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D 
0 

SYMBOLCGY 

Storage device, or shift-register cell 

: The shift-register cell, which is 

corresponding to the x~th position of a 

polynomial g(x), is indicated as shown. 

11.AND" gate 

: 11 0R11 gate 

n-input modulo 2 adder, when n::2, it is the 

11EXCWSIVE OR11 gate. 

: To specify the sequential circuit is at the 

state 4. 

: 11 INVERTER11 gate 

ix· 



TERMINOLOOY 

A: similar transformation matrix · 

B, C, D, T, L, R, G, J, Q: The characterizing matrices of linear 

feedback shift registers. 

input symbol to the i-th channel at the time t. 

bi-1. t • output symbol of the i-th channel at the time t. 

E(x): error pattern polynomial. 

Eti: single error vector at the time t. 

e (x) : error polynomial = x U E(x) 

e 1 (x): shifted error polynomial= x 2-j E(x) 

F(x): codeword polynomial of degree (n-1) 

f: number of parallel channels 

g(x): generator polynomial 

H(x): received polynomial= F(x) + e(x) 

(n,k) code: codeword contains k information bits, total length is n. 

m(x): minimum polynomial 

m. (x): the minimum polynomial that corresponds to the i-th power of 
J. 

the root a. 

P : one period of a serial LFSR 
s 

GF(2): Galois field of 2 elements O and l. 

GF(2m): extension field of degree mover GF(2), or Galois field of 2m 

elements. 

GF 
2 

Lx J: the polynomial domain containing of all polynomial in x 

with coeff icients in GF(2). 

LFSR: linear feedback shift register 

SRSG: shift register sequence generator 

GF divider: Galois field divider 

X 



P: the corres:ponding period (to P) of the parallel LFSR 
p s 

q(x): quotient :polynomial 

r(x): remainder :polynomial 

r: the number of check bits, the degree of g(x) 

S S ( o 1 r-1) 
t: t = xt, xt,•••, xt is the state vector of the LFSR at the 

time t. 

T: the companion matrix of g(x) 

( o 1 f-1) Ut: Ut = at, at,•••, at is the input vector of the parallel 

LFSR at the time t. 

( 
0 1 f l 

Yt: Yt = bt' bt,•••, bt-) is the output vector of the f-channel 

analogy circuit at time t. (Note: f-channel analogy circuit= 

parallel LFSR) 

Z: final state vector 

W: general error pattern vector 

a: a root of g(x) · 

¢(fl.): 

¢ r'/1.): 

~(t): 

J : xy 

the characteristic :polynomial of the matrix T 

the characteristic polynomial of the matrix Tf 

autocorrelation function of a block sequence 

cross-correlation function 

¢: zero element 

<I>: null matrix 

~.(T): the i-th row of the matrix T 
1. 

~.(T): the j-th column of the matrix T 
J 

11, ": the symbol' stands for transpose 

xi 
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By 
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Major Department: Electrical Engineering 

This paper reports the results of an investigation of the theory 

and applications of binary parallel linear feedback shift registers (LFSR) 

Most existing results are on the conventional serial LFSR, i.e., the case 

of one input and o.ne output. The parallel LFSR has f(f integer and 

f > O) inputs and outputs. It performs the same operation as the serial 

LFSR but in a speed f-times faster. The amount of hardware to implement 

this parallel LFSR increases fractionally as compared with that of the 

serial LFSR. This parallel LFSR is precisely defined as the f-channel 

analogy circuit. 

Result of investigation is divided into two parts, theory and 

applications. The theoretical part includes basic serial-to-parallel 

transformation techniques,which cover the Galois field divider and the 

shift register sequence generator. Next, the algebraic structure of the 

parallel LFSR as a complete linear sequential machine is shown. The 

important result in the theoretical part is related to the periods and 

the characteristic equation of a parallel LFSR. Three basic theorems . . 

are proven which convert easily all periods of a serial LFSR into the 

:periods of its f-channel analogy circuit. The char~cteristic equation 

of a parallel LFSR is obtained by finding the equation jTf --r>...! = O. 

Two methods in addition to the direct computation method are discovered. 

xii 



Results of the second part are applications. In the error correct-

ing codes, we apply the parallel LFSR to implement various 

parallel encoding and decoding systems, such as single error correcting 

Hamming code, double error correcting BCH code, and burst error 

correcting Fire code. One special kind of error correcting system is 

also treated in detail which corrects unlimited errors in one channel 

in a multi-channel transmission system. In this case, variable length 

data blocks are encoded in terms of the entire block instead of the 

conventional case of encoding block data bits column-wise or row-wise. 

The resulting error correcting system is very flexible, economic and 

fast. It is very suitable in correcting errors in a tape, disk or 

drum system. 

Next, the parallel LFSR can be used in deep space communication 

such as generating parallel PN sequences. The result of this investi­

gation shows that a new method is obtained which not only generates PN 

sequences in blocks but also produces row PN sequences at the same 

time. 

In summary, results of this investigation are re~dily applicable to 

data transmission, information processing and deep space communication 

systems. 
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CHAPTER 1 

INTRODUCTION 

1.1 Introduction to the subject 

The problem investigated in this report is the theories and 

applications of the binary linear feedback shift register (LFSR) in 

parallel form. The system has multiple inputs and outputs in 

contrast with the conventional case of one input and one output. A 

r-stage serial LFSR specified by a polynomial g(x), 

r 
+ g X r 

is shown in Figures 1.1. a and 1.1. b and 1. 2. 

Input 

Input 

Input 

. . . 

Figure 1.1. a 

• • • 

. . . 
g(x) 

1 0 
X X 

Figure 1.1. b 

Figure 1.2 

1 

1--~~---- Output 

t--~~~---Output 

(1.1) 



Each circuit contains r binary storage devices which imply that 
r . 

the maximum number of states is equal to 2. Each state 

S. , i=l,2, ••• , 2r -l, is a r-tuple. 
l. 

In Figure 1.1, 

( r-l r-2 l o) S: X ,x ,•••,X ,x • Since the circuit is specified by g(x) with 

co-efficients gi E GF(2) for all i=O,l, ••• ,r, the output of the 

storage device xi is tapped to the modulo 2 adder only if g. = 1. 
l. 

Therefore, under the condition of input equals to zero, the state 

transition of S. to S. is completely specified by g(x). The circuit 
l. J 

of Figure 1.1 is generally named shift register sequence generator 

(SRSG) for input equal to zero, and that of Figure 1.2 is called the 

Galois field (GF) divider. Both circuits have the same amount of 

hardware and perform equivalent operations. However, these two 

circuits differ in certain places such as-state transition and output 

sequences for the same g(x) and input sequences. Moreover, the place 

of the mod 2 adder also makes a difference. From a practical point 

of view, the circuit of Figure 1.-1 is better in a sense that the 

shift register can use the integrated circuit of several stages built 

in together. 

The general form of the parallel LFSR specified by a polynomial 

g(x) and the number of parallel channels is shown in Figure 1.3. 

Normally, the number f of the parallel channels is assumed to be less 

than or equal to the degree r of the polynomial g(x). 

f 

Input f-1 
channels 

1 

. 
• 
• 

D 
~ D . . . 

l:31 
-

D 0 
D • • • ~ . . . . . • 

D D 
Figure 1.3 

" 
• 
.• 

-

f 

f-1 Output 
channels 

l 

2 



Figure 1.3 is the parallel form of Figure l.1. Note the 

labeling of the storage device positions. However, interconnections 

among the mod 2 adders ~-re no longer simply decided by g(x). A full 

treatment is given in Chapter 2. The genera l circuit of Figure l.4 

is the parallel form of the circuit of Figure 1.2. The inter­

connections of the mod 2 addersa:re again different from that of 

Figure 1.3 for the same g(x) and f. 

f D 
0 D . . . • • . 

• ' . 
• . . 

1 D D 
Figure 1.4 

D 
D • 

• 
• 

B -

f 

f-1 Output 
channels 

1 

As a result of comparing the above figures, it is seen that the 

parallel LFSR is. designed for a multi- channel information processing 

system to perform error correction and sequence generation operation. 

It is obviously better than the conventional serial LFSR in a 

parallel system because of the following reasons: 

1. The operation speed performed by the parallel LFSR 
is f-times faster than the serial LFSR, where f is a 
positive integer. 

2. The hardware of t he parallel LFSR is increased frac­
tionally as compared with that of the serial LFSR. 
However, the direct usage of the parallel LFSR 
eliminates the requirement of a parallel-to-serial 
buffer register which is normally needed in the case 
of using the serial LFSR. Therefore, the increasing 
importance of the parallel information processing 
system makes the parallel LFSR become a more 
important processing unit in the future. 

In the following Table 1.1, various properties of the parallel 

LFSR which is transformed from a serial LFSR specified by g(x) are 

compared with that of the original serial LFSR. 

3 



Table 1.1 

A serial LFSR specified by 
g(x) 

1. r-stage storage devices 

2. # of exclusive-or gate 
determined by g(x) 

3. Circuit connections speci­
fied by g(x) 

4. States transition as 
sl ~ s2 ~ s3 • • • ~ s2r -1 

5. •For no-input condition, the 
circuit is determined by the 
matrix T 

6. As a GF divider 
v(x) = q(x) g(x) + r(x) 

7. As a SRSG, it produces 
required sequences 

4 

The parallel LFSR transformed 
from the given serial LFSR g(x) 
(f-channel analogy circuit) 

l. r-stuge storage devices 

2. # of exclusive-or gate no 
longer specified by g(x) 

3. Circuit connections no 
longer specified by g(x) 

4. States transition as 
sl ~ sf+l ~ s2f+l ~ • • • 

5. For no-input condition, the 
circuit is determined by 
the matrix Tf 

6.. Parallel GF divider, 
v(x) = q(x) g(x) + r(x) 

7. As a parallel SRSG, it 
produces required sequences 
in parallel provided 
certain conditions hold. 

The f-channel parallel circuit, defined more precise~ in 

Chapter 2, is the f-channel analogy circuit. Throughout this report, 

these two basic kinds of parallel LFSR1 the SRSG and GF divider, are 

treated in detail. T'ne block diagram of Figure. 1.5 compares the 

existing result with the problem area to be investigated in this 

research. Namely, 

1. Serial-to-parallel transformation techniques: Given 
a serial LFSR implemented as a SRSG or as a GF 
divider, find its f~channel analogy circuit. 

2. Algebraic structure of the parallel LFSR as a linear 
sequential machine: The algebraic structure of this 
new kind of circuit is investigated on the basis of 
the existing k11owledge of the linear sequential 
machines. 

* The companion matrix Tis discussed in Chapter 2. 
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4. 

6 

The period and the characteristic polynomial of the parallel 
LFSR as relating to the period and characteristic polynomial 
of the original serial LFSR. 

I 
Applications in the error correcting codes: This is to 
apply the parallel LFSR to implement various error 
correcti11g codes, such as single error correcting Hamming 
code, double error correcting BCH code, and burst error 
correcting code. One special kind of error correcting 
system is also treated in detail which corrects unlimited 
errors in one channel in a multi-channel transmission 
system. 

Application to radar ranging: The existing methods of 
generating PN by using parallel LFSR. 

1.2 Remarks on the linear and nonlinear feedback shift r egister 

The basic circuits shown in Section 1.1 are linear circuits. A 

circuit is said to be linear over a finite field GF(2)* if its states 

form a vector space over GF(2) and its next state and output are 

linear functions of the present state and input. Ll J An equivalent 

definition[ 
2

] is that the states of the circuit can be identified 

with the elements of a vector space and its state and output 

behavior, described by a pair of matrix equations over GF(2) 

(1.2.a) 

(1.2.b) 

The vectors St' Ut and Yt denote, respective~, the state, input, 

and output of the circuit {T, B, C, D}at time t. 

An alternative way of classifying linear and nonlinear circuits 

is to consider the basic logic elements involved in the circuits. 

Peterson [ 3. ] uses three kinds of basic circuit devices. In GF(2), 

only two kinds of devices are needed, i.e., the mod 2 adder and a 

storage device. The nonlinear circuit can be noted, e.g., the circuit 

in Figure 1.1.b where the polynomial g(x) is no longer a linear com-

* GF(2) can be replaced by GF(p) for SJ.1Y positive ~rime integer p. 



bination equation of the intermediate x0
, 

l 
X ,•••, 

r 
:x: • In general, 

if the logic operation involved in the g(x) may contain AND or OR 

gates, it is a nonlinear feedback shift register. The existing 

result on serial nonlinear feedback shift registers may be referred 

to Magleby, [4 ] Yoeli
7 

[
5 ] Golomb et aJ.. [6 ] 

1.3 Review of pertinent prior work on LFSR 

The theory of the serial LFSR has been studied and developed 

Early results on this subject are due to Zierler [7 J [S] 
' 

7 

extensively. 

Huffman}9J . El [10 ] d B .. ,:i - . . - . • . . • . ~] spas, an -iru.-:aall and . Ristenbatt ••• etc. The 

first four papers and many other good papers on this subject are 

now in a book_ edited by Kautz.[12] Other books relating to this 

subject are Peterson, [3 ] Golomb. [l3] [l4 ] Besides the above mentioned 

references, there exist ·numerous articles in relation to the theory 

and applications of the serial LFSR. These papers are listed at 

the end of the report. [15J~r21J 

Because of the growing importance of the parallel transmission 

system in processing information both in the computer and communi­

cation systems, the serial LFSR no longer meets all requirements. 

The first hardware model of 1Je.rallel LFSR was implemented on IBM 

system 360/2820 drum system in 1964. The result was due to simula­

tion; no theory was established then. In fact, the first general 

theory paper was written by the author and Sih [22] in the same year. 

However, during the period of 1964 to 19671 only three papers have 

been published on this subject; two of them again due to Sih and 
] , 

the author, [23] f24 ] another one due to Gill. f25 The main reason may 

be that the advance of a completely parallel information process 

system still takes time to achieve. 



Besides the above mentioned paper s on the parallel LFSR, there 

exists a brief discussion on the multiple input and output linear 

switching system given by Peterson (p. 133-134 of (3)1 

1.4 Brief summary on the new results of this dissertation 

The main results ~~e ~~ Chapters 2 3 4 5 6 7 
<AJ. ..i..u - ' ' ' ' ' • 

1. Chapter 2: This cha pter presents the existi..rig papers of 
the author and Sih and Gill in a unified form. It 
integrates the mathematical mat erial in a systematic 
manner with examples for practical applications. 

2. Chapter 3: Most material in this chapter is derived in 
this research. A new model of input and output symbols 
are given which applies the theory of finite state 
linear sequential machines. The section on similar trans­
formation and equivalent machine also includes some 
practical implications. 

3. Chapter 4: The result of this chapter is new and very 
useful. The basic problem of finding the period and the 
characteristic equation of a parallel LFSR is solved such 
that the result can be applied elsewhere. The new method 
given in this chapter in calculating all powers of a 
companion matrix Tis convenient and can be applied in the 
coding. theory. 

4. Chapter 5: Part of the material in this chapter was 
previously published by the author and Sih. Houever, the 
presentation given here is more unified and systematic. 
The result on decoding double error correcting BCH (15,7) 
code is new. 

5. Chapter 6: .All material in this ch.apter is derived by 
the .author in this research. The error correcting system 
utilizes the principles of parallel LFSR in a very 
interesting way ,, It generalizes the error correcting 
system used in the IBM 360/2400 t ape S"Jstem in which the 
basic principle is using the serial LFSR. 

6. Chapter 7: All works in this chapter are new. The result 
of generating block PN sequences intermixing with row PN 
seouences is not only of theoretical interest, but also 
ha~ a practical application. Theorems relating the 
generation of :parallel PN sequences are derived. 

8 



MATHEl1ATICAL TRANSFORMATION TECHNIQUES 

2.1 On ser;al to parallel tra..~sformation of a LFSR 

In Section 1.1, a general description of a serial LFSR and its 

f-chan.nel analogy parallel LFSR is given. Mathematically, if a serial 

LFSR is connected as shomi in Figure 1.1, it is any mapping T of binary 

r-space D. into itself which satisfies the relation . r 

T(al, a2,•••, ar) = (a2, a3,•••, ar+l) 

Each vector of.(\. is assigned a unique successor by the mapping T}l3 J 

Similarly, its f-chrumel analogy parallel LFSR is any mapping Tf of the 

same space into itself which satisfies the relation 

f 
T (al, a2,•••, ar) = (al+f' a2+f'•••, ar+f) 

Each vector off) is again a unique successor by the mapping Tf. 
r 

Definition 2 . 1: . A serial LFSR K is a LFSR of equivalently, a linear 

sequential circuit, with one input and one output terminal. 

1oo ._/ _u_.,.,...,.sR_:-----'~ 1 

Figure 2.1 A Serial LFSR 

Definition 2. 2: A f-cha.nnel analogy of Kor a f-channel analogy parallel 

LFSR, denoted by Kf, is a LFSR with f-input terminals and f-output 

terminals, whose input and output vectors correspond to input and output 

sequences of length fin K. 

