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Underwater travel is greatly limited by the speed that can be attained by the vehicles.
Usually, the maximum speed achieved by underwater vehicles is about 40 m/s. Supercav-
itation can be viewed as a phenomenon that would help us to break the speed barrier in
underwater vehicles. The idea is to make the vehicle surrounded by water vapor while it
is traveling underwater. Thus, the vehicle actually travels in air and has very small skin
friction drag. This allows it to attain high speeds underwater. Supercavitation is a phe-
nomenon which is observed in water. As the relative velocity of water with respect to
the vehicle increases, the pressure decreases and subsequently it evaporates to form water
vapor. Supercavitation has its drawbacks. It is really hard to control and maneuver a su-
percavitating vehicle. The first part of this work deals with modeling of a supercavitating
torpedo. Nonlinear equations of motion are derived in detail. The latter part of the work
deals with finding a controller to maneuver the torpedo. A controller is obtained by LQR
synthesis. For the synthesis, it is assumed that the cavity is fixed and the torpedo is situated

symmetrically in the cavity. The robustness analysis of the LQR controllers is carried out



by calculating the gain and phase margins. Simulations of the response for a perturbed

system also have been studied.
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CHAPTER 1
INTRODUCTION

Achieving high speeds is an important issue for underwater vehicles. Even the common
fastest underwater vehicles are restricted to travel at speeds around 40 ms—1. The reason
for this restriction is the drag induced by skin friction. When a body moves in a fluid, a
layer of the fluid clings to the surface of the body and is dragged with it. This interaction
causes high drag forces on the body and is commonly termed skin friction drag. The drag
force in water, unlike air, is dominated by skin friction drag as compared to other sources
such as pressure drag. Over the years, extensive research has been done to boost the speed
of underwater vehicles. However, most of the studies were mainly focused on streamlining
the bodies and improving their propulsion systems. Even though these have proven to give
advancements in speed, there has not been a considerable reduction in skin friction drag.
In the late 1970’s, the Russian Navy was able to engineer a torpedo, the Shkval (squall) [1],
that achieved a speed over 80 ms—t. This phenomenal improvement in speed was made
possible by supercavitation. The idea was to envelop the torpedo in a gas so that it has little
contact with water. The Shkval was able to achieve a tremendous reduction in skin friction
drag and exhibit high speed.

1.1 Cavitation

As the speed of an underwater vehicles increases, i.e., as the relative velocity of water
with respect to the vehicle increases, the pressure decreases. The speed can be increased
to the point the pressure goes below the vapor pressure of water and then bubbles of water
vapor are formed. This process is known as cavitation. Cavitation is mostly observed at
sharp corners of a body where the speed can reach high magnitudes. A classic example for

cavitation is at the tip of propellers, like the one shown in Figure 1.1. Since the propeller



IS rotating at high speed, the relative velocity at the tips is high enough so that water at
the tips vaporizes. Cavitation has been extensively researched, but remains a challenge for

underwater vehicles.

Figure 1.1 Tip Vortex Cavitation [2]

Cavitation can be harmful in many cases. The cavitation region is usually turbulent.
When the cavitation is not steady, the pressure drop is momentary and very quickly the
cavitation bubble encounters a region of high pressure that forces the bubble to collapse
like a tiny bomb. This collapse causes high levels of noise and also may cause considerable
damage to the surface of the body.

Figure 1.2 shows the various stages of formation of cavity. It shows a bullet-like body
traveling in water at high speed. The cavitation starts as vapor bubbles near the region of
high relative velocity. As the speed is further increased, the bubbles merge to form a large
area of vapor. On further increase in speed, the whole of the body is covered in vapor. This
stage is called the supercavitation. At this point, the condition is similar to traveling in air.
The skin friction drag is tremendously reduced, and thus high speed can be attained in this
phase.

1.2 Typesof Supercavitating Projectiles

The first version of the Russian Shkval was a crude supercavitating vehicle. It was

unguided and had a small range of about 5 miles. Now, there are various advanced forms

of supercavitating bodies. One class of supercavitating bodies, called RAMICS (Rapid
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Figure 1.2 Formation of Cavity [3]

Airborne Mine Clearance System), is a helicopter-borne weapon that destroys surface and
near-surface marine mines by firing supercavitating rounds at them. These are small bullet-
like, flat nosed projectiles that are designed to travel stably through air and water. As the
RAMICS can produce a cavitation bubble, they can travel at high speed underwater and
can pierce the mines to destroy them. As they are fired from a distance in air, they need to
be designed to travel in both phases. The RAMICS are better than conventional bullets, as
conventional bullets are rapidly slowed down by drag in water.

Another kind of a supercavitating projectile is a sub-surface gun system using Adapt-
able High-Speed Undersea Munitions (AHSUM). These are supercavitating “kinetic-kill”
bullets, fired from guns fitted under submerged hull of submarines. These sonar directed
bullets would be used to intercept undersea missiles.

The RAMICS and AHSUM are uncontrolled small range supercavitating projectiles.
The next level of supercavitating projectiles is larger torpedoes, with higher speeds and
longer range. These vehicles are much more complex. They require the design of a launch
station. They require detailed studies of hydrodynamics, acoustics, guidance and control,
propulsion, etc. Even if the vehicle is designed to be an uncontrolled torpedo, it is still
a challenge to produce and maintain a cavity around the vehicle. The cavity is usually
produced by the nose of the vehicle, which is specially shaped for the purpose. The nose
is called a cavitator. The cavitator may not be sufficient to produce the cavity. Thus air can

be blown at the nose and various sections of the body so as to maintain and produce the



cavity. Figure 1.3 shows a supercavitating torpedo traveling underwater. It can be seen that
the whole of its body is enveloped by a cavity. This is the kind of vehicle that has been

studied in this work.

- A
Cavitator

Figure 1.3 Supercavitating Vehicle [1]

1.3 Related Research

Research in the field of supercavitation has been going on from the early 1900’s. But
earlier research was aimed at reduction of cavitation so as to reduce noise and body damage.
In the 90’s the focus shifted to exploiting the effects of supercavitation.

The work shown in May [4] has an extensive collection of experimental data for vari-
ation of forces on various supercavitating shapes. Coefficients of lift and drag are plotted
with the variation of cavitation number for shapes like disks, cones, ogives and wedges.
The work done in this research makes use of a CFD database provided in Fine [5]. This
database has values for coefficients of lift and drag for conical cavitators, which are func-
tions of the half angle of the cone and the angle of attack. This database also has coefficients
of lift and drag for wedges, which are functions of wetted surface of the wedge, angle of
attack and sweepback angle (we discuss the definition of these geometric quantities such as
the angle of attack and half angle later in this thesis). This information is useful to calculate
the forces on fins of the torpedo.

In late 90’s a lot of research has been done on the dynamics of supercavitating vehicles.
Work shown in Kulkarni and Pratap [6] and Rand et al. [7] deals with studying dynamics
of uncontrolled supercavitating projectiles. A dynamic model for RAMICS and AHSUM
has been developed. It is shown that these projectiles rotate inside the cavity. This rotation

leads to impacts between the tail of the projectile and the cavity wall. The frequency of the



impact increases with time. These projectiles are very short range and have a small time of
flight, on the order of a few seconds.

The work shown in Dzielski and Kurdila [8] focuses on the formulation of a control
problem for a supercavitating torpedo. A dynamical model for a fin controlled torpedo
has likewise been developed. The model also includes a formulation for the cavity. It is
observed that the weight of the body forces it to skip inside the walls of the cavity and the
vehicle is unstable. A control system is designed for the torpedo and results of closed-loop
simulations have been presented.

1.4 Overview of thisThesis

This work aims at formulating the control design for a supercavitating torpedo. Equa-
tions of motion for the torpedo are derived, and linear control methodologies are applied
for pitch and roll control of the torpedo. The main purpose of this work is to analyze these
controllers and ascertain their robustness to various errors and uncertainties.

Chapter 2 of this thesis briefly describes the configuration of the supercavitating torpedo
for which the equations of motion have been developed.

A detailed derivation of the equations of motion for the torpedo has been carried out in
Chapter 3. Various reference frames have been used to obtain the kinematic equations of the
torpedo. Dynamic equations are derived using Newton’s Laws. Various forces experienced
by different regions of the torpedo have been explained.

Chapter 4 describes linearization of the equations of motion using small disturbance
theory. Numerical methods are used for this purpose. It is observed that the linearization
for a simple trim can be very complicated.

Chapter 5 describes the control synthesis for the torpedo. Open-loop dynamics are
shown. The closed-loop problem and various constraints on the torpedo have been stated.

Chapter 6 formulates a Linear Quadratic Regulator (LQR) control design for the tor-
pedo. Controllers for pitch and roll rate control of the torpedo are obtained. The results for

linear closed-loop system and a perturbed liner system have been shown.



The results for pitch and roll rate control for the nonlinear closed-loop system have
been presented in Chapter 7 . The simulations for a perturbed system model also have been

presented.



CHAPTER 2
CONFIGURATION OF VEHICLE

Although supercavitation can be a very helpful phenomenon, it presents significant
challenges in modeling and control of supercavitating vehicles. As a significant portion of
the vehicle is located in the cavity, the control, guidance and stability of the vehicle has to
be managed by very small regions in front and aft of the vehicle. Also generation of the
cavity can be a significant problem. The major problems associated with the supercavitat-
ing vehicles may be summarized as:

generation and maintenance of cavity
balancing the weight of the vehicle
control and guidance

stability

Figure 2.1 is a figure of a supercavitating torpedo that is modeled in this work. The main
parts of the torpedo are the cavitator in the front and the four fins in the aft portion. The cav-
itator is used to generate and maintain the cavity. The Cavitator and the four fins together
are also used for control and stability of the vehicle.
2.1 Cavitator
The cavitator is the element that generates a cavity around the torpedo. Several types
of cavitators, including cones, wedges and plates have been investigated [4]. This project

will consider a conical cavitator as shown in Figure 2.1. The main parameter that defines

e -
T — o v
-

Figure 2.1 Supercavitating Vehicle [8]



a conical cavitator is its half-angle. The coefficients of lift and drag, as functions of half-
angle, for the cavitator have been generated using CFD and tabulated in [5].

The cavitator in this model has one degree of freedom defined by a rotation angle about
an axis perpendicular to its axis of symmetry. The shape and location of the cavity is
a nonlinear function of this cavitator deflection angle and half angle of the cone. This
shape determines the position where the cavity intersects the body of the vehicle. Thus, the
amount of wetted area of the vehicle is dependent on these angles, which in turn determines
the efficiency of supercavitation achieved.

As stated earlier, a large portion of the vehicle is in the cavity. The lift produced by the
cavitator combined with the lift produced by the fins helps in balancing the weight of the
body.

2.2 Fins

Although the cavitator is capable of providing enough lift to sustain the body in water,
it does not usually provide sufficient forces and moments to stabilize and control the ve-
hicle. For this purpose fins are required in the aft portion of the vehicle. The fins help in
counteracting the moments produced by the cavitator and also providing some amount of
lift to support the weight of the body. There are four fins placed symmetrically along the
girth of the vehicle, near the tail. The fins also are the control surfaces, as they can provide
differential forces, thus causing control moments. Two of the fins shown in Figure 2.2 are
horizontal (placed parallel to the axis of rotation of cavitator), called elevators, are used to
affect the longitudinal dynamics for the vehicle. The other two fins are called the rudders
and are used to affect the lateral dynamics to the vehicle.

The fins have two degrees of freedom, a sweepback angle and an angle of rotation.
These angles will be explained further in Chapter 3.

2.3 Maneuvering
The motion of the vehicle is controlled by all five control surfaces, the four fins and the

cavitator. In a straight line motion the cavitator and the elevators balance the weight of the



Figure 2.2 Cavitator and Fins

vehicle. A propulsion force at the tail pushes the vehicle forward. The rudders usually have
a zero deflection in such a case.

