THEORIES AND APPLICATIONS
OF PARALLEL LINEAR FEEDBACK
SHIFT REGISTER

By
MU-YUE HSIAO

A DISSERTATION PRESENTED TO THE GRADUATE COUNCIL OF
THE UNIVERSITY OF FLORIDA
IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR THE
DEGREE OF DOCTOR OF PHILOSOPHY

UNIVERSITY OF FLORIDA
December, 1967



Ol by
Mu-Yue Hsiao

1967



ACKNOWLEDGMENTS
The author wishes to express his deep appreciation to
Dr. W, H. Chen and Dr. T. S. George for their guidance during the
course of the research reported herein, He also wishes to thank

Dr. D. G, Childers for pointing out some valuable references.

iii



TABLE OF CONTENTS

ACImO"VImGImS 0 0000000000000 00 000000000000 0000000 CCOCEOCEDRORCEOOOOOE

LIST OF FIGURESAI\D Tms 000000 0C00CCCOICOIVICOOPPOOCOOIOCOOOOCROIOOEEOE

LIST OF SYIVBOL%Y 000 OCCOPOOOPOPOIPOOO0OOGOOPOPOPPOEOEOPOPOOPOOEOCOECOPIOOOOEEOE

LIST OF TERMmOLwY 0P 00000000 COIPDCOOOIOOOOPCPCOOCOPOPOOOOOPOOOEO®D

ABSTRACT (AR R R NN EE R ENENE RN E NN EENEEE EE N E NN E RN RN R N N N N NN N RN )

DITR@)UCTION ...............I.......'..'.......l.'l........

Introduction to the subject 00doevo0vsveo00cec00cs0oe
Remarks on the linear and nonlinear

feedback shift registerl cesveevsccossssssscossocsssssse
Review of pertinent prior work on ILFSR sececcccocacee
Brief -summary on the new result of this

dissertation 000000000000 000000000000000000000CCOCIOOCIOET

MATHEMATICAL TRANSFORMATION TECHNIQUES seececcocccoccoscecee

On serial to parallel transformation of & LESR ceceee
The general state space apPProaCh ceecseccecscccccssses
The parallel LIFSR as a shift-register sequence
generator (S-RSG) 00 0000000000000 000C00000000006060000@6
The parallel LFSR as a Galois field (GF) divider ....
The polynomial root approach to the

transformation Provlem sceceecscccsccsveccscvcscecccce

PARALLEL LFSR AS A COMPLETE SEQUENTIAL MACHINE evvececooes

CHAPTERS
I.
ded
1'2
1.3
1.4
il
2.1
2ol
2.5
2.k
2.5
111,
3.1
3.2
Vi,

&Sic definitions 00 0 9 0 00 0 09 0P OE OV O E O IVYIOIOGOS OGO SO
The equivalent machine and similar transformation ...

PERICDS AND CHARACTLRISTIC EQUATIONS OF THE PARALLEL LIFSR.

b4l
4,2

L3

On periods of the parallel LISR ceveevecccovocccocoae
Methods of finding the characteristic equation of

an autonornous f-channel analogy parallel LFSR.ceeeee.
COHCludj_ng TEMAYKS socoovessssssosocosccesososscoscesos

iv

Page
iii
vi
Rle
X

X33,

S\O O o N0 b

n
& & L&

n
RN}

36
36

39
43



V.

VIIi.

TABLE OF CONTENTS - Continued

PARALLEL LFSR IN A F~CHANNEL SYSTEM weIMPLEMENTATION OF
CYCLIC ERROR COMCT:H\IG C(IDES 99 000 0000000000 OCOSEOOOSPOCEONOSOEOOEOSNOSTPECS

Fel

5.2
5¢3

The use of single error correcting cyclic code in
a f-ChB.nnel system 0O PO GOCOO0POPOOPOPOCOOOCOOOPOPOIOEE@ROPOTOIOPOEOEO
A straightforward 2~-channel BCH (15,7) decoder veeee.
Burst error correction in a fechannel transmission

system .‘..‘.0.....‘...“D.O...‘.“"‘.."...'.‘.."'

SINGLE CHANNEL ERROR CORRECTION IN A F-CHANNEL SYSTEM ....

General systen descriPtiOn cevesssvsssevvacssessassss
The 2-dimensional variable length code (2=DVIC) .eee.
M.athematical justification 000000000000 0000an0000s000
An example for illustration 0000000000000 0cecv00000c e
Reverse transmission and reciprocal polynomial seeeee
Comments .on Brown and Sellers' SChele ccocccccccccocce

PARALLEL GENERATION OF PN SEQUENCES seecescsecsccccccacoccs

7.1
7.2
7e3

7.k

Generating PN sequences in parallel cecevccceccovscose
A detail emple P OO O Q00 VEOOOOOO 0000 OP OO OO s
Basic theorems on the structure of the parallel

PN SeqUENCEeS ceovescscvooceccocccsccoscccccccsocccccae
Correlation and orthogonality of the block sequence..

PROPOSE) m]RE RE&‘IARCH 00 000000V 00C00COOOGOOOOCOOIOOPOECOIOPSUIEOSOIES

APPH\IDDC l.A ..‘...........‘.'....'......."..CU‘.C'.."...O.I.

Appmm 1.B ..O‘O.‘.‘.'...O.‘.‘."...CQO‘...".‘O....O'.‘OO“'O‘

REEMCES .0.........0...".....“..l...."'.'.‘...I..’..‘...'.

BI(ERAPHICAL %ETCH 0000000 0000P00PPOP 000 COCOOCPEOOEPOO000RPOOOTPPS

Page

51

102
104
107
109

113



Figure
l.1l.a
1.1.b
1,2
1.3
T4
1.5
2.1
2.2
2D
2.4

2¢5

2.6
2.7
3.1
3.2
3.3
3okt
4,1
L,2

Sel

LIST OF FIGURES AND TABLES

* L] L d L] L] L4 L] L4 L J L ] L4 L o L] o L] L4 L L4 o e o L4 L4 L4

e L ® L ] L 4 L 4 L4 L 4 L] L d Ll L4 Ld e L 4 L L] L] L d L4 L L] L4 L] o

® ® L -* L] o L4 L] L L L] o L J L L4 L L L J L J L o ® * e L

Aseri&lLFSR.........-..-.....

A f-Channel Analogy Parallel IFSR o o o o o o o »

L J L LJ e L] L] * ® o L L] L] L4 L] L 4 L] L] L] L] o ® L 4 L L J LJ

3¢ R B

g(X)=1+x +X +X + X e © o © o o o o e o

The 3-Channel Analogy SRSG for
5 .4 5 6

+X + X +X o.cc'.cccco

GF Divider g(x) = 1 + < & x4 %2 + x6, f=1 . .

gx) =1 + X

GF Divider g(x) = 1 + x3 + x4 +* x5 + x6, =5 . .
AGFDiVider..................
State Diagram for g(x) =1 +x + x2, fo52 oo ¢ o

L L ® L e L] e e L3 L] o L] L4 Ld o L4 L L4 L L4 L4 L @ L] e

Serial IFSR g(x) =1 + x° & x4 and its Cycle Set
CycleSet::a(l),S(B)].-....-...-..

Encoder and a Codewiord o o o o o o ¢ ¢ o o o o o

O UMW

10

16

18
21
a3
26
28

35
36
37
51



LIST QF FIGURES AND TABLES - Continued
Figure Page

5' 2 De coder L) o . L4 L 4 L L ® ® L4 L] e L] L 4 L L L L d L] L

5.3 2=Channel Analogy GF Divider g(x) = 1 + x + x4 o ¢ 0 s e IO

5.4 2=Channel Decoder for Hamming (15,11) Code + o o o o o o 57
5¢5 The 2=Channel Analogy SRSG
7

8(X)=X8+X +x6+x1++1 0000000000000060

S 66

1}
i)
+
»
+
e
+
]
°
°
L 3

5.6 3=Channel Analogy GF Divider g(x)
Bek o @ % # ' o8 5o e & & o8 68 8 ¥ 4w e e e aes s 6B
6.2 General System Diagrall « « o o o o « ¢ o ¢ ¢ o ¢ o ¢ o o 69
B D - ENOOERE 2 1o & 4 e > w e e W e e et e el e e e reian Pl 60
Belt Decoder o o o « 205 s = & & + o o o @ o, 6 56 oo s v w70
6.5 A Codeword BIOCK o e o o o o o o o o s o s o o oo oo 7L
6.6 Decoding Procedures in Flow=Diagram Form . . « ¢ « o « « 73
6.7 e(x) and ' (x) in & Codeword BLOCK + o o « o o o o o o o 7h
6.8 Decoder + « o o o o ¢ & ; s b s 5 s s e e e b e ey e 0O
6.9 L~Channel Analogy GF Divider [gl(x)]l‘
gl(x) = x8 +3%0* x3,+ X+ L oo o 0o o oo eeeeeedl
6.10 Parallel Mode of [g;(x)],
gl(x) = x8 + 4% F X H R S
6.11 Serial Mode of [g;(x)],
gl(x) = x8 $5° H EAD o e asl s Al e e 02
6el2 4 4 o s 0 o s o o o 6 s e e s s e o s e s s e e s o e oo 87

7.1 The Serial SRSG Characterized by g(x) 90

L
L ]
L]
L]
L
L]
L
L]
L ]
L]

T2 SRseforg(x)=1+x+xL* A e R
7.3 An Autonomous 4=Channel AnalogvaRSG.'. LETRRe Ry o
Tolk v w o s o o e e o o s e e e e s s s e e e e e e e e e 0. 98
75 e 6 e e s e e e o s ees e e e s e e e eo o oo

vii



Table
Lo
2.1

3.1
k.1

4,2
k.3
5.1
5.2
5.3
Sebt
Geld
7.1
7.2

7.3

LIST OF FIGURES AND TABLES = Continued

o L] L L] ® Ld L] ®
L] * L 4 e L] L [ ] L

L4 L J L J L4 L] L 4 L] L 4

All Powers of «

All Powers of «

A}

for

[ o L] o L] L o L] [ ] o o L 2 L L] LJ L] L]

Error Correction State Table . .

?-
Format of (1°) LB o s s s «

Double Error Pattern o o o o o o

Decoding Process Table . o o o »

e © ¢ © ¢ © o @ 6 o © @ o o o @ o

States Transition of the Serial

State Transition of the Circuit

gx) =1+ x2 + xu :
Jq e o [ 2 ®
SRSG o »

of Figure

L2 ® L] L [ ] [ ] L 4 L] e L] L4 L] ® L e * L] ® ] L J ®

viii

Page

19
27

b5
50
58
62
63
67
83
93
ok
95



(1]

SYMBOLOGY

Storage device, or shifte-register cell

The shift-register cell, which is

: correspohding to the xth position of a

polynomial g(x), is indicated as shown.
"ANDY gate

"ORM gate

n-input modulo 2 adder, when n=2, it is the

WEXCLUSIVE OR" gate.

To specify the sequential circuit is at the

state l"o

nINVERTER" gate



TERMINOLOGY'

A: similar transformation matrix
B, C, D, T, L, Ry G, J, Q: The characterizing matrices of linear

feedback shift registers.
ai’lz input symbol to the i-th channel at the time t.
i-1,
t .
E(x): error pattern polynomial,

b output symbol of the i-th channel at the time t.

Eti: single error vector at the time t.

e(x): error polynomial = xQE(x)

e'(x): shifted error polynomial = 21 E(x)

F(x): codeword polynomial of degree (n-1)

f: number of parallel channels

g(x): generator polynomial

H(x): received polynomial = F(x) + e(x)

(n,k) code: éodeﬁord contains k information bits, total length is n.

m(x): minimum polynomial

mi(x): the minimum polynomial that corresponds to the i-th power of
the root a,

Ps: one period of a serial LFSR

GF(2): Galois field of 2 elements O and 1.

GF(2™): extension field of degree m over GF(2), or Galois field of 2"

elenents.

GF,[x]: the polynomial domain containing of all polynomial in x
with coefficients in GF(2). .

LFSR: linear feedback shift register

SRSG: shift register sequence generator

GF divider: Galois field divider



P_: the corresponding period (to Ps) of the parallel LFSR

-

q(x): quotient polynomial
r(x): remainder polynomial

r: the number of check bits, the degree of g(x)

1

o) -
SRR i xl,; ) 1s the state vector of the LFSR at the

time t.

T: the companion matrix of g(x)
U

1 - b X
U, = (az, Blreees ai 1y is the input vector of the parallel

o
[

LFSR at the time t.

T,: Y= (bz, bi,..., bi'l) is the output vector of the f-channel
analogy'circuit at time t. (Note: f-channel analogy circuit =
parallel LFSR)

Z: final state vector

W: general error pattern vector

a: a root of g(x)‘

¢(N): the characteristic polynomial of the matrix T

¢f(x): the characteristic polynomial of the matrix ot

$(t): autocorrelation function of a block sequence

. : cross-correlation function

¢: zero element

¢: null matrix

%i(T): the i-th row of the matrix T

nj(T): the j~th column of the matrix T

"oy ": the symbol ' stands for transpose



Abstract of Dissertation Presented to the Graduate Council
in Partial Fulfillment of the Requirements for the Degree of
Doctor of Philosophy

THEORIES AND APPLICATIONS
OF PARALLEL LINEAR FEEDBACK SHIFT REGISTER

By
Mu=Yue Hsiao
December 1967

Chairman: Dr, W, H, Chen
Major Department: Electrical Engineering

This paper reports the results of an investigation of the theory
and applications of binary parallel linear feedback shift registers (LFSR)
Most existing results are on the conventional serial LFSR, i.e., the case
of one input and one output. The parallel LFSR has f(f integer and
f > 0) inputs and outputs. It performs the same operation as the serial
LFSR but in a speed f-times faster. The amount of hardware to implement
this parallel LFSR increases fractionally as compared with that of the
serial LFSR, This parallel LFSR is precisely defined as the f-channel
analogy circuit,

Result of investigation is divided into two parts, theory and
applications. The theoretical part includes basic serial-to-parallel
transformation techniques which cover the Galois field divider and the
shift register sequence generator. Next, the algebraic structure of the
parallel LFSR as a complete linear sequential machine is shown., The
important result in the theoretical part is related to the periods and
the character%étic equation of a parallel LFSR, Three basic theorems
are proven which convert easily all periods of a serisl LFSR into the
periods of its f-channel analogy circuit., The characteristiq equation
of a parallel LFSR is obtained by finding the equation |T¥ —IX|= o,

Two methods in addition to the direct computation method are discovered.

X



Results of the second part are applications. In the error correct-
ing codes, we apply the parallel LFSR to implement various
parallel encoding and decoding systems, such as single error correcting
Hamming code, double error correcting BCH code, and burst error
correcting Fire code. One special kind of error correcting system is
also treated in detail which corrects unlimited errors in one channel
in a multiechannel transmission system. In this case, variable length
data blocks are encoded in terms of the entire block instead of the
conventional case of encoding block data bits column-wise or row-wise,
The resulting error correcting system is very flexible, economic and
fast., It is very suitable in correcting errors in a tape, disk or
drum system,

Next, the parallel LFSR can be used in deep space communication
such as generating parallel PN sequences. The result of this investi-
gation shows that a new method is obtained which not only generates PN
sequences in blocks but also produces row PN sequences at the same
time,

In summary, results of this investigation are readily applicable to
data transmission, information pfocessing and deep space communication

systenms,

Xidid



CHAPTIR 1
INTRCDUCTION

1.1 Introduction to the subject

The problem investigated in this report is the theories and
applications of the binary linear feedback shift register (LFSR) in
parallel form, The system has multiple inputs and outputs in
contrast with the conventional case of one input and one output, A

r-stage serial LFSR specified by a polynomial g(x),
(x) = + g X +g - g KX (1,1)
g —go l 02 L T L4

is shown>in Figures 1.l.a and 1.1.b and 1.2,

o RS xl x° f————— Cutput

o0
Input P

Figure 1l.l.a

S

T thl T2 o« o o Xl Xo

Output

. Input

gx)
|

Figure 1l.1l.b

Input P P AWNES > Output




Each circuit contains r binary storage devices which imply that

the meximum number of states is equal to Zr. 'Each state
. 2% : '
Si, i=1,25...,2 =1, is a r-tuple. In Figure 1.1,

S=(xr-l,xr-2, eoe 'x1,x°>.

