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The goal of distributed control of multi-agent systems (MASs) is to achieve a global

control objective while using only locally available information. Each agent computes its

own control action by using only information that can be obtained by either communi-

cation with its nearby neighbors or by on-board sensors. Recent years have witnessed a

burgeoning interest in MASs due to their wide range of applications, such as automated

highway system, surveillance and rescue by coordination of aerial and ground vehicles,

spacecraft formation control for science missions. Most of these applications involve a large

number of agents that are distributed over a broad geographical domain, in which a cen-

tralized control solution that requires all-to-all or all-to-one communication is impractical

due to overwhelming communication demands. This motivates study of distributed control

architectures, in which each agent makes control decisions based on only locally avail-

able information. Although it is more appealing than centralized control in this regard,

distributed control suffers from a few limitations. In particular, its performance usually

degrades as the number of agents in the collection increases.

In this work, we examine two classes of distributed control problems: vehicular

formation control and distributed consensus. Despite difference in their agent dynamics,

the two problems are similar. In the vehicular formation control problem, each agent is

modeled as a double-integrator. In contrast, the dynamics of each agent in distributed

consensus is usually given by a single-integrator or its discrete counterpart. The goal of
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formation control is to make the vehicle team track a desired trajectory while keeping

a rigid formation geometry, while the control objective of distributed consensus is to

make all the agents’ states converge to a common value. We study the scaling laws of

certain performance metrics as a function of the number of agents in the system. We

show that the performances for both vehicular formation and distributed consensus

degrade when the number of agents in the system increases for symmetric control. Here

symmetric control refers to, between each pair of neighboring agents (i, j), the weight

agent i put on the information received from j is the same as the weight agent j put on

the information received from i. Besides analysis, we also study how to design distributed

control algorithms to improve performance scaling.

For the vehicular formation control problem, we describe a novel methodology

for modelling, analysis and distributed control design. The method relies on a partial

differential equation (PDE) approximation that describes the spatio-temporal evolution

of each vehicle’s position tracking error. The analysis and control design is based on this

PDE model. We deduce scaling laws of the closed-loop stability margin (absolute value

of the real part of the least stable eigenvalue) and robustness to external disturbances

(certain H∞ norm of the system) of the controlled formation as a function of the number

of vehicles in the formation. We show that the exponents in the scaling laws for both the

stability margin and robustness to external disturbances are influenced by the dimension

and the structure of the information graph, which describes the information exchange

among neighboring vehicles. Moreover, the scaling laws can be improved by employing

a higher dimensional information graph and/or using a beneficial aspect ratio for the

information graph.

Apart from analysis, the PDE model is used for an asymmetric design of control gains

to improve the stability margin and robustness to external disturbances. Asymmetric

design means the information received from different neighbors are weighted prejudicially,

instead of equally in symmetric design. We show that with asymmetric design, the system
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has a significantly better stability margin and robustness even with a small amount of

asymmetry in the control gains. The results of the analysis with the PDE model are

corroborated with numerical computation with the state-space model of the formation.

Besides distributed control of vehicular formations, the progressive loss of performance

has also been observed in distributed consensus, which has a wide range of applications

such as distributed computing, sensor fusion and vehicle rendezvous. In distributed

consensus, each agent in a network updates its state by using a weighted summation of

its own state and the states of its neighbors. Prior works showed that with symmetric

weights, the consensus rate became progressively smaller when the number of agents in

the network increased, even when the weights were chosen to maximize the consensus

rate. We show that with proper choice of asymmetric weights which are motivated by

asymmetric control design for vehicular formations, the consensus rate can be improved

significantly over symmetric design. In particular, we prove that the consensus rate in a

lattice graph can be made independent of the size of the graph with asymmetric weights.

We also propose a weight design method for more general graphs than lattices. Numerical

computations show that the resulting consensus rate with asymmetric weight design is

improved considerably over that with symmetric optimal weights.
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CHAPTER 1
INTRODUCTION

1.1 Motivation and Problem Statement

Distributed control has spurred a great interest in the control community due to its

broad applications such as cooperative control of vehicular formations [1–5], synchroniza-

tion of power networks and coupled oscillators [6–8], distributed consensus of networked

systems [9–11], study of collective behavior of bird flocks and animal swarms [12–14], and

formation flying of unmanned aerial and ground vehicles for surveillance, reconnaissance

and rescue [15–19]. Most of these applications are large-scale networked multi-agent sys-

tems that are distributed over large geographical domains. A centralized control solution

that requires all-to-all or all-to-one communication is impractical due to overwhelming

communication demands. This motivates investigation of distributed control architec-

tures where an individual agent exchanges information only with a small set of agents

(neighbors) to make control decisions. The goal of distributed control is to achieve a global

objective by using only locally available information.

In a multi-agent system, the interaction between neighboring agents is often described

by an information graph. It is well known that the graph Laplacian and its spectral

properties play an important role in studying the performance of the system [3, 10,

20–22]. Therefore, to achieve good closed-loop performance, the key is to design the

control gains to optimize certain eigenvalues of the graph Laplacian. The optimization of

graph eigenvalues has always been a topic of interest in engineering and science [23–27].

However, most works assume that the information graph is undirected, which means the

information exchange between neighboring agents are symmetric, i.e. between two agents i

and j that exchange information, the weight placed by i on the information received from

j is the same as the weight placed by j on that received from i. The symmetry assumption

facilitates analysis and design. In particular, it makes the problem of optimization of

graph Laplacian eigenvalues convex. Several distributed control design method have been
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proposed by taking advantage of the convexity property [23, 28–30]. However, a typical

issue in distributed control of large-scale MASs is that the performance of the closed-loop

with symmetric information graph degrades as the number of agents increases. Several

recent papers have studied the scaling of performance as a function of the number of

agents [3, 31–37].

In this work, we break the symmetry and study how to design a distributed controller

to achieve reliable and scalable stability and robustness by using of asymmetric informa-

tion graph. Direct optimization is in general not feasible in this case since the problem

is not convex. So we start from symmetric design and examine the effect of introducing

small asymmetry in the control gains. We show that the resulting design yields significant

improvement of performance metrics (such as convergence rate and robustness to external

disturbances) over symmetric design.

In this dissertation, we first consider the problem of controlling a large group of

vehicles so that they maintain a rigid formation geometry while following a desired

trajectory. The desired formation geometry is specified by constant inter-vehicle spacings.

The desired trajectory of the formation is given in terms of a fictitious reference vehicle,

whose trajectory can be accessed by only a small subset of the vehicles. One typical

application of this problem is distributed control of vehicular platoons, which aims to

maximize traffic throughput and increase driving safety. This topic has gained much

attention in this past few decades [38, 38, 39, 39–48]. In the platoon problem, each vehicle

in the formation makes its own control decision based on the relative information sensed

from its immediate front and back neighbors. Although the dynamics of individual vehicle

is independent of the others, the whole closed-loop becomes a coupled system.

Each vehicle in the formation is modeled as a double integrator. The double in-

tegrator is a commonly used model for vehicles dynamics, which results from feedback

linearization of non-linear vehicle models [39, 49–51]. In fact, it was pointed out in [52, 53]

that in the formation control problem, for any plant model P (s) and local control law
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K(s), the key is to have two integrators in the loop gain P (s)K(s). The single integra-

tor dynamics will yield steady state tracking error while with three or more integrators

the closed-loop becomes unstable for sufficient large number of vehicles. In addition to

vehicle dynamics, the double integrator also has other applications such as spacecraft

attitude control [54] and studying the motion of a free-floating particle [55]. Control of

double-integrator agents has also been extensively studied for research and educational

purposes [56–59].

We study how the stability margin and robustness to external disturbances scale with

the number of vehicles, structure of information graph, and the choice of the control gains.

The stability margin is defined as the absolute value of the real part of the least stable

eigenvalue of the closed-loop. It quantifies the system’s decay rate of initial errors. The

robustness to external disturbance is measured by certain H∞ norm of the system, which

quantifies the system’s disturbance rejection ability. In this work, we restrict ourselves

to information graphs that belong to the class of D-dimensional (finite) lattices. Lattices

arise naturally as information graphs when the vehicles in the group are arranged in a

regular pattern in space and the exchange of information occurs between pairs of vehicles

that are physically close. In addition, lattices also allow for a flexibility to model much

more general information exchange architectures.

Besides vehicular formation control, we also study the problem of distributed con-

sensus on a large network, in which each agent is modeled as a single integrator or its

discrete counterpart. In distributed consensus, each agent updates its state by using a

weighted summation of its own state and those from its neighbors in the network. The

goal is to make all the agents’ states asymptotically agree on a common value. Distributed

consensus has been widely studied in the past decade due to its wide range of applications

such as multi-agent rendezvous, information fusion in sensor network, coordinated control

of multi-agent system, random walk on graphs [9–11]. The convergence rate of distributed

consensus is very important, since it determines practical applicability of the protocol. If
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the convergence rate is small, it will take many iterations before the states of all agents are

sufficiently close. Similar to the formation control problem, distributed consensus also has

a limitation. Its convergence rate on symmetric graphs degrades as the number of agents

in the network increases [36]. The convergence rate is characterized by certain eigenvalue

of its graph Laplacian. We examine how does the convergence rate scale with the number

of agents in the network and how to design the graph weights to improve the convergence

rate of distributed consensus.

1.2 Related Literature

Analysis of the stability margin and robustness to external disturbance is impor-

tant to understand the scalability of control solutions as the number of vehicles in the

formation, N , increases. In the formation control literature, the scalability question has

been investigated primarily for a one-dimensional vehicle formation, which is usually

referred to as a platoon. It’s a special case of vehicular formation whose information

graph is a 1-D lattice. An extensive literature exists on the platoon control problem;

see [38, 43, 51, 60, 61] and references therein. The most widely studied information

exchange architectures for distributed control of platoons are predecessor following archi-

tecture, predecessor-leader following architecture and bidirectional architecture. In the

predecessor following architecture, every vehicle only uses information from its predeces-

sor, i.e. the vehicle immediately ahead. In the predecessor-leader following architecture,

besides the information from its immediate predecessor, the information of the leader is

also used to compute the control action. In the bidirectional architecture, each vehicle uses

the relative information from its immediate predecessor and follower. Scenarios in which

information exchange occurs with vehicles beyond those physically closest, are studied

in [53, 62]. Within the bidirectional architecture, the focus of much of the research in

this area has been on the so-called symmetric bidirectional architecture, in which every

vehicle put equal weight on the information received from its predecessor and follower.

The symmetry assumption is used to simplify analysis and design.

14



In the platoon problem, it has been known for quite some time (see [31, 45, 46] and

references therein) that the predecessor-following architecture suffers from extremely poor

robustness to external disturbances. This is typically referred to as string instability or

slinky-type effect [39, 44]. Seiler et.al. showed that string instability with the predecessor-

following architecture is independent of the design of the controller on each vehicle, but

a fundamental artifact of the architecture [31]. String instability can be ameliorated by

non-identical controllers at the vehicles but at the expense of the control gains growing

without bound as the number of the vehicles increases [39, 63]. In addition, it was shown

in [31, 39] that if the predecessor-leader following architecture is used, the platoon is

string stable. However, the requirement to transmit the leader’s information to all the

other vehicles makes this architecture unattractive. In addition, even a small time delay,

which is inevitable in transmitting the leader’s information to the following vehicles, is

enough to cause string instability for large platoons [64, 65]. It should be mentioned that

although string stability can also be achieved by constant headway control strategy [39],

the constant headway policy by itself is not enough. The headway has to be large enough

to avoid the problems associated with constant spacing policy [66]. Since one of the main

motivations for automated platooning is to achieve higher highway capacity by making

cars move with a small inter-vehicle separation, there is a need to study the constant

spacing policy.

The poor robustness to disturbance of predecessor-following architecture led to

the examination of the symmetric bidirectional architecture for its perceived advantage

in rejecting disturbances, especially with absolute velocity feedback [46]. However,

the distributed control architectures with symmetric control are latter shown to scale

poorly in terms of closed-loop stability margin. Recall the stability margin is defined

as the absolute value of the real part of the least stable eigenvalue. In a symmetric

bidirectional architecture, the stability margin approaches zero as N increases [48]. Small

stability margin will cause the system to take a long time to smooth out the initial
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errors. Although it is superior over predecessor-following architecture in robustness to

external disturbances (quantified by certain H∞ norm), it was shown that the robustness

performance of symmetric bidirectional architecture cannot be uniformly bounded with

the size of the platoon either [31, 52]. Indeed, the poor robustness to disturbances persists

even for more general architectures, when every vehicle uses information from more than

two neighbors [62].

As mentioned before, most of the work on formation control and distributed consen-

sus assume the information graph is symmetric. This symmetry assumption is crucial to

make the analysis and control design tractable. It was also shown above that, the forma-

tion control problem with symmetric information graph suffers from fundamental limita-

tion in the scalability of closed-loop performance. In addition, it was shown in [3, 62, 67]

that with symmetric information graph, allowing heterogeneity in vehicle masses and on

the weights of the information graph does not significantly alter the system’s robustness

to external disturbances. However, when the information is asymmetric, the situation

becomes totally different, as we will show in this work. With asymmetric information

graph, the analysis becomes extremely difficult, as there are few supporting techniques for

asymmetric design. Two notable works with asymmetric design include [48, 68]. In [48],

Barooah et.al. proposed a mistuning (asymmetric) design method to improve the closed-

loop stability margin of vehicular platoon with relative position and absolute velocity

feedback. Mistuning design refers to allowing small perturbation around the nominal con-

trol gains. It was shown that the resulting stability margin with mistuning design yields

a order of magnitude improvement over symmetric design. In [68], Tangerman and Veer-

man considered the case of relative position and relative velocity feedback, and they put

equal asymmetry on the position and velocity gains. It was concluded that the considered

asymmetric control made the system’s robustness to external disturbance much worse than

symmetric control. More specifically, it was shown in [68] that a disturbance amplification
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metric grows linearly in N for the symmetric bidirectional case but grows exponentially in

N with the asymmetric control. The stability margin was not examined in their works.

In addition to the scaling of performance for the 1-D vehicular platoons, there are also

a few other notable works on the vehicular formation in higher-dimensional space. Bamieh

et. al. studied controlled vehicle formations with a D-dimensional torus as the information

graph [32]. Scaling laws with symmetric control are obtained for certain performance

measures that quantify the robustness of the closed-loop to stochastic noises. It was shown

in [32] that the scaling of these performance measures with N was strongly dependent

on the dimension D of the information graph. Darbha and Yadlapalli et. al. examined

the limitation of employing symmetric information graph for arbitrary formation from

the perspective system’s robustness to sinusoidal disturbances [3, 53]. They concluded

that with symmetric information graph, the H∞ norm of the system cannot be uniformly

bounded with the size of the formation. In [69], Pant et. al. introduced the notion of

mesh-stability for two-dimensional formations with a “look-ahead” information exchange

structure, which refers to a particular kind of directed information flow.

The degeneration of closed-loop performance with symmetry does not only exist

in the formation control literature, it was also pointed out in [36] that the convergence

rate of distributed consensus on lattices and geometric graphs with symmetric weights

decayed to zero as the number of agents in the system increased, even with optimal

symmetric weights obtained from convex optimization. In the formation control literature,

the dynamics of each agent are usually described by a double integrator, while in the

consensus research, the dynamics are in general given by a single integrator or its discrete

counterpart. Although different in the dynamics models, they have the same limitation,

i.e. the performance of the closed-loop degrades as the number of agents in the system

increases. The loss of performance can be attributed to the degeneration of certain

eigenvalues of the symmetric graph Laplacian when the size of the graph increases.
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The literature on convergence rate of distributed consensus is not rich. A few works

can be found in [70–72]. The related problem of mixing time of Markov chains is studied

in [73]. In [36], convergence rate for a specific class of graphs, that we call L-Z geometric

graphs, was established as a function of the number of agents. In general, the convergence

rates of distributed consensus algorithms tend to be slow, and decrease as the number of

agents increases. It was shown in [74] that the convergence rate could be arbitrarily fast in

small-world networks. However, networks in which communication is only possible between

agents that are close enough are not likely to be small-world.

One of the seminal works on improving convergence rates of distributed consensus

protocols is convex optimization of weights on edges of the graph to maximize the

consensus rate [27, 29]. Convex optimization imposes the constraint that the weights

of the graph must be symmetric, which means any two neighboring agents put equal

weight on the information received from each other. However, the convergence rates of

distributed consensus protocols on graphs with symmetric weights degrade considerably

as the number of agents in the network increases. In a D-dimensional lattice, for instance,

the convergence rate is O(1/N2/D) if the weights are symmetric, where N is the number

of agents. This result follows as a special case of the results in [36]. Thus, the convergence

rate becomes arbitrarily small if the size of the network grows without bound.

In [75, 76], finite-time distributed consensus protocols were proposed to improve the

performance over asymptotic consensus. However, in general, the finite time needed to

achieve consensus depends on the number of agents in the network. Thus, for large size

of networks, although consensus can be reached in finite time, the time needed is very

large [75, 76].

1.3 Contributions

In this dissertation, we study the performance scaling of distributed control of large-

scale multi-agent systems with respect to its network size. We investigate two classes of

distributed control problems: vehicular formation control and distributed consensus.
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For the formation control problem, we describe a methodology for modeling, analysis,

and distributed control design for large-scale vehicular teams whose information graphs

belong to the class of D-dimensional lattices. The 1-D vehicular platoon is a special

case, its information graph is a 1-D lattice. The approach is to use a partial differential

equation (PDE) based continuous approximation of the (spatially) discrete platoon

dynamics. Our PDE model yields the original set of ordinary differential equations upon

discretization. This approach is motivated by earlier work on PDE modeling of one-

dimensional platoons [48]. The PDE model is used for analysis of stability margin and

robustness to disturbances as well as for asymmetric design of distributed control laws.

For the distributed consensus problem, we propose an asymmetric weight design

method to improve its convergence rate. The asymmetric weight design idea is motivated

by asymmetric design of distributed control laws for vehicular formations. Besides

networks with D-dimensional lattice graphs, we also develop a weight design algorithm

for more general graphs than lattices. The weight design method is based on a continuous

approximation, in which the graph Laplacian of the network is approximated by a Sturm-

Liouville operator [77]. We show that with the developed design method, the convergence

rate of distributed consensus with asymmetric weights is improved significantly over that

with symmetric weights.

There are five contributions of this work that are summarized below.

First, for formation with symmetric information graph, we obtain exact quantitative

scaling laws of the closed-loop stability margin and robustness to external disturbances of

the vehicular formation with respect to the number of vehicles in the system. We assume

that only the vehicles on one boundary of the lattice have access to the desired trajectory

of the reference vehicle. We show that the stability margin and robustness to external

disturbance only depend on N1, where N1 is the number of vehicles along the axis that is

perpendicular to the boundary where the reference vehicles are located. By choosing the

structure of the information graph in such a way that N1 increases slowly in relation to
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N , the reduction of the stability margin and disturbance amplification as a function of N

can be slowed down. In fact, by holding N1 to be a constant independent of the number

of vehicles N , the stability margin and disturbance amplification can be bounded away

from zero even as the number of vehicles increase without bound. It turns out, however,

that keeping N1 fixed while N increases causes long range communication and/or the

number of vehicles that have access to the desired trajectory of the reference vehicle to

increase. In addition, when the information graph is square, which means there are equal

number of vehicles in each axis of the information graph, we show that the exponents of

the scaling laws of the stability margin and disturbance amplification depend on D, the

dimension of the information graph. The stability margin and disturbance amplification

can be improved considerably by applying a higher-dimensional information graph.

The second contribution of this work is a procedure to design asymmetric control

gains so that the stability margin and disturbance amplification scaling laws are signif-

icantly improved over those with symmetric control. For the 1-D vehicular platoon, we

show that with asymmetric velocity feedback, which allows an arbitrarily small asymmetry

in the velocity gains from their nominal symmetric values, results in stability margin

scaling as O( 1
N

), where N is the number of vehicles in the platoon. In contrast to the

O( 1
N2 ) scaling seen in the symmetric case, this is an order of magnitude improvement.

In addition, when there is equal amount of asymmetry in both the position and velocity

feedback, the stability margin can be improved even better to O(1), which is independent

of the size of the network. This asymmetric design thus eliminates the problem of decay to

stability margin with increasing N , as seen with symmetric design. In terms of disturbance

amplification, it was shown by Veerman that asymmetric design with equal asymmetry in

the position and velocity feedback had worse robustness to external disturbances compared

to symmetric case [33]. However, if asymmetry is only introduced into the relative velocity

feedback (asymmetric velocity feedback), numerical simulations show that the disturbance

amplification can be improved significantly over symmetric design. Therefore, to achieve
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better stability margin and robustness to external disturbance simultaneously, asymmetric

velocity feedback is the best design choice. The asymmetric design method can also be

extended to vehicular formations with higher-dimensional lattice information graphs.

The third contribution of the work is we show that heterogeneity in vehicle mass and

control gains has little effect on the stability margin of a vehicular platoon. In particular,

we show that the allowing heterogeneity only changes the coefficient of the scaling law

of the stability margin but not its asymptotic trend with N , where N is the number of

vehicles in the platoon. As long as the control is symmetric, the scaling law of the stability

margin with and without heterogeneity are both O(1/N2). In connection to optimizing

the eigenvalues of graph Laplacian, our results show that for symmetric graphs, even by

convex optimization, which allows heterogeneity on the weights of the graph to optimize

its eigenvalues, the degeneration of certain eigenvalues is inevitable when the size of the

graph increases. Similar results were obtained independently in [36].

The fourth contribution of the work is the approach used in deriving the results

mentioned above. We derive a partial differential equation (PDE) based continuous ap-

proximation of the (spatially) discrete formation dynamics. Partial differential equations

have been gaining attention in studying large-scale distributed systems such as power net-

works, coupled-oscillators and extremely large telescopes [6, 78–81]. A PDE approximation

is also frequently used in the analysis of many-particle systems in statistical physics and

traffic-dynamics; see [82] and the references therein. Due to the large scale feature of the

studied system, the classical coupled-ODE (ordinary differential equation) model seems

unapt and inefficient, and it provides no insight on analysis and design. The PDE model

provides a single compact model for the whole system, regardless of how many agents are

in the system. The advantage of using a PDE-based analysis is that the PDE reveals,

better than the state-space model does, the mechanism of loss of stability and suggests

the asymmetric design approach to ameliorate it. In addition, the PDE model gives more

insight on the system’s frequency response, which aids to derive the scaling law of the
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robustness to external disturbance (quantified by certain H∞ norm). Numerical compu-

tations of the stability margin and H∞ norm of the state-space model of the formation

are used to confirm the PDE predictions. Although the PDE model approximates the

(spatially) discrete formation dynamics in the limit N → ∞, numerical calculations show

that the conclusions drawn from the PDE-based analysis holds even for small number of

vehicles. Almost of all the scaling laws derived in the work can be established by analyzing

the state-space model with the control gains suggested by the PDE model. In fact, the

publications resulting from this work contains such analysis. We don’t present the analysis

in this work to avoid repetition.

The last but not the least contribution is a method to improve the convergence rate

of distributed consensus protocols through asymmetric weights. We first consider lattice

graphs, and show that with proper choice of asymmetric weights, the convergence rate of

distributed consensus can be bounded away from zero uniformly in N . Thus, the proposed

asymmetric design makes distributed consensus highly scalable. We next propose a weight

design algorithm for 2-dimensional geometric graphs, i.e., graphs consisting of nodes in R
2.

Numerical simulations show that the convergence rate with asymmetric designed weights

in large graphs is an order of magnitude higher than that with (i) optimal symmetric

weights, which are obtained by convex optimization, and (ii) asymmetric weights obtained

by Metropolis-Hastings method, which assigns weights uniformly to each edge connecting

itself to its neighbor. The proposed weight design method is decentralized; every node

can obtain its own weight based on the angular position measurements with its neighbors.

In addition, it is computationally much cheaper than obtaining the optimal symmetric

weights using convex optimization method. The proposed weight design method can be

extended to geometric graphs in R
D, but in this work we limit ourselves to R

2.

