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Traditional linear analysis in the time series has been routinely used but did

not seem to successfully give insight into the characteristic and mechanism of time

series because these methods are limited by the requirement of stationarity of the

time series and normality and independence of the residuals. A new data processing

technique, known as data mining, can overcome these problems and effectively draw

off the hidden information in these large time series data sets. A new framework for

analyzing time series data called Time Series Data Mining (TSDM) motivated us to

adapt and innovate data mining concepts, dynamical approaches in chaos theory, and

optimization techniques to the areas of time series analysis.

The main objective of this research is to provide new data mining concepts and

a new set of methods, based on time series analysis, chaos theory and optimization

techniques, that are able to characterize, draw inferences, and reveal hidden temporal

patterns that are predictive characteristics of time series events. These tools can be

used to develop a new technique for the prediction of the time series arising in real

world problems, as well as to conduct advanced studies on the subject.
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In this dissertation, analysis based on chaos theory and theory of nonlinear

dynamics has been applied to time series data to identify complex (nonperiodic,

nonlinear, irregular, and chaotic) characteristics. Several alternative optimization

methods for reconstructing parameter spaces of the dynamical systems and identifying

predictive temporal patterns in the system are employed. Specifically, these problems

can be formulated as multi-quadratic programming (MQP) problems. To solve MQP

problems, a new linearization technique based on Karush-Kuhn Tucker optimality

conditions, proven to guarantee the global optimality, is developed. A novel com-

bination of methods for determining the optimal parameters and temporal patterns

are applied to real-world electroencephalogram (EEG) time series for prediction of

epileptic seizures. The results show that the combination of these techniques provides

accurate results while improving dramatically the time required to quantify chaos in

time series, and eliminating a range of parameters that have, thus far, been fixed

empirically. Sensitivity analysis is employed to justify the use of this combination of

methods, and comparisons are made with more conventional quantifying techniques

and trivial measures showing the advantage of the results generated by this work.
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CHAPTER 1
INTRODUCTION

During the past decade, the developments in information technologies have

allowed industries to automate and computerize their operations and processes. For

this reason, a large number of time series data sets from distinct subsystems of an

enterprise have begun to be dramatically collected and accumulated. A time series

is essentially defined as a set of serial observations in the system, where each one is

recorded at a specific time. In practice, there are many time series, noticeably in

the natural sciences, medicine, and finance. For this reason, time series analysis is

crucial to a variety of real world time dependent systems because it provides a basis

for economics and business planning, production planning, inventory and production

control, or control and optimization of industrial processes.

The time series data sets seem to be unmanageable and unpredictable and the

traditional linear analysis in the time series has been routinely used but did not

seem to successfully give insight into the characteristic and mechanism of time series.

However, a new data processing technique, known as data mining, is shown to be

able to effectively draw off the hidden information in these large time series data sets.

The time series data mining (TSDM) framework was first introduced by Povinelli

(2000), and it has been shown to be able to successfully characterize and predict

complex, nonperiodic, irregular, and chaotic time series [129]. In addition, the TSDM

framework has many advantages over other traditional time series analysis techniques

(e.g., stationarity and linearity assumptions).

In the last decade, time series analysis based on chaos theory and theory of

nonlinear dynamics, which are among the most interesting and growing research

topics, has been applied to time series data with some degree of success. The concepts

1
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of chaos theory and theory of nonlinear dynamics have not only been useful to analyze

specific systems of ordinary differential equations or iterated maps, but have also

offered new techniques for time series analysis. Moreover, a variety of experiments

have shown that a recorded time series is driven by a deterministic dynamical system

with a low dimensional chaotic attractor, which is defined as the phase space point or

set of points representing the various possible steady-state conditions of a system; an

equilibrium state or group of states to which a dynamical system converges. Thus,

the theories of chaos and nonlinear dynamics have provided new theoretical and

conceptual tools that allow us to capture, understand, and link the complex behaviors

of simple systems together. Characterization and quantification of the dynamics of

nonlinear time series are also important steps toward understanding the nature of

random behavior and may enable us to predict the occurrences of some specific events

which follow temporal dynamical patterns in the time series.

Since the TSDM framework provides new data mining concepts and the

dynamical approaches in chaos theory enable us to find the consistent patterns and

apply them to make better predictions for such time series, the combination of the

two techniques motivated this dissertation. To maximize the ability to characterize

and draw inferences in the time series, we employ optimization techniques to find

optimal temporal patterns that are characteristic and predictive episodes of event,

which are very crucial to the real world time dependent systems. In this thesis, we aim

to develop a set of tools to discover and reveal hidden predictive temporal patterns

of time series events. In particular, we adapt and innovate data mining concepts,

dynamical approaches in chaos theory, and optimization techniques to the areas of

time series analysis, which will be discussed in the next few sections.

1.1 Data Mining

Knowledge discovery in database (KDD) is the nontrivial process of identifying

valid, novel, potentially useful, and ultimately understandable patterns in data [42].
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KDD is comprised of many steps, which involve data preparation, search for patterns,

knowledge evaluation, and refinement, all repeated in multiple iterations. Data

mining is a very important step in this process where specific algorithms are employed

for extracting patterns from data. The term data mining can be considered as a set

of the extraction process of knowledge starting from data contained in a base of data.

Data mining can be used in various time series data sets and large-scale distribution

to analyze the behaviors of the consumers, seek similarities of consumers according

to geographical criteria, cross sale and selective activation with discount cards, and

optimize restocking. However, data mining is used in the pharmaceutical laboratories

for the identification (choice) of the best therapies and in the banks to search for frauds

or the authorization of credit. Moreover, it can be used in insurance, aeronautics,

cars, industry, transport, telecommunications, energy and other domains.

Data mining techniques include a variety of methods: predictive modeling,

clustering, association mining, and change and deviation detection [35]. The

predictive modeling method includes classification for categorical predictions and

regression analysis for numerical predictions. The clustering method separates the

data into subsets that are similar to each other, where the number of desired clusters

can also be determined. The objective of the association mining technique is to

determine rules that indicate relationships among attributes, that is, to estimate how

much the value of an attribute depends on the values of other attributes. The change

and deviation detection technique is concerned with the sequence information, such

as time-series, where the ordering of the observations is important. By combining

a variety of these techniques with existing databases and decision support models,

significant improvement can be made in the knowledge learned and ultimately

decisions can be made for many applications. Many business and scientific problems

involve data that are associated with time. Recently, there has been a significant
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amount of effort to apply data mining techniques to time series data but there still

are vast amounts of work remaining to be done in this area.

In this thesis, we apply the data mining concepts to the time series prediction and

characterization. Ultimately, based on data mining concepts, we integrate dynamical

approaches in chaos theory and optimization techniques with time series analysis to

characterize, draw inferences and find predictive temporal patterns in the time series.

Next, some principal concepts in data mining are discussed.

1.1.1 Classification and Prediction

Given an existing data set, classification is the process of classifying the category

for unknown data. Normally the data set is divided into a training data set and a

testing data set. The training data set is used to train a machine learning algorithm

iteratively, until the error bound is decreased to below a threshold. In order to find

the best process design for a given problem, the training process is repeated many

times with various parameter values and randomized orders of the input. Once an

optimal process design is determined for a given set of parameters, the testing data

sets (unknown to the algorithm) are operated through the process design iteratively

until the average error bound is obtained. The typical criterion used to determine

which data are in the testing data set is a hold out ratio for the test data and a

cross-fold validation.

In chronological data sets, the algorithm is repeated by using a sliding window

over a time series, where the next m time stamp values are chosen to be the testing

data set, and the previous n time stamp values are considered to be the training

data set. After the training and testing steps, the production-ready classifier is

built by using the best process design for a given set of parameters from the entire

data sets. There are several well-known classification machine learning algorithms,

including decision trees, such as neural networks [60], genetic algorithms [54], and

Bayesian based methods [99]. In addition to these base algorithms, several approaches
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for developing committees, or combinations of learners have been used to improve

learning [60, 99]. Each of these algorithms has its advantages and disadvantages,

depending on a given problem. An overview of current machine learning classification

algorithms has been published [99].

1.1.2 Clustering

Clustering is an unsupervised learning method that divides the data into

naturally occurring groups. The most common clustering algorithm is referred to as

c-means [142]. Classification labels are either unavailable or ignored in the clustering

technique. Although there are classes identified in the data set, clustering does not

adjust for the overlap in the classes. There is not a training stage in clustering

algorithms; however, class labels are used to train the pattern recognition algorithm.

Cluster validation techniques are then applied to make sure that the clustering

algorithm finds the best number of clusters. The Dunn’s measure and the Davies

measure [142] are the two most common cluster validation techniques for the c-

means algorithm. These measures provide a method for determining the number

of clusters. The Dunn’s measure yields local maximum values, but not necessarily

the global maximum value. Clustering does not separate data from different classes

that overlap, but it simply finds the best clustering of the provided data.

1.2 Time Series Analysis

Time series analysis is concerned with independent data which are serially

correlated for predicting the future behavior. The goal of time series analysis is

twofold. One is to estimate future values or events based on an analysis of past

general data which are believed to influence future values or behavior over time. The

second is to draw inferences from such series based on the nature of the phenomenon

represented by the sequence of observations. Therefore, a modest aim of a time series

analysis is to derive a good description from a learning period. This description

may simply consist of some statistical summaries or graphical representations, but
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it can also be used to forecast future values of the series. The use of the available

observations at time t to forecast its future value at time t + τ provides a basis

for economics and business planning, production planning, inventory and production

control, or control and optimization of industrial processes. Many methods in time

series analysis have been developed for this purpose.

In concept, stationarity is concerned with understanding the probabilistic

structure of a time series but the idea of stationarity is that the probabilistic structure

of the time series is not affected by a shift in time origin. Although most of the

statistical forecasting methods are developed for stationary time series, many time

series in industry, business and economics are often nonstationary and, in particular,

have no natural mean. However, a nonstationary time series may still contain portions

with stationary properties.

Most of the methods for time series analysis try to identify the optimal model

to fit the data in a learning period and apply this model to predict the future.

However, many time series may only contain a few meaningful or predictable patterns,

especially in a nonstationary time series such as earthquake time series and EEG

time series where the interest may lie on the occurrences of some specific events.

For example, when similar patterns appear repeatedly in the observations, those

patterns may appear again in the future. In these cases, the traditional time series

models (e.g., the autoregressive (AR) model, the moving average (MA) model, and the

autoregressive moving average (ARMA) model) usually give poor predictions since

the model was constructed to fit the entire learning period where a stable pattern

useful for prediction may occur only in a small portion.

1.3 Chaos Theory and Nonlinear Dynamics

Chaos is said to have been discovered in 1963 by Edward Lorenz [92] who was

working on a model for long-term weather prediction. Although his Lorenz system

did not turn out to aid in forecasting weather, it piqued interest and paved the
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way for research in the area of chaos theory. Chaos has provided an alternative

interpretation of the erratic or random behavior of the system. In general, chaos is

defined as a name for any order that produces confusion in our minds. However,

in dynamical systems theory, chaos means irregular fluctuations in a deterministic

system: the system behaves irregularly because of its own internal structure, and not

because of random forces acting from outside. For instance, chaos is defined as an

unpredictable behavior arising in a deterministic system because of great sensitivity to

initial conditions. Chaos arises in a dynamical system if two arbitrarily close starting

points diverge exponentially, so that their future behavior is eventually unpredictable.

Dynamical systems are “deterministic” if there is a unique consequence to every state

and “stochastic” or ”random” if there is more than one consequent chosen from some

probability distribution. Because of its unique consequent, a deterministic dynamical

system is perfectly predictable given perfect knowledge of the initial condition, and

is in practice always predictable in the short term. On the other hand, the cause

of long-term unpredictability is the sensitivity to the initial conditions property. No

matter how precisely the initial condition in these systems is measured, the prediction

of its subsequent motion goes radically wrong after a period of time. Weather is

considered chaotic since arbitrary small variations in initial conditions can result in

radically different weather later. This may limit the possibilities of long-term weather

forecasting, for example, the possibility of a butterfly’s sneeze affecting the weather

enough to cause a hurricane weeks later. Chaos can also be defined as a trajectory

that is exponentially unstable and neither periodic or asymptotically periodic; that

is, it oscillates irregularly without settling down.

Chaos is the term used to describe the complex behavior of what we consider to

be simple. Chaotic behavior looks erratic and almost random. It is almost like the

behavior of a system strongly influenced by outside, random noise or the complicated

behavior of a system with many degrees of freedom. Chaotic behavior arises in very
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simple systems (with only a few active degrees of freedom), which are almost free

of noise. Chaos is really only one type of behavior exhibited by nonlinear systems

where a nonlinear system is defined as a system whose time evolution equations are

nonlinear; that is, the dynamical variables describing the properties of the system

(i.e., position, velocity, acceleration, pressure, etc.) appear in the equations in a

nonlinear form. The field of study is more properly called nonlinear dynamics, which

is the study of the dynamical behavior (behavior in time) of a nonlinear system.

The main consequence of chaotic motion is that given imperfect knowledge,

the predictability horizon in a deterministic system is much shorter than one

might expect, due to the exponential growth of errors. The belief that small

errors should have small consequences was perhaps engendered by the success of

Newton’s mechanics applied to planetary motions. However, chaos is definitely not

complete disorder; it is disorder in a deterministic dynamical system, which is always

predictable for short times.

Chaos theory and theory of nonlinear dynamics have been applied to many

different areas including physics (e.g., in the study of turbulence, Eckman and

Ruelle 1985 [29]), meteorology (e.g., in the study of nonperiodic flow of atmosphere,

Lorenz 1963 [92]), biology (e.g., in study of epileptic brain, Iasemidis and Sackellares

1991 [69]), epidemiology (e.g., in study of disease occurrence, Sugihara and May

1990 [151]), economics (e.g., in study of modeling economic dynamics, Scheinkman

1990 [143]), finance (e.g., in study of exploring chaos in financial market, Hsieh

1991 [63]), geology (e.g., in study of predictability in ocean water levels, Frison et al.

1999 [43]), and communication (e.g., in study of optical ring laser, Abarbanel and

Kennel 1998 [3]).

1.4 Global Optimization

Operations research (OR) is concerned with optimal decision making under

circumstances characterized by conflicting goals, changing conditions, limited
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resources, complex interpersonal dynamics, uncertainty, and strict deadlines, and

the modeling of deterministic and probabilistic systems that originate from real life.

The goal of operations research is to provide a framework for constructing models of

decision-making problems, finding the best solutions with respect to a given measure

of merit, and implementing the solutions in an attempt to solve the problems.

Many problems of both practical and theoretical importance concern themselves

with the choice of a “best” configuration or set of parameters to achieve some goal.

Over the past few decades, mathematical programming has emerged together with a

corresponding collection of techniques for solutions to the problems, with the objective

of studying properties and algorithms for the solution of optimization problems. One

of the central points of this dissertation is to find optimal temporal patterns that can

be used to characterize and predict events. Thus, we are required to solve optimization

problems to find hidden temporal patterns to maximize the ability to characterize

and predict events in the time series. Next, we give a review of the optimization

techniques. The optimization problem has a general form

Minimize or Maximize f(x)

Subject to x ∈ S,

where S (feasible domain) is a set in Rn and f(x) (objective function) is a real valued

function defined on S.

Let ‖ · ‖ denote the Euclidean norm. A point x∗ ∈ S is said to be relative or

local minimum point if f(x∗) ≤ f(x) for all x ∈ S satisfying ‖ x − x∗ ‖≤ ε for some

ε > 0. We say that x∗ is a global minimum point if f(x∗) ≤ f(x) for all x ∈ S.

Likewise, a point x∗ ∈ S is a local global maximum point if f(x∗) ≥ f(x) for all

x ∈ S∩{x :‖ x−x∗ ‖≤ ε}. We say that x∗ is a global minimum point if f(x∗) ≥ f(x)
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for all x ∈ S. In the sequel we consider optimization problems of the form

min
x∈S

f(x), (1.1)

where S = x ∈ Rn : gi(x) ≤ 0, i = 1, ..., p with gi : A → R on a suitable set A ⊇ S

(often A = Rn).

If S = Rn, then we have an unconstrained optimization problem. When S is a

polyhedron we call the problem linearly constrained. When the objective function is

linear, the problem is called a linear programming problem. It is called a nonlinear

programming problem when at least one of the functions involved is nonlinear.

When f and each constraint function gi is convex, Problem 1.1 is referred to

as a convex programming problem. As we know, when f is a convex function and

S is a convex set then every local minimum is a global minimum. This property

holds for some classes of generalized convex objective functions; however, it is not

true for quasiconvex objective functions. Note that a function f : C → R, C convex,

is quasiconvex if its (lower) level sets L(f ;α) = {x ∈ C, f(x) ≤ α} are convex for all

α ∈ R. In nonconvex nonlinear programming problems, we have to expect (many)

local minimum points with function values different from the global minimum.

In general, optimization problems can be divided into two categories: those

with continuous variables, and those with discrete variables, which are called

combinatorial. In the continuous problems, we are essentially looking for a set of

real numbers or even a function. In the combinatorial problems, we are looking for

an object from a finite or possibly countably infinite set, typically an integer, set,

permutation, or graph.

The concept and importance of having tight linear programming relaxations to

enhance the effectiveness of any algorithm for solving integer programming problems

has been widely studied. Most of the attention has focused on pure and mixed zero-

one programming problems because of the wide variety of applications which these
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types of problems model. The most general form of the problem of interest can be

stated as

Minimize f(x, y)

Subject to g(x, y) = 0 (1.2)

h(x, y) ≤ 0

x ∈ D ⊂ Zp, y ∈ Rq,

where f : Rp+q, g : Rp+q → Rm, h : Rp+q → Rl are assumed to be functions with

continuous 2nd order derivatives, and D is a bounded set of Zp. The decision variables

are represented by x and y, which are discrete and continuous variables respectively.

If the variables x do not arise in problem 1.2 so that it becomes a nonlinear

optimization problem with continuous variables only, then there are a large number

of algorithms to solve the problem. When there is a presence of discrete variables x,

problem 1.2 becomes a discrete optimization problem, which is much harder to solve

even if the discrete problem is relatively small when compared to the continuous

problem. In fact, there are only a few algorithms dealing with such problems because

of their intrinsic difficulty.

Discrete variables arise in many optimization problems, and they occasionally

occur in conjunction with continuous variables. A common reason for discrete

variables arising in the optimization problems is when resources of interest have to

be measured in terms of integer quantities (e.g., parameter settings, permutations,

and the number of people to be assigned for certain jobs). Discrete variables can be

introduced to facilitate the problem modeling process (e.g., introducing binary or 0-1

variables to represent “yes-no” decisions). One of the classical optimization problems

that employ binary variables is the knapsack problem. In this problem, there are n

items that can be placed into a knapsack. Each item i is associated with weight wi

and value ci. The objective of this problem is to maximize the total value of items
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placed in the knapsack such that the total weight of items is not to exceed b, where

xi is a binary variable representing the item i such that

xi =















1 if item i is placed in the knapsack,

0 otherwise.

Then the knapsack problem is given by

Maximize cTx

Subject to wTx ≤ b (1.3)

x ∈ {0, 1}.

Discrete variables can be used to model constraints that involve logical

constraints. For instance, suppose we want to introduce a nonlinear constraint

x1x2 ≤ 0 to a linear optimization problem; we are required to transform the

nonlinear constraint to a linear constraint in order to preserve the linearity of the

optimization problem. This can be done by introducing two linear constraints

−M(1 − y) ≤ x1 ≤ My and −My ≤ x2 ≤ M(1 − y), where y is a binary variable

and M is a sufficiently large positive number that does not affect the feasibility of

the problem. It is clear to see that if y = 1, then x1 ≥ 0, x2 ≤ 0 and if y = 0, then

x1 ≤ 0, x2 ≥ 0. In both cases, x1x2 ≤ 0.

Although discrete optimization problems have finite or countable feasible points,

they are not necessarily easier to solve than continuous cases. In fact, they are

generally harder to solve. For a better understanding of algorithms developed to

solve discrete optimization problems, it is useful to employ the terminology in the

complexity theory.

An algorithm is said to be polynomially bounded if there exists a polynomial

function p such that for each input of size n, the algorithm terminates after at most

p(n) steps. A decision problem is a problem that returns an answer of “yes” or “no”
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for its solution. A decision problem is said to be in the class P if it can be solved

by a polynomially bounded algorithm. The problem class NP is a class of decision

problems whose solutions can be verified in time that is polynomial to the input

size. A problem P1 is said to be polynomial-time reducible to problem P2 if there is

a mapping function f from the inputs of P1 to the inputs of P2 such that f can be

computed in polynomial-time, and the solution to P1 on input x is yes if and only if the

solution to P2 on input f(x) is yes. A problem P is NP-hard if for any problem P ′ ∈

NP , P ′ is polynomial-time reducible to P . If problem P is NP-hard and P ∈ NP ,

then P is NP-complete. Although P ⊂ NP , it is still an open question whether P =

NP , which implies a question if there is some P-complete problem that can be solved

by a polynomially bounded algorithm. Most of the discrete optimization problems are

NP-hard or NP-complete, even if they are linear problems. Solving such discrete

optimization problems can be difficult because of their complexity. Alternatively,

since there is a finite set of feasible solutions to the discrete optimization problems, one

can simply examine all such solutions (i.e., an exhaustive enumeration of all possible

solutions). However, the number of steps needed to enumerate all possible solutions is

exponential. For example, if there arem binary decision variables in the problem, then

up to 2m function evaluations have to be performed to determine the optimal solution.

For this reason, it is not practical to perform exhaustive enumeration for any discrete

optimization problems of a size more than 1000 because it would require at least

millions of years to complete this operation. Although some enumeration possibilities

can be eliminated by intellectual observations (e.g., branch-and-bound), there still is

an enormous number of alternatives to be considered. In this framework, we divide

the discrete optimization problems into two categories: linear discrete optimization

problems and nonlinear discrete optimization problems. These two problems will be

discussed in detail in Chapter 4.
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1.5 Contributions of the Thesis

In this thesis, we are concerned with the problem of predicting target episodes

of events, which encompasses discovering temporal patterns in multiple time series

governing the related target episodes of events. Traditional linear and nonlinear

time series analyses have been routinely used but did not seem to successfully give

insight into the characteristic and mechanism of time series because these methods

are limited by the stationary requirement of the time series and the normality

and independence requirements of the residuals. These limitations and the lack of

insight into the characteristic and mechanism of time series for making better event-

predictions of traditional time series analysis are resolved by the development of new

time series data mining concepts, which generalizes data mining concepts, dynamical

approaches in chaos theory, and optimization techniques to the areas of time series

analysis. These concepts are used to develop new techniques for the prediction of

the time series arising in real world problems (e.g., electroencephalogram (EEG)

time series) as well as to conduct advanced studies on the subject. The developed

techniques use a combination of data mining techniques, dynamical approaches,

and optimization techniques applied to time series data, with the objective of

discovering temporal patterns in time series and then predicting events of interest.

Specifically, this thesis integrates methods based on chaos theory, statistical analysis

and optimization techniques to identify complex (nonperiodic, nonlinear, irregular,

and chaotic) characteristics and predict the onset of a target event from complex real

world time series.

In this research, we also focus on the statistical and optimization problems that

enable us to detect statistically significant temporal patterns that can be used to

characterize and predict the onset of target events in the times series. Identifying

temporal patterns in multiple time series is combinatorial in nature, operating

with the selection of critical components in the system of interest. Therefore, the
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optimization techniques are developed to improve the performance of prediction in the

time series by identifying critical temporal patterns related to the target events (e.g.,

dynamical parameter settings and selecting of critical components). For instance,

several alternative optimization methods for selecting the critical components in the

systems are employed and a novel combination of methods for determining the optimal

parameters can be applied to systems with one or more hidden variables, which

can be used to reconstruct maps or differential equations of the dynamics of the

system. Motivated by the spinning glass model, the problem of characterizing and

identifying temporal patterns is ideally suited to 0-1 (two states) problems. In this

thesis, we are specifically interested in multi-quadratic 0-1 programming problem,

which is one of the most practical optimization problems. Herein, we propose a new

computational approach to solve the multi-quadratic 0-1 programming problem. In

this approach, we develop a novel linearization technique based on Karush–Kuhn

Tucker (KKT) optimality conditions. It is well-known that the KKT optimality

conditions guarantee the global optimality only in the convex case. Although the

developed technique seems to be heuristic in nature, we have proven that this

novel technique can guarantee the global optimality with the positivity assumption

of elements in the quadratic matrices. To generalize this technique and make

this technique applicable to other real world problems, we propose new ideas to

solve general multi-quadratic 0-1 programming problems and guarantee the global

optimality without any assumptions (e.g., positivity assumption of elements in the

quadratic matrices). While this developed technique solves the multi-quadratic 0-

1 programming problems with global optimality, it linearizes the problem with the

same number of 0-1 variables (n) and additional O(n) number of continuous variables.

On the other hand, the conventional linearization techniques found in the literature

linearize the problem with additional O(n2) number of 0-1 variables. This makes the

problem become much larger and harder to solve. The comparison of computational
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times between the conventional linearization approach (found in the literature) and

the KKT conditions linearization approach has shown that this developed technique

enormously outperforms the conventional approach; that is, the new technique solves

problems a lot faster than the conventional one and consume considerably much less

computational resources.

In this thesis, we direct our applications to bioengineering problems, particularly

epilepsy and brain disorders. We are specifically interested in the prediction of

epileptic seizures, whose occurrence seems to be random and unpredictable. In

essence, we integrate the developed techniques from data mining concepts, dynamical

approaches in chaos theory, and optimization techniques as a set of tools used to

extract dynamical changes in the EEG time series that precede a seizure. Specifically

in this framework, studies based on chaos theory of the spatiotemporal dynamics in

EEG’s from patients with temporal lobe epilepsy demonstrate a pre-ictal transition

(temporal patterns of dynamical changes in multiple EEG recordings), characterized

by a progressive convergence (entrainment) of dynamical measures (e.g., short–

term maximum Lyapunov exponents – STLmax) at specific anatomical areas in the

neocortex and hippocampus before the seizure onset. The problem of identifying

those critical specific areas are formulated as a multi-quadratic 0-1 programming

problem, which is solved by the developed computational approach. Taken together,

these techniques form the basis for the automated seizure warning algorithm. An

intensive evaluation of the performances of seizure prediction algorithm testing on

continuous 0.76 to 5.84 days intracranial EEG recordings from a group of 5 patients

with refractory temporal lobe epilepsy is reported in this thesis. For the individual

patient, we use the first half of seizures to train the parameter settings, which is

evaluated by ROC (Receiver Operating Characteristic) curve analysis. With the best

parameter setting, the algorithm applied to all cases predicted an average of 91.7% of

seizures with an average false prediction rate of 0.196 per hour. These results indicate
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that it may be possible to develop automated seizure warning devices for diagnostic

and therapeutic purposes.

1.6 Organization of Chapters

This dissertation, which innovates concepts from time series analysis, chaos and

nonlinear dynamics, and optimization, is divided into six chapters. The organization

of the succeeding chapters of this paper is as follows. The basic time series data

mining concepts and literature of conventional time series analysis are elaborated in

Chapter 2. The background and literature of dynamical approaches, chaos theory

and nonlinear dynamics including calculation of Lyapunov exponents are reviewed in

Chapter 3. Chapter 4 reviews several of the optimization techniques to optimally

identify temporal patterns for the prediction of time series. Specifically, in this

research we apply multi-quadratic integer programming to solve these problems.

Additionally, this chapter also presents the theoretical proof for the equivalence of

linear mixed integer programming and multi-quadratic integer programming as well

as its applications. In Chapter 5, we focus on the application in bioengineering.

The background of epilepsy and brain disorder is addressed as well as the methods

of estimation of STLmax, its parameter settings, and the spatiotemporal dynamical

analysis. Later in the chapter, the framework of the algorithm developed for the

prediction of epileptic seizures is discussed. The conclusions and future research are

discussed in the final Chapter 6.



CHAPTER 2
TIME SERIES DATA MINING

A time series is a set of numbers that measures the status of some activity over

time. It is the historical record of some activity, with measurements taken at equally

spaced intervals with a consistency in the activity and the method of measurement.

There are two main goals of time series analysis:

1 Drawing inferences from such series and identifying the nature of the phe-
nomenon represented by the sequence of observations.

2 Predicting future values of the time series variable (forecasting).

In both cases, the pattern of observed time series data is required so we can

interpret and integrate it with other data. Regardless of the depth of our under-

standing and the validity of our interpretation (theory) of the phenomenon, we can

extrapolate the identified pattern to predict future events.

Based on the time series data mining research, this chapter reviews the funda-

mental concepts and well-known methods in time series analysis. The organization

of the succeeding sections of this chapter is as follows. In section 2.1, we give some

concepts of time series analysis and forecasting techniques. The data mining concept

is introduced in section 2.2. In the final section 2.3, the basic concepts of the time

series data mining are reviewed.

2.1 Time Series Analysis and Forecasting Techniques

2.1.1 Basics

The selection and implementation of the proper forecast methodology has always

been the most important issue in forecasting techniques. Modeling for forecasting is

a necessary input to planning, whether in business, or research. The flowchart in Fig.

2–1 highlights the systematic development of the modeling and forecasting phases.

18
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Figure 2–1: Flowchart of the forecasting system: The model-building and forecasting
phases.

The modeling process in Fig. 2–1 is useful to understand the underlying mecha-

nism generating the time series, and describe and explain any variations, seasonality,

trend, etc. In addition, it enables us to predict the future under “business as usual”

condition and to control the system; that is, to perform the “what-if” scenarios [11].

Examples of well-known real world time series in business and research aspects are

illustrated in Figures 2–2, 2–3, 2–4, and 2–5.

There are two main methods in the forecasting systems:

1 The explanatory method. This method estimates the future values based on an
analysis of component factors and parameters, which are believed to influence
future values.

2 The extrapolation method. This method makes a prediction of target events of
interest based on an inferred study of past data behavior and profiles over time.

Both approaches may lead to the accurate and useful forecasts, but for a general

degree of accuracy, the former approach seem to be more difficult to implement and

validate than the latter one.
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Figure 2–2: Ten minute EEG time series data.
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Figure 2–3: Monthly accidental deaths in U.S.A. (from January 1973 to December
1978) time series data, which shows a very strong seasonality.
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Figure 2–4: U.S.A. population with ten-year intervals (from 1790 to 1990) time series
data, which shows a very strong trend.

 3500.

 3600.

 3700.

 3800.

 3900.

 4000.

0 50 100 150 200 250

Series

Figure 2–5: Dow-Jones index closing prices (251 consecutive trading days ending
08/26/94) time series data.
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2.1.2 Statistical Analysis

In this section, we will focus on the recently developed methods used to deal

with nonstationary time series.

2.1.2.1 Multiple regression analysis

Regression is the study of how the distribution of Y changes for varying combi-

nations of X values (i.e, the study of the conditional distribution y|x of the response y

given the vector of nontrivial predictors x). Regression analysis is essentially the study

of relationships among variables, a principal purpose of which is to predict, or estimate

the value of one variable from known or assumed values of other related variables. The

multiple regression analysis is generally used when two or more independent factors

(predictors) are involved and widely used for intermediate term forecasting. This

method can also be used to develop alternate models with different factors. To make

predictions or estimations, we must identify the effective predictors of the variables

of interest.