Since the circuit is specified by g(x) with
co-efficients g, € GF(2) for all i=0,l1,...,r, the output of the
storage device xi is tapped to the modulo 2 adder only if e 1.
Therefore, under the condition of input equals to zero, the state
transition of S, to Sj is completely specified by g(x). The circuit
of Figure 1.1 is generally named shift register sequence generator
(SRSG) for input equal to zero, and that of Figure 1.2 is called the
Galois field (GF) divider. Both circuits have the same amount of
hardware and perform equivalent operations, However, these two
circuits differ in certain places such as-state transition and output
sequences for the same g(x) and input sequences. Moreover, the place
of the mod 2 adder also mekes a difference. From a practical point
of view, the circuit of Figure 1.1 is better in a sense that the
shift register can use the integrated circuit of several stages built
in together.'.

The general form of the'parallel LFSR specified by a polynomial
g(x) and the number of parallel channels is shown in Figure 1.3.

Normally, the number f of the parallel channels is assumed to be less

than or equal to the degree r of the polynomial g(x).

f — D XO ____...__b_f
Input =l —— [_'| coo [A] —— -1 Sutpuzls
chaxnnels o . i . v el hann
: x(r‘l 4 i Kl
e D

Figure 1.3



Figure 1.3 is the parallel form of Figure 1.1. DNote the
labeling of the storage device positions, However, interconnections
among the mod 2 adders areno longer simply decided by g(x). 4 full
treatment is given in Chapter 2, The general circuit of Figure 1.4
is the parallel form of the circuit of Figure 1.2. The inter-
connections of the mod 2 adders &xe again different from that of

Figure 1.3 for the same g(x) and f.

—{ O 0O
e O I I B S e e
. . : | .
T - —1
Figure 1.4

As a result of comparing the above figures, it is seen that the
parallel LFSR is. designed for a multi-channel information processing
system to perform error correction and sequence generation operation.
It is obviously better than the conventional serial LFSR in a
. parallel system because of the following reasons:

1. The operation speed performed by the parallel LFSR
ig f-times faster then the serial LFSR, where f is a
positive integer.

2. The hardware of the parallel LFSR is increased frace
tionally as compared with that of the serial LFSR.
However, the direct usage of the parallel LFSR
eliminates the requirement of a parallel-to-serial
buffer register which is normally needed in the case
of using the serial LFSR, Therefore, the increasing
importance of the parallel information processing
system maekes the parallel LFSR become a more
important processing unit in the future.

In the following Table 1.1, various properties of the parallel
LFSR which is transformed from a serial LFSR specified by g(x) are

compared with that of the original serial LFSR.



Table 1.1

A serial LFSR specified by
g(x)

The parallel LFSR transformed
from the given serial IFSR g(x)
(f-channel analogy circuit)

7.

r-stage storage devices

# of exclusive~or gate
determined by g(x)

Circuit connections speci-
fied by g(x)

States transition as

= 15 - e =
. 2 = %3 54
*For no-input condition, the
circuit is determined by the -
matrix T

As a GF divider
vix) = q(x) g(xs + r(x)

As a SRSG, it produces
required sequences

l. r-stage storage devices

2. # of exclusive-or gate no
longer specified by g(x)

3., Circuit connections no
longer specified by g(x)

Lk, States transition as
—.’
900 Pl 7 Sagey v e
5. For no-input condition, the
circuit is determined by
the matrix T

6.. Parallel GF divider,
v(z) = qx) gx) + r(x)

7. As a parallel SRSG, it
produces required sequences
in parallel provided
certain conditions hold,

Chapter 2, is the f-channel analogy circuit,

' The f-channel parallel circuit, defined more precisely in

Througkout this report,

these two basic kinds of parallel LFSR, the SRSG and GF divider, are

treated in detail.

The block diagram of Figure 1.5 compares the

existing result with the problem area to be investigated in this

research.

Neamely,

1. Serial~to-parallel transformation techniques: Given
a serial LFSR implemented as & SRSG or as a GF
divider, find its f-chamnel amalogy circuit.

2.

Algebraic structure of the parallel ILFSR as a linear

sequential machine: The algebraic structure of this
new kind of circuit is investigated on the basis of
the existing knowledge of the linear sequential

machines.

* The companion matrix T is discussed in Chapter 2.
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3. The period and the characteristic polynomial of the parallel
IFSR as relating to the period and characteristic polynomial
of the original serizl LFSR,

/

L, Applications in the error correcting codes: This is to
apply the parallel LFSR to implement various error
correcting codes, such as single error correcting Hamming
code, double error correcting BCH code, and burst error
correcting code., One special kind of error correcting
system is also treated in detail which corrects unlimited
errors in one chamnel in & multi-channel transmission
systen,

5. Application to radar ranging: The existing methods of
generating PN by using parallel LFSR,

1.2 Remarks on the linear and nonlinear feedback shift register

The basic circuits shown in Section 1.1 are linear circuits. A
circuit is said to be linear over a finite field GF(2)* if its states
form a vector space over GF(2) and its next state and output are
linear functions of the present state and input.[I'] An equivalent
definition[ 2] is that the states of the circuit can be identified

with the elements of a vector space and its state and output

behavior, described by a pair of matrix equations over GF(2)

Spiq = 5T+ U,C | (1.2.a)

& . 1.2,b
T, = 5B - U.D ( )

The vectors St’ Ut and Yt denote, respectively, the state, input,
and output of the circuit (T, B, C, Dlat time t.

An alternative way of classifying linear and nonlinear circuits
is to consider the basic logic elements involved in the circuits.
Peterson[jf] uses three kinds of basic circuit devices. In GF(2),
only two kinds of‘devices are needed, i.e., the mod 2 adder and a
storage device, The nonlinear circuit can be noted, e.g., the circuit

in Figure 1.1.b where the polynomial g(x) is no longer & linear com=

* GF(2) can be replaced by GF(p) for any positive prime integer p.



bination equation of the intermediate xo, xl,..., x'. In general,
if the logic operation involved in the g(x) may contain AND or OR
gates, it is a nonlinear feedback shift register. The existing
result on serial nonlinear feedback shift registers may be referred
to Magleby,[4] Yoeli,[5] Golomb etzih[s] :

1.3 Review of pertinent prior work on LFSR

The theory of the serial LFSR has been studied and developed
(7 18]

extensively. BEarly results on this subject are due to Zierler,

9] [10] A1)

Huffman, Elspas, and Birdsall and Ristenbatt .es €tc., The

first four papers and many other good papers on this subject are

[12]

now in & book edited by Kautz. Other books relating to this

(3] Golomb.[ls][lh] Besides the above mentioned

subject are ?eterson,
references, there exist numerous articles in relation to the theory
and applications of the serial LFSR, These papers are listed at
the end of the report. [15J">[:21]

Because of the growing impdrtance of the parallel transmission
system in proceésing information both in the computer and communi-
cation systems, the serial LFSR no longer meets all requirements.
The first hardware model of parallel LFSR was implemented on IBM
system 360/2820 drum system in 1964k, The result was due to simula=-
tion; no theory was established then, In fact, the first general

[22]

theory paper was written by the author and Sih in the same year.

However, during the period of 1964 to 1967, only three papers have
been published on this subject; two of them again due to Sih and

23] 4] 5]

the author, another one due to Gill. The main reason may

be that the advance of a completely parallel information process

system still tekes time to achieve,



Besides the above mentioned papers on the parallel LFSR, there

exists a brief discussion on the multiple input and output linear

switching system given by Peterson (p, 133-134 of [3))

1.4 Brief summary on the new results of this dissertation

The main results are in Chapters 2, 3, &, 5, 6, 7.

1.

2.

3.

5.

Chapter 2: This chapter presents the existing papers of
the author and Sih and Gill in a unified form., It
integrates the mathematical material in a systematic
menner with examples for practical applications,

Chapter 3: Most material in this chapter is derived in
this research., A new model of input and output symbols
are given which applies the theory of finite state

linear sequential machines, The section on similar transe
formation and equivalent machine also includes some
prectical implications.

Chapter 4: The result of this chapter is new and very
useful., The basic problem of finding the period and the
characteristic equation of a parallel LFSR is solved such
that the result can be applied elsewhere., The new method
given in this chapter in calculating all powers of &
companion matrix T is convenient and can be applied in the
coding theory.

Chapter 5: Part of the material in this chapter was
previously published by the author and Sih., However, the
presentation given here is more unified and systematic.
The result on decoding double error correcting BCH (15,7)
code is new.

Chapter 6: All material in this chapter is derived by
the .author in this research. The error correcting system
utilizes the principles of parallel LFSR in a very
interesting way. It generalizes the error correcting
systenm used in the IBM 360/2h00 tape system in which the
basic principle is using the serial LFSR,

Chapter 7: All works in this chapter are new. The result
of generating block PN sequences intermixing with row PN
sequences is not only of theoretical interest, but also
has a practical application, Theorems relating the
generation of parallel PN sequences are derived,



CHAPTER 2
MATHEMATICAL TRANSFORMATION TECHNIQUES

2.1 On serial to parallel transformation of a LFSR

In Section 1.1, 2 general description of a serial LFSR and its
f-channel analogy parallel LFSR is given., Mathematically, if a serial
LFSR is connected as shown in Figure 1.1, it is any mapping T of binary‘

r-spaceﬁ)r into itself which satisfies the relation

T(al’ aZ"“’ ar) = (32, a-3,¢oc’ ar""l)
Each vector ofi}r,is assigned & unique successor by the mapping T£13]
Similarly, its f-channel analogy parallel LFSR is any mapping Tf of the

same space into itself which satisfies the relation

Tf(al, 8sp00es ar) = (a )

“\ ~ LN a
1+£? “24+£2°°°? Sr4f

Each vector of()r is again a unique successor by the mapping Tf.

Definition 2.1: A serial LFSR K is a LFSR of equivalently, & linear

sequeﬁtial circuit, with one input and one output {terminal.

LFSR

Figure 2.1 A Serial LFSR

Definition 2.2: A fechannel analogy of K or a f-channel analogy paralle;

LFSR, denoted by Kf, is a LFSR with f-input terminals and f-output
terminals, whose input and output vectors correspond to input and output

sequences of length f in K.
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£fo—— Lt > I

f-l B e i e—— > f—l
; LFSR :

1l e '—-—-;L————h- 1

Figure 2.2 A f-Channel Analogy Parallel LFSR
More precisely, let the initial state of K be SE, its input a, and output

. ; £ ;
b, at time t. ILet the input of K™ at time t (t = 0, 1, 2,...) be

r - r . -

. (o]
8t Ar
' 1
]
U, = Bifal = | 2¢f
< :f-l
[ Btrerel | | Ptr )

where the symbol ' is to denote "transpose.!

Then, with the same initial state So’ the output of Kf at time t is

~ ~

chats
Pys Pig
' 1
Te= |Pepaa = | bys
. :f-l
Pereg-l || Per |

Therefore, by employing f "channels" instead of one, Kf is capable of
operating f times faster than K.

Section 2,2 discusses briefly the result of transformation of Gill[31]
who generalizes the early result of Hsiao and Sih[aa] to consider a LFSR
as & Galois field divider., Section 2.3 presents a general version of
considering a LFSR as a shift-register sequence generator. Section 2.4

treats the Galois field divider differently.

2.2 The general state space approach

The re~dimensional vector space!)r over Galois field characterized

2, denoted by GF(2), is used to describe the operation of & r-stage LFSR
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. = :
since &ll 2~ possible states can be defined as vectors ofIﬁ% and satisfy
all properties of a vector space. Theljg is called the state space; and

S,, the state vector at time t,

't’
o 1 r=l
St = (xt, xt,ooc, Xt )

The subscript t.in the r~tuple can be omitted if the case is obvious.
Similarly, & f-dimensional input/output spacef?f over GF(2) can be also
defined., The input vector Ut and the output vector Yt specified at time t
are as follows:

o .l -,
U_t = (at, at,coo, ai l)

(¢] 2k f-l)

t

r

Again, the subscript t can be omitted for an obvious situation.
The following set of equations completely specifies the characteris=-

tics of a serial LFSR,

1 ] 1
S =T S, +BT, . (2.1.a)

& (2.1.B)

! !
Yt = C St +D U
where T is & rxr, B is & rxf, C is & fxr and D is a fxf matrix. In the
following sections, f = 1 is the case used in Equations (2.1.a) and

(2.1.b). They are all defined over GF(2).

Definition 2.3: A serial LFSR is called autonomous if the input vector

Ut = 0, i.e., under no input condition.

= 0 in Equations (2.1.a) and (2.1.b), we have

Substituting Uy
] ]
L : (2.2.a)
St+1 il st
! ]
L (2.2.D)
Yt = C St
Also 5 S (2.2.¢)
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Equation (2.2.a) implies that the state transition of an autonomous serial
LFSR is completely determined by the characteristic matrix T. T is also

called as the next state operator since TSL oS

t4+1° The following
03]

equivalent relations are due to Golomb.

(i) Every state vector S, has a predecessor St as well as a successor

t 1

St+1‘

(ii) Predecessors of vectors, when they exist, are unique.
(iii) Distinct vectors have distinct successors.

In general, the matrix T is specified by a polynomial glx),

2 r
glx) =g +8 x+g, x + 8, X0 b e ¥ g, X
(27 ]

(26 ] i X
and usually bears the names of companion matrix, 26. associated matrix,

(28]

and characteristic matrix of g(x). It can be one of the following

four forms.

g 0 0. %ee O 8,
. &
6 Ir--l Ir-l .
8
rel
8o 81 v Era i e
Ixr
(2) . (o)
4 s \
Be1 Bpz *** & Eral
0 g
0 .r 2
I . : Tl
I'-l @ O
0 8q 00 ¢o0 J
\ / =y \ IXYr
() (a)
Figure 2.3
where I . is the jdentity matrix of order (r-l).

Actually, these four matrices are similar to each other. In the

following discussions, only the companion matrix form of Figure 2.3.a,
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is fully discussed. Only this form is used to specify the two general
classes of LFSR, the shift-register Sequences generator and the Galois
field divider. The difference lies in how the comnections of the
circuit is interrupted from the companion matrix, The general seriale
to-parallel transformation theory discovered by Gill[31] generalizes
our early result[zaJ and is independent of the form of the T matrix,
Theorem 2.1: Iet K be & serial LFSR with the characterizing matrices
T, B, C and D, then an f-channel analogy of K is the parallel LFSR K with

characterizing equations:

s! o g 4
T St + L U, (2.3.a)

] ] g
Y. =RS5 +Q U, (2.3.b)

and ot is the f-th power of T,

L=[(r"tp of2 3. 8 B]
~ C ™ e D
cT CB D
R=|cCT Q =|CTB CB B (2.4)
: : ‘D
i | crf2 5 crf3 ... cB D|
- ’ ~
(31]

Proof: See Gill.
This theorem applies well to the following two sections.

2.3 The vparallel LFSR as a shift-register sequencer’ generator (SRSG)

The name shift-register sequence generator, or shift-register

[7] ] (13]

generator, is adapted from Zierler, Peterson.,[3 and Golomb,
It is used here merely to indicate the case that all modulo-2 adders are
out of the storage devices as shown in Figure 1l.1l. In the next section,
the modulo-2 adders are placed in between storage devices. The case used
there is the Galois field divider. In general, the SRSG and the Galois

field divider are equivalent in many respects, such as they both can be used to
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generate sequences or encoding and decoding cyclic codes. Results on
using serial SRSG to implement cyclic codes have been given by Melas,[ag]
Meggitt}27] and AbramsonIBO] + A more general description is in Ash.lég]
In this section, the problem is for a given serial SRSG, to find its
f-channel analogy SRSG, Through the result may be obtained directly from
Equations (2.2.2) and (2.2.b), all individual matrix must be carefully

specified. In the serial case, using the form of Figure 2.3.2, we have

o) L r=1l 0

,xt xt eece Xt S x§'+l
¢ 1 X+l
2 r 9 3 .
glx) = By t By X 8y X teeet g X =T =] . gl s
0 1 el C

Pl
8o B1 *°* Brod |Fta

The connection of the SRSG is read out row-ﬁise and is rewritten as follows:

xt+1 o1 (xt .
1 ' 1
Xy o 0 1. Xy (2.6.2)
: = : ‘o : l
e L d l @
Tel Yol
k"t+1 8o By °c° Bpi1| | *¢
Vg \ P \ 7
] -1
or . s,c+1 =T 8, (2.6.b)

Next, as reading directly from Figure 1.1, we have

4 \

x° 0
xl 0 %° x}.. xr-l
B= : : C = [100 ... °°]:;_<r . D= [o]lxl (2.7)
0
xr-; 1
i

Letting Zi(T) and le(T) denote the i=th row and j=th column of the matrix

T, respectively, we have
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22 at of=1
fely f=2 :
L =[n (T, n (079,000, 0 (D), n (D) ¥ (2.8)
;r-l
- For example,
r'o N 0
0 0
AT =il (D) =12
0 0
i1 1
\gr-l, .
¢ (D
o (54T
f=l
Pl
Since the relation that r > f is generally assumed, then
7.(1) = [100 ... 00]
zl(T) = [010 eee OO]
. > R= [Toe Poear)! 2
- f
Zl(Tf l) = [OO eee 010 eece O]
where ® = [O] x(paf) is a null matrix containing all zero elements.

