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Computer-controlled robot manipulators are becoming an

important part of automated manufacturing plants thereby

creating a need for reliable and fast control algorithms
that can improve the performance of robot manipulators in

industrial applications. An important part of such control

algorithms is the inverse kinematics portion which consists

of computing the values of the robotic joint variables

corresponding to a desired end-effector position and

orientation. This work is based on a new approach that uses

orthogonality of rotation matrices to reduce the problem to

a simpler form. The reduction techniques are first used to

analyze the kinematics of four-degree-of-freedom (DOF)

robots. The results obtained are then applied to the study
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of five- and six-degree-of-freedom manipulators. Fast one-

and two-dimensional numerical techniques for solving five-

and six-DOF arms of arbitrary geometry are developed. These

new methods provide a large reduction in computational

complexity and can be easily implemented in real-time

applications. Another contribution of this work is a

classification of robot geometries in terms of inverse

kinematic complexity. Some new sufficient structural

conditions for the possibility of closed-form solutions for

five- and six-DOF robot manipulators are described. In the

case of six-DOF arms, structural conditions for the

applicability of a one-dimensional iterative technique are

also provided. Finally, in the example applications of the

techniques presented here, we describe a six-degree-of

freedom manipulator capable of achieving a particular end-

effector pose in sixteen distinct configurations.
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CHAPTER 1
INTRODUCTION

An important part of computer control algorithms for

open serial kinematic chains is the inverse kinematics

section. In any robotic application, the' hand or end-

effector of the robot may move along a trajectory specified

as a sequence of points at which the end-effector pose

(orientation and position) is known. While this trajectory
is specified in Cartesian coordinates, the motion of the

robot is controlled through individual joint actuators that

produce the necessary rotation in revolute joints, or the

translation in prismatic joints. The robot controller must,

therefore, be supplied the values of the joint variables

corresponding to the end-effector pose, i.e., the

coordinates in joint space of the robot hand for each point

along the trajectory must be computed. The conversion of-

trajectory locations from Cartesian coordinates to joint

coordinates is referred to as the inverse kinematics

problem.

A desirable inverse kinematic algorithm is one capable

of producing the joint coordinates in real-time. While the

robot hand is at, or approaching, one location along the

trajectory, the algorithm must be able to produce the joint

1
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coordinates for the next pose. In tasks where speed and

precision are important, the real-time requirement puts

heavy constraints on the computation time of the inverse

kinematic algorithm.

The forward kinematics problem, the conversion from

joint space to Cartesian space, is a much simpler problem
that has a unique closed-form solution. In most cases a

robot manipulator can achieve a desired end-effector pose in
more than one configuration. The question of just how many

distinct solutions there are to the inverse kinematics

problem of general six-degree-of-freedom (DOF) robot

manipulators has interested a few researchers. Roth,

Rastegar, and Scheinman (1973) put an upper bound of 32 on

the degree of a polynomial equation (in one joint variable)
that can be derived from the inverse kinematics problem of

six-DOF manipulators. A similar result was obtained by

Duffy and Crane (1980), using the equivalence between an

open 6-revolute-DOF kinematic chain and the 7-revolute

single-loop spatial mechanism. Therefore, the number of

inverse kinematic solutions for 6-revolute-DOF manipulators
could be at most 32. More recently, Lee and Liang (in

press), using Duffy's method, were able to reduce the degree
of the inverse kinematic polynomial equation to 16, thereby
reducing the upper bound on the number of inverse kinematic

solutions to 16. Tsai and Morgan (1984), illustrating á new
/

inverse kinematic method capable-of producing-all solutions,'
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found a robot manipulator and an end-effector pose with 12

possible solutions. Manseur and Doty (in press) described a

simple manipulator geometry capable of achieving a

particular end-effector pose in 16 distinct configurations,
thereby closing the proof that 16 is indeed the maximum

achievable number of inverse kinematic solutions for six-DOF

robot manipulators. The manipulator and the pose for which

the sixteen solutions were found and the inverse kinematic

solution search algorithm used are discussed in Chapter 9,

Example 3 of this dissertation.

Another desirable property of an inverse kinematic

algorithm is the capability of computing more than one

solution, so that a solution can be chosen according to some

optimality or collision avoidance criteria. Although for

manipulators with simple geometries, such as the PUMA 560

industrial robot, several possible solutions can be obtained

in closed-form, this multiple solution property conflicts

with the real-time requirement discussed earlier for many

other robots that must rely on iterative techniques.

After introducing the notation and some mathematical

preliminaries and a brief discussion of existing inverse
kinematic methods, we present a new.approach to the inverse

kinematic problem based on a reduced set of nonlinear

equations. This new approach is then used to analyze the

kinematics of four-, five-, and six-degree-of-freedom

manipulators. - Some simple and efficient iterative
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techniques are described and sufficient manipulator

structural conditions for the applicability of these methods

are determined. All the methods developed in this

dissertation are illustrated by examples in Chapter 9.

Chapter 10 summarizes the final results, discusses the

contributions of this work to the field of robotics, and

presents related topics and areas of future research.



CHAPTER 2
THE INVERSE KINEMATICS PROBLEM

Notation and Mathematical Preliminaries

The DH Parameters

A robot manipulator is modelled as an open kinematic

chain of rigid bodies (links) connected by joints. A

reference frame is assigned to each link along the chain

starting with the base frame F0, assigned to the fixed link,

up to the end effector frame Fn, for a manipulator with n

degrees of freedom (DOF). The position and orientation of

frame F¿={x^, yj_, z^}, with respect to the preceding frame

Ff_i, are entirely described by the four DH-parameters dj_,
©¿, a^ and (Denavit and Hartenberg 1955). These

parameters"are illustrated in Figure 2.1 and defined as:

dj_ = distance between the common normal to axes Zj^ and z^
and the common normal to z^ and z^+1 measured along
axis z^.

0£ = the angle of rotation about Zj_ so that x^ becomes
parallel to when 0^ = 0.

aj_ = the length of the common normal to axes z^.-^ and z^.
= the angle of rotation about x^ so that z^ becomes
parallel to z^.-^ when = 0.

5
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Figure 2.1. The DH-parameters.
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When joint i is revolute, parameter 0^ is the joint variable
and, if joint i is prismatic, the joint variable is d^. When
applicable, d^ measures the translation along axis

Homogeneous Matrices

If a vector 1u = [1ux, xuy, is expressed in frame
F^, its expression with respect to frame F^_lx 1-1u,
satisfies

i-iu
X Ci "Siri Siai aiCi luX

i_luy Si CiTi "Ciai aiSi >1
3

*H

i-1“z 0 a± TL d± xuz
1 0 0 0 1 l

or in a compact notation,

i-1u

1

i
u

1
(2.2)

where r ^=cos (a^) , aj_=sin(a£) , C^=cos (0^) , and S^=sin(©^) and
A^ is the homogeneous frame-transform matrix (Paul 1981).

The leading superscript indicates the frame of expression.

The homogeneous matrix transform merely expresses the

fact that frame F^ can be obtained from frame F^-^ by the
following sequence of basic transforms:

1. Rotation about of angle 0j, whose homogeneous
matrix is
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Rz(0i) =

Ci Si 0 0

-Sj_ Ci 0 0
0 0 10

0 0 0 1

(2.3)

2. Translation of cL units along axis , described bythe matrix

Trz(di) =

1 0 0 0

0 10 0

o o l dj
0 0 0 1

(2.4)

3. Translation of a^ units along axis x^, withhomogeneous transform

Trx(ai)

1

0

0

0

0

1

0

0

0 a.

0 0

1 0

0 1

(2.5)

4. Rotation about Xj_ of angle

Rx(ai)

1

0

0

0

0 0

ri "ai

9

o

CTi fL 0
(2.6)

The matrix of Eq. (2.1) is obtained by the product

(Paul, 1981), ’ '
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Ai Rz(©i) Trz (di) Trx(a^ Rx(Ui)

A useful decomposition of matrix Ai is

Ai = Ai Bi (2.7)

with the definitions

Ai = Rz(0i)
and

(2.8)

Bi = Trz(di) Trx(ai) R^o^) (2.9)

Explicitly, matrix Bi is

Bi =

1

0

0

0

Ti "CTi 0

ai ri di

1

0 0 0
(2.10)

where Gi is the upper left 3 x 3 in Bi and ki is the upper

right 3x1 vector of Bi* The upper left 3x3 matrix in Ai
is the rotation matrix Ri necessary to align the unit

vectors of Fi with their counterparts in Fi_1, while vector

!i =

aici

aisi

positions the origin of Fi with respect to Fi_i.
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A compact and useful expression for A^ is

0 0 0 1
(2.11)

Rotation matrices are orthogonal, so R^-1= R^T, where
the superscript T denotes the transpose operation, and the

inverse of matrix A^ can be expressed as

ci Si 0 -ai

siri Ciri ai “aidi

siai -CiCTi Ti -ridi
0 0 0 1

RiT ("RiTli)
0 0 0 1

(2.12)

Problem Definition

If the orientation of the end-effector is specified by
the rotation matrix R, necessary to align the unit vectors

of the end-effector frame Fn with the corresponding vectors

of base frame Fg, and the position of the origin of the end-

effector frame is given as a vector p with respect to the

base frame FQ, then the end-effector pose is adequately
described by the 4x4 matrix

nx bx fcx

ny by by

Px

Py n b t p R p

nz

0 0 0

Pz

1

0 0 0 1 0 0 0 1
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where
-

nx bx fcx Px
n = ny , b = by , t = fcy f p = Py

_ nz bz bz
. PZ .

and

R

nx bx

ny by
nz bz

t

t

t

X

y

z

The inverse kinematics problem for a n-degree-of-
freedom manipulator consists of finding a set of joint
variables values, called a solution set, that will satisfy
the equation

A1 A2 A3 A4 A5***An = P- (2.14)

This matrix equation gives rise to a system of

nonlinear equations whose complexity depends on the

manipulator geometry, as described by the DH-parameters.

At least six degrees of freedom are required to

arbitrarily position and orient a rigid body in space.

Therefore, when n is larger than six, the manipulator is

redundant and the system of equations implied by Eq. (2.14)
is underconstrained. If n is less than 6," the system

becomes overconstrained and when n is equal to 6, the

inverse kinematic problem is exactly specified. In this
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research we will address the inverse kinematics problem of

non-redundant robot manipulators.

Most existing industrial manipulators are 5- or 6-

degree-of-freedom robots, hence, it is of practical

importance to solve Eq. (2.14) for n=5 and n=6. The

numerical techniques developed in this text are based on a

complete inverse kinematic analysis of four-degree-of-

freedom manipulators. Therefore, this research will aim at

solving Eq. (2.14) for robots with four, five, and six joint

axes.

Although the techniques described in this text can be

applied to manipulators having prismatic joints (Manseur and

Doty 1988) , we concentrate on all-revolute six-DOF

manipulators; n is six and all joints are assumed revolute.



CHAPTER 3
EXISTING SOLUTIONS

Closed-Form Architectures

The ability to compute the coordinates in joint space

of an end-effector pose given in Cartesian space is an

important criterion in the design of computer-controlled

manipulators. A desirable property for an industrial

manipulator is the possibility of computing the joint

variables necessary to position and orient the end-effector

as specified in Cartesian space, in closed-form. Pieper

(1968) has shown that a closed-form solution is possible
when the manipulator has three adjacent joint axes

intersecting at a common point. The inverse kinematic

problem reduces then to a quartic polynomial equation in one

of the joint variables. Manipulators with the last three

joint axes intersecting are said to be "wrist-partitioned".

Computationally efficient methods for computing the

position, velocity, and acceleration inverse kinematics for

this type of manipulators have been presented by

Featherstone (1983), Hollerbach and Sahar (1983), Paul and

Zhang (1986), and Low and Dubey (1986). Several industrial

six- and five-DOF manipulators such as the PUMA series

robots are of the wrist-partitioned type. If, on top of

13
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having a wrist, the manipulator has some added structural

feature such as two parallel or intersecting joint axes

then closed-form solutions may be obtained in a simpler form

than a quartic polynomial equation. This is the case of the

PUMA 560 robot whose inverse kinematics are discussed in

Example 1 of Chapter 9. An algebraic method for solving the

inverse kinematics of the PUMA 560 can be found in Craig

(1986) and a geometric approach is described in Fu,

Gonzalez, & Lee (1987). Another sufficient condition for

closed-form solutions is that three adjacent joint axes be

parallel (Duffy 1980, Fu, Gonzalez, & Lee 1987).

Record and Playback

An industrial robot manipulator is usually equipped
with sensors that can measure information such as joint
variable values and rates of change of those values. A

method that avoids the computational complexity of the

inverse kinematic problem altogether consists of remotely

guiding a robot end-effector trajectory by activating each

joint separately while storing joint space coordinates and

information -from -the sensors at selected'points along' the'

trajectory. The robot can then indefinitely repeat the

recorded motion. Should the robot be needed for a different

task or should a change in the workcell occur that requires

different end-effector -trajectories','-1--the-.•.motion of the-robot

will have to be recorded again. -
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Numerical Techniques

Many six- and five-DOF kinematic structures lack the

necessary architectural simplicity for closed-form inverse

kinematic solutions. Solving such manipulators requires the

use of numerical iterative techniques. For six-DOF robots,

equation (2.14) can be expressed as a system of six

nonlinear equations in the six joint variables of the form

^(0!, ©2 , @3 , e4, 05' 06.) = P;

f2 (01' ©2 , ©3 , 04 ' 05' 06) = P-

f 3 (®]_ / ©2 , ©3 , ®4 ' 05' 06) = P:

f4(®1' ©2 , ©3 , e4, 05' 06) = a

f 5(i ©2, ©3 , ®4 ' 05' 06) = ©

f 6 (® / CD to ©3 , ®4 ' 05' 06) = 0

where px, Py, and pz are the coordinates of the origin of
the end-effector frame and a, 0, and <p are either the Euler

angles or the roll-pitch-yaw angles derived' from the

orientation matrix R of the end-effector frame (Paul 1981).

The six-dimensional equation is then solved by use of a

direct or modified Newton-Raphson or similar technique.
Multidimensional iterative techniques for solving the

inverse kinematics problem of manipulators of arbitrary
architecture- are described by Angeles (19851, 1986),

Goldehbefgy - Behhabib-, Fentorr - (1985)',-^ -GÓldénbéfg-^ahd

Lawrence (1985). The computational efficiency of these
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methods is hindered by the need to compute the inverse of

the manipulator Jacobian at several points.

Linares & Page (1984) and Kazerounian (1987) describe

techniques that solve the inverse kinematic problem by

varying one joint variable at a time so as to minimize the

difference, measured by a defined norm, between the end-

effector pose as computed from the current joint variables

values and the desired pose. This technique has the

advantages of guaranteed convergence and reliability even at

a singular position. This method requires computation of

the forward kinematics at each iteration and it has a

computational complexity comparable to that of a Modified-

multidimensional Newton-Raphson.

After reducing the problem to a polynomial system of

four equations in only four of the joint variables, Tsai and

Morgan (1984) used a homotopy map method, for solving
systems of polynomial equations in several variables, to

find the solutions of the inverse kinematics problem of

revolute five- and six- degree-of-freedom manipulators of

arbitrary architecture. The method finds all solutions but

its computational complexity renders it impractical for many

applications.

Lumelsky (1984) presented an iterative algorithm that

finds estimates for three of the joint variablés and solves

in closed form for the remaining three variables at each

iteration. The method applies to a particular type of arm
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geometry (that of the GP66 robot discussed in Example 2,

Chapter 9, of this dissertation) and converges to an

accurate end-effector position, but to a less accurate

approximation of the end-effector orientation.



CHAPTER 4
NEW APPROACH

Link-Frames Assignment

Some simplification in the mathematical description of

the inverse kinematics problem can be obtained if certain

simple rules for assigning the link-frames are applied.

In selecting frame F^, the direction of vector is

always chosen so that twist angle is in the interval

[0,7T) . If = 0, then vectors and z¿ are parallel and
the common normal can be arbitrarily located along both

axes. In this case the position of Frame Fj_ should be
chosen so that d^ is equal to zero.

For an n-DOF robot, frame Fn, attached to the end-

effector, can be chosen so that it differs from link frame

Fn-1 only by a rotation of angle 0n about zn_i- In other
words, Fn can be selected so that dn = an = an = 0, without
loss of generality. We prove this point for n = 6, but it

is valid for any relevant value of n. Let us assume that

Eq. (2.14) is to be solved with a 6-DOF manipulator for

which d6, ag, or ag is not equal to 0, then the homogeneous

matrix transform Ag decomposes into

18
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as given in Eq. (2.7). Equation (2.14) is then equivalent
to

A1 A2 A3 A4 A5 -6 = p B6 1

where the right hand side of this last equation is seen to

be a constant pose matrix for a manipulator described by the

left hand side (i.e. one for which d6=a6=a6=0 so that

A6~—6 ^’
When joint 1 is not prismatic, d-^ is constant and the

origin of the base frame FQ can be positioned so that d^ is
equal to 0.