The remainder of this dissertation is organized as follows. For ease of description, we

first present the problem and results on 1-D vehicular platoon. Chapter 2 presents scaling

laws of stability margin of the 1-D vehicular platoon with symmetric control as well as
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the effect of asymmetric design on the closed-loop stability margin. Chapter 3 describes

the scaling laws of robustness to external disturbances of the 1-D vehicular platoon

and asymmetric design to improve the disturbance amplification. Distributed control of

vehicular formation in higher-dimensional space and the effect of network structure on the

scaling laws of stability margin and robustness are presented in Chapter 4. The method of

improving convergence rate of distributed consensus through asymmetric weights design

is described in Chapter 5. The dissertation ends with conclusions and future works in

Chapter 6.
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CHAPTER 2
STABILITY MARGIN OF 1-D VEHICULAR PLATOON

In this chapter we examine the closed-loop stability margin of a vehicular platoon

consisting of N vehicles, in which each vehicle is modeled as a double-integrator and

interacts with its two nearest neighbors (one on either side) through its local control

action. This is a problem that is of primary interest to automated platoon in smart

highway systems. In the vehicular platoon problem, the formation aims to track a desired

trajectory while maintaining a rigid formation geometry. The desired trajectory of the

entire vehicular platoon is given in terms of trajectory of a fictitious reference vehicle, and

the desired formation geometry is specified in terms of constant inter-vehicle spacings.

Although significant amount of research has been conducted on robustness-to-

disturbance and stability issues of double integrator networks with decentralized control,

most investigations consider the homogeneous case in which each vehicle has the same

mass and employs the same controller (exceptions include [15, 62, 63]). In addition, only

symmetric control laws are considered in which the information from both the neighboring

vehicles are weighted equally, with [33, 48] being exceptions. Khatir et. al. proposed

heterogeneous control gains to improve string stability (sensitivity to disturbance) at the

expense of control gains increasing without bound as N increases [63]. Middleton et. al.

considered both unidirectional and bidirectional control, and concluded heterogeneity had

little effect on the string stability under certain conditions on the high frequency behavior

and integral absolute error [62]. On the other hand, [33] examined the effect of equal

asymmetry in position and velocity gains (but not heterogeneity) on the response of the

platoon as a result of sinusoidal disturbance in the lead vehicle, and concluded that this

asymmetry made sensitivity to such disturbances worse.

In this chapter we analyze the case when the vehicles are heterogeneous in their

masses and control laws used, and also allow asymmetry in the use of front and back
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information. A decentralized bidirectional control law not necessarily symmetric is con-

sidered that uses only relative position and relative velocity information from the nearest

neighbors. We examine the effect of heterogeneity and asymmetry on the stability margin

of the closed loop, which is measured by the absolute value of the real part of the least

stable pole. The stability margin determines the decay rate of initial formation keeping

errors. Such errors arise from poor initial arrangement of the vehicles. The main result

of the chapter is that in a decentralized bidirectional control strategy, heterogeneity has

little effect on the stability margin of the overall closed loop, while even small asymmetry

can have a significant impact. In particular, we show that in the symmetric case, the

stability margin decays to 0 as O(1/N2), where N is the number of vehicles. We also show

that the asymptotic scaling trend of stability margin is not changed by vehicle-to-vehicle

heterogeneity. On the other hand, arbitrary small amount of asymmetry in the way the

local controllers use front and back information can improve the stability margin by a

considerable amount. When each vehicle weighs the relative velocity information from its

front neighbor more heavily than the one behind it, the stability margin scaling trend can

be improved from O(1/N2) to O(1/N). In contrast, if more weight is given to the relative

velocity information with the neighbor behind it, the closed loop becomes unstable if N is

sufficiently large. In addition, when there is equal amount of asymmetry in position and

velocity feedback gains, the closed-loop is exponentially stable for arbitrary finite N , and

the stability margin can be uniformly bounded with the size of the network. This result

makes it possible to design the control gains so that the stability margin of the system

satisfies a pre-specified value irrespective of how many vehicles are in the formation.

The results are established by using a PDE model. The PDE model approximates

the coupled system of ODEs that govern the closed loop dynamics of the network. This

is inspired by the work [48] that examined stability margin of 1-D vehicular platoons in a

similar framework. Compared to [48], this work makes two novel contributions. First, we

consider heterogeneous vehicles (the mass and control gains vary from vehicle to vehicle),
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whereas [48] consider only homogeneous vehicles. Secondly, [48] considered the scenario

in which every vehicle knew the desired velocity of the platoon. In contrast, the control

law we consider requires vehicles to know only the desired inter-vehicle separation; the

overall trajectory information is made available only to vehicle 1. This makes the model

more applicable to practical formation control applications. It was shown in [48] for the

homogeneous formation that asymmetry in the position feedback can improve the stability

margin from O(1/N2) to O(1/N) while the absolute velocity feedback gain did not affect

the asymptotic trend. In contrast, we show in this chapter that with relative position

and relative velocity feedback, asymmetry in the velocity feedback gain alone and in both

position and velocity feedback gains are both important. The stability margin can be

improved considerably by a judicious choice of asymmetry.

The PDE model provides insights into loss of stability margin with symmetric control

and suggests an asymmetric design method to improve the stability margin. Although

the PDE approximation is valid only in the limit N → ∞, numerical comparisons with

the original state-space model shows that the PDE model provides accurate results even

for small N (5 to 10). The PDE approximation is often used in studying many-particle

systems and in analyzing multi-vehicle coordination problems [48, 79, 80, 82]. A similar

but distinct framework based on partial difference equations has been developed by

Ferrari-Trecate et. al. [83].

The rest of this chapter is organized as follows. Section 2.1 presents the problem

statement and the main results. Section 2.2 describes the PDE model of closed-loop

dynamics. Analysis and control design results together with their numerical corroboration

appear in Section 2.3-Section 2.5, respectively. This section ends with summary in

Section 2.6.
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(a) A pictorial representation of a platoon.
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(b) A Redrawn graph of the same platoon.

Figure 2-1. Desired geometry of a platoon with N vehicles and 1 reference vehicle.

2.1 Problem Formulation and Main Results

2.1.1 Problem Formulation

We consider the formation control of N heterogeneous vehicles which are moving in 1-

D Euclidean space, as shown in Figure 2-1 (a). The position and mass of each vehicle are

denoted by pi and mi respectively. The mass of each vehicle is bounded, |mi −m0|/m0 ≤ δ

for all i, where m0 > 0 and δ ∈ [0, 1) are constants. The dynamics of each vehicle are

modeled as a double integrator:

mip̈i = ui, (2–1)

where ui is the control input (acceleration or deceleration command). This is a commonly

used model for vehicle dynamics in studying vehicular formations, which results from

feedback linearization of non-linear vehicle dynamics [39, 49].

The desired trajectory of the formation is given in terms of a fictitious reference

vehicle with index 0 whose trajectory is denoted by p∗0(t). Since we are interested in

translational maneuvers of the formation, we assume the desired trajectory is a constant-

velocity type, i.e. p∗0(t) = v0t + c0 for some constants v0 and c0. The information on the

desired trajectory of the network is provided only to vehicle 1. The desired geometry of

the formation is specified by the desired gaps ∆i−1,i for i = 1, . . . , N , where ∆i−1,i is the

desired value of pi−1(t) − pi(t). The control objective is to maintain a rigid formation, i.e.,

to make neighboring vehicles maintain their pre-specified desired gaps and to make vehicle

1 follow its desired trajectory p∗0(t) − ∆0,1. Since we are only interested in maintaining

rigid formations that do not change shape over time, ∆i−1,i’s are positive constants.
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In this chapter, we consider the following decentralized control law, whereby the

control action at the i-th vehicle depends on i) the relative position measurements ii) the

relative velocity measurements with its immediate neighbors in the formation:

ui = − kf
i (pi − pi−1 + ∆i−1,i) − kb

i (pi − pi+1 − ∆i,i+1) − bfi (ṗi − ṗi−1) − bbi(ṗi − ṗi+1), (2–2)

where i = {1, . . . , N − 1}, kf
i , k

b
i are the front and back position gains and bfi , b

b
i are the

front and back velocity gains of the i-th vehicle respectively. For the vehicle with index N

which does not have a vehicle behind it, the control law is slightly different:

uN = − kf
N(pN − pN−1 + ∆N−1,N) − bfN(ṗN − ṗN−1). (2–3)

Each vehicle i knows the desired gaps ∆i−1,i and ∆i,i+1, while only vehicle 1 knows the

desired trajectory p∗0(t) of the fictitious reference vehicle.

Combining the open loop dynamics (2–1) with the control law (2–2), we get

mip̈i = − kf
i (pi − pi−1 + ∆i−1,i) − kb

i (pi − pi+1 − ∆i,i+1) − bfi (ṗi − ṗi−1) − bbi(ṗi − ṗi+1),

(2–4)

where i ∈ {1, . . . , N − 1}. The dynamics of the N -th vehicle are obtained by combin-

ing (2–1) and (2–3), which are slightly different from (2–4). The desired trajectory of the

i-th vehicle is p∗i (t) := p∗0(t) − ∆0,i = p∗0(t) −
∑i

j=1 ∆j−1,j. To facilitate analysis, we define

the following tracking error:

p̃i := pi − p∗i ⇒ ˙̃pi = ṗi − ṗ∗i . (2–5)

Substituting (2–5) into (2–4), and using p∗i−1(t) − p∗i (t) = ∆i−1,i, we get

mi
¨̃pi = −kf

i (p̃i − p̃i−1) − kb
i (p̃i − p̃i+1) − bfi ( ˙̃pi − ˙̃pi−1) − bbi( ˙̃pi − ˙̃pi+1). (2–6)
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By defining the state X := [p̃1, ˙̃p1, p̃2, ˙̃p2, · · · , p̃N , ˙̃pN ]T , the closed loop dynamics of the

network can now be written compactly from (2–6) as:

Ẋ = AX (2–7)

where A is the closed-loop state matrix and we have used the fact that p̃0(t) = ˙̃p0(t) ≡ 0

since the trajectory of the reference vehicle is equal to its desired trajectory.

2.1.2 Main Results

The main results of this chapter rely on the analysis of the following PDE (partial

differential equation) model of the network, which is seen as a continuum approximation of

the closed-loop dynamics (2–6). The details of derivation of the PDE model are given in

Section 2.2. The PDE is given by

m(x)
∂2p̃(x, t)

∂t2
=
(kf−b(x)

N

∂

∂x
+
kf+b(x)

2N2

∂2

∂x2
+
bf−b(x)

N

∂2

∂x∂t
+
bf+b(x)

2N2

∂3

∂x2∂t

)

p̃(x, t),

(2–8)

with boundary conditions:

p̃(1, t) = 0,
∂p̃

∂x
(0, t) = 0, (2–9)

where kf−b(x), kf+b(x), bf−b(x) and bf+b(x) are defined as follows:

kf+b(x) := kf(x) + kb(x), kf−b(x) := kf(x) − kb(x),

bf+b(x) := bf (x) + bb(x), bf−b(x) := bf (x) − bb(x),

and m(x), kf(x), kb(x), bf (x), bb(x) are respectively the continuum approximations of

mi, k
f
i , k

b
i , b

f
i , b

b
i of each vehicle with the following stipulation:

kf or b
i = kf or b(x)|x= N−i

N
, bf or b

i = bf or b(x)|x= N−i
N
, mi = m(x)|x= N−i

N
. (2–10)
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We formally define symmetric control, homogeneity and stability margin before

stating the first main result, i.e. the role of heterogeneity on the stability margin of the

network.

Definition 2.1. The control law (2–2) is symmetric if each vehicle uses the same front

and back control gains: kf
i = kb

i , b
f
i = bbi , for all i ∈ {1, 2, · · · , N − 1}, and is called

homogeneous if kf
i = kf

j , k
b
i = kb

j and bfi = bfj , b
b
i = bbj for each pair of neighboring vehicles

(i, j). �

Definition 2.2. The stability margin of a closed-loop system, which is denoted by S, is the

absolute value of the real part of the least stable pole of the closed-loop dynamics. �

Theorem 2.1. Consider the PDE model (2–8) of the network with boundary condi-

tion (2–9), where the mass and the control gain profiles satisfy |m(x) − m0|/m0 ≤ δ,

|k(·)(x) − k0|/k0 ≤ δ and |b(·)(x) − b0|/b0 ≤ δ for all x ∈ [0, 1] where m0, k0 and b0 are

positive constants, and δ ∈ [0, 1) denotes the percent of heterogeneity. With symmetric

control, the stability margin S of the network satisfies the following:

(1 − 2δ)
π2b0
8m0

1

N2
≤ S ≤ (1 + 2δ)

π2b0
8m0

1

N2
, (2–11)

when δ ≪ 1. �

The result above is also provable for an arbitrary δ < 1 (not necessarily small) when

the position gain is proportional to the velocity gain using standard results of Sturm-

Liouville theory [77, Chapter 5]. For that case, the result is given in the following lemma

and its proof is given in the end of Section 2.7.

Theorem 2.2. Consider the PDE model (2–8) of the network with boundary condi-

tion (2–9). Let the mass and the control gains satisfy 0 < mmin ≤ m(x) ≤ mmax,

0 < bmin ≤ bf (x) = bb(x) = b(x) ≤ bmax and kf(x) = kb(x) = k(x) = ρb(x) for all x ∈ [0, 1],

where mmin, mmax, bmin, bmax and ρ are positive constants. The stability margin S of the
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network satisfies the following:

π2bmin

8mmax

1

N2
≤ S ≤ π2bmax

8mmin

1

N2
. �

The main implication of the result above is that heterogeneity of masses and control

gains plays no role in the asymptotic trend of the stability margin with N as long as

the control gains are symmetric. Note that the O(1/N2) decay of the stability margin

described above has been shown for homogeneous platoons (all vehicles have the same

mass and use the same control gains) independently in [35], although the dynamics of the

last vehicle are slightly different from ours. A similar result for homogeneous platoons

with relative position and absolute velocity feedback was also established in [48].

The second main result of this work is that the stability margin can be greatly

improved by introducing front-back asymmetry in the velocity-feedback gains. We call

the resulting design mistuning-based design because it relies on small changes from the

nominal symmetric gain b0. In addition, a poor choice of such asymmetry can also make

the closed loop unstable. In general, heterogeneity in mass has little effect on the scaling

trends of eigenvalues of PDE [77, Chapter 5]. For ease of analysis, we let mi = m0 in the

sequel.

Theorem 2.3. For an N-vehicle network with PDE model (2–8) and boundary condi-

tion (2–9). Let m(x) = m0 for all x ∈ [0, 1], consider the problem of maximizing the

stability margin by choosing the control gains with the constraint |b(.)(x)− b0|/b0 ≤ ε, where

ε is a positive constant, and k(f)(x) = k(b)(x) = k0. If ε≪ 1, the optimal velocity gains are

bf(x) = (1 + ε)b0, bb(x) = (1 − ε)b0, (2–12)

which result in the stability margin

S =
εb0
m0

1

N
+O(

1

N2
) = O(

1

N
). (2–13)
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The formula is asymptotic in the sense that it holds for large N and small ε. In contrast,

for the following choice of asymmetry

bf (x) = (1 − ε)b0 bb(x) = (1 + ε)b0, (2–14)

where 0 < ε ≪ 1 is a small positive constant, the closed loop becomes unstable for

sufficiently large N . �

The theorem says that with arbitrarily small change in the front-back asymmetry,

so that velocity information from the front is weighted more heavily than the one from

the back, the stability margin can be improved significantly over symmetric control. On

the other hand, if velocity information from the back is weighted more heavily than that

from the front, the closed loop will become unstable if the network is large enough. It

is interesting to note that the optimal gains turn out to be homogeneous, which again

indicates that heterogeneity has little effect on the stability margin.

The astute reader may inquire at this point what are the effects of introducing

asymmetry in the position-feedback gains while keeping velocity gains symmetric, or

introducing asymmetry in both position and velocity feedback gains. It turns out when

equal asymmetry in both position and velocity feedback gains are introduced, the closed

loop is exponentially stable for arbitrary N . Moreover, the stability margin scaling trend

can be uniformly bounded below in N when more weights are given to the information

from its front neighbor. We state the result in the next theorem.

Theorem 2.4. For an N-vehicle network with PDE model (2–8) and boundary condi-

tion (2–9). Let m(x) = m0 for all x ∈ [0, 1]. With the following asymmetry in control

kf(x) = (1 + ε)k0, k
b(x) = (1 − ε)k0, b

f (x) = (1 + ε)b0, b
b(x) = (1 − ε)b0, where ε is

the amount of asymmetry satisfying ε ∈ (0, 1), the stability margin of the network can be

uniformly bounded below as follows:

S ≥ min
{ b0ε

2

2m0
,
k0

b0

}

= O(1). �
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This asymmetric design therefore makes the resulting control law highly scalable; it

eliminates the degradation of closed-loop stability margin with increasing N . It is now

possible to design the control gains so that the stability margin of the system satisfies

a pre-specified value irrespective of how many vehicles are in the formation. The result

above is for equal amount of asymmetry in the position feedback and velocity feedback

gains. This constraint of equal asymmetry in position and velocity feedback is imposed in

order to make the analysis tractable.

As we see from the previous results, heterogeneity has little effect on the scaling law

of stability margin, while asymmetry has a huge effect. One may wonder how does the

stability margin scale when there is both heterogeneity and asymmetry in the system?

The following theorem answers the question for this scenario. In particular, we consider

two cases. One case is asymmetric velocity feedback with small heterogeneity, the other

case is when there is equal asymmetry in both position and velocity feedbacks as well as

small heterogeneity.

Theorem 2.5. Consider an N-vehicle network with PDE model (2–8) and boundary

condition (2–9).

1) When there is small asymmetry only in the velocity feedback and small heterogene-

ity in the control gain functions, i.e. m(x) = m0, k
(f)(x) = k(b)(x), |k(·)(x) − k0|/k0 ≤ ε,

b(f)(x) − b(b)(x) = 2εb0, |b(·)(x) − b0|/b0 ≤ ε, where ε is a small positive constant. If ε ≪ 1,

the stability margin of the network satisfies

S = O(
1

N
).

2) Where is equal amount of asymmetry in both position and velocity feedback as well

as small heterogeneity in the control gains, i.e. m(x) = m0, k
(f)(x) − k(b)(x) = 2εk0,

|k(·)(x) − k0|/k0 ≤ ε, b(f)(x) − b(b)(x) = 2εb0, |b(·)(x) − b0|/b0 ≤ ε. If ε ≪ 1, the stability

margin of the network satisfies

S = O(1). �
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Comparing the above theorem to Theorem 2.1 and Theorem 2.4, we show that no

matter the control is symmetric or asymmetric, introducing heterogeneity in control gains

does not change the scaling law of stability margin with respect to the number of vehicles

in the platoon. The scaling law is only determined by asymmetry (and its type).

2.2 PDE Model of the Closed-Loop Dynamics

In this chapter, all the analysis and design is performed using a PDE model, whose

results are validated by numerical computations using the state-space model (2–7). We

now derive a continuum approximation of the coupled-ODEs (2–6) in the limit of large N ,

by following the steps involved in a finite-difference discretization in reverse. We define

kf+b
i := kf

i + kb
i , kf−b

i := kf
i − kb

i ,

bf+b
i := bfi + bfi , bf−b

i := bfi − bbi .

Substituting these into (2–6), we have

mi
¨̃pi = − kf+b

i + kf−b
i

2
(p̃i − p̃i−1) −

kf+b
i − kf−b

i

2
(p̃i − p̃i+1)

− bf+b
i + bf−b

i

2
( ˙̃pi − ˙̃pi−1) −

bf+b
i − bf−b

i

2
( ˙̃pi − ˙̃pi+1). (2–15)

To facilitate analysis, we redraw the graph of the 1D network, so that each vehicle in the

new graph is drawn in the interval [0, 1], irrespective of the number of vehicles. The i-th

vehicle in the “original” graph, is now drawn at position (N − i)/N in the new graph.

Figure 2-1 shows an example.

The starting point for the PDE derivation is to consider a function p̃(x, t) : [0, 1] ×

[0, ∞) → R that satisfies:

p̃i(t) = p̃(x, t)|x=(N−i)/N , (2–16)

such that functions that are defined at discrete points i will be approximated by functions

that are defined everywhere in [0, 1]. The original functions are thought of as samples of

their continuous approximations. We formally introduce the following scalar functions
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kf(x), kb(x), bf (x), bb(x) and m(x) : [0, 1] → R defined according to the stipulation:

kf or b
i = kf or b(x)|x= N−i

N
, bf or b

i = bf or b(x)|x= N−i
N
, mi = m(x)|x= N−i

N
. (2–17)

In addition, we define functions kf+b(x), kf−b(x), bf+b(x), bf−b(x) : [0, 1]D → R as

kf+b(x) := kf(x) + kb(x), kf−b(x) := kf(x) − kb(x),

bf+b(x) := bf (x) + bb(x), bf−b(x) := bf (x) − bb(x).

Due to (2–17), these satisfy

kf+b
i = kf+b(x)|x=(N−i)/N , kf−b

i = kf−b(x)|x=(N−i)/N

bf+b
i = bf+b(x)|x=(N−i)/N , bf−b

i = bf−b(x)|x=(N−i)/N .

To obtain a PDE model from (2–15), we first rewrite it as

mi
¨̃pi =

kf−b
i

N

(p̃i−1 − p̃i+1)

2(1/N)
+
kf+b

i

2N2

(p̃i−1 − 2p̃i + p̃i+1)

1/N2

+
bf−b
i

N

( ˙̃pi−1 − ˙̃pi+1)

2(1/N)
+
bf+b
i

2N2

( ˙̃pi−1 − 2 ˙̃pi + ˙̃pi+1)

1/N2
. (2–18)

Using the following finite difference approximations:

[ p̃i−1 − p̃i+1

2(1/N)

]

=
[∂p̃(x, t)

∂x

]

x=(N−i)/N
,
[ p̃i−1 − 2p̃i + p̃i+1

1/N2

]

=
[∂2p̃(x, t)

∂x2

]

x=(N−i)/N
,

[ ˙̃pi−1 − ˙̃pi+1

2(1/N)

]

=
[∂2p̃(x, t)

∂x∂t

]

x=(N−i)/N
,
[ ˙̃pi−1 − 2 ˙̃pi + ˙̃pi+1

1/N2

]

=
[∂3p̃(x, t)

∂x2∂t

]

x=(N−i)/N
.

For large N , Eq. (2–18) can be seen as a finite difference discretization of the following

PDE:

m(x)
∂2p̃(x, t)

∂t2
=
(kf−b(x)

N

∂

∂x
+
kf+b(x)

2N2

∂2

∂x2
+
bf−b(x)

N

∂2

∂x∂t
+
bf+b(x)

2N2

∂3

∂x2∂t

)

p̃(x, t).

The boundary conditions of the above PDE depend on the arrangement of reference

vehicle in the redrawn graph of the network. For our case, the boundary condition is of
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Dirichlet type at x = 1 where the reference vehicle is, and of Neumann type at x = 0:

p̃(1, t) = 0,
∂p̃

∂x
(0, t) = 0.

2.3 Role of Heterogeneity on Stability Margin

The starting point of our analysis is the investigation of the homogeneous and

symmetric case: mi = m0, k
(·)
i = k0, b

(·)
i = b0 for some positive constants m0, k0, b0, where

i ∈ {1, . . . , N}. The analysis leading to the proof of Theorem 2.1 is carried out using the

PDE model derived in the previous section. In the homogeneous and symmetric control

case, using the notation introduced earlier, we get

m(x) = m0, kf+b(x) = 2k0, kf−b(x) = 0, bf+b(x) = 2b0, bf−b(x) = 0.

