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Currently industrial robot manipulators operate

slowly to avoid dynamic interactions between links.

Typically each joint is controlled independently and system

stability and precision are maintained at the expense of

underutilizing these systems. As a result, productivity is

limited, and more importantly, the lack of reliability has

hindered investment and wider industrial use. This work

addresses the adaptive control of spatial, serial

manipulators. Centralized adaptive controllers which

yield globally asymptotically stable systems are designed

via the second method of Lyapunov. Actuator dynamics is

also included in the system model.

Lagrange equations are used in deriving dynamic

equations for n-link, spatial robot manipulators which are

modeled with rigid links connected by either revolute or

Vll



prismatic pairs. Although manipulators may exhibit

structural flexibility, the rigid link assumption is

justified, because control of manipulators needs to be

understood precisely before flexibility is included. The

plant, which represents the actual manipulator, and the

reference model, representing the ideal robot, are both

expressed as distinct, nonlinear, coupled systems.

Error-driven system dynamics is then written and adaptive

controllers which assure global asymptotic stability of the

system are given utilizing the second method of Lyapunov.

It is shown that these control laws also lead to

asymptotically hyperstable systems.

Integral feedback is introduced to compensate for

the steady-state system disturbances. Tracking is achieved

since the error-driven system is used in deriving the

controllers. Manipulator dynamics is expressed in hand

coordinates and an adaptive controller is suggested for

this model. Actuator dynamics, modeled as third-order,

linear, time-invariant systems, is coupled with manipulator

dynamics and a nonlinear state transformation is introduced

to facilitate the controller design. Later, simplified

actuator dynamics is presented and the adaptive controller

design and disturbance rejection feature are extended for

this system. Adaptive controllers are implemented on the

computer, and numerical examples on 3- and 6-link spatial,

industrial manipulators are presented.
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CHAPTER 1
INTRODUCTION AND BACKGROUND

In this chapter, manipulator description and general

problems associated with this class of systems are addressed
and the previous work in this area is briefly reviewed.

The review mainly concentrates on the dynamics development

and control of manipulators. After an introduction to

general control stages, background on the lowest level

control, the so-called executive level, is presented. This

presentation, in turn, groups the previous work under

optimal control, control schemes utilizing linearization

techniques, nonlinearity compensation methods, and adaptive

control of manipulators.

1.1 Manipulator Description and Related Problems

A robotic manipulator is defined as a system of

closed-loop linkages connected in series by kinematic

joints which allow relative motion of the two linkage

systems they connect. One end of the chain is fixed to a

support while the other end is free to move about in the

space. In this way an open-loop mechanism is formed. If

each closed-loop linkage system consists of a single link,

then a simple serial manipulator will be obtained.

1
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Currently, most industrial manipulators are serial arms due

to their simpler design and analysis.

A robotic manipulator system is defined as a

programmable, multifunction manipulator designed to move

material, parts, tools or specialized devices through

variable programmed motions for the performance of a variety

of tasks without human intervention. In the literature, the

terms robotic manipulator, mechanical arm, manipulator,

artificial arm, robotic arm and open-loop articulated chain

are used interchangeably.

Manipulators find numerous practical applications in

industry [5, 51, 58]* and their use is justified mainly for

their dedication on repetitive jobs and for their flexibility

against hard automation. Tesar et al. detail the handling

of radioactive material via robotics implementation to a fuel

fabrication plant in [52]. Positioning/recovery of

satellites in space with the NASA Space Shuttle Remote

Manipulator System—though not completely successful yet—is

another challenging application area of robotics.

In the analysis of manipulators,basically two

problems are encountered. The first is called the

positioning or point-to-point path-following problem and

can be stated as follows: Given the desired position and

*Numbers within brackets indicate references at the end
of this text.
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orientation of the free end of the manipulator, i.e., hand

(or gripper) of the manipulator, find the joint positions

which will bring the hand to the desired position and

orientation. This kinematics problem involves a nonlinear

correspondence (not a mapping) of the Cartesian space to

the manipulator joint space.

If a serial manipulator is modeled with n rigid

links and n one degree-of-freedom joints, then the dimension

of its joint space will be n. In Cartesian space, six

independent coordinates are needed to describe uniquely the

position and orientation of a rigid body. Now, for n = 6, a

finite number of solutions can be obtained in the joint

space except at singular points [49]. Closed-form solution

to this problem is not available for a general manipulator.

Duffy instantaneously represents a 6-link, serial

manipulator by a 7-link, closed-loop spatial mechanism with

the addition of a hypothetical link and systematically

solves all possible joint displacements [9]. Paul et al.

obtain closed-form solution for the Puma arm (Unimate 600

Robot) [40]; their method is not general, but applicable

to some industrial manipulators. In practice, however,

some industrial arms make use of iterative methods even in

real time.

When n < 6, joint space cannot span the Cartesian

space. In general, the gripper cannot take the specified
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position and orientation. And finally, if n > 6, the

manipulator will be called redundant. In this case,

infinitely many solutions may be obtained and this feature

lends the current problem to optimization (e.g., see [31]).

Whitney was the first to map hand command rates

(linear and angular hand velocities) into joint displacement

rates, known as coordinated control or resolved rate control

[63]. This transformation is possible as long as the

Jacobian (defined in Chapter 4, Section 4.2.2) is

nonsingular. If the Jacobian is singular, the manipulator

is then said to be in a special configuration. In these

cases, there is not a unique set of finite joint velocities

to attain the prescribed hand velocity. In today's practice,

however, special configurations of industrial manipulators

are mostly ignored. Later, related work concentrated on

the derivation of efficient algorithms [41, 59].

The second problem includes dynamic analysis and

control of manipulators and can be stated as follows: Find

the structure of the controller and the inputs which will

bring the manipulator to the desired position and

orientation from its present configuration. If optimization

is introduced with respect to some criterion to improve

the system performance, then it is called an optimal control

problem.

Basic tasks performed by industrial manipulators can

be classified in two groups. The first group tasks include
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pick-and-place activities such as spot welding, machine

loading and unloading operations, and can be treated as a

reaching-a-target problem. In this problem initial and

terminal positions are specified, but the path followed

between these two configurations is in general of no

importance except for obstacle avoidance. Optimization can

be introduced to synthesize optimal control and obtain

corresponding optimal paths. Typically, minimization of

time, energy, input power, etc., or any combination of

these indices will improve manipulator performance with

respect to these criteria. The second group tasks include

continuous welding processes, metal cutting, spray painting,

automatic assembly operations, etc. and require tracking

(contouring) of a specified path. The present work

basically considers the tracking problem.

1.2 Dynamics Background

If the manipulator is to be moved very slowly, no

significant dynamic forces will act on the system. However,

if rapid motions are required, dynamic interactions between

the links can no longer be neglected. Currently servo-

controlled industrial manipulators ignore such interactions

and use local (decentralized) linear feedback to control the

position of each joint independently. At higher speeds the

system response to this type of control deteriorates
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significantly, even instability can be induced. Hence,

dynamic effects have to be included in the mathematical

model and compensated for to obtain smooth and accurate

response. This has been the main motivation for researchers

to work on the dynamics of manipulators for almost 20 years.

In 1965, Uicker was the first to derive dynamic equations

of general closed-loop spatial chains using Lagrange

equations [55] . In the same year, Hooker and Margulies

applied the Newton-Euler formulation to multi-body

satellite dynamics [20], Later, in 1969, Kahn and Roth

were the first to obtain equations of motion specifically

for open-loop chains using the Lagrangian approach [22].

Stepanenko and Vukobratovic applied the Newton-Euler method

to robotic mechanisms in 1976 [46].

Even the derivation of closed-form dynamic

equations for two 6-link manipulators was considered to

be an achievement in the field, as referenced in [64].

Since these equations are highly nonlinear, coupled, and

contain a relatively large number of terms, later work

concentrated on computer implementation and numerical

construction of dynamic equations. Then, solutions to both

forward and inverse problems were obtained numerically on

digital computers. Since then numerous techniques have

been developed to find efficient algorithms.

Hollerbach derived recursive relations based on the

Lagrangian approach [19]. Orin et al. [37], Paul et al.
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[39], and Luh et al. [34] gave efficient algorithms using

the Newton-Euler formulation. Thomas and Tesar introduced

kinematic influence coefficients in their derivation [53].

In a series of papers [37, 43, 46, 56], Vukobratovic et al.

derived the dynamic equations using different methods.

Later, Vukobratovic gathered this work in [57]. Walker and

Orin compared the computational efficiency of four

algorithms in forming the equations of motion (for dynamic

simulation) using the recursive Newton-Euler formulation

[60], Featherstone used screw theory in the derivation of

dynamic equations and gave various algorithms for the forward

and inverse problems [10].

The main goal in these studies vas to compute the

dynamic effects in real time. Efficient software coupled

with the revolutionary developments in microprocessors,

today, almost achieved this goal. Use of array processors

in real time dynamics evaluation was studied in [61].

1.3 Previous Work on the Control of Manipulators

1.3.1 Hierarchical Control Stages

In the next stage, questions concerning the control

of manipulators are raised. The following control levels

are frequently mentioned in the literature [45, 58]:

1. Obstacle Avoidance and Decision Making

2. Strategical Level

3. Tactical Level4.Executive Level
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Obstacle Avoidance and Decision Making, or the

so-called highest level control, basically lends itself to

Artificial Intelligence. Here, the ultimate goal is to

reproduce and build human intuition, reasoning, and reaction

into machines. Although that goal has not been achieved yet,

limited subproblems have been solved mostly with the use of

vision systems and sensor technology. Currently, the

human himself has to make almost all intelligent decisions

to operate industrial manipulators. The Strategical Level

receives information from the first level and generates

consistent elementary hand movements, whereas the motion of

each degree of freedom of the manipulator is decided for each

given elementary motion in the Tactical Level. The

Executive Level, in turn, executes the Tactical Level

commands.

It should be noted that the second and third control

levels involve only the kinematics of manipulators and that

it is at the fourth level that all dynamic effects are taken

into account in the control of manipulators. In the following

review, the lowest level of control, the so-called Executive

Level, is considered.

Position control of serial manipulators is studied

in a variety of ways. Due to the complex structure of the

system dynamics, most approaches assume rigid links,

although some manipulators may exhibit structural flexi¬

bility. The rigid link assumption is justified, because
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the dynamics and control of rigid manipulators need to be

understood precisely before the flexible case can be solved

[12, 58]. Also, external disturbances are almost always

neglected. Actuator dynamics is usually not taken into

account; rather, actuators are represented by their

effective torques/forces acting at each joint. These

torques/forces may be generated by electrical, hydraulic,
or pneumatic motors; however, in all cases they cannot be

assigned instantaneously; thus such models are not

physically realizable.

Very few works in the literature include actuator

dynamics in the mathematical model. In [38], actuator

torques are assumed to be instantaneously controllable, but

approximation curves are used to account for the loading

effects and friction of the actuators. Electric and

hydraulic motors are represented by linear, time-invariant,

third-order models in [7, 13, 58].

1.3.2 Optimal Control of Manipulators

Synthesis of optimal trajectories for a given task

(reaching-a-target problem) has been studied by several

researchers. Kahn and Roth [22] presented a suboptimal

numerical solution to the minimum-time problem for a 3-link

manipulator. The dynamic model was linearized by neglecting
the second- and higher-order terms in the equations of motion,
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but the effects of gravity- and the velocity-related terms

were represented by some average values.

The maximum principal has also been employed to

solve the optimal control problem [54, 58]. Power-time

optimal trajectories are determined in [54] , whereas the

quadratic performance index is chosen in [58]. Unfortunately,

this method is hampered mainly because of the dimensionality

of the problem. With the introduction of 2ncostate variables,

4n (24 for 6-link, 6 degree-of-freedom manipulator) nonlinear,

coupled, first-order differential equations are obtained for

an n-link—here also n degree-of-freedom—manipulator,

without considering the actuator dynamics. If initial and

terminal conditions are specified for the manipulator, then

a two-point boundary value problem will result. The

solution to this problem, even on a digital computer, is

quite difficult to obtain. An interesting feature in [54]

is that a numerical scheme is proposed to obtain optimal

solutions for different initial conditions.

In [18] , a quadratic performance index is chosen in

terms of the input torques and the error from a given

nominal state. Dynamic equations of manipulators are not

linearized, but error-driven equations are written about

the nominal state. The open-loop optimal control problem

is then solved using a direct search algorithm. Later,

optimal control is approximated by constant-gain, linear
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State feedback resulting with suboptimal control. The

proposed feedback controller is invalid, however, if the

deviation of the manipulator state from the given nominal

state is large. This method is applied to a 2-link

manipulator.

Optimum velocity distribution along a prescribed

straight path is studied using dynamic programming [24].

Several optimum path planning algorithms are developed for

the manipulator end-effector. Typically, total traveling

time is minimized while satisfying the velocity and

acceleration constraints [32, 33, 39]. Actually this is a

kinematics problem and since the geometric path is specified

in advance, it does not solve the optimal positioning

problem.

1.3,3 Control Schemes Using Linearization Techniques

For the closed-loop control of manipulators,

linearization of manipulator dynamics has been examined by

several authors. In this approach, typically, dynamic

equations are linearized about a nominal point and a control

law is designed for the linearized system. But numerical

simulations show that such linearizations are valid locally

and even stability of the system cannot be assured as the

state leaves the nominal point about which linearization

has been conducted.
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Golla et al. [12] neglected the gravity effects

and external disturbances, and linearized the dynamic

equations. Then, closed-loop pole assignability for the

centralized and decentralized (independent joint control)

linear feedback control was discussed.

In [47, 58] spatial, n-link manipulators with rigid

links are considered. In general, 6-link manipulators are

treated, but some examples use n = 3 which is termed as

"minimal manipulator configuration" within the text [58].

Most approaches make use of the linearized system dynamics.

Independent joint control (local control) with constant

gain feedback and optimal linear controllers are designed

for the linearized system. Force feedback is also

introduced in addition to the local control when coupling

between the links is "strong" (global control). However,

numerical results for example problems show mixed success

and depend on numerical trial-and-error techniques.

Kahn and Roth linearized the dynamic equations of a

2-link manipulator and designed a time-suboptimal controller

in [22] . Since the linearized model was only valid

locally, he concluded that average values of the nonlinear

velocity-related terms and gravity effects had to be added

to the model to guarantee suboptimality.

Whitehead, in his work [62], also linearized the

manipulator dynamics and discretized the resulting equations
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sequentially at nominal points along a specified state

trajectory. Then, linear state feedback control was applied

to each linearized system along the trajectory. An

interesting aspect of this work was the inclusion of the

disturbance rejection feature in the formulation. Later, a

numerical feedback gain interpolation scheme was proposed

and applied to a 3-link, planar manipulator. Yuan [67]

neglected the velocity related-terms and the gravity loads,

and then linearized the remaining terms in the equations of

motion. Later, he proposed a feedforward decoupling

compensator for the resulting linearized system.

In general, once the manipulator dynamics is

linearized, all the powerful tools of linear control theory

are available to design various controllers. However,

since almost all practical applications require large

(and/or fast) motions, as opposed to infinitesimal movements

of manipulators, linear system treatment of robotic devices

cannot provide general solutions. Even a global stability

analysis cannot be conducted. If the worst-case design

is employed for some special manipulators, this in turn

will result with the use of unnecessarily large actuators,

hence, waste of power.

1.3.4 Nonlinearity Compensation Methods

Another approach in the literature uses nonlinearity

compensation to linearize and decouple the dynamic equations.
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Such compensation is first used in [16] for the linearization

of 2-link planar manipulator dynamics. In this method,

typically, the control vector is so chosen that all

nonlinearities in the equations are canceled. Obviously,

under this assumption and with the proper selection of

constant gain matrices, a completely decoupled,

time-invariant, and linear set of closed-loop dynamic

equations can be obtained [11, 13, 17, 35, 67].

All nonlinear terms in the control expression are

to be calculated off-line [11]. Hence, a perfect

manipulator which is "exactly" represented by dynamic

equations and infinite computer precision are assumed

[5], On-line computation of nonlinear terms is proposed

in [17], but the scheme requires (on-line) inversion of

an n x n nonlinear matrix other than the calculation of all

nonlinear effects. Generation of a look-up table is

suggested in [13], but dimensionality of the problem makes

this approach impractical. This scheme is applied only

to 1- and 2-link planar manipulators in [13].

Again, since the stability analysis of the resulting

locally linearized system is not sufficient for the global

stability of the actual, nonlinear system, these approaches

do not provide general solutions to the manipulator control

problem.
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Several other controllers have also been designed.

Force-fedback control of manipulators is studied in [65].

Proposed diagonal force-feedback gain matrix uses the

measured forces and generates modified command signals.

This method is simple for implementation, but gains must be

selected for each given task and affect the stability of

the overall system. Variable structure theory is used in

the control of 2-link manipulators [68]. However, the

variable structure controller produces an undesirable,

discontinuous feedback signal which changes sign rapidly.

Centralized and decentralized feedback control of a flexible,

2-link planar manipulator is examined in [4],

1.3.5 Adaptive Control of Manipulators

Although the work on adaptive control theory goes

back to the early 1950s, application to robotic manipulators

is first suggested in the late 1970s. Since then a variety

of different algorithms has been proposed. Dubowsky and

DesForges designed a model reference adaptive controller

[8]. In their formulation, each servomechanism is modeled

as second-order, single-input, single-output system,

neglecting the coupling between system degrees of freedom.

Then, for each degree-of-freedom, position, and velocity

feedback gains are calculated by an algorithm which

minimizes a positive semi-definite error function utilizing
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the steepest descent method. Stability is investigated for

the uncoupled, linearized system model.

Takegaki and Arimoto proposed an adaptive control

method to track desired trajectories which were described

in the task-oriented coordinates [50] . Actuator dynamics

is not included. In this work, an approximate open-loop

control law is derived. Then, an adaptive controller is

suggested which compensates gravity terms, calculates the

Jacobian and the variable gains, but does not require the

calculation of manipulator dynamics explicitly. However,

nonlinear, state variable dependent terms in the manipulator

dynamic equations are assumed to be slowly time-varying

(actually assumed constant through the adaptation process)

and hence manipulator hand velocity is sufficiently slow.

Although this assumption is frequently made in several other

works [1, 8, 21, 48, 66], it contradicts the premise, i.e.,

control of manipulators undergoing fast movements.

In [21] adaptive control of a 3-link manipulator is

studied. Gravity effects and the mass and inertia of the

first link are neglected. Also, actuator dynamics is not

considered. Each nonlinear term in the dynamic equations

is identified a priori, treated as unknown, and estimated

by the adaptation algorithm. Then, the manipulator is

forced to behave like a linear, time-invariant, decoupled

system. For the modeled system and the designed controller,
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stability analysis is given via Popov's hyperstability

theory [26, 27, 28, 42], Recently, Anex and Hubbard

experimentally implemented this algorithm with some

modifications [1]. System response to high speed movements

is not tested, but practical problems encountered during

the implementation are addressed in detail.

Balestrino et al. developed an adaptive controller

which produces discontinuous control signals [3]. This

feature is rather undesirable, since it causes chattering.

Actuator dynamics is not included in the formulation.

Stability analysis is presented using hyperstability

theory. Stoten [48] formulated the adaptive control

problem and constructed an algorithm closely following the

procedures in [29]. Manipulator parameters are assumed to

be constant during the adaptation process and the algorithm

is simulated only for a 1-link manipulator.

