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Knowledge of conformational features of polymer solutions at interfaces is a 

prerequisite for understanding and controlling important technological processes such as 

colloid stabilization, biopolymer adsorption, corrosion inhibition, lubrication, adhesion, 

membrane separations and aggregation-induced separations.  

In this exposition, some examples are shown of the unique contributions that a 

carefully designed simulation study can make towards an improved interpretation of 

experimental and theoretical work. One section is devoted towards the improvement of 

an existing Monte Carlo algorithm to enable better tests of theoretical results. Large-scale 

end-swapping configurational bias moves provide the best chance of simulating high 

chain lengths and concentrations. 

The main focus of this paper is on polymers adsorbing from a good solvent onto a 

solid surface that has a weak (reversible) attraction on monomers.  We analyze the 



 

ix 

concentration gradient that develops when the interface is in equilibrium with a bulk 

solution, and the force induced by adsorbed chains when subject to confinement.  

Strong evidence is presented supporting the scaling prediction for long chains that 

the loop and overall concentration decay as z-4/3 when adsorption occurs from semi-dilute 

or dilute athermal solutions.  Mean-field theories predict a concentration decay that is too 

rapid at all chain lengths, consequently they underestimate adsorbed amount and layer 

thickness. Simulations provide the only quantitative description of finite-length random 

walks with excluded volume subject to adsorption conditions. 

Adsorbed chains under compression exhibit lower pressures than predicted by 

mean-field theory as a result of its lower adsorption capacity. Even when interpreted with 

respect scaled variables, quantitative discrepancies persist in the compression of saturated 

/ semidilute layers. A different comparison shows that the simulation results presented 

have substantial experimental implications. The compression of two adsorbed layers 

against each other is quantitatively similar to the compression of a single layer, when the 

surfaces bear high adsorbed amounts. 

A study also is made of the concentration gradient and confinement energy of a 

single chain between athermal walls. It is found that good agreement exists with 

theoretical predictions based on the “magnetic analogy” for a universal correlation 

between compression force and the depletion of segments near the walls. 

Finally several remarks are made concerning further research on problems 

including polymer depletion at interfaces and adsorption of polymers from a bidisperse 

distribution of molecular weight. 
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CHAPTER 1 
INTRODUCTION 

In this paper, the equilibrium structure and interactions of linear homopolymer 

(i.e., polymer with identical repeat units) molecules at various interfaces are examined 

using a lattice Monte Carlo simulation method. Chemical and physical adsorption of 

polymers on solid surfaces plays an important role in many technological processes. 

Among the most important are the stabilization of colloidal suspensions (e.g., foods, 

paints and inks, pharmaceuticals), adhesion, lubrication, and corrosion inhibition.  

Because of the wide variety of polymers available (e.g., linear, branched, block-

copolymers, random copolymers, star, tree and homopolymers) and due to the various 

surface/polymer interactions that can take place, the physical characteristics of a surface 

in principle can be manipulated to any extent. One impressive example of this is in the 

biological compatibilization of artificial implants. 

The adsorption of linear homopolymers is the most widespread method of 

stabilizing colloidal systems.1 The repulsive force that occurs when two polymer-coated 

particles approach each other is termed “steric repulsion” since it arises largely from the 

reduced entropy on confinement of the polymer conformations. The advantage of these 

systems is that no specialized polymer synthesis or suspension preparation methods are 

required.  More costly methods such as the grafting of polymers onto particle surfaces are 

used as a last resort and the grafting of polymers to some surfaces can be difficult. 

An exact theoretical description of polymer / surface systems is overwhelming. In 

principle, the equilibrium characteristics of the system depend on a multitude of factors: 
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monomer-monomer and monomer-solvent interaction energies (including ionic, van der 

Waals forces, and hydrogen bonding forces), size and shape of the monomer and solvent 

molecules, the polymer’s valence angles as well as its secondary and tertiary (e.g., helical 

structure of DNA) structure, and the distribution of molecular weight. Further 

complications arise when the surface has a corrugated crystalline structure and can have 

several kinds of long and short-range interactions with the polymer solution leading to 

non-uniform adsorption characteristics. 

In general no attempt is made at such a detailed description.  In lieu of an exact 

treatment, theories attempt to identify two or three of the most important parameters of a 

problem and infer the scaling of system properties with these parameters.2 For example, a 

function might be proposed, for either argumentative or observational reasons, to depend 

only on two important variables x and y, f (x, y).  Then the objective is to find the power 

law with which these scale: f ~ xm ~ yn. The scaling is deduced from dimensional or 

phenomenological arguments based on the relevant length and energy scales in the 

system. This kind of reasoning can be surprisingly successful under asymptotic 

conditions and has shed light on an amazing variety of problems in polymer physics. 

When such a complex system reduces to simple functions of only a few primary variables 

it is referred to as universal. That is, the results hold over a coarse grained scale 

regardless of the chemical constituents of the polymer or solvent. For polymer solutions, 

the chain length, N, the solvent quality, χ, and the volume fraction, φ, capture most of the 

information about thermodynamic properties. A discussion of theories that describe the 

universal behavior of polymers at interfaces and in solution will be made in Chapter 2. 
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In Chapter 3 the experimental tools and observations that are relevant to the 

structure and forces exhibited by polymer layers are reviewed. The most fruitful studies 

have used surface force apparatus3 and small angle neutron scattering4 techniques. 

Neutron scattering has been used to measure the concentration gradient within adsorbed 

polymer layers. Unfortunately the limitations on this technique and the lack of atomistic 

modeling capacity prevent simulations from being quantitatively compared with 

corresponding measurements. Instead simulations are used to test the coarse-grained 

theories of polymer adsorption which have remained unproven for two decades (see 

Chapters 7 and 8). 

Surface force apparatus measurements have succeeded in measuring the forces 

between surfaces bearing adsorbed polymer chains. An understanding of the detailed 

structure of the interface in terms of its concentration gradient and conformational 

architecture is a prerequisite for making correct interpretations of these measurements. In 

Chapter 9 we investigate the force vs. distance and the corresponding conformational 

changes that take place. We make an interpretation based on the properties of layers of 

unperturbed layers of Chapter 7 and 8. This is illustrative of the fact that simulations can 

be used as a great interpretive tool. 

In Chapter 6 we discuss a model problem that has found surprising application. 

Theories and simulations of single chains abound in literature because they can be 

studied and understood more rigorously. Such is the case with the compression of a 

single chain between non-adsorbing walls. The lateral expansion of the chain has been 

described by scaling and other theoretical arguments. This may appear to be a problem of 

little consequence other than academic. However the lateral expansion of an adsorbed 
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chain into a pancake is subject to precisely the same physical arguments.2 The confining 

surface is substituted by the strength of the adsorption field. 

Simulations increasingly provide a number of important functions to many 

scientific disciplines.5 They can be used as a phenomenological probe, suggesting new 

and possibly useful directions to take in the laboratory. They can be used to test the 

capability of a proposed physical model to reflect the real processes for which the model 

was designed. In this paper, Monte Carlo simulations are used in order to test the 

approximations used in order to obtain results from a physical model for polymer chains. 

The simulations use the same model and do not require any approximations in order to 

obtain results. In Chapter 4 we discuss the background of Monte Carlo simulations on 

lattice models. In Chapter 5 we propose an extension to the configurational bias Monte 

Carlo algorithm, an algorithm designed to obtain static properties of long chain molecules 

with a high efficiency. It is interesting to note a difference between Monte Carlo and 

molecular dynamics simulations. The power of molecular dynamics simulations is driven 

mainly by advances in computational tools. However Monte Carlo methods also gain 

performance through the development of new algorithms. 
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CHAPTER 2 
ELEMENTS OF POLYMER STATISTICAL MECHANICS 

 

The foundations of the statistical mechanics of polymer solutions are discussed in 

the next section. In the succeeding section the modern developments in the understanding 

of polymers at solid/liquid interfaces is reviewed. Particular attention is devoted to 

theories of polymer adsorption. 

Throughout, only the subject of linear homopolymers (i.e., non-branched and 

uniform chemical composition) is treated. These objects were the first to be studied 

theoretically and continue to bear relevance on more chemically complex polymers, the 

study of which abounds: from dendrimers and random heteropolymers to highly 

specialized helical and globular biological molecules. 

 

Polymer Solutions 

 

Most of the information about the conformations that polymer chains take in 

solution is contained in the basic random walk problem.  This problem dates to the 

beginning of the century (at least). Random walks have been studied in discrete and 

continuum space, however the basic results are invariant. 

In this section, the discussion focuses on the equilibrium aspects of linear, 

homopolymers solutions. No attempt is made to describe, for instance, the statistical 



6 

 

treatment of polymer dynamics, phase equilibria, or rubber elasticity, although these were 

prominent and early developments in the statistical mechanics of polymers. 

 
Historical Perspective 

 

The first to make a complete mathematical analysis of random walks was Lord 

Rayleigh6 in 1919, in the interest of describing the vibrational states of sound waves. 

Einstein, Smoluchowski, and Chandrasekhar contributed to the theory of Brownian 

motion through their analysis of the random walk imposed on a micron-sized particle by 

thermal interactions with its solvent.7 Thus the stage was set for the description of 

polymer conformations in the same way. Incidentally, the phenomenon of Brownian 

motion gained prominence largely because the randomness could actually be observed 

with a microscope. However, it is now known that even “nanoscopic” particles such as 

solute molecules diffusing through a solvent, or the particles of a gas, have the same 

mechanism of motion as their microscopic cousins.7 Thus it is not surprising to find that 

polymer conformations possess much in common with other well-understood 

phenomena. The average random walk or polymer chain has a very small size in 

comparison to its fully stretched length. 

In the 1930’s Kuhn played a major role in the translation of the existing 

knowledge about random walks into the language of polymer conformations.8 In some 

sense it is an extension of the familiar ideal gas model, with the restriction that the ith 

particle of the “gas” must be one unit of length apart from the (i – 1)th and (i + 1)th 

particle. Polymer models in this class are called “ideal chain” models. Such a chain is 

also referred to as a “phantom chain,” since the particles have no volume and can 
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therefore pass through each other. In the “freely jointed chain” model, the bonds are 

allowed to take any angle between 0 and 360 degrees with equal probability. In 1939, 

Kuhn9 pointed out that the bond angles in more realistic models for a polymer chains 

(e.g., a chain with tetrahedral angles between adjacent bonds) lose all directional 

correlation after only a few repeat units. Therefore, they can be “mapped” onto a freely 

jointed chain by replacing the bonds with larger and fewer hypothetical bonds which 

follow the true random walk. This discards information on the scale of the original bond 

length and defines polymers in a very general way. 

The essential feature of the ideal chain models is that they allow for the statistics 

of long flexible molecules to be described in a simple way. Like the average 

displacement of a Brownian particle after a certain time, the average size (e.g., distance 

between ends) of an ideal chain scales as the square root of the number of steps involved: 

 

2/1~ NRend ,     (1) 

 

where Rend is the root-mean-squared (rms) end-to-end distance. A snapshot of a 10,000 

segment chain, shown in Figure 1, is reminiscent of the path of a randomly diffusing 

particle. 

Elastic x-ray scattering measurements on isolated (dilute) polymer chains in 

solution indicated that the square root law is not completely correct.2 The average size of 

the chains do scale universally regardless of the chemical units of a polymer but with a 

higher exponent. 

 



200

250

300

350

400

450

150 200 250 300 350 400

’CONF10000mod’ using 1:3

Figure 1. The two dimensional projection of a 10,000-segment self-avoiding 
walk.

8



9 

 

This led the way towards an important correction to the random walk. In most 

solvents, the strong repulsive interactions that prevent monomer overlap have a swelling 

effect on the entire conformation. This “excluded volume” effect occurs equally between 

all monomers in the chain and therefore Kuhn’s method of “chain mapping” cannot be 

used. Flory,8 Edwards10 and de Gennes2 each invented entirely different methods of 

accounting for the effect of excluded volume. The first two are mean-field methods and 

the third comes from a parallel with magnetic systems. All three of them agreed that the 

correct scaling exponent is close to ν = 3/5, 

 

5/3~ NRend .     (2) 

 

In what follows we discuss some of the simpler models mentioned above, which 

are transparent enough for presentation in some detail in the space of this paper. This will 

establish the elements required to discuss more advanced subjects, primarily theories of 

polymer adsorption. 

 
Ideal Chains 

 

A random walk has a size that is proportional to N1/2.  There are many ways to 

derive the main results of the ideal chain model. The objective is to describe the average 

size of a polymer coil within a dilute solution of chains. We are interested in the average 

displacement between the ends of the chain with respect to all of the spatial 

conformations that are possible. 
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Let us use the freely jointed chain model in this example. The chain consists of N 

+ 1 volume-less beads joined by N bonds. The only restriction on the position, Ri, of each 

bead is that the bond lengths be fixed, i.e., |Ri – Ri+1| = l. This length, l, is called the Kuhn 

length.  

The rms end-to-end distance, Rend, is a common measure of the size of a 

macromolecule in solution: 

 

2
0

2 )( NendR RR −=      (3) 

 

where the angle brackets are used to represent the ensemble average, i.e., the average 

over all configurations allowed within the model.  Another equally used characteristic of 

the chain size is the rms radius of gyration: 
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where ( ) ( )1
0

+= ∑ =
N

N

i icm RR  is the position of the chain center of “mass.” The second 

equality is due to a 19th century theorem of Lagrange’s (see for example, reference 8, 

appendix 1) , which is useful in computations. 
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Figure 2: Labeling of the links in a freely jointed chain. 

For the moment it is worthwhile to consider a one-dimensional freely jointed 

chain.  In this case the displacement in the x-direction is either l or –l.  For a single-link 

chain, the rms end-to-end distance, Rend, is l, since there are only two possible 

conformations.  Similarly, for a two-link chain, there are 22 conformations and the rms 

displacement, according to Equation 3, is l[(2(22)+0(12)+2(02))/22]1/2 = l21/2.  

In general, for an N-step walk in one dimension, we have 

 

( ) ( )( )∑∑∑
≠==

∆∆+∆=




 ∆=−=

ji
ji

N

i
i

N

i
iNend xxxxxxR

1

2
2

1

2
0

2 )( , (5) 

 

where ∆xi = xi – xi-1. The first term in Equation 5 obviously evaluates to Nl2. The second 

term is zero. The average (for ji ≠ ) of any product (∆xi ) (∆xj ), no matter how distant or 

near i and j are in the chain backbone, is zero because steps in the positive and negative 

direction occur with equal probability. Thus, in addition to obtaining the scaling exponent 

in Equation 1 we have observed that the prefactor is exactly equal to the bond length, l. 
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Next we consider a two dimensional freely jointed chain. The rms end-to-end 

distance in this case is the sum of the x and y components such that 

 

 2
1

2
0

2
0

2 )(2)()( xNyyxxR NNend ∆=−+−= ,   (6) 

 

Thus, the problem amounts to finding the rms projection of a single link onto the x-axis, 

A link can take any angle, θ  (measured from the x-axis), with equal probability.  

Therefore, 
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which establishes the same relation, Rend = lN1/2, for the two dimensional freely jointed 

chain. 

Consider a random walk on a simple cubic lattice.  Each step of the walk is either 

in the x, y or z direction.  One third of the time (on average), the step is in the x-direction, 

so the average squared x-component of a step is l2 / 3, much like the case of the one-

dimensional walk.  In fact the presence of the lattice allows the problem to be decoupled 

in terms of three independent one-dimensional random walks. This yields for the average 

end-to-end distance: Rend = N(l2/3+ l2/3+ l2/3)1/2 = lN1/2. 

The above calculations are merely for illustrative purposes and demonstrate the 

utility of simple random walk arguments (as well as the advantage of dimensional 
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arguments).  The most general and concise derivation of the freely jointed chain theorem 

is as follows. 

 

( ) ( ) ( )∑∑∑∑
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The dot product inside the second pair of brackets in Equation 8 is equal to l2cosφij, 

where the angle between any two links, φij, can take with equal probability any value 

between 0 and 2π. The factor < cos φij > characterizes the extent of correlation between 

the orientation of any two links in a chain.  For the freely jointed chain, this “orientation 

factor” takes a value of 1 for i = j, and a value of 0 for ji ≠ .  In other words 

ijij δφ =cos .  This gives the result: 

 

2/1lNRend ≡      (9) 

 

for all dimensionalities and for any number N. 

For other ideal chain models, it is not hard to imagine that the orientation factor 

decays rapidly to zero11 with the separation ji − .  Therefore, all ideal chains obey the 

square root law.  Examples of other models are contained in a book by Flory.12 One of 

the more well-known is the wormlike chain (WLC). Instead of discrete bonds it has a 

continuous backbone with a stiffness that decays exponentially along the backbone. This 

stiffness is charactized by the persistence length. The only difference between ideal chain 
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models is a difference in their mechanism of flexibility.  This model is in common usage 

to describe DNA molecules. 

Another model is the rotational isomeric states (RIS) model. This attempts to 

incorporate realistic rotational potentials of specific polymers such as poly(methylene). 

Flory has worked out the details for a number of polymers.12 The WLC, RIS and other 

ideal chain models predict different prefactors in Equation 9, but all have precisely the 

same power law in the limit N >> 1. 

0.1

1
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100

1 10 100 1000 10000

N

Rg good solvent

Rend good solvent

Rg near theta

Rend near theta

fit1

fit2

y=0.566x
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0.594

 

Figure 3: Scaling of rms end-to-end distance and rms radius of gyration of an isolated 
chain.  Data are from simulations on a simple cubic lattice in the presence of i) a good 
(athermal) solvent and ii) a θ-solvent.  Equations for fitted power laws are shown.  The 
fits use the points i) N=200, 400, 1000 and ii) N=400, 1000, 2000. 

This theoretical prediction is one that is relatively easy to test.  Experimentally, 

light scattering can reliably measure the radius of gyration. It is possible to show11 that 

the radius of gyration, Rg, of a freely jointed chain is related by a constant of order unity 

to the end-to-end distance as Rg=6-1/2Rend.  Even non-ideal chains have an end-to-end 
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distance that is roughly two and a half of their radius of gyration.  Figure 3 shows some 

results that agree with the ideal chain prediction.  However, the athermal self-avoiding-

walk displayed has better agreement with experimental results in general.  This 

discrepancy can be rectified by the incorporation of excluded volume effects to be 

discussed later.  

The central limit theorem of statistics: ideal chains have Gaussian statistics.  The 

sum of a sequence of random events will have a Gaussian distribution when the number 

of events is large.  That fact is usefully applied to the sum of the N  link vectors of an 

ideal chain, or the end-to-end distance, RN.  One can start with the definition of a 

Gaussian and apply the central limit theorem to the x-component of the end-to-end 

distance Rx:  

 

P(Rx ) =
1

σ 2π
exp −

(Rx − Rx )2

2σ 2

  

 
 

  

 
 ,      (10) 

 

where σ is the statistical standard deviation, and N >> 1.  The second moment of the 

distribution is known from Equation 9.  The x-component of the second moment is just 

Nl2/3 which yields the condition P(R)R 2d3R∫ = Nl2 / 3 and resulting in σ 2 = 2
3 Nl2 .  This 

ultimately yields the probability distribution for a freely jointed chain  

 

PN (R) = (2πNl
2 / 3)−3 / 2 exp −

3R2

2Nl2

  
  

  
  
 .    (11) 
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The average end-to-end vector is R=0 since chains can take positive and negative 

values of Rx, Ry, Rz with equal probability (this explains the symmetry of the distribution). 

A small inaccuracy of Equation 11 is that it gives a non-zero probability for end-to-end 

distances larger than the contour length lN. According to the statistics of the Gaussian 

distribution, the probability of a chain size larger than N1/2l (i.e., |R| /σ > (3/2)1/2) is 22%.  

The probability of a chain larger than the fully extended length, Nl, (i.e., |R| /σ > 

(3/2)1/2N1/2) is about 0.3% for a 6 segment chain, and 10-5% for a 17 segment chain.  It 

turns out that the other properties of the Gaussian and freely jointed chain distribution 

also converge swiftly with increasing chain size.  For example, the simulation of one-

dimensional freely jointed walks has been directly compared with the predicted Gaussian 

distributions for walks ranging from 4 to 25 steps.13  To the eye, the simulation and 

theoretical distributions converge for walks larger than 25. 

It is important to note the range of spatial fluctuations of the chain is quite large. 

The fluctuations in the distribution of end-to-end length are of order of the end-to-end 

distance itself (σ 2 = 2
3 Nl2 ). This “looseness” of chain conformations is an important 

characteristic that makes it difficult to model real chains mathematically.  The mean-field 

approaches that will be discussed later neglect these fluctuations.  This is thought to be an 

important shortcoming of mean-field theories.  However there exists an alternative.  The 

correct mathematical description of strongly fluctuating magnetic systems developed by 

Landau and Ginzburg, was adapted by P.G. de Gennes to describe polymer 

conformations.2, 14 

One interesting application of Equation 11 is towards polymer elasticity.  The 

elastic force due to the stretching or compressing of a single chain in solution can be 
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calculated.  If the ends are held at a fixed separation Rx, the number of conformations the 

rest of the chain can take is directly proportional to P(Rx).  Therefore the entropy is 

related by Boltzmann’s law as constNlRkS xB +−≈Ω= 22 2/3ln/ . Since ideal chains 

have no enthalpic interactions, their free energy has only the entropic contribution.  The 

force of stretching the chain is f = -dF/dx or 

 

 f (Rx ) =
3kT

Nl2 Rx .     (12) 

 

Thus it obeys Hooke’s law of elasticity with stiffness that increases linearly with 

temperature and decreases as the inverse of chain length.  This approach has been applied 

to more general elastic phenomena in rubbers, gels, and semi-dilute to concentrated 

solutions.11, 15, 8 , 16 

The probability “cloud” of a polymer chain.  Much like the Hartree-Fock theory 

of atoms, one can formulate a “cloud” that represents the probability density of finding a 

bead at a certain location. The cloud is radially symmetric and densest at the center much 

like the s orbitals in an atom.  The contributions of each bead of the chain are also 

radially symmetric.  In fact, the overall cloud is formed by the superposition of the cloud 

of each bead.  Clearly, the middle bead of the chain will contribute most highly to the 

center of the overall probability cloud.  Likewise, it stands to reason that the end beads 

will give the most significant contributions to the outermost layers of the overall cloud.  It 

is helpful to have this picture in mind as we move forward. 
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pN(r) pi(r) 
N/2< i <N 

pN /2(r) 

 

Figure 4: Probability distribution for a single macromolecule. 

The probability, PN(R), that an N-step chain ends at R, is related to the 

combination of such probabilities for two smaller chains to meet at that spot, PN(R)=PN-

M(R)PM(R).  Then the probability cloud is the integral of this composition law over all 

possible subchains: 

 

p(R) = PN − M(R)PM(R)dM
0

N

∫     (13) 

 

One immediate observation is that the average local monomer concentration is 

proportional to the probability cloud.  The concentration profile, or probability cloud, is 

only partly understood for some problems.  

Distribution functions are also universal over coarse scales.  While the local 

(atomic scale) distribution functions depend on the specific chemical shapes and 

potentials, over coarser scales, they have universal limits.  Information on the Fourier 

transform of this function can be obtained from neutron scattering.  As usual, predictions 

for tertiary or higher order correlation functions are out of the question.  Luckily, the 

concentration of segments inside an ideal chain is low enough so that pairwise additivity 
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is valid. That leaves N2 pair correlation functions, N2/4 of which are non-identical owing 

to the symmetry of linear chains.  The average of these (overall pair correlation function) 

can be obtained by a simple scaling argument.11, 2  The result is g(r) ~ 1/r for r << Rend , 

and g(r) ~ exp(-r/l) for r >> Rend.  This derivation is based on the assumption that each 

link has a Gaussian distribution of sizes and is thus on a coarser scale than even the freely 

jointed chain link size.  However the discussion at the end of the previous section 

illustrated that even a subchain of only a few links is nearly Gaussian. 

Ideal chain equation of state.  If we wish to know the properties of multiple ideal 

chains in a solution (i.e., dilute, semi-dilute and concentrated solutions), we can easily 

derive them in an additive fashion.  The entropy (and thus free energy) of the solution is 

just the sum of the entropy of each of the individual chains in the solution.  Just as the 

segments inside an ideal chain do not interact, the segments of different chains do not 

interact.  For this reason (and others), it is clear that there will be much more severe 

discrepancies than the difference in chain size between ideal and real polymer chains. 

In practice, a polymer solution typically has a constant temperature, composition, 

and volume.  Thus the fundamental thermodynamic entity is the Helmholtz free energy, 

F(T, V, N, n) where N represents the chain length and n represents the number of chains.  

With all fundamental equations of state, any thermodynamic property is directly 

available. 

For ideal chains it is simple to find the difference in free energy between a 

polymer solution and the equivalent systems of pure solvent and pure monomer.  The 

internal energy of the polymer solution is zero since all pair potentials are individually 

zero at all distances.  That leaves only the entropic contribution.   
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We will derive the equation of state for a lattice model, in a way analogous to the 

Flory-Huggins method described in the next section.  The number of conformations that n 

chains each with N links can have is Ω = znN.  Letting c = nN/V be the concentration of 

monomers, 

 

S / V = knNlnz /V ≈ kc .    (14) 

 

It is similar to the result that is obtained upon taking only the linear term in a virial 

expansion. The introduction of excluded volume into the model will result in c2 and c3 

terms.  A fundamental equation of state can be a versatile tool in appropriating the 

characteristics of homogeneous systems.  In systems with a concentration gradient such 

as adsorption, a “local chemical potential” based on the equation of state can be assigned 

to describe the gradient. 

 
Excluded Volume 

 

The ideal chain models capture a great deal of information about polymer chains 

in such a simple scheme.  They successfully predict that a universal scaling exists for the 

average chain size, suggesting that the two most fundamental properties of 

macromolecules are their flexibility and length.  The theoretical consideration of the 

volume interactions in polymers adds another dimension to our predictive capabilities. 

Is it worth the effort to account for the volume effects in a polymer coil, or does it 

only have a minor effect due to the low concentration of monomers inside a Gaussian 

coil? It can be shown15 that although the concentration inside a Gaussian coil is low, it is 
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enough to swell the coil to some degree.  It should be expected that when the 

concentration is forced to be higher, such as in situations of confinement or attraction 

between chains and other objects, the difference between Gaussian and real chains will be 

even more pronounced. 

Flory’s mean-field argument.  Perhaps Flory was the first to understand the 

significance of the role that excluded volume plays in polymer systems.  He proposed the 

following method15, 2 to determine the correct scaling of the chain size with molecular 

weight.  This method can be viewed as crude or elegant depending on one’s perspective, 

but his thoughts certainly did provoke a thorough analysis of the problem by other 

researchers. 

The method involves the minimization of the free energy of a single chain with 

respect to its degree of swelling defined by α=Rend
2/Nl2.  For a swelling coefficient of 1, 

the chain is ideal.  To an approximation the internal energy is taken from binary 

interactions only in a virial expansion as U / kT = Bφ2  and the concentration is 

approximated as the number of segments in a sphere of radius Rend.  The entropy is 

assumed to be similar to that of the entropy of a stretched ideal chain. Essentially the 

swelling or shrinking of the chain, as a result of binary interactions, is similar to the 

stretching of an ideal chain with fixed ends which was quantified in Equation 12.  This 

results in  

 

F(α ) = U(α) − TS(α ) = const + K
kTBN1 / 2

l3α 3 + 3
2 kTα 2   (15) 
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where B is the second virial coefficient that is related to the amount of volume the 

monomers exclude.  It can be positive or negative depending on the strength of solvent-

monomer interactions. The result of minimization of F with respect to α is 

 

Rend = α 1/ 2lN1/ 2 ~ lN3 / 5 .     (16) 

 

It is useful to reconsider this problem in an arbitrary number of dimensions.  If the 

number of dimensions is d then the general result of minimizing Equation 15 is 

Rend ≈ lN 3/ (d+ 2) .  To understand this consider for the moment the 1-dimensional walk with 

excluded volume.  There are only two possible chain conformations, each with a length 

lN which is exactly the scaling predicted above.  This equation is correct for 4≤d  in 

fact.  For the case d > 3 (of theoretical interest only), the monomer concentration 

becomes so low that the ideal chain result N1/2 is recovered since there are no bead 

interactions. 

Edwards’ mean-field theorem: the development of a self-consistent mean-field 

that predicts the correct exponent for Rend in all dimensions.  S. F. Edwards10 derived the 

correct scaling laws through a more quantitative method in 1965.  

In the above discussion we made some mention of the similarity that polymer 

chains have with the mechanism of mass transfer by diffusion.  There is even a 

mathematical correspondence between the differential equation for diffusion, and the 

equation that describes the “diffusion” of the probability function: P(R, L).  A 

comparison of the mass transport and chain probability equations follows. 
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∂C

∂t
= D∇ 2C       (17) 

and 

∂P

∂L
= 1

3 l∇ 2P .      (18) 

 

Without making too literal of an analogy, it is clear that the mathematical 

solutions to the first equation can also be used for the second.  Many of these have been 

known for over a century from the work of Fick and Fourier.7  One can check that 

Equation 11 is a solution to Equation 18.  In fact, all of the results we have shown to this 

point (and more) concerning random walks can be derived starting from Equation 18.   

Edwards’ innovation was to derive an equation like Equation 18 but with a term 

that accounts for the effect of excluded volume.  He solved it asymptotically for infinite 

chain length to find the probability distribution: 

 

P(R, L) = C(L)exp − 27

20Ll
R − R2 1/ 2( )2  

  
  
  ,   (19) 

 

where L is the contour length lN. The second moment of this distribution is 

 

Rend (L) = R2 1/ 2
=

5

3
  
  
   

  
 

3/ 5 υ
3πl

  
  
   

  
 

1/ 5

L3/ 5 .   (20) 

 

He defined an “excluded volume,” υ, based on monomer pair potentials, u(r), 

asυ ≡ (1 − e
−u / kT )d3r

0

∞

∫ . 
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The essential approximation in this framework is the replacement of a summation 

of the “instantaneous” pair potentials at spatial position R with the average potential (or 

probability) at that position. The polymer community has adopted the term used by 

physical scientists (particularly in the Hartree-Fock theory of atoms): the mean-field 

approximation. 

It was Edwards’ opinion (reference 10, pg. 614) that the mean-field 

approximation was very nearly the highest level possible within the framework he was 

considering.  

It is a property of the self-consistent field for atoms that, although the first 
approximation is straightforward though involving heavy computing, the 
higher approximations are virtually impossible.  The author suspects the 
same situation here.  It should be possible to evaluate the self-consistent 
field numerically, but to improve on the self-consistent field is probably 
very hard. 

Indeed, since then it has required a completely separate approach, along the lines of the 

Ising model in magnetics, in order to obtain better answers.   

In what follows in this section we will review a simple derivation of the Edwards 

equation proposed by P. G. de Gennes.2  This will prove useful since the modern theory 

of polymer adsorption is an extension of Edwards’ theory. 

