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for his enthusiastic and supporting attitude towards my work. I also want to say thanks

for his patience and understanding that reflects the wisdom of a true mentor. I am

very indebted with Professor Murali Rao, for his invaluable help, friendship, and love

for mathematics. I can say that both Dr. Prı́ncipe and Dr. Rao are examples of men

with contagious passion for what they do. A Ph.D. is a journey full of ups and downs

and I strongly believe that their excitement for my work helped me through the hard

times. I also want to extend my gratitude to Dr. Tan Wong and Dr. Anand Rangarajan

for their valuable comments and sharp remarks. They really help shape my thinking

and enhance the perspective I have of my work. During this years, I had the great

opportunity to be part of an amazing group of talented students, but most importantly

valuable persons. I really enjoyed the time at CNEL and all the things we did as the

family away from family that we are. Especial thanks to Erion Hasanbelliu for his

friendship and disinterested help and support. Sohan Seth for his friendship, help,

and the interesting discussions, Alexander Singh gracias por su amistad y ayuda en

el momento oportuno, Shalom Darmajan, Il “Memming” Park, Stefan Cracium, Austin

Brockmeier, Lin Li, Hector Galloza, Goktug Cinar, Rakesh Chalasani, Abhishek Singh,

and all the CNELers for the good times.

Finally, I want to thank my family for always being there for me, and to God for

bringing Jihye Bae into my life. Jihye nae sarang, I cannot ask for more when I already

have it all with you. This work is as yours as it is mine.

4



TABLE OF CONTENTS

page

ACKNOWLEDGMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

LIST OF TABLES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

LIST OF FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

CHAPTER

1 INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.1 The Problem of Learning . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
1.2 Statistical Learning Perspective . . . . . . . . . . . . . . . . . . . . . . . . 13
1.3 Rate Distortion, the Information Bottleneck, and Learning . . . . . . . . . 15

1.3.1 Example: Rate Distortion and PCA . . . . . . . . . . . . . . . . . . 16
1.3.2 The Information Bottleneck . . . . . . . . . . . . . . . . . . . . . . 17

1.4 Contributions of the Present Work . . . . . . . . . . . . . . . . . . . . . . 19

2 MATHEMATICAL PRELIMINARIES . . . . . . . . . . . . . . . . . . . . . . . . 20

2.1 Reproducing Kernel Hilbert Spaces . . . . . . . . . . . . . . . . . . . . . 20
2.2 The Covariance Function . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
2.3 RKHSs in Machine Learning . . . . . . . . . . . . . . . . . . . . . . . . . 24

3 THE PRINCIPLE OF RELEVANT INFORMATION . . . . . . . . . . . . . . . . 27

3.1 Information Theoretic Learning in a Nutshell . . . . . . . . . . . . . . . . . 27
3.2 The Principle of Relevant Information . . . . . . . . . . . . . . . . . . . . 28

3.2.1 PRI as a Self-organization Mechanism . . . . . . . . . . . . . . . . 30
3.2.2 On the Influence of λ . . . . . . . . . . . . . . . . . . . . . . . . . . 30
3.2.3 A Note on Information Theoretic Vector Quantization . . . . . . . . 34
3.2.4 Practical Issues and Open Questions . . . . . . . . . . . . . . . . . 35

3.3 Alternative Solutions to the Principle of Relevant Information . . . . . . . 36
3.3.1 The PRI as a Weighting Problem . . . . . . . . . . . . . . . . . . . 36
3.3.2 Sequential Minimal Optimization for the PRI . . . . . . . . . . . . . 39

3.3.2.1 Decomposition into smaller subproblems . . . . . . . . . 41
3.3.2.2 Sequential minimal optimization algorithm . . . . . . . . . 43
3.3.2.3 SMO algorithm . . . . . . . . . . . . . . . . . . . . . . . . 44
3.3.2.4 Selecting the working set . . . . . . . . . . . . . . . . . . 45

3.3.3 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
3.3.3.1 Synthetic data . . . . . . . . . . . . . . . . . . . . . . . . 46
3.3.3.2 Image retrieval with partially occluded data MNIST . . . . 48

3.4 The Information Potential RKHS Formulation of the PRI . . . . . . . . . . 52

5



4 ESTIMATING ENTROPY-LIKE QUANTITIES WITH KERNELS . . . . . . . . . 56

4.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
4.1.1 Hilbert Space Representation of Data . . . . . . . . . . . . . . . . 58
4.1.2 The Cross-Information Potential RKHS . . . . . . . . . . . . . . . . 60

4.2 Positive Definite Matrices, and Renyi’s Entropy Axioms . . . . . . . . . . . 61
4.2.1 Entropy inequalities for Hadamard Products . . . . . . . . . . . . . 64
4.2.2 The Tensor and Hadamard Product Entropy Gap . . . . . . . . . . 67
4.2.3 The Single and Hadamard Product Entropy Gap . . . . . . . . . . 67

4.3 Infinitely Divisible Functions . . . . . . . . . . . . . . . . . . . . . . . . . . 68
4.3.1 Direct-Sum and Product kernels . . . . . . . . . . . . . . . . . . . . 68

4.3.1.1 Direct-sum kernels . . . . . . . . . . . . . . . . . . . . . . 68
4.3.1.2 Product kernel and tensor product spaces . . . . . . . . . 69

4.3.2 Negative Definite Functions and Infinite Divisible Matrices . . . . . 70
4.3.2.1 Negative definite functions and Hilbertian metrics . . . . 70
4.3.2.2 Infinite divisible matrices . . . . . . . . . . . . . . . . . . 70

4.4 Statistical Properties of Gram Matrices and their connection with ITL . . . 72
4.4.1 The trace of Gα . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
4.4.2 The Spectrum of G and Consistency of its Estimator . . . . . . . . 75

4.5 Experiments: Independence Test . . . . . . . . . . . . . . . . . . . . . . . 78

5 INFORMATION THEORETIC LEARNING WITH MATRIX-BASED ENTROPY . 83

5.1 Computing Derivatives of Matrix Entropy . . . . . . . . . . . . . . . . . . . 83
5.2 Supervised Metric Learning . . . . . . . . . . . . . . . . . . . . . . . . . . 84
5.3 Transductive Learning with an Application to Image Super Resolution . . 87

6 CONCLUSIONS AND FUTURE WORK . . . . . . . . . . . . . . . . . . . . . . 91

APPENDIX

A BASIC DEFINITIONS AND STANDARD NOTATION . . . . . . . . . . . . . . . 94

A.1 Shannon’s Entropy and Mutual Information . . . . . . . . . . . . . . . . . 94
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Information theory provides principled models for different machine learning

problems, such as clustering, dimensionality reduction, classification, and many others.

However, using the definitions of information theoretic quantities directly, posses a

challenging estimation problem that often leads to strong simplifications, such as

Gaussian models, or the use of plug in density estimators that restrict the kind of

representations that we can use on the data. In this work, we adopt a data-driven

perspective based on reproducing kernel Hilbert space methods that leads to successful

application of information theoretic principles without resorting to estimation of

the underlying probability distributions. The proposed methodology offers several

advantages compared to other state of the art work such as entropic graphs because

it can provide quantities that are more amenable for optimization (differentiability) as

well as the representation flexibility that kernel methods provide. The work is divided

into two main parts. First, we introduce an information theoretic objective function

for unsupervised learning called the principle of relevant information. We employ an

information theoretic reproducing kernel Hilbert space (RKHS) formulation, which

can overcome some of the limitations of previous approaches based on Parzen’s

density estimation. Results are competitive with kernel-based feature extractors

such as kernel PCA. Moreover, the proposed framework goes further on the relation

between information theoretic learning, kernel methods and support vector algorithms.
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For the second part, which is motivated by the results and insights obtained by the

RKHS formulation of the principle of relevant information, we develop a framework

for information theoretic learning based on infinitely divisible matrices. We formulate

an entropy-like functional on positive definite matrices based on Renyi’s definition

and examine some key properties of this functional that lead to the concept of infinite

divisibility. This formulation avoids the plug in estimation of density and allows to

use the representation power that comes with the use of positive definite kernels.

Learning from data comes from using this functional on positive definite matrices that

correspond to Gram matrices constructed by pairwise evaluations of infinitely divisible

kernels on data samples. We show how we can define analogues to quantities such

as conditional entropy that can be employed to formulate different learning problems,

and provide efficient ways to solve the optimization that arise from these formulations.

Numerical results using the proposed quantities to test independence, metric learning,

and image super-resolution show that the proposed framework can obtain state of the

art performances.
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CHAPTER 1
INTRODUCTION

1.1 The Problem of Learning

In a system, learning is the property to incorporate external information to improve

its performance in a particular task. In this sense the system tries to infer general rules

from a set of given examples. The rules can be in the form of a function that model the

dependence relation between input output pairs or can consist of some observation

about the structure of the spaces where the examples are represented. The information

provided to the system mainly comes from a set of observed inputs {xi} ⊂ X , although

other sources of information may be given depending upon the task and the context

in which the system is put. Usually three scenarios can be described. The supervised

setting, where the task correspond to finding a rule of association between pairs

{(xi , yi)} of observed inputs and corresponding targets given by an expert (external

agent). Therefore, learning occurs when the system effectively predicts the correct

output for an non previously seen input. A second scenario is called reinforcement

learning in which the system interacts with the environment by performing actions that

feedback to the system in the form of rewards or punishments. In this case the observed

inputs are called the states. The goal of adaptation is to find a suitable set of actions

that will maximize the reward over time and this sequence will depend on the observed

state. The third setting, called unsupervised learning. In this case, we can loosely say

that the only information available is through the observed inputs. The assumption is the

presence of regularities among the observed examples since there is a process behind

their generation. Therefore, the goal is to find such regularities and one motivation for

doing so is that expressing the available information in terms of the underlying causes

may simplify further stages of processing. This view assumes a generative model for

the observed data. However, one cannot argue the actual causes will be unveiled by the

learning process since learning must be always accompanied by assumptions that may

12



or may not necessarily agree with reality 1 . Therefore, we can think of exploiting the

statistical regularities to encode the observed inputs into more compact representations

and also reduce the effect of some external noise which in the absence of additional

information is assumed to be unstructured, by exploiting the redundancy in the inputs.

This is a feature extraction point of view of unsupervised learning.

From system design perspective, feature extraction has been considered an

important stage for increasing accuracy and reducing over-fitting in commonly

encountered subsequent tasks such as classification or regression or action selection.

While features can be handcrafted based on the external knowledge about the domain

of the application, learning the features offers advantages such as adaptability across

different domains without much external intervention. However, to apply the learning

from examples paradigm to the problem of finding a representation, we need to address

two main questions:

• How to assess the effectiveness of a representation without having to
evaluate the results on the subsequent tasks?

• What are the desirable properties in the representation?

Throughout literature, this questions have been approached from different perspectives

leading to myriad of techniques. Yet surprisingly, is the fact that many of these

techniques overlap either by using the same criteria to assess their effectiveness, or

in the properties of the conveyed representations.

1.2 Statistical Learning Perspective

Let us begin with the supervised learning setting. Here, we are limited to a set

of n observations {(xi , yi)}ni=1 ⊂ X × Y that are assumed to be i.i.d. and sampled

1 In the absence of assumptions there is no privileged or “best” feature
representation, and that even the notion between patterns depends implicitly on
assumptions that may or not be correct [22]
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from an unknown joint distribution P(x , y). The dependence between X and Y is

modeled through a functional relationship y = f (x) that tries to capture the unknown

conditional distribution P(y |x). The function f (x) is chosen from a set of possible

functions (hypothesis) F = {f (x ,α); α ∈ Θ}. The quality of a particular approximation

f (x ,α) is ideally measured in terms of an average loss defined as:

R(α) =

∫

X ,Y

ℓ (x , y , f (x ,α)) dP(x , y). (1–1)

The loss function ℓ measures the point-wise accuracy of the approximation and therefore

influences the optimal choice. Typically, ℓ is a nonnegative function and ℓ (x , y , f (x ,α)) =

0 if y = f (x ,α). (1–1) also know as risk functional cannot be computed in practice since

P(x , y) is unknown. Instead, an empirical version is computed based on the sample of

size n as

Remp(α) =

∫

X ,Y

ℓ (x , y , f (x ,α)) dPn(x , y) =
1

n

n∑

i=1

ℓ (xi , yi , f (xi ,α)) (1–2)

where Pn denotes the empirical distribution Pn(x , y) = 1
n

if (x , y) = (xi , yi) for i = 1, ... , n ,

and 0 otherwise. The empirical risk (1–2) is often accompanied by a regularization term

that control overfitting when the function class F is too rich

Rreg(α) = Remp(α) + Ω (f (x ,α)) . (1–3)

The regularization term Ω (f (x ,α)) artificially shrinks the function class, which is justified

theoretically by generalization bounds of the form R(α) ≤ Remp(α) + C(F), where C(F)

is a term measuring the capacity of the function class. The above risk can be adapted

to the case of unsupervised learning. In this setting the desired outputs are the inputs

themselves and f captures the structure of the data. Therefore it is necessary to find

ways to restrict the the possible choices for f to avoid trivial solutions. How to restrict the

choices is an open question that explains why in unsupervised learning, there has been

distinctions between clustering and projection methods. However, some of the tools

14



Figure 1-1. Different fittings to the data. The left figure shows a reasonable fit under
smoothness assumptions of the functional dependency. The middle figure is
an example of under fitting, which consider an overly simplistic model of the
data and thus introduces large errors. The rightmost figure shows an
example of how a rich class of functions can provide a candidate that can fit
perfectly the data but maybe wrong in predicting the relation for unseen
exemplars under the assumption of smoothness.

employed to analyze and solve the problems show that they are intimately related [45].

In the following, we motivate the idea of using information theory to address the problem

of learning and highlight the relation with the regularized risk minimization setting that

we have just presented.

1.3 Rate Distortion, the Information Bottleneck, and Learn ing

In the Shannon’s view of information transfered through a channel, it was shown

that the noise and bandwidth inherent to the channel determines the rate at which

information can be transfered, and any attempt to transfer information above the limit

imposed by the channel will incur in some error in the recovered message. This result is

known as the channel capacity where the objective is to transmit information with zero

error limit. Allowing some loss of information in the process yields the rate-distortion

function. The information rate-distortion function R(D) is defined as:

R(D) = min
q(x̂ |x)

I (X ; X̂ ) subject to E[d(X , X̂ )] ≤ D (1–4)

where d(·, ·) is a distortion function that can be related to the loss incurred when

the exact value of the input cannot be recovered from the output and E[d(X , X̂ )] =
∑
x,x̂ p(x)q(x̂ |x)d(x , x̂). As we can see the average distortion is an analogue quantity

15



to the risk functional (1–1), and the mutual information I (X ; X̂ ) can be related to a

regularization term that provides the least committed mapping from x to x̂ .

1.3.1 Example: Rate Distortion and PCA

The relation between rate distortion and PCA arises from the assumption of

Gaussian source. Consider the Gaussian random vector X ∈ Rd with zero mean and

covariance Σ. We can find similarity transformation U to a Gaussian random vector

Z ∈ Rd with zero mean and covariance Γ, such that UTΣU = Γ. The transformation

matrix U is unitary which implies det (U) = 1, and thus, h(X ) = h(Z) and the mapping is

a bijection 2 . The following theorem from [16] will complete our result.

Theorem 1.3.1. (Rate distortion for a parallel Gaussian sou rce) Let Xi ∼ N (0, γ2i ),

i = 1, ... , d , be independent Gaussian random variables, and the distortion measure

d(x , x̂) =
∑d

i=1(xi − x̂i)2. Then the rate distortion function is given by

R(D) =

d∑

i=1

1

2
log

γi
Di

(1–5)

where

Di =





λ if λ < γ2i

γ2i if λ ≥ γ2i ,
(1–6)

and λ is chosen so that
∑d

i=1Di = D.

Applying the result to the random vector Z yields the conclusion that the rate for

components with variance less than λ will be zero, and thus, no effort in representing

such component should be made. This is the scheme by PCA in selecting the

components where a variance threshold is set and only those components above

the threshold are retained. On the other hand, λ plays the role of the observation noise

2 Note, we are not using mutual information to relate X and Z , because in this case
the mutual information is infinite
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in the generative model for PCA, but the main difference is that Ẑ is not assumed to be

N (0, I).

1.3.2 The Information Bottleneck

In rate distortion, the basic assumption is that the distortion measure is given;

therefore, the results will depend on what distortion measure has been chosen.

The information bottleneck [87] proposes an alternative way of formulating the

precision-complexity trade-off without defining a distortion measure in advance. This is

done by including a reference variable Y , called the relevant variable, into the problem.

As in rate distortion, one wants to compress X into X̂ , such that, the mutual information

between X̂ and Y is maximized, that is,

min
q(x̂ |x)

I (X ; X̂ )− βI (X̂ ;Y ) (1–7)

where β > 0 is the trade-off parameter. An equivalent formulation of (1–7) as a

constrained optimization problem is based on the so called the relevance-compression

function, which depends on the joint distribution P(x , y), and is defined as follows:

R̂(D̂) = min
q(x̂ |x)

I (X ; X̂ ) subject to I (X̂ ;Y ) ≥ D̂, (1–8)

that is, R̂(D̂) is the minimal achievable compression, for which the relevant information is

above D̂ [83]. It is important to make clear that X̂ should be completely defined given X

alone, this implies the following Markovian relation Y → X → X̂ , that combined with the

data processing inequality shows that I (X̂ ;Y ) ≤ I (X ;Y ).

In the above, we wanted to motivate the use of information theory to describe the

learning problem. Nevertheless, the above formulation assume the availability of the

distributions, which as we pointed out at the beginning of the discussion, is not the case.

To make this formulation practical, we must have actual estimators of such operational

quantities based on the observed data. Here, we thrive in the previous work on infor-

mation theoretic learning (ITL) and its relation to kernel methods in machine learning.
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This brings along the generality level at which information theory treats a problem with

the powerful tools from machine learning to deal with practical problems. The goal of

this thesis is to develop a framework for learning based information theoretic principles

that effectively captures statistical regularities directly from data. To this end, we employ

reproducing kernel Hilbert space methods and show how they can be employed to

compute quantities with similar properties to entropy, mutual information and divergence.

In this way, we can successfully integrate information theoretic principles to the problem

of learning and obtain data driven representations that convey the necessary information

to perform subsequent tasks, i.e. further stages of data processing.

First, we investigate an objective function called the principle of relevant information

(PRI), which trades off between faithfulness of the representation as information

preservation and parsimony of the representation. This brings together two core

concepts of information theory, divergence and entropy. From the principle, it has

been observed different levels of interaction of these two quantities relate to common

tasks in unsupervised learning, ranging from clustering to manifold learning, and back

to quantization. The estimators employed within the principle have led to establish

connections between kernel methods and information theoretic objectives, and integrate

powerful tools from optimization and machine learning into the algorithms that effectively

manipulate information at its very essence.

In the second part, motivated by the idea of avoiding density estimation, we

propose a matrix based formulation of entropy-like quantities that can be employed

for information theoretic learning. These ideas lead to the concept infinitely divisible

matrices and establish a theoretical framework that allows the use of reproducing

kernel Hilbert space methods to pose learning problems as optimization of information

theoretic quantities.

18



1.4 Contributions of the Present Work

We introduce an alternative formulation of the principle of relevant information

based on the reproducing kernel Hilbert space understanding of ITL with the cross

information potential. We showed how the information theoretic formulation of the

principle can be cast as quasi-convex optimization problem and provide an efficient

solution that was motivated by the sequential minimal optimization method developed

for support vector machines. This first part serves as a motivation to investigate further

on the RKHS formulations for ITL We develop a kernel based framework for information

theoretic learning by studying the properties of entropy like functionals of positive

definite matrices that avoids the process of estimating the underlying probability

distribution as intermediate step. We arrive at the concept of infinitely divisible

matrices as the bridge between two Hilbert spaces. One Hilbert space is related to

the infinite divisible kernel provides the Gram matrix that can be employed to compute

the entropy-like functionals on positive definite matrices. The second Hilbert space is

the actual representation of the data, that comes from the relation between an infinite

divisible matrices and conditionally negative definite matrices, that can be embedded

in Hilbert spaces. We studied the integral operators involved in the limit cases of the

proposed matrix functional using some of the analysis that has been done for positive

definite kernels in the context of learning. This framework provides means of posing

different learning problems (we mainly focus on supervised and unsupervised) based

on information theoretic quantities, and brings to the table new application domains that

where not addressed before, for instance applications that employ kernels for structured

domains such as graphs, time series, could be included in the proposed framework.
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CHAPTER 2
MATHEMATICAL PRELIMINARIES

In this chapter, we provide a brief account of the introductory concepts of the

theory of reproducing kernel Hilbert spaces. We start with their formal definition and

introduce the necessary and sufficient conditions for a function to be a reproducing

kernel. Following, we present some situations where the theory of reproducing kernel

that are relevant to learning. The contents of this chapter are based on the papers by

Aronszajn [3], Parzen [58], the book by Schölkpf and Smola [76], and the book [17].

2.1 Reproducing Kernel Hilbert Spaces

Let X be a set and F be a vector space of functions from X to the a field F; in

particular, let F = R. We say that H is a reproducing kernel Hilbert space (RKHS) on X

over R, if:

(i) H is a vector subspace of F ;

(ii) H is endowed with an inner product product, 〈·, ·〉, and is complete in the metric
induced by it;

(iii) for every x ∈ X and f ∈ H, the linear evaluation functional Fx : H 7→ R, defined as
Fx(f ) = f (x) , is bounded.

From Riez theorem [41], we know that for any bounded functional H on a Hilbert space

H, there exists a unique vector h ∈ H such that: H(f ) = 〈h, f 〉 for all f ∈ H. In particular,

for each evaluation functionals Fx there exist a corresponding vector κx ∈ H. The

bivariate function defined by

κ(x , y) = κx(y) (2–1)

is called a reproducing kernel for H; it is easy to verify that,

κ(x , y) = 〈κx , κy 〉 (2–2)

and ‖Fx‖2 = ‖κx‖2 = 〈κx , κx〉 = κ(x , x). Let H be a RKHS on the set X with kernel

κ. The linear span of {κ(·, x) : x ∈ X} is dense in H. This results from the fact that
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any function f orthogonal to the the span of {κ(·, x) : x ∈ X} must satisfy 〈f , κx〉 for all

x ∈ X , and thus f (x) = 0 for every x ∈ X .

Lemma 2.1.1. Let {fn} ⊆ H. If limn ‖fn − f ‖ = 0, then f (x) = limn fn(x) for every x ∈ X

Proof 2.1.1. This is a simple consequence of the reproducing property and Cauchy-

Schwarz inequality.

|fn(x)− f (x)| = |〈fn − f , κx〉| ≤ ‖fn − f ‖‖κx‖ → 0

�

A consequence of the above lemma is:

Proposition 2.1.1. Let H1 and H2 be RKHS on X with kernels κ1 and κ2, respectively. If

κ1(x , y) = κ2(x , y) for all x , y ∈ X , then H1 = H2 and ‖f ‖1 = ‖f ‖2 for every f .