The PDE (2–8) simplifies to:

m0
∂2p̃(x, t)

∂t2
=

k0

N2

∂2p̃(x, t)

∂x2
+

b0
N2

∂3p̃(x, t)

∂x2∂t
. (2–19)

This is a wave equation with Kelvin-Voigt damping. Due to the linearity and homogeneity

of the above PDE and boundary conditions, we are able to apply the method of separation

of variables. We assume a solution of the form p̃(x, t) =
∑∞

ℓ=1 φℓ(x)hℓ(t). Substituting it

into PDE (2–19), we obtain the following time-domain ODE

m0
d2hℓ(t)

dt2
+
b0λℓ

N2

dhℓ(t)

dt
+
k0λℓ

N2
hℓ(t) = 0, (2–20)

where λℓ solves the boundary value problem

d2φℓ(x)

dx2
+ λℓφℓ(x) = 0, (2–21)

with the following boundary conditions, which come from (2–9):

dφℓ

dx
(0) = 0, φℓ(1) = 0. (2–22)
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Following straightforward algebra, the eigenvalues and eigenfunction of the above bound-

ary value problem is given by (see [77] for a BVP example)

λℓ = π2 (2ℓ− 1)2

4
, φℓ(x) = cos(

2ℓ− 1

2
πx), ℓ = 1, 2, · · · . (2–23)

Take Laplace transform to both sides of the (2–20) with respect to the time variable t, we

obtain the characteristic equation of the PDE (2–19):

m0s
2 +

b0λℓ

N2
s+

k0λℓ

N2
= 0.

The eigenvalues of the PDE (2–19) are now given by

s±ℓ = − λℓb0
2m0N2

± 1

2m0N

√

λ2
ℓb

2
0

N2
− 4λℓm0k0 (2–24)

For small ℓ and large N so that N > (2ℓ − 1)πb0/(4
√
m0k0), the discriminant is nega-

tive, making the real part of the eigenvalues equal to −λℓb0/(2m0N
2). The least stable

eigenvalue, the one closest to the imaginary axis, is obtained with ℓ = 1:

s±1 = −π
2b0

8m0

1

N2
+ ℑ ⇒ S := |Real(s±1 )| =

π2b0
8m0N2

, (2–25)

where ℑ is an imaginary number.

We are now ready to present the proof of Theorem 2.1.

Proof of Theorem 2.1. Recall that in case of symmetric control we have

kf
i = kb

i , bfi = bbi , ∀i ∈ {1, · · · , N}.

In this case, using the notation introduced earlier, we have

kf−b(x) = 0, bf−b(x) = 0,

The PDE (2–8) is simplified to:

m(x)
∂2p̃(x, t)

∂t2
=
kf+b(x)

2N2

∂2p̃(x, t)

∂x2
+
bf+b(x)

2N2

∂3p̃(x, t)

∂x2∂t
, (2–26)
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The proof proceeds by a perturbation method. To be consistent with the bounds of the

mass and control gains of each vehicle, let

m(x) = m0 + δm̃(x), m̃(x) ∈ [−m0, m0]

kf+b(x) = 2k0 + δk̃(x), k̃(x) ∈ [−2k0, 2k0]

bf+b(x) = 2b0 + δb̃(x), b̃(x) ∈ [−2b0, 2b0].

where δ is a small positive number, denoting the amount of heterogeneity and m̃(x), k̃(x), b̃(x)

are the perturbation profiles. Take Laplace transform to both sides of PDE (2–26) with

respect to t, we have

m(x)s2η =
kf+b(x)

2N 2

∂2η

∂x2
+
bf+b(x)

2N2
s
∂2η

∂x2
, (2–27)

Let the perturbed eigenvalue be s = sℓ = s
(0)
ℓ + δs

(δ)
ℓ , the Laplace transform of p̃(x, t) be

η = η(0) + δη(δ), where s
(0)
ℓ and η(0) correspond to the unperturbed PDE (2–19), i.e.

m0(s
(0))2η(0) =

k0

N2

∂2η(0)

∂x2
+

b0
N2

s(0)∂
2η(0)

∂x2
. (2–28)

Eq. (2–24) provides the formula for s
(0)
ℓ (actually, s±ℓ ), and η(0) is the solution to above

equation, which is given by η(0) =
∑∞

ℓ=1 η
(0)
ℓ =

∑∞
ℓ=1 φℓ(x)Hℓ(s), where Hℓ(s) is the Laplace

transform of h(t) given in (2–20). Plugging the expressions for sℓ and η into (2–27), and

doing an O(1) balance leads to the eigenvalue equation for the unperturbed PDE, which is

exactly Eq. (2–28):

Pη(0) = 0, where P :=

(

m0(s
(0)
ℓ )2 − b0s

(0)
ℓ + k0

N2

∂2

∂x2

)

(2–29)

Next we do an O(δ) balance, which leads to:

Pη(δ) =
(

− 2m0s
(0)
ℓ s

(δ)
ℓ η(0) − m̃(x)(s

(0)
ℓ )

2
η(0) +

k̃(x)

2N2

∂2η(0)

∂x2
+ s

(0)
ℓ

b̃(x)

2N2

∂2η(0)

∂x2
+ s

(δ)
ℓ

b0
N2

∂2η(0)

∂x2

)

=: R
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For a solution η(δ) to exist, R must lie in the range space of the operator P. Since P is

self-adjoint, its range space is orthogonal to its null space. Thus, we have,

< R, η
(0)
ℓ >= 0 (2–30)

where φℓ is also the ℓth basis vector of the null space of operator P. We now have the

following equation:

∫ 1

0

(

− 2m0s
(0)
ℓ s

(δ)
ℓ η(0) − m̃(x)(s

(0)
ℓ )

2
η(0) +

k̃(x)

2N2

∂2η(0)

∂x2

+ s
(0)
ℓ

b̃(x)

2N2

∂2η(0)

∂x2
+ s

(δ)
ℓ

b0
N2

∂2η(0)

∂x2

)

η
(0)
ℓ dx = 0.

Following straightforward manipulations, we got:

s
(δ)
ℓ =

b0λℓ

m2
0N

2

∫ 1

0

m̃(x)(φℓ(x))
2dx− λℓ

2m0N2

∫ 1

0

b̃(x)(φℓ(x))
2dx+ ℑ, (2–31)

where ℑ is an imaginary number when N is large (N > (2ℓ−1)πb0/(4
√
m0k0)). Using this,

and substituting the equation above into sℓ = s
(0)
ℓ + δs

(δ)
ℓ + O(δ2), and setting ℓ = 1, we

obtain the stability margin of the heterogeneous network:

S =
b0π

2

8m0N2
− δ

b0π
2

4m2
0N

2

∫ 1

0

m̃(x) cos2
(π

2
x
)

dx+ δ
π2

8m0N2

∫ 1

0

b̃(x) cos2
(π

2
x
)

dx+O(δ2).

Plugging the bounds |m̃(x)| ≤ m0 and |b̃(x)| ≤ 2b0 , we obtain the desired result. �

We now present numerical computations that corroborates the PDE-based analysis.

We consider the following mass and control gain profile:

kf
i = kb

i = 1 + 0.2 sin(2π(N − i)/N),

bfi = bbi = 0.5 + 0.1 sin(2π(N − i)/N),

mi = 1 + 0.2 sin(2π(N − i)/N). (2–32)

In the associated PDE model (2–26), this corresponds to kf(x) = kb(x) = 1 + 0.2 sin(2πx),

bf (x) = bb(x) = 0.5 + 0.1 sin(2πx), m(x) = 1 + 0.2 sin(2πx). The eigenvalues of the PDE,
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Figure 2-2. Numerical comparison of eigenvalues between state space and PDE models.

that are computed numerically using a Galerkin method with Fourier basis, are compared

with that of the state space model to check how well the PDE model captures the closed

loop dynamics. Figure 2-2 depicts the comparison of eigenvalues of the state-space model

(SSM) (2–7) and the PDE model (2–26) with symmetric control. Eigenvalues shown are

for a platoon of 50 vehicles, and the mass and control gains profile are given in (2–32).

Only some eigenvalues close to the imaginary axis are compared in the figure. It shows

the eigenvalues of the state-space model is accurately approximated by the PDE model,

especially the ones close to the imaginary axis. We see from Figure 2-3 that the closed-

loop stability margin of the controlled formation is well captured by the PDE model. In

addition, the plot corroborates the predicted bound (2–11). The legends of SSM, PDE

and lower bound, upper bound stand for the stability margin computed from the state

space model, from the PDE model, and the asymptotic lower and upper bounds (2–11) in

Theorem 2.1. The mass and control gains profile are given in (2–32).
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Figure 2-3. Stability margin of the heterogeneous platoon as a function of number of
vehicles.

2.4 Role of Asymmetry on Stability Margin

In this section, we consider two scenarios of asymmetric control, we first present the

results when there is asymmetry in the velocity feedback alone (Theorem 2.3). The results

when there is equal asymmetry in both position and velocity feedbacks (Theorem 2.4).

2.4.1 Asymmetric Velocity Feedback

With symmetric control, one obtains an O( 1
N2 ) scaling law for the stability margin

because the coefficient of the ∂3

∂x2∂t
term in the PDE (2–26) is O( 1

N2 ) and the coefficient

of the ∂2

∂x∂t
term is 0. Any asymmetry between the forward and the backward velocity

gains will lead to non-zero bf−b(x) and a presence of O( 1
N

) term as coefficient of ∂2

∂x∂t
. By

a judicious choice of asymmetry, there is thus a potential to improve the stability margin

from O( 1
N2 ) to O( 1

N
). A poor choice of control asymmetry may lead to instability, as we’ll

show in the sequel.

We begin by considering the forward and backward feedback gain profiles

kf (x) = kb(x) = k0, bf (x) = b0 + εb̃f (x), bb(x) = b0 + εb̃b(x), (2–33)
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where ε > 0 is a small parameter signifying the percent of asymmetry and b̃f (x), b̃b(x) are

functions defined over [0, 1] that capture velocity gain perturbation from the nominal value

b0. Define

b̃s(x) := b̃f (x) + b̃b(x), b̃m(x) := b̃f (x) − b̃b(x). (2–34)

Due to the definition of kf+b, kf−b, bf+b and bf−b, we have

kf+b(x) = 2k0, kf−b(x) = 0,

bf+b(x) = 2b0 + εb̃s(x), bf−b(x) = εb̃m(x).

The PDE (2–8) with homogeneous mass m0 now becomes

m0
∂2p̃(x, t)

∂t2
=
( k0

N2

∂2

∂x2
+

b0
N2

∂3

∂x2∂t

)

p̃(x, t) + ε
( b̃s(x)

2N2

∂3

∂x2∂t
+
b̃m(x)

N

∂2

∂x∂t

)

p̃(x, t). (2–35)

We now study the problem of how does the choice of the perturbations b̃s(x) and

b̃m(x) (within limits so that the gains bf (x) and bb(x) are within pre-specified bounds)

affect the stability margin. An answer to this question also helps in designing benefi-

cial perturbations to improve the stability margin. The following result is used in the

subsequent analysis.

Proposition 2.1. Consider the eigenvalue problem of the PDE (2–35) with mixed

Dirichlet and Neumann boundary condition (2–9). The least stable eigenvalue is given by

the following formula that is valid for ε ≪ 1 and large N :

s1 = s
(0)
1 − ε

π

4m0N

∫ 1

0

b̃m(x) sin
(

πx
)

dx− ε
π2

8m0N2

∫ 1

0

b̃s(x) cos2
(π

2
x
)

dx+O(ε2) + ℑ

(2–36)

where s
(0)
1 is the least stable eigenvalue of the unperturbed PDE (2–19) with the same

boundary conditions and ℑ is an imaginary number when N is large (N > πb0/(4
√
m0k0)).

�
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The proof of Proposition 2.1 is similar to the proof of Theorem 2.1. It is given in the

Appendix. Now we are ready to prove Theorem 2.3.

Proof of Theorem 2.3. It follows from Proposition 2.1 that to minimize the least stable

eigenvalue, one needs to choose only b̃m(x) carefully. The reason is the second term

involving b̃s(x) has the O(1/N2) trend. Therefore, we choose

b̃s(x) ≡ 0.

This means that the perturbations to the “front” and “back” velocity gains satisfy:

b̃f (x) = −b̃b(x) ⇔ b̃m(x) = 2b̃f(x).

The most beneficial gains can now be readily obtained from Proposition 2.1. To minimize

the least stable eigenvalue with b̃s(x) ≡ 0, we should choose b̃m(x) to make the integral
∫ 1

0
b̃m(x) sin(πx)dx as large as possible, which is achieved by setting b̃m(x) to be the largest

possible value everywhere in the interval [0, 1]. The constraint |b(·)i − b0|/b0 ≤ ε translates

to b0(1 − ε) ≤ b(·)(x) ≤ b0(1 + ε), which means ‖b̃f‖∞ ≤ b0 and ‖b̃b‖∞ ≤ b0. With the

choice of b̃s made above, we therefore have the constraint ‖b̃m‖ ≤ 2b0. The solution to the

optimization problem is therefore obtained by choosing b̃m(x) = 2b0 ∀x ∈ [0, 1]. This gives

us the optimal gains

b̃f(x) = b0, b̃b(x) = −b0, ⇒ bf (x) = b0(1 + ε), bb(x) = b0(1 − ε).

The least stable eigenvalue is obtained from Proposition (2.1):

s+
1 = s(0) − εb0

m0N
− 0 +O(ε2) + ℑ.

Since s(0) is the least stable eigenvalue for the symmetric PDE, we know from Theorem 2.1

that s(0) = O(1/N2). Therefore, it follows from the equation above that the stability

margin is S = Re(s+
1 ) = εb0

m0N
+O( 1

N2 ). This proves the first statement of the theorem.
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To prove the second statement, the control gain design bfi = (1−ε)b0 and bbi = (1+ε)b0

becomes bf (x) = (1 − ε)b0 and bb(x) = (1 + ε)b0. With this choice, it follows from

Proposition (2.1) that

s+
1 = s(0) +

εb0
m0N

− 0 +O(ε2) + ℑ.

Since s(0) = O(1/N2), the second term, which is O(1/N), will dominate for large N . Since

this term is positive, the second statement is proved. �

2.4.2 Asymmetric Position and Velocity Feedback with Equal Asymmetry

When there is equal asymmetry in the position and velocity feedback, we consider the

following homogeneous and asymmetric control gains:

kf(x) = (1 + ε)k0, kb(x) = (1 − ε)k0,

bf(x) = (1 + ε)b0, bb(x) = (1 − ε)b0, (2–37)

where ε is the amount of asymmetry satisfying ε ∈ (0, 1).

Proof of Theorem 2.4. The PDE model with the control gains specified in (2–37) becomes

m0
∂2p̃(x, t)

∂t2
=

2εk0

N

∂p̃(x, t)

∂x
+

k0

N2

∂2p̃(x, t)

∂x2
+

2εb0
N

∂2p̃(x, t)

∂x∂t
+

b0
N2

∂3p̃(x, t)

∂x2∂t
, (2–38)

By the method of separation of variables, we assume a solution of the form p̃(x, t) =

∑∞
ℓ=1 φℓ(x)hℓ(t). Substituting it into PDE (2–38), we obtain the following time-domain

ODE

m0
d2hℓ(t)

dt2
+ b0λℓ

dhℓ(t)

dt
+ k0λℓhℓ(t) = 0, (2–39)

where λℓ solves the following boundary value problem

Lφℓ(x) = 0, L :=
d2

dx2
+ 2εN

d

dx
+ λℓN

2, (2–40)
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with the following boundary condition, which comes from (2–9):

dφℓ

dx
(0) = 0, φℓ(1) = 0. (2–41)

Taking Laplace transform of both sides of (2–39) with respect to the time variable t,

we have the following characteristic equation for the PDE model

m0s
2 + b0λℓs+ k0λℓ = 0. (2–42)

We now solve the boundary value problem (2–40)-(2–41). We multiply both sides

of (2–40) by e2εNxN2 to obtain the standard Sturm-Liouville eigenvalue problem

d

dx

(

e2εNxdφℓ(x)

dx

)

+ λ
(ε)
ℓ N2e2εNxφℓ(x) = 0. (2–43)

According to Sturm-Liouville Theory, all the eigenvalues are real and have the following

ordering λ1 < λ2 < · · · , see [77]. To solve the boundary value problem (2–40)-(2–41), we

assume solution of the form, φℓ(x) = erx, then we obtain the following equation

r2 + 2εNr + λℓN
2 = 0, ⇒ r = −εN ±N

√

ε2 − λℓ. (2–44)

Depending on the discriminant in the above equation, there are three cases to analyze:

• λℓ < ε2, the eigenfunction has the following form

φℓ(x) = c1e
(−εN+N

√
ε2−λℓ)x + c2e

(−εN−N
√

ε2−λℓ)x.

where c1, c2 are some constants. Applying the boundary condition (2–41), it’s

straightforward to see that, for non-trivial eigenfunctions φℓ(x) to exit, the following

equation must be satisfied (εN − N
√
ε2 − λℓ)/(εN + N

√
ε2 − λℓ) = e2N

√
ε2−λℓ . For

positive ε, this leads to a contradiction, so there is no eigenvalue for this case.

• λℓ = ε2, the eigenfunction φℓ(x) has the following form

φℓ(x) = c1e
−εNx + c2xe

−εNx.
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Again, applying the boundary condition (2–41), for non-trivial eigenfunctions φℓ(x)

to exit, we have the following εN = −1, which implies there is no eigenvalue for this

case either.

• λℓ > ε2, the eigenfunction has the following form

φℓ(x) = e−εNx(c1 cos(N
√

λℓ − ε2x) + c2 sin(N
√

λℓ − ε2x)).

Applying the boundary condition (2–41), for non-trivial eigenfunctions φℓ(x) to exit,

the eigenvalues λℓ must satisfy λℓ = ε2 +
a2

ℓ

N2 where aℓ solves the transcendental

equation −aℓ/(εN) = tan(aℓ). A graphical representation of the functions tanx and

−x/εN with respect to x shows that aℓ ∈ ( (2ℓ−1)π
2

, ℓπ).

From the last case, we see that a1 ∈ (π/2, π), and λ1 → ε2 from above as N → ∞, i.e.

infN λ1 = ε2. For each ℓ ∈ {1, 2, · · · }, the two roots of the characteristic equations (2–42)

are given by

s±ℓ =
−b0λℓ ±

√

b20λ
2
ℓ − 4m0k0λℓ

2m0

. (2–45)

Depending on the discriminant in (2–45), there are two cases to analyze:

• If λ1 ≥ 4m0k0/b
2
0, then the discriminant in (2–45) for each ℓ is non-negative, the less

stable eigenvalue can be written as

s+
ℓ = −λℓb0 −

√

(λℓb0)2 − 4λℓm0k0

2m0

= − 2k0

b0 +
√

b20 − 4m0k0/λℓ

.

The least stable eigenvalue is achieved by setting λℓ = λ∞. Since λℓ → ∞ as ℓ → ∞,

we have the stability margin

S = |Re(s+
1 )| ≥ 2k0

b0 +
√

b20 − 0
=
k0

b0
.

• Otherwise, the discriminant in (2–45) is indeterministic, i.e. it’s negative for small

ℓ and positive for large ℓ is non-positive. For those ℓ’s which make the discriminant
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negative, the least stable eigenvalue among them is given by

s±1 = −λ1b0
2m0

+ ℑ.

where ℑ is an imaginary number. For those ℓ’s which make the discriminant non-

positive, we have from the first case that the least stable eigenvalue among them is

given by

s+
1 = − 2k0

b0 +
√

b20 − 4m0k0/λ∞

The stability margin is given by taking the minimum of absolute value of the real

part of the above two eigenvalues,

S ≥ min
{b0λ1

2m0

,
k0

b0

}

.

Combining the above two cases, and using the fact that λ1 ≥ ε2, we obtain that the

stability margin can be bounded below as follows

S ≥ min
{ b0ε

2

2m0

,
k0

b0

}

.

This concludes the proof. �

2.4.3 Numerical Comparison of Stability Margin

Figure 2-4 depicts the numerically obtained stability margins for both the PDE

and state-space models (SSM) with symmetric and asymmetric control gains. The mass

of each vehicle used is m0 = 1. The nominal control gains are k0 = 1, b0 = 0.5. The

asymmetric control gains used are the ones given in Theorem 2.3 and Theorem 2.4

respectively, and the amount of asymmetry is ε = 0.1. The legends “SSM” and “PDE”

stand for the stability margin computed from the state-space model and the PDE model,

respectively. The figure shows that 1) the stability margin of the PDE model matches

that of the state-space model accurately, even for small values of N ; 2) the stability
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Figure 2-4. Stability margin improvement by asymmetric control.

margin with asymmetric velocity feedback shows large improvement over the symmetric

case even though the velocity gains differ from their nominal values only by ±10%. The

improvement is particularly noticeable for large values of N ; 3) With equal amount

of asymmetry in both the position and velocity feedback, the stability margin can be

uniformly bounded away from 0, which eliminates the degradation of stability margin with

increasing N ; 4) the asymptotic formulae given in Theorem 2.3 and Theorem 2.4 are quire

accurate.

Numerical validation that poor choice of asymmetry in control gains can lead to

instability is shown in Figure 2-5. The mass of each vehicle is m0 = 1. The nominal

control gains are k0 = 1, b0 = 0.5, and the control gains used are the ones given by (2–14)
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Figure 2-5. The real part of the most unstable eigenvalues with poor asymmetry.

in Theorem 2.3 with ε = 0.1. Note that the real part of these eigenvalues are positive and

Eq. (2–14) also makes an accurate prediction.

2.5 Scaling of Stability Margin with both Asymmetry and Heterogeneity

In this section, we study the stability margin of the system with both heterogeneity

and asymmetry. The main job of this section is to prove Theorem 2.5.

Proof of Theorem 2.5. The proof also relies on perturbation technique. Based on the

bounds of the control gains and the definition of kf+b, kf−b, bf+b and bf−b, we have

kf−b(x) = 0, kf+b(x) = 2k0 + εk̃(x), k̃(x) ∈ [−2k0, 2k0]

bf+b(x) = 2εb0, bf+b(x) = 2b0 + εb̃(x), b̃(x) ∈ [−2b0, 2b0].

The PDE (2–8) with homogeneous mass m0 now becomes

m0
∂2p̃(x, t)

∂t2
=
( k0

N2

∂2

∂x2
+

b0
N2

∂3

∂x2∂t

)

p̃(x, t)

+ ε
( k̃(x)

2N2

∂2

∂x2
+
b̃(x)

2N2

∂3

∂x2∂t
+

2b0
N

∂2

∂x∂t

)

p̃(x, t). (2–46)
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Let the eigenvalues and Laplace transformation of p̃(x, t) for the above perturbed

PDE be sℓ = s
(0)
ℓ + εs

(ε)
ℓ , η = η(0) + εη(ε) respectively, where s

(0)
ℓ and η(0) are corresponding

to the unperturbed PDE (2–19). Taking a Laplace transform of PDE (2–46), plugging in

the expressions for sℓ and η, and doing an O(ε) balance, which leads to:

Pη(ε) =
k̃(x)

2N2

d2η(0)

dx2
+ s

(0)
ℓ

2b0
N

dη(0)

dx
+ s

(0)
ℓ

b̃(x)

2N2

d2η(0)

dx2
− 2m0s

(0)
ℓ s

(ε)
ℓ η(0) + s

(ε)
ℓ

b0
N2

d2η(0)

dx2
=: R,

where P is defined in (2–29). For a solution η(ε) to exist, R must lie in the range space of

the self-adjoint operator P. Thus, we have,

< R, η
(0)
ℓ >= 0

We now have the following equation:

∫ 1

0

( k̃(x)

2N2

d2η(0)

dx2
+ s

(0)
ℓ

2b0
N

dη(0)

dx
+ s

(0)
ℓ

b̃(x)

2N2

d2η(0)

dx2
− 2m0s

(0)
ℓ s

(ε)
ℓ η(0) + s

(ε)
ℓ

b0
N2

d2η(0)

dx2

)

η
(0)
ℓ dx = 0

Straightforward manipulations show that:

m0(s
(0)
ℓ +

b0λℓ

2m0N2
)s

(ε)
ℓ = − s

(0)
ℓ

(2ℓ− 1)π

2N

∫ 1

0

b0 sin
(

(2ℓ− 1)πx
)

dx

− s
(0)
ℓ

(2ℓ− 1)2π2

8N2

∫ 1

0

b̃(x) cos2
((2ℓ− 1)π

2
x
)

dx

− (2ℓ− 1)2π2

8N2

∫ 1

0

k̃(x) cos2
((2ℓ− 1)π

2
x
)

dx.

