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REPRESENTATION OF LOCALLY STATIONARY SIGNALS
USING LOWPASS MOMENTS

By

SAMEL CELEBI

December 1995

Chairman : Dr. Jose C. Principe
Major Department: Electrical Engineering

The gamma filter is a generalized feedforward structure which can be implemented as

a cascade of identical first order lowpass filters. Although functionally it is an infinite

impulse response (HR) filter, topologically itmimics a finite impulse response (FIR) filter.
As a result of this blend, it inherits the computational power of the former and the easy

stability analysis of the latter. Being a single inputmultiple output structure, the gamma

filter is characterized by its order and the time scale which linearly warps the time axis.

Furthermore, when orthogonalized, the gamma filter transforms into the well-known

Lagueire filter.

The gamma kernels correspond to the impulse responses of the gamma filter outputs.
This family of decaying exponentials form a complete set in the Hilbert space. The first

problem attacked in this study is the approximation ofa given signal as a weighted sum of

gamma kernels such that the mean square error is minimized. Conditions for the optimum

weights and time scale are derived and they are decoupled from each other. A vector space

vi



interpretation of the role ofthe time scale is also provided. According to this interpretation
the time scale parameter has the effect of changing the relative angle between the desired

signal and the gamma projection space without altering the structure of the gamma space.

Two numerical methods to estimate the time scale are included.

The gamma filter produces at its taps, the Poisson moments of the input signal. Pois¬
son moments correspond to the Taylor’s series coefficients of the recent magnitude spec¬

trum of the input signal at zero frequency. Localized in time and frequency, Poisson
moments offer a computationally inexpensive, alternate time-frequency representation for

locally stationary signals, such as speech. In the analog domain the moments can be phys¬

ically measured and fed into a nonlinearmapper, such as an artificial neural network for
tasks such as classification, prediction and identification. For a faithful representation of
the spectrum, it is sufficient to observe themoments at the information rate rather than the

usually higher Nyquist rate. This convenience removes a big deal of burden from the
shoulders of the processor following the gamma filter.

Very much like the Laplace transform, Poisson moments have the virtue of transform¬

ing linear differential equations into algebraic ones. Based on this property, one can lin¬

early solve for the unknown parameters of an autoregressive moving average (ARMA)

system simply by observing the Poisson moments of the system input and the output at
finite number of time instants. Although the method doesn’t put any restrictions on the

choice of the filter time scale and the observation times, in practice, these parameters play

a significant role in determining the accuracy of the results. If the parameters are not
selected properly, the results tend to be ill-conditioned. This study provides some insight
into the choice of the time scale.

vii



CHAPTER 1

INTRODUCTION

The purpose of this study is to find alternate signal representation schemes for locally

stationary temporal signals, such as speech. These alternate representations are expected
to express the signal in a low dimensional space with sufficient fidelity and little computa¬

tional cost. Analog implementation and resistance to noise are also among the desirable
features ofthe scheme.

Having restricted the scope of our search to linear structures, we realized that the
desired structure had to incorporate short term memory in order to be able to process non¬

stationary signals. In that respect, Finite Impulse Response (FIR) filters are not a good
choice due to the coupling between the filter size and the depth of the past information

they can provide. The other alternative, the Infinite Impulse Response (HR) filters, on the
other hand, suffered from instability problems.

Given these constraints, we concentrated our studies on the gammafilter and the fam¬

ily of exponential kernels that correspond to its impulse response: the gamma kernels.

Developed by Principe and deVries [1]..[3], the gamma filter is a generalized feedforward
filter. While functionally being an IIR, topologically it mimics an FIR structure. As an

outcome of this blend, gamma filter inherits the computational power of the former and

mathematical tractability and the stability of the latter. Furthermore, compared to aFIR fil¬

ter of the same order, it has only one more degree of freedom.

In the early stages ofour research we observed that the gamma filter was more effi¬
cient1 than the conventional tapped delay line when applied to classical signal processing

1. In terms of the number of parameters required for a given mean square error.

1



2

tasks such as prediction and system identification. Encouraged by these results, we have
decided to explore this structure in more detail from a representation point ofview.

Another finding thatmotivated us to analyze the gamma filter is the fact that structures
similar to the gamma filter are pervasive in various environments. Depending on the

medium, the gamma filtermay take the form of a cascade ofRC circuits, or a leaky trans¬
mission line or even a network of synaptic connections [4]. There is also some evidence

that some of the preprocessing of the time-varying biological signals are done by struc¬
tures similar to the gamma filter [5].

The core of this study is composed of analyzing the gamma filter from three perspec¬
tives: parametric and nonparametric signal representation and system identification.
Because of the distinct character of these individual topics, rather than organizing the the¬

sis in the conventional way, where there is a separate results section, we prefer to present

the results within the body of each chapter followed by some concluding remarks.

The flow of the thesis can be summarized as follows: In Chapter 2 we introduce the

gamma kernels and attack the problem of representing signals as a weighted sum of these
kernels which are shown to be complete in the Hilbert space. The solution of this paramet¬

ric representation problem turns out be a generalization of theWiener-Hopf normal equa¬
tion. This chapter also provides a vector space framework interpretation of the problem

clearly demonstrating the advantage of using the gamma structure over that of the FIR fil¬
ter. In addition to the derivation of the optimality conditions, we link the gamma kernels to

the KutnmerJunctions which encompasses several well-known functions such as Bessel,

Gaussian, Hermite, Laguerre and exponential.

In Chapter 5, we pick a nonparametric representation point of view and suggest to use

the gamma filter as an alternate time-frequency representation scheme. The gamma filter

generates at its taps the time moments of the input signal. These are called the Poisson
moments and they can be regarded as signatures of the input. In this chapter we show

how the Poisson moments carry information about the spectral content of the signal. This
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information is localized both in time and frequency and it is readily available at the out¬

puts of the gamma filter as a measurable quantity. Hence, the moments offer a computa¬

tionally inexpensive time-frequency representation.

Chapter 3 is tailored to provide background information on the time-frequency distri¬

butions, a topic that is frequently visited in Chapter 5. In doing so, we pay particular atten¬

tion to the spectrogram method. By the same token, Chapter 4 provides background

information on the interpolation theory with special attention to the Hermite interpolation.

This is done in an attempt to prepare the reader for the nonparametric representation prob¬

lem studied in Chapter 5.

Chapter 6 ponders the problem of identifying autoregressive moving average

(ARMA) systems using the gamma filter. ARMA systems are described by linear differen¬

tial equations. Very much like the Laplace transform, the Poisson moments transform the

linear differential equations into algebraic ones. Using this, we will show how to algebra¬

ically determine the unknown parameters of a linear system by observing a finite number

of Poisson moments of the system input and the output.

Finally, Chapter 7 underscores the highlights of the study and cites possible future
research issues.



CHAPTER 2

GAMMA KERNELS

Introduction

The core of this study is composed of the utilization of the gamma kernels and their

orthogonalized counterpart, the Laguerre kernels, in parametric and nonparametric repre¬
sentation of signals and in the identification of systems. This chapter begins with introduc¬

ing these two family of kernels and elaborates on their properties. Although the gamma
and the Laguerre kernels span the same space, individually they help to explain different

aspects of the problem. Therefore, we will introduce both families and link them to each
other when necessary.

Gamma Kernels

In the course of this study, the term kernel refers to the implementation of an opera¬

tor. The gamma kernel, in particular, refers to the implementation of a generalized delay

operator. The gamma kernel was devised to substitute for unit delay operator which per¬

formed poorly in the processing of signals with redundancies. We define the gamma ker¬
nels as

X > 0, t ^ 0, X teal
n = 1, 2, 3,... (1)

This family ofkernels constitutes a subset ofeigenfunctions of the autoregressive moving

average (ARMA) systems. Therefore, it is a good candidate for modeling signals that

accept the linearmodel. The kernels are complete in the Hilbert space (L2 space) which
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spans all the finite energy signals. This implies that any finite energy signal can be approx¬
imated arbitrarily closely using a finite number of gamma kernels. The parameter X con¬

trols the time scale (or the memory depth) of the kernels by changing the width of the

kernels. Increasing X has the effect of linearly compressing the kernels, while decreasing X
has the opposite effect Figure 1 depicts the kernels in the time domain for X=l. For rea¬
sons thatwill become clearer in later sections that deal with the memory structures, the

area under each kernel is normalized to unity i.e,

Js„(M)d< = l
0

The Laplace transform of the kernels is given as

G«(i) = (JTX)n = G"(i)
where G(s) sL{g1 (X, t)} =

(2)

Gamma Filter

Equation (3) suggests a practical implementation for the kernels, in the form of a cas¬

cade of identical first order lowpass filters. This structure shown in Figure 2 is called the

gamma Filter [1] .The impulse response of the filter from the input to the k1*1 tap is given
by gk(X,t). TheK* order gamma filter transfer function is characterized by a pole at s=-X
withmultiplicity K. The time scale X is responsible for setting the position of this pole.
The position of the zeros however, are determined by the weights wj,W2,...,wk and the
time scale X.
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Figure 1 Continuous time gamma kernels for X=1

Figure 2 Gamma filter.
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Gamma kernels satisfy the following differential equation

J,U* 1 (*.»)= (M -&+,(*. 01 (4)

If the time derivative is replaced by the backward time differences, the filter can also be

realized in the discrete time domain. For this case, the kernels satisfy the following differ¬

ence equation

8k+l(n) = \gk(n-l) + (l-\)gk+l(n-l) (5)

The discrete time kernels and their corresponding z-transform are given by

gk(n) = ("-})a*(l-X)"_* nZk
(6)

G*(z) = [z- (1 -X) ]

Notice that for the special case ofX=l, the discrete time gamma filter becomes afinite

impulse response (FIR) filter. One can think of the gamma filter as a generalizedfeedfor¬
ward structure where the unit delay operator z'1 is replaced with a generalized delay struc¬

ture G(z) that accommodates a local feedback. Due to the inclusion of this feedback, the

gamma filter becomes a recursive structure. Recursive structures are computationally
more efficient than their feedforward counterparts; however, theymay suffer from instabil¬

ity problems. That is why FIR filters are almost exclusively used in adaptive signal pro¬

cessing. The instability problem can be taken care ofby restricting the feedback
connections to be local. In the gamma filter, stability is guaranteed as long as one of the

identical stages is stable, which prescribes A>0 for the continuous time and 0<X<2 for the
discrete time case.
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The Gamma Filter as a Memory Model

We start this section by quoting two definitions, one for the memory depth and the

other for the memory resolution, proposed by Principe [1][2][6] in an attempt to quantify

and compare differentmemory structures.

Definition:Memory depth D is the temporal mean value ofthe impulse response g(t) ofthe
filter used for storing temporal information. Considering the impulse response as a proba¬

bility density, this corresponds to the firstmoment of the impulse response given by

D = jtg(t)dt~-dG(s)ds
continuous time

5 = 0

D = X nS (») = -z
dG(z)

n = 0
dz z= 1

discrete time

(7)

Definition: Memory resolution R is the number of degrees of freedom (i.e. memory state

variables) per unit time.

The conventional digital signal processing structures are built around the tapped delay

line (G(z)=z_1) which is an FIR filter. The memory depth of an FIR filter is equal to the

number of filter parameters, that is the number of its taps. This strict coupling of the mem¬

ory depth to the number of filter parameters leads to poormodeling of lowpass frequency

signals which usually have a long sustenance in time, but few degrees offreedom. Further¬

more, the high memory resolution of the FIR filters makes these filters susceptible to
noise on lowpass signals. Contrary to FIRs, memory depth of an HR filter can be made

arbitrarily large at the expense of resolution. These filters, however, suffer from instability

problems. The gamma filter in the meantime, incorporates a cascade ofgeneralized delay
units in the form of an overall feedforward structure. Restricting the feedbacks to be local

solves the instability problem while preserving the decoupling of the memory depth from
the number of system parameters. For the case of aK* order gamma filter, the memory
depth equals
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D
dGk(z) k

(8)gamma

The resolution of the gamma filter is given by

R
gamma (£/X)

- ' -x (9)

Note that the gamma structure obeys the relation

order =depth x resolution (10)
K = DxR

This expression tells us that the gamma filter is able to trade the memory depth for the res¬

olution by varying its time scale parameter X. The memory depth and resolution for the
FIR structures, on the other hand, are fixed at DpiR=K and RFjR=1.

Laguerre Kernels

The gamma kernels lead to the gamma filterwhich can be thought of as a link between
FIR and HR structures. They are also useful tools in understanding memory models.

Although they have other appealing properties such as being produced recursively from

each other using convolution, they still lack one important feature: orthogonality.1 These

kernels are linearly independent of each other, but not orthogonal. They can, however, be

orthogonalized using the Gram-Schmidt procedure. When the Gram-Schmidt procedure is

applied to the gamma kernels, one obtains the Laguerre kernels that have the form

1. Another advantage ofthe gamma kernels over the Laguerre kernels is thatwe can expand them to
the continuous index case where k is a real number

¿21
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v = O

ív n = 0,1,2,... /, (ii)

These kernels are complete in the L2 space and they form an orthonormal set such that

Jmomo* = «„ 5 - / 1 n = m
nm ~ * 0 n*m (12)

The Laplace domain representation of the Laguerre kernels is

i,(f) = M"

(i +X)"+1
(13)

Similar to that of the gamma filter, (13) suggests a filter structure in the form of a first

order lowpass filter followed by a cascade of identical first order allpass filters. Again, the
overall structure is characterized with a single multiple pole at s=-A..

Laguerre kernels may be linked to the gamma kernels through the following relation

MO = (14)

One can also realize the Laguerre kernels in the discrete domain. The corresponding z-

domain representation will then be

M*) ~

z-x ( Z-X*
n

n = 0,1,2,... (15)
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Before proceeding to the problem of signal representation using the Laguerre kernels,

we would like to introduce an orthogonal family ofpolynomials that shed some light into

the origins of the Laguerre kernels.

Laguerre Polynomials

A family of polynomials that are closely related to the Laguerre kernels is the

Laguerre polynomials. Laguerre polynomials have been studied extensively in the litera¬
ture [7]. These polynomials are orthogonal on the interval (0,«>) with respect to the weight
function e'1. In other words,

0

where Ln (t) is a polynomial. Laguerre polynomials satisfy the equation1

e' f
4(,) = ^(/e n = 0,1,2,...

(16)

(17)

which can be expanded as

4«) = X[?. (-<)'11
(18)

i = 0

Like any other orthogonal polynomial system, Laguerre polynomials can be computed

using the triple recursion relation. The recursive relation (also called the Christoffel-Dar-
boux formula) [7] is

1. A more general definition for the Laguerre polynomials also exists where the polynomials
L(|a) (t) are orthonormal with respect to the weight Iae~* and they satisfy the following equation [7]

£io)(0=i
«» jt
e a . a+*

(x e )n! dr
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4+!(» - (2"„Vi <)4(')-h^t4-i(0 a?)

Comparing (11) and (18), Laguerre polynomials can be related to the Laguerre kernels

through the expression

Ln (X, t) = MLn (2X0 éfXí (20)

Laguerre Polynomials and the Confluent Hvpergeometric Equation

The second-order ordinary differential equation

t^x (0 + (Y- 0 - ou (0 = 0 (21)

is called the confluent hypergeometric equation [8] [9] [10]. The parameters a and yean

assume any real or complex value except for y=0,-l,-2,.... The variable tmay be complex.

One of the solutions of (21) is called the Kummerfunction (or the confluent hypergeomet¬

ric function) and it is denoted by iFj(a,y ;t). This function can be computed

by evaluating the infinite series

1F1(oc,y;0 = 1 +
a t

, a(a+1) r2
YlT+ y(y+ 1) 2!

(22)

Many well known transcendental functions, including the Laguerre polynomials, hap¬

pen to be the special cases ofKummer’s function with different selections of the parame¬
ters a and y. Table 1 lists some of these functions. For an extensive list see [9]. Referring
to Table 1 it can be seen that the Laguerre polynomials satisfy the differential equation
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n = 0,1,2,... (23)

whose solution is

Ln(t) = 1;/) (24)

Parametric Representation of Signals Using the Gamma Kernels

Decomposition of signals in terms of the linear sums of basis functions is a powerful

tool that allows the representation of a signal as a discrete table of numbers, in lieu of its

original form. The new representation is essentially the projection of the original signal
onto the hyperplane spanned by the basis functions <j>¡(t).

oo

(25)
; = i

Choice of these basis functions may vary depending on the application. The basis

functions can be fixed as well as adaptive. Examples of popular basis functions are com¬

plex exponentials, which lead to Fourier series expansion, Sine functions which are used
in representing bandlimited signals in terms of their time samples [11] and Gabor func¬

tions which have the best time-frequency resolution properties and consequently allow the

maximum information transfer rate [12]. Among these, complex exponentials secure

themselves a special place by being the eigenfunctions of linear systems. Even though

complex exponentials prove to be an invaluable tool in analyzing linear systems, they do

not seem to be very efficient (in terms of numbers of bases required) in representing tran-
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Table 1 Some well-known transcendental functions derived from Kummer’s function

Function t a Y Relation to iFj(a,Y ;t)

Bessel 2jt v+l/2 2v+l TG+v)^^) 7v(f)

Modified Bessel 2t v+1/2 2v+l r(l+v)e'(i) V/V(r)

Coulomb Wave 2jt L+l-jtl 2L+2 e'Vio1,r)ri-1/ci(n)

Incomplete Gamma -t a a+1 af*Gamma (a, t)

Exponential t a a e*

Trigonometric -2jt 1 2 -—sin(r)
t

Hyperbolic 2t 1 2 ysinh (r)

Hermite tfa -n 1/2
n! 1

(2n)!(-2)

Error Function -t2 1/2 3/2
ji

Exp. Integral -t 1 1 —e~xEi (r)

Laguerre t -n 1 (-DML.W
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sient signals and signals with low degrees of freedom and long sustenance in time. This is

mainly due to the fixed projection manifold these basis functions define.

A long-neglected family of linear system eigenfunctions is the family ofexponentials

given by

<|>. (i) = feXfu (0 0<r£i = 0,1,... X.SiO (26)

Closely related to the complex exponentials, this family proves to be an efficient tool
in representing signals with redundancies [13]. In this study, we suggest to use the gamma
kernels in linearly expanding a given signal. The gamma kernels can be considered to be a

subset of the exponential family where all the time scales are limited to be the same, i.e.

Xj=X. Laguerre kernels would be an equally good candidate, since these two kernel fami¬
lies span the same space. Both kernels happen to be eigenfunctions of autoregressive mov¬

ing average (ARMA) systems. Therefore, they are inherently able to capture the dynamics

of signals that accept the linearmodel.

