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Malaria is an extremely complex disease that continues to thwart the efforts

to control it in many countries around the globe. This dissertation presents three

mathematical models developed to address two types of heterogeneities inherent

to malaria ecology and their implications for malaria dynamics and malaria control:

heterogeneity in the parasite species within a population, and heterogeneity in the

transmission landscape. First, we developed a mathematical model describing the

dynamics of P. vivax and P. falciparum in the human and mosquito populations and fit

this model to clinical case data to understand how improving control measures affects

the competition between the two Plasmodium species. The predictions of our model are

counter to what one expects based on the case data alone. Although the proportion of

cases due to falciparum has been increasing, our model reveals that this observation

is insufficient to draw conclusions about the long-term competitive outcome of the two

species. Next, we considered a simple malaria metapopulation model incorporating two

regions connected by human movement, with different degrees of malaria transmission

in each region. If without migration, the disease is endemic in one region but not in

the other, then the addition of human migration can cause the disease to persist in

both regions. The advent of a malaria vaccine available for distribution is potentially

around the corner. This exciting possibility highlights the need to study the effect of

implementing a malaria vaccination program on malaria dynamics, and to determine
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optimal ways of distributing this limited resource. To that end, we developed an n-patch

malaria metapopulation model with vaccination and short-term human movement.

We formulated an optimal control problem based on this model and the goal of jointly

minimizing the number of infected individuals, the number of vaccines distributed,

and the vaccination rate. A qualitative comparison of the optimal control strategies

for different vaccine efficacies and different short-term movement patterns confirms

our intuition for how the optimal strategy changes. In particular, we should sustain

the maximum allowable vaccination rate longer in that patch with higher transmission

intensity.
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CHAPTER 1
INTRODUCTION

Despite many efforts to reduce the global burden of malaria, this formidable disease

continues to pose a substantial public health problem. Roughly 250 million people suffer

from malaria infection each year, resulting in nearly one million deaths [108]. Malaria

is the fifth leading killer among infectious diseases worldwide, and it is the second

leading cause of death in Africa, behind HIV/AIDS [22]. Several factors, including the

biology and epidemiology of the disease, environmental conditions, differences in

malaria parasite species, emerging drug-resistance of parasites, insecticide resistance

of mosquitoes, and socio-economic barriers, have proven to be difficult obstacles to

overcome in the ongoing pursuit of malaria control. Because malaria presents the

greatest threat in less developed countries, determining effective control strategies that

make efficient use of limited resources is essential. Mathematical modeling provides

a means to study malaria dynamics and evaluate potential control strategies. Until

recently, many mathematical models of malaria considered a single, homogeneous

population harboring a single malaria parasite species. These simple models have

contributed to our current knowledge about malaria. However, the complexity of

malaria ecology requires modeling efforts that address some of these intricacies.

We investigated the roles that heterogeneity in malaria parasite species and spatial

heterogeneity in malaria transmission play in malaria dynamics and the implications

these heterogeneities have for malaria control. We begin by presenting in this chapter

a brief history of how malaria modeling began and discussing a few extensions of the

classical malaria model, followed by a summary of how heterogeneities have been

incorporated into malaria models. In Chapter 2 we present and analyze a two-parasite

model of malaria. Chapter 3 demonstrates how this model can be used in combination

with malaria case data and statistical techniques to understand the impact of malaria

control on malaria parasite competition. The role of human migration in a spatially
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heterogeneous transmission landscape is studied in Chapter 4. Finally, in Chapter 5 we

introduce an n-patch malaria model with vaccination and short-term human movement.

We present an optimal control problem in which the objective is to determine the best

way to distribute malaria vaccines over time in a spatially heterogeneous transmission

landscape.

1.1 The Beginnings of Malaria Modeling

During the late 19th century, Sir Ronald Ross confirmed earlier theories that

mosquitoes played an important role in the transmission of malaria. Ross found malaria

parasites in the gut of female Anopheles mosquitoes that previously fed on humans.

Knowing that mosquitoes lay their eggs in water, Ross’ mentor, Dr. Patrick Manson,

hypothesized that humans acquired malaria by drinking water tainted with malaria

parasites. However, Ross discovered that malaria is transmitted directly from a mosquito

to a human through the bite of the mosquito [1]. Shortly after this discovery, Ross went

on to develop the first mathematical model for malaria, which was later modified by

George Macdonald in 1957 [62]. Several variations of this model appear in the malaria

modeling literature, however all versions have three common assumptions [62]:

• malaria does not confer immunity to future infections in humans

• mosquito bites are distributed randomly across the human population

• human and mosquito populations are homogeneous

The most common formulation of the Ross-Macdonald model is described by the

following two-dimensional system of ordinary differential equations:

dx

dt
= maby(1− x)− rx

dz

dt
= acx(1− z)− gz ,

where x and z denote the fraction of humans and mosquitoes, respectively, infected

with malaria. The ratio of mosquitoes to humans is denoted by parameter m and a is
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the number of bites on a human, per mosquito, per unit of time. Consequently, ma is

the number of mosquito bites per human, per unit of time. Multiplying ma by z yields

the number of infected mosquito bites per human, per unit of time. Finally, b is the

fraction of infectious bites resulting in a human infection. Since (1 − x) denotes the

fraction of humans susceptible to malaria, maby(1 − x) describes the rate at which

the proportion of human cases changes. Humans then recover at a recovery rate r .

The rate of change in the proportion of infected mosquitoes is derived similarly. The

number of mosquito bites on infected humans is ax , c is the fraction of bites resulting

in an infection in the mosquito, if the mosquito is susceptible. Because (1 − z) denotes

the fraction of the mosquito population that remains susceptible, the fraction of infected

mosquitoes changes at the rate acx(1 − z). Mosquitoes have very short life spans,

and consequently, this model assumes that mosquitoes die due to natural causes at a

mortality rate g before they would have a chance to recover or die as a consequence of

the malaria infection. Variations on this model incorporate the extrinsic incubation period

(the amount of time it takes the malaria parasites to develop inside the mosquito before

the mosquito becomes infectious), which plays an important role in malaria dynamics

by reducing the pool of mosquitoes able to survive beyond the incubation period and

transmit malaria to humans. We discuss such a variation on the Ross-Macdonald model

in Chapter 4. Mathematical analyses of the Ross-Macdonald model revealed several

results relevant to malaria control. First, Ross determined from the model that it is not

necessary to eliminate all mosquitoes to eliminate malaria from a population; reducing

the number of mosquitoes below a certain threshold should be sufficient. A measure of

transmission intensity, the basic reproduction number R0 can be derived for the model.

If R0 < 1, the disease-free equilibrium is globally stable and if R0 > 1, the endemic

equilibrium is globally stable. Moreover, R0 has a very nonlinear relationship with malaria

prevalence: when R0 is close to the threshold one, prevalence is very sensitive to
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changes in R0, whereas prevalence is very robust to changes in R0 when R0 is large

[62].

The impact of Ross and Macdonald’s work extends beyond the analysis of their

classical model. The classical model laid a strong foundation upon which many malaria

models have been built. One extension of the Ross-Macdonald model addresses the

phenomenon of naturally acquired immunity to malaria. Malaria infections do not confer

life-long immunity to re-infection, however repeated exposure to infectious mosquito

bites produces an immune-response in humans, resulting in distinct age-related patterns

of prevalence in regions of high malaria endemicity [7, 101]. A well-known malaria

model incorporating temporary naturally-acquired immunity was developed by Dietz

et al. [41] in the 1970’s. This deterministic difference equation model includes seven

state variables associated with human dynamics, with mosquito malaria dynamics

incorporated through a single term representing vectorial capacity, the number of

infective bites a single host receives each day. Dietz et al. derived an expression for the

human recovery rate as a function of the inoculation rate so that individuals with many

exposures to malaria would have longer recovery times. A comparison of the model

simulations to field data from the African savannah revealed that the model is able to

capture some of the observed patterns, such as the parasite rate distribution across

different age groups. However, the model failed to produce seasonal fluctuations in

prevalence observed in the data [41]. In [7], Aron incorporated waning immunity using

a delay differential equation model. In this delay model, immunity to malaria is boosted

if re-exposure occurs within τ time units of entering the immune stage. If an individual

is not re-exposed to malaria within the time period τ , this individual loses the naturally

acquired immunity.

The Ross-Macdonald model has also been adapted to include latent periods,

the period it takes for an infected host, mosquito or human, to become infectious.

Rather than explicitly including a latent stage, Sharpe and Lotka [98] first introduced
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latency, which they called the “incubation lag,” to the classical model in 1923 using a

delay-differential equation (DDE) formulation. In this DDE system, the number of new

human infections depends on the number of mosquitoes that became infected some u

time units ago. Similarly, the number of new mosquito infections depends on the number

of infected humans that became infected some v time units ago. Later, Anderson

and May incorporated these latent periods by explicitly adding an incubating stage to

the mosquito and human disease dynamics [6]. Ruan et al. [95] developed a slightly

different DDE model compared to the DDE model of Sharpe and Lotka. In particular,

Ruan et al.’s model considers the probability that a mosquito survives the incubation

period and the probability that a human does not recover before incubation is complete.

The results of Ruan et al.’s work suggest that drugs prolonging the incubation periods in

either humans or mosquitoes may be an effective malaria control strategy [95].

Many malaria models, including the classical Ross-Macdonald model, assume the

human and mosquito population sizes are constant. This assumption, while appropriate

for the study of malaria over short time intervals, does not adequately reflect reality

when considering long-term dynamics or long-term effects of malaria control. Ngwa

et al. [80] assume a constant birth rate and adopt the idea of a density-dependent

death rate from predator-prey models. Functional forms of these density dependent

death rates, in both the mosquito and human populations, are chosen such that each

population’s growth is modeled by the logistic equation in the absence of disease.

Analysis of this variable population size model revealed that reducing the mosquito

population size would have little effect on malaria prevalence when transmission

intensity is high, since the mosquito population will eventually recover [80]. In other

words, models ignoring mosquito population dynamics may underestimate the effort

required to successfully reduce malaria prevalence.

The models described here comprise only a tiny fraction of published models that

expand on the ideas of Ross and Macdonald. These models illustrate how gradually
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introducing different aspects of malaria biology to simple models can inform us about

how these aspects of the biology contribute to the overall disease dynamics. In the

following section, we discuss a selection of heterogeneities that occur naturally in

malaria ecology, and how mathematical models have been adapted and developed to

incorporate these additional complexities.

1.2 Heterogeneities in Malaria Ecology

Malaria modeling becomes an increasingly difficult task when we consider the many

ways in which heterogeneity enters malaria ecology. These heterogeneities, to name a

few, include temporal heterogeneities in temperature and humidity, environmental spatial

heterogeneity such as variable topography and climate, age-related heterogeneity in

human hosts, and heterogeneity in vector and parasite species. To further complicate

matters, the effects of these different types of heterogeneities are often intertwined.

For example, temperature and humidity influence parasite incubation and vector

competence and survival [11, 69, 95].

The dependence of mosquito population dynamics on the availability of breeding

sites, which in turn depends on temperature and rainfall, results in seasonal fluctuations

in mosquito abundance. As part of the 1969-1976 Garki project, a study conducted

by the WHO and Nigerian government on malaria control in the African savanna, field

measurements of the vectorial capacity during different seasons were used as inputs

to a difference equation malaria model [77]. Incorporating the differences in vectorial

capacity for the wet and dry season allowed a comparison of the mathematical model

output to prevalence data for different regions in Sub-Saharan Africa. In 1982, Aron

and May mathematically described seasonality in malaria using sinusoidal forcing

[9]. More recently, Wyse et al. also used [111] trigonometric functions representing

seasonal changes in temperature in a malaria transmission model to study the effect

of seasonality on malaria dynamics. Similarly, Chitnis et al. used seasonal forcing in a

difference equation model of malaria to study the effects of vector control interventions
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[25]. Models with periodic seasonal forcing rely on assumptions about average monthly

temperatures in a given region. Recent studies suggest, however, that even small daily

fluctuations in temperature and variations in climate can have a significant impact on

malaria dynamics [112, 113]. On the other hand, Gething et al. emphasized that small

changes in malaria dynamics as a consequence of climate change can be offset by

moderate improvement in existing intervention strategies [46].

Vector heterogeneity arises in many forms: heterogeneity in vector behavior,

heterogeneity in vector species, heterogeneity in vector competence. Malaria models

commonly assume that individuals in a population have the same likelihood of being

bitten by an Anopheles mosquito. However, some individuals are more likely to be bitten

than others [100]. Dye and Hasibeder [42, 54] incorporated heterogeneous biting of

mosquitoes into mathematical models of malaria transmission. In their analysis of a

model incorporating, at first, heterogeneity in only the host population, Dye et al. [42]

discovered that addressing this non-homogeneous contact between the vector and

human population increases the estimates of transmission intensity, compared with

models that assume homogeneous mixing of the two populations. After determining

that these estimates of transmission intensity were still low in comparison to what was

observed in the field, Hasibeder and Dye [54] incorporated heterogeneity in the vector

population, into their previous framework. Considering heterogeneity in both the vector

and human population further increased their estimates of transmission intensity [54].

The result that heterogeneous biting results in increased transmission in a malaria

model mirrors an earlier finding that heterogeneous contact rates leads to an increase in

the number of parasite offspring in a schistosomiasis model [12, 40].

Heterogeneous biting is further complicated by the fact that there are approximately

70 species of Anopheles mosquitoes capable of transmitting human malaria, of which

41 are considered important vectors in malaria transmission [56]. Many regions have
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more than one malaria vector, potentially with different feeding habits, breeding site

preferences, lifespans, and competencies as a malaria vector [11].

Four species of the Plasmodium parasite are commonly cited as the cause of

malaria infection in humans: Plasmodium falciparum, Plasmodium vivax, Plasmod-

ium ovale, and Plasmodium malariae [11, 23]. These four species have different

life cycles in the human and vector hosts, different sensitivities to temperature, and

require different methods of treatment in infected humans [11]. Furthermore, within

each of these species of Plasmodium parasite, there exist many strains [11, 51] with

different sensitivities to treatment. Combining the effects of the sensitivity of these

four Plasmodium parasite species and mosquitoes to climate, and the sensitivity of

vector populations to the availability of breeding sites and access to bloodmeals,

results in a very heterogeneous transmission landscape across space [11]. A fifth

Plasmodium species is now recognized as causing disease in humans: Plasmodium

knowlesi. Although the primary host of P. knowlesi are macaques, it is now recognized

as being a cause of zoonotic transmission in Southeast Asia [23, 34]. Another level of

complexity is added when we consider heterogeneity in susceptibility to malaria infection

in humans as a consequence of repeated exposure to malaria in endemic areas. In this

dissertation, we focus on two types of heterogeneities that naturally arise in malaria

ecology: heterogeneity in malaria parasite species, and heterogeneity in the malaria

transmission landscape. Translating these concepts into mathematical models allowed

us to study the effects these heterogeneities have on malaria dynamics and control.
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CHAPTER 2
IMPACT OF ENHANCED MALARIA CONTROL ON THE COMPETITION BETWEEN

PLASMODIUM FALCIPARUM AND PLASMODIUM VIVAX

2.1 Plasmodium vivax and Plasmodium falciparum Parasites and Obstacles
They Pose to Malaria Control

P. vivax and P. falciparum have very similar life cycles, with one important exception.

When a human is infected by a mosquito with P. vivax, some of the parasites become

hypnozoites, which can remain dormant in the human liver cells for some time, then

reactivate. Consequently, individuals infected with P. vivax are prone to relapses. In

fact, P. vivax infections exhibit relapses roughly 30% of the time after the initial clinical

episode [3]. Fortunately, P. falciparum parasites do not have a hypnozoite stage, and

thus relapses do not occur in falciparum infections.

Despite the absence of relapse in falciparum malaria infections, P. falciparum is

associated with the highest risk of mortality for humans among the malaria parasite

species. Vivax infections are considered to be benign, however the symptoms are still

debilitating and diminish both a person’s quality of life and their productivity. Moreover,

some recent cases of P. vivax malaria have been far more severe than is traditionally

expected of this disease, sometimes resulting in death. The liver stages of P. vivax can

also be extremely long, up to three years, allowing P. vivax parasites to lay dormant and

weather the low transmission seasons until conditions have improved, making vivax in

some respects, a more formidable foe than P. falciparum in terms of malaria control.