Notice that the existence of the last two terms in the RHS of the above equation is

due to heterogeneity in the control gains, and their coefficients are orders of 1/N2. In

addition, the first term which results from asymmetry has coefficient of order 1/N , which

dominates the terms with order 1/N2 for large N . Hence heterogeneity in control gains

does not change the scaling trend of stability margin, but only introducing asymmetry

does. The rest of the proof for the first part of Theorem 2.5 follows by substituting the

equation above into sℓ = s
(0)
ℓ + εs

(ε)
ℓ , and setting ℓ = 1.
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The proof for the second part of Theorem 2.5 is similar to the argument shown above,

we therefore ignore the proof. �

2.6 Summary

We studied the role of heterogeneity and control asymmetry on the stability margin

of a large 1-D network of double-integrator vehicles. The control is in a distributed sense

that the control signal at every vehicle depends on the relative position and velocity

measurements from its two nearest neighbors (one one either side). It was shown that

heterogeneity had little effect on how the stability margin scaled with N , the number

of vehicles, whereas asymmetry played a significant role. If front-back asymmetry is

introduced in the control gains, even by an arbitrarily small amount, the stability margin

can be improved to O(1/N) with asymmetric velocity feedback. The stability margin

can be even improved to O(1) if there is equal amount of asymmetry in the position and

velocity feedback. Additionally, we showed that no matter the control was symmetric

or not, vehicle-to-vehicle heterogeneity did not change the scaling of stability margin.

Therefore, in terms of stability margin, the asymmetric control with equal asymmetry

scheme provides a best way to achieve the goal of larger stability margin. The scenarios

with unequal asymmetry in position and velocity feedback and asymmetric position

feedbacks are open problems.

2.7 Technical Proofs

2.7.1 Proof of Theorem 2.2

With the profiles and control gains given in Theorem 2.2, the PDE (2–8) simplifies to:

m(x)
∂2p̃(x, t)

∂t2
=
ρb(x)

N2

∂2p̃(x, t)

∂x2
+
b(x)

N2

∂3p̃(x, t)

∂x2∂t
, (2–47)

where mmin ≤ m(x) ≤ mmax, bmin ≤ b(x) ≤ bmax. Due to the linearity and homogeneity of

the above PDE and boundary conditions, we are able to apply the method of separation

of variables. We assume solution of the form p̃(x, t) =
∑∞

ℓ=1 φℓ(x)hℓ(t). Substituting the
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solution into (2–47) and dividing both sides by φℓ(x)hℓ(s), we obtain:

d2hℓ(t)
dt2

ρ
N2hℓ(t) + 1

N2h(t)
=

d2φℓ(x)
dx2

m(x)φℓ(x)/b(x)
(2–48)

Since each side of the above equation is independent from the other, so it’s necessary for

both sides equal to the same constant −λℓ. Then we have two separate equations:

d2hℓ(t)

dt2
+

λℓ

N2

dhℓ(t)

dt
+
ρλℓ

N2
hℓ(t) = 0, (2–49)

d2φℓ(x)

dx2
+ λℓ

m(x)

b(x)
φ(x) = 0. (2–50)

The spatial part solves the following regular Sturm-Liouville eigenvalue problem

d2φℓ(x)

dx2
+ λℓ

m(x)

b(x)
φ(x) = 0,

dφ(0)

dx
= φ(1) = 0. (2–51)

The Rayleigh quotient is given by

λℓ =

∫ 1

0
(dφ(x)/dx)2dx

∫ 1

0
φ2(x)m(x)/b(x)dx

. (2–52)

Since mmin ≤ m(x) ≤ mmax, bmin ≤ b(x) ≤ bmax, we have that mmin

bmax
≤ m(x)/b(x) ≤ mmax

bmin
.

Plugging the lower and upper bounds for m(x)/b(s), we have the following relation:

bmin

mmax

∫ 1

0
(dφ(x)/dx)2dx
∫ 1

0
φ2(x)dx

≤ λℓ ≤
bmax

mmin

∫ 1

0
(dφ(x)/dx)2dx
∫ 1

0
φ2(x)dx

Since we know the eigenvalue λ̄ℓ corresponding to Rayleigh quotient
R

1

0
(dφ(x)/dx)2dx
R 1

0
φ2(x)dx

is the

eigenvalue obtained from (2–51) with m(x)/b(x) = 1. And λ̄ℓ is given by

λ̄ℓ =
(2ℓ− 1)2π2

4
(2–53)

where ℓ is the wave number, ℓ = 1, 2, · · · .
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It is straight forward to see that the least eigenvalue λ̄ℓ is obtain by setting ℓ = 1, i.e.

λ̄1 = π2/4. So we have the following bounds for the least eigenvalue of λℓ.

bminπ
2

4mmax
≤ λ1 ≤

bmaxπ
2

4mmin
(2–54)

Take Laplace transform to both sides of (2–50), we obtain the following characteristic

equation for the PDE model (2–47).

s2 +
λℓ

N2
s+

ρλℓ

N2
= 0.

Its eigenvalues turn out to be the roots of the above equation,

s±ℓ :=
−λℓ/N

2 ±
√

λ2
ℓ/N

4 − 4ρλℓ/N2

2
. (2–55)

We call s±ℓ the ℓ-th pair of eigenvalues. The discriminant D in (2–55) is given by:

D :=λ2
ℓ/N

4 − 4ρλℓ/N
2.

For large N and small ℓ, D is negative. So both the eigenvalues in (2–55) are complex,

then the stability margin is only determined by the real parts of s±ℓ . It follows from (2–55)

that the least stable eigenvalue (the ones closest to the imaginary axis) among them is the

one that is obtained by minimizing λℓ over ℓ. Then, this minimum is achieved at ℓ = 1,

and the real part is obtained

Real(s±1 ) = − λ1

2N2
.

Following the definition of stability margin S := |Real(s±1 )| as well as the bounds for λ1

given by (2–54), we complete the proof. �

2.7.2 Proof of Proposition 2.1

The proof proceeds by a perturbation method. Let the eigenvalues and Laplace

transformation of p̃(x, t) for the perturbed PDE (2–35) be sℓ = s
(0)
ℓ + εs

(ε)
ℓ , η = η(0) + εη(ε)

respectively, where s
(0)
ℓ and η(0) are corresponding to the unperturbed PDE (2–19). Taking
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a Laplace transform of PDE (2–35), plugging in the expressions for sℓ and η, and doing an

O(ε) balance, which leads to:

Pη(ε) = s
(0)
ℓ

b̃m(x)

N

dη(0)

dx
+ s

(0)
ℓ

b̃s(x)

2N2

d2η(0)

dx2
− 2m0s

(0)
ℓ s

(ε)
ℓ η(0) + s

(ε)
ℓ

b0
N2

d2η(0)

dx2
=: R,

where P is defined in (2–29). For a solution η(ε) to exist, R must lie in the range space of

the self-adjoint operator P. Thus, we have,

< R, η
(0)
ℓ >= 0

We now have the following equation:

∫ 1

0

(

s
(0)
ℓ

b̃m(x)

N

dη(0)

dx
+ s

(0)
ℓ

b̃s(x)

2N2

d2η(0)

dx2
− 2m0s

(0)
ℓ s

(ε)
ℓ η(0) + s

(ε)
ℓ

b0
N2

d2η(0)

dx2

)

η
(0)
ℓ dx = 0

Straightforward manipulations show that:

m0(s
(0)
ℓ +

b0λℓ

2m0N2
)s

(ε)
ℓ = − s

(0)
ℓ

(2ℓ− 1)π

4N

∫ 1

0

b̃m(x) sin
(

(2ℓ− 1)πx
)

dx

− s
(0)
ℓ

(2ℓ− 1)2π2

8N2

∫ 1

0

b̃s(x) cos2
((2ℓ− 1)π

2
x
)

dx. (2–56)

Substituting the equation above into sℓ = s
(0)
ℓ + εs

(ε)
ℓ , and setting ℓ = 1, we complete the

proof. �
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CHAPTER 3
ROBUSTNESS TO EXTERNAL DISTURBANCES OF 1-D VEHICULAR PLATOON

In this chapter we study the robustness to external disturbances of a large 1-D

platoon of vehicles with distributed control. We consider the robustness to external

disturbances for two decentralized control architectures: predecessor-following and

bidirectional. It has been known for quite some time that the predecessor-following

architecture has extremely poor robustness to external disturbances [45, 46]. In was shown

that string instability with the predecessor-following architecture is independent of the

design of the controller on each vehicle, but a fundamental artifact of the architecture [31].

The high sensitivity to disturbance of predecessor-following architecture led to the

examination of the bidirectional architecture. Most works focus on symmetric bidirectional

architecture. The symmetry assumption significantly simplified analysis. It was shown

that symmetric bidirectional architectures also suffers from poor robustness to external

disturbances [31, 52, 67].

Although a rich literature exists on sensitivity to disturbances with predecessor-

following and symmetric bidirectional architectures, to the best of our knowledge, a precise

comparison of the performance of these two architectures - in terms of quantitative

measures of robustness is lacking. This chapter addresses exactly this problem. In

particular, we establish how certain H∞ norms, that quantifies the system’s robustness,

scale with the size of the platoon for each of these two architectures. We study two

scenarios to quantify robustness. First, we study the effect of disturbance acting on the

leader on the tracking error of the last vehicle. Second, we study the effect of disturbances

acting on all the vehicles in the platoon (except the leader) on their tracking errors.

Correspondingly, two kinds of performance metrics are used to quantify the robustness:

i) the leader-to-trailer amplification, which is defined as the H∞ norm of the transfer

function from the disturbance on the leader to the position tracking error of the last
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vehicle; ii) the all-to-all amplification, which is defined as the H∞ norm of the transfer

function from the disturbances on all the followers to their position tracking errors.

For the predecessor-following architecture, it is well known that the leader-to-trailer

amplification grows geometrically and the all-to-all amplification can not be bounded

above uniformly in N , the number of vehicles in the platoon [31, 53]. In this chapter,

we show that they are both O(αN) for some α > 1. Thus, as the size of the platoon

increases, the amplification of disturbance increases geometrically. We then show that with

symmetric bidirectional architecture, the leader-to-trailer amplification is O(N), whereas

the all-to-all amplification is O(N3). In addition, the resonance frequencies in both cases

are O(1/N) [53]. Thus, among the two control architectures, the symmetric bidirectional

architecture performs far better than the predecessor-following architecture in terms of

sensitivity to disturbance, especially as the platoon size becomes large.

The analysis for the symmetric bidirectional architecture is carried out with a PDE

approximation of the closed-loop dynamics, which is derived in the previous chapter. The

asymptotic formulae for the two amplification factors mentioned above and the resonance

frequencies are obtained using a PDE-based analysis. Numerical computations of the

coupled-ODE model are provided to verify the analysis of the corresponding PDE model.

Although the PDE is derived under the assumption that N is large, numerical results

show that it makes an accurate approximation even when N is small (e.g. N = 10).

We assume each vehicle has a double-integrator dynamics and the platoon is ho-

mogeneous: each vehicle in the platoon has the same open-loop dynamics and uses the

same control law. The assumption of double-integrator dynamics comes from the fact that

single-integrator models fail to reproduce the slinky-type effects or string instability [3]

and higher order dynamics will result in instability for sufficient large N [52, 53]. In

addition, heterogeneity in vehicle mass and control gains has little effect on the stability

margin and sensitivity to disturbance of the platoon [62, 67, 84]. However, we show by

numerical simulation that asymmetry has a substantial effect on the robustness of the 1-D
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platoon. Judicious asymmetry in the control gains can improve the robustness of the 1-D

platoon considerably over symmetric control.

The rest of this chapter is organized as follows. Section 3.1 presents the problem

statement. Section 3.2 describes the PDE model of the 1-D platoon of double-integrator

vehicles with symmetric bidirectional architecture. Analysis of the H∞ norms of the

system for both symmetric bidirectional and predecessor-following architectures as well as

the conjecture for asymmetric bidirectional architecture and their numerical verifications

appear in Section 3.3. The chapter ends with a summary in Section 3.4.

3.1 Problem Formulation

We consider the formation control of N + 1 homogeneous vehicles (1 leader and N

followers) which are moving in 1-D Euclidean space, as shown in Figure 2-1 (a). The

position of the i-th vehicle is denoted by pi ∈ R. The dynamics of each vehicle are

modeled as a double integrator:

mip̈i = ui + wi, i ∈ {1, 2, · · · , N}, (3–1)

where mi is the mass, ui is the control input and wi is the external disturbance on the i-th

vehicle. The disturbance on each vehicle is assumed to be wi = ai sin(ωt + θi). This is a

commonly used model for vehicle dynamics in studying vehicular formations, and results

from feedback linearization of non-linear vehicle dynamics [3, 39, 49].

The control objective is that vehicles maintain a rigid formation geometry while

following a constant-velocity type desired trajectory. The desired geometry of the for-

mation is specified by constant desired inter-vehicle spacing ∆(i−1,i) for i ∈ {1, · · · , N},

where ∆(i−1,i) is the desired value of pi−1(t) − pi(t). Each vehicle i knows the desired gaps

∆(i−1,i), ∆(i,i+1). The desired trajectory of the platoon is specified in terms of a leader

whose dynamics are independent of the other vehicles. The leader is indexed by 0, and its

trajectory is denoted by p∗0(t) = vt + ∆(0,N), where v is a positive constant, which is the

cruise velocity of the platoon. The desired trajectory of the i-th vehicle, p∗i (t), is given by
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p∗i (t) = p∗0(t) − ∆(0,i) = p∗0(t) −
∑i

j=1 ∆(j−1,j). To facilitate analysis, we define the tracking

error:

p̃i := pi − p∗i ⇒ ˙̃pi = ṗi − ṗ∗i . (3–2)

We consider the following decentralized control law, where the control on the i-th

vehicle depends on the relative position and velocity measurements from its immediate

predecessor and possibly its immediate follower:

ui = − kf
i (p̃i − p̃i−1) − kb

i (p̃i − p̃i+1) − bfi ( ˙̃pi − ˙̃pi−1) − bbi( ˙̃pi − ˙̃pi+1)

uN = − kf
i (p̃N − p̃N−1) − bfi ( ˙̃pN − ˙̃pN−1), (3–3)

where i ∈ {1, · · · , N − 1} and kf
i , k

b
i (respectively, bfi , b

b
i) are the front and back position

(respectively, velocity) gains of the i-th vehicle. Note that the information needed to

compute the control action can be easily accessed by on-board sensors, since only relative

information is used.

Results in [62, 67, 84] show that heterogeneity in vehicle mass and control gains has

little effect on the sensitivity to disturbance and stability margin of the platoon. Therefore

we focus on homogeneous platoons, in which every vehicle has the same dynamics and

employs the same control law. In particular,

kf
i = (1 + εk)k0, kb

i = (1 − εk)k0,

bfi = (1 + εb)b0, bbi = (1 − εb)b0, (3–4)

mi = 1, i ∈ {1, 2, · · · , N},

where εk ∈ [0, 1] and εb ∈ [0, 1] are the amounts of asymmetry in the position and velocity

gains respectively.

Definition 3.1. We call the architecture corresponding to εk = εb = 0 the symmetric

bidirectional, since the control action on each vehicle depends equally on the information

from its immediate predecessor and follower; and the architecture corresponding to

58



εk = εb = 1 are called the predecessor-following, since the control action on each

vehicle only depends on the information from its immediate predecessor. The architecture

corresponding to other cases is called asymmetric bidirectional. �

We study how the sensitivities to external disturbances scale with respect to the

number of vehicles N in the platoon. We define the following two metrics.

Definition 3.2. The leader-to-trailer amplification HLTT is defined as the H∞ norm

of the transfer function from the disturbance on the leader to the last vehicle’s position

tracking error. The all-to-all amplification HATA is defined as the H∞ norm of the transfer

function from the disturbances acting on all the followers to their position tracking errors.

�

In the case of leader-to-trailer amplification, we assume there is a sinusoidal dis-

turbance only on the leader, whereas the other vehicles are undisturbed, i.e. wi =

0, i ∈ {1, · · · , N}. We examine the effect of the disturbance on the leader W = w0 =

a0 sin(ωt+ θ0) ∈ R to the position tracking error of the last vehicle E = p̃N ∈ R. Without

loss of generality, let a0 = 1 and θ0 = 0 for this case. With this sinusoidal disturbance,

the desired trajectory of the leader is now given by p∗0(t) = vt + ∆(0,N) + sin(ωt). In the

predecessor-following architecture, the closed-loop dynamics can now be expressed as the

following coupled-ODE model

¨̃pi = − 2k0(p̃i − p̃i−1) − 2b0( ˙̃pi − ˙̃pi−1) + ω2 sin(ωt), (3–5)

where i ∈ {1, · · · , N}. For the bidirectional architecture, the closed-loop dynamics can be

expressed as

¨̃pi = − kf
i (p̃i − p̃i−1) − kb

i (p̃i − p̃i+1)

− bfi ( ˙̃pi − ˙̃pi−1) − bbi( ˙̃pi − ˙̃pi+1) + ω2 sin(ωt), (3–6)

¨̃pN = − kf
i (p̃N − p̃N−1) − bfi ( ˙̃pN − ˙̃pN−1) + ω2 sin(ωt),

where i ∈ {1, · · · , N − 1}.

59



In the case of all-to-all amplification, we assume there are disturbances acting on all

the followers but not the leader, and study the H∞ norm of the transfer function from the

disturbances on all the followers W = [w1, w2, · · · , wN ] ∈ R
N to their position tracking

errors E = [p̃1, p̃2, · · · , p̃N ] ∈ R
N , where p̃i is defined in (3–2). Since there is no disturbance

on the leader, its desired trajectory is then given by p∗0(t) = vt+ ∆(0,N). Using the position

tracking errors defined in (3–2), for the predecessor-following architecture, the closed-loop

dynamics can be expressed as

¨̃pi = − kf
i (p̃i − p̃i−1) − bfi ( ˙̃pi − ˙̃pi−1) + wi, (3–7)

where i ∈ {1, · · · , N}. For the bidirectional architecture, the closed-loop dynamics can be

written as

¨̃pi = − kf
i (p̃i − p̃i−1) − kb

i (p̃i − p̃i+1)

− bfi ( ˙̃pi − ˙̃pi−1) − bbi( ˙̃pi − ˙̃pi+1) + wi, (3–8)

¨̃pN = − kf
i (p̃N − p̃N−1) − bfi ( ˙̃pN − ˙̃pN−1) + wN ,

where i ∈ {1, · · · , N − 1}.

For both the disturbance amplifications considered above, the coupled-ODE models

with the predecessor-following and bidirectional architectures can be represented in the

following state-space form:

Ẋ = AX +BW, E = CX, (3–9)

where X is the state vector, which is defined as X := [p̃1, ˙̃p1, · · · , p̃N , ˙̃pN ] ∈ R
2N , W is

input vector (external disturbances) and E is the output vector (position tracking errors).

For example, the state matrix for the predecessor-following and symmetric bidirectional

architecture are given by Ap or b = IN ⊗M1 + Lp or b ⊗M2, where IN is the N ×N identity
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matrix and ⊗ denotes the Kronecker product. The auxiliary matrices M1,M2 are given by:

M1 =







0 1

0 0






, M2 =







0 0

−k0 −b0






.

The matrix L(.) for the predecessor-following and symmetric bidirectional architectures are

respectively given by

Lp =



















1

−1 1

. . .
. . .

−1 1



















, Lb =

























2 −1

−1 2 −1

. . .
. . .

. . .

−1 2 −1

−1 1

























.

For the case of the leader-to-trailer amplification, the input matrix B and output matrix

C are given by B = ω2[0, 1, · · · , 0, 1]T ∈ R
2N , C = [0, 0, · · · , 0, 1, 0] ∈ R

2N respectively. The

corresponding matrices for the case of all-to-all amplification are given by B = IN ⊗ [0, 1]T,

C = IN⊗[1, 0] respectively. The case with asymmetric control can be constructed similarly,

but the state matrix A in general does not have such “nice” form as shown above.

Recall that the H∞ norm of a transfer function G(s) = C(sI − A)−1B from W to E is

defined as:

||G(jω)||H∞
= sup

ω∈R+

σmax[G(jw)] = sup
W

||E||L2

||W ||L2

, (3–10)

where σmax denotes the maximum singular value. 1 For the predecessor-following archi-

tecture, the dynamics of each vehicle only depend on the information from its predecessor.

Due to this special coupled structure, a closed-form transfer function can be derived.

1 In this chapter, the L2 norm is well-defined in the extended space L2
e = {u|uτ ∈

L2, ∀ τ ∈ [0,∞)}, where uτ (t) = (i) u(t), if 0 ≤ t ≤ τ ; (ii) 0, if t > τ. See [85, Chapter
5]. With a little abuse of notation, we suppress the subscript and write L2 = L2

e.

61



Therefore we can derive estimates for the leader-to-trailer and all-to-all amplifications

by using standard matrix theory. However, for bidirectional architecture, it is in general

difficult to find a closed-form formula for the leader-to-trailer and all-to-all amplifications

from the state-space domain. There are several reasons. First of all, when the num-

ber of vehicles in the platoon is large, it’s very involved to compute matrix inverse and

multiplications, which makes it difficult to find a closed-form transfer function for this

architecture. Second, the coupled-ODE model provides no information about at which

frequency ω the system’s resonance occurs and which input causes the worst disturbance

amplification. Third, the calculation of singular value for a large matrix is not a easy task.

Due to these reasons, we take an alternate route and propose a PDE model, which is seen

as a continuum approximation of the coupled-ODE models (3–6) and (3–8), to analyze

and study the H∞ norms of the 1-D platoon of double-integrator vehicles. This PDE

model provides a convenient framework to analysis. Base on the PDE model, closed-form

formulae of the H∞ norms and resonance frequency are obtained.

3.2 PDE Models of the Platoon with Symmetric Bidirectional Architecture

The analysis in the symmetric bidirectional architecture relies on PDE models, which

are seen as a continuum approximation of the closed loop dynamics (3–6) and (3–8) in

the limit of large N , by following the steps involved in a finite-difference discretization

in reverse. The derivation of the PDE model is similar to the procedures in the previous

chapter.

3.2.1 PDE Model for the Case of Leader-to-Trailer Amplification

We first derive a PDE model for the case of leader-to-trailer amplification, where

there is disturbance only on the leader, i.e. wi = 0, for i ∈ {1, 2, · · · , N}. With symmetric

control gains kf
i = kb

i = k0, b
f
i = bbi = b0, the closed-loop dynamics (3–6) can be written as

¨̃pi =
k0

N2

(p̃i−1 − 2p̃i + p̃i+1)

1/N2
+

b0
N2

( ˙̃pi−1 − 2 ˙̃pi + ˙̃pi+1)

1/N2
+ ω2 sin(ωt). (3–11)
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Following the same procedures in Chapter 2, we consider a function p̃(x, t) : [0, 1] ×

[0, ∞) → R that satisfies:

p̃i(t) = p̃(x, t)|x=(N−i)/N , (3–12)

such that functions that are defined at discrete points i will be approximated by functions

that are defined everywhere in [0, 1]. The original functions are thought of as samples of

their continuous approximations. Use the following finite difference approximations:

[ p̃i−1 − 2p̃i + p̃i+1

1/N2

]

=
[∂2p̃(x, t)

∂x2

]

x=(N−i)/N
,

[ ˙̃pi−1 − 2 ˙̃pi + ˙̃pi+1

1/N2

]

=
[∂3p̃(x, t)

∂x2∂t

]

x=(N−i)/N
.