When the number ofbases used in the decomposition is finite, the representation prob¬

lem transforms into an approximation problem. In order to assess the goodness of the

approximation (or equivalently the closeness of representation) one needs a measure that

is called the norm. Two of the popular norms are L2 and L°° which are the special cases

(p=2,oo) of LP norm that is defined as

Up

Lp{f(t)} (27)
L0

The L2 norm which will be used throughout this study finds application in system identifi¬

cation and prediction, while L°° has been shown to be of interest for control synthesis
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problems.The L2 norm can be interpreted as the Euclidean distance. In optimization it has
the advantage of yielding a set of linear equations in terms of the basis weights. The

approximations obtained using L2 norm are called the least squares or mean square error

approximations.

Statement of the Problem

We would like to approximate a signal d(t) as a weighted sum of gamma (Laguerre) ker¬
nels

K

d(t)-yW = =WIG
n = 1

W= [wvw2, ...,w„]r
G= [gi(Kt), ...,gKCKt))T

weight vector

basis vector

(28)

such that the mean square error (MSE) J

W(o>=p(»<i, (29)
0

e(t) =d(t) -y(t)

is minimized. In otherwords, we are trying to approximate the signal d(t) by its projection

on the K-dimensional subspace of gamma (Laguerre) kernels. This way wewill obtain a

parametric representation of d(t) in terms of the weight vectorW and the time scale X.
The gamma and Laguerre kernels each constitute a complete set in L2. That means by

selecting the approximation orderK sufficiently high, the mean square error J can be made

arbitrarily small. There are two questions that need to be answered in this optimization

problem:

i)What should be the optimum value of the weights?
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ii) What should be the optimum value of the time scale A such that the MSE is minimized?

The answer to the first question has been given byWiener, Kolmogorov and Krein

[14][15] early this century. The solution is embraced in the Wiener-Hopftquations (nor¬

mal equations). Here wewill be attacking a generalization of this equation due to the extra

time scale parameter A involved in the gamma bases. As a result of this parameter

involved, the problem is called aparametric least squares approximation. A thorough dis¬

cussion on parametric least squares problem can be found in [16]. Before proceeding fur¬

therwith the calculation of the optimum weight and the time scale, we would like to

inspect the structure of the space spanned by the set of the gamma bases {gn(A,t): n=l,2,

...}, to get insight into the roles of the weights and the time scale in the approximation.

Structure of the Gamma Space

Here we will inspect the gamma bases in a vector space framework. Notice that

despite the fact that the gamma bases are linearly independent, they are not orthogonal. If

we regard each basis as a vector in L2 space, then the cosine of the angle between two vec¬

tors will be equal to their correlation coefficients. The correlation between the bases gn(t)

and gm(t) is given by [6]

0 (30)

o

making the substitution A=|3/2 and n+m-2=k-l we can rewrite this as

o

dt (31)
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The integrand is recognized as g^(p,t) the area underwhich is unity due to normalization

given in (2). Therefore,

<8„8m>
X

2» +m -1

( \
n +m-2
B-l 02)

With that in mind, the cross correlation coefficient is given as

Pnm
<8n8m> (n +m-2)!

J<alxg2m> 2V(»-1)!(»-1)I

hence, we obtain the angle between gn(t) and gm(t) as

¿8n8m =Cos
-l (n +m-2)!
_2V(n-l)!(m-l)!_

(33)

(34)

Equation (34) tells us that the angles among the gamma basis vectors do not change as
a function ofX. This is an important property of the space constructed using the gamma
bases. X conformallymaps the basis vectors onto anothermanifold. Conformalmapping is

the class ofmapping that preserves the angle relations. Figure 3 demonstrates the angular

relation among the first three bases. In spite of the fact that, the space itself is parametric in

X, the infrastructure ofthe space does not change, because X leaves the relation among the
bases intact.

We can view X as an extra degree of freedom which has the effect of changing the rel¬

ative angle of the manifold with respect to the desired signal d(t). Lengths of the bases

actually change as a function of X. However, in a decomposition problem, scaling of the
basis functions is insignificant since a proper choice of the weights will counterbalance it.
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Optimum Value of the Weights

For a fixed X, the best choice ofweights can be found from the condition

dJldW = 0 which yields the normal equations [14]

(35)
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the P vector in (35) holds the crosscorrelation values between the bases and d(t). It has the

form

Pbl = [<gl(X,t)d(t)>...<gK(Xft)d(t)>]T (36)

In (35) R(X) is the Gram matrix of the bases. Its (n.m)111 element is <gn(X,t)gm(X,t)> which
was already derived in (32). The result is duplicated here for convenience.

<SnSm>
X

2» +m — 1

f
n + m — 2

V n- 1 (37)

Using (32), the Grammatrix R(X) can be written as

R(X) = XRC

where Rc is a constantmatrix whose (n.m)111 element is

+ m - 1
n +m — 2
{ n-1 >

(38)

(39)

For convenience, wewill write gn(X,t) as gn(t) from this point on unless there is a possibil¬

ity of confusion. With that in mind, the optimum weights are given by

W°pt = ^R~lP(X) for gamma kernels (40)

If the approximation problem defined in (28) is carried out using the Laguerre kernels
instead of the gamma kernels the autocorrelation matrix in (35) becomes an identity
matrix and in return the optimum weights have amuch simpler form
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W°pt = p (X) for Laguerre kernels
(41)

where P(A,) = [<d(t)L0(X,t)>...<d(t)LK_l(k,t)>]T

For a given A, the mean squared error J is quadratic in the weights. ThereforeW°pt has a
single solution and that solution depends on A. That’s why this is called a parametric least

squares problem.

Let’s evaluate the mean squared errorwhen the weights are chosen to be optimum.

This is called the Schur complement.

J,cha) =J(\)\WsW^ = <e2i.l)>
J,c*W = «? «) -2i «) WTop,G + Wlp,GGTWcp,> = Ed-2WTopf + WTapfiWopl(42)

RKp, = P

=Ed-^op,P

In (42) Ed denotes the energy of the desired signal d(t). One gets a simpler form for the
Schur complement ifLaguerre kernels are used as the basis. Combining (41) and (42)

K~i
2

Jschm = Ed-WTpplWm = Ed-£ «") for Laguerre kernels (43)
n = 0

The value of the Schur complement JgCh(A) is the same for the gamma kernels and the

Laguerre kernels, however, the weights of the decomposition may be different. In the fol¬

lowing section wewill attempt to minimize Jsch(A.) and decouple the optimum value of
the time scale A. from that of the optimum weights.
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Optimum Value ofTime Scale X

Previous work

In this section wewill address the problem of finding the optimum time scale for sig¬

nal approximation using the gamma and the Lagueire kernels and derive the optimality
condition that is independent from the optimum weight condition. Determination of the

optimum time scale is not a new issue. The literature contains numerous publications on
the approximation of signals using the Lagueire kernels [17].. [24], all in the quest ofopti¬
mum time scale. Although, no exact solution has been found yet, the works of Parks [22]

andMasnadi [24] whomanaged to solve the problem for special cases are worth mention¬

ing here. In his work, Parks gives an estimate of optimum X for a special class of continu¬
ous time signals which are defined by two moments. Later, Fu [23] extended this study to

the discrete time signals. Meanwhile, Masnadi showed that when the order of approxima¬

tion was chosen larger than a lower bound and when dealing with signals with no repeti¬

tive poles, optimum X was the only real root of a polynomial. He gave the coefficients of
this polynomial in terms of the poles of the signal that is to be approximated. Both Parks’

and Masnadi’s works are summarized in Appendix B. In this study we will derive the opti¬

mality conditions for the time scale and devise amoment based method to estimate the

optimum value satisfying that condition.

Optimum X,

Let’s look at the value of the mean squared error for a given X when the optimum

weights are chosen. As explained before, this is called the Schur complement and it
occurs when e(t), the error of approximation is orthogonal to all the bases used (i.e. nor¬

mal equation is satisfied). Before proceeding to the calculation of optimum Vs from the

condition dJsehidX = o let’s take a look at the dependence ofJsch on X. Figure 5 depicts how
the dependence of on X looks like when d(t) is chosen as the impulse response of an
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arbitrary third order elliptical filter. This figure is obtained by evaluating the optimum

weights in (40) for different values ofX and approximation order K and calculating the

corresponding mean square error numerically (see Appendix E).The structure of this fig¬
ure is typical for both continuous time and discrete time cases. As stated before,
curves are identical for the choice ofgamma and Laguene kernels since these two kernel

families span the same space.

K+lst order approximations at the points where 3-W3*- = 0 is satisfied. That is, two con¬

secutive curves touch each other at the local minima or local maxima. A proofof this

property can be found in Appendix D. For a discrete time version of this proof see Silva

[25], Since Jsch has the same value for orders K and K+l at the local minima, this implies
that the K+lst kernel does not contribute to the approximation of d(t) at these points . In

other words the nonzero component of the K+lst kernel that is orthogonal to the first K
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kernels is also orthogonal to d(t). For the Laguerre kernels this corresponds to the K+lst
Laguerre kernel L^(X,t) itself, since this is orthogonal to the Lo(A.,t)...Ljj.i(A,,t) by defini¬
tion. We can write the condition for the optimum X as

<=> <d(t)LK(X,t)> = wK = 0 (44)

Unlike the Laguerre kernel, the K+lst gamma kernel is not orthogonal to its predeces¬
sors. Let’s denote the component of gK+i(0 that is orthogonal to gi(X,t),..., gic(M) with

8k+1 (L t). It can be obtained by subtracting projections of the firstK kernels from the
K+lst kernel. Actually, this new kernel turns out be a scaled version ofLK(t). For the

gamma kernels, the general form of the i* orthogonal component is given by

where

^ avi8v (X, t) = AjG i = i, 2,
v= l

aW= li-l (-2)
v-l

(45)

The optimality condition of (44) can be rewritten for the gamma kernels as

dX
4=> <d (0A+1 (X, o > = ATk+ 1p (X) = 0 (46)

The crosscorrelation vectorP was already defined in (36), this time its dimension is

K+l. There are no weight terms in (44) and (46) which means that the optimum value ofA,

can be computed separately from that of the weights. Given d(t) one can first determine

the best orientation of the manifold (i.e. X) of order K to represent d(t) and then on this
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manifold can compute the weights of the bases using the normal equation (40) or (41)

depending on the kernel used.

Challenges in computing the optimum time scale

Equations (44) and (46) state the necessary conditions for optimum time scale. How¬

ever, these are only the necessary conditions, not the sufficient conditions. Due to the non¬

linear dependence on X, Jsch function has a nonconvex shape. For an orderK

approximation Jsch has K minima, only one being the global minimum. The optimality
conditions specified in (44) and (46) hold for all the minima and therefore does not distin¬

guish the global minimum from the local ones. In a way this is expected since this condi¬
tion was obtained by setting the gradient ofJscjj to zero. Gradient techniques do not suffice
to find the global extremum by themselves in nonconvex functions. They bear only local

information about the function characteristics and therefore they need to be backed up by

global information about the function itself.

Another challenge in computing the optimum time scale is the involvement of the

crosscorrelation operation. One possibility of overcoming this is to substitute the expecta¬

tion operator by a time operator, and under the assumption of ergodicity, compute the opti¬

mal weight. Unfortunately for the case of (46), there are two problems with that approach:

first, the gamma bases are infinite in time, whichmeans that the correlation computed with

a finite window may produce severe truncation. The second problem is related to the fact

that X is an implicit variable in the correlation. Therefore the conventional procedure to

estimate the normal equation does not hold for our case. In the next section we derive a

numerical estimation method which overcomes these difficulties by factoring X out of the

correlation operation and in return transforming the condition given in (46) into a polyno¬

mial equation in terms ofX.
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Estimation of optimum X using moment matching

In this section wewill address the problem ofestimating the value ofX that minimizes

the mean square error J. As stated before, the optimum X has to satisfy the normal equa¬

tion in (46) (or (44) for Laguerre kernels) while the optimum weights have to satisfy the

normal equation in (40) (or (41)). We propose to use the momentmatching method which

basically attempts to estimate X by equating a finite number of time moments of y(t) to

those of d(t), i.e. we want to make

m¡{y(t)} = m¡{d(t)} i = o...k (47)

Using (47) we propose to create K+l linearly independent equations which will enable us
to solve forKweights and X. The operatorm¡{ } reads as the i* time moment of. Let’s first
derive the i* time moment of the n111 gamma basis, which is defined as

m¡ ign 0 } s J hn t) dt (48)

Matching themoments in time is the dual of Taylor’s series approximation around f=0

in the frequency domain. In the time domain if the first K moments arematched, this will

correspond to the K* order Taylor’s series approximation performed in the frequency
domain.

Inserting the definition of gn(X,t) into (48) yields

m-
Xnf+i~l
(»-l)!

-Xt..
e dt =

(n + i- 1)! 1
(n-1)! ¿J

(49)
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From this we can calculate the i1*1 time moment of the estimate y(t)

m¡ {y(t)} = m¡ {GTix[+ ,WK+ U1}
- 1 w (50)

The weight vectorW and basis vector G were already defined in (28). Now their dimen¬

sion is K+l. Here q¡ is a row vector given as

Vi (/-I)!...
(n + i-1)!
(n-1)!

(JT+Z-DH
(K-l)l J lxJT+l

Inserting (50) into (47) one gets

gW
=m¡{d(t)} ¡ — o...k

K

These K+l sets of equations can be put into amatrix form.

\QW = AMd

(51)

(52)

(53)

where

m0{d(t)} %
<2 =

mt{d(t)}
r+ur+i <u JC+UJT+1

(54)

r+ux+iA = diag [A, A.2 XI+1]
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Now let’s force equation (53) to obey the normal equations for the weights, i.e. let’s sub¬

stituteW with yielding

QR-lP = AUd (55)

We can merge Q and Rc'* together to form amatrix H

HP = AMd (56)

the unknown crosscorrelation vector P can be solved as

P(X) = H~l A
X+lxJr+l K+UK+1 “*+•*>

(57)

There is one other normal equation that we have to satisfy.

A£+1P(X) = 0 (58)

Premultiplying (57) with ATk+i yields the polynomial f(X)

f(X) = Al+lP(\) = ATH~xAMd = 0 (59)

oforderK+l with constant coefBcients. Since we have enforced the normal equations (40)

and (45) during the derivation of (59), roots of the polynomial f(A,) turn out to be the esti¬

mates of the localminima of JSCh(^)- f(A.) is a polynomial with constant coefficients and its
roots can be computed using numerical techniques. To demonstrate this method an exam¬

ple is included.
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Example

In this example, the signal to be decomposed is chosen as

d(t) = t2e~°'4t - t > 0 (60)

Figure 6 shows the normalized mean squared error Jscjj as a function ofX for approxima¬
tion orders K=3 and K=4. J is computed by determining the optimum weights from (40)

for various values ofX. Normalization is done with respect to <d2(t)>, the energy of the
signal to be approximated.

For order K=3, optimum value ofX is around Xopt =0.2. At X=Xopt, Jnormalized=0-095.
Using the momentmatching technique, wewill get an estimate of Xopt that is close to the
theoretical one.
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For K=3, vector that holds the time moments of d(t) can be computed as

=

mo 605
M1 —15625

m2 -140605

"3
-45703.1

(61)

Matrices Rc, Q and H can easily be formed as

16 8 4 2 111 1

8 8 6 4
Q =

12 3 4

4 6 6 5 2 6 12 20

.2 4 5 5. 6 24 60 120

(62)

H = QRcl
0 8 —16 16

-8 56 —128 112
-64 432 -992 800

-528 3504 —7872 6048

(63)

Also from (45)

Ata = [1 -6 12 -8] (64)

Substituting these into (59) one gets

f(k) = ATAH~1Md
= (0.39 + 2.93A, - 131.8X2 + 476X3) X = 0

(65)

Roots of f(X) are Xi=0, >.2=-0.04, >.3=0.08, >.4=0.236. When Xopt is chosen as 0.236 this
yields JnormalizetFO-l 1 which is slightly worse than the theoretical optimum. Figure 7
illustrates the approximation of d(t) obtained with K=3 and X=0.236.
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Although we have matched the first K+l time moments of y(t) to that of d(t), one still gets

consistent estimates ofA.optwhen differentmoments are used. Table 2 shows the estimates
obtained by matching different moments which corroborate our claim.

Table 2 : Time scale estimates

Moments used estimate of

0,1,2,3 0.236

0,1,2,4 0.237

0,1,3,4 0.238

0A3.4 0.238

1A3.4 0.239

2,3,4,5 0.233

1,2,3,5 0.238

As mentioned before, matching the moments in the time domain is equivalent to

matching the Taylor’s series coefficients in the frequency domain around the zero fre¬

quency. In that sense the method has some limitations. Due to the locality of the informa-
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tion provided by the moments, this method would give satisfactory results for signals
whose energy is concentrated around the dc frequency. For signals with higher frequency

components, the method will tend to approximate the envelope of the signal. In represent¬

ing bandpass signals it is advisable to use complex time scale. The real part of the time
scale can be estimated using the moment method, this time the desired signal being the

bandpass signal frequency shifted to the baseband.

The formulation of the estimation method was carried out such that the number of

moments equaled the number of K+l unknowns (K weights and the time scale). If desired

more moments can be used which would transform into an overdetermined problem that

can be solved using least square techniques.

Estimation of the optimum X using a matched filter

The left hand side of (44) represents the crosscorrelation between the desired signal

and theK* Laguerre kernel. Kuo and Celebi [26] suggested to implement this equation for

different values of X in the form of a parallel organization ofmatched filters (Figure 8).

This arrangement is very popular in communication systems because it implements the

optimal receiver for a signal constellation in white noise. However, here we are interested
in the zero crossings of the matched filter (correlator) outputs instead of the more familiar

peak value. Let us state how the system can be utilized. The desired signal is applied to the

block of Figure 8, and X is varied from 0 to in increments ofXm^/m to produce m

time signals Sj(t) constructed by correlating the input signal with the Xth order Laguerre
kernel. A change of the sign fromm* correlator output to the m+lstwill indicate an extre¬

mum point on the MSE curve somewhere in between these two time scale values. The

position of the zero-crossing can either be estimated or the time scale interval can be fur¬
ther tightened. The individual values have to be further tested find the value that mini¬

mizes the mean square error of the approximation. A rule of thumb for picking upX^y is

selectingXj^ approximately 2.5 times the bandwidth of d(t). This upper bound stems
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from the fact that when X exceeds it the last basis does not have a significant contribution

to the approximation.

Figure 9a depicts the dependence of Jsch(A,) on X for approximation order K=3 and

choice of the desired signal whose Laplace transform is given by

D(s) = ^ (66)
(j+1) (r + j + 4.25)

Figure 9b illustrates the zero-crossings of the correlator outputs which coincide with the

minima of the Jscj, curve.