Proof 2.1.2. we can take κ(x , y) = κ1(x , y) = κ2(x , y) and thus the Mℓ = span{κx ∈ Mℓ :

x ∈ X} is dense in Hℓ, and for any f (x) =
∑
i αiκxi (x) there is no regard about whether

f belongs to either M1 or M2. Note that ‖f ‖21 =
∑
i,j αialphajκ(xi , xj) = ‖f ‖22, and thus

‖f ‖1 = ‖f ‖2 for every f ∈ M1 = M2. If f ∈ H1, then there is a sequence of functions

{fn} ⊂ M1 that converge to f in norm. Since {fn} is Cauchy in M1 is also Cauchy in M2,

so by completeness of H2 there exist g ∈ H2 such that fn → g. Then, by Lemma 2.1.1,

we have that f (x) = limn fn(x) = g(x) for every x ∈ X , thus every f ∈ H1 is also in H2
and vice versa, and H1 = H2. Finally, we can extend ‖f ‖1 = ‖f ‖2 to all H1 and H2.

�

In other words, two different reproducing kernel Hilbert spaces do not have the

same reproducing kernel. The following theorem shows an alternative way to express

the reproducing kernel of a RKHS H

Theorem 2.1.1. Let H have reproducing kernel κ. If {eλ : λ ∈ Λ} is an orthonormal basis

for H; then

κ(x , y) =
∑

λ∈Λ
eλ(x)eλ(y). (2–3)

where the series converges point-wise.
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Proof 2.1.3. Since {eλ : λ ∈ Λ} is an orthonormal basis

κx =
∑

λ∈Λ
〈eλ, κx〉eλ =

∑

λ∈Λ
eλ(x)eλ

where the series converges in norm (Parseval identity). Then. by Lemma 2.1.1

κx(y) =
∑

λ∈Λ
eλ(x)eλ(y) = κ(x , y).

�

Now, we turn the focus on κ(x , y) and explore necessary and sufficient conditions

for this function to be a reproducing kernel. A matrix A ∈ Rn×n is called positive definite

if it is symmetric and
n∑

i,j=1

αiαjAij ≥ 0 (2–4)

for any αi ∈ R. A real function of two variables κ(x , y) is called a positive definite

function if for any finite subset {xi} ⊆ X the matrix Kij = κ(xi , xj) is positive definite.

Proposition 2.1.2. Let H be a RKHS on X with reproducing kernel κ. Then, κ is a

positive definite function

Proof 2.1.4. For a fixed {xi} ⊆ X , we have

n∑

i,j=1

αiαjκ(xi , xj) =

〈
n∑

i=1

αiκxi ,
n∑

i=1

αiκxi

〉
=

∥∥∥∥∥

n∑

i=1

αiκxi

∥∥∥∥∥

2

≥ 0

�

To conclude this section, we show Moore’s Theorem, which is the converse to

the above result and gives us a characterization of a positive definite functions to be a

sufficient condition for the function to be the reproducing kernel of some RKHS H.

Theorem 2.1.2. Let X be a set and κ : X × X 7→ R be a positive definite function. Then,

there exist a reproducing kernel Hilbert space H of functions on X , such that, κ is the

reproducing kernel of H

22



Proof 2.1.5. Consider the functions κx(y) = κ(x , y) and the spaceW spanned by the

set {κx : x ∈ X}. The following bilinear map B :W ×W 7→ R

B

(
∑

i

αiκxi ,
∑

j

βjκxj

)
=
∑

i,j

αiβjκ(xi , xj),

where αi , βj ∈ R, is well defined onW . To support the above claim, notice that if

f (x) =
∑
i

αiκxi (x) is zero for all x ∈ X , then by definition B(f , κx) = 0 for all x .

Conversely, if B(f ,w) = 0 for all w ∈ W , then by taking w = κx we see that f (x) = 0.

Thus B is well defined.

Since κ is positive definite B(f , f ) ≥ 0 and we see that B(f , f ) = 0 if and only

if B(w , f ) = 0 for all w ∈ W , therefore f (x) = 0 for all X . Now we have shown that

W is a pre-Hilbert space with inner product B. Let H denote the completion ofW , we

need to show that every element of H is function on X . Let h ∈ H be the limit point

of a Cauchy sequence {fn} ⊆ W . By Cauchy-Schwarz inequality |fn(x) − fm(x)| =

|B(fn − fm, κx)| ≤ ‖fn − fm‖κ(x , x). Hence, the point-wise limit h(x) = limn fn(x)

is well defined. TO conclude, let 〈·, cdot〉 be the inner product on H. Then, we have

〈h, κx〉 = limn〈fn, κx〉 = limn B(fn, κx) = h(x). Thus H is a reproducing kernel Hilbert

space with reproducing kernel κ.

�

Finally, combining Proposition 2.1.1 with Moore’s Theorem shows there is a

correspondence between RKHS’s on the set X and positive definite functions on this

set.

2.2 The Covariance Function

Consider a stochastic process {X (t) : t ∈ T }, where X (t) are real random

variables defined on a probability space (Ω,B,P) with bounded second order moments,

that is,

E |X (t)|2 =
∫

Ω

|X (t)|2dP <∞ (2–5)

23



Without loss of generality, we can consider random variables with zero mean, E[X (t)] =

0 for all t ∈ T ; the covariance function is defined as,

R(s, t) = E[X (s)X (t)] =

∫

Ω

X (s)X (t)dP (2–6)

It is easy to verify that R is a positive definite function and therefore defines a reproducing

kernel Hilbert space of functions on T . A result originally due to Loéve, and presented

by Parzen in [58] showed a congruence map between the RKHS induced by the

function R and the L2 space that correspond to the completion of the span of the set

{X (t) : t ∈ T } denoted by L2(X (t) : t ∈ T ).

Theorem 2.2.1. Let {X (t) : t ∈ T } be a random process with covariance kernel R.

Then L2(X (t) : t ∈ T ) is congruent with the reproducing kernel Hilbert space H with

reproducing kernel R. Furthermore, any linear map ψ : H 7→ L2(X (t) : t ∈ T ) which has

the property that for any f ∈ H and any t ∈ T

E[ψ(f )X (t)] = f (t) (2–7)

is the congruence from H onto L2(X (t) : t ∈ T ), which maps R(·, t) into X (t)

2.3 RKHSs in Machine Learning

The study positive definite kernels in machine learning was initially motivated as a

generalization of a well body of theory that has been developed for linear models and

algorithms. In this context, a positive definite kernel κ is an implicit way to represent

the set X objects of interest. We have already seen that there is a correspondence

between a positive definite kernel κ and a reproducing kernel Hilbert space of functions

H with reproducing kernel κ. Therefore, the kernel can be understood as an indirect way

to compute inner products between elements of a Hilbert space that are the result of

mapping the elements of X to H. In other words, there exist a mapping φ : X 7→ H, such

that

κ(x , y) = 〈φ(x),φ(y)〉. (2–8)
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The space H is know as the feature space and φ is called the feature map. One of the

big appeals of this idea is that by performing linear operations in H, we may be able

to perform nonlinear manipulations in the input space X , and most importantly that

there is no need to perform any explicit computations in the feature space. Notice, this

idea is completely different to the congruence map introduced in Theorem 2.2.1. An

important result associated with the use of positive definite kernel in machine learning is

the representer theorem [40] which is presented below.

Theorem 2.3.1. (Representer theorem)[ 76]. Let Ω : [0,∞) 7→ R be a strictly monotonic

increasing function, X be a set, and c : (X ×R2)n 7→ R ∪∞ be an arbitrary loss function.

Then, each minimizer f ∈ H of the regularized risk functional

c((x1, y1, f (x1)), ... , (xn, yn, f (xn))) + Ω
(
‖f ‖2H

)
(2–9)

admits a representation of the form

f (x) =

n∑

i=1

αiκ(xi , x). (2–10)

Proof 2.3.1. Let S = span{κ(·, xi) : xi ∈ X , i = 1, ... , n} denote the subspace of

H spanned by the n training samples. Consider a solution f ∈ H, this solution can be

expressed as f = fS+ fS⊥ where fS ∈ S and fS⊥ ∈ S⊥. Therefore f (xi) = fS(x)+ fS⊥(xi) =

fS(x) + 0. Now for the second term of (2–9), we have that

Ω
(
‖f ‖2H

)
= Ω

(
‖fS‖2H + ‖fS⊥‖2H

)
,

since Ω is strictly monotonic increasing we can see that the minimum will be achieved

for ‖fS⊥‖2H = 0 which implies that fS⊥ = 0.

�

The representer theorem basically states that the solution to the minimization of

the regularized risk functional can be expressed in term of the so called training sample

{(xi , yi)}ni=1. This is important because it allows us to deal with problems that at first
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glance appear to be infinite dimensional. Notice that the regularization does not prevent

(2–9) of having local multiple minima, this property would require some extra conditions

such as convexity.
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CHAPTER 3
THE PRINCIPLE OF RELEVANT INFORMATION

3.1 Information Theoretic Learning in a Nutshell

An alternative paradigm for learning based on the ideas underlying information

theory was proposed in [63]1 . Information theoretic learning (ITL) is a blend of ideas

from information theory and the theory of adaptive systems to accomplish information

filtering in a nonparametric fashion. ITL objective functions are build upon the concepts

of entropy and divergence (extends to mutual information). Learning from data is made

possible by using Parzen windows to compute plug in estimators of Renyi’s entropy. For

a random variable X ∈ X ⊆ Rd and probability density function f (x), Renyi defined a

family of entropy functionals

Hα(X ) =
1

1− α log
∫

X

f α−1(x)f (x)dx (3–1)

indexed by the parameter α. The case of α = 2 is of particular interest because it

provides an estimator of a rather simple form. Let {xi}ni=1 ⊂ X be an i.i.d. sample

from the random variable X with density f (x). For a Parzen window estimate f̂ (x) =

1
n

∑n

i=1 κσ(x , xi), the plug in estimator of Renyi’s entropy of order 2 is given by

Ĥ2(X ) = − log
(
1

n2

n∑

i,j=1

κ√2σ(xi , xj)

)
(3–2)

where κσ(x , y) = Cσ exp−‖x−y‖2
2σ2

is the Gaussian kernel with parameter σ. Following a

similar line of thinking, ITL uses two definition of divergence that are compatible with

1 A more complete account of ideas developments and algorithms can be found in
[62].
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Renyi’s entropy of order 2: a divergence measure based on the Euclidean norm,

DED(X ;Y ) =

∫

X

(f (x)− g(x))2 dx

=

∫

X

f 2(x)dx +

∫

X

g2(x)dx − 2
∫

X

f (x)g(x)dx ;

(3–3)

and a measure based on the Cauchy-Schwarzs inequality,

DCS(X ;Y ) = − log

(∫
X
f (x)g(x)dx

)2

∫
X
f 2(x)dx

∫
X
f 2(x)dx

= log

∫

X

f 2(x)dx + log

∫

X

g2(x)dx − 2 log
∫

X

f (x)g(x)dx .

(3–4)

Note that both divergences share similar terms, but most interestingly is that these terms

correspond to variations of the same building block. The cross-information potential

V (X ,Y ) =

∫

X

f (x)g(x)dx (3–5)

which correspond to an inner product between probability density functions and thus

acts as a measure of similarity. It turns out that the estimator of (3–5) also takes a

simple form when estimated from data. Let {xi}ni=1 and {yi}mi=1 be i.i.d. samples from

f (x) and g(x), respectively; The plug in estimator of the cross-information potential is

given by:

V̂ (X ,Y ) =
1

nm

n∑

i=1

m∑

j=1

κ√2σ(xi , yj) (3–6)

3.2 The Principle of Relevant Information

All the methods we reviewed for unsupervised learning C refer to information

preservation, but their approach at quantifying information is somehow loose given

that information theory provides operational quantities that appropriately accomplish

such objective. Nevertheless, estimating information theoretic quantities from data is

a difficult problem leading to simplifications and assumptions that may lead to poor
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results or negligible improvement if data is far from being in agreement with the imposed

restrictions. In this respect, information theoretic learning (ITL) [62] develops a

framework that deals with estimators that have the information theoretic flavor yet are

simple to compute from data. Here, we present a principle motivated by the goals in

unsupervised learning, which effectively manipulates information by setting the problem

within th ITL framework.

Structure can be associated to the statistical regularities present on the outcomes

of a process. Therefore, the entropy related to these outcomes can be attributed in part

to the underlying structure, and the rest to particularities of each outcome, i.e. details

or even random perturbations. Hence, we can think of the minimization of entropy as a

means of finding such regularities. Suppose we are given a random variable S with PDF

g, for which we want to find a description in terms of a PDF f with reduced entropy, that

is, a variable X that captures the underlying structure of S . The principle of relevant

information (PRI) formulates the above problem as a trade-off between the entropy

H2(f ) of X and its descriptive power about the observed random variable S in terms of

their relative entropy DCS(f ‖g). For a fixed PDF g ∈ F the objective is given by:

J(f ) = H2(f ) + 2λDCS(f ‖g), (3–7)

where λ is the trade-off parameter. The minimization of J within a set of admissible

PDFs F should lead to a function f ∈ F that has minimum entropy, but at the same

time, the information gain from observing the sample which is represented by g is also

maximized. Nevertheless, as it is often the case, it is necessary to choose a way to

compute g from the sample and suitable space F to search for f . The only available

information about g is encoded in a sample S = {xi}Ni=1, and some assumptions about

the function class F must be made in order to obtain a tractable solution.
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3.2.1 PRI as a Self-organization Mechanism

A suitable way to frame the above search as an optimization problem was proposed

in [68]. This solution combines Parzen density estimation with a self organization of a

sample to match the desired density f that minimizes (D–8). The optimization problem

becomes:

arg min
X∈(Rd)M

[
Ĥ2(X ) + λD̂CS(X‖S)

]
(3–8)

where S ∈ (Rd)N is a set of d-dimensional points with cardinality N , and X a set of

d-dimensional points with cardinality M. For the Parzen window with Gaussian kernel Gσ

we can evaluate the cost as:

−(1− λ) log
(
1

M2

M∑

i,j=1

Gσ
√
2(xi , xj)

)
− λ log

(
1
MN

M∑
i=1

N∑
j=1

Gσ
√
2(xi , sj)

)2

(
1
N2

N∑
i,j=1

Gσ
√
2(si , sj)

) (3–9)

where xi ∈ X and si ∈ S . We can further simplify the cost by dropping the denominator

on the right term of (D–11) since it is constant. The self organization principle moves

each particle xi according to the forces exerted by the samples S and X . The entropy

minimization creates attractive forces among the information particles xi ’s interacting

with the forces induced by the field created by the sample S , which restricts the motion

of each xi . The particles will move around the space until the whole system reaches

a point of equilibrium (Local minimum of J(X )). Computing the partial derivatives of

(D–11) with respect to each point in X yields a fixed point update described in Algorithm

1.

3.2.2 On the Influence of λ

Notice that the trade-off parameter λ can be varied between 0 and∞ determining

the strengths of each term in J and thus the equilibrium points. Consequently, we

should expect different behaviors of the system according to λ. First, we can look at the

extreme points in the range [0,∞). For λ → 0 all the points in X will collapse to one
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Algorithm 1 PRI algorithm with self organization
1: Initialization elements:

• S set of points for the original pdf ĝ.

• X (0) = S initial guess for f̂ .
2: Compute the information potential of X (t)

V̂ (X (t)) =
1

M2

M∑

i,j=1

Gσ
√
2(x

(t)
i , x

(t)
j )

3: Compute the cross-information potential between X (t) and S

V̂ (X (t),S) =
1

MN

M∑

i=1

N∑

j=1

Gσ
√
2(x

(t)
i , sj)

4: Update the elements of X with the following fixed point rule:

x
(t+1)
i = c

(
1− λ
λ

)∑N

j=1 Gσ
√
2(x

(t)
i , x

(t)
j )x

(t)
j∑M

j=1 Gσ
√
2(x

(t)
i , sj)

+

∑M

j=1Gσ
√
2(x

(t)
i , sj)sj∑M

j=1 Gσ
√
2(x

(t)
i , sj)

−c
(
1− λ
λ

)∑N

j=1 Gσ
√
2(x

(t)
i , x

(t)
j )∑M

j=1 Gσ
√
2(x

(t)
i , sj)

x
(t)
i

where c = MV̂ (X (t),S)

NV̂ (X (t))

5: Iterate the steps 2 through 4 until convergence.

single point, which in the limit case becomes independent of the target sample S . This

does not appear to be a very interesting case. The other extreme case is when X is

initialized by the locations provided by the sample S and λ → ∞. Here the locations

of X will not move away from the locations of S , the system is already in equilibrium.

Interesting cases arise when λ ≥ 1. For instance, it has been shown that the case

λ = 1 correspond to the Gaussian mean shift algorithm [67]. Other values of lambda

can provide other descriptions of the statistical structure of the data. We will illustrate

this phenomenon with a simple example, figure 3-1 shows a 2-dimensional sample S of

points distributed in a non-linear arrangement. Algorithm 1 is run for kernel size σ = 0.5

and different values of λ. Figure 3-2 shows the behavior of the entropy term Ĥ2(X ) and
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Figure 3-1. Data set utilized to illustrate the behavior of the self organization obtained by
the principle of relevant information
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Figure 3-2. Entropy X and cross-entropy with respect to S after equilibrium for different
values of λ. Notice that the values are plotted against 1

λ
for better

visualization.

the cross-entropy term Ĥ2(X ;S) obtained from the numerator of the rightmost term of

(D–11) for different values of the trade-off parameter on the dataset. We can observe

how this terms go through a series of transitions as λ increases. Figure 3-3 shows

the different arrangements of the points given by the different values of the trade off

parameter. We can see that the first transition occurs when λ starts moving away from

1. In the case of λ = 1 the points locate on the modes of the Parzen density estimator
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Figure 3-3. Resulting sample X after self-organization for different values of λ.
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of the PDF according to S . As λ increases points in X start to spread out, however they

do not move freely in all directions, and accommodate on rather regular patterns. For

example, for λ = 2 the points appear to form regular patterns reminiscent of principal

curves. As we go for larger values of λ, we see that regularity becomes less and less

evident, and points in X will spread similarly to the points in the sample S .

3.2.3 A Note on Information Theoretic Vector Quantization

Above, we argued that if we use the sample S as initial guess for X and we let

λ → ∞, we end up with X = S as the nearest equilibrium for the system related to the

PRI cost. Basically, this occurs because we only put emphasis on the C-S divergence

term in (D–8), and thus, a minimum of J(X ) is achieved if we have a set of points

that generate the same Parzen density estimate with the one based on S . Indeed,

the term controlling the uncertainty of X is neglected. This apparently non-interesting

case can be given a positive twist if we impose an entropy constraint in an indirect

fashion. The entropy minimization creates a bottleneck on the amount of information

the output contains. Quantization is an implicit way of limiting the amount of information

that can be possibly conveyed about the input variable by limiting the representation

alphabet. If we let the number of points X be less than the number of points in S , with

proper initialization, we can obtain a vector quantization algorithm since points in X will

distribute evenly on according to the Cauchy-Schwarz divergence with respect to S to

faithfully represent the set of points S . An important point here is that the capacity of the

representation is not limited by an entropic term, but by the number of points employed

in X . The quantization optimization problem is given by:

arg min
X∈(Rd)M

[
Ĥ2(X ) + λD̂CS(X‖S)

]
, (3–10)

where M is the number of possible states after quantization. Therefore, the self-organization

mechanism provided by the PRI can be applied in the training of a quantizer. Figure 3-4

displays the vector quantization solution obtained by the PRI fixed point algorithm with
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Figure 3-4. Resulting vector quantization using the PRI.

linear kernel annealing and uniform grid initialization for X . Notice that in this case

the fidelity measure of the vector quantization is based on the distribution, which has

a clear effect in how the vectors in X will distribute according to S . Since all points

in X are equally weighted, the PRI will place more points on regions where the PDF

estimated from S has larger values. This may or may not be an appealing property, but

it is highly problem dependent. For example, the application shown in [68] for the face

contours benefits from the above property since more vectors are located in regions that

contain more detailed features since they are more densely sampled. However, for other

compression scenarios the actual details are very rare events in the distribution and thus

overlooked by the PRI.

3.2.4 Practical Issues and Open Questions

The use of marginal distributions to optimize the objective function through self

organization arises practical issues and theoretical questions that eventually will lead

to a better understanding of the principle. Among the practical issues that were not

previously addressed we can list:

• How can we reduce the computational complexity of the optimization?
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• How well does the self organization principle operate in high dimensional spaces?
What is the influence of the Parzen density estimation underlying the solution?

• How can we apply the principle to other domains besides Rd?

• Is there a way to make the encoding explicit?

In the attempt to solve these issues, we also encounter a number of questions from

the theoretical point of view:

• How does the PRI avoid the computation of mutual information, which seems to be
a better-suited goal?

• Is there a more general formulation of the PRI than the one based of Parzen?

• Is there a geometric understanding of the PRI?

• What are the approximation guarantees for the finite sample regime?

In the following sections, we start to address some of the above issues to shape the

developments presented though the rest of this thesis.

3.3 Alternative Solutions to the Principle of Relevant Info rmation

3.3.1 The PRI as a Weighting Problem

For the set F of probability density functions that are square integrable in X ⊆ Rn,

we can define the cross-information potential V (CIP) as a bilinear form that maps

densities fi , fj ∈ F to the real numbers trough the integral,

V(fi , fj) =
∫

X

fi(x)fj(x)dx . (3–11)

It is easy to see that for a basis of uniformly bounded, square integrable probability

density functions, V is a positive semidefinite function on the span{F}. Now, consider

the set G = {g = ∑m

i=1 αiκσ(xi , ·)|xi ∈ Rn,
∑m

i=1 αi = 1, and αi ≥ 0}, where κσ

is a “Parzen” type of kernel which is also square integrable, that is, κσ is symmetric,

nonnegative, has bounded integral (can be normalized), belongs to L2, and shift

invariant with σ as the scale parameter. Clearly, for any g ∈ G we have ‖g‖2 ≤
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‖κσ(x , ·)‖2. Thence ,G is bounded. However, if the X is non-compact our search space

is also non-compact.

The objective function for the principle of relevant information (D–8) can be written

in terms of IP function. Using the Parzen based estimation, we restrict the search

problem to G ⊂ F . In this case, we have that equation (D–8) can be rewritten as:

J(f ) = − logV(f , f )− λ log [V(f , g)]2
V(f , f )V(g, g) (3–12)

straightforward manipulation of the terms yields an equivalent problem:

argmin
f ∈G
[−(1− λ) logV(f , f )− 2λ logV(f , g)] (3–13)

Two important aspects of the above objective are: the choice of the kernel, shape

and size σ, determines different scales for the analysis; the trade-off parameter λ

defines a set of regimes for the possible solutions to the problem. As we previously

mentioned, the only available information is contained in the sample S = {xi}Ni=1.