Under the assumption that N is large but finite, Eq. (3–11) can be seen as finite difference

discretization of the following PDE:

∂2p̃(x, t)

∂t2
=

k0

N2

∂2p̃(x, t)

∂x2
+

b0
N2

∂3p̃(x, t)

∂x2∂t
+ ω2 sin(ωt). (3–13)

The boundary conditions of PDE (3–13) depend on the arrangement of leader in the

graph. For our case, the boundary conditions are of the Dirichlet type at x = 1 where the

leader is, and Neumann at x = 0:

∂p̃

∂x
(0, t) = 0, p̃(1, t) = 0. (3–14)

3.2.2 PDE Model for the Case of All-to-All Amplification

For this case, there are disturbances on all the followers but no disturbance on

the leader. With symmetric control, the closed-loop dynamics are slightly different

from (3–11), which are given by

¨̃pi =
k0

N2

(p̃i−1 − 2p̃i + p̃i+1)

1/N2
+

b0
N2

( ˙̃pi−1 − 2 ˙̃pi + ˙̃pi+1)

1/N2
+ ai sin(ωt+ θi). (3–15)
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Following the same procedure as in 3.2.1, we derive the following PDE model

∂2p̃(x, t)

∂t2
=
k0

N2

∂2p̃(x, t)

∂x2
+

b0
N2

∂3p̃(x, t)

∂x2∂t
+ a(x) sin(ωt+ θ(x)), (3–16)

where a(x), θ(x) : [0, 1] → R defined according to the following stipulations:

ai = a(x)|x= N−i
N
, θi = θ(x)|x= N−i

N
. (3–17)

The boundary conditions of the above PDE (3–16) are the same as before, which is given

in (3–14).

The PDE models (3–13) and (3–16) are forced wave equations with Kelvin-Voigt

damping. They are approximations of the coupled-ODE models in the sense that a

finite difference discretization of the PDEs yield (3–6) and (3–8) respectively. The finite

difference method to numerically solve partial differential equation, its approximation

errors and stability analysis are well studied in [77, 86]. Interested reader is referred

to [77, 86] for a comprehensive study.

3.3 Robustness to External Disturbances

3.3.1 Leader-to-trailer amplification with symmetric bidirectional architec-

ture

For a single-input-single-output system, the H∞ norm of the platoon is effectively

the maximum magnitude of the frequency response. For any sinusoidal disturbance w0 =

sin(ωt) on the leader, we need to find the sinusoidal output p̃(0, t) with the maximum

amplitude over all frequencies ω.

We first present the first main result of this chapter concerning the leader-to-trailer

amplification for symmetric bidirectional architecture.

Theorem 3.1. Consider the PDE model (3–13)-(3–14) of the 1-D platoon with symmetric

bidirectional architecture, the leader-to-trailer amplification Hsb
LTT and resonance frequency

ωsb
r have the asymptotic formula

Hsb
LTT ≈ 8

√
k0N

b0π2
, ωsb

r ≈
√
k0π

2N
. (3–18)
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These formulae hold for large N . �

Proof of Theorem 3.1. Consider the case of leader-to-trailer amplification, whose dynamics

are characterized by PDE (3–13) with boundary condition (3–14). It is a nonhomogeneous

PDE with homogeneous boundary conditions. The solution of p̃(0, t) can be solved by

eigenfunction expansion, see [77, Chapter 8]. To proceed, we first consider the following

homogeneous PDE with homogeneous boundaries (3–14)

∂2p̃(x, t)

∂t2
=

k0

N2

∂2p̃(x, t)

∂x2
+

b0
N2

∂3p̃(x, t)

∂x2∂t
. (3–19)

The above PDE can be solved by the method of separation of variables, we assume

solution of the form p̃(x, t) =
∑∞

ℓ=1 φℓ(x)hℓ(t). Substituting the solution into the above

PDE (3–19), we get the following space-dependent ODE

1

N2

d2φℓ(x)

dx2
+ λℓφℓ(x) = 0, (3–20)

where λℓ = (2ℓ − 1)2π2/(4N2) and φℓ(x) = cos((2ℓ − 1)πx/2) are the eigenvalue and

its corresponding eigenfunction of the Sturm-Liouville eigenvalue problem (3–20) with

following boundary conditions, which come from (3–14),

dφℓ

dx
(0) = 0, φℓ(1) = 0. (3–21)

Notice that the eigenvalue λ1 is the smallest eigenvalue, which is called the principal mode

of the damped wave equation (3–19). Since the eigenfunctions are complete (because of

Sturm-Liouville Theory), any piecewise smooth functions can be expanded in a series

of these eigenfunctions, see [77]. Therefore, we expand the external forcing terms in

PDE (3–13) as

ω2 sin(ωt) =
∞
∑

ℓ=1

cℓφℓ(x)ω
2 sin(ωt), (3–22)
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where cℓ is given by cℓ = 2
∫ 1

0
φℓ(x) dx = (−1)ℓ+14/((2ℓ − 1)π). Substituting (3–22) into

PDE (3–13), and using p̃(x, t) =
∑∞

ℓ=1 φℓ(x)hℓ(t), we get the following ODEs

d2hℓ(t)

dt2
+ b0λℓ

dhℓ(t)

dt
+ k0λℓhℓ(t) = cℓω

2 sin(ωt), (3–23)

where ℓ ∈ {1, 2, · · · }. These are second order systems with sinusoidal input whose

amplitude depends on their frequency ω.

For each mode λℓ, the steady-state response hℓ(t) is given by

hℓ(t) =
cℓω

2

√

ω4 + (b20λ
2
ℓ − 2k0λℓ)ω2 + k2

0λ
2
ℓ

sin(ωt+ ψℓ)

= Aℓ sin(ωt+ ψℓ) (3–24)

for some constant ψℓ. The maximum amplitude Aℓ and its resonance frequency for each

mode can be determined by a straightforward manner, which are:

Aℓ =
8N

(2ℓ− 1)2π2

1
√

b20/k0 − (2ℓ− 1)2b40π
2/(16k2

0N
2)
, (3–25)

ωℓ =

√
k0π

√

4N2 − b20π
2/(2k2

0)
. (3–26)

The position tracking error of the last vehicle is now given by p̃(0, t) =
∑∞

ℓ=1 φℓ(0)hℓ(t) =
∑∞

ℓ=1Aℓ sin(ωt). To get the maximum amplitude, the frequency ω must be one of the res-

onance frequency ωℓ of the damped wave equation (3–13), see [77]. For large N , it’s not

difficult to see from (3–25) that, the maximum is achieve at ωsb
r = ω1. Moreover, since A1

dominates the other Aℓ (ℓ = 2, 3, · · · ), the H∞ norm of the system is approximately A1.

Using the assumption that N is large in (3–25) and (3–26), we compete the proof. �

3.3.2 All-to-all Amplification with Symmetric Bidirectional Architecture

We now present the result on all-to-all amplification for the 1-D platoon of double-

integrator vehicles with symmetric bidirectional architecture.

Theorem 3.2. Consider the PDE model (3–14)-(3–16) of the 1-D platoon with symmetric

bidirectional architecture, the all-to-all amplification Hsb
ATA and resonance frequency ωsb

r
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have the asymptotic formula

Hsb
ATA ≈ 8N3

√
k0b0π3

, ωsb
r ≈

√
k0π

2N
. (3–27)

These formulae hold for large N . �

Proof of Theorem 3.2. For a multi-input-multi-output system, the H∞ norm is defined as

the supremum of the maximum singular value of the transfer function matrix G(jω) over

all frequency ω ∈ R
+. Equivalently, it can be interpreted in a sinusoidal, steady-state sense

as follows (see [87]). For any frequency ω, any vector of amplitudes a = [a1, · · · , aN ] with

‖a‖2 ≤ 1, and any vector of phases θ = [θ1, · · · , θN ], the input vector

W = [w1, · · · , wN ]

= [a1 sin(ωt+ θ1), · · · , aN sin(ωt+ θN)] (3–28)

yields the steady-state response of E of the form

E = [p̃1, · · · , p̃N ] = [b1 sin(ωt+ ψ1), · · · , bN sin(ωt+ ψN )]. (3–29)

The H∞ norm of G(jω) can be defined as

‖G(jω)‖H∞
= sup ‖b‖2 = sup

ω∈R+,a,θ∈RN

‖E‖L2

‖W‖L2

, (3–30)

where b = [b1, · · · , bN ]. Therefore, in the PDE counterpart, the H∞ norm is determined by

H∞ = sup
ω∈R+,a(x),θ(x)

||p̃(x, t)||L2

‖a(x) sin(ωt+ θ(x))‖L2

, (3–31)

where a(x) and θ(x) are piecewise smooth functions defined in [0, 1].

PDE (3–16) is a nonhomogeneous PDE with homogeneous boundary conditions,

therefore we can use eigenfunction expansion to expand the nonhomogeneous terms.

Before we proceed, notice that

a(x) sin(ωt+ θ(x)) = a1(x) sin(ωt) + a2(x) cos(ωt),
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where a1(x) = a(x) cos(θ(x)) and a2(x) = a(x) sin(θ(x)). From the superposition

property of linear system, the output is the sum of the outputs corresponding to inputs

a1(x) sin(ωt) and a2(x) cos(ωt) respectively.

We first consider the response of the PDE with input a1(x) sin(ωt). The PDE is now

given by

∂2p̃(x, t)

∂t2
=

k0

N2

∂2p̃(x, t)

∂x2
+

b0
N2

∂3p̃(x, t)

∂x2∂t
+ a1(x) sin(ωt). (3–32)

As before, using eigenfunction expansion, a1(x) can be expanded as a series in terms of

φℓ(x), i.e. a1(x) =
∑∞

ℓ=1 dℓφℓ(x). Substituting the series into the above PDE and using

p̃(x, t) =
∑∞

ℓ=1 φℓ(x)hℓ(t), we have the following time-dependent ODEs:

d2hℓ(t)

dt2
+ b0λℓ

dhℓ(t)

dt
+ k0λℓhℓ(t) = dℓ sin(ωt), (3–33)

where ℓ ∈ {1, 2, · · · } and dℓ is given by

dℓ = 2

∫ 1

0

a1(x)φℓ(x) dx. (3–34)

Again, for each mode λℓ, the steady-state response hℓ(t) is given by

hℓ(t) =
dℓ

√

ω4 + (b20λ
2
ℓ − 2k0λℓ)ω2 + k2

0λ
2
ℓ

sin(ωt+ ψℓ)

= Aℓdℓ sin(ωt+ ψℓ), (3–35)

for some constant ψℓ. Following straightforward algebra, the maximum amplitude Aℓ and

its resonance frequency for each mode is

Aℓ =















8N3

(2ℓ−1)3b0π3

1√
k0−(2ℓ−1)2b2

0
π2/(16N2)

, if ℓ ≤ ℓ0

1
λℓk0

, otherwise.

(3–36)

ωℓ =















(2ℓ−1)π
2N

√

k0 − (2ℓ− 1)2b20π
2/(8N2), if ℓ ≤ ℓ0

0, otherwise.

(3–37)

68



where ℓ0 = 2
√

2k0N+π
2π

.

Again, when N is large, it’s not difficult to see from (3–36) that, the maximum

of Aℓ is achieve at ω = ω1. Therefore, for a finite L2 norm of a1(x), to achieve the

largest L2 norm of p̃(x, t), a1(x) should be equal to the eigenfunction of the first mode

a1(x) = φ1(x), i.e. the projection of a1(x) onto other eigenfunctions is zero dℓ = 0 (ℓ =

2, 3, · · · ). Similarly, the following relationship a2(x) = φ1(x) should hold for input

a2(x) cos(ωt), which implies θ(x) = θ0 is constant, since a1(x) = a(x) cos(φ(x)) and

a2(x) = a(x) sin(φ(x)).

Consequently, the output with the maximum L2 norm is given by

p̃(x, t) = A1φ1(x) sin(ωt+ ψ1). (3–38)

Therefore, the H∞ norm of the system is obtained

H∞ = A1
‖φ1(x) sin(ωt+ ψ1)‖L2

‖φ1(x) sin(ωt+ θ0)‖L2

= A1. (3–39)

Using the assumption that N is large in (3–36) and (3–37), we compete the proof. �

3.3.3 Disturbance Amplification with Predecessor-Following Architecture

Similar results as leader-to-trailer amplification with predecessor-following architec-

ture exist in the literature [31, 45]. In this section, we present these results for the sake of

completion. In addition, we have also consider the case of all-to-all amplification.

Theorem 3.3. Consider an N-vehicle platoon with predecessor-following architecture, the

leader-to-trailer amplification Hp
LTT and all-to-all amplification Hp

ATA are asymptotically

Hp
LTT ≈ αN , (3–40)

Hp
ATA ≈ β

√

α2N − 1

α2 − 1
, (3–41)
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where the above formulae hold for large N . In particular, α = |T (jωp
r)| > 1, β = |S(jωp

r)|,

where

T (s) =
2b0s + 2k0

s2 + 2b0s+ 2k0
, S(s) =

1

s2 + 2b0s+ 2k0
,

and ωr is the resonance frequency for both cases, which is given by

ωp
r ≈

√

√

k4
0 + 4k3

0b
2
0 − k2

0

b0
. �

The proof follows a similar line of attack as the work in [31]. Interested readers are

referred to Corollary 1 of [88] for an explicit proof.

3.3.4 Disturbance Amplification with Asymmetric Bid. Architecture

For the asymmetric bidirectional architecture, we consider the following control gains,

which stabilize the platoon, see Chapter 2:

1) Equal amount of asymmetry, i.e. 0 < εk = εb < 1. In this case, it was shown

in Theorem 3.5 of [68] that certain amplification factor (which is different from HLTT

and HATA defined in this chapter) grows exponentially in N . We show by numerical

simulations that the leader-to-trailer Has
LTT and all-to-all amplifications Has

ATA with equal

asymmetry are approximately O(eN), see Section 3.3.6. The asymmetric bidirectional

architecture with equal asymmetry in the position and velocity feedback thus suffers from

high sensitivity to disturbances, as the predecessor-following architecture. However, it

doesn’t imply asymmetric bidirectional architectures is not preferable, as shown below.

2) Asymmetric velocity feedback, i.e. εk = 0, 0 < εb < 1. It was shown in Chapter 2

that the stability margin, which is defined as the absolute value of the real part of the

least stable eigenvalue of the state matrix A, can be improved considerably by using the

asymmetric velocity feedback over symmetric control. The analysis was also carried out

based on the PDE model we derived before. We conjecture that the robustness can also

be ameliorated significantly with asymmetric velocity feedback, which is witnessed by

extensive numerical simulations.
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Conjecture 3.1. Consider an N-vehicle platoon with asymmetric bidirectional architec-

ture. When there is small asymmetry in the velocity feedback, i.e. εk = 0, 0 < εb ≪ 1, the

leader-to-trailer amplification Hav
LTT and all-to-all amplification Hav

ATA asymptotically satisfy

Hav
LTT ≈ O(1), Hav

ATA ≈ O(N2). �

3.3.5 Design Guidelines

Comparing the above conjecture with those results in Theorem 3.1, Theorem 3.2 and

Theorem 3.3 as well as Theorem 3.5 of [68] (equal asymmetry), we see that asymmetric

velocity feedback yields the best robustness performance compared to other architectures.

The next preferable choice is the symmetric bidirectional architecture. The predecessor-

following and asymmetric bidirectional with equal amount of asymmetry are the worst

choices for control design in terms of robustness, their leader-to-trailer and all-to-all

amplifications grow extremely fast with N .

Besides the robustness performance metrics analyzed in this chapter, it was also stud-

ied in the previous chapter that how the stability margin scales with the size of platoon. It

was shown in the previous chapter that with symmetric bidirectional architecture, the sta-

bility margin decays to zero as O(1/N2). It can be improved to O(1/N) with asymmetric

velocity feedback. In addition, it was shown in [88] and [89] that with predecessor-

following architecture and asymmetric bidirectional architecture with equal asymmetry,

the stability margin are O(1). However, the transient errors in these architectures grow

considerably before they die out.

In conclusion, to get a better stability margin and robustness performance, the

asymmetric velocity feedback is the best choice for control design.
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Figure 3-1. Numeric comparison of disturbance amplification between different
architectures.

72



3.3.6 Numerical Verification

In this section, we compare the robustness of the platoon with different control

architectures. In addition, we verify the analytic predictions in Theorem 3.1, Theorem 3.2

and Theorem 3.3 with their numerically computed values. All numerical calculations

are performed in Matlab c©. Figure 3-1 shows the comparison between the predecessor-

following and bidirectional architectures for both the leader-to-trailer amplification and

all-to-all amplification. We can see that for both amplifications, they grow geometrically in

the predecessor-following architecture and asymmetric bidirectional architecture with equal

asymmetry. In contrast, in the symmetric bidirectional architecture, these amplifications

grow much slower than the two architectures aforementioned. In addition, the asymmetric

velocity feedback architecture gives the best robustness performance. Besides, we see

that the numerical results of the two amplifications in the asymmetric velocity feedback

architecture coincide with our conjecture. Moreover, the analytic predictions match the

numerical results very well, which verified our analysis in Theorem 3.1, Theorem 3.2 and

Theorem 3.3. In all cases, the control gains used are k0 = 1 and b0 = 0.5. The amounts of

asymmetry in the cases of equal asymmetry and asymmetric velocity feedback are given by

εk = εb = 0.2 and εk = 0, εb = 0.2 respectively.

3.4 Summary

We studied the robustness to external disturbances of large platoon of vehicles

with two decentralized control architectures: predecessor-following and bidirectional. In

particular, we examined how the leader-to-trailer amplification and all-to-all amplification

scale with N , the number of vehicles in the platoon. For both metrics, we obtained their

explicit scaling laws with respect to the number of vehicles in the platoon for symmetric

control. In addition, we also consider the effect of asymmetric control on the disturbance

amplification. Numerical simulations show that the asymmetric velocity feedback in the

bidirectional architecture has much lower sensitivity to external disturbance than the other
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architectures. The analysis of asymmetric control on the robustness to disturbance is an

ongoing work.
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CHAPTER 4
STABILITY MARGIN AND ROBUSTNESS OF VEHICLE TEAMS WITH

D-DIMENSIONAL INFORMATION GRAPH

We consider the problem of formation control of vehicles in higher-dimensional space

so that neighboring vehicles maintain a constant pre-specified spacing while in motion.

This problem is relevant to a number of applications such as formation flying of aerial,

ground, and autonomous vehicles for surveillance, reconnaissance, mine-sweeping. The

interaction between vehicles is described by an information graph. In this chapter, we

limit our attention to a specific class of information graphs, namely, D-dimensional

(finite) lattices. These are natural choices for information graphs in 2D or 3D formation

problems in which vehicles are arranged in regular pattern and relative measurements are

possible among physically closest vehicles. The platoon problem is a special case, whose

information graph is a 1-D lattice. A few lead vehicles are provided information on their

desired trajectories that they use in computing their control actions; while the rest of the

vehicles are allowed to use only locally available information.

The one-dimensional version of this problem, in which a string of vehicles moving

in a straight line have to be controlled to maintain a constant inter-vehicle separation,

has been extensively studied [38, 48, 51]. The general trend of the results is that the

problem scales poorly with the number of vehicles: as the number of vehicles increase

the sensitivity to disturbances increases [31, 52, 53] and the stability margin decays [47,

48]. The information graphs considered in the literature are usually limited to at most

two neighbors, with notable exceptions such as [53, 62, 90] that consider more general

information exchange architectures.

Our goal is to examine how the stability margin and robustness to external distur-

bances scale with the size of the formation and the structure of the information graph that

specifies allowable information exchange between pairs of vehicles. Each vehicle is modeled

as a double integrator, and we assume that the vehicle is fully actuated, which means each

coordinate of the position of the vehicle can be independently controlled. A distributed
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control algorithm is studied in which every vehicle (except for a few lead vehicles) use

only relative position and relative velocity with respect to its neighbors in the information

graph.

We show that when the network is homogeneous and symmetric (all vehicles use the

same control gains and information from each neighbor is given equal weight), the stability

margin decays to 0 as O(1/N2/D) when the graph is “square”. Therefore, increasing

the dimension (which may need nodes physically apart to exchange information) of the

information graph can improve the stability margin by a considerable amount. For non-

square information graph, the stability margin can be made independent of the number of

agents by choosing the “aspect ratio” appropriately. That may entail an increase in the

number of lead vehicles that have access to the formation’s desired trajectory.

The rest of this chapter is organized as follows. Section 4.1 presents the distributed

formation control problem and the main results. The state-space and PDE model of the

controlled formation is described in Section 4.2. Section 4.3 analyzes the scaling laws of

the stability margin and disturbance amplification with D-dimensional information graph.

The chapter ends with a summary given in Section 4.4.

4.1 Problem Formulation and Main Results

4.1.1 Problem Formulation

We consider the formation control of N identical vehicles. The position of each vehicle

is a Ds-dimensional vector (with Ds = 1, 2 or 3); Ds is referred to as the spatial dimension

of the formation. Let p
(d)
i ∈ R be the d-th coordinate of the i-th vehicle’s position, whose

dynamics are modeled by a double integrator:

p̈
(d)
i = u

(d)
i + w

(d)
i , d = 1, . . . , Ds, (4–1)

where u
(d)
i ∈ R is the control input and w

(d)
i = ai sin(ωt + θi) ∈ R is the external

disturbances. The underlying assumption is that each of the Ds coordinates of a vehicle’s

position can be independently actuated. We say that the vehicles are fully actuated. The
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spatial dimension Ds is 1 for a platoon of vehicles moving in a straight line, Ds = 2

for a formation of ground vehicles and Ds = 3 for a formation of flight vehicles. Under

the above assumption, the each coordinates of a vehicle’s position can be independently

studied; see [3, 91] for examples.

The control objective is to make the group of vehicles track a pre-specified desired

trajectory while maintaining a desired formation geometry. The desired formation

geometry is specified by a desired relative position vector ∆i,j := p∗i (t)−p∗j (t) for every pair

of vehicles (i, j), where p∗i (t) is the desired trajectory of the vehicle i. The desired inter-

vehicular spacings have to be specified in a mutually consistent fashion. Desired trajectory

of the formation is specified in the form of a few fictitious “reference vehicles”, each of

which perfectly tracks its own desired trajectory. The reference vehicles are generalization

of the fictitious leader and follower vehicles in one-dimensional platoons [43, 47, 48].

A subset of vehicles can measure their relative positions with respect to the reference

vehicles, and these measurements are used in computing their control actions. In this way,

desired trajectory information of the formation is specified only to a subset of the vehicles

in the group. In this chapter we consider the desired trajectory of the formation to be of a

constant-velocity type, so that ∆i,j’s don’t change with time.

Next we define an information graph that makes it convenient to describe distributed

control architectures.

Definition 4.1. An information graph is an undirected graph G = (V,E), where the set

of nodes V = {1, 2, . . . , N,N + 1, . . . , N +Nr} consists of N real vehicles and Nr reference

vehicles. The set of edges E ⊂ V × V specify which pairs of nodes (vehicles) are allowed to

exchange information to compute their local control actions. Two nodes i and j are called

neighbors if (i, j) ∈ E, and the set of neighbors of i are denoted by Ni. �

Note that information exchange may or may not involve an explicit communication

network. For example, if vehicle i measures the relative position of vehicle j with respect

to itself by using a radar and uses that information to compute its control action, we
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consider it as “information exchange” between i and j. If a vehicle i has access to desired

trajectory information then there is an edge between i and a reference vehicle.

As in the previous chapters, we consider the following distributed control law, whereby

the control action at a vehicle depends on i) the relative position measurements ii) the

relative velocity measurements with its neighbors in the information graph:

u
(d)
i =

∑

j∈Ni

−k(d)
(i,j)(p

(d)
i − p

(d)
j − ∆

(d)
i,j ) − b

(d)
(i,j)(v

(d)
i − v

(d)
j ), i = 1, . . . , N, (4–2)

where k
(d)
(·) are proportional gains and b

(d)
(·) are derivative gains. Note that all the variables

in (4–2) are scalars. It is assumed that vehicle i knows its own neighbors (the set Ni), and

the desired spacing ∆
(d)
i,j .