Figure 8 Estimation of the optimum time scale using amatched filter implementation
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Figure 9 a) MSE curve for order K=3. b) Weighted correlator outputs

Online Adaptation of the Weights and the Time Scale

It is possible to solve the optimization problem of (28) using online adaptation, in other

words, by gradually adapting the optimization parameters in the opposite direction of the

mean square error gradient, i.e.

(67)

Since this approach is based on a gradient technique, online adaptation of (67) will only

find the stationary points on the Jsch not the global minimum.
Consider the system identification problem depicted in Figure 10. Our task is to adapt

the weights and the time scale of the gamma filter such that the mean square error is mini¬

mized. This is equivalent to the problem of (28) in the sense that we are approximating the

impulse response of the unknown plant as a weighted sum of gamma kernels. The weight

update term is obtained by evaluating
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dW 3 T„ _ 3 2,,x
dt ~ ~^wdW<e ^>

= ~2y\w<e{t)^[d{t) -VFX]>
(68)

x(t)
s

Unknown d(t) . e(t)
Plant ?

2*

^
Gamma y(t)
Filter
7

<

Figure 10 Additive system identification problem

where the vector X holds the signals at the taps, i.e.

*i(') x(0*Si(0
x = x2(t) = x(t)*g2(t)

xkW x(t)*gK(t)

Evaluating the partial derivative of (68) one gets

dW(t)
2t|w <e(t)X>

(69)

Vf(/) dt step size: Tjw>0 (70)
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Notice that the online adaptation is basically an integration operation

t

W(t) =jv\V(u)du (71)
o

which inherently implements time averaging. Hence, if the input signal x(t) is ergodic and

the step size is chosen sufficiently small, the ensemble average operator of (70) can be

conveniently removed yielding the least mean squares (LMS) adaptation rule.

The update term for X can be derived similarly by partial differentiating the mean

square errorwith respect to X, i.e.

dX dJ
„ /x3e(f) „

Tt = = -2v^ (i) ~ix~> = 2^<e'W W 3X*
(72)

= 2i\x<e(t) W x(t)
dGKx i"l
ax

The vector G^xi holds the gamma kernels and its form was already given in (28). As
derived in Appendix A, the derivative ofgamma kernels with respect to X can be written as

the difference of the kernels. Taking this into account, we can write

dX
It

2iii
T«?(() Wr'¥&> t,x>0

where W =

1-1 ... 0

2 -2
: 0

0 K -K\

£ =

^+iUtf+lxl

KxK+ 1

(73)
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Again, if the input signal x(t) is eigodic and the step size is small enough, the expectation

operator in (73) can be conveniently ignored.

Conclusions

This chapter introduced the gamma kernels, a special class ofexponentials, and the fil¬

ter structure associated with it. Gamma kernels were inspired as generalized delay opera¬

tors with the purpose of substituting the tapped delay lines which performed poorly in the

processing signals with redundancies. Gamma kernels are characterized by a single time
scale parameter that linearly controls the amount of the delay the kernels induce.

Having linked the gamma kernels to their orthogonal counterpart, the Laguerre ker¬

nels, we identified the two as a special case of the Kummer’s function which entails

numerous well-known transcendental functions (Hermite, Bessel, Gaussian, etc).

The main problem that was attacked in this chapter was that of representing a given

signal in the linear projection space of the gamma kernels such that the euclidian distance
between the signal and its projection is minimized.We formulated this problem in a vec¬

tor space framework and interpreted the role of the time scale as of changing the relative

angle between the projectionmanifold and the signal of interest. The solution of the prob¬

lem turned out to be an extension of theWiener-Hopfequation. We decoupled the solution

of the optimum time scale from that of the optimum weights. The solution of the optimum
time scale problem is unsolved. We developed two techniques, one based on moment

matching and the other on matched filtering, to numerically estimate the optimum time

scale.

There are several open questions that still must be addressed. Allowing the time scale

to be complex would make the processing of the bandpass signals possible. Some related

work has been done in the area ofKautz filters [27], but there are many unanswered ques¬

tions.
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In addition to the time moment method presented in this study, other global informa¬

tion measures can be sought to solve the problem of optimum time scale. This global

information can help the gradient descent techniques avoid local minima during adapta¬

tion.

The highly organized structure of the curves must be investigated further. There

may be some potential information stored in these curve structures that can be extracted to

help us position the global time scale. Furthermore, we have observed very similar
curve structures when the gamma kernels are replaced with the Hermite kernels [28]. This

indicates the possibility that other members of the Kummer family may exhibit similar

phenomena.



CHAPTER 3

TIME-FREQUENCY REPRESENTATIONS

Introduction

Standard spectral estimation methods are based on the implicit assumption that the

signals being analyzed are characterized by a stationary spectrum, in other words a spec¬

trum that does not vary in time. This assumption is not justified for large number of signal

processing applications. Spectral characteristics of signals arising in nature often evolve in

time due to the changing dynamics of their underlying processes. Prime examples are

human speech, seismic signals and biological signals. It is often desirable to view the

spectral evolution of these signals. This can be achieved by expressing the time varying

signal as a joint time-frequency distribution which depicts the signal energy (or the inten¬

sity) per unit time, per unit frequency. There are several time-frequency distribution meth¬

ods available, each with its own motivation and properties. The most prominent methods

areWigner-Ville distribution, Page distribution, Rihaczek distribution and the spectro¬

gram. In this chapter we will briefly go over these techniques and show where the pro¬

posed method of spectral estimation using poisson moments falls in the global picture of

time-frequency distributions. We start by introducing the uncertaintyprinciple which is

an important concept in understanding time-frequency distributions.

Uncertainty Principle

The Fourier transform is the most commonly used spectral analysis tool. It decom¬

poses a signal into its frequency components. In doing so, however, it fails to reflect when

these frequency components occur or how they evolve, at least not directly. Hence, while

39



40

possessing an infinite frequency resolution, Fourier transform representation lacks time
resolution. In the case of time varying signals where spectral characteristics vary over

time, this poses a problem, since the spectral variations can not be seen explicitly in this
domain. Instead, the Fourier transform displays an average of the stationary segments of

the overall signal. One way of attaining time resolution is by placing a time window over

the time segment of interest and evaluating the so called short term Fourier transform

(STFT) of the signal. This method makes sure that only the portion of the signal that is of

interest is taken into account There is an inherent side effect of time windowing, though,

which shows itself in the form of spectral smoothing and thereby loss of frequency resolu¬

tion. Spectral smoothing stems from the fact that the windowing corresponds to the con¬

volution of the original spectrum with that of the window in the frequency domain.

Decreasing the window width in an attempt to increase the time resolution will cause the

window spectrum to widen which in return further degrades the frequency resolution.

Hence, the time resolution is acquired at the cost of the frequency resolution. This stems

from the fact that, both the window function and its spectrum cannot be made arbitrarily

narrow. For techniques that try to acquire locality in time using windows, there is an inher¬

ent trade-off between the time and the frequency resolutions. In his attempt to quantify

this relation, Gabor [12] defined the effective time duration1 (At) and the effective band¬

width (Af) of an arbitrary waveform and showed that their product is lower-bounded by a

constant as follows.

A/A/>i (74)

This is called the uncertaintyprinciple. At a formal level, it resembles to the uncertainty

principle in quantummechanics. The inequality of (74) states that a narrow pulse yields

1. Gabor defines the effective (r.m.s.) duration of a signal f(t) as the variance of its analytic part
/(t), where/- (0 = f(t) +j}(t). Here }{t) symbolizes the Hilbert transform of f(t). A parallel def¬
inition holds for the effective bandwidth.
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a wide spectrum. Due to the coupling of the time duration to the bandwidth there is

always an ambiguity attached to the time frequencymeasurements that employ window¬

ing. This ambiguity stems from our attempt to express a function of one independent vari¬

able (time), in terms of two variables, namely time and frequency. The frequency

parameter (/) corresponds to the operator —inthe time domain, and hence it is not an

independent variable1 [29]. To summarize, as far as the signal measurements go one

should talk about the energy within a band during a specified time interval rather than the

instantaneous frequency which cannot be measured.

Gaussian shaped signals (with a possible modulation) satisfy (74) with equality. Those

are the signals with the smallest time-bandwidth product and they have the form

Y(0 = exp
(t~t0)2
2a2 +J2nf0t+jQ (75)

Gabor [12] coined the phrase elementary signal for these signals. He further suggested

expanding a signal into a double sum of delayed and frequency shifted versions of these

elementary pulses. Later, Hellstrom [30] made Gabor’s expansion exact by using an inte¬

gral expansion. Gabor believed that in the time-frequency plane, each of these pulses rep¬

resented a quantum of information which he called a logon and depicted these information

cells with nonoverlapping rectangles of constant area. It should be remarked that, due to

the fact that the delayed versions of Gaussian signals overlap with each other and the fact

that Gabor’s definition of time-bandwidth productwas arbitrary, the approach of repre¬

senting signals via logons is only an approximate one. Further critique of Gabor’s pioneer¬

ing work can be found in Lemer [31].

1. Through out this studyj represents the imaginary unit •/-!
2. Triangular waveforms have slightly worse (10% higher) time-bandwidth products than the Gaus¬
sian waveforms.
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Time-Freauencv Representations

The basic goal of the time-frequency representations is to devise a joint function of

time and frequency, that is a distribution, which represents the energy or the intensity of a

signal simultaneously in time and frequency. It is required that these distributions possess

some desirable properties. Of those properties, nonnegativity, invariance with respect to

time delays and frequency shifts in the signal are important ones [32]. Another, desirable

feature is the satisfaction of the marginal conditions. This implies that the integral of the

distribution over the entire frequency axis at a given time should yield the signal power at

that moment.

Gabor [12] and Ville [33] were the first ones to address the problem of time-frequency

distributions. Inspired by similar developments in quantummechanics, their original moti¬

vation was to improve on the spectrogram which is basically a magnitude squared short

time Fourier transform (STFT) commonly used for speech signal analysis. The spectral

estimation technique thatwill be introduced in Chapter 5 can be formulated as a spectro¬

gram technique. For that reason we will start with this relatively simple technique and

relate it to other time-frequency representations.

We can write the spectrogram as the magnitude squared Fourier transform of a win¬

dowed signal. That is

oo
2 OO

P(t,f) = j s(u)h* (u-t)e j2K^udu = js(v)H (v-f)e>2KV,dv
Here s(t) is the signal of interest, while h(t) is a window that tapers to zero. As explained

in the previous section, like any other window based technique, spectrogram has a time-

frequency resolution trade-off associated with it. Equation (76) can be alternatively writ¬

ten as

P(t,f) = J(y)h' (x-Dhiy-De-^-^dxdy
. 00"00

(77)
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This bivariate energy density has the units of Joules perHertz per sec. Substituting

x (78)

we can rewrite it in the form

oo oo

= J js(u + ^)s* (u-^)h(u-t-^)h* (u-t+^)e~J2nftdud% (79)

In expanding (76) to this equivalent form, we have mapped the one dimensional window

h(t) to the two-dimensional kernel h*(t+x/2)h(t-x/2) which is a function of time and lag x.

If h(t) is equal to rect(t/T), that is a rectangular window ofwidth T, the two dimensional

kernel would manifest a diamond shape as depicted in Figure 11.

Figure 11 Two-dimensional spectrogram kernel

The width T of the kernel along the t-axis determines the time resolution, while the recip¬

rocal of the width 2T along the T-axis determines the frequency resolution [32]. Thus,

when using the spectrogram method, it is impossible to improve the frequency resolution

without inducing a loss of time resolution.
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The form of the distribution given in (79) can be considered to be the Fourier trans¬

form of the time-indexed autocorrelation function R(t,x), i.e.

oo

(80)

where

(81)

♦ <»,*) = A*(í+|)A(í-|)

As can be seen in this expression, the kernel function <j)(t,x) plays an important role in

determining the characteristics of the time-indexed autocorrelation which is to be esti¬

mated utilizing time averages. Then, a question arises as to which properties the kernel

function should have for the estimation of the autocorrelation function. Since a time aver¬

age would smooth out any time-varying property ofnonstationary signals, the kernel func¬

tion needs to assign a large weight to s(u+x/2)s*(u-x/2) when u is close to t and a small
value when u is far away from t On the other hand, to a give a reasonable accuracy to the

estimate R(t,x), the range of the time average should be increased for large value ofx com¬

pared to the range of the time average for a small value of x.

An alternative selection of the time window is the decaying exponential window,

i.e. h(t)=e"*Vt). This window emphasizes the recent past of the signal1. Exponential win¬
dow is closely related to the gamma filter structure since it is embedded in the gamma

filter in the form of a leaky integrator. In Chapter 5, wewill propose to use gamma filter as

an alternate time-frequency representation scheme. For now, it should suffice to mention

that the proposed method falls under the category of spectrogramwith its two-dimen-

1. Time-frequency spread of the decaying exponential window is studied in Appendix C.
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sional kernel as depicted in Figure 12. As seen in this figure, the kernel assigns larger val¬

ues to the points close to the origin as desired. In the meantime, it provides a bigger range

of time average for large values of T, which in return allows a better autocorrelation esti¬

mate.

(b)(a)

Figure 12 Exponential decaying window kernel a) top view b) 3 dimensional view

Cohen’s Class of Bivariate Distributions

In an attempt to circumvent spectrogram’s time-frequency resolution trade-off, Ville

[33] tried to derive an exact signal energy distribution, based on one represented by

Wigner [34] to calculate two dimensional probability distribution in time and frequency of

a quantum particle, defining what is known as Wigner-Ville distribution (WD).

3 (/, ©) = ¿ J s* (t-í (t+e~jmdx (82)
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Its characteristic function, introduced inmodified form to radar theory byWoodward [35],

is well-known as the ambiguityfunction. WD is one ofmost commonly used time-fre¬

quency representations. Following a similar approach that led us to (79), it can be shown

that the two-dimensional kernel of WD is 5(x) (Figure 13). That is, while owing infinite

time resolution, its frequency resolution is proportional to the data length used. WD can

discern nonstationarities. One drawback ofWD is the generation of cross-terms. Cross¬

terms occur at the arithmetic mean between any two frequencies (positive or negative)

present in the original signal. This interference obscures the output of theWD. Working

with the analytic part of the signal will suppress cross-terms due to positive-negative fre¬

quency pairs.

T

T

* l

-T

Figure 13 IVvo-dimensional kernel associated with the Wigner-Ville distribution

A year afterWigner, Kirkwood [36] came up with another distribution and argued that

for certain problems it had a simple form. Following this, Rihaczek [37] rederived this dis¬

tribution based upon complex energy density functions as

-=*(/) S’(»)«■*’'
J2n

e(t, co) = (83)
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In 1952, Page [38] developed the concept of running spectrum and defined an instanta¬

neous power spectrum as the rate of change of energy density spectrum of the signal seg¬

ment from -a» to t as t is increased.

P' (t, co) (84)

Levin [39] used the same definition for the segment (t, °°) and defined a new function as

the average of both types of instantaneous power spectra.

P(t, co)
P(t,G>)+P+(t,to)

2 (85)

where P+(t,co) is the same as F(t,(D) defined in (84) except for the fact that the integration

limits are (t,«>).

It was later realized by Cohen [40] [41] that these time-frequency representations have

more in common than is readily apparent, and he proposed what has now become known

as the Cohen’s class ofbilinear timefrequency representations, a unifying framework for

several of the time-frequency distributions that have been proposed in the literature.

The general form of Cohen’s bilinear distribution is as follows:

P(t,a>) = -^jJ|e'-f9'"-',“+;e"i|>(e,T)j*((-í)j(( + |)dudi:<ie (86)

The function <j>(t,x) is the kernel1. By choosing different kernels, different distributions are
obtained. For instance, Wigner and Page distributions are obtained by taking <j>(t,x)=l and

^tlxl/2, respectively (Table 3).

1. In general the kernels may depend explicitly on time and frequency. However, the time and fre¬
quency shift invariant distributions are those for which the kernel is independent of time and fre¬
quency.
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A relatively new class ofkernels is due to Choi and Williams [42], This kernel, named

after its inventors is given by expression

2'2,

<))(/, x) =e ° CT > 0 : scaling factor (87)

This kernel is effective in diminishing the effects of cross terms while retaining most of

the properties which are useful for a time-frequency distribution.

All of these distributions have advantages and disadvantages of their own (for a

detailed discussion see Cohen [41]). Of the distributions cited here,WD possesses a large

number of desirable properties and provides the most concentration in the time-frequency

plane for a signal. This makesWD an attractive tool for the analysis of time-varying spec¬

tra. Given the aforementioned connection between the spectrogram and the representation

using the gamma filter, we would like to relate the spectrogram toWD, which we take as a

reference.

Spectrogram and Its Relation toWiener Distribution

As shown in (76), the spectrogram of a signal s(t) is obtained by taking the square

magnitude of the short-time Fourier transform of the signal and its window h(t). The basic

properties and effectiveness of the spectrogram for a particular signal depend on the func¬

tional form of the window. As seen in Table 3, spectrogram is amember of the Cohen’s

class of bilinear time-frequency representations. The relationship between the spectro¬

gram and the Wigner distribution of a signal was given by Claasen [43] as a convolution

integral.

Sf(t, to) = ±ffwf(t,<a)Wh{%-t,n-0)d%d0 (88)



49

Table 3 Some distributions and their kernels

Reference Kernel Distribution

Wigner-Ville
1 ¿j«*v

Kirkwood-Rihaczek
4=s(t)S* (<a)e~jmJin

Page

Spectrogram
t • X X
jk (u--)h(u + -)

e**du

, 2

-j=\f}ens(.x)h{x-t)dxJ2n

Margenau-Hill
cos (6^) to{-Lí(/)S’(cú)e“;m}

Jin

The spectrogram is a time-frequency smoothed version ofWD, with the smoothing
function given by theWD of the window h(t). A direct consequence of this is the fact that
for a given signal waveform, the effective area in the time-frequency plane of the spectro¬

gram is slightly greater than that of theWD [44]. The time-frequency extent of the spec¬

trogram is minimized when the window is matched to the signal. The nature of the

spectrogram, by which it is relatively free of interference terms, has prompted research on

determining windows thatwould maximize concentration of signals in the time-frequency
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plane. SinceWD provides maximally concentrated distribution and the spectrogram is
related to it through (88) it seems obvious that a window function whoseWD is most con¬

centrated in time-frequency plane would achieve the minimal spread. The Gaussian win¬

dow is such a window with itsWD being a bivariate Gaussian function in the time-

frequency plane.

In order to achieve optimal concentration, the parameters of the window (namely its

time-frequency width and orientation in the time-frequency plane) must be matched to

those of the signal components. Such an approach is embodied in a data-adaptive trans¬

form [45] where the window parameters are adapted to minimize a concentration measure

at each location in time-frequency domain.

