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We investigate the role played by various topological defects, especially crystal

dislocations and superfluid vortices, in some novel superfluids - such as the putative

supersolid phase in solid helium-4 (4He) and in dilute Bose-Einstein condensates (BEC)

in traps.

The first part of this work addresses recent experimental findings in solid helium,

such as the period shift in resonant oscillators that has been interpreted to be a

signature of superfluidity coexisting with crystalline order in solid helium. We use

Landau’s phenomenological theory for phase transitions to establish that crystal defects

such as dislocation lines and grain boundaries can induce local superfluid order and

show that a network of dislocation lines can give rise to bulk superfluid order within

a crystal. Our findings are also relevant to other phase transitions in the presence of

crystal defects.

The second part concerns the stability and dynamics of a single vortex in a rotating

trap of a Bose-Einstein condensate (BEC) and the possibility of the macroscopic

quantum tunneling of such a vortex from a metastable minimum at the trap center. The

complete dynamics of such a vortex is derived by integrating out the phonon modes

from a hydrodynamic action, and estimates for the tunneling rate are obtained using

a variety of semiclassical methods. This is analogous to the problem of tunneling of a

charged particle through a potential barrier in the presence of a very high magnetic field,
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the Magnus force on the vortex being analogous to the Lorentz force on a charge. We

conclude that the vortex action has a complicated nonlocal form and further, that the

Magnus-dominated dynamics of the vortex tends to suppress tunneling.
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CHAPTER 1
INTRODUCTION

1.1 Superfluids: Helium and Dilute BEC

The history of the modern study of the properties of materials at very low temperatures

dates back to the development of technology to liquefy helium and the consequent

discovery of superconductivity just over a century ago. The phenomena seen at low

temperatures are often novel and at odds with intuition because quantum effects

become more important as the thermal vibrations of atoms in matter are reduced.

Theoretically, many of these phenomena are understood to be consequences of

Bose-Einstein condensation, an outcome of the laws of quantum statistics, where all

particles following Bose statistics inhabit the same ground state when cooled down to

absolute zero. Aside from the fundamental insights into the laws of quantum mechanics

it provides, the study of matter at very low temperatures has also yielded practical

applications of social significance: for example the use of superconductors to create the

large magnetic fields needed for the diagnostic medical procedure of MRI.

Kamerlingh Onnes first liquefied helium-4 in 1908. Soon after(1911), he discovered

superconductivity in mercury when measuring the abrupt disappearance of resistance in

mercury at 4.19 K [1]. Kamerlingh Onnes and Keesom collected many hints of a phase

transition in helium in the Leiden laboratory, including the remarkable anomaly in the

heat capacity with a famous λ shape at a temperature of Tλ ∼ 2.17 K. In many ways,

helium was the ideal candidate for observing quantum phenomena at low temperatures

in liquids because it remains liquid till very close to absolute zero (unlike other materials

that freeze into solid). This is because of its small mass that favors quantum fluctuations,

and because unlike the even lighter hydrogen that tends to form molecules, it is

chemically inert and has weaker interactions. Keesom distinguished the high and

low temperature phases as liquid helium I and II, respectively. John F. Allen and Don

Misener first showed the inviscid nature of helium II in 1937 when they examined its flow
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through very small capillaries [2]. Similar results were found simultaneously by Pyotr

Kapitza, leading him to suggest that helium II was in fact a superfluid [3].

A phenomenological “two-fluid” model for helium II was developed soon after by

Tisza[4], Landau[5], and others based on the notion that part of liquid helium below

Tλ turned superfluid, but the other part remained “normal”, i.e. was dissipative (had

finite viscosity) and could transport entropy like ordinary fluids. This could be intuitively

understood from Landau’s theory of Bose and Fermi liquids (which was also developed

at about this time), and the attendant idea that low energy excitations from the ground

state of a weakly interacting bosonic system could be characterized as “quasiparticles”

with definite momentum and energy. The superfluid component of “two-fluid” helium

II could then be identified with the ground state of the Bose liquid while the normal

component corresponded to the quasiparticles. Landau identified the quasiparticles of

a Bose liquid as being of two types: quantized sound waves or phonons, whose energy

ϵ depends linearly on momentum p as ϵ = cp, where c is the speed of sound, and

“rotons” or quanta of rotational motion with the spectrum ϵ(p) = � + (p − p0)
2/2m. This

phenomenological model proved to fit the excitation spectrum obtained from neutron

scattering experiments on helium II [6] very well but a clearer and more microscopic

understanding of these quasiparticles was not obtained until 1956, when Feynman

developed a variational Ansatz to describe the atomic interactions in liquid helium

[7]. Well before that, Landau had made several remarkable predictions based on his

two-fluid hydrodynamics, which to this day remain the “smoking gun” signatures of the

superfluid phase:

• There is a certain critical velocity vc of a superfluid, such that it loses its superfluidity
if made to flow faster than that. This is so because flows faster than vc = ϵ(p)/p
excite quasiparticles in the liquid that destroy the superfluid phase.

• It is possible to set the normal and superfluid parts into oscillations that are out of
phase with each other. (This mode of oscillation had been suggested earlier by
Tisza and came to be known as “second sound”.)
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• When a container of the liquid is rotated, only the normal part of the liquid rotates
along with it. The superfluid component decouples from the rotation and so there is
an apparent decrease in the moment of inertia as the liquid is cooled down past its
λ- point.

The last of these was verified soon after by Andronikashvili [8] using a “torsional

oscillator” setup shown in Fig. 1-1, that has special bearing on some of the ideas to

be introduced later in this dissertation. A stack of concentric disks was suspended in

liquid helium by a torsion rod that could be twisted to oscillate the stack. If the spacing

between disks was small enough, the normal component of the fluid was dragged

with the oscillating disks. As liquid helium is cooled below its λ-point, the superfluid

component stops rotating. This decoupling leads to a change in the moment of inertia

of the oscillator, and a consequent measurable shift in the resonant frequency of

oscillations. Additionally, the Q-factor of the oscillator provides an estimate of the

dissipation involved.

It was however Fritz London in 1938 [9] who first realized that the phenomenon

of Bose-Einstein condensation underlay the curious properties of superfluid helium.

Although accepted unhesitatingly now, the idea of a Bose-Einstein condensation

historically took time to get established as a real effect, and its connection with

superfluidity was certainly not immediately apparent. Einstein had first realized the

possibility of a macroscopic fraction of atoms condensing to their ground state at low

temperatures [10], based on the statistics worked out by S. N. Bose in 1924 [11]. His

argument for condensation in a noninteracting gas of atoms obeying Bose statistics is

deceptively simple. The mean occupation number of a single particle state ν in such a

system is given by the Bose distribution function

f (ϵν) =
1

e(ϵν−µ)β − 1
,

where β ≡ 1/kBT , and µ is the chemical potential that ensures that the number of

particles in the system is fixed.
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Figure 1-1. A schematic of the torsional oscillator setup used by Andronikashvili in 1946
(Keesom is also credited with a similar experiment) to demonstrate the
decoupling of the superfluid from rotation. A stack of concentric disks was
suspended in liquid helium by a torsion rod that could be twisted to set the
stack into oscillations. The normal component of the fluid is dragged along
with the oscillating disks, but the superfluid part does not rotate. The
resulting estimates of the density of the normal and superfluid components
as the temperature is varied, is shown in the inset. Illustration by Alan
Stonebraker and reprinted with permission from Iacopo Carusotto, Physics
3, 5 (2010), c⃝APS, 2010.

The density of states for a noninteracting, free gas in 3D is

g(ϵ) =
Vm

3

2

2
1

2π2~3
ϵ
1

2 .

It is an interesting mathematical property of the Bose function above that in three or

higher dimensions 1 there is an upper bound on the number of atoms that can be

accommodated in the excited states at a given temperature. To see this, we write the

1 The argument sketched here is for free Bose gas in a box. On including the
confining potential from a harmonic trap, it is possible to get condensation in 1 or 2D.
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expression for the total number of atoms in the excited states for a 3D Bose gas, and

scale out the temperature dependence of the resulting integral as

Nex =

∫ ∞

0

dϵg(ϵ)f (ϵ) = c(kBT )
3

2 .

The constant c is given by (in 3D)

c =
Vm

3

2

2
1

2π2~3
�(3/2)ζ(3/2),

where � and ζ are the Gamma function and Riemann zeta function respectively. The

latter is finite at 3/2 and so we have a finite number of atoms in the excited states.

This suggests that the remaining atoms, if any, have to be accommodated in the

ground state, which could then be macroscopically occupied. The critical temperature

for this condensation is then the point where the number of particles that could be

accommodated in the excited states equals the total number of particles:

c(kBT )
3

2 ∼ N.

This straightforward result was however historically held to be a pathological artifact

of the theory of noninteracting bosons, which would be absent when interactions were

taken into account. London estimated the critical temperature for a gas of helium atoms,

and found it to be 3.3 K, remarkably close to the Tλ = 2.17 K measured in liquid helium.

He then suggested that a Bose condensation was responsible for the λ-transition and

that the critical temperature was reduced as a result of the interactions. This condensate

description helped explain many experimental facts known about helium II. If exactly one

state was macroscopically occupied, then the entire system could be characterized by

the wavefunction of that single state ψ(r, t) = |ψ0(r, t)|exp[iθ(r, t)]. We then define the

superfluid velocity as

vs ≡ (~/m)∇θ. (1–1)
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This shows that the superfluid velocity is irrotational. Also there is no information

associated with the single state, and so the superfluid fraction carries no entropy, as

postulated in the two-fluid model.

We should point out here that the theory of Bose-Einstein condensation is

unresolved in several ways. There is no rigorous proof for the macroscopic occupation

of a single state in a general interacting system of bosons at T = 0. The only proof

available, the one provided originally by Einstein, is for noninteracting systems. There

is nothing to assure us that interactions do not deplete the condensate phase, or that

they do not lead to condensation in multiple states. The situation is even less clear for

nonequilibrium systems. Helium, being a strongly interacting liquid, is far from the ideal

Bose gas assumed by Einstein - although evidence for macroscopic occupation of the

ground state was found through neutron scattering experiments. The search for Bose

condensation in other systems, particularly those with weak interactions, was therefore

an important missing link in the history of low temperature physics.

A new era began when a Bose-Einstein condensate (BEC) of dilute, atomic gases

was first prepared in 1995 using laser cooling in magneto-optical traps, by the groups of

Wiemann and Cornell at JILA, Boulder [12], and Ketterle at MIT [13]. They capitalized

on a series of advances in experimental techniques involving the use of lasers followed

by magnetic evaporative cooling. The challenge lay in trapping a large enough number

of atoms to achieve equilibrium and have an observable condensate, and in cooling

them down to the degeneracy temperature. The initial experiments were performed

on weakly interacting vapors of alkali atoms such as rubidium, sodium and lithium.

Since then, condensation has been achieved in fermions, molecules and particles

with long-range dipolar interactions. A major advantage of working with such weakly

interacting atomic BEC in traps lies in the precise control we have over such systems.

The strength of the interactions between these atoms can be tuned with Feshbach

resonances [103]. These atoms can be arranged into “artificial lattices” by applying
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an optically generated periodic potential [14]. This analogy between atoms in optical

lattices and electrons in ionic lattices can be used to carry out a program of “quantum

simulation”, where many important naturally occuring systems in condensed matter can

be mimicked by trapped ultracold atoms tailored in the laboratory.

The physics of dilute BECs differs in several important respects from that of

helium. The most important distinction lies in the role of interactions. The inter-particle

separation in a dilute BEC is typically much larger than the scattering length characterizing

its inter-particle interaction. Helium atoms on the other hand are closely packed and

interact strongly, the interatomic separation being of the same order as the length scale

of the van der Waals forces among them. An estimate of the density of atoms in BEC

and liquid helium would put matters into perspective. The typical density of a BEC at

the center of the trap is around 1015 cm−3, while that of liquid helium is around 1022

cm−3. The pronounced role of interactions in helium means that some of the condensate

is depleted even near T = 0 and it poses a theoretically more challenging problem.

For example, BECs can be quite accurately described by a Hartree Fock description

in terms of the single-particle states, while any such attempt for helium is likely to fail

because of the strong correlations. The critical temperature for condensate formation

depends on the density as Tc ∼ n2/3, and so one needs to cool dilute Bose gases to

nanoKelvins to achieve condensation, whereas helium undergoes a superfluid transition

at 2.17K. An additional feature of the BECs realized by laser cooling is the important

role of the confining trap potential. This external potential is usually harmonic and

spatially confines the condensate while also rendering it non-uniform . The relevant

theoretical framework for a uniform dilute gas was worked out in the 1950s and 60s but

the presence of the external harmonic potential can give rise to new and interesting

features, such as new collective modes or stability issues. The boundary conditions

and surface properties have to be modified according to the trap. Another qualitative

distinction can be made between the two systems: helium has been the ideal candidate
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for observation of superflow, but the condensation itself is not so apparent. Dilute BECs

on the other hand are manifestly condensates, whose condensate fraction can be easily

measured in “time-of-flight” experiments, but superflow is harder to achieve in these

confined systems.

1.2 Topological Defects: Dislocations, Vortices, etc.

Defects are ubiquitous in condensed matter systems and play an important

role in determining many aspects of their properties. For example, vacancies and

interstitials catalyze diffusion of particles in solids, dislocations determine the strength of

crystalline materials, and vortex motion controls the resistivity of superconductors. Many

material properties of practical interest depend on defects. Vortices assume particular

significance in 2D systems where they can mediate phase transitions through their

thermal unbinding [17, 18]. Our work has two main themes: the effect of dislocations on

the superfluid phase transition and the behavior of vortices in superfluid systems.

We find for example that within the scope of a Landau theory for the superfluid

phase transition, dislocations could enhance a superfluid phase transition[48, 78]. Two

dimensional defects like grain boundaries are also capable of sustaining Kosterlitz-Thouless

transitions. We are particularly interested in providing a plausible dislocation-based

model for the observed supersolidity of solid 4He [15, 16], which we argue could

essentially be superfluid order existing along defect structures in the crystal.

A particularly important class of defects are “topological” defects, which occur in

systems with some broken symmetry, and are characterized by a “core” region where

order is locally destroyed, and a far field behavior where elastic variables describing

the ordered state slowly change. An example would be the superconducting order

parameter in the presence of a vortex. The topological defect is impossible to get rid of

by local alterations of the order parameter field, and resemble electric charges in that

their effect can be determined by observation of their effect on any surface enclosing

them.
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A dislocation is a one-dimensional topological defect in the regular crystalline

arrangement of atoms in a solid. The simplest way to visualize a dislocation is through

the Volterra construction. Imagine the perfect crystal being divided into two halves

by a slip plane and then displacing one half relative to the other by some vector. This

so-called Burger’s vector b is characteristic of a dislocation line and is an integral

multiple of the lattice parameter. If the Burger’s vector is perpendicular to the direction

Figure 1-2. Cartoon showing both the basic types of dislocations. The Burger’s vector b
is shown by the red arrow. Reprinted with permission from
http://courses.eas.ualberta.ca/eas421, accessed on April 2010.

of the dislocation line ( b ⊥ t), the resulting structure is an edge dislocation. This

can be created by forcing in an extra half plane of atoms with its edge lying along the

dislocation line. The other type (b ∥ t) is a screw dislocation. A real dislocation is usually

a combination of these two basic types.

Vortices are easily visualized in fluids, where they imply a core region with some

singular behavior, around which the fluid rotates. Usually this rotational velocity falls

away as 1/r , where r is the radial distance from the core. This can be contrasted with

rigid rotation where the velocity profile increases as r . Quantum vortices occur in a wide
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variety of physical systems - from superconductors, superfluid helium, and BEC in traps

to magnetic thin films, and extremely dense quantum plasmas such as found in neutron

stars. They are often known to have a dramatic impact on the physical properties of the

system where they are present. The motion of vortices in superconductors can suppress

superconductivity by inducing potential gradients and so practical applications involving

superconductivity often require these vortices to be pinned by impurities.

A quantum vortex is a point singularity in the phase field θ(x) of the order parameter

in some system with continuously broken symmetry (such as an XY model). It satisfies

the following basic topological constraint:∮
dθ = 2πev , (1–2)

where the integral is taken around any loop enclosing the vortex, and ev is an integer

called the “charge” or “winding number” of the vortex. This is called the Feynman-Onsager

identity in the context of superfluid helium, which along with superconductors, were the

first systems for which the idea of a quantized vortex was posited. The density of

the order parameter goes to zero at the vortex core to prevent a singularity in the

energy. The energy of the vortex has two parts, a core energy Ec corresponding to the

vanishing of the order parameter at the center of the vortex, and an elastic energy Eel

associated with the slow spatial variation of the phase field far away from the vortex

core. The actual phase configuration far away from the vortex core is determined by

the minimization of the elastic energy and the topological constraint or quantization

condition mentioned above. The exact dynamics of a vortex and its inertia are as yet

somewhat controversial topics, as we will discuss later in this thesis, but are important to

understand because of their relevance to material properties.

1.3 The Supersolid Conundrum

A solid can withstand shear, i.e. it is deformed but does not flow when subject to

a shearing stress. A crystalline solid particularly, is characterized by a regular array
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of atoms that are localized in their respective positions. Bose condensation, on the

other hand, implies a large number of identical, delocalized particles. Coexistence

of superfluidity and crystalline character may therefore seem paradoxical. Indeed,

Penrose and Onsager [19], who were arguably the first to consider the possibility

of a supersolid (in 1956), concluded that Bose condensation was not possible in a

commensurate crystal 2 . However, in 1969 it was posited by Andreev and Lifshitz [20],

and independently by Thouless [21] and Chester [22], that zero-point vacancies present

in the ground state of a quantum crystal like solid 4He can delocalize and cause mass

transport. These vacancies would undergo Bose-Einstein condensation below a certain

temperature, thus giving rise to superfluid-like behavior.

Recent studies in 2004 by Kim and Chan [23, 24] found some evidence for this

phenomenon in so-called “torsional oscillator” experiments, where a sample of solid 4He

is placed in a container that is torsionally rotated by some external driving mechanism

[see Fig. (1-3)]. At a temperature of around 100 mK, they observe a shift in the resonant

period of the oscillator as shown in Fig. (1-4). This was attributed to the decoupling of

a certain fraction (nonclassical rotation inertia or “NCRI”) of the mass of solid 4He from

the rotation. The period T of oscillations is related to the moment of inertia I and elastic

constant K as T = 2π
√
I/K , and so a reduction of inertia would lead to a decreased

resonant period. This is exactly what was observed. This nonclassical fraction is seen

to go up with decreasing temperature, and down with increasing velocity, suggesting a

superfluid component.

Subsequent experiments have confirmed that anomalies exist not only in the

rotational response of solid 4He, but also in its elastic and thermodynamic response at

similar temperatures. However, the interpretation of these results is more complicated

2 This implies a “perfect” crystal without any vacancies, in which each unit cell
contains an integer number of atoms.
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Figure 1-3. The torsional oscillator setup used by Kim and Chan in their 2004
experiment. Reprinted with permission from Ref. [23] [E. Kim and M. H. W
Chan, Nature 427, 225 (2004)], c⃝Macmillan Publishers Ltd: Nature, 2004.

than was imagined. It has come to be accepted that crystalline defects such as grain

boundaries, dislocations and impurities play a major role in these effects. Rittner

and Reppy [25, 26] find that the NCRI increases with disorder, and is suppressed on

annealing the sample. Lin et al. [27] report a peak in the specific heat at around the

same temperature where NCRI sets in, but the features of the peak strongly depend on

sample quality and 3He impurity concentration. A striking onset of “shear hardening” [28]

has been found by Day and Beamish where the sample seems to stiffen as temperature

is reduced, the temperature dependence of the shear modulus being very similar to

that of the NCRI [see Fig. (1-5)]. Such stiffening has been attributed to the pinning

of dislocations by 3He atoms [28], or alternatively by quantum “roughening” of the

dislocation lines [29], the latter mechanism being independent of 3He concentration.
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Figure 1-4. Period shifts in a torsion oscillator experiment. The shifts are seen to go
down with increasing rim velocity, and are not present for the empty cell.
Reprinted with permission from Ref. [23] [E. Kim and M. H. W Chan, Nature
427, 225 (2004)], c⃝Macmillan Publishers Ltd: Nature, 2004.

The simple vacancy based model of supersolidity has been ruled out by quantum

Monte Carlo studies [30], which find too large an energy cost associated with vacancy

formation in a pure crystalline sample of solid 4He. Sasaki et al. [31] demonstrate

mass flow through grain boundaries. All this taken together motivates our quest for a

dislocation-based model for supersolidity, where we build on previous work by Dorsey et

al. [32] and Toner [78] based on the Landau theory for phase transitions, to show how a

network of dislocations could induce superfluid order within solid 4He.

While there is no question that the disorder enhances the “supersolid” phenomenon,

there is some debate about whether supersolidity is an intrinsic property of 4He

crystals as originally supposed, or if it is solely brought about by defects present in
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Figure 1-5. Shear hardening in solid 4He, shown for different 3He concentrations .
Reprinted with permission from Ref. [28] [J. Day and J. Beamish, Nature
450, 853 (2007).], c⃝APS, 2007.

such samples. There are many experiments to suggest that superflow really takes

place. There was a suggestion that the shift in the resonant peak in the torsional

oscillator experiments could entirely be due to the stiffening of the shear modulus seen

by Beamish. Recent studies [34] with a very hard-walled container where stiffening

of 4He would not affect the elastic modulus of the overall system have ruled this out.

Significantly, no such shift in period is observed in torsional oscillator experiments on

solid 3He [34], making a strong case for the presence of a Bose condensate. Our model

is however more general and would serve to explain the enhancement of the effect

brought about by dislocations, even if this were to be an intrinsic effect.

1.4 Vortices in Rotating Bose-Einstein Condensates

The rotation of a quantum fluid strikingly illustrates the constraints set by quantum

mechanics on the velocity field of a quantum macroscopic object. Vortices in superfluid

helium were first theoretically predicted by Feynman and Onsager, and were soon

experimentally detected by Vinen, Packard and others [35]. Ever since BECs were

realized in 1995, the effort to create and detect vortices in them was on. There is one

practical difficulty which had to be surmounted in this quest. Unlike liquid helium in a
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rotating container where the roughness in the walls is believed to nucleate vortices, ag

BEC is in a magneto-optical trap where such a mechanism is not available.

Two basic experimental approaches have been used to create and study vortices

in a BEC. The first, carried out in JILA in 1999 [36], uses a mixture of two hyperfine

components of 87 Rb, spinning one up with respect to the other by applying an external

electromagnetic beam. The second was performed in ENS, Paris in 2000 [37], and

is analogous to the rotating-bucket method of conventional low-temperature physics.

Here the axisymmetric magnetic trap in which the atoms are confined is deformed by an

off-center laser beam, which effectively “stirs” and rotates the trap by applying a dipolar

force on each condensate atom.

The vortices in a dilute BEC are typically larger than in helium and their size can

be controlled by varying the density or species of the trapped atoms. They are also

easier to observe once created. This is typically done in the “time-of-flight” experiments,

where the BEC trap is rotated while also being cooled down below its condensation

temperature, and once the vortices are thought to have formed, the trapping potential

is released. The condensate expands in the absence of a trap and the vortex size also

increases to several µm. The condensate is probed by optical means, i.e. by shining

a laser beam that is tuned to the excitation frequency of the Rb atoms, such that the

actual density can be probed. The vortices then show up as “holes” in the condensate

density. These experiments were able to confirm certain theoretical predictions made

about vortices in BEC [38, 39], such as the existence of a critical velocity of trap rotation,


c , above which a vortex is stabilized.
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Figure 1-6. Transverse absorption images of a Bose-Einstein condensate stirred with a
laser beam. For all five images, the condensate number is N ∼ 105, and the
temperature is below 80 nK. The rotation frequency 
/(2π) is respectively
(c) 145 Hz, (d) 152 Hz, (e) 169 Hz, (f) 163 Hz, (g) 168 Hz. In (a) and (b) we
plot the variation of the optical thickness of the cloud along the horizontal
transverse axis for the images (c) (0 vortex) and (d) (1 vortex). Reprinted
with permission from Ref. [37] [K. W. Madison, F. Chevy, W. Wohlleben, and
J. Dalibard, Phys. Rev. Lett. 84, 806 (2000)], c⃝APS, 2000.
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CHAPTER 2
DISLOCATION-INDUCED SUPERFLUIDITY

There is no completely satisfactory microscopic model for the existence of

superfluidity in a crystal which can explain the various anomalous effects discovered

recently in solid helium [23]. However, if a real thermodynamic phase transition takes

place in solid helium at around these temperatures, it could be described by Landau’s

theory for second order phase transitions [40]. Landau assumed that an ordered phase

could be characterized by a finite function called the “order parameter”, ψ(x), which

would be zero when the order is lost, i.e. in the disordered phase. Near the transition

temperature, one could expand the free energy of the system in terms of this order

parameter, in a way that respects the inherent symmetries of the system. For the

prototypical second order phase transition, e.g. the ferromagnetic or superconducting

transition, this would be written as

F =

∫
d3x

[
1

2
c |∂ψ|2 + 1

2
a(T )|ψ|2 + 1

4
u|ψ|4

]
.