The vehicle depends on a bank-to-turn strategy for making a turn, and cannot use tradi-
tional missile strategies such as skid-to-turn. This dependence arises because the hull of the
vehicle is incapable of providing a lift force. The fins are the main lift generating surfaces.
A differential force from the fins can be used to generate a force towards the center of the

turn.



CHAPTER 3
NONLINEAR EQUATIONS OF MOTION

The dynamics of the torpedo, whose configuration was discussed in Chapter 2, can be
mathematically formulated. A complete derivation of the equations of motion is given in
this chapter. Section 3.1 deals with the setup of reference frames and derivation of the

kinematic equations. The dynamic equations of motion are derived in Section 3.2.

3.1 Kinematic Equationsof Motion

The definition of a suitable coordinate system and degrees of freedom is a precursor
to any formulation of equations of motion. The derivation of the equations of motion of
multi-body systems is highly simplified by defining various reference frames and relations
between them. Appendix A describes briefly the concept of reference frames and rotation
matrices. These concepts will be used extensively in the derivation of equations of motion.

The derivation of the equations of motion will be done in two parts. First, the kinematic
equations will be derived. These include the formulation of the position vectors, velocities
and accelerations of various points on the torpedo. Next, the dynamic equations will be
derived. Finally, Newton’s Laws yield the dynamic equations of motion.
3.1.1 Orientation of the Torpedo

Six degrees of freedom (DOF) are required to describe the position and orientation of
the torpedo when it is considered a rigid body. Of these, three DOFs give the location of a
point fixed on the torpedo. The other 3 DOFs give the orientation of the torpedo in a fixed
reference frame. The position of the torpedo in a reference frame can also be obtained by
the integration of its velocity in that reference frame.

The torpedo is assumed to be moving in an earth-fixed reference frame E, centered at

any conveniently chosen point and described by the basis vectors (€é1,82,€3). The earth-fixed

10
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Figure 3.1 Body-fixed and Inertial Frames

reference frame is shown in Figure 3.1. The vector €3 points in the downward direction,
i.e., the direction of the gravity. The vectors é; and é, are placed in the horizontal plane
such that the basis vectors form a right-handed coordinate system. As shown in the figure,
€1 points to the right and é; points outside the plane of the paper. A body-fixed frame B is
defined by the basis vectors (by,b2,b3) so as to simplify the derivation of the equations of
motion. The frame B is centered at O, the center of gravity of the torpedo, and moves with
the torpedo. The reference frame B is shown in the Figure 3.1. It can be seen in Figure
3.2 that the torpedo has two planes of symmetry namely 6162 and 6163. The plane 6163 is
called the longitudinal plane and plane biby, the lateral plane.

Transformation from E to B can be achieved by 3 rotations. Many such sets of rotations
are possible. The rotation steps chosen here are the Euler angles of rotation, which are the
yaw, pitch and roll. As there are three rotations to be performed, two intermediate reference
frames with basis vectors (X1,X2,X3) and (Y1,¥2,¥3) will have to be introduced to perform

the transformation. The rotations, to be performed in order, are listed below.

1. Rotate the frame E about &3 through a yaw angle, W, to obtain the frame (X1,%2,X3).
2. Rotate (X1,X2,X3) about X, through a pitch angle, ©, to obtain the frame (y1,¥2,V3).
3. Rotate (¥1,Y¥2,¥3) about y; through a roll angle, ®, to obtain the frame B.
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Figure 3.2 Principle Planes of Symmetry for the Torpedo
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Figure 3.3 Euler Angles of Rotation

Figure 3.3 shows the above rotations in order. Based on the above definition of rotations,

the transformation matrix from E to B can be written as in equation 3.1.

b1 1 0 0 CO 0 -SO CY S¥ 0 &
b, ¢=|0 C® S® 01 0 —SY Cc¥ 0 &
ba 0 -S® Co || SO 0 CO 0 0 1 &3
_ cocy Ccosy -S5O &
= | CYSPSO—COSY SPSOSY +CYCDH SPCO & (3.1)
CPSOCY +SHSY CPHSOSY —CYWSD CPHCO &3

€1

=EB

D>
N

D>
w
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3.1.2 Orientation of the Cavitator
As described earlier, the cavitator has only one degree of freedom. It can rotate in the

longitudinal plane about an axis parallel to the by axis. The orientation of the cavitator-fixed

axes with respect to the body fixed axes is shown in Figure 3.4.

Figure 3.4 Cavitator Reference Frame

The deflection of the cavitator is given by an angle, &¢, which is positive for a positive
cavitator rotation about the 62 direction. The geometric center of rotation of cavitator is
denoted by P. CP is the center of pressure for the cavitator, which is at a distance Acp from

P, along ¢;.
From Figure 3.4, the rotation matrix from B to cavitator fixed frame C, can be written
as in Equation 3.2.
61 Co 0 —S& b1
(3.2)

o
N

¢ ¢ = 0 1 0
63 350 O Céc

o
w
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3.1.3 Orientation of Fins
Figure 3.5 shows the orientation of the fin-fixed reference frames. For convenience, all
the fin frames are indicated by basis vectors ( f1, 2, f3). In text they will be represented as

(f1, f2, f3) fin, where subscript fin corresponds to a particular fin.

¢

Rudder @
/
A2
/ ¥
; —  ®,/, L] 4
by S .
0
3
Rudder @
Bs _
FRONT VIEW fxz
b
by | Elevator @
/
bs
/ fy
b / ,//: [ o
" R b’
.
3
Elevator @
TOPVIEW /

I

Il
Y
f2

Figure 3.5 Rudder and Fin Reference Frames
All the fins have 2 DOFs, namely the sweepback angle (B+i,) and the fin rotation (dsin).

These can be defined as

e  Sweepback angle (Bfin): This parameter is the angle of rotation of a fin about its fs
axis. The direction of rotation for positive sweepback is such that the fin is moved
toward the rear portion of the torpedo. Due to this definition, the positive sweepback
is along the negative f3 direction for all fins. Sweepback angle determines the amount
of fin that is enveloped in the cavity.
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e  FinRotation (d+in): This parameter is the angle of rotation of the fin about its f, axis,
in positive the f, direction. Fin rotation determines the magnitude and direction of
the forces acting on the fins.

The order of rotation in the above case is important to obtain the correct equations.

Sweepback has to be performed before fin rotation. An intermediate reference frame G

with basis vectors (g1, §2,§3) is introduced so as to simplify the derivation of rotation ma-

trix from B to the fin coordinates. Sweepback aligns the fin-fixed frames with the interme-

diate frame G and then a fin rotation puts the fin frame in actual orientation with the fins.

As the second rotation is identical in all cases, the transformation matrix from frame G to

fin frame F+i, can be written as in Equation 3.3.

fy Cdtin 0 —Sdfin of
f, = 0 1 0 G2 (3.3)
fa Sdfin 0  Cdfin g3

fin

fin

The rotation matrix for sweepback and the transformation matrices from B to F¢;, frame

for each of the fins can be derived easily, and are summarized below.

e Rudder 1Figure 3.6 shows the sweepback and fin rotation for rudder 1. The matrices
for transformation from B to R1 can be derived as in Equation 3.4 and Equation 3.5.

©) ©) O
W N P

[N

;

|
i

[ —COBxt 0  SBmi b1
—S6r1 0 —CORry by (3.4)
| 0 -1 o0 bs
[ COr1 0 —SOm: —COxy 0  SBm by
0 1 O ~S0r1 0 —COri b, (3.5)
| SOr1 0 Cdmu o -1 o0 bs

e Rudder 2 Figure 3.7 shows the sweepback and fin rotation for rudder 2. The matrices
for transformation from B to R2 can be derived as in Equation 3.6 and Equation 3.7.

f1
fa
fa

[ COry 0 —SOR |
—S8ry 0 COr
0 1 0

0 1 0

|

[ Core O Sém]

| SOrz 0 Core

(3.6)

by
b>
b3

[ COe 0 —SOBre | ( bu
—S6rp 0 COgr b (3.7)
o -1 0 ba
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G2

Figure 3.7 Rudder 2 Fin Reference Frames

Elevator 1 Figure 3.8 shows the sweepback and fin rotation for Elevator 1. The

matrices for transformation from B to E1 can be derived as in Equation 3.8 and
Equation 3.9.

d1 [ —CBg; —S6g1 O -| by

G2 =] —SBg1 CBg1 O b, (3.8)
g3 Jg;, L O 0 —1J b3

fa [ COz1 0 —Sdg1 —COg; —SBe1 O b1

f, =/ 0 1 0 —SBg1 COgr O by (3.9)
fa )Jg, [ S%1 0 Cdg 0 0o -1 bs

Elevator 2 Figure 3.9 shows the sweepback and fin rotation for Elevator 2. The
matrices for transformation from B to E2 can be derived as in Equation 3.10 and
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6, f

o
Gs f3

Figure 3.8 Elevator 1 Fin Reference Frames

G

Figure 3.9 Elevator 2 Fin Reference Frames

Equation 3.11.

a1 [ —COe2 SOz O by

(o) = | —SOg; —CBgy; O bo (3.10)
03 E2 | 0 0 1 63

fa [ Cdzp 0 —SOg) —CO2 SO O by

f =] 0 1 o0 —SBg, —COgy 0 b, (3.11)
fs Jo, L[ SOe2 0 Cog 0 0 1 bs

Equations 3.2 to 3.11 will be used in later sections to transform the forces on fins and
cavitator to the body-fixed frame.
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3.1.4 Angleof Attack and Sidedlip

The body-fixed reference frame has been defined, but the velocity of various points on
the body of the torpedo is yet to be defined. The torpedo is considered as a rigid body. If the
velocity of a certain point on a rigid body is known, the velocity at any other point on that
body can be found by knowing the rotation matrices. Thus, V = ubs + vb, 4+ whbs will be
taken as the velocity of CG of the torpedo. The velocity of other points on the torpedo can
be defined subsequently. Two very useful parameters, angle of attack and angle of sideslip
can be defined in conjunction with the orientation of the body axis with the velocity of CG.

Figure 3.10 shows these parameters and their geometric interpretation.

by

b,

Pamm— =

bs

Figure 3.10 Angle of Attack (a) and Sideslip (3)

Angle of attack, a, can be defined as the angle between the projection of velocity V.
onto bybs plane and the by axis. Angle of attack is positive when the nose of the torpedo
points above the velocity vector of the torpedo. As before, an intermediate frame F given
by (f1, f2, f3) can be described by rotation of the B frame by an angle a. Thus the rotation

matrix from Fpogy to B can be written.

>

by Ca 0 —Sa fi
b, =] 0 1 0 f, (3.12)
bs Sa 0 Ca f

body

The Angle of sideslip, B, is defined as the angle between the actual velocity V and the

projection of V onto bybs plane. Again, a frame Gpogy Can be defined by rotation of Fpogy
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by an angle equal to B in negative f3 direction, thus giving a rotation matrix as in Equation

3.13.
g1 CB -SB O f1
) =|SB CB O f, (3.13)
g3 body 0 0 ! f3 body

Velocity of CG of the torpedo in the Gyogy frame can be written as V§i, where V is
magnitude of V. It will be seen that drag and lift on the torpedo can be obtained in this

frame. Thus a transformation from Gpogy to B is important. It is given by Equation 3.14.

by CBCa CaSp —Sa g1
b, p=| =SB CB O G2 (3.14)
bs CBSa SaSp Ca G3

body
Using Equation 3.14 , V can be rewritten as in Equation 3.15.

