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Positron emission tomography (PET) is a medical imaging modality that enables

physicians and researchers to study biochemical process within the human body and

small animals. In PET, a subject is administered a radiopharmaceutical that is

absorbed preferentially by the region-of-interest (e.g., brain). Due to the radiophar-

maceutical and certain interactions at the cellular level, photon pairs are emitted in

all directions and the number of photon pairs emitted from a region is proportional

to the metabolic rate of the region. PET scanners are designed to detect and count

the photon pairs. From this photon count data, images are reconstructed whereby

the value of a pixel is proportional to the metabolic rate of the region associated with

the pixel. The reconstructed images provide valuable information to help physicians

detect abnormalities, such as tumors, which have extremely high metabolic rates.

There are many sources of error in PET that must be addressed in order to obtain

accurate images. The focus of this research is the problem of detector inefficiency.

Due to inherent detector non-uniformity, detector efficiencies are less than 100%. To

obtain more precise emission images, the photon count data must be corrected to

account for the effect of detector inefficiency.

vi



We introduce a maximum-likelihood method for estimating detector efficiencies

in PET. First, we develop three Poisson models for blank scan data obtained from

rotating rod sources. Then, for each model, we estimate the detector efficiencies

using expectation-maximization algorithms, where the maximization step is solved

using two optimization algorithms. As desired, the resulting algorithms have the

property that the log-likelihood function is non-decreasing as the iteration number

increases. For each data model, one of the proposed algorithms guarantees that the

efficiency estimates always lie in the interval [0, 1]. Although the second algorithm

for each data model does not have this property, in all of the experiments performed

it produced efficiency estimates that were between zero and one. Simulation studies

using synthetic data demonstrate that, based on various comparison criteria, the

proposed estimation algorithms outperform two alternative approaches. Additionally,

simulation studies using real data show that the third Poisson model leads to much

better reconstructed emission images than the first two models.
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CHAPTER 1

INTRODUCTION

Medical imaging modalities are widely used to obtain anatomical and biochemi-

cal information about the human body. For example, X-ray computed tomography

and magnetic resonance imaging are used to acquire detailed images of the anatomical

structure of a region of interest (ROI) (e.g., brain, heart, thorax). In many situations,

however, it is more important to obtain functional information than anatomical infor-

mation [1]. For instance, the knowledge of blood flow rates, oxygen utilization rates,

and glucose utilization rates of brain or heart might be imperative for diagnosing

certain diseases.

Biochemical and functional information can be obtained via a class of imaging

techniques known as nuclear medicine imaging. Among the techniques within nu-

clear medicine imaging are planar imaging [2,3], single-photon emission computed

tomography (SPECT) [4-6], and positron emission tomography (PET) [7].

Planar imaging suffers from relatively low availability of radiopharmaceuticals,

poor sensitivity of cameras, and, most importantly, the so-called projection problem.

The projection problem refers to situations where the ROI might be obscured due to

activity in front of or behind the ROI. Moreover, photons originating from the ROI

might be attenuated due to overlying tissue.

Although SPECT overcomes the projection problem and provides more sensitivity

than planar imaging, it still has insufficient sensitivity and quantitative accuracy for

certain applications. Furthermore, SPECT uses radiopharmaceuticals that incorpo-

rate long half-life radionuclides, such as
123

I and 201 TI. Because of the long half-lives

1
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(ranging from hours to several days) of the radionuclides, patients are malignantly

exposed to radioactivity for a long period of time.

PET avoids those afore-mentioned shortcomings and provides better images in the

sense of efficiency, sensitivity and accuracy. In addition, positron-emitting isotopes of

carbon, oxygen, nitrogen and fluorine can be readily incorporated into many useful

radiopharmaceuticals because these compounds are naturally used by the body [8].

However, because radionuclides incorporated into radiopharmaceuticals for PET have

short half-lives (2 minutes, 10 minutes, 20 minutes, and 110 minutes for
11 C, lsO, 13N

and 18F, respectively), on-site cyclotrons are needed to produce radionuclides. The

high cost and high complexity of cyclotrons have prevented PET from dominating

the field of nuclear medical imaging. Even so, PET still has a wide range of use in

clinical and research applications due to its advantages over other modalities.

There are a number of error sources in PET, such as attenuation, accidental

coincidences, and detector inefficiency. In this dissertation, we address the problem

of detector inefficiency and propose algorithms, based on the maximum likelihood

estimation principle, that estimate detector efficiencies.

1.1 Overview of PET

A PET study begins with the injection or inhalation of a radiopharmaceutical

by a subject. A radiopharmaceutical is a substance that is labeled with a positron-

emitting isotope. The radiopharmaceutical is transported to and absorbed by the

ROI. When the isotope decays, it emits positrons, which travel a short distance

(on the order of tenth of millimeter) before annihilating with electrons. The areas

with a high concentration of the radiopharmaceutical emit more positrons than the

areas of low concentration. The annihilation of a positron with a nearby electron

produces two high-energy (511 keV) photons that move away from each other in nearly

opposite directions. The position where the annihilation takes place is unknown and
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the photons’ line of flight is omni-directional and completely random. If these two

photons, after traveling through the subject, are detected by a pair of detectors on

a detector ring surrounding the ROI within a small timing window r (~ 10ns), a

coincidence is recorded by that detector pair or tube (a detector pair is also referred

to as a tube.) The observed emission data are the collection of the counts (i.e.,

total number of coincidences) recorded by each detector tube. An illustration of the

scanning process is provided in Fig. 1.1, which shows a cross-section of the scanner.

Figure 1.1: Annihilation of a positron with a nearby electron produces a pair of

photons that propagate in nearly opposite directions.

The number of photons emitted from a region is proportional to the concentration

of radiopharmaceutical in the region. Moreover, the concentration of the radiophar-

maceutical in the region is proportional to the metabolic rate of the region. Using

the emission data, reconstruction algorithms create images, called emission images
,

where the value of a pixel is proportional to the concentration of the radiopharma-
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ceutical in the region associated with the pixel. Thus, emission images can be used

to assess biochemical processes.

1.2 Basic Physics of PET

The cylindrical rings of detectors surrounding the ROI typically have a diameter of

80-100 cm and an axial extent of 10-20 cm. The detectors are shielded from outside the

field of view (or ROI) by relatively thick, lead end-shields. Most scanners can switch

between two operating modes. In the first mode, known as slice-collimated mode

or 2-dimensional (2D) mode, axial collimation is provided by thin annular rings of

tungsten called septa, and only direct plane sinograms involving coincidences between

detectors on the same ring are recorded. In practice, the situation may be more

complicated in that, in order to improve statistics, direct and cross plane sinograms

can be combined in different ways [9]. The other mode is fully three-dimensional (3D)

mode where septa are retracted and cross plane sinograms of coincidences between

detectors on different rings are also recorded [7].

Detectors are critical components of a PET scanner [7]. Each detector ring usually

contains several hundred detector modules, where each module consists of an array

of crystals coupled to several photomultiplier tubes. When a photon interacts with a

crystal, electrons are moved from the valence band to the conduction band. Then, the

electrons return to the valence band at impurities in the crystal. This process causes

numerous light photons to be emitted. A photomultiplier tube collects light photons

and converts them into electrical signals, which are decoded so as to determine which

detector module was actually hit by a photon. The material bismuth-germanate is

widely used as the crystal because of its high attenuation density, high light output

(2500 light photons per 511 keV photon), fast rise time, and short decay time (300

ns). Crystals with high attenuation densities are desirable because the probability of

a photon interaction is very high. Moreover, a high light output improves positioning
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accuracy, while a fast rise time is helpful for accurate timing, and a short decay time

enables the scanner to handle high counting rates.

1.3 Errors in PET

There are two major categories of physical effects in PET: (1) effects due to the

positron annihilation process and propagation of photons through the body, such as

positron range, attenuation, Compton scatter, and accidental coincidences, and (2)

effects that result from the interactions of photons with detectors, such as detector

efficiency and dead-time [7].

1.3.1 Non-Collinearity

As mentioned previously, an emitted positron interacts with an electron as it trav-

els through the body. Each interaction requires certain energy. When the momentum

of the positron’s energy is nearly zero, annihilation occurs and two annihilation pho-

tons are produced each with an energy of 511 keV. The photon pair flies off along

nearly collinear paths, where the degree of non-collinearity depends on the energy left

in the positron [7]. The energy of the positron after annihilation varies widely among

isotopes. The divergence from collinearity is on the order of a degree or less. So it is

usually ignored.

1.3.2 Positron Range

The distance the positron travels before annihilation is termed positron range.

Typically, the positron range is about 3-5 pm [7]. Since the resolution of reconstructed

PET images is over 5 mm for most commercial scanners, the error introduced by

positron range is not a serious problem. However, for high resolution experimental

scanners, this becomes the fundamental limitation of PET.
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1.3.3 Attenuation

Two interactions that may cause a photon pair to go undetected are photoelectric

absorption and Compton scattering. For 511 keV photons, the incidence of photo-

electric absorption is very low and can be ignored in most cases [7]. A Compton

scatter happens when a photon interacts with an outer shell electron. In this case,

the photon is deflected from its path. Consequently, the counts of the tube corre-

sponding to the original path of a photon pair does not increase when one or both of

the photons undergo Compton scattering. The total effect of photoelectric absorption

and Compton scatter is called attenuation and undetected annihilations are termed

scattered events.

1.3.4 Accidental Coincidences

If two photons resulting from different annihilations are detected within the co-

incidence timing window, they will be incorrectly interpreted as a coincidence event.

Such events are called accidental coincidences or randoms, as true coincidences or

trues.

The rate of accidental coincidences is related to the concentration of the radionu-

clide in the ROI. A common correction strategy is to subtract an estimate of the

randoms by using an estimate of the single events or delayed coincidence circuitry [10].

1.3.5 Scatter

Suppose one or both photons of a photon pair undergo Compton scattering. If the

photons remain in the detector plane and are detected, then the annihilation event is

recorded by the wrong tube. In other words, since the photons’ path is not collinear,

the event is mis-positioned and additive noise results. However, due to the energy

loss caused by the scattering process, scattered photons can be distinguished from
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unscattered photons to a limited degree by setting a threshold such that photons with

sufficiently low energy, which correspond to scattered photons, are ignored.

1.3.6 Detector Deadtime

The time required to process a single photon event limits the counting rate of a

PET scanner [11]. Event processing begins with the rising edge of the pulse for the

first detector involved. The pulse is integrated for some time interval, after which

position calculations and energy discriminations are performed. The detectors are

“dead” to new photon events during this time. Since the number of randoms increase

as the square of the activity in the field of view [7], the number of detected counts

may decrease as the flux of incident photons increases. This effect is accounted for

in two ways. First, it becomes a dominant limitation on the injected dose. Second, a

scale factor is used to correct data for the deadtime.

1.3.7 Detector Inefficiency

The efficiency of a detector pair is the probability that an incident photon pair

is detected by the detector pair. Due to inherent detector non-uniformities, detector

efficiencies are not equal and less than 100% [12, 13]. The efficiency of current PET

detectors depends on a number of geometric and non-geometric factors. The non-

geometric factors include fluctuations in photomultiplier tube gains and variations of

crystal characteristics [7]. Geometric factors include the angles subtended by detec-

tors and the angles of incidence of photons. The angle subtended by a detector pair

depends only on the perpendicular distance from the origin, and the angle subtended

by the detector pair affects the angles of incidence of photons. And the length of

intersection of a detector and the path of a photon depends on the angle of incidence

of the photon. If the intersection length is larger, the probability that the photon is

detected by the detector is higher.
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1.4 Mathematical Model for PET

Since the data in PET follow from a counting process, it is assumed that the

emission process is a spatial Poisson process. In 1982, Shepp and Vardi [14] proposed

a Poisson model for PET that has been widely accepted as a valid mathematical

model for the PET process. However, their model was based on the assumption that

the data are error-free except for Poisson noise. In the following, the basic model

for PET emission data is first introduced. Because this dissertation focuses on how

to correct (or normalize) emission data for variations in detector efficiency, the basic

data model is then modified to take into account the effect of detector inefficiency.

1.4.1 Poisson Model for Emission Scan Data

The ROI is divided into a grid of J voxels and the emission intensity is assumed

to be constant over each voxel. Assuming the data are free of errors, the emission

datum recorded by detector pair
(
k,l

)
is a realization of a random variable Yki'.

Yki ~ Poisson ([P*]fci), A: = 1,2, ...,/, I e fan*,

where

J

[f*]H=EVj. (1.1)

3=1

and where I is the number of detectors on a ring and the set fan* is the set of detectors

that are paired with detector k (see Fig. 1.2). In addition, PklJ is the probability

that a photon pair emitted from voxel j is incident on detector pair (k,l), x
3

is the

mean number of photon pairs emitted from voxel j ,
and x = [x\, x2 > . .

. ,
xj]

T
is the

emission intensity vector.
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Figure 1.2: Definition of fan*;.

1.4.2 Modified PET Model for Emission Scan Data

Again, the efficiency of a detector pair is the probability that an incident photon

pair is detected by the detector pair. Let be the efficiency of detector pair (k,l).