9 
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f 

~I 
f 

f-1 : :-1 . 
LFSR • . • • . 

l 

Figure 2.2 A f-Channel Analogy Parallel LFSR 

More precisely, let the initial state of K be S
0

, i~~ input at and output 

bt at time t. Let the input of Kf at time t (t = o, 1, 2, ••• ) be 

atf 
0 

atf 

' atf+l · 
1 

ut = = atf 
• • • • • ·r-1 
atf+f-1 atf 

where the symbol' is to denote "transpose." 

f Then, with the same initial state S , the output of K at time tis 
0 

btf 
0 

btf 
f 1 y = btf+l = btf t . . 

• • . i/-1 
btf+f-1 tf 

Therefore, by employing f "channels" instead of one, Kf is capable of 

operating f times faster than K. 

Section 2.2 discusses briefly the result of transformation of Gil1 [3iJ 

who genera1izes the early result of Hsiao and Sih [22] to consider a LFSR 

as a Galois field divider. Section 2.3 presents a general version of 

considering a LFSR as a shift-register sequence generator. Section 2.4 

treats the Galois field divider differently. 

2.2 The general state space approach 

The r-dimensional vector space..()r over Galois field characterized 

2, denoted by GF(2), is used to describe the operation of a r-stage LFSR 
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since all 2r :possible states can be defined as vectors of.cl and satisfy r , 

all properties of a vector space. The.(lr is called the state space; and 

St' the state vector at time t, 

'l'he sub.script tin t he t-- tuple can be omitted if the case is obvious. 

Similarly, a f-dimensional input/output space.Of over GF(2) can be also 

defined. The input vector Ut and the output vector Yt specified at time t 

are as follows: 

ut (a~, 
1 f-1) = at,•••, at 

yt (b~, 
1 bf-1) = b.._, ••• ' 
I, t 

Again, the subscript t can be omitted for an obvious situation. 

The following set of equations completely specifies the characteris­

tics of a serial LFSR. 

where Tis a rxr, Bis a rxf, C is a fxr and Dis a fxf matrix. In the 

following sections, f = 1 is the case used in Equations (2.1.a) and 

(2.1.b). They are all defined over GF(2). 

Definition 2.3: A serial LFSR is called autonomous if the input vector 

Ut = O, i.e., under no input condition. 

Substituting Ut = 0 in Equations (2.1.a) and (2.1.b), we have 

I I (2.2.a) 
st+l = T st 
, I 

yt = C st . 
(2.2. b) 

I - Tj s' (2.2.c) Also st+j - t 
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:Equation (2.2.a) implies that the state transition of an autonomous serial 

LFSR is completely determined by the characteristic matrix T. Tis also 
I f 

called as the next state operator since TSt = St+l• The following 

equivalent relations are due to Golomb. [J.3 ] 

(i) Every state vector St has a predecessor St-las well as a successor 

st+1· 

(ii) Predecessors of vectors, when they exist, are unique. 

(iii) Distinct vectors have distinct successors. 

In general, the matrix Tis specified by a polynomial g(x), 

g(x) = go + gl x + g2 x2 + g3 .;:; + • • • + gr xr 

f 
. . [26] . t d t . [27 ] and usually bears the names o companion matrix, associa e ma rix, 

and characteristic matrix [2B] of g(x). It can be one of the following 

four forms. 

0 0 0 ••• 0 g 
0 

0 
~1 • 

• I I • r-1 r-1 
. 

0 • 

go 'gl ••• gr-l gr-l 
rxr 

rxr 

(a) (b) 

g lg 2 ••• r- r- go gr-1 
0 gr-2 
0 • I 

I • • r-1 
r-1 • • 

• go 0 0 ••• 0 
0 

rxr rxr 

(c) (d) 

Figure 2.3 

where I 
1 

is the identity matrix of order (r-1). 
r-

In the Actually, these four matrices are similar to each other. 

following discussions, only the companion matrix form of Figure 2.3.a, 



is fully discussed. Only this form is used to specify the two general 

classes of LFSR, the shift-register sequences generator and the Galois 

field divider. The difference lies in how the connections of the 

circuit is interrupted from the companion matrix. The general serial­

to-parallel transformation theory discovered by Gill[3i] generalizes 

· ,..... "" lt [22 ] .:i ; • d our ear....., r .. w a.l.1,,1, :i.s :IJl ~;pendent of the form of the T matrix. 

Theorem 2.l: Let K be a serial LFSR with the characterizing matrices 

13 

T, B, C and D, then an f-channel analogy of K is the parallel LFSR Kf with 

characterizing equations: 

,' f 
and T is the f-th power of T, 

L = [ Tf-1 B, Tf-2 ] B, ••• , TB, B 

C 
CT 

R = CT2 . 
• • 

Proof: See Gill. [3i] 

D 
CB 

Q::: CTB 
• 

D 
CB D • 

• 
: ·n 

CTf-2 B CTf-3 B ••• CB D 

This theorem applies well to the following two sections. 

(2.3.a) 

(2.3.b) 

(2.4) 

2.3 The parallel LFSR as a shift-register sequence r generator (SRSG) 

The name shift-register sequence generator, or shift-register 

generator, is adapted from Zierler} 7 J Peterson,[ J J and Golomb. [l3 J 

It is used here merely to indicate the case that all modulo-2 adders are 

out of the storage devices as shown in Figure l.l. In the next section, 

the modulo-2 adders are placed in between storage devices. The case used 

there is the Galois field divider. In _general, the SRSG and the Galois 

field divider are equivalent in many respects, such as they both can be used to 



, , 
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generate sequences or encoding and decoding cyclic codes. Results on 

using serial SRSG to implement cyclic codes have been given by Melas,(29] 

Meggitt,(27] and Abramson,[3o] • A more general description is in Ash. f2BJ 

In this section, the problem is for a given serial SRSG,to find its 

f-channel analogy SRSG. Through the result may be obtained directly from 

Equations (2.2.a) and (2.2.b), all individual matrix must be carefully 

specified. In the serial case, using the form of Figure 2.3.a, we have 

0 l r-1 0 
xt xt ••• xt xt+l 
0 l l 

xt+l 
0 l • 

2 • 
g(x) 

r • • • = g + gl X + g2 X + ••• + g X =>T = • • r-2 0 r • • (2.5) 
0 l xt+l 

go gl ••• gr-l xr-l 
t+l 

The connection of the SRSG is read out row-wise and is rewritten as follows: 

0 0 1 
0 

xt+i xt 

1 0 1 
1 

xt+l • xt . • . . • • 
• = • • • . . l • 
r-l r-1 

xt+l go gl ••• gr-1 xt 

I . f 

or st+l = T st 

Next, as reading directly from Figure 1.1, we have 

0 
X 

l 
X 

B = . 
• . 
r-l 

X 

0 

0 
• • . 
0 
l 

rxl, 

o l r-l 
X X••• X 

C = [100 ••• OO]lxr, 

(2.6.a) 

(2.6.b) 

D = [O]lxl (2.7) 

Letting Y.(T) and~ .(T) denote the i-th row and j-th column of the matrix 
'>1. . J 

T, respectively, we have 



0 
a . f-1 

a 

[ ( f-1) . ( f-2) . x.o 
L=TJrT ,T)rT , ••• ,TJ/T), TJ/I)]: 

·· For example, 

0 
0 

T} (T) • = • r • 
0 
1 

gr-1 

. R = 

' 

• 
• • 

TJ/I) = 

0 
0 
• • • 
0 
1 

· ·r-1 
X 

Since the relation that r > f is generally assumed, then 

~1(I) = [100 ••• 00] 

t1 (T) = [010 ••• 00] 

(2.8) 

: ~ R = [Ifxf <Pfx(r-f)J <2.9) 

t'1(Tr-i) = [oo ••• ofo ••• oJ 

where <P: [OJ fx(r-f) is a null matrix. containing all zero elements. 

Moreover, the relation that r is greater or equal to f makes all entries 

of the Q matrix become O, i.e., 

15 

Q = <I> fxf (2.10) 

Example 2.1: Given a serial SRSG as shown in Figure 2.4, find its 

3-channel analogy SRSG circuit. 
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input 

Solution: the set of characterizing matrices for the circuit of Figure 

2.4 are given as follows: 

010000 0 

001000 0 

T = 000100 B: 0 

000010 0 

000001 0 

l O O 1 1 1 ' 
- 1 

C = [100000] D = 0 

001000 000100 

000100 000010 

rr2 = 000010 ~= 0 0 0 0 0 l 

000001 l O O 1 1 l 

1 0 0 1 l 1 110100 

110100 ' 
0 1 1 0 1 0 

0 0 0 

0 0 0 [l O O O O OJ [O O OJ 
L:: 0 0 0 R: 010000 Q = 0 0 0 

1 0 0 0 0 1 0 0 0 ~ 0 0 0 

110 

0 1 1 ' 
Then, from F.quation (2.3.a), we have 



Next, 

0 
0 0 0 1 0 0 0 

xt+l xt 0 0 0 

l 
0 0 0 0 l 0 1 

xt+l xt 0 0 0 

2 0 0 0 0 0 1 xt+l :: 
2 

xt + 0 0 0 

3 l O O 1 1 l x3 xt+l t 1 O 0 

4 1 1 0 1 0 O 4 
xt+l xt l l 0 

5 0 l l O 1 0 x5 
xt+l t 0 l l 

x3 
t 

4 
xt 

= x5 
t 

0 3 4 5 0 
xt + xt + xt + xt + at 

0 1 3 0 1 
xt + xt + xt + at + at 

l 2 4 1 2 
xt + xt + xt + at + at 

from F.quation (2.3. b), 

bo 
t 1 0 0 0 0 0 

bl 
t 

:: 0 1 0 0 0 0 

b2 
t 

0 0 1 0 0 0 

0 
xt 

1 
xt 

2 
xt 

x3 
.L 
I, 

4 
xt 

x5 
t 

0 0 0 0 
at 

+ 0 0 0 1 
at 

0 0 0 
2 

at 

17 

ao 
t 

l 
at 

2 
at 

(2.11) 

0 
xt 

1 (2.12) :: xt 

2 
xt 

The implementation of F.quations (2.11) and (2.12) results in the 3-channel 

analogy SRSG as shown in Figure 2.5. 



0 
a 

l 
a 

4 
X 

2 ~----------.­x 

Figure 2.5 The 3-Channel Analogy SRSG for 

g(x) = 1 + ~3 + x 
4 

+ x5 
+ x 

6 
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The matrix method is very formidable. Sometimes, it may be easier to use 

a direct approach. The method described below is similarly done by 

Hsiao and Sih f22 J for the f-channel analogy GF divider. The method is 

best described by the following example. 

Example 2.2: Same example as the Example 2.1. 

g(x) = 1 + x3 + x 4 
+ x5 + x

6 
, 

Solution: List the state transition Table 2.1. 

f = 3 
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t Input 

0 0 

l 
0 a 
0 

2 
l a 
0 

3 
2 a 
0 

Note that 

x5 

x5 
0 

0 0 3 4 ~ a +x +x +x + 
0 0 0 0 0 

1 0 0 l 3 a +a +x +x +x 
0 0 0 0 0 

o 2 1 2 4 
a +a +x +x +x 

0 0 0 0 0 

a
l 0 
o = al, 

Table 2.1 

4 x3 2 l 0 
X X X X 

4 x3 2 l 0 
X X X X 

0 0 0 0 0 

x5 4 x3 x2 xl X 
0 0 0 0 0 

0 0 3 4 5 x5 4 x3 x2 a +x +x +x +x X 
0 0 0 0 0 0 0 0 0 

1 0 0 1 3 0 0 3 4 5 X5 X 4 x3 a +a +x +x +x a +x +x +x +x 
0 0 0 0 0 0 0 0 0 0 0 0 0 

Table 2.1 will not be completed until t = f = 3. The last row oft= 3 

specifies the interconnections between all inputs, output, and storage 

devices. Therefore, we have, directly from·Table 2.1, 

0 0 
bt = xt 

b
l 1 
t = xt 

b2 2 
t = xt 

0 3 
xt+l = xt 

l 4 
xt+l = xt 

x!+1 = ~ 
x3 ao + xo + x3 + x 4 + x5 
t+l = t t t t t 

4 0 1 0 1 3 
xt+l = at + at + xt + xt + xt 

5 0 1 1 2 4 
xt+l = at + at + xt + xt + xt 

The above set of equations will result in the same circuit of Figure 2.5. 

2.4 The parallel LFSR as a Galois field (GF) divider 

In the modern algebraic coding theory, a cyclic code is defined in 

Output 

-
0 

X 
0 

l 
X 

0 

2 
X 

0 



20 

terms of the generator polynomial g(x). A codeword f(x) is legal if and 

only if it is divisible by the g(x). Since the polynomials form a poly­

nomial ring defined over GF(2), the implementation of g(x) as a GF divider 

is the central part of the whole encoding and decoding system. The 

detailed discussion on the general algebraic coding theory is given in 

Peterson. L 3] In this section, the matrix method of transforming a serial 

GF divider into its f-channel analogy GF divider is given. For the .same 

input polynomial v(x), the f-channel analogy GF divider will produce the 

same quotient polynomial g(x), the remainder polynomial r(x) as th.at of, 

the serial GF divider, i.e., 

v(x) = g(x) g(x) + r(x) (2.13) 

With some modifications, the characterizing matrix equations of a GF 

divider can be written in the same form as F.quations (2.1) and (2.2). The 

set of characterizing equations of the serial GF divider, defined according 

to Figure 1.2, are given as follows: 

where the matrices C, B, and Dare specified by Equation (2.7). 

case of the f-channel analogy GF divider, we have 

where G is the inp.tt position matrix 

~l (Tf-1) 

G = ~ (Tf-2) 
1 
• . . 

~l (I) 
fxr 

(2.14.a) 

(2.14.b) 

In the 

(2.15.a) 

(2.15.b) 

(2.16.a) 



and J is the output position matrix. 

(2.16. b) 

' Q is again a null matrix. Note that in Equation (2.15.a) and 

(2.15.b) the same Tf is used which means that the calculation of Tf need 

only be done once. However, the connection of the parallel GF divider 

specified from the Tf matrix is interrupted column-wise instead of row-wise 

as in the previous case. The following example demonstrates the above 

statements. 

Example 2.3: Given g(x) = x3 + x4 + x? + x6, find its 3-channel 

analogy GF divider. 

Solution: In the serial case, we have 

0 0 ·1 0 0 0 0 xt 
1 

0 0 1 0 0 0 xt 

T = 
2 

0 0 0 1 0 0 C =[l 0 0 0 0 0)' xt 

x3 
t 0 0 0 0 1 0 

4 
0 0 0 0 0 1 xt 

x5 
t 1 0 0 1 1 1 ' 

Reading the T matrix column-wise, we have, e.g.' . 

3 2 + x5 
xt+l = xt t 

The GF serial divider is shown in Figure 2.6. 

0 

0 

B: 0 

0 

0 

1 

21 

" fupu l Output 
2 1 o + o 1 2 ~ + 4 f: x:5 _..., _ __.,.... ••• b

2
b~

0 

a a a · 
3 4 '5 6 

Figure 2.6 GF Divider g(x) = 1 + x + x + x' + x, 
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The same ef and i3 can be used here from previous Example 2.1 to find the 

implementation equations of the 3-channel analogy circuit. 

Therefore, 

001000 

G: 010000 

1 0 0 0 0 0 , 

0 0 0 

0 0 0 

J = 0 0 0 

0 0 1 

0 l l 

1 l 0 

' 000 

000100~ 

000010 ~ l ~~ 000001 + a~ at a~ 001000~ 
100111 010000 
110100 100000 
011010 

(2.17) 

5 +Ha; a:Jr~i_ 
011 l~~J 
110 

= [~, x~ + x~, x~ +xi] (2.18) 

Equations (2.17) and (2.18) result in the circuit of Figure 2.7. 



l a 

0 
a 2 

X 

Figure 2. 7 GF Divider g(x) = l + x3 + x 
4 + x.5 + x 6, f =3 · 

2.5 The polynomial root approach to the transformation problem 

As shown by Peterson, (3] successive s~ifts of a serial GF divider 

specified by g(x) will give representations of successive powers ofa - a 

root of g(x). Ther~fore, to transform a serial GF divider into its 

f-channel analogy circuit is equivalent to calculating the set of co­

efficients of r(c!) instead of r(a), i.e., to obtain a device that calcu-

th lates the f power of the field element. This is illustrated through 

the same Example 2.3. 

2 ) 4 5 Let f = 3 and r(a) = d
0 

+ d1c<+ d2a + d
3 

+ d4cr + d
5
a , 

then r(a3) = a3(d
0 

+ d
1 

a + d
2

a2 + d
3
a3 + d4a 4 + d

5
cl) 

= d
0
ct' + d

1
a4 + d

2
c? + d

3
(1 + a3 +a 4 

+ a5 ) + d4(1 + a +a3) 

2 4 + d
5

(a + a + a ) 

2 ) 3 = (d
3 

+ d
4

) + (d
4 

+ a
5

) a+ d
5

a + (d
0 

+ d3 + d4 a 

4 5 + ( d
1 

+ d
3 

+ d
5

) a + ( d
2 

+ d3) a 
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= h
0 

+ h
1 

a+ h
2
a 2 + h

3
a3 + h

4
a4 + h

5
c? (2.19) 

The last Equation (2.19) gives a new set of coeffi:cients, 



ho= d3 + d4 hl = d4 + d5 

h2 = d5 h3 =do+ d3 + d4 

To express this in matrix notation, we have 

/ ' 
000100 
000010 
000001 
100111 
110100 
011010 

This transformation matrix is the same as ~·, as previously calculated. 