An approximation of the target density g is then given by its weighted Parzen window

estimator ĝ(x) =
∑N

i=1 αiκσ(xi , x), where αi ≥ 0 and
∑N

i=1 αi = 1. In our experiments, we

limit to αi = 1/N . To enforce compactness in our search space, we look for a solution f

that has the same form of ĝ, that is

f (x) =

N∑

i=1

βi fi(x) =
N∑

i=1

βiκσ(xi , x). (3–14)

where βi ≥ 0 and
∑N

i=1 βi = 1. By fixing λ and evaluating the information potential

between each pair (xi , xj) ∈ S × S , we can rewrite (3–13) in matrix notation as:

min
β

[
(λ− 1) logβTVβ − 2λ logβTVα

]

subject to βi ≥ 0 and
N∑

i=1

βi = 1,

(3–15)
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where Vij =
∫
X
κ(xi , x)κ(xj , x)dx . It it also important to highlight that for values of

λ → 1 the regularization term almost vanishes, and the maximum information gain

(inner product term) can be related to the modes of ĝ which are approximated by

the sharpest functions available, which in our setting, are individual windows that

satisfy convex combination constraint. Therefore, we can expect the modes of ĝ to be

almost orthogonal components. When λ is very close to one, the cross- entropy term is

dominant in the objective and the solution will lie on the corners in one of the corners of

the simplex. Figure 3-5 depicts the geometrical elements that explain this phenomenon.

The semicircles are loci of minimum and maximum L2 norm that intersect with the

simplex being the solution f ∗ with the largest norm the one maximizing the dot product

with the target distribution g.

Figure 3-5. Corner effect of the PRI objective based on weights

This insight highlights one of the major differences from the predecessor of the this

alternative formulation, and identifies the clustering behavior of the self-organization

principle as a local minimum of the objective function. Nevertheless, this is not to be

be taken as a disadvantage, it actually suggest a connection with the energy-models

for learning that we reviewed in Section C. This corner phenomena also motivates the

extraction of more than one solution. A reasonable approach is to deflate the target PDF

38



ĝ and run the algorithm on the new function. The deflation is given by:

αnew = αcrt −
βTVαcrt

(βTVβ)
β. (3–16)

the deflation just seems the right thing to do, but we don’t have any theoretical

justification for doing this. The optimization problem in (3–15) can be solved using

methods such as projected gradient along with a penalty function, but we run into

difficulties to set stepsize, scheduling the penalty function [14], and a matrix inversion

is required in the projection step. Application of second order methods such as Newton

give rise to at least O(N2) complexities in memory and calculations. In the next

section, we investigate a sequential optimization scheme that alleviates the memory

requirement, making the algorithm scalable to more realistic scenarios where sample

sizes are in the order tenths of thousands.

3.3.2 Sequential Minimal Optimization for the PRI

Notice that the form of the problem adopted in (3–15) is not a convex program.

Nevertheless, it can be turned into an equivalent form that can be recognized as a

convex program.

Proposition 3.3.1. The convex program,

min
β

βTVβ

subject to β ≥ 0

qTβ − η = 0

1Tβ − 1 = 0,

(3–17)

is equivalent to (3–15), where q = Vα and some η > 0.

Proof 3.3.1. By definition η > 0, thus the constraint log qTβ = log η is equivalent to

qTβ − η = 0. The positive semi definiteness of the information potential tell us that

βTVβ ≥ 0. However, taking into account qTβ − η = 0 guarantees strict inequality;

therefore, the minimizers of logβTVβ and βTVβ on the constraint set defined in (3–17)
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are the same. Hence, solving the following pseudo-convex program

min
β
logβTVβ

subject to β ≥ 0

log qTβ = log η

1Tβ − 1 = 0,

(3–18)

should yield the same solution. Now, the gradient of the objective in (3–15) with respect

to the weight vector β is,

∇J(β) = 2
(
λ− 1
βTVβ

)
Vβ − 2

(
λ

βTVα

)
Vα. (3–19)

By including the constraints 1Tβ = 1 and β ≥ 0, for λ > 1, the set of KKT necessary

conditions for local optimality in the Lagrangian L(β,µ, γ) = J(β) +
∑N

i=1 µici(β) + γe(β)

is 



∂
∂β
L(β,µ, γ) = ∇J(β) +∑N

i=1 µi
∂
∂β
ci(β) + γ

∂
∂β
e(β) = 0,

∂
∂µ
L(β,µ, γ) = c(β) ≤ 0,

µTc(β) = 0 = −µTβ,

µ ≥ 0,
∂
∂γ
L(β,µ, γ) = e(β) = 0 = 1Tβ − 1.

(3–20)

There are two possible cases for each β∗
i

• β∗
i > 0.

For which µ∗
i = 0 and

2
ti

β∗TVβ∗ − 2
(

λ

λ− 1

)
qi

β∗Tq
+ γ = 0, (3–21)

where t = Vβ.

• β∗
i = 0.

Yields

2
ti

β∗TVβ∗ − 2
(

λ

λ− 1

)
qi

β∗Tq
− µ∗

i + γ = 0. (3–22)
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Notice that γ = 2
(
1

λ−1
)
, therefore,

2
Vβ∗

β∗TVβ∗ − 2
(

λ

λ− 1

)
q

β∗Tq
− µ∗ + 2

1

λ− 1 = 0. (3–23)

Pre-multiplying (3–23) by (β − β∗) in the constraint set, yields the following set of

conditions

(β − β∗)T
[
2
Vβ∗

β∗TVβ∗ − µ∗
]
≥ 0, ∀β ≥ 0 : qTβ = η, 1Tβ = 1

µ∗Tβ∗ = 0

−β∗ ≤ 0

µ∗ ≥ 0

logqTβ∗ = log η

1Tβ∗ = 1, (3–24)

which by Theorem B.1.1 are sufficient conditions for the solution of a pseudo-convex

function defined on an open set with convex inequality constraints, that in our case

corresponds to (3–18).

�

Two important results come from the above proposition. One is obvious from the

statement in the proposition that tells us there exist an equivalent convex program that

solves (3–15). But even better is the one that comes as a byproduct of the proof. The

KKT first order conditions in (3–20) are necessary and sufficient to solve (3–15).

3.3.2.1 Decomposition into smaller subproblems

In the proof of Proposition 3.3.1, we solve a more convenient form of (3–15), for

which we factorize (λ− 1) from the objective. If we derive the the solution for the original

problem, the two cases (3–21) and (3–22) are replaced by:

• β∗
i > 0.

With µ∗
i = 0 and

2
λ− 1

β∗TVβ∗ ti − 2
λ

β∗Tq
qi + γ = 0, (3–25)
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where t = Vβ.

• β∗
i = 0.

2
λ− 1

β∗TVβ∗ ti − 2
λ

β∗Tq
qi − µ∗

i + γ = 0. (3–26)

Note that combining (3–25) and (3–26) with the optimal β∗, we have that γ = 2.
Using this fact along with the non-negativity of µ, yield the following condition,

Ati − Bqi > 1, (3–27)

where A = λ−1
β∗TVβ∗

and B = λ
β∗Tq

.

Let’s partition the set of indexes of the entries of β intoW , the working set, and P the

complementary set of inactive elements. Then, β =
(
βTW , β

T
P

)T
, for which we define the

following subproblem:

min
βW

[
(λ− 1) log

(
βTWVWWβW + 2β

T
PVPWβW + βTPVPPβP

)
+

− 2λ log
(
βTWqW + βTPqP

)]

subject to − βW ≤ 0, and
[
βTW1+ βTP1

]
= 1

(3–28)

Similar remarks to the ones made in [55] can be obtained for (3–28):

• The terms ϕA = βTPVPPβP and ϕB = βTPqP are constant in the subproblem

• The computation of 2βTPVPWβW is independent of the size of P and also of the
number of nonzero βi ’s

• Replacing βi , with i ∈ W with βj with j ∈ P leaves the cost unchanged and the
feasibility remains intact.

• If the subproblem is optimal before the above replacement, the new subproblem is
optimal if and only if βj satisfies the optimality conditions.

The so called “Build down” step is rather obvious. Now the “Build up” step that states

that moving a variable from P toW gives a strict improvement in the cost when the

subproblem is re-optimized. In our case, we can justify the build up since we prove

that the KKT first order conditions are necessary and sufficient for a solution to (3–15).

These build down and build up steps suggest a strategy for optimizing (3–15) by solving
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smaller subproblems. At each iteration, solve a subproblem that includes a constraint

violator picked from the complementary set P . Iterate until optimality conditions are

satisfied up to some desired level of accuracy.

3.3.2.2 Sequential minimal optimization algorithm

In the previous section (3.3.2.1), the optimization problem related to the principle of

information was decomposed into smaller subproblems that can be solved iteratively to

achieve the solution of the full problem. An important characteristic of such decomposition

is that the size of the working setW and the complementary set P are independent of

the number of support vectors in the solution, that is, the β∗
i ’s greater than zero. The

sequential minimal optimization proposed in [60] chooses the smallest subproblem that

can be solved at each iteration. This corresponds to solving for two variables at the time,

which can be found analytically. The latter is of particular appeal to solve PRI since our

cost does not have an standard form as it is the case for SVMs (quadratic program),

therefore, we cannot resort to off the shelf solvers for our problem.

Without loss of generality, we will refer to our variables in the working set as β1 and

β2 and the complementary set as P . By the equality constraint in the subproblem (3–28)

we have that β1 + β2 = 1 − βTP1 = w and thence β1 = w − β2. Let us denote by β̄i the

value of βi from the previous iteration. We can formulate the subproblem in terms of β2

as:

min
β2
[(λ− 1) logA(β2)− 2λ logB(β2)]

subject to 0 ≤ β2 ≤ w , and w = β̄1 + β̄2,

(3–29)

with

A(β2) = β22(V11 + V22 − 2V12) + 2β2(w(V12 − V11) + (υ2 − υ1)) + w2V11 + 2wυ1 + ϕA

where υi = Vi β̄ − V1i β̄1 − V1i β̄2, and ϕA = βP
TVPPβP ; and

B(β2) = β2(q2 − q1) + wq1 + ϕB
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where ϕB = βP
TqP . The solution to problem (3–29) lies on the line segment β1 = w − β2

with 0 ≤ β2 ≤ w . Computing the derivative of the objective in (3–29) yields a second

order polynomial on β2 (Details are given in Appendix B.2), thus solving

c2β
2
2 + c1β2 + c0 = 0 (3–30)

with coefficients:

c2 = −2(V11 + V22 − 2V12)(q2 − q1)

c1 = 2(λ− 1)(wq1 + ϕB)(V11 + V22 − 2V12) +

−2(λ+ 1)(w(V12 − V11) + (υ2 − υ1))(q2 − q1)

c0 = 2(λ− 1)(w(V12 − V11) + (υ2 − υ1))(wq1 + ϕB) +

−2λ(w2V11 + 2wυ1 + ϕA)(q2 − q1)

conveys candidate solutions that ought to be checked along with the end points of

the line segment. Let r1 and r2 be the roots of (3–30). Ruling out cases with complex

numbers, we have:

L = min{r1, r2} and U = max{r1, r2}

the candidate solutions are,

s1 =





0 L ≤ 0

L 0 < L < w

w L ≥ w

and s2 =





0 U ≤ 0

U 0 < U < w

w U ≥ w

(3–31)

If s1 6= s2 we check J(si) = [(λ− 1) logA(si)− 2λ logB(si)] and

β2 = arg min
si∈{s1,s2}

{J(si)} (3–32)

otherwise, β2 = s1 = s2.

3.3.2.3 SMO algorithm

The algorithm can be described into three basic steps:
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Step 1: Initialization

q ← Vα

f ← q

β ← α

IP(β) ← βTq

CIP(β) ← IP(β)

Step 2: Constants within an iteration

υi ← fi − V1i β̄1 − V2i β̄2

ϕA ← IP(β̄)− (2(β̄2f1 + β̄2f2)− (β̄21V11 + β̄22V22 + 2β̄1V12β̄2))

ϕB ← CIP(β̄)− (β̄1q1 + β̄2q2)

w ← β̄1 + β̄2

Step 3: Updates

β2 ← solution described in (3–32)

β1 ← w − β2

f ← f̄ + (β̄2 − β2)VT1 + (β2 − β̄2)VT2

IP(β) ← ϕA + (2(β1f1 + β2f2)− (β21V11 + β22V22 + 2β1V12β2))

CIP(β) ← ϕB + (β1q1 + β2q2)

Steps 2 and 3 are iterated for different working sets chosen according to some heuristics

that are described below.

3.3.2.4 Selecting the working set

There are two types of constraint violations: an equality constraint (3–25) if βi > 0,

and the inequality constraint (3–27) if βi = 0. The constraint violations are easy to
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compute at each iteration. Let ξ be defined as

ξ = 2
λ− 1
IP(β)

f − 2 λ

CIP(β)
q, (3–33)

the constraint qualifications are ξi = 2 if βi > 0, and ξi > 2 if βi = 0. In the description

of our algorithm, we chose to initialize β with the same values of α. However, our cost

function suggest that points for which qi is large will be expected to become support

vectors, that is βi > 0. We can then use β = q/(qT1) as the initial guess. However,

this would imply the computation of f at the initialization. It is customary to choose

α = 1
N
1. Then at the initial iteration all constraints will be violated (unless λ → ∞).

One pass through the whole set taking pairs of indexes (i , j), where i correspond to a

descending order of the samples according to f and j ’s taken at random will create the

first stage of sparseness in our weight vector β; this is our first heuristic. After this pass,

we can check whether (3–27) is satisfied for the current βi ’s that are zero. A second

stage suggest checking the within the set of samples with βi > 0, and for which ξi > 2

since they are most likely to vanish. We will stop when conditions are fulfilled within ǫ

tolerance.

3.3.3 Experiments

3.3.3.1 Synthetic data

Here, we are concerned with the computation of the principle of relevant information

on large sample sizes. The purpose of this experimental setup is to observe the

behavior of the algorithm in terms of λ which controls the number of nonzero weights

and therefore the number of equality constraints that are much harder to satisfy. Data is

obtained by sampling from a two dimensional mixture of three Gaussians with centers

(0, 0), (3, 3), and (−6, 4); spherical covariances 0.82I, 1.22I, and I; and mixing

proportions 0.2, 0.3, and 0.5, respectively. The kernel employed in our experiments is

the Gaussian kernel κ(x , y) = exp (− 1
2σ2
‖x − y‖2), with σ = 0.2. Figure 3-6 depicts the

computation times for different tolerance levels on the constraint violations as well as
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Figure 3-6. Computation times for different tolerance levels and sample sizes
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Figure 3-7. Number of support vectors for different tolerance levels and sample sizes

various sample sizes and trade off parameter λ. Figure 3-7 shows the final number of

support vectors (nonzero weights) when the above mentioned parameters are varied.

First, notice that the kernel size σ was kept fixed regardless of the size of the

sample. This allows for studying the algorithm behavior in terms of sparsity of data,

which in this case corresponds to small sample sizes. The tolerance level has a clear

effect on the computation time, but more interesting is the effect on the number of

support vectors which reduces when the level of accuracy increases. On the small

sample regime, the increment on the computation time due to the more demanding

tolerance level ǫ = 10−3 can be attributed to the scarcity of data which makes the

cost function much more sensitive to any change in the weight vector β. In terms of

computational complexity, the algorithm behaves within the reasonable levels. In the

experiments carried we bound the maximum number of iterations by N logN . This

upper bound was never attained by the larger sample sizes and only reached by small

sample sizes on the most demanding scenarios, that is, small ǫ and large λ, since the
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Figure 3-8. Entropy of the weighted sample and cross-entropy with respect to the
original sample S for different values of λ. Notice that the values are plotted
against 1

λ
for better visualization.

trade off parameter λ is closely related with the number of support vectors and thus the

proportion of constraint violators increases.

We also perform the illustrative experiments on the data shown in Figure 3-1. Figure

3-8 shows the different values of the entropy when the trade off parameter λ is varied

between 1 and 20. The actual plot shows the inverse of λ for better visualization. In this

case, we can observe two regimes; for λ < 1.5, all the importance is given to one point,

which corresponds to the largest peak on the Parzen density estimate from the observed

data S . Once λ becomes larger than 1.5 more points become active, and the weights

progressively equalize across all data points. Figure 3-9 display the resulting support

vectors found by the algorithm for different values of λ. Figure 3-10 shows in a gray

intensities the distribution of the weights across S when λ = 10. Notice that the larger

values are evenly distributed to account for the more densely populated regions of the

data.

3.3.3.2 Image retrieval with partially occluded data MNIST

We employ a subset of the MNIST database to perform experiments on pattern

retrieval from partially occluded queries. The weighting scheme for the principle of

48



−4 −2 0 2 4
−4

−3

−2

−1

0

1

2

3

4
PRI SMO λ = 1

 

 

S
X

−4 −2 0 2 4
−4

−3

−2

−1

0

1

2

3

4
PRI SMO λ = 1.25

 

 

S
X

−4 −2 0 2 4
−4

−3

−2

−1

0

1

2

3

4
PRI SMO λ = 2

 

 

S
X

−4 −2 0 2 4
−4

−3

−2

−1

0

1

2

3

4
PRI SMO λ = 10

 

 

S
X

Figure 3-9. Resulting support vectors for different values of λ.
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Table 3-1. Results for the image retrieval from partially occluded queries
n comp 3 8 15 30 50 100

KPCA 0.59(0.03) 0.55(0.015) 0.53(0.007) 0.50(0.007) 0.48(0.008) 0.47(0.006)
KECA 0.64(0.018) 0.57(0.018) 0.51(0.022) 0.49(0.013) 0.49(0.009) 0.48(0.007)
λ 2 3 4 5 6 8
PRI 0.58(0.013) 0.53(0.004) 0.51(0.007) 0.50(0.009) 0.49(0.01) 0.48(0.01)
n supp vectors 62.7 126 181 232 276 347

relevant information is applied to learn the representative samples from the training data.

Results are compared against kernel PCA and kernel entropy component analysis for

different number of components and different values of λ in the case of PRI. The pattern

retrieval application requires pre-imaging of the patterns from the feature space back

to the input space to apply KPCA KECA). We employ the method presented in [42] to

compute the pre-images of the projected patterns in the KPCA and KECA subspaces

(For more details on this problem see [37, 50]). The principle of relevant information

requires a different approach since it does not provide an explicit projection method as

it is the case for KPCA and KECA. A simple pre-imaging algorithm can be based on

the Nadaraya-Watson kernel regression [51]. In our experiments, we use the Gaussian

kernel. The preimaging for PRI consist of the following steps:

• Compute the k-nearest neighbors on the set of support vectors (training points with
nonzero weights) of the query pattern x .

• Reconstruct using the following equation:

xrec =

∑k

i=1 κσ(xi , x)xi∑k

i=1 κσ(xi , x)
(3–34)

where the indexes for xi ’s are understood as the k nearest neighbors of x .

In this case, we want to see if we can effectively retrieve a digit by presenting an image

with a missing portion. The model is trained with complete images and tested with

images for which the lower half of the matrix has been replaced with zeros.

Table 3-1 shows the normalized SNR for the retrieved patterns using a KPCA KECA

and the RKHS PRI. The numbers correspond to average of ten Montecarlo simulations
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Figure 3-11. Sample queries with missing information and their corresponding complete
versions

using 200 images per digit (total 600) for training and 50 incomplete images of each

digit (150 total) for testing. We also present the average number of support vectors for

the RKHS PRI. The standard deviations are also shown. The kernel size is 5, and the

number of neighbors for pre-imaging is 10. Notice that differences between closest

results for all methods and also the best performances are within the range set by +

− the standard deviation. Figure 3-11 shows some of the exemplars that were used

for testing along with the incomplete versions that were input to the algorithms. Figure

3-12A shows the reconstructed images for KPCA where each row corresponds to the

number of components in Table 3-1. Likewise, Figure 3-12B displays the results for

KECA, and Figure 3-12C show the results of the proposed approach for the different

Lambda values in Table 3-1. Although the errors for all methods are very similar, the

results for the PRI are more visually appealing.
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A KPCA B KECA

C PRI

Figure 3-12. Retrieved patters from queries with missing information for different
methods on the MNIST dataset.

3.4 The Information Potential RKHS Formulation of the PRI

For a positive semi definite kernel κ on X , we can define a space of continuous

bounded functionals on X as the completion of the span of all f ’s of the form

f (x) =
∑

i∈A
αiκ(x , xi) (3–35)

where αi ∈ R and xi ∈ X . This space is a Reproducing Kernel Hilbert space of

continuous functions from X . A similar development can be adopted for the information

potentials introduced by [62]. For the set F of probability density functions that are

square integrable in Rn, we can define the cross-information potential V (CIP) as a
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bilinear form that maps densities fi , fj ∈ F to the real numbers trough the integral,

V(fi , fj) =
∫

Rn

fi(x)fj(x)dx (3–36)

It is easy to see that for a basis of uniformly bounded, square integrable probability

density functions, V defines a RKHS on the span{F} (under completion). Now consider

the set G = {g = ∑m

i=1 αiκσ(xi , ·)|xi ∈ Rn,
∑m

i=1 αi = 1, and αi ≥ 0}, where κσ is a

“Parzen” type of kernel, that is κσ is symmetric, nonnegative, has bounded integral (can

be normalized), and shift invariant with σ as the scale parameter; V also defines a RKHS

K on G. Clearly, for any g ∈ G, we have ‖V(g, ·)‖K ≤ ‖κσ(x , ·)‖2; therefore, K is a space

of functionals on a bounded, albeit non-compact set.

The objective function for the principle of relevant information (Equation (D–8))

can be written in terms of the information potential RKHS. Using the Parzen based

estimation, we restrict the search problem to G ⊆ F . In this case, we have that equation

(D–8) can be rewritten as:

J(f ) = − logV(f , f )− λ log [V(f , g)]2
V(f , f )V(g, g) (3–37)

straightforward manipulation of the terms yields an equivalent problem:

argmin
f ∈G
[−(1− λ) logV(f , f )− 2λ logV(f , g)] (3–38)

or equivalently,

argmin
f ∈G

[
−(1− λ) log ‖φ(f )‖2K − 2λ log 〈φ(f ),φ(g)〉K

]
, (3–39)

where φ : G 7→ K is an underlying mapping such that V(f , g) = 〈φ(f ),φ(g)〉K2 .