Having a detector pair that is not 100% efficient is mathematically equivalent to

thinning [15] the incident photons. To see what effect the thinning has on a Poisson

random variable, we make use of the following well-known Corollary.

Corollary Let Z be a Poisson random variable with mean Z. Suppose a random

variable Y is created by thinning Z with probability p. Then, Y is Poisson with mean

pZ.

Proof:

OO

P(Y = y) = JE p
(
Y = y \Z = z)P(Z = z)

z=y

z=y
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a-2P
u ^ (i-p) z- y(zy= e y'

2/
! ^ (* ~ y)\

Using the change of variable z' = z-y, the probability P(Y = y) becomes

P{Y = V) = e
~zt ^ (1 -py\zy'+y

y ! zho

= c
-z(pZ) y

^
((i -P)zy

z’=

0

V'-

_ c
-z (P-^)

j/

c
(i-p)z

2/!

(
1 . 2

)

Thus, y is a Poisson random variable with mean pZ.

Q.E.D.

According to the above Corollary, the emission data, after thinning with probability

€m, become

Yk i ~ Poisson(ekl [Px] kl ), k = 1
,
2,...,/, I e fan

fc . (1.3)

Given the observed emission scan data y, which is a vector with elements {yu}, the

problem is to reconstruct the emission intensity vector x. Shepp and Vardi [14], the

developers of the Poisson model for emission scan data, assumed that the detectors

were 100% efficient. However, detector efficiencies must be estimated before emission

images can be reconstructed, because, in reality, they are not ideal.

1.5 Existing Methods for Estimating Detector Efficiencies

To estimate a set of detector efficiencies, a scan is taken using either rotating rods

or a uniform cylinder that contains positron emitting nuclides. The scan, which is

referred to as a blank scan (no patient in the scanner), lasts about 2-4 hours and is

usually performed once a month (see Fig. 1.3).
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Figure 1.3: Blank scan.

Numerous methods [9, 16-24] have been developed for estimating detector effi-

ciencies. Unfortunately, existing methods for estimating the detector efficiencies are

largely ad hoc and do not take into account the statistical properties of the blank scan

data. For instance, an early technique discussed in [9] was to estimate the efficiency

of a detector pair by computing the ratio of the number of photon pairs measured

by that detector pair and the average number of photon counts per tube. It has

been noted that the accuracy of this heuristic technique is limited by the statistical

accuracy of the blank scan [9]. Another technique for estimating detector efficiencies

is the well known fan-sum method by Hoffman et al. [16]. Hoffman et al. assumed

that bki ,
the number of photon pairs recorded by detector tube (k, /), is equal to

bid = fcejnjfef, k = 1, 2, . .
. ,

I, l e fan*, (1.4)
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where ek is the efficiency of the kth
detector and nk i is the unknown number of photon

pairs transmitted along detector tube (k, l). Hoffman et al. also assumed that

53 ti^ki ~ constant. (1.5)

iefan
fc

Their reason for making the assumption in (1.5) is because the summation is over a

large number of detectors and the variations would tend to average out. Under these

two assumptions, the proposed estimate for the efficiency of the kth
detector

£k — 51 (
1 - 6

)

/efan*.

is approximately equal to

h « ek • constant. (1.7)

The approximation in (1.5) is poor when there are large fluctuations in the detector

efficiencies [17] or the number of terms in the set fan* depends on k. In such instances,

the fan-sum algorithm may not provide accurate estimates for the detector efficiencies.

Also, the fan-sum algorithm does not account for the Poisson nature of the blank scan

data.

Several methods [9,16-19] have been developed based on the assumption of noise-

free (i.e., no Poisson noise) blank scan data. For example, an iterative method by

Ferreira et al. [17] is based on the assumptions that the data are noise free and every

detector views the same activity:

53 nk i = A, k = 1,2,...,/, Z 6 fan*,

iefan*.

(
1 .8

)
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Substituting (1.4) into (1.8) gives

efc
= -r k = 1,2,...,/, I e fan

fc . (1.9)

iefan*
€ '

To get an approximate solution for the above system of equations, the following

fixed-point iteration is used:

e?+1 = E % fc= 1,2,...,/, iefant , (1.10)

Jefan*.
*

where e™ is the mth estimate of e*. The constant factor 1/A is neglected because

the efficiency estimates are normalized so that their mean is one. Like the fan-sum

algorithm, Ferreira’s algorithm assumes noise-free data and relies on a key assumption

(see (1.8)) that is questionable when the number of terms in the set fan* depends on

k.

Another algorithm based on the assumption of noise-free data is the algorithm

by Defrise et al. [9]. The algorithm by Defrise et al. parallels the fan-sum method

with the exception that geometric means rather than arithmetic means of the data are

used to estimate the mean number of unobserved number of transmitted photon pairs.

Defrise et al. claimed that their algorithm produces unbiased efficiency estimates in

the sense that they converge to the real efficiencies in the ideal case where the blank

scan data are noise-free.

1.6 Outline of Research

All of the estimation methods we have discussed are sub-optimal in the sense

that they assume noise free data and do not provide ML estimates. To capture the

stochastic nature of PET data, we propose three Poisson models for blank scan data.

At first we ignore the problem of detector penetration [25-28] when developing the
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first two Poisson models for blank scan data. However, later we incorporate the effect

of detector penetration and refine our original Poisson models for blank scan data.

Motivated by the optimality properties of ML estimators [29], we maximize the

log-likelihood function associated with each Poisson model by using the expectation-

maximization (EM) algorithm [30,31]. To apply the EM algorithm, we choose the

blank scan data and unobserved number of transmitted photon pairs for each detector

tube to be the complete data. Two possibilities have been explored:

• Over-parameterized approach, where the unknowns are the efficiencies of the

detector pairs, {e*,;}, and certain emission means.

• Sufficiently-parameterized approach, where unknowns are the efficiencies of in-

dividual detectors, {ejt}, and certain emission means.

Because the over-parameterized approach does not take into consideration the as-

sumption that eki = ekCi, k = 1,2,...,/, I e fan*, the number of unknowns is

much higher than that for the sufficiently-parameterized approach. Closed form ex-

pressions for the E step and M step of the EM algorithm are derived for our first

model using the over-parameterized formulation. However, simulations show that

the over-parameterized approach has poor performance. Thus, the results for the

over-parameterized approach will not be presented in Chapter 4, which contains our

simulation results.

For each of our three proposed Poisson models for blank scan data, we use the

sufficiently-parameterized formulation and develop two algorithms for estimating de-

tector efficiencies. For each data model, a closed form expression for the E step of

the EM algorithm is derived. Unfortunately, no closed form solutions to the max-

imization problems in the M step are available. For each data model, we propose

solving the maximization problems in the M step iteratively by using a fixed-point

iteration or the method of coordinate descent. All the resulting (EM) algorithms have
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the property that the log-likelihood function increases monotonically with increasing

iteration. It is desirable that a detector efficiency estimator provides estimates that

lie in the interval [0, 1]. The coordinate descent based algorithms we propose for each

data model guarantee that the efficiency estimates always lie in the interval [0, 1].

The fixed-point iteration based algorithms for each data model do not have this prop-

erty. However, in all the experiments we performed the efficiency estimates did lie

in the interval [0, 1]. In terms of certain objective criteria, simulation studies using

synthetic data demonstrate that the proposed estimation algorithms outperform the

fan-sum and Ferreira’s algorithms. Additionally, our experiments show that emission

images based on the proposed detector efficiency estimates have smaller mean squared

error than emission images obtained using the detector efficiency estimates generated

by the fan-sum and Ferreira’s algorithms. Simulation studies using real data show

that the estimation algorithms based on the third Poisson model provide much better

reconstructed emission images.

This dissertation is organized as follows. In Chapter 2, we introduce two Poisson

data models for blank scan data and develop estimation algorithms that provide ML

estimates of the detector efficiencies. Then, in Chapter 3, we refine our data model

to incorporate the effect of detector penetration and present the corresponding ML

estimation algorithms. In Chapter 4, we discuss the results of our simulation studies.

In Chapter 5, conclusions about our research are given. Finally, we suggest some

topics for future work in Chapter 6.



CHAPTER 2

ML ESTIMATION ALGORITHMS USING A POISSON DATA MODEL

In this chapter, we first present two Poisson models for blank scan data obtained

from rotating rod sources. Then, we present ML estimation algorithms based on

these two Poisson models. The first model is based on the fact that the mean number

of photon pairs transmitted along a detector pair only depends on its perpendicular

distance from the origin, which is the center of field-of-view. The second model, which

is a modification of the first model, takes into consideration that the rods are nearly

uniform. Note, the second model has fewer unknowns than the first model.

In many scanners, the space between blocks of detectors is filled up with lead.

Throughout our research, though, we make the simplifying assumption that there is

no lead between blocks of detectors. Also, we assume the detector rings are perfectly

circular.

2.1 Poisson Model I

Before discussing the first Poisson model, we introduce some notation. Let a

denote the angle between the lines that connect the origin to detectors k and /, and

p(k, l) denote the perpendicular distance from the origin to the line defined by the

mid-points of detectors k and l (see Fig. 2.1). The detector indices k and l are

defined such that k < /, and the angle a is defined counterclockwise starting from

detector k and ending at detector l. Clearly, p(k,l) = rcos(f), where a = - k)

and r is the radius of the detector ring. Therefore, for detector pairs (ki,li) and

(fa, l2 ), p(fa, h) — p(k2 ,
l2 )

if h~ fa = l2 - fa. In addition, p(ki, h) and p(k2 ,
l2 )

will

16
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Figure 2.1: Definitions of p(k, l) and a.

be equal if (/ x - ki) + (Z2 - &2 )
equals the number of detectors on one ring. To see

this fact, consider Fig. 2.2, where detector pairs (1,114) and (50,321) of the Siemens-

CTI ECAT EXACT 921 scanner [26] are depicted (note: this scanner has / = 384

detectors per ring). Because on = g(114 - 1) and a2 = §^(321 - 50), their sum

Figure 2.2: An example to demonstrate how p(k, l
)

is related to the value of l - k.

equals ot\-\-a2 — ^(113 + 271) = 27t. Clearly Q!2 +/d = 2n as well. Therefore, a.\ = /3,

which implies p(l, 114) = p(50, 321).

For the Siemens-CTI ECAT EXACT 921 scanner, Table 2.1 illustrates the detector

pairs of the first projection and the perpendicular distance of each pair. From the
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Table 2.1: Perpendicular distances of detector pairs for the first projection of the
Siemens-CTI ECAT EXACT 921 scanner.

1st projection

member pair
(
k

,
l) l-k p(k, l)(cm)

1st (152,264) 112 dx = 25.1114

2nd (152,265) 113 d2 = 24.8428

3rd (151,265) 114 d3 = 24.5726

80th (113,304) 191 d80 = 0.3375

81st (112,304) 192 dgi = 0

82nd (112,305) 193 d8o = 0.3375

159th (73,343) 270 d3 = 24.5726

160th (73,344) 271 d2 = 24.8428

discussion above, it can be seen that the value of l — k determines the perpendicular

distance p(k,l). Taking this property into account, it can be seen that there are 81

possible perpendicular distances from the origin.

To see how the number of transmitted photon pairs is related to p(k,l), consider

a scanner with 16 detectors, where the dashed circle stands for the path of the rods

(see Fig. 2.3). It is easy to show that the arc of tube 2 is longer than the arc of

tube 1. Thus, because the rods rotate at a constant speed, the rods will stay in tube

2 for a longer time than in tube 1. Observe that p(k
,
l
)
of tube 2 is larger than p(k

, /)

of tube 1. More generally, it can be proved using a simple geometric argument that

the dwell time is proportional to the perpendicular distance from the center to the

tube. And, because the activity viewed by a detector tube is proportional to the dwell

time of the rods in that tube, it is reasonable to claim that the mean number of the

transmitted photon pairs depends only on the perpendicular distance from the origin

to the tube. For a blank scan, let B^i denote the observed number of photon pairs

detected by detector pair
(
k

, /), and N^i denote the unobserved number of transmitted

photon pairs along detector pair (k,l). Given the discussion above, we assume that
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Figure 2.3: An example to show how the number of transmitted photon pairs depends
on p(k, l).

Bkl and Nki are Poisson with means eki\{k,i) and \p(k ,i), respectively:

Nki ~ Poisson(Ap(i
i/)), A: = 1,2, I e fan*, (2.1)

Bkl ~ Poisson {ekl\p(ktl) ),
k = 1, 2, . .

.

,

I, l e fan*, (2.2)

where \p (k ,i) depends only on p(k,l). We refer to the data model described by equa-

tions (2.1) and (2.2) as Poisson Model I. To see the suitability of Poisson Model I,

we compare real blank scan data and synthetic data generated according to Poisson

Model I in Figs. 2.4 and 2.5. It can be seen from the figures that the synthetic data

bears a close resemblance to the real data.

Note, a rod passes through the same detector tube twice in each cycle. This fact

is implicitly accounted for through the parameters {Ap(* >
q}.

From Poisson Model I, it follows that

E[Bkt ]
= eklE[Nki). (2.3)
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Figure 2.4: Overlapped 192 projections of real blank scan data.

Figure 2.5: Overlapped 192 projections of synthetic blank scan data generated ac-

cording to Poisson Model I.