2.1.2.2 Trend analysis

A structural time series model is a linear model which is formulated directly in

terms of the components of interest in the time series: Observed series = trend + sea-

sonal + irregular, where the “irregular” component reflects nonsystematic movements

in the series. This method forecasts the current time stamp by understanding the

trend, seasonal, and irregular components of previous time stamps in the observed

series. Structural models are estimated by converting the time series into a state

space form. The trend analysis applies linear and nonlinear regression with time as

the explanatory variable to estimate and remove trends. It is usually used where

there exists a pattern or long-term trend over time. Unlike most of other forecasting

techniques, the trend analysis does not assume the condition of equally spaced time

series. This method can also be used to transform a nonstationary time series to a

stationary time series [44]. In many cases, removing trends is better than differencing
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in many aspects (e.g., the time series with seasonal patterns). In addition, if there

is evidence that a deterministic trend exists in the time series, then it will generally

give better results when such a trend is first estimated and removed from the given

series before applying the Box and Jenkins (1976) [21] approach to the residual series

than when the series is differenced before applying the trend analysis.

2.1.2.3 Moving average

The moving average (MA) is the best-known forecasting method. The method

simply takes a certain number of past periods and adds them together, then divides

them by the number of periods. Given that time series is stationary in both mean and

variance, the moving averages is very effective and efficient. The following formulation

is used to find the moving average of order n, MA(n) for a period t+ 1,

MAt+1 = [Dt +Dt−1 + ...+Dt−n+1]/n, (2.1)

where n is the number of observations used in the calculation. The moving average has

been widely extended to be a basis of new methodology of forecasting techniques. One

of its extensions is the weighted moving average, which is widely used where repeated

forecasts are required. The following formulation is used to find the weighted moving

average of order n, Weighted MA(n) for a period t+ 1,

Weighted MA(t+ 1) = [w1.Dt + w2.Dt−1 + ...+ wn.Dt−n+1]/n, (2.2)

where the weights are any positive numbers such that: w1 + w2 + ...+ wn = 1.

2.1.2.4 Autoregressive integrated moving average models

Many methods have been used to analyze and forecast nonstationary time series

data. One of the well-known methods, proposed by Box and Jenkins (1976) [21],

is called the autoregressive integrated moving average (ARIMA) process. It is an

extension to the stationary autoregressive moving average (ARMA) process. ARIMA
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deals with nonstationary time series by using the dth difference to make the non-

stationary time series a stationary ARMA process. The ARIMA method assumes

that a series can be reduced to a stationary time series by differencing or detrending.

ARIMA is limited by the requirements of stationarity of the time series and normality

and independence of the residuals. In other words, the statistical characteristics of

a stationary time series remain constant through time, and residuals, which are the

errors between the observed time series and the model generated by the ARIMA

method, are assumed to be caused by noise. Autocorrelation for time series analysis

is a methodology for studying the sequential progression of events. The dependence

or regression on the variable’s past values is used to make predictions of the variable’s

future values. A model that is derived from autocorrelated data is referred to as an

autoregression.

We say that {yt} is an ARIMA process of order p, d, q (i.e., yt ∼ ARIMA(p, d, q)),

if the dth difference of yt is a stationary, invertible ARMA process of order p and q.

The model can be written as

Φ(B)(1−B)dyt = Θ(B)zt, (2.3)

where B is the backward shift operator, {zt} is white noise, and Φ(·) and Θ(·) are

polynomials of degree p and q, respectively, with all roots of the polynomial equations

Φ(z) = 0 and Θ(z) = 0 outside the unit circle.

Autoregressive integrated moving average (ARIMA) processes provide a justifica-

tion for differencing a nonstationary time series in order to achieve stationarity while

the approach by Box and Jenkins gives a systematic way to model a given nonstation-

ary time series. However, this procedure can only be used when the nonstationarity

is homogeneous; that is, the same finite number of differencing is applied everywhere.

Although differencing produces a stationary process, the forecasts obtained from an
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estimated ARIMA model are guaranteed to be optimal; other transformations may

give better forecasts.

2.1.2.5 Autoregressive-autoregressive moving average models

The autoregressive-autoregressive moving average (ARARMA) model for non-

stationary time series was proposed by Parzen (1982) [120]. The model consists of

a nonstationary AR followed by a stationary ARMA model. The Box and Jenkins

ARIMA approach is a special case of the ARARMA process in which the transfor-

mation is constrained to be pure differencing operators. The model can be described

as follows:

ỹt = yt − φ1yt−1 + · · · − φryt−r, (2.4)
p

∑

j=1

αj(ỹt−j − µ̃) =

q
∑

k=0

βkzt−k, (2.5)

where zt is white noise. An ARARMA model was compared with Box and Jenkins

for the well-known international air lines data with respect to the forecasting mean

square error (MSE) and mean average percentage error (MAPE). The results showed

that the ARARMA model is better than the ARIMA model by Box and Jenkins

(1976) [21], especially for further step forecasts.

2.1.2.6 Kalman filter

In state space, the value of a time series at time t is plotted against the value of

the time series at time t first-order Markov process. Another well-known procedure

is using the state space filtering algorithm [79] and was discussed by Meinhold and

Singpurwalla (1983) [96] with a statistical aspect.

The Kalman filter can be applied after putiing a model into a state space

form. In general, the Kalman filter is a recursive procedure used to compute the

optimal estimator of the state vector at time t, based on the information available

at time t. The Kalman filter is an optimal estimator if the disturbances (random

shocks) and the initial state vector are normally distributed. The basic idea of this
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approach was motivated by the updating feature, and its derivation follows the least

square estimation theory, where an observation equation and a system equation are

employed. Let (y1, y2, . . . , yt) be the observed time series, and assume that yt depends

on an unobservable quantity xt, known as state of nature. The relationship between

yt and xt is linear and is specified by the observation equation as

yt = Htxt + bt, t = 1, 2, . . .

where Ht is a known quantity, and bt is the observation error which is assumed to be

normally distributed with mean zero and known finite variance.

The main difference between Kalman’s state space filtering method and the

traditional linear model is that the state of nature (xt) in Kalman’s method, which

corresponds to the regression coefficients of the linear models, is not assumed to be

a constant but may change in time. This dynamical feature of xt is represented by a

system equation as

xt = Ftxt−1 + at, t = 1, 2, . . . , (2.6)

where Ft is a known quantity, and at is the system equation error which is assumed to

be normally distributed with mean zero and known finite variance. In this algorithm,

there are two major assumptions:

1 Ht and Ft have to be specified.

2 The assumptions about the statistical characteristics of the dynamical error
terms, {bt} and {at} have to be made (e.g., normality assumption on the series
and independence assumption on the residuals).

However, in many applications, the validity of these assumptions is not checked.

2.1.3 Nonlinear Analysis

Neural networks are one of the most studied methods in nonlinear analysis used in

time series analysis. Several authors have given an overview of different types of neural

networks in time series processing. For example, neural networks can be categorized
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by the type of mechanism to deal with temporal information. The use of neural

networks in times series in the context of function approximation and classification

was described by Dorffner (1994) [26]. Neural networks have been used to extend both

the ARIMA model and the state-space linear models (e.g., Kalman’s filter). Nonlinear

autoregressive models such as neural networks are potentially more powerful than

linear models because much more complex underlying characteristics of the series can

be modeled without the stationarity assumption. There are varieties of techniques

that can be used to select the best network architecture for evaluating the performance

of the network and the prediction algorithms for almost random-walk series.

2.1.3.1 Neural network

For time series forecasting, the prediction model of order p, has the general form:

Dt = f(Dt−1, Dt−1, ..., Dt−p) + et. (2.7)

Neural network architectures can be trained to predict the future values of the

dependent variables. Design of the network paradigm and its parameters are required

for the training purpose. The multi-layer feed-forward neural network approach

consists of an input layer, one or several hidden layers and an output layer. The

partially recurrent neural network is an extension of the neural network technique

that can learn sequences as time evolves. Moreover, it responds to the same input

pattern differently at different times, depending on the previous input patterns. The

performance of both approaches can be improved by adding a damped feedback that

possesses the characteristics of a dynamic memory.

2.1.4 Spectral Analysis

2.1.4.1 Discrete fourier transform

The importance of the discrete fourier transform (DFT) is the existence of a

fast algorithm, the fast fourier transform (FFT) that can calculate DFT coeffcients
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in O(n log n) time. The DFT analysis decomposes a series into component parts. It

evolves two concepts:

1 Different waveforms can be combined together.

2 Adding enough simple sine and cosine waves of different frequencies, phases,
and amplitudes together is sufficient to create any shape of time series.

Fourier spectral analysis produces information about waveforms, frequencies,

amplitudes of components in the series. The DFT analysis has been used to perform

similarity matching, discretizing and clustering in time series. It can also be used

to map time sequences to the frequency domain. Sequences are mapped to a lower-

dimensionality space by using only the first few Fourier coefficients, and then R trees

are used to index the sequences and to efficiently answer similarity queries. This

method works on global sequence matching [104].

2.1.4.2 Wavelet transforms

Wavelet transforms have been used to locally and globally match sequences, and

to extract features that describe properties of the sequence in various locations and

varying time regularities. Features are extracted from the time series based on the

discrete wavelet transform, while local and global similar sequences are identified

based on these feature vectors.

Sequences that are locally stationary in time are well suited to spectral repre-

sentations (e.g., the direct use of Fourier coefficients). However, many sequences that

contains transient behavior are nonstationary and may possess very weak spectral

signatures locally and globally [150].

2.1.5 Matching Similar Time Series Patterns

Finding similar patterns in time series is used in several applications, including

indexing like patterns, finding similar subsequences, clustering, and finding rules

associating time series [20]. Time series similarity has been approached in many

different ways. Many approaches assume a template pattern (either global or local),
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and then try to find similar patterns in a reference sequence. Most of the approaches

decompose the time series into windows, in which features are extracted. Then

efficient matching is performed by using an R tree structure in feature space [82].

In order to find similar patterns in time series, various distance measures have been

employed. The most common is the Euclidean distance measure.

Dynamic time warping, introduced as a temporal similarity measure by Berndt

and Clifford (1996) [20], is one of the most studied in matching similar time series

patterns. The dynamic time warping technique was taken from speech recognition,

which yields elasticity in the temporal axis when matching a template to a reference

sequence. In this approach, a dynamic programming method is used to align the

time series and a predefined set of templates. Another well-known approach is the

longest common subsequence measure introduced by Selman et al. (1997) [144]. This

approach considers X and Y to be similar if they exhibit similar behavior for a

large part of their length. The templates using piecewise linear segmentations were

introduced, and a probabilistic method was used to match the known templates to the

time series data by Keogh and P. Smyth (1997) [82]. Local features such as peaks,

troughs, and plateaus are defined using a prior distribution on expected deformations

from a basic template. A predefined set of templates to match a time series generated

from robot sensors can also be implemented by employing the time-delay embedding

process to match their predefined templates.

2.2 Data Mining Concepts

Nowadays, data mining is fast emerging as a core component of many business

and industries, especially those related to Finance and Banking, Manufacturing,

Biosystems and Biotechnology, and Information Systems and Services. Data mining

is referred to as a multipurpose abstraction of information from large data sources.

Data mining is defined as “the search for valuable information in large volumes of

data. Predictive data mining is a search for very strong patterns in big data that
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can generalize to accurate future decisions” [160]. Alternatively, data mining can also

be defined as “the process of extracting previously unknown, valid, and actionable

information from large databases and then using the information to make crucial

business decisions” [22]. Data mining is evolved from several fields, including machine

learning, statistics, and database design [160]. It uses techniques such as clustering,

association rules, visualization, decision trees, nonlinear regression, and probabilistic

graphical dependency models to identify novel, hidden, and useful structures in large

databases [160].

2.3 Concepts of Time Series Data Mining

In short, some key concepts of TSDM are as follows. An event is defined as an

important occurrence in time. The associated event characterization function f(t),

which is defined a priori, represents the value of future eventness for the current time

stamp. A phase space is a N -dimensional real metric space into which the time series

is embedded. The augmented phase space is defined as a N + 1 dimensional space

formed by extending the phase space with the additional dimension of f(·). Defined

as a vector of length N or equivalently as a point in a N -dimensional phase space,

a temporal pattern is a hidden structure in a time series that is characteristic and

predictive of events. The objective function is to find a value or fitness of a temporal

pattern cluster or a collection of temporal pattern clusters. In other words, finding

optimal temporal pattern clusters that characterize and predict events is the key of

the TSDM framework.

2.3.1 Temporal Pattern and Temporal Pattern Cluster

The important concept within the TSDM framework is the temporal pattern.

A temporal pattern is defined as a hidden structure, which is characteristic and

predictive of events, in a time series. The temporal pattern p is a real vector of length

N . The temporal pattern will be represented as a point in aN -dimensional real metric

space, p ∈ RN . The observations {xt−(N−1)τ , . . . , xt−τ , xt} form a sequence that can
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be compared to a temporal pattern, where xt represents the current observation,

xt−(N−1)τ , . . . , xt−2τ , xt−τ past observations. Let τ > 0 be a positive integer. If t

represents the present time stamp, then t− τ is a time stamp in the past, and t+ τ

is a time stamp in the future. From this notation, time is partitioned into three

categories: past, present, and future. Temporal patterns and events are placed into

different time categories; that is, temporal patterns occur in the past and complete

in the present while events occur in the future.

2.3.2 Phase Space and Time-Delay Embedding

A reconstructed phase space is defined as a N -dimensional metric space into

which a time series is embedded [1]. From Takens’ theorem, if N is large enough,

then the phase space is homeomorphic to the state space that generated the time

series [153]. The time-delayed embedding of a time series maps a set of N time

series observations taken from X onto xt, where xt is a vector or point in the phase

space. Specifically, to determine how well a temporal pattern or a phase space point

characterizes an event requires the concept of an event characterization function as

introduced in the next section.

2.3.3 Event Characterization Function

The event characterization function f(t) is introduced to connect a temporal

pattern in the past and present with the future even for the prediction. The event

characterization function represents the value of future “eventness” for the current

time stamp. The event characterization function is defined a priori and is created

to address the specific TSDM goal. The event characterization function is defined

such that its value at t highly correlates with the occurrence of an event at some

specified time in the future. In other words, the event characterization function is

causal when applying the TSDM method to prediction problems. Non-causal event

characterization functions are useful when applying the TSDM method to system

identification problems.



CHAPTER 3
DYNAMICAL APPROACHES AND CHAOS THEORY

Dynamics is considered to be an important conceptual scheme between math-

ematics and sciences, unifying the sciences; physical, biological, and social in a

common geometric model. Dynamics has evolved into three disciplines: mathemat-

ical, applied, and experimental. Newton is the pioneer of mathematical dynamics,

which has become a large and active branch of pure mathematics. This includes

the theory of ordinary differential equations, now a classical subject. After a while,

Poincaré introduced the methods of topology and geometry, which have dominated

the field. Applied dynamics is an increasingly important branch of the subject,

founded by Galileo. However, applied dynamics became well-known by Rayleigh,

Duffing, and Van Der Pol. Experimental techniques have been revolutionized with

new development of the technology. Nowadays, the new technology is accelerating the

improvement of the research frontier and increasing the efficiency of the experimental

work.

As stated earlier in Chapter 1, a dynamical system is defined as anything that

moves, changes, or evolves over time. Dynamical systems are considered to be “deter-

ministic” if there is a unique consequent to every state, or “stochastic” or “random”

if there is more than one consequent chosen from some probability distribution.

Unpredictable behavior of deterministic systems has been called “chaos”. The term

chaos was first introduced by Li and Yorke (1975) [89]. In general, chaos is referred

to as a name for any order that produces confusion in our minds. Mathematically,

chaos can be defined as an effectively unpredictable long term behavior arising in

a deterministic dynamical system because of sensitivity to the initial conditions.

For example, the weather is governed by the atmosphere, which obeys deterministic

32
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physical laws. The reason for the unpredictability of the weather is that the weather

exhibits extreme sensitivity to initial conditions. A tiny change in today’s weather

(the initial conditions) may cause a larger change in tomorrow’s weather and an even

larger change in the next day’s weather. This sensitivity to initial conditions has been

hailed as the butterfly effect, because it is possible for a butterfly flapping its wings

today in China to set off tornadoes in Kansas a week later. Since it is impossible to

obtain the initial conditions with perfect precision, long-term prediction is impossible,

even when the physical laws are deterministic and exactly known. It has been shown

that the predictability horizon in weather forecasting cannot be more than two or

three weeks [148]. The threads of chaos theory and nonlinear dynamics are mostly

based on the fundamental laws of physics, chemistry, and biology. Accordingly, chaos

theory holds promise for explaining many natural processes. For example, a stream

of water exhibits regular (laminar) flow when moving slowly and irregular (turbulent)

flow when moving more rapidly. The transition between the two can be very abrupt.

If two sticks are dropped side-by-side into a stream with laminar flow, then they stay

close together, but if they are dropped into a turbulent stream, then they quickly

separate [148]. For example, consider a boulder precariously perched on the top of an

ideal hill. The slightest push will cause the boulder to roll down one side of the hill

or the other; the subsequent behavior is sensitive to the direction of the push and the

push can be arbitrarily small. Chaotic processes are not random; they follow rules,

but even simple rules can produce extreme complexity.

The organization of the succeeding sections of this chapter is as follows. Short

explanations of common terms used in dynamical systems and chaos are given in the

next section. In section 3.2, examples of well-known chaotic systems are illustrated

and discussed. The literature review and motivation are addressed in section 3.3.

Later in section 3.4, we discuss the dimensionality of the system, which is called fractal

dimension. In section 3.5, Lyapunov stability theorem and Lyapunov exponents are
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discussed. This includes proposed methods used for calculating Lyapunov exponents,

which can be used to analyze the real-world time series.

3.1 Chaos Glossary

3.1.1 Phase Space

Phase space is the collection of possible states of a dynamical system. A phase

space can be finite (e.g., for the ideal coin toss, we have two states heads and tails),

countably infinite (e.g., state variables are integers), or uncountably infinite (e.g.,

state variables are real numbers).

3.1.2 Trajectory

Trajectory or orbit of the dynamical system is the path connecting points in

chronological order in phase space traced out by a solution of an initial value problem.

If the state variables take real values in a continuum, the orbit of a continuous-time

system is a curve, while the orbit of a discrete-time system is a sequence of points.

3.1.3 Bifurcation

A bifurcation is defined as a qualitative change in dynamics upon a small vari-

ation in the parameters of a system. A gradually variation of a parameter in the

system corresponds to the gradual variation of the solutions to the problem. For

instance, bifurcation is a phenomena when the number of solutions changes abruptly

and the structure of solution manifolds varies dramatically when a parameter passes

through some critical values. Bifurcation theory is a method for studying the onset

of chaos and how solutions of a nonlinear problem and their stability change as the

parameters of the system vary.

3.1.4 Degree of Freedom

The notion of degrees of freedom is defined as one canonical conjugate pair, a

configuration and its conjugate momentum. In the study of dissipative systems the

term degree of freedom means a single coordinate dimension of the phase space. In
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this context, degree of freedom implies order which is equal to the dimension of the

phase space.

3.1.5 Attractor

An attractor is defined as a phase space point or a set of points representing

the various possible steady-state conditions of a system; an equilibrium state or a

group of states to which a dynamical system converges and cannot be decomposed

into two or more attractors with distinct basins of attraction. This is necessary

since a dynamical system may have multiple attractors, each with its own basin of

attraction. Informally, an attractor is a region of a dynamical system’s state space

that the system can enter but not leave, and which contains no smaller such region.

Thus in the long term, a dissipative dynamical system may settle into an attractor.

In short, an attractor is just a set in the phase space that has a neighborhood in which

every point stays nearby and approaches the attractor as time goes to infinity. The

boundary of a basin of attraction is very interesting since it differentiates between

different types of motion. Typically, a basin boundary is a saddle orbit, or such an

orbit and its stable manifold. An alternative definition of an attractor is sometimes

used because there are systems that most, but not all, of the initial conditions are

attracted in their neighborhood. Thus, an attractor can alternatively be defined as a

set for which a positive measure of initial conditions in a neighborhood are asymptotic

to the set.

3.1.6 Strange Attractor

A strange attractor is defined as an attractor that shows sensitivity to initial

conditions (exponential divergence of neighboring trajectories) and that, therefore,

occurs only in the chaotic domain. The term strange attractor was introduced by

Ruelle and Takens in 1971 [133] in their discussion of a scenario for the onset of

turbulence in fluid flow. They noted that when periodic motion goes unstable (with

three or more modes), the typical result will be a geometrically strange object.
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Unfortunately, the term strange attractor is often used for any chaotic attractor.

However, the term should be reserved for attractors that are “geometrically” strange

(e.g., fractal). While all chaotic attractors are strange, not all strange attractors are

chaotic [53]. In other words, the chaoticity condition is necessary, but not sufficient,

for the strangeness condition of attractors.

3.2 Chaos Theory for Time Series Analysis

Many investigations have also shown the presence of chaos in many real world

time series data [3, 29, 43, 63, 69, 92, 143, 151]. Because of their sensitivity to initial

conditions, the methods of nonlinear dynamical systems had a strong influence on the

development of new concepts in the field of time series analysis. One of the major goals

of time series analysis is prediction (i.e., forecasting the future development of the

series from observations in the past). The first approach to predicting deterministic

dynamical systems on the basis of the time delay method relies on nearest neighbors

in the embedding space and a local linear model derived by fitting a hyperplane

through the data. This embedding technique consists of forming a mapping between

the observed time series and vectors in some simple multidimensional space. These

vectors then form points on a trajectory and the multidimensional space becomes a

representation of the actual physical phase space of the system. The main theorems

connecting the two realms, measurement and physical phase space, are Taken’s

theorem [153], its precursors [102], and its sequels [140, 141].

Most of the dynamical approaches to time series analysis are limited because

of many difficulties and assumption requirements. For instance, if the series is

generated by a deterministic dynamical system, the methods do not allow for a

geometrical description of the dynamics which yields information about the structure

of the chaotic attractor. In particular, the dimensionality of the attractor and its

embedding in a smooth, nonlinear manifold is not addressed. In general, embedding

in Euclidean spaces may be viewed as encapsulating the nonlinear manifold. The
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intrinsic dimensionality of the dynamics is in general smaller than the dimension of

the space needed to correctly embed the dynamics. The problem of reducing the

dimensionality of dynamical systems is extremely important and becomes an active

area of research. In addition, the assumption of a deterministic dynamical system

itself is also a concern because experimenters usually work with noisy data. Many

time series (e.g., foreign currency exchange rates, the heart beat) do not seem to be

in the class of deterministic dynamical systems, but rather appear to be governed by

a stochastic process. It is therefore desirable to have an algorithm which on the one

hand can be applied to deterministic as well as to stochastic time series, and on the

other hand allows to fit a smooth manifold through the data, regardless of whether

the time series is driven deterministically or stochastically.

3.3 Chaotic Systems

In this section, some well-known chaotic systems are discussed. These systems

can be considered as benchmark examples for testing statistical methods used to draw

inferences of systems with chaos.

3.3.1 Hénon Mapping

The differential equations from the Hénon map are given by:

dx

dt
= a+ b ∗ y − x2 (3.1)

dy

dt
= x, (3.2)

where a and b are constants. Values a = 1.4 and b = 0.3 are normally chosen for

study where chaos is exhibited [57, 158].

The evidence of chaos for Hénon mapping with the above parameters can be

seen through numerical study. The Hénon attractor is the scatter plot of the orbits

{(xt, yt)}Nn=N0
for some typical initial value (x0, y0), where N0 is the number of

discarded transient steps. The Hénon attractor is locally a product of a line segment

and a Cantor set. Figure (3–1)–(3–3) illustrate the Hénon map with parameter setting
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Figure 3–1: Henon map created by Runge-Kutta integration with a = 1.4, b = 0.3.

Figure 3–2: Fourier transform of Henon map with a = 1.4, b = 0.3.

Figure 3–3: 3-D plot of Henon attractor from Henon map with a = 1.4, b = 0.3.
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where system is shown to be chaotic, the Fourier transform, and the 3-D plot of the

Hénon map.

3.3.2 Lorenz System

The differential equations from the Lorenz system are given by:

dx

dt
= σ ∗ (y − x) (3.3)

dy

dt
= (r ∗ x)− y − (x ∗ z) (3.4)

dz

dt
= (x ∗ y)− (b ∗ z) (3.5)

where σ, r, and b are constants. Values σ = 10.0, r = 28.0, b = 8
3
are normally

chosen for study where chaos is exhibited [92, 158].

In a famous paper in 1963 [92], Lorenz discovered that simple systems of three

differential equations can have complicated attractors. The Lorenz attractor (with

its butterfly wings reminding us of sensitive dependence) is the “icon” of chaos.

Lorenz showed that his attractor was chaotic, since it exhibited sensitive dependence.

Moreover, his attractor is also “strange”, which means that it is a fractal. The Lorenz

system is one of the most-studied systems. The Lorenz equations are obtained from

truncation of the Navier-Stokes equations, which give an approximate description

of a horizontal fluid layer heated from below, which is similar to condition in the

earth’s atmosphere. For sufficiently intense heating (r), the time evolution has

sensitive dependence on initial conditions, thus representing a very irregular and

chaotic behavior. The Lorenz system is also used to justify the so-called “butterfly

effect”, a metaphor of the imprecision of weather forecasting. The Lorenz system is

the first example that is derived from an actual physical process and gives a rise to a

type of attractor which is neither periodic nor quasiperiodic.
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Figure 3–4: Lorenz System created by Runge-Kutta integration of the Lorenz
equations, with σ = 10.0, r = 28.0, b = 8

3
.

Figure 3–5: Fourier transform of Lorenz system with σ = 10.0, r = 28.0, b = 8
3
.

Figure 3–6: 3-D plots of Lorenz attractor, which is a strange attractor, from Lorenz
system with σ = 10.0, r = 28.0, b = 8

3
.
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Figures (3–4)–(3–6) illustrate the Lorenz system with the parameter setting

where system is shown to be chaotic, the Fourier transform, and the 3-D plot of

the system.

3.3.3 Rössler System

The differential equations from the Rössler System are given by:

dx

dt
= −z − y (3.6)

dy

dt
= x+ a ∗ y (3.7)

dz

dt
= b+ z ∗ (x− c) (3.8)

where a, b, and c are constants. Values a = 0.15, b = 0.20, c = 10.0 are normally

chosen for study where chaos is exhibited [95, 158]. Figure (3–7)–(3–9) illustrate the

Rössler system with the parameter setting where system is shown to be chaotic, the

Fourier transform, and the 3-D plot of the system.

3.4 Fractal Dimension

The first step of knowledge to characterize the properties of the system is the

dimension of an attractor. The dimension is the information necessary to specify

the position of a point on the attractor to within a given accuracy. In addition, the

dimension is a lower bound on the number of essential variables needed to model

the dynamics. Strange attractors often have a structure that is not simple; they are

often not manifolds and actually have a highly fractured character. The dimension

that is most useful takes on values that are typically not integers. These noninteger

dimensions are called fractal dimensions. For any attractor, the dimension can be

estimated by looking at the way in which the number of points within a sphere

of radius r scales as the radius shrinks to zero. The geometric relevance of this

observation is that the volume occupied by a sphere of radius r in the dimension d

behaves as rd.
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Figure 3–7: Rössler System created by Runge-Kutta integration with a = 0.15, b =
0.20, c = 10.0.

Figure 3–8: Fourier transform of Rössler system with a = 0.15, b = 0.20, c = 10.0.

Figure 3–9: 3-D plots of Rössler attractor from Rössler system with a = 0.15, b = 0.20,
c = 10.0.
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For regular attractors, irrespective to the origin of the sphere, the dimension

would be the dimension of the attractor. But for a chaotic attractor, the dimension

varies depending on the point at which the estimation is performed. If the dimension

is invariant under the dynamics of the process, we will have to average the point

densities of the attractor around it. For the purpose of identifying the dimension in

this fashion, we find the number of points y(k) within a sphere around some phase

space location x. This is defined by

n(x, r) =
1

N

N
∑

k=1

Θ(r − |y(k)− x|) (3.9)

where θ is the Heaviside function.

This counts all the points on the orbit y(k) within a radius r from the point x

and normalizes this quantity by the total number of points N in the data. Also, we

know that the point density, ρ(x), on an attractor does not need to be uniform (for a

strange attractor) on the figure of the attractor. Choosing the function as n(x, r)q−1

and defining the function C(q, r) of two variables q and r by the mean of n(x, r)q−1

over the attractor weighted with the natural density ρ(x) yield

C(q, r) =

∫

ddxρ(x)n(x, r)q−1 =
1

M

M
∑

k=1

[
1

K

M
∑

n=1,n 6=k

Θ(r − |y(n)− y(k)|)]q−1 (3.10)

The quantity C(q, r) is called the “correlation function” on the attractor. This

function is a measure of the probability that two points y(n) and y(k) on the attractor

are separated by a distance r. M and K are some large values but not infinite.

This function of two variables is an invariant on the attractor, but it has become

conventional to look only at the variation of this quantity when r is small. In that

limit, it is assumed that

C(q, r) ≈ r(q−1)Dq (3.11)
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defining the generalized fractal dimensionDq when it exists. From the above equation,

Dq can be estimated in the limiting case as

Dq = lim
r small

log[C(q, r)]

(q − 1) log[r]
(3.12)

In practice, we need to compute C(q, r) for a range of small r over which we can

argue that the function log[C(q, r)] is linear in log[r] and then select the linear-like

slope over the range.

3.4.1 Box-Counting Dimension (D0)

The box-counting dimension (D0) is estimated as the number of spheres of radius

r, namely, the number of boxes we need to cover all the points in the data sets. If we

evaluate the number N(r) as a function of r as r becomes small, then

D0 = lim
r small

log[N(r)]

(q − 1) log[r]
(3.13)

This can also be defined as

D0 = lim
q→0

Dq (3.14)

3.4.2 Information Dimension (D1)

The information dimension (D1) is a generalization of the capacity that takes into

account the relative probability of cubes used to cover the set. From the generalized

dimensions, this information dimension can be defined as

D1 = lim
q→1

Dq (3.15)

3.4.3 Correlation Dimension (D2)

For q = 2, the definition of the fractal dimension, Dq, assumes a simple form that

lends it to reliable computation. The resulting dimension, D2, is called the correlation

dimension of the attractor [51, 50, 153] and is estimated as the slope of the log-log
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curve given by

D2 = lim
r small

log[C(2, r)]

log[r]
(3.16)

The correlation dimension is easy to quantify from experimental data but very hard

to quantify from time series data because there may not exist a linear-like slope range.

3.5 Lyapunov Exponents

The increasing interest in the computation of Lyapunov exponents is motivated

by its fundamental role in the theory of dynamical systems. Lyapunov exponents

allow for the generalization of the linear stability analysis from perturbations of

steady state solutions to perturbations of time-dependent solutions, and also provide

a meaningful way to characterize the asymptotic behavior of nonlinear dynamics. In

particular, in the last two decades the Lyapunov exponents have been widely used as

a major tool to identify chaotic behaviors.