The Reduced System of Equations

For a 6-DOF arm, Eq. (2.14) becomes

A1 A2 A3 A4 A5 A6 = p (4.1)

and it yields twelve non trivial scalar equations in the six

unknown variables. It is desirable to reduce this system to

a minimal number of equations involving as few of the joint
variables as possible. For all-revolute, 6-DOF

manipulators, Tsai and Morgan (1984) have establishecf that

with respect to frame F3, the z-component of the position
vector p and that of vector t along with the inner

products (3t.3pj and (3p.3p) provide 4 equations in only 4

of the unknowns, thereby reducing the complexity of the

problem. The process of obtaining these four equations
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involved multiplying the A-matrices and simplifying the

expressions obtained for the elements of 3t and 3p. Besides

being lengthy, this method does not allow insight into the

mechanisms that make the simplifications possible. The

approach presented here provides the same results with much

less effort and greater insight by taking advantage of the

properties of rotation transformations.

By writing the product of two A matrices'in the form

RjRj (Rilj + li)
0 0 0 1

we divide Eq. (4.1) into a position equation

p = R1(R2(R3(R4(R516+15)+14)+13)+12)+11 (4.2)

and an orientation equation

R = R-j^ R2 R3 R4 Rg Rg • (4.3)

With the frame assignment conventions discussed, 16=0 when-
joint 6 is revolute. Equation (4.2) then simplifies to

p = R1-(R2(R3(R415+14)+13)+12)+1i. (4.4)

Three independent scalar equations for px, Py, and pz
can be obtained from Eq. (4.4) and more equations can be

selected out of the 9 scalar equations implied by Eq. (4.3).

=
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Since rotations are orthogonal transformations, they
leave inner products invariant, hence

R u . R v = u . v (4.5)

for any rotation matrix R and any vectors u and v. A

special case of (4.5) that is very useful is

R u . v = u . R_1v. (4.6)

These properties are extremely efficient in eliminating
algebraic terms and unnecessary joint variables when applied
to Eqs. (4.3) and (4.4) if it is further recognized that

*i ^i [ ^ ir 1 ]
and

(4.7)

Ri"1z = [0,ai,ri], (4.8)

where z = [0, 0, 1]T, are always independent

due to the frame assignments discussed above,

R6 z = R6_1 z = z

of 0^. Also,

in all cases since frame Fg is chosen to force a6 = °*
By repeated use of Eqs. (4.5) and (4.6),

reduced equations from Eqs. (4.3) and (4.4).

we obtain four

tz eauation.

t2 = t . z = (R z) . z

t2 = (Ri R2 R3 R4 R5 z) . z

tz = (R-l r2 r3 r4 R5 z) • z

tz = z . (R5-1 R4_1 R3"1 R2_1 Rj-1 z) (4.9)
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pz equation

p R-^ R2 R3 R^ 5

with

q = 15 + R4_1(l4 + R3"1(13 + R2_1(12 + Rl-lli)))/
so that

p2 = p . z = q . (R4_1 R3-1 R2-1 R^1) z. (4.10)

p.t equation.

p . t = R5-1q • z (4.11)

p.p equation.

p.p = p2 = q.q = q2. (4.12)

Since R-^ 1^ and R1 J-z are independent of 0^ (Eqs.
(4.7) and (4.8)), vector q and Eqs. (4.9)-(4.12) are easily

seen to be independent of the first and last joint variables

and therefore form a system of 4 equations in 4 unknowns.

Figure 4.1 illustrates this discussion. With 16=0, vector
t, which coincides with z5, and the position vector p of the

origin of frame F6 are invariant in the rotation R&
(rotation about z5 which can only affect the end-effector

orientation). Rotation about zQ has no effect on the z-

component of any vector expressed in frame Fq. Hence, pz and

tz are independent of 0as well. Finally, since rotation

about Zq moves all the robotic structure as a bloc, it does

not affect the length of vector p or the inner product of t

and p. - ;■ :
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' e.

I

Figure 4.1. Rotations about zQ or z5 do not affect
tz/ pz, t.p, and p.p.
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The reduced system of equations (4.9)-(4.12) determines

candidate solutions for joint variables 2, 3, 4, and 5.

Once this system of equations is solved, the remaining two

variables can be found by using more equations from (4.1)
and then tested for consistency. The power of this approach

will become apparent for specific manipulators as further

simplification using Eqs. (4.5)-(4.8) becomes obvious.

Furthermore, simplification by use of rotation inner-product
invariance is computationally economical and provides

greater insight into the structure and properties of the

inverse kinematic equations.

Additional Inverse Kinematics Equations

Equations (4.9)-(4.12) are necessary, but not

sufficient. Although they are satisfied by all solution

sets of Eq. (4.1), they are also, in general, satisfied by

extraneous solutions. This problem was reported by Tsai and

Morgan (1984) as well

Another problem with considering Eqs. (4.9)-(4.12)
alone is the presence of sign ambiguities. In many

practical situations, one of the equations will allow a

closed-form solution for either the sine or the cosine

function of a revolute variable 9. The other function needs

to be computed using the Pythagorean identity, which offers

two values opposite in sign. Although both signs can be

tried in the search for a solution, in some cases the number
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of sign ambiguities can be reduced by considering more

constraints from Eqs. (4.3) and (4.4). Additional equations

will also help filter out extraneous solutions and in some

cases will ease the solution-finding process rather than

complicate it. The x- and y-components of vectors t and p

provide convenient additional constraints at the cost of

introducing the variable Equations

tx = Rj R3 R4 Rj z . x, (4.13)

ty = R2 R3 R4 R5 z . y, (4.14)

Px = (^1 (^2 (^3 (^4^-5"*’^4 ) ) "*"^2 ^ "^1) * X' (4.15)
and

Py = (^2. ^2 ^3 (^4^5+^4) +^3 ) +^2 ^ +^1^ * Y/ (4.16)
where

1 0

X = 0 and y = 1

0 0

are the usual canonical unit vectors, are still independent
of 06.

Solving Inverse Kinematic Equations

Once the reduced set of equations (4.9)-(4.12) and the

additional equations (4.13)-(4.16) have been expanded, the

problem becomes that of extracting the values of the joint

angles from the equations which are in terms of the sines
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and cosines of the angles. In this section, we describe

some of the techniques that can be used for this task.

Certain simple arm geometries allow a closed form

solution. For such arms, one of the equations will have the

form

a S + b C = d

where S and C are the sine and cosine, respectively, of some

angle 0. If the constants a, b, and d are known, then there

are two possible solutions when a4, + b > d ,

9 = atan2[d,±7(a2+b2-d2)] - atan2(b,a)

where atan2(v,w) returns the angle arctan(v/w) adjusted to

the proper quadrant according to the sign of the real

numbers v and w.

A special case occurs when a = 0 or b = 0. The

equation can then be solved for S or C separately. The

other variable can be obtained from the Pythagorean identity

■■ S2 + c2 = 1 .
- , : (4.17)

with a sign ambiguity. Again, this leads to two possible

values for the angle 0,

0 = atan2(S, ± 7(1 - S2)) if S is computed or

0 = atan2(± 7(1 - C2), C) if C is the known

variable.

A value of © can be directly and uniquely obtained when

two linear equations in the sine and cosines of one angle
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are obtained. In this case the values of S and C are

computed and the angle 0 is then given by

0 = atan2(S, C).

Exchanging Base and End-Effector Frames

The inverse kinematics problem consists of finding
joint variables that realize a given relationship between

two frames, the base frame FQ and the end-effector frame Fn.
The roles of these two frames are in fact interchangeable as

we illustrate in Figure 4.2. This means that the problem

can be viewed as finding the joint variables necessary for

the robot to achieve the base frame as viewed from the end-

effector frame. This problem reversal requires that the DH-

parameters be rearranged and intermediate frames be

reassigned as illustrated in Figure 4.1 but it can be useful

in many ways. For example, several computationally
efficient inverse kinematic techniques have been developed
for robots with the last three joint axes intersecting at a

common point (Featherstone 1983, Hollerbach and sahar 1983,

Paul and Zhang 1986, Low and Dubey 1986). The same

techniques can be used for a robot whose first three axes

intersect by reversing the roles of encL-effector and base

frame. In the next chapters, we will use this problem

reversal technique to avoid repetitious developments.
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end-effector

Figure 4.2. Interchanging base and end-effector
frames.



CHAPTER 5
SOLVING 4-DOF MANIPULATORS

Reduced System of Equations

For 4-DOF robot arms, the inverse kinematic problem is

solved when 4 joint values are found that satisfy the

equation

A-l A2 A3 A4 = P. (5.1)

Equation (5.1) decouples into a position equation

Rx (R2 (R3 14 + 13) + 12) + 11 = p, (5.2)

and an orientation equation given by

Rx R2 R3 R4 = R. (5.3)

When the fourth joint .is reyolute, 14=0 is obtained by
proper choice of frame F4 and Eq. (5.2) simplifies to

Rp (R2 13 + 12) + 1^ = p. (5.4)

A reduced system of four equations in the sines and

cosines of joint angles 0^ and 03 can be derived by

considering the quantities tz, pz and the inner products

t.p and p.p expressed in-frame F^

29
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Vector t is given by

t = R z = R-l R2 R3 R4 z

where z is the third canonical unit vector z = [ 0, 0, 1]T.
Since twist angle a¡4 is equal to 0,

R4 z = [a4 S4, -a4 C4, t4]*^ = [0, 0, l]"^ = z,

and the expression for t simplifies to

t = Rx R2 R3 Z. (5.5)

Multiplying by R^1 yields

R-^-1 t = R2 R3 z

and the inner product of each side of this equality with

vector z provides

z • (R]_ ^ t) = z . (R2 R3 2) .

Eq. (4.5) applied to both sides of this last equation gives

R3 z . t = R2-1 z . R3 z
or

(R1 z).t - (R2_1 z).(R3 z) = 0. (5.6)

Since R2_1 z = [0, cr2, t2]T does not depend on ©2¿ this
last equation is independent of joint variables 2 and 4.

Subtracting vector from both sides of Eq. (5.4) and

multiplying by R1~1= yields
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R2 X3 + 12 = Rl-1 <P " 1l) (5-7)

and taking the inner-product with vector z provides

(z . R2 13) + (z . 12) = (z . R-l"1 p) - (z . R1"1 1^ .

Applying (4.5) to the first term of both sides of this

equation gives (after rearranging terms)

Rx Z . p - R^1 Z . 13 = Z . R1"1 1-l + Z . 12. (5.8)

The right hand side of Eq. (5.8) is constant since

Multiplying Eq. (5.7) by R2-1 gives

^•3 + R2 ^ ^2 = R2 ^ R1 ^ (P “ ^l) (5.9)

and multiplication of Eq. (5.5) by R2-1 Ri”1 Yields

R3 z = R2_1 Rl"1 t‘ (5.10)

The inner product of corresponding sides of equations

(5.9) and (5.10) produces

(13 + R2_1 12).(R3 z) = [R2_1 Ri"1 (p - l^].^-1 Rj-1 t].
Repeated use of properties (4.4) and (4.5) and reordering
simplifies this last equation to

diCTi

diri

and z.l^=djL are independent of 0^,
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1^-t ~ [R2 I2 • R3 Z] - t.p - [Rg ^ I3 • Z]. (5.11)

Equation (5.11) is also independent of ©2 and ©4.
Using Eq. (5.4), the inner-product p.p satisfies

p.p — [R-^ (R2 I3 + I2) ^1] • [^1 (^2 ^3 ^2^ + ^1] •

Expanding the left hand side, using inner-product invariance
of rotations where needed, and rearranging terms yield

^3*^2 X ^2 + P*^l — tP*P + ^1*^1 ^2*^2 - ^3*^3^/^* (5.12)
-1

Equations (5.11), (5.2), (5.18), and (5.12) form a

linear system in the variables S-^, CS3 and C3. The four
equations obtained are

a^ty 4- a^tx + &2°3 ^3 ^2^3^2 ^"3

altx S1 “ alfcy C1 a2a3 C3

CTlPx S1 " alPy -1C-, - a2a3 S3

alPy Sx + alPx C± + a0a,d. S,. + a.a. C,’2a3u2 l2a3

= r-

= r.

(5.13)

(5.14)

(5.15)

(5.16)

with

r-l = t.p - 7-g dg - dxtz - T7T2d3U3

r2T3 “ rltZ

2'3 2

r^ = r^d-j^ - t7) + d? + r9d2 3

r„ = (p.p + a12+d12-a22-d22-a32-d32)/2
- dlPz - r2d2d3.

(5.17)

(5.18)

(5.19)

(5.20)

The linear system of equations formed by Eqs. (5.13)-(5.16)

will- be - referred1 to 'as the" reduced system for a four-DOF
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manipulator. - Although d3 can be assumed zero without loss

of generality for a 4-DOF manipulator, this system of

equations will be used for 4-DOF sections of larger

manipulators (next chapters) for which the parameter

corresponding to d-^ will, in general, not be zero. Hence,

d-^ is assumed not equal to zero at this point.

A unique solution to the reduced system is given by

“ ■

S1 ri

C1 — 1 r2
= H X

S3 r3

1

o
1 1

where

H

alty
altx

alPx "alPy

alPy alPx

a2a3 a2a3d2
0 ct2ct3

-a2a3 0

a2a3d2 a2a3

(5.21)

(5.22)

when matrix H is nonsingular. Unique values of 0.^ and ©3
are thus obtained from the values of S-^ C^, S3, and C3.
The case where H is not invertible is discussed in the next

sections because of its interesting implications.

With 0^^ and 03 known, Eq. (5.7) provides a'way to solve

for ©2• Indeed, when expanded, the first 2 components yield

(^2^3 T2a3^3^ ^2 + (a2+a3<"3^ (~2 ^"l^x + ^lPy - al (5.23)
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and

(a2+a3C'3^ ^2 ” (a2^3-T2a3^3^ *~2 =

"TlSlPx + rlClPy + ai(Pz“di)- (5.24)

When the determinant of this linear system of equations in

S2 and C2 is not 0, a unique value of 02 can be computed.
Otherwise, we can obtain 02 uniquely from another linear

system of equations in S2 and C2,

(T3^3+e*2T3^ ^2 + ^3^3 ^2 = ^"l^x + ^l^"y (5.25)
and

ct3S3 S2 - {t2°2C3Jlra2r3) C2
=

—Tt^^2_^y a1tz, (5.25)

derived from Eq. (5.5) . Note that 02 can also be computed

using a system of two equations formed by Eq. (5.23) or Eq.

(5.24) and one of Eqs. (5.25) and (5.26). The Appendix
shows that the determinants of the two systems of equations
above are simultaneously zero only when joint axis 2 aligns
with another joint axis which puts the arm in a degenerate

configuration.

To complete the 4-DOF solution set, we use Eq. (5.2)
which can be rewritten as

R4 = R-j”1 R2_1 R-f1 R.

The first column vector of R4, obtained by multiplying both
sides by the first canonical unit vector x = [1,0,0]T,
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“

-

C4 nx
R4 X = S4 = R3-1 r2_1 R^1 R X = R3-1 R2 1 Rx 1 ny

0
nz

can be used to compute the last variable ©4. This shows
that a 4-DOF inverse kinematic problem will, in general

(general in the sense that matrix H is nonsingular), yield a

unique solution set. However, for some manipulator
geometries and/or some particular end-effector poses, the

problem may have more than one solution.

Special 4-DOF Manipulator Geometries

Equation (5.21) is valid only when matrix H is

invertible. The determinant of matrix H, computed from Eq.