Hoffman’s assumption in (1.4) follows by replacing the expectations E[Bk i

]

and E[Nki

]

in (2.3) with their ML estimates bk i and nki, respectively. The statement in (2.3) is

more sound probabilistically than the assumption in (1.4) because detector efficiencies

should be interpreted as probabilities. Moreover, all we can say about Bkt and Nki is

that their means obey the relationship in (2.3).
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2.1.1 Estimation Problem Associated with Poisson Model I

For convenience, let B, N, e, and A be vectors with elements {Nki}, {e fc },

and {Ap (
fc)/)}, respectively. Also, let b be a vector with elements {&*.*}, where bk i is an

observation of Bk i
. To estimate e and A, we use the ML method:

(PI) (e,A) = argmax</»i(e, A) subject to 0 < e < 1 and A > 0, (2.4)
e,A

where
(f>i(e, A) is the log-likelihood function

*1 (e, A) = log P(B = b, e, A) = log II g ^kl^p(kyl) ( M
^

j

k=l /Gfan
fc

bkh

and 0 and 1 are /xl vectors of zeros and ones, respectively. In Appendix A, we

show that Hessian of the log-likelihood function is not negative definite. Thus, the log-

likelihood function is not concave. Given this fact, it is expected that the performance

of iterative algorithms used to solve (Pi) will depend on the initialization procedure.

Cramer-Rao Lower Bound

To compute the Cramer-Rao lower bound (CRB) for the estimators of e and A in

(PI), we need to first compute the Fisher information matrix. We prove in Appendix

B that the Fisher information matrix is non-invertible for the probability density

function associated with (Pi). Therefore, the CRB for the estimators of e and A

cannot be determined.

2.1.2 Estimation Algorithms associated with Poisson Model I

If n, an observation of N
,
was available, then the parameters e and A could be

estimated using

hi = — ,
k = 1

,
2,...,/, / € fan

fc ,nki

(2.6)
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Ad —
X/ ;

{(fc,/):p(fc,0=d}

,
d — d\, rf2 , . .

. ,
d#, (2.7)number of pairs (&, /) such that p(k, l) = d

where {dj} are the possible perpendicular distances and D is the number of possible

perpendicular distances. Given this observation, our choice for the complete data

is X — [B, N], It should be noted that an observation of N is not available.

Consequently, as part of the EM algorithm, an estimate of an observation of N will

be generated.

The E step of the EM algorithm requires the computation of the conditional

expectation of the log-likelihood function of the complete data given the incomplete

data and current estimates of e and A. Let U(e, A; em
,
Am

)
denote this conditional

expectation, where e
m and Am are the estimates of the detector efficiencies and mean

number of transmitted photon pairs, respectively, at the mth
iteration. Also, let

Lc (b ,
n; e, A) denote the log-likelihood function of the complete data:

Lc (b, n; e, A) = log P(B = 6
,
IV = n; e, A).

(
2 .8 )

In Appendix C, we show that

U(e, A; e
m

,
Am

)
= E[LC(B, N- e, A)

|

B = 6; e
m

,
Am

]

/

= Y, S loS

(

e*T<) + (
n

kl
- bki )

log(l - €fcC|)]

k=1 iefan k

dD

+ £ ]£ [—Ad + log + Ci, (2.9)

d=d\ {(k,l):p(k,l)=d}

where C\ is a constant that includes all of the terms that are independent of e and

A, and is the conditional expectation of Nki given the incomplete data and the

estimates e
m and Am :

nZ = E[Nki
|

Bkl = bkl ;
e
m

,
Am

],
k = 1, 2,

6

fan*. (2.10)



23

We also show in Appendix C that

n
ki
— (1 ~ e

™
eT)^™{k,i) + hi, k = 1

,
2

, G fan*. (2.11)

The quantity is an estimate of the number of photon pairs transmitted along

detector pair
(
k,l ). From (2.11), it can be seen that n£} is estimated by adding

an estimate of the number of photon pairs that are transmitted but not detected,

(1 — er er)^( *:,*)>
t° the number of photon pairs that are transmitted and detected,

hi-

We recognize from (2.9) that U(e, A; e
m

,
Am

)
is decoupled in the sense that it can

be written as the sum of functions /i and g that depend only on A and e, respectively.

More specifically,

U(e, A; e
m

,
A"*) = /<">(A) + S

<m»(e) + Cu (2.12)

where

fi A) = S + nj’J log A,(],

d=dl {(k,l):p(k,l)=d}

(2.13)

and

£
(m)

(e) = 5Z 53 los(e i + (
n

ki
- hi) log(l - €*€|)].

k=1 iefan k

(2.14)

From (2.12), it follows that the problems of maximizing U(e, A;emAm
)
with respect

to e and A are decoupled.

Summarizing our results, the steps of the EM algorithm are:

Step I.
(
Initialization

)

Set m—0.

Choose e° and A0
s.t. 0 < e° < 1 and A0 > 0.

Step II. (E step
)
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«« = (!- tk*?)Km + 6'«> ^ = 1)2,...,/, / e /an,.

Step III. (M step
)

(
pA)

Am+1 = argmax/
1

(m)
(A).

A>o

(Pe) e
m+1 = arg max g^

m
\e).v ' & o<e<i a v ’

Step IV.

// stopping criterion is not satisfied, set m — m + 1 and go to Step II.

Otherwise stop.

Solving (P_\), which is equivalent to maximizing U(e, A;emAm
)
with respect to A,

is straightforward and leads to a closed-form solution. Momentarily ignoring the

constraints

Ad > 0, d — d\, ^2) • • • >
djr), (2.15)

we take the partial derivative of f[
m
\A) with respect to each Ad and set it to zero:

dfW(\) 1

L = E (-l+<r) = °- <JD . (
2 . 16 )

d
{(k,iy.P(k,i)=d}

Solving (2.16) yields the desired update

£
{(*,l):p(fc,l)=

n:

:d}
fci

^m+1 _
number of pairs (k, l

)
such that p(k, l) — d

d — di, c?2) • •
)

(2-17)

From (2.11), it can be seen that the constraints in (2.15) are satisfied if e™ e[0, 1]

and A^1 > 0 for all m, k and d.

Unfortunately, a closed-form solution is not available for the maximizer of the

function U(e, A; e
mAm

)
with respect to e (see (Pe))- We iteratively solve this maxi-

mization problem using either the coordinate descent (CD) method [32, pages 283-287]

or a fixed-point iteration. See Abatzoglou et al. [33] or Luo et al. [34] for information

on the convergence properties of CD method.
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EM-CD Algorithm

To solve (Pe), we first use the CD method where the function g is minimized

iteratively on a coordinate by coordinate basis. More specifically, the desired mini-

mizer, e
m+1

,
is given by solving the following maximization problems iteratively for

k = 1,2,...,/:

Ck
= arg max q

^

° 0<e<l
y

ro+l,i+l
)
e2 >

m+l,i+l m+l,t
efc-l )

efc+l )

rn+l,i
eI ), (2.18)

where e™
+1,l+1

is the estimate of e™+1 at the (i + l)
th

iteration. A reasonable choice

for the initial estimate of e
m+1

is e
m+1 ’° = e

m
. The iteration is terminated when

successive estimates are virtually the same. In practice, the algorithm is terminated

when
I m+l,i+l _ m+l,i

£(- m+M
*

)

2 < t
2-^)

k= 1
ek

where 5t is a small positive number. The iterate that results when the stopping

criterion is satisfied is considered the solution to (Pe)-

To see how the maximization problems in (2.18) can be solved, let

Me
) = *2 ,

•
, zi-i, e, zi+ 1 , . .

.

,

z/), / = 1,2,...,/, (2.20)

where z is a vector whose elements, z\, z2 , . .
.

,

zj, all lie in the interval [0, 1]. It is

straightforward to see that

d2
<M<0

de2 £ [-^ - (»B - fe)
2|

fcefan,
(1 - 2fce )

2 (
2 .21

)

is less than zero, for l — 1, 2, ...,/, if ej™ e[0, 1] and > 0 for all m, A: and d. Hence,

<j>i
is a strictly concave function if ejj

1

e[0, 1] and \™ > 0 for all m, A: and d. Because

of this concavity property, the problems in (2.18) can be readily solved with arbitrary
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accuracy using 1-D optimization algorithms (e.g., dichotomous search method, golden

section method, and Fibonacci search [32, pages 268-275]). The constraint that every

efc lies in the interval [0, 1] can be easily enforced by using the interval [0, 1] as the

initial interval of uncertainty for the chosen 1-D minimization method. Hence, the

algorithm is guaranteed to provide detector efficiency estimates that lie in the interval

[0, 1] when e
Q
k £[0, 1] and A]] > 0 for all k and d. We refer to the EM algorithm that

results from using the CD method to solve (P€ )
as the EM-CD algorithm. To solve

the maximization problem in (2.18), we use the dichotomous search method [32].

EM-FP Algorithm

The second way we solve the problem (P e )
is to use a fixed-point iteration. Al-

though it guarantees nonnegative detector efficiency estimates, the fixed-point itera-

tion is not theoretically guaranteed to have the property that the estimates all lie in

the interval [0, 1]. Nevertheless, in all of our simulations, the detector efficiency esti-

mates obtained using the fixed-point iteration did have this property. An advantage

of the fixed-point iteration is that it converges faster in practice than the coordinate

descent algorithm.

Ignoring the constraint in (Pe), our approach is to use a fixed-point iteration to

solve the system of equations

= 0, k = 1,2,...,/. (2.22)
%7

(m)
(c)

dtk

Taking the partial derivative of g

(

m '

) with respect to ek gives

dg{m)
(e)

dek
E [7 + (»B

/€fan,
k

— hi )
1 ~ e fc e/

(2.23)
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Thus, the resulting system of equations are

E [7
i + («S-Wr=5-]=0, * = 1,2,...,/. (2.24)

Kfan,
e‘ 1 - e*e '

Obviously, a closed form solution for e
m+1

is not possible. To find an approximate

solution, we write (2.24) as

E + E
fefan*

k k 1

idank

1 CfcCi

^ = 1
,
2,...,/. (2.25)

Simplifying the left-hand side of (2.25) yields

£ £ T^7T> k = 1,2, . .
. ,
i

iefan*. iefan
fc

(2.26)

The following fixed-point iteration is then used to find an approximate solution to

the system of equations in (2.26):

m+l,i+l

£
fefan*

r-HTft m+l,i
L c i

k — 1,2, ... ,1.

iefan*
1 *

k

m+J,i m+1,1

(2.27)

As with the EM-CD algorithm, the initial estimate of e
m+1

is €m+1,° = e
m

. Further,

the solution to (Pe )
is the iterate obtained when the stopping criterion in (2.19) is

satisfied.

If n™
t
in (2.11) is positive for all (k,l), then every term in (2.27) is nonnegative.

Thus, the detector efficiency estimates will be nonnegative provided 0 < e
m < 1 and

Am > 0 for all m. We refer to the EM algorithm that results from using the discussed

fixed-point iteration as the EM-FP algorithm.
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Over-Parameterized Approach

We now assume the unknowns are the set of parameters {e
fci }. This case is referred

to as over-parameterized, case because the number of unknowns in this case exceeds

the number of data points.

Let e be the vector with elements {ekt }. The conditional expectation of the log-

likelihood function of the complete data given the incomplete data and the current

estimates of e and A is

U0 {e, A; e
m

,
Am

)
= £ ^ [bkl \og(ekl ) + (njj} - bkt )

log(l - ew )]

k=1 iefan k

+ [~xd + nki log Ad ]
+ Co

,
(2.28)

d=d\ {(k,l):p(k,l)=d}

where CQ includes all the terms that are independent of e and A. The function

U0(e ,
A; em

,
Am

)
is decoupled:

U0 (e, A; e™, Am
) = g^\e) + /<"*>(A) + C\ (2.29)

where

«i
m)

(e) = E E log(eu) +K - bu) log(l - e„)] (2.30)
fc=1 iefan k

and

/i
m)

(A) = E E [-Ai + nSlogAj). (2.31)

d—di {(k,l)'p(k,l)=d}

Because the function UQ (e, A; em
,
Am

)
is decoupled to two functions g(

m\e) and

fo
m
\A), the problem of maximizing U0 (e, A; em

,
Am

)
with respect to e and A is

decoupled.

The E step for the over-parameterized formulation is the same as the E step

for the sufficiently-parameterized formulation except that ek ei is replaced by eki. In

other words, for k — 1, 2,

/

Gfan*,, the conditional expectation of Nk i
given the
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incomplete data and the estimates em and Am is

nkl & E[Nkt
|

Bu = bu ;
em

,
e
m

]

= (1 - ejj)

+

bkl . (2.32)

However, the M step differs. New estimates for e and A are obtained by maximizing

Ua (e, A; em
,
Am

)
with respect to e and A under the constraints

0<e*i<l, * = 1,2,...,/, Ze fan*, (2.33)

and

Ad > 0, d = di, c?2 • • • )
dp. (2-34)

Ignoring the constraints (2.33) and (2.34) momentarily, we take the derivatives of

5o
m)

(
e

)
and /i

m)
(A) with respect to every ekt and Xd ,

respectively, and set them to

zero.

