645 8.526340 4841651 4286.844

1.0 4.0 7.966210 3.9981 8.041533 6849799 5937.016

0.1 3.2 0.468371 3.19925 0.55662 5262314 5066.953

0.5 3.2 3.980716 3.1986 4.123165 5091681 4715.875

2.0 3.2 12.464087 3.1998 12.530477 2015458 846.672

10.0 3.2 14.845494 3.1953 14.83876† 76150 4.516
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Figure 4–16: Comparison of analytical and discrete optimization trajectories for sphere
(κ = 1.0), n = 4 with different length constraints, l∗, in 3D space

-0.5

0

0.5

1
1.5

0.4

0

0.25

0.5

0.75

1

Radar

A

B

ΨA - ΨB

ΡA

ΡB

Κ = 0.1

-0.5

0

0.5

1
1.5

0

0.25

0.5

Figure 4–17: Comparison of analytical and discrete optimization trajectories for elongated
ellipsoid κ = 0.1 and parameters n = 4, l∗ = 3.2 in 3D space



152

-0.5

0

0.5

1
1.5

0.4

0

0.25

0.5

0.75

1

Radar

A

B

ΨA - ΨB

ΡA

ΡB

Κ = 2.0

-0.5

0

0.5

1
1.5

0

0.25

0.5

Figure 4–18: Comparison of analytical and discrete optimization trajectories for compressed
ellipsoid κ = 2.0 and parameters n = 4, l∗ = 3.2 in 3D space

3D network of 2.3×1.0×1.25 with the corresponding integer grid nx×ny×ny = 46×20×25

and the following data for radars positions and staring and ending trajectory points

Radar 1 = (1, 0, 0) Point A = (0, 0.5, 0)

Radar 2 = (0.5, 1, 0) Point B = (2, 0.5, 0)
and

Radar 1 = (1, 0, 0) Point A = (0, 0.75, 0)

Radar 2 = (0.5, 1.25, 0) Point B = (2, 0.75, 0)

Radar 3 = (1.5, 1, 0)

Numerical results of 3D network optimization in the cases of two and three radars with

and without network structure smoothing for different values of κ and the same constraint

on the length, l∗ = 3.2, are presented in Tables 4–8 and 4–9. Figures 4–19, 4–20, 4–21,

4–22, 4–23 and 4–24 illustrate discrete optimization trajectories in 3D space with two and

three radars for the following parameters: n = 4, l∗ = 3.2, κ = 0.1, 1.0, 2.0.

4.7 Analysis of Computational Results

Based on obtained discrete optimization results, namely, numerical values for optimal

risk, LSA running time, number of nodes left after preprocessing, number of labels treated

by the algorithm and comparison of discrete trajectories with analytical ones in 2D and 3D

cases, we present the following conclusions
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Table 4–8: 3D network optimization: two radars (∗smoothing is used)

κ l∗ l3D R3D U Npr Tpr, sec Nlabels TLSA, sec
0.1 3.2 3.19885 0.921916 3.086443 20342 16.547 9993019 9837.906

1.0 3.2 3.1993 4.891124 15.367339 19267 12.766 6737166 5392.109

2.0 3.2 3.1993 4.320838 7.535904 15968 16.828 3617699 2010.750
∗0.1 3.2 3.1993 0.922975 3.086443 20342 16.547 6428635 5556.891
∗1.0 3.2 3.1993 4.891411 15.367339 19267 12.766 5095577 3708.437
∗2.0 3.2 3.19785 4.330046 7.535904 15968 16.828 2818012 1335.859

Table 4–9: 3D network optimization: three radars (∗smoothing is used)

κ l∗ l3D R3D U Npr Tpr, sec Nlabels TLSA, sec
0.1 3.2 3.19995 1.635309 19.374493 20766 14.718 7898013 6733.031

