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Decision theory refers to the analysis, formalization, and prediction, through 

mathematical models, of optimal and real decision-making; it involves the process of 

selection of perceived solutions, actions, and outcomes to a given problem from a set of 

possible alternatives.  Depending on the extent of possible quantification, presence of 

uncertainty, number of decision makers, and number of objectives, decision theory is 

classified as quantitative or qualitative, deterministic or stochastic, single or multiple 

party, and single or multiobjective. The management of water resources systems involves 

unavoidable natural and social conditions of risk and uncertainty and multiple competing 

or conflicting parties and objectives, which introduce the risks of high economic and 

social costs due to wrong decisions, necessitating the formulation of models that 

adequately represent a given situation by incorporating all factors affecting it. 



xviii 

Hence, the adequate modeling of such systems should incorporate risk and 

uncertainty; decision theory under risk and uncertainty is called decision analysis or risk 

management. Risk management approaches may be broadly categorized as non-

probability and probability based techniques. Non-probability based techniques include 

sensitivity analysis, decision criteria, analytical hierarchy, and game theory; probability 

based techniques include scenario analysis, moments, decision trees, expected value, 

stochastic optimization, Bayesian and fuzzy analysis, and downside risk measures such as 

Value-at-Risk and Conditional Value-at-Risk metrics. Many of these methods, though 

very useful, suffer from critical shortcomings: sensitivity and scenario analysis only 

provide some intuition of risk, expected value fails to highlight extreme-event 

consequences, decision trees and hierarchical approaches fail to generate robust and 

efficient solutions in highly uncertain environments, central moments do not account for 

fat-tailed distributions and penalize positive and negative deviations from the mean 

equally, recourse does not provide means to control risk, and Value-at-Risk does not 

provide information about the extent and distribution of the losses that exceed it and is 

not coherent. Game theory, used in situations of multiple party decision making, suffers 

from several systematic violations, such as the common consequence, preference 

reversal, and framing effects. To account for some of these shortcomings, several 

extensions and alternatives have been suggested such as the conditional-Value-at-Risk 

and behavioral game theory. 



1 

CHAPTER 1 
INTRODUCTION 

Decision theory is an interdisciplinary area of study, related to and of interest to 

practitioners in many fields such as mathematics, statistics, economics, philosophy, 

management, sociology, political science, and psychology.  Its main concern is the 

analysis, formalization, and prediction, through conceptual, physical, and mathematical 

models, of optimal and real decision-making, defined as the process of selection of a 

perceived solution, action, and corresponding outcome, to a given problem, from a set of 

possible alternatives, in a given situation.  A situation is usually described by the extent 

of possible quantification, the presence of uncertainty, the number of decision makers, 

and the number of issues or objectives (Hipel et al., 1993; Radford et al., 1994); these 

four factors result in sixteen combinations, depicted in Table 1-1.  Water resources 

systems management involves unavoidable natural and social conditions of risk and 

uncertainty and multiple competing or conflicting parties and objectives, which introduce 

the risks of high economic and social costs due to wrong decisions, necessitating the 

formulation of models that adequately represent a given situation by incorporating all the 

factors affecting it (Haimes, 2004).  Hence, this research is focused on the formal 

representation of multiple objective situations involving risk and uncertainty, for single 

party and multiple parties decision-making (the bolded sections of Table 1-1).  The 

diagram in Figure 1-1 previews the plan of this dissertation. Chapter 2 reviews the 

concepts of uncertainty, risk, and probability. 
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Table 1-1.  Possible decision making environment combinations 
Factors 

Uncertainty Quantification Objectives Decision makers Combination 
Absent Present Qualitative Quantitative Single Multiple Single Multiple 

1   
2     
3   
4 

  
    

5   
6     
7   
8 

  

  

    
9   
10     
11   
12 

  
    

13   
14     
15   
16 
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Figure 1-1.  Dissertation organizational diagram 

The chapter also compares different probability and non-probability based 

analytical techniques used in risk management, focusing on the conditional value-at-risk 

method, αCVaR . The chapter also presents the different methods used for scenario 

generation representation of uncertainty.  The chapter concludes with an extensive review 

of the application of risk management techniques to water resources problems. 

Chapter 3 applies and compares different single party risk management techniques, 

presented in Chapter 2, to a water resources management problem, where risk is 

quantified as cost.  These methods are the expected value, scenario model, two-stage 

stochastic programming with recourse, and αCVaR .  They were built into a mixed integer 

fixed cost linear programming framework.  Uncertainty was introduced via water 

Chapter 1 

Chapter 2 

Chapter 3: 

Plan of dissertation 

Decision making under uncertainty: methods comparative 
review and applications to water resources management 

Comparison of single decision-maker risk management 
techniques using a water allocation case study 

Chapter 4: Utility theory, game theory, and water resources 
management applications 

Chapter 5: Multiagents multattributes water allocation game model: 
development and application 

Chapter 6 Conclusions and future research recommendations 
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supplies and results were compared for two discrete distributions with equal means, and 

different standard deviations, developed using one of the scenario generation methods 

presented in Chapter 2.  The models were applied to a case study, using the Saint Johns 

River Water Management District (SJRWMD), Priority Water Resource Caution Areas 

(PWRCA), in East-Central Florida (ECF), as a study area. 

Chapter 4 presents a review of the development of utility theory and game theory, 

as theories of individual and strategic decision making under risk and uncertainty.  The 

chapter starts with a summary of the formal conception of expected utility theory, 

followed by its critique as a human choice predictive tool in decision making situations, 

and an overview of its alternatives, and continues with the examination of standard game 

theory, its main taxonomy, and solution concepts, setting the stage for behavioral game 

theory.  The chapter concludes with an extensive review of the application of game 

theory to water resources decision making problems. 

Chapter 5 presents the main concepts of research in the allocation of multiple 

resources between multiple competing or conflicting parties, such as preferences, risk, 

equity, salience, and power.  Subsequently, the chapter proposes an applied modelling 

tool for common pool resources conflict resolution that combines essential concepts in an 

n  parties game theoretic framework.  Specifically, these concepts are utility, ideal 

position, issue linkage, equity, salience, risk propensity, conflict level, and political 

uncertainty.  The chapter concludes with the illustration of this model using a 

hypothetical conflict situation over water, land, and financial resources among three 

different parties.  
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CHAPTER 2 

DECISION MAKING UNDER UNCERTAINTY: A COMPARATIVE REVIEW OF 
METHODS AND APPLICATIONS TO WATER RESOURCES MANAGEMENT 

Decision Theory, DT, is a subset of Operations Research, OR, and Systems 

Analysis (SA);1 it is a body of knowledge and related analytical techniques, of different 

degrees of formality, designed to help a decision-maker choose among a set of 

alternatives in light of their possible consequences.  Decision Analysis (DA) is a subset 

of DT that refers to the discipline of Decision-Making under Uncertainty (DMuU) 

(Haimes, 2004; Winston, 1994).  The process of Decision-Making under Uncertainty is 

also equivalent to another process, namely, Risk Management, RM (Haimes, 2004).  

Decision Analysis, Decision-Making under Uncertainty, and Risk Management are used 

interchangeably in the rest of the text. 

Although DMuU and RM refer to the same processes, their designations employ 

terms, namely uncertainty and risk, which, historically, have generated a great deal of 

argument.  In the next sections we clarify the concepts of uncertainty, risk, and 

probability in the framework of RM.  Subsequently, we present the general structure of 

the latter.  These overviews are not aimed at presenting the field specific definitions and 

applications of risk and its management; rather they are meant to provide a summary of 

the general definitions. Following, we describe and compare different probability and 
                                                 
1 Originally, OR and SA referred to the use of quantitative techniques as a scientific approach to decision-
making and the analysis of complex interdependent elements of a system in a holistic interdisciplinary 
manner, respectively, to aid in decision-making. Currently, the analytical tools and evaluative techniques 
that both sciences utilize overlap; as a result, these terms are sometimes used interchangeably (Winston, 
1994). 
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non-probability based analytical techniques used in RM, focusing on the conditional 

value-at-risk method.  As a major issue in DMuU is the representation of uncertainty, we 

also present the different methods used for scenario generation.  We conclude this chapter 

with an extensive review of the application of RM techniques to water resources 

problems.  The diagram in Figure 2-1 exhibits the plan of this chapter. 

 
 
Figure 2-1.  Chapter 2 organizational diagram 

On the Origin of Risk 

The first recorded practice of risk analysis, qualitative, dates to as back as early 

Mesopotamia, about 3200 B.C.  in the Tigris-Euphrates valley, where the Ashipu served 

as consultants for difficult decisions in ancient Babylonia; the Ashipu created ledgers of 

alternatives, their corresponding outcomes, and favorability (Oppenheim, 1977).  
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Evidence of games of chance have been found in archeological ancient Egyptian, 

Sumerian, and Assyrian sites, where talis, the predecessor of dice, was used.  Marcus 

Aurelius was regularly accompanied by his master of games (Covello and Mumpower, 

1986). 

Quantitative risk analysis can be traced to early religious ideas concerning the 

probability of an afterlife.  Plato addressed it in Phaedo in the fourth century B.C.  

Arnobius the Elder, a major church figure in the fourth century A.D.  in North Africa, 

proposed a two-by-two matrix to analyze the alternatives of God’s existence/inexistence 

versus accepting Christianity/being a pagan (Covello and Mumpower, 1986).  In 1518, in 

response to a cash flow problem, the Catholic Church sanctioned usury as long as there 

was risk on the part of the lender (this definition was rescinded in 1586 to be resanctioned 

later in 1830) (Grier, 1981). 

The formal mathematical theories of probability, however, did not appear until the 

time of Pascal, who introduced probability theory in 1657.  Following the steps of Pascal, 

the late seventeenth century witnessed a surge of related intellectual activity by authors 

such as Arbuthnot, who argued that probabilities of an event’s causes can be calculated; 

Graunt, in 1662, and Halley, in 1693, who published life expectancy tables; and 

Hutchinson, who studied the trade-offs between probability and utility in risky situations.  

In the early eighteenth century, 1738, Cramer and Bernoulli proposed solutions for the 

Saint Petersburg paradox.2   In 1792, LaPlace analyzed the probability of death as a 

                                                 
2 In probability theory and decision theory the St. Petersburg paradox is a paradox that exhibits a random 
variable whose value is probably very small, and yet has an infinite expected value. This poses a situation 
where decision theory may superficially appear to recommend a course of action that no rational person 
would be willing to take. That appearance evaporates when utilities are taken into account. The paradox is 
named from Daniel Bernoulli's original solution, published in 1738 in the “Commentaries of the Imperial 
Academy of Science of Saint Petersburg.” 
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function of smallpox vaccination (Covello and Mumpower, 1986).  In the nineteenth 

century, Von Bortkiewicz examined ten year records of Prussian soldiers’ mortality to 

study the event of death by kicks from horses (Campbell, 1980).  Before the century was 

out, with the need to quantify risk, authors, mainly in the fields of economics, finance, 

and accounting, had begun to explore the relationship between uncertainty, probability, 

and risk.  The next section shows how that task was revealed to be not as simple and 

straightforward a matter as it appears (McGoun, 1995). 

Definition of Risk 

Historically, the concept of risk has been far from easy to define.  Its 

comprehension and quantification challenged and confused professionals such as 

philosophers, psychologists, economists, social scientists, physical scientists, natural 

scientists, mathematicians, and engineers (Haimes, 2004).  The association between 

uncertainty, probability, and risk was a matter of great debate in the late nineteenth and 

early twentieth centuries (McGoun, 1995). 

Haynes (1895) argued that for many risks, historical relative frequency statistics are 

unreliable or inexistent and that risk exists even when statistics are not.  Ross (1896) 

distinguished between variation, as the unquantifiable descriptive of possible outcomes 

with no statistics, and uncertainty as the consequence of this variation; he argued that the 

latter is equivalent to risk.  Willett (1901) differentiated between probability or chance, 

uncertainty, and risk: uncertainty is the degree of rational ambivalence between two 

alternatives and also is the deviation of a probability from its normal value; risk, related 

to both uncertainty and probability, is the quantification of uncertainty in the form of 

mean absolute deviation.  Willett also defined risk and uncertainty as the objective and 

subjective aspects of apparent variability, where the former is the effect of the 
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psychological effect of the latter.  Fisher (1906) described probability as a measure of 

ignorance; as such it is subjective and, in many cases, undefined; it is necessary 

information to assess risk, but it is not a measure of risk (McGoun, 1995). 

Lavington (1912) and Pigou (1920) were the first to explicitly define risk, as 

measurable, as the dispersion of relative frequency distribution.  Knight (1921) 

underlined risk as “measurable uncertainty” where objective probability exists and 

uncertainty, or “unmeasurable uncertainty” as the cases where no quantitative distribution 

or only subjective probability exists.  Lavington (1925) defined risk as the probability of 

a loss and uncertainty as the confidence in that probability.  Florence (1929) elicited three 

values associated with uncertainty and risk: that of probability itself, the meaning of that 

value, and its quality or precision as objective statistics or subjective confidence.  Fisher 

(Fisher, 1930) rejected the probabilistic measure of risk, which is the synonym of 

uncertainty or lack of knowledge. 

By 1930, probabilistic measurement of risk had been rejected (McGoun, 1995).  It 

was with Fisher (1930) and Hicks (1931), in economic research, that the probabilistic 

measure of risk returned.  Makower and Marschak (Makower and Marschak, 1938; 

Marschak, 1938) continued the movement toward an objective probabilistic measure of 

risk.  In 1944, Domar and Musgrave (1944) acknowledged the skepticism toward the 

probabilistic measurement of risk; however, they recognized that, with the need of the 

quantification of values and their associated risks and with the absence of a satisfactory 

alternative approach to the subject of risk, this method should be adopted. 

Lawrence (1976) defined risk as a measure of the probability and severity of 

adverse effects.  He also distinguished between risk and safety; whereby measuring risk 
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is an empirical, quantitative, and scientific activity, judging safety is judging the 

acceptability of risk, a normative, qualitative, political activity.  His definition was 

adopted by Haimes (2004) who stated that risk is a complex composition of two 

components: (1) “real” potential adverse effects and consequences, and (2) “imagined” 

mathematical intangible construct of probability. 

The Principles, Standards, and Procedures (PSP) published in 1980 by the U.S.  

Water Resources Council (USWRC, 1980) made a clear distinction between risk, 

uncertainty, imprecision, and variability as follows.  In a situation of risk, the potential 

outcomes can be described using a reasonable well-known probability distribution.  In 

situations of uncertainty, the potential outcomes cannot be described in terms of 

objectively known probability distributions or subjective probabilities.  In situations of 

imprecision, the potential outcomes cannot be described in terms of objectively known 

probability distributions, but can be estimated by subjective probabilities.  Finally, 

variability is the result of inherent fluctuations or differences in the quantity concerned.  

The PSP identified two major sources of risk and uncertainty: (1) measurement errors of 

the variable complex natural, social, and economic situations and (2) unpredictability of 

future events that are subject to random influences. 

Kaplan and Garrick (1981) defined risk as a set { }iii XLSR ,,<= , where iS , iL , 

and iX  denote the risk scenario i , its likelihood, and its damage vector, respectively.  

Subsequently, Kaplan (1991; 1993) added a subscript c  to indicate that the set of 

scenarios should be complete.  He also added the idea of “success” or “as planned” 

scenario 0S ; the risk of a scenario iS  is then visualized as the deviation from 0S .  This 

idea matured into the theory of scenario structuring (TSS) (Kaplan et al., 2001; Kaplan et 



11 

 

al., 1999).  Haimes (2004) refined this risk definition as { }PiiiP XLSR ,,<= , where PR  

is an approximation to R  based on the partition P  of the underlying risk space, stating 

that the scenarios iS  are finite in number, disjoint, and complete. 

Lave (1986) defined hazard as referring to some undesirable event that might 

occur; the probability of occurrence of a hazard is how frequently this hazard would be 

expected to occur.  He defined risk as the expected loss or the sum of all products of each 

possible hazard and its probability of occurrence.   

Morgan and Henrion (1990) defined probability as a formal quantification of 

uncertainty.  They distinguished between the classical, objective, or frequentistic and the 

Bayesian, subjective, or personalistic views of probability; the former defines the 

probability of an event occurring in a particular trial as the frequency with which it 

occurs in a long sequence of similar trials, while the latter defines a probability of an 

event as the degree of belief that a person has that it will occur given all the relevant 

information known by that person at that time, so it is a function not only of the event, 

but also of the state of information.  Note that regardless of the view, probability 

assignments must be consistent with the axioms of probability. 

In his book, Technical Risk Management, Micheals (1996) distinguished between 

the terms hazard, peril, and risk.  A hazard is a condition or action, following a decision, 

which may result in perilous conditions.  Peril is the undesirable event resulting from a 

hazard.  The peril probability is the probability of occurrence of that peril.  The number 

of possible hazard – peril combinations is an indication of the complexity of the system.  

In a system with four hazard factors such as product, process, intrinsic, and extrinsic 

hazard factors, and four impacts such as on quality, functionality, affordability, and 
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profitability, there exists ( )∑
=

−×
4

1
!!!4

r
rnrn , in this case sixty, hazard – peril 

combinations.  Peril recovery is the corrective action cost and time to recover from that 

peril. 

In that framework, Michaels (1996) defined risk as the uncertainty surrounding the 

loss from a given peril and risk cost and time as the product of corrective action costs and 

times, respectively, for recovery from peril and probability of the peril; they are 

probabilistic measures of risk to the cost and time, respectively, of corrective actions.  

Risk exposure is the sum of risk costs and risk times for a given system.  Risk avoidance 

or reduction is the action taken to reduce the risk exposure.  Risk recovery is the 

corrective action taken to offset perturbations caused by a materialized peril.  A risk 

determinant factor is the quantified attribute, or risk determinant, that serves as a measure 

of factors contributing to risk exposure.  Risk metrics are a system of risk determinant 

factors quantifying risk exposure. 

Micheals also categorized risk as (1) objective or subjective, which the former can 

be described by statistics and the latter as a reflection of attitudes and states of mind and 

subject to perceptions; (2) speculative or pure, where in the former there is uncertainty 

about both hazards and perils, while in the latter, there is only uncertainty as to whether a 

hazard leading to a peril will occur and not as to whether the resulting peril produces loss. 

Holton (2004a), in the context of financial and economic analysis, stated in his 

Contingency Evaluation website that risk has true meaning only when it refers to the 

possibility of incurring loss, mainly financial, directly or indirectly.  In his book (Holton, 

2003) and publications (Holton, 1997; Holton, 2004b), he defined uncertainty as 

ignorance, a personal experience, and risk as exposure to uncertainty.  As such, risk has 
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two components: uncertainty and exposure to it; if both are not present concurrently, 

there is no risk.  Holton then argued that since ignorance is a personal experience, risk is 

necessarily subjective.  Probability is a metric of uncertainty; at best, it quantifies 

perceived uncertainty. 

There are many more efforts to define risk; a further review of definitions, 

however, is superfluous for the purpose of this work.  In the next section, we present 

some frameworks of risk management. 

Definition of Risk Management 

There are almost as many definitions for Risk Management as there are 

management disciplines.  Everybody makes decisions: scholars and analysts in the fields 

of economics, finance, and accounting, psychology and social sciences, biology, 

toxicology, and medicine, mathematics and computer science, and engineering, all have 

been addressing the field of risk management.  What all disciplines have in common 

though, is the definition of RM as a feedback process consisting of several steps.  The 

following definitions are based on the corresponding ones, if available, presented in the 

previous section. 

Kaplan and Garrick (1981) defined risk assessment as the process of identifying 

what can go wrong, the likelihood of it going wrong, and the consequences.  Haimes 

(1991) used this definition to define risk management as a process that builds on risk 

assessment and finds the available management alternatives and solutions, their costs, 

benefits, and risk trade-offs, and the impacts of the management decisions on future 

options.  It requires the synthesis of the empirical and normative, the quantitative and 

qualitative, and the objective and subjective. 
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Lave (1986) defined the risk management process as a cyclical succession of (1) 

risk identification, or the identification of hazard and its associated risks, (2) risk 

assessment, or the identification of the quantitative magnitudes of the hazards, (3) 

management options, or the identification of goals, (4) decision analysis, or the 

identification of alternatives, and (5) implementation and monitoring. 

Michaels (1996) defined RM as the executive function of controlling hazards and 

their consequential perils that causes some kind of loss.  Its aim is to reduce risk exposure 

rather than recovery; hence it stresses risk avoidance as first line of defense and risk 

recovery as a backup.  He divided RM to three concurrent processes: (1) risk 

identification, (2) risk quantification, and (3) risk control.  The first step includes 

determining the scope of investigation and, establishing the baseline model, and 

identifying the hazards and perils.  The second consists of deriving the risk hierarchy, 

selecting the risk metrics and formulation, establishing a risk model, calculating risk 

exposure, and estimating contingency reserve.  The third includes establishing risk 

organization and funding it, propagating best practices, implementing audits, initiating 

motivational programs, and rewarding performance. 

Haimes (2004) defined risk assessment and management as two overlapping 

processes; he used two perspectives, qualitative normative and quantitative empirical. 

In his qualitative normative perspective, Haimes defined risk assessment as the set 

of five logical, systemic, and well-defined activities of (1) risk identification, (2) risk 

modeling, quantification, and measurement, (3) risk evaluation, (4) risk acceptance and 

avoidance, and (5) risk management. 
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Haimes distinguished risk identification, the first step of RM, as the process of 

identifying the sources and nature of risk and the uncertainty associated with it; this stage 

attempts to uncover and describe all risk-based events that might occur, be it natural 

(hydrologic, meteorological, and/or environmental,) or man-made (demographic, 

economic, technological, institutional, and/or political) causes.  The second step, risk 

modeling, quantification, and measurement, involves assessing the occurrence likelihood 

of adverse events through objective or subjective probabilities and modeling the causal 

relationship among the different sources of risk, or adverse events, and their impacts.  In 

other words, it involves the quantification of the input and output relationships of the 

random and decision variables and their relationship to the state variables, objective 

functions, and constraints.  In the third step of RM, risk evaluation, various policy options 

are formulated, developed, and optimized.  Risks, benefits, and costs tradeoffs are 

generated and evaluated.  The fourth step, risk acceptance and avoidance, is the decision-

making step where the level of acceptability of risk is determined by evaluating the 

considerations that fall beyond the modeling and quantification process; it answers the 

question of “how safe is safe enough?”.  The fifth and final step, risk management, is the 

execution step where the chosen policy option is implemented. 

In his quantitative empirical perspective, Haimes defined risk assessment as the set 

of three major, though overlapping, activities: (1) information measurement, (2) model 

quantification and analysis, and (3) decision-making.  Information measurement includes 

data collection and processing.  Model quantification and analysis includes the 

quantification of risk and other objectives, the generation of Pareto-optimal solutions and 

their trade-offs, and the conduct of impact and sensitivity analysis.  Finally, decision-
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making involves the interaction between analysts and decision-makers and the subjective 

judgment for the selection of preferred policies. 

Haimes also defined total risk management as the process that harmonizes risk 

management with the overall system management; it addresses hardware, software, 

human, and organizational failures involving all aspects of the system’s life cycle, 

planning, design, construction, operation, and management.  Finally, he defined risk-

based decision-making refers to a decision-making process that accounts for uncertainties 

through some process in the formulation of policy options. 

Our Definition 

For the purpose of this dissertation, we do not dwell on the philosophical concerns 

associated with uncertainty, probability, and risk, mainly, the concepts of their existence 

and the extent of their objectivity. 

We start with Holton’s (1997; 2003; 2004a; 2004b) distinction between the terms 

metric, measure, and measurement.  A metric is the designation of a tool.  An operation 

or algorithm that supports a metric is called a measure.  The value obtained from 

applying a measure is a measurement.  Hence, a measure is used to obtain a measurement 

of a metric; there may be many measures to one metric. 

We associate uncertainty with ignorance.  We define stochasticity as a special type 

of uncertainty associated with randomness.  For practicality, we classify uncertainty into 

two main groups: natural and man-made; natural uncertainty is associated with a natural 

system’s components, while man-made uncertainty is associated with a man generated 

system’s components.  Uncertainty is quantified using probability. 

We adopt the classical objective theory of statistics; we assume that probability 

exists and can be quantified.  The methods of its generation, through historical 
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information or mathematical algorithms, and their accuracy and precision are outside the 

scope of this work.  Probability is a metric of uncertainty. 

We associate risk with loss; any type of loss, resulting from a decision-making 

policy or action.  Loss, or risk, is hence represented using risk metrics.  The choice of a 

risk metric and measure depends on the problem at hand and the decision-maker’s 

objectives and priorities. 

The description of risk is done through measurement of the risk metric and its 

associated statistics. 

We define risk management, RM, as the processes of risk identification, risk 

estimation, risk evaluation, and risk monitoring.  Risk identification consists of 

uncovering and describing natural, man-made risk-based events that might occur.  Risk 

estimation refers to the quantification of these events, their probability of occurrence, and 

their causal relationship.  In the third step of RM, risk evaluation, various policy options 

are formulated, developed, and optimized.  Risks, benefits, and costs tradeoffs are 

generated and evaluated.  This definition is based on Haimes (Haimes, 2004).  Finally, 

risk monitoring is the continuous process of the first three steps.  RM is a feedback 

process. 

Risk Management Techniques 

“To manage risk, one must measure it” is an adage that Haimes (2004) uses in his 

book Risk Modeling, Assessment, and Management.  Public interest in the field of RM 

has expanded significantly during the last two decades as an effective and comprehensive 

procedure that complements/supplements the management of almost all aspects of our 

lives.  As federal and state legislators and regulatory agencies have been addressing the 

importance of the assessment and management of risk, industrial and government 
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agencies in many management disciplines such as financial management, health care, 

human safety, manufacturing, the environment, and physical infrastructure (e.g.  water 

resources, transportation, and power generation) all started incorporating risk analysis in 

their decision-making process.  In parallel, the scholastic community witnessed an 

unprecedented release of articles covering the development of theory, methodology, and 

practical applications (Haimes, 2004).  What are the methods, how are they distinguished, 

and how are they categorized? 

This section is devoted to the presentation of the main classes of RM techniques.  

Note that it is not meant to be an exhaustive reference of every available tool, sub-tool, 

and application developed in every discipline, but a comprehensive categorized overview 

of RM tools. 

As we undertake the task of classification, we are faced with the multiplicity of 

possible ways with which this task may be approached, depending on our interests and 

objectives.  For the purpose of this dissertation, we base our classification, on a first 

level, on the concept of probability.  Therefore, we classify risk-based decision-making 

methodologies into probability-based and non-probability-based techniques.  Note that 

the presented classes of methods are not mutually exclusive; in other words, in many 

instances, their concepts may overlap and multiple methods may be incorporated into one 

model, as always, depending on the problem at hand and the decision-maker’s objectives. 

We start this section by defining the general mathematical notations we use.  

Following, we describe non-probabilistic and probabilistic risk management techniques.  

The non-probabilistic methods presented are sensitivity analysis, decision-making 

criteria, decision matrix, multiobjective optimization, and game theory.  The probabilistic 
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techniques presented are scenario analysis, moments and quantiles, decision trees, 

stochastic optimization, downside risk metrics, and utility theory. 

Mathematical Notations 

An uncertain parameter Z may be continuous or discrete.  A continuous parameter 

can assume all values in a specified interval.  A discrete parameter assumes different 

values with different associated probabilities.  Either way, the uncertainty of Z  is 

described via its statistics; such statistics are its mean, variance or standard deviation, 

and, at best, its probability density function, pdf, and cumulative distribution function, 

cdf.  The pdf and cdf are represented by the functions ( )Zf  and ( )ZF , which are 

formalized differently for continuous and discrete parameters.  In the following sections, 

we consider only cases of discrete parameters; we assume that continuous ones may be 

discretized. 

The occurrence of each value, jZ , of Z , with a probability ( )jsp , is represented 

by a scenario, js , where Jj ,...,2,1=  denotes the scenario’s name or number.  Each 

scenario js  occurs with a probability ( )jsp  of jZ .  We denote by ia  the decision or 

action alternatives adopted by the decision-maker, where Ii ,...,2,1=  is the alternative’s 

name or number. 

We also define the pair ( )ji sa ,  as the outcome from the combination of the 

decision ia  and the scenario js .  The risk resulting from a pair ( )ji sa ,  is ijr . 

Finally, the parameter value jZ , the corresponding scenario, js , and risk or loss ijr  

have the same ( )jsp , ( )Zf , and ( )ZF . 
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Non-Probability-Based RM Techniques 

Although the management of risk, generally, connotes the quantification of risk 

through reliance on probability and statistics (Haimes, 2004), several risk-based decision-

making methodologies do not require the knowledge of probabilities.  These methods 

include sensitivity analysis, decision-making criteria, decision matrix, multiobjective 

optimization, and game theory; they are described in the following sections. 

Sensitivity analysis 

Sensitivity or what-if analysis is the process of varying model input parameters 

over a reasonable range (range of uncertainty in values of model parameters) and 

observing the relative change in model response.  The purpose of this type of analysis is 

to demonstrate the sensitivity of the model simulations to uncertainty in values of model 

input data.  The sensitivity of one model parameter relative to other parameters is also 

demonstrated.  Sensitivity analysis is also beneficial in determining the direction of future 

data collection activities.  Data for which the model is relatively sensitive would require 

future characterization, as opposed to data for which the model is relatively insensitive 

(Morgan and Henrion, 1990; Winston, 1994). 

Decision making criteria  

Decision making criteria are methods for handling risk and uncertainty without 

adhering to probability (Haimes, 2004; Winston, 1994) in an optimization formulation.  

The three most common criteria are the pessimistic rule, the optimistic rule, and the 

Hurwitz rule. 

Pessimistic rule.  Also called the maximin or minimax criterion because it consists 

of maximizing the minimum gain or minimizing the maximum loss; the rationale is that, 
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by applying this rule, a decision-maker will at least realize the minimum gain or avoid the 

maximum loss.  Its formulation is ⎟
⎠
⎞⎜

⎝
⎛

≤≤≤≤ ijJjIi
r

11
maxmin . 

Optimistic rule.  Also called the maximax or minimin criterion because it consists 

of maximizing the maximum gain or minimize the minimum risk.  Its formulation is 

⎟
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Hurwitz rule.  This rule is a compromise between the two extreme criteria through 

an α  index, where 10 ≤≤ α  that specifies the degree of the decision-maker’s optimism: 

the smaller the α  the greater the optimism; it is the linear combination of the minimax 

and minimin criteria formulated as ( ) ( ) ⎟
⎠
⎞⎜
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Analytic hierarchy process or decision matrix 

The Analytic Hierarchy Process, AHP, also called decision matrix method for the 

evident reason that it is based on a ranking matrix of decision and corresponding 

attributes, such as risk.  It is a semi-quantitative decision making tool for situations where 

the attributes are not amenable to explicit quantification.  The attributes are also assigned 

weighing factors.  The decision option with the highest weighted sum of attributes is 

considered the best solution.  Changing the weights of the assigned attributes is 

performed for sensitivity analysis (Haimes, 2004; Winston, 1994). 

Utility and game theory 

Utility is used to represent individual preferences, therefore predict their choice 

behavior.  The theory of games uses utility to model strategic interactions between 

competing and conflicting decision-makers (Heap, 2004; Myerson, 1991).  Both theories, 

their limitations, and alternatives are discussed in details in Chapter 4. 
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Multiobjective optimization 

Multiobjective optimization, MO, also known as Multi-Criteria Decision Making, 

MCDM, refers to optimization problems with several, possibly conflicting or competing, 

objectives.  Objectives are weighted according to their priority.  There are several 

methods for solving MO problems.  The most commonly used method is Goal 

Programming, where the objectives are given goals that are ranked by weighting factors 

and the problem is reduced to a single objective function of the weighted minimization of 

the deviations from the assigned goals.  Another method is the weighted sum approach, 

where the objectives are assigned weighing factors and combined into one objective 

forming a single optimization problem.  A third method is the hierarchical optimization 

method, where the objectives are ranked in a descending order of importance and each 

objective is then optimized individually subject to a constraint that does not allow the 

optimum for the new function to exceed a prescribed fraction of a minimum of the 

previous function.  Other methods are the trade-off, constraint, or ε method, the global 

criterion method, the distance function method, and min-max optimization (Haimes, 

2004; Winston, 1994). 

Probability-Based RM Techniques 

This section describes the following probability-based RM technique: scenario 

analysis, moments and quantiles, decision trees, stochastic optimization, downside risk 

metrics, and utility theory. 

Scenario analysis 

Scenario analysis combines sensitivity analysis and the expected value metric, 

where the uncertain parameter is assigned different values, corresponding to different 
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scenarios, with associated probabilities, and the expected value of the scenarios results is 

calculated (Haimes, 2004; Winston, 1994). 

Moments and quantiles 

The expected value operator, E , mean, or first central moment, is a central metric 

that for a discrete parameter multiplies the parameter’s values, such as loss, from 

different scenarios, by their corresponding probability of occurrence and then sums these 

products.  For example, in an optimization framework, the expected value of loss for all 

policy options is minimized; formally, for a discrete problem: ( )∑
=

≤≤

J

j
ijjIi

rsp
11

min . 

The variance, 2σ , or second central moment, and standard deviation, σ , are 

measures of dispersion of the values of a parameter around its mean.  For example, the 

variance of a discrete loss is ( )( ) ( ) ( ) ( )22
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A quantile is the generic term for any fraction that divides the values of a parameter 

arranged in order of magnitude into two specific parts.  For example, the 90th percentile 

of the loss is the value for which the value of ( )ZF  is 90% or 0.9; in other words, 90% of 

the losses lay below the value of the 90th percentile. 

Decision trees 

Decision Trees are one of the most used tools in risk-based decision-making; it 

relies both on a graphical descriptive and an analytical probability-based representations 

(Haimes, 2004; Winston, 1994).  The basic components of a decision tree are the decision 

nodes, designated by squares, chance nodes, designated by circles, and consequences, 

designated by rectangles (Figure 2-2).  Branches emanating from a decision node 

represent the various decisions or actions, ia , to be investigated.  Branches emanating 
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from a chance node represent the various scenarios, js , with their associated 

probabilities, ( )jsp ; at their end are the consequences, ijµ , associated with the 

scenario/action pair ( )ji sa ,  (Figure 2-2). 

 
 
Figure 2-2.  Generic decision tree (adopted from Haimes, 2004) 

Stochastic optimization 

The theory and applications of Stochastic Programming, SP, appeared in the 1950s, 

when authors such as Beale, Dantzig, Charnes, and Cooper (Beale, 1955; Charnes and 

Cooper, 1959; Dantzig, 1955) realized the need to incorporate uncertainty in Linear 

Programming, LP.  Stochastic optimization, SO, refers to optimization in the presence of 

uncertain parameters, with the uncertainty quantified statistically by continuous or 

discrete probability distributions.  Depending on the way the uncertainty is expressed and 

modeled, SP models can be categorized as recourse problems, SPR, or chance-

constrained problems, CCP; these methods are briefly explained below (Birge and 

Louveaux, 1997; Di Domenica et al., 2003). 

Recourse optimization.  Recourse optimization, RO, is also referred to as multi-

stage optimization, MSO, or dynamic optimization, DO.  Recourse is the ability to take 
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corrective actions after an uncertain event has taken place.  An example is two-stage 

recourse problem; in simple terms, the problem involves choosing a variable to control 

what happens in the present time and taking some recourse corrective action after an 

uncertain event occurs in the future. 

Chance-constrained optimization.  Chance-constrained optimization problems, 

CCP, or probabilistically constrained optimization problems, PCP, are optimization 

problems that involve statistical terms in their objectives and/or constraints. 

Bayesian analysis 

Bayesian analysis involves uncertainty caused by incomplete understanding or 

knowledge.  One technique is Bayesian network, also known as belief networks, causal 

networks, Bayesian nets, qualitative Markov networks, influence diagrams, or constraint 

networks.  Bayesian networks use a graphical structure to represent the complex causal 

chain linking decisions and consequences via a sequence of conditional relationships; 

variables are represented by a round node and the dependence between two variables is 

represented by an arrow.  Dependence is represented by a conditional probability 

distribution for the node at the end of the arrow, based on Bayes formula.  The graphical 

network constitutes a description of the probabilistic relationships among the system’s 

variables (Batchelor and Cain, 1999; Borsuk et al., 2004; Bromley et al., 2005). 

Fuzzy sets 

Fuzzy set theory was suggested (Zadeh, 1965) to deal with decision situations 

involving risk and uncertainty without using probabilities.  It deals with situations 

characterized by imprecise information described by membership functions (Hatfield and 

Hipel, 1999). 
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Information gap 

Information gap models, also know as convex models, define uncertainty to be an 

information gap between what is known and what is needed to be known for the decision 

making process; its aim is to quantify and reduce this information gap (Ben-Haim, 1997; 

Hatfield and Hipel, 1999). 

Downside risk metrics 

Under this category are the second, first, and zero order lower partial moments, 

LPM, value-at-risk, and conditional value-at-risk metrics.  In general, these metrics are 

referred to as measures in the literature (Albrecht, 2003).  Note that an LPM of order n  is 

computed at some fixed quantile q  and defined as the thn  moment below q .  Developed 

by Bawa (Bawa, 1975) and studied by Fishburn (Fishburn, 1977), LPM measure risk by a 

probability weighted mean of deviations below a specified target level q ; the higher the 

n , the higher the risk aversion. 

Second order LPM or semi-variance.  The second order LPM, or SLPM, is also 

referred to as semi-variance, SV; it describes the downside risk computed as the average 

of the squared deviations below a target loss.  Formally, it is ( ) ( )∑
=

−=
q

j
jj sprqSLPM

1

2 . 

First order LPM.  The first order LPM, or FLPM, describes the downside risk 

computed as the average of the deviations below a target loss.  Formally, it is defined as 

( ) ( )∑
=

−=
q

j
jj sprqFLPM

1

.  It refers to risk neutral behavior. 



27 

 

Zero order LPM.  The zero order LPM, or ZLPM, describes the downside risk 

computed as the average of the probabilities below a target loss; it coincides with the 

cumulative probability of q .  Formally, it is defined as ( ) ( )qFspZLPM
q

j
j == ∑

=1

. 

Value-at-Risk.  Value-at-Risk is denoted by αVaR .  In simple terms, αVaR  is a 

quantile.  If the cumulative probability of q  is denoted ( ) pqF = , then αVaR  is the 

inverse of the ZLPM, such as ( ) qpFVaR −=−= −1
α , and is defined as the maximum 

potential loss with a confidence level p=α .  A detailed and more correct discussion of 

αVaR  is presented later in this chapter. 

Conditional Value-at-Risk.  Conditional Value-at-Risk is denoted by αCVaR ; it is 

equivalent to expected shortfall, ES.  Generally, it measures the expected value of losses 

exceeding αVaR .  At a confidence level α , ( )αα VaRrrECVaR ≤= .  A detailed and 

more correct discussion of αCVaR  is presented later in this chapter. 

The Different RM Methods: A Discussion 

In the past, risk was investigated using a variety of ad hoc tools, such as sensitivity 

and scenario analysis.  Although these techniques allow the observation of model 

response versus the change in an uncertain parameter using a deterministic model, they 

only provide some intuition of risk.  Risk was also commonly quantified through the 

mathematical expected value concept.  Although an expected value provides a valuable 

measure of risk, it fails to highlight extreme-event consequences, which are adverse 

events of high consequences and low probabilities in advantage of events of low 

consequence and high probabilities, regardless of the formers’ potential catastrophic and 
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irreversible impacts.  From the perspective of public policy, events like dam failure, 

floods, water contamination, or water shortage, with low probabilities cannot be ignored.  

This is exactly what the use of expected value would ultimately generate.  The pre-

commensuration of these low probability high damage events with high probability low 

damage events into one expectation function by the analyst markedly distorts the relative 

importance of these events as they are viewed, assessed, and evaluated by the decision-

makers (Haimes, 2004). 

Other methods developed to surpass the drawbacks of these quasi-deterministic 

techniques relied on decision trees and hierarchical approaches where uncertainty is 

introduced via discrete probabilities of uncertain parameters.  These methods fail to 

generate robust and efficient solutions in situations of highly uncertain environments with 

a large number of dynamic and correlated stochastic factors and multiple types of risk 

exposures. 

The explicit introduction of statistical central moments, such as variance and 

standard deviation, which have well established calculation methods, into stochastic 

simulation and/or optimization approaches, such as chance-constrained programming, 

allowed for some control of uncertainty and associated risks.  Central moments, however, 

do not account for fat-tailed distributions and penalize positive and negative deviations 

from the mean risks value equally (Cheng et al., 2003).  The introduction of the recourse 

and multi-stage concepts into stochastic optimization allows for the separation of the 

decision-making process to accommodate information, and associated uncertainties, 

available at different time steps.  Recourse, however a very useful concept in practical 
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decision-making applications, does not provide means to control risk, and most 

importantly, downside risk, which is risk associated with low probability and high losses. 

In the past ten years, a new method became popular in industry regulations, the 

Value-at-risk, αVaR , which was introduced by the leading bank, JP Morgan.  Unlike the 

past methods, αVaR  provides a downside risk measure with a probability associated with 

it.  αVaR , however, has several shortcomings.  The reduction of the risk information to 

this single number may lead to misleading interpretations of results.  αVaR  does not 

provide any information about the extent and distribution of the losses that exceed it, 

where for the same αVaR , we can have very different distribution shapes with different 

associated maximum losses; Hence, it is incapable of distinguishing between situations 

where losses that are worse may be deemed only a little bit worse, and those where they 

could well be overwhelming.  In addition, the recent research on the axiomatic 

characterization of risk metrics revealed that αVaR  is not coherent. 

The coherence concept was first introduced by Artzner, Delbaen, Eber, and Heath 

(Artzner et al., 1999), who defined a coherent measure of risk as one that satisfies the 

following four axioms: 

1. Subadditivity: ( ) ( ) ( )YXYX ρρρ +≤+  

2. positive homogeneity: ( ) ( )XXif λρλρλ =≥ ,0  

3. Monotonicity: ( ) ( )YXYXif ρρ ≥≤ ,  

4. Translation invariance: ( ) ( ) WXWX −=+ ρρ  

Where ρ  is a risk metric, WandYX ,, are different risk functions. 
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A major drawback of αVaR  is that it does not satisfy axiom 1, i.e., it is not (with a 

few exceptions) subadditive.  In practical terms, this signifies that the total risk associated 

with a certain project may be larger than the sum of individual risks resulting from 

different sources (Cheng et al., 2003).  In addition, αVaR  is not convex; hence, may have 

many local extremes, which makes it unstable and difficult to handle mathematically. 

An alternative measure that was developed to overcome the limitations associated 

with αVaR  is the Conditional Value-at-Risk, or αCVaR  (Rockafellar and Uryasev, 2000; 

Rockafellar and Uryasev, 2002).  Rockafellar and Uryasev defined expectation-bounded 

risk measures as satisfying axioms 1, 2, 4, and axiom 5, which is: 

5. ( ) ( ) XifXEX −>ρ non constant, and ( ) ( ) XifXEX −=ρ  constant. 

If axiom 3, monotonicity, is also satisfied, then the risk measure is coherent and 

expectation-bounded. 

αCVaR  is both coherent and expectation-bounded.  It is a simple representation of 

risk that accounts for risk beyond αVaR , making it more conservative than αVaR .  

αCVaR  is also stable as it has integral characteristics.  It is continuous and consistent 

with respect to the confidence level α .  αCVaR  is also a sub-additive convex function 

with respect to decision variables, allowing the construction of efficient optimizing 

algorithms; it can be optimized using linear programming techniques, which makes it 

efficient. 

Value-at-Risk and Conditional Value-at-Risk 

To set the ground for formal definition of αCVaR , we start with the formal 

definition of αVaR .  αVaR  is a quantile; it has three components: a time period, a 
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confidence level, and a loss amount; it answers the question: with a given confidence 

level, α, what is our maximum loss, αVaR , over a specified time period, T?  Note that 

there is always a probability, 1-α, that the actual loss will be larger.  What does this 

mean?  In reference to Figure 2-3, which presents the probability and cumulative 

distribution functions for two loss functions (solid and broken lines), we can read that 

with α confidence (60 percent), we expect that our worst loss, over time T, will not 

exceed αVaR  (5.5 loss units, for both loss functions); there is a probability 1-α (40 

percent), that this measure may be exceeded in the right tail of the distribution (> 5.5 loss 

units) (shaded area).  Increasing the confidence level will result in an increase in αVaR , 

by moving into this right tail; for a confidence level α of 95 percent, the αVaR  

corresponds to 8 and 9.5 units for the broken and solid lines loss functions, respectively. 

In reference to Figure 2-3, αCVaR  quantifies the losses in the right tail of the 

distribution, the shaded area.  Most importantly for applications, αCVaR  can be 

expressed by a minimization formula that can be incorporated into problems of 

optimization that are designed to minimize risk or shape it within bounds, such as the 

minimization of αCVaR  subject to a constraint on loss, the minimization of loss subject 

to a constraint on the αCVaR , and the maximization of a utility function that balances 

αCVaR  against loss. 

But how do these concepts translate mathematically?  And how is this risk 

measure, αCVaR , calculated and controlled? 
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Figure 2-3.  A visualization of VaR and CVaR concepts 

Note that the following mathematical formulation is limited to losses with discrete 

distribution functions; those with continuous distribution functions can be discretized.  

For the mathematical formulation using losses with continuous functions refer to the 

literature (Rockafellar and Uryasev, 2000; Rockafellar and Uryasev, 2002). 

Let ( )ξ,xL  be a loss function depending on a decision vector x  and a stochastic 

vector ξ .  Let ( )ξ,xΨ  be its cumulative distribution function.  Assume that the behavior 

of the stochastic parameter can be represented by a discrete probability distribution 

function, from which a scenario model can be constructed.  Index the scenarios 

Ss ,,1 K=  corresponding to the stochastic parameter sξ , with corresponding 

probabilities sp , such that the losses are listed in an increasing order 

( ) ( )SxLxL ξξ ,, 1 ≤≤K .  In this setting, we can define the following terms: 

• αVaR  is the value of ( )ξ,xL  corresponding to the confidence level α .  Formally, 
( ) ( )[ ] ( )αα ξαξξ ,,,min xLxxLVaR =≥Ψ= . 
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• +
αCVaR , or upper αCVaR , is the expected value of ( )ξ,xL  strictly exceeding 

αVaR ; it is also called Mean Excess Loss and Expected Shortfall.  Formally, for 
equally probable scenarios, 

( ) ( )[ ] ( )∑
+=

+

−
=>=

S

ss
sxL

sS
VaRxLxLECVaR

1
,1,,

α

ξξξ
α

αα . 

• −
αCVaR , or lower αCVaR , is the expected value of ( )ξ,xL  weakly exceeding 

αVaR , i.e., values of ( )ξ,xL  which are equal to or exceed αVaR ; it is also called 
Tail αVaR .  Formally, for equally probable scenarios, 

( ) ( )[ ] ( )∑
=

−

+−
=≥=

S

ss
sxL

sS
VaRxLxLECVaR

α

ξξξ
α

αα ,
1

1,, . 

• 
αVaRΨ  is the probability that ( )ξ,xL  does not exceed αVaR .  Formally, 

( ) ( )[ ]αξξ
α

VaRxLxVaR ≤Ψ=Ψ ,,max , where 1≤Ψ≤
α

α VaR . 

• λ  is a weighing factor.  Formally, ( ) ( )ααλ
α

−−Ψ= 1VaR , where 1<Ψ≤
α

α VaR  
and 10 ≤≤ λ . 

• Finally, αCVaR  is the λ  weighted average of αVaR  and +
αCVaR .  Formally, 

( ) +−+= ααα λλ CVaRVaRCVaR 1 . 

Having defined all the terms, we can distinguish four cases in the calculation of 

αCVaR .  These cases are demonstrated in Figures 2-4(a) through 2-4(d).  The examples 

provided correspond to cases where we have 6 scenarios, 6,,1 K=s ,  and 4 scenarios, 

4,,1 K=s , with equal probabilities 61654321 ====== pppppp  and 

414321 ==== pppp , respectively: 

6. α  corresponds to the cumulative probability of one of the scenarios αs : 
α

α
=ΨVaR , 0=λ , ( )

α
ξα sxLVaR ,= , and +− =<< αααα CVaRCVaRCVaRVaR . 

7. α  does not correspond to the cumulative probability of one of the scenarios: 
( ) αα >Ψ VaR , 0>λ , ( )

α
ξα VaR

xLVaR Ψ= , , and +− <<< αααα CVaRCVaRCVaRVaR . 
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8. α  does not correspond to the cumulative probability of one of the scenarios and is 
greater than that of the last scenario: ( ) αα >=Ψ 1VaR , 01>=λ , 

( )
α

ξα VaR
xLVaR Ψ= , , and ααα CVaRCVaRVaR == −  with undefinedCVaR +

α
. 

9. α  corresponds to the cumulative probability of the last scenario αs : α
α

==Ψ 1VaR , 

undefinedisλ , ( )
α

ξα sxLVaR ,= , and ααα CVaRCVaRVaR == −  with 

undefinedCVaR +
α

. 

A major issue in decision-making under uncertainty is the representation of the 

underlying uncertainty.  Usually, we are faced with either continuous distribution or a 

large amount of data, making the problems too complex or too large to solve regardless 

of the algorithm or computing capacity.  Hence, we need to pass from the continuous 

distribution, or data, to a discrete distribution with a small enough number of realizations, 

or scenarios, for the stochastic program to be solvable, and a large enough number of 

scenarios to represent the underlying continuous distribution or data as close as possible 

(Dupacova et al., 2000b; Dupacova et al., 2003). 

Scenario Tree 

The process of creating this discrete distribution is called scenario generation; it 

results in a scenario tree (Di Domenica et al., 2003; Dupacova et al., 2000b; Hoyland et 

al., 2003; Hoyland and Wallace, 2001).  Formally, The uncertainty in the model is 

represented by the parameter ξ  with a probability density function, pdf, ( )ξf  and a 

corresponding cumulative distribution function, cdf, ( )ξF .  The true pdf, ( )ξf , of ξ  is 

approximated by a discrete probability function, or mass distribution function, mdf, 

denoted ( )ξP , concentrated on a finite number of scenarios Ss ,,1 K=  corresponding to 

the stochastic parameter sξ , with corresponding probabilities ( )ss Pp ξ= ,such that 
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1
1

=∑
=

S

s
sp .  The scenario tree for a two-stage stochastic problem with recourse is 

illustrated in Figure 2-5. 
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Figure 2-4.  Measure of αCVaR scenario generation 

The process of scenario generation is done through the discretization of a 

continuous process, the aggregation of a discrete process, or internal sampling.  In the 

following paragraphs we provide an overview of the first process, i.e., the methods used 

for discretization or quantization of continuous distributions. 

 
 
Figure 2-5.  Scenario tree for a two-stage stochastic problem with recourse 

Aggregation or reduction processes consist of deleting scenarios or data from an 

already existing large collection.  An overview of the reduction methods is outside the 

scope of this work; for examples, refer to the literature (Chen et al., 1997; Consigh and 

Dempster, 1996; Dupacova, 1996; Dupacova et al., 2000a; Dupacova et al., 2003; Wang, 

t=1 t=2 t=k t=Tt=k+2t=k+1

First Stage Second Stage 

1=s

3=s

s

2=s

Ss =

≈

≈
≈

Probability                                                                             CVaR

1
4                                                          

1
4                                                           

1
4                                                      

1
4        

1
8

  1f                           2f                            3f                         4f

                                                                                                VaR
Loss



37 

 

1995).  Internal sampling methods sample the scenarios during the solution procedure, 

without using a pre-generated scenario tree; some of these methods are stochastic and L-

shaped decompositions and stochastic quasigradient methods.  The reader is referred to 

the literature (Casey and Sen, 2002; Dantzig and Infanger, 1992; Dempster and 

Thompson, 1999; Ermoliev and Gaivoronski, 1992; Higle and Sen, 1991; Infanger, 1992; 

Infanger, 1994). 

Discretization 

Discretization or quantification of a continuous distribution function is the process 

of constructing a discrete distribution function from this continuous distribution.  Several 

methods have been developed; they can be classified into three main groups: Monte 

Carlo simulations, bracket methods, moment-matching methods, and optimization 

methods (Dagpunar, 1988; Hoyland et al., 2003; Pfeifer et al., 1991). 

One of the most widely used techniques to generate discrete values from a 

continuous distribution are Monte Carlo simulations, which draw randomly from the 

distribution of a parameter.  Monte Carlo simulations require a sequence of random 

numbers, usually provided by random number generators, RNG.  RNG may be broadly 

classified as mixed linear congruential, multiplicative linear congruential, and general 

linear congruential, such as Fibonacci, Tauseworthe, shuffled, and portable generators.  