Example 4.1. Consider the two formations shown in Figure 4-2 (a) and (b). Their

spatial dimensions are Ds = 1 and Ds = 2, respectively. The information graph, however,

is the same in both cases:

V = {1, 2, . . . , 9},

E = {(1, 2), (1, 4), (1, 7), (2, 3), (2, 5), (2, 8), (3, 6), (3, 9), (4, 5), (5, 6), (7, 8), (8, 9)}.

A drawing of the information graph appears in Figure 4-2 (c). Although the information

graph is the same, the desired spacings ∆i,j’s are different in the two formations. For

example, ∆
(1)
2,5 6= 0 in the one-dimensional formation shown in Figure 4-2(a) whereas

∆
(1)
2,5 = 0 in the two-dimensional formation shown in Figure 4-2 (b).

In this chapter we restrict ourselves to a specific class of information graph, namely a

finite rectangular lattice:

Definition 4.2 (D-dimensional lattice:). A D-dimensional lattice, specifically a n1 ×

n2 × · · · × nD lattice, is a graph with n1n2 . . . nD nodes. In the D-dimensional space

R
D, the coordinate of i-th node is ~i := [i1, . . . , iD]T , where i1 ∈ {0, 1, . . . , (n1 − 1)},

i2 ∈ {0, 1, . . . , (n2 − 1)}, . . . and iD ∈ {0, 1, . . . , (nd − 1)}. An edge exists between two
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(b) A 2D 4 × 4 lattice.
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(c) A 3D 2 × 3 × 3 lattice.

Figure 4-1. Examples of 1D, 2D and 3D lattices.

nodes ~i and ~j if and only if ‖~i − ~j‖ = 1, where ‖ · ‖ is the Euclidean norm in R
D. A

n1 × n2 × · · · × nD lattice is denoted by Zn1×n2×···×nD
. With a slight abuse of notation, “the

i-th node” is used to denote the node on the lattice with coordinate ~i. �

Figure 4-1 depicts three examples of lattices. A D-dimensional lattice is drawn in

R
D with a Cartesian reference frame whose axes are denoted by x1, x2, . . . , xD. Note that

these coordinate axes may not be related to the coordinate axes in the physical space

R
Ds. We also define Nd (d = 1, . . . , D) as the number of real vehicles in the xd direction.

Then we have the relation N1N2 . . . ND = N and n1n2 . . . nD = N + Nr. In this chapter

an information graph G is always a lattice Zn1×n2···×nD
. For a given N , the choice of

Nr, D,N1, N2, . . . , ND serves to determine the specific choice of the information graph

within the class.

For the ease of exposition and notational simplicity, we make the following two

assumptions regarding the reference vehicles and the distributed control architecture (4–2):

Assumption 4.1. For each (i, j) ∈ E, the gain k
(d)
(i,j), b

(d)
(i,j) does not depend on d. �

Assumption 4.1 means that the local control gains do not explicitly depend upon

the coordinate d. Such an assumption is not restrictive because of the fully actuated

assumption. If the local control gains are allowed to depend upon d then one could repeat
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(a) Desired formation geometry of a 1-D spatial platoon
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(b) Desired formation geometry of a 2-D
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(c) The information graph for both the 1-D platoon and the 2-D formation shown in (a) and (b).

Figure 4-2. Example of two distinct spatial formations that have the same associated
information graph.

the analysis of this chapter separately for each value of d. Note that the assumption does

not mean that the control gains are spatially homogeneous.

Assumption 4.2. The reference vehicles are arranged so that a node i in the information

graph corresponds to a reference vehicle if and only if i1 = n1 − 1. �

Assumption 4.2 means that all reference vehicles are assumed to be arranged on a

single “face” of the lattice, and every vehicle on this face is a reference vehicle. Assump-

tion 4.2 implies that N1 = n1 − 1, n2 = N2, · · · , ND = nD and N = N1N2 . . . ND and

Nr = N2 . . . ND. This arrangement of reference vehicles simplifies the presentation of the
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results. Arrangements of reference vehicles on other boundaries of the lattice can also be

considered, which does not significantly change the results. We have carried such analysis

in [37, 92], we don’t present them here in the interest of brevity.

An information graph is said to be square if N1 = N2 = . . . = ND = N1/D.

As a result of the Assumption 4.1, we can rewrite (4–2) as

ui =
∑

j∈Ni

−k(i,j)(pi − pj − ∆i,j) − b(i,j)(vi − vj), (4–3)

where the superscript (d) has been suppressed.

Remark 4.1. The dimension D of the information graph is distinct from the spatial

dimension Ds. Figure 4-2 shows an example of two formations in space, one with Ds = 1

and the other with Ds = 2. Red (filled) circles represent reference vehicles and black (un-

filled) circles represent actual vehicles. Dashed lines (in (a), (b)) represent desired relative

positions, while solid lines represent edges in the information graph. The information

graph for both the formations is the same 3 × 3 two-dimensional lattice, i.e., D = 2. On

account of the fully actuated dynamics and Assumption 4.1, the spatial dimension Ds plays

no role in the results of this chapter. The dimension of the information graph D, on the

other hand, will be shown to play a crucial role.

4.1.2 Main Result 1: Scaling Laws for Stability Margin

The first main result gives an asymptotic formula for controlled formation with

symmetric control:

Theorem 4.1. Consider an N-vehicle formation with vehicle dynamics (4–1) and control

law (4–2), under Assumptions 4.1 and 4.2. With symmetric control, the stability margin of

the closed-loop is given by the formula

S =
π2b0

8

1

N2
1

. (4–4)

�
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Square information graph. For a square information graph, N = N1N2 . . . ND =

ND
1 , and we have the following corollary:

Corollary 4.1. Consider an N-vehicle formation with vehicle dynamics (4–1) and control

law (4–2), under Assumptions 4.1 and 4.2. When the information graph is a square D-

dimensional lattice, the closed-loop stability margin with symmetric control is given by the

asymptotic formula

S =
π2b0

8

1

N2/D
. (4–5)

�

The result from Corollary 4.1 shows that for a constant choice of symmetric control

gains k0 and b0, the stability margin approaches 0 as N → ∞. The dimension D of

the information graph determines the scaling. Specifically, the stability margin scales

as O(1/N2) for 1D information graph, as O(1/N) for 2D information graph, and as

O(1/N2/3) for 3D information graph. Thus, for the same control gains, increasing the

dimension of the information graph improves the stability margin significantly. In practice,

this may require a communication network with long range connections in the physical

space. Note that an information graph is only a drawing of the connectivity. A neighbor in

the information graph need not be physically close.

Remark 4.2. It was shown in [47] that the closed-loop stability margin for a circular

platoon approaches zero as O(1/N2) even with the centralized LQR controller. It is

interesting to note that distributed control (with an information graph of dimension D > 1)

yields a better scaling law for the stability margin than centralized LQR control.

Non-square information graph. It follows from Theorem 4.1 that by choosing

the structure of the information graph in such a way that n1 increases slowly in relation

to N , the loss of the stability margin as a function of N can be slowed down. In fact,

when n1 is held at a constant value independent of N , it follows from Theorem 4.1 that

the stability margin is a constant independent of the total number of vehicles. More
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generally, consider an information graph with n1 = O(N c), where c ∈ [0, 1] is a fixed

constant. Using Theorem 4.1, it follows that S = O(1/N2c) as N → ∞. If c < 1
D

,

the resulting reduction of S with N is slower than that obtained for a square lattice;

cf. Corollary 4.1. This shows that within the class of D dimensional lattices (for a fixed

D), certain information graphs provide better scaling of the stability margin than others.

The price one pays for improving stability margin by reducing n1 is an increase in the

number of reference vehicles. This is because the number of reference vehicles Nr is related

to n1 by Nr = N/N1 (see Assumption 4.2).

It is important to stress that not all non-square graphs are advantageous. For

example, if N1 = O(N) and N2 through ND are O(1), it follows from Theorem 4.1 that the

stability margin is S = O(1/N2). This is the same trend as in a 1-D information graph.

In this case, we can say that the D dimensional information graph effectively behaves as a

one dimensional graph.

Figure 4-3 shows a few examples of information graph that are relevant to the

discussion above. Figure 4-3 (a) shows a 2-dimensional information graph in which the

first dimension is held constant, i.e. N1 = O(1) and N2 = O(N). Figure 4-3 (b) shows

a 2-dimensional information graph that is ”asymptotically” 1-D (as N → ∞) since the

size of the first dimension increases linearly with N , i.e. N1 = O(N) and N2 = O(1).

Figure 4-3 (c) shows a 2-dimensional information graph in which both sides are of length

O(
√
N).

Figure 4-4 provides numerical corroboration of stability margin predicted by The-

orem 4.1 for a vehicle formation with information graphs of various “shapes” as shown

in Figure 4-3. The legend ”SSM” means computed from the ”state space model” (4–10),

which is presented in Section 4.2. For the first case, N1 = 5 and N2 = N/5. Theorem 4.1

predicts that in this case S = O(1) even as N → ∞, which results in a stability margin

that is independent of N . In the second case, N2 = 5 and N1 = N/5, which leads to

S = O(1/N2), which is the same as that with an 1-D information graph. The third case
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Figure 4-3. Information graphs with different aspect ratios.

is that of a square information graph, N1 = N2 =
√
N , which leads to S = O(1/N).

Theorem 4.1 and corollary 4.1 predicts the stability margin quite accurately in each of

the cases. The control gains used in all the calculations are k0 = 0.1 and b0 = 0.5. The

stability margin as a function of N for three distinct 2D information graphs (that are

described in Figure 4-3) are shown in this figure. The stability margin is computed by

computing the eigenvalues of the closed-loop state matrix; the state space model is de-

scribed in (4–10) in Section 4.2. The plots show that the formulae (4–6) in Theorem 4.1

and Corollary 4.1 make excellent predictions of the trend of stability margin.

4.1.3 Main Result 2: Scaling Laws for Disturbance Amplification

In this chapter, we only consider the all-to-all amplification, which is defined as

the H∞ norm of the transfer function from the disturbances on all the vehicles (except

leaders) to their position tracking errors. The concept of leader-to-trailer has no direct

physical meaning in the formation with D-dimensional information graph, so we ignore

that case.

Theorem 4.2. Consider an N-vehicle formation with vehicle dynamics (4–1) and

control law (4–2), under Assumptions 4.1 and 4.2. With symmetric control, the all-to-all
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Figure 4-4. Numerical verification of stability margin

amplification and its peak frequency of the closed-loop are given by

HATA ≈ 8√
k0b0π3

N3
1 , ωr ≈

√
k0π

2

1

N1
. (4–6)

�

Again, we see that the all-to-all amplification only depends on N1, the number of real

vehicles on the x1 axis of the information graph. Thus, following the same argument for

stability margin, we are able to design a non-square information graph with proper aspect

ratio such that the scaling laws of the disturbance amplification grows much slower than

N or is independent of N , the number of vehicles in the formation.
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4.2 Closed-Loop Dynamics: State-Space and PDE Models

4.2.1 State-Space Model of the Controlled Vehicle Formation

The dynamics of the i-th vehicle is obtained by combining the open loop dynam-

ics (4–1) with the control law (4–3), which yields

p̈i =
∑

j∈Ni

−k(i,j)(pi − pj − ∆i,j) − b(i,j)(vi − vj) + wi, i = 1, . . . , N. (4–7)

Let p∗i (t) denote the desired trajectory of the i-th vehicle. The trajectory is uniquely

determined from the trajectories of the reference vehicles and the desired formation

geometry. For example, suppose the trajectory of a reference vehicle r is v∗t. If the d-th

coordinate of the desired gap between a vehicle i and the reference vehicle r is ∆
(d)
ir , then

the d-th coordinate of the desired trajectory of i is p∗(d)(t) = v∗(d)t+ ∆
(d)
ir .

To facilitate analysis, we define the following coordinate transformation:

p̃i := pi − p∗i ⇒ ˙̃pi = ṗi − v∗ = vi − v∗. (4–8)

Substituting (4–8) into (4–7), we have

¨̃pi =
∑

j∈Ni

−k(i,j)(p̃i − p̃j) − b(i,j)( ˙̃pi − ˙̃pj) + wi. (4–9)

Since the trajectory of a reference vehicle is assumed to be equal to its desired trajectory,

p̃i = 0 if i is a reference vehicle. Using (4–9), the state-space model of the vehicle

formation can now be written compactly as:

Ẋ = AX +BW, E = CX, (4–10)

where X is the state vector, which is defined as X := [p̃1, ˙̃p1, · · · , p̃N , ˙̃pN ] ∈ R
2N , W is

input vector (external disturbances) and E is the output vector (position tracking errors).

Our goal is to analyze the closed-loop stability margin and disturbance amplification

with increasing number of vehicles N . We approximate the dynamics of the spatially
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Figure 4-5. A pictorial representation of the i-th vehicle and its four nearby neighbors.

discrete formation by a partial differential equation (PDE) model that is valid for large

values of N . This PDE model is used for analysis and control design.

4.2.2 PDE Model of the Controlled Vehicle Formation

For a given choice of the information graph, the i-th vehicle has the coordinate

~i = [i1, i2, . . . , iD]T in R
D. We interpret p̃i as a function of the coordinate ~i. In the

following, we consider a continuous approximation of this function to write a PDE model.

For the i-th node with coordinate ~i = [i1, . . . , iD]T , we use id+ and id− to denote

the nodes with coordinates [i1, . . . , id−1, id + 1, id+1, . . . , iD]T and [i1, . . . , id−1, id −

1, id+1, . . . , iD]T , respectively.

For D = 2, a node i in the interior of the graph and its four neighbors, i.e., i1+,

i1−,i2+, and i2−. Figure 4-5 shows a pictorial representation of the i-th vehicle and its

four nearby neighbors in a 2D information graph. i1+ stands for the neighbor of the i-th

vehicle in the x1 positive direction relative to vehicle i, and i1− stands for the neighbor of

the i-th vehicle in the x1 negative direction relative to vehicle i. And i2+ and i2− can be

interpreted in the same way.. The dynamics (4–9) can now be expressed as:

¨̃pi = −
D
∑

d=1

k(i,id+)(p̃i − p̃id+) −
D
∑

d=1

k(i,id−)(p̃i − p̃id−)

−
D
∑

d=1

b(i,id+)( ˙̃pi − ˙̃pid+) −
D
∑

d=1

b(i,id−)( ˙̃pi − ˙̃pid−) + wi. (4–11)
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We define,

kd,f+b
i := k(i,id+) + k(i,id−), kd,f−b

i := k(i,id+) − k(i,id−),

bd,f+b
i := b(i,id+) + b(i,id−), bd,f−b

i := b(i,id+) − b(i,id−), (4–12)

where d ∈ {1, . . . , D}; the superscripts f and b denote front and back, respectively.

Substituting (4–12) into (4–11), we have

¨̃pi = −
D
∑

d=1

kd,f+b
i + kd,f−b

i

2
(p̃i − p̃id+) −

D
∑

d=1

kd,f+b
i − kd,f−b

i

2
(p̃i − p̃id−)

−
D
∑

d=1

bd,f+b
i + bd,f−b

i

2
( ˙̃pi − ˙̃pid+) −

D
∑

d=1

bd,f+b
i − bd,f−b

i

2
( ˙̃pi − ˙̃pid−) + wi. (4–13)

To proceed further, we first redraw the information graph in such a way so that it

always lies in the unit D-cell [0, 1]D, irrespective of the number of vehicles. Note that

in graph-theoretic terms, a graph is defined only in terms of its node and edge sets. A

drawing of a graph in an Euclidean space, also called an embedding [93], is merely a

convenient visualization tool. For the rest of this section, we will consider the following

drawing (embedding) of the lattice Zn1×...nD
in the Euclidean space R

D. The Euclidean

coordinate of the i-th node, whose “original” Euclidean position was [i1, . . . , iD]T , is now

drawn at position [i1c1, i2c2, . . . , iDcD]T , where

cd :=
1

nd − 1
, d = 1, . . . , D. (4–14)

Figure 4-6 shows an example, where the original lattice, shown in Figure 4-6(a), is redrawn

to fit into [0, 1]2, which is shown in Figure 4-6(b).

The starting point for the PDE derivation is to consider a function p̃(x, t) : [0, 1]D ×

[0, ∞) → R defined over the unit D-cell in R
D that satisfies:

p̃i(t) = p̃(x, t)|x=[i1c1,i2c2,...,iDcD]T (4–15)
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Figure 4-6. Original lattice, its redrawn lattice and a continuous approximation.

Figure 4-6 pictorially depicts the approach: functions that are defined at discrete points

(the vertices of the lattice drawn in [0, 1]D) will be approximated by functions that are

defined everywhere in [0, 1]D. The original functions are thought of as samples of their

continuous approximations. In figure 4-6, (a) is a 2D information graph for a formation

with 3 × 3 vehicles and 3 reference vehicles. (b) shows a redrawn information graph

of (a), so that it lies in the unit 2-cell [0, 1]2. (c) gives a pictorial representation of

continuous approximation of a discrete function whose values are defined on the nodes in

the redrawn lattice as shown in (b). We formally introduce the following scalar functions

kf
d , k

b
d, b

f
d , b

b
d : [0, 1]D → R (for d ∈ {1, . . . , D}) defined according to the stipulation:

k(i,id+) = kf
d (x)|x=[i1c1,i2c2,...,iDcD]T , k(i,id−) = kb

d(x)|x=[i1c1,i2c2,...,iDcD]T

b(i,id+) = bfd(x)|x=[i1c1,i2c2,...,iDcD]T , b(i,id−) = bbd(x)|x=[i1c1,i2c2,...,iDcD]T

a(i,id+) = a(x)|x=[i1c1,i2c2,...,iDcD]T , θ(i,id−) = θ(x)|x=[i1c1,i2c2,...,iDcD]T . (4–16)

In addition, we define functions kf+b
d , kf−b

d , bf+b
d , bf−b

d : [0, 1]D → R as

kf+b
d (x) := kf

d (x) + kb
d(x), kf−b

d (x) := kf
d (x) − kb

d(x),

bf+b
d (x) := bfd(x) + bbd(x), bf−b

d (x) := bfd(x) − bbd(x). (4–17)
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Due to (4–16), these satisfy

kd,f+b
i = kf+b

d (x)|x=[i1c1,i2c2,...,iDcD]T, kd,f−b
i = kf−b

d (x)|x=[i1c1,i2c2,...,iDcD]T,

bd,f+b
i = bf+b

d (x)|x=[i1c1,i2c2,...,iDcD]T, bd,f−b
i = bf−b

d (x)|x=[i1c1,i2c2,...,iDcD]T .

To obtain a PDE model from (4–13), we first rewrite it as

¨̃pi =
D
∑

d=1

kd,f−b
i cd

(p̃id+ − p̃id−)

2cd
+

D
∑

d=1

kd,f+b
i

2
c2d

(p̃id+ − 2p̃i + p̃id−)

c2d

+

D
∑

d=1

bd,f−b
i cd

( ˙̃pid+ − ˙̃pid−)

2cd
+

D
∑

d=1

bd,f+b
i

2
c2d

( ˙̃pid+ − 2 ˙̃pi + ˙̃pid−)

c2d

+ai sin(ωt+ θi). (4–18)

and then use the following finite difference approximations for every d ∈ {1, . . . , D}:
[ p̃id+ − p̃id−

2cd

]

=
[∂p̃(x, t)

∂xd

]

x=[i1c1,i2c2,...,iDcD]T
,

[ p̃id+ − 2p̃i + p̃id−

c2d

]

=
[∂2p̃(x, t)

∂xd
2

]

x=[i1c1,i2c2,...,iDcD]T
,

[ ˙̃pid+ − ˙̃pid−

2cd

]

=
[∂2p̃(x, t)

∂xd∂t

]

x=[i1c1,i2c2,...,iDcD]T
,

[ ˙̃pid+ − 2 ˙̃pi + ˙̃pid−

c2d

]

=
[∂3p̃(x, t)

∂xd
2∂t

]

x=[i1c1,i2c2,...,iDcD]T
.

We emphasize that x1, . . . , xD above are the coordinate directions in the Euclidean space

in which the information graph is drawn, which are unrelated to the coordinate axes of the

Euclidean space that the vehicles physically occupy. Substituting the expression (4–14) for

cd, (4–18) is seen as a finite difference approximation of the following PDE:

∂2p̃(x, t)

∂t2
=

D
∑

d=1

(kf−b
d (x)

nd − 1

∂

∂xd
+

kf+b
d (x)

2(nd − 1)2

∂2

∂xd
2

+
bf−b
d (x)

nd − 1

∂2

∂xd∂t

+
bf+b
d (x)

2(nd − 1)2
∂3

∂xd
2∂t

)

p̃(x, t) + a(x) sin(ωt+ θ(x)). (4–19)

The boundary conditions of PDE (4–19) depend on the arrangement of reference vehicles

in the information graph. If there are reference vehicles on the boundary, the boundary

90



condition is of Dirichlet type. If there are no reference vehicles, the boundary condition is

of the Neumann type.

Under Assumption 4.2, the boundary conditions are of the Dirichlet type on that face

of the unit cell where the reference vehicles are, and Neumann on all other faces:

p̃(1, x2, . . . , xD, t) = 0,
∂p̃

∂x1

(0, x2, . . . , xD, t) = 0,

∂p̃

∂xd
(x, t) = 0, x = [x1, . . . , xd−1, 0 or 1, xd+1, . . . , xD]T , (d > 1). (4–20)

If other arrangements of reference vehicles are used, the boundary conditions may be

different. It can be verified in a straightforward manner that the PDE (4–19) yields the

original set of coupled ODEs (4–11) upon finite difference discretization, see [77, 86].

4.3 Analysis of Stability Margin and Disturbance Amplification

In this section, we consider the following homogeneous and symmetric control gains

k(i,j) = k0, b(i,j) =b0, ∀(i, j) ∈ E,

where k0 and b0 are positive scalars. In this case, using the notation in (4–12) and (4–16),

we have

kf+b
d (x) = 2k0, kf−b

d (x) = 0, bf+b
d (x) = 2b0, bf−b

d (x) = 0, d = 1, . . . , D.

The PDE given in (4–19) without forcing simplifies to:

∂2p̃(x, t)

∂t2
=

D
∑

d=1

( k0

(nd − 1)2

∂2

∂xd
2

+
b0

(nd − 1)2

∂3

∂xd
2∂t

)

p̃(x, t). (4–21)

The closed-loop eigenvalues of the PDE model require consideration of the eigenvalue

problems

Lη(x) = −λη(x), (4–22)
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where the linear operator L is defined as:

L =

D
∑

d=1

1

(nd − 1)2

∂2

∂xd
2
, (4–23)

and η is an eigenfunction that satisfies the boundary condition (4–20) under Assump-

tion 4.2. For this boundary condition, the eigenvalues (note that they are different from

the eigenvalues of the PDE model) and eigenfunctions are obtained by the method of

separation of variables ([77, 86])

λℓ =
((2ℓ1 − 1)π

2(n1 − 1)

)2

+
(ℓ2π)2

(n2 − 1)2
+ · · ·+ (ℓDπ)2

(nD − 1)2

= π2
( (2ℓ1 − 1)2

4(n1 − 1)2
+

ℓ22
(n2 − 1)2

+ · · ·+ ℓ2D
(nd − 1)2

)

,

ηℓ(x) = cos
((2ℓ1 − 1)πx1

2

)

cos(ℓ2πx2) · · · cos(ℓDπxD), (4–24)

where we use the notation ℓ = (ℓ1, · · · , ℓD) to denote the wave vector in which ℓ1 ∈

{1, 2, · · · } and ℓ2, · · · , ℓD ∈ {0, 1, 2, · · · }. After taking a Laplace transform of both sides

of the PDE (4–21) with respect to t, and using the method of separation of variables, the

eigenvalues of the PDE turn out to be the roots of the characteristic equation:

s2 + b0λℓs+ k0λℓ = 0, (4–25)

where s is the Laplace variable and λℓ is the eigenvalue in (4–24).