1.0 3.2 3.19905 9.073111 28.740118 19660 16.641 5623460 3998.969

2.0 3.2 3.19905 8.62298 22.262851 18377 15.625 3982280 2285.640
∗0.1 3.2 3.19995 1.639800 19.374493 20766 14.718 5296123 4056.406
∗1.0 3.2 3.197 9.094264 28.740118 19660 16.641 4413319 2916.281
∗2.0 3.2 3.19905 8.62298 22.262851 18377 15.625 3155044 1634.031
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Figure 4–19: Optimal trajectories in the case of two radars for compressed ellipsoid (κ =
2.0), sphere (κ = 1.0) and elongated ellipsoid (κ = 0.1) with the same length constraint,
l∗ = 3.2
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Figure 4–20: Front view: optimal trajectories in the case of two radars for compressed
ellipsoid (κ = 2.0), sphere (κ = 1.0) and elongated ellipsoid (κ = 0.1) with the same length
constraint, l∗ = 3.2
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Figure 4–21: View from above: optimal trajectories in the case of two radars for compressed
ellipsoid (κ = 2.0), sphere (κ = 1.0) and elongated ellipsoid (κ = 0.1) with the same length
constraint, l∗ = 3.2
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Figure 4–22: Optimal trajectories in the case of three radars for compressed ellipsoid (κ =
2.0), sphere (κ = 1.0) and elongated ellipsoid (κ = 0.1) with the same length constraint,
l∗ = 3.2
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Figure 4–23: Front view: optimal trajectories in the case of three radars for compressed
ellipsoid (κ = 2.0), sphere (κ = 1.0) and elongated ellipsoid (κ = 0.1) with the same length
constraint, l∗ = 3.2
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Figure 4–24: Side view: optimal trajectories in the case of three radars for compressed
ellipsoid (κ = 2.0), sphere (κ = 1.0) and elongated ellipsoid (κ = 0.1) with the same length
constraint, l∗ = 3.2

• 2D and 3D optimal trajectories obtained by analytical and discrete optimization ap-
proaches are close, which validates both approaches.

• 2D network optimization

– Running time in obtaining 2D discrete solutions is a few seconds, demonstrating
extreme efficiency of the NF optimization approach in 2D case.

– Assigned 2D network structure provides sufficient flexibility in variation of tra-
jectory direction for all tested ellipsoid shapes as well as length constraints.

• 3D network optimization

– Smoothing procedure works uniformly well in all testing examples – for all tested
ellipsoid shapes, κ, and length constraints, l∗, providing substantial reduction in
algorithm running time (1.25 - 2.5 times), see Figure 4–25; the discrepancy in
risk values for optimal paths obtained with and without smoothing is negligibly
small, moreover, in most cases corresponding optimal paths coincide exactly.

– LSA running time is very sensitive to the shape of ellipsoid, for instance, in the
case of a single radar and same length constraint, l∗ = 3.2, running time with
κ = 10 is about 4.5 sec, while running time with κ = 0.1 is greater than 5000
sec, indicating nonlinear dependance on parameter κ.

– In the case of a single radar, the optimal risk increases with parameter κ, however,
in testing examples with two and three radars, the optimal risk for sphere is
greater than optimal risks for elongated and compressed ellipsoids. Thus, in the
case of several radars, sphere, being uniformly exposed to all radars, accumulates
greatest risk value along a whole trajectory.



157

• In both 2D and 3D cases, LSA running time strongly depends on the value of path
length constraint.

• There is no strong correlation between LSA running time and number of radars;
depending on ellipsoid shape it may decrease (κ = 1.0), increase (κ = 2.0) or variate
(κ = 1.0).

• Running time of preprocessing procedure is always small (10–20 sec in 3D case),
which in most testing examples is less than 2% of total computational time, and
indicates no predictive power for LSA running time. However, number of nodes left
after preprocessing is helpful in evaluating expected LSA running time. Also, testing
examples suggest that LSA running time may linearly depend on number of treated
labels. Although this number is known only after the algorithm stops, it can be used
as a reference value for another run.