Here a(T ) is a smooth function of temperature, a = a0(T − T0)/T0 where T0 is the

critical temperature below which order first appears. The quantity ξ ≡ ~/
√

2ma(T ) is

the coherence length, a length scale over which “order” prevails in the system. Near

T0, the coherence length diverges as ξ ∼ 1/
√

(T − T0). However the conclusions

of this theory, such as the “critical exponent” of ν = −1/2 found here, and the critical

temperature T0, are modified by the effect of fluctuations, which become especially

important near criticality. Such a phenomenological description is expected to hold

very generally irrespective of the detailed interactions in the system, and is a minimal

model that can come in handy in describing a complex system such as solid helium.

Parts of this chapter are reproduced from the published articles: “K. Dasbiswas, D.
Goswami, C.-D. Yoo and A. T. Dorsey, Phys. Rev. B 81, 64516 (2010)” and “D. Goswami,
K. Dasbiswas, C.-D. Yoo and A. T. Dorsey, Phys. Rev. B 84, 054523 (2011).”
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Historically, such a model was applied with great success to superconductors by Landau

and Ginzburg [41], and is known as the Ginzburg-Landau theory in this context. The

analogous theory for neutral superfluids (often called the Ginzburg-Pitaevskii model [42],

but which we generically call a “Landau theory” in this chapter) was not so successful in

describing the λ-transition in liquid helium, presumably because of the large role played

by fluctuations.

In this chapter, we first introduce the Landau theory for a supersolid transition by

coupling the superfluid order parameter to the elastic strains of the crystal lattice. Such

a phenomenological description is useful even if there is no bulk supersolid transition,

and in fact we use this to predict that the superfluid transition temperature is enhanced

by the presence of a dislocation line in the crystal. We introduce a formalism to describe

this “dislocation-induced” one-dimensional superfluid and then provide quantitative

estimates of this effect.

2.1 Landau Theory for the Supersolid Phase Transition

The transition from normal fluid to superfluid (NF-SF) in 4He is a standard example

of a continuous phase transition, and can be described by a Landau theory. Following

Dorsey, Goldbart and Toner [32], we assume that the phase transition from normal solid

to supersolid (NS-SS) is also continuous. A Landau theory of the transition can then be

developed by coupling the superfluid order parameter to the elasticity of the crystalline

4He lattice. The main consequences of this theory as predicted by Dorsey et al. are

anomalies in the elastic coefficients near the transition and conversely local alterations

in the transition temperature brought about by inhomogeneous strains in the lattice. One

common way in which these strains can arise in real solids is through the presence of

crystal defects such as vacancies, interstitials, dislocations, or grain boundaries [43]. It

will be shown subsequently that edge dislocations in particular can induce superfluidity

in their vicinity at temperatures higher than in the bulk.
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As in the case of superfluids and other instances of ordered phases with continuously

broken U(1) symmetry, we characterize the supersolid phase by an order parameter that

is a complex scalar field ψ(x). The microscopic interpretation of this order parameter

is that it corresponds to the quantum wave function of the many body ground state to

which all the 4He atoms Bose condense at zero temperature. The universal properties

of this transition can be obtained irrespective of the microscopic details of the system

by considering an expression of the Landau free energy in terms of the lowest relevant

powers of the order parameter and its spatial gradients, that satisfy all the symmetry

properties of the system,

F =

∫
d3x

[
1

2
cij∂iψ∂jψ

∗ +
1

2
a(T )|ψ|2 + 1

4
u|ψ|4

]
. (2–1)

Here a(T ) is a smooth function of temperature, which for a regular superfluid transition

(such as for NF-SF in 4He) is, a = a0(T − T0)/T0 where T0 is the bulk critical

temperature below which superfluidity first appears. The actual transition temperature

can differ from this because of the effect of thermal fluctuations. The coefficients cij

correspond to the anisotropy inherited from the crystal. For an isotropic superfluid or

cubic crystal, cij = cδij . a0, c and u are all phenomenological parameters (all positive)

that arise from the expansion of the free energy in this Landau theory.

However, in the presence of a crystal we should take into account the phonon

modes that arise because of the crystallinity of the system. These are associated

with displacements of atoms u(x) in the lattice from their mean positions because of

strain fields in the crystal. As the Landau free energy above has to be invariant under

rotations and translations, the displacement field u(x) can couple to the superfluid order

parameter only through the symmetric strain tensor, defined as uij ≡ 1
2
(∂iuj + ∂jui +

∂iuk∂juk). To the lowest order the coupling with crystallinity affects only the term in the

Landau free energy that is quadratic in the order parameter, and the coefficient a(T ) is

now a function of spatial coordinates, a(T ) = a0(T − T0)/T0 + uijaij .
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Solid 4He has a hcp crystal lattice (except for a small region in its phase diagram

where it is bcc), and the coupling tensors cij and aij must have that same symmetry

structure. For the rest of our presentation here, we treat the isotropic case for the sake

of clarity, with the conviction that our key results are more general and do not depend on

the specific lattice structure. Under this simplifying assumption, the Landau free energy

can be written as

F =

∫
d3x

[
c

2
|∇ψ|2 + 1

2
a(x)|ψ|2 + 1

4
u|ψ|4

]
, (2–2)

where the superfluidity couples to the crystallinity through the trace of the strain tensor,

a(x) = a0(T − T0)/T0 + a1uii(x). The spatial dependence of the quadratic coefficient

of the Landau free energy suggests that the critical temperature Tc may be modified by

elastic strains present in the crystal.

2.2 Superfluid-Dislocation Coupling

A crystal defect structure like a dislocation line disrupts the regular arrangement

of atoms in its neighborhood. This shifting of the positions of the atoms of the lattice

from their minimum energy configurations induces elastic strains in the crystal. The

analysis of the previous section suggests that the local critical temperature Tc for a

possible superfluid transition can be modified through the coupling of the superfluid

order parameter with the elastic strain field. We have arrived at essentially similar

conclusions using different methods in the context of the putative supersolid state of

4He [48, 78, 79]. The same idea has also been explored through approaches other

than the phenomenological Landau theoretic description we pursue. Quantum Monte

Carlo simulations for example find superfluidity along the core of a screw dislocation

in solid 4He [44]. In this section, we present the result of coupling the strain field of a

single, quenched, edge dislocation to the superfluid order parameter. We postpone

the discussion of more realistic situations involving multiple or mobile dislocations to

Chapter 3 of this dissertation.
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It is also interesting to note that similar studies on superconductors within

the phenomenological Landau theory have reported an increase in the Tc in the

neighborhood of an edge dislocation [45, 73]. This is somewhat counterintuitive from

a microscopic point of view, as the presence of disorder and nonmagnetic defects is

usually expected to inhibit pairing and to reduce the superconducting gap. However,

pairing is not important in superfluid 4He, which is a Bose liquid. We suggest then that

the superfluid signature seen in torsional oscillator experiments can be attributed to

superfluidity induced locally along dislocation lines.

Without any loss of generality, we consider a single straight edge dislocation

pointing along the z-axis and passing through the origin of our coordinate system. The

Burger’s vector b is along the y -axis. This corresponds to a situation where an extra

half plane of atoms has been introduced with edge lying along the x-axis. If isotropy

is assumed, the quantity of interest that couples to the superfluid order parameter in

Eq. (4–8) of the previous section is the trace of the strain tensor, which is physically the

local fractional volume change of the crystal lattice. This has been derived in Appendix

A from considerations of linear elasticity theory [50, 74] to be

uii =
4µ

2µ+ λ

b cos θ

r
, (2–3)

where µ and λ are the Lamé elastic constants, and we have introduced the coordinates

x = (r, z), with r in the x − y plane [(r , θ) are polar coordinates in the x − y plane]. The

local change in Tc is reflected in the term quadratic in the order parameter in the Landau

theory,

a(x) = a0

(
t0 + B

cos θ

r

)
. (2–4)

Here, a0, b and u are phenomenological parameters (all positive); t0 = (T − T0)/T0 is

the reduced temperature, with T0 the mean-field critical temperature for the supersolid

transition in the absence of the dislocations (t0 > 0 is the normal solid and t0 < 0,
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the supersolid); and B is a coupling constant (into which we have absorbed the elastic

constants).

Figure 2-1. Schematic showing the dislocation axis (along z) and the tubular superfluid
region that develops around it. The radius of the cylinder is determined by
the length scale of the ground state wavefunction. The axis of the tube will
be offset from the dislocation axis. Reprinted with permission from Ref. [48]
[D. Goswami, K. Dasbiswas, C.-D. Yoo and A. T. Dorsey, Phys. Rev. B 84,
054523 (2011)], c⃝APS, 2011.

To simplify the subsequent analysis, we introduce the characteristic scales of length

l = c/a0B, order parameter χ = a0B/
√
cu, and free energy F0 = a0Bc/2u, and the

dimensionless (primed) quantities x′ = x/l , ψ′ = ψ/χ, and F = F/F0; in terms of the

dimensionless quantities the free energy becomes

F =

∫
d3x

{
|∇ψ|2 + [V (r)− E ] |ψ|2 +

1

2
|ψ|4

}
, (2–5)

where V (r) = cos θ/r , E ≡ −ct0/a0B2, and we have dropped the primes on all quantities

for clarity of presentation.
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2.3 Effective Landau Theory for Superfluidity along a Dislocation

So far we have set up the Landau theory for a superfluid coupled to a single

dislocation in a solid. Here we argue that the effect of the dislocation must be to

increase the superfluid critical temperature around itself. Before proceeding further,

let us analyze the behavior in the high-temperature, normal phase. In this phase we can

neglect the quartic term in the free energy; the resulting quadratic free energy is

F0 =

∫
d3x

{
|∇ψ|2 + [V (r)− E ] |ψ|2

}
=

∫
d3x ψ∗(Ĥ − E)ψ, (2–6)

where the Hermitian linear operator Ĥ is given by

Ĥ = −∇2 + V (r). (2–7)

We can diagonalize the free energy by introducing a complete set of orthonormal

eigenfunctions 	n(x) of Ĥ,

Ĥ	n = En	n, (2–8)

where n labels the states, and we assume that the eigenvalues En are ordered such

that E0 < E1 < .... Equation (2–8) is equivalent to a Schrödinger equation for a

particle in a potential V (r), and for the dipolar potential V (r) = cos θ/r the spectrum

and eigenfunctions were obtained with extensive numerical work in Ref. [79], and

is discussed in the next section. Expanding the order parameter in terms of the

eigenfunctions,

ψ(x) =
∑
n

An	n(x), (2–9)

with expansion coefficients An, and substituting into the free energy, after using the

orthogonality properties of the eigenfunctions we obtain

F0 =
∑
n

(En − E)|An|2. (2–10)
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The free energy is positive as long as En > E , for all n. Recall that E ≡ −(c/a0B
2)(T −

T0)/T0 (with a0 and c both positive), so high temperatures T correspond to large,

negative values of E . As we decrease T , E increases, until eventually we hit a conden-

sation temperature Tcond at which E(Tcond) = E0; below this temperature the quadratic

free energy F0 becomes unstable. Rearranging a bit, we have

Tcond − T0

T0

= −E0

a0B
2

c
. (2–11)

If Ĥ has negative eigenvalues–i.e., if the equivalent Schrödinger equation has bound

states–then Tcond > T0, and the dislocation induces superfluidity above the bulk ordering

temperature. As emphasized in Refs. [45, 78, 79], the dipolar potential cos θ/r , which

has an attractive region irrespective of the coupling constants, always has a negative

energy bound state. We are thus lead to the surprising and important conclusion

[45, 78] that superfluidity first nucleates around the edge dislocation before appearing in

the bulk of the material.

Just below the condensation temperature Tcond, the nucleated order parameter has

the form

ψ = A0	0(r), (2–12)

where 	0 is the normalized ground state wavefunction and A0 is an amplitude that is

fixed by the nonlinear terms in the free energy [83]. Substituting Eq. (2–12) into the

dimensionless free energy, Eq. (4–8), we obtain

F = (E0 − E)|A0|2 +
1

2
g|A0|4, (2–13)

where the coupling constant g is given by

g =

∫
d2r 	4

0(r). (2–14)
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Minimizing the free energy with respect to A0, we obtain

A0 =
√

(E − E0)/g. (2–15)

From the extensive numerical work of Dasbiswas et al. [79], presented in Section 2.4

of this dissertation, we know that for the dipole potential the ground state energy is

E0 = −0.139 (with the energy of the first excited state E1 = −0.0414), and the coupling

constant g = 0.0194.

To recap- following the work of previous authors [45, 78] we have shown that

superfluidity always nucleates first on edge dislocations, and we have calculated the

form of the order parameter near E0, the threshold value of E (i.e., at temperatures

just below the condensation temperature). Physically, we imagine a cylindrical tube

of superfluid, with a radius equal to the transverse correlation length (of order 1 in our

dimensionless units), that encircles the dislocation. However, this naive mean-field

picture ignores the thermal fluctuations which destroy the one-dimensional superfluidity

on long length scales. What is needed is an effective one-dimensional model for

the superfluid, capable of capturing nontrivial fluctuation effects. We now derive this

one-dimensional model using a systematic, weakly-nonlinear analysis near the threshold

E0.

Within the mean-field Landau theory, the order parameter configurations that

minimize the free energy are solutions to the Euler-Lagrange equation

δF
δψ∗ = 0 = −∇2ψ + [V (r)− E ]ψ + |ψ|2ψ. (2–16)

This nonlinear field equation is difficult to solve, even numerically. Instead, we resort to a

weakly nonlinear analysis [84] near the threshold for the linear instability. Our goal is to

“integrate out” the modes transverse to the dislocation and obtain an effective model for

the one-dimensional superfluid nucleated along the dislocation. We then treat thermal

fluctuations of this one-dimensional superfluid in the next Section.
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We start by introducing a control parameter

ϵ ≡ E − E0 (2–17)

that measures distance from the linear instability. From the analysis in the preceding

Section, we see that the order parameter near threshold scales as ϵ1/2, which suggests

a rescaling of the order parameter

ψ = ϵ1/2ϕ, (2–18)

with ϕ a quantity whose amplitude is O(1). Next, note that if we had included the plane

wave behavior along the z-axis in the earlier analysis, the coefficient of |An|2 in the

quadratic free energy, Eq. (2–10), would be −ϵ + k2. This suggests that the important

fluctuations along the z-axis occur at wavenumbers k ∼ ϵ1/2, or at length scales of order

ϵ−1/2 (i.e., long wavelength fluctuations are important close to threshold). This suggests

another rescaling,

z = ϵ−1/2ζ. (2–19)

Substituting these variable changes into Eq. (2–16), and writing E = E0 + ϵ, we obtain

L̂ϕ = ϵ
[
∂2ζϕ+ ϕ− |ϕ|2ϕ

]
, (2–20)

where the Hermitian linear operator L̂ is given by

L̂ = −∇2
⊥ + V (r)− E0, (2–21)

with ∇2
⊥ the Laplacian in dimensions transverse to z . Next, we expand ϕ in powers of ϵ,

ϕ = ϕ0 + ϵϕ1 + ϵ2ϕ2 + ... . (2–22)

Collecting terms, we obtain the following hierarchy of equations:

O(1) : L̂ϕ0 = 0, (2–23)

O(ϵ) : L̂ϕ1 = ∂2ζϕ0 + ϕ0 − |ϕ0|2ϕ0, (2–24)
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O(ϵ2) : L̂ϕ2 = (1− 3ϕ20)ϕ1. (2–25)

The solution of the O(1) equation is the normalized ground state eigenfunction, 	0(r);

there is an overall integration constant, which can be a function of ζ, which we will call

A0(ζ):

ϕ0 = A0(ζ)	0(r). (2–26)

Substitute this into the right hand side of the O(ϵ) equation,

L̂ϕ1 = 	0∂
2
ζA0 +	0A0 −	3

0|A0|2A0. (2–27)

We can determine A0 by left multiplying this equation by 	0, integrating on d2r , and

using the fact that L̂ is Hermitian, to find

∂2ζA0 + A0 − g|A0|2A0 = 0, (2–28)

where g is defined in Eq. (2–14). This is the solvability condition for the existence

of nontrivial solutions of the O(ϵ) equation. In principle we could solve this equation

for A0, substitute back into the right hand side of the O(ϵ), and solve the resulting

inhomogeneous equation to obtain ϕ2. In practice this is difficult for the dipole potential,

so we will stop at this level of the perturbation theory. However, in Appendix B we show

that for V (r) = −1/r (a two-dimensional Coulomb potential), the perturbation calculation

can be explicitly worked out through O(ϵ2), and the results are in close agreement with

detailed numerical solutions of the nonlinear field equation.

We can recast Eq. (4–20) in terms of ζ = ϵ1/2z and A0 = ϵ−1/2φ as

∂2zφ(z) + ϵφ− g|φ|2φ = 0, (2–29)

which is the Euler-Lagrange equation for the free energy functional

F =

∫
dz

[
1

2
|∂zφ|2 −

1

2
ϵ|φ|2 + g

4
|φ|4

]
. (2–30)
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Reinstating the dimensions, we obtain

F =

∫
dz

[
c

2
|∂zφ|2 +

a

2
|φ|2 + b

4
|φ|4

]
, (2–31)

where a = a0t, t = (T − Tcond)/Tcond is the reduced temperature measured relative

to the condensation temperature, and b = gu. To recap, we have integrated out the

transverse degrees of freedom (the fluctuations of which have a nonzero energy gap)

and reduced the full three-dimensional problem to an effective one-dimensional model.

In the next section we will study the fluctuations of this one-dimensional model, and

derive an effective phase-only model for a dislocation network.

2.4 Quantitative Estimates of the Shift in Critical Temperature

2.4.1 The Quantum Dipole Problem in 2D

Here we describe the methods used to solve the linearized Ginzburg Landau

equation described in the previous section. The ground state eigenvalue is of particular

interest to us, since it is related to the shift in Tc in the presence of a dislocation. The

eigenfunction is also used in deriving the network model in the following section. The

equation to be solved is identical to a 2D Schrödinger equation for the dipolar potential,

− ~2

2m
∇2ψ + p

cos θ

r
ψ = Eψ. (2–32)

This potential is non-central and cannot be solved analytically or by using WKB

methods. It permits bound states because the potential is attractive in one half plane.

The problem has a long history, especially in the context of bound and excited states for

edge dislocations in semiconductors, and has been tackled using a variety of variational

and other kinds of approximate methods. These early efforts, and the corresponding

nondimensionalized ground state eigenvalues, are listed in Table 2-1. We solve the

problem using a direct numerical approach and find a ground state eigenvalue of

−0.139, which is lower than all the upper bounds established by the variational methods

[57]. Some sample eigenvalues found by different methods are listed in Table 2-2.
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Table 2-1. Summary of ground state energy estimates of the edge dislocation potential.
Energy is given in units of 2mp2/~2.

References Ground state
estimate

Landauer (1954) [51] -0.102
Emtage (1967) [52] -0.117

Nabutovskii and Shapiro (1977) [53] -0.1014
Slyusarev and Chishko (1984) [54] -0.1111

Dubrovskii (1997) [55] -0.1196
Farvacque and Francois (2001) [56] -0.1113

Dorsey and Toner [57] -0.1199
This work -0.139

2.4.2 Numerical Methods Used

A detailed numerical solution of the two-dimensional Schrödinger equation with

the dipole potential, Eq. (2–32), is likely to provide more accurate ground state

eigenvalues in addition to determining the rest of the bound state eigenvalues and

corresponding wavefunctions. We do this both by a real space diagonalization, where

the Schrödinger equation is discretized on a square grid, and by expanding in the

basis of the eigenfunctions of the two-dimensional Coulomb potential problem. Two

special features of this dipole potential make it a numerically difficult problem: the

singularity at the origin and the long range behavior of the potential. It is expected that

the Coulomb wavefunctions would be better suited to capturing this long range behavior

and convergence would consequently be faster. Our results show that the Coulomb

basis method is more accurate for the higher bound states (which are expected to

extend more in space), as the real space methods are limited by size issues. However,

the real space method works better for the ground state. The Coulomb basis results

have recently been further refined by Amore [58].

2.4.3 Variational Calculation

Our initial approach to determine the ground state energy has been variational

because this can be carried out analytically and provides a rough estimate which can

then guide our more explicit numerical solution. Given a normalized wave function
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ψ(r , θ), we minimized the energy functional,

F [ψ,ψ∗] =

∫
d2x

(
~2

2m
|∇ψ|2 + p

cos θ

r
|ψ|2

)
. (2–33)

This functional has its extrema at the solutions of the Schrödinger equation, Eq. (2–32).

Note that the length and energy scales which emerge from Eq. (2–33) (or the Schrödinger

equation) for this problem are ~2/2mp and 2mp2/~2. In dimensionless variables, the

normalized trial wave function used in our calculation is

ψ(r , θ) =
2AB

C
√
π

(1− r/BC)√
(3− 4B + 2B2)

exp

(
− r

C

)
−
√
1− A2

C 2

√
8

3π
r cos θ exp

(
− r

C

)
, (2–34)

where A, B and C are variational parameters. We choose the trial wave function so as

to account for the anisotropy of the potential. Further, the asymptotic behavior of the

potential is captured by the exponentially decaying factors. The minimum expectation

value of the energy occurs when A = 0.803,B = −0.774 and C = 2.14 with a ground

state energy of −0.1199 which was found by Dorsey and Toner [57]. This value is 2.5%

lower than the previous lowest variational estimate (−0.1196) obtained by Dubrovskii

[55] In addition, by using this normalized trial wave function as the ϕ0(x , y) we find the

parameter g =
∫
dxdy |ϕ0(x , y)|4 = 0.017.

2.4.4 Real Space Diagonalization Method

For numerical purposes the Schrödinger equation is converted to a difference

equation on a square grid of spacing h, with the Laplacian approximated by its five-point

finite difference form [59], resulting in a block tridiagonal matrix of size N2 × N2, where

the grid has dimensions of N × N. Each diagonal element corresponds to a grid

point and has values of 4/h2 + V (x , y), whereas the nonzero offdiagonal elements

all equal −1/h2. The matrix is thus very large but sparse. We use three different

numerical methods to diagonalize this matrix: the biconjugate gradient method [60],

the Jacobi-Davidson algorithm [61] and Arnoldi-Lanczos algorithm [62], with the
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latter two being more suited to large sparse matrices whose extreme eigenvalues

are required. We use freely available open source packages (JADAMILU [63] and

ARPACK [64]) both written in FORTRAN. All three approaches are projective Krylov

subspace methods, which rely on repeated matrix-vector multiplications while searching

for approximations to the required eigenvector in a subspace of increasing dimensions.

Reference [65] provides a concise introduction to the Jacobi-Davidson method, together

with comparisons to other similar methods. The implicitly restarted Arnoldi package

(ARPACK) is described in great detail in Ref. [66]. Some general issues about the real

space diagonalization as well as some specific features of the three methods used for it

are discussed below.

The accuracy of the real space diagonalization methods is controlled by two main

parameters: the grid spacing h and the total size of the grid, which is given by Nh. The

finite difference approximation together with the rapid variation of the potential near the

origin imply that the solution of the partial differential equation would be more accurate

for a smaller grid spacing. We work with open boundary conditions, which means that

a bound state wavefunction could be correctly captured only if the total size of the grid

were to be greater than the natural decay length of the wavefunction. In other words,

the eigenstate has to be given enough space to relax. This limits the number of bound

states we can calculate accurately because a large grid size together with small grid

spacings calls for a large number of grid points, thus quadratically increasing the size of

the matrix to be diagonalized. Computational resources as well as the limitations of the

algorithms themselves place an effective upper bound on the size of a diagonalizable

matrix. We experimented to find that a 106 × 106 size sparse matrix was about the

maximum that could be diagonalized with our computational resources.

The origin of the square grid is symmetrically offset in both x and y directions to

avoid the 1/r singularity. We first tested the accuracy of the real space techniques for

the case of the two dimensional Coulomb potential, the spectrum of which is completely
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known [96]. We observe that for various lattice sizes the biconjugate method captures at

most the first four states whereas the Jacobi-Davidson method returns 20 eigenstates.