The derivation is in terms of the unnormalized probability function, or weight 

function GN(r’, r), for a chain on a simple cubic lattice.  The weight for a chain starting at 

the origin, GN(0, r), is proportional to the probability P(R, L) that the Nth step of a chain 

starts at 0 and ends at r.  For any conformation {ri}, the mean-field is realized as a 

potential field U(r) that does not depend on {ri}; rather it depends on ri{ } .  The 
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complete mean-field partition function is exp[−U(ri )/ kT]
i

∏
ri{ }
∑ .  Then our weighting 

function is defined as  

 

GN ( ′ r ,r) = z − N exp[−U(ri )/ kT]
i

∏
ri{ } ′ r r

∑    (21) 

 

where z is the lattice coordination number and the summation is only over the subset of 

conformations that begin at r´ and end at r, {ri}r’r.  The factor zN is the total number of 

conformations of N steps and can be thought of as a “partial normalization” which causes 

G to have the same order of magnitude as the probability.   

The weight of an N+1 segment chain is related to that of an N segment chain by 

 

GN +1( ′ r ,r) = z GN ( ′ r , ′ ′ r ) exp[−U(r)/ kT]
′ ′ r 

∑ .   (22) 

 

The linear expansion of the exponential term is valid since the local potential is small 

compared to the thermal energy.  An expansion of the weight function inside the 

summation for which the derivatives vanish (due to symmetry) leads to the operating 

differential equation. 

 

∂GN ( ′ r ,r)
∂N

= −U(r)

kT
G( ′ r ,r) + a 2

6
∇ 2G( ′ r ,r)   (23) 
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The partial derivative on the left follows from taking the limit as the lattice spacing 

becomes small (i.e., large chain length).  Equations 19 and 20 come from the asymptotic 

solution of Equation 23 for infinite chain length with the appropriate boundary conditions 

for an isolated chain (symmetric, etc.).  A mean-field potential of U(r) ~ υ GN (0,r)dN
0

∞

∫  

based on hard sphere pair potentials was used.  The approach used in the solution is the 

dominance of the smallest eigenvalue for large N in an eigenfunction expansion. 

Note the mathematical similarity of this to the standard Schrödinger equation 

which is 

−i=
∂ψ
∂t

= −
=

2

2m
∇ 2ψ + V (r)ψ .    (24) 

 

The wave function ψ(r, t) is the square root of the probability of finding an electron at the 

position r and time t.  The derivative with respect to time is analogous to the derivative in 

(20) with respect to N.  In other words, the chain length is a time-like variable.  

Integrating this over time gives the probability density, or electron cloud.  Thus it is very 

much like the function GN(r) and the mathematical methods can be borrowed.  For a 

hydrogen atom V(r) is quite simple; it is attractive and proportional to 1/r.  For the rest of 

the elements which have multiple electrons, a mean-field potential is used instead.  

However this potential is different from U(r) in that is it based on long range, soft pair 

potentials. 
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The Flory-Huggins Theorem – A Fundamental Equation of State 

 

A simple form for the free energy of mixing derives from the consideration of the 

polymer on a lattice along with the common mean-field assumption.17, 8  In the schematic 

we show a square lattice, but the following applies to any lattice of coordination number 

z. 

 

F / kT =
φ
N

lnφ + (1− φ)ln(1 −φ) + χφ(1 −φ) ,   (25) 

 

where φ is the volume fraction (a3Nn/V) and χ is a parameter that describes the 

interactions (solvent quality).  The first two terms are simply the entropy of the 

configurations.  The third term describes the internal energy of the interactions between 

the solvent and monomers. 

Notice that when N = 1, the regular solution result is recovered for the entropy.  

The entropy is derived in the following way.  What is the total number of 

(distinguishable) ways that it is possible to fill a lattice with nS solvent molecules and n 

groups of N connected monomers? In the usual way we call this number Ω.  For a regular 

solution this number is easy to find.  Assuming the lattice is fully occupied by the n1 and 

n2 molecules of the binary mixture, there are n0=n1+n2 total lattice spaces.  The number of 

ways to occupy n0 spaces is n0!.  Thus the number of distinguishable conformations 

!!/! 210 nnn=Ω  which give the entropy, S / k = –φ1lnφ1 – φ2lnφ2.  There is no known way 

to find Ω for a set of chains on the lattice except by systematically counting all 
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configurations (e.g., with a computer) – an impossible task for even small chains.  

However, without much effort we can find a number, W, which approximates Ω… 

Start by adding the first monomer to the lattice.  There are Nn+ns possible ways to 

do this for a system with ns solvent molecules and n N-monomer chains.  There are z-1 

possible ways to add the next monomer in a way that is connected to the first.  There are 

approximately z-1 ways to add the third monomer and approximately z-1 ways to add the 

fourth and so on.  These approximations are too high especially as we add more and more 

monomers to the system.  A better way to estimate the number is to use an effective 

coordination number z′=(z-1)(1-φ).  If we add the chains sequentially then the fraction of 

occupied sites is changing depending on how many chains are already on the lattice φi.  

In that case each chain has Wi=(Ni+ns)(1-φi) z′iN-1 possibilities.  Thus the product over all 

chains is W =
1

n!
Wi

i =1

n

∏ .  The prefactor enforces counting of only the distinguishable 

chain conformations.  The first two terms in (22) follow after substitution of factorials 

into Wi for convenience and from S = k ln W. 

Now we discuss the interaction energy associated with this lattice.  We set the 

pair potentials to be zero for all but neighbor interactions.  For neighbor interactions u is 

either χmm, χsm or χss.  The quantity χ = χsm −(χ mm + χ ss )/ 2  describes the energy 

difference for each monomer-solvent pair.  The number of such pairs comes by 

considering the number of (non-connected) neighbors of a single chain: (z-2)N+2 or 

roughly zN.  Then in the mean-field approximation, the number of unlike pairs is nzN(1-

φ).  The energy difference of mixing is then U = χ(1-φ)φ. (on a per site basis) where we 

have absorbed z into the χ parameter. 
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Equation 27 was tested with osmometric measurements.2  As expected, it 

performs poorly at low concentrations due to the large fluctuations present in dilute and 

semi-dilute solutions.  Under these conditions, W is much different than Ω and U is much 

different from the actual interaction energy.  Thus a different form of the free energy 

where the internal energy is just a virial expansion is more frequently used: 

 

F / kT =
c

N
ln c + 1

2 υc2 + 1
6 w2c3

,    (26) 

 

where υ (excluded volume) and w are adjustable.  This expression is in terms of 

concentration c=φ/υ since it is meant for systems with variable excluded volume unlike 

Equation 25 which implies an excluded volume of a3.  A comparison of Equation 26 and 

the expansion of Equation 25 yields υ = a3(1-2χ) and w=a3.  Thus, Equation 26 has two 

adjustable parameters.  A solvent that has no change in internal energy upon mixing it 

with a polymer has a χ = 0 and is called athermal.  For this case, the satisfying υ = a3 

results.  This corresponds the typical case of a polymer in a good solvent. Further 

modifications and extensions of the Flory-Huggins have also been proposed.18 

 
Scaling Laws 

 

A mathematical analogy between critical state magnetics (Ginzburg-Landau) and 

excluded volume walk (de Gennes).  It was realized that the strong fluctuations that are 

typical of polymer conformations can be described mathematically in the same way that 

certain strongly fluctuating magnetic systems near their critical temperature14 (Curie 
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point) are described.  This theory was developed by P. G. de Gennes19 in 1972 and J. des 

Cloiseaux20 in 1975.  In the polymer analogy the Curie point is the chain length above 

which universal scaling occurs.  For example, in Figure 3 we have identified a Curie 

point of approximately 50 lattice units.  Based on this method, the most accurate 

predictions for polymer chain are available.  For example, the so-called Flory exponent ν  

(Rend~Nν) was found to be 0.592.11  This compares well with simulation results.21   

Some more detailed information on the scaling of the probability distribution of 

end-to-end distances can be derived.  The probability of an end-to-end distance of zero is 

zero and then increases rather steeply as R0.35.  At large distances the probability decay is 

steeper then Gaussian, more like exp(-R2.5).  A schematic of the unnormalized probability 

distributions for a Gaussian and exclude volume chains is shown in the diagram.  Both of 

these distributions should have a value of 1 for the fully extended chain W(Nl)=1 and 0 

above Nl. 

While this theory predicted the same (and correct) scaling for the radius of 

gyration as Edwards’ self-consistent mean-field theory (SCMF), what gave it 

considerable merit was its prediction of the scaling for the osmotic pressure in a semi-

dilute. 

 

π/ kT ≅ a
−3Nφ9/ 4      (27) 

 

which is asymptotic for N>>1.  This is in contrast to the scaling obtained from the SCMF 

(23) of π ~φ−2 .  Experiments confirm the predictions of (24).  Perhaps a more important 

result (at least for further theoretical progress) of the analogy with critical state magnetics 
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is the correct prediction of what is called the correlation length which is the basis of a the 

accurate, versatile and simple “scaling theory.” 

Scaling theory.  “Scaling theory” is a popular term used to describe the host of 

problems that have been tackled using transparent arguments based on the results of the 

magnet analogy.2, 14  The key component to this method is the assignment of an important 

length scale ξ that characterizes the range of spatial concentration fluctuations in a 

polymer solution.  For a dilute solution this length is simply the radius of gyration and 

thus ξ~N3/5.  In more concentrated solutions, the overlap of chains reduces the 

“correlation length.”  The solution is visualized as consisting of a number of independent 

“blobs” of subchains.  The size of the blobs is the correlation length.  Each blob on 

average has no interaction with other subchains and thus if the average number of 

monomers in each blob nb is large enough it has the same scaling has the dilute radius of 

gyration ξ~nb
3/5.   

The correlation length should shrink as the concentration increases.  Its 

concentration dependence by using the fact that the onset of chain overlap must occur at 

φ*~N-4/5.  Then the scaling law ξ(φ)~φm is deduced from the overlap condition 

ξ(φ*)~(φ*)m~Rg.  Therefore m=-3/4 and since the correlation length should approximately 

be the monomer size at high volume fraction:  

 

ξ = lφ-3/4.     (28) 

 

The SCMF was the first to suggest the importance of a correlation length in the 

problem but there it was found ξ = lφ-1/2.  The use of either of these correlation lengths in 
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the scaling of applied problems including polymer adsorption can produce markedly 

different predictions. 

 
Phase Diagram 

 

This leads us to the discussion of the phase diagram of polymer solutions.4  The  

length of polymer chains leads to an extra phase (semi-dilute) that does not exist in 

regular solutions.  The chain length and solvent quality will play the primary role in 

determining the state of a polymer solution at a given concentration. 
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Figure 5: Sketch of the 5 regimes of a polymer solution.  
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The onset of the semi-dilute regime occurs when chains begin to overlap.  This 

“overlap concentration” c* is easily identifiable.  At the overlap concentration the 

solution will have the same concentration as the average concentration inside the 

unperturbed polymer coils which is approximately c*=N /Rg
3~N-4/5.  Therefore the 

overlap concentration decreases rapidly with chain length and the width of the semi-

dilute phase increases.  The overlap concentrations have been calculated in the chapter on 

simulations for a self-avoiding walk on a simple cubic lattice.  These calculations are 

based on a slightly more accurate factor 4π/3 in the formula and are quite consistent with 

data on the onset of shrinking of the average chain size. 

One way of trying to quantify the various regimes of a polymer solution is starting 

from the expanded mean-field free energy4 Equation 26. Differentiating with respect to 

the number of solvent molecules and expanding the logarithmic term gives: 

−µ = φ / N + υφ2 / 2 + ωφ3 / 3     (29) 

The osmotic pressure is proportional to the chemical potential.  Thus, the first term 

represents the ideal (ideal gas) contribution, the second gives the binary excluded volume 

interactions and the third term should be dominant for concentrated solutions.  Five 

regimes can be defined according to Equation 29.  The ideal, marginal and concentrated 

regimes are said to occur when the first, second and third terms respectively dominate.  

The other two have already been mentioned: dilute regime where υ causes a swollen 

radius ~Nν, and the semi-dilute regime, a situation of overlapping chains with a positive 

υ.  There is a crossover between semi-dilute and marginal when the overlaps are strong 

enough that the solution becomes homogeneous. 
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Polymer Solutions at Hard Interfaces 

 

One of the more well established areas is the theoretical description of polymers 

adsorbed to a solid surface.  For the most part, solid surfaces have a net weak van der 

Waals attraction with the monomer units of polymer chains.  For simplicity, it is often 

thought of as a square well attractive potential. 

From a free energy standpoint three are three primary effects of adsorption:  

reduction in the entropy, an decrease in internal energy for the segments that are 

adsorbed, and an increase in internal energy as a result of monomer crowding near the 

surface. 

 
Mean-Field Theories of Adsorption on a Lattice 

 

The mean-field lattice theory was first proposed by Roe22 and Helfand et al.23 and 

reached its present stage at the hands of Levine et al.24 and Scheutjens and Fleer.25 The 

main result of this work is a numerical prediction of the concentration profile of 

monomer units next to a surface.  It also gives the exact contribution to the concentration 

profile of segments belonging to tails and loops.   

The system is divided into M layers parallel to the surface with L lattice sites in 

each layer.  At z=0 there is an attractive (free) energy χs, and polymer concentration 

decays to its bulk value as z approaches M.  Edge effects will be small for large systems. 

Conformations are distinguished only by the layers they pass through.  Two 

conformations are considered to be indistinguishable if their corresponding segments are 

in the same layer, regardless of where they are located within the layer.  The complete 
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specification of a conformation, c, would be (1,i1)(2,i2)(3,i3)…(N,iN) where the first 

number is the segment rank within the chain and ij is the layer that segment j is in. 

The method is an extension of the Flory-Huggins method that was used for bulk 

solutions,  The canonical ensemble is chosen with the partition function Q({nc},M,L,T).  

The set {nc} represents the set of conformations such that nc is the number of 

conformations of the c type.  Thus the total number of chains within the system is the 

summation over all possible conformations: n = nc
c

∑ .  The volume fraction in layer i can 

be calculated from the distribution of conformations by φi =
1

L
ni,cnc

c
∑  where ni,c is the 

number of segments of conformation c that are in layer i. 

The Helmholtz free energy is constructed from F = U − kT lnΩ where U and Ω 

are functions of the distribution of conformations {nc}.  The change in free energy per 

lattice site between a bulk Flory-Huggins solution and an adsorbed layer is actually used  

 

∆F = U − UFH − kT ln
Ω

ΩFH

.    (30) 

 

The degeneracy Ω is constructed by adding one conformation at a time from an 

arbitrary conformation distribution.  The degeneracy of each successive conformation 

depends only on the conformations that have already been added to the lattice.  It depends 

on these in an average way.  In other words the probability for a new segment to be 

placed in layer i depends only on the number of segments from previous chains in layer i 

(Bragg-Williams approximation).  Likewise the internal energy of each layer i is equal to  
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χL(1 − φi)(
1
6 φi−1 + 2

3 φi + 1
6 φi +1) .    (31) 

 

The solution to this puzzle is to find the equilibrium distribution of 

conformations.  The variational principle of thermodynamics applies to the replacement 

of N solvent molecules by a new chain with conformation d such that 

dF = µchaindnd + µ0dn0  where µ0 and n0 are the chemical potential and number of the 

solvent molecules.  That results in the operating equation  

 

(dF / dnd )M, L,T ,nc ≠ nd
= µchain − Nµ0 .      (32) 

 

This yields an equation for the equilibrium number of conformations of type d, 

however it is not readily solvable as such since the index d is not exactly a scalar.  It is 

recast in the form of the familiar probability pi,j that the ith segment of a chain will appear 

in layer j.  This yields a matrix equation of the form pi, N = (wi, j )
N−1 pi ,1  for which a 

numerical solution method was developed by DiMarzio and Rubin.26 The volume fraction 

in each layer is then calculated by the same method as in Equation 13 and the individual 

contributions are obtained analogously to Equation 41. 

This theory gives comprehensive results for finite chain lengths and for 

conformational features.  Scaling theories, of course do not contain any information about 

finite-sized chains.  That means that the only other available method to obtain 

information below the scaling limit is simulation.  We will be making comparisons 

between the two in Chapter 8.  
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The Ground State Dominance Solution to Continuum Mean-Field Theories 

 

The Edwards’ equation is still valid for confined systems, it requires only an 

adjustment of the potential U(r).  It can be written as U(z) = fs(z) + f[φ(z)] where the first 

term depends on the surface and the second term is a result of the average interaction 

energies between solvent and monomer units.  For a hard wall with short range (of order 

of the monomer size) attraction, fs(z) can be taken as a constant in the region for 0<z<l.  

Elsewhere in the solution (z>l) it is zero, and for z<0 it is infinity so that nothing can 

penetrate the surface.  The virial expansion Equation 26 or the Flory-Huggins form 

Equation 25 is often used to obtain f[φ(z)]. 

The first attempts at the use of Edwards’ equation to describe polymer adsorption 

were by DiMarzio,27 de Gennes28 and Jones and Richmond.29 The starting point was the 

adsorption of a single chain to a surface.  This was a purely academic problem since it 

was known that single chain adsorption effectively does not occur.  That is, even in the 

most dilute conditions the surface will be crowded with chains.  This is in contrast to the 

depletion interaction where very few chains are near the surface, and thus the single chain 

analysis is often relevant.  Jones and Richmond formulated the first realistic self-

consistent mean-field theory for physisorption.  They limited their solution to the “ground 

state” approximation, i.e., the first eigenfunction.  Apparently this gives a poor 

description of tails, and as such is valid for extremely long chains in which the tails are 

greatly outnumbered by loops. 
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Scaling Description of Polymer Adsorption  

 

In 1981 de Gennes30 used scaling arguments to characterize the concentration 

profile at the interface.  He proposed that there are three important regions calling them 

the proximal, central and distal regions.  The proximal region extends only a few segment 

lengths D (which depends only on the adsorption strength) from the surface and its 

characteristics are non-universal.  In the central region the concentration decays with a 

power law of –4/3 as 

 

φ ≈
a

z +3D / 4

  
  
 

  
  
 

4 / 3

  D < z < ξb   (33) 

 

and in the distal region it decays exponentially… 

 

φ/ φb ≈ 1+ exp(−z /ξb ) z > ξb    (34) 

 

These predictions are meant to describe a semi-dilute solution in good solvent conditions.  

The exponent in Equation 33 was derived from the scaling of the local correlation length 

ξ with local concentration φ as ξ ~ φ-3/4.  This has been frequently referred to as the self 

similarity principle.   

The objective is to describe the scaling of the correlation length in the central 

region.  If that is possible then the concentration gradient is directly accessible.  The main 

length scales of the problem are the segment size a and the radius of gyration Rg.  These 

are relevant in the proximal and the distal regions respectively.  In the central region, 
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neither of these are suitable for a description of the gradient of the correlation length in 

the central region.  The correlation length must have an increasing scaling law with the 

distance from the surface z since for adsorption, the concentration decreases smoothly 

from the surface to the bulk.  Near the beginning of the central region the correlation 

length will be of  order of the monomer size and at the end of the central region it will 

have reached the bulk correlation length or in the case of the a dilute solution, the bulk 

radius of gyration.  From a dimensional argument alone, the correlation length must be 

linear in z since no other appropriate lengths exist. 

 

ξ ~ z       (35) 

 

To summarize then the resulting predictions for the concentration profile: 

DeGennes ξ ~ φ−3/ 4 → φ ~ z −4/ 3

Edwards ξ ~ φ−1/ 2 → φ~ z
−2

θ − solvent ξ ~ φ−1 → φ~ z
−1

    (36) 

These have not been tested conclusively.  The second one listed should be appropriate for 

the marginal regime.  The conditions inside the central region usually fall within the good 

solvent / semi-dilute regime, therefore the first part of Equation 36 is the most useful.  

 
Square-Gradient Mean-Field Free Energy Functional 

 

In the same paper de Gennes developed a mean-field approach that is an 

extension of the Cahn-Hilliard theory for the free energy of a region of regular solution 

near an interface.  This theory proposes that concentration gradients in a solution add a 
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term proportional to the square of the gradient in the free energy expression.  Thus his 

expression for the free energy of a polymer solution interface, for a θ-solvent is 

 

γ −γ0 = γ1 ψ s

2
+

1

2
L

dψ
dz

  
  
   

  
 

2

+
ω2

6
ψ 6  

 
 

  

 
 dz

0

∞

∫     (37) 

 

where ψ is a complex number that determines the concentration profile by φ = | ψ |2.  The 

first term is the contribution from the surface adsorption, the second is related to the 

entropy of a concentration gradient (as mentioned above), and the third accounts for the 

interaction energies between monomers (see Equation 26).  Thus for any volume fraction 

profile, φ(z), the difference in free energy between the interface and the bulk is fully 

determined.  The φ(z) that produces the lowest possible free energy difference 

corresponds to equilibrium.  It is interesting that the minimization produces the same 

differential equations that would result from the Edwards equation.  An approximate 

analytical solution was found for the central region in a θ-solvent38 as 

 

φ ≈ a
2ω(z + D)

,     (38) 

 

therefore the expectation is that a broader layer is produced in θ -solvents.  Inherent in 

this solution is ground state dominance.  Finally, in this comprehensive work, a slightly 

different form for the free energy in Equation 37 is suggested that can produce the scaling 

results Equation 33 through a minimization procedure identical to the one used in the 

mean-field approach. 
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Beyond the Ground State 

 

Ploehn and co-workers31 extended the mean-field theory of Jones and 

Richmond.29  They attempted to accurately model the boundary (proximal region) with 

the idea this might have an impact on the overall structure of the interface.  A second 

“boundary Edwards equation” is matched with the regular Edwards equation.  This 

system was numerically solved for various chain lengths and solvent qualities.  The 

choice of the potential derived indirectly from Flory-Huggins Equation 25: 

 

U(z )/ kT = −ln
(1 − φ)

(1 −φb )
− 2χ (φ− φb )    (39) 

 

Although solutions for various chain lengths were obtained, only those for the highest 

chain lengths should be correct due to the ground state dominance approximation.   

Several developments have come recently from Semenov, Joanny and co-

workers.32, 33, 34 Using the same square gradient approach as de Gennes but with an 

interaction energy in (23) dominated by υ , they find 

 

φ(z) = φb coth2 z / 2ξ + const( ) φb → 0 →   2/(z + D)2 .  (40) 

 

This is supposed to be appropriate for the so-called marginal solvent conditions.   

Separately they start from the Edwards equation and attempt to find a solution 

that takes into account the effect of tails.  Two eigenfunctions are used to describe bound 
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and free states. The partition function G(n,z) is divided into adsorbed and free parts Ga 

and Gf.  The contribution that loops and tails make to the concentration can then be 

calculated by 

 

φl (z) =
φb

N
dnGa (n,z)Ga(N − n,z)∫

φt (z) = 2
φb

N
dnG f (n,z )Ga (N − n,z)∫

    (41) 

 

Additionally they proposed from scaling arguments that the central region can be split 

even further into two regions: call them central a and central b.  Central a is dominated 

by loops and central b by tails.  The crossover in the concentration profiles z* scales with 

the chain length as N1/3. 

Juvekar et al.35 followed up on the work of Ploehn et al.31 recently by extending 

the numerical results to a system with variable solvent quality.  Again they take an extra 

boundary Edwards equation and even a boundary solvent quality in their solution.  They 

suggest that a simplification used previously in the mathematics was unwarranted.  There 

have been indications that the “effective” solvent quality can change with chain length 

and concentration.  They take this effective χ to be of the form: 

 

χ = χ0 (1 + c1φ + c2φ
2 )(1+ c3 / N)    (42) 

 

They suggest that the effect of this improves agreement with experimental data for bound 

fraction and adsorbed amount.  Also they can calculate the tail and loop profiles. 
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CHAPTER 3 
EXPERIMENTAL CHARACTERIZATION OF POLYMER INTERFACES 

 

Measurement of Polymer Structure at Surfaces 

 

Knowledge of the structure formed by adsorbing polymers at interfaces is 

essential to the ultimate understanding and control such layers for engineering and other 

purposes. It is a demanding experimental task to measure, for example, the structure of a 

layer of physisorbed homopolymers at equilibrium with a bulk solution. This requires 

carrying the experiment out in a liquid environment and the use of non-invasive 

techniques. These caveats limit the options considerably. For example, even x-rays exert 

some physical influence on polymer layers in some reflectivity or scattering experiments. 

Physical probes, even in the rare cases when they are as “gentle” as the AFM tip in 

tapping-mode or hydrodynamic probes, cannot image the internal regions of a polymer 

layer.  

One of the few approaches that meets the requirements of such proposed polymer 

measurements is the utilization of neutrons. These have a small enough wavelength to 

probe the atomic scale and are completely non-destructive owing to their infrequency of 

collision with sample atomic nuclei. 

In the following section we discuss some of the overall, or global properties that 

can be measured without resort to a neutron source. Subsequently we discuss the detailed 

structural information that only neutron scattering and reflectivity can probe, and their 
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current limitations in sensitivity for adsorbed layers. An extensive review of all of these 

techniques is contained in the Chapter 3 of the book by Fleer et al.4 

 
Global Properties of Physically Adsorbed Layers 

 
There are several static properties of polymer chains at an interface that can be 

measured experimentally.  They consist mainly of three types:  measurements on the total 

adsorbed mass, layer thickness, and the fraction of monomers in a chain that are directly 

bound to the surface. 

The adsorbed mass, Γ, represents the total number of chains in contact with the 

(i.e., adsorbed) surface per unit area, multiplied by their molecular weight. Thus its units 

are in terms of monomers per unit area. An equivalent quantity can be obtained from 

theoretical or simulation data for the adsorbed-chain volume-fraction profile, φa(z), as 

 

∑∫
∞

=

∞

≈=Γ
10

)()(
z

aa zdzz φφ .     (43) 

 

The summation is written for use with theoretical models based on a lattice, and 

consequently with a discrete concentration profile.  

The adsorbed amount can be measured by flushing the solvent and excess 

polymer from a system in which the chains have had sufficient time to adsorb. The 

adsorbed amount is the difference between the weights before and after adsorption. 

Provided desorption kinetics are slower than the flushing process, this is usually a reliable 

method.4 
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Layer thickness is an ambiguous term as the adsorbed layer is diffuse and does 

not have an abrupt “edge.”  Layer thicknesses can be defined in several ways.  The mean 

distance of polymer segments (belonging to adsorbed chains) from the surface, or for that 

matter, any of the statistical moments.  The most frequently used actually is the second 

moment, or rms layer thickness: 

 

δrms
2 =

z 2φa(z)dz
0

∞

∫
Γ

.     (44) 

 

Again a discreet volume fraction profile obtained from simulations would require a 

summation instead of the integral.  

While there is no technique that actually measures this hypothetical quantity there 

are some techniques which are thought to contain related information. In a dilute 

dispersion of spherical particles, neutron scattering is said to measure the difference 

between the squares of the second and first moments.4 

One of the most common and accurate ways to measure layer thickness is by light 

ellipsometry (similar to reflectometry).  The sample is a macroscopically flat surface 

covered with adsorbed polymer inside a fluid cell.  Light is reflected off of the surface at 

a low angle and the intensity distribution of the reflections give information about the 

refractive index of the polymer layer as a whole.  There have been several attempts to 

link the quantity that is measured by ellipsometry to the theoretical volume-fraction 

profile.  The definition preferred by Fleer et al.4 and which we will use in succeeding 

chapters is 
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δell =
φadz∫[ ]2

φa
2dz∫

.     (45) 

 

The most intuitive quantification of thickness is through hydrodynamic methods 

because these quantify the degree to which a fluid flow is influenced by the presence of 

the layer (as compared with flow past the bare surface).  Fluid is driven past a polymer 

layer adsorbed to the surface at z = 0.  The extent to which the flow is reduced is 

interpreted as equivalent to the linear flow past a bare surface at z = δhyd.  Typically the 

polymer is adsorbed on the inside of a capillary tube.  The Debye-Brinkman 

hydrodynamic model for flow past a porous layer can establish the relationship of the 

hydrodynamic thickness with the volume fraction profile.4  The velocity profile in the 

direction normal to the surface v(z) is described by the following equation of motion: 

 

d 2v

dz2 = v
φa

c(1− φa
)
     (46) 

 

where the drag term on the right depends on the relative porosity of the layer (the 

permeability constant c is usually taken as 1.0.  The linear part of solution for v(z) is 

extrapolated to zero and the z to which this corresponds is taken as the thickness. 

The bound fraction p is the fraction of the segments belonging to adsorbed chains 

that are in contact with the surface.  Several methods exist to observe this, for example 

infra-red spectroscopy can distinguish certain types of contacts with the surface such as 

hydrogen bonding.  Another method that can distinguish between attached segments and 
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non-attached segments in nuclear magnetic resonance.  A magnetic pulse is applied to the 

system and the relaxation of the polarization of the atomic nuclei gives information about 

the thermal mobility of these atoms.  Presumably the thermal motion of attached 

segments is greatly reduced.  The bound fraction is easy to obtain from lattice 

calculations since the number of segments in layer 1 is just p = φ(1) / Γ. 

 
Small Angle Neutron Scattering 

 

There exist few experimental methods with sufficient sensitivity to probe the 

polymer volume-fraction profile. For reasons stated above the most progress has been 

made by small angle neutron scattering (SANS) and neutron reflectivity. An excellent, if 

not amusing, account of neutron scatting that assumes little foreknowledge of optics is 

available in the review by R. Pynn.36 Reviews of neutron reflectivity experiments on 

polymers have been written by T. P. Russell.37, 38 A non-technical overview of these 

techniques follows. 

The length scale of neutrons and x-rays, of the order of 10-7 to 10-10 m, is 

appropriate for probing the microstructure of many complex fluids. Neutrons follow the 

same quantum mechanical principles as do photons and thus neutron scattering has much 

in common with conventional light scattering. In fact the refractive index has a parallel in 

neutron techniques which depends on the makeup of a sample’s atomic nuclei - the 

scatterers. A measure of the strength of neutron-nucleus interaction is the scattering 

length, b. For example the coherent scattering length for hydrogen and its isotope, 

deuterium, are –3.74 and 6.67 fm respectively. Actually this large difference turns out to 

be very important in contrast matching. By adjusting the level of isotopes in a material, 
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its refractive index can be controlled. Thus the feature of interest can be labeled by 

adjusting the contrast of the other components in the system so that they are “invisible.” 

A SANS experiment on polymer layers proceeds as follows. A dilute dispersion 

of colloidal particles bearing polymer layers is prepared, using deuterium isotopes to 

match the refractive index of the solvent to that of the colloids. The key parameter is the 

scattering vector, Q, which explores the range over which structure can be explored. The 

scattering vector is varied by adjustment of the wavelength, λ, and the detector angle, θ, 

defined by 

 

2
sin

4 θ
λ
πµ=Q .     (47) 

 

where the neutron refractive index, µ, is a derivative of the scattering lengths in the 

materials.  