V =Vg:

A - - 3.15
—V CBCa by —V SB by +V CRSa by (319
—— ~ N—_———

u \% w

where V2 =V?2 = u? +v2 +w?2. From Figure 3.10, relations between the velocity compo-

nents and the angles of attack and sideslip can be derived.

tana = % (3.16)

sinp = VV (3.17)

Though the matrix Gpogy-B in Equation 3.14 has been defined for the body-fixed ref-
erence frame and velocity of CG of the torpedo, the equation is valid for any other rigid
part of the body like the fins and cavitator. Thus, in case of a fin, the velocity V would
correspond to a point (like the tip, center of pressure etc.) on that fin, and G fj,_B matrix
would correspond to the fin-fixed reference frame. In this case the velocity of center of
pressure of the fin will be used to define the above parameters. Thus, obtaining a fj, and

Btin is a two step process:
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1.  Obtain the velocity of center of pressure of fin.
V cpbody = Veg +E B x logCP (3.18)

where V cppody is velocity of CP of fin in B frame, V¢ is the velocity of CG of the
torpedo in E frame, Ew® is angular velocity of B in E, and Iegcp IS position vector
from CG to CPyj,. Equation 3.18 can be rewritten as in Equation 3.19.

Ufin u 61 62 63
Vfin =4q V +|p q r (3.19)
Wtin J g W ) | Xfin Yfin Zfin

where regcp = Xtinb1 + Yiinb2 + Zfinbs.

2. Transform the velocity (in E) of CP of fin from frame B to frame of corresponding
fin. This transformation is obtained by using rotation matrices derived in Equations

3.31t0 3.11.

UR1 [ C5R1 0 —SBRl T —CeRl 0 Sem URl
VR1 = 0 1 0 —SeRl 0 —C9R1 (3.20)
WRL ) L Sop1 0 Codm 1L 0 -1 WRl
URr2 [ C5R2 0 —SBRZ 1T —C9R2 0 —SeRz URr2
VRg p= 0 1 0 —-SOry O C9R2 VR2 (3.21)
Wr ) L SO 0 COre || O -1 WR
UE1 [ C5|51 0 —8551 T —CeEl —SeEl 0

{ VE1 }— 0 1 0 —8951 CGEl 0 { } (3.22)
WE1 E1 L 8551 0 C5E1 1L 0 0 WE1

{ Ug2 } [ C5|52 0 —8552 T —CeEz SeEz 0 ]{ }
VE2 = 0 1 0 —SOg; —CBgz O (3.23)
WE2 ) g, | Sd2 O COg2 || O 0 1 WE2 B

The left hand terms in Equations 3.20 to 3.23 give the velocity components at the CP
for corresponding fins, in that fin frame. These can be used in Equations 3.16 and 3.17 to

find the angle of attack and sideslip for a particular fin.

3.1.5 Kinematic Equations

Velocity of the CG of the torpedo has been defined in the previous section. That velocity
defines the translational kinematics for the torpedo. Analogous to this quantity, angular
velocity is required to define the rotational kinematics. The angular velocity of the hull has

components p, q and r in the frame B.

E B2 pby + qbyp + rbs (3.24)
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As the transformation from E to B has already been defined in terms of rotational motions
give by Euler angles, the angular rates can also be obtained by differentiation of Euler
angles. Thus, another form of Equation 3.24 can be written as in Equation 3.25.

BB = Wé; + O, + Dby (3.25)
The rotation matrices from Equation 3.1 can be substituted into Equation 3.25 to obtain

Equation 3.26.
BB = (@ — 5OW)b; + (PCOSD + OCD)b, 4 (WCOCD — OSD)bs (3.26)

Equations 3.24 and 3.26 can be equated to obtain Equation 3.27.

p -s®@ 0 1 W
qo/,=|COSd co 0 S (3.27)
r COCP —-Sd 0 ®

Equation 3.27 can be rewritten as in Equation 3.28.
p=>—SOW
g=YCOSP+OCD (3.28)
r=¥COeCo — OSP
To apply Newton’s Laws, acceleration of the CG is required. The values of p, q, f
will be the angular accelerations of torpedo in B. The translational acceleration can be
calculated by time differentiation of V_in Newtonian frame. A differentiation formula can
be used to find the time derivative, in some frame, for a vector defined in some other related
frame.

+'wBxv (3.29)

where, subscript | denotes Newtonian (inertial) frame, and B is the body-fixed frame. 'w?
is angular velocity of the body (or body-fixed frame) in the I frame, v is the velocity in

I frame, of the point where acceleration is desired. Using the formula the acceleration of
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CM of torpedo in E can be obtained.

(| |bs B bs
FaM=S v 3+l p q r (3.30)
\ W u v w
( u-+qw —vr
=4 V4ur—pw (3.31)
\ W+ pv—uq .

Similarly, the rotational acceleration will be required in the frame E. This can be written

analogous to Equation 3.30.

P by by bs
aP=q4 o+ pog o
r) p q r
; ) (3.32)
p

L)

The position of torpedo can be found by integrating the velocity. Let (x,y,z) represent
the coordinates of CG in frame E. Thus, the time derivative of these coordinates in E should
represent the velocity components of the torpedo in E frame. When these time derivatives
are transformed to body-fixed frame, they would be equivalent to the velocity components

in body-fixed frame.

X u
y =< vy (3.33)
Z w

B

Equation 3.1 can be substituted in Equation 3.33 to obtain Equation 3.34.
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X cocwy cosy -SO u
y ¢ = | CWSDPSO—-CHSY SDHSOSYW+CWCP SPCO v (3.34)
z | CHSOCY +SPSY CPHSOSY —SOCW CPCO w

3.2 Dynamic Equations of Motion

Now that the accelerations of various parts of the torpedo are known, Newton’s Laws
can be used to derive the dynamic equations of motion. Newton’s laws state that the rate of
change of momentum is equal to the sum of external force applied on the body. Equation
3.35 can be obtained from Newton’s laws by an assumption that the mass of the torpedo is

constant. This assumption is valid for a short period of time. The equations are

YF=P

=ma

(3.35)

where P is the linear momentum, m is mass of the body, a is the acceleration and F is all the
forces of the body. Using Equation 3.31 in Equation 3.35, Newton’s Laws for the torpedo

can be rewritten as in Equation 3.36.

u-+qw —vr
m< v4ur—pw p =F (3.36)

W+ pv—uq :

Newton’s laws can be extended to rotation. Equation 3.37 are the Newton’s Laws for

rotational motion.

YM=H

= lem0 + F® x H

(3.37)

where H (= lcm EwP) is the angular momentum, Iy is moment of inertia matrix of the
body, a is the angular acceleration and M is all the moments on the body. It should be
noted that above stated Newton’s laws are only valid when the quantities are calculated in
an inertial frame of reference. Thus, the quantities have been calculated in frame E. Using

Equation 3.32, the Newton’s Law for rotation can be written as in Equation 3.38.
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I1 0 0 p 61 62 63
0 1pb 0 g ¢+l p g r |=M (3.38)
0 0 I r lip g l3r

To derive the equations, the forces on each of the parts will be calculated individually,
and then expressed in body-fixed reference frame, i.e., summation will be done in body
reference frame. The rotation matrices derived in previous sections will be used extensively
for this purpose.

Various types of forces are experienced by a moving torpedo in water. These forces can

be summarized as follows:

e Hydrodynamic Forces: These are the forces exerted by the fluid on the torpedo.
Thus they exist whenever the fluid is in contact with body. For supercavitating ve-
hicle, most of the body (hull) is inside the cavity. Only a portion of the fins and the
cavitator are in contact with the fluid. Thus the lift and drag on cavitator and fins are
only hydrodynamic forces. The coefficients of lift and drag for the fins and cavitator
are functions of their angle of attack, immersion, sweepback angle, angle of rotation
etc. and are tabulated in a database [5]. This database will be interpolated and ex-
trapolated to calculate the numerical values for the forces. Occasionally, a part of the
hull comes in contact with water and might experience some forces. These forces are
known as planing forces. It is assumed that the vehicle is centered in the cavity. Thus
the planing forces are neglected in the summation of the hydrodynamics forces.

FHydrodynamic = Fri +Fre +FE1 +Fe2 +Fc (3.39)
Muydrodynamic = Mr1 +Mre +Mg1 +Mg2 +Mc (3.40)

e Gravitational Forces: This is the gravity forces on the body. As the summation of
moments will be taken about the center of gravity, the gravitational forces will not
contribute to the summation on moments. They will appear only in summation of
forces.

e Propulsive: The torpedo has a propulsion system, which is similar to that of rockets.
The line of action of the propulsive force is assumed to be passing through center of
gravity and along by axis. Thus this force will also contribute to the sum of forces,
and not moments. The propulsive forces are provided by burning the fuel, but for
simplicity it will be assumed that the mass of the torpedo remains constant.

The total forces and moments are expressed in terms of these components.
F = Fhydrodynamic + F Grav+ Fprop (3.41)

M= MHydrodynamic (3-42)
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3.21 Forceson Cavitator

Figure 3.11 shows the forces acting on the cavitator. Coefficient of lift (cl¢c) and drag
(cdc) for the cavitator are functions of angle of attack, o, and half-angle, Y1, of the cavi-
tator. Half-angle, for a cone, is the angle made by axis of the cone with any line passing
through the vertex and lying in the surface of the the cone. This parameter defines the main
geometry of the conical cavitator. The values of cl¢ and cd. are determined using CFD and

tabulated in [5]. These values have been extrapolated to calculate lift and drag.
1,2
LC zépVC Scclc(ac,y%) (343)
1
De =5 pVe'Scede(0t, V) (3.44)

where S is the cross-sectional area of the cavitator base. Directions of lift (L¢) and drag
(D¢) are as shown in Figure 3.11(b). These can be transformed to the body axes using 3.2

and 3.14 for the cavitator.

61 gl
62 = C_B(8¢) x Geav-C(0c, Bc) x g2 (3.45)
bs ds ca

(@) (b)

Figure 3.11 Cavitator: (a) Angle of Attack and Sideslip and (b) Hydrodynamic Forces



Thus the forces on cavitator, in body frame, can be written.

Fc

e

Fex
Fey
Fez 5
—De(0c,Yy)
0
—Lc(cxc,y%) .
C8 0 S8 | | CBCac CacSPe —Sac
0 1 0 “SBe CBs O
S8 0 C3 | | CBSac SacSBe  Coc
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(3.46)

_DC(aCa y%)
0

_I—C(GC7 y%)

where F¢ is a 3x1 matrix with each row corresponding to each direction in B basis. The

forces are assumed to be acting at CP of the cavitator. Once the forces have been calculated,

the moment about any point can be calculated.

Mc = rcpeav X F¢

(3.47)

where rcpeay IS the position vector from that point to CP of cavitator. It is assumed that the

CP lies on by when cavitator deflection is 0, and its coordinates with respect to body origin

O, in this case, are (X¢,0,0). Thus from Figure 3.4, the coordinates of CP can be written

for the case when the cavitator is deflected.

Xe+DcpCoc

ICPcav = 0

—AcpSoc

body

(3.48)

The moments on the cavitator in body-fixed can be obtained by substituting Equations 3.46

and 3.48 in Equation 3.47.
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Cd. 0 Sd&
M¢ = [(Xc+AcpCy) E)1 - A(:P85c63] X 0O 1 O
—So 0 Coc
(3.49)
CBLCac CacSPe —Sac —DC(GC,V%)
—SB¢ CBc 0 0
CBcSac  SacSBe  Cac —Lc(ac, V%)

3.2.2 Forceson Fins

Fin forces are also extrapolated from the CFD database [5], which gives the values of
coefficients of lift (clfin) and drag (cd¢jn) for fins. These values are functions of angle
of attack o fin, fin sweepback By, fin rotation d¢in, fin immersion I¢j, and fin geometry.
Figure 3.12 shows these parameters graphically, and they can be defined as follows:

e Fin Geometry: The geometry parameters for fins are L and S, and wedge half angle
(ha), as shown in Figure 3.12. These parameters are fixed according to the values
given by the database, so as to calculate the forces accurately.

e  Fin Immersion: As the fin is partially wetted by fluid, the wetted length can be rep-
resented by parameter Sp along fin Y -axis. The immersion I¢j, can be defined as the
ratio of the wetted length of the fin to its true length.