The eigenvalues obtained from both methods are accurate to within 2% of the exact

values [96].

We have applied the biconjugate method to the edge dislocation potential for

various lattice sizes, varying from 10×10 to 600×600. The number of eigenstates

captured increases with the size of the lattice, as expected. The ground state energy

is observed to vary from -0.134 to -0.142. We also observe that for the number of grid

points exceeding N = 2000 we encounter a numerical instability due to the accumulation

of roundoff errors. For the largest real space grid size of 600×600 (N = 1200, h = 0.5)

we obtain seven eigenstates with a ground state energy of -0.139.

The ground state energy from the Jacobi-Davidson method, employed for the same

lattice size gives -0.139, which matches well with our expectations from the variational

calculation. We are able to obtain 20 bound state eigenvalues in this method using

N = 1000, h = 0.5. It is checked that the low-lying eigenvalues are not very sensitive

to values of h in this regime, so a relatively large value of 0.5 serves our purpose. As

pointed out earlier, the accuracy of this method is determined by the choice of lattice

parameters. The variation in the calculated ground state eigenvalue for differing lattice

parameters is within 0.001, which therefore is the estimated error in the calculation of

eigenvalue.

The Arnoldi-Lanczos method yields the same eigenvalues to within estimated

error. It takes more time and memory resources to converge but can calculate

more eigenvalues. It provides 30 bound state eigenvalues for the same set of lattice

parameters as the above. Finally, after calculating the ground state wave function we

find that the coupling constant g = 0.0194, slightly larger than the variational estimate of

g = 0.017.
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Figure 2-2. Comparison of eigenvalues of the 2D quantum dipole problem, obtained by
different methods. (The plot is on a log-log scale.) Reprinted with permission
from Ref. [79] [K. Dasbiswas, D. Goswami, C.-D. Yoo and A. T. Dorsey, Phys.
Rev. B 81, 64516 (2010)], c⃝APS, 2010.

Table 2-2. Comparison of first few energy eigenvalues obtained from different methods.
Energy units: 2mp2/~2. n indicates quantum number of the state.

n biconjugate Jacobi-Davidson Coulomb
/Arnoldi-Lanczos basis

1 -0.14 -0.139 -0.0970
2 -0.041 -0.0415 -0.0328
3 -0.023 -0.0233 -0.0221
4 -0.02 -0.0201 -0.0167
5 -0.012 -0.0126 -0.0119

2.4.5 Coulomb Basis Method

We also calculate the spectrum numerically by using the linear variational method

with the basis of the 2D hydrogen atom wave functions [96]. There are two advantages

of this method over the real space diagonalization methods. First, the linear variational

method is capable of capturing more excited states because the number of calculated

bound states is not limited by the size of the real space grid but by the number of

long-range basis functions. Second, the singularity at the origin of the edge dislocation
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potential does not pose a problem anymore because elements of the Hamiltonian matrix

become integrable.

Now we calculate the elements of the Hamiltonian matrix with a 2D edge dislocation

potential. The Schrödinger equation with the 2D Coulomb potential is analytically

worked out in Ref. [96]. The normalized wave functions of a 2D hydrogen atom are given

by

ψH
n,l(r , θ) =

√
1

π
Rn,l(r)×


cos(lθ) for 1 ≤ l ≤ n,

1√
2

for l = 0,

sin(lθ) for −n ≤ l ≤ −1,

(2–35)

where

Rn,l(r) =
βn

(2|l |)!

√
(n + |l | − 1)!

(2n − 1)(n − |l | − 1)!
(βnr)

|l |

× exp

(
−βnr

2

)
1F1(−n + |l |+ 1, 2|l |+ 1, βnr),

(2–36)

with βn = 2/(2n − 1) and 1F1 being the confluent hypergeometric function. The elements

of the Hamiltonian with the 2D dipole potential are

⟨
ψH
n1,l1

| − ∇2|ψH
n2,l2

⟩
= δl1,l2

∫ ∞

0

dr

(
1−

β2
n2

4
r

)
× Rn1,l1(r)Rn2,l2(r),

(2–37)

⟨
ψH
n1,l1

∣∣∣∣cos θr
∣∣∣∣ψH

n2,l2

⟩
= ~V

∫ ∞

0

dr Rn1,l1(r)Rn2,l2(r), (2–38)

where ~V = δl1,l2±1/2 if both l1 and l2 are less or greater than 0, or ~V = 1/
√
2 if l1 is

0 and l2 positive or vice versa. The spectra are obtained for several total numbers of

basis functions Nbasis. Due to the numerical precision in calculating elements of the

Hamiltonian matrix Nbasis cannot be increased to more than 400. For Nbasis = 400 we

obtain about 150 bound states and the ground state energy of -0.0969. This calculated

ground state energy is not reliable as it is higher than even the upper bound of -0.1199

estimated variationally earlier [57]. In order to improve the ground state energy, we

44



introduce an additional decaying parameter in the basis functions, and optimize the

energy levels for a certain value of this parameter. With the decaying parameter we

obtain the best variational estimate for the ground state energy of -0.1257 for Nbasis =

400.

We show the first twenty eigenvalues obtained from different methods in Fig. 2-2

and the first five representative eigenvalues in Table 2-2. As seen earlier, the real space

diagonalization methods provide a better estimate of the ground state energy whereas

the Coulomb basis method is more suitable for higher excited states. The eigenvalues

of both the Coulomb basis method and the real space diagonalization methods are

found to match each other for excited states, and then they begin to deviate again

(see Fig. 2-2). This can be understood by the fact that the extent of wave functions

of the 2D edge dislocation potential does not always increase as one goes to higher

excited states – the wave functions of some excited states extend less than those of

lower energy. Therefore, there are intermediate bound states that are missed in the

real space calculation because the size of grid used in calculation is not large enough

to capture them. For example, we find four more bound states with the Coulomb basis

calculation between the 18th and 19th excited states as calculated from the real space

diagonalization method. This feature also explains the abrupt increase of the eigenvalue

of the 19th state calculated by using the Arnoldi-Lanczos method (ARPACK routine) in

Fig. 2-2.

2.4.6 Semiclassical Analysis

It is usually insightful to consider the semiclassical solution of a quantum mechanics

problem, since the higher energy eigenstates tend to approach classical behavior. A

semiclassical estimate of the energy spectrum has been provided in Ref. [68]. Here

the total number of eigenstates up to a value of energy E is proportional to the volume

occupied by the system in the classical phase space. This is expressed by Weyl’s
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theorem [69] :

n(E) =
A

4π

2m|E |
~2

+O

(√
~2

2mp2
|E |

)
, (2–39)

where A is the classically accessible area in real space and |E | the absolute value of

energy of the state. The higher order corrections can be shown to be less important for

higher excited states, which is where the semiclassical picture applies. To find A, we

need the classical turning points for this potential determined by setting E = V (r , θ).

Then the accessible area is the interior of a circle given by (x − p

2E
)2 + y 2 = ( p

2E
)2, with

area A = π(p/2E)2. Therefore, we obtain (writing the nondimensionalized energy in our

system of units as ϵ):

n(ϵ) = − 1

16ϵ
, (2–40)

where n is the quantum number of the eigenstate and ϵ the corresponding energy. Note

that the density of states dn/dϵ scales as 1/ϵ2.

Figure 2-3. Fit for the eigenvalue spectrum of 2D quantum dipole potential obtained
from JADAMILU using f (x) = a(x − b)c . Fit values are −0.06, 0.61 and 0.96
for a, b and c respectively. Reprinted with permission from Ref. [79] [K.
Dasbiswas, D. Goswami, C.-D. Yoo and A. T. Dorsey, Phys. Rev. B 81, 64516
(2010).], c⃝APS, 2010
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To check this result we fit the numerical spectrum with the following functional form:

ϵ(n) = a(n − b)c , (2–41)

with the fitting parameters having values a = −0.06, b = 0.5, c = −0.98, each correct

to within 5%. (Since we are dealing with bound states here, all the energy eigenvalues

are negative, and the higher excited states have lower absolute eigenvalues.) We show

the fit to the spectrum obtained from JADAMILU routine in Fig. 2-3. The semiclassically

derived dependence is found to closely match with the fit for numerically calculated

energy eigenstates, except for the b = 0.5 factor. In the limit of large n values i.e. higher

excited states, the fit relation tends to the semiclassical result as expected.

The classical trajectories for this potential bear the signature of chaotic dynamics

showing space-filling nature and strong dependence on initial conditions. However, for

reasons not yet clear to us, they are not ergodic, filling up only a wedge-shaped region

in real space instead of the full classically allowed circle. The quantum mechanical

probability density as calculated from the eigenfunctions also exhibits such wedge-shaped

regions. Some sample wavefunctions obtained from our numerical calculations have

been presented. Figure. 2-4 shows the lowest five eigenstates and Fig. 2-5 shows some

higher excited states. As expected, the wavefunctions are confined to the left half plane,

where the potential is negative and bound states are possible. The parity of the potential

shows up in the wavefunctions being either symmetric or antisymmetric about the x-axis,

although states of such “odd” and “even” parity do not always alternate. For example,

the 2nd and 4th excited states are “odd”, and the 3rd excited state correspondingly

“even”, but the ground state and 1st excited states are both “even”. Similarly the 10th,

50th and 100th excited states are all “odd” while the 23rd and 24th are “odd”. The

spatial extent of the wavefunctions is seen to be generally higher for higher excited

states, but this is not always the case. The extent does not scale monotonically with

quantum number. Some cases are found where a higher excited state has less spatial
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extent than a lower one. For example we see in Fig. 2-5, that the 24th excited state is

less extended in the x-direction compared to the 23rd. We do not have any satisfactory

explanation yet for these irregular features.

A Wavefunction for the ground
state

B Wavefunction for the 1st
excited state

C Wavefunction for the 2nd
excited state

D Wavefunction for the 3rd
excited state

E Wavefunction for the 4th
excited state

Figure 2-4. Eigenfunctions of the first five states of the 2D quantum dipole problem. For
clarity of presentation, the range of the x and y axes have been increased
for the higher excited states. Reprinted with permission from Ref. [79] [K.
Dasbiswas, D. Goswami, C.-D. Yoo and A. T. Dorsey, Phys. Rev. B 81, 64516
(2010)], c⃝APS, 2010
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A Wavefunction for the 10th
excited state

B Wavefunction for the 23rd
excited state

C Wavefunction for the 24th
excited state

D Wavefunction for the 50th
excited state

E Wavefunction for the 100th
excited state

Figure 2-5. Eigenfunctions of five higher excited states of the 2D quantum dipole
problem. For clarity of presentation, the range of the x and y axes have been
increased for the higher excited states. Reprinted with permission from Ref.
[79] [K. Dasbiswas, D. Goswami, C.-D. Yoo and A. T. Dorsey, Phys. Rev. B
81, 64516 (2010)], c⃝APS, 2010.
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CHAPTER 3
SUPERFLUIDITY IN THE PRESENCE OF MULTIPLE DISLOCATIONS

In Chapter 2, we considered the superfluidity induced by a single, quenched,

dislocation line by coupling the elastic strains induced by it to the superfluid order

parameter. However a real crystal prepared in the laboratory is likely to contain grain

boundaries (which can be thought of as regular arrays of dislocations), or a tangled

network of dislocation lines. In this chapter, we follow a similar approach to derive

the Landau theoretic model for superfluidity in dislocation arrays and networks by

considering the overlap between superfluid regions induced by each dislocation line and

find their effect on superfluid critical temperature Tc . This superfluid ordering in grain

boundaries or networks are quasi long range (in 2D) and long range (in 3D) respectively,

and thus have the thermodynamic characteristics of a phase transition, unlike the local

1D superfluid ordering induced by a single dislocation. The network model, we argue,

could also be responsible for some of the anomalous effects seen in torsion oscillator

experiments in solid 4He. Further questions that could be addressed are the effects of

the elastic interactions between dislocation lines on the superfluidity, and also of their

motion.

3.1 Grain Boundary Superfluidity

A grain boundary is an interface between two regions of different crystal orientation

in a polycrystal [50, 70, 71], where the atoms are locally disordered because of the

competing effects of neighboring crystalline regions. Theoretical studies, both Quantum

Monte Carlo methods [72] and Landau theoretic models [73], indicate that superfluidity

can be locally induced in a defect structure such as a grain boundary. Also, there is

some experimental evidence for mass superflow through grain boundaries in solid 4He

[31]. A low angle grain boundary can be interpreted as a surface containing a sequence

of dislocations [50, 74]. In particular, a low angle tilt grain boundary is a periodic array

of edge dislocations [see Fig. 3-1], and we have shown in Chapter 2 that each such
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dislocation is capable of locally inducing superfluidity around itself. These local regions

of superfluidity can overlap forming 2D superfluid order in the grain boundary. This

superfluidity would be anisotropic, with differing properties along the dislocation lines

and transverse to them. The superfluid coupling between neighboring dislocation lines

and consequently, the critical temperature (Tc ) would depend sensitively on the spacing

between them. The Mermin-Wagner theorem [75] forbids the presence of long-range

Figure 3-1. A symmetric tilt grain boundary showing the crystal planes. Each half plane
on the left can be considered to be an extra half plane inserted between two
half planes on the right, thus giving rise to an array of straight dislocation
lines each of which point along the y -axis. The spacing between dislocations
lines is d and the grain boundary angle is θ.

order in a 2D system because of the large role played by fluctuations, but quasi-ordering

can result from the Berezinskii-Kosterlitz-Thouless (BKT) mechanism [17, 18]. In a BKT

superfluid, vortices and antivortices are bound into ordered pairs. This order can be lost

above a certain critical temperature when these vortex-antivortex pairs dissociate. In the

rest of this section we discuss this anisotropic grain boundary superfluidity and address

some of its BKT properties.
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Consider a tilt grain boundary with angle of tilt θ and spacing d between the

neighboring dislocations that make up this grain boundary[see Fig. 3-1]. Let the

dislocation lines be oriented along the y direction and a series of them placed distance

d apart (in units of lattice spacing) along the x-axis. The grain boundary interface is then

just the x − y plane. The Burger’s vector of each dislocation is perpendicular to this

plane, b ∥ x . It follows from the geometry of the system that these quantities are related

as

d =
b

2 sin(θ/2)
, (3–1)

where b is the Burger’s vector of each dislocation line. This is called the Frank formula in

metallurgy literature [50]. In the limit of small angles, this becomes

d ≃ b

θ
. (3–2)

The Landau theory for grain boundary superfluidity in an isotropic solid proceeds in

the same way as for a single dislocation introduced in Chapter 2,

F =

∫
d3x

[
c

2
|∇ψ|2 + 1

2
a(x)|ψ|2 + 1

4
u|ψ|4

]
, (3–3)

where the superfluidity couples to the crystallinity through the trace of the grain

boundary strain tensor, a(x) = a0(T − T0)/T0 + a1uii(x , z). As in the case of the

single dislocation, the grain boundary strains can locally enhance the superfluid critical

temperature (Tc ), the change in Tc being related to the ground state eigenvalue of the

corresponding linear problem.
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The stress from a grain boundary can be calculated by considering it as a sum of

the stresses generated by each individual dislocation in the periodic array 1 :

σxz(x , z) = bBx

∞∑
n=−∞

z2 − (x − nd)2

[z2 + (x − nd)2]2
. (3–4)

This may be written in the convenient form,

σxz(x , z) = −bBα
d

[
J(α, β) + α

∂J(α, β)

∂α

]
, (3–5)

where J(α, β) =
∑∞

n=−∞
1

α2+(β−n)2
, α = z/d and β = x/d are the nondimensional

distances in the z and x- directions respectively. Using the Poisson summation formula,

∞∑
n=−∞

f (n) =

∞∑
k=−∞

∫ ∞

−∞
dx f (x)e2πikx ,

we find

J(α, β) =

∫ ∞

−∞

dξ

α2 + ξ2
+ 2Re

∞∑
k=1

e2πikβ
∫ ∞

−∞
dξ

e2πikξ

α2 + ξ2

=
π

α
+

∞∑
k=1

e−2πkα cos(2πkβ). (3–6)

The stress far away from the plane of the grain boundary is obtained by setting α >> 1

in the above expression. In that case, only the first term of the sum would matter, and

the resultant “far-field” stress is of the simplified form

σxz(x , z) = 4π2B
bz

d2
e−2πz/d cos(2πx/d). (3–7)

This stress is periodic in the x-direction as expected. The crystal is more stressed

for a higher angle grain boundary, where the dislocations are placed closer together.

Far away from the plane of the grain boundary, the stress decays exponentially with

1 The subsequent derivation is provided in Chapter 4 of the text Theory of Elasticity
by L. D. Landau and E. M. Lifshitz [74].
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distance along the z-direction. This implies that although the stress fields from individual

dislocations are long range (decay as a power law), there are cancellations from the

different dislocations of the periodic array, thus leading to a short range form of the

stress (or strain) field. The other stress components can be found similarly by summing

over the respective dislocation stress components using the property of Poisson

summation. Particularly, the trace of the far-field stress tensor (which couples to the

superfluidity in our Landau theoretic framework) is

σii = −2πB
b

d
e−2πz/d sin(2πx/d). (3–8)

The linearized Landau equation can now be written in a nondimensionalized form

as

−∇2ψ + [Vgb(x , z)− E ]ψ = 0, (3–9)

where E is proportional to the reduced temperature, and Vgb is a nondimensional

potential corresponding to the trace of the grain boundary strain field [proportional to

the hydrostatic stress found in Eq. (3–8)]. We can now see that the separation Ansatz

used for the dislocation superfluidity problem cannot be simply carried over to the

grain boundary situation. The “fast” degree of freedom of the order parameter is the

z-direction, transverse to the grain boundary. If the z direction is separated out from the

order parameter amplitude, we are left with an order parameter dependent on x and

y . The eigenfunction of the linear problem Eq. (3–9) is however a function of x and z

and cannot be used to “integrate out” the fast degree as was done for dislocations. The

grain boundary strain field takes a simple form far away from the boundary, but we are

interested in the order parameter in the plane of the grain boundary. The linear equation

Eq. (3–9) is not analytically tractable in that plane because of the complicated form of

the potential. We therefore analyze this problem approximately in two different limits,

where the coherence length is much bigger (smaller) than the dislocation separation :

ξ ≫ d (ξ ≪ d). In the former case, we expect the superfluid regions from neighboring
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dislocations to overlap strongly. The order parameter will then have a large uniform

background piece with small amplitude corrugation on top of it. In the latter case the

overlap will be exponentially small. We give some heuristic arguments to obtain the

dependence of the Tc on the grain boundary angle in each case.

We first analyze the case of long coherence lengths following the work of Gurevich

and Pashitskii [73]. The strain field, order parameter and all physical quantities are

periodic in the x-direction because of the way the constituent dislocations are placed. In

this limit of strong overlap between neighboring dislocations, the order parameter has a

large constant piece along the grain boundary and rapid but small fluctuations about this

average. We can thus decompose the order parameter into “slow” and “fast” parts as

ψ(x , z) = ψ0(z) + ψ1(x , z), (3–10)

where ψ0(x) = ⟨ψ(x , z)⟩x . Here ⟨ ⟩x indicates averaging over a period d in the x-direction

(the direction of periodicity), i. e. ⟨A(x , z)⟩x = 1
d

∫ d

0
dxA(x , z). We separate Eq. (3–9)

using a standard technique developed for rapidly oscillating systems [76]. First we

consider only the quantities up to leading order on both sides of Eq.(3–9). In the limit we

are considering, the gradients of ψ1(x , z) are much bigger than that of ψ0(z), although

the amplitude of ψ1(x , z) is much smaller than that of ψ0(z). Therefore,

∇2ψ1 = Vgbψ0. (3–11)

Now we average over the rapidly oscillating degree of freedom, i.e. the x− coordinate to

get

−∇2ψ0 − Eψ0 + ⟨Vgbψ1⟩x = 0. (3–12)

In order to obtain this result we have used ⟨Vgb⟩x = ⟨ψ1⟩x = 0, which is due to the

potential and corrugation on the order parameter being both sinusoidally oscillating

functions in the x− direction. The corrugation term can be expressed explicitly in terms
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of the potential by Fourier transforming Eq.(3–11), which yields

ψ1(k ,G) =
Vgb(k ,G)ψ0

k2 + G 2
, (3–13)

where the (inverse) Fourier transform of the potential is defined as

Vgb(x , y) =
∑
G ̸=0

∫ ∞

−∞

dk

2π
Vgb(k ,G)e ikx+iGy . (3–14)

The function is periodic in the x-direction and so is represented as a Fourier series over

the reciprocal lattice vectors, G = 2πn/d , and n = ..,−2,−1, 1, 2, ... For a symmetric

grain boundary, the term with G = 0 is absent because each dislocation causes a dipole

strain field which has zero average along the x-direction. We have shown previously

that at distances far away from the grain boundary compared to the dislocation spacing

d , the stresses decay exponentially. The order parameter ψ1(x , z) is also expected to

decrease rapidly with distance transverse to the grain boundary. In the limit of small

spacing d ≪ ξ we are considering, the function ~V (z) = ⟨Vgbψ1⟩x describes a short range

potential well, ~V (z) = V0δ(z). Integrating over z and using the Fourier transformed

expression for Vgb(x , z), we obtain

V0 =
∑
G ̸=0

∫ ∞

−∞

dk

2π

|Vgb(k ,G)|2

k2 + G 2
. (3–15)

The linearized Landau equation for the large, “slow” piece of the order parameter, Eq.

(3–12), then reduces to a 1D Schrödinger equation for a particle in a “delta” potential

well:

− [∇2 + V0δ(z)]ψ0 = Eψ0. (3–16)

The groundstate eigenvalue of this problem, E0 = V 2
0 /4, is related to the shift in the Tc

of the superfluidity in the grain boundary. We can derive the dependence of this shift in

Tc on the grain boundary angle (or dislocation spacing) with a simple scaling analysis at

this point. This is the essential point of this section. The grain boundary potential is the

trace of the strain tensor and varies with dislocation spacing as b/d ∼ θ. On calculating
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its Fourier transform and using the expression in Eq.(3–15), we find (after scaling out the

dependence on d) that V0 ∼ d . The shift in Tc goes as the square of V0 (as known from

the ground state eigenvalue) and therefore as an inverse square power law in the grain

boundary angle. From dimensional considerations, we have derived the relative increase

in Tc as
�Tc

Tc

=
(θe
θ

)2
, (3–17)

where θe is some characteristic angle depending on the elastic properties of the crystal

under consideration.

For the limit where dislocation spacing is larger than superfluid coherence length,

we have a situation of weak overlap, and the Tc for grain boundary superfluidity is

proportional to the Josephson superfluid coupling between neighboring dislocations,

and is exponentially sensitive on the spacing, Tc ∼ e−d/b ∼ e−1/θ. Thus we uncover

the separate power law and exponential dependence of the critical temperature on the

grain boundary angle in different limits. We presume the latter is likelier in the case of

solid helium, because the coherence lengths are known to be about as small as the

atomic spacing (a few Angstroms) in superfluid helium. The former situation analyzed by

Gurevich and Pashitskii [73] could be found for example in superconductors with grain

boundaries.

3.2 Berezinskii-Kosterlitz-Thouless Superfluid in a Grain Boundary

As mentioned earlier, the superfluidity in a 2D system like a grain boundary can

arise through the vortex-binding BKT mechanism. In this Section, we discuss some of

the BKT properties of the grain boundary induced superfluid described above, especially

focusing on how these properties are affected by the inherent anisotropy of the grain
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boundary. To understand the BKT argument, we first need to understand the basic

properties of a vortex and calculate its energy2 .

Vortices are ubiquitous topological defects found in 2D systems with continuously

broken U(1) symmetry, that are best described as singularities in the phase of the

order parameter. It is often useful to think of them as analogous to point charges in

electrodynamics problems. Consider, for example, an XY spin model in 2D, which

belongs to the same U(1) universality class as a superfluid. A simple Ansatz for the

phase in a 2D system with a single vortex located at the origin of coordinates is

θv = evϕ, (3–18)

where ev is an integer called the “winding number” or “charge” of the vortex, and r and

ϕ are the polar coordinates in 2D. The long wavelength or elastic energy of the vortex is

then given by

Eel =
1

2
ρs

∫
d2x
(
∇θv

)2
=

1

2
ρs(2π)(ev)

2

∫
rdr

r 2
= π(ev)

2ρs ln(R/a), (3–19)

where a is the core radius of the vortex. and R the system size. In addition there is an

energy cost Ec associated with the core of the vortex. The superfluid phase stiffness ρs

is usually identified with the square of the amplitude of the order parameter, but can be

“renormalized” by fluctuations of this amplitude, as introduced for example by vortices.