It is noted in previous sections, the matrix Tf plays a key role to the 

serial-to-parallel transformation problem. In general, the relation 
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* between the matrix T and the root a of g(x) and the residue class (x} is 

very interesting. They can replace each other in many places without 

changing the general statement. Some examples are given below. 

1. The :period of a serial LFSR can be defined as follows, 

Period p :::> Tp = I, or eqtii valently a p = 1 

2. The minimum polynomial m(a) of a has the same form as the 
characteristic polynomial $(T) in terms of the matrix T. 

3. The r rows of Tj (j = 1, 2, ••• , 2r-2) is the following matrix 

• . . 
(2.20) 

The relation of 1 and 2 are well known. The relation 3 is an easy 

way of finding the transformation matrix Tf which will be treated in detail 

in Chapter 4. 

* The substitution of a for ( x} 
. [:.5. ] 

and ( x} for a was stated J.Il Peterson. 



CHAPTER 3 

PARALLEL LFSR AS A COMPLETE SEQUENTIAL MACHINE 

3.1 Basic definitions 

The definitions and terminologies used in this chapter may be 

referred to Gill[3lJ or Ginsburg. [32] A LFSR is considered as a linear 

sequential machine, regardless whether it is single or multiple channel. 

This machine is complete, finite memory, and finite state. It is 

strongly connected since there always exists a path leading from state 

S. to S. for all O < i, j ~ 2r-l. 
1 J 

Definition 3.1: A complete sequential machina is defined as a quintuple 

(S, U, Y, 6 , '±') where 

s is a nonempty 'finite set of "states" 

u is a nonempty finite set of "inputs" 

y is a nonempty finite set of "outputs" 

6 is a function (called the "next-state" function) which maps SxU 
into s 

'±' is a function (called the output function) which maps SxU into y 

The next-state function 6 and the output function '±' are characterized by 

the following two sets of matrix equations as shown in Sections 2.3 and 2.4. 

I f ' ' 6 (S, U) = 8t+1 = T st+ L ut 

'±' (S, ' I ' U) = yt = R St + Q ut 

6 (S, U) st+l = st 
f 

G = T + Ut 

' '±' (S, U) = yt = st J + ut Q 
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For any LFSR of r-stages, the set S contains 2r states o, l, 

The input set U and the output set Y are defined as follows. 

2, ••• , r 
2 -1. 

Since the :parallel LFSR has f-channel input/output simultaneously, 

it is necessary to select a set of S"Jmbols to represent all 2f binary 

patterns. I.et the 2f binary patterns be the elements ai for all i:: o, ••• , 

2f-2 of GF(2f) where a is a primitive root of GF(2f). We than have, 

u = (4>, ao 
' 

al 

y = (<I>' ao 
' 

al 

2 
' 

a, ••• , 

' a2' ••• ' 

a2!-2} 

a2±'-2} 

(3.1.a) 

(3.1. b) 

Appendix IA lists a table of all a 1 s for f = 2, 3, 4, 5, 6. The method 

of constructing this table may be referred to Peterson. [ .3J 

Example 3.1: 2 Given g(x) = l + x + x and f:: 2, construct its transition 

table and state diagram. 

Solution: 

T =[~ i], 
G a[~ ~] 

o __ __ 

a 

0 
X 

1 ~-----i111-----:1~ bo 
X 

Figure 3.1 A GF Divider 
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Since f = 2, we have, 

0 l 
X > X E GF(2) => (o,o), (O,l), (l,O), (l,l)} 

U = ((a; a 0
) / . a1

, a
0 

E GF(2) =? <1>.:::(0,0), a
0 

- (l,O), a1 :: (O,l), a2 

= (1,1)} 

Y = {(b~ b
0

) / b
1 

j b
0 

E GF(2) ~ 4>= (o,o), a
0 = (l,O), a 1 = (O,l), a 2 

= (1, l)} 

0 0 l O l 
SXU ~ S -=>-xt+l = at + xt + xt 

l O 0 
xt+l = at + xt 

sxu~ s l o 1 =*bt = xl + xt 

0 1 
bt = xt 

With the finite state machine completely specified, we have the following 

transition Table 3.1 

Table _3.1 

y s 

~ <P ao al a2 <I> ao al a2 

o (6,o) <I> <I> <I> <I> 0 2 1 3 

1 (O,l) a2 a2 a2 . a2 
2 0 3 l 

' 2 (l,O) ao ao ao aO 3 1 2 . o 

3 (1,1) al J- al al 1 3 0 2 

The state diagram is shown in Figure 3.2 which is a Moore machine. [Jl] 

The input alphabet or the output alphabet form a semi-group under 

concatenation. 



<P 

al 2 
a 

Figure 3.2 State Diagram for 

g(x) = l + x + x 2 
and f::2 
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D f . · t · 3 2 Let u , ,I\ 
0 1 2L2 1 < f) e 1n1 ion • : ::: 1'+', a , a , ••• , a fE GF 2 denote the input 

alphabet. * The input dictionary, denoted by U, is defined to be the set 

of all words formed from u. 

u* contains the word with no letters, the null word, which will be 

denoted by A . 

* Definition 3.3: For x, y EU , the concatenation of x and y is written xy 

and is defined by writing x followed by y. 

Clearly, xy ~ yx 

But Ax = x A ::: x * for all x EU 

Since (xy) z = x(yz) for any x, y, z Eu*, this implies that con-

catenation is an associative operation and the parentheses are generally 

not needed in grouping words. 

* Theorem 3.1: <U , • ,A> is the free monoid (semi-group with identity) 

2f-l o 1 2f-2 on the generators <P, a, a, ••• a • 

Proof: The proof is obvious since the closure property is clearly satisfied 

and the associative law is also fulfilled by the concatenation operation. 

Here the identity element is A since 

Ax::: xA = x 

Q.E.D. 

3.2 The ¢3,uivalent machine and Similar transformation 

In this section, an equivalent machine can be obtained due to a 

similar transformation. The advantage of establishing equivalent machines 

is to obtain a more economic machine than a given machine, which will perform 

the same kind of operation as the original machine. In the case of serial 

LFSR, a minimum machine was obtained by Roth. [33] 

Definition 3.4[32] [3i]: Two complete sequential machines are called 

equivalent i£ both do the same work, i.e., both machines perform the same 
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transformation from the set of input sequences to the set of output 

sequences. 

Two LFSR are said to be equivalent if and only if they "reduce" or 

"process" the same data so as to yield identical results.[32 ] 

Definition 3.5: Two autonomous parallel LFSR ~and~ characterized by 

two rxr matrices T1 and T2 are said to be similar if there exists a 

nonsingular rxr matrix A with elements over GF(2) such that 

the similar transformation exists. Conversely, ve say M
2 

is similar to ~ 

if 

(3.2.b) 

Since the relation of similarity is symmetric, it suffices to say 

merely that ~ and M2 are similar and denotes it by ~"' 112• There are 

several properties ·of a similar transformation which makes it useful in 

establishing equivalent machines. 

1. If ~"' M2, then their characteristic equations have the same 
invariant factors, i.e., the polynomials J T1 - 11.I I and I T2 -U J 

are equivalent over GF2 [x] .+ 

Proof: see Perlis[34J p. 143. , 

2. If l\ is similarly transformed into M2, then they have the same 
cycle set structure, i.e., the dimension of the subspace and the 
length of its cycles are the same. 

Proof: see Carter;35] p. 3. 

In fact, two similar matrices always have the same characteristic 
determinant 

and the relation IT1 1 = IT I is a necessary but not suffici~nt _ 
condition for the similari€y of the matrices T1 and T2• This is 

+ GF2[x] is the polynomial domain containing all polynomials in x with 
coefficients in GF(2). 
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important because otherwise two equivalent machines can always 
be obtained by simply setting them to have the same characteris­
tic equation. In a later section, we shall show that two LFSR 
having the same characteristic equation will perform different 
operations. 

If~~ M2 , then the error detection and correction ability 
specifiea either by M, or~ are equivalent provided that 
the transformation matrix A is of the following triangular 
form, · 

0 1 l 

1 
l 

A-1 = l 
A • = • • • l • 1 • 

1 1 0 
l 

' 

l 

(3.3) 

Proof: This property is rather difficult to prove in general, 
and we are giving here an intuitive proof. The proof is 
divided into two parts. 

(i) Error detection: Under the same input condition, 1\ and M
2 

produce 

the same quotient but with a different state transition. Let Skl and Sk2 

be the final state of the machine 1\ and~ respectively, then either 

'1<1 = '1c2 A 

or 

Since A is a rxr matrix with rank r, therefore Sk2 will be zero if 

and only if Skl is zero. In a cyclic error detecting code, the final 

state of the LFSR after all information bits coming in is used as the check 

bits of the codeword. Therefore, the check~o its given either by °1d or 

Sk2are equivalent. 

(ii) Error correction: In a cyclic code, its error correcting ability 

is completely specified by the generator polynomial g(x) which is 

normally implemented as a SRSG '.; it will generate an equivalent cyclic code. 

The result has been shown by }Ielas, [ 29) Meggitt, [ 271 Abramson [30] and 

generalized by Ash. [28] 
Q.E.D. 
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The above three properties have established the result of a similar 

transformation. 

Since ~ ~ M2 and T1 ~ T2 which implies T1 may have less number of 1-entry 

in the matrix or vice versa, we can always select the machine with less 

number of 1-entry in its T matrix because the number of exclusive-or gates 

used in the circuit is directly associated with the number of 1-entry in 

the matrix. 

One immediate question is how to find the transformation matrix A. 

There is no definite answer to this question. One type of the A matrix is 

the following. 

(3.4) 

Unfortunately, the above A matrix does not always give a similar rr.atrix 

of less number of 1-entry. 

Next, the input and output connection matrix of a similar machine is 

derived as follows. 

(i) SRSG: Let V = A-l Tf A, then Tf = AVA-1• Substituting it in 

Equation (2.3.a), we have 

Let 
I -1 f "°'I -1 f 

St= A St ' then St+l = A St+l 

And 

~ 

I f f 

Yt = (RA) st+ Q ut 

therefore, the connection matrices are read as follows. 

'i = A-1L, . R =RA 



( ) A f A-1 f -L ii GF divider: Let v1 = T , then T = A -v
1

A. 

in Equation (2.15.a), we have 

' Yt = st J + ut Q 

Let 
"' ~ ~ 
St= St A , then St+l = St+l A 

And st+l = st vl + ut (GA-1) 

"' f 

Yt = st (AJ) + ut Q 

Therefore the connection matrices are read as follows. 

J:AJ 
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Substituting it 

(3.6.a) 

(3.6.b) 

Example 3.2: Given g(x) = 1 + x + x
4 

and f = 4 implemented as a GF divider, 

find an equivalent circuit. 

l 1 0 0 

T4 =. 0 l 1 0 

0 0 11 

11 0 1 

A is chosen as follows. 

A= 

0 0 0 1 

0 0 1 0 

0 1 0 0 

1 0 0 1 

-1 => A = 

0 0 1 l 

V = A T4 A-l = 11 0 0 

0 1 1 0 

1 0 0 0 

det Iv -A.II= A
4 

+A+ 1 

r
l O O 1 

0 0 1 0 
I 

lo 1 o o 

1 0 0 0 



G = 

then 

..., -1 
G = GA = 

0 0 0 l 

0 0 1 0 

0 1 0 0 

1 0 0 0 

1 0 0 0 

0 1 0 0 

0 0 1 0 

1 0 0 1 

0 0 0 1 

J= 0010 

0 1 0 0 

1 0 0 l 

l O O l 

J:AJ: 0100 

0 0 l 0 

1 0 0 0 

Without any sim:plific~tion, the original circuit and its similar 

circuit are implemented as shown in FigurES3.3 and 3.4 respectively. 

0 
X 

1 
X 

2 
X 

Figure 3.3 



0 
a ----.--->-t 

0 
X 

l 
X 

,___.._,.x3 

Figure 3.4 
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Comparing these two circuits, we note that the similar machine uses 

one exclusive-or g~te less than the original circuit. 

Another class of similar transformation matrix may be tried for 

minimization. This class of matrix is involuntary,[,36] i.e., 

A A = I, or A = A -l 
n n n n 

where 

A2n• = [ :n ::} 
The order of A for all n equals to 2i for i = 1, 2, ••• and therefore 

n 

the application is much limited. 



CHAPTER 4 

ON PERIODS Af\Jl) CHARACTERISTIC EQUATIONS OF THE PARALLEL LFSR 

4.1 On periods of the parallel LFSR 

The periods of a f-channel analogy parallel LFSR, denoted by p, 
p 

can be easily obtained from the periods of the original serial LFSR, 

denoted by P, using a set of converting rules. Since any serial LFSR 
s 

has more than one isolated state transition path, it has at least two 

cycles which forms a cycle set. The number of states in each closed 

circular path is defined as the period of this cycle. All cycles in the 

state diagram have no branch state. 

Definition 4.1: The set of all possible cycles ~s called the cycle set of 

the LFSR of the companion matrix T. 

Notation: Cycle set =f,M1 (k1 ), ••• , /Jn(kn)}where }\Cki) implies)Ai cycles 

of length k .• 
l. 

Definition 4.2: The period P of-a serial LFSR is defined as the smallest 
p s 

integer for which T 5 = I, where I is the identity matrix. 

Example 4.1: g(x) = 1 + x2 + x4, cycle set= 1(1), 1(3), 2(6) is shown 

in Figure 4.1. 
I 

Serial 

Extensive study has been made on the periods of the serial LFSR on 

the structure of the characteristic poly-.aomial g(x) of the circuit. [lO]C,?] (l2) 

Therefore we shall assume that the periods of a given serial LFSRa~ known 

and try to establish the link between each P and its corresponding P • s p 

The result deals with one cycle; and since all cycles are isolated to each 
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other, that result can certainly be applied to other cycles as well. 

The main difference between the serial and the parallel LFSR lies on 

the sequence of state transition. If P is the neriod of a serial LFSR 
s ~ ' 

then its states transition sequence with an initial state s
1 

is given as 

follows. 

sl ~ s2 ~ • • • ~ sP s ~ sl ~ • . . 
If t he parallel LFSR is designed to advance f states per shift, then 

the state transition becomes 

Example 4.2: 

sl ~ sf+l ~ s2f+l ~ • • • ~ sµf+l ~ • • • 

2 4 
g(x) = 1 + x + x, and f = 2, find its cycle set based on 

the result of Example 4.1? 

The new cycle set is shown in Figure 4.2. 

Figure 4.2 Cycle Set = { 1(1), 5(3)} 

In the parallel LFSR, each cycle has a period less than or equal to 

that of the original serial LFSR. This is quite obvious since no state can 

be met twice before a cycle is completed. Therefore, the following three 

theorems are given. 

Theorem 4. 1: If P = mf, then P = m where mis a positive integer. s p 

Proof: By definition 4.2, 
p 

T s = I 

Tmf f m 
then P = mf =} = I =?[T ] = I s 

again by definition 4.2, 



. . . 

p 
[ Tf] p = I 

m = p 
p 

Theorem 4. 2: If f and P are relative prime, then p = p. 
p s p s 

Proof: Ts= I 
p 

and [Tf] s = I 

(4.1) 

(4.2) 

Comparing Equations (4.1) and (4.2), with the fact that it= I where k is 

a positive integer, we have, 

or 

f p = k p 
p s 

p 
s 

PP= k T (4.3) 

Since P and fare relative prime, then the smallest k that satisfies s 

Equation (4.3) is "k equal to ffl for which P is an integer. Therefore, p 

we have 

p = p 
p s 

Theorem 4. 3: If f and P s have a co_mmon factor c > 1, i.e., f = c a and 

P = c b where a and bare positive integers and relative prime, s 

then P 
p C 

Proof: From the proof of Theorem 4.2, we have 

ps cb 
p =k-=k-

p f ca 
(4.4) 

The smallest integer k to make P an integer in Equation (4.4) is "k equal 
p 

to a, 11 Therefore, we have 
p 

p =~ 
p C 

The above three theorems have established the link between one period 

of a given serial L.FSR to the corresponding period of its f-channel analogy 

parallel L.FSR. Therefore all periods of a parallel LFSR can be found on 

the basis of the known periods of its original serial LFSR. 
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4.2 Methods of finding the char acteristic equation of an autop.omous 
f - channel analogy parallel LFSR 

The cycle set structure of an autonomous serial LFSR is completely 

specified by its characteristic polynomial. 

Definit i on 4.3: The characteristic equation cpf( A) = 0 of a rxr matrix Tf 

is the determinant J Tf - ,UJ = O, where the determinant J Tf -A.IJ = cp (A) is 
f 

the characteristic polynomial. 