Two important aspects of the above objective are: the choice of the kernel, shape and

2 This is commonly known as the feature map within the machine learning community.
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size σ, determines different spaces of functionals (RKHS’s); the trade-off parameter λ

defines a set of regimes for the possible solutions to the problem. Note however that

there is no difference between (D–8) or (3–39) in terms of the space being searched

(it is G for both). Therefore, the core question is whether we can perform the search in

the IP RKHS. Let us focus on the case λ > 1. Consider an element F ∈ K, the term

− log 〈F ,φ(g)〉K will play the role of a risk functional Rg evaluated at F . Now, since we

are not provided with the function g, we take empirical estimator of Remp:

Remp(F ) = −2 log
1

N

N∑

i=1

〈F ,φ(κσ(xi , ·))〉K (3–40)

This quantity comes from mapping the empirical distribution after being convolved

with the Parzen kernel κσ. Nonetheless, in order for this functional F to be valid as an

estimator of a information theoretic quantity, we also need:

〈F ,φ(κσ(x , ·))〉K ≥ 0, ∀x ∈ R
n (3–41)

Solution to the constrained problem in the IP RKHS: In the case where λ > 1,

we have the following constrained problem (for notational convenience we will denote

φ(κσ(xi , ·)) by φ(κi)):

min
F∈K

[
(λ− 1) log ‖F‖2K − 2λ log

1

N

N∑

i=1

〈F ,φ(κi)〉K
]

s.t. 〈F ,φ(κi)〉K ≥ 0, ∀x ∈ R
n.

(3–42)

Hence, (3–42) can be seen as a regularized risk minimization problem

min
F∈K

[
Remp(F ) +

(λ− 1)
λ
Ω
(
‖F‖2K

)]
,

where K denotes the set of feasible points in K. The evaluation of the constraint in

(3–42) that requires nonnegativity of the inner product in K for all x ∈ Rn will be

relaxed by evaluating the condition only at xi in the sample S . This yields the following
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formulation,

min
F∈K

[
(λ− 1) log ‖F‖2K − 2λ log

1

N

N∑

i=1

ξi

]

s.t. 〈F ,φ(κi)〉K ≥ ξi

ξi ≥ 0

(3–43)

with Lagrangian function L(F , ξ,β,µ):

(λ− 1) log ‖F‖2K − 2λ log
1

N

N∑

i=1

ξi+

−
N∑

i=1

βi (〈F ,φ(κi)〉K − ξi)−
N∑

i=1

µiξi ,

(3–44)

where α and µ are the multipliers. Setting derivatives with respect to F and ξ to zero

yields:

F =
‖F‖2K
2(λ− 1)

N∑

i=1

βiφ(κi)

‖F‖2K =
2(λ− 1)

N∑
i,j=1

βiβj〈φ(κi),φ(κj)〉K

N∑

i=1

βiξi

0 ≤ µi = βi +
2λ

∑N

i=1 ξi
. (3–45)

Replacing (3–45) in the Lagrangian (3–44), we obtain the dual problem

min
β∈RN
(λ− 1) log

N∑

i,j=1

βiβj〈φ(κi),φ(κj)〉K

s.t. 2λ log
1

N

N∑

i,j=1

βj〈φ(κi),φ(κj)〉K = η,

β ≥ 0, and

N∑

i=1

βi = 1

(3–46)
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CHAPTER 4
ESTIMATING ENTROPY-LIKE QUANTITIES WITH INFINITELY DIVISIBLE KERNELS

The operational quantities in information theory are based on the probability laws

underlying the data generation process, but these are rarely or never known in the

statistical learning setting were the only information available comes from a sample

{zi}i = 1N . The use of Renyi’s definition of entropy along with Parzen density estimation

were proposed as the main tool to work learning problems in term of information

theory quantities such entropy and relative entropy [62]. Renyi’s entropy of order α is

a generalization of Shannon’s entropy by relaxing the condition of additivity of entropy

to the generalized ψ mean1 . The entropy of a random variable X as a function of the

parameter α is given by,

Hα(X ) =
1

1− α log
∫

X

pα−1(x)p(x)dx (4–1)

where p is the probability density function (continuous case) or the probability mass

function (taking the integral as a sum) of the random variable X with support X . The

limiting case α → 1 brings back Shannon’s entropy. A plug-in estimator of (4–1) for α =

2 can be derived using Parzen window approximation. For a sample X = {xi}ni=1 ⊂ Rd ,

an estimator of Rényi’s 2-order entropy based on Parzen window with Gaussian kernel

of size σ is given by:

Ĥ2(X ) = − log
1

n2

n∑

i,j=1

κ√2σ(xi , xj) (4–2)

where κσ(x , y) = C exp
(
− 1
2σ2
‖x − y‖2

)
and C is a normalization constant. An important

conceptual element derived from this framework is the functional that corresponds

to the argument of the log, which has been called information potential in analogy

to the potential fields arising in physics [62]. More recent work has shown that the

1 〈X 〉ψ = ψ−1 (∑n

i=1 wiψ(xi)
)
, where

∑
wi = 1, wi ≥ 0 and ψ is a Kolmogorov-Nagumo

function
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information potential is a special case of a positive definite kernel called the cross

information potential between two pdfs that maps probability density functions in L2 to a

Reproducing kernel Hilbert Space of functions [95]. Moreover, this framework has been

already exploited to solve optimization problems with information theoretic objective

functions that bear close resemblance to kernel methods [71]. These recent insights

motivate views that go beyond the Parzen density estimation that initially motivated its

study.

In this work, we show how by using positive definite kernels with specific properties,

we can obtain entropy-like quantities without assuming that probabilities of events are

known or have been estimated. Other approaches with similar motivation based on the

concept of entropic graphs have been recently addressed in [15, 31, 64]. However, one

of the main disadvantages the quantities proposed by these graph based formulation are

not well suited for adaptation schemes since they are not differentiable. This is not the

case for the proposed framework as we show in Chapter 5. We will follow the statistical

learning setting where the only available information is contained in a finite i.i.d. sample

Z = {zi}ni=1. In this sense we think about entropy as a measure of the lack (uncertainty)

or presence (structure) of statistical regularities in a given sample represented by the

a Gram matrix. From the axiomatic characterization of entropy that leads to Rényi’s

definition, we develop an analogue version of this function that is applied to positive

definite matrices. Then, we look at some basic inequalities of information and how

they can be translated to the setting of positive definite matrices. The purpose of this

characterization is to establish some desirable properties on the positive definite kernels

that can be employed to construct the Gram matrix for which our extension of entropy

makes sense in terms of information.

4.1 Motivation

The use of Hilbert spaces to represent data is not a new idea [1, 2], and it has

become of common practice in machine learning under the name of kernel methods.
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Kernel methods provide an appealing framework to deal with data of different nature

by embedding abstract set in reproducing kernel Hilbert spaces, where it is possible

to carry out manipulations of the representation of data by the operations of addition,

scalar multiplication and inner product. This allows one to deal with algorithms in a

rather generic way provided the kernel is well-fitted to the particular problem. These

property has been recently exploited in many practical applications where data

is not necessarily given as vector in Rp, for example text, trees, point processes,

functional data, among others [82]. It has been noticed that kernel induced map can be

understood as a mean for computing high order statistics of the data and manipulating

them in a linear fashion as first order statistics. Methods such as kernel independent

component analysis [4], the work on measures of dependence and independence using

Hilbert-Schmidt norms [29], and recent work on quadratic measures of independence

[79] are just among the examples of this emerging line. As we shall see, the Gram

matrix plays a fundamental role in establishing the connection between information

theoretic concepts and kernel methods.

4.1.1 Hilbert Space Representation of Data

In this section, we want to motivate the use of positive definite matrices as suitable

descriptors of data. For this, we need to understand the role of the Hilbert space

representation and how it naturally arises from the fundamental ideas of pattern

analysis. Let (X ,BX ) be the object space, this with σ-algebra BX and a probability

measure PX defined on it. A function φ : X 7→ R is called a feature. A representation

is a family of features {φt}t∈T , where (T ,BT ,µT ) is a measure space and µT is σ-finite.

Let φt be also bounded for all t ∈ T , and let us denote φt(x) by φ(t, x) where t ∈ T and

x ∈ X . If we also require that for all fixed x and y in X ,

G (x , y) =

∫

T

φ(t, x)φ(t, y)dµT (t) <∞. (4–3)
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Then, the set F defined as the completion of the set of functions F of the form,

F (t) =

N∑

i=1

αiφ(t, xi), (4–4)

where αi ∈ R, xi ∈ X , and ∀N ∈ N 2 . The space F is a Hilbert space representation

of the set X . Nevertheless, dealing explicitly with such an F may be difficult if not

impossible for practical purposes. The following result gives an alternative way to deal

with the problem based on the bivariate function G (x , y) defined above. Consider the set

of functions on X of the form

f (x) =

N∑

i=1

αiG (x , xi), (4–5)

where αi ∈ R, xi ∈ X , and ∀N ∈ N. Let us define the inner product between elements

f =
∑N

i=1 αiG (x , xi) and g =
∑M

j=1 βiG (x , xj) of the above set as:

〈f , g〉 =
N∑

i=1

M∑

j=1

αiβjG (xi , xj), (4–6)

the completion of the above set is a Hilbert space H of functions on X . Moreover, H is a

reproducing kernel Hilbert space with kernel G . Notice that for any finite set {xi}Ni=1 we

have that
N∑

i=1

N∑

j=1

αiαjG (xi , xj) ≥ 0, (4–7)

for all α ∈ RN . Functions satisfying the above condition are called positive definite.

Theorem 4.1.1. (Basic Congruence Theorem [58]): Let H1 and H2 be two abstract

Hilbert spaces. Let X be an index set. Let {F (x), x ∈ X}, be a family of vectors which

span H1. Similarly, let {f (x), x ∈ X} be a family of vectors which span H2. Suppose

2 Even though is not explicitly stated, we assume the construction of a linear space of
real functions with domain T
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that, for every x and y in X ,

〈F (x),F (y)〉1 = 〈f (x), f (y)〉2 (4–8)

Then the spaces H1 and H2 are congruent, and one can define a congruence Ψ from

H1 to H2 which has the property that Ψ(F (x)) = f (x) for x ∈ X .

Proposition 4.1.1. Let X be a compact space. The spaces F and H are congruent.

Proof 4.1.1. The congruence follows from definition of F and H. For F =
∑n

i=1 αiφ(t, xi)

simply take Ψ : F 7→ H as:

Ψ(F ) =

n∑

i=1

αi

∫

X
φ(t, xi)φ(t, ·)dµT (t) = f

�

The above proposition allows us to perform the analysis of the representation of

X on the equivalence classes that can be formed by using the function G to define

relations between the elements of X . From the congruence, we can define a distance

function between the representations of two elements x , y ∈ X using the function G as

follows:

d2(φ(t, x),φ(t, y)) = G (x , x) + G (y , y)− 2G (x , y), (4–9)

for convenience we write d2(φ(t, x),φ(t, y)) as d2(x , y).

4.1.2 The Cross-Information Potential RKHS

For the set F of probability density functions that are square integrable in Rn, we

can define the cross-information potential V (CIP) as a bilinear form that maps densities

fi , fj ∈ F to the real numbers trough the integral,

V(fi , fj) =
∫

Rn

fi(x)fj(x)dx (4–10)

It is easy to see that for a basis of uniformly bounded, square integrable probability

density functions, V defines a RKHS on the span{F} (up to completion). Now consider

the set G := {g = ∑m

i=1 αiκσ(xi , ·)|xi ∈ Rn,
∑m

i=1 αi = 1, and αi ≥ 0}, where κσ is a
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“Parzen” type of kernel, that is κσ is symmetric, nonnegative, has bounded integral (can

be normalized), and shift invariant with σ as the scale parameter; V also defines a RKHS

K on G. Clearly, for any g ∈ G, we have ‖V(g, ·)‖K ≤ ‖κσ(x , ·)‖2; therefore, K is a space

of functionals on a bounded, albeit non-compact set. Notice that the cross information

potential, by definition, is a positive definite function that is data dependent, and differs

from the instance-based representation in this respect. Nevertheless, the empirical

estimator (4–2) links both Hilbert space representations. If we construct the Gram matrix

K with elements Kij = κσ(xi , xj), it is easy to verify that (4–2) corresponds to:

Ĥ2(X ) = − log
(
1

n2
tr(KK)

)
. (4–11)

As we can see, the estimator if the information potential can be related to the norm

of the Gram matrix K defined as ‖K‖2 = tr(KK). In the next section, we extend this

concept to other norms and show how the properties of Renyi’s definition of entropy

carry on.

4.2 Positive Definite Matrices, and Renyi’s Entropy Axioms

Hermitian matrices are considered as generalizations of real numbers. It is possible

to define a partial ordering on this set by using positive definite matrices; for two

Hermitian matrices A,B ∈ Mn, we say A < B if A − B is positive definite. Likewise,

A ≻ B means that A− B is strictly positive definite. The following spectral decomposition

theorem relates to the functional calculus on matrices and provides a reasonable way to

extend continuous scalar-valued functions to Hermitian matrices.

Theorem 4.2.1. Let D ⊂ C be a given set and let Nn(D) := {A ∈ Mn : A is normal and σ(A) ⊂

D}. If f (t) is a continuous scalar-valued function on D, then the primary matrix function

f (A) = U




f (λ1) · · · 0

...
. . .

...

0 · · · f (λn)



U∗ (4–12)
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is continuous on Nn(D), where A = UΛU∗, Λ = diag(λ1, ... ,λn), and U ∈ Mn is unitary.

Now we are ready to define a matrix analogue to Renyi’s entropy that will be applied

to Gram matrices constructed using a positive definite function.

Consider the set ∆+n of positive definite matrices in Mn for which tr(A) ≤ 1. It is clear

that this set is closed under finite convex combinations.

Proposition 4.2.1. Let A ∈ ∆+n and B ∈ ∆+n and also tr(A) = tr(B) = 1. The functional

Sα(A) =
1

1− α log2 (trA
α), (4–13)

satisfies the following set of conditions:

(i) Sα(PAP∗) = Sα(A) for any orthonormal matrix P ∈ Mn

(ii) Sα(pA) is a continuous function for 0 < p ≤ 1.

(iii) Sα( 1n I ) = log2 n (entropy is exhaustive).

(iv) Sα(A⊗ B) = Sα(A) + Sα(B).

(v) If AB = BA = 0; then for the strictly monotonic and continuous function
g(x) = 2(α−1)x for α 6= 1 and α > 0, we have that:

Sα(tA+ (1− t)B) =g−1 (tg(Sα(A))+
+ (1− t)g(Sα(B))) .

(4–14)

Proof 4.2.1. The proof of (i) easily follows from Theorem 4.2.1. Take A = UΛU∗ now

PU is also a unitary matrix and thus f (A) = f (PAP∗) the trace functional is invariant

under unitary transformations. For (ii), the proof reduces to the continuity of 1
1−α log2(p)

α.

For (iii), a simple calculation yields trAα =
(
1
n

)α−1
. Now, for property (iv), notice that if

trA = trB = 1, then, tr(A⊗ B) = 1. Since A = UΛU∗ and B = VΓV ∗ we can write

A ⊗ B = (U ⊗ V )(Λ ⊗ Γ)(U ⊗ V )∗, from which tr(A⊗ B)α = tr(Λ⊗ Γ)α = tr(Λα)tr(Γα)

and thus (iv) is proved. Finally, (v) notice that for any integer power k of tA + (1 − t)B

we have: (tA + (1 − t)B)k = (tA)k + ((1 − t)B)k since AB = BA = 0. Under

extra conditions such as f (0) = 0 the argument in the proof of Theorem 4.2.1 can be

extended to this case. Since the eigen-spaces for the non-null eigenvalues of A and B
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are orthogonal we can simultaneously diagonalize A and B with the orthonormal matrix

U, that is A = UΛU∗ and B = UΓU∗ where Λ and Γ are diagonal matrices containing the

eigenvalues of A and B respectively. Since AB = BA = 0, then ΛΓ = 0. Under the extra

condition f (0) = 0, we have that f (tA + (1 − t)B) = f (tA) + f ((1 − t)B) yielding the

desired result for (v).

�

Notice also that if ρ(A) = 1, that is A is rank one matrix, Sα = 0 for α 6= 0.

The following important property is also true.

Proposition 4.2.2. Let A ∈ ∆+n , and tr(A) = 1. For α > 1

Sα(A) ≤ Sα(
1

n
I ) (4–15)

Proof 4.2.2. Let {λi} be the set of eigenvalues of A. Then we have that,

Sα(A)− Sα(
1

n
I ) =

1

1− α log2
[
tr(AAα−1)

n−(α−1)

]
; (4–16)

=
1

1− α log2
[
tr
(
A(nA)α−1

)]
; (4–17)

=
1

1− α log2
[
∑

i

λi fα(nλi)

]
; (4–18)

≤ 1

1− α
∑

i

λi log2 fα(nλi); (4–19)

= −
∑

i

λi log2
λi
1
n

; (4–20)

≤ log2

[
∑

i

λi

1
n

λi

]
= 0. (4–21)

Where (4–19) and (4–21) are due to Jensen’s inequality.

�

However, such a characterization may not be enough to tell what unit-trace positive

definite matrices have an information theoretic interpretation. For example consider

the matrix L = 1
n
llT where n1 of the entries are 1 and the remaining n − n1 entries are

−1. This can be seen as a vector encoding classes. Notice that, evaluating the entropy
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functional defined above yields 0 for any α. However, with a two-column matrixM, for

which the columns represent the class and the rows the samples, that encodes the class

memberships as Mij = 1 if the i-th sample belongs to the j-th class, and 0 otherwise,

we obtain a more reasonable quantity using L = MMT, related to a binomial distribution

with p = n1
n

. Interestingly, we can simple relate l andM by l = M (1,−1)T. In the

following sections, we will address this issue by considering a particular context in which

Hadamard products between positive definite matrices arise.

4.2.1 Entropy inequalities for Hadamard Products

In the properties listed above in Propositions 4.2.1 and 4.2.2, we did not considered

Hadamard products of positive definite matrices. This product may be of interest in

the case we have two matrices A and B in ∆n with unit trace where there exists some

relation between the elements Aij and Bij for all i and j . The Hadamard product can be

useful in developing analogues to joint entropies, where each one the matrices involved

in the Hadamard product represents a random variable. Before we present the main

result of this part of the section, we need to introduce the concept of majorization and

some results pertaining the ordering that arises from this definition.

Definition 4.2.1. (Majorization): Let p and q be two nonnegative vectors in R
n such

that
∑n

i=1 pi =
∑n

i=1 qi < ∞. We say p 4 q, q majorizes p, if their respective ordered

sequences p[1] ≥ p[2] ≥ · · · ≥ p[n] and q[1] ≥ q[2] ≥ · · · ≥ q[n] denoted by {p[i]}ni=1 and

{p[i]}ni=1, satisfy:
k∑

i=1

p[i] ≤
k∑

i=1

q[i] for k = 1, ... , n (4–22)

It can be shown that if p 4 q then p = Aq for some doubly stochastic matrix A [11].

It is also easy to verify that if p 4 q and p 4 h then p 4 tq + (1 − t)h for t ∈ [0, 1].

The majorization order is important because it can be associated with the definition of

Schur-concave (convex) functions. A real valued function f on R
n is called Schur-convex

if p 4 q implies f (p) ≤ f (q) and Schur-concave if f (q) ≤ f (p).
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Lemma 4.2.1. The function fα : Sn 7→ R+ (Sn denotes the n dimensional simplex),

defined as,

fα(p) =
1

1− α log2
n∑

i=1

pαi , (4–23)

is Schur-concave for α > 0.

Notice that, Schur-concavity (Schur-convexity) cannot be confused with concavity

(convexity) of a function in the usual sense. Now, we are ready to state the inequality for

Hadamard products.

Proposition 4.2.3. Let A and B be two n × n positive definite matrices with trace 1 with

nonnegative entries, and Ai i = 1
n

for i = 1, 2, ... , n. Then, the following inequalities hold:

(i)

Sα

(
A ◦ B
tr(A ◦ B)

)
≥ Sα(B), (4–24)

(ii) and

Sα

(
A ◦ B
tr(A ◦ B)

)
≤ Sα(A) + Sα(B). (4–25)

Proof 4.2.3. In proving (4–24) and (4–25), we will use the fact that Sα preserves the

majorization order (inversely) of nonnegative sequences on the n-dimensional simplex.

First look at the identity

xT(A ◦ B)x = tr(ADxBDx) =
1

n

In particular, if {xi}ni=1 is an orthonormal basis for Rn,

tr(A ◦ B) =
n∑

i=1

xTi (A ◦ B)xi
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If we let {xi}ni=1 be the eigenvectors of A ◦ B ordered according to their respective

eigenvalues in decreasing order, then,

k∑

i=1

xTi (A ◦ B)xi =
k∑

i=1

tr (ADxiBDxi )

≤ 1

n

k∑

i=1

tr
(
11TDxiBDxi

)

=
1

n

k∑

i=1

xTi Bxi

≤ 1

n

k∑

i=1

yTi Byi , (4–26)

where k = 1, ... , n and {yi}ni=1 are the eigenvectors of B ordered according to their

respective eigenvalues in decreasing order. The inequality (4–26) is equivalent to say

that nλ(A ◦ B) 4 λ(B), that is, the sequence of eigenvalues of (A ◦ B)/tr(A ◦ B) is

majorized by the sequence of eigenvalues of B, which implies (4–24).

To prove (4–25) notice that for A we have two extreme cases A = 1
n
I and A = 1

n
11T.

Taking A = 1
n
11T we have that

k∑

i=1

λi(B) = n

k∑

i=1

1

n
tr
(
11TDxiBDxi

)
=

k∑

i=1

λi

(
A ◦ B
tr(A ◦ B)

)
(4–27)

the other extreme case where A = 1
n
I we have,

1

n

k∑

i=1

λi(B) ≤
1

n
≤ n

k∑

i=1

1

n
di(B) =

k∑

i=1

λi

(
A ◦ B
tr(A ◦ B)

)
(4–28)

where {λi(X )} are the eigenvalues of X in decreasing order and {di(X )} are the

elements of the diagonal of X ordered in decreasing order. The inequalities (4–27) and

(4–28) imply 4–25

�
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4.2.2 The Tensor and Hadamard Product Entropy Gap

The mutual information of a pair of random variables X and Y can be seen as the

gain of information from assuming X and Y to be independent to knowing the joint

probability distribution. In other words, the amount of uncertainty reduced from from

knowing the marginal distributions to knowing the joint distribution. In the Shannon

definition this information gain can be expressed as:

I (X ;Y ) = H(X ) + H(Y )− H(X ,Y ) (4–29)

where H(X ) and H(Y ) are the marginal entropies of X and Y , and H(X ,Y ) is their joint

entropy. In analogy we can compute the quantity:

Iα(A;B) = Sα(A) + Sα(B)− Sα
(
A ◦ B
tr(A ◦ B)

)
(4–30)

for positive semidefinite A and B with nonnegative entries and unit trace such that

Aii =
1
n

for all i = 1, ... , n. Notice that the above quantity is nonnegative and satisfies

Sα(A) ≥ Iα(A;A).