The output of the instrument is the scattering intensity as a function of the 

scattering vector, I(Q). Models have been developed to interpret the structural 

information in I(Q) which describe the scattering due a thin spherical shell (i.e., the 

polymer layer). Thus the scattering intensity is mathematically related to the volume 

fraction profile through an integral. In one such model the limit of low Q yields4 

 

∫
∞

=
0

2
)()( dzez

Q

const
QI iQzφ .     (48) 
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At this point a difficulty in the analysis becomes apparent. The inversion of the integral in 

Equation 48 to obtain φ(z) is not trivial. There have generally been two methods used to 

proceed. The first method uses assumptions about the functional nature of φ(z) and a self-

consistent fitting procedure.39 The second method does not invert the integral in Equation 

48 at all but rather analyzes the data directly for certain features that would be consistent 

with predicted layer structure.40 

 
Neutron Reflectivity 

 

Neutron reflectivity is similar to neutron scattering. The major difference is that 

instead of a colloidal dispersion, the experiment is carried out on a macroscopically flat 

substrate bearing the polymer layer. The effectiveness of the reflectivity technique has 

emerged in the last 5-10 years. Its major strength is its high depth resolution to 

approximately 0.5 nm.38  

The analysis is similar (broadly speaking) to that described above for neutron 

scattering. Reflections at low angles off of the polymer layer and substrate can be 

analyzed in terms of a sequence of Fresnel films of decreasing refractive index for the 

case of homopolymer adsorption. Reflectivity has found specific merit in the analysis of 

diblock copolymer interfaces.38 

 
Scattering and Reflectivity Measurements on Adsorbed Polymers 

 

Relatively few SANS41, 42, 43 and neutron reflectivity44, 45 studies have been 

performed on physisorbed homopolymers layers in a good solvent. The SANS 
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experiments of Auvray and Cotton42 (polydimethylsiloxane (PDMS) with MW=270,000 

adsorbed on silica) were consistent with the scaling power law prediction for the 

intermediate interface (–4/3, as opposed to –2, the mean-field prediction). However, 

neutron reflectivity measurements on shorter deuterated polystyrene (PS) (MW=50,000) 

adsorbed on mica were consistent with a simple exponential decay of polymer 

concentration.45 However the sensitivity of these techniques is such that volume-fractions 

below 1% cannot be observed,39 which constitutes a substantial part of the profile from 

physically adsorbing chains (unlike grafted chains). 

It is notable that several attempts have been made to observe simultaneously46, 47 

or in parallel48 the structural aspects and the interaction forces between polymer layers. 

This is certainly a direction that will lead to a richer understanding of the cause and effect 

of the response of polymer layers. A new surface force apparatus which uses neutron 

reflectivity in situ is described47 and force and volume-fraction profiles for polystyrene 

adsorbed on quartz in cyclohexane were obtained. In a similar experiment using block 

copolymers the volume fraction profile was observed to increase due to the compression 

and a collapse in the layers was witnessed when the solvent was changed from good to 

poor. 

 
 

Measurement of Polymer Induced Forces 

 

The primary tool that has been used to measure forces between surfaces bearing 

polymers is the surface force apparatus (SFA) developed largely by J. Israelachvili.49, 50 

The SFA remains the only apparatus capable of measuring directly the forces induces by 
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polymer chains between semi-infinite solid surfaces.  For this reason the bulk of this 

section will discuss the apparatus itself, and measurement that have been made on 

homopolymers physisorbed from a good solvent.  Much progress in this area was made in 

the 1980’s, however in last decade SFA studies have focused on more complicated 

systems. 

Another tool that has great potential towards isolating the forces induced by 

polymer chains is the atomic force microscope (AFM).51, 52 While the AFM uses an 

inherently microscopic, or local, probe, continuing growth in this area has led to advances 

such as the use of spherical 10 µm particles as probes.53 One advantage of AFM is the 

variety of materials that can be used for the two solid surfaces in contact.  In the future, 

advances in AFM will complement the understanding gained with the SFA. 

Other techniques for measuring surface forces have been reviewed by Claesson et 

al.52 but, in general, have limited applicability to polymer systems. Total internal 

reflection microscopy on a colloidal probe controlled by a laser has been used to measure 

weak forces of order 10-14 N. Forces can also be inferred indirectly from phenomena such 

as the swelling of clay minerals.54 Naturally prior experience with the phenomenon as a 

“calibration” of the technique is prerequisite to these approaches. 

 
Surface Force Apparatus 

 

The surface force apparatus is an instrument that can sensitively (10 nN, 0.1 nm) 

measure the force and distance between two curved mica surfaces, often enclosed in a 

liquid cell.  This is accomplished with a combination of spring deflection and multiple 

beam interferometry. A cursory description of the apparatus is given here as a reminder 
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of its basic function and capability. For an extensive discussion of the development and 

details of the SFA the subject is well reviewed.52, 55, 3, 56 

The major success of the SFA was the confirmation DLVO theory. The use of 

molecularly smooth mica surfaces was instrumental in factoring out the substantial 

effects of surface roughness in van der Waals forces. Mica however is also important in 

the method for determining the distance between the two surfaces because of its optical 

transparency. White light passed through the specially coated surfaces yields the distance 

through interpretation of the interference “fringe” patterns associated with the reflection 

of light off of each surface. 

The fine separation between the surfaces is controlled by a piezoelectric ceramic.  

Each volt of electricity applied induces a 1 nm expansion of the tube-shaped piezo.  

Ultimately the force is obtained by knowledge of the spring constant and the difference 

between the actual and applied displacement.  Clearly then, reliable measurement of the 

separation is doubly important. 

The mica sheets are mounted on crossed cylinders in order to avoid the difficulty 

of aligning the surfaces in parallel. Force profiles are always normalized by the average 

radius of curvature of the cylinders so that they are independent of geometry. 
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Leaf spring 

Piezo tube 

Light 

 

Figure 6. Elements of the surface force apparatus. Light passes through the lower mica-
coated hemi-cylinder which is mounted on a leaf spring in order to measure the force. 
The silvered surfaces of the hemi-cylinders produce an interference pattern that is 
collected above. The upper cylinder is mounted onto a calibrated piezo-electric ceramic 
which enables fine adjustment of the distance between surfaces. 

 

Usually a polymer adsorption experiment will proceed as follows.  A polymer 

solution is introduced into the liquid cell the system is allowed to “incubate” for a period 

of approximately 12 hours.  When the incubation, or adsorption, is complete, the liquid 

cell is washed out with pure solvent and the compression / decompression cycles begin.  

Typically the rate of compression is 5 to 60 minutes.  This is supposed to be a quasi-

static, or equilibrium, process. 

 
SFA Measurements in Good Solvent 

 

A number of measurements have been made on physisorbed homopolymers in 

good solvents.57, 58, 59, 60, 61, 62, 63, 64 These experiments as well as measurements conducted 
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in poor solvents have been reviewed comprehensively by Patel and Tirrell,65 and also by 

Luckham.66 The good solvent systems that have been studied are listed in Table I. 

 

Table I. Experimental characteristics. 
 

Polymer Solvent MW Reference 
PEO Aqueous 

Electrolyte 
40,000 
160,000 
1,200,000 

57, 58, 59, 
60, 63 

PEO Toluene 40,000 
160,000 

61, 62 

PS Toluene  65 
 

Of those that are in regular usage, there are not many polymers that adsorb onto 

mica surfaces from a good solvent.  Polyethyleneoxide (PEO) is the only one that adsorbs 

strongly enough to make consistent measurements.61, 65 

In all experiments where the polymer was given sufficient time to adsorb, the 

forces observed were monotonically repulsive, growing in strength with decreasing 

separation.  By contrast, all observations in poor solvents shown an strong attractive well 

with its minimum at a separation of roughly 1 Rg.
67, 68 The range of interactions in good 

solvents is less exact, but generally corresponds to 5 – 10 Rg.
59, 61 For poor solvents 

interactions occur only for only 2-3 Rg, indicating the swollen layers found in good 

solvents.  Toluene is a better solvent than water for PEO and this results in an onset of 

repulsive forces several Rg before the aqueous system. 

Clearly if polymers are bridging between the surfaces, this will lead to a (probably 

substantial) attractive contribution to the force.  There has been some uncertainty about 

the role of bridging.  The simulation study by Jimenez et al.69 indicates that bridging 
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occurs in all systems, and the number of bridges does not vary much, except with 

separation.  The osmotic pressure is therefore the root of the repulsive forces observed in 

good solvent systems.  The monomer-solvent potentials in good solvents are such that 

monomers are effectively repulsed from one another due to the entropic, and in very good 

solvent, the enthalpic benefit of solvent contact.  Therefore the osmotic forces which are 

attractive in poor solvents, are strongly repulsive in good solvents to the extent that they 

can overcome contending bridging forces. 

The largest molecular weight chains used, 1,200,000 Mw PEO in water could be 

sufficient70 to test asymptotic theoretical predictions provided polydispersity 

(Mw/Mn=1.2) or other effects do not play a substantial role.  The density functional 

approach used by P.-G. de Gennes30 yields two power laws for the force profile at far and 

near separations.  The data are consistent with the inner power law (F ~ D-2.25) but an 

outer power law (F ~ D-3 is difficult to discern.  However the authors preferred to 

interpret the results using an analogy between the tail conformations of a strongly 

adsorbed layer and a grafted layer.  This was motivated by the fact that the force profiles 

a common qualitative feature with grafted polymer measurements when shown on a 

semi-log plot.  On approach of the surfaces the force rises sharply, flattens briefly and 

rises steeply again.  However, the role of tails should dissipate for exceptionally large 

molecular weights and adsorption from a dilute solution.  Furthermore, the hysteric 

effects noted on decompression may be indicative of weak adsorption.  

Klein and Luckham have studied the effect of undersaturation on the forces in a 

PEO/aq. System.59, 63 An attractive well of depth –50 µN / m is observed for such low 

surface coverages.  This is small in comparison to poor solvents (by a factor of 20) but is 
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probably enough to explain the flocculation of colloids. This is explained by the relative 

reduction in osmotic forces since fewer monomers are present between the surfaces.  The 

method employed in generating undersaturated layers is as follows.  The surfaces are 

brought close together (several microns) before the polymer solution is introduced. This 

creates a diffusion limited adsorption process.  Thus, long times are required for the 

layers to become fully saturated.  Compression cycles are performed at several intervals 

during the slow (i.e., 48-hour) adsorption process, each corresponding to a different level 

of undersaturation.  With increasing surface coverage, as the minimum becomes 

shallower, it also shifts towards larger separations and ultimately disappears well before 

full coverage is reached.  This is consistent qualitatively with theoretical models 

including mean-field,71, 72 scaling73 and simulation69 results, although between these there 

are quantitative differences for the range of undersaturation that produces attractive 

forces. 

Many researchers have noticed considerable hysteresis in their measurements in 

good solvents.  Unresolved differences in hysteresis using the same polymer / solvent 

have even been reported.59, 62 In general good solvent measurements have been less 

reproducible and well behaved than poor solvent or grafted polymer measurements.65 

There are several conceivable reasons for differences between decompression and 

compression force profiles.  Perhaps constrained equilibrium (fixed number of polymer 

chains) is not plausible for slow compressions, since they could diffuse from the area of 

contact.  This might effect would probably be strongest for large surface coverages74 and 

weakly adsorbing surfaces.  Another possibility is that the compression, in compacting 

the layers, forces many segments to adsorb and the desorption / relaxation of these 
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compact conformations is slower than the decompression.  Weaker forces on 

decompression have frequently been observed.63 In one experiment,59 after a rapid 

compression, a constant force was applied and the surfaces decompressed at their own 

speed.  This produced the same force profile observed from a slow (equilibrium) 

compression.  Little progress has been made toward robust explanations and predictions 

of non-equilibrium effects in these measurements.  This is an area where dynamic 

computer simulations could make a substantial contribution. 

 
Atomic Force Microscopy 

 

The first AFM was developed by Binnig, Quate and Gerber.75 In addition to the 

impressive ability to measure topographical detail of surfaces to the order of tenths of an 

angstrom (e.g., the well known imaging of the hexagonal structure of carbon-carbon 

bonds in graphite76), the apparatus has been outfitted to measure forces parallel and 

normal to a surface. Thus it has contributed to the growing field of tribology (atomic 

scale friction) and measurement of surface interactions. Variations on the basic 

instrument abound and its uses have grown to include the semi-conductor industry and 

biological applications, in addition to atomic and electronic structure and interactions. 

The basic instrument consists of a tip or probe attached to a cantilever-spring and 

a sensor to detect the deflection of the cantilever. Supplemental components include 

piezo-electric system for moving the tip laterally and normally, and a feedback system to 

control the applied force, or mode of the tip. Generally there two classes of operating 

modes: those that image a surface and those that measure forces between objects. 
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A constant force “contact mode” is used typically for imaging of hard surfaces. 

The high resolution (subangstrom) of this mode is achieved by using a small loading 

force between 10-7 and 10-11 N.51 The “tapping mode” is typically used for imaging soft 

surfaces. measurement of long range forces This uses the method of “resonance shift 

detection.” The cantilever vibration is driven at its resonance frequency. The vibration is 

substantially dampened (or amplified) in the presence of long range repulsive (or 

attractive) forces. This enables the instrument to achieve even smaller loading forces of 

order 10-13 N (51) which do not disrupt the sample. Finally, and emerging method for 

imaging is achieved via magnetization of the probe. An image in generated from the 

response of the tip to the magnetic field of the sample. 

    a) Laser 
deflection 
sensor 

Cantilever 

Piezoelectric 
controlled 
stage 

 

b) 

 

Figure 7.  AFM experiments on forces induced by polymer chains.  a) An example setup 
of the AFM for measuring forces between polymer layers adsorbed to colloidal particles.  
b) A typical experiment on a single chain with its ends grafted to the AFM tip and the 
substrate. 
 

The above modes are used in a lateral scan of the sample. In order to measure a 

the normal force profile between surfaces the technique becomes much simpler. In this 

method, the voltage to the piezo is ramped (linearly) to drive the surfaces together. Often 

a colloidal probe is attached to the cantilever in order to avoid geometrical complexities 
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in the analysis. This method was first used to measure electrostatic interactions between 

colloids.53 

 
AFM Measurements on Elasticity of Single Chains and Forces Between Polymer Layers 

 

The strength of steric and other polymer induced forces (10-9 – 10-11 N) has been 

measured between colloids bearing adsorbed polyelectrolyte layers77 and between 

colloids bearing adsorbed, aqueous PEO (MW=56, 205 and 685· 103).78,  79 In the most 

recent study of Braithwaite and Luckham,79 the force profile was obtained when one or 

both surfaces bear a polymer layer at a range of coverages (however both surfaces were 

attractive to PEO). Mostly repulsive interactions were observed as the rate of approach of 

the surfaces was relatively rapid. The range of interaction between saturated surfaces 

scaled with molecular weight along the same lines as predicted theoretically 

(experimental onset of interaction: ~ N0.4, theoretical layer thickness: ~ N0.6). No 

comparison with the theoretical force profile power law30 was attempted. 

Single-molecule polymer experiments are the most exciting new applications of 

the AFM. These experiments started with biological molecules such as DNA and Titin 

since are exceptionally large and easy to manipulate on an individual basis. In one such 

experiment, a DNA molecule was covalently bonded by either end to the glass surface 

and the colloidal probe.80 The adhesive force during retraction increased until a rupture 

occurred between 0.8 and 1.5 nN. In a other experiments81 researchers actually observed 

stretching of a DNA molecule to nearly twice its contour length indicating a rupture of 

the its basic helical structure. Dextran also underwent a distinct conformational transition 

during stretching at similar forces.82 Titin, a molecule found in muscle tissue, had a 
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sawtooth shape in its extensional force profile attributed to the unfolding of globular 

units.83 

Very recently, some success in similar experiments with synthetic molecules was 

announced. Most notably, poly(methacrylic acid) was grafted to a gold surface treated 

with surfactants in order to keep the grafting density low.81 The single molecules were 

stretched by virtue of their physical attraction to the AFM tip and the elastic force profile 

was fitted to the freely jointed and wormlike chain models of entropic elasticity. The 

persistence length was found to be of the order of the monomer size. Also similar 

experiments with polyelectrolyte84 and block copolymer85 chains have been performed. 

One experiment imaged isolated adsorbed polyelectrolytes using “tapping-mode” to 

obtain the lateral and normal dimensions of the adsorbed chain for different molecular 

weights.86 In all, more than 30 experiments (for a summary see reference 81) have been 

reported in the last 5 years that analyze the stretching of a single chain, and a new journal 

has appeared entitled “Single Molecules” which takes substantial contribution from AFM 

research. 
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CHAPTER 4 
MONTE CARLO SIMULATION OF POLYMER CHAINS ON A LATTICE 

 

Here we present an overview of lattice Monte Carlo techniques that have been 

used for the simulation of polymers. Our main focus will be on the challenges and 

practical considerations in our lattice simulations of polymers. A comprehensive review 

of all early methods of lattice simulations of polymers was done by Binder and Kremer.87 

Review has also been made of the more recent advances in Monte Carlo (and molecular 

dynamics) simulation of polymers.88, 5 

Why are lattices still used to model polymers even now that we have such 

comparitively powerful computers at our disposal? One reason is that the number of 

important configurations that a polymer can take, even on a simple lattice is 

overwhelming – even for a modern computer. To attempt to incorporate more detail into 

the model requires a sacrifice in the range of systems one can study. The classical 

example of this is the scaling in dilute solution of the radius of gyration with chain 

length. While atomic details of chain conformations depend on the model used, the 

overall chain size is one of many universal features of polymer conformations.  It would 

be wasted effort to attempt to obtain the Flory exponent, ν  ≅  3/5, from a continuum 

model. For the long chain lengths necessary to obtain the exponent accurately, the effect 

of the lattice vanishes. Such long chain lengths are not well suited to “weighty” 

continuum approaches. Therefore the most exact Monte Carlo calculations of universal 
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exponents have come from lattice studies.21 There are many other problems in which 

coarse-grained information is desired and the advantage of these methods is evident. 

 

Enumeration, an Exact Theoretical Treatment for Model Oligomers 

 

In many ways, Monte Carlo simulation is a substitute for the full enumeration of 

all possible configurations of a system. On a simple cubic lattice, a 100-step random walk 

can trace 6100 ≅  1078 conformations. While the fraction of these that are self avoiding is 

extremely small (10-26 %), the number of self avoiding walks is nevertheless staggering.  

For the same size chain a self-avoiding walk (SAW) has ~1050 conformations. Current 

high-speed computers can only generate of order 109 conformations,4 thus a modern 

computer cannot even begin to enumerate the statistics for polymer problems of modern 

interest. Enumerations are not simulations, they are exact statistical mechanics 

computations (for lattice models). 

Enumerations seek to generate each term in the summations representative of 

thermodynamic quantities. For such a property, A, in the canonical ensemble, its standard 

configurational average is 
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where the summations range over the entire set of states possible for N-components on a 

lattice of size V. Actually the denominator in Equation 49 is often enough to calculate 

properties of interest. 

Consider the exact enumeration of a SAW of only two steps. On the simple cubic 

lattice with coordination number z = 6 and step length a, there are 

Ω = z(z −1) = 6 ⋅5 = 30  self-avoiding walks that are possible once the first bead has been 

placed. One-fifth of these are straight conformations with an end-to-end distance of 2a, 

while the other four-fifths are bent conformations with an end-to-end distance of 21/2a.  

Therefore the average end-to-end distance is aaa 55.122 5
4

5
1 =+ . 

The number of self-avoiding walks grows quite rapidly. For long chains this 

number has the following scaling.2 

 

ΩSAW = c˜ z N Nγ −1      (50) 

 

where γ  (≅ 1/6 in 3 dimensions) is a universal exponent called the susceptibility, c is a 

constant and ˜ z  ( < z )is the effective coordination number roughly equal to 4.5 for the 

simple cubic lattice. Enumeration studies are usually limited to chains with N ≤ 20.87 

As the number of steps, N, increases, the fraction of all random walks that are 

self-avoiding is vanishingly small. This is evident from the limit of the ratio 
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which approaches zero for large N. 

 

Monte Carlo Methods 

 
Static Monte Carlo 

 

Monte Carlo integration. The first Monte Carlo methods were used for relatively 

simple numerical integration, or convolution, as it is called. Instead of using techniques 

like Euler’s method to evaluate the integrand at a sequence of points within the range of 

integration, in Monte Carlo integration the integrand is evaluated at a large number of 

random points. This proves to be useful for quickly varying functions.  

The advent of statistical mechanics made it necessary to improve the methods of 

multi-dimensional integration. To compute integrals or summations like Equation 49, a 

microstate, rN, must be generated at random. The attempt must be abandoned if, in the 

SAW example, there is a multiply occupied lattice site. Even for a single chain, though 

not quite as severe as Equation 51 (because only non-reversal random walks (NRRW) are 

considered), the number of successful attempts is discouragingly low. Thus little or no 

progress was possible in more concentrated systems. 

Importance sampling.  Improvements were made on the Monte Carlo method that 

sample the integrand in a range biased towards the most important contributions to the 

integral. “Importance sampling” must be corrected with the appropriate weighting factor 
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for the non-uniform distribution from which it samples. The improvement of the 

sampling distribution is the focus of ongoing development in Monte Carlo algorithms. 

Of many proposed static Monte Carlo methods for polymer chains (e.g., simple 

sampling, dimerization, enrichment), the most successful is the biased sampling proposed 

by Rosenbluth and Rosenbluth89 in 1955. In this method, a chain is generated one step at 

a time. The chain avoids overlaps during its growth by selecting from only the 

unoccupied neighboring sites. They were able to induce, from a simple example, the form 

of the bias that this selection procedure imposes.  

Consider the two-dimensional construction of a 4-step walk. There are exactly 

100 possible 4-step SAW’s starting from the origin. Consider the following two defined 

by coordinates (0,0) (1,0) (1,1) (0,1) (0,2) and (0,0) (1,0) (1,1) (2,1) (2,2), shown in 

Figure 8. These should occur with equal probability since we are not assigning any 

interaction energies. However in this scheme, move A occurs with a probability 

(1/4)(1/3)2(1/2) while move B occurs with probability (1/4)(1/3)3. The properties of A 

need to be weighted by the factor (2/3) in order to correct for the bias. 

     A           B 

 

Figure 8. Two of the 100 conformations available to a 4-step self-avoiding walk and a 
two dimensional square lattice. 

 

To generalize, the weighting function, WN, required to correct any given N-step 

walk is defined by the recursive relation (W1 = 1): 
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Wm+1 = (n / 5) Wm .     (52) 

 

where n is the number of empty neighboring sites at the mth stage of the walk. This 

weighting function is used for thermodynamic averages, instead of Equation 49 we have 

(for the case of zero energy of interaction) 
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where the summations range over the sample states generated (and therefore it is an 

approximation). This algorithm generally works well for single chains smaller than 100 

segments. Its power is considerably extended when substituted into a dynamic Monte 

Carlo scheme 

 
Dynamic Monte Carlo 

 

The dynamic Metropolis Monte Carlo method was developed by Metropolis et 

al.90 in 1953 and has been applied to everything from sub-atomic physics to colloidal 

suspensions. In one sense the method is a leap forward in selection of a biased sample. 

This is because it samples from a Markov chain of states. In other words, each trial state 

is generated from the previous state of the system. This allows incremental changes to 

occur in large systems rather than abandoning most of the trial attempts as in the static 

Monte Carlo methods. 
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The method allows any set of “dynamic” moves to be used, provided that they 

follow two important criteria: ergodicity and semi-detailed balance. A move is ergodic as 

long as every configuration of the system can, in principle, be reached after a finite 

number of moves. Non-ergodic algorithms can be alternated with ergodic ones which 

makes the set of moves as a whole ergodic. 

The semi-detailed balance condition requires that the frequency of moves any 

state, i, should be equal to the frequency of moves out of that state into other states. 

Normally this condition is hard to formalize and the condition of detailed balance is used 

instead (a more restrictive criterion than semi-detailed balance). According to this, the 

frequency of forward and reverse exchange between a pair of states, i and j, should be 

identical. The condition is then subject to the transition probability, Πij,between two 

states by a given move. Let Pi be the Boltzmann weight, ))(exp( N
irΦ−β , of state i. The 

detailed balance and ergodic conditions ensure that the number of configurations of i that 

are generated will be proportional to Bi. Thus the detailed balance condition is 

 

ijjjii PP ,, Π=Π .     (54) 

 

When a trial, j, move is fully generated, it can be subjected to an acceptance condition. It 

will be accepted with a probability Aij. When the move probabilities are symmetric 

between all pairs the acceptance test is the only constituent of Πij. In this case the best 

solution to Equation 54 is to use the following acceptance rule. 

 

Aij = min [ 1, Bj / Bi ]     (55) 
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Therefore a Metropolis scheme is first proposed and the appropriate acceptance rule is 

derived from Equation 55. This forces the sampling distribution to be the Boltzmann 

distribution. The consequence of this is that the Boltzmann weight drops out of the 

thermodynamic averages of Equation 49 yielding instead 
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One of the earliest algorithms designed for lattice polymers uses local rotations of 

one or two segments along the backbone of the chain called kink-jump91 and crankshaft 

moves.87 This is currently an excellent method to use for melt-like concentrations. Also 

its correspondence with Rouse dynamics makes it attractive for kinetics studies. 

A second method known as reptation was proposed by Wall and Mandel.92 In this 

the last segment of a chain is removed and added to the other end. It has a faster 

relaxation time than kink-jump methods but is not appropriate for dynamic studies. 

A method that is good for very dilute systems is the pivot algorithm.87 It can be 

used with very long chains to calculate the Flory exponent to high precision. In this 

method a random site along the chain is tagged as the pivot point and one side of the 

chain is rotated through a random angle. 

The bond fluctuation method is also a well-used lattice algorithm for polymers.93 

This uses a more complex lattice scheme with a coordination number larger than 100 in 

order to capture some of the angular and stretching flexibility of polymers. It has been 

used in a number of dynamic studies.94 Each move consists of a random segment 
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displacement (with a small maximum) and therefore resembles a Brownian dynamics 

simulation. 

 
Configurational Bias Monte Carlo 

 

The method we use is a combination of Rosenbluth sampling with the Metropolis 

method called configurational bias.95 It has a higher efficiency in simulations of long, 

multiple chain systems than most other algorithms. This method will be discussed at 

length in the next chapter as well as some extensions to it. The algorithm is as follows: 

1. Randomly select a chain and a unit of that chain. 

2. Erase all segments between that unit and the end of the chain. 

3. Calculate the Rosenbluth weight (see below) Wold of the erased portion of chain. 

4. Regrow the chain to its full length by randomly choosing directions that are 

unoccupied. 

5. Calculate the Rosenbluth weight of this new portion of chain Wnew. 

6. Accept or reject this new portion of chain with probability Wnew / Wold (or 1). 

7. Go to step 1. 

Where the Rosenbluth weight is designed to ensure the proper importance 

sampling.  It is calculated from the number of contacts with the surface and the solvent 

that the section of chain has.  For example, a segment touching the surface that has two 

solvent contacts will contribute a factor: exp[-(χs+2χ)/kT]. 

This method is an improvement over those which use local moves such as 

reptation, bond rotation, etc.  Large sections of chain are moved at once, which decreases 
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level of “freezing” that occurs with the local moves. This allows the simulation of very 

long chains. 

We will discuss in Chapter 5, a significant advantage gained by a small 

modification to the above algorithm.  In step 1 we impose a maximum on the number of 

segments that can be erased.  This is useful for the simulation of long chains or dense 

systems, since the probability of being able to regrow a chain that was cut in the middle 

becomes negligible and is therefore a waste of time.  In fact, the success ratio for 

regrowths of a given size decays exponentially with the increasing size of the regrowth. 

Also, instead of regrowing the chain from the original spot, it is regrown from the 

opposite end from where the cut takes place.  That way, the segments in the middle of 

long chains will eventually have the opportunity to move unlike the standard method, in 

which the interior segments of long chains are frozen. 

 

Simulation of Bulk Properties 

 

Bulk properties typically have faster relaxation times and are simpler for other 

reasons as well.  An excellent check of a simulation method is to test it against some of 

the well known properties of bulk solutions.  Critical exponents can be calculated such as 

the Flory exponent (ν)  or the “susceptibility” exponent γ.  Here we will examine some 

simulations that capture the correct scaling of the radius of gyration and end-to-end 

distance. 

Table II lists simulations performed on a single chain in good solvent.  The size of 

the simulation box must be several times the expected radius of gyration.  Preferably 4-6 

since fluctuations are of order of the rms radius of gyration.  That poses a challenge on 
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the computer’s memory for large chains.  The Rg and Rend given for N=1-3 were 

calculated by hand merely to show the limiting behavior at short chain lengths.  Lattice 

effects are obviously very important for short chains but appear only in the prefactor of 

the scaling law at large chain lengths.  The scaling laws Rg=0.41N0.594 and Rend=0.99N0.594 

were found for the large chains (N=200-1000).  

Table II. Properties calculated from the simulation of an isolated chain in an athermal 
solvent. 

 
N R g R end φ *

1 0 0
2 0.5 1
3 0.6966 1.5492
5 0.9862 2.2760

10 1.5393 3.6579 0.6545
20 2.3739 5.7096 0.3569
50 4.1586 10.0402 0.1660

100 6.3050 15.1859 0.0952
200 9.5639 22.9356 0.0546
400 14.4466 34.6935 0.0317

1000 24.86975 59.59039 0.0155  

 

The plot of this was shown in the Chapter 1 against corresponding simulations in 

a near θ-solvent..  For the near θ-solvent the fitted power laws were Rg=0.57N0.485 and 

Rend=1.34N0.481.  The power law develops even at chain lengths as low as 20 and 50, and 

is accurate to less than a percent above 100.   

Not only do simulations like this give confidence in the technique, but they 

provide valuable information.  The radius of gyration and end-to-end distance are 

important length scales in all polymer problems and, as we will see, help to interpret 

them.  The overlap volume fraction (see Chapter 2) is also listed in the table and is a 
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critical parameter where many property transitions occur in polymer solutions.  It is 

calculated directly from the radius of gyration and chain length from φ* =
N

4πRg
3 / 3

.  

Also, the prefactors of the power laws gives us the approximate correspondence 

that the lattice size has to the Kuhn length of a polymer.  For the θ-solvent an exact 

correspondence of lK = 1.48a is found by comparing the power law for the end-to-end 

distance with the freely jointed chain.  The end-to-end distance in a good solvent has a 

prefactor of the same order of magnitude but slightly lower indicating that it describes 

slightly smaller length scales.   

To our knowledge simulations attempting to obtain the scaling of isolated chains 

for N>1000 have not been done.  While we did not use sophisticated extrapolation 

procedures, our answer tends more toward the value 0.592 predicted from critical states 

theory.11 At one time it was a great challenge to calculate the critical exponents with 

simulations.  Researchers extrapolated enumeration and Monte Carlo calculations to find 

exponents for all dimensions and lattice types.21 Naturally it was found that only the 

dimensionality of the lattice matters.  The same critical exponents were obtained from all 

3 dimensional lattices such as the simple cubic, diamond, and face centered cubic lattices. 