Moreover, the relation that r is greater or equal to f makes all entries

of the Q matrix become O, i.e.,

Q=0 . (2.10)

Example 2,1: Given a serial SRSG as shown in Figure 2.4, find its

3=-channel analogy SRSG circuit.



D L4 | 3|2 | |5 f——s output

input ' > @

Figure 2.4 glx) = 1+x3 -a—x# +:§ +x6

Solution: the set of characterizing matrices for the circuit of Figure

2.1 are given as follows:

~ ¢~

(010000 0
001000 0]
T=1000100 B=|0
000010 0
000001 0
ST o
C = [100000] D =G
[co10600] . [000100)
000100 000010
™ =[000010 ™ ={000001
000001 100111
1001211 1102100
110100f , 011010]
(000)
000 100000 000
Le {000 R=]010000/ Q=[000
100 001000, 000
110 '
011 ,

Then, from Equation (2.3.a), we have

16
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*ea1

Xl

xt+l
xt+l
xt+l

xt+1

(000100]
000010
000001
100111
110100

011010

N\

al

]

tad

e

L]

»

+ X

O < O

X, X

o = o \N

X, kX

¢t = o
o

\

Next, from Equation (2.3.b),

010000

001000

+ X
+ X

+ X

& b
100000

\ /

N

=

o B oF W

X
\

\
-

oW o

»

5
of

d*xl\)

)

FUl o £ W N o o O

+ X

+ a

+ a

ot

7/

c O

5
t J

| & O '\

/

\

+ &

o+

+

+ |00O0

¢ O

a

o b

\Y)

a

o

s
000

000

000

000

100

4 L0

011

000

F o O

o+

7

(2.11)

(2.12)

The implementation of Equations (2.11) and (2.12) results in the 3~-channel

analogy SRSG as shown in Figure 2.5.
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Figure 2.5 The 3-Channel Ana%?gy SRSG for
3 5 .16

g(x) =1 +x +x" +xX +x

The matrix method is very formidable. Sometimes, it may be easier to use
a direct approach, The method described below is similarly done by
Hsiao and Sih[zzl for the f-chénnel analogy GF divider, The method is
best described by the following example.

Example 2.2: Same example as the Example 2.1.
3.4, 5 6

+x +X +X

i}
W

gx) =1 +x

Solution: List the state transition Table 2els



19

Table 2.1
t | Input x5 x“ x3 x2 xl = Output
0 0 xi xg xz» xi xi xg -
q ag g+x ﬁxzﬁx2+x§ xg xg xg xi xi x:
A B
3 ai a2+a§+xi+xi+x§ i gﬁxg+xi+x§ +x z+xg g xz xg xz xi
Note that ai = a;, i = a;
Table 2.1 will not be completed until t = £ = 3, The last row of t = 3

specifies the interconnections between all inputs, output, and storage

devices.

o’
]
»

o’

N e =+ O
n
el

N 2 o O

o
]
M

»
H ¢ O o
i
"
»

™
T
H
L]
]
O o\l o I o W

el
\V]

ct

T,
1]
L

S_*'\N
]
i}

a

b

b
Xeel

5
xt+1

= a

= &a

O & O cf

(o]

+ X, +X +X

+a, +x +x

R o

+a, +xX_ + X

o | oF B oF
FH F O W
o+ T

+ K

+ X

+ X

Therefore, we have, directly from-Table 2.1,

Ui

o £ oW o

The above set of equations will result in the same circuit of Figure 2.5.

2.4 The parallel LFSR as a Galois field (GF) divider

In the modern algebraic coding theory, a cyclic code is defined in
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terms of the generator polynomial g(x). A codeword f(x) is legal if and
only if it is divisible by the g(x). Since the polynomials form a poly-
nomial ring defined over GF(2), the implementation of g(x) as a GF divider
is the central part of the whole encoding and decoding sjstem. The
detailed discuséion on the gemneral algebraic coding theory is given in
Peterson.[.zl In this section, the matrix method of transforming a serial
GF divider into its f-channel analogy GF divider is given. For the same
input polynomial v(x), the f-channel analogy GF divider will produce the

same quotient polynomial g(x), the remainder polynomial r(x) as that of

the serial GF divider, i.e.,
vix) = gx) glx) + r(x) (2.13)

With some modifications, the characterizing matrix equations of & GF
divider can be written in the same form as Equations (2.1) and (2.2). The
set of characterizing equations of the serial GF divider, defined according

to Figure 1.2, are given as follows:

S =S, T+U C - (2.14.2)

Y, = S, B +U, D- (2.14.b)

where the matrices C, B, and D are specified by Equation (2.7). In the

case of the f-channel analogy GF divider, we have

f .
Sie1 = s, T° + T, G (2.15.a)

Y =5

|
% J + Ut Q : (2.15.b)

t

where G is the input position matrix
f=1y)
G (T )

G = | % (02 (2.16.a)

”

LN ) *-'

, fé’l(n:)

# fxr
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and J is the output position matrix.

fe
2),

3 = [n,(D, 0 (D,..., n(T nrmf'_ln e (2.16.0)

Q' is again a null matrix. Note that in Equation (2.15.a) and

(2.15.b) the same ot is used which means that the calculation of T% need
only be done once., However, the connection of the parallel GF divider
specified from the ot matrix is interrupted column-wise instead of row-wise
as in the previous case. The following example demonstrates the above
statements.

Example 2.3: Given g(x) = = x4 + % + x6, find its 3-channel

analogy GI' divider,

Solution: In the serial case, we have

o1 2% h 5

B e T a0 ot S S, Lt |

7 3 ’ Y

0 "1 0 O 06 01}

e

»

N of ok W ok Vo o O
(&)
(@]

0O O 0 o0 O ) 0

]

=]
i
™

il

0O 0 0 1 o o© C =[1 O 0 0 0O O] s B =10
0
0

]

f s S TR 1

N ”

»

Reading the T matrix column-wise, we have, e.g.,

o R 5
X4l =% T

The GF serial divider is shown in Figure 2.6.

Input Qutput 5 ;1
, s | I ... b0
a2a1a° 4 -0 X1 x2 x3 - x5

L 6
Figure 2.6 GF Divider g(x) =1 + 2 +x 2 +x , =l
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The same T2 and T3 can be used here from previous Example 2.1 to find the

implementation equations of the 3=-channel analogy circuit.

700 0)
001000 000
G= [010000 J= |000
100000}, 001
011
11 0]
Therefore,
000100
000010
o 1 = 3 4 5 ] {;o 1.2 3 4 5] [o 1 ;j
X % B X 3 > =¥ X, X, X, X, X 000001 |+ |a, a, a,|{/001000
[ 41 Feal P4l P4l Tl TeAL)T e Te e e e Nt ] | 050071T 0t T |00
110100 100000
011010
e 1 4 5 o 5 o
{ o XL Xpy Bt Xt XD, Bt Xy Xy
3 N S T AR - A
XY X, Xpb Xph XL, X+ xt] (2,17)
’OOO\
o.1.2 o 1 2 3 &k 000} ¢
[bt P bt} i ["t X ¥ 2 %y sz 000/ + [az ay ai] 000
| oo1 000
011 000
(120
= x5 X +Y x3 +Xl+
i e B (2.18)

Equations

(2.17) and (2.18) result in the circuit of Figure 2.7.
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2
a 3 {_a -
1
4 o )
a > '\1— N bl
a° x5 > 1°
3 4 9

Figure 2.7 GF Divider g(x) =1 +x” +x +x° + x6, =3

2.5 The polynomial root approach to the transformation problem

As shown by Peterson, (3] successive shifts of a serial GF divider
specified by g(x) will give representations of successive powers ofQ — a
root of g(x). Therefore, to transform a serial GF divider into its
f=channel analogy circuit is equivalent to calculating the set of co=
efficients of r(a’) instead of r(a), i.e., to obtain a device that calcu=
lates the fth power of the field element. This is illustrated through
the same Example 2.3.
let £ = 3 and r(@) = d, + de+ d a? & d3a5 - dl*or4+ d5a5,

2

then r(a3) = a3(do + dla 4 d2a2 + d3a3 +* dl+a4 + d5aﬁ)

= dooc3 + dlaq + d2a5 + d3(1 +oz3 +a4 + a5) + d,+(l + a +a3)
+ d5(a + a2 + aq)
2 , 3
= (d3 +d4) + (d4+ d5) o+ d5a - (do -ad3+d,+)a
+ (d) +d5 +ay) &t % (d, + d3)a5
= hO + hl a4 h2a2 + h3a; + hqazl+ - hsc; (2.19)

The last Equation (2.19) gives a new set of coefficients,



24

B
L

o d3 +’d4 hl d4 - d5
25 6o By

B
fl

do + d3 + d4

h# = dl + d3 + d5 h5 = dZ -+ d3

To express this in matrix notation, we have

e N
000100
000010
{ 000001
h h., h., h, h {=l]d d, d. d, 4, d 100111
°h1231+5][°12345j.110100,
: 011010}

< /

This transformation matrix is the same as TB; a&s previously calculated,
It is noted in previous sections, the matrix Tf plays a key role to the
serial-to-parallel transformation problem. In general, the relation
between the matrix T and the root @ of g(x) and the residue class {x}* is
very interesting. They can replace each other in many places without
changing the general statement. Some examples are given below.

1. The period of a serial LFSR can be defined as follows,

Period p = TP = I, or equivalently<1P = gk

2. The minimum polynomial m(a) of a has the same form as the
characteristic polynomial ¢(T) in terms of the matrix T,

3. The r rows of J (i =1y 2iuema 2r_2) is the following matrix

o
. 41
pd o | @ (2.20)
aj+r-1
~ Ve

The relation of 1 and 2 are well known. The relation 3 is an easy
wéy of finding the transformation matrix Tf which will be treated in detail
in Chapter 4.

. 2]
* The substitution of a for (x} and {x} for a was stated in Peterson.




CHAPTER 3
PARALIEL LFSR AS A COMPLETE SEQUENTIAL MACHINE

3.1 Basic definitions

The definitions and terminologies used in this chapter may be

referred to Gill[Bl]

or Ginsburg.[Bz] A IFSR is considered as a linear
sequential machine, regardless whether it is single or multiple channel,
This machine is complete, finite memory, and finite state. It is
strongly connected since there always exists a path leading from state

$; to 5, for all 0 <i, 3<2°1.

Definition 3.1: A complete sequential machine is defined as a quintuple

(s, U, ¥,6, ¥) where

S is a nonempty finite set of "states"
U is a nonempty finite set of "ihputs"
Y is a nonempty finite set of "outputs"

6 is a function (called the '"next-state' function) which maps SxU
into S

¥ is a function (called the output function) which maps SxU into ¥

The next-state function § and the output function ¥ are characterized by

the following two sets of matrix equations as shown in Sections 2.3 and 2.k,

508 Whm & fs' v1t

Ul E S g m Sk BE

\_{/ B L 1 '— 1 L}
(s, U)-Yt_RSt+QUt

5(S. U) =S, . =8, T +U G
2 T tal Tt t

¥(s, U) = Y =StJ+UtQ'

2>
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For any LFSR of re-stages, the set S contains -3l states 0, 1, 2,44, 2r-1.
The input set U and the output set Y are defined as follows,
Since the parallel LFSR has f-channel input/output simultaneously,
it is necessary to select a set of symbols to represent all Zf binary
patterns. ILet the 2f binary patterns be the elements ai for all i =0

2f'2 of GF(2f) where a is a primitive root of GF(Zf). We than have,

geecey

U= {'¢ ao - a2 aaf-a} (3-1.&)

? ? v je ooy

Y a (¢ a® «a P aZ?‘-E} (3.1.b)

? 9 ? JLeieL ey

Appendix IA lists a table of all a's for £ =2, 3, 4, 5, 6, The method
[3]

of constructing this table may be referred to Peterson.

Ixample 3.1: Given glx) =1 +x + x2 and f = 2, construct its tramsition

table and state diagram,

Solution:
0 1 11
T"[l 1], T2=[1 o]
fo 1 o 1
G o} 4= [1 1}

(o]

e U
o

Figure 3.1 A GF Divider
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Since f = 2, we have,

S ={(x° xl)l x° 5 <t e Gr(2) = (0,0), (0,1), (1,0), (1,1))

U ={(a:,L 295 0 a%e GF(2) = ¢=(0,0), «°® = (1,0), o = (0,1), «®

2

(1,1)}

= oy B[ 1, ¥° € @F@)=$=(0,0), a® = (1,0), at = (0,1), a?

L]
1

= (1,1

2w s 2x° + %t

t+1

xl
t+l

a, + X

!}
1)
& O o B

¢ O < O
c+

SXU%; S =2b

i
a
o

= X

O oK
O

b, =x

With the finite state machine completely specified, we have the following

transition Table 3.1

Table 3.1
Y S
g 1 2 R
S 0] a® a a ¢ a a a
0 (0,0) | ¢ ¢ ¢ ¢ 0 2 I
1(0,1) | & a? ge a? 2 o s
2 (1,0) | a® a® 3 1 2
3 (1,1) at ot ot at I 3 o 2

2
The state diagram is shown in Figure 3.2 which is a Moore machine, [51]

The input alphabet or the output alphabet form a semi-group under

concatenation.



Figure 3.2 State Diagram for
gx) =1 +x + x° and £=2

28
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PR o 1 2%
Definition 3.2: Let U = {¢, 8 5 @ yasey O 2 }e GF(gf) denote the input

alphabet. The input dictionary, denoted by U*, is defined to be the set
of all words formed from U,

u* contains the word with no letters, the null word, which will be
denoted by A..

*
Definition 3.3: For x, yeU , the concatenation of x and y is written Xy

and is defined by writing x followed by y.

Clearly, xy # yx

But Ax=xA =x for all xeU"

Since (xy) z = x(yz) for any x, y, z eU", this implies that cone
catenation is an associative operation and the parentheses are generally
not needed in grouping words.

Theorem 3.1: <U*, . yA> 1is the free monoid (semi-group with identity)
on the 251 generators ¢, a®, al,... dzf-a.

Proof: The proéf is obvious since the closure property is clearly satisfied

and the associative law is also fuifilled by the concatenation operation.,

Here the identity element is A since

QoE-Do

23,2 The ejuivalent machine and sSimilar transformation

In this section, an equivalent machine can be obtained due to a
similar transformation. The advantage of establisping equivalent machines
is to obtain a more economic machine than & given machine, which will perform
the same kind of operation as the original machine, In the case of serial
]

LFSR, a minimum machine was obtained by Roth.[33

Definition 3.4[32][311: Two complete sequential machines are called

equivalent if both do the same work, i.e., both machines perform the same
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transformation from the set of input sequences to the set of output
sequences,

Two LFSR are said to bé equivalent if and only.if they "reduce" or
[z2]

"process' the same data so as to yield identical results.

Definition 3.5: Two autonomous parallel LFSR Ml and Mé characterized by

two rxr matrices Tl and T2 are said to be similar if there ekists a
nonsingular rxr matrix A with elements over GF(2) such that

SR
T, = A T, A (3.2.a)

the similar transformation exists. Conversely, we say Mé is similar to M1
if
T, = AT T, A : (3.2.b)

Since the relation of similarity is symmetric, it suffices to say

merely that M1 and M2 are similar and denotes it by Ml'v Mé. There are

several properties of a similar transformation which mzkes it useful in
establishing equivalent machines,

Lo If Ml" M., then their characteristic equations have the same
invariant factors, i.e., the polynomials ]T - AI|and [T -AL |

are equivalent over GF, [x] .#

Proof: see Perlls[Bk] p. 143,

2. If M, is similarly transformed into M,, then they have the same
cycle set structure, i.e., the dimensTon of the subspace and the
length of its cycles are the same.

Proof: sece Carterf35] P. 3.

In fact, two similar matrices always have the same characteristic
determinant

2) = 147zl bl = Iz,

and the relation IT l = |T | is a necessary but not sufficient
condition for the 51m11ar1§y of the matrices Tl and T2 This is

+ GF,[x] is the polynomial domain containing all polynomials in x with
coéfficients in GF(2).
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important because otherwise two equivalent machines can always
be obtained by simply setting them to have the same characterige
tic equation. In a later section, we shall show that two IFSR
having the same characteristic equation will perform different
operations.