A simple heuristic argument first given by Kosterlitz and Thouless [18] shows how

vortices can lead to a second-order phase transition in the XY model. The energy of a

singly charged vortex in sample of linear dimension R, as calculated in Eq. (3–19), is

πρs ln(R/a). The vortex core could lie anywhere in the sample, and so carries an entropy

proportional to the area, ln(R/a)2. The free energy of an XY-system with a single vortex

2 Most of the development in this section closely follows Section 9.4 in the text Princi-
ples of Condensed Matter Physics by P. M. Chaikin and T. C. Lubensky [70]
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is then

F = E − TS = (πρs − 2T ) ln(R/a). (3–20)

Thus it is reasonable to identify

Tc =
π

2
ρs , (3–21)

with the critical temperature above which it becomes energetically favorable to have

a free vortex. A more detailed analysis shows that there exists an algebraically (quasi

long-ranged) ordered phase below such a Tc in which the vortices are bound into pairs

with their antivortices. The spin wave stiffness of the XY model, ρs , is modified by the

presence of the vortices, and this changes the Tc from the “bare” form derived here.

Vortices are mobile degrees of freedom that arrange themselves so as to minimize

the free energy of any imposed gradient of the phase of the order parameter. The

macroscopic spin wave stiffness, ρRs , is renormalized by vortex fluctuations. It is

expressed as the difference in free energy between the system with and without an

externally imposed “flow velocity”:

F (v)− F (0) =
1

2
V ρRs v

2. (3–22)

Here vs = ∇θ(x) is the uniform gradient of the phase of the XY model, to be identified

with the superfluid velocity after incorporating a suitably dimensionful factor of h/m. V

is the total volume of the system. The free energy is found by statistically averaging the

Hamiltonian over phase fluctuations (in the following treatment we take the Boltzmann

factor kB = 1),

F (v) = −T lnTr exp
[
− H(v)/T

]
, (3–23)

where the Hamiltonian for low energy phase fluctuations is given by

H(v) =
1

2
ρs

∫
d2x
(
∇θ
)2
. (3–24)
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The phase θ(v) in the above relations can be decomposed into a singular, transverse

part from the vortex, an analytic, longitudinal and spin-wave part, and a constant piece

corresponding to the uniform gradient or velocity:

∇θ = v⊥s + v||s + v. (3–25)

After expanding in the uniform gradient to quadratic order and averaging over the

fluctuations, we obtain an expression for the renormalized stiffness in terms of the bare

stiffness and a correlation function of transverse velocities (associated with the vortices),

ρRs = ρs −
ρ2s
T

∫
d2x⟨v⊥s (x).v⊥s (0)⟩. (3–26)

Using standard relations for vortex velocities and source functions, and the energy of

a system of dilute vortices at low temperature, it can be shown that the renormalized

stiffness (see appendix for derivation) is related to the bare stiffness and vortex fugacity

f = e−Ec/T as

K−1
R = K−1 + 4π3f 2

∫ ∞

a

dr

a

(
r

a

)(3−2πK)

. (3–27)

The notation in this equation has been made simpler by defining a reduced spin

stiffness, K = ρ/T . By simple power counting, the above integral converges when

(3 − 2πK) < −1, i.e. at temperatures lower than Tc = π
2
ρs(Tc). When the temperature

is higher than this self-consistently determined Tc , the integral diverges for large r ,

and the perturbation theory in fugacity breaks down. The difficulty associated with the

divergence can be handled through a renormalization procedure [77]. Instead of going

into the details of this real space renormalization procedure, we mention some of the

key results of this renormalized XY model in 2D. Below the Tc which is the fixed point of

the RG flow, the fugacity is found to be irrelevant, which qualitatively implies that there

are no free vortices. Any vortices present are bound into pairs, and so their presence

is not felt as one “coarsens” the scale. Above TC , the fugacity “flows” towards higher

values implying the existence of free vortices. These conclusions are consistent with
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the expression for the energy of a system of dilute, interacting vortices: the energy of a

free vortex actually diverges with system size. So at low temperatures, it is energetically

favorable to have only bound vortex pairs with total charge,
∑

ev = 0.

Modifications for an anisotropic theory. We have remarked before that the 2D grain

boundary superfluid is expected to be anisotropic, as the phase stiffness along the

dislocation lines, the y -direction, is expected to be stronger than the coupling transverse

to them (the x-direction). The situation can be described by an anisotropic XY model

with different phase stiffness values along x and y . The Hamiltonian for the low energy

phase fluctuations of such a model is

H =
1

2
ρx(∂xθ

)2
+

1

2
ρy(∂yθ

)2
. (3–28)

The ratio of the phase stiffnesses should vary with the grain boundary angle as, ρx ∼

ρye
− 1

θ . Following the same analysis as in the isotropic case, the renormalized stiffnesses

are found to have forms similar to Eq. (3–26).

ρRx = ρx −
ρ2x
T

∫
d2x⟨v⊥

x (x).v⊥
x (0)⟩,

ρRy = ρy −
ρ2y
T

∫
d2x⟨v⊥

y (x).v⊥
y (0)⟩. (3–29)

Using an expression for the transverse velocity in terms of the vortex source function

m(x),

v⊥(x) = ∇×
∫

d2x G(x− x′)m(x), (3–30)

the expression for renormalized stiffness as given in Eq. (3–29) yield,

ρRx = ρx − (2π)2
ρ2x
2T

∫
d2x y 2⟨n(x)n(0)⟩,

ρRy = ρy − (2π)2
ρ2y
2T

∫
d2x x2⟨n(x)n(0)⟩. (3–31)

The anisotropy is dealt with by rescaling the length scales to render the problem

isotropic. It is useful to define the following quantities: an effective stiffness ρe ≡ √
ρxρy
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and an anisotropy factor ζ =
√
ρx/ρy . The rescaled radial polar coordinate is then

R =
√
x2 + ζ2y 2. The correlation function for vortex densities for a small fugacity (low

temperature) can be derived by statistically averaging over the Hamiltonian for a dilute

gas of interacting vortices, in the same way as Eq.(3–27), giving

KR
x = Kx − 4π3f 2

K 2
e

2T

∫
dR

a

(
R

a

)3−2πKe

,

KR
y = Ky − 4π3f 2

K 2
e

2T

∫
dR

a

(
R

a

)3−2πKe

. (3–32)

K is as usual a quantity defined to denote the stiffness divided by temperature, to make

the notation in the RG procedure simpler. The x− and y− equations in Eq.(3–32) can be

combined as a single equation for the effective stiffness Ke by multiplying and expanding

upto quadratic order in the fugacity.

(KR
e )

−1
= (Ke)

−1 + 4π3f 2
K 2
e

2T

∫ ∞

a

dR

a

(
R

a

)3−2πKe

+O(f 4). (3–33)

This is essentially the same renormalized stiffness as was obtained in Eq. (3–27) for the

isotropic case. Similarly an equation for the renormalized anisotropy can be obtained

from Eq. (3–32) as

ζR =

√
KR
x (K

R
y )

−1 = ζ +O(f 4). (3–34)

This shows that the anisotropy is irrelevant and the effective stiffness defined as the

geometric mean of the two stiffnesses in the x- and y - directions is renormalized in

exactly the same way as in the isotropic superfluid. So we do not expect any qualitative

differences in the coarse-grained behavior of the anisotropic BKT superfluid in a grain

boundary from an isotropic 2D superfluid.
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3.3 Network of Dislocation Lines and a Model Supersolid

In Chapter 2, we considered a single edge dislocation, reducing the full three-dimensional

Landau theory to an effective one-dimensional theory for a superfluid tube localized near

the dislocation core. Then, in the preceding section, we considered a grain boundary

which can be thought of as a regular array of dislocations. However, real crystals

including solid 4He, will consist of a tangle of dislocations many of which will “cross”

when they come within a transverse correlation length of each other. Conceptually, we

can model this as a random lattice (or network) of dislocations with the crossing points

serving as lattice sites as illustrated in Fig. 3-2. While thermal fluctuations destroy any

long range order in a single, one-dimensional tube, the lattice of tubes will generally

order at a temperature characteristic of the phase stiffness between adjacent lattice

sites of this random network of intersecting dislocation lines. This is the motivation

behind the models developed by Shevchenko [80] and Toner [78]. In this Section we

revisit the Shevchenko and Toner models with a systematic approach for calculating the

coupling between adjacent lattice sites in the network model, and obtain new results

on the length scaling of the coupling constant. We conclude with some observations

regarding implications of our results for experiments on the putative supersolid phase of

4He.

We start by considering the correlations between two points along a single

superfluid tube, separated by a distance L. Using the notation of the previous section,

φ(0) = φ1 and φ(L) = φ2 are the values of the superfluid order parameter at two sites

along the tube. The correlations are captured by the propagator K(φ2,φ1;L), which can

Parts of this section are reproduced from the published article: “D. Goswami, K.
Dasbiswas, C.-D. Yoo and A. T. Dorsey, Phys. Rev. B 84, 054523 (2011).”
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Figure 3-2. A tangled network of dislocation lines one is likely to find in a real crystal. In
our picture, bulk superfluid order develops along this defect structure
embedded in 3D. The average spacing between the nodes or lattice points in
this network is L, and the XY model like exchange coupling between the
superfluid order between the i th and j th nodes is Jij .

be obtained from the functional integral

K(φ2,φ1;L) = exp(−βHe�) =

∫ φ(L)=φ2

φ(0)=φ1

D(φ,φ∗) exp

{
−β
∫ L

0

dz

[
c

2
|∂zφ|2+

a

2
|φ|2+b

4
|φ|4

]}
,

(3–35)

where a, b and c are the parameters of the one-dimensional Landau theory derived

in the previous section, and He� is the effective Hamiltonian that characterizes the

coupling between the lattice sites. Cast in this form, we see that the functional integral

for the classical one-dimensional system is equivalent to the Feynman path integral for

a quantum particle in a two-dimensional quartic potential (two-dimensional because the

order parameter φ is complex), with z in the classical problem replaced by the imaginary

time τ for the quantum system [86]. Indeed, previous authors have used this analogy

to study the effect of thermal fluctuations on the resistive transition in one-dimensional

superconductors [87, 88], obtaining essentially exact results for the correlation length

and thermodynamic properties. Consistent with the Mermin-Wagner theorem [75], these

authors find no singularities in the thermodynamic properties, and a one-dimensional

correlation length that grows as the temperature is reduced, but never diverges [88].

Most of these results are conveniently captured using a simple Hartree approximation

[89], in which the quartic term is absorbed into the quadratic term with the quadratic
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coefficient redefined as

�a = a +
1

2
b⟨|φ|2⟩, (3–36)

where a = a0(T − Tcond)/Tcond and ⟨|φ|2⟩ a statistical average with respect to the

effective quadratic theory. Carrying out the averaging, we obtain [89]

⟨|φ|2⟩ = kBT

cξ2⊥
ξ, (3–37)

where ξ = (c/�a)1/2 is the correlation length for the one-dimensional system along the

superfluid tube, and ξ⊥ is the cross-sectional dimension of the 1D superfluid region (the

transverse correlation length, as shown in Fig. 2-1 in Chapter 2). Inserting this result

into the Hartree expression of Eq. (3–36), we obtain a cubic equation for the correlation

length as
1

ξ2
=

1

ξ20
+

(
kBTb

2c2ξ2⊥

)
ξ, (3–38)

where ξ0 = (c/a)1/2 is the Gaussian correlation length. While the mean-field

correlation length ξ0 diverges at Tcond, the “Hartree” correlation length ξ remains

finite at all temperatures [88] [see Fig. 3-3], reflecting the lack of long-range order in

the one-dimensional superfluid tube.

Continuing with the Hartree approximation, we can find the explicit form of the

propagator by exploiting an analogy with the partition function for a two-dimensional

quantum harmonic oscillator; the result is [86]

K(φ2,φ1;L) = k(L) exp

{
− βc

2ξ sinh(L/ξ)[
(|φ2|2 + |φ1|2) cosh(L/ξ)− 2|φ2||φ1| cos(θ1 − θ2)

]}
, (3–39)

where the prefactor k(L) = βc/2πξ sinh(L/ξ), and φ1 = |φ1|e iθ1 and φ2 = |φ2|e iθ2. The

effective Hamiltonian (up to an additive constant) is given by

He� =
c

2ξ
coth(L/ξ)(|φ2|2 + |φ1|2)− J12(L) cos(θ1 − θ2), (3–40)
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Figure 3-3. Dependence of Hartree and mean field correlation lengths on temperature:
the ξ does not diverge at Tc unlike ξMF . The latter is obtained directly from
the Landau theory while the former takes Gaussian fluctuations into account.

where

J12(L) =
c |φ2||φ1|
ξ sinh(L/ξ)

=

 c |φ2||φ1|/L, L/ξ ≪ 1;

(2c |φ2||φ1|/ξ)e−L/ξ, L/ξ ≫ 1.
(3–41)

The last term in Eq. (4–3) is the one of interest, as it couples the phases at the

neighboring sites through an effective “ferromagnetic” coupling constant J12. The

behavior of J12 as a function of the inter-site separation L is one of our important

results–for small L/ξ, J12 ∼ 1/L, reproducing the result of Toner [78], whereas for

large L/ξ, J12 ∼ e−L/ξ. Since ξ is finite for all T , for a sufficiently dilute network of

dislocations we will always satisfy the latter condition–i.e., dilute networks of dislocations

possess coupling constants exponentially small in the dislocation density. It might be

reemphasized here that since true long range order is not possible in one-dimension,
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the phase of the order parameter is also not well defined in one-dimension. Hence, a

“phase only” approximation of the problem as shown by Toner [78] would be inadequate

in capturing the complete behavior of the coupling constant and a complete order

parameter description as shown here, in the spirit of the work by Scalapino et al. [88] is

necessary. Toner’s phase-only description would be valid when the correlation length

ξ is larger than the dislocation network length scale L as then there would be phase

ordering between neighboring lattice sites of the dislocation network, and it is in such a

limit (L ≪ ξ) that we recover a dependence similar to Toner’s [see Eq. (3–41)].

So far we have systematically derived an effective Hamiltonian that describes the

phase coupling between two points (lattice sites) on a single dislocation. To make the

conceptual leap to the dislocation network, we propose that the appropriate model for

the network is a random bond XY model of the form

H = −
∑
⟨ij⟩

Jij cos(θi − θj), (3–42)

where ⟨ij⟩ represents nearest-neighbor lattice sites and Jij is a (positive) coupling

between the sites that scales as e−Lij/ξ for a sufficiently dilute network of dislocations.

As noted by Toner [78], the randomness is irrelevant in the renormalization-group sense

[90], and in three dimensions we expect the superfluidity in the network to order when

the temperature is of order the typical coupling strength [Jij ]; i.e., kBTc = O([Jij ]). Again,

for a dilute network of dislocations (with areal dislocation density n ∼ 1/L2), we would

find Tc ∼ e−1/(n1/2ξ), a remarkably sensitive dependence on the dislocation density.

It is natural to ask here how well these theoretical findings relate with the recent

torsional oscillator experiments on solid helium. The recent consensus from experimental

studies, such as by Rittner and Reppy [25], is that the putative supersolid response

depends on sample quality and preparation. According to these experiments, the

NCRI fraction shows much more sensitive dependence on the sample quality (varying

from as much as 20% for samples prepared by the blocked capillary method and thus
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having more disorder to 0.5% for those prepared under constant pressure [26]) than

the onset temperature itself, which shows no clear dependence on disorder. This

seems to contradict the exponential dependence of Tc on dislocation density that we

predict but we would like to point out that so far there have been no systematic studies

characterizing samples of solid 4He for their dislocation density, and relating this to the

onset temperature of supersolid signal found in these samples. Ultrasound attenuation

experiments on solid 4He in the past [91, 92] have revealed dislocation densities ranging

from 104-106 cm−2. This means the density cannot be determined to even within an

order of magnitude.

What makes relating our theory to experiment even more difficult is the fact that

we cannot make quantitative predictions for the Tc from our theory. That would require

knowledge of the Landau theory parameters for solid 4He in order to be able to calculate

the correlation length (ξ in Eq. (3–41)). These are not known for solid 4He, unlike for

example, in conventional superconductors, where the Landau parameters can be

obtained through experiment by relating to the microscopic theory. This lack of certain

knowledge of at least two variables in our theory (L and ξ) make any comparison with

experiment inconclusive. It is also entirely possible, that while dislocation superfluidity

is a real effect, there might be other factors at work behind the high NCRI fraction

observed in disordered samples which tend to swamp out the sensitive dependence

of Tc that our model for dislocation superfluidity predicts. Also our theory at present

doesn’t include dynamics (see Appendix C for a rudimentary discussion of dynamics)

and cannot comment on experiments that study the rate of superflow, such as by Ray

and Hallock [93]. However we believe that the model proposed above serves as a useful

starting point to numerically simulate and understand some of these effects.
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CHAPTER 4
VORTICES IN TRAPPED, DILUTE BOSE-EINSTEIN CONDENSATE

The generation of quantized vortices in gaseous samples has been the subject of

much study [39] since the first observation of Bose-Einstein condensation in atomic

gases. The degree of control and the ease with which vortices can be observed in a

BEC in a trap make it an exciting alternative neutral superfluid system to liquid helium,

where vortex creation and dynamics can be studied. In this chapter, we review some

of the known results related to the stability and motion of a single vortex in a BEC in a

trap, and sketch a derivation of the dynamics of a vortex in a rotating frame of reference

from a hydrodynamics perspective. These results are ostensibly different from that of a

vortex in liquid helium, because of the effect of a time-dependent potential (that rotates

the trap), and the inhomogeneities of the confining potential.

4.1 Gross-Pitaevskii Formulation

The zero temperature properties of a dilute, interacting, Bose gas of ultracold

atoms in a trap is described by the Gross-Pitaevskii (GP) equation [102]. Here we

sketch a brief derivation of this GP formalism, followed by a discussion of some of

its basic mathematical features. A collection of interacting (bosonic) atoms in a trap

is characterized by its many body wave function. We employ a Hartree or mean

field approach where this many body wave function is replaced by its statistically

averaged mean field wavefunction, which can be written as a suitably symmetrized

product of single-particle wavefunctions. A further simplification is achieved in the fully

condensed state when all atoms occupy the same single-particle state, ϕ(r). Therefore

the wavefunction of the N-particle system can be written as

	(r1, r2, ....rN) =

N∏
i=1

ϕ(ri), (4–1)

where the single-particle wavefunction is normalized as
∫
dr|ϕ(r)|2 = 1. This

wavefunction does not take into account correlations between single-particle particle
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wavefunctions that are produced by their interactions. For the dilute gases of neutral

alkali atoms we typically consider, the interacting forces are short range and can be

taken into account by an effective interaction gδ(r − r′) which includes the influence of

short-wavelength degrees of freedom that have been integrated out. In fact for short

range scattering, g is related to the scattering length as as [103]

g =
4π~2as
m

. (4–2)

The effective Hamiltonian may be written as

H =
∑
i=1

N
[ p2i
2m

+ Vtr(ri)
]
+ g

∑
i<j

δ(ri − rj), (4–3)

Vtr(r) being the external potential applied by a magneto-optic trap in actual experiments.

The energy of the state in Eq. (4–1) is the expectation value of the Hamiltonian in Eq.

(4–3), and is given by

E = N

∫
dr

[
~2

2m
|∇ϕ(r)|2 + Vtr(r)|ϕ(r)|2 +

(N − 1)

2
g|∇ϕ(r)|4

]
. (4–4)

The factor of N(N − 1)/2 corresponds to the number of interacting pairs of particles. In

the Hartree approximation above we suppose that all particles are in the ground state ϕ,

but the correlations resulting from interactions of particles at small separations will result

in some atoms being in excited states. The fraction of such atoms in the condensate

can however be shown to be very small of the order of as/rs , where as is the scattering

length of the interaction, and rs the average inter-particle separation (these are typically

in nanometers and micrometers respectively in a dilute BEC). The condensate wave

function, ψ(r) ≡ N1/2ϕ(r) is a convenient rescaling of the single-particle ground state

wavefunction, related to the density of particles as

n(r) = |ψ(r)|2. (4–5)
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The GP energy functional of the dilute BEC can then be written in terms of the

condensate wave function as

E [ψ] =

∫
dr

[
~2

2m
|∇ψ|2 + Vtr(r)|ψ|2 +

1

2
g|ψ|4

]
. (4–6)

The external trapping potential will typically be assumed to be that of a 3D spherical

harmonic oscillator,

V (r) =
1

2
mω2r 2. (4–7)

To nondimensionalize Eq. (4–6), we choose the harmonic oscillator length scale

obtained from the linear Schrödinger equation part of the problem as the appropriate

length scale in the problem l ≡ aho ≡
√

~
mω

, and wavefunction amplitude scale,

χ ≡
√

~ω
g

. Using the above to rescale only the length, the free energy functional is

nondimensionalized as

E/E0 = l3
∫

d3x

[
|∇ψ|2 + r 2|ψ|2 + λ|ψ|4

]
, (4–8)

where the scale of free energy is E0 ≡ 1
2
~ω. This is the fundamental energy scale in this

problem, and is related to the ground state energy E0 of the harmonic oscillator. In the

units of E0, the ground state energy is 3. The dimensionless parameter λ is a measure

of the strength of the nonlinearity in the GP functional and its form can be derived from

Eq. (4–2) as

λ ≡ g

~ω
=

Nas

aho
. (4–9)

This form is particularly useful as it tells us whether we are in a regime of strong

nonlinearity (large condensate wavefunction and density) or weak nonlinearity (small

condensate wavefunction and density) in terms of experimentally known parameters: the

particle number, the scattering length of the inter-atomic interaction and the harmonic

trap length scale (related to its frequency). We apply accordingly a Thomas-Fermi or a

perturbative approximation. Both these methods are discussed in subsequent sections.

For completeness of the discussion, we now present the fully nondimensionalized GP
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functional after scaling out the wavefunction amplitude as well as the length,

E/E0 = l3χ2

∫
d3x

[
|∇ψ|2 + r 2|ψ|2 + |ψ|4

]
, (4–10)

To get the equation of motion for the condensate we vary the above free energy

with respect to ψ under the constraint that total number of atoms in the trap is fixed. This

gives
δE
δψ∗ = 0 = −∇2ψ + [r 2 − µ]ψ + |ψ|2ψ, (4–11)

where µ is the nondimensionalized chemical potential (in units of E0) which serves as

the Lagrange multiplier for this constraint.

4.1.1 “Weakly nonlinear” Analysis for Small Condensates

The GP Eq. (4–11) is mathematically similar to the Landau theory for second order

phase transitions with chemical potential playing the role of temperature. When the

chemical potential is close to the ground state energy, there are very few atoms in

the trap, and we are in a low density limit. The cubic term in the GP equation is then

small compared to the linear terms and can be treated perturbatively following the

prescription of the weakly nonlinear analysis introduced in Chapter 2. To see this clearly,

we introduce a control parameter

ϵ ≡ µ− ϵ0, (4–12)

where µ is the chemical potential and ϵ0 the ground state eigenvalue of the linear part

of the problem, which is basically the Schrödinger equation for the trap potential, in this

case a 3D isotropic harmonic oscillator. Now rescale the condensate wavefunction as,

ψ = ϵ1/2ϕ. (4–13)

The GP equation can then be recast in a form convenient for a perturbative analysis,

L̂ϕ = ϵ
[
ϕ− |ϕ|2ϕ

]
, (4–14)
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where the Hermitian linear operator L̂ is given by

L̂ = −∇2 + r 2 − E0. (4–15)

Next, we expand ϕ in powers of ϵ,

ϕ = ϕ0 + ϵϕ1 + ϵ2ϕ2 + ... . (4–16)

Collecting terms, we obtain the following hierarchy of equations:

O(1) : L̂ϕ0 = 0,

O(ϵ) : L̂ϕ1 = ϕ0 − |ϕ0|2ϕ0, (4–17)

O(ϵ2) : L̂ϕ2 = (1− 3ϕ20)ϕ1.

The solution of the O(1) equation is the normalized ground state eigenfunction,

	0(r) = 1/π
3

4 e−r2/2; there is an overall integration constant A0, so that

ϕ0 = A0	0(r). (4–18)

Substitute this into the right hand side of the O(ϵ) equation,

L̂ϕ1 = 	0A0 −	3
0|A0|2A0. (4–19)

We can determine A0 by left multiplying this equation by 	0, integrating on d3r , and

using the fact that L̂ is Hermitian, to find

A0 − γ|A0|2A0 = 0, (4–20)

where the constant γ is given by

γ =

∫
d3r 	4

0(r), (4–21)

the integral of the normalized ground state wavefunction raised to the fourth power.