Lee [30] expressed the dynamics in the

task-oriented coordinates, linearized and then discretized

the equations without including the motor dynamics. All

parameters of the discretized system (216 for 6-link

manipulator) are estimated at each sampling time using a

recursive least squares parameter identification algorithm.

Optimal control is then suggested for the identified system.

Stability analysis is not given in this work. The main
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drawback in this adaptive control scheme is the large number

of the parameters to be identified. In general, all

estimation methods are poorly conditioned if the models

are overparameterized [2]; here the whole model is

parameterized. Koivo and Guo also used recursive parameter

estimation in [25].

1.4 Purpose and Organization of Present Work

In this work, trajectory tracking of serial, spatial

manipulators is studied. The plant (manipulator) and the

reference model, which represents the ideal manipulator,

are both described by nonlinear, coupled system equations,

and the plant is forced to behave like the reference model.

This is achieved via the second method of Lyapunov, and it

is shown that the proposed controller structures are

adaptive. All the previous works known to the author

typically choose a time-invariant, decoupled, linear system

to represent the reference model, and force the nonlinear

plant to act like the linear reference model.

Due to the nonlinear and coupled nature of the

manipulator dynamics, most of the works fail to supply a

sound stability analysis in studying the dynamic control

of manipulators. Design of controllers in this study is

based on the global asymptotic stability of the resulting

closed-loop systems. Implementation of controllers in hand
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coordinates and inclusion of actuator dynamics are also

addressed.

The mathematical model of n-link, spatial, serial

manipulators with adjacent links connected by single

degree-of-freedom revolute or prismatic joint pairs is

presented in Chapter 2. Dynamic equations are derived

using the Lagrange equations. Various definitions of

adaptive control are reviewed, and the design of adaptive

control laws utilizing the second method of Lyapunov is

given in Chapter 3. Basic definitions of stability and the

main theorems concerning the second method of Lyapunov are

also included in this chapter to maintain continuity.

Following a brief introduction to hyperstability, it is

shown that the globally asymptotically stable closed-loop

systems are also asymptotically hyperstable.

In Chapter 4, manipulator dynamics is expressed in

hand coordinates and an adaptive controller is proposed for

this system. As pointed out earlier, inclusion of actuator

dynamics is essential in application, since actuator

torques cannot be assigned instantaneously. Actuator

dynamics is coupled with the manipulator dynamics in

Chapter 5. Each actuator is represented by a third-order,

time-invariant, linear system and the coupled system

equations are formed. Then, a nonlinear state

transformation is introduced to facilitate the controller
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design. Simplified actuator dynamics is also introduced

which modeled each actuator as a second-order,

time-invariant, linear system. It is shown that the

controllers given in Chapter 3 can be extended for these

systems. A disturbance rejection feature is also added

through integral feedback.

Chapter 6 presents the computer simulations

performed on 3-link, spatial and 6-link, spatial industrial

(Cincinnati Milacron T3-776) manipulators. Effects of poor

manipulator parameter estimations, controller implementation

delays, measurement delays and the integral feedback on

system response are illustrated. Finally, the conclusions

derived from this work are summarized in Chapter 7.



CHAPTER 2
SYSTEM DYNAMICS

2.1 System Description

In this study n-link, spatial, serial manipulators

are considered. Adjacent links are assumed to be connected

by one degree-of-freedom rotational, revolute or

translational, prismatic joints. This assumption is not

restrictive, since most kinematic pairs with higher degrees

of freedom can be represented by combinations of revolute

and prismatic joints. Hence, an m degree-of-freedom

kinematic pair may be represented by m^ revolute and m2
prismatic joints, where m = m^ + m2.

The mathematical model also assumes that the

manipulator is composed of rigid links. Actually,

manipulators operating under various payloads and external

forces experience structural deflection. In addition,

transient phenomena such as system shocks introduce

vibrations in the small which are low magnitude, oscillatory

deformations about the mean motion equilibrium.

However, inclusion of deflection effects in the

formulation increases the model dimensionality and further

complicates the system dynamics. It should be noted that the

dynamic equations of rigid-link- manipulator models are

21
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highly nonlinear, coupled, and contain a relatively large

number of terms and that currently industrial manipulators

completely ignore the nonlinear and coupling effects in

their control schemes. Hence, here the rationale is first

to understand precisely and solve the control problem for

manipulators with rigid links and then include deformations

in the formulation in later steps. Also, possible backlash

at joints and connecting gear systems are not included in

the mathematical model.

Link j is powered by an actuator mounted on link
th.

(j-l), j = 1,2,...,n. Here the Cr link is the ground or the

support to which the manipulator is secured, the nfc^ link
is the outermost link in the chain which will be called

the hand or gripper of the manipulator. Initially actuator

dynamics is omitted and the effects of actuators are

represented by their resultant torques x. applied by the
th tli

(j - 1; link on the j link; that is, actuator torques

are considered to be the control variables. Again, this

model is not realizable, since actuator torques cannot be

assigned instantaneously. However, this model is still used

because of its simplicity for the proposed control law

presentation. Later, various actuator models are presented,

their dynamics are coupled with the manipulator dynamics,

and it is shown that the developed control laws can be

extended for this system.
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Aside from deformation, which is also payload

dependent, and backlash, most, if not all, currently

available industrial robot arms can be represented with the

proposed manipulator model.

2.2 Kinematic Representation of Manipulators

Associated with each one degree-of-freedom joint i,

joint axis is defined by unit vector s^, i = 1,2,...,n.
For revolute joints, joint variable <{>. (relative joint

rotation) is measured about s^. Joint variable s^ (offset
distance) is measured along s^ for prismatic joints.

th
Obviously, if the k joint is revolute, then the

corresponding offset distance s^ will be constant. In order
to distinguish the joint variables from constant manipulator

parameters, constant offset distances are denoted by double

subscripts s^ for all revolute joints. Similarly, if the
th

m joint is prismatic, relative joint rotation will be

denoted by <j> v/hich is constant.

In order to represent the joint variables

independent of the manipulator joint sequence, these

variables are compactly given by an n-dimensional generalized

joint variable vector £ for an n degree-of-freedom robot

manipulator. Consider an n degree-of-freedom arm with its

links connected by revolute-prismatic-revolute-...-revolute

(RPR...R) joints sequentially. For this arm, generalized

joint variable vector 0 will then be given by
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8 = <j>ls2<í>3 ••• 4>n

Link j connects the and (j + l)fc joints and

it is identified by its link length r^ and the twist angle
as depicted in Figure 2.1. Note that according to this

conventionr can be chosen arbitrarily and a is not defined
n n

for the last link—the hand of the manipulator.

r
j

I

Figure 2.1 Link Parameters r^ and
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In Figure 2.1, s ^ , s^, and are unit vectors and
r^ is the perpendicular distance between joint axes s^ and
s,. Hence, associated with each link j, unit vector r.,k D

and with each joint j, unit vector s^ are defined, where
/\ - /\

r . s . .

3 ± 3

For a manipulator of n links, (n + 1) dextral

reference frames are defined. Manipulator parameters and

reference frames are shown in Figure 2.2. Fixed reference
f — (0) - (0) /v

|U! ,u2 'U
(0)

isframe FQ defined by the basis vectors
attached to the 0th link, the ground; lying along s^.
Orientation of u|^ and is arbitrary. One dextral,
body-fixed reference frame F. is also attached to each link

i-(i) - (i) -(1)1
з. Frame F. is defined by its basis vectors ju^ ,u2 ,u3 fa
-(i). , • . , -
и, is chosen coincident with r. and u0J with s.;1 D 3 j

j — 1,2,..•,n •

If a vector á is expressed in the j^ reference

frame, its components in this frame will be given by a

column vector a^ . If the superscript (j) is omitted,

i.e., a, it should be understood that the vector is expressed

in the ground-fixed Fq frame. Now, it is important to note
that the unit vectors r^ and s^ expressed in their body-fixed
frame F_. will have constant representations given by

(j) _ and s .

~3
(j) _(1 0 0) (0 0 1) (2.1)
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2.2 Kinematiclc ReDresentation of Industrial ManipulatorFigure

in>
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Let á be a given vector. Again, a^ and a will

represent expressions of á in frames and Fq, respectively.
Transformation relating a

a = T . a^
J-

(j) to a is given by

(2.2)

Recognizing that r. = T.ri^ , s. = T.sf-^ , that ui^ is
—1 3 3 3 3 3 *•

given by s^ xr^ and using Equation (2.1), it can be shown
that transformation is given by

T. =
D

r .

“3
s . x r .

-3 ~3
s .

-3
(2.3)

Noting that is given by

T1 =

COS0.

sin0.

-sin0.

cost (2.4)

r. and s. can be determined recursively from
-3 ~3

r . = T . .

~3 3-1

COS0 .

3

cosa• i
• sin0.

3-1 3

sina. .
• sin0 .

3-1 3

(2.5)

and
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s . = T. ,

-3 D-l
-sina

j-1

cosa . ,

D-l

7 j 2,3 , . . . , n (2.6)

The reader is referred to [54] for a detailed treatment of

successive rotations of rigid bodies in space.

2.3 Kinetic Energy of Manipulators

2.3.1 Kinetic Energy of a Rigid Body

Consider a rigid body which is both translating and

rotating. Let Fq be a fixed reference frame defined by the
. (0) WO) , ~(0)

unit vectors u, , u~ , and u-, . Let F be a reference12 3 p

frame fixed to the body at its center of gravity C. Let
• , . , /\ (P ) ( p ) /\ (p )

the unit vectors defining F^ be u^ , U2 , and u^ .
Reference frames are depicted in Figure 2.3. Let also S be

an arbitrary point of the body. One can write

z
s

(2.7)

V = V + w/r,xp
s c p/0 ^

(2.8)

where go
p/0

is the angular velocity of F with
P

respect to F.

v , and vc are the linear velocities of the related points.
The kinetic energy (KE) of the body can be expressed

as follows:

KE v dm
s
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u (P)
2

Figure 2.3 Reference Frame F^

where m is the mass of the body,

expressed as

Fixed on a Rigid Body

Kinetic energy can also be

KE = i
A /\

m

[v • v + 2v • (w /n x p)
c c c p/ u

+ (£p/0 xp) . (Mp/0 xp)] dm (2.9)

Noting that, since C is the center of gravity,

p dm = 0 (2.10)
m
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Thus,

1 1
KE = ? i v • v + ~-

2 c c 2

A . . A

m
(Vo xp) ’ uP/o xp) ^

or

(2.11)

1 A A 1
KE=T-mv *v + T-2 c c 2

m

p • ft /A • ft /A • p dm^p/0 ^p/0

(2.12)

where ft is a dyadic formed by the components of w such

that

(q)ft .v"?' = y e.. . w, *iDfP/0 ^¿2. Ik: k,
(q)

kj ^k,p/0 (2.13)

where the superscript (q) denotes the components expressed

in an arbitrary frame F , and

+1, if ikj is a permutation of 123*

= "-If if ikj is a permutation of 321

[ 0, if any two of ikj are equal

Note that ft /n = -ft is the transpose of ft /A. Hence,M?/0 ^p/0 %p/0

*{123, 231, 312} is meant.
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KE = m v • v
2 c c -if P * /n * fi_ /r\ * P

Jm %p/0 ^p/0

(2.14)

On the other hand, it can be shown that

/N /\

ft /A * ft ,rs - ~ (to /A • o) /A) I + to /A to /n (2.15)^p/0 %p/0 p/0 p/0 ^ p/0 p/0

where I is the identity dyadic, i.e., I • r
% %

/V A

= r. Then

_ j_ /N /N 1 ^
KE = ■=• m v • v + to /n2 c c 2 p/0

/v

(p • p I - pp) dm
m ^

to
p/0

(2.16)

A A 1 ^ /s
KE = T ID V • V + 77 to /A • J • tO ,A2 c c 2 p/0 % p/0

(2.17)

where J is defined as the moment of inertia dyadic, i.e.,
r\j

J =
% j

. /N

(p • p I - pp) dm (2.18)
m

Note that, since p is fixed in F , components of the matrices
P

= J and p^ = p will be independent of time, and

J =
T T

(p p I - pp ) dm (2.19)
m



32

where I is a 3x3 identity matrix. Furthermore, if the

unit vectors of frame are along the principal axes, the

matrix J will be diagonal, i.e.,

J =

h 0

o

0

2

0

0

0 (2.20)

where

3i =
m

(£T£ - p?) dm; i = 1,2,3

The kinetic energy of the rigid body can be given as

1 (0) T (0) 1 (p) _ (d)KE = 7T m v v + t a ,« J ti) ‘/n2 —c —c 2 —p/0 —p/0
(2.21)

The rigid body described above can be considered to
th

be the i link of the manipulator, i = l,2,...,n. Then the

kinetic energy expression for this link becomes

KE .

i
v(0)T v(0) +

1
2

(i) T
-i/0

J.
i -i/0

(2.22)

where

m. is the mass of the i^
i

link
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v is the three-dimensional column vector
—c.
i

describing the absolute linear velocity of
th

the center of gravity of the 1 link

expressed in the fixed Fq frame

is the absolute angular velocity of theit*1
th

link, expressed in the i frame F^,
three-dimensional column vector

th
J. is the 3x3 inertia matrix of the i link
i

at the center of gravity CL expressed in

the frame F.
i

Total kinetic energy of an n-link manipulator will then be

n

KE = 7 KE. (2.23)
i=l 1

Expressions for the absolute linear velocity of the

center of gravity v^^ and the absolute angular velocity
are derived in the following sections.

2.3.2 Absolute Linear Velocities
of the Center of Gravities

Let a manipulator of n links be given displacements

9., 0-,..., 9 . Orientation of the ith link, 1 < i < n, can1 2 ' n

be considered to be the result of i successive rotations;
A

the resulting rotation is denoted by Rot: Fq —>F. . If a is
a vector undergoing these rotations, then



34

a(0> = T.a(1)
— I-

(2.24)

where is as given by Equation (2.3).

Now, let Ch be a fixed point in link i. Position

vector zCi connecting the origin of frame to point Ch is
given by

. = slSl + , K [rk-l *k-l + skSk] +k=2 ~ ~ ~ " ci/0i

(2.25)

where zc,^q is the position vector connecting the origin of
frame F^,0^, to point Ch, and

(0)

-i/°i
(i)

Ci/°i
(2.26)

Differentiating Equation (2.25), absolute linear velocity of

point Ch,vc^, is obtained as follows:

v lc . = -L,
i 3=1

>. s . + <p . s . x
3 3 3 3 I (rk-i rk_i

k= j+1

+ sk sk> + zci/0i (2.27)
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or

= f (S . S . + (j) . s . x z
. L, _ n i r -i 1

j=i j 3 c./O. (2.28)

where zc^/q ■ is the position vector from the origin CK of
frame to point and given by

Z / n z z«c./0. c. 0 . . . ,
± j i j k=j + l

l , (rk-i ¿k-i

+ s, s, ) + z /r,k k c ./0 .
3 3

(2.29)

It is understood that constant offset distance s^ will be
inserted in Equations (2.25), (2.27), and (2.29) for s^ - if

th
the k joint is revolute. Position vectors defined above

are illustrated in Figure 2.4. It should also be noted that
th

in Equation (2.28) s^ is zero if the j joint is revolute;
<{)j is zero if it is prismatic. Equation (2.28) can be
represented in vector-matrix form as

v
(0)

= v
:. —c.
i i

G co
c . —
i

(2.30)

where

(0 -

d0

dt
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u
(i)
3

Figure 2.4 Illustration of Position Vectors

G s R^Xn, its column defined by
Ci

[Gci]j "

—j * —c^/0jy j < i and joint revolute
, j <i and j*1*1 joint prismatic- s .

-3

, otherwise

(2.31)



37

where () denotes a three-dimensional null column vector.

3xn
For an n-link RRPRP... arm, G eR for example, will take

c4
the form

Go4 = Ill *ic4/0l —2 X ~°4/02 *3 14xzc4/04 »•••»]

Thomas and Tesar defined these position-dependent terms

[Gc>]. as translational first-order influence coefficients
[53] .

Now, considering that the arbitrarily chosen point

actually represents the center of gravity of the link i,

linear absolute velocity of link i is then given by Equation

(2.28) or Equation (2.30).

2.3.3 Absolute Angular Velocities of Links

Absolute angular velocity of link i is given

by

Wi/0 = “I/O + w2/l + •** + Wi-l/i-2 + “i/i-1

(2.32)

ui/0 sx + i s2 + ... + ^i-i ®i-i + ^i si
(2.33)

Recalling Equation (2.24), any vector a can be expressed in

frame , provided that its representation in frame Fq and
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the related transformation matrix Th are given. The reverse

of this transformation is also always possible, since the

transformation represented by T^ is orthogonal. Hence,

a
(i) V a(0>

x —
(2.34)

Rewriting Equation (2.32) in vector-matrix form

(0) v ;
ü)./n = U)./n = > Ó. S.-i/o -i/o ¿ (2.35)

or

uf/J- = G. a)—l/O i —
(2.36)

where the jt*1 column of G. e R^xn is defined asJ
x

“Vi -
s_j, j < i and i^ joint revolute
0 , otherwise

(2.37)

Using Equation (2.34), can also be expressed in frame

F.
i

(i)
-i/0

= T. m(0)
—i/0 (2.38)

i

I
j=l

^ j
s .

-3
(2.39)
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or in more compact form

ojf/J. = G.(l) ai—l/O i —
(2.40)

where the j*"*1 column of G.^ e R^xn is now defined by

[G.(l) ] . =
i 3

tT £j, j < i and ifc joint revolute
0 , otherwise

(2.41)

Similar G^ matrices are used in [53] and termed as
rotational first-order influence coefficients.

2.3.4 Total Kinetic Energy

Total kinetic energy expression for an n-link

manipulator follows from Equations (2.22) and (2.23)

KE = l ¿m. v(0)T v<0)
. L. 2 i —c . —c .i=l - i i

, 1 (i) T M(i)'
2 -i/0 Ji -i/0

(2.42)

Absolute linear velocities of the center of gravities vc
(i) C^

and the absolute angular velocities are determined as

linear functions of the generalized joint velocities co within

the previous sections. Substituting Equations (2.30) and

(2.40) into Equation (2.42), the kinetic energy expression

becomes



40

Defining

1 T
KE = 2 — 4

n

y [m. G1 G +G.(l)TJ. G}1J (■ w.L. i c. c. 1 11 —
i=l i i J

(i)

(2.43)

n

= l [nu G
i=l 1

G + G ^^ J G^ 1
c. c. i i i
i i

(2.44)

Equation (2.43) becomes

1 T
KE = -7T (jü A a)

2 - p -
(2.45)

where = Ap(9_) is an nxn symmetric, positive definite,
generalized inertia matrix of the manipulator [54].

2.4 Equations of Motion

Equations of motion will be derived using the

Lagrange equations which are given by

_d_
dt

3KE
3 to.

3KE
30,

= Q, (2.46)

where

9^, k = l,2,...,n are the generalized coordinates

d0.
k

k dt



41

KE = KE (0_,w) = KE (0^ , 02 / • • • r 9n/w^,0)2 , • . . ,o>n)
is the kinetic energy of the manipulator,

and

Qk is the generalized force associated with
th

the k generalized coordinate

Derivation of the generalized force expressions is

given in the following section. Once these expressions for

Qk are obtained, dynamic equations of the manipulator will
directly follow from Equation (2.46).