Conclusions

This chapter provides background for Chapter 5 where an alternate time-frequency

representation scheme that utilizes the gamma filter is proposed. This new representation

scheme can be identified as a spectrogram method that uses a decaying exponential win¬

dow to discern nonstationarities. In an attempt to familiarize the reader with the general

concept of time-frequency distributions, this chapter gave a general outline of the available

techniques, paying particular attention to the spectrogram.

Starting out with the uncertainty principle, it was shown that any time-frequency dis¬

tribution that incorporates windowing, including the spectrogram, trades the time resolu¬

tion with the frequency resolution. The extent of the trade-off is governed by the time-

frequency spread of the window used. One roughway ofquantifying the spread is by com¬

puting the time-bandwidth product of the window. Hme-bandwidth product of the expo¬

nential decaying window is derived in Appendix C and compared with that of the
/

gaussian window, which assumes the lowerbound.

Not all time-frequency distribution methods are bound by the limitations of the uncer¬

tainty principle, such as the Wigner-Ville distribution (WD), Page distribution and Choi-
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Williams distribution. However, these methods usually distort the distribution in some

sense, e.g. by yielding negative results, cross terms or failing to satisfy the marginality
conditions.

Among the distributions cited here,WD has the maximum time-frequency concentra¬

tion. Hence, it can be used as a benchmark. We link the spectrogram method to theWD

using a convolution equation. This equation formulates the spectrogram as a smoothened

version of theWD. It is shown that the amount of smoothing is dictated by theWD of the

window used.



CHAPTER 4

INTERPOLATION

Introduction

Suppose that we have been given certain information about a function. Perhaps, we

know its values, or its derivatives at certain points ormaybe its moments. How can we use

this finite amount of information to construct other functions thatwill approximate the

original? This is the question wewill address in this section. The process of approxima¬

tion using a finite amount of functional data is called interpolation. Interpolation can be

divided into; i) the analysis section where the information on the function is gathered, and

ii) the synthesis section, where the approximation is done by fitting prototype functions

to the available data. The logic behind the interpolation is that if an approximation agrees

with the original function at certain points, then it should also come close to the original

function at the intermediate points. It should be noted that the choice of the prototype

functions, the way we gather the functional data, as well as the process of function fitting

are problem dependent and they rely mostly on experience. In the next section we will

introduce the most common form of interpolation; the polynomial interpolation and then

proceed to the general problem of finite interpolation.

Polynomial Interpolation

Polynomial interpolation is an approximation technique where a polynomial pn(s) of

degree n is equated to the function f(s) at n+1 distinct points. These points are called the

interpolation knots. The appropriateness of using the polynomial interpolation for func¬

tion approximation is justified by the following two theorems.

52
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Theorem: Existence and Uniqueness

Given n+1 distinct (real or complex) points Sq, Sj, ...,sn and n+1 values fp, fj,... fn,
there exists a unique polynomial pn(s) e Pn (set of all n* order polynomials) for which
Pn(si)=fi i=0,l,...,n

For proof refer to Davis [46].

Theorem fWeierstrass)

Let f(s) G C [a,b] where C is the set of complex numbers. Given £>0 we can find a

polynomial pn(s) of sufficiently high degree for which

|f(j) -pn(i)| a£s£b (89)

Together, these two theorems state that one can construct a unique polynomial that fits

the function f(s) at given points and the difference between the function and the interpolat¬

ing polynomial can be made arbitrarily small by selecting the number of points suffi¬

ciently large. A natural question that comes to one’s mind is whether we can do a similar

approximation based on the basis ofn+1 arbitrary pieces of linear information, rather than

the values of the function itself. Further, can we use prototype functions other than poly¬

nomials for the approximation? These questions lead to the following general problem.

General Problem ofFinite Interpolation

Let Xbe a linear space ofdimension n and let Li,L2,...,L,j be given functionals defined

on X. For a given set of values fj, f2,...,fn can we find an element ofX, say x such that

L¡(x)=f¡ i=l,2 n (90)

The answer is yes, if the L¡ are independent in AT* ^
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Lemma: Let X have dimension n. If x¡, X2,...xn are independent inX and are

independent inX* then

\Li(Xj)\*0 (91)

The converse is also true. See Davis [46] for a proof.

Theorem

Let a linear spaceX have a dimension n and let Li,L2,...,Ln be elements ofAT*. The inter¬
polation problem of (90) possesses a solution for arbitrary values wj, W2,...,wn if and only
ifLi are independent inX*. The solutionwill be unique [46] [47].

Example

Choose four linearly independent functionals as

l

¿1 [/] = Sin [/(0.4) ] L2 [/] = jf(x) dx
o (92)

, m - df(x) I
tjw =/(»)

Given the functional values Li[f(x)] (i=l,...,4) interpolate to f(x)=e'3xSin(x) using the
interpolant function h(x)

4

h(x) = ^^.(x)
i= l

where vj (x) = Sin (x) v2(x) = Cpí(x)
v3(x)=x v4(x)=x2

(93)

1. X* refers to the space that encloses the functionals LiL2,...Ln-



55

The weights a¡ of the interpolating function h(x) should be chosen such that

L¡\f(x)] = L¡[h(x)] i= 1 4 (94)

This can be put in a matrix form as

tvi] ••• ^<1 fv4] al \ w

La[vx] ...L4[v4] -ai L4\f\
(95)

Weights of the interpolating function h(x) can be found by solving this set of linear equa¬
tions. Figure 14 illustrates f(x) and its approximation by h(x).

Systems Possessing the Interpolation Property

Here is a list of commonly used interpolation functional and interpolant function pairs.

Example 1: interpolation at discrete points

i=l,2,...X=Pn L¡(f)=f(Zi)
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Interpolation is done at distinct points using only the function values.

Example 2: Tavlor interpolation

X=Pn Li(fH®(Zo) i=l,2,...

Interpolation is done at only one point using the derivatives of the function.

Example 3: Hermite (osculatorv) interpolation

X=P2n-l Li(f)=f<j)(zk) i=l,2,.... k=U,...i j=l,2,...,k
Hermite interpolation may be thought of as a combination ofExample 1 and Example 2.

Interpolation is done at several points using the derivatives of the function in addition to

the values.

Example 4: Birkoff flacunarv) interpolation

X=P2n.1 4(f)=f®(Zk>
This is similar to the Hermite interpolation, except for the fact that some of the derivatives

or the function values might not be available.

Example 5: Trigonometric interpolation

X= Linear combination of l,cos(x),Cos(nx),..., sin(x),sin(2x),..sin(nx). This is called a

trigonometric polynomial of degree n

Fourier series coefficient

Hermite Interpolation

In this study, wewill restrict our attention to Hermite interpolation. This is the kind of

interpolation where we are trying to match both the values and the derivatives of the inter-

polant polynomial to that of the function. Given the function values and the derivatives
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/(*„). ... /"•"1)(0

/(*„). /’’is»). ... /■'•'■’(I.)
(96)

with the interpolation knots s¡ being distinct and possibly complex, it can be shown that
the Hermite polynomial [48]

= IS I
; = n - n t - n

(sj) W (s) £_
(s-s¿)m'-J-kdsk

(s-s¡)m‘
w(s) S = S¡

(97)

where

w(j) = JJ(s-.s/)m<
i = 0

n

m = 1
»= o

interpolates to the values and the derivatives of f(s) given in (96), i.e.

(»i> = f' (í|) OáiSn
0<j< mi

(98)

(99)

It should be noted that when n=0, Hermite interpolation becomes the Taylor’s series

expansion. For analytic functions the following expression offers a more compact form

for the Hermite polynomial [46]

w(t) -w(s)
w(t) (t-s) f(t)dt

(100)

The contour C should be selected such that it encloses all the interpolation knots sj and f(s)

remains analytical inside as depicted in Figure 15. Recalling Cauchy’s residue theorem
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'<*> = jjgfJr;* (101>
C

One can write the remainder of interpolation (or the error of approximation) as

(102)
c

This equation leads to the Cauchy remainder given as

‘(i>=^T)T/<"+1,(lt) (103)

where £ is an unknown number that lies within the ring

min{lsol,..Jsnl}<l£l<max{IS()l,...,lsnl}. Its value depends on the interpolation points s¡ and
the function f.

Although, it is not easy to compute the error ofapproximation using the Cauchy

remainder, it has an instructive form. As seen in (103), the magnitude of the error depends

on the product of the derivative of f(s), which we have no control on, and w(s) already
defined in (98). This raises the following question: how can we select the interpolation

knots sq,s^,...,Sq in the interval [a,b] such that the maximum of lw(s)l is as small as possi¬
ble, i.e.

wmin = min max |w(s)| |s0|<k|£|s„|
s¡ s (104)

For the case whenmultiplicity of all the interpolation knots is the same, i.e.

m0=m1=...=mn, the answer to that optimization problem is given by the Tschebyscheff
polynomials. It turns out that if the interpolation knots s¡ are chosen as the roots of the

Tschebyscheffpolynomial, lw(s)l is minimized in the interval [a,b]. Further, if the interpo¬
lation knots s¡ are all real that dictates [46]
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s¡ = Cos I * = 0,1 n

m0 = ml = ... -mn>0
(105)

Hermite Interpolation of Signals Produced bv ARMA Models

Assume that f(s) fits into an ARMA model. i.e.

a;
m -

¡tí* p>
(106)

For this class of functions, the error of approximation given in (102) reduces to the form

A
^ A ^

(s) = w(i)V t -<~7 7 = w(j)y—— = w(s)y(s)Z-J W (p¡) (S-p¡) S - P:/= l

(107)

Notice that when the function assumes an ARMA model, the approximation error can be

written as a product ofw(s) and y(s). y(s) has the same poles as f(s) does, however its

zeros may be different. The peaks of y(s) should occur at s=p¡. Zeros ofw(s) should be

selected to coincide with these peaks so as to cancel their effects which implies spp;.
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Issues in Hermite Interpolation

There are four questions that need to be answered regarding the Hermite interpolation

problem:1)What is the region of convergence of the approximation? i.e. forwhat values of s does
lim [/Xs) -tfm(s)| = 0 seROC
ft —> 00

(108)
m

hold?

2) If two interpolation knots are used, for a given error bound and polynomial order what

can be themaximum separation between these two knots? Or assuming that this is a spec¬

tral approximation, what is the bandwidth of the approximation?

3) For a given bandwidth and error bound what order ofpolynomial is required?

4) How does the inclusion ofderivative information in addition to the function values help

to improve the approximation? i.e. How does theHermite interpolation compare with the

case wheremultiplicity m¡ of each knot is unity.

Region of convergence

Here, wewill give an answer to the first question. Let’s consider the simple two point

Hermite interpolation case and assume that the complex function fits into an ARMA

model. Our purpose is to approximate the spectrum of f(s) in between the points Sq and s^

that lie on the imaginary axis (Figure 16). Select the interpolation knots on the imaginary

axis as sq=0 and si=jca Applying (107) we get

(109)



61

Figure 16 Two point Hermite interpolation along the imaginary axis

The condition (108) holds if

£ = |(í-jo) (s-s{)\ <\(p¡-s0) CPf — AT!)| (110)

for all the poles p¡.

The contours of constant g are called lemniscates. Inside the lemniscate is the region

of convergence (ROC). Outside the lemniscate approximation diverges even for large

polynomial orders. ROC always encloses the interpolation knots, however for small g

(which occurs when a pole of f(s) is close to one of the interpolation knots) the ROC may

be composed ofmore than one disconnected region. Figure 17 illustrates the evolution of

the ROC for different g values. In this figure the ‘x’ mark represents the location of the

dominantpole p^. This is the pole forwhich l(p¿-So) (Pd~sl)l1S minimum determines the

region of convergence. Intuitively, this is the pole that is closest to either of the interpola¬

tion knots.
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Bandwidth of interpolation

As seen in Figure 17, when the poles of f(s) get close to the imaginary axis, g gets

smaller and in return ROC splits into two disconnected regions. As a result, the approxi¬

mation does not converge in the entireness of the interval s=jQ where £2e [0,©]. The natu¬

ral question that comes to one’s mind is that what is the maximum bandwidth ©¡j^ that

the approximation would converge? Or in other words, how far apart can sq and Sj be?

Figure 17 Regions of convergence for various dominant pole locations

Let’s concentrate on (110). Substitute sq=0, Sj=j© and s=j£l The frequencies inside
the ROC have to satisfy
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Equivalently,

\(jO)j(,Q-<ü)\ <8

|£22-Qco|<g g>0

-g<Q2-Q(ú<g

This yields two equations

Q2-£2co + g>0 and

íl2-Cl(ü-g>0

The real £2 values that satisfy these two equations are given by

cú- J(ú2 + 4g _ (ü-J(ü2-4g
< £2 < — and

2 2

to + Jg>2-4g co+ a/co2 + 4g
2 2

(111)

(112)

(113)

(114)

This represents two regions. These two regions intersect when

to — ./to2 —4e co + ./CD2 —4e
max V max 6 max V max 6

(115)

The maximum allowable bandwidth is given by

= = WKJi (116)

This nonlinearequation can be solved by considering that the variables satisfy a triangular

relation as illustrated in Figure 18.
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Pd

Figure 18 Triangular relation between the maximum bandwidth and the dominant pole

x and 0 represent the magnitude and the argument of the complex pole p<j, respectively.

With this new notation one can rewrite (116) as

“««,=<117>

The law of cosines dictates that

y2 - x2 + toi/Tr-2^© or' max max

y2 = x2 + 4xy-4x2/2yCosQ

This quadratic equation in y yields one positive solution given by

y = 2(x-xV2CosQ)+j4(x-x3/2CosQ)2+x2

(118)

(119)

Substituting this into (117) yields the maximum allowable bandwidth in terms of the mag¬

nitude and the argument of the dominant pole.
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= 2¡2(ümax ~ 2^2x(x-x3/2CosQ) +U(X- xmCosQ) +x2

X = \pJi 0 = ¿Pd

Maximum error versus the bandwidth

In the previous section we derived the bandwidth of convergence when the polyno¬

mial orderm->°°. Here, wewill try to find an answer to a more practical question: what is

the maximum bandwidth one can achieve for a given error bound £ and finite polynomial

orderm. i.e. we want to make

\e(jO)\ = \f(jn)-Hm(jQ)\il Oe[0,o>] £>0 (121)
m is finite

That is

k(/n)l Ya (jn)nun-j(o)n
/TÍ p"(Pi-Pi)

(122)

where m=2n. Moving the absolute value operator into the summation one can get a pessi¬

mistic bound

kO'Q)I^XH-
i = o

| (j£l)n (j£l -ytp)”l
\ri\\(Pi-M\HWQ-Pi)\

(123)

The maximum value that the term | (jQ) n (jQ - jw) "| can attain in the interval
Qe [0, w] is (w/2)2n. Theminimum value that the terms | (jQ -p¡) | and | (p¡ - jw) |
can have is p¡p where pj,. is the real part of the pole p¡.With these in mind we can write
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(124)

An upperbound for the bandwidth is

(125)

For reasonably small error values where £<y(n), the maximum allowable bandwidth
increases with the interpolation order n. This increase is roughly logarithmic. Figure 19
illustrates the dependence of themaximum percent error of approximation within the band
as a function of the bandwidth ca for an 8th order ARMA system. Although the poles and

zeros of this system were chosen randomly, the dependence is typical. Alternatively, Fig¬
ure 20 depicts the maximum bandwidth for a given error bound versus interpolation order
n. These two graphs clearly demonstrate the advantage of using derivative information in
addition to the function values.

Conclusions

This chapter gave an outline of the general theory of interpolation paying special atten¬
tion to the Hermite interpolation. It was shown that given a set of linearly independent

functional information about a function, a prototype function can be made to fit to this

information, thereby approximating the function in some sense. A special case of this is
when the functional information is presented in the form of function values and derivatives

at various points in the domain. For this case, the Hermite interpolation technique can be
used to tailor a polynomial whose values and derivatives fit to that of the function at the

given points. This is the same kind of interpolation scheme that will be adopted in
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Figure 20 Maximum bandwidth for a given error bound versus interpolation order n
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Chapter 5 in approximating the magnitude spectrum ofa signal from its frequency deriva¬
tives. In that sense, this chapter can be considered as a prelude aimed at providing the

background theory that wewill frequently refer in Chapter 5.

Due to the intractability of a general purpose derivation, we analyzed the approxima¬

tion errormostly in the context of the Hermite interpolation and ARMA signals. It was

shown that the approximation error can be decreased by incorporating higher order deriva¬

tives into the interpolation. The contribution of the higher order terms is roughly logarith¬

mic. That is, the contribution becomes marginal for very high orders. In the case of

relatively high approximation errors, addition ofhigh order derivatives may even degrade

the approximation.

The separation between the interpolation points plays an important role in determining

the approximation error. The maximum separation (that is the bandwidth, in the case of

spectral approximation) is dictated by the dominant pole of the function of interest in the

vicinity of the interpolation points. The closer the pole is to either of the points, the

smaller has to be the bandwidth. Throughout the chapter, we linked the parameters of the

interpolation (number of derivatives, bandwidth, dominant pole) to the region of conver¬

gence and approximation error. Furthermore, we demonstrated the advantage of using

higher order derivatives with an example.

It should be remarked that Hermite interpolation is not the only tool that allows one to

approximate a function in terms of its derivatives at distinct points. Hermite interpolation

creates a polynomial to do the approximation. Although, not very tractable, one can

replace the polynomial with a rational function and fit it to the derivatives of the function

of interest. This technique is closely related to the Pade’ approximation method [49] [50].

Another prototype function that can be used is the family of Sinc()’s as suggested by Lin¬

den and Abramson [51][52].



CHAPTER 5

REPRESENTATION OF LOCALLY STATIONARY SIGNALS
USING LOWPASS MOMENTS

Introduction

In the previous chapter, we have seen how the incorporation of the derivative informa¬
tion decreases the interpolation error and broadens the region of support. In this chapter,

we will demonstrate how to obtain the spectral derivatives of the time-varying signals by

using the gamma filter. The gamma filter generates the so called Poisson moments of the

input signal at its taps, which will be shown to correspond to the Taylor’s series coeffi¬

cients, i.e. derivatives of the recent input signal spectrum around the zero frequency. The

appeal of the proposed method stems from the fact that in the analog domain, the Poisson

moments can readily be measured at the tap outputs of the gamma filter, rather than being

computed offline by a computer. Being the Taylor’s series coefficients, the moments con¬

stitute a nonparametric representation that depicts the temporal characteristics of the input

signal. Hence, they are computational correlates of the signal waveform, which can be

directly fed into a nonlinear mapper, such as an artificial neural network (ANN) perform¬

ing classification, identification or prediction. Or alternatively, they can be used to

approximate the signal spectrum based on the Hermite interpolation technique that was
introduced in the previous chapter.