Ifin = (So/S)fin (3.50)
Iin determines the total hydrodynamic force on the fin.

e Fin Rotation (d1in): As defined earlier, this is rotation about fin f, axis. This deter-
mines the direction of the hydrodynamic force. Thus fin rotation is used as primary
control for the torpedo.

e  Fin Sweepback (Bn): As defined earlier, this is rotation about fin f5 axis. Sweepback
determines the wetted surface of the fin, thus the hydrodynamic force on the fin.

e Angle of Attack: Angle of attack for the fin is calculated as described in Figure 3.12
and section 3.1.4.

The database gives cltiy and cd¢j, as a function of o fin, Otin and Iin, thus lift and drag on

the fins can be calculated by the normalizing factor.
1
Lfin = 5PV *Sfinclin (3.51)

1
D¢in= EpVZS%inCdfin (3.52)
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Y
wetted region

Figure 3.12 Fin Geometry

Where Sijn is the length of the fin as shown in Figure 3.12 . These forces have directions
as shown in Figure 3.12. Before substituting in Equation 3.39, these forces have to be

transformed to body-fixed reference frame. This process involves following two rotations:

1. Rotate the frame F¢j, (which has L¢j, and D+in along its basis vectors) to align it with
the fin-fixed frame using Equation 3.14 and

2.  Rotate the above obtained fin-fixed frame to obtain the body-fixed frame using Equa-
tions 3.3 to 3.11.

Thus the forces on the fins in body-fixed frame axis can be obtained.

e Rudde 1

Frux —COri —SOm O Com 0 Sdm
Friy ¢ =| O | 0 1 0
B

Froz SOri —COr O | | —S3m 0 Come 59
CBriCar1 COriSBr1 —SORr1 —Dr1 '
—SBr1 CBr1 0 0
CBmSC(Rl SGmSBRl CC(Rl —LRl

e Rudder 2

Fro x —COry —S6ry O Corp 0 Soro

Froy ¢ =| O 0 -1 0 1 0
—-S6 C6 0 —So 0 Co

Froz ) g 7] R R R (3.54)

—SBre CBre 0 0
CBreSORy SOrSPBre  Capr —Lr

|:C[3R2CC(R2 CGRQSBRZ —SaR ] { —Dgro }
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e Elevator 1

Fety =| —SBg1 COg; O 0 1 0
B

FEl,z 0 0 -1 —SO1 0 Cog1 (3.55)
CBe1Cag1 Cog1SPe1 —Sag1 —Dg1 '
—SPBE1 CBe1 0 0
CBe1Sae1  SagiSPer Cagg —Lg1
e FElevator 2
Feoy =| SBgx —COg O 0 1 0
FEZ,Z B 0 0 1 —SO2 0 Copp (3.56)

CBe2Cogz CogaSPe2  —SOE2 —Dg2

—SPe2 CBe2 0 0
CBe2S0E2 SOE2SPe2  Cag —Le2

Equations 3.53 to 3.56 give the components of hydrodynamic forces on fins in body-fixed

frame. What remains is to find the moment of these forces about CG of body. The moments

can be obtained in analogous to Equation 3.47.

.
M¢in = I’CIGn_CP X Ftin (3.57)

In this case, the root of fins is fixed to body, and it can move thus moving the CP of fin
relative to root. The position of CP from root is also know with respect to fin coordinates.

IFC](:iGn—root = eroi(?t by + Yrr)ior': b2+ er(igt bs (3.58)

fin fin

Froot—cp = DXcp f1+ Aycfzig f, (3.59)

where (ﬂ, f}, fg) is fin-fixed coordinates for corresponding fin. Equations 3.58 and 3.59
can be added by using matrices given in Equations 3.3 to 3.11. Thus, the position vector

from CG to CP of fins can be obtained.
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(3.60)

(3.61)

(3.62)

(3.63)

Equations 3.60 to 3.63 give the position vector from CG to CP of the fins. These equa-

tions in conjunction with Equations 3.53 to 3.56, used in 3.57, gives the external moments

on fins about the CG.

b1
Xfin

b2
Ytin

I:fin,x I:fin,y I:fin,z

bs
Zfin

(3.64)
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3.2.3 Gravitational Forces

For simplicity, mass (m) of the torpedo is assumed to be constant over time. This
is not the case in reality but the approximation is reasonable for considering short time
maneuvers. Acceleration due to gravity, g, is also assumed to be constant as torpedo moves
in space. The direction of gravity is given by €3 axis. Thus, the gravitational force can be
written as in Equation 3.65.

Equation 3.65 can be re-expressed in body frame of reference using Equation 3.1.

coecy COsY ) 0
Fgav= | CWS®SO—CPSY SPSOSW+COCH SPCO 0
CPSOCY + SPSY CPSOSY —SPCY CPCO mg
E (3.66)
~3S0
=mg< SPCO
CPCO

3.24 Equations of Motion
Now that a mathematical formulation of forces on the torpedo has been achieved, these
equations can be substituted into Equations 3.36 to 3.42 to obtain the dynamic equations of

motion. Thus the force equations of motion can be summarized as in Equation 3.67.



3.2.4.1 ForceEquations

) 3
U-+qw—vr —Forop Fri.x
m< v+ur—pw ¢ = Fimmersion+ 0 +9 Fry ¢ T
WHpv—ug | 0 Frie | |
( )
Fro,x Fe1x Feo x -SO
Frey ( T Fewy ¢ T Feay ¢ TMg§ S®CO , +
Frz ), | FE1z ) 4 Feo,z Caeco |
Cac 0 86(; CBCCCXC C(XCSBC —SGC _DC(GQV%)
0 10 ~SBc CB. O 0
—86(; O Céc CB(;SGC SGCSBC Cac —Lc(ac,y%)

Some issues should be noted for Equation 3.67.

3.24.2 Moment Equations

The propulsion force is constrained to be along negative by axis.

1 0 0 p by by b3 bs by b3
01, 0 Q¢+t P a9 r |=| X YR Zr |T
0 0 I3 r l1p 12q Isr Frix Friy Friz
by by b3 by b, b3
Xre YR Zre |T| Xer Yer Zg | T
Frox Fry Frez Feix Feiy Feiz
by b, bs b1 by bs
Xe2 Yez2 Zez |*+| Xe+DOcpCde 0 —AcpSdc
I:Ez,x I:E2,y I:E2,z I:c,x I:c,y I:(:,z

Some issues should be noted for Equation 3.68.
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(3.67)

The planing forces have not been included in the equations of motion. These forces
are neglected by assumption that the vehicle is centered in the cavity.

(3.68)
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e Some of the terms in Equation 3.68 are shown as a determinant. They need to be
expanded and written as components in body-fixed frame so as to equate the left-
hand and right-hand terms.

e Moments due to gravitation do not appear because the moments are taken about CG.
e Again, the moments due to planing forces have been neglected.
3.24.3 Orientation Equations

0 Sp Co

v co co p
© ¢=|0 Cd» -SoO q (3.69)
) 1 So8 coB r
3.2.4.4 Postion Equations
X coecw cosw -SO u
y ¢ = | CWSPSO-CPSW SPSOSY+CWCh SPCO v (3.70)

z . CPSECWH4SPSY COSESY —SeCY CoCOo w

Equations 3.67 to 3.70 are a complete set of equations of motions for the supercavitating

torpedo.



CHAPTER 4
LINEARIZATION

41 Linearization

4.1.1 Need for Linearization

The equations of motion for the torpedo are identical to airplane equations of motion
but the forces terms on the right-hand side of these equations are different. Thus, the
linearization can be carried out similarly, as shown in Nelson [9]. The equations of motion,
as in the case of a supercavitating torpedo, are represented by a set of first-order differential
equations.

x = f(x,u) (4.2)

using f : O" — 0" as a nonlinear function of a time-varying vector x € 0" and u € O",
For control design, the system dynamics are observed at some trim conditions by giving
perturbations to states of the system at that trim. The dynamics associated with these
perturbations are obtained by linearization.

An advantage by linearization is that most of the control methodology is based on linear
equations of motion. A controller is designed initially for the linear system and then tested

for the actual nonlinear system. Yet, there are few disadvantages for this process

e Linearized equations can predict the system performance only in a small range of op-
erations. The linearized equations change as the operating point of system changes,
thus making it difficult for simulating true behavior of system.

e Information relating to nonlinearities like hysteresis, backlash, coulomb friction, dis-
continuities etc. may be lost by linearizing the system.

e Acontroller that is good for linearized system might have very poor performance for
the nonlinear equations. An iterative process may be needed to find a controller that
is good for nonlinear equations.
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4.1.2 Generic Form of Equationsof Motion
The equations of motion in Equations 3.67 and 3.70 can be written in simplified form

using sums of total forces and moments acting on the body.
m(U+qw —vr +gS0) = X
m(V4ru— pw—gCoOS®) =Y (4.2)

m(Ww+ pv—qu—gCoOCd) =Z

a+rp(lx—1z) =M (4.4)
Ii +pa(ly—1x) =N (4.5)
% 0o = <2 p
© ¢p=|0 Cd» -SO q (4.6)
> 1 s coB r
X cecw cosy -S@ u
y ¢ = | CWSHSO—-CPSY SDSOSY+CWCD SDCO v (4.7)

z . CPSECWHSPSY CPSESY —SPCY CPCOoO w

These equations of motions are coupled by the state vector, X, and are dependent on the

control vector, u.

X:{U7V7W7 p7q7r7LIJ7®7q)7X7y’Z} ( )
4.8

U= {BRr1,Or2, OE1, BE2, OR1,OR2, OE1, OE2, Oc, F prop }
4.1.3 Small Disturbance Theory
The small disturbance theory will be used for linearization of equations of motion.
According to the theory the linearization will be carried about an operating point (reference
flight condition), i.e., the equations thus derived will be valid for the torpedo operating at
and near that value of vector x. The operating point is chosen to correspond to the trim

condition in Equation 4.9.
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Xo = {Uo, Vo, Wo, Po; do; o, Yo, @0, Po, X0, Y0, 20}
(4.9)
= {an 0,0,0,0,0,0,0,,0,0,0, O}
This corresponds to straight and level flight with constant velocity. As the torpedo may be
traveling at other flight conditions, the linearization at those conditions would be carried out
numerically, which will be explained in later sections. A value of ug is found numerically,
that satisfies the equations of motion for a given value of xg. Then a disturbance of Ax

is given to the equations of motion from the reference condition thus changing the flight

conditions to xg + Ax. Several assumptions are made to carry out the linearization:

e The disturbances from reference flight condition are small. Thus the terms involv-
ing higher order of disturbances A will be neglected. Furthermore first order terms
involving A will be approximated as in Equation 4.10.

in(A) = (A
SCés()A) (: i (4.10)
e The propulsive forces and mass are assumed to be constant.
e Planing and immersion forces are neglected for this analysis.
The linearization procedure is presolved for the force equation in by direction. This
equation relates the force, X, to the states.
m(u+qw—ru+gSe) =X (4.11)

Using the flight condition from Equation 4.9 in Equation 4.11 gives the value of force at
the reference trim condition.

mgSQp = Xo (4.12)
The perturbation equation, i.e., the equation with flight condition disturbed by Ax can be
obtained by substituting the perturbed flight condition into Equation 4.11.

m[g(uo + Au) + (o + Aq) (Wo + Aw) — (rg -+ Ar)(ug + Au)
dt (4.13)

+95(0p + AB)] = X + AX

Equations 4.12 and 4.13 can be combined to give the linearized form of Equation 4.11 for

straight and level flight condition.



m(AU + gAGCOy) = AX
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(4.14)

Proceeding in a similar way all other equations of motion can be linearized. The lin-

earized equations for straight level flight are shown in Equation 4.15 to Equation 4.18.