4.2.3 The Single and Hadamard Product Entropy Gap

Another quantity of interest is related to conditional entropy of X given Y , which

can be understood as the uncertainty about X that remains after knowing the joint

distribution of X and Y . In Shannon’s definition the Conditional entropy H(X |Y ) can be

expressed as:

H(X |Y ) = H(X ,Y )− H(Y ). (4–31)

Extending this idea to the matrix case yields:

Hα(A|B) = Sα
(
A ◦ B
tr(A ◦ B)

)
− Sα(B) (4–32)

for positive semidefinite A and B with nonnegative entries and unit trace such that

Aii =
1
n

for all i = 1, ... , n. The above quantity is nonnegative and upper bounded by
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Sα(A). Notice that the normalization procedure for infinitely divisible matrices proposed

in Theorem 4.3.3 is now beautifully justified as the maximum entropy matrix among

all matrices for which the Hilbert space embeddings are isometrically isomorphic. In

the following section, we will see how infinite divisible matrices relate the Hadamard

products with concatenation of the representations of the variables we want to analyze

jointly.

4.3 Infinitely Divisible Functions

4.3.1 Direct-Sum and Product kernels

4.3.1.1 Direct-sum kernels

Let κ1 and κ2 be two positive definite kernels defined on X × X . The kernel

κ⊕ = κ1 + κ2, defined as κ⊕(x , y) = κ1(x , y) + κ2(x , y), is a positive definite kernel. The

above function is called direct sum kernel and it is the reproducing kernel of a space H⊕

of functions of the form f = f1 + f2, where f1 ∈ H1 and f2 ∈ H2, and H1 and H2 are the

RKHSs defined by κ1 and κ2, respectively. Consider the Hilbert space H = H1 × H2
formed by all pairs (f1, f2) coming from H1 and H2,respectively. It is possible that some

functions f 6= 0 belong to the H1 and H2 at the same time. These functions form a set

of pairs (f ,−f ) ∈ H, which turn out to be a closed subspace of H denoted by H0, such

that, H = H0 ⊕H⊥
0 . Therefore, the linear correspondence f (x) = f1(x) + f2(x) between

f ∈ H⊕ and (f1, f2) ∈ H is such that all elements in H0 map to the zero function in H⊕

and the elements of H⊕ and H⊥
0 are in one to one correspondence. The norm of f ∈ H⊕

can be defined from the correspondence f 7→ (g1(f ), g2(f )) as:

‖f ‖2H⊕ = ‖(g1(f ), g2(f ))‖2H = ‖g1(f )‖2H1 + ‖g2(f )‖2H2 (4–33)

Notice that, (g1(f ), g2(f )) is the decomposition of f into the pair H with minimum norm

in this space. The following theorem states the result [3].

Theorem 4.3.1. If κi(x , y) is the reproducing kernel of the class Hi , with norm ‖ · ‖i , then

κ(x , y) = κ1(x , y) + κ2(x , y) is the reproducing kernel of the class of functions H⊕ of all
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functions f = f1 + f2 with fi ∈ Hi , and with the norm defined by

‖f ‖2⊕ = min
{
‖f1‖21 + ‖f ‖22

}
(4–34)

the minimum is taken over all decompositions f = f1 + f2 with fi ∈ Hi
4.3.1.2 Product kernel and tensor product spaces

Consider two positive definite kernels κ1 and κ2 defined on X × X and Y × Y ,

respectively. Their tensor product κ1 ⊗ κ2 : (X × Y)× (X × Y) defined by:

κ1 ⊗ κ2((xi , yi), (xj , yj)) = κ1(xi , xj)κ2(yi , yj) (4–35)

is also a positive definite kernel. Note that we can consider two kernels κ̃1 and κ̃2,

both defined on (X × Y) × (X × Y), such that κ̃1((xi , yi), (xj , yj)) = κ1(xi , xj) and

κ̃2((xi , yi), (xj , yj)) = κ2(yi , yj); the kernel

κ̃1 · κ̃2((xi , yi), (xj , yj)) = κ̃1((xi , yi), (xj , yj))κ̃2((xi , yi), (xj , yj)) = κ1 ⊗ κ2((xi , yi), (xj , yj))

is positive definite by Schur Theorem [34]. Let us look at the space of functions that

κ⊗ = κ1⊗ κ2 spans. Let H⊗ = H1⊗H2, where H1 and H2 are the RKHSs spanned by κ1

and κ2, respectively. The space H⊗ is the completion of the space of all functions f on

X × Y of the form:

f (x , y) =

n∑

i=1

f
(i)
1 (x)f

(i)
2 (y) (4–36)

with f (i)1 ∈ H1 and f (i)2 ∈ H2, and inner product,

〈f , g〉⊗ =
n∑

i=1

m∑

j=1

〈f (i)1 , g(j)1 〉1〈f (i)2 , g(j)2 〉2. (4–37)

The functions f and g may have multiple representations of the form (4–36) without

changing 〈f , g〉⊗. Let us look at the case where X and Y are the same set. The

following theorem describes the kernel derived from the restriction of κ1 ⊗ κ2 to the

diagonal subset of X × X [3].
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Theorem 4.3.2. For x , y ∈ X , the kernelκ(x , y) = κ1(x , y)κ2(x , y) is the reproducing

kernel of the class H of the restrictions of the direct product H⊗ = H1 ⊗ H2 to the

diagonal set formed by all elements (x , x) ∈ X × X . For any such restriction f ,

‖f ‖ = min ‖g‖⊗ for all g ∈ H⊗ such that f (x) = g(x , x).

4.3.2 Negative Definite Functions and Infinite Divisible Mat rices

4.3.2.1 Negative definite functions and Hilbertian metrics

LetM = (X , d) be a separable metric space, a necessary and sufficient condition

forM to be embeddable in a Hilbert space H is that for any set {xi} ⊂ X of n + 1 points,

the following inequality holds:

n∑

i,j=1

αiαj
(
d2(x0, xi) + d

2(x0, xj)− d2(xi , xj)
)
≥ 0, (4–38)

for any α ∈ Rn. This condition is equivalent to

n∑

i,j=0

αiαjd
2(xi , xj) ≤ 0, (4–39)

for any α ∈ Rn+1, such that
∑n

i=0 αi = 0. This condition is known as negative

definiteness. Interestingly, the above condition implies that exp(−rd2(xi , xj)) is positive

definite in X for all r > 0 [75]. Indeed, matrices derived from functions satisfying the

above property conform a special class of matrices know as infinite divisible.

4.3.2.2 Infinite divisible matrices

According to the Schur product theorem A < 0 implies that A◦n = A ◦ A ◦ · · · ◦ A < 0

for any positive integer n. An interesting question is when the above holds if one were to

take fractional powers of A, that is, when A◦ 1
m < 0 for any positive integer m. This lead to

the concept of infinite divisible matrices [12, 33].

Definition 4.3.1. Suppose that A < 0 and aij ≥ 0 for all i and j . A is said to be infinite

divisible if A◦r < 0 for every nonnegative r .

Infinite divisible matrices are intimately related to negative definiteness as we can

see from the following proposition
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Proposition 4.3.1. If A is infinite divisible, then the matrix Bij = − logAij is negative

definite

From this fact it is possible to relate infinitely divisible matrices with isometric

embedding into Hilbert spaces. If we construct the matrix,

Dij = Bij −
1

2
(Bii + Bjj), (4–40)

using the matrix B from proposition 4.3.1. There exist a Hilbert space H and a mapping

φ such that

Dij = ‖φ(i)− φ(j)‖2H. (4–41)

Moreover, notice that if A is positive definite −A is negative definite and expAij is

infinitely divisible. In a similar way, we can construct a matrix,

Dij = −Aij +
1

2
(Aii + Ajj), (4–42)

with the same property (4–41). This relation between (4–40) and (4–42) suggests a

normalization of infinitely divisible matrices with non-zero diagonal elements that can be

formalized in the following theorem.

Theorem 4.3.3. Let X be a nonempty set and d1 and d2 two metrics on it, such that for

any set {xi}ni=1,
n∑

i,j=1

αiαjd
2
ℓ (xi , xj) ≤ 0, (4–43)

for any α ∈ R
n, and

∑n

i=1 αi = 0, is true for ℓ = 1, 2. Consider the matrices A(ℓ)ij =

exp−d2ℓ (xi , xj) and their normalizations Â(ℓ), defined by:

Â
(ℓ)
ij =

A
(ℓ)
ij√

A
(ℓ)
ii

√
A
(ℓ)
jj

. (4–44)

Then, if Â(1) = Â(2) for any finite set {xi}ni=1 ⊆ X , there exist isometrically isomorphic

Hilbert spaces H1 and H2, that contain are Hilbert space embeddings of the metric

spaces (X , dℓ), ℓ = 1, 2. Moreover, Â(ℓ) are infinitely divisible.
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Figure 4-1. Spaces involved in the computation of the data-driven information theoretic
quantities

Figure 4-1 provides an illustration of the relations between the spaces involved

in the proposed matrix framework. The normalized infinite divisible kernel provides a

direct representation that is suitable for the computation of the data-driven information

theoretic quantities. A two-step process that is equivalent requires embedding a

negative definite metric space into a Hilbert space followed by the exponential function

on the squared distances.

4.4 Statistical Properties of Gram Matrices and their conne ction with ITL

Let (X ,BX ,PX ) be a countably generated measure space. Let κ : X × X 7→ R be a

reproducing kernel and the mapping φ : X 7→ H such that κ(x , y) = 〈φ(x),φ(y)〉, and:

EX [κ(X ,X )] = EX
[
‖φ(X )‖2

]

=

∫

X

〈φ(x),φ(x)〉dPX(x) = 1
(4–45)
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Since EX
[
‖φ(X )‖2

]
< ∞ we can define an operator G : H 7→ H through the following

bilinear form3 :

G(f , g) = 〈f ,Gg〉 =
∫

X

〈f ,φ(x)〉〈φ(x), g〉dPX(x) (4–46)

notice that f and g belong to H and from the reproducing property of κ, we have that

f (x) = 〈f ,φ(x)〉 and thus G(f , g) = EX [f (X )g(X )]. From the normalization condition

(4–45) we have that:

tr(G ) =

NH∑

i=1

G(ψi ,ψi)

=

NH∑

i=1

∫

X

〈ψi ,φ(x)〉〈φ(x),ψi〉dPX (x) = 1
(4–47)

where {ψi}NH

i=1 is a complete orthonormal basis for H, and thus G is trace class.

4.4.1 The trace of Gα

Our definition of the entropy like quantity for positive definite matrices, we employ

the functional calculus using the spectral theorem to compute tr(Aα). In particular, we

consider the Gram matrix K constructed by all pairwise evaluations of a normalized

infinite divisible kernel κ and scale by 1
N

such that 1
N

∑N

i=1 κ(xi , xi) = 1. The above

scaling can be though as normalizing the kernel such that for the empirical distribution

PN ,

Eemp [κ(X ,X )] = Eemp

[
‖φ(X )‖2

]

=

∫

X

〈φ(x),φ(x)〉dPN(x)

=
1

N

N∑

i=1

κ(xi , xi) = 1

(4–48)

3 Notice, that f ∈ H ⇒ f ∈ L2(PX ). First, |f (x)| = |〈f ,φ(x)〉| ≤ ‖f ‖κ(x , x) 12 , and thus
f (x)2 ≤ ‖f ‖2κ(x , x). Since

∫
κ(x , x)dPX = 1, we have ‖f ‖22 =

∫
f 2dPX ≤ ‖f ‖2
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It follows immediately from Proposition 4.4.1 that tr
(
ĜαN

)
= tr

((
1
N
K
)α)

. As we have

seen, G defines a bilinear form G that coincides with the correlation of functions on X

that belong to the RKHS induced by κ. Let us look at the case α = 2, which is the initial

motivation of this study and has been extensively treated in ITL in relation to plug in

estimators of Renyi’s entropy. This case is also important since there are interesting

links with maximum discrepancy and Hilbert Schmidt norms. In the limit case we have:

tr
(
G 2
)
=

NH∑

i=1

〈ψi ,G 2ψi〉 =
NH∑

i=1

〈Gψi ,Gψi〉

=

NH∑

i=1

‖Gψi‖2 = ‖G‖2HS

=

NH∑

i=1

∫

X

∫

X

〈φ(x)〈φ(x),ψi〉, ...

φ(y)〈φ(y),ψi〉〉dPX (x)dPX(y)

=

∫

X

∫

X

〈φ(x),φ(y)〉〈φ(x), ...

NH∑

i=1

ψi〈ψi ,φ(y)〉〉dPX (x)dPX (y)

=

∫

X

∫

X

〈φ(x),φ(y)〉2dPX (x)dPX (y)

= ‖µX‖2K (4–49)

where ‖µX‖2κ2 denotes the squared norm of a the a mapping PX 7→ µX in the RKHS

K induced by the kernel κ2(x , y) = κ(x , y)κ(x , y). In the more general case of any α > 1
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we have,

tr (Gα) =

NH∑

i=1

〈ψi ,Gαψi〉 =
NH∑

i=1

〈Gψi ,Gα−1ψi〉

=

NH∑

i=1

∫

X

〈ψi ,φ(x)〉〈φ(x),Gα−1ψi〉dPX (x)

=

∫

X

〈φ(x),Gα−1φ(x)〉dPX (x)

=

∫

X

h(x , x)dPX(x)

(4–50)

notice that h(x , y) itself, is a positive definite function on X × X that also depends on

PX (x).

4.4.2 The Spectrum of G and Consistency of its Estimator

By definition, it is obvious that the bilinear form G is a positive definite kernel in H

since
N∑

i,j=1

αiαjG(fi , fj) ≥ 0 (4–51)

for any finite set {fi}Ni=1 ⊆ H. Notice from (4–46) G is symmetric and thus G is self

adjoint. Moreover, since G is positive definite, it can be shown that G is a positive

definite operator. Instead of dealing directly with the spectrum of G , for which we

should know the probability measure PX , we are going to look at the spectrum of ĜN

and the convergence properties of this operator. Based on the empirical distribution

PN =
1
N
δxi (x), the empirical version ĜN of G obtained from a sample {xi} of size N is

given by:

〈f , ĜNg〉 = Ĝ(f , g) =
∫

X

〈f ,φ(x)〉〈φ(x), g〉dPN(x)

=
1

N

N∑

i=1

〈f ,φ(xi)〉〈φ(xi), g〉
(4–52)
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Proposition 4.4.1. (Spectrum of ĜN): For a sample {xi}Ni=1, let ĜN be defined as in

(4–52), and let K be the Gram matrix of products Kij = 〈φ(xi),φ(xj)〉. Then, ĜN has at

most N positive eigenvalues λk satisfying:

1

N
Kαi = λiαi . (4–53)

Moreover, Nλi are all the positive eigenvalues of K.

Proof 4.4.1. First notice that for all f ⊥ span {φ(xi)}, we have ĜNf = 0, and thus any

eigenvector with a corresponding positive eigenvalue must belong to the span {φ(xi)},

which is an N dimensional subspace and therefore, since ĜN is normal there can be at

most N positive eigenvalues. Now let v be an eigenvector of ĜN ,, we have that

〈·, ĜNv〉 =
1

N

N∑

j=1

〈·,φ(xj)〉〈φ(xj), v〉 = 〈·,λv〉.

Then, for each φ(xi) it is true that

〈φ(xi), ĜNv〉 =
1

N

N∑

j=1

〈φ(xi),φ(xj)〉〈φ(xj), v〉 = λ〈φ(xi), v〉.

By taking αi = 〈φ(xi), v〉 we can form the following system of equations:

1

N
Kα = λα. (4–54)

which is true for all positive eigenvalues of ĜN.

�

Proposition 4.4.2. (Compactness of G ): G : H 7→ H defined by (4–46) is compact.

Proof 4.4.2. We will show that if gn
w→ g in H ({gn} is weakly convergent), implies that

Ggn → g strongly in H. Since H is a Hilbert space we only need to show that

‖Ggn‖ 7→ ‖Gg‖. (4–55)
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Since any f ∈ H is also in L2(PX ),

〈Ggn,Ggn〉 =
∫

X

gn(x)(Ggn)(x)dPX(x),

〈Gg,Ggn〉 =
∫

X

g(x)(Gg)(x)dPX(x).

(4–56)

Moreover,

|gn(x)| ≤ ‖gn‖κ(x , x)
1
2 ,

|Ggn(x)| ≤ ‖Ggn‖κ(x , x)
1
2 .

(4–57)

and therefore, |gn(Ggn)(x)| ≤ ‖gn‖‖Ggn‖κ(x , x). Since both {gn} and {Ggn} are weakly

convergent in H their norms are bounded; then {gn(Ggn)} is bounded by the L1(PX )

norm of κ(x , x) (up to a constant). The weak convergence property of {gn} implies that

gn(x) → g(x) point-wise, which also implies gn(Ggn)(x) → g(Gg)(x) point-wise. Since

these functions are uniformly bounded by the integrable function κ(x , x), by Lebesgue

dominated convergence in L1(PX ) we have:

∫

X

gn(Ggn)(x)dPX (x)→
∫

X

g(Gg)(x)dPX (x), (4–58)

which proves that ‖Ggn‖ → ‖Gg‖, and thus G is compact.

�

The following theorem found in [39] is a variational characterization of the discrete

spectrum (eigenvalues) of a compact operator in a separable Hilbert space.

Theorem 4.4.1. Let A, B be self adjoint operators in a separable Hilbert space H, such

that B = A + C , where C is a compact selfadjoint operator. Let {γk} be an enumeration

of nonzero eigenvalues of C . Then there exists extended enumerations {αj}, {βj} of

discrete eigenvalues for A, B, respectively, such that:

∑

j

ϕ(βj − αj) ≤
∑

k

ϕ(γk), (4–59)
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where ϕ is any nonnegative convex function on R, and ϕ(0) = 0.

The definition of extended enumeration {αi} according to Theorem 4.4.1 means

that a for a selfadjoint operator A in H only the discrete eigenvalues with finite multiplicity

m are listed m times and any other values are listed as zero. If we have a bounded

kernel, which in the case of a normalized version of the infinitely divisible matrix is

always the case, we can apply Hoeffding’s inequality. Let Φi be a sequence of zero

mean, independent random variables taking values in a separable Hilbert space such

that ‖Φi‖ < C for all i then:

Pr

[∥∥∥∥∥
1

N

n∑

i=1

Φn

∥∥∥∥∥ ≥ ε

]
≤ 2 exp−Nε

2

2C 2
(4–60)

note that (ĜN − G ) is compact operator. Let ψj be a complete orthonormal basis for H,

we can set that,

NH∑

j=1

(ĜN − G )ψj =
1

N

N∑

i=1

(φ(Xi)‖φ(Xi)‖ − E[φ(X )‖φ(X )‖]) . (4–61)

Combining (4–60) with (4–61) and Theorem 4.4.1, yields the following result.

Theorem 4.4.2. For a positive definite kernel κ satisfying (4–45), and κ(x , x) ≤ C . Let λi

and λ̂i the extended enumerations of the discrete eigenvalues of G and ĜN , respectively.

Then, with probability 1− δ
(
∑

i

(λi − λ̂i)2
) 1
2

≤

√
2C log 2

δ

N
(4–62)

Proof 4.4.3. Apply the result of Theorem 4.4.1 using ϕ(x) = x2.

�

4.5 Experiments: Independence Test

Here, we develop a test for independence between random elements X and Y

based on the gap between the entropy of the tensor and Hadamard products of their

Gram matrices. Here, we report results for an experimental setup similar to [30]. We
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Table 4-1. List of distributions used in the independence test along with their
corresponding original and resulting kurtosis after centralization and rescaling

Distribution Kurtosis
Student’s t distribution 3 DOF ∞
Double exponential 3.00
Uniform −1.20
Student’s t distribution 5 DOF 6.00
Exponential 6.00
Mixture, 2 double exponentials −1.16
Symmetric mixture, 2 Gaussian, multimodal −1.68
Symmetric mixture, 2 Gaussian, transitional −0.74
Symmetric mixture, 2 Gaussian, unimodal −0.50
Asymmetric mixture, 2 Gaussian, multimodal −0.53
Asymmetric mixture, 2 Gaussian, transitional −0.67
Asymmetric mixture, 2 Gaussian, unimodal −0.47
Symmetric mixture, 4 Gaussian, multimodal −0.82
Symmetric mixture, 4 Gaussian, transitional −0.62
Symmetric mixture, 4 Gaussian, unimodal −0.80
Asymmetric mixture, 4 Gaussian, multimodal −0.77
Asymmetric mixture, 4 Gaussian, transitional −0.29
Asymmetric mixture, 4 Gaussian, unimodal −0.67

draw N i.i.d. samples from two randomly picked densities corresponding to the ICA

benchmark densities [4]. These densities are scaled and centralized such that they

have zero mean and unit variance (see Table 4-1). These random variables are mixed

using a 2-dimensional rotation matrix with rotation angle θ ∈ [0, π/4]. Gaussian noise

with unit variance and zero mean is a added as extra dimensions. Finally each one

of the random vectors is rotated by a random rotation (orthonormal matrix) in R2, and

R
3, accordingly. This causes the resulting random vectors to be dependent across all

observed dimensions. We perform experiments varying angles, samples sizes and,

dimensionality. The test compares the value of the gap:

Sα(KX ) + Sα(KY )− Sα
(
KX ◦KY
tr(KX ◦KY )

)
, (4–63)

where KX and KY are the Gram matrices (Gaussian kernel) for the X and Y components

of the sample {(xi , yi)}Ni=1, with a threshold computed by sampling a surrogate of the null
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hypothesis H0 based on shuffling one of the components of the sample k times, that

is, the correspondences between xi and yi are broken by the random permutations.

The threshold is the the estimated quantile 1 − τ where τ is the significance level of

the test (Type I error), meaning that the test is data dependent. The hypothesis H0, X

is independent of Y , is accepted if the gap (4–63) is below the threshold, otherwise,

we reject H0. In all our experiments k = 100. he solid lines in Figures 4-2A, 4-2B, and

4-2C show the estimated probability of H0 being accepted for the proposed test with

τ = 0.05. The results are averages over 100 simulations for each one of the parameter

configurations. We compare our results with the ones obtained by using the kernel

based statistic proposed in [30],

Tn =
1

n2

n∑

i,j=1

Lh(xi − xj)L′h(yi , yj)+

− 2
n3

n∑

j=1

[(
n∑

i=1

Lh(xi − xj)
)(

n∑

i=1

L′h(yi − yj)
)]
+

+

(
1

n2

n∑

i,j=1

Lh(xi − xj)
)(

1

n2

n∑

i,j=1

L′h(yi − yj)
)
,

(4–64)

where Lh and L′h are characteristic kernels on Rd [84]. In the case of X ,Y ∈ R (Figure

4-2A), the type II error is low even for small sample sizes, whereas the dependence

becomes more difficult to detect as d increases, requiring a larger N to obtain an

acceptable type II error. Our results are competitive to those obtained with the kernel

based statistic (4–64). The two methods perform relatively similar for large angle, but

it can be noticed that the proposed method work better when the angle is close to 0.