 

Simulation of Adsorption 

 

We have had success in the simulation of chains as long as 10,000 segments (see 

the snapshot in Chapter 2).  Most simulations reported for similar systems involve chains 

only 50-100 segments in length.  With simulation of multiple chains in equilibrium with 

an adsorptive surface we are limited (for several reasons) to 1000-2000 segment chains. 
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Fortunately to obtain macroscopic properties of a polymer solution we do not 

have to simulate 1023 (1 mole) chains.  Simulations of bulk solution are done using a 

small number (typically 10 – 100) of chains in a box with the usual periodic boundary 

conditions that allow the chains to leave one side of the box and come in on the opposite 

side.  The box should be several times the average size of the chains (Rg).  A box that is at 

least 4 Rg wide will ensure, even in highly fluctuating systems, that the chains do not 

interact with themselves through the periodic boundaries.  As can be deduced from Table 

II and the simulations described in Chapter 7, the smallest simulations boxes we used 

were 3 – 4 Rg in the more concentrated systems (radius of gyration is smaller for these 

systems) for N=200 and 1000 while the more typical case was 5 – 6 Rg. 

We study the case of equilibrium between a bulk solution and adsorption onto a 

flat surface.  This is arranged by having periodic boundaries in the x and y directions and 

2 impenetrable walls at z = 0 and L.  L should be large enough so that the region in the 

middle (z = L /2) is effectively a bulk solution.  The symmetry of this situation is more 

preferable to simulation with only one surface.  There it would not be easy to create bulk 

conditions even with a reflective boundary. 

Equilibrium conditions.  The basic criterion for equilibrium in bulk simulations is 

that the simulation time be much longer than the relaxation time of the radius of gyration.  

For simulation of adsorption, equilibrium conditions are harder to define or reach. The 

characteristic relaxation times of surface conformations are typically longer than bulk 

conformations.96 The main criterion we use however is that there be sufficient exchange 

of chains between the bulk and the surface.  This criterion becomes demanding for high 

chain length in dilute solution since it literally requires 100’s of kT to “rip” a chain from 
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the surface.  At some separation distances there is more than one datum.  The lower ones 

are for simulations where the compressing surface is repulsive.  A regular simulation can 

never escape from a well of 100 kT.  We have had difficulty in simulating chains of 200 

or 300 segments using the traditional methods.  When such chains have 50 or more 

segments coupled to the surface, they are frozen to the local moves that traditional 

methods are based on.  It is the configurational bias methodology that can “tunnel” 

through such steep activation barriers.  

Solvent conditions.  Athermal conditions can be ensured simply by setting the 

monomer–monomer interaction energy, ε, to zero.  It is the simplest situation to study in 

simulations and also it is well within the range of good solvent conditions (the most 

relevant experimentally).  Simulations are more naturally suited to study the effect of 

excluded volume than theories.  Recall the radius of gyration and end-to-end distances in 

plotted in Chapter 2 which were obtained from simulations in athermal conditions.  It was 

much easier to find the Flory exponent than the exponent for a random walk. 

That leads us to the question of θ-solvent conditions.  A θ-solvent is defined as 

the solvent that has a Flory-Huggins χ = 1/2 which can be achieved experimentally by 

varying the temperature of the solvent. For large or infinite length chains, this condition 

results in Gaussian statistics. Thus in practice we can approximate θ-solvent condition by 

varying the interaction energy between segments, ε, so that the radius of gyration follows 

the scaling law of an ideal chain, N1/2. Our best estimate comes from simulations for ε = 

0.25, 0.27 and 0.28 kT, yielding the following scaling laws at high chain length:  Rend = 

1.06N0.53, 1.16N0.53, and 1.34N0.53 respectively.  For these fits, the chain lengths 200, 400, 
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1000 were used for 0.25 and 0.27 and 400, 1000, 2000 for 0.28.  A 2nd order polynomial 

interpolation yields the θ-solvent condition: ε=0.274 with Rend = 1.22N0.500. 

There could be subtle differences between a θ-solvent and a true random walk.  

While ε = 0.274 produces the square root law in the bulk solution, the prefactor may be a 

function of concentration.  As an example of the consequences, it is known that the 

random walks confined in a slit or pore, will not expand laterally under compression.2  

However, there is some evidence from simulations that finite length chains in a θ-solvent 

do expand laterally.97   

Markov matching: estimating the size of the lattice spacing a.  In general an nth 

order Markov process can be “matched” with a zeroth order Markov process.  Alluded in 

Chapter 2, this “Markov matching” (first proposed for polymers by Kuhn9) can give us 

important information about the size of the lattice unit the chains on the lattice in 

comparison to real polymer chains.  Thus the quantities a / lc and M / N will be of 

interest, where the former is the size ratio of the lattice to monomer unit and the latter is 

the ratio of molecular weight to number of units in a lattice chain.  In advance we know a 

/ lc will be larger than unity because real polymers have more stiffness than lattice chains.  

That is, polymer chains are a higher order Markov process. 

This exercise consists of two parts: i) Matching the simulation chain to the freely 

jointed chain using the correlations we just found for Rend in a θ-solvent; and ii) Matching 

the chemical characteristics of real polymer to the freely jointed chain using either 

experimental observations or statistical mechanics incorporating the chemical specifics of 

various polymer types.  In both cases, the matching proceeds as follows.  Given N units 

of an nth order Markov chain each of length l, we match them to the 0th order chain (freely 
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jointed) which will have a smaller number NK units and a larger length per unit lK.  The 

conditions that the contour length L and the rms end-to-end distance Rend do not change 

must be met. 

 

L = lK NK = lN

Rend = lK NK
1/2 = clN1/ 2

     (57) 

 

which leads to lK/l = c2 where c is the constant found either experimentally or in 

simulation. 

For case i) l is the lattice spacing a and we have found for isolated chains in a 

θ=solvent that c=1.22.  This yields for the number of lattice segments in a Kuhn segment 

lK/a = 1.5.  This seems like a very reasonable answer since one would expect directional 

memory of links to disappear somewhere between 1 and 2 links in a random walk on a 

lattice.  Bitsanis and ten Brinke98 have found for the same simulation method but in a 

melt (which is also ideal) that the ratio is 1.1. 

For case ii) we can use experimental measurements of Rg which have been 

collated in the book by Fleer et al.4 Another option is to use calculations of what Flory 

calls 2cC =∞  which can be found in his second book.12 We will pursue the former now.  

For a polymer with molecular weight M, where the molecular weight of each monomer is 

m, we can use N = M / m in Equation 57.  The length l = lc (chemical segment length), 

will be obtained from the planar zig-zag conformation of polymers, using tetrahedral 

valence angles of 109.5º.  The covalent bond length of carbon-carbon atoms is taken as 

0.134 nm.  Thus for a monomer that adds two carbons to the backbone of the polymer, lc 

= 2(0.134) sin(109.5 / 2) = 0.2 nm. 
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Figure 9: Length between carbons along the chain backbone. 

Table III shows the results of these calculations for three types of polymer.  In 

general, the calculations by Flory for ∞C are roughly the same as the experimental results 

for lk / lc.  An improvement on the valence angle we chose could improve the agreement.  

There are in these cases, between two and eight chemical segments in one our lattice 

segments, and the level of detail of our lattice is approximately 1 nm.  A 105 molecular 

weight chain of polystyrene would correspond roughly to a 100 – 200 segment lattice 

chain, while the same molecular weight version of polyethylene-oxide would be only 10 

– 20 segment lattice chain. 

Table III. Comparison of the simple cubic lattice to real polymer chains. Kuhn length, lK, 
of the simple cubic lattice is lK = 1.49a. 
 

Polymer / 
 solvent 

Monomer 
weight ∞C † 

Rg / M
1/2 

(nm)
 ††

 
lk / lc a / lc a 

 (nm) 
M / N M 

N=100 
M 

N=200 
PS / CH 104 10.2 0.0288 10.81 7.26 1.6 755.0 75501 151001 
PEO / aq. 44 4 0.0343 2.88 1.94 0.6 85.2 8519 17039 
PMMA / (var.) 100 6.9 0.0261 8.53 5.73 1.3 573.3 57330 114660 
PE / decanol 28  0.0435 6.64 4.46 1.0 124.9 12485 24970 
PM / (var.) 14 6.7  3.32 2.23 0.5 31.2 3121 6243 
PDMS / toluene 74 6 0.025 5.79 3.89 0.9 288.0 28803 57607 

 

† ∞C = <r2>0 / Nl2 calculated from rotational isomeric state model by Flory.8 
††Experimental measurements collated by Fleer et al.4 
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Initial conditions.  Before the attraction at the surfaces was turned on, the chains 

were randomly grown. During the growth the chains also were subjected to local 

relaxation moves (i.e., reptation, kink jump, rotation, and crankshaft) as outlined by 

previously.98  These local relaxation moves have been shown to be effective for 

simultaneous growth and equilibration, which is important for chains longer than 30 – 50 

segments.  The objective here is only to generate an initial configuration while the main 

part of the system relaxation and collection of statistics are done with configurational 

bias. 

Polymer induced forces.  There are two general methods99, 100 used to calculate 

the equilibrium forces between a many body system and an object from a dynamic Monte 

Carlo simulation on a lattice.  We will discuss the latter, which is more accurate.  Force is 

related to the gradient of a potential energy field as f = −∇ ϕ .  Therefore, in a canonical 

ensemble, the force required to maintain two flat surfaces at a separation H is related to 

the derivative of the Helmholtz free energy, F, as  

 

f (H ) = −
dF

dh H

≈ −
F(H + a / 2) − F(H − a/ 2)

a
=

kT

a
ln

Q+

Q−
.  (58) 

 

We know that the canonical partition function, ∑ −= )/exp( kTUQ i , can only be 

obtained from simulation of systems for which the set of distinguishable configurations is 

fully enumerable (note: there is a procedure that can estimate the partition function from 

static Monte Carlo89).  However, there is no fundamental reason why the ratio of the 

partition functions of two similar systems cannot be obtained.   
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In practice it is not difficult to calculate the partition function ratio for two 

systems of equal size, only differing in their potential fields.  This means we cannot 

actually move the wall from H + a / 2 to H – a / 2.  What is equivalent the approach 

towards an infinite repulsive potential V in the layer next to the compressing wall.  Thus 

we wish to calculate the limit: Q(H;V = 0)/ Q(H;V → ∞).   

Bennet101 developed a procedure for optimizing the accuracy in the calculation of 

such a ratio (for an arbitrary system) through the identification of an adjustable weighting 

function.  Jimenez and Rajagopalan100 used this to obtain an implicit expression for the 

change in free energy, ∆F, between two lattice systems with difference in potential at the 

upper wall of ∆V. 

 

Pk
b − Pk

ae(∆F −k∆V ) / kT

1 + e(∆F−k∆V) / kT
k =0

k max

∑ = 0 .    (59) 

 

All that is required to solve Equation 59 for the change in free energy between 

two systems is the probability distribution of surface contacts for each system: Pk.  This is 

just the probability that there are k segments at the compressing wall.  Equation 59 is 

valid for any change in potential energy ∆V.  If this change is infinite, the equations 

reduce to  

 

∆F / kT = − ln P0
a      (60) 
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and all that is required is one simulation for V = 0 to find the probability of zero contacts.  

In practice, if the probability of zero contacts is very low (i.e., strong force – dense 

systems) then it cannot be obtained accurately.  In that case one incrementally changes 

the repulsive potential V and calculate ∆F at each step from Equation 59.  Eventually, for 

some highly repulsive potential, the probability of zero contacts can be found and thus 

the final term from Equation 60 is added. 

We summarize calculation of force at a distance H as follows: 

1. Simulate the system with a certain potential at the upper wall. 

2. Simulate the system again with a slightly higher potential.  The change in potential 

must be small so that the new distribution overlaps with the previous one allowing the 

solution of Equation 59 for the incremental change in free energy. 

3. Repeat 2 until the repulsive potential is high enough that the probability of zero 

contacts can be calculated with accuracy.  The final increment in free energy comes 

from Equation 60. 

The simulation of two physisorbed layers is a little more difficult since one must 

start from a potential at the upper wall that is attractive, and increment gradually in the 

repulsive direction until extrapolation to infinity is possible.  This is only stage one 

however since we have only calculated the free energy difference between a system with 

an adsorptive upper wall at z = H + a / 2 and a system with a non-adsorptive upper wall 

located at z = H – a / 2.  In stage 2 we need to find the free energy difference of re-

adsorbing the chains.  This is done by incrementally decreasing the potential, starting 

from zero, and continuing until the original adsorption strength is obtained.  For dual 

physisorbed layers, the energies from stage 1 and 2 are large number with opposite signs 
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which is the reason for poor accuracy for the calculation of weak forces ( < 0.001 kT / a3) 

when the separation is large.  The number of simulations this requires altogether can be 

as many as 15 or 20.  Nevertheless, we have had some success in formulating this 

technique to obtain unique information on bridging forces.102 
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CHAPTER 5 
REPTATING CONFIGURATIONAL BIAS MONTE CARLO 
FOR LONG CHAIN MOLECULES AND DENSE SYSTEMS 

 

Introduction 

 

The exponential attrition of configurational bias for long chains is reduced to 

quadratic by a simple modification of the basic move.  Each trial move begins instead on 

the side of the remaining sub chain opposite to the cut location.  This type of move is 

akin to a large-scale reptation and in the limit of a one-segment cut is reptation.  The 

extension is proven to require the same Rosenbluth weighting scheme as the original 

algorithm.  Several examples are used to demonstrate the improved performance of the 

new method.  A single chain is analyzed in isolated and more concentrated environments.  

Also, some characteristics of the more demanding problem of polymer physisorption are 

elucidated.  Finally, a further extension to the method that forces repeated selection from 

one end of the chain only is considered.  The method while having the advantage of 

completely eliminating attrition is rigorously incorrect.  However it may be teleologically 

correct in many situations. 

Development of algorithms for sampling statistics of long chain molecules has 

been a challenge since the first days of Monte Carlo.  One of the most successful models 

because of its simplicity is a self-avoiding walk on a cubic lattice.  While this model 

suffers in its description of microscopic properties it has been used to analyze large-scale 
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aspects of many important problems.  It corresponds to a coarse-grained polymer chain in 

an athermal solvent.  Sometimes nearest-neighbor contact interactions are used as well.  

This problem will be the subject of much of this chapter, although most of our results can 

be applied to off-lattice models as well. 

Many of the early methods for polymer chains used static Monte Carlo variants in 

which each microstate of a system is generated independently.  The first method used for 

polymer was called “simple sampling.”  Because Boltzmann statistics require non-

overlapping and overlapping configurations to be generated with equal probability the 

method fails for all but exceptionally short chains. The success rate for chain creation 

faces a dramatic exponential attrition with increasing chain length. 

“Enrichment” and “biased sampling” were among the more successful attempts to 

overcome this problem.  However their effect is only to “postpone” the inevitable 

attrition.  Biased sampling, developed by Rosenbluth and Rosenbluth,89 is the basis of 

configurational bias.  In contrast to simple sampling, biased sampling allows a choice 

only from unoccupied neighboring sites for the sequential placement of trial chain 

segments.  These early lattice methods are reviewed at length by Kremer and Binder.87 

Ultimately complex polymer systems yield their secrets only to dynamic (i.e., 

Metropolis) Monte Carlo.103 “Pivot,” “kink jump” and reptation algorithms have all had 

some degree of success in simulating longer chains and denser systems and can even be 

combined.  As opposed to these “traditional” Metropolis methods, configurational bias is 

a more “forward-looking” algorithm.  It determines each trial configuration with respect 

to the system’s current configuration in a way that hopefully produces a microstate with 

frequency more proportional to its weight in the Boltzmann distribution of microstates.  
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Developed originally for a canonical ensemble on a lattice104, 95 it has been extended to 

off-lattice,105, 106 grand canonical ensemble and Gibbs ensemble systems.107 These 

techniques have been reviewed in the book by Frenkel and Smit,5 as well as a 

generalization the configurational bias method to all (i.e., not necessarily polymeric) 

molecular systems. 

Several advances have appeared since then in CBMC.  Algorithms which form 

trial moves by regrowth of internal instead of end segments have received much 

attention.5, 108, 109, 110, 111 The first implementation was on a lattice by Dijkstra et al.108 and 

uses a priori knowledge of the closure probability from the properties of a random walk. 

This class of algorithms have the potential to generalize CBMC to polymer systems of 

many topologies.  Applications exist towards simulation of long linear chains, branched 

chains, long grafted chains and ring chains to name several problems that are presently 

difficult because of their low concentration of endpoints.  However the growth of a sub 

chain between two fixed points forces a sacrifice of the method’s simplicity.  Another 

advanced extension that overcomes some of CBMC’s inherent limitations is the recoil 

growth method.112 This is useful in dense, long-chain systems since each growth in the 

trial move uses a “retractable feeler” to look several steps forward as compared to the 

one-step pre-cognizance of conventional CBMC. 

CBMC has been implemented in many phase equilibrium studies.113 Therefore 

serious attempts to improve its efficiency for large systems with complicated interaction 

potentials have been made.114, 115, 116, 117 Interactions between long chains and interfaces 

have been largely ignored by CBMC and require specialized methods. 
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The organization of this chapter is as follows.  In the next section two extensions 

to CBMC are proposed and analyzed theoretically. These make long chain simulations 

easier through very simple means.  The following section contains several comparisons 

between conventional and new CBMC in terms of accuracy of results and performance.  

This is succeeded by a section summarizing our main findings. 

 

Proposal and Detailed Balance of Configurational Bias Extensions 

 
End-Switching Configurational Bias 

 

In this communication, certain issues are addressed regarding modifications of the 

original configuration bias Monte Carlo (CBMC) algorithm proposed by Siepmann and 

Frenkel.95 We analyze two modifications that are aimed at relaxing more effectively the 

interior segments of long chains in dense systems. In general these methods involve the 

removal and random regrowth of pieces of the chains in the system. In contrast to the 

original CBMC algorithm (Figure 10a) we propose to grow the trial sub chain opposite 

the end from which a sub chain is cut, as shown in Figure 10b. The advantage of this 

method is in the relaxation of the interior segments of the chain. Reptation dynamics tells 

us that the rate of backbone renewal will increase quadratically with the number of 

segments in the chain instead of exponentially. That is to say, the average number of 

successful end-switching CB moves that produce a complete renewal of the chains 

backbone is proportional to the square of the number of subchains, 22 ~)/(~ NNN C , 

which amounts to a much milder attrition. 
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For all Monte Carlo methods that generate ensemble snapshots sequentially, the 

primary criterion is that the average transition rate between any two configurations must 

be equal in the forward and reverse directions. This condition is known as "detailed 

balance.” A microstate (or configuration), I say, is defined exclusively by a set of 

)1( +Nn  position vectors, where n is the number of chains and N is the number of links 

in each chain. For simplicity, lets denote any such set by the notation nN
Ir . The number 

density, PI, of such configurations in the equilibrium ensemble is proportional to the 

Boltzmann factor, )](exp[ nN
IrΦ−β . As usual, β and Φ refer to the inverse thermal energy 

and the potential energy respectively. In what follows, we will consider only athermal 

systems in which the Boltzmann factor is either 0 if overlaps are present in the system, or 

1.0 if no overlaps exist. We can consider the transition rates between arbitrary states I and 

J as the product of the number density of each state and the probability, Π, of reaching J 

from I, or vice versa, via the simulation algorithm. Therefore detailed balance is written 

as 

 

 IJJJII PP ,, Π=Π .     (61) 

 

This transition probability can be separated into two factors due to the probability, TI,J, of 

generating trial state J from state I and the acceptance / rejection rule, AI,J for this trial 

move. Normally Monte Carlo methods are devised by proposing a set of moves and thus 

fixing TI,J, and then finding an acceptance rule that is consistent with Equation 54. 

It is useful to consider the example of two 4-mer configurations shown in Figure 

11. For simplicity we use two-dimensional chains inscribed on a square lattice. 
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Additionally, we will only incorporate removal / regrowth moves of NC  = 2 links at a 

time (normally NC is picked at random). What is the probability, TI,J, for for generating 

trial move J from I? First a chain in the system is selected at random, and then one end of 

the marked chain is selected at random. Thus a factor (1/2)(1/2) is contributed towards 

TI,J in the example since there are two chains (and of course, two chain ends). At each 

stage of the trial insertion, J, a link is added randomly to one of the z available directions. 

Thus TI,J = (1/2)(1/2)(1/3)(1/3) for the forward move and for the reverse move, TJ,I = 

(1/2)(1/2)(1/2)(1/2). Therefore the acceptance rule must compensate for the fact that 

moves from J to I in this case are more likely. Specifically, AI,J / AJ,I is required to be 

IJ zzzz ]/[][ 2121  = (2· 2)/(3· 3) = 4 / 9. 

A generalization for the acceptance rule to athermal lattice systems of any size is 

suggested by the above example. An arbitrary configuration J is generated from I with a 

probability, 
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where WJ is the Rosenbluth weight generated by the trial portion of the chain as it is 

grown in configuration J. That is to say, WJ  = W(NC ) where )()5/()1( iWziW I=+  and 

the factor of 5 corresponds to the number of non-backfolding directions on a cubic lattice 

(for a square 2D lattice it would be 3). Therefore we find the acceptance rule, in the 

absence of any energetic interactions, must satisfy, 
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 and the best choice for the acceptance rule is therefore 

 

]/,1min[, IJJI WWA =  .    (64) 

 

This is exactly the expression used in standard CBMC (without end-switching) and thus 

constitutes a proof that they are the same in terms of weighting functions. 

We should point out that in these algorithms, the weighting functions a priori 

have NC factors in them, not N factors. That the N – NC factors representing the uncut 

portion of the chain, if included into the weighting functions, would cancel out in the 

standard method but would not this end-switching method, is purely coincidental. 

 
Persistent End-Switching Configurational Bias 

 

One might entertain the notion that by continually cutting segments from the same 

side of each chain in a system. An advantage would be gained in the relaxation of 

exceptionally large chains since a chain renewal would be achieved in exactly )/( CNN  

moves. It is tempting to raise the objection that, due to the fact that immediate reversal of 

a move is impossible, the scheme automatically violates the law of detailed balance. 

However in reality the principle of detailed balance makes no such implication.  This 

misconception might be due to the popular usage of the term "microscopic reversibility" 

when the term "detailed balance" is more a realistic description. One example in previous 
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literature of a scheme that is “non-reversible” is the persistent reptation algorithm118 

(however they switch directions when the chain meets a dead end). As stated above, 

detailed balance is only a sufficient condition. The necessary and sufficient condition is 

sometimes referred to as “semi-detailed balance” which is less restrictive but harder to 

prove.105  This just states that the exchange between two states I and J must be equal.  

The difference between detailed balance and semi-detailed balance can be non trivial 

(and several examples exist to demonstrate this). 

It is best to clarify the persistent end-switching CBMC proposal by the use of an 

example. Figure 12 shows two possible configurations of a system of tetramers, again on 

a two-dimensional lattice. The trial move algorithm is to remove links 1 and 2 and add 

them randomly to link 4. If such a move is accepted, the asterisk (denoting head of chain) 

is updated. Any state I in the ensemble then is either of two kinds as regards asterisk 

position, which we will call sub states i and i´. For property calculations we do not need 

to distinguish between these two sub states, but there certainly is a distinction in terms of 

the transition probabilities generated by the algorithm of choice. In Figure 12 the 

probability, Ti,j is (1/2)(1/3)(1/3) and the probability Tj ,́i  ́ is (1/2)(1/2)(1/2). All of the 

other combinations, i.e.,, Tj,i ,́ Tj ,́i, Tj ,́i ,́ Ti,j , are zero since these transformations cannot 

occur. For instance, i cannot be reached from j´ by our proposed move. The only 

possibilities are a transition from i to j or a transition from j´ to i´. 

For an arbitrary athermal lattice system it is necessary to recognize that the 

requirement of detailed balance still holds in the form of Equation 54. A detailed balance 

on sub states is not required! If it were, then the departure of this algorithm from the 

detailed balance condition would be of the most extreme kind. All that is required is that 



90 

 

the "flow rate" between states is balanced in the reverse and forward directions. We have 

shown that the flow rate in the forward direction consists only of i to j transitions. Similar 

is the reverse direction flow rate, which completes the detailed balance expression,  

ijjjii PP ′′′Π=Π ,, .     (65) 

The obvious question is whether the number of sub states are equal in any given 

state, i.e., does Iii PPP 2
1== ′ ? If this were true then in the absence of energetic 

interactions all configurations are equally likely. Consequently ji PP ′=  and an expression 

such as Equation 63 would define the appropriate acceptance rule, and the same weights 

as in Equation 55 would produce a correct Monte Carlo algorithm. However this 

assumption is unfounded. The condition can only be enforced either by a detailed or 

semi-detailed balance on sub states; clearly it violates the former condition.  In what 

follows we show that the persistent end-switching scheme must even be in violation of 

the semi-detailed balance condition. This is accomplished by picking illustrative 

examples for which ji PP ′≠  rather than by a general proof. 

Let us attempt to find an example microstate for which the algorithm a priori will 

not generate equal numbers of chains with the asterisk located on either end. Again we 

shall use only a two-dimensional square lattice to simplify matters. A first attempt is to 

consider a fully extended dimer normally adjacent to a surface (or a line). This is shown 

in Figure 13a with the asterisk located at the far end and in Figure 13b with the asterisk at 

the near end of the chain. Clearly there are 3 possible configurations from which the 

former can be generated and only 2 for the latter, and therefore the second configuration 

should be 2/3 as likely as the first. 
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The second example, depicted in Figure 14, also shows that sub states are non 

ergodic.  The same dimer is now up against an object (either an irregular surface or 

another chain) that traps its last segment.  Therefore the configuration j with asterisk in 

the trap cannot be reached by a single segment move.  The opposite configuration j´ can 

be reached from 3 other possible configurations.  If the trap is a fixed object than it is an 

example of a non ergodic configuration and there will be zero such states.  Even if the 

trap is not fixed, i.e., it is another chain, the microstates I and J do not balance. 

 

Tests of the Proposed Algorithms 

 

The methods will first be assessed by the simulation of an isolated chain.  The 

accuracy of the end-to-end distance of the chain and the associated scaling exponent will 

be examined, and in a more sensitive test, the segmental pair correlations and radial 

density gradient will be analyzed.  This is followed up with the analysis of two further 

systems.  To illustrate the effect of system density on the algorithms, a semidilute and 

concentrated bulk solution will be analyzed.  Finally, a problem which inspired much of 

this work will be outlined.  This is the physisorption of polymers onto a flat surface in 

equilibrium with a bulk reservoir of polymer solution.  To facilitate discussion the 

abbreviations: CB0, CB1 and CB2 will often be used in reference to the standard, random 

end-switching and persistent end-switching CBMC methods. 
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Static Properties 

 

To understand the conundrum that faces the configurational bias method, we 

observe (Figure 15) the exponential attrition of moves of increasing size.  The data are 

from the tracking, in three CB0 simulations, of the distribution of successes and failures 

of each cut size, NC.  Clearly it is better to restrict NC,max (i.e., the largest attempted 

move), in the case of long chains in dense systems, to something closer to N / 2 than N in 

order to increase the number of successful moves, but still allow complete chain renewal.  

For instance, the N = 1000 simulation of an isolated chain used NC,max = 600.  But even 

with this slight improvement, the evidence in Figure 15 makes it obvious that simulation 

of 1000 segment chains in semidilute conditions is impossible by the standard CBMC 

method. 

The radius of gyration and end-to-end distance is plotted in Figure 16 as a 

function of chain length for the three simulation algorithms.  The methods yield nearly 

identical quantities and the Flory scaling exponent is obtained quite accurately, 

592.0~ NRend .  In Table IV, Rg and Rend are listed showing that the different CBMC 

algorithms are equivalent within their margins of uncertainty (as determined by splitting 

each Monte Carlo run into 10 partial sequences). 

Structural correlations.  What follows is a comparison of the structural detail 

obtained from the three simulation algorithms. First the segmental radial distribution 

function is analyzed.  The overall radial distribution function, g(r), defined as119 
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∑∑
≠

− −=
i ij

jirg )()()( 2 rrr δδρ     (66) 

 

where ri is the position of the ith segment (or its nearest image) and inner summation is 

therefore the total number of segments a distance r from ri in a given microstate. In the 

case of polymer chains more detailed distribution functions exist that take into account 

segment rank. For example the rank distribution function gα(r) would use Equation 66 

except the outer summation would only run over segment of rank α which lies between 1 

and N. In the case of the single chain there is only one term in the summation which 

simplifies matters to 

 

∑
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− −=
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jrg
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2 )()()( rrr δδρ αα ,    (67) 

 

where the summation omits, of course, j = α. An even more detailed rank-rank 

distribution function could be defined along the same lines, gαβ(r), i.e., the correlation 

between segments of rank α and segments of rank β. In our analysis we will refer to the 

rank distribution functions g1(r) and gN/2(r), i.e., the correlation of the end and middle 

segments of the chains.  

A further comment is necessary concerning the normalization of these functions. 

In practice the continuous function g(r) is divided into a discreet set of bins of width ∆r. 

Therefore at a separation (r + ∆r / 2) the volume of the spherical shell times the average 

system occupancy is [4π (r+∆r)3 / 3 – 4π r3 / 3 ] (N / V). On a lattice system we have 
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taken ∆r  equal to the segment size and instead of taking the volume, we tabulate the 

number of lattice sites within each spherical shell. The first ten bins are shown in Table 

V. Also, in the single chain simulations, rather than taking the volume of the simulation 

box in the normalization factor, naturally the volume of the chain, V = 4πRg
3 is used. 

In Figure 17 and Figure 18 the radial distribution functions are shown for an 

isolated N=100 segment chain and an isolated N=1000 segment chain. The uncertainties 

are the size of the points. There is no difference in correlations between the standard 

CBMC algorithm – CB0 (lines) and the end-switching methods (small circles and 

triangles). The value of g(r = a) is approximately 3 in Figure 17a and c for the overall and 

middle segment distribution functions. Approximately half of this high correlation is due 

to the chain’s own linkage. That is, each segment is bonded to two other segments at a 

fixed distance r = a thus contributing automatically (2 / 18) / (100 / 4π6.443 / 3) = 1.24. 

Similarly for N = 1000 the two bonded neighbor segments contribute 7.54 out of 

g(a)=gN/2(a)=18. Clearly the values for g1(a) are slightly smaller because there is only 

one segment linked to the end segment. 

Density distribution.  Another sensitive test of structural details is the radial 

distribution of the volume fraction, φ(r), where in this case the distance, r, is measured 

from the chain center of mass. This function gives the fractional occupancy of the lattice 

sites within the spherical shell bounded by ( r – ∆r / 2 ) and ( r + ∆r / 2 ). To be precise, 
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where c(r) is the number of lattice sites at r tabulated in Table V. 

Figure 19, Figure 20 and Figure 21 show the density distribution for three 

different simulations. The two isolated chain simulations discussed above, and a third 

simulation on a bulk solution of average volume fraction 10.0=φ , which is semidilute 

(overlap concentration, φ* = 0.090). In the multi-chain simulation only intra-chain 

contributions to volume-fraction are considered. This simulations again show the 

proposed end-switching algorithms to be perfectly accurate. The only discrepancies occur 

in the N = 1000 simulation for which the standard CB0 algorithm is near its limit of 

capability. The uncertainty of the high-density (small r) data is quite large for CB0 as 

indicated by error bars in Figure 20. In all of these simulations (Figure 19, Figure 20 and 

Figure 21), 5 million MC moves were attempted. It is no surprise that the highest 

uncertainty occurs near the middle of the N = 1000 chain since this is the most difficult 

region to relax. 