4.1.3.1 ForceEquations
m(Au+gAGCOy) = AX

M(AV + UugAr — gADPCOy) = AY
m(AU — upAq + gAGSOy) = AZ

4.1.3.2 Moment Equations

L AP = AL
lyAG = AM
I.Af = AN
4.1.3.3 Orientation Equations
: Ar
AY = o0
AO = Aq

AD = Ap+ T OpAr

4.1.3.4 Position Equations

AX = —SOgUeAB + COpAU + SOrAW
Ay = Av
A7 = —COgupAB — SOyAU + COxAW

4.1.4 Stability and Control Derivatives

(4.15)

(4.16)

(4.17)

(4.18)

The variations in total force and moment are often difficult to compute.These variations

in forces can be calculated by chain rule for derivatives. As stated in Equation 4.8, these are

functions of state variables x and control variables u. Thus for example AX can be written

by chain rule as in Equation 4.19.
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AX =XuAu + XAV + Xp AW + XpAp + XqAq + X Ar

(4.19)
+ Xog, Or1 + Xog, Or2 + Xog; OE1 + X, OE2
+ X ORL + X5, OR2 + Xog; OE1 + X5, OE2 + X5.0c
where the subscripted X represents its partial derivative with respect to its subscript.
oX
ou X=x0

Each of these subscripted variables that have a subscript of state variable are known as
stability derivatives and the ones with a control variable as subscript are known as a control
derivative. There can be as many stability derivatives as there are forces and state and
control variables. Many of these are negligible, depending on the reference flight condition.
These dependencies are known usually by experimentation or numerical calculations. For
example, the force, X, is observed to depend mainly on a subset of the state and control
variable. Thus only the stability derivatives that correspond to these variables have to be

retained in Equation 4.19, when straight and level flight is considered.
X = funct(u,w, de1, 02, Bg1, 62, &c, F prop) (4.21)

The next problem is calculating numerical values of these derivatives. In most cases it
is easy to calculate these numerically or using a symbolic manipulation software. For some
reference points, it is possible to do the calculation manually. The calculation of X, will be
done manually for straight and level flight.

0
Xu= a—u (FRl,x + I:RZ,x + I:El,x + I:Ez,x + I:c,x + I:prop,x) (4-22)

Expressions for each of the terms in Equation 4.22 have been derived in Chapter 3. For

example, the expression for the force on cavitator is shown in Equation 4.23.

CBLCac CoacSBc —Sac —Dc(amy%)
Fex = [cac 0 sesc] ~SBc CBc O 0 (4.23)
CBcSac  SacSBe  Cac _I—C(GC7V%)
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In Equation 4.23, ac, B¢, and thus Lc and D¢ are the only functions of u. Thus the partial

derivatives with respect to u can be obtained.

)
%FC,X: C6C 0 SBC
—SBCacRe —CRSURE  —SacSPePe + CacCPe e —CaPe
_CBCaBC _SBCaBC 0

—SBcSac e + CRLUXE  SaCPIE +CaacSPle  —Sop e

—Dc(ac,y%) C6C 0 Séc CB(;CGC CCXCSBC —Sac (424)
4 0 +| 0 1 o0 —SB:  CPe 0
—Lc(ac,y%) c —860 0 CGC CB(;SGC SGCSBC Cac

- ('% DC(aCa y%)
< 0

aau L (a07y1)

\

It can be seen that %, % e gnd e are terms required to be calculated. These can be

ou’ ou’' ou

calculated from equations 3.16 and 3.17, which are restated in Equations 4.25 to Equation

4.27.
tan(0c) = — (4.25)
C
tan(Bc) = — (4.26)
Ve
VE =2+ Vv2 w2 (4.27)

The velocity components in Equation 4.27 can be found using Equation 3.2.
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Uc Cd. 0 —So¢ U

S ve ¢ =l 0 1 0 Ve (4.28)
\ We Je | Sd 0 Co We 5
3 { ~ ~ ~
Uc u b1 b2 b3
§ Ve ¢ =4V +lp g r (4.29)
\ We B \ w B Xe Yo Zc

Now the velocity components can be obtained for the reference flight condition that is

stated in Equation 4.9.

UC C6CU0
Ve [ = 0 (4.30)
WC c Sécuo

The variation of a; can be obtained by differentiating Equation 4.25 at reference flight

condition.
sec?(ac)dac = w
C

UcdWe — Wedue (4.31)

= doe=——5—"7—

ué +wé

Codcd Socd
dog = —X0We _ 20%We o (Xo,Ug) (4.32)

Ug Up

Similarly the variation of ¢ can be obtained by differentiating Equation 4.26 at reference

flight condition.
(Vedve — vedVe)

dBc=—
¢ Ve /VE + V2 (4.33)
= _dve at (xo, Up)
Uo

Now, using Equations 4.28 and 4.29, variation of velocity components of cavitator with

respect to u can be obtained.

ouc ove owe
T Coc Tl 0 o Sdc (4.34)
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Finally, combining Equations 4.32 to 4.34, the variations of o and 3¢ with respect to u can
be obtained at reference flight condition.

dac  Cdcowe SO auc

ou ug Ou ug Ou
| CBS8.  SBLAe

(4.35)
Up Up
=0
03¢ 1 ove
u _u_o% (4.36)
=0

Clearly, two of the derivatives that are required to calculate stability derivatives have been
obtained. It was previously stated that lift and drag are calculated using the coefficient of

lift and drag.

1
== EchZSCCIC
T (4.37)
== épVC 80Cdc

These forces can be differentiated by chain rule the derivative would be like in Equation

4.38.

o 1

—— = 5PSc [ZVC Cle—=—~ (4.38)

oVe y29Cle oclc 0o
ou 2

au ¢ da. ou
The Equation 4.38 requires two derivatives. One of the derivatives is calculated in Equation

4.35. The other derivative can be calculated using Equation 4.27.

oVe O 2 L2 D
0 au[‘/u0+v"+w°

6uc + Vc avc + Wc awc

\/ug—i—vg—i—wg

(4.39)
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Thus the derivative of the lift and drag forces can be obtained.

oL
—auc = pSCVCCIC (440)
oD
—auc = pSCVCCdC (441)

Thus all the derivatives required to calculate right-hand side of Equation 4.24 have been cal-
culated. All the terms on right-hand side of the Equation 4.20 can be calculated in a similar
manner. It is tedious to calculate the derivatives analytically in such a way. The complexity
increases for other flight conditions. For practical purposes these derivatives are calculated
using symbolic manipulation softwares like ‘Mathematica’ or by using numerical methods.
The numerical methods used to calculate the derivatives have been described in Appendix

B.
4.2 State Space Representation
Equations 4.15 to 4.18 are a complete set of linearized equations of motion for the

torpedo. They can be represented in a more convenient form known as the State Space

Form. The state space equations are a set of first-order differential equations.

X = Ax+Bu
y =Cx+Du
xeO"ueOP,yeOm (4.42)

AcO"xO"BeO"xOP
Cel"xO"DedMx0OP
Equation 4.42 is a generalized form of state space representation for any system. Each of

the terms in the equations has a particular importance for describing the dynamics of the

system.

e StateVariablex: The state variables for a system are a set of variables, when known
at time tg and along with input u, are sufficient to determine the state of the system at
any time t > tg. All the states of the system need not be measurable.
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e Input Variableu: This is the control surface deflections.

e Output Variabley: The output variables are the measured parameters. These may
or may not be same as the state variables. The output variables are usually considered
to be measurable but sometimes they are estimated.

The matrices A,B,C and D may either be constant or time-varying functions.
In the case of the supercavitating torpedo, the state vector is of size 12 (n) and the

control vector is of size 10 (p).

X:[AU Aw Aqg A® Av Ap Ar A® AY Ax Ay Az]
(4.43)

U=[5c 1 Oe2 Ori Or2 OE1 OE2 Om1 ORe AFprop}

Some of these controls may not be needed for some maneuvers. From the linearized equa-
tions it can be observed that the state variables are not coupled by the states {W,x,y,z}.
These four states can be removed from the analysis for now. The system becomes a 8 state
system. These states can be further divided into longitudinal and lateral-directional dynam-
ics. The variables Au, Aw, Ag, A® correspond to longitudinal dynamics, which also means
the dynamics in b1b3 plane. The variables Av, Ap, Ar,A® correspond to lateral dynamics,
which is the dynamics in b1b; plane. Sometimes the lateral and longitudinal equations can
be decoupled. Thus if the torpedo is making a pull climb/descent to a certain depth, usually
its dynamics can be represented by longitudinal state variables. The plant matrix A can be

divided into four parts.

| Ao A |
A— long coupl (4.44)

Acoup2 Alatd
When A is divided as in equation 4.44, where each element is a 4 x 4 matrix, Ajong Would
correspond to longitudinal dynamics and A, 54 would correspond to lateral dynamics. Acoupt
and Acoup2 are coupling matrices. It is required that the coupling matrices become negligi-
ble for the equations to be decoupled. If these parts are not negligible, the equations cannot

be decoupled, and a 8 state model will be required to be considered. From linearized
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equations, the four parts of the A matrix for the torpedo can be written as in Equation 4.45

to Equation 4.48.

[ X
m
Z
qo+
Along = M
T
0
[ %,
m
Ly
|
Aad = |
Ny Np—(
T,
0
o+ %
Z
Po+ 5
Acoupl = M
T,
0
—ro+ Y—nﬂ
Ly
|
Acoupz = h
T,
0

—qo+ % —wo+28 —gCO+ %0
Zy Up+2  —gCdSOy+ 2
My Mg Mo
0 Cdg 0
Yo —Up+ % —gCOLCDy+ T
Lp Lr—(12—ly)o Lo
|X |x |X
ly—Ix)0o Ne No
IZ Iz IZ
1 ChoTO LC20F0 1050
X
= Vo + % %
o+ 2 4 —gSPeCOY + 52
Mp—(Ix—Iz)ro  Mr—(Ix—Iz)po Mo
0 —Sdg —SCD()C]O —C®dgryg
po + o _g5@psPp+ Yo
Ly Lg—(lz—ly)ro Lo
IX Ix IX
IM Nq*('){*'x)po %
0 SPTOy  SPyag +CDorp

(4.45)

(4.46)

(4.47)

(4.48)

Similarly B is a 8 x 10 matrix, whose elements are just the control derivatives according to

their locations in the matrix. The first 4 rows correspond to longitudinal dynamics and the

last 4 correspond to lateral dynamics.

Bi ong —

m m
0

4x10

(4.49)
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Yoo ... Yroropx
m m
Blaw=| : . : (4.50)
0

4x10

Now the complete state space representation for the torpedo can be written as in Equation
4.51 which gives two sets of equations. The first set is the longitudinal equations and the

second set is the lateral-directional equations.
- T
Xlong= | Au Aw Agq AG ]

- T
Xjad = | Av Ap Ar A(D}

i (4.51)
U=10d 01 O Ori Ore Oe1 Oe2 Ori Ore AFprop
XI ong A ong Acou pl Xlong n B ong 4
= 10x1
X|atd Acoup2  Alatd Xl atd Blatd

8x1 L 8x8 8x1 8x10



CHAPTER 5
CONTROL DESIGN SETUP

This chapter deals with the control design for the torpedo described in previous chap-

ters. Various parameters associated with the control are restated in Table 5.1.

Table 5.1 Control Parameters

Longitudinal Lateral
State uw,q,0® |v,pr,o W
COI’]U‘O| 50, 6e1, 6e2 6]’1, 6r2

It should be noted that W has been included in the states though it was observed in
the state matrices that all other variables are independent of W. It will be seen later that
the inclusion of W in the feedback states helps in improvement of performance. Also,
for longitudinal control, two elevators and the cavitator are required. Similarly for lateral
direction, the rudders should be enough for control.

There are various control methods, like linear quadratic regulator (LQR) synthesis, p-
synthesis etc., which can be used to design a controller. Each of these methods has advan-
tages and disadvantages. LQR method gives a constant gain controller which is based on
minimization of a quadratic performance index and considers the problem of robustness
only in terms of gain and phase margins. p-synthesis deals with robustness with respect to
a wide variety of uncertainties to minimize an infinity-norm matrix but the resulting con-
troller can be of high order. Regardless of complexity and robustness, each design method
presents difficulties. The LQR method was chosen for controller synthesis for the torpedo.