3. If M~ M, then the error detection and correction ability
spec1fieé either by or are equivalent provided that

the transformation matrix A7is of the following triangular
form, '

e N ~

A = o l ; A-l = o * (3-3)

L b {

Proof: This property is rather difficult to prove in general,
and we are giving here an intuitive proof., The proof is
divided into two parts,

(i) Error detection: Under the same input condition, M, and M, produce

the same quotient but with a different state transition. ILet Skl and Ska

be the final state of the machine Mi and Mé respectively, then either

S = S A

or Sk2 = Skl A

Since A is a rxr matrix with rank r, therefore Sk2 will be zero if

and only if Skl is zero. In & cyélic error detecting code, the final

state of the LFSR after all information bits coming in is used as the check
bits of the codeword. Therefore, the checkbits given either by Skl or

s 3
\p & T equivalent.

(ii) Error correction: In a cyclic code, its error correcting ability
is completely specified by the generator polynomial g(x) which is

normzally implemented as a SRSG; it will generate an equivalent cyclic code.

: ]
The result has been shown by Melas,[29] Méggltt,ia?J Abramsonlzo and

generalized by Ash.[aa]

QoEcDo
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The above three properties have established the result of a similar
transformation. -
Since Ml‘“ M2 and Tl # T2 which implies Tl may have less number of l-entry
in the matrix or vice versa, we can always select the machine with less
number of l-entry in its T matrix because the number of exclusive-or gates
used in the circuit is directly associated with the number of l-entry in
the matrix.

One immediate question is how to find the transformation matrix A,
There is no definite answer to this question., One type of the A matrix is

the following,
& = [N(D), (D), n(@7),..., M @) (3.4)

Unfortunately, the above A matrix does not always give a similar matrix
of less number of l-entry.
Next, the input and output comnection matrix of a similar machine is

derived as follows,

d

=L o A, then TF = AVA™, substituting it in

)

(i) SRSG: ILet V= A" T

Equation (2.3.a), we have

w4
!

&
+
)

bat Rp = & sy, tel T4+l

~ ~
1

(4 |
And ASt+1 = AVSt + L Ut

~ ~

' 9 -] !

Sieq = VS, + (A L) U, (3.5.a)
' ~ ]

Y, = (RA) 5, + QU, v(3.5.b)

therefore, the connection matrices are read as follows.

L =47, B
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(ii) GF divider: ILet V, = A" &7, then 1 < A'lle. Substituting it

in Equation (2.15.a), we have

-1
St+1 = St A Vi A + Ut G
: []

Y’t = St J o+ Ut Q
Let S, =8, A7, then S, . =5, . A
And S =8 V. +U, (@b ,

ce1 = S U " (3.6.2)

n []
Y, =5, (AJ) + U, Q (3.6.b)

Therefore the connection matrices are read as follows.

GaGHT . T=i'g

Example 3.2: Given gx) =1 +x+ x4 and f = 4 implemented as a GF divider,
find an equivalent circuit.

f1100]
T ="10110

001l1l

1101

A is chosen as follows.

(0001] (1001)
A= loo10| = at=|o0010
0100 0100
10001] 11000]
f0011]
vearal - 1100
0110
1000,

Set [V SiEjm A 5 k-2 , !



0001 (000 1)

E=|ooLd J=|0010

0100 0100

1000] 1001

then

(100 0) (100 1)
G=calzlo100 J=Ad= |0100
0010 0010
1001 1000

Without any simplificetion, the original circuit and its similar

circuit are implemented as shown in Figures 3.3 and 3,4 respectively.

a ><_E> < ‘ G et
]
!

a2 1 = b2
&

J, o

ao Sam +— X3 > D .

Figure 3.3
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M.

xt .

2 pt

x3 ‘><§;}‘ - 1°
Figure 3.4

Comparing these two circuits, we note that the similar machine uses
one exclusive-or gate less than the original circuit.

Another class of similar transformation matrix may be tried for

minimization. This class of matrix is involuntary,[36] 1.€ey
-1
A A =I,orA = A
n n n n
where
11
A1 4 [O lJ
Tk
A2n =1 n n
0O A
n

The order of An for all n equals to 2% for i = 1, 2,... and therefore

the application is much limited.
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ON PERICDS AND CHARACTERISTIC EQUATIONS OF THE PARALLEL LFSR
4,1 On periods of the varallel LFSR

The periods of a f-chammel analogy parallel LFSR, denoted by Pp,
can be easily obtained from the periods of the original serial IFSR,
denoted by PS, using & set of converting rules., <Since any serial LFSR
has more than one isolated state transition path, it has at least two
cycles which forms a cycle set. The number of states in each closed
circular path is defined as the period of this cycle. All cycles in the

state diagram have no branch state.

Definition 4.1: The set of all possible cycles is called the cycle set of
the LFSR of the companion matrix T,

Notation: Cycle set ={,Ml(k1),..., /Un(kn)}where }Ai(ki) implies M, cycles
of length ki'

Definition 4,2: The period Ps of-a serial LIFSR is defined as the smallest

integer for whica T 5= I, where I is the identity matrix.
Fxample 4,1: g(x) =1 + == Xl+, cycle set = 1(1), 1(3), 2(6) is shown

in Figure 4.1.

]

@ X3 XX X

9 0 L => [eno)[T] =[nei]

' Figure 4.1 Serial ILFSR glx) = 1 + x° + x! and Its Cycle Set

Ixtensive study has been made on the periods of the serial LFSR on
the structure of the characteristic polynomial g(x) of the circuit. [olE7)id
Therefore we shall assume that the periods of a given serial LFSR ze known
and try to establish the link between each P s and its corresponding PP.

The result deals with one cycle; and since all cycles are isolated to each

26
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other, that result can certainly be applied to other cycles as well.
The main difference between the serial and the parallel LFSR lies on
the sequence of state transition, If Ps is the period of a serial LFSR,
then its states transition sequence with an initial state S, is given as

i
follows.

-
Sl Seﬁoct“)sps’—)sl—étoo

If the parallel IFSR is designed to advance f states per shift, then

the state transition becomes

S_)S "nc-"s —> e e o

1 £~ Sopaa UE+1
Example 4.2: g(x) =1 + %= 4 x4, and f = 2, find its cycle set based on
the result of Example 4,17

The new cycle set is shown in Figure 4.2,

In the parallel LFSR, each cycle has a period less than or equal to

Figure 4.2 Cycle Set = {l(l), 5(3)}

that of the original serial LI'SR, This is quite obvious since no state can
be met twice before a cycle is completed., Therefore, the following three

theorems are given.

Theorem k4.1: If Ps = mf, then Pb = m where m is & positive integer.

Proof: By definition 4.2,
P
R
£ £1®
then P_ = mf = T = Is[l'] =1

again by definition 4.2,
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Theorem 4.,2: If f and Ps are relative prime, then PP = Ps.
 Proof: TS <=1 | (4,1)
s P
and [T%] ®=1 - (4,2)
Comparing Equations (4.1) and (4.2), with the fact that IS = I where k is

a positive integer, we have,

£ 2P k
P

]

Fﬁi'ﬁ V]
v 0

k (4.3)

r P
© P

Since Ps and f are relative prime, then thé'smallest k that satisfies -
Equation (4.3) is "k equal to f" for which Pp is an integer. Therefore,

we have

P =P
P s

Theorem 4.3: If f and P_ have a common factor ¢>1, i.e., f = ¢ & and
Ps = ¢ b where a and b are positive integers and relative prime,

P
then P =_5
P ¢

Proof: From the proof of Theorem 4.2, we have

P cb
P okt sk (4,4)
D £ ca

The smallest integer k to make Pp an integer in Equation (4.4) is 'k equal

to a," Therefore, we have

P
P e
p <

The above three theorems have established the link between one period
of a given serial LFSR to the corresponding period of its f-channel analogy
parallel LFSR, Therefore all periods of a parallel LFSR can be found on

the basis of the known periods of its original serial LFSR.
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L,2 Methods of finding the characteristic equation of an autonomous
f-channel analogy parallel LFSR

The cycle set structure of an autonomous serial LFSR is completely

specified by its characteristic polynomial,

Definition 4.3: The characteristic equation ¢f(k) = 0 of a rxr matrix Tf
is the determinant [Tf -AI| = 0, where the determinant ITf -AII =<bf(k) is
the characteristic polynonial,

Definition 4.4: The minimal polynomial of T is the monic polynomial m(A)

(coefficient of the highest power term equals to 1) of lowest degree such
that m(T) = O,

Therefore, mf(kﬂ ¢f(k) and in general, m() # ¢ ()

Theorem 4.4: In the serial case, f = 1, the characteristic and minimum

polynomial of the companion matrix of g(x) are both equal to g(x), i.e.,
g) = ¢, (A) = ml(k)

Proof: see p. 148 of Perlis.E54]
The general procedure of finding ¢f(l) of an autonomous f-channel

analogy parallel LFSR is diagrammed as follows,
-4
gx) =T > T — o)

Various methods of finding ¢f(k) are discussed below.

(1) Direct method: By Definition 4.3,

0.0\ = | 7% AT (4.5)

= and then evaluate the determinant ITf =il directly.

We shall first find T
Theorem 4.5J38J(Cayley-ﬁamilton) Every square matrix satisfies its own

characteristic polynomial, i.e.,

£y | 4.6
0.(T%) = 0 . (4.6)
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Example L,3: Given g(x) = 1ﬂc+x}, find ¢2(h), and ¢3(k)

Solution:
0100 0010 000 1] :
T=10010 ™ ={0001 ™ =|1100
0001 1100 0110
1100]|, 0110/, 0011
A010
o,) =|7? Az|={or01]= i e
1110
011A

Try Cayley-Hamilton theorem,

1010 0010 X000
T8 + f[‘l+ + I=0101}+|0001 +/0100]|= ¢
1110 1100 0 i W)
0

01131 110 0001
Lixely

Next,

A 0 0 1
S =P An=1 1 0 ofs Ma A4 A2 a4
10 1 1+ O
o b o)

Try Cayley-Hamilton theorem again,

_ 1 1123] [ezoz 0o011) (0001
2 .9 s s P+ [1011!+]1120|+(1201]+|1100
1001| lozrz11|l |ro10] |o110
1000} |zi1z] lodel| oozl

(1 000]

+ [0100|=|¢
0010
0oo01

: Lixly
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The direct method of finding a characteristic equation becomes
difficult if the dimension of Tf is large.

Several alternative methods are given below mostly based on the work
of Albert. L26]
(1) Polynomial root method: This method provides an easy way of finding
73 based on the table of all powers of a root at of g(x). Appendix 1
lists several tables for different g(x).

Since all elements in GF(Zr) form a r-dimensional vector space with

2 r=1

a set of linear independent besis &s 1, @, ¢™,,.., @ where

a* {4 = 0, 1, 2,..., r=1) is a binary r-tuple defined as follows.

r
CZO='100... OO‘

al =010... 00

L
L
L

ar-l
-—'-'OOOoac ol

Then any element &Y ¢ GF(2") can be expressed as

2 1

e r-
a _§u+§lzo(+g13d A +§lra

with gij e GF(2).

Next, compute the products pp L Eip * %iz @+ ue 4'§ir T

for i =1, 2, 3,..., (r=l) and so obtain

s \
av

73 =[§ij] o i (#.7)

IXr .

P

+ If g(x) has the period P_, then g(x) |[x S.1. The root a of g(x) is
B . S 3

then a Ps-th root of unity,
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The result of Equation 4.7 can be verified through induction.

Let k = O,
' 4 o‘
a
Tk=TQ=I = al
IXr
r-l
o
~ /
For k = 1,
7 l ~
a .
X 2
s
a

Since ais also equivalent to the residue class x as defined by Peterson!3J

1e€uiy
g= %]

then, from the fact of g. = 1,

o o 1 r=l
@ = By a * 8 a tTeee TB ja mod g(a)

orxr

- .
at = (go, 8preees gr—l) (4.9)

Substituting Equation (4.9) into Equation (4.8), we have exactly the
companion matrix T. Next, we assume that the result holds for the case

of k = J; dcesy

o

aj+r-1
P

Then, we shall show that it is true for k = j+l.
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\Nr . <

(607 00 .o © ad

_ , J+l
Tj“*l:T.Tj-_-oou:)mo a

OO covw 1

a .
e SLAR e g:r‘--lL der=l
. A /‘
7 aj+l o
j+2
‘3‘3 (4.10)
qJtr=1
J J+l j+r-1
J Jl JHr=l
But, goa + gy @ + loee +gr_la
o) 1 Tl
= aJ . ar
- aj+r

+J

Therefore, the last row of Equation (4,10) is exactly ™Y and the proof

is thus completed.
Example 4,4: Given g(x) =1 + x + xl+ and let @ be a root of g(x), then
any power of T can be found from the following Table 4.1, which lists all

powers gf @ .
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Table 4,1 All Powers of «

il e

=
=
(@)
[

6 i A0 S
e e (85 O8
1011

1.00"L

Then

Suppose j = 8, then

i 101 @
Q101
1110

OlllJ
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Next, we shall consider & reducible g(x) witha as its root.

Example 4,5: Given g(x) =1 + %= & x4, then Table 4,2 can be constructed.

Table 4,2 All Powers of a for g(x) = 1 + %2 + x4

(e}

4 1000
1

« 0100
2

2 0010
3

¢ 0001
[+.

« 1010
5

@ 0101

Therefore, from the above Table 4.2, we have,

0010 0001
™ 20001 & ™=11010
1010 0101
0101}, 1000

The above method can be used to find T™Y for all jo Let the period of

y

the cycle which contains « be Pl’ thena = = 1, Therefore,

P P_-j e

rlorspdel 1o (4,11)

Note that Tables 4.1 and 4.2 are actually the same as the B, matrix
11]

defined by Birdsall and Ristenbgtt.[ However, they did not point out
how Tj can be found from the BA matrix, Furthermore, no word on polynomial
root was mentioned in relation to the BA matrix,

The third method to be described below utilizes tables in the
Appendix C of PetersoﬁI 51 and thus restricted itself to a certain class
of polynomials.

(1ii) Minimum polynomial method: Here the definition of minimum
polynomial is given again based on the polynomial root rather than the

T matrix,



Definition 4.5: Let B be any element of GF(Zr), the monic polynomial

m(x) of smallest degree over GFé[x} such that m(B) = 0 is called the
minimum polynomial,

If g(x) is 2 primitive polynomial and @ be its primitive root, then
0,A) = [m. )] ©
£ £

where mf(X) is the minimum polynomial of a* wifh degree m and r = mc,
Proof: The proof is almost the same as that of Theorem 4.8 of Albert
(p100), [26]

Theorem 3.31 of Albert implies that ¢f(k) has coefficient in
GF(2) and ¢,(@") = 0. It follows that the minimm function over GF(2) of
of aivides ¢f(k). The result of r = mc is given in the Corollary of

Theorem 4.3 of Albert. The polynomial mf(x) has &, as a root and so is A

divisible by g(x) since a5,..., @, are r distinct roots of glx), d.eq,

Then mf(ai) = 0, and so every one of the roots of ¢f(k) is a root of
mf(h) = 0.,
Now ¢.(A) = m.(d) ¢ ¢o(l)lwhere ¢,(A) is either a non-constant
polynomial prime to m,(A) or o () = 1.
Since ¢§(l) must have a root in common with mf(l), it is divisible .
by mf(l), and the resulting contradiction implies that ¢°(k) = 1,
Example 4,5:' Let @ be a primitive root of gx) =1+x+ x4, then from

p.254 of Peterson,['B] we find

1+x + x4

ml(x)
>

2
1 +x+x +x7 +Xx

m3(x)

1 4+x + x2

ms(x)
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Therefore,

L

¢1(A) =[m10\)]1 I 3% s

05(0) = [m3(x) %1 +0 e nd uh

2 L

2
]2=(l+k+k2) =1+A° +2

¢5(x) = [m5(l)

The above result can be easily verified through other methods, In GF(2),

as derived from Theorem 6.26 of Peterson,{3 ]the following is true:

mi(x) mai(x) = m, Zi(x) = ... =m, j; mod (;r-l)(x) = ee.