Although symptoms due to malaria infection can be quite severe and sometimes

deadly, it is likely that, because multiple infections can temporarily build a person’s

immunity to the disease, a large proportion of malaria cases in India are asymptomatic

or display very mild symptoms, particularly in regions with meso- to hyper-endemicity

[64]. A study of malaria infection in pregnant women in Jharkhand State, India, found

that nearly half of the women in the study carried asymptomatic malaria infection [52].

Since asymptomatic human malaria infections are still infectious to mosquitoes, unlikely
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to be treated, and consequently longer-lived, asymptomatic humans, in addition to liver

stage vivax infected humans, create a reservoir for malaria parasites. Furthermore, the

long duration of untreated or unsuccessfully treated infections increases the likelihood

of co-infection with P. vivax and P. falciparum species. It can be very difficult to identify

malaria co-infections because it is not yet very well understood how the two species

interact. Co-infected individuals can also be very difficult to treat because a drug that

works for one infection may confer resistance in the other.

2.2 Objectives of Modeling P. vivax-P. falciparum Disease Dynamics

In this dissertation, we develop a P. vivax–P. falciparum malaria model with

co-infection to address questions regarding control measures in the context of India.

We want to find out what effect certain control measures have on the competition

between the two parasite species, how the presence of two circulating parasites affects

what control measures should be implemented and how they can best be implemented.

The current literature on malaria in India dictates that there is a need to address not

only Plasmodium falciparum malaria, which is more commonly studied and modeled,

but Plasmodium vivax as well. Chiyaka et al. have published the first two-species

malaria model, incorporating P. falciparum and P. malariae [27]. However, there is still

a need to model P. falciparum and P. vivax disease dynamics, particularly because

the epidemiology of these two parasites is so different. These differences, which are

intrinsic to the parasite biology and are likely to greatly enhance the parasites’ ability to

persist in a population in the face of numerous control efforts, need to be included in a

mathematical model if we want to provide insight into problems regarding competition

between parasite species in India and how to develop an effective control policy for

India. In Section 2.3, we introduce the two-parasite ordinary differential equation

malaria model. In Section 2.3.5 we present the disease-free equilibrium, the basic

reproductive number for the model, and the control reproductive number. We present

the isolated endemic equilibria of the system in section 2.3.7 and a complete description
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and interpretation of the invasion numbers in Section 2.3.8. Section 3.1 explains the

parameters used in the model and the values chosen for each parameter. In Section

3.1.2, for the 1987-1996 period, we estimate transmission parameters by fitting the ODE

model to Indian malaria case data. Comparison of several models for the enhanced

control period (1997-2010) in Section 3.1.3 allowed us to determine which control

measures contributed the most to the success of control programs. In the same section,

we also present an uncertainty analysis to determine the most likely outcome of malaria

in India.

2.3 P. falciparum and P. vivax Malaria Co-infection Model

In the two-parasite malaria model below, it is assumed that the mosquito population

size, Nm, is constant, and that the size of the human population, N, exhibits logistic

growth. The state variable M denotes the number of mosquitoes that are fully susceptible

to both P. vivax and P. falciparum parasites. Similarly, S denotes the number of humans

who are fully susceptible to both malaria parasites. The number of infected mosquitoes

at a given time is J, the sum of P. vivax infected mosquitoes (Jv ) and P. falciparum

infected mosquitoes (Jf ).

Human deaths due to P. vivax infection are rare, and are thus considered to be

negligible. Although deaths due to P. falciparum do occur, the associated mortality rate

in India is very small compared with the total morbidity due to malaria. As a result, in

this two-parasite model, all humans recover from malaria infection. Once infectious

individuals recover fully from malaria, they again become susceptible to malaria infection

and move to class S . Thus, when we refer to an individual “surviving” a particular stage,

we mean that they did not die due to natural mortality before the end of that stage.

2.3.1 Modeling the Dynamics of Plasmodium vivax Infection in the Human
Population

First, we describe the dynamics of P. vivax malaria in the human population. When

a P. vivax infected mosquito successfully transmits a malaria parasite to a human, we
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assume that these humans first go through a liver stage, denoted by L, in which the

malaria parasites remain un-infectious. This liver stage acts as both the initial incubation

period for the P. vivax malaria parasites in a human and as the period between relapses

in which malaria parasites remain in a dormant liver stage as hypnozoites. Because

asymptomatic individuals create a reservoir for malaria, posing significant challenges

to malaria control, and because malaria infected individuals do not become infectious

until the parasites have gone through the human liver stage [11], the model allows for

a fraction of the individuals in the liver stage to bi-pass the symptomatic stage and

move directly to the P. vivax infectious stage Iv . We refer to individuals who bi-pass

the symptomatic stage as “asymptomatic”, and those who do not are referred to as

“symptomatic”.

A human presenting symptoms is considered a “clinical case” and we let Cv denote

the P. vivax clinical cases at any given time. Assuming an individual in Cv does not die

of natural mortality, he or she will become infectious and move into the Iv stage. Once

in this infectious stage, individuals have the potential to fully recover, returning to the

susceptible class S via either successful treatment or natural recovery. We assume that

although individuals may begin treatment during the clinical stage, the treatment does

not affect the person’s progression to the infectious stage. Consequently, we assume

that even in treated individuals, gametocyte clearance (loss of infectiousness) occurs in

the infectious stage.

As described previously, because some P. vivax parasites become hypnozoites

during the liver stage, remain dormant in the liver for some period, and are reactivated

at a later time, vivax malaria patients who are not successfully treated are prone to

relapses. Thus, in our model, individuals in the vivax infectious class Iv can return to the

liver stage L and repeat the cycle of the vivax infection.
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2.3.2 Modeling the Dynamics of Plasmodium falciparum Infection in the Human
Population

Plasmodium falciparum infections, while typically more severe than vivax infections,

exhibit simpler infection dynamics than vivax infections. In particular, P. falciparum

parasites do not have a hypnozoite stage, and consquently, individuals infected with only

P. falciparum do not experience relapses. In light of this difference between P. falciparum

and P. vivax infections, we omit the falciparum incubation period which is typically

shorter than that of P. vivax, meaning that once a human is infected by a P. falciparum

infectious mosquito, that individual moves directly either to the falciparum clinical

stage Cf , or moves to the falciparum infectious stage If . As noted in the description of

vivax infection dynamics, we refer to the individuals who bi-pass the clinical stage as

“asymptomatic” individuals. Those who pass through the clinical stage are referred to

as “symptomatic” individuals. Once in the P. falciparum infectious stage, as with P. vivax

infection, individuals can fully recover via either successful treatment or natural recovery.

The state variables Iv and If include both asymptomatic infectious individuals and

infectious individuals who have shown symptoms. It will be assumed that symptomatic

individuals are treated and asymptomatic individuals are not treated. Thus, the

recovery rate from Iv and If will be a function of both the natural recovery rate and

the treatment-recovery rate.

2.3.3 Modeling Co-Infection

Gupta et al. used 180 samples from six endemic regions in India to estimate

the proportion of malaria cases that are mixed infections. The samples showed that

roughly 46% of the malaria infections were P. falciparum–P. vivax co-infections [50].

Consequently, the ability for humans to obtain concurrent malaria infections should play

an important role in a P. falciparum–P. vivax malaria model for India. Mixed infection

is incorporated into the model by introducing two more “clinical case” state variables,

Cvf and Cfv . A P. vivax infected individual in either the liver stage or the infectious
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stage who becomes co-infected with falciparum will move to Cvf . At this stage we

assume that individuals coming from the liver stage become infectious with vivax, those

arriving from the infectious stage remain infectious with vivax, and all individuals in Cvf

show symptoms of malaria infection, although it may not be clear which infection is

causing the symptoms. According to Snounou et al., the assumption that co-infection

with P. falciparum can reactivate hypnozoites in the dormant liver-stage, producing

P. vivax blood-stage parasites, is plausible [103]. Similarly, a P. falciparum infectious

individual can become co-infected with P. vivax. These individuals will move to the Cfv

stage provided they have not succumbed to natural mortality. Individuals in Cfv are still

infectious with P. falciparum, but present symptoms associated with P. vivax infection.

We will refer to individuals who have been in stages Cvf and Cfv as “vivax co-infected”

and “falciparum co-infected” individuals, respectively. If a co-infected individual survives

the clinical stage, they become infectious with both malaria parasites and move to Ic .

In this two-parasite model, we assume that all co-infected individuals are treated

during the infectious co-infected stage Ic . This assumption is reasonable since most

co-infected individuals show symptoms [103]. The question is, what treatment do

we give these co-infected individuals? According to the 2009 malaria diagnosis and

treatment guidelines for India, P. falciparum–P.vivax co-infected individuals should be

given the same treatment that is given to P. falciparum infected patients [81]. However,

malaria diagnostic tests often only detect one of the two parasite species in the host,

leading health-care providers to treat only the observed infection [74]. When only one of

the two infections is treated, symptoms for the other malaria infection emerge anywhere

from 17 to 63 days post-treatment [75]. The model incorporates this emergence of the

hidden infection by allowing individuals in the infectious co-infected class Ic to move

into either Iv or If after recovery from the initial observed (and hence treated) infection.

If P. falciparum is treated first, then the P. vivax infection will emerge and individuals

move into the infectious class Iv . Likewise, those who are treated for P. vivax first
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move to the infectious class If some time post-vivax treatment. In our model, however,

individuals treated for P. vivax first will not show symptoms following treatment of the

co-infection since falciparum symptoms do not occur following falciparum infectiousness.

Only co-infected individuals treated for P. falciparum first have the possibility of

developing symptoms, in particular vivax symptoms, since individuals in Iv can relapse.

Consequently, our model does not capture the phenomenon described above where

P. falciparum symptoms emerge following vivax treatment. This discrepancy can be

resolved by adding a P. falciparum incubation period to the model, however for simplicity,

and because the majority of co-infections are treated for P. falciparum first, followed by

the onset of P. vivax symptoms, we find that incorporating only a vivax incubation/liver

stage sufficient to capture the most important features of the two-parasite species

disease dynamics.

2.3.4 Disease Dynamics in the Mosquito Population

The human component of the two-parasite malaria model includes five infectious

classes: two classes are infectious with vivax only (Iv and Cvf ), two classes are

infectious with falciparum only (If and Cfv ), and one class is infectious with both vi-

vax and falciparum (Ic ). Thus, mosquitoes have five means by which they can become

infected. A susceptible mosquito infected by a human in class Iv or Cvf will develop a

P. vivax infection. A susceptible mosquito infected by a human in class If or Cfv will

develop a P. falciparum infection. In the event that a mosquito becomes infected by a

co-infected infectious human (Ic ), the model assumes that the mosquito will contract

only one of the two malaria parasite species. Which species it contracts will depend on

the probability of “picking up” that particular species. Since mosquitoes have a short

lifespan, we assume that all mosquitoes die natural deaths rather than disease-induced

deaths. A summary of all state variables is given in Table 2-1. A description of the model

parameters, as well as the estimates used in later model simulations, is given in Tables

3-1 and 3-2.
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Table 2-1. Description of model State Variables at time t.

State Variables Description

Nm Mosquito population size - defined to be constant
N(t) Human population size at time t
M(t) Number of susceptible mosquitoes at time t
S(t) Number of susceptible humans at time t
m(t) Proportion of mosquitoes that are susceptible at time t
Jv(t) Number of P. vivax infected mosquitoes at time t
Jf (t) Number of P. falciparum infected mosquitoes at time t
jv(t) Proportion of mosquitoes that are P. vivax infected at time t
jf (t) Proportion of mosquitoes that are P. falciparum infected at time t
L(t) Number of human P. vivax liver stage infections at time t
Cv(t) Number of human P. vivax cases at time t
Cf (t) Number of human P. falciparum cases at time t
Iv(t) Number of P. vivax infectious humans at time t
If (t) Number of P. falciparum infectious humans at time t

Cvf (t)
Number of symptomatic co-infected cases,

infectious with P. vivax only, at time t

Cfv(t)
Number of symptomatic co-infected cases,
infectious with P. falciparum only, at time t

Ic(t)
Number of co-infected humans infectious

with both P. vivax and P. falciparum at time t

The two-parasite malaria model diagram in Figure 4-1 can be described mathematically

as follows:

Mosquito Dynamics:

dJv
dt

= bv

(
Iv + Cvf
N

)
(Nm − J) + ζbv

Ic
N
(Nm − J)− dJv (2–1)

dJf
dt

= bf

(
If + Cfv
N

)
(Nm − J) + (1− ζ)bf

Ic
N
(Nm − J)− dJf (2–2)

where J .= Jv + Jf , Nm is constant, and M = Nm − J.

Since it is difficult to estimate how large the mosquito population is, we modify the

mosquito dynamics equations by considering the proportion of mosquitoes infected

rather than the number of mosquitoes infected. Thus, dividing equations (2–1) and (2–2)

by the total mosquito population size Nm, we arrive at the following set of equations
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Figure 2-1. Mosquito and Human Population Dynamics Diagram under the influence of
two circulating malaria parasites. Bold arrows indicate the acquisition of a
new infection, and dotted arrows indicate recovery from either P. vivax or P.
falciparum infection.

describing the mosquito infection dynamics:

djv
dt

= bv

(
Iv + Cvf
N

)
(1− j) + ζbv

Ic
N
(1− j)− djv

djf
dt

= bf

(
If + Cfv
N

)
(1− j) + (1− ζ)bf

Ic
N
(1− j)− djf

where now j .= jv + jf = 1
Nm
(Jv + Jf ), denotes the fraction of the mosquito population

that is infected with malaria parasites and hence, m = 1 − j represents the fraction of

mosquitoes that are susceptible to malaria infection. Note that
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m
′
= −j ′ = −

(
bv

(
Iv + Cvf
N

)
+ ζbv

Ic
N
+ bf

(
If + Cfv
N

)
+ (1− ζ)bf

Ic
N

)
m − d(1−m).

In the above system, bv and bf are human-to-mosquito transmission rates, d is the

mosquito natural mortality rate, and ζ is the probability that if a susceptible mosquito

bites an Ic human, the mosquito will contract vivax rather than falciparum.

Human Dynamics:

dS

dt
=
dN

dt
− dLv
dt

− dC
dt

− dI
dt

= rN

(
1− N
K

)
+ ρv Iv + ρf If − (βv jv + βf jf )S − µS

dL

dt
= βvSjv + δIv − αvβf jf L− (λ+ µ)L

dCv
dt

= σvλL− (νv + µ)Cv

dIv
dt

= (1− σv)λL+ νvCv + ηf Ic − αvβf Iv jf − (δ + ρv + µ)Iv

dCvf
dt

= αvβf (Iv + L)jf − (νvf + µ)Cvf

dCf
dt

= σf βf Sjf − (νf + µ)Cf

dIf
dt

= (1− σf )βf Sjf + νfCf + ηv Ic − αf βv If jv − (ρf + µ)If

dCfv
dt

= αf βv If jv − (νfv + µ)Cfv

dIc
dt

= νvfCvf + νfvCfv − (ηv + ηf + µ)Ic

where C .= Cv + Cf + Cvf + Cfv , I
.
= Iv + If + Ic , and the total population size is described

by the logistic equation dN
dt
= rN

(
1− N

K

)
− µN.

The mosquito-to-human transmission rates for vivax and falciparum are denoted

by βv and βf , respectively. The natural human mortality rate is given by µ. A proportion

σv of vivax and a proportion σf of falciparum cases are symptomatic. We assume

symptomatic individuals get treated and clear blood-stage parasites at a rate γi from

infection i and asymptomatic individuals clear blood-stage parasites at a rate ri (i =
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v , f ). Thus, the rates of returning to the susceptible class, denoted by ρv and ρf , are a

function of both treatment and natural parasite-clearance rates: ρi = σiγi + (1 − σi)ri ,

for i = v , f . Vivax-infected individuals progress at a rate λ from the liver stage to

either Cv or Iv . Vivax-symptomatic and falciparum-symptomatic individuals progress

to the infectious stage at rate νv and νf , respectively. Similarly, vivax-co-infected and

falciparum-co-infected individuals enter Ic at rates νvf and νfv , respectively. αv and αf

are cross-immunity coefficients. δ is the rate at which vivax-infected individuals relapse.