3o(m)
(e) 1 -1

+ — 0, * = 1,2,...,/, Ze fan*. (2.35)
otki ek i 1 - ekl-kl

d/i
m)

(
A)

dAd
F, (— l + n^|—)— 0, d — di,di, . .

.
,dD .

{(k,iy.P(k,i)=d}

(2.36)

Solving (2.35) and (2.36), we have the following iteration.

^+1 =
-S, * = 1,2,...,/, Ze fan*.
n

kl

(2.37)

n
{( k,iy.P(k,i)=d}

fcZ

^771+1 _
number of pairs

(
k

, /) such that p(*, /) = d
——7, d — d\, d2 ,

.
. ,
dp. (2.38)

For the constraints (2.33) and (2.34) to be satisfied, ekl must lie in the interval [0, 1]

for * = 1, 2, . .
.

,

I, l £ fan* and X°d must be nonnegative for d = d\, d2 , . .
.

,

dD . As

mentioned earlier, the results using this approach are poor. Consequently, we do not

include this approach in our simulation studies.
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2.2 Poisson Model II

As we mentioned earlier, the CRB for the estimators of e and A in (PI) cannot

be determined because the Fisher information matrix for the PDF in (PI) is non-

invertible. One of the possible approaches to changing the non-invertibility is to

reduce the number of unknowns in the estimation problem [35]. In this section, we

present a second Poisson model that incorporates a priori information about the blank

scan data so that the number of unknowns in the estimation problem is reduced.

Figure 2.6: The exact way to calculate \p(k,i), given A(rrod cos0,rrod sin0).

For detector pair
(
k,l

)
(see Fig. 2.6), the mean number of photon pairs that are

transmitted along the detector pair, Xp^,i), can be expressed as [37]

/

(2.39)

rod path

where A (x,y) is the number of photon pairs emitted from the rod at point (x, y) and

P(k
,
l

|

x, y) is the probability that a photon pair emitted from the rod at point
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(x,y) is incident on detector pair
(
k,l ). Because the rod path is circular, it is more

convenient to use polar coordinate than Cartesian coordinate. From the scanner

geometry, Xp(k,i) can be expressed as

r$:

2

V,0 = 2
J0i ^(rrod cos 9

>
rrod sin 9

)
P (*> *l

rrod cos rrod sin d
)
riodd9 ’ (2-40)

where A(r
r0(j

cos 9, r
rocj

sin 9) is the mean number of photon pairs that are emitted

from the rod at the angle 9, r
ro(j

is the radius of the path of the rotating rod,

and P(k,l\r
T0^ cos 9, r

rocjsin0) is the probability that a photon pair emitted from

the rod at the angle 9 is incident upon the detector pair (&,/). The factor of two

accounts for the fact that the rod passes through the same detector tube twice in

one cycle. We assume that the rod rotates at a constant angular velocity and emits

positron uniformly. Under these assumptions, it follows that A(r
ro{

jcos0, r^sinf?)

is constant over 9. Let A = 2A(r
rO(jcos0, r

r0(j
sin#)r

r0(j.
Then, the integral in (2.40)

may be approximated by the following sum (see Fig. 2.7):

Ap(fc,()
= \P(nA9)A9 = \c(k, /), (2.41)

n

where

c(M) = E pnA0, (2.42)
n

and Pn = P{nA9) is the probability that a photon pair emitted from the rod at

the nth
position is incident upon the detector pair (k,l). This probability may be

calculated using the angle-of-vies (AOV) method [14,36]. Specifically, the probability

that a photon pair emitted from a point (x, y) is incident on detector pair (k, l

)

is

determined by the angles au a2 ,
a3 ,

and q4 (see Fig. 2.8). The AOV is the maximum
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angle for which a photon pair would be incident on a detector pair and is given by

Then, the probability that a photon pair emitted from the point
(
x

, y )
is incident on

detector pair
(
k,l

)
is equal to AOV/7T [36]. Note, the parameter c(k,l) depends

Figure 2.7: A proposed way to calculate c(k,l) to approximate Ap(fc)/ ).

only on p(k,l). The parameters {c(k,l)} for the Siemens-CTI ECAT EXACT 921

scanner are plotted in Fig. 2.9 as a function of (/ - k).

Equipped with the above information, we assume that Nkt and Bkt are Poisson

with means Xc(k,l) and eki\c(k,l), respectively:

(2.43)

Nk i ~ Poisson(Ac(A;,/)), k = 1,2, e fan
fc ,

Bki ~ Poisson(e
fciAc(M)), k = 1,2 ,

e

fan*.

(2.44)

(2.45)
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Figure 2.8: The four angles to determine the angle-of-view associated with the point

(
x,y

)
and detector pair (k,l).

We refer to the data model described in equations (2.44) and (2.45) as Poisson Model

II.

2.2.1 Estimation Problem Associated with Poisson Model II

As discussed in the previous section, the parameters {c(A;, /)} are determined from

the geometry of the scanner. The unknowns Xdl ,Xd2 ,..., Xdo for Poisson Model I have

been reduced to only one unknown, A, for Poisson Model II.

The estimation problem now becomes

(P2) (e, A) = argmax</>2 (€, A) subject to 0 < e < 1 and A > 0, (2.46)
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c(k,l)

Figure 2.9: The parameters {c(k, /)} for the Siemens-CTI ECAT EXACT 921 scanner

calculated according to (2.42).

where 02 (e> A) is the log-likelihood function:

<A2 (e, A) = log P(B = 6; e, A) = log J]
(^Ac(M)) 6*'

(2 .47)
fc=1 iefan*

We show in Appendix A that the function </>2 (e, A) is not concave.

Unfortunately, although the number of unknowns is reduced in (P2), the Fisher

information matrix for the probability density function associated with (P2) is still

non-invertible (see Appendix B).

2.2.2 Estimation Algorithms Associated with Poisson Model II

We show in Appendix C that the conditional expectation of the log-likelihood

function of the complete data X = [B,N] given the incomplete data and the current
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estimates e
m and Am is

U'{e, A; €
m

,
Am

)
= E[L'

C (B, N\e, X)
\

B = 6; e
m

,
Am

]

/

= S H [5jt< log(efc
e,) + (nJ5 - bkl )

log(l - e
fc e,)]

k=1 Jefan k

+ H 5Z [-Ac(M)+n51ogAc(M)] + C2 , (2-48)

fc=1 iefan fc

where L'
C (B, iV; e, A) is the log-likelihood function of the complete data:

L'C(B, N ;
e, A) = P(B = 6, TV = n; e, A), (2.49)

and C2 is independent of e and A. We also show in Appendix C that, for k =

1,2,...,/,/ £ fan
fe ,

nS = ^[Mh
I

Bkl = bkl
-

e
m

,
Am

]
= (1 - e^)Xmc(k, l

) + 6W . (2.50)

The function £/'(e, A; e
m

,
Am

)
is given by

U'(e, A; e
m

,
A”) = 9<“>(e) + ft’W + C2 , (2.51)

where

5
M(e

)
_ ^ [6W log(e

fc C|) + (n)J| - 6W )
log(l - etc,)] (2.52)

fc=1 Jefan *

and

/2
(m)(A)=^ 2 [~MM) +n2}l°gAc(fc,0]. (2.53)

fc=1 (efan it
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The steps of the EM algorithm are:

Step I.
(
Initialization

)

Set m=0.

Choose e° and X° s.t. 0 < e° < 1 and X° > 0.

Step II.
(
E step)

nft = (1 “ e?e?)Xmc(k, l
) + bkl ,

k = 1, 2, <E /an*.

Step III. (M step)

(Pa) Am+1 = argmax/^
m)

(A).
A>U

(Pe) e
m+1 = arg max g^ie).v ' °o<e<i v ’

Step IV.

If stopping criterion is not satisfied, set m — m 1 and go to Step II.

Otherwise stop.

The problem (Pe )
is exactly the same optimization problem that arose when

Poisson Model I was used. Therefore, the detector efficiencies can be estimated using

(2.18) and (2.27). To find the solution to (Pa), we ignore the constraint A > 0

momentarily. Taking the derivative of X
)
with respect to A and setting it to

zero, we get

I
qr\ CH

E E [-c(M) + -f]
= 0. (2.54)

fc=1 iefan k

Solving (2.54), the new estimate for A is

Am+

1

-
£ £
fe=1 iefan k

E E c(k,l)
k=1 /efan it

(2.55)
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We refer to the estimation algorithm using (2.18) and (2.55) for Poisson Model II as

the EM-CD2 algorithm. We refer to the estimation algorithm using (2.27) and (2.55)

for Poisson Model II as the EM-FP2 algorithm.



CHAPTER 3

ML ESTIMATION ALGORITHMS USING A REFINED DATA MODEL

3.1 Poisson Model III

To get a more complete data model for the blank scan data, the effect of detector

penetration must be incorporated. In Fig. 3.1, although the photons are incident

upon detector pair
(
k',l'), the photons may penetrate the detectors. Suppose the

photon incident on detector k' penetrates detector k' and is detected by detector

k, and the photon incident on detector l' penetrates detector l' and is detected by

detector l. Then, a coincidence may be recorded erroneously by detector pair
(
k,l ).

It should be noted that a coincidence may also be erroneously recorded by detector

38
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pairs (k, l') or (k
1

,
l) when detector penetration takes place, even though the photons

are incident upon detector pair
(
k',l '). Even if the photons stop within detectors k

and l, the photons might not be detected by detectors k and l. For a photon to be

detected by a detector, the photon must have enough energy after stopping to interact

with the detector [25].

The probability that the photon penetrates detector k' (or survival rate) is

[38,39], where Lk> is the length of intersection of detector k! and the path of the

photon (see Fig. 3.2) and p, is the attenuation coefficient of the detector. Therefore,

for the given path of the photon pair, the probability that the photon incident on

detector k! is detected by detector k is equal to

pke~
L^{\ - e~

L
^), (3.1)

where pk is the probability that a photon event is recorded given that a photon has

been stopped by detector k, and (1 - e
~ Lktl

)
is the probability that the photon is

stopped by detector k. The attenuation coefficient of detectors is assumed to be

known. For BGO detectors, the linear attenuation coefficient is 0.96 cm-1
[25] and

the intersection lengths can be calculated from the scanner geometry. Although we



40

focused on one photon of the photon pair, similar statements can be made about the

other photon.

When the effect of detector penetration is considered, the tube associated with a

detector pair is defined differently (see Fig. 3.3). The mean number of photon pairs

Figure 3.3: The tube associated with detectors k and l is defined by the dashed lines

when detector penetration is taken into account. Note that, to clearly depict the

angles, detectors k and l are magnified.

that are detected by detector pair
(
k

,
l) is given by

E[Bkl }

= I \(x,y)pkpiP(k,l\x,y)dxdy
(3 . 2 )

rod path

= 2 if A
(
rrod cos 9

’
rrod sin 9)pkPiP{k, l\rvod cos d, rrod sin 0)rvodd9 ,

where A(rrod cos0, rrod sin0) is the mean number of photon pairs that are emitted

from the rod at angle 6, and P(k,l\rTod cos 9, rvod sind) is the probability that a
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photon pair emitted from the rod at angle 6 is stopped within detector k and /,

respectively. Since many paths are possible for a photon pair that is incident on

detector pair (k,l), the probability P(k, l\r
YQ(̂ cosd, r

ro(
jsin0) can be expressed as

p
(
k

>
l

\

rrod cos rrod sin e
)

— e
-Lki(a)n^ _ e

-L
fc
(a)/j^

e
-L

(
,(7r+a)/x^ _ g-L; (7r+a)/j) da

where Lk(a) is the intersection length of the path of the photon traveling at angle

a and detector k, and Lk>(ai) is the intersection length of the path of the photon

traveling at angle a and detector k' (see Figs. 3.4 and 3.5). The intersection lengths

Li(tt + a) and L;/(7t 4- a) are defined similarly. Note that a photon might have

k AOV

Figure 3.4: Angles that are used to calculated P(k,l\rTQ^ cos 9, r
rO(

jsin0) in (3.3).

penetrated several detectors before reaching detector k. In this case, (3.3) would

have to be modified accordingly.
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k AOV

Figure 3.5: Angles that are used to calculated P(k,l\rrod cos 0,rrod sin 9) in (3.3).

For convenience, we let A = 2A(rrod cos0, rrod sin0)rrod . In practice, the exact

integral in (3.2) cannot be determined. Therefore, we approximate the integral by

Ne

Apkpi P(nA9)A6,
n= 1

(3.4)

where

Na
P{nA6) — '^2e~Lk

' ('iAa\l — e
~Lk ^iAo‘^)e~ Ll

^'n+iAa\l — c
-Libr+»Aot))

^ 5
)

i— I 7Ti= 1

AO = (02 - 0, )/Avy, (3.6)

and

An = AOV/Na . (3.7)

The quantity in (3.4) can be expressed as

Apkpia(k,l), (3.8)
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where
Ne

a(k,l
) = ^P(nA0)A0.