This method was chosen because

1. Itiseasy to implement in a nonlinear simulation.
2. The resulting robustness for the LQR controller was acceptable.

46
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3. Itis straight-forward to vary some design parameters to achieve performance goals.
This chapter explains various problems associated with the control synthesis and the system
model used for synthesis of the controller.

5.1 Open-loop Performance

Initially the equations of motion for the torpedo have been linearized for straight and

level flight at a forward velocity of 75 ms—.
x = {75,0,0,0,0,0,0,0,0,0,0,0} (5.1)

It is found that the cavitator and two elevators are sufficient to maintain the above trim.
It is also assumed that the value of propulsive force required to maintain this trim is fixed
at the required value.
u= {5c, e, Oe2,0r1, Or2, I:prop}

= {0.0067,0.0106,—0.0106,0,0,4.0023e +- 03}

(5.2)

where the deflections are given in radians, and F prop is in Newtons. As these parameters
are obtained numerically, it may not be a perfect trim. The system may have some non-
zero accelerations, and consequently may tend to deviate from straight and level flight. To
check this, the open-loop dynamics are simulated at this condition without any feedback.
Figure 5.1 shows the Simulink model used for open-loop simulation. The control surface
deflections are fixed at their trim values for this simulation. The closed-loop system is
obtained using the equations of motion that were derived in Chapter 3. The state derivatives
are then integrated to obtain the state at the next instant.

Figure 5.2 shows the open-loop response for the torpedo at this trim condition. It can
be seen that the open-loop system is unstable. The simulation is carried out at the trim that
is shown in Equation 5.1, i.e., all the values shown in these figures have to be zero. The
system is seen to have oscillation about non-zero states.

The state and control matrices obtained for this trim condition are shown in Equations

5.31t05.6. There are 5 control variables, {c, e1, 02,1, 02 }. The matrices corresponding
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State Feedback
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Figure 5.1 Simulink Model for Open Loop Simulation
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Figure 5.2 Open-Loop Response for Torpedo: w, p,q
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to the lateral dynamics are of dimension 5 because the state W is included in the lateral

dynamics. Thus the lateral states are now {v, p,r,®, W}.

Blatd =

[ 45204 15417 13110 —9.8100 |
e — _0.2616 —15.7648 78.5888 0
0.0000 12077 —35614 0
0 0 10000 0 |
[ 323010 69.0608 —69.0608 0 O |
B _406.0942 —303.3736 303.3736 0 0
158.4675 —45.1531 451531 0 O
0 0 0 00|
[ _12.0422 —0.0002 —71.6011 9.8100 O |
_0.1813 542281 03004 0 O
Awd= | 11437 —0.0025 -12528 0 O
0 1.0000 0 0 o0
o 0 10000 0 0|
[ 0 0 0 _366.60511 366.60511
0 —14297.086 —14297.086 —17276.994 —17276.994
0 —1.4129523 —14129523 54561629 —54.561629
0 0 0 0 0
0 0 0 0 0

(5.3)

(5.4)

(5.5)

(5.6)

The longitudinal eigenvalues are {—21.1414,—4.5137,1.8262,—0.0178} and the lat-

eral eigenvalues are {0,—54.2289,0.0002, —6.6472 + 7.2683,—6.6472 — 7.2683}. The

eigenvalues clearly show that the system is unstable. It can also be seen that the longi-

tudinal dynamics have no oscillatory modes. Figure 5.3 shows the variation of eigenvalues
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Longitudinal Egienvalues for u=60:5:90 Lateral Egienvalues for u=60:5:90
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Figure 5.3 Variation of Eigenvalues with Change in Velocity

for the torpedo for different velocities. State values are fixed except for forward velocity,
which is varied from 60 ms—! to 90 ms—1. The figures show that the variation is small and

most of the eigenvalues stay in negative half of complex plane.
5.2 Closed-Loop Problem

As stated earlier the control problem can be subdivided into various problems. Each
can be solved to get a final controller. The ultimate goal of the controller design is to
achieve a desired trajectory or reach a particular point with minimization of some perfor-
mance criteria. The achievement of this goal requires addressing maneuvering, trimming,
guidance and navigation. This thesis will consider the basic problem of maneuvering. So
the problem is to be able to track a certain pitch and roll command while maintaining cer-

tain performance criteria. The performance criteria that the controller is required to meet

are:
e  Track a step command in pitch or roll rate of size up to 30 deg/s.
e Maintain an overshoot less than 15%.
e Have arise time of less than 0.6 sec.
e Have a steady state error of less than 5%.

Besides meeting the above mentioned performance criteria, the controller is also required

to stabilize the closed-loop system.
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Table 5.2 Control Constraints

Cavitator Deflection —15° < . < +15°
Cavitator Rate —25°/s <& < 4+25°/s
fins —60° < &f < 460°
Fin Rate —25°/s < 85 < +25°/s
Thrust 0 < Fprop < 30000N

Various bounds are placed on the control surface deflections and rates. These bounds
are listed in Table 5.2. The bounds are included in the nonlinear simulations and it is
required that there is no saturation of deflection or the rates at least for the commands
having the rate 30 deg/s.

An actuator model is included in the system so as to constrain the rates of the control
surface motion. This actuator is realized as a low pass filter, A = % Addition of this
filter synthesizes a controller that has slower control deflections.

Let gcomm(t) be a function of time, defining the desired pitch rate profile. The aim of

the controller is to find a control law u(t) that yields an achieved pitch rate, gaei(t), to

minimize the optimization problem stated in Equation 5.7.
find u(t)
that minimizes  {(t) = |Qachi (t) — Jcomm(t)|
subjectto  Umin < U < Umax (5.7)
Uprin < U < Umax
X = Ax+Bu
where, Unmin and Umax are lower and upper bounds on control deflections. The quantities
Umin and Umax are lower and upper bounds on control deflection rates.
The problem becomes a disturbance rejection problem, when the commanded variable

is O for all time. This is an optimization problem,where the state space equation is an

equality constraint and the control surface bounds are inequality constraints.
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5.3 Robustness of the Controller

A control system that is designed to accommodate the uncertainties in a mathematical
model is called a robust control system. Usually the response of a model does not accurately
match the response of the true system. A robust control system should give the desired
performance not only during the simulations of the model, but for the true system also.
Various parameters can be introduced in the model to simulate uncertainties. Random
noise can be added to output signal to simulate measurement errors, the gains in signals
can be changed to model uncertainty in response etc. Gain and phase margins are generally
used to predict the robustness of a control system. Physically, these are just the factors
by which the feedback gain can be increased and yet have a stable real system. A formal
definition of these can be given by using a frequency analysis for a feedback system.

531 Gain Margin

Figure 5.4 shows a typical feedback system involving a plant, P, and a controller, K.
The gain for the system in dotted region is known as the loop gain. The loop gain is
important because it determines stability. Errors in the predicted loop gain could cause
errors in predicted stability. The gain margin is the largest factor by which this gain can be
increased and still have a stable system. Physically, it means if the response of the torpedo
for a given elevator input is higher by a factor of the gain margin, the torpedo is still stable.
The gain margin is usually expressed in decibel (db) units, and can be easily obtained from
the Bode plots for the system. The gain margin is a measurement of the magnitude on the
Bode plot, at the point where the phase is 180°.

5.3.2 PhaseMargin

Gain is a valid robustness criteria when the system has real eigenvalues. But usually
the eigenvalues have imaginary components and thus the phase is also a concern. Phase
margin is the measure of the maximum possible phase lag before the system becomes
unstable. From the Bode plot, phase margin is the phase when the magnitude of the gain is

ZEero.
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Figure 5.4 Loop Gain

5.3.3 Uncertainty In Parameters

Another factor that can determine the robustness of a controller is its response to errors
in known parameters. As stated earlier, the coefficients of lift and drag are calculated from a
CFD database. The accuracy of the model depends on accuracy of this data. Robustness of
a controller can be assessed by introducing errors in the data and checking how it performs.
The following variations have been introduced in the system to check for performance of

the system with intrinsic uncertainties:

4+20% error in C; of Cavitator.
+20% error in Cq4 of Cavitator.
+20% error in C; of all the Fins.
+20% error in Cq of all the Fins.

5.34 Controller Objective
In terms of robustness, the controller is required to meet various performance objec-

tives. These objective can be summarized as:

e  The closed-loop system should have a gain margin of at least 6 dB.
e  The closed-loop system should have a phase margins of at least 45 deg.



CHAPTER 6
LQR CONTROL

6.1 LQR Theory

The tracking problem, like the one given in Equation 5.7, can be solved by using a
combination of feedback and feedforward control [10]. The Linear Quadratic Regulator
(LQR) problem is to find an optimal feedback matrix K such that the state-feedback law

u = —Kx minimizes the linear quadratic cost function shown in Equation 6.1.

J(u) = /(xTQx+uTRu+2xTNu)dt (6.1)
0

The basic idea of LQR control is to bring the state of the system close to zero. A linear
system can be represented in the state space form as in Equations 6.2 and 6.3. The matrices
A and B are the state and control matrices. The variable x represents the state vector, y is

the output vector and u is the input vector.
X = Ax+Bu (6.2)
y =X (6.3)
The LQR controller is realized by a constant gain matrix K, such that the feedback

u = —Kx makes x go to zero. By a modification to this law, the LQR method can also be

used for tracking. The state vector x is of size n.
X= {X17X27“' ;Xn}T (64)

Let the tracking problem be for the state x; to track a step command r1. The idea is to
make (X1 — r1) go to zero using a LQR controller. The new control law can be chosen as in

Equation 6.17.

54
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(X1—r1

X2
u=-K . (6.5)

|

Equation 6.2 can be rewritten by substituting the new control law.

X = Ax+Bu

(Xl—r]_\

X2 (66)
= Ax—BK

\

For simplicity, assume that there is only one control, u (this is different from velocity u).
The controller K is of size n x 1 and it can be expanded in its elements.

K :[klak27“'7kn] (67)
Equation 6.6 can be rewritten by substituting the K in its expanded form.

/Xl_rl

. X2
X = Ax—B[k1, ko, - ,Kn]

(6.8)

L
= AX — BKx+Bkiry
= (A—BK)x+Bkiyrs

It should be noted that the command r; is a step command. The steady-state dynamics of

the system can be obtained from Equation 6.8.

X(0) = (A — BK)X(e0) + BKyr (6.9)
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The error dynamics can be obtained by subtraction Equation 6.9 from Equation 6.8.
X(t) = X(e0) = (A= BK) (x(t) = x(«)) (6.10)
é=(A—-BK)e (6.11)
where e = (X(t) —X()). So, the tracking problem is cast as a regulator problem. The new
state vector is the steady-state error e, which is made zero using the regulator. Figure 6.1
shows the block diagram for this closed-loop system. It is required that the closed-loop
system has an integrator somewhere so as to make the steady-state error go to 0 [10]. That
IS, e has to go to zero rather than € so as to achieve good tracking. Figure 6.2 shows the new
configuration of a system that has no integrator and thus an integrator has to been included
during design. Thus, the integral of the actual error has to be made to go to zero so as to

achieve a good tracking.

6= [(rn-x) (6.12)
The state space equation for the system with this modification can be written.
X=Ax+Bu
éz r—Xx (613)
=r;—Cx

where x; = Cx. It can be seen that the error equation is similar to state equation. Thus €
can be considered as another state, .i.e, the system now has n+ 1 states with state vector

% = {X1,X2,--- ,Xn,€}T. So a new formulation of the state space equation can be written,

. A0 B 0

X = X+ u-+ r (6.14)
—C 0 0 1

= % =AX+Bu+ir (6.15)

which is similar to Equation 6.8. The error dynamics of this system represent the form of
state space equations, for which a LQR controller can be derived. The LQR controller K,

will be a constant matrix of size n+ 1 as the system now is of size n+ 1.
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K = [k17k27"' ;kn”kn-l—l] (616)
Then, the new control law can be written as in Equation 6.17.

u= —K%

= _[k17k27"' 7kn||kn—|—1]

g (6.17)
= _[k17k2a Tee ,kn]X+ [—er_]_]é
= —Kx+k €

which is represented in Figure 6.2.

r + X= Ax+Bn X
o

K

Figure 6.1 Controller for Tracking when Plant has an Integrator.