2.4.1 Generalized Forces

The expressions for generalized forces are derived

by subjecting all generalized coordinates 0^ to virtual
displacements 60^ and forming the virtual work expression.
The coefficients of 60^.'s in this expression constitute
the generalized forces by definition.

Now, let all the externally applied forces acting
A

on link i be represented by the resultant force f., and
A

all moments acting on the same link by nr . Here, it will

be assumed that f^ acts through point Ch in link i. This
point can represent any point in the link, however, for

the current presentation, restriction of point Ch to be the
th

center of gravity of the i link will suffice.
A A

Virtual work 6W done by the force f^ and moment nr
is given by
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6W
A A A

f . • v 61 + m.
1C. 1

i

A

wi/0 6t (2.47)

where the virtual displacement of link i is w^yg 6t and that
of point Ch is 6zc^ = vc^ fit. Representing vectors in
frame Fg, Equation (2.47) becomes

6W = fT G a) fit + mT G. w fit (2.48)
—i c. — —i i —

i

where Gc^ and G-¡_ are as defined by Equation (2.30) and
Equation (2.36), respectively. Letting fiW^ denote the
resulting virtual work due only to the variation in 0^,

6Wk = Qk 50k (2.49)

and

T
+ m.

k -i [Gi]k 60, (2.50)

where is given by Equation (2.31) and [G^]^ by
Equation (2.37). Hence, generalized force is given by

Qk - Ü lG=i]k + —i 'Giik (2.51)

If external effects are represented by gravity loads,

actuator torques, and viscous friction at the joints, then

virtual work 6W^ due to 6 0^ will be
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ÓW,
n

= I
j=k

m ó z

cj,6k
JLL
3ü),

6 8, + T, 68,

(2.52)

where

g : the gravitational acceleration
cl

vector

6 z 9zCj
Cj'0k = 50k (2.53)

th
Tk : the torque applied on the i link by

the (i-l)^ link

3 r
77 = y, o, where y. is the coefficient of9o), 'k k 'k

th
viscous damping at the k joint and

r V 1 2r = > t y. (o,
i=i 2 1 1

(2.54)

T is the Rayleigh's dissipation function. Similarly,

6W. =
k l al tGcJk - Yk wk + Ti

j=k
66k (2.55)

Thus, related generalized force will be

n
T

}k = J, mj 2-a [Gcj]k Yk wk + TJj=k
(2.56)
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Note that Equations (2.52), (2.55), and (2.56) assume that

the payload is included in the mass of the last link mn-
Payload or any other external effect can be separately

represented in the formulation as given by Equation (2.51).

Defining

n

9k = .1 mj 1Go.]k3=k J D

the generalized force becomes

Qk = gk ~ Yk wk + Tk

(2.57)

(2.58)

where

gk gk (^_) / ^ 1,2, . . . , n

2.4.2 Lagrange Equations

Total kinetic energy expression in Equation (2.45)

can be written in indical notation, repeating indices

indicating summation over 1 to n.

KE oj . U) .

i 1
(2.59)

An.. denotes the element (i,j) of the generalized inertia

matrix A . Then,
P

oKE

3a)k
6 ., +
lk

oj.
1 V (2.60)
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where

rl if i = k

5ik =

0 if i ? k

(2.61)

or

3KE 1 , _ x~(A (jo + A co. )
3uk 2 ?kj j pik 1

(2.62)

Since Ap is symmetric,
3KE
3co,

= A to.

Pki 1
(2.63)

Introducing Equations (2.63), (2.45), and (2.58) into

Equation (2.46)

-rr (A co.)dt pki 1

3 A
1 Pi j
2 30. “i 9k ' “k +

Noting

(2.64)

-jtt (A Cl'..) = A co. + A CO.dt pki 1 pki 1 pki 1

where ( ) represents differentiation with respect to time

and
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3A
ki

ki
36 .

(2.65)

Equation (2.64) becomes

ki
oj . +
i

3A_
ki

30 .

3

3A
1 P
2

13
30,

03 • 00 .

i 3

=

9k - Yk «k + T} (2.66)

Def inincr

3A

D* = —?-k-i
ijk 30.

3A
1 P 13
2 30,

(2.67)

where D* = [D?.^ e Rnxnxn, equations of motion are given
by

Apk. “i + Dijk “i “j * 9k - Yk + T, (2.68)

Now, can replaced by D = [j^] , such that
D. ., 03 . co. = D . ., oo. to.
13k 1 j ljk 1 j

(2.69)

holds [53] ; D. .. is defined by
13K

Dijk - ”i [<Vk + ‘Vlj Ji. [<Vk
+ <GP. J£ <"Vk *

1 J
(2.70)
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where

cVi'j" 3ei [Vj (2.71)

[H ] . .

C£ ^

-i X ("j *V/0
X/ J

s . X (s. X z
-1 -1 -c„/0.'a i

S . X s .

-1 -1

s . x s .

-1 —J

) , i < j < £ ;

i,j revolute

) , j < i < £ ;

i,j revolute

, j < i < £ ;

i prismatic,

j revolute

, i < j < £ ;

i revolute,

j prismatic

, otherwise

(2.72)

'Vio = sir [V (2.73)

[Vi,j -

s.xsj, i< £; i, j revolute

, otherwise

(2.74)
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[G ], is given by Equation (2.31) and [G0], by Equation
c£ K X, K

(2.37). and Hc^ are called second-order rotational and
translational influence coefficients [53]. Again, the

repeated index l in Equation (2.70) indicates summation

over 1 to n. Also defining D, e R
nxn

Dk [Dij]k " [Dijk]; 1,j l,2,...,n (2.75)

with D.as given by Equation (2.70), dynamic equations
1JK

finally take the form

V. “i = ‘ 2T Dk Ü ‘ “k + gk + Tk*ki

k = 1,2,...,n (2.76)

or

T
ü) Dj. —

[y ] <*> + g + t (2.77)

D co
n —

where

AP = ye>< Dk = Dk(®>
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[y] e

2.(9.)

Rnxn is the diagonal matrix containing

the coefficients of viscous

friction

e Rn denotes the equivalent

gravitational torques due to the

mass content of the system as seen

at the joints

e Rn represents the actuator driving

torques



CHAPTER 3
ADAPTIVE CONTROL OF MANIPULATORS

3.1 Definition of Adaptive Control

According to Webster's dictionary, to adapt means

"to adjust (oneself) to new circumstances." Adaptive

control, then, in essence, is used to mean a more

sophisticated, flexible control system over the conventional

feedback systems. Such a system will assure high

performance when large and unpredictable variations in the

plant dynamic characteristics occur.

In the literature, however, a common definition of

adaptive control is still missing. Astrom defines adaptive

control as a special type of nonlinear feedback control [2],

Hang and Parks give the definition for model reference

adaptive control as follows:

The desirable dynamic characteristics of the
plant are specified in a reference model and
the input signal or the controllable parameters
of the plant are adjusted, continuously or
discretely, so that its response will duplicate
that of the model as closely as possible. The
identification of the plant dynamic performance
is not necessary and hence a fast adaptation
can be achieved. [15, p. 419]

Landau defines

An adaptive system measures a certain index of
performance using the inputs, the states, and
the outputs of the adjustable system. From the
comparison of the measured index of performance

50
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and a set of given ones, the adaptation mechanism
modifies the parameters of the adjustable system
or generates an auxiliary input in order to
maintain the index of performance close to the
set of given ones. [29, p. 13]

Gusev, Timofeev, et al. [14] include artificial intelligence
and decision making in adaptive control.

In this study adaptive control is defined as

follows:

Definition 3.1; A feedback control system is

adaptive, if gains are selected with the

on-line information of plant outputs and/or

plant state variables along with the nominal
(reference) inputs, nominal outputs and/or

nominal state variables.

This definition is illustrated in Figure 3.1. It

should be noted that the definition given here is in

agreement with the above definitions; it is more specific
than Astrom's and more general than Hang's or Landau's.

Figure 3.1 Block Diagram Representation of
an Adaptive Control System
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Early works on adaptive control, which were

essentially experimental, date back to the 1950s. Later,
advances in the control theory in 1960s and the recent

revolutionary developments in microelectronics matured the
adaptive control theory and its applications considerably
compared to its early stages.

Mainly three approaches are identified in adaptive
control: Gain Scheduling, Model Reference Adaptive Control

and Self-tuning Regulators (Parameter Estimation Techniques).
Block diagram representations of these schemes are given in
Figures 3.2-3.4.

Figure 3.2 Block Diagram of Gain Scheduling System
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Figure 3.3 Block Diagram of Model Reference Adaptive System

Figure 3.4 Block Diagram of Self-tuning Regulator
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All these block diagrams in Figures 3.2-3.4 can be

reduced to the block diagram in Figure 3.1 simply by

shrinking the dotted boxes into the variable regulator in

Figure 3.1.

3,2 State Equations of the Plant
and the Reference Model

3.2.1 Plant State Equations
T T T

Defining the state vector x = (0 , w ) where
-P -P “P

0 e Rn and a> e Rn are the generalized relative joint
-P —p

displacement and velocity vectors, respectively, dynamic

equations derived in the previous chapter can be given as

follows:

(3.1)

where subscript p stands for "plant," here manipulator

represents the plant,

ip - ip<t) =
, T T .T D2n
%1' ip2> £ R (3.2)

ípi ■ Vt!' *p2 “ Hpft» (3.3)

x
-P

)
Td*P(t)

dt
(3.4)
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I and 0 denote the nxn identity and null

matrices, respectively

Referring to Equations (2.76) and (2.77),

A = A (x , ) e R
P P -Pi

nxn (3.5)

q (x , ) = Gx. = G (x.)x.-Pi P-Pl P -Pi -Pi
(3.6)

= G (x .) e Rnxn, 2n(x .) e R
,n

P P -Pi P -Pi'
(3.7)

f (x ., x _) = F x_0 = F (x ,, x ~) x , (3.8)
—p —pi —p2 p —p2 p —pi —p2 —p2

f = f (x . , x 0)
-P -P -Pi -p2

—p2 Dl(-pl} —p2

x% D (x . ) x 0—p2 n —pl —p 2

e R
n

(3.9)

F = F (x . , x 0)
P P -pl -p2

P T
x D. (x . )
—p2 1 —pl

x - D (x . )
—p2 n -pl

£ R
nxn

(3.10)

= !p(t) e R
n

(3.11)
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(t) represents input actuator torques,
P

n is the number of links of the manipulator

(here also an n-degree-of-freedom

manipulator)

Note that A , G , and F are not constant; A and G are
P P P P P

nonlinear functions of the joint variables x and

F = F (x , , x 0) . In the formulation, functional
P P -Pi -P2
dependencies are not shown for simplicity. Also, Gp(Xp^)
is not defined explicitly; symbolically, G (x .) is such

P P

that G (x . )x . = g holds. External disturbance terms
P -Pi -Pi aP

and the joint friction effects are not shown in the above

formulation.

3.2.2 Reference Model State Equations

Having defined the plant equations—Equation

(3.1)—reference or model state equations which represent

the ideal manipulator and the desired response are given by

ur (3.12)

1

O H
l [

o
l

X =
—r

-1 -l
x +
—r

-1
A G
r r

A F
r r

A
r

where

subscript r represents the "reference" model

to be followed,
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x is the state vector for the reference
—r

system

... / T T > T 02n
x = x (t) = (x , , x 0) e K
—r —r —rl —r2

x , = 0 (t) e Rn, x ~ = to (t) e Rn—rl —r ' —r2 —r

,-T -T ,T
it = at = (5rl' —r2

Again, referring to the manipulator dynamic equations, i

Equations (2.76) and (2.77),

A = Ar(x ^) e Rnxn is the generalized
inertia matrix for the reference

system

g (x.) =Gx. =G (x.) x.■2-r —rl r—rl r —rl —rl

G = G (x .) e Rnxn, g (x .) e Rn
r r —rl ^-r —rl

f (x . , x _) = F x 0 = F (x , , x „) x-
—r —rl —r2' r—r2 r —rl —r2 —r2

f = f(x,,x~)=-
—r —r —rl —r2

T
x _

—r 2 D1(irl>
•

X -

—r2

T
x _

—r 2

•

D (x . )
n —rl

X t—r2

£ R

(3.13)

(3.14)

(3.15)

• 6 • f

(3.16)

(3.17)

(3.18)

(3.19)
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F = F (x , , x ~) = -
r r —rl —r2

x 0 D, (x , )—r2 1 —rl

X - D (x , )—r2 n —rl

e Rnxn (3.20)

It is important to note that A = A^ix^),
G = G (x .) and F = F (x , , x ~) are not constant, but
r r —rl r r —rl —r2

nonlinear functions of the state vector x^. In this study,
unlike previous practices, the reference model is

represented by a nonlinear, coupled system, i.e., ideal

manipulator dynamics. All works known to the best

knowledge of the author typically choose a linear, decoupled,

time-invariant system for the reference model and force the

nonlinear system (manipulator) to behave like the chosen

linear system.

3.3 Design of Control Laws via the
Second Method of Lyapunov

3.3.1 Definitions of Stability and the
Second Method of Lyapunov

In this section various definitions of stability

are reviewed. Also, Lyapunov's main theorem concerning

the stability of dynamic systems is given. For a detailed

treatment, the reader is especially referred to the Kalman

and Bertram's work on the subject [23].

Let the dynamics of a free system be described by

the vector differential equation
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X = f (x, t) , -00 < t < +00 (3.21)

where x e Rn is the state vector of the system. Also let

the vector function <Mt; xg , tg) be a unique solution of
Equation (3.21) which is differentiable with respect to

time t such that it satisfies

(i)

(ii)

for a fixed initial state Xg and time tg.
A state x^ is called an equilibrium state of the

free dynamic system in Equation (3.21) if it satisfies

f (x^, t) = 0_, for all t (3.24)

Precise definition of stability is first given by

Lyapunov which is later known as the stability in the sense

of Lyapunov.

Definition 3.2: An equilibrium state of

the dynamic system in Equation (3.21) is

stable (in the sense of Lyapunov) if for

every real number e > 0 there exists a real

number 6(e, tQ) > 0 such that || xQ - x^ || < 5
implies

II ¿(t; x_0, tQ) - 1 < £ for all t < tQ
The norm || • || represents the Euclidean norm.

£(tQ; Xg, tg) = Xg (3.22)

d^_
(t; Xg, tg) = f(^(t; Xg, tQ), t) (3.23)
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In practical applications, the definition of

stability in the sense of Lyapunov does not provide a

sufficient criterion, since it is a local concept and the

magnitude 6 is not known a priori. Stronger definitions of

stability, namely asymptotic stability, asymptotic

stability in the large, and global asymptotic stability,

which are essentially based on the definition of stability

in the sense of Lyapunov with the additional requirements,

are given below. The definition of asymptotic stability

is also due to Lyapunov.

Definition 3.3: An equilibrium state of

the dynamic system in Equation (3.21) is

asymptotically stable if

(i) It is stable (Definition 3.2)

(ii) Every solution c£(t; xQ, tg)
starting sufficiently close to x

converges to x^ as t —► °°. In
other words, there exists a real

number y(tg) > 0 such that
I xQ - xe || < y (tQ) implies

lim I £(t; Xg, tg) - xc || = 0
t—►<»

Definition 3.4: An equilibrium state x^ of the
dynamic system in Equation (3.21) is
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asymptotically stable in the large if

for all xQ restricted to a certain region
„n

r e R

(i) x is stable
—e

(ii) lim I ¿(t; x01 tQ) - i = 0
t —> oo

Definition 3.5: An equilibrium state of

the dynamic system in Equation (3.21) is

globally asymptotically stable if the

region r in Definition 3.4 represents the

whole space Rn, i.e., r = Rn.
Lyapunov's main theorem which provides sufficient

conditions for the global asymptotic stability of dynamic

systems and the two corollaries are given below [23].

Theorem 3.1: Consider the free dynamic system

x = f(x, t)

where f (0_, t) = 0_ for all t. If there
exists a real scalar function V(x, t)

with continuous first partial derivatives

with respect to x and t such that

(i) V (0_, t) = 0 for all t

(ii) V (x, t) > a (|| x ||) > 0 for all

x 0, x e Rn where a(*) is a
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real, continuous, nondecreasing

scalar function such that

a(0) = 0

(iii) V(x, t) —► 00 as || x l| —► °° for all t

, . , • av , , .(ív) V = (x, t)
3V
at

+ (grad V) £(x, t)

< -Y (II x I) < 0

where y(*) is a real, continuous

scalar function such that y(0) = 0

then the equilibrium state = 0^ is globally

asymptotically stable and V(x, t) is a

Lyapunov function for this system.

Corollary 3.1: The equilibrium state

= 0^ of the autonomous dynamic system

x = f (x)

is globally asymptotically stable if there

exists a real scalar function V(x) with

continuous first partial derivatives with

respect to x such that

(i) V(0) = 0

(ii) V(x) > 0 for all x f 0, x e Rn
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(iii) V(x) —as I x || —*■00

(iv) V = (x) < 0 for all x ^ £,

„n
x e R

Corollary 3.2; In Corollary 3.1, condition (iv)

may be replaced by

(iv-a) V(x) < 0 for all x ^ 0^, x e Rn

(iv-b) V(<Ht; Xg, tg) ) does not vanish
identically in t > tg for any

tg and Xg ^ 0_.

Finally, Lyapunov's following theorem gives the

necessary and sufficient conditions for the (global)

asymptotic stability of linear, time-invariant, free dynamic

systems.

Theorem 3.2; The equilibrium state x^ of a

linear, time-invariant, free dynamic system

x = Ax (3.25)

is (globally) asymptotically stable if and

only if given any symmetric, positive

definite matrix Q, there exists a symmetric,
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positive definite matrix P which is the

unique solution of the matrix equation

ATP + PA = -Q (3.26)

T
and V = x Px is a Lyapunov function for

the system in Equation (3.25).

3.3.2 Adaptive Control Laws

Plant and the reference model equations are given

by Equations (3.1) and (3.12), respectively. Reference

system control u^it) represents the open-loop control law.
This, for example, may be an optimal control law obtained

off-line through minimization of a performance index.

Due to the error in the initial state, disturbances

acting on the system and the inaccuracies in the

mathematical model such as frictional effects, structural

deflection, and backlash, open-loop control law u^ = ur(t)
does not prove effective as the demand on precise and fast

motion increases. Even today's servo-controlled industrial

manipulators which totally neglect the dynamic coupling

use closed-loop control laws.