The two roots of (4–25) are

s±ℓ :=
−b0λℓ ±

√

b20λ
2
ℓ − 4k0λℓ

2
. (4–26)

We call s±ℓ the ℓ-th pair of eigenvalues.

Provided each of the nd’s are large so that the PDE (4–19) with the boundary

condition (4–20) is an accurate approximation of the (spatially) discrete formation

dynamics (4–10) under Assumption 4.2, the least stable eigenvalue of the PDE (4–21)
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provides information on the stability margin of the closed-loop formation dynamics. We

are now ready to prove Theorem 4.1 that was stated in Section 4.1.

Proof of Theorem 4.1. Consider the eigenvalue problem for PDE (4–21) with mixed

Dirichlet and Neumann boundary conditions (4–20). Let’s first examine the discriminant

in (4–26),

D := b20λ
2
ℓ − 4k0λℓ =π4b20

( (2ℓ1 − 1)2

4(n1 − 1)2
+

ℓ22
(n2 − 1)2

+ · · · + ℓ2D
(nd − 1)2

)2

− 4π2k0

( (2ℓ1 − 1)2

4(n1 − 1)2
+

ℓ22
(n2 − 1)2

+ · · · + ℓ2D
(Nd − 1)2

)

,

Under the assumption nd (d = 1, . . . , D) are very large, for small ℓd, D is negative. So

both the eigenvalues in (4–26) are complex, then the stability margin is only determined

by the real parts of s±ℓ . For large ℓd, D is positive, so both the eigenvalues in (4–26) are

real. It is easy to verify that the real part in this case are much larger than that with

negative discriminant D. Therefore, we only consider the case when the eigenvalues are

complex.

It follows from (4–26) that the least stable eigenvalues smin (the ones closest to

the imaginary axis) among them is the one that is obtained by minimizing λℓ over the

D-tuples (ℓ1, . . . , ℓD). Using (4–24), this minimum is achieved at ℓ1 = 1, ℓ2 = · · · = ℓD = 0,

smin = s±(1,0,...,0),

and the real part is obtained

Re(smin) = −b0λℓ

2
= − π2b0

8(n1 − 1)2
.

Following the definition of stability margin,

S := |Re(smin)| =
π2b0

8(n1 − 1)2
=
π2b0
8N2

1

, (4–27)

where the last equality following from N1 = n1 − 1. �
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We now prove Theorem 4.2 that was stated in Section 4.1.

Proof of Theorem 4.2. We first observe that the smallest eigenvalue of the operator L

given in (4–23) is obtained by minimizing λℓ over the D-tuples (ℓ1, . . . , ℓD). Using (4–24),

this minimum is achieved at ℓ1 = 1, ℓ2 = · · · = ℓD = 0,

λmin = λ(1,0,...,0) =
π2

4(n1 − 1)2
=

π2

4N2
1

,

where the last equality following from N1 = n1 − 1.

We now write the PDE model with external disturbances as

∂2p̃(x, t)

∂t2
=

D
∑

d=1

( k0

(nd − 1)2

∂2

∂xd
2

+
b0

(nd − 1)2

∂3

∂xd
2∂t

)

p̃(x, t) + u(x, t),

where u(x, t) = a(x) sin(ωt + θ(x)) is the external sinusoidal disturbance. Take Laplace

transform to both sides of the above PDE with respect to the time variable t, we get

s2P (x, s) =
D
∑

d=1

( k0

(nd − 1)2

∂2P (x, s)

∂xd
2

+
b0s

(nd − 1)2

∂2P (x, s)

∂xd
2

)

+ U(x, s), (4–28)

where s is the Laplace variable and P (x, s), U(x, s) are the Laplace transforms of p̃(x, t)

and u(x, t) respectively. Using the method of separation of variables, we assume a solution

of the form P (x, s) = η(x)h(s), where η(x) is the eigenfunction of the linear operator L.

Substituting P (x, s) = η(x)h(s) into (4–28), we get

s2η(x)h(s) =
D
∑

d=1

( k0

(nd − 1)2

∂2η(x)

∂xd
2

+
b0s

(nd − 1)2

∂2η(x)

∂xd
2

)

h(s) + U(x, s),

Now, substituting Lη(x) = −λℓη(x) into the above equation, we have

s2η(x)h(s) = (−k0λℓ − b0λℓs)η(x)h(s) + U(x, s),

which implies

(s2 + k0λℓ + b0λℓs)P (x, s) = U(x, s),
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We thus obtain the following transfer function from U(x, s) to P (x, s) (see [94])

G(s) =
P (x, s)

U(x, s)
=

1

s2 + b0λℓs+ k0λℓ

, (4–29)

where λℓ is the ℓ-th eigenvalue of the linear operator L, it is given in (4–24). Similar to

finite-dimensional system, the H∞ norm of a transfer function is given by the supremum of

the square root of the largest eigenvalue of G(jω)∗G(jω), we have

‖G(jω)‖H∞
=

√

sup
ω

sup
ℓ

1

−ω2 − b0λℓjω + k0λℓ

1

−ω2 + b0λℓjω + k0λℓ

= sup
ω

sup
ℓ

1
√

(k0λℓ − ω2)2 + (b0λℓω)2
= sup

ℓ
Aℓ. (4–30)

where

Aℓ =















2

λ
3/2

ℓ b0
√

4k0−λℓb
2
0

, if λℓ ≤ 2k0/b
2
0,

1
λℓk0

, otherwise.

(4–31)

ωℓ =















√
4λℓk0−2λ2

ℓ b2
0

2
, if λℓ ≤ 2k0/b

2
0,

0, otherwise.

(4–32)

For any fixed k0, b0, when nd is large, we have λℓ ≤ 2k0/b
2
0. The H∞ norm and the peak

frequency of the transfer function G(s) are given by

‖G(jω)‖H∞
= A(1,0,··· ) =

2

λ
3/2
minb0

√

4k0 − λminb20
, (4–33)

ωr =

√

4λmink0 − 2λ2
minb

2
0

2
. (4–34)

Recall that λmin = π2

4(n1−1)2
= π2

4N2
1

, use the assumption that nd is large, we finish the proof.

Similar proof based on the state-space model (4–10) can be found in [88, 95]. �

4.4 Summary

We studied the problem of distributed control of a large formation of vehicle teams

with D-dimensional information graph. We showed that the stability margin scales as
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O(1/N2/D) and the all-to-all amplification scales as O(N3/D) for a D-dimensional square

information graph. Therefore, increasing the dimension of the information graph can

improve the stability margin and robustness to external disturbances by a considerable

amount. For non-square information graph, the stability margin and all-to-all amplifi-

cation can be made independent of the number of agents by choosing the “aspect ratio”

appropriately. However, it should be taken into account that increasing the dimension of

the information graph or choosing a beneficial aspect ratio may require long range com-

munication or entail an increase in the number of lead vehicles. These results are therefore

useful to the designer in making trade-offs between performance and cost in designing

information exchange architectures for decentralized control.

Our results for square D-lattices are complementary to those of [90], in which the

effect of graph dimension on the response of the closed loop to stochastic disturbances is

quantified in terms of “microscopic” and “macroscopic” measures. It was shown in [90]

that for D > 3, these performance measures become independent of N , while for smaller

D, the performance becomes worse without bound as the number of vehicles increase.

In contrast, we showed that the stability margin decays to 0 and all-to-all amplification

increase to ∞ as N increases in every D. Though the decay is slower for larger D, it is

never independent of N . To achieve a size-independent stability margin and all-to-all

amplification, the graph needs to be non-square. Since the analysis of [90] is done in

the spatial Fourier domain, it is not clear if non-square lattices with boundaries can be

handled in that framework.
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CHAPTER 5
IMPROVING CONVERGENCE RATE OF DISTRIBUTED CONSENSUS THROUGH

ASYMMETRIC WEIGHTS

Study of consensus has a long history in systems and control theory as well as

computer science. Early works can be dated back to the 1960s (see [96] and the references

therein). Distributed consensus has been widely studied in the past few decades due to

its broad applications in distributed computing, multi-vehicle rendezvous, data fusion in

large sensor network, coordinated control of multi-agent system and formation flight of

unmanned vehicles and clustered satellites, etc. (see [1, 5, 9–11, 97, 98]). In distributed

consensus, each agent in a network updates its state by using a weighted summation of its

own state and the states of its neighbors so that all the agents’ states will reach a common

value.

The topic of this chapter is the convergence rate of distributed linear consensus

protocol on graphs with fixed (time invariant) topology. We study how to design the

graph weights to improve the convergence rate of distributed consensus protocol. The

convergence rate is extremely important, since it determines practical applicability of

the protocol. If the convergence rate is too small, it will take extremely large number of

iterations to drive the states of all agents sufficiently close. This is unfavorable for agents

such as wireless sensors who have limited battery lifetimes.

Compared to the vast literature on design of consensus protocols, however, the

literature on convergence rate analysis is meager. A few works can be found in [70–

72, 99, 100]. The related problem of mixing time of Markov chains is studied in [73].

In [36], convergence rates for a specific class of graphs, that we call L-Z geometric graphs,

are established as a function of the number of agents. Generally speaking, the convergence

rates of distributed consensus algorithms tend to be slow, and decrease as the number of

agents increases. It was shown in [74] that the convergence rate can be arbitrarily fast in

small-world networks. However, networks in which communication is only possible between

agents that are close enough are not likely to be small-world.
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One of the seminal works on this subject is convex optimization of weights on edges

of the graph to maximize the consensus convergence rate [27, 29]. Convex optimization

imposes the constraint that the weights of the graph must be symmetric, which means

any two neighboring agents put equal weight on the information received from each other.

The convergence rate of consensus protocols on graphs with symmetric weights degrades

considerably as the number of agents in the network increases. In a D-dimensional lattice,

for instance, the convergence rate is O(1/N2/D) if the weights are symmetric, where N is

the number of agents. This result follows as a special case of the results in [36]. Thus, the

convergence rate becomes arbitrarily small if the size of the network grows without bound.

In [75, 76], finite-time distributed consensus protocols are proposed to improve the

performance over asymptotic consensus. However, in general, the finite time needed to

achieve consensus depends the number of agents in the network. Thus, for large size of

networks, although consensus can be achieved in finite time, the time needed to reach

consensus becomes large.

In this chapter, we study the problem of how to increase the convergence rate of

consensus protocols by designing asymmetric weights on edges. We first consider lattice

graphs and derive precise formulae for convergence rate in these graphs. In particular, we

show that in lattice graphs, with proper choice of asymmetric weights, the convergence

rate of distributed consensus can be bounded away from zero uniformly in N . Thus, the

proposed asymmetric design makes distributed consensus highly scalable; the time to reach

consensus is now independent of the number of agents in the network. By time to reach

consensus we mean the time needed for the states of all nodes to reach an ǫ neighborhood

of the asymptotic consensus value. We provide the formulae for asymptotic steady-state

consensus value. With asymmetric weights, the consensus value in general is not the

average of the initial conditions.
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We next propose a weight design scheme for arbitrary 2-dimensional geometric

graphs, i.e., graphs consisting of nodes in R
2. Here we use the idea of continuum approx-

imation to extend the asymmetric design from lattices to geometric graphs. We show

how a Sturm-Liouville operator can be used to approximate the graph Laplacian in the

case of lattices. The spectrum of the Laplacian and the convergence rate of consensus

protocols are intimately related. The discrete weights in lattices can be seen as samples of

a continuous weight function that appears in the S-L operator. Based on this analogy, a

weight design algorithm is proposed in which a node i chooses the weight on the edge to a

neighbor j depending on the relative angle between i and j. Numerical simulations show

that the convergence rate with asymmetric designed weights in large graphs is an order of

magnitude higher than that with (i) optimal symmetric weights, which are obtained by

convex optimization [27, 29], and (ii) asymmetric weights obtained by Metropolis-Hastings

method, which assigns weights uniformly to each edge connecting itself to its neighbor.

The proposed weight design method is decentralized, every node can obtain its own weight

based on the angular position measurements with its neighbors. In addition, it is com-

putationally much cheaper than obtaining the optimal symmetric weights using convex

optimization method. The proposed weight design method can be extended to geometric

graphs in R
D, but in this chapter we limit ourselves to R

2.

The rest of this chapter is organized as follows. Section 5.1 presents the problem

statement. Results on size-independent convergence rate on lattice graphs with asymmet-

ric weight are stated in Section 5.2. Asymmetric weight design method for more general

graphs appear in Section 5.3. The chapter ends with a summary in Section 5.4.

5.1 Problem Formulation

To study the problem of distributed linear consensus in networks, we first introduce

some terminologies. The network of N agents is modeled by a graph G = (V,E) with

vertex set V = {1, . . . , N} and edge set E ⊂ V × V. We use (i, j) to represent a directed

edge from i to j. A node i can receive information from j if and only if (i, j) ∈ E. In
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this chapter, we assume that communication is bidirectional, i.e. (i, j) ∈ E if and only if

(j, i) ∈ E. For each edge (i, j) ∈ E in the graph, we associate a weight Wi,j > 0 to it. The

set of neighbors of i is defined as Ni := {j ∈ V : (i, j) ∈ E}. The Laplacian matrix L of an

arbitrary graph G with edge weights Wi,j is defined as

Li,j =































−Wi,j i 6= j, (i, j) ∈ E,

∑N
k=1Wi,k i = j, (i, k) ∈ E,

0 otherwise.

(5–1)

A linear consensus protocol is an iterative update law:

xi(k + 1) = Wi,i xi(k) +
∑

j∈Ni

Wi,j xj(k), i ∈ V, (5–2)

with initial conditions xi(0) ∈ R, where k = {0, 1, 2, · · · } is the discrete time index.

Following standard practice we assume the weight matrix W is a stochastic matrix, i.e.

Wi,j ≥ 0 and W1 = 1, where 1 is a vector with all entries of 1. The distributed consensus

protocol (5–2) can be written in the following compact form:

x(k + 1) = Wx(k), (5–3)

where x(k) = [x1(k), x2(k), · · · , xN(k)]T is the states of the N agents at time k. It’s

straightforward to obtain the following relation L = I −W , where I is the N ×N identity

matrix and L is the Laplacian matrix associated with the graph with Wi,j as its weights

on the directed edge (i, j). In addition, their spectra are related by σ(L) = 1 − σ(W ),

i.e. µℓ(L) = 1 − λℓ(W ), where ℓ ∈ {1, 2, · · · , N} and µℓ, λℓ are the eigenvalues of L and

W respectively. The linear distributed consensus protocol (5–3) implies x(k) = W kx(0).

We assume W is strongly connected (irreducible) and primitive. In that case the spectral

radius of W is 1 and there is exactly one eigenvalue on the unit disk. Let π ∈ R
1×N be

the left Perron vector of W corresponding to the eigenvalue of 1, i.e. πW = π, πi > 0 and

100



∑N
i=1 πi = 1, we have

lim
k→∞

W k = 1π, (5–4)

Therefore, all the states of the N agents asymptotically converge to a steady state value x̄

as k → ∞,

lim
k→∞

x(k) = 1πx(0) = 1x̄, (5–5)

where x̄ =
∑N

i=1 πixi(0).

It is well known that for a primitive stochastic matrix, the rate of convergence R can

be measured by the spectral gap R = 1−ρ(W ), where ρ(W ) is the essential spectral radius

of W , which is defined as

ρ(W ) := max{|λ| : λ ∈ σ(W ) \ {1}}.

If the eigenvalues of W are real and they are ordered in a non-increasing fashion such that

1 = λ1 ≥ λ2 ≥ · · · ≥ λN , then the convergence rate of W is given by

R = 1 − ρ(W ) = min{1 − λ2, 1 + λN}. (5–6)

In addition, from Gerschgorin circle theorem, we have that λN ≥ −1 + 2 maxiWii. If

maxiWii 6= 0, then 1 + λN is a constant bounded away from 0. Therefore, the key to

find a lower bound for the convergence rate of W is to find an upper bound on the second

largest eigenvalue λ2 of W . Equivalently, we can find a lower bound of the second smallest

eigenvalue µ2 of the associated Laplacian matrix L, since µ2 = 1 − λ2.

Definition 5.1. We say a graph G has symmetric weights if Wi,j = Wj,i for each pair of

neighboring agents (i, j) ∈ E. Otherwise, the weights are called asymmetric. �

If the weights are symmetric, the matrix W is doubly stochastic, meaning that each

row and column sum is 1.
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The following theorem summaries the results in [36] on the convergence rate of

consensus with symmetric weights in a broad class of graphs that include lattices. A

D-dimensional lattice, specifically a N1 × N2 × · · · × ND lattice, is a graph with N =

N1 × N2 × · · · × ND nodes, in which the nodes are placed at the integer unit coordinate

points of the D-dimensional Euclidean space and each node connects to other nodes

that are exactly one unit away from it. A D-dimensional lattice is drawn in R
D with a

Cartesian reference frame whose axes are denoted by x1, x2, · · · , xD. We call a graph is a

L-Z geometric graph if it can be seen as a perturbation of regular lattice in D-dimensional

space; each node connects other nodes within a certain range. The formal definition is

given in [36].

Theorem 5.1 ([36]). Let G be a D-dimensional connected L-Z geometric graph or lattice

and let W be any doubly stochastic matrix compatible with G. Then

c1
N2/D

≤ R ≤ c2
N2/D

, (5–7)

where N is the number of nodes in the graph G and c1, c2 are some constants independent

of N . �

The above theorem states that for any connected L-Z geometric/lattice graph G,

the convergence rate of consensus with symmetric weights cannot be bounded away

from 0 uniformly with the size N of the graph. The convergence rate of the network

becomes arbitrarily slow as N increases without bound. The loss of convergence rate

with symmetric information graph has also been observed in vehicular formations; as

discussed in Chapter 2 and Chapter 4. In fact, another important conclusion of the result

above is that heterogeneity in weights among nodes, as long as W is symmetric, does

not change the asymptotic scaling of the convergence rate. At best it can change the

constant in front of the scaling formula (see [73] also). Therefore, even centralized weight

optimization scheme proposed in [27, 29] - that constrain the weights to be symmetric in

order to make the optimization problem convex - will suffer from the same issue as that of
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Figure 5-1. Information graph for a 1-D lattice of N agents.

un-optimized weights on the edges. Namely, the convergence rate will decay as O(1/N2/D)

in a D-dimensional lattice/L-Z geometric graph even with the optimized weights. In the

rest of the chapter, we study the problem of speeding up the convergence rate by designing

asymmetric weights.

5.2 Fast Consensus on D-dimensional Lattices

First we establish technical results on the spectrum and Perron vectors of D-

dimensional lattices with possibly asymmetric weights on the edges. We then summarize

their design implications at the end of section 5.2.1.

5.2.1 Asymmetric Weights in Lattices

We first consider distributed consensus on a 1-dimensional lattice. This will be useful

in generalizing to D-dimensional lattices. Each agent interacts with its nearest neighbors

in the lattice (one on each side). Its information graph is depicted in Figure 5-1. The

updating law of agent i is given by

xi(k + 1) = Wi,ixi(k) +Wi,i−1xi−1(k) +Wi,i+1xi+1(k).

where i ∈ {2, 3, · · · , N − 1}. The updating laws of the 1-st and N -th agents are slightly

different from the above equation, since they only have one neighbor each.
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The weight matrix W (1) for the 1-dimensional lattice is tridiagonal:

W (1) =

























W1,1 W1,2

W2,1 W2,2 W2,3

. . .
. . .

WN−1,N−2 WN−1,N−1 WN−1,N

WN,N−1 WN,N

























.

The following lemma gives the spectrum and the left-hand Perron vector for the weight

matrix W (1). The proof of the lemma is given in Section 5.5..

Lemma 5.1. Let W (1) be the weight matrix associated with the 1-dimensional lattice

with the weights given by Wi,i+1 = c,Wi+1,i = a, where a 6= c are positive constants and

a+ c ≤ 1. Then the eigenvalues of W (1) are

λ1 = 1, λℓ = 1 − a− c+ 2
√
ac cos

(ℓ− 1)π

N
,

where ℓ ∈ {2, · · · , N}, and its left Perron vector is

π =
1 − c/a

1 − (c/a)N
[1, c/a, (c/a)2, · · · , (c/a)N−1]. �

We next consider consensus on a D-dimensional lattice with the following weights

Wi,id+ = cd, Wi,id− = ad, d ∈ {1, · · · , D}, (5–8)

where ad 6= cd are positive constants and
∑D

d=1 ad + cd ≤ 1. The notation id+ denotes the

neighbor on the positive xd axis of node i and id− denotes the neighbor on the negative

xd axis of node i. For example, 21+ and 21− in Figure 5-2 denote node 3 and node 1,

respectively, and 22+ is node 5.
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Figure 5-2. A pictorial representation of a 2-dimensional lattice information graph with
the weights W

(2)

i,id+ = cd,W
(2)

i,id−
= ad, where d = 1, 2.

Lemma 5.2. Let W (D) be the weight matrix associated with the D-dimensional lattice with

the weights given in (5–8). Then its eigenvalues are given by

λ~ℓ (W (D)) = 1 −
D
∑

d=1

(1 − λℓd
(W

(1)
d )),

where ~ℓ = (ℓ1, ℓ2, · · · , ℓD), in which ℓd ∈ {1, 2, · · · , Nd} and W
(1)
d is the Nd × Nd weight

matrix associated with a 1-dimensional lattice with the weights given by W
(1)
d (i, i + 1) =

cd,W
(1)
d (i + 1, i) = ad and i ∈ {1, · · · , Nd − 1}. Its left Perron vector is π = π

(1)
D ⊗

π
(1)
D−1 ⊗· · ·⊗π

(1)
1 , where π

(1)
d is the left Perron vector of W

(1)
d , and ⊗ denotes the Kronecker

product. �

The proof of Lemma 5.2 is given in Section 5.5. The next theorem shows the im-

plications of the preceding technical results on the convergence rate in D-dimensional

lattices.

Theorem 5.2. Let G be a D-dimensional lattice graph and let W (D) be an asymmetric

stochastic matrix compatible with G with the weights given in (5–8). Then the convergence

rate satisfies

R ≥ c0, (5–9)

where c0 ∈ (0, 1) is a constant independent of N . �
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Proof of Theorem 5.2. According to Lemma 5.1, the eigenvalues of W
(1)
d (defined in

Lemma 5.2) are given by:

λ1(W
(1)
d ) = 1,

λℓ(W
(1)
d ) = 1 − ad − cd + 2

√
adcd cos

(ℓd − 1)π

Nd
.

From Lemma 5.2, the second largest eigenvalue λ2(W
(D)) and the smallest eigenvalue

λN(W (D)) of W (D) are given by

λ2(W
(D)) = 1 − max

d∈{1,··· ,D}
(1 − λ2(W

(1)
d ))

≤ 1 − max
d∈{1,··· ,D}

(ad + cd − 2
√
adcd), (5–10)

λN(W (D)) = 1 −
D
∑

d=1

(1 − λNd
(W

(1)
d ))

= 1 −
D
∑

d=1

(ad + cd − 2
√
adcd cos

(Nd − 1)π

Nd

)

≥ 1 −
D
∑

d=1

(ad + cd − 2
√
adcd). (5–11)

Recall that R = min{1 − λ2, 1 + λN}. In addition, ad, cd are fixed constants and satisfy

ad 6= cd,
∑D

d=1 ad + cd ≤ 1, therefore the lower bounds of 1 − λ2(W
(D)) and 1 + λN(W (D))

are fixed positive constants. We then have that the convergence rate of W (D) satisfy

R = 1 − ρ(W (D)) ≥ c0, where c0 is a constant independent of N . � �

Remark 5.1. Recall from Theorem 5.1, for any L-Z geometric or lattice graphs, as long

as the weight matrix W is symmetric, no matter how do we design the weights Wi,j, the

convergence rate becomes progressively smaller as the number of agents N increases, and

it cannot be uniformly bounded away from 0. In contrast, Theorem 5.2 shows that for

lattice graphs, asymmetry in the weights makes the convergence rate uniformly bounded

away from 0. In fact, any amount of asymmetry along the coordinate axes of the lattice

(ad 6= cd), will make this happen. Asymmetric weights thus make the linear distributed
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consensus law highly scalable. It eliminates the problem of degeneration of convergence rate

with increasing N .