• In both examples with several radars, optimal trajectories for different values of pa-
rameter κ (ellipsoid shape), subject to the same constraint on trajectory length, are
again close to each other (the same phenomenon was observed by comparing analytical
trajectories in the case of a single radar).
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Figure 4–25: Dependence of LSA running time on the shape of ellipsoid, κ (3D network,
single radar): curve “1” – no smoothing, curve “2” – smoothing is used

Figure 4–25 shows dependence of LSA running time on the shape of ellipsoid, κ, in the

case of 3D space and a single radar with and without network smoothing. The excessive

running time for the LSA in the case of very elongated ellipsoids, (κ << 1, ellipsoid with

κ = 0.1 is almost a needle), can be explained by lowest risk accumulations in directions

radial to a radar, which are ones producing greatest total lengths from point A to point

B. This complicates comparison of labels in risk minimization, while balancing length

constraint. This idea is supported by the fact that the running time in generating optimal
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trajectory for a compressed ellipsoid with κ = 10.0 is just several seconds. In this case,

because of compressed geometry (for instance, a disk flying along its axis of symmetry), the

risk of detection accumulates slower in directions transversal to a radar and those direction

are the ones producing lowest total lengths from point A to point B. It is worth to mention

that for small values of κ, network smoothing reduces LSA running time more efficiently.

Figure 4–26 illustrates dependence of LSA running time, TLSA, on number of labels

treated, Nlabels, in a 3D network for a single radar and various κ and l∗ with and without

network smoothing. Variations of κ and l∗ have no strong effect on LSA running time

because of the preprocessing procedure. The running time is almost linearly depends on

the number of labels treated, which, in turn, is a function of number of nodes left after

preprocessing, Npr, smoothing condition and cost upper bound, U , obtained in preprocess-

ing. Figure 4–27 shows strong correlation between Nlabels and Npr plotted for all κ and l∗

in the case of a single radar. While Nlabels is uniformly reduced by smoothing condition,

it may be quite different for the same value of Npr because of different cost upper bounds

obtained in preprocessing. Obviously, the closer U to optimal cost is, the lower number

of labels will be treated. According to results presented in Tables 4–3, 4–5, 4–8 and 4–9,

cost upper bounds are not close enough to “true” risk values. This fact suggests to develop

preprocessing procedures obtaining more accurate cost upper bounds. Such preprocessing

may be based on Lagrange relaxation [58, 59].
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Figure 4–26: LSA running time versus number of labels treated: 3D network, single radar
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Figure 4–27: Number of labels treated versus number of nodes left after preprocessing (3D
network, single radar): curves “1” and ”2” correspond to LSA and LSA with smoothing,
respectively

4.8 Conclusions

We developed three-dimensional (3D) deterministic model for routing an aircraft with

variable radar cross-section (RCS) in a threat environment. The threat is associated with

the risk of detection by radars, sensors or surface air missiles (SAM). To investigate de-

pendence of the risk of detection on variable RCS, we model the aircraft by a symmetrical

ellipsoid with the axis of symmetry orienting trajectory direction. The model considers the

risk of detection to be the sum of risks from all installations in the area of interest, where

the risk to be detected by a particular installation is proportional to the area of ellipsoid

projection and reciprocal to the nth-power of the distance between the aircraft and this

particular installation. We developed analytical and discrete optimization approaches for

solving the risk minimization problem subject to a constraint on trajectory length.

The analytical approach, based on calculus of variations, reduces the original problem

to solving the vectorial nonlinear differential equation. We derived this equation based on a

general form of the risk functional in the case with an arbitrary number of passive or active

installations. For the case of a single installation, arbitrary ellipsoid shape and any n, we

obtained an analytical solution to the vectorial differential equation, which is expressed by

a quadrature. According to numerical experiments based on the analytical solutions, we

concluded that
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• Complexity of solving the vectorial differential equation analytically is primarily de-
termined by the number of installations in the area of interest and is not affected by
the type of an installation (radar or sensor).