Now, the aim is to find the structure of the

controller u = u (x (t), x (t), u (t)) such that the
—p —p —p —r —r

desired trajectory is tracked. Defining the error e(t)

between the reference and the plant states
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e = e(t) = x (t) - x (t) e R
— — —r —p

2n

T T,T . T
£ = (ej_, e2) = (xrl

T T T . T
x . , x „ - x 0)—pi —r2 -p2

e e Rn, e„ e Rn
-1 -2

de(t)

(3.27)

(2.28)

(3.29)

(3.30)

and choosing

u = u' + u" (3.31)
-P -P -P

u'
-P

+ A 1 F x ^
r r —r2 K2-2 )

(3.32)

where

K
V

is part of the controller yet to be designed

I<2 e Rnxn are constant matrices to
be selected

error-driven system equations can be obtained by substituting

Equations (3.31) and (3.32) into Equation (3.1), subtracting

the resulting equation from Equation (3.12) and substituting

Equations (3.27-3.30) as follows:

é = Ae + Bz - BA-1 u" (3.33)
- P -P



66

where

"0 I “0 -

, B =

_K1 K2_ I

, „2nx2n „ n2nxnA e R , B e R

(3.34)

I and 0 are nxn identity and null matrices,

respectively

z = -A 1 G X . - A 1 F x _ + A 1 u (3.35)
P P -Pi P P —p2 r -r

z e Rn, u" e Rn
-p

It should be noted that the part of the controller

Up requires only the on-line calculation of the plant
generalized inertia matrix A = A (x ); other nonlineary

P P -P

terms A^.1 = A^ix^), Gr = Gr(xrl) and Fr = Fr(xr) are
reference model parameters and known a priori for each given

task, i.e., A^. , G , and F will not be calculated on-line.
Various controller structures can be chosen for u"

-P

using the second method of Lyapunov (Theorem 3.1, Corollary

3.1). This method is especially powerful, because it

assures the global asymptotic stability of the error-driven

system, hence the manipulator, without explicit knowledge

of the solutions of the system differential equations. Let
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V(e) = eTPe (3.36)

define a real, scalar positive definite function. Using

Equations (3.33) and (3.36),

V(e) = -eTQe + 2vTz_ - 2vT A ^ u" (3.37)P P

where

Q e j^2nx2n pOSj[tive definite matrix (Q > 0) ,

P e ¡^nx2n solution of the Lyapunov equation

ATP + PA = -Q (3.38)

and

v = BT P e (3.39)

A discussion on the uniqueness of the solution P of the

Lyapunov equation is given in the following section.

Now, if V(e) < 0 is satisfied, global asymptotic

stability of the error-driven system will then be guaranteed

according to Corollary 3.1. This condition can actually be

replaced by V(e) < 0 in the sense of Corollary 3.2. Also,

V(e) will be a Lyapunov function for the system in Equation

(3.33). Different controller structures are explored below.
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3.3.2.1 Controller structure 1

If u" were chosen
-P

(3.40)

or

-1
(3.41)

where

(3.42)

then condition (iv) of Corollary 3.1, V < 0, would be

satisfied. In fact, these choices in Equations (3.40) and

(3.41) correspond to the cancellation of nonlinearities and

can be viewed as the nonlinearity compensation method widely

used in the literature (Chapter 1). However, since this

form of u" assumes exact cancellation of terms a priori,
—p

Lyapunov's second method does not guarantee global

asymptotic stability, if cancellations are not exactly

realized.

3.3.2.2 Controller structure 2

Another choice for u" will be
-P

u" = A diag[sgn (v.)] {b + Sk}
—p p i — —

(3.43)

where diagtsgn (v^)] is an nxn diagonal matrix with
diagonal elements sgn (v^), i = l,2,...,n,t • • • /
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b = sup { -A g + A u }
-

r\ <" r -r10 < X . < 2 7T
Pf 1

u . e U
r, i

x 1; * • * f n (3.44)

U is a subset of the set of all possible inputs, within which

open-loop control law u (t) is contained, i.e., u . e U,—r r, i

i = l,2,...,n. The generalized inertia matrix Ap(Xp]_) is
nonsingular [54], also elements of A \ Ar^' an<^ 2- are
bounded, i.e., if

-1

(iPi> = (3.45)

then

(a..)0 < a..(x .) < (a..)
13 £ 13 -pi 13 u

(3.46)

where (a..)„ and (a..) are the lower and upper bounds on

a
i j (xp1) / 0 < xpl k < 2tt; i, j , k = 1,2 , . . . , n. Similarly,

bounds on the gravity loads gp can be given. A^ ur =
Ar (* ^ (t)) u (t) in Equation (3.44) is known for a given
manipulation task, since it represents the reference.

Referring to Equation (3.43),

S = [s. .] g R
13

nxn (3.47)

is defined by
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s. . = sup {|a. . I}; i,j = 1,2
-1 0 < x , „■ < 2ttpi, £

£=1,...,n

• ,n

(3.48)

k K k: ]
T

k e Rn (3.49)

where constant positive definite K* e Rnxn j_s to be chosen

so that

D.
i

and

xT *
— ~ K. x tp2 i —p2

> 0 for all x ft 0-p2

(3.50)

(3.51)

where D^, i = l,...,n is as defined by Equations (2.70) and
(2.75); in Equation (3.50) can be replaced by symmetric

D!
i

=

2 (Di + (3.52)

T T
so that x - D! x0=xnD. x - is preserved. Existence—p2 i —p2 —p2 i —p2 c
of positive definite K? is shown using the following theorem

[6]

Theorem 3.3: Let M be a symmetric, real matrix

and let A . (M) and A (M) be the smallest
mm max

and the largest eigenvalues of M,

respectively. Then
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X
. (M) || x ||2 < x1 Mx < X (M)||xl|2

mm — ~ max —

(3.53)

n

for any x e Rn, where || x || = £ x. .

i=l 1

Using Theorem 3.3,

2 ^ _T ^ „ ii2X • (K*) || x 0 |r < x% K* x - < X (K?) I x 0min i " -p2 11 —p2 i —p2 max i 11 —p2

(3.54)

X . (D!) I x - ||2 < xT_ D! x ~ < X (D!) I! x 0 ||2mm i 11 -p2 " —p2 i -p2 max i " —p2 "

(3.55)

Here K* is assumed to be a real, symmetric matrix. If K*

is not symmetric, then

K*' = 4 (K* + K*T)l 2 i i
(3.56)

must be replaced by K* in Equation (3.54). Also, all

entries of (x ^) are bounded and, in general, is
T

indefinite. Quadratic surfaces xp2 Dj xp2, i-ts l°wer anc^
upper bounds (x£2 d! xp2)£ and (xp2 D! xp2)u, and x^2 K* xp2
are conceptually represented in Figure 3.5.

If X . (K*) is chosen such that
mm i

X . (K.) > X (D!)
mm i max i

(3.57)



72

Figure 3.5 Representation of Quadratic Surfaces

is satisfied, where

X
v (D!) = sup {X.(D!(x .))max 1 0 < x , . < 2u ^ 1 -PiPl,l

d. — 3. / • • • / n

* j 1,2 , . . . , n} (3.58)
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then

D!
i

(3.59)

follows directly from Equations (3.54) and (3.55). In

addition, if X (K*) > 0, then xT 0 K* x _ > 0 for all
mm i — p2 i —p2

Xp2 ¥■ 0. That is, symmetric K* e Rnxn is positive definite,
if and only if all the eigenvalues of K* are positive [36].

One choice for K* which satisfies Equation (3.50)

is

K* = diag[X (Df)] (3.60)
i J max i

where K?, in this example, is a diagonal matrix.

This control described by Equations (3.43)-(3.44),

(3.47)-( 3.49) will satisfy Corollary 3.1 and assure the

global asymptotic stability of the manipulator. It should

be noted that b, S, and , i = l,...,n are all constant

matrices, hence its implementation is not computationally

demanding. However, its disadvantage is that the

discontinuous signal due to sgn function will cause

chattering.

3.3.2.3 Controller structure 3

The chattering problem in the above controller will

be alleviated if u" has the form
-P

(3.61)
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where Q* e Rnxn constant, positive definite matrix. In

this case, due to the term in V linear in v(t), i.e., 2v z,

solution can only be guaranteed to enter a spherical

region containing the origin in the error space [23].

Absolute minimum of V which is not the origin anymore will

lie in this region. In fact, part of the V expression,

V' = V'(v)

V' = -2vT Q* v + 2vTz (3.62)

will have absolute minimum at

v = j (Q*)_1 z (3.63)

In general, this spherical region can be reduced as

the magnitude of uT is increased, which actually translates

into the use of large actuators. This can easily be shown
^|f

observing Equation (3.63). Assuming that Q is the diagonal,

absolute minimum will approach to zero as the magnitudes of

the diagonal elements are increased.

Although this controller eliminates the chattering

problem and is the easiest for implementation, it cannot

completely eliminate the error in the state vector. This

error will be reduced at the expense of installing larger

actuators.

3.3.2.4 Controller structure 4

This controller has the structure

u" = (-K + AK ) x + (K + AK ) u
—p p P —P u u —r

(3.64)
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where

Kp = [Gp : Fp] (3.65)

AKp = [R± v (S1 xpl)T : R2 v (S2 Xp2)T] (3.66)

Ku = tAp Ar1] (3'67)

AKu = [R3 v (S3 ur)T] (3.68)

K and AK e Rnx2n
P P

Ku and AK^ e Rnxn

G , F , and A denote the calculated values
P P P

of G , F , and A given by Equations
P P P

(3.6) — (3.7) , (3.10), and (2.44),

respectively

R. e Rnxn, R. > 0, and (3.69)
l i

S. e Rnxn, Si > 0, i = 1,2,3; are (3.70)
to be selected

v is as defined by Equation (3.39)

Let
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V(e, t)
T

e P e + 2
•t

■ 0

T -1 T T
(v A R,v) (x\six )dT
— p 1— —pi 1—pi

+ 2 (^ApSv) (X^2S¡Xp2)dT

+ 2
•t

0

T -1 T T
(v A^xR,v)(u siu )dx— p 3— —IT 3—IT

(3.71)

define a Lyapunov function. Differentiating Equation (3.71)

with respect to time and substituting Equations (3.33),

(3.64)-(3.68), and (3.38) into the resulting expression,

V(e) will be

V(e) = -eT Q e + 2vT z' (3.72)

where P is the solution of the Lyapunov equation

ATP + PA = -Q, Q > 0 (3.73)

and

z' = A-1 [(g - g ) + (f - f )]
P -P -P -P -P

+ (a”1 - A"1 Ap A"1) ur (3.74)

An estimation of the bound of || e || is given below.

If V(e) is negative outside a closed region r subset
2n

of R including the origin of the error space, then all
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solutions of Equation (3.33) will enter in this region r

[23]. Substituting Equation (3.39) into Equation (3.72)

V(e) = -eT Q e + 2eT PB z ' (3.75)

V(e) < " Xmin(Q) II + 2H®II Hpll II B*' I (3-76)

where

\ (Q) is the smallest eigenvalue of Q
mm

|| • I denotes the Euclidean norm

II e ||2 = eTe (3.77)

|| P || = the largest eigenvalue

of P, since P is positive definite

and symmetric [23]

= [ (z ’ ) z1] 1/2 (3.78)

Also, recalling Equation (3.34),

Bz ’ (z')T]T (3.79)

where
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O denotes then x n null matrix, and

0 0 Rn represents the null vector,

I Bz' I = || z* I (3.80)

follows from Equation (3.79). Now, from Equation (3.76),

V(e) < 0 is satisfied for all e satisfying

, 2 || P || || z'l|e|>-r (3.81)
Amin(Q)

Hence, an upper bound on the error, || e || will be

2 P i'Lax
max < A . (Q)

min

(3.82)

It is clear from Equation (3.82) that this bound on

|| e || will be reduced as || P || is decreased, X . (Q) increased

or || z *|| —*■ 0 . It should also be noted that frequent

updating of g , f , and A_ will affect || z'|| —*■ 0, hence
—P —p p — Illa. X

I e|| —0. At steady state, e = 0, control will takeII —11 max J — —

the form

u' (t) = u (t) (3.83)
—p —r

and
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or

z’ = 0 (3.84)

hence Equation (3.33) would yield

e = A e

Controllers presented in this section have the

general form

u = u1 + u"
-p -p -p

(3.85)

Analysis is given assuming that the calculated Ad, i.e.,
A , is exact only in the u' part so that A ^ A = I is
P —P P P

satisfied. This assumption is made to facilitate the

analysis. Computer simulations presented later in Chapter 6

did not, however, use this assumption. In the second part

of the controller, i.e., u", calculated terms g , f , and
P P P

A , i.e., g , f , and A , are explicitly shown in the
P -P -P P

analysis (Controller structure 4). Current arguments with

reference to Equations (3.82) and (3.74) suggest that g^
and fd may be updated at a slower rate compared to the A^.
This result is important, since especially the calculation

of f , in general, requires more computation time compared

to Ap. Although it is clear, the above controllers need the
on-line measurements of plant joint displacements x^ and
the velocities x

—P2
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3.3.3 Uniqueness of the Solution
of the Lyapunov Equation

The Lyapunov equation is given by Equation (3.38).

The uniqueness of its solution P e £2nx2n j_s guaranteed, if

A e j^2nx2n ^as eigenva]_ues with negative real parts as

given by the following corollary [6].

Corollary 3.3: If all the eigenvalues of A

have negative real parts, then for any Q

there exists a unique P that satisfies the

matrix equation

ATP + PA = -Q

where A, P, and Q e R2nx2n.
Recalling Equation (3.34), A is given by

A =

The characteristic equation of A e £2nx2n is

n
det [si - A] = s det si - K_ - - K,s 1 (3.86)

where

I represents a 2n x 2n identity matrix on

the left-hand side of Equation (3.86);

otherwise it is understood that I e Rnxn
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s is the complex variable,

T, j __ „nxnand K2 £ R

If and K2 are diagonal matrices

Kx = diag [K1;i], K2 = diag [K2 ±] (3.87)

where

K,_. and K9>. are the respective diagonal

(i/i)t^1 entries of and K2, i = 1,2,... ,n

then

n
2

det [si - A] = n (s - K- .s - .) (3.88)
i=l 1;1

that is, the time-invariant part of the error-driven system

(not the manipulator dynamics) will be decoupled. Hence,

referring to Equation (3.88), all the eigenvalues of A will

have negative real parts if K. . < 0 and K . < 0.r, 1 2,1

Corollary 3.3, then, assures the existence and uniqueness

of the solution of Lyapunov equation.

3.4 Connection with the Hyperstability Theory

In this section, basic definitions and results on

hyperstability are reviewed and it is pointed out that the

globally asymptotically stable closed-loop systems designed
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in the previous section (Section 3.3.2) are also

asymptotically hyperstable. It is noted that here only the

necessary results are covered and some definitions are

inserted for clarity. Detailed treatment of the subject

can be found in [29, 42].

The concept of hyperstability is first introduced

by Popov in 1962 [42] . The following definitions of

hyperstability and asymptotic hyperstability are also due

to Popov [29].

Definition 3.6; The closed-loop

system

x = Ax - Bw (3.89)

v = Cx (3.90)

w f (v, t) (3.91)

where

B e R
2nxn

C £ R
nx2n

A, B, and C are time-invariant,

f(•) e Rn is a vector functional

(ii) The pair (A,B) is completely

controllable

(iii) The pair (C,A) is completely

observable
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is hyperstable if there exists a positive

constant 6 > 0 and a positive constant

Yq > 0 such that all the solutions
x(t) = <£ (t; Xq, tg) of Equations (3.89)-
(3.91) satisfy the inequality

|| x (t) || < 5 (|| x(0)j| + Yq) for all t > 0

(3.92)

for any feedback w = f(v, t) satisfying the

Popov integral inequality

h (tg , t-^)
T
v w dt (3.93)

for all t^ > tg.
Definition 3.7: The closed-loop system of

Equations (3.89)-(3.91) is asymptotically

hyperstable if

(i) It is hyperstable

(ii) lim x(t) = 0 for all vector
t —00

functionals f(v, t) satisfying the

Popov integral inequality of

Equation (3.93) .

Popov's main theorem concerning the asymptotic hyperstability

of the system described in Equations (3.89)-(3.91) and (3.93)

is given below [29].
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Theorem 3.4: The necessary and sufficient

condition for the system given by Equations

(3.89)—(3.91) and (3.93) to be

asymptotically hyperstable is as follows:

The transfer matrix

H (s) = C(si - A)'1 B (3.94)

must be a strictly positive real transfer

matrix.

The strictly positive real transfer matrix is defined below.

Definition 3.8: An m x m matrix H(s) of real

rational functions is strictly positive real

if

(i) All elements of H(s) are analytic

in the closed right half plane

Re(s) > 0 (i.e., they do not have

poles in Re(s) > 0)
T

(ii) The matrix H(joj) + H (-jw) is a

positive definite Hermitian for

all real w.

The following definition gives the definition of the

Hermitian matrix.

Definition 3.9: A matrix function H(s) of the

complex variable s = o + ju is a Hermitian

matrix (or Hermitian) if
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H(s) = HT(s*) (3.95)

where the asterisk denotes conjugate.

Finally, the following lemma [29] gives a sufficient

condition for H(s) to be strictly positive real.

Lemma 3.1: The transfer matrix given hy

Equation (3.94) is strictly positive real

if there exists a symmetric positive

definite matrix P and a symmetric positive

definite matrix Q such that the system of

equations

ATP + PA = -Q (3.96)

C
T

B P (3.97)

can be verified.

Recalling the error-driven system equations, Equation

(3.33), closed-loop system equations are given by

e = Ae + Bz" (3.98)

where

z" (3.99)

£ is defined by Equation (3.35), A and B are as given by

Equation (3.34). Various controller structures for u^ are
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given in Section 3.3.2 assuring the global asymptotic

stability of the closed-loop system of Equation (3.98).

Referring to Definition 3.6 and Equation (3.98)

w = -z" (3.100)

The second method of Lyapunov essentially required
T

that for a positive definite function V(e) = e Pe

V(e) < -eTQe + 2vTz^' (3.101)

is satisfied. Note that Equations (3.38) -(3.39) and (3.98)

are used in obtaining Equation (3.101). If Q is positive
T

definite, then -Q is negative definite, i.e., -e Qe < 0 for

all e 0_. Hence, to satisfy corollary 3.1,

vTz" < 0 (3.102)

is sufficient for the global asymptotic stability of the

system in Equation (3.98).

On the other hand, Theorem 3.4 requires that the

transfer matrix given by Equation (3.94) be strictly positive

real. Lemma 3.1, in turn, requires that positive definite

P which is the solution of the Lyapunov equation, Equation
T

(3.96), exists and C = B P is satisfied. Noting that Equation
T

(3.39) defined v = B Pe, both conditions are already required

by the second method of Lyapunov.
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However, Theorem 3.4 assumes that the Popov integral

inequality is satisfied. Substituting Equation (3.100) into

Equation (3.93)

-n(tQ, tx) =
1 vTz" dt < -Yq
:0

(3.103)

must hold. But, if v z" < 0 is satisfied, Equation (3.103)

will also hold. Indeed, Equation (3.103) represents a more

relaxed condition compared to Equation (3.102), but for the

system in Equation (3.98) and z” which is an implicit

function of time, direct use of Popov's condition is not

immediate.

The definition of hyperstability also presumed the

complete controllability and the complete observability of

the pairs (A,B) and (C,A), respectively. These conditions

are checked in the following section.

In view of the above discussions, the closed-loop

system which is globally asymptotically stable will also be

asymptotically hyperstable.

3.5 Controllability and Observability
of the (A,B) and (C,A) Pai~rs

Definition of hyperstability in the above section

assumed that the pair (A,B) is completely controllable and

(C,A) is completely observable; A and B are defined in

Equation (3.34). First, for the pair (A,B)



88

[B AB A2B ... A2n 1B] =

ro i

I K,

e R
2nx2n“

(3.104)

must have rank 2n for the complete controllability of the

pair (A, B). The controllability matrix, Equation (3.104),

will have full rank 2n, since its first 2n columns will

always span R2n regardless of the choice of matrix

K2 £ Rnxn. Hence, the pair (A, B) is completely
controllable.