This parameter is given by δ = prσvγf + (1 − σv)rv , where pr is the probability that a

treated vivax patient relapses. Finally, ηv and ηf are the probabilities that an Ic individual

is treated first for vivax and, respectively, for falciparum infection. A complete list of the

model parameters and their descriptions is presented in Table 2-2.

2.3.5 Derivation of the Disease-Free Equilibrium, Basic Reproductive Number R0
and Control Reproductive Number RC

Note that dN
dt

can be rewritten in the form dN
dt
= (r − µ)N

(
1− N

K(1−µ
r )

)
so that the

intrinsic growth rate of the population r̂ is r −µ, and the carrying capacity K̂ is K
(
1− µ

r

)
.

The disease-free equilibrium is (N∗,m∗, j∗v , j
∗
f ,S

∗,L∗,C ∗
v ,C

∗
f , I

∗
v , I

∗
f ,C

∗
vf ,C

∗
fv , I

∗
c )DFE =

(K̂ , 1, 0, 0, K̂ , 0, 0, 0, 0, 0, 0, 0, 0). N∗ and S∗ are easily determined by setting the right

hand side of dN
dt
= r̂N

(
1− N

K̂

)
equal to zero and noting that when there is no disease,

S = N. Since m∗ = 1− j∗, we have that m∗ = 1 when there is no disease.

The basic reproductive number, R0, of an epidemiological model is the average

number of secondary cases produced by one infectious individual in an otherwise fully

susceptible population where no control is being implemented. The control reproductive

number, RC , is defined similarly, with the exception that control measures are assumed

to be in place. If R0 < 1, the disease-free equilibrium is locally asymptotically stable,

implying that the disease will eventually become extinct. On the other hand, if R0 > 1,

the disease-free equilibrium is unstable [106]. Consequently, determining an expression

for the basic reproductive number from the model and estimating its value is a key
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Table 2-2. Description of model parameters

Parameters Description
1
λ

Duration of P. vivax liver stage
1
νv

Time until infectious after
P. vivax symptom onset

1
νf

Time until infectious after
P. falciparum symptom onset

1
νvf

Duration of Cvf
1
νfv

Duration of Cfv
µ Human natural death rate

γv
P. vivax blood-stage parasite
clearance rate with treatment

γf P. falciparum treatment recovery rate

rv
P. vivax natural blood-stage

parasite clearance rate
rf P. falciparum natural recovery rate
ρv Recovery rate from Iv to S
ρf Recovery rate from If to S

pr
Probability of post-treatment

P. vivax relapse
δ P. vivax relapse rate

σv
Probability that a P. vivax

infected human becomes symptomatic

σf
Probability that a P. falciparum

infected human becomes symptomatic
αv Pv -induced cross-immunity to Pf
αf Pf -induced cross-immunity to Pv

η
Fraction of co-infected infectious individuals

that recover first from P. falciparum

ηv
Rate of progression from Ic to If

due to P. vivax treatment

ηf
Rate of progression from Ic to Iv
due to P. falciparum treatment

d Mosquito natural death rate

ζ
Probability that a susceptible mosquito

that gets infected by a co-infected
human contracts P. vivax

1− ζ
Probability that a susceptible mosquito

that gets infected by a co-infected
human contracts P. falciparum
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component to understanding how difficult it will be to control transmission of the

disease and what control measures will be the most effective. An important goal of any

infectious disease control program is to implement control measures in such a way as to

successfully bring the control reproductive number below one. The isolation reproductive

numbers of a multi-parasite model, such as this two-parasite malaria model, are the

basic reproductive numbers for the model when only one parasite species is present at a

time.

2.3.6 Expression of RC and R0 Derived from Next Generation Approach

RC is a threshold criterion that determines whether P. vivax or P. falciparum will be

able to invade the disease-free equilibrium.

Following the approach of Diekmann et al. [38], we consider a subset of our system

comprising only of equations for the infected state variables. We order these equations

as follows: {j ′v ,L′,C ′
v , I

′
v , j

′
f ,C

′
f , I

′
f ,C

′
vf ,C

′
fv , I

′
c}. Next, we write the Jacobian (evaluated at

the disease-free equilibrium) J of the subsystem as the difference of two matrices F and

V (J = F − V ). We choose these matrices such that the elements of F include only new

infections and the remaining transitions (recovery, relapse, death, or progression to a

new disease state) appear in the V matrix, giving us F =

F1 F2
F3 0

 where,

F1 =



0 0 0 f1,4 0

f2,1 0 · · · · · · 0

0
... . . . ...

0
... . . . ...

0 0 · · · · · · 0


, F2 =



0 0 f1,8 0 f1,10

0 0 · · · · · · 0

0
... . . . ...

0 0 0 0

0 f5,7 0 f5,9 f5,10


, F3 =



0 0 0 0 f6,5

0 0 · · · · · · 0

0
... . . . ...

0
... . . . ...

0 0 · · · · · · 0


,

and V =

V1 V2
0 V3

 where,
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V1 =



v1,1 0 0 0 0

0 v2,2 0 −v2,4
...

0 −v3,2 v3,3 0
...

0 −v4,2 −v4,3 v4,4 0

0 · · · · · · 0 v5,5


, V2 =



0 0 0 0 0

0 0 · · · · · · 0

0
... . . . 0

0
... . . . −v4,10

0 0 · · · · · · 0


,

V3 =



v66 0 0 0 0

−v7,6 v7,7 0 0 −v7,10

0 0 v8,8 0 0

0 0 0 v9,9 0

0 0 −v10,8 −v10,9 v10,10


.

The nonzero elements of F are f1,4 = bv/K̂ , f2,1 = βv/K̂ , f1,8 = bv/K̂ , f1,10 =

ζbv/K̂ , f5,7 = bf /K̂ , f5,9 = bf /K̂ , f5,10 = (1− ζbf /K̂), f6,5 = σf βf K̂ .

The nonzero elements of V are v1,1 = d , v2,2 = λ + µ, v2,4 = δ, v3,2 = σvλ, v3,3 =

νv + µ, v4,2 = (1 − σv)λ, v4,3 = νv , v4,4 = δ + ρv + µ, v5,5 = d , v4,10 = ηf , v6,6 =

νf +µ, v7,6 = νf , v7,7 = ρf +µ, v7,10 = ηv , v8,8 = νvf +µ, v9,9 = νfv +µ, v10,8 = νvf , v10,9 =

νfv , v10,10 = ηv + ηf + µ.

If F is nonnegative and V is a nonsingular M-matrix (a Z-matrix whose eigenvalues

have positive real part), then ρ(FV−1) < 1 if and only if all eigenvalues of J = F − V

have negative real part (Lemma 2 in [37]). This is equivalent to saying that if F and

V satisfy these properties, then the disease free equilibrium is locally asymptotically

stable only when the spectral radius (or dominant eigenvalue) of FV−1 is less than

one. Furthermore, the inverse of an M-matrix is nonnegative [37], so that FV−1 is also

nonnegative. FV−1 nonnegative implies that FV−1 has a positive real eigenvalue greater

than or equal to the absolute value of all other eigenvalues of FV−1 [16]. In other words,
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ρ(FV−1) > 0. Since ρ(FV−1) is positive, it makes sense to define RC to be precisely

ρ(FV−1).

Thus, to derive an expression for RC , we must first check that F and V satisfy the

appropriate conditions. Clearly F is a nonnegative matrix and V is a Z-matrix, that is,

a matrix with nonpositive off-diagonal elements. One can show that a Z-matrix A is an

M-matrix by showing that there exists a nonnegative vector v such that Av is positive

[44].

We claim that for v = (1, · · · , 1)T , V Tv is positive. Since V is a Z-matrix, it is clear

that V T is also a Z-matrix. Furthermore, since V and V T have the same eigenvalues, if

V T is an M-matrix, then so is V . Showing that V Tv > 0 is equivalent to showing that all

row sums of V T are positive, or equivalently that all column sums of V are positive.

It is simple to show that Sj :=
10∑
i=1

vi ,j > 0 for each j ∈ {1, 2, · · · , 10}:

S1 = v1,1 > 0

S2 = v2,2 − v3,2 − v4,2

= λ+ µ− σv − (1− σv) = µ > 0

S3 = v3,3 − v4,3

= nuv + µ− νv = µ > 0

S4 = −v2,4 + v4,4

= −δ + δ + ρv + µ = ρv + µ > 0

S5 = v5,5 > 0

S6 = v6,6 − v7,6

= νf + µ− νf = µ > 0

S7 = v7,7 > 0

S8 = v8,8 − v10,8

= νvf + µ− νvf = µ > 0
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S9 = v9,9 − v10,9

= νfv + µ− νfv = µ > 0

S10 = −v4,10 − v7,10 + v10,10

= −ηf − ηv + ηv + ηf + µ = µ > 0.

Thus, V is an M-matrix, and consequently, RC = ρ(FV−1). To determine the expression

for RC , we first compute the inverse of V using the formula V−1 = 1
det(V )

Adj(V ), where

Adj(V ) is the adjugate of V . ci ,j := (−1)(i+j)Vi ,j is called the (i , j) cofactor of V . The

matrix C whose elements are the cofactors of V is called the cofactor matrix of V .

The adjugate of V is defined to be the transpose of the cofactor matrix of V , that is,

Adj(V ) := CT .

We find that C−1 = 1
det(V )

C1 C2
0 C3

, where Ci are defined as follows for i = 1, 2, 3:

C1 =



c1,1 0 0 0 0

0 c2,2 c3,2 c4,2 0

0 c2,3 c3,3 c4,3 0

0 c2,4 c3,4 c4,4 0

0 0 0 0 c5,5


, C2 =



0 0 0 0 0

0 0 c8,2 c9,2 c10,2

0 0 c8,3 c9,3 c10,3

0 0 c8,4 c9,4 c10,4

0 0 0 0 0


, and

C3 =



0 0 0 0 0

c6,7 c7,7 c8,7 c9,7 c10,7

0 0 c8.8 0 0

0 0 0 c9,9 0

0 0 c8,10 c9,10 c10,10


.

Thus, FV−1 = 1
det(V )


K1 0 K2

0 K3 K4

0 0 0

, where
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K1 =



0 f1,4c2,4 f1,4c3,4 f1,4c4,4

f2,1c1,1 0 0 0

0 0 0 0

0 0 0 0


,

K2 =



f1,4c8,4 + f1,8c8,8 + f1,10c8,10 f1,4c9,4 + f1,10c9,10 f1,4c10,4 + f1,10c10,10

0 0 0

0 0 0

0 0 0



K3 =


0 f5,7c6,7 f5,7c7,7

f6,5c5,5 0 0

f7,5c5,5 0 0

 , and

K4 =


f5,7c8,7 + f5,10c8,10 f5,7c9,7 + f5,9c9,9 + f5,10c9,10 f5,7c10,7 + f5,10c10,10

0 0 0

0 0 0

 .

The nonzero eigenvalues of FV−1 are precisely the eigenvalues of F̂V−1, where

F̂V−1 =
1

det(V )

K̂1 0

0 K̂2

 ,

and K̂1 =

 0 f1,4c2,4

f2,1c1,1 0

 and K̂2 =


0 f5,7c6,7 f5,7c7,7

f6,5c5,5 0 0

f5,7c5,5 0 0

 .
Since F̂V−1 is block triangular, its eigenvalues are the eigenvalues of K̂1/det(V )

and K̂2/det(V ).
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Using the formula for the elements ci ,j of the cofactor matrix C , we find that

c1,1 = [v2,2v3,3v4,4 − v2,4(v3,2v4,3 + v3,3v4,2)](v5,5v6,6v7,7v8,8v9,9v10,10)

c2,4 = v1,1(v32v43 + v33v42)v5,5v6,6 · · · v10,10

c5,5 = v1,1[v2,2v3,3v4,4 − v24(v32v43 + v33v42)]v6,6 · · · v10,10

c6,7 = v1,1v5,5v7,6[v2,2v3,3v4,4 − v24(v32v43 + v33v42)]v8,8 · · · v10,10

c7,7 = v1,1v5,5 · · · v10,10[v2,2v3,3v4,4 − v24(v32v43 + v33v42)].

The determinant of V is det(V ) = v1,1v2,2 · · · v10,10[1− k2,4(k3,2k4,3 + k4,2)], where ki ,j

denotes vi ,j/vj ,j .

By finding the roots of the characteristic polynomials of K̂1 and K̂2, we arrive at the

analytic expression for RC : RC = max{RCv ,RCf }, where RCv and RCf are described

below.

RCf =

√
βf
d

·
[
(1− σf ) + σf

νf
νf + µ

]
bf

ρf + µ
(2–3)

=
√
RaCf + R

s
Cf , (2–4)

where

RaCf =
βf
d

· (1− σf ) ·
bf

ρf + µ
(2–5)

RsCf =
βf
d

· σf ·
νf

νf + µ

bf
ρf + µ

. (2–6)

Observe that RaCf is the contribution of an asymptomatic infectious individual to

the basic reproductive number and RsCf is the contribution of a symptomatic infectious

individual.

The P. vivax isolation control reproductive number is given by

RCv =

√√√√ RaCv + R
s
Cv

1− δ
δ+ρv+µ

(
R̃aCv + R̃

s
Cv

) , (2–7)
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where

RaCv =
bv

δ + ρv + µ
· (1− σv) ·

λ

λ+ µ
· βv
d

(2–8)

RsCv =
bv

δ + ρv + µ
· σv ·

λ

λ+ µ
· νv
νv + µ

· βv
d
, and (2–9)

R̃ iCv = R
i
Cv/
(

bvβv
d(δ+ρv+µ)

)
, for i = a, s. Note that if δ were zero, in other words if P. vivax

patients never relapsed, RCv =
√
RaCv + R

s
Cv where the interpretations of RaCv and RsCv

are analogous to that of RaCf and RsCf , respectively. That is, RaCv would be the contribution

of an asymptomatic infectious individual to the basic reproductive number and RsCv

the contribution of a symptomatic infectious individual. However, the inclusion of the

possibility of relapse in P. vivax infected individuals (δ > 0) makes the expression for RCv

more complicated and its biological interpretation less straight-forward. The numerator

squared of RCv is the number of new mosquito infections arising from a single infected

mosquito, without the intermediate human hosts relapsing.

To interpret the denominator of RCv , first note that R̃aCv + R̃
s
Cv ∈ [0, 1) since

R̃aCv + R̃
s
Cv < λ

λ+µ (1− σv + σv) =
λ

λ+µ
< 1 and clearly R̃aCv + R̃

s
Cv is positive. Let

x = δ
δ+ρv+µ

(
R̃aCv + R̃

s
Cv

)
. Then x < 1 implies that 1

1−x =
∑∞
n=0 x

n. Because δ
δ+ρv+µ

is

the probability that an individual in Iv relapses when there are no falciparum-infected

individuals in the population, x is the probability that a liver-stage human will relapse.

Thus, xn is the probability that a liver-stage human will relapse n times. So,

R2Cv =

∞∑
n=0

(RaCv + R
s
Cv) · xn. (2–10)

The i th term in the sum can be interpreted as the number of new mosquito

infections generated by a single mosquito where the intermediate human hosts relapse

exactly i times. This argument follows the reasoning developed by van den Driessche

and Watmough in [106].