The gamma filter accommodates an inherent decaying-exponential time-window that

makes it possible to localize signals in time and in return represent nonstationary signals.
The representation takes place in the form of a spectrogram approximation which was pre¬

viously introduced under the general topic of time-frequency distributions. In that respect,

69



70

the proposed method is an alternate time-frequency distribution that is readily available at

the outputs of the gamma filter. Furthermore, if the gamma filters are implemented in ana¬

log hardware, it suffices to sample these outputs only at the information rate1, rather than
the Nyquist rate of the incoming signal. With this convenience, the speed of the processor

following the gamma filter becomes independent of the highest frequency of the input sig¬

nal, being only constrained by the stationarity period of the signal.

We start this chapter by first introducing Poisson moments. This is followed by the

review of the synthesis formula and the analysis of the relationship between the moments

and the signal magnitude spectrum.

Gamma Filter and the Poisson Moments: Analysis Formula

Fairman and Shen [53] proposed that a distribution f(t) can be expanded in terms of the

derivatives ofDirac’s delta function as follows

oo

/«) = 2><(,o)e'l<'',<J8<0('-'o) <126>
/ = o

This infinite summation is identified as the impulse series expansion. The term fj(to) is

called the i* PoissonMoment of f(t) at t=tg which is given by [55]

g.(t)
fi (t0) -/(O ®Pi+1 (0 I Pt (f) =-L~r * = °> h 2,... (127)

t = t0 A

’® ‘ stands for the convolution operator, while pj(t) is recognized as a scaled version of

the continuous-time gamma kernel g¡(t) already defined in (1). By definition, f.j(t) is set

equal to f(t). Assuming f(t) is causal, the convolution of (127) can be expanded as

1. By information rate, we mean the rate at which a new information packet arrives, i.e. statistical
characteristics of the signal change significantly.

2. Formore information on the distribution theory, see Schwartz [54].
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//«o)=j/«o(128)
o

Obviously, the Poisson moment ff(to) can be physically measured as the i+lst tap value of
a scaled gamma filter1 with input f(t), rather than evaluating the convolution integral of
(128). It is this computational convenience of the Poisson moments that essentially moti¬

vates their use (Figure 21).

Equation (127) can be considered to be an analysis formula for the Poisson moments.

Before introducing the problem of spectral approximation using the Poisson moments, we

would like to introduce the synthesis formula which is the counterpart of the analysis for¬

mula in the sense that it dictates how to restore a signal given its Poisson moment samples.

Reconstruction of a Sienal from Its Poisson Moment Samples: Synthesis Formula

Having seen how easily the Poisson moments can be obtained using a gamma filter,

let’s try to develop a synthesis formula that will dictate the reconstruction of the signal

from its moment samples. As is well known from Shannon’s sampling theory, one can

1. An alternate name for the scaled gamma filter is Poisson Filter Chain (PFC) [55].
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reconstruct a signal f(t) ofbandwidth B from its time samples as long as the sampling fre¬

quency is equal to or higher than the Nyquist rate 2B [56]. If this condition ismet, a band-
limited continuous time signal can be written in terms of its samples as follows

oo

/«) = X/(¿)sinc(2Br-n) (129)

This basic reconstruction formula for the case of uniform sampling was later extended

by Papoulis [57] to incorporate the samples ofmultiple linear filter outputs. Papoulis
showed that it would be possible to restore a signal given data sampled at l/N* the
Nyquist rate from the output ofN arbitrary filters into which the signal has been fed. Res¬

toration of the input signal from the samples of tap outputs (i.e. Poisson moments) of an

N1*1 order gamma filter would be a special case of this general reconstruction theory. For

the case of the gamma filter, the original signal f(t) can be written in terms of its filtered

samples (poisson moments) as follows

N— 1 ~

T»~52 (130)
/ = 0 n = —oo

The interpolation kernels kj(t) are given by

B

k.(t) = J '¥i(u;t)¿2*utdu i = 0,1, ...N-l (131)
B-2BÍN

Note that k¿(t) and 'Fj(u;t) are not Fourier transform pairs. We state without proof that, if

they exist, the kernels ^(u;t) should satisfy the simultaneous set of equations

N-i J2*mt

i = 0

(132)
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over the parameter set 0<m<N-l, B-B/N<u<B and -«> < t <«>. P¿(u) represents the Fou¬

rier transform of p¿(t) already defined in (127). The analytical solution of (132) is usually

very involved, therefore, numerical solution techniques are preferred. Refer to Marks [52]
for a proof and some hints on the solution of this equation.

Poisson Moments and the Magnitude Spectrum

Having seen how the original signal can be restored from its Poisson moments, let’s

examine the relationship between the moments and the input signal spectrum. Assume a

causal signal f(t) and rewrite (128) as

oo

fi(t0) = jnt0-t)u(t0-t)u(t)e~Xtyt (133)

where u(t) is the unit step function. Next, introduce f\v(to>t), the decaying exponential and

rectangularwindowed version of the delayed and inverted f(t), such that

fwVo’V -f(t0-t)rect *o J

-Ji»
(134)

where

rect(t) = (
1

0
I/| £ 1/2
else

(135)

Figure 22 depicts how the decaying exponential window placed over the signal f(t) empha¬
sizes the recent past of the signal. Substituting (134) into (133) one obtains

oo

fi(t0) = J/w^O»
F

0» 0» (136)
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The delay and the time inversion have no effect on the magnitude spectrum which is

generally the main concern in speech recognition. The decaying exponential windowing

however, helps to emphasize the recent past of the signal, thereby achieving time locality.

Its side effect shows itself in the form of frequency domain smoothing. The amount of

smoothing is associated with the frequency spread of the decaying exponential window

which is discussed in Appendix C.

In addition to the decaying exponential window, there is also a rectangular window,

but for to > 4A,, its effect can be safely ignored. Therefore, IFy/(tQ,ii)l can he considered
as an approximation to themagnitude spectrum of the recent past of the original signal

fOo).

Figure 22 The exponential window emphasizes the past ofthe signal prior to t=to-

Having established the relationship between IF^(to,Q)l and the magnitude spectrum of
the original signal, let’s go back to (136). It can be shown that the i* Poissonmoment of f
(to) is related to F^(tQ,i2) as follows
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Q = 0

(137)

Analyzing (137), the moments are recognized as the Taylor series expansion coefficients

ofFw(tQ,a) around 0=0. That is we can write

(138)

Using a finite number ofPoisson moments, a Taylor’s series approximation can be

obtained for Fgy(t<),0). In many applications, one does not even need to compute the poly¬
nomial of (138). Being the computational correlates of the recent magnitude spectrum,

moments themselves suffice to represent the spectrum. Hence, instead of computing the

polynomial that approximates the spectrum, the moment vector can be directly fed into a

nonlinearmapper, such as an ANN for tasks such as prediction, identification and classifi¬
cation.

Spectral Hermite Interpolation

The Poisson moments carry valuable information about the smoothed spectrum of the

input signal in the form ofTaylor’s series coefficients at zero frequency. One shortcoming

of the Taylor’s series expansion is however, its locality, i.e. approximation diverges at

points away from the origin. Hence, it is not possible to characterize awide bandwidth of

frequencies using a finite number ofPoissonmoments. As a cure for this shortcoming, one
can partition the frequency range of interest into several small subbands and carry out the

approximation separately for each band. In practice, bandpass filters tuned to different
center frequencies followed by mixers can be used to shift each band to the origin. The

baseband signals at the outputs of these devices can be fed into the gamma filter to obtain
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the correspondingmoment vectors. Consequently, these moment vectors can be concate¬

nated together to give the overall spectral picture. Since the moment vectors store the

spectral derivatives at the edges of each band, Hermite interpolation technique can be uti¬

lized to obtain an approximation of the magnitude spectrum1.
Tracey and Principe [59] successfully implemented a similar scheme in their smal

vocabulary word recognition task using artificial neural networks. A group of constant Q

bandpass filters were used to model the cochlea [60]. The authors used a cascade of a

square device and an envelope detector instead of the mixer, thereby roughly approximat¬

ing the power spectrum rather than the magnitude spectrum. As described above, the base¬

band signals were fed into Gamma filters, outputs of which are the Poisson moments.
These moments are further fed into an ANN for word classification (Figure 23).

Spectrogram with Exponential DecayingWindow

Despite the fact that the time windowing results in the degradation of the frequency

resolution, due to the smoothing effect that comes along with it, windowing proves to be

beneficial in reducing the variance of the spectrogram. As studied in Chapter 3, the spec¬

trogram technique estimates the power spectral density of a signal in terms of the squared

magnitude spectrum of the windowed (filtered) signal (Table 3). Although, in the case of

infinite amount of data, the spectrogram estimator is unbiased, it remains to be an incon¬

sistent estimator irrespective of the data size used. The variance of the estimation error

can be shown to be proportional to the true power density at a particular frequency

mm.

There are several methods for reducing the error variance. The ideal way is to ensem¬

ble average the spectrogram estimates of all the realizations of the underlying process.

Due to the unavailability of independent realizations in practice, this approachmight not

1. Although, they might not be mathematically as tractable as the Hermite interpolation is, there
exist other interpolation techniques. See [58] for instance, which utilizes the rational polynomi¬
als and [51], [52] that utilize the Sine functions for that purpose.
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be feasible in most applications. For eigodic signals, an alternate way would be averaging

the spectrograms of different segments of the data [63]. This approach trades in the fre¬

quency resolution for low estimator variance. Another variance reduction method is due

to Daniell [64] who suggested to smooth the spectrogram using a lowpass filter in the fre¬

quency domain. Similar to Daniell’s method the the method proposed in this study

smooths the spectrogram using a lowpass filtering approach and in return reduce the esti¬

mator variance at the cost of frequency resolution.

As illustrated in Figure 24, the spectrogram method can be decomposed into three

operators: time windowing, Fourier transform and the absolute value squared. The Poisson

moment (PM) method, on the other hand can be implemented using the following cascade

ofmodules: time windowing, Fourier transformation, absolute value, spectral Taylor’s
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series coefficients, Hermite interpolator and a square device. The first four of these mod¬

ules are embedded in the Gamma filter. Ifwe ignore the square device, PM method can be

thought of as an approximation of the spectrogram, which itself is an estimate of the true

power spectrum. For that reason, it becomes a challenge to quantify the performance of
the PM method, since there is no reference available to compare it to. One way of quanti¬

fying the goodness of an estimator is by determining its bias and variance. In view of this

next section is dedicated to the derivation of the bias and the variance of the spectrogram

estimator.

Figure 24 Gamma filter offers an alternative spectrogram representation at its taps

Variance and Bias of the Spectrogram Estimator

In this section we will derive the variance and the bias of a spectrogram estimator that

utilizes an exponential decaying window. Consider the windowed signal

xw(t) = x(t)e~X,u(t) (139)
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Using theWiener-Khintchine theorem, the power spectrum of xw(t) can be written in
terms of the autocorrelation function. That is

(140)

where the autocorrelation is

Xxw(x) = Jxw(0xw(t + x)dt
—oo

The expected value of the spectrogram turns out to be

oo

E{PXw(f)} =

(141)

(142)

The expectation is carried out over all possible realizations of the signal. Here,

Px(f)=E{ IX(f)l2} represents the true power spectrum of the signal x(t), while W(f) is given

by

W(f) = F{e Xtu(t) <8>e Xtu(t)} = F{te~Xtu(t)} = 5 (143)
(X+j2nf)2

Noting that W(f) has lowpass characteristics, the smoothing effect of the window on the

spectrum is easily seen from (142). The smoothened spectrogram is biased for finite X, but

as A.->0, it becomes unbiased, i.e.

KmQE{PXw(f)} = Px(f) (144)
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With these in mind, the covariance of the spectrogram can be written as

cov{PXv{f{)PXw{f2)} = E{PXw(fx)P'Xv{f2)} -E{PXv{f¿}E{P*Xv(f2)} (145)

The first right hand side term can be expanded in terms of the autocorrelation function as

E{PXw(fi)PXv(f2)} = E{xw ÍI Rx (x)Rx (u)e~j2n(flZ flU) dxduxw xw (146)

Substituting the definition of the autocorrelation function, one gets

.rJ'2*W<,-‘)+A(“-V)WTrfUdV

This expression involves fourth-ordermoments, which are difficult to evaluate in the gen¬

eral case. Therefore, we will assume that the signal is white noise. This an oversimplifica¬

tion, but will serve to illustrate the point. So, for the white noise input

£{*(()*(!)} = ^S(r-T) = (148)

holds. Then, the expectation term in (147) conveniently expands as

E[x(t)x(x)x(v)x(u)) = x[«„8v» + 8,Ax + 5,Av] (149)

This yields

Nt
E{PXw(fi)PXw(f2)} = if X2 X2 + n2(f1+f2)2 X2 + itl(fi-f2)2

(150)
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Following similar steps, it can be shown that

E{PX (/)} = AX (151)

Hence,

N20 r
coviP^ifOP^)} = il

In general, any nonwhite process x(t) can be generated by passing white noise of vari¬

ance Nq2/2 through a filter ofmagnitude-squared response IH(f)l2, Because the true power
spectrum Px(f) is related by

N„
Px(f) = -j\HW\ (153)

then, the following is approximately true

cov{PXw(fx)PXw(f2)} ~Px(f,)Px(f2) X2 + n2(f1+f2)2 + X2 + v?(fl-f2y
(154)

Analyzing this expression, it can be seen that the variance of the estimator decreases with

increasing A,..

Having calculated the estimator variance at the output of the spectrogram, the next task

is finding out the variance of the spectral derivatives (i.e. Poisson moments). Again, due

to the intractability of a general solution, we will work with white noise signal for which

(152) holds. Assume that we are interested in the variance of the i* derivative of the spec¬

trum at frequency f=fj

^jlP.VO+NVj]dh
(155)
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N(f) represents the estimation error. The variance ofq can be written as

var{c¡} (156)

Ifwe treat the differentiation as a linear filtering operation with magnitude response

IH(f)l=lfl\ the variance can be written in terms of the power spectrum PN(fj,f) of the error

termas

varíe,} = (157)

The power spectrum ofN(fj) is nothing but the Fourier transform of the covariance given
in (152), i.e.

PN(fvf) = jcov{PXw(/l)P1Cw(f2)}e-i2,‘,‘fdf2 (158)

Note that

PN(fvf) <PN(0,f) (159)

holds. We define

NZ f

=^(o,/) = tÍ¿t^ = t£
-Ufi (160)

Inserting this into (157), one gets a tight upperbound for the Taylor’s series variance as

var{c¡}4Ja-v=^ (161)
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Two important observations that can be deduced from this are, first: selecting large
values of the time scale helps to decrease the variance of the moment variance. Second, as

expected, variance of the derivatives increase as a function of the derivative order. These
two results can be attributed to the lowpass nature of the time scale and the highpass

nature of the derivatives.

Choice of The Time-Scale

The choice of the time scale A has a crucial role in determining the size and the accu¬

racy of the representation matrix whose elements are Poisson moments associated with
different bands and measurement times. A by itself, controls several parameters ranging

from the effective decaying window length to the maximum allowable bandwidth. This

section is devoted to the discussion of the overall effect of the time scale on the representa¬

tion scheme.

Recall that the Poisson moments correspond to the derivatives of the recent magnitude

spectrum around zero frequency. The recency in time is achieved as a result of the decay¬

ing exponential window that is embedded in the gamma filter. This exponential window

helps to emphasize the recent past of the input signal, thereby localizing it in time. The
effective length of the window is controlled by the time scale of the filter. A large time

scale implies a small window length. The moments represent the average spectral content
of the signal under the window. Hence, when dealing with nonstationary signals, one
should avoid averaging segments with different statistical characteristics, by keeping the
window length smaller than the stationarity period. The stationarity period can be thought

of as the rate at which the packets of information arrives. The effective length of the

decaying exponential window in the root mean square (rms) sense is derived in Appendix
Cas

(162)
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where p is the percent energy of the window enclosed under the length xt(p). According to

this, 90% of the window energy is kept within the width xt(0.9)=1.15M,. Thus, the lower-
bound for the time scale can be set as

(163)
s

where Ts is the stationarity period of the input signal. For speech signals this period varies
in the range 10 ms to 100 ms [65].

Notice that the time scale is constrained by the information rate, not the Nyquist rate

which usually assumes a higher value. The information rate also corresponds to the speed

atwhich the Poissonmoments need to be sampled irrespective of the maximum frequency

content of the input signal. This relatively low sampling rate removes considerable

amount of burden over the shoulders of the processor following the gamma filter.

Although, the maximum frequency content of the signal has no direct effect on the

moment sampling rate, it dictates the number of bands required to cover the entire fre¬

quency axis. Based on this argument, one can conclude that the low sampling rate is
obtained by parallel processing the frequency domain information using several bandpass

filters.

While, the period of stationarity imposes a lowerbound on the time scale, frequency

resolution is the determining factor on the other end. As already explained in Chapter 3,

the side effect of the time windowing shows itself in the form of frequency domain blur¬

ring. That is, the resolution in time domain is attained at the cost of resolution in the fre¬

quency domain. Any two frequency components that are closer to each othermore than

the frequency spread of the decaying window will be identified as one, rather than two

separate components. Thus, the time windowing acts as a spectral smoother. Conse¬

quently, the choice of the time scale cannot be larger than the minimum frequency resolu-
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tion desired in the representation. As derived in Appendix C, the frequency spread of the

time window, or in other words the frequency resolution of the representation is given by

(164)

such that p percent of the total signal power lies within the band fe[-Xf(p),Xf(p)]. Merging

(163) and (164) together, one can write the limits of the time scale as

(165)

where Af is the desired frequency resolution.

Having constrained the time scale from above in terms of the desired frequency resolu¬

tion, the next question addresses the choice of frequency resolution, itself. Consider the
two point Hermite interpolation problem discussed in Chapter 4 where one tries to approx¬

imate the recent magnitude spectrum of a signal f(t) within the band of frequencies [0,©]

using the derivatives of the spectrum at the edges of the band. Let p<j be the dominant pole

of F(s) in that band1. Since it is based on a first order lowpass filtering, the decaying expo¬

nential window can be thought to be inserting an extra pole into the transfer function F(s)

at s=-A, (Figure 25). We know from Chapter 4 that the size of the region of convergence

and the maximum width of the band are inversely proportional to the minimum distance

between the dominant pole and the interpolation knots at sq=0 and Sj=j©. For that rea¬

son, one should avoid choosing the time scale such that theminimum distance between the

pole at s=-A, and either of the interpolation knots is smaller than that of the dominant pole.