71=1
(3.9)

Observe that a(k, l) depends only on p{k, l). The parameters {a(k, /)} for the Siemens-

CTI ECAT EXACT 921 scanner are plotted in Fig. 3.6. The number of photon pairs

a(k.l)x 10-

Figure 3.6: The parameters {a(k, l)} for the Siemens-CTI ECAT EXACT 921 scanner
calculated according to (3.9).

that are detected by detector pair
(
k

,
l
)

is therefore assumed to be an observation of

the random variable Bkt ,
where

Bid ~ Poisson(Apkpta(k, /)), k = 1,2, . .
. ,1, l e fan

fc . (3.10)

In order to utilize the same methodology for estimating unknown parameters of Pois-

son Model II, the means of random variables {Pit;} must be related to the means of

some other Poisson random variables in the same manners that the means of {Bkl }

are related to the means of {Nkt }. Let Nkt be the number of photon pairs that are
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stopped within detectors k and l. Then, the random variables {-/V^} have means

{Aa(k, l)}:

Nki ~ Poisson (Aa( Ac, /)), k = 1, 2, . .
. ,

J, l e fan*,. (3.11)

We refer to the data model described in equations (3.10) and (3.11) as Poisson Model

III.

3.1.1 Estimation Problem Associated with Poisson Model III

Since the parameters {a(k,l)} can be determined from the scanner geometry (see

(3.5) and (3.9)), the estimation problem now becomes

(P3) (p, A) = argmax03 (p, A) subject to 0 < p < 1 and A > 0, (3.12)

where p is the vector with elements {pk } and <fo(p, A) is the log-likelihood function:

MpA)= logP(B = 6;p.A) = log n [] (3.13)
‘=1

le fan,
bt‘-

We show in Appendix A that the function <fo(p, A) is not concave. In addition, we

show in Appendix B that the Fisher information matrix for the probability density

function associated with (P3) is non-invertible. Therefore, the Cramer-Rao lower

bound for the estimators of p and A cannot be determined.

3.1.2 Estimation Algorithms Associated with Poisson Model III

Because Poisson Model III has the exact same functional form as Poisson Model

II, the derivation of estimation algorithms parallels that for Poisson Model II.

We show in Appendix C that the conditional expectation of the log-likelihood

function of the complete data X — [B
,
N] given the incomplete data and the current
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estimates p
m and Am is

U"(p, A; p
m

,
Am

)
= E[L"

C
{B

:
N-p,X)\B = b, p

m
,
Xm

]

/

= E E i
bki MPfcP/) + - hi) log(l - PkPl )\

k~ l iefan k

i

+ [~Aa(M) + <} log Aa(A;,
/)] + C3 , (

3 . 14
)

*=1 iefan fc

where L"(B, IV; p, A) is the log-likelihood function of the complete data:

L"{B, N; p,X) = log P{B = b,N = n, p, A), (3.15)

and where C3 is independent of p and A, We also show in Appendix C that, for

k = 1
,
2 , e fan

fc ,

I

= 6W ; p
m

,
A™] = (1 - p-p-)Am a(A:, /) + bkl , (3.16)

The function U"(p, A; p
m

,
Am

)
is decoupled and given by

u"(p, A”*) = gW(p) + /<”»(A) + C2 , (3.17)

where

9
[m
\p) = £ £ log(PfcPi) + (nJ3 -M log(l - pkPl )] (3.18)

k=:1 iefan k

and

/s"”(A)= £ £ (-Ao(*,i) + nSlogAo(t,l)].
d=di {{k,l):p(k,l)=d}

(3.19)
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The steps of the EM algorithm are:

Step I.
( Initialization)

Set m=0.

Choose p° and A0
s.t. 0 < p° < 1 and A0 > 0.

Step II.
(
E step)

nki
=

{ 1
-

Pk ' 0 + bki, k = 1, 2, . .
. ,

I, l e fank .

Step III. (M step)

(PA )
Am+1 = argrnax/

3

(m)
(A).

A>o

(
pp) P

m+1 = arg
Q
max ^m)(p).

Step IV.

If stopping criterion is not satisfied, set m = m + 1 and go to Step II.

Otherwise stop.

Repeating the steps in Section 2.2.2, the problem (Pp) is solved either by using a

CD-based method

Pk = arg max
0<p<l

Am) (
m+l,i+l m+l,i+l

J2 \P1 , P2
m+l.i+l m+l,i m+l,t

' Pk- 1 ) Pi Pk+ 1 i
• • • i Pi

or a fixed-point iteration

(3.20)

m+l,i+l
Pk

E
zefan*.

^ XT-
i-pr

+
’pr

+ •

n
A Z
P

Z
,

1

zefan,
i-p

ir
Ti,,p

i

7

(3.21)

where p”+1,'+1
is the estimate of at the (i + l)"1

iteration for k = 1,2,

The new estimate for A is given as

Am+1 =
E E

fc~ 1 zefan fc

E E a(k,l)
k=1 zefan k

(3.22)
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We refer to the estimation algorithm using (3.20) and (3.22) for Poisson Model III

as the EM-CD3 algorithm. We refer to the estimation algorithm using (3.21) and

(3.22) for Poisson Model III as the EM-FP3 algorithm.



CHAPTER 4

SIMULATION

In this chapter, we assess the performance of the proposed algorithms using syn-

thetic PET data and data from a thorax phantom by Data Spectrum Inc. For the

purpose of making comparisons, we apply the fan-sum algorithm and Ferreira’s al-

gorithm to this data as well. Note although Ferreira’s algorithm was developed for

a cylindrical source, the underlying assumptions could also be made for rotating rod

sources.

For all the iterative algorithms, the initial estimates for the detector efficiencies

are e°k = 0.5 for all k. Given this choice, the initial estimate for A for the EM-CD and

EM-FP algorithms is

A0 -Ad —
E

{(k,iy.P(k,i)=d}

number of pairs (k, l
)

s.t. p(k, l) = d
,
d — di, d2 ,

• • • ,
dp, (4.1)

the initial estimate for A for the EM-CD2 and EM-FP2 algorithms is

E E
_ k=1 zefan^

k *

E E c(k,l)
k~ 1 /efan

fc

(4.2)

and the initial estimate for A for the EM-CD3 and EM-FP3 algorithms is

A0 =
E E

fc-Uefan t
k k

E E a(k,l)
k~ l zefan*

(4.3)

48
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The steps of the EM-CD and EM-FP algorithms are repeated until the following

stopping criterion is met.

£( :

fc=i

,m+

1

— ek \2
dD \m+l \m

+ £eL^PL
)

2
<<*,

d=d i

\mAd
(4.4)

where 8 is a small positive number. In our simulations, the EM-FP algorithm con-

verged much faster than the EM-CD algorithm. Consequently, we used Se = 8 = 10
-11

for the EM-FP algorithm and 8e = 8 = 10
-3

for the EM-CD algorithm. As for both

the EM-CD2 and EM-FP2 algorithms, the stopping criterion is

£( !

A:=l

m+1 _ ,m \m+l _ \m
ek \2 /T A

\2
n / ' V

Am f<6, (4.5)

where £ is a small positive number. In our experiments, 6e = 8 = 10
-3-5

for the

EM-FP2 algorithm and 8t = 5 = 10
-2

- 5
for the EM-CD2 algorithm. By contrast,

Ferreira’s algorithm did not converge even after 300,000 iterations when the value

8e
= 10

-1
was used. Therefore, in our simulations Ferreira’s algorithm was executed

for 250 iterations as specified by Ferreira et al. [17].

4.1 Synthetic Data

Using Poisson Model II, synthetic data are created to simulate blank scan data

obtained from the Siemens-CTI ECAT EXACT 921 scanner. The scanner has 384

detectors per ring, and the ring diameter is 84.5 cm. The region to be reconstructed

is a 43.9x43.9 cm2 square consisting of (128)
2

voxels. Each plane consists of 192

projections and 160 members per projection. More information of this scanner can be

found in Wienhard et al. [26]. As discussed in Chapter 2, this scanner has 81 possible

perpendicular distances. The synthetic data consist of observations of Poisson random
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variables {Bki }:

Bki ~ Poisson(e
fce (

Ac(A:, /)), k = 1,2,..., 384, l £ fan
fc , (4.6)

where

A = 69000, (4.7)

and {c(k,l)} as discussed in Chapter 2. The value of A in (4.7) is chosen so that the

synthetic blank scan data corresponds to 2-hour scan. Uniform, piece-wise uniform,

and nonuniform detector efficiencies are used in our experiments presented.

As customary [17], the detector efficiency estimates are normalized so that for

each estimation algorithm the mean of the detector efficiency estimates is equal to

one.

Because the EM-CD3 and EM-FP3 algorithms are based on Poisson Model III,

which incorporates the effect of detector penetration, the EM-CD3 and EM-FP3

algorithms are not included. The reason is because synthetic data do not account

for the effect of detector penetration. On the other hand, if the synthetic data did

incorporate the effect of detector penetration, it would be unfair to compare the EM-

CD3 and EM-FP3 algorithms against estimation algorithms that do not take detector

penetration into consideration.

4.1.1 Comparison of Detector Efficiency Estimates

For our first experiment, the detector efficiencies were uniform:

The true efficiencies are shown in Fig. 4.1(a), and the estimates provided by the

fan-sum, Ferreira’s, EM-CD, EM-FP, EM-CD2, and EM-FP2 algorithms are plotted

Cfc = 0.8, k = 1,2,..., 384. (4.8)
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in Figs. 4.1(b)-4.1(g), respectively. From the estimation results, we conclude for all

four of the proposed algorithms that the detector efficiency estimates have smaller

variance. Note that the fan-sum estimates vary over a relatively wider range and the

estimates provided by Ferreira’s algorithm show a pronounced sinusoidal pattern.

For our second experiment, the detector efficiencies were piece-wise uniform:

£k

0.8, k = 1,2,..., 192

0.4, k = 193,194,392
(4.9)

The true efficiencies are shown in Fig. 4.2(a), and the estimates provided by the

fan-sum, Ferreira’s, EM-CD, EM-FP, EM-CD2, and EM-FP2 algorithms are plot-

ted in Figs. 4.2(b)-4.2(g), respectively. The fan-sum algorithm provides very poor

estimates, while the estimates provided by Ferreira’s algorithm again exhibits a sinu-

soidal pattern. From the experiments, the following conclusions are drawn about the

proposed algorithms. The efficiency estimates for the first half of the detectors show

little deviation from a constant value. This is also true for the second half of detec-

tors. In addition, the ratio of the efficiency estimates for the first half of detectors to

the efficiency estimates for the second half of detectors is very close to the true ratio

0 . 8/0 .4 .

To assess performance of estimation algorithms, we compare the mean-square error

(MSE) of the efficiency estimates of 50 Monte Carlo (MC) runs. The error criterion

MSE is defined as

I i 50

MSE = £™Efe«-c*)2
, (4.io)

fc=i
ou i=i

where ck (i) is the estimate for ek in the i
th MC run. The results are tabulated in

Tables 4.1 and 4.2, respectively. Although each of four of the proposed algorithms

provides detector efficiency estimates with smaller MSE than the fan-sum and Fer-
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reira’s algorithms, the difference between all algorithms is small. Further comparison

is made based on a different criterion in the following.

Table 4.1: MSE of the detector efficiency estimates using synthetic data and uniform
detector efficiencies in the first experiment.

Algorithm Fan-sum Ferreira’s EM-CD EM-FP EM-CD2 EM-FP2
MSE 15.3721 15.4538 15.3623 15.3623 15.3630 15.3630

Table 4.2: MSE of the detector efficiency estimates using synthetic data and piece-

wise uniform detector efficiencies in the second experiment.

Algorithm Fan-sum Ferreira’s EM-CD EM-FP EM-CD2 EM-FP2
MSE 69.3189 69.5227 68.0414 68.2702 68.2334 68.1167

Ideally, the detector efficiency estimates would be such that the ratio ik/ek is

approximately equal to a constant for all k. Therefore, as a merit of figure, we use

the variance of the ratio of the estimates and true values:

VR= sample variance of {ei/ei,e2 /e2 ,
,e//e/}. (4.11)

The idea is that the smaller the VR the better. To further compare the algorithms,

50 MC runs were performed for each of the first and second experiments and the VR

was computed for each run. The plots of the VR versus MC runs are shown in Figs.

4.3 and 4.4 for the first and second experiments, respectively. From the plots, it can

be clearly seen that all four of the proposed algorithms have comparable performance

and each of them have much smaller VR than the fan-sum algorithm and Ferreira’s

algorithm.
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For our third experiment, we used nonuniform detector efficiencies that were gen-

erated as follows:

& if 0 < £* < 1

i if e* > i

k = 1,2,..., 384, (4.12)

where

& = 0.5 + V0.008Af(0, 1), k — 1,2, ...,384. (4.13)

Obviously, only positive values are used for {£fe }. The parameters in (4.13) are chosen

so that with high probability the detector efficiencies lie in the interval [0.3, 0.7], which

is a typical range for detector efficiencies.

The ratio of detector efficiency estimates to true detector efficiencies is plotted in

Figs. 4.5(a)-4.5(f), where the detector efficiency estimates are provided by the fan-

sum, Ferreira’s, EM-CD, EM-FP, EM-CD2, and EM-FP2 algorithms, respectively.