Definition 4.4: The minimal polynomial of Tis the monic polynomial m(A) 

(coefficient of the highest power term equals to 1) of lowest degree such 

that m(T) = O. 

Therefore, m/A)j <P /A) and in general, m(A) F <P (A) 

Theorem 4. 4: In the serial case, f = 1, the characteristic and minimum 

polynomial of the companion matrix of g(x) are both equal to g(x), i.e., 

g(A) = <P 1 (A) = m1 (A) 

Proof: see p. 148 ·of Perlis. 04 J 
The general procedure of finding <Pf(A) of an autonomous f-channel 

analogy parallel LFSR is diagrammed as follows. 

Various methods of finding cpf(A) are discussed below. 

(i) Direct method: By Definition 4.3, 

(4.5) 

We shall first find Tf and then evaluate the determinant ITf -AIi directly. 

Theorem 4.5:~8.J (Cayle.y-Hamilton) Every square matrix satisfies its own 

characteristic polynomial, i.e., 
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L~ 
Example 4.3: Given g(x) = 1-tx:+x , find <1>

2
(>..). and <1>

3 
(>..) 

Solution: 

0 1 0 0 

T: 0010 

0 0 0 l 

1 1 0 0 , 

0 0 l 0 

T2 = 0 0 0 1 

l 1 0 0 

0 1 1 0 , 

11. 0 1 0 

0 0 0 1 

T3 = 11 0 0 

0 11 0 

0 0 l 1 

' 

<l> /.l) = / T
2 

-11.I I= O 11. 0 l . = >.. 4 + >.. + 1 

1 l 11. 0 

0 1 1 11. 

Try Cayley-Hamilton theorem, 

1 0 1 0 0 0 1 0 1 0 0 0 

T8 + T4 + I = 0 101 + 0 0 0 1 + 0 l O 0 = ~ 

111 O 11 0 0 0 0 1 0 

0 111 0110 0 0 0 1 
4x4 

Next, 

"A 0 0 1 

<l>3("A) =I~ -11.II= 1 l+A 0 0 = "-4 + . >..3 + 11.2 +II.+ 1 

0 l l+A 0 

0 0 1 1+>.. 

Try Cayley-Hamilton theorem again, 

l 1111 0 l O 1 0 0 11 0 0 0 l 

lOllj+ 111 0 + 1101 + 11 0 0 

1 0 0 1 O 1 1 1 101 0 0 11 0 

1 0 0 0 1 1 1 1 0 101 0 0 11 .. 
l O O 0 

+ 0 1 0 0 = 1 
0 0 1 0 

0 0 0 1 
4x4 
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The direct method of finding a characteristic equation becomes 
.,,. 

difficult if the dimension of Ti is large. 

Several alternative methods are given below mostly based on the work 

of Albert. .l2G] 

(i) Polynomial root method: This method ;provides an easy way of finding 

Tj based on the table of all powers of a root a+ of g(x). Appendix 1 

lists several tables for different g(x). 

Since all elements in GF(2r) form a r-dimensional vector space with 

2 r-1 a set of linear independent basis as 1, a, a , ••• , a where 

ai(i = O, 1, 2, ••• , r-1) is a binary r-tuple defined as follows. 

r 
a 0 = 1 0 0 0 0 

1 a = 0 1 0 ••• 0 0 

r-1 a 

• • • 

= 0 0 0 ••• 0 1 

Then any element aj E GF(2r) can be expressed as 

j 2 G r-1 
a = ~11 + ~12 c( + gl3 ol. + • • • + S1r a 

with 5 .. E GF(2) • 
. l.J 

N t t the d , a j+i-1 - ,;;: + ~ a ex , compu e pro uc"Gs . - sil ~i2 

for i = l, 2, 3, ••• , (r-1) and so obtain 

Tj =[t .J 
J rxr 

aj 
-- j+l a 

. 
• 

' 

· j+r-1 
a 

rxr 

p 

~ r-1 
+ • • • + . a ir 

(4.7) 

+ ,If g(x) has the period P, then g(x) 
then a P -th root of unify. 

fx s-1. The root a of g(x) is 

s 
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The result of Equation 4.7 can be verified through induction. 

Let k = o, 

0 
a 

~ = To = I = al 
rxr 

• . . 
r-1 a 

Fork = 1, 

1 a 

~ T
1 = T 2 

(4.8) = = a . . 
r 

a 

Since a is also equivalent to the residue class x as defined by Pe~erson,f 3~ 

i.e., 

a= [ X} 

then, from the fact of g = 1, r 

or 

r 
a 

0 = g a 
0 

... r-l 
+ g 1 a r-

mod g(cl) 

(4.9) 

Substituting Equation (4.9) into Equation (4.8)., we have exactly the 

companion matrix T. Next, we assume that the result holds for the case 

of k = j, i.e., 

. . . 

Then, we shall show that it is true for k :: j+l. 



But, 

Tj+l :T . Tj 

= 

0 1 0 0 

0 0 l 0 . 
= . . 

0 0 

0 gl 

... 

... 
.... 
.... 

. . 

0 

0 

1 

gr-1 

aj+r-1 

g aj + g aj+l + 
0 1 

aj 

aj+l 
• . . 
a . l J+r-

... + g aj+r-l 
r-l 

... + g aj+r-1 
r-1 

-- aj (g + "" a + 0 °1 ••• 
r-1) 

+ gr-1 a · 

= a 

r • a 

j+r 
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(4.10) 

Therefore, the last row of Equation (4.10) is exactly ar+j and the proof 

is thus completed. 

Example 4.4: Given g(x) = l + x + x4 and let a be a root of g(x), then 

any power of T can be found from the following Table 4.1, which lists all 

powers Qf a • 



Table 4.1 

Then 

0 
a 

al 

a2 

a3 

a4 

5 
a 

6 
a 

7 
a 

a8 

a9 

alO 

all . 

al2 

al3 

a 14 

aj 
Tj = aj+l 

"..t.2 aJ· 

aj+3 j 
~ 

Suppose j = 8, then 

. ·8 
8 a 

T = a9 

J.O 
a11 

= 

All Powers of a 

1 0 1 0 

0 101 

1 1 1 0 

0 l l 1 

1 0 0 0 

0 1 0 0 

0 0 1 0 

0 0 0 1 

11 0 0 

0 1 l 0 

0 0 1·1 

1 l O l 

1 0 1 0 

0 1 0 1 

1 1 1 0 

0 111 

l l l 1 

l O 11 

1 O O 1 

' 

44 
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Next, we shall consider a reducible g(x) with a as its root. 

2 4 
Example 4.5: Given g(x) = 1 + x + x, then Table 4.2 can be constructed. 

Table 4.2 All Powers of a for g(x) = 1 + x2 + x 4 

ao 
1 0 0 0 

al 
0 l O 0 

2 
a 0 0 1 0 

a3 
0 0 0 1 

4 . a . 
101 0 

a5 
0 101 

Therefore, from the above Table 4.2, we have, 

0 0 1 0 

T2 = 0 0 0 1 

1 0 l 0 

0 l O 1 

0 0 0 1 "I 

& ~= 1010 

0 1 0 1 

1 0 0 0 

The above method can be used to find T-j for all j. Let the period of 

the cycle which contains a be P1, 

Tpl = I ~ Tj TPl-:j 

pl 
then a = l. Therefore, 

p -j 
= T 1 (4.11) 

Note that Tables 4.1 and 4.2 are actually the same as the BA matrix 

defined by Birdsall and Ristenoµtt. [ll] However, they did not point out 

how Tj can be found from the BA matrix. Furthermore, no word on polynomial 

root was mentioned in relation to the BA matrix. 

T'.ne third method to be described below utilizes tables in the 
[ ",'. ] 

Appendix C of Peterson ~ a.."ld thus restricted itself to a certain class 

of polynomials. 

(iii) Minimum polynomial method: Here the definition of minimum 

polynomial is given again based on the polynomial root rather than the 

T matrix. 



Definition 4. 5: Let B be any element of GF(2r), the monic polynomial 

m(x) of smallest degree over GF2 [x] such that m(B) = O is called the 

minimum polynomial. 
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If g(x) is a primitive polynomial and a be its primitive root, then 

C 
<1>/11.) = [m/11.)J 

where m/11.) is the minimum :polynomial of af wi;h degree m and r = me. 

Proof: The proof is almost the same as that of Theorem 4.8 of .Albert 

(PlOO). [26 ] 

Theorem 3.31 of Albert implies that <1>f(11.) has coefficient in 

GF(2) and <l>f(~) = O. It follows that the minimum function over GF(2) of 

af divides <l>f(11.). The result of r = me is given in the Corollary of 

Theorem 4.3 of Albert. The :polynomial mf(x? has ql as a root and so is 

divisible by g(x) since a 1, ••• , ar are r distinct roots of g(x), i.e., 

g(x) = (x -~) ••• (x ..a ) 
r 

Then m/ai) 

m/11.) = o. 

= O, and so every one of the roots of <1>~(11.) is a root of 
I 

C Now <1>/11.) = m/11.) <1>
0

(11.) where <1>
0

(11.) is either a non-constant 

polynomial prime to mf(11.) or <1>
0

(11.) = 1. 

Since <I> (11.) 
0 

by mf(11.), and the 

must have a root · in common with m/11.), it is divisible . 

resulting contradiction implies that <1>
0

(11.) = 1. 

Example 4.5: · Let 
4 

a be a primitive root of g(x) = 1 + x + x, then from 

p.254 of Peterson, [:3] we find 

m
1

(x) = 1 
4 

+x +x 

m
3

(x) = 1 + x2 + x.3 4 
+x +x 

m
5

(x) = 1 + x 
2 +x 
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Therefore, 

cp l 0 .. ) = [ ml 0.. ) ] 1 = l + >.. + >.. 4 

cp 3 (>..) = [ m3 (>..) ] 1 = 1 + >.. + >.. 2 + ;\. 3 + ;\. 4 

( [ ] 2 2 2 2 4 cp 
5 

>..) = m
5 

(;\.) = (1 + ;\. + ;\. ) = l + >.. + >.. 

The above result can be easily verified through other methods~ In GF(2), 

as derived from Theorem 6.26 of Peterson,L3]the following is true: 

mi(x) = m2i(x) = m2 2i(x) = ••• = m2 ji mod (2r-l)(x) = ••• 

= m2m-l i mod (2r-l)(x) 

. Therefore in Example 4.5, we have 

¢ l (>..) = ¢ 2 (;\.) = cp 4 (11.) = cp 8 (11. ) 

cp3(11.) = cp6(;\.) = cpl2(>..) = ¢9(>,) 

Q) 5 ( 11.) C Q)l0 (;\,) 

The last result can be stated in another way: If Tis associated with 
2 22 2m-l 

g(x) and <P(T) = O, then¢ (T ) = ¢ (T ) = ••• = cp (T ) = 0 

Definition 4.6: [Ji]A similarity class is a set.of matrices Ti, rl-i, T
22

i ••• , 
_2m-l· · 
1~ 1 such that ihey all satisfy the same characteristic equation. In 

the above example, the matrices T, T2, T4, T8 form a similarity class. 

Example 4.6: Given g(x) = 1 + x2 + x5, we shall then have the following 

similarity classes. 

1 a, a2, a 4, a8, al6} ~ ml(x) = 1 + x2 + x5~ ¢1(>..) = <1>2(11.) = <1>4(11.) 

= <!>8(;\.) = ¢16(>..) = ml(>..) 

{a3, a6, a12, a24, a17J =:.> m
3

(x) = 1 + x2 + x3 + x4 + x5 => <P/11.) = <1>6 (;\,) ,, ; 

Ja5, 10 20 9 l a,a,a, 

= <1>12(;\.) =<!>24(>..) =¢17(>..) = m3Q) 

al8} q m5(x) = l+K+ x2 -l· x3 + x5 ==;,, ¢5(11.) = <1>10(11.) 

= <1>20(11.) = <P 9(>..) = <I> 18(;\.) = m5(11.) 
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14 28 25 19 a , a , a , a } -=;> m
7 

(x) 2 4 5 = l+x+ X + X + X 9cp
7

(11.) : cp
14 

(11.) 

= cp28(11.) = cp25(11.) = <P19(11.) = m7(11.) 

C 
11 22 13 26 a21} ( ) 1 3 4 5 a , a , a , a , ~ m11 x = + x + x + x + x ~ cp 

11 
(11.) 

= cp 22 (11.) = <P 13 ( 11.) = <P 26 (11. ):cp 21 (11.) = mll (11.) 

C 15 30 29 27 23} ( ) a , a , a , a , a ~ m15 x = l + x3 ·+ x5 ~ <P15 (11.) = cp 30 (11.) = <P29 (11.) 

= <P27Q..) = <P23(11.) = m15(11.) 

This general method is actually closely related to the construction of 

g(x) of a Bose-Chaudhuri-Hocquenghem code given that a 1, a
2

, ••• , a are 
2t-1 

roots of a code vector • . 

The similar.:i.."ty class has been related to the cyclotomic :polynomial, i •. e., 

the superscript numbers form a cyclotomic coset. For example, the g(x) 

of Example 4.6 has P = 31, the multiplicative group consists of integers 
s 

from l to 30. The decomposition into cosets is 

C: 1 2 4 8 16 
0 

c
1

: 3 6 12 24 17 

c
2

: 9 18 5 10 20 

c
3

: 27 23 15 30 29 

C4: 19 7 14 28 25 

c
5

: 26 2111 22 13 

Many theorems related to cyclotornic cosets are stated in Golomb.G.3] 

4. 3 Conclu.di:gg remarks. 

It is natural to ask whether the decomposition of the characteristic 

equation of an autonomous f-channel LFSR obtained by methods of Section 4.1 

will give the same cycle set as the result of using those three theorems of 

Section 4.2. From the author's test on various examples, only one does 

not work exactly as it is expected. Table 4.3 s~rizesall test results 



of examples in this chapter. It indicates there exists at least one con-

tradictory example. The reason is that 

repeated factors, a case pointed out by 

the polynomial ~
5

(x) contains 

Elspas[J.O] that the circuit · 
' 

behavior is not uniquely determined by the characteristic polynomial. 

In conclusion, the cycle set of an autonomous parallel LFSR is best 

evaluated from the result of Section Li-.1. 



TABLE 4.3 

<Pl (x) Cycle set (c.s.) Results of Section II 
of <P

1 
(x) 

0

Cycle set of <P 1 (x) 
Transformed to f-channel 

-' 
l+x+x 4 ( 1 ( 1) , 1 ( 15 ) } 

f=3 
( 1(1), 3(5)} 

l.i,.x+x 4 ( l ( 1 ) , 1 ( 15 ) } ( 1<1l~;(3)} 

l+x2+x5 {.1(1), 1(31)} 
f:2,4 

( 1(1), 1(31)} 

. 
f=3 · 2 5 l+x +x (1(1), 1(31)} ( 1(1), 1(31)} 

l+x2 +x5 {1(1), 1(31)} 
f:3 

(1(1), 1(31)} 

* See (lq] 

Result of Section III ~oes the results 

<P /x) = I.Ti' -x1I of II & III agree 
by way of Ref.lo 
& 37? 

<P
3

(x) = l+x+x2+x3+x 4 
Yes 

c.s. = ( 1(1), 3(5)} 

2 <P
5

(x) = l+x +x 4 

c.s. = ( 1(1), 1(3), 2(6)} * No 

2 5 <P 2 (x) = <P4 (x) = l+x +x 

c.s. = {1(1), 1(31)} Yes 

<P 
3 

Cx) = l +x 
2 

+x3 +x 4 +x5 

c.s. = (l(l), 1(31)} Yes 

<P
5

(x) = l+x2 +x3+x5 

c.s. = (1(1), 1(31)} Yes -

\J1 
0 



CHAPTER 5 

PARALLEL LFSR IN AF-CHANNEL SYSTEM-IMPLEMENTATION OF 
CYCLIC ERROR CORRECTING CODES 

5.1 The use of single error correcting cyclic code in a f-channel system 

In this section and the following sections, different ways of using 

parallel LFSR to implement cyclic error correcting codes are given. There 

is no claim in discovering any new codes; only the advantages of using parallel 

LFSR for implementating the encoder and decoder in a f-channel system are 

demonstrated. 

In a f-channel transmission system, the key part of the encoder or deco­

der of a single error correcting (n, k) cyclic code is a f-channel analogy 

circuit. In using this, the circuit will be able to operate f times faster. 

In encoding, immediately after ~11 the k message bits have been fed 

into the f-channel analogy GF divider specified by g(x), the contents of 

the registers represent the remainder which should be used as check bits. 

These check bits may come out of the output lines by additional shifts with 

all feedback circuit inhibited. However, the inhibitation is not necessary 

as shown in a previous paper. [ 22 J Figure 5.1 shows the general diagram of 

the encoder and the codeword in a f-channel form. 

f 

f-1 

1 

-. . . 

f-chrumel 
analogy . 

f r f-1 Checl Message 
f bits bits 

GF • 
Divider • 

1 l 
(a) Encoder (b) Codeword 

Figure 5.1 Encoder and a Codeword 
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The codeword is of n = k+r bits long. However, when n is not divisible 

by f, a sufficient number of zeros (say, d) are added in the front of the 

codeword to make the total number of bits an integer multiple of f(say, cf). 