Calculating for the harmonic oscillator wavefunction, we get γ = 1/(2π)
3

2 . From
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Eq. (4–19), A0 = 1/
√
γ, and therefore ϕ0 = 23/4e−r2/2. The overall wave function is

therefore

ψ(r) = ϵ1/223/4e−r2/2 +O(ϵ3/2). (4–22)

The next higher order term requires the solution of an inhomogeneous differential

equation. This result is expected to hold in the low density limit when µ is close to the

ground state value of 3 (in our units). In this limit, the total number of particles up to the

zeroeth order, is obtained by finding the normalization of the condensate wave function

in Eq. (4–22) and putting the dimensionful length and amplitude scales back in,

N = (2π)3/2(µ− 3)χ2l3 =

√
π

2
ϵ
aho

as
. (4–23)

Thus we identify an important experimental parameter λ = Nas
aho

identical up to a

multiplicative constant with the ϵ defined earlier as the shift in chemical potential, that

has to be small (λ≪ 1) for the problem to be weak nonlinear, and the above perturbative

analysis to hold.

4.1.2 Thomas Fermi Analysis

In the opposite limit of high density (quantitatively expressed as λ ≡ Nas/aho ≫ 1),

the nonlinear term in the GP equation becomes significant and away from the edges of

the trap it is the gradient term that can be neglected. The condensate wavefunction in

this limit is

ψ(r) = ψ(0)
√
µ− r 2, (4–24)

where r is the radial distance from the center of the trap. The condensate density thus

goes to zero at a radial distance of R in the TF description, and it is the vicinity of r ∼ R

that this approximation breaks down. We now list several quantities associated with the

high density condensate and their expressions in terms of other quantities, in the TF

limit.
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• chemical potential,

µ =
152/5

2
λ

2

5~ω;

• condensate size or trap radius,

R2 =
2µ

mω2
;

• density at the center of the trap,

n0 = µ/g =
152/5

2

(
λ

2

5

asa
2
ho

)
;

• total number of particles:
N = 8π/15µ5/2;

• healing length or size of the vortex core.

ξ =
a2ho
R

.

4.2 Vortex Energetics and Stability

We consider an axially symmetric trap, and calculate the energy cost of creating

a vortex in its center from a time-independent mean field theory. The results obtained

in this section hold only for a stationary vortex. The dynamics have to be incorporated

through a time-dependent theory, which we discuss later Let the axis of the trap be

directed along the z-axis, and we work in a cylindrical system of coordinates with ρ the

radial distance in the plane, and ϕ the azimuthal angle. In the subsequent presentation,

we will first address the simplest case of a uniform condensate, and then address the

issue of inhomogeneities introduced by a trap. We discuss first the case of the 2D

condensate, and then generalize our conclusions to the 3D case. A 2D situation can

be realized in a flat or “pancake” condensate where the trapping is much stronger in

the z-direction, than in the plane transverse to it (ωz ≫ ωx = ωy = ω). The axial

extent of such a trap is going to be much smaller than the transverse extent. We then
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Figure 4-1. Condensate wavefunction ψ(r) versus r . ϵ corresponds to proximity of the
chemical potential to the ground state eigenvalue of the trap. The solid blue
line is the numerical solution, the dotted red line is the naive one-term
perturbative result, and the dashed green line is the Thomas Fermi
approximated result. The panel on the left is in the low density limit (lower
value of ϵ) where the numeric result is close to the perturbative one. The
panel on the right is for a high density limit (high value of ϵ) and the numeric
result matches the TF result closely, as expected. The oscillation in the
numeric result is an artifact and can be removed by progressively refining
the value of the shooting parameter to greater number of significant figures.

make necessary modifications in our calculation to describe a 3D or spherical trap,

where the trapping frequencies and condensate size are the same in all directions

(ωx = ωy = ωz = ω). Wherever otherwise mentioned, we assume that the condensate

has a large density of atoms, and the Thomas Fermi (TF) limit applies. The appearance

of a vortex changes the density only locally around itself without affecting the bulk

condensate profile, and the healing length is much smaller than the condensate size,

ξ ≪ R.

A vortex with winding number l located in the center of the trap can be described by

the condensate wavefunction

ψ(r) = f (ρ, z)e ilϕ, (4–25)

where the phase of the wavefunction is simply an integral multiple of the azimuthal

angle, θ = lϕ. It is easy to check that this phase satisfies the vortex quantization
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condition,
∮
∇θ.d l = 2πl , and minimizes the elastic energy, ∇2θ = 0. The superfluid

velocity induced by the vortex vs = (~/m)∇θ = l~
m
(1/ρ) has the requisite quantized

circulation, and falls off slowly with distance. Recall from Eq. (4–6) that the Gross

Pitaevskii (GP) energy of a condensate (strictly valid at zero temperature when there

are no thermal excitations that deplete the condensate) is given as a functional of the

condensate wave function. Using our Ansatz of Eq. (4–25) for a wavefunction with a

vortex, in the GP energy functional of Eq. (4–6), we find

E =

∫
dr

{
~2

2m

[(
∂f

∂ρ

)2

+

(
∂f

∂z
)2 + l2

f 2

ρ2

]
+ Vtr(ρ, z)f

2 +
1

2
gf 4

}
. (4–26)

The only difference between this result and the one for a condensate without a vortex,

and no spatial dependence of the condensate phase, is the 1/ρ2 term which comes

from the kinetic energy density of the azimuthal superflow induced by the vortex. The

energy required to create a vortex at the center of the trap is the difference in GP energy

calculated for a condensate of the same density, with and without the vortex, and so

corresponds to this azimuthal kinetic energy term. Simple power counting shows that

the energy is logarithmically divergent in the radial coordinate. In a condensate of

finite size, as one would expect in a confined trap, the large distance cutoff is naturally

given by the condensate size or radius R, whereas a natural lower length scale is the

healing length ξ. The leading order term of the vortex energy is thus expected to be

ϵv ≃ (~2l2n0/2m) ln(R/ξ0) where n0 is some characteristic condensate density1 .

4.2.1 Energy of a Vortex at the Center of the Trap

We now present a derivation of this vortex energy and calculate higher order

corrections to it using the GP energy functional presented in Eq. (4–26). For a large

1 The size of a l-fold vortex is actually |l |ξ (can be verified by comparing terms in GP
functional) but this factor of l will only be a logarithmic correction and hence is dropped
in the rest of this analysis.
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uniform condensate with a vortex (in a TF limit), the condensate density heals to its

bulk value of n0 = N/V within the coherence length ξ, and the radial integral is easily

performed (the condensate density can be assumed to be zero within the vortex core

radius) to get the energy per unit length of a vortex

ϵv =

∫ R

ξ0

2πdρ

ρ

l2~2n
m

≃ πn0
~2l2

2m
ln

(
R

ξ0

)
. (4–27)

The more accurate result is found by using the numerical solution of the GP equation in

the vortex energy as [42]

ϵv = πn0
~2l2

m
ln

(
1.464

R

ξ0

)
. (4–28)

Now consider the added complication of a harmonic trap. The condensate density

instead of being uniform outside the vortex core, now follows a parabolic profile, n(ρ) =

n0
(
1 − r2

R2

) 1

2 . The density varies slowly on the length scale of the condensate size. So

for length scales much smaller than that but larger than the vortex size, ξ0 ≪ ρ1 ≪ R,

the system is essentially like a uniform condensate with a vortex and its energy can

be found in the same way as shown above in Eq. (4–27) or Eq. (4–28). At distances

larger than this, the density profile has the parabolic TF dependence. Putting the two

contributions together, we calculate the energy of a vortex per unit length in a 2D trap

as,

ϵv = πn0
~2l2

m

[
ln

(
ρ1
ξ0

)
+

∫ R

ρ2

ρdρ

ρ2

(
1− ρ2

R2

)]
= πn0

~2l2

m

[
ln

(
R

ξ0

)
− 1

2

]
+O

(
ρ21
R2

)
. (4–29)

The logarithmic term is a contribution of the near-uniform slowly varying condensate

profile, but there is a slight reduction from that because of the sharply reduced density

near the edge of the condensate.

If the condensate size is also large in the z-direction (ξ0 ≪ Rz ), as would be the

case for a spherical 3D trap in the TF limit, the total energy of a vortex is calculated by
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summing over each horizontal slice of the condensate and ignoring gradients in the

z-direction. The radius of the cloud at each such slice depends on the vertical position

as R(z) = R
(
1− z2

R2

) 1

2 , and the density is a function of both the radial and axial distance.

The coherence length depends on the inverse square of the condensate density and

on the axis, goes as ξ(z) =
(
n(0, 0)/n(0, z)

) 1

2 . Using the expression for kinetic energy

contribution in 2D found in Eq. (4–29), we calculate the total kinetic energy of a 3D

condensate with a vortex as

E =
π~2l2

m

∫ Rz

−Rz

dz n(0, z)

[
ln

(
R(z)

ξ(z)

)
− 1

2

]
=

π~2l2n(0, 0)
m

∫ Rz

−Rz

dz

(
1− z2

R2

)[
ln

(
R

ξ0

(
1− z2

R2

))
− 1

2

]
=

4π~2l2n(0, 0)
3m

Rz ln

(
0.458

R

ξ0

)
. (4–30)

4.2.2 Energy of an Off-center Vortex

We now determine the dependence of the energy of a vortex on its position within

the condensate. Since the condensate density is suppressed in a region of the order

of the healing length around the vortex, it is expected that the energy cost of creating

a vortex would be more near the center of the trap where the condensate density is

higher. For an axially symmetric trap, the energy will depend only on the radial distance

of the vortex from the center, ρv =
√
x2v + y 2v where the vortex coordinates are labeled

(xv , yv). We will generally refer to the vortex position, xv ≡ (ρv ,ϕv , 0), reserving use

of ρv only when we want to explicitly refer to the radial distance of the vortex from the

center of the trap/axis of rotation. The dominant logarithmic contribution to the energy

of an off-center vortex is calculated using the same ideas as for a vortex at the center:

Eq. (4–27) to Eq. (4–29). The uniform condensate density at the vortex position in the

absence of a vortex determines this energy contribution. Thus for a 2D condensate, the
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energy per unit length of the vortex is given by

ϵv ≃ πn(rv)
~2l2

2m
ln

(
R

ξ0

)
= πn0

~2l2

2m
ln

(
R

ξ0

)(
1− r2v

R2

)
, (4–31)

where we have used the TF density profile. Following the same steps for a vortex in the

center of a trap that lead from Eq. (4–29) to Eq. (4–30), which is basically integrating

along the axial direction, we find the energy of a vortex in a 3D trap:

E =
π~2l2

m

∫ Rz

−Rz

dz n(ρv , z) ln

(
R(z)

ξ(ρv , z)

)
≃ E0

(
1− r2v

R2

)3/2

, (4–32)

where E0 = 4π~2l2n(0,0)
3m

Rz ln

(
R/ξ0

)
is the energy to leading order of a vortex at the

center of the trap, as found in Eq. (4–30). In the above relations, the off-center vortex

energy is smaller than the central vortex by a factor of
(
1 − r2v

R2

)1/2, which is from the

lower density of the condensate at the vortex position. An extra factor of
(
1 − r2v

R2

)1/2
arises in Eq. (4–32) for the 3D trap because the z-height of the condensate is smaller at

the vortex position than at the center of the trap.

4.2.3 Vortex Stabilization in a Rotating Trap

The stationary GP development so far suggests that the vortex energy is always

highest at the center of the trap and decreases monotonically with outward radial

distance. So if there is any dissipative mechanism for example, a vortex created at

the center would tend to lose energy and move towards the periphery of the trap. We

will now show that this tendency can be compensated to some extent by the effect of

rotation of the trap, and that for some range of angular frequencies, the vortex at the

center can actually be in an energetically stabilized or metastable state.

The additional complication when the trap is being rotated is that the external

potential felt by the condensate atoms becomes time-dependent in the laboratory frame

of reference. This difficulty can be circumvented by transforming to a comoving frame

that rotates with the trap. In this case the trap potential remains time-independent, and

the static description we have used so far still holds. Quantities in the rotating (primed)
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and laboratory (unprimed) frame of reference are related through a well-known transport

theorem from mechanics [76],

dA′

dt
=

dA

dt
−
× A, (4–33)

where 
 is the angular velocity with which the trap is rotating and A is any vector. The

result of interest to us (which can be derived from this basic relation) is that energies in

the rotating and laboratory frames of reference are related by

E ′ = E −
 · L, (4–34)

where L is the angular momentum of the condensate calculated in the laboratory frame.

Calculation of condensate angular momentum. For the sake of simplicity we

consider a situation in which the trap is being rotated about its axis of symmetry, i.e. the

z− direction. Eq. (4–34) suggests that we need to calculate the expectation value of

the z−component of the angular momentum about the axis of the trap, produced by the

superflow induced by a vortex located at a radial distance ρv from the axis of the trap.

This is given by the expression

⟨
L̂z

⟩
=

∫
dr i~ψẑ ·

(
r ×∇ψ

)
, (4–35)

where the condensate wave function for an off-center vortex configuration is given by a

modification of the Ansatz in Eq. (4–25),

ψ(r) = f (ρ, z)e ilϕ
′
, (4–36)

ϕ′ = arctan

(
y − yv

x − xv

)
. (4–37)

The phase is now measured in a coordinate frame centered at the vortex position. The

dominant contribution to the angular momentum (like for the kinetic energy) is going

to come from the azimuthal superfluid velocity induced by the presence of the vortex

according to the definition of superfluid velocity, v = i~∇θ. Another way to see this is
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that the gradient of the density is ignored in the TF limit. A finite gradient of the phase

is imperative because a vortex is an excitation in the phase field of the order parameter.

This is plausible because the energy cost associated with an amplitude fluctuation

is more than in phase as seen from the Gross-Pitaevskii functional. This discussion

suggests that the expression of the angular momentum in Eq. (4–35) can be written in

the form,

Lz ≃
∫

dρdϕ mnρvϕ, (4–38)

for a 2D condensate, which is also classically intuitive. Here, vϕ is the azimuthal

component of the superfluid velocity, and m is the mass of each particle in the

condensate. The density n in the above expression is actually n(rv), i.e. the density

evaluated at the position of the vortex and the correction coming from the inhomogeneities

in density due to the trap potential at larger length scales is found to be small, as was

the case in the derivation of vortex energy in the TF limit Eq. [4–27 to Eq. (4–29)]. The

integral in Eq. (4–38) can be evaluated simply by realizing that∫
dϕρvϕ =

∮
v.d l =

∮
(∇× v).da

=
2πl~
m

∫
daδ(2)(ρ− ρv) =


2πl~m if ρ > ρv ,

0 if ρ < ρv .

(4–39)

Here we have used Stoke’s theorem and the idea of a vortex as a source of the

rotational part of the superfluid velocity, to realize that the circulation of velocity is

non-zero only when the contour of integration encloses the position of the vortex. This

result can then be used to calculate the angular momentum for a 2D condensate with a

vortex from Eq. (4–38) and using the TF expression for density,

Lz ≃ 2π~n(ρv)
∫ R

ρv

dρρ = Nl~
(
1− r2v

R2

)2

. (4–40)
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This implies that for a vortex on the axis each atom carries a quantized angular

momentum of l~. This is expected because the atoms are condensed to the same

ground state wavefunction, and the total energy or angular momentum is an extensive

quantity that is a multiple of the quantity carried by each atom. In this picture each

atoms rotates about the central axis, wheras an off-axis vortex implies that rotation

is about an axis different from the central axis about which angular momentum was

computed. We can now work out the angular momentum of a 3D condensate by

integrating along the axial (z) direction,

Lz ≃ 2π~
∫ Rz

−Rz

dzn(ρv , z)

∫ R

ρv

dρρ = Nl~
(
1− r2v

R2

) 5

2

. (4–41)

The angular momentum in the 3D trap has an extra factor of (1 − r2v/R
2)1/2 over the 2D

case as was seen in the expressions for energy.

Vortex energy in the rotating frame. Now that we have calculated both energy and

angular momentum for a general vortex state of the condensate in the laboratory frame

of reference, we are in a position to calculate the energy cost of creating a vortex in the

rotating frame that is comoving with the trap. Using Eq. (4–34), we find the energy per

unit length of a vortex in the rotating frame for a 2D condensate

ϵ′v = ϵ0

[(
1− r2v

R2

)
− 



2D
c

(
1− r2v

R2

)2]
, (4–42)

where the prefactor ϵ0 = πn0
~2l2
2m

ln
(
R
ξ0

)
is the energy per unit length of a vortex on the

axis of a 2D condensate calculated in Eq. (4–31). 
2D
c is the critical angular velocity

at which the trap needs to be rotated above which the vortex at the center of the trap

is stabilized. This is determined by the ratio of energy and angular momentum of the

condensate for a vortex at the center in the laboratory frame :


2D
c =

~l2

2mR2
ln

(
R

|l |ξ0

)
. (4–43)
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The corresponding energy of a vortex in the rotating frame for a 3D condensate is

Ev = E0

[(
1− r2v

R2

)3/2
− 



c

(
1− r2v

R2

)5/2]
, (4–44)

where the prefactor E0 is the energy of a vortex on the axis of a 3D condensate

calculated in Eq. (4–32), and 
c is the critical velocity (same up to some numerical

factor in 2D and 3D cases), which is defined similarly as in Eq. (4–43) to be


c =
5

2

~l2

mR2
ln

(
R

|l |ξ0

)
. (4–45)

The energy profiles for a vortex in the rotating frame, when plotted against its radial

distance from the trap center for various regimes of rotation, has the same behavior as

shown in Fig. 5-1 in the Chapter 5. This shows that the vortex at the center of the trap

can be in stable, metastable or unstable configurations depending on how fast the trap

is being rotated. The metastable state is of particular importance to us as this suggests

that there is some finite, possibly measurable, time at which a vortex at the center can

tunnel through this potential barrier towards the periphery of the trap.

4.2.4 Vortex in a Small Condensate

So far we have considered the energetics of a vortex in a condensate of large

density or particle number where the TF analysis is applicable. There the presence of

a vortex does not alter the density of the condensate except around a small distance,

which corresponds to the healing length ξ, that is much smaller than the condensate

size R in this limit. Now we consider the opposite limit, where the nonlinear term can

be treated perturbatively by the “weakly nonlinear” method introduced in Section 4.1.

Here the density is small to begin with and the presence of the vortex radically alters the

condensate density, all over the trap. The healing length is now of the same order as

the condensate size, which means that the vortex occupies almost the whole of the trap.

The long length scale hydrodynamics valid far away from the vortex core thus fail in this

limit, making this a harder case to deal with.

84



The nondimensionalized GP energy functional for a vortex at the center of a trap is,

E =

∫
d3x

{
~2

2m

[(
∂f

∂ρ

)2

+

(
∂f

∂z

)2

+ l2
f 2

ρ2

]
+ V (ρ, z)f 2 +

1

2
gf 4

}
, (4–46)

where the 1/ρ2 term is the contribution of the rotation to the kinetic energy ( i.e. the

“centrifugal barrier”). The length and amplitude scales l = aho and χ are the same as

defined earlier in Eq. (4–8).

For illustrative purposes, we consider the commonest (lowest energy) situation

of a vortex with a single quantum of circulation, i.e. l = 1. In the ground state the

wavefunction should not have any z-dependence. The trapping potential is isotropic and

harmonic. The nondimensionalized GP equation is,

− 1

x

d

dx

(
x
df

dx

)
+

f

x2
+ (x2 − µ)f + f 3 = 0, (4–47)

where x = ρ/l is the nondimensionalized radial coordinate in a cylindrical coordinate

system. The linearized version of this problem is therefore a Schrödinger equation

separable into an axial part along the z−axis which corresponds to the ground state of a

1D harmonic oscillator, and a radial part which corresponds to the first excited state of a

2D harmonic oscillator problem (l=0 in ground state, l = 1 is the first excited state). The

eigenvalue of the linear problem in our units (1 unit of energy ≡ 1
2
~ω) is 1 + 4 = 5.

Following the weakly nonlinear analysis of the previous section, the O(1) equation

is the normalized product of a 1D harmonic oscillator’s ground state eigenfunction and a

2D harmonic oscillator’s 1st excited state eigenfunction. There is an overall integration

constant A0, which is recovered from the solvability condition of the O(ϵ) equation, as

A0 = 2
√
π. The overall amplitude of the wavefunction is therefore,

f (x) = 25/4
√
ϵρe−ρ2/2−z2/2 +O(ϵ3/2), (4–48)
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Figure 4-2. Condensate wavefunction ψ(r) versus r for the l = 1 vortex state in a small
condensate. The solid blue line is the numerical solution, and the dashed
green line is the one-term perturbative result.

where the coordinates ρ and are polar coordinates nondimensionalized by the

length scale aho . The result is expected to hold when µ is close to 5 and ϵ is the small

parameter in the problem defined as ϵ ≡ µ− 5.

The energy needed to create a vortex is the difference of the GP energy of a

condensate with and without a vortex. This was readily done in the TF limit, because the

kinetic energy from the azimuthal superflow was the only extra term in the GP energy

functional of a vortex state. We assumed that the density of the condensate remained

the same while integrating over this kinetic energy density. This assumption would not

be right in the case of the small condensate being considered here, because the density

of the condensate is altered over a length scale comparable to the condensate size by

the presence of a vortex. So we have to be more careful with our analysis.

We first calculate the total energy of a condensate (in our appropriately nondimensionalized

units) with a singly quantized vortex at its center, and with a chemical potential

determined by ϵ. In nondimensional units, this is obtained by inserting the wavefunction
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of Eq. (4–48) into a suitably nondimensionalized GP energy functional as

E =

∫ ∞

−∞
dz

∫ ∞

0

2πρdρ

[(
∂f

∂ρ

)2

+

(
∂f

∂z

)2

+

(
1

ρ2
+ ρ2 + z2

)
f 2 + f 4

]
= 20

√
2π3/2ϵ+O(ϵ2). (4–49)

The total number of particles in this state is

N =

∫ ∞

−∞
dz

∫ ∞

0

2πρdρ|f (ρ, z)|2 = 4
√
2π3/2ϵ+O(ϵ2). (4–50)

Now to find the actual extra energy cost of creating a vortex, we have to calculate

the energy of the condensate in Eq. (4–49) to a vortex-free reference system which has

the same number of particles. The wavefunction of such a system will be described by

the ground state of a 3D harmonic oscillator

f R(ρ, z) = 23/2
√
ϵRe−ρ2/2−z2/2 +O((ϵR)3/2), (4–51)

where the quantities associated with this reference system have been labeled with

a superscript R. In particular we expect the chemical potential of the original and

reference states to be different. Equating the total number of particles for the vortex-free

reference state to that of the original state we discover a simple relationship between

their respective chemical potentials

ϵR = 2ϵ. (4–52)

The energy of the reference system is found by inserting the wavefunction of Eq. (4–51)

into the GP energy functional

ER =

∫ ∞

−∞
dz

∫ ∞

0

2πρdρ

[(
∂f R

∂ρ

)2

+

(
∂f R

∂z

)2

+

(
1

ρ2
+ ρ2 + z2

)
(f R)2 + (f R)4

]
= 6

√
2π3/2ϵR +O((ϵR)2). (4–53)
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The energy cost of creating a vortex is then the difference of Eq. (4–49) and Eq.

(4–53):

Ev = E − ER = 8
√
2π3/2ϵ. (4–54)

Similarly since this is a centered vortex, the angular momentum carried by each particle

is ~ and the total angular momentum of the condensate with a singly quantized vortex at

its center is

L = 4
√

(2)ϵπ3/2 +O(ϵ2), (4–55)

where the unit of angular momentum is ~. The critical velocity of trap rotation at which

vortex is stabilized is then (up to zeroeth order in E , and after putting back the units)


c ≡ Ev/L ∼ ω (4–56)

There will be ϵ corrections to this expression for critical velocity. However we can

already see from the zeroeth order result, that for a small condensate, the trap has to be

rotated at an angular velocity of the same order of magnitude as the trap frequency to

stabilize a vortex at the center of the trap. However the centrifugal forces at this rotation

frequency are likely to destroy the trapping. Thus, finding stable or metastable regimes

for the vortex, while not destroying the stability of the trap, is ruled out for a small

condensate. We concentrate on the dynamics and tunneling of a large TF condensate in

the analyses to follow.

4.3 Vortex Dynamics in the Co-rotating Frame

The Gross-Pitaevskii Lagrangian density written in the rotating frame of reference is

L
[
ψ,ψ∗] = i~

2

(
ψ∗∂tψ − ψ∂tψ

∗
)
− ψ∗(Ĥ0 −
L̂z

)
ψ − g

2
|ψ|4, (4–57)

where

Ĥ0 = − ~2

2m
∇2 + Vtr(r) (4–58)
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is the Hamiltonian for the noninteracting condensate, and

L̂z = i~ẑ ·
(
r ×∇

)
(4–59)

is the component of the angular momentum operator in the z-direction.