Based on Fig. 4.5, we confer that all four of the proposed algorithms provide much

better detector efficiency estimates than the fan-sum and Ferreira’s algorithms. Tab-

ulated in Table 4.3 is the MSE of the detector efficiency estimates generated by using

each of the estimation algorithms. All four of the proposed algorithms provide detec-

Table 4.3: MSE of the detector efficiency estimates using synthetic data and nonuni-

form detector efficiencies in the third experiment.

Algorithm Fan-sum Ferreira’s EM-CD EM-FP EM-CD2 EM-FP2
MSE 100.8640 100.7207 100.2472 100.2704 100.2215 100.2070

tor efficiency estimates with smaller MSE than the fan-sum and Ferreira’s algorithms.

We also compute the VR in each of 50 MC runs. The results are plotted in Fig. 4.6.

It can be seen that all four of the proposed algorithms have comparable performance,

and each of them is clearly better than the fan-sum algorithm and Ferreira’s algo-
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rithm in the sense that they provide estimates with smaller VR in every MC run than

the fan-sum and Ferreira’s algorithms.

Another comparison criterion adopted by other researchers is the relative error

[9,17]:

The maximum relative errors are plotted in Fig. 4.7, and the average relative errors

are plotted separately in Fig. 4.8. Based on the maximum relative error, all four of the

proposed algorithms have comparable performance and each of them is better than

the fan-sum and Ferreira’s algorithms. In terms of mean relative error, the EM-FP

algorithm has the best performance, and both the EM-CD and EM-CD2 algorithms

are better than the fan-sum and Ferreira’s algorithms in every MC run. To remove

the bias factor from the comparisons, we normalize the detector efficiency estimates

so that their mean is equal to the mean of the true detector efficiencies and then

compute the relative errors. Note that in practice this cannot be done because the

true detector efficiencies are not known. The maximum and average relative errors

associated with the normalized detector efficiency estimates are plotted in Figs. 4.9

and 4.10. The plots confirm that all four of the proposed algorithms have comparable

performance, and each of them outperform the fan-sum and Ferreira’s algorithms.

Specifically, the proposed algorithms provide estimates with smaller maximum and

average absolute errors than the fan-sum algorithm and Ferreira’s algorithm in every

MC run.

4.1.2 Comparison of Reconstructed Emission Images

The efficiency estimates were then used to reconstruct a synthetic emission image.

Assuming only errors due to detector inefficiency, the emission data are assumed to

be a realization of the set of Poisson random variables {!*/} given in (1.3). For
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convenience, the data model for {Yu} is expressed again. The emission data, {yu},

are modeled as observations of the independent random variables {}*/}:

Yki ~ PoissonfoejPx]*/), k = 1,2,..., 384, l e fan*,

where

l
PxU = ± pujXj,

j-

1

(4.15)

and Xj is the mean number of photon pairs emitted from voxel j and J is the number

of voxels. In addition, Pu,j is the probability that a photon pair emitted from voxel

j is incident on detector pair
(
k,l

)
and x = [xi,x2 ,...,xj]

T
is referred to as the

emission intensity vector. Given the observed emission data y, which is a vector with

elements {yu}, the problem is to estimate the emission intensity vector x. Given the

synthetic emission intensity x in Fig. 4.11, we use the EMML algorithm [1,14,40,41]

to estimate x from y:

a(«+i) _Xj -
~(n+ J

)

ti

£ Pkl,j
k,l

E PgjVu

[Pci (“V
(4.16)

where

P
kl,j

~ ek^lPkl,j- (4.17)

The efficiency estimates were used in (4.17) to reconstruct the emission image.

In Figs. 4.12(a)-4.12(d) are the plots of the reconstructed emission images at

the 15th
iteration of the EMML algorithm using true detector efficiencies, no nor-

malization, fan-sum algorithm, and Ferreira’s algorithm, respectively. (The EMML

algorithm virtually converges after 15 iterations.) And in Figs. 4.13(a)-4. 13(d) are

the plots of the reconstructed emission images at the 15</l
iteration of the EMML al-

gorithm using the EM-CD, EM-FP, EM-CD2, and EM-FP2 algorithms, respectively.

Because all the reconstructed images look very similar to each other, 50 MC runs

were used to compare the MSE of the reconstructed images. The criterion MSE is
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defined for each iteration of the EMML algorithm as

J i 50

MSE = £^E(*;»-*i) 2

, (4.18)
j=l 0U i=l

where xj(i) is the estimate for xj at the i
th MC run. The curves of the MSE of

reconstructed images versus iteration number of the EMML algorithm are shown

in Fig. 4.14. Because the mean of true detector efficiencies is different from the

mean of estimates of each estimation algorithm, bias becomes an issue and the MSE

corresponding to true detector efficiencies is not included in the plot. While all

Table 4.4: MSE of the reconstructed emission images from synthetic data.

Iteration of EMML 16 17 18 19 20

Fan-sum 786.1761 785.5547 788.4473 794.3706 802.9343
Ferreira’s 786.1472 785.5140 788.3954 794.3079 802.8612
EM-CD 786.1328 785.4880 788.3587 794.2610 802.8044
EM-FP 786.1363 785.4823 788.3440 794.2375 802.7723
EM-CD2 786.2022 785.3626 788.0479 793.7720 802.1426
EM-FP2 786.1835 785.2883 787.9220 793.5967 801.9190

the estimation algorithms improve the reconstructed emission images over using no

normalization, the curves for all the estimation algorithms are close together. The

values of MSE are tabulated in Table 4.4 for iterations 16-20 of the EMML algorithm

for clarity.

4.2 Real Data

Real PET data were obtained from Dr. John Votaw of the PET Laboratory at

the Emory University School of Medicine in Atlanta, GA. The PET scanner is the

Siemens-CTI ECAT EXACT 921 model. The collected data consist of 47 planes,

where each plane consists of 192 projections and 160 members per projection. The
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scanner has 384 detectors per ring and the region to be reconstructed is a 43.9x43.9

cm2 square consisting of (128)
2
voxels.

The fan-sum method, Ferreira’s method, and the proposed algorithms were used

to estimate the detector efficiencies for plane 10. The duration of the blank scan was

30 minutes. Since the true detector efficiencies are unknown, we have no objective

way to compare the detector efficiency estimates. The efficiency estimates were used

in conjunction with the EMML algorithm to reconstruct the emission image for plane

10. The duration of the emission scan was 7 minutes.

In Figs. 4. 15(a)-(d) and 4.16 (a)-(b), the reconstructed emission images at the

20th
iteration of the EMML algorithm using the fan-sum, Ferreira’s, EM-CD, EM-FP,

EM-CD2, EM-FP2 algorithms, respectively, are shown. The reconstructed emission

images are indistinguishable. As the EM-CD3 and EM-FP3 algorithms are based on

Poisson Model III which incorporates the effect of detector penetration, when applying

the EM-CD3 and EM-FP3 algorithms to reconstruct emission images, the probability

matrix P in (1.3) must be defined differently. Let Pkij stand for the probability that

a photon pair is stopped by detectors k and l given that the photon pair is emitted

from voxel j. The methods by Shepp et al. [14] and Carroll [36] can be extended

to compute these probabilities [42]. The reconstructed emission images using the

EM-CD3, EM-FP3 algorithms and no normalization (i.e., {pk = 1}) are plotted in

Figs 4.17(a)-(c). The reconstructed emission images for the EM-CD3 and EM-FP3

algorithms show details (e.g. heart, lungs, and spine) much more clearly than the

reconstructed emission images for the other estimation algorithms. Nevertheless, it is

difficult to objectively determine whether using the EM-CD3 and EM-FP3 algorithms

lead to better reconstructed emission images than using no normalization.

To date, there is no accepted methodology for assessing the performance of detec-

tor efficiency estimation algorithms when real data are used. Dr. Votaw suggested the

following experiment. A cylindrical phantom with uniform activity could be scanned
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for an extremely long time
( > 48 hours). Then, the emission images corresponding

to each detector efficiency estimation algorithm would be reconstructed. Finally, the

average variance of the pixel values for each image would be computed. The detec-

tor efficiency estimation algorithm that gave rise to the smallest variance would be

considered to be the best algorithm.

The shortcoming of the experiment described above is that only a single realization

of the blank scan data is used. To account for the statistical properties of the detector

efficiency estimation algorithms, multiple realizations of the blank scan data would

be needed. Unfortunately, it is difficult to obtain multiple realizations because of the

extremely high scanning costs.
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Figure 4.1: True efficiencies of synthetic data in the first experiment and the estimates:

(a) true efficiencies; the others are the detector efficiency estimates generated by using

(b) fan-sum algorithm; (c) Ferreira’s algorithm; (d) EM-CD algorithm; (e) EM-FP
algorithm; (f) EM-CD2 algorithm; and (g) EM-FP2 algorithm.
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Figure 4.2: True efficiencies of synthetic data in the second experiment and the esti-

mates: (a) true efficiencies; the others are the detector efficiency estimates generated

by using (b) fan-sum algorithm; (c) Ferreira’s algorithm; (d) EM-CD algorithm; (e)

EM-FP algorithm; (f) EM-CD2 algorithm; and (g) EM-FP2 algorithm.
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Figure 4.3: VR of the detector efficiency estimates in the first experiment versus

MC run number using synthetic data, uniform detector efficiencies, and: (a) fan-sum
algorithm; (b) Ferreira’s algorithm; (c) EM-CD algorithm; (d) EM-FP algorithm; (e)

EM-CD2 algorithm; and (f) EM-FP2 algorithm.
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Figure 4.4: VR of the detector efficiency estimates in the second experiment versus

MC run number using synthetic data, piece-wise uniform detector efficiencies, and:
(a) fan-sum algorithm; (b) Ferreira’s algorithm; (c) EM-CD algorithm; (d) EM-FP
algorithm; (e) EM-CD2 algorithm; and (f) EM-FP2 algorithm.
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Figure 4.5: The ratio of the detector efficiency estimates and true detector efficiencies,

where the detector efficiency estimates are generated using synthetic data, nonuniform

detector efficiencies, and: (a) fan-sum algorithm; (b) Ferreira’s algorithm; (c) EM-CD
algorithm; (d) EM-FP algorithm; (e) EM-CD2 algorithm; and (f) EM-FP2 algorithm.
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MC run number

Figure 4.6: VR of the detector efficiency estimates in the third experiment versus MC
run number using synthetic data, nonuniform detector efficiencies, and: (a) fan-sum

algorithm; (b) Ferreira’s algorithm; (c) EM-CD algorithm; (d) EM-FP algorithm; (e)

EM-CD2 algorithm; and (f) EM-FP2 algorithm.
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Figure 4.7: Maximum relative error of the detector efficiency estimates versus MC
run number using synthetic data, nonuniform detector efficiencies, and: (a) fan-sum

algorithm; (b) Ferreira’s algorithm; (c) EM-CD algorithm; (d) EM-FP algorithm; (e)

EM-CD2 algorithm; and (f) EM-FP2 algorithm.



66

1.0161

1.016 -

1.0159 -

o 1.0158

<5

1 r ”i r—
(a) Fan-sum algorithm

X (b) Ferreira’s algorithm

(c) EM-CD
o (d) EM-FP

(e) EM-CD2
A (f) EM-FP2

h
I

\

I
\

A

/ t
\ - \ , . , /\ , A 1

' ' /
'

1 / V/N/'A '
/

»
/ ' x' J AV

'/ / '/
f\

K

\
' A ' ' 7

x\/ _ I A / ' / \ / *

20 25 30
MC run number

Figure 4.8: Average relative error of the detector efficiency estimates versus MC
run number using synthetic data, nonuniform detector efficiencies, and: (a) fan-sum

algorithm; (b) Ferreira’s algorithm; (c) EM-CD algorithm; (d) EM-FP algorithm; (e)

EM-CD2 algorithm; and (f) EM-FP2 algorithm.
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Figure 4.9: Maximum relative error of the detector efficiency estimates versus MC
run number using synthetic data, nonuniform detector efficiencies, and: (a) fan-sum
algorithm; (b) Ferreira’s algorithm; (c) EM-CD algorithm; (d) EM-FP algorithm; (e)

EM-CD2 algorithm; and (f) EM-FP2 algorithm. Note that the detector efficiency

estimates are normalized so that their mean equals the mean of true efficiencies.
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Figure 4.10: Average relative error of the detector efficiency estimates versus MC
run number using synthetic data, nonuniform detector efficiencies, and: (a) fan-sum
algorithm; (b) Ferreira’s algorithm; (c) EM-CD algorithm; (d) EM-FP algorithm; (e)

EM-CD2 algorithm; and (f) EM-FP2 algorithm. Note that the detector efficiency

estimates are normalized so that their mean equals the mean of true efficiencies.
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Figure 4.11: Synthetic thorax phantom.
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(a) (b)

Figure 4.12: Reconstructed images of the thorax phantom in Fig. 4.11 at the 15 </!

iteration of the EMML algorithm using: (a) true efficiencies; (b) no normalization;
(c) fan-sum algorithm; and (d) Ferreira’s algorithm.
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(a) (b)

Figure 4.13: Reconstructed images of the thorax phantom in Fig. 4.11 at the 15th

iteration of the EMML algorithm using: (a) EM-CD algorithm; (b) EM-FP algorithm;
(c) EM-CD2 algorithm; and (d) EM-FP2 algorithm.
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Figure 4.14: MSE of the reconstructed emission images versus the iteration num-
ber of the EMML algorithm using: (a) no normalization; (b) fan-sum algorithm;

(c) Ferreira’s algorithm; (d) EM-CD algorithm; (e) EM-FP algorithm; (f) EM-CD2
algorithm; and (g) EM-FP2 algorithm.