(5.22), is given by

dH = al a2 alta2 (a32 W1 + a22 w2> + 2 °2 °3 a3 d2 w3]
+ o3 a3 [a12 (a22 + a22 d22) + o22 ar2] w4 (5.27)

where the quantities w1, w2, w3, and w4 are defined, in
terms of the components of pose vectors t and p, as

W1 = tx2 +

w2 = px2 + pY2
w3 = Px fcx

w4 = Px fcy “

Py fcx* ■ -
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Analyzing

Equation (5.27) shows that the value of dH depends on
the seven robot parameters aa2, a3, a^, a2, a3, and d2 as
well as the pose quantities w1# w2, w3, and w4. However,
for certain robot structures dH is equal to zero no matter

what the end-effector pose is. The expression of dH above
provides us with a way to find all such 4-DOF robot

geometries. Due to our link frames assignment, the only
robot parameter in the expression of d^ that can be negative
is d2. By expanding Eq. (5.27) we get

2 2da2 a2 a3 ^2. °2 °3 a2 ^2
+ 2 a22 a3 a^^ a3 d2 w3 + a^ a3 a22 a3 w4
+ ax2 a22 a3 a3 d22 w4 + a22 a3 a-^ a3 w4 (5.28)

where only the quantities d2, w3, and w4 can be negative.
If an arm structure is such that dH is zero for every

possible end-effector pose, then dH will be zero even for a

pose with positive w3 and w4.
If we assume w3, and w4 non negative, then with d2 -

negative, dH can be zero if the equality

— 2 cr-^ ^3 al a3 d2 w3 —

°1 °2 al a2 a32 w-^ + a1 a 2 a32 al a2 W2
+ a-L2 ct3 a22 a3 w4 +

2 2
°1 °2 a3 a3 d22 w4 + a22 a3 ax2 a3 w4

holds. However, such an equality is actually a condition on

pose quantities w1; w2, w3, and w4. We conclude that robot
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structures for which dH is always zero (independent of the

end-effector pose) have DH-parameters o^, cr2, a3, a3, a2,

a3, and d2 for which each of the six terms in Eq. (5.28) is

individually zero. These terms, in turn, are zero when

particular structure parameters are equal to zero. For

example, <?i=cr2=0 will make the determinant zero. In order to

enumerate the minimum number of distinct combinations of

zero parameters that make dH = 0, we examine all possible
cases when a particular parameter is zero. We get seven

simpler expressions o f dH, listed in Table 5-1., by

separately assuming each relevant parameter to be equal to

zero.

Table 5-1 provides a simple mean for finding all (pose-

independent) 4-DOF robot geometries for which matrix H will

be singular. In the next section, we show that the inverse

kinematics problem for such robots can still be solved by

use of the reduced system of equations (5.13)-(5.16).

Special 4-DOF Arm Structures

A trivial condition occurs when two consecutive joint

axes coincide somewhere along the arm. Such a degenerate

condition is detected by a^ = = 0 for some joint i. In

this case, the manipulator loses one degree of freedom and

becomes a redundant 3-DOF arm. If a solution set exists for

such an arm, there will be an infinite number of solution

sets. A careful analysis of Table 5-1 shows that there are

only ten minimal, non-trivial, conditions on the arm
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Table 5-1. Special expressions for dH.

Condition dH
oII

rHbrH °22 °3 al2 a3 w4
OII

CMbCM al2 °3 a22 a3 w4
3 a3 ~ 0 2° 2 ^1 a2 a3 ^^

o H
II O al2 °3 a3 (a22 + a22 d22) w4

5 a2 - 0 a22 °3 a312 al al d2 w3 + (al2-+ CT12 d22)w4^
6 a3 = 0

2
O’1 a2 ct3 ai a2 w2

7 d2 = 0
P O

oi o2 a3 a2 (a3 w2 + a3 w-^
+ a3 a3 (a22 a±2 + a32 a22) w4

geometry (pose-independent) for dH = 0. All ten conditions
are listed and described in Table 5-2 and illustrated in

Figure 5.1.

The first three conditions in Table 5-2 follow from the

first entry of Table 5-1. Conditions 4 and 5 are derived

from the second entry in Table 5-1 after dropping duplicate

conditions already established. Continuing in this fashion,
all of Table 5-2 can be completed. Observe that entry 7 in

Table 5-1 does not add any new conditions into Table- 5-2

since all minimal sets of zero parameters implied by dH=0 in
entry 7 have already been accounted for.'

- It must be noted that dH can still be zero for 4-DOF

arm geometries not; listed in the. preceding. Table. However

from the discussion above, we see ¡that such a situation can

only happen at particular end-effector poses whereas dH will
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Table 5-2. Special structures of 4-DOF manipulators

Condition Description

1 al=a2=0 First 3 joint axes (1,2,3) are parallel

2 01=03=0 First 2 axes (1,2) are parallel and
Last 2 axes (3,4) are parallel

3 01=a3=O First 2 axes (1,2) are parallel and
last 2 axes (3,4) intersect

4 02=03=o Last three axes (2,3,4) are parallel

5 02=a3=O Middle axes (2,3) are parallel and
last 2 axes (3,4) intersect

6 03=a1=O First 2 axes (1,2) intersect & last 2
axes (3,4) are parallel

7 03=a2=° Middle axes (2,3) intersect & last 2
axes (3,4) are parallel

8 a1=a3=0 First 2 axes (1,2) intersect & last 2
axes (3,4) intersect

9 al=a2=d2=0 First 3 axes (1,2,3) intersect

10
. a2=a3=0 Middle 2 axes (2,3) intersect and last

2 axes (3,4) intersect

be zero for the geometries described in Table 5-2 at any

pose. We now examine in detail the inverse kinematics of

each of the special 4-DOF robot architectures described in

Table 5-2 and illustrated in Figure 5.1.
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1.First three joint axes
are parallel.

2.Axes 1 and 2 are parallel
3 and 4 are parallel.

3.Axes 1 and 2 are parallel,
axes 3 and 4 intersect.

4.Axes 2, 3, and 4 are
parallel.

5.Axes 2 and 3 are parallel, 6.Axes 1 and 2 intersect
3 and 4 intersect. 2 and 3 are parallel.

Figure 5.1. .Special 4-DOF structures.
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7.Axes 2 and 3 intersect,
3 and 4 are parallel.

9.Axes 1 and 2 intersect,
3 and 4 intersect.

8.Axes 1, 2, and 3 intersect

10.Axes 2 and 3 intersect,
3 and 4 intersect.

Figure 5.1—Continued. -
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The reduced system of equations (5.13)-(5.16) can still
be efficiently used to find all the solution sets of Eq.

(5.1) when matrix H is singular.
Case 1: a1=a2=0. First three joint axes are parallel

(Entry 1 in Table 5-2).The reduced system of equations
becomes

alty S1 + alfcx cl + a2CT3 S3
0

0

alPy s1 + alPx Cx + a2a3 C3

= r.

= r.

= r-

= r,

(5.29)

(5.30)

(5.31)

(5.32)

Equations (5.30) and (5.31) are constraints on pose

parameters tz and pz respectively. Only end-effector poses

that satisfy Pz = di + d2 + d3 and tz = r3 (Eqs. (5.18) and
(5.19)) are solvable with this arm geometry.

Equations' (5.29) and (5.32) still allow a solution in

the style of Pieper (1968) by first eliminating S3 and C3
from the equations. This can be done by solving for S3 and
C3 and substituting in the Pythagorean identity (4.17) to

get

{[r-L - (ajty S1 + axtx C1)]/a2a3}2 +

{[rl - (alPy Sl + alPx C1)]/a2a3}2 = 1. (5.33)

With the trigonometric identities

S1 2 tx/(l + tx2) and C± = (1 - t12)/(l + tx2)
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where t-^ = tan (9-^/2) , Eq. (5.33) yields a quartic polynomial

equation in t^ With ^ computed, a value of 91 is obtained
and 03 can be computed uniquely from Eqs. (5.29) and (5.32).

The remaining angles (©2 and ©4) can be computed as

indicated earlier.

We propose a method that allows better insight without
the complexity of a quartic polynomial equation. For

simplicity, the sine and cosine of a sum of angles will be

represented according to C^jj^cos (9^+9j) and S^j=sin(9^+9j) .
As described in chapter 4, a set of inverse kinematic

equations can be obtained by expressing the components of

vectors t and p and the inner products t.p and p.p in terms

of the joint variables 9^,
obtained are

i=l, . . . , 3. The equations

fcx = °3 S123 (5.34)

fcy = ~°3 C123 (5.35),

px = a3 C123 + a2 C12 + a-L C-^ (5.36)

Py = a3 S123 + a2 S12 + ax S± , (5.37)

t.p= a± c23 + a2a3 S3 + r3(d1+d2) + d3 (5.38)

p.p = 2(a1a3 C23 + a2a3 C3 + a±a2 C2) + ct (5.39)
where

ct = a^2 + a2^ + a3^ + d^ + d2^ + d3^
+ 2 (d3d2 + d-^d-j + d2d3) .

Equations (5.34) and (5.35) yield S123 and C123
directly> so a unique value of 9123 ®l+02+03 obtained.
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With ©123 known, Eqs. (5.36) and (5.37) become (elbow

equations)

px ~ a3 C123 = a2 C12 + al C1 (5.36')

Py “ a3 S123 = a2 S12 + al S1 (5.37')

and can be solved for C2 by

C2 = t^pX “ a3 C123^2 + ^Py “ a3 S123^2
- a22 - ax2] / (2 ax a2)

which is obtained by applying the cosine law to the triangle

having links 1 and 2 as its sides. Two values of ©2 follow
from ©2=atan2(± J{1-C22), C2)

and a unique value of ©^ can then be computed from Eqs.

(5.36') and (5.37') which yield a linear system in S-^ and C3
when S12 and C12 are expanded using sum of angles

trigonometric identities. Joint variable 3, ©3 is given by

e3 = e123 “ el “ e2

and the solution set is completed when the last angle ©4 is
computed as shown earlier. This development proves that

there can be at most 2 solution sets for a 4-DOF arm with

this particular geometry.

Case 2: cr1=cr3=0. The first two joint axes are parallel

and the last two joint axes are parallel. - The reduced

system is
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a'lty S1 + altx C1 rl (5.40)
0 r2 (5.41)

a2a3 S3 = r3 (5.42)

alPy Sl + alPx cx + C2a3d2 S3 + a2a3 ^3 = r4* (5.43)

Equation (5.41) imposes a constraint on pose parameter t„,

tz = t2T3/T1 * this constraint is satisfied, Eq. (5.40)
can be solved and yields two distinct values for 0^ Then
Eqs. (5.42) and (5.43) form a linear system in S3 and C3
which can be solved uniquely for e3. With 9^^ and e3
computed, 02 and ©4 can be uniquely obtained as shown

earlier. Here again we find at most two solution sets.

Case 3; cr-j=a3=0. First two joint axes are parallel and

last two joint axes intersect. The reduced system becomes

ajty Sl t a-^tx + a2^3 S3 — 02^2^2 ^3 = ^"i (5.44)

a2a3 ^3 = r2 (5.45)
0 = r3 (5.46)

alPy S1 + a^ C1 = r4. (5.47)

From Eq. (5.19), the pose constraint r3 = 0 translates to

Pz = di + d2 + r2d3 *

For a pose matrix that satisfies this constraint, two

possible values of 03 can be obtained from Eq. (5.45). For

each of those ©3 values, a unique value of ©3 is computed
from the linear system in S3 and C.^ formed by Eqs. (5.44)



46

and (5.47). The two solution sets are then completed as

shown previously.

Case 4: CT2=CT3=0* The last three joint axes are

parallel. The reduced system simplifies to

alty S1 + altx ci = ri (5.48)

CTltx S1 " alty ci = r2 (5.4*9)

CTlPx S1 " alpy C1 = r3 (5.50)

alPy sx + alPx Ca + a2a3 C3 = r4. (5.51)

Two out of the first three equations (Eqs. (5.48)-(5.50) )
can be used to solve uniquely for 0-^. The third (unused
equation) becomes a realizability constraint on the pose.

With 0-^ known, Eq. (5.51) yields a value for C3 which in
turn gives two possible values for ©3. Two solution sets
can be obtained after computing 02 and ©4.

Case 5: a2=a3=0. The intermediate joint axes are

parallel and the last two axes intersect. The reduced sytem
becomes

a-j^ty S-l + aitx + a2cr3 S3 — r^ (5.52)

altX S1 " alty C1 = r2 (5.53)

CTlpx S1 " CTlpy C1 = r3 (5.54)

alpy S1 + alpx C1 = r4. (5.55)

Two out of the last three equations (5.53) - (5.55) can be

solved uniquely for 0^ The third equation becomes a

realizability constraint on pose element tz or pz depending
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on the chosen equation. With 9-j^ known, two values of 03
can be computed from the value of S3 derived from Eq.

(5.52) .

Case 6; a3=a1=0. The last two joint axes are parallel

and the first two axes intersect. The reduced system is

0 = rl (5.56)

altx S1 ~ alty C1 = r2 (5.57)

alPx S1 ” alPy C1 ” a2a3 S3 = r3 (5.58)

CT2a3^2 ^3 + a2a3 ^3 = r4. (5.59)

Equation (5.56) is a realizability constraint on

parameter tz (Eq. (5.17)). For an end-effector pose that

satisfies this constraint, Eq. (5.57) yields two values for

9^ Equations. (5.58) and (5.59) can then be solved for ©3
uniquely.

Case 7: CT3=a2=0* The last two joint axes are parallel

and the intermediate two axes intersect. The reduced system

is

al^y 3± + ^1 = rl (5.60)

CTltx S1 “ CTlty C1 = r2 (5.61)
alPx S1 “ CTlPy C1 " a2a3 S3 = r3 (5*62)

alPy 5^ + a^px Cx + O2a3d2 S3 = r4. (5.63)

Here, Eqs. (5.60) and (5.61) yield a unique valué for

then One of Eqs. (5.62) or (5.63) can be used to solve for
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S3 thereby providing two values for ©3, the remaining
equation is a pose constraint.

Case 8: a1=a2=d2=0. The first three joint axes

intersect and the reduced system becomes

0 II *■<H (5.64)

altx S1 “ ffi"ty C-L + 0r2a3 C3 ~ r2 (5.65)

CTlPX S1 “ CTlPy C1 “ a2a3 S3 = r3 (5.66)

0 = r4. (5.67)

Equations (5.64) and (5.67) impose constraints on

parameters tz and pz. Here again a solution can be obtained

in form of a quartic polynomial equation in t-^tan(0-^/2) by
eliminating ©3 from Eqs. (5.65) and (5.66) as we did earlier

in case 1.

With ©-^ known, ©3 can be uniquely obtained from Eqs.

(5.65) and (5.66) and the solution set completed as usual.

This method puts an upper bound of 4 on the number of

solution sets since at most four distinct values of Q-^ can
be obtained from the quartic polynomial equation in t-^.

An easier inverse kinematic analysis of this structure

can be obtained if the roles of end-effector frame and base

frame are reversed and the intermediate link-frames are

reassigned accordingly. This will put the three

intersecting axes at the end-effector position instead of at

the base. The 4-DOF structure is seen to be equivalent to

one that has a2 = a3 = 0 which is discussed in case 10.
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With this analysis, we find that there can be at most two

solution sets.

Case 9: 32=33=0. The first two joint axes intersect

and the last two joint axes intersect. The reduced system

is

a2a3 s3 “ a2CT3d2 C3 2 rl (5.68)

<TltX S1 “ alty C1 + a2a3 C3 = r2 (5.69)

alPx S1 ” alpy C1 = r3 (5.70)

0 = r4. (5.71)

Here, r4 = 0 poses a constraint on pose parameter

Equation (5.70) yields two distinct values of 9^, then Eqs.
(5.68) and (5.69) will form a linear system in S3 and C3
which can be solved for a unique value of ©3 for each value
of ©2» Two solution sets are thus obtained.

Case 10; a2=a3=0. The intermediate two joint axes

intersect and the last two joint axes intersect. The reduced

system becomes

alty S1 + alfcx C1 “ CT2a3d2 C3 = rl (5.72)

crltx S1 “ alty C1 + a2a3 C3 = r2 (5.73)

CTlPx S1 " alpy C1 = r3 (5.74)

alPy S1 + alpx C1 = r4* (5.75)

Equations (5.74) and (5.75) yield a unique solution for ©2-
The value of ©2 obtained-can be substituted in Eq. (5.72) or

(5.73) to solve for C3 which provides. two possible- values
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for ©3. The unused equation is a constraint on the end-

effector pose parameter tz.
When a3 = 0 or d2 = 0, the conditions for dH=0 obtained

have all been already discussed, hence there are only ten

minimal pose-independent arm geometry conditions for which

the reduced system is singular. In all ten cases, we found

at most two distinct inverse kinematic solution sets.

To summarize the above cases, we find that a four-DOF

robot manipulator will in general have a unique inverse

kinematic solution set. At most two solution sets can be

found when the arm has one of the following special

structures:

1. Three consecutive joint axes that are parallel.

2. Three consecutive joint axes intersect.

3. Two consecutive pairs of parallel or intersecting

joint axes. -

4. Three consecutive joint axes such that two

intersect and two are parallel.

5. Three consecutive joint axes such that the first-

two intersect and the last two intersect.



CHAPTER 6
SOLVING FIVE-DOF MANIPULATORS

One-Dimensional Iterative Technique

With five degrees of freedom, Eq. (2.14) takes the form

Af A2 A^ A^ A^ = P. (6.1)

and after multiplying both sides of this equation by A^-1,
we obtain

^2 ^3 ^4 ^5 = Q (6.2)
with

Q = A-,."1 P. (6.3)

When ©2 is known, matrix Q is fully determined and can be

viewed as a pose matrix for a 4-DOF arm whose structure is

described by the left hand side of Eq. (6.2) which merely

expresses a 4-DOF problem. In Chapter 5, we have seen that

a 4-DOF problem can always be solved in closed-form, hence

the remaining joint variables can be computed as shown

earlier.