This is required in the decoding process. Let 

cf= n + d 

where d < f-1. 

A general decoder circuit is shown in Figure 5.2. All registers are 

initially cleared to zero. The received (n+d) bits are fed into f-channel 

buffer registers, each with (n+d)/c stages, with SWl closed and SW2 open. 

The bits are also fed simultaneously into the f-cha.nnel analogy GF divider 

identical to the one used in the encoder. Let Ht be the received input 

vector at time t, then 

where Eti is an lxf error vector. Since the code is a single error correct­

ing code, Eti will have a single 1 in the i-th position and O elsewhere. 

More specifically, 

f 
~ 

Etl = 100 ••• 00 

Et2 = 010 ••• 00 

Etf = 000 ••• 01 

Otherwise, uncorrectable error pattefn results. 

After all n+d bits are fed into the f-channel analogy circuit, the 

final state is given by Z, 

Z = H_ G(Tf)c-l + H
2 

G(Tf)c-2 . + + H G(Tf) + H G --i • • • c-1 C . 

(5.1) 



channel f 

channel 1 

f-1 a 

f-2 a 

0 

SVll 

(n+d) stage buffer 

. . . 

f-char.nel 
analogy GF 
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t---+-~~:+ channel l bo 

divider SW2 

l 

1 2• · r 

Detector 

. . . '.f-
f 

Figure 5.2 Decoder 
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If there has been no error, Z = O, i.e., 

ul G(Tf)c-1 + u2 G(Tf)c-2 + ••• + U G = 0 
C (5.2) 

In general, when there have been detectable errors, z ~ o. For error 

correction, Z should be all different for distinct errors. Let us 

assume that a single error in U j ( j E ( l, 2, ••• , c } ) has occurred, then 

H.:U.+E .. 
J J JJ. 

H = U m m for m /:. j 

Substituting Equations (5.3.a) and (5.3.b) ' into (5.1), we have 

During the correction cycle, SVJl in Figure 5.2 is open and f»/2 is 

closed. · After (j-1) more shifts, the erroneous group of bits H. will 
. J 

arrive at the right end of the buffer register and is ready to come out 

at the next shift. Note that (Tf)c-j. (Tf)j-l = (Tf)c-l, and Z after 

j-1 shifts becomes Zj-l' i.e., 

E G(mf)c-1 z. l = .. l J- JJ. 
(5.4) 

( f)c-1 By examining the format of E .. , G and T , one can easily be . JJ. 

convinced that a single error in the i-th (1 < i < f) position of H. 
- - J 

( f)c-1 corresponds to the i-th row of T to form Z. Since all the rows 

( f)c-1 AND A A A b of T are distinct, f different gates 1, 2t•••, f can e 

used as detectors to recognize these f different error patterns, i.e., 

• .. 
• 

A ~~ . (Tf)c-1 
i f-i+l 

Af ;:;:; il (Tf)C-1 

(ith channel) 



where the symbol l'>i means "correspondL"l').g to''. 

During this correction cycle, if the output of the AND gate Ai is 1, then 

th i-1 the next bit coming out of the i channel, i.e., the position bt , is . 

corrected and the f-channel analogy GF divider is reset to zero. 

Example 5.1: Let us consider the Hamming (15~11) code, of whi'ch n = 15, 

k = ll, r = 4 and 

4 g(x) = l + X + X f = 2 

Solution: The 2-channel single error correction system is implemented as 

follows. 

ro .... 
0 1 0 0 0 1 0 

T2 0 0 1 T = 0 0 l 0 

=1~ 0 0 0 1 1 0 0 

l l O 0 l 1 0 

and 

55 

The encoder circuit is essential a 2-channel analogy GF divider which, based 

on the above matrices, is shown in Figure 5.3. 

1---+-ll--t a 

Figure 5.3 

0 
X 

1 
X .---------,...; x3 

2-Channel Analo~ GF Divider 
g (x) = 1 + X + X , 
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Assume that message bits a.re (11000000001) = 1 + x + x10• After this 

M(x) •x
4 

fed into the divider, the remainder polynomial is r(x) = x2 + x3. 

Therefore, the whole codeword is (001111000000001). Since n = 15 is not 

divisible by 2, a zero (d = 1) is added as the leading bit to make the total 

number of bit a. multiple of 2. Therefore, this complete 2-cha.nnel codeword 

is now read as follows. 

That is, 

(T2) 
1 

It can be 

= 

Chan. 2 O 11 O O O O 1 

Chan. 1 0 11 0 0 0 0 0 

t 

u1" = [01], u2 = u
3 

= u4 = u
5 

= u8 = [oo] 

u6 = u7 = [ 11 J 

0 0 1 0 1 1 0 0 
2 

(T2/ 0 0 0 l (T2) = 0 11 0 = 
1 1 0 0 0 O l 1 

0 1 1 0 
' 

11 0 1 
' 

easily verified that 

~7 ~2 2 ul G( ) + u6 G( ) + u7 G(T) = 0 

as a consequence of the condition of a legal codeword. 

1 0 0 1 

1 0 0 0 (5.6) 

0 1 0 0 

0 0 l 0 

The above codeword with an error added to the bit position a!, i.e., 

the 4th bit of channel 2, is then fed into the decoder of Figure 5.4 • . From 

Equations(5.3.a) and (5.3.b), we have 

H = U m m form= 1, 2, 3, 5, 6, 7 

H4 = U4 + E42 

where E42 = [01] 

This implies Z = [01]. G(T2 )4 j O 
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2 
channels 1----..t+ channels 

2 
,.._____._--J.----L----1---L--..L__j____J 

l ---4--1--~r 

-
--- SWl OR r----<7-------__i, 

---- SW2 

' . 

Figure 5.4 2-Channel Decoder for Hamming (15,ll) Code 



Note that the two detector AND gates A1 and A2 are correspondinz to the 

two rows of the matrix (T
2
/, i.e., 

Since Z p Oat the end of detection cycle, the correction cycle 

1 starts. After three more shifts, the erroneous bit at reaches the 

right-most bit position of the channel 2, and at this time, from 

Equation ($.4) which is exactly recognized by the Afll1) gate A
2 

and the 

Z = E42 G(:// 

error is corrected when it is shifted out during the next pulse time. 

Table 5.1 shows how the error correction is performed. 

Table 5.1 Error Correction State Table 

shift pulse inputs state output 

0 1 0 1 2 3 bo bl t at at xtxtxtxt t t 

Detection 0 0 0 0 0 0 0 
cycle l 0 1 1 0 0 0 

(S'.'/1 closed) 2 0 0 0 0 1 0 
(SW2 open) 3 0 0 l 1 0 0 

4 0 1'~ l O l l 
5 0 0 l O O 0 
6 1 1 111 0 
7 1 1 0 0 l l 
8 0 0 1 0 1 0 

Cori·ection 0 1 0 1 0 0 0 
cycle 1 111 0 ·o 1 

(SVll open) 2 1111 0 0 
(S'vlJ2 closed) 3 1 0 0 1 (emit 1) 0 0 

1+ 0 0 0 0 0 0 ** 
5 0 0 0 0 0 0 

6 0 0 0 0 1 1 

7 0 0 0 0 1 1 
8 0 0 0 0 0 0 

*bit i..'1. error **error correction 
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5.2 A straig htforward 2-channel BCH (15,7) decoder 

In this section, a straightfo:rward · way of constructing a decoder of 

the Bose-Chaudhuri-Hocquenham (15,7) double error correcting code is 

given. It is different from the algorithm given by Peterson, [ 3] improved 

by Chien [39] and many others. The system given here is merely to show another 

possibility of using ~ra1lel LFSR as a central device to correct double 

random errors in a f-channel parallel transmission system. ~.oreover, as 

different from the previous section, in this section the f-channel analogy 

SRSG is used. 

The characteristic polynomial for at-error-correcting BCH code is 

Therefore, the two error correcting BCH (15,7) codes have the following 

characteristic polynomial: 

<I> (t..) = <I> (t..) <I> ( k) 
· 1 3 

where <1>
1

(11.) is always chosen to be primitive and its degree m has to 

satisfy the condition n=2m-l. Therefore, by letting 

and using the result of Chapter 4, we have 

4 3 2 
<1>
3

(11.) :11. + 11. +11. +11. + 1 

• •. <!> (t..) = 11. B + 11. 7 + 11. 6 + t.. 4 + 1 

The characteristic polynomial of Equation (5.7) is actually the 

generator polynomial g(x) of the code. The encoder is simply a 2-cha_imel 

analogy SRSG as shown in Figure 5.5 derived from the following set of 

matrices. 



Therefore, 

T = 

' 0 1 0 0 0 0 0 0 

0 0 l O O O O 0 

00010000 

00001000 

0 0 0 0 0 1 0 0 

00000010 

00000001 

1 0 0 0 1 0 1 1 

0 0 

0 0 

0 0 

~o o 1 o o o o or 
00010000 

00001000 

00000100 

T2 = 00000010 

00000001 

10o.o1011 

' 1 1 0 0 l 1 1 0 

L = 0 0 

0 0 

0 0 

1 0 

(

1 0 0 0 0 0 0 OJ ro 01 

R = O l O O O O O O ,Q= lo ~ . 

l l ' 

0 
X 

2 
X 

xl x3 
2 4 

X X 

:x:3 = :x:5 
4 6 

X 

:x:5 
6 

X 

7 t+l 
X . 

X 

x7 
0 4 6 7 0 

x +x +x +x +a 
0 1 4 5 6 

:x: +x +x +x +x 
0 1 t 

+ a + a 

and the circuit is then shown below. 

6 4 2 0 
X X X X 

V x7 x5 lx3lx1 1------)>. bl 

Figure 5~5 The 2-Channel Analogy SRSG 
g(x) = xO + :x:7 + x6 + :x:4 + 1 
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In this case, n=l5 and an extra zero is added to the front of a codeword 

which makes the input codeword to the decoder to have the following format. 

channel 2 

channel l 

8 7 6 5 4 3 2 l t 

Note that the above format is different from that of the previous section. 

The general decoder diagram is the same as that of Figure 5.2, except 

the f-channel analogy GF divider is replaced by a f-channel analogy SRSG. 

In this example, the circuit of Figure 5.5 is used. The next problem is to 

design the circuit of the detectors for all possible double error patterns. 

The analysis is made as follows. 

From the above stated codeword format, we have 

then the final state of the 2-channei analogy SRSG after all input bits fed 

in becomes z. Again, let 

then 

where the 11111 

H = U + E where qE {1, 2 •••• , f} t t tq . 

symbol is the transpose. 

I 2 7 2 6 
Z = (T) L ~ + (T) 

f 

L~ 
5 

+ (~) 
I 

L~ + ••• 

f 
Again, in Equation (5.8), Z ~ 0 implies detectable errors. 

(5.8) 

Let U'S 

assume that there exist two errors in the Hi and Hj with 1 5 i < j $ 8. 

Then, 

8-i 
z' = cir2) LE. iq 

8-j 
+ (~) LE . 

Jq 
Here q€ {l, 2} 



Next, the correction cycle starts by opening the SWl and closing sw2. 

After (i-1) more shifts, the H~ moves into the position of H~, i.e., the 

right-most position of the buffer register. Therefore, 

I 
LE. iq 

7-Q 
+ cT'2) I 

LE. 
JCJ. (5.10) 

where QE ( O, 1, 2, ••• , 7} : Equation (5.10) includes all possible double 

error patterns. The detector circuit is then constructed on the basis of 

this equation. However, since the number of patterns to be recognized is 

27, Table 5.3 is given to list all possible patterns. 

( 2)7-Q , First, the table :for all patterns of the term T L E. is 
Jq 

constructed as follo~s. 

~ 

0 

l 

2 

3 
4 

5 
6 

7 

pattern# 

1 

2 

3 

4 

5 
6 

7 
8 

7-Q 
Table 5.2 Format of (T2) 

I 
LE. 

JCJ. 

7-9 I 
(T2) L Ejl pattern# 

0 1 2x3 4 5 6 7 X X :X X X X :X 

00000001 9 

01000000 10 

00010000 11 

01000100 12 

11010001 13 

00110100 14 

00001101 ,~ 
-;J 

00000011 16 

(T2/-QL E;
2 

012,34567 xxxxxxxx 

10000000 

00100000 

10001000 

10100010 

01101000 

00011010 

00000110 

00000001 

From Tabl e 5.2, all possible double error patterns can be derived. 

The total number of :possible double error patterns is equal to 

1 + 13 + 13 = 27. All these patterns are listed in Table 5.3. Note that 

there are t wo sets of detecting circuits ; the first set is to correct the 

firpt error bit in the upper channel and the second set is to correct the 

first error bit in the lower channel. 



Table 5.3 Double Error Pattern 

I 
l 
I 

0 1 2~ 4 5 6 7 pattern# ! XXX XXXX 

1 l-.'-9 l 
1 0 0 0 0 0 0 l l 

2 l-:-2 ! 0 1 0 0 0 0 0 1 
3 1+3 0 0 0 l O O O 1 
4 1+4 0 l O O O 1 0 1 
5 1+5 11010000 
6 1+6 0 0 1 1 0 l O 1 
7 1+7 00001100 
8 1+8 00000010 

9 1+10 0 0 1 0 0 0 0 l 
10 1+11 1 0 0 0 1 0 0 1 
11 1+12 10100011 
12 1+13 0 1 1 0 l O O l 
13 l+lL, 0 0 0 l l O 1 1 
14 1+15 0 0 0 0 0 l l l 

15 9+2 11000000 
16 9+3 10010000 
17 9+4 11000100 
18 9+5 0 1 0 1 0 0 0 1 
19 9+6 1 0110100 
20 9.+7 10001101 
21 9-:-8 10000011 
22 9+10 10100000 
23 9+11 I 00001000 I 

24 9+12 I 00100010 
25 9+13 ; 11101000 
26 9+14 10011010 
27 I 9+15 . 10000110 

In Table 5.3, the pattern 1 is common to both u;pper and lower channels, 

while the patterns 2~ 3, ••• , 14 are for the first error bit in the upper 

channel and the patterns 15, 16, ••• , 27 are for the first error bit in the 

lower channel. let the Al'\JD gates A
1

, .A2, ... , A
27 

having 8 inputs 

corresponding to each pattern, then~' A2, ••• , A14 is 11 0Red11 together to 

become the upper channel detector and similarly for the lowe.r channel 

detector. These t wo detectors may have some further logical simplification 

because thereare multiple input-output combinational network and standard 

t ' . f · l"f" · · ·1 bl (4oJ(4iJ ecn.niques o simp 1 1ca~1on are avai a e. 
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After the first error bit of the double errors has been corrected, then 

the 2-channel ai-ialogy SRSG make (j-1) more shifts which forces the second 

error bit reaching the right- most bit position. This error is then 

corrected as the single error case. Note that the single error detector is 

to recognize the following two patterns: 

00000001 10000000 

This completes our theoretical design work. 

5.3 Burst error correction in a f - channel transmission system 

The principles used in previous sections can be applied to correct a 

burst of b errors. Let a positive integer m be the number of time periods 

during which the burst of errors occurs (mf ~ b). Let the m error vectors 

be w1 , w21 ••• , Wm with Wi leading Wi+l accordingly. Note here that any 

W-vector may have more than a single one as its entry and hence is a general 

form of the single error vector Eti• Again, only the decoding procedures 

are discussed below. 

After the detection cycle, a detectable error pattern Z F O occurs 

which starts the correction cycle. After (j-1) more shifts, the state of 

the f-channel analogy GF divider becomes 

( f)-1 cmf)-2 ( f)-m 
zj-1 = \\ G T + w2 G ! + ••• + Wm G T C5.u) 

Equation (5.11) can be easily derived from Equations (5.2) and (5.3) by 

noting it1 = I. Equation (5.11) is corresponding to the sum modulo-2 of 

some of the first f rows of the matrices (Tf)-1, (Tf)- 2 , ••• , (Tf)-m. In 

general, there are f•2b-l error :patterns to be detected although some 

simplification is usually possible. 

Upon recognition of a detectable error pattern, bits are emitted into 

the appropriate channels to correct the first er ror vector w1, which ~s jus t 



ready to come out the buffer registers. This effect~vely modifies the 

state of the GF divider Z. 1 into 
;:i-

(Zj-1 + Wl G(Tf)-1) 

+ ••• 

after one feedback shift. This again belongs to one of the f.2b-l 

detectable patterns. The process continues until all the errors are 

corrected, at which time the registers of the divider should contain all 

zeros. otherwise the presence of some uncorrectable errors is indicated. 

Note that Equation (5.ll) indicates th.at all the error patterns 

represented by the equation are distinct and none of them appears in any of 

the previous shifts. This requirement is fulfilled because they are 

precisely the conditions for a proper choice of the code. 