Figure 4.15: Reconstructed emission images of plane 10 of a thorax phantom at the
20th

iteration of EMML algorithm using: (a) the fan-sum algorithm; (b) Ferreira’s

algorithm; (c) EM-CD algorithm; and (d) EM-FP algorithm.
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Figure 4.16: Reconstructed emission images of plane 10 of a thorax phantom at the

20th
iteration of EMML algorithm using: (a) EM-CD2 algorithm; and (b) EM-FP2

algorithm.
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(c)

Figure 4.17: Reconstructed emission images of plane 10 of a thorax phantom at

the 20 </l
iteration of EMML algorithm using: (a) EM-CD3 algorithm; (b) EM-FP3

algorithm; and (c) no normalization (i.e., {pk = 1}).



CHAPTER 5

CONCLUSIONS

Algorithms for computing ML estimates of detector efficiencies in PET have been

proposed. The algorithms follow from the EM algorithm and three Poisson models

that were developed for the PET blank scan data. The refined Poisson model (i.e.,

Poisson Model III) directly accounts for the Poisson nature of blank scan data, certain

geometric properties of scanners, and detector penetration. The close resemblance

between real data and the synthetic data generated according to the proposed models

provides some justification for the models.

For each Poisson model, a closed form expression for the E step of the EM al-

gorithm was derived. The corresponding M step was solved iteratively using the

coordinate descent method and a fixed-point iteration. The detector efficiency es-

timation algorithms that were based on the coordinate descent method have the

desirable property that the estimates were guaranteed to lie in the interval [0, 1].

The fixed-point iteration based algorithms do not have this property. However, they

converge about 20 times faster than the coordinate descent based algorithms. All

of the algorithms have the property that the corresponding log-likelihood function

increase monotonically with increasing iterations.

Experiments using synthetic and real data were used to assess the proposed al-

gorithms. For the synthetic data case, the following objective criteria were used: (1)

variance of the ratio of the efficiency estimates and true efficiencies, (2) maximum

relative error, and (3) average relative error. In terms of these criteria, the proposed

algorithms greatly outperformed the fan-sum and Ferreira’s algorithms. However, the

reconstructed emission images for all of the estimation algorithms were visually iden-
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tical. In addition, the mean-square error (MSE) values associated with the emission

images were also similar, but the proposed algorithms did produce the smallest MSE.

There is no accepted approach for comparing the performance of detector effi-

ciency estimation algorithms when real data are used. We expect the EM-CD3 and

EM-FP3 algorithms to have a large impact because Poisson Model III takes the effect

of detector penetration into consideration. The reconstructed emission images for the

fan-sum, Ferreira’s, EM-CD, EM-FP, EM-CD2, and EM-FP2 algorithms are indis-

tinguishable. When applying the EM-CD3 and EM-FP3 algorithms to reconstruct

emission images, a different probability matrix P is used. The reconstructed emission

images for the EM-CD3 and EM-FP3 algorithms show details much more clearly than

the reconstructed emission images for the other estimation algorithms. While it is

difficult to objectively determine whether using the EM-CD3 and EM-FP3 algorithms

lead to better reconstructed emission images than using no normalization, we con-

clude that the effect of detector penetration is a significant factor when reconstructing

emission images.



CHAPTER 6

FUTURE WORK

While the proposed algorithms converge in practice, the convergence properties of

the proposed algorithms are not well understood. Theoretic analysis of the proposed

algorithm will be pursued to determine their convergence properties.

As we stated in previous chapters, the performance of the proposed algorithms

depends on the initialization step because the objective functions are not concave. It

is a common practice to use a constant value as the initial detector efficiency estimate

for iterative algorithms (e.g., Ferreira’s algorithm [17]). From our experiments, we

found that the average values of the detector efficiency estimates obtained from the

proposed algorithms are very close to the constant value that was used to initialize

the algorithms. However, if the constant value is scaled, detector efficiency estimates

are not correspondingly scaled. Therefore, the effect of the initialization step must

be investigated.
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APPENDIX A
CONCAVITY OF THE LOG-LIKELIHOOD FUNCTIONS

A.l Poisson Model I

The log-likelihood function for the blank scan data is given by

(e, A) = log P[B = b\ e, A)

= H + bki\og(ekei\P(k,i))]
k iefan*

=
-I- bki\og(ekeiXd)]. (A.l)

d {(k,l):p(k,l)=d}

To determine whether a function is concave or not, we check if its Hessian is negative

definite. To determine if a hermitian matrix is negative definite, we use the following

theorem [43].

Theorem 1 The following condition is necessary and sufficient for annxn hermitian

H to be negative definite. The principal minors consisting of the the determinants of

the k x k matrices in the top left-hand corner ofH (k = 1, . .
. ,
n) are all negative:

Hn < 0
,

Hn H\ 2 Hn
Hn h12

<0, h21 h22 H23

H2 i h22

H3l h32 h33

The
(
i,j

)
element of Hessian for the log-likelihood function is

Hij =
d2MB = b; 0)

ddfiOj
(A.2)
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where 6 = [e, A]. The first partial derivatives of 0i(e, A) are

90i(e, A)

dek

- X [-<^(*,1) + — ], k = 1, 2, . .
. ,

I,

iefan*
ejfc

and

901 (e, A) _ ^-
2^ l

— ek£i + t-J) d — d\, d2 ,

.

{(k,l):p(k,l)=d}
Add\d

.,dD-

And, the second partial derivatives are

92
<t>i(e,A)

dek dei

a2
</>i(e,A)

dXddtk

d2
<t>i(e,A)

d\dd\

m

*

- E ^ if* = Z

iefan*
k

-Ap (jfc,/) if / € fan* ’

0 otherwise

- E M(p(M)-<0],
iefan*

E
{{k,l):p(k,l)=d}

[-^f] if d = m

0 otherwise

(A.3)

From (A.3), we know that

1

#11 — -~2 X ^li <
61

lefani

#12 — #21 = 0
,

and

Therefore,

#22 — —2 XI ^21 < 0 .

«efan 2

#11 #12

#21 #22

— #11#22 — #12#21 > 0 .
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So we conclude that H is not negative definite and that the objective function of

(PI), 0i (e, A), is not concave.

For the over-parameterized, approach, the same conclusion can be reached by a

similar derivation. The log-likelihood function for the blank scan data is given by

logP(B = b;e, A) = logU n e~ e*'Ar(M) (
£*<Wo)***

k zefan*.
^kl '

= logn n
d {(k,l):p(k,l)=d] hi-

= XI H Wfci'W.O + hi log(eki\p(k,i)) + log(6w !)]

k zefan*.

= XI Y2 [—tki^d + hi log(ejkjAd) + log(6
fc/!)]. (A. 4)

d {(k,iy.P(k,i)=d

}

The first partial derivatives of log-likelihood function are

dlogP(B = 6;e,A)
, ,

hi , , „ T , _ ,
jr = -'W-0 + — ,

k = 1. 2, • • • ,
I, le fan*,, (A.5)

oekl tkl

and

<91ogP(B = 6;e, A)

dXd
{(k,l):p{k,l)=d}

1

e

ki + t^]> d — di, d2 , . .
. , do-

*d

Further, the second partial derivatives are

(A.6)

d2
log P(B = b; e, A)

dt-kld^-mri

= <

if (k, l) = (m, n)

0 if (k, l
) 7^ (m, n)

(A.7)

d2
log P(B = 6; e, A)

dXddekt

= <

— 1 if p(k, l) = d

0 if p(k, l) ^ d
<

5
(A.8)

d2
log P(B = 6; e, A)

dXddXm
= <

E [-^]
{(k,l):p(k,l)=d] ^

0

if d = m

if d ^ m
(A.9)



81

From (A.7)-(A.9), it can be seen that

#n < 0,

#12 = #21 = 0
,

#22 < 0 .

Therefore,

So we conclude that the

#11 #12
— #n #22 — #12#21 > 0 .

#21 #22

log-likelihood function is not concave.

A.2 Poisson Model II

The log-likelihood function for the blank scan data is given by

&(e,A) = logP(jB = 6; e, A)

= E E [-e
fc€|Ac(fc, I) + &fc/ log(e*e,Ac(A:,Z))]-

k iefan*

The first partial derivatives of 02 (e, A) are

£ [-6,Ac(t,J) + -],* = 1.2 /,

iefan
fe

and

d(j>2 (e, A)

dX
= E E + * = 1

,
2

,

fc=1 Jefan*

(A-10)
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And, the second partial derivatives are

d2
4>2(6,A)

dtk dei

- E ^ if k = l

lefan*.
*

—Xc(k,l
)

if l e fan*, ’

0 otherwise

d2
<(>2(6,A)

d\dek

d2Me,\)
d\2

~ E £ic{k,l),

lefan*.

~ E E A2

fc=1 iefan*

(A.11)

From (A. 11), we know that

#11 — —“2 13 ^li < 0)
Cl

/efani

#12 = #21 = 0
,

and

#22 - ~2 13 b2i < o.

2
iefan 2

Therefore,

#11 #12

#21 #22

— #11 #22 — #12#21 > 0 .

So we conclude that if is not negative definite and that the objective function of

(P2), </>2 (e, A), is not concave.

A.3 Poisson Model III

The objective function of the problem (P3) is

A
h (p, A) logP(B = 6; p, A)
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= E E [-pkPi^a(k,l) + bki\og(pkpi\a(k,l))}. (A.12)
k zefan*.

Because Poisson Model III has the exact same functional form as Poisson Model II,

the second derivatives of </>3 (p, A) are

a2<MP,A)
dpkdpi

d2
fo (P,A) _
d\dpk

d2
4>2 (P ,

A ) _
d\2 ~

- E ¥ if k = l

zefan*

— \a(k,l
)

if l £ fan*;

0 otherwise

- E Pia{k,l),

zefan
fc

-£ E
fc=1 zefan*.

(A.13)

From (A.13), we know that

#11 — —
2 EZ ^ <
^ zefani

#12 = #21 = 0
,

and

#22 — —2 EZ ^2Z ^ 0 -

zefan2

Therefore,

#11 #12
— #n #22 ~ #12#21 > 0 .

#21 #22

So we conclude that 7T is not negative definite and that the objective function of

(P3), ^(p, A), is not concave.



APPENDIX B
CRAMER-RAO LOWER BOUNDS

To compute the Cramer-Rao lower bound, the Fisher information matrix must

be computed. In this appendix, we derive the Fisher information matrix for the

sufficiently-parameterized approach associated with each Poisson data model.

B.l Poisson Model I

For Poisson Model I, the probability density function (PDF) is

p(b = 6; e, a)

—

n n
k~ l iefan k

,-ek e,\„lk.n (^'W.O)
6*'

bki\

From (A. 3), we know that the second partial derivatives of logP(B = b; e, A) are

d2 log p(B=b,e,X)
dtk dei

d2
log p(B=b,e,X)

d\ddtk

d2 logP(ff= b;€,A)
dX^dX

m

- E f if A; = /

/efan*
k

if l £ fan
fc

>

0 otherwise

- E [eiS(p(k,l)-d)],

lefan*

(B.l)

E [~ a^]
if d = m

{(k,l):p(k,l)=d}

0 otherwise
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The expected value of bki is ekeiXp^,i), so we can calculate the expected values of the

second derivatives as follows.

- E tJ^£L if k = l
r

/Eictiik

-Ap (fc,i) if l G fan
fc

0 otherwise

g
l

aJ '°SF
aSr»

6i6 'A>
l6=g] = - E {e,6(p(k,l)-d)],

g
[

gJg£-
agr„

6i6 ’
A)

i6=B ]

= -

/efan*

{(fc,/):p(fc,0=d}
1

0

[->?] if d = m

otherwise

(B.2)

Consider a simplified example, where there are only 4 detectors on the ring (Fig.

B.l). Detector pairs (1,3) and (2,4) have the same perpendicular distance from the

Figure B.l: A simplified example to derive the Fisher information matrix.

origin and therefore have the same Ai as the mean of the transmitted photon count.

Detector pairs (1,4), (2,1), (3,2), and (4,3) have the same perpendicular distance from

the origin and therefore have the same A2 as the mean of the transmitted photon

count. The data {&13, &24) &14, &2i 5 &32, 643} are collected. The problem is to estimate
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{ e i> ^2, £3) 64, Ai, A2 }. Then the Fisher information matrix can be found to be

A) =

where

and

Tx

A2

Ai

A2

63

A2 Ai A2 63 e2 + €4

T2 A2 Ai 64 ex + 63

A2 T3 A2 Ci e2 + €4

Ai A2 T4 e2 64 + 63

64 61 62 T5 0

62 + 64 64 + 63 e2 + 64 61+63 0 Tq

1

Ti — (62A2 + 63A1 + 64A2 ),
^1

T2 — (6iA2 + 63A2 + 64Ai]),
62

T3 — (eiAj + e2A2 + 64A2 ),
^3

T4 = (eiA2 + e2Ai + 63A2 ),
64

T5 = T—

(

e l e3 + 6264),

Te — t- (6164 + e2 ei + €362 + 6463).
A2

We proved that the determinant of I(e, A) is equal to zero. That is, 1(6, A) is non-

invertible. The same conclusion can be extended to all higher-dimensional cases.