Lypunov exponents were first introduced in 19thcentury by A.M. Lyapunov. He

was greatly influenced by Chebyshev and was a student with Markov. From his

dissertation, the notion of Lyapunov exponents were emerged as well as a collection of

papers on the equilibrium shape of rotating liquids, on probability, and on the stability

of low-dimensional dynamical systems. The usual methods of studying stability (e.g.,

linear stability) were not good enough, because if in the long term the small errors due

to linearization would accumulate and make the approximation invalid. Lyapunov

developed Lyapunov Stability concepts to overcome these difficulties.

The Lyapunov exponents of a system are a set of invariant geometric measures

which describe the dynamical content of the system. In particular, they serve as a

measure of how easy it is to perform prediction on the system. Lyapunov exponents

quantify the rate of divergence or convergence of two nearby initial points of a

dynamical system, in a global sense. A positive Lyapunov exponent measures the
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average exponential divergence of two nearby trajectories, whereas a negative Lya-

punov exponent measures exponential convergence of two nearby trajectories. A zero

Lyapunov exponent indicates the temporal continuous nature of a flow. If a discrete

nonlinear system is dissipative, a positive Lyapunov exponent quantifies a measure of

chaos. Consequently a system with positive exponents has positive entropy, in that

trajectories that are initially close together move apart over time. The more positive

the Lyapunov exponents are, the faster they move apart. Similarly, for negative

exponents, the trajectories move together in time. A system with both a positive

and negative Lyapunov exponents is said to be chaotic. In other words, Lyapunov

exponents quantify the amount of linear stability or instability of an attractor or an

asymptotically long orbit of a dynamical system.

Given two initial conditions for a chaotic system, a and b, which are close

together, the average values obtained in successive iterations for a and b will differ

by an exponentially increasing amount. In other words, the two sets of numbers drift

apart exponentially. If this is written enλ for n iterations, then eλ is the factor by

which the distance between closely related points becomes stretched or contracted

in one iteration. λ is the Lyapunov exponent. At least one Lyapunov exponent

must be positive in a chaotic system. In other words, at each point in the sequence,

the derivative of the iterated equation is evaluated. The Lyapunov exponent is the

average value of the log of the derivative. If the value is negative, the iteration is

stable. Note that summing the logs corresponds to multiplying the derivatives; if the

product of the derivatives has magnitude less than 1, points will attract together as

they go through the iteration.

For n-dimensional system, there are n Lyapunov exponents in the state space of

the system, but the maximum exponent is usually the most important. The maximum

Lyapunov exponent is the time constant, λ, in the expression for the distance between

two nearby orbits, eλ∗t. If λ is negative, then the orbits converge in time, and the
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dynamical system is insensitive to initial conditions. However, if λ is positive, then the

distance between nearby orbits grows exponentially in time, and the system exhibits

sensitive dependence on initial conditions.

Calculation of the Lyapunov spectrum can be derived analytically where the

equations of process are known [146, 18]. There are several published algorithms

for performing this measurement on experimental data. The oldest and most tested

algorithm is that by Wolf [162], then there are estimates based on the generation of

local Jacobian metrics from Eckmann et al. [28], and Ellner et al. [31].

The Wolf algorithm [162] is said to be sensitive to the number of observations

as well as to the degree of measurement or system noise in the observations. This

discovery motivated a search for new algorithmic designs with improved finite-sample

properties. This search for an algorithm to calculate Lyapunov exponents with

desirable finite-sample properties has gained momentum in the last few years. Abar-

banel et al. [2], Ellner et al. [31], Iasemidis [65], Iasemidis and Sackellares [69], and

McCaffrey et al. [95] came up with improved algorithms for calculating the Lyapunov

exponents from observed data.

The main algorithmic design in all of the above papers involves embedding the

observations in an m-dimensional space, then employing the theorems of Mañé [102]

and Takens [153] to use the observations in reconstructing the dynamics on the attrac-

tor. The Jacobian of the reconstructed dynamics as demonstrated in Eckmann and

Ruelle [29] and Eckmann et al. [28] is then used to calculate the Lyapunov exponents

of the unknown dynamics. The method of reconstructing an n-dimensional system

from observations includes forming vectors of m-consecutive observations, which for

m > 2n is generically an embedding process. The Jacobian methods for Lyapunov

exponents utilize a function of m variables to model the data, and a Jacobian matrix

is constructed at each point in the orbit of the data. When embedding occurs at

dimension m, D, n, then the Lyapunov exponents of the reconstructed dynamics
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are the Lyapunov exponents of the original dynamics. However, if embedding only

occurs when m > n, then the Jacobian method yields m Lyapunov exponents, only

n of which are the Lyapunov exponents of the original system. The problem is that

as it is currently used, the Jacobian method is applied to the full m-dimensional

space of the reconstruction, and not just to the n-dimensional manifold that is the

image of the embedding map. Our examples show that it is possible to get spurious

Lyapunov exponents that are even larger than the largest Lyapunov exponent of

the original system. Parlitz [119] focused on the identification of spurious Lyapunov

exponents by presenting a method for experimental data. This method is based on the

observation that the true Lyapunov exponents change their signs upon time reversal,

whereas the spurious exponents do not. Parlitz’s method [119] can be a useful tool for

identification purposes, especially for continuous-time systems. For discrete chaotic

systems, in general it is not possible to run time backward, since the dynamics are

not one to one.

Local Lyapunov exponents measure the growth rate of tangent vectors to a given

orbit. More precisely, consider a map f in an m dimensional phase space, and its

derivative matrix Df(x). Let v be a tangent vector at the point x. Then Lyapunov

exponents at x is defined as follow:

L(x, v) = lim
n→∞

1

n
ln|(Dfn(x)v)| (3.17)

Now the Multiplicative Ergodic Theorem of Oseledec states that this limit exists for

almost all points x and all tangent vectors v. There are at most m distinct values of

L as v ranges over the tangent space.

In other words, the growth rate of tangent vectors to a given orbit is quantified

by calculating the Jacobian matrix. For the differential equations, the eigenvalues

of the Jacobian matrix average over n steps can be calculated to obtain Lyapunov

exponents. In most real world situations we do not know the differential equations;
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therefore, we must calculate the exponents from a time series of experimental data.

Extracting exponents from a time series is a complex problem and requires care in

its application and the interpretation of its results.



CHAPTER 4
GLOBAL OPTIMIZATION

Research in optimization started to attract a great deal of attention when sig-

nificant advances in linear programming were introduced in the late 1940’s. A

general form of optimization problems contains two parts: an objective function

to be minimized (or maximized), and a set of constraints which limit the domain of

the system controls and other variables. If both objective function and constraints

are linear, then the problem is considered to be a linear programming problem.

If both the objective function and constraints contain nonlinear components, the

problem becomes a nonlinear programming problem. In this thesis, we are interested

in global optimization techniques for nonlinear programming problems. There are

many specialized areas of research and practical applications in the research area

of nonlinear programming. For example, problems in engineering design, logistics,

manufacturing, and the chemical and biological sciences often demand modeling via

nonconvex formulations that exhibit multiple local optima. The potential gains to be

obtained through global optimization of these problems motivated a stream of recent

efforts, including the development of deterministic and stochastic global optimization

algorithms. For an overview of various optimization techniques for nonlinear systems

and constraints, see [39, 62, 103].

In section 4.1, we introduce a summary of the most often used properties and

fundamental results of functions in the area of deterministic global optimization for

solving a general optimization problem, which are used in solution approaches in

this dissertation. In section 4.2, the basic concept of discrete optimization problems

(linear and nonlinear) is discussed as well as techniques used to solve those problems.

50
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In section 4.3, we discuss some important results in nonlinear and integer program-

ming problems, which are the motivation of this research. In section 4.4, quadratic

programming is discussed. Multi quadratic programming is introduced in section

4.5. In section 4.6, the proposed reformulation-linearization techniques for quadratic

integer programming problems and multi-quadratic integer programming problems

are discussed in detail, and the optimality proof for the proposed techniques are also

provided. Section 4.7 gives applications of the proposed techniques and concludes

this chapters.

4.1 Fundamental Results on Global Optimization

From elementary analysis, we know that a closed set S ∈ Rn contains the limits

of all convergent sequences of points xi ∈ S. Thus, a continuous function f has the

property that f(xi) → f(x∗) (as i → ∞) whenever xi → x∗ (as i → ∞). We then

have the following fundamental result of Weierstrass [61].

Theorem 4.1 (Weierstrass). If S is a nonempty compact set in Rn, and f(x) is

a continuous function on S, then f(x) has at least one global minimum (maximum)

point in S.

Next, we discuss some classical results about characterizations of local and global

minima, which will be used throughout this chapter.

Theorem 4.2. Suppose that the function f(x) is continuously differentiable on an

open set containing S ⊆ Rn. if x∗ is a local minimum of f (with respect to S), then

dT∇f(x∗) ≥ 0 for every d ∈ Z(x∗).

We call a point x∗ ∈ S that satisfies dT∇f(x∗) ≥ 0 for each d ∈ Z(x∗) a critical

(stationary) point. In the case of convex problems, critical points are always global

minima. When x∗ is an interior point of S, then every direction is feasible. In this

case, if d1 = ∇f(x∗) and d2 = −∇f(x∗), this is equivalent to ∇f(x∗) = 0. A critical

point may not be a local minimum. However, from this property, we can claim a

necessary condition for local optimality as in the following theorem [61].
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In the case of convex problems, we can show that critical points are always global

minima by using the properties of convexity [61].

Theorem 4.3. In the problem of minimizing a convex function on a convex set,

every local minimum of a convex function f : S → R, S ⊆ Rn convex, is also a global

minimum.

Proof. We can prove this theorem by contradiction. Let us assume that x∗ be a local

minimum point and assume that there exists a point x̄ ∈ S such that f(x̄) < f(x∗).

From the convexity property, f(x∗ + λ(x̄− x∗)) ≤ λf(x̄) + (1− λ)f(x∗) < f(x∗) for

0 < λ < 1. This contradicts with our initial assumption that x∗ is a local minimum

because there must exist λ∗ such that f(x∗ + λ(x̄− x∗)) ≥ f(x∗) for 0 < λ < λ∗.

Theorem 4.4. In the problem of minimizing a concave function on a compact convex

set, a global minimum of the concave function f : S → R, S ⊆ Rn compact convex is

attained at an extreme point of S.

Proof. We can represent any point x ∈ S as a convex combination x =
N
∑

i=1

λivi where

N
∑

i=1

λi = 1, λi ≥ 0(i = 1, . . . , N) of extreme points vi of S. From the concavity of

function f , we have

f(x) ≥
N

∑

i=1

λif(vi) ≥
N

∑

i=1

λi ·min{f(vi) : i = 1, . . . , N}

= min{f(vi) : i = 1, . . . , N} (since
N

∑

i=1

λi = 1).

We note that a global minimum can occur at points which are not extreme points

in the case that f is not strictly concave. In the case that f is strictly concave, global

and local minima can only occur at extreme points. If the feasible region is a concave

function over a polytope S, to find the global minimum, we have to consider only the

finite number of vertices of S.
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4.1.1 Karush–Kuhn–Tucker Conditions

In this section, we consider first-order necessary conditions for optimality in terms

of a system of equations and inequalities. These conditions are known as the Karush–

Khun–Tucker (KKT) conditions. Consider the nonlinear programming problem with

inequality constraints,

min f(x)

s.t. g(x) ≤ 0, (4.1)

where f : Rn → R, g : Rp → R.

The KKT conditions of the above problem can be written as

∇f(x) +∇g(x)Tu = 0,

g(x) ≤ 0,

u ≥ 0, (4.2)

g(x)Tu = 0,

where u ∈ Rp.

Define S = {x : gi(x) ≤ 0, i = 1, . . . , p} ⊆ Rn. The constraints of the

optimization problem min
x∈S

f(x) are considered to be regular in x∗ ∈ S when L(x∗) =

clZ(x∗). In this case, every condition that ensures regularity is called a constraint

qualification. The full statement of the theorem involving the KKT optimality con-

ditions requires certain constraint qualification to be satisfied. Two well-known

constraint qualifications for Problem (4.1) are defined as follows.

Definition 4.1. The linear independence constraint qualification is said to be sat-

isfied at a solution x̄ of Problem (4.1), for any g, if the vectors ∇g(x̄) for i ∈ M

(M = {i : gi(x̄) = 0}) are linearly independent.

Definition 4.2. The Arrow-Hurwicz-Uzawa constraint qualification is said to be sat-

isfied at a solution x̄ of the problem (4.1), for any g, if JW (x̄)z > 0 and JV (x̄)z > 0
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have a solution z ∈ Rn, where W = {i : gi(x̄) = 0, gi is concave at x̄}, V = {i :

gi(x̄) = 0, gi is not concave at x̄ and JW (x̄), JV (x̄) are matrices denoting the rows

of the Jacobian of g at x̄ with respect to W and V respectively.

The KKT Theorem for the first-order necessary conditions of optimality can now

be stated as follows [61].

Theorem 4.5. Let X be an open set in Rn and F = {x ∈ X : g(x) ≤ 0} be

nonempty. Let x̄ be a local minimizer of min
x∈F

f(x) and suppose either one of the above

constraint qualifications is satisfied at x̄. Then there exists a ū ∈ Rm such that (x̄, ū)

solves Problem (4.2).

Correspondingly, three of the most well-known constraint qualifications are given

in the next theorem [61].

Theorem 4.6. Each of the following conditions is a constraint qualification:

(i) gi(x) = aTi x− bi, ai ∈ Rn \ {0}, bi ∈ R (i = 1, . . . , p) (linear constraints).

(ii) gi(x) is convex (i = 1, . . . , p) and there exist x̄ such that gi(x̄) < 0 (i = 1, . . . , p)
(Slater Condition).

(iii) The vectors ∇gi(x∗), i ∈ I(x∗), are linearly independent.

Under certain convexity assumptions, the necessary conditions for optimality

are also the sufficient conditions for optimality. There are also similar second-order

necessary and sufficient conditions for optimality. See [93, 17] for more details and

proofs of the conditions for optimality.

4.1.2 KKT Conditions and the Linear Complementarity Problem

Consider the linear programming problem given by min{cx : Ax ≥ b, x ≥ 0}.

We then have the corresponding Lagrangian function L(x, λ, µ) = cx− λT (Ax− b)−

µTx where λ and µ are the m− and n−dimensional Lagrange multipliers for the

inequality and nonnegativity constraints, respectively. The KKT conditions from the
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LP are given by

∇xL(x, λ, µ) = c− λTA− µT = 0

∇λL(x, λ, µ) = Ax− b ≥ 0

∇µL(x, λ, µ) = x ≥ 0

λT (Ax− b) = 0

µTx = 0

λ ≥ 0, µ ≥ 0.

Since the linear program is convex, the above KKT conditions are necessary and

sufficient conditions. These conditions can be rewritten as v = Ax−b, u = ATλ−cT ,

and note that uTx+ vTλ = 0. Define

ζ =







u

v






η =







x

λ






M =







0 −AT

A 0






ν =







cT

−b






.

Solving a linear program with inequality constraints is equivalent to solving the

system

ζ −Mη = ν

ζ = 0, η = 0 (4.3)

ζTη = 0.

The last two constraints imply that ζiηi = 0 for all i. Problems of the form (4.3) are

known as linear complementarity problems.

4.1.3 Optimality Conditions

Most mathematical programs are solved by applying an algorithm that searches

for a point in the feasible region which satisfies a set of optimality conditions. Under

certain convexity assumptions, the necessary conditions for optimality are also the

sufficient conditions for optimality. There are also similar second-order necessary and
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sufficient conditions for optimality. For more details and proofs of the conditions for

optimality, see [17, 93, 101]. In this section we outline the second order optimality

conditions.

Theorem 4.7 (Second Order Necessary Conditions). Suppose that x∗ is a lo-

cal minimum of f(x) subject to h(x) = 0 as well as a regular point of these constraints.

Then there exists a vector λ ∈ Rm such that ∇f(x∗)−λT∇h(x∗) = 0. If we denote the

tangent plane T = {y : ∇h(x∗)Ty = 0}, then the matrix L(x∗) , F (x∗) − λTH(x∗)

is positive semidefinite on T ; that is, yTL(x∗)y = 0 for all y ∈ T .

Proof. See [101].

Theorem 4.8 (Second Order Sufficiency Conditions). Suppose there is a point

x∗ satisfying h(x∗) = 0 and a vector λ ∈ Rm such that ∇f(x∗) − λT∇h(x∗) = 0.

Assume that the matrix L(x∗) = F (x∗) − λTH(x∗) is positive definite on T = {y :

∇h(x∗)Ty = 0}; that is, for all y ∈ T, y 6= 0, we have yTL(x∗)y > 0. Then we have

x∗ which is a strict (unique) local minimum of f subject to h(x) = 0.

Proof. See [101].

4.2 Discrete Optimization

Next, we discuss the descriptions of the problems and special cases (i.e., classes

of problems that are easy to solve). Then, general techniques used to solve the linear

and nonlinear discrete optimization problems are discussed.

The most general form of the problem of interest can be stated as

Minimize f(x, y)

Subject to g(x, y) = 0 (4.4)

h(x, y) ≤ 0

x ∈ D ⊂ Zp, y ∈ Rq,
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where f : Rp+q, g : Rp+q → Rm, h : Rp+q → Rl are assumed to be functions with

continuous 2nd order derivatives, and D is a bounded set of Zp. The decision variables

are represented by x and y, which are discrete and continuous variables respectively.

4.2.1 Linear Discrete Optimization Problems

In general, linear discrete optimization problems can be described by “integer

programming”. There are many applications involving linear discrete optimization

problems (e.g., set partitioning problem, generalized linear assignment problem, inte-

ger network flow problem, and shortest path problem). Linear discrete optimization

problems can be expressed in Problem (4.4) with f, g,and h being linear. Although

this problem is linear, it is still very difficult to solve. However, for certain classes of

linear discrete optimization problems, a relaxation of Problem (4.4) on the integrality

constraint (x ∈ D) may have an optimal solution vector x∗ ∈ D; that is, the optimal

solution to the relaxed Problem (4.4) may be the optimal solution to the original

Problem (4.4). The term “relaxation” can be expressed by the following definition [61]

.

Definition 4.3. Given an optimization problem P : min{f(x) : x ∈ X} and opti-

mization problem P̄ : min{f(x) : x ∈ Y }. P̄ is said to be a relaxation of P if and

only if X ⊂ Y and f̄(x) ≤ f(x) for all x ∈ X.

Total Unimodularity is one of the most important classes of linear discrete

optimization problems in which the optimal solution to the relaxation of problem 4.4

yields the optimal solution to the original problem. Such, in this case, the problem

can be formulated as

Maximize cTx+ d

Subject to Ax = b (4.5)

x ≥ 0

x ∈ D ⊂ Zn,
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where the matrix A is unimodular.

Definition 4.4. A square integer matrix B is called unimodular (UM) if its determi-

nant det(B) = ±1. An integer matrix A is called totally unimodular (TUM) if every

square, nonsingular submatrix of A is UM.

If B is formed from m linearly independent columns of A, it determines the basic

solution

x = B−1b =
Badjb

det(B)

where Badj is the adjoint of B, and so if B is UM and b is integer (which we always

assume), x is integer. If we define the polytope

R1(A) = {x : Ax = b, x ≥ 0}

to be the usual feasible set for the standard form linear programming problem, we

have the following proposition [61].

Proposition 4.1. If A is TUM, then all the vertices of R1(A) are integer for any

integer vector b.

Thus a standard form linear programming problem with TUM matrix will al-

ways lead to an integer optimum. In addition, this result also holds for inequality

constraints. To be more rigorous, we have the following proposition [61].

Proposition 4.2. Consider a linear discrete optimization problem P : min cTx +

d, s.t. Ax = b, x ∈ D ⊂ Zn and its relaxation P̄ : min cTx + d, s.t. Ax = b, x ≥

0, x ⊂ Rn. Let matrix A is totally unimodular (TUM), b ∈ Zn and Zn ∩ {x : Ax =

b, x ≥ 0} ⊂ D. If x∗ is an optimal solution to P̄ , then x∗ is also the optimal solution

to P .

Proof. If x∗ an optimal solution to P , then x∗ = B−1b and cN − cBB
−1N ≥ 0.

Consider the adjoint matrix of B, adj(B), which is the transposed matrix of cofactors

of A. Each entry of adj(B) is formed from the determinants of square submatrices
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of B. Since any square submatrix of B is also a square submatrix of A, by the

TUM property of A, we have adj(B) ∈ Zn×n and det(B) = ±1. This implies that

x∗ = B−1b = Badjb

det(B)
∈ Zn. Since x∗ is feasible, we have Ax∗ = b, x∗ ≥ 0. x∗ ∈

Zn ∩ {x : Ax = b, x ≥ 0} ⊂ D. Thus, x∗ is also an optimal solution to P̄ [61].

In this section, we consider Problem (4.5), without loss of generality, and assume

that D ⊂ {0, 1}n. Next, we discuss the general techniques used to solve this problem.

4.2.1.1 Branch-and-bound techniques

The branch-and-bound methods start analogously to the outer approximation

algorithms with a relaxation of the feasible region of a linear zero-one problem given

by

Maximize cTx

Subject to wTx ≤ b (4.6)

x ∈ {0, 1}.

This relaxation is chosen such that a lower as well as an upper bound for the optimal

value of Problem (4.6) can be determined. The feasible region is partitioned into

subdomains and such a partitioning process can be represented by a tree in which each

node represents a subproblem. The simplest way to partition the feasible region is to

consider the two subproblems when a variable xi = 0 and xi = 1. These subproblems

generated by the partition are used to determine bounds on the objective function

and update the best objective value obtained so far. If a subproblem considered in the

branch-and-bound tree has a lower bound, which exceeds the current best known value

for Problem (4.6), then this set is eliminated from further considerations (pruning).

Such sets cannot contain feasible points of Problem (4.6) with a smaller objective

function value than the best value known so far. Using these strategies one hopes

that the algorithm concentrates the search for a global minimum of Problem (4.6) on

a small portion of the feasible region. One expects that a large part of feasible region,
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which does not contain a global minimum of Problem (4.6), is pruned from further

considerations at an early stage of the examination of the optimization problem by

the branch-and-bound algorithm, which is applied for the solution to this problem. To

be more specific, upper and lower bounds are being generated at different levels and

nodes of the tree throughout the whole branch-and-bound process, until the upper

and lower bounds differ by an acceptable tolerance.

The optimal objective value of a subproblem will be a lower bound on the solution

to Problem (4.6) if a subset of the variables are allowed to be continuous. We note

that if no feasible solution for the relaxation of a subproblem exists, then no feasible

solution exists for the subproblem itself. When a feasible solution exists, it is an

upper bound to Problem (4.6). In the case of an infeasible subproblem, the leaves

of this subproblem are discarded. Likewise, if any subproblems are shown to have

objective values or bounds that are not as good as the best known objective value,

they are also discarded. The whole process is repeated until all the possible partitions

have been carried out and an optimal solution is obtained, or if the upper and lower

bounds of all partitions considered fall within a predetermined tolerance.

4.2.1.2 Cutting-plane method (outer approximation)

One of central ideas of cutting-plane methods is to add constraints to the problem

so that a discrete solution is obtained while solving a continuous problem. The

cutting-plane method uses the following basic concept.

Determine a superset S ′ of S, which has a simple structure, for example a

polyhedron, and try to minimize the function f with respect to this bigger set. If

the minimization of f with respect to the simpler set S ′ is still too complicated,

determine a simpler function f , which underestimates f on the set S, and solve the

problem min f(x) : x ∈ S. This problem yields a lower bound for the optimal value

of the original problem. Such problems are usually called relaxations of the original

problem.
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For example, in the case of the zero-one problem, the continuous (relaxed)

problem min{f(x) : Ax = b, 0 ≤ x ≤ e} is solved by using the simplex method.

If the solution x′ ∈ {0, 1}n is obtained, then we obtain an integer solution by solving

a relaxed problem. Otherwise an additional linear constraint is introduced to cut

away x′ from being an optimal solution of the new problem by the hyperplane, and

yet not eliminating any feasible point in {0, 1}n. Again, the relaxed problem with

an additional constraint is solved by the simplex method. This process is repeated

iteratively until an x′ ∈ {0, 1}n is found or there is no more feasible solutions; that

is, the original problem is infeasible.

Next, we give an example of a cut. Suppose the simplex method is applied to

the relaxed problem min{f(x) : Ax = b, 0 ≤ x ≤ e}, the optimal tableau xi =

gi0 +
∑

j∈N

gij(−xj), i ∈ B, where B and N are the basic and nonbasic variables in

the optimal tableau respectively are obtained. For some k ∈ B, assume that xk is

fractional. If we define N1 = {j ∈ N : fkj < fk0}, where fkj represents the fractional

part of gkj, then one of possible cuts can be defined as
∑

j∈N1

min{ fkj
fk0
,
1−fkj
1−fk0

xj ≥ 1.

The first cutting-plane method was developed by Gomory [48]. However, pure

cutting-plane algorithms are impractical because of the slow convergence to integer

solutions. Typically, branch-and-bound algorithms are combined with the cutting-

plane approach in which a small number of efficient cuts are added to the problems

at the nodes of the branch-and-bound tree. Such methods are known as the branch-

and-cut methods and a recent survey can be found in [98].

4.2.1.3 Convex envelope method

In branch-and-bound and cutting-plane methods, we need a simpler function f ,

which underestimates the examined function f with respect to a given set S. Since

convex functions lead to easily solvable problems, the so-called convex envelope of an

arbitrary function f is a concept frequently used for determining the desired function

f̄ .
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Definition 4.5. Let f : S → R be a lower-semicontinuous function defined on a

nonempty convex set S ⊂ Rn. The convex envelope of f(x) on the set S is a function

F (x) with the following properties:

(i) F (x) is convex on the set S;

(ii) F (x) ≤ f(x), for all x ∈ S;

(iii) if h(x) : S → R is a convex function such that h(x) ≤ f(x) for all x ∈ S, then
h(x) ≤ F (x) for all x ∈ S [61].

Consequently, the convex envelope F (x) of a function f on a set S is the uniformly

best convex underestimating function for f on the given set. In general, however, the

construction of a convex envelope F (x) is a problem, which might be harder to solve

than the considered optimization problem itself. For some instances, the explicit form

of the convex envelope is known. For example, if f is a concave function and S is a

polytope with given vertex set V (C) = {v1; . . . , vk}, the convex envelope F (x) of f

with respect to S is given by

F (x) = min{
k

∑

i=1

λif(vi) : x =
k

∑

i=1

λivi, λ ∈ Rk
+,

k
∑

i=1

λi = 1 [61].

This implies that the convex envelope of a concave function f with respect to an

n-simplex S = [v0, . . . , vn] is the uniquely determined affine function, which coincides

in the n+ 1 vertices of S with f [61]. In some cases an overestimating function for a

given function f with respect to a set S is additionally needed. In this situation the

analogous concept of the so-called concave envelope F (x) can be applied.

Definition 4.6. Let f : S → R be a upper-semicontinuous function defined on a

nonempty convex set S ⊂ Rn. The concave envelope of f(x) on the set S is a function

F (x) such that −F (x) is the convex envelope of −f(x) on the set S.

Thus, the concave envelope F (x) of a function f is the best concave overestimat-

ing function of f on the set S. Obviously, the concave envelope of a convex function f
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with respect to an n-simplex S is also the uniquely determined affine function, which

coincides in the vertices of S with f .

4.2.2 Nonlinear Discrete Optimization Problems

Although many discrete optimization problems are linear, there is also a vast

number of practical problems that are nonlinear. For example, in a linear assignment

problem it may turn out that one needs to factor in nonlinear costs in the objective

function, then this problem becomes a nonlinear assignment problem. A well-known

nonlinear version of the linear assignment problem is the quadratic assignment prob-

lem, which will be discussed later in this chapter.

While problems with only binary variables are the simplest form of discrete prob-

lems, they are very important because any discrete problem with bounded variables

can always be transformed into a binary problem. More specifically, problems with

constraints xi ∈ I, where I is a finite set of integers, can always be transformed to an

equivalent problem with binary variables. Without a loss of generality, consider the

example of an integer variable x bounded by 0 and u. The variable x can then be

substituted by x =
k

∑

i=0

2ivi, where k = b lnu
ln 2
c and v ∈ Bn is new binary variable. The

integer variable x was replaced with k + 1 binary variables. This is perhaps the best

way to introduce the minimal number of binary variables possible in place of integer

variables with an upper and lower bound [87].

Although we can convert all the bounded integer variables into binary variables,

it is very disadvantageous to introduce such a large number of additional variables.

However, the basic data structure has not increased. For example, the size of the

Hessian of the objective function may increase by a factor of ten (hence the number

of elements increases by a factor of hundred) but the number of nonzero elements is

likely to remain constant.

An obvious approach to solving nonlinear discrete problems is to generalize the

two methods discussed for solving the linear discrete problem [56]. Note that both of
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these approaches capitalize on the existence of fast algorithms to solve the continuous

problem. There is an inherent difficulty in generalizing the branch-and-bound (and

hence the branch-and-cut) method because it critically depends on the uniqueness

of the solution. In the convex case, this would not be an issue; however, develop-

ing algorithms for nonconvex problems is extremely difficult. Obtaining a discrete

solution when solving a continuous problem with a nonlinear objective function is

very difficult. Therefore, generalizing the techniques for linear problems to nonlinear

problems is limited. Consider the following nonlinear discrete problem:

min f(x)

s.t. 0 ≤ x ≤ e

x ∈ {0, 1}n.

If f(x) is linear, then the cutting plane algorithm is unnecessary because all possible

integer solutions are bounded. In the case that the integrality constraints are dropped,

we need to ensure that an integral solution is obtained. Indeed, the appropriate vertex

of the feasible region may be found by examining the coefficients of the objective

function. When f(x) is nonlinear, the problem is nontrivial because solving the

continuous problem no longer guarantees an integer solution. The very rationale

behind a pure cutting plane method is therefore no longer valid; however, the idea of

using cutting planes within other algorithms is still valid.

Next, we discuss some of the methods that have been proposed to handle more

general nonlinear discrete problems. However, it is hard or impossible to generalize

such algorithms to deal with certain types of nonlinear discrete problems.

4.2.2.1 Decomposition methods

Decomposition methods can be applied to solve problems with a mixture of

discrete and continuous variables. For instance, the generalized Benders decomposi-

tion method decomposes a mixed-integer nonlinear programming problem into two
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problems that are solved iteratively - a pure integer linear master problem and a

nonlinear continuous subproblem [45]. The nonlinear subproblem is obtained by

fixing the integer values and the continuous variables are optimized to give an upper

bound to the original problem. On the other hand, the master problem optimizes

for the new integer variables by imposing new constraints, such as the Lagrangian

dual formulation of the nonlinear problem. The master problem yields additional

combinations of the integer variables for the subsequent nonlinear subproblems, as

well as estimate lower bounds to the original problem. Under convexity assumptions,

the master problems generate a sequence of lower bounds that is monotonically

increasing. The algorithm terminates when the difference between the upper bound

and lower bound is smaller than a prespecified tolerance.