1. The Dominant pole is defined as the pole with significant weight that is closest to the band of
interest. If there are more than one prospective dominant poles, the center of gravity of these
poles is taken as the dominant pole.
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Otherwise, the pole at s=-A, would become the dominant pole and in return, further narrow
the band of approximation. In other words, one should select the time scale such that it

maximizes min { X, \pj^, This condition is guaranteed to hold if

X>\%e{pd}\ (166)

Another interpretation of (166) is that in terms of the frequency resolution, there is no

benefit in choosing X smaller than the real part of the dominant pole since the dominant

pole determines the smoothness of the true spectrum. In other words, there is no reason to

try to achieve frequency resolution higher than the sharpness of the true spectrum which is

essentially determined by the dominant pole in that band. Hence, provided that the infor¬

mation rate condition (163) is satisfied, a suitable choice for the time-scale that ensures

both sufficient frequency and time resolution would be

X-9Xe{pd} (167)

Figure 25 lime scale should be comparable with the real part of the dominant pole
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Examples

In this section we would like to present examples of spectral estimates obtained by the

Poisson moment method. As a test signal, we picked the speech utterance ‘greasy’

archived in the TIMIT database [66]. The original data was sampled at 8 KHz and stored

in 16 bit data format.

In the case of finite amount ofdata, the true spectrum is not known. In other words, a

reference that the estimates can be compared to is not available. This poses the biggest

challenge in quantifying the goodness of the spectral estimates. One can resort to statisti¬
cal measures such as estimate bias, variance, etc, like we did in this chapter, but these are

average measures and do not help to assess the quality of the individual estimates. One

problem dependent solution would to be to test several estimation methods in the same

application and compare their performances. In our case for instance, one can compare the
classification error rate of a speech recognition system that uses the proposed PM method

as a preprocessor and other conventional frontends (tapped delay line, FFT, cepstral coef¬

ficients, etc) in front of an ANN. This approach is not within the scope of this study, how¬

ever. Interested reader can refer to the work ofTracey and Principe [59] who compared the

PM and tapped delay line preprocesors in an isolated speech recognition problem.

Figure 26 shows the logarithm of the spectral estimate of a segment of the speech sig¬
nal. This is obtained by first applying a rectangular window ofwidth 20 ms over the

speech signal and then computing the magnitude square of its Fast Fourier Transform.
Notice the spiky nature of the spectral estimate.

Figure 27 shows the estimate when the rectangular window is replaced with an expo¬

nential window. The time scale of the exponential window was chosen to be 150 rad/sec.

This choice is mainly determined by the stationarity duration of the speech sound, which

was 20ms for our case. As a result ofthe window type used, this estimate is smoother than

the previous one. Although the original method is proposed to be used in the continuous
time domain, we were obliged to carry out the simulation in the discrete time domain



88

Figure 26 Spectral estimate using a rectangular window length of 20 ms

using highly interpolated versions of the sampled signal.1 In this approach, the signal is
first exponentially windowed and later its spectrum is computed using the discrete time

Fourier transform. The derivatives of the spectrum are computed numerically to give an

estimate of the Poisson moments. In Figure 27, the dashed line depicts the estimate

obtained by Poisson moments. We used only 1 moment per band. There were 16 logarith¬

mically distributed bands that cover the frequency axis. This estimatemay be thought of as

a 16 point Fourier transform of an exponentially windowed signal, which is far from being

satisfactory. Figure 28 and Figure 29 display the estimate results for the cases of 3

moments/band and 4 moments/band, respectively. The improvement in the estimates

obtained by the utilization of the moments is clearly seen. Finally, in Figure 30 we plot

the maximum absolute error between the spectral estimate and its estimate obtained using

Poisson moment technique, as a function of the number ofmoments used per band. This

figure demonstrates the decrease in the error achieved by using higher ordermoments. The

1. The original signal was sampled at 8Khz. We upsampled it by a factor of 40.
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reason we chose to use themaximum absolute error stems from the fact that this is a more

pessimistic measure compared to the MSE in the sense that it penalizes impulse like
errors more and in the case of speech signals, let’s us identify errors that occur around the

formant frequencies where the main features of the signal are kept.

Figure 27 Spectral estimate using an exponential window (solid line) and its estimate
obtained by Poisson moment technique (dashed line) (1 moment/band).

In the rest of this section, wewill analyze the dependence of the proposed method on

the time scale and the number ofbands that are used. For this purpose, we define two error

criteriawhich complement each other. The first one is the power of the spectral estimation

error normalized with respect to the power of the desired spectrum (i.e. magnitude spec¬

trum of the exponentially windowed signal). This gives an idea of the average error along

the entire spectrum. This criterion however, does not penalize narrow, impulse like errors

substantially. For that reason, we pick the maximum absolute estimation error normalized
with respect to the peak of the desired spectrum as the second criterion to evaluate the

goodness of the estimates. It should be noted that compared to the error power, this is not

only a pessimistic criterion, but due to its nonlinear nature, it is also sensitive to the param¬
eters of the method.
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Figure 28 Spectral estimate using an exponential window (solid line) and its estimate
obtained by Poisson moment technique (dashed line) (3 moments/band).

Figure 29 Spectral estimate using an exponential window (solid line) and its estimate
obtained by Poisson moment technique (dashed line) (4 moments/band).
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Figure 30 Maximum normalized absolute estimation error in the entire frequency domain

We estimated the spectrum of segments of 10 ‘greasy’ words that were uttered by the

same male speaker. In Figure 31, we plot the variation of the normalized error power as a

function of the time scale for one of the utterances. The improvement in the estimates as a

function of the the time scale is clearly seen. This is somewhat expected because, for large

values of the time scale the time window gets smaller decreasing the number of degrees of

freedom of the spectral content of the signal.

In Figure 32, we test the PMmethod using the same signal segment against the second

error criterion: normalized maximum absolute error. This plot too, demonstrates the

improvement in the estimate as a function of the time scale and the moment order.

As mentioned before, the results displayed in Figure 31 and Figure 32 were obtained

using a single word. Figure 33 and Figure 34 demonstrate the results of the same experi¬

ment averaged over the set of 10 utterances. In both of these figures, there exists a time

scale threshold below which the utilization of high ordermoments can be actually disad-
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vantegous. This is mainly due to the fact that the spectral estimates get spikier for small
values ofX causing noisier derivative estimates.

Figure 31 Variation of the normalized error power as a function of the time scale for different number of
moments M used

Figure 32 Dependence of the normalized maximum absolute error power as a function of the time scale for
different number ofmoments M.
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Figure 33 Dependence of the average error power on the time scale. (M: number ofmoments).

Figure 34 Dependence of the averagemaximum absolute error on the time scale. (M: number ofmoments).

An alternate way ofdisplaying the information in Figure 33 and Figure 34 is as shown in

Figure 35 and Figure 36. According to these graphs the fourth moment helps to decrease
the error for time scale values larger than 200.
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average normalized maximum absolute error

Figure 36 Variation of the averagemaximum absolute error as a function of the number ofmoments.
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Figure 37 is aimed at illustrating the role of the number of bands in the spectral esti¬
mate. This figure plots the normalized error power averaged over 10 different word seg¬

ments for ^=250. As expected, the error decreaseswith the increasing numberofbands for

all moment orders. As in the case of the time scale case, there is a threshold value below

which incorporation of the moments is disadvantageous. This sets the lower bound for the
number of bands. This lower bound decreases with increasing time scale. For the same

problem, Figure 38 plots the averagemaximum absolute error as a function of the number
ofbands. Although not as clear as in the previous figure, there is a trend ofdecreasing
error as the number of bands increase. The fluctuations of the curves is mainly due to the

nonlinear nature of the error criterion used. Finally, Figure 39 displays the results of the

same experiment for the choice ofX=150 rad/sec.

Figure 37 Dependence ofthe average normalized error power as a function of the number ofbands
(X=250, M: number ofmoments ).
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Figure 38 Dependence of the average normalized maximum absolute error as a function of the number of
bands (A¿=250, M: number ofmoments).

Logarithm of average normalized error power

Figure 39 Dependence of the average normalized error power as a function of the number ofbands
$=150, M: number ofmoments).
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Asymptotic Properties of the Poisson Moments

Up to now, we dealt with the Poisson moment vectors that were obtained at arbitrary
times using gamma filters with arbitrary time scales. We associated these vectors with the

derivatives of the recent signal magnitude spectrum. In this section, we will analyze the

Poisson moments that stem from small time scales and large measurement times. This can

be considered as an asymptotic case where the Poisson moments converge to the outputs

of a cascade of ideal integrators.

Impulse Distribution Expansion Versus Tavlor’s Series Expansion

Let’s take the Laplace transform ofboth sides of the impulse distribution expansion

given (126) and arrange it such that there is only the summation term on the right hand
side.

oo

(168)

st
Notice the similarity between this and the Taylor’s series expansion of F(s)e 0 around

s=-X given by

(169)
i = 0

where q’s are the Taylor’s series coefficients such that

(170)

or

oo oo

«£Z*e-XU--í'it
l\
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If the measurement time tg is chosen sufficiently large and the time scale X is chosen suffi¬

ciently small (conditions on these will become clearer later) the limits of the convolution

integral (128) can be replaced by (0, °°) making (168) and (169) identical, i.e.

(172)
o

Equation (172) suggests that when tg and X are chosen properly, the Poisson moment cor-
St

respond to the Taylor’s series coefficients of F(s)e 0 around s=-X.

Choice of lime Scale and Measurement Time

Equation (172) claims that with a proper choice of time scale and the measurement

time, the Taylor’s series coefficients can be approximated by the Poisson moments. In this

section, wewill derive the condition on X and tg so that a close approximation is achieved.

Assume that the signal of interest can be expressed as a sum ofcomplex exponentials, i.e.

M

fit) =^b,e-p,u(t) 9te{p,}>0 (173)

Let’s denote the pole with minimum real part with pmin=Pr+jPimag- We wiU soon see that
this pole is the dominant pole in determining the proper values of A. and tg. It dictates the

sufficient conditions for the choice of X and tg. This means that satisfying the condition
for Pnjjn only, will guarantee that the condition is satisfied for the rest of the decaying
exponentials. Therefore, rather than dealing with the whole sum, wewill concentrate on

the slowest decaying exponential

m = e'p\(t) (174)

st
Let’s rewrite Taylor’s series expansion of F(s) e 0 around s=-A as
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K

F (s) eto - c¡ (s + X)1 (175)
i = 0

for the signal given in (174) this yields

c =}.jLest°p(S\\ =—— —
1 ( )l—x

mm $ = -X,
(176)

f

c, = c '21jttd’mto-W**'»-*)1

Cj’s are the actual Taylor’s coefficients in the Laplace domain. We are trying to approxi¬
mate them using the Poisson Moments fj(t0)

r \ f -Pmin* ^ to j.fi(t0) = y mi*—^dt (177)

Substituting c=pr-X and using the property

Jxneaxdx = eax * n\ S -k

k= 1
(n-k)\ a*+i

(178)

integral in (177) can be evaluated as

-to„ t
MO =

y ki
\k)

k = 0

c'V k\ f~}
L j = 0

(179)
i = f„
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which reduces down to

/(«„) =
k = 0

(-0* 1

(i-Jfc)!c*+i
(180)

Doing the substitutions

P = cf = (pr-X)t0 and m = i-fc

one gets

(-p)m
J+i Zj ml
c

m = 0

(181)

(182)

Comparing this Poisson Moment term with the Taylor’s coefficient expression in (176)
one sees that

f¡(t0) = Ci + ef (183)

The percent approximation error is given by

r, = 100- = -100 e,-P m = 0

'

(-P)M
Zj ml Zj j!

^ (-P)Zj ml

7=0 100e,-P

m

m = 0 m = 0

(-P)
ml

m
(184)

Figure 40 depicts the dependence of the absolute value of r¡ as a function of (3 for the
moment order i=0,l,2,..,8.
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Figure 40 Absolute Percent Error ofApproximating Taylor coefficients using the Poisson Moments

Looking at Figure 40 one can see that the errorofapproximation decreases as P increases.
For a low approximation error this prescribes a large sampling time and a small time scale.

Figure 41 displays theminimum P required to maintain a given error. Referring to this fig¬
ure we can say that formoment orders up to 8, P>4.2 assures that the error of approximat¬

ing the Taylor’s coefficients with the Poisson Moments is less than 2%. Or

P = (pr-X)t0Z4.2 => \r¡\<¿2% / = 0,1,2, ...8 (185)
Pr=^eiPmin}

If X and t0 are chosen such that (185) is satisfied for pmi-n> then this inequality will auto¬
matically be satisfied for the rest of the poles p¡. That’s why we have initially considered

only theminimum of the poles since this is the sufficient condition. Ifwe set p^O this will
be the sufficient condition for any stable f(t), i.e.,

Xtaú-4.2 upperbound for \t0 (186)
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Pmin

moment
orderi

Figure 41 Lowerbounds for P to satisfy a given error threshold

This condition resembles to a time-bandwidth product requirement of a measurement

device that collects information about the signal f(t) over the period (O.to). The informa¬

tion on f(t) is gathered by observing the Poisson moments, which may be regarded as sig¬

natures of the signal over a convolutional transform. Assuming a stationary signal, the

longer the observation period t0 is the better the frequency resolution will be. Looking at

(186) it looks like tQ can be kept arbitrarily small at the expense of increasing X. However,
since X is the pivot point of our Taylor’s series approximation, if it’s large the approxima¬

tion will diverge faster. In order to compensate for that one needs more moment terms.

A second issue is that this condition yields a negative X value which implies an unsta¬

ble Poisson Filter, impulse response ofwhich is as illustrated in Figure 42. If the magni¬

tude of the input to this stage is bounded by A then the output at t0will be bounded by

15.9At0. Obviously, an unstable filtermay cause complications, therefore it is undesirable.
Since we are interested in only the teC-oo.tJ portion of the impulse response e4'2tlt° , i.e.

e4'2tll°u (t0-t) , we may approximate this portion as a weighted sum of stable Poisson
filter impulse responses as previously described in Chapter 2.
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e42t/t0 u(Vt)

Figure 42 Desired impulse response

This sets up the following relation between the stable and the unstable Poisson filter bases

PK(t, X) * WPK(t, y) te (0, t0) X < 0 <y

PK(t,X) =

Po ('> *•)
Pi (t, X)

Pk

(187)

and p.(t,X) = te Xtu(t)

Same relation holds for the Poisson moments, i.e.

co {/(0}'
c = C1 = WM {/(/) } = W {/(0 }

CK {/(/)}

(188)
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As a special case to (187) when the order K is equal to 4, selecting the time scale yof

the stable filter equal to -7J5 yields a low error approximation for all kernels (rms

error<1.5%). This holds for any t0=-4.2A, choice, i.e.

X and (189)

where y represents the time scale of the stable filter. For to=42 msec, X=-100 and y=20 the

weight vector is as given below

p0('A) po0.y)
p¡ 0, X) pt O' r)
p2 0> x) -AW p20,y)
p3 0> x) p3 O. y)
p4 0, x) p40,y)

v =

4.659 -3.310 3.55245 -1.35494 030107

12.8723 -10.9443 173616 -8.14206 2.5668

2.38397 -2.38032 4.41831 -2.43668 0.929522

3.049 -3.92842 7.64868 -4.81246 2.03739

3.00825 -5.08689 9.93362 -6.9771 3.1271

A =

. (190)
10.-3

10_5i 4’2 0
1.5

— St
1A-6 4.2 o10 e

0
1.8

io-V4-2’'0

io-10/4-2"0

Equation (187) prescribes how to convert the Poisson Moments into Taylor’s series coeffi¬

cients. From this we can conclude that if the Poisson Moments are weighted accordingly,

they yield a good estimate of the Taylor’s series coefficients in the frequency domain. All
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it is needed is observing the signature of f(t) through the taps of the lowpass filter chain

followed by a matrix multiplication.

Poisson Moment OfA Signal And Its Time Shifted Versions

In the previous section we have seen that the Taylor series coefficients of est0F(s) given by

nldsn i = _x
(191)

can be approximated in terms ofM{f(t)}, the Poisson Moments of f(t) at t=t0 according to

~m0 {fit)}
c = C1 = WM{f(t)} = W {fit)}

CK mK{fit)}

(192)

In this section wewill analyze the relation between the Poisson moments of f(t) and its

shifted version f(t+x). Let’s denote the Taylor’s series coefficients as a result of f(t+x) with

C(x), i.e

C(x) = W{/(i+x)} (193)

given by

*„(*> = ——est°esxF(s)
n'ds* -X (194)



106

Elaborating on this, one gets

*„(T) áll".
J-0

f-» ,, t"-'
e —« F(i)l ,=e > -7 rrrci

ds (195)

« = 0.../¡T

Remember that the coefficients cn(x) are as a result of the shifted version of f(t), while

cn (0) = cn are as a result of f(t) itself. Relation between these two is revealed by (195)
which is nothing but a convolution equation, i.e

c (n, x) = e~^x [h (n, x)*c (n, 0) ]
x"

where h(n,x) = —.u(ri)
(196)

h(n,x) may be regarded as a timevarying filter. This equation also holds for the Poisson

Moments. It describes the relationship between the PoissonMoments of f(t) and its shifted

version f(t+x) at t=t0. It solves the problem of time misalignment in the Poisson vector
space. Taking the z-transform of both sides of (196) one gets

CfeT) =e"Uff(z,T)C(z, 0) =fuH{z,x)C(z)
where H(z,x) = e^z

Equations (196) and (197) depict the way Poisson Moments evolve in time. This is illus¬
trated in Figure 43, too. Each point on this curve corresponds to a Poisson Moment vector

obtained by observing f(t) from x to to+x. Although there are infinite number of points on
this curve, its number of degrees of freedom is only one. This is due to the fact that once

any of these points is known, the rest could be computed using (196).
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Figure 43 Evolution ofPoisson Moments as a function of observation time

Signal Classification Using The Poisson Moments

Let Cq and cn(x) be the Taylor series coefficients as given by (192) and (193). cn is the

weighted Poisson moment of f(t) while cn(x) is the weighted Poisson moment of f(t+x).

These two series of coefficients capture the local spectral features of F(s)est0 and

F(s)esxest0,respectively around s=-X, i.e.

K K

F(s) =<f"”£c„(í + A.)" = éfsVs,]T c„(T) (* + *.)" (198)
n=0 n=0

Taking the absolute value of both sides and substituting s=jw, one gets

|F(/V)|« cn(Jw + X)n
n = 0

¿ cn (x) (jw+X)n
« = 0

(199)

This suggests that the coefficient vectors C=[c0 Cj... cK]T and C(x)=[c0(x) Cj(x)... cK(x)]T
give a spectral description of f(t) equally well around the frequencies w=j^,. Due to the lin-
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ear relation of (192) this holds true for the Poisson moments, too. Basically, Poisson

moments of f(t) and its shifted versions represent the magnitude spectrum of f(t). This low

dimensional representations can be further fed into an ANN for classification. ANN

should be trained so that it implements an operator say NN{} that maps the Poisson

moments of f(t) and its shifted versions to the same class Cp, i.e.