It is important to point out that in both cases, the proposed statistic using the gap and

the one in (4–64), the threshold was empirically determined by approximating the null

distribution using permutations on one of the variables. Whether we can provide a

distribution of the null hypothesis for (4–63) is subject of future work. Figure 4-3 shows

the influence of the parameters in the power of the proposed independence test. The

behavior of the test for different orders α and kernel sizes σ can be explained from the
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Figure 4-2. Results of the independence test based on the gap between tensor and
Hadamard product entropies for different sample sizes and dimensionality.
Figures 4-2A, 4-2B, and 4-2C, correspond to random variables of 1, 2, and 3
dimensions. The larger the angle the easier to reject H0 (Independence).

81



0 0.5 1 1.5 2 2.5 3 3.5 4
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

σ

A
cc

ep
ta

nc
e 

of
 H

0

 

 

α = 1.01
α = 1.5
α = 2
α = 3
α = 5

Figure 4-3. Results of the independence test based on the gap between tensor and
Hadamard product entropies for different kernel sizes σ and entropy orders α
for a fixed sample of size 1024 and rotation angle θ = π

8
. The dimensionality

of the of the random variables is d = 2.

spectral properties of the Gram matrices. For smaller kernel sizes the Gram matrix

approaches to identity and thus its eigenvalues become more similar, with 1/n as the

limit case. Therefore, the gap (4–63) monotonically increases as σ → 0, so does the

gap for the permuted sample. Since both quantities have the same upper bound, the

probability of accepting H0 increases. The other phenomenon is related to the entropy

order, it can be noticed that the larger the order α the smaller the kernel size σ that is

needed to minimize the type II error. The order has an smoothing effect in the resulting

operator defined in (4–50). Large α will emphasize on the largest eigenvalues of the

Gram matrices that are commonly associated with slowly changing features.
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CHAPTER 5
INFORMATION THEORETIC LEARNING WITH MATRIX-BASED ENTROPY

So far, we have seen how the proposed matrix based framework can be useful

when comparing quantities that describe the data in a static manner. For example, we

have derived quantities that can be employed to test statistical independence between

two random variables X and Y . In this chapter, we want to pursue a different goal.

Instead, we want to use the quantities based on matrix-entropy as objective functions

to formulate learning problems as mathematical optimization problems. Thus, we are

looking at maximizing or minimizing a given information theoretic quantity over a subset

of the set of positive definite matrices that we will describe below. We are looking at a

constrained optimization problem of the form:

minimize
X∈∆+n

f0(X)

subject to
fi(X) ≤ 0, for i = 1, ... ,m;

hj(X) = 0, for j = 1, ... , ℓ.

(5–1)

∆+n denotes the set of positive definite matrices. In our information theoretic context, f0

and in some cases fi for i = 1, ... ,m will be some of the functionals that can be derived

from the entropy like functional defined in (4–13). The matrix entropy functional, fall into

the family of matrix functions know as spectral functions. Let Hn denote the vector space

of real Hermitian matrices of size n × n endowed with inner product 〈X,Y〉 = trXY;

and let Un denote the set of n × n unitary matrices. A real valued function f defines on

a subset of Hn is unitarily invariant if f (UXU∗) = f (X) for any U ∈ Un; these functions

only depend on the eigenvalues of X and therefore are called spectral functions [24].

Recalling property (i) in Proposition 4.2.1, we can clearly see that the function (4–13)

belong to the class of spectral functions we have just described.

5.1 Computing Derivatives of Matrix Entropy

Associated with each spectral function f there is a symmetric function F on Rn. By

symmetric we meant that F (x) = F (Px) for any n × n permutation matrix P. Let λ(X)
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denote the vector of ordered eigenvalues of X; then, a spectral function f (X) is of the

form F (λ(X)) for a symmetric function F . We are interested in the differentiation of the

composition (F ◦ λ)(·) = F (λ(·)) at X. The following result [46] allows us to differentiate

an spectral function f at X

Theorem 5.1.1. Let the set Ω ⊂ Rn be open and symmetric, that is, for any x ∈ Ω

and any n × n permutation matrix P, Px ∈ Ω. Suppose that F is symmetric, Then, the

spectral function F (λ(·)) is differentiable at a matrix X if and only if F is differentiable at

the vector λ(X ). In this case, the gradient of F ◦ λ at X is

∇(F ◦ λ)(X) = Udiag(∇F(λ(X)))U∗, (5–2)

for any unitary matrix satisfying X = Udiag(λ(X))U∗.

Form the above theorem it is straightforward to obtain the derivative of (4–13) at A

as follows:

∇Sα(A) =
α

(1− α)tr(Aα)UΛ
α−1U∗, (5–3)

where A = UΛU∗. It is important to note that this decomposition can be use to our

advantage. Instead of computing the full set of eigenvectors and eigenvalues of A, we

can approximate the gradient of Sα by using only a few leading eigenvalues. It is easy to

see that this approximation will be optimal in the Frobenius norm ‖X‖Fro =
√
tr(X∗X).

5.2 Supervised Metric Learning

Here, we apply the proposed matrix framework to the problem of supervised metric

learning. This problem can be formulated as follows. Given a set of points {(xi , li)}ni=1,

we seek for a positive semidefinite matrix AAT, that parametrizes a Mahalanobis

distance between samples x, x′ ∈ Rd as d(x, x′) = (x − x′)TAAT(x − x′). Our goal is to

find parametrization matrix A such that the conditional entropy of the labels li given the

projected samples yi = ATxi with yi ∈ Rp and p ≪ d , is minimized. This can be posed as
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the following optimization problem:

minimize
A∈Rd×p

Sα(L|Y )

subject to
ATxi = yi , for i = 1, ... , n;

tr(ATA) = p,

(5–4)

where the trace constraint prevents the solution from growing unbounded. We can

translate this problem to our matrix-based framework in the following way. Let K be the

matrix representing the projected samples

Kij =
1

n
exp

(
−(xi − xj)

TAAT(xi − xj)
2σ2

)
,

and L be the matrix of class co-occurrences where Lij = 1
n

if li = lj and zero otherwise.

The conditional entropy can be computed as Sα(L|Y ) = Sα (nK ◦ L) − Sα(K), and its

gradient at A, which can be derived based on (5–2), is given by:

XT(P− diag(P1)XA) (5–5)

where

P = (L ◦ ∇Sα (nK ◦ L)−∇Sα(K)) ◦K (5–6)

Finally, we can use (5–5) to search for A iteratively. To evaluate the results we use the

same experimental setup proposed in [18], which compares 5 different approaches

to supervised metric learning based on the classification error obtained from two-fold

cross-validation using a 4-nearest neighbor classifier. The reported errors are averages

errors from fives runs of each algorithm; in our case the parameters are p = 3, α = 1.01

and σ =
√
3. the feature vectors were centered and scaled to have unit variance.

Figure 5-1A shows the results of the proposed approach conditional entropy metric

learning (CEML), two variants of information theoretic metric learning (ITML) proposed

in [18], the baseline Euclidean distance, a distance based on the inverse covariance,

the maximally collapsing metric learning (MCML) method from [27], and the large
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Figure 5-1. Results for the Metric learning application

margin nearest neighbor (LMNN) method found in [91]. The results for the Soybean

dataset are not reported since there is more than one possible data set in the UCI

repository under that name. The errors obtained by the metric learning algorithm

using the proposed matrix-based entropy framework are consistently among the best

performing methods included in the comparison. We also run the algorithm on the UMist

dataset; This data set consists of Grayscale faces (8 bit [0-255]) of 20 different people.

The total number of images is 575 and the size of each image is 112x92 pixels for a
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total of 10304 dimensions. Pixel values were normalized diving by 255 and centered.

Figure 5-1B shows the projected images into R2. it is remarkable how a linear projection

can separate the faces and it can also be seen from the Gram matrix that it tries to

approximate the co-occurrence matrix L.

5.3 Transductive Learning with an Application to Image Supe r Resolution

Consider a sample of input output pairs {(xi , yi)}ni=1, the usual inductive learning

setting tries to find a function f that captures the dependency between the input and

output variables X andY . This functions is then applied to new incoming inputs xj , j > n

to predict the corresponding yj = f (xj). On the other hand, learning by transduction

as introduced in [25] can be uderstood as inference from particular to particular; in

other words, a transductive learning algorithm provides a predicted value of yj that is

consistent with the previously observed pairs {(xi , yi)}ni=1 without explicit computation of

the function f 1 .

Let us describe the information theoretic learning approach to transduction in a

binary classification setting. Suppose we are given a set of {(xi , yi)}ni=1 of n labeled

points xi , each point xi either belongs to class 1 or −1. There is a point xn+1 for which no

label yn+1 is provided. We can construct an (n + 1) × (n + 1) Gram matrix by computing

a given kernel on the set of inputs {xi}n+1i=1 and two possible completions of the set of

outputs Y+1 = {y1, ... , yi , +1} and Y−1 and their corresponding Gram matrices L+1 and

L−1. Let I (y) be defined as,

Iscore(y) =




I (K;L−1) y = −1,

I (K;L+1) y = +1
(5–7)

1 Recall that a supervised learning algorithm is usually described as a mapping from
the spaces of samples {zi}ni=1 ⊂ X × Y to functions f on X

87



The predicted label ŷn+1 for the point xn+1 will be chosen using the score Iscore(y) as,

ŷn+1 = arg min
y∈{−1,+1}

Iscore(y) (5–8)

A more general case of the above formulation problem needs to consider a set Y that is

not necessarily discrete (e.g. Y is continuous). In this case, the prediction of y can be

cast as a optimization problem.

Example-based image super resolution: Super resolution of images is a problem

that has been studied from different perspectives [57]. A learning approach to image

super-resolution is known as the example-based super-resolution; in this case the

missing parts of information are reconstructed by incorporating prior knowledge to the

process. A set of train images is partitioned into patches for which a low resolution

corresponding patch is assumed to be a subsampled version of the high resolution

patch. In addition to the subsampling, it may be assumed that the high resolution patch

undergoes a low-pass filtering procedure before being subsampled (anti-aliasing).

The method of local correlations proposed in [13] can be categorized among the

example-based methods. It basic implementation employs a set of associative

memories that are computed by partitioning the space of low resolution patches and

training and associative memory for each one of the partition; a new image is then

processed by the following steps:

1. The low resolution image is transformed into a set of patches of p size for which
the mean value of the pixel intensities within a patch each removed.

2. Each patch is the compares to dictionary of centers that are the Voronoy centers of
the partition done to the space of low res patches.

3. The high resolution patch is obtained as the output of the associative memory
corresponding to the closest center to the low resolution image patch.

Our approach using the transductive learning method explained above can be adapted

to the problem of image super resolution. Let (Xtrain,Ytrain) denote the set of low

res, high res pairs of training patches, and Xquery denote the set of patches of a low
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resolution query. The goal is to find the corresponding set high resolution patches Yquery

such that the entropy gap is maximized on the full sample

(X,Y) =






Xtrain

Xquery


 ,



Ytrain

Yquery





 . (5–9)

That is,

maximize
Yquery

Sα(KX ) + Sα(KY )− Sα
(
KX ◦KY
tr(KX ◦KY )

)
, (5–10)

where KX and KY are the Gram matrices (Gaussian kernel) for the X and Y components

of the full sample. This method requires an initial guess, which in our case is provided by

the local correlation method. Figure 5-2 displays some of the results obtained with the

proposed method with a magnification factor of 3×.
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Figure 5-2. From left to right: the first column correspond to the low resolution queries,
the second column is the result of applying Bi-cubic interpolation to
upsample the image (3×), the third column is the result of local correlation
method introduced in [61], and the fourth column is the proposed approach
using trasnductive learning. In the last case the initial guess corresponds to
the output of the local correlation method.
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CHAPTER 6
CONCLUSIONS AND FUTURE WORK

In this thesis, we extend the work on reproducing kernel Hilbert space methods

for information theoretic learning that was initiated in [95]. We introduce the principle

of relevant information and an alternative formulation using the information potential

RKHS. This alternative formulation shows the advantages of using the reproducing

kernel Hilbert space formulation for information theoretic learning. In particular, we show

how can we incorporate results, methods, and algorithms that have been developed

developed in the machine learning community to our framework In the spirit of kernel

methods, the PRI can be solved with a support vector type algorithm. The information

potential RKHS formulation effectively by-passes the density estimation step that is

common on previous algorithms using information theoretic learning framework. The

experiments show that the method can perform different unsupervised learning tasks by

setting the trade-off parameter appropriately and results are comparable with other state

of the art kernel-based feature extractors.

We introduce a sequential minimal optimization algorithm for the principle of

relevant information based on weighted density estimation. In order to guarantee

convergence of the algorithm, we show that the Karush-Kuhn-Tucker first order

optimality condition are necessary and sufficient in our formulation. In proving this,

we found there exist a convex program that yields the same solution. Results show

that computational complexity is manageable even for sample sizes of several tens

of thousands. The very important feature is that elements of the Gram matrix are

computed at request and do not need to be stored, nevertheless, speed improvements

can be achieved by using a cache that temporarily stores frequently visited samples.

The results and insights obtained with the new formulations of the principle of

relevant information motivate the second part of this dissertation. Here, we present

an estimation framework of entropy-like quantities based on infinite divisible matrices.
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By using the axiomatic characterization of Renyi’s entropy, a functional on positive

definite matrices is defined. We define estimators of entropy -like quantities based

on gram matrices that correspond to infinite divisible kernels. The use of Hadamard

products allows us to define quantities that are similar to mutual information and

conditional entropy. We showed some properties of the proposed quantities and

their asymptotic behavior as operators in reproducing kernel Hilbert space defining

distribution dependent kernels. Numerical experiments showed the usefulness of the

proposed approach with results that are competitive with the state of the art. Moreover,

We show how quantities such as conditional entropy and mutual information can be

employed to formulate different learning problems, and provide efficient ways to solve

the optimization that arise from these formulations.

Future Work: One important subject for further research is related to extensions

of the principle of relevant information that can lead to supervised or semi-supervised

learning. For instance, minimization of the joint entropy of input-output target pairs along

with an information preservation constraint with respect to the given marginal of the

inputs is very similar to the concept of manifold regularization proposed by [9].

There is room for improvements on the sequential minimal optimization algorithm

proposed to solve the RKHS PRI formulation. Namely, improvements in terms of

speed by better selection heuristics and memory trade offs can be pursued in future

implementations.

Another interesting question is whether the principle can be extended to deal with

random variables of various domains capturing relevant information through variables

that can help in problems such as visualization.

Another interesting line of work involve the relation between information theory

and statistical mechanics. Adding physical understanding of the Information theoretic

formulations of learning problems can be illuminating in proposing biologically plausible

implementations of information theoretic objective functions.
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There is plenty of room for developments in optimization and numerical analysis

that lead to efficient, large scale algorithms and approximations that can be employed to

find solution to the information theoretic learning objective functions based on matrices.

One of the big hurdles of the proposed framework is the estimation of the spectrum, we

propose to use the largest eigenvalues to approximate the gradient of the information

theoretic quantities, but these approximation still requires the storage of the full Gram

matrix. It seems that greedy approximation to the Gram matrix are a necessary step to

large scale implementations.
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APPENDIX A
BASIC DEFINITIONS AND STANDARD NOTATION

A.1 Shannon’s Entropy and Mutual Information

One of the underpinning concepts in information theory is entropy, which can be

understood as the average uncertainity for some given process. The first definition of

entropy was introduced by Shannon [80] in the context of communication systems,

and gave rise to information theory. The entropy function was defined to satisfy

thefollowing requirements: continuity in the measure of uncertainity, that is on the

probability arguments; for a partition where all elements (disjoint subsets) have the

same probability, the function must depend on the number of subsets; and for a

refinement of a certain collection of disjoint subsets the entropy should increase1 .

Let (Ω,BΩ,P) be a probability space and X : (Ω,BΩ) 7→ (X ,BX ) a measurable function.

For simplicity, first, consider the case where the elements xi of X are countable (or

finitely many) and define a partition

U = {X−1(x1),X
−1(x2), ... } (A–1)

of Ω. For a functional H representing the uncertainity about the partition U (induced by

the measurable function X ). The entropy of discrete random variable X that can take n

possible values denoted by xn

H(X ) = EX

[
log

1

P(X )

]
= −

n∑

i=1

P(xi) logP(xi) (A–2)

Starting from a similar formulation, it is possible to define the joint entropy

H(X ,Y ) = EX ,Y

[
log

1

P(X ,Y )

]
= −

m∑

j=1

n∑

i=1

P(xi , yj) logP(xi , yj) (A–3)

1 Notice we don explicitly state that the function should be strictly increasing, but but
this is the case where the resulting subsets of the partition have non-zero measure since
their probaility decrease and hence the uncertainity increases
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and the conditional entropy

H(Y |X ) = EX ,Y
[
log

1

P(Y |X )

]
= −

m∑

j=1

n∑

i=1

P(yi , xi) logP(yj |X = xi) (A–4)

observe that the joint entropy corresponds to the expection of the uncertaintity of a

variable (Y in our case) given that we have knowledge of the other (X ). and in the case

of independent random variables we have that

H(Y ) = H(Y |X )

And when y = g(x) for a deterministic mapping g we have H(Y |X ) = 0. We can

also interpret entropy not in terms of uncertainity related to a possible outcome of

an experiment, but as a measure of the information we gain from observing a given

outcome. Using the above definitions and the latter interpretation of entropy, we can

introduce the concept of mutual information between two random variables as the

amount of information that is common to the two variables. In this case the additivity

property of entropy plays an important role:

I (X ;Y ) = H(X )− H(X |Y ) = H(Y )− H(Y |X ) = I (Y ;X ) (A–5)

Notice that mutual information is a symmetric function and is zero if X and Y are

independent A straighforward algebraic manipulation of (A–5) yields:

I (X ;Y ) =

m∑

j=1

n∑

i=1

P(yi , xi) log
P(yi , xi)

P(yj) P(xi)
. (A–6)

The argument of the log function in (A–6) sugest a more general statement. The ratio

between the joint and the product of the marginals can be seen as a comparison

between two valid probablity mass functions. The Kullback-Leibler divergence is the

generalization of our rather informal statement.

Definition A.1.1. (Kullback-Leibler KL divergence): Let P and Q be two probability mass

functions defined over the same domain. The relative entropy or KL divergence is is
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defined as

KL(P‖Q) =
n∑

i=1

P(xi) log
P(xi)

Q(xi)
. (A–7)

Notice the above above definitions have been defined for the case of discrete

probability spaces (countable sets). Nevertheless, these concepts can also be

extended to continuous random variables as well as other measurable functions2 .

For a continuous random variable X and probability density function f (x) with support X

the differential entropy is given by:

H(X ) = EX

[
log

1

f (X )

]
= −

∫

X

f (x) log f (x)dx , (A–8)

the joint entropy

H(X ,Y ) = EX ,Y

[
log

1

f (X ,Y )

]
= −

∫∫

X ,Y

f (x , y) log f (x , y)dxdy , (A–9)

and the conditional entropy

H(Y |X ) = EX ,Y
[
log

1

f (Y |X )

]
= −

∫∫

X ,Y

f (x , y) log f (y |x)dydx . (A–10)

Mutual information can obtained using (A–5) and the KL divergence for two valid density

functions f and g

KL(f ‖g) =
∫

X

f (x) log
f (x)

g(x)
dx . (A–11)

A.2 Rényi’s Measures of Information

The above introduction is rather informal and aims at providing a condensed picture

of the tools we want to use throughout this work. In this section, we want to provide a

2 As long as we can define a partition directly or indirectly [56]. However, some
properties defined for discrete RVs may differ when we move to the continuous case.
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more detailed description of the particular measures from which information theoretic

learning has been developed [70].

Definition A.2.1. (Generalized Random Variable): Let (Ω,BΩ,P) be a probability space,

and X (ω) a function defined on Ω1 ∈ BΩ where P(Ω1) < 1 and is measurable with

respect to BΩ. X is called a generalized random variable.

The distribution of a generalized random variable is called a generalized distribution.

In the case of discrete generalized random variable with finite support, the generalized

distribution can be represented by a sequence of P = (p1, p2, ... , pn) and a weight

W (P) = ∑n

i=1 pi , where each pi corresponds to the probability of each element of the

partition (recall (A–1)). Since we are dealing with generalized distributions of subsets

Ωτ
3 of the sample space Ω. With these elements at hand, it is possible to characterize

the entropy function by the following postulates4 :

(H1): H(P) is a symmetric fucntion of the elements of P.

(H2): H({p}) is continuous on (0, 1].

(H3): For generalized distributions P and Q, H(P ×Q) = H(P) + H(Q).

(H4): For generalized distributions P and Q such thatW (P) +W (Q) ≤ 1

H(P ∪ Q) = W (P)H(P) +W (Q)H(P)
W (P) +W (Q) (A–12)

A function satisfying such postulates is given by

H(P) =

n∑
i=1

pi log
1
pi

n∑
i=1

pi

(A–13)

3 According to definition A.2.1, if (Ω,BΩ,P) is a probability space. We can define a
generalized distribution for Ωτ ⊂ Ω, if (Ωτ , Ωτ ∩ BΩ) is a measurable space.

4 There is an extra postulate H({1/2}) = 1 but this is only useful to define the base
log function. It is an scaling constant.
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This construction agrees with the notion of of average uncertainity. In fact, it can be

extended to a more general form of a mean value using the Kolmogorov-Nagumo

function φ(x), that is:

φ−1
(
n∑

i=1

wkφ(xk)

)
(A–14)

where φ is an arbitrary strictly monotonic and continuous function. Under these

conditions φ−1 is the inverse function. Postulate (H4) is then replaced by

(H4′): For generalized distributions P and Q, there exists a strictly monotonic and

increasing function φ, such that ifW (P) +W (Q) ≤ 1

H(P ∪ Q) = φ−1
(
W (P)φ (H(P)) +W (Q)φ (H(P))

W (P) +W (Q)

)
(A–15)

It is clear that for the case φ(x) = ax + b and a 6= 0 the postulate reduces to the original

construction. Now, if φ(x) = 2(α−1)x , the function

Hα(P) =
1

1− α log




n∑
i=1

pαi

n∑
i=1

pi


 (A–16)

is called the entropy of order α of the generalized distribution P, with lim
a→1
Hα(P) = H(P),

where H(P) is defined in equation (A–13). As we have pointed out before the entropy

not only refers to uncertainity but to information, as well. In this sense, we can go back

to the more general concept related to mutual information divergence. Following a

similar scheme used to define the entropy of α order, we can define the α-Divergence for

a discrete random variable as:

Dα(P‖Q) =
1

1− α log




n∑
i=1

pα
i

q1−α

i

n∑
i=1

pi


 (A–17)

For a continuous random variable X with pdf fX (x), the differential entropy of α order,

Hα(X ) =
1

1− α log



∫

X

f (x)αdx


 (A–18)
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and the for two density functions f and g the α-Divergence

Dα(f ‖g) =
1

1− α log



∫

X

f (x)α

g(x)1−α
dx


 (A–19)

As α → 1 (A–18) approximates to Shannon’s entropy and (A–19) to the K-L divergence.