Since we only need to know one of the joint variables

to solve for the whole solution set, the inverse kinematics

problem of five-DOF manipulators reduces to finding the

51
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value of the first joint variable only, and getting closed-

form values for the remaining variables.

Let the column vectors of pose matrix Q of Eq. (6.3) be

Q =

m, c, u, and

mx cx ux ^x

my cy uy qy
mz cz uz <3Z

0 0 0 i

m c u q

0 0 0 1
(6.4)

then

and

u = R1~1 R z = R1-1 t

q = R-l-1 p - R^1 1x = Rx ^-(p - 11) .

(6.5)

(6.6)

From the left hand side of Eq. (6.2), two vectors uL and qL,

corresponding to vectors u and q, are given by

UL = R2 R3 R4 z (6.7)

and

qL _ R2^R3 ^4 + ^3^ + 1: (6.8)

A nonlinear function of 0-^ can be defined as a difference
between corresponding quantities from the left and the right

side of Eq. (6.2). For example, the difference between the

inner-products (uL.qL) and (u.q) yields the function

f (©l) = uL.qL - u.q. : 3 ; . . (6.9)
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If the value of 0^ used to compute pose matrix Q in Eq.

(6.3) does correspond to a solution set, then Eq. (6.2) will

hold, vectors uL and qL will be exactly equal to u and q,

respectively, and function f will equal zero. In other

words solution sets of Eq. (6.1) correspond to zeros of

function f defined in Eq. (6.9). Hence, the inverse

kinematics problem of 5-DOF robot manipulators reduces to

solving the one-dimensional equation

f(©i) = 0.

The zeros of f can be found by use of any suitable one¬

dimensional technique such as Newton-Raphson or the secant

method. Once 0-^ is known, the solution set can be completed

by solving Eq. (6.2) in closed form as we showed in Chapter
5. The solution set can then be checked for consistency
with Eq. (6.1) to determine whether the one found is

extraneous or not because the zeros of f are not always part

of a solution set of the manipulator.

Computing fi©-^. Using Eqs. (6.7) and (6.8), the inner'

product uL.qL is given by

Ul • <2l = (^2 ^3 ^4 * (^2^3 ^4 ^3^ ^"2^ '

If we apply properties (4.5) and (4.6) repeatedly, this.last

equation becomes ‘

Uj^.q^ = z. (R4 ”^4) z* (^4 "^3 ^^3) z* (^4 "^3 "^2 ^2)
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or after computing the z-components of the terms in

parentheses,

UL*^L " T4d4d4 a3^4 ^4 — <J3d3c74 *“4 + T4d3
t S4 ^3 ^2d2 ^3^

a4 c4 (“a2r3 S3 + a2d2T3 C3 + r2d2a3^
+ t4 (a2a3 ^3 “ a2d2a3 ^3 + T2d2T2^ * (6.10)

This last equation shows that ©3 and ©4 must be known before
we can compute uL.qL. With ©^ known, ©3 and ©4 can be
obtained by solving Eq. (6.2) as described in Chapter 5.

The coordinates of vectors u and q and the inner-products

u.q, and q.q are necessary for the 4-DOF inverse kinematic

method of Chapter 5. Equation (6.5) yields

U = R-^ 1 t (6.11)

altx S1 " alty C1 + Tltz

and from Eq. (6.6),

px Cx + Py Sx - ax
q = -rlPx S1 + rlPy C± + a^z

°lPx S1 " alPy C1 + TlPz

(6.12)

where we have assumed (R^-1 l-j_) = [a-j_, 0, 0]T since d1=0 by
proper positioning of frame F .
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The inner-products u.q and q.q can then be easily
computed by

u*q = uxqx + uyqy + uzqz
and

q.q = qx2 + qy2 + q22,
when the numeric values of the components of u and q have
been obtained. These inner products can be obtained from

Eqs. (6.5) and (6.6) as well,

u.q = (R-l-1 t) . (R1-1(p - lx)) = t . (p - lx) ,

u.q = tx (px - a^L Cx) + ty (py - aL Sx) (6.13)
and

q.q = R-^ip - lx) . R^te - lx) = (P - 1L) . (p - lx) ,

q.q = p.p + li-l-L - 2(p.lx)
q.q = p.p + a^2 - 2 (pxax C± + pyax S±). (6.14)

Equations (6.11)-(6.14) clearly show that all

components of u and q, and the inner-products u.q and q.q

are linear functions of and C^, a result that will prove

useful in the neXt section.

To summariZe, f(©•]_) can be computed for a given value

of 0-^ according to the following steps:

Step 1. From the current estimate of 0-^, Compute the
components of u and q and the inner products u.q and q.q as

shown in Eqs. (6.11)-(6.14).
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Step 2. Compute ©2 and ©3 from the reduced system of

equations

a2uy S2 + a2ux C2 + a3a4 S4 “ CT3a4d3 C4 ~ rl (6.15)

a2ux S2 -

a2uy C2 + a3a4 C4 = r2 (6.16)

ct2c3x S2 -

a2qy C2 - a3a4 S4 r3 (6.17)

a2qy S2 + a2qx C2 + a3a4d3 S4 + a3a4 C4 = r4 (6.18)
with

rl = q.u - r4d4 - d2uz - t3t4d3 (6.19)

r2 = t3t4 ’ t2uz (6.20)

r3 = r2<d2 " ^z) + d3 + T3d4 (6.21)

r4 = (q.q+a22+d22-a32-d32-a42-d42)/2
- á2^z " r3d3d4' (6.22)

derived from Eqs. (5.13)-(5.20) by proper index substitution

(the indexes are incremented to fit the 4-DOF problem of Eq.

(6.2)). Vectors u and q play the roles of vectors t and p

respectively. The last system of equations gives the values

of ©2 and ©4. Equations (5.23) and (5.24), with the proper

index changes,

(^3d4— ^3a4^4 ) ^3 (a3+a¿C¿) C4 4'

- C2(3x +.S2(3y - a-

and

(6.23)

(a3+a4C4) S3 — (CT3d4~t3a4S4) C3
= "t2S2c5x + T2C2c5y + ' (6.24)
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can be solved for ©3. Another way to obtain 83 is by using
the equations

S3 “i- u 4 S 4 C3 = C2ux t S2Uy (6 . 25)
and

a4^4 S3 - (T 3c74<-4+cr3 r4) ^3 =

-t2S2uX + T2C2Uy + a2UZ' (6.26)

derived from Eqs. (5.25) and (5.26) by incrementing the

indexes. With ©3, ©2, and 03 known, uL.qL can be computed
as in Eq. (6.10) and fi©-^) is then given by Eq. (6.8).

The ability to compute ^©3) when ©3 is given is
sufficient to implement a practical Newton-Raphson algorithm
for finding the zeros of function f. The algorithm can be

programmed according to the following steps:

Step 1. Obtain an initial estimate for ©3. As for all
iterative methods, the closer the initial estimate of ©3 is
to a true solution, the faster the convergence will be. If

the end-effector of the robot is tracking a trajectory given
as a finite set of end-effector poses, a good estimate for

finding the solution set for a pose along the trajectory is
the value of ©3 corresponding to the preceding pose on the

trajectory.

Step 2. Compute ©3 and ©4 and then f(©3) as described
earlier.



58

Step 3. Compute the derivative df/d©-^ of f with
respect to 0-^. A numeric approximation of this derivative

is given by

df/de^. = [f (01+601)-f (Q1) ]/SQlf (6.27)

where 50-j^ is a small increment of 0^. Note that this
approximation requires another function evaluation at

(0-^+50^) .

Step 4. Obtain a new estimate for 0.^ by the one¬

dimensional Newton-Raphson method, i.e.

G1(new) = ©i - f(e1)/(df/dG1). (6.28)

Steps 2 to 4 must be repeated until 01 is obtained to

the desired accuracy. The solution set can then be

completed by using the values of 02, 03 and 04 as computed
at the last iteration and by computing 05 uniquely from

= R4_1 R3_1 R2-1 R1-1 m.

and

©5 = atan2(S5,C5).

The one-dimensional method just described is flexible

in terms of the choice of function f to be used. A

different function can be implemented. The only

requirements are that ft©-^ be computable for any value of
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and some known relationship between the zeros of f and

the solution sets of Eq. (6.1). For example, another choice

of f may be

f(©i) = qL*qL " S'** (6.29)

or any difference between corresponding quantities from the

left and right side of Eq. (6.2). The function choice is

important in terms of minimal computation complexity and

filtering of extraneous solutions which are discussed next.

In all practical experiments the function defined in Eq.

(6.8) has given good results.

Extraneous solutions. An extraneous solution set is

one that the iterative method converges to, i.e. it

satisfies the reduced system of equations (6.15)-(6.18)-. and

f(ex) = 0 but yet it is not a solution for Eq. (6.1). The

iterative method just described may converge to such a' set.

This problem was also reported by Tsai and Morgan (1984) who

developed a different inverse kinematic method that makes

use of a similar reduced system of equations.

In deriving the reduced system of equations (5.13)-

(5.16) in chapter 5, vectors u and q,and the inner-products
u.q and q.q are the only pose related quantities that were

involved. This means that -a solution set obtained by

convergence of the method just . described does not

necessarily satisfy - other pose requirements from Eq. (6.1>.

Extraneous solutions can- be -filtered out by- a choice- of
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function f that constrains more of the end-effector pose

elements at the expense of computation time or by checking
all solutions found for consistency with one or more end-

effector pose elements.

Iterating on ©5. An equivalent one-dimensional

iterative technique can be implemented based on a function

of e5 instead of 0-^ Recall from Chapter 2 that the

homogeneous matrix A4 decomposes into

^4 — ^4 ®4

where B4 is a homogeneous matrix fully determined by
parameters a4, d4, and a4 and independent of ©4. Right-
multiplication of Eq. (6.1) by (A5-1B4-1) yields

^1 ^2 ^3 —4 ~ Q (6.30)
with

Q = P A5"1B4"1. (6.31)

When ©5 is given, matrix Q becomes. a known pose matrix for

the 4-DOF problem expressed by equation (6.30). Vectors u'

and q are given by

u = R Rg-1©^1 z (6.32)
and

q = R R5_1(-G4-1k4) + p, (6.33')

where G4 is the rotation part of homogeneous matrix.B4, .
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B4 =

1 O

O r

O

-a,4 “4

r4 r 4

O O

O

d,
> ^/1 — O

d,

is the position vector

of B4, and R and p are the usual rotation matrix and

position vector of end-effector pose P. Explicitly, we get

and

q =

nxa4 S5 + bxa4 inO + bXT4
u = nya4 S5 + bya4 C5 + rt ■s 4*

nza4 S5 + b2a4 C5 + ft
N

(-nxCT4d4 + bXa4> S5
- (nxa4 + bxa4d4) C5 - txr4d4 + px

(-nya4d4 + bya4) S5
“ (nya4 + bya4d4) C5 - tyr4d4 + py

(-nza4d4 + bza4) S5
— (nza4 + bza4d4) — tzT4d4 + pz

(6.34)

(6.35)

Expressions of inner-products u.q and q.q in terms of

S5 and C5 can be obtained from Eqs. (6.32) and (6.33),

'u.q ='[R'R5"1G4"1 z] . [R (R5"1(-G4"1k4) + p]
and
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q.q = [R (R5"1(-G4~1k4) + p] . [R (R5_1(-G4_1k4) + p].

With the use of properties (4.5) and (4.6) as necessary and

rearranging terms, the equations yield

u.q = a4 [(n.p) S5 + (b.p) c5] + r4(t.p) - d4 (6.36)
and

q.q = -2[a4d4 (n.p) - a4 (b.p)] S5
- 2[a4 (n.p) + a4d4 (b.p)] c5

- 2r4d4 (t.p) + a42 + d42 + p.p, (6.37)
where we used the fact that

n.p nxPx + nyPy + nzPz

b.p = bxPx + byPy + bzPz
t.p fcxPx + tyPy + bzPz

Here again, we note that uz, pz, u.q, and q.q are linear
functions of S5 and C5.

With the components of u and q and the inner products

u.q and q.q computed, a one-dimensional iterative method can"

be implemented as described earlier with a function f(©5)
given by

f(©5) = uL.qL ~ u.q (6.38)

which will converge to a value of ©5.
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5-DOF Robots with Closed-Form Solution

Certain Five-degree-of-freedom robots with simple
geometries may yield inverse kinematic equations that can be

solved directly and without need for a numeric technique
such as Newton-Raphson. In Chapter 5, some particular 4-DOF

robot structures were found for which the reduced system of

equations (5.13)-(5.16) was overspecified i.e. the matrix H

of the linear system was singular. The analysis of these

special geometries showed that one or two of the four

equations of the reduced system became constraint equations
on pose elements, particularly, elements t_, p„, t.p, and

p.p.

In the case of 5-DOF robots, the quantities uz, q2,
u.q, and q.q (u playing the role of t and q that of p) are

either linear functions of and C-^ as shown in Eqs.

(6.11) - (6.14) or linear functions of and C^ as shown in
Eqs. (6.34)-(6.37). Either way, the constraint equations
described in the ten cases of chapter 5 can be used to solve

for the correct value of 0-^ or ©5 directly without need for

an iterative technique. This result means that if a 5-DOF

robot manipulator has a 4-DOF section with one of the

special geometries discussed in Chapter 5, then the arm can

be solved in closed form. We now proceed to prove this

point.

The 5-DOF inverse kinematics problem of Eq. (6.1) can

be reduced to the 4-DOF one of Eq. (6.2). In this case, the
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reduced system of equations (6.15)-(6.18) must be solved.

By substituting the expressions of uz, qz, u.q, and q.q from
Eqs. (6.11)-(6.14) into Eqs. (6.19)-(6.22) and rearranging,
we get

rl = (^lty - ald2*x) S1 + + d2alty) C1
+ fcxPx " tyPy ” rld2tZ " r3d3r4 “ r4d4' (6.39)*

r2 = "CTlT2tX S1 + alr2ty C1 " TlT2tz + T3r4' (6.40)

r3 = -a1r2px + o^Py
"

t1t2Pz + r2d2 + d3 + T3d4' (6*41)
and

r4 = (“aiPy - aid2Px> S1 + (“alPx + d2CTlPy) C1
-Tid2P2 + T3d3d4
+ (p.p +a12+a22+d22“a32-d32-a42-d42). (6.42)

These last four equations prove that the terms r-^, r2, r3,
and r4 are all of the form

ri = ril S1 + ri2 C1 + ri3' i=1' ‘ ‘ * ' 4'

where the constants r^j are fully determined by the arm

parameters and the end-effector pose elements.

Another choice is to use Eq. (6.30). The reduced

system of equations is given by Eqs. (5.13)-(5.16) with all

elements of pose matrix P replaced by corresponding elements
of matrix Q of Eq. (6.31). The r^ quantities become linear
expressions in S5 and C5 and have the form
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ri ril s5 ri2 C5 + ri3' i-1' • • • / 4*

Indeed, if we replace uz, qz, u.q, and q.q by their

expressions in terms of S5 and C5, as given by Eqs. (6.34)-

(6.38) and substitute in Eqs. (5.17)-(5.20) (substitute for

tz, pz, t.p, and p.p and let dx=0 ), we obtain

rl = a4(n.p) s5 + P) T4(t.p)
- r3d3 “ r2d2 t3 ”

/ (6. 43)

r2 = ~T Ier4nz S5 -r la4bz C5 "

T1 r4bz + t2t 3 ' (6. 44)

r3 = (TlCT4d4nz "rla4bz) S5 + (T la4nz + T1 z) C5
+ (rlT¿íd4fcz " rlPZ) + d2 + T2d3 ' (6. 45)

and

r4 = "2[a4d4 (n.p) " a4 (b ♦ P) 3 S5
- 2[a4 (n •P) + a4d4 (b. P) 3 c 5 “ 2r4d4 (t.p) r2d2:d3
+ (p.p + a 2 -al a22 " d2

2
- a

2
3

- d32 + a42 + d42)/2 • (6. 46)

In the analysis of special four--DOF geometries

Chapter 5, we found cases where the reduced system of

equations included a constraint of the form r^ = 0. Such a

constraint applied to one of Eqs. (6.39)-(6.46) will usually
yield a value of 0^ or ©5 which in turn makes the 5-DOF

inverse kinematics problem solvable in closed form.

Case l: Three joint axes are parallel. When the

parallel axes are the first three (i.e. axes 1, 2 and 3),

Eq. (6.30) can be used. Case 1 of Chapter 5 shows that
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r2=0 and r3=0. These two constraints and Eqs. (6.44) and

(6.45) yield a system of equations in S5 and C5,

r21 S5 + r22 C5 = “r23

r31 S5 + r32 C5 = _r33'

which can be solved for ©5 when the determinant given by

(r2ir32 - r3ir22 ^ i-s not zero, otherwise there is no

solution. With ©5 known, the remaining angles can be

obtained in closed-form.