!}

myu-l . og (25-1) &)

. Therefore in Example 4.5, we have

q>1(x) =¢2(x) =q>4(x) ¢8(x>

¢3(A.) = ¢6(l) = ¢12()») = ¢9(k>
¢5(A) = cplo(x)

The last result can be stated in another way: If T is associated with

2 D=1,
g(x) and ¢(T) = 0O, then ¢ (T°) = 6(T° ) = ... =0(T° ) =0
X it ST
Definition h.6: SEik similarity class is a seb of matrices T IoL, me 2

m=1s
T2 l such that they all satisfy the same characteristic equation. In
the above example, the matrices T, Ta, TL‘-, T8 form a similarity class.
Example 4.6: Given g(x) =1 + X 4% , we shall then have the following

similarity classes.

% Qs az, ak, a8, alé'} e ml(x) =1+ A x5=; ¢l(l) = ¢2(k) = ¢4(X)

0g(d) =0,,Q) = m, (&)
1+ %2 +x3+ xl" + %2 > ¢3(k) = Pg (M)«

‘E(ZB, d6, a]2’ a2’+, al? :émB(X)

= 05(A) =9,,) =01,Q) = m;Q0)

~

{as, alo, aao, 2 alg} = m5(x) = B 5 2 ¢5(l) = ¢lo(7\)

= ¢20(?\> =¢9(}») =¢18(l) = ms(l)
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L
(W, ™, 28, P, %) my) = e o et el >0,() = oy, (1)
= ¢28(A) = ¢25(k) = ¢19(k) = m7(k)
{all’ a22, a13, a26, aal} o mll(x) S xL" P = ¢,,(2)

0253 = 015N = 0, =0, () = m, (V)

FD

1 +x7 +x

{(Z15$ aBO, O!291a271 d23} = mls(x)

1]

=>¢150\) = ¢3O('z\) = ¢29(A)

¢27Q) = ¢23(}») = mls(l)

This general method is actually closely related to the construction of
g(x) of a Bose-Chaudhuri-Hocquenghem code given that A1y Cpyeeey @y o aTE
roots of a code vector. -

The similarityclass has been related to the cyclotomic polynomial, i.e.,
the superscript numbers form a cyclotomic coset. For example, the g(x)

of Example 4.6 has Ps = 31, the multiplicative group consists of integers

from 1 to 30. The decomposition into cosets is

c: 12 4 8 16
C;: 3 6 122k 17
C,: 918 5 1020
Cy: 27 23 15 30 29

04: 19 7 14 28 25

C5: 26 2111 22 13
' [13]

Many theorems related to cyclotomic cosets are stated in Golomb.

4,3 Concluding remarks

It is natural to ask whether the decomposition of the characteristic
equation of an autonomous f-channel LFSR obtained by methods of Section 4.1
will give the same cycle set as the result éf using those three theorems of
Section 4.2. TFrom the author's test on various examples, only one does

not work exactly as it is expected. Table 4.3 summarizesall test results
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of examples in this chapter. It indicates there exists at least one con-

tradictory example. The reason is that the polynomial ¢5(x) contains
[10]

9

repeated factors, a case pointed out by Elspas that the circuit
behavior is not uniquely determined by the characteristic polynomial,
In conclusion, the cycle set of an autonomous parallel LFSR is best

evaluated from the result of Section 4.1.



TABLE 4.3

(¢1(x) Cycle set (c.s.) Results of Section II Result of Section III Does the results
of @, (x) Cycle set of ¢, (x) o.(x) = |78 s of II & III agree
- Transformed to f-channel i s e by way of Ref.10
& 372
by = 2.3 &
Txx (1), 115 {1(1), 3(5)} ¢3(x) = ldscix 4 4% Yes
c.s. = {1(1), 3(5)}
fe
it | (2020, 205)) (1WI2G) 6 () = LuPec”
c.s. = (1(1), 1(3), 2(6)) No
T4 g, 1z {1(1), 1(z) ¢2(x) = & (x) = Lax"x
' c.s. = {1(1), 1(31)} Yes
- -
1t | (1(1), 1(31) (1(1), 1(z1) ®50x) = R
c.s, = (1(1), 1(31)} Yes
T=3
Titax” | (1(1), 1(31)) (1(1), 1(31)} o Ge) = R PP
c.s. = (1(1), 1(31)} Yes
* See [l@

08



CHAPTER 5

PARALLEL LFSR IN A F~CHANNEL SYSTEMeeIMPLEMENTATION OF
CYCLIC ERROR CORRECTING CODES

5.1 The use of single error correcting cyclic code in a f-channel system

In this section and the following sections, different ways of using
parallel LFSR to implement cyclic error correcting codes are given. There
is no claim in discovering any new codes; only the advantages of using parallel
LFSR for implementating the encoder and decoder in a f-channel system are
demonstrated.

In a f-channel transmission system, the gey part of the encoder or deco-
der of a single error correcting (n, k) cyclic code is a f-channel analogy
circuit. In using this, the circuit will be able to operate f times faster.

In encoding, immediately after all the k message bits have been fed
into the f-channel analogy GF divider specified by g(x), the contents‘of
the registers represent the remainder which should be used as check bits.
These check bits may come out of the output lines by additional shifts with
all feedback ciréuit inhibited. However, the inhibitation is not necessary
as shown in a previous paper.[aa] Figure 5.1 shows the general diagram of

the encoder and the codeword in a f-channel form.

£ — SR 'i‘_
e f-channel el ChecH Message
L exsdogy . £ | bits| vits
" GF
. Divider . 7 J_
a5 | = 1
(a) Encoder (b) Codeword

Figure 5.1 Enccder and a CQdeword

DL
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The codeword is of n = k+r bits long. However, when n is not divisible
by £, a sufficient number of zeros (say, d) are added in the front of the
codeword to meke the total number of bits an integer multiple of f(say, cf).

This is required in the decoding process. Let
cf.=2=n +d

where d < f-1,

A general decoder circuit is shown in Figure 5.2. All registers are
initially cleared to zero. The received (n+d)‘bits are fed into f-channel
buffer registers, each with (n+d)/c stages, with SW1l closed and SW2 open..
The bits are also fed simultaneously into the f-channel analogy GF divider
identical to the one used in the encoder. ILet Ht be the received input

vector at time t, then

Ht=Ut+E

kL
where Eti is an Ixf error vector., Since the code is a single error correct-

ing code, E_. will have a single 1 in the i~th position and O elsewhere.

td
More specifically,
/———‘JL———\
Etl = 100 ... 0O
Eta = Olo oee OO

Etf = 000 ... O1

Otherwise, uncorrectable error pattern results.

After all n+d bits are fed into the f-channel analogy circuit, the
final state is given by %,
fic=1 fic=-2 £
Z=H GT) +H &T) + .00 + B _, &) +H G

(5.1)
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(n+d) stage buffer

f=l
& y e channel f ful
channel f ‘ -n-@ i
‘ A
f=2
a
b 5 ° ° ° /__]_\ ‘o f—Z
| W, =
. 8 -
channel 1 P S Cl_\channel 1.0
5 “\L/ E

e ad e

fechannel
analogy GF

divider /_ . /_" /

2s = = |r

Sz

Detector

-' . .f"l.

Figure 5.2 Decoder
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If there has been no error, 2 = 0, i.e.,

Ly C=1 fyc=2
Uy G(T) + U, G(T") teee v U G=0 (5.2)

In general, when there have been detectable errors; Z % O, For'error
correction, Z should be all different for diétinct errors. Let us

assume that a single error in Uj (3efd, 2,e00s ©) ) hag occurred, then

Hj = Uj + Eji (5.3.&)
Hm = Um for m # j (5.3.b)

Substituting Equations (5.3.a) and (5.3.b) into (5.1), we have

o fic=j
7 = Eji G(m)

During the correction cycle, SW1 in Figure 5.2 is open and SW2 is
closed.  After (j=-1) more shifts, the erroneous group of bits Hj will

arrive at the right end of the buifer register and is ready to come out

f)c-l

at the nmext shift, Note tmat (75)°79, (29)¥L o (1¥)°L, and 7 aster

j=1 shifts becomes Zj-l’ i.€44

miyC=1
zj_l = Eji G(T) (5.4)

By examining the format of E.., G and (Tf)c—l, one can easily be

convinced that a single error in the i-th (1 < i < f) position of Hj

corresponds to the i-th row of (Tf)c'l to form Z., Since all the rows

f)c-l

of (T are distinct, f different AND gates Al’ A2""’ Af can be

used as detectors to recognize these f different error patterns, i.e.,
~ fic=1
a ~ 5.2

" £ye-1
L= ) .
(5.5)

LI

. fyc=l .th
A, ~%_i+1(‘l‘ ) (1“" channel)

A z%(Tf)C"l
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where the symbol ® means ''corresponding to'l,

During this correction cycle, if the output of the AND gate Ai is 1, then
the next bit coming out of the i channel, i.e., the position bi'l, is
corrected and the f-channel analogy GF divider is reset to zero.

Example 5,1: Iet us consider the Hamming (15,11) code, of which n = 15,

k=11, r = & and
L
g(x)=l+x+x, £ =2

Solution: The 2-channel single error correction system is implemented as

follows.
0100 0010
T={0010 ™ {0001
0001 1100
1100, 0110
and
' ; oo}
0100] 00
G = J=l01
100014, 1oJ

The encoder circuit is essential a 2-channel anzlogy GF divider which, based

on the above matrices, is shown in Figure 5.3.

1

Je =

Y
n
<
|

Figure 5.3 2~Channel Analogz GF Divider
g(x) =1 +x+x
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Assume that message bits are (11000000001) = 1 + x + xlo. After this
M(x) ~x)+ fed into the divider, the remainder polynomial is r(x) = x2 o+ x3.
Therefore, the whole codeword is (001111000000001). Since n = 15 is mot
divisible by 2, a zero (d = 1) is added as the leading bit to make the total
number of bit a multiple of 2. Therefore, this complete 2-channel codeword

is now read as follows.

87654321 ¢

Chan. 2 01100001 %
Chan. 1 01100000 %
That is,

Uy = [01], U, =05 =7, =0, =73 = (o]
U6=%=[HJ

, [oo1o0 1100 , [roo1

(®) =|0o001 (®) =]or110| @ =|1000 (5.6)

1100 0011 0100
0110}, 1101, 0010

It can be easily verified that
0 .
U, &t + 1, () + U, ar®) =0
i 6 7
as a consequence of the condition of a legal codeword.
The above codeword with an error added to the bit position ai, i.e.,

the 4th bit of channel 2, is then fed into the decoder of Figure 5.4t. From

Equations(5.3.a) and (5.3.b), we have

H = Um form=1,2, 3, 5 6, 7

m
where By, = [01]

This implies 2 = [01] e 4o
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Figure 5.4 2-Channel Decoder for Haumming (15,11) Code
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Note that the two detector AID gates Al and A2 are corresponding to the

two rows of the matrix (T2)7, Fa €y

Ay ~ 1000, A, ~ 1001

Since Z # O at the end of detection cycle, the correction cycle
starts, After three more shifts, the erroneous bit a% reaches the
right-most bit position of the channel 2, and at this time, from

Equation (5.4) which is exactly recognized by the AND gate A, and the

e
4 = Ell'a a(T )

error is corrected when it is shifted out during the next pulse time,
Table 5.1 shows how the error correction is performed.

Table 5.1 ZError Correction State Table

shift pulse inputs state output
o 1 Ot 23 o .1
€ aJC at Ktxtxtxt bt bt
Detection 0O 0 O 0000
cycle AL o 1 1000
(SW1 closed) 2 0 0 0010
(SW2 open) 3 0 O 1100
_ L 0 1% 1031
5 0 0 1000
6 1 1 11516
7 i R 1 0011
8 0 0 1010
Correction O 1.0 1.0 0O O
cycle 1 1.7 159 (ol
(SW1 open) 2 5 I B 0 0 0
(SW2 closed) 3 1001 (emit 1) 0 0
& 0000 0 0 **
5 0000 0 0
6 0000 F
7 0000 T
8 0000 0 0

*hit in error #**%epror correction
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5.2 A straizh+forward 2-channel BCH (15.7) decoder

In this section, a straightforward way of constructing a decoder of
the Bose-Chaudhuri-Hocquenham (15,7) double error correcting code is
given, It is different from the algorithm given by Peterson, [3 ]improved

by Chien[39]

and meny others, The system given here is merely to show another
possibility of using parallel LIFSR as a central device to correct double
random errors in & f-chennel parallel trensmission system. Moreover, as
different from the previous section, in this section the f-channel analogy

SRSG is used.

The characteristic polynomial for a teerror-correcting BCH code is

2t-l(k)

PA) = (A) ¢_A) 2 A) ... @
M) =,0) 2,0 4.0
Therefore, the two error correcting BCH (15,7) codes have the following

characteristic polynomial:
d(A) = ¢ (A) &_(A
() = 0, () 0 ()

where ¢1(X) is always chosen to be primitive and its degree m has to
satisfy the condition n=2"-1. Therefore, by letting

o) = At #As 1

and using the result of Chapter 4, we have

¢3(A) ad® £22 22 4k + 1
oy =8 a7 el st a1 (5.7)

The characteristic polynomial of Equation (5.7) is actually the
generator polynomial g(x) of the code. The encoder is simply & 2-chgpnel
analogy SRSG as shown in Figure 5.5 derived from the following set of

matrices.,



(0100000O0] "00100000
00100000 00010000
00010000 00001000
00001000 00000100
T={00000100 ™ ={00000010
00000010 00000001
00000001 10001021
(10001011}, (11001110
(0 0]
00
00 10000000 0 0
L=100| R=1,7000000 ,Q=[ocJ
00
00
10
111,
Therefore,

( o) (2

b 4 X

xl XB'

X2 Xl*

X3 =X5

X1+ 'x6

X5 K7

%0 50 gt P gl gf

X7t+l XO+X1+X +x5+x +a°+a1

and the circuit is then shown below.

:/:L} z* [x° =zt
18
b

AL mEeT

_ Flgure ) The 2~Channel Analogy SRSG
glx) 8 +x7 +x° + X+ 1

P

60
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In this case, n=15 and an extra zero is added to the front of a codeword

which mekes the inpﬁt codeword to the decoder to have the following format.

87654321 t

0 0 6 0 0000
channel 2 a8a7a6a5a4a3a2al

l 1 l l Al st ot
channel 1 8 7 6 & 4 3azal

o

Note that the above format is different from that of the previous section.
The general decoder diagram is the same as that of Figure 5.2, except
the f~channel analogy GF divider is replaced by a f-channel analogy SRSG,
In this example, the circuitl of Figure 5.5 is used, The next problem is to
design the circuit of the detectors for all possible double error patterns.

The analysis is made as follows,

From the above stated codeword format, we have
U ‘ [ao 1] U =;P al\ U, = |as al U, = /ao a1
1= 1% % 272 % s 3 83 Uy L Byl

o 1 o e L o .1
By a5J 5 U6 = [a6 aéj 3 U7 = [a7 a7J U8 = [a8 a8]

then the final state of the 2-channel analogy SRSG after all input bits fed

Us

in becomes Z., Again, let

H =U, + B where ge {1, 2,000, £}
th H =U +BE
=8 t = g ¥ g
where the "'V symbol is the transpose.

7 6 Gi ;
= (TZ) T, Hi + (TZ) LE + (Ta) L H3 + oo + L H8
(5.8)

Again, in Equation (5.8),20# O implies detectable errors. Let us
assume that there exist two errors in the Hi and I-Ij with 1 <di~< j< S

Then,

8~ 8~j
= (T2) g L Eiq + (TZ) L qu 3 Eere qe {1, 2} (5.9)
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Next, the correction cycle starts by opening the SW1 and closing SW2,
: : ¢ : 2 ) 1
After (i-1l) more shifts, the Hi moves into the position of Hl’ i.e., the

right-most position of the buffer register. Therefore,

7 7-9
7 2 1 {
By = () LE + () LE (5.10)

where Q¢ {0, 1, 2,..., 7} : Equation (5.10) includes all possible double
error patterns., The detector circuit is then constructed on the basis of
this equation. However, since the number of patterns to be recognized is
27, Table 5.3 is given to list all possible patterns.

First, the table for all patterns of the term (T2)7-Q L Esq is

constructed as follows.