Let P e R2nx2nf which is the solution of the Lyapunov

equation, be given by

(3.105)

where P^, P2, and P^ e Rnxn and P^ and P^ are symmetric.
Then, C e Rnx2n wiH have the form

C = BTP = [P2 P^J (3.106)

For the complete observability of the pair (C, A)

[CT ATCT (AT)2CT ... (AT)2n 1 CT] e R2nx2n
(3.107)
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must have rank 2n. Hence

P
2

(3.108)

is supposed to have rank 2n. Since P given by Equation

(3.105) is positive definite, hence nonsingular, first

n-columns of the observability matrix in Equation (3.108)

will be linearly independent. Therefore, a rank of at least

n is assured. Clearly, the rank of this observability

matrix will depend on P2, P^, K^, and . At this stage it
is assumed that P2, P^ of matrix P and the selected and
K2 are such that the (C, A) pair is completely observable.

3.6 Disturbance Rejection

The most important question to be raised of a

control system is its stability. If it is not stable,

neither a reasonable performance can be expected, nor

further demands may be satisfied. As should be clear by

now, in this study, system stability is highly stressed and

actually complete design of the controllers concentrated on

the verification of stability and tracking properties of

the system.
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Although stability of a control system is necessary,

it is not sufficient for acceptable system performance.

That is, a stable system may or may not give satisfactory

response. Further demands on a control system other than

the stability will be its ability to track a desired

response, to give acceptable transients and its capability

to reject disturbances. Optimal behavior of the system in

some sense may also be required.

Since global asymptotic stability (also the

asymptotic hyperstability) of the system is assured in the

error space, tracking property is already achieved with

the proposed controllers of Section 3.3.2. Acceptable

transient response will be obtained by the choice of

matrices K^, Kj, Q, S^, R^, i = 1,2,3 as given before.
The main drawback of the designed controllers is

the implicit assumption that the reference model parameters

are exactly the same as that of the actual manipulator.

These parameters include manipulator link lengths, link

offsets, twist angles, link masses, and inertia tensors.

Although close estimations of these constant parameters may

be assumed known a priori, information on their exact

values, in general, will not be available. This

discrepancy will deteriorate the system response. This poor

knowledge of plant parameters, other plant imperfections

which are not represented in the mathematical model,
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inaccurate measurement devices, measurement delays, and

delay in the control due to the time required for its

implementation all represent disturbances acting on the

system. If the controller is so designed that under these

disturbances, the plant can still reproduce the desired

response, then the system is said to have the disturbance

rejection feature.

In this section, only an attempt is made to reject

disturbances which will cause steady state error in the

system response through the introduction of integral

feedback. This relatively modest effort, however, greatly

improved the system response under various disturbances

in computer simulations as discussed in Chapter 6. These

simulations basically included the discrepancy in the

manipulator parameters between the reference and the plant

equations, measurement delays, and the delay in control

law implementation.

Let the new state vector e be defined by—0.

, T T T . T / ~> T

^ - (Sal- Sa2' —a3 (3-109)

where

subscript a is used throughout in this section

to denote the augmented system,
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—a £ r3R' —al' —a2' and aa3 £ R"'

-al
=

e1 (3.110)

—a2
=

e2 (3.111)

e^ and are as defined in
Equations (3.27)-(3.28)

also defining

e , =
—a 3

= -I e . (3.112)
—al

e is given bycl

e , =
—a 3

- Ie (t) dt (3.113)
—al

The control u denotes the plant input and has the

form

u
-ap

= u' + u" (3.114)
—ap —ap

where is now given by

uJV =-ap
! Ap(ArlGrSrl + ‘ Kl®al

K2-a2 " K3-a3^ (3.115)

and

u" =
-ap

= u" (3.116)
-P

(3.116)



93

where u" is as given for various controllers in Section
P

3.3.2. Substituting Equations (3.115)-(3.116) into

Equation (3.1) and subtracting the resulting equation

from Equation (3.12), also using Equations (3.110)-

(3.111) along with Equation (3.112), the augmented

error-driven system equations are obtained as follows:

e = Ae + B z"
—a a—a a—

where

“0 I 0 0

K .

al
K 0a2

K ,a3 ' Ba = I

-I 0 0 0

(3.117)

(3.118)

, n3nx3nA e R ,
d

B
a

n3nxn
e R

0 e Rnxn null matrix, I e Rnxn identity matrix,

K . , K t, and K e Rnxn are to be selected,al a2' a3

e and z" are as given by Equations (3.109)
3. —

and (3.99), respectively

Due to poor estimation of manipulator parameters

in the reference model, closed-loop system signal z" may be

considered to represent the disturbance. Note that for the
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ss

controller 4 of Section 3.3.2.4, z" is given by the

right-hand side of Equation (3.74). At steady state this

signal z" will be assumed constant, represented by z"

Note that in general z"

discrepancies.

Now, at steady state, equilibrium state is

determined from

ss 7* £ due to parameter

e _ = 0
—a2 —

K , e , + K~e0 + K-,e.3 = z"al —al a2 —a2 a3 —a3 — ss
(3.119)

-e . = 0
—al —

Assuming that the selected K e Rnxn nonsingU]_arf thea. 3

equilibrium state is given by

e . = 0
—al —

e t
—a 2

= 0

e
—a 3 ss

(3.120)

Error in the position will thus be completely eliminated.

The equilibrium state is now checked for the case

without integral feedback. Recalling Equation (3.98), the

equilibrium state is given by
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—2 = —

K1 -1 + K2 -2 =

(3.121)

ss

which in turn gives

= KI1 r ss

(3.122)

—2 = —

for nonsingular . Again, with z_" ss ^ 0^, the system will
always have steady state position error.

It should be noted that for the augmented system,

the Lyapunov equation is given by

A P + P A = -Q
a a a a a

(3.123)

where

A , P , and Q e R
a a a

3nx3n

Also, v is now defined as
—a

v = B P e
—cl cL cl —3.

(3.124)

Controllers u^ in Section 3.3.2 are valid for the augmented
system since u^ = u^. The closed-loop augmented system
for each case satisfies Corollary 3.1, hence it is also
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globally asymptotically stable. It can be shown that it is

also asymptotically hyperstable.

Recalling Corollary 3.3, solution P of Equation

(3.123) will be unique if all eigenvalues of has negative

real parts; A and its characteristic equation are given bycl

A =
a Kal Ka2 Ka3

-I

det[si - A ]
3

n ,

= s det si - K ~ — K , +4r K .a2 s al 2 a3
s

(3.125)

where I is the identity matrix; its order is 3n on the

left-hand side of the equation; otherwise, it is of order n.

If K
^ e R11X11 is diagonal

K
ai diag ¡"ai.-j1

where K . . denotes the element (j,j) of diagonal K .,cl 1 7 J 31

i = 1,2,3; j = 1,2,...,n, then

det[si - A ] =
a

n

n

j=i
(S3 - K

a2; j
- K
al; j

s + K
a 3; j

•)

(3.126)
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Again, the time-invariant part of the error-driven

augmented system will be decoupled if K^, and K ^

are selected diagonal. This does not, however, mean that

the manipulator dynamics is decoupled. Forming the Routh

array for Equation (3.126), K , K _ and K ,
ax;] IJ aJ; ]

j = l,2,...,n, must satisfy the following conditions for

all the roots of Equation (3.126) to have negative real

parts:

Ka3;j > 0 <3*127>

K K „ . > K _ .

al;j a2?] a3;j



CHAPTER 4
ADAPTIVE CONTROL OF MANIPULATORS

IN HAND COORDINATES

In this chapter, manipulator dynamics is expressed

in hand coordinates and an adaptive controller with a

disturbance rejection feature is given for this system.

The term hand coordinates is used to mean that the hand

position and orientation (i.e., configuration) of the
th

manipulator hand (the n link) is expressed in the

ground-fixed reference frame. In the literature, hand

coordinates, task-oriented coordinates, operational space,

and task space are used interchangeably.

The reason for the representation of system

dynamics in hand coordinates is that error in hand

configuration will be directly penalized rather than

achieving it indirectly through feeding back the joint

errors. Hence, the rationale is that overall measure of

error in hand position and orientation will be less when

equations are expressed in hand coordinates rather than

expressing them in the joint space. Since for most

applications, precision of the hand movement has higher

priority than that of the joints, this approach may yield

improved end effector response.

98
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4.1 Position and Orientation of the Hand

The most useful presentation of the hand position

is through its Cartesian coordinates expressed in the

ground-fixed frame Fg defined by its basis vectors

{u|^ , G<0), Ug0^}. Common practice to define the
orientation of a rigid body is the use of Euler angles

£, 8, and £. Keeping in mind that the frame Fn defined by
basis vectors (ujn^ , u^1^ , uin^ } has been fixed to the
hand, the Euler angles £, 8, and £ are shown in Figure 4.1.

Assuming that initially frames FQ and Fn (denoted
by F^ for the initial position) were coincident, first F^
is rotated about by £. Let the rotated frame F^ be
denoted by F' with basis vectors (uin^ , u^n^ , uin^ } aftern 1 ¿ .i

/n (n) '
the rotation. Then, F' is rotated by 8 about u. to

n 1 1
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r /s (n) " ~ (n) " /v (n) " ,

obtain with basis vectors {u| , ; , u^ }.
A / ^ \ II

Finally, F" is rotated about u, bv E to obtain F . TheseJ n 3 ^ n

successive rotations are illustrated in Figure 4.1. Now,
. r/,v(n) ~ (n) /v (n) *»

the basis vectors {u^ , Uj , U3 } of Fn after undergoing
the above rotations will have the following representations

{ujji, Üjj2' ^rame ^0 (subseript H denotes the hand)

-HI

cosE cosE - sin? cosB sinE

sinE cosE + cos? cosB sinE

sinB sinE

-H2

-cos? sinE - sin? cosB cosE

-sinE sinE + cosE cosB cosE

sinB cosE

(4.1)

-H3

sinE sinB

-cose sinB

cosB

Hence, nine parameters define the basis vectors of

Fn of which only three are independent. Various approaches
exist in the literature to represent hand orientation using

these parameters. However, for our purposes an expression

for the orientation error of the hand is needed. As Luh,

Walker, and Paul suggest in [35],

5 í (Hh i * ÜH i1
1=1 p r

(4.2)
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may be used to represent the orientation error with

uH 4 • uH ^ > 0, i = 1,2,3. In Equation (4.2) subscripts
—tipi —^p1
p and r represent the plant and the reference model,

respectively, where uH^ is given by Equation (4.1).
Position error will be given by the difference between plant

and reference model hand positions.

4.2 Kinematic Relations between the Joint
and the Operational Spaces

4.2.1 Relations on the Hand Configuration

Following analysis is given for nonredundant

manipulators. Although it can be extended to redundant

manipulators, the following treatment is applicable to

6-link, 6 degree-of-freedom spatial (n = 6) and 3-link,

3 degree-of-freedom planar (n = 3) manipulators. This

restriction is valid only for the rest of this chapter.

Position vector zR originating at the origin of
Fq and pointing a point H in the hand is given by

n

ZH = S1S1 + E trk-l rk-l +
k=2

s, s, ]k k
+ z

H/0
n

(4.3)

where is

frame F , 0 ,

the position vector connecting the origin of

to point H in the hand and other parameters

are as defined in Chapter 2. Representation of z^ in Fq, z
will result in m^ nonlinear, coupled algebraic equations in
terms of the generalized joing displacements 0_
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= 5h(0) (4.4)

mi
where z„ e R and 0 e R . In this chapter n is still used

—n —

to denote the number of links and the variables , m2, m
are introduced to prevent repetition of referring to n = 3

and n = 6 separately.

For 6-link spatial manipulators

m^ = 3

m2 = 3 (4.5)

m = m^ + m2 = 6 and

for 3-link planar manipulators

m^ = 2

m2 = 1 (4.6)

m = m^ + m2 = 3

Hand orientation is given through the orientation of

the basis vectors {u|n^, u.^, u^n^} represented in Fq.
mixmi

This, m turn, is given by the rotation matrix Tn e R
as defined by Equations (2.3)-(2.6)

T = T (0)
n n —

(4.7)

If the orientation of hand is specified through the Euler

angles C, 5/ ?, then the basis vectors will be given by
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UHU, B, O [uHl ur2 ur3] (4.8)

where

Tn(£) = UH<?, B, O (4.9)

2
will yield set of m^ nonlinear, coupled algebraic equations
of which only m2 are independent.

Note that for the 3-link planar manipulator only one

Euler angle, say e, is needed to specify the hand

orientation. Substituting 8=0 and £ = 0, U„(£, 8/ £) will
n

take the familiar form

O'cose -sine

0sin? cos?

0 0 1

m-i xm-i
For this case U„(e) e R x x, m, = 2, will be defined as

n 1

cos£ -sine

(4.10)

COSCsine

Equation (4.9) .

Equation (4.4) yielding m^ equations augmented with
the m2 independent equations of Equation (4.9) will give

(4.11)
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where

xx = 0 e Rn

x* £ Rm is the specified hand position and

orientation expressed in frame Fq

In general, f° maps Rn into Rm. If R™ represents a subspace

of Rm which is identical with the hand's work space, then f^
maps Rn onto R™. However, in general, inverse correspondence

f® ^ of Rm (or R™) to Rn does not constitute a mapping.

Hence, the forward problem, that is, given x^, finding x*,
is straightforward and x^ can be determined for any x^.
However, the inverse problem, that is, given x*, find x^,

may or may not have a finite number of solutions. Also

inverse problem

*1 (4.12)

where superscript -1 here denotes the functional inverse,

in general, cannot be solved explicitly for x^.

4.2.2 Relations on Hand Velocity
and Acceleration

The absolute linear and angular velocities of the

hand, vR and , respectively, are given by
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-H = GH ¡¿
n

(4.13)

—H/0 = Gn Hi (4.14)

•

n th mixnwhere w = Q_ e R , j column of GHn e R is defined by

[GHn]j ~

s. x z„ /n , if j*"*1 joint is revolute
—D —1tv u j

s .

(“3
, if j*"*1 joint is prismatic

(4.15)

Zjj/0 . i-s as given by Equation (2.29) with replaced by H,
‘'th m2xn

the j column of e R , [Gn]^ is defined by Equation
(2.37) with i = n. Combining Equations (4.13) and (4.14)

-2 = J^-l^ -2 (4.16)

where

T T T

-2 “ (^H' —H/0> (4.17)

mi m2 * m

vR e R , —H/0 e ^ , x2 e R with m = m^ + m2,

J = Jixp =

=H <5l>'
n

G (x, )
n —1

s R
mxn

(4.18)
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x = (x*, x*)T e R2n, x^ and x2 e Rn (4.19)

x* = (x*T, x*V e R2m, x^ and x* e Rm (4.20)

x^ denotes the generalized joint displacements, whereas x*
represents the position and orientation of the hand in the

fixed frame Fq.
The Jacobian J in Equation (4.16) is given in terms

of joint displacements x^. Introducing Equation (4.12)
into (4.18)

J* = J* (x*) = J(f° (x*) ) =

symbolically,Jacobian J* is expressed in hand coordinates

x*. Throughout this chapter all functions, when expressed

in hand coordinates x*, will be denoted by superscript

asterisk. Hence, Equation (4.16) could be represented by

x* = J(f° (x*)) x2 (4.22)

n-l
gh (f (x*))nn

n-l
Gn (£ (xj))

nmxn ,. «..
e k (4.21)

or

-2 (4.23)



Expressions for the hand acceleration is obtained

differentiating Equation (4 .16) with respect to

*

*

-2
= J (x,) x2 + J (x^) ¿2

where the (i, j )^ element of j (x^)
„mxn .

£ K is

n 3 J • .

[j y i:
=1 3xl,k x2,k

i = 1,2,•••fm/ j = 1,2, . . . ,n

Defining

Jk =

3 J
kl

30.

3 J
kl

30.

3 Jkl
30.

n

3 Jk2
30.

3 Jk2
30.

3 J
k2

3 0.
n

3 J
km

30.

3J
km

30.

3 J
km

30.
n

__ _ / \ «-»nxrn. ■% to
J— J^ (x^) £ R , k — 1,2,...,m

(4.24)

(4.25)

(4.26)
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J(*1/ x2) =

T
T

-2 J1

-2

—2 m

e R
mxm

(4.27)

Given joint displacements x^, hand velocity x* > an<^
acceleration x^, corresponding joint velocities x2 and joint
accelerations ¿2 can be solved from Equations (4.16) and
(4.24), respectively, provided that the Jacobian J (x^) is
nonsingular.

T-1 , > *
x2 = J (x ) x2 (4.28)

-2 J_1(x1) x* - J-1 (x^) j (xr x*) J 1 (x^) x*

where

(4.29)

J (x-j_, xip =

xf J 1T (xx) J1 (x±)

*T -IT , > T , vX* J (x^) J1 (x^)

e R
mxm

(4.30)
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Substituting Equation (4.12) into Equations (4.28)-(4.29),
• • .

x_2 and x2 can be determined, given x*, x2, x* from

-2
= J
*-l

(4.31)

*-l, *, **= J (x^ x2 - J
-1 (X*) (X*, X*) J* 1^1^2

(4.32)

where

*-1 -1 o-1 4.

J = J 1 (f (x*)) (4.33)

n-lj* (x*, x*) = J (f (x*), x*) (4.34)

4.2.3 Singular Configurations

The Jacobian given in Equation (4.18) will be

singular at certain configurations of the manipulator called

singular configurations. At these configurations the hand's

mobility locally decreases (i.e., less than m), hence, the

hand cannot move along or rotate about any given direction

of the Cartesian space. This is anticipated, since the

degree of mobility of the hand is the rank of the Jacobian

and det[J(x^)] = 0 at singular configurations, i.e.,
rank[J(x^) ] < m.

Essentially, singularity of Jacobian is a geometry

problem and the associated singular configurations are the
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property of a given manipulator. Hence, this problem has
to be addressed first at the design stage of each manipulator.

That is, elimination of singular configurations as much

as tolerable by other design requirements through the

change of kinematic parameters and the identification of

all remaining singularities are (or should be) part of the

design process. So far, this aspect is ignored in the

design of industrial manipulators. This identification will

define certain subspaces of the manipulator's workspace in

which manipulator undergoes singular configurations. Once

these subspaces are identified, the complementary of the

union of these subspaces in the work space will define

subspaces, or safe regions, in which manipulator will avoid

singularities.

In view of above discussion, singularity avoidance

which is purely based on geometric considerations need to

be checked beforehand and the commands which avoid

singularities should enter the controller. At this point

it will be assumed that variations in the hand configuration

in reaching the command configuration also lie in the safe

region. That is, a singularity-free command which lies
close to the border of a singularity subspace may cause

the manipulator to undergo a singularity configuration in

reaching the command configuration. Above assumption,

however, requires that the command is so generated and
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executed that no singularities are met. It should be noted

that the variations in hand configurations which are

required to be singularity free will depend on the system

transient response as well as the disturbances acting

on the system.