Since the only control measure explicitly implemented in the model is treatment,

the basic reproductive number for the model is given by the control reproductive number
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evaluated with the treatment recovery rates (γv and γf ) equal to the natural recovery

rates (rv and rf , respectively). Using our definition of ρv , ρf , and δ this is equivalent to

setting ρv = rv , δ = rv , and ρf = rf . Thus, R0 = max{R0v ,R0f }, where

R0f =

√
βf
d

·
[
(1− σf ) + σf

νf
νf + µ

]
bf
rf + µ

(2–11)

=
√
Ra0f + R

s
0f , (2–12)

where

Ra0f =
βf
d

· (1− σf ) ·
bf
rf + µ

(2–13)

Rs0f =
βf
d

· σf ·
νf

νf + µ

bf
rf + µ

. (2–14)

Similarly,

R0v =

√√√√√ bv
2rv+µ

(
R̃a0v + R̃

s
0v

)
βv
d

1− rv
2rv+µ

(
R̃a0v + R̃

s
0v

) , (2–15)

where

R̃a0v = (1− σv)
λ

λ+ µ
(2–16)

R̃s0v = σv
λ

λ+ µ
· νv
νv + µ

. (2–17)

2.3.7 Isolated Endemic Equilibria and Coexistence

Determining an analytic expression for the coexistence equilibrium can be a

difficult problem for more complicated models such as this two-parasite malaria

model. However, we can still gain insight into the conditions under which a coexistence

equilibrium occurs by studying the stability of the isolated endemic equilibria; that is, the

equilibria where only one pathogen is present in a population. Linearizing the system

about these isolation equilibria provides a condition under which the absent parasite
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species can invade when introduced to the population. These threshold quantities are

known as the invasion reproduction numbers.

First, we find the vivax-only equilibrium, Ev by assuming all falciparum-infected

variables are zero and setting each equation in the resulting system equal to zero.

Solving this system of equations for the non-trivial equilibrium, we find that

j∗v =
bv I

∗
v

bv I ∗v + dK̂
(2–18)

S∗ =
µK̂ + ρv I

∗
v

βv j∗v + µ
(2–19)

L∗ =
βvS

∗j∗v + δI ∗v
λ+ µ

(2–20)

C ∗
v =

σvλ

νv + µ
L∗, (2–21)

where

I ∗v =
1− R2Cv
R2Cv

· µK̂

ρv + δ

(
1− δ+ρv+µ

δ(RaCv+RsCv)

)(
1 + µ

βv

) (2–22)

It is simple to show that the denominator in equation (2–22) is always negative. First

recall that RaCv+R
s
Cv < 1 so that δ+ρv+µ

RaCv+R
s
Cv

> δ+ρv+µ. So, ρv+δ
(
1− δ+ρv+µ

δ(RaCv+RsCv)

)(
1 + µ

βv

)
<

ρv + δ

(
1− δ+ρv+µ

δ(RaCv+RsCv)

)
< −µ < 0. The numerator of equation (2–22) is negative

if R2Cv > 1. Thus, I ∗v is positive only if R2Cv > 1. In other words, the vivax-boundary

equilibrium exists only when RCv > 1.

Now, we find the falciparum-only equilibrium Ef by setting all vivax-infected

variables equal to zero, and finding the non-trivial equilibrium of the resulting system.

j∗f =
bf I

∗
f

bf I
∗
f + dK̂

(2–23)

S∗ =
µK̂ + ρf I

∗
f

βf j∗f + µ
(2–24)

C ∗
f =

σf βf
νf + µ

S∗j∗f , (2–25)

40



where

I ∗f =
1− R2Cf
R2Cf

· µK̂

ρf − bf βf
d(RaCf+RsCf )

(
1 + µ

βf

) (2–26)

Using the definition of RaCf + R
s
Cf , we have that bf βf

d(RaCf+RsCf )
= ρf+µ

(1−σf )+σf
νf

νf +µ

< ρf + µ. Since

ρf − ρf+µ

(1−σf )+σf
νf

νf +µ

(1+µ/βf ) < ρf − (ρf +µ) = −µ < 0, the denominator of equation (2–26)

is always negative. Consequently, I ∗f is positive only when RCf > 1.

2.3.8 Invasion Numbers R fv and Rvf

The basic reproduction number is a threshold that determines whether a disease

can invade the disease-free equilibrium or not. Likewise, invasion numbers are threshold

quantities that determine if a disease can invade another disease’s endemic equilibrium.

These quantities are very useful in understanding the competition between pathogens

in a multi-strain model. Here, we find analytic expressions for R fv , the invasion number

of P. vivax when the system is at the P. falciparum-only equilibrium, and Rvf , the invasion

number of P. falciparum at the P. vivax-only equilibrium. Typically, the following result

can be established: if RCf > 1 and R fv < 1, then the falciparum-only equilibrium is

locally asymptotically stable and unstable otherwise. Similarly, if RCv > 1 and Rvf < 1,

the vivax-only equilibrium is locally asymptotically stable and unstable otherwise. Both

species coexist when R fv and Rvf are greater than one.

The procedure for finding an analytic expression for the invasion reproduction

numbers R fv and Rvf , although more challenging to carry-out, is identical to the

procedure for deriving RC .

2.3.9 Finding Rvf Using the Next-Generation Approach

To derive Rvf , we find the Jacobian of the falciparum-infected subsystem, with the

order:
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{j ′f , C
′

f , I
′

f , C
′

vf , C
′

fv , I
′
c}. The Jacobian evaluated at the vivax-only equilibrium is given

by J = F − V , where

F =



0 0 f1,3 0 f1,5 f1,6

f2,1 0 · · · · · · · · · 0

f3,1
... . . . ...

f4,1
... . . . ...

0
... . . . ...

0 0 0 0 0 0


, and V =



v1,1 0 0 0 0 0

0 v2,2 0 0 0 0

0 −v3,2 v3,3 0 0 −v3,6

0 0 0 v4,4 0 0

0 0 −v5,3 0 v5,5 0

0 0 0 −v6,4 −v6,5 v6,6


,

where f1,3 = bf (1 − j∗v )K̂ , f1,5 = f1,3, f1,6 = (1 − ζ)f1,3, f2,1 = σf βf S
∗, f3,1 =

(1 − σf )S
∗, f4,1 = αvβf (I

∗
v + L

∗), and v1,1 = d , v2,2 = νf + µ, v3,2 = νf , v3,6 = ηv , v4,4 =

νvf + µ, v5,3 = αf βv j
∗
v , v5,5νfv + µ, v6,4 = νvf , v6,5 = νfv , v6,6 = ηv + ηf + µ.

F is nonnegative and V is a nonsingular Z-matrix. We show, as we did in Section

2.3.6, that V is also an M-matrix by showing that the column sums of V are positive.

Since each vi ,j > 0 and v2,2 > v3,2, v3,3 > v5,3, v4,4 > v6,4, v5,5 > v6,5, and v6,6 > v3,6,

each column sum is positive, and hence V is a nonsingular M-matrix. Thus, V−1 is

nonnegative (hence FV−1 is also nonnegative) and all eigenvalues of J have negative

real part if and only if Rvf := ρ(FV−1) < 1. Using the notation that C := (ci ,j) is the

cofactor matrix of V , we have that

V−1 =
1

det(V )
·



c1,1 · · · · ·

· c2,2 · · · ·

· c2,3 c3,3 c4,3 c5,3 c6,3

· · · c4,4 · ·

· c2,5 c3,5 c4,5 c5,5 c6,5

· c2,6 c3,6 c4,6 c5,6 c6,6


.
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So,

FV−1 =
1

det(V )
·



f1,3c2,3 f1,3c3,3 f1,3c4,3 f1,3c5,3 f1,3c6,3

0 +f1,5c2,5 +f1,5c3,5 +f1,5c4,5 +f1,5c5,5 +f1,5c6,5

+f1,6c2,6 +f1,6c3,6 +f1,6c4,6 +f1,6c5,6 +f1,6c6,6

f2,1c1,1 0 · · · · · · · · · 0

f3,1c1,1
... . . . ...

f4,1c1,1
... . . . ...

0
... . . . ...

0 0 0 0 0 0


Observe that the nonzero eigenvalues of FV−1 are exactly the nonzero eigenvalues

of

F̂V−1 =
1

det(V )
·



f1,3c2,3 f1,3c3,3 f1,3c4,3

0 +f1,5c2,5 +f1,5c3,5 +f1,5c4,5

+f1,6c2,6 +f1,6c3,6 +f1,6c4,6

f2,1c1,1 0 · · · 0

f3,1c1,1
... . . . ...

f4,1c1,1 0 · · · 0


, where

c1,1 = v2,2 · · · v6,6(1− k3,6k5,3k6,5)

c2,3 = v1,1v4,45, 5v6,6v3,2

c3,3 = v1,1v2,2v4,4v5,5v6,6

c4,3 = v1,1v2,2v5,5v3,6v6,4

c2,5 = v1,1v4,4v6,6v3,2v5,3

c3,5 = v1,1v2,2v4,4v6,6v5,3

c4,5 = v1,1v2,2v5,3v3,6v6,4
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c2,6 = v1,1v4,4v3,2v5,3v6,5

c3,6 = v1,1v2,2v4,4v5,3v6,5

c4,6 = v1,1v2,2v3,3v5,5v6,4, and

det(V ) = v1,1 · · · v6,6(1− k3,6k5,3k6,5),

where we define ki ,j := vi ,j/vj ,j .

The only positive root of the characteristic polynomial p(τ) = |F̂V−1 − τ I | is

τ ∗ =
√
a1 + a2 + a3, where

a1 =
k2,1

1− k3,6k5,3k6,5
· (k3,2k1,3 + k3,2k5,3k1,5 + k3,2k5,3k6,5k1,6)

a2 =
k3,1

1− k3,6k5,3k6,5
(k1,3 + k5,3k1,5 + k5,3k6,5k1,6)

a3 =
k4,1

1− k3,6k5,3k6,5
· (k6,4k1,6 + k6,4k3,6k1,3 + k6,4k3,6k5,3k1,5) .

Since the invasion number Rvf is defined to be the dominant eigenvalue of FV−1,

Rvf = τ ∗ =
√
a1 + a2 + a3, which leads to

Rvf =

[
1

1− k5,3k6,5k3,6
· (k2,1k3,2k1,3 + k2,1k3,2k5,3k1,5 + k2,1k3,2k5,3k6,5k1,6

+k3,1k1,3 + k3,1k5,3k1,5 + k3,1k5,3k6,5k1,6 (2–27)

+ k4,1k6,4k1,6 + k4,1k6,4k3,6k1,3 + k4,1k6,4k3,6k5,3k1,5)

]1/2
.

The factor 1/(1−k5,3k6,5k3,6) can be written as the geometric series
∞∑
n=0

(k5,3k6,5k3,6)
n,

where k5,3k6,5k3,6 =
αf βv j

∗
v

αf βv j∗v +ρf+µ
· νfv
νfv+µ

· ηv
ηv+ηf+µ

is the probability that a falciparum-only

infected human will loop through the path If → Cfv → Ic → If n times before infecting a

mosquito. This loop arises when an If individual becomes co-infected, progresses to the

Ic stage, and recovers from vivax malaria infection first, returning to the If stage. Note

that an If individual can only transmit P. falciparum parasites by infecting a mosquito

before leaving that stage, or by becoming co-infected and recovering first from vivax

infection. Also note that k5,3 =
αf βv j

∗
v

αf βv j∗v +ρf+µ
is the transition probability for If → Cfv ,

44



k6,5 =
νfv

νfv+µ
is the transition probability Cfv → Ic , and finally k3,6 = ηv

ηv+ηf+µ
represents the

transition probability Ic → If .

We can interpret the remaining terms in Rvf similarly. Instead of a path representing

a loop that a single individual takes, each path below represents the path for how one

falciparum infected mosquito can lead to a new mosquito infection.

k2,1k3,2k1,3 = jf → Cf → If → jf

k2,1k3,2j5,3k1,5 = jf → Cf → If → Cfv → jf

k2,1k3,2k5,3k6,5k1,6 = jf → Cf → If → Cfv → Ic → jf

k3,1k1,3 = jf → If → jf

k3,1k5,3k1,5 = jf → If → Cfv → jf

k3,1k5,3k6,5k1,6 = jf → If → Cfv → Ic → jf

k4,1k6,4k1,6 = jf → Cvf → Ic → jf

k4,1k6,4k3,6k1,3 = jf → Cvf → Ic → If → jf

k4,1k6,4k3,6k5,3k1,5 = jf → Cvf → Ic → If → Cfv → jf

If we multiply any one of the terms above by
∞∑
n=0

(k5,3k6,5k3,6)
n, then the nth term in

the resulting sum will have the same chain of events as above, with the exception that

the If individual takes the If → Cfv → Ic → If loop n times before continuing to the

next stage in the chain. Thus, the next-generation approach leads to an expression

of the invasion numbers whose square has the biological interpretation we desire:

(Rvf )
2 is the number of secondary falciparum mosquito infections caused by a single

falciparum-infected mosquito in a population at the vivax isolated endemic equilibrium.

2.3.10 Finding R fv Using the Next-Generation Approach

Now we derive the invasion number R fv , whose expression is more complicated than

that of Rvf .
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The infected subsystem will, in this case, consist only of equations for state

variables infected with P. vivax, since we want to determine the stability of the falci-

parum-only equilibrium when vivax attempts to invade. We first find the Jacobian of our

infected subsystem, evaluated at the falciparum-only equilibrium, with the equations

ordered as follows: {j ′v ,L
′
,C

′
v , I

′
v ,C

′

vf ,C
′

fv , I
′
c}. We write J = F − V , where F and V are

7× 7 square matrices and

F =



0 0 0 f1,4 f1,5 0 f1,7

f2,1 0 · · · · · · · · · · · · 0

0
... . . . ...

0
... . . . ...

0
... . . . ...

f6,1
... . . . ...

0 0 · · · · · · · · · · · · 0



and

V =



v1,1 0 · · · · · · 0 · · · 0

0 v2,2 0 −v2,4
... . . . ...

... −v3,2 v3,3 0 0 · · · 0

... −v4,2 −v4,3 v4,4 0 0 −v4,7

... −v5,2 0 −v5,4 v5,5 0 0

0 · · · · · · · · · 0 v6,6 0

0 · · · · · · 0 −v7,5 −v7,6 v7,7



,

where the elements of F are: f1,4 = bv(1 − j∗v )/K̂ , f1,5 = f1,4, f1,7 = ζf1,4, f2,1 =

βvS
∗, and f6,1 = αf βv I

∗
f .

The elements of V are: v1,1 = d , v2,2 = αvβf j
∗
f + λ + µ, v2,4 = δ, v3,2 = σvλ, v3,3 =

νv + µ, v4,2 = (1 − σv)λ, v4,3 = νv , v4,4 = αvβf j
∗
f + δ + ρv + µ, v4,7 = ηf , v5,2 =

αvβf j
∗
f , v5,4 = v5,2, v5,5 = νvf + µ, v7,5 = νvf , b7,6 = νfv , v7,7 = ηv + ηf + µ.
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Again, it is clear that V has the Z-sign pattern. So, as described in 2.3.6, it is

straightforward to show that V is an M-matrix by verifying that all column-sums of V are

positive. The inverse of V has the following form, where the dots represent zeros:

V−1 =



v̂1,1 · · · · · ·

· v̂2,2 v̂2,3 v̂2,4 v̂2,5 v̂2,6 v̂2,7

· v̂3,2 v̂3,3 v̂3,4 v̂3,5 v̂3,6 v̂2,7

· v̂4,2 v̂4,3 v̂4,4 v̂4,5 v̂4,6 v̂4,7

· v̂5,2 v̂5,3 v̂5,4 v̂5,5 v̂5,6 v̂5,7

· · · · · v̂6,6 ·

· v̂7,2 v̂7,3 v̂7,4 v̂7,5 v̂7,6 v̂7,7



.

So,

FV−1 =



f1,4v̂4,2 f1,4v̂4,3 f1,4v̂4,4 f1,4v̂4,5 f1,4v̂4,6 f1,4v̂4,7

· +f1,5v̂5,2 +f1,5v̂5,3 +f1,5v̂5,4 +f1,5v̂5,5 +f1,5v̂5,6 +f1,5v̂5,7

+f1,7v̂7,2 +f1,7v̂7,3 +f1,7v̂7,4 +f1,7v̂7,5 +f1,7v̂7,6 +f1,7v̂7,7

f2,1v̂1,1 · · · · · ·

· · · · · · ·

· · · · · · ·

· · · · · · ·

f6,1v̂1,1 · · · · · ·

· · · · · · ·


The nonzero eigenvalues of FV−1 are precisely the nonzero eigenvalues of the 3x3

matrix
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F̂V−1 =



f1,4v̂4,2 f1,4v̂4,6

· +f1,5v̂5,2 +f1,5v̂5,6

+f1,7v̂7,2 +f1,7v̂7,6

f2,1v̂1,1 · ·

f6,1v̂1,1 · ·


.