NN {Mt0{f(t)}}=NN{M {ft0(t+x}}=CF for x real

Imagine that we have two Poissonmoment vectors A=M{f(t)} and B=M{g(t+x)}.Wewill

test to see if they belong to the same class. If the time shift t is known, then the B vector

can be moved along the evolution curve of Figure 43 using (196) by a displacement of -x

which is nothing but a convolution. This will bring two vectors to the same point on the

evolution curve. Let’s denote the displaced vector by B\ IfA and B belong to the same

Figure 44 NN operator maps the Poisson Moments of shifted versions of f(t) to the same class

class, then the vectors A and B’ have to be highly correlated. A more formal way deter¬

mining the proximity of two vectors is defining a distance measure as
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K

(200)

A small distance between the vectors A and B’ indicates the closeness of their input

functions f(t) and g(t). If this distance is small the test should decide that the vectors A and

B belong to the same class.

Estimation of the Time Shift

Assume two Poisson vectors A=M{f(t)} and B=M{f(t+x)} satisfying the convolution

equation of (196). In the z-domain they are related to each other according to (197) as

B(z,x)et/ze~Xx = A(z,x) (201)

If the vectors A and B lay on the same evolution curve (i.e. belong to the same class) then

wemust have a real valued x that satisfies (201) for all z values. One way ofestimating x is

taking the limit of (201) as Izl ->». Using the initial value theorem that yields

(202)

or

(203)

This gives us an estimate of x. However, in the case of complex valued Poisson moments

one should be careful with this estimate since the ln() function yields more than one value

when its argument is complex, i.e.
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/n(|r|/S = /n(W) +j(Qr+ 2Kk) k = 0,±1,±2,... (204)

Applying this into (202)

In (\b0/a0\) +; (Zb0 - Za0 + 2nk)
- k = 0, ±1,±2, (205)

Example

Consider a signal f(t) with the Laplace transform given by

F^ - 100 ^7Tp[ + + 20 ^s+p2 + s+p2*^ + ^s+p3 + s+p3*^ (206)

Pi = 0.04—j p2 = 0.1-2; p3 = 1-3;

The frequency spectrum of this signal is illustrated in Figure 45.

Figure 45 Frequency spectrum of the signal in equation (206)
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With X=-0.38 and to=10 sec, following feature vectorA is obtained

A =

30.766
275.67
1295.83
4134.2
10027.5
19582.6

When the input is a shifted version of f(t), i.e f’(t)=f(t+x)=f(t+2), the resulting feature vec¬

tor B turns out to be

B =

65.787
721.03
4081.3
15648
45493
106541

An estimate of the shift can be obtained from (203) such that

x =
rK\
\aoJ

1 65.7865
0.38 (30.7661j = 2

Once the time shift is estimated, the B vector can be referred x=2 seconds backwards

on the evolution curve using (201). It turns out that the transformed vector B’ and A are

identical. Figure 46 depicts how the distance measure between A and B’ defined in (200)

changes as a function of different time shift estimates. As expected, the minimum is at

x=2. This dictates that the feature vector A and B belong to the same class Cp In other

words the magnitude spectrum of the two signals that these vectors represent are equal to

each other.
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dAB’

Figure 46 Variation of the distance between A and B’ as a function of the time shift

Conclusions

We have proposed a new time-frequency representation method for locally stationary

signals. The method is based on observing the lowpass moments of the signal at the infor¬
mation rate. The representation corresponds to a smoothed version of the spectrogram.

The appeal of the proposedmethod stems from the fact that, themoments are conveniently

generated by the gamma filter and do not require any further offline computation. Gamma

filter is a cascade of identical leaky integrators. There is a decaying exponential window

embedded in it. This window helps to localize signals in time by emphasizing the recent

past of the signal. The cascade of integrators, on the other hand, produce the frequency

derivatives of the signal which in return is a set of local frequency information. In that

respect, the information that the moments provide is localized both in time and frequency

which is a necessity in nonstationary signal representation.

Although, the moments, as themselves, are representatives of the recent magnitude

spectrum, we have shown that they can be transformed into a spectrogram, using the Her-
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mite interpolation. Hermite interpolation is a polynomial approximation technique that

utilizes the derivatives of the function.We derived the approximation error associated with

this technique and showed its relation to the time scale parameter of the filter and the num¬

ber ofbands used in the estimation process. The advantage ofusing higher ordermoments

(derivatives) is clearly demonstrated. Furthermore, in an attempt to quantify the goodness

of the spectrogram approach, expressions for the variance and the bias of this estimator
were included in this chapter. From this it seen that, the errors due to the interpolation and

spectrogram method are both dependent on the choice of the time scale. The time scale is

bounded by the stationarity period of the signal and the frequency resolution requirements

of the representation. We concluded that the choice of the time scale should be compatible

with the pole of the slowest decaying exponential in the signal.

As far as the future work is concerned, here are the things that may be further looked

into: As mentioned before, the information supplied by the moments is localized both in

time and frequency. In order to cover the entire frequency range we suggested to segment

the frequency axis into several bands and compute the moments for individual bands. In

most applications the frequency resolution requirements of high frequencies is smaller

than that of the low frequencies. This implies the possibility of selecting a different time

scale for each band.

The bandpass filters that are utilized in selecting different bands are assumed to be

ideal. That is, they have infinite roll-off at the cut-off frequencies. That doesn’t hold true

in practice. Any nonideal bandpass filterwill alter the moments (frequency derivatives) at

the output of the gamma filter. However, it should be noticed that, the bandpass filtering

has amultiplicative effect on the spectrum of the signal. In that respect, knowing the char¬

acteristics of the bandpass filter one can account for the changes in the moments. The

actual moments can be recovered from the measured moments through a linear transfor¬

mation.
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Another future research issue is the choice of the interpolation method. We have

adopted the Hermite interpolation technique for its relative simplicity. This yields a poly¬
nomial approximation. Future studies may apply alternate methods, such as rational poly¬
nomial interpolation.



CHAPTER 6

SYSTEM IDENTIFICATION USING POISSON MOMENTS

Introduction

Consider the task of identifying an Auto Regressive Moving Average (ARMA) system

modelled by the linear differential equation given its input x(t) and output y(t).

(207)

One way of determining the unknown coefficients a^’s and b^’s is to observe the input

x(t) and the output y(t), create the derivative terms artificially and substitute them into

(207) to generate a set of linearly independent equations that may be solved for the

unknowns. The drawback of this fairly straightforward approach is the difficulty of obtain¬

ing the derivatives of the input and the output which in practice invariably contains noise.

Algorithms involving direct generation of the time derivatives of signals either physically

or by computation remain satisfactory for high signal to noise ratios. The fact that differ¬

entiation is an intrinsically noise accentuating operation motivatedmany researchers in the

early nineteen sixties to devise methods that are resistant to noise. Young [67] gives an

indepth account of these attempts.

One of the prominent approaches cited in the literature is Shinbrot’s methodfunctions

(ormodulating functions) method [68] which involves a linear operation wherein both

sides of (207) are firstmultiplied by well behaved and suitably chosen known functions

and then integrated over the period of available data. The offline computation of the inte-

115
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grals can be avoided by choosing the method functions that stem from the impulse

response functions of linear time invariant dynamical filters. That way, the required value

of the integrals can be ‘measured*. The convolution integrals can be viewed as the outputs

of various stages of a set of filter chains. Poisson Moment Functionals (PMF) is amethod

that exploits this idea. It was first introduced by Fairman and Shen [53] and later has been

elaborated by Saha, Rao and Fairman [55][69][70][71]. To evaluate the convolution inte¬

grals PMFmethod uses the so called Poisson Filter Chain (PFC) (Figure 21). Other than a

scaling factor PFC is nothing but the gamma filter. As explained in Chapter 5, this struc¬

ture generates the Poisson moments of the input signal, at its taps. In the next section, we

will show how these moments transform differential equations into algebraic ones.

Poisson Moments and Their Relation to Function Derivatives

There exists a regular pattern of relationship between PMF’s of the functions and their

derivatives. Let’s look at the k* Poisson moment of df(t)/dt.

{/(')} =/*(0 (208)

integrating by parts

=/(T)pi(f,,-T)<P + j /(t) ^Pt (/ -1) rft (209)
0

using the definition ofPMF

(210)

t = t.
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k=-l is a special case which is given by

/-1(0 = /('0) (211)

Equation (210) indicates that the k* order PMF of f*(t) can be written in terms of the

PMF of the function f(t) itself. A more complicated looking, but a generalized expression

for the k* order PMF of the n* order derivative of f(t) goes as follows:

0-i)

/ = i

(o)X (”7'JM'l-.wtiW (212)
1 = 0

As can be seen from this expression, again, the moment of the derivative of f(t) is

expressed as a sum of the moments of the function f(t), which are the outputs of the filter

chain, the initial conditions of the function and the kernel values at t=t0. Poisson moments
transform the differential equations into algebraic expressions. As operators they are resis¬

tant to noise, too, since moments are essentially the lowpass filter outputs. Let’s take the

nth order PMFs of both of the sides of the expression given below, at t=t]¿ and thereby

transform it into an algebraic equation.

b i m L

y(t)+ ^ak^y(t) = ^bk^x(t) (m<,n) (213)
*=i k = o

After laborious manipulation, PMF of this differential equation can be written down in a

compact form as follows [72] [73]

mT(tk) P= Yn(tk) (214)

wherem^) is a vector composed of the input and output moments (filter tap values) and

the kernel values at t=tjj. It has the form
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where

mT(tk) = [-y„(/ife)7’A7]^(/t)rA*T|-(J)(^)rA*T] (215)

Un^k) = K ('*)-«„('*)]

Output PMFs

Input PMFs

Kernel values

(216)

and A is an n+1 x n+1 matrix that has the elements

f 0
= ( \

i- 1
4+j-n-2j

J+j-n-2

i+j<n+2

i+j>rt + 2
(217)

Ar is theAt with its first column removed, while A*7 is AT with its last column removed.
The unknown parameters vector P has the components

P=[aI\b1\f]T (218)

with a=[aj ^ and b=[bo bj... bn_i]T./ is amixture of initial conditions whose con¬

tents can be found in the.

Since we have 3n unknowns including the n initial conditions, we have to create at

least 3n linearly independent equations to solve for these unknowns. There are two major

methods cited in the references to create several linearly independent equations.

Method I

In order to generate 3n equations, one takes the PMF of each sides of the system differen¬

tial equation for orders k=n,n+l,...,4n-l. In order for this method to work properly, one
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should be able to measure or calculate the highermoments with accuracy. Computation¬

ally this is very similar to Method II.

Method II

In this method n* order PMFs of both sides of the differential equation is taken at several

instants of time t=tj, t2, ...,t3„ to create all the necessary linearly independent equations to
solve for the unknowns. 3n equations can be put in amatrix equation form.

P = RTlY

which is expanded as

P =

-l
T

ml
1

/-\

T

LW3nJ 3nx3n yn(*3n\ 3n*l

(219)

(220)

In addition to these two methods one can also take the n* PMF at a single time instant for
various X values since in the definition ofPMF there is no constraint on X other than it

should be positive as long as we are able to calculate themoments with infinite resolution.

Obviously the condition number of thematrixMwill depend on the values ofX chosen. In

practice some of these choices may yield imprecise results. This fact is more manifest

especially when the moments are calculated using numerical integration methods.

Example

A 10th order system with transfer function

7(s)
1768 + 5580s + 6261s2 + 2989s3 + 682s4 + 150s5 + 9s6 + s7

1300000 +1674000s + 1322180s2 + 653792s3 + 235160s4 + 59648s5 + 11781s6 + 1670s7 + 202s8 + 14s9 + s10
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is identified using PMF technique. The input to the system was a baseband signal. Figure

47 compares the spectrums of the original signal with those of obtained by PMF for X=2,3
and 4. For X=3 and 4 the approximation is closely follows the original magnitude spec¬

trum.

Figure 47 Frequency responses of f(t) and its PMF estimates for X=2,3.4

Effect of the lime Scale A,

The definition PMFmethod does not impose any constraints on X except that it should

be a positive real number. However it has been found in practice that the accuracy and the

convergence of the parameter estimates depend significantly on X. Although PMFmethod

has been around since 1970’s, the effects ofX has been addressed only once by Roy [73].

According to this study the value of X, should be selected such that

i) the filter passes the signals within the bandwidth of the system

ii) it attenuates the high frequency components such as measurement noise.

Based on experimental data this study suggests the usage of gamma kernels defined in

(1) instead of the normalized gamma kernels. It is claimed that the gamma kernels lessen
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the sensitivity ofparameter estimates on X. When the gamma kernels are used, the defini¬

tion of the A changes to

if i+j < n + 2n

(221)
otherwise

where |3=X. This study still leaves the proper choice of the time scale question unan¬

swered.

As mentioned earlier, the time scale plays an important role in determining the accu¬

racy of the parameter estimates. If it is not selected properly, the observation matrixM

given in (219) may turn out to be ill-conditioned, producing large estimation errors. In

order to obtain fairly good parameter estimates, one should keep the condition number of

theMmatrix small. Given by the ratio of the maximum and the minimum singular values

of amatrix, condition number is an indicator of the errormagnification as a result of

matrix inversion. It is very difficult to obtain an analytical form of the condition number as

a function of the time scale. Furthermore, even if an analytical expression is found, it

would be a highly nonlinear one, making the minimization of the condition number a non¬

trivial task. We may however, look for a proper range of time scales where the condition

number is not very large, instead of the optimal time scale. To do that, one should identify

the factors that work upon the condition number.

In the PMF method there are mainly two major components that affect the condition

number of the observationmatrix. One is due to the intrinsic characteristics of the PMF

method and the other is due to the characteristics of the signal under investigation. The

effect of the first is captured in the A matrix that is used to weight the Poisson Moments.
—T

Consider for instance, the matrix A that is used to weigh the Poisson moments of the

unknown system output y(t). For the case n=3, it has the form
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A7

O O 1
O 1 -3X

1 -2X3X2
-X X2 -X3

YA=Y(tk)TAT (222)

The Poisson moment vector Y(tfc)T has the form given in (216). For large values ofX,
the magnitudes of the elements of the weighted Poisson moment vector YA increase

exponentially with increasing index. As a result, the dynamic range of the magnitudes of
the column vectors inM matrix vary significantly, causing an increase in the condition

number. In order to minimize the negative effect of the weighting matrix A on the condi¬

tion number, one should try to keep the value of the time scale as small as possible.

Experiments show that, compared to the weighting matrix A, the signal characteristics

play amore dominant role in determining the proper values ofthe time scale. Therefore, in

choosing a proper value of the time scale, we will consider only the signal characteristics

and add a negative bias to this time scale estimate to account for the effects of the A

matrix. After all, we are looking for a rough estimate of the optimum time scale. We are

not concerned with 10 or 20 dB drift in the condition number relative to the global mini¬

mum, since today’s floating point processors can work in this range without loss of accu¬

racy.

Notice how the observation matrixM defined in (216) and (219) is composed ofa

weighted sum of the Poisson moments of the unknown system input and the output sam¬

pled at times t=tA,2tA,...,3ntA. Normally, the Poisson moments are obtained using the

gamma filter, but as long as the tap outputs are weighted according to (14) Laguerre filter

can be used as well. In fact, Laguerre filter serves better in explaining the relationship

between the condition number and the time scale. As explained in Chapter 2, Laguerre fil¬

ter is composed ofa cascade ofidentical allpass sections, except for the first stage which is

a first order lowpass filter.
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Imagine a two-dimensional space whose axes are the tap index kof the Laguerre filter
and the time delay x as depicted in Figure 48 . Assume that an input signal x(t) can pro-

pogate in the direction of both axes. In the figure, the horizontal axis represents the

Laguerre filter. Both the lowpass and the allpass stages on this filter insert a frequency

dependent delay of

2X
u((0) = -= , (223)

X +a>

seconds per tap on the input signal.1 The vertical axis on the other hand, inserts a uniform

delay of t¿ per unit length. The elements of theMmatrix can be thought of as the sampled
values of this two-dimensional space. In order tominimize the condition number of theM

matrix, time scale X should be chosen such that the rows and the columns of this matrix

are as uncorrelated as possible. This may be achieved if the correlation coefficient between

the adjacent taps and the delays are minimized as a function of A, i.e.

tap
<xj(t)xi+l (Q>

tap correlation coefficient

(224)

Pdelay
<x¡(t)x¡(t+x)>

<X] (0 > delay correlation coefficient

Since each stage is symmetric, it is sufficient to carry out the minimization for the first

stage only, i.e. i=l.2 For this case, it can be shown that

1. This delay is computed by taking the derivative of the phase of the transfer function (jco-X,)/(jax-A.)
2. Assuming the input signal does not have very strong periodic components.
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P tap

J|X(co)|2|G(co)|2(2|G(CD)|2-l)dco
eo

J[X«o)|2|G(co)|2do)
G(co) = (X+jCO)

(225)

and

Pdelay
j\X ((0) |2|G (CO)\2Cos (CDrA) rfco

eo

J|X(co)|2|G(cd)|2Jcd
(226)

Figure 48 Two dimensional tap-delay plane whose weighted samples constitute the observation matrixM.
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The value of the time delay t¿ is determined by the duration Ts the signal is available.
Since the PMF method requires the generation of 3n linearly independent equations, one

would typically set t^=Ts/3n.

Notice that the effect of the time scale on the tap correlation coefficient and the delay

correlation coefficient is in opposite directions. One should avoid selecting X veiy large.

Otherwise, the delays between two adjacent taps will get too small and in return the corre¬

lation among the columns of theMmatrix will increase. One extreme case is when X=°°,
which corresponds to a short circuit between the taps. Clearly, this will lead to an infinite

condition number. By the same token, one should avoid selecting X too small, either. This
will dictate a small cutoff frequency for the lowpass filter, thereby supressing sudden

changes in the tap signals. In return, the autocorrelation of each tap will increase. Figure

49 demonstrates this fact for the first stage ofa Laguerre filter whose input is a signal with

two poles. The first of the two graph is for a small X. The delay correlation coefficient of
the first tap decays relatively slowly, while the tap correlation coefficient between the first

and other tap outputs decay relatively fast. The second graph is for the high X case. This

time the delay correlation coefficient of the first tap decays faster, while the tap correla¬

tion coefficient decays slower.

Larger of the two correlation coefficients p^p and Pdeiay plays the dominant role in
determining the condition number of the matrix. For that reason, we decide to use the min-

max criterion in selecting the time scale. That is, we select the X value which minimizes

the maximum of ptep and Pdeiay* If the signal of interest does not have strong periodical
components, p^p and Pdeiay at® monotonously increasing and decreasing functions ofX,
respectively. In that case, the solution of the min-max problem turns out to be the point

where the two functions intersect each other, i.e.