We write the above Lagrangian density in terms of superfluid phase and density

using the so-called Madelung transform, ψ(r, t) =
√
n(r, t)e iθ(r,t) [107]:

L
[
n, θ
]
= −n

{
~
∂θ

∂t
+

~2

2m

[
(∇θ)2 + (∇

√
n)2

n

]
+ Vtr +

g

2
n − ~
(ẑ × r).∇θ

}
. (4–60)

The term involving a time derivative of density does not contribute to the dynamics and

is neglected. The time derivative of the phase is however important because the phase

is not an analytic field in the presence of a vortex.

By varying the above Lagrangian we get the hydrodynamic equations of motion in a

rotating frame:
∂n

∂t
−


∂n

∂ϕ
+

~
m
∇ · (n∇θ) = 0; (4–61)

− ~
∂θ

∂t
=

~2

2m

[
(∇θ)2 − (∇2

√
n)√

n

]
+ (Vtr − µ) + gn − ~


∂θ

∂ϕ
. (4–62)

The superfluid velocity in the inertial laboratory frame is related to the phase via the

Josephson relation, v = (~/m)∇θ. The phase is described in terms of the coordinates of

the rotating frame. Re-expressing Eq. (4–61) and Eq. (4–62) in terms of the superfluid

velocity, v, we recover the hydrodynamic equations of superfluids in a rotating frame of

reference as 2

∂n

∂t
+∇ · (n(v −
× r)) = 0, (4–63)

and,
∂v

∂t
+∇

[
v 2

2
+

Vtr

m
+

g

m
n − ~2

2m2

(∇2
√
n)√

n
− v · (
× r)

]
= 0. (4–64)

2 Note that the equations while in the rotating frame of reference are expressed in
terms of the superfluid velocity in the inertial or laboratory frame.
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These are the continuity and momentum equations respectively for a superfluid in a

rotating frame. The momentum transport equation contains the forces experienced

by an infinitesimal element of fluid as a gradient of the external trap potential, the

interaction forces from the condensate, terms from the rotating frame of reference

(which can be shown to be related to the Coriolis and centrifugal effects) and a

“quantum pressure” term (so called because of its dependence on Planck’s constant)

that goes as the gradient of the density. This term is purely quantum in origin and

distinguishes a superfluid from a classical, inviscid and irrotational fluid. In the

Thomas-Fermi (TF) approximation, valid for a large, dense condensate where the

condensate density varies slowly in space except near the edge of the trap, the

“quantum pressure” term is dropped in the above equation. This gives the well-known

Euler equation for an inviscid and irrotational, classical fluid in a rotating frame of

reference.

Next we integrate out the density fluctuations to obtain the hydrodynamic action

solely in terms of the phase. This can be easily done by expressing the density in terms

of the phase using Eq. (4–62) and the TF approximation. The TF condensate density is

then given by

nTF (x, t) = −1

g

[
~
∂θ

∂t
+ Vtr − µ+

~2

2m
(∇θ)2 − ~


∂θ

∂ϕ

]
(4–65)

and the action can then be expressed as,

S =

∫
dt

g

2

∫
d3x
(
nTF

)2
. (4–66)

Now to make contact with the stationary (time-independent) GP equation, we gauge

away the time dependence of θ in the stationary case, i.e. define ~∂θ
∂t

+ µ as the new ~∂θ
∂t

,

where µ is the constant chemical potential in the corresponding stationary GP equation,

µ ≡ gn(0). Also define ρs(r) = [µ− V (r)]/g to be the stationary TF condensate density.

Using the above notation, the hydrodynamic density can be decomposed into stationary
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and non-stationary parts

nTF (x, t) = ρs(r)−
1

g

[
~
∂θ

∂t
+

~2

2m
(∇θ)2 − ~


∂θ

∂ϕ

]
. (4–67)

After integrating out the fluctuations in density, we have an action expressed entirely in

terms of the phase. The detailed form of the action is written as follows :

S = S1 + S2 + S3 + S4,

S1 = −~2
∫

dt

∫
dxρs(r)

(
∂θ

∂t

)
,

S2 =
~2

2g

∫
dt

∫
dx

(
∂θ

∂t

)2

,

S3 = −
∫

dt

∫
dxρs(r)

[
~2

2m

(
∇θ
)2 − ~


∂θ

∂ϕ

]
,

S4 = − ~2

2g

∫
dt

∫
dx

[
2


∂θ

∂ϕ

∂θ

∂t
+
2

(
∂θ

∂ϕ

)2]
.

(4–68)

The reason we make a (purely conceptual) distinction between the four pieces in the

action above, will become clearer in the discussion in the subsequent paragraphs.

Let us first consider only the vortex part of the phase, and ignore the phonon modes

excited by the motion of the vortex. Our chosen Ansatz for the vortex part of the phase

is

θv(x, t) =
~qv
m

arctan
[y − yv(t)

x − xv(t)

]
, (4–69)

xv(t) being the vortex position as a function of time, and for simplicity we consider

a single vortex of charge qv . The same idea could be used to represent a system of

multiple vortices. The following relations hold:

∇×∇θv = 2πqvδ
(2)
(
x− xv

)
ẑ , ∇2θv = 0.

By using the above vortex Ansatz in the detailed action stated in Eq. (4–68) and then

integrating out the spatial coordinates, we would be left with an action entirely in terms
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of the vortex coordinates. Starting from purely hydrodynamic considerations, we would

have derived the single-particle dynamics of a vortex. The terms S1 to S4 for will be

shown to correspond to the superfluid Magnus force, the vortex mass, the static vortex

potential, and the noninertial effects of the rotating frame, respectively. We now discuss

in some detail, various aspects of the well-established Magnus force felt by a moving

vortex in a superfluid, and the not-so-well-established idea of the mass of a vortex, with

the above hydrodynamic action sto illustrate the point.

4.3.1 The Magnus Force

The vortex part of S1 in Eq. ( 4–68) can be shown to correspond to a transverse

force akin to the Lorentz force felt by a charged particle in a magnetic field [109],

whereas the analytic part of S1 is a total derivative and can be dropped from the action.

Let us now take a closer look at the vortex contribution to S1. The time derivative

of the vortex phase can be related to the vortex velocity through ∂tθv(x − xv) =

vv .∇vθ(x− xv(t)), where vv is the velocity of the vortex, and ∇v denotes the spatial

derivative with respect to the vortex coordinates. This identity, which we will make

frequent use of, implies that the phase of a moving vortex changes in time because of

the change in its coordinates.

This lets us write the S1 part of the action as

− ~
∫

dt

∫
dx ρs(r)

(
∂θv
∂t

)
=

∫
dtqvvv · A, (4–70)

where

qvA(xv) = −~
∫

dx ρs(r)∇vθ(x− xv). (4–71)

The term S1 as written in Eq. (4–70) resembles the action of a charged particle in a

magnetic field, which is known to be
∫
dt[(m/2)v 2 + qv · A], the A defined by Eq. (4–71)

being the magnetic vector potential. The effective magnetic field in which the vortex
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Figure 4-3. Magnus force on a rotating object in a flowing fluid: the object spins
clockwise as the fluid flows past it from right to left. The velocity streamlines
are shown. The total fluid velocity is a sum of the uniform flow and the
rotational flow (which is analogous to a vortex velocity field). The velocities
are higher in the bottom half plane in this figure, leading to pressure
differences from Bernoulli’s principle. The object thus feels a downward
Magnus force.

moves is then identified as

Bv = ∇v × A = −~
∫

dxρs(r)∇v ×∇vθ(x− xv) = −hρ2Ds (xv)ẑ . (4–72)

The Lorentz-like transverse force Fm = qv(vv × Bv) that originates from this action is

exactly like the Magnus force (also called the Kutta-Joukowski force in aerodynamics

literature) familiar from classical fluid dynamics [106], with the density of the classical

fluid, replaced by the superfluid density. This is a purely classical fluid, and can be

understood intuitively by considering a spinning object placed in a classical fluid, as

shown in Fig. 4-3. As the objec rotates it entrains some of the surrounding fluid and

swirls it around. The net fluid velocity is therefore different on one side of the object from
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that on the diametrically opposite side. Bernoulli’s principle of energy conservation in

a fluid suggests that this leads to the buildup of a pressure difference, and a resulting

transverse “lift” or Magnus force. Using the Galilean invariance of the Gross-Pitaevskii

formalism and the resultant classical hydrodynamics described above, we can impose

an overall constant velocity field vs corresponding to the overall superfluid flow in some

inertial frame of reference, and the more complete expression of the Magnus force then

becomes

Fm = qv~ρ2Ds (xv)ẑ × (vv − vs). (4–73)

We note here that the inhomogeneous potential from the trap is responsible for

inhomogeneities in the density, and so ultimately in the “magnetic field”, and the

magnitude of the Magnus force. For example the force is expected to be stronger

when the vortex is near the center of the trap, because that is where the condensate

density is the highest. Also note that the ρs(xv) used in the above treatment is actually

the 2D superfluid density at the vortex position, which is obtained by integrating the 3D

density along the z-direction.

4.3.2 Vortex Mass

The idea of a vortex mass has been a matter of some debate. Yet the notion

of mass is very important in calculating the rate of vortex tunneling, and other such

experimentally observable physical phenomena involving vortices. A vortex in a

classical, inviscid fluid is usually assumed massless as the fluid density goes to

zero in the core of the vortex. This point of view has also been adopted in some

approaches to study quantized vortices [110]. Others assume it to be the mass of

atoms in the normal vortex core [111], which is the only source of inertia in a strictly

incompressible superfluid. Several authors, such as Popov in an older work [112],

and Duan and Leggett [113] who take the compressible nature of the superfluid and

consequent density fluctuations into account, find a vortex mass that is logarithmically

divergent with system size. We note at this point a major difference between vortex
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energy in superfluid helium, and a BEC in a trap. The latter always has a finite size,

and this condensate radius R provides a natural upper cutoff length scale. The problem

of logarithmic divergences is therefore absent in the trapped BEC systems we are

considering. In other words ln(R/ξ) is finite, and of order 1 for most experimental

situations, and the above two estimates of mass are not radically different. We will now

present an estimate of the vortex mass based on the hydrodynamic action we have

written down in Eq. (4–68)3 .

The vortex part of S2 in Eq. (4–68) after performing the spatial integral, can be

shown to be related to the inertia of the vortex. We begin by noticing that the term S2

can be cast in a form suggestive of vortex kinetic energy as

~2

2g

∫
dt

∫
dx

(
∂θ

∂t

)2

=

∫
dt

1

2
v2v

∫
dx

~2

g

[
∇vθv(x− xv)

]2
. (4–74)

This is of the form
∫
dt(1/2)Mvv

2
v where the vortex “mass” Mv is obtained by performing

the spatial integration over the phase term above. We perform this integral by first

translating the origin of the spatial coordinates to the position of the vortex, which means

that the vortex phase is now simply the azimuthal angle. The gradient of the phase now

has the simple form

∇vθ = − ϕ̂
′

ρ′
, (4–75)

where ϕ′ and ρ′ are the azimuthal and radial coordinates respectively in the new

coordinate system centered at the vortex position. The vortex “mass” is now obtained by

integrating over the new spatial coordinates as

Mv ≡ ~2

g

∫
dx
(
∇vθv

)2
=

~2

g

∫
dz

∫
2π

dρ′

ρ′
≃ 2π~2Rz

g
ln

(
R

ξ

)
. (4–76)

3 The derivation is similar in spirit to that presented in the book Inhomogeneous Su-
perconductors (pp 257) by Simanek in the context of charged superfluids [114].
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The idea of a vortex mass is problematic, and estimates in the literature for its value

range from 0 to infinite! We have obtained here a working definition of mass, but with the

obvious caveat that the vortex Ansatz used in this picture is not the whole story to the

superfluid phase. A moving vortex is likely to introduce density fluctuations in the form

of acoustic waves, and these phonons would couple to the vortex, producing temporally

nonlocal “memory” effects in the vortex inertia. This results in a frequency-dependent

vortex mass as we find later in this chapter, and as was found by previous authors such

as Thouless and Anglin [115]. The expression for vortex “mass” we obtain in Eq. (4–76)

is presumably just a local approximation of this more complicated inertial term which we

discuss later. For now, we can put the result of Eq. (4–76) on a firmer physical footing by

noticing that barring the logarithmic factor, it is simply related to the mass of the atoms

in the normal vortex core. This can be easily seen by using the relations between the

condensate and trap parameters that are expected to hold in the TF regime, specifically

gn0 = µ, ξ = ~/(mωR) and µ = mω2R2. Using them we can show that

Mv ≃ 4mn0πξ
2Rz ln

(
R

ξ

)
, (4–77)

where m is the mass of each atom in the condensate, n0 is some characteristic

condensate density, ξ the vortex core radius, and Rz the length of the vortex line.

The factor of mn0πξ2Rz is then just the mass of the vortex core, where the fluid is in the

normal phase.

Static vortex potential. The vortex part of S3 in Eq. (4–68) after performing the

spatial integral, corresponds to the vortex energy Ev obtained earlier from static

energetic considerations in Eq. (4–44). This contribution to the action has the form

of a particle in an external potential, Vv(xv).

Effect of rotation. It is intuitively apparent from the structure of S4 that the terms

containing the angular frequency of rotation and it square correspond to the Coriolis and

centrifugal forces acting on the vortex in the rotating frame.
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We now decompose the phase into analytic and vortex parts, θ = θa + θv , ∇×∇θa =

0. We wish to integrate out the analytic part of the phase and derive an action solely

in terms of the vortex coordinates. With this objective in mind, let us collect all terms

in the action that depend on the analytic part of the phase and write it in the following

suggestive form,

Sa =

∫
dtdz

∫
d2x

{
− ~2

2g

[(
∂θa
∂t

)2

+ 2
∂θa
∂t

∂θv
∂t

+ 2


(
∂θa
∂t

∂θa
∂ϕ

+
∂θa
∂t

∂θv
∂ϕ

+
∂θa
∂ϕ

∂θv
∂t

)
+
2

((
∂θa
∂ϕ

)2

+ 2
∂θa
∂ϕ

∂θv
∂ϕ

)]
+

~2

2m
ρs(r)

[(
∇θa

)2
+ 2∇θa.∇θv

]}
. (4–78)

This leaves out some terms which just depend on θv which we will take into account

later. For the time being we vary the action with respect to θa and write down the

corresponding Euler-Lagrange equation,

∂2θa
∂t2

− g

m
∇.
(
ρs∇θa

)
+


∂2θa
∂t∂ϕ

+
2∂
2θa
∂ϕ2

= −∂
2θv
∂t2

+
g

m
∇ρs(r).∇θv −


∂2θv
∂t∂ϕ

−
2∂
2θv
∂ϕ2

,

(4–79)

The analytic part of the phase can in principle be solved from the Green’s function of the

generalized, inhomogeneous wave equation above: θa(x, t) =
∫
dt ′d2x ′G(x, x′; t, t ′)f (x′, t ′)

where f (x, t) is the source function in terms of the vortex phase, on the right hand side

of Eq. ( 4–79). This part of the action therefore has the structure,

Sa =
~2Rz

2g

∫
dt dt ′

∫
d2x d2x ′G(x, x′; t, t ′)f (x, t)f (x′, t ′). (4–80)

Now reassembling all the pieces in the action, we have the form,

S = Sm + Sa −
∫

dtVv(xv) + Sv
2 + Sv

4 , (4–81)
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Here Sm is the Magnus term [ called S1 in Eq. ( 4–68)], Vv is the vortex potential

described in the previous section, and the other pieces are defined as

Sv
2 =

~2

2g

∫
dt

∫
d2x

(
∂θv
∂t

)2

,

Sv
4 = − ~2

2g

∫
dt

∫
dx

[
2


∂θv
∂ϕ

∂θv
∂t

+
2

(
∂θv
∂ϕ

)2]
. (4–82)

Here Sv
2 and Sv

4 are the vortex part of the expressions S2 and S4 defined earlier

in Eq. (4–68) and correspond to the static vortex mass and the noninertial terms

respectively, as discussed in a pervious paragraph. Sa is the only nonlocal piece in the

action of a vortex, the determination of which would require a solution of the Green’s

function.

Calculation of the Green’s function for the rotating wave equation in the neighbor-

hood of a vortex. We replace the superfluid density by its constant value at the vortex

position i.e. ρs(xv) in Eq. ( 4–79). The wave speed is thus determined by the density

of the condensate at the vortex position. This homogenizing assumption is plausible

because most of the contribution to the energy/action of the condensate comes from

near the vortex as the superfluid velocity falls away as 1/r far from the vortex.

The computation of the Green’s function for the solution of Eq. (4–79) is rendered

nontrivial by the presence of the terms involving derivative with respect to the azimuthal

angle. These arise because of the rotation of the trap. We propose to solve the problem

through a separation of variables in a cylindrical system of coordinates in the real

space. By Fourier transforming to frequency space in time and separating the radial and

azimuthal coordinates, the Green’s function can be written as

G(x− x′) =
1

2π

∞∑
m=−∞

gm(ρ, ρ
′;ω)e im(ϕ−ϕ′), (4–83)

where the m takes all integer values to preserve the periodic boundary condition in the

azimuthal direction. Inserting this into the equation for the Green’s function resulting
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from Eq. (4–79), and which is written as(
− ω2 − c2∇2 + iω


∂

∂ϕ
+
2 ∂

2

∂ϕ2

)
G(x− x′) = −2π

ρ
δ(ρ− ρ′)δ(ϕ− ϕ′), (4–84)

we obtain a differential equation for the radial part of the Green’s function:

1

ρ

∂

∂ρ

(
ρ
∂gm
∂ρ

)
−
(
ω2
m

c2
m2

ρ2

)
gm = −2π

ρ
δ(ρ− ρ′). (4–85)

Here ωm ≡
√
ω2 +mω
+m2
2. When ρ ̸= ρ′, the above corresponds to a modified

Bessel’s equation whose general solution is a linear combination of the modified

Bessel’s functions of the first and second kind. Now by integrating over the jump

discontinuity in the derivative at ρ ̸= ρ′ and ensuring the appropriate conditions for a

well-behaved function (i.e. function decays to zero sufficiently far away and remains

finite at the origin), we obtain an expression for the Green’s function as

G(x− x′;ω) =
∞∑

m=−∞

Im

(
ωmρ<
c

)
Km

(
ωmρ>
c

)
e im(ϕ−ϕ′). (4–86)

This in principle would let us calculate the contribution of the phonon part to the

hydrodynamic action, which after integrating out the phonons and the spatial coordinates,

would give an action in terms of the vortex coordinates that is nonlocal in time.

Vortex dynamics in a nonrotating frame. The problem of vortex dynamics becomes

tractable in the special case where the trap is not rotating, i.e. 
 = 0. While this does

not allow for the metastability of the vortex at the center of the trap, and therefore no

possibility of the macroscopic quantum tunneling of the vortex, it reveals explicitly the

nonlocal nature of the action of the vortex, and shows that the vortex mass is in fact

frequency dependent. In the absence of rotation, the analytic part of the phase satisfies

an inhomogeneous wave equation obtained by setting 
 = 0 in Eq. (4–79):

∂2θa
∂t2

− c2∇2θa = −∂
2θv
∂t2

. (4–87)
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The Green’s function for this wave operator has the familiar form

G(q,ω) =
1

−ω2 + c2q2
, (4–88)

in frequency space, and the corresponding part of the action Sa [defined in Eq. (4–78)]

can be expressed as

Sa = Rz

~2

2g

∫
dt dt ′

∫
dq− ∂2G(q; t − t ′)

∂t2
∂θv(q, t)

∂t

∂θv(−q, t ′)
∂t ′

, (4–89)

where we have used integration by parts to transfer the two time derivatives to the

Green’s function from the source functions given in terms of the vortex phase. We have

to be careful while integrating by parts as the vortex phase is a nonanlytic function. The

spatial Fourier transform of the source function is given by

∂θv
∂t

(q, t) =
evh

m
ϵij
qi

q2
(vv)je

−iq.xv (t), (4–90)

where ϵij is the completely antisymmetric tensor in 2D. Inserting the above expression

into Eq. (4–89) and using the Green’s function from Eq. (4–88), we get

Sa = Rz

~2

2g

∫
dt dt ′vv(t) · vv(t ′)F (xv(t)− xv(t

′), t − t ′), (4–91)

where we have defined the kernel as an integral in frequency space as

F (x, t) =

∫
dq

q2
e−iq.x

∫
dω

2π

ω2

−ω2 + c2q2
e iωt . (4–92)

This integral can be easily evaluated after separating out a local piece using partial

fractions

F (x, t) =

∫
dq

q2
e−iq.x

∫
dω

2π

(
− 1 +

q2c2

−ω2 + c2q2

)
= −F0(x)δ(t) + F1(x, t), (4–93)

where

F1(x, t) =
πc θ(ct − |x|)√

c2t2 − |x|2
(4–94)
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is the usual retarded Green’s function for a wave equation in 2D. The local piece of

the action obtained from F0 actually cancels the term Sv
2 corresponding to static vortex

mass, and defined in Eq. (4–82). The total action for a vortex moving in a nonrotating

trap can then be written as

S = Sm −
∫

dt Vv(xv) +
π~2ρsRze

2
v

2m2c

∫
dt dt ′

vv(t).vv(t
′) θ(c(t − t ′)− |x− x′|)√

c2(t − t ′)2 − |x− x′|2
. (4–95)

It involves terms corresponding to the Magnus force or Berry’s phase, the potential

from the trap felt by the vortex, and interestingly, a nonlocal inertial term obtained by

integrating out the phonon part of the phase. This is intuitively understood to be a

coupling of the vortex with itself at some earlier time mediated by the phonons excited

by the motion of the vortex.

The vortex mass can be calculated from this inertial term in the limit where the

vortex moves very slowly relative to the sound speed such that c(t − t ′) ≫ |x − x′| is

always satisfied. This gives the dynamic vortex mass as

Mv ∼ π~2ρsRze
2
v

2m2c2
ln(ωτ), (4–96)

where ω is some frequency characteristic of the vortex dynamics, and τ is some cutoff

time scale introduced to regulate the divergence in the time integral. It can be identified

with a small time scale in the system, τ ∼ R/c , where R is the size of the condensate

and c , the speed of sound. This logarithmic behavior can also be reproduced from a

local expansion of the general, real space Green’s function obtained in Eq. (4–86). By

setting 
 = 0 and expanding for small ω, we see that the dominant contribution is from

the m = 0 term in the sum. The asymptotic behavior for the modified Bessel’s functions

for small argument is K0(x) ∼ − ln(x) for small x and I0(0) = 1. On making a low

frequency approximation (which corresponds to the long time interval approximation

used above), the inertial term is found to depend logarithmically on frequency.
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This feature of a nonlocal inertial term which contributes a “mass’ that is logarithmically

divergent in frequency is also expected to hold in a general, rotating trap. So we have

derived the dynamics of the vortex from the underlying hydrodynamic theory and have

identified the three main factors that determine its dynamics: the Magnus force, the

vortex potential, and the nonlocal inertial term which can be identified with a mass on

making a local approximation. This is sensible in the limit that the vortex velocity is

small compared to the speed of sound in the system. In such a situation, therefore, it is

possible to write down an equation of motion of the vortex as if it were a point particle

obeying Newtonian mechanics. We have therefore started from a continuum theory,

integrated out various modes, and obtained the Lagrangian of a single particle.
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CHAPTER 5
MACROSCOPIC QUANTUM TUNNELING OF A VORTEX IN A ROTATING BOSE GAS

A superfluid vortex in a large condensate is a macroscopic object expected to

behave classically. This is because the vortex core contains a large number of atoms

when the condensate density is high, and so is described by a many-body wavefunction

with many degrees of freedom. In Chapter 4, we derived the dynamics of a vortex using

purely classical considerations. This is legitimate because Bose-Einstein condensation

leads to a macroscopic quantum state that can be described by a classical field theory

featuring a single scalar wavefunction, as is done in the Gross-Pitaevskii formalism for

BEC at zero temperature. The classical dynamics of a single vortex in a rotating BEC

have been worked out in Refs. [100, 101] as also in Chapter 4. Here we consider the

possibility of quantum tunneling of a vortex.

The tunneling of microscopic particles through some classically forbidden region is

a well-known quantum phenomenon. Additionally, the superposition of macroscopic

states is key to the foundations of quantum mechanics. The direct experimental

evidence of this would be the tunneling of a macroscopic object [116], such as a vortex.