A modified version of Renyi’s definition of α-relative entropy between random variables

with PDFs f and g is given in [48],

Dα(f ‖g) = log
(∫
gα−1f

) 1
1−α

(∫
gα
) 1

α

(∫
f α
) 1

α(1−α)

. (A–20)

Similarly, Shannon’s relative entropy (K-L divergence) is the limit for α→ 1. An important

component in the relative entropy is the cross-entropy term Hα(f ; g) that quantifies the

information gain from observing g with respect to the “true” density f . It turns out that

for the case of α = 2, the above quantities can be expressed, under some restrictions,

as functions of inner products between PDFs. In particular, the 2-order entropy of f and

cross-entropy between f and g, can be respectively expressed as,

H2(f ) = − log
∫

X

f 2(x)dx;

H2(f ; g) = − log
∫

X

f (x)g(x)dx,

(A–21)

the associated relative entropy of order 2 is called the Cauchy-Schwarz divergence and

is defined as follows:

DCS(f ‖g) = −
1

2
log

(∫
fg
)2

(∫
f 2
) (∫
g2
) . (A–22)
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APPENDIX B
AUXILIARY THEOREMS PROOFS AND DERIVATIONS

B.1 Sufficient Conditions for Pseudo-Convex Programs

The following theorem is extracted from [49] Chapter 10.

Theorem B.1.1. Let X 0 be an open set in Rn an let f and g be respectively and scalar

and a m-dimensional vector function both defined in X 0. Let x∗ ∈ X 0, I = {i | gi(x∗) = 0},

f be pseudo-convex at x∗, and g be differentiable and quasi-convex at x∗. If there exists

a µ∗ ∈ R
m such that the pair (x∗,µ∗) satisfy the following conditions:

[
∇f (x∗) + µ∗TDg(x∗)

]
(x − x∗) ≥ 0, ∀x ∈ X 0; g(x) ≤ 0 (B–1)

µ∗Tg(x∗) = 0

g(x∗) ≤ 0

µ∗ ≥ 0

Then, x∗ is a solution of the following minimization problem

min
x∈X 0

f (x)

subject to g(x) ≤ 0.
(B–2)

Proof B.1.1. Let I = {i | gi(x∗) = 0}, J = {j | gi(x∗) < 0}, thence I ∪ J = {1, ... , m}

since µ∗ ≥ 0, g(x∗) ≤ 0, and µ∗ ≥ 0, we have that {µj}j∈J = 0, and from quasi convexity

of g at x∗, the gradients of gi at x∗ for i ∈ I are orthogonal to tangent planes to the level

sets defined by gi(x) = 0 and therefore for any feasible point x ∈ X 0 and g(x) ≤ 0,

DgI (x
∗)(x − x∗) ≤ 0, by non-negativity of µ and since µJ = 0 we have:

µ∗
I
TDgI (x

∗)(x − x∗) ≤ 0 (B–3)

µ∗
J
TDgJ(x

∗)(x − x∗) = 0

µ∗TDg(x∗)(x − x∗) =
[
µ∗
I
TDgI (x

∗) + µ∗
J
TDgJ(x

∗)
]
(x − x∗) ≤ 0.
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Finally, since
[
∇f (x∗) + µ∗TDg(x∗)

]
(x − x∗) ≥ 0 for all x ∈ X 0 and g(x) ≤ 0, we need

that ∇f (x∗)(x − x∗) ≥ 0 and thus by pseudo-convexity of f implying that f (x) ≥ f (x∗) for

all x ∈ X 0 such that g(x) ≤ 0.

�

A generalization of the Kuhn-Tucker sufficient optimality criterion follows from the

above theorem by replacing condition (B–1) with

∇f (x∗) + µ∗TDg(x∗) = 0 (B–4)

B.2 Details of the Solution to the Minimal Subproblem

We refer to the objective in (3–29) as,

J(β2) = (λ− 1) logA(β2)− 2λ logB(β2). (B–5)

Taking the derivative of J(β2) and equating to zero yields:

d

dβ2
J(β2) = 0 = (λ− 1)B(β2)

d

dβ2
A(β2)− 2λA(β2)

d

dβ2
B(β2) (B–6)

where
d

dβ2
A(β2) = 2(β2(V11 + V22 − V12) + (w(V12 − V11) + (υ2 − υ1))) (B–7)

and
d

dβ2
B(β2) = q2 − q1 (B–8)

Expanding and rearranging yields (3–30)
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APPENDIX C
APPROACHES TO UNSUPERVISED LEARNING

Among the vast amount of literature that can be found on unsupervised learning,

there is customary element in their presentation that divides the methods into two

main categories: discrete variable methods, and continuous variable representations.

Discrete representations can be easily associated with binary representations for which

a feature is either present or not; clustering and vector quantization are representatives

of this category. In what concerns to continuous variable representations, we can

find techniques for dimensionality reduction that look for faithful low dimensional

representation of the data; methods that do not necessarily reduce dimension but

give representations that decompose into independent factors and methods that exploit

redundancy to build representations that are robust. Finally learning the probability

distribution, which may fall into ether groups. The latter problem motivates a generative

view of unsupervised learning that performs inference for a given model from observed

data to give a posterior distribution and a learning step that uses the posterior to update

the model.

As we mentioned before, in order to learn the representation from the observed

data we need two address the questions of what look for in a the representation and

how to assess the effectiveness without resorting to further stages of processing.

In here, we attempt to present some of the existing techniques for unsupervised

learning based on our main objective, which is understand the role of information

theoretic principles behind unsupervised learning and how they apply to learning data

representation. For this reason, our review divides the set of techniques according to the

way information flows in each method.

Let X be our input set and Z the code set. A mapping f : X 7→ Z (the mapping can

be random or deterministic) will be called the encoder, and the mapping g : Z 7→ X the

decoder. The composition g ◦ f is called encoder-decoder channel or simply channel.
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Figure C-1 depicts a block diagram of the above elements. The encoder-decoder

Figure C-1. Block diagram encoder decoder scheme

structure allows us to classify the existing unsupervised learning methods into three

main groups: Encoder learning, decoder learning, and encoder-decoder channel

learning.

C.1 Encoder Learning Methods

In this case our main concern is to learn how to code x into z . Recovering x or an

approximation to it by using z might be possible but it is not required for these methods.

The relation between X and Z is established through a mapping f that can be learned

explicitly or implicitly.

k-Means Clustering is simple algorithm that partitions the input space in k disjoint

portions according to the distribution of the data. Let X be R
d , C = {µℓ}kℓ=1 ⊂ R

d a set

of centers. The objective is to adjust the locations of the set of centers C such that the

objective is minimized:

E

[∥∥∥∥X − arg minµℓ∈C
{‖X − µℓ‖2}

∥∥∥∥
2
]
. (C–1)

The sample estimator of the cost leads to an iterative procedure for which the sample

S = {xi}Ni=1 is partitioned into k disjoint subsets according to C , using the elements

of each subset Sℓ the values of µℓ are updated according to the sample mean. The

algorithm iterates until the partitions do not change. The k-means algorithm is a simple

method and has been widely applied in different tasks that require quantization or a

prototype based representation of a very large sample. As an information theoretic

objective the k-means clustering correspond to the a minimization of a divergence
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between the data distribution and a mixture of k isotropic Gaussian distribution. One

caveat of the cost function is the presence of multiple local minimum, which makes the

algorithm sensitive to initial conditions.

Principal component analysis (PCA) seeks for a linear mapping A : Rd 7→ Rp; x 7→

Ax, where p < d , AAT = I, and E[X ] = 0, such that tr E[ZZT ] is maximized. In other

words, we look for a linear transformation for which outputs have maximum variance

[38] and become uncorrelated. The second condition can be rather thought of as a

consequence of the solution, the rows of A correspond to the transpose of p leading

eigenvectors of the covariance matrix of X . Due to its simplicity PCA is widely applied in

practice, but may gifitted to representve poor results since only works with the second

order statistics of the data. Assuming that X Gaussian distributed, PCA can be though

as finding the linear subspace for which Z has maximum differential entropy, since any

linear transformation of a Gaussian variable results in another Gaussian the maximum

entropy objective becomes a variance maximization objective.

Kernel PCA [77] is nonlinear generalization of PCA based on the theory of positive

definite kernels. Let κ : X × X 7→ R be a positive definite kernel, where X is an

arbitrary set. For x , y ∈ X , κ(x , y) = 〈φ(x),φ(y)〉 represents an inner product on a

reproducing kernel Hilbert space H, where φ : X 7→ H is an underlying mapping induced

by the kernel function. In this generalization, linear PCA is carried out in H by a dual

representation of the eigenvectors of the covariance operator in H. For the sample

S = {xi}Ni=1, let K be the Gram matrix with entries Kij = κ(xi , xj) for i , j = 1, ... ,N , and

for ease of exposition let us assume the kernel is such that the sample is centralized in

the feature space. The solution is found by solving Kαℓ = λℓαℓ for the p eigenvectors

with largest eigenvalues. The encoder is a nonlinear mapping from X to Rp such that for

each dimension of z there is a function fℓ : X 7→ R. For x ∈ X the evaluation of fℓ on x is
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expressed in term of kernel evaluation as follows:

fℓ(x) =
1√
λℓ

∑

i=1

αℓiκ(xi , x), (C–2)

where αℓi is the i-th entry of the ℓ-th eigenvector of K.

Kernel entropy component analysis (KECA) [36] is a method very similar to

kernel PCA in the way the eigenvectors in H are computed using the dual formulation.

However, the solution is motivated by the relation between estimators of Renyi’s second

order entropy based on Parzen windows and the Gram matrix K 1 , and thus this matrix

does not require centering as in kernel PCA. In KECA the mapping is computed using

the p eigenvectors that have the highest scores γℓ =
√
λℓ

∣∣∣
∑N

i=1 αℓi

∣∣∣. Although, both

kernel PCA and KECA are nonlinear algorithms with a very elegant mathematical

formulation, the dual representation employed for the eigenvectors comes at the price

of increased computational burden for larger N . Moreover, the information theoretic

interpretation of KECA using the Renyi’s entropy relation is not shown to remain valid

for every positive semidefinite kernel; thus, the choice of the eigenvalues extracted by

KECA may be misleading in some cases.

Noiseless independent component analysis (ICA) [10, 35] is a paradigm

motivated by the earlier work of Barlow on minimun entropy codes and redundancy

reduction [6–8]. ICA computes a linear transformation of the data z = Ax, where

A : Rd 7→ Rd , such that the components of Z are statistically independent. Because

independence implies zero linear correlation between variables, ICA is usually seen

as the composition of two linear operations A = UB where B is a whitening operation

and U an orthonormal matrix (i.e. a rotation). As a result, E[ZZT ] = I, this explains

why there is no dimensionality reduction as in PCA since there is no explicit reason to

select a subset of the components. One of the early algorithms for ICA was proposed

1 The topic of Renyi’s entropy is developed in detail in the Appendix

105



in [10]. The idea is to maximize the mutual information between the input X ∈ R
d and

the output of a nor linear mapping y = (h ◦ A)h(Ax). This objective is fully achieved if

the nonlinearity h matches the shape of the cumulative distribution of each component

of Z = AX . Since the input output map is deterministic, the maximization of the

mutual information only depends on the entropy of the outputs. The maximum entropy

distribution over a finite interval is the uniform distribution and thus the property of the

network to maximize mutual information if the nonlinearity matches the cumulative

distribution. Another assumption about independent components is that they tend to

be non-Gaussian, this property is exploited in [35], where each component of Z is

optimized to maximize or minimize its kurtosis, in particular, values of this statistics

that are close to 3 since this is the value of kurtosis for Gaussian distributed random

variables. Notice that this algorithm does not employ the nonlinearity h to find the linear

map. Although ICA is well-motivated from the physiological point of view more recent

approaches that incorporate robust coding seem to be more plausible and expose better

features.

Self organizing maps (SOM) [22] seek for a mapping from X to a low-dimensional

space such that proximity relations are preserved as much as possible. The mapping is

computed to a topologically constrained network. The units of the network are arranged

in a lattice that forces neighboring units to learn at the same time. For instance, consider

a set of k ≪ N units, where N is the size of the data set, the j-th unit computes a

map fi : X 7→ R of the form fj(xi) = 〈φ(xi),wj〉. By competitive learning, the unit

parameters are updated according to the unit with the highest activation value i∗, that

is, wj ← wj + η(t)Pi∗(j)φ(xi), where η(t) is the step size, which may vary over time,

and Pℓ is a strength function centered at the ℓ-th point in the lattice that weights the

neighboring units to ℓ. This technique is very simple to compute, and has been subject

of a significant amount of research. Several connections to vector quantization and

manifold learning have been also established. Some know problems of the SOM are

106



local minimum and model selection. Picking the right topology is not trivial and since

there is no particular cost function, it is difficult to assess the success of learning.

As mentioned above, the encoder can be explicit, e.g. the methods we just

presented, or the mapping can be learned implicitly. In the latter case, we do not

have direct access to the encoder function f , but we use the values of z to imply a

transformation z = f (x). Instances of the implicit encoder learning approach are spec-

tral clustering [90] and multidimensional scaling (MDS) [22]. Spectral clustering

partitions the input data set by looking at the spectrum of different normalizations of

the graph Laplacian of the data (for an introductory treatment see [90]). The method

has some appealing properties such as: convexity of the cost, ability to unveil nonlinear

structures in data, and for some cases, theoretical guarantees such as consistency [89].

MDS uses a distance function D : X × X 7→ R to construct a distance matrix D with

entries Dij = D(xi , xj), and a distance function (usually euclidean) d : Z × Z 7→ R to

compute a distance matrix ∆. Then, the locations of a set Sz = {zi}Ni=1, usually in R
p, are

optimized to minimize the cost

J(Sz) =

N∑

i<j

(dij − Dij)2
wij

, (C–3)

where wij is a weight function to emphasize the preservation of large or small distances

in the mapping.

Some of the manifold learning methods also fall into this category. Locally linear

embedding (LLE) [74] is a two-stage method that looks for a global coordinate system

that can represent well the local geometry extracted from local neighborhoods. In the

first stage, a set of weightsWi that minimizes
∑
j∈Ni ‖xi−Wijxj‖2 is obtained by solving a

least squares problem under the translation invariance constraint
∑
j∈Ni Wij = 1 for all i .

In the second stage, similar to MDS, we optimize the location of a set Sz = {zi}Ni=1 ⊂ Rp

by minimizing
∑N

i=1

∑
j∈Ni ‖xi −Wijxj‖2 subject to E[ZZT ] = I. The free parameter is

the choice of the neighborhoods Ni . The method is very appealing since it can solve a
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highly non-linear problem by solving linear problems. However, the method may suffer

degeneracies for lattice organization of points as well as not being good at preserving

global structure since very far away points in the input space may be mapped to close

location in the output space.

Isomap [85] is also a two-stage method. First, it computes an approximation to

the geodesic distance on a manifold based on the shortest path distance in a graph

constructed by local neighborhoods of each data point. The obtained distance is

mapped to points in Rp using MDS. Unlike LLE, the isomap algorithm has convergence

guarantees for some special classes of manifolds. Nevertheless, the algorithm cannot

compute a good map if the intrinsic parameter space is not convex, or the manifold is

not uniformly sampled, or if the curvature is invariant under local isometry. Also the

complexity increases quadratically with the number of points, and sub-sampling methods

are not good alternatives since they jeopardize the accuracy of the approximation of the

geodesic distance. More recent algorithms, semidefinite embedding [92], minimum

volume embedding [81], are also instances of two-stage methods. They estimate

a centered similarity matrix K under local constraints and positive definiteness, the

objective function operates on the spectrum of K and can be solved via semidefinite

programming. For semidefinite embedding, the cost function is rm(K) which is

equivalent to the sum of the eigenvalues of K. Since the matrix is centered, this is

equivalent to maximizing the variance of the underlying set of points generating K.

Minimum volume embedding goes one step beyond by maximizing the gap between

the sum of p largest eigenvalues of K and the sum of the N − p remaining eigenvalues.

In both algorithms, once the similarity matrix is learned, a map to Rp is computed as in

kernel PCA. It has been argued that these techniques are not guaranteed to preserve

local and global structure at the same time. Moreover, the assumption data lying on a

manifold is not clear in the presence of disjoint classes. The computational complexity

of these methods is cubic and their robustness against noise has not been addressed.
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The t-distributed version stochastic neighbor embedding (SNE) [88] is a powerful

algorithm to visualize high-dimensional data. Instead of preserving the distances directly

SNE [32] converts the distances between xi ∈ X and the other points into similarities

based on conditional probabilities pj |i that xi would pick xj as a neighbor, and then

optimize the locations of points in zi ∈ R
p such that the conversion of their distance to

conditional probabilities qj |i are a good match to pj |i using KL(P‖Q) as the cost function.

The t-SNE is a modification of the original method to alleviate the crowding problem.

First the function that models probabilities in Z is heavy-tailed forcing large distances in

X to remain relatively large in Z. Also, the conditional probabilities are replaced by joint

probabilities to make the cost symmetric. The results for visualization are comparable

with other state of art methods; however, the usefulness of the technique has not

been evaluated for other subsequent tasks and on target spaces of more than three

dimensions. Besides, in some cases the intrinsic dimensionality of the manifold can be

very high and a lower dimensional embedding may not be possible 2 .

C.2 Decoder Learning Methods

In this case, we assume there is a generative model for X for which Z is a latent

variable. Since the latent variables are considered unobserved they are estimated from

the decoder. The model assumes a class of decoders along with a code distribution.

Gaussian mixture models (GMM) are a simple type of latent variable models.

In this generative model, Z is a discrete variable taking k possible values each one

of them associated with a Gaussian component of the mixture. The EM algorithm

is the most popular method for learning the mixture model. The expectation step

assign responsibilities to each observed data point xi . The maximization step update

the parameters of the model by taking into account the responsibilities via maximum

2 An embedding is an injective map by definition
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likelihood. Once the model has been learned, we can code new inputs by partitioning

the space based on maximum a posteriori using Bayes theorem.

A unifying view of Linear generative models is presented in [69]. In this view, a

pair of linear state space and observation models are used as a generative model for the

observed data. The model is written as 3 :

st+1 = Bst + zt

xt = Cst + ǫt , (C–4)

This model comprises various static latent variable models such as factor analysis ,

probabilistic PCA , particular cases of the GMM, and even ICA models by including

nonlinearities in the state equation of the model. This generalization also consider

dynamic models such Hidden Markov models and Kalman filters. In factor analysis,

B = 0 and zt ∈ Rp is time independent and Gaussian distributed with zero mean

and covariance I; the observation model C : Rp 7→ R
d is a linear map and ǫt is a

time independent Gaussian vector with zero mean and diagonal covariance matrix

R. Probabilistic PCA has a similar model to factor analysis but ǫ is isotropic, that is,

the covariance matrix is σ2ǫ I. In the case of ICA, the state equation is s = g(z), with

z ∼ N (0, I). Notice the distinction between learning the encoder model as presented

above and the decoder model. The encoder model is the limiting case for ǫ → 0 and

thus the learning can be done in terms of A = C−1, the decoder scheme can be

estimated in the presence of noise via EM. However computation of the posterior usually

becomes intractable and thus sampling methods should be considered.

The generative topographic map (GTM) [86] is a topologically constrained model

that solves many of the issues of the SOM. This a generative model for X , with a prior

3 Note the changes in notation with respect top literature on control systems theory
where it is customary to use x to denote the states and y for the outputs of the system.
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p(z) on Z a parametric class of continuous functions G = {gw : Z 7→ X | w ∈ Ω} and

a conditional probability p(x |z ,w , θ) where θ are the parameters of noise model that

follows the map g(z). Bayesian treatment of the GTM may include a prior on G. In the

original formulation, parameters w and θ are adjusted by maximizing the log likelihood

of the observed x ’s by integrating over Z, that is, p(x |w , θ) =
∫
Z p(x |z ,w , θ)p(z)dz . In

order to make computations tractable, the GTM assumes a prior of the form p(x) =

1
p

∑p

i=1 δ(z − zi) where locations of zi are usually taken to form a uniform grid in Z.

Gaussian process latent variable models (GP-LVM) [43] is a Bayesian latent

variable model based on a dual interpretation of probabilistic PCA. Recall the generative

model for probabilistic PCA, x = Cz + ǫ where z ∼ N (0, I) and ǫ ∼ N (0, σ2ǫ I), assume

X = Rd and Z = Rp. In a Bayesian framework, we can include a prior on C of the

form p(W) =
∏d
i=1N (wi|0, I). Since simultaneous marginalization over Z andW is

intractable, the dual formulation marginalizes overW, therefore we obtain a likelihood

function of the form p(X|Z, σ2ǫ ) =
∏d
i=1 p(x

(i)|Z, σ2ǫ ), where Z is the matrix representation

of a set of N latent points associated with the observed set S = {xi}Ni=1 also arranged in

the matrix X, and x(i) is the i-th column of X. It turns out that p(x(i)|Z, σ2ǫ ) = N (x(i)|0,K),

where K = ZZT + σ2ǫ I. The optimal Z is calculated according to the log likelihood:

− dN
2
log 2π − d

2
log |K| − 1

2
tr(K−1XXT ) (C–5)

This formulation allows a straightforward nonlinear extension by constructing K using

positive definite kernels, then Kij = κ(zi , zj) + σ
2
ǫ δij and thus the relation between z and

x can be nonlinear. Moreover, the probabilistic formalism allows the use of other noise

models rather than Gaussian, but this comes at a price, approximate inference must

be employed. An algorithm based on direct optimization of (C–5) does not scale well

with O(N3), to circumvent this problem sparse approximations of K are needed. The

optimization procedure is also prone to local minimum and initialization procedures must

be considered.
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The work on Sparse coding [54] and Sparse coding with over-complete basis

[53] describe plausible mechanisms that can explain the properties of receptive fields

of simple cells in mammalian primary visual cortex. Here, decoding process is linear

generative model x = Cz + ǫ with a sparsity constraint on the values the variable z can

take. The sparse representation forces a large portion of the p dimensions of z to take

zero values. This allows cases where p > d , that is, C can contain an over-complete

basis. Given the basis through C , the code z ∈ Rp for a particular x ∈ Rd is found by

solving the objective:

min
z∈Rp
‖x − Cz‖2 + λ

p∑

i=1

S(z (i)) (C–6)

where z (i) denotes the i-th dimension of z . This objective corresponds to a maximum

likelihood estimation of z assuming ǫ is isotropic uncorrelated Gaussian and the prior

on z is a product of marginals of the form 1
Zpart
exp−βS(z (i)) that correspond to high

kurtosis distributions (see [52] for details). An important observation is that the encoding

procedure associated with this decoding learning scheme is non-linear. In practice,

the basis also needs to be estimated. For such purpose interleaved optimization of

codes and basis is carried out. In short, given a fixed C , we solve (C–6) for all xi ’s in the

training set; using the code vectors zi we minimize
∑N

i=1 ‖x − Cz‖2 with respect to C . As

a consequence, the overall optimization is prone to local minimum if both C and zi are

to be learned. Under the maximum likelihood assumption these models try to minimize

the KL divergence between the output distribution of teh generative model and the true

distribution of the data. Non-negative matrix factorization [44] is a representation of

the observed data in matrix form. The set of N observed points in Rd is represented by

a N × d matrix X. For a non-negative matrix X, we look for decomposition ZWT , where

size ofW and Z are (d × p) and (N × p), respectively, such that the norm ‖X − ZWT‖
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is minimized 4 . In [44] two types of non-negative factorizations are described: convex

and conic. In both, 0 ≤ Wij ≤ 1 and 0 ≤ Zij , but in the convex case the extra constraint

Z1 = 1 is also imposed.