P tap ~ Pdelay (227)
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Figure 49 Tap and delay correlation coefficient for low and high X values. a)fc=0.2 b) X=8.

Looking at (225) and (226) this implies

oo oo

J|X(co)|2|G(co)|2(2|G((ú)|2-1)¿cd = J|X(co)|2|G(íú)|2Coí (coiA)t/co (228)
o o

This equation basically tries to match the delays due to propagation in the horizontal

and vertical directions depicted in Figure 48 . It does that by equating the average

(weighted with respect to the signal magnitude spectrum IX(co)l) of the Laguerre filter

delay to tA. A rough approximation to the solution of (228) can be obtained if the delay at

the mean frequency G3 of IX(co)l is equated to tA. i.e.

2X

X2 + GJ2 A
where G3 =

Jco|X((ú)|¿co
o
oo

J|X(co)|rfco
(229)
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Equation (229) might not have a solution for large values of t¿. In that case X should be
selected equal to tD because this is the value that yields the largest possible tap delay.

Example

Consider a signal with 7 poles whose magnitude spectrum is illustrated in Figure 50.

The tap and the delay correlation coefficient for the measurement time t¿ is calculated

according to (225) and (226), and plotted in Figure 51.

Figure SO Magnitude spectrum of the input signal.

Starting with t=tQ, we computed the first 4 Poisson moments of the input signal x(t) at 4
distinct times t=t0+ktA (k=0,l,2,3). Then, we calculated the condition number of the
observation matrix which is constructed using the sampled moments vectors. 80 condition

numbers obtained for different starting times t0 were averaged and plotted in Figure 52 .

As can be seen in this figure, for X values between 5 and 23, the condition number is rea¬

sonably small. The intersection of the p^p and pdeiay curves shown in Figure 51 occurs at
X=19, which surely false in this acceptable range of time scale values.
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Condition Number of the ObservationMatrix (n=4)

Figure 52 Average condition number of the matrix obtained by observing thefirst 4
Poisson moments of the input signal.

If the information displayed in Figure 51 is not available, one can try to match the tap

delay at the mean frequency of the input signal to t¿. i.e.
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(230)

tA=0.1

Using (229), the mean frequency GJ is found out to be 11.4 rad/sec. It turns out that (230)

has no real solution for the given tA. This is mainly because tA is larger than the maximum

tap delay of 1/GJ seconds which occurs at X=G3. Therefore, we select X=GJ=11.4 rad/sec that
creates the maximum possible delay as our solution. Notice that this estimate also yields a

reasonable condition number.

PMF in the Identification Time-Varying Parameter Systems

In the previous derivation ofparameter identification using PMF, the system was pre¬

sumably had time-invariant coefficients. The removal of this constraint yields a general¬

ized identification method. In the previous studies conducted on PMF the time variation of

system parameters a¡ and b¡ have been modelled by polynomials in time. With this

assumption the differential equation has the form

(231)

Ignoring the initial conditions, this systems has 2nr unknowns. A similar, but relatively

more complicated PMF algorithm can be developed to solve for the system parameters

and bfcj due to the fact that the PMF of derivative of a function f(t) multiplied by a power
of t can be expressed in terms ofmoments of f(t) itself.



130

Least Square and Recursive Least Square Estimates

When the observations are noisy, one may want to increase the size of the observation

set in order to decrease the power ofthe noise in the estimation. Originally it was men¬

tioned that in order to determine 3n parameters of the system one has to have 3n linear

independent equations.When the number ofequations is larger than that we get a least

squares estimate of the parameter vector P, which has the form

P = {MrM)~lMry* (232)

for real time applications, one is confronted with the need to solve for the normal equa¬
tions again and again as new data continually arrives. Algorithms for efficiently doing this
are collectively referred as recursive least squares (RLS) algorithms. There are already

available PMF RLS algorithms. For a general derivation of RLS see Cowan [74] and Roy

[73] who covers RLS specifically for PMF (Figure 53).

Conclusions

This chapter introduced another important area ofsignal processing where the gamma

filter finds application: system identification. It was shown by Fairman [53] that the out¬

puts of the gamma filter, namely the Poisson moments, transform linear differential equa¬
tions into algebraic equations. Using this property, one can linearly solve for the unknown

parameters of an ARMA system simply by observing the Poisson moments of the system

input and the output at finite number of time instants. Although, the method doesn’t put

any restrictions on the choice of the filter time scale and the observation times, in practice,
these parameters play a significant role in determining the accuracy of the results. If the

parameters are not selected properly, the results tend to be ill-conditioned.
We have shown that the selection of the time scale involves a trade-offbetween the tap
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crosscorrelations and the tap autocorrelations, both ofwhich needs to be minimized in

order to improve the unknown parameter estimates. In that sense, there exists an optimal

value for the time scale.We defined it to be the value whichminimizes the condition num¬

ber of the observation matrix. Analytical solution of this optimization problem turns out

be very challenging, however an approximate solution can be achieved if the time scale is

chosen comparable with the bandwidth of the signal of interest.We have shown that when

the time scale is selectedsuch that the correlation coefficient between the adjacent taps and

the tap autocorrelation at the measurement time is almost equal, relatively low condition
numbers can be obtained.
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RLS ALGORITHM FOR UPDATING THE PARAMETER VECTOR P

Ro - cI3nx3n c » 1

P0= [0...0]
V-,. II O

y _ Rimi* >
1+m j+lRjmj+l

Kalman Gainvector

Rj+i = Rj-Kj+imTj+1Rj error covariance matrix

O+i = >’*;'+1 ~mTj+\P¡ prediction error

Pj+1 = Pj + ej+]Kj+i parameter vector

Figure 53 Flowchart of the RLS algorithm for updating the parameter vector P



CHAPTER 7

CONCLUSIONS AND FUTUREWORK

Here, we would like to summarize the problems we addressed in this study and the

contributions we made towards their solution. Our initial goal was to come up with a com¬

putationally inexpensive representation scheme for locally stationary signals, that can be

particularly used as a frontend for ANNs. To achieve this goal we decided to concentrate

on linear filter structures that are implementable in the analog domain. Noticing the com¬

plications associated with FIR and HR structures, we sought amidway solution that incor¬

porated the merits of both. This structure turned out to be the gamma filter which is

functionally an HR filter, but topologically amimic of an FIR filter. In spite of its recursive

nature, gamma filter has assured stability.

We analyzed the gamma filter and its corresponding impulse response; the gamma ker¬
nels in three classical signal processing tasks: parametric and nonparametric signal repre¬

sentation and system identification. In the parametric representation problem, we tackled

the problem of optimally representing a signal in the projection space of the gamma ker¬
nels. For this, we formulated the optimum time scale condition that is decoupled from that

of the projection weights and brought a vector space interpretation to the role of the time

scale. In addition to this, we developed two techniques; one based on momentmatching

and the other on matched filtering to numerically estimate the optimum time scale.

As far as the future work goes, here are the issues that should be further pursued for

the parametric representation problem: The problem of optimum time scale still remains

unsolved. This is mainly due to the nonconvex nature of the cost function we are dealing
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with. Gradient descent techniques do not suffice to find the global minimum. Supplemen¬

tal global measures are required. There seems to be a pattern in family of Schur curves
for increasing orders. We weren’t able to formulate this order yet, but we believe that if
this relation is discovered, it may be helpful in finding the global minimum.

Another approach for determining the optimum time scale is to increase the dimen¬

sionality of the search space. Expecting to eliminate the local minima problem in a higher

dimensional space, we decided to work with complex versions of the input signal. Prelim¬

inary experimental work indicates that, when the analytic part of the signal is used instead
of the signal itself, Schur curves tend to get smoother. The curves usually have one mini¬
mum and this value approximates the global minimum of the original curve. This phone-

menon should be further examined.

During this study, we restricted the time scale to be a positive real number. Allowing

the time scale to be complex would extend the representation to cover bandpass signals,
too. This is essentially what the Kautz filters attempt to do. There is an ongoing research at

the Computational Neuroengineering Laboratory in that direction.

In Chapter 5, we showed that the gamma filter provides a nonparametric spectral rep¬
resentation at its taps in the form of Poisson moments. Being local in both time and fre¬

quency, Poisson moments are suitable in representing locally stationary signals. When the

gamma filter is implemented in the analog domain, the moments become physical quanti¬
ties that can be measured directly at the taps of the gamma filter. In addition to proposing

this idea as an alternate representation scheme, we linked the method to other time-fre¬

quency representations and carried out an error analysis. It was shown that the Hermite

interpolation can be used to map the moments to the signal spectrum. However, this is by

no means the sole method one can use. Future studies may investigate other powerful

interpolation schemes, such as rational polynomial interpolation.



135

And finally we introduced another important area of signal processing where the

gamma filter finds application: system identification. Much of the work that has been done
in this area is borrowed from other sources. Very few of those sources however, attempted

to address the question of optimum time scale for this problem. We have shown that the
selection of the time scale was a trade-off between the tap crosscorrelations and the tap

autocorrelations both ofwhich needs to be minimized in order to improve the unknown

parameter estimates. In that sense, there exists an optimal value for the time scale. We
defined it to be the value whichminimizes the condition number of the observation matrix.

Analytical solution of this optimization problem turns out be very challenging, however an

approximate solution can be achieved if the time scale is chosen such that the correlation
coefficient of the signals at adjacent taps is equal to the autocorrelation of the signal at the

specified measurement delay.



APPENDIX A

SUMMARY OF THE PROPERTIES OF

THEGAMMAAND THE LAGUERRE KERNELS

Recursion

i) Gamma kernels:

Gamma kernels can be computed recursively from each other using convolution, i.e.

gn + l(Kt) = gn(kt) ®gi(X,0 n't0 (233)

This property follows directly from the Laplace transform of the kernels which was given

in (3).

ii) Laeuerre kernels:

A similar recursion holds for the Laguerre kernels.

Ln + l(Kt) = Ln(X,t) ®L0(X,t) n = 0,1,2,... (234)

This, too can be seen from the Laplace transform of the kernels given in (13).

Normalization

M

jgkatt)dt = 1 (235)
o

The area under each gamma kernel is normalized to unity. This is done with the intention

of fitting the kernel to the definition of a memory model described in Chapter 2.
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Orthogonality

i) Gamma kernels are not orthogonal to each other. Their correlation is given by (32).

ii) Laguerre kernels constitute an orthonormal set in L¿ as shown in (12).

Triple recursion relation

Triple recursion formula given for the Laguerre polynomials in (19) can be modified for

the Laguerre kernels using (20) as

¿.♦.ao = <236>

Derivative with respect to time scale

The derivatives of the kernels can be expressed as a difference of the kernels.

i) Gamma kernels

(237)

ii) Laguerre kernels

d\Ln
nLn+l{X,t) - (n-\)Ln_x{\,t)

2X (238)

Time scaling property

If the decomposition (not necessarily optimum) of d(t) in terms of gamma (Laguerre) ker¬

nels yields an error power of Jj
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d(t) = ^wngn(X,t) + ex(t)
n = 1

Jl = <ell(t)>
(239)

Then
K

d(at) = wngn (aX, t) + e2(t)
n = 1

32 = ^ =

(240)



APPENDIX B

SUMMARY OF THEWORKS OF PARKS AND MASNADI

Here we will summarize the works of Parks [22] and Masnadi [24] who both solved

the optimum time scale problem for special cases. Let’s start with Parks’ findings.

Parks’ work on the choice of optimum time scale

Parks [22] attacks the approximation of signals using Laguerre polynomials first by defin¬

ing two moments of a signal.

M _ 0
1 oo (241)

These two measurable quantities describe how rapidly and how smoothly f(t) decays. Fol¬

lowing that he shows

||/(0 ||2|Af2-X2Afj| = 2X]T wj(*+ 1/2) (242)
k = 0

For the class Cof signals whoseMj is m¡ and M2 is m2 the upperbound for error power is

max Jv =

feC

rmlX2-X + m2 X^X2mi+m0<, (2K+l)X
2XK

1 (2K+ l)X^X2ml + m2

(243)
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Elaborating on that, Parks shows that for a signal in class C the best choice of time scale is

given by

X* = Jm¿M[ (244)

Notice that this is an estimate only and it is independent of the order of approximation K.

For this choice of time scale, the error power turns out to be

Jm1M2 -1/2 1 . 1
JK = :L-L-£ f°r ^Jm¡m2^k+5 (245)

X* yields the minimum error power that can achieved with this limited knowledge of the

signal (Mj and M2). If f(t) the signal to be approximated is actually a Laguerre polyno¬

mial, then proposed procedure will give the exact pole location.

Masnadi’s work on the choice of optimum time scale

Masnadi [24] concentrates on the discrete time problem for a special class of signals

which have neithermultiple nor complex poles in their transfer functions. This means that

their transfer functions can be expressed as

= X—aj-=i¿Til-bizl
b¿e3X (246)

For this class of signals, the optimum time scale for aK* order approximation turns out to
be a root of the following polynomial

/ = 1 /•=!
j*i

(247)
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of order p(K+l)-l implyingmultiple roots. Later it is shown that when the order of

approximation K is chosen large enough to satisfy the following constraint

K>
bf

l-b]
i = 1,2, ...p (248)

the polynomial yK(X) has exactly one positive real root and this is the optimal time scale.



APPENDIX C

TIME-FREQUENCY SPREAD OF THEGAMMA KERNEL

We would like to compare the time-frequency spread of the exponential decaying win¬

dow to that of the gaussian window which is considered to have the lowest time-band-

width product according to Gabor’s [12] definition. Consider the gamma kernel

8 (0 = Xe
-Xt

n>o (249)

Let xt(p) be the width of the time kernel that encloses p percent of the total energy, i.e.

*,(p) <*>

J g2(t)dt = pjg2(t)dt (250)

Solving (250), percent time width xt(p) turns outs to be

In

xt(p) =

1

1 l-pj (251)

Analogous to the percent time width, percent bandwidth Xf(p) can be defined as

X/(P) ~

j \G(f)\2df=pj\G(f)\2df
~xf(p) —•

where G(f) is the Fourier transform of g(t) given as

X

(252)

Gif) = (X+jlnf) (253)
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Solving (252)

xf(f) =

,% X

tan(^p)
2n

We define the time-bandwidth product P as

Psa„„a<P> = =
In (J1/(1 -p ) ) tan (tt/i/2)

2tc

(254)

(255)

Figure 54 compares the time-bandwidth products of gamma kernels with that of the gaus-
sian kernels.

Figure 54 Comparison of time-bandwidth products ofgamma and gaussian kernels



APPENDIX D

A PROOF ON THE SCHUR COMPONENT

In this section wewill show that Jsch curves of consecutive orders touch each other at
the local minima. This is tantamount to saying that the performance of order K and K+l

approximations are the same at the local minimum of orderK approximation. The mean

square error of orderK approximation was defined as

J - <e2(t)>
T (256

where e (t) = d(t) -WlG

The weight vectorW and basis vectorG are column vectors of size K as already given in

(28). At the local minimum J satisfies

(257)

Let’s compute the partial derivative of the error e(t) with respect to X

(258)

The partial derivative of the bases with respect to X can be computed as
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dga(Kt) 3 XV-1 _u
3X 5X(n—1)!C

= [nX’-V-’-XV] V* , <259>
= = [«„(X,o -«n+!<X,o]

Using (259), (258) can be put in amatrix form

_ 1wt u,
~3X X ixK KxK+ l

^Xjcl

8k+i *) £+1*1
(260)

where

Y =

1 -1 0 0 ... 0
0 2 -2 0... 0

: : 0
0 0 0 ... K-K

KxK+l

Inserting (260) into (257) we get

dJ t

31=
G

Sk+1
(d(t) -G1W)> =0

This can be put in the form

(261)

(262)

ÍVr'F PKx 1 = WTy¥ RKxK^Kx\
PK+ 1 <8k+10)

(263)
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Pjjxl is the crosscorrelation vector defined in (36). pk+i is the correlation between

gK+i(X,,t) and d(t) while RrxK is the Gram matrix of the bases gi(X,t)...gK(X,t). If the
weights for orderK are chosen optimally such that they obey the normal equation

PKx 1 ~ RKxKWKx l

and for W1 'P * 0 we have to have

(264)

Pk+ i “ kSk+ i (0 G\xK>WKxi (265)

so that (263) holds. Equations (264) and (265) can be put together as

PKx 1 — P —
RKxKWKxl

PK+ 1

“ rK+lxl “
<«?a:+ i Gixk>

(266)

Notice that we can write (266) also as

P
AT+Lcl

= R
k+ i*jr+1

w,Kx 1

0
= R W

*+!**+1 JC+lxl

jr+x*x

(267)

This is the normal equation (35) for the K+lst approximation with the constraint that

wK+l, the last weight component of the weight vector being zero, while the rest of the
weights being the same as that of an order K approximation, i.e. WK+jxi=[wi ,W2,.... wK

,0]. This implies that at the local extrema performances of order K and orderK+l approx¬

imations are identical explaining the fact that Jscjj curves are touching each other as shown
in Figure 5.
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COMPUTATION OF THE SCHUR COMPONENT FOR ARMA SYSTEMS

Continuous time case

Imagine that the signal d(t) of (28) fits into an ARMA model such that

Re{Pi}< 0 (268)

To keep the notation simple, we assume distinct poles, but the derivation can be carried

without this restriction, too. The optimum weights for an arbitrary time scale turn out to be

D(s) = X
i= 1

w°kpt = <Lk(X,t)d(t)> = ^ j Lk (-s)D (s) ds k = 0,1,... (269)
c

The contour of integration covers the left half plane of the s-plane in the counter-clock¬

wise direction. Substituting L^s) given in (13) and using the residue theorem

wopt

/ = i c * = i »'=i

(270)

For aK* order approximation, the dependence of Jsc¡j on the time scale was already given
in (43). Substituting (270) into that equation gives
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K~l r» (-p.-X)k
J,chM = Zj-M £ x°< ‘

Jfc = 0

_2

i=l O»/”*)
Jfc+1

for ARMA signals (271)

Discrete time case

Again assume an ARMA model for the signal d(n) as

N

D(z) = Y—Í-,élz+p'
>j < i

For a given time scale, the optimum weights turn out to be

(272)

wf = <Lt(X,n)d(n)> = ^r¿Lt(z~l)D(z) dzz
0<X<1

k - 0,1,...
(273)

The contour of integration covers the unit circle in the counter-clockwise direction. Substi¬

tuting L^z) given in (15) and applying the residue theorem

N , _ y.k

wf = Ya, ( P‘ Xlt¡tí (i+pA)

From this, the discrete time equivalent of the result in (271) is given as

K-\ A in

jfc=o I/ = i (l+P¡A)

r N

(274)

(275)
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