2%9 -
Table 5.2 Format of (T<) L qu
7=9 i
pattern # | (T2) 'L Eél vattern # (27 21, Eéz
}COX:L}CZX3 X4K5X6X7 :{oXlXa},jxlkxsxéx,?
0 1 00000001 9 10000000
3 2 01000000 10 00100000
2 3 00010000 11 10001000
3 L 01000100 12 10100010
L 5 110300031 13 01101000
5 6 00110100 14 00011010
6 7 00001101 15 00000110
7 8 00000011 16 00000001
] 7 ] o f
e = E.=10
Note that B po] 52 [lj

From Table 5.2, all possible double error patterns can be derived.
The total number of possible double error patterns is equal to
1+ 13 + 13 = 27, ALl these patterns are listed in Table 5.3. DNote that
there are two sets of detecting circuits; the first set is to correct the
first error bit in the upper channel and the second set is to correct the

first error bit in the 1ower.channe1.
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Table 5.3 Double Error Pattern

pattern # xoxlxa x4x5x6x7

1+9

142
1+3
b
1+5
1+6
147
18

(@]
o
(@]
O
(@]
(@]
=

OCOOKHOOO =
OOOHKHOFW
OOHOOOO
OOHMKFOKO
O OO0 00 O
O OHOO

1+10
1+11
i+i2
113
11k
i+15

= H =0 00~1 W\ W E=!
ROGRES &
HOOOOO

HEHOKMOO HOOOOOO

OCOOKHKEO
OOKHOOO
OWHORKrO

OOHHOHOOHOOOO OOHHOH
OHOOOOOOMWHOMO OHOOOO

OHFHFOHOOHOODOOO
HOOOOOOKMROKROO

02
9+3
Ody
945
9+6
g7
98
9+10
Oo+11
g+lg
+l3
o1k
9+15

OCOCOCOOHKHOFOOO HKHKFREKHKH OOHFHOHKM

NI R
CJAV RGN REBE LN
H R OO MO R
OOHOOOCOOOKKHOM
HFHOROOKOOOOOO

In Table 5.3, the pattern 1 is common to both upper and lower channels,
while the patterns 2, 3,..., 14 are for the first error bit in the upper
channel and the patterns 15, 16,..., 27 are for the first error bit in the
lower channel. Iet the AND gates 4, Asy.eee, A27 having 8 inputs
corresponding to each pattern, then Ay, A,;..., &) 18 "ORed" together to
become the upper channel detector and similarly for the lower channel
detector., These two detectors may have some further logical simplification
because thereare multiple input-output combinational network and s#andard

(k0] (41)

techniques of simplification are available.
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After the fi?st error bit of the double errors has been corrected, then
the 2-channel analogy SRSG make (j~1) more shifts which forces the second
error bit reaching the right-most bit position. This error is then
corrected as the single error case, DNote that the single error detector is

to recognize the following two patterns:
00000C0L , 10000000

This completes our theoretical design work,

5.3 Burst error correction in & fwchannel transmission system

The principles used in previous sections can be applied to correct a
burst of b errors. ILet a positive integer m be the number of time periods
during which the burst of errors occurs (mf >b). Iet the m error vectors

- s i 1 & 7
be Wl, WZ”"’ Wm with Wi leading wi+l accord;ngly. Note here that any
W-vector may have more than a single one as its entry and hence is a general

form of the single error vector B Again, only the decoding procedures

ti
are discussed below.

After the detection cycle, a detectable error pattern Z # O occurs
which starts the correction cycle. After (j~1) more shifts, the state of
the f-channel analogy GF divider becomes
f)-2

. = a(thHHyt + W, &(T0)% + ..+ W g(rf)=m (5.11)

J=1
Equation (5.11) can be easily derived from Equations (5.2) and (5.3) by
noting T" = I, Equation (5.11) is corresponding to the sum modulo-2 of
some of the first f rows of the matrices (Tf)_l, (Tf)'a R ()™, m
general, there are f-2b-l error patterns to be detected although some
simplification is usually possible.
Upon recognition of a detectable error pattern, bits are emitted into

the appropriate channels to correct the first error vector Wl' which is just
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ready to come out the buffer registers., This effectively modifies the

state of the GF divider Zj—l into

(s 4

+ Wy a(rH)yH) @) = W, @ (o=t . Wy a(pf)=2
+.e. 0 a(r)

after one feedback shift. This again belongs to one of the £,20-1

detectable patterns. The process continues until all‘the erfors are
corrected, at which time the registers of the divider should contain all
zeros. Otherwise the presence of some uncorrectable errors is indicated.

Note that Equation (5.11) indicates that all the error patterns
represented by the equation are distinct and none of them appears in any of
the previous shifts. This reguirement is fulfilled because they are

precisely the conditions for & proper choice of the code.

Example 5.2: Given g(x) = (1 =+ )1+ 2+ xh) =1+ xq - x6 £ %0
andef =5
then
[ 0100000 ] "0001000 |
0010000 0000100
0001000 _ 0000010
T = | 0000100 72 = | 0000001
0000010 1000101
0000001 1100111
1000101 ; 1110110
and “000)
Co0
001.00C0 ) 000
G = | 0100000 J =000
1000000 ; 001
011
\lllj

The 3-channel analogy GF divider specified by the above matrices is

showvn in Figure 5.6.
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Assume that the message polynomial is x6 + x4 * x2 + 1 (01010101), the
7

complete codeword becomes 010101011011111, i.e.,

U, = [01o] = (201], U = (o) , v, o), U, = (121]

Suppose that the received message is 010 111 111 011 111 with two errors

a% and ag. Then,

W, = [010] — [100]

W

¢
7710

S Eaaa

Figure 5.6 3~Channel Analogy GF Divider

glx) =1 +x" + x6 iz
” N r N\
0101100 1110110
0010110 0111011
ey | 0001011 oo | 1011000
(7" )™= | 1000000 (T )™= | 0101100
0100000 0010110
0010000 0001011
0001000 | 1000000 |

9
The state trensition table of the decoding process is shown in
Table 5.4, The content of the divider is not all zero at the end of the

detection cycle. After one more feedbuck shift, the state becomes 1001110,
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which is one of the error patterns to be detected., It can be verified that

0010110 + 1011000

T R L)
W, G+ w3 G(T™)

i

1001110

At this time, the W2 associated error vector reaches the rightemost
position of the buffer register and is ready to shift out, The detector

emits a 1 into the channel 2 to correct the error bit ai and also into the

oF

input a,., After one feedback shift, the state of the divider is 0001011,
which is also one of the detectable error patterns and is the third row of
(Tf)-l. This time the detector emits a 1 into the channel 1 to correct the
bit al and also to clear the contents of the divider to all zero for next

3

coming codeword,

Table 5.4 Decoding Process Table

shift pulse  input state of divider pulse emitted output
¢ : aoa}az xoxlx2x3x4x5x6 by detector Oy 1,2
TRCEE tatt
Detection 0 0000000
cycle 1 010 0100000
SWL 2 1 1% 1110100
closed, 3 5 B 0122011
Su2 L 011 1118130
5 A5 ALl 10113100
open
Correction 6 1001110 010
cycle 7 0001011 010 103
Sw1 8 0000000 100 011
open, 9 0 11
Si2 0 ==
closed

* bit in error



CHAPTER 6
SINGLE CHANNEL ERROR CORRECTION IN A F~CHANNEL SYSTEM

i
6.1 General system description

P

In this chapter, a method of correcting errors occurring in a single
channel of a f-channel system is disclosed., There is no restriction either
on the length or type (ramdom or burst) of the error pattern., In a
practical case, this one channel error is defined within a block, The

following Figure 6.1 shows the general picture of blocks,
——

=7
(iBlock L | Block 3 Block 2 Block 1 f-channel
2t

Figure 6.1

Note that the blocks do not have to be equai length, In each block, the
only requirement is that errors only occur in & single channel among the
f-channels. Stricély speaking, there may be uncorrectable single channel
error patterns, but the percentage.of these uncorrectable patterns can be
made arbitrarily small, This type of error correction utilizing the
principles of parallel LFSﬁ can be easily applied to data processing systems

such as tape, disk and drum., It can be applied also to the multi-channel

communication system.

The assumption that error occurs only in one channel within a block
is practically justified. In data processing systems, such as high density
recorded tapes or disks, the space between channels is much greater than the
bits crowded in one channei. For example, in the IBM 360/2400 tape system,
the space between the adjacent chammel centers is about L0 times the space
between the adjacent bits in a channel. Based on this assumption, the error

correcting system is formed in the following way.

68
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1. Among the f-channels, one channel denoted by p-channel, must be an
even or odd parity channel.

2. A cyclic code is formed with the overall fl channels but is not
associated with each channel separately,

The general transmitting system is shown in Figure 6.2.

Encoder

h

f trans-
mitting
channels

i

cel

[
-

d[\)tnc

f-channels ?

noise

Decoder

f-1

Figure 6.2 General System Diagram

The block diagrams for the encoder and the decoder are shown

and 6.4, respectively.

chan, f — A

chan, f=1— A

channels

in Figures 6.3

chan, 2 ——

o —> >

>1 OR )
| ~ COR o e Ll
2 Sl :
~ OR —2
o0 0 | pr—— p
1 (£-1) b= D
3~ channel A
. analogy | ° . K= 11X|
. GF * . o
divider | ° ' Y
~ g, (x) N
)

Figure 6.3 Encoder

* The p-channel may be included
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6.2 The 2-dimensional variable length code (2-DVIC)

The symbology and terminology and definitions on coding theory used in

this chapter are essentially following Peterson, ]

Let
v(x): message polynomial of degree k-1, v(x) = a %+ + aly 2 4 P
+ a1
F(x): codeword polynomial of degree n~l, F(x) = a’x n-1 lxn-Z e F an-ax
- Nel
+a

H(x): received polynomial, H(x) = F(x) + e(x)
e(x): error polynomial, e(x) = x 2L+ ,..) = x ¥ E(x), Qis a positive integer.
E(x): error pattern polynomial, E(x) =1 + ...
e'(x): shifted error polynomial, e'(x) = %3 E(x) where j is an integer
and 0 < j < £-1
The code given here is of variable length and of 2-dimension nature.

Its .general polynomial g(x) is defined below
glx) = gl(x) * gz(x) (6.1)

where the "¥" sign is a composite operation formulated as shown in Figure 6.5.

an—l ak{-l af..z £
Remainder 5 o b
r{x) due to . Sh e
V(x)/gl(x) V(x) MRS
' 1

aTf asy

2t~k 20l o

Parity check bit on columns = Remainder due to ga(x) on columns P

Figure 6.5 A Codeword Block
In Figure 6.5, there are two kinds of checkbits, the first kind is the

remainder r(x) due to v(x) after divided by g, (x),while the second kind 1s
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due to gz(x) which acts column-wise on both v(x) and the first kind of check
bits. Here gl(x) of degree r is the polynomial that determines the undetected

| —(n-k)
error fraction 2 A

It is also used to identify the erroneous channel,
Normally, gl(x) SE o reenes primitive polynomial or & primitive reciprocal
polynomial, DNote that the check bits formed by the remainder of gl(x) on
the entire message block is different from the conventional way. In the
conventional way, the check bits are formed with respect to each channel,
Moreover, the Hamming distance of the code given here is not the product of
the distances due to gl(x) and gz(x). Actually, the error correction capabi-
lity of the system is not due to theccdeitself alone; it is greatly helped
from the operation of the LFSR's,

The error correction process requires the cocperation of gl(x) and the
ga(x). Here ga(x) =1 + x.

This error correction process can be divided into three c¢ycles.

1. The detection cycle |

2. The comparison cycle

3. The correction cycle
The flow chart diagram of the operation of these three cycles is showa in
Fiéure 6.6, In the conventional érror correction process utilizing cyclic
codes, the comparison cycle does not exist, It is the addition of this
comparison cycle that mskes the unlimited error correction on one chamnel of
thevsystem possidle,

Since the data blocks are of variable length, the polynomial v(x) of
length k is used to represent a typical block for discussion. The encoder
shown in Figure 6.3 contains a f-1 channel analogy GF divider specified by
Sl(x>. The remainder r(x) thus produced is attached to the end of v(x).

The remainders of gz(x)'are obtained colum~wise from the channels 2 to f
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to form the p-channel or the parity channel,

The input polynomial v(x) with f-1 bits coming in each clock pulse
time passes through the encoder to form a rolynomial F(x) and the P

channel which constitute the whole block codeword, Here,

F(x) = x° vi(x) + r(x)

x" v(x) r(x)
or, —g—l-GCT-q x) + E{Gc_)

The fe-channel codeword block is then transmitted through f channels
and changed by noises, &Since the basic assumption is that errors affect

W
only on one channel (not the p~channel) in the block, the received block

becomes H(x) and
H(x) = F(x) + e(x)

Figure 6,7 shows an e(x) and its shifted e'(x).

a7 ('@ =XV EG) A
<’ E(X):l""n'. f.z
(efx) = %%+ oo =x2EX)) &~ 97 | -3
ao Nl 2
P
p=channel

Figure 6.7 e(x) and e'(x) in a Codeword Block

The received codeword with the noise is now fed into the decoder. In
Figure 6.4, the decoder contains two GF dividers. The first one is a f-1

channel analogy circuit denoted by [ﬁi(x)]l. The second one operates in

two modes, Its first mode operating in the detection cycle is the same as

* If errors are occurred in the p-channel, see Figure 6.6 for a solution.
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the [él(x)]l except with only one input line to the xo-position, i.e.,

- ~

U“QO e OO

(D)
N l-L)

instead of using Equation (2.16.2)., Here xo-position is selected as a
reference channel to identify the erroneous chamnel. It is only a matter
of convenience for the proof in Section 6.3. Its second mode operating in
the comparison cycle is & serial GF divider. Since both modes are
characterized by gl(x), the second GI' divider is denmoted by [gl(x)]a and
‘its first mode is called ﬁhe parallel mode and the second mode is called the
serial mode,

The content of [gl(x)J 1» after H(x) entering the circuit during the
detection cycle, is solely determined by the error polynomial e(x). This
is true since the system is linear and therefore F(x) and e(x) can be
treated separately. While at the same time, the content of the parallel
mode of [gl(x)]a is determined by the shifted error polynomial e'(x) fed
into the x =position., From Figure 6.7, we have

o' (x) = 2 Ex) 6.2)

Therefore the difference between the e(x) and e' (x) is a factor xJ

At the end of detection cycle, if no error occurs, then the contents of

the [gl

come in., If errors have occurred among one of the data channel, then e(x)

(x):]l and [gl(x)] 5 should be all zero after H(x) and p-channel bits

#A0=e'(x) £ 0 and the content of [gl(x)Jl and [gl(x)Ja will not be all zero.

When the nonzero patterns are detected at the end of the detection

cycle, the decoder begins its comparison cycle, i.e.,
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1. No input to [gl(x)]l and [gl(x)]a.
2. The content of the [gl(x)]l is fixed.
3. The circuit of [g,(x)], is switched into its serial mode and
begins to shift right.” This feedback shifting process will
not be stopped until the content of [gl(x)] matches that of
the [g, (x)]. 2
it 1
The number of shifts of [gl(x)]2 is used to determine which channel is in
error., If the number of shifts of [gl(x)]2 is j (j < £), then the (f-j) th
channel is in error. A rigorous proof on the above statement is in the
next section, However, it can be argued in the following way.
Since to shift the content of a serial GF divider gl(x) one time

to the right is equivalent to multiply in the present content of the LFSR

" by x mod gl(x). Therefore to shift j-times is equivalent to multiply in

the present content by %9

mod gl(x) whicq is exactly the residue difference
between [g,(x)]; and [g(x)],.

Whence the erroneous chamnel is identified, the decoder begins its
correction cycle, i.e.,

1. The whole received block is retransmitted.

2. The error polynomial e(x) is in the (f-j) th channel which is
corrected by the output bits of the AND gate Af 3

During the block retransmission period, an assumption is made that
errors will remain in the same channel and its pattern may be changed.
With this assumption, the above mentioned error correction process is
simply performed by changing the bit in the (f-j) th channel whenever
the parity bit of that columm is wrong. In & tape or other data recording
systen, errors are permanent‘that it will not be changed during the,
retransmission period. TFurthermore, the retransmission operation is

easily achieved by winding the tape backward and then forward.

In summary, the error correction is accomplished as follows.
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1. The single channel error is detected at the end of the detection
cycle.