Although assumed otherwise, if the hand still

undergoes a singularity configuration, this level of

control is not equipped with a remedy. It is not the

intent of this level controller to avoid singularities,

but to execute the singularity-free commands. In

application, if the destination configuration is not

reached within an anticipated duration (system error cannot

be reduced to an acceptable precision in a tolerable time

period), then the controller should activate the emergency

stop and generate a warning signal to the operator. This

precaution will be built in and operate whatever the reason

may be, including the singularity configurations.

4.3 System Equations in Hand Coordinates

4.3.1 Plant Equations

State equations of the plant expressed in hand

coordinates are obtained substituting Equations (4.12),

(4.31), and (4.32) into Equation (3.1)

X* =

[0] [!-]-„mxm mxm

x* +

[0] 1
mxn

-p
J*A*-1G* J*A*-1F* +F*
_P P P P P IP 2p_

-P J*A*-1
_P P

(4.35)
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As usual, subscript p is reserved only to denote the

"plant"; it must not be confused with a counter which is

always denoted by letters i through £. Similarly, subscript

r is reserved for the "reference" model parameters.

Referring to Equation (4.35),

x* = (x*T x*T)T
-p l-pl' —p2

(4.36)

—pi £ ^m' —p2 e as <^e^:'-ne<^ before,

u* e Rn is the control vector,
-P

A _1 (x*.) = A-1 (f° (^pl)} e R
P -Pi P - ^

(4.37)

G* (x*p) £ Rnxm is defined symbolically such that

SLp (*pl> = Sp (*pl> 5pl (4.38)

and

a.* (x*) = 2 (f°s-p -pi —p -

-i
> (4.39)

where g (•) isdefined by Equation (3.6), hold. Similarly,
P

F* (x* , x*_) e Rnxm is so defined that
lp —pi —p2

f* (x* , x*-,) = FÍ (x . , x -) x%-lp -pi —p2 lp -pi' —p2 —p2
(4.40)
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holds; f* (x*lf x*2) is given by

£lP —p2^ = ip<£° (^pi>- Jp"1 (-pij -p2>
(4.41)

f (•) is defined by Equation (3.9), and
-P

2p

T _*-lT _* _*-l
x ~ J J . J
—p2 P Pi P

T *—IT T* T*-l
x „ J J - J
-p2 p pm p

e R
mxm (4.42)

where

V-1
r*. = J*. (x*,) = J
pi pi -pi pi

(4.43)

is as given by Equation (4.26); i = l,2,...,m;

[0] , and [I] represent mxm and mxn null matrices
mxn mxm

and m xm identity matrix, respectively.

Since (x^) = x£, in general, cannot be inverted
explicitly, closed-form expressions for J*, A*, G*, F*^,
and F0 as functions of x cannot be obtained. Given the

hand configuration x*^ and velocity x*2, one has first to
solve f^ (x^) = x£ numerically for joint displacements x^,
then calculate J , J ^, and finally compute A^, G^, F^,
and F2p’ Although equations are symbolically represented
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in hand coordinates, their implementation still needs the

joint displacements, i.e., the inverse problem solution.

This represents added calculation in forming the dynamic

equations other than the calculation of J and j .P P

4.3.2 Reference Model Equations

Reference model state equations expressed in hand

coordinates are given as follows:

*r =

[0]
mxm

J* A*'1 G*
r r r

[I]
mxm

J*A*_1F* +F*
r r lr 2r

x
—r

u* (4.44)

Definitions of all variables are the same as Equation (4.35);

this time variables refer to the reference system instead of

the plant. Equations (4.36) through (4.43) are valid for

Equation (4.44) when subscript p is replaced by r. The

reference model produces the desired response for the plant

to follow. It should be noted that functional dependencies

are omitted in Equations (4.35) and (4.44).

4.4 Adaptive Control Law with
Disturbance Rejection

Error between the plant and reference model state

vectors for the augmented system is defined by

'to]
mxn

J*A*_1
r r
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e* = e*(t) *
= x ,

—rl
- X*
-pi

e* = e*(t) *
= X t—r2

*
- x 0—p2

-3 = -I -1

—3 = 1 -1
dt

(4.45)

(4.46)

e* = (e*T, e*T, e*T)T e R3m (4.47)

T , , • * * ' * »
Letting u = u + uy

-P -P -P
(4.48)

u*' = A*J*_1 [J*A* 1G*x*, + (J*A* 1F* +F* )x%-K e*—p p p 1 r r r—rl r r lr 2r —r2 1—1

- K2e* - K3e*] (4.49)

augmented error-driven system equations will be obtained

subtracting Equation (4.35) from Equation (4.44) and

substituting Equations (4.48)-(4.49) as

• *
e

. * *
A e B*z* *-l *"

B J A u
p p -p

where

1

o i
1

o
1

o

K1 K2 K3 B* = I

11 H 0
1

o
1

o
i

(4.50)

(4.51)
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, K2, and e constant matrices to be selected,
A* e R3mx3m, b* e R3mxn, 0 and I denote the null and

identity matrices of appropriate dimensions,

i* = - <^;"Mp+f2P> &
* *-i *

+ J A u
r r —r

(4.52)

Note that subscript a is omitted in this section previously

used to denote the augmented system. Now, u*" will have~P

the following structure

u = (-K + AK x + (K + AK ) u
—p p p —p u u —r

(4.53)

K* = [8* : F* + A*J*_1F* ]
P P IP P P 2pJ

(4.54)

AK* = [R1v*(S1x;i)T : R2v*(S2x£2)T] (4.55)

[i£5rljíA (4.56)

AK* = [R3v*(S3u*)T] (4.57)

( •) denotes the calculated values, K* and AK* e j^nx2m^
ir Jr

K* and K* e Rnxn, R., S., i = 1,2,3, are as defined by
U U 11

Equations (3.69) and (3.70) with the exception that and

S e Rmxm
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* _*T_* *
v = B Pe

P* e ^3mx3m solution of the Lyapunov equation

A*^p* + p*A* = —Q* (4.58)

* if 3mx3m . ^ .

Q e R and Q >0

Choosing a scalar Lyapunov function of the form

•t
TT* , * . « *T_* . nV(e,t)=e Pe+2 , *T_*,*—1_ *.

n (v J A R.v )0 — p p 1—

/ *T T * \ -j

(ipisispi) dT

+ 2
0..

/ *T * *™1 ** . *T T ★ xt

(V JpAp S2Z > (5p2S2ip2)dT

+ 2
, aT-r*,*-!.,, *> , *T„ *, ,(v JpAp R3v )(ur S3ur)dx

(4.59)

and using Equations (4.50), (4.52)-(4.57), and (4.58),

V*(e*) will be obtained

•

* , *, *T * * . ~ *T *iV (e ) = -e Qe+2v z (4.60)

where
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= J*A*_I[(¿* -£*) + (f* -f* )]P P ^P ^P “IP “IP (*2p - F* )*

2p
x*
-P2

+ (JA
r r

*,*-1 *-l~*~*-l
-J A ~A"J" *J *A* 1) u* (4.61)

P P P P r i* —r

It can be shown that bound on e will be

X (P*)
„ *n y* o max
i 11 max < 2 5JT

* 'l

max
(4.62)

As X (P*) is decreased or X . (Q*) is increased or II z*'||

is reduced through frequent updating of calculated values,

I e*|| will be reduced. This augmented system will also

reject constant disturbances at steady state. Similar

arguments on the zero steady state error can be given as in

Chapter 3. The closed-loop system satisfying V(e*, t) > 0
•

*
and V(e ) <0 will be globally asymptotically stable (also

asymptotically hyperstable).

4.5 Implementation of the Controller

When dynamic equations are expressed in joint space,

information on hand configuration is indirectly supplied by

the reference model. Each given task in hand coordinates

will be transformed to the joint space off-line and built

in the reference system. But, when equations are

represented in hand coordinates, our immediate concern is

the hand configuration, not the joint variables. However,

as mentioned before, given hand configuration, we are unable
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to form dynamic equations directly without reference to

joint variables. Hence, solution of the inverse problem,

Equation (4.12), is needed. Actually, this requirement is

not restrictive, since today's servo-controlled manipulators

solve this equation on-line mostly using iterative

techniques.

It is also interesting to note that currently

direct measurement of hand configuration is not common, at

least not feasible enough to equip today's industrial

manipulators with. When equations are expressed in hand

coordinates, normally a plant's (manipulator's) hand

configuration needs to be measured to compute the error.

However, current implication is that,first, joint variables

will be measured, which is a common practice, then the

forward problem, Equation (4.11), will be solved to find

the "measured" hand configuration. It should be noted

that system equations expressed in joint space could be

used and coupled with Equation (4.11) as the output equation.

Then, however, further development of the controller is

not immediate.

Although equations are represented in hand

coordinates,their implementation requires on-line solution

of either forward or inverse problem. Forward solution is

needed if joint displacements are measured, inverse solution
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if hand configuration is measured directly. Of course,

this means more on-line computation; but considering that

the inverse problem is already solved on-line on current

industrial manipulators and that the forward solution is

straightforward (computationally not demanding), this

requirement is tolerable for implementation.

Once the forward or inverse problem is solved,

implementation of the control does not require any more

significant computation compared to that of Section 3.3.2,

Controlled Structure 4, other than J ^. Since the

Jacobian J is assumed nonsingular, existence of its inverse

is assured, but on-line computation of J ^ is the major

drawback of the proposed controller. One remedy to reduce

computational burden in finding J ^ would be forming J

symbolically (i.e., each entry of J is explicitly formed

as a function of the manipulator's kinematic parameters

and the joint displacements) and then inverting it

symbolically. Symbolic formulation of various nonlinear

functions containing a relatively large number of terms

is studied in [44] . As pointed out in that work, the number

of terms in J will significantly reduce when special

manipulator dimensions (zero-link lengths, link offsets,

and twist angles which are mostly 0° or 90° for industrial

manipulators) are introduced.



CHAPTER 5
ADAPTIVE CONTROL OF MANIPULATORS

INCLUDING ACTUATOR DYNAMICS

So far it is assumed that the actuator torques are

the control variables. Although such a model is easier to

study, it is not physically realizable, since actuator

torques cannot be assigned instantaneously. In this

chapter, manipulator dynamics coupled with the actuator

dynamics define the system equations. Actuator input

voltages then become the control variables. An adaptive
control scheme for this system is also presented.

5.1 System Dynamics Including
Actuator Dynamics

5.1.1 Actuator Dynamics

It is assumed that n actuators drive an n-link,
th

n degree-of-freedom manipulator, and that the k actuator
th t h.

is mounted on the (k-1) link and acts on the k^ link

through a gear reduction box. It is further assumed that

the actuators are permanent magnet DC motors with armature

current control. Each actuator is modeled as a third order,

linear, time-invariant system with dynamic equations

Jk 0k + Dk 0k + Kck 9k + Tk rk KTk 1k
(5.1)

Lk ^k + Rk -^k + rk Kvk 9k = uk

121
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th
where the k actuator parameters, k = l,2,...,n, are

Jk : Rotor inertia referred to output shaft

°k : Coefficient of viscous friction referred

to output shaft

«ck 5 Compliance coefficient referred to

output shaft

Fk : Gear box reduction ratio

*Tk : Actuator torque constant

Fk : Armature inductance

\ : Armature ohmic resistance

*vk : Actuator back e.m.f. constant

Tk : Joint loading torque

ek : Generalized joint displacement

dk : Armature current

uk : Actuator input voltage

If j£, D*, and K*^ represent the rotor inertia, viscous
friction, and compliance coefficients of the actuator,

respectively, then their values referred to output shaft,

Jk' Dk' and Kck' are given by
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r> Jvk k

4 Di

r> K*vk ck

(5.2)

th
where is the k^ gear box reduction ratio. Although

Equation (5.1) is given here for permanent magnet DC motors,

any type of actuator represented by a third-order, linear,
time-invariant model can be used without loss of generality.

In matrix-vector form Equation (5.1) is given

by

EQe_ + E2^- + E1®. + 1 = E3Í
(5.3)

• •

i - E^0_ - E^i_ = Lu

where

Eq = diag[Jk]

E1 = diag[Kck]

E2 = diag[Dk]

E3 = diag[?kETk]

E4 = diag[-?kKvk/Lk]

E5 = diag[-Rk/LkJ
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L = diagtl/LjJ

i = [il A2 ... inJ

u = Iul u2 ... u ]
n

E. and L e time-invariant,

are positive definite except for

definite; j = 0,1,2,...,5.

diagonal matrices; E^ and L
E^ and Ewhich are negative

5.1.2 System Equations

Manipulator dynamic equations expressed in joint

space are given by (see Sections 2.4.2 and 3.2.1)

T = A (0)9_ - f (0, 0) - 2.(6) (5.4)P

3 n
Defining the state vector x e R

i T T TXT ,c
x = (x^, x2, x3) (5.5)

x^ = 0_, x2 = 0_, x3 = i (5.6)

and substituting Equations (5.4) and (5.6) into Equation

(5.3), new system equations will take the form

x± = x2 (5.7)

•
_ 1

x2 = A (X±) [(x^) f_ (x^/ —2 ^ ^ 1—1 ~^2—2 3—3 ^

(5.8)
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x-, = E.x» + Ecx0 + Lu—3 4—2 5—3 —
(5.9)

where

(5.10)

Atx^ e R
nxn

is positive definite, since A^(x^) and EQ
are both positive definite.

5.2 Nonlinear State Transformation

Since Equation (5.9) is the only state equation which

contains the input vector u, extension of previously given

control structures to this system is not immediate. However,

the following state transformation will facilitate the

controller design. A similar transformation is performed via

state feedback to decouple and linearize system equations through

nonlinear term cancellation in [13]. It should be noted

that here state transformation is not used for this purpose.

Denoting the new state vector y e R
3n

Z = (Y]/ Z2' z3)
T T T. T (5.11)

state transformation will be defined by

—1 = *1 (5.12)

(5.13)

Z3 = *2' —3} (5.14)

(5.15)

Equation (5.14) can be written as

Z3 = Z2' (5.16)
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or when solved for

x_3 = q' (y^, y_2 ' Z3)
where

2.'<Zi- Í2' Z3> = e51 + £<zi>
+ !A + E2l2

Differentiating Equations (5.12)- (5.13) and (5.

respect to time

¿1 = ¿!

k2 = ¿2

¿3 = <Zr Z2' —3}

and substituting Equations (5.18) and x^ = y^,
with Equation (5.17) into Equations (5.7)-(5.9)

system equations become

¿i - 12

¿2 = y3

¿3 = A"1((E1E5)y1 + (E2E5 + E3E4 -f

+ (Ej.A - Á - E2)y3 + e5 [2_(y-]

- g(y.]_) -i (yr y2} + N ^

(5.17)

^2}
+ A(z1)y3]

(5.18)

17) with

(5.19)

x2 = y_2 along
, transformed

) + f(y.i* y2) ]

(5.20)
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where

N_1 = E3L = diag[rkKTk/LK] e RnXn (5.21)

diagonal, constant matrix. Also, since and Ej are
diagonal matrices

E . E . = E . E .

ID D i

E.E.E71 = E.E.eT1 = E.i i,j = 0,1,...,5
131 D11 D

Referring to Equation (5.20), A, g_, and f are given as

follows:

(5.22)

A - [Ail1 = £ V*!1 + E,

n
3A_

‘ij Jj. y2,k 3Yli
11
k

_d_
dt V£l>

(5.23)

n 32.ÍZ].)
- " Y2,k 8ylfk

n

£» l
k=l

9£(yr ^2}
2, k 3y l,k

+ y

9f (yr y2)
3 ,k 3y2, k

(5.24)

.th
where y. , represents the kV11 element of vector y. e Rn.1 f .K 1

Equation (5.20) is now represented in vector-matrix form

and given for the plant as follows:
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0 I o
I

o
1

¿P= 0 0 I ip+ 0

-1 -1 r—i
. -1 -1

_AP Glp Ap G2p A G.
P 3pJ

A n
p p

u (5.25)
-P

where G, , G~ , and G-, e Rnxn be defined such that the
lp 2p jp

following hold:

Glp^p^pl - ElpE5p^pl + E5p—p ^^-p 1 ^

G2p(ip*ip2 = (E2pE5p +E3pE4p "Elp*Xp2

+ E5pVV - i(ipl>

G3p(ip)Zp3 = <E5pAp-ip-E2p)ip3 -i'V

(5.26)

State vector is as defined by Equations (5.11)—(5-14);

Up represents the actuator input voltages. Subscript p in
Equations (5.25)-(5.26) indicates the plant. If subscript p

is replaced by r, Equations (5.25)- (5.26) will represent

the reference model state equations.

5.3 Adaptive Controller

Actuator input voltage u^ has the form

u = u' + u"
-P -P -P
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with

-1
u'=NA Y (A G.y.-K.e.)
-P P P r jr^-rj D~D

(5.27)

Following the procedure described in Section 3.3.2, error-

driven system equations can be obtained as follows:

é = Ae + Bz - A'VV
- - P P -P

(5.28)

In this section, e, z, A, and B are defined as

£ = Yr - £, e e R
3n

e . =
-D —r j ^pj , j

= 1,2,3; £

~0 I 0“ ~0 "

A = 0 0 I , B = 0

K1 K2 K3 I

,n

(5.29)

(5.30)

„ „3nx3n _ „3nxnA e K , B e K

J -1-1
z = — y (G. y . ) + A N u

DP “PD r r -r
(5.31)

K , AK £ Rnx3n and K , AK e Rnxn of the second part of
p p u u

the controller
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= (-Kp + AV Ip + (Ku + AV —r

are now given by

Kp - 'Glp ; G2p 5 G3p]

ZSKp = [Rl v(Slypl)T : R2v(S2j^2)T :
(5.32)

Ku - 'W^r'

AKU = [R4i(s4ür) 1

T 3nx3n •

with v = B Pe and P e R is the solution of the Lyapunov
T1 Iny In

equation A P + PA = -Q, Q e R , Q > 0, R^, and are
as defined by Equations (3.69) and (3.70) with i = 1,2,3,4.

If the following Lyapunov function is used,

3 rt

V(e, t) = eTPe + 2 f (vTA-1N-1R.v)(yT.sTy .) dx
- - - ji1J0 - P P 3“ *P3 3%>3

+ 2 (vTA ^R.v)(uTS.u.)dx
— p p 4— —r 4-^4

(5.33)

global asymptotic stability of the closed-loop system can be
shown.

The transformed state vector is composed of joint

displacements, velocities, and the accelerations. Hence,
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measurement of joint accelerations is the added requirement

in implementation. Although joint accelerations may be

measured, it is best avoided because of the relatively high

noise level in these measurements. An added computational
• • •

requirement is the evaluations of A, f, and in Equations
(5.23)-(5.24). These computations will slow down the

updating rate of K in Equation (5.32), hence, error bound
IT

I e l^ax increase if computation speed is held constant.
Otherwise, added computations are not significant, since

actuator dynamics is represented by linear, time-invariant

models.

The system equations, Equation (5.25) can be

expressed in hand coordinates (see Chapter 4) and/or they

can be easily augmented to include integral feedback to

achieve disturbance rejection features. The order of the

system will rise to 4n (from 3n) if integral feedback is
added. Simplified actuator dynamics and the corresponding

system (manipulator + actuators) dynamics which avoids
acceleration measuresments and the calculations of Á, f,
and are presented in the following section. Integral

feedback is also added in that section which is otherwise

a simplified version of this section.