Adsorbed polymer chains.  We have carried out several studies of physisorbed 

polymer chains (see Chapters 7, 8 and 9). The simulation of a semidilute or dilute bulk 

solution in equilibrium with a dense adsorbed layer is a demanding problem. The 

maximum chain length is between N = 100 and 200 that can be simulated by the 

conventional CBMC method with sufficient statistical accuracy. 

Figure 22a and b display the results from N = 100 and 200 simulations using the 

CB0 and CB1 algorithms. In both cases the bulk solution is in the dilute regime and the 

first few layers of the interface are concentrated or semidilute. The overall density 

profiles and the loop and tail density profiles, which are more sensitive to statistical 

uncertainty, are in excellent agreement. 



96 

 

 
Dynamic Characteristics of the Algorithms 

 

The configurational bias algorithms almost certainly do not have a realistic 

dynamic behavior. There are only a few lattice Monte Carlo algorithms for polymers 

which have been mapped successfully onto the kinetics of real or theoretical chains. 

Principally these are the Verdier-Stockmayer set of moves (kink-jump, crankshaft) and 

the bond-fluctuation model. Much of this work has focused on the dynamics of dense 

polymer systems where a crossover from Rouse to reptation dynamics is expected. For a 

Monte Carlo algorithm to have any chance at capturing realistic dynamics it should have 

more “local” moves that are in step with the actual physical processes involved in 

polymer systems. Monte Carlo simulation of polymer dynamics has been reviewed by 

Binder and Paul.94 

The reason that we treat dynamics here is to obtain a better understanding of the 

performance of these algorithms with respect to each other. Also, a byproduct of this is 

an improved understanding of the characteristics of configurational bias that can be used 

towards more efficient design of future simulations.  

As explained in the introduction, we have some idea of the scaling of the renewal 

time with chain length. The renewal time, τN, is the average number of MC steps to 

complete a renewal of the chain’s backbone. For CB0 the renewal time should increase 

exponentially with N since the success rate of moves that reach interior chain segments 

decreases exponentially (see Figure 15). The CB1 algorithm which is similar to a large 

scale reptation should obey the tube-like reptation dynamics of Doi and Edwards.120 This 

indicates that τN  should increase quadratically with N. The CB2 algorithm, since it 
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persistently reptates towards the same direction, has no more difficulty with large chains 

than with small chains. Its renewal time should scale linearly with chain length. 

In the remainder of the chapter we will focus on the relaxation time associated 

with the chain-size, the renewal time and the rate of diffusion of the chains. This latter 

property is important in multi-chain system such as adsorption for which diffusion of the 

chains is inhibited. 

Autocorrelation of chain size.  Figure 23 and Figure 24 display the autocorrelation 

function of the end-to-end distance, )0()()( endend ttA RR •=  (where t is number of 

Monte Carlo steps per chain) of an isolated chain for N = 100 and 1000 respectively. In 

the first case there is very little difference between the three algorithms. This owes to the 

fact that even moves of 99 segments have a relatively high success rate (~20%) in this 

system. In the N = 1000 simulation we find that the relaxation of CB1 is the fastest and 

CB0 is the slowest. The differences are small. Estimates of the relaxation times, τRend, 

(sometimes called the rotational relaxation time120) as estimated from regression of the 

data to the function exp( – t / τRend ) , are listed in Table VI. 

Backbone renewal rate.  The first column in Table VI lists the renewal times for 

the same simulations and in addition, for the simulations of semidilute and concentrated 

bulk solutions of N = 100 segment chains. The difference in renewal times between the 

end-switching algorithms and CB0 for the N = 1000 simulation is an order of magnitude. 

The concentrated bulk solution also has considerably better renewal rates for the end-

switching algorithms. It is interesting to note that the renewal rate for CB2 exceeds that 

for CB1 for the long chain simulation however the opposite effect is observed for the 
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dense, short chain simulation. Apparently the advantage of persistent end-switching is 

more pronounced for long chains, than for dense systems. 

Diffusion.  Next we analyze the diffusion of the chain center of mass and of the 

end and middle segments of the chain. This is accomplished by measuring the mean 

square displacement of the center of mass or segment after t steps. This quantity in many 

processes is related linearly with time, 

 

Dtt 6))0()(( 2 =−rr ,    (69) 

 

in the limit of large t. Here D is the self diffusion constant. 

Figure 25, Figure 26 and Figure 27 show the square displacement as a function of 

time for an isolated N=100 chain, and isolated N=1000 chain and a semidilute solution of 

N=100 chains. In all cases diffusion is obviously most rapid for the CB2 algorithm, and 

most sluggish for the CB0 algorithm. Figure 25a, Figure 26a and Figure 27a show the 

diffusion of the center of mass of the chain. The N = 1000 simulation has the most 

pronounced difference in diffusion rates between the end-switching and standard CBMC 

algorithms. 

An estimate of the self-diffusion coefficient in Equation 69 was made from a 

linear regression where possible. The center of mass self-diffusion coefficients, Dcm, are 

listed in Table VI as well as the average time required, τcm,  for the center of mass to 

diffuse a distance of 2Rg. The CB0 center of mass diffusion time is roughly twice the 

others for the N=100 simulations regardless of semidilute or dilute concentration. 

Meanwhile the N=1000 simulation shows that CB0 has a diffusion time roughly two 
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orders of magnitude greater than the CB1 and CB2 algorithms. This must have a serious 

consequence in, for instance, the simulation of a strongly adsorbed layer of long chains 

where a substantial exchange of chains between the bulk and the surface should exist at 

equilibrium. 

 

Summary 

 

It is evident from the comparison of isolated chain, bulk solution, and adsorbed 

chain simulations that the proposed algorithms: random end-switching and persistent end-

switching are accurate and correct. They can add a serious advantage to the simulation of 

long chains at high and low densities without the use of complicated algorithms such as 

internal regrowth. This was made clear through the example of the isolated N=1000 

segment chain simulation. The end-switching methods had less uncertainty in the results 

and performed better with respect to the diffusion rate of the chain. It should be reminded 

that these results showed only the lower limit of the performance possible for long 

chains. We made no attempt at optimizing the move sizes; trial moves were attempted of 

sizes 2 through 600 with equal probability. The performance of the end-switching 

algorithms can be improved with a choice, for example, of allowing moves between 10 

and 200 segments, because this omits the moves that have negligible chance of success or 

moves that are too small to be of consequence. 

The CB2 algorithm with persistent end-switching was shown to be, rigorously 

speaking, incorrect; however the practical consequences may be intangible in many 

problems. We have used only relatively few cases to test this algorithm and therefore 

make no conclusion about the breadth of problems for which it can be used without error. 
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We make one suggestion that might avoid the nominal fault in this algorithm while 

preserving its advantage to some extent. Instead of maintaining the same direction of 

regrowth throughout the simulation, the direction can be switched after x moves. This 

will probably avoid the problem of “sub state irreversibility” discussed above since now 

there is an even exchange between all sub states. The number x should be chosen 

according to the chain length. The renewal time, τN, (of the persistent reptation method) 

or the renewal half-life would be appropriate choices for x. 

The results given in subsequent chapters were obtained from the CB1 – random 

end-switching algorithm unless otherwise noted. 



101 

 

 

 

Table IV.  Static properties of an isolated chain from MC simulations. 
 

 N Rg +/- Rend +/- 

CB0 50 4.231 0.006 10.63 0.02 
CB1 50 4.232 0.006 10.63 0.01 
CB2 50 4.231 0.006 10.63 0.03 
CB0 100 6.44 0.004 16.18 0.01 
CB1 100 6.43 0.005 16.17 0.01 
CB2 100 6.44 0.003 16.18 0.02 
CB0 200 9.75  24.49  
CB1 500 16.8 0.08 42.1 0.3 
CB0 1000 25.2  63.2  
CB1 1000 25.4 0.1 63.6 0.5 

 

 

Table V. Number of sites on a simple cubic lattice available within a spherical shell 
defined by r and r+1. 

 
r Number of 

Lattice Sites 
0 1 
1 18 
2 62 
3 98 
4 210 
5 350 
6 450 
7 602 
8 762 
9 1142 
10 1250 
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Table VI.  Dynamic properties from MC simulations. 
 

N100         

 τN τRend Dcm τcm 
CB0 15.2 5.4 1.39 19.8 
CB1 13.8 4.9 2.53 11 
CB2 12.6 5.6 2.85 9.5 
     
N1000     

 τN τRend Dcm τcm 
CB0 23256 440 0.0025 154400 
CB1 2000 290 0.19 2610 
CB2 1786 300 0.25 1885 
     
φ=0.1 N=100    

 τN τRend Dcm τcm 
CB0 44.0  0.016 62 
CB1 44.9  0.026 38 
CB2 43.9  0.030 34 
     
φ=0.4 N=100    
 τN    
CB0 681    
CB1 504    
CB2 540    
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Figure 10. a) Standard configurational bias move.  b) End switching configurational bias 
move. 
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Figure 11. An example of a two-segment end-switching CB moves for a tetramer on a 
square lattice.  The fractions illustrate calculation of Rosenbluth weights for the transition 
from microstate I to microstate J (see text). 
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Figure 12. Example two-segment end-switching CB moves on a tetramer where asterisk 
indicates head of chain. a) Transition from sub microstate i to sub microstate j.  b) 
Transition from sub microstate j´ to sub microstate i´. 
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Figure 13. Example one-segment end-switching CB move on a dimer. a) Transition into j 
from 3 possible microstates. b) Transition into j´ from only 2 possible microstates. 
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Figure 14. Example one-segment end-switching CB move on a dimer. a) Transition into j 
from 3 possible microstates. b) Transition into j´ is impossible. 
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Figure 15.  Percent success of a standard CBMC move vs. number of segments moved.  
Results are taken from simulations of i) an isolated N=100 segment chain, ii) an isolated 
N=1000 segment chain in which moves of 1 to 600 segments were allowed, and iii) a 
concentrated bulk solution of N=100 segment chains with average volume fraction 
φ=0.40. 
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Figure 16. End-to-end distance and radius of gyration as a function of chainlength.  As 
indicated three different configuration bias variants are employed.  CB0 (diamonds): 
standard CBMC, CB1 (squares): end-switching CBMC, CB2 (triangles): persistent end-
switching CBMC.  Solid lines show power law fits for all points N ≥ 100: Rg = 
0.418N0.594, and Rend =1.059N0.592. 
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Figure 17.  Radial distribution function for an isolated N = 100 segment chain.  a) Overall 
segment distribution function, b) End-segment vs. any-segment correlation, c) Middle-
segment vs. any-segment correlation. 
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Figure 18.  Radial distribution function for an isolated N = 1000 segment chain.  a) 
Overall segment distribution function, b) End-segment vs. any-segment correlation, c) 
Middle-segment vs. any-segment correlation. 
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Figure 19.  Volume fraction (i.e., fractional occupancy) as a function of distance from the 
center of mass of an isolated N=100 segment chain. 
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Figure 20.  Radial volume fraction profile of an isolated N = 1000 segment chain. Error 
bars are the standard deviation of 5 sub-averages of the sequence of data. 

0
0.02
0.04
0.06
0.08

0.1
0.12
0.14
0.16

0 5 10 15 20

r

ρ
(r

)

CB0

CB1

CB2

 
Figure 21.  Radial volume fraction profile of an N =100 segment chain within a bulk 
solution of φ=0.1 average volume fraction.  Overlap concentration for this chainlength is 
φ*=0.090. Average radius of gyration of this chain is 6.16 (i.e., slightly smaller than the 
dilute limit Rg0=6.44). 
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Figure 22.  Volume fraction profile of a) N =100 segment chains and b) N =200 segment 
chains next to an adsorbing surface (ε = 1.0 kBT) in equilibrium with a dilute bulk 
reservoir.  
 

Details of the simulations: a) φb = 0.0007, box width, 45; box height, 90; number 
of chains, 45; number of steps, 20· 106; number of equilibrium steps, 2· 106.  b) φb = 0.001; 
box width, 130; box height, 110; number of chains, 195; number of moves, 25· 106; 
number of equilibrium steps, 5· 106. 
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Figure 23.  Autocorrelation function for the end-to-end distance of an isolated N=100 
segment chain using algorithms as indicated. 
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Figure 24.  Autocorrelation function for the end-to-end distance of an isolated N =1000 
segment chain using algorithms as indicated. 
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Figure 25.  Mean squared displacement of an isolated N =100 segment chain as a function 
of time (MC steps).  a) Center of mass, b) end-segment, c) middle segment. 
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Figure 26.  Mean squared displacement of an isolated N =1000 segment chain as a 
funtion of time (MC steps).  a) Center of mass, b) end-segment, c) middle segment. 
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Figure 27.  Mean squared displacement of an N =100 segment chain in a bulk solution 
with volume fraction φ = 0.10 as a funtion of time (MC steps per chain).  a) Center of 
mass, b) end-segment, c) middle segment. 
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CHAPTER 6 
A POLYMER CHAIN TRAPPED BETWEEN ATHERMAL WALLS 

 

Introduction 

 

We analyze the model problem of a single polymer chain in good solvent 

confined between athermal walls. Concentration profiles and forces are obtained by 

Monte Carlo simulations as the distance between the walls is decreased (and the solvent 

is allowed to drain from the system). The scaling of these quantities with chain length and 

wall separation, and the proportionality constant between surface concentration and force 

are in good agreement with recent theoretical predictions. The force and concentration 

exponents we find are modestly (approx. 10%) lower than previously predicted. 

Presumably the source of the discrepancy lies in one or both of the following 

possibilities: 1) the simulations have not reached asymptotic chain lengths, and 2) the ε-

expansion needs to be carried out to higher order.  This work has previously appeared 

elsewhere.121 

The correct fundamental description of single chains at interfaces enhances our 

understanding of more realistic many-chain problems with direct technological relevance 

(colloid stability, lubrication, etc.). In this communication we address the problem of a 

single chain trapped between two parallel walls. This model case is characterized by the 

dimensionless ratio H/Rx, where H is the separation between the walls and Rx is a one-
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dimensional projection of the root mean squared (rms) end-to-end distance of an 

unperturbed chain, i.e., 

 

.
33

)( 222
12

νNl
R bulkN

x ≅
−

=
rr

    (70) 

 

Here the position vectors r1 and rN refer the the first and last segments of the chain, and l 

and ν are the Kuhn length and Flory exponent respectively. A wide gap (H / Rx>>1) 

ultimately yields the properties of an isolated unconfined chain. The more interesting 

situation is that of a narrow gap (H / Rx<<1), where the chain is strongly confined or 

distorted and represents the transition between a three and two-dimensional isolated 

chain. 

 
Single Chains and Interfaces 

 

The classic review of constraints on a polymer chain is by de Gennes2. This work 

reviews ideal and “real” chains under conditions of traction, confinement and adsorption. 

Of particular note is the confinement of a chain in a slab (i.e., the gap between parallel 

walls). In the case of an ideal chain, the parallel component, R||, of the end-to-end 

distance is not influenced by confinement, i.e., R|| = R0. This is a consequence of the fact 

that a purely random walk in three-dimensional space can be decoupled as three one-

dimensional random walks in each of the Cartesian coordinate directions.  Therefore a 

chain at its θ-point in principle should experience no lateral squeezing for N → ∞ as it 

approaches ideality. When the solvent good yet the chain length is still long, simple Flory 

scaling arguments can be applied to the chain. When such a chain is confined in a slab of 
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width H, it collapses into a string of Flory blobs (see Figure 28) each with Nb = N / nb 

segments and a size H ~ aNb
ν. The string of blobs is treated as a two-dimensional string 

of hard spheres for which the appropriate (the Flory exonponent in two dimensions is ¾) 

scaling law is  

 

R|| ~ Hnb
3/4 ~ N3/4H1−1/ν,    (71) 

 

indicating that the “real” chain swells considerably on confinement (i.e., like (1 / H )0.67). 

Other geometric confinements such as a tube, strip or sphere submit to similar scaling 

analyses. 

The free energy of a chain confined in a slab derives from the ansatz that the free 

energy of each blob is equal to kBT. Thus the free energy of the chain having nb blobs is  

 

F / kBT ~ N (H / a)-1/ν.     (72) 

 
Single Chain Adsorption 

 

This solution for a chain trapped in a slab can also be applied to an adsorbed 

polymer chain. Such a chain can be imagined to be in under imaginary confinement 

imposed by the weakly adsorbing surface. Depending on the adsorption strength, the 

chain takes on an average thickness, R⊥ (ε). The thickness can be established from the 

entropic elasticity and by approximating the number of surface-segment contacts to 

yield122 R⊥  ~ ε-3/2 (independent of chain length). Therefore the spread of the chain on the 

surface is directly proportional to the adsorption energy R|| ~ N3/4ε. Unfortunately this 
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approach has little but didactic use because adsorption problems are characterized by 

strong inter-chain interpenetration at the surface. 

The adsorption of a single chain has nevertheless been studied by various 

theoretical methods as a model problem. For instance, methods starting from distribution 

functions for trains and loops123 group renormalization calculations,2, 124, 125 mean-field 

calculations28, Monte Carlo simulations124, 126 and enumerations127 have highlighted the 

first order phase transition between adsorbed (condensed) and non-adsorbed states at a 

critical temperature (and infinite N). 

 
Single Chain Bridging 

 

The problem of a single chain between parallel adsorbing surfaces separated by a 

distance H < R0 is also an area of major interest. It was first studied by DiMarzio and 

Rubin using a matrix-lattice formalism26 and the method of the self consistent field.26, 128 

Also, Ji et al.128 and Haupt et al.129 used scaling arguments to account for excluded 

volume effects. The free energy data obtained from Monte Carlo simulations of Jimenez 

et al.69 are consistent with their predictions. 

 
Single Chain Confinement 

 

Theoretical solutions to this problem have come from a variety of directions. As 

usual, the most facile and transparent approach is the phenomenological blob-type of 

scaling analysis.130, 131, 2 Wall and co-workers132 understood some of the dependence of 

the end-to-end length of the chain on surface separation and chain length through purely 

statistical arguments. DiMarzio27 and Cassasa133 used the partition function diffusion 
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equation mainly to consider an ideal chain (i.e., self consistent field framework) in a slab 

and other geometries. Others have made use of the renormalization group methods for the 

magnetic analogy.134, 135 These are the most exact calculations and are in agreement with 

the results of the scaling analyses. 

Monte Carlo methods have sought to verify the scaling laws for the size and 

energy of the chain.132, 136, 137, 138, 139, 97 The first attempt to verify the scaling relation for 

the size of the chain (Equation 71) by Monte Carlo simulation was made by Webman et 

al.136 using a continuum reptation method with Lennard-Jones bead pair potentials for 

chain lengths 80≤N . Ishinabe137, and van Giessen and Szleifer138 used static Monte 

Carlo (Rosenbluth – Rosenbluth biased sampling89) to obtain data for chains 100≤N . 

Another study by van Vliet et al.139 used reptation moves on lattice chains up to 

612≤N . The correspondence of the scaling relations for lateral size in a strip138 and a 

slab138, 136, 137, 139 is good. 

One advantage of the static Rosenbluth method is that it allows straightforward 

calculation the partition function89 and can therefore be used to test the free energy 

scaling relation (Equation 72) in addition to the lateral chain dimensions. Another method 

suggested by Dickman99 which can be used with dynamic Monte Carlo simulations on a 

lattice, obtains the free energy change when the wall in a lattice system is moved by one 

lattice layer through a thermodynamic integration. In off-lattice systems the virial 

method119 is a taxing but effective way to calculate the normal component of the pressure 

in the system. The method we have chosen, which will be outlined below, has several 

advantages. 
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The verification of the free energy relation is not yet perfect. Van Giessen and 

Szleifer observed the predicted exponent m=1.33 for the 2 dimensional strip, while for 

the 3 dimensional slab, van Giessen and Szleifer obtained m=1.63, van Vliet et al. 

obtained m=1.74, Ishinabe137 and Milchev and Binder97 obtained approximately m=1.2.  

We believe this uncertainty is due both to the relative difficulty of obtaining free energy 

or pressure from Monte Carlo simulations, and the length of the chains used in the tests. 

The latter suggestion, with the exception of van Vliet’s exponent, would indicate that the 

finite size of the chains is responsible for a smaller effective exponent than the 

asymptotic prediction m=1.69.  The data for the surface concentration as a function of 

separation from van Vliet et al. in fact do support this conclusion (in contradiction to their 

force exponent) with m=1.5. The inconsistent value m=1.74 may be due to a small (size 

of the lattice spacing) discrepancy in choosing the absolute separation between the 

surfaces or in the approximation of the derivative of the free energy. 

The scaling arguments predict the confinement force, f, for both the narrow and 

the wide gap limits. For a narrow gap it is merely the derivative of Equation 72. The 

force decreases sharply with increasing separation, H, and increases linearly with chain 

length, N, as 

 

ν/11)/(~/ −−aHNakTf .    (73) 
 

For a wide gap (i.e., 0RH ≈ ), the chain exerts only an osmotic pressure like that of a 

dilute solution. Therefore force has no dependence on chain length and decreases less 

sharply with increasing H as 
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1)/(~/ −aHakTf .     (74) 
 

Recently, Eisenriegler135 developed more detailed and rigorous predictions for the 

above scaling laws based on an ε-expansion14. The monomer volume fraction, φ, in the 

region near each wall (i.e., for z / Rx << 1, where z is the distance normal to the surface) is 

found to scale for all separations, H / Rx, as (This exact equation also appears in the 

scaling analysis for a semi-dilute140 or a dilute135 solution next to an athermal wall. To  

our knowledge, no physical explanation of this feature has appeared in the literature.)  

 

ν

φ
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z
.      (75) 

 

Moreover, Eisenriegler presents a relation between the force, f, and the amplitude 

of the density profile, νφ /1/)( zz . For either case of a narrow or wide gap the force and 

density profiles are related by a dimensionless universal constant, B, such that  
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φ
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)(
,     (76) 

 

where kB is Boltzmann's constant, T the temperature of the system, A is the surface area 

of the wall and NRk x //1 ν=  is related to the non-universal amplitude of the rms end-to-

end distance of the chain (k = 0.390 for a self-avoiding walk inscribed in a simple cubic 

lattice).  
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The value of this constant B is calculated to first order to be 2 for ideal chains and 

1.85 for chains with excluded volume. Equations 71 – 76 are valid in the limit of infinite 

chain length for which, much like a magnetic system near its critical temperature, the 

system properties attain a universal form14. 

Milchev and Binder97 investigated universal scaling of the density profile near the 

walls. Their results are in good agreement with Equation 75 when an adjustable atomic-

scale length is introduced. In their study, only limited information is obtained for the 

proportionality constant, B, showing that it varies between 2.5 and 4.2. 

 

Simulation Mechanics 

 

Here we revisit this problem using a different simulation method that allows the 

study of a wider range of parameters. We use simple cubic lattice Monte Carlo 

simulations to obtain the density profiles and forces for a wide range of chain lengths (N 

≤ 8000). The polymer chain is confined by “athermal walls,” which are walls that have a 

hard interaction with the polymer segments. The surface-segment potential for a wall 

located at z = 0 (i.e., the lower wall) is given by  

 





>
≤∞

=
0,0

0,
)(

z

z
zUwall .     (77) 

 

The effect of an athermal wall on the chain is repulsive because there is a lower number 

of possible conformations that are allowed near the wall. The force exerted by the 
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polymer chain on the walls is estimated from the change in the Helmholtz potential, F, 

that occurs when the separation between walls is decreased from H to H – 1 lattice units,  
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This change in free energy is calculated using the recently developed contact-distribution 

method for lattice systems100. The algorithm used for movement of polymer segments is 

an adaptation of the “configurational bias” method of Siepmann and Frenkel95. 

Here we report simulations for chain lengths ranging from N = 200 to N = 8000. 

The specific parameters used in the simulations are listed in Table VII. The unperturbed 

(or bulk) size, Rx, is listed for each of the chain lengths, as calculated from bulk 

simulations. Lattice models can be used to accurately compute the Flory exponent for 

much shorter chain lengths than N =8000. Many of the early lattice simulations (e.g., 

reference 21) determined the Flory exponent using chain lengths between 100 and 1000 

in simulations of an isolated unperturbed chain and obtained a value of ν = 0.593 and a 

value of 1.49 lattice units for the Kuhn length. 

For the shorter chain lengths, 1 – ���04 successful moves per monomer were 

sufficient to acquire good statistics in both the concentration and force profiles, whereas 

the higher chain lengths required as many as 105 successful moves. The concentration 

profiles can be obtained with more accuracy than the forces since the latter depend on the 

details of the ensemble distribution of segment-surface contacts (i.e., the probability 

distribution of the number of segments next to the wall). 
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The concentration in each layer is an ensemble average and thus yields less detailed 

information than the contact distribution. For instance, the concentration in the first layer, 

φ (1), is related to the average number of contacts by ∑∑ ==
= A

i i

A

i i nAin
00

)1(φ . Here i is 

the number of contacts with the wall, A is the number of lattice sites per layer and ni is 

the number of systems in the ensemble with i surface contacts. Force calculations for 

separations less than approximately H / Rx = 1/4, i.e., high compressions, require multiple 

simulation runs since large changes in the Helmholtz potential cannot be calculated in a 

single step. The efficacy of the contact-distribution method to estimate forces of 

compression depends on the determination of the probability that the layer next to the 

“compressing surface” (the upper wall) is empty. This probability becomes negligible for 

narrow gaps, spawning the need to make several runs with various repulsive potentials at 

the upper wall. These additional simulations create a thermodynamic path by which the 

desired change in Helmholtz potential can be calculated100. 

 

Results 

 

As mentioned earlier, we are interested in studying the range of separation where 

the polymer chain is strongly confined or distorted. Our simulations show that this range 

is given roughly by H / Rx < 1.5. For larger separations the chain becomes isotropic and 

the results approach those of an isolated, unconfined chain. Specifically, for N = 2000 

and separations H / Rx = 0.25, 0.50, 1.00 and 1.50, the ratios of the lateral to 

perpendicular components of the rms radius of gyration are 18, 8, 4 and 1 respectively. 
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Concentration Profiles 

 

The concentration profiles from our simulations are symmetric to a high degree. 

What is shown in Figure 29a and b is the average of the profiles obtained near both the 

upper and lower walls. Figure 29a shows the dependence of the concentration profile on 

the chain length for a separation H / Rx ≅  0.5. The log-log scale shows the existence of a 

power law behavior, which becomes clearer for large chains. For this particular wall 

separation, the power law extends roughly from z = a to z = 0.1 Rx, thus amounting to 

approximately 20% of the wall/wall separation. The lower bound in the power law region 

could depend on the type of lattice or other model-specific parameters. The theoretical 

prediction for the onset of the power law is z >> a, where a is the size of the lattice 

spacing. Our simulation results argue that this condition may be too restrictive. 

The numerical value of the exponent in the monomer concentration power law 

seems to converge on 1.52(2) for chain lengths greater than N =1000. The uncertainty 

given here is a conservative estimate based on the exponents in Figure 29b. These results 

also corroborate the prediction that the shape of the profile does not change for narrow or 

wide gaps. Note that the uncertainty in the power law exponent increases for the wider 

separations because a larger configuration space has to be sampled. The deviation 

between the simulation result, 1.52, and the scaling prediction, 1.68, is close to 10%. 

Perhaps further theoretical and computational work will explain this quantitative 

discrepancy. 
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Force of Confinement and Connection with Surface Layer Concentration 

 

In what follows we turn our attention to the calculation of the forces exerted by 

the polymer chain on the wall. If the monomers of the polymer chain were not linked 

together, the pressure in the system would decrease as 1 / H at high separations as the 

system approaches an ideal gas for H → ∞. While the virial equation of state is usually a 

poor approximation, it suggests that narrow separations would include a 1 / H2 term in the 

pressure. The introduction of connectivity adds significantly to the rate of entropy loss on 

compression, shifting the exponent to –2.68. Figure 30 shows that all systems studied 

follow a power law in H steeper than –2 which in principle is consistent with the narrow 

gap theoretical prediction shown in Equation 73. The normalization of the force curves 

by N produces a collapse along a single line in excellent agreement with the prediction 

that the force is linear in N. While there is apparently some noise (possibly as high as 5%) 

in the numerical values found for the exponents, they appear to reach –2.4(1) at high 

chain lengths. Again, a difference close to 10% between the simulations and the 

theoretical prediction is observed. 

The universal connection predicted between the concentration profile and the 

force suggests that the number of segments in the first layer, n0, will be directly 

proportional to the force, since for our systems n0 / A is effectively identical to the 

concentration amplitude found in Equation 75. 
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Universal Force – Concentration Constant 

 

Indeed, the n0 (H) profiles in Figure 30 have very much the same power laws and 

linearity with N as their force counterparts discussed above. One could argue that the 

linear dependence of f on n0 is a result of the dilute surface concentration which forms an 

ideal two-dimensional gas at the surface. This would certainly offer a simple physical 

explanation for the existence of such a universal relation, although no attempt has been 

made at establishing a connection between B and the two-dimensional ideal gas constant. 

In Figure 31, the proportionality constant, B, is analyzed to facilitate comparison 

with the value predicted theoretically. The result is in clear agreement with the prediction 

on order of magnitude for a significant range of separations (H / Rx < 1). It is more 

difficult to calculate forces or surface concentrations for systems with wide gaps (H / Rx > 

1) since there are larger fluctuations in the system and there is a low incidence of surface 

contacts. 

 

Summary 

 

To conclude, we find overall agreement with the picture established by 

Eisenriegler's analysis in the context of the Landau-Ginzburg theory. The concentration 

profiles have a power law in the strongly depleted region next to the wall that converges 

for large chains. The exponent in the power law is the same for narrow or wide gaps. As 

for the compression force, it is a linear function of chain length and it decreases as a 

sharp power law in separation when the gap is narrow. This is a direct consequence of the 

increase in the number of segments at the surface for large N and small H. A modest but 
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systematic deviation (i.e., 10%) between the exponents observed in this work and the 

ones predicted theoretically is evident. This suggests that the asymptotic limits are 

reached only for extremely long chains, and/or that the theoretical predictions based on 

the ε-expansion need to be extended to higher order. 
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Table VII:  Parameters used in the simulations. 
 