2. The erroneous channel is identified during the comparison cycle.

3. Errors are corrected iun the correction ecycle by retransmitting
the whole block with the knowledge of which channel is in

error; and the error pattern calculated from the mod 2 adder which is

the circuit of g,(x) in the decoder and its inputs are the
received data of sll f-channels,

6.3 Mathematical justification .

In this section, we shall show that if an error pattern polynomial E(x)

occurs in the (f=j)th chamnel, it can be identified by the comparison cycle
discussed in the previous section,
Theorem 6,1 If two input polynomials e(x) and %9 e(x) ave divided by
another polynomial gl(x) to obtain two remainder polynomials rl(x) and
ra(x) respectively, then by shifting the content of the [gl(xi]z j time;,
we have
s o
rix) =r () - x mod g, (x) (6.3)
Proof: Suppose the lowest term of the error polynomial e(x) is xg, then
%
elx) = x” B(x)
and from Equation (6.2),
e'(x) = E&x) =57 e(x) (6.4)
Referring to Figure 6.4, the content of @i(x)Jl, after H(x) fed in, is

equal to rl(x), where

H(x) Flx) + elx) _ elx)
81(x5 = gl(x) = 81(X> mod gl(X)
(x)
e(x) 1 (6.5)
e = a® g

Next, consider that e'(x) is fed into the x°-position of Eﬁfx)]a, we have



e' (x) 2 ()
G = q,(x) + E;G{)'
x~3 e(x) 2 )
oIy, E]-_T—S__- QZ(X) & E‘{Z——)—- (6.6)

To shift r2(X) in the [g;l(x)Ja for j times is equivelent to multiplying ra(x)

by %9 mod gl(x). Therefore, from Equation (6.6), we have

5o (3 el )3 e

x (x gl(}:—j-)_ x qa(x) + X Z,{GT

e(x) ( ) + (X)

or, FAC N gt qa x '—(;{-5—— (6.7)
Comparing Equations (6.5) and (6.7), we have

ql(x) :—:-qa(x) . 53 mod gl(x)
and ry(x) = r,(x) « %3 mod g, (x) (6.8)

Equation (6.8) is the desired result. Therefore, the content of [gl(x)]a
will match that of the [:gl(x)Jl if the number of times of feedback shifts
of the serial mode o'f [gl(x)]a is exactly j times. |

In the decoder, the number j is recorded by the counter., During the
correction cycle, this decoded j and the error pattern coming out of the
mod 2 adder sense therAI\ID gate Af—j to correct all errors in the (f-j)th
channel,

6.4 An example for illustration

One special example will be helpful to clarify most previous statements.
Let us choose a block of data, such as, 1011,0101, 0010,0001,1101 for a
Lechannel parallel transmission system. The additional p=-channel makes
£=5, then
19 17 16+xl5+x10+x7+x5+x3+x2+1

vx) =x7 +x° +x

and let
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g (x) = x8 Yl e et
then

x8 v{x) . e % x

EZE§7—~ = q(x) * gl(x)
Therefore,

27 § 25 fal}, 23 X3.8 15 13

.+ L 4 = & x8 + x6 + :cl‘L P30+ x

The encoder circuit contains a mod 2 adder and a 4-channel analogy
GF divider specified by gl(x) and is omitted here, However, the Le=channel
analogy circuit is also required by the decoder except the output of the
circuit is not needed in the decoder,
Figure 6.8 is the decoder diagram with the assumed codeword block and
the error polynomial e(x) as indicated.,
24 23 18 15 13

F(x) = x27 P x0T e x™ e e x™ ax

+X11+X1:O+X8+X6+X1++X3+x

e(x) 2 xl7 22
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A codeword block

: t t6t5t4-f3t2t, 3
5|01,1 0001 'O(:looor’”
| - - - x & 9 <
4—|00100( N()lsy V!|OO|]|11
301;!0]00""'Cq‘nne15 ';OIHOIOO"'.
2110j1 1011 100 1o p
ploo i ot i) oo;of—f\‘P]
I 5
+ 4
- ' > Compare >
- [gl(x)] 1 = Circuit & 3
Y V1 2 ,.8__@ ______ —;@—*2
(E? 2-stage
&> x) counter
e GRS SRR S
-~: E! . ri"’l Lestage
‘= L2 decoding reg.
0 ¥
[gl(x;JZ = T
parallel/serial kP A
1 As
RSN
=
—
[ A2
”| Detector
> Ty (x) =0 ;
rs (x) £0 >-p channel in error
]
End of detection
cycle

¥ pit in error

Figure 6.8 Decoder



In Figure 6.8, the L-channel analogy GF divider is constructed as

follows.
Since gl(x) = x8 TR AR
(01000000 7 (00001000]
00100000 00000100
00010000 00000010
00001000 00000001
= 00000100 11010100
00000010 01101010
00000001 00110101
11010100 | , (11001110
and
00010000
00100000
G = | 01000000
10000000

Therefore, the circuit is shown in Figure 6.9.

A : ;

L.Channel Analogy GF Divider [gl(x)]l
gl(x) =x8 +x5+x3+x+l
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The [gl(x)]l is shown in Figure 6.9 and the parallel mode of the [g;l(x)] -

is obtained from Figure 6.9 by having only one input line to the xo-position,

This circuit is shown in Figure 6.10.

Y

}4 i

Y

’ - | &
eW——(1 o ><—Pf x ,>q}

A

(0

™
o]
/.L
T
#
Ui
]f
D)
AL

rﬂ.ﬁ?&l-—ﬁ}'—q%ﬁ}
-
Y

Figure 6.10 DParallel Mode of [gl(x)] 5

-

gl(x)=}:8.+x5 +x0 +x +1

Next, the serial mode of the fgl'(x)] o is shown in Figure 6,11,

o - L

X X

oS il o
—é‘“‘ % — x

Figure 6,11 Serial Mode of [gl(x)]a
gl(x) = X +x5+x3+x+l




t Input to [gl (x )J 1 [gl (x )] 1 Input [gl(x )J , Parallel mode
‘ 2® o et o’ 20 xt X2 x> xlF %2 2:6 x! e' (x) 20 x* xzxle} e
0 0 0 0O 00O 0 © O 0O 0 0O OO O 0 O
Detection| 1 1 @ 1 1 11 01 0 0 © O 0 ._ 0O 0 0 0O 0O 0 0O
Cycle
2 -1 0 1 0 (03T L8 (o) R s R o 1 ik 1 0 0 O 0 0 0 O
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[ s (e [ | @ 0 3 0 60 1L O 0 1 20 i 0 0 1 0 0
7. & 0o 3 0 ryx)= 001100060 | O0r,x)=01100000
ﬁgl)gii;e 2 Inputs to [{;l(X)]l [gl(X)] 1 ‘ Input [gl(x)] o Serial mode
e e L o' (x) e e
0 001100 0 0« = 01100000
i \—match—e— o 0 T 2 0O 6 0 0
2
5
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Suppose that errors are in the /4th channel, it is necessary to show

that j=1 since f=5. From Figure 6.8, we have

e(x) x‘Zl -x~:«:17 -i-xl3 +:§=x5 (}::L6 +x12 +x8 + 1)

e
Therefore,
E(x) =1 e + X 16 2 Q=
and also,
e x) = x* I BG) =227 @+ x8 Lyt xlé)

In the detection cycle, both [gl(x)]l and [gl(x)]a are 4-channel
analogy GF dividers. The advancing of their states is shown in
Table 6.1l. DNote that the states .,r'msn.tlon during the comparison cycle
is also included, After all input bits are fed into the decoder, the
remainder in [gl(x)] and [gl(x)] are r; (x) and r, (x) respectively.
Here rq (x) £ 0 and r, (x) # O because of the erroneous input data block.
Next, the comparison cycle starts by fixing the content of the l-_gl(X)]l
and switching the [gl(x)} o to its serial mode as shown in Figure 6ol
It can be seen from the comparison cycle of the Table 6.1 that after one
time of serial feedback shift in [gl(x)] , its content matches exactly
that of the [gi(x)] , and thus j=1 'is determined.

The result can be checked mathematically. Since j=1, we have

e (x) = x (l+x8+x12+xl6)=x4+xl2+x16+x20

Then by long division, we have

le - xl7 + x13 + x5 = (xl3 + xlo + x9 + x8 + x7 +x2)-.(x'8 +:§ + 30 + x+1)
e(x) + (x3+x2‘)url(x)

x20+x16+x12+x = (x12+x9+x8+x7‘+x6+x) p (x8+x5-x-x3

e (x)—

+x + 1)

) +r, (x)
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By comparing the above two equations, we have
rl(x) = rz(x) - mod gl(x)

as it should Be.

The actual error correction is then performed in the retransmission
cycle. A bit in the 4th channel is converted whenever there is a 1 out
of the decoderis mod 2 adder in this bit pulse time,

6.5 Reverse transmission and recivrocal polynomial

If the data in reverse transmission (process backward) is desired,
then the gl(x) is best chosen to be a reciprocal polynomial. In this
way, the code will preserve the same capability in error detection and
error correction and hardware implementation. The following |
Theorem 6.2 was previously proven by Hsieh and the &u‘tmr.[lﬁ?"J

Theorem 6.2 Define the reciprocal polynomial f£*(x) of any polynomial

f(x) to be £*(x) =,xm f(%&, where m is the degree of f(x), then

1. The polynomial £*(x) is irreducible if and only if f(x) is

2. If £f(x) is irreducible, f(x) and £*(x) belong to the same
exponent. Therefore, f*(x) is primitive if and only if
f(x) is also.

Proof: See Hsieh and Hsiao.[L!“?'J Note that this theorem is a home=-
work problem in Péterson. [3]

The following Theorem 6.3 states why a reciprocal polynomial is
needed for reverse processing,
Theorem 6,3 In the 'single channel error correction in a multi-channel
transmission system," A 2-DVL code will have the same error detection and
correction capability and the same amount of hardware implementation in

reverse process provided that the chosen glﬁx) is a reciprocal polynomial.

Proof:

Flx) = vix) « x* +rx) =qx) . gl(x)
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If the process is to be reversed, then we shall have F (x) instead of
F(x), i.e.,

(%) = (v(x) . x5 r(x)) * = (q(x) . gl(x))*
By the definition of the reciprccal polynomial,

% qQ%) . gl(fﬁ = 3

i}

(q(x) g]_(x))* 3 q(%) « x° 31(312)

q*(x) . g;(x) _ (6.9)
Therefore, if g;(x) is a reciprocal polynomial,
E
gl(x) = gl(x)
then,

F'(x) = q (x) + g &) (6.10)

Equation (6.10) implies that the reverse prscess will preserve the same
error detecting or correcting ability as that of the forward process in
the system since tﬁe generator polynomial is the same. Furthermore, the
hardware implementation of the syséem following the discussions given in
previous sections is solely dependent on gl(x). Therefore, the amount
of hardware used will be theoretically the same, Note also that g,(x)

= 1 + X operates on columns and hence 1s independent of the process
direction.

6.6 Comments on Brown and Sellers' scheme

D, T, Brown and F, F, Sellers of IBM invented & system and called
it the cyclic redundancy check (CRC) which is used in the IBM 360/2400
tape series.[AB]Their scheme is able to correct all errors in any one of
the nine chamnels within a block. Their code has nine check bits to
‘form a check character at the end of each block., Among the nine channels,

one channel is the parity bit chennel because every character (column),has
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a parity bit. Error correction is then done by identifying the erroneous

channel and retransmitting the whole block,
The generator polynomial of their code is

glx) =1 + % + xLP * x6 + %7

the circuit implementation of the above equation is shown in Figure 6,12,

r
-
> “q At
b ’{Ez: x>
]
Y
)
¢ —F—7
\lf j
Figure 6.12

Though the circuit of Figure 6.12 has the parallel form, it is essentially
a serial circuit because it is constructed according to the matrix T
instead of Tf. More specifically, its characterizing matrix equation is

of the following form,
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S =8 T+0, @
where (01000000 ) (00000001 )
00100000 00000010
00010000 00000100
00001000 00001000
T = | 00000100 G = | 00010000
00000010 00100000
00000001 01000000
10011110 | | 10000000 |

The circuit thus constructed has to meke the number of channels equal
to the degree of the generator polynomial. This restriction limits the
error detection capability, hence the error correcting capability of the
system, The generalized result given in this chapter based on a formal
theory of parallel LISR removes the above restriction., Furthermore, the
code used in thié chapter is the cyclic code; not as the modified cyclic
code used by Brown and Sellers, This implies that the error detecting

ability can be evaluated based on the existing result of the cyclic code.[u{]



CHAPTER 7
PARALLEL GENERATIQN OF PN SEQUENCES

7.1 Generating PN sequences in parallel

Classic methods of generating PN sequences by a r-stage LFSR are
done in the serial form, i.e., one bit at a time. Detailed study on the
existing result may be referred to the books by Golomb,llB]Golombjl4]
Kautz,[lz]and Peterson.lz] However, there is at least one report on
generating PN sequences in parallel by using combinational network.W5]

In general, a PN sequence generated completely in parallel needs a
shift-register of 2r_1 stages., The number of shifts required in the worst-
case is 2*-2. In this chapter, a new method is found for generating PN
sequences of length Zr-l by a r-stage LFSR in a speed r times faster than

the existing method and implementation hardware is increased only

fractionally.

Definition 7.1l: A PN sequence is defined to be a maximum-length linear

recurring sequence modulo 2. This is, {ak} is a PN sequence if and only

if it is a binary sequence which satisfies a linear recurrence

15
ak-

= E;l 8; a1 mod 2 (7.1)

and has period 2°~1, The number r is referred to as the degree of the EN
sequence {ak}. The polynomial
z . (7.2)
g(X) =1 + San gi X 7e
k :
is called the characteristic polynomial of the sequence {a"}of Equation

3 [13]
(7.1). The above definition is adapted from Golomb. 2

Usually, there are two ways of generating a PN sequence by using

LFSR serially. That is, the chosen polynomial g(x) of degree r must be

primitive which can be implemented in two ways, as a serial GF divider or

as a serial SRSG, However, only the later case is directly transformable

89
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to its r-channel analogy circuiﬁ that will achieve a speed of generating
the same PN sequence r times faster. The synthesis technique is
simple because it is the autonomous case and only Equation (2.2.¢) is
needed, The result is now stated in Theorem 7.1,

Theorem 7.1: ILet T be the companion matrix of a primitive polynomial
g(x) of degree r implemented as a SRSG, then the circuit im?lemented
according to the connection matrix T will produce the same PN sequences
of length 2%-1 in & speed r times faster than the circuit implemented
according to T,provided that r and 2%-1 are relative prinme,

Proof: The proof is divided into three parts,

1. Since the SRSG is implemented according to T and is autonomous,
then

t+1 - | _ (7.3)

Equation (7.3) is exactly & r-channel analogy SRSG under the
conditions that r=f and U _=0., Therefore, it will produce
the same output sequences as that of the serial SRSG,

2. In the parallel SRSG, the output sequence is produced r-bits
a pulse time, This can be achieved by fetching out the
content of each state which is r-=bits, To show that this is
true, the general circuit of a serial SRSG as shown in
Figure 7.1 is needed.

Figure 7.1 The Serial SRSG Characterized By g(x)
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The outputs at time i, i+l,..., i + (r-l) are as follows.

4,0 _ .0
by = x; .
° . =x° . =t
idl T R TN
: | ﬁ (7.4)
(o] _ 0 i i N el
bi+I-l—xi“‘r-l = J{i+r-2 = eee = xi )

Equation (7.%) implies that the r consecutive outputs of the SRSG are

o 1 r=1
the contents of Kis Xygeeey X5 . In a r-chamnnel analogy SRSG, the

state transition from Si-l to Si makes the content of the circuit changed

as follows.

1,

> r O] -

i’clo,
1e€ey

) 0 )

S. ; —-)S. 5 . eoe - -
3015 =2y e By e ’Fi-l) &gy Xgyg0eees

XO
i+r-J.

Therefore, all r output bits are obtained once from each state content of
the r—channel analogy SRSG circuit.

3. The reason for integers r and 2l being relative prime is to

" assure that the r-channel analogy SRSG has the same period
of 2r-1l, This result is stated in Chapter 4, If the period
of the T circuit is less than 2%¥-1, then it will not be
able to generate all possible PN sequences. The first
positive integer r for which r and 2%.1 are not relative
prime is r=6., Other values of r can be easily found,

Note that in the above proof, no specific property of a FN
sequence is used, Therefore, the theorem can be read more generally
as follows, "A r-~channel analogy SRSG will produce the same sequences
as its original serial SRSG in a speed r times faster provided that

r and the period of the serial SRSG are relative prime.M

As stated before, a r-channel analogy GF divider camnot be used
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directly to generate the same PN sequences r times faster than its
original serial GF divider. The reason is that the second part of the
proof of Theorem 7.1 does not hold any more.

7.2 A detail example

Examgle .13 Given g(x) =1 + X + xq, find a éircuit that generates
all PN seQuences Lotimes faster than the serial implementation of
glx).

Solution: The serial SRSG is shown in Figure 7.2.

o output

x' X
&
: A : 4
Figure 7.2 SRSG for glx) =1 +x +x
The succession of states with the initial state 0001 is listed in

Table 7.1 and the output sequences is a PN sequence of the following

form.