3 3 4 4 6 7 Example 5.2: Given g(x) = (1 +x.)(l +x .+x) = 1 +x +x -1-x 

andf=.3 

then 

r 0100000, ,, 0001000 'l 

0010000 0000100 
0001000 

T3 = 
0000010 

T = 0000100 0000001 
0000010 1000101 
0000001 1100111 

j 1000101 
' 

1110110 
' 

and "'oco 1 
000 

[ 0010000] 000 
G = 0100000 J: 000 

1000000 ' 
001 
011 
111 

The 3-channel analogy GF divider specified by the above matrices is 

shown in Figure 5.6. 



Assume that the message polynomial is x
6 

+ x4 + x2 + 1 (01010101), the 

complete codeword becomes 010101011011111, i.e., 

Suppose that the received message is 010 111111011111 with two errors 

1 o a
2 

and a
3

• Then, 

' 

2 
at 
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3 XO Li. x· channel 

2 

1 

1 
at 

0 
at 

x3 

xl 

x2 /> 

Figure 5.6 3-Channel Analogy GF Divider 

g(x) = 1 + x4 + x
6 + x7 

'\ 

0101100 
0010110 
0001011 
1000000 
0100000 
0010000 
0001000 

lll0110. 

' 

0111011 
1011000 
0101100 
0010110 
0001011 
1000000 

bo 
t 

• 

The state transition table of the decoding process is shown in 

3 

channel 
2 

channel 1 

Table 5. 4. The content of the divider is not all zero at the end of the 

detection cycle. After one more feedb1;tck shift 1 the state becomes 10011101 



which is one of the error patterns to be detected. It can be verified that 

= 1001110 

At this time, the w2 associated error vector reaches the right-most 

position of the buffer register and is ready to shift out. The detector 

1 emits a 1 into the channel 2 to correct the error bit a
2 

and also into the 

input l a.,_. 
(, 

After one feedback shift, the state of the divider is 0001011, 

which is also one of the detectable error patterns and is the third row of 

(Tf )-1• This time . the detector emits a 1 into the chrumel 1 to correct the 

bit a~ and also to clear the contents of the divider to all zero for next 

coming codeword. 

Table 5.4 Decoding Process Table 
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shift pulse input state of divider pulse emitted output 
0123456 t 

0 1 2 by detector boblb2 atatat xxxxxxx 
t t t 

Detection 0 0000000 
cycle 1 0 1 0 0 1 0 0 0 0 0 

SWl 2 l 1*0 1110100 
closed, 3 1*11 0111011 

SW2 4 0 1 1 1110110 
5 1 l 1 1 0 1 1 1 0 0 open 

Correction 6 1 0 0 1 1 1 0 0 1 0 
cycle 7 0 0 0 1 0 1 1 0 1 0 l O 1 
SWl 8 0000000 1 0 0 0 l l 

open, 9 0 1 1 

SW2 10 l l l 

closed 

* bit in error 



CHAPrER 6 

SINGLE CHANNEL ERROR CO&-qECTION IN A F-CHANNEL SYSTEM 

6.1 General system description 

In this chapter, a method of correcting errors occurring in a single 

channel of a f-channel system is disclosed. T'nere is no restriction either 

on the length or type (random or burst) of the error pattern. In a 

practical case, this one channel error is defined within a block. The 

following Figure 6.1 shows the general picture of blocks. 

~--B-lo_ck __ 4 ...... I_B1_o_ck_3 __ ..__I _B1_o_c.ic_2_.I __ B1_0_ck_l __ ....Jl ~harnel 

Figure 6 .1 

Note that the blocks do not have to be equal length. In each block, the 

only requirement is that errors only occur in a single channel among the 

f-channels. Strictly spea.1dng, there may be uncorrectable single channel 

error patterns, but the percentage of t hese uncorrectable patterns can be 

made arbitrarily small. This type of error correction utilizing the 
\ 

principles of parallel LFSR can be easily applied to data processing systems 

such as tape, disk and drum. It can be applied also to the multi-channel 

communication S"Jstem~ 

The assumption that error occurs only in one channel within a block 

is practically justified. In data processing sys tems, such as high density 

recorded tapes or dis.~s, the space between channels is much greater than the 

bits crowded in one channel. For example, in the IBM 360/2400 tape system, 

the space between the adjacent channel centers is about 4o times the space 

between the adjacent bits in a channel. Based on this assumption, the error 

correcting system is formed in the following way. 
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1. Among the f-channels, one channel denoted by p-channel, must be an 
even or odd parity channel. 

2. A cyclic code is formed with the overall f-1 cbannels*but is not 
associated with ea.ch channel separately. 

The general transmitting system is shown in Figure 6.2. 

f 

. . Input 
data 

2 

. 

1 f­
chann els 

Encoder 

f f 

~ . f t rans- . . mitting . . channels . 
2 

' ' 
2 

p 
"O . 

f-channels t 
noise 

Figure 6.2 General System Diagram 

f 
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Decoder . . . 
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channel s 

The block diagrams for the encoder and the decoder are shown in Figures 6.3 

and 6.4, respectively. 
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6.2 The 2-dimensional variable length code (2-DVLC) 

The symbology and terminology and definitions on coding theory used in 

this chapter are essentially following Peterson. (3j 

Let 

( ) 1 1 d k 1 ( ) o k-1 1 l<-2 k-2 v x : message po ynomia of egree - , v x = a x + a x + ••• + a x 

k-1 +a 

F(x): codeword polynomial of degree n-1, F(x) = a 0xn-l + a1xn-2 + ••• + an-2x 

· n-1 +a 

H(x): received polynomial 7 H(x) = F(x) + e(x) 

e(x): error polynomial 7 e(x) = x .9. (1 + ••• ) = x Q E(x), Q is a positive integer. 

E(x): error pattern polynomiul, E(x) = l + ••• 

e'(x): shifted error polynomial, e'(x) = xJ-j E(x) where j is an integer 

and O ~ j ~ f-1 

T'.ae code given here is of variable length and of 2-dimension nature. 

Its general :polynomial g(x) is defined belo\V 

(6.1) 

where the 11 *11 sign is a composite operation formulated as shown in Figure 6.5. 

Ii-1 k-1 a a 

Remainder 
r(x) due to 
V(x)/g1(x) V(x) 

Parity check bit on columns= Remainder due to g2(x ) 

Figure 6.5 A Codeword Block 

f-2 a 

• • 
• . 
• . 
ai al 

f-1 0 
a a 

on columns 

f 

3 

2 

p 

In Figure 6.5
7 

there are two kinds of checkbHs, . the first kind is the 

remainder r(x) due to v(x) after divided by g1(x) 9 while the second kind is 
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due to g2 (x) which acts column- wise on both v(x) and the first kind of check 

bits. Here g1 (x ) of degree r is the polynomial that determines the undetected 

. -(n-k ) 
error fraction 2 • It is a l.so used to identify the erroneous channel. 

Normally, g1 (x) is chosen f r om a primitive polynomial or a primitive reciprocal 

polynomial. Note tha t the check bits formed by the remainder of g
1 

(x) on 

the entire message block is different from the conventional way. In the 

conventional wey, the check bits are formed with respect to each channel. 

Moreover, the Hamming dis tance of the code given here is not the product of 

the distances due to g1 (x) and g2 (x). Actually, the error correction capabi­

lity of the S'Jstem is not due to the cede itself alone,; it is greatly helped 

from the operation of the LFSR1 s. 

The error correction process requires the cooperation of g
1

(x) and the 

g2 (x). Here g2 (x) = 1 + x. 

This error correction process can be divided into three cycles. 

1. The detection cycle 

2. T'ae comparison cycle 

3. The correction cycl e 

The flow chart diagram of the operation of these three cycles is shown in 

Figure 6.6. In the conventional error correction process utilizing cyclic 

codes, the comparison cycle does not e~ist. It is the addition of this 

comparison cycle that makes the unlimited error correction on one channel of 

the system :possible. 

Since the data blocks are of variable length 9 the polynomial v(x) of 

length k is used to repr esent a typical block for discussion. The encoder 

shovm ' in Figure 6.3 contains a f-1 channel analogy GF divider specified by 

g
1

(x). The remainder r(x) thus produced is attached to the end of v(x). 

T'ne remainders of g (x) are obtained column-wise from the channels 2 to f 
2 



accept 
+he 

bloc.I<. 

r--------- -- - - ----, 

H(x) I 
[
a ,7 =>T,(;() 
Oj <><h1 

I : 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

I I 
I I 
I I 
.I I 
I I 
I I 
I I L ________________ J 

r-----
1 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

}=o, 
ji:h c han. 

in error 

I. Detection Cycle 

II. Comparison Cycle 

III. Correction Cycle 

--- ------------ ----1 

IT I 
r------- I I 

Sv.;i+ch [ rJ (;()? 1:o n , '.1z 
>--0 -~>- · Serial >node 

<l'1d 

sh,ft to r/sht 

I 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

73 

L __ - ----------- --- -------- ___ J 

P- c..n<in. 
[(] 

error 

obfqin 
f<lt) t1;j, 

bi'-J-s 

uncorr.edabfe 
I 

er-ror 
cleteded 

no r------- -------1 
I , I 
I record.. (f" I 
I I 

'--------J.---l---..1 9 (t-J)"~c.l,gn I 
. I 

in error 1 
I 

III l 
.-----L---- I 

ratransmit 
-t.fle 

Wno/Q block. 

correct err,m~us 
h,'ts in 

I 
I 

~ ---------~:--1 (f-J)1~ c.han. 
I L ____________ J 

Figure 6. 6 Decoding procedures in fl_ow..;Dia.gram Form 



74 
to form the p-channel or the parity channel. 

The input polynomial v(x) with f-l bits coming in each clock pulse 

time passes through the encoder to form a _polynomial F(x) and the J?­

channel which constitute the whole block codeword. Here, 

or, 

F(x) = xr v(x) + r(x) 

+ 
r(x ) 
gl (x) 

The f-channel codeword block is then transmitted through f channe~ 

and changed by noises. Since the basic assumption is that errors affect 

* only on one channel (not the p-channel) in the block, the received block 

becomes H(x) and 

H(x) = F(x) + e(x) 

Figure 6.7 shows an e(x) and its shifted e'(x). 

n-1 o (~' (x) =, ;~..;.j E(x) ~ f-2 f a X a . c-----------------' • • • • • • 
E{x2 = 1 + ••• f-j-2 C e (x) = X ,Q + • • • = X Q E (x-D a f-j . • • . . • 

o n-1 2 ax 

p..channel p 

Figure 6.7 e(x) and e' (x) in a Codeword Block 

The received codeword with the noise is now fed into the decoder. In 

Figure 6.4, the decoder contains two GF dividers. The first one is a f-1 

channel analogy circuit denoted by [ g1 (x) J 1• T'.ae second one operates in 

two modes. Its first mode operating in the detection cycle is the same as 

* If error s are occurred in the p-channel, see Figure 6.6 for a solution. 
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the (g1 (x)] 1 except with only one input line to the x0 -position, i.e., 

0 
0 
" 

G " = • 
0 
~l (I) 

instead of using Equation (2.16.a). Here x0 -position is selected as a 

reference channel to identify the erroneous channel. It is only a matter 

of convenience for the proof in Section 6.3. Its second mode operating in 

the comparison cycle is a serial GF divider. Since both modes are 

characterized by g1 Cx), the second GF divider is denoted by (g
1 

(x)J 
2 

and 

.its first mode is called the parallel mode and the second mode is called the 

serial mode. 

The content of (g1 (x)J 1 , after H(x) entering the circuit during the 

detection cycle, is solely determined by the error polynomial e(x). This 

· is true since the system is linear and therefore F(x) and e(x) can be 

treated separately;, Vfnile at the sarne time, the content of the :parallel 

. mode of [g1 (x)J 2 is determined by the shifted error polynomial e 1 (x) fed 

into the x0 -position. From Figure 6.7, we have 

e 1 Cx) = x~-j E(x) (6.2) 

Therefore the difference between the e(x) and e'(x) is a factor xj. 

At the end of detection cycle, if no error occurs, then the contents of 

the [g1 (x)J 1 and [g
1 

C::d] 2 should be all zero after H(x) and p-channel bits 

come in. If errors have occurred among one of the data channel, then e(x) 

/: 0 =>e' (x) /: O and the content of [g1 (x)J 1 and [g1 (x)J 2 will not be all zero. 

When the nonzero patterns are detected at the end of the detection 

cycle, the decoder begins its comparison cycle, i.e., 
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1. No input to [g1 (x)]1 and [g
1

(x)]
2

• 

2. The content of the [g1 (x)]
1 

is fixed. 

3. The_circuit, ~~ [g1 (x)] 2 !s.sw~tched into its serial mode and 
begins to snirt right. 1h1s reedback shifting process will 
not be stopped until the content of [g (x)] matches that of 
the [ gl (x) J l9 1 2 

The number of shifts of [g1 (x)J 2 is used to determine which chan...el is in 

error. If the number of shifts of [g1 (x)J 2 is j (j < f), then the (f-j) th 

channel is in error. A rigorous proof on the above statement is in the 

next section. However, it can be argued in the following way. 

Since to shift the content of a serial GF divider g
1

(x) one time 

to the right is equivalent to multiply in the present content of the LFSR 

· by x mod g1 (x). Therefore to shift j-times is equivalent to multiply in 

the present content by xj mod g1 (x) which is exactly the residue difference 

between [g
1

(x) ]
1 

and [g
1

(x)]2• 

Whence the erroneous channel is identified, the decoder begins its 

correction cycle, i.e., 

1. The whole received block is retra."lSmitted. 

2. The error polynomial e(x) is in the (f-j) th channel which is 
corrected by the output bits of the AJ.1:D gate A~ .• 

J.-J 

During the block retransmission period, an assumption is made that 

errors will remain in the same channel and its pattern may be changed. 

With this assumption, the above mentioned error correction process is 

simply performed by changing the bit in the (f-j) th channel whenever 

the parity bit of that column is wrong. In a tape or other data recording 

system, errors are permanent that it will not be changed during the 

retransmission period. Furthermore 7 the retransmission operation is 

easily achieved by winding the tar.-e backward and then forward. 

In summary, the error correction is accomplished as follows. 
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1. The single channel error is detected at the end of the detection 
cycle. 

2. The erroneous channel is identified during the comparison cycle. 

3. Errors are corrected in t he correction cycle by retransmitting 
the whole block with the knowledge of which channel is in 
error; and the error pattern calculated from the mod 2 adder v,hich is 
the circuit of g2 (x ) in the decoder and its inputs are the 
received data of all f~channels. 

6.3 Mathematical justification . 

In this section, we shall show that if an error pattern polynomial E(x) 

occurs in the (f-j)th channel, it can be identified by the comparison cycle 

discussed in the previous section. 

Theorem 6.1 If two input polynomials e(x) and x-j e(x) are divided by 

another :polynomia1 g1 (x) to obtain t wo remainder polynomials r
1

(x) and 

r 2 (x) respectively, then by shifting the content of the [g1 (x)]
2 

j times, 

we have 

mod g1 (x) 

Proof: Suppose the lowes t term of the error polynomial e(x) is x~, then 

Q 
e(x) = x E(x) 

and from Equation (6.2), 

e•(x) = xQ-j E(x) = x-j e(x) (6.4) 

Referring to Figure 6.4, the content of ~1 CxD 1, after R(x) fed in, is 

equal to r 1 (x), where 

H(x ) F(x ) + e(x ) _ e(x) 
g1 CxT = g

1 
Cx) = g1 rxY mod g1 (x) 

( ) 
r
1

(x) 
~ = q (x) . 
gl r;:; 1 T gl CX) 

(6.5) 

Next, consider that e'(x) is fed into the x0 -position of [g1 (x)J 2, we have 
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or, (6.6) 

To shift r 2 (x) in the (g1 Cx)J 2 for j times is equivalent to multiplying r
2 

(x) 

by xj mod g1 (x). Therefore, from Equation (6.6), we have 

xj • (x-j e(~\= xj q (x) + :x) r2(x) 
gl \X/ / 2 gl (xJ 

or, 
e(x) j 
gl (xJ·:: X (6. 7) 

Comparing Equations (6.5) and (6.7), we have 

and 

q
1 

(x) == q
2

(x) • xj 

r
1 

Cx) = r
2

(x) • xj 

Eq~ation (6.8) is the desired result. 

mod g1 (x) 

mod g
1 

(x) (6.8) 

Therefore, the content or~ r~ (x)J 
l0 1 2 

will match that of the [g1 (x)J 1 if the number of times of feedback shifts 

of the serial mode of (g1 Cx )) 
2 

is ex_actly j times. 

In the decoder, the number j is recorded by the counter. During the 

correction cycle, this decoded j and the error pattern coming out of the 

mod 2 adder sense the AND gate A~ . to correct all errors in the (f-j)th 
I-J 

channel. 

6.4 kn example for illustration 

One special example will be helpful to clarify most previous statements. 