Chain Length Box Size Wall Separation Unperturbed Size Number of Successful 

N L/Rx H/Rx Rx Moves Per Monomer 

200 3.0 0.3 – 1.1 13.3 20,000 

500 1.7 0.4 – 0.9 22.9 15,000 

1000 2.3 0.32 – 1.2 34.6 120,000 

2000 2.7 0.19 – 0.50 52.2 18,000 

2000 2.7 0.50, 1.0, 1.5, 2.0 52.2 45,000 

4000 1.5 0.13 – 0.50 78.8 18,000 

4000 1.5 0.50, 1.0 78.8 95,000 

8000 2.1 0.34 – 0.50 119 27,000 

8000 2.1 0.50 119 95,000 
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Figure 28. a) Single chain confined in a slab. b) Single chain confined in a strip. 
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Figure 29. (a) Volume fraction profile at H / Rx ≅  0.5 for various chain lengths. The 
volume fraction is normalized by the volume fraction in the first layer, i.e., φ (z = 1). The 
exponents from power law fits, φ ~ zm, to the linear regions are given next to each curve. 
The broken line shows the behavior predicted from scaling arguments (m = 1.68).  
(b) Volume fraction profile for N=2000 at various wall-separations. The volume fraction 
in this case is normalized by the segment density in the middle of the gap, i.e., φ (z =H / 
2), to produce an offset between the curves. The exponents from power law fits, φ ~ zm, to 
the linear region of each curve are given in parentheses next to the legend.  
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Figure 30.  Force, f, and surface concentration, n0, as a function of the separation between 
surfaces, H / a (where a is the lattice spacing). The y-axis is normalized by the chain 
length. The exponents characterizing the force curves are –2.26, –2.37, –2.46, –2.47 and 
–2.34 for N = 200, 500, 1000, 2000 and 4000 respectively. The exponents for the surface 
concentration curves are –2.18, –2.36, –2.44, –2.40 and –2.48. 
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Figure 31.  Proportionality between force and surface concentration as a function of the 
separation between surfaces, H / Rx. The theoretical prediction B = 1.85, is given by the 
broken line. 
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CHAPTER 7 
HOMOPOLYMER PHYSISORPTION 

 

Introduction 

 

We present a systematic comparison between predictions of lattice mean-field 

theory and configurational bias lattice Monte Carlo simulations of homopolymers 

adsorbed on solid surfaces from solution. The focus is on moderate chain-lengths typical 

of colloid stabilizers. These chains are too short to follow asymptotic power law 

behavior, especially at low bulk concentrations. Monte Carlo and lattice mean-field 

results are qualitatively similar.  However, mean-field predictions on polymer volume 

fraction profiles are substantially lower than Monte Carlo data. The discrepancy is more 

pronounced for dilute bulk volume fractions and long chains. The various measures of 

adsorbed layer thickness reflect the underlying difference in the volume fraction profiles. 

The tail root mean square thickness in particular exhibits qualitatively different behavior. 

These findings underline the necessity for further development of complete theories that 

go beyond mean-field and for microscopic approaches that link segmental and chain 

scales in non-homogeneous environments. 

Stabilization of colloidal dispersions affects crucially the quality of many food, 

pharmaceutical and chemical products, since it is a prerequisite for suspension 

homogeneity and long term stability.  Regular (i.e., ionic) aqueous suspensions are 

stabilized by polymeric agents, which physisorb, or chemisorb, on the colloid surface.  



134 

 

Steric forces induced by the polymeric ad(b)sorbants substitute the screened, and 

incapable of stabilization, electrostatic forces.141, 1 The range and strength of 

homopolymer steric stabilization forces is determined primarily by three factors: bulk 

polymer concentration, solvent quality and polymer molecular weight. Selective 

physisorption, usually quantified by χs, is only important in marginal cases, i.e., close to 

the adsorption - desorption threshold. 

Early theories of homopolymer physisorption on solid substrates focused on the 

study of isolated Gaussian chains. These studies predicted an abrupt change of 

conformations at a critical value of the selective adsorption parameter (χs). The same 

studies developed techniques of broader applicability.142, 143, 26 The classic review is 

contained in the book (Chapter 4) by the Dutch and British groups4. Thermodynamically, 

conditions for isolated chain physisorption are hardly ever realized in practice. 

Furthermore, Gaussian statistics (i.e., θ-solvent, or melt-like conditions) limit further the 

accuracy and applicability of early theories. 

Modern theoretical approaches to homopolymer physisorption introduced new 

ideas and methodologies. All focus on multi-chain interactions, which play a substantial, 

if not crucial, role in the overall picture. These approaches belong to two distinct groups: 

“mean-field theories” 22, 23, 24, 25, 2, 30, 31, 144, 32, 32, 145, 146 and “scaling arguments.” 2, 30, 14, 33 

Theories that retain a quantitative approach and go beyond mean-field appeared during 

the last five years.145, 147 

Scaling analysis2, 30, 14, 33 and numerical studies148 in the context of the lattice 

mean-field theory of Scheutjens and Fleer25 have shown that, in the long chain limit, both 

mean-field theories and scaling arguments predict qualitatively similar interfacial 
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structures. The adsorbed layer consists of a dense, thin (segmental size) proximal region, 

a broad, self-similar intermediate region and an even broader distal region. Polymer 

concentration in the intermediate region decays according to power laws and is 

dominated by loops, while the distal interface is characterized by exponential decay of 

the polymer concentration and tail dominance. Later studies by Joanny, Semenov and co-

workers32, 34 predicted richer, more complex structures for the intermediate interface. 

Despite their qualitative similarities, mean-field and scaling approaches could 

result in divergent quantitative predictions. Mean-field power laws for the polymer 

concentration inside the intermediate interface are steeper than those predicted by scaling 

analysis of chains in a good solvent. This incipient trend could affect seriously both 

detailed (i.e., volume fraction profiles) and global features of the interface (e.g., layer 

thickness, adsorbed amount). 

There exist few experimental methods with sufficient sensitivity to probe the 

polymer volume fraction profile. Related experimental studies (see Chapter 3) employed 

either small angle neutron scattering (SANS)41, 42, 43, or neutron reflectivity44, 45. 

Cosgrove39 discussed the limitations of these measurements. The SANS experiments of 

Auvray and Cotton42 (polydimethylsiloxane (PDMS) with MW=270,000 adsorbed on 

silica) were consistent with the scaling power law prediction for the intermediate 

interface (-4/3, as opposed to –2, the mean-field prediction). However, neutron 

reflectivity measurements on shorter deuterated polystyrene (PS) (MW=50,000) adsorbed 

on mica were consistent with a simple exponential decay of polymer concentration45. 

Homopolymer colloid stabilizers with MW in the few tens of thousands are well 

below the long chain limit148, therefore comparisons with power law predictions are not 
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meaningful. Furthermore, quantitative comparisons between experimental and theoretical 

profiles (mean-field, or other) are not feasible either. This difficulty originates from a) the 

uncertainty in the value of the of the selective adsorption parameter (χs) and b) the 

inability to scale properly the experimental data. The second difficulty is more serious.24 

In a strict sense no such scaling exists, since the inherent non-uniformity of the interfacial 

layer (i.e., the varying polymer concentration) does not allow the definition of a unique 

“lattice segment equivalent.” The extreme concentration variations within the interfacial 

layer (from melt-like close to the surface to dilute in the outer parts) make this theoretical 

reservation a very practical one. Analogous problems also arise with off-lattice, 

continuous theories. 

“Computer experiments” have the potential to overcome the above limitations. 

Specifically, lattice Monte Carlo simulations of physisorbed homopolymers can yield 

information directly comparable to theoretical predictions, since there is no need for re-

scaling of the simulation data. The χs uncertainty can be handled comfortably, both 

because of its minor effect and because of the ease in exploring its consequences (see 

Results).  Unfortunately, Monte Carlo studies of homopolymer physisorption are 

intrinsically difficult, since they are faced with the tasks of bridging disparate length 

scales and overcoming substantial kinetic barriers.  This difficulty explains partially the 

rarity of simulations focused on homopolymer physisorption.  Nevertheless, Zajac and 

Chakrabarti149 made an insightful contribution in this direction. Other studies by Lin et 

al.150 and Lai151 were restricted to chains shorter than 100 lattice segments and did not 

include quantitative comparisons with theoretical predictions.  
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The main objective of this study is to assess the quantitative differences between 

theoretical mean-field predictions and Monte Carlo data on polymer concentration inside 

the interfacial layer. For practical (i.e., low MW of stabilizers) and technical reasons (i.e., 

difficulty to simulate physisorption of very long polymer chains) comparative studies on 

competing power laws will not be presented here.   Furthermore, our aim is to quantify 

the resulting differences on “global” features of the interface (e.g., layer thickness and 

adsorbed amount). 

The rest of this chapter is organized as follows: The simulation method is 

discussed in Simulation Mechanics. Our findings and their comparison with theoretical, 

experimental and earlier simulation predictions are presented in Results.  Further 

implications of our results are discussed in Summary. 

 

Simulation Mechanics 

 
Polymer chains in an athermal (i.e., χ=0) solvent are modeled as self-avoiding 

random walks on a cubic lattice. The system is a rectangular box with hard parallel walls. 

Polymer segments occupy layers z = 1 through z = h. Periodic boundary conditions are 

used in the lateral (x, y) directions and the lateral dimensions of the box are chosen to be 

several bulk radii of gyration. The separation between walls, h, is chosen such that there 

is a broad region in the middle of the box (z ~ h / 2) of unperturbed bulk polymer 

solution. The solid surfaces exert an attractive potential (ε in units of kBT) on polymer 

segments located in the layers immediately adjacent to the solid surfaces (z = 1 and z = 

h). 
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The input data of the simulation are chain-length, N, adsorption strength, ε, 

number of chains and system size (i.e., width of the gap and lateral periodic dimensions). 

The desired value of the volume fraction in the bulk, φb, is realized through a trial and 

error process during which the number of chains and system dimensions are varied. 

The preparation of initial configurations uses a combination of several 

methods.152, 153, 95 Most of this procedure was described in a previous study on melts.98 

Initially chain “heads” are placed in random locations on the lattice. Chain growth 

proceeds by adding one segment at a time to either end of a randomly selected chain. 

When chains reach a length of 5 repeat units, growth moves begin to compete with 

equilibration moves. Equilibration moves during chain growth are local (i.e., reptation, 

end rotation, segment jump and crankshaft).92, 154 This procedure is efficient for growing 

long chains in a broad range of densities. However, it is incapable of overcoming 

configuration space “bottlenecks” created by the high kinetic barriers of multisegment 

adsorption. 

The second equilibration stage starts after all chains have grown to their full 

length and several hundred thousand additional segment jumps and reptations have been 

attempted. During this stage the adsorption potential is “turned on.” Adaptation of the 

system to the new adsorbing surfaces and further equilibration employs the large scale 

multi-segment moves of configurational bias Monte Carlo (CBMC).95, 155, 156 Approach to 

equilibration is monitored by following several features of the system, such as adsorbed 

amount and total number of free i.e., non-adsorbed, chains. 

CBMC is indispensible for the present study. Local (i.e., few segment) moves do 

not equilibrate long chains efficiently. The problem of polymer adsorption is especially 
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challenging. Regardless of bulk volume fraction, the polymer volume fraction close to the 

surfaces is very high (0.6 –0.8). The difficulty is exaggerated by the substantial kinetic 

barriers, resulting from the cumulative effect of many-segment adsorption. These 

conditions render local moves computationally incapable to establish true equilibrium. 

The dimensions of isolated chains and overlap concentration  were determined 

independently by MC simulations (Table VIII). The simulation parameters for the various 

systems studied are listed in Table IX. 

The efficiency of CBMC depends crucially on the fractional success of trial 

moves of a given size, which is presented in Table X. Adsorption lowers considerably the 

probability for successful many-segment moves. However, even under the most 

unfavorable circumstances, complete renewal of the chain backbone occurs at least 1,000 

times during the simulation. Several properties of 200 segment chains next to adsorbing 

surfaces (ε=1kT; φb=0.00026, 0.11), which were monitored to ensure equilibration, are 

presented in Figure 32. Of note is the number of free chains in the course of the 

simulations. Exchange of chains between surface and bulk region is depicted by the free 

chain data in Figure 32 for both densities.   

CBMC is not efficient at melt like conditions (φb>0.5). At these densities chains 

adsorb weakly and kinetic barriers related to adsorption are less severe. However, the 

dense surroundings lead the vast majority of attempts for multisegment regrowth to a 

dead end. Our simulations at melt-like densities employed local moves only154. This 

methodology is capable of simulating melt systems of chains with up to 400 lattice-

segments98. 
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Results 

 

In this section we present the main findings of our simulation studies. All the data 

reported in this work are for chains with 100, or 200 cubic lattice segments, in an 

athermal solvent (χ=0) and next to adsorbing surfaces (the adsorption threshold for these 

chain-lengths and solvent quality is between –0.25 and –0.28kT depending on bulk 

density and chain-length). The molecular weights of typical polymer chains that 

correspond to the above numbers of cubic lattice segments are 75,000 and 150,000 for 

PS, 12,500 and 25,000 for PE, and 30,000 to 60,000 for PDMS. 

 
Qualitative Picture of the Interface 

 

Figure 33 shows “snapshots” of typical adsorbed 100 lattice segment chains for 

polymer volume fractions ranging from dilute (0.00047) to (near-) semidilute (0.038), to 

concentrated (0.12) and melt (0.8) densities. Chains in Figure 33 are “typical” in the 

sense that their number of adsorbed segments is very close to the average among the 

adsorbed chain population at the corresponding polymer bulk densities. The 

thermodynamic tendency towards tighter adsorption from dilute solutions is illustrated 

clearly in Figure 33, in agreement with theoretical predictions and experimental findings. 

In general our simulations give the same qualitative picture as predicted 

theoretically.  The interface consists mainly of numerous short loops and trains, and a 

smaller number of long tails. The loops are densely packed close to the surface and force 

the less restricted tails out towards the periphery of the layer.  An example of the entire 

volume fraction profile (on semi-log scale) and its conformational constituents is shown 
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in Figure 34a and b.  The center (30 < z < 60) is a bulk region of dilute concentration, φ = 

2· 10-3.  This area is comprised completely of chains that are not touching the surface (free 

chains - squares). The free chains do not substantially penetrate the adsorbed layer in this 

case. 

The isolated chain radius of gyration, approximately 7a, is similar to the length 

over which the concentration profile decays. The tail profile is flat and even increases 

slightly (as predicted30, 32) in the first three layers. This is the effect of the high 

concentration of loops in that area. A general correspondence exists with the theoretical 

prediction of loop and tail dominated regions (recall central a and b from mean-field 

theory – Chapter 2). For this chain length the central a and b regions are not obvious and 

do not extend over a large region. The crossover between these regions is labeled in 

Figure 34b as z* and is equal to 5. The loop-dominated central a region exists from layers 

2 – 4 and the tail dominated central b region exists from layers 7 – 15. Therefore it is 

unlikely that we will find unequivocal evidence for the asymptotic regimes predicted 

theoretically because of the small extent of these regions at these colloid-stabilizer chain 

lengths. 

In Figure 35 probability distributions are given for the size of train, loop and tail 

conformations.  For example Ploop(n) is the probability for a loop to have n segments.  

The means of these distributions are 6, 10, and 22 for the loop, train, and tail sizes 

respectively.  Note the influence of the simple cubic lattice at the surface in that the a 

priori probability of a 1 segment train or loop is 0. 

Figure 36 examines the effect of adsorption energy (ε) on polymer concentration 

profiles. As discussed earlier, this effect is serious only close to the adsorption threshold 
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(0.25 – 0.28 kT). For ε values well above this threshold the effect is minor, restricted to 

the first two layers and diminishing with chain-length. 

 
Quantitative Comparison to Finite Chain-Length Lattice Mean-Field Theory 

 

In what follows we present the comparison between Monte Carlo data and lattice 

mean-field predictions25. The mean-field calculations were performed using the code 

polad.for available at ftp://ftp.fenk.wau.nl/pub/sf.  

Structural detail.  We focus first on polymer volume fraction profiles. It is 

debatable whether the selective polymer adsorption “energy,” χs, should be regarded as 

identical with the mechanical energy, ε, involved in a Monte Carlo simulation. The 

former may be considered as a “free energy,” as it includes thermodynamic penalties 

related to the loss of entropy by adsorbed segments. Intuition, and the fact that adsorption 

thresholds depend weakly on polymer concentration, indicate that a precise statistical 

mechanical definition of χs requires theories at the segmental scale.157 Lattice mean-field 

calculations were performed using the following two rules for the relation between ε and 

χs: a) χs=ε and b) χs was assigned a value that produced the same surface coverage as the 

Monte Carlo simulation. The two values of χs differ slightly, however this difference 

hardly affects the profiles of lattice mean-field theory. 

Figure 37 contains the polymer volume fraction profiles for chains with 200 

lattice segments, ε=1.0kT and for four polymer volume fractions in the bulk: a) 

φb=0.00026 (dilute) b) φb=0.022 (semidilute) c) φb=0.11 (concentrated) and d) φb=0.81 

(melt). Note that the overlap concentration (φ*) for this chain-length is 0.05 (Table VIII).  
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Monte Carlo and lattice mean-field profiles are qualitatively similar. However, the 

quantitative difference is substantial. This difference is more pronounced at low bulk 

densities (dilute and semidilute), up to a factor of 5. Unfortunately, dilute bulk polymer 

concentrations are typical for sterically stabilized colloidal suspensions. 

On a double logarithmic scale the Monte Carlo profiles have a middle portion, 

which looks almost linear. However, this visual impression is misleading and does not 

necessarily reflect true power law decay.  The first indication for the lack of genuine 

power law behavior for chains with 100, or 200 lattice segments (MW in the tens of 

thousands) is the strong dependence of the apparent power laws on concentration. This is 

especially true at the dilute volume fraction (Figure 37a), where fit of the Monte Carlo 

profile yields an exponent of -2.1, which is much steeper than the scaling prediction -

4/3(30). The agreement with the mean-field power law (-2) is clearly accidental, since fit 

of the lattice mean-field data yields an exponent equal to –3.1 at the same density. 

Figure 38 contains the volume fraction profiles from segments that belong to 

loops of adsorbed chains, while Figure 39 has the corresponding profiles from segments 

that belong to tails (end portions of chains). The comments regarding the quantitative 

differences between Monte Carlo and lattice mean-field data are very similar to those 

made for the total volume fraction profiles.  Furthermore, the data in Figure 38 and 

Figure 39 illustrate clearly the failure of N = 200 segment chains to reach asymptotic, 

power-law behavior. The apparent linearity of the profiles in Figure 37 is primarily the 

result of a cancellation of opposing short chain effects, i.e., the too fast decay of the loop 

profiles and the high relative contribution of tails to the total polymer concentration.  
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A comment should be made regarding Figure 37d, Figure 38d and Figure 39d 

(melt). First and least, at melt densities the total profile complies with the low 

compressibility requirement, i.e., it is almost flat, as expected. The onset of the correct 

power laws is evident in the loop and tail profiles (i.e., -1 for the loops and +1 for the 

tails32). Segments belonging to loops (tails) are “tagged” in an MC simulation. Loop (tail) 

segments are essentially immersed in a θ-solvent consisting of tail (loop) and free chain 

segments of their kind. Although the profiles of 200-segment chains deviate from power 

law predictions at dilute and, to a lesser extent, semidilute bulk volume fractions, they are 

consistent with the appropriate power law at melt like densities. This finding expands the 

validity of the self-similarity argument towards smaller scales, almost segmental in size 

and thus to higher concentrations2, 30. 

Figure 40 contains the comparison between MC and lattice mean-field results on 

the total polymer volume fraction and for shorter chains with 100 lattice segments. The 

conclusions are identical with those mentioned above in relation to Figure 37. However, 

the quantitative difference is milder for the shorter chains of Figure 40. 

Global structure.  We proceed now with the comparison between MC results and 

lattice mean-field predictions on global features of the interfacial layer, specifically 

adsorbed amount and various measures of adsorbed layer thickness (e.g., root mean 

square “rms,” ellipsometric and hydrodynamic thickness). Experiments and theoretical 

predictions have established the qualitative features of adsorption isotherms.  In the 

extreme limit of ultra-dilute solutions the interface is only partially covered, and the 

adsorbed amount is quite low.  A sharp increase of the adsorbed amount occurs 

somewhere inside the dilute regime until a temporary plateau is reached. As the 
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concentration goes into the semidilute and concentrated range, the isotherm once again 

rises.  This picture is reproduced in our simulation results for both chain-lengths (Figure 

41).  The sharp increase for starved layers is not seen however, as it occurs below the 

range of concentrations we can study. Furthermore, the difference between MC and 

mean-field predictions is smaller when χs is assigned the value that yields the same 

surface coverage (i.e., same polymer volume fraction in the first layer).  Since the 

adsorbed amount is dominated by the polymer concentration in the first few layers (for 

adsorption from dilute solutions), the above choice for χs, regardless of its validity, 

promotes the agreement between MC and mean-field results. 

The rms layer thicknesses as a function of concentration is presented in Figure 

42a for 200 segment chains.  On a semi-log scale, there is a plateau for dilute solutions.  

When the bulk solution becomes semidilute, the layer thickness rises smoothly as a result 

of the chains assuming “looser” conformations with more tails and fewer surface contacts 

per chain.  When the bulk polymer volume fraction exceeds the overlap threshold 

(φ*=0.05 for N=200) the layer thickness levels off. 

The root mean squared thickness of tail and loop segments are shown in Figure 

42b and Figure 42c. There is a transfer of the dominant conformation from loops to tails 

around φ*. Specifically, the loop rms thickness is almost identical with the overall layer 

thickness at the lowest concentration studied (Figure 42a,b), while, at the other extreme 

(melt) tail and overall rms thickness are very close (Figure 42a,c). This comment applies 

both to MC and lattice mean-field data. The quantitative difference between MC and 

lattice mean-field is substantial and consistent with the corresponding underestimation of 
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polymer volume fractions by the mean-field theory presented earlier (Figure 37 – Figure 

40). 

Tails show a marked drop in thickness in the melt (Figure 42c). This may be the 

result of the gradual shift from Flory to Gaussian chain statistics.  While dilute systems 

are characterized by  flat layers dominated by loops, tails clearly become a significant 

factor at higher concentrations.  Tail thickness in semidilute, concentrated and melt-like 

concentrations should scale with the Gaussian power law Nt
1/2, in contrast to the shorter 

but more swollen tails, whose thickness scales like Nt
3/5 at the other extreme (where Nt is 

the average number of tail segments). Therefore, although the contour length of tails 

increases monotonically with bulk volume fraction, the extension of the tails may 

decrease under the influence of the more compact Gaussian statistics.  

The hydrodynamic and ellipsometric thickness are displayed in Figure 43. 

Hydrodynamic thickness is higher even than the tail rms thickness, which confirms the 

known large contribution of long tails to this particular measure of layer thickness. 

Ellipsometric thickness is similar and slightly higher than the rms thickness. The 

quantitative difference between MC and lattice mean-field results is similar to that in 

shown Figure 42. 

 

Summary 

 

The main objective of this manuscript was to present a systematic comparison 

between predictions of mean-field theories and Monte Carlo results for homopolymers 

adsorbed on solid surfaces from solution. Our study focused on moderate chain-lengths 
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(N=100 and 200 cubic lattice segments), which correspond to MW’s in the few tens of 

thousands and are typical for homopolymer colloid stabilizers. 

The various mean-field theories25, 30, 31, 144, 32, 32, 145, 146 differ with respect to 

completeness in the solution of the underlying “diffusion equation” 2, lattice vs. 

continuous framework and handling of the boundary condition at the adsorbing surface 

(an issue relevant to continuous theories only). Assessment of merits among existing 

mean-field theories is beyond the capabilities, and scope, of the current study. Complete 

solutions of the mean-field problem agree quantitatively, regardless of lattice, or 

continuous framework158 for chain-lengths above the “oligomer” range (i.e., longer than 

20 lattice segments). Nevertheless, finite chain-length effects are important for 

homopolymer stabilizers148, since the realization of asymptotic power law behavior 

requires longer chains than those suited for stabilization of colloidal dispersions. 

Given the lattice framework of our MC studies and the documented importance of 

finite M.W. effects148, the most appropriate comparisons are with predictions of the 

complete, boundary-condition-exact, lattice, mean-field theory of Scheutjens and Fleer25. 

Lattice MC results are immune to the uncertainty regarding the definition of a “lattice 

segment equivalent,” which does not allow direct quantitative comparisons between 

SANS / neutron reflectivity experiments and theoretical predictions41. For all the reasons 

cited above, our MC data provide a direct test of the mean-field assumption, in its most 

accurate form. 

The findings of these comparisons can be summarized as follows. 

• MC and mean-field predictions are qualitatively similar. 
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• MC results for polymer volume fraction profiles yield consistently higher 

values than those predicted by mean-field theory. The difference is substantial (up to 

a factor of 5), more pronounced for adsorption from dilute solution and milder for 

high polymer concentrations in the bulk. This discrepancy increases with chain-

length. 

• Global features of the adsorbed layer reflect the underlying trends in the 

volume fraction profiles. Adsorbed amount and (the various measures of) adsorbed 

layer thickness are underestimated by mean-field theory. Deviations of mean-field 

from MC are more pronounced for longer chains. 

• There exist certain qualitative differences between MC and mean-field 

data on global features of the adsorbed layer. MC data show a decrease of rms tail 

thickness at melt-like densities. This is probably related to the shift from good solvent 

to Gaussian statistics as the bulk polymer volume fraction increases. 

Technologically, and fundamentally, there exists a need for accurate predictions 

of global (e.g., adsorbed amount, layer thickness) and detailed (e.g., polymer volume 

fraction profiles) interfacial properties. This findings of this study illustrate the need for 

further development of theoretical frameworks that go beyond mean-field, segmental 

scale theories that address rigorously the issues of monomer equivalents in non-

homogeneous environments and methodologies that link them. 
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Table VIII. Properties from isolated chain simulations.  Overlap concentration, φ*, is 
calculated from N / [4 π RG

3 / 3]. 

 

N <RG
2>1/2 <Rend

2>1/2 φ* 

100 6.43 16.2 0.0898 

200 9.76 24.5 0.0514 

 

 

Table IX.  Simulation parameters used for ε = 1.0 results. 

 

N box height box width # chains φb φb/ φ* steps (106) time 

100 90 90 154 0.00047 0.0052 25 2.0 

100 90 40 85 0.038 0.42 10 0.7 

100 80 32 110 0.12  10 1.0 

200 110 150 233 0.00026 0.0054 50 9.2 

200 84 42 35 0.022 0.43 35 4.5 

200 74 30 45 0.11  35 4.6 

*Time is in hours on a DEC AlphaStation 250. 
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Table X.  Percent success for configurational bias moves as a function of segment order 
within a 200 segment chain. Adsorption simulations for bulk volume fractions: 0.11, 
0.022, and 0.00026 are compared with a simulation of an isolated (free) chain. 

 

Segment free φb = φb = φb = 

Order chain 0.11 0.022 0.00026 

2 91.0 81.3 79.0 71.2 

10 70.6 48.7 45.1 28.9 

20 56.3 30.4 28.2 11.9 

30 46.8 20.2 19.7 5.6 

40 38.6 13.9 14.6 2.9 

50 32.2 9.6 11.0 1.5 

60 28.3 7.0 8.6 0.91 

70 23.9 4.9 7.0 0.59 

80 20.3 3.7 5.7 0.42 

90 17.6 2.6 4.8 0.28 

100 15.6 1.9 3.8 0.19 

110 13.3 1.4 3.2 0.17 

120 11.3 1.1 2.7 0.15 

130 10.4 0.82 2.3 0.12 

140 8.9 0.64 1.9 0.092 

150 8.1 0.49 1.6 0.096 

160 7.2 0.39 1.4 0.074 

170 6.3 0.29 1.3 0.062 

180 5.5 0.25 1.1 0.067 

190 4.8 0.21 1.0 0.061 

199 5.1 0.19 0.95 0.064 

  



151 

 

0

5

10

15

20

25

30

0 1000000 2000000 3000000 4000000 5000000

nfree

0

0.002

0.004

0.006

φm

0

1

2

3

4

tR MS

15

20

25

30

35

Nads  per chain

0

2

4

6

8

10

12

tR MS

0

0.1

0.2

0.3

φm

50

70

90

110

130

Nads  per chain

0

2

4

6

8

0 1000000 2000000 3000000 4000000 5000000

nfree

 

Figure 32. a) The first series of four plots features the properties of the φb = 0.11, N = 200 
simulation during the equilibration phase.  Properties shown are: bulk volume fraction in 
the middle of the system, φm; number of adsorbed segments, Nads, per chain; rms layer 
thicknes, tRMS; and number of free chains, nfree. b) This series of four plots features the 
same properties for the φb = 0.00026, N = 200 simulation.  In the plot of nfree, an inset 
shows the early part of the simulation in more detail. 
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Figure 33. Snapshots of 100 segment adsorbed chains from simulations with bulk volume 
fractions a) 0.00047, b) 0.038, and c) 0.12.  All snapshots have the same (±1) number of 
adsorbed segments as the ensemble average.  End segments are displayed with slightly 
darker shading. a) 64 adsorbed segments; tails: 1, size: 2; loops: 6, size: 3, 4, 9, 8, 2, 8. b) 
49 adsorbed segments; tails: 1, size: 7; loops: 7, size: 2, 5, 4, 4, 6, 3, 20. c) 41 adsorbed 
segments; tails: 2, size: 29, 20; loops: 2, size: 3, 7. d) 16 adsorbed segments; tails: 2, size 
66, 7; loops 1, size 11. 
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Figure 33--continued 
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Figure 34. Volume fraction vs. distance for a simulation of adsorption from dilute 
solution in good solvent.  The separate contributions from the free chain segments 
(FREE), the tail conformation segments (TAIL), and the loop conformation segments 
(LOOP) are shown.  a) Entire profiles between two adsorbing walls with a bulk solution 
in the middle.  b) Enlarged display of adsorption region.  (N=200, ε=1.0). 
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Figure 35: Probability distribution for a conformation (TAIL, TRAIN, or LOOP) to have 
a certain number of segments.  The filled in symbols show the location of the statistical 
averages. 
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Figure 36. Effect of adsorption energy on total volume fraction vs. distance curves for a) 
N=100 and b) N=200.  Broken line shows overlap volume fraction, φ* = a) 0.09, b) 0.05. 
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Figure 37.Total volume fraction vs. distance from surface. Triangles represent simulation 
data for N=200, ε=1.0 and a) φb=0.00026; b) φb=0.022; c) φb=0.11; d) φb=0.81. Curves 
with no symbols represent lattice SCMF calculations for χs = ε = 1.0. Curves with 
symbols are lattice SCMF using χs = a) 1.29; b) 1.28; c) 1.25; d) 1.11 and can be 
distinguished mainly by their first layer volume fractions.  Straight lines represent the 
scaling power law of -4/3. In a) and b) a dashed line is shown to indicates the overlap 
volume fraction, φ*. 
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Figure 38. Loop volume fraction vs. distance. Symbols same as Figure 37. Straight, solid 
lines correspond to a power law of -4/3 in a) through c) but to –1 in d). 
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Figure 39. Tail volume fraction vs. distance.  Symbols same as Figure 37. 
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Figure 40. Total volume fraction vs. distance from surface for bulk volume fractions of a) 
0.00047; b) 0.038; and c) 0.12 for N=100.  Same symbols as Figure 37. Curves with 
symbols are lattice SCMF using χs = a) 1.28; b) 1.28; c) 1.25. 
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Figure 41. Total adsorbed amount in number of monolayers (i.e., number of segments per 
a2). Curves with symbols represent lattice SCMF calculations which match the MC 
surface occupancy, and curves with no symbols represent SCMF results for χs = ε = 1.0.  
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Figure 42. Average layer thickness as a function of bulk volume fraction. a) rms 
thickness; b) rms loop thickness; c) rms tail thickness. 
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Figure 43. Hydrodynamic and ellipsometric thickness vs. bulk volume fraction. 
 