5.4 Simplified Actuator Dynamics

5.4.1 System Dynamics

Typically, rotor inductivity will be in the order
-2 -5

of 10 to 10 henry; hence, the actuator dynamics may be
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simplified approximating L^. - 0 [58] . This significantly
affects the actuator model. The third-order system

representation of actuator dynamics of the previous section
reduces to a second-order system. This eases the analytical

treatment of the problem.

Actuator dynamics of Equation (5.1) will now take

the form

, K_, K .k Tk vk
R.

1
0
k

k

1 (5.34)u.
k

R.

k = 1,2

where all parameters are as defined in Section 5.1.1, or

(5.35)

Eg and E^ are as given by Equation (5.3) and diagonal E2
j n71 1 „nxnand N' e K are

nxn
are

E^ = diag +
*k
1

(5.36)

N'-1 = diag rkKTk ±
Rk
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Coupled system equations are obtained if Equation (5.4) is

substituted in Equation (5.35)

(5.37)

x2 = A-1 (x^) ig^x^) +f (xr x2) - Ej^^ - E^x2 +N'_1u}
A is the same as in Equation (5.10); x^ = Q_, x2 = £ are the
joint displacement and velocities.

5.4.2 Adaptive Controller with
Disturbance Rejection Feature

The plant equations directly follow from Equation

(5.37):

0 I 0

X =
-p

A_1(G - E, )
p p lp

a""1 (F -E' )
p p 2p

x +
-P

A-V-1
P P

(5.38)

G and F are as defined in Equations (3.6)-(3.10).
P P

Similarly, reference model equations will be obtained if

subscripts p are switched to r in the above equation.
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Letting

e, = x . - x i = 1,2, e. e R
—i —n —pi —i

n

£3 - -l£i

-3 Ie^dt

(5.39)

and

with

T T T. T
s (, e^2, s^)

u = u' + u"
-p -p -p

u
-p
' = N' A •

P P

1
[ (G -E, )x . + (F -E' )x -] - 7

r r lr —rl r 2r —r2 .Lj = l
K .e .

3-3
(5.40)

the augmented error-driven system equations become

where

e = Ae + Bz' - A ' ^u"
- P P -P

(5.41)

'0 0 0 “0~

A =
r—1 (N K3 , B = I

-I 0 0 0

(5.42)

- -V1(GP -Elp>2pl -AP1{FP -E2p>5p2
(5.43)
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The second part of the controller, u", will have the formP

as in Equation (3.64) with K^, AK^ e ^nx2n an<3
AK e j^nxn by

u J

4Kp = [R^IS^l1 • R2v(s2xp2)T]
K = [N'A A-1N,_1]
u p p r r

(5.44)

AKu = [R3v(S3ur)T]

(~) denotes the calculated or estimated plant parameters.

Equations (3.39) and (3.73) are valid for this case, but

A and B as defined by Equation (5.42) should be used.

The system presented in this section includes

actuator dynamics, the proposed controller rejects

steady state disturbances and it is easier to implement;
• • •

measurement of accelerations and evaluations of A, f_, and g

are not required. The solution of the error-driven system

will enter the spherical region containing the origin of

error space. Hence, manipulator response will converge

to the desired response. Bound on the spherical region is

as given by Equation (3.82) with ||z || replaced by ||
z' is as defined by Equation (5.43).



CHAPTER 6
EXAMPLE SIMULATIONS

Proposed adaptive controllers are implemented on

the computer and system response is obtained under various

operating conditions. Simulations are conducted on the
VAX-11/750 system at the Center for Intelligent Machines and

Robotics (CIMAR), Department of Mechanical Engineering,

University of Florida. The program, mathematics, library

and graphics package are developed in FORTRAN 77 and

supported by the VAX/VMS operating system.

Manipulator dynamics is coupled with the simplified

actuator dynamics and the controller structure described
in Section 4.2 is simulated for various manipulation tasks.

Plant differential equations are integrated using the

Hamming's fourth-order, modified predictor-corrector

method. Inclusion of the disturbance rejection feature is

left optional; the user can select the desired option.

Although the program is capable of simulating n-link

manipulators, 3- and 6-link spatial industrial manipulators
are used in the examples presented in this chapter. The

program is developed independent of units; the metric system

is employed in the 3-link manipulator and the British system

in the 6-link arm examples.

136
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Plant parameters composed of manipulator kinematic

parameters and actuator properties form the input to the
program. These include manipulator link lengths, link
offsets, twist angles, link masses, inertias, center of

gravity locations of each link, actuator rotor inertias,
coefficients of viscous friction, compliance coefficients,

gear box reduction ratios, actuator torque constants,
armature resistances, and back e.m.f. constants. A second

set of the above parameters (possibly with different

numerical values) is also input to represent the reference

model. In fact, the reference model parameters represent

the closest available estimates of the plant parameters and

we do not know the exact values of the plant parameters.

This is simulated via discrepancy in the plant and reference

model parameters in the computer program.

Other than the differences in the plant and

reference model parameters, the following disturbances are also

introduced. Manipulator initial position is set different

from the initial position of the reference model. After the
motion started, an extra payload is added on the manipulator

hand and the system response is observed while the reference
model had no information of this payload. Measurement

delays are simulated using time delays ranging between 0.01
to 5 ms for different examples. The values of A , G , and

P P

F in Equation (5.38) are updated at various frequencies
ir
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from 10 Hz to 400 Hz in the simulations. Although the

analytical development assumed that Ap in uV, Equation
(5.40), is exactly and continuously updated, numerical

simulations updated at the given frequencies.

Overall control structure may be considered hybrid

in the sense that the terms in the controller linear in
. T

error and state variables [K.e., i = 1,2,3; R-v(S-x .) ,^ D j P J
T

j = 1,2 and R-v(S-.u ) are meant] are supplied continuously3 j r

(analog signal), whereas the nonlinear terms A , G , and FP P P

are updated at the given frequencies only. This latter

part of the input actually constitutes a train of impulses;
magnitudes held constant during the entire sampling period
determined by the input update frequency; hence introducing
shocks to the system.

It should be noted that the theoretical development

did not address all of these disturbances individually and

even the system stability is not guaranteed under their
simultaneous action. (Error bound on the system response

is given before.) Here, numerical simulations test the

proposed controllers under rather severe conditions. The

magnitudes of disturbances are chosen arbitrarily. The
maximum amount of the extra payload, for example, which will

produce undesirable transients or even induce instability
is not addressed in this study. Without further research,

proposed controllers should be extensively experimented
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(via computer and laboratory simulations) if large
disturbances are expected. However, as the examples below
reveal, performance of the controllers under the simulated
disturbances is encouraging.

6.1 Simulations on the 3-Link, Spatial Manipulator

The 3-link manipulator used in the examples is

depicted in Figure 6.1 and the related plant parameters are
given in Tables 6.1-6.3.

Figure 6.1 Illustration of the 3-Link Manipulator

Reference model manipulator and actuator parameters that
are different from the plant are listed in Tables 6.4-6.5.
The first simulation includes the disturbance rejection
feature, i.e., the integral feedback is activated. Hence,
the system order is 9 for the 3-link manipulator; K^, ,

3x3
and £ R in Equation (5.42) are chosen diagonal



Table 6.1 Kinematic Parameters of the 3-Link Manipulator
(Plant Parameters)

Joint sk rk ak

No (m) (m) (deg)

1 0.1 0.6 90.0

2 0.1 0.5 0.0

3 0.0 0.4 -

Table 6.2 Inertia Properties of the 3-Link Manipulator
(Plant Parameters)

Link Centroid Location* Mass

*1
Inertia

h Í3
No (m) ( kg) (kg.m2; about centroid)

1 0.20 0.0 0.0 20.0 0.20 0.60 0.60

2 0.15 0.0 0.0 10.0 0.05 0.20 0.20

3 0.20 0.0 0.0 15.0 0.03 0.10 0.10

* Expressed in the hand-fixed reference frame.
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Table 6.3 Actuator Parameters (Plant)

Actuator No : 1 2 3

Jk (10-3kg.m2) : 5.00 5.00 1.00

o|X (Nm/rad/sec) : 0.30 0.30 0.25

7k - : 30.00 20.00 10.00

«Tk (Nm/amp) : 0.90 0.60 0.25

*k (ohm) : 1.00 1.00 0.60

*vk (volt/rad/sec) : 0.50 0.50 0.25

Table 6 .4 Reference Model Manipulator Parameters

Link Centroid Location Mass rk

No (10~3m) (kg) (m)

1 204.55 4.55 4.55 22.0 0.65

2 158.33 8.33 8.33 12.0 0.55

3 180.00 20.00 20.00 25.0 0.50

Table 6.5 Reference Model Actuator Parameters

Actuator No : 1 2 3

Jk (10-3kg.m2) : 4.00 4.00 2.00

Dk (Nm/rad/sec) : 0.35 0.35 0.30

K ,

vk (volt/rad/sec) : 0.55 0.45 0.30
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= diag(-160.5 -160.5 -200.0)

K2 = diag(-24.5 -24.5 -27.0)

K3 = diag (189.0 189.0 300.0)

so that the eigenvalues of the decoupled linear part of

the error-driven system are located at -1.5, -9.0, -14.0;

-2.0, -10.0, -15.0 with the first three eigenvalues having
9x 9

multiplicity two. Also selecting the Q e R matrix

diagonal

Q = diag(2.0)

the solution P of the Lyapunov equation

ATP + PA = -Q

is obtained as

3x3
where P, e R , i=l,2,...,6, and P. given by
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P1 = diag( 8.3431 8.3431 9.6266)

P2 = diag ( 0.0579 0.0579 0.0646)

P3 = diag(-8.2905 -8.2905 -11.9188)

P4 = diag( 0.0432 0.0432 0.0394)

P5 = diag(-0.0053 -0.0053 -0.0033)

= diag(11.7894 11.7894 20.0449)

The method used in the numerical solution of the Lyapunov

equation is explained in the following section. and
3x3

e R in Equation (5.44) are chosen as follows:

S1 = diag(0.5 0.5 0.5)

S2 = diagd.O 1.0 1.0)

S3 = diag(0.1 0.1 0.1)

R1 = diag(0.1 0.1 0.1)

R2 = diag(2.0 2.0 2.0)

R3 = diag(0.1 0.1 0.1)

Time delay in measurements is input as 5 ms.

Initial plant position is set to x ^ = (20.0 60.0 -115.0)T
deg, whereas the reference model position was x ^

T
= (45.0 20.0 -40.0) deg. One second after the motion
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started, 20 kg extra payload is dropped on the manipulator

hand (plant). Figures 6.2-6.4 illustrate the system

response and the actuator input voltages when nonlinear
terms are updated at 60 Hz. The same problem is repeated

with 10 Hz, Figures 6.5-6.7, and 200 Hz, Figures 6.8-6.10.
Smooth curves in the displacement and velocity plots

designate the desired path, whereas the second curve in
these graphs shows the plant response.

In all three cases system stability is preserved,

reference trajectory is tracked, and the steady state error

is eliminated with the disturbance rejection feature.

However, with 10 Hz updating rate, response of the second

and especially the third joints (Figures 6.5b-c, 6.6c)
deteriorated compared to Figures 6.2b-c, 6.3c (60 Hz) and

Figures 6.8b-c, 6.9c (200 Hz). As expected, smoother
actuator input voltage curves are obtained as the update

rate is increased from 10 Hz to 60 and 200 Hz. Compare,

for example, Figures 6.7c (10 Hz), 6.4c (60 Hz), and 6.10c

(200 Hz). The sudden jump in the input voltage curves and

the deterioration of system response at t = 1 sec is

because of the addition of extra mass on the manipulator

hand. Due to the integral feedback action, system response

converges to the desired path in about 0.2 sec.

The final simulation is conducted on the same

manipulator without activating the integral feedback.



Disp.1(ded)
0.000.410.83l.£41.65£.06£.48£.833.303.71 Figure6.2aJoint1—DisplacementvsTime (r:ReferenceModel,p:PlantResponse)

Time(sec)
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Disp.2(ded)
0.000.410.831.241.852.062.482.893.303.71

Time(sec)

Figure6.2bJoint2—DisplacementvsTime
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Disp.3(ded)
0.000.410.831.841.658.068.488.893.303.71

Time(sec)

Figure6.2cJoint3—DisplacementvsTime
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Vel.I(l/s)
0.000.410.831.E41.65£.06£.48£.893.303.71

Time(sec)

Figure6.3aJoint1—VelocityvsTime
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Vel.£(l/s)
0.000.410.831.241.652.062.482.893.303.71

Time(sec)

Figure6.3bJoint2—VelocityvsTime
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Vel.3(l/s)
0.000.410.831.841.658.068.488.893.303.71

Time(sec)

Figure6.3cJoint3—VelocityvsTime
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Inp.VoIt,1(v) 0.000.410.831.241.652.082.482.893.303.71
Time(sec)

Figure6.4aActuator1—InputVoltagevsTime
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Inp.Volt.2(v)

Time(sec)

Figure6.4bActuator2—InputVoltagevsTime
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Inp.Volt.3(v)

Time(sec)

Figure6.4cActuator3—InputVoltagevsTime
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Disp.1(ded)

Time(sec)

Figure6.5aJoint1—DisplacementvsTime
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Disp.2 90.00 82.EH 74.44 66.67 58.89 SI.11 43.33 35.56 27.78 20.00

0.000.420.841.271.692.112.532.963.383.80
Time(sec)

(ded)

Figure6.5bJoint2—DisplacementvsTime
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Disp.3(ded) 0.000.4-S0.8lt1.E71.69E.llE.532.963.383.80
Time(see)

Figure6.5cJoint3—DisplacementvsTime
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Vel.I(l/s)

Time(sec)

Figure6.6aJoint1—VelocityvsTime
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Vel.2(1/s)

Time(see)

Figure6.6bJoint2—VelocityvsTime
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Vel.3(l/s)

Time(5bc)

Figure6.6cJoint3—VelocityvsTime
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Inp.Volt.1(v) 0.000.420.841.271.692.112.532.96 Figure6.7aActuator1—InputVoltagevsTime
3.383

Time(sec)
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Inp.Volt.2(v)

Timeísec)

Figure6.7bActuator2—InputVoltagevsTime
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Inp.Volt.3(v)

Time(sec)

Figure6.7cActuator3—InputVoltagevsTime
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Disp.1(ded) 0.000.410.821.241.652.062.472.883.293.70
Time(sec)

Figure6.8aJoint1—DisplacementvsTime
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Disp.2(de3)

Time(sec)

Figure6.8bJoint2—DisplacementvsTime
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Disp.3(ded)

Time(sec)

Figure6.8cJoint3—DisplacementvsTime
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Vel.1(l/s)

Time(sec)

Figure6.9aJoint1—VelocityvsTime
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Vel.E(L/s)

Time(sec)

Figure6.9bJoint2—VelocityvsTime
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Vel.3(L/s)
0.000.410.881.841.658.088.478.883.893.70

Time(see)

Figure6.9cJoint3—VelocityvsTime
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Inp.Volt.1(v) 0.000.^10.821.241.652.062.V72.883.293.70 Figure6.10aActuator1—InputVoltagevsTime
Time(sec)
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Inp.Volt.P(v) 0.000.^10.8E1.24-1.652.062.^72.083.293.70
Time(sec)

Figure6.10bActuator2—InputVoltagevsTime
170



Inp.Volt.3(v) 0.000.^10.821.24^1.652.062.472.883.293.70
Time(see)

Figure6.10cActuator3—InputVoltagevsTime
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In this case the system order is 6 and the A and B matrices

in Equation (5.42) are given by

0 I 0

A = B =

K1 k2 I

(6.2)

where A e and B e Adjustment is made on the
3x3

and Kj e U matrices so that the dominant system

eigenvalues are preserved.

Kx = diag(-13.5 -13.5 -20.0)

K2 = diag(-10.5 -10.5 -12.0)

The corresponding eigenvalues are now located at -1.5 and

-9.0 with multiplicity two and -2.0 and -10.0. The

nonlinear terms are updated at 60 Hz. In this example,

and R^, i = 1,2,3, are modified as follows to improve the
transient response

= diag(2.0 2.0 2.0)

52 = diag(2.0 2.0 2.0)

53 = diag(1.0 1.0 1.0)

= diag(2.0 2.0 2.0)

R2 = diag(3.0 3.0 3.0)

R3 = diag(1.0 1.0 1.0)
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6x6
Choosing the Q e R matrix as follows

Q = diag(5.0)

solution of the Lyapunov equation is given by

(6.3)

3x3
where P^eR , i = 1,2,3, and

P1 = diag(5.3968 5.3968 5.8750)

P2 = diag(0.1852 0.1852 0.1250)

P3 = diag(0.2557 0.2557 0.2188)

All plant and reference model parameters,

manipulation task, and the disturbances are kept the same

as in the previous three simulations. System response and

input voltages are plotted in Figures 6.11-6.13. The lack

of integral feedback is best demonstrated by the 45 deg

steady state offset in the third joint displacement as

shown in Figure 6.11c. Also more than 9 deg overshoot is

introduced in the response of this joint. Comparing

Figure 6.2c (with integral feedback) to Figure 6.11c,

overall measure of error in system responses can easily be

assessed. First joint displacement, Figure 6.11a,



Disp,1(des)

Time(see)

Figure6.11aJoint1—DisplacementvsTime
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Disp.2(ded) 0.000.420.851.271.702.122.Eft2.973.393.82
Time(sec)

Figure6.11bJoint2—DisplacementvsTime
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Disp.3(ded) 0.000.420.851.271.702.122.542.973.393.82
Time(sec)

Figure6.11cJoint3—DisplacementvsTime
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Vel.I(l/s) 0.000.4-20.851.271.702.122.542.973.393.82
Time(sec)

Figure6.12aJoint1—VelocityvsTime
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Vel.P(l/s) 0.000.4E0.851.271.702.12E.S1*£.973.393.82
Time(sec)

Figure6.12bJoint2—VelocityvsTime
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Vel.3(1/s)
0.000.4-20.051.271.700.10S.54^0.9?3.393.00

Time(see)

Figure6.12cJoint3—VelocityvsTime
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Inp.Volt.1(v)

Time(sec)
82

Figure6.13aActuator1—InputVoltagevsTime
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Inp.Vült.2(v)

Time(see)

Figure6.13bActuator2—InputVoltagevsTime
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Inp.Volt.3(v) 0.000.4E0.851.E71.70£.1£8.5^£.973.393.8£
TimeIsec)

Figure6.13cActuator3—InputVoltagevsTime
182
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introduces 13 deg overshoot compared to the case with

integral feedback, Figure 6.2a. Response of the second

joint has about 15 deg overshoot and steady state error as

shown in Figure 6.11b. The last example clearly

demonstrates the improvements obtained in the system

response when the integral feedback is activated to reject

disturbances.