For univariate distributions, some general methods for generating random numbers are 

inversion, composition, stochastic model, envelope rejection, band rejection, ratio of 

uniforms, Forsythe, alias rejection, and polynomial sampling methods.  The applicability 

and degree of suitability of each method varies with the type of distribution (Beaumont, 

1986; Dagpunar, 1988; Pfeifer et al., 1991). 
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The simplest and most trivial discrete approximations are the bracket methods.  

There are two traditionally used bracket methods: the bracket-median and bracket-mean 

methods.  In the bracket-median approximation the cdf scale is divided into a number of 

equal intervals, or brackets, and the median of each is assigned the probability of its 

interval.  The error in calculating the moments can be substantial if only a few intervals 

are used; the most commonly used is the five-point equiprobability bracket median 

approximation.  The bracket-mean method is similar to the bracket-median method 

except that the intervals are represented by their means rather than their median (Clemen, 

1991; Hoyland and Wallace, 2001; Miller and Rice, 1983; Smith, 1993; Tagushi, 1978; 

Zaino and D'Errico, 1989a). 

Another type of approximations is the moment-matching approximations.  

Generally, an n-point moment-matching discrete distribution approximation, nPDDA, 

consists of n values and their corresponding probabilities of occurrence chosen to 

approximate the pdf of a continuous parameter (Di Domenica et al., 2003; Kaut and 

Wallace, 2003).   

Usually, the n values are specified fractiles from the cdf of the uncertain parameter 

with specified probabilities to work well in estimating moments of the pdf.  The standard 

type of nPDDA is the three-point approximations, 3PDDA, since at least three points are 

needed to represent the underlying pdf well while the number of scenario tree paths 

increases exponentially with n.  In 3PDDA, the pdf is substituted by a three-point mdf.  

3PDDA provide a convenient and simple way to approximate a pdf; in addition, it can be 

constructed to match the first three moments of a pdf exactly (Keefer, 1994).  Several 

3PDDA have been developed based on different methods such as the Pearson-Tukey, P-T 
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(Pearson and Tukey, 1965), the Extended Pearson-Tukey, E-PT (Keefer and Bodily, 

1983), the Brown-Kahr-Peterson, B-K-P (Brown et al., 1974), the Swanson-Megill, S-M 

(Megill, 1977), the Extended Swanson-Megill, ES-M (Keefer and Bodily, 1983), the 

Miller-Rice One-Step, M-RO (Miller and Rice, 1983), the McNamee-Celona Shortcut, 

M-CS (McNamee and Celona, 1987), the Zaino-D’Errico Tagushi,Z-DT (D'Errico and 

Zaino, 1988), and the Zaino-D’Errico Improved, Z-DI (Zaino and D'Errico, 1989b) 

approximations. 

Miller and Rice (Miller and Rice, 1983) introduced the use of the Gaussian 

quadrature technique for approximating n-point mdf.  The result is an n-point discrete 

distribution that matches the first 2n-1 moments of the underlying continuous 

distribution.  The values and probabilities for many distributions are obtained as solutions 

to polynomials; they are tabulated for different distributions in many references 

(Abramowitz, 1965; Beyer, 1978; Stroud and Secrest, 1966). 

Smith (Smith, 1993) developed another n-point the moment-matching 

approximation for approximating mdf using the Gaussian quadrature technique; like 

Miller and Rice, the result is an n-point discrete distribution that matches the first 2n-1 

moments of the underlying continuous distribution.  A characteristic of this method is 

that it incorporates extreme values of the latter. 

Hoyland, Kaut, and Wallace (2003) developed a new moment-matching 

approximation by applying a least-square model to minimize the distance between the 

generated and target first four moments and correlations for multivariate problems. 

Another general method to construct a discrete distribution is optimal 

discretization.  Hoyland and Wallace (2001) suggested a nonconvex optimization 
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problem by minimizing a measure of distance between the moments of the constructed 

distribution and the ones of the underlying distribution.  The model is rerun heuristically 

from different starting points until a local minimum is obtained.  Other optimization 

techniques were developed by Pflug (2001). 

The accuracy of a discrete approximation of a probability distribution is measured 

by the extent to which the moments of the approximation match those of the original 

distribution.  Several authors undertook the task of comparing the performance of the 

previously presented methods for different underlying distributions. 

Miller and Rice compared their Gaussian quadrature based method to the brackets 

methods for uniform, normal, beta, and exponential distributions.  Their method resulted 

in smaller approximation errors on the mean, variance, skew, and kurtosis; in addition, 

that error decreased as the number of points in the discrete approximation increased The 

bracket methods resulted in the underestimation of almost all moments. 

Keefer and Bodily compared several two-point, three-point, five-point, and bracket 

approximations in estimating the mean, variance, and the cdf, for beta and log-normal 

distributions.  They showed that different methods result in different approximation 

errors depending on the performance measures and types of distributions.  The best 

performance was observed for the EP-T method followed by the ES-M method; these 

methods, however, perform poorly in cases of extremely skewed or peaked distributions. 

Zaino and D’Errico performed a Monte Carlo Simulation to compare different 

bracket and three-point approximations.  They showed that all methods perform 

comparably well in estimating the mean and the variance and that the Z-DI was superior 

when estimating higher order moments. 
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Smith compared the bracket-media, bracket-mean, EP-T, and his moment-matching 

methods for normal, log-normal, beta, and gamma distributions.  He concluded that the 

bracket-mean method accurately approximates the mean but generally underestimates all 

the other moments (Miller and Rice, 1983) and that the EP-T approximation accurately 

estimates the mean and the variance. 

Keefer (1994) compared the performance of six three-point approximations in 

estimating the mean, variance, and certainty equivalent, at different risk aversion, for beta 

and log-normal distributions.  He demonstrated that while 3PDDA methods can exactly 

match the first three moments of the pdf, they do not approximate the certainty equivalent 

accurately, except for the EP-T and Z-DI approximations.  Keefer concluded that the 

choice between the different approximations should depend on the trade-off between the 

approximation accuracy and the reliability required.  For example, these methods’ 

accuracy in representing extremely skewed or peaked pdfs can be very poor. 

The authors argued that most of the errors associated with these discrete 

approximations can be reduced by taking more points; however, the tree branches grow 

in proportion to the number of points, n, raised to the power of the number of uncertain 

parameters being discretized (Hoyland and Wallace, 2001; Smith, 1993).  It is also 

argued that the errors generated from the use of these approximations are acceptable 

based on the premise that very little information is available about the actual distribution 

anyways. 

Risk in the Water Resources Management Literature 

In the water resources management literature, a large number of research 

emphasized the need to account for the uncertainties and dynamism.  Authors used 

methods such as two stage programming with recourse, chance constrained 
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programming, dynamic and goal programming, fuzzy analysis, genetic algorithm, neural 

networks, Bayesian methods, probabilistic analysis, and scenario and sensitivity analysis, 

to name a few, to manage reservoir operation, groundwater pumping, groundwater 

contamination, water quality, conjunctive supply, irrigation, etc.  (Table 2-1). 

Most of these studies considered expected values of the issue of interest; only a few 

accounted for the risks of low probability events.  Rouhani (1985) minimized the mean 

square error of differences between measured and predicted groundwater head values in 

the design of monitoring networks.  Asefa, Kemblowski, Urroz, McKee, and Khalil 

(2004) used support vector machines to minimize the bound on generalized risk of the 

difference.  Feyen and Gorelick (2004) inspected the effect of uncertainty in spatially 

variable hydraulic conductivity on optimal groundwater production scheme via a multiple 

realization approach.  Wang, Yuan, and Zhang (2003) applied reliability and risk analysis 

for reservoir operation and flood analysis using Lagrange multipliers.  Sasikumar and 

Mujumdar (2000) used fuzzy sets of low water quality to manage a river system.  Ziari, 

McCarl, and Stockle (1995) introduced a variance term in a two-stage stochastic model to 

manage irrigation scheduling and crop mix.  Others used scenario or sensitivity analysis 

to model hydrologic uncertainties (refer to Table 2-1). 

These methods provide estimates of risk but no means of controlling or managing 

this risk, other than through trial and error (Watkins and McKinney, 1997).  In the next 

chapter, we propose the application of αCVaR  to water resources management problems. 

Conclusion 

The process of Risk Management may be viewed through many lenses depending 

on the discipline and objectives.  In this chapter we introduced the fundamentals of risk 
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and its management.  We reviewed the different definitions or risk and risk management 

and provided a definition that was adopted in this work.  We then categorized and briefly 

described the various general risk management approaches with emphasis on value-at-

risk and conditional value-at-risk concepts.  The approaches were compared and the 

advantages and drawbacks were outlined.  As representing uncertainty is as important as 

modeling it, we also described and compared different scenario generation techniques.  

Finally, we presented a review of the various risk management modeling approaches in 

the field of water resources management.  In the following chapter, we present an 

application of the recommended approaches to a case of water resources management. 
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Table 2-1.  The use of DMuU techniques in water resources management 
Application Optimization technique 
Reservoir 
operation 

- Two-stage (Ferrero et al., 1998; Huang and Loucks, 2000; Loucks, 1968; 
Wang and Adams, 1986) 
- Chance-constrained (Abrishamshi et al., 1991; Askew, 1974; Azaiez et al., 
2005; Ouarda and Labadie, 2001; ReVelle et al., 1969) 
- Dynamic (Ben Alaya et al., 2003; Burt, 1964; Chaves et al., 2003; El Awar 
et al., 1998; Estalrich and Buras, 1991; Karamouz and Mousavi, 2003; 
Kelman et al., 1990; Mousavi et al., 2004b; Nandalal and Sakthivadivel, 
2002; Philbrick and Kitanidis, 1999; Stedinger and Loucks, 1984; Stedinger 
et al., 1984; Trezos and Yeh, 1987; Wang et al., 2003) 
- Fuzzy sets (Chang et al., 1997; Chang et al., 1996; Chaves et al., 2004; 
Hasebe and Nagayama, 2002; Maqsood et al., 2005; Maqsood et al., 2004; 
Mousavi et al., 2004a) 
- Bayesian networks (Wood, 1978) 
- Multistage stochastic programming (Pereira and Pinto, 1985; Pereira and 
Pinto, 1991; Watkins et al., 2000) 
- Optimal control (Georhakakos and Marks, 1987; Hooper et al., 1991) 
- Neural networks and genetic algorithms (Akter and Simonovic, 2004; Hasebe 
and Nagayama, 2002; Ponnambalam et al., 2003) 

Groundwater 
management 

- Two-stage stochastic (Wagner et al., 1992) 
- Chance constrained programming (Chan, 1994; Eheart and Valocchi, 
1993; Hantush and Marino, 1989; Morgan et al., 1993; Tung, 1986; 
Wagner, 1999; Wagner and Gorelick, 1989) 
- Dynamic(Andricevic, 1990; Andricevic and Kitanidis, 1990; McCormick 
and Powell, 2003; Provencher and Burt, 1994; Whiffen and Shoemaker, 
1993) 
- Optimal control (Georgakakos and Vlasta, 1991; Whiffen and Shoemaker, 
1993) 
- Neural networks and genetic algorithms (Hilton and Culver, 2005; 
Ranjithan et al., 1993) 
- Scenario and sensitivity analysis (Aguado et al., 1977; Burt, 1967; Feyen 
and Gorelick, 2004; Flores et al., 1975; Gorelick, 1982; Gorelick, 1987; 
Hamed et al., 1995; Kaunas and Haimes, 1985; Maddock, 1974; Mao and 
Ren, 2004) 
- Bayesian networks (Batchelor and Cain, 1999) 
- Fuzzy sets (Bogardi et al., 1983; Dou et al., 1999) 
- Other (Asefa et al., 2004; Bell and Binning, 2004; Rouhani, 1985; 
Tiedeman and Gorelick, 1993; Wagner and Gorelick, 1987) 
  



45 

 

Table 2-1. Continued 
Application Optimization technique 
Water quality - Chance constrained (Fujiwara et al., 1988; Huang, 1998) 

- Goal programming (Al-Zahrani and Ahmad, 2004) 
- Genetic algorithm (He et al., 2004) 
- Bayesian networks (Ricci et al., 2003; Varis, 1998; Varis and Kuikka, 
1999) 
- Neural networks (Boger, 1992) 
- Fuzzy sets (Baffaut and Chameau, 1990; Chang et al., 2001; Chaves et al., 
2004; Jowitt, 1984; Julien, 1994; Koo and Shin, 1986; Lee and Chang, 
2005; Lee and Wen, 1997; Liou et al., 2003; Liou and Lo, 2005; Ning and 
Chang, 2004; Sasikumar and Mujumdar, 2000) 
- Scenario and sensitivity analysis (Chu et al., 2004; Kawachi and Maeda, 
2004a; Kawachi and Maeda, 2004b; Mao and Ren, 2004; Vemula et al., 
2004) 

Floodplain 
 
 
 
Eutrophication 
 
Water transfer 
Estuary 
Conjunctive 
management 
 
 
 
 
 
 
Lake/wetland 
 
Irrigation 
 
 
Planning 
 
 
 
 
 
Hydrologic 
Cycle 
Runoff 

- Two stage (Lund, 2002) 
- Fuzzy sets (Esogbue et al., 1992) 
- Neural networks (Sahoo et al., 2005) 
- Bayesian networks (Despic and Simonovic, 2000) 
- Simple recourse (Somlyody and Wets, 1988) 
- Bayesian networks (Borsuk et al., 2004) 
- Two stage (Lund and Israel, 1995) 
- Optimal control (Zhao and Mays, 1995) 
- Chance constrained (Nieswand and Granstrom, 1971) 
- Evolutionary annealing (Rozos et al., 2004) 
- Sensitivity analysis (Escudero, 2000; Jenkins and Lund, 2000) 
- Mean/Variance (Maddock, 1974) 
- Two stage (Cai and Rosegrant, 2004; Watkins and McKinney, 1998; Ziari 
et al., 1995) 
- Dynamic (Bergez et al., 2004) 
- Two stage (Lund and Israel, 1995) 
- Bayesian networks (Varis and Kuikka, 1999) 
- Fuzzy sets (Hobbs, 1997) 
- Chance constrained (Dupacova et al., 1991; Loucks, 1976) 
- Bayesian networks (Batchelor and Cain, 1999) 
- Fuzzy sets (Suresh and Mujumdar, 2004) 
- Scenario and sensitivity analysis (Pallottino et al., 2005) 
- Goal programming (Sutardi et al., 1995) 
- Bayesian networks (Bromley et al., 2005) 
- Fuzzy sets (Alley et al., 1979; Babovic et al., 2002; Bender and Simonovic, 
2000; Chen and Fu, 2005; Faye et al., 2005; Slowinski, 1986; Sutardi et al., 
1995; Virjee and Gaskin, 2005; Yi and Zhang, 1989) 
- Information gap (Hipel and Ben-Haim, 1999) 
 
- Fuzzy set (Cheng et al., 2002) 
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CHAPTER 3 

COMPARISON OF RISK MANAGEMENT TECHNIQUESFOR A WATER 
ALLOCATION PROBLEM WITH UNCERTAIN SUPPLIES 

A CASE STUDY: THE SAINT JOHNS RIVER WATER MANAGEMENT DISTRICT 

In this chapter, we applied and compared different risk management techniques to a 

water resources management problem, where risk is quantified as cost.  These methods 

are the expected value, scenario model, two-stage stochastic programming with recourse, 

and αCVaR .  They were built into a mixed integer fixed cost linear programming 

framework.  Five models were developed: (1) a deterministic expected value model, (2) a 

scenario analysis model, (3) a two-stage stochastic model with recourse, (4) a αCVaR  

objective function model, and (5) a αCVaR  constraint model.  Uncertainty was 

introduced via water supplies.  Assuming continuous normal distribution for the 

allowable withdrawals, two discrete distributions with equal expected values, or means, 

and different standard deviations were developed based on the method developed by 

Miller and Rice (1983).  The two different central dispersion parameters were assumed 

for the additional assessment of extreme events effect on the results.  The result is 9 

models formulations.  To compare the performance of the different formulations, the 

models were applied to a case study, using the Saint Johns River Water Management 

District, SJRWMD, Priority Water Resource Caution Areas, PWRCA, in East-Central 

Florida, ECF as a study area. 

The diagram in Figure 3-1 exhibits the plan of this chapter. 
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Figure 3-1.  Chapter 3 organizational diagram. 

 
Model Formulation 

Five models were developed: (1) a deterministic expected value model; (2) a 

stochastic single stage scenario model; (3) a two-stage stochastic model with recourse, 

which is the base of, (4) a αCVaR  objective function model and (5) a αCVaR  constraints 

model.  Uncertainty was introduced via water supplies.  Two discrete distributions, with 

equal expected values, or means, of supplies, were developed by assuming a standard 

normal underlying continuous distributions; for additional assessment of extreme events 

effect on the results, two different central dispersion parameter, variance, were assumed 

for each distribution, leading to the notations (a) and (b).  The result is 10 ( )52×  models 

formulations denoted 1(a), 1(b), 2(a), 2(b), 3(a), 3(b), 4(a), 4(b), 5(a), 5(b).  Note that 

since the expected value of supplies is the same for both assumed distributions, models 

Model Formulation 

Scenario Definition 

Study Area 

Definition of decision variables, state variables, 
constraints, and different formulations 

Description of the uncertainty representation 
process 

Definition of the water allocation case study 

Results and Analysis Presentation and comparison of results from 
different models 

Conclusions Summary of main findings 
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1(a) and 1(b) are equivalent, and hence denoted by 1, reducing the total number of 

formulations to 9.  This section presents the different model formulations, their decision 

variable and problem data, objective function, and constraints. 

Objective Function 

The problem at hand is a fixed cost problem.  Given several options (i,j,k), each of 

which corresponds to one of m supply sources i (i=1,…,m), one of n locations j 

(j=1,…,n), and one of l  capacity levels k ( 1,...,= lk ), the decision makers have to decide 

in which of the options to invest in which time period t, in a way to incur minimum cost 

over the planning horizon (t=1,…,T), while satisfying the situation’s constraints.  Once 

an investment is made, the corresponding option will be available for the remainder of 

the planning horizon.  The objective is to minimize the sum of two main terms: (1) the 

total fixed costs, FC, corresponding to the initial investments, or capital costs, CC, 

incurred to make the chosen options available from the chosen times and the 

corresponding yearly operation and maintenance costs, OMC, and (2) the total variable 

costs, ContC, corresponding to the continuous operational costs of withdrawing water 

from each option after it is made available and the total penalty costs, PC, penalizing 

unsatisfied demand, or alternative source cost, AC from using an alternative source: 
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Note that the last term of VC  is a constant and is irrelevant in the optimization. 
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Decision Variables 

• Xijkt denotes the decision variable for the investment option (i,j,k) at time t: it is a 
binary variable which assumes the value of 0 if investment option (i,j,k) will not be 
made available at time t and its corresponding investment will not be made, or 1 if 
option (i,j,k) will be made available and its corresponding investment will be made. 

• xijkt denotes how much water will be withdrawn from option (i,j,k) in period t. 

Problem Data 

• Sijkt is the total capacity of option (i,j,k) in period t.   

• Wit is the total capacity of source i in period t.   

• Cijkt is the fixed cost of making option (i,j,k) available at time t; it is a one-time 
investment cost.  For example, you could have 1α −= t

ijkt ijkC C , where Cijk is the 
nominal fixed cost of making option (i,j,k) available and (0,1)α ∈  is a discount 
factor representing the time value of money. 

• Oijkt is the O&M cost incurred every period t starting the time of making option 
(i,j,k) available; it is a yearly cost. 

• cijkt is the unit cost of supplying water from option (i,j,k) in period t.  For example, 
you could have 1α −= t

ijkt ijkc c , where cijk is the nominal unit cost of withdrawing 
water from option (i,j,k) and (0,1)α ∈  is a discount factor representing the time 
value of money. 

• pt or is the unit cost of not supplying water in period t.  For example, you could 
have pp t

t
1−=α , where is the nominal penalty/alternative cost and (0,1)α ∈  is a 

discount factor representing the time value of money.  The penalty/alternative cost 
could either be the unit cost for acquiring water from an alternative supply, or it 
could be a penalty cost to indicate that shortages are undesirable.   

Constraints 

The problem is subject to different sets of constraints depending on the 

formulation; below is a description of all the used constraints: 

1. For all i,j,k,t: 
1

τ
τ =

≤ ∑
t

ijkt ijkt ijkx S X , which ensures that water will be withdrawn from 

option (i,j,k) in period t only if option (i,j,k) was made available before or at time t. 
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2. For all t: 0
1 1 1

≥−∑∑∑
= = =

m

i

n

j

l

k
ijktt xD , which states that the total water made available in 

period t from all options should not exceed the total water demand in period t.  

Note that any shortage will be penalized; or t

m

i

n

j

l

k
ijkt Dx ≥∑∑∑

= = =1 1 1

 

3. For all i,t: 
1 1= =

≤∑∑
ln

ijkt it
j k

x W , which states that for each source i, the maximum 

allowable withdrawal in period t should not be exceeded. 

4. For all i,j: 
1 1

1
= =

≤∑∑
l T

ijkt
k t

X , which ensures that for each source i and location j, only 

one capacity k can be chosen; also, investment option (i,j,k) will be built at most 
once. 

5. For all i,j,k,t: {0,1}∈ijktX , which are the binary constraints on the investment 
choice variables. 

6. For all i,j,k,t: 0≥ijktx , which are the non-negativity constraints on the quantities of 
water withdrawn. 

Summarizing, the entire optimization model now reads: 

Deterministic Expected Value Model 

The deterministic expected value model, model 1, treats the uncertainty of supplies 

by averaging them into one number, the expected value of allowed withdrawals, resulting 

in the following formulation: 
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Scenario Model 

The scenario model, model 2, is equivalent to a single-stage deterministic model.  

Unlike the expected value method, which considers only the expected value of supplies, 

the uncertain supplies are considered by different independent scenarios; the result is the 

minimization of the expected value of the objective function over the scenarios set. 
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Two-Stage Stochastic Model with Recourse 

The two-stage stochastic model, model 3, like the scenario model, represents 

uncertainties by a scenarios set.  Unlike the scenario model, however, in this model, the 

scenarios are linked by a set of variables, referred to as the first-stage variables; the first 

stage variables are the same for all the scenarios, and hence are scenario independent.  

The expected value operator is applied only to the terms involving the rest of the 

variables, referred to as the second stage variables; the second stage variables are 

scenario dependent and hence they are different for each scenario.  The result is a fixed 

cost problem with recourse. 

In other words, the model allows the decision-maker to make two sets of decision: 

(1) a first stage decision, an uncertainty independent decision, consisting, in this case, of 

the fixed costs of making supplies available, and (2) a second stage decision, an 

uncertainty dependent decision consisting, in this case also, of the variable costs of 

allocating the resources from the supplies made available by the first decision.  This 
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process allows the decision maker to postpone his allocation decisions until information 

about the uncertainties is revealed.  The model is formulated below. 
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αCVaR  Objective Function Model 

The αCVaR  objective function model, model 4, is based on the two-stage recourse 

model.  In this case however, the αCVaR  operator is applied to the extreme events of 

high costs scenarios only, corresponding to a cumulative probability α≥ ; high costs 

events are associated with high risk events of water shortage. 
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αCVaR  Constraint Model. 

The αCVaR  constraint model, model 5, is also based on the two-stage recourse 

model.  In this case however, the αCVaR  of high risk events are restrained to a value β≤  

rather than minimized, while the total two-stages costs are minimized. 
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Scenario Generation 

As noted in Chapter 2, a major issue in stochastic optimization is the accurate 

representation of underlying uncertainties.  In the case where those uncertainties are 

represented by continuous distributions, this may be done by scenario generation through 

discretization.  The various discretization methods were discussed in Chapter 2. 

Discretization allows for the approximation of the uncertain parameter, ξ , 

underlying continuous distribution, ( )ξf , by a discrete probability function, or mass 

distribution function, mdf, denoted ( )ξP , concentrated on a finite number of scenarios 

Ss ,,1 K=  corresponding to the stochastic parameter sξ , with corresponding 

probabilities ( )ss Pp ξ= ,such that 1
1

=∑
=

S

s
sp .  In this case, ξ , corresponds to the 

available water supply from different projects, denoted itW  in the previously presented 

model formulation section. 
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We chose to use the an optimization framework of the method developed by Miller 

and Rice (Miller and Rice, 1983), who suggested a moment-matching approximation that 

allows the construction of an n-point moment-matching discrete distribution, which 

consists on n pairs of probability-value for the uncertain parameter, chosen to represent 

the pdf of a continuous parameter that matches 2n-1 moments of the latter.  There method 

is based on the Gaussian quadrature technique of numerical integration, which 

approximates functions integrals by a linear set of polynomials summation.  The values, 

sz , for different total number of pairs (i.e.  order of polynomial approximation), n, and 

many functions can be easily obtained from tables in published literature (Abramowitz, 

1965; Beyer, 1978; Stroud and Secrest, 1966), as the solutions to the polynomials.  For 

example, for a standard normal distribution we used Table 5, page 218 in Stroud and 

Secrest.  The table gives values of the integral ( )∫
+∞

∞−

− dxxfe x2

, szI ; hence to obtain the 

values, sz , for a standard normal distribution, the table values were multiplied by 2 . 

The values corresponding probabilities are then obtained as a solution to N  linear 

equations, by substituting these values into the set of equations for the moments of the 

approximate discrete distribution.  Following the model formulation notation, these 

equations are of the form ∑
=

=
N

s

q
ss

q p
1

ξξ , where 12,...,2,1 −≤ Nq  is the moment order.  

For example qξ  is the sum of probabilities, the mean, and the variance for q  equal to 

0, 1, and 2, respectively; they are equal to 1, 0, and 1, respectively, for a standard normal 

distribution.   
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We chose to represent our uncertain parameter by a continuous normal distribution, 

with equal mean and different standard deviations, to simulate different cases of 

parameters scattering and extreme events.  The normal distribution is applicable to a very 

wide range of phenomena that occur in nature, industry, and research and is the most 

widely used in statistics.  Physical measurements in meteorological and hydrological 

experiments as well as manufactured parts are often adequately represented using normal 

distributions.  In addition, the normal distribution is in many conditions a good 

approximation to other distributions.  It is also the asymptotic form of the sum of random 

variables or parameters under a wide range of conditions, if the underlying phenomena 

are additive (DeGroot, 2002; Evans et al., 2000; Walpole, 1989). 

We present here the results for standard normal distributions based on 10 pairs, 

corresponding to 10 scenarios (Tables 3-1 and 3-2).  The values, sξ , can be transformed 

for specific normal distributions by as simple transformation using the specific mean, µ , 

and standard deviation, σ .  For normal distribution, this is obtained using the formula 

µσξ += ss z , where sz  are the values obtained for a standard normal distribution. 

Note that for a standard normal distribution, symmetric around the mean, 0, i.e., 

with sns ξξ −=+ 2 , if N  is even, the sum is zero for all odd q .  In addition, its symmetry 

allows the reduction the number of linear equations to 2n , as sns pp =+ 2 . 

In the case of 10 scenarios, 10=N , nineteen moments may be matched.  Since N  

in this case is even, all odd moments are equal to zero, and the linear system reduces to 

10 equations with 10 unknowns, corresponding to the 0th, 2nd, 4th, 6th, 8th, 10th, 12th, 14th, 

16th, and 18th moments.  As ss pp =+5 , the unknown probabilities are reduced to 5 and for 

all practical reasons we restrict ourselves to the first even moments equations. 
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The thq  moments were calculated from the distributions’ moments generating 

function, ( )γM ; ( )
22

2
1

γσµγ
γ

+
= eM  for +∞<<∞− γ , for a normal distribution, where the 

thq  moments equals the thq  derivative of ( )γM  at zero, ( ) ( )0qM ; for details refer to the 

literature (Beaumont, 1986; DeGroot, 2002). 

This system was solved using the excel What’s Best Optimization package, where 

the sum of probabilities was minimized subject to the set of the first two, three, four, and 

five linear equations as constraints.  Additional constraints were imposed setting higher 

probabilities for values closer to the mean.  The resulting sets of probabilities for 

matching up to the 2nd, 4th, 6th, and 8th moments, a total of four minimization problems, 

are presented in Table 3-3.  Note that matching the 4th moment was a source of 

infeasibility in the minimization problems; hence, its corresponding constraint was not 

satisfied, i.e., it was relaxed, in the four minimizations.  Matching up to the 8th moment 

resulted in violation of the 6th moment too.  The moments from each minimization in 

comparison with the continuous standard normal distribution moments are presented in 

Table 3-2.  The resulting histograms and smooth distributions are compared in Figures 3-

2 and 3-3. 

The visual comparison of the results reveals that constraining all the moments 

results in the best discrete approximation.  To confirm this observation, a least-square 

regression analysis was run on the results.  Analysis of Table 3-3 and Figure 3-4 
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regression findings verified our observation.  Constraining up to the 8th moments resulted 

in the best fits, with the highest r2, slope closest to unity, and intercept closest to zero, and 

smallest corresponding errors. 

Case Study Area 

Groundwater serves as the primary water source for most of the State of Florida.  

Faced with continuous growth, local utilities throughout the state are working on 

identifying alternative viable and economic sources of potable water. 

Recognizing the need to develop new sources and plan well in advance, the Saint 

Johns River Water Management District, SJRWMD, one of five water management 

districts in Florida (Figure 3-5), initiated in the year 2000 several water supply plans that 

(1) identified limit of fresh groundwater in Priority Water Resources Caution Areas, 

PWRCA (Figure 3-5), which are areas where existing and anticipated sources of water 

and conservation efforts are not adequate; (2) identified alternative water resources 

options and development projects with cost data and likely project users; (3) initiated the 

Alternative Water Supply Construction Cost Sharing Program in 1996 to provide 

cooperative funding for the construction of alternative water supply facilities (Vergara, 

2004; Wilkening, 2004; Wycoff and Parks, 2005). 

Water Demand 

The total water demand of the SJRWMD PWRCA is projected to linearly reach 

830 MGD in the year 2025 (Table 3-4).  This demand consists of public supply, 

domestic, agriculture and recreational irrigation, commercial, industrial, institutional, and 

power generation water needs (Wilkening, 2004; Wycoff, 2005). 
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Table 3-1.  Standard normal discrete distribution approximation for N=10 and up to the 2nd, 4th, 6th, and 8th moments constraints 
q  0th, 2nd 0th, 2nd, 4th 0th, 2nd, 4th, 6th 0th, 2nd, 4, 6, a 8th 

szI  sz  pdf cdf pdf cdf pdf cdf pdf cdf 
-3.43616 -4.85946 0.001534 0.001534 0.02464 0.02464 0.000000 0.000000 0.000000 0.000000 
-2.53273 -3.58182 0.001534 0.003067 0.02464 0.04928 0.031523 0.031523 0.016867 0.016867 
-1.75668 -2.48433 0.001534 0.004601 0.02464 0.07392 0.053653 0.085176 0.068881 0.085748 
-1.03661 -1.46599 0.247699 0.252301 0.02464 0.098559 0.053653 0.138829 0.068881 0.154629 
-0.3429 -0.48494 0.247699 0.500000 0.401441 0.500000 0.361171 0.500000 0.345371 0.500000 
0.3429 0.48494 0.247699 0.747699 0.401441 0.901441 0.361171 0.861171 0.345371 0.845371 
1.03661 1.46599 0.247699 0.995399 0.02464 0.92608 0.053653 0.914824 0.068881 0.914252 
1.75668 2.48433 0.001534 0.996933 0.02464 0.95072 0.053653 0.968477 0.068881 0.983133 
2.53273 3.58182 0.001534 0.998466 0.02464 0.97536 0.031523 1.000000 0.016867 1.000000 
3.43616 4.85946 0.001534 1.000000 0.02464 1.000000 0.000000 1.000000 0.000000 1.000000 
 
Table 3-2.  Moments constraints 

 Discrete Approximation Moments 
0th, 2nd 0th, 2nd, 4th 0th, 2nd, 4th, 6th 0th, 2nd, 4, 6, a 8th q  ½ Moment 

Constraints ½ Moment Constraints ½ Moment Constraints ½ Moment Constraints ½ Moment 
0 0.5 = 0.500 = 0.500 = 0.500 = 0.500 
2 0.5 = 0.500 = 0.500 = 0.500 = 0.500 
4 1.5  0.656 Not= 1.197 Not= 0.936 Not= 0.871 
6 7.5  2.324  18.870 = 7.500 Not= 5.737 
8 52.5  26.258  382.538  79.716 = 52.500 
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Table 3-3.  Least square regression analysis results 
 Regression Analysis Results 
Moments Constraints 0th, 2nd 0th, 2nd, 4th 0th, 2nd, 4th, 6th 0th, 2nd, 4, 6, a 8th 
Slope 0.501 7.464 1.538 1.008 
Intercept -0.218 -12.580 -1.398 -0.575 
Standard error of slope 0.0179 0.361 0.0397 0.0192 
Standard error of intercept 0.425 8.558 0.943 0.454 
Correlation coefficient r2 0.996 0.993 0.998 0.999 
Standard error on ordinate 0.808 16.266 1.793 0.864 
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Figure 3-2.  Discretized standard normal distribution (moments in parentheses, i.e., (qth), are the unmatched moments) 
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Figure 3-3.  Discretized standard normal distribution (moments in parentheses, i.e., (qth), are the unmatched moments) 
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Figure 3-4.  Moments least-square regression analysis plots 

 
 

 
 
Figure 3-5.  Priority water resource caution areas in the SJRWMD, Florida, USA 

(Vergara, 2004; Wilkening, 2004) 
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Table 3-4.  SJWRMD caution area water demand projections (Wilkening, 2004) 
Year Demand 
2010 676 
2011 686 
2012 697 
2013 707 
2014 717 
2015 727 
2016 738 
2017 748 
2018 758 
2019 768 
2020 779 
2021 789 
2022 799 
2023 809 
2024 820 
2025 830 

 
Water Supply 

The demand is currently supplied from the Floridan Aquifer groundwater.  It is 

projected that the aquifer’s capacity for the caution areas, 670 mgd, will be reached 

before the year 2010 (Wilkening, 2004; Wycoff, 2005). 

With that in mind, the SJRWMD identified three main potential alternative sources 

for water, with a total capacity of 335 mgd: (1) 175 mgd from the Saint Johns River basin 

(SJR) at seven locations; (2) 100 mgd from the Lower Oklawaha River (LOR),3 at one 

location; and (3) 60 mgd from Collocated seawater (CSW) at three locations.  These rates 

correspond to the maximum allowable withdrawals from the sources; they are assumed to 

                                                 
3 Note that although 100 mgd may be withdrawn from the Oklawaha River, a project capacity of 21.5 mgd 
has been suggested since this source is at a remote location with respect to the priority caution areas of the 
SJRWMD, rendering the transmission costs from this source prohibitive. 
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be the source of uncertainty in the models (Vergara, 2004; Wilkening, 2004; Wycoff and 

Parks, 2005). 

In sum, the SJRWMD identified 11 alternative water supply projects; the 

approximate locations of these projects are shown in Figure 3-6.  Various project 

development scenarios were examined by the district to provide examples of various 

water supply quantities and costs associated with each project.  The projects details are 

presented in Table 3-5.  Each of these projects has a maximum allowed withdrawal, 

which is the total water that can be withdrawn from this source while subject to 

constraints such as upstream and downstream water levels, sea and riverine ecology, and 

aesthetics.  Cost estimates were provided for several possible average capacities at each 

location; only one of these capacities may be chosen at each location.  The maximum 

capacities are only design capacities and not demand capacities.  The design, permitting 

and construction of new source facilities will likely take 5 to 10 years (Vergara, 2004; 

Wycoff and Parks, 2005). 

 
 
Figure 3-6.  Approximate locations of potential alternative water supply projects 

(Vergara, 2004; Wilkening, 2004) 
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Water Cost 

Table 3-5 presents a summary of the estimated total capital, O&M, and unit costs 

of water from different projects locations and capacities.  The method followed for these 

estimates are briefly summarized in this section.  Note that the last row in Table 3-5 

stands for existing groundwater supplies, hence, they are not part of the proposed 

projects, have no associated fixed cost, a one significant figure unit cost of $1/1000 

gallons, and an O&M cost of 0.2/100 gallons, based on year 2000 Dollar (Wycoff, 2005). 

Total capital cost is the sum of construction cost, non-construction capital cost, 

land cost, and land acquisition cost.  The Operation and Maintenance, O&M, Cost is the 

estimated annual cost of operating and maintaining the water supply project when 

operated at average day capacity.  The Equivalent Annual Cost is the total annual life 

cycle cost of the water supply project based on facility service life and time value of 

money.  Equivalent annual cost, expressed in dollars per year, accounts for total capital 

cost and O&M costs with facility operating at average day design capacity.  Finally, the 

Unit Production Cost is Equivalent annual cost divided by annual water production.  The 

unit production cost is expressed in terms of dollars per 1,000 gallons produced (Wycoff 

and Parks, 2005). 

These costs are in year 2003 Dollar.  They were converted to future years Dollar 

values using the Construction Cost Index (Michaels, 1996), or CCI; results are tabulated 

in Appendix A. 

CCI is estimated by Engineering News Records, ENR, on a monthly basis, and 

represents the underlying trends of construction costs in the USA.  It is determined by 

several factors such as labor, materials, and others (ENR, 2005).  Table A-1 lists 

historical yearly averages of CCI for the years 1908 – 2005.  Figure A-1 is a plot of these 
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values to obtain a best fit of the year – CCI relationship.  Using the Equation of the best 

fit, projections of CCI were calculated for the years 2000 – 2025; CCI was also estimated 

from the equation for the years 2000 – 2005 for consistency. 

But what is the significance of CCI and how is it used? Actually, CCI is used as a 

measure of change of costs between different years.  This change, CCI∆ , for consecutive 

time periods, years, is estimated using Equation 2.  The change in CCI can also be 

calculated for non-consecutive years using Equation 3, such as tt <' . 

( )
100

1

1 ×
−

=∆
−

−

t

tt
t CCI

CCICCI
CCI       2 

( )
100

'

' ×
−

=∆
t

tt
t CCI

CCICCI
CCI        3 

To estimate the value of costs at time t , tC , the cost at time 't , 'tC  is multiplied by 

tCCI∆ , with tt <' , Equation 4. 

'ttt CCCIC ×∆=         4 

Scenario Generation 

The scenarios were defined around the uncertainty in supply.  The previously 

described projects are assigned deterministic expected values of water supply designated 

as average withdrawals capacities.  Assuming a normal distribution, two mass 

distribution functions, (a) and (b), each with 10 scenarios, were defined, assuming two 

different standard deviations, at 5 and 10 percent of the mean of each supply, for each 

supply (Table 3-6).  This was based on the Miller and Rice (1983) moment matching 

method in an optimal discretization framework.  Both methods were discussed earlier in 

this chapter. 
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Table 3-5.  Supply sources, capacities, and costs4 
System Capacity 
(mgd) 

Source (Maximum Allowed 
Withdrawals) ( i ) 

Location ( j ) 

Average Maximum k  

Capital 
Cost 
($M) 

O&M 
Cost 
($M/yr) 

Unit Production 
Cost 
($/1,000 
gallons) 

Near SR 520/528 ( 1=j ) 20 30 1=k  189 7.56 3.03 

Near SR 50 ( 2=j ) 10 15 1=k  91 3.81 3.00 
50 75 1=k  457 18.71 2.93 
30 45 2=k  238 11.29 2.74 
20 30 3=k  217 7.56 3.27 

Near Lake Monroe ( 3=j ) 

9.6 14.4 4=k  84 3.67 2.94 
10 15 1=k  81 3.80 2.80 
50 75 2=k  372 18.80 2.63 

Near Lake Monroe 
( 4=j ) 

100 150 3=k  714 37.20 2.55 
20 30 1=k  210 7.56 3.22 
10 15 2=k  105 3.80 3.25 
50 75 3=k  447 18.80 2.91 

Near DeLand ( 5=j ) 

100 150 4=k  871 37.20 2.84 

Saint Johns 
River 

Near Lake George ( 6=j ) 33 49.5 1=k  386 12.40 3.41 
10 15 1=k  55 2.20 1.66 

Saint Johns River 
Basin (175 MGD) 

1=i  

Taylor 
Creek 
Reservoir 

Near Cocoa ( 7=j ) 
25 37.5 2=k  134 6.00 1.68 

Lower 
Ocklawaha River 
(100 MGD) 

2=i  

Lower 
Ocklawaha 
River 

Putnam ( 1=j ) 21.5 32.25 1=k  255 5.45 2.94 

                                                 
4 (Vergara, 2004; Wilkening, 2004) 
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Table 3-5 Continued 
Source (Maximum Allowed 
Withdrawals) ( i ) 

Location ( j ) System Capacity 
(mgd) 

Capital 
Cost 
($M) 

O&M 
Cost 
($M/yr) 

Unit Production 
Cost 
($/1,000 gallons) 

10 15 1=k  90 5.00 3.33 
20 30 2=k  180 9.40 3.23 

FP&L Cape Canaveral 
Power Plant ( 1=j ) 

30 45 3=k  274 13.60 3.20 
10 15 1=k  90 4.50 3.20 
20 30 2=k  177 8.40 3.07 

Indian 
River 
Lagoon 

Reliant Power Plant 
( 2=j ) 

30 45 3=k  268 12.10 3.28 
5 7.5 1=k  83 3.10 5.06 
10 15 2=k  121 5.20 3.99 

Collocated 
Seawater (60 
MGD) 

3=i  

Intracoastal 
Waterway 

Near New Smyrna 
Beach ( 3=j ) 

15 22.5 3=k  159 7.60 3.61 
Floridan Aquifer5   670 - - 0 48.91 1 

                                                 
5 Wycoff, R. (2005). "Phone Interview." Consultant, Saint Johns River Water Management District. 
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Table 3-6.  Scenarios of supply capacities at 5% and 10% STD 
Supply Source (Mean) 

1 (175.0) 2 (21.5) 3 (60.0) GW (670) 
Scenario, s 75.8=σ  (a) 5.17=σ  (b) 07.1=σ  (a) 15.2=σ  (b) 3=σ  (a) 6=σ  (b) 5.33=σ  (a) 67=σ  (b) 

1 132.4797 89.9594 16.27608 11.05215 45.42161 30.84322 507.208 344.416 
2 143.659 112.3181 17.64954 13.79908 49.25453 38.50906 550.0089 430.0178 
3 153.2621 131.5243 18.82935 16.1587 52.54702 45.09404 586.7751 503.5502 
4 162.1726 149.3452 19.92406 18.34812 55.60203 51.20407 620.8894 571.7787 
5 170.7568 166.5136 20.97869 20.45739 58.54519 57.09039 653.7547 637.5093 
6 179.2432 183.4864 22.02131 22.54261 61.45481 62.90961 686.2453 702.4907 
7 187.8274 200.6548 23.07594 24.65188 64.39797 68.79593 719.1106 768.2213 
8 196.7379 218.4757 24.17065 26.8413 67.45298 74.90596 753.2249 836.4498 
9 206.341 237.6819 25.35046 29.20092 70.74547 81.49094 789.9911 909.9822 
10 217.5203 260.0406 26.72392 31.94785 74.57839 89.15678 832.792 995.584 
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Results and Discussion 

As explained in the previous sections, five model formulations were considered: 

the expected value of supplies formulation, model 1, the scenario or expected value of 

costs model, model 2, the two-stage stochastic model with recourse, model 3, the αCVaR  

minimization model, model 4, and the αCVaR  constraint model, model 5.  As the 

objective of this work was to demonstrate the tradeoffs between costs and risk, as 

αCVaR , the next sections focus on the Pareto efficient frontier.  The significance of this 

method is to provide for a given αCVaR /cost value, the minimum cost/ αCVaR  that can 

be obtained without exceeding that αCVaR /cost value. 

Focusing on model 5, model 5 was run for three constraints corresponding to three 

confidence levels 'α , 50, 75, 80, 85, 90, 95, and 99 percent; the models are designated as 

'5 α− , 5-50, 5-75, and 5-95, respectively.  In addition, each of the models '5 α−  was run 

at different values of β , designated as Bb,...,...,1  in an increasing order; the values of β  

ranged between the smallest feasible value to the value at and after which no change was 

observed.  Different runs are referred to by the model number, the confidence level of the 

constraint, and the number of the β  value used in the constraint, i.e., b−− '5 α .  For the 

confidence level 'α , the Pareto efficient frontier, for a given confidence level α , was 

generated by plotting a point, corresponding to total cost on the abscissa and αCVaR  on 

the ordinates, for each model run, or value of β ; there exists a different frontier for each 

confidence level α  and a set of frontiers for each confidence level 'α .  To compare 

solutions of models 1, 2, and 3, the costs solutions from these models were added as 
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points to the efficient frontiers plots; this allows to see whether these models solutions are 

efficient in the Pareto sense, i.e., undominated. 

Note that model 3 can be obtained from model 5 by deleting the αCVaR  constraint 

or setting ∞→β ; hence, the solution to model 3 corresponds to one of the endpoints of 

the Pareto efficient frontier.  Also note that model 4 minimizes αCVaR  of the total cost 

and does not control costs that are below the confidence level at which αCVaR  is 

minimized; as a result, the two-stage total cost result of this model does not possess any 

practical significance; this model, however, finds the smallest β  for which a feasible 

solution can be obtained, providing the other endpoint of the Pareto efficient frontier, 

hence, model 4 is used to find this point and not as a model by itself. 

The models were ran for two normal distributions of allowable withdrawals, itW , 

with equal means and different standard deviations, namely 5 and 10 percent.  In this 

section, we present and compare the different model results within and across both 

distributions, (a) and (b). 

5% Standard Deviation 

The results for the distribution (a), corresponding to 5 percent standard deviations 

are summarized in Figures 3-7 to 3-14. Figure 3-7 presents plots of the change in cost 

with 'αβ CVaR= , where 'α  is the confidence level, α , of the constraint; these plots 

correspond to the efficient frontiers at different 'α . The figure demonstrates that, for all 

values of 'α , the cost increases as β  decreases; in other words, a tighter constraint 

results in an increase in cost. In addition, intuitively, a higher value of 'α  results in a 

higher range of β . The range of β  consists of a lower minimum below which the model 
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can no longer be feasible and an upper limit beyond which the solution is independent of 

the constraint. The lower limit coincide with the minimized αCVaR , for 'αα = , of 

model 4; the upper limit corresponds to αCVaR , for 'αα = , calculated from the solution 

of model 3. The cost solutions obtained from model 1, model 2, and model 3, i.e., 

expected value solution, individual scenarios, and two-stage stochastic solutions, are 

plotted in the graphs at  values of β  equal to the cost for model 1 and model 2 scenarios 

and at αβ CVaR= , for α  corresponding to 'α , for model 3. Note that the efficient 

frontier delineates a risk-return space corresponding to the lowest risk for a given level of 

return or –cost or the best possible return or minimum cost for a given level of risk; 

points below the concave frontier line correspond to inefficient or suboptimal solutions 

and points above the frontier are infeasible. Figure 3-7 shows that, for all 'α , (1) the 

expected value solution cannot be achieved for any level of risk, (2) only two of the 

scenarios of model 2, corresponding to high risk values, are feasible but inefficient, and 

(3) the two-stage stochastic solution is an efficient solution corresponding to the lowest 

possible cost and high level of risk. 

Figures 3-8 to 3-14 demonstrate the dependency of αCVaR , calculated at different 

confidence levels, on (A) α , (B) β , and (C) cost, for each model 5 'α  simulated, 50, 75, 

80, 85, 90, 95, and 99 percent, respectively. For each 'α , for different β  values, the 

model’s αCVaR  were recalculated and plotted; for example, if the model was run for 10 

different constraints values β , 10 lines were plotted, monitoring the change of the 

recalculated solution αCVaR  with the change in the confidence level, the constraint, and 

the cost solution. The results were consistent with each other and the theory for all plots; 
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a higher confidence level corresponds to a higher solution αCVaR , a tighter constraint 

corresponds to a lower solution αCVaR , and a higher cost corresponds to solution a 

higher αCVaR . 
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Figure 3-9.  Change of αCVaR  with (A) β , (B) α , and (C) cost for ='α 75%, 5% STD. 
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Figure 3-11.  Change of αCVaR  with (A) β , (B) α , and (C) cost for ='α 85%, 5% STD. 
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Figure 3-12.  Change of αCVaR  with (A) β , (B) α , and (C) cost for ='α 90%, 5% STD. 
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Figure 3-13.  Change of αCVaR  with (A) β , (B) α , and (C) cost for ='α 95%, 5% STD. 
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Figure 3-14.  Change of αCVaR  with (A) β , (B) α , and (C) cost for ='α 99%, 5% STD. 
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10% Standard Deviation 

The results for the distribution (a), corresponding to 5 percent standard deviations 

are summarized in Figures 3-15 to 3-22. Figure 3-15 presents plots of the change in cost 

with 'αβ CVaR= , where 'α  is the confidence level, α , of the constraint; these plots 

correspond to the efficient frontiers at different 'α . The figure demonstrates that, for all 

values of 'α , the cost increases as β  decreases; in other words, a tighter constraint 

results in an increase in cost. In addition, intuitively, a higher value of 'α  results in a 

higher range of β . The range of β  consists of a lower minimum below which the model 

can no longer be feasible and an upper limit beyond which the solution is independent of 

the constraint. The lower limit coincide with the minimized αCVaR , for 'αα = , of 

model 4; the upper limit corresponds to αCVaR , for 'αα = , calculated from the solution 

of model 3. The cost solutions obtained from model 1, model 2, and model 3, i.e., 

expected value solution, individual scenarios, and two-stage stochastic solutions, are 

plotted in the graphs at  values of β  equal to the cost for model 1 and model 2 scenarios 

and at αβ CVaR= , for α  corresponding to 'α , for model 3. Note that the efficient 

frontier delineates a risk-return space corresponding to the lowest risk for a given level of 

return or –cost or the best possible return or minimum cost for a given level of risk; 

points below the concave frontier line correspond to inefficient or suboptimal solutions 

and points above the frontier are infeasible. Figure 3-15 shows that, for all 'α , (1) the 

expected value solution cannot be achieved for any level of risk, (2) only two of the 

scenarios of model 2, corresponding to high risk values, are feasible but inefficient, and 

(3) the two-stage stochastic solution is an efficient solution corresponding to the lowest 

possible cost and high level of risk. 
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Figures 3-16 to 3-22 demonstrate the dependency of αCVaR , calculated at different 

confidence levels, on (A) α , (B) β , and (C) cost, for each model 5 'α  simulated, 50, 75, 

80, 85, 90, 95, and 99 percent, respectively. For each 'α , for different β  values, the 

model’s αCVaR  were recalculated and plotted; for example, if the model was run for 10 

different constraints values β , 10 lines were plotted, monitoring the change of the 

recalculated solution αCVaR  with the change in the confidence level, the constraint, and 

the cost solution. The results were consistent with each other and the theory for all plots; 

a higher confidence level corresponds to a higher solution  αCVaR , a tighter constraint 

corresponds to a lower solution αCVaR , and a higher cost corresponds to solution a 

higher αCVaR . 
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Figure 3-18.  Change of αCVaR  with (A) β , (B) α , and (C) cost for ='α 80%, 10% 

STD. 



92 

 

0

34

3.88 4.04
β

C
Va

R
α

5 10
15 20
25 30
35 40
45 50
55 60
65 70
75 80
85 90
95 99
Cost

α increasing

(A)

0

34

0 100
α

C
V

aR
α

3

5-85-1

5-85-2

5-85-3

5-85-4

5-85-5

5-85-6

β increasing

(B)

0

34

-27 0
-Cost

C
Va

R
α

5 10
15 20
25 30
35 40
45 50
55 60
65 70
75 80
85 90
95 99
1 2
3

α increasing

(C) 
 
Figure 3-19.  Change of αCVaR  with (A) β , (B) α , and (C) cost for ='α 85%, 10% 

STD. 



93 

 

0

34

5.07 5.16
β

C
Va

R
α

5 10
15 20
25 30
35 40
45 50
55 60
65 70
75 80
85 90
95 99
Cost

α increasing

(A)

0

34

0 100
α

C
V

aR
α

3

5-90-1

5-90-2

5-90-3

5-90-4

5-90-5

5-90-6

5-90-7

5-90-8

β increasing

(B)

0

34

-29 0
-Cost

C
Va

R
α

5 10
15 20
25 30
35 40
45 50
55 60
65 70
75 80
85 90
95 99
1 2
3

α increasing

(C) 
 
Figure 3-20.  Change of αCVaR  with (A) β , (B) α , and (C) cost for ='α 90%, 10% 
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Figure 3-21.  Change of αCVaR  with (A) β , (B) α , and (C) cost for ='α 95%, 10% 
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Figure 3-22.  Change of αCVaR  with (A) β , (B) α , and (C) cost for ='α 99%, 10% 
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Analysis 

This section’s purpose is to demonstrate and emphasize the importance of using 

risk management techniques, such as αCVaR , versus traditional expected value, scenario 

analysis, and two stage modeling.  This is accomplished by comparing the cost and 

αCVaR  results obtained for the different models and the two distributions. 