• In the case of a single installation

– An analytical solution is expressed by a quadrature and corresponding optimal
trajectory is a planar curve within the plane determined by starting and finishing
trajectory’s points and the radar position.

– The model with constant RCS (”spherical” aircraft, κ = 1.0) essentially simplifies
obtaining an analytical solution and its further numerical analysis.

• The optimal risk is more sensitive to the variation of ellipsoid shape than to the
variation of trajectory total length.

• Optimal trajectories for different κ (especially for κ > 1) are close to each other, which
indicates that a variation of ellipsoid shape has no strong effect on the geometry of
an optimal trajectory.

• Within proximity to an installation, an optimal trajectory is more sensitive to a radar-
installation than to a sensor-installation and in area remote from the installation the
effect is opposite.

Obtaining an analytical solution to the vectorial differential equation in the case with an

arbitrary number of installations is still an open issue. However, availability of an analytical

solution in the case of a single installation significantly facilitates conceptual understanding

the impact of variable RCS on the geometry of optimal trajectories and testing discrete

optimization approaches.

To address optimal trajectory generation in 3D space in the case of variable RCS and

arbitrary number of radars, we developed discrete optimization approach based on network

flow optimization. Approximating the area of interest by a 3D network with a flexible struc-

ture and presenting a trajectory by a path in this network, NF optimization reduced opti-

mal risk path generation with a constraint on trajectory length to the Constrained Shortest

Path Problem (CSPP). We suggested to solve the CSPP by Label Setting Algorithm (LSA)

with network smoothing, which is considered as an adjustment for the algorithm rather

than a property of network structure. This condition, intended for preserving trajectory

smoothness and, as a result, eliminating inadmissible arcs in the network, can be used as

a necessary constraint in trajectory generation. We tested NF optimization approach for

2D and 3D networks with and without smoothing condition, with various ellipsoid shapes,
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several constraints on trajectory length in the cases with one, two and three radars. Based

on computational results of testing examples, we made the following conclusions

• In the case of a single radar, all optimal trajectories obtained by the discrete approach
for various κ and l∗ are sufficiently close to the corresponding analytical trajectories.

• Network smoothing condition reduces LSA running time by 1.5–2.5 times, while pre-
serving accuracy of optimal trajectories.

• LSA generates 2D discrete trajectories within a few seconds.

• LSA running time is extremely sensitive to the shape of ellipsoid; in 3D case, it varies
from 5 to 5000 sec for 0.1 ≤ κ ≤ 10.0.

• In testing examples with two and three radars, optimal trajectories with the same
constraint on the length but different ellipsoid shapes are relatively close to each
other, which suggests that in general, ellipsoid shape has no strong effect on the
geometry of an optimal trajectory.

• Algorithm running time strongly depends on the value of trajectory length constraint.

This chapter introduced 3D analytical model addressing optimal trajectory generation

with variable RCS subject to a constraint on trajectory length. Developed analytical and

discrete optimization approaches are just a first step in solving the proposed model rather

than exhaustive answer to this matter. In 3D case, other NF algorithms for solving the

CSPP as well as other approximation schemes for the original risk minimization problem

may be addressed.



CHAPTER 5
DISCUSSION

The dissertation introduced a new class of deviation measures by generalizing the

axioms of standard deviation through techniques of convex analysis and then analyzed the

role of deviation measures in portfolio optimization and the Capital Asset Pricing Model.