 

163 

CHAPTER 8 
ADSORPTION OF POLYMER CHAINS WITH INFINITE MOLECULAR WEIGHT 

 

Introduction 

 

Most theoretical progress in polymer physics has been made at the expense of 

assuming the limit of large chain length8, 2. In the magnetic analogy this limit assumes the 

importance of a critical point defining a transition to model independent, “universal” 

laws14. The most progress in understanding the physisorption of homopolymers has come 

through a combination of self-consistent mean-field calculations which incorporate 

excluded volume in an average sense10, 32, and scaling arguments that account for 

important long-range fluctuations induced by excluded volume.159, 30, 32  

In the last chapter it was established that the molecular weights used in 

engineering applications are generally below the range treated theoretically. We outlined 

the limitations of one of the few theoretical approaches to give predictions for finite-

length chains25. 

In this chapter we attempt to stretch the CBMC algorithm and our computational 

tools to their limit to generate statistics for as long chains as is feasible. We present 

reliable data for the adsorption equilibrium of chains from N=1000 to N=2000 segments. 

Also data is presented, with a caution, for N as large as 10000 that is consistent with the 

rest. These results are compared with the lattice mean-field formalism of Scheutjens and 
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Fleer25 and with self-similar and other scaling laws proposed by de Gennes30 and 

Semenov et al. 32 

 

Simulation Mechanics 

 

In Table XIand Table XII we have summarized the simulations in athermal 

solvent we have carried out for this study. We used the configurational bias method to 

perform all of these simulations as described in previous chapters. Generally the 

dimensions of the system were several times the unperturbed radius of gyration, Rg = 25 

(for N = 1000). This is an overly cautious approach. We have carried out simulations with 

no noticeable difference (Figure 45) in the concentration profiles, for system dimensions 

down to 2.6Rg (with N = 1000, ε = 1.0, φb ~ 10-3). Even smaller systems (1.6Rg) do not 

show much of a difference. 

The bulk concentrations in these simulations ranged from a hundredth to seven 

times the overlap concentration, φ*. This parameter is important as it distinguishes 

between the semidilute and dilute regimes of polymer solutions. It was determined from 

Rg data for unperturbed chains from the relation ( )3
3
4* gRN πφ = . 

For most simulations, we use a maximum move close to 200 to eliminate the 

wasted time spent on attempting low probability moves. This generally results in an 

overall success rate of 10%. 

The generation of initial configurations and equilibration were discussed in 

Chapter 7. An example of the fluctuations during the equilibrium and statistics stages of 

one run are shown in Figure 44. The fluctuations in the number of free chains (+/- 3) are 
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strong enough to indicate that substantial exchange occurs between free and tightly bound 

chains. A closer analysis of the individual chains involved in the run shows that this is 

indeed the case: all 60 of the chains spent time in the bulk and tightly bound (more than 

400 segments) to the surface. This extent of dynamics is probably not necessary to ensure 

equilibrium statistics. We really just need to check that the system has not gone into a 

frozen state and that the interface is a dynamic region at the level of loop-tail-train 

rearrangement. 

 

Theoretical Predictions 

 
Analytical Solutions 

 

The scaling analyses30, 32 mentioned in Chapter 2 yield predictions for the 

exponent of the concentration profile and even the concentration profiles of tail and loop 

segments. These results are valid when the adsorbed layer has a semidilute concentration. 

Usually the first 1 or 2 layers of the interface are in the concentrated regime and 

semidilute conditions exist in the “central” region. This is a consequence of the 

thermodynamic tendency for even dilute solutions to deposit a substantial adsorbed 

amount, Γ, per unit area (see Chapter 7). Starved layers form only in the presence of 

exceptionally dilute bulk solutions (φ ~ 10-15 theoretically25, 4). 

The asymptotic scaling, z-1, of the overall concentration was derived from the 

square-gradient self-consistent field approach or can be observed from direct application 

of the self-similarity argument (reference 30; see also Chapter 2) to the θ-solvent 

correlation length11, ξ ~ φ–1. 
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In general the scaling of the loop and tail profile in the “central a” loop-dominated 

region (a << z << z*) should be  

 

1/1

3/1
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l  ,     (79) 

 

according to a scaling analysis of the chain partition function32. The value of ν is 1/2 in a 

θ-solvent and 3/5 in a good solvent. 

The loop and tail profiles have also been predicted from a mean-field analysis32 in 

the asymptotic limit to scale as 
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in a good (marginal) solvent for adsorption from a dilute or semidilute solution. 

As mentioned in Chapter 2, there is both theoretical and experimental evidence 

that mean-field predictions are valid only in the marginal and ideal regimes because 

fluctuations are small in the former regime, and immaterial in the latter.  We will 

examine first the power laws exhibited in volume-fraction profiles under asymptotic 

(long chain length) conditions for mean-field calculations. These conclusions will help to 

interpret the simulation results to be presented in later sections. 
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Limiting Behavior of Lattice Mean-Field Calculations 

 

In Figure 46 and Figure 47 mean-field loop and tail concentration profiles, 

calculated from the Scheutjens-Fleer formalism25. These calculations are for a dilute 

solution under θ-conditions for which the exponent from scaling theory are –1, –1, and 

+1 (see Equation 79). A well-defined and unchanging power law is evident in the central 

region (a << z << Rg) as the chain length increases for all plots. There is a good 

agreement between the numerical data presented and the power laws for the overall, loop 

and tail profiles. 

Figure 48 and Figure 49 contains the corresponding plots for adsorption from a 

good (athermal) solvent. Here again, clear and constant power laws are exhibited by the 

larger chain lengths. As expected, the apparent mean-field exponent for the overall and 

loop profiles is not consistent with the scaling result of –4/3. It has a steeper decay in 

good agreement the analytical mean-field prediction (Equation 79) of –2. There is not a 

large enough difference between the scaling and mean-field predictions for the tail profile 

exponents (2/3 and 1) to distinguish between them with this data.   

Next we attempt a rough mapping of the apparent power laws of the numerical 

results for a range of chain length and concentration.  While there is no exact way to do 

this since the central region is not always apparent, it gives a clear idea of the influence of 

the two most important parameters.  The range of concentration was from ultra-dilute, φb 

= 10-12 all the way to a melt, φb = 1.0.  Figure 50b shows a map of the exponents found in 

θ-solvent.  For the concentration range from ultra-dilute 10-12 to semi-dilute 0.1, the 

exponents go decisively towards the scaling prediction –1 for long chain lengths.   
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The corresponding exponent plot for adsorption from good (athermal) solvent is 

Figure 50a.  The agreement with the analytical mean-field prediction lasts only for the 

dilute concentrations.  Meanwhile it is difficult to interpret the flatter exponents at high 

concentrations.  What is particularly hard to understand is the extreme flatness of the melt 

exponents.  The correct result would be the ideal chain (θ-solvent) exponent –1 for both 

6a and 6b since it is well understood that chains are ideal in a melt. 

 

Results 

 
θ-Solvent 

 

In Chapter 7 one simulation at melt-like concentrations provided evidence that the 

the concentration profile is consistent with the θ-solvent scaling prediction of a –1 power 

law. This is because melt-like systems are supposed to have ideal or θ-solvent-like 

properties as a result of the screening of excluded volume interactions in a melt; this is 

called the Flory theorem8, 2.  

Simulations in a θ-solvent (Figure 51) are in agreement with scaling theory at a 

bulk volume fraction of 0.10 for N = 2000 and 4000. These interfaces are somewhat 

collapsed in order to reduce segmental contact with the solvent. To carry out simulations 

in a θ-solvent, we first determined the interaction energy that yields the Gaussian 

exponent, 1/2 for the dependence of the radius of gyration on chain length. The 

interaction energy used was 0.274 kT as explained in Chapter 3. 
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Athermal Solvent 

 

N=1000.  The numerical mean-field calculations for athermal solvent (Figure 48, 

Figure 49 and Figure 50a) and the results on shorter chains in Chapter 7 suggest that 

scaling laws are most likely to appear (for moderate chain lengths) near φb = 0.1.  The 

thickness of layers adsorbed from more dilute solutions than this are probably too 

compact to exhibit a broad scaling region. Adsorption from semidilute to concentrated 

solutions produces condition more likely to exhibit scaling features. The thickness of the 

central portion of the interface can be much larger than the segment size and the 

concentration throughout the central interface is semi-dilute. 

Here we attempt to corroborate that rationale with a series simulations of N = 

1000 segment chains for the entire range of bulk concentration. The simulation 

parameters are shown in Table XI. 

The overall volume-fraction profiles are plotted in Figure 52a-f. A trend towards 

the scaling prediction, z-4/3, is observed for the intermediate concentrations in Figure 52c 

and d. Figure 52f indicates the eventual flattening of the profile on approach to melt 

conditions.  The most dilute simulation shows a sharper profile and the central interface 

is not entirely within the semidilute regime (the region between the dashed lines and 

approximately φ = 0.1) 

An examination of the loop profiles in Figure 53a-f supports similar conclusions, 

since the loops dominate this portion of the interface. The major difference is that the 

loop profile does not flatten out at high densities. Good agreement with the scaling theory 

occurs at the concentrations 0.10, 0.049, 0.014 and 0.009. 
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The main difference between these simulations and the N=200 simulations 

presented in Chapter 7 is that apparent concurrence with the –4/3 scaling law occurs over 

a broader range of concentration, the range being extended to include more dilute 

systems. This suggests that longer chains will exhibit the scaling exponent for the entire 

dilute range. In that context these simulations provide strong evidence in favor of the 

scaling laws.  

The mean-field calculations consistently produce lower volume-fractions with 

sharper apparent power laws in both the tails and loops (Figure 52 and Figure 53). This 

was observed in the last chapter as well. The mean-field approximation has similar 

limitations for its finite and infinite chain-length results. 

The tail profiles are shown in Figure 54.  It is interesting that the dilute solutions 

have nearly flat tail profiles in the central interface while at higher concentration a 

sharper increase occurs, indicating the tails are more highly stretched and “pushed” out of 

“central a” region.  The best evidence of the scaling law, z2/3, is found for the 

intermediate concentrations: 0.014 and 0.05. At these same concentrations, the mean-

field data are also closest to their asymptotic prediction, z1. 

In Figure 59 the volume fraction profiles from the simulations listed in Table XI 

are rendered as “local correlation length profiles.” The relationship between correlation 

length, ξ, and volume fraction is assumed to be the following. 
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Among the profiles presented, the most linearity is observed for the intermediate / 

semidilute concentrations as it should be according to the self-similarity argument. 

1000 ≥ N ≥ 10000 (ε = 0.5).  The largest chains simulated in this study were 

carried out a lower adsorption strength in order to achieve the best possible statistics. 

Nonetheless these are completely within the required theoretic limit of strong adsorption 

because each chain has many adsorbed segments. No major differences in scaling 

behavior should be possible. 

The N = 10000 simulation was carried out on an 8-node parallel IBM RS/6000. 

We generated separate initial and equilibrated configurations for each node. Also, we 

used the persistently reptating configurational bias algorithm discussed in Chapter 4. This 

algorithm has some flaws, but these do not amount to anything tangible in N = 100, 200, 

or 1000 simulations. 

In Figure 55 – Figure 58, the volume fraction profiles for N = 1000, 2000, 4000 

and 10000 are presented. In general a good agreement is observed for the tail, loop and 

overall volume-fraction profiles on comparison with the scaling exponents. For the 

shorter chains it was quite important for the bulk concentration to be near the overlap 

level. The longer chain simulations do not need to be as close to the overlap 

concentration. The N=1000 and 2000 simulations are close to the overlap concentration, 

but the N=4000 and 10000 simulations are not. The accumulation of consistent evidence 

leaves little doubt that scaling theory provides a better description of the interfacial 

structure than the mean-field approximation. 
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Further Details of the Layer Structure 

 

Certainly the distance at which the loops start to dominate the interface plays in 

important role in physical processes.  As might be expected, in most cases this crossover 

length z* was close to the rms loop thickness. Mean-field predictions in the marginal 

solvent regime and scaling predictions in good solvent (and dilute concentration) give a 

dependence of this parameter only on N as32: 

 

z* = ND ln
N

D
  
  
    

  
  

   
 
   

1/ 3

marginal regime

z* ≅  N 1/ 2 good solvent

   (82) 

 

In the marginal solvent expression the apparent power for the chain lengths of 

order N = 200 – 1000 would be approximately 0.39 as a result of the logarithmic term. 

Note that in Equation 82, z* doesn’t increase with concentration, however the overall 

layer thickness does. Scaling theory32 does give and increasing dependence of z* (at high 

concentrations): z*=Nφb
3/4. 

Figure 60 shows a gradual increase of z* with increasing N. The exponent of the 

apparent power law is less than 1 as in the above theoretical predictions. While all of the 

points are from dilute simulations, the concentrations are not exactly the same, which 

contributes to the uncertainty in the exponent. A regression shows the apparent power 

law to be z* ~ N0.45. 

In Figure 61 the dependence of the crossover length on bulk concentration is 

shown for N=200 and N=1000 as well as for mean-field calculations.  The data for 
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N=1000 appear to decrease with increasing concentration but this could be an artifact of 

the scatter in this data. The N=200 data from simulations and mean-field calculations are 

relatively constant. 

The distal region of the interface is characterized by an exponential decay of all 

concentration profiles (total, loops and tails) not unlike the distal part of the radial 

concentration profile of an isolated chain11.  This region can be important in physical 

processes of weak interactions with the polymer layer. Analytical mean-field calculations 

give a form for the exponential decay in which only the prefactor depends on the bulk 

concentration and the tails have twice the decay length of the loops: 
32 

 

φt = exp(−z / λ )

φl = exp(−2z / λ ) 
     (83) 

 

and the overall concentration profile is the same as the tails. 

The concentration profiles from simulation generally are will described by an 

exponential decay near the distal part of the interface. Exponential decay of the overall 

profile cannot always be discerned but the loops and especially the tails appear linear on 

a semi-log plot. In Figure 62 the decay length, L, obtained from regression of the tail and 

loop profiles to the function φ(z)=c exp(-z / L), is plotted vs. the chain length. Mean-field 

calculations32 show that λ is increases as N1/2. The decay length of loops and tails for our 

data are roughly consistent with that scaling. Also, the tail decay lengths shown are 

approximately twice the loop decay lengths. 
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Conclusions 

 

We have analyzed the physisorption of linear homopolymers in an effort to test 

quantitatively two major theoretical establishments. Namely: phenomenological scaling 

arguments which are bolstered by more cumbersome, but rigorous renormalization group 

calculations, and more quantitative mean-field calculations. We have provided evidence 

that the strong fluctuations typical in semidilute solvents cannot be neglected without 

serious quantitative sacrifice. 

Numerical mean-field calculations consistently underestimate the concentration 

within the interface. They capture the correct qualitative trends summarized as follows. 

The structure of a layer is determined by two parameters: chain length and bulk 

concentration. When the chain length is larger than O(104) semidilute conditions produce 

an adsorbed layer with a universal, self-similar structure. Below this limit the structure is 

more compact and corrections must be taken into account. Dilute solutions form the same 

type of layer structure except for chain lengths larger than O(106-106). 

The evidence we presented to supports the scaling prediction for the overall 

concentration of the layer. For bulk concentrations within a factor of 10 of the overlap 

concentration, N=1000 simulations show that the scaling of the concentration profile, φ ~ 

z-m yields an exponent close to 4/3. For the same concentration and chain length the 

mean-field calculations are more consistent with m = 2. 
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Table XI.  Parameters of the simulations for adsorption energy, ε = 1.0 kBT ,  and an 
athermal solvent. 
 

N 
Box 

 height 
Box 

 width 
Number 
 chains φb φb / φ* 

Steps 
(106) 

Time 
 (hrs) 

Equil 
 (106) 

Max 
move 

1000 320 150 60 0.00022 0.015 150 48.9 20 200 
1000 240 106 40 0.0026 0.18 120 38.1 20 200 
1000 240 90 40 0.0091 0.63 50 15.5 20 200 
1000 240 80 40 0.014 0.97 50 14.2 20 170 
1000 200 70 60 0.049 3.38 70 25.3 6 300 
1000 190 62 80 0.10 6.90 100 31.1 10 200 

 
 
 
 
Table XII. Parameters and properties of the simulations for adsorption energy, ε = 0.5 kBT 
,  and an athermal solvent. Also shown are the overlap concentrations, φ*, for each chain 
length. 
  

N 
Box 

height 
Box 

width 
Number 
 chains φb φ* φb / φ* 

Steps 
(106) 

Time 
(hrs) 

Equil 
 (106) 

Max 
move 

1000 240 64 15 0.0088   20 5 5 150 
1000 240 127 60 0.0088 0.0145 0.606 400 105 10 150 
2000 120 80 30 0.0091 0.0084 1.077 70 44.0 10 220 
4000 300 280 40 0.00035 0.0049 0.071 350 357.8 50 55 
10000 556 164 16 0.0073 0.00 3.04 8×130 2668 8×10 150 
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Figure 44. Equilibration and fluctuations during a simulation for the number of free 
chains. N=1000, φb=0.0088, ε=0.5.  
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Figure 45. Comparison of system dimensions for MC simulations. Lines: width=127, 
number of chains=60.  Squares: width=64, number of chains=15.  (N=1000, φb=0.0088, 
ε=0.5) 
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Figure 46: SCMF volume-fraction profiles, θ-solvent, χs = 1.0 kT, φb = 10-4, simple cubic 
lattice. a) all segments and b) loop segments and c) tail segments. The –1 (total, loops) 
and +1 (tails) power laws are from scaling theory and asymptotic mean-field theory. 
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Figure 47: SCMF volume-fraction profiles, θ-solvent, χs = 0.5 kT, φb = 10-4, simple cubic 
lattice. a) all segments and b) loop segments and c) tail segments. The –1 (total, loops) 
and +1 (tails) power laws are from scaling theory and asymptotic mean-field theory. 
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Figure 48: SCMF volume-fraction profiles, athermal-solvent, χs = 1.0 kT, φb = 10-4, 
simple cubic lattice. a) all segments and b) loop segments and c) tail segments. The –4/3 
(total, loops) and +2/3 (tails) power laws are from scaling theory. The –2 (total, loops) 
and +1 (tails) exponents are from asymptotic mean-field theory are shown as solid lines. 
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Figure 49: SCMF volume-fraction profiles, athermal-solvent, χs=0.5 kT, φb= 10-4, simple 
cubic lattice. a) all segments and b) loop segments and c) tail segments. The –4/3 (total, 
loops) and +2/3 (tails) power laws are from scaling theory. The –2 (total, loops) and +1 
(tails) exponents are from asymptotic mean-field theory are shown as solid lines. 
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Figure 50. φb – N mapping of the apparent power laws exhibited by mean-field total 
volume fraction profiles (e.g., Figure 46 and Figure 48). a) athermal solvent, b) θ solvent. 
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Figure 51: Volume fraction profile of loop segments in a near (ε=0.25 kT) θ-solvent.  
Obtained from simulations of three different chain lengths all at a bulk volume fraction of 
approximately 0.10.  The scaling theory prediction is shown as a line. 
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Figure 52: Total volume fraction profiles for N = 1000, athermal solvent.  MC 
simulations with ε = 1.0 (diamonds); SCMF calculations with χs = 1.0 (squares); SCMF 
with χs = 1.3 (curved lines); z–4/3 power law (straight lines). Dashed lines indicate the 
overlap volume-fraction for N = 1000,  φ* = 0.015. 
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Figure 52--continued 
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Figure 53: Loop volume fraction profiles for N = 1000, athermal solvent.  MC 
simulations with ε = 1.0 (diamonds); SCMF calculations with χs = 1.0 (squares); SCMF 
with χs = 1.3 (curved lines); z–4/3 power law (straight lines). Dashed lines indicate the 
overlap volume-fraction for N = 1000,  φ* = 0.015. 
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Figure 53--continued 
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Figure 54: Tail volume-fraction profiles for N = 1000, athermal solvent.  MC simulations 
with ε = 1.0 (diamonds); SCMF calculations with χs = 1.0 (squares); SCMF with χs = 1.3 
(curved lines); z–4/3 power law (straight lines). Dashed lines indicate the overlap volume-
fraction for N = 1000,  φ* = 0.015. 
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Figure 54--continued 
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Figure 55. Volume fraction profiles for N=1000, φb = 0.009, athermal solvent. MC 
simulations for ε = 0.5 (diamonds); SCMF calculations for χs = 0.5 (squares) ; SCMF 
calculations for χs such that φscmf(1) = φmc(1) (curved lines); mean-field power law, z-2 
(lower straight line); scaling power law, z-4/3 (upper straight line).  
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Figure 56. Volume fraction profiles for N=2000, φb = 0.009, athermal solvent. MC 
simulations for ε = 0.5 (diamonds); SCMF calculations for χs = 0.5 (squares) ; SCMF 
calculations for χs such that φscmf(1) = φmc(1) (curved lines); mean-field power law, z-2 
(lower straight line); scaling power law, z-4/3 (upper straight line). 
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Figure 57. Volume fraction profiles for N=4000, φb = 0.00035, athermal solvent. MC 
simulations for ε = 0.5 (diamonds); SCMF calculations for χs = 0.5 (squares) ; SCMF 
calculations for χs such that φscmf(1) = φmc(1) (curved lines); mean-field power law, z-2 
(lower straight line); scaling power law, z-4/3 (upper straight line). 
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Figure 58. Volume fraction profiles for N=10,000, φb = 0.0073, athermal solvent. MC 
simulations for ε = 0.5 (diamonds); SCMF calculations for χs = 0.5 (squares) ; SCMF 
calculations for χs such that φscmf(1) = φmc(1) (curved lines); scaling power law, z-4/3 
(straight line). 
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Figure 59.  Correlation length variation within the interface; from MC simulations: 
athermal solvent, ε = 1.0, N = 1000. Bulk volume-fractions range from very dilute to 
concentrated (2.2· 10-4 – 0.1). Intermediate φb’s may be distinguished from the trend of 
increasing ξ(z) with increasing φb. The self-similarity prediction ξ ~ z is shown as a 
straight line. 
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Figure 60: Crossover length (distance at which tail and loop concentration profiles cross) 
as a function of chain length.  A power law least squares fit of the data is included.  All 
simulations are in dilute regime with a bulk volume fraction of roughly 10-3. 
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Figure 61: Crossover length  as a function of bulk concentration, athermal solvent. MC 
simulations: N = 1000, ε = 0.5 (diamonds) ; N = 200, ε = 0.5 (squares). Lattice mean-field 
calculations: N = 200,  χs = 0.5 (triangles). 
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Figure 62: Properties of the distal region of the layer as a function of chain length.  Rms 
tail thickness (triangles); exponential decay length of the tail concentration profile 
(diamonds); and exponential decay length of the loop concentration profile (squares); 
power law regression of the tail and loop decay lengths (straight lines with equations).  
All simulations are in dilute regime with a bulk volume fraction of roughly φb = 10-3, and 
ε = 1.0. 
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CHAPTER 9 
COMPRESSION OF AN ADSORBED POLYMER LAYER OF FIXED MASS 

 

Introduction 

 

Lattice Monte Carlo simulations are used to analyze the normal force induced by 

interacting polymer chains between an athermal plane and an adsorbing plane in an 

athermal (good) solvent. The simulations are carried out under conditions of so-called 

“restricted equilibrium” in which the amount of polymer in the system (coverage) is not 

allowed to fluctuate. The results are compared with numerical lattice mean-field 

calculations. We observe that mean-field theory usually overestimates the magnitude of 

the force. A substantial improvement in the comparison is obtained when interpreted with 

respect to properties of the corresponding unconfined layer in equilibrium with bulk 

solution.  For instance, in the case of high coverage, simulations and numerical mean-

field theory are in good agreement at the same relative coverage, i.e., the same ratio of 

surface coverage to saturation coverage. Comparison with asymptotic scaling predictions 

does not yield unequivocal results for these chain lengths but the results are roughly 

consistent with predicted power laws.  A brief analysis of the compression of two layers 

against each other shows a strong similarity with the main results of this work when the 

surfaces bear an excess of adsorbed polymer chains (i.e., high coverage). 

Numerous engineering and biological processes depend crucially on the physical 

response of solid surfaces bearing soft polymer layers. Chemi- or physi-sorbed layers of 
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polymer chains often constitute a better alternative for screening attractive van der Waals 

interactions than manipulation of electrostatic forces, especially in organic environments. 

Linking the microstructure of these layers to the mesoscopic reality of confinement will 

enhance our understanding and capability to control these systems. Molecular 

rearrangements following the compression of a physisorbed polymer layer are not fully 

understood. This is an important problem when dissimilar surfaces mediated by a 

polymer solution are in proximity, e.g., colloidal mixtures.  

Several model experiments could be designed in order to study the features of 

single layer compression. Atomic force microscopy can measure sensitively the force 

between a colloidal sphere and a planar surface in a liquid environment. The most recent 

decade has seen significant advances in experiments of this type77, 78. A mixture of two 

kinds of colloids in a polymer solution would also be an appropriate model system to 

elicit fundamental information about compression of a single polymer layer, provided 

that the colloidal particles are much larger than the ad(b)sorbing polymer molecules. 

 Compression of a physisorbed polymer layer by a non-adsorbing surface and the 

more common case of compression between two adsorbed layers bear strong similarities 

in two special cases: i) single chain adsorption in θ-solvent at the adsorption-desorption 

threshold2, and ii) concentrated and melt-like densities.98, 160 One major difference 

affecting the pressure between the one and two layer systems originates from the absence 

of bridging in the one layer system, where bridges are replaced by long loops. 

The interaction between two physisorbed layers has been the subject of extensive 

theoretical investigation. In 1981 and 1982, de Gennes30 established several 

groundbreaking theoretical tools. First he adapted the SCMF density functional used for 
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critical point wetting by Cahn to describe concentration gradients in polymeric systems. 

The result is equivalent to the ground state of the general SCMF equation for a polymer 

chain (introduced by Edwards10) and it provides analytic access to the interaction free 

energy between two surfaces bearing adsorbed polymer chains in limiting cases. The 

mean-field approximation is inaccurate for semidilute solutions14. De Gennes therefore 

constructed a rescaled free energy functional30 in order to account for excluded volume 

correlations neglected by the SCMF approach. 

De Gennes was the first to analyze the cases of ideal (i.e., full in the grand 

canonical sense) and restricted equilibrium30. “Restricted” equilibrium is restricted only 

in the sense that chains cannot leave or enter the gap between the two surfaces. 

Otherwise, chain conformations relax fully. Desorption is allowed, provided that the 

desorbing molecules do not leave the gap (however, desorption is negligible under high 

compression conditions). Figure 63a is a schematic illustration of restricted equilibrium 

for a system with one adsorbing surface. For ideal equilibrium monotonic attraction is 

found. For restricted equilibrium a repulsive force that increases with decreasing 

separation as 1 / H3 (for large H ) is the result of the rescaled free energy functional. 

Klein and Pincus, and Ingersent et al.161 extended de Gennes’ SCMF theory to 

polymer chains in θ- and poor solvents under conditions of restricted equilibrium. In 

another extension, Rossi and Pincus162, 163 studied the case of undersaturated polymer 

layers in a good solvent. The important effect of undersaturation has been observed 

experimentally164 by taking measurements during the long incubation phase of polymer 

adsorption. Brooks and Cates165 analyzed a more stringent case of restricted equilibrium, 

in which the number of surface contacts (in addition to the number of polymer chains) 
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remains constant during compression. Klein and Rossi73 reviewed and generalized much 

of the theoretical results relevant to experimental observations in good solvents. 

An approach that employs the first order parameter of the SCMF Edwards 

equation was first used by Ji et al128. They complemented it with a blob-type of analysis 

to account for correlations and obtained analytical results for the number and size of 

bridges, as well as the force of interaction. Several studies166, 167, 168, 72 have recently 

appeared which go beyond the ground state, using the second order parameter (known to 

account for the effects of tails) of the SCMF Edwards equation.  Bonet-Avalos et al.166 

obtained information on the conformations between surfaces and the concentration 

profile. Subsequently, Bonet-Avalos et al.167extended this approach to study ideal 

equilibrium. Semenov et al.168 applied the same approach to restricted equilibrium and 

Mendez-Alcaraz et al. 72 obtained numerical results for the same cases. These researchers 

reported qualitative differences in the interactions due to tail effects that are not captured 

at the ground state level. 

The full solution of the SCMF equation which does not assume asymptotically 

large chain lengths was performed by Scheutjens and Fleer71. They developed a 

numerical lattice mean-field theory that predicts concentration profiles, conformations, 

and interaction energies between surfaces bearing adsorbed layers. Their lattice mean-

field theory is appealing for its flexibility in examining a broad range of conditions, e.g.,: 

solvent quality, chain length, under/over saturation, ideal/restricted equilibrium. A 

numerical study145 demonstrated the equivalence between lattice and off-lattice SCMF 

calculations for large chains. The lattice framework of our simulations allows for a direct 

comparison of our results with the lattice SCMF results of Scheutjens and Fleer. 
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The surface force apparatus50 (SFA) measures directly the forces between 

surfaces bearing polymer chains in a liquid environment.  With use of the SFA, much 

progress in the measurement of forces between adsorbed polymer layers was made during 

the 1980’s (reviewed in references 169 and 170).  All experiments in good solvents, 

where the polymer chains were given sufficient time to adsorb fully, reported 

monotonically repulsive forces with a range of interaction of 5 to 10 Rg. The largest 

polymer chains used in a good solvent-SFA experiment were 1,200,000 MW poly-

ethylene-oxide (PEO) in water.164  These molecules are sufficiently large to test 

asymptotic theoretical predictions171 provided that polydispersity ( MW / MN = 1.2 ) or 

other effects do not play a substantial role. The ad hoc density functional approach 

appropriate for good solvents mentioned above30 yields power laws for the force profile 

at small and large separations.  The experiments of reference 164 were consistent with 

the small-separation power law ( f ~ H -2.25 ) but a separate large-separation power law ( f 

~ H –3 ) was difficult to discern. 

Destabilization, presumably the result of bridging, is reported in SFA experiments 

when the surfaces are undersaturated. In a recent publication69 we determined that 

substantial numbers of bridges exist under all circumstances (i.e., both for saturated and 

unsaturated layers).  Bridging effects, however, are dominant under conditions of low 

surface coverage (undersaturation). 

 

Simulation Mechanics 

 

We have used the present model and simulation method to study the structure of 

interacting chains in an adsorbed layer171, the force induced a single chain between 
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parallel walls121, 69, and the attractive force between two undersaturated physisorbed 

layers102. Therefore we will present only a cursory discussion of the method here. 

Polymer chains are modeled as confined self-avoiding walks (SAW's) inscribed on a 

simple cubic lattice. Steps into the layer adjacent to the adsorbing surface are favored by 

the Boltzmann factor exp(– ε / kT ) where ε is  the potential energy of adsorption per 

segment. The segments of the chains do not interact with each other except through 

exclusion of multiply occupied lattice sites (athermal solvent). The number of steps, N, 

used in each SAW ranged from 50 to 1000 which corresponds roughly to and goes well 

beyond the molecular weights used as suspension stabilizers (see Chapter 4). 