0001 0011 0101 1110 0010 0110 ...
L— PN1—>I

By examining the above sequence 4-bit a time, it is noted that they
are equivalent to the state transition Ehf—vEEr—>S9——»SlB eee With
the stages of the SRSG labelled as follows.

=° xl x2 x3 x° xl x2 x3

0 0 0 X 00 1 La«ve

The above analysis provides more insight to the problem, The 4=

channel analogy SRSG is then constructed.



Table 7.1

States Transition of the Serial SRSG

state
t x3 x2 xl x° output = x°
i} S, 16 0 0 0
2 32 6 1 O O 0
3 Sy 0 010 0
4 84 30010 1
5 S5 1 1 0 © 0
6 36 0 R R ¢ 0
7 S7 L0 1
8 38 0 1 0 1 il
9 39 I 0-1°0 0
10 S:LO NI S 1
11 S11 1 1 1°0 0
12 312 5 S P . )
4 813 O N 1
14 314 G 0 1wl i
15 315 o 00 I 1
16 Sl6 1 0 0 0O 0
1100
I 0110
T' = |0011

1101

93



The circuit is now shown in Figure 7.3,

R

e s

T

X3

:-bo

Figure 7.3 An Autonomous 4~Channel Analogy SRSG

ok

Actually, as stated in Theorem 7.1, the circuit of Figure 7.3 will

be able to generate all PN sequences in a speed 4~times faster than the

circuit of Figure 7.2.

However, for analysis purpose, a state transi-

tion table of the circuit of Figure 7.3 is given in Teble 7.2,

Table 7.2 State Transition of the Circuit of Figure 7.3

& x3 x2 xl x° Outpﬁt = x3 x2 xl x°
i1 Sl 2k 6 0 O 1 0 0 0O
2 S2 AL (6] 0] i I 0 0
3 Sy 1010 (0% e (0
& S & s Fh [ s} S ot
5 S5 6l 1L @ 0 .
6 S6 ORI O .
7 S, g B 1 9T .
8 S8 O 0 1 1
5 89 0 @10
10 SlO 1 @ 1 I
11 Sll IR AR 0
12 312 0l 0. O L
1% S13 L0 00
14 Sy, g 1 0 1

"15 S5 s T bl
16 Sl6 120N 00
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In Table 7.2, the whole PN sequence is obtained within 4 shifting

clock-time., Next, it is interesting to show that any PN sequence
can be generated within 4 shifting clock-time. The result is

compiled as follows.

Table 7.3
All possible PN sequences States transition of
of length 15 the T# circuit
1 0001 0011 0101 11l Sl_’sa_"S;"Sq
2 1000 1001 1010 111 512»313—»314—»315
3 1100 0100 1101 011 % 58"39 —S5,5>8,,
4 1110 0010 0110 101 ; 8, —> 85— 8¢ —>5,
5 1111 0001 001l 010 : 315->sl—>s2_>53
6 0111 1000 1001 101 8,785 313—> S
7 1011 1100 0100 110 | S, 785 >85—>5
8 0101 1110 0010 011 ‘ 83-—>S}+—>55—>86 :
9 1010 1111 0001 001 514—»515—> 8,5,
10 1101 0111 1000 100 8,575,755 513
11 0110 1011 1100 010 : Sg—>8,~> Sg—>5,
12 0011 0101 1110 001 8,5, —8,—>5;
13 1001 1010 1111 000 81572878, 5>8,
14 0100 1101 0111 100 s9——> 8167517515
15 0010 0110 1011 110 Bo = b EEEg

7.3 DBasic theorems on the structure of the parallel PN sequences

The parallel PN sequences generated by the method of
Section 7.1 have some interesting algebraic properties same as the

serial PN sequences.



Definition 7.2: A r-chammel block sequence of length n = cr + Zy

(¢, z are positive integers and O =z <r) is defined as a binary twow

« s J ; . <
dimensional segquence 2 where the subscript designates the column
nunmber and the superscript designates the row number.

Since z is not necessary zero, the general expression of a

r-channel block sequence ¥ is as follows:
T c - 3 J
¥ =2 ¥ o0, 3 6
j=1  i=l je1 &
where the symbol "," is the concatenation. X,Y means that X is
followed by Y.

Example 7.2: The Lechannel block sequence of length 15 is expressed

=2 | ‘i : N G
e e y %3 %2 %
e R (Y
" i sy :

=] i= j=1 o0& 0% 6% o
i e L 3 2 1
G2 G2 o2 o2
L °3 %2 %
GL} O'L} O'l+

2 2 i

Definition 7.3: A r-channel block PN sequence is a r-channel block

sequence of length n = 2r~1, and the reading of 0%<3i ess O

Z

c+l 5 2
serial PN sequence. Let Yl’ Ya,..., Yar-l’ be r-channel block PN

sequences, where

¥ T (o] 5 Zoaa g
= 2 2 0y, 2 O
S
r (e} J z J
=3 3¢ o
— - * < +2
el el S
3 i c Z s
Ypr. = 2 5 51 s od.r
- > » +2
SE RN e s
g r C g Z 1
: - 2 J J A1l O block)
with Yo N %Ll Oi ’ ;— Oc+1 (

J

=1



97

and then the following theorem is true,

Theorem 7.2: The r-channel block PN sequences '-Pl, Lf’a,..., y ST plus ‘Po
form an Abelian group with respect to the operation of termwise addition
mocdulo 2 provided that r and 2"-1 are relative prime,

Here the word termwise addition modulo 2 means that if

1 1 1 1 1 1
Ggﬂ.fc"‘€l Pcﬂ.Pc"‘pl
then z T r A e i
0-c+1 O-C G‘l pm pc F 1
il al; 3 i Al 1
(Gc+1 o Pc+l)(°~c +10:<L>) i (Gl +181)
i+ B ‘ : :

(@F,1 *+Pas)(og +pO) (@ +f7)

Proof: The proof is divided into two parts, the first part is necessary
for the second part of the proof, The second part is essentially
the same as Golomb's proof for the serial case. (13, phS)

1. It is necessary to show that ¥, Poreons ’-,Uar_l, L) are unique,
ice., . A, for all i # j and 0<i, jgar<l, Phis is true
since aiy Y.“is determined by specified linear recurrence
relation R from its first bits, i.e.,, the first column of /..
However, the first column of Y. is exactly the content of
the state S; of the r-channel %.nalogy SRSG., It has been shown
in Chapter 4, that the period of the r-channel analogy SRSG
is equal to 2¥~1 provided that r and 2T-1 are relative prime.
Under this condition, all 2F¥-1 states S., SZ""’ Sar are
nonzero and distinct, The addition of he State containing
all zero makes all 2T possible states. Therefore, qll, 11112,...,
Yor 4 and 1) are unique,

2. This part of the proof follows directly from Golomb. LE] For
any i we have Y + y = sUi and Yo + 4 =4/, Thus Y is the
O element of the@ group, aid every . Is itS own inverse. Let
R be the linear relation satisfied %y all L}Ji(i=1,..., 2r-1),
then it is also satisfied by ¢ . Clearly ¢. + Lﬂj is also
satisfied by R since R is linear., Thus . . is
determined by R from its first r terms, ﬁny pg_ttern of this
r term still belongs to one of the 2T states. Therefore,

!Pi + lFJ =‘7Uk. (7.6)

for some k which implies that the closure property is also
satisfied., The associative and commutat;ve law are clearly

satisfied.
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The result of Equation (7.6) implies that the rechannel block BN

sequence also hag the "shift-and-add" or "cycle-and-add" property.

Corollary 7.1: Theorem 7.2 can be modified for the case that the

length n £ 2r-l, and n > r.
Proof:

M Ifr<n< 2r-1, then the corollary is obviously satisfied
since the linear recurrence relation R holds for all bits
in the block PN sequence of length r < n < 2%.l, However,
if n=r, it is then simply the initial state.

(2. If n >2%-1, say n = (2°-1) + d where 4 is a positive integer
and less than 2¥~1 as shown in Figure 7.4,

= = 2= -
< Py,
» 7
. PN, .
= 2 -1 Ee—id —]
Figure 7.4

then the recurrence relation R satisfies PNy and PN
definition., Moreover, R also satisfies d from %herefore,
R satisfies the concatenation of PN . & which has length n.
The case of d=1 mekes n=2% which implies that the block
sequence is of rectangular form,
‘The next one of the theorems from Golomb is given here, which
is neéeded to prove our next theorem,
2 5ty - ' gk
Theorem 7.3: [Golomb 13] If {a"} is a PN sequence, then {a®}

! 19
equals iaﬁ} except for a phase shift, when g¢=1, 2, H. Biesey 2 »Le
Theorem 7.4: The sequences of length 252 generated from any
xt (i = 0y 1yee0, r=l) position of a r-channel analogy SRSG in

: i
consecutive shifting times are also PN sequences provided that r=2
: : > .

(i 21, a positive integer) and is relative prime to 2°~1, That is,

we have the following sequence form, PN sequences in & row and

block PN sequences.
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block
PN Sequences

Proof: In the case of serial SRSG, it is well known that the linear
recurrence relation R satisfies both the output sequence and
the sequence generated by any one stage of the SRSG relatin
the past contents of that Stage with the future contents, L11]
Therefore, & FN sequence {ac}ls generated out of that stage
of the serial SRSG, Next, the sequence generated by any one
stage of the r—channel analogv SRSG is exactly {ark}. Then
if r=21 for some i and r is relative prlme to 2¥-1, we have,
from Theorem 7.3, that the sequence {ari} generated is also
a PN sequence,.

Q.E.D,

The result of Example 7.1 is.given here to illustrate the above
stated theorems.,

Example 7.3: Referring to Teble 7.2, we have the following block PN

sequences and row PN sequences shown in Figure 7.5.

[\V)

X

3

X

Figure 7.5

The block PN sequence‘?l,lﬁ3,1#9 and %iE are as indicated. The

figure shows four row PN sequences. Other P15 can be labelled
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accordingly. Note that the block PN sequences satisfy Theorems 7,2
and Corollary 7.1. The row PN sequences are a direct implication
of Theorem 7.4 since here r=k and it is relative prime to 15. The
shift-and-add property of the block PN sequences can be easily

checked, e.8.,

Equation (7.7) still holds for n=16.

7.4 Correlation and orthogonality of the block sequence

In this section, the 2-dimensional autocorrelation function is
defined, It is similar to conventional definition of 2~level auto=
correlation in the one-dimensional case, i.e., the serial case.ELﬂ EUﬂ

In order to define the correlation function, the binary symbols O

and 1 hawveto be changed to 1 and -1 respecéively, i.e.
0—1, 1l— 1

Definition 7.4: The cross~correlation f;y of two equal length n

rechannel block sequences X and Y is given by

I |
fxy = ;1- Z (X p.d Y) . (7.8)

, n
where the symbol 7 (X x Y) means that X is multiplied by Y in a
termvise senge and then an arithmetic sum of all n termwise products
is taken.

Example 7.4: ILet X and Y be two 3x3 blocks where

100 001
£= 310 I= 3701
011 , 110

then using the rules of O0—1 and 1—+ -1, we have

ot 1
fxy = '9‘ (-6+3> = -':.'5"

Definition 7.5: The autocorrelation function.j;‘(t) of a block sequence
51
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‘Pi by shifting t columns is given by

. n
1
.fwi(t) == 5 (‘ﬂ_ X17Ui+t) (7.9)
Exemple 7,5: Using the Y| of Figure 7.5, we have

i A e ] LP].

and then £, (0) ='1'and §), (1) = - L_ which are the same as the serial
i

45
il
case, The autocorrelation function JOLP (t) may be calculated from the

23] [s] =

conventional form

§, (t) = #of disagreement - # of agreement
Llui = # of disagreement + # of agreement

(7.10)

Definition 7.6: Two block sequences X and Y are said to be orthogonal
: n
if their termwise product sum is equal to zero, i.e., 2, (X x ¥) = 0.

Example 7.6: The following block sequences Wy, lPa and LPB are

orthogonal. )
w s M

NOo (o1l O] O[O

101 1] 0|0

ii31% O} L] O

0 {010 X!l

The orthogonality can be easily verified.
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PROPOSED FUTURE RESEARCH

Future research on the subject of parallel feedback shift
register can be divided into the following areas:
1). Parallel nonlinear feedback shift registers
‘i), General synthesis techniques£ References for the
serial case are [13], [6], [4], [5] ana [46].
ii)., TFinite-state machine model and equivélent machines:
References for the serial case are [13] and [17].
iii). Periods and the generating function of a parallel
nonlinear feedback shift register: References for
the serial case are [13], [4] ana [47].
iv), Practical applications: Sequences generator, sequene-
tial machine design and other information processing
‘ units., References for the serial case are [13] and
[14 1,

2). Parallel LFSR

a), TFinite-state machine model
i). Regular expression: The serial case has been

Wofked by Brzozowski &8]. However, the problem
for the parallel case is still unsolved. Its
basic problem is due to the large number of
input and output symbols,

ii)., Identification problem: Given different input
block sequences, how can a parallel LFSR be

identified? The nature of the problem in the

serial case may be referred to p.1l77 of [zl
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Minimum machine: Method of finding a minimum machine

is still unknown,.

b). Applications

1),

di).

314 )e

iv).

V)o

Generation of parallel PN sequences of length other than
5t _q [13] B

Pattern recognition: The parallel nature of the

parallel LFSR will be more suitable for dealing with the
two~-dimensional pattern recognition problem.

Data compression: Reference of using serial LFSR for

data compression may be referred to Freiman and Chien.[hg]
The nature of the general problem is in [50].

Decoding error correcting codes: Problems such as using
parallel LFSR to implement BCH decoder are based on the
Peterson-Chien algorithm[B][39]and the‘algorithm
suggested by Massey. The investigation of the possibility
of implementing cyciic punctuate code£5l] should be also
studied.,

Radar range acqgisition: The interwoven of block PN
sequence and row PN sequence ﬁay suggest a new way of
acquiring radar range very fast. References for the

serial case are [52] [t4] and [53];



APPENDIX 1,A.

Tebles of elements of GF(2f), f=2, 3, 4, 5, 6

1+ x + x2

1. f=2, gx)
¢ 00 (¢ is the zero element)

2.
Q= i=

, 10 (& is & primitive root of g(x))

01
11

O

2. gx) =1 +x +x

)
il
W

-

©

000

R
e
-~
e
]

100
010
001
110
o1l
111
101

AU FWN O

3. f=l, g(x) =1 +x + x4

0000
1000
0100
0010
0001
1100
0110
0011
1101
1010
0101
1110
0111
bt
1011
1001

OV RN FWG L o o

el el =
FWN O
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b, - f=5, g(x)\:ll +x2 + X

¢

O O~ OWit WO

SN e RS ool Yl
O o~ W £ IV - OO 0o~ v\l W IV O

W
(@]

00000

10000
01000
00100
00010
00001
10100
01010
00101
10110
01011
10001
11100
01110
00111
10111
2l ki
11011
11001
11000
01100
00110
00011
10101
113110
01111
10011
11101
11010
01101
10010
01001

5
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1
a5

f=6, g(x) =1 +x + x6

¢

O CO~J W\ WiV O

000000

100000
010000
001000
00100
000010
000001
110000
011000
001100
000110
000011
110001
101000

010100 -

001010
000101
110010
011001
111100
011110
001111
110111
101011
100101
100010
010001
111000
011100
001110
000111

110011
101001
100100
010010

- 001001

110100
011010
001101
110110
011011
111101
101110
010111
111011
101101
100110
010011
111001
101100
010110
001011
110101
101010
010101
111010
011101

1111110

011111
ki
101111
100111
100011
100001

106



1.

g(x)
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APPENDIX 1,B,

Miscellaneous tables for calculating T_.F

7

= x8 +x + x6 + xh + 1, Period = 15

EP—'I—’\OOO'\‘]O\\J'I-P‘\)JNH'OH-
O

1= =
=W

10000000
01000000
00100000
00010000
00001000
00000100
00000010
00000001
10001011
11001110
01100111
10111000
01011100
00101110
00010111

glx)

10000000
7

=x + x6 + x4 +1, Period =15

= \O C0~J Y\l =W v = O

1000000
0100000
0010000
0001000
0000100
0000010
0000001
1000101
3100111
1110110
0111011
1011000
0101100
0010110
0001011

1000000



a

3.

%

g(x)=1’+x+x2+xl++x6,

i=

O oo~ 0t W= o

10

100000
010000
001000
000100
000010
000001
111010
011101

110100

011010
00110L
111100
011110
001111
111101

. 100100

010010
001001
111110
011111
110101

Period = 21
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