The examination of Figures 3.7 to 3-23 revealed the following general results, for 

both standard deviations: 

• In model 5, keeping β  constant, as α  increases, αCVaR  increases; in other words, 
an increase in confidence level results in higher αCVaR  value.   

• In model 5, keeping β  constant, as α  increases, cost increases; this is consistent 
with the theory and logic that imposing higher confidence levels results in incurring 
higher costs. 

• In model 5, keeping α  constant, as β  increases, αCVaR  decreases; in other words, 
the less tight the αCVaR  constraint imposed on model 5, the smaller the αCVaR  
values obtained. 

• In model 5, keeping α  constant, as β  increases, cost decreases; in other words, the 
less tight the αCVaR  constraint imposed on model 5, the smaller the costs values 
obtained. 

• In model 5, for each confidence level 'α  at which 'αCVaR  is constrained, there 
exists a minimum β  value below which the model is infeasible; this value 
corresponds to the minimum 'αCVaR  solution generated by model 4. 

• In model 5, for each confidence level 'α  at which 'αCVaR  is constrained, there 
exists a maximum β  value above which the model yields the same solution; this 
solution corresponds to that obtained by running model 3. 

• In model 5, the higher the confidence level 'α  at which 'αCVaR  is constrained, the 
higher the β  values minimum and maximum limits are. 

• The expected value model, model 1, yielded the lowest cost solution, followed by 
the two-stage mixed integer fixed cost model, model 3; model 3 solution laid at the 
lower limit of model 5 solutions, which was higher for smaller β  values, i.e., 
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tighter constraints.  The solutions of model 2 varied with each scenario, from 
values lower than model 1 and greater than model 3. 

• Hence, including αCVaR  in the formulation resulted in higher costs than the 
expected value and two-stage stochastic models; this is attributed to the fact that 
model 5 specifically considers high cost events by minimizing them or constraining 
them.  Model 4 does not allow for the control of all the scenarios, hence, it has no 
practical significance. 

• Both the expected value and scenario models, models 1 and 2, underestimated 
costs, when compared with models 3 and 5. 

• As expected, model 1 run for both distributions, i.e.  models 1(a) and 1(b), resulted 
in the same cost for the different distributions; as mentioned earlier, these models 
are identical as both distribution have the same expected value of allowable 
withdrawals, which is used in the expected value model, i.e.  model 1. 

• A higher standard deviation resulted in higher scattering of costs in the scenario 
analysis formulation. 

• A higher standard deviation resulted in higher costs for the two-stage stochastic 
model, model 3(a) versus model 3(b). 

• A higher standard deviation resulted in higher αCVaR  calculated at different 
confidence levels in the two-stage stochastic model, model 3. 
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Figure 3-23.  Efficient frontiers for ='α 50, 75, 80, 85, 90, 95, and 99 percent, (A) 5% 

STD and (B) 10% STD. 

 



98 

 

Conclusions and recommendations 

The purpose of this chapter was to compare the performance of different risk 

quantifying techniques for a water allocation model.  We compared five models: 1.  

expected value, 2.  scenario analysis, 3.  mixed integer two-stage stochastic with 

recourse, 4.  αCVaR  minimization, and 5.  αCVaR  constraints. 

Uncertainties in the model parameters were represented via two normal 

distributions with equal mean and different standard deviations; they were derived based 

on a standard normal probability distribution function discretization technique developed 

by Miller and Rice (1983). 

The case study was based on data from the Saint Johns Water Management 

District; the uncertainty was assumed to be in the allowable withdrawals from the 

different supplies. 

The main findings were: 

1. The larger the number of scenarios and the moments matched used to form a mass 
distribution function, mdf, by discretization a probability distribution function, pdf, 
the more representative the mdf is of the pdf. 

2. Using the expected value of the uncertain parameter underestimates cost, and hence 
shortage. 

3. Using the expected value method resulted in identical cost estimates for different 
standard deviations distributions with identical mean. 

4. Using the expected value of scenarios costs underestimates cost, and hence 
shortage. 

5. Using a two-stage stochastic mixed integer formulation with recourse allowed for 
an improved representation of uncertainties and real life decision-making and 
higher estimates of costs. 

6. The use of αCVaR  in the two-stage stochastic recourse mixed integer formulation 
allowed for the optimization and control of high risk events. 
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7. Minimizing αCVaR  allowed for the control of high risk, or high cost – high 
shortage events; however, it did not control the lower risk events. 

8. Constraining αCVaR  while minimizing cost allowed the control of high risk events 
while minimizing the costs of all events. 

9. A higher standard deviation of the underlying distribution of the uncertain 
parameter resulted in, generally, higher associated costs and αCVaR . 

10. αCVaR  exhibited continuous and consistent behavior with respect to the 
confidence level α , when compared to αVaR  (Figure 3.24). for a given confidence 
level, the associated risk as αCVaR  was higher when the standard deviation was 
higher (Figure 3-25). 
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We suggest that future research considers the following: 

1. Assess the performance the different models for non-symmetrical, i.e.  skewed, 
distribution functions to represent uncertainties. 

2. Study the effect of different sources and distributions of uncertainties on the 
different models performance, their interactions, and their sub-additivity properties. 

3. Investigate the applicability of the different methods on non-linear systems such as 
contaminant transport and groundwater drawdown problems. 

4. Apply the αCVaR  method on water shortage, contaminant transport, or aquifer 
drawdown, rather than cost; i.e.  treat risk as a non-monetary concern! 
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CHAPTER 4 

UTILITY, GAME, AND WATER: A REVIEW 

Decision making under situations of conflict are referred to as conflict theories; 

they stem from the theories of economic, political, and social behavior.  Although these 

theories date back as far as Plato and Aristotle, the integration of quantitative elements 

into them did not start until the end of the nineteenth century; the rigorous use of 

quantitative data, statistical analysis, mathematical modelling, and computer simulations 

in political and social sciences did not start until the 1950s with the theoretical advances 

in conflict models, the theory of games and coalitions, systems theory, and other theories 

(Alker, 1973).  The resulting formal theories are generally classified based on the extent 

of (a) rationality and (b) strategy assumed in the definition and prediction of individual’s 

preferences and choices in a decision making situation. 

In terms of the first assumption, rationality, a formal model of choice in decision 

theory may be broadly distinguished as strongly rational or weakly rational.  A rational 

model is also referred to as normative, prescriptive, and recommendatory.  It is concerned 

with criteria of coherence, consistency, and rationality in preference patterns that are 

represented by axioms.  On the other hand, a weakly rational model is also referred to as 

descriptive, behavioral, psychological, predictive, positive, and explanatory.  It is 

interested in actual choice behavior rather than in criteria for “right” decisions; it seeks to 

identify patterns in preferences and actual choices, develop models to characterize them, 

and, eventually, predict them (Fishburn, 1988).In terms of the second assumption, 



102 

 

strategy, a formal model of choice in decision theory under risk and uncertainty may be 

an individual behavior model, game theoretic model, or social choice model, depending 

on the extent of individuals’ interactions and type of goals involved in the decision 

making process.  A cross classification of the models using the above explained criteria 

results in five groups of models presented in Table 4-1. 

Table 4-1.  Choice model classification 
Assumption about aggregation and strategic levels  

Individual Behavior 
Models 

Game Theoretic 
Models 

Aggregate Behavior 
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Non-Expected Utility 
Theory 

Behavioral Game 
Theory Social Theory 

 
The next sections present a review of the development of the different classes of 

models, moving by column and then by row in Table 4.1.  In other words, the next 

section starts with a summary of the formal conception of expected utility theory (column 

1, row 1), followed by its critique as a human choice predictive tool in decision making 

situations, and an overview of its alternatives (column 1, row 2).  These theories of 
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individual choice are at the core of strategic decision making, mainly, game theory.  

Hence, the discussion is continued with the examination of standard game theory, its 

main taxonomy, and solution concepts, setting the stage for behavioral game theory.  The 

theory of social choice is beyond the scope of this work, and thus was not reviewed.  We 

finally conclude this chapter with an extensive review of the application of game theory 

to water resources decision making problems.  The diagram in Figure 4-1 exhibits the 

plan of this chapter. 

 
 
Figure 4-1.  Chapter 4 organizational diagram 

Theory of Preference 

Preferences are expressed via a utility function and ordered using a preference 

comparison relationship; in other words, a knowledge of an individual’s utility function 

would allow the prediction of that individual’s preferences, and hence, behavior 

(Machina, 1982).  In the following sections, the preference relationship is defined.  Using 

Linear Expected 
Utility Theory 

Critique of Expected 
Utility Theory 

Preference relation, rationality axioms, and 
expected utility 

Framing, preference reversal, common 
consequence, reference point, etc. 

Non Expected 
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Methods review (linear generalizations, weighted 
utility theory, prospect theory, etc.) 

Game Theory Formulations, classifications, solution 
concepts, extensions, and alternatives 

Application of game 
to water resources 

Review 
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this definition, the different variants of preference theories are distinguished and 

compared in the context of choice behavior and utility theories. 

Preference Comparison Relationship 

As mentioned, preferences are assessed via a comparison relation.  Formally, define 

a binary relationship ≥ , of preference comparisons, on a convex set P  of probability 

measures.  ≥  obeys the following properties, for all Prqp ∈,, : 

Property 1.  ≥  obeys preference > / indifference ~: qp ~  if neither qp > nor pq > , 

                                                                                 qp ≥  if either qp > or qp ~  

Property 2: ≥  obeys comparability iff: qp > or qp <  or qp ~  

Property 3.  >  obeys asymmetry iff: ( )pqnotqp >⇔>  

Property 4.  ~ obeys reflexivity and symmetry iff: pp ~  and pqqp ~~ ⇔  

Property 5.  >  obeys transitivity iff: if qp >  and rq >  rp >⇔  

Property 6.  ≥  obeys monotonicity and convexity iff: 

{ } ( ) ( )sqrpsrqp λλλλ −+>−+⇒>> 11,  

{ } ( ) ( )sqrpsrqp λλλλ −+−+⇒ 1~1~,~ . 

Monotonicity reflects the property of stochastic dominance preference, where one 

prospect dominates another if it can be obtained from it by shifting probability from 

lower to higher; in other words, more is better (Machina, 1987a; Machina, 1987b). 

Whether the preference relationship observes or violates one or another of these 

properties was, and still is, the object of concern and the impetus that lead to the 

development of a wide range of utility theories and underlying choice behavior 

assumptions.  The following sections elucidate the development of the different utility or 

preference theories, their basic assumptions, and their limitations.  There is a tremendous 



105 

 

number of literature providing reviews on these topics with different emphasis (Fishburn, 

1988; Fishburn, 1989; Kahneman et al., 1997; Laville, 2000; Machina, 1982; Machina, 

1987a; Machina, 1987b; Schoemaker, 1982; Starmer, 2000). 

Expected Utility Theory 

The first expression of preferences in terms of expected utility was provided by 

Bernoulli.  Almost two centuries later, the concept of expected utility was formalized in 

the context of strategic decision theory under risk and uncertainty, as a basic element of 

game theory by von Neumann and Morgenstern.  Savage extended this theory to 

situations of uncertainty, as distinguished from risk by Knight (1921), or Bayesian 

subjective uncertainty.  The latter two linear expected utility models for preference 

comparisons under risk and uncertainty are the main paradigms of rational decision 

making.  Bernoulli’s expected utility theory, von Neumann and Morgenstern’s linear 

expected utility theory (LEUT), and Savage’s linear expected utility theory (SEUT) are 

discussed herein. 

Bernoulli’s utility theory 

In the early years of development of the probability theory, risky decisions, mostly 

monetary ones, were evaluated using the expected value criterion, ( ) ( )∑
∈

=
Xx

xxppxE , , on 

a set X  of monetary gains ( 0≥x ) and losses ( 0<x ), with ( )xp  being the probability 

distribution on X .  Early in the eighteenth century, Bernoulli and others observed that 

individuals often violate the principle of maximizing expected return (Machina, 1987). 

In 1973, Bernoulli evoked the principal of diminishing marginal utility: a person’s 

subjective value of wealth does not increase linearly with wealth, but rather at a 

decreasing rate, with the value of wealth being inversely proportional to wealth, hence, a 
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logarithmic function of the latter.  In addition, Bernoulli, argued that a risky decision 

should be evaluated based on the subjective expected value – the first statement of 

expected utility – taking into account present wealth.  Bernoulli’s theory presupposed the 

existence of a cardinal utility scale (Machina, 1987; Fishburn, 1988; Starmer, 2000). 

Formally, defining Xx∈  as a state of wealth, w , in X , 0w  as its initial state, 

( )wυ  as its value, and ( )xp  as the probability distribution of its states, Bernoulli’s 

expected utility theory is defined using the expected subjective value: 

( ) ( ) ( )∑
∈

+=
Xx

xpxwpE 0, υυ         4.1 

with ( )xp  preferred to ( )xq  in the probability set XP when ( ) ( )qEpE ,, υυ > . 

Note that Bernoulli viewed utility as an intensively measurable quantity that has 

nothing to do with probability or risk; his utility was interchangeably used with 

subjective value, moral worth, or psychic satisfaction.  The assumption of cardinality or 

measurability was a matter of debate; generally, it was perceived as an ordinal method of 

preference assessment that can be used to order preference over alternatives and cannot 

be measured using an objective scale (Edgeworth, 1887; Fishburn, 1982a; Machina, 

1987b; Starmer, 2000). 

In the 1920 – 1930 period, with the emergence of axiomatic theories of 

mathematics, interest in measuring utility, cardinal utility, was reincited by several 

authors (Frisch, 1927; Lange, 1934) who provided an axiomatic basis to Bernoulli’s 

expected utility theory, rendering the value function υ  unique up to a positive linear 

transformation that change the origin and/or scale of the utility but not the shape of its 

function; i.e., for two value functions υ  and 'υ  on X , for all p  and q , 
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( ) ( ) ( ) ( ) ( ) ( ) XxallforabxaxiffqEpEqEpE ∈>+=>⇔> ,0,',',',, υυυυυυ  

(Machina, 1987; Fishburn, 1988).  Utility was still, however, perceived as an ordinal tool 

of preference comparisons. 

What was missing was the formalization of the notion of choice in risky or 

uncertain situations.  Already acholars (Hicks, 1931; Marschak, 1938) had a sense that 

people should form preferences over distributions.  Alternative hypothesis included 

ordering random ventures via their means, variances, etc. 

Linear expected utility theory 

In 1944, Von Neumann and Morgenstern (von Neumann and Morgenstern, 1944), 

VNM, developed an alternative expected utility theory, the linear expected utility theory, 

LEUT.  Although LEUT preserved the mathematical form, individual’s preference order, 

and uniqueness up to positive linear transformations of Bernoulli’s expected utility 

theory, it differed radically from the latter (Fishburn, 1988).  The difference is depicted 

by defining the concept of lottery or random prospect. 

Let x  be an outcome from a set X  of outcomes.  Let p  be a simple probability 

measure on X , ( ) ( ) ( ){ }nxpxpxpp ,...,, 21= , where ( )ixp  is the probability of outcome 

Xxi ∈ .  Define XP  as the set of simple probability measures on X .  A particular 

random prospect or lottery p  is a point in XP , such as XPp∈ .  In Bernoulli’s utility 

theory, an individual’s utility are from the outcome or consequence, Xx∈ .  In VNM, an 

individual’s utility is from the lottery or probability distribution.  In other words, 

preferences are formed over lotteries and from these preferences over lotteries, combined 

with objective probabilities, an individual deduces the underlying preferences on 

outcomes.  Thus, in VNM’s theory, unlike Bernoulli's, preferences over lotteries logically 
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precede preferences over outcomes, i.e., preferences over alternative probability 

distributions over wealth (Machina, 1982). 

In addition, VNM major contributions to economics more generally was to show 

that if an agent has preferences defined over lotteries, then there is a utility function U , 

assigning a utility, u , to every lottery XPp∈ , that represents these preferences: 

( ) ( )∑
∈

==
Xx

xpxupuEU )(,         4.1 

This is the linear expected utility theory, LEUT.  Note that this form does not assume 

linearity in the outcomes, x ; however, it maintains linearity in the probabilities.  

Graphically, this is illustrated in Figure 4-2, using Marschak’s triangle.  Consider a set of 

lotteries ( ) ( ) ( )( )321 ,, xpxpxpP =  over outcomes 321 xxx << , with 

( ) ( ) ( ) 1321 =++ xpxpxp  or ( ) ( ) ( )312 1 xpxpxp −−= ; the lotteries are represented in the 

unit triangle in the plane of ( ) ( )( )31 , xpxp .  The individual indifference curves are the 

solutions to the linear equation: 

( ) constant)()()()(1)()()()()( 3331211

3

1
=+−−+== ∑

=
i

i
ii xpxuxpxpxuxpxuxpxuU , 

consisting of parallel straight line with slope ( ) ( )[ ] ( ) ( )[ ]2312 xuxuxuxu −− .  Note that 

upward movement in the triangle increases ( )3xp  at the expense of ( )2xp  and leftward 

movement decreases ( )1xp  to the benefit of ( )2xp ; these northwest movements generate 

stochastically dominating lotteries, i.e., more preferred indifference curves (Machina, 

1987). 

http://cepa.newschool.edu/het/profiles/neumann.htm
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Figure 4-2.  Expected utility indifference curves 

The authors showed that U  can be derived from a set of axioms defining rational 

choice of fully informed individuals.  The rationality assumption is the principal 

conjecture of LEUT.  Rational choice theory assumes that individuals are rational, i.e., 

they are perceived as homo economicus with preferences over outcomes from which they 

choose more preferred alternatives over less preferred alternatives, knowing that other 

individuals are also rational.  For a discussion the reader is referred to the literature 

(Kuhberger, 2002; Vriend, 1996).  The theory was first axiomatized by VNM as the 

motivation of human behavior in decision making situations.  It is formally based on 

three principal axioms: (1) order, (2) independence, and (3) continuity, which are the 

necessary conditions for the existence of the LEUT function.  A formal analysis follows. 

A real-valued function U  preserves the order of ≥  on P  and is linear in the 

convexity operation if and only if it obeys the following axioms, for all Pp∈ , Pq∈ , 

and 1,,0 ≤≤ βαλ : 

Axiom 1: Order: >  on P  is a weak order: ( ) ( )qUpUqp >⇔>  
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Axiom 2: Independence: ( ) ( )rqrpqp λλλλ −+>−+⇒> 11  

Axiom 3: Continuity: { } ( ) ( )rpqandqrprqqp ββαα −+>>−+⇒>> 11,  

Preferences are defined as rational if they are complete and transitive.  That is, that 

the decision maker is able to compare all of the alternatives, and that these comparisons 

are consistent.  If uncertainty is involved, then the independence axiom is often assumed 

in addition to rational preferences. 

The first axiom, order preserving axiom, states that the decision maker must be able 

to state preferences for all outcomes of a lottery.  The unstated assumption is that more is 

always preferred to less.  Orderability implies comparability and transitivity, or properties 

2 and 5 of the preference relationship described earlier. 

Axiom 2, independence or linearity assumption, imposes a restriction on the 

functional form of the preference function, constraining U  to be linear over the set of 

distributions, i.e., linear in probabilities, where ( )( ) ( ) ( ) ( )qUpUqpU λλλλ −+=−+ 11 .  

This axiom implies consistency and coherence by requiring that if p  is preferred to q , 

then a non trivial convex combination of p  and r  is preferred to the similar combination 

of q  and r  (Machina, 1982, 1987; Fishburn, 1988). 

The third axiom, continuity, implies that for rqp >> , then there are [ ]1,0, ∈βα  

such that ( ) qrp >−+ αα 1  and ( )rpq ββ −+> 1 .  It states that given any three lotteries 

strictly preferred to each other, rqp >> , it is possible to form the combination of the 

most and least preferred lotteries, p  and r  such that their compound is strictly preferred 

to the middling lottery q  and the combination p  and r  so that the middling lottery q  is 

strictly preferred to their compound.  Substitutability in this case implies that the certainty 
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equivalent can always be substituted for the lottery and vice versa, i.e.  indifferent options 

can be substituted by one another without changing their preference.  Axiom 3 is also 

known as the Archimedean axiom; it prevents one measure from being infinitely 

preferred to another. 

These axioms define what is known as the rationality assumption of behavior, the 

fundamental hypothesis of LEUT and SEUT, described next.  Alternative restatements 

and reaxiomatizations of these axioms have been developed by several authors (Herstein 

and Milnor, 1953; Marschak, 1950; Samuelson, 1952). 

Subjective linear expected utility theory 

In the VNM LEUT, probabilities were assumed to be "objective".  In this respect, 

they followed the "classical" view that randomness and probabilities.  However, many 

statisticians and philosophers, tracking back to Bayes (1763) had long objected to this 

view of probability, arguing that randomness is not an objectively measurable 

phenomenon but rather a knowledge phenomenon (Barnard and Bayes, 1958).  In this 

view, probabilities are really a measure of the lack of knowledge about the conditions and 

thus merely represent our beliefs about the experiment.  Ramsey (1926) asserted that 

probabilities are related to the knowledge possessed by a particular individual alone; it is 

governed by personal belief, hence, it is subjective.  He suggested a theory of choice 

under uncertainty that could isolate beliefs from preferences while still maintaining 

subjective probabilities, providing the first attempt at an axiomatization of choice under 

uncertainty, more than a decade before von Neumann and Morgenstern's attempt 

(Barnard and Bayes, 1958).6  Independently of Ramsey, de Finetti (de Finetti, 1931) also 

                                                 
6 Note that Ramsey's paper was published posthumously in 1931. 
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suggested a similar derivation of subjective probability.  Ramsey and de Finetti argued 

that subjective probabilities can be inferred from observation of people's actions. 

The Ramsey-de Finetti view was famously axiomatized and developed into a full 

theory by Savage in his revolutionary Foundations of Statistics (Savage, 1954).  Savage 

followed a decade after von Neumann and Morgenstern’s LEUT with the axiomatization 

of subjective linear expected utility, SEUT, in which subjective probabilities for 

uncertain events as well as von Neuman-Morgenstern utilities are derived from 

preferences between uncertain prospects, setting Bayesian statistical decision theory on a 

firm foundation (Fishburn, 1989; Fishburn, 1991).  Savage’s SEUT, was followed by 

Anscombe and Aumann (Anscombe and Aumann, 1963) simpler axiomatization which 

incorporated both subjective and objective probabilities into a single theory.  Another 

subjectivist approach was initiated by Arrow’s (Arrow, 1951; Arrow, 1958) state-

preference approach to uncertainty, which did not involve the assignment of 

mathematical probabilities, whether objective or subjective. 

Multiattribute expected utility 

Multidimensionality refers to situations in which preferences depend on many 

factors, including time sequences.  A multiattribute utility function, ( )nxxxU ,...,, 21 , 

represents preferences in decisions under risk involving multiattribute outcomes of the 

form ( )nxxxx ,...,, 21=  in ( )nXXXX ,...,, 21= .  The assessment of such a utility function 

is simplified by decomposing it into algebraic combinations of functions of the individual 

variables and on interactive techniques that allow utility maximization without having to 

assess the utility function (Farquhar, 1975; Farquhar and Fishburn, 1981; Fishburn, 

1971a; Fishburn, 1979; Fishburn, 1980; Fishburn, 1984c; Fishburn and Keeney, 1974). 
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The two simplest decompositions of U  are the additive and multiplicative forms, 

equations 4.6 and 4.7, respectively (Fishburn, 1988): 

( ) nnn xUxUxUxxxU +++= ...,...,, 221121       4.6 

( ) [ ] [ ] [ ]1...11,...,, 221121 ++++++= nnn xkUxkUxkUxxxkU    4.7 

where constant 0≠k . 

Additive decompositions were first suggested by Debreu (Debreu, 1960), Luce and 

Tukey (Luce, 1966; Luce and Tukey, 1964), and Pollak (Pollak, 1967).  Fishburn 

(Fishburn, 1965) showed that additive decompositions of LEUT are possible iff 

preferences between probability distributions p  and q  depend only on their marginal 

distributions for the different outcomes, i.e., ip  and iq  on iX , or 

( ) ( ) qpqqpp nn ~,...,,..., 11 ⇒= .  Fishburn (1967) reviewed the different methods of 

estimating additive utilities.  Multiplicative decompositions were studied by Keeney and 

Raifa (Keeney, 1974; Keeney and Raiffa, 1976).  Both decompositions have been 

axiomatized by several authors (Farquhar, 1975; Farquhar and Fishburn, 1981; Fishburn, 

1965; Keeney, 1971; Keeney, 1973; Keeney, 1981). 

Descriptive Limitations of LEUT and SEUT 

While the previously presented linear expected utility theory is mathematically 

elegant and computationally convenient, numerous empirical and experimental studies 

have demonstrated systematic and predictable violations of its basic axioms, raising 

concerns with its descriptive merits, i.e., whether the expected utility theory provides a 

sufficiently accurate representation of actual choice behavior.  Empirical studies from the 

early 1950s revealed a variety of patterns in choice behavior that appear inconsistent with 

LEUT, namely, its underlying axioms.  Shackle (Shackle, 1949), Allais (Allais, 1953b), 
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Edwards (Edwards, 1962a), Ellsberg (Ellsberg, 1961) were among the first to empirically 

challenge the expected utility theory and to suggest substantial modifications.  Influential 

experimental studies have reinforced the need to rethink much of the theory, leading to 

the development of the theory of bounded rationality.  Bounded rationality theory was 

formulated by Simon (Simon, 1955); its main hypothesis are the limitations of 

individuals capabilities, which bound them away from following the optimal rational 

choice and lead them to display satisficing behavior, i.e., choose options that are good 

enough given the limitations of the task and their cognition (Kuhberger, 2002; Vriend, 

1996) 

The following paragraphs summarize the main detected discrepancies of LEUT as a 

predictor of human choice.  Interested readers are referred to excellent reviews by 

Schoemaker (1982), Machina (1987), and Fishburn (1988). 

Violation of independence 

The most denied, relaxed, or abandoned and investigated as both descriptive and 

normative principle of choice is the independence axiom, or equivalently, linearity in 

probabilities assumption.  Many scholars have shown persistent systematic violations of 

the independence axiom.  Detailed reviews of these violations are present in Machina 

(1982, 1987).  It is noteworthy that authors such as Machina (1982) argued that LEUT 

basic concepts and predictions are independent of this axiom as they may be obtained by 

only assuming smooth preferences. 

Common Consequence.  Allais (1953a; 1953b; 1979) played a central role in 

stimulating and shaping theoretical developments in non expected utility theory by 

providing the earliest example of criticism of the linear expected utility theories as a 

representation of human preferences (Starmer, 2000).  Using empirical examples, Allais 
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showed that human preference should be represented by fanning-out indifference curves, 

rather than parallel ones (Figure 4-3).  This is known as Allais’ Paradox. 
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0 1p(x1)

p(
x 3

)

 
 
Figure 4-3.  Fanning-out effect 

Following Allais, several experimental studies confirmed Allais observations; it 

was later known as a special case of the common consequence effect (Hagen, 1979; 

Kagel et al., 1990; Kahneman and Tversky, 1979; Loomes, 1998; Loomes and Sugden, 

1987; MacCrimmon and Larsson, 1979; MacCrimmon and Toda, 1969; Raiffa, 1968; 

Tversky and Kahneman, 1981).  Consider the distributions 1p , 2p , 3p , and 4p , with 1p  

denoting the prospect leading x  with certainty, 2p greater and smaller than x , and 3p  

stochastically dominating 4p .  When choosing between probability mixtures, M: 

31 )1(1 ppM αα −+=  versus 32 )1(2 ppM αα −+= , and 

41 )1(3 ppM αα −+=  versus 42 )1(4 ppM αα −+= , 

individuals tend to choose M1 in the first and M4 in the second, even though the 

independence axiom implies choices of either M1 and M3, for 21 pp > , or M2 and M4, 

for 12 pp > ; thus, the common consequence effect.  This observation states that if the 
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distribution 3p  involves very high outcomes, the individual may prefer not to risk not 

receiving it and prefer the sure outcome x  in 1p  over 2p ; but, if 4p  involves very low 

outcomes, the individual may be more willing to take risk and prefer 2p  over 1p  

(Machina, 1987). 

Common Ratio effects.  This violation was termed the common ration effect by 

MacCrimmon and Larsson (1979); the certainty effect of Kahneman and Tversky (1979) 

and the Bergen Paradox of Hagen (1979) are special cases of the common ratio effect 

(Machina, 1987).  It states that if an individual is indifferent between a p  chance gain x  

and a pq  chance of gain y , then a pqr  chance of y  will be weakly preferred to a pr  

chance of x  (Cubitt et al., 1998; Machina, 1982).  In other words, individuals 

underweight outcomes that are merely probable in comparison with outcomes that are 

obtained with certainty (Kahneman and Tversky, 1979). 

Violation of transitivity 

Intransitivity in choice under risk has been observed by several scholars (Edwards, 

1962a; Fishburn, 1970; Flood, 1980; Luce, 1956; May, 1954; Tversky and Edward 

Russo, 1969).  In a risky prospects setting, with a , b , and c  being outcomes in X , 

probabilities in XP , or both, the indifference relation is intransitive when, ba ~ , cb ~ , 

and ca > ; the preference relation is intransitive when  ba > , cb > , and ca ~  or ca < .  

When > is assumed asymmetric and transitive while ~ is assumed intransitive, > is a 

partial order, rather than a weak order.  Two main types of transitivity violation 

phenomena are preference reversal and framing effect, discussed below. 

Preference Reversal.  Preference reversal is second to independence failure in the 

extent to which it has been investigated.  Formally, let p  and q  be risky prospects for 
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gain outcomes with certainty equivalents ( )pc  and ( )qc ; the preference reversal 

phenomenon occurs if for qp > , ( ) ( )qcpc < , i.e., the individual prefers p  to q  but 

would sell p  for less than selling q .  Given that more gain is preferred to less, > cannot 

be a weak order when qp >  and ( ) ( )qcpc < . 

Edwards (1962a; 1953; 1954), focusing on human information processing in the 

assessment of utility and probabilities, uncovered that people’s behavior reveals 

preferences among probabilities that were reversed in the loss domain.  Lichtenstein and 

Slovic (1971; 1973) and Lindman (1971) were the first to experimentally observe the 

phenomenon of preference reversal.  Other experiments were performed (Grether and 

Plott, 1979; Pommerehne et al., 1997; Pommerehne et al., 1982).  In a review of this 

phenomenon, Slovic and Lichtenstein (1983) and Grether and Plott (1979) emphasized 

information processing in preference judgment.  Preference reversal was also observed in 

several more recent studies (Ben-Dak, 1972; Fishburn and Keeney, 1975; Hausman, 

1997; Kahneman, 2003a; Karni and Safra, 1987; Knez et al., 1985; Lichtenstein and 

Slovic, 1971; Lichtenstein and Slovic, 1973; Loomes et al., 1989; Loomes et al., 1991; 

Loomes and Sugden, 1983; Lovallo and Kahneman, 2000; Payne et al., 1980; Quattrone 

and Tversky, 1988; Slovic and Lichtenstein, 1983; Tversky and Kahneman, 1981; 

Tversky and Kahneman, 1991; Tversky et al., 1990; Tversky and Thaler, 1990). 

Preference reversal has been interpreted as a failure of procedure invariance, which 

states that preferences are independent of the method used to elicit them (Starmer, 2000), 

failure of the transitivity axiom (Loomes and Sugden, 1983), or as a consequence of the 

invocation of different mental processes for choice and valuation (Slovic, 1995).  Several 

authors attribute this violation to the failure of both, procedure invariance and the 
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transitivity axiom (Loomes et al., 1989; Tversky et al., 1990).  Alternative explanations 

were also suggested (Karni and Safra, 1987).  This phenomenon is reviewed in several 

works (Ben-Dak, 1972; Fishburn and Keeney, 1975; Hershey and Schoemaker, 1985; 

Kahneman, 2003a; Karni and Safra, 1987; Loomes et al., 1989; Loomes et al., 1991; 

Loomes and Sugden, 1983; Lovallo and Kahneman, 2000; MacCrimmon and Wehrung, 

1984; Muney and Deutsch, 1968; Payne et al., 1980; Quattrone and Tversky, 1988; 

Slovic and Lichtenstein, 1983; Starmer, 2000; Tversky and Kahneman, 1981; Tversky 

and Kahneman, 1991; Tversky et al., 1990; Tversky and Thaler, 1990). 

Framing effect.  Theories of choice invoke the axiom of descriptive invariance, 

which holds that differences in descriptions that don’t alter the actual choices should not 

alter behavior, i.e., preferences are function only of probability distributions of the 

consequences and not how these distributions are described.  A framing effect occurs 

when different descriptions of the problem lead to different behavior.  Framing violates 

asymmetry; by placing p  and q  comparison in different frames, it may be possible to 

induce a preference for p  over q  in one, and a preference for q  over p  in another, i.e.  

qp >  or pq > , depending on the frame of the decision, leading to choosing 

stochastically dominated prospects. 

One of the earliest examples of this phenomenon was observed by Slovic (1969) 

and Payne and Braunstein (1971).  Kahneman and Tversky (1979) and Tversky and 

Kahneman (1981; 1986) provided the first experimental evidence of failure of description 

invariance; in their experiment, the authors showed that variation in the presentation of 

the same problem resulted in variation in the preference ordering.  In general, people are 

more willing to take risk when outcomes are described as losses than when the same 
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outcomes are described as gains (Camerer, 1999; Camerer, 2005; Kahneman, 2003a; 

Kahneman, 2003b; Kahneman, 2003d; Kahneman and Tversky, 2003); avoidance of 

losses may act as a focal point leading to coordination in certain games (Cachon and 

Camerer, 1996).  Other studies confirm the framing effect (Hershey et al., 1982; Hershey 

and Schoemaker, 1980; Moskowitz, 1974). 

Reflection and reference point effects.  In 1948, Friedman and Savage (1948) 

offered an LEUT function that is locally concave about low outcome levels, locally linear 

at an inflection point, and convex about high outcome levels, leading to an S-shaped ( ) 

function.  In a later article, the authors (Friedman and Savage, 1952) modified this 

function to include a terminal concave section ( ).  Mosteller and Nogee (1951) and 

Markowitz (1952) observed that individuals prefer positively skewed distributions over 

negatively skewed ones.  Kahneman and Tversky (Kahneman, 1992; Kahneman, 2003c; 

Kahneman et al., 1991; Kahneman and Tversky, 1979) observed prevalence of risk 

aversion in gains and risk seeking in losses as individuals were more likely to take risks 

when outcomes were described as losses than when the same outcomes were described as 

gains.  This observation implies that the utility function U  is concave in gains and 

convex in losses, with an increasing S-shaped pattern that is steeper for losses than for 

gains.  This is the reflection effect.  Machina (1987a) observed this effect as a special 

type of framing effect, the reference point effect.  Markowitz (1952) and Simon (1955) 

observed that risk attitudes over gain and losses should be explained as changes from a 

reference point of wealth.  Accordingly, authors such as Fishburn, Kahneman, and 

Tversky (Fishburn, 1988; Kahneman, 1992; Tversky and Kahneman, 1991) affirmed that 

people’s utility for wealth depended mainly on changes from present wealth rather than 
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absolute level of wealth.  Other studies (Cohen et al., 1985) concluded that subjects 

exhibit consistent risk attitudes in gains and losses.  For an overview refer to the literature 

(Budescu and Weiss, 1987; Camerer, 1997; Camerer, 2003b; Fishburn and Gehrlein, 

1977; Machina, 1982; Neale and Bazerman, 1985). 

Probability judgment 

Preston and Baratta (1948) were the first to explore whether individuals accounts 

for chance events at their true mathematical probabilities or whether they systematically 

distorted probabilities in their presumed expectation maximizing choices.  They found 

that subjects tend to overvalue small probabilities and undervalue large ones.  Marks, 

Irwin, and Slovic (Irwin, 1953; Marks, 1951; Slovic, 1966) found that subjective 

probabilities tend to be higher for more desirable outcomes.  Edwards (1953) also 

revealed preferences among probabilities.  Cohen (1985) concluded that probabilities are 

accounted for precisely in the gains region but coarsely in the loss region.  Another 

probability judgment type of bias is representativeness, where individuals use heuristic 

shortcuts to make difficult judgments easier (Svenson, 1981).  Kahneman, Tversky, Bar-

Hillel, and Grether (Bar-Hillel, 1973; Bar-Hillel, 1974; Grether, 1978; Kahneman and 

Tversky, 1979) detected a systematic deviation of probability updating from Bayes law 

by underweighting prior information and overweighting current ones.  Kahneman and 

Tversky also observed that individuals tend to overvalue small probabilities and 

undervalue large ones; they noted that probabilistic judgments lead to probabilities that 

violate the mathematical properties of probabilities.  Additional evidence on the 

psychology of probabilistic information processing and its biases, distortions, and 

illusions are available in the literature (Edwards, 1962a; Edwards, 1954; Edwards, 1961; 

Edwards, 1968; Karmarkar, 1978; Machina, 1987a; Machina, 1989; Machina, 2005; 



121 

 

Machina and Schmeidler, 1992; Schoemaker, 1982; Slovic and Lichtenstein, 1971) 

Kahneman et al.  (1982), (Arkes et al., 1986; Tversky and Fox, 1995; Tversky and 

Kahneman, 1973; Tversky and Kahneman, 1974; Tversky and Wakker, 1995). 

Non-Archimedean preferences 

This axiom is regarded more as a technical convenience than a rationality postulate 

and has a different formal standing in logic than the other axioms, where its failure leaves 

the notion of LEUT intact (Fishburn, 1988; Fishburn, 1989).  Examples of failure of 

axiom 3 were suggested by Georgescu-Roegen, and Chipman (Chipman, 1960; 

Georgescu-Roegen, 1954a; Georgescu-Roegen, 1954b); however, no experimental 

evidence of its failure have been presented (Fishburn, 1988). 

Alternatives to Expected Utility Theory 

Non expected utility theories, NEUT, were suggested as alternatives to the linear 

expected utility theories of von Neumann and Morgenstern and Savage.  They were 

developed in an effort to account for the violations of rationality observed in real human 

choice behavior, which LEUT did not account for, by relaxing some of the axioms of 

LEUT.  These theories are referred to as non-rational or with bounded rationality.  These 

theories assume that individuals don’t necessarily make choices that maximize their 

utility due to cognitive limitations affecting their ability to process all available 

information; thus, individuals make decisions that are less than fully rational.  In NEUT, 

we refer to the preference ordering function as (.)V , rather than (.)U , the utility function 

in LEUT. 

The following sections present some of the main classes of alternative theories, 

namely, linear generalizations, intensity theory, moments theory, generalized EUT, 

weighted EUT, expectation quotient, prospect theory, rank-dependent expected utility, 
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disappointment theory, state-dependent preferences, skew-symmetric bilinear theory, 

regret theory, alpha utility, local linearization, and others. 

Linear generalizations 

These are generalizations of the von Neumann and Morgenstern theory that 

preserve linearity and at least strict preference transitivity.  The simplest generalization 

was obtained by dropping axiom 3, the Archimedean axiom, leading to lexicographic 

preference ordering (Blume et al., 1991; Chipman, 1960; Fishburn, 1971b; Fishburn, 

1980; Fishburn and Graham, 1993; Fishburn and LaValle, 1998a; Fishburn and LaValle, 

1998b; Hausner, 1954; Hull et al., 1973; Park, 1978).  Another generalization, first 

axiomatized by Aumann (Aumann, 1962), was obtained for Archimedean partially 

ordered preferences.  A third axiomatization, combining both non-Archimedean and 

partially ordered preferences was suggested by Kannai (Kannai, 1963).This type of 

LEUT alternatives ran their course by 1970 as it did not accommodate violations of the 

independence axiom (Fishburn, 1988). 

Non-linear generalizations 

With the emergence of new experimental evidence supporting Allais’ (Allais, 

1953a; Allais, 1953b) findings of independence axiom violations, interest in non-linear 

theories emerged, though still only descriptive, with authors such as Hagen , Handa, 

Karmakar, Kehneman, and Tversky (Hagen, 1979; Handa, 1977; Kahneman and Tversky, 

1979; Karmarkar, 1978).  They were followed by other descriptive theories (Chew and 

MacCrimmon, 1979; Fishburn, 1982b; Machina, 1982; Quiggin, 1982); these theories 

were normatively refined by several authors (Chew, 1983; Chew et al., 1987; Chew and 

Nishimura, 1992; Chew and Waller, 1986; Dekel, 1989; Yaari, 1987).  These and other 

theories are described below. 
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Intensity theory.  The first non-linear LEUT generalizations were based on Allais’ 

theory of non-linear preference theory, or intensity theory.  Allais considered present 

levels of wealth, 0w  and changes in wealth, x , with the psychological value of the final 

position, xw +0 , being a function of 0wx , which is the same for all individuals; this 

riskless value function is approximated by ( )01log wx+ .  His theory is based on his 

viewpoint on psychological value, the reduction principle, weak order preferences 

defined by the > relation (axiom 1), weak first-degree stochastic dominance (if qp >  or 

qp =  then qp ≥ ), which is a weakened form of the LEUT independence axiom, and the 

Archimedean axiom to ensure the existence of an ordered value function, V .  Allais 

strongly rejected Axiom 2 and the expectation for of LEUT. 

Moments theory.  Allais (1979) proposed that the preference function V  of a 

lottery is not only a function of the expected utility but also incorporates the variance of 

the elementary utilities.  Based on Allais’ theory, Hagen (1979) suggested the three 

moments of the psychological value of risky prospects as determinants of V .  The Allais-

Hagen incorporation of second and higher moments of lotteries into the utility function 

account for the fanning-out effect, however, in the Bernoulli’s utility framework.  Sugden 

(Loomes and Sugden, 1982; Loomes and Sugden, 1986; Loomes and Sugden, 1987) 

showed that the properties of the disappointment term, imposed in the disappointment 

theory, presented later, are a restriction on Hagen’s model of moments. 

Generalized expected utility theory.  Machina (1982) formulated a non-linear 

alternative to the LEUT, the generalized expected utility theory, GEUT, adopting Allais’s 

axioms and using regular first-degree stochastic dominance instead of weak; Machina, 

however, did not adopt Allais’ Bernoullian viewpoint on psychological value.  Machina’s 
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approach was distinct in his assumption that V  is smooth over P , i.e., V  changes 

continuously as p  changes continuously, with ( )pV  linear around p .  Others proposed 

alternative smooth preferences over P  (Allen, 1987; Harless and Camerer, 1994). 

Machina kept the preference ordering axioms and the Archimedean axiom, but 

dropped the independence axiom, with a specific hypothesis on the shape of NEUT’s 

indifference curves.  Machina hypothesized that individuals become more risk averse as 

the net outcome they face is better.  Formally, he defined the indifference curves by the 

preference function ∑= )()()( ipxUqV i , with )(/)()( ipqVxU i δδ=  being a utility 

index, where q  is the net outcome, function of the different i  issues’ outcomes, ix , and 

their respective probabilities, )(ip .  The theory assumes that at any given distribution p , 

there is a local utility index (.)U  which possesses all the VNM properties; it is 

determined by a linear approximation of the true preference function (.)V  around p  and 

can be thought of as a local utility function of (.)V .  In other words, the concavity of 

(.)U  at every q  is equivalent to the global risk aversion of (.)V ; greater risk aversion 

implies steeper, or “fanning-out”, indifference curves, non-parallel, and not necessarily 

linear.  The “fanning-out” process is also referred to as “betweenness. 

Several models have been developed based on Machina’s generalized expected 

utility model with weakened independence axiom, with the additional restriction of 

linear, non parallel, indifference curves.  One example is weighted utility theory’s 

expectation quotient method, described in a following paragraph.  Other models have 

been proposed that do not impose fanning-out, but conserves it, such as the quadratic 

utility theory.  Chew (Chew, 1989) proposed the quadratic utility theory which relies on a 

weakened form of betweenness called mixture symmetry, in which indifference curves 

http://cepa.newschool.edu/het/essays/uncert/debates.htm#independence
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may switch from concave to convex, or vice versa.  Becker and Sarin (1987) proposed 

the lottery-dependent utility model, with even weaker restrictions; the model is based on 

an exponential form of preference function. 

Weighted utility theory.  Another type of models uses probability transformation 

functions which convert objective probabilities into subjective decision weights, leading 

to the decision weights utility theory, DWUT, with the general form ∑= )()()( ixuiwqV .  

These models assume that individuals transform the known set of objective probabilities 

( )ni pppP ,...,,...,1=  of a risky prospect into their corresponding subjective probabilities 

called decision weights, ( ) ( ) ( )( )ni pwpwpwPW ,...,,...,)( 1=  (Kahneman and Tversky, 

1979), such that ( )ipw  is a strictly increasing function from [ ]1,0  to [ ]0,1  with ( ) 00 =w  

and ( ) 11 =w ; )( ixu  are the utilities of individuals outcomes ix , for all Xxi ∈ . 

The idea behind this type of models stated with Edwards (Edwards, 1954; Edwards, 

1961; Edwards, 1962b), who suggested a subjective expected value ∑= ii xpV )(π  for 

all i .  Another author, Handa (1977), proposed that individuals maximize 

( )∑= ixipqV )()( π , where ( )ipπ  is a probability weighing function; his model is called 

the simple decision weighted utility (Starmer, 2000).  Karmarkar (1978) used the form 

( ) ( )
( )∑

∑
i

ii

p
pxu

π
π

, with a power function ( ) ( )[ ]ααα λλλλπ −+= 1 .  These models, however, 

do not generally satisfy monotonicity, unless the decision weights equal objective 

probabilities, reducing )(qV  to LEUT (Fishburn, 1978), which makes it an unacceptable 

descriptive model of behavior (Machina, 1982; Tversky and Kahneman, 1986).  As a 

result, decision weighting models that ensure the monotonicity of )(qV  were designed, 
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such as expectation quotient, prospect theory, rank-dependent theory, and others, 

described in following sections.  The first  

Chew and McCrimmon (Chew and MacCrimmon, 1979) assumed a linear 

preference function of the form ( )[ ] ( )[ ])()()()()()( iii xgipxuxgipqV ∑∑= , where 

(.)u  and (.)g  are two different weighing functions for the outcomes, with LEUT being 

the special case in which (.)g  is the same for all outcomes. 

Expectations quotients.  This theory represents the value of a prospect by the ratio 

of two linear functionals.  The first set of non-linear Archimedean weak order theory that 

incorporates the fanning out hypothesis for arbitrary outcomes was introduced by Chew 

and MacCrimmon (1979).  The authors suggested a linear weighted utility function ( ).V  

composed of a linear positive non-constant weighting function, w , and a linear 

elementary utility function, u , with Uuw =  the LEUT.  The weighted linearity property 

is ( )( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )qwpw

quqwpupwqpV
λλ
λλλλ

−+
−+

=−+
1
11 , such that 

( ) ( ) ( ) ( )pwqvqwpvqp >⇔> ; for a constant w , V  reduces to LEUT, as presented in 

Fishburn (Fishburn, 1988).  The main point of Chew and MacCrimmon is that all 

indifference curves are linear, fanning-out, and intersect at the same point outside the 

triangle, hence not violating transitivity.  This theory was later refined by several authors 

such as Chew, Fishburn, Nakamura, and Dekel (Chew, 1983; Chew, 1989; Dekel, 1986; 

Fishburn, 1981a; Fishburn, 1981b; Fishburn, 1983b; Fishburn, 1983c).  Tversky and Fox 

(1995) suggested a non linear transformation of probability using an S-shaped weighing 

function exhibiting diminishing sensitivity as probability increases, i.e., that overweights 

small probabilities and underweights moderate and high ones.  Tversky and Wakker 
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(1995), building on Tversky and Kahneman (1992) cumulative prospect theory proposed 

a similar weighing function.  Such a function accounts for the fourfold risk attitudes of 

individuals for gains and losses explained later in the “risk attitudes” section. 

Prospect theory.  Prospect theory was developed by Tversky and Kahneman 

(1979) to accommodate stochastic dominance and invariance violations.  It is a 

descriptive theory that expresses the overall value of a prospect, V , in terms of (1) the 

decision weight ( )pπ  associated with each probability p  such as ( ) ( ) 11 <−+ pp ππ , 

which reflects the impact of p  on the overall value of the prospect, and (2) the subjective 

value ( )xv  of the outcome x  as the deviation of that outcome from a reference point.  It 

assumes that values are attached to changes rather than states and that decision weights 

do not coincide with probabilities.  Formally, ( ) ( )ii pxV πν∑= ; for a prospect defined 

over probabilities p  and q  of outcomes x  and y , respectively, 

( ) ( ) ( ) ( ) ( )yvqxvpqypxV ππ +=,;, ; it is concave for gains, convex for losses, and steeper 

for losses than for gains, being steepest.  In 1992, the authors extended their theory to the 

cumulative prospect theory. 

Rank-Dependent Expected Utility Theory.  REUT was developed by Quiggin, 

Yaari, and Schmeidler (Quiggin, 1982; Quiggin, 1993; Schmeidler, 1989; Yaari, 1987).  

It assumes that the weight assigned to an individual outcome depends on the true 

probability of the latter as well as its ranking relative to the other outcomes.  This method 

ranks outcomes ( )ix  from worst ( )1x  to best ( )nx  with corresponding decision weights 

iw , such that ( )ii pw π=  for ni =  and ( ) ( )ninii ppppw ++−++= + ...... 1ππ  otherwise; 

( )ni pp ++ ...π  is the subjective weight attached to the probability of outcome ix  or 
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better and ( )ni pp +++ ...1π  is that attached to the better outcomes, with π  being a 

transformation on cumulative probabilities.  Note that decision weights w  and 

probability weights π  are distinct.  This theory is a type of nonlinear Archimedean weak 

order theory that the function satisfies first-degree stochastic dominance and basic 

ordering.  This theory was generalized (Lattimore et al., 1992) using a probability 

weighing function of the form ( ) ⎥
⎦

⎤
⎢
⎣

⎡
+= ∑

=

n

k
kiii pppp

1

βββ ααπ  such that 0, >βα  and n is 

the number of outcomes.  Tversky, Kahneman, and Prelec (Prelec, 1998; Tversky and 

Kahneman, 1992) suggested a single parameter weighting function 

( ) ( )( )[ ]δδδδπ
/1

1 pppp −+=  for 10 << δ  and ( ) ( )( )απ pp lnexp −−=  for 10 << α , 

respectively.  Other theories were also suggested (Abdellaoui, 2002; Bell and Fishburn, 

2003; Blechrodt H.  and Quiggin J., 1998; Bleichrodt et al., 2004; Chateauneuf et al., 

2005; Chew et al., 1987; Chew and Epstein, 1989; Courtault and Gayant, 1998; Fishburn, 

1994; Fishburn and Falmagne, 1989; Green and Jullien, 1988; Kendall, 1975; Luce, 

1991; Nakamura, 1995a; Nakamura, 1995b; Nakamura, 1996; Roell, 1987; Safra and 

Segal, 2001; Segal, 1993; Starmer and R., 1989). 

Disappointment Theory.  Bell (1985) and Loomes and Sugden (1986) developed 

the theory of disappointment, DT, where preferences are represented by the function 

( )( )[ ]∑ −+= UxuDxuipqV ii )()()( , where (.)u  is a measure of “basic” utility of ix  

when considered alone, U  is a measure of the “prior expectation” of the utility from an 

outcome, and ( ).D  reflects individual’s dislike and avoidance of disappointment.  With 

( ) 0. =D , the model reduces to EUT; it is assumed that individuals are disappointment 

averse, ( )hD  concave, for 0<h , and elation prone, ( )hD  convex for 0>h . 
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State-preference model.  This theory was developed independently by Arrow, 

Debreu, and Hirshleifer (Arrow, 1953; Debreu, 1959; Hirshleifer, 1966) to account for 

probability judgments of individuals by representing uncertainty by a fixed finite set of 

mutually exclusive and exhaustive set of states, { }isS = .  The objects of choice consist of 

alternative state ( )is -payoff ( )ix  bundles, defined over the respective states with no 

reference to probability.  If these bundles are assigned probabilities, indifference curves 

can be generated from individual behavior (Evans and Viscusi, 1991; Fishburn and 

Lavalle, 1987; Fishburn and LaValle, 1988b; Hirshleifer, 1966; Karni, 1983; Karni, 1987; 

Karni et al., 1983; Kelsey and Nordquist, 1991; Lavalle and Fishburn, 1987; Yaari, 

1969). 