The replacement of standard deviation by other deviations, such as arise from conditional

value-at-risk and other risk notions, in accordance with current trends, by no means causes

the classical approach to optimization out-dated. Instead, it enriches that approach by

making a degree of customization available. One-fund theorems still reign as a way of

simplification, even though the designated funds, in their dependence on the deviation

measure, can be different for different classes of investors. Utilizing tools of convex analysis,

we developed a scheme for determining optimality in problems of minimizing deviation or

risk. We showed that risk envelopes have major significance in solving such problems and

illustrated the particulars in a number of settings. The results open the way for many

applications and advances in their numerical methodology. Furthermore, optimality can

still be characterized by covariance relations. However, optimality with respect to net short

positions in the risky instruments must be analyzed in addition to optimality with respect

to net long positions in order to determine how an investor may wish to act with respect

to the current risk-free rate. The covariance relations that are obtained furnish additional

information about the behavior of risky instruments in various situations. This information

could be useful in practical analysis even if no longer associated with notions of equilibrium

in which all investors are attracted to a single master fund.

The dissertation proposed drawdown measure, which, we believe, is useful for practi-

cal portfolio management. The drawdown measure possesses all properties of a deviation

measure and may be considered as its generalization to a dynamic case. The dissertation

developed the optimization techniques that efficiently solved an optimal asset-allocation

problem with Conditional Drawdown (CDD), Maximum Drawdown (MaxDD) and Average

162
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Drawdown (AvDD), which are particular cases of the drawdown measure. We formulated

and, for a real-life example, solved a portfolio optimization problem. These techniques, if

implemented in a managed accounts’ environment will allow a trading or risk manager to

allocate risk according to his/her personal assessment of extreme drawdowns and their dura-

tion on his/her portfolio equity. Analyzing the difference between the optimal historical and

stochastic solutions (the vectors of instruments weights), we found that the solutions are

substantially different and for the riskiest portfolios, the stochastic or re-sampled solutions,

provided an improvement to the risk-adjusted returns. However, on average, re-sampled

optimal risk-adjusted return solutions are 20% to 30% worse than those predicted by 1-path

solutions. This result supports the wide-spread idea that using only one (actually realized)

historical path lead to overstated and over-fitted results which may not realize on average

in the future. Although the results of the re-sampled or stochastic optimization lead to

worse optimal solutions, those solutions are more robust to uncertain future.

The dissertation developed the mathematical model for optimal trajectory generation

with a constraint on trajectory length for an aircraft in a treat environment. The threat

is associated with the risk of aircraft detection by radars, sensors or surface air missiles.

We modelled the aircraft by a symmetrical ellipsoid with the axis of symmetry orienting

trajectory direction. The risk of detection is proportional to the area of ellipsoid projection

and reciprocal to the nth-power of the distance between the aircraft and this particular

installation. We developed analytical and discrete optimization approaches for solving the

risk minimization problem subject to a constraint on trajectory length. The analytical

approaches reduced the problem to a nonlinear vectorial differential equation. In the case

of a single installation, analytical solution to this equation is expressed by a quadrature,

which has a simple form in the case of a “spherical” aircraft. Obtaining an analytical

solution to the equation in the case of an arbitrary number of installations is still an open

issue. The dissertation studied the impact of a variable radar cross-section (RCS) and

trajectory length constraint on optimal values of the risk of detection and the geometry of

optimal trajectories. Based on computational results, we found that the optimal risk is more

sensitive to variation of the shape of ellipsoid than to variation of trajectory total length,

however, variation of the ellipsoid shape has no strong effect on the geometry of an optimal
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trajectory. Discrete optimization approach reduced optimal trajectory generation subject

to a constraint on trajectory length to the Constrained Shortest Path Problem (CSPP). The

CSPP was solved by the Label Setting Algorithm (LSA) with preprocessing procedure using

2D and 3D networks. Numerical experiments revealed strong dependence of LSA running

time on the shape of ellipsoid. We suggested network smoothing condition for preserving

trajectory smoothness and eliminating inadmissible arcs in a network. Testing examples

showed that network smoothing condition reduces LSA running time 1.5–2.5 times, while

preserving accuracy of optimal trajectories. In testing examples with two and three radars,

optimal trajectories with the same constraint on the length but different ellipsoid shapes

are relatively close to each other, suggesting that, in general, ellipsoid shape has no strong

effect on the geometry of an optimal trajectory.
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