The search for such macroscopic quantum tunneling (MQT) has had some success

in the context of strongly correlated systems, such as superconducting Josephson

junctions [117], but has not been observed in a BEC. Previous authors have discussed

the possibility of tunneling of a single vortex between pinning sites in BEC in a trap

[118], or in general, two-dimensional, superfluids [119–121]. In this chapter, we will

consider the yet-unexplored question of tunneling of a single vortex in a trapped BEC

through the potential barrier created by the rotation of the trap [100, 103].

In the first section, we introduce the general theory of the classical dynamics of

a vortex treated as a point particle, and establish an analogy with a charged particle

traveling in a magnetic field. We then determine the probability of quantum tunneling

of a vortex from semiclassical considerations in the second section. The quantum
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mechanics of a slowly-moving vortex could be described by the Schrödinger equation

of a charged particle in a magnetic field, and the tunneling event can then be described

in a WKB framework. However, our derivation in Chapter 4 of the full action of a vortex,

shows that there are nonlocal contributions to the vortex inertia from the couplings

with the phonon modes it excites during its motion. In this case, simple WKB methods

fail, and we have to resort to more sophisticated tools like the “instanton” method.

We introduce this method and sketch out a possible tunneling calculation. Finally, we

discuss the feasibility of setting up actual experiments in rotating traps of ultracold

atoms, with observable rates of tunneling for a single vortex.

5.1 Classical Mechanics of a Vortex

A vortex can be thought of as a point mass in the 2D plane, whose motion is

described by a Newton’s law of the form

Mv �xv(t) = F⊥ + F|| + Fext (5–1)

where Mv is the “mass” associated with the vortex, xv is the position coordinate of the

vortex in the x − y plane, and the terms on the right hand side correspond to various

forces, whose exact forms and physical origins we now discuss in turn. The exact value

of the vortex mass is controversial, and has been found to take values from zero to

infinity by different authors! For the purposes of this chapter, we assume a finite value

for the vortex mass.

The term F⊥ consists of forces which act transverse to the vortex velocity, and have

a form akin to the Lorentz force acting on an electric charge moving in a magnetic field

. The superfluid Magnus force (see derivation in Section 4.3.1), an exact analog of the

Magnus force felt by rotating objects moving in classical fluids, is one such transverse

force having the form

FM = ρsκ× (_xv − vs). (5–2)
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The ρs above is the 2D superfluid density (the Magnus force in classical fluids depends

exactly in the same way on the total fluid density). We call the quantized circulation of

the superfluid velocity around a vortex, κ, and it is given by

κ =
evh

m
ẑ , (5–3)

where ev is the charge or winding number of the vortex, and m the mass of each

constituent particle, which could be atoms in a trapped BEC, or helium atoms in strongly

correlated liquid He. Another transverse force suggested by some authors (but disputed

by others) is the Iordanskii force [122], which has the same form as the Magnus force

above but arises from the motion of the vortex relative to the normal fraction of the fluid:

FI = ρnκ× (_xv − vn). (5–4)

The motion of the vortex relative to the normal fluid also subjects it to a longitudinal

damping force written as

F|| = −γ(_xv − vn). (5–5)

The damping constant γ(T ) is strongly dependent on temperature. This arises from

vortex interaction with the quasiparticles in the normal fraction. We confine the rest of

our discussion to the zero temperature limit, where the Gross-Pitaevskii description is

applicable. Here the entire system is in the condensed or superfluid phase, and we steer

clear of the controversy surrounding the Iordanskii force. The damping force described

above is also absent. Other forces on the vortex could arise from external sources,

such as the effective potential Vv(r) felt because of the trap, and pinning forces from

impurities

Fext = −∇Vv + Fpinning. (5–6)

We are mostly interested in the effect of the trap and its rotation. The external force is

then just the gradient of the potential experienced by the vortex in a rotating, isotropic

trap (found in Chapter 4) . So at zero T , after ignoring the effects of dissipation and
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pinning, the classical dynamics of the vortex treated as a single particle, is dictated

by the Magnus force and the trap-dependent potential. This is summed up in a simple

Newton’s law, which essentially describes the classical dynamics of a charged particle in

a plane with a non-uniform magnetic field1 in the Magnus force acting perpendicular to it

and in the presence of a central potential,

Mv�xv(t) = ρs(κ× _xv)−∇Vv . (5–7)

The energy cost of creating a vortex at an arbitrary position in a rotating trap was

found earlier to be

Vv(r) = V0

[(
1− r 2

R2

)3/2

− 



c

(
1− r 2

R2

)5/2]
, (5–8)

where the symbols have their pre-defined meanings.

For the sake of completeness, we now review the Lagrangian mechanics of the

analogous problem of a charge traveling in a magnetic field and subject to a central

potential. The Lagrangian for such a particle (free to move in the plane perpendicular to

the magnetic field) in cylindrical coordinates is

L(r ,ϕ; _r , _ϕ) = 1

2
M(_r 2 + r 2 _ϕ2)− V (r) + qA · v, (5–9)

where A ≡ Br ϕ̂/2 is the magnetic vector potential in the symmetric gauge, V (r)

is a general central potential in 2D, and the rest of the symbols have their usual

meanings. The symmetric gauge is a natural choice in a central potential where the

x and y -directions are on equal footing.

1 We will use the term “magnetic field” interchangeably with the “field” ρsh/m
corresponding to the Magnus force, throughout this chapter
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Figure 5-1. Energy cost (nondimensionalized) associated with a singly quantized
straight vortex in a rotating asymmetric trap in the TF limit as a function of a
fractional vortex displacement ζ0 from the symmetry axis. Different curves
represent different fixed values of the external angular velocity (a) 
 = 0
(unstable); (b) 
 = 
m (the onset of metastability at theorigin); (c) 
 = 
c

(the onset of stability at the origin); (d) 
 = 3
2

c . In the metastable regime,


m < 
 < 
c , there is a barrier through which the vortex can tunnel
outwards from the central minimum. Reprinted with permission from Ref.
[38] [A. L. Fetter, J. Phys.: Condens. Matter 13 R135 (2001)], c⃝IOP, 2001.

The azimuthal angle ϕ is a cyclic variable in the above Lagrangian, and Noether’s

theorem suggests the conservation of a corresponding angular momentum as

∂L
∂ _ϕ

= constant ⇒ Mr 2 _ϕ+
1

2
qBr 2 = L

⇒ _ϕ =
L

Mr 2
− 1

2
ωc , (5–10)

where the constant is an angular momentum called L, and ωc ≡ qB/M is the cyclotron

frequency in SI units.
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We can then use this expression for the angular velocity to find another constant

from the equations of motion, in terms of the radial coordinate alone, as

1

2
M _r 2 + V (r) +

1

8
Mω2

c r
2 +

L2

2Mr 2
= constant, (5–11)

which is basically the energy conservation equation for a particle traveling in 1D in an

effective potential, Ve� (r) = V (r) +Mω2
c r

2/2 + L2/2Mr 2, that has contributions from the

magnetic field and the centrifugal barrier. The exact trajectory of the particle could then

be solved in principle by quadrature. This derivation further suggests that the problem

in a central potential is still separable in radial and azimuthal coordinates, and can be

reduced to an effectively 1D problem, even in the presence of a magnetic field. This has

important implications for the tunneling calculation.

When the magnetic field is very low, the particle trajectory would be slightly

perturbed by the small magnetic field from the usual elliptical orbit expected in a central

potential. When the magnetic field is very high, the inertial term may be neglected in

the equation of motion, and then the particle simply moves along the equipotential lines.

These are just circles in the case of a central potential. For the vortex in a trapped BEC,

this would mean a precession around the center of the trap at a frequency which is

determined by balancing the gradient of the potential against the Magnus force,

∇V ≃ evv × B. (5–12)

If the magnetic field in the case being considered is perpendicular to the plane of the

particle’s motion, the above equation implies that the motion is perpendicular to the

gradient of the potential, i.e., along equipotential lines. Let us now use this equation, and

the expression for the “magnetic field” corresponding to the Magnus force on a vortex

as found in Eq. (4–72), to predict the velocity of a vortex in the potential of a rotating

harmonic trap given by Eq. (5–8). The vortex is then found to move in circles around

the center of the trap. Its speed has a somewhat complicated dependence on the radial
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position of the vortex in the trap :

vv =
4evh

MR2
ln

(
R

|ev |ξ

)[√
n(0)

n(rv)
− 



m

√
n(rv)

n(0)

]
(ẑ × r̂), (5–13)

where n(r) is the Thomas-Fermi (TF) density profile of the condensate, 
 is the trap

rotation frequency, 
m the metastable frequency found earlier, and the rest of the

symbols having their predefined meanings. This result has been found in a different

form by a more detailed analysis involving matched asymptotic solutions of the dynamic

GP equation near and far away from the vortex, by Rubinstein and Pismen for general

superfluids in 1994 [123], and by Fetter and Svidzinsky for similar trapped BECs in

2000 [101]. The latter authors also look at the general case of asymmetric traps and

curved vortex lines, and reach essentially similar conclusions. The vortex is thus seen to

precess around the center of the trap, with a precession frequency that depends on the

radius of the vortex orbit. This frequency near the center of the trap is found to be

ωp ≃
4evh

MR2
ln

(
R

|ev |ξ

)[
1− 



m

]
. (5–14)

Thus, a positive vortex precesses in a counterclockwise direction when the trap is

rotated at a frequency higher than the metastability (
 > 
m), and clockwise when lower

than it. There is no precession when rotated at metastability, and the vortex energy

profile flattens. We have to remember that this is with respect to the rotating frame of the

trap.

Further, it is useful to compare the precession frequency with other time scales

in the system. We see that the precession frequency is approximately a factor of

(1 − 
/
m) times the metastable angular velocity. Therefore, if the trap is rotated

near metastability, the precession is very slow (as pointed out earlier). The precession

frequency depends directly on the potential gradient but inversely on the effective

magnetic field. This is in some sense the reverse of the magnetic cyclotron frequency

ωc = qB/M, which is directly proportional to the magnetic field. A small value of
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precession frequency relative to the cyclotron frequency (ωp ≪ ωc ) then suggests a high

magnetic field limit. The corresponding trajectory is a slow circular precession around

the center of the trap, and rapid cyclotron oscillations in tight circles superimposed on it,

which go away on averaging - leading to the equipotential circular orbits expected in the

high field case. The ratio of the precession and the cyclotron frequencies is therefore a

useful quantity that can be estimated from experimental parameters.

Also the precession frequency or velocity of the vortex seems to increase with

increasing distance from the center of the trap as the gradient of the potential is

sharper, and the Magnus force becomes weaker further out. Of course, beyond a

certain distance the “high magnetic field” approximation above fails, and the vortex

inertia begins to contribute to its trajectory. In our present analysis, we are interested in

outward tunneling of the vortex from the metastable minimum at the center of the trap ...

so we expect to remain in the high magnetic field limit discussed above as long as there

is a high enough condensate density at the center of the trap.

5.2 Semiclassical Estimates of Vortex Tunneling

A vortex, though macroscopic, is a quantum object, especially at low T . Its quantum

dynamics is rigorously described through the evolution of its density matrix [124] which

in the classical limit yields a Newton’s law of the form given in Eq. (5–7). When treated

as a single particle as done so far in this chapter, we ought to be able describe it using a

Schrödinger’s equation, which then yields the quantum mechanics of a charged particle

in a magnetic field.

5.2.1 Schrödinger Equation for a Charge in a Magnetic Field

The time-independent Schrödinger equation in 2D for a charged particle in a

magnetic field B ẑ and potential V (r) is[
1

2M

(
i~∇− qA

)2
+ V (r)

]
ψ = Eψ. (5–15)
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In the symmetric gauge of the magnetic vector potential, A = 1
2
Br ϕ̂, and the Schrödinger

equation takes the form,[
− ~2

2M
∇2 +

ωc
2
r ×

(
i~∇

)
+

1

8
Mω2

c r
2 + V (r)

]
ψ = Eψ, (5–16)

where ωc = qB/M is the cyclotron frequency for particle in the magnetic field. As the

potential is central, the wavefunction can be separated into radial and angular parts as

ψ(r ,ϕ) = f (r)e ilϕ, (5–17)

where l is the angular momentum quantum number. The Schrödinger equation for the

radial part looks like
~2

2M

(d2f

dr 2
+

1

r

df

dr

)
=
[
E ′ − Ve� (r)

]
f (r), (5–18)

where E ′ = E + 1
2
l~ωc , and the trap potential is modified by the centrifugal barrier from

angular momentum as well as the magnetic field as

Ve� (r) = V (r) +
1

8
Mω2

c r
2 +

l2~2

2Mr 2
. (5–19)

This corresponds exactly to the Lagrangian mechanics of a charged particle in a

magnetic field as derived in the previous section, as seen from Eq. (5–11).

5.2.2 WKB Analysis of Tunneling

The WKB [125] method is widely used to find semiclassical approximations of

the quantum wave function in both the classically allowed and the forbidden regions

of quantum mechanics problems in 1D2 . Note that although our problem is in 2D,

the potential is central which allows a separation of variables, and we end up with an

effectively 1D problem in the radial direction. We carry out an expansion of the radial

2 Generalizations to multidimensional problems is possible but is usually more
involved.
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wave function in terms of a small parameter related to the Planck’s constant as [126]

ϵ2 =
~2

2M
,

f (r) ∼ eS0(r)/ϵ+S1(r)+O(ϵ),

df

dr
∼

(
S ′
0

ϵ
+ S ′

1

)
f (r),

d2f

dr 2
∼

[
S ′′
0

ϵ
+ S ′′

1 +
(S ′

0

ϵ
+ S ′

1

)2]
. (5–20)

Substituting the perturbative expansion in Eq. (5–20) into the Schrödinger equation

stated in Eq. (5–18), we get

O(1) :
(
S ′
0

)2
= Ve� (r)− E ′,

O(ϵ) : S ′′
0 + 2S ′

0S
′
1 +

S ′
1

r
= 0. (5–21)

The probability of tunneling into the classically forbidden region of the potential is

then given by

� = Ae−B/~, (5–22)

where the tunneling exponent B is identified with the leading order term S0 in the WKB

expansion above, and A is a prefactor to be determined separately. Therefore,

B =

∫ rf

ri

√
2M(Ve� (r)− E ′), (5–23)

where ri and rf are the classical turning points. The most famous historical application of

this expression was to the problem of alpha decay by tunneling in a nucleus worked out

by Gamow.

The exact evaluation of the turning points and also the integral itself has to be

carried out numerically because of the complicated form of the vortex potential (and

the added centrifugal barrier term), but it is possible to analytically estimate this using

an approximate form of the vortex potential. We begin by noticing that higher rates of

tunneling are expected when the trap is being rotated close to metastability, because the
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potential barrier height is lower (and also narrower) at such frequencies. Let us focus

on this regime by defining a relevant small parameter, ϵ = 
/
m − 1. This implies that

the turning points, and the tunneling phenomenon itself, are situated near the center of

the trap, and so it is instructive to expand the vortex potential in Eq. (5–8) in the radial

coordinate as

Vv(r) = V0

[(
1− r 2

R2

)3/2
− 3

5
(1 + ϵ)

(
1− r 2

R2

)5/2]
≃ V0

[
1 +

3

5
(1 + ϵ) +

3

2
ϵ
r 2

R2
− 3

4

r 4

R4
+O

(
r 6

R6

)]
. (5–24)

The magnetic field contributes a term quadratic in r to the effective potential in

Eq. (5–19) and so for the zeroeth angular momentum state, the effective potential is

still a quartic, written as (ar 2 − br 4), where a and b are positive constants that depend

on various trap parameters. The coefficient of the quadratic term, a, is renormalized

by the cyclotron frequency or magnetic field, and dominates the contribution for higher

magnetic fields. This form of the potential is valid for small radial distances, has the

structure of a barrier through which tunneling can take place, and lets us calculate an

approximate expression for the tunneling probability in a closed form quite simply, at

least for the zero angular momentum (l = 0) channel.

In this simple tunneling calculation, we assume the initial energy of the vortex to be

the same as its potential energy at the origin. The classical turning points are then the

origin itself, ri = 0, and the point determined by the trap parameters, rf =
√
a/b. The

tunneling exponent in Eq. (5–23) is then given by

B ≃
∫ √

a
b

0

dr
√

2M(ar 2 − br 4) =

√
M(2a)3/2

3b
. (5–25)

The dependence of this estimate for the tunneling probability exponent on the magnetic

field is of particular interest to us. Recall from the form of the effective potential in

Eq. (5–19), and the short distance expansion of the potential in Eq. (5–24), that the
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exact forms of the coefficients a and b in our model potential, are given as

a =
3

2

ϵV0

R2
+

1

8
Mω2

c , b =
3

4

V0

R4
. (5–26)

Using these expressions, we find the approximate expressions for the tunneling

probability exponent in various limiting cases from Eq. (5–25) as

B ≃ 8

9

√
2MV0Rϵ

3

2

[
1 +O

(
ω2
c

ω2
t

)]
, (5–27)

for “low” magnetic fields, and

B ≃ 1

12

√
2MV0R

(
mω2

cR
2

V0

) 3

2

[
1 +O

(
ω2
t

ω2
c

)]
, (5–28)

for the “high” field limit. Here, ωt ≃
√

(ϵV0/MR2) is some characteristic frequency that

depends on trap parameters and is in fact similar to the precession frequency ωm found

in Eq. (5–14).

In this calculation, the field is said to be “low” (“high”) if the cyclotron frequency ωc

is much smaller (bigger) than the characteristic frequency ωt . These results suggest

that the tunneling can be appreciable in lower magnetic fields, and is given by a

“three-halves law” in ϵ, the shift in angular frequency of trap rotation from the onset of

metastability; whereas the tunneling for high magnetic fields is exponentially suppressed

as a power of the magnetic field. The high field result is consistent with our expectation

that the particle moves in equipotential lines at high field and there is negligible tunneling

in the radial direction. The low field, particularly the zero field, result is useful in that it

establishes an upper bound on the tunneling probability. We should remark here that

very high magnetic fields, would actually change the character of the potential barrier so

that the small distance expansion as a quartic potential is no longer valid, and the above

calculation breaks down.

So far we have addressed tunneling in the l = 0 angular momentum channel. This

is where we expect maximum tunneling probability, as the centrifugal barrier suppresses
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tunneling for higher angular momentum states. It is in fact possible to estimate a critical

value of l at which the effective potential changes its shape and no longer possesses a

metastable minimum to tunnel from. This is obtained using the model quartic effective

potential and a criterion for the number of roots of a corresponding cubic equation. It is

expressed in terms of the potential coefficients as

lcritical =

[√
2

27

1

~

√
ma3

b

]
, (5–29)

where the square brackets above imply the ‘greatest integer less than or equal to the

quantity within the brackets. For typical values of the trap parameters, this actually

does work out to l = 0 further confirming that this is the only channel which sees any

tunneling of interest.

The WKB estimates help to establish an upper bound on the tunneling rate with a

zero- or low- magnetic field estimate, and also confirm our expectation that tunneling

is suppressed for higher magnetic fields. This is all there is to a problem of tunneling

of a charged particle in a magnetic field and in the presence of an isotropic potential.

However, so far we have not taken into account the nonlocal or “memory” effects in

the action of the vortex, which result from the coupling of its motion to phonons. The

problem of tunneling when the action has nonlocal terms in it will require tools beyond

the WKB description, which we then describe in the next subsection.

5.2.3 The Method of “Instantons” or “Bounce” Trajectories

An oft-used approach to calculate the probability of a quantum tunneling event is

to compute the action of the system along its classical path between the turning points.

Quantum fluctuations around this classical path (found by a minimization of the action),

computed in a saddle point approximation, then help determine the prefactor A in the

expression for tunneling probability stated earlier in Eq. (5–22). The factor B in the

exponent here is then just the action corresponding to the classical path. This method

has been described by Coleman [127] and other workers in a field theoretic context,
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who have applied it elegantly to solve the tunneling problem in double well potentials.

The technique been called the “method of instantons”, after the classical solutions of

field theories, which are localized in space-time like solitons in space. The classical path

between the turning points in the tunneling problem is also sometimes called a “bounce”

trajectory, as the particle is imagined to “bounce” back and forth between these points.

We introduce this method for a simple action for a particle in a 1D potential, where

the Lagrangian can be written as L = m _x2/2 − V (x). Let us now consider this action

and the consequent equations of motion in imaginary or euclidean time. This effectively

maps the problem to one with a negative or inverted potential, and the potential “barrier”

(classically forbidden region) between the classical turning points becomes a potential

“well” (classically accessible region). The Euclidean action between these two turning

points (chosen to be xi and xf ) is then computed as

SE =

∫ 0

−∞
dτ
[1
2
M

(
dx

dτ

)2

+ V (x)
]
, (5–30)

with the boundary conditions chosen as x(−∞) = xi , and x(0) = xf . The Euler-Lagrange

equations yield the total energy as an integral of motion

1

2
M

(
dx

dτ

)2

− V (x) = E , (5–31)

where E = V (xi) = V (xf ). This reference energy level can be set to zero without any

loss of generality, E = 0. This energy conservation relation can be used to derive a

quadrature condition as
dx

dτ
=
√

2MV (x), (5–32)

which can then be used to re-express the action in Eq. (5–30) as an integral over space

instead of time, as

SE =

∫ xf

xi

dx
√

2MV (x). (5–33)

Thus for an action with this simple form, we obtain the same expression for the tunneling

probability B as by the WKB method seen in Eq. (5–23) with energy set to zero.
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The role of the magnetic field in tunneling becomes intuitively apparent from this

instanton picture. The magnetic field tends to curve any classical path that might try to

proceed in a radially outward direction, thus suppressing tunneling under an isotropic

barrier. This effect becomes very pronounced in the high magnetic field limit, where the

particle just moves along circular equipotential lines in a central potential. This suggests,

discouragingly for us, that the semiclassical probability of tunneling tends to zero in the

high magnetic field limit.

The full action for a vortex can however have nonlocal (in time) inertial terms as

seen in Chapter 4. This action can then be written as

S =

∫ ∞

0

dτ

[
1

2
M _r 2 +

1

2
Mr 2 _ϕ2 + V (r)

]
+

∫ ∞

0

dτ

∫ ∞

0

dτ ′η(τ − τ ′)_x(τ) · _x(τ ′), (5–34)

where M is the mass obtained by a local expansion of the inertia, and the residual

nonlocal effects are taken into account in the kernel η(τ − τ ′). This action could

in principle be calculated numerically, but it would be a computationally intensive

procedure. One would first need to numerically solve the nonlocal Euler-Lagrange

equation in 2D (the problem may not be separable once the nonlocal terms are

included), and then integrate them to find the action. Our hope is that even in a high

magnetic field, the nonlocal terms could serve to distort the perfectly circular classical

paths to enhance tunneling.

It is possible to consider simpler limiting scenarios of the above, e.g. a sufficiently

slowly moving vortex for which the nonlocal terms are small and can be treated

perturbatively. One then just considers the classical path for a particle in a magnetic

field, which is a separable problem. The angular variable is cyclic and can be integrated

out as shown in ?. This path determined without the nonlocal effects is then used to
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calculate the full action as

Sc =

∫ ∞

0

dτ

[
1

2
M _rc

2 + V (rc) +
1

8
Mω2

c r
2
c +

L2

2Mr 2c

]
+

∫ ∞

0

dτ

∫ ∞

0

dτ ′η(τ − τ ′)_xc(τ) · _xc(τ ′). (5–35)

5.3 Experimental Discussion

As mentioned earlier, there are two basic experimental approaches that have

been used to create and study vortices in a BEC. The first, carried out in JILA in

1999 [36], uses a mixture of two hyperfine components of 87 Rb, spinning one up

respect to the other by applying an external electromagnetic beam. The second was

performed in ENS, Paris in 2000 [37]. We will use the latter as our prototype for our

discussion on vortex dynamics and tunneling in this section. They trapped around

a million atoms (N ≈ 106), the trapping frequency in the direction transverse to the

rotation is of the order of 100 Hz (which implies a harmonic oscillator quantum length of

microns aho ≈ 10−6m , and the scattering length is usually tuned to a few nanometers,

as ≈ 10−9 m. This suggests that the parameter λ ≡ Nas/aho ≈ 103 is quite high, and

assures us that the typical condensate in which vortices are studied in the lab is indeed

described by the Thomas-Fermi (TF) approximation. Some other quantities of interest

that can be estimated based on these parameters are: size or radius of the condensate,

R ≈ 10aho ≈ 10−5 m; healing length or core size of a vortex , ξ ≈ 100nm; the “mass”

of a vortex as the number of atoms in the core of the vortex, M ≈ 103 × m ≈ 10−22

kg; the critical velocity of trap rotation at which a vortex is first nucleated, 
c ≈ 100Hz ;

the “cyclotron frequency” corresponding to the Magnus force at the center of the trap

ωc ≈ 106 Hz.