B.2 Poisson Model II

For Poisson Model II, the PDF is

P(B = 6; €, A) = n e

k=1 (efan k

(ekel
\c(k,l)) bkl

hi'.
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From (A. 11), we know the second partial derivatives of logP(JB = 6; e, A) are

a2
log P(B=b;C,A)

dek dti

a2 log p(B=b-,e,A)
a\de k

a2 \ogP(B=b-,e,\)

a\2

- E h

it
/efan*

k

—Xc(k, l

)

if k — l

if l G fan*

0 otherwise

= - E eic(k,l),

iefan*.

= -E E
iefan*.

(B.3)

The expected values of the second partial derivatives of logP(J3 = 6; e, A) are

_ ^ ejMk&
[ik = l

Jefan
fc

k

—Xc(k,l) if/

e

fan* ’

0 otherwise (B.4)

Sr°,'^e,A)

lb=fl]
= - E f|c(A

iefan*.

it.B ]
= - s e

fc- x iefan*.

Consider the example in Fig. B.l again. There are two possible values for {c(k,l)}:

ci for detector pairs (1,3) and (2,4), because these two detector pairs have the same

perpendicular distance from the origin; c2 for detector pairs (1,4), (2,1), (3,2),and

(4,3), because these four detector pairs have the same perpendicular distance from

the origin. Therefore, the Fisher information matrix is

Ef ktP&b*'x>
i6=B ]

= •

Si Ac2 Acx Ac2 s2

Xc2 s3 Ac2 Ac2 S4

Aci Ac2 55 Ac2 56

Ac2 Aci Ac2 S7

s2 s4 s6 58 s9
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where

51 — (c3c i + €202 + C4C2)>
ci

52 = ^(
e3cl + e2C2 + QC2 ),

53 = — (flC2 + £302 + £4^1 ),
^2

^4 = — (fiC2 + £302 + £4Ci),

S5 ~ (^lCi + £2^2 + £4^-2))
C3

Sq = ^(
e l Cl + e2c2 + C4C2),

S7 = — (^1^2 + £2 Cl + C3C2),
£4

‘S'8 =
^(

e l c2 C2Cl C3C2 ),

and

Sg — —
(£i£3Ci + £2^1 + (.\t\C2 + £2^2 + £3^2 + £4^2)-

It can be readily proved that, regardless of the values Ci and c2 ,
the fifth row of

the matrix J(e, A) can be expressed as a linear combination of the first four rows.

Therefore, the Fisher information matrix I(e, A) has a determinant equal to zero and

is non-invertible. The same conclusion can be reached for the general case.

B.3 Poisson Model III

Because Poisson Model III has the exact same functional form as Poisson Model II,

we have the same conclusion for Poisson Model III regarding the Fisher information

matrix. In other words, the Fisher information matrix is non-invertible.



APPENDIX C
DERIVATION OF THE E STEP OF THE EM ALGORITHMS

In this appendix, we prove that the E step is given by (2.9). Said another way,

we determine the conditional expectation of the complete data, X = [B,IV], given

the incomplete data, B, and current estimates of e and A.

C.l Poisson Model I

Using Bayes’ Rule [44], the log-likelihood function of the complete data is given

by

Lc (b, n- e, A) = log P{B = 6, N = n; e, A)

= log P(B = b
\

N = n; e, X)P(N = n; e, A)

= loS II II (?")(cfc€i)
6‘ ,

(l-efcei)
Bw "6w

*=1 lefan*

+ log fi n
d=d l {(k,l):p(k,l)=d)

71«'

/

=
[
loS ("*/) + hi log(ejt Ci) + (

nk i
- hi)log(l - e*ej)]

k=1 zefan*.

dp

+ H 5Z [-Ad + nw log(Ad ) + log(n
fc/ !)]. (C.l)

d=d, {{k,l):p(k,l)=d}
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Let U(e, A; e
m

,
Am

)
denote the conditional expectation of the log-likelihood function

of the complete data given the incomplete data and estimates em and Am . Then,

U(e, A; em
,
Am

)

= E[LC{B, N; e, X)
\

B = b-, e
m

,
Am

],

= E E (^[(S;)|S = 6;e'
n,A

m
]
+ log(e,e

/)^|B = 6;e-,Am
]

/efan*.

^
_

+ log(l-ekel)E[Nkl -Bkl \B = b;em,\m])

+ E E (~ + ^og(\d)E[Nki \B = b\ €
m

,
Am

]

d=di {(k,t):p(k,l)=d

}

+ B[log(iVfc/!)
|

B = 6;em
,
Am ]).

To maximize U(e, A; em
,
Xm

)
with respect to e, we take into consideration only

the terms log (ek e t)E[Bk , \

B = 6; e
m

,
Am

]
and log(l - eket)E[Nkl - Bkl

\

B =

b; e
m

,
Am

]
as the remaining terms are independent of e. Similarly, we only need

to consider the terms -Xd and log(Xd)E[Nki
|

B = 6; em
,
Am

]
in order to maxi-

mize U(e, A; e
m

,
Am

)
with respect to A. Let

J
= £[A^

|

B = 6;em
,
Am ], Because

£[£„|B = 6;6™,Ato

]
= &„,

+

C/(e, A; e
m

,
Am

)

E E [hi log (cfcCi) + (n£} - log(l - e*e,)]

fefan*
do

E E
d=d! {(fc,/)*(*,<)=d}

[-Ad + n$ log AJ + Ci,

(C.3)

where C\ is independent of e and A. To finish the E step, an expression for must

be obtained.
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To find n™
t ,
we need to derive the conditional probability of Nki

given the incom-

plete data.

P(Nkt = nki\ B = 6; e, A)

= P(Nkl = nkl
|

Bki = bki ;
e, A)

P(Bk,=bk,\Nki=n ki)P(Nk,=nki)

P(Bk,=bk ,

) n
(C.4)

e
-‘* el*p(*.0

<~eke ‘
x

t>(.i'

;
i) )

kl

- n l(l-tfce t
)Ap(ti ,

)]"«-**!

(
nki-bki)\

The second equality follows from Bayes’ Rule. The conditional expectation of Nk i
is

therefore

E[Nki
|

Bki = bki\ e, A]

+

+

E
nki>bk i

E
n ki>bk i

E
nkl>bkl

E
nkl>bkl

nkiP{Nkl = nkl
|

Bkt = bki ;
e, A)

(
nki ~ hi + bki)P(Nki

= nki
|

Bkl = bki ;
e, A)

(
nki ~ hi)P(Nki = nki

|

Bkt = bki\ e, A)

hiP(Nkl = nk i
|

Bkl = bk i ;
c, A)

E
n*i— 0

p/ g— K* £
<= td-^p(fc,/)]

W Kd !

n' ^.n

[(
1 ~t|fet[)Ap(jt

i [)]

n
fcl

Ki)*

(C.5)

where n'
kl = n*,; - bki. The first summation is equivalent to the mean of a Poisson

random variable with parameter (1 — eki)Ap(k<^,
and the second summation is the sum

of the probability over all possible values of n'
kl

. Therefore,

E[Nki
|

Bk i — bk i ;
e, A] — (1 — 6kCi)Ap(k ,i) + bki. (C.6)

Given the previous estimates e
m and Am

,

"2 = E[N,ki I

Bkl = bkl ;
e
m

,
Am

]
= (1 - + b,m, (C.7)
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for k = 1,2, e fan*.

C.2 Poisson Model II

With c(k, l
)
known for k = 1, 2, . .

. ,
I, l e fan*, the log-likelihood function of the

complete data X = [B, AT] is given by

L'
c
(b, n; e, A) = log P(B — b, N = n, e, A)

= log P(B = 6
|

iV = n; e, X)P(N = n; e, A)

= losn II 0(^Ci) 6*'(l-e
itei )

n‘'-6fc '

*=1 fefan*

+ log]] n e
-Ac(fc, f)(Ac(fc.0)

BM

fc=1 /efan
fc

Ukl '

i

= E E [
logC) + ^log(efcQ) + («w-^/)/o^(l-e

jfc
e,)]

*=1 iefan*.

i

+ 5Z H [-Ac(&,/) + nw log(Ac(M)) + log(nw !)]. (C.8)
fc=1 fefan*.

Let U'(e, A; e
m

,
Am

)
denote the conditional expectation of the log-likelihood function

of the complete data given the incomplete data and estimates e
m and Am . Then,

U'{e, A; e
m

,
Am

)

= E[L'C(B ,
N

; e, \)
|
B = b\em

,
Am

j,

= E E (£[(%;) I
B = + log(ttE,)£[Bt« j

B =
fc- 1 «efan

fc

+ log(l — tkti)E[Nk i
— Bki

|

B = 6; c
m

,
Am])

+ E E (— Ac(fc, /) + log(Ac(fc, l))E[Nk i
\

B = b] e
m

,
Am

]

fc- 1 iefan/t

+ E[\og(Nki\) \

B = b-
:
em

,
Am]).

To maximize U'(e, A; e
m

,
Am

)
with respect to e

,
we take into consideration only the

terms log(e*e,)£[B
fc , |

B = 6; e
m

,
Am

]
and log(l - e

fce,)^[^w - Bki
\

B = 6; e
m

,
Am

]
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as the remaining terms are independent of e. Similarly, we only need to consider

the terms —Ac(k, l
)
and log(Ac(A:, l))E[Nki

\

B = b\ e
m

,
Am

]
in order to maximize

u'(e, A; e
m

,
Am

)
with respect to A. Let n”k}

= E[Nkl
\

B = b, e
m

,
Am ], Because E[Bkl

\

B — b\ e
m

,
Am

]
= bkt ,

U'(e, A; e
m

,
Am

)

= E E [bu log (cjfcCi) + {n% - bki) log(l - e*e,)]
fc=1 iefan*

+ E E [~Xc(k,l) + rift log \c(k,l)] + C2 ,

k=1 iefan*

(C.10)

where C2 is independent of e and A. To finish the E step, an expression for must

be obtained.

To find n£J, we need to derive the conditional probability of Nkl given the incom-

plete data.

P(Nki
= nki

|

B = 6; e, A)

= P{Nkl = nkl
\

Bki = bki ;
c, A)

— p{Bkl=bki\Nki=nkl )P(Nkl =nki)

P{Bki=bkl )

(”*' )(e
fc
c/)

b
*< (1-ekei

)nk,-bk , e—Xc(k,l)= —bi nkV

e -e k '
t
\c(k,l) (tk ti\c(k,l))

bkl

bkl l

- „-(l-e k e,)\c(k.l)

(nkl-bkl)'-

(C.ll)
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The second equality follows from Bayes’ Rule. The conditional expectation of Nki is

therefore

E[Nkt
|

Bkl — bki ;
e, A]

= £ nkiP{Nki
= nkl

|

Bkl = bkl ;
e, A)

nkl>bkl

+

+

£ («fei - + bki)P(Nkl = n
fe/

I

e, A)
nkl>bkl

E - bki)P(Nk i
= nki

|

Bkl = bkl \
e, A)

nkl>bkt

E hiP(Nki
= nk i

|

Bkl = bki \
e, A)

nkl>bki

£ n ;

C~ (1~tfct|)Ac(*’n K 1— g*ei)Ac(*r,l)]"fcl

bkl T e-('-ekei)\c(k,l)
[(l-f

fc ei )Ac(fc,Q]
n

'fci

kl A _

e
(n' 1!lkU'

(C.12)

where n'
fci
= n

fci
- bkt . The first summation is equivalent to the mean of a Poisson

random variable with parameter (1 — eki)Xc(k,l), and the second summation is the

sum of the probability over all possible values of n'
kl

. Therefore,

E[Nk i
|

Bk i — bk i ;
e, A] — (1 — ekei)\c(k, l

) + bk\. (C.13)

Given the previous estimates e
m and Am

,

"3 = E[Nu
I

Bu = bu; 6
m

,
A">] = (1 - l)+bu , (C.14)

for A; = 1, 2, ...,/,/ e fan
fc .

C.3 Poisson Model III

Because Poisson Model III has the exact same functional form as Poisson Model

II, the E step associated with Poisson Model III follows from the same derivation as

that associated with Poisson Model II. Therefore, the conditional expectation of the

log-likelihood function of the complete data X = [B,N] given the incomplete data
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and current estimates p
m and Am is

U"(p, A; p
m

,
Am

)

= E E [bid log(pk pi) + (rift - bkt )
log(l - pkPl )}

^ /EicUi^

+ E E [— Ao(A:,/) +n™[ log \a(k,l)] + C3 ,

k=1 fefan*

where C3 is independent of p and A, and

< = E[JV«
I
Btl = h,: p"‘. Am

]
= (1 - ,^PT)\

m
a(kA) + btl ,

(C.15)

(C.16)

for k = 1, 2, e fan*.
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