+ k + X= Ax+Bu X
O L o

C

Figure 6.2 Controller for Tracking when Plant has no Integrator.
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6.2 Control Synthesis

The torpedo system does not have an integrator in the system. A tracking controller can
be obtained from LQR method by the process described in Section 6.1. The controller is
obtained for a trim state of straight and level flight at 75ms —1. The linearized dynamics are
first separated into the longitudinal and lateral dynamics as given in Table 5.1. The controls
used in longitudinal direction are the cavitator and 2 elevators. The controls in lateral
direction are the 2 rudders. It is observed that for straight and level flight the longitudinal
and lateral dynamics are practically decoupled.

Once the state and control matrices have been obtained, the main variables that the LQR
controller depends on are the weighting matrices Q, R and N. In this case the cross coupling
matrix N is chosen to be 0. The matrices Q and R penalize the cost function for higher state
and control values respectively. A higher value in Q matrix would cause a better track-
ing. A larger R would constrain the control surface deflection. An optimum combination
of the matrices is obtained iteratively, so as to get good tracking with achievable control
deflections.

The matrices for longitudinal pitch rate tracking are given in Equation 6.18.

o = diag([0,0,0,0,10
Qilong iag([ 1) (6.18)

Riong = diag([5,4])
The first four numbers in the Q)ong correspond to weightings on the four longitudinal states.
They are chosen to be 0. We do not want to restrict the states from changing. This is
especially important for weightings on g and ©. A weighting on these variables would
restrict them from changing. The last number, 10, is weighting on the error. This is chosen
to be high to penalize the tracking error. A higher value of weighting would give a better
tracking, but it is seen that it would require very high control rates. The first number in

the weighting matrix Rjong, 5, corresponds to cavitator weighting and the number 4 is for
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elevator weighting. Elevator weighting is chosen to be smaller so as to encourage the
controller to use more elevator than the cavitator. This gives a more stable performance.
The control matrices obtained for the longitudinal dynamics are given in Equations 6.19

and 6.20.

1.1182
k = (6.19)
—0.9681

~0.0000 0.0040 0.1016 —0.0000 1.4195 —1.1184
K = (6.20)

0.0000 —0.0042 —0.0995 —-0.0000 —1.3981 1.1308

Similar process is involved in the design of the lateral controller. Initially the lateral
controller is designed with only four state feedback, and W is neglected in the feedback. In
this case it is found that the torpedo has high sidewash and deviates considerably from the
original path, even when the pitch angle is 0. To avoid this, W is included in the feedback
states. It is also observed that a penalty on the yaw motion causes the controller to com-
mand a very fast control surface motion. Also, a continuous correction of control surface
deflection is required to prevent the yaw motion entirely. Thus an optimum combination of
the weighting matrices is obtained that would prevent a very high yaw motion but would

still have slow control surface motion.

Qlatd = dlag([oa 07070707 1])
(6.21)
Riatd = diag([1000, 1000])

The first 5 numbers correspond to 5 states and the last number is weighting for the error.
The R 44 is of dimension 2 as only the rudders are included in the synthesis. The weighting
on the rudders is high as it is observed that the roll rate is very sensitive to the rudder
deflection. The control matrices obtained for the lateral dynamics are given in the Equations

6.22 and 6.23.
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~0.0071
k = (6.22)

—0.0071

, | 0.0005 -0.1253 —0.0132 0.0019 —0.0000
K=10"3x (6.23)

0.0005 —-0.1254 —-0.0132 0.0026 —0.0000

The feedback matrix K for lateral dynamics is of size 2 x 5, which is shown in Equation
6.23.

6.3 Nominal Closed-loop M odel

6.3.1 Modé

Figure 6.3 shows the eigenvalues for the closed-loop longitudinal and lateral systems.
It can be seen that both systems are stable as all the eigenvalues are in the left half of
the complex plane. Also, each of the dynamics has one eigenvalue at the origin, which is

introduced due the integrator in the system.
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(a) Longitudinal (b) Lateral

Figure 6.3 Eigenvalues for the Closed-loop System

6.3.2 Linear Simulations
The response of the closed-loop linear system has been shown in Figures 6.4 to 6.8.
The simulations for lateral and longitudinal systems have been carried out separately as the

linear system is decoupled into lateral and longitudinal.
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Figure 6.4 shows the tracking obtained for a 15 deg/s pitch rate command. The com-
mand is achieved in 0.17s with an overshoot of 3.95% and with no steady-state error. Fig-
ures 6.5 and 6.6 show the control surface deflections and rates required to achieve the com-

mands. Though there are some quick deflections, the rates are still under the constraints.

2 ‘ 75.5
+ command
R — Achieved 75
v
2 10
Z
[0
IS
x o
e
IZ)
£
_10,
_ s ‘ 72.5 : ‘
2 0 5 10 15 0 5 10 15

Time(s) time(s)

Figure 6.4 Pitch Command Tracking for Linear System : g,u

20

=
o o

8, (deg)
c

rate 5 (deg s™5)
i
o

|
N
o

10 15 0 5 10 15

> time(s) time(s)

Figure 6.5 Pitch Command Tracking for Linear System : d, 3¢

Figure 6.7 shows the roll rate tracking obtained for a 15 deg/s roll rate command. The
command is achieved in 0.53s with no overshoot and a O steady-state error. The variation
of the yaw rate is also shown in the figure and it can be seen that the yaw motion is coupled
with the roll. At the end of the roll doublet, the torpedo has a non-zero yaw angle thus
changing the direction of motion. The control surface deflections required for the roll rate
command are shown in Figure 6.8. The rudder deflection is small for reasons explained in

the next chapter.



62

0 5 time(s) 10 15 0 5 time(s) 10 15

Figure 6.6 Pitch Command Tracking for Linear System : g1, Sel
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Figure 6.8 Roll Command Tracking for Linear System : &1, Srl
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6.3.3 Gain and Phase Margins

The LQR tracking system shown in Figure 6.2 is obviously more complex than the
system shown in Figure 5.4. Thus, the loop gain can be defined in many ways in this case.
The block diagram can be broken at different points so as to simplify it to the form shown
in Figure 5.4. Figure 6.2 is redrawn in Figure 6.9 which shows the possible breakpoints for
this system. For understanding, the output of plant P is divided into two parts, one is the
achieved value of the commanded variable (ra) and the other is remaining states of the plant
P (x). The break points are numbered 1 to 3. The system can be broken at each of these
points to give a loop gain. These gains will be named outer-loop, inner-loop and all-loop
gains respectively.

M + + Xx= Ax+Bu la
D e o e

®
1

Figure 6.9 Breakpoints for Calculating the Loop-Gain for a Tracking Controller

Gain and Phase margins for each of the above possible break points have been calcu-
lated for both the longitudinal and lateral controllers. Table 6.1 lists the gain and phase
margins for the torpedo with LQR controller that was obtained in previous sections. All
margins are quite high and meet the desired conditions of 6dB for gain and 45 deg for phase
margin. Figures 6.10 to 6.15 show the corresponding bode plots for the data given in Table
6.1.

Also, the lateral controller is unable to stabilize the unstable spiral mode. Thus the
closed-loop system is inherently unstable due to this pole and would consequently have

negative gain margin. Numerous simulations show that the affect of spiral mode is negligible,
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Table 6.1 Gain and Phase Margin with LQR Controller

| Longitudinal |
Gain Margin(db) Phase Margin (deg)
1| 21.056(at 47.498 rad/s) | 64.846(at 9.0625 rad/s)
2 327.87(at 0 rad/s) 77.118(at 25.925 rad/s)
3 00 57.606(at 20.845 rad/s)
| Lateral |
Gain Margin(db) Phase Margin (deg)
1 22.964(at 0 rad/s) 00
2 250.51 (at 0 rad/s) 00
3 50.36 (at 0 rad/s) 00

i.e., the time to double for the instability is considerably larger than the maneuvering time
of the torpedo. So, the closed-loop system model is reduced by removing the spiral mode
from the model. The gain and phase margins in Table 6.1 are for this reduced-order system
and reflect the robustness of the dominant dynamics.

Bode Diagram
Gm = 21.056 dB (at 47.498 rad/sec), Pm = 64.846 deg (at 9.0625 rad/sec)
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Figure 6.10 Gain and Phase Margin: Longitudinal Outer-loop

6.4 Perturbed Closed-loop Model

A perturbed system model is formed by adding an error to the values of coefficients
of lift and drag for the fins and cavitator. New values of trim deflection are obtained for

the perturbed model and thus a new set of A and B matrices is obtained. Tables 6.4 t0 6.9
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Bode Diagram
Gm = 327.87 dB (at 0 rad/sec), Pm =77.118 deg (at 25.925 rad/sec)
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Figure 6.11 Gain and Phase Margin: Longitudinal Inner-loop

Bode Diagram
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Figure 6.12 Gain and Phase Margin: Longitudinal All-loop

show the percentage variation of the elements of A and B matrices for a 20% change in
coefficients of lift and drag of cavitator and fins. Few elements in the state and control
matrices change. In most cases, the change in elements of A and B matrices is a linear
function of the change in a coefficient. For example, in Table 6.4 there are 8 terms that
show a variation due to a 20% variation in coefficient of lift of the cavitator. The term
A(3,1) shows a large variation but its numerical value is negligible. The term A(3,2) shows
a 34% variation but this term is also small compared to other terms. Remaining terms in

the matrix show very small variation. Some terms in the B matrix show a 20% variation.
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Bode Diagram
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Figure 6.13 Gain and Phase Margin: Lateral Outer-loop
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Figure 6.14 Gain and Phase Margin: Lateral Inner-loop

Thus some terms in controllability matrix change considerably. This would mean that for
an error in these coefficients, the response would show some difference in control surface
deflection. As it is observed that the closed-loop system has good gain and phase margins,
this effect on B matrix should not be of much concern.

6.4.1 Modé

Figure 6.16 shows the eigenvalues for the perturbed closed-loop longitudinal and lateral

systems. An error of -20% is included in the value of coefficient of lift for the fins. It can
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Bode Diagram
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Figure 6.15 Gain and Phase Margin: Lateral All-loop

Table 6.8 Percentage Variation in A Matrix due to 20% Variation in cd+in
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be seen that the longitudinal dynamics show some perturbation in the damping while the
lateral system relatively unchanged.
6.4.2 Linear Simulations

Figures 6.17 to 6.19 show the response of the perturbed system for a 15 deg/s pitch
rate doublet command. The perturbation to the system is a 20% error in the value of the
coefficient of lift of the fins. It can be seen that the performance criteria are met even in
the case of the perturbed system. It can also be observed that the overshoot is increased

for the perturbed system. The performance is achieved at the cost of small perturbations in
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Table 6.9 Percentage Variation in B Matrix due to 20% Variation in cd+in
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Figure 6.16 Eigenvalues for the Perturbed Closed-loop System: 20% Error in clin

other states of the system. As the control effectiveness of the control surfaces is changed,
the amount of control surface deflection is also changed by a constant factor.

Figures 6.20 to 6.21 show the response of the perturbed system for a 15 deg/s roll
rate doublet command. The perturbation to the system is a 20% error in the value of the
coefficient of lift of the fins. It can be seen that the performance criteria are met even in
case of perturbed system. In this case also, it can be observed that there is a perturbation in

other states.
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6.4.3 Gain and Phase Margins

Table 6.10 lists the gain and phase margins for the perturbed closed-loop system. The
perturbed system also has good gain and phase margins. Comparing the values with Table
6.1, it can be seen that there are small changes in the values except for the lateral all-loop.
The last value is increased to co showing an improvement for the perturbed system.