The characteristic polynomial of F̂V−1 is given by p(τ) = |F̂V−1 − τ I | =

τ [k6,1(f1,4v̂4,6+ f1,5v̂5,6+ f1,7v̂7,6)+ k2,1(f1,4v̂4,2+ f1,5v̂5,2+ f1,7v̂7,2)− τ 2], where ki ,j := vi ,j/vj ,j .

Since V is an M-matrix, we know that the inverse of V has only nonnegative elements.

Thus, v̂5,6, v̂7,6, v̂5,2, and v̂7,2 are nonnegative, and the largest positive root of p(τ) is

τ ∗ =
√
k6,1(f1,4v̂4,6 + f1,5v̂5,6 + f1,7v̂7,6) + k2,1(f1,4v̂4,2 + f1,5v̂5,2 + f1,7v̂7,2)].

Recall that v̂i ,j are the elements of V−1. Thus, v̂i ,j = (−1)i+jcj ,i/det(V ), where

C := (ci ,j) is the cofactor matrix of V . To determine v̂4,6, v̂5,6, v̂7,6, v̂4,2, v̂5,2, and v̂7,2, we

need only calculate c6,4, c6,5, c6,7, c2,4, c2,5, c2,7, and det(V ).

c6,4 = v1,1v2,2v3,3v5,5v4,7v7,6

c6,5 = v1,1v7,6v4,7v3,3(v2,2v5,4 + v2,4v5,2)

c6,7 = v1,1v7,6v5,5[v2,2v3,3v4,4 − v2,4(v3,2v4,3 + v3,3v4,2)]

c2,4 = v1,1v6,6[v7,5v5,2v3,3v4,7 + v7,7v5,5(v3,2v4,3 + v3,3v4,2)]

c2,5 = v1,1v6,6v7,7[v3,2v4,3v5,4 + v3,3(v4,2v5,4 + v4,4v5,2)]

c2,7 = v1,1v6,6v7,5[v3,2v4,3v5,4 + v3,3(v4,2v5,4 + v4,4v5,2)],

and

det(V ) = v1,1v2,2 · · · v7,7[1− k2,4(k3,2k4,3 + k4,2)− k7,5k4,7(k5,4 + k2,4k5,2)]

= 1− δ

αvβf j∗f + δ + ρv + µ

(
σvλ

αvβf j∗f + λ+ µ
· νv
νv + µ

+
(1− σv)λ

αvβf j∗f + λ+ µ

)
− νvf
νvf + µ

· ηf
ηv + ηf + µ

(
αvβf j

∗
f

αvβf j∗f + δ + ρv + µ
+

δ

αvβf j∗f + δ + ρv + µ
· αvβf j

∗
f

αvβf j∗f + λ+ µ

)
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The invasion reproduction number R fv := τ ∗. Making the appropriate substitutions into

τ ∗, we arrive at the following expression for R fv :

R fv = {[k6,1(k1,5k7,6k4,7(k5,4 + k2,4k5,2) + k1,7k7,6(1− k2,4(k3,2k4,3 + k4,2)))

+ k2,1[(k1,5 + k1,7k7,5)(k3,2k4,3k5,4 + k4,2k5,4 + k5,2)]} (2–28)

÷ (1− k2,4(k3,2k4,3 + k4,2)− k4,7k7,5(k5,4 + k2,4k5,2))}1/2, where

k6,1 =
αf βv I

∗
f

d

k1,5 =
bv(1− j∗f )
K̂(νvf + µ)

k7,6 =
νvf
νvf+µ

k4,7 =
ηf

ηv + ηf + µ

k5,4 =
αvβf j

∗
f

αvβf j∗f + δ + ρv + µ

k2,4 =
δ

αvβf j∗f + δ + ρv + µ

k5,2 =
αvβf j

∗
f

αvβf j∗f + λ+ µ

k1,7 = ζk1,5

k7,6 =
νfv

νfv + µ

k3,2 =
σvλ

αvβf j∗f + λ+ µ

k4,3 =
νv

νv + µ

k4,2 =
(1− σv)λ

αvβf j∗f + λ+ µ

k2,1 =
βvS

∗

d

k7,5 =
νvf

νvf + µ

Despite its complicated form, we can show that the square of the invasion number

R fv is the number of new vivax-infected mosquitoes arising from a single vivax-infected

mosquito in a population at the falciparum isolated endemic equilibrium.
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To arrive at the correct biological interpretation, we first observe that expanding the

expression for
(
R fv
)2 reveals that each term in the resulting sum represents a path by

which one vivax-infected mosquito leads to another mosquito infection. For example,

the first term (rearranged), k6,1k7,6k4,7k5,4k1,5, represents the number of If -humans

infected by a vivax-infected mosquito before dying, causing those humans to progress

to the Cfv stage, times the fraction of people that survive the Cfv stage and progress to

the Ic stage, times the fraction of individuals that survive this stage and are treated for

falciparum prior to treatment for vivax, entering the Iv stage, times the probability that

these individuals are infected by a falciparum-infected mosquito and progress to the

Cvf stage, and finally, times the number of susceptible mosquitoes a Cvf human infects

prior to progressing to the co-infectious stage Ic . Each term in R fv represents such a

path from an infected mosquito to another mosquito infection. The negative terms, as

we will demonstrate, account for infections that arise because a human passes through

the same stage more than once. In the derivation of R fv we argued that the denominator

of R fv is positive. Thus, it must be that k2,4(k3,2k4,3 + k4,2) + k4,7k7,5(k5,4 + k2,4k5,2) is

less than one. Using the same reasoning as we did for RCv and Rvf , we can rewrite

1/(1 − k2,4(k3,2k4,3 + k4,2) − k4,7k7,5(k5,4 + k2,4k5,2)) as a geometric series, allowing us to

fully interpret the invasion number.

Since 1/(1− x − y) =
∞∑
n=0

(x + y)n when |x + y | < 1, we can rewrite R fv as

(
R fv
)2
=

[
k6,1k1,5k7,6k4,7(k5,4 + k2,4k5,2)

+ k2,1(k1,5 + k1,7k7,5)(k3,2k4,3k5,4 + k4,2k5,4 + k5,2)
]

(2–29)

×
∞∑
n=0

[k2,4(k3,2k4,3 + k4,2) + k4,7k7,5(k5,4 + k2,4k5,2)]
n

+ k6,1k1,7k7,6
1− k2,4(k3,2k4,3 + k4,2)

1− k2,4(k3,2k4,3 + k4,2)− k4,7k7,5(k5,4 + k2,4k5,2)

Now, we can rewrite the fraction in the last term so that the expression for R fv

is fully interpretable. Note that this term is of the form (1 − x)/(1 − x − y), where
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x is precisely k2,4(k3,2k4,3 + k4,2) and y is k4,7k7,5(k5,4 + k2,4k5,2). Using the fact that

1−x
1−x−y =

1−x−y+y
1−x−y = 1 +

y
1−x−y , we have that

1− x
1− x − y

= 1 + y

∞∑
n=0

(x + y)n (2–30)

Hence, we arrive at a fully interpretable expression for the invasion number

(
R fv
)2
=

[
k6,1k1,5k7,6k4,7(k5,4 + k2,4k5,2)

+ k2,1(k1,5 + k1,7k7,5)(k3,2k4,3k5,4 + k4,2k5,4 + k5,2)
]

(2–31)

×
∞∑
n=0

(x + y)n + k6,1k7,6k1,7

(
1 + y

∞∑
n=0

(x + y)n

)
.

The terms x = k2,4(k3,2k4,3 + k4,2) and y = k4,7k7,5(k5,4 + k2,4k5,2) represent four

different transmission paths. x represents two ways a person can start in, and return

to, stage Iv . One path travels through the symptomatic class while the other does not.

Similarly, y represents two ways in which a person in Ic can arrive at stage Cvf . One of

these two paths travels through stage L, while the other path bypasses stage L.

The nth term in the summation
∑∞
n=0(x + y)

n represents the probability of taking any

combination of the four loops, resulting in a total of exactly n loops. The number one in

parentheses of equation (2–31) represents the contribution to secondary vivax cases

by vivax-infected individuals who make no loops. Finally, the nth term in the expression

y
∞∑
n=0

(x + y)n represents the probability that an individual first takes one of the loops in

y , then makes a total of exactly n loops consisting of some combination of the four loops

described by x and y . The second summation in equation (2–31) arises because the

only way in which an individual can enter path x (Iv → L(L → Cv → Iv + L → Iv)) from

path k1,7k6,1k7,6 (Ic → jv → Cfv → Ic ) is by first entering path y (Ic → Iv(Iv → Cvf + Iv →

L→ Cvf )). Conversely, paths x and y can be reached from all other paths represented in

equation (2–31).
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By carefully rewriting the invasion numbers to consist of terms that can be

interpreted as either probabilities or fractions of a population of individuals in a particular

state, we have shown that it is possible to link the mathematical expressions to a

biological interpretation relevant to public health. In Section 3.1.3, we illustrate how

these analytic expressions can be used to understand the interplay between the use of

malaria interventions and the competition between falciparum and vivax.
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CHAPTER 3
PARAMETER ESTIMATION AND EVALUATING UNCERTAINTY

3.1 Description of Model Parameters and Choice of Parameter Values for the
Years from 1987 to 1996

To answer questions about disease dynamics and the use of control measures in

India, we must determine realistic estimates to parameterize our mathematical model.

To do this we found reasonable estimates from the malaria literature for all parameters

but the transmission parameters (bv , bf , βv , and βf ) and human population growth

parameters (r and K ). Using these estimates from the literature, we estimate the

remaining parameters by fitting the model to malaria case data for India. In the following

sections we first discuss the choice of estimates for parameters found in the literature,

then we describe the procedure for estimating the human population intrinsic growth

rate, carrying capacity, and the malaria transmission parameters.

Table 3-1. Description of model parameters pertaining to mosquito population dynamics
and their estimates

Parameters Description Value Reference

d Natural death rate 365
14

years−1 [13]

ζ
Probability that a susceptible mosquito

670
670+332 see 3.1.1.4that gets infected by a co-infected

human contracts P. vivax

1− ζ
Probability that a susceptible mosquito

that gets infected by a co-infected
human contracts P. falciparum

3.1.1 Estimation of Parameters from the Literature

3.1.1.1 Time to infectiousness

Following the onset of symptoms, it takes roughly 4 days for P. vivax infections to

become infectious in a human host [43], and approximately 7 days for P. falciparum

infection [65]. Thus, we take νv and νf , the rate of progression from symptomatic to

infectious for P. vivax and P. falciparum, respectively, to be 365
4

years−1 for P. vivax, and

365
7

years−1 for P. falciparum. We assume that becoming co-infected does not alter the

time it takes to become infectious. Thus, we let νfv = νv and νvf = νf .
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Table 3-2. Description of model parameters pertaining to human population dynamics
and their estimates

Parameters Description Value Reference
1
λ

Duration of P. vivax liver stage 90 days see 3.1.1.3
1
νv

Time until infectious after 4 days [43]
P. vivax symptom onset

1
νf

Time until infectious after 7 days [65]
P. falciparum symptom onset

1
νvf

Duration of Cvf 1
νf

see 3.1.1.1
1
νfv

Duration of Cfv 1
νv

see 3.1.1.1
µ Natural death rate 1

60.55
years−1 see 3.1.2

γv
P. vivax blood-stage parasite 1

3
days−1 [83]

clearance rate with treatment
γf P. falciparum treatment recovery rate 1

12
days−1 see 3.1.1.2

rv
P. vivax natural blood-stage 365/30 years−1 see 3.1.1.3

parasite clearance rate
rf P. falciparum natural recovery rate 365

200
years−1 [11]

ρv Recovery rate from Iv to S see 3.1.1.2
ρf Recovery rate from If to S see 3.1.1.2

pr
Probability of post-treatment range 0.23− 0.44 [3]

P. vivax relapse median 0.2904
δ P. vivax relapse rate prσvγv + (1− σv)rv see 3.1.1.3

σv
Probability that a P. vivax 0.82 [89]

infected human becomes symptomatic

σf
Probability that a P. falciparum

infected human becomes symptomatic 0.90 assumed
αv Pv -induced cross-immunity to Pf 1
αf Pf -induced cross-immunity to Pv 1

η
Fraction of co-infected infectious individuals 0.75 see 3.1.1.5

that recover first from P. falciparum

ηv
Rate of progression from Ic to If ηγv

due to P. vivax treatment

ηf
Rate of progression from Ic to Iv (1− η)γf
due to P. falciparum treatment
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3.1.1.2 Estimating recovery rates

The rate of recovery from Iv and If to the susceptible class S is estimated by

ρv = (1− σv)rv + σvγv and ρf = (1− σf )rf + σf γf , respectively. In other words, a fraction

recover at the natural recovery rate, and a fraction recover at the treatment recovery

rate. Since Chloroquine (CQ) targets only the asexual blood stages of the parasite, there

may still be gametocytes remaining at the end of treatment. It takes roughly 8 days for

gametocytes to mature, and the lifespan of a mature gametocyte is roughly between 3.5

and 4 days. From this, we estimate that individuals treated for falciparum with drugs that

do not kill the gametocytes can remain infectious for up to 12 (8+4) days after treatment

is completed. Thus, treatment of P. falciparum infections with Chloroquine reduces

the infectious period from roughly 200 days [11] to 12 days, and we take rf = 365
200

years−1, and γf =
365
12

years−1. A study of P. vivax gametocytemia found that out of 516

patients treated with CQ, only 4 still had not cleared the gametocytes by the third day of

treatment [79]. Using this finding, we let γv = 365
3

.

3.1.1.3 Parameterizing P. vivax relapse

Joshi et al. [61] note that patterns of P. vivax relapse can be categorized into three

groups. The first group is referred to as the tropical type which is characterized by an

early primary attack with frequent relapses. The time intervals between relapses of

the tropical type are between one and three months. Group II has relapse intervals of

intermediate length - approximately between three and five months long. And finally,

group III, also known as the temperate type, is characterized by a long primary latent

period and relapses occurring every six to seven months.

In this malaria model, we assume that P. vivax infected individuals who relapse

are those who either were never treated or were unsuccessfully treated. Since P. vivax

parasites inducing short-term relapse patterns were found to be less susceptible to

anti-relapse drugs [61], we assume that individuals who were unsuccessfully treated

for P. vivax exhibit group I relapse patterns. Thus, they should relapse every one to
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three months. The rate at which a relapsing individual progresses from Iv to L is the

rate at which that individual loses infectiousness (i.e. the rate at which gametocytes

are cleared from the blood). We assume that treated individuals lose infectiousness at

a rate γv , regardless of whether treatment was successful or not, and untreated (i.e.

asymptomatic) individuals lose infectiousness at a rate rv . Adak et al. determined that

29.04 percent of P. vivax patients treated only with Chloroquine (CQ) relapsed following

treatment [3]. Thus, the rate at which individuals progress from Iv to the liver stage class

L, is given by δ = .2904σvγv + (1− σv)rv . If no one is treated, then δ = rv .

The time between P. vivax relapses is usually defined as the time between clinical

episodes. However, in this model it is possible for individuals to relapse, in the sense

that the parasite repeats the cycle of infection within the human host, without passing

through the symptomatic stage Cv . We will take the time between relapses to be

the time it takes to progress from Iv to L ( 1
rv

for an untreated individual and 1
γv

for an

unsuccessfully treated individual), plus the time it takes to progress from L to the next

infected stage ( 1
λ
). Thus, if we take the average time between relapses to be three

months for an unsuccessfully treated individual, 1
λ
+ 1

γv
= 3 months ≈ 90 − 93 days.

Since 1
γv

is approximately 3 days long, we take 1
λ

to be 90 days. In other words, λ = 365
90

years−1. Asymptomatic individuals could have relapse patterns associated with group I,

II, or III - experiencing a relapse anywhere from every one to seven months. Thus, we

take 1
rv
+ 1

λ
to be the average of four months long. In other words, 1

λ
+ 1
rv
≈ 120−124 days.