These quantities can be used to reach several important conclusions. Most

importantly, we can calculate an upper bound on the tunneling probability. We expect

the highest rates of tunneling when there is little or no magnetic field, when the tunneling
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exponent B is given by
√
2mV0Rϵ

3

2 , V0 being the vortex potential at the center of the

trap, and ϵ the detuning of the trap rotation frequency from the metastable frequency. It

turns out that for small enough detuning (ϵ ≈ 10−4), the tunneling exponent can be of the

order of Planck’s constant, B ∼ ~, which is necessary for appreciable tunneling (too high

a magnitude of the exponent would mean suppressed tunneling). So if our prototypical

trap is rotated very close to the metastable frequency of around 100 Hz, and extremely

close to it, it is possible to attain estimated tunneling times of the order of seconds!

However this “low field” estimate is not realistic, because we are in fact always in a

“high field” limit in the kind of condensates in the TF regime that we are considering, and

also which are relevant to most experiments on BEC in the laboratory. Intuitively, this

is because the Magnus force on a vortex depends on the condensate density, which is

always high in the TF regime. It is also possible to see this from quantitative estimates,

by comparing the two timescales involved in the motion of the vortex. The precession

frequency is roughly given by ωp ∼ 
m|(1 − 
/
m)|, and we are interested in trap

rotation frequencies in the metastable regime 
m < 
 < 
c . This means that the

precession frequency is very small compared to the metastable frequency when the trap

is rotated near metastability as in the previous calculation for maximum tunneling, and is

at most of the order of the metastable frequency, which is of the order of 100 Hz in our

prototypical experiment. The cyclotron frequency for typical trap densities is on the other

hand about 1 MHz. This means that the condition ωp ≪ ωc is always satisfied for our

range of trap parameters, and we are effectively always in the high magnetic field limit!

We already argued that there is vanishingly small tunneling in the high magnetic field

situation, unless perhaps the nonlocal effects in the action are taken into account.

Our overall conclusion is that the tunneling rate through the metastable potential

barrier experienced by a single vortex in a rotating trap is negligible in realistic

experimental scenarios. However the effects of dissipation or coupling with the phonons

can possibly enhance the inertia of a vortex and lead to enhanced tunneling rates.
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Another interesting possibility is pinning centers for vortices in a BEC. A recent work

treats the vortex potential resulting from two pinning centers as a model double well

[118]. From a more general theoretical perspective, we have realized that the problem

of macroscopic quantum tunneling for a single vortex in a BEC in the TF regime, is

analogous to the tunneling of an electron in a high magnetic field. This has been

elegantly solved for some model potentials [128], but no general prescription exists

for such a calculation. Also the very notions of vortex mass and the exact nature of its

dynamics are debated topics. We hope to have provided some theoretical insights into

this longstanding problem.

120



CHAPTER 6
CONCLUSION

In this work, we have looked at two distinct realizations of the superfluid phase - in

solid helium, and in a dilute Bose-Einstein condensate in a trap. In particular, we have

tried to explain the apparently superfluid response (NCRI, as observed in a torsional

oscillator experiment [23]) in solid helium as an effect of defects like dislocations and

grain boundaries. In BECs, we look at the stability and dynamics of vortices in a rotating

trap, and estimate their tunneling probability.

We have constructed a model for a supersolid based on superfluidity induced

along a network of dislocations. Starting from a Landau theory for the bulk solid, we

are able to systematically derive a one-dimensional equation describing superfluidity

along a single dislocation. We then consider a network of dislocations and the effect of

overlap of these strands of 1D superfluid, and show that it is possible to realize a bulk

superfluid order along this network structure with an onset temperature that depends on

the superfluid coupling between neighboring nodes in this network. This is analogous

to an array of Josephson junctions or an XY model with random bonds. This effect

should be observable in superconductors, where it should be possible to calculate the

various constants in the Landau theory in terms of microscopic quantities (something we

cannot do for solid 4He). One of our more striking results is the sensitive dependence

of the transition temperature for the dislocation network on the dislocation density (i.e.,

the sample quality). Grain boundaries as collections of dislocations are also similarly

expected to enhance superfluidity locally. We derive a dependence of the critical

temperature Tc of a grain boundary superfluid on the angle of the grain boundary in two

opposite limits. We also analyze the Kosterlitz-Thouless properties of a grain boundary

superfluid, and show that the inherent anisotropy in the grain boundary is irrelevant as

far as the superfluidity is concerned.
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The procedure for estimating the shift in superfluid critical temperature caused by

an edge dislocation led us to the longstanding quantum problem of a two-dimensional

dipole potential. The wave functions and the spectrum are obtained by numerically

solving the Schrödinger equation with the 2D dipole potential, and also variationally

in the case of the ground state. We find that the results obtained from the different

methods are consistent and compare favorably with previous estimates in the literature.

We also discover a simple pattern in the spectrum, where the quantum number of the

state varies inversely as its energy (n ∼ ϵ−1), which can be justified from semiclassical

considerations. Certain features of the spectrum and wave functions are yet to be

explained and might provide scope for future investigation. For example, the statistics

of the level spacings could possibly be a signature of quantum chaos. The ground state

of the quantum dipole problem is related to the binding energy of elastic impurities to

edge dislocation lines. This is important in the context of helium for example, as the

binding of 3He impurities present in solid 4He can have an effect on the stiffness and

heat capacity of solid helium. This is for example the basis of the dislocation-pinning

picture commonly suggested to explain the shear stiffening at low temperatures seen

by Beamish et al. [28], and also for a Schottky anomaly in the specific heat. In the

dislocation-based superfluid model we introduce, the linearized Landau equation is

isomorphic to the Schrödinger equation [ Eq. (2–32)]. The ground state energy and

its wave function determined in this calculation provide an input to the calculation of

the shift in the superfluid transition temperature, and the renormalized coefficient g [as

defined in Eq. 2–14] of the nonlinear term in the 1D Landau model for superfluid along a

single dislocation line , respectively.

We develop a “weakly nonlinear” analysis to obtain an approximate solution of

the Landau equation in the presence of some defect potential. This is in terms of the

solution of the linearized problem, which is nothing but a Schrödinger equation. This

is expected to hold near the threshold of a transition when the order parameter is
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small, and the extent of proximity to the threshold provides the small parameter needed

for such a perturbative expansion. We demonstrate the efficacy of this method by

calculating analytic corrections to the order parameter in the presence of a Coulomb

potential. We also show how this perturbation can be done in a more controlled

manner by a “stretched asymptotic” method that eliminates the secular terms from a

naive perturbation theory. In essence, this formalism can be applied to any nonlinear

Schrödinger equation where a small parameter that goes to zero at the bifurcation

point can be identified. For example, this lets us calculate perturbatively the solution of

the Gross Pitaevskii equation when the chemical potential is close to the ground state

energy of the trapping potential. This corresponds to the threshold value required to load

atoms into the trap. We show that this method predicts the condensate wave function in

a BEC quite well for small condensates.

We consider the problem of a few vortices in a trapped BEC. We review the well

known results for vortex energy and stability in a rotating trap in the Thomas-Fermi limit.

Most extant theoretical work on vortices in BEC in fact uses the TF approximation, which

is valid for typical experimental situations involving “large” condensates. We consider the

problem of a vortex in a small condensate within our aforementioned “weakly nonlinear”

approximation, and derive the critical angular velocity for vortex formation in such a

system. This has been obtained previously by Linn and Fetter [105] through a formally

different perturbation technqiue. We conclude that this rotation frequency is likely to

make the trap unstable. A small condensate is thus not an experimentally feasible

system for studying vortices, especially in their metastable regime.

We then derive the exact dynamics of a vortex in a BEC in the TF limit, by using

the full hydrodynamical action in a rotating frame of reference, and integrating out the

phonon (or “spin wave”) modes in the superfluid. Some interesting conclusions we

establish are:
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• The vortex action has a term that is nonlocal in time. This can be physically
interpreted as a consequence of vortex-phonon coupling, which causes a vortex to
effectively interact with itself at some retarded/advanced time.

• This nonlocal inertial term can be approximated to a local form when the vortex
moves slowly compared to the sound speed in the medium. This corresponds
to the “mass” of a vortex which depends logarithmically on some frequency
associated with the vortex dynamics

• For typical experimental parameters, the vortex motion is dominated by the
Magnus dynamics, which is analogous to the motion of an electron in high
magnetic field. This causes the vortex to precess along equipotential lines of
the trap.

We next consider the problem of vortex tunneling from a metastable state at the

center of the rotating trap. Our semiclassical estimates based on a local version of

the action show that a high Magnus force tends to suppress the tunneling in typical

condensates. We obtain an upper bound on the rate of tunneling by considering a

situation without the Magnus force, and find that it would be barely observable for typical

trap parameters. It is possible that the nonlocal effects from coupling to phonons, or

dissipation from other sources, would enhance tunneling. This is work in progress. If

found plausible, vortices in a BEC could be a candidates for observing macroscopic

quantum tunneling (MQT) in addition to prototypical superconducting systems such as

SQUIDs.
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APPENDIX A
STRAIN FIELD FOR AN EDGE DISLOCATION

Let us consider a straight edge-dislocation in an isotropic solid, within linear

elasticity theory. Let the dislocation be along the positive z-axis and the Burger’s

vector along the y -axis. If b is the Burger’s vector and ν is the Poisson’s ratio then the

components of the displacement field (in polar coordinates) due to the dislocation are

given by (see, for example, Refs. [43, 50])

ur =
b

2π

[
(π/2− θ) sin θ − 1− 2ν

2(1− ν)
cos θ ln(r/r0)

]
,

uθ = − b

2π

[
(π/2− θ) cos θ +

sin θ + (1− 2ν) sin θ ln(r/r0)

2(1− ν)

]
, (A–1)

where r0 is the size of the dislocation core.

The components of the strain tensor are obtained from the displacement field using,

urr =
∂ur
∂r

, uθθ =
1

r

∂uθ
∂θ

+
ur

r
,

2urθ =
∂uθ
∂r

− uθ

r
+

1

r

∂ur
∂θ

. (A–2)

This trace of the strain tensor results in Eq. (2–3).
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APPENDIX B
ANALYSIS OF A LANDAU MODEL WITH A 1/R POTENTIAL

In this Appendix we solve a simplified version of the dipole potential, replacing

cos θ/r by the attractive two-dimensional Coulomb potential V (r) = −1/r . These two

potentials share the same length scaling; however, the Coulomb potential is rotationally

symmetric and the linear problem can be solved exactly. The details of the perturbation

calculation follow the general scheme developed in Section 2.3. We compare the results

of the perturbation theory with numerical solutions of the nonlinear field equation, and

find close agreement for a wide range of ϵ.

The energy eigenvalues for the Hamiltonian Ĥ = −∇2
⊥ − 1/r are given by [95, 96]

En = − 1

(2n + 1)2
, n = 0, 1, 2, ... , (B–1)

so E0 = −1, with a ground state eigenfunction 	0(r) =
√

2/πe−r . The related linear

operator [see Eq. (4–15)] is

L̂ = −∇2
⊥ − 1

r
+ 1. (B–2)

Expanding ϕ as before,

ϕ = ϕ0 + ϵϕ1 + ϵ2ϕ2 + ... , (B–3)

we have

L̂ϕ0 = 0, (B–4)

with the solution

ϕ0(r) = A0

(
2

π

)1/2

e−r (B–5)

(note that we will ignore the z-dependence in this Appendix). Substituting into the left

hand side of the O(ϵ) equation,

L̂ϕ1 = ϕ0 − |ϕ0|2ϕ0

= A0

(
2

π

)1/2

e−r − A3
0

(
2

π

)3/2

e−3r . (B–6)
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We left multiply this equation by
√

2/πe−r and integrate on d2r to obtain 0 = A0 −

(1/2π)A3
0, so that A0 =

√
2π. Substituting back into Eq. B–6, and assuming ϕ1 has

cylindrical symmetry, we obtain an inhomogeneous equation for ϕ1:

− 1

r

d

dr

(
r
dϕ1
dr

)
− 1

r
ϕ1 + ϕ1 = 2e−r − 8e−3r . (B–7)

The explicit solution of this equation (that decays to 0 for large r ) is

ϕ1(r) = ce−r + e−3r +
1

2
e−r

[
2r + ln(2r) +

∫ ∞

2r

e−t

t

]
, (B–8)

where c is an integration constant. We substitute ϕ1(r) into the right hand side of the

O(ϵ2) equation to obtain

L̂ϕ2 = (1− 3ϕ20)ϕ1. (B–9)

We again left multiply by
√

2/πe−r , integrate on d2r and use the fact that L̂ is Hermitian

to obtain the solvability condition for the constant c , with the result

c = −11

12
+
γ

2
+ ln(2)− 3

4
ln(3) = −0.75887, (B–10)

where γ = 0.577210 is the Euler-Mascheroni constant. We have now explicitly calculated

two terms in the perturbation expansion; both terms are nonzero at the origin, with

ϕ0(0) = 2 and ϕ1(0) = 1
12

+ ln(2)− 3
4
ln(3) = −0.047478.

We have solved the nonlinear field equation for the −1/r potential numerically for

a wide range of values of ϵ = E − E0 = E + 1, using the shooting method [97]. The

results for the order parameter are presented in Fig. B-1 for two different values of ϵ. The

two-term perturbation theory gives an excellent approximation even a fairly large value

of ϵ = 0.43. To get a sense of the efficacy of the perturbation theory, we can calculate

the amplitude of the order parameter at the origin:

ψ(0) = ϵ1/2ϕ0(0) + ϵ3/2ϕ1(0) + ...

= 2ϵ1/2 − 0.047478ϵ3/2 + ... . (B–11)
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This result is plotted in Fig. B-2, along with our numerical results. Again, we see the

excellent agreement between the two-term perturbation theory and the numerical

results, even for relatively large values of ϵ.
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Figure B-1. Order parameter ψ(r) versus r . The solid blue line is the numerical solution,
the dashed green line is the one-term perturbative result, and the dotted red
line is the two-term perturbative result. The upper panel compares the
results for ϵ = 0.09, and the lower panel for ϵ = 0.43. The two term
expansion provides an excellent approximation to the numerical result, even
for ϵ = 0.43. Reprinted with permission from Ref. [48] [D. Goswami, K.
Dasbiswas, C.-D. Yoo and A. T. Dorsey, Phys. Rev. B 84, 054523 (2011)],
c⃝APS, 2011.
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Figure B-2. Order parameter amplitude ψ(0) as a function of ϵ. The crosses are the
numerical results, the dashed green line is the one-term perturbative result,
and the dotted red line is the two-term perturbative result. The upper plot
compares the numerical results with the perturbation theory for a wide range
of ϵ; the two-term perturbative result provides an excellent approximation
even for values of ϵ as large as 0.8. The lower panel is a plot of ψ(0)/2ϵ1/2

as a function of ϵ, which highlights the role of the second order term in the
expansion. Reprinted with permission from Ref. [48] [D. Goswami, K.
Dasbiswas, C.-D. Yoo and A. T. Dorsey, Phys. Rev. B 84, 054523 (2011)],
c⃝APS, 2011.
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APPENDIX C
ANALYSIS OF A TIME-DEPENDENT MODEL

In this Appendix we generalize the results of Section 2.3 to derive a one-dimensional

dynamical model for the superfluid. For simplicity, we will assume that there are no

conserved densities, so the dynamics are described by model A (often referred to as

time-dependent Ginzburg-Landau theory) in the Hohenberg-Halperin classification

[98, 99]. The relaxational equation of motion is

∂ψ

∂t
= −�0

δF

δψ∗ + η(x, t), (C–1)

where �0 is a relaxation rate and η is the fluctuating noise term with Gaussian white

noise correlations, i.e., ⟨η(x, t)⟩ = 0 and ⟨η(x, t)∗η(x′, t ′)⟩ = 2kBT�0δ(x − x′)δ(t −

t ′). As before, to facilitate the reduction to a one-dimensional model we introduce

dimensionless quantities, with a time scale ~t = 2c/(�a20B
2) = 2l2/(�c). In terms of the

dimensionless variables,

∂ψ

∂t
= ∇2ψ − [V (r)− E ]ψ − |ψ|2ψ + �η(x, t), (C–2)

where the noise correlations are given by

⟨�ηξ(x, t)�η(x′, t ′)⟩ = 2(kBT/F0)δ(x− x
′
)δ(t − t

′
). (C–3)

As before, we introduce the small parameter ϵ = E − E0, and introduce ψ = ϵ1/2ϕ,

z = ϵ−1/2ζ, t = ϵ−1τ , and �η = ϵ3/2~η, to obtain

L̂ϕ = ϵ
[
−∂τϕ+ ∂2ζϕ+ ϕ− |ϕ|2ϕ+ ~η

]
. (C–4)

We again expand ϕ in powers of ϵ, and at O(1) we have L̂ϕ0 = 0, the solution of which is

ϕ0 = A0(ζ, τ)	0(r). (C–5)
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Substituting this into the right hand side of the O(ϵ) equation, left multiplying by ϕ0, and

then integrating on d2r , the solvability condition yields

∂τA0 = ∂2ζA0 + A0 − g|A0|2A0 + ξ, (C–6)

where ξ is the one-dimensional fluctuating noise term (the three-dimensional term with

the transverse dimensions projected out),

ξ(ζ, τ) =

∫
d2r	0(r)~η(r, ζ, τ). (C–7)

Using the fact that 	0 is normalized to one, it is straightforward to show that ξ has

Gaussian white noise correlations. Undoing the ϵ scalings, we obtain our final one-dimensional

time-dependent Ginzburg-Landau theory,

∂tφ = ∂2zφ+ ϵφ− g|φ|2φ+ ξ. (C–8)
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APPENDIX D
VORTICES IN A TWO-DIMENSIONAL XY MODEL

In general, the phase in an XY model can be decomposed into an analytic, spin

wave part and a singular, vortex part.

θ(x) = θa(x) + θv(x). (D–1)

The corresponding phase gradients or “velocities” are longitudinal and transverse

respectively, satisfying,

v||s = ∇θa, ∇× v||s = 0, v⊥s = ∇θv , ∇.v⊥s = 0. (D–2)

The curl of the gradient of a function will disappear everywhere except where it is not

analytic, i.e. at the precise locations of the vortices. For a distribution of several line

vortices at positions xαv all pointing in the z-direction, we can define a vortex “source

function”, such that

∇× v⊥s = m(x) ≡
α∑

2πeαv δ
2(x− xαv )ẑ . (D–3)

A simple analogy can be established between the “velocity” field due to a vortex v⊥s ,

and a magnetic field, and so the source function m(x) is like the current density that

produces this magnetic field. After some further vector calculus,

∇× (∇× v⊥s ) = ∇2v⊥s = ∇×m, (D–4)

the transverse “velocity” field from a vortex can be derived as

v⊥s (x) = ∇×
∫

d2x ′G(x− x′)m(x′), (D–5)

where G(x − x′) = −2π ln
(
|x − x′|/R

)
is the Green’s function of the Laplace operator in

2D.
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Now we are ready to use the explicit expression for the vortex-induced “velocity”

obtained above to calculate the energy of a system of vortices. For a translationally

invariant system it is useful to Fourier transform in space. We then obtain

Eel =
1

2
ρs

∫
d2x

∫
d2x ′m(x′)G(x− x′)m(x)

=
1

2
ρs

∫
d2q

(2π)2
m(q).m(−q)

q2
. (D–6)

First we derive the energy for the particular (and simplest) case of a single vortex. For a

vortex located at xv , the Fourier transform of the vortex source function is

m(q) =

∫
d2x e iq.x2πev ẑδ

2(x− xv) = 2πev ẑe
iq.xv . (D–7)

Inserting this into Eq.(D–6), we obtain,

Eel =
1

2
ρs
(
ev
)2 ∫ d2q

q2
= π(ev)

2ρs ln(R/a), (D–8)

where the ultraviolet and infrared cutoffs in frequency were chosen to correspond to the

lattice spacing a and system size R respectively. Note that this expression for vortex

energy was derived by a more direct method in Eq.(3–19) in Chapter 3. The total energy

for a system of vortices will involve their energy of interaction in addition to the sum of

their individual energies of creation.

m(q) =

∫
d2x e iq.x

∑
α

2πeαv ẑδ
2(x− xαv ) = 2πẑ

∑
α

eαv e
iq.xαv ,

Eel =
1

2
ρs
∑
α,β

eαv e
β
v

∫
d2q

q2
e iq.(x

α
v −x

β
v ) =

∑
α

Eα +
∑
α,β

2πρse
α
v e

β
v ln(R/rαβ). (D–9)

The integral in frequency space above has been carried out by first integrating over the

angle (which gives a Bessel function of zeroeth order) and subsequently over the radial

coordinates, which gives a logarithm to leading order. The cutoffs imposed on the radial

integration to take care of the logarithmic divergence, are inverses of the system size

(IR or low frequency cutoff) and of the minimum distance r (UV or high frequency cutoff)
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between neighboring vortices, i.e. the minimum value that the distance rαβ between a

pair of vortices labeled by α and β can have. This is needed because two vortices at the

same place will involve an infinite energy cost:∫
dq

q

∫ 2π

0

dϕe iqrαβcos(ϕ) =

∫ 1/r

1/R

dq
J0(qrαβ)

q
≃ ln

(
R

r

)
. (D–10)

The energy of interaction between two vortices goes as a logarithm of the distance

between them, and the sign is determined by the product of their charges. The

expression for vortex energy in Eq.(D–9) can be recast in the form

Eel = πρs

[(∑
α

eαv
)2

ln(R/a) + 2
(∑

α,β

eαv e
β
v ln(a/rαβ)

)]
. (D–11)

This expression is particularly suggestive as it shows that the long wavelength energy

of a “non-neutral” system of free vortices, i.e one for which total charge is not zero,

diverges with system size. This is why it is always energetically more favorable to excite

vortices in pairs of equal and opposite charge. This also suggests the vortex-antivortex

pair binding picture of the BKT transition. Based on the above, we can now write down

the total Hamiltonian for a system of vortices by including the core contribution, as

Hv/T = −πK
∑
α,β

eαv e
β
v ln(rαβ/a) + Ec/T

(∑
α

eαv
)2
. (D–12)

We can compute various statistical averages based on this Hamiltonian. Free

energy calculations show that the renormalized phase stiffness in the presence of

vortices is determined by the correlation function of transverse velocities. This can in

turn be related to the vortex source functions through Eq.(D–5) as

⟨v⊥s (x) · v⊥s (0)⟩ =
∫

d2x1d
2x2 ⟨m(x1) ·m(x2)⟩∇G(x− x1) · ∇G(x− x2)|x=0.(D–13)
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The two Green’s functions above can be traced over and combined into a single Green’s

function through their completeness property, as∫
d2x∇G(x− x1) · ∇G(x− x2)|x=0 = −G(x1 − x2)|x1=0, (D–14)

where we have integrated by parts, and used the property of the Green’s function. Now

we Fourier transform to frequency space, and use this identity of Green’s function to

show that ∫
d2x ⟨v⊥s (x).v⊥s (0)⟩ =

⟨m(q).m(−q)⟩
q2

. (D–15)

Let us now evaluate the correlation of source functions using their definition in frequency

space, ⟨m(q).m(−q)⟩ =
(
2π
)2∑

α ̸=β ⟨eαv eβv e iq.(x
α
v −x

β
v )⟩. In the long wavelength limit, we

can expand in small q and ignore higher order terms in q. Also if we consider a vortex

gas with low fugacity, the configuration that has the highest order contribution to the

statistical average and satisfies the charge neutrality condition, is the one corresponding

to a single pair of vortices with unit charge. So

⟨m(q).m(−q)⟩ = −
(
2π
)2
q2
∑
α ̸=β

⟨eαv eβv (xαv − xβv )
2⟩+O(q4)

≃ −
(
2π
)2
q2
∑
α ̸=β

(xαv − xβv )
2e

[
−2Ec/T−πK ln(|xαv −xβv |/a)

]
. (D–16)

Now we go to the continuum limit and sum over all possible positions of the two vortices

to find that
⟨m(q).m(−q)⟩

q2
= 4π3e−2Ec/T

∫
dr

a

(
r

a

)3−2πK

. (D–17)

This result describes the pair correlation for vortex source functions in the limit of long

wavelength and low fugacity (valid for low temperatures where the vortex density is

dilute), and is used for obtaining the renormalized stiffness in Eq. (3–27).
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