The outer approximation method is another example of the decomposition ap-

proach, which has been implemented as the DICOPT solver in GAMS [27]. Similar to

the generalized Benders decomposition method, this method involves solving a master

problem and a continuous nonlinear subproblem alternately. The main difference is

how to setup the master problem. The method generates the master problems by

linearizations of the nonlinear constraints (using Taylor series) at those points that

are the optimal solutions of the nonlinear subproblems. Then, the master problems

become mixed-integer programming problems. In the convex case, global optimality

or finite termination is guaranteed. In the nonconvex case, a decomposition method is

not guaranteed to obtain a reasonable solution. In addition, the number of constraints

in the master problems increases at every iteration; therefore, the cost of solving the

master problems may become very expensive.

4.2.2.2 Branch-and-reduce methods

The branch-and-reduce method is in the class of branch-and-bound algorithms.

To produce a lower bound for the original problem, the method needs to construct

a relaxation of the original problem that can be solved to optimality. Generally, the
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relaxation is constructed by enlarging the feasible region or using an underestimation

of the objective function. The method also involves range contraction techniques (i.e.,

interval analysis and duality theory that systematically reduce the feasible region to

be considered), and incorporates branching schemes that guarantee finite termination

with the global optimal solution for certain types of problems. At each iteration, the

search domain is partitioned into upper and lower bounds. Similar to branch-and-

bound algorithms, this method removes partitions that produce infeasible regions

or regions with objective values worse than the current solution. The partitioning

process continues until the difference between the upper and lower bounds over all

partitions is less than a pre-specified tolerance. The difficulty of this method is

that it may go through an unpredictably large number of iterations even though it

has good branching schemes. Since the method needs to solve the correspondingly

large number of nonlinear relaxation problems, a heavy computational burden is

required. In addition, the construction of the relaxation problem may involve a

convex underestimation of the objective function, which generates inefficient bounds.

4.3 Nonlinear and Integer Programming Problems

Integer programming problems have a wide range of applications. Although

integer programs and their solution approaches have been widely studied, they are

still far from complete in comparison with the open problems. In this section we aim

to clarify the logical connections between integer programming problem and other

fields of Mathematics. A nonlinear integer programming problem and its connections

with special nonconvex problems and complementarity problems are discussed. We

mainly consider a quadratic programming problem as a particular case, which is the

problem of our interest. These connections are useful to reduce the resolution of a

quadratic program to a linear integer program. In addition, they motivated us to

develop a new reformulation-linearization technique to transform a multi-quadratic

program to a linear integer program, which makes the problem a lot easier to solve.
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4.3.1 Equivalence Between Discrete and Continuous Programs

Before we show the equivalence between discrete and continuous programs, it is

important to discuss an equivalence property between two extremum problems [46].

Therefore, we refer to the following theorem (see [46] for a proof).

Theorem 4.9. Let Z̄ and X̄ be compact sets in Rn, R be a closed set in Rn, and let

the following hypotheses hold.

H1) f : Rn → R is a bounded function on X̄, and there exists an open set A ⊂ Z̄

and real number α, L > 0 such that, for any x, y ∈ S, f satisfies the following

Hölder condition: |f(x)− f(y)| ≤ L‖x− y‖α.

H2) It is impossible to find ϕ : Rn → R such that

(i) ϕ is continuous on X̄,

(ii) ϕ(x) = 0, x ∈ Z̄; ϕ(x) > 0, x ∈ X̄ − Z̄,

(iii) ∀z ∈ Z̄, there exists a neighborhood S(z) and a real ε̄ > 0 such that, for
any x ∈ S(z) ∩ (X̄ − Z̄), ϕ(x) ≥ ε̄‖x− z‖α.

Then a real µ0 exists such that for any real µ ≥ µ0, min f(x), x ∈ Z̄ ∩R is equivalent

to min[f(x) + µϕ(x)], x ∈ X̄ ∩R.

Now we can show an equivalence between discrete and continuous programs from

the following theorem [46].

Theorem 4.10. Let eT = (1, 1, . . . , 1), Z̄ = Bn, X̄ = {x ∈ Rn; 0 ≤ x ≤ e}, R =

{x ∈ Rn; g(x) ≥ 0}. Consider the problem

min f(x)

s.t. g(x) ≥ 0 (4.7)

x ∈ Bn,
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and the problem

min [f(x) + µxT (e− x)]

s.t. g(x) ≥ 0 (4.8)

0 ≤ x ≤ e.

Then we suppose that f verifies assumption H1 from Theorem 4.9 with α = 1; that

is, it is bounded on X̄ and Lipschitz continuous on an open set A ⊇ Z̄. Subsequently,

there exists some µ0 ∈ R such that ∀µ < µ0 Problems (4.7) and (4.8) are equivalent.

4.3.2 Integer Programs and Complementarity Problems

The connections between integer programs and complementarity problems can

be exhibited by applying KKT conditions. The results can be generalized in the

quadratic programming case [61].

Theorem 4.11. Let us first assume

4.11a) f : Rn → R, g : Rn → R are continuously differentiable functions.

4.11b) g(x) satisfies a constraint qualification condition at x0 to ensure that KKT
conditions are validated.

Then the nonlinear programming problem

min f(x)

s.t. g(x) ≥ 0, (4.9)

x ≥ 0,
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has an optimal solution x0 iff there exist u0 ∈ Rn, y0, v0 ∈ Rv such that (x0, y0, u0, v0)

is an optimal solution to the following problem:

min f(x)

s.t. f ′(x)− yTg′(x)− u = 0,

g(x)− v = 0, (4.10)

yTv = 0

xTu = 0

x, y, u, v ≥ 0.

Proof. Necessity. If x0 is an optimal solution to Problem (4.9), from KKT conditions

we obtain (y0, u0) such that

f ′(x0)− y0
T

g(x0)− u0 = 0,

g(x0) ≥ 0,

x0
T

u0 = 0,

x0, y0, u0 ≥ 0.

Let v0 = g(x0), then (x0, y0, u0, v0) is an optimal solution to Problem (4.10).

Sufficiency. The proof is trivial.

We now generalize the results of Theorem 4.11 to the quadratic programming

case. Consider the following problem

min
1

2
xTQx+ cTx

s.t. Ax ≥ b, (4.11)

x ∈ Bn,
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where Q is a symmetric matrix. Using Theorem 4.10, Problem (4.11) is equivalent to

min [
1

2
xT (Q− 2µI)x+ (cT + µeT )x]

s.t. Ax ≥ b, (4.12)

x ≤ e,

x ≥ 0.

Applying Theorem 4.11 to Problem (4.12), we then obtain

min [
1

2
xT (Q− 2µI)x+ (cT + µeT )x] (4.13)

s.t. c+Qx+ µ(e− 2x)− yTA+ t = u, (4.14)

b− Ax = v, (4.15)

e− x = w, (4.16)

xTu = 0, (4.17)

yTv = 0, (4.18)

tTw = 0, (4.19)

x, y, t, u, v, w ≥ 0. (4.20)

Arrange the terms in Eq. (4.14), we then have Qx− 2µx = −(c+ µe) + yTA− t+ u.

Consequently, (4.13) becomes min[ 1
2
(cT + µeT )x + 1

2
(bTy − eT t). From Eqs. (4.17),

(4.18), and (4.19), we have

xTu = 0,

0 = yTv = yT b− yTAx,

0 = tTw = tT e− tTx;
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therefore, yT b = yTAx and tT e = tTx. Taken all together, Problem (4.11) is

equivalent to the following problem.

min ĉT x̂

s.t. Âx̂+ û = b̂,

x̂û = 0,

x̂, û ≥ 0,

where

x̂T = (xT , yT , tT ),

ûT = (uT , vT , wT ),

Â =













−Q+ 2µI AT −I

A 0 0

I 0 0













,

ĉT =
1

2
(cT + µeT + eT , bT , eT ),

b̂T = (cT , bT , eT ).

Note that there are no restrictive assumptions made on Q, this transformation is

applicable to the convex case as well as the nonconvex case.

4.4 Quadratic Programming

In this section we consider a quadratic programming (QP) problem of the fol-

lowing form:

min f(x) =
1

2
xTQx+ cTx

s.t. x ∈ D (4.21)

where D is a polyhedron in Rn, c ∈ Rn. Without any loss of generality, we can assume

that Q is a real symmetric (n× n)-matrix. If this is not the case, then the matrix Q
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can be converted to symmetric form by replacing Q by (Q +QT )/2, which does not

change the value of the objective function f(x). Note that if Q is positive semidefinite,

then Problem (4.21) is considered to be a convex minimization problem. When Q

is negative semidefinite, Problem (4.21) is considered to be a concave minimization

problem. When Q has at least one positive and one negative eigenvalue (i.e., Q is

indefinite), Problem (4.21) is considered to be an indefinite quadratic programming

problem. We know that in the case of convex minimization problem, every Kuhn-

Tucker point is a local minimum, which is also a global minimum. In this case, there

are a number of classical optimization methods that can obtain the globally optimal

solutions of quadratic convex programming problems. These methods can be found in

many places in the literature. In the case of concave minimization over polytopes, it

is well known that if the problem has an optimal solution, then an optimal solution is

attained at a vertex of D. On the other hand, the global minimum is not necessarily

attained at a vertex of D for infinite quadratic programming problems. In this

case, from second order optimality conditions, the global minimum is attained at

the boundary of the feasible domain. In this research, without loss of generality, we

are interested in developing solution techniques to solve general (convex, concave and

indefinite) quadratic programming problems.

The main basis for classification of quadratic problems of the form in Problem

(4.21) comes from the properties of the quadratic matrix Q [40]. In this framework,

quadratic problems can be categorized as follows:

1 Bilinear Problems: The matrix Q is such that there exist two subvectors of
distinct variables y and z of x such that the problem is linear when one of these
vectors is fixed.

2 Concave Quadratic Problems: When the matrix Q is negative semidefinite (i.e.,
all its eigenvalues are nonpositive), Problem (4.21) reduces to one of concave
minimization problem.

3 Indefinite Quadratic Problems: This class of problems is the most intractable
among the others and arises when the matrix Q has both positive and negative
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eigenvalues. Moreover, there are not too many solution approaches for this class
of problems.

4.4.1 Complexity of Quadratic Optimization

In this section we discuss the complexity of quadratic programming problems.

The complexity analysis can give an idea of the possibility of developing efficient

algorithms for solving the problem. In [139], the QP was shown to be NP-hard in

the case of a negative definite matrix Q. The QP was also proven to be NP-hard by

reduction to the satisfiability problem [155], and reduction to the knapsack feasibility

problem [110]. Moreover, it has also been shown that checking local optimality for

the QP itself is an NP-hard problem [155]. In addition, checking for strict convexity

(checking local optimality as part of the second order necessary conditions) in the

QP was proven to be NP-hard [116]. In fact, finding a local minimum and proving

local optimality of such a solution to the QP may take exponential time. This is

true even in the case of a small number of concave variables. For instance, although

the matrix Q is of rank one with exactly one negative eigenvalue, the QP is still

NP-hard [117]. However, a large number of negative eigenvalues does not necessarily

make the problem harder to solve. For example, consider the following problem:

min
1

2
xTQx+ cTx

s.t. x ≥ 0.

If the matrix Q has (n− 1) negative eigenvalues, then there must be at least (n− 1)

active constraints at the optimal solution [58]. Correspondingly, it is sufficient to

solve (n − 1) different problems, in each case setting (n − 1) of the constraints to

equalities, to find the optimal solution. In general, if the matrix Q has (n − k)

negative eigenvalues, then we are required to solve n!
k!(n−k)!

independent problems. In

addition, the total computational time required to solve this problem is proportional

to k3ckn!
k!(n−k)!

. Thus, if k is an constant and independent of n, then the computational
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time is bounded by a polynomial in n. On the other hand, if k grows with n, then

the computational time can grow exponentially with n [58].

4.4.2 KKT conditions for Quadratic Programming

In this section, we consider a quadratic program, which is a linearly constrained

optimization problem with a quadratic objective function. We then examine the

Karush-Kuhn-Tucker conditions for the QP and show that they can be transformed

to be a set of linear inequalities and complementarity constraints.

The general quadratic program can be written as

min f(x) =
1

2
xTQx+ cTx

s.t. Ax ≤ b and x ≥ 0 (4.22)

where c is an n-dimensional column vector, which is the coefficients of the linear terms,

and Q is an (n×n) symmetric matrix, which is the coefficients of the quadratic terms

in the objective function. The n-dimensional column vector x is the decision variables.

The constraints are defined by an (m × n) A matrix and an m-dimensional column

vector b of right-hand side coefficients.

From general duality theory for nonlinear programming, the Lagrangian function

for the quadratic program is given by

L(x, µ) =
1

2
xTQx+ cTx+ µ(Ax− b), x ≥ 0
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where µ is an m-dimensional row vector. The KKT conditions for a local minimum

are given as follows:

∂L

∂xj

≥ 0, j = 1, . . . , n ⇒ xTQ+ cT + µA ≥ 0 (4.23)

∂L

∂µj

≤ 0, i = 1, . . . ,m ⇒ Ax− b ≤ 0 (4.24)

xj
∂L

∂xj

≥ 0, j = 1, . . . , n ⇒ xT (Qx+ c+ ATµ) = 0 (4.25)

uigi(x) = 0, i = 1, . . . ,m ⇒ µ(Ax− b) = 0 (4.26)

xj ≥ 0, j = 1, . . . , n ⇒ x ≥ 0 (4.27)

µi ≥ 0, i = 1, . . . ,m ⇒ µ ≥ 0, (4.28)

Note that Eq. (4.24) is the stationary condition, Eqs. (4.25) and (4.26) are the

complementary slackness conditions, and Eqs. (4.24), (4.27) and (4.28) ensure feasi-

bility of the solution. Any point x∗ that satisfies Eqs. (4.23)–(4.28) is called a KKT

stationary point of Problem (4.21).

We introduce nonnegative surplus variables y ∈ Rn to Eq. (4.23) and nonnegative

slack variables v ∈ Rm to Eq. (4.24). Then we obtain the equations for a local

minimum given as follows:

Qx+ cT + µA− y = 0

Ax− b+ v = 0

To get the KKT conditions in a more manageable form, we move the constants to

the right-hand side (RHS). We then obtain

Qx+ µA− y = −cT (4.29)

Ax+ v = b (4.30)

x ≥ 0, µ ≥ 0, y ≥ 0, v ≥ 0 (4.31)

yTx = 0, µv = 0 (4.32)
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Note that Eqs. (4.29)–(4.30) are linear constraints, and Eq. (4.31) are the nonneg-

ativity constraints but (4.32) is the complementarity slackness constraint, which is

nonlinear. However, the simplex algorithm can be used to solve Eqs. (4.29)–(4.32)

by using a restricted basis entry rule. From the KKT conditions, we can set up the

linear programming model for the QP as follows:

1. Define KKT conditions to be the structural constraints in Eqs. (4.29) and
(4.30).

2. Multiply any equations, whose RHS values are negative, by -1.

3. Add an artificial variable to each equation.

4. Let the objective function be the sum of the artificial variables.

The objective of this linear program is to find the solution that minimizes the

sum of the artificial variables with the complementarity constraints. If the solution is

zero, the KKT conditions are satisfied. It is noteworthy that a restricted basis entry

ruled in the simplex algorithm needs to be applied; that is, the entering variable will

be the one whose reduced cost is most negative such that its complementary variable

is not in the basis or would leave the basis on the same iteration [78].

This technique requires computational effort comparable to a linear programming

problem with m + n constraints, where m is the number of constraints and n is the

number of variables in the QP. It has been shown to work well when the objective

function is positive definite but there are computational difficulties with positive semi-

definite forms of the objective function. The simplest practical approach to transform

a positive semi-definie Qmatrix to a positive definite matrix is to add a small constant

to each of the diagonal elements of Q. However, there is an intensive discussion of

the conditions that yield a global optimum when f(x) is not positive definite [108].

It is well known that the KKT conditions are necessary for all quadratic problems

(convex and nonconvex) but sufficient only for convex problems.
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4.4.2.1 Feasible descent directions and optimality conditions

It is possible to formulate the necessary and sufficient conditions for local opti-

mality for Problem (4.22) by using the concept of a feasible descent direction at a

given point. For any feasible point x∗, a vector d ∈ Rn is a feasible direction if there

exists an ε > 0 such that x∗+ td is feasible for all t ∈ [0, ε]. In addition, if there exists

an ε > 0 such that f(x∗ + td) < f(x∗) for all t ∈ [0, ε], the vector d is said to be a

descent direction. If the vector d is a feasible direction as well as a descent direction,

then the vector d is called a feasible descent direction. The following theorem is

equivalent to the KKT conditions for Problem 4.22 [40].

Theorem 4.12. The gradient of the objective function at x∗, g = Qx∗+c. The subset

of constraints that are active at x∗ is denoted by Aa. The necessary and sufficient

conditions for x∗ to be a local minimizer for 4.22 are given by

(i) For all d such that Aad ≤ 0, gTd ≥ 0

(ii) For all d such that Aad ≤ 0 and gTd = 0, dTQd ≥ 0.

Proof. See [155].

It is clear that when we combine condition (i) with the feasibility requirement, we then

obtain the KKT conditions. Condition (ii) is an additional second order optimality

condition.

4.4.2.2 Active constraints and optimality

When we consider the active set of constraints at the optimal solution, we obtain

the following theorem by adapting the original theorem for the general nonlinear

programming problem from [58].

Theorem 4.13. If the matrix Q has s negative eigenvalues at some point x∗, then

there must be at least s active constraints at x∗.

This theorem gives a direct correlation between the geometric structure of the

geometric structure of the feasible region and the algebraic structure of the matrix

Q. Now we can conclude that if there are n negative eigenvalues at x∗, then x∗ is an
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extreme point of the feasible region. For any problems where the objective function is

bounded over the feasible set and there is at least one optimal solution, the following

results hold.

(i) For indefinite quadratic problems, the optimal solution exists at a boundary
point of the feasible region.

(ii) For concave quadratic problems, the optimal solution exists at an extreme point
of the feasible region.

(iii) If the optimal solution exists at an interior point on a facet of the polytope
defined by the feasible set, then the matrix Q must have exactly one negative
eigenvalue.

4.4.2.3 Global optimality criteria

The following theorem specifically gives necessary and sufficient conditions of

global optimality.

Theorem 4.14. There exists N ∗ ∈ {1, 2, . . . } and c∗ > 0 such that for every choice

of real number N ≥ N ∗ and c ≥ c∗, x∗ is the optimal solution to Problem (4.22) iff

x∗ also minimizes cTx + 1
2
xTQx + c|Ax − b|1/N over the nonnegative orthant of Rn.

In addition, if ν > 0, Ax∗ + b = 0 and x∗ minimizes cTx + 1
2
xTQx + ν|Ax − b|1/ν,

then x∗ is the optimal solution to Problem (4.22) [157].

This theorem is hard to implement in practice. When we consider the copositivity

of the matrix Q, we have the following theorem which gives us a more useful criterion

for checking global optimality when the matrix Q is negative definite.

Theorem 4.15. Let Q be a negative definite matrix, and x∗ be a feasible point of

Problem (4.22). Let I(x∗) be the sets of active constraints at x∗, and ui = bi−(Ax∗)i >
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0 be the slacks for the inactive constraints [24]. Define

Bi = −ai(Qx∗ + c)T − (Qx∗ + c)(ai)
T ,

Q0 = Q,

Qi = uiQ−Bi, i = 1, . . . ,m,

Γ = {ν ∈ Rn : (Aν)i ≤ 0, if (Ax∗)i = bi},

Γ0 = {ν ∈ Γ : (Aν)i ≤ 0, ∀i ∈ {1, . . . ,m}\I(x∗)}, and

Γ0 = {ν ∈ Γ : (Aν)i ≤ 0, and uj(Aν)i ≥ ui(Aν)j ∀j ∈ {1, . . . ,m}\I(x∗)},

where (ai)
T denotes the ith row of A. Then, x∗ is a global solution to Problem (4.22)

if and only if:

(i) x∗ is a KKT point of Problem (4.22) andQi is Γi-copositive for all i ∈ {0, . . . ,m}
\I(x∗).

(ii) x∗ satisfies νT (Qx∗ + c) ≤ 0 for all ν ∈ Γ0 and Qi is Γi-copositive for all
i ∈ {0, . . . ,m}\I(x∗).

In practice, this condition involves m−1 problems of checking Γ-copositivity. In

the worst case, this still has the exponential complexity of checking local optimality.

4.4.3 Complexity of KKT points in Quadratic Programming

In the previous section, we show that KKT conditions can be transformed to be

a set of linear inequalities and complementarity constraints. However, to check the

existence of a KKT point in the unbounded feasible domain is not trivial. Let us

consider the following quadratic problem

min f(x) =
1

2
xTQx+ cTx (4.33)

s.t. x ≥ 0,

where Q is an (n × n) symmetric matrix, and c ∈ Rn. From the previous section,

we can obtain the KKT optimality conditions which can be transformed to a linear

complementarity problem (LCP). Therefore, the complexity of finding KKT points
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for the above quadratic problem is reduced to the complexity of solving the following

LCP:

Qx+ c ≥ x, x ≥ 0 (4.34)

xT (Qx+ c) = 0.

From [61], we then have the following proof that the KKT points exist isNP−hard.

Note that the LCP can be proven to beNP−hard by showing that the LCP is solvable

if the associated knapsack problem, which is well-known to be NP−complete, is

solvable.

4.4.4 Linear and Quadratic Zero-One Problems

Integer programming is used to model a variety of important practical problems

in operations research, engineering, and computer science. Consider the following

linear zero-one programming problem:

min cTx

s.t. Ax ≤ b, xi ∈ {0, 1} (i = 1, ..., n)

where A is a real (m×n)-matrix, c ∈ Rn and b ∈ Rm. Let eT = (1, ..., 1) ∈ Rn denote

the vector whose components are all equal to 1. Then the zero-one integer linear

programming problem is equivalent to the following concave minimization problem:

min f(x) = cTx+ µxT (e− x)

s.t. Ax ≤ b, 0 ≤ x ≤ e

where µ is a sufficiently large positive integer. We know that the function f(x) is

concave because −xTx is concave.

The equivalence of the two problems is based on the facts that a concave function

attains its minimum at a vertex and that xT (x − e) = 0, 0 ≤ x ≤ e, implies xi = 0

or 1 for i = 1, ..., n. We note that a vertex of the feasible domain is not necessarily



81

a vertex of the unit hypercube 0 ≤ x ≤ e, but the global minimum is attained only

when xT (e− x) = 0, provided that µ is a sufficiently large number.

These transformation techniques can be applied to reduce nonlinear zero-one

problems to equivalent concave minimization problems. For instance, consider the

quadratic zero-one problem of the following form:

min f(x) = cTx+ xTQx

s.t. x ∈ {0, 1}

where Q is a real symmetric (n×n) matrix. Given any real number µ, let Q̄ = Q+µI

where I is the (n × n) unit matrix, and c̄ = c − µe. Because of f̄(x) = f(x), the

above quadratic zero-one problem is equivalent to the problem:

min f(x) = c̄Tx+ xT Q̄x

s.t. xi ∈ {0, 1} (i = 1, . . . , n)

In this case, if we choose µ such that Q̄ = Q + µI becomes a negative semidefinite

matrix (e.g., µ = −λ, where λ is the largest eigenvalue of Q), then the objective

function f̄(x) becomes concave and the constraints can be replaced by 0 ≤ x ≤ e.

Thus, this problem is equivalent to the minimization of a quadratic concave function

over the unit hypercube [61].

In this section, we give examples of some applications of the QP. Next, nonlin-

ear assignment problem, maximum clique problem, and maximum independent set

problem are discussed.

4.4.4.1 Nonlinear assignment problems

The quadratic assignment problem (QAP), which is known to be NP-complete,

belongs to a class of combinatorial optimization problems that have many practical

applications, but are computationally difficult to solve [61].

The QAP can be stated as follows:
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Given a positive integer n, and two n× n matrices A = (aij) and B = (bij) with

nonnegative entries, find a permutation p = (p(1), . . . , p(n)) of the set {1, 2, . . . , n}

that minimizes

C(p)
n

∑

i=1

n
∑

j=1

aijbp(i)p(j)

The QAP can be formulated in several equivalent forms. One of the most

common formulations is the the following quadratic zero-one programming problem:

min
n

∑

i=1

n
∑

j=1

n
∑

k=1

n
∑

l=1

aijblkxikxjl

s.t.
n

∑

i=1

xij = 1 (j = 1, . . . , n)

n
∑

j=1

xij = 1 (i = 1, . . . , n) (4.35)

xij ∈ {0, 1} (i, j = 1, . . . , n).

If we denote the feasible domain of the above problem by D, then the problem

can be written as

min xTSx (4.36)

s.t. x ∈ D

where the (n2 × n2)-matrix S has nonnegative entries. The entries of S are the

products of aijbkl, and it is natural to define a row of S by i and j fixed, and a

column of S by k and l fixed (or vice versa).

The quadratic zero-one problem (4.35) can be transformed into an equivalent

quadratic concave minimization problem. Let m = n2 and consider the row norm of

the (m×m)-matrix S defined by

‖S‖∞ = max{
m

∑

j=1

|s1j|, . . . ,
m

∑

j=1

|smj|}.
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Let Q = S − αI, where I is the m × m unit matrix, and α > ‖S‖∞. Then, let

x = (x11, x12, . . . , xnn)
T , and consider the quadratic form xTQx. Without loss of

generality, we assume that Q is symmetric, then replace Q by Q′ = 1
2
(Q+QT ), which

is symmetric and satisfies xTQ′x = xTQx because xTQTx = (xTQTx)T = xTQx. We

then obtain

xTQx =
m

∑

i=1

qiix
2
i + 2

m−1
∑

i=1

m
∑

j=i+1

qijxixj

=
m

∑

i=1

(qii +
m

∑

j=1(j 6=i)

qij)x
2
i −

m−1
∑

i=1

m
∑

j=i+1

qij(xi − xj)
2

=
m

∑

i=1

(−α +
m

∑

j=1

sij)x
2
i −

m−1
∑

i=1

m
∑

j=i+1

sij(xi − xj)
2

≤
m

∑

i=1

(−α +
m

∑

j=1

sij)x
2
i

Clearly, xTQx < 0 for any x 6= 0. Then, the matrix Q is negative definite. We then

can transform the QAP into the equivalent quadratic concave programming problem:

minxTQx (4.37)

s.t. x ∈ Ω

where Q = S − αI, α > ‖S‖∞, and Ω is the set of all x = (x11, x12, . . . , xnn)
T ∈ Rn2

satisfying

n
∑

i=1

xij = 1 (j = 1, . . . , n)

n
∑

j=1

xij = 1 (i = 1, . . . , n)

xij ≥ 0 (i, j = 1, . . . , n).

This is true because, for x ∈ Ω, αxT Ix = α
n
∑

i=1

n
∑

j=1

n
∑

k=1

n
∑

l=1

xikxjl = αn2, which is a

constant on the vertices of Ω. It is well-known that the matrix of the assignment

problem constraints is TUM and all vertices of Ω are integer with components in
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{0, 1} [103, 109]. Then the concave function xTQx achieves its minimum at some

vertex [61].

4.4.4.2 Maximum clique problems

The maximum clique problem can be defined as follows. Let G = G(V,E) be an

undirected graph where V = {1, . . . , n} is the set of vertices (nodes), and E denotes

the set of edges. Assume that there is no parallel edges (and no self-loops joining the

same vertex) in G. Denote an edge joining vertex i and j by (i, j).

Definition 4.7. A clique of G is a subset C of vertices with the property that every

pair of vertices in C is connected by an edge; that is, C is a clique if the subgraph

G(C) induced by C is complete.

Definition 4.8. The maximum clique problem is the problem of finding a clique set

C of maximal cardinality (size) |C|.

The maximum clique problem can be represented in many equivalent formu-

lations (e.g., an integer programming problem, a continuous global optimization

problem, and an indefinite quadratic programming). In this thesis, we are only

interested in an indefinite quadratic programming problem. From [100], let AG =

(aij)n×n be the adjacency matrix of G defined by

aij =











1 if (i, j) ∈ E

0 if (i, j) /∈ E.

The matrix AG is symmetric and all its eigenvalues are real numbers. In addition, the

sum of eigenvalues is zero because the main diagonal entries aij are zero. In general,

AG has positive and negative (and possibly zero) eigenvalues [61]. The continuous

formulation of the indefinite quadratic programming problem for the maximum clique
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is given by

max fG(x) =
∑

(i,j)∈E

xixj =
1

2
xTAGx

s.t. x ∈ S = {x = (x1, . . . , xn)
T :

n
∑

i=1

xi = 1, xi ≥ 0}. (4.38)

We can formulate the maximum clique problem as a minimization problem. The

indefinite quadratic integer programming formulation for the maximum clique is given

by

min fG(x) = −
n

∑

i=1

xi + 2
∑

(i,j)∈Ē,i>j

xixj = xT (AḠ − I)x = xTAx

s.t. x ∈ {0, 1}n. (4.39)

where A = AḠ − I and AG is an adjacency matrix of the graph G. If x∗ solves

Problem (4.39), then the set C defined by C = t(x∗) is a maximum clique of graph

G with |C| = −fG(x).

4.4.4.3 Maximum independent set problems

The maximum independent set problem has many equivalent formulations as

an integer programming problem and as a continuous nonconvex optimization prob-

lem [118]. In this section we will give a brief review of some well-known formulations

(e.g., integer programming formulations and quadratic programming formulations)

Given a vector w ∈ Rn of positive weights wi (associated with each vertex i,

i = 1, . . . , n the objective of the maximum weight independent set problem is to

find independent sets of maximum weight. It is a generalization of the maximum

independent set problem. The integer programming formulation (edge formulation)
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of the maximum weight independent set problem is given by

max f(x) =
n

∑

i=1

wixi

s.t. xi + xj ≤ 1, ∀(i, j) ∈ E, (4.40)

xi ∈ {0, 1}, i = 1, . . . , n.

An alternative formulation of this problem is the following clique formulation [55].

max f(x) =
n

∑

i=1

wixi

s.t.
∑

i∈S

xi ≤ 1, ∀S ∈ C ≡ { maximal cliques of G} (4.41)

xi ∈ {0, 1}, i = 1, . . . , n.

The advantage of formulation (4.41) over (4.41) is a smaller gap between the optimal

value of (4.41) and its linear relaxation. On the other hand, finding an efficient

solution to (4.41) is difficult because there is an exponential number of constraints [4].

We consider another formulation of the maximum independent set problem. Let AG

be the adjacency matrix of a graph G, and I be the (n × n) identity matrix. The

global quadratic zero-one problem for the maximum independent set problem is given

by

min f(x) = xTAx

s.t. xi ∈ {0, 1}, i = 1, . . . , n. (4.42)

where A = AG − I. If x∗ is a solution to (4.42), then the set J defined by J = {j ∈

V : x∗j = 1} is a maximum independent set of G with |J | = −f(x∗) [114]. Problem

4.42 can be written in the quadratic form given by

H(x) = −
n

∑

i=1

xi +
∑

(i,j)∈E

xixj, for x ∈ {0, 1}n (4.43)
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From [4], the independence number of the graph G is characterized by the maximiza-

tion of H(x) over the n-dimensional hypercube.