If the last three axes are parallel, a similar result

is obtained by exchanging the roles of base and end-effector

frames. When the intermediate axes are parallel, Eq. (6.2)
should be used. The constraints r2 = r3 = 0 then yield a

value of 0^ and the inverse kinematic problem can be solved

in closed form as well.

Case 2: two consecutive sets of two parallel axes. If

axes 1 and 2 are parallel and axes 3 and 4 are parallel, Eq.

(6.30) and Chapter 5, case 2 yield r2 = 0 which can be used
to solve for ©5 from Eq. (6.44). If axes 2 and 3 are

parallel and axes 4 and 5 are parallel, then using Eq. (6.2)
and Eq. (6.40) will yield a value of 0^.

Case 3: Two parallel axes followed by two intersecting
axes. When this special geometry concerns the first four

joint axes of the 5-DOF arm, using Eq. (6.30) and Chapter 5,
case 3 yields r3 = 0. This constraint applied to Eq. (6.45)
gives a value of ©5. If the upper part of the 5-DOF robot
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has the special structure, Eq. (6.2) can be used and the

constraint r3 = 0 applies to Eq. (6.41). Angle 0.^ can be
directly computed.

Case 4: Two intersecting axes followed by two parallel

axes. This structure corresponds to Chapter 5, case 6.

Here, the constraint is = 0 and, as in the preceding

cases, 0-^ or ©5 can be directly computed from Eq. (6.39) or

(6.43), respectively.

Case 5: Three intersecting axes. Pieper (1968) has

shown that a six-DOF manipulator with three intersecting
axes can always be solved in closed form. This result

applies to the simpler case of five-DOF robots. This

structure corresponds to case 8 of Chapter 5 where the

constraints are r1=0 and r4=0. If the three intersecting
axes are the first three, Equation (6.30) should be used.

With Eqs. (15) and (6.46), a value of ©5 can be obtained
directly. This same method can be used when the last three

axes intersect by first exchanging the roles of end-effector

and base frames. When the intermediate three axes are

intersecting, use of Eqs. (6.2), (6.39) and (6.42) will

yield a value of 0^
Case 6: Two consecutive sets of two intersecting -•> axes.

This structure is analyzed in case 9 of Chapter 5. The

constraint equation is r4 = 0. Depending on where this

special structure is located along the five-DOF arm, 0^^ or
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©5 can be directly computed by use of Eqs. (6.42) or (6.46)

respectively.

In the special geometries described in Chapter 5, cases

5, 7, and 10, we did not find a constraint of the form r^=0,
yet a five-DOF arm having one of these particular geometries

can still be solved in closed form. We now study these

special cases as they apply to five-degree-of-freedom
robots.

Case 7: Three joint axes are such that they either
intersect or they are parallel two at a time. This type of

structure is studied in cases 5, 7, and 10 of Chapter 5.

Assuming this geometry concerns axes 3, 4, and 5 of the

five-DOF arm, Eq. (6.2) should be used. From Chapter 5,

case 5 and case 10, we see that the last two equations of

the reduced system, Eqs. (6.17) and (6.18) have the form

a2^x S2 " 9y C2) = r3

a2(^y S2 + qx C2^ = r4

where qx, q^., r3, and r4 are all linear expressions in
and C-^. A quartic polynomial equation in t-j_ = tan(©1/2) is
readily obtained by squaring and adding the last two

equations, .. .

qx2 + qy2 = (r3/a2 ^2 + (r4/a2)2'
and substituting = 2t1/(l+t12) and C-^ = (1-t-^2)/(l+t-j.2) .

This polynomial can be solved for 0-^ and the solution set
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completed as described earlier. Similarly, from case 7 of

Chapter 5, we get the equations

a2(uy S2 + ux C2) = rx

a2<ux S2 - uy c2> = r2

corresponding to Eqs.(6.15) and (6.16) of the reduced system

of equations. Here again a quartic polynomial equation in

t^ is obtained by eliminating S2 and C2.
When the three axes with the special geometry are

located elsewhere along the five-DOF structure, a similar

result can be obtained by using equation (6.30) or by

exchanging the roles of base and end-effector frames.

To summarize the above cases, we find that a 5-DOF

robot manipulator will allow closed-form solutions if any of

the following conditions is satisfied:

1. Three consecutive joint axes are parallel.

2. Three consecutive joint axes intersect.

3. There are two consecutive sets of two joint axes

that are either parallel or intersecting.

4. Three consecutive joint axes are such that two

intersect and two are parallel.

5. Three consecutive joint axes are such that the

first two intersect and the last two intersect.

Note that these conditions are not exclusive of one

another. For example, arms that satisfy condition 5 include

those that-satisfy condition 2. . ■ -



CHAPTER 7
SOLVING SIX-DOF MANIPULATORS

Reduction to.a 4-DOF Problem

At least six degrees of freedom are required for a

robot manipulator to be able to arbitrarily position and

orient its end-effector within its workspace. Equation

(2.14), with n equal to six, yields

Ai A2 A2 A4 Ag Ag = P. (7.1)

If both sides of this equality are multiplied by (A-j^ A2)-1,
the equation becomes

A3 A4 Ag Ag — Q (7.2)
with

Q = A2-1 A3-1 P. (7.3)

When ©2 and ©2 are known, matrix Q is fully determined and

can be viewed as a pose matrix for a 4-DOF arm whose

structure is described by the left hand side of Eq. (7.2)
which merely expresses a 4-DOF problem. In Chapter 5, we

have seen that a 4-DOF problem can always be solved in

closed-form, hence the remaining joint variables can be

computed from Eq. (7.2).

70
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First we show that a similar result can be obtained if

©5 and ©6 are known or if ©^ and ©6 are known instead of the
first two joint variables.

In the development of the 4-DOF inverse kinematics

solution, we have used the simplifying assumption that the

last frame had DH-parameters d, a, and a all equal to zero.

Although this assumption is obviously correct in the case of

Eq. (7.2), we must show that it can be obtained in other

cases. As shown in Eq. (2.7), a homogeneous matrix A^
decomposes into A^ = A^ where A^ and are given by Eqs.

(2.8) and (2.9) and A^ is a homogeneous matrix for which DH-

parameters a, d, and a are zero. If the values of ©.^ and ©6
are known, Equation (7.1) now reduces to the 4-DOF problem1

A2 A3 A4 —5 - Q (7.4)

where

Q = A-l-1 P A6-1 B5_1. (7.5)

Similarly, If ©5 and ©6 are known, the inverse kinematic

task becomes that of solving the 4-DOF case

A1 A2 A3 —4 ~ (7.6) - -

with

Q = P Ag"1 A5-1 14-1. (7.7)

In the following section, we will show how a two-

dimensional iterative technique can be implemented to solve

the inverse kinematics problem of six-DOF robot
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manipulators. Although this technique can equally be

developed using Eqs. (7.4) or (7.6), it will be based on Eq.

(7.2) for convenience.

Two-Dimensional Iterative Technique

Since we only need to know 2 of the joint variables to

solve for the whole solution set, the inverse kinematics

problem of six-DOF manipulators can be reduced to finding
the values of the first two joint variables only, and

getting closed-form values for the remaining variables. A

numerical technique aimed at finding the values of Q-j^ and 02
can be implemented by defining a system of two nonlinear

equations in 0-^ and 02,

f(01,02) = 0 (7.8)

g(©l,02) = 0, (7.9)

that can be solved using an iterative method such as a two-

dimensional Newton-Raphson.

From the left hand side of Eq. (7.2), two vectors uL
and qL, corresponding to vectors u and q, (vectors u and q

relate to pose Q as shown in Eq. (6.4)), are given by

UL = R3 r4 r5 z (7.10)

= ^3(^4 ^5 "i" Í4) + Í3 • (7.11)

and
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We define two nonlinear functions of 0-^ and ©2 as
differences between the inner-products u-^.q-^, q-^.q^ and the
inner-products u.q and q.q, respectively;

f(0^,©2) = ul*^L — (”7.12)

g(©1,02) = qL-qL - q.q. (7.13)

If the values of 0-j_ and ©2 used to compute pose matrix Q in

Eq. (7.3) do correspond to a solution set, then Eq. (7.2)
will hold and vectors uL and qL will be exactly equal to u

and q forcing both functions f and g to be equal to zero.

In other words solution sets of Eq. (7.1) correspond to

zeros of the functions f and g defined in Eqs. (7.12) and

(7.13).

Computing ffQ^QO and qfQ^.Qo).
In order to compute the values of f and g for a given

pair (0-^,©2) , the components of vectors u, q and the inner

products u.q and q.q are needed to solve the 4-DOF equation

(7.2) which in turn allows computation of inner products

UL* and qL.qL and finally the values of f and g.

Vectors u and q, computed from Eq. (7.3), are

u = R2_1 r^1 R z = r2_1 R1_1 t (7.14)
and

q = R2_1 [R-f1 (p - lx) - 12]. (7.15)

If we consider the components of vector t as expressed with

respect to frame F-^,



74

-

Xtx C1 fcx + S1 fcy
= lfcY = t = "Tlsl fcx + Tlcl fcy + °l fcz

. ltz .
alSl fcx ~ alcl Py + T1 tz

then vector u is given by

u = V1 xt
C2 Xtx + S2 1-ty
"t2S2 Xtx + t2C2 ^y + a2
a2S2 lfcx " a2C2 lfcy + T2

(7.16)

To obtain the components of vector q, first we rewrite Eq
(7.15) as

q = ^2 "^(Rl P ” ^ ^i) ~ ^2 ^ ^2
and we define

h =

XPx
lpy = R1*”1 p =

C1 Px + S1 Py
-Tlsl Px + Tlcl Py + al Pz

_ V alsl Px " alcl Py + T1 Pz

vector q is then given by

q

C2 (XPx " al) + S2 XPy - a2
"T2S2 XPx + T2C2 XPy + ff2 ^z " a2d2
a2S2 XPx " a2C2 1Py + r2 ^z ~ T2d2

(7.17)

The inner product u.q can be derived from Eqs. (7.14) and

(7.15),

u.q = (R^1 R-f1 t) . ®-2~1r1~1 t(P ~ Xi) ~ R'i 12]-”
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Using (4.4) and (4.5) as needed and expanding yields

u.q = t. (p — 1^) — ^t . 12,
or

u.q = t.p - t.l1 - 1t.l2
which gives

u.q = t.p - C1 - S1 - a2 1tx C2
-

a2 1ty S2 - d2 1tz. (7.18)

Similarly, the square of the length of vector q, q.q, is

given by

q.q = R2“1Ri"1 [(p - il)"*! ^ * r2~1r1-1 t(P " 12^
— 1 —1where we factored out R2 R-^ m the expression of q from

Eq. (7.15). Using (4.5) and (4.6) and expanding again leads

to

q.q = p.p 4- 1^.1^ + 12«12 — 2 (p. 14 + R^ p. 12 4- R-^ ^ 1 ^«12)
or

q.q = -2a2 [(a-L + 1px) C2 + 1py S2] - 2d2 1p2
- 2a1 + p.p + a±2 + a22 + d22. (7.19)

Equation (7.2) gives rise to a reduced system similar to

that of Eqs. ((5.13)-(5.16) with the required shift in

indexes,

a3uy S3 + a3ux C3 + a4a5 S5 - cr4a5d4 C5 = r-^ (7.20)

CT3UX ^3 ” a3uy *-3 + CJ4(75 ^5 = r2 (7-21)
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CT3qx S3 “ a3qy C3 “ a4a5 S5 " r3

a3qy S3 + a3qx C3 + cr4a5d4 S5 + a4a5 C5 = r4

with

r-L = q.u - r5d5 - d3uz - r4r5d4

r2 = t4t5 " r3uz

r3 = r3(d3 - qz) + d4 + r4d5

t4 = (q-q + a32 + d32 - a42 - d42 - a52 - d52
- ' T4d4d5 •

Solving this system of equations will yield the values of 03
and ©5. The value of 04 can then be computed from the two

equations

^4d5~T4a5^5^ ^4 (a4+a5^'5) =

c3qx + S3qy - a3 (7.28)
and

(a4+agCg) S4 — (cr4c^5-1’4a5S5) C4 =

-r3s3qx + 7'3C3qy + a3(qz~d3) (7.29) (7.29)

derived from Eqs. (5.23) and (5.24), or from the equations

(r 4°5^5+° 4T 5) ^4 t ^5^5 ^4 ~ ^3UX S3uy (7.30)
and

CT5^5 ^4 — (T4a5(~5+°4T 5 ) ^4 =

-t3S3ux + r3C3uy + cr3uz,

corresponding to Eqs. (5.25) and (5.26).

(7.22)

(7.23)

(7.24)

(7.25)

(7.26)

)/2

(7.27)

(7.31)
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We can now compute the inner products uL.qL and qL-qL.
By incrementing the indexes in Eq. (6.10), we derive

UL*= T5d5 + a4CT5 S5 " CT4d4a5 C5 + T5d4
+ cr5 S5 (a3 C4 + a3d3 S4)
~

a5 ^5 (-a3r4 ^4 + a3d3r4 ^4 + T3d3a4)
+ ^5 (a3CT4 ^4 “ c73d3c74 *"4 + T3d3T3)* (7.32)

Vector qL, obtained from the left hand side of Eq. (7.2), is

= ^3(^4 ^5'1"^-4)+l3 (7.33)

and the square of its length is given by

Sl-Sl = (^3(^4 ^5 + ^4) + ^3) • (^3(^4 I5 + I4) + I3)
or

~ (Í5+^4 ^Í4+^4 ^3 ^^3) • (^5+^4 ^^4+^4 ^3 "^3)>
after factoring out (R3 R4) and using inner product

invariance of rotations. Multiplying out the terms in

parentheses and using (4.5) and (4.6) where necessary, the

last equation yields

= 2 ta5 C5^a4 + a3 C4 + a3d3 S4^
+ a5 S5(-a3r4S4 + a3d3r4 C4 + r3d3a4 + a4d4)
+ dg (t4d4 +a3a4 S4 — cr3d3a4 C4 + d3T3r4)
+ a3a4 ^4 + £73<^3a4 ^4 + r3^3d4]
+ a32 + d3^ + a42 + d42 + a5^ +ds2. (7.34)
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Given a pair (©3, ©2), the corresponding values of f(©3,©2)
and g(©3,©2) are obtained by the following steps:

Step 1. For initial values of ©3 and ©2, compute the
coordinates of vectors u and q as given by Eqs. (7.16) and

(7.17). The inner products u.q and q.q can be computed

using the regular inner product formula,

u.q = uxqx + uyqy + uzqz
and

q.q = qx2 + qy2 + qz2.
Step 2. Solve the reduced system of Eqs. (7.20)-(7.23)

for ©3 and ©5.
Step 3. Compute the value of ©4 from Eqs. (7.28) and

(7.29) or Eqs. (7.30) and (7.31).

Step 4. Compute the inner products u^.q^ and qL.qL,
given by Eqs. (7.32) and (7.34), respectively, and compute

the values of f and g as given by Eqs. (7.12) and (7.13).

Two-Dimensional Newton-Raphson

The zeros of f and g can be iteratively computed and

checked for consistency with Eq. (7.1). If a computer

program for evaluating the two functions is available, the

partial derivatives of f and g with respect to ©3 and ©2,
denoted flf f2 and glf g2 respectively, can be numerically

approximated by

fl(©l,02)= df/ae-L = [f (©3 + 503,©2)-f (©3,03) ]/501, (7.35)
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f2(®ii®2)~ Bf/a©2 = [f(©1,©2+602)-f(©3,02)]/6©2, (7.36)
and

9i(®i/®2)= Bg/3©! = [g(01+601,02)-g(01,02)]/6©1, (7.37)

g2(©1,02)= ag/a©2 = Cg(01,©2+502)-g(©1,e2)]/«©2, (7.40)

where 60 and 6©2 are small increments of ©3 and
respectively.

The two-dimensional Newton-Raphson technique for

solving the inverse kinematics problem for a six-revolute-
DOF robot arm of arbitrary architecture proceeds according
to the following steps:

Step 1. Assume an initial estimate of ©3 and ©2 and
compute ©3, ©4, and ©5

Step 2.
. From the values of ©1; ©2, ©3, ©4, and ©5

compute f(©1,©2) and g(01,©2) as in Eqs. (7.12) and (7.13).
Step 3. Compute the partial derivatives of f and g

with respect to ©3 and ©2 by numeric approximations as shown

earlier.

Step 4. Obtain a new estimate for ©3 and ©2 by the
two-dimensional Newton-Raphson method, i.e.

-1

el ®1 f 1 f2 f(©1,e2)

. 02 .