Skew-symmetric bilinear theory.  Fishburn (Fishburn, 1981a; Fishburn, 1984a; 

Fishburn, 1984d; Fishburn, 1984e; Fishburn, 1990; Fishburn and LaValle, 1988a) 

suggested the skew-symmetric bilinear theory, SSB, to represent preferences between 

probability distributions in a set P  by the positive part of a skew-symmetric bilinear, 

SSB, functional, ( )qp,φ , on PP× , such that ( ) 0, >⇔> qpqp φ , for ( )PPqp ×∈, ; 

( )qp,φ  does not imply the independence, ordering, or transitivity axioms.  ( )qp,φ  

measures the expectation of the differences in preference between two outcomes, say 

Xxx ∈21 , , for the two distributions PP× , such that ( ) ( )∑∑=
1 2

21 ,,
x x

xxpqqp φφ , with 

( )21 , xxφ  being a quantification of the qualitative preference difference between 1x  and 

2x .  Loomes and Sugden (1982) associate ( )21 , xxφ  with the regret at getting 1x  when 2x  

might have occurred, with 12  x>x .  This is elaborated further next as the expected regret 

theory and Alpha utility theory. 
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Expected regret theory.  This theory was developed independently by Bell, 

Fishburn, and Loomes and Sugden (Bell, 1983; Bell, 1985; Fishburn, 1982b; Loomes and 

Sugden, 1982) as the leading example in modeling non-transitive bivariate preferences 

(Machina, 1987).  It replaces LEUT with a regret/rejoice function, ),( yxR , that 

represents the level of satisfaction from receiving an outcome x over y , such that 

),(),( xyRyxR −= .  Let ( )nppP ,...,1=  and ( )nppP ',...,'' 1=  be two statistically 

independent lotteries over a common outcome set ( )nxxX ,...,1= ; an individual will 

choose 'P  if the expectation ∑∑
i j

jiji ppxxR '),(  is positive, and P  otherwise.  Note 

that the indifference curves in this model cross at one point forming an intransitive cycle 

and dividing the area of the triangle into lotteries strictly preferred to lottery. 

Alpha utility theory.  Chew, MacCrimmon, and Fishburn (Chew and 

MacCrimmon, 1979; Fishburn, 1983a) extended the SSB theory by adding the transitivity 

constraint.  This theory, the Alpha utility theory, represents preferences with two linear 

functions, 'φ  and "φ  on P , such that ( ) ( ) ( ) ( )pqqpqp "'"' φφφφ >⇔>  and 

( ) ( ) ( ) ( ) ( )pqqpqp "'"', φφφφφ −= , allowing φ  to be decomposed using 'φ  and "φ .  In 

addition, ( ) ( ) ( )∑= xxpp '' φφ  and ( ) ( ) ( )∑= xxpp "" φφ . 

Local Linearization.  Machina (1987a; 1987b) suggested considering non-linear 

functions in general and using calculus to extend them to LEUT, such as taking the first 

order Taylor expansion of a differentiable preference function about P .  Consider the 

non expected utility function ( )PXV ,  that is differentiable with respect to X  and P , 

such that ( )
( ) ),(, PXU
xp

PXV
=

∂
∂ , with ( )PXU ,  as the local utility at P .  Note that a 
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differentiable function exhibits a specific global property, such as being non-decreasing, 

iff that property is exhibited by its linear approximation at each point.  Machina 

ascertained the applicability of this property to stochastic dominance and risk aversion 

properties of a non-expected utility function. 

Strategic Decision Making 

Game Theory 

Game theory was the first mathematical tool to conceptualize conflict as a decision 

problem, capitalizing on the structural similarities between a decision problem and a 

conflict of interest.  Its foundation is acknowledged to be von Neumann's minimax 

theorem (von Neumann, 1928).7  The authors first formalized the subject in 1944 in their 

book Theory of Games and Economic Behavior (von Neumann and Morgenstern, 1944).   

Game Theory is a misnomer for multi-person decision theory as it seeks to find 

rational strategies in situations where the outcome depends not only on one's own 

strategy and market conditions, but upon the strategies chosen by other players with 

possibly competing or conflicting goals.  In other words, game theory considers situations 

where instead of individuals making decisions in response to “dead” variables, such as 

prices, their decisions are strategic reactions to other individuals actions or “live” 

variables (Myerson, 1991; Vega-Redondo, 2003). 

The next sections first describe the components, representations, and types of 

games, then the solution concepts, and finally, the available extensions to game theory. 

                                                 
7 Émile Borel, however, had already published three papers on "the theory of play" between 1921and 1927 
in which he introduced the concepts of strategic game and mixed strategy. Ernst Zermelo is credited with 
game theory's first theorem (1913) by showing that a solution algorithm for chess exists (even though it is 
not computable in practice). Morgenstern did most of the economic analysis in Theory of Games and 
Economic Behavior. 



132 

 

Mathematical formulations 

To model a conflict, the participants, individuals or groups, must be first identified; 

they are considered as individual decision makers and referred to as players.  Players 

have available individual decision possibilities, actions, or strategies; strategies may be 

pure or mixed.  The individual players’ choice of actions, jointly, determines the final 

outcome of the conflict and their individual preferences or objectives over these possible 

outcomes.  The possible actions and their relationship to the final outcome are modeled in 

different ways by the different game forms.  There are three main forms to represent a 

game: the extensive, dynamic, or tree form; normal, strategy, static, or matrix form; and 

characteristic function, cooperative, or coalitional form (von Neumann and Morgenstern, 

1944, 1953) differing in the amount of details represented in the model; extensive and 

normal forms are usually used to represent noncooperative games, while the 

characteristic function is used to represent cooperative games (Myerson, 1991; Vega-

Redondo, 2003).  Other forms were developed such as the option form (Howard, 1971) 

and the graph form (Kilgour et al., 1987), presented later.  More information about games 

representations is abundantly available in the literature (Heap, 2004; Myerson, 1991; 

Rasmusen, 2001; Romp, 1997; Vega-Redondo, 2003). 

Extensive form.  It is the most detailed, where the structure captures the actual 

rules of the game; it specifies: (1) the players of a game, (2) their individual potential 

moves and resulting positions, (3) information possessed by individual players at every 

move, and (4) the payoffs received by every player for every possible combination of 

moves.  The game is represented by a game tree.  Each node, called a decision node, 

represents every possible stage of the game as it is played.  There is a unique node called 

the initial node that represents the start of the game.  Any node that has only one edge 

http://en.wikipedia.org/wiki/Tree_%28graph_theory%29
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connected to it is a terminal node and represents the end of the game and also a strategy 

profile.  Every non-terminal node belongs to a player in the sense that it represents a 

stage in the game in which it is that player's move.  Every edge represents a possible 

action that a player can take.  Every terminal node has a payoff for every player 

associated with it.  These are the payoffs for every player if the combination of actions 

required to reach that terminal node are actually played. 

Normal form.  In games of perfect information, a normal form is a summary 

representation of a game; it specifies players' strategy spaces, or action spaces, and payoff 

functions.  A strategy space for a player is the set of all strategies available to that player.  

A strategy is a complete plan of action for every stage of the game, regardless of whether 

that stage actually arises in play.  A strategy profile is a specification of strategies for 

every player A payoff function for a player is a the cross-product of players' strategy 

spaces to that player's set of payoffs, i.e., it takes as its input a strategy profile and yields 

a representation of payoff as its output.  Players consider their and other players possible 

strategies and make their individual choices simultaneously; choices are revealed at the 

end of the game.  Note that the final outcome depends on the choices of all the players.  

Formally, let 2≥n  denote the number of players in the game, numbered n,...,1 , and 

{ }nN ,...,1=  be the set of these players; the normal form specifies the sequence of 

strategy sets, nAA ,...,1 , and the sequence of real-valued payoff functions nff ,...,1  of each 

of these players, such that ( )ni aaf ,...,1  with ii Aa ∈ . 

Characteristic form.  In this form, the notion of strategy disappears; it is defined 

by its coalitions and their corresponding values or utilities.  This form describes 

cooperative game theory with transferable utility.  Coalitions of players are formed to 
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favor common interests of those players; the grand coalition consists of all the players.  

Formally, let 2≥n  denote the number of players in the game, numbered n,...,1 , and let 

{ }nN ,...,1=  be the set of these players.  A coalition S  is defined as a subset of N  , i.e., 

NS ⊆  with NS =  designated as the grand coalition and φ=S  as the empty coalition.  

The set of all coalitions consists of N2  coalitions.  The coalition form of an n -person 

game is given by the pair ( )υ,N , where N  is the set of players and υ  is a real valued 

function, namely, the characteristic function of the game.  υ  satisfies the following 

properties: 

Superadditivity: if S  and T  are disjoint coalitions such that φ=∩TS , then 

( ) ( ) ( )TSTS ∪≤+ υυυ , where ( )Sυ  and ( )Tυ  are the values of coalitions S  and T , 

respectively. 

Group rationality or efficiency: for a payoff vector, ( )nxx ,...,1=x , ( )Nx
n

i
i υ=∑

=1
; in other 

words, no player could be expected to receive less than that player could obtain alone, 

which implies individual rationality: {}( )ixi υ≥ .  A payoff vector that satisfies both group 

and individual rationality is called an imputation.  The set of stable imputations is the 

core, C , such that ( ) ( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧

⊂≥=== ∑∑
==

NSallforSxandNxxxxC
S

i
i

N

i
ini

11
:,..., υυ .  

The core of a cooperative game consists of all undominated allocations in the game.  In 

other words, the core consists of all allocations with the property that no subgroup within 

the coalition can do better by deserting the coalition.  Notice that an allocation in the core 

of a game will always be an efficient allocation.   
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Note that a normal form game can be transformed to its characteristic form by 

specifying the value of each of its coalitions, such that ( ) ( )⎟
⎠

⎞
⎜
⎝

⎛
= ∑

∈Si
nii aafS ,...,Valueυ ; 

this reduction however loses important features of the game and for a given characteristic 

function there are usually many strategic forms. 

Classification of games 

Games may be classified as zero and non-zero sum games, the level of cooperation 

between the players, and the level of information available to the players. 

Zero-sum and non-zero-sum games.  In zero-sum games the total benefit to all 

players in the game, for every combination of strategies, always adds to zero i.e.  a player 

wins exactly the amount one's opponents loses (chess and poker).  Formally, 

( ) 0,..., =∑
∈Ni

nii aaf  and for two complimentary coalitions, S  and SNS −= , 

( ) ( )∑∑
∈∈

−=
Si

nii
Si

nii aafaaf ,...,,...,  or ( ) ( ) ( ) 0=+= SSN υυυ .  A constant-sum game, of 

which zero-sum game is a special case, has ( ) constantaaf
Ni

nii =∑
∈

,...,  and 

( ) ( ) ( ) constantSSN =+= υυυ .  Most real-world examples in business and politics, as 

well as the famous prisoner’s dilemma are non-zero-sum games, because some outcomes 

have net results greater or less than zero.  Informally, a gain by one player does not 

necessarily correspond with a loss by another.  Note that one can more easily analyze a 

zero-sum game; and it turns out that one can transform any game into a zero-sum game 

by adding an additional dummy player. 

Cooperative versus noncooperative games.  In a cooperative or coalitional game, 

players are allowed to form binding agreements or work together to receive the largest 
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possible outcome.  It studies games in characteristic form, specifying the utilities for 

coalitions; it is further classified into transferable and non-transferable utility games, such 

that in the former there is a mean of utility exchange.  The latter is not discussed in this 

section; interested readers may refer to the literature (Myerson, 1991; Vega-Redondo, 

2003).  It is to the joint benefit of all the players, by superadditivity, to form the grand 

coalition, N , with value ( )Nυ .  The main issue is to agree on how ( )Nυ  is to be split 

among the players.  Noncooperative games are usually represented by the extensive and 

normal forms.  In noncooperative or strategic games, players may not form binding 

agreements. 

Games with complete/perfect versus incomplete/imperfect information.  In 

games of complete information each player has the same game-relevant information as 

every other player.  Each decision maker has perfect knowledge of the game and of his 

opposition; that is, he knows in full detail the rules of the game as well as the payoffs of 

all other players; hence, players cannot move simultaneously.  In addition, it is assumed 

that all decision makers are rational.  These assumptions restrict the application of game 

theory in real-world conflict situations as complete information games occur only rarely 

in the real world, and game theorists usually use them only as approximations of the 

actual game played.  Games of incomplete information, also called Bayesian games, arise 

when information is not commonly or is asymmetrically shared between players; this 

type of games was introduced by Harsanyi (1968b; 1978).  These games presume that 

players begin with a common prior probability distribution over the different features of 

the game, which are not common knowledge; before play start, each player is aware of 

his private information, his type, but is ignorant, or probabilistically aware, of others’. 
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Static versus dynamic games.  In dynamic games, play proceeds in a sequence of 

stages.  We say a player has the move when it is his or her turn to choose an action.  In a 

dynamic game, there is often scope for one player to observe another before deciding 

how to play.  This allows dynamic games to describe more sophisticated situations than is 

possible using static analysis.  In a special class of dynamic games called repeated games, 

the same static game is played several times in a row. 

One-shot versus repeated games.  Repeated games are static games which are 

played several times over (Luce and Raiffa, 1957).  A repeated game consists of several 

stage games over a finite or infinite time horizon; the resulting payoff or outcome is 

usually accordingly discounted (Vega-Redondo, 2003). 

Solutions concepts 

The stability analysis of a conflict is carried out by analyzing the stability of each 

state of every decision maker under the particular behavior model, referred to as stability 

definition or concept.  A state is stable for a decision maker, under the specified solution 

concept, if and only if he has no incentive to deviate from it; a state is an equilibrium, 

constituting a possible resolution, under that concept if and only if all decision makers’ 

states are stable (Fang et al., 2003a; Kilgour et al., 1987).  There is a broad range of 

stability concepts embodying different attitudes to strategic risk and levels of insight 

about the decision makers’ pattern of conflict behavior, decision styles, and the resulting 

movement of the conflict (Fang et al., 2003a).  The next paragraphs list and differentiate 

different solution concepts under the framework of cooperative and noncooperative 

games, starting with the latter. 

The two main solution concepts in noncooperative game theory are iterated 

dominance and Nash equilibrium.  They are obtained by one of three processes: minimax 
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solution, backward induction, or forward induction.  The minimax solution concept was 

derived by von Neumann (1928) as the minimax theorem and later used by von Neumann 

and Morgenstern (1944) to solve simple zero-sum normal games.  In backward induction, 

a sequence of nested optimizations is solved from the future to the present; it evaluates 

current choice possibilities in terms of the predicted future courses of action.  Forward 

induction interprets the actions of players along the game in terms of what they could 

have done in previous actions but did not do (Kohlberg and Mertens, 1986).  Forward 

induction is so called because just as backward induction assumes future play will be 

rational, forward induction assumes past play was rational; that player forms a belief of 

what type that player is by observing that player's past actions. 

Iterated dominance elimination.  Iterated dominance was first suggested by Luce 

and Raiffa (1957) who suggested that a normal game’s solution may be reached by 

eliminating dominated strategies, iteratively.  For an individual player choosing how to 

play, one strategy dominates another if it delivers higher payoffs regardless of the 

strategies chosen by his opponents.  A rational player will never choose a dominated 

strategy.  If a player knows his opponent is rational, and one if his opponent's strategies is 

dominated by another, he can safely assume his opponent will never choose it.  The 

dominated strategy can effectively be deleted from the game.  This may leave one of the 

player's own strategies dominated, so in turn it can also be deleted.  Because it is assumed 

rationality is common knowledge (Aumann, 1976), also known as rationalizability 

(Vega-Redondo, 2003), this iterated deletion may proceed indefinitely, until there are no 

further dominated strategies.  In some circumstances, this will leave just one way to play 

the game, in others, the games may not be dominance solvable. 
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Nash equilibrium.  Although this concept stretches back to Cournot (1838), it was 

formally introduced by Nash (1950).  The idea is to look for a set of strategies, such that 

every player's strategy is a best response to the strategies of their opponents.  Put another 

way, when a set of strategies constitute a Nash equilibrium, no player has an incentive to 

unilaterally deviate by playing differently.  If, before the game, players could agree to 

play a set of Nash equilibrium strategies, each would find it in his interest to keep his part 

of the agreement.  This property has led some to describe Nash equilibria as self-

enforcing.  A game can have no or more than one Nash equilibrium, suggesting the need 

for additional strategic stability criteria.  Several solution concepts have been suggested 

as generalizations or refinements of the Nash equilibrium.  These refinements include 

strong equilibrium (Aumann, 1959) and coalition-proof equilibrium (Bernheim et al., 

1987), where no subset of players may have a joint beneficial deviation; correlated 

equilibrium (Aumann, 1974), which allows incentive-compatible stochastic coordination; 

subgame perfect equilibrium (Selten, 1965), where a Nash equilibria is induced at every 

subgame, even off-equilibrium ones, of the game, each starting with an information set; 

perfect or trembling-hand perfect equilibrium (Selten, 1975), which is the ε -perfect 

equilibrium or the Nash equilibrium of the perturbed game in which players cannot avoid 

deviating, or making a mistake, from the intended play with a probability ε ; proper 

equilibrium (Myerson, 1978), in which different deviations are given different weights; 

persistent equilibrium (Kalai and Samet, 1984), which is a Nash equilibria under a self-

enforcing set of rules or retract; essential equilibrium (Wu and Jaing, 1962) in which for 

every small perturbation of the game there exists an equilibrium is close to the 

component ; Bayesian Nash equilibrium (Harsanyi, 1967; Harsanyi, 1968a; Harsanyi, 
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1968b) where players choose optimal strategies in view of their explicit subjective beliefs 

of their opponents’strategies; sequential or perfect Bayesian equilibrium (Fudenberg and 

Tirole, 1991; Kreps and Wilson, 1982), which accounts for change in players’ beliefs in 

subsequent plays; weak perfect Bayesian equilibrium such that beliefs are updated at each 

information set in accordance (Vega-Redondo, 2003), which is a variant of perfect 

Bayesian equilibrium s in which updating of beliefs probabilities is performed using 

Bayes rules; sequential bargaining (Rubinstein, 1982) which is a transformation of  the 

cooperative Nash bargaining solution into a noncooperative strategic extensive game of 

sequential bargaining; perfect folk theorem (Fudenberg and Maskin, 1986) which 

proposes a solution for infinitely repeated games; limited-move stability (Kilgour et al., 

1987; Zagare, 1984) where the behavior of a player depends on the horizon of foresight 

using horizontal distance as a parameter; nonmyopic stability (Brams and Wittman, 1981) 

is the limiting case of limited move stability as the horizon increases without bound; and 

others. 

 

Solution concepts in cooperative game theory aim to distribute the value generated 

by cooperation while accounting for issues such as fairness and stability (Driessen, 

1991); the main ones are the core solution, Shapley value, nucleolus, nonseparable costs; 

Nash bargaining solution, and others.  They are all briefly explained in the following 

sections. 

Core solution.  The core solution was one of the very first proposed set of 

solutions introduced by Shapley (Driessen, 1991; Lucas, 1971; Shapley, 1953).  The core 

was defined in n earlier section.  Aumann (Aumann, 1959) introduced a similar concept, 
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the bargaining sets.  Davis and Maschler (1965) suggested the kernel solution concept as 

a non-empty set of the bargaining sets.  The nucleolus, discussed later, is a unique 

outcome of the kernel (Lucas, 1972). 

Shapley value.  Shapley (Shapley, 1953; Shapley and Shubik, 1954) introduced the 

concepts of the Shapley value and the core as solutions to cooperative games.  The 

Shapley value defines a way to split the payoff from the grand coalition by defining a 

value function Φ  that assigns an n -tuple of real numbers to each possible characteristic 

function of an n -person game, such that ( ) ( ) ( )( )υυυ nΦΦ=Φ ,...,1 , where ( )υiΦ  

represents the value of player i  in the game with characteristic function υ .  Φ  is unique; 

it obeys the following axioms of fairness: 

Efficiency or group rationality: the total value of the players is the value of the grand 

coalition, ( ) ( )N
n

i
i υυ =Φ∑

=1
. 

Symmetry: if the characteristic function is symmetric in i and j , then the values assigned 

to both should be equal, or, if {}( ) { }( )jSiS ∪=∪ υυ for every coalition S  such that 

{} Si ⊄ , then ( ) ( )υυ ji Φ=Φ . 

Dummy: if a player i  is a dummy in the sense that the player neither benefits nor harms a 

coalition, then the player’s value is null; or, if ( ) {}( )iSS ∪=υυ  for every coalition S , 

{} Si ⊄ , then ( ) 0=Φ υi . 

Additivity: this axiom reflects that the arbitrated value of two games played at the same 

time should be the sum of the arbitrated values of the games if they are played at different 

times; i.e., if υ  and 'υ  are characteristic functions, then ( ) ( ) ( )'' υυυυ Φ+Φ=+Φ .  Note 

that if υ  and 'υ  are characteristic functions, then 'υυ +  is one too. 
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The Shapley value is given by the vector ( ) ( ) ( ) ( )( )υυυ ni ΦΦΦ= ,...,,...,1υΦ , where 

( ) ( ) ( ) ( ) {}( )[ ]∑
∈⊂

−−
−−

=Φ
SiNS

i iSS
n

SnS

, !
!!1

υυυ  is the average amount player i  

contributes to the grand coalition if the players sequentially form this coalition in a 

random order.  Other variants of the Shapley value exist, such as the average of the 

selector vector, suggested by Derks and Peters (1997; 1998).  Others variants extend the 

Shapley value solution concept to random payoff; Timmer, Borm, and Tijs (2000) 

defined three forms called marginal value, dividend value, and selector value. 

The Shapley-Shubik power index is based on the Shapley value (Shapley and 

Shubik, 1954).  Defining a simple game such that a game in which for every coalition is 

either a losing coalition with ( ) 0=Sυ  or a winning coalition with ( ) 1=Sυ , the Shapley 

value reduces to the Shapley-Shubik index ( ) ( ) ( )
{ }

∑
−

−−
=Φ

gloiS
winningS

i n
SnS

sin
!

!!1
υ . 

Note that the Shapley value falls in the core for convex games, but might fall 

outside the core for nonconvex ones ((Driessen and Tijs, 1985; Heaney and Dickinson, 

1982). 

Nucleolus.  Schmeidler (1969) developed another value function for n -person 

cooperative games.  Instead of defining an axiomatization of fairness to a value function, 

this method suggests to search for an imputation that minimizes the worst inequity using 

a fixed value function.  Formally, the nucleolus is defined as the excess, which measures 

the amount a coalition S  falls short of its potential ( )Sυ  in the imputation x : 

( ) ( ) ∑
∈

−=
Sj

jxSSe υ,x , from the definition of the core, an imputation x  is in the core iff 

all its excesses are 0≤ .  It can be proven that the nucleolus of a game in coalitional form 
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exists and is unique; it satisfies the four axioms of the Shapley value and is in the core if 

the core is not empty.  Several variants of the nucleolus have also been defined, such as, 

the weak nucleolus (Shapley and Shubik, 1966) and Disruption nucleolus (Littlechild and 

Vaidya, 1976). 

Nonseparable cost.  Defining a game by the pair ( )υ,N , where N  is the set of 

players and υ  is a real valued cost function, cost allocated to any player i  should not be 

less than the marginal cost or the separable cost of including that player in the game 

defined as ( ) {}( )iNNSCi −−= υυ .  The nonseparable costs are the costs remaining after 

the allocation of the separable costs, such that ( ) ∑
=

−=
n

i
iSCNNSC

1
υ .  Generally, these 

latter are allocated costs among players using a ratio iβ .  Each player obtains the sum 

n
NSCSC ii β+ .  The egalitarian nonseparable cost, ENSC, method is the simplest way as 

it assumes 1=iβ  for all players, hence proportioning costs equally among players, such 

that NSCnSCENSC ii
1−+= ; this method may violate the individual rationality 

principle. 

Another method is the separable costs-remaining benefits method, SCRB, 

(Eckstein, 1958) with {}( )[ ] iii SCib −= υβ ,min  where ib  is the benefit to player i  by 

acting independently in the game; this method allocates nonseparable costs in proportion 

to each player’s willingness to pay adjusted by the player’s separable cost, such as a 

player is not willing to pay more than the his benefit ib  or alternate cost {}( )iυ  in order to 

participate in a joint project.  For {}( )ibi υ>  then {}( ) ii SCi −=υβ  , which is the alternate 

cost avoided by including the player in the project used in the alternate cost avoided 
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method, ACA.  Generally, SCRB costs are expressed for each player i  as 

{}( )[ ] { }( )( ) NSCSCjSCiSCSCRB
n

j
jiii

1

1

−

=
⎥
⎦

⎤
⎢
⎣

⎡
−−+= ∑ υυ .  SCRB satisfies individual 

rationality but is generally unstable. 

A third method is the nonseparable cost gap, NSCG, method which uses the cost 

gap function that assigns to every coalition its remaining alternate costs such that 

( ) ( ) ∑
∈

−=
Si

iSCSSg υ ; the cost gap of an empty coalition is ( ) 0=φg , and the cost gap of 

the grand coalition is ( ) NSCNg = .  If T  is a coalition such that Ti∈ , i  will not be 

willing to pay more than ( )[ ] ( )TgSCTgSC
TiTiiTiT ∈∈

+=+
;;

minmin ; in addition, i  will reject any 

allocation that charges him more than ( )TgSCi +  or equivalently ( )
{ }( )

∑
−∈

−
iTj

iSCTυ .  

( )Tg
TiTi ∈

=
;

minλ  is the concession amount of player i  or his maximum contribution to 

nonseparable cost in the game.  Finally, NSCSCNSCG
n

j
jiii

1

1

−

=
⎥
⎦

⎤
⎢
⎣

⎡
+= ∑λλ .  This method 

obeys efficiency, individual rationality, symmetry, continuity, dummy property, and 

monotonicity. 

A fourth method is minimum cost-remaining saving MCRS method; it is based on 

the sharpest possible lower and upper bounds of the core; they are the minimization and 

maximization solution of the n2  iy  for l
ii ySC ≤  and ii

u
i SCy λ+≤ , for all i , 

respectively (Heaney and Dickinson, 1982).  Denoting those solutions by l
iy  and u

iy .  
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The cost allocated to player i  is then 

[ ] ( ) ⎥
⎦

⎤
⎢
⎣

⎡
−⎥

⎦

⎤
⎢
⎣

⎡
−−+= ∑∑

=

−

=

n

j

l
j

n

j

l
j

u
j

l
i

u
i

l
ii yNyyyyyMCRS

1

1

1

υ .  This method is generally stable. 

Nash bargaining solution.  It was developed by Nash (1950) as an extension to the 

Nash equilibrium for coalitional games; it corresponds to the solution at which players 

make equal proportional sacrifices.  This solution corresponds to the outcome of 

maximizing the product of utilities perceived by the players, modified by the 

disagreement point; which corresponds to the payoff implied by the non-cooperative 

solution, the Nash equilibrium strategy; it obeys the Pareto optimality, invariance, 

symmetry, and independence axioms.  The best known variation of Nash bargaining 

solution, the Kalai-Smorodinsky solution (Kalai and Smorodinsky, 1975) in which 

Nash’s fourth axiom was replaced by a monotonicity axiom. 

Others.  Other developed solution concepts include reasonable outcomes (Luce 

and Raiffa, 1957), ψ -stability (Luce and Raiffa, 1957), and partition function games 

solution (Lucas, 1965), and equilibrium selection (Harsanyi and Selten, 1988). 

Extensions to Standard Game Theory 

Extensions of normative game theory were designed to resolve five main 

shortcomings (Dacey and Carlson, 1996): (1) differing perceptions, (2) conflict 

dynamics, (3) combinatorial complexity, (4) linked multilevel games, and (5) deliberate 

game changing.  Differing perceptions refers to the assumption that all players see the 

same game (Bennett, 1995); this was first discussed by Harsanyi (Harsanyi, 1967; 

Harsanyi, 1968a; Harsanyi, 1968b).  Conflict dynamics refers to the sequence of moves 

and change of parameters; the former has been addressed via multistage games, repeated 
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play (Axelrod, 1984; Taylor, 1976), and the theory of moves (Brams., 1994), while the 

latter has been addressed by game changing where players purposefully substitute 

preferences leading to what is known as bully games or called bluff games (Dacey and 

Carlson, 1996).  Combinatorial complexity linked multilevel in games emerges in cases 

of games with large numbers of players, choices, and decision stages. 

Subsequent research in decision and conflict analysis adopted systematic 

mathematical approaches to find rational and stable solutions.  These include metagame 

analysis, hypergame analysis, analysis of options, conflict analysis, drama theory, graph 

theory, and theory of moves.  All are essentially game theory variants designed to yield 

better decision advice (Fang et al., 2003a; Hamouda et al., 2004; Obeidi et al., 2003). 

Metagame analysis 

Metagame analysis was developed by Howard (1971) to descriptively model the 

strategic relationships of negotiations.  Based on game theory, it emphasizes the process 

of building and using the model.  The method consists on building a set of scenarios of 

players’ chosen options of actions; the number of scenarios equals that of feasible 

combinations of options.  Analysis generally proceeds by considering the nature of the 

various scenarios, the preferences actors have for them, and the strategic implications of 

these preferences (Klein, 2000).  Developments and applications to Metagame have been 

suggested by several research (Dixon, 1986; Dutta and King, 1980; Evans and Harris, 

1982; Fraser and Hipel, 1980; Howard, 1986; Richelson, 1979; Walker, 1977); Howard 

(Howard, 1993; Howard, 1998) suggested a soft game theory of emotions in the 

framework of metagames, drama theory. 
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Hypergame theory 

First suggested by Bennett (1977; 1980), a hypergame instead of modeling one 

game, models each player's perception of the conflict as a game or a series of games.  

Analyzing a hypergame involves analyzing each of the games for stability and then 

comparing the results to find stable equilibriums for the hypergame.  It is noted by Wang, 

Hipel and Fraser (1989) that solutions to a hypergame may not necessarily be created by 

outcomes that are stable for all players and that it is possible that an outcome that is 

unstable individually for players may actually be an equilibrium for the hypergame.  

Many hypergame analyses have been published, showing its use in modeling conflicts 

and their resolutions (Bennett, 1985; Bennett and Dando, 1979; Bennett et al., 1980; 

Bennett and Huxham, 1982; Bryant, 1984; Hipel et al., 1988; Inohara et al., 1997; Laing, 

1979; Said and Hartley, 1982; Shupe et al., 1980; Takahashi et al., 1984; Zwicker, 1987). 

Analysis of options 

Analysis of options was suggested by Howard (1971, 1987); it employs 

combinatorial complexity which uses a binary simple preference comparisons (yes/no) 

representation of complex games, as opposed to the previously presented extensive and 

normal forms.  The elements of the analysis are the actors, their possible options, the 

scenarios or futures of different combinations of options, and the actors corresponding 

preferences; these elements are summarized in a tableau.  confrontation analysis was 

originally proposed as a ``quick and dirty'' form of analysis of options, which does not 

necessitate a complete initial preferences set, since at each stage, actors are only 

searching for reachable scenarios (Bennett, 1998). 
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Conflict analysis 

Conflict analysis is an extension and reformulation of metagame analysis suggested 

by Fraser and Hipel (1984).  This method combines the metagame analysis tables into a 

single tableau, incorporates players’ knowledge, and outputs possible strategies and 

stable equilibria. 

Drama theory 

Drama Theory was developed by Howard and Bennett (Bennett and Howard, 1996; 

Bennett, 1995; Howard et al., 1993) as soft game theory.  It is a direct descendent of 

metagame analysis for complex situations with emotional responses; its main components 

are confrontation analysis and immersive briefings.  Many of the concepts of game theory 

have direct parallels in drama theory with different terminology: players, outcomes, 

preferences, and strategies are replaced by characters, scenarios, preferences, and 

combinations of options.  A drama unfolds in episodes in which characters interact; an 

episode consists of scene-setting; build-up, where characters exchange ideas, advocate 

preferred positions and fallbacks, and influence each other via threats and promises; 

climax, where characters succumb, react, or reevaluate; and denouement, leading to 

cooperation, trust, deterrence, inducement, threat, or positioning, each presenting 

characters with different options and episodes (Bennett, 1995; Bennett, 1996; Howard, 

1993; Howard, 1998; Howard et al., 1993). 

Graph model for conflict resolution 

The graph model for conflict resolution was developed by Kilgour, Hipel, Fang, 

and others in a series of papers (Fang et al., 1993; Kilgour et al., 1987); it constitutes an 

extension and reformulation of conflict analysis, which in turn is an extension of 

metagame analysis.  It is a representation of conflict via a series of directed graphs, 
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initiating from a common vertex; with different preferences.  Several extensions and 

applications have been developed using the graph model such as the decision support 

system suggested by (Fang et al., 2003a; Fang et al., 2003b; Li et al., 2004; Li et al., 

2005). 

Theory of moves 

The theory of moves explicates the dynamics of play, based on the assumption that 

players think not just about the immediate consequences of their actions but their 

repercussions for future play as well; the game ends when player passes instead of 

making a move or makes a move into a previously encountered state (Brams, 1994); 

Willson (1998) suggested an extension to this theory where a given state may be visited 

many times, with a limit on the total number of moves, and both players must agree to 

stay at a state before the game is complete. 

Alternatives to Standard Game Theory 

In addition to the models of individual behavior preferences, summarized in earlier 

section, that account for cognitive limitations, standard game theory, as a theory of 

individuals interactions, has its own alternatives that account for individuals’ strategic 

limitations.  These alternatives are broadly classified under behavioral game theory.  

Behavioral game theory uses experimental evidence to inform mathematical models of 

cognitive limits, learning rules, and social utility.  The main studied elements of 

behavioral game theory are theories of limited strategic thinking, theories of learning, and 

social preference functions (Camerer, 2003), explained below.  An additional, yet 

unaccounted for phenomenon, is the mental representation of complex problems 

(Camerer, 2003). 
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Limited thinking models 

An important element of game theory is the ad infinitum iterated reasoning on what 

players think other players will do.  However, in real decision-making situations, players 

use a limited number of steps of iterated reasoning.  To account for this fact, models of 

limited thinking were developed (Binmore, 1988; Goeree and Holt, ; Nagel, 1995; Stahl, 

1993).  An example is the cognitive hierarchy model, which assumes that players have 

partially rational expectations: k -step players believe that other players use only 0  to 

1−k  steps due to working memory constraints and doubts about the rationality of others 

which imply that more thinking steps are increasingly rare, such that ( ) !kekf kττ=  with 

21 << τ  as the mean and variance of the number of thinking steps (Camerer et al., 2003; 

Camerer, 2003a; Camerer, 2003b; Camerer et al., 2004). 

Learning models 

Even though strategic thinking is limited, behavior can accurately approximate 

equilibrium predictions from learning, evolution, adaptation, or imitation.  Two main 

types of learning models have been developed, namely, reinforcement and belief learning 

models; these models fit behavior better than equilibrium theory.  In the former, players 

repeat previous strategies that yielded desirable outcomes.  An example of the latter is 

fictitious play, where players form beliefs based on a weighted average of the history of 

other players’ behaviors.  A hybrid model is one that encompasses both reinforcement 

and belief learning.  An example is the experienced weighted attraction learning model, 

EWA, in which players put a partial weight on counterfactual imagination of forgone 

outcomes from strategies they did not choose.  Another example is the rule learning 

model where players shift weight towards learning rules associated with higher outcomes.  
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Finally, A fourth type of models is the general adaptive models, which assume that 

players have the ability to account for future effects, in addition to past ones (Camerer, 

2003a; Camerer, 2003b; Camerer et al., 2004). 

Social preferences models 

This type of behavioral game theoretic models studies how social motives affect 

strategic interactions; social motives include altruism, fairness, trust, vengeance, hatred, 

reciprocity, and spite.  It has been observed that players who cooperate typically expect 

others to cooperate, i.e., cooperation is reciprocal or conditional rather than altruistic.  

Another observation is that giving a player a chance to punish low contributors, even if at 

a cost to themselves, raises group contributions closer to the optimal level at which 

everyone contributes.  Cooperation was also observed to rise sharply with 

communication.  Another example stems from ultimatum games where a proposer makes 

a one-time offer to a responder, where if the latter rejects the offer, both players get 

nothing; the assumption of a selfish player implies the player as a proposer offers the 

least possible and as a responder takes anything offered, which is contrary to observed 

behavior.  In addition, rejection by responders shows reciprocity or vengeance, where the 

player is willing to sacrifice personal outcome to punish others who were unfair.  Other 

examples are dictator games, which measure the altruism of the proposer, since the 

responder cannot reject the offer whatever it is; trust games, which measure the trust of 

an investor and the trustworthiness of a receiver in the absence of legal protection.  

Camerer (2003b) suggests as an explanation to observed social behavior Edgeworth’s 

(1881) conjecture that a player’s utility for allocations includes both the player’s outcome 

and the weighted outcomes of others, with the weight α  varying systematically across 

situations. 
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There are three main types of social preference models that were proposed to 

account for these observations.  One is the inequality-aversion theory where players 

prefer a higher outcome, namely money, and equal allocations, even if at the expense of 

the former; this theory fails to explain why players reject unfair offers more than uneven 

ones (Fehr and Schmidt, 1999; Fehr and Schmidt, 2000; Fehr and Schmidt, 2004).  A 

second theory is me-min-us Rawlsitarian theory, in which players care about their own 

payoff, minimum payoff, and the total payoff; this model does not account for the 

ultimatum game rejection (Charness and Rabin, 2002).  A third model type is reciprocity 

theory, in which a player forms a judgment about other players’ kindness; the judgment is 

scaled positive or negative for improving and deteriorating the player’s situation, 

respectively, and is reciprocated (Rabin, 1993). 

Game Theory in Water Resources Management 

The application of GT to water resources projects dates from the 1930’s, when the 

Tennessee Valley Authority, TVA, considered the problem of fair allocation of joint costs 

of dam systems (Parker, 1943).  The model developed by the TVA was later addressed by 

several authors (Ransmeier, 1942; Straffin and Heany, 1981; Tijs and Driessen, 1986). 

Rogers (Rogers, 1969) applied a game approach to the Ganges-Brahmaputra sub 

basin involving two water users, India and Pakistan.  In following papers, Rogers 

(Rogers, 1993) discussed cooperative GT application to water sharing in the Columbia 

basin (US and Canada), the Ganges-Brahmaputra basin (Nepal, India, and Bangladesh) 

and the Nile basin (Ethiopia, Sudan, and Egypt).  Degen (1972) considered the design of 

an irrigation system as a game against nature.  Giglio and Wrightington (1972) developed 

two bargaining methods to solve a cost-sharing problem for wastewater treatment 

facilities.  Hipel, Ragade, and Unny (Hipel et al., 1974; Hipel et al., 1976) applied a 
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metagame theory to analyze political non-rational conflicts in water resources problems.  

Suzuki and Nakayama (1976) illustrated an application of cooperative game using the 

Kanagawa prefecture in Japan.  Loehman and colleagues (Loehman et al., 1979) 

formulated an economic allocation model in the framework of GT to the Meramec river 

basin for Missouri wastewater treatment system.  Bogardi and Szidarovsky (1976) 

demonstrated the applicability of oligopoly games in different areas of water 

management such as environmental protection, irrigation systems, water quality 

management, and multipurpose management systems using a hypothetical problem.  

Okada and Yoshikawa (1977) applied a cooperative game to the Kakogawa River basin 

and the southern part of the Hyogo Prefecture, Japan.  Fraser and Hipel (Fraser and Hipel, 

1980) used metagame analysis for the Poplar river conflict between Canada and the US.  

Guariso et al. (1981) and Ben Shachar et al. (1989) developed an economic water trade 

game model for trading Nile water for irrigation technology between Egypt and Israel, 

and exchanging relatively cheap Nile water against expensive locally harvested water 

between Israel and the West Bank and the Gaza strip.  Sheehan and Kogiku (1981) and 

Heaney and Dickinson (1982) studied the application of cooperative GT to apportion 

costs and benefits in large water resources problems.  Young et al.  (1982) developed and 

applied a GT method to a hypothetical water resources allocation problem.  Ratner (1983) 

and Yaron and Ratner (1985, 1990) dealt with regional interfarm cooperation in water use 

for irrigation and the determination of the optimal water quantity-quality (salinity) mix 

for each water user.  Dinar (1984), Dinar et al. (1986), and Dinar and Yaron (1986) 

applied a cooperative game to wastewater treatment and reuse projects; it considered the 

water scarcity problem faced by agricultural farms in the coastal plain region of Israel.  
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Szidarovsky et al. (1984) applied GT to the multiobjective management of the trans-

Danubian karstic region in Hungary.  Krawczaka and Ziólkowskia (1985) developed a 

Nash solution for reservoir water pollution.  Kilgour et al. (1987) developed a game 

theoretic graph model to assist decision making in water resources problems.  Tecle et al.  

(1988) used three different multicriterion decision-making techniques, one of which was 

cooperative GT, to analyze a multiobjective wastewater management problem.  The case 

study was the Nogales International Wastewater Management Project, which treats 

wastewater coming from the twin cities of Nogales, Arizona and Nogales, Sonora, 

Mexico.  Kilgour et al. (1988) formulated a cost-sharing game to manage the load control 

system for regulating chemical oxygen demand in water bodies.  Rausser and Simon 

(1991) extended the Stahl-Rubinstein game (Rubinstein, 1982) to develop a 

noncooperative model of multilateral bargaining.  The model was later applied in Adams 

et al. (1996) and reviewed by Simon et al. (2003).  Thoyer et al.  (2001) applied this 

model to the Adour River Basin in south west of France.  Tisdell and Harrison (1992) 

analyzed the distributive consequences of alternative methods of allocating transferable 

water licenses in Queensland, Australia through the use of GT.  Dinar et al. (1992) 

evaluated a cooperative game in water resources management by using two empirical 

applications in wastewater treatment and reuse for irrigation.  Rosen and Sexton (1993) 

applied cooperative game theory to assess organizational reactions to rural to urban water 

transfer.  Becker and Easter (1995; 1997; 1999) compared a central planning solution and 

GT solution to the Great Lakes region between different US states and The US and 

Canada.  Dinar and Wolf (1994a) developed a cooperative game that incorporates 

economic as well as political considerations.  The model was applied to the western 

http://www.sciencedirect.com.lp.hscl.ufl.edu/science?_ob=ArticleURL&_udi=B6VJR-48VWWC5-96&_user=2139813&_handle=B-WA-A-W-AAB-MsSAYZA-UUW-AAUEDUDZDA-AAUDWYYVDA-YYDDYEEUW-AAB-U&_fmt=summary&_coverDate=12%2F31%2F1985&_rdoc=35&_orig=browse&_srch=%23toc%236101%231985%23999879999.7997%23435750!&_cdi=6101&view=c&_acct=C000054276&_version=1&_urlVersion=0&_userid=2139813&md5=57ec0afc9d7f0f66825e1bb6b2b2de19#aff1#aff1
http://www.sciencedirect.com.lp.hscl.ufl.edu/science?_ob=ArticleURL&_udi=B6VJR-48VWWC5-96&_user=2139813&_handle=B-WA-A-W-AAB-MsSAYZA-UUW-AAUEDUDZDA-AAUDWYYVDA-YYDDYEEUW-AAB-U&_fmt=summary&_coverDate=12%2F31%2F1985&_rdoc=35&_orig=browse&_srch=%23toc%236101%231985%23999879999.7997%23435750!&_cdi=6101&view=c&_acct=C000054276&_version=1&_urlVersion=0&_userid=2139813&md5=57ec0afc9d7f0f66825e1bb6b2b2de19#aff1#aff1


155 

 

Middle East region.  In another paper, Dinar and Wolf (1994b) identified and applied 

alternative allocation schemes using the same model.  Loehman and Dinar (1994) applied 

game theory to an irrigation problem in Central Valley, California.  Lejano and Davos 

(1995; 1999) discussed and applied a cooperative game to a water reuse and irrigation 

project in southern California.  Ozelkan and Duckstein (1996) used GT in a multi-

criterion decision making framework to analyze the projects designed for the Austrian 

part of the Danube river.  Dinar and Howitt (1997) evaluated cost allocation schemes, 

including a game model, for a drainage pollution problem in the San Joaquin Valley of 

California.  Frisvold and Caswell (2000) analyzed the application game approaches to 

US–Mexico water negotiations.  Barreteau et al. (2001) applied a game theoretic model 

to the irrigation system of the Senegal River Valley.  Fisher et al. (2002) developed a 

game theoretic model for the allocation of water in the conflict of the Israeli, Jordanian, 

Palestinian region.  Loaiciga (2004) used a game formulation to quantify the roles of 

cooperation and non-cooperation in the sustainable exploitation of a jointly used 

groundwater resource. 

Table 4-2 lists the previously described studies with respect to their area of 

application in water resources management. 

Conclusion 

The task of this chapter was to comprehensively present the normative theories of 

individual and group behavior under risk and uncertainty, starting with the origination of 

the expected utility theory, its failure as a descriptive choice theory, its non-expected 

utility alternatives, then moving to the group choice theory of games, its representations, 

solutions, extensions, and alternatives.  The chapter ended with an overview of 

application of utility and game theory to water resources management.  The reader at this 
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stage would have readily observed that there is a lack of unified model capable of 

simultaneously handling all of the phenomena described in this chapter (Machina, 1987); 

while normative formulations and axiomatic reductionism are useful and practical in 

modeling individual and group decision situations under risk and uncertainty, they do not 

adequately consider all the cognitive and interpersonal dynamics (Obeidi et al., 2003). 

 
Table 4-2.  Applications of GT in water resources management grouped into areas of 

application 
Subject Author (year of publication) 
Wastewater 
treatment 
and reuse / 
Irrigation 

(Barreteau et al., 2001; Bogardi and Szidarovsky, 1976; Degen, 1972; 
Dinar et al., 1984; Dinar et al., 1992; Dinar and Yaron, 1986; Dinar et al., 
1986; Giglio and Wrightington, 1972; Lejano and Davos, 1995; Lejano and 
Davos, 1999; Loehman and Dinar, 1994; Rosen and Sexton, 1993; Sheehan 
and Kogiku, 1981; Tecle et al., 1988; Yaron et al., 1986; Yaron and 
Ratner, 1985; Yaron and Ratner, 1990) 

Fresh 
Water 
Resources 
Allocation 

(Adams et al., 1996; Becker and Easter, 1995; Becker and Easter, 1997; 
Becker and Easter, 1999; Ben Shachar et al., 1989; Bogardi and 
Szidarovsky, 1976; Dinar and Wolf, 1994a; Dinar and Wolf, 1994b; Fisher 
et al., 2002; Fraser and Hipel, 1980; Guariso et al., 1981; Heaney and 
Dickinson, 1982; Hipel et al., 1974; Hipel et al., 1976; Kilgour et al., 1987; 
Loaiciga, 2004; Loehman et al., 1979; Okada, 1977; Ozelkan and 
Duckstein, 1996; Ransmeier, 1942; Rausser and Simon, 1991; Rogers, 
1969; Rogers, 1993; Sheehan and Kogiku, 1981; Simon et al., 2003; 
Straffin and Heany, 1981; Suzuki and Nakayama, 1976; Szidarovszky et 
al., 1984; Thoyer et al., 2001; Tijs and Driessen, 1986; Tisdell and 
Harrison, 1992; Tisdell and Harrison, 2002; Young et al., 1982) 

Water 
Quality 

(Bogardi and Szidarovsky, 1976; Dinar and Howitt, 1997; Frisvold and 
Caswell, 2000; Kilgour et al., 1988; Krawczaka and Ziólkowskia, 1985) 
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CHAPTER 5 

A MULTIAGENT MULTIATTRIBUTE WATER ALLOCATION GAME MODEL 

The allocation of scarce resources between conflicting parties exhibits complex 

interdependences between a multitude of factors, such as preferences and priorities, risk 

attitudes, equity, economic efficiency, parties’ capabilities and interactions, and 

uncertainty, to mention a few.  As a public resource, water conflicts have existed 

throughout recorded history; several are currently apparent at various local and 

international levels, and the risk for more grows as population and degradation pressures 

accelerate.  Water is unique, essential, and scarce; its value is not limited to survival and 

economics, but also has social and religious components. 

The mathematical quantification and analysis of conflicts over a single or multiple 

resources is an active area of economic, social, political, and psychological research.  

Many models and tools have been suggested, most of which within a utility and game 

theoretic framework, to deal with the intricacies of natural and human behaviors.  

Motivated by this research, this chapter proposes an applied modelling tool for common 

pool resources conflict resolution that combines essential concepts in an n  parties game 

theoretic framework.  Specifically, these concepts are utility, ideal position, issue linkage, 

equity, salience, risk propensity, conflict level, and political uncertainty; they are based 

mainly on works by Morrow (1986), de Mesquita (1980, 1985), Maoz (1995), Cioffi-

Rivella and Starr (1995), Mulford and Berejikian (2002), and Abdollahian and 

Alsharabati (2003).In the next sections, we clarify the main concepts of research in the 



 

 

158

 

allocation of resources between conflicting parties.  Subsequently, we present the 

mathematical formulation of the suggested model, followed by the illustration of this 

model using a hypothetical conflict situation over water, land, and financial resources 

between three different parties.  Figure 5-1 exhibits the plan of this chapter. 

 
 
Figure 5-1.  Chapter 5 organizational diagram 

Power and Preferences 

A key controversy in the field of multiple parties – multiple variables decision 

making under risk and uncertainty is the identification of the goals motivating parties 

behaviors (Maoz, 1995), namely, their preferences and attitudes towards other decision 

makers.  It is argued that decision makers are motivated by power; power has been 

defined as control over resources, other decision makers, or outcomes (Hart, 1976); the 

relationship between power and each of these variables is controversial.  It has been 

argued that these variables share a positive, negative , or even no relationship (Maoz, 

Basic Concepts 
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Model Application 

Definition of main concepts: preferences, power, 
linkage, probability, risk, equity, etc. 

Definition of variables and constraints, linearization of 
utility function, and definition of political uncertainty 
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Results and Analysis Presentation and comparison of results from 
different models 

Conclusions Summary of main findings 
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1989; Maoz, 1995).  An example of a negative relationship occurs when an increase in 

resources results in loss of control over the outcome, a situation, which, if not avoided, 

contradicts with the assumption of rationality of decision makers; hence, preferences are 

not always monotonically increasing in resources (Maoz, 1995). 

Literature has been devoted to discern the principle factor governing such 

decisions; these factors include preference similarity, issues salience, importance, or 

priority (de Mesquita, 1974; de Mesquita, 1990; de Mesquita, 1997; Gamson, 1961b; 

Kuhn et al., 1983; Maoz, 1995; Meister et al., 1991; Stokman et al., 2000; van Assen et 

al., 2003), issue linkage (Lohmann, 1997; Morrow, 1986; van Assen et al., 2003), 

capabilities or power asymmetry and distribution (de Mesquita, 1997; Lawler and 

Youngs, 1975; Stokman et al., 2000; van Assen et al., 2003; Vinacke and Arkoff, 1957), 

historical relationships, ideological similarities, quality of communication (Kelley, 1968; 

Meister and Fraser, 1993), coalition size (de Mesquita, 1974; Kelley, 1968), skills, 

strategy, representation, and competitiveness (de Mesquita, 1974), influence on outcome 

(Kilgour et al., 1996), resources or reward divisibility and distribution (Kelley, 1968; 

Kilgour et al., 1996; Lawler and Youngs, 1975; Niou and Ordeshook, 1994; Ofshe and 

Ofshe, 1969; Wagner, 1986), resources scarcity (de Mesquita, 1974; Wagner, 1986), 

resources initial distribution or position (Gamson, 1961a), ideal position or aspirations 

(Morrow, 1986), probability of reciprocation (Gamson, 1961b; Ofshe and Ofshe, 1969), 

ideological and attitudinal differences (Gamson, 1961a; Lawler and Youngs, 1975), 

resources for survival (Waltz, 1979), risk attitude (de Mesquita, 1974; de Mesquita, 1980; 

de Mesquita, 1985; de Mesquita, 1997; Kahneman et al., 1991; Machina, 1987a), and 

equity consideration, ratio of gains, and tolerance limits (de Mesquita, 1974; Morrow, 
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1997; Mulford and Berejikian, 2002; Ofshe and Ofshe, 1969).  Coalition formation 

investigates studies one or more of these factors among decision makers taking part in a 

conflict to determines which coalitions are more likely to form and the resulting payoffs 

distribution among these parties (Meister et al., 1991). 

Salience Theories 

The salience of an issue to a decision maker is defined as the importance of that 

issue to the decision maker or his willingness to spend influence on the issue in question 

depending on his priorities.  A decision maker will exchange between issues when the 

relative importance of the issue to be compromised is lower than the issue to be gained 

(Abdollahian and Alsharabati, 2003; de Mesquita, 1997; Morrow, 1986; Stokman and 

van Oosten, 1994). 