The second question is where do the node states converge to with asymmetric weights?

Recall that the asymptotic steady state value of all agents is x̄ =
∑N

i=1 πixi(0). For a lattice

graph, its Perron vector π is given in Lemma 5.1 and Lemma 5.2. Thus we can determine

the steady state value x̄ if the initial value x(0) is given. This information is particularly

useful to find the rendezvous position in multi-vehicle rendezvous problem. On the other

hand, we see from Lemma 5.1 and Lemma 5.2 that if ad 6= cd, then πi 6= 1
N

, which implies

the steady-state value is not the average of the initial values. The asymmetric weight

design is not applicable to distributed averaging problem. �

5.2.2 Numerical Comparison

In this section, we present the numerical comparison of the convergence rates of

the distributed protocol (5–3) between asymmetric designed weights (Theorem 5.2) and

symmetric optimal weights obtained from convex optimization [27, 29]. For simplicity,

we take the 1-D lattice as an example. The asymmetric weights used are Wi,i+1 = c =

0.3,Wi+1,i = a = 0.2. We see from Figure 5-3 that the convergence rate with asymmetric

designed weights is much larger than that with symmetric optimal weights. In addition,

given the asymmetric weight values c = 0.3, a = 0.2, we obtain from (5–10) and (5–11)

that λ2 ≤ 0.5 + 2
√

0.06, λN ≥ 0.5 + 2
√

0.06, which implies

R = min{1 − λ2, 1 + λN} ≥ 0.5 − 2
√

0.06 ≈ 0.01. (5–12)

We see from Figure 5-3 that the convergence rate R is indeed uniformly bounded below

by (5–12).

5.3 Fast Consensus in More General Graphs

In this section, we study how to design the weight matrix W to increase the conver-

gence rate of consensus in graphs that are more general than lattices. We use the idea

of continuum approximation. Under some “niceness” properties, a graph can be thought
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Figure 5-3. Comparison of convergence rate of 1-D lattice between asymmetric design and
convex optimization (symmetric optimal).

of as approximation of a D-dimensional lattice, and by extension, of the Euclidean space

corresponding to R
D [101]. These properties have to do with the graph not having arbi-

trarily large holes etc. Precise conditions under which a graph can be approximated by

the D-dimensional lattice are explored in [102] (for infinite graphs) and in [36] (for finite

graphs). The dimension D of the corresponding lattice/Euclidean space is also determined

by these properties.

The key is to embed the discrete graph problem into a continuum-domain prob-

lem. We use a Sturm-Liouville operator to approximate the Laplacian matrix of a

D-dimensional geometric graph. A D-dimensional geometric graph is simply a graph

with a mapping of nodes to points in R
D. Based on this approximation, we re-derive the

asymmetric weights for lattices described in the previous section as values of continuous

functions defined over R
D along the principal axes in R

D. In a lattice, the neighbors of a

node lie along the principal canonical axes of R
D. For an arbitrary graph, the weights are

now chosen as samples of the same functions, along directions in which the neighbors lie.
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Figure 5-4. Continuum approximation of general graphs.

The method is applicable to arbitrary dimension, but we only consider the 2-D case in

this chapter. Graphs with 2-D drawings are one of the most relevant classes of graphs for

sensor networks where consensus is likely to find application.

5.3.1 Continuum Approximation

Recall that the convergence rate is intimately connected to the Laplacian matrix.

We will show that the Laplacian matrix associated with a large 2-D lattice with certain

weights can be approximated by a Sturm-Liouville operator defined on a 2-D plane. Thus

it’s reasonable to suppose that the Sturm-Liouville operator is also a good (continuum)

approximation of the Laplacian matrix of large graphs with 2-D drawing. We start from

2-D lattice graph and derive a Sturm-Liouville operator. We then use this operator

to approximate the graph Laplacian of more general graphs. The idea is illustrated in

Figure 5-4.

For ease of description, we first consider a 1-D lattice, with the following asymmetric

weights, which are inspired by the asymmetric control gains for vehicular platoons that

was discussed in Chapter 2,

Wi,i+1 = c =
1 + ε

2
, Wi+1,i = a =

1 − ε

2
, (5–13)
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where i ∈ {1, 2, · · · , N−1} and ε ∈ (0, 1) is a constant. The graph Laplacian corresponding

to the weights given in (5–13) is given by

L(1) =

























1+ε
2

−1−ε
2

−1+ε
2

1 −1−ε
2

. . .
. . .

. . .

−1+ε
2

1 −1−ε
2

−1+ε
2

1−ε
2

























. (5–14)

Recall that to find a lower bound of the convergence rate of the weight matrix W (1), it’s

sufficient to find a lower bound of the second smallest eigenvalue of the associate Laplacian

matrix L(1).

We now use a Sturm-Liouville operator to approximate the Laplacian matrix L(1).

We first consider the finite-dimensional eigenvalue problem L(1)φ = µφ. Expanding the

equation, we have the following coupled difference equations

−1 + ε

2
φi−1 + φi +

−1 − ε

2
φi+1 = µφi,

where i ∈ {1, 2, · · · , N} and φ0 = φ1, φN+1 = φN . The above equation can be rewritten as

− 1

2N2

φi−1 − 2φi + φi+1

1/N2
− ε

N

φi+1 − φi−1

2/N
= µφi.

The starting point for the continuum approximation is to consider a function φ(x) :

[0, 1] → R that satisfies:

φi = φ(x)|x=i/(N+1), (5–15)

such that a function that is defined at discrete points i will be approximated by a function

that is defined everywhere in [0, 1]. The original function is thought of as samples of its

continuous approximation. Under the assumption that N is large, using the following
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finite difference approximation:

[φi−1 − 2φi + φi+1

1/N2

]

=
[∂2φ(x, t)

∂x2

]

x=i/(N+1)
,

[φi+1 − φi−1

2/N

]

=
[∂φ(x, t)

∂x

]

x=i/(N+1)
,

the finite-dimensional eigenvalue problem can be approximated by the following Sturm-

Liouville eigenvalue problem

L(1)φ(x) = µφ(x), where L(1) := − 1

2N2

d2

dx2
− ε

N

d

dx
, (5–16)

with Neumann boundary conditions:

dφ(0)

dx
=
dφ(1)

dx
= 0. (5–17)

Lemma 5.3. The eigenvalues of the Sturm-Liouville operator L(1) (5–16) with boundary

condition (5–17) for 0 < ε < 1 are real and the first two smallest eigenvalues satisfy

µ1(L(1)) = 0, µ2(L(1)) ≥ ε2/2. �

We see from Lemma 5.3 that the second smallest eigenvalue of the Sturm-Liouville

operator L(1) is uniformly bounded away from zero. This result is not surprising, since it’s

a continuum counterpart of Lemma 5.1, which shows that the second smallest eigenvalue

corresponding to the 1-D lattice with designed asymmetric weights is uniformly bounded

below. The proof of Lemma 5.3 is given in Section 5.5.

We now consider the following weights for the consensus problem with D-dimensional

lattice graph

W
(D)

i,id+ = cd =
1 + ε

2D
, W

(D)

i,id−
= ad =

1 − ε

2D
, (5–18)

where ε ∈ (0, 1) is a constant.
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The Laplacian matrix of a D-dimensional square lattice with the weights given

in (5–18) is given by L(D) = I − W (D). Following similar procedure of eigenvalue ap-

proximation for the 1-dimensional lattice, the second smallest eigenvalue of the Laplacian

matrix L(D) can be approximated by that of the following Sturm-Liouville operator

L(D) = −
D
∑

ℓ=1

(
1

2DN2
d

d2

dx2
d

+
ε

DNd

d

dxd
), (5–19)

with the following Neumann boundary conditions

∂φ(~x)

∂xd

∣

∣

∣

xd=0 or 1
= 0, (5–20)

where d = 1, 2, · · · , D and ~x = [x1, x2, · · · , xD]T .

Continuum approximation has been used to study the stability margin of large

vehicular platoons in Chapter 2, in which the continuum model gives more insight into

the effect of asymmetry on the stability margin of the systems. In this chapter, we use the

second smallest eigenvalue of the Sturm-Liouville operator L(D) to approximate that of the

Laplacian matrix L(D).

Theorem 5.3. The second smallest eigenvalues µ2(L(D)) of the Sturm-Liouville operator

L(D) (5–19) with boundary condition (5–20) for 0 < ε < 1 is real and satisfies

µ2(L(D)) ≥ ε2

2D
, (5–21)

which is a positive constant independent of N . �

Proof of Theorem 5.3. By the method of separation of variables [77, 86], the eigenvalues of

the Sturm-Liouville operator L(D) is given by

µ(L(D)) =

D
∑

d=1

µ(L(1)
d ), (5–22)

where L(1)
d is the 1-dimensional Sturm-Liouville operator given by

L(1)
d = − 1

2DN2
d

d2

dx2
d

− ε

DNd

d

dxd
,
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with Neumann boundary conditions. Following Lemma 5.3, we have that the smallest

eigenvalue of L(1)
d is 0 and the second smallest eigenvalue of L(1)

d is bounded below by

L(1)
d ≥ ε2/2D. Therefore, we have from (5–22) that the second smallest eigenvalue is

µ2(L(D)) = min
d

{µ2(L(d))} ≥ ε2

2D
.

�

5.3.2 Weight Design for General Graphs
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Figure 5-5. Weight design for general graphs.

The inspiration of the proposed method comes from the design for lattices. The 4

weights for each node i in a 2-D lattice can be re-expressed as samples of a continuous

function g : [0, 2π) → [1−ǫ
4
, 1+ǫ

4
]:

Wi,i1+ = g(θi,i1+), Wi,i2+ = g(θi,i2+),

Wi,i1− = g(θi,i1−), Wi,i2− = g(θi,i2−)

where θi,j is the relative angular position of j with respect to i. Given the angular

positions of i’s neighbors and the values of the weights, we know that the function g must

satisfy:

g([0,
π

2
, π,

3π

2
]) = [

1 + ε

4
,
1 + ε

4
,
1 − ε

4
,
1 − ε

4
]. (5–23)
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Thus, we choose the function g as shown in Figure 5-5 (b).

For an arbitrary graph, we now choose the weights by sampling the function according

to the angle associated with each edge (i, j):

Wi,k =
g(θi,k)

∑

j∈Ni
g(θi,j)

, (5–24)

where g(·) is the function described in Figure 5-5 (b). The above weight function (5–24)

can be seen as a linear interpolation of (5–23). We see from (5–24) that the weight on

each edge is computable in a distributed manner; a node only needs to know the angular

position of its neighbors. This design method does not require any knowledge of the

network topology or centralized computation.

5.3.3 Numerical Comparison

In this section, we present the numerical comparison of convergence rates among

asymmetric design, symmetric optimal weights and weights chosen by the Metropolis-

Hastings method. The symmetric optimal weights are obtained by using convex optimiza-

tion method [29, 73]. The Metropolis-Hastings weights are picked by the following rule:

Wi,j = 1/|Ni|, where Ni denotes the number of neighbors of node i. The weights generated

by this method are in general asymmetric. We plot the convergence rate R as a function

of N , where N is the number of agents in the network. The amount of asymmetry used is

ε = 0.5.
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Figure 5-6. Examples of 2-D L-Z geometric, Delaunay and random geometric graphs.
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We first consider a L-Z geometric graph [36], which is generated by perturbing the

node positions in a square 2-D lattice (N1 = N2 =
√
N) with Gaussian random noise

(zero mean and 1/(4
√
N) standard deviation) and connecting each node with other nodes

that are within a 2/
√
N radius. Second, we consider a Delaunay graph [5], which is

generated by placing N nodes on a 2-D unit square uniformly at random and connecting

any two nodes if their corresponding Voronoi cells intersect, as long as their Euclidean

distance is smaller than 1/3. Finally, we consider a random geometric graphs [103], which

is generated by placing N nodes on a 2-D unit square uniformly at random and connecting

pairs of nodes that are within a distance 3/
√
N of each other. Figure 5-6 gives examples of

L-Z geometric graphs, Delaunay graphs and random geometric graphs.

Figure 5-7 shows the comparison of convergence rates among asymmetric design,

symmetric optimal and Metropolis-Hastings weights. For each N , the convergence rate of

10 samples of the graphs are plotted. We see from Figure 5-7 that for almost every sample

in each of the three classes, the convergence rate with the asymmetric design is an order of

magnitude larger than the others, especially when N is large.

5.4 Summary

We studied the problem of how to design weights to increase the convergence rate

of distributed consensus in networks with static topology. We proved that on lattice

graphs, with proper choice of asymmetric weights, the convergence rate can be uniformly

bounded away from zero. In addition, we proposed a distributed weight design algorithm

for 2-dimensional geometric graphs to improve the convergence rate, by using a continuum

approximation. Numerical calculations show that the resulting convergence rate is

substantially larger than that optimal symmetric weights and Metropolis Hastings weights.

An important open question is a precise characterization of graphs for which theoret-

ical guarantees on size-independent convergence rate can be provided with the proposed

design. In addition, characterizing the asymptotic steady state value for more general

graphs than lattices is also on-going work.
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Figure 5-7. Comparison of convergence rates with proposed asymmetric weights,
Metropolis-Hastings weights, and symmetric optimal. For each N , results from
5 sample graphs are plotted.
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5.5 Technical Proofs

5.5.1 Proof of Lemma 5.1

The stochastic matrix W (1) has a simple eigenvalue λ1 = 1. Following Theorem 3.1

of [104], the other eigenvalues of W (1) are given by

λℓ = 1 − a− c+ 2
√
ac cos θℓ, ℓ ∈ {2, · · · , N},

where θℓ (θ 6= mπ,m ∈ Z, Z being the set of integers) is the root of the following equation

2 sin(Nθ)cos(θ) = (a+ c)

√

1

ac
sinNθ,

which implies

sin(Nθ) = 0, or cos θ =
(a+ c)

2

√

1

ac
.

Since a > 0, c > 0 and a 6= c, we have (a+c)
2

√

1
ac
> 1, thus cos θ 6= (a+c)

2

√

1
ac

. In addition, we

have that θ 6= mπ, which yields

θℓ =
(ℓ− 1)π

N
, ℓ = {2, · · · , N}. (5–25)

We now obtain the eigenvalues of W (1), which is given by

λℓ = 1 − a− c+ 2
√
ac cos

(ℓ− 1)π

N
, ℓ = {2, · · · , N}.

Let π = [π1, π2, · · · , πN ] be the left Perron vector of W (1). From the definition of

Perron vector, we have πW (1) = π. Thanks to the special structure of the tridiagonal form

of W (1), we can solve for π explicitly, which yields

πi = (c/a)i−1π1, (5–26)

where i ∈ {2, 3, · · · , N}. In addition, we have πi > 0 and
∑N

i=1 πi = 1. Therefore,

1 =
N
∑

i=1

πi =
N
∑

i=1

(c/a)i−1π1 ⇒ π1 =
1 − c/a

1 − (c/a)N
.
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Substituting the above equation into (5–26), we complete the proof. �

5.5.2 Proof of Lemma 5.2

With the weights given in (5–8), it is straightforward - through a bit tedious - to show

that the graph Laplacian L(D) associated with the D-dimensional lattice has the following

form:

L(d) = INd
⊗ L(d−1) + L

(1)
d ⊗ IN1N2···Nd−1

, 2 ≤ d ≤ D,

where L(1) = L
(1)
1 and L

(1)
d = 1−W

(1)
d is the Laplacian matrix of dimension Nd ×Nd, which

is given by

L
(1)
d =

























cd −cd
−ad ad + cd −cd

. . .
. . .

. . .

−ad ad + cd −cd
−ad ad

























. (5–27)

Since a D-dimensional lattice is the Cartesian product graph of D 1-dimensional

lattices, the eigenvalues of the graph Laplacian matrix L(D) are sum of the eigenvalues of

the D 1-dimensional Laplacian matrix L
(1)
d . Thus, we have

µℓ1,...,ℓD
(L(D)) =

D
∑

d=1

µℓd
(L

(1)
d ).

In addition, we have that W (D) = IN − L(D) and W
(1)
d = INd

− L
(1)
d , thus the eigenvalues λ~ℓ

of W (D) are given by

λ~ℓ (W (D)) = 1 − µ~ℓ (L(D)) = 1 −
D
∑

d=1

µℓd
(L

(1)
d )

= 1 −
D
∑

d=1

(1 − λℓd
(W

(1)
d )).
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To see π = π
(1)
D ⊗ π

(1)
D−1 ⊗ · · · ⊗ π

(1)
1 is the left Perron vector of W (D), we first notice

that

π
(1)
d W

(1)
d = π

(1)
d , π

(1)
d L

(1)
d = 0,

where d ∈ {1, · · · , D}. The rest of the proof follows by straightforward induction method,

we omit the proof due to space limit. �

5.5.3 Proof of Lemma 5.3

Multiply both sides of (5–16) by 2N2e2εNx, we obtain the standard Sturm-Liouville

eigenvalue problem

d

dx

(

e2εNxdφ(x)

dx

)

+ 2N2µe2εNxφ(x) = 0. (5–28)

According to Sturm-Liouville Theory, all the eigenvalues are real, see [77, 86]. To solve

the Sturm-Liouville eigenvalue problem (5–16)-(5–17), we assume solution of the form,

φ(x) = erx, then we obtain the following equation

r2 + 2εNr + 2µN2 = 0,

⇒ r = N(−ε ±
√

ε2 − 2µ). (5–29)

Depending on the discriminant in the above equation, there are three cases to analyze:

1. µ < ε2/2, then the eigenfunction φ(x) has the following form φ(x) = c1e
N(−ε+

√
ε2−2µ)x+

c2e
N(−ε−

√
ε2−2µ)x, where c1, c2 are some constants. Applying the boundary condi-

tion (5–17), it’s straightforward to see that, for non-trivial eigenfunctions φ(x) to
exit, the following equation must be satisfied

−ε +
√

ε2 − 2µ

ε+
√

ε2 − 2µ
= e2N

√
ε2−2µ−ε +

√

ε2 − 2µ

ε+
√

ε2 − 2µ
.

Thus, we have µ = 0.

2. µ = ε2/2, then the eigenfunction φ(x) has the following form

φ(x) = c1e
−εNx + c2xe

−εNx.

119



Applying the boundary condition (5–17) again, it’s straightforward to see that there
is no eigenvalue for this case.

3. µ > ε2/2, then the eigenfunction has the following form φ(x) = e−εNx(c1 cos(N
√

2µ− ε2x)+

c2 sin(N
√

2µ− ε2x). Applying the boundary condition (5–17), for non-trivial eigen-

functions to exit, the eigenvalues µ must satisfy µ = ε2

2
+ ℓ2π2

2N2 , where ℓ = 1, 2, · · · .

Combining the above three cases, the eigenvalues of the Sturm-Liouville operator are

µ ∈ {0, ε2

2
+ ℓ2π2

2N2 }, where ℓ ∈ {1, 2, · · · }. The second smallest eigenvalue µ2(L) of the

Strum-Liouville operator L is then given by

µ2(L) =
ε2

2
+

π2

2N2
≥ ε2

2
,

which is a constant that is bounded away from 0. �

ontinuum approximation has been used to study the stability margin of large vehic-

ular platoons [91, 105], in which the continuum model gives more insight on the effect

of asymmetry on the stability margin of the systems. In this chapter, we use the sec-

ond smallest eigenvalue of the Sturm-Liouville operator L(D) to approximate that of the

Laplacian matrix L(D).
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CHAPTER 6
CONCLUSIONS AND FUTURE WORK

This chapter summarizes the contributions of this dissertation and discusses possible

directions for future research.

6.1 Conclusions

This dissertation studied performance scaling of distributed control of multi-agent

systems with respect to network size. We investigated two classes of distributed control

problems that are relevant to vehicular formation control and distributed consensus. In

the vehicular formation control problem, each vehicle is modeled by a double integrator,

while the dynamics of each agent in distributed consensus are given a single integrator.

Despite difference in agent dynamics, the two problems suffer from similar performance

limitations. In particular, their performances degrade when the number of agents in the

system increases with symmetric control, where symmetric control refers to, between each

pair of neighboring agents, the information received from each other is given the same

weight. One of the main contributions of this work is that we proposed an asymmetric

control design method to ameliorate the performance scaling laws for both vehicular

formation control and distributed consensus. Asymmetric design means between each pair

of neighboring agents, the information received from each other is weighted differently,

instead of equally in symmetric design. We showed the resulting performance scaling laws

were improved considerably over those with symmetric control.

For the vehicular formation control problem, we described a novel framework for

modeling, analysis and distributed control design. The key component of this framework

is a PDE-based (partial differential equation) continuous approximation of the (spatially)

discrete closed-loop dynamics of the controlled formation. Based on this PDE model, we

derived exact quantitative scaling laws of the stability margin and robustness to external

disturbances, with respect to the number of vehicles in the formation. The results showed

that with symmetric control, the stability margin and robustness performances degraded
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progressively when the number of vehicles in the team increased. The scaling laws of

stability margin and robustness performances developed in this dissertation are helpful to

understand the limitations of distributed control architecture.

Besides analysis of performance scalings, the PDE model is also convenient for

distributed control design. By taking advantages of the well developed PDE and operator

(such as Sturm-Liouville) theory as well as perturbation technique, we proposed an

asymmetric design method, which improved the stability margin and robustness to

disturbances considerably over symmetric control. Numerical experiments showed that

the PDE model made an accurate approximation of the state-space model even for a

small value of N , where N is the number of vehicles in the formation. Moreover, the

resulting asymmetric control is simple to implement and therefore attractive for practical

applications.

We next applied the asymmetric design method to another class of distributed control

problem: distributed consensus. In distributed consensus, each agent in a network updates

its state by using a weighted summation of it own state and the states of its neighbors.

The goal is to make all the agents’ states reach a common value. It was shown that with

symmetric weight, the consensus rate became progressively smaller when the number of

agents in the network increased, even when the weights were chosen in an optimal manner.

We proposed a method to design asymmetric weights to speed up the convergence rate

of distributed consensus in networks with static topology. We proved that on lattice

graphs, with proper choice of asymmetric weights, the convergence rate could be uniformly

bounded away from zero with respect to the number of agents in the network. In addition,

we developed a distributed weight design algorithm for more general graphs than lattices

to improve their convergence rates. Numerical calculations showed that the resulting

convergence rate was substantially larger than that with optimal symmetric weights or

Metropolis Hastings weights.
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6.2 Future Work

There are several possible topics of future investigations that are summarize below.

The information graphs studied in Chapter 2-4 are limited to D-dimensional lattices.

More complex graph structures should be explored in future work. We believe that the

PDE approximation will be beneficial here, by allowing us to sample from the continuous

gain functions defined over a continuous domain to assign gains to spatially discrete

agents.

In Chapter 3, numerical simulations show that with asymmetric velocity feedback, the

system’s robustness to external disturbance can be improved significantly over symmetric

control and the case with equal asymmetry in the position and velocity feedback. These

results were summarized as a conjecture. Future research will focus on the theoretical

analysis to verify such an improvement.

Additionally, regarding the distributed consensus problem in Chapter 5, an important

open question is a precise characterization of graphs for which theoretical guarantees on

size-independent convergence rate can be provided with the proposed design. Characteriz-

ing the asymptotic steady state value for more general graphs than lattices is valuable as

well.

Last but not the least, we believe the asymmetric design will have a potential

important impact on other applications of distributed control of large networked systems.

Besides vehicular formations and distributed consensus, we believe the asymmetric design

method can also be applied to improve mixing time of random walks and performance of

distributed Kalman filter. Future work will look at these applications. In addition, the

asymmetric design may also help answer the question of how to avoid actuator saturation

in large-scale multi-agent system which results from large transient errors and/or high gain

controller, as evidenced in [95, 106, 107].
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