Theorem 4.16. Let G = (V,E) be a simple graph on n nodes V = {1, . . . , n} and

set of edges E, and α(G) be the independence number of G. Then

α(G) = max
0≤xi≤1, i=1,... ,n

H(x)

= max
0≤xi≤1, i=1,... ,n

(
n

∑

i=1

xi −
∑

(i,j)∈E

xixj),

where each variable xi corresponds to node i ∈ V .

Proof. See [4].

4.4.5 Various Equivalent Forms of Quadratic Zero-One Problem

The problem considered here is a quadratic zero-one program, which has the

form

min f(x) = xTAx, s.t. xi ∈ {0, 1}, i = 1, ..., n, (4.44)

where A is an n×n matrix [112, 113]. Throughout this section the following notation

will be used.

• {0, 1}n: set of n dimensional 0-1 vectors.

• Rn×n: set of n× n dimensional real matrices.

• Rn: set of n dimensional real vectors.

In order to formalize the notion of equivalence we need some definitions.

Definition 4.9. We say that problem P is “polynomially reducible” to problem P0 if

given an instance I(P ) of problem P , we can in polynomial time obtain an instance

I(P0) of problem P0 such that solving I(P ) will solve I(P0).

Definition 4.10. Two problems P1 and P2 are called “equivalent” if P1 is “polyno-

mially reducible” to P2 and P2 is “polynomially reducible” to P1.

Consider the following three problems:
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P : min f(x) = xTAx, x ∈ {0, 1}n, A ∈ Rn×n.

P1 : min f(x) = xTAx+ cTx, x ∈ {0, 1}n, A ∈ Rn×n, c ∈ Rn.

P2 : min f(x) = xTAx, x ∈ {0, 1}n, A ∈ Rn×n,
∑n

i=1 xi = k for some k s.t. 0 ≤ k ≤ n,

where x = (x1, x2, ....., xn).

Next we show that problems P , P1, and P2 are all “equivalent”. Then, formula-

tion P2 will be used in the rest of the sections.

Lemma 4.1. P is “polynomially reducible” to P1.

Proof. It is very easy to see that P is a special case of P1.

Lemma 4.2. P1 is “polynomially reducible” to P .

Proof. Problem P1 is defined as follows: min f(x) = xTAx + cTx, x ∈ {0, 1}n, A ∈

Rn×n, c ∈ Rn. If A = (aij) then let B = (bij) where

bij =











aij if i 6= j

aij + ci if i = j.

Since x2i = xi (because xi ∈ {0, 1}), we have g(x) = xTBx = xTAx + cTx. So the

following problem is equivalent to problem P1 : min g(x) = xTBx, x ∈ {0, 1}n, B ∈

Rn×n.

Using Lemma 4.1 and Lemma 4.2, it is evident that P and P1 are “equivalent”.

Lemma 4.3. P2 is “polynomially reducible” to P .

Proof. Problem P2 is as follows: min f(x) = xTAx, x ∈ {0, 1}n, A ∈ Rn×n,
∑n

i=1 xi =

k for some k s.t. 0 ≤ k ≤ n. If A = (aij) then let M = 2[
∑n

j=1

∑n
i=1 |aij|] + 1.

Now, define the following problem P : min g(x) = xTAx + M(
∑n

i=1 xi − k)2 s.t.

x ∈ {0, 1}n, A ∈ Rn×n. Let xb = (xb
1, ....., x

b
n) and x0 = (x01, ....., x

0
n) such that

∑n
i=1 x

b
i 6= k and

∑n
i=1 x

0
i = k, then g(x0) ≤ M−1

2
as

∑n
i=1 x

0
i = k, g(xb) ≥ −(M−1)

2
+M

or g(xb) ≥ M+1
2

as |∑n
i=1 x

b
i − k| ≥ 1. Therefore, g(x0) < g(xb) if

∑n
i=1 x

b
i 6= k and

∑n
i=1 x

0
i = k. Hence, if min g(x) = g(x0) where x0 = (x01, ....., x

0
n) then

∑n
i=1 x

0
i = k.
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So min f(x) = min g(x). From the above discussion, it can be easily seen that P2 is

“polynomially reducible” to P .

The proof of Lemma 4.3 also illustrates how equality constraints in a quadratic

zero-one program can be eliminated.

Lemma 4.4. P is “polynomially reducible” to P2.

Proof. Let problem P be defined as follows: min f(x) = xTAx, x ∈ {0, 1}n, A ∈ Rn×n.

Define a series of (n+1) problems: P2(0), P2(1), P2(2), · · · , P2(n), where P2(j) is the

following problem min f(x) = xTAx, x ∈ {0, 1}n, A ∈ Rn×n,
∑n

i=1 xi = j. Let the

minimum of the problem P2(j) be yj, then the minimum of problem P is easily seen

to be the min {y0, y1, ....., yn}.

Lemma 4.3 and Lemma 4.4 imply that P and P2 are “equivalent”. Since “equiv-

alent” is a transitive relative, P, P1, P2 are all “equivalent”.

4.4.6 Complexity of Quadratic Zero-One Programming

Quadratic zero-one programming is a difficult problem. We show next that the

model (P2) we are using in this work is equivalent to the k-clique problem. A k-clique

is a complete graph with k vertices.

k-clique problem: Given a graph G = (V,E) (V is the set of vertices and E is

the set of edges), does the graph G have a k-clique as one of its subgraphs?

k-clique problem is known to be NP-complete. We will show that the k-clique

problem is “polynomially reducible” to problem P2 defined in the previous subsection.

Theorem 4.17. The k-clique problem is “polynomially reducible” to P2.

Proof. Problem P2 was defined as min f(x) = xTAx, s.t. xi ∈ {0, 1}, i = 1, · · · , n,
∑n

i=1 xi = m for some 0 ≤ m ≤ n. Given the graph G = (V,E), define A = (aij)

such that

aij =











0 if (vi, vj) ∈ E

−1 if (vi, vj) 6∈ E,
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where n = |V |,m = k (we are trying to find a k-clique). The meaning attached to

the vector x ∈ {0, 1}n in problem P2 is as follows

xi =











1 means that vi is in the clique.

0 means that vi is not in the clique.

We can easily prove that the graph G has a k-clique if and only if min f(x) =

−k(k − 1). So the k-clique problem is “polynomially reducible” to P2.

Problem P2 is “equivalent” to P , so problem P is also NP-hard. Therefore, as

the dimension of the problem increases, the necessary CPU time to solve the problem

increases exponentially.

4.5 Multi-Quadratic Programming

In this research we examine optimization problems, where the objective function

is a quadratic function and the feasible region is defined by a finite set of quadratic and

linear constraints. These problems are called Multi-Quadratic Programming (MQP)

problems. They can be formulated as follows:

min xTQx+ cTx

s.t. xTAjx+Bjx ≤ bj, j = 1, . . . ,m (4.45)

x ≥ 0

where Aj is an (n×n) matrix corresponding to the mth quadratic constraint, and Bj

is the jth row of the (m× n) matrix B.

MQP plays an important modeling role for many diverse problems. Moreover, the

MQP is a structured global optimization problem, which encompasses many others.

It provides a much improved model compared to the simpler linear relaxation of

a problem. Indeed, linear mixed 0-1, fractional, bilinear, bilevel, generalized linear

complementarity, and many more programming problems are or can easily be reformu-

lated as special cases of MQP. However, there are theoretical and practical difficulties
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in the process of solving such problems. However, very large linear models can be

solved efficiently; whereas MQP problems are in general NP-hard and numerically

intractable. The problem of finding a feasible solution is NP-hard as it generalizes

the linear complementarity problem [61]; the nonlinear constraints define a feasible

region which is in general neither convex nor connected. Moreover, even if the feasible

region is a polyhedron, optimizing the quadratic objective function is strongly NP-

hard as the resulting problem subsumes the disjoint bilinear programming problem.

Therefore, finding a finite and exact algorithm that solves large MQP problems is

impractical. Even for the convex case (whenQ and Aj are positive semidefinite), there

are very few algorithms for solving MQP problems. However, the MQP constitutes an

important part of mathematical programming problems, arising in various practical

applications including facility location, production planning, VLSI chip design, opti-

mal design of water distribution networks, and most problems in chemical engineering

design.

The MQP was first introduced in the seminal paper of Kuhn and Tucker [85].

Later on, the case of MQP with a single quadratic constraint in the problem was

discussed in [152, 107]. The first general approach for solving MQP problems was

proposed in [16], where the following two Lagrange functions for MQP are considered:

L1(x, µ) = xTQx+ cTx+
m

∑

j=1

µj(x
TAjx−Bjx− bj),

L2(x, µ, λ) = L1(x, µ)− λixi,

where µ and λ are the multipliers for the quadratic and bound constraints respectively.

A cutting plane algorithm was applied to solve this problem; that is, the algorithm

solves a sequence of linear master problems that minimize a piecewise linear function

constructed from the Lagrange functions for constant x, and a primal problem with

either an unconstrained quadratic function (using L2(x, µ, λ)) or a quadratic function

over the nonnegative orthant (using L1(x, µ)) [40].
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A branch-and-bound algorithm for solving MQP problems (and other more

general problems) when the objective function is separable and the constraint set

is linear was introduced in [34]. The method evolves solving bounding convex enve-

lope approximating problems over successive partitions of the feasible region. This

method was later extended to deal with nonconvex constraints but it generates a

number of infeasible solutions and does not, in general, converge in a finite number of

iterations [147]. An algorithm for the solution to linear problems with an additional

reverse convex constraint was proposed in [19]. The algorithm involves partitioning

the feasible region into subsets contained in cones originating at an infeasible vertex

of the polytope formed by the linear constraints while ensuring that an interior point

of the feasible region is contained in each partition. Later on, an algorithm for

the solution to problems with concave objective functions and separable quadratic

constraint was proposed in [6]. The algorithm uses piecewise linear approximation

for the quadratic constraints and solves a MQP problem as a mixed 0-1 linear

problem. This algorithm is similar to the solution approaches for concave quadratic

problems [115] and for indefinite quadratic problems [111].

During the last decade, several authors are interested in some special cases of

MQP. Also, many extensions of MQP have been discussed in the literature. The

problem of minimizing an indefinite quadratic objective subject to two-sided indefi-

nite quadratic constraints was discussed in [149]. Under suitable assumptions, they

derived necessary and sufficient optimality conditions and gave some conditions for

the existence of solutions for this nonconvex program. While several methods have

been suggested for solving MQP problem, numerical solutions of the general problem

are still rarely available in the literature. By using a double duality argument, under

suitable assumptions, the MQP is proved to be equivalent to a convex program [154].

In addition, a problem with a concave quadratic function is proved to be equivalent
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to a minimax convex problem, and thus can be solved in polynomial time via interior-

points methods. The property is no longer true when Q is an indefinite quadratic

function [154].

4.5.1 Applications

Each n-dimensional MQP problem can be easily transformed to a 2n-dimensional

bilinear problem. A strategy for reducing the necessary dimension of the resulting

bilinear program is also proposed [5, 59]. However, on the other hand, bilinear

optimization problems are nothing else but a special instance of MQP. Pooling prob-

lems in petrochemistry, the modular design problem introduced in [32], in particular

the multiple modular design problem [5, 33] or the more general modularization of

product sub-assemblies [134], and special classes of structured stochastic games [37]

are only some examples of the wide range of applications of bilinear programming

problems. Another large class of optimization problems are problems with linear or

quadratic functions additionally involving Boolean variables (i.e., variables xi ∈ R

with the constraint xi ∈ {0, 1}). Another widely explored problem is the problem of

packing n ∈ N equal circles in a square, which can be transformed to a MQP problem.

One looks for the maximum radius r of n non-overlapping circles contained in the

unit square. This problem is equivalent to a MQP problem with a linear objective

function and concave quadratic constraints.

A related class of global optimization problems are minimax location prob-

lems [64], which also lead to quadratic constraints. Production planning and portfolio

optimization are examples where so-called chance constrained linear programs occur.

These are problems, looking similar to linear programs. However, the matrix de-

scribing the linear constraints of such problems is not deterministic, it is a stochastic

one. Under certain restrictive assumptions it is possible to transform these stochastic

constraints to deterministic quadratic constraints [64], such that in general a problem

of type MQP is obtained. In [6] it is shown that nonconvex MQP problems can
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be used for the examination of special instances of nonlinear bilevel programming

problems. Other applications of MQP include the fuel mixture problem encountered

in the oil industry [121] and also placement and layout problems in integrated circuit

design [7, 8].

Hence there are many applications of MQP. Whether the MQP is in practice

applicable for solving, for example, problems resulting from integer programming

problems, depends on the numerical efficiency of the solution method that is used.

Up to now only few methods for solving the considered general case of MQP were

proposed in the literature. Most of them result from methods being developed for

other more general problem classes. In the next section we will discuss some of the

solution techniques, which are used in the solution approaches in this dissertation.

4.6 Reformulation-Linearization Techniques

Definition 4.11. Let PA and PB be two optimization problems. A reformulation

B(·) of PA and PB is a mapping from PA to PB such that, given any instance A of

PA and an optimal solution to B(A), an optimal solution to A can be obtained within

a polynomial amount of time.

The reformulation involved in a polynomial time Turing reduction is a polynomial

time mapping. Although the optimal solution to A can be obtained within polynomial

time from that of B(A), there may be a case that the reformulation is not a polynomial

mapping. A reformulation is completely characterized by PA and B(PA). If no

large finite constant appears in the instance B(PA), we denote it as reformulation

PA → PB and otherwise as reformulation PA ⇒ PB. Links between quadratic

integer programming and mixed integer programming are studied in the next section.

Reformulations from one problem to another are not always straightforward; for

example, they may require the introduction of KKT optimality conditions.
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4.6.1 Quadratic Integer Programming

In this dissertation, we are motivated by reformulation-linearization techniques

(RLT) to develop a novel linearization technique based on KKT conditions, which we

later prove that this technique yields an optimal solution to the original MQP.

A quadratic function is defined on Rn by

min f(x) = xTQx, s.t. xi ∈ {0, 1}, i = 1, ..., n (4.46)

where Q is an n×n matrix [112, 113]. Throughout this section the following notations

will be used.

• {0, 1}n: set of n dimensional 0-1 vectors.

• Rn×n: set of n× n dimensional real matrices.

• Rn: set of n dimensional real vectors.

Next, we add a linear constraint,
n
∑

i=1

x = b, where b is a constant. We now consider

the following Quadratic Integer Programming (QIP) problem:

P̄ : min f(x) = xTQx, s.t.
n

∑

i=1

x = b, x ∈ {0, 1}n, Q ∈ Rn×n. (4.47)

Problem P̄ can be formulated as a quadratic 0-1 problem of the form as in (4.46) by

using an exact penalty. If Q = (qij) then let M = 2[
∑n

j=1

∑n
i=1 |qij|] + 1. Then, we

have the following equivalent problem P as follows:

P : min g(x) = xTQx+M(
n

∑

i=1

x− b)2, s.t. x ∈ {0, 1}n, Q ∈ Rn×n. (4.48)

4.6.1.1 Conventional linearization technique for quadratic zero-one problems

In this section, we propose a conventional linearization technique, which can be

found in the literature. Consider Problem (4.47), for each product xixj, we introduce

a new 0-1 variable, xij = xixj (i 6= j). Note that xii = x2i = xi for xi ∈ {0, 1}. After
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linearization, the equivalent Integer Programming (IP) formulation is given by

min
∑

i

∑

j

qij xij (4.49)

s.t.
n

∑

i=1

x = b, (4.50)

xij ≤ xi, for i, j = 1, ..., n (i 6= j) (4.51)

xij ≤ xj, for i, j = 1, ..., n (i 6= j) (4.52)

xi + xj − 1 ≤ xij, for i, j = 1, ..., n (i 6= j) (4.53)

where xi ∈ {0, 1} and xij ∈ {0, 1}, i, j = 1, ..., n.

Note that this technique increases the number of 0-1 variables to O(n2). Al-

though, we can apply CPLEX 7.0 to solve problems with n = 30, this approach

becomes computationally inefficient as n increases. Algorithms for efficiently solving

QIP problems with larger size of problem are still desirable.

4.6.1.2 KKT conditions linearization technique for quadratic zero-one problems

In this section we propose a novel linearization technique based on KKT opti-

mality conditions. Consider a linearly constrained quadratic problem given by

min f(x) = xTQx, s.t.
n

∑

i=1

x = b, xi ≥ 0, i = 1, ..., n. (4.54)

The Lagrange function for Problem (4.54) is given by

minL(x, u, y) =
1

2
xTQx+ uT (

n
∑

i=1

x− b) + yT (0− x), (4.55)

where u and v are the Lagrange multipliers for the inequality and negativity con-

straints respectively. Let eT = (1, 1, . . . , 1); we then have the following first order
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Karush-Kuhn Tucker conditions for Problem (4.54) as follows:

−Qx+ eTu+ y = 0 (4.56)

uT (etx− b) = 0 (4.57)

yTx = 0 (4.58)

eTx− b = 0 (4.59)

x, u, y ≥ 0. (4.60)

Note that u is a scalar and y is a column vector. Since Eq. (4.59) is always satisfied,

variables uT can take any values. We add artificial variables w, which is a column

vector, to Eq. (4.56) and then denote a column vector s = u.e + w. We then have

the KKT conditions given by

−Qx+ y + s = 0 (4.61)

eTx = b (4.62)

yTx = 0 (4.63)

x, s, y ≥ 0. (4.64)

We can formulate the above KKT conditions as a mixed-integer linear program-

ming (MILP) problem. The objective function is to minimize the summation of

artificial variables, si. Because xi are 0-1 variables, we can replace the last constraint

with yi ≤ M(1 − xi), for i = 1, ..., n, where M = max
i

∑n
j=1 qij = ‖Q‖∞. We then
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have the MILP formulation given by

min
n

∑

i=1

si

s.t. −
n

∑

j=1

qijxj + si + yi = 0, for i = 1, ..., n

n
∑

i=1

xi − b = 0 (4.65)

yi −M(1− xi) ≤ 0, for i = 1, ..., n

where xi ∈ {0, 1} and si, yi ≥ 0, for i = 1, ..., n.

Applying CPLEX 7.0, this problem can be easily solved with n = 30. In addition,

this formulation is computationally efficient as n increases because the number of 0-1

variables is O(n).

We note that solving the QIP problem in (4.54) by solving the MILP in (4.65)

is heuristic in nature. In matrix Q, every element must be positive to make sure that

there exists x that satisfies Eq. (4.61). Next, we prove that applying this technique

we can get an optimal solution to Problem (4.54) by solving Problem (4.65).

Without loss of generality, we consider a QIP problem, which has the form

min f(x) = xTQx

s.t. Ax ≥ b, (4.66)

where Q is an n× n matrix, whose each element qij ≥ 0, i, j = 1, . . . , n, x ∈ {0, 1}n,

A is an m× n matrix, b is a constant vector, m and n are some integer numbers.

Consider the following two problems:

P1 : min f(x) = xTQx, , Ax ≥ b, x ∈ {0, 1}n.

P̄1 : min g(x) = eT s, Qx− y− s = 0, Ax ≥ b, yTx = 0, x ∈ {0, 1}n, yi ≥ 0, si ≥ 0.

Lemma 4.5. Consider P̄1, for any i if x0i = 0 then s0i = 0.
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Proof. By contradiction, assume that for some i, x0i = 0 and s0i > 0, where (y0, s0)

were chosen to minimize eT s0. Define vectors ỹ and s̃ as ỹi = y0i + s0i , s̃i = 0 and

for i 6= j ỹj = yj and s̃j = sj . It is easy to check that (x0, ỹ, s̃) also satisfies all

constraints in P̄1, and eT s̃ < eT s0. This contradicts the initial assumption that s0

and y0 were chosen to minimize eT s0.

We use the result from lemma 4.5 to prove the following theorem.

Theorem 4.18. P1 has an optimal solution x0 iff there exist y0, s0 such that (x0, y0, s0)

is an optimal solution to P̄1.

Proof. Necessity. If x0 is an optimal solution to P1, it is obvious that ∃y, s : y ≥

0, s ≥ 0 such that

Qx0 − y − s = 0,

Ax ≥ b,

yTx0 = 0.

Choose y0, s0 from the above defined set of y and s such that eT s0 is minimized. Then,

we prove that (x0, y0, s0) is an optimal solution to P̄1. Multiplying (1) by (x0)T , we

obtain (x0)TQx0 − (x0)Ty0 − (x0)T s0 = 0. Note that from (4.67), (x0)Ty0 = 0. We

then have (x0)TAx0 = (x0)T s0. From lemma 4.5, we prove that (x0)T s0 = eT s0.

Thus, (x0, y0, s0) is an optimal solution to P̄1.

Sufficiency. The proof is similar to the necessity proof.

We can formulate P̄1 as a MIP by replacing the nonlinear constraint yTx = 0 by

a linear constraint y ≤M(1− x), where M = max
i

∑n
j=1 qij = ‖Q‖∞.

P̃1 : min g(x) = eT s, Qx− y − s = 0, Ax ≥ b, y ≤ M(1− x), si ≥ 0, yi ≥ 0, x ∈

{0, 1}n.

From theorem 4.18 and the above transformation, we have shown that P1, P̄1,

and P̃1 are “equivalent”.
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4.6.2 Multi-Quadratic Integer Programming

In this section, we propose reformulation-linearization techniques for MQIP,

which is a more general case of QIP. Consider the MQIP problem given by

min xTQx

s.t.
n

∑

i=1

xi = b (4.67)

xTBx ≥ k

where xi ∈ {0, 1} ∀i ∈ {1, ..., n}.

Let B be n× n matrix. Note that k is a constant.

4.6.2.1 Conventional linearization technique for multi-quadratic integer programming
problems

With one more quadratic constraint, Problem (4.67) becomes much harder to

solve. However, from the equivalent IP formulation of QIP problems, we can modify

the MQIP formulation and reformulate this problem by adding one more linearized

constraint to make sure that the solution to Problem 4.68 satisfies the additional

quadratic constraint. The equivalent IP formulation is given by

min
∑

i

∑

j

qij xij

s.t.
n

∑

i=1

xi = b,

xij ≤ xi, for i, j = 1, ..., n (i 6= j) (4.68)

xij ≤ xj, for i, j = 1, ..., n (i 6= j)

xi + xj − 1 ≤ xij, for i, j = 1, ..., n (i 6= j)

∑

i

∑

j

bijxij ≥ k (4.69)

where xi ∈ {0, 1} and xij ∈ {0, 1}, i, j = 1, ..., n. As we mentioned in the previous

section, the above formulation is not computationally efficient as n increases.
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4.6.2.2 KKT conditions linearization technique for multi-quadratic programming
problems

We can solve the MQIP problem in (4.67) by adding the first-order derivative

of the quadratic constraint and some additional constraints to the MILP problem in

(4.65). The equivalent MILP formulation is given by

min
n

∑

i=1

si (4.70)

s.t.
n

∑

i=1

xi − k = 0 (4.71)

−
n

∑

j=1

qijxj + si + yi = 0, for i = 1, ..., n (4.72)

yi −M(1− xi) ≤ 0, for i = 1, ..., n (4.73)

hi − M̄xi ≤ 0, for i = 1, ..., n (4.74)

−
n

∑

j=1

bijxj + hi ≤ 0, for i = 1, ..., n (4.75)

n
∑

i=1

hi ≥ k (4.76)

where xi ∈ {0, 1}, M = max
i

∑n
j=1 qij = ‖Q‖∞, M̄ = max

i

∑n
j=1 bij = ‖B‖∞, and

si, yi, hi ≥ 0, for i, j = 1, ..., n.

Applying CPLEX 7.0, this problem can be easily solved with n = 30. This

formulation is very computationally efficient because the number of 0-1 variables is

O(n). Next, we prove that applying this technique we can get an optimal solution to

Problem (4.67) by solving Problem (4.73).

Let B be an n×n matrix, whose each element bij ≥ 0, i, j = 1, . . . , n. Consider

the following two problems:

P2 : min f(x) = xTQx, Ax ≥ b, xTBx ≥ k, x ∈ {0, 1}n, α is a positive constant.

P̄2 : min g(x) = eT s, Qx− y − s = 0, Ax ≥ b, y ≤ M(1− x), Bx− z ≥ 0, eT z ≥

k, z ≤M ′x, x ∈ {0, 1}n, yi, si, zi ≥ 0, where M ′ = ‖B‖∞ and M = ‖Q‖∞.

Let us prove the following theorem.
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Theorem 4.19. P2 has an optimal solution x0 iff there exist y0, s0, z0 such that

(x0, y0, s0, z0) is an optimal solution to P̄2.

Proof. Necessity. From the proof of the Theorem 4.18, it is obvious that we only

need to show that if x0 is an optimal solution to P2 then there exists z0 such that the

following constraints are satisfied:

Bx0 − z0 ≥ 0, (4.77)

eT z0 ≥ k, (4.78)

z0 ≤ M ′x0. (4.79)

Note from (4.79) that if x0i = 0 then we must have z0i = 0. From lemma 4.5, we

have eT z0 = (x0)T z0. Since z0i is real number, for all i, where we have x0i = 1, we

can choose z0i such that (Bx0)i = z0i . Therefore, Eqs. (4.77) and (4.79) are satisfied.

Multiplying Eq. (4.77) by (x0)T , we obtain (x0)TBx0 = (x0)T z0 = eT z0 and as x0 is

an optimal solution to P2 then Eq. (4.78) is satisfied.

Sufficiency. The proof is similar to the necessity proof.

Next consider the case when the elements of Q and B can be negative (i.e., qij

and bij can be less than 0). If we have a knapsack constraint wTx = b, where wi and

b are some constants and wi 6= 0 for i = 1, . . . , n we still can reduce the problem to

equivalent one with matrices Q̃ and B̃, where q̃ij ≥ 0 and b̃ij ≥ 0. Thus we can apply

the technique described above to linearize the problem. Let us show this reduction.

Assume without loss of generality that wi ≥ 1 for i = 1, . . . , n. Let C be a n×n

matrix and C = wwT . It is clear that cij ≥ 1. Define Q̃ as Q̃ = Q+max
i,j
|qij|C. Since

cij ≥ 1, we then have the following equalities:

q̃ij = qij +max
i,j
|qij| · cij ≥ 0,

xTQx = xT (Q̃−max
i,j
|qij|C)x = xT Q̃x− b2 ·max

i,j
|qij|.
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Since the term b2 ·max
i,j
|qij| is a constant, we can solve the initial problem using

the matrix Q̃. As we showed above q̃ij are nonnegative and hence we still can use the

same technique to linearize the problem.

4.7 Applications of the Developed Linearization Technique

From the developed RTL in the previous section, we can apply this technique

to any special cases of the MQIP problem. Herein, we give two examples of well-

known combinatorial optimization problems (i.e., maximum independent set problem,

maximum clique problem). Although these two problems have the IP formulation

versions, the developed RTL gives alternative MLIP formulations, which appear to

be more efficient.

4.7.1 Maximum Clique Problems

The integer programming formulation (edge formulation) of the maximum clique

problem is given by

max f(x) =
n

∑

i=1

wixi

s.t. xi + xj ≤ 1, ∀(i, j) ∈ Ē, (4.80)

xi ∈ {0, 1}, i = 1, . . . , n.

From section 4.4.4.2, the indefinite quadratic programming problem for the

maximum clique is given by

min fG(x) = −
n

∑

i=1

xi + 2
∑

(i,j)∈Ē,i>j

xixj = xT (AḠ − I)x = xTAx

s.t. x ∈ {0, 1}n. (4.81)

where A = AḠ − I and AG is an adjacency matrix of the graph G. If x∗ solves

Problem (4.81), then the set C defined by C = t(x∗) is a maximum clique of graph

G with |C| = −fG(x).
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We then apply the KKT conditions linearization technique to the maximum

clique problem. LetM = max
i

∑n
j=1 aij = ‖A‖∞. We then have the MILP formulation

for the maximum clique problem given by

min
n

∑

i=1

si

s.t. −
n

∑

j=1

aijxj + si + yi = 0, for i = 1, ..., n (4.82)

yi −M(1− xi) ≤ 0, for i = 1, ..., n

where xi ∈ {0, 1} and si, yi ≥ 0, for i = 1, ..., n.

The advantage of formulation (4.82) over (4.81) is a smaller number of the con-

straints (4.82), especially for dense graphs. In other words, the number of constraints

in the formulation (4.81) is the number of edges existing in the graph, which can be

O(n2) in the case of dense graph. On the other hand, the number of constraints in

the formulation (4.82) is O(n).

4.7.2 Maximum Independent Set Problems

Recalled from section 4.4.4.3, the integer programming formulation (edge formu-

lation) of the maximum independent set problem is given by

max f(x) =
n

∑

i=1

wixi

s.t. xi + xj ≤ 1, ∀(i, j) ∈ E, (4.83)

xi ∈ {0, 1}, i = 1, . . . , n.

Let A = AG− I, where AG is an adjacency matrix of the graph G, we then have

the quadratic formulation of the maximum independent set problem given by

min f(x) = xTAx

s.t. xi ∈ {0, 1}, i = 1, . . . , n. (4.84)
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We then apply the KKT conditions linearization technique to the maximum inde-

pendent set problem. Let M = max
i

∑n
j=1 aij = ‖A‖∞. We then have the MILP

formulation for the maximum independent set problem given by

min
n

∑

i=1

si

s.t. −
n

∑

j=1

aijxj + si + yi = 0, for i = 1, ..., n (4.85)

yi −M(1− xi) ≤ 0, for i = 1, ..., n

where xi ∈ {0, 1} and si, yi ≥ 0, for i = 1, ..., n.

The advantage of formulation (4.85) over (4.83) is a smaller number of the con-

straints (4.85), especially for dense graphs. In other words, the number of constraints

in the formulation (4.83) is the number of edges existing in the graph, which can be

O(n2) in the case of dense graph. On the other hand, the number of constraints in

the formulation (4.85) is O(n).



CHAPTER 5
APPLICATIONS IN BIOENGINEERING: BRAIN DISORDERS

During the past few decades, neuroscientists believed that epileptic seizures

began abruptly, just a few seconds before clinical onset. However, there is now

growing evidence that seizures develop minutes to hours before a seizure clinical

onset. This evidence is based on quantitative studies of long term intracranial

electroencephalographic (EEG) recordings from patients with epilepsy. The methods

in those studies include frequency based methods, statistical analysis of EEG signals,

nonlinear dynamics (chaos theory), and intelligent engineered systems. Advances in

seizure prediction leads us the opportunity to develop implantable devices, which are

able to warn of impending seizures and to trigger therapy to prevent clinical epileptic

seizures.

The organization of the succeeding sections of this chapter is as follows. The

introduction to epilepsy is discussed in the next section. In section 5.2, the directions

in epilepsy research, especially seizure prediction, are addressed. This includes the

methods used to study the problem of seizure prediction. The motivation and

goals of this research are given in section 5.3. Later in section 5.4, we propose

various quantitative methods for analyzing EEG time series. Statistical tests for

spatiotemporal analysis are then proposed in section 5.5. The developed optimization

techniques to identify the temporal pattern in EEG time series based on dynamical

system approaches are discussed in section 5.6. In section 5.7, the datasets and

framework of the seizure warning algorithm are presented. The performance of the

algorithm, sensitivity and false warning rate, applied to 5 patients is presented in

section 5.8. The conclusions and performance, limitation, and possibility to develop

106
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devices for diagnostic and therapeutic purposes of this algorithm are discussed in the

final section 5.9.