From the analysis of the perturbed closed-loop system it can be said that the linear

model is robust to various uncertainties in the system.



Longitudinal

Gain Margin(db)

Phase Margin (deg)

21.193(at 49.599 rad/s)

68.981(at 8.7966 rad/s)

320.33(at 0 rad/s)

77.605(at 25.925 rad/s)

(o¢]

60.305(at 22.552 rad/s)

Later

al

Gain Margin(db)

Phase Margin (deg)

24.391(at O rad/s) 00
278.23 (at 0 rad/s) 00
oo (at 0 rad/s) 00

73

Table 6.10 Gain and Phase Margin for Perturbed Closed-loop System: 20% error in cl¢j,



CHAPTER 7
NONLINEAR SIMULATIONS

The controller for longitudinal and lateral dynamics have been obtained separately. That
is, the longitudinal controller is to achieve a required pitch rate and the lateral controller
achieves a given roll rate. Once the controllers have been found for linear systems, they are
employed with the nonlinear torpedo model and the performance is checked using numeri-
cal simulation. Figure 7.1 shows the complete nonlinear simulation model for the torpedo
with the LQR controller.

The nonlinearity in the model is provided by both the aerodynamics and control surface
constraints. These constraints, given in Table 5.2, are not directly included in the linear
model. So it is important to find their effects on the nonlinear simulation. It should be
noted that there is a constraint on thrust, but thrust is assumed to be constant with time.

The thrust constraint is used to find a trim value for various trajectories.
7.1 Nonlinear Simulationsfor Nominal System

The simulations have been carried out for various commands with the nominal sys-
tem. The ‘“Nominal system’ is the nonlinear torpedo model assuming that it is completely
accurate. No uncertainty is included in the model. The simulations show good tracking
response while meeting all the performance criteria.

The response of the vehicle to a longitudinal command is simulated and shown in Fig-
ures 7.2 to 7.5. These figures show the response for a pitch rate doublet of 15 deg/s. The
rise time for the pitch rate command of 15 deg/s is 0.18s and there is an overshoot of
11.53%. The steady-state error is .8%. The controller is able to command pitch rates as

high as 30 deg/s. It is observed that the vehicle motion is confined to longitudinal plane
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only. This shows that the controller allows pure longitudinal motion to be uncoupled from

the lateral motion.
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The response of the vehicle to a lateral, roll rate, command is shown in Figures 7.6 to
7.10. A roll rate command of 15 deg/s is achieved in .52s with an overshoot of 0% and
a steady-state error of 0.09%. The controller is able to command a roll rate motion of as
high as 50 deg/s before a saturation of control surface rate is reached. It is observed that
there is some longitudinal motion in this case. This longitudinal motion has been reduced
by inclusion of W in the feedback states to the controller. It can be seen that the rudder
deflection for a roll rate command is small. This is expected as the terms corresponding to
roll rate from rudder are an order of 3 times larger than the terms corresponding to pitch

rate from elevators. It is assumed that the control surface deflection is achievable.
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Figure 7.6 Roll Command Tracking: p,q

Figures 7.11 to 7.15 show the response of the torpedo for a combined roll and pitch

rate command, similar to a windup turn. In this case, the torpedo is given a 5 deg/s roll
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rate command from 2 to 12 seconds, 5 deg/s pitch rate command from 12 to 22 seconds,
-5 deg/s pitch rate command from 22 to 32 seconds and then -5 deg/s roll rate command
from 32 to 42 seconds. As the vehicle motion is a little different from the actual trim, it can
be seen the vehicle has considerable sidewash. Despite this sidewash, the controllers give
a good tracking performance. The rise times for roll and pitch commands are .5s and 0.22s

respectively. The overshoot for the same are 0% and 0% respectively.
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7.2 Nonlinear Simulationsfor Perturbed System

The performance of the controllers is studied using the simulation with a perturbed
system model. An error is assumed in the values of various coefficients and a correction
factor is added. Response of the closed-loop nonlinear system is not much affected by the

variations in coefficients of lift and drag. It is observed that the controller commands the
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system to a new trim state which is also a straight and level flight, with change in speed
and control deflections. After that, the system follows a pitch or roll command as well
as before. Figures 7.16 to 7.19 show the response for one such case. In this case a roll
doublet is commanded to the system, and there is an error of £20% in the value of cl¢jpn.
It can be clearly seen that the vehicle has gone to another trim state and then it follows the
command equally well. There is almost no change in the trajectory of the vehicle. The
control surface deflections are similar with a constant offset. Such response has also been
checked for other cases. The affect of error is similar in all cases.

By above analysis it can be said that the LQR controller designed for the torpedo for
pitch and roll rate tracking commands is fairly stable and can be expected to achieve good

performance for the real torpedo.
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CHAPTER 8
CONCLUSION

8.1 Summary

A dynamical model for a supercavitating vehicle has been obtained. The vehicle is
found to be open-loop unstable, and a controller for stabilizing the pitch and roll rate motion
has been obtained. The LQR controller shows good tracking performance for the vehicle
and all the control objectives are met. The controller is also found to be robust to errors in
cavity prediction and velocity changes. This robustness is further demonstrated by the fact

that the closed-loop system has high gain and phase margins.

8.2 FutureWork

The dynamical analysis of the vehicle has been derived with an assumption that the
cavity shape is fixed. The open-loop cavity dynamics need to be modeled and included in
the synthesis.

Robust control methodologies like p-synthesis can be applied to obtain a more robust
controller. A robust control design could include the uncertainties in the model during the
control synthesis.

The LQR controllers obtained are typically known as the ‘inner-loop” controllers. An
outer-loop controller is also needed for guidance and navigation. The idea is that the outer-
loop controller can be modeled for tracking the trajectory in space, based on the closed-loop

dynamics of the inner-loop model.
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APPENDIX A

REFERENCE FRAMES AND ROTATION MATRICES

X3
Y3

Y2
¥

X1,X2
Figure A.1 Rotation of Frames

Figure A.1 shows two frames X{x1xox3} and Y{y1y2ys3}. Y is rotated from X by an

angle 8 about x-axis. Thus the basis vectors of frame Y can be written in terms of basis

vectors of X frame.
Y2 = X2€08(8) + X3sin(0)
y3 = —X2sin(0) 4 x3c0s(0)

This relation can also be expressed in terms of matrices.

Y1 1 0 0 X1
y2 ¢ = | 0 cos(8) sin(0) X2
Y3 0 —sin(8) cos(0) X3

(A1)

(A2)

This was a case of simple rotation. The matrix above in square brackets is known as

the rotation matrix from X to Y and is represented as X_Y. The rotation matrix can be

generalized for a case when the two reference frames are arbitrarily oriented.
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(yi,x1) (Y1,%X2) (Y1,X3)
XY =1 (y2,x1) (¥2,%2) (¥2,%3) (A.3)
(V3,X1) (y3,X2) (¥3,X3)
where (, ) means the dot product of the two vectors. Thus,

Y = XY %X (A.4)



APPENDIX B
NUMERICAL TECHNIQUES

B.1 Interpolation of Force Data

This section describes the numerical technique used to obtain the values of coefficients

of lift and drag for cavitator and fins.

B.1.1 Extrapolation Scheme

For a better result, a quadratic interpolation/extrapolation scheme is used. Thus 3 points

would be required to obtain an interpolated or extrapolated data value. Figure B.1 shows

the shape functions used for one dimensional interpolation. Say, points {xj_1,X;,Xj+1} are

used to find the value of a function f at point x. The value of f(x) would be given by a

parameter a and the three shape function N1, N2 and N3.

(2Xi—1—Xi —Xi1) = (Xig1—Xi—1) »
(Xi —Xi—1) o (Xi —Xi—1) .
(Xip1 —Xi_1)? (Xip1 —Xi_1)? o
(X1 —=X)(Xi —Xi+1) (X1 —Xi)(Xi —Xi+1)
N3 — (Xi—1—Xi) o4 (Xi—1 — Xi+1) 02
(Xi —Xi+1) (Xi — Xit1)

N1=1+

N2 =

where, the value of a shape function can be obtained by finding the value of a.

X—Xi—1

Xit1 —Xi—1

ae€l0,1] for xé€[X_1,X+1]
a<0 for x<x_1

a>1 for X>Xy1

(B.1)

(B.2)

Thus a € [0,1] for interpolation and it is greater than 1 or less than O for extrapolation.
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f(X) =NLxf(X_1)+N2x* f(xi) +N3x* f(Xi+1) (B.3)
This method can be extended for 2D and 3D as in case for cavitator and fins respectively.

B.1.2 Cavitator
The coefficients of lift (cl¢) and drag (cdc) for the cavitator are functions of half angle
(ha) of cavitator cone and angle of attack for cavitator (a¢). The CFD data [5] is avail-

able for combination of points given in Table B.1. Equation B.3 can be extended for 2D

cavitator.

3 3
f(dc,ha) = Z ) f(ac(i), ha(j)) (B.4)
ac(i)  Value of ac at it" node
ha(j)  Value of h, at ' node
N(1,i) i*" Shape function for a
N(2,j) j" Shape function for h,
B.1.3 Fins

The coefficients of lift (cltjn) and drag (cdfin) for the fins are functions of angle of
attack (a¢) for fin, immersion (S¢) and sweepback angle (6¢). The CFD data is available

for combination of points given in Table B.2. Equation B.3 can be extended for 3D fin.
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Table B.1 Grid For Experimental Cavitator Data

Half Angle (h, deg) {15, 30, 45, 60, 75, 90}
Angle of Attack (a¢ deg) | {0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15}

Table B.2 Grid For Experimental Fin Data

Immersion (St) {0.1,0.3,0.5,0.7,0.9}

Sweepback (B¢ deg) {0,15,30,45,60,70}
Angle of Attack (a deg) | {0,1,2,3,4,5,6,7,8,9,10,12,15}
.$>0&S5S<01&6>0
.$>01&5<03&62>30
.$>03&S<05&6>45
.$>05&5<0.7&6>60
.$>07&5<09&6>70
.S>09&S<1&6>0
.a<0
.a>15

Data not Available for

0O ~NOoO Ok WN P

3
F(St,0r,0a1) =% 5> > N(LN(2, )N(3,k) f(St(i),8¢(),as(k))  (B.5)
i =1

i) Value of S¢ at it node
01(j) Value of 8¢ at j'" node
af(k) Value of as at k™ node

N(1,i) it" Shape function for S

N(2,j) j™ Shape function for 6

N(3,j) k" Shape function for a

B.2 Numerical Linearization
Numerical linearization can be done by the ‘linmod’ command in the Matlab Simulink
toolbox. This can also be done by noting that, the terms in the A and B matrices are the

derivatives of state rates with respect to states and controls. For example, suppose Xo and ug
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represent the state and control values at trim. It should be noted that xg isa 9 x 1 (excluding

the positions {x,y,z}) vector and ug is 5 x 1 (cavitator and four fins).

.
XO:{ Up Wo o ©9 Vo Po o Po ‘Po}

- (B.6)
UO :{ 6C0 6(—'.“:I.o 66‘20 6I’lo 6(20 }
The equations of motion are of the form as in equation B.7.
x = f(x,u) (B.7)

where the function f is a vector function having 9 outputs and there are 9 states. The code
for nonlinear equation of motion, takes x and u as inputs and give the value of X as output.
Let € define a very small change. Now the element A(i, j) can be calculated as in equation

B.8.
f(xo+€(j),uo)i — f(Xo,Uo)i
£

A, j) = 1<i,j<9 (B.8)

where, €(j) means a matrix of size xo with all zeros except jt" element, which is equal to
e, and f; represents the it" element of vector f. An element B(i, j) also can be obtained in
a similar way.

B(i.j) = Flo,Uo+8()i= flo,Wo)i § j_g 4o j<5 (B.9)
£

where, £(j) means a matrix of size ug with all zeros except ji" element, which is equal to

&
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