02
_ _ gx g2

_

g(0f,©2)
new

Step 5. Repeat steps 2 to 5 until desired accuracy is
attained.
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Step 6. Complete the solution set by uniquely
computing ©6 from

*

“

C6 nX

R6 x = S6 — TJ ”1 p ”1 p 1 B ~1 p “1k5 k4 k3 k2 k1 ny
0

_ nz _

Step 7. Check the solution set for consistency with
Eq. (7.1).

Choice of functions f and g. The functions f and g

defined by Eqs. (7.12) and (7.13) are computationally
economical since they do not require computation of the

forward kinematics or the inverse jacobian of the

manipulator. In fact, even the value of e6 is not required
to compute f and g since Eq. (7.41) is considered only after

convergence. Unfortunately, a pair (9-^ 02) for which both
f and g are zero is not guaranteed to correspond to a

solution set of Eq. (7.1). Extraneous solution sets can be

converged to as well. These are joint values that will

yield an end-effector pose that is not exactly the desired

one.

Other functions that fully constraint the end-effector

pose can be defined at the cost of greater computational

complexity. Wu and Paul (1982) have shown that the

difference between actual and desired end-effector poses can

be expressed as a 6 x 1 vector xe given by
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X1 nL * (P “ Pl^

x2 bL * (P " PL)

x3 bL • (P " Pl>

x4 (tL.b - t.bL)/2
x5 (nL.t - n.tL)/2

_ x6 (bL.n - b.nL)/2

(7.42)

where nf b, t, and p are the vectors that describe the

desired end-effector pose P as defined in (2.12) and vectors

nL' bL' fcL' anc^ PL are t^eir corresponding vectors from the

left hand side of equation (7.1). Two functions can be

defined as

f(e1,©2) = x-^2 + x22 + x32 (7.43)

g(01,02) = x42 + x52 + x62. (7.44)

A pair (01,02) that is a zero of both f and g is guaranteed

to correspond to a solution set of Eq. (7.1) so that the

iterative method described above will only converge to a-

true solution. However, now, the forward kinematics must be

computed at each iteration since the components of vectors

nL' bL' ^L' anc^ ?l are all needed to . evaluate functions. f

and g as defined by Eqs. (7.42) and (7.43).
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One-Dimensional Method

The inverse kinematic problem for six-DOF manipulators
reduces to a five-DOF one when the first or the last joint
variable is known. Equation (7.1) becomes

A2 A3 A4 A5 A6 = 2' (7.45)
with

Q = A-l-1 P (7.46)

when ©i is known, and

Ai ^3 ^4 ^5 = Q/ (7.47)
with

Q = P Ag-^g-1 (7.48)

if ©g is known. In both cases, a five-DOF problem is

obtained. When the resulting five-DOF problem is solvable

in closed form, knowledge of ©.^ or ©6 is then sufficient to

yield a complete solution set. The inverse kinematic

problem then reduces to finding one joint angle which can be

accomplished by a one-dimensional iterative technique.
In chapter 6, we found that a sufficient condition for

closed form solutions of 5-DOF manipulators is that they
have one of the special structures listed at the end of

Chapter 6. Six-DOF arms that include a five-DOF segment

with this type of geometry can then be solved using a one¬

dimensional iterative method. This iterative technique can

be implemented in much the same way as described in Chapter
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6 for five-degree-of-freedom arms. Assuming Eq. (7.45) is
to be solved, we define a function f of 0-j^ by

f(9l) = Ul-^L ' u,<3 ' ' (7.49)

where vectors uL, qL, u, and q are defined as earlier.

Given a value of 0-^ vectors u and q are computed from Eq.

(7.46), the values of the remaining joint variables are

computed in closed form from Eq. (7.45) as indicated in

Chapter 6 and Appendix B, the inner product uL.qL can then
be obtained as in Eq. (6.10) with the proper index

adjustments, and the value of f is then given by Eq. (7.49).
As we have seen before, the ability to compute the function

f for a given value of 0-^ allows the implementation of a

practical one-dimensional Newton-Raphson algorithm.

Therefore, we can conclude that a six-degree-of-freedom

manipulator with two consecutive pairs of intersecting or

parallel joint axes or three consecutive joint axes that are

parallel and/or intersecting two at a time can be solved by
use of a one-dimensional iterative technique instead of the'

two-dimensional method required for an arm of arbitrary
architecture.

Closed-Form Solution

Some six-degree-of-freedom manipulators with simple
geometries do not require any iterative, method since- they
can be solved in closed-form. Pieper (1968) has shown that
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a sufficient condition for closed-form solutions is that

three consecutive axes be intersecting. The inverse

kinematics problem then reduces to finding the zeros of a

quartic polynomial. In the literature, It seems to be

common knowledge that three consecutive joint axes that are

parallel is another sufficient geometric condition for

closed form solutions.

The analysis of Chapter 5 and Appendix A showed that

under certain conditions, the reduced system of equations

(7.20)-(7.23) included constraint equations of the form

r¿ = 0. (7.50)

The quantities r^, i=l, . . . ,4, are functions of ©^^
and ©2, as we have seen earlier. By looking for conditions

under which a joint variable value can be directly obtained

from an equation having the form of Eq. (7.50), we find two

more sufficient six-DOF robot structure conditions for

closed-form solutions (excluding the already known

conditions of three parallel or three intersecting axes).

When the first two joint axes of a manipulator are

parallel so that 0:^=0, then cr1=0, 7-^=1, and the z-components
of vectors u and q, given by Eqs. (7.16) and (7.17), become

uz = a 2 (-ty C12 + fcx S12 ) + Titz (7.51)

qz =-a2- (Px S12 " Py C12) + r2 (Pz“d2)-: (7.52)

and



85

This shows that r2 and r3, as given in (7.25) and (7.26),
become linear functions of S12 and ci2‘

When joint axes 3 and 4 are parallel and joint axes 5

and 6 are parallel, the reduced system oe equations (7.20)-

(7.23) becomes similar to that of case 2 of Chapter 5,

a3uy S3 + a3ux C3 = (7.53)
0 = r2 . (7.54)

-

a4a5 S5 = r3 (7.55)

a3^y S3 + a33x C3 + CT4a5d4 S5 + a4a5 C5 = r4' (7.56)

Equation (7.54) yields two possible values for ©12' each of
which will provide two possible values of ©5 from Eq. (7.55)
when substituted in the expression of r3. The remaining
joint values can then be computed in closed form. A similar

development occurs when axes 3 and 4 are parallel and axes 5

and 6 intersect.

To summarize, a six-DOF manipulator has a closed-form

solution if one of the following conditions is satisfied:

1. Three consecutive joint axes are parallel.

2. Three consecutive joint axes intersect at- one

point.

3. The arm is formed of three sets of two parallel

axes. This structure is illustrated in Figure 7.1(a).

4. The arm has two sets of two parallel joint axes

followed or preceded by two intersecting axes. These

structures are illustrated in Figure 7.1(b) and 7.1(c).
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b. 2 pairs of parallel joint axes followed by 2
intersecting joint axes.

c. 2 pairs of parallel joint axes preceded by 2
intersecting joint áxes.

Figure. 7.1. 6-DOF manipulators with: closed-form
inverse kinematics.



CHAPTER 8
ORTHOGONAL MANIPULATORS

Definition; An n-axes, serial kinematic chain of

revolute or prismatic joints is orthogonal if all twist

angles a¿, i=l, . . . , n, along the chain are 0 or ir/2. An

open orthogonal kinematic chain will be called an orthogonal

manipulator (Doty 1986).

Six-DOF orthogonal manipulators can be classified in

terms of the values of their twist angles a^, i=l, . . . ,5.
Twist angle a6 is always assumed to be zero in this text.

In fact, the value of ag can be chosen arbitrarily since zg
is not a joint axis. Therefore, there are only 25 = 32

distinct classes of orthogonal manipulators, as listed in

Table 8-1, 8 of which have 4 or more adjacent parallel joint
axes which reduces their capability to less than six

degrees of freedom. As a result, there are only 24 types of-

six-joint orthogonal manipulators with full spatial position

and orientation capability.

A convenient notation for this classification of

orthogonal manipulators is obtained by assigning a 5-bit

binary number to each of these 24 types in which bit i is 0

if (*£= 0 and bit i is 1 if a^=n/2. For example, a

manipulator with twist angles

87
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a5=7r/2, a4=tt/2, 0:3=0, a2=0/ and o:-L=7r/2

belongs to the class 11-001 of orthogonal manipulators.

Since most industrial robot arms are orthogonal, it is

worthwhile to consider the inverse kinematics problem with

respect to these manipulators. The A-matrices associated

Ai(a=0) =

or

Ai(a=7r/2) =

have one of the

ci "Si 0 aiCi

si Ci 0 aiSi
0 0 1 di
0 0 0 1

Ci 0 si aici

Si 0 -ci aisi
0

0

1

0

0

0

(8.1)

(8.2)

Further computational simplification is obtained in the

inverse kinematic equations with orthogonal manipulators

since

R^z = Rj_-1z = z if a^= 0
and • —' ■ ' ' - • _

R^-1z = y if a^= w/2.

Doty (1986) has shown that, of the 24 classes of

nontrivial orthogonal manipulators, those with 2 non-zero
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twist angles (classes 01-001, 01-010, 01-100, 10-100 and 10-

010) have closed-form solutions. The inverse kinematic

analysis of Chapter 7 shows that the most complex six-DOF

robot structure can be solved by use of a two-dimensional

iterative technique. Simpler structures only require a one¬

dimensional numerical technique and some even simpler
structures can be solved in closed-form.

In Table 8-1, we provide a list of all thirty-two

orthogonal manipulator classes in which we indicate the

degenerate geometries and, for the twenty four non¬

degenerate classes, we indicate a suitable inverse kinematic

method necessary for solving the most complex arm structure

within that class. It must be understood that intersecting
axes cannot be considered according to a classification

based on the values of the twist angles alone. The choice

of inverse kinematic method indicated in Table 8-1 is based

solely on the presence of parallel axes within a given
class. Simpler inverse kinematic methods can be used if any

of the special structures discussed in chapters 5, 6, and 7

are present.

In Chapter 9, the inverse kinematics of four orthogonal

manipulators are described in more detail.
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Table 8-1. Inverse kinematics of orthogonal manipulators
Class Method Justification

1 00-000. D All six axes are parallel

2 00-001 D Five consecutive parallel axes

3 00-010 D Four consecutive parallel axes

4 00-011 D Four consecutive parallel axes

5 00-100 CF Three consecutive parallel axes

6 00-101 CF Three consecutive parallel axes

7 00-110 CF Three consecutive parallel axes

8 00-111 CF Three consecutive parallel axes

9 01-000 D Four consecutive parallel axes

10 01-001 CF Three consecutive parallel axes

11 01-010 CF •Three pairs of parallel axes

12 01-011 1-D Two pairs of parallel axes

13 01-100 CF Three consecutive parallel axes

14 01-101 2-D

15 01-110 2-D

16 01-111 2-D
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Table 8-1. —Continued

Class Method Justification

17 10-000. D Five consecutive parallel ¡axes

18 10-001 D Four consecutive parallel ¡axes

19 10-010 CF Three consecutive parallel axes

20 10-011 CF Three consecutive parallel axes

21 10-100 CF Three consecutive parallel axes

22 10-101 1-D Two pairs of parallel axes

23 10-110 2-D

24 10-111 2-D

25 11-000 D Four consecutive parallel axes

26 11-001 CF Three consecutive parallel axes

27 11-010 1-D Two pairs of parallel axes

28 11-011 2-D

29 11-100 CF Three consecutive parallel axes

30 11-101 2-D

31 11-110 2-D

32 11-111 2-D

Notation: D = Degenerate geometry

CF = Closed-Form1-D = One Dimensional iterative method2-D = Two-Dimensional iterative method



CHAPTER 9
APPLICATION EXAMPLES

Example 1: The PUMA 560

A popular orthogonal manipulator geometry, the PUMA

560, is described by the kinematic parameters given in Table

9-1 and illustrated in Figure 9.1. This manipulator has a

spherical wrist and therefore allows closed-form solutions

(Pieper 1968). Inverse kinematic solutions have been

proposed by numerous authors for this type of arm (Lee and

Ziegler 1984; Craig 1986; Paul and Zhang 1986).

Table 9-1. PUMA 560 kinematic parameters

Joint d G a a (rd)

1 0 0X 0 7T/ 2
2 0 02 a 2 0
3 d3 ©3 a3 n/2
4 d4. ©4. 0 it/ 2
5 0 05 0 tt/2
6 0 ®6: . 0 0

This example is included here to demonstrate the

utility of the approach already outlined and to contrast it

92
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I

Figure 9.1. The PUMA 560 kinematic structure.
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with the geometric and algebraic approaches taken by the

previous authors.

Without computing the forward kinematics, we will

illustrate how Eqs. (4.9)-(4.13) may be easily obtained.

For quick reference in the following discussion, we write

the equations immediately

tZ ~ S23 C4 S5 + C23 C5 (9-1)

PZ = a2 S2 + a3 S23 " d4 C23 (9.2)

p.t = (a3+a3C3) ^-4^5 + ^3 ^4^5 “ ^5 (^4 + a2^3^ (9.3)

(p2~a2^“a3^“d3^—d4^)/(2a2) = d4 S3 + a3 C3 . (9.4)

To illustrate the simplification obtained by the frame

assignment described earlier and inner-product invariance

under rotations, we give in detail the development of

equation (9.4).

With 1-L=l5=lg=0 and l4=d4z, Eq. (4.4) yields

P = ^1 (R2 ^R3^"4 + ^3) + ^2^
or

p = R^R2R3 [14 + R3 ^13 + R3 "^^2 ^2^ '

By orthogonality, the inner-product p.p has the same value

as the inner-product of the term in brackets hence

p.p =[14 + R3_113 + R3-1R2_112 ] * [14 + R3-ll3 + R3-1r2~1;L2]-
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The inner-product of each term in the square brackets with

itself is the square of the length of that vector. For

example,

R3 R2 ^2 * ^3 "^^2 ^2 = ^2*^2 = a2^ + ^2^ = ^2^*
These inner-product manipulations represent a considerable

algebraic simplification that requires little or no mental

effort. Further, they provide a methodology and

considerable insight into how to find other algebraic

reductions.

Some of the cross terms also reduce; for instance,

R3 ^"13 • R3 ^2 ^^2 = ^3 * ^2 ^^2'

Complete expansion of Eq. (9.4) and application of the

reduction techniques just discussed lead to

(p^ -14^-13^-12^)/2 = Í4*[^3 ^^3 + R3 ^^2 ^2^ + ^3*^2 ^^2*
For this manipulator, vectors

14 = [0,0,d4]T = d4z,
— 1 *T

R3 I3 = [a3,d3,0] , and

R2"1;L2 = [a2> °' °]T = a2 x .

allow us to simplify the last equation to

(p^ —14^—13^—12^)/2 = d4Z . [R3 ^^3 a2 R3 a2^3 • x/

(e.g., l4.R3_1l3 is obviously 0, which eliminates ©4 from
this equation).
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Without any matrix multiplication required, we obtain

the fully simplified relation involving ©3 only:

(P2-a22-a32-d32-d42)/2 = a2 (d4 S3 + a3 C3).

The last equation yields at most two solutions for ©3.
After applying trigonometric identities for angle sums to

(9.2), we get

Pz = a2 ^2 a3 ^2<~3+^3(~2 ^ ~ ^4 (^'2^'3—S2^3) '

and grouping terms, we obtain

(a2+a3C3+d4S3) S2 + (a3S3-d4C3) C2 = pz.

With each value of ©3, 2 values for ©2 can be obtained from
this last equation.

With ©2 and ©3 known, (9.1) and (9.3) become functions
of ©4 and ©5 only. Although this system of 2 equations in
two unknowns can theoretically be solved, its solution is

not obvious. A simpler solution exists if Eqs. (4.13) to

(4.16) are considered,

p . x = R^(R2(R314 + 13) + 12) . x = px, (9.5)

p . y = R1(R2(R314 + 13) + 12) • y = Py/ (9.6)
or

(d4 S 2 3 "t“a 3 C 2 3 "t“a 2 C2) ^1 ^3 ^1 Px

-d3 C-^ + (d4S23+a3C23+a2C2) S-^ = p
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The last two Eqs. form a linear system in S-^ and and
provide a unique value for ©1#

Eqs. (4.13) and (4.14) along with (9.1) provide a way

to solve for 04 and 05. By solving for C5 in (9.1) and

substituting in

tx - C1 C23 C4S5 + S ^ S4S5 C1 S23 C5 (9.7)

ty = 3± C23 C4S5 - C1 S4S5 S1 S2 3 C5' (9.8)

obtain

C1 C4S5 + Sl c23 S4S5 C2 3 + tz C1 S23 (9.9)

S1 C4S5 “ C1 C2 3 S4S5 ty C23 + tz S1 S23 * (9.10)

This linear system can be solved for the products C4S5 and
S4S5 uniquely. When S5 is not 0, two solutions for ©4 are
then obtained by

©4 = Atan2(S4S^,C4S^) or ©4 = Atan2(~S4S^,-C4S3).