Morrow (1986) introduced salience into his spatial expected utility game theoretic 

model developed as a matrix of weights that accounts for dependency between issues; 

hence, his model does not assume separability of issues.  The utility of a decision maker 

or player i  over an N  dimensional issues space is represented as a matrix product such 

that ( ) ( ) ( )[ ] 2/irT
iiii xxAxxxU −−−= , where x  is an N  dimensional vector of outcomes 

for each issue, ix  is i ’ ideal positions vector over the outcomes, iA  is a positive definite 

salience matrix for the issues, and ir  represents the risk attitude of i .  Graphically, a 

player’s the utility function is represented by a set of N  dimensions indifference curves; 

in case of two issues, these curves are elliptical with their center coordinates representing 

the ideal positions of that players over each issue.  The eccentricity and orientation of the 

major axis of the indifference curves is function of the matrix of saliences iA .  In the two 

issues case, an identity matrix representing separable issues of equal salience results in 
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circular curves; a matrix representing separable issues of different salience results in 

elliptical curves with axis parallel to the coordinates axis such that the major axis is 

parallel to the more salient issue coordinate; a matrix representing non separable issues of 

equal salience results in elliptical curves with the major axis as the 45 degree angle of the 

coordinate axis; etc.  The curvature or spacing of indifference curves with equal drops in 

utility between each pair of curves is function of the risk attitude of the player; equally 

spaced curves depict a risk neutral player, a fast drop in utility represented by spatially 

close curves around the ideal point depicts a risk acceptant player, and a slow drop in 

utility represented by a spatially distant curves around the ideal point depicts a risk averse 

player. 

Another example was developed by de Mesquita (de Mesquita, 1990; de Mesquita, 

1997; de Mesquita and Stokman, 1994).  The model is a utility based model that accounts 

for salience of players to the different issues, such that ( )k
i

j
i

ii
jk

ia xuxusc −=υ , which 

states that for two alternatives, jx  and kx , the power mobilized by a player i  in a 

comparison of these two alternatives equals the potential capabilities, ic , of i  discounted 

by how important one issue is, is , and by how much i  prefers one to the other, 

( )k
i

j
i xuxu − , where j

i xu  is the utility of jx  for i , equal to ir

jij
i xxxu −−= 1 , where 

ir  represents the risk taking propensity of player i , described in a following section.  

Note that in the context of this model, capability is the power a player can bring to bear 

on an issue, defined as a fraction of total capabilities of all players on that issue.   
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Issue Linkage Theories 

Issues may be separable / non separable, where the outcome of one issue is 

irrelevant / relevant to the desired outcome of another issue, and hence the salience a 

coalition gives it.  The separability of issues results in different orientation of the utility 

function as described previously (Morrow, 1986).  For a more detailed analysis refer to 

Stokman and Van Oosten (1994), Morrow (1986), and Abdollahian and Alsharabati 

(2003). 

Equity Theories 

Several experimental studies have shown that individuals resist unfairness, are 

willing to sacrifice their own well-being to help or punish those who are being kind or 

unkind (Kahneman et al., 1986a; Kahneman et al., 1986b; Rabin, 1993).  Fairness or 

equity are an essential component of behavior affecting decisions and should be an 

integrative part of decision making models (Kahneman et al., 1986a; Kahneman et al., 

1986b).  Camerer (2003) suggested as an explanation to such observed social behavior 

over issues Edgeworth’s (1881) conjecture that a player’s utility for allocations includes 

both the player’s outcome and the weighted outcomes of others, with the weight varying 

systematically across situations.  Other authors suggested the inequality-aversion theory 

where players prefer a higher outcome, namely money, and equal allocations, even if at 

the expense of the former (Fehr and Schmidt, 1999; McClintock, 1972).  Another theory 

is me-min-us Rawlsitarian theory, in which players care about their payoff, minimum 

payoff, and the total payoff (Charness and Rabin, 2002).  Fishburn (1984) suggested 

axioms for equity as equal utilities, as fair division of probabilities of consequences, and 

fair distribution of sufferance in outcomes between coalitions (Fishburn, 1984b).  

Experiments, however, observed that accounting for absolute payoffs or even absolute 
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differences in payoffs as coalitions tend to refuse outcomes that result in substantially 

higher gains to other coalitions, even if this outcome results in an improvement in its 

situation; the authors suggested that models should accounts for the ratio of utility gain 

between coalitions, rather than the absolute or difference in utility gains, in reaching 

conflict resolution (Mulford and Berejikian, 2002). 

Coalition Formation Theories 

Whenever two or more parties are involved in a conflict, the opportunity exists for 

a subset of the parties to form a coalition; these parties, motivated by several factors, as 

discussed previously, communicate and agree to pool their resources for the pursuance of 

common articulated goals and the consequent distribution of payoffs (Gamson, 1961a; 

Kelley, 1968).  Methods that have been suggested include minimum resource, balance, 

minimum power, bargaining, equal surplus, minimum policy-distance, outcome 

grouping, option preference, ordinal deductive selection system, graph model, and triads 

theories; these techniques are summarized in the next paragraphs with examples; note 

that the examples were chosen for illustrative purpose and not as a comprehensive review 

of available methods which are abundant in the literature (Aknine et al., 2004; Arnold 

and Schwalbe, 2002; Barbera and Gerber, 2003; Browne and Rice, 1979; Kirman et al., 

1986; Konishi and Ray, 2003; Lawler and Youngs, 1975; Leimar et al., 1991; Michener 

and Myers, 1998; Sened, 1996; Slikker, 2001; Zinnes et al., 1978). 

Minimum Resource Theory 

Equity theory predicts the distribution of shares in proportion to a coalition’s 

members’ inputs.  Suggested by Gamson (1961a, b), minimum resource theory, also 

known as proportionality proposition or parity norm (Browne and Rice, 1979), is a 

special case of equity theory (Komorita et al., 1989).  It incorporates initial resources 
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distribution, non-utilitarian strategy preferences based on ideologies, attractions, etc., 

effective decision point to control the decision, coalitions payoffs, such that a member’s 

payoff in a coalition is proportional to his initial contribution, and reciprocal strategy 

choices, which necessitates that members reciprocate the desire to form a coalition.  

Given the motivation to maximize reward, each member will seek the cheapest winning 

coalition, which is the coalition with fewest resources and in which his proportion of the 

resources are the greatest.  Other authors used the minimum resource theory (Chertkoff, 

1971; Stryke and Psathas, 1960; Vinacke and Arkoff, 1957). 

Balance Theory 

Balance or consistency theory (Mazur, 1968; Taylor, 1970), was suggested as a 

replacement for the minimum resources theory; it argues that coalition situations are 

instances of the general class of social situations, in which a state of balance, consistency, 

or cognitive harmony is necessary for coalition formation and balance is a preferential 

state within a set of parties, or parties with similar characteristics, independently of the 

distribution of resources.  It is argued that balance theory is a more accurate predictor of 

coalition formation than minimum resource (Crosbie and Kullberg, 1973); in addition, 

the latter may not apply to situation of competition over scarce resources (Davis, 1966). 

Minimum Power Theory 

This theory assumes that members of a coalition divide payoff in proportion to their 

pivotal power (Shapley and Shubik, 1954).  A party’s pivotal power is found by 

examining all possible winning coalitions in which this party is member and determining 

which of them would no longer be a winning coalition if that party withdraws from it; it 

is based on the Shapley value, described in Chapter 4.  This theory predicts that the 
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winning coalition that will form is the one with the minimum combined pivotal power; 

payoffs are distributed in proportion to members’ pivotal power. 

Bargaining Theory 

Payoffs are divided halfway between what they would be if they were divided in 

proportion to initial resources, equity theory, and if they were divided equally among 

members, equality theory (Komorita et al., 1989).  This is the split-the-difference or 

asymptotic division of payoffs within a coalition.  The equal excess model is a bargaining 

theory model (Komorita, 1979).  Several experiments compare this theory to the 

minimum power and minimum resource theories (Komorita and Nagao, 1983; Miller, 

1980; Murnighan et al., 1977). 

Equal Surplus Theory 

In this method, each member of a coalition receives his initial contribution and the 

surplus is divided equally among members (Komorita and Leung, 1985). 

Policy-Distance Minimization Theory 

Formally, denote the set of outcomes { }ni NNNN ,...,,...,1=  and, for each decision 

maker, let k
ir  represent the ranking of a decision maker k  to outcome i , now denoted 

k
ir

iN , such that the most and least preferred outcomes are ranked 1 and n ; the preference 

vector of k  is then [ ]n
i

j
iik NNNDM ,...,,...,1= , such that the position of outcome i  in the 

vector equals its rank k
ir  by this decision maker.  Decision makers with more similar 

outcome orderings have greater goal compatibility.  The same logic applies to option 

ordering, with the set of options being { }ni MMMM ,...,,...,1= . 

The Pearson product-moment correlation coefficient, PPMCC, is a parametric 

statistical rank correlation technique that measures of linearity between two variables, in 
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our case ranks.  Formally, for a decision makers pair ( )BA, , 
1

1

−
=
∑
=

n

rr
r

n

i

B
i

A
i

AB ; this measure 

is the square root of the correlation coefficient, 2r .  The closer r  is to 1+ , the stronger 

the likely positive correlation.  In the context of coalition formation, the greater the value 

of ABr , the higher the likelihood of formation of the coalition ( )BA,  (Kendall, 1975). 

Another statistical correlation coefficient is the Spearman’s rank correlation 

coefficient, SRCC; this method, however, is a nonparametric outcome based correlation 

metric.  Formally, for each pair of decision makers, ( )BA, , define id  as the difference in 

ranks for the thi  outcome between these two decision makers, such that B
i

A
ii rrd −= .  

The SRCC is then obtained as ( )1

6
1 2

1

2

−
−=
∑
=

nn

d
r

n

i
i

AB ; the closer r is to 1+  ( 1− ), the stronger 

the likely positive (negative) correlation.  In the context of coalition formation, the 

greater the value of ABr , the higher the likelihood of formation of the coalition ( )BA, .  

Note that, for both PPMCC and SRCC, all outcomes ranks and differences, respectively, 

are weighted equally irrespective of the salience of each outcome to each decision maker. 

A more recent policy-distance minimization theory is the Minimal connected 

winning coalition, which is a coalition formed from adjacent parties on the ideological 

continuum (Axelrod, 1970; Barry, 1971). 

Outcome Grouping Theory 

Kuhn et al.  (1983) suggested an outcome based metric using outcome grouping to 

determine the relative likelihood of coalition formation, where for a pair of decision 

makers ( )BA, , an outcome group if defined as a set of outcomes occupying consecutive 
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ordinal positions in the preference vectors, ADM  and BDM , being compared.  The 

number of ordinal groups is directly proportional to preferences similarities.  This method 

can be used for coalitions with more than three members, unlike the PPMCC and SRCC 

methods (Kuhn et al., 1983). 

Option Preferences Theory 

Fraser and Hipel (1989) developed an option based metric, kC , which measures the 

degree of similarities between decision makers of a coalition k , based on their options 

preferences, such that ( )∑
=

=
m

i

I
kik

kkrC
1

,
,21 , where m  is the number of available options, 

11 , +≤≤− kir  the correlation or level of agreement for option i  in the coalition, and kiI ,  

the coalition importance for option i  obtained as the average of levels of option i  in the 

preference tree.  The greater kC  corresponds to a greater likelihood of coalition k  

formation. 

Ordinal Deduction Selection System Theory 

Another model, developed by Meister and Fraser (1993), is the ordinal deduction 

selection system, ODSS; this model incorporates, in addition to ordinal preferences, issue 

salience.  Formally, define a set of m  alternatives or options, { }ni MMMM ,...,,...,1= , 

and n  issues, { }nj NNNN ,...,,...,1= , such that jiv ,  represents the level of satisfaction 

that alternative iM  provides for issue, or outcomes, jN .  For each decision maker, the 

set of issues are ranked in accordance with its importance to that decision maker; then, 

for each issue, the alternatives are ordered according to the level of satisfaction they 

provide for that issue and an overall alternatives ranking is obtained (Meister and Fraser, 

1993).  The authors applied this method for two member coalitions using an international 
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trade example, where the issues are preference similarity, power asymmetry, historical 

relationship, ideological similarity, and quality of communication. 

Graph Model Theory 

Kilgour et al.  (1996) studied coalition formation in the framework of the graph 

model for conflict resolution (Fang et al., 1993; Kilgour et al., 1996).  The authors argued 

that a higher preferences similarity between the parties of a possible coalition does not 

necessarily imply a higher likelihood of that coalition formation and that the impact of 

that coalition on the outcome to achieve a mutually preferred equilibrium plays a stronger 

role in defining this likelihood. 

Triads Theory 

Analysis triads, or three-parties, interactions lends itself as the simplest way to 

study coalition formation which results may be generalized into larger groups behavior 

(Caplow, 1956; Caplow, 1959).  Several experimental analyses have been performed 

using triads (Caplow, 1956; Caplow, 1959; Chertkoff, 1971; Mills, 1953; Mills, 1954); 

these experiments confirmed Simmel (Wolff, 1950) reports that a triad tends to segregate 

into a pair and a third party, where that coalition formation is function of small 

differences in power and other characteristics of the triad members.  Chertkoff (1967) 

modified Caplow’s theory to include probabilities of parties’ choices (Chertkoff, 1967).  

This theory does not predict payoffs distribution between members (Miller, 1980). 

Probability of Coalition Formation 

In research on coalition formation, both the probability of occurrence of each 

possible coalition and the reward division among the coalitions’ members are essential in 

the comparison of different coalitions (Komorita, 1978).  Coalition formation theories, 

however, do not predict the likelihood of a coalitional structure formation, or, in other 
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words, the probability of forming different coalitions (Michener and Myers, 1998).  Few 

of these methods have been proposed, such as the size-probability model, the Johansen-C 

model, and the central union methods, compared below.  For that purpose, following 

Michener and Myers (1998), let’s define a coalition structure zS , with { }Zz ,...,1= , as a 

partition of the n  decision makers into m  coalitions, such that nm ≤≤1 ; different 

coalition structures combinations form different coalition sets. 

Size-Probability Model Theory 

Michener and Myers (1998) suggest that such a theory may be used as a submodel 

of coalition structures solutions that only provide insight into the distribution of payoffs 

in coalitions, without any insight into the likelihood of formation of that latter, such as 

the Shapley, equal surplus, and nucleolus methods.  This theory assigns to each coalition 

structure in a game a probability of formation proportional to the size of the largest 

coalition in that coalition structure; coalition structures including relatively larger 

coalitions have a higher probability over ones including smaller coalitions.  A score is 

assigned to each coalition structure in the game equal to the number of players in its 

largest coalition; these scores are then summed over all coalition structures in the game.  

The probability of formation of a coalition structure is then the ratio of its score to the 

total scores (Michener and Myers, 1998). 

Johansen-C Probability Model Theory 

This model assigns equal probability of formation to all coalition structures that 

satisfy the condition that a coalition structure is not formed if their exists another 

combination of its coalitions that results in higher payoffs to its member players 

(Michener and Myers, 1998).  Like the previously presented model, this method may be 



 

 

170

 

used as a submodel of techniques that only provide solutions to payoff distribution in 

coalition structures. 

Central Union Theory 

One theory that, in addition to predicting coalitions’ payoffs distribution, predicts 

the probability of formation of the various coalitions is the central union theory 

(Michener, 1992; Michener and Au, 1994).  The authors define a sidepayment 

cooperative game with n  decision makers or players.  Payoff satisfaction of a player i  in 

the coalition structure zS , ( )zSiPS , , is defined as the ratio of payoffs that players obtains 

in zS  over that player’s payoffs aspirations or best alternative.  Acceptance, ( )zSA  of a 

coalition structure zS  is defined as the reciprocal of the sum over players of the pairwise 

differences in payoff satisfaction, ( )zSiPS , , among all players within it, such that a 

player’s i  payoff satisfaction in zS .  If, in zS , the differences in ( )zSiPS ,  between 

players is low, ( )zSA  is high.  Formally, defining a binary variable ( )1,0=I  that 

indicates whether zS  is a member of the coalition set or not, the probability ( )zSP  of 

formation of a coalition structure zS  is ( ) ( ) ( )

( ) ( )∑
=

= Z

z
zz

zz
z
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SISASP

1
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( ) ( )∑∑

= =
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n

j
zz
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1 1
,,

1 . 

Willingness and Opportunity Theory 

The authors of this method analyze the occurrence of a political event, or its 

probability, such as coalition formation, as a function of the willingness of the involved 

parties to be part of it and the opportunity for those parties to do so (Cioffi-Revilla and 
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Starr, 1995).  The authors presented a first order and second order formulation of the 

dependency of the probability on willingness and opportunity.  A formal presentation of 

the first order treatment of this theory is presented in a following section. 

Cohesion Theory 

Maoz (1995) developed a measure of cohesion between a coalition’s members 

based on the members’ ranking of each others’ preferences; the measure is obtained as 

the ratio of disagreement between those parties over the maximum possible disagreement 

between them.  Although Maoz does not develop probabilities of coalitions formation, he 

defines homogeneous and heterogeneous coalitions as ones with high and low cohesion 

between its members, respectively.  The formal presentation of this theory follows in 

another section. 

Stochastic Communication Structures 

This model defined the probability of coalition formation as a function of the 

probability that players communicate, such that abp  is the probability that a player a  

communicates with player b ; it is assumed constant for all players pairs, taken as the 

worst probability that two players in a game communicate.  The authors (Kirman et al., 

1986), using graph theory, define the probability of a graph Γ  formation as 

( ) ( ) ( )( )( ) mnnm ppp −−−=Γ 2/11 , where m  and n  are the arcs and vertices of the graph, 

respectively. 

Risk Attitudes 

The analysis of risk attitudes depends on the preferences of the decision makers and 

the properties of the function representing these preferences, or the utility function 

(Karni, 1979).  The shape of the utility function determines risk attitudes.  A concave 
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utility function corresponds to risk aversion, where the expected value of a lottery is 

preferred to the lottery itself, with ( ) ( )( )xEUuE < , which implies that the individual 

prefers a sure gain of ( )xE  with a utility ( )( )xEU  over the lottery.  On the other hand, a 

convex utility function corresponds to risk acceptance, with preference for bearing the 

risk rather than receiving the expected value, i.e., ( ) ( )( )xEUuE >  (Machina, 1987a).  

Studies revealed that individuals presented a fourfold pattern of risk attitudes (Table 5-1): 

risk seeking for gains and risk aversion for losses of low probabilities and risk aversion 

for gains and risk seeking for losses for high probabilities (Kahneman and Tversky, 1979) 

(Fishburn and Kochenberger, 1979, Hershey and Said, 1987; Wehrung, 1989; and 

Tversky and Kahneman, 1992; Camerer, 1992). 

Table 5-1.  Pattern of risk attitudes. 
 Gain Loss 
Low Probability Risk seeking Risk aversion 
High Probability Risk aversion Risk seeking 

The next paragraphs present examples of risk measurement techniques that were 

developed, starting with the Pratt-Arrow theory, and moving to its generalizations to 

multiattribute situations. 

Pratt-Arrow Model 

The first measurement method of risk aversion was developed by Pratt (1964) and 

Arrow (1965, 1971) who developed a theory of risk based on the curvature properties of 

the utility function as a function of wealth, around a given present wealth state, to 

interpret economic behavior in risky situations, within the von Neumann and 

Morgenstern framework of maximizing expected utility.  They showed that, assuming 

that U  is twice differentiable and increasing on X , the degree of concavity of a utility 

function U , measured by the curving index , absolute risk aversion, or risk premium 
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( ) ( )xUxU '/''− , and the relative risk aversion ( ) ( )xUxxU '/''− , determines how risk 

attitudes varies with individuals and wealth levels.  U  is risk averse if ( ) 0'' =xU , risk 

seeking if ( ) 0'' >xU , and risk neutral if ( ) 0'' <xU .  Defining the certainty equivalent of 

p , ( )pc , as the sure amount in X  at which the individual is indifferent between this 

amount and p , i.e., ( ) ppc ~  and ( )( ) ( )pxEpcu ,= , U  is risk averse if ( ) ( )pxEpc ,< , 

risk seeking if ( ) ( )pxEpc ,> , and risk neutral if ( ) ( )pxEpc ,= .  Comparing two 

different utility functions, the more risk averse possesses steeper indifference curves.  

The Pratt-Arrow theory of risk attitudes was generalized by several authors in a 

univariate and multivariate contexts (Duncan, 1977; Jia and Dyer, 1996; Karni, 1979; 

Keeney, 1973; Kihlstrom and Mirman, 1981; Levy and Levy, 1991; Li and Ziemba, 

1989; Machina and Neilson, 1987; Paroush, 1975; Ross, 1981; Rubinstein, 1973; Stiglitz, 

1969).  Some example theories are provided below. 

Risk Aversion Matrix 

The absolute risk aversion matrix is a generalization of the Arrow-Pratt local risk 

premium to compound risks and multivariate situation (Duncan, 1977); it is defined as 

[ ] ⎥
⎦

⎤
⎢
⎣

⎡−
==

i

ij
ij U

U
rR , such that iU  and ijU  are the first and second derivatives of the utility 

function U  on the multivariate set of outcomes.  Like the authors in the univariate case 

(Arrow, 1971; Pratt, 1964), Duncan used Taylor series approximation to derive his risk 

measure.  Karni (1979) introduced a positive definite matrix measure of absolute 

multivariate risk aversion, similar to Duncan using the concept of risk premiums.  

Formally, the author defined a risk premium function 
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( )[ ] ( )∑∑
= =

−=
n

i

n

i

ij
ij pyZpy

1 1 1

,
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1,,

ψ
ψ

σπ  such that ( )nzzZ ,...,1=  is a random vector of small 

risks such that the sum of their probability is one, ( )py,ψ  is a strictly concave indirect 

utility function of the n  dimensional commodity vector y  and its 1−n  dimensional 

vector p , with 1ψ and ijψ  its first and second derivatives, and ijσ  the variance.  The 

matrix measure of local risk aversion, defined as [ ] ⎥
⎦

⎤
⎢
⎣

⎡−
==

1ψ
ψ ij

ijrR , is proportional to the 

risk premium per unit of variance on its diagonals and to the excess of risk premiums per 

unit covariance on its off-diagonal elements.  Another example of the matrix method is as 

a generalization to Rubinstein (1973) risk premium was suggested by Li and Ziemba 

(1989). 

Risk-Value Theory 

Risk-value theory leads to a decision making by explicitly trading-off between risk 

and value; it may be based on both expected and non expected utility theories of 

preferences (Jia and Dyer, 1997).  Several models of this form have been suggested (Bell, 

1988; Bell, 1995; Jia and Dyer, 1996; Jia and Dyer, 1997; Sarin and Weber, 1993).  An 

example is provided. 

Jia and Dyer (1996) proposed a standard measure of risk that can be used implicitly 

or explicitly in the expected utility model defining the standard risk-value model.  

Formally, the standard measure of risk is defined as ( ) ( )[ ]XXVEXR −−=' , where ( ).V  

is the value function, X  is a probability distribution or a random outcome, X  is its 

mean, and XXX −='  the standard risk or the normalization of X  to eliminate the effect 

of preferences; the measure of risk, preference function ,and trade-off factor can be 
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treated independently.  For a linear plus exponential utility model, ( ) cxbeaxxV −−= , the 

standard risk measure is ( ) ( )[ ]1' −= −− XXcebEXR ; the linear functional has no effect on 

the risk measure.  This risk measure represents a globally risk averse risk-value function. 

Moments Risk-Value Model 

In cases when the probability distributions are not available, mean and variance are 

used in the risk-value trade-off model (Jia and Dyer, 1997; Markowitz, 1991; Sharpe, 

1991), leading to a risk adjusted value function.  A mean-variance-skewness model is 

represented as ( )[ ] ( )[ ] ( )[ ]32', XXcEXXkEXXXUE −−−−−=  (Jia and Dyer, 1997).  

Another example is an exponential risk adjusted utility function, where X  is a 

multiattribute vector and r  is the risk attitude, ( )
⎟
⎠
⎞

⎜
⎝
⎛ −−− −=−=

2

2 jj
j

rXrrX eeXU
σ

 (Roberts and 

Urban, 1988).  In a third example, the authors used a real-valued risk measure such that 

( ) ( ) ( )[ ]21 XXEXXR −−+−= θθ , where 10 ≤< θ  (Pollatsek and Tversky, 1970). 

De Mesquita’s Risk Model 

De Mesquita (1980, 1985, 1997) describes the measure of risk propensity as an 

indicator of the size of the tradeoff made by a coalition between pursuing political versus 

policy satisfaction, where political satisfaction is the desire to be seen as an essential 

member of the winning coalition even if at the expense of pursuing the policy it really 

wants; on the other hand, policy satisfaction refers to supporting a policy outcome close 

to the preferred choice.  While, political satisfaction reflects a fear of vulnerability and a 

need of security, hence a tendency to be risk averse, policy satisfaction reflects a 

tendency to be risk acceptant.  Differently, the measure of risk provides basis for 

estimating the value attached to the status quo. 



 

 

176

 

This theory assumes that players declare policy positions that represent a 

compromise between what they really want and what they believe is feasible.  Defining 

∑
=

n

i
ijEU

1

 as i ’s perceived utility that players ij ≠  derive from challenging player i , 

∑
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min  and ∑
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i
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max  as the outcomes that would minimize and maximize player i ’s 

vulnerability, the risk propensity of a player is defined by how proximate i ’s actual 

policy is to these extremes, such that 
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measure is then transformed to the measure 
( )
( )31
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i

i
i R

R
r

+
−

= , such that 25.0 ≤≤ ir , that 

increases with risk aversion. 

Model Development 

As mentioned earlier, this works undertakes the development of an applied 

modeling tool for common pool resources conflict resolution, between multiple coalitions 

over multiple issues and desired outcomes, by combining different concepts, namely, 

utility, position, issue linkage, ratio of gain, salience, risk propensity, conflict level, and 

political uncertainty.  The model describes a decision making procedure developed in a 

utility function optimization / game theoretic framework with a N dimensional Euclidian 

players and issues spaces and a D  dimensional Euclidian outcome space.  A description 

of the model components is presented in Table 5-2. 

Verbally, single and multiple players coalitions’ preferences for issue outcomes are 

represented by a single peaked continuous positive bounded utility function.  As 
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developed by Morrow (1986), the general form of this function reflects the differences in 

the (1) ideal points, (2) salience of issues, (3) combination of issues, and (4) attitudes 

toward risks, such that a coalition’s utility for an outcome is the salience weighted 

distance between this outcome and the ideal point altered by the risk attitude of that 

coalition.  As mentioned earlier, while the ideal point affects the utility value, i.e., the 

preference for an outcome drops off as the distance between its ideal point and the 

outcome increases, the salience, separability, and risk measures affect the shape, 

orientation, and curvature of the function, respectively.   

From a game theoretic angle, the model does not assume a cooperative or non-

cooperative framework; in other words, the solution may be self enforcing or contractual.  

In addition, the game may be played as a one-shot static game, a repeated / multistage 

game, which consists of several stages of the static game over a time horizon; in both, 

however, coalitions move or reveal there ideal position, salience, and risk attitudes 

simultaneously.  In a repeated game, if a coalition is dissatisfied with the expected 

outcome, there are essentially four courses of action by which the coalition might 

improve its prospects: (1) alter its own level of effort (i.e.  change its salience), (2) shift 

its revealed position (i.e.  its ideal point) (3) influence other coalitions to change their 

salience, and (4) influence other coalitions to change their ideal point, with respect to one 

or more issues, through maneuver or coercion.  The model is repeated until the conflict is 

resolved (de Mesquita et al., 1997). 

Multistages allow the game to evolve into an adaptive or evolutionary situation.  

Revealed preferences and attitudes do not have to be actual ones, a situation referred to as 

bluff or bully games (Dacey and Carlson, 1996); for example (de Mesquita, 1974), a 
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party that asks for more has a higher chance of obtaining more, until a certain limit, at 

which other parties loose incentives for cooperation.  In such cases, unless other 

coalitions know of the possibility of bluffing by other coalitions, the game is one with 

incomplete information, such that players do not share the same information; if coalitions 

possess probabilistic information about other coalitions’, the game may be treated as a 

Bayesian game.  In addition, these preferences may change for each coalition at each 

stage of the game. 

Due to cognitive limitations, coalitions are assumed to be partially or boundedly 

rational in adapting and learning about other coalitions and predicting iterated choices 

and future outcomes.  As a result, the model may be solved in the framework of 

behavioral game theoretic models, namely, limited thinking or learning models.  In 

addition, coalitions may exhibit social behaviors such as reciprocity, where those who 

cooperate typically expect others to cooperate, and vengeance, where a coalition is 

willing to sacrifice its outcome to punish others who were unfair; in such cases, the 

model may be solved using social preferences behavioral game theoretic models such as 

the inequality-aversion, me-min-us, and reciprocity theories. 
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Table 5-2.  Definition of model components 
Model Component Formal Definition Description 
Eucledian Space nN K21=  

 
 

dD K21=  

N dimensional realm of players and 
issues 
 
D dimensional realm of outcomes 

Player [ ]niI KK21ˆ =  & [ ]nhH KK21ˆ =  N dimensional vector of parties 
involved in conflict over issues in Ĵ  
and K̂ . 

Issue [ ]njJ KK21ˆ =  & [ ]nkK KK21ˆ =  N dimensional vector of matters of 
dispute between the different players in 
Î . 
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N x N  dimensional positive square 
matrix where the diagonal elements 
represent salience of player i  for each 
issue, j  and off-diagonal elements 
measure interdependence between 
issues (equal to zero, when issues are 
separable in terms of effects); it ranges 
from 0 (low salience) – 1 (high 
salience).   



 

 

180

Table 5-2 Continued 
Model Component Formal Definition Description 
Risk Propensity [ ] iPPPP n

iii
j

i ∀= ,ˆ 21 K  

i
P

P
P j

i

n

j

j
i

i ∀

×

=
∑
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2
1

 

N dimensional vector of risk 
propensity of player i  to issue j .  iP  
is a scalar ranging between 0.5 (risk 
aversion) and 2 (risk acceptance) 
depending on player i ’s risk 
perception.  Note that iP  is a scaled 
measure. 

Variable [ ] ixxxxx inijiiij ∀= ,ˆ 21 KK  N dimensional vector of variable 
coordinates on issues axis for player i  

Ideal point [ ] ixxxxx n
i

j
iii

j
i ∀= ,ˆ 21 KK  N dimensional vector of player’s i  

ideal coordinates for each issue j  

Distance [ ]
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N dimensional vector of absolute 
distances between variable coordinates 
and player’s i  ideal coordinates for 
each issue j  

Utility [ ]nii UUUUU KK21
ˆ =  

N dimensional vector of utilities of 
players to a certain outcome.  Note that 
the utility of i  at its ideal coordinates 
vector, j

ix̂ , is at its maximum. 
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Utility Function 

It is common practice to study coalition formation in characteristic function form of 

the games, where the value of each coalition is represented by a characteristic function; 

the characteristic function represents, for each coalition, the quality of the optimal 

solution or of the bounded rational value.  A coalition’s characteristic function depends 

on members that are not part of it due to positive and negative externalities.  Negative 

interactions include shared resources or conflicting goals, while positive externalities 

include partially overlapping goals (Gamson, 1961a; Larson and Sandholm, 2000; 

Sandhlom and Lesser, 1997). 

A player’s utility for a multidimensional outcome is a function of the distance 

between that outcome and the player’s ideal point, weighted by its salience, jk
iŜ , and 

altered by its risk attitude, j
iP̂ .  Formally, a player’s utility, iU , is stated in equation 1.  

Note that it is a negative function with a maximum of zero. 

( )2
iP

T
i

jk
iii XSXU −=                                                                                                         (1) 

The optimization problem is formulated as a multiobjective utility maximization 

statement; The optimal outcome of a player i is obtained by solving: 

i∀ , 

( )2
iP

T
i

jk
iii XSXUMax −=                                                                                          (2) 

toSubject  

Political, Economic, Physical, Social, and Environmental constraints 

Let T
i

jk
iii XSXV = ; then ( ) iPii UV

2
−= , similarly, ( ) 2

iP

ii VU −= .  For mathematical 

simplicity, we will use iV  (Equation 4) instead of iU  wherever possible. 
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T
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iii XSXV =                                                                                                                   (3) 

Extending Equation 3, we obtain, 
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Further extensions results in the following summation, 
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Equation 5 can be compacted in a random terms series summation form (Equation 

6). 
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To solve the problem using Linear Programming (LP) we need to linearize the 

objective function obtained in Equation 7.  For that purpose, Taylor series approximation 

is defined and applied. 
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Let )ˆ(Yf  be a function of the vector [ ]nn yyyyY 121
ˆ

−= K  of n  variables.  Taylor 

series approximation, in its matrix form, applied to the function )ˆ(Yf  at the vector 

[ ]nn aaaaA 121
ˆ

−= K  is defined in Equation 8. 

( ) ( ) ( ) ( )( ) ( ) ( )( ) ( )
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Note that ( )( )AYf ˆˆ∇  is the Jacobian of )ˆ(Yf  (Equation 9) at the vector Â  and 

( )( )AYf ˆ
2 ˆ∇  is the Hessian )ˆ(Yf  at the vector Â , which is not needed in the first order 

approximation. 
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To obtain the first order Taylor approximation of iU , we derive the first order 

derivatives of the function iV  (Equation 10) and deduce those of iU  from it (Equation 

12) using Equation 11.  The Jacobian of iU  follow in Equation 13. 
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Using Equations 8, and substituting with Equation 13, the first order Taylor series 

approximation of the function iU  at the vector =− j
i

j
ix ε̂ˆ  

( ) ( ) ( )[ ]n
i

n
iiiii xxx εεε −−− K2211 ˆ  is obtained in Equations 14 and 15. 
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Relative Gain 

The ratio-differences of payoffs, or relative gains, are as important as the absolute 

differences, or absolute gains, in affecting the likelihood of the implementation of a 

solution.  In the case where the optimal solution of a problem results in an unequal 

distribution of gains, competing parties are not likely to cooperate.  This is included in 

the previously presented issue linkage model as a constraint (Equation 16). 

ik ≠∀ , βα ≤≤
i

k

U
U

                                                                                                   (16) 

α  and β  represent the range of allowed ratio difference between the player 

utilities to ensure equity. 

Coalition Formation 

Let { }KKKK ,12,,123,1,,12,,,2,1 nnnC =  be the set of all subsets of N  with 

size ∑
=

⎟⎟
⎠

⎞
⎜⎜
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⎛
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n

t t
n

c
1

 of possible number of coalitions.  A coalition is denoted by Κ . 
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Maoz defines maxD  as a measure of conflict of interest which represents the actual 

disagreement in rankings for a set of players; its general formula in a group of m  

members on the basis of their ranking over n  members is: 

( )
12

122

max
−

=
nnmD                                                                                                       (17) 

where Dmax is the maximum possible sum of squared rank differences on the basis 

of all the ( ) 2/1−mm  pairwise comparisons in this group.  The actual conflict of interest 

in a group Κ  of m  members given n  ranks is: 
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                                                                                     (18) 

where Con  stands for group conflict, h
ir  is the rank assigned by player h  to player 

i ’s policy, k
qr  is the rank assigned by player h  to player q .  The cohesion of a given 

coalition is simply the complement of the conflict of interest within the coalition: 

Κ−=Κ ConCoh 1                                                                                                          (19) 

What a player derives from a coalition is a function of what the coalition can do 

given its resources and its cohesion.  The cohesion of a coalition is a function of the 

preferences of its members.  A highly cohesive coalition is composed of members with 

very similar or identical preferences.  On the other hand, a heterogeneous coalition is one 

composed of members with different policies.  In order to form, each member must take 

some policy concessions.  In this case, the coalition cannot be seen as a simple sum of its 

resources.  Rather, that sum weighted by its cohesion Coh . 
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Political Uncertainty 

Let W , O , and B  symbolize the willingness, opportunity, and occurrence of an 

event materialization.  By definition, W  and O  are necessary conditions for B ; formally, 

the causal relation is OWB ∧≡ .  Political behavior is also uncertain, as the occurrence 

of of W  and O , and thus B , is uncertain.  Formally, there exists probability measures 

such that )Pr(Bb = , )Pr(Ww = , )Pr(Oo = , where b , the probability of political 

behavior, is the dependent variable, and equals the product of the probabilities of 

willingness and opportunity (Equation 20), where owz == . 

2)Pr()Pr()Pr()Pr( zwobOWOWB ===×=∩=                                                       (20) 

Note that both w  and o  alone overestimate the value of b .  Moreover, political 

behavior occurs with probability smaller than the least probable of either willingness or 

opportunity.  The magnitude of this gap, a general property of real-world politics can be 

measured by the difference, zb −≡δ , where 0<δ , defines hypoprobability, 0>δ  

defines hyperprobability, and 0→δ  as bz → .  Informally, hypoprobability is the 

additional degree of political difficulty that is involved in combining willingness and 

opportunity to produce behavior; that extra effort that goes beyond the distinct difficulties 

of separately producing willingness and opportunity. 

Finally, assuming that the probability of a coalition formation, Κ , as a political 

event, is directly proportional to the measure of the cohesion between its members, Κb  is 

estimated using Equation 21, where Κλ  is the coefficient of proportionality, or scaling 

constant. 

ΚΚΚ = Cohb λ                                                                                                                 (21) 
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The probabilities of formation of coalitions that includes a player i  should, by 

definition, sum up to 1.  Hence, for a player i , for all i⊃Κ , iλλ =Κ . 

In addition, the formation of a certain coalition necessarily occurs with the 

formation of the other coalitions to include the rest of the players, leading to different 

coalition combination scenarios.  The probability of a scenario is equal to the product of 

the independent event of its coalitions’ probabilities and is denoted as sb , where 

∏
⊂Κ

Κ=
scenarioallfor

s bb .  The sum of all scenarios probabilities should be 1. 

Modified Utility Function 

The utility function for a player i  is obtained by summing its utilities weighed with 

their corresponding probabilities as part of all scenarios (Equation 22).  Note that a 

coalition of more than one player divide its utility equally between its members. 
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Hypothetical Application 

To demonstrate our model, we use a simple hypothetical situation.  A common 

conflict arises in an expanding town is the allocation of resources to the various 

competing parties, in this case the town residents and the agricultural and industrial 

sectors.  A council represents each party in negotiations.  For the purpose of this study, 

we assume that the issues of conflict are the allocation of land, water, and financial 

resources.  Formally, three different players ( )3=n  are in conflict over three issues.  The 

players, denoted by numbers, the importance they allocate to the different issues, and 
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their ideal point expressed as a ratio of the available resources, are described in Tables 5-

3 and 5-4. 

Although the utility function are linear in terms of the issues, its dependence on the 

salience and risk attitude of the player renders the interpretation of its behavior rather 

complex without graphical analysis; the utility functions of player 1, 2, and 3 are depicted 

in Figures 5-2 – 5-3.  Starting from the first cell on the left, and moving to the right and 

then downward, the utility function is plotted for increasing values of issue 3, ranging 

from 0 to 1.  In each cell, the utility function is plotted as a function of issues 1 and 2 

(horizontal and vertical axis, respectively) for a constant value of issue 3. 

Table 5-3.  Player description 
Issue Importance 
(% of resource needed) 

Player Plan 

Financial 
1 

Land 
2 

Water 
3 

1 - City council Public gardens and facilities 
for families and children 

Average 
importance 
(0.3) 

High 
importance 
(1) 

High 
importance 
(0.5) 

2 - Industrial 
council 

Industrial establishments for 
increase in number of job 
opportunities 

No 
importance 
(0) 

Av-High 
importance 
(0.5) 

Average 
importance 
(0.5) 

3 - Agricultural 
council 

Land, equipment, and water 
subsidies for increase in 
production 

High 
importance 
(1) 

High 
importance 
(1) 

High 
importance 
(0.7) 

 
Table 5-4.  Input data 
Player Status quo Ideal point Salience Risk Propensity 
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Let’s start with the domestic council utility function, Figure 5-2.  For any value of 

issue 3 (any cell), for a value of issue 1, the utility increases with an increase in the value 

of issue 2.  This straightforward behavior is explained by the standpoint of player 1 w.r.t 

issue 2, where it is assigned a maximum importance (salience of 1), maximum risk 

adversity (risk propensity of 0.5), and an ideal point of 100 percent of the total available 

resource.  The behavior of the utility function with respect to issue 1 is more complex, 

however.  For a value of issue 3 (any cell), for a value of issue 2, the utility increases 

until the ideal point of the player is reached, and then decreases afterwards.  Note that the 

player gives this issue a medium importance (salience of 0.5) with a more risk acceptant 

attitude (risk propensity of 1.5).  Finally, moving through the cells from left to right, and 

then downward, for any values of issues 1 and 2, the utility function increases to a 

maximum corresponding to the player’s ideal point on issue 3 and then decreases.  The 

salience the player assigns to issue 3 is the same of that he assigns to issue 2 (salience of 

1) while the risk propensity is the same as that assigned for issue 1 (risk propensity of 

1.5). 

The utility function is different for the industrial council, Figure 5-3.  For any value 

of issue 3 (any cell), the utility is unaffected by a change in issue 1.  This behavior is 

explained by the standpoint of player 1 w.r.t issue 1, where it is assigned no importance 

(salience of 0), minimum risk adversity (risk propensity of 2), and an ideal point of 0 

percent of the total available resource.  For a value of issue 3 (any cell), for a value of 

issue 1, the utility increases until the ideal point of the player is reached, 50 percent, and 

then decreases afterwards.  Note that the player gives this issue a medium importance 

(salience of 1) with a risk averse attitude (risk propensity of 0.5).  Finally, moving 
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through the cells from left to right, and then downward, for any values of issues 1 and 2, 

the utility function increases to a maximum corresponding to the player’s ideal point on 

issue 3 and then decreases.  The salience and risk propensity the player assigns to issue 3 

are medium (salience of 0.5 and risk propensity of 1.5). 

The utility function of the agriculture council is presented in Figure 5-4.  For any 

value of issue 3 (any cell), for a value of issue 1, the utility increases with an increase in 

the value of issue 2.  This straightforward behavior is explained by the standpoint of 

player 1 w.r.t issue 2, where it is assigned a maximum importance (salience of 1), 

maximum risk adversity (risk propensity of 0.5), and an ideal point of 100 percent of the 

total available resource.  The behavior of the utility function with respect to issue 1 is the 

same.  Finally, moving through the cells from left to right, and then downward, for any 

values of issues 1 and 2, the utility function increases to a maximum corresponding to the 

player’s ideal point (70 percent) on issue 3 and then decreases.  The salience and risk 

propensity the player assigns to issue 3 are the same of that he assigns to issues 1 and 2 

(salience of 1 and risk propensity of 0.5). 

Note that in all Figures 5-2, 5-3, and 5-4, the maximum utility of zero is reached for 

the ideal point – 10 percent.  This is due to the fact that the Taylor’s series approximation 

was applied at a value of 10 percent. 
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Figure 5-2.  Change of the utility function for coalition 1 w. r. t.  issue 1 (horizontal axis) and issue 2 (vertical axis) for increasing 

values of x3 (0 – 1, top to bottom, left to right). 
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Figure 5-3.  Change of the utility function for coalition 2 w. r. t. issue 1 (horizontal axis) and issue 2 (vertical axis) for increasing 

values of x3 (0 – 1, top to bottom, left to right). 
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Figure 5-4.  Change of the utility function for coalition 3 w. r. t. issue 1 (horizontal axis) and issue 2 (vertical axis) for increasing 

values of x3 (0 – 1, top to bottom, left to right). 
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The rankings of players to each other are presented in Table 5-5.  The least 

favorable player it the industrial council, player 2, which has the least favor for and by 

both other councils. 

Table 5-5.  Players ranking matrix 
Player 

Ranks 
1 2 3 

1 1 3 2 
2 3 1 3 

Pl
ay

er
 

3 2 3 1 
 

There are seven possible coalitions ( )7=c  (Table 5-6) and five possible coalition 

combinations scenarios (A – E) (Table 5-7). 

Table 5-6.  Coalitions 
Coalitions  Players Comments 

1Κ  1 1 member coalition 

2Κ  2 1 member coalition 

3Κ  3 1 member coalition 

4Κ  1 and 2 2 member coalition 

5Κ  1 and 3 2 member coalition 

6Κ  2 and 3 2 member coalition 

7Κ  1, 2, and 3 All players; cooperation, total coalition 

 
Table 5-7.  Coalition combination scenarios 
Scenario Coalition(s) Combination 
A 

1Κ , 2Κ , 3Κ  
B 

1Κ , 6Κ  
C 

5Κ , 2Κ  
D 

4Κ , 3Κ  
E 

7Κ  
 

The probabilities of formation of coalitions that includes a player i  should, by 

definition, sum up to 1 (Equation 23). 
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                                                                                              (23) 

The same applies to the sum of the scenarios probability (Equation 24), where the 

probability of each scenario is the product of the probabilities of coalition formation as 

independent events. 

1
1
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Substituting by the previously defined probability (Equation 21), we obtain, 
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As scaling constants, the sλ  in each individual equation are set equal and denoted 

1λ , 2λ , 3λ , and λ , respectively. 
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Table 5-8 summarizes the obtained results.  As expected, the probability of the 

industrial council forming a coalition with any of the other councils is null.  As a result, 

two possible negotiation scenarios are studied: (1) scenario A: the councils negotiate as 

independent one-member coalitions ( 321 ,, ΚΚΚ ), and (2) scenario C: the city and 

agricultural councils negotiates as one coalition with similar objectives, all the resources, 
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salience, highest, and risk attitudes, risk aversion, against the industrial council ( 52 ,ΚΚ ); 

the input data for this scenario are presented in Table 5-9. 

Table 5-8.  Measuring the probability of formation of different coalitions 
Coalition Κ  ΚCoh  Κb  

1Κ  1 0.571 
2Κ  1 1.000 
3Κ  1 0.571 
4Κ  0 0 
5Κ  0.75 0.429 
6Κ  0 0 
7Κ  0 0 

Coalition(s) Combination (Scenario) 
scenarioCoh  scenariob  

1Κ , 2Κ , 3Κ  (A)  0.460 
1Κ , 6Κ  (B)  0 
5Κ , 2Κ  (C)  0.540 
4Κ , 3Κ  (D)  0 
7Κ  (E)  0 

 
Table 5-9.  Input data 
Coalition Status quo Ideal point Salience Risk Propensity 
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The first scenario results in 9 variables, corresponding to the amount of each of the 

resources allocated to each of the coalitions.  The second scenario involves 6 variables.  

These quantities are bound by the non-negativity constraint.  Naturally, for each resource, 

the sum of allocated quantities to all players should add to unity.  To assess the effect of 
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the ration of gain constraint, the scenarios were run with and without it.  The solutions to 

both cases are displayed in Tables 5-10 and 5-11 and Figures 5-5 and 5-6, respectively. 

In the first case, no feasible solution was found for α  above 0.68 and β  below 

1.46 for scenario 1; for scenario 2, a solution was obtained for α  and β  equaling 1.  As 

the industrial council, coalition 2, 2Κ , had the least salience and highest risk acceptance, 

he was not allocated any of the resources, and still had the highest utility.  If the player is 

not satisfied with this result, he alters its salience, risk attitude, and / or required 

resources.  This is an example of the importance of apparent players’ positions, where 

players request a higher percentage of resources and / or combine it with higher salience 

and risk aversion to ensure that they obtain their, in this case, “unrevealed” goal.  The 

resources were allocated between coalitions 1, 1Κ , domestic council, and 3, 3Κ , 

agriculture council.  As the agriculture council had the highest salience and risk aversion 

attitude for all issues, he was allocated the most resources for a comparable utility to the 

domestic council.  In the case these councils form a coalition, 5Κ , against the industrial 

council, 2Κ , they are allotted higher resources as a coalition than what each is allocated 

by working independently, but lesser than the sum of their resources in this latter case.  

The industrial council is allotted some resources, leading to equal utilities for both 

coalitions.  This scenario shows that it is not in the benefit of the domestic and agriculture 

councils to show their cooperation.  They are better off working as independent 

coalitions, apparently, and then combining their resources.  The expected value of the 

resources and utilities for each coalition of individual council are shown in Table 5-10 

and plotted in Figure 5-5.  The red lines in the latter figure indicate the ideal point of each 

player with respect to each issue, not modified by salience and risk attitudes. 
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In the second case, the ratio of gain constraint is removed.  In the first scenario, the 

agriculture council receives the highest amounts of resources, followed by the domestic 

and industrial councils.  The results are consistent with how much importance each has 

allotted for each of the issues and how much risk they are willing to take with respect to 

each of the issues.  In the second scenario, although no limit was put on the ratio of the 

utilities, coalitions 2Κ  and 5Κ  obtained equal utilities, with most of the resources 

allotted to the latter coalition, domestic and agriculture council.  The expected value of 

the resources and utilities for each coalition of individual council are shown in Table 5-11 

and plotted in Figure 5-6. 

Figures 5-5 and 5-6, as mentioned earlier, show the expected value of the issues 

allocation and utilities for each council, with and without ratio of utilities constraint, 

respectively.  The lack of a ratio of utilities constraint resulted in unequal utilities 

between councils, compared to when that constraint is imposed.  The absence of equity in 

utilities distribution, rather than resources, suggests that the councils are unlikely to reach 

a decision, which stresses the importance of this constraint in the model. 
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Table 5-10.  Optimum resources allocation under the different scenarios, with the ratio of 
gain constraint 

Issue Coalition 
Financial Land Water 

Utility 

Scenario 1 (α =0.68 and β =1.46) 

1Κ  0.10 0.35 0.40 -0.1752 

2Κ  0.00 0.00 0.00 -0.1200 

3Κ  0.90 0.65 0.60 -0.1721 
Scenario 2 (α =1.00 and β =1.00) 

2Κ  0.10 0.20 0.10 -0.0697 

5Κ  0.90 0.80 0.90 -0.0697 
Expected resources allocation and utilities 

1Κ  0.29 0.38 0.43 -0.09950 

2Κ  0.05 0.11 0.05 -0.09292 

3Κ  0.66 0.51 0.52 -0.09808 
 

 

Table 5-11.  Optimum resources allocation under the different scenarios, without the ratio 
of gain constraint 

Issue Coalition 
Financial Land Water 

Utility 

Scenario 1 (α =0 and β =∞) 

1Κ  0.10 0.10 0.40 -0.2481 

2Κ  0.00 0.00 0.00 -0.1200 

3Κ  0.90 0.90 0.60 -0.0002 
Scenario 2 (α =0 and β =∞) 

2Κ  0.10 0.10 0.10 -0.0900 

5Κ  0.90 0.90 0.90 -0.0900 
Expected resources allocation and utilities 

1Κ  0.29 0.29 0.43 -0.13855 

2Κ  0.05 0.05 0.05 -0.10385 

3Κ  0.66 0.66 0.52 -0.02441 
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Figure 5-5.  Change of the utility function with the relative gain constraint 
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Figure 5-6.  Change of the utility function without the relative gain constraint 

 
Conclusion 

This paper presented a resources allocation model involving conflict.  The model 

was based on a utility function that accounts for position, salience, and risk attitude of 

conflicting parties.  The utility function was linearized and incorporated in a game 

theoretic framework.  Equity considerations were included by constraining the ratio of 
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utilities.  Finally, the model was validated using a theoretical application, where three 

councils, domestic, industry, an agriculture councils, are in conflict over three issues, 

financial, land, and water resources. 

The model showed that including salience and risk attitudes of coalitions 

significantly affects the resulting coalitions’ utilities, as compared to accounting for ideal 

positions alone.  The industry council, with the least salience and risk aversion for all the 

issues, was allotted the least of the resources for a comparable utility with the other 

councils. 

In addition, the model suggested that coalitions acting together does not guarantee 

them better results; the domestic and agriculture council obtained less resources as a team 

than their combined resources when acting alone.  This suggests the concept of 

“apparent” versus “real” coalitions’ intentions.  The industrial council is better off hiding 

his real salience and risk attitudes and the other two councils are better off acting alone, 

even if they eventually decide to combine their resources. 

Finally, the model showed that the absence of the ratio of utilities constraint results 

in unequal utilities; the absence of equity in utilities distribution, rather than resources, 

suggests that the councils are unlikely to reach a decision, which stresses the importance 

of this constraint in the model. 
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CHAPTER 6 
CONCLUSION 

He who knows and knows he knows – He is wise, follow him 
He who knows not and knows he knows not – He is a child, teach him 

He who knows and knows not he knows – He is asleep, wake him 
He who knows not and knows not he knows not – He is a fool, shun him 

Arabic Proverb 

As convenient and powerful formal models of decision making are, the 

mathematical representation of a real system fails to capture all the intricacies of natural 

stochasticities and complex human behavior that play a paramount role in the actual 

decision making process.  In decision analysis or risk management, or the field of 

decision making under risk and uncertainty, many techniques have been developed in an 

effort to account for those intricacies. 