Let us choose a blocl{ of data, such as, 1011,0101, 0010,0001,1101 for a 

4-channel parallel transmission system. The additional p-channel makes 

£=5, then 

19 17 16 15 10 7 5 3 2 v(x) = X + X + :x: + X + X + X + X + X + X + l 

and let 
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then 

8 6 4 3 
X V (x) = q (x) + X + X + X + X 

gl(x) gl(x) 

T'.nerefore, 

27 25 2Li- 23 18 15 l3 F(x) : X -'r X + X -l• X + X + X + X 

11 10 8 6 4 3 +x +x +x +x +x +x +x 

The encoder circuit contains a mod 2 adder and a 4-channel analogy 

GF divider specified by g1 (x) and is omitted here. However, the 4-channel 

analogy circuit is also required by the decoder except the output of the 

cixcuit is not needed in the decoder. 

Figure 6.8 is the decoder diagram with the assumed codeword block and 

the error polynomial e(x) as indicated. 

F(x) = x27 + x25 + x24 + x23 + xl8 + xl5 + xl3 

11 10 8 6 4 3 
+x +x· +x +x +x +x +x 

21 17 13 S e(x) = X + X + X + x-
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In Figure 6. 8, the 4-cbannel analOg'IJ GF divider is constructed as 

follows. 

Since 

and 

g1 (x) = x 
8 + x 5 + x 3 + x -:- 1 

01000000 
00100000 
00010000 
00001000 

T = 00000100 
00000010 
00000001 
11010100 

l, 00010000J' 
00100000 

G = 01000000 
10000000 

00001000 
00000100 
00000010 
00000001 
11010100 
01101010 
00ll0101 
llOOlllO 

Therefore, the circuit is shown in Figure 6.9. 

2 
a 

t----i00-1x 
b 

1 
X 

2 
X 

-----,-+-1------- x? 

Figure 6.9 4-Channel Analogy GF Divider [g1 (x)] 1 
8 s 3 

gl (x) = X + x"" + X + X + 1 

81 
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The [g1 (x)J 1 is shown in Figure 6.9 and the parallel mode of the [g
1

(x)]
2 

is obtained from Figure 6.9 by having only one input line to the x0 -:position. 

This circuit is .s..11.own in Figure 6.10. 

1 
X 

2 
X 

:.i..: 4 ---..-!~ L------ X 

6 
X 

,i------,,-i x7 

Figure 6.10 Parallel ~de of ~1 (x)J 2 
g

1 
(x) = x + x? + x3 + x + 1 

Next, the serial mode of the [g1 (x)J 2 is shown in Figure 6.11. 

Figure 6.11 Serial YJOde of [g1 (x)] 2 
gl(x) = x8 + x5 + x3 + x + 1 
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Suppose that errors ru.~e in the 4th channel, it is necessary to show 

that j=l since f=5. From Figure 6.8, we have 

e(x) = x21 + x17 + x13 + x5 :x5 (xl6 + xl2 + x8 + 1) 

= x 2 E(x) 

Therefore, 

E (x) = 1 + X 
8 + X l2 + X 

16 
- Q =5 

and also, 

, ~ · 5 · 8 12 16 e (x) = x -J E(x) = x -J (1 + x + x + x ) 

In the detection c;ycle, both [g1 (x)] 1 and [g
1 

(x)J 
2 

are 4-channel 

analogy GF dividers. T'ne advancing of their states is shown in 

Table 6.1. Note that the states transition during the comparison cycle 

is also included. After all input bits are fed into the decoder, the 

remainder in [g1 (~)] 1 a.~d [g1 (x)] 2 are r 1 Cx) and r 2 (x) respectively. 

Here r
1 

(x) f: 0 and r
2 

Cx) f:. 0 bec~use of the erroneous input data block. 

Next 9 the comparison cycle starts by fixing the content of the [g1 (x)] 1 

and switching the [g1 (x)]
2 

to its serial mode as shovm in Figure 6.11. 

It can be seen :from the comparison cycle of the Table 6.1 that after one 

time of serial feedback shift in [g1 (x~ 2 its content matches exactly 

that of the [g
1 

(x)] 
1 

and thus j:l is determined. 

The result can be checked mathematically. Since j=l, we have 

r 4 8 12 16 4 12 16 20 
e (x) = x (1 + x + x + x ) = x + x + x + x 

Then _by long division, we have 

x21 + x17 + xl3 + x5 
e (x) -1 

= (xl3 + xlO + x9 + x8 + x7 + x2).Cx.8 + x5 + x3 + x+l) 

+ (x3+-2-U'l (x) 

x
20 

+ x
16 

+ x
12 

+ x 
4 = (x12 + x 9 + x 8 + x7' + x6 + x) • (x

8 
+ x5 + x3 + x + 1) 

e 
1 

(x) _j 2 
+ (x +x) +-r/x) 



By comparing the above two equations, we have 

mod g
1 

(x) 

as it should be. 

The actual error correction is then performed in the retransmission 

cycle. A bit in the 4th channel is converted whenever there is al out 

of the decoder~s mod 2 adder in this bit pulse time. 

6.5 Reverse transmission and reciprocal polynomial 

r 

If the data in reverse transmission (process backward) is desired, 

then the g1 (x) is best chosen to be a reciprocal polynomial. In this 

way, the code will preserve the same capability in error detection and 

error correction and hardware implementation. The following 

~11eorem 6.2 was previously proven by Hsieh ~nd the author. (4zJ 

Theorem 6.2 Define the reciprocal polynomial f*(x) of any polynomial 

f(x) to be f*(x) = xm f(
1 ), where mis the degree of f(x), then 

. X . 

1. The :polynomial f*(x) is irreducible if and only if f(x) is~ 

2. If f(x) is irreducible, f(x) and f*(x) belong to the same 
expenent. Therefore, f*(x) is primitive if and only if 
f(i) is .also. 

Proof: See Hsieh and Hsiao. [42J Note that this theorem is a home­
work problem in Peterson. [3] 

The following Theorem 6.3 states why a reciprocal polynomial is 

needed for reverse processing. 

Theorem 603 In the Hsingle channel error correction in a multi-channel 

transmission system,n A 2-DVL code will have the same error detection and 

correction capability and the same amount of hardware implementation in 

reverse process provided that the chosen g1 (x) is a reciprocal polynomial. 

Proof: 

F(x) = v(x). xr + r(x) = q(x) • g1(x) 
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If the process is to be reversed, then we shall have F*(x) instead of 

"'(x)n 1· e "' . . . ' 
F*(x) = ( v(x) • xr + r(x) ) * = (q(x) • g

1 
(x))* 

By the definition of the reciprocal polynomial, 

= q * (x) • g~ (x) 

Therefore, if g1 (x) is a reciprocal polynomial, 

then, 

(6.9) 

(6.10) 

Equation (6.10) implies that the :reverse process will preserve the same 

error detecting or correcting ability as that of the forward process in 

the system since the generator :polynomial is the same. Furthermore, the 

hardware implementation of the system following the discussions given in 

previous sections is solely dependent on g1 (x). Therefore, the amount 

of hardware used will be theoretically the same. Note also that g2(x) 

= 1 + x operates on columns and hence is independent of the process 

direction. 

6.6 Comments on Bro\'Jn and Sellers' scheme 

D. T. Brown and F. F. Sellers of IBM invented a system and called 

it the cyclic redundancy check (CRC) which is used in the IBM 360/2400 

tape series.[43JThei~ scheme is able to correct all errors in any one of 

the nine channels within a block. Their code has nine check bits to 

·form a check character at the end of each block. Among the nine channels, 

one channel is the parity bit channel because every character (column) ,has 



a parity bit. Error correction is then done by identifying the erroneous 

channel and retransmi tt ihg the whole bloc..1<:. 

The generator polynomial of their code is 

.., 4 6 9 
g (x) = 1 + x;; + x + x + x 

the circuit implementation of the above equation is shown in Figure 6.12. 

Chan. 1 

p --~@1---

0 

1 

2 1 
3 

4 

5 

6 >0 
7----1 

Figure 6.12 

Though the circuit of Figure 6.12 has the parallel form, it is essentially 

a serial circuit because it is constructed according to the matrix T 

instead of Tf. More specifically, its characterizing matrix equation is 

of the following form. 



where 01000000 
00100000 
00010000 
00001000 

T = 00000100 
00000010 
00000001 
10011110 

00000001 
00000010 
00000100 
00001000 

G = 00010000 
00100000 
01000000 
10000000 
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The circuit thus constructed has to make the number of channels equal 

to the degree of the generator polynomial. This restriction limits the 

error detection capability hence the error correcting capability of the 
' 

system. The generalized result given in this chapter based on a formal 

theory of parallel LFSR removes the above restriction. Furthermore, the 

code used in this chapter is the cyclic code1not as the modified cyclic 

code used by Brown and Sellers. This implies that the error detecting 

ability can be evaluated based on the existing J:'€6Ult oft.be cyclic code. [ 44] · 



CHAPTER 7 

PARALLEL GENERATION OF PN SEQUENCES 

7.1 Generating PN sequences in parallel 

Classic methods of generating PN sequences b Ya r-stage LFSR are 
done in the serial form~ i.e., one bit at a time. Detailed study on the 

existing result may be referred to the books by Golomb, [13 ]Golomb,[14 ] 

Kautz, [l2 ]and Peterson. [3] However, there is at least one report on 

generating PN sequences in p;i.rallel by using combinational network.[45 ] 

In general, a PN sequence generated completely in parallel needs a 

shift-register of 2r-l stages. The number of shifts required in the worst · 

case is 2r-2. In this chapter, a new method is found for generating PN 
r . 

sequences of length 2 -1 by a r-stage LFSR in a speed r times faster than 

the existing method and implementation hardware is increased only 

fractionally. 

Definition 7.1: A PN sequence is defined to be a maximum-length linear 

recurring sequence modulo 2. This is, {ak} is a PN sequence if and only 

if it is a binary sequence which satisfies a linear recurrence 

mod 2 (7.1) 

and has period 2r-l. The number r is referred to as the degree of the PN 

k 
sequence ra ]• The polynomial 

r . 
g(x) : 1 + ~ 

1 
g. XJ. 

J.:..... J. 
(7.2) 

is called the characteristic polynomial of the sequence {ak}of Equation 

(7.1). The ab.ove definition is adapted from Golomb. [i 3J 

Usually, there are two ways of generating a PN sequence by using 

LFSR serially~ That is, the chosen polynomial g(x) of degree r must be 

primitive which can be implemented in two ways, as a serial GF divider or 

as a serial SRSG. However, only the later case is directly transformable 
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to its r-channel analogy circuit that will achieve a speed of generating 

the same PN sequencer times faster. The synthesis technique is 

simple because it is the autonomous case and only Equation (2.2.c) is 

needed. The result is now stated in Theorem 7.1. 

Theorem 7.1: Let T be the companion matrix of a primitive polynomial 

g(x) of degree r implemented as a SRSG, then the circuit implemented 

according to the connection matrix Tr will produce the same PN sequences 
r . 

of length 2 -1 in a speed r times faster than the circuit implemented 

according to T,provided that rand 2r-l are relative prime. 

Proof: The proof is divided into three parts. 

1. Since the SRSG is implemented according to Tr and is autonomous, 
then 

Equation (7.3) is exactly a r-channel analogy SRSG under the 
conditions that r=f and Ut::O. T'nerefore, it will produce 
the same output sequences as that of the serial SRSG. 

2. In the parallel SRSG, the output sequence is produced r-bits 
a pulse time. This can be achieved by fetching out the 
content of each state which is r-bits. To show that this is 
true, the general circuit of a serial SRSG as shown in 
Figure 7.1 is needed. 

• • i----- o ut:pvt 

EB 

Figure 7.1 The Serial SRSG Characterized By g(x) 



The outputs at time i, i+l, ••• , i + (r-1) are as follows. 

b~ = x~ 
1 1 

• 
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• (7.4) 
• 

0 0 l 
b ,- l=X. - X : i+.- i+r-1 - i+r-2 ••• 

r-1 = X. 
1 

Equation (7.4) implies that the r consecutive outputs of the SRSG are 

o 1 r-1 the contents of x., x., ••• , x. 
J. J. J. 

In a r-channel analogy SRSG, the 

state transition from Si-l to Si makes the content of the circuit changed 

as follows. 

i.e., 

S. 1-- S. =-(x~ 1 , x~ 1 , ••• , x:' 
1

) ~ (x~, 
~ 1 ~ ~ ~ 1 

si-l~si ==-<x~-r+l' x~-r+2'•••, x~-1)----?-(x~, x~+1 1 •••, 

0 

xi+r-1) 

Therefore, all r output bits are obtained once from each state content of 

the r-channel analogy SRSG circuit. 

3. The reason for integers rand 2r-l being relative prime is to 
assure that the r-channel analogy SRSG has the same period 
of 2r-1. This result is stated in Chapter 4. If the period 
of the Tr circuit is less than 2r-1, then it will not be 
able to generate all possible PN sequences. The first 
positive integer r for which rand 2r-l are not relative 
prime is r:6. Other values of r can be easily found. 

Note that in the above proof, no specific property of a PN 

sequence is used. Therefore, the theorem can be read more generally 

as follows. 11A r-channel analogy SRSG will produce the same sequences 

as its original serial SRSG in a speed r times faster provided that 

r and the period of the serial SRSG a.re relative prime.11 

As stated before, a r-channel analogy GF divider cannot be used 



directly to generate the same PN sequences r times faster than its 

original serial GF divider. The reason is that the second part of the 

proof of Theorem 7.1 does not hold any more. 

7.2 A detail example 

.Example 7.1: Given g(x) = 1 + x + x
4, find a ~ircuit that generates 

,, all PN sequences 4-times faster than the serial implementation of 

g(x). 

Solution: The serial SRSG is shown in Figure 7.2. 

X 3 x 2 X i ;x o 1---Q--i- output 

Figure 7.2 SRSG for g(x) =l+x+x 4 

The succession of ptates with the initial state 0001 is listed in 

Table 7.1 and the output sequences- is a PN sequence of the following 

form. 

0001 001101011110 0010 0110 ... 
~PN1~ 

~ examining the above sequence 4-bit a time, it is noted that they 

are equivalent to the state transition s1- s5-s9-s13 ••• with 

the stages of the SRSG labelled as follows. 

012-:S 0123 
X X X x' X X X X 

0 O 0 1 0 0 1 1 • • • 

The above analysis provides more insight to the problem. The 4-

channel analogy SRSG is then constructed. 
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t 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

Table 7.1 

States Transition of the Serial SRSG 

sl 

s2 

s3 

S4 I 
s5 

s6 

s7 

S3 

s9 

s.10 

s11 

sl2 

8
13 

s14 

8
15 

s16 

state 

3 2 l 0 
X X X X 

1 0 0 

0 l 0 

0 0 1 

1 0 0 

l 1 0 

0 1 1 

1 0 1 

0 1 0 

1 0 1 

1 1 0 

1 l 1 

1 1 l 

0 1 l 

0 0 l 

0 0 0 

1 0 0 

0110 

[

11001 

T4 = 0011 
1101 

0 

0 

0 

l 

0 

0 

1 

1 

0 

1 

0 

1 

1 

l 

1 

0 

output = x 

0 

0 

0 

1 

0 

0 

l 

l 
. 

0 

1 

0 

l 

1 

1 

1 

0 
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The circuit is now shown in Figure 7.3. 

b3 

--0 l Jo 
b2 

•[Zl l , bl 

r------bo 

Figure 7.3 kn Autonomous 4-Channel Analogy SRSG 

Actually, as stated in Theorem 7.1 7 the circuit of Figure 7.3 will 

be able to generate all PN sequences in a speed 4-times faster than the 

circuit of Figure 7.2. However, for analysis purpose, a state transi­

tion table of the circuit of Figure 7.3 is given in Table 7.2. 

Table 7.2 State Transition of the Circuit of Figure 7.3 

t x3 x2 x l 0 Output : X3 X 
2 1 0 

X X X 

l s1 1 0 0 0 l 0 0 0 

2 S2 1 1 0 0 l 1 0 0 

3 S3 1 0 1 0 1 0 1 0 

4 S4 0 1 l l 0 1 - 1 l 

5 S5 0 1 0 0 • 

6 S6 0 1 1 0 • 

7 s7 1 l 0 1 .. 
8 S8 0 0 1 1 

9 S9 0 0 1 0 

10 810 1 0 1 1 

11 811 1 1 1 0 

12 s12 0 0 0 1 

13 3
13 

1 0 0 l 

14 s14 0 1 0 1 

15 s15 · 1 1 1 1 

~-------
.,.._ ___________ 

~----------------· ~---------------------
16 s16 1 0 0 0 
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In Table 7.2, the whole PN sequence is obtained within 4 shifting 

clock-time. Next, it is interesting to show that any PN sequence 

can be generated within 4 shifting clock-time. T'ne result is 

compiled as follows. 