5.1 Introduction to Epilepsy

Epilepsy is among the most common disorders of the nervous system and consists

of more than 40 clinical syndromes affecting 50 million people worldwide (approxi-

mately 1% of the population). Epilepsy is characterized by intermittent seizures, that

is, intermittent paroxysmal rhythmic electrical discharges within the cerebrum that

disrupt normal brain function. Approximately 25 to 30% of patients receiving med-

ication have inadequate seizure control. In other words, about 25% of patients with

epilepsy have seizures that are resistant (refractory) to medical therapy. There is a

localized structural change in neuronal circuitry within the cerebrum which produces

organized quasi-rhythmic discharges in some types of epilepsy (i.e., focal or partial

epilepsy). These discharges then spread from the region of origin (epileptogenic

zone) to activate other areas of the cerebral hemisphere. Although the macroscopic

and microscopic features of the epileptogenic zone have been comprehended, the

mechanism by which these fixed disturbances in local circuitry produce intermittent

disturbances of brain function cannot be explained and understood.

While epilepsy occurs in all age groups, the highest incidences occur in infants

and in the elderly. The most common type of epilepsy in adults is temporal lobe

epilepsy. In this type of epilepsy, the temporal cortex, limbic structures and or-

bitofrontal cortex appear to play a critical role in the onset and spread of seizures.

Temporal lobe seizures usually begin as paroxysmal electrical discharges in the hip-

pocampus and often spread first to ipsilateral, then to contralateral cerebral cortex.

These abnormal discharges result in a variety of intermittent clinical phenomena, in-

cluding motor, sensory, affective, cognitive, autonomic and psychic symptomatology.

There is no single cause of epilepsy. In approximately 65% of cases, the causes

are unknown. However, many factors can injure the nerve cells in the brain or the
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way the nerve cells communicate with each other. Most frequently identified causes

are genetic abnormalities, developmental anomalies, febrile convulsions, as well as

brain insults such as craniofacial trauma, central nervous system infections, hypoxia,

ischemia, and tumors.

The hallmark of epilepsy is recurrent seizures, which can be characterized by the

sudden development of synchronous neuronal firing, potentials, in the cerebral cortex

that may begin locally in a portion of one cerebral hemisphere or begin simultaneously

in both cerebral hemispheres. When neuronal networks are activated, they produce

a change in voltage potential, which can be captured by an EEG. These changes are

reflected by wriggling lines along the time axis in a typical EEG recording. From

the EEG time series, to draw on advances from the epilepsy field and other rapidly

changing fields of biomedicine, we focus our research on the prediction of epileptic

seizures in patients at risk nonlinear to enable effective and safe treatment for patients

with epilepsy.

5.1.1 Classification of Seizures

There are many varieties of epileptic seizures, and seizure frequency and the

form of attacks vary greatly from person to person. The most common classification

scheme describes two major types of seizures:

1. “partial” seizure: a seizure that causes excessive electrical discharges in the
brain limited to one area.

2. “generalized” seizure: a seizure that changes the whole brain to be involved
with excessive electrical discharges.

Each of these categories can be divided into subcategories: simple partial, com-

plex partial, tonic–clonic, and other types. With the most common types of seizures

there is some loss of consciousness, but some seizures may only involve some move-

ments of the body or strange feelings. Different people’s seizures can be very different.

Common feelings include uncertainty, fear, physical and mental exhaustion, confusion,

and memory loss. Sometimes if a person is unconscious, there may be no feeling at
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all. Seizures can last anywhere from a few seconds to several minutes, depending on

the type of seizure. In particular, a tonic–clonic seizure typically lasts 1–7 minutes.

Absence seizures may only last a few seconds. Complex partial seizures range from

30 seconds to 2–3 minutes.

5.1.2 Mechanisms of Epileptogenesis

Epileptogenesis is considered to be a cascade of dynamic biological events altering

the balance between excitation and inhibition in neural networks. It can apply to

any of the progressive biochemical, anatomic, and physiologic changes leading up to

recurrent seizures. Progressive changes are suggested by the existence of a so–called

silent interval (years in duration) between CNS infection, head trauma or febrile

seizures and the later appearance of epilepsy. Understanding these changes is key to

preventing the onset of epilepsy [76].

Mechanisms of epileptogenesis are believed to incoporate information from levels

of organization that range from molecular (e.g., altered gene expression) to macrostruc-

tural (e.g., altered neural networks). Since the possibilities are so diverse, a primary

research is directed to sort out which mechanisms are causal, correlative, or con-

sequential. The complexity can be intractable when, for example, a single seizure

activates changes in expression of many genes ranging from transcription factors to

structural proteins. Moreover, mechanisms of plasticity may mask the initiating

event. No animal model completely mimics the features of human epilepsy. Hy-

potheses for epilepsy prevention must incorporate observations about the intermittent

nature of epilepsy, its age–specific features, variability in expression, delayed temporal

onset ranging up to 15 years after an insult, and selective vulnerability of brain

regions. The potential role of protective factors is worth exploring because about 50%

of patients fail to develop epilepsy even after severe penetrating brain injuries [76].
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5.2 Directions in Epilepsy Research: Seizure Prediction

Ideas of predicting epileptic seizures began in the 1970’s [156]; however, the

past technology did give some insight until the 1990’s. In 1988, the existence of

a pre-ictal state before temporal–lobe seizures was discovered [74]. Subsequently,

there have been a lot of interest and developments in seizure predictions: the wide

acceptance of digital electroencephalographic (EEG) technology; maturation of meth-

ods for recording from intracranial electrodes to localize seizures; and the tremendous

efficacy, acceptability, and commercial success of implantable medical devices, such as

pacemakers, implantable cardiac defibrillators, and brain stimulators for Parkinson’s

disease, tremor, and pain [90].

It is very difficult to develop prospective analysis on prediction of epileptic

seizures because of the lack of substantive studies including: the need for long–

duration, high–quality datasets from a large number of patients implanted with

intracranial electrodes; adequate storage and powerful computers for processing of

digital EEG datasets many gigabytes in length; and environments facilitating a

smooth flow of clinical EEG data to powerful experimental computing facilities [90].

Next, we discuss some of seizure–prediction studies in the literature.

There have been a lot of studies in time–domain analysis including statistical

analysis of particular EEG events and characterization of the EEG data. For example,

the relationship between the number of interictal epileptiform discharges on EEG and

oncoming seizures was investigated [49, 81, 161]. Later on, it was shown in the long–

term (several days) energy analysis that the number of energy bursts in the EEG

appeared to increase over hours as seizures approached [91].

Frequency domain analysis is one of seizure prediction techniques used to de-

compose the EEG signal into components of different frequencies. In [91], bursts of

activity in the range 15–25 Hz appeared to build from about 2 hours before seizure
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onset in some patients with temporal lobe epilepsy. These burst activities seemed to

change their frequency steadily (faster and slower) over time.

One of the most well–known techniques in seizure prediction is based on non-

linear dynamics and chaos theory. These techniques show changes in characteristics

(dynamics) of the EEG waveform in the minutes leading up to seizures [75, 88]. They

apply Takens’ theorem, which states that the complete dynamics of a system can be

reconstructed from a single measurement sequence (such as its trajectory over time),

along with certain invariant properties [153]. This scheme allows us to embed signals

into a phase space and observe some of the hidden characteristics of the signals.

Nonlinear techniques showed that the trajectory of the EEG signals appeared to be

more regular and organized before the clinical onset of the seizure than the ones in

the interictal state [70].

5.3 Motivation and Goals of Research

Patients with epilepsy may report impending seizures hours or days in advance,

suggesting that techniques may eventually be developed to predict seizures before

their occurrence. One approach is through quantitative analysis based on chaos

theory of the multichannel intracranial continuous EEG recordings that had been

acquired from patients with medically intractable temporal lobe epilepsy. Each

record included a total of 28 to 32 intracranial electrodes (8 subdural and 6 hip-

pocampal depth electrodes for each cerebral hemisphere). A diagram of standard

electrode locations is provided in Figures 5–1 and 5–2. The application of chaos

theory and nonlinear analysis to the physical and chemical sciences has resolved

some long–standing problems; for example, how to determine nonperiodic flow in

the atmosphere [92], calculate a turbulent event in fluid dynamics [29] or how to

quantify the pathway of a molecule during Brownian motion [47]. Since biology and

medicine have unresolved problems; for example, how to predict the occurrence of

lethal arrhythmias or epilepsy, it may be suitable to consider the application of chaos
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theory and nonlinear analysis in this area. Studies using nonlinear analysis of EEG

recordings from depth electrodes, implanted in patients during evaluation for epilepsy

surgery, which may allow physicians to anticipate seizures with lead times of minutes

(rather than the seconds previously thought to encompass seizure generation).

Epileptic seizure occurrences seem to be random and unpredictable; however,

recent studies in epileptic patients suggest that seizures are deterministic rather

than random. Subsequently, studies of the spatiotemporal dynamics in EEG’s, from

patients with temporal lobe epilepsy, demonstrated a pre-ictal transition, character-

ized by a progressive convergence (entrainment) of dynamical measures (e.g., short–

term maximum Lyapunov exponents – STLmax) at specific anatomical areas in the

neocortex and hippocampus, of approximately 1
2
to 1 hour duration before the ictal

onset [75, 69, 72, 66, 138, 136]. The existence of the pre-ictal transition is supported

by subsequent works of other investigations [25, 30, 88, 131, 91]. There is also

physiological support for the idea that seizures are predictable. Rajna and colleagues

interviewed 562 patients and found that clinical prodromes or auras occurred in more

than 50% of patients [132]. A significant increase in blood flow in the epileptic

temporal lobe that started 10 minutes before seizure onset and an increase in both

temporal lobes 2 minutes before seizure onset were shown in [159].

Although the existence of the pre-ictal transition period has recently been con-

firmed and further defined by other investigators, the characterization of this spa-

tiotemporal transition is still far from complete. Therefore, the development of

a model for the mechanism of generation of epileptic seizures remains a difficult

task. For example, even in the same patient, different set of cortical sites may

exhibit pre-ictal transition from one seizure to the next. In addition, resetting of

the entrainment of the normal sites with the epileptogenic focus (critical cortical

sites) occurs after each seizure [73]. Therefore, it is postulated that complete or

partial post-ictal resetting of pre-ictal entrainment of the epileptic brain, affects the
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Figure 5–1: Inferior transverse view of the brain, illustrating approximate depth and
subdural electrode placement for EEG recordings are depicted. Subdural electrode
strips are placed over the left orbitofrontal (LOF), right orbitofrontal (ROF), left
subtemporal (LST), and right subtemporal (RST) cortex. Depth electrodes are
placed in the left temporal depth (LTD) and right temporal depth (RTD) to record
hippocampal activity.

Figure 5–2: Lateral views of the brain, illustrating approximate depth and subdural
electrode placement for EEG recordings are depicted.
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route to the subsequent seizure, contributing to the apparent non-stationary nature

of the entrainment process. Even though a complete modeling of the process remains

elusive, the dynamical measures we have used have resulted in the development of

effective seizure prediction schemes.

Because the EEG is a nonstationary signal, selection of the appropriate time

scale is crucial. In addition, dynamical measures must properly weigh transients in

the signal. In a spontaneously bursting neuronal network in brain, chaos can be

demonstrated by the presence of unstable fixed-point behavior. While Lyapunov

exponents are among the global dynamical invariants studied for detecting chaos

and nonlinear structure in time series analysis, local Lyapunov exponents, defined

as the local divergence within a finite-time horizon, are a more useful measure of

predictability of nonlinear systems and a more powerful tool for testing nonlinearity

of time series. In a retrospective analysis (i.e., after a seizure occurrence) utilizing

STLmax as a dynamical measure and a global optimization technique to identify crit-

ical electrode sites, Iasemidis and group found that the pre-ictal transition preceded

more than 91% of the seizures analyzed [75, 72]. This finding indicated that, if one

knows which critical electrode sites will participate in the next pre-ictal transition,

it may be possible to detect the transition in time to warn of an impending seizure.

The results of these studies confirmed the predictability of seizures. Further studies

have shown the existence of resetting of the brain after seizures’ onset [145, 73, 135],

that is, divergence of STLmax profiles after seizures. Therefore, to corporate these

findings together, we have to ensure that the optimal group of critical sites shows this

divergence. The problem of identifying those critical specific areas are formulated

as a multi-quadratic 0-1 programming problem. However, the method proposed

in [75, 72] could not be applied to solve this problem. In this dissertation, we

propose new computational approaches to solve the multi-quadratic 0-1 programming

problem. To solve this practical optimization problem, we develop a new linearization
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technique based on KKT optimality conditions. The details of this technique and

global optimality proof are previously discussed in Chapter 4.

5.4 Data Mining in EEG Time Series

A challenging question in epilepsy is whether the nonlinear methods, along with

the classical linear methods, can detect changes in the brain dynamics, with focus on

the prediction of the onset of epileptic seizures. In the past decade, nonlinear methods,

based on chaos theory, were applied with some success. In this thesis, we compile a

large set of nonlinear methods and assess the capability of each method in predicting

epileptic seizures when applied to EEG time series. This research is motivated by

the key time series data mining concepts of event characterization function, temporal

pattern, temporal pattern cluster, time-delay embedding, phase space, augmented

phase space, objective function, and optimization. The objective of this work is

to investigate the underlying dynamics of the EEG signal and search for a reliable

computational tool in order to detect changes in the EEG that suggest a possible

forthcoming of epileptic seizure.

5.4.1 The Method of Delays

A fundamental concept in nonlinear dynamics and chaos theory is the “method of

delays” introduced by Taken [153]. In this method, each point in a time series of events

or measurements is considered in the context of other events or measurements in the

same series that are close in time. However, the problem of extracting geometric infor-

mation from time series was first introduced by Packard et. al [105]. The basic idea of

this approach is that the state of an n-dimensional dynamical system can be uniquely

characterized by independent quantities. One such set of independent quantities are

the phase space (n-dimensional spanned basis) coordinates y(t) = (y1(t), . . . , yn(t))
T

but these are not available, since the only data is the one-dimensional time series.

Based on the conjecture that any p-tuple of numbers should give equivalent results

(in the sense that, if one reconstructs several phase portraits in accordance with this
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idea, then for any two of these phase portraits there should be a diffeomorphism

which maps one onto the other). Similar to the approach by Packard, the method

of dealys can be used to construct p-vectors which contain the same information as

the original state vectors. This method simply takes consecutive elements of the time

series directly as coordinates in phase space. For instance, a dynamical system can

be analyzed by taking one coordinate of phase space as the observable:

Xi = (x(ti), x(ti + τ) . . . x(ti + (p− 1) ∗ τ))T (5.1)

where τ is the selected time lag between the components of each vector in the phase

space, p is the selected dimension of the embedding phase space, and ti ∈ [1, T − (p−

1)τ ].

5.4.2 Estimation of Short-Term Maximum Lyapunov Exponents

The method we developed for estimation of Short Term Maximum Lyapunov

Exponents (STLmax), an estimate of Lmax for nonstationary data, is explained in

detail elsewhere[69, 68, 162]. Herein we will present only a short description of our

method. Construction of the embedding phase space from a data segment x(t) of

duration T is made by the method of delays described above.

The geometrical properties of the phase portrait of a system can be expressed

quantitatively using measures that ultimately reflect the dynamics of the system.

For example, the complexity of an attractor is reflected in its dimension [50]. The

larger the dimension of an attractor, the more complicated it appears in the phase

space. The embedding dimension p is the dimension of the phase space that contains

the attractor and it is always a positive integer. On the other hand, the attractor’s

dimension D may be a positive non-integer (fractal). D is directly related to the

number of variables of the system and is inversely related to the existing coupling

among them.
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From Takens’ theorem, the embedding dimension p should be at least equal to

(2 ∗ D + 1) in order to correctly embed an attractor in the phase space. Of the

many different methods used to estimate the dimension D of an object in the phase

space, each has its own practical problems [50]. The measure most often used to

estimate D is the phase space correlation dimension. Methods for calculating the

correlation dimension from experimental data have been described by Kostelich [84]

and were employed in our work to approximate D of the epileptic attractor. In the

EEG data we have analyzed to date, D is found to be between 2 and 3 during an

epileptic seizure. Therefore, for the reconstruction of the phase space we have used

an embedding dimension p of 7.

An attractor is chaotic if, on the average, orbits originating from similar initial

conditions (nearby points in the phase space) diverge exponentially fast (expansion

process). If these orbits belong to an attractor of finite size, they will fold back into

it as time evolves (folding process). The result of these two processes may be a stable

topologically layered attractor. When the expansion process overcomes the folding

process in some eigen-directions of the attractor, the attractor is called chaotic. The

measures that quantify the chaoticity of an attractor are the Kolmogorov entropy

(K) and the Lyapunov exponents, typically measured in bits/sec. For an attractor

to be chaotic, the Kolmogorov entropy or at least the maximum Lyapunov exponent

(Lmax) must be positive. The Kolmogorov (Sinai or metric) entropy (K), in bits/sec

units, measures the uncertainty about the future state of the system given information

about its previous states in the state space. The Lyapunov exponents measure this

average uncertainty along the local eigenvectors of an attractor in the state space. If

the phase space is of p dimensions, we can estimate theoretically up to p Lyapunov

exponents. However, as expected, only (D+1) of them will be real. The rest will be

spurious [1]. Methods for calculating these dynamical measures from experimental

data have been published [1, 162, 65]. The estimation of Lmax in a chaotic system has
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been shown to be more reliable and reproducible than the estimation of the remaining

exponents [52], especially when D is unknown and changes over time, as it is the case

with high-dimensional and nonstationary data.

If we denote by L the estimate of the short term largest Lyapunov exponent

STLmax then:

L =
1

Na∆t

Na
∑

i=1

log2
|δXi,j(∆t)|
|δXi,j(0)|

(5.2)

with

δXi,j(0) = X(ti)−X(tj) (5.3)

δXi,j(∆t) = X(ti +∆t)−X(tj +∆t) (5.4)

where

(i) X(ti) is the point of the fiducial trajectory φt(X(t0)) with t = ti, X(t0) =
(x(t0) . . . x(t0+(p− 1) ∗ τ))T , T denotes the transverse, and X(tj) is a properly
chosen vector adjacent to X(ti) in the phase space (see Figures 5–3 and 5–4).

(ii) δXi,j(0) = X(ti)−X(tj) is the displacement vector at ti, that is, a perturbation
of the fiducial orbit at ti, and δXi,j(∆t) = X(ti + ∆t) − X(tj + ∆t) is the
evolution of this perturbation after time ∆t.

(iii) ti = t0 + (i− 1) ∗∆t and tj = t0 + (j − 1) ∗∆t, where i ∈ [1, Na] and j ∈ [1, N ]
with j 6= i.

(iv) ∆t is the evolution time for δXi,j , that is, the time one allows δXi,j to evolve in
the phase space. If the evolution time ∆t is given in sec, then L is in bits per
second.

(v) t0 is the initial time point of the fiducial trajectory and coincides with the time
point of the first data in the data segment of analysis. In the estimation of L,
for a complete scan of the attractor, t0 should move within [0,∆t].

(vi) Na is the number of local Lmax’s that will be estimated within a duration T
data segment. Therefore, if Dt is the sampling period of the time domain data,
T = (N − 1)Dt = Na∆t+ (p− 1)τ .

We computed the short term largest Lyapunov exponent STLmax using the

method proposed by Iasemedis et al. [65], which is a modification of the method by
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Figure 5–3: A 10 sec segment of raw EEG data during an epileptic seizure recorded
from electrode RTD2 in a patient with right temporal lobe epilepsy.

Figure 5–4: The epileptic attractor - EEG data corresponding to Figure 5–3 in the
reconstructed phase space with embedding dimension p = 3 and time delay τ = 20
msec, in two different orientations.
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Wolf et al. [162]. We call the measure short term to distinguish it from those used to

study autonomous dynamical systems studies. Modification of the Wolf’s algorithm is

necessary to better estimate STLmax in small data segments that include transients,

such as interictal spikes. The modification is primarily in the searching procedure for a

replacement vector at each point of a fiducial trajectory. For example, in our analysis

of the EEG, we found that the crucial parameter of the Lmax estimation procedure,

in order to distinguish between the pre-ictal, the ictal and the post-ictal stages,

was not the evolution time ∆t nor the angular separation Vi,j between the evolved

displacement vector δXi−1,j(∆t) and the candidate displacement vector δXi,j(0) (as it

was claimed in Frank et al. [41]). The crucial parameter is the adaptive estimation in

time and phase space of the magnitude bounds of the candidate displacement vector

to avoid catastrophic replacements. Results from simulation data of known attractors

have shown the improvement in the estimates of L achieved by using the proposed

modifications [65].

Our rules can be stated as follows:

1. For L to be a reliable estimate of STLmax , the candidate vector X(tj) should
be chosen such that the previously evolved displacement vector δX(i−1),j(∆t) is
almost parallel to the candidate displacement vector δXi,j(0), that is,

|Vi,j| = | < δXi,j(0), δX(i−1),j(∆t) > | ≤ ∆max (5.5)

where Vmax should be small and | < ε, φ > | denotes the absolute value of the
angular separation between two vectors ε and φ in the phase space.

2. For L to be a reliable estimate of STLmax, δXi,j(0) should also be small in
magnitude in order to avoid computer overflow in the future evolution within
very chaotic regions and to reduce the probability of starting up with points on
separatrices [163]. This means,

|δXi,j(0)| = |X(ti)−X(tj)| ≤ ∆max (5.6)

with ∆max assuming small values.

Therefore, the parameters to be selected for the estimation procedure of L are:
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(i) The embedding dimension p and the time lag τ for the reconstruction of the
phase space

(ii) The evolution time ∆t (number of iterations Na)

(iii) The parameters for the selection of X(tj), that is, Vi,j and ∆max

(iv) The duration of the data segment T

Note that since only vector differences are involved in the estimation of L, any

direct current (DC) present in the data segment of interest does not influence the

value of L. In addition, only vector difference ratios participate in the estimation of

L. This means that also L is not influenced by the scaling of the data (as long as the

parameters involved in the estimation procedure, i. e. ∆max, do not assume absolute

but relative values to the scale of every analyzed data segment). Both points above

make sense when one recalls that L relates to the entropy rate of the data[106].

5.4.2.1 Selection of p and τ :

We select the embedding dimension p such that the dimension v of the attractor

in phase space is clearly defined. In the case of the epileptic attractor[74, 75, 65],

v = 2 ∼ 3, and according to Takens Theorem a value of p ≥ (2 × 3 + 1) = 7 is

adequate for the embedding of the epileptic attractor in the phase space. This value

of p may be too small for the construction of a phase space that can embed all states

of the brain interictally, but it should be adequate for detection of the transition

of the brain toward the ictal stage if the epileptic attractor is active in its space

prior to the occurrence of the epileptic seizure. The parameter τ should be as small

enough to capture the shortest change (i.e., highest frequency component) present in

the data. Also, τ should be large enough to generate (with the method of delays)

the maximum possible independence between the components of the vectors in the

phase space. These two conditions are usually addressed by selecting τ as the first

minimum of the mutual information between the components of the vectors in the

phase space or as the first zero of the time domain autocorrelation function of the
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data[1]. Theoretically, since the time span (p− 1)τ of each vector in the phase space

represents the duration of a state of the system, (p − 1)τ should be at most equal

to the period of the maximum (or dominant) frequency component in the data. For

example, a sine wave (or a limit cycle) has v = 1, then a p = 2× 1 + 1 = 3 is needed

for the embedding and (p− 1)τ = 2τ should be equal to the period of the sine wave.

Such a value of τ would then correspond to the Nyquist sampling of the sine wave in

the time domain. In the case of the epileptic attractor, the highest frequency present

is 70 Hz (the EEG data are low-pass filtered at 70Hz), which means that if p = 3,

the maximum τ to be selected is about 7 ms. However, since the dominant frequency

of the epileptic attractor (i.e., during the ictal period) was never more than 12 Hz,

according to the above reasoning, the adequate value of τ for the reconstruction of

the phase space of the epileptic attractor is (7 − 1)τ = 83 ms, that is, τ should be

about 14 ms (for more details see [69]).

5.4.2.2 Selection of ∆t:

The evolution time ∆t should not be too large, otherwise the folding process

within the attractor adversely influences L. On the other hand, it should not be too

small in order for δXi,j(∆t) to follow the direction of the maximum rate of information

change. If there is a dominant frequency component f0 in the data, ∆t is usually

chosen as ∆t = 1
2
f0. Then, according to the previous arguments for the selection of p

and τ , the ∆t ≈ ((p− 1)τ)/2, which for EEG results in ∆t ≈ 42 msec. In Ref. [69],

it is shown that such a value is within the range of values for ∆t that can very well

distinguish the ictal from the pre-ictal state.

5.4.2.3 Selection of Vmax:

We start with an initial Vmax (initial) = 0.1 rad. In the case that a replacement

vector X(tj) is not found with 0 ≤ |Vi,j| < Vmax (initial) and |δXij(0)| < 0.1∆max,

we relax the bound for |δXij(0)| and repeat the process with bounds up to 0.5∆max.

If not successful, we relax the bounds for |Vi,j| by doubling the value of Vmax and
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repeat the process with bounds for Vmax up to 1 rad. Values of Vmax larger than 0.8

rad never occurred in the procedure. If they do, the replacement procedure stops, a

local L(ti) is not estimated at ti and we start the whole procedure at the next point

in the fiducial trajectory.

5.4.2.4 Selection of ∆max:

In Wolf’s algorithm, ∆max is selected as

∆max = max
j,i
|δXi,j(0)| (5.7)

where j = 1, ..., N and i = 1, ..., Na

Thus, ∆max is the global maximum distance between any two vectors in the

phase space of a segment of data. This works fine as long as the data are stationary

and relatively uniformly distributed in the phase space. With real data this is hardly

the case, especially with the brain electrical activity which is strongly nonstationary

and nonuniform[15, 36, 77]. Therefore, a modification in the searching procedure for

the appropriate X(tj) is essential. First, an adaptive estimation of ∆max is made at

each point X(ti), and the estimated variable is

∆i,max = max
j
|δXi,j(0)| (5.8)

where j = 1, ..., N . By estimating ∆max as above, we take care of the nonuniformity

of the phase space (∆max is now a spatially local quantity of the phase space at a

point X(ti)) but not of the effect of existing nonstationarities in the data. We have

attempted to solve the problem of nonstationarities by estimating ∆max also as a

temporally local quantity. Then, a more appropriate definition for ∆max is:

∆i,max = max
IDIST1<|ti−tj |<IDIST2

|δXi,j(0)| with j 6= i (5.9)
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and

IDIST1 = τ (5.10)

IDIST2 = (p− 1)τ (5.11)

where IDIST1 and IDIST2 are upper and lower bounds for |ti − tj|, that is, for the

temporal window of local search.

Thus, the search for ∆i,max is always made temporally about the state X(ti) and

its changes within a period of the time span (p − 1)τ of a state. According to the

previous formulae, the values for the parameters involved in the adaptive estimation

of ∆i,max in our EEG data are:

IDIST1 = τ = 14 msec and IDIST2 = (p− 1)τ = 84 msec.

5.4.2.5 Selection of X(tj):

The replacement vector X(tj) should be spatially close to X(ti) in phase space

(with respect to magnitude and angle deviation), as well as temporally not very

close to X(ti) to allow selecting X(tj) from a nearby (but not the same) trajectory

(otherwise, by replacing one state with one that shares common components would

lead to a false underestimation of L). The above two arguments are implemented in

the following relations:

0 ≤ |Vi,j| < Vi,j (initial) = 0.1 rad (5.12)

b∆i,max ≤ δXi,j(0) ≤ c∆i,max (5.13)

|ti − tj| > IDIST3 ≈ (p− 1)τ (5.14)

The parameter c starts with a value of 0.1 and increases, with a step of 0.1, up to 0.5,

in order to find a replacement vector X(tj) satisfying Eq. (5.12) through Eq. (5.14).

The parameter b must be smaller than c and is used to account for the possible noise

contamination of the data, denoting the distance below which the estimation of L

may be inaccurate (we have used b = 0.05 for our data[69, 162]. The temporal bound
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Figure 5–5: The variation of STLmax with the length T of the data segment for data
in the pre-ictal and ictal state of an epileptic seizure (patient 1). The rest of the
parameters for the STLmax algorithm were: p = 7, τ = 14 msec, ∆t = 42 msec,
IDIST2 = 84 msec, IDIST3 = 84, b = 0.05, c = 0.1, and Vi,j (initial)=0.1 rad

IDIST2 should not be confused with the temporal bound IDIST3, since IDIST2

is used to find the appropriate ∆i,max at each point X(ti) (searching over a limited

time interval), whereas IDIST3 is used to find the appropriate X(tj) within a ∆i,max

distance from X(ti) (searching over all possible times tj).

5.4.2.6 Selection of T :

For data obtained from a stationary state of the system, the time duration T

of the analyzed segment of data may be large for the estimate of L to converge to

a final value. For nonstationary data we have two competing requirements: on one

hand we want T to be as small as possible to provide local dynamic information, but

on the other hand the algorithm requires a minimum length of the data segment to

stabilize the estimate of STLmax. Figure 5–5 shows a typical plot for the change of

STLmax with the size of the window for segments in the pre-ictal and ictal stage of a

seizure. From this figure, it is clear that values of 10 to 12 seconds for T are adequate
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Figure 5–6: The variation of STLmax with the IDIST2 parameter for data in the
pre-ictal and ictal state of an epileptic seizure. The rest of parameters for the STLmax

algorithm were: p = 7, τ = 14 msec, ∆t = 42 msec, IDIST1 = 14 msec, IDIST3 =
84, b = 0.05, c = 0.1, and Vi,j (initial)=0.1 rad

to distinguish between the two extreme cases (pre-ictal and ictal) in our data and

for the algorithm to converge. After extensive sensitivity studies with EEG data in

epilepsy[65, 69] we have concluded that the critical parameter of the algorithm just

presented is the IDIST2, that is the parameter that establishes a neighborhood in

time at each point in fiducial trajectory for the estimation of the parameter ∆i,max,

which then establishes a spatial neighborhood for this point in the phase space. This

is very clearly illustrated in Figure 5–6. It is obvious that, with values of IDIST2

greater than 160 msec, one is not able to distinguish between the pre-ictal and the

ictal state of a seizure based on the thus generated values of L.

By dividing the recorded EEG data at an electrode site into sequential non-

overlapping segments, each 10.24 sec in duration, and estimating STLmax for each

of these segments, profiles of STLmax over time are generated. A typical plot of

STLmax over time obtained from an electrode site (RTD2) within the epiletogenic
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Figure 5–7: Smoothed STLmax profiles over 2 hours derived from an EEG signal
recorded at RTD2 (patient 1). Seizure 10 started and ended between the two vertical
dashed lines. The estimation of the Lmax values was made by dividing the signal
into non-overlapping segments of 10.24 sec each, using p = 7 and τ = 20 msec for
the phase space reconstruction. The smoothing was performed by a 10 point (1.6
minutes) moving average window over the generated STLmax profiles.

focus is shown in Figure 5–7. The exponent STLmax is positive during the whole

period of recording, that is, 94 minutes pre-ictally (prior to the onset of the tenth

recorded seizure), 2 minutes ictally (during the seizure) and 24 minutes post-ictally

(after the seizure ends). The seizure onset corresponds to the maximum drop in the

values of STLmax, thus the seizure can be detected from the lowest values of STLmax.