In the area of single party decision making under uncertainty, there exists a large 

number of techniques designed to help a decision-maker choose among a set of 

alternatives in light of their possible consequences.  Sensitivity and scenario analysis, 

while allowing the observation of model response versus the change in an uncertain 

parameter, only provides some intuition of risk.  Expected value, while a valuable 

measure of risk, it fails to highlight extreme-event consequences.  Decision trees and 

hierarchical approaches, while including uncertainty via discrete probabilities, fail to 

generate robust and efficient solutions in situations of highly uncertain environments with 

a large number of dynamic and correlated stochastic factors and multiple types of risk 

exposures. Chance-constrained programming, while allowing for some control of 

uncertainty and associated risks through the explicit introduction of statistical central 
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moments, do not account for fat-tailed distributions and penalize positive and negative 

deviations from the mean risks value equally. Recourse and multi-stage stochastic 

optimization, while allowing for the separation of the decision-making process to 

accommodate information, and associated uncertainties, available at different time steps, 

does not provide means to control risk, and most importantly, downside risk, which is 

risk associated with low probability and high losses, i.e. extreme events. From the 

perspective of water resources management and public policy, events like dam failure, 

floods, water contamination, or water shortage, with low probabilities cannot be ignored.  

In the past ten years, a new method, the Value-at-Risk, αVaR , was developed as a 

downside risk measure with a probability associated with it.  αVaR , however, reduces the 

risk information to this single number that does not provide any information about the 

extent and distribution of the losses that exceed it, where for the same αVaR , we can 

have very different distribution shapes with different associated maximum losses; in 

addition, αVaR  is not coherent and is unstable and difficult to handle mathematically.  

An alternative measure that was developed to overcome the limitations associated with 

αVaR  is the Conditional Value-at-Risk, or αCVaR , which is a simple representation of 

risk that accounts for risk beyond αVaR , making it more conservative than αVaR ; 

αCVaR  is stable with integral characteristics, continuous, and consistent with respect to 

the confidence level α , and convex with respect to decision variables, allowing the 

construction of efficient optimizing algorithms.  αCVaR , however, has seldom been 

applied outside the fields of finance and insurance, such as military applications.  The 

literature of water resources management is filled with applications of scenario and 
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sensitivity analysis, expected value, recourse stochastic optimization, chance constrained 

optimization, and many others; however, as discussed earlier, none of these techniques 

allow the explicit control of risk of extreme events, which cannot be ignored when 

managing water resources.  The importance of this work is in applying the αCVaR  to a 

water allocation problem in order to demonstrates the utility of such a risk management 

technique in water resources management in general. The work also suggests and 

demonstrates a continuous distribution discretization method that incorporate an n-point 

moment matching technique along with optimization. 

In the area of multiple party decision making under risk and uncertainty, a large 

body of knowledge exists to analyze and predict individual preferences, attitudes, and 

choices.  A key controversy in this field is the identification of the principle factors 

motivating these preferences, attitudes, and choices.  Some main factors that have been 

dealt with in the literature include ideal position, issues salience and linkage, risk attitude, 

preference similarity and coalition formation, and equity consideration.  Ideal position 

refers to the position, or amount of resource, that a party ideally aspires to obtain and at 

which the party’s utility for that resource is maximum.  The salience of an issue to a 

decision maker is defined as the importance of that issue to the decision maker or his 

willingness to spend influence on the issue in question depending on his priorities; issues 

may be separable / non separable, where the outcome of one issue is irrelevant / relevant 

to desired outcome of another issue, and hence the salience a coalition gives it.  Risk 

attitude refers to the risk a party is willing to take in pursuing its preferences; a party may 

have different risk attitudes, i.e. be risk averse / acceptant, for different issues.  Coalition 

formation refers to both the probability of occurrence of each possible coalition and the 
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reward division among the coalitions’ members; however, only a few coalition formation 

theories have been proposed to predict the likelihood of a coalitional structure formation 

in terms of explicit probabilities.  Equity research has shown that individuals resist 

unfairness to the extent that they are willing to sacrifice their own well-being to help or 

punish those who are being kind or unkind; experiments, observed that coalitions tend to 

refuse outcomes that result in substantially higher gains to other coalitions, even if this 

outcome results in an improvement in its situation.  Methods accounting for absolute, 

difference, and ratio of utilities have been suggested.  While several research incorporate 

one or more of these factors, the importance of this work is in the incorporation of all of 

these factors into one comprehensive model that allows the prediction of optimal 

solutions in view of all of these factors.  Note that the model does not assume a specific 

framework of single-shot versus dynamic, complete information versus Bayesian, 

cooperative versus noncooperative game and may be solved depending on the specific 

situation.  In addition, this work develops a method of calculating coalitions formation 

probabilities based on their ranking of each other and by assuming that the probability of 

a coalition formation is proportional to the cohesion measure for its members. 

The work is divided into six chapters.  After the presentation of plan of work in 

Chapter 1, Chapter 2 defined the concepts of risk, uncertainty, and risk management and 

compared the various general risk management approaches with emphasis on value-at-

risk and conditional value-at-risk concepts, and described the different scenario 

generation techniques.  The chapter concluded with a review of the various risk 

management modeling approaches in the field of water resources management.  Chapter 

3 presented an application of some risk management techniques to a case of water 
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resources allocation in the Saint John’s River Water Management District caution area.  

The developed model was a mixed linear integer stochastic model with uncertain 

supplies; it was formulated under an expected value, a two-stage stochastic, and 

conditional value-at-risk frameworks, and run for two normal distributions of supplies 

with different standard deviations.  As Chapters 2 and 3 focused on risk management 

techniques in situations of single party decision situations, Chapters 4 and 5 focused on 

multiple parties or strategic decision making, specifically, game theory and its extensions.  

As the core of game theory models, Chapter 4 starts with a review of individual choice 

models of preferences or utility, their limitations, and their alternatives.  The discussion is 

continued with the examination of standard game theory, its main taxonomy, solution 

concepts, and limitations, setting the stage for behavioral game theory.  Chapter 5, 

developed a decision making model involving multiple parties and multiple issues in the 

framework of games.  Attempting to simulate real world situations, the model 

incorporated behavioral observations such as equity, salience, and risk attitudes; the 

model also incorporated a method to estimate the probabilities of coalitions formation, if 

they form, based on the members cohesion.  Note that the model may be treated as 

cooperative or noncooperative or as a one-shot or repeated game.  Finally, the model was 

applied to a hypothetical situation involving the allocation of three issues, including 

water, to three parties with competing and conflicting objectives. 
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APPENDIX  

SJRWMD COSTS DEPRECIATION 

Engineering News Records estimate a Construction Cost Index, CCI, on a monthly 

basis, which represents the underlying trends of construction costs in the USA.  It is 

determined by several factors such as labor, materials, and others.  Table A-1 lists 

historical yearly averages of CCI for the years 1908 – 2005.  Figure A-1 is a plot of these 

values to obtain a best fit of the year – CCI relationship.  Using the Equation of the best 

fit, projections of CCI were calculated for the years 2000 – 2025 (Table A-2).  CCI was 

also estimated from the equation for the years 2000 – 2005 for consistency. 

But what is the significance of CCI and how is it used? Actually, CCI is used as a 

measure of change of costs between different years (ENR, 2005; Michaels, 1996).  This 

change, CCI∆ , for consecutive time periods, years, is estimated using Equation 2.  The 

change in CCI can also be calculated for non-consecutive years using Equation 3, such as 

tt <' . 
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To estimate the value of costs at time t , tC , the cost at time 't , 'tC  is multiplied by 

tCCI∆ , with tt <' , Equation 4. 
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'ttt CCCIC ×∆=        4 

Table A-3 are the discounted cost estimates for the different SJRWMD suggested 

projects presented in Table 3-5. 

y = 1.530E-07x6 - 1.804E-03x5 + 8.861E+00x4 - 
2.321E+04x3 + 3.419E+07x2 - 2.686E+10x + 8.790E+12
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Figure A-1.  CCI ENR historical data 
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Table A-1.  CCI ENR (1908-2005) 
Year CCI Year CCI Year CCI Year CCI 
1908 97 1933 170 1958 759 1983 4066 
1909 91 1934 198 1959 797 1984 4146 
1910 93 1935 196 1960 824 1985 4195 
1911 93 1936 206 1961 847 1986 4295 
1912 91 1937 235 1962 872 1987 4406 
1913 100 1938 236 1963 901 1988 4519 
1914 89 1939 236 1964 936 1989 4615 
1915 93 1940 242 1965 971 1990 4732 
1916 130 1941 258 1966 1019 1991 4835 
1917 181 1942 276 1967 1074 1992 4985 
1918 189 1943 290 1968 1155 1993 5210 
1919 198 1944 299 1969 1269 1994 5408 
1920 251 1945 308 1970 1381 1995 5471 
1921 202 1946 346 1971 1581 1996 5620 
1922 174 1947 413 1972 1753 1997 5826 
1923 214 1948 461 1973 1895 1998 5920 
1924 215 1949 477 1974 2020 1999 6059 
1925 207 1950 510 1975 2212 2000 6221 
1926 208 1951 543 1976 2401 2001 6343 
1927 206 1952 569 1977 2576 2002 6538 
1928 207 1953 600 1978 2776 2003 6694 
1929 207 1954 628 1979 3003 2004 7115 
1930 203 1955 660 1980 3237 2005 7298 
1931 181 1956 692 1981 3535   
1932 157 1957 724 1982 3825   
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Table A-2.  CCI ENR projection and relative change(2000-2030) 
Year CCI Percent Relative Change ( CCI∆ ) 
2000 6348  
2001 6489 2.2131 
2002 6626 2.1085 
2003 6759 2.0090 
2004 6888 1.9150 
2005 7014 1.8269 
2006 7136 1.7444 
2007 7256 1.6695 
2008 7372 1.5997 
2009 7485 1.5398 
2010 7596 1.4869 
2011 7706 1.4424 
2012 7815 1.4078 
2013 7923 1.3827 
2014 8031 1.3689 
2015 8141 1.3653 
2016 8253 1.3750 
2017 8368 1.3978 
2018 8488 1.4329 
2019 8614 1.4831 
2020 8747 1.5480 
2021 8890 1.6279 
2022 9043 1.7239 
2023 9209 1.8358 
2024 9390 1.9640 
2025 9588 2.1081 
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Table A-3.  Discounted costs of the SJRWMD proposed projects for the caution area 
Year 2003 2004 2005 2006 
Option CC O&MC UPC CC O&MC UPC CC O&MC UPC CC O&MC UPC 
111 189 7.56 3.03 192.619 7.705 3.088 196.135 7.845 3.144 199.560 7.982 3.199 
121 91 3.81 3.00 92.743 3.883 3.057 94.435 3.954 3.113 96.084 4.023 3.168 
131 457 18.71 2.93 465.751 19.068 2.986 474.252 19.416 3.041 482.533 19.755 3.094 
132 238 11.29 2.74 242.558 11.506 2.792 246.984 11.716 2.843 251.297 11.921 2.893 
133 217 7.56 3.27 221.155 7.705 3.333 225.192 7.845 3.393 229.124 7.982 3.453 
134 84 3.67 2.94 85.609 3.740 2.996 87.171 3.809 3.051 88.693 3.875 3.104 
141 81 3.80 2.80 82.551 3.873 2.854 84.058 3.943 2.906 85.526 4.012 2.956 
142 372 18.80 2.63 379.124 19.160 2.680 386.043 19.510 2.729 392.784 19.850 2.777 
143 714 37.20 2.55 727.673 37.912 2.599 740.953 38.604 2.646 753.892 39.278 2.692 
151 210 7.56 3.22 214.021 7.705 3.282 217.927 7.845 3.342 221.733 7.982 3.400 
152 105 3.80 3.25 107.011 3.873 3.312 108.964 3.943 3.373 110.866 4.012 3.432 
153 447 18.80 2.91 455.560 19.160 2.966 463.874 19.510 3.020 471.974 19.850 3.073 
154 871 37.20 2.84 887.679 37.912 2.894 903.880 38.604 2.947 919.664 39.278 2.999 
161 386 12.40 3.41 393.392 12.637 3.475 400.571 12.868 3.539 407.566 13.093 3.601 
171 55 2.20 1.66 56.053 2.242 1.692 57.076 2.283 1.723 58.073 2.323 1.753 
172 134 6.00 1.68 136.566 6.115 1.712 139.058 6.226 1.743 141.487 6.335 1.774 
211 255 5.45 2.94 259.883 5.554 2.996 264.626 5.656 3.051 269.247 5.754 3.104 
311 90 5.00 3.33 91.723 5.096 3.394 93.397 5.189 3.456 95.028 5.279 3.516 
312 180 9.40 3.23 183.447 9.580 3.292 186.795 9.755 3.352 190.057 9.925 3.410 
313 274 13.60 3.20 279.247 13.860 3.261 284.343 14.113 3.321 289.309 14.360 3.379 
321 90 4.50 3.20 91.723 4.586 3.261 93.397 4.670 3.321 95.028 4.751 3.379 
322 177 8.40 3.07 180.389 8.561 3.129 183.682 8.717 3.186 186.889 8.869 3.242 
323 268 12.10 3.28 273.132 12.332 3.343 278.117 12.557 3.404 282.973 12.776 3.463 
331 83 3.10 5.06 84.589 3.159 5.157 86.133 3.217 5.251 87.637 3.273 5.343 
332 121 5.20 3.99 123.317 5.300 4.066 125.568 5.396 4.141 127.760 5.491 4.213 
333 159 7.60 3.61 162.045 7.746 3.679 165.002 7.887 3.746 167.884 8.025 3.812 
GW 0 48.91 1 0.000 49.847 1.019 0.000 50.756 1.038 0.000 51.643 1.056 
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Table A-3 Continued 
Year 2007 2008 2009 2010 
Option CC O&MC UPC CC O&MC UPC CC O&MC UPC CC O&MC UPC 
111 202.891 8.116 3.253 206.137 8.245 3.305 209.311 8.372 3.356 212.423 8.497 3.406 
121 97.688 4.090 3.220 99.251 4.155 3.272 100.779 4.219 3.322 102.278 4.282 3.372 
131 490.589 20.085 3.145 498.437 20.406 3.196 506.112 20.721 3.245 513.637 21.029 3.293 
132 255.493 12.120 2.941 259.580 12.314 2.988 263.577 12.503 3.034 267.496 12.689 3.080 
133 232.949 8.116 3.510 236.676 8.245 3.566 240.320 8.372 3.621 243.893 8.497 3.675 
134 90.174 3.940 3.156 91.616 4.003 3.207 93.027 4.064 3.256 94.410 4.125 3.304 
141 86.953 4.079 3.006 88.344 4.145 3.054 89.705 4.208 3.101 91.039 4.271 3.147 
142 399.341 20.182 2.823 405.730 20.505 2.868 411.977 20.820 2.913 418.103 21.130 2.956 
143 766.478 39.934 2.737 778.739 40.573 2.781 790.730 41.198 2.824 802.488 41.810 2.866 
151 225.435 8.116 3.457 229.041 8.245 3.512 232.568 8.372 3.566 236.026 8.497 3.619 
152 112.717 4.079 3.489 114.521 4.145 3.545 116.284 4.208 3.599 118.013 4.271 3.653 
153 479.854 20.182 3.124 487.530 20.505 3.174 495.037 20.820 3.223 502.398 21.130 3.271 
154 935.017 39.934 3.049 949.975 40.573 3.098 964.602 41.198 3.145 978.945 41.810 3.192 
161 414.370 13.311 3.661 420.999 13.524 3.719 427.482 13.733 3.776 433.838 13.937 3.833 
171 59.042 2.362 1.782 59.987 2.399 1.811 60.911 2.436 1.838 61.816 2.473 1.866 
172 143.849 6.441 1.803 146.150 6.544 1.832 148.400 6.645 1.861 150.607 6.744 1.888 
211 273.742 5.851 3.156 278.121 5.944 3.207 282.404 6.036 3.256 286.603 6.125 3.304 
311 96.615 5.367 3.575 98.160 5.453 3.632 99.672 5.537 3.688 101.154 5.620 3.743 
312 193.230 10.091 3.467 196.321 10.252 3.523 199.344 10.410 3.577 202.308 10.565 3.630 
313 294.139 14.600 3.435 298.844 14.833 3.490 303.446 15.062 3.544 307.957 15.285 3.597 
321 96.615 4.831 3.435 98.160 4.908 3.490 99.672 4.984 3.544 101.154 5.058 3.597 
322 190.009 9.017 3.296 193.049 9.162 3.348 196.021 9.303 3.400 198.936 9.441 3.450 
323 287.698 12.989 3.521 292.300 13.197 3.577 296.801 13.400 3.632 301.214 13.600 3.686 
331 89.100 3.328 5.432 90.526 3.381 5.519 91.920 3.433 5.604 93.286 3.484 5.687 
332 129.893 5.582 4.283 131.971 5.671 4.352 134.003 5.759 4.419 135.996 5.844 4.484 
333 170.686 8.159 3.875 173.417 8.289 3.937 176.087 8.417 3.998 178.705 8.542 4.057 
GW 0.000 52.505 1.073 0.000 53.345 1.091 0.000 54.166 1.107 0.000 54.972 1.124 
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Table A-3 Continued 
Year 2011 2012 2013 2014 
Option CC O&MC UPC CC O&MC UPC CC O&MC UPC CC O&MC UPC 
111 215.487 8.619 3.455 218.521 8.741 3.503 221.542 8.862 3.552 224.575 8.983 3.600 
121 103.753 4.344 3.420 105.214 4.405 3.469 106.669 4.466 3.517 108.129 4.527 3.565 
131 521.046 21.332 3.341 528.381 21.632 3.388 535.687 21.932 3.434 543.020 22.232 3.482 
132 271.354 12.872 3.124 275.174 13.053 3.168 278.979 13.234 3.212 282.798 13.415 3.256 
133 247.411 8.619 3.728 250.894 8.741 3.781 254.363 8.862 3.833 257.845 8.983 3.886 
134 95.772 4.184 3.352 97.120 4.243 3.399 98.463 4.302 3.446 99.811 4.361 3.493 
141 92.352 4.333 3.192 93.652 4.394 3.237 94.947 4.454 3.282 96.246 4.515 3.327 
142 424.133 21.435 2.999 430.104 21.736 3.041 436.052 22.037 3.083 442.021 22.339 3.125 
143 814.063 42.413 2.907 825.523 43.010 2.948 836.938 43.605 2.989 848.395 44.202 3.030 
151 239.430 8.619 3.671 242.801 8.741 3.723 246.158 8.862 3.774 249.528 8.983 3.826 
152 119.715 4.333 3.705 121.400 4.394 3.758 123.079 4.454 3.810 124.764 4.515 3.862 
153 509.644 21.435 3.318 516.819 21.736 3.365 523.965 22.037 3.411 531.138 22.339 3.458 
154 993.065 42.413 3.238 1007.045 43.010 3.284 1020.970 43.605 3.329 1034.946 44.202 3.375 
161 440.095 14.138 3.888 446.291 14.337 3.943 452.462 14.535 3.997 458.656 14.734 4.052 
171 62.708 2.508 1.893 63.591 2.544 1.919 64.470 2.579 1.946 65.353 2.614 1.972 
172 152.779 6.841 1.915 154.930 6.937 1.942 157.072 7.033 1.969 159.223 7.129 1.996 
211 290.737 6.214 3.352 294.830 6.301 3.399 298.906 6.388 3.446 302.998 6.476 3.493 
311 102.613 5.701 3.797 104.057 5.781 3.850 105.496 5.861 3.903 106.940 5.941 3.957 
312 205.226 10.717 3.683 208.115 10.868 3.735 210.993 11.019 3.786 213.881 11.169 3.838 
313 312.399 15.506 3.648 316.797 15.724 3.700 321.178 15.942 3.751 325.574 16.160 3.802 
321 102.613 5.131 3.648 104.057 5.203 3.700 105.496 5.275 3.751 106.940 5.347 3.802 
322 201.805 9.577 3.500 204.646 9.712 3.550 207.476 9.846 3.599 210.316 9.981 3.648 
323 305.559 13.796 3.740 309.860 13.990 3.792 314.145 14.183 3.845 318.445 14.378 3.897 
331 94.632 3.534 5.769 95.964 3.584 5.850 97.291 3.634 5.931 98.623 3.684 6.012 
332 137.957 5.929 4.549 139.900 6.012 4.613 141.834 6.095 4.677 143.776 6.179 4.741 
333 181.283 8.665 4.116 183.835 8.787 4.174 186.377 8.909 4.232 188.928 9.031 4.290 
GW 0.000 55.764 1.140 0.000 56.549 1.156 0.000 57.331 1.172 0.000 58.116 1.188 
 
 



 

 

214

Table A-3 Continued 
Year 2015 2016 2017 2018 
Option CC O&MC UPC CC O&MC UPC CC O&MC UPC CC O&MC UPC 
111 227.641 9.106 3.649 230.771 9.231 3.700 233.997 9.360 3.751 237.350 9.494 3.805 
121 109.605 4.589 3.613 111.112 4.652 3.663 112.665 4.717 3.714 114.280 4.785 3.767 
131 550.434 22.535 3.529 558.003 22.845 3.578 565.802 23.164 3.628 573.910 23.496 3.680 
132 286.659 13.598 3.300 290.601 13.785 3.346 294.663 13.978 3.392 298.885 14.178 3.441 
133 261.366 9.106 3.939 264.960 9.231 3.993 268.663 9.360 4.049 272.513 9.494 4.107 
134 101.174 4.420 3.541 102.565 4.481 3.590 103.999 4.544 3.640 105.489 4.609 3.692 
141 97.560 4.577 3.372 98.902 4.640 3.419 100.284 4.705 3.467 101.721 4.772 3.516 
142 448.056 22.644 3.168 454.217 22.955 3.211 460.565 23.276 3.256 467.165 23.609 3.303 
143 859.978 44.806 3.071 871.803 45.422 3.114 883.988 46.057 3.157 896.655 46.716 3.202 
151 252.935 9.106 3.878 256.413 9.231 3.932 259.997 9.360 3.987 263.722 9.494 4.044 
152 126.467 4.577 3.914 128.206 4.640 3.968 129.998 4.705 4.024 131.861 4.772 4.081 
153 538.389 22.644 3.505 545.792 22.955 3.553 553.421 23.276 3.603 561.351 23.609 3.654 
154 1049.076 44.806 3.421 1063.502 45.422 3.468 1078.367 46.057 3.516 1093.819 46.716 3.567 
161 464.918 14.935 4.107 471.311 15.141 4.164 477.898 15.352 4.222 484.746 15.572 4.282 
171 66.245 2.650 1.999 67.156 2.686 2.027 68.094 2.724 2.055 69.070 2.763 2.085 
172 161.396 7.227 2.023 163.616 7.326 2.051 165.903 7.428 2.080 168.280 7.535 2.110 
211 307.135 6.564 3.541 311.358 6.655 3.590 315.710 6.748 3.640 320.234 6.844 3.692 
311 108.401 6.022 4.011 109.891 6.105 4.066 111.427 6.190 4.123 113.024 6.279 4.182 
312 216.801 11.322 3.890 219.782 11.478 3.944 222.854 11.638 3.999 226.048 11.805 4.056 
313 330.019 16.381 3.854 334.557 16.606 3.907 339.234 16.838 3.962 344.095 17.079 4.019 
321 108.401 5.420 3.854 109.891 5.495 3.907 111.427 5.571 3.962 113.024 5.651 4.019 
322 213.188 10.117 3.698 216.119 10.257 3.749 219.140 10.400 3.801 222.280 10.549 3.855 
323 322.793 14.574 3.951 327.231 14.774 4.005 331.805 14.981 4.061 336.560 15.195 4.119 
331 99.969 3.734 6.095 101.344 3.785 6.178 102.761 3.838 6.265 104.233 3.893 6.354 
332 145.739 6.263 4.806 147.742 6.349 4.872 149.808 6.438 4.940 151.954 6.530 5.011 
333 191.508 9.154 4.348 194.141 9.280 4.408 196.855 9.409 4.469 199.675 9.544 4.534 
GW 0.000 58.910 1.204 0.000 59.720 1.221 0.000 60.554 1.238 0.000 61.422 1.256 
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Table A-3 Continued 
Year 2019 2020 2021 2022 
Option CC O&MC UPC CC O&MC UPC CC O&MC UPC CC O&MC UPC 
111 240.870 9.635 3.862 244.599 9.784 3.921 248.581 9.943 3.985 252.866 10.115 4.054 
121 115.974 4.856 3.823 117.770 4.931 3.883 119.687 5.011 3.946 121.750 5.097 4.014 
131 582.421 23.845 3.734 591.437 24.214 3.792 601.065 24.608 3.854 611.427 25.032 3.920 
132 303.318 14.388 3.492 308.013 14.611 3.546 313.027 14.849 3.604 318.424 15.105 3.666 
133 276.554 9.635 4.167 280.836 9.784 4.232 285.407 9.943 4.301 290.328 10.115 4.375 
134 107.053 4.677 3.747 108.711 4.750 3.805 110.480 4.827 3.867 112.385 4.910 3.933 
141 103.230 4.843 3.568 104.828 4.918 3.624 106.535 4.998 3.683 108.371 5.084 3.746 
142 474.093 23.960 3.352 481.432 24.330 3.404 489.270 24.727 3.459 497.705 25.153 3.519 
143 909.953 47.409 3.250 924.040 48.143 3.300 939.082 48.927 3.354 955.272 49.770 3.412 
151 267.633 9.635 4.104 271.776 9.784 4.167 276.201 9.943 4.235 280.962 10.115 4.308 
152 133.817 4.843 4.142 135.888 4.918 4.206 138.100 4.998 4.275 140.481 5.084 4.348 
153 569.677 23.960 3.709 578.495 24.330 3.766 587.913 24.727 3.827 598.048 25.153 3.893 
154 1110.041 47.409 3.619 1127.225 48.143 3.675 1145.575 48.927 3.735 1165.324 49.770 3.800 
161 491.936 15.803 4.346 499.551 16.048 4.413 507.683 16.309 4.485 516.435 16.590 4.562 
171 70.094 2.804 2.116 71.180 2.847 2.148 72.338 2.894 2.183 73.585 2.943 2.221 
172 170.776 7.647 2.141 173.419 7.765 2.174 176.242 7.891 2.210 179.281 8.027 2.248 
211 324.983 6.946 3.747 330.014 7.053 3.805 335.387 7.168 3.867 341.168 7.292 3.933 
311 114.700 6.372 4.244 116.476 6.471 4.310 118.372 6.576 4.380 120.412 6.690 4.455 
312 229.400 11.980 4.116 232.951 12.165 4.180 236.743 12.363 4.248 240.825 12.576 4.321 
313 349.198 17.332 4.078 354.603 17.601 4.141 360.376 17.887 4.209 366.589 18.196 4.281 
321 114.700 5.735 4.078 116.476 5.824 4.141 118.372 5.919 4.209 120.412 6.021 4.281 
322 225.577 10.705 3.913 229.069 10.871 3.973 232.798 11.048 4.038 236.811 11.238 4.107 
323 341.551 15.421 4.180 346.838 15.659 4.245 352.485 15.914 4.314 358.561 16.189 4.388 
331 105.779 3.951 6.449 107.416 4.012 6.549 109.165 4.077 6.655 111.047 4.148 6.770 
332 154.208 6.627 5.085 156.595 6.730 5.164 159.144 6.839 5.248 161.888 6.957 5.338 
333 202.637 9.686 4.601 205.774 9.836 4.672 209.123 9.996 4.748 212.729 10.168 4.830 
GW 0.000 62.333 1.274 0.000 63.298 1.294 0.000 64.328 1.315 0.000 65.437 1.338 
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Table A-3 Continued 
Year 2023 2024 2025 
Option CC O&MC UPC CC O&MC UPC CC O&MC UPC 
111 257.508 10.300 4.128 262.566 10.503 4.209 268.101 10.724 4.298 
121 123.985 5.191 4.087 126.420 5.293 4.168 129.086 5.405 4.256 
131 622.652 25.492 3.992 634.881 25.993 4.070 648.265 26.541 4.156 
132 324.270 15.382 3.733 330.638 15.684 3.807 337.608 16.015 3.887 
133 295.658 10.300 4.455 301.464 10.503 4.543 307.819 10.724 4.639 
134 114.448 5.000 4.006 116.696 5.098 4.084 119.156 5.206 4.170 
141 110.361 5.177 3.815 112.528 5.279 3.890 114.900 5.390 3.972 
142 506.841 25.615 3.583 516.796 26.118 3.654 527.690 26.668 3.731 
143 972.809 50.684 3.474 991.914 51.680 3.543 1012.825 52.769 3.617 
151 286.120 10.300 4.387 291.740 10.503 4.473 297.890 10.724 4.568 
152 143.060 5.177 4.428 145.870 5.279 4.515 148.945 5.390 4.610 
153 609.027 25.615 3.965 620.988 26.118 4.043 634.080 26.668 4.128 
154 1186.718 50.684 3.869 1210.025 51.680 3.945 1235.533 52.769 4.029 
161 525.916 16.895 4.646 536.245 17.227 4.737 547.550 17.590 4.837 
171 74.936 2.997 2.262 76.408 3.056 2.306 78.019 3.121 2.355 
172 182.572 8.175 2.289 186.158 8.335 2.334 190.082 8.511 2.383 
211 347.432 7.425 4.006 354.255 7.571 4.084 361.723 7.731 4.170 
311 122.623 6.812 4.537 125.031 6.946 4.626 127.667 7.093 4.724 
312 245.246 12.807 4.401 250.062 13.059 4.487 255.334 13.334 4.582 
313 373.319 18.530 4.360 380.651 18.894 4.446 388.675 19.292 4.539 
321 122.623 6.131 4.360 125.031 6.252 4.446 127.667 6.383 4.539 
322 241.158 11.445 4.183 245.895 11.670 4.265 251.079 11.916 4.355 
323 365.144 16.486 4.469 372.315 16.810 4.557 380.164 17.164 4.653 
331 113.086 4.224 6.894 115.307 4.307 7.030 117.737 4.397 7.178 
332 164.860 7.085 5.436 168.098 7.224 5.543 171.641 7.376 5.660 
333 216.634 10.355 4.919 220.889 10.558 5.015 225.545 10.781 5.121 
GW 0.000 66.639 1.362 0.000 67.948 1.389 0.000 69.380 1.419 



 

217 

 
LIST OF REFERENCES 

Abdellaoui, M. (2002). "A Genuine Rank-Dependent Generalization of the Von 
Neumann-Morgenstern Expected Utility Theorem." Econometrica, 70(2), 717-
736. 

Abdollahian, M., and Alsharabati, C. (2003). "Modeling the Strategic Effects of Risk and 
Perceptions in Linkage Politics." Rationality and Society, 15(1), 113-135. 

Abramowitz, M. (1965). Handbook of Mathematical Functions,  with Formulas, Graphs, 
and Mathematical Tables, Dover Publications, New York, NY, USA. 

Abrishamshi, A., Marino, M. A., and Afshar, A. (1991). "Reservoir Planning for 
Irrigation District." Journal of Water Resources Planning and Management, 117, 
74-85. 

Adams, G., Rausser, G., and Simon, L. (1996). "Modelling Mulitlateral Negotiations: An 
Application to California Water Policy." Journal of Economic Behavior and 
Organization, 30, 97-111. 

Aguado, E., Sitar, N., and Remson, I. (1977). "Sensitivity Analysis in Aquifer Studies." 
Water Resources Research, 13, 733-737. 

Aknine, S., Pinson, S., and Shakun, M. F. (2004). "A Multi-Agent Coalition Formation 
Method Based on Preference Models." Group Decision and Negotiation, 13(6), 
513-538. 

Akter, T., and Simonovic, S. P. (2004). "Modelling Uncertainties in Short-Term 
Reservoir Operation Using Fuzzy Sets and a Genetic Algorithm." Hydrological 
Sciences Journal-Journal Des Sciences Hydrologiques, 49(6), 1081-1097. 

Albrecht, P. (2003). "Risk Measures." SFB 504, dp 03-01, Sonderforschungsbereich, 
National Research Center on Concepts of Rationality, Decision Making and 
Economic Modeling at Mannheim, University of Manheim, Schloss, Germany. 

Alker, H. R. (1973). Mathematical Approaches to Politics, Jossey-Bass, San Francisco, 
CA, USA. 



218 

 

Allais, M. (1953a). "Le Comportement De L'homme Rationnel Devant Le Risque: 
Critique Des Postulats Et Axiomes De L'ecole Americaine." Econometrica: 
Journal of the Econometric Society, 21(4), 503-546.Allais, M. (1953b). 
"L'extension Des Theories De L'equilibre Economique General Et Du Rendement 
Social Au Cas Du Risque." Econometrica, Journal of the Econometric Society, 
21(2), 269-290. 

Allais, M. (1979). "The Foundations of a Positive Theorie of Choice Involving Risk and a 
Criticism of the Postulates and Axioms of the American School." Expected Utility 
Theory and the Allais Paradox, M. Allais and O. Hagen, eds., 27-145, Reidel, 
Dordrecht, Holland. 

Allen, B. (1987). "Smooth Preferences and the Approximate Expected Utility 
Hypothesis." Journal of Economic Theory, 41(2), 340-355. 

Alley, H., Bacinello, C. P., and Hipel, K. W. (1979). "Fuzzy Set Approaches to Planning 
in the Grand River Basin." Advances in Water Resources, 2, 3-12. 

Al-Zahrani, M. A., and Ahmad, A. M. (2004). "Stochastic Goal Programming Model for 
Optimal Blending of Desalinated Water with Groundwater." Water Resources 
Management, 18(4), 339-352. 

Andricevic, R. (1990). "A Real-Time Approach to Management and Monitoring of 
Groundwater Hydraulics." Water Resources Research, 26, 2747-2755. 

Andricevic, R., and Kitanidis, P. K. (1990). "Optimization of the Pumping Schedule in 
Aquifer Remediation under Uncertainty." Water Resources Research, 26(5), 875-
885. 

Anscombe, F. J., and Aumann, R. J. (1963). "A Definition of Subjective Probability." 
Annals of Mathematical Statistics, 34(1), 199-205. 

Arkes, H. R., Dawes, R. M., and Christensen, C. (1986). "Factors Influencing the Use of 
a Decision Rule in a Probabilistic Task." Organizational Behavior and Human 
Decision Processes, 37(1), 93-110. 

Arnold, T., and Schwalbe, U. (2002). "Dynamic Coalition Formation and the Core." 
Journal of Economic Behavior & Organization, 49(3), 363-380. 

Arrow, K. J. (1951). "Alternative Approaches to the Theory of Choice in Risk-Taking 
Situations." Econometrica: Journal of the Econometric Society, 19(4), 404-437. 

Arrow, K. J. (1953). "Le Role Des Valeurs Boursieres Dans La Meilleure Repartition Des 
Risques." Econometrie, Centre Nationale de la Recherche Scientifique, Paris, 
France. 

Arrow, K. J. (1958). "Utilities, Attitudes, Choices: A Review Note." Econometrica: 
Journal of the Econometric Society, 26(1), 1-23. 



219 

 

Arrow, K. J. (1971). Essays in the Theory of Risk Bearing, Markham, Chicago, IL, USA. 

Artzner, P., Delbaen, F., Eber, J. M., and Heath, D. (1999). "Coherent Measures of Risk." 
Mathematical Finance, 9, 203-228. 

Asefa, T., Kemblowski, M. W., Urroz, G., McKee, M., and Khalil, A. (2004). "Support 
Vectors-Based Groundwater Head Observation Networks Design - Art. No. 
W11509." Water Resources Research, 40(11), 11509-11509. 

Askew, A. J. (1974). "Chance Constrained Dynamic Programming and the Optimization 
of Water Resource Systems." Water Resources Research, 10, 1099-1106. 

Aumann, R. J. (1959). "Acceptable Points in General Cooperative N-Person Games." 
Contributions to the Theory of Games, IV, H. W. Kuhn and R. D. Luce, eds., 287-
324, Princeton University Press, Princeton. 

Aumann, R. J. (1962). "Utility Theory without the Completeness Axiom." Econometrica: 
Journal of the Econometric Society, 30(3), 445-462. 

Aumann, R. J. (1974). "Subjectivity and Correlation in Randomized Strategies." Journal 
of Mathematical Economics, 1(1), 67-96. 

Aumann, R. J. (1976). "Agrreing to Diagree." Annals of Statistics, 4, 1236-1239. 

Axelrod, R. (1970). Conflict of Interest, Markham, Chicago, IL, USA. 

Axelrod, R. (1984). The Evolution of Cooperation, Basic Books, New York, NY, USA. 

Azaiez, M. N., Hariga, M., and Al-Harkan, I. (2005). "A Chance-Constrained Multi-
Period Model for a Special Multi-Reservoir System." Computers & Operations 
Research, 32(5), 1337-1351. 

Babovic, V., Drecourt, J.-P., Keijzer, M., and Friss Hansen, P. (2002). "A Data Mining 
Approach to Modelling of Water Supply Assets." Urban Water, 4(4), 401-414. 

Baffaut, C., and Chameau, J. L. (1990). "Estimation of Pollutant Loads with Fuzzy Sets." 
Civil Engineering Systems, 7(1), 51-61. 

Barbera, S., and Gerber, A. (2003). "On Coalition Formation: Durable Coalition 
Structures." Mathematical Social Sciences, 45(2), 185-203. 

Bar-Hillel, M. (1973). "On the Subjective Probability of Compound Events." 
Organizational Behavior and Human Performance, 9(3), 396-406. 

Bar-Hillel, M. (1974). "Similarity and Probability." Organizational Behavior and Human 
Performance, 11(2), 277-282. 



220 

 

Barnard, G. A., and Bayes, T. (1958). "Studies in the History of Probability and 
Statistics: Ix. Thomas Bayes's Essay Towards Solving a Problem in the Doctrine 
of Chances." Biometrika, 45(3/4), 293-315. 

Barreteau, O., Bousquet, F., and Attonaty, J. M. (2001). "Role-Playing Games for 
Opening the Black Box of Multi-Agent Systems: Method and Lessons of Its 
Application to Senegal River Valley Irrigated Systems." Journal of Artificial 
Society and Social Simulations, 4(2), 12. 

Barry, B. (1971). "Conflict of Interest and Coalition Formation." British Journal of 
Political Science, 1(2), 255-256. 

Batchelor, C., and Cain, J. (1999). "Application of Belief Networks to Water 
Management Studies." Agricultural Water Management, 40(1), 51-57. 

Bawa, V. S. (1975). "Optimal Rules for Ordering Uncertain Prospects." Journal of 
Financial Economics, 2(1), 95-121. 

Beale, E. M. L. (1955). "On Minizing a Convex Function Subject to Linear Inequalities." 
Journal of the Royal Statistical Society. Series B (Methodological), 17(2), 173-
184. 

Beaumont, G. P. (1986). Probability and Random Variables, Halsted Press, Ney York, 
NY, USA. 

Becker, J. L., and Sarin, R. K. (1987). "Lottery Dependent Utility." Management Science, 
33(11), 1367-1382. 

Becker, N., and Easter, K. W. (1995). "Cooperative and Non-Cooperative Water 
Diversions in the Great Lakes Basin." Water Quantity / Quality Management and 
Conflict Resolution, 321-336, Praeger, Westport, CT, USA. 

Becker, N., and Easter, K. W. (1997). "Water Diversion from the Great Lakes: Is a 
Cooperative Approach Possible." Water Resources Development, 13(1), 53-65. 

Becker, N., and Easter, K. W. (1999). "Conflict and Cooperation in Managing 
International Water Resources Such as the Great Lakes." Land Economics, 75(2), 
233-245. 

Bell, D. E. (1983). "Risk Premiums for Decision Regret." Management Science, 29(10), 
1156-1166. 

Bell, D. E. (1985). "Disappointment in Decision Making under Uncertainty." Operations 
Research, 33, 1-27. 

Bell, D. E. (1988). "One-Switch Utility Functions and a Measure of Risk." Management 
Science, 34(12), 1416-1424. 



221 

 

Bell, D. E. (1995). "Risk, Return, and Utility." Management Science, 41(1), 23-30. 

Bell, D. E., and Fishburn, P. C. (2003). "Probability Weights in Rank-Dependent Utility 
with Binary Even-Chance Independence." Journal of Mathematical Psychology, 
47(3), 244-258. 

Bell, L. S. J., and Binning, P. J. (2004). "A Split Operator Approach to Reactive 
Transport with the Forward Particle Tracking Eulerian Lagrangian Localized 
Adjoint Method." Advances in Water Resources, 27(4), 323-334. 

Ben Alaya, A., Souissi, A., and Tarhouni, J. (2003). "Optimization of Nebhana Reservoir 
Water Allocation by Stochastic Dynamic Programming." Water Resources 
Management, 17(4), 259-272. 

Ben Shachar, H., Fishelson, G., and Hirsch, S. (1989). Economic Cooperation in the 
Middle East Peace, Weidenfeld and Nicolson, London, UK. 

Ben-Dak, J. D. (1972). "Some Directions for Research toward Peaceful Arab-Israeli 
Relations: Analysis of Past Events and Gaming Simulation of the Future." 
Journal of Conflict Resolution, 16(2, Research Perspectives on the Arab-Israeli 
Conflict: A Symposium), 281-295. 

Bender, M. J., and Simonovic, S. P. (2000). "A Fuzzy Compromise Approach to Water 
Resource Systems Planning under Uncertainty." Fuzzy Sets and Systems, 115(1), 
35-44. 

Ben-Haim, Y. (1997). "Beyond Maximum Entropy: Exploring the Structure of 
Uncertainty." Uncertainty: Models and Measures, H. G. Natke and Y. Ben-Haim, 
eds., 11-26, Akademie-Verlag, Berlin, Germany. 

Bennett, P. (1977). "Toward a Theory of Hypergames." Omega, 5(6), 749-751. 

Bennett, P. (1998). "Confrontation Analysis as a Diagnostic Tool." European Journal of 
Operational Research, 109, 465-482. 

Bennett, P., and Howard, N. (1996). "Rationality, Emotion, and Preference Change: 
Drama Theoretic Models of Choice." European Journal of Operational Research, 
92, 603-614. 

Bennett, P. G. (1980). "Hypergames: Developing a Model of Conflict." Futures, 12(6), 
489-507. 

Bennett, P. G. (1985). "On Linking Approaches to Decision-Aiding: Issues and 
Prospects." Journal of the Operational Research Society, 36(8), 659-669. 

Bennett, P. G. (1995). "Modelling Decisions in International Relations: Game Theory and 
Beyond." Mershon International Studies Review, 39(1), 19-52. 



222 

 

Bennett, P. G. (1996). "Games and Dramas: Rationality and Emotion." Mershon 
International Studies Review, 40(1), 171-175. 

Bennett, P. G., and Dando, M. R. (1979). "Complex Strategic Analysis: A Hypergame 
Study of the Fall of France." Journal of the Operational Research Society, 30(1), 
23-32. 

Bennett, P. G., Dando, M. R., and Sharp, R. G. (1980). "Using Hypergames to Model 
Difficult Social Issues: An Approach to the Case of Soccer Hooliganism." 
Journal of the Operational Research Society, 31(7), 621-635. 

Bennett, P. G., and Huxham, C. S. (1982). "Hypergames and What They Do: A 'Soft 
O.R.' Approach." Journal of the Operational Research Society, 33(1), 41-50. 

Bergez, J. E., Garcia, F., and Lapasse, L. (2004). "A Hierarchical Partitioning Method for 
Optimizing Irrigation Strategies." Agricultural Systems, 80(3), 235-253. 

Bernheim, B. D., Peleg, B., and Whinston, M. D. (1987). "Coalition-Proof Nash 
Equilibria I. Concepts." Journal of Economic Theory, 42(1), 1-12. 

Beyer, W. H. (1978). Handbook of Mathematical Sciences, CRC Press, West Palm 
Beach, FL, USA. 

Binmore, K. (1988). "Modeling Rational Players: Part Ii." Economics and Philosophy, 4, 
9-55. 

Birge, J., and Louveaux, F. (1997). Introduction to Stochastic Programming, Springer, 
New York, NY, USA. 

Blechrodt H. , and Quiggin J. (1998). "Characterising Qaly's under a General Rank 
Dependent Utility Model." Insurance: Mathematics and Economics, 22(2), 188. 

Bleichrodt, H., Diecidue, E., and Quiggin, J. (2004). "Equity Weights in the Allocation of 
Health Care: The Rank-Dependent Qaly Model." Journal of Health Economics, 
23(1), 157-171. 

Blume, L., Brandenburger, A., and Dekel, E. (1991). "Lexicographic Probabilities and 
Equilibrium Refinements." Econometrica: Journal of the Econometric Society, 
59(1), 81-98. 

Bogardi, I., Bardossy, A., and Duckstein, L. (1983). "Regional Management of an 
Aquifer for Mining under Fuzzy Environmental Objectives." Water Resources 
Research, 19(6), 1394-1402. 

Bogardi, I., and Szidarovsky, F. (1976). "Application of Game Theory in Water 
Management." Applied Mathematical Modelling, 1(1), 16-20. 



223 

 

Boger, Z. (1992). "Application of Neural Networks to Water and Wastewater Treatment 
Plant Operation." ISA Transactions, 31(1), 25-33. 

Borsuk, M. E., Stow, C. A., and Reckhow, K. H. (2004). "A Bayesian Network of 
Eutrophication Models for Synthesis, Prediction, and Uncertainty Analysis." 
Ecological Modelling, 173(2-3), 219-239. 

Brams, S. J. (1994). "Game Theory and Literature." Games and Economic Behavior, 
6(1), 32-54. 

Brams, S. J., and Wittman, D. (1981). "Nonmyopic Equilibria in 2x2 Games." Conflict 
Management and Peace Science, 6(1), 39-62. 

Brams., S. J. (1994). Theory of Moves, Cambridge University Press, Cambridge, UK. 

Bromley, J., Jackson, N. A., Clymer, O. J., Giacomello, A. M., and Jensen, F. V. (2005). 
"The Use of Hugin(R) to Develop Bayesian Networks as an Aid to Integrated 
Water Resource Planning." Environmental Modelling & Software, 20(2), 231-
242. 

Brown, R. V., Kahr, A. S., and Peterson, C. (1974). Decision Analysis for the Manager, 
Holt, Rinehart, and Winston, New York, NY, USA. 

Browne, E. C., and Rice, P. (1979). "A Bargaining Theory of Coalition Formation." 
British Journal of Political Science, 9(1), 67-87. 

Bryant, J. (1984). "Modelling Alternative Realities in Conflict and Negotiation." Journal 
of the Operational Research Society, 35(11), 985-993. 

Budescu, D. V., and Weiss, W. (1987). "Reflection of Transitive and Intransitive 
Preferences: A Test of Prospect Theory." Organizational Behavior and Human 
Decision Processes, 39(2), 184-202. 

Burt, O. R. (1964). "The Economics of Conjunctive Use of Ground and Surface Water." 
Hilgardia, 36(2), 31-111. 

Burt, O. R. (1967). "Temporal Allocation of Groundwater." Water Resources Research, 
3, 45-56. 

Cachon, G. P., and Camerer, C. F. (1996). "Loss-Avoidance and Forward Induction in 
Experimental Coordination Games." The Quarterly Journal of Economics, 111(1), 
165-194. 

Cai, X. M., and Rosegrant, M. W. (2004). "Irrigation Technology Choices under 
Hydrologic Uncertainty: A Case Study from Maipo River Basin, Chile - Art. No. 
W04103." Water Resources Research, 40(4), 4103-4103. 



224 

 

Camerer, C. (1999). "Behavioral Economics: Reunifying Psychology and Economics." 
Proceedings of the National Academy of Sciences of the United States of America, 
96(19), 10575-10577. 

Camerer, C. (2005). "Three Cheers - Psychological, Theoretical, Empirical - for Loss 
Aversion." Journal of Marketing Research, 42(2), 129-133. 

Camerer, C., Issacharoff, S., Loewenstein, G., O'Donoghue, T., and Rabin, M. (2003). 
"Regulation for Conservatives: Behavioral Economics and the Case for 
"Asymmetric Paternalism"." University of Pennsylvania Law Review, 151(3), 
1211-1254. 

Camerer, C. F. (1997). "Progress in Behavioral Game Theory." The Journal of Economic 
Perspectives, 11(4), 167-188. 

Camerer, C. F. (2003a). "Behavioral Game Theory: Plausible Formal Models That 
Predict Accurately." Behavioral and Brain Sciences, 26(2), 157-+. 

Camerer, C. F. (2003b). "Behavioural Studies of Strategic Thinking in Games." Trends in 
Cognitive Sciences, 7(5), 225-231. 

Camerer, C. F., Ho, T. H., and Chong, J. K. (2004). "A Cognitive Hierarchy Model of 
Games." Quarterly Journal of Economics, 119(3), 861-898. 

Campbell, I. (1980). "Accidents Statistics and Significance." Occasional Paper, 34, 
Safety Accident Compensation Commission, Wellington, New Zealand. 

Caplow, T. (1956). "A Theory of Coalitions in the Triad." American Sociological Review, 
21(4), 489-493. 

Caplow, T. (1959). "Further Development of a Theory of Coalitions in the Triad." 
American Journal of Sociology, 64(5), 488-493. 

Casey, M., and Sen, S. (2002). "The Scenario Generation Algorithm for Multistage 
Linear Programming". http://math.ups.edu/~mcasey/. 

Chan, N. (1994). "Partial Infeasibility Method for Chance-Constrained Aquifer 
Management." Journal Of Water Resources Planning And Management, 120(1), 
70-89. 

Chang, N.-B., Chen, H. W., and Ning, S. K. (2001). "Identification of River Water 
Quality Using the Fuzzy Synthetic Evaluation Approach." Journal of 
Environmental Management, 63(3), 293-305. 

Chang, N.-B., Wen, C. G., and Chen, Y. L. (1997). "A Fuzzy Multi-Objective 
Programming Approach for Optimal Management of the Reservoir Watershed." 
European Journal of Operational Research, 99(2), 289-302. 

http://math.ups.edu/~mcasey/


225 

 

Chang, N.-B., Wen, C. G., Chen, Y. L., and Yong, Y. C. (1996). "A Grey Fuzzy 
Multiobjective Programming Approach for the Optimal Planning of a Reservoir 
Watershed. Part B: Application." Water Research, 30(10), 2335-2340. 

Charnes, A., and Cooper, W. W. (1959). "Chance-Constrained Programming." 
Management Science, 6(1), 73-79. 

Charness, G., and Rabin, M. (2002). "Understanding Social Preferences with Simple 
Tests." Quarterly Journal of Economics, 117(3), 817-869. 

Chateauneuf, A., Cohen, M., and Meilijson, I. (2005). "More Pessimism Than 
Greediness: A Characterization of Monotone Risk Aversion in the Rank-
Dependent Expected Utility Model." Economic Theory, 25(3), 649-667. 

Chaves, P., Kojiri, T., and Yamashiki, Y. (2003). "Optimization of Storage Reservoir 
Considering Water Quantity and Quality." Hydrological Processes, 17(14), 2769-
2793. 

Chaves, P., Tsukatani, T., and Kojiri, T. (2004). "Operation of Storage Reservoir for 
Water Quality by Using Optimization and Artificial Intelligence Techniques." 
Mathematics and Computers in Simulation, 67(4-5), 419-432. 

Chen, S.-Y., and Fu, G.-T. (2005). "Combining Fuzzy Iteration Model with Dynamic 
Programming to Solve Multiobjective Multistage Decision Making Problems." 
Fuzzy Sets and Systems, 152(3), 499-512. 

Chen, Z. G., Consigh, G., Dempster, M. A. H., and Hicks-Pedron, N. (1997). "Towards 
Sequential Sampling Algorithms for Dynamic Portfolio Management." Finance 
Research Group, Judge Institute of Management Studies, 01/97, W. Paper, 
University of Cambridge. UK., Cambridge, UK. 

Cheng, C. T., Ou, C. P., and Chau, K. W. (2002). "Combining a Fuzzy Optimal Model 
with a Genetic Algorithm to Solve Multi-Objective Rainfall-Runoff Model 
Calibration." Journal of Hydrology, 268(1-4), 72-86. 

Cheng, L., Subrahmanian, E., and Westerberg, A. W. (2003). "Design and Planning 
under Uncertainty: Issues on Problem Formulation and Solution." Computers & 
Chemical Engineering, 27(6), 781-801. 

Chertkoff, J. M. (1967). "A Revision of Caplow's Coalition Theory." Journal of 
Experimental Social Psychology, 3, 172-177. 

Chertkoff, J. M. (1971). "Coalition Formation as a Function of Differences in 
Resources." Journal of Conflict Resolution, 15(3), 371-383. 

Chew, H. S. (1983). "A Generalization of the Quasilinear Mean with Applications to the 
Measurement of Income Inequality and Decision Theory Resolving the Allais 
Paradox." Econometrica: Journal of the Econometric Society, 51(4), 1065-1092. 



226 

 

Chew, H. S. (1989). "Axiomatic Utility Theories with the Betweenness Property." Annals 
of Operations Research, 19, 273-298. 