Table 7.3 

All possible PN sequences States transition of 
of length 15 the T4 circuit 

1 0001 00110101111 s1-s2-s3-s4 

2 1000 10011010 111 812--,>81~814~815 
3 1100 0100 1101 011 s8-s -:;.S --s 

9 10 11 
4 1110 0010 0110 101 s4-s5-s6 ->S7 

5 1111 0001 0011 010 s15~s1 _,.. s2-.. s3 . 
6 01111000 1001101 s11--,,.s12- s13 s14 

7 10111100 0100 110 s7-s8 ~s9-s10 

8 01011110 0010 011 s3--s4 -s5~s6 

9 1010 l111 0001 001 s14-s15 sl-.. s2 

10 110101111000 100 s1<57 sll-> S12-'l>- s13 

11 0110 10111100 010 s6~s7·-ss-s9 

12 001101011110 001 s2-s3->s4-s5 

13 10011010 1111 000 s13->S14~s15~s1 

14 0100 11010111100 s9-i> s10"7 s11 s12 

15 0010 .0110 1011110 s5 ~ s6 - s7 - s8 
• 

7.3 ~sic theoreIE.? on the structure of the parallel PN sequences 

The parallel PN sequences generated by the method of 

Section 7.1 have some interesting algebraic properties same as the 

serial PN sequences. 
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Definition 7.2: Ar-channel block sequence of length n =er+ z, 

(c, z are positive integers and O ::5 z c::::-r) is defined as a binary two­

dimensional sequence ai where the subscript designates the column 

number and the superscript designates the row number. 

Since z is not necessary zero, the general expression of a 

r-channel block sequence 'f' is as follows: 

'f' 

where the symbol 

followed by Y. 

r C 
aj 3 j 

=Z z . z a 
j=l i=l 

i 
j=l c+l 

II 11 • is the concatenation. X.Y means that Xis 

Example 7.2: The 4-channel block sequence of length 15 is expressed 

as 
al al al al 

4 
. .., 

3 4 3 2 1 . :> aj aj z z g z ===> 
j=l i=l 

i j=l 4 a2 a2 a2 a2 
4 3 2 1 

a3 a3 a3 a3 
4 3 2 1 

a 4 a4 a 4 
3 2 1 

Definition 7.3: Ar-channel block PN sequence is a r-channel block 

sequence of length n = 2r -1, and the reading of ai af ... a~+l is a 

sarial PN sequence. Let '¥1 , '¥2 , ••• , ':¥ 2r_l' be r-channel block PN 

sequences, where 

with 

':¥ 
1 

':¥ 
2 

'f' 
0 

= 

= 

= 

r C 
aj 

z j 
z z • z a 

i c+l 
j=l i=l j=l 
r C aj z aj z z i+l . z c+2· 
j=l i:l j=l 

r C z . 
z 
j=l 

Z a:1 
i=l i+2r-l • 

Z aJ r . 1 c+2 
J= 

(All O block) 
r C · Z 
Z Z 0~ • Z 
j:l i=l i j=l 
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and then the following theorem is true. 

Theorem ?.2: The r-channel block PN sequences ~l' ~
2

, ••• , f
2
r_

1 
plus ip

0 

form an Abelian group with respect to the operation of termwise addition 

r modulo 2 provided that rand 2 -1 are relative prime. 

Here the word termwise addition modulo 2 means that if 

then 

Proof: 

l. 

2. 

1 cr1 1 1 1 1 6 c+l ... (Jl f c+l pc • •• P1 C 
• . .. and tpj . . • • = • . • . . • z z Cfr (5" r Pc+, (J: t9~ er c+l C 1 

(crl + pl )(<Tl + pl) ... (a-1 + ~l) c+l c+l c c . l l . . . . . • . f. + Lf.. 
J. J 

(o-~+l + P~+l)Ccr~ + f~) (<T~ + f~) 

The proof is divided into two parts, the first part is necessary 
for the second part of the proof. _The second part is essentially 
the same as Golomb's proof for the serial case. (13, p45) 

It is necessary to show that L/'1 , L}J2, ... , Lfl2r-:l' LjJ are unique, 
i.e., LjJ. ~ ip. for all i? j ana O ~ i, j < 2r-1. ~his is true 
since ufiy f.Jis determined by specified linear recurrence 
relation R from its first bits, i.e., the first column of 1./J. •• 
However, the first column of If). is exactly the content of 1 

the state Si of the r-channel ~alogy SRSG. It has been shown 
in Chapter 4, that the period of the r-channel analogy SRSG 
is equal to 2r-1 provided that rand 2r-1 are relative prime. 
Under this condition, all 2r-1 states s1, s2, ••• , s2r_1 are 
nonzero and distinct. The addition of 'che state containing 
all zero makes all 2r possible states. Therefore, L/1i7 Ljl2 , ••• , 

LJ12r _1 and Lflo e.re unique. 

This part of the proof follows directly from Golomb. [l3] For 
any i we have LJl.. + Lfl, = LJ'. and f_. + t.JJ.. = lf), • Thus Lf/,. is the 

, 1 o id 1 J. . to . o Let 0 elemem; of the group, e..n every Lf. is 1 s own inverse. 
R be the linear relation satisfied Ey all ~.(i=l, ••• , zr-1), 
then it is also satisfied by t.fJ. • Clearly 4'7 + L/1j is also 
satisfied by R since R is line~r. Thus LJJ.. *tflj is 
determined by R from its first r terms. Kny pattern of this 
r term still belongs to one of the 2r states. Therefore, 

(7.6) 

for some k which implies that the closure property is also 
satisfied. The associative and commutative law are clearly 
satisfied. 



The result of Equation (7.6) implies that the r-channel block PN 

sequence also has the "shift-and-add" or ncycle-and-add" property. 

Corollary 7ol: Theorem 7.2 can be modified for the case that the 

length n? 2r-l, and n ~ r. 

Proof: 

(l.l If r < n < 2r-1, then the corollal.·y ie obvioui:!lly mO.tieficd 
since the linear recurrence relation R holds for all bits 
in the block PN sequence of length r< n < 2r-1. However, 
if n=r, it is then simply the initial state. 
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(2~ If n > 2r-l, say n = (2r-l ) + d where dis a ;positive integer 
and less than 2r-1 as shown 7.4, in Figure 

d l 
r 

2. -, 

PN, 
-n 

p~ l ,;(-1 d 

Figure 7.4 

then the recurrence relation R satisfies PN1 and PN2 by 
definition. Moreover, R also satisfies d from (JJ. Therefore, 
R satisfies the concatenation of PN • d which has length n. 
The case of d=l makes n::2r which implies that the block 
sequence is of rectangular form. 

The next one of the theorems from Golomb is given here,which 

is needed to prove our next theorem. 

Theorem 7.3: [Golomb 13] If {ak} is a PN s.equence, then taq\ 

-, equals {ak} except for a phase shift, when q=l, Z, 4, 8, ••• , 2r-l. 

Theorem 7. 4: r The sequences of length 2 -1 generated from any 

xi (i = o, 1, ••• , r-1) position of a r-channel analogy SRSG in 

consecutive shifting times are also PN sequences ;provided that r::2i 

r 
(i >l, a positive inte·ger) and is relative prime to 2 -1. That is, 

we have the following sequence form, PN sequences in a row and 

block PN sequences. 
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_______ PN, _____ l 
,------

------- PN2 -----+------ block 

row PN 
seiuences 

' I 
PN, 

PN .se'j.uence.s 

----- --------------'----- --
PN-r 1 

Proof: In the case of serial SRSG, it is well known that the linear 
recurrence relation R satisfies both the output sequence and 
the sequence generated by any one stage of the SRSG relating 
the past contents of that stage with the future contents. (11) 
Therefore, a PN sequence fak}is generated out of that stage 
of the serial SRSG. Next, the sequence generated by any one 
.stage 9f the r-channel analomr SRSG is exactly { ark J. Then 
if r::21 for some i and r is relative prime to 2r-1, we have, 
from Theorem 7.3, that the sequence {ark} generated is also 
a PN sequence. 

Q.E.D. 

The result of Example 7.1 is given here to illustrate the above 

stated theorems. 

F.:i:ample 7. 3: Referring to Table 7. 2, we have the following block PN 

sequences and row PN sequences shown in Figure 7.5. 

~~ r~ ~ ~ ~-.__-
0 1 o o o:11·1··1·0--1·0··1·1·0 0·1-0·0·0-: '-·- ............. ................ ...... ........... .. .......................... ........ .. 

0 11 0 Oil O O O 1 1 1 1 0 1 0 1 1 0 0: ·-- -- --- ----------· ------ .. ----- ·---- ------" 

0 
X 

1 
X 

,-- ----- ----------- ----- --- -- --- . ---···. 2 
1101 011.1_0 O_l_O_O_O~l l_l_l_O_l_O_l X 

•••• --·--•••• -··---·· -· ••••• .... 0. 1··1 -1 I 3 
0 0 111:,J,_Q_):__Q_J_J ... Q.QJ ... Q • .Q ___ .-:-....... : X 

row PN sequences 

Figure 7.5 

The block PN sequence LjJ 1' LJJ
3

, Lji
9 

and ljl15 are as indicated. 

figure shows four row PN sequences. other ~'scan be labelled 

The 



accordingly. Note that the block PN sequences satisfy Theorems 7.2 

and Corollaxy 7.1. The row PN sequences are a direct implication 

of Theorem 7.4 since here r:4 and it is relative prime to 15. The 

shift-and-add property of the block PN sequences can be easily 

checked, e.g., 

Equation (7.7) still holds for n=l6. 

7.4 Correlation and orthogonality of the block sequence 

100 

In this section, the 2~dimensional autocorrelation function is 

defined. It is similar to conventional definition of 2-level auto­

correlation in the one-dimensional case, i.e., the serial case. [l3] [l1t} 

In order to define the correlation function, the binary symbols O 

and l ha\<eto be changed to land -1 respectively, i.e. 

0-1, 1--1 

Definition 7.4: The cross-correlation fxy of two equal length n 

r-channel block sequences X and Y is given by 

1 n 
f = - L. (Xx Y) xy n . 

n 
where the symbol L.. (X x Y) means that X is multiplied by Y in a 

(7.8) 

termwise sense and then an arithmetic sum of all n termwise products 

is taken. 

Example 7.4: Let X and Y be two 3x3 blocks where 

X = l O 0 
l l 0 
0 11 

y = 0 0 1 
1 0 1 
1 l 0 

then using the rules of O-+ l and 1- -1, we have 

O 1 1 
jxy = 9 (-6+3) = --:S 

Definition 7.5: T1~e autocorrelation function~ (t) of a block sequence 
- Ljli 



~- by shifting t columns is given by 
1 

. 1 n 
· p"' ( t) : - °'"' ( L/:; X LjJ. t) J~. n .L... i 1+ 

1 

E.xample 7.5: Using the L/11 of Figure 7.5, we have 

,--- -------, LP i 
,0100:0 
' : 
:0110:0 
I ' I I 

: 1 1 0 1:0 
L-- : 

l O 1 1:1 . ' 
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,..________ 1 . 

and then .flf
1 

(O) = 1 and Jlf1
1 

(1) = - 15 which are the same as the serial 

case. The autocorrelation function .f~. Ct) may be calculated from the 

conventional form [i3] [l~.] · 
1 

f ( ... ). # of disagreement - # of agreement 
~i ~ =~of disagreement+# of agreement (7.10) 

Definition 7.6: Two block sequences X and Y are said to be orthogonal 
n 

if their termwise product sum is equal to zero, i.e., L'.. (Xx Y) = O. 

E.xample 7. 6: The following block sequences If 1, lfJ 2 and 41
3 

are 

orthogonal. 

111/12 JI. L/11 
..... 0 0 1 0 0 0 

1 0 l 1 0 0 

1 1 1 0 l 0 

0 0 0 1 1 1 

The orthogonality can be easily verified. 



PROPOSED FUTURE RESEARCH 

Future research on the subject of parallel feedback shift 

register can be divided into the following areas: 

1). Parallel nonlinear feedback shift registers 

102 

i). General synthesis techniques: References for the 

serial case are [13 J , [ 6 J , [ 4 ] , [ 5 ] and [ 46]. 

ii). Finite-state machine model and equivalent machines: 

References for the serial case are 113] and [ 17]. 

iii). Periods and the generating function of a parallel 

nonlinear feedback shift register: References for 

the serial case are [13], ~4] and [47]. 

iv). Practical applications: Sequences generator, sequen­

tial machine design and other information processing 

units. References for the serial case are [13] and 

[ 14 ]. 

2). Parallel LFSR 

a). Finite-state machine model 

i). Regular expression: The serial case has been 
. . P+8] 

worked by Brzozowski • However, the problem 

for the parallel case is still unsolved. Its 

basic problem is due to the large number of 

input and output symbols. 

ii). Identification problem: Given different input 

block sequences, how can a parallel LFSR be 

identified? The nature of the problem in the 

serial case may be referred to p.177 of _[31 ]. 



iii). Minimum machine : Method of finding a minimum machine 

is still unknown. 

b). Applications 
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i). Generation of parallel PN sequences of length other than 

2r_1 .. [13] [47] 

ii). Pattern recognition: The parallel nature of the 

parallel LFSR will be more suitable for dealing with the 

two-dimensional pattern recognition problem. 

iii). Data compression: Reference of using serial LFSR for 

data compression may be referred to Freiman and Chien.[49] 

The nature of the general problem is in [50]. 

iv). Decoding error correcting codes: Problems such as using 

parallel LFSR to implement BCH decoder are based on the 

Peterson-Chien algorithm[3 J[39Jand the algorithm 

suggested by Nassey. The investigation of the possibility 

of implementing cyclic punctuate code[5l] should be also 

studied. 

v ). Radar range acquisition: The interwoven of block PN 

sequence and row PN sequence may suggest a new way of 

acquiring radar range very fast. References for the 

serial case are [52 ] ll 4] and [53]. 



APPENDIX l.A. 

f 
Tables of elements of GF(2 ), f=2, 3, 4, 5, 6 

1. 
2 f:2, g(x) = 1 + X + X 

ai ·- O '1.-
1 
2 

2. f=3, 

¢ 

ai, i= o 
1 
2 
3 
4 
5 
6 

3. f=4, 

¢ 
i 

i= 0 a ' 
l 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 

00 

10 
01 
11 

g(x) 

000 

100 
010 
001 
110 
011 
111 
101 

g(x) 

0000 
1000 
0100 
0010 
0001 
1100 
0110 
0011 
1101 
1010 
0101 
1110 
0111 
1111 
1011 
1001 

(¢ is the zero element) 

(ci is a primitive root of g(x)) 

: 1 + X + x3 

=l+x+x 

104 



105 

4. f=5, 
· 2 5 g(x) = l + X + X 

¢ 00000 

ai ·- 0 ,1- 10000 
l 01000 
2 00100 
3 00010 
4 00001 
5 10100 
6 01010 
7 00101 
8 10110 
9 01011 
10 10001 
11 11100 
12 01110 
13 00111 
14 10111 
15 11111 
16 11011 
17 11001 
18 11000 
19 01100 
20 00110 
21 00011 
22 10101 
23 11110 
24 01111 
25 10011 
26 11101 
27 11010 
28 01101 . 
29 10010 
30 01001 
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5. f::6, g(x) : 1 + X + X 
6 

¢ 000000 

ai ·- O 'J.- 100000 30 110011 
1 010000 31 101001 
2 001000 32 100100 
3 000100 33 010010 
4 000010 34 · 001001 
5 000001 35 110100 
6 110000 36 011010 
7 011000 37 001101 
8 001100 38 110110 
9 000110 39 011011 
10 000011 40 111101 
11 110001 41 101110 
12 101000 42 010111 
13 010100 43 111011 
14 001010 ,44 101101 
15 000101 45 100110 
16 110010 46 010011 
17 011001 47 111001 
18 111100 48 101100 
19 011110 49 010110 
20 001111 50 001011 
21 110111 51 110101 
22 101011 52 101010 
23 100101 53 010101 
24 100010 54 111010 
25 010001 55 011101 
26 111000 56 111110 
27 011100 57 011111 
28 001110 58 111111 
29 000111 59 101111 

60 100111 
61 100011 
62 100001 
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APPEND IX 1. B. 

Miscellaneous tables for calculating T 
,f 

1. g(x) 
8 

+ x7 + X 
6 4 

+ 1, Period= 15 :X +x 

ai i 

' 0 10000000 
1 01000000 
2 00100000 
3 00010000 
4 00001000 
5 00000100 
6 00000010 
7 00000001 
8 10001011 
9 11001110 
10 01100111 
11 10111000 
12 01011100 
13 00101110 
14 00010111 

10000000 

2. g(x) 7 6 4 
+ 1, Period = 15 : X + X +x 

ai i 
' 0 1000000 

1 0100000 
2 0010000 
3 0001000 
4 0000100 
5 0000010 

1 

6 0000001 
7 1000101 
8 1100111 · 
9 1110110 
10 0111011 
11 1011000 
12 0101100 
13 0010110 
14 0001011 -·- --1000000 
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3. g(x) 
. 2 

=l+x+x +x 
4 6 

Period= 21 + X ' 

ai 
' i= 0 100000 

1 010000 
2 001000 
3 000100 
4 000010 
5 000001 

, 

6 111010 
7 011101 
8 110100 
9 011010 
10 001101 
11 111100 
)2 011110 
13 001111 
14 111101 
15 100100 
16 010010 
17 001001 
18 111110 
19 011111 
20 110101 
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