However, ictal STLmax is still positive, implying a chaotic state even during the

seizure. This is consistent with an interpretation of the seizure being a chaotic state

with fewer degrees of freedom than before. Comparing the mean value of STLmax in

the pre-ictal state with the one in the postictal state, we can say that the pre-ictal

state is less chaotic than the immediate postictal one. In the pre-ictal state depicted

in Figure 5–7, one can notice a pre-ictal trend of STLmax toward lower values over 1.7

hours prior to seizure 1 with one prominent drop in the values of STLmax at about

0.45 hours prior to the seizure. This pre-ictal drop in STLmax can be explained as
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an attempt of the system toward a phase transition long before the actual transition

to the seizure.

5.4.3 Estimation of Dynamical Phase (Angular Frequency)

Motivated by the representation of a state as a vector in the state space, we have

defined the difference in phase between two evolved states X(ti) and X(ti + ∆t) as

∆Φi [71]. Then, denoting with (∆Φ) the average of the local phase differences ∆Φi

between the vectors in the state space, we have:

∆Φ =
1

Nα

·
Nα
∑

i=1

∆Φi (5.15)

where Nα is the total number of phase differences estimated from the evolution of

X(ti) to X(ti +∆t) in the state space, according to:

∆Φi =| arccos
X(ti) ·X(ti +∆t)

‖ X(ti) ‖ · ‖ X(ti +∆t) ‖ | . (5.16)

Then, the average angular frequency Ω̄ is:

Ω̄ =
1

∆t
·∆Φ. (5.17)

If ∆t is given in sec, then Ω̄ is given in rad/sec. Thus, while STLmax measures

the local stability of the state of the system on average, Ω̄ measures how fast a local

state of the system changes on average (e.g., dividing Ω̄ by 2π, the rate of change of

the state of the system is expressed in sec−1 = Hz).

An example of a typical Ω̄ profile over time is given in Figure 5–8. The values

are estimated from a 60-minute-long EEG sample recorded from an electrode located

in the epileptogenic hippocampus. The EEG sample includes a 2-minute seizure

that occurs in the middle of the recording. The state space was reconstructed from

sequential, non-overlapping EEG data segments of 2048 points (sampling frequency

200 Hz, hence each segment is 10.24 sec in duration) with p = 7 and τ = 4 for

the estimation of the STLmax profiles [71]. The pre-ictal, ictal and post-ictal states
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Figure 5–8: A typical Ω̄ profile before, during and after an epileptic seizure, estimated
from the EEG recorded from a site in the epileptogenic hippocampus; the seizure
occurred between the vertical lines.

correspond to medium, high and lower values of Ω̄ respectively. The highest Ω̄ values

were observed during the ictal period, and higher Ω̄ values were observed during the

pre-ictal period than during the post-ictal period. This pattern roughly corresponds

to the typical observation of higher frequencies in the original EEG signal ictally, and

lower EEG frequencies post-ictally. However, these observations can hardly denote a

long-term warning of an impending seizure.

5.4.4 Entropy and Information

The entropy H(p) of a probability density p is

H(p) = −
∫

p(x) log p(x)dx. (5.18)

The entropy of a distribution over a discrete domain is

H(p) = −
∑

i

pi log pi. (5.19)

The entropy of EEG data describes the extension to which the distribution is

concentrated on small sets. If the entropy is low, then the distribution is concentrated
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at a few values of x. It may, however, be concentrated on several sets from each other.

Thus, the variance can be large while the entropy is small. The average entropy

depends explicitly on p. The entropy can be written as

H(p) = − < log p(x) > . (5.20)

The entropy can thus be viewed as a self-moment of the probability, in contrast

to the ordinary moments; for example, < x2 >, which are average over quantities

that provide a different kind of information than the ordinary moments. The entropy

measures the degree of surprise one should feel upon learning the results of a mea-

surement. It counts the number of possible states, weighting each by its likelihood.

Joint and conditional entropies can be calculated by

H(x, p) = −
∫

p(x, y)log(p(x, y)dxdy, (5.21)

H(x|p) = −
∫

p(x|y)log(p(x|y)dx. (5.22)

The negative of entropy is sometimes called information:

I(p) = −H. (5.23)

For our purposes the distribution between the two is semantic. Entropy is most often

used to refer to measures, whereas information typically refers to probabilities.

For two random variables x and y, the mutual information states how much

information y gives about x that is not present in x alone.

I(x, y) = H(x)−H(x|y). (5.24)

Denote H(x) as an uncertainty in x and H(x|y) as an uncertainty in x given

y. If one knows that y cannot make x more uncertain, then H(x) ≥ H(x|y). The

mutual information is therefore nonnegative. The mutual information tells how much

the uncertainty of x is decreased by knowing y.
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Figure 5–9: Plot of the Lmax over time derived from an EEG signal recorded at BL1,
an electrode site overlying the seizure focus.

Figure 5–10: Plot of the Entropy over time derived from an EEG signal
(corresponding to Figure 5–9 recorded at BL1, an electrode site overlying the seizure
focus.



132

In Figures 5–9 and 5–10, the examples of the STLmax and entropy profiles

from EEG recordings of electrode BL1 over 2-hour interval including one seizure

are illustrated.

5.4.5 Approximate Entropy (ApEn)

Recently, approximate entropy (ApEn), a statistical measure for quantifying the

system regularity/complexity of a time series, has been widely applied on medical data

analysis [122, 126]. It can be used to differentiate between normal data and abnormal

data in instances where moment statistics (e.g., mean and variance) approaches fail to

show meaningful difference, such as in heart rate analysis in the human neonate [128,

124], and in epileptic activity analysis in electrocardiographic recordings [25]. Math-

ematically, as part of a general theoretical development, ApEn has been shown

to be the rate of entropy for an approximating Markov Chain to a process [123].

Most importantly, compared with the Kolmogorov-Sinai (K-S) entropy [83], ApEn is

generally finite and has been shown to be able to classify the complexity of the systems

by as few as 1000 data points based on the calculations that included theoretical

analyses of both stochastic and deterministic chaotic processes [122, 127] and clinical

applications [125, 80].

The main steps of ApEn analysis are described as follows:

1. Give a time series U = {u1, u2, . . . , un}, measured equally spaced in time.

2. Fix l, an integer, and r, a positive real number. The value of l is the length of
compared subsequences in U , and r specifies a tolerance level. The choices of
l and r may vary for different application of ApEn.

3. Define xi = {ui, ui+1, . . . , ui+l−1}. Form a sequence of vectors x1,x2, . . . ,xn−l+1

in Rl. These vectors are subsequences with length l in U .

4. Use the sequences x1,x2, . . . ,xn−l+1 to construct, for each i, 1 ≤ i ≤ n− l+1,

C l
i(r) =

number of xj’s such that d(xi,xj) ≤ r

n− l + 1
, where

d(xi,xj) = max
0≤k≤l−1

| ui+k − uj+k | , i.e.,
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d(xi,xj) represents the maximum distance between vectors xi and xj in their
respective scalar components.

5. Define

Φl(r) =
n−l+1
∑

i=1

lnC l
i(r)/(n− l + 1)

6. The approximate entropy is then defined by

ApEn = Φl(r)− Φl+1(r)

7. Note that

-ApEn = Φl+1(r)− Φl(r)

=

∑n−l
i=1 lnC

l+1
i (r)

n− l
−

∑n−l+1
i=1 lnC l

i(r)

n− l + 1

≈ 1

n− l

n−l
∑

i=1

(lnC l+1
i (r)− lnC l

i(r))

=
1

n− l

n−l
∑

i=1

ln
C l+1

i (r)

C l
i(r)

,

and

C l+1
i (r)

C l
i(r)

=
Pr(|uj+k − ui+k| ≤ r, k = 0, 1, . . . , l)

Pr(|uj+k − ui+k| ≤ r, k = 0, 1, . . . , l − 1)

= Pr(|uj+l − ui+l| ≤ r | |uj+k − ui+k| ≤ r, k = 0, 1, . . . , l − 1)

Heuristically, ApEn quantifies the (logarithmic) likelihood that subsequences in

U of patterns that are close and will remain close on the next increment. The lower

ApEn value indicates that the given time series is more regular and correlated, and

larger ApEn value means that it is more complex and independent. However, ApEn

can only be used to quantify the overall regularity in a time series. It cannot be

applied to detect particularly meaningful signals or patterns in a time series or to
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make predictions. The next section reviews several methodologies for the analysis

and forecasting in nonstationary time series data.

5.4.6 Kolmogorov-Sinai Entropy

For chaotic systems, the Kolmogorov-Sinai (K-S) entropy is one of the most

commonly used nonlinear measure. Let r denote the current time interval and pr

denote the probability of a given vector being significantly close to another vector,

then K-S entropy, s, is defined as follows:

s = −
∑

r

pr ln pr.

In order to calculate pr, we need to define a distance matrix, D, in the n-

dimensional phase space for vectors X and Y .

D(X,Y ) =
|x1 − y1|+ |x2 − y2|+ . . .+ |xn − yn|

n
,

where X = {x1, . . . , xn} and Y = {y1, . . . , yn}. The distance matrix D is calculated

for each vector with respect to every other vector in every epoch. Consequently, we

calculate the standard deviation of distances between vectors. If D(X,Y ) ≤ 0.2σ,

vector X and Y are considered to be close.

LetMr be the total number of vectors that are close to a particular vector in that

time window, and M denote the total number of vectors within that time interval.

Then, the probability pr can calculated as follows: pr =
Mr

M
.

5.4.7 Kulback-Leibler Distance

Kullback-Leibler distance (the ± − divergence ) was introduced in [86]. It is

called the Kullack divergence, the Kullback-Leibler information, the relative entropy,

divergence, or information for discrimination. It has been studied in detail by

many authors, including [10]. This section lists some of remarkable properties of

KullbackLeibler distance.
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Kullback-Leibler distance is particularly important and has many applications

in fields related to probability and information. Following the convention, we refer

D(−1) as the Kullback divergence and D(1) as its dual. Unlike other f -divergences,

the Kullback divergence satisfies the following chain rule

D(−1)(p ‖ q) = D(−1)(pk ‖ qk) +
∫

D(−1)(pn(· |y) ‖ qn(· |y))pk(y)dy, (5.25)

which gives another proof of the monotonicity. In particular, it satisfies the additivity:

D(±1)(p12‖q12) = D(±1)(p1 ‖ q1) +D(±1)(p2 ‖ q2) (5.26)

for product distribution p12(x1, x2) = p1(x1)p2(x2).

Figure 5–11 illustrates the comparison of Kullback-Leibler distance (KLD) anal-

ysis between the simulated data generated by Henon map with and without white

noise. In order to demonstrate the use of Kullback-Leibler distance in forecasting

problem, we will present here an example of EEG data analysis. Other tests of this

methodology have been reported by [9] and [23].

A straightforward way to test for independence of pre-ictal region and epileptic

seizures is to see whether the densities p(x) and q(x) are the same. One natural way

to do this to introduce the idea of distance on probability space and measure the

distance on probability space and measure the distance between p and q.

One measure of the distance between densities p and q is the χ2 statistic.

χ2 =

∫

(p(x)− q(x))2

q(x)
dx, (5.27)

The χ2 statistic is usually defined on EEG data sets using a histogram estimate for p

and q. this introduces an extra factor of N , the number of cells, into the equations.

Kernel density estimation is less time-efficient but usually more data-efficient for

smooth probability densities [164]. The basic idea is to let each point “influence”

surrounding points through a kernel function. Kernel density estimation are of the
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Figure 5–11: Kullback-Leibler distance (KLD) analysis of the Hennon map. The left
column illustrates two data samples (N=100 and N=500) generated by the Hennon
map without noise. On the right, two samples (N=100 and N=500), genarated by
Hennon map with noise (σ = 0.003).
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Figure 5–12: Kullback-Leibler distance analysis on the EEG signals recorded from
a subdural electrode overlying orbitofrontal cortex contralateral to the seizure onset
zone. The upper plot shows an EEG signal over a 13-minute time period. The trace
is divided into 5 pre-ictal widows (A1 to A5), a window which includes a seizure
(A0) and 5 postical windows (B1 − B5). Each window is 75 seconds in duration.
The histogram in the second row is taken from the window containing the seizure
(A0). Histograms for example pre-ictal windows A2 and A5 are shown on the left.
Histograms from post-ictal windows B2 and B5 are shown on the right. In the center,
Kullback-Leibler distances between the A5 and other windows (plot C) and between
the window A0 and each of the other windows (plot D) are depicted.
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Figure 5–13: Kullback-Leibler distance analysis on the EEG signals recorded from a
subdural electrode overlying the epileptic focus (seizure onset zone).
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form

p(x) =
1

N

n
∑

i=1

k(
‖x− xi‖

ω
), (5.28)

where the sum is over the entire data set, k is the kernel (a normalized probability

density), ‖‖ represents an approximation norm, and w is a window width. To make a

good estimate the kernel function, the width must be properly matched to the density

function and the number of data points.

Another way to estimate probability density of a given local window is to utilize

Parzen windowing [38, 130]. In Parzen windowing, the probability density is approx-

imated by sum of even, symmetric kernels whose centers are translated to the simple

points. A suitable kernel function for this purpose is the Gaussian.

Another possible distance measure is the Kullback-Leibler information distance:

K(p, q) =

∫

q(x) log(
q(x)

p(x)
)dx. (5.29)

Assuming that the two distribution p and q are nearly the same, the Kullback-

Leibler distance can be expanded in a Taylor series

K(p, q) = −
∫

q{(p
q
− 1)(

p

q
− 1)2/2 + · · · }

≈
∫

q(
p

q
− 1)2/2 =

∫

(p− q)2

2q
. (5.30)

In Figure 5–12 and 5–13 the values of the Kullback-Leibler distance between

the two reference windows (signal A5 and epileptic seizure) and other windows are

computed using the Eq. (5.30).

5.4.8 Modeling of EEG Times Series

The epileptic seizure is often referred to as an ictus. The period immediately

after a seizure, often associated with symptoms such as confusion and drowsiness, is

called the post-ictal state. The long periods between seizures, usually hours to days

or even weeks in duration, is called the interictal state. Recent investigations into
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the spatiotemporal characteristic of the EEG in epileptic patients have resulted in

the discovery of a pre-ictal state [30, 75, 70, 67, 88, 91, 94, 131]. The pre-ictal state

appears to be a gradual transition, lasting approximately 30 minutes to 1 hour, from

the interictal state to the seizure (ictal state) [67].

For the present study, we have estimated sequential short term Lyapunov expo-

nents of a pre-ictal (approximately 30 minutes before seizure onset) and ictal EEG

previously recorded in a patient with medically intractable seizures of left temporal

lobe origin. Figure 5–14 presents the Lyapunov dimension as a function of time for

temporal lobes of patient with seizures originating in the left mesial temporal lobe

region. These data were obtained by the analysis of EEG signals recorded from the

region of the brain from which the seizures first begin (often referred to as the seizure

onset zone, or seizure focus).

−25 −20 −15 −10 −5 0
16

20

25

Time (minutes)

Lyapunov Dimension
4th order polynimial approximation

 
 
 
 

d
L

Figure 5–14: Lyapunov dimension of epileptic patient as function of time. This
figure corresponds to nine Lyapunov exponents. Note that the Lyapunov dimension
decreases over the 15 to 20 minutes period preceding seizures onset.

By applying nonlinear measures discussed in the previous section, we compare

and show changes in brain dynamics among different states of an epileptic patient. In

this experiment, 10-minutes of EEG data sampled from the interictal state (seizure

free period - no seizure within the range of 8 hours), pre-ictal state (period before
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Figure 5–15: Three-dimension plots of entropy, angular frequency, and STLmax in
different physiological states (interictal, pre-ictal, ictal and post-ictal) of an epileptic
patient.

the seizure onset), and post-ictal state (period immediately after the seizure ends)

are obtained from EEG recordings of an epileptic patient. However, only 2-minutes

of data from EEG recordings obtained during the ictal state (seizure) of the patient

are available because the seizure usually lasts about 1-2 minutes.

From the EEG data obtained from each of the states described above, the

dynamical measures entropy, STLmax and angular frequency were calculated over

time. Each measure was calculated continuously for each non-overlapping 10.24

second segment of EEG data. Figure 5–15 shows three measures in the interictal, pre-

ictal, ictal, and post-ictal states individually. Figure 5–16 shows the 3-dimensional

combined plot. The most interesting finding is that the values of these measures

in the interictal and pre-ictal state are close together in a cluster whereas those in

ictal and post-ictal periods are widespread. However, from Figure 5–16, the gradual

transitions from one physiologic state to another can be identified. This observation

suggests the possibility to predict impending seizures by detecting the state changes

in the EEG signal preceding seizures.
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Figure 5–16: Combined 3-dimension plots of entropy, angular frequency, and STLmax
in different physiological states (interictal, pre-ictal, ictal and post-ictal) for an
epileptic patient.

5.5 Statistical Tests for Spatiotemporal Analysis

Although a great deal is now known about low dimensional chaos, the erratic

motion of dynamical systems described by a few variables is understood in systems

where the number of chaotic degrees of freedom becomes very large. Typically such

systems show disorder in both space and time and are said to exhibit spatiotem-

poral chaos. Spatiotemporal chaos occurs when the system of coupled dynamical

systems gives rise to dynamical behavior that exhibits both spatial disorder (as in

rapid decay of spatial correlations) and temporal disorder (as in nonzero Lyapunov

exponents). This is an extremely active and rather unsettled area of research. The

system under consideration (brain) has a spatial extent and, as such, information

about the transition of the system towards the ictal state should also be included

in the interactions of its spatial components. The pre-ictal transition, progressive

convergence of STLmax profiles, is another piece of evidence of spatiotemporal chaos in

the brain (shown in Figure 5–17). Having estimated the STLmax temporal profiles at

individual cortical site, and as the brain proceeds towards the ictal state, the temporal

evolution of the stability of each cortical site is quantified. The spatial dynamics of
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this transition are captured by considering the relationship of the STLmax between

different cortical sites. For example, if a similar transition occurs at different cortical

sites, the STLmax of the involved sites are expected to converge to similar values prior

to the transition. We have called such participating sites “critical sites”, and such a

convergence “dynamical entrainment”. More specifically, in order for the dynamical

entrainment to have a statistical content, we have allowed a period over which the

mean of the differences of the STLmax values at two sites is estimated. We have

used 60 STLmax values (i.e., moving windows of approximately of 10 minutes at each

electrode site) to test the dynamical entrainment at the 0.01 statistical significance

level. We employ the T-index as a measure of dynamical entrainment of STLmax

profiles over time. The T -index at time t between electrode sites i and j is defined

as:

Ti,j(t) =
√
N × |E{STLmax,i − STLmax,j}|/σi,j(t) (5.31)

where E{·} is the sample average difference for the STLmax,i − STLmax,j estimated

over a moving window wt(λ) defined as:

wt(λ) =











1 if λ ∈ [t−N − 1, t]

0 if λ 6∈ [t−N − 1, t],

where N is the length of the moving window. Then, σi,j(t) is the sample standard

deviation of the STLmax differences between electrode sites i and j within the moving

window wt(λ). The thus defined T -index follows a t-distribution with N-1 degrees

of freedom. For the estimation of the Ti,j(t) indices in our data we used N = 60

(i.e., average of 60 differences of STLmax exponents between sites i and j per moving

window of approximately 10 minute duration). Therefore, a two-sided t-test with

N − 1(= 59) degrees of freedom, at a statistical significance level α should be used

to test the null hypothesis, Ho: “brain sites i and j acquire identical STLmax values
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Figure 5–17: Plots of the STLmax profiles and the T -index profile between the normal
site ROF4 and the epileptogenic site RTD2 about 35 minutes into the recording show
the dynamical entrainment of a pair of brain sites between seizures 9 and 10 (patient
1).

at time t”. In this experiment, we set α = 0.01, the probability of a type I error.

In other words, the probability of falsely rejecting Ho if Ho is true, is 1%. For the

T -index to pass this test, the Ti,j(t) value should be within the interval [0,2.662].

In Figure 5–17, pre-ictal entrainment (long before the occurrence of a seizure)

and post-ictal disentrainment (after the occurrence of the seizure) of the STLmax

profiles at two brain sites is shown. This behavior is quantified by the T -index profile

between these sites. From this figure, it is clear that attempts for a spatiotemporal

entrainment between brain sites occur long before an epileptic seizure (first attempt

about 70 minutes prior to seizure). Post-ictally, this entrainment is reset.

In Figure 5–18, the Ω̄ profiles at two cortical sites are shown for the interval

between seizures 13 and 14 in patient 1. For these cortical sites, a remarkable feature
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Figure 5–18: Angular frequency Ω̄ profiles from two left orbitofrontal electrode sites
over 3.5 hours between seizures 13 and 14 (patient 1). The ictal periods of the two
seizures are denoted by vertical lines

Figure 5–19: The T-index profile between two electrode sites whose Ω̄ profiles are
depicted in Figure 5–18. The two sites are dynamically entrained 1.75 to 1.5 hours,
as well as 1.2 hour prior to seizure’s 14 onset. The T1 and T2 statistical thresholds
are represented by the two horizontal lines.
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is observed: a long-term convergence of their Ω̄ profiles prior to seizure 14. We

have called this convergence ”dynamical entrainment” and we have quantified it by

a T-statistic that provides a comparison between the two electrode sites (shown in

Figure 5–19).

5.6 Optimization Techniques for Identifying the Temporal Patterns

Having defined that electrode sites, which participate in the pre-ictal transition,

must be entrained prior to seizures, we hypothesize that “the electrode sites that are

most entrained during the current seizure and disentrained after the seizure onset

should be most likely to be entrained prior to the next seizure”. Critical electrode

sites are those sites, which are most entrained prior to seizures and disentrained after

the seizure onset. As a result, it is possible to predict a seizure if one can identify

critical electrode sites in advance. To test this hypothesis, we designed an experiment

which compares the probability of detecting pre-ictal transition from any entrained

cortical sites with the probability of detecting pre-ictal transition from the critical

cortical sites. In this experiment, testing on 3 patients with 20 seizures, we randomly

selected 5,000 groups of entrained sites and employed the computational approach,

which will be discussed in detail in the next section, to solve multi-quadratic 0-1

programming problem (select the critical sites).

The results show that the probability of detecting pre-ictal transition from the

critical cortical sites is approximately 83%. When we compare this probability with

the probability of detecting pre-ictal transition from any entrained sites, we obtain

P-value < 0.07, which is significant and validates our hypothesis. The Histogram of

probability of detecting pre-ictal transition from randomly selected entrained cortical

sites compared with the probability of detecting pre-ictal transition from the critical

cortical sites is illustrated in Figure 5–20. The results of this study confirm our

hypothesis that the set of most converged cortical sites during the current seizure and

reset after the seizure onset is more likely to be converged again during the next seizure
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Figure 5–20: Histogram of probability of detecting pre-ictal transition of randomly
selected entrained electrode sites 5,000 times compared with the most entrained
electrode sites.
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than other converged cortical sites. Thus, it is possible to predict an impending

seizure based on optimization and nonlinear dynamics of multichannel intracranial

EEG recordings. Prediction is possible because, for the vast majority of seizures, the

spatiotemporal dynamical features of the pre-ictal transition are sufficiently similar

to that of the preceding seizure. This similarity makes it possible to identify electrode

sites that will participate in the next pre-ictal transition, by solving multi-quadratic

0-1 programming problem.

5.6.1 Quadratic Zero-One Programming

In this paper we refer to the Sherrington-Kirkpatric Hamiltonian that describes

the mean-field theory of the spin glasses where elements are placed on the vertices of

a regular lattice, the magnetic interactions hold only for nearest neighbors and every

element has only two states (Ising spin glasses [12, 13, 14, 61, 97]). One of the most

interesting problems about this model is the determination of the minimal energy

states (GROUND STATE problem).

For many years the Ising model has been a powerful tool in studying phase

transitions in statistical physics. Such an Ising model can be described by a graph

G(V,E) having n vertices {v1, . . . , vn} and each edge (i, j) ∈ E having a weight

(interaction energy) Jij. Each vertex vi has a magnetic spin variable σi ∈ {−1,+1}

associated with it. An optimal spin configuration of minimum energy is obtained by

minimizing the Hamiltonian

H(σ) = −
∑

1≤i≤j≤n

Jijσiσj over all σ ∈ {−1,+1}n.

This problem is equivalent to the combinatorial problem of quadratic bivalent pro-

gramming [61].

Quadratic zero-one programming has been extensively used to study Ising spin

glass models. This has motivated us to use quadratic 0-1 programming to select the

critical cortical sites, where each electrode has only two states, and to determine
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the minimal-average T-index state. We formulated this problem as a quadratic 0-1

knapsack problem with objective function to minimize the average T-index (a measure

of statistical distance between the mean values of STLmax) among electrode sites and

the knapsack constraint to identify the number of critical cortical sites.

Let A be n× n matrix, whose each element ai,j represents the T-index between

electrode i and j within the 10-minute window before the onset of a seizure. Define

x = (x1, ..., xn), where each xi represents the cortical electrode site i. If the cortical

site i is selected to be one of the critical electrode sites, then xi = 1; otherwise, xi = 0.

A quadratic function is defined on Rn by

min f(x) = xTAx, s.t. xi ∈ {0, 1}, i = 1, ..., n (5.32)

where A is an n×n matrix [112, 113]. Throughout this section the following notations

will be used.

• {0, 1}n: set of n dimensional 0-1 vectors.

• Rn×n: set of n× n dimensional real matrices.

• Rn: set of n dimensional real vectors.

Next, we add a linear constraint,
∑n

i=1 xi = k, where k is the number of critical elec-

trode sites that we want to select. We now consider the following linearly constrained

quadratic 0-1 problem:

P̄ : min f(x) = xTAx, s.t.
n

∑

i=1

xi = k for some k, x ∈ {0, 1}n, A ∈ Rn×n. (5.33)

Problem P̄ can be formulated as a quadratic 0-1 problem of the form as in Problem

5.32 by using an exact penalty. If A = (aij) then let M = 2[
∑n

j=1

∑n
i=1 |aij|] + 1.

Then, we have the following equivalent problem P as follows:

P : min g(x) = xTAx+M(
n

∑

i=1

xi − k)2, s.t. x ∈ {0, 1}n, A ∈ Rn×n. (5.34)
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To solve this problem, we considered 3 computational approaches. In the first

approach, we solved (5.34) by applying a branch and bound algorithm with a dynamic

rule for fixing variables [112, 113]. In the second approach, we use a linearization

technique to formulate the quadratic integer programming (QIP) problem in (5.33) as

an integer programming (IP) problem by introducing a new variable for each product

of two variables and adding some additional constraints, and then formulated this

problem as a linear 0-1 problem. In the third approach, we employed the Karush-

Khun Tucker optimality conditions of the linearly constrained quadratic 0-1 problem

in (5.33) to formulate this problem as a mixed-integer linear programming (MILP)

problem. Details of the first approach can be found in [112, 113]; next, we discuss

the second and the third approaches.

5.6.2 Conventional Linearization Approach

For each product xixj, we introduce a new 0-1 variable, xij = xixj (i 6= j). Note

that xii = x2i = xi for xi ∈ {0, 1}. After linearization, the equivalent IP formulation

is given by:

min
∑

i

∑

j

aij xij (5.35)

s.t.
n

∑

i=1

xi = k, (5.36)

xij ≤ xi, for i, j = 1, ..., n (i 6= j) (5.37)

xij ≤ xj, for i, j = 1, ..., n (i 6= j) (5.38)

xi + xj − 1 ≤ xij, for i, j = 1, ..., n (i 6= j) (5.39)

where xi ∈ {0, 1} and xij ∈ {0, 1}, i, j = 1, ..., n.

The number of 0-1 variables has been increased to O(n2). Although, we can apply

CPLEX 7.0 to solve problems with n = 30, this approach becomes computationally

inefficient as n increases. Future technology will require the ability to efficiently
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solve problems with much larger values for n. For instance, micro-electrodes will be

implanted in the future (n > 1000).

5.6.3 KKT Conditions Linearization Approach

Consider a quadratic problem with a linear constraint given by:

min z(x) = xTAx, s.t.
n

∑

i=1

xi = k, xi ≥ 0, i = 1, ..., n. (5.40)

We then have the following Karush-Kuhn Tucker conditions:

−2Ax+ u.e+ y = 0 (5.41)
n

∑

i=1

xi = k (5.42)

yTx = 0, (5.43)

where u and y are Lagrangian multipliers. Note that u is a scalar and y is a column

vector. We add the slack variables w, which is a column vector, to (5.41) and then

denote a column vector s = u.e+ w. We then have the KKT conditions given by:

−2Ax+ y + s = 0
n

∑

i=1

xi = k

yTx = 0.

We can formulate the above KKT conditions as a MILP formulation. The

objective function is to minimize the summation of variables, si. Because xi are

0-1 variables, we can replace the last constraint with yi ≤ µ(1 − xi), for i = 1, ..., n,
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where µmax
i

∑n
j=1 aij = ‖A‖∞. We then have the MILP formulation given by:

min
n

∑

i=1

si

s.t. −
n

∑

j=1

aijxj + si + yi = 0, for i = 1, ..., n

n
∑

i=1

xi − k = 0 (5.44)

yi − µ(1− xi) ≤ 0, for i = 1, ..., n

where xi ∈ {0, 1} and si, yi ≥ 0, for i = 1, ..., n.

From Chapter 4, we proved that QIP formulation in (5.33) is equivalent to

the MILP formulation in (5.44). From (5.31), Ti,j(t) =
√
N × |E{STLmax,i −

STLmax,j}|/σi,j(t), we note that every element in T-index matrix A is positive. For

this reason, in every instance, by solving the MILP problem in (5.44) we can find

the global solution to the original QIP problem in (5.33). Applying CPLEX 7.0,

this problem can be easily solved with n = 30. In addition, this formulation is

computationally efficient as n increases because the number of 0-1 variables is O(n).

From computational experiments, the above linear mixed integer 0-1 problem is the

most efficient approach in our application, see Table 5–1 and Figure 5–21.

Table 5–1: Performance characteristics (computational time – measured in seconds)
of two proposed approaches compared with complete enumerations

Number of KKT Conditions Linearization Complete
selected electrodes Approach (secs) Approach (secs) Enumerations (secs)
5 (out of 30) 297 656 15
6 (out of 30) 406 735 78
7 (out of 30) 609 968 313
8 (out of 30) 1797 2610 1141
9 (out of 30) 2562 5235 3578

5.6.4 Multi-Quadratic Zero-One Programming

Our group has shown dynamical resetting of the brain following seizures [145,

73, 135], that is, divergence of STLmax profiles after seizures. Therefore, we want to
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Figure 5–21: Performance characteristics of two proposed approaches compared with
complete enumerations

incorporate this finding with our existing critical electrode selection problem (QIP

problem in (5.33)). Thus, we have to ensure that the optimal group of critical sites

shows this divergence by adding one more quadratic constraint to the QIP problem

in (5.33). The multi-quadratic integer programming (MQIP) problem is given by:

min xTAx

s.t.
∑n

i=1 xi = k (5.45)

xTBx ≥ Tαk(k − 1)

where xi ∈ {0, 1} ∀i ∈ {1, ..., n}.