 
Sampling the Conformations of the Chains 

 

The efficient configurational bias95 Monte Carlo procedure was used to sample SAW's. 

One of the chains in the system is chosen at random for modification. A “coin-toss” 

determines which end of the chain will be the starting end. Then the chain is broken at a 

random position, say segment i, along its backbone. The i+1 to N segments are removed 

and regenerated using a modified Rosenbluth-biased walk89, 95 starting from the position 

of segment i = 1. The advantage of the configurational bias method over more traditional 

Metropolis algorithms is that it uses information about the system’s microstate to 

optimize the selection of trial microstates. In our simulations we have added the trial 

subchain to the opposite end of the polymer chain in order to improve the performance of 

simulations for large chain lengths.  
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Calculation of Forces from Lattice Simulations 

 

The force, f, exerted by the polymer chains on the upper wall (or vice versa) is 

obtained by approximating the derivative of the Helmholtz potential, F, with respect to 

wall separation, i.e.,  
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Here h is used to represent the wall-separation as a free variable and clearly then f is the 

force in the direction normal to each surface, where a positive quantity expresses 

repulsion. The Helmholtz potential difference in Equation 2 is obtained using the recently 

developed contact-distribution method (CDM)100. The starting point for this method was 

introduced in the 1970's by C. Bennet101 and gives a Monte Carlo formalism for obtaining 

the difference in the Helmholtz potential between two systems that are physically 

identical but have different potential energy fields, e.g., different pair potentials, or 

external potentials). The problem of moving a “hard” wall (or in general, the boundary of 

a solid object) is equivalent to considering two systems with identical potential fields 

except in the layer immediately adjacent to the moving wall. The desired property is 

obtained for the limit of infinite potential in the boundary layer. To obtain the change in 

Helmholtz free energy the CDM requires the distribution of number of contacts between 

the polymer chains and the boundary. If n is the number of contacts and v is the repulsive 

potential at the boundary, let pv(n) be the contact probability distribution. The total 

change in free energy for the movement of the plane by one lattice unit, or the force, is 
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just )]0(ln[ 0pkT− , a simple formula that follows from basic statistical arguments. The 

probability of zero contacts in the base system, p0(0), cannot be obtained accurately when 

the gap distance is small as a consequence of the large concentration of monomer 

segments. In these situations the change in free energy, ∆F(vi , vj ) between two systems 

with boundary potentials vi and vj is obtained from the two contact distributions )(np
iv 

and )(np
jv  provided these are overlapping distributions (i.e., vi and vj are similar; for 

details see reference100). Therefore the total change in free energy is  

 

)].0(ln[),(...),(),0( 1211 tvtt pkTvvFvvFvFF −∆++∆+∆=∆ −   (85) 

 

The summation is carried out with increasing repulsive boundary potentials to the 

extent that the free energy change converges with reasonable accuracy. 

 

Results 

 
Compression of a Polymer Layer with an Athermal Wall 

 

Structural changes upon compression. In this section we summarize certain 

important changes in chain conformations that are linked to the observed variation of 

pressure with separation.  Figure 64a-c shows the effect of compression on chain 

conformations.  A typical chain under these conditions initially has one large tail, many 

large trains, and many smaller loops. 
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Upon compression of the outer tail dominated area, several tail segments are 

converted to loops and trains. Although the change in the latter structures is barely 

perceptible as the tail segments are distributed among the multitude of loops and trains. 

This corresponds to the broad plateaus in the loop and train data of Figure 64a and b.  A 

closer analysis shows that in this area, polymer contact with the upper surface is almost 

exclusively with tail segments (see Figure 64c).  Over this range of interactions no free 

chains were observed. 

At high compressions ( H < Rg0 = 9a ) the compression of loops is evident as they 

multiply and become smaller (and the tails practically disappear).  This is accompanied 

(Figure 64c) by a shift from predominant contact of the upper wall with tail segments to 

loop segments (at H = 7a ). 

A closer analysis of the conformations is given in Figure 65, where histograms of 

tail, loop and train sizes are shown at a small separation, H = 4. These are also compared 

with the results of corresponding self-consistent mean-field calculations using the 

Scheutjens and Fleer method71.  Except for the first layer, these distributions generally 

decay monotonically with increasing size of the conformation.  Quantitative differences 

between MC and SCMF are substantial. Of note is the effect of the cubic lattice on the 

number of 1-segment loop and train conformations.  The probability of single segment 

trains or loops is a priori zero because these can only be produced by backfolding of a 

chain.  A diamond lattice would allow single segment trains and loops without 

backfolding of the chain. Although the SCMF calculations are based on a cubic lattice, 

backfolding is not forbidding as a consequence of the mean-field in each layer. A second 

order Markov SCMF method70 which eliminates backfolding has been proposed and 
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some of these results will be presented below. A more realistic point of view is that the 

number of these small conformations is something between the extremes given by SCMF 

and MC. There may be small-scale spatial constraints which lead to depletion of short 

trains and loops, although not to the exaggerated extent illustrated by the simple cubic 

lattice model. 

Force of compression.  Comparisons will be made in terms of the normal force 

per unit area, or pressure, Pz. Of course, there is a distinction between this and the usual 

pressure defined in thermodynamics for isotropic systems. For our system, the pressure is 

a four-variable state function  Pz ( H, ε, Γ, Ν ).  The effect of each of these variables is 

analyzed in the next sequence of figures.  In the subsequent section an attempt is made to 

simplify the problem in terms of a smaller number of scaled variables. 

In Figure 66a MC data are presented for the pressure vs. wall separation profile. 

Chain length is seen to have little quantitative effect on the pressure if the total number of 

polymer segments per unit area ( 20.1 −=Γ a ) is kept constant.  In particular, the curves 

for N = 100, 200 and 400 exhibit an impressive overlap.  The high-pressure data appear 

linear on a log scale, with an exponent between –3 and –4.   

The fact that the N = 50 curve deviates from the rest and has a concave shape is 

explained by the saturation coverage, Γ0, for this chain length. Γ0(N, ε) is defined as the 

coverage on a surface bearing N-segment chains, with adsorption energy ε, at equilibrium 

with a bulk solution of very dilute concentration (the plateau in an adsorption 

isotherm171). Adsorption isotherms are characterized by a sharp rise from zero to the 

saturation coverage, an almost flat (plateau) region for the dilute regime, and a gradual 

rise at high concentrations. Γ0 increases slightly with chain length, and Γ0 for N=200 and 
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ε = 1.0 is approximately 1.2 a-2. Therefore the large chains in Figure 66a are well below 

their saturation point while the smallest chains (N = 50) are above their saturation point. 

The concavity of the N = 50 curve is due to the large number of free chains in the system.  

In Figure 66b the corresponding SCMF calculations show a similar independence of 

chain length but are otherwise qualitatively and quantitatively different.  Except at the 

smallest separations shown, the SCMF pressure is several orders of magnitude higher 

than MC.  Also the SCMF curves seem to have a concave shape in similarity with the N = 

50 MC curve. 

Figure 67 gives the pressure profile for three different surface coverages as well 

as for a single chain simulation.  As anticipated an undersaturated layer produces a 

sharper pressure profile with a smaller range of interactions.  The exponent exhibited by 

the Γ = 1.9 (φb ≈ 0.1 on an adsorption isotherm) curve is close to that predicted by de 

Gennes (–3) for the two layer problem under saturated, semidilute conditions.  De 

Joannis et al.171 observed a closer agreement with scaling predictions for such moderate 

chain lengths, when the bulk solution is more concentrated. SCMF curves again exhibit 

higher pressures.  

The physics of compression of a two layer system under these conditions should 

have much in common with the one layer system of the present study. Under high 

compression a dense “upper” adsorbed layer is almost impermeable to chains emanating 

from the “lower” surface. Therefore, in a good solvent, the “upper” layer acts as a “rough 

non-adsorbing surface.” The scale of  “roughness” should be segmental for N = 200 and 

polymer concentrations of Figure 67. Although bridging is present even in high-coverage 
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two layer systems, bridging forces constitute a minute component of the overall force, 

which is dominated by steric repulsion under these conditions. 

As a limiting case, one simulation was carried out using a single 200-segment 

chain on a 100×100 surface. These results, plotted in Figure 67 (diamond symbols), 

illustrate the limiting behavior of the pressure profile for ultralow coverages when the 

chains no longer overlap on the surface. A physically meaningful parameter to 

characterize the crossover from a moderately undersaturated to a starved (no chain 

overlap) surface could be called the overlap coverage, Γ*, in analogy to the overlap 

concentration of a bulk polymer solution. The lateral component of the radius of gyration 

of a single 200-segment adsorbed chain is 31 and the RMS thickness is 1.2 (for large H ). 

Visualizing the chain as a thin disc then, the overlap coverage is Γ* § �N / πRGx
2 = 0.13.  

The factor of 2 is used since approximately half the segments are in layer 2 and half in 

layer 1. Of course the overlap coverage decreases with compression. Every pressure 

profile for coverages below the overlap coverage should be shifted up by a constant 

factor from the single chain curve given in Figure 67. 

Next the effect of adsorption strength is analyzed in Figure 68.  The compactness 

of strongly adsorbed layers yields sharper profiles. The SCMF comparison is based on 

the same value for the adsorption parameters χs = ε.  However this is not entirely 

appropriate.  The parameter χs is not purely a mechanical potential and contains some 

element of random mixing free energy.  Therefore an exact comparison is ill-defined.  An 

alternative approach based choosing χs to match the MC surface occupancy requires 

somewhat larger values than ε, particularly for large ε.  However the consequence of this 

was minor in the equilibrium structure of adsorbed layers171. 
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Comparison with mean-field calculations, corresponding states principle.  The 

above results suggest that the number of independent variables can be reduced by the 

renormalization P ( H / t , Γ / Γ0 ).  Here t is some measure of the original “layer 

thickness” before the onset of compression and Γ0 is the saturation coverage defined 

earlier. This analysis is similar to the principle of corresponding states of classical 

thermodynamics. 

 Figure 69 through Figure 72 examine whether a corresponding states 

analysis applies to this system.  In Figure 69, SCMF results with a lower coverage than 

Figure 66b are given.  This produces a better qualitative correspondence with the 

simulation results of Figure 66a because the reduced coverages are closer (due to the fact 

that SCMF in general has a smaller Γ0). Note that, as the MC data in Figure 66a, only the 

N = 50 curve has a strongly concave shape. In Figure 70, the N = 200 simulation data are 

compared with SCMF calculations for the same reduced coverage.  As anticipated the 

best agreement for the power law and magnitude of forces is obtained for an “over”-

saturated surface (Γr = 1.56 ).  Substantial improvement on the SCMF results for low 

reduced coverages is observed when the statistics include non-backfolding conformations 

only.  This is evidence that intra-chain interactions play the most important role in 

shaping the properties of starved systems.  Yet a marked discrepancy continues to exist 

for the intermediate coverages (Γr = 0.82 ), where semidilute conditions prevail. 

Data for a number of different chain lengths, coverages, and adsorption strengths 

are plotted in Figure 71.  Clearly, the relative sharpness (or steepness) of a profile is 

primarily a function of reduced coverage Γr . Specifically, the top two curves in Figure 71 
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(circles and crosses) almost overlap, despite the different chainlengths (200 and 400) and 

adsorption energies (1.0 and 0.5 kT). However these two systems are characterized by 

almost identical Γr ’s (1.56 and 1.41). Similar comments apply to the group of the next 

three curves in Figure 71. The marked discrepancy of the lowest curve from the group 

can be attributed to severe undersaturation quantified by the low value of  Γr . 

A further normalization involving the second natural variable introduced earlier, 

namely the unperturbed layer thickness (tRMS) will be attempted below.  Independent 

determination of tRMS  is difficult. Firstly, tRMS is concentration-dependent, as illustrated 

in Figure 72 (the data are from reference 171, where the known qualitative features of 

this quantity were reproduced by MC simulations for which N = 200, ε = 1.0 and Γ0=1.2 

). The thickness tRMS exhibits a plateau over a wide range of concentrations in the dilute 

regime. The existence of this plateau allows an approximate determination of  tRMS, when 

the surface is “saturated” (i.e., when the bulk concentration exceeds the threshold value 

beyond which the plateau appears). MC simulations can also determine tRMS over a 

limited range of ultradilute bulk densities that lead to under-saturation of the surface 

(Figure 72). However, data for tRMS at ultralow surface coverage cannot be produced by a 

MC simulation. Our best attempt for an independent MC “measurement” of tRMS inside 

the lower portion of the ultradilute regime is represented by the first point in Figure 72, 

which was determined from the single chain simulation discussed earlier.  Therefore the 

values we used for tRMS that correspond to the coverages in the force simulations (Γ = 

0.50, 1.0, and 1.9) were tRMS = 1.2, 2.4 and 7.2 respectively. 

The outcome of this second scaling, with tRMS as the length unit, is depicted in 

Figure 73. We observe a fair collapse of the data in Figure 71 (symbols are the same) 
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over a wide range of reduced surface coverages (from 0.41 to 1.56). Clearly, the 

proposed double scaling is not perfect. However, it appears to capture the bulk of the 

force vs. distance quantitative dependence. It can be a useful empirical tool and hopefully 

an inspiration for deeper theoretical understanding. 

 
Interaction Between Two Polymer Layers   

 

Some quantification is desired concerning the differences between one and two 

layer systems, as discussed in the introduction. For this purpose the results of three 

“computer experiments” will be presented: 1) a one layer simulation, 2) a two layer 

simulation, and 3) a two layer system with no bridging.  The data for the second system 

was taken from reference 69. The third simulation was carried out by causing half of the 

chains to be adsorbed to the lower wall only, and the other half to the upper wall.  The 

two layer simulations were carried out using twice the number of polymer chains as in 

the one layer system. 

Since this coverage in Figure 74 is near the saturation point, bridging plays a 

substantial role, decreasing the pressure by 2 to 3 orders of magnitude.  The pressure in 

the one layer system is in very good agreement with the non-bridging two layer system. 

Based on the data for other coverages in two layer systems of reference32 the role of 

bridges is dominant below Γ = 2.25 and substantially diminishes above this coverage 

(simulations above this coverage are difficult).  Therefore we would expect the pressure 

profiles in one and two layer systems to be quite close for larger coverages. 

An example of an undersaturated system is shown in Figure 75.  Here a strong 

attraction arises in the two layer system as a consequence of bridging without much steric 
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competition. In this case there is a larger difference between the no-bridging curve and 

the one layer curve. This may be the consequence of low polymer concentration, which 

allows substantial layer interpenetration. 

 

Summary 

 

We have carried out lattice Monte Carlo simulations for the quasi-static 

compression of an adsorbed layer of homopolymers under conditions of restricted 

equilibrium.  The energetic response of physisorbed layers to local or macroscopic probes 

is of continuing experimental interest and will ultimately provide a deeper understanding 

of engineering processing of colloidal systems. Our findings can be summarized as 

follows. 

Tail conformations make first contact with the compression surface. Loops and 

trains multiply and diminish in size with stronger compression as the tails virtually 

disappear at a separation of approximately 1 Rg.  This provides a “visualization” of the 

microscopic interactions present in experiments. 

Differences appear in the conformation distribution between MC and SCMF, and 

more importantly in the force profiles. The SCMF theory substantially overestimates the 

polymer induced force. This is a consequence of the fact that the layer becomes saturated 

at a lower coverage for SCMF calculations than for MC calculations. When comparison 

is across the same reduced coverages, the thinner SCMF layer naturally leads to lower 

pressures than MC. 

The normal component of the force (sometimes referred to as pressure) is related 

thermodynamically to several state variables: separation, adsorption energy, chain length, 
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and total amount of polymer between the plates.  It is possibly related universally to these 

variables when the chain length and other conditions are sufficient to render insignificant 

the effects of scale. 

A reduction in number of degrees of freedom from 4 to 2 is achieved when the 

results are scaled using characteristic properties of unperturbed layers171. This produces a 

satisfactory collapse of data from several simulations under different conditions and 

improves the agreement of SCMF results with MC. 

The compression of a single layer is very similar with the compression of two 

physisorbed against each other, when the surfaces are saturated, or over-saturated (i.e., 

polymer concentration semidilute, or higher). This point was illustrated by carrying out 

simulations in which bridges were disallowed. 
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a) 

 

b) 

 

c) 

 

Figure 63.  (a) Illustration of restricted equilibrium.  The system enclosed with dashed 
line is closed to polymer chains (but allows solvent to drain).  (b) Low pressure system of 
adsorbed chains.  (c) High pressure system of adsorbed chains. 
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Figure 64 (a) Average size of tails, loops and trains vs. wall separation.  (b) Average 
number of tails, loops and trains vs. wall separation. (c) Average number of contacts of 
tail, loop and free-chain segments with upper wall.  N = 200, ε = 1.0 kT, Γ = 1.0 
monolayers. 
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Figure 65.  Comparison of MC and SCMF loop (a), tail (b), and train (c) distributions.  N 
= 200, ε = 1.0 kT, Γ = 1.0 and H = 4. 
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Figure 66. Pressure (units of kT / a3) vs. wall separation for MC (a) and SCMF (b) data. 
The adsorption energy and total coverage are ε = χs = 1.0 kT and Γ = 1.0 monolayers; 
chain lengths are indicated.  A fit of the MC data for small separations yields 
approximate power laws (p ~ Hm) with m = -3.3, -3.9, -3.8 and -4.3 for N = 50, 100, 200, 
and 400 respectively. 
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Figure 67. Pressure vs. wall separation for N = 200 and ε = χs = 1.0 kT.  MC data are 
shown as symbols and SCMF lattice calculations are shown lines.  The coverage (number 
of monolayers) is indicated on plot.  A fit of the MC data for small separations yields 
approximate power laws (p ~ Hm) with m = -2.7, -3.8, -5.9 for Γ = 1.9, 1.0, 0.50 (total 
number of polymers segments per unit area) respectively. 
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Figure 68. Pressure vs. wall separation for N = 400 and Γ = 1.0 at three different 
adsorption energies.  As in Figure 67 the lines represent SCMF and the symbols are MC.  
A fit of the MC data for small separations yields approximate power laws (p ~ Hm) with 
m = -2.9, -3.8, -4.3 for ε = 0.50, 0.75, 1.0 respectively. 
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Figure 69. SCMF pressure vs. separation profiles.  Same conditions as Figure 66b except 
a lower adsorbed amount, Γ = 0.50 (monolayers) is used which produces approximately 
the same “reduced” coverages, Γr = Γ / Γ0 as the MC systems of Figure 66a. 
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Figure 70. Same MC data as Figure 67 compared against SCMF and SCMF* (chain 
backfolding not allowed) of the same reduced coverages: Γr = Γ / Γ0 = 1.56, 0.82, 0.41. 
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Figure 71. MC data from Figure 67 and Figure 68 are presented together and interpreted 
in terms of their reduced coverages, Γr.  Starting from the largest Γr these are: (1) N = 
200, ε = 1.0, Γ = 1.9, Γ0 = 1.2; (2) N = 400, ε = 0.5, Γ = 1.0, Γ0 = 0.71; (3) N = 400, ε = 
0.75, Γ = 1.0, Γ0 = 1.1; (4) N = 200, ε = 1.0, Γ = 1.0, Γ0 = 1.2; (5) N = 400, ε = 1.0, Γ = 
1.0, Γ0 = 1.4; (6) N = 200, ε = 1.0, Γ = 0.5, Γ0 = 1.2. 
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Figure 72. RMS layer thickness vs. adsorbed amount for a polymer layer at equilibrium 
with a bulk solution of various concentrations. Taken from reference 21. 
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Figure 73. MC data for N = 200 where x-axis is normalized by the approximate RMS 
layer “thickness,” tRMS = 1.2, 2.4, 7.2a respectively for Γ =0.50, 1.0, 1.9. 
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Figure 74. MC simulations for 1) one polymer layer compressed by athermal wall with 
coverage Γ = 1.125, 2) two polymer layers with Γ = 2.25 and x-values represent 
separation between one surface and midplane, 3) two polymer layers with no bridging.  
Log-log scale shown in inset. 
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Figure 75. MC simulations for 1) one polymer layer compressed by athermal wall with 
coverage Γ = 1.0, 2) two polymer layers with Γ = 2.0 and x-values represent separation 
between one surface and midplane, 3) two polymer layers with no bridging. 
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CHAPTER 10 
PROSPECTS 

 

Depletion at Non-Adsorbing Surfaces 

 

A well known phenomenon is the reduction in concentration near the interface 

between a non-adsorbing surface and a polymer solution.  The concentration of monomer 

units (depletion profile) increases monotonically until the concentration of the bulk 

solution is assumed.  This can have important consequences in dispersions for example.  

The depletion of polymer between two colloidal particles that are close together induces 

an attraction between the particles as a result of the lower osmotic pressure between them 

(depletion “flocculation”). 

The depletion profile for long chains can be described from simple scaling 

arguments.  The thickness of the depletion zone should be of order of the radius of 

gyration in dilute solutions and of order of the correlation length in semidilute solutions.  

Theoretical work140, 135 shows that the concentration should increase according to 

φ~z1/ν=z5/3. This profile remains intact even when there is only one chain at the surface.  

This is unlike the situation for adsorbing surface multi-chain effects are always present.  

That is because the depletion zone effectively consists of very dilute or isolated chains. 

In Figure 76 volume fraction profiles for a solution of 200 segment chains are 

presented. Several curves are plotted showing a range of bulk concentration from φb = 

0.013 to 0.14.  The best agreement with the scaling power law is observed for φb = 0.14. 
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The size of the depletion zone is too small in these systems to expect any strong 

agreement with the asymptote.  

In Figure 77, the corresponding results obtained from mean-field theory are 

shown.  Results for 200 segment chains with bulk volume fractions ranging from dilute 

(10-4) to semi-dilute (0.1) are shown.  These numerical results tend towards a steeper 

power law than the scaling predictions. 

 

Competitive Adsorption 

 

In industry it is difficult and costly to synthesize polymers with a highly 

monodisperse distribution of molecular weight.  In general polymer solutions with a 

broad distribution of molecular weight are preferred and there is a need to understand the 

consequences of this. When adsorption takes place from a polydisperse solution, the 

distribution of chains that are found on the surface after equilibrium is often biased 

toward the higher molecular weights.  Direct observations172, 173 of this effect have been 

made using Brewster angle reflectivity measurements on fluorescently labeled PEO with 

molecular weights of 33,000 and 120,000. These measurements are limited to relatively 

dilute solutions. Baschnagel et al.174 used scaling theory and two order-paramter mean-

field theory to study competitive adsorption and also have found a strong adsorption 

preference for long chains. 

Figure 78 shows the adsorption profiles between two plates from a bidisperse 

solution of 100 and 50 segment chains.  In this case an equal number chains of each type 

were used in the simulation box.  This resulted in a bulk concentration of 0.07 for the 

smaller chains and 0.001 for the larger ones.  That corresponds to a 70/1 ratio of small 
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chains to large chains in the bulk solution.  However the surface is dominated by 

segments from large chains by a ratio of 5/1.  We have evidence that the degree of bias 

towards higher chains decreases with increasing overall bulk concentration. This is 

consistent with the theoretical results135. Also, we have observed that during the 

equilibration stage of the simulation, initially the surface is covered with the short chains, 

until the slower 100 segment chain eventually displace them. This is effect has been 

observed experimentally173. 

 

Ring Polymers, Grafted Polymers and Other Problems 

 

Ring polymers are not exactly in wide engineering usage.  However, biological 

polymers such as DNA frequently and dynamically take on a ring structures.  The size of 

the a ring coil is known to scale in the same way as a linear chain with the Flory 

exponent.  But ring polymers are also of interest for an entirely academic reason.  Their 

monomers are indistinguishable in every way.  This leads to a remarkable simplification.  

There are only two monomer distribution functions – one describing correlations between 

inter-chain pairs and one between intra-chain monomer pairs.  In adsorption for example, 

there would only be loop conformations on the surface. 

Two serious problems exist in trying to simulate ring polymers however.  As in 

the case of the linear chains, for efficiency and range of chain length, one would like to 

be able to cut a portion of the chain and regrow it via the configurational bias method. 

This amounts in a random walk between two fixed points.  The random walk has to arrive 

at the predetermined spot in exactly the right number of steps. It would be difficult to 

devise a direction-weighting scheme that accomplishes this without introducing any bias. 
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This has recently been accomplished by several researchers108, 109, 110, 111 although not 

without a computational expense. 

That leads us to the second problem. Chain-breaking will change the system’s 

topology.  That is to say, non-interlocking rings may become interlocking and vice versa.  

This is obviously not a condition that occurs in normal experiments. The topology of 

ordinary polymer systems is permanent once they are synthesized. However there are 

biological ring-like molecules which have the ability to open and close. Olympic gels are 

another example of ring-like polymers. These rings are interlocking or “concatenated” 

which results a behavior similar to crosslinked materials. 

The solution to the first problem should find application to more than ring 

polymers.  There are many problems that could be efficiently simulated.  For instance the 

study of grafted chains, confined polymers, branched polymers, rubbers and dendrimers 

could all stand to benefit. 



225 

 

 

  

1

10

100

1 10 100

z

(z
)/

(1
)

+5/3
φb=0.013

φb=0.022

φb=0.034

φb=0.072

φb=0.14

 
Figure 76: Volume fraction profile in the depletion zone next to a non-adsorbing wall.  a) 
The simulation of a 400 segment chain being squeezed between two plates.  H being the 
distance separating them. b) Simulation of the squeezing of a semi-dilute solution 
between two plates.  The corresponding bulk volume fractions are listed in the legend.  
The scaling theory prediction is shown as a line. 
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Figure 77: Depletion profiles from mean-field theory (S-F).  The volume fraction is 
normalized by the volume fraction of the first layer.  The bulk volume fractions are from 
the top: 0.00001, 0.001, 0.01, and 0.1.  The lines correspond to power laws of z2 and z5/3 
the latter of which is the scaling prediction for good solvents. 
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Figure 78: Volume fraction profiles in a bidisperse solution between two well separated 
adsorbing walls. 
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CHAPTER 11 
CONCLUSIONS 

 

Extension of Configurational Bias Monte Carlo 

 

We showed that a configurational bias procedure in which the regrowth is 

attempted on the opposite end of the chain where removal occurs satisfies detailed 

balance. Several simulations were carried out illustrating that the same statistics and 

faster diffusion and chain renewal times are obtained with the new algorithm.  

A further extension in which removal always occurs on the same end of the chain 

was also analyzed. We found, through several examples, that it fails to meet the detailed 

balance condition. It might be possible to test whether the semi-detailed balance 

condition is met. No discrepancies were found in the statistics produced from this 

algorithm.  

 

Compression of an Isolated Chain 

 

We tested the results obtained from Eisenriegler’s renormalized group 

calculations for the confinement pressure and concentration gradient of a chain squeezed 

between two walls. The concentration profiles have a power law in the strongly depleted 

region next to the wall that converges for chains larger than 1000 segments. The 

exponent in the power law is the same whether the slit is 1.5 or 0.5 times the chain’s 
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unperturbed size. The compression force increases linearly with chain length at all 

separations for chains lengths between 400 and 2000 segments. For large chains the force 

decays with an exponent –2.5 with increasing separation. The concentration of segments 

in the surface layer is found to decay with the same exponent and quantitatively support 

the predictions of Eisenriegler for a universal parameter describing the force – surface 

concentration ratio. Small systematic discrepancies with the predictions suggest that the 

asymptotic limits are reached only for longer chains, and/or that the theoretical 

predictions based on the ε-expansion need to be extended to higher order. 

 

Test of Mean-Field and Scaling Theory of Adsorption 

 

Numerical lattice mean-field calculations of Scheutjens and Fleer have found 

longstanding use in research concerning weak adsorption of polymer chains. It is 

important to understand the limitations of this approach. 

We performed simulations for chain lengths from 200 to 10000 repeat units and 

over a span of bulk volume fractions from 10-5 to 0.80. We find that the mean-field 

calculations give qualitatively similar results for the concentration profiles, concentration 

of loops and tails, adsorbed amounts and layer thicknesses. The layer is characterized by 

a balance between loop and tail conformations the latter of which determine the distal 

more diffuse part of the interface. The layer thickness, as the bulk concentration is 

increased, rises steady until in melt-like conditions the tails assume more compact 

Gaussian statistics, decreasing the overall layer thickness. All of these trends are 

observed in the Monte Carlo and mean-field computations. One problem with the loop 

concentration profiles was found.  The mean-field results seem to indicate a nearly flat, 
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broad loop profile for adsorption from a melt. This is clearly aphysical and may simply 

be a computational glitch. 

However, quantitative comparison yielded some serious discrepancies which 

increase with chain length. The mean-field calculations systematically underestimate the 

size and concentration of the layer. Close to the surface, where loop conformations are 

predominately found, the mean-field loop concentration decays too rapidly and the tail 

concentrations rise to steeply. 

In the limit of high chain length the simulation and mean-field results approach 

different asymptotes. The mean-field total and loop conformations decay with a –2 power 

law consistent with analytical mean-field calculations. For the same concentrations, 

simulation results approach a –4/3 power law. This approach occurs earlier when the bulk 

concentration is near the overlap concentration. Even evidence, under semidilute 

conditions, is observed for the +2/3 power law suggested by scaling arguments on the 

chain partition function. In general, the scaling results, though not fully quantitative, 

make a correct analysis of the universal exponents characterizing the structure of an 

adsorbed layer. 

 

Compression of an Adsorbed Polymer Layer 

 

We have carried out lattice Monte Carlo simulations for the quasi-static 

compression of an adsorbed layer of homopolymers under conditions of restricted 

equilibrium.  The response of the layer will obviously depend on its structure before and 

during the compression which is why the above research is complementary to this study. 

Currently the understanding of the causes and effects related to the interaction of polymer 
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layers is of strong interest. Recent experiments have been attempted to simultaneously 

observe the concentration profile and forces of polymer layers under compression. 

The simulations provide a picture of the compression in terms of the 

rearrangement of conformations. First contact is made with tail conformations which 

yield readily. As the tails disappear more substantial resistance is met when the dense 

loops make contact. 

The mean-field calculations studied above substantially overestimate the polymer 

induced force. This is a consequence of the fact that the layer becomes saturated at a 

lower coverage for SCMF calculations than for MC calculations. When comparison is 

across the same reduced coverages, the thinner SCMF layer naturally leads to lower 

pressures than MC. 

The normal component of the force (sometimes referred to as pressure) is related 

thermodynamically to several state variables: separation, adsorption energy, chain length, 

and total amount of polymer between the plates. We show how a rescaling of these 

variables might simplify the problem to two variables. 

In the case where two layers interact, sections of the chains will bridge from one 

surface to the other causing attractive forces which are dominant for undersaturated 

layers. When the layers have been adsorbed from a concentrated solvent they are much 

thicker and the effect of bridging diminishes. This point was illustrated by carrying out 

simulations in which bridges were disallowed. The simulation of single layer 

compression under these conditions is quantitatively similar to two-layer compressions.  

Various scaling and mean-field approaches have been developed for the two layer 

problem however it is not computationally feasible to test these using simulations 
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because of the difficulty of obtaining forces for long chains. The best opportunity might 

be to adapt the theoretical analyses to the one layer problem where a thorough simulation 

test might be possible. 
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