When S5=0, joint axes z3 and z^ are aligned and the

manipulator loses one DOF. Only the sum ©4+©6 can be found
by use of Eqs. (4.3) and (4.4).

With ©4 known, the tx and ty equations above constitute
a linear system of equations which yields a unique solution

for 05. The last joint variable ©6 can then be obtained
from 2 more- equations from (4.3) such as the nz and bz
equations.
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This procedure will yield 8 solutions which must then

be checked for joint variable range limitations. We end the

discussion of the PUMA example with the observation that the

forward kinematics were never determined to obtain the

inverse kinematic solution!

Example 2: The GP66.

Consider the manipulator geometry with kinematic

parameters given in Table 9-2. This robot arm is an

existing industrial manipulator that belongs to the li-011

class of orthogonal arms and does not allow closed-form

solutions. Although, Table 8-1 specifies that the most

complex arm structure within the orthogonal manipulators

class 11-011 can be solved with a two-dimensional iterative

technique, but the GP66 (Figure 9.2) has two consecutive

pairs of intersecting axes and a prismatic joint and it can

be solved with a one-dimensional iterative technique.

Another reason for discussing this arm here is to show that

the techniques developed in this text apply to manipulators

with prismatic joints as well. .. =

An iterative method that exactly computes the position,

but approximates the orientation, was proposed for this type

of geometry by Lumelsky (1984). The technique presented

here differs in that it solves for both the orientation and

the position with the same' precision -and it:is applicable

to a larger variety of manipulators.
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Figure 9.2. The GP66 kinematic structure.
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Table 9-2. GP66 manipulator kinematic parameters.

joint d © a a

1 0 01 0 7T/2

2 0 02 a2 7T/2

3 d3 0 0 0

4 0 04 0 7T/2

5 d5 05 0 7T/2

6 0 ®6 0 0

Joint 3 is prismatic.

We will implement an iterative technique to find the

zeros of a real valued function of 0^ First we show that

knowledge of 0^ is sufficient to determine a solution set.

Assuming a guess of 0-^, the corresponding x and z components

of 1p=R1“1p and can be computed,

1PX = Px Ci+Py si (9.11)

1pz = px S-j-Py Cl (9.12)

Hx = tx Cj^+ty Sx (9.13)

lfcz = Sl-ty C1‘ (9-14)

•
— 1 *For this robot 1-^ = 14 = 16 = 0, R2 12 = a2x, ■*‘3 = ^3Z

15 = d5z and R3 = I. With these values, (4.4) yields

p = R-^R2 (^5 ^4^ ^3 ^ a2 ^0

or after multiplication by R^1
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1p = R2(d5 R4z + d3 Z + a2 x). (9.15)

Vector 1t is given by

1t = R^1 t = R2R4R5 z. (9.16)

A reduced system of equations can be obtained from the last
*

two equations by considering the expressions of ^-p,., 1t,,¿t z

11 11
t. p, and J-p.p.

Computing —tz. From Eq. (9.16) and using Eqs. (4.5)

and (4.6) as necessary yields

1tz = 1t . z = R5z . R4_1y.

Since R5z = [S5, -C5, 0]T and R4_1y = [S4, 0, -C4]T, the
preceding equation becomes

1tz = S4 S5. (9.17)

Computing —pz. Since 1pz = 1p . z, from Eq. (9.15),

properties (4.5) and (4.6) and R2“^z = y, we .obtain

^■Pz = (d5 r4z + d3 z + a2 x) . y

which is easily seen to produce

1pz = -d5 C4. (9.18)

Computing —t.—p. Eqs. (9.15), (9.16).and use of Eqs.

(4.5) and (4.6) yield

1t.1p = t.p = R5z . (d5 z + d3 R4_1z + a2 R4-1x).
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With R4-1z=y and R5z.d5z=0, this equations reduces to

t.p = -d3 Cg + a2 C4 S^. (9.19)

Computing p.p. The inner product directly produces

3-p.1p = p.p = d52 + d32 + a22 + 2 a2 d5 S4 (9.20)

without any matrix operations.

Equation (9.19) can be used to define a real function

of elf i.e.,

f(0].) = -d3 C5 + a2 C4 S5 - t.p. (9.21)

Values of ©3 that yield a solution to the Inverse

kinematics of this manipulator must be zeros of function f.

Eqs. (9.17), (9.18), and (9.20) provide a way to compute f

given ©■]_.
With 0 3 known, XPx/ ^tx and 1tz are fully

determined Equation. (9.18) then yields

C4 = (9.22)

and

S4 = u4 Trig(C4) (9.23)

where u4 = 1 or -1 expresses a sign ambiguity and the

function Trig is defined by Trig(x) = (l-x2) -1-/2.
The prismatic variable d3 can then be found from Eq.

(9.20),

d3 = (p.p - a22 - d52 - 2 a2 d5 S4)1/2/ (9.24)
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and from (9.17), the value of can be computed, if s4 is
not zero,

S5 = 1t2/S4'' (9.25)

and

C5 = u5 Trig(S5) (9.26)

where u5 = 1 or -1 is another sign ambiguity. This

additional sign ambiguity can be avoided if more equations

involving ©2 are considered. . Indeed, Eq. (9.15) allows us

to derive expressions for 1px and 1Py as

lpx = R2^d5 R4z + d3 z + a2 x). x

and

1Py = R2(d5 r4z + d3 z + a2 X) . y.

These last equalities yield a system of two equations that

can readily be solved for S2 and C2;

S2 = (d3 1PX + k0 Pz)/(d32+ko2)' (9.27)

C2 = (ko 1Px “d3 P2)/(d32+k02)' (9.28)

where kQ = (a2 + d5 S4) . The value of C5 can then be
obtained from either the expression for 1ty,

^"ty = R2 R4 R5 z . y

which, after using properties (4.5) and (4.6), gives
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C5 = (tz-S2 C4 S5)/C2 (9.29)
or from ‘ -

.. ..

1tJi = R2 R3 R4 R5 z . x,

which yields

C5 = (C2 C4 S5 “ (9.30)

With the computed values of d3, C4, C5 and S5< the
value of ft©!) is fully determined.

The derivative of f can also be evaluated. By

differentiating (9.18) with respect to 0^, dC4/d©! can be
obtained;

dC4/d©1 = -1Px/d5, (9.31)

where we substituted d(1pz)/d©1 = 1px*
The value of dS4/d©! can be obtained by differentiating

the Pythagorean identity,

d[S42 + C42]/d©! =d(l)/d©1 = 0

and solving for dS4/d©!,

dS4/d©x = -C4 (dC4/d©1)/S4 = C4 1PX/(S4 d5). (9.32)

Differentiating (9.20) yields

d(d3)/d©1 = -a2 d5 (dS4/d©1)/d3.

Substituting from Eq. (9.32) gives

dd3/d©! = ~a2 ^5 ^4 "^Px/(®4 d^ d3), (9.33)
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and from (9.17), dSg/d©^ can be obtained,

dS5/d©1 = - S5 (dS4/d©1)]/S4. (9.34)

Once again from differentiation of the Pythagorean identity,

dC5/d©1 = -S5 (dS5/d©1)/C5 (9.35)

and df/d©-^ is finally obtained by differentiating equation

(9.21),

df/de-L = a2 [C4 (dS5/d©1) + S5 (dC^/d©-^ ]
- [d3 (dC5/d©1) + C5 (dd3/d©1)j. (9.36)

By use of the one-dimensional Newton-Raphson iterative

method, a new estimate for ©^^ is given by

91'new = ei " f(©i)/ (df/d©!).

Once 0-^ is obtained to the desired accuracy, the remaining

joint variables ©2, ©4, and ©5 are then computed from the
values of their sines and cosines as obtained, along with d3
from the last iteration. A vector equation in ©6 can be
obtained from (4.3) which gives,

= R5-1 R4_1 R2-1 R-l-1 R x. (9.37)

This equation can be solved uniquely for ©6.
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In practical situations, the derivative of f can be

estimated by

df/de-L = [ f (0-j^ + S©3_) - f(©3.) ]/ <5©^

where 6©^ is a small increment of ©^.
When the value of ©-^ is close enough to a solution, the

complexity can be reduced by computing df/d©^ numerically at

any iteration using the values of ©3^ and f(©1) in the
preceding iteration,

(df/d©^1 = (fi_1 - fi)/(Q1i~1 - ©i1),
where the superscript represents the iteration number at

which the variable is computed. This saves the

computational cost of Eqs. (9.31) through (9.36) and avoids

the problem of special cases that occur when division by a

number close to zero is needed in any of those equations.

The procedure just described was programmed to compute

the joint variables for 10 equidistant points on a linear

trajectory with constant orientation that will move the end-

effector from the initial pose

72/2 0 72/2 1

72/2 0 -72/2 -1/2
P

0 1 0 -1/2

0 0 0 1
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to the position [1/2 , 1/2., . .1/10]T. . Table 9-3 shows the

.output of the program.

Table 9-3. GP66 trajectory points (in joint coordinates)

el ®2 d3 ©
in© 06

-19.072 - 54.427 1.192 -140.114 • -137-013 -121.439

-15.319 54.980 1.090 -135.196 -135.357 -125.247

-11.061 55.823 0.992 -129.853 -133.343 -129.428

-6.234 57.063 0.901 -124.100 -130.873 -134.024

-0.773 58.831 0.820 -118.000 -127.817 -139.068

5.374 61.276 0.751 -111.700 -124.006 -144.568

12.239 64.532 0.697 -105.467 -119.245 -150.474

19.805 68.657 0.662 -99.716 -113.360 -156.644

27.968 73.551 0.649 -94.958 -106.315 -162.840

36.488 78.908 0.660 -91.649 -98.352 -168.788

45.000 84.279 0.694 -90.000 -90.000 -174.278

All angles are in degrees. = 0.36, ©c—i
'

oII

inTJ

The maximum number of iterations needed per point was

six. The guess :for each point was the value of ©2 at the
preceding point. The experiment was started with a guess of

-20°. Convergence at every point was obtained when 6 or

more points were taken along the trajectory. Although Table

9-3 gives the joint variables to only 3 decimal places, they

were computed with a precision of 10-5. The program was

written in C and run on an AT&T 3B2/310 desktop computer.



108

The kinematic inversion for the 11 points took 0.32 seconds

which gives-an-average time per kinematic inversion of 29.1

milliseconds, clearly suitable for real-time high precision

inverse kinematics.

-

. Example 3: The OM25 Manipulator

In this example we present an orthogonal manipulator

that can achieve a given end-effector pose in sixteen

distinct configurations. Besides this interesting point, we

discuss this manipulator to show the power of the simple
iterative techniques developed in this dissertation not only

as fast inverse kinematic methods, but also as interactive

inverse kinematic analysis tools capable of finding all the

solutions for certain manipulators. The OM25 manipulator is

illustrated in Figure 9.3 and its DH-parameters are listed

in Table 9-4.

Table 9-4. DH-parameters of OM25 manipulator.

Joint d G a a

1

2

3

4

5

o e1
0 ©2

a^L 7T/2

a2 0
0 7T/2

a4 0
0 7T/2

6 0 0 0



log



110

This robot combines the following special structures

identified in Chapter 5:

Case 2 is satisfied by the four-DOF segment zto z4 .

Case 5 is satisfied by the segment zQ to z3 and by the
segment z3 to z5.

Case 7 is satisfied by the segment to z4.
Case 9 is satisfied by the segment z2 to z5.
The structure of this arm, although simple enough to

allow the use of a one-dimensional iterative technique (as

seen in Chapter 7), still does not allow closed form

solutions.

Once again we will implement an iterative technique
based on finding the zeros of a real valued function of 0-^.
With 9-l known (initial estimate) , the vectors

t
z (9.39)

and

ClPX + SlPy
Xp = R1-1p = pz

siPx - clPy

(9.40)

are fully determined. Expressions for 1tz, 1PZ, 1t.1p, and
•^p.^-p = p.p are given in terms of the remaining joint angles

by

(9.41)
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a4 S4 + d3 (9.42)

a4 S5 + S45 <a2 C3 + al C23) “ t . p (9.43)

a4 C4 (a2 ^3 ai ^23) + d3 a4 S4 + al a2 C2 =

[p.p - ax2 - a22 - a42 - d32]/2. (9.44)

Expressions for 1tx, ^-ty, ^-p^ and ^-py provide the
additional equations,

(9.45)

(9.46)

(9.47)

(9.48)

If the function f is defined from equation (9.43), then for

a given value of ©•]_, the corresponding values of S5, S45, C3
and C23 must be computed before

f(©l) - a4 S5 + S45 (a2 C3 + a1 C23) - t.p (9.49)

can be evaluated.

Computing.f

Given 9-j_, the components of 1t and 1p are computed from

Eqs (9.39) and (9.40). The value of C45 and S45 are then
given by Eq. (9.41)

c45 =

and

S45 ~ u45 Trig(C45)
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where u45 is a sign ambiguity and Trig(x) = 7(1- x2).
Equation (9.45) and (9.46) yield

C23 s= 1tx/S45 (9.50)

S23 == tz /S45 (9.51)

respectively, when S45 is not zero. In the special case

where S45 has an extremely small absolute value, ©45 = 0 or
7r and the current value of ©1 will allow closed form solving
of the remaining joint variables and fi©-^) can still be
computed. Next, S4 and C4 are computed from equation

(9.42),

CO II (XPZ ~ d3)/a4 (9.52)

IIu u4 Trig(S4), (9.53)

where u2 is another sign ambiguity, and C2 and S2 are
obtained from (9.47) and (9.48) respectively,

c2 = ( Xpx - a4 C4 C23 - ai)/a2 (9.54)

S2 = (Pz “ a4 c4 s23^/a2* (9.55)

Finally the values of ©3 and ©5 are computed as

©3 = atan2(S23,C23) - atan2(S2,C2)
and

ii

inCD a1^an2 (S45,C45) - atan2 (S4,C4)
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and ft©-^ can be computed. A few points are noteworthy in
this derivation. :First, since the above procedure computes
f from a guess ©^ and not a value of 9-^ that corresponds to
a true solution set, the values of sine and cosine of any

angle computed from 2 different equations ( such as (9.45)
and (9.46) for ©23 or (9.47) and (9.48) for ©2) will in
general not satisfy the Pythagorean identity (4.17).

An alternate possibility is to use one of the two

equations to solve for one trigonometric function, either

sine or cosine, compute the other from equation (4.17) and

use the second equation to avoid a sign ambiguity only. For

example, instead of using Eq. (9.46), we can compute S23
from

S23 = si9n(tz/s45) Tri(?(c45) (9.56)

to insure compatibility with identity (4.17).

As discussed in Chapters 6 and 7, the ability to

compute the function fíQ-^) proved sufficient to provide a

practical one-dimensional inverse kinematic algorithm for

the manipulator of Figure 9.3.

The sign ambiguities u4 and u45 above give four

possible combinations that must all be tried in the search

for a root of the function f. Once a root of f is found,
the values of ©^ ©4 and ©5 are known along with a value for

C3 from the last iteration.



114

A one-dimensional Newton-Raphson algorithm was

programmed to find' the zeros of the function" f defined in

Eq. (9.49) with d3 = 0.2, a3 = 0.3, a2 = 1, a4 = 1.5. Once
a value of ©.^ for which f(©1)=0 was found, the corresponding
solution set was completed and checked for consistency by

verifying that the solution set satisfies the expression for

ty as obtained from Eq. (7.1). This simple test proved
effective in filtering out extraneous solutions for this

particular experiment. A more involved consistency
verification procedure may be required for different

manipulators. However, Computing the complete forward

kinematics from Eq. (7.1) and verifying all pose elements

constitutes a worst case condition.

Inverse Kinematic Solution Search Algorithm

The one-dimensional inverse kinematic method just

described was programmed in pascal on a personal

microcomputer. A simple search algorithm was then

implemented by selecting regularly spaced values of the

initial estimate of 0-^ within the interval [0, 27r) with the

problem pose

-0.760117 -0.641689 0.102262 -1.140175

0.133333 0 0.991071 0

-0.635959 0.766965 0.085558 0

0 0 0 1
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This search program was run for each of the four

possible combinations of values for the sign ambiguities u45
and u4 ( (1,1), (1,-1), (-1,1), and (-1,-1)).

The 16 solution sets found are listed in Table 9-5.

This result is of importance because it provides the first

tangible proof that a six-DOF manipulator can actually
achieve a given pose with 16 different configurations.