Let B be n× n matrix, whose each element bi,j represents the T-index between

electrode i and j within the 10-minute window after the onset of a seizure. Note that

the matrix A = (aij) is the T-index matrix of brain sites i and j within the 10-minute

window before the onset of a seizure. Tα is the critical value of T-index, as previously

defined, to reject Ho: “two brain sites acquire identical STLmax values within time

window wt(λ)”.
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With one more quadratic constraint, the problem in (5.45) becomes much harder

to solve. Note that in the first approach, a branch and bound algorithm with a

dynamic rule for fixing variables cannot be applied to solve this problem because of

the additional quadratic constraint. However, we can modify the MIP formulation

in (5.44) from the previous section and reformulate this problem by adding one more

linearized constraint. The equivalent IP formulation is given by:

min
∑

i

∑

j

aij xij

s.t.
n

∑

i=1

xi = k,

xij ≤ xi, for i, j = 1, ..., n (i 6= j)

xij ≤ xj, for i, j = 1, ..., n (i 6= j)

xi + xj − 1 ≤ xij, for i, j = 1, ..., n (i 6= j)

∑

i

∑

j

bijxij ≥ Tαk(k − 1)

where xi ∈ {0, 1} and xij ∈ {0, 1}, i, j = 1, ..., n. As we mentioned in the previous

section, the above formulation is not computationally efficient as n increases.

From the proof in Chapter 4, we have shown that solving the MILP in (5.44)

gives us the optimal solution, which is the global solution to the QIP problem in

(5.33). In that proof, we show that we can also solve the MQIP problem in (5.45) by
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solving the following MILP formulation.

min
n

∑

i=1

si (5.46)

s.t.
n

∑

i=1

xi − k = 0 (5.47)

−
n

∑

j=1

aijxj + si + yi = 0, for i = 1, ..., n (5.48)

yi −M(1− xi) ≤ 0, for i = 1, ..., n (5.49)

hi −Mxi ≤ 0, for i = 1, ..., n (5.50)

−
n

∑

j=1

dijxj + hi ≤ 0, for i = 1, ..., n (5.51)

n
∑

i=1

hi ≥ Tαk(k − 1) (5.52)

where xi ∈ {0, 1} and si, yi, hi ≥ 0, for i, j = 1, ..., n.

Applying CPLEX 7.0, this problem can be easily solved with n = 30. This

formulation is very computationally efficient and is used to solve this multi-quadratic

zero-one programming problem iteratively for the selection after every subsequent

seizure. In the future, it may be useful for diagnostic purposes to implant more

electrodes. Although this will increase n, this formulation is still applicable because

it is computationally efficient. Note that, in the future, more seizure characteristics

may be discovered. This would require additional quadratic and linear constraints,

the problem formulation technique is still applicable for solving MQIP problems.

For illustration purposes, the smoothed (10-minute moving average) STLmax

and Ωmax profiles of the five optimally selected electrodes of seizure 14 and 15,

are shown in Figures 5–24. The optimal electrodes were selected in a 10 minute

interval prior to the second seizure of each set. For each set of seizures, STLmax

and Ωmax profiles clearly converge (entrain) before the second seizure and either both

or one of them diverge (disentrain) in this seizure’s post-ictal period. The average

T -index curves that quantify this pre-ictal entrainment and post-ictal disentrainment
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Figure 5–22: Smoothed STLmax profiles of 5 optimal electrode sites over 150 minutes
including a seizure. The pre-ictal period shows gradual convergence of the STLmax

values calculated for these critical electrode sites. During the seizure, STLmax values
are completely entrained. Post-ictally, the values are disentrained indicating resetting
which reverses the pre-ictal entrainment.
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Figure 5–23: Smoothed STLmax profiles of 5 non-optimal electrode sites over 150
minutes including a seizure. Post-ictal resetting is not observed for these sites.
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Figure 5–24: Smoothed STLmax and Ω̄max profiles of the 5 optimally selected
electrodes over time (including seizures 14, 15, and 16). The optimal electrodes
were selected 10 minutes before seizure 15.
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Figure 5–25: Average T-index curve over time from the STLmax profiles and the
Ω̄max profiles in Figure 5–24.
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among the selected electrodes for each of the corresponding 3 sets of seizures are

respectively shown in Figures 5–25. The second and third sets of seizures were

included herein to show that STLmax and Ωmax measures are not identical in the

detection of the entrainment and disentrainment transition across epileptic seizures

in the same patient.

Figures 5–26 and 5–27 illustrate the application of the optimization techniques to

the detection of the pre-ictal transition preceding seizure 10 in patient 1 from STLmax

profiles. The profiles from 5 electrode sites (k=5), selected with the optimization

program applied during the 10 minute interval immediately preceding the onset of

seizure 9 are shown. Figures 5–28 and 5–29 illustrate the detection of the pre-ictal

transition preceding seizure 14 in patient 1 from Ω̄max profiles. The profiles from 5

electrode sites (k=5), selected with the optimization program applied during the 10

minute interval immediately preceding the onset of seizure 13 are shown. In Figure 5–

26, the estimated values forward in time from the 5 selected sites are shown for the

entire interval between seizures 9 and 10. The average T-index over all possible Tij

indices among the optimal 5 sites is plotted over time in Figure 5–27. In Figure 5–28,

the estimated values forward in time from the 5 selected sites are shown for the entire

interval between seizures 13 and 14. The average T-index over all possible Tij indices

among the optimal 5 sites is plotted over time in Figure 5–29.

Several points are noteworthy. First, the use of optimal sites for the estimation

and the average T-index profiles helps to detect the pre-ictal transition (about 1 to

0.5 hour before the seizure onset). Second, the detection of the pre-ictal transition

is more robust than the previous illustration when only 2 sites were used (compare

Figures 5–18 and 5–19), in the sense that false warnings preceding the seizure have

been eliminated. The need for optimization in selecting cortical site that are likely to

show the pre-ictal transition prior to an impending seizure is clear when we compare

the results derived with optimization (e.g., in Figures 5–28 and 5–29) to sites selected
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Figure 5–26: Convergence of 5 STLmax profiles from critical cortical sites over 2
hours between seizures 9 and 10 (patient 1). The ictal periods of the two seizures are
denoted by vertical lines.

Figure 5–27: The T-index profile among 5 critical cortical sites whose STLmax

profiles are depicted in Figure 5–26. The cortical sites are dynamically entrained
approximately 60 minutes prior to seizure’s 10 onset. The statistical thresholds are
represented by the two horizontal lines.
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Figure 5–28: Angular frequency Ω̄max profiles between seizures 13 and 14 (patient
1) of 5 electrode sites selected by the optimization program during the 10 minute
interval prior to the onset of seizure 13.

Figure 5–29: The average T-index profile of the 5 optimal electrode sites whose Ω̄max

profiles are depicted in Figure 5–28. The 5 sites become and remain dynamically
entrained approximately 0.5 hour prior to the onset of seizure 14.
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Figure 5–30: Angular frequency Ω̄max profiles between seizures 13 and 14 (patient 1)
of 5 non-optimally selected electrode sites.

Figure 5–31: The average T-index profile of the 5 non-optimal electrode sites whose
Ω̄max profiles are depicted in Figure 5–30. The 5 sites do not become dynamically
entrained between seizures 13 and 14.
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without the use of optimization (e.g., in Figures 5–30 and 5–31). In Figure 5–30, the

profiles from 5 randomly selected electrode sites (k=5) from the same 10 minute

interval prior to seizure 13 are estimated for the same interval between seizures 13

and 14. The corresponding average T-index profile is shown in Figure 5–31. It is clear

that the pre-ictal transition of seizure 14 cannot be reliably detected by analyzing

the EEG from sites that were not selected using the optimization program.

5.7 Materials and Methods

5.7.1 Datasets

The datasets consisted of continuous long-term (3 to 12 days) multichannel

intracranial EEG recordings that were acquired from 5 patients with medically in-

tractable temporal lobe epilepsy. The recordings were obtained as part of a pre-

surgical clinical evaluation. They were obtained using the Nicolet BMSI 4000 and

5000 recording systems, using a 0.1 Hz high-pass and a 70 Hz low-pass filter. Each

record included a total of 28 to 32 intracranial electrodes (8 subdural and 6 hip-

pocampal depth electrodes for each cerebral hemisphere). A diagram of electrode

locations is provided in Figures 5–1 and 5–2. The characteristics of the recordings

are outlined in Table 5–2. The recorded EEG signals were digitized, using a sampling

rate of 200 Hz, and stored on magnetic media for subsequent off-line analysis. In this

study, all the EEG recordings have been viewed by two independent board-certified

electroencephalographers to determine the number and type of recorded seizures,

seizure onset and end times, and seizure onset zones.

5.7.2 Seizure Warning Algorithm

The Seizure Warning Algorithm is outlined in Figure 5–32. This algorithm

involves the following steps:

1. Continuous STLmax calculation: STLmax values were iteratively calculated
from sequential non-overlapping 10.24 second EEG epochs obtained from each
electrode site, utilizing the method described in Section 5.4.2. The STLmax

method accomplishes a large data reduction (each 10.24 second EEG epoch
becomes a single sample in the STLmax profiles), and it is applied sequentially
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Table 5–2: Characteristics of analyzed EEG dataset

Number of Seizures Total

Number of Partial Length Range of

Patient Gender Age electrodes Complex Secondarily Subclinical of data seizure interarrival

Partial Generalized (Hours) time (Hours)

1 Female 41 32 17 3 0 83.30 0.3 - 14.5

2 Male 29 28 8 0 7 140.15 0.3 - 70.8

3 Female 38 32 6 0 0 18.24 1.1 - 4.8

4 Male 60 28 0 7 0 121.92 2.7 - 78.7

5 Female 45 28 3 0 6 69.53 0.5 - 47.9
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to each EEG channel, creating a new multichannel time series that is utilized
for subsequent analysis.

2. Optimization (Selection of critical electrode sites):Critical electrode sites
are identified automatically by the optimization algorithm described in Section
5.5, after the first seizure occurs. These critical sites are updated after each
subsequent electrographic seizure.
Selection of critical electrode sites is accomplished in 2 steps. The first step is
to generate two T-matrices, one from the 10-minute epoch prior to the seizure
onset, the other from the 10-minute epoch after the seizure onset. This is
accomplished by calculating the T-indices (described in Section 5.5) of STLmax

for all possible pairs of electrode sites. In the second step, the optimization
algorithm is applied on the two T-matrices as its objective functions to identify
the most critical group of electrode sites. In this case, the algorithm basically
identifies the group of sites which are most entrained prior to the seizure,
conditional on the disentrainment after the seizure onset.
When selecting the critical sites, there are two parameters to be trained in
this algorithm: number of sites (k) per group and number of groups (m) to be
selected. In this study, for each patient, we utilize the first half of the seizures to
train k(3 ∼ 6) and m(1 ∼ 5). The optimal parameter setting is then identified
by observing the ROC curves of the seizure warning performance, and will be
applied in the testing seizures. The evaluation of the warning performance is
discussed in the next subsection.

3. Monitoring the average T-index curve of selected electrode groups:
Once groups of critical electrode sites are chosen, the average T-index value
for each of these groups is continuously calculated from STLmax profiles, using
sequential 10-minute overlapping windows. The average T-index values are con-
tinuously compared to a preset threshold value (Tαindex), defined as the value
below which the average difference of the values of STLmax in the corresponding
time window is not significantly different from 0 (p > 0.01). When the average
T-index of a group of selected sites becomes less than the Tαindex, the group
is considered to be entrained.

4. Warning of an impending seizure: The objective of the automated seizure
warning system is to detect pre-ictal transitions in order to prospectively warn
of an impending seizure. A seizure warning is generated when the pre-ictal
transition is detected. The onset of the pre-ictal transition is defined as that
point in time when at least one of the monitored groups of critical electrode sites
is entrained. That is, the average T-index for that group of sites initially above 5
(disentrained) drops to a value of 2.662 or less (entrained). These critical values
were chosen based on the following statistical considerations: when the T-index
is greater than 5, the average STLmax values for electrode pairs are highly
significantly different (p-value < 0.00001); when the T-index is less than 2.662,
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the average STLmax values for electrode pairs are not significantly different
(p-value > 0.01).
Following each successive seizure, new groups of critical electrode sites are
reselected and the algorithm is repeated.

5.7.3 Evaluation of the Seizure Warning Algorithm

To test this algorithm, a warning was considered to be true if a seizure occurred

within 3 hours after an entrainment transition was detected. A 3-hour period was

chosen for purposes of this analysis, based upon the seizure warning intervals observed

in preliminary studies of seizure predictability [66]. If no seizure occurred in that

period, the warning was considered to be false. If a seizure occurred without a

warning during the preceding 3 hours, the algorithm was judged to have failed to

warn of that seizure. Thus, the sensitivity was defined as the total number of seizures

accurately predicted divided by the total number of seizures recorded. The false

prediction rate was defined as the average number of false warnings per hour.

5.8 Results

Figure 5–33 shows an example of STLmax profiles versus time, derived from EEG

signals recorded from 5 critical electrode sites. These sites, selected from the first

seizure in the series, diverge with respect to the values of STLmax after that seizure

and converge to a common value prior to the next seizure (pre-ictal transition). After

the occurrence of the second seizure, reselection of critical sites is made. Pre-ictal

transition and post-ictal divergence are reflected in the corresponding average T-

index curves with the gradual reduction pre-ictally and more rapid rise post-ictally,

as shown in Figure 5–34. This sequence of dynamical state transitions is repeated

after each seizure.

We first applied the algorithm in the training seizure set for each patient to

determine the optimal parameter (k and m) settings. Figures 5–35 shows the ROC

curve of each patient. Table 5–3 summarizes the optimal parameter settings and their

seizure warning performance. The criterion for determining the optimal parameter
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Figure 5–32: Flow diagram of the Seizure Warning Algorithm. This diagram
illustrates the steps employed in the automated algorithm (see text for an explanation
of each step).



168

settings is that, for patients 1 and 2 with larger number of training seizures (10 and 7,

respectively), the sensitivity must be larger than 80% with the minimum false positive

rate per hour. For patients 3, 4 and 5, due to the small number of training seizures

(3 for each), the sensitivity must be at least 66.66% with the minimum false positive

rate per hour. In these 5 training sets, the percentage of seizures that were correctly

predicted ranged from 66.66% (patient 4 and 5) to 100% (patient 3), with an overall

sensitivity of 80.77% (21/26). The false warnings occurred at a rate ranging from

0.00 to 0.234 (overall 0.159) false warnings per hour. This corresponds, on average,

to a false warning every 6.3 hours.

Table 5–4 summarizes the performance of the algorithm in the 5 testing seizure

sets when using the selection parameters from the training seizure sets. The prediction

sensitivity ranged from 85.71% (patient 2) to 100% (patient 3, 4 and 5), with an

overall sensitivity of 91.67% (22/24). The false warnings rates range from 0.049 to

0.366 (overall 0.196) false warnings per hour. This corresponds, on average, to a false

warning every 5.1 hours.

5.9 Conclusions and Discussion

We have proposed a system approach to the study of the physiological distur-

bances that occur in human epilepsy. This approach is summarized in Figure 5–36.

From the results reported herein, and compared with other reported findings, this

approach illustrates the value of combining optimization methods with measures of

the dynamical characteristics of the EEG generated by the epileptic brain. Our

analysis of continuous intracranial EEG recordings over a long period revealed that

seizure generation in temporal lobe epilepsy takes place over a period of hours. We

have shown the state changes in the EEG signals using the Lyapunov dimension and

the combination of STLmax, entropy and angular frequency. These changes unfold

as a cascade of electrophysiologic “precursor” events, beginning in the epilepsy region
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Figure 5–33: A plot of STLmax values calculated from a 250-minute sample of
intracranial EEG recording which contains 3 of the complex partial seizures recorded
from patient 1. After seizure 8 and 9, 5 critical electrode sites (AR4, AL4, BR2,
BR3 and BL2 after seizure 8 and BR1, BR2, BR4, CR2 and CR8 after seizure 9) were
selected by the global optimization algorithm. At this point in time, STLmax values
for these selected sites are significantly different (disentrained). Prior to seizure 9 and
10, STLmax values from these same sites converge to a common value (entrained) and
these sites become disentrained after seizure 9 and 10.
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Figure 5–34: This average T-index profile was calculated from the STLmax profiles
shown in Fig 5–33. When the average T-index drops from a value of 5 or above
to a critical value of 2.662, the average T-index for these sites is not significantly
different than 0. At that point, the sites are considered to be dynamically entrained
and a seizure warning is generated by the system. Seizure warnings are generated
approximately 50 minutes before seizure 9 and approximately 70 minutes before
seizure 10.
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Table 5–3: Performance characteristics of automated seizure warning algorithm with optimal parameter settings of training

data

Number ] of critical ] of selected False Prediction Average Warning

Patient of analyzed electrodes critical Sensitivity Rate Time

seizures in each group groups (False per Hour) (Minutes)

1 11 5 3 80.00% (8/10) 0.095 (4/46.248) 67.8 ± 20.9

2 8 3 2 85.71% (6/7) 0.234 (20/85.468) 66.2 ± 15.7

3 4 3 4 100.00% (3/3) 0.000 (0/7.140) 71.5 ± 12.3

4 4 5 2 66.67% (2/3) 0.065 (1/15.328) 39.0 ± 20.4

5 4 4 1 66.67% (2/3) 0.151 (9/59.565) 72.7 ± 47.8

All patients 31 80.77% (21/26) 0.159 (34/213.749) 63.44 ± 6.22
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Figure 5–35: ROC curve for the optimal parameter setting of 5 patients

Table 5–4: Performance characteristics of automated seizure warning algorithm
testing on optimal training parameter settings

Number False Prediction Average Warning
Patient of analyzed Sensitivity Rate Time

seizures (False per Hour) (Minutes)

1 10 88.89% (8/9) 0.049 (2/41.134) 79.3 ± 13.2
2 8 85.71% (6/7) 0.366 (20/54.685) 90.2 ± 19.2
3 3 100.00% (2/2) 0.137 (1/7.278) 79.9 ± 6.2
4 4 100.00% (3/3) 0.178 (19/106.59) 108.8 ± 7.4
5 4 100.00% (3/3) 0.100 (1/9.967) 104.9 ± 21.1

All patients 31 91.67% (22/24) 0.196 (43/219.654) 92.6 ± 6.2
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and spreading to adjacent regions before clinical seizures occur, which may be used

to predict an impending epileptic seizure. Seizure prediction eventually should be

coupled with treatment strategies that interrupt the process before seizures begin, or

immediately after their onset is detected with more advanced methods of imaging or

electrophysiology.

The spatio-temporal dynamics of the EEG represent quantitative characteristics

of the epileptic brain that may be useful in the development of a physiological interpre-

tation. One approach to this objective is to model the evolution of a multidimensional

state vector over time. A first step in this direction is to identify those dynamical

measures that provide the best characterization of the system as it evolves from

state to state (interictal → pre-ictal → ictal → post-ictal → interictal). Based on

this study, entropy, the Lyapunov dimension, STLmax, and angular frequency are

candidates for inclusion in a multidimensional state vector.

Further understanding of the dynamics underlying state transitions that occur

in human epilepsy could serve as the basis for developing new approaches to the

diagnosis and treatment of epilepsy. In most instances, the diagnosis is based upon

the description of the clinical manifestations of the seizure, provided by the patient

and family members, and the interictal EEG. However, the clinical phenomena of

epilepsy are not unique to epilepsy and can be caused by other disorders such as

migraine, transient ischemic attacks, syncope, and various psychiatric disorders. The

diagnostic problem is further complicated by the fact that an interictal EEG may be

normal or show only nonspecific abnormalities (based on the current state of the art

which is visual inspection of the EEG tracings by an electroencephalographer). It is

possible that a better understanding of EEG dynamics will lead to the development

of more powerful ways to differentiate the interictal EEG of epileptic patients from

those of patients with other disorders and from neurologically normal individuals.
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Figure 5–36: Schematic diagram of the system approach to the modeling of EEG
in epileptic patients for purposes of seizure prediction and analysis of dynamical
mechanisms.
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Currently, apart from surgical removal of the seizure onset zone, the only es-

tablished way to control seizures is through chronic use of medications or with vagal

nerve stimulation. Surgical removal of the seizure onset zone is not always feasible

or successful and is associated with the risk of surgical and anesthetic morbidity.

Chronic medication therapy is not always effective and depends on patient compli-

ance. Further, all medications can produce side-effects. In medically intractable

patients who are not candidates for respective surgery (removal of the seizure onset

zone), the vagal nerve stimulator may be used in an attempt to reduce the frequency

and severity of seizures. The vagal nerve stimulator is an implantable device that

gives an electrical stimulus to the vagus nerve in the neck at fixed intervals. The

success of this device has lead to research for the application of electrical stimulation

for seizure control. These include the study of the effects of electrical stimulation of

the brain itself.

The gradual evolution of the pre-ictal state provides a unique opportunity for the

development of therapeutic interventions directed toward aborting the development

of an impending seizure [69, 137, 66] Our previous studies in human temporal lobe

epilepsy, have shown that the pre-ictal dynamical transition evolves on a time scale

on the order of 30 minutes to an hour [73]. This long time interval provides sufficient

time to intervene therapeutically. Potential means of intervention include electrical or

magnetic stimulation of the vagus nerve, the trigeminal nerve, or the brain itself (e.g.,

thalamus or cortex). A pre-ictal intervention can be considered as the application of

an external control in order to modify the future evolution of brain dynamics.

The development of the appropriate model of the epileptic brain will provide

opportunities to investigate the effects of various approaches to dynamical control.

This would be an essential first step in the development of novel treatments, based

upon the theory of nonlinear dynamics. Clearly, further work is needed to carefully

probe experimentally observed dynamics of the epileptic brain, and to clarify the
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bifurcation and self–organization structures that display complex probability distri-

bution functions.

The results of this study confirm our hypothesis that it is possible to predict

an impending seizure based on optimization and nonlinear dynamics of multichannel

intracranial EEG recordings. Prediction is possible because, for the vast majority

of seizures, the spatiotemporal dynamical features of the pre-ictal transition are

sufficiently similar to that of the preceding seizure. This similarity makes it possible

to identify electrode sites that will participate in the next pre-ictal transition, based

on their behavior during the previous pre-ictal transition.

Although evidence for the characteristic pre-ictal transition utilized by the seizure

prediction algorithm employed in this study was first reported in 1991 [69], further

studies were required before a practical seizure prediction algorithm was feasible.

Development of a seizure prediction algorithm was complicated by three factors: (1)

the cortical sites participating in the pre-ictal transition varied from seizure to seizure,

(2) the length of the pre-ictal transition varied from seizure to seizure, and (3) it was

not known whether or not this type of spatiotemporal transition was unique to the pre-

ictal period. These problems were overcome by the use of our proposed linearization

methods to solve MQIP problems. Because the algorithm selects candidate electrode

sites and by analyzing continuous EEG recordings of several days of duration, the

computational approach to solve the optimization problem has to be very efficient.

At present, we can efficiently solve the multi-quadratic integer programming problem.

However, future technology may allow physicians to implant thousands of electrode

sites, n > 1000, in the brain. This procedure will extract more information and allow

us to have more understanding of the brain. Therefore, to solve this optimization

problem with n > 1000, we may need computationally fast heuristic approaches in

the future.



CHAPTER 6
CONCLUDING REMARKS AND FUTURE RESEARCH

6.1 Summary

This thesis is concerned with the problem of predicting target events and discov-

ering temporal patterns in multiple time series governing the related target episodes

of events. The new time series data mining concepts, which generalizes data mining

concepts, dynamical approaches in chaos theory, and optimization techniques, are

applied to the areas of time series analysis. The optimization techniques are developed

to improve the performance of prediction of time series by identifying critical temporal

patterns related to the target events (e.g., dynamical parameter settings and selecting

of critical components). For instance, several alternative optimization methods for

selecting the critical components in the systems are employed and a novel combination

of methods for determining the optimal parameters can be applied to systems with

one or more hidden variables, which can be used to reconstruct maps or differential

equations of the dynamics of the system.

Specifically in this research, studies based on chaos theory of the spatiotemporal

dynamics in EEG’s, from patients with temporal lobe epilepsy, demonstrated a pre-

ictal transition (temporal patterns in multiple EEG recordings), characterized by

a progressive convergence (entrainment) of dynamical measures (e.g., short–term

maximum Lyapunov exponents – STLmax) at specific anatomical areas in the neo-

cortex and hippocampus, of approximately 1
2
to 1 hour duration before the seizure

onset. The problem of identifying those critical specific areas are overcome by the

proposed optimization technique. The developed technique can guarantee the global

optimality and can be generalized to solve other well-known nonlinear programming

problems (e.g., maximum clique problems, nonlinear assignment problems, maximum

176
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independent set problems). While this developed technique solve the multi-quadratic

integer programming problems with global optimality, it linearizes the problem with

the same number of 0-1 variable (n) and additional O(n) number of continuous

variables (compared with the additional O(n2) number of 0-1 variables in conventional

linearization techniques in the literature).

6.2 Future Research

Theoretical research will be conducted to develop optimization techniques used

to optimally determine the required dimension of the reconstructed phase space given

an arbitrary number of observable states. As the time series data sets grow larger,

the computational effort required to quantify the dynamics of the data and find

hidden temporal patterns grows, requiring higher performance implementations of

the dynamical measures and optimization techniques. This includes how to determine

the phase space dimension for an arbitrary number of observable states so that the

phase space is topologically equivalent to the original state space. In the future, we

may need to investigate the relationship between the number of observable states

n and the required phase space dimensionality when 1 < n < Q. Improving com-

putational performance is also desirable. One direction is to investigate alternative

global optimization methods such as interval branch and bound. A second parallel

direction is to investigate distributed and parallel implementations of the dynamical

approaches.

6.2.1 Dynamical Approaches

In this research, new techniques to control a chaotic system based on adaptive

control need to be studied. By observing the states of the system to be controlled,

the controller will try to adjust its parameters to achieve a desired control object.

To better understand the dynamics and the spatiotemporal patterns of time series,

we are required to develop methods, which enable us to estimate the local Lyapunov
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exponents with adaptively optimizing parameter settings along with the estimates of

variabilities of the estimators or confidence intervals.

6.2.2 Global Optimization

For a large scale quadratic integer programming problem, heuristic approaches

to solve this large problem (note that the solution may not be the global minima)

are desirable. In the future, we may need to develop mathematical models of the

epileptic brain, which enable us to understand the theoretical basis for mechanisms

of pre-ictal transitions.

6.3 Applications in Finance

Time series analysis has been applied to test the financial data, and the results of-

ten indicate that nonlinear structure is present. However, in the finance literature, the

TSDM framework was shown to be able to generate a trading-edge by characterizing

and predicting stock price events. It is interesting to apply the developed dynamical

approaches and optimization techniques in the financial domain. Subsequently, we

may be able to answer the open question: whether or not there is chaos in the stock

market. In dynamical systems theory, the chaotic system behaves irregularly because

of its own internal logic, not because of random forces acting from outside. If we

define our dynamical system to be the socio-economic behavior of the entire planet,

nothing acts randomly from outside. However, the system’s dimension (number of

state variables) is vast, and it is impossible to exploit the determinism. This is high-

dimensional chaos, which might just as well be truly random behavior. In this sense,

the stock market is chaotic.

To be useful, economic chaos would have to involve some kind of collective

behavior which can be fully described by a small number of variables. In the practice,

the system has to be self-organizing, resulting in low-dimensional chaos. If we can

prove this result, then we can exploit the low-dimensional chaos in the stock market

to make short-term predictions. The problem of interest is to identify the state
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variables which characterize the collective forms. In addition, having limited the

number of state variables, many events become external to the system; that is, the

system is operating in a changing environment, which makes the problem of system

identification very difficult. In fact, if there were such collective forms of fluctuation,

market players would probably recognize these patterns and they would take to exploit

them and would quickly nullify the patterns. Market participants would probably not

need to know chaos theory for this to happen. Therefore, if these patterns exist, they

must be pretty hard to recognize because they do not emerge clearly from the noise

caused by individual actions or very short patterns.

Figures 6–1, 6–3, and 6–5 represent the AA, CAT, and DD stock indices, re-

spectively, over 16 years (from 01/04/1984 to 01/04/2000). By dividing the recorded

index data into sequential 7-day overlapping segments, each 1024 days in duration,

and estimating STLmax for each of these segments, profiles of STLmax over time are

generated. A typical plot of STLmax over time obtained from the AA, CAT, and DD

indices for 16 years (from 01/04/1984 to 01/04/2000) is shown in Figures 6–2, 6–

4, and 6–6, respectively. In Figure 6–2, the drop in the values of STLmax between

time t = 3600 and time t = 3700 precede the progressive increment of the AA index

starting at time t = 3900 (see Figure 6–1, thus the trend of the index increment

can be detected from the drop in STLmax values. Similarly, in Figure 6–4, the drop

in the values of STLmax between time t = 2900 and time t = 3000 precede the

progressive increment of the CAT index starting at time t = 3000 (see Figure 6–3,

thus the trend of the index increment can be detected from the drop in STLmax

values. Correspondingly, in Figure 6–6, the drop in the values of STLmax between

time t = 1200 and time t = 1600 precede the progressive increment of the CAT index

starting at time t = 1700 (see Figure 6–5, thus the trend of the index increment can

be detected from the drop in STLmax values.
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Figure 6–1: The AA stock index over 4000 operating days (approximately 16 years)
from 01/04/1984 to 01/04/2000.
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Figure 6–2: The AA STLmax profiles over 4000 operating days (approximately 16
years) from 01/04/1984 to 01/04/2000.
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Figure 6–3: The CAT stock index over 4000 operating days (approximately 16 years)
from 01/04/1984 to 01/04/2000.
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Figure 6–4: The CAT STLmax profiles over 4000 operating days (approximately 16
years) from 01/04/1984 to 01/04/2000.
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Figure 6–5: The DD stock index over 4000 operating days (approximately 16 years)
from 01/04/1984 to 01/04/2000.
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Figure 6–6: The DD STLmax profiles over 4000 operating days (approximately 16
years) from 01/04/1984 to 01/04/2000.
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The values of STLmax profiles of the AA, CAT and DD indices are positive during

the whole period of recordings, implying that there exists chaos in the stock market

(positive maximum Lyapunov exponents). This confirms the hypothesis that the

stock market is a chaotic system. These patterns in dynamical measures (STLmax)

of the stock indices may allow us to predict the trend (behavior) of the indices. In

the future, it is desirable to develop such methods to be able to find these patterns.

We can postulate that when the market becomes more and more ordered (drop in

STLmax), the system is very organized. This might lead to the increase of the stock

indices. However, because it seems unlikely that markets remain stationary long

enough to identify a chaotic attractor, we may need dynamic optimization techniques

to adaptively find the optimal dimension and temporal pattern of a given system.

Essentially, we expect that these techniques will be able to identify rhythms of market

trading to make short-term predictions.
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