From this estimate and our estimate for 1/λ, we assume that it takes roughly 30 days for

an untreated P. vivax infected individual to lose infectiousness.

3.1.1.4 Estimation of ζ

A study conducted by Phimpraphi et al. [84] showed no significant difference in

gametocyte production by P. vivax or P. falciparum parasites in a co-infected human

than in humans who were only infected with one of the two parasite species. Also, P.

vivax gametocyte densities were found to be higher than P. falciparum densities in
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infected humans, with roughly 670 P. vivax gametocytes per µl of blood and 332 P.

falciparum gametocytes per µl of blood. Since gametocytes are the infectious stage of

the malaria parasites in humans, we use these findings to determine a rough estimate of

the parameter ζ, the proportion of mosquitoes infected by a human in Ic that contract P.

vivax. We assume that ζ is the density of vivax gametocytes in the blood divided by the

total gametocyte density. In other words, ζ = 670
670+332

≈ 0.67.

3.1.1.5 Estimation of η

P. vivax and P. falciparum are also endemic to Thailand with roughly half the cases

resulting from P. vivax infection and half due to P. falciparum infection. Approximately

10 percent of cases in Thailand initially diagnosed as P. vivax cases and 30 percent

of cases initially diagnosed as P. falciparum cases turned out to be co-infections [109].

From this, we estimated that the proportion of co-infected cases treated first for P.

falciparum is η = 0.75.

3.1.2 Estimation of Population Growth and Transmission Parameters Using
Population and Malaria Case Data for India
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Figure 3-1. Plot of time series data for India’s Population Size from 1950 to 2009 and the
best fit of the logistic curve to this data. Population data was obtained from
[88].
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From life expectancy data for India [68], we estimated that the average life

expectancy between the years 1987 and 2009 is approximately 60.55 years, giving

us µ = 1/60.55 years−1. Using this estimate and a nonlinear least-squares fit of the

logistic equation to India’s population data, estimates are obtained for the parameters r

and K (see Table 3-3). The best fit of the logistic curve is illustrated in Figure 3-1.

Table 3-3. Estimates of r and K .

Parameter Description Estimate CI
r Growth rate 0.0398 years−1 0.0392–0.0404
K Carrying capacity 7.5616 · 109 humans 6.2919 · 109–8.8313 · 109

Assuming that the use of control measures remained fairly similar during the

period from 1987 to 1996, we can estimate the transmission rates bv , bf , βv , βf by

imputing the parameter values in Tables 3-1, 3-2, and 3-3, and fitting the model to the

malaria case data. More precisely, we used the ‘nlinfit’ function in MATLAB to minimize

the sum of squares of the difference between the data and the solutions curves by

comparing solution curve Cv to the P. vivax data and similarly comparing the solution

curve Cf + Cvf + Cfv to the P. falciparum plus mixed-case data. From this fitting

procedure, we obtain estimates for the transmission parameters, summarized in Table

3-4. The controlled reproduction numbers RCv and RCf can now be calculated using the

expressions in Section 2.3.5 (see Table 3-4).

Table 3-4. Pre-1997 estimates of the transmission parameters.

Parameter Estimate CI
bv 14.5409 14.2907–14.7911
bf 14.0442 6.2573–21.8311
βv 191.3306 188.3507–194.3105
βf 51.7312 23.2618–80.2006
RCv 1.0203
RCf 1.0052

The resulting reproduction numbers are larger than one, implying mathematically

that at least one of the two malaria parasites will persist. Yet, in practice, the extremely
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close proximity of RCv and RCf to the persistence threshold makes it difficult to arrive at

any definitive conclusion regarding the outcome of malaria in India. As a step towards

addressing this concern, we use a parametric bootstrapping procedure to estimate

confidence intervals for RCv and RCf . The procedure, which we will re-iterate here with

slight modifications, is described in [29] by Chowell et al.

Table 3-5. Pre-1997 mean, median, standard deviations, and confidence intervals for
RCv and RCf , derived from parametric bootstrap.

Parameter mean median stand. dev. 95% CI
RCv 1.0203 1.0204 0.0006 1.0192–1.0214
RCf 1.0052 1.0052 0.0001 1.005–1.0055

Let us denote the solution curves Cv and Cf + Cfv + Cvf that best fit the data

by Sv and Sf , respectively. In one iteration of the bootstrap procedure, we simulate

new vivax case data by drawing one value for each year (1987-1996) from a Poisson

distribution with mean equal to the value of Sv at the corresponding year. In the same

iteration we simulate new falciparum/mixed case data in the same manner: for each

year, one new data point is drawn from a Poisson distribution with mean equal to the

value of Sf at the corresponding year. In this manner, we generate a new simulated

set of P. vivax and P. falciparum/mixed case data. New estimates for the transmission

parameters are determined by fitting Cv and Cf + Cfv + Cvf to this simulated data. This

procedure of simulating new data and fitting the model to the simulated data is repeated

1000 times. Calculating the isolated controlled reproduction numbers for each of the

1000 runs allows us to produce histograms of the 1000 values of RCv and RCf . These

figures (see Figures 3-2) reveal that the values of the reproduction numbers generated

by the bootstrapping procedure appear fairly symmetric. Consequently, it is simple to

determine appropriate 95% confidence intervals for RCv and RCf (see Table 3-5) by

determining the 0.025 and 0.975 quantiles of the 1000 estimates. Figure 3-2 illustrates

that the estimates of RCv , RCf , R fv , and Rvf are consistently greater than one. Hence,
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we can conclude that the two Plasmodium species would likely continue to coexist after

1997 had malaria intervention strategies not improved.
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Figure 3-2. Histograms of A RCv and Rvf data and B RCf and R fv data generated by
bootstrap for the period 1987-1996.

3.1.3 Estimation of Parameters for the Enhanced Malaria Control Period

Around 1997, several programs arose that resulted in an upsurge in funding for

malaria control in India. As a consequence of enhanced malaria control, parameters

related to different control policies undoubtedly also changed around 1997. Here, we

attempt to assess that change by again fitting our malaria model, this time to case data

for the period 1997-2010.

In general, an increase in the use of bednets decreases mosquito biting rate,

increased use of insecticide treated bednets (ITNs) both decreases biting rate and

increases the mosquito mortality rate, improved treatment increases the recovery rate,

and insecticides increase the mosquito mortality rate. A combination of these control

measures is often used. Our first goal here is to understand which of these control

measures, or combination of control measures, contributed the most to the decline in the

number of malaria cases after 1996. Secondly, we want to understand how the increase

in funding for malaria has affected the competition between P. vivax and P. falciparum.

To address the first question – which parameters contributed the most to the

post-1996 decline in cases – we fit the model to the 1997-2010 data several times, each
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time estimating a different combination of parameters relevant to malaria control while

leaving the remaining parameters in the model fixed to their 1987-1996 estimates. We

consider each of these parameterizations of the model to be a different model. For each

model, we calculate the corrected Akaike Information Criterion (AICc) - a measure of

the goodness of fit of a model to the data, discounted by the number of parameters

estimated relative to the size of the dataset. The AICc values allow us to order the

models from best to worst: the model with the smallest AICc is the best model, and the

model with the largest AICc is the worst model. To make the distinction between the

models clearer, we calculate the △AICc for each model: the difference in AICc between

the model and the model with the smallest AICc. This means that the “best” model

has a △AICc of zero. The results of this model comparison are summarized in Table

3-6. The rule of thumb is that candidate models with △AICc’s between 0 and 2 have

strong support, models with △AICc between 4 and 7 have considerably less support

(but should still be considered), and models with △AICc greater than 10 should be

disregarded as potential candidates [20].

The results of this analysis yielded that model A = {γv , γf , av , af } corresponding

to estimating treatment recovery rate and biting rate parameters best explains the

observed data. Using the rule of thumb for △AICc values, model B has strong support,

models C, D, E , and F have less support but should still remain in the pool of possible

models, and model G should be discarded. However, it is important to point out that

models A and B were sensitive to the initial guess for the parameter values in the

fitting procedure, whereas the remaining model results were fairly robust to the initial

guess. This means that the relationship between models C, D, E , F , and G remain the

same for different initial parameter guesses while A and B find different positions in the

list depending on the initial guess. We arrived at the ordering presented in Table 3-6

by repeating the fitting procedure for 3 different initial guesses for each of the seven

models, and choosing the estimates corresponding to the smallest confidence intervals.
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In general, adding the estimation of d , mosquito death rate, to a model increased

the AICc value, suggesting that changes in mosquito death rate do not explain the

decline in cases beginning in 1997. Similarly, since model C = {av , af } performed better

than D = {γv , γf } and likewise E = {av , af , d} performed better than F = {γv , γf , d},

we conclude that changes in mosquito biting rate better explain the decline in malaria

prevalence than do changes in treatment recovery rates. Moreover, a smaller change in

biting rate (roughly half) is required to yield the same results as changing the treatment

recovery rate.

Some of the results are more surprising and difficult to interpret. For example, the

results of model A suggest that treatment recovery rates in 1997-2010 were worse,

particularly for treatment of vivax malaria, than in 1987-1996. This outcome of the model

could be a conseqeunce of increased parasite resistance to drugs.
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Figure 3-3. A Best fit of model to 1987-1996 case data; B Best fit of model to 1997-2010
data. Data from [35].

Models A through F can also provide some insight into how enhanced control

measures affect the competition between P. falciparum and P. vivax. Using the

parameter estimates yielded by each candidate model and the analytic expressions

for the reproduction numbers RCv and RCf along with analytic expressions for the

invasion numbers R fv and Rvf , we can determine in which region of the competitive

outcome graph the point {RCv ,RCf } lies. The set of candidate models {A,B} yields
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Figure 3-4. A Graph of R fv = 1 and Rvf = 1 for the period 1987-1996 (green and blue
lines, respectively) and 1997-2010 (grey lines) as a function of RCv and RCf ;
B Plot of the point (RCv ,RCf ) for India before and after 1997. Prior to 1997,
India was in the coexistence region. During period of enhanced control
measures (1997-2010), India is in the region where P. vivax will eventually
outcompete P. falciparum.

a set of reproduction numbers lying in a region where P. vivax outcompetes P. falci-

parum (Figure 3-4). On the other hand, the set of models {C,D, E ,F} yields a set of

reproduction numbers lying within corresponding invasion boundaries where P. falci-

parum outcompetes P. vivax. A summary of the isolation reproduction numbers resulting

from each model candidate is given in Table 3-7. The result that model A predicts P. vi-

vax will outcompeteP. falciparum is surprising given that the data suggests the opposite.

However, extending the solution corresponding to model A (Figure 3-5) to the year 2200

confirms that the data is potentially misleading. Although the proportion of cases due to

falciparum has been increasing, model A reveals that this observation is insufficient to

draw conclusions about the longterm competitive outcome of the two species.

While this type of analysis has the potential to unveil information regarding the

future of malaria in a region, the reproduction numbers in each case lie very close to the

invasion boundaries, and consequently it is difficult to draw definitive conclusions about

the outcome of malaria. To address this concern, we again carried out a parametric
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Table 3-6. Post-1996 models ordered by △AICc value (difference from best AICc value
-123.9).

Model Parameter Percent change from CI ∆ AICc
pre-1997 estimate

A av -43.3 -67.3 – -19.3 0.0
af -1.1 -1.2 – -1.1
γv -68.1 -97.4 – -38.8
γf -1.2 -1.5 – -0.9

B av -45.4 -67.9 – -22.9 2.8
af 0.9 -7.9 – 9.8
γv -73.3 -97.4 – -49.2
γf -5.9 -22.6 – 10.8
d 9.4 9.2 – 9.5

C av -3.1 -3.3 – -2.9 4.1
af -0.5 -0.5 – -0.5

D γv 6.9 6.8 – 7.0 5.2
γf 1.0 0.9 – 1.1

E av -0.6 -0.8 – -0.4 7.0
af 2.0 2.0 – 2.1
d 5.2 5.1 – 5.2

F γv 3.7 3.5 – 3.8 7.1
γf -1.9 -2.4 – -1.4
d 2.9 2.4 – 3.4

G d 2.4 1.8 – 3.0 85.7

Table 3-7. 1997-2010 estimates of RCv and RCf for each candidate model.
A B C D E F

RCv 1.00111 1.00221 0.98891 0.98757 0.98874 0.98820
RCf 0.99990 0.99997 1.00018 1.00014 1.00015 1.00022

bootstrap procedure to not only estimate confidence intervals for the reproduction

numbers, but to also determine what the probability is that the reproduction number

will lie in any one of the four possible competitive-outcome regions. For each of the six

candidate models, we also calculated the AICc for every 1000 runs in the bootstrap

routine to determine what the most frequent ordering of the set of candidate models is.

To make sure that the results of the bootstrap method between models is comparable,

we draw 1000 sets of data from a Poisson distribution with mean equal to the solution
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Figure 3-5. Model A solution curve extended to the year 2200.

curve associated with model A in Table 3-6 – the best fitting model based on AICc

values.

The bootstrapping procedure allowed us to compile 1000 sets of parameter

estimates for each of the six models (ignoring model G because of the poor fit), from

which we computed 1000 pairs of reproduction numbers (RCv ,RCf ). The new parameter

sets and reproduction number pairs were used to compute the invasion numbers for

the 1000 runs, allowing us to determine what the probability is that a model will land

in a particular competitive-outcome region. The results are listed in Table 3-8. The

competitive outcomes vary the most for models A and B, which is consistent with our

earlier observation that these two models were the most sensitive to the initial parameter

guess used for fitting.

Although the 1000 bootstrapped samples resulted in 123 different orderings, 5

orderings made up more than half of the samples. The original ordering {A,B, C,D, E ,F ,G}

occurred 10.1% of the time. 29.5% of the runs led to the ordering {A, C,D, E ,F ,B,G}.

9.7% of the samples yielded the ordering {C,D, E ,F ,A,B,G}. The ordering {C,D, E ,F ,B,A,G}

appeared 8.4% of the time, while 4.7% of the samples resulted in the ordering
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Table 3-8. Percentage of bootstrap runs in which vivax and falciparum will coexist (I),
vivax will outcompete falciparum (II), falciparum will outcompete vivax (III),
and the percentage of runs in which both will become extinct (IV).

I II III IV
A 14.3 44.0 19.2 22.5
B 4 11.3 53.3 31.4
C 0.2 0 77.4 22.4
D 0 0 74.3 25.7
E 0 0 77.9 22.1
F 0.4 0 83.40 16.2

{B,A, C,D, E ,F ,G}. The AICc values selected model A as the top model 54.4% of

the time. Of these 544 samples for which model A was selected as the top model,

roughly 15.1% yielded the outcome that vivax and falciparum would continue to coexist,

44.9% yielded that vivax would outcompete falciparum, 18.4% yielded that falciparum

would outcompete vivax, and finally 21.7% yielded that both species would become

extinct.

Determining confidence intervals for the reproduction numbers for each model

was not as straightforward as it was for the 1987-1996 time period. Histograms of

the reproduction numbers for each model revealed that not all of the samples of

RCf were symmetric. In fact, the collection of reproduction numbers RCf for model B

exhibits a bimodal distribution. Since, models A and C were the most common models

taking “first place”, and because their corresponding reproduction numbers exhibited

fairly symmetric distributions (see Figure 3-6), we present the confidence intervals

for these two models. The 95% confidence intervals for RCv and RCf , respectively,

corresponding to model A are (0.99133 – 1.00640) and (0.99890 – 1.00075). For model

C, the confidence intervals are (0.98676 – 0.99079) and (0.99979 –1.00054). Ultimately,

the percentages in Table 3-8 provide more meaningful information than the confidence

intervals derived for the post-1996 reproduction numbers. Figure 3-6 illustrates that

the spread of the RCf data resulting from the bootstrap procedure was always less

than the spread of R fv . Conversely, the variance in RCv is greater than that of Rvf . This
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observation, which was consistent across all six candidate models suggests that RCf

is less sensitive than R fv , and RCv is more sensitive than Rvf , to changes is parameter

values.
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Figure 3-6. Subfigure A presents a histogram of the R fv and RCv bootstrap data for model
A. Subfigure B is a histogram of the Rvf and RCf bootstrap data for model A.