Chew, H. S., Karni, E., and Safra, Z. (1987). "Risk Aversion in the Theory of Expected 
Utility with Rank Dependent Probabilities." Journal of Economic Theory, 42(2), 
370-381. 

Chew, H. S., and Nishimura, N. (1992). "Differentiability, Comparative Statics, and Non-
Expected Utility Preferences." Journal of Economic Theory, 56(2), 294-312. 

Chew, H. S., and Waller, W. S. (1986). "Empirical Tests of Weighted Utility Theory." 
Journal of Mathematical Psychology, 30(1), 55-72. 

Chew, S. H., and Epstein, L. G. (1989). "A Unifying Approach to Axiomatic Non-
Expected Utility Theories." Journal of Economic Theory, 49(2), 207-240. 

Chew, S. H., and MacCrimmon, K. R. (1979). "Alpha-Nu Choice Theory: A 
Generalization of Expected Utility Theory." Working Paper, 669, Faculty of 
Commerce and Business Administration, University of British Columbia, 
Vancouver. 

Chipman, J. S. (1960). "The Foundations of Utility." Econometrica: Journal of the 
Econometric Society, 28(2), 193-224. 

Chu, J. Y., Chen, J. N., Wang, C., and Fu, P. (2004). "Wastewater Reuse Potential 
Analysis: Implications for China's Water Resources Management." Water 
Research, 38(11), 2746-2756. 

Cioffi-Revilla, C., and Starr, H. (1995). "Opportunity, Willingness, and Political 
Uncertainty: Theoretical Foundations of Politics." Journal of Theoretical Politics, 
7(Jan), 447–476. 

Clemen, R. T. (1991). Making Hard Decisions. An Introduction to Decision Analysis, 
PWS-Kent, Boston, MA, USA. 

Cohen, K. J. (1985). "Risk Aversion and Information Structure: An Experimental Study 
of Price Variability in the Securities Markets: Discussion." Journal of Finance, 
40(3, Papers and Proceedings of the Forty-Third Annual Meeting American 
Finance Association, Dallas, Texas, December 28-30, 1984), 845-846. 

Consigh, G., and Dempster, M. A. H. (1996). "Dynamic Stochastic Programming for 
Asset Liability Management." Working Paper, 04/96, J. I. o. M. S. Finance 
Research Group, University of Cambridge, Cambridge, UK. 

Cournot, A. (1838). Recherches Sur Les Principes Mathematiquesde La Theorie Des 
Richesses, Hachette, Paris, France. 



227 

 

Courtault, J. M., and Gayant, J. P. (1998). "Local Risk Aversion in the Rank Dependent 
Expected Utility Model: First Order Versus Second Order Effects." Economics 
Letters, 59(2), 207-212. 

Covello, V. T., and Mumpower, J. (1986). "Risk Analysis and Risk Management: A 
Historical Perspective." Risk Evaluation and Management, V. T. Covello, J. 
Menkes, and J. Mumpower, eds.Plenum Press, New York, NY, USA. 

Crosbie, P. V., and Kullberg, V. K. (1973). "Minimum Resource or Balance in Coalition 
Formation." Sociometry, 36(4), 476-493. 

Cubitt, R. P., Starmer, C., and Sugden, R. (1998). "Dynamic Choice and the Common 
Ratio Effect: An Experimental Investigation." Economic Journal, 108(450), 1362-
1380. 

Dacey, R., and Carlson, L. J. (1996). "The Normative, Behavioral, and Prescriptive 
Problems of Game Theory in International Relations." Mershon International 
Studies Review, 40(1), 161-170. 

Dagpunar, J. S. (1988). "Dynamic Programming Versus Conventional Optimization." 
Journal of the Operational Research Society, 39(3), 321. 

Dantzig, G. B. (1955). "Linear Programming under Uncertainty." Management Science, 
1(3/4), 197-206. 

Dantzig, G. B., and Infanger, G. (1992). "Large-Scale Stochastic Linear Programs. 
Importance Sampling and Benders Decomposition." Computational and Applied 
Mathematics I, 111-120, North-holland, Amsterdam, Holland. 

Davis, J. A. (1966). Structural Balance, Mechanical Solidarity, and Interpersonal 
Relations, Houghton-Mifflin, New York, NY, USA. 

Davis, M., and M., M. (1965). "The Kernel of a Cooperative Game." Naval Research 
Logistics Quarterly, 12, 223-259. 

de Finetti, B. (1931). "Sul Significato Soggettivo Della Probabilita." Fundamenta 
Mathematicae, 17, 298-329. 

de Mesquita, B. B. (1974). "Need for Achievement and Competitiveness as Determinants 
of Political Party Success in Elections and Coalitions." The American Political 
Science Review, 68(3), 1207-1220. 

de Mesquita, B. B. (1980). "An Expected Utility Theory of International Conflict." The 
American Political Science Review, 74(4), 917-931. 

de Mesquita, B. B. (1985). "The War Trap Revisited: A Revised Expected Utility 
Model." The American Political Science Review, 79(1), 156-177. 



228 

 

de Mesquita, B. B. (1990). "Multilateral Negotiations: A Spatial Analysis of the Arab-
Israeli Dispute." International Organization, 44(3), 317-340. 

de Mesquita, B. B. (1997). "A Decision Making Model: Its Structure and Form." 
International Interactions, 23(3-4), 235-266. 

de Mesquita, B. B., Morrow, J. D., and Zorick, E. R. (1997). "Capabilities, Perception, 
and Escalation." American Political Science Review, 91(1), 15-27. 

de Mesquita, B. B., and Stokman, F. (1994). European Community Decision Making, 
New Haven, New York, NY, USA. 

Debreu, G. (1959). Theory of Value: An Axiomatic Analysis of General Equilibrium, Yale 
University Press, New Haven. 

Debreu, G. (1960). "Topological Methods in Cardinal Utility Theory." Mathematical 
Methods in the Social Science, K. J. Arrow, S. Karlin, and P. Suppes, eds., 16-26, 
Stanford University Press, Stanford, CA, USA. 

Degen, I. (1972). Economic Basis for Water Management, Tankonyvkiado, Budapest, 
Hungary. 

DeGroot, M. H. (2002). Probability and Statistics, Addison-Wesley, Boston, MA, USA. 

Dekel, E. (1986). "An Axiomatic Characterization of Preferences under Uncertainty: 
Weakening the Independence Axiom." Journal of Economic Theory, 40(2), 304-
318. 

Dekel, E. (1989). "Asset Demand without the Independence Axiom." Econometrica: 
Journal of the Econometric Society, 57(1), 163-169. 

Dempster, M. A. H., and Thompson, R. T. (1999). "Evpi-Based Importance Sampling 
Solution Procedures for Multistage Stochastic Linear Programmes on Parallel 
Mimd Architectures." Annals of Operations Research, 90, 161-184. 

Derks, J., and Peters, H. (1997). "Consistent Restricted Shapley Values." Mathematical 
Social Sciences, 33(1), 75-91. 

Derks, J., and Peters, H. (1998). "Orderings, Excess Functions, and the Nucleolus." 
Mathematical Social Sciences, 36(2), 175-182. 

D'Errico, J., and Zaino, N. A. (1988). "Statistical Tolerancing Using a Modification of 
Tagushi's Method." Technometrics, 30(4), 397-405. 

Despic, O., and Simonovic, S. P. (2000). "Aggregation Operators for Soft Decision 
Making in Water Resources." Fuzzy Sets and Systems, 115(1), 11-33. 



229 

 

Di Domenica, N., Birbilis, G., Mitra, G., and Valente, P. (2003). "Stochastic 
Programming and Scenario Generation within a Simulation Framework: An 
Information System Perspective". CTR/26/03, Brunel University, 
www.carisma.brunel.ac.uk. 

Dinar, A., and Howitt, R. E. (1997). "Mechanisms for Allocation of Environmental 
Control Cost: Empirical Tests of Acceptability and Stability." Journal of 
Environmental Management, 49, 183-203. 

Dinar, A., Ratner, A., and Yaron, D. (1984). "Evaluating Cooperative Game Theory in 
Water Resources." Theory and Decision, 32, 1-20. 

Dinar, A., Ratner, A., and Yaron, D. (1992). "Evaluating Cooperative Game Theory in 
Water Resources." Theory and Decision, 32, 1-20. 

Dinar, A., and Wolf, A. (1994a). "Economic Potential and Political Considerations of 
Regional Water Trade: The Western Middle East Example." Resource and Energy 
Economics, 16, 335-356. 

Dinar, A., and Wolf, A. (1994b). "International Markets for Water and Thte Potential for 
Regional Cooperation: Economic and Political Perspectives in the Western 
Middle East." Economic Development and Cultural Change, 43(1), 43-66. 

Dinar, A., and Yaron, D. (1986). "Treatment Optimization of Municipal Wastewater 
Reuse for Regional Irrigation." Water Resources Research, 22, 331-338. 

Dinar, A., Yaron, D., and Kannai, Y. (1986). "Sharing Regional Cooperative Gains from 
Reusing Effluent for Irrigation." Water Resources Research, 22, 339-344. 

Dixon, H. (1986). "The Cournot and Bertrand Outcomes as Equilibria in a Strategic 
Metagame." The Economic Journal, 96(Supplement: Conference Papers), 59-70. 

Domar, E. D., and Musgrave, R. A. (1944). "Proportional Income Taxation and Risk-
Taking." The Quarterly Journal of Economics, 58(3), 388-422. 

Dou, C., Woldt, W., and Bogardi, I. (1999). "Fuzzy Rule-Based Approach to Describe 
Solute Transport in the Unsaturated Zone." Journal of Hydrology, 220(1-2), 74-
85. 

Driessen, T. S. H. (1991). "A Survey of Consistency Properties in Cooperative Game 
Theory." SIAM Review, 33(1), 43-59. 

Driessen, T. S. H., and Tijs, S. H. (1985). "The Cost Gap Method and Other Cost 
Allocation Methods for Multipurpose Water Projects." Water Resources 
Research, 21(10), 1469-1475. 

Duncan, G. T. (1977). "A Matrix Measure of Multivariate Local Risk Aversion." 
Econometrica: Journal of the Econometric Society, 45(4), 895-904. 

http://www.carisma.brunel.ac.uk/


230 

 

Dupacova, J. (1996). "Scenario Based Stochastic Programs. Resistance with Respect to 
Sample." Annals of Operations Research, 64, 21-38. 

Dupacova, J., Consigli, G., and Wallace, S. W. (2000a). "Scenarios for Multistage 
Stochastic Programs." Annals of operations Research, 100, 25-53. 

Dupacova, J., Consigli, G., and Wallace, S. W. (2000b). "Scenarios for Multistage 
Stochastic Programs." Annals of operations Research, 100, 25-53. 

Dupacova, J., Gaivoronski, A., Kos, Z., and Szantai, T. (1991). "Stochastic Programming 
in Water Management: A Case Study and a Comparison of Solution Techniques." 
European Journal of Operational Research, 52(1), 28-44. 

Dupacova, J., Growe-Kuska, N., and Romisch, W. (2003). "Scenario Reduction in 
Stochastic Programming. An Approach Using Probability Metrics." Mathematical 
Programming. Series A., 95, 493-511. 

Dutta, B. K., and King, W. R. (1980). "Metagame Analysis of Competitive Strategy." 
Strategic Management Journal, 1(4), 357-370. 

Eckstein, O. (1958). Water Resource Development, Harvard University Press, 
Cambridge, MA, USA. 

Edgeworth, F. Y. (1887). "The Method of Measuring Probability and Utility." Mind, 
12(47), 484-488. 

Edwards, W. (1962a). "Utility, Subjective Probability, Their Interaction, and Variance 
Preferences." Journal of Conflict Resolution, 6(1, Game Theory, Bargaining and 
International Relations), 42-51. 

Edwards, W. F. (1953). "Probability Preferences in Gambling." American Journal of 
Psychology, 66, 349-364. 

Edwards, W. F. (1954). "The Theory of Decision Making." Psychological Bulletin, 
51(380-417). 

Edwards, W. F. (1961). "Behavioral Decision Theory." Annual Review of Psychology, 12, 
473-498. 

Edwards, W. F. (1962b). "In Defense of "Utility"." Business Horizons, 5(1), 17. 

Edwards, W. F. (1968). "Conservatism in Human Information Processing." Formal 
Representation of Human Judgment, B. Kleinmuntz, ed., 17-52, Wiley, New 
York, NY, USA. 

Eheart, J. W., and Valocchi, A. J. (1993). "Aquifer Remediation Design under 
Uncertainty Using a New Chance Constrained Programming Technique." Water 
Resources Research, 29, 551-561. 



231 

 

El Awar, F. A., Labadie, J. W., and Ouarda, T. B. M. J. (1998). "Stochastic Differential 
Dynamic Programming for Multi-Reservoir System Control." Stochastic 
Hydrology And Hydraulics, 12(4), 247-266. 

Ellsberg, D. (1961). "Risk, Ambiguity, and the Savage Axioms." The Quarterly Journal 
of Economics, 75(4), 643-669. 

ENR. (2005). "Construction Cost Index". Engineering News Records, McGraw Hill 
Construction, http://enr.construction.com. 

Ermoliev, Y. M., and Gaivoronski, A. A. (1992). "Stochastic Quasigradient Methods for 
Optimization of Discrete Event Systems." Annals of Operations Research, 39(1-
4), 1-39. 

Escudero, L. F. (2000). "A Robust Approach for Water Resources Planning under 
Uncertainty." Annals Of Operations Research, 95, 313-339. 

Esogbue, A. O., Theologidu, M., and Guo, K. (1992). "On the Application of Fuzzy Sets 
Theory to the Optimal Flood Control Problem Arising in Water Resources 
Systems." Fuzzy Sets and Systems, 48(2), 155-172. 

Estalrich, J., and Buras, N. (1991). "Alternative Specification of State Variables in 
Stochastic Dynamic Programming Models of Reservoir Operation." Applied 
Mathematical Computations, 44, 143-155. 

Evans, M., Hastings, N., and Peacock, B. (2000). Statistical Distributions, Third Edition, 
Wiley, New York, NY, USA. 

Evans, R. C., and Harris, F. H. D. (1982). "A Bayesian Analysis of Free Rider 
Metagames." Southern Economic Journal, 49(1), 137-149. 

Evans, W. N., and Viscusi, W. K. (1991). "Estimation of State-Dependent Utility 
Functions Using Survey Data." The Review of Economics and Statistics, 73(1), 
94-104. 

Fang, L., Hipel, K. W., and Kilgour, D. M. (1993). Interactive Decision Making: The 
Graph Model for Conflict Resolution, Wiley, New York, , NY, USA. 

Fang, L. P., Hipel, K. W., Kilgour, D. M., and Peng, X. Y. J. (2003a). "A Decision 
Support System for Interactive Decision Making - Part 1: Model Formulation." 
Ieee Transactions on Systems Man and Cybernetics Part C-Applications and 
Reviews, 33(1), 42-55. 

Fang, L. P., Hipel, K. W., Kilgour, D. M., and Peng, X. Y. J. (2003b). "A Decision 
Support System for Interactive Decision Making-Part Ii: Analysis and Output 
Interpretation." Ieee Transactions on Systems Man and Cybernetics Part C-
Applications and Reviews, 33(1), 56-66. 

http://enr.construction.com/


232 

 

Farquhar, P. H. (1975). "A Fractional Hypercube Decomposition Theorem for 
Multiattribute Utility Functions." Operations Research, 23(5), 941-967. 

Farquhar, P. H., and Fishburn, P. C. (1981). "Equivalences and Continuity in Multivalent 
Preference Structures." Operations Research, 29(2), 282-293. 

Faye, R. M., Sawadogo, S., and Mora-Camino, F. (2005). "Flexible Management of 
Water Resource Systems." Applied Mathematics and Computation, In Press, 
Corrected Proof. 

Fehr, E., and Schmidt, K. M. (1999). "A Theory of Fairness, Competition, and 
Cooperation." Quarterly Journal of Economics, 114(3), 817-868. 

Fehr, E., and Schmidt, K. M. (2000). "Fairness, Incentives, and Contractual Choices." 
European Economic Review, 44(4-6), 1057-1068. 

Fehr, E., and Schmidt, K. M. (2004). "Fairness and Incentives in a Multi-Task Principal-
Agent Model." Scandinavian Journal of Economics, 106(3), 453-474. 

Ferrero, R. W., Rivera, J. F., and Shahidehpour, S. M. (1998). "A Dynamic Programming 
Two-Stage Algorithm for Long-Term Hydrothermal Scheduling of Multi-
Reservoir Systems." IEEE Power Systems, 13, 1534-1540. 

Feyen, L., and Gorelick, S. M. (2004). "Reliable Groundwater Management in 
Hydroecologically Sensitive Areas - Art. No. W07408." Water Resources 
Research, 40(7), 7408-7408. 

Fishburn, P. (1994). "On Choice Probabilities Derived from Ranking Distributions." 
Journal of Mathematical Psychology, 38(2), 274-285. 

Fishburn, P. C. (1965). "Independence, Trade-Offs, and Transformations in Bivariate 
Utility Functions." Management Science, 11(9, Series A, Sciences), 792-801. 

Fishburn, P. C. (1970). "Intransitive Indifference in Preference Theory: A Survey." 
Operations Research, 18(2), 207-228. 

Fishburn, P. C. (1971a). "Additive Representations of Real-Valued Functions on Subsets 
of Product Sets." Journal of Mathematical Psychology, 8(3), 382-388. 

Fishburn, P. C. (1971b). "A Study of Lexicographic Expected Utility." Management 
Science, 17(11, Theory Series), 672-678. 

Fishburn, P. C. (1977). "Mean-Risk Analysis with Risk Associated with Below-Target 
Returns." American Economic Review, 67(2), 116-126. 

Fishburn, P. C. (1978). "Choice Probabilities and Choice Functions." Journal of 
Mathematical Psychology, 18(3), 205-219. 



233 

 

Fishburn, P. C. (1979). "Approximations of Multiattribute Utility Functions." Journal of 
Approximation Theory, 27(2), 179-196. 

Fishburn, P. C. (1980). "Lexicographic Additive Differences." Journal of Mathematical 
Psychology, 21(3), 191-218. 

Fishburn, P. C. (1981a). "An Axiomatic Characterization of Skew-Symmetric Bilinear 
Functionals, with Applications to Utility Theory." Economics Letters, 8(4), 311-
313. 

Fishburn, P. C. (1981b). "Uniqueness Properties in Finite-Continuous Additive 
Measurement." Mathematical Social Sciences, 1(2), 145-153. 

Fishburn, P. C. (1982a). "Foundations of Risk Measurement. Ii. Effects of Gains on 
Risk." Journal of Mathematical Psychology, 25(3), 226-242. 

Fishburn, P. C. (1982b). "Nontransitive Measurable Utility." Journal of Mathematical 
Psychology, 26(1), 31-67. 

Fishburn, P. C. (1983a). "Research in Decision Theory: A Personal Perspective." 
Mathematical Social Sciences, 5(2), 129-148. 

Fishburn, P. C. (1983b). "Transitive Measurable Utility." Journal of Economic Theory, 
31(2), 293-317. 

Fishburn, P. C. (1983c). "Utility Functions on Ordered Convex Sets." Journal of 
Mathematical Economics, 12(3), 221-232. 

Fishburn, P. C. (1984a). "Dominance in Ssb Utility Theory." Journal of Economic 
Theory, 34(1), 130-148. 

Fishburn, P. C. (1984b). "Equity Axioms for Public Risks." Operations Research, 32(4), 
901-908. 

Fishburn, P. C. (1984c). "Multiattribute Nonlinear Utility Theory." Management Science, 
30(11, A Special Issue on Multiple Criteria), 1301-1310. 

Fishburn, P. C. (1984d). "Ssb Utility Theory and Decision-Making under Uncertainty." 
Mathematical Social Sciences, 8(3), 253-285. 

Fishburn, P. C. (1984e). "Ssb Utility Theory: An Economic Perspective." Mathematical 
Social Sciences, 8(1), 63-94. 

Fishburn, P. C. (1988). Nonlinear Preference and Utility Theory, Johs Hopkins Press 
Ltd., London, UK. 

Fishburn, P. C. (1989). "Foundations of Decision Analysis: Along the Way." 
Management Science, 35(4), 387-405. 



234 

 

Fishburn, P. C. (1990). "Skew Symmetric Additive Utility with Finite States." 
Mathematical Social Sciences, 19(2), 103-115. 

Fishburn, P. C. (1991). "Subjective Expected Utility with a Topological Twist :  . 
Additive Representations of Preferences: A New Foundation of Decision 
Analysis. Dordrecht, Holland: Kluwer Academic, 1989. Pp. Ix + 184 + Index." 
Journal of Mathematical Psychology, 35(3), 403-409. 

Fishburn, P. C., and Falmagne, J.-C. (1989). "Binary Choice Probabilities and Rankings." 
Economics Letters, 31(2), 113-117. 

Fishburn, P. C., and Gehrlein, W. V. (1977). "Collective Rationality Versus Distribution 
of Power for Binary Social Choice Functions." Journal of Economic Theory, 
15(1), 72-91. 

Fishburn, P. C., and Graham, R. L. (1993). "Lexicographic Ramsey Theory." Journal of 
Combinatorial Theory, Series A, 62(2), 280-298. 

Fishburn, P. C., and Keeney, R. L. (1974). "Seven Independence Concepts and 
Continuous Multiattribute Utility Functions." Journal of Mathematical 
Psychology, 11(3), 294-327. 

Fishburn, P. C., and Keeney, R. L. (1975). "Generalized Utility Independence and Some 
Implications." Operations Research, 23(5), 928-940. 

Fishburn, P. C., and Lavalle, I. H. (1987). "State-Dependent Ssb Utility." Economics 
Letters, 25(1), 21-25. 

Fishburn, P. C., and LaValle, I. H. (1988a). "The Structure of Ssb Utilities for Decision 
under Uncertainty." Mathematical Social Sciences, 15(3), 217-230. 

Fishburn, P. C., and LaValle, I. H. (1988b). "Transitivity Is Equivalent to Independence 
for States-Additive Ssb Utilities." Journal of Economic Theory, 44(1), 202-208. 

Fishburn, P. C., and LaValle, I. H. (1998a). "Subjective Expected Lexicographic Utility 
with Infinite State Sets." Journal of Mathematical Economics, 30(3), 323-346. 

Fishburn, P. C., and LaValle, I. H. (1998b). "Subjective Expected Lexicographic Utility: 
Axioms and Assessment." Annals of Operations Research, 80, 183-206. 

Fisher, F. M., Arlosoroff, S., Eckstein, Z., Haddadin, M., Hamati, S. G., Huber-Lee, A., 
Jarrar, A., Jayyousi, A., Shamir, U., and Wesseling, H. (2002). "Optimal Water 
Management and Conflict Resolution: The Middle East Water Project - Art. No. 
1243." Water Resources Research, 38(11), 1243-1243. 

Fisher, I. (1906). The Nature of Capital and Interest, Macmillan and Co., Ltd., New 
York, NY, USA. 



235 

 

Fisher, I. (1930). He Theory of Interest, Macmillan and Co., Ltd., New York, NY, USA. 

Flood, M. M. (1980). "Implicit Intransitivity under Majority Rule with Mixed Motions." 
Management Science, 26(3), 312-321. 

Florence, P. S. (1929). The Statistical Methods in Economics and Political Science, 
Harcourt, Brace, and Co., New York, NY, USA. 

Flores, E. Z., Gutjahr, A. L., and Gelhar, L. W. (1975). "A Stochastic Model of the 
Operation of a Stream-Aquifer System." Water Resources Research, 14, 30-38. 

Fraser, N. M., and Hipel, K. W. (1980). "Metagame Analysis of the Poplar River 
Conflict." Journal of the Operational Research Society, 31(5), 377-385. 

Fraser, N. M., and Hipel, K. W. (1984). Conflict Analysis: Models and Resolutions, 
North-Holland, New York, NY, USA. 

Friedman, M., and Savage, L. J. (1948). "The Utility Analysis of Choices Involving 
Risk." Journal of Political Economy, 56, 279-304. 

Friedman, M., and Savage, L. J. (1952). "The Expected Utility Hypothesis and the 
Measurability of Utility." Journal of Political Economy, 60, 463-474. 

Frisch, R. (1927). ""Sur Un Probleme D'economie Pure."" Journal of the Royal Statistical 
Society, 90(4), 750. 

Frisvold, G. B., and Caswell, M. F. (2000). "Transboundary Water Management - Game-
Theoretic Lessons for Projects on the Us-Mexico Border." Agricultural 
Economics, 24(1), 101-111. 

Fudenberg, D., and Maskin, E. (1986). "The Folk Theorem in Repeated Games with 
Discounting or with Incomplete Information." Econometrica: Journal of the 
Econometric Society, 54(3), 533-554. 

Fudenberg, D., and Tirole, J. (1991). "Perfect Bayesian Equilibrium and Sequential 
Equilibrium." Journal of Economic Theory, 53(2), 236-260. 

Fujiwara, O., Puangmaha, W., and Hanaki, K. (1988). "River Basin Quality Management 
in Stochastic Environment." Journal of Environmental Engineering-Asce, 114, 
864-880. 

Gamson, W. A. (1961a). "An Experimental Test of a Theory of Coalition Formation." 
American Sociological Review, 26(4), 565-573. 

Gamson, W. A. (1961b). "A Theory of Coalition Formation." American Sociological 
Review, 26(3), 373-382. 



236 

 

Georgakakos, A. P., and Vlasta, D. A. (1991). "Stochastic Control of Groundwater 
Systems." Water Resources Research, 27(8), 2077-2090. 

Georgescu-Roegen, N. (1954a). "Choice and Revealed Preference." Southern Economic 
Journal, 21(2), 119-130. 

Georgescu-Roegen, N. (1954b). "Choice, Expectations and Measurability." The 
Quarterly Journal of Economics, 68(4), 503-534. 

Georhakakos, A. P., and Marks, D. H. (1987). "A New Method for the Real-Time 
Operation of Reservoir System." Water Resources Research, 23(7), 1376-1390. 

Giglio, R. J., and Wrightington, R. (1972). "Methods for Apportioning the Costs of a 
Water Resource Project." Water Resources Research, 8, 1133-1144. 

Goeree, J. K., and Holt, C. A. "Ten Little Treasures of Game Theory, and Ten Intuitive 
Contradictions." American Economic Review, 91(5), 1402-1422. 

Gorelick, S. M. (1982). "A Model for Managing Sources of Groundwater Pollution." 
Water Resources Research, 18, 773-781. 

Gorelick, S. M. (1987). "Sensitivity Analysis of Optimal Groundwater Contaminant 
Capture Curves: Spatial Variability and Robust Solutions." Solving Groundwater 
Problems with Models, C. Denver, USA, ed., 133-146, National Water Well 
Association. 

Green, J., and Jullien, B. (1988). "Ordinal Independence in Nonlinear Utility Theory." 
Journal or Risk and Uncertainty, 1, 335-387. 

Grether, D. M. (1978). "Recent Psychological Studies of Behavior under Uncertainty." 
American Economic Review, 68, 70-74. 

Grether, D. M., and Plott, C. R. (1979). "Economic Theory of Choice and the Preference 
Reversal Phenomenon." The American Economic Review, 69(4), 623-638. 

Grier, B. (1981). "The Early History of the Theory and Management of Risk." The 
Judgment and Decision Making Group MeetingPhiladelphia, PA, USA. 

Guariso, G., Whittington, D., Zikri, B. S., and Mancy, K. H. (1981). "Nile Water for 
Sinai: Framework for Analysis." Water Resources Research, 17(6), 1585-1593. 

Hagen, O. (1979). "Towards a Positive Theory of Preferences under Risk." Expected 
Hypotheses and the Allais Paradox, M. Allais and O. Hagen, eds.Reidel, 
Dordrecht, Holland. 

Haimes, Y. Y. (1991). "Total Risk Management." Risk Analysis, 11(2), 169-171. 



237 

 

Haimes, Y. Y. (2004). Risk Modeling, Assessment, and Management, Second Edition, 
John Wiley and Sons, Inc., Hoboken, NJ, USA. 

Hamed, M. G., Conte, J. P., and Bedient, P. B. (1995). "Probabilistic Screening Tool for 
Groundwater Contamination Assessment." Journal of Environmental 
Engineering-Asce, 121(11), 767-775. 

Hamouda, L., Kilgour, D. M., and Hipel, K. W. (2004). "Strength of Preference in the 
Graph Model for Conflict Resolution." Group Decision and Negotiation, 13(5), 
449-462. 

Handa, J. (1977). "Risk, Probabilities, and a New Theory of Cardinal Utility." The 
Journal of Political Economy, 85(1), 97-122. 

Hantush, M. M. S., and Marino, M. A. (1989). "Chance Constrained Model for 
Management of a Stream-Aquifer System." Journal Of Water Resources Planning 
And Management, 115, 259-277. 

Harless, D. W., and Camerer, C. F. (1994). "The Predictive Utility of Generalized 
Expected Utility Theories." Econometrica: Journal of the Econometric Society, 
62(6), 1251-1289. 

Harsanyi, J. C. (1967). "Games with Incomplete Information Played by "Bayesian" 
Players, I-Iii. Part I. The Basic Model." Management Science, 14(3, Theory 
Series), 159-182. 

Harsanyi, J. C. (1968a). "Games with Incomplete Information Played by "Bayesian" 
Players, I-Iii. Part Ii. Bayesian Equilibrium Points." Management Science, 14(5, 
Theory Series), 320-334. 

Harsanyi, J. C. (1968b). "Games with Incomplete Information Played by "Bayesian" 
Players, I-Iii. Part Iii. The Basic Probability Distribution of the Game." 
Management Science, 14(7, Theory Series), 486-502. 

Harsanyi, J. C. (1978). "Bayesian Decision Theory and Utilitarian Ethics." The American 
Economic Review, 68(2, Papers and Proceedings of the Ninetieth Annual Meeting 
of the American Economic Association), 223-228. 

Harsanyi, J. C., and Selten, R. (1988). A General Theory of Equilibrium Selection in 
Games, MIT Press, Cambridge, MA, USA. 

Hart, J. (1976). "Three Approaches to the Measurement of Power in International 
Relations." International Organization, 30(2), 299-305. 

Hasebe, M., and Nagayama, Y. (2002). "Reservoir Operation Using the Neural Network 
and Fuzzy Systems for Dam Control and Operation Support." Advances in 
Engineering Software, 33(5), 245-260. 



238 

 

Hatfield, A. J., and Hipel, K. W. (1999). "Understanding and Managing Uncertainty and 
Information." IEEE Systems, Man, and Cybernetics. 

Hausman, D. M. (1997). "The Impossibility of Interpersonal Utility Comparisons--a 
Reply." Mind, 106(421), 99-100. 

Hausner, M. (1954). "Multidimensional Utilities." Decision Processes, R. M. Thrall, C. 
H. Coombs, and R. L. Davis, eds., 167-180, Wiley, New York, NY, USA. 

Haynes, J. (1895). "Risk as an Economic Factor." The Quarterly Journal of Economics, 
9(4), 409-449. 

He, L., Huang, G. H., and Li, Q. (2004). "Stochastic Optimization Programming for 
Multi-Reach River System Using Ga Combined with Stochastic Simulation." 
Transactions Of Nonferrous Metals Society Of China, 14(1), 31-36. 

Heaney, J. P., and Dickinson, E. (1982). "Methods for Apportioning the Costs of a Water 
Resource Project." Water Resources Research, 18, 476-482. 

Heap, S. H. (2004). Game Theory  [Electronic Resource] :  A Critical Text, Routledge, 
New York, NY, USA. 

Hershey, J. C., Kunreuther, H. C., and Schoemaker, P. J. H. (1982). "Sources of Bias in 
Assessment Procedures for Utility Functions." Management Science, 28(8), 936-
954. 

Hershey, J. C., and Schoemaker, P. J. H. (1980). "Risk Taking and Problem Context in 
the Domain of Losses: An Expected Utility Analysis." Journal of Risk and 
Insurance, 47(1), 111-132. 

Hershey, J. C., and Schoemaker, P. J. H. (1985). "Probability Versus Certainty 
Equivalence Methods in Utility Measurement: Are They Equivalent?" 
Management Science, 31(10), 1213-1231. 

Herstein, I. N., and Milnor, J. (1953). "An Axiomatic Approach to Measurable Utility." 
Econometrica, Journal of the Econometric Society, 21(2), 291-297. 

Hicks, J. R. (1931). "The Theory of Uncertainty and Profit." Economica(32), 170-189. 

Higle, J. L., and Sen, S. (1991). "Stochastic Decomposition: An Algorithm for Two-Stage 
Linear Programs with Recourse." Mathematics of Operations Research, 16, 650-
669. 

Hilton, A. B. C., and Culver, T. B. (2005). "Groundwater Remediation Design under 
Uncertainty Using Genetic Algorithms." Journal of Water Resources Planning 
and Management-Asce, 131(1), 25-34. 



239 

 

Hipel, K., Ragade, R. K., and Unny, T. E. (1974). "Metagame Analysis of Water 
Resources Conflicts." Journal of Hydraulic Division, 100(HY10), 1437-1455. 

Hipel, K., Ragade, R. K., and Unny, T. E. (1976). "Metagame Theory and Its Application 
to Water Resources." Water Resources Research, 8, 1133-1144. 

Hipel, K. W., and Ben-Haim, Y. (1999). "Decision Making in an Uncertain World: 
Information-Gap Modeling in Water Resources Management." Ieee Transactions 
on Systems Man and Cybernetics Part C-Applications and Reviews, 29(4), 506-
517. 

Hipel, K. W., Radford, K. J., and Fang, L. (1993). "Multiple Participant - Multiple 
Criteria Decision Making." IEEE Systems, Man, and Cybernetics, 23(4), 1184-
1189. 

Hipel, K. W., Wang, M., and Fraser, N. M. (1988). "Hypergame Analysis of the 
Falkland/Malvinas Conflict." International Studies Quarterly, 32(3), 335-358. 

Hirshleifer, J. (1966). "Investment Decision under Uncertainty: Applications of the State-
Preference Approach." The Quarterly Journal of Economics, 80(2), 252-277. 

Hobbs, B. F. (1997). "Bayesian Methods for Analysing Climate Change and Water 
Resource Uncertainties." Journal of Environmental Management, 49(1), 53-72. 

Holton, G. A. (1997). "Subjective Value-at-Risk." Financial Engineering News, 1(1), 1, 
8-9, 11. 

Holton, G. A. (2003). Value-at-Risk: Theory and Practice, Academic Press. 

Holton, G. A. (2004a). "Contingency Analysis". http://www.contingencyanalysis.com. 

Holton, G. A. (2004b). "Defining Risk." Financial Analysis Journal, 60(6), 19-25. 

Hooper, E. R., Georhakakos, A. P., and Lettenmaier, D. P. (1991). "Optimal Stochastic 
Operation of Salt River Project, Arizona." Journal Of Water Resources Planning 
And Management, 117(5), 566-587. 

Howard, N. (1986). "Usefulness of Metagame Analysis." Journal of the Operational 
Research Society, 37(4), 430-432. 

Howard, N. (1993). "The Role of Emotions in Multi-Organizational Decision-Making." 
Journal of the Operational Research Society, 44(6, Interface between OR and the 
Social Sciences), 613-623. 

Howard, N. (1998). "N-Person 'Soft' Games." Journal of the Operational Research 
Society, 49(2), 144-150. 

http://www.contingencyanalysis.com/


240 

 

Howard, N., Bennett, P., Bryant, J., and Bradley, M. (1993). "Manifesto for a Theory of 
Drama and Irrational Choice." Journal of the Operational Research Society, 
44(1), 99-103. 

Howard, R. A. (1971). "Proximal Decision Analysis." Management Science, 17(9, 
Theory Series), 507-541. 

Hoyland, K., Kaut, M., and Wallace, S. W. (2003). "A Heuristic for Moment-Matching 
Scenario Generation." Computational Optimization and Application, 24, 169-185. 

Hoyland, K., and Wallace, S. (2001). "Generating Scenario Trees for Multistage Decision 
Problems." Management Science, 47(2), 295-307. 

Huang, G. H. (1998). "A Hybrid Inexact-Stochastic Water Management Model." 
European Journal of Operational Research, 107(1), 137-158. 

Huang, G. H., and Loucks, D. P. (2000). "An Inexact Two-Stage Stochastic 
Programming Model for Water Resources Management under Uncertainty." Civil 
Engineering And Environmental Systems, 17, 95-118. 

Hull, J., Moore, P. G., and Thomas, H. (1973). "Utility and Its Measurement." Journal of 
the Royal Statistical Society. Series A (General), 136(2), 226-247. 

Infanger, G. (1992). "Monte Carlo (Importance) Sampling within a Benders 
Decomposition Algorithm for Stochastic Linear Programs." Annals of Operations 
Research, 39(1-4), 69-95. 

Infanger, G. (1994). Planning under Uncertainty: Solving Large-Scale Stochastic Linear 
Programs, Boyd and Fraser, Danvers. 

Inohara, T., Takahashi, S., and Nakano, B. (1997). "Integration of Games and 
Hypergames Generated from a Class of Games." Journal of the Operational 
Research Society, 48(4), 423-432. 

Irwin, F. W. (1953). "Stated Expectations as Functions of Probability and Desirability of 
Outcomes." Journal of Personality, 21, 329-335. 

Jenkins, M. W., and Lund, J. R. (2000). "Integrating Yield and Shortage Management 
under Multiple Uncertainties." Journal of Water Resources Planning and 
Management, 126(5), 288. 

Jia, J., and Dyer, J. S. (1996). "A Standard Measure of Risk and Risk-Value Models." 
Management Science, 42(12), 1691-1705. 

Jia, J., and Dyer, J. S. (1997). "Risk-Value Theory." Risk-Value Study Series,Working 
Paper No. 3.  



241 

 

Jowitt, P. W. (1984). "Fuzzy Sets and Water Quality." IFAC 9th Triennial World 
Congress, 232-240, Budapest, Hungary. 

Julien, B. (1994). "Water Quality Management with Imprecise Information." European 
Journal of Operational Research, 76(1), 15-27. 

Kagel, J. H., MacDonald, D. N., and Battalio, R. C. (1990). Tests of "Fanning Out of 
Indifference Curves: Results from Animal and Human Experiments." The 
American Economic Review, 80(4), 912-921. 

Kahneman, D. (1992). "Reference Points, Anchors, Norms, and Mixed Feelings." 
Organizational Behavior and Human Decision Processes, 51(2), 296-312. 

Kahneman, D. (2003a). "Maps of Bounded Rationality: Psychology for Behavioral 
Economics." American Economic Review, 93(5), 1449-1475. 

Kahneman, D. (2003b). "A Perspective on Judgment and Choice - Mapping Bounded 
Rationality." American Psychologist, 58(9), 697-720. 

Kahneman, D. (2003c). "A Perspective on Judgment and Choice: Mapping Bounded 
Rationality." American Psychologist, 58(9), 697-720. 

Kahneman, D. (2003d). "A Psychological Perspective on Economics." American 
Economic Review, 93(2), 162-168. 

Kahneman, D., Knetsch, J. L., and Thaler, R. (1986a). "Fairness as a Constraint on Profit 
Seeking: Entitlements in the Market." The American Economic Review, 76(4), 
728-741. 

Kahneman, D., Knetsch, J. L., and Thaler, R. H. (1986b). "Fairness and the Assumptions 
of Economics." Journal of Business, 59(4, Part 2: The Behavioral Foundations of 
Economic Theory), S285-S300. 

Kahneman, D., Knetsch, J. L., and Thaler, R. H. (1991). "Anomalies: The Endowment 
Effect, Loss Aversion, and Status Quo Bias." The Journal of Economic 
Perspectives, 5(1), 193-206. 

Kahneman, D., and Tversky, A. (1979). "Prospect Theory: An Analysis of Decision 
under Risk." Econometrica: Journal of the Econometric Society, 47(2), 263-292. 

Kahneman, D., and Tversky, A. (2003). "The Rational Choice, Values and Frames." 
Psikhologicheskii Zhurnal, 24(4), 31-42. 

Kahneman, D., Wakker, P. P., and Sarin, R. (1997). "Back to Bentham? Explorations of 
Experienced Utility." The Quarterly Journal of Economics, 112(2, In Memory of 
Amos Tversky (1937-1996)), 375-405. 



242 

 

Kalai, E., and Samet, D. (1984). "Persistent Equilibria." International Journal of Game 
Theory, 13, 129-144. 

Kalai, E., and Smorodinsky, M. (1975). "Other Solutions to Nash's Bargaining Problem." 
Econometrica, 45, 513-518. 

Kannai, Y. (1963). "Existence of a Utility in Infinite Dimensional Partially Ordered 
Spaces." Israel Journal of Mathematics, 1, 229-234. 

Kaplan, S. (1991). "The General Theory of Quantitative Risk Assessment." Risk Based 
Decision Making in Water Resources, Y. Y. Haimes, D. Moser, and E. Stakhiv, 
eds. American Society of Civil Engineers, New York, NY, USA. 

Kaplan, S. (1993). "The General Theory of Quantitative Risk Assessment: Its Role in the 
Regulation of Agricultural Pests." APHIS/NAPPO International Workshop on the 
Identification, Assessment, and Management of Risks due to Exotic Agricultural 
Pests, 123-126. London, UK. 

Kaplan, S., and Garrick, B. J. (1981). "On the Quantitative Definition of Risk." Risk 
Analysis, 1(1), 11-27. 

Kaplan, S., Haimes, Y. Y., and Garrick, B. J. (2001). "Fitting Hierarchial Holographic 
Modeling into the Theory of Scenario Structuring and a Resulting Refinement of 
the Quantitative Definition of Risk." Risk Analysis, 21(5), 807-815. 

Kaplan, S., Zlotin, B., Zussman, A., and Vishnipolski, S. (1999). New Tools for Failure 
and Risk Analysis: Anticipatory Failure Determination and the Theory of 
Scenario Structuring, Ideation, Southfield, MI, USA. 

Karamouz, M., and Mousavi, S. J. (2003). "Uncertainty Based Operation of Large Scale 
Reservoir Systems: Dez and Karoon Experience." JOURNAL OF THE 
AMERICAN WATER RESOURCES ASSOCIATION, 39(4), 961-975. 

Karmarkar, U. S. (1978). "Subjectively Weighted Utility: A Descriptive Extension to the 
Expected Utility Model." Organizational Behavior and Human Decision 
Processes, 21(1), 61-72. 

Karni, E. (1979). "On Multivariate Risk Aversion." Econometrica: Journal of the 
Econometric Society, 47(6), 1391-1402. 

Karni, E. (1983). "Risk Aversion for State-Dependent Utility Functions: Measurement 
and Applications." International Economic Review, 24(3), 637-647. 

Karni, E. (1987). "Generalized Expected Utility Analysis of Risk Aversion with State-
Dependent Preferences." International Economic Review, 28(1), 229-240. 



243 

 

Karni, E., and Safra, Z. (1987). ""Preference Reversal" and the Observability of 
Preferences by Experimental Methods." Econometrica: Journal of the 
Econometric Society, 55(3), 675-685. 

Karni, E., Schmeidler, D., and Vind, K. (1983). "On State Dependent Preferences and 
Subjective Probabilities." Econometrica: Journal of the Econometric Society, 
51(4), 1021-1032. 

Kaunas, J. R., and Haimes, Y. Y. (1985). "Risk Management of Groundwater 
Contmaination in a Multi-Objective Framework." Water Resources Research, 21, 
1721-1730. 

Kaut, M., and Wallace, S. W. (2003). "Evaluation of Scenario-Generation Methods for 
Stochastic Programming". Stochastic Programming E-Print Series, SPEPS. 

Kawachi, T., and Maeda, S. (2004a). "Diagnostic Appraisal of Water Quality and 
Pollution Control Realities in Yasu River Using Gis-Aided Epsilon Robust 
Optimization Model." Proceedings of the Japan Academy Series B-Physical and 
Biological Sciences, 80(8), 399-405. 

Kawachi, T., and Maeda, S. (2004b). "Optimal Management of Waste Loading into a 
River System with Nonpoint Source Pollutants." Proceedings of the Japan 
Academy Series B-Physical and Biological Sciences, 80(8), 392-398. 

Keefer, D. L. (1994). "Certainty Equivalents for Three-Point Discrete-Distribution 
Approximations." Management Science, 40(6), 760-773. 

Keefer, D. L., and Bodily, S. E. (1983). "Three-Point Approximations for Continuous 
Random Variables." Management Science, 29(5), 595-609. 

Keeney, R. L. (1971). "Utility Independence and Preferences for Multiattributed 
Consequences." Operations Research, 19(4), 875-893. 

Keeney, R. L. (1973). "Risk Independence and Multiattributed Utility Functions." 
Econometrica: Journal of the Econometric Society, 41(1), 27-34. 

Keeney, R. L. (1974). "Multiplicative Utility Functions." Operations Research, 22(1), 
22-34. 

Keeney, R. L. (1981). "Analysis of Preference Dependencies among Objectives." 
Operations Research, 29(6), 1105-1120. 

Keeney, R. L., and Raiffa, H. (1976). Decisions with Multiple Objectives: Preferences 
and Value Tradeoffs, Wiley, New York, NY, USA. 

Kelley, E. W. (1968). "Techniques of Studying Coalition Formation." Midwest Journal of 
Political Science, 12(1), 62-84. 



244 

 

Kelman, J., Stedinger, J. R., Cooper, L. A., Hsu, E., and Yuan, S. Q. (1990). "Sampling 
Stochastic Dynamic Programming Applied to Reservoir Operation." Water 
Resources Research, 26(3), 447-454. 

Kelsey, D., and Nordquist, G. L. (1991). "A More General Measure of Risk Aversion 
When Utility Is State-Dependent." Oxford Economic Papers, 43(1), 59-74. 

Kendall, M. G. (1975). Rank Correlation Methods, Fourth edition, Charles Griffin and 
Company Ltd., London, UK. 

Kihlstrom, R. E., and Mirman, L. J. (1981). "Constant, Increasing and Decreasing Risk 
Aversion with Many Commodities." The Review of Economic Studies, 48(2), 271-
280. 

Kilgour, D. M., Hipel, K. W., and Fang, L. (1987). "The Graph Model for Conflicts." 
Automatica, 23(1), 41-55. 

Kilgour, D. M., Hipel, K. W., Fang, L., and Peng, X. (1996). "A New Perspective on 
Coalition Analysis." IEEE Systems, Man, and Cybernetics, 3, 2017-2022. 

Kilgour, D. M., Okada, N., and Nishikori, A. (1988). "Load Control Regulation of Water 
Pollution: An Analysis Using Game Theory." Journal of Environmental 
Management, 27, 179-194. 

Kirman, A., Oddou, C., and Weber, S. (1986). "Stochastic Communication and Coalition 
Formation." Econometrica: Journal of the Econometric Society, 54(1), 129-138. 

Klein, J. H. (2000). "Telling Stories: A Metagame Description of a Conflict." Omega, the 
International Journal of Management Science, 28(1), 1-15. 

Knez, P., Smith, V. L., and Williams, A. W. (1985). "Individual Rationality, Market 
Rationality, and Value Estimation." The American Economic Review, 75(2, 
Papers and Proceedings of the Ninety-Seventh Annual Meeting of the American 
Economic Association), 397-402. 

Kohlberg, E., and Mertens, J.-F. (1986). "On the Strategic Stability of Equilibria." 
Econometrica: Journal of the Econometric Society, 54(5), 1003-1038. 

Komorita, S. S. (1978). "Evaluating Coalition Theories: Some Indices." Journal of 
Conflict Resolution, 22(4), 691-706. 

Komorita, S. S. (1979). "An Equal Excess Model of Coalition Formation." Behavioral 
Science, 24(6), 369-381. 

Komorita, S. S., Aquino, K. F., and Ellis, A. L. (1989). "Coalition Bargaining: A 
Comparison of Theories Based on Allocation Norms and Theories Based on 
Bargaining Strength." Social Psychology Quarterly, 52(3), 183-196. 



245 

 

Komorita, S. S., and Leung, K. (1985). Towards a Synthesis of Power and Justice in 
Reward Allocation, JAI, Greenwich, CT, USA. 

Komorita, S. S., and Nagao, D. H. (1983). "The Functions of Resources in Coalition 
Bargaining." Journal of Personality and Social Psychology, 44, 95-106. 

Konishi, H., and Ray, D. (2003). "Coalition Formation as a Dynamic Process." Journal of 
Economic Theory, 110(1), 1-41. 

Koo, J. K., and Shin, H. S. (1986). "Application of Fuzzy Sets to Water Quality 
Management." Water Supply, 4, 293-304. 

Krawczaka, M., and Ziólkowskia, A. (1985). "Nash Model of Water Reservoir 
Pollution." Annual Review in Automatic Programming, 12(2), 181-184. 

Kreps, D. M., and Wilson, R. (1982). "Sequential Equilibria." Econometrica: Journal of 
the Econometric Society, 50(4), 863-894. 

Kuhberger, A. (2002). "The Rationality of Risky Decisions - a Changing Message." 
Theory & Psychology, 12(4), 427-452. 

Kuhn, J. R. D., Hipel, K. W., and Fraser, N. M. (1983). "A Coalition Analysis Algorithm 
with Application to the Zimbabwe Conflict." IEEE Systems, Man, and 
Cybernetics, 13(3). 

Laing, G. J. (1979). "Comment on a Hypergame Study of the Fall of France." Journal of 
the Operational Research Society, 30(7), 669. 

Lange, O. (1934). "The Determinateness of the Utility Function." The Review of 
Economic Studies, 1(3), 218-225. 

Larson, K. S., and Sandholm, T. W. (2000). "Anytime Coalition Structure Generation: 
An Average Case Study." Journal of Experimental & Theoretical Artificial 
Intelligence, Taylor & Francis Ltd, 23-42. 

Lattimore, P. K., Baker, J. R., and Witte, A. D. (1992). "The Influence of Probability on 
Risky Choice:  A Parametric Examination." Journal of Economic Behavior & 
Organization, 17(3), 377-400. 

Lavalle, I. H., and Fishburn, P. C. (1987). "Decision Analysis under States-Additive Ssb 
Preferences." Operations Research, 35(5), 722-735. 

Lave, L. B. (1986). "Approaches to Risk Management: A Critique." Risk Evaluation and 
Management, V. T. Covello, J. Menkes, and J. Mumpower, eds.Plenum Press, 
New York, NY, USA. 

Laville, F. (2000). "Foundations of Procedural Rationality: Cognitive Limits and 
Decision Processes." Economics and Philosophy, 16(1), 117-138. 



246 

 

Lavington, F. (1912). "Uncertainty in Its Relation to the Net Rate of Interest." The 
Economic Journal, 22(87), 398-409. 

Lavington, F. (1925). "An Approach to the Theory of Business Risks." The Economic 
Journal, 35(138), 186-199. 

Lawler, E. J., and Youngs, G. A., Jr. (1975). "Coalition Formation: An Integrative 
Model." Sociometry, 38(1), 1-17. 

Lawrence, W. W. (1976). Of Acceptable Risk, William Kaufmann, Los Altos, CA, USA. 

Lee, C.-S., and Chang, S.-P. (2005). "Interactive Fuzzy Optimization for an Economic 
and Environmental Balance in a River System." Water Research, 39(1), 221-231. 

Lee, C.-S., and Wen, C.-G. (1997). "Fuzzy Goal Programming Approach for Water 
Quality Management in a River Basin." Fuzzy Sets and Systems, 89(2), 181-192. 

Leimar, O., Austad, S., and Equist, M. (1991). "A Test of the Sequential Assessment 
Game: Fighting in the Bowl and Doily Spider Frontinella Pyramitela." Evolution, 
45(4), 862-874. 

Lejano, R., and Davos, C. A. (1995). "Cost Allocation of Water Resource Projects: A 
Game-Theoretic Approach and Case Study." Water Resources Research, 31, 
1387-1393. 

Lejano, R., and Davos, C. A. (1999). "Cooperative Solutions for Sustainable Resource 
Management." Environmental Management, 24(2), 167-175. 

Levy, H., and Levy, A. (1991). "Arrow-Pratt Measures of Risk Aversion: The 
Multivariate Case." International Economic Review, 32(4), 891-898. 

Li, K. W., Hipel, K. W., Kilgour, D. M., and Fang, L. P. (2004). "Preference Uncertainty 
in the Graph Model for Conflict Resolution." Ieee Transactions on Systems Man 
and Cybernetics Part a-Systems and Humans, 34(4), 507-520. 

Li, K. W., Kilgour, D. M., and Hipel, K. W. (2005). "Status Quo Analysis in the Graph 
Model for Conflict Resolution." Journal of the Operational Research Society, 
56(6), 699-707. 

Li, Y., and Ziemba, W. T. (1989). "Characterizations of Optimal Portfolios by Univariate 
and Multivariate Risk Aversion." Management Science, 35(3), 259-269. 