C.3 Encoder-Decoder or Channel Learning Methods

We have seen that some of the unsupervised learning methods have encoder and

decoder formulation, namely PCA vs probabilistic PCA, ICA infomax vs ICA maximum

likelihood, and k-means vs GMM. The encoder methods are effective in computing

a map from the observed input space X to the code space Z, however they are not

concerned about recovering the input x from the code z . On the other hand, decoder

methods are good at recovering x from an inferred code, since they are generative

models for the observed data. In the absence of additional information, how can a

system recognize the important features? This bring us back informally to the principle

of information preservation [47]. A coding scheme effectively preserves the information

about the inputs if we can recover them from their coded versions. The encoder-decoder

or channel learning scheme is an intuitive way to specify the desired properties of the

features, and at the same time, guarantee that such features preserve the information

about the observed data. In the encoder-decoder learning, the input data undergoes a

series of transformations aimed at extracting the structure conveyed by the redundancy

in the input. The preservation of information is measured by a fidelity criterion. The

composition encoder-decoder, or the channel, is a map from X to X , where x denotes

the input and x̂ the reconstructed version (output of the channel).

The work on generalized Hebbian learning presented in [72] and his extension

to nonlinear units in [73], are early examples that make explicit the encoder-decoder

4 Extensions to other measures of discrepancy between X and ZWT can be
considered. In [19] algorithms for non-negative matrix factorization based on Bregman
divergences are proposed
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learning method for unsupervised learning. In the linear case, it was shown that the

algorithm has the optimality properties of PCA (Karhunen-Loeve tranform). Instead

of measuring the mutual information between X and X̂ , the objective function is the

expected squared Euclidean distance between x and its after-channel version x̂ . The

assumption is that the structure of the input in R
d can be captured by a variable taking

values on Rp. In the linear case p ≪ d but in the nonlinear case this need not be the

case.

Within the sparse coding literature the robust coding point of view presented

in [20] is another example of the encoder-decoder method. The robustness in the

encoding is enforced by introducing additive noise to the coded inputs. Consider a linear

model z = Ax for which want to decode ẑ = z + ǫ. The decoded version of x, is also

a linear procedure x̂ = Cẑ. Adding the noise has a biological motivation of limiting

the information capacity of the processing units. As we mentioned before, sparseness

involves a nonlinear operation and needs to be explicitly stated in the cost function. The

objective function for sparse robust coding is,

E[‖X̂ − X‖]− λ1
p∑

i=1

E[log p(u(i))] + λ2

p∑

i=1

[
log
E[u(i)]

σ2ǫ

]2
(C–7)

The first term is the information preservation by fidelity of the recovered input. The

second term is a sparseness constraint; this is an entropy term and this does not

enforce sparseness per se. The third term, that constrains the power of the code, can

pull the peak of the distribution of Z towards the origin. Important remark is that the

noise term will produce encoding procedures that range from noiseless ICA to PCA as

the power of the noise term increases with respect to the code power.

In energy-based model learning, energy functions are parametrized families of

functions with low energy values on certain regions of their domains. In unsupervised

learning, the energy functions are optimized such that low energies will be associated

with regions where training data lies and high energy values will be given to regions
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where no data has been observed. Once these energy-models have been learned,

inference can be done by returning the point closest local energy minimum to an input

x . Common examples of energy functions are norms, log likelihood. The second one is

associated with Gibbs distribution of the form 1
ZE
exp−βE(X ). One of the advantages of

the energy-model based learning, compared to probabilistic models, is that it eliminates

normalization of the functions, which can be computationally expensive or intractable.

When combining energy terms, it is important to consider the scale at which each of the

terms work since improper trade-off may lead to poor results. The energy-based model

framework was adopted for unsupervised learning in [65] that allows the formulation of

encoder-decoder schemes as a combination of energy terms for inference (encoding),

code cost (sparseness), and reconstruction cost (decoding). Namely,

• Code prediction energy EC [X ,Z ,A]

• Reconstruction energy (decoder) ED [X , Ẑ ,C]

• Code cost EZ [c(Ẑ)] this penalizes undesired forms for the code, properties such
as sparseness will then have low energy values.

The energy function is the sum of the above terms:

EC [X ,Z ,A] + ED [X , Ẑ ,C] + EZ [c(Ẑ)] (C–8)

Even after the energy-model has been learned, inference for coding is still problematic

since it involves the code cost. To allow fast inference, [66] removes the code cost

term and trains a soft max sparsifying function. By using a fast inference encoder, it is

possible to build deep architectures that compute features efficiently.

Encoder-decoder methods we have reviewed so far, have explicit encoder and

decoder functions. We can also, combine them into one mapping from X to X . In this

case, the intermediate variable z is implicit; the information provided by the output

variable x̂ about the input x serves as a lower bound on the information the implicit

variable z contains about x . It is common across all the above presented methods
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that unsupervised learning has the goal of preserving the information conveyed by

the observed inputs. At the same time, it assumes that all the uncertainty carried by

the input data need not be preserved. Finally, the encoder-decoder learning scheme

also suggests that x̂ should not carry more uncertainty than necessary to carry the

information about x .
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APPENDIX D
AN EFFICIENT RANK-DEFICIENT COMPUTATION OF THE PRINCIPLE OF

RELEVANT INFORMATION

A major issue, which we address in this work, is that the amount of computation

associated to the PRI grows quadratically with the size of the available sample. This

limits the scale of the applications if one were to apply the formulas directly. The

problem of polynomial growth on complexity has also received attention within the

machine learning community working on kernel methods. Consequently, approaches

to compute approximations to positive semidefinite matrices based on kernels have

been proposed [23, 94]. The goal of these methods is to accurately estimate large Gram

matrices without computing their n2 elements, directly. It has been observed that in

practice the eigenvalues of the Gram matrix drop rapidly and therefore replacing the

original matrix by a low rank approximation seems reasonable[5, 23]. In our work, we

derive an algorithm for the principle of relevant information based on rank deficient

approximations of a Gram matrix. We also propose a simple modified version of the

Nyström method particularly suited for estimation in ITL.

The chapter starts with a brief introduction to Renyi’s Entropy and the associated

information quantities with their corresponding rank deficient approximations. Then, the

objective function for the principle of relevant information (PRI) is presented. Following,

we propose an implementation of the optimization problem based on rank deficient

approximations. The algorithm is tested on simulated data for various accuracy regimes

(different ranks) followed by some results on realistic scenarios. Finally, we provide

some conclusions along with future work directions.

D.1 Rank Deficient Approximation for ITL

D.1.1 Renyi’s α-Order Entropy and Related Functions

In information theory, a natural extension of the commonly used Shannon’s entropy

is α-order entropy proposed by Renyi [70]. For a random variable X with probability

117



density function (PDF) f (x) and support X , the α-entropy Hα(X ) is defined as;

Hα(f ) =
1

1− α log
∫

X

f α(x)dx. (D–1)

The case α → 1 gives Shannon’s entropy. Similarly, a modified version of Renyi’s

definition of α-relative entropy between random variables with PDFs f and g is given in

[48],

Dα(f ‖g) = log
(∫
gα−1f

) 1
1−α

(∫
gα
) 1

α

(∫
f α
) 1

α(1−α)

. (D–2)

likewise, α → 1 yields Shannon’s relative entropy (KL divergence). An important

component of the relative entropy is the cross-entropy term Hα(f ; g) that quantifies the

information gain from observing g with respect to the “true” density f . It turns out that for

the case of α = 2, the above quantities can be expressed, under some restrictions, as a

function of the inner product between PDFs. In particular, the 2-order entropy of f and

cross-entropy between f and g, are:

H2(f ) = − log
∫

X

f 2(x)dx, (D–3)

H2(f ; g) = − log
∫

X

f (x)g(x)dx. (D–4)

The associated relative entropy of order 2 is called the Cauchy-Schwarz divergence and

is defined as follows:

DCS(f ‖g) = −
1

2
log

(∫
fg
)2

(∫
f 2
) (∫
g2
) . (D–5)

The above operations assume that f and g are know, which is almost never the

when learning from data. Plug in estimators of the second order Renyi’s entropy and

cross-entropy (Cauchy-Schwarz (D–5)) can be derived using Parzen denstity estimators.

For an i.i.d. sample S = {xi}ni=1 ⊆ Rp drawn from g, the Parzen density estimator ĝ at

x is given by ĝ(x) = 1
n

∑n

i=1 κ(x, xi), where κ is an admissible kernel [59]. Consider two

samples S1 = {xi}ni=1 and S2 = {yi}mi=1, both in Rp, drawn i.i.d. from g and f , respectively.
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Let K1 be a matrix with all pairwise evaluations of κ on S1, that is K1(i , j) = κ(xi , xj); the

estimate of the entropy is Ĥ(g) = − log 1
n2

⊤
K1, Ĥ(f ) can be derived similar fashion from

matrix K2. Cross-entropy is Ĥ(f ; g) = − log 1
nm

⊤
K12, where K12(i , j) = κ(xi , yj). Note that

we are basically estimating the arguments of the log functions in (D–3) and (D–4); we

will refer to them as information potential (IP) and cross-information potential (CIP) [62].

For positive semidefinite kernels that are also Parzen, K’s are Gram matrices.

D.1.2 Rank Deficient Approximation

Any symmetric positive semidefinite matrix A can be written as the product GG⊤.

Note the decomposition A need not be unique.

Incomplete Cholesky Decomposition: This decomposition is a special case of

the LU factorization is know as the Cholesky decompositon [28]. Here, G is a lower

triangular matrix with positive diagonal. The advantage of this decomposition is that

we can approximate our Gram matrix K with arbitrary accuracy ǫ by choosing a lower

triangular matrix G̃ with d columns such that ‖K−G̃G̃⊤‖ ≤ ǫ (For a suitable matrix norm).

This incomplete Cholesky decomposition (ICD) can be computed by a greedy approach

that minimizes the trace of the residual of K − G̃G̃⊤ [5, 23, 78]. For an n × n matrix the

complexity of this method is O(nd) and the time complexity is O(nd2). Therefore, this

algorithm is preferable only when d2 ≪ n. The error of the ICD based estimators can

be easily bounded. For a positive semidefinite matrix we have that ‖A‖2 ≤ A, which for

error matrix (K−⊤) ≤ ǫ. the estimators treated in this paper are mostly of the form a⊤b

and so the error is bounded by ǫ‖a‖‖b‖.

Nystr öm Aproximation: This is a well know rank deficient approximation to K in

machine learning [93]. The approximate Gram matrix K̃ is computed by projecting all the

data points onto a subspace spanned by a random subsample of size d in the feature

space. Consequently K̃ = KdK−1
dd K

⊤
d , where Kd is the kernel evaluation between all

data points and the subsample of size d , and Kdd is the kernel evaluation between all

the points in the subsample. The price we pay for this simplicity is that the accuracy of
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the approximation cannot be simply determined. An improved version of this method

with error guarantee can be found in [21]. One important remark on the Nyström method

relates to the computation of K−1
dd , for which we can employ the eigen-decomposition of

Kdd = UΛU
⊤.

Nystr öm-KECA: Assume we want to reduce even further the size of Kdd based

on its eigenvalues, we will have a good projection in terms of the squared norm in

the reproducing kernel Hilbert space associated to κ if we pick the columns of U

corresponding to the largest eigenvalues on the diagonal of Λ. However, we are more

interested on the projection of the mean of the mapped data points µΦ. This idea

resembles the approach followed by [26] on the stopping criterion for the orthogonal

series density estimation based on Kernel PCA. The matrix KdK−1
dd K

⊤
d represents

an Ansatz product in the feature space H as 〈Φ(x), PΦ(y)〉, where P is a projection

operator. In particular 〈µΦ, PµΦ〉 ≤ 〈µΦ,µΦ〉. We can find a faster convergence series

than the one obtained by ordering the eigenvalues of K−1
dd in a non-increasing way. Such

series can be created by ordering the columns of U and their respective eigenvalues

according to the score si = λ
−1/2
i [u⊤i K

⊤
d ]
2. We call this decomposition Nyström-KECA

because it resembles the kernel entropy component analysis proposed in [36].

The computation of the estimators of the IP and CIP can be easily carried out by

computing a low rank decomposition of the (n + m) × (n + m) Gram matrix K of the

augmented sample S = {xi}n1 ∪ {yi}m1 ,

K =



K1 K12

K⊤
12 K2


 (D–6)

120



Since K ≈ G̃G̃⊤ with d ≪ n+m. The block array in (D–6) can be expressed in sub-blocks

of G̃ as1 : 

G̃1

G̃2



[
G̃⊤
1 , G̃

⊤
2

]
=



G̃1G̃

⊤
1 G̃1G̃

⊤
2

G̃2G̃
⊤
1 G̃2G̃

⊤
2


 (D–7)

Then for the IP 1
n2

⊤
K1 ≈ 1

n2
⊤
G1G̃

⊤
1 , and for the CIP 1

nm

⊤
K1 ≈ 1

nm

⊤
G1G̃

⊤
2 . Note that

computing CIP needs roughly O((n + m)d2) operations rather than O(nm). However, it

seems redundant to indirectly work with a (n + m) × (n + m) matrix while we are only

interested in a n ×m block. However, our problem requires both IP and CIP.

D.2 The Principle of Relevant Information

Regularities on the data can be attributed to structure in the underlying generating

process. These regularities can be quantified by the entropy estimated from data,

hence, we can think of the minimization of entropy as a means for finding such

regularities. Suppose we are given a random variable X with PDF g, for which we

want to find a description in terms of a PDF f with reduced entropy, that is, a variable Y

that captures the underlying structure of X . The principle of relevant information (PRI)

casts this problem as a trade-off between the entropy of Y H2(f ) and its descriptive

power about X in terms of their relative entropy DCS(f ‖g). The principle can be briefly

understood as a trade-off between the minimization of redundancy preserving most of

the original structure of a given probability density function. For a fixed pdf g ∈ F the

objective is given by:

argmin
f ∈F
[H2(f ) + λDCS(f ‖g)] for λ ≥ 1. (D–8)

The trade off parameter λ defines various regimes for this cost functions ranging from

clustering (λ = 1) to a reminiscent principal curves (λ ≈ p) to vector quantization

(λ→∞).

1 Sub-blocks cannot be computed individually from K1 and K2
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PRI as a Self Organization Mechanism: A solution to the above search problem

was proposed in [68]. The method combines Parzen density estimation with a self

organization of a sample to match the desired density f that minimizes (D–8). The

optimization problem becomes:

min
Y∈(Rp)m

[Ĥ2(Y ) + λD̂CS(Y ‖X )] (D–9)

where X ∈ (Rp)n is a set of p-dimensional points with cardinality n, and Y a set of

p-dimensional points with cardinality m. Problem (D–9) is equivalent to:

min
Y∈(Rp)m

[(1− λ)Ĥ2(Y ) + 2λĤ2(Y ;X )] = min
Y∈(Rp)m

Jλ(Y ) (D–10)

For the Gaussian kernel κσ(x, y) = exp− 1
2σ2
‖x− y‖2 we can evaluate the cost (D–10) as

2 :

−(1− λ) log 1
m2

⊤
K2 − 2λ log

1

mn

⊤
K12 (D–11)

The self organization principle moves each particle yi according to the forces exerted by

the samples X and Y . The entropy minimization creates attractive forces among the yi ’s

and the sample X induces a force field that restrict the movement of each yi . Computing

the partial derivatives of (D–11) with respect to each point yr ∈ Y yields:

∂

∂yr
log
1

m2

⊤
K2 =

2
m∑
i=1

κσ(yr , yi)
(
yi−yr
σ2

)⊤

⊤K2
(D–12)

∂

∂yr
log
1

mn

⊤
K12 =

n∑
i=1

κσ(yr , xi)
(
xi−yr
σ2

)⊤

⊤K12
(D–13)

2 Note that the employed kernel does not integrate to one. This is not a problem since
a normalization factor becomes an additive constant in the objective function.

122



A direct optimization of the cost in (D–11) is computationally burdensome and only

feasible for samples sizes up to a few thousands, this limits the applicability of the

principle. Here, we want to overcome this limitation by allowing computation on larger

samples commonly encountered in signal processing applications. Below, we develop

a way of incorporating the rank deficient approximations to the gradient of the PRI cost

function. It is important to remind the reader that this solution can be easily adapted to

other ITL objectives.

Consider the following identity: For A = ab⊤, where a and b are column vectors,

C ◦ A = diag(a)Cdiag(b) (D–14)

where diag(z) denotes a diagonal matrix with the elements of z on the main diagonal, for

simplicity we denote diag(·) as d(·).

We will restrict the analysis to the Gaussian kernel but a similar treatment for other

kernels with similar properties on their derivative can be adopted. Let ∆Y(k) and ∆X(k)

be matrices with entries ∆Y (k)ij = y
(k)
i − y(k)j and ∆X (k)ij = x

(k)
i − y(k)j , respectively. By

z
(k)
i , we mean the k-th component of the vector zi . Equations (D–12) and (D–13) can be

re-expressed and combined for all r = 1, ... ,m using matrix operations as:

∂

∂y(k)
Ĥ2(Y ) = − 2

σ2

⊤
(
K2 ◦ ∆Y(k)

)

⊤K2
(D–15)

∂

∂y(k)
Ĥ2(Y ;X ) = − 1

σ2

⊤
(
K12 ◦ ∆X(k)

)

⊤K12
(D–16)

decomposing ∆Y(k) = y(k)⊤ − y(k)⊤ and ∆X(k) = x(k)1⊤ − y(k)⊤, where y(k) =

(y
(k)
1 , y

(k)
2 , ... , y

(k)
m )

⊤ and x(k) = (x(k)1 , x
(k)
2 , ... , x

(k)
m )

⊤, and applying the identity (D–14) on

(D–15) and (D–16), after some algebra, yields:

∂

∂y(k)
Jλ(Y ) = a

(
y(k)

⊤
K2 −⊤ K2d(y

(k))
)
+

+b
(
x(k)

⊤
K12 −⊤ K12d(y

(k))
)
,

(D–17)
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where a = −2(1 − λ)/(σ2⊤K2) and b = −2λ/(σ2⊤K12). Finally, it is easy to verify that for

the rank deficient approximation K ≈ G̃G̃⊤:

∂

∂y(k)
Jλ(Y ) ≈

(
ay(k)

⊤
G̃2 + bx

(k)⊤G̃1
)
G̃⊤
2+

−
(
a⊤G̃2 + b

⊤G̃1
)
G̃⊤
2 d(y

(k)),

(D–18)

The last equation can be computed in O(max{n,m}d), d is the rank of K̃, instead of

O(max{nm,m2}) which is the complexity of the fixed point algorithm presented in [68].

D.3 Experiments

The experimental setup for the above methods is divided into two stages; in order

to assess the performance of the methodology in terms of accuracy we test the rank

deficient estimation algorithms on simulated data. Then, we apply our implementation

methodology for the PRI in two real scenarios, namely, automatic image segmentation

and signal denoising.

D.3.1 Simulated Data

For the simulated data we compute the information potential and the cross-information

potential of a mixture of two unitary isotropic Gaussian distributions in a four-dimensional

space. The mean vectors are (1, 1, 1, 1)⊤ and − (1, 1, 1, 1)⊤. The kernel size is set to be

σ = 2 and the size of the set is n = 1000. Figure D-1 displays the performance of the

estimators for different ranks that are related to the accuracy level set for the incomplete

Cholesky decomposition. Notice that the performance of the Nyström-KECA remains

constant, albeit slightly worse than pure Nyström. This is because we drop vectors with

low scores as described in section D.1.2. Therefore we sacrifice more accuracy to lower

the rank even further.

D.3.2 Image Segmentation Signal Denoising with the PRI

Automatic image segmentation is usually seen as a clustering problem, where

spatial and intensity features are combined to discern objects from background. A

well established procedure for image segmentation and for clustering in general is the
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Figure D-1. Accuracies for the IP and CIP estimators

Gaussian mean shift (GMS). It has been shown that GMS is a especial case of the

PRI objective when the trade off parameter λ is set to 1. Treating images as collection

of pixels is a fairly challenging task due to the amount of points to be processed.

Figure D-2 shows the segementation results using the PRI optimization described on

Section D.2 and the Nyström-KECA rank deficient factorization. The image resolution is

130× 194 pixels for a total of 25220 points.

A Original Image B Segmented image using PRI

Figure D-2. Image segmentation using PRI

Setting λ = 1, as we already mentioned, defines a mode seeking regime for the

PRI. For larger values of λ we obtained a solution, for which points concentrate on highly

dense regions and are nicely scattered on patterns resembling principal curves of data.

The key interpretation is that the estimated distribution gets pulled towards regions of
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higher entropy in the manifold of PDFs where we are looking for an optimum of the PRI

objective. Figure D-3 shows the resulting denoised signal that was embedded in a two

dimensional space along with the contour plots of the estimated PDF. The number of

points is 15000.

Figure D-3. Noisy and Denoised versions of a periodic signal embedded in a 2

dimensional space

D.4 Remarks

In this chapter we suggest the use of rank deficient approximation to Gram matrices

involved in the estimation of ITL objective functions. In particular we focus on the

Principle of Relevant Information that requires estimation of second-order entropies and

cross-entropies (equivalently information and cross-information potentials) along with

their respective derivatives, which are employed during the optimization. We developed

a methodological approach to factorize the elements involved in the gradient calculation

and these results can be extended to other methods that involve similar forms. Along the

lines of rank deficient approximation, we propose a simple modification to the Nyström

method that is motivated by the nature of the quantities we want to estimate. The

presented methodology allows the application of the PRI on much larger datasets, we
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expect this improvement opens new directions for which we can apply this principle.

Some of the analysis that lead to the modification of the Nyström-based decomposition

raises the question about what kernels can be more useful in the context of Information

theoretic learning based on their convergence properties for certain vectors.
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