3.2 Discussion

India, as is true for many other countries, has struggled with the control of malaria,

experiencing several ups and downs. While more recent efforts have been successful

in dramatically decreasing the number of cases, India is still far from reaching its goal.

Consequently, knowing which of the control strategies India’s success can be attributed

to is valuable to India’s future success and could help India use their resources more

efficiently. The presence of two malaria parasites in India makes this a challenging

problem, both in practice and in terms of mathematical modeling. To our knowledge,

attempts to model both vivax and falciparum ([86], [87]) at the population level do not

include the possibility of co-infection. Chiyaka et al. [27] address co-infection in their

falciparum-malariae malaria model, however the symmetric nature of this model does

not lend itself well to the application to falciparum and vivax. Our falciparum-vivax model
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addresses the need for a model that considers not only the possibility of co-infection, but

also the characteristics of vivax that differentiate it from falciparum.

Competition between species can have a profound effect on survival. We have

shown with our model, by studying the invasion boundaries, that two species can

coexist, even if the isolated reproduction number of one of the species is less than

one. This has important consequences for malaria control, since reducing one of the

reproduction numbers below one may not be sufficient to eradicate either pathogen or

the disease.

The emergence of parasite resistance to drug therapies is also of great concern

since this foreboding obstacle poses a threat to the success of malaria control. While

we do not address parasite resistance directly in our model, the fitting of several models

to the enhanced malaria control period suggested that sufficient use of bednets may

be able to counteract the negative effects of increased resistance to the treatment

of malaria. In fact, the model selected as the best model for the majority of the

bootstrapped samples (54.4% of the time) in Section 3.1.2, was one in which both

biting rate and treatment recovery rates decreased after 1996. A decrease in recovery

rate increases the average time to recovery following the administration of anti-malarial

drugs. As expected, our top model indicates that decreasing biting rate and increasing

the time to recovery following treatment have opposing effects on the reproduction

number.

Incorporating both P. falciparum and P. vivax malaria into our model provided

us with a way to determine what the most likely outcomes are for malaria in India.

Bootstrapping of the best post-1996 model (model A) yielded that P. vivax outcompeting

P. falciparum is the most likely outcome, while the probability of extinction is only

slightly more probable than the probability that falciparum will outcompete vivax malaria

(22.5% versus 19.2%). The remaining candidate models predicted that P. falciparum

outcompeting vivax is the most likely outcome. A side-by-side comparison of the
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histograms of the reproduction numbers and the invasion numbers revealed that the

variance in RCf was always less than the variance in R fv . Conversely, the variance in RCv

is greater than that of Rvf . This means that estimating the reproduction numbers alone

may not be a good predictor of the outcome of the disease.

The application of our mathematical model to data suggested that the future of

malaria in India is uncertain. Although we addressed the uncertainty in the model

predictions, it’s important for us to note that applying the same methods to data sets for

smaller regions is likely to produce very different results. In the future, we hope to use

the framework we have developed here to make more confident predictions about the

outcome of malaria in various regions of India.
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CHAPTER 4
ASSESSING THE ROLE OF SPATIAL HETEROGENEITY AND HUMAN MOVEMENT

IN MALARIA DYNAMICS AND CONTROL

In many malaria endemic countries, resources available towards implementing

intervention strategies are extremely limited [49]. Intervention strategies must be chosen

to maximize the use of these limited funds to most efficiently reduce malaria burden. For

many diseases, including malaria, human population movement contributes greatly to

the spread and persistence of disease [49], and is therefore an important consideration

when implementing intervention strategies [110]. Despite this, little is known about

human movement patterns and their epidemiological consequences [104]. In fact, the

failure of the Global Malaria Eradication Programme in the 1950s and 1960s may be

due, in part, to the failure to take into account human movement [49].

Human movement often links areas with different degrees of malaria transmission

capacity [73]. Local transmission dynamics often differs between areas [104] due

to characteristics such as topography, mosquito species densities, pesticide use,

availability of mosquito habitats, or differences in currently implemented intervention

strategies [47, 63]; for example, urban areas typically have much lower malaria

transmission than rural areas [55, 72, 91]. Because human movement commonly

links urban and rural systems that often exhibit dramatically different degrees of malaria

transmission [91], urbanization may be an important driver in malaria dynamics.

Local transmission dynamics may influence the efficacy of intervention strategies.

Because these transmission characteristics may vary between areas connected by

human movement, human movement becomes important not only in terms of expected

degree of importation, but also in terms of deciding where to target intervention

strategies to most efficiently use resources.

In this study, we develop a mathematical model to address the implications

of malaria movement between areas of potentially heterogeneous transmission

characteristics, in order to determine effective targeted intervention strategies.
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Mathematical models are a useful tool often applied to both identify control

measures that are most important to implement, as well as quantify the effectiveness of

different control strategies in controlling or eliminating malaria in endemic regions.

For simplicity, most models consider transmission in one region of interest, with

homogeneous transmission throughout the region. In Section 4.1.1 we describe a

modification of the Ross-Macdonald model, which is to be used in the human movement

two patch model. While single-patch malaria models have proven to be very useful

in the study of malaria dynamics, we know from many other systems that spatial

structure can greatly influence the dynamics of interacting species [58, 60, 85], including

pathogens and hosts [82]. Thus, there is a need to explore how malaria dynamics

are affected by spatial heterogeneity and to use this information to inform intervention

strategies. To address this need, in Section 4.1.2 we introduce a two-patch malaria

metapopulation model based on the modified Ross-Macdonald model that allows for

different local transmission characteristics and variable human migration rates between

patches.

Metapopulation models have been used extensively in other systems to address

common ecological issues, such as the effect of connectivity between areas [58] and

the effect of migration on predator-prey dynamics [4]. Similar models have also been

used to investigate the implications these results might have for disease dynamics.

Consequently, metapopulation models have been developed to explore the effect of

migration on disease persistence. Hethcote et al [59] found that migration could cause a

disease to persist where it would otherwise die out if it were isolated using a two-patch

SIS (Susceptible-Infected-Susceptible) model. We show in 4.1.3 that this result is

also possible in our two-patch malaria model for a range of different immigration and

emigration rates.

Metapopulation models of vector-borne disease have been previously studied

to some extent as well. Cosner et al. considered two types of movement, termed
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Lagrangian and Eulerian, in their vector-borne disease metapopulation model [32]. In

the Lagrangian approach, individuals are considered residents of a particular patch

and spend some fraction of the time visiting other patches. In the Eulerian approach,

individuals are not tracked; while migration occurs between patches, this approach

does not assign a “residence” to individuals in the population. Our two-patch model

incorporates the Eulerian approach to modeling movement. Since it is uncommon for

mosquitoes to move more than a kilometer throughout their lives [33, 53, 76, 78, 96]

while humans often move many kilometers between villages or countries [104], we

modeled human movement exclusively. In their malaria metapopulation model, Cosner

et al. studied a special case of a two-patch malaria model with no transmission in one of

the patches [32]. In our study, we are interested in understanding how human movement

affects malaria dynamics when two patches with different, nonzero transmission

characteristics are connected by human migration. In Section 4.3.1, we parameterize

our model using estimates from regions with varying levels of malaria endemicity, to

encompass a variety of patch and human movement characteristics in the field.

In Section 4.1.3, we present an analytic expression derived from the two-patch

model for the basic reproductive number, a threshold quantity determining whether

a disease will persist or go extinct in a population. To assess the relative efficacy of

different control measures and to determine where to target these control measures, we

perform a sensitivity analysis of the basic reproductive number to different parameters

in the model in Section 4.2. In Section 4.4, we perform a sensitivity analysis of

the endemic equilibrium and compare these results to those of the analysis of the

reproduction number. Chitnis et al. [26] perform a similar sensitivity analysis using their

single-patch malaria model. They found that under both high and low transmission

settings, the basic reproductive number was most sensitive to the mosquito biting rate,

and the equilibrium proportion of humans was most sensitive to the human recovery rate

[26]. However, our sensitivity analysis yielded a different result, likely due to different
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assumptions in the model formulation: the parameter the basic reproductive number

is most sensitive to depends on the relative duration of the extrinsic incubation period

and mosquito lifespan, and the human recovery rate was not the most important factor

in the analysis of the endemic equilibrium. We also show that our intuition about where

control measures should be implemented for the greatest success may not always be

correct and that having an idea of the relative sizes of the migration rates between the

two patches can provide insight into which patch should be the target of malaria control.

4.1 Ross-Macdonald Model

Recall from Section 1.1 that in the Ross-Macdonald model, the rates at which the

proportion of humans infected (x) and the proportion of mosquitoes infected (z) change

over time are given by the following system of equations:

dz

dt
= acx(1− z)− gz

dx

dt
= mabz(1− x)− rx , (4–1)

where 1 − z and 1 − x are the proportion of mosquitoes and the proportion of humans

that are susceptible, respectively [11]. We can rewrite these equations in terms of the

number of humans infected, rather than the proportion infected:

dz

dt
= ac

I

N
(1− z)− gz

dI

dt
= mabz(N − I )− rI , (4–2)

where N is the total size of the human population, and I is the number of humans in that

population who are infected with malaria.

Susceptible humans become infected at a rate mabz , and susceptible mosquitoes

become infected at a rate acx . Infected humans are lost through recovery, and infected

mosquitoes are lost through death. Because humans live much longer than the

duration of a malaria infection and the lifespan of a mosquito, the human death rate

is much smaller than any of the other parameters in this model, and hence is negligible.
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Similarly, we ignore human births. However, it is possible to include births and deaths

into the model in such a way that it reduces to the same system presented here.

4.1.1 Modifications to Ross-Macdonald Model

Infected mosquitoes that do not survive the extrinsic incubation period of malaria

never have the chance to transmit the disease. Depending on mosquito daily survival

probabilities and duration of the extrinsic incubation period (which is dependent upon

factors such as temperature), as many as half of infected mosquitoes may not survive

to become infectious and able to transmit malaria [47, 48]. To account for mosquito

survival, the Ross-Macdonald model has been modified by replacing (1 − z) in the

original model with e−gn − z (see Appendix 1 in [99]). In other words, the pool of

mosquitoes is reduced from one to the proportion of individuals expected to survive

the extrinsic incubation period, which has length n, if their death rate is g. As a

final modification, we eliminate the mosquito equation by assuming that the infected

mosquito population equilibrates much faster than the infected human population. This

assumption is commonly used in malaria models because the mosquito dynamics (such

as the extrinsic incubation period and mosquito death rate) operate on a much faster

timescale than human dynamics (such as the natural recovery rate) [27, 62, 66, 99].

Thus, by assuming that the mosquito population dynamics is at equilibrium, the

equations in (4–1) can be reduced to the single equation:

dI

dt
=
ma2bcIe−gn

acI + gN
(N − I )− rI . (4–3)

To simplify the notation, we let α .= mabe−gn and β
.
= ac so that equation (4–3) can

be written as

dI

dt
=

αβI

βI + gN
(N − I )− rI . (4–4)
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4.1.2 Two-Patch Malaria Model

Equation (4–4) is used in our two-patch model to describe the disease dynamics

within each patch. Each patch contains a human population of size Ni composed of

Si susceptible humans and Ii infected humans, with migration from patch j to patch i

occurring at a rate kij , regardless of the health status of an individual.

Figure 4-1. Disease Dynamics in a Human Population. Solid bold arrows indicate the
acquisition of a new infection; dashed arrows indicate recovery; solid thin
arrows indicate migration between patches.

Although most human movement consists of short-term visits (best modeled using

Lagrangian framework), our objective was to study the effect of longterm migration on

decisions concerning malaria control. Combining the conceptualization of the model in

Figure 4-1 and the Eulerian framework for movement with the disease-dynamics given

by the modified Ross-Macdonald model, we arrive at the following system of differential

equations to describe the malaria dynamics of a human population distributed between
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two patches:

dS1
dt
= − α1β1I1

β1I1 + g1N1
S1 + r1I1 − k21S1 + k12S2

dS2
dt
= − α2β1I2

β2I2 + g2N2
S2 + r2I2 − k12S2 + k21S1

dI1
dt
=

α1β1I1
β1I1 + g1N1

S1 − r1I1 − k21I1 + k12I2

dI2
dt
=

α2β1I2
β2I2 + g2N2

S2 − r2I2 − k12I2 + k21I1.

In the system above, the population size of patch i is Ni = Si+ Ii , and the total population

size is N = N1 + N2. Note that dN
dt
= 0, hence N is constant. A description of the model

parameters can be found in Table 4-1.

Table 4-1. Description of model parameters in patch i

Parameters Description

mi
Ratio of the number of mosquitoes

to the number of humans
ai Human biting rate

miai
Number of mosquito bites

on a human per unit of time

bi
Transmission efficiency
from mosquito to human

ci
Transmission efficiency
from human to mosquito

gi Natural death rate of mosquitoes
ni Length of mosquito incubation period
αi miaibie

−gin

βi aici
ri Natural human recovery rate
kij Migration rate from patch j to patch i

Since N ′
1 = −k21N1 + k12N2 implies that N∗

2 =
k21
k12
N

∗
1 , where N∗

1 and N∗
2 denote

the equilibrium values of N1 and N2, respectively, and N∗
1 + N

∗
2 = N, we have that

N∗
1 =

k12
k12+k21

N and N∗
2 =

k21
k12+k21

N at equilibrium. Thus, since S1 = N1 and S2 = N2

when there is no disease, the disease-free equilibrium (DFE) of the above system is

(S
∗
1 , I

∗
1 ,S

∗
2 , I

∗
2 )DFE =

(
k12

k12+k21
N, 0, k21

k12+k21
N, 0

)
.

76



If dI1
dt
= 0 and malaria is absent in patch 1 (I1 = 0), then I ∗2 = 0 when k12 > 0.

Likewise, if dI2
dt
= 0 and malaria is absent in patch 2 (I2 = 0), then I ∗1 must be zero when

k21 > 0. Thus, at equilibrium, malaria cannot be present in one patch and absent in the

other, provided that the migration rates are nonzero.

4.1.3 The Basic Reproductive Number R0

Recall that the basic reproductive number, R0, is traditionally defined to be the

number of secondary cases resulting from one infectious individual in an otherwise fully

susceptible population. Typically, R0 provides a threshold criteria determining whether a

disease will be able to spread in a population. If R0 < 1, the disease will become extinct.

If R0 > 1, the disease will persist in the population. The basic reproductive number

for the modified Ross-Macdonald model (4–3) is αβ
gr

where α = mabe−gn and β = ac .

Thus without migration, patch i in the two-patch model will have its own isolated-patch

reproduction number R0i = αiβi
gi ri

, where αi = miaibie
−gini and βi = aici for i = 1, 2. Using

the next-generation approach [39, 106], we find that the basic reproductive number

(the dominant eigenvalue of the next generation matrix) for our two-patch model with

migration is given by the expression

R0 =
1

2σ

[
s1t2 + s2t1 +

√
(s1t2 + s2t1)2 − 4s1s2σ

]
(4–5)

=
1

2σ

[
s1t2 + s2t1 +

√
(s1t2 − s2t1)2 + 4s1s2k12k21

]
(4–6)

where

σ = k12r1 + k21r2 + r1r2

si =
αiβi
gi
= ri ∗ R0i

ti = ri + kji

for i = 1, 2. Although this expression for R0 does not possess the biological interpretation

of the traditional definition, it still provides the same useful persistence-extinction

threshold criterion.
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Observe that when there is no migration between patches, k12 = k21 = 0, then R0

= max
{

α1β1
r1g1
, α2β2
r2g2

}
= max {R01,R02}, the larger of the two isolated-patch reproductive

numbers. Moreover, the value of the global reproductive number R0 for this two-patch

model is always between the two isolated-patch reproductive numbers R01 and R02 when

migration between the two patches is present. In one parameterization of their two-patch

malaria model with Lagrangian movement, Cosner et al. found that it was possible to

have a scenario in which each isolated patch reproduction number (R01 and R02) is

less than 1, yet the global reproduction number R0 is larger than one [32]. This finding

illustrates that some models predict that it may be possible to have a system where

without migration, the disease goes extinct in both patches, but once a certain level of

migration is introduced, the disease becomes endemic. However, as is stated in the

following theorem, our two-patch model, which assumes Eulerian rather than Lagrangian

movement, predicts that R0 will always be bounded by the isolated patch reproduction

numbers.