Lichtenstein, S., and Slovic, P. (1971). "Reversals of Preferences between Bids and 
Choices in Gambling Decisions." Journal of Experimental Psychology, 89, 46-55. 

Lichtenstein, S., and Slovic, P. (1973). "Response-Induced Reversals of Preferences in 
Gambling: An Extended Replication in Las Vegas." Journal of Experimental 
Psychology, 101, 16-20. 



247 

 

Lindman, H. R. (1971). "Inconsistent Preferences among Gambles." Journal of 
Experimental Psychology, 89, 390-397. 

Liou, S.-M., Lo, S.-L., and Hu, C.-Y. (2003). "Application of Two-Stage Fuzzy Set 
Theory to River Quality Evaluation in Taiwan." Water Research, 37(6), 1406-
1416. 

Liou, Y.-T., and Lo, S.-L. (2005). "A Fuzzy Index Model for Trophic Status Evaluation 
of Reservoir Waters." Water Research, 39(7), 1415-1423. 

Littlechild, S. C., and Vaidya, K. G. (1976). "The Propensity to Disrupt and the 
Disruption Nucleolus of a Characteristic Function Game." International Journal 
of Game Theory, 5, 151–161. 

Loaiciga, H. A. (2004). "Analytic Game - Theoretic Approach to Ground-Water 
Extraction." Journal of Hydrology, 297(1-4), 22-33. 

Loehman, E., and Dinar, A. (1994). "Cooperative Solution of Local Externality 
Problems: A Case of Mechanism Design Applied to Irrigation." Journal of 
Environmental Economics and Management, 26, 235-256. 

Loehman, E., Orlando, J., Tschirhart, J., and Whinston, A. (1979). "Cost Allocation for a 
Regional Wastewater Treatment Plant." Water Resources Research, 15(2), 193-
202. 

Lohmann, S. (1997). "Linkage Politics." The Journal of Conflict Resolution, 41(1), 38-
67. 

Loomes, G. (1998). "Probabilities Vs Money: A Test of Some Fundamental Assumptions 
About Rational Decision Making." Economic Journal, 108(447), 477-489. 

Loomes, G., Starmer, C., and Sugden, R. (1989). "Preference Reversal: Information-
Processing Effect or Rational Non-Transitive Choice?" The Economic Journal, 
99(395, Supplement: Conference Papers), 140-151. 

Loomes, G., Starmer, C., and Sugden, R. (1991). "Observing Violations of Transitivity 
by Experimental Methods." Econometrica: Journal of the Econometric Society, 
59(2), 425-439. 

Loomes, G., and Sugden, R. (1982). "Regret Theory: An Alternative Theory of Rational 
Choice under Uncertainty." The Economic Journal, 92(368), 805-824. 

Loomes, G., and Sugden, R. (1983). "A Rationale for Preference Reversal." The 
American Economic Review, 73(3), 428-432. 

Loomes, G., and Sugden, R. (1986). "Disappointment and Dynamic Consistency in 
Choice under Uncertainty." The Review of Economic Studies, 53(2), 271-282. 



248 

 

Loomes, G., and Sugden, R. (1987). "Testing for Regret and Disappointment in Choice 
under Uncertainty." The Economic Journal, 97(Supplement: Conference Papers), 
118-129. 

Loucks, D. P. (1968). "Computer Models for Reservoir Regulation." Journal of Sanitary 
Engineering Division, 94(S4), 657-669. 

Loucks, D. P. (1976). "Discrete Chance Constrained Model for River Basin Planning. 
Stochastic Programming." Oxford International Conference, 1974, New York, 
NY, USA. 

Lovallo, D., and Kahneman, D. (2000). "Living with Uncertainty: Attractiveness and 
Resolution Timing." Journal of Behavioral Decision Making, 13(2), 179-190. 

Lucas, W. F. (1965). "Solutions for a Class of N-Person Games in Partition Function 
Form." Naval Research Logistics Quarterly, 12, 15–21. 

Lucas, W. F. (1971). "Some Recent Developments in N-Person Game Theory." SIAM 
Review, 13(4), 491-523. 

Lucas, W. F. (1972). "An Overview of the Mathematical Theory of Games." 
Management Science, 18(5, Theory Series, Part 2, Game Theory and Gaming), 
P3-P19. 

Luce, R. D. (1956). "Semiorders and a Theory of Utility Discrimination." Econometrica, 
Journal of the Econometric Society, 24(2), 178-191. 

Luce, R. D. (1966). "Two Extensions to Conjoint Measurement." Journal of 
Mathematical Psychology, 3, 348-370. 

Luce, R. D. (1991). "Rank- and Sign-Dependent Linear Utility Models for Binary 
Gambles." Journal of Economic Theory, 53(1), 75-100. 

Luce, R. D., and Raiffa, H. (1957). Games and Decisions, New York, NY, USA. 

Luce, R. D., and Tukey, J. W. (1964). "Simultaneous Conjoint Measurement: A New 
Type of Fundamental Measurements." Mathematical Psychology, 1, 1-27. 

Lund, J. R. (2002). "Floodplain Planning with Risk-Based Optimization." Journal of 
Water Resources Planning and Management, 128(3), 202-207. 

Lund, J. R., and Israel, M. (1995). "Optimization of Transfers in Urban Water Supply 
Planning." Journal of Water Resources Planning and Management, 121(1), 41-
48. 

MacCrimmon, K. R., and Larsson, S. (1979). "Utility Theory: Axioms Versus 
"Paradoxes"." Expected Utility Hypothese and the Allais Paradox, M. Allais and 
O. Hagen, eds., 333-409, Reidel, Dodrecht, Holland. 



249 

 

MacCrimmon, K. R., and Toda, M. (1969). "The Experimental Determination of 
Indifference Curves." The Review of Economic Studies, 36(4), 433-451. 

MacCrimmon, K. R., and Wehrung, D. A. (1984). "The Risk in-Basket." Journal of 
Business, 57(3), 367-387. 

Machina, M. J. (1982). ""Expected Utility" Analysis without the Independence Axiom." 
Econometrica: Journal of the Econometric Society, 50(2), 277-324. 

Machina, M. J. (1987a). "Choice under Uncertainty: Problems Solved and Unsolved." 
The Journal of Economic Perspectives, 1(1), 121-154. 

Machina, M. J. (1987b). "Decision-Making in the Presence of Risk." Science, 236(4801), 
537-543. 

Machina, M. J. (1989). "Dynamic Consistency and Non-Expected Utility Models of 
Choice under Uncertainty." Journal of Economic Literature, 27(4), 1622-1668. 

Machina, M. J. (2005). "'Expected Utility/Subjective Probability' Analysis without the 
Sure-Thing Principle or Probabilistic Sophistication." Economic Theory, 26(1), 1-
62. 

Machina, M. J., and Neilson, W. S. (1987). "The Ross Characterization of Risk Aversion: 
Strengthening and Extension." Econometrica: Journal of the Econometric 
Society, 55(5), 1139-1149. 

Machina, M. J., and Schmeidler, D. (1992). "A More Robust Definition of Subjective 
Probability." Econometrica: Journal of the Econometric Society, 60(4), 745-780. 

Maddock, T. I. (1974). "The Operation of a Stream-Aquifer System under Stochastic 
Demands." Water Resources Research, 10(1), 1-10. 

Makower, H., and Marschak, J. (1938). "Assets, Prices and Monetary Theory." 
Economica, 5(19), 261-288. 

Mao, M., and Ren, L. (2004). "Simulating Nonequilibrium Transport of Atrazine through 
Saturated Soil." Ground Water, 42(4), 500-508. 

Maoz, Z. (1989). "Power, Capabilities, and Paradoxical Conflict Outcomes." World 
Politics, 41(2), 239-266. 

Maoz, Z. (1995). "National Preferences, International Structures, and Balance-of-Power 
Politics." Journal of Theoretical Politics, 7(3), 369-393. 

Maqsood, I., Huang, G. H., and Scott Yeomans, J. (2005). "An Interval-Parameter Fuzzy 
Two-Stage Stochastic Program for Water Resources Management under 
Uncertainty." European Journal of Operational Research, 167(1), 208-225. 



250 

 

Maqsood, I., Huang, G. H., and Yeomans, J. S. (2004). "An Interval Parameter Fuzzy 
Two-Stage Stochastic Program for Water Resources Management under 
Uncertainty." European Journal of Operational Research. 

Markowitz, H. (1952). "The Utility of Wealth." The Journal of Political Economy, 60(2), 
151-158. 

Markowitz, H. M. (1991). "Foundations of Portfolio Theory." Journal of Finance, 46(2), 
469-477. 

Marks, R. W. (1951). "The Effect of Probability, Desirability, and Privilege on the Stated 
Expectations of Children." Journal of Personality, 19, 332-351. 

Marschak, J. (1938). "Money and the Theory of Assets." Econometrica, Journal of the 
Econometric Society, 6(4), 311-325. 

Marschak, J. (1950). "Rational Behavior, Uncertain Prospects, and Measurable Utility." 
Econometrica: Journal of the Econometric Society, 18(2), 111-141. 

May, K. O. (1954). "Intransitivity, Utility, and the Aggregation of Preference Patterns." 
Econometrica: Journal of the Econometric Society, 22(1), 1-13. 

Mazur, A. (1968). "A Nonrational Approach to Theories of Conflict and Coalitions." 
Journal of Conflict Resolution, 12(2), 196-205. 

McCormick, G., and Powell, R. S. (2003). "Optimal Pump Scheduling in Water Supply 
Systems with Maximum Demand Charges." JOURNAL OF WATER 
RESOURCES PLANNING AND MANAGEMENT, 129(5), 372-379. 

McGoun, E. G. (1995). "The History of Risk Measurement." Critical Perspectives on 
Accounting, 6(6), 511-532. 

McNamee, P., and Celona, J. (1987). Decision Analysis for the Professional with 
Supertree, Scientific Press, Redwood City, CA, USA. 

Megill, R. E. (1977). An Introduction to Risk Analysis, Petroleum Publishing Company, 
Tulsa, OK. 

Meister, D. B., and Fraser, N. M. (1993). "Multiattribute Coalition Formation Analysis." 
IEEE Systems, Man, and Cybernetics, 147-152. 

Meister, D. B., Hipel, K. W., and De, M. (1991). "Coalition Formation Metrics for 
Decision Making." IEEE Systems, Man, and Cybernetics, International 
Conference on  Decision Aiding for Complex Systems,  Conference Proceedings, 
3, 217-222. 

Michaels, J. V. (1996). Technical Risk Management, Prentice Hall PTR, Upper Saddle 
River, NJ, USA. 



251 

 

Michener, H. A. (1992). "Coalition Anamolies in Light of the Central Union Theory." 
Advances in Group Processes, 9, E. J. Lawler, B. Markovsky, C. Ridgeway, and 
H. A. Walker, eds., 65-88, JAI Press Inc., Greenwich, CT, USA. 

Michener, H. A., and Au, W. T. (1994). "A Probabilistic Theory of Coalition Formation 
in N-Person Sidepayment Games." Journal of Mathematical Sociology, 19, 165-
188. 

Michener, H. A., and Myers, D. J. (1998). "Probabilistic Coalition Structure Theories: An 
Empirical Comparison in Four-Person Superadditive Sidepayment Games." 
Journal of Conflict Resolution, 42(6), 830-860. 

Miller, A. C. I., and Rice, T. R. (1983). "Discrete Approximations of Probability 
Distributions." Management Science, 29(3), 352-362. 

Miller, C. E. (1980). "Effects of Payoffs and Resources on Coalition Formation: A Test 
of Three Theories." Social Psychology Quarterly, 43(2), 154-164. 

Mills, T. M. (1953). "Power Relations in Three-Person Groups." American Sociological 
Review, 18(4), 351-357. 

Mills, T. M. (1954). "The Coalition Pattern in Three Person Groups." American 
Sociological Review, 19(6), 657-667. 

Morgan, D. R., Eheart, J. W., and Valocchi, A. J. (1993). "Aquifer Remediation Design 
under Uncertainty Using a New Chance Constrained Programming Technique." 
Water Resources Research, 29(3), 551-561. 

Morgan, M. G., and Henrion, M. (1990). Uncertainty, a Guide to Dealing with 
Uncertainty in Quantitative Risk and Policy Analysis., Cambridge University 
Press, Cambridge. 

Morrow, J. D. (1986). "A Spatial Model of International Conflict." The American 
Political Science Review, 80(4), 1131-1150. 

Morrow, J. D. (1997). "When Do "Relative Gains" Impede Trade?" Journal of Conflict 
Resolution, 41(1, New Games: Modeling Domestic-International Linkages), 12-
37. 

Moskowitz, H. (1974). "Effects of Problem Representation and Feedback on Rational 
Behavior in Allais and Morlat-Type Problems." Decision Sciences, 5, 225-242. 

Mosteller, F., and Nogee, P. (1951). "An Experimental Measurement of Utility." Journal 
of Political Economy, 5, 371-404. 

Mousavi, S. J., Karamouz, M., and Menhadj, M. B. (2004a). "Fuzzy-State Stochastic 
Dynamic Programming for Reservoir Operation." Journal of Water Resources 
Planning and Management-Asce, 130(6), 460-470. 



252 

 

Mousavi, S. J., Zanoosi, A. G., and Afshar, A. (2004b). "Optimization and Simulation of 
a Multiple Reservoir System Operation." JOURNAL OF WATER SUPPLY 
RESEARCH AND TECHNOLOGY-AQUA, 53(6), 409-424. 

Mulford, M., and Berejikian, J. (2002). "Behavioural Decision Theory and the Gain 
Debate in International Politics." Political Studies, 50(2), 209-229. 

Muney, B. F., and Deutsch, M. (1968). "The Effects of Role-Reversal During the 
Discussion of Opposing Viewpoints." Journal of Conflict Resolution, 12(3), 345-
356. 

Murnighan, J. K., Komorita, S. S., and Szwajkowski, E. (1977). "Theories of Coalition 
Formation and the Effects of Reference Groups." Journal of Experimentsl Social 
Psychology, 13, 166-181. 

Myerson, R. B. (1978). "Refinements of the Nash Equilibrium Concept." International 
Journal of Game Theory, 7, 73-80. 

Myerson, R. B. (1991). Game Theory: Analysis of Conflict, Harvard University Press, 
Cambridge, MA, USA. 

Nagel, R. (1995). "Experimental Results on Interactive Competitive Guessing." American 
Economic Review, 85(5), 1313-1326. 

Nakamura, Y. (1995a). "Probabilistically Sophisticated Rank Dependent Utility." 
Economics Letters, 48(3-4), 441-447. 

Nakamura, Y. (1995b). "Rank Dependent Utility for Arbitrary Consequence Spaces." 
Mathematical Social Sciences, 29(2), 103-129. 

Nakamura, Y. (1996). "Rank Dependent Utility for Arbitrary Consequnce Spaces." 
Mathematical Social Sciences, 31(1), 54. 

Nandalal, K. D. W., and Sakthivadivel, R. (2002). "Planning and Management of a 
Complex Water Resource System: Case of Samanalawewa and Udawalawe 
Reservoirs in the Walawe River, Sri Lanka." Agricultural Water Management, 57, 
207-221. 

Nash, J. F., Jr. (1950). "The Bargaining Problem." Econometrica: Journal of the 
Econometric Society, 18(2), 155-162. 

Neale, M. A., and Bazerman, M. H. (1985). "The Effects of Framing and Negotiator 
Overconfidence on Bargaining Behaviors and Outcomes." Academy of 
Management Journal, 28(1), 34-49. 

Nieswand, G. H., and Granstrom, M. L. (1971). "A Chance Constrained Approach to 
Conjunctive Use of Surface Waters and Groundwaters." Water Resources 
Research, 7(6), 1425-1436. 



253 

 

Ning, S. K., and Chang, N. B. (2004). "Optimal Expansion of Water Quality Monitoring 
Network by Fuzzy Optimization Approach." Environmental Monitoring and 
Assessment, 91(1-3), 145-170. 

Niou, E. M. S., and Ordeshook, P. C. (1994). "Alliances in Anarchic International 
Systems." International Studies Quarterly, 38(2), 167-191. 

Obeidi, A., Hipel, K. W., and Kilgour, D. M. (2003). "Emotion: The Missing Ingredient 
in Conflict Analysis." IEEE International Conference on Systems, Man, and 
Cybernetics, 3322 - 3329. 

Ofshe, R., and Ofshe, L. (1969). "Social Choice and Utility in Coalition Formation." 
Sociometry, 32(3), 330-347. 

Okada, N. (1977). "A Game Theoretic Approach to the Analysis of Area-Wide 
Multimodal Water Utilization System." Tottori Daigaku Kenkyu Hokoku, 8. 

Oppenheim, L. (1977). Ancient Mesopotamia, University of Chicago Press, Chicago, IL, 
USA. 

Ouarda, T. B. M. J., and Labadie, J. W. (2001). "Chance Constrained Optimal Control for 
Multi-Reservoir System Optimization and Risk Analysis." Stochastic 
Environmental Research and Risk Assessment, 15(3), 185-204. 

Ozelkan, E. C., and Duckstein, L. (1996). "Analysing Water Resources Alternatives and 
Handling Criteria by Multi Criterion Decision Techniques." Journal of 
Environmental Management, 48, 69-96. 

Pallottino, S., Sechi, G. M., and Zuddas, P. (2005). "A Dss for Water Resources 
Management under Uncertainty by Scenario Analysis." Environmental Modelling 
& Software, 20(8), 1031-1042. 

Park, C. W. (1978). "A Conflict Resolution Choice Model." Journal of Consumer 
Research, 5(2), 124-137. 

Parker, T. (1943). "Allocation of the Tennessee Valley Authority Project." Trans 
American Society Civil Engineer, 108, 174-187. 

Paroush, J. (1975). "Risk Premium with Many Commodities." Journal of Economc 
Theory, 11, 283-286. 

Payne, J. W., and Braunstein, M. L. (1971). "Preferences among Gampbles with Equal 
Underlying Distributions." Journal of Experimental Psychology, 87(1), 13-18. 

Payne, J. W., Laughhunn, D. J., and Crum, R. (1980). "Translation of Gambles and 
Aspiration Level Effects in Risky Choice Behavior." Management Science, 
26(10), 1039-1060. 



254 

 

Pearson, E. S., and Tukey, J. W. (1965). "Approximate Means and Standard Deviations 
Based on Distances between Percentage Points of Frequency Curves." 
Biometrika, 52(3-4), 533-546. 

Pereira, M. V. F., and Pinto, L. M. V. G. (1985). "Stochastic Optimization of a 
Multireservoir Hydroelectric System: A Decomposition Approach." Water 
Resources Research, 21(6), 779-792. 

Pereira, M. V. F., and Pinto, L. M. V. G. (1991). "Multi-Stage Stochastic Optimization 
Applied to Energy Planning." Mathematical Programming. Series A., 52, 359-
375. 

Pfeifer, P. E., Bodily, S. E., and Sherwood, C. F. J. (1991). "Pearson-Tukey Three-Point 
Approximations Versus Monte Carlo Simulation." Decision Sciences, 22(1), 74-
90. 

Pflug, G. C. (2001). "Scenario Tree Generation for Multiperiod Financial Optimization 
by Optimal Discretization." Mathematical Programming. Series B, 89, 251-271. 

Philbrick, C. R. J., and Kitanidis, P. K. (1999). "Limitations of Deterministic 
Optimization Applied to Reservoir Operations." Journal of Water Resources 
Planning and Management, ASCE, 125(3), 135-142. 

Pigou, A. C. (1920). The Economics of Welfare, Fourth edition, Macmillan and Co., Ltd., 
New York, NY, USA. 

Pollak, R. A. (1967). "Additive Von Neumann-Morgenstern Utility Functions." 
Econometrica, Journal of the Econometric Society, 35(3/4), 485-494. 

Pollatsek, A., and Tversky, A. (1970). "A Theory of Risk." Journal of Mathematical 
Psychology, 7(3), 540-553. 

Pommerehne, W. W., Hart, A., and Schneider, F. (1997). "Tragic Choices and Collective 
Decision-Making: An Empirical Study of Voter Preferences for Alternative 
Collective Decision-Making Mechanisms." The Economic Journal, 107(442), 
618-635. 

Pommerehne, W. W., Schneider, F., and Zweifel, P. (1982). "Economic Theory of 
Choice and the Preference Reversal Phenomenon: A Reexamination." The 
American Economic Review, 72(3), 569-574. 

Ponnambalam, K., Karray, F., and Mousavi, S. J. (2003). "Minimizing Variance of 
Reservoir Systems Operations Benefits Using Soft Computing Tools." FUZZY 
SETS AND SYSTEMS, 139(2), 451-461. 

Pratt, J. W. (1964). "Risk Aversion in the Small and in the Large." Econometrica: 
Journal of the Econometric Society, 32(1/2), 122-136. 



255 

 

Prelec, D. (1998). "The Probability Weighting Function." Econometrica, 66(3), 497-527. 

Preston, M. G., and Barata, P. (1948). "An Experimental Study of the Auction Value of 
an Uncertain Outcome." American Journal of Psychology, 61, 183-193. 

Provencher, B., and Burt, O. (1994). "Approximating the Optimal Groundwater Pumping 
Policy in a Multiaquifer Stochastic Conjunctive Use Setting." Water Resources 
Research, 30(3), 833-843. 

Quattrone, G. A., and Tversky, A. (1988). "Contrasting Rational and Psychological 
Analyses of Political Choice." The American Political Science Review, 82(3), 
719-736. 

Quiggin, J. (1982). "A Theory of Anticipated Utility." Journal of Economic Behavior & 
Organization, 3(4), 323-343. 

Quiggin, J. (1993). "Testing between Alternative Models of Choice under Certainty-
Comment." Insurance: Mathematics and Economics, 13(2), 160-161. 

Rabin, M. (1993). "Incorporating Fairness into Game Theory and Economics." The 
American Economic Review, 83(5), 1281-1302. 

Radford, K. J., Hipel, K. W., and Fang, L. (1994). "Resolution of Complex Decision-
Making Situations." IEEE Systems, Man, and Cybernetics. 

Raiffa, H. (1968). Decision Analysis: Introductory Lectures on Choice under 
Uncertainty, Addison-Wesley, Reading, MA, USA. 

Ranjithan, S., Eheart, J. W., and Garrett, J. H. J. (1993). "Neutral Network Based 
Screening for Groundwater Reclamation under Uncertainty." Water Resources 
Research, 29(3), 563-574. 

Ransmeier, J. S. (1942). The Tennessee Valley Authority: A Case Study in the Economics 
of Multiple Purpose Stream Planning, Vanderbilt University Press, Nashville, 
Tennessee, USA. 

Rasmusen, E. (2001). Games and Information :  An Introduction to Game Theory, 
Blackwell Publishers, Malden, MA, USA. 

Rausser, G., and Simon, L. (1991). "A Noncooperative Model of Collective Decision 
Making: A Multilateral Bargaining Approach." Working paper, 618, Department 
of Agricultural and Resource Economics, University of California, Berkeley, 
Berkeley, CA, USA. 

ReVelle, C., Joeres, E., and Kirby, W. (1969). "Linear Decision Rule in Reservoir 
Management and Design. 1. Development of the Stochastic Model." Water 
Resources Research, 5(4), 767-777. 



256 

 

Ricci, P. F., Rice, D., Ziagos, J., and Cox, J., Louis A. (2003). "Precaution, Uncertainty 
and Causation in Environmental Decisions." Environment International, 29(1), 1-
19. 

Richelson, J. T. (1979). "Soviet Strategic Doctrine and Limited Nuclear Operations: A 
Metagame Analysis." Journal of Conflict Resolution, 23(2), 326-336. 

Roberts, J. H., and Urban, G. L. (1988). "Modeling Multiattribute Utility, Risk, and 
Belief Dynamics for New Consumer Durable Brand Choice." Management 
Science, 34(2), 167-185. 

Rockafellar, R. T., and Uryasev, S. (2000). "Optimization of Conditional Value-at-Risk." 
The Journal of Risk, 2(3), 21-41. 

Rockafellar, R. T., and Uryasev, S. (2002). "Conditional Value-at-Risk for General Loss 
Distributions." Journal of Banking & Finance, 26(7), 1443-1471. 

Roell, A. (1987). "Risk Aversion in Quiggin and Yaari's Rank-Order Model of Choice 
under Uncertainty." The Economic Journal, 97(Supplement: Conference Papers), 
143-159. 

Rogers, P. (1969). "A Game Theory Approach to the Problems of International River 
Basins." Water Resources Research, 5(4), 749-760. 

Rogers, P. (1993). "The Value of Cooperation in Resolving International River Basin 
Disputes." Natural Resources Forum, May, 117-131. 

Romp, G. (1997). Game Theory :  Introduction and Applications, Oxford University 
Press, New York, NY, USA. 

Rosen, M. D., and Sexton, R. J. (1993). "Irrigation Districts and Water Markets: An 
Application of Cooperative Decision Making Theory." Land Economics, 69(1), 
39-53. 

Ross, E. A. (1896). "Uncertainty as a Factor in Production." The Annals of the American 
Academy of Political and Social Science, 8, 92-119. 

Ross, S. A. (1981). "Some Stronger Measures of Risk Aversion in the Small and the 
Large with Applications." Econometrica: Journal of the Econometric Society, 
49(3), 621-638. 

Rouhani, S. (1985). "Variance Reduction Analysis." Water Resources Research, 21, 837- 
846. 

Rozos, E., Efstratiadis, A., Nalbantis, I., and Koutsoyiannis, D. (2004). "Calibration of a 
Semi-Distributed Model for Conjunctive Simulation of Surface and Groundwater 
Flows." Hydrological Sciences Journal-Journal Des Sciences Hydrologiques, 
49(5), 819-842. 



257 

 

Rubinstein, A. (1982). "Perfect Equilibrium in a Bargaining Model." Econometrica: 
Journal of the Econometric Society, 50(1), 97-110. 

Rubinstein, M. E. (1973). "A Comparative Statics Analysis of Risk Premiums." Journal 
of Business, 46(4), 605-615. 

Safra, Z., and Segal, U. (2001). "Rank-Dependent Preferences without Ranking Axioms." 
Journal of Mathematical Economics, 35(4), 547-562. 

Sahoo, G. B., Ray, C., Wang, J. Z., Hubbs, S. A., Song, R., Jasperse, J., and Seymour, D. 
(2005). "Use of Artificial Neural Networks to Evaluate the Effectiveness of 
Riverbank Filtration." Water Research, 39(12), 2505-2516. 

Said, A. K., and Hartley, D. A. (1982). "A Hypergame Approach to Crisis Decision-
Making: The 1973 Middle East War." Journal of the Operational Research 
Society, 33(10), 937-948. 

Samuelson, P. A. (1952). "Probability, Utility, and the Independence Axiom." 
Econometrica: Journal of the Econometric Society, 20(4), 670-678. 

Sandhlom, T. W., and Lesser, V. R. T. (1997). "Coalitions among Computationally 
Bounded Agents." Artificial Intelligence, 94(1-2), 99-137. 

Sarin, R., and Weber, M. (1993). "Risk-Value Models." European Journal of 
Operational Research, 70, 135-149. 

Sasikumar, K., and Mujumdar, P. (2000). "Application of Fuzzy Probability in Water 
Quality Management of a River System." International Journal of Systems 
Science, 31(5), 575-591. 

Savage, L. J. (1954). The Foundations of Statistics, Wiley, New York, NY, USA. 

Schmeidler, D. (1969). "The Nucleolus of a Characteristic Function Game." SIAM 
Journal on Applied Mathematics, 17(6), 1163-1170. 

Schmeidler, D. (1989). "Subjective Probability and Expected Utility without Additivity." 
Econometrica: Journal of the Econometric Society, 57(3), 571-587. 

Schoemaker, P. J. H. (1982). "The Expected Utility Model: Its Variants, Purposes, 
Evidence and Limitations." Journal of Economic Literature, 20(2), 529-563. 

Segal, U. (1993). "Order Indifference and Rank-Dependent Probabilities." Journal of 
Mathematical Economics, 22(4), 373-397. 

Selten, R. (1965). "Spieltheoretische Behandlung Eines Oligopolmodells Mit 
Nashfragetragheit." Zeitschrift fuer die gesampte Staatswissenschaft, 121, 301-
324, 6677-689. 



258 

 

Selten, R. (1975). "Reexamination of the Perfectness Concept for Equilibrium Points in 
Extensive Games." International Journal of Game Theory, 4, 25-55. 

Sened, I. (1996). "A Model of Coalition Formation: Theory and Evidence." Journal of 
Politics, 58(2), 350-372. 

Shackle, G. L. S. (1949). "A Non-Additive Measure of Uncertainty." The Review of 
Economic Studies, 17(1), 70-74. 

Shapley, L. S. (1953). "A Value for N-Person Games." Contributions to the Theory of 
Games, II, H. W. Kuhn and A. W. Tucker, eds., 307-317, Princeton University 
Press, Princeton. 

Shapley, L. S., and Shubik, M. (1954). "A Method for Evaluating the Distribution of 
Power in a Committee System." The American Political Science Review, 48(3), 
787-792. 

Shapley, L. S., and Shubik, M. (1966). "Quasi-Cores in a Monetary Economy with 
Nonconvex Preferences." Econometrica: Journal of the Econometric Society, 
34(4), 805-827. 

Sharpe, W. F. (1991). "Capital Asset Prices with and without Negative Holdings." 
Journal of Finance, 46(2), 489-509. 

Sheehan, M., and Kogiku, K. C. (1981). "Game Theory Analyses Applied to Water 
Resource Problems." Socio-Economic Planning Sciences, 15(3), 109-118. 

Shupe, M. C., Wright, W. M., Hipel, K. W., and Fraser, N. M. (1980). "Nationalization of 
the Suez Canal: A Hypergame Analysis." Journal of Conflict Resolution, 24(3), 
477-493. 

Simon, H. A. (1955). "A Behavioral Model of Rational Choice." The Quarterly Journal 
of Economics, 69(1), 99-118. 

Simon, L., Goodhue, R., Rausser, G., Thoyer, S., Morardet, S., and Rio, P. (2003). 
"Structure and Power in Multilateral Negotiations: An Application to French 
Water Policy." University of California, Berkeley, Berkeley, CA, USA. 

Slikker, M. (2001). "Coalition Formation and Potential Games." Games and Economic 
Behavior, 37(2), 436-448. 

Slovic, P. (1966). "Value as a Determiner of Subjective Probability." IEEE Human 
Factors in Electronics, 7(1), 22-28. 

Slovic, P. (1995). "The Construction of Preferences." American Psychologist, 50(5), 364-
371. 



259 

 

Slovic, P., and Lichtenstein, S. (1971). "Comparison of Bayesian and Regression 
Approaches to the Study of Information Processing and Judgment." 
Organizational Behavior and Human Decision Processes, 6, 649-744. 

Slovic, P., and Lichtenstein, S. (1983). "Preference Reversals: A Broader Perspective." 
The American Economic Review, 73(4), 596-605. 

Slowinski, R. (1986). "A Multicriteria Fuzzy Linear Programming Method for Water 
Supply System Development Planning." Fuzzy Sets and Systems, 19(3), 217-237. 

Smith, J. E. (1993). "Moment Methods for Decision Analysis." Management Science, 
39(3), 340-358. 

Somlyody, L., and Wets, R. J. B. (1988). "Stochastic Optimization Models for Lake 
Eutrophication Management." Operations Research, 36(5), 660-681. 

Stahl, D. O. (1993). "Evolution of Smart Players." Games and Economic Behavior, 5(4), 
604-617. 

Starmer, C. (2000). "Developments in Non-Expected Utility Theory: The Hunt for a 
Descriptive Theory of Choice under Risk." Journal of Economic Literature, 
38(2), 332-382. 

Starmer, C., and R., S. (1989). "Probability and Juxtaposition Effects: An Experimental 
Investigation of the Common Ratio Effect." Journal of Risk and Uncertainty, 2, 
159-178. 

Stedinger, J. R., and Loucks, D. P. (1984). "Stochastic Dynamic Programming Models 
for Reservoir Operation Optimization." Water Resources Research, 20, 1499-
1505. 

Stedinger, J. R., Sule, B. F., and Loucks, D. P. (1984). "Stochastic Dynamic 
Programming Models for Reservoir Operation Optimization." Water Resources 
Research, 20(11), 1499-1505. 

Stiglitz, J. E. (1969). "Behavior Towards Risk with Many Commodities." Econometrica: 
Journal of the Econometric Society, 37(4), 660-667. 

Stokman, F. N., van Assen, M. A. L. M., van der Knoop, J., and van Oosten, R. C. H. 
(2000). "Strategic Decision Making." Advances in Group Processes, 17, 131-153, 
JAI Press Inc. 

Stokman, F. N., and van Oosten, R. (1994). "The Exchange of Voting Positions: An 
Object-Oriented Model of Policy Networks." European Community Decision 
Making: Models, Comparisons, and Applications, B. B. de Mesquita and F. N. 
Stokman, eds., 105-127, Yale University Press, New Haven, CT, USA. 



260 

 

Straffin, P. D., and Heany, J. P. (1981). "Game Theory and the Tennessee Valley 
Authority." International Journal of Game Theory, 10, 35-43. 

Stroud, A. H., and Secrest, D. (1966). Gaussian Quadrature Formulas, Prentice Hall, 
Englewood Cliffs, Jew Jersey, USA. 

Stryke, S., and Psathas, G. (1960). "Research on Coalitions in the Triad: Findings, 
Problems and Strategy." Sociometry, 23(3), 217-230. 

Suresh, K. R., and Mujumdar, P. P. (2004). "A Fuzzy Risk Approach for Performance 
Evaluation of an Irrigation Reservoir System." Agricultural Water Management, 
69(3), 159-177. 

Sutardi, bector, C. R., and Goulter, I. (1995). "Multiobjective Water Resources 
Investment Planning under Budgetary Uncertainty and Fuzzy Environment." 
European Journal of Operational Research, 82(3), 556-591. 

Suzuki, M., and Nakayama, M. (1976). "The Cost Assignment of the Cooperative Water 
Resource Development: A Game Theoretical Approach." Management Science, 
22(10), 1081-1086. 

Svenson, O. (1981). "Are We All Less Risky and More Skillful Than Our Fellow 
Drivers?" Acta Psychologica, 47(2), 143-148. 

Szidarovszky, F., Duckstein, L., and Bogardi, I. (1984). "Multiobjective Management of 
Mining under Water Hazard by Game Theory." European Journal of Operational 
Research, 15(2), 251-258. 

Tagushi, G. (1978). "Performance Analysis Design." International Journal of Product 
Research, 16, 521-530. 

Takahashi, M. A., Fraser, N. M., and Hipel, K. W. (1984). "A Procedure for Analyzing 
Hypergames." European Journal of Operational Research, 18(1), 111-122. 

Taylor, H. F. (1970). Balance in Small Groups, Van Nostrand-Reinhold, New York, NY, 
USA. 

Taylor, M. (1976). Anarchy and Cooperation, Wiley, London, UK. 

Tecle, A. M., fogel, M., and Duckstein, L. (1988). "Multicriterion Selection of 
Wastewater Management Alternatives." Water Resources Planning and 
Management, 114, 383-395. 

Thoyer, S., Mordaret, S., Rio, P., Simon, L., Goodhue, R., and Rausser, G. (2001). "A 
Bargaining Model to Simulate Negotiationsbetween Water Users." Journal of 
Artificial Societies and Social Simulation, 4(2). 



261 

 

Tiedeman, G., and Gorelick, S. M. (1993). "Analysis of Uncertainty in Optimal 
Groundwater Contaminant Capture Design." Water Resources Management, 29, 
2139-2153. 

Tijs, S. H., and Driessen, T. S. H. (1986). "Game Theory and Cost Allocation Problems." 
Management Science, 32(8), 1015-1028. 

Timmer, J., Borm, P., and Tijs, S. (2000). "On Three Shapley-Like Solutions for 
Cooperative Games with Random Payoffs." 2000-73, Center for Economic 
Research, Department of Econometrics, Tilburg University, Tilburg, The 
Netherlands. 

Tisdell, J. G., and Harrison, S. R. (1992). "Estimating an Optimal Distribution of Water 
Entitlements." Water Resources Research, 28(12), 3111–3117. 

Tisdell, J. G., and Harrison, S. R. (2002). "Estimating an Optimal Distribution of Water 
Entitlements." Water Resources Research, 28, 3111-3117. 

Trezos, T., and Yeh, W. W. G. (1987). "Use of Stochastic Dynamic Programming for 
Reservoir Management." Water Resources Research, 23(6), 983-996. 

Tung, Y. K. (1986). "Groundwater Management by Chance-Constrained Model." Journal 
of Water Resources Planning and Management, 112(1), 1-19. 

Tversky, A., and Edward Russo, J. (1969). "Substitutability and Similarity in Binary 
Choices." Journal of Mathematical Psychology, 6(1), 1-12. 

Tversky, A., and Fox, C. R. (1995). "Weighing Risk and Uncertainty." Psychological 
Review, 102(2), 269-283. 

Tversky, A., and Kahneman, D. (1973). "Availability: A Heuristic for Judging Frequency 
and Probability,." Cognitive Psychology, 5(2), 207-232. 

Tversky, A., and Kahneman, D. (1974). "Judgment under Uncertainty: Heuristics and 
Biases." Science, 185(4157), 1124-1131. 

Tversky, A., and Kahneman, D. (1981). "The Framing of Decisions and the Psychology 
of Choice." Science, 211(4481), 453-458. 

Tversky, A., and Kahneman, D. (1986). "Rational Choice and the Framing of Decisions." 
Journal of Business, 59(4, Part 2: The Behavioral Foundations of Economic 
Theory), S251-S278. 

Tversky, A., and Kahneman, D. (1991). "Loss Aversion in Riskless Choice: A Reference-
Dependent Model." The Quarterly Journal of Economics, 106(4), 1039-1061. 

Tversky, A., and Kahneman, D. (1992). "Advances in Prospect Theory: Cumulative 
Representation of Uncertainty." Journal of Risk and Uncertainty, 5, 297-323. 



262 

 

Tversky, A., Slovic, P., and Kahneman, D. (1990). "The Causes of Preference Reversal." 
The American Economic Review, 80(1), 204-217. 

Tversky, A., and Thaler, R. H. (1990). "Anomalies: Preference Reversals." The Journal 
of Economic Perspectives, 4(2), 201-211. 

Tversky, A., and Wakker, P. (1995). "Risk Attitudes and Decision Weights." 
Econometrica: Journal of the Econometric Society, 63(6), 1255-1280. 

United States Water Resources Commission, U. S. W. R. C. (1980). "Principles and 
Standards for Water and Related Land Resources Planning." Pronciples, 
Standards, and Procedures, PSP, F. Register. 

van Assen, M. A. L. M., Stokman, F. N., and van Oosten, R. (2003). "Conflict Measures 
in Cooperative Exchange Models of Collective Decision-Making." Rationality 
and Society, 15(1), 85-112. 

Varis, O. (1998). "A Belief Network Approach to Optimization and Parameter 
Estimation: Application to Resource and Environmental Management." Artificial 
Intelligence, 101, 135-163. 

Varis, O., and Kuikka, S. (1999). "Learning Bayesian Decision Analysis by Doing: 
Lessons from Environmental and Natural Resources Management." Ecological 
Modelling, 119(2-3), 177-195. 

Vega-Redondo, F. (2003). Economics and the Theory of Games, Cambridge University 
Press, Cambridge, UK. 

Vemula, V. R. S., Mujumdar, P. P., and Ghosh, S. (2004). "Risk Evaluation in Water 
Quality Management of a River System." Journal of Water Resources Planning 
and Management-Asce, 130(5), 411-423. 

Vergara, B. A. (2004). "2004 Interim Update to Special Publication Sj2000-Sp1 District 
Water Supply Plan." Special Publications SJ2004-SP28, Saint Johs River Water 
Management District, Palataka, FL. 

Vinacke, W. E., and Arkoff, A. (1957). "An Experimental Study of Coalitions in the 
Triad." American Sociological Review, 22(4), 406-414. 

Virjee, K., and Gaskin, S. (2005). "Fuzzy Cost Recovery in Planning for Sustainable 
Water Supply Systems in Developing Countries." Energy, 30(8), 1329-1341. 

von Neumann, J. (1928). "Zue Theorie Der Gesellschaftsspiele." Mathematische 
Annalen, 100, 295-320. 

von Neumann, J., and Morgenstern, O. (1944). Theory of Games and Economic 
Behavior, First, (1947) Second, and (1953) Third Editions, Princeton University 
Press, Princeton, NJ, USA. 



263 

 

Vriend, N. J. (1996). "Rational Behavior and Economic Theory." Journal of Economic 
Behavior & Organization, 29(2), 263-285. 

Wagner, B. J. (1999). "Evaluating Data Worth for Ground-Water Management under 
Uncertainty." Journal of Water Resources Planning and Management, 125(5), 
281-288. 

Wagner, B. J., and Gorelick, S. M. (1987). "Optimal Groundwater Quality Management 
under Parameter Uncertainty." Water Resources Research, 23(7), 1162-1174. 

Wagner, B. J., and Gorelick, S. M. (1989). "Reliable Aquifer Remediation in the 
Presence of Spatially Variable Hydraulic Conductivity: From Data to Design." 
Water Resources Research, 25, 2210-2225. 

Wagner, J. M., Shamir, U., and Nemati, H. R. (1992). "Groundwater Quality 
Management under Uncertainty: Stochastic Programming Approaches and the 
Value of Information." Water Resources Research, 28(5), 1233-1246. 

Wagner, R. H. (1986). "The Theory of Games and Balance-of-Power." World Politics, 
38(4), 546-576. 

Walker, S. G. (1977). "The Interface between Beliefs and Behavior: Henry Kissinger's 
Operational Code and the Vietnam War." Journal of Conflict Resolution, 21(1), 
129-168. 

Walpole, R. E. (1989). Probability and Statistics for Engineers and Scientists, 
Macmillan, New York, NY, USA. 

Waltz, K. E. (1979). Theory of International Relations, Addison Wesley, Menlo Park, 
CA, USA. 

Wang, D., and Adams, B. J. (1986). "Optimization of Real-Time Reservoir Operations 
with Markov Decision Processes." Water Resources Research, 11, 345-352. 

Wang, J. (1995). "Statistical Inference for Stochastic Programming." 95 (5), Institute of 
Mathematics, Nanjing University, Nanjing. Peoples Republic of China. 

Wang, J. W., Yuan, X. H., and Zhang, Y. C. (2003). "A Reliability and Risk Analysis 
System for Multipurpose Reservoir Operation." ENVIRONMENTAL FLUID 
MECHANICS, 3(4), 289-303. 

Wang, M., Hipel, K. W., and Fraser, N. M. (1989). "Solution Concepts in Hypergames." 
Applied Mathematics and Computation, 34(3), 147-171. 

Watkins, D. W. J., McKinney, D. C., Lasdon, L. S., Nielsen, S. S., and Martin, Q. W. 
(2000). "A Scenario-Based Stochastic Programming Model for Water Supplies 
from the Highland Lakes." International Transactions in Operational Research, 
7(3), 211-230. 



264 

 

Watkins, J., David W., and McKinney, D. C. (1998). "Decomposition Methods for Water 
Resources Optimization Models with Fixed Costs." Advances in Water Resources, 
21(4), 283-295. 

Watkins, W. D. J., and McKinney, D. C. (1997). "Finding Robust Solutions to Water 
Resources Problems." Journal of Water Resources Planning and Management, 
123(1), 49-58. 

Whiffen, G. J., and Shoemaker, C. A. (1993). "Nonlinear Weighted Feedback Control of 
Groundwater Remediaion under Uncertainty." Water Resources Research, 29(9), 
3277-3289. 

Wilkening, H. A. I. (2004). "Regional Water Supply Planning Update in the Saint Johns 
River Water Management District." Presentation, November 15, Saint Johns 
River Water Management District. 

Willett, A. H. (1901). "The Economic Theory of Risk and Insurance." Studies in History, 
Economics, and Public Law, 14, C. U. Faculty of Political Science, ed.Columbia 
University Press, New York, NY, USA. 

Willson, S. J. (1998). "Long-Term Behavior in the Theory of Moves." Theory and 
Decision, 45(3), 201-240. 

Winston, W. L. (1994). Operations Research: Applications and Algorithms, Third 
Edition, Duxbury Press, Wadsworth Publishing Company. Wadsworth, Inc., 
Belmont, CA, USA. 

Wolff, K. H. (1950). The Sociology of Georg Simmel, The Free Press, Glencoe, IL, USA. 

Wood, E. F. (1978). "Analyzing Hydrologic Uncertainty and Its Impact Upon Decision 
Making in Water Resources." Advances in Water Resources, 1(5), 299-305. 

Wu, W.-T., and Jaing, J.-H. (1962). "Essential Equilibrium Points of N-Person Non-
Cooperative Games." Scientia Sinica, 10, 1307-1322. 

Wycoff, R. (2005). "Phone Interview." Consultant, Saint Johns River Water Management 
District. 

Wycoff, R., and Parks, M. (2005). "Cost Estimating and Economic Criteria for 2005 
District Water Supply Plan - Technical Memorandum to the Saint Johns River 
Water Management District." Special Publication SJ2005-SP1, CH2M HILL. 

Yaari, M. E. (1969). "Some Remarks on Measures of Risk Aversion and on Their Uses." 
Journal of Economic Theory, 1(3), 315-329. 

Yaari, M. E. (1987). "The Dual Theory of Choice under Risk." Econometrica: Journal of 
the Econometric Society, 55(1), 95-115. 



265 

 

Yaron, D., Dinar, A., and Ratner, A. (1986). "The Applicability and Usefulness of 
Cooperative Game Theory in Analysis of Equity Issues in Regional Water 
Resource Problems." Reprint, 16, Institute of Agricutlural Economics, University 
of Oxford. 

Yaron, D., and Ratner, A. (1985). "Efficiency and Game Theory Analysis of Income 
Distribution in the Use of Irrigation Water." Reprint, 14, Institute of Agricultural 
Economics, University of Oxford. 

Yaron, D., and Ratner, A. (1990). "Regional Cooperation in the Use of Irrigation Water, 
Efficiency and Game Theory Analysis of Income Distribution." Agricultural 
Economics, 4, 45-58. 

Yi, Y. W., and Zhang, Y. S. (1989). "The Decision Aid Planning for the Water Supply in 
a Fuzzy Environment." System Analysis, Modeling, and Simulation, 7(6), 21-32. 

Young, H. P., Okada, N., and Hashimoto, T. (1982). "Cost Allocation in Water Resources 
Development." Water Resources Research, 18(3), 463-475. 

Zadeh, L. A. (1965). "Fuzzy Sets." Information and Control, 8(338-353). 

Zagare, F. C. (1984). "Limited-Move Equilibria in 2x2 Games." Theory and Decision, 
16, 1-19. 

Zaino, N. A., and D'Errico, J. (1989a). "Optimal Discrete Approximations for Continuous 
Outcomes with Applications in Decision and Risk Analysis." Journal of 
Operational Research Society, 40(4), 379-388. 

Zaino, N. A., and D'Errico, J. (1989b). "Optimal Discrete Approximations for Continuous 
Outcomes with Applications in Decision and Risk Analysis." Journal of the 
Operational Research Society, 40(4), 379-388. 

Zhao, B., and Mays, L. W. (1995). "Estuary Management by Stochastic Linear Quadratic 
Optimal Control." Journal of Water Resources Planning and Management, 
121(5), 382-391. 

Ziari, H. A., McCarl, B. A., and Stockle, C. (1995). "A Nonlinear Mixed Integer Program 
Model for Evaluating Runoff Impoundments for Supplemental Irrigation." Water 
Resources Research, 31(6), 1585-1594. 

Zinnes, D. A., Gillespie, J. V., and Tahim, G. S. (1978). "A Formal Analysis of Some 
Issues in Balance of Power Theories." International Studies Quarterly, 22(3), 
323-356. 

Zwicker, W. S. (1987). "Playing Games with Games: The Hypergame Paradox." 
American Mathematical Monthly, 94(6), 507-514. 

 



 

266 

 
BIOGRAPHICAL SKETCH 

Ghina M. Yamout was born in Beirut, Lebanon, the spring of 1978, where she 

attended International College, an American accredited school, and graduated with 

honorable mention for her school achievements. Directly afterwards, Ghina joined the 

Chemistry Department at the American University of Beirut, AUB, in October of 1996 

and earned her B.Sc. in chemistry in June of 1999. After graduation, she joined the 

environmental technology M.Sc. program under the supervision of Professor Mutassem 

ElFadel in the Department of Civil Engineering, AUB. As she was introduced to the 

subfields of environmental engineering, Ghina found special interest in the field of water 

resources. She defended her thesis August 2002. In the last stages of the M.Sc. program, 

Ghina was accepted in the Ph.D. program at the University of Florida, Gainesville, FL, 

under the tutelage of Professor Kirk Hatfield. She flew to the United States and started 

the program January of 2002. Ghina completed her doctorate in three and a half years; 

her publications are under preparation. She defended her dissertation August 22, 2005, 

and graduated officially with a Ph.D. in civil engineering, water resources and hydrology, 

December 2005. Ghina is currently preparing to move to West Palm Beach, Florida, 

where she will be part of Parsons Water and Infrastructure. 

 

 


	ACKNOWLEDGMENTS
	TABLE OF CONTENTS
	LIST OF TABLES
	LIST OF FIGURES
	ABSTRACT
	INTRODUCTION
	DECISION MAKING UNDER UNCERTAINTY: A COMPARATIVE REVIEW OF M
	On the Origin of Risk
	Definition of Risk
	Definition of Risk Management
	Our Definition
	Risk Management Techniques
	Mathematical Notations
	Non-Probability-Based RM Techniques
	Sensitivity analysis
	Decision making criteria
	Analytic hierarchy process or decision matrix
	Utility and game theory
	Multiobjective optimization

	Probability-Based RM Techniques
	Scenario analysis
	Moments and quantiles
	Decision trees
	Stochastic optimization
	Bayesian analysis
	Fuzzy sets
	Information gap
	Downside risk metrics


	The Different RM Methods: A Discussion
	Value-at-Risk and Conditional Value-at-Risk
	Scenario Tree
	Discretization

	Risk in the Water Resources Management Literature
	Conclusion

	COMPARISON OF RISK MANAGEMENT TECHNIQUESFOR A WATER ALLOCATI
	Model Formulation
	Objective Function
	Decision Variables
	Problem Data
	Constraints
	Deterministic Expected Value Model
	Scenario Model
	Two-Stage Stochastic Model with Recourse
	Objective Function Model
	Constraint Model.

	Scenario Generation
	Case Study Area
	Water Demand
	Water Supply
	Water Cost

	Scenario Generation
	Results and Discussion
	5% Standard Deviation
	10% Standard Deviation
	Analysis

	Conclusions and recommendations

	UTILITY, GAME, AND WATER: A REVIEW
	Theory of Preference
	Preference Comparison Relationship
	Expected Utility Theory
	Bernoulli’s utility theory
	Linear expected utility theory
	Subjective linear expected utility theory
	Multiattribute expected utility

	Descriptive Limitations of LEUT and SEUT
	Violation of independence
	Violation of transitivity
	Probability judgment
	Non-Archimedean preferences

	Alternatives to Expected Utility Theory
	Linear generalizations
	Non-linear generalizations


	Strategic Decision Making
	Game Theory
	Mathematical formulations
	Classification of games
	Solutions concepts

	Extensions to Standard Game Theory
	Metagame analysis
	Hypergame theory
	Analysis of options
	Conflict analysis
	Drama theory
	Graph model for conflict resolution
	Theory of moves

	Alternatives to Standard Game Theory
	Limited thinking models
	Learning models
	Social preferences models


	Game Theory in Water Resources Management
	Conclusion

	A MULTIAGENT MULTIATTRIBUTE WATER ALLOCATION GAME MODEL
	Power and Preferences
	Salience Theories
	Issue Linkage Theories
	Equity Theories
	Coalition Formation Theories
	Minimum Resource Theory
	Balance Theory
	Minimum Power Theory
	Bargaining Theory
	Equal Surplus Theory
	Policy-Distance Minimization Theory
	Outcome Grouping Theory
	Option Preferences Theory
	Ordinal Deduction Selection System Theory
	Graph Model Theory
	Triads Theory

	Probability of Coalition Formation
	Size-Probability Model Theory
	Johansen-C Probability Model Theory
	Central Union Theory
	Willingness and Opportunity Theory
	Cohesion Theory
	Stochastic Communication Structures

	Risk Attitudes
	Pratt-Arrow Model
	Risk Aversion Matrix
	Risk-Value Theory
	Moments Risk-Value Model
	De Mesquita’s Risk Model

	Model Development
	Utility Function
	Relative Gain
	Coalition Formation
	Political Uncertainty
	Modified Utility Function

	Hypothetical Application
	Conclusion

	CONCLUSION
	SJRWMD COSTS DEPRECIATION
	LIST OF REFERENCES
	BIOGRAPHICAL SKETCH