6.2 Numerical Solution of the Lyapunov Equation

Given A and the positive definite Q, solution P of

the Lyapunov equation

ATP + PA = -Q

is obtained as follows. Here, A = [a..], P = [P..], and
ij 13 '

Q = [q^.j are assumed to be of dimension kxk. Expanding
the above equation and writing in matrix-vector form

A*p* = -q* (6.4)

,2 ,2 2 2
where A* e R' x , p* e R , and q* e k are given by

T
A +axlI a21I akix

a12I
T

A ta22I • • • ak2I

•

• • | •

alk1 a2kI . . . aT + akkI
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I represents the identity matrix of order k,

P = [P1X P12 Pik P21 "• pkk]

a = fan q12 •** qlk q21 *•* qkk]

Hence, solution of the Lyapunov equation is reduced to the

solution of simultaneous algebraic equations of Equation

(6.4). Although numerically more efficient methods exist in

the literature, this method is used in the simulations, since

the solution of the Lyapunov equation is required once and

can be performed off-line. The solution is obtained by

means of Gauss elimination with complete pivoting.

6.3' Simulations on the 6-Link,
Spatial Industrial Manipulator

The 6-link, spatial industrial manipulator,

Cincinnati Milacron T3-776, is illustrated in Figure 6.14

and its kinematic parameters and inertia properties are

given in Tables 6.6 and 6.7. Actuator parameters are

presented in Table 6.8 and the reference model actuator

parameters that are different from the plant parameters are

listed in Table 6.9. It should be noted that the actuator

parameters in Tables 6.8 and 6.9 do not represent the

actuators used in T3-776. The order of magnitude of these

parameters are representative of DC motors [13, 58], but

otherwise arbitrary.
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Figure 6.14 Cincinnati Milacron T3-776 Industrial Robot
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Table 6.6 Kinematic Parameters of the 6-Link Manipulator
(Plant Parameters)

Joint

No

sk
(in)

rk
(in)

ak
(deg)

(p .rmm

(deg)

(pYmax

(deg)

1 32.0 0.0 90.0 -135.0 135.0

2 0.0 44.0 0.0 30.0 117.0

3 0.0 0.0 90.0 -45.0 60.0

4 55.0 0.0 61.0 -180.0 180.0

5 0.0 0.0 61.0 -180.0 180.0

6 6.0 0.0 - -180.0 180.0

Table 6.7 Inertia Properties of the 6- Link Manipulator
(Plant Parameters)

Link Centroid Location* Mass Inertia about centroid

Jl h ^ 3
No ( in) (lbm) (103lbm. in2)

1 0.0 0.0 -17.0 700.0 0.0 0.0 100.0

2 20.0 -1.0 0.0 1500.0 20.0 180.0 150.0

3 4.0 -7.0 0.0 1000.0 170.0 26.0 170.0

4 0.0 0.0 -20.0 150.0 2.0 2.0 1.2

5 0.0 0.0 0.0 80.0 0.8 0.8 0.3

6 0.0 0.0 -4.0 60.0 0.4 0.4 0.2

* Expressed in the hand-fixed reference frame.



187

Table 6.8 Actuator Parameters (Plant)

Actuator No : 1 2 3 4 5 6

Jk (10-3lbm.ft2) : 100.00 50.00 50.00 30.00 30.00 20.00

°k (lbf.ft/rad/s): 0.30 0.30 0.20 0.30 0.25 0.20

Fk : 100.00 100.00 100.00 80.00 30.00 10.00

KTk (lbf.ft/amp) : 15.00 15.00 10.00 8.00 6.00 6.00

*k (ohm) : 0.80 0.80 0.80 0.80 0.70 0.60

*vk (volt/rad/s) : 0.50 0.50 0.40 0.30 0.25 0.20

Table 6.9 Actuator Parameters (Reference Model)

Actuator No : 1 2 3 4 5 6

Jk (10-3lbm.ft2) : 150.00 45.00 55.00 25.00 25.00 25.00

(lbf.ft/rad/sec): 0.35 0.35 0.25 0.25 0.30 0.25
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In this section, three simulations on T3-776 are

presented. The first two simulations assume that the

reference model hand carries 5 lbm extra payload throughout

the motion. Also, an additional 5 lbm payload is added to

the reference model at t = 0.7 sec increasing the difference

to 10 lbm. Integral feedback is in effect in these

simulations, hence the system order is 18. The initial

reference model position is

xrl = (-5 100 -25 -90 0 50)T deg

The initial plant position is set to

-pi = {0 50 10 50 "40 0)T deg

so that the differences in joint positions varied between
V

5 to 50 deg. Diagonal e R in Equation (5.42), S^,
1 RyI 8

in Equation (5.44), i = 1,2,3, Q e R , and the

solution of the Lyapunov equation, P e ^18x18 are g^ven

below; Kg, K2, and are so chosen that the eigenvalues
of A of the error-driven system lie at -1.0, -2.0, -7.0,

-11.0 each with multiplicity three and at -9.0 with

multiplicity six.

Kg = diag(-79 -79 -79 -139 -139 -139)

K2 = diag(-17 -17 -17 -22 -22 -22)

K3 = diag(63 63 63 198 198 198)
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S. = R. = diagdO-3), i = 1,2,3
i 1

Q = diag(l)

that is Q is chosen 18 xl8 identity matrix and P^,
j = 1,2,...,6, as given in Equation (6.1), but now of

dimension 6x6, are given by

P1 = diag( 1.5154 1.5154 1.5154 2.1289 2.1289 2.1289)

P2 = diag( 0.0165 0.0165 0.0165 0.0194 0.0194 0.0194)

P3 = diag(-1.0552 -1.0552 -1.0552 -2.4528 -2.4528 -2.4528)

P4 = diag( 0.0157 0.0157 0.0157 0.0122 0.0122 0.0122)

P5 = diag(-0.0040 -0.0040 -0.0040 -0.0013 -0.0013 -0.0013)

P6 = diag( 1.3543 1.3543 1.3543 4.0255 4.0255 0.0255)

Measurement delays are taken as 0.01 ms. Figures

6.15-6.16 give the system response and Figure 6.17 the

actuator inputs when nonlinear terms are updated at 50 Hz.

Later, this frequency is increased to 200 Hz and the

response is plotted in Figures 6.18-6.20. Again, smoother

response is obtained as the updating frequency is increased.

It is interesting to note that the response overshoots are

either reduced in magnitude or completely eliminated as

the frequency is increased from 50 to 200 Hz. Joint 6

displacement, for example, has 30.9 deg overshoot with 50 Hz



Disp.1(ded) 0.000.880.440.670.891.111.331.551.788.00
Time(sec)

Figure6.15aJoint1—DisplacementvsTime

190



Disp.2(ded) 0.000.220.440.670.091.111.331.551.700.00
Time(sec)

Figure6.15bJoint2—DisplacementvsTime
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Disp.3(ded) 0.000.220.440.670.091.111.331.551.782.00
Time(sec)

Figure6.15cJoint3—DisplacementvsTime
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Disp.4(ded)
0.000.E20.44-0.B70.081.111.331.551.78E.00
Time(sec)

Figure6.15dJoint4—DisplacementvsTime
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Disp.5(ded)

Time(sec)
00

Figure6.15eJoint5—DisplacementvsTime
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Disp.6(ded) 0.000.220.44-0.670.891.111.331.S51.78E.00
Time(sec)

Figure6.15fJoint6—DisplacementvsTime
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Vel.I(i/s)

Time(sec)
00

Figure6.16aJoint1—VelocityvsTime

196



Vel.2(l/s)
0.000.220.4-lt0.670.891.111.331.551.782.00

Time(sec)

Figure6.16bJoint2—VelocityvsTime
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Vel.3(L/s)

Time(sec)
00

Figure6.16cJoint3—VelocityvsTime
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Vel.4-(L/s)
0.000.820.4-4-0.670.091.111.331.551.788.00
Time(sec)

Figure6.16dJoint4—VelocityvsTime
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Vel.5(L/s)

Time(sec)
00

Figure6.16eJoint5—VelocityvsTime
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Vel.6U/s)
0.000.EE0.4-4-0.670.891.111.331.551.78E.00

Time(sec)

Figure6.16fJoint6—VelocityvsTime

201



Inp.Volt.1(v) 0.000.220.440.670.091.111.331.551.702.00
Time(sec)

Figure6.17aActuator1—InputVoltagevsTime
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Inp.Volt.2(v)

Time(sec)

Figure6.17bActuator2—InputVoltagevsTime
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Inp.Volt.3(v) 0.000.EE0.44-0.670.891.111.331.551.78E.00
Time(sec)

Figure6.17cActuator3—InputVoltagevsTime
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Inp.Volt.4-(v) 0.000.EE0.H4-0.670.091.111.331.5S1.70E.00
Time(see)

Figure6.17dActuator4—InputVoltagevsTime
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Inp.Volt.5(v) 0.000.220.^0.670.891.111.33l.SS1.782.00
Time(sec)

Figure6.17eActuator5—InputVoltagevsTime
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Inp.Volt.6(v) 0.000.220.¥t0.670.831.111.331.551.782.00
Time(5ee)

Figure6.17fActuator6—InputVoltagevsTime
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Disp.1(ded)
0.000.280.440.670.091.i11.331.S51.782.00

Time(sec)

Figure6.18aJoint1—DisplacementvsTime
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Disp.2(ded)
0.000.220.440.670.891.111.331.551.782.00

Time(sec)

Figure6.18bJoint2—DisplacementvsTime
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Disp.3(ded)
0.000.220.4-4-0.670.891.111.331.551.782.00

Time(sec)

Figure6.18cJoint3—DisplacementvsTime
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Disp.4-(ded)

Time(sec)

Figure6.18dJoint4—DisplacementvsTime
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Disp.5(ded)
0.000.220.^4-0.670.891.111.331.551.782.00

Time(sec)

Figure6.18eJoint5—DisplacementvsTime
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Disp.6(ded)
0.000.220.44-0.670.891.111.331.5S1.78£.00

Time(sec)

Figure6.18fJoint6—DisplacementvsTime
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Vel.IC1/si
0.000.220.44-0.670.891.111.331.551.782.00 Figure6.19aJoint1—VelocityvsTime

Time(sec)

214



Vel.2(1/s)
0.000.EE0.440.670.891.111.33l.SS1.78E.00 Figure6.19bJoint2—VelocityvsTime

Time(sec)
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Vel.3(L/s)

TimeIsee)

Figure6.19cJoint3—VelocityvsTime

216



Vel.t(1/s)

Time(sec)

Figure6.19dJoint4—VelocityvsTime
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Vel.5(l/s)
0.000.220.44-0.670.831.111.331.B51.782.00

Time(sec)

Figure6.19eJoint5—VelocityvsTime

218



Vel.6(L/s)
0.000.£20.44-0.670.891.111.331.551.78£.

Time(see)
00

Figure6.19fJoint6—VelocityvsTime
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Inp.Volt.1(v) 0.000.EE0.^0.670.891.111.331.551.78£.00
Time(sec)

Figure6.20aActuator1—InputVoltagevsTime
220



Inp.Volt.2(v) 0.000.220.^0.670.891.111.331.551.782.00
Time(sec)

Figure6.20bActuator2—InputVoltagevsTime
221



Inp.Volt.3(v) 0.000.220.4*+0.67-0.891.111.331.5S1.782.00
Time(sec)

Figure6.20cActuator3—.InputVoltagevsTime
222



Inp.Volt.4-(v) 0.000.220.^40.670.091.111.331.551.702.00
Time(sec)

Figure6.20dActuator4—InputVoltagevsTime
223



Inp.Volt.5(v) 0.000.EE0.440.6?0.891.111.331.551.78E.00
Time(sec)

Figure6.20eActuator5—InputVoltagevsTime
224



Inp.Volt.6(v) 0.000.280.440.670.09l.tl1.331.551.708.00
Time(sec)

Figure6.20fActuator6—InputVoltagevsTime
225
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updating rate, Figure 6.15f. This overshoot is reduced to
3 deg with 200 Hz updating as shown in Figure 6.18f. Also
the joint 5 overshoots of 6.42 and 5.58 deg in Figure
6.15e (with 50 Hz updating) are completely eliminated when

the frequency is 200 Hz, Figure 6.18e. Magnitudes of the

input voltages are also influenced by the frequency change.
Maximum value of the 6th actuator input voltage is 21.09 v

(50 Hz) as shown in Figure 6.17f, whereas the same value with

the increased updating frequency (200 Hz) is reduced to

9.01 v in Figure 6.20f. Faster updating also produced

smoother input curves as expected. Compare, for example,

Figure 6.17 to 6.20.

The last simulation on T3-776—Figures 6.21-

6.23—modeled the reference model so that each link had an

extra payload of 10 lbm. Also at t = 0.7 sec, an extra

payload of 30 lbm is dropped on the reference model hand.
In this example, the nonlinear terms are updated at 400 Hz.

Due to the increased difference between the plant and

reference model parameters, joint 5 displacement, Figure

6.21e, introduced 10.78 and 4.63 deg overshoots (which were

eliminated in Figure 6.18e) in spite of the increased

updating rate. Joint 6 overshoot in Figure 6.21f is also
increased to 9.07 from 3.0 deg. Further adjustments on

, S^, and R^, i = 1,2,3, may reduce the system overshoots
and improve the overall transient behavior.



Disp.1(ded)
0.000.EE0.^4-0.670.891.111.331.561.78E.00
Time(sec)

Figure6.21aJoint1—DisplacementvsTime
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Disp,2(ded)

Time(sec)

Figure6.21bJoint2—DisplacementvsTime
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Disp.3(ded)
0.000.280.44-0.670.891.111.331.561.782.00
Time(sec)

Figure6.21cJoint3—DisplacementvsTime
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Disp.4-(ded)
0.000.2E0.440.670.891.111.331.561.782.00

Time(sec)

Figure6.21dJoint4—DisplacementvsTime
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Disp.5(ded)

Time(sec)

Figure6.21eJoint5—DisplacementvsTime
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Disp.6(deá)
0.000.220.^0.670.031.111.331.561.702.00

Time(sec)

Figure6.21fJoint6—DisplacementvsTime
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Vel.I(l/s)
Figure6.22aJoint1—VelocityvsTime

Time(sec)
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Vel.2(l/s)

Time(sec)
00

Figure6.22bJoint2—VelocityvsTime
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Vel.3(L/s)

Time(see)

Figure6.22cJoint3—VelocityvsTime
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Vel.T(l/s)

Time(sec)

Figure6.22dJoint4—VelocityvsTime
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Vel.5(l/s)
0.000.220.44-0.670.091.111.331.561.702.00

Time(sec)

Figure6.22eJoint5—VelocityvsTime
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Vel.&(L/s)

Time(sec)

Figure6.22fJoint6—VelocityvsTime
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Inp.Volt.1(v) 0.000.220.4-^0.670.891.111.331.561.702.00
Time(sec)

Figure6.23aActuator1—InputVoltagevsTime
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i

Inp.Volt.2(v)

Time(see)

Figure6.23bActuator2—InputVoltagevsTime
240



Inp.Volt.3(v) 0.000.E20.44-0.670.891.111.331.561.78E.00
Time(sec)

Figure6.23cActuator3—InputVoltagevsTime
241



Inp.Volt.4(v)

Time(sec)

Figure6.23dActuator4—InputVoltagevsTime
242



Inp.Volt.5(v)

Time(sec)

Figure6.23eActuator5—InputVoltagevsTime
243



Inp.Volt.6(v) 0.000.EE0.Vt0.670.891.111.331.561.78E.
Time(sec)

00

Figure6.23fActuator6—InputVoltagevsTime
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In this section, comparisons are provided in an

attempt to give insight to the system response when several

parameters (amounts of disturbances) are varied. However,
it should be kept in mind that the overall system is

18th order, coupled and nonlinear, and unexpected variations

in the transient behavior are possible and may not be

interpreted easily. In all simulations system stability
is preserved under all the simulated disturbances, the

manipulator tracked the desired trajectories and steady
state error is eliminated with the disturbance rejection

feature.



CHAPTER 7
CONCLUSION

Today's industrial manipulators are built to move

slowly or the joints are activated one by one to

avoid dynamic interactions between links. Typically each
link is modeled as a second-order, time-invariant system

and the joints are controlled independently. This limited

practice, however, does not take full advantage of the
robot technology. Precision remains payload and task

dependent, even instability may be induced, since a highly
nonlinear and coupled system is represented by a linear,

decoupled system and a sound stability analysis is not

provided.

This work addresses the tracking problem of spatial,

serial manipulators modeled with rigid links. Centralized

adaptive controllers which assure the global asymptotic
stability of the system are given via the second method of

Lyapunov. Actuator dynamics is also included in the
system model. System dynamics is represented in hand
coordinates and it is shown that the designed controllers

can be extended for this system.

The kinetic energy expression for an n-link,

spatial manipulator is obtained and the Lagrange equations
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are utilized in deriving the dynamic equations. These

equations form a set of 2n, nonlinear, coupled, first-order
ordinary differential equations for an n-link, n degree-of-
freedom arm. In general, they are formed and the forward

or the inverse problems are solved numerically on digital

computers.

The plant, which represents the actual manipulator,

and the reference model representing the ideal robot are

both expressed as nonlinear, coupled systems. Error-driven

system dynamics is then given and the controllers which
yield globally asymptotically stable systems are designed
using Lyapunov's second method. It is shown that the

resulting closed-loop systems are also asymptotically

hyperstable. Integral feedback is added to compensate for
the steady state system disturbances. System dynamics

is expressed in hand coordinates and an adaptive control
law scheme is proposed for this model. Actuator dynamics,
modeled as third-order, linear, time-invariant systems,

is coupled with the manipulator dynamics and a nonlinear
state transformation is introduced to facilitate the

controller design. This transformation increased the

computational requirements and necessitated the measurements
of joint accelerations. Neglecting armature inductances,

simplified actuator dynamics is obtained. Each actuator

is then modeled as a second-order, linear, time-invariant
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system. Joint acceleration measurements and the added

computations are thus avoided. Adaptive controller design

and the disturbance rejection feature are applied to this

system.

Adaptive controllers are implemented on the computer

for n-link robot manipulators powered with n actuators.

Examples on 3- and 6-link, spatial, industrial manipulators

are presented. Disturbances acting on the plant are

simulated by the discrepancy in manipulator and actuator

parameters of the plant and reference model, difference in

initial positions, measurement delays and the delay in

control law implementation. In all cases system stability

is preserved, reference trajectory is tracked, and steady-

state error is eliminated with the disturbance rejection

feature.

The amount of discrepancy between the plant and the

reference model parameters which will deteriorate the system

response or even induce instability need to be further

addressed. Structural flexibility should also be included

in the dynamic modeling of manipulators. This aspect may

be omitted until a mature understanding of the control

problem with rigid body model is established, since

flexibility further complicates the dynamic equations and

increases the system dimensionality. Although computer

simulations indicate the validity of controllers and form
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an inexpensive test base, ultimately experimental

implementation on actual robots must be realized.

Advanced controllers call for on-line use of

computers, but considering that the current industrial

robots already have computers on board and that

microcomputer prices are steadily coming down with

increased memory and faster operations, industrial use of

these controllers ia feasible if reliable, precise and

fast operation of manipulators is required. These

desirable features will force manipulator productivity to

its full capacity. Although the flexibility of manipulators

to work in different operations (against hard automation)

is the key issue to make them attractive, current practices

concentrate on the dedicated use of robots partly because

of their slow and unreliable features. With the improved

operation speed and reliability, flexibility of robots can

truly be realized. Price increase of the complete robot

unit (due to increased computer support) will be

compensated by the increased productivity. Finally, if

reliability is proven, hesitancy in investment, currently

the major drawback, will be overcome.
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