Some manipulators can achieve a particular end-effector

pose in an infinite number of configurations when two or

more joint axes coincide. Such degenerate conditions, where

the manipulator loses degrees of freedom, force the

manipulator jacobian to become singular. To verify that the

manipulator under discussion is non-degenerate at each of

the sixteen configurations found, we compute the determinant

of the manipulator Jacobian.

The symbolic Jacobian of a 6-DOF manipulator has its

simplest expression in frame 3 (mid-frame) (Renaud, 1980a).

For the robot described here, the mid-frame Jacobian

3J, computed using tables given in Doty (1987), is

0.2 C23 S3 0 0 1.5 S4 0

~0•3-C2 0 0 0 -1.5 C4 0

0.2 S23 "C3 0 0 0 -1.5 C

S2 3 0 0 0 0 S45
0 1 1 0 0

ina1

-C23 0 0 1 1 0
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Table:9-5. 0M25 manipulator configurations for pose P of
-

-

equation (9.57).

©1 el 03 ©4 ©5 ©6 dJ

1 0.000 107.458 112.460 -7.662 0.000 0.000 1.310

2 0.000 107.458 -67.540 -172.338 180.000 18(7.000 1.310

3 88.670 -176.682 -178.394 -63.284 157.829 139.944 -0.800

4 88.670 -176.682 1.606 -116.716 22.171 -40.056 -0.800

5 113.841 4.741 -179.093 -55.954 -63.659 -42.463 -1.256

6 113.841 4.741 0.907 -124.046 -116.341 137.537 -1.256

7 168.703 -104.205 146.556 -16.393 -170.903 98.216 0.803

8 168.703 -104.205 -33.444 -163.607 -9.097 -81.784 0.803

9 180.000 107.458 -147.375 -7.662 -164.675 180.000 0.732

10 180.000 107.458 32.625 -172.338 -15.325 0.000 0.732

11 -120.748 173.066 -178.472 31.328 -146.087 142.605 -0.717

12 -120.748 173.066 1.528 148.672 -33.913 -37.395 -0.717

13 -96.292 -5.766 -179.142 38.477 51.922 -39.631 -1.441

14 -96.292 -5.766 0.858 141.523 128.078 140.369 -1.441

15 -11.768 -105.495 -114.490 1.243 6.408 -79.398 1.318

16 -11.768 -105.495 65.510 178.757 173.592 100.602 1.318
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The determinant of the manipulator Jacobian, dj, is
-independent of the frame of expression and can be easily
obtained from matrix 3J;

dJ = 1,5 <C3 S45 tS4 (0*3 + C2^ “ °'2 C23 C4J
" S3 S23 C4 (1.5 C5 + 0.2 S45)}. (9.59)

The values of dj, listed in Table 9-5, prove that all

sixteen solutions found correspond to non-degenerate

configurations of the 0M25 robot arm.

Figure 9.4 shows photographs of a computer graphics
simulation of the OM25 manipulator in the sixteen

configurations listed in Table 9-5. Figure 9.3 is a hand

drawing of this manipulator in configuration 1 of Table 9-5

(i.e. corresponding to the first solution set) with all link

frames clearly indicated and, to help differentiate between

solutions with common values of 0-l and ©2, we have attempted
to indicate the direction of axis vectors z3, z3, z4, and z5
on the photographs. The position and orientation of the

end-effector and the base frame (as shown on Fig. 9.3) are

the same for all sixteen representations of Figure 9.4.

It is also interesting to note that this large number

of solutions can be realized by an orthogonal manipulator
with a fairly simple geometry. Finally, this example shows

that the techniques developed in this dissertation can be

used to implement simple and efficient inverse kinematic

analysis tools such as the search algorithm just discussed



(3) (4)

Figure 9.4. Computer simulation of the sixteen
configurations of Table 9-5.
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(5) (6)

(7) (8)

Figure 9.4—Continued
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(11) (12)

(10)

Figure 9.4—Continued



(15) (16)

Figure 9.4—Continued
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which has found all the solutions to the inverse kinematics

problem of the OM25 manipulator.

Example 4: OM37 Manipulator

The most kinematically complex orthogonal manipulator

class is the 11-111 (octal 37) class described by the DH-

parameters of Table 9-6 in which no two consecutive joint

axes are parallel. In this example we will consider a

manipulator with the arbitrarily chosen kinematic parameters

d2 = 0.2, d3 = 0.1, d^ = 0.3, d^ = 0.4

a-^ = 0.5, a2 = 1.0, a3 = 1.2, a4 = 0.5, a5 = 0.2,

so that there are no two consecutive axes intersecting
either.

The general two-dimensional Newton-Raphson method,

described in Chapter 7 for a general six-DOF manipulator,
was programmed on a personal microcomputer and run with the

manipulator just described and the Cartesian end-effector

pose

10 0 1

00-1 1/2
P (9.60)

010 -1/2

0 0 0 1
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Table 9-6. DH-parameters of OM37 Manipulator.

Joint di - ©i ai ai(rd)

1 0 ©1 al 7T/2

2 d2 ©2 a2 TT/2

3 d3 ©3 a3 IT/2

4 d4 ©4 a4 IT/2

5 d5 ©5 a5 tt/2

6 0 ©6 0 0

The solution set

(©1, ©2, ©3, ©4, ©5, ©6) =

(-1.28°, 0°, -52.48°, 180°, 51.20°, 180°)

was found in 3 iterations with an initial estimate of (0, 0)
for (9-^, ©2) and an accuracy of 10-5. The same solution set

was obtained in 6 iterations from an initial estimate of

(-10°, 10°) with the same precision.

A second solution set given by

(109.07°, -168.21°, 112.36°, -16.44°, -137.00°, -163.92°)

was found with the initial estimate (115°, -175°) in 5

iterations with the same accuracy.
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Example 5; A General Geometry 6-DOF Manipulator

The previous examples were all about orthogonal

manipulators. Here we examine a non-orthogonal manipulator

with no special structure as described by the kinematic

parameters of Table 9-7 and the Cartesian end-effector pose

P

10 0 1

0 0-1 1/2

0 1 0 -1/2

0 0 0 1

(9.61)

Table 9-7. DH-parameters of a non-orthogonal manipulator.

Joint d 0 a a

1 0 ®1 1.0 35°

2 CM•O 02 1.2 oinCD

3 0.3 03 0.75 o o

4 0.5 04 1.0 27°

5 0.4 05 0.68 120°

6 0 ®6 0 . . .0°

The two-dimensional Newton-Raphson method of Chapter 7 was

programmed to find a solution set.

With the initial estimate (01, 02) = (80", -40°), the
solution set

(73.43°, -32.01°, -56.52°, 145.42°, 114.03°, -179.5°)
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was found in 4 iterations with an accuracy of 10“^. This

result is typical of the efficiency of the two-dimensional

Newton-Raphson inverse kinematics technique.



CHAPTER 10
CONCLUSION AND FUTURE WORK

This research has addressed the inverse kinematics

problem of non-redundant all-revolute robot manipulators.

We first showed how a convenient choice of manipulator

frames and proper use of inner-product invariance of

rotation transformations can be used to easily reduce the

inverse kinematic problem to four simple equations

independent of two of the joint variables (Doty, 1986). For

four-axis robots, the reduced system of equations can always

be solved in closed-form and at most two inverse kinematic

solution sets can be found. We have determined that, in

general, a 4-DOF arm will yield a unique solution and we

identified ten special four-DOF structures for which two

solutions can be found.

The same ten 4-DOF special structures, when part of a

five-axis robot manipulator are sufficient to insure closed-

form solutions for the 5-DOF structure. Otherwise, we have

shown that the inverse kinematic problem reduces to finding
the zeros of a real-valued function of one joint variable.

The most kinematically complex 5-DOF arm can therefore be

solved by a fast one-dimensional iterative technique such as

the regular Newton-Raphson or secant method.

126
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In the analysis of six-degree-of-freedom manipulators,

we identified three major classes of 6-DOF arms according to

their kinematic complexity. First, the class of closed-form

arms in which we find all 6-DOF open kinematic chains with

three adjacent joint axes intersecting at a common point

(Pieper, 1968) or with three parallel adjacent joint axes.

We discovered that the 6-DOF arms with three pairs of two

parallel axes and those with two intersecting axes following

or preceding two pairs of parallel joint axes had closed-

form solutions as well.

The next class contains all 6-DOF manipulators that do

not allow closed-form solutions but are such that knowledge

of one joint variable is sufficient to obtain a complete

solution set in closed-form. We determined that all 6-DOF

arms that include one of the ten special 4-DOF structures

discussed earlier were in this second class. The inverse

kinematics problem for these manipulators reduces to finding
the zeros of a real valued-function. A one-dimensional

Newton-Raphson or other iterative method can be used to

solve the inverse kinematics problem for these robots.

The third class of six-degree-of-freedom robots

contains all the manipulators that do not fall into the two

preceding classes. For the most kinematically complex six-

DOF robot manipulators, the inverse kinematics problem

reduces to solving a nonlinear system of only two equations

in only two of the joint variables. Therefore, the robots



128

in this third class can still be solved using a fast two-

dimensional iterative technique. This two-dimensional

method still constitutes a large reduction in computational

complexity with respect to the usual six-dimensional

iterative techniques found in the literature. The division

of the set of all 6-DOF manipulators into -the three classes

just discussed is illustrated in Figure 10.1.

In Chapter 8, we provide a formal definition of

orthogonal manipulators (Doty 1986). This type of

manipulator is important since it includes almost all

existing industrial robot manipulators. We show that a

structural partition of all orthogonal manipulators into

twenty four classes is possible but orthogonal manipulators

can also be classified in terms of kinematic complexity.

Out of the twenty four partitions found, twelve can always

be solved in closed form, three classes are such that their

most kinematically complex elements can be solved with a

one-dimensional iterative method and the remaining nine

classes of orthogonal manipulators have elements for which a

two-dimensional iterative technique may be required.

In Chapter 9, we analyze the inverse kinematics of five

manipulators. The PUMA 560 inverse kinematics is discussed

to illustrate the utility of the new inverse kinematic

approach even for arms that allow closed-form solutions.

The GP66, another existing industrial robot, that does not

allow closed form solutions is analyzed for two major
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3

2

1

6-DOF manipulators
solvable in
closed-form.

5-DOF manipulators for which
the one-dimensional method

is applicable.

Set of all 6-DOF Manipulators.
Solvable by use of a two-dimensional

iterative method.

Figure 10.l. Subdivision of 6-DOF manipulators in
terms of inverse kinematic techniques
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reasons. First, to show that the one-dimensional Newton-

Raphson algorithm can perform kinematic inversions in real¬

time, 29.1 milliseconds per kinematic inversion on an AT&T

3B2/310 desktop computer (this figure drops to 18

milliseconds on an AT&T 3B15 computer). The second reason

is the presence of a prismatic joint. Although this

dissertation was only concerned with all-revolute

manipulators, the GP66 robot example shows that the

techniques developed herein are applicable to manipulators

with prismatic joints as well.

In example 3, we discussed an orthogonal manipulator of

simple geometry, yet not simple enough to allow closed-form

solutions. The OM25 robot illustrates the use of the one¬

dimensional technique as an off-line analysis tool. By

interactively varying the robot parameters and the end-

effector pose parameters in search of a maximum number of

inverse kinematic solutions, the manipulator and the end-

effector pose of Chapter 9, example 3 were discovered. If

the work of Lee and Liang (in press) puts an upper bound of

sixteen on the number of possible inverse kinematic

solutions of six-DOF robots, the OM25 manipulator with the

sixteen solutions found establishes 16 as the least upper

bound on the number of solutions to the inverse kinematics

problem.

The iterative techniques described in this dissertation

have several advantages over other .existing numerical
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techniques. They do not require the computation of the

manipulator Jacobian or its inverse nor do they require

computation of the forward kinematics at any time before

convergence is achieved. When the initial estimate of the

variable is reasonably close to a solution (typically within

5 degrees), -convergence is-achieved within six ■ iterations

even with accuracies better than 10-5 which makes real-time

high precision inverse kinematics a reality. Finally, the

algorithms simplicity is such that they can be programmed

and executed very rapidly even on a personal microcomputer

for any manipulator with at most six degrees of freedom.

This programming simplicity makes the one- and two-

dimensional iterative techniques suitable for use as off¬

line interactive inverse kinematic tools as well.

The disadvantages of the inverse kinematics methods

developed here are those inherent to iterative algorithms.

No theoretical guarantee of convergence can be given and the

number of iterations required for convergence depends highly

on the initial estimate of the variables. A disadvantage

over the homotopy map method (Tsai and Morgan 1984) is that

convergence to only one solution is possible, again a common

disadvantage of iterative techniques. Searching for more

than one solution requires trying various estimates of the

variables.

One problem that the methods developed in this text

share with Tsai and Morgan's homotopy map method (1984) is
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that the algorithm may converge to values that do not

^correspond to true inverse kinematic solution sets. This

requires the addition of a post-convergence method for

checking the consistency of the solutions to filter-out

extraneous ones. Although this problem has not been

bothersome in practice, it is one that must be addressed. A

trade-off between removal of extraneous solutions and

computation cost exists. One desirable future improvement

on the one- and two-dimensional techniques will be the

development of fast techniques for the elimination of

extraneous solutions.

Another future research area is in the establishment of

necessary structural conditions of 6-DOF manipulators for

the applicability of the one-dimensional technique or the

existence of closed-form solutions. The structural

conditions established in Chapters 5 and 7 are sufficient

but not necessary. There may be other such geometry

conditions to be discovered.



APPENDIX
SOLVING FOR 02

: In the inverse kinematic- solution for four-degree-of-
freedom robot manipulators described in Chapter 4, after

solving for 9-^ and ©3, we said that the angle ©2 can be
obtained by solving one the two linear systems of equations
in S2 and C2 given by Eqs. (5.23) and (5.24) or Eqs. (5.25)

and (5.26). In this Appendix, we show that ©2 can always be
computed from one of those two systems when the 4-DOF arm is

not in a degenerate configuration.

The absolute value of the determinant of the system of

Eqs. (5.23) and (5.24), D-^ is given by

^1 - (°r2c^3 T2a3^3^ + (a2 + a3C'3^ (Al)

and, in absolute value, the determinant of the system of

Eqs. (5.24) and (5.25) yields

D2 — (^2r3 + t2c73<"3^ + (^3^3)^ (A2)

A value of ©2 is obtained as long as D-^ and D2 are not
simultaneously equal to zero. However, both determinants

equal zero requires that the four conditions

a2^3 “ T2a3^3 ~ 0 (A3)

a2 + a3C3 0 (A4)
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(A5)

(A6)

a2T3 + T2a3C3

a3S3 = O

be simultaneously satisfied. We now examine the consequences

of having all four conditions satisfied. Condition (A6)

requires that a3=0 or S3=0.
Case 1: u3=0 and S34=0, then r3=±l and from condition

(A5) , we see that o2 must be equal to 0 (and r2=±l) .

Condition (A3) then requires that a3=0 but a3=a3=0 means
that joint axes 3 and 4 coincide and the arm is degenerate.

Case 2: a3=S3=0, then C3=±l and, as in the previous

case, u2=0. Condition (A4) then becomes a2+a3=0 if C3 = l, or

a2“a3=0 if C3=-l. When C3=l (©3=0), then a2+a3=0 means that

a2=a3=0 since both link lengths a2 and a3 are non-negative
numbers. Therefore, this case means that a2=a2=0 and a3=a3=0
so that joint axes 2, 3 and 4 coincide and the arm is

degenerate.

When C3=-l (©3=7r) , then a2~a3=0 and. a2=a3. Since
a3=a2=0, axes 2, 3, and 4 are parallel. The values a2=a3 anc^
©3=7r force joint axes 2 and 4 to be aligned, thereby forcing
the arm in a degenerate configuration.

Case 3: S3=0 and cr3=fo. This case occurs when ©3=0 or
when ©3 =7T. When ©3=0, then C3 = l and condition (A4) yields

a2=a3=0 as in the previous case. Condition (A3) yields a2=0
or d3=0.

Since a2=0, the case cr2=0 means that joint axes 2 and 3

are aligned and the arm is degenerate. Assuming d3=0 and
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a24=0, Condition (A5) gives ct2t3 + t2ct3=0 or sin(a2+a3)=0. The
values a¡2+a3=0 or ir, and d3=a2=a3=0 mean that joint axes 2

and 4 are aligned so the arm is degenerate.

When ©3=7r, then C3=-l and Condition (A4) forces a2=a3
while Condition (A5) now becomes a2T3-T2CT3=0 or

sin(a2-a4)=0. The combination of values (a2-a4)=0, a2=a3,
and ©3=7T again force axis 4 to align with axis 2 which puts

the arm in a degenerate configuration.

Since the determinants and D2 are simultaneously
zero only when the manipulator is degenerate, We can

conclude that a unique value of ©2 can always be computed as

indicated in Chapter 5 when the arm is non-degenerate.
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