Theorem 4.1. If R01 > R02, then for all pairs of migration rates (k12, k21) ∈ [0,∞)× [0,∞),

max{ R01

1+
k21
r1

,R02} ≤ R0 ≤ R01.

Proof. R01 > R02 implies that s1
r1
> s2
r2

. Thus, by assumption we have that s1r2 > s2r1. We

first evaluate R0 at certain points on the boundary of the domain [0,∞) × [0,∞). From

equation (4–6), we have

R0(k12, 0) =
1

2r1t2
(s1t2 + s2r1 + |s1t2 − s2r1|) . (4–7)

Since by assumption s1r2 > s2r1, and because t2 = r2 + k12 ≥ r2, we know that

s1t2 − s2r1 > 0, and so |s1t2 − s2r1| = s1t2 − s2r1. Thus, equation (4–7) simplifies to

R0(k12, 0) = R01 for all k12 ∈ [0,∞).
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Similarly,

R0(0, k21) =
1

2r2t1
(s1r2 + s2t1 + |s1r2 − s2t1|)

=
1

r2t1
·max {s1r2, s2t1}

= max

{
s1
t1
,
s2
r2

}
= max

{
R01

1 + k21
r1

,R02

}
. (4–8)

Thus, R02 ≤ R0(0, k21) ≤ R01, for all k21 in the interval [0,∞).

Consider the function

f (x) = σx2 − (s1t2 + s2t1)x + s1s2. (4–9)

f is precisely the characteristic polynomial of the next-generation matrix used to

derive R0 in equation (4–5). R0 is the larger of the two roots of the concave-up parabola

f (x). Consequently, f (R0) = 0 and f ′(R0) > 0. From this we know that for any real

number x∗ satisfying the inequality f (x∗) < 0, then x∗ must be less than R0. On the other

hand, if x∗ is such that f (x∗) > 0 and f ′(x∗) > 0, then x∗ is greater than R0.

Suppose k12 and k21 are positive. Then,

f (R01) = f

(
s1
r1

)
= σ

(
s1
r1

)2
− (s1t2 + s2t1)

s1
r1
+ s1s2

=
s1
r1

[
(k12r1 + k21r2 + r1r2)

s1
r1

− (s1t2 + s2t1) + s2r1
]

=
s1
r1

[
s1k12 + s1

k21r2
r1
+ s1r2 − (s1t2 + s2t1) + s2r1

]
=
s1
r1

[
s1t2 + s1

k21r2
r1

− (s1t2 + s2t1) + s2r1
]

=
s1
r1

(
s1r2
r1
k21 − s2k21

)
=
s1k21
r 21
(s1r2 − s2r1).
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By assumption, s1r2 − s2r1 > 0, hence f (R01) > 0. Similarly, we can show that

f (R02) = f

(
s2
r2

)
=
s2k12
r 22
(s2r1 − s1r2) (4–10)

f

(
R01

1 + k21
r1

)
= −

(
s1
t1

)2
k12k21. (4–11)

Clearly f
(
R01

1+
k21
r1

)
< 0 and since s1r2 − s2r1 > 0, we also have that f (R02) < 0.

Now, f ′(x) = 2σx − (s1t2 + s2t1). So,

f
′
(R01) = f

′
(
s1
r1

)
= 2σ

s1
r1

− (s1t2 + s2t1) (4–12)

= 2(r1r2 + r1k12 + r2k21)
s1
r1

− s1r2 − s1k12 − s2r1 − s2k21 (4–13)

= (s1r2 − s2r1) + s1k12 + (2s1r2 − s2r1)
k21
r1
. (4–14)

Again, since s1r2 − s2r1 > 0, f
′
(R01) > 0.

Thus, for k12 and k21 positive, f (R02) < 0 and f
(
R01

1+
k21
r1

)
< 0 implies that R0 >

max

(
R02,

R01

1+
k21
r1

)
. Also, f (R01) > 0 and f ′(R01) > 0 implies that R0 < R01. We have

already shown that R0(k12, 0) = R01 and R0(0, k21) = max
{
R01

1+
k21
r1

,R02

}
. Therefore, for all

non-negative k12 and k21, max
{
R01

1+
k21
r1

,R02

}
≤ R0 ≤ R01.

Theorem 4.2. Suppose R01 > R02. Consider R0(k12, k21) to be a function of both

migration rates k12 and k21, where k12, k21 ∈ [0,∞). For a fixed κ in the interval [0,∞),

R0(k12,κ) is an increasing function of k12 and R0(κ, k21) is a decreasing function of k21.

Proof. We have shown in the proof of Theorem 4.1 that R0(0,κ) = max
{
R01
1+ κ

r1

,R02

}
and R0(k12,κ) > max

{
R01
1+ κ

r1

,R02

}
for k12 > 0. Thus R0(k12,κ) ≥ R0(0,κ) for all

k12 ≥ 0. So, we need only show that R0(k12,κ) is monotonic in k12 to show that it is an

increasing function in k12. Similarly, from Theorem 4.1 we also know that R0(κ, 0) =
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R01 ≥ R0(κ, k21) for all non-negative k21. So again, we need only show that R0(κ, k21) is

monotonic in k21 to show that it is a decreasing function in k21.

First, we show that R0(k12,κ) is monotonic in k12.

Since R0(k12,κ) is continuous in k12, it is monotonic with respect to k12 if for every

C ∈ (0,∞) such that R0(k12,κ) = C has a non-negative solution k12 ∈ [0,∞), then this

solution is unique.

Suppose R0(k12,κ) = C . Then, by the definition of R0 (eqn 4–5), we have that

1

2σ

(
q +

√
q2 − 4s1s2σ

)
= C , (4–15)

where q = s1t2 + s2t1 = s1(r2 + k12) + s2(r1 + κ) and σ = r1r2 + r1k12 + r2κ.

Equation (4–15) implies that

σC 2 − qC + s1s2 = 0. (4–16)

Observe that both σ and q are linear in k12. Thus, equation (4–16) is linear in k12,

implying that if there exists a k12 ∈ [0,∞) that is a solution to equation (4–16), then this

solution is unique. Hence, R0(k12,κ) is monotonic for each κ ∈ [0,∞). By the same

argument, R0(κ, k21) is monotonic for each κ ∈ [0,∞).

Since R0(k12,κ) is monotonic for non-negative k12 and R0(0,κ) ≤ R0(k12,κ),

for each fixed k21 = κ ∈ [0,∞), R0 is an increasing function of k12. Likewise, since

R0(κ, 0) ≥ R0(κ, k21) for non-negative k21, for each fixed k12 = κ ∈ [0,∞), R0 is a

decreasing function of k21.

The proof of Theorem 4.1, assuming that R01 > R02, also shows that the minimum

value of R0(k12, k21) on the domain [0,∞) × [0,κ) is max
{
R01
1+ κ

r1

,R02

}
and the maximum

value is R01. Thus, if R02 < 1 and R01
1+ κ

r1

> 1 for some κ > 0 (and hence R01 > 1), then

R0(k12, k21) > 1 for all migration pairs (k12, k21) in [0,∞) × [0,κ). This indicates that it is

possible to have a situation in which without migration, the disease dies out in one patch
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but not the other, yet with migration the disease persists in both patches for all k12 ≥ 0

and for 0 ≤ k21 ≤ κ.

If R02 and R01
1+ κ

r1

are less than one but R01 > 1, then for some migration rate pairs

(k12, k21), R0 will be larger than one, and for other pairs, R0 will be less than one.

Furthermore, there exists a value κ∗ < κ such that R0 > 1 for all (k12, k21) in [0,∞) ×

[0,κ∗).

Finally, if R02 and R01 are both less than one, then R0 will always be less than one,

regardless of the migration rates between patches.

4.2 Sensitivity Analysis

Population biologists make use of sensitivity and elasticity analyses to evaluate

the effect of perturbations in population fecundity, growth, and survival on the overall

growth of the population, and to determine which life stage a population’s growth is most

sensitive to [57, 107]. The sensitivity of a quantity λ to a parameter p is calculated as

s = ∂λ
∂p

, and is used to determine the amount of change that occurs in λ in response to

changes in elements p; sensitivity can then be used to compare how absolute changes

in various parameters affect λ [36]. However, we cannot easily compare sensitivities

with respect to parameters of different scales. Elasticity, on the other hand, expresses

the proportional change in λ resulting from a proportional change in p. Thus, computing

the elasticity of R0 to a parameter p, rather than the sensitivity, allowed us to compare

parameters of different orders of magnitude and different units:

εp =
∂R0
∂p

p

R0
. (4–17)

The value εp describes how much, and in what way (positively or negatively), the

reproduction number will be affected by a small change in a parameter value p. More

precisely, we can interpret the elasticity as follows: if the elasticity of a quantity λ with

respect to a parameter p is εp, then a 1% change in p will result in an εp% change in

λ. We compute the analytic expressions of the elasticities for each parameter in both
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the single patch model without migration and the two-patch model so that we may draw

some general conclusions about the relative importance of each parameter in these two

scenarios.

4.2.1 Elasticities for a Single Patch without Migration

From equation (4–17) and the single-patch expression for R0, ma
2bce−gn

rg
, we find that

εm = εb = εc = 1

εr = −1

εa = 2

εg = −(gn + 1)

εn = −gn.

Thus, we have (for p = m, b, c) that |εn| < 1 = |εr | = εp < |εg| < εa if n < 1
g
, where n

is the incubation period and 1
g

is the expected mosquito lifespan. If 1
g
< n < 2

g
, in other

words if the incubation period is longer than the expected mosquito lifespan but shorter

than twice this lifespan, then 1 = |εr | = εp < |εn| < εa < |εg|. Finally, if n > 2
g
, then

1 = |εr | = εp < εa < |εn| < |εg|.

Generally, theoretical studies have found that the basic reproduction number in

malaria models is most elastic to the human biting rate, which plays a major role as it

influences both transmission to mosquitoes as well as transmission to humans; this is

reflected in the fact that the elasticity of R0 to a is double that of m, b, or c [26]. Using

the interpretation of elasticity in terms of percentages, since εa = 2, a 1% increase in a

will result in a 2% increase in R0. On the other hand, εm = 1 implies that the same 1%

increase in m will result in only a 1% increase in R0. In our model, however, R0 is most

sensitive to g when n > 1/g; i.e. when the incubation period is longer than the average

mosquito lifespan. Unlike the elasticities related to the parameters m, a, b, c , and r , the

elasticities of R0 with respect to the mosquito death rate g and incubation period n are
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linear functions of both g and n. Thus, increasing mosquito death rate or lengthening the

extrinsic incubation period enhances the effect of such control measures on R0.

4.2.2 Elasticities for the Two-Patch Metapopulation Model

The analytic expressions for the elasticities in the two-patch model with migration,

while more complicated in form than those of the single-patch model, provide some

insight into the relative importance of the model parameters.

For pi = mi , ai , bi , ci , gi , ni , we have that

∂R0
∂p1

=
∂s1
∂p1

· 1
2σ

[
t2

(
1 +
s1t2 − s2t1√

τ

)
+
2s2k12k21√

τ

]
(4–18)

∂R0
∂p2

=
∂s2
∂p2

· 1
2σ

[
t1

(
1− s1t2 − s2t1√

τ

)
+
2s1k12k21√

τ

]
(4–19)

where τ = (s1t2 − s2t1)2 + 4s1s2k12k21, ∂si
∂pi
= si
pi

for pi = mi , bi , ci , ∂si
∂ai
= 2 si

ai
, ∂si
∂gi
= −si gini+1gi ,

and ∂si
∂ni
= −gisi .

Thus, the elasticities for pi = mi , bi , ci are given by the expressions

εp1 =
s1
2σR0

·
[
t2

(
1 +
s1t2 − s2t1√

τ

)
+
2s2k12k21√

τ

]
(4–20)

εp2 =
s2
2σR0

·
[
t1

(
1− s1t2 − s2t1√

τ

)
+
2s1k12k21√

τ

]
, (4–21)

and

εai = 2εpi (4–22)

εgi = −εpi (gini + 1) (4–23)

εni = −giniεpi (4–24)

For k12, k21 ̸= 0, because
√
τ ≥ |s1t2 − s2t1|,

(
1 + s1t2−s2t1√

τ

)
and

(
1− s1t2−s2t1√

τ

)
,

which appear in the expressions for εp1 and εp2, respectively, lie in the interval (0, 2).

Thus, εpi is positive for pi = mi , ai , bi , ci and negative for pi = gi , ni . Since gini + 1 > 1,

εpi < εai < |εgi | if ni > 1
gi

, and εpi < |εgi | < εai if ni < 1
gi

.
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The elasticity for the remaining model parameters ri , kij , and n are given by

εr1 =
r1
2σR0

[
s2

(
1− s1t2 − s2t1√

τ

)]
− r1t2

σ

εr2 =
r2
2σR0

[
s1

(
1 +
s1t2 − s2t1√

τ

)]
− r2t1

σ

εk21 =
k21
2σR0

[
s2

(
1− s1t2 − s2t1√

τ

)
+
2s1s2k12

τ

]
− r2k21

σ

εk12 =
k12
2σR0

[
s2

(
1 +
s1t2 − s2t1√

τ

)
+
2s1s2k21

τ

]
− r1k12

σ

εn1 = −s1g1n1
2σR0

[
t2

(
1 +
s1t2 − s2t1√

τ

)
+ 2s2k12k21

]
εn2 = −s2g2n2

2σR0

[
t1

(
1− s1t2 − s2t1√

τ

)
+ 2s1k12k21

]
If ri < kji , then εri < εkji .

Finally, we found that the elasticities of R0 with respect to a pair of parameters

(p1, p2) sum to the corresponding isolated-patch elasticity εp, for the parameters p =

m, a, b, c . This result is given in the following theorem.

Theorem 4.3. For pi = mi , bi , ci , we have εp1 + εp2 = 1.

Proof.

2σR0(εp1 + εp2) = s1t2 + s2t1 +
(s1t2 − s2t1)2 + 4s1s2k12k21√

τ
(4–25)

= s1t2 + s2t1 +
τ√
τ

(4–26)

= s1t2 + s2t1 +
√
τ (4–27)

= 2σR0. (4–28)

Thus, dividing both sides of the above equation by 2σR0 yields εp1 + εp2 = 1.

Since for pi = mi , bi , ci , εai = 2εpi , εgi = (gini + 1)εpi , and εni = (gini)εpi , Theorem

4.3 implies that εa1 + εa2 = 2, min{g1n1, g2n2}+ 1 ≤ εg1 + εg2 ≤ max{g1n1, g2n2}+ 1, and

min{g1n1, g2n2} ≤ εn1 + εn2 ≤ max{g1n1, g2n2}.
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While the relationship between the elasticities for parameters mi , ai , bi , ci and gi in

patch i are clear, the relationship between the elasticities with respect to the remaining

parameters (ri and kji ) and the relationship between the elasticities of parameters

of different patches, are not obvious from the analytic expressions presented in this

section. In the following sections we will estimate parameter values and use these

estimates to derive elasticities for all model parameter values under various scenarios,

which we will define using combinations of different parameter sets corresponding to

high transmission, low transmission, fast migration, and slow migration.

4.3 Numerical Results

4.3.1 Parameter Estimates

Realistic parameter values were needed to gain an understanding of how spatial

heterogeneity in malaria transmission affects the prevalence of malaria, malaria

transmission, and malaria control in our two-patch model. We compiled baseline

parameter values for four different situations, estimated from published studies. First,

we compiled values for high transmission areas, and low transmission areas. High

transmission parameters were gathered from studies in sub-Saharan Africa. Low

transmission parameters were taken from studies in the Americas, especially South

America, where the number of cases is generally low.

Among regions that are considered high transmission, there is still a lot of variability

in their levels of malaria transmission. Thus, to encompass some of this variability, we

compiled parameters associated with the dry season in a high transmission region and

parameters associated with the wet season in a high transmission region. Similarly,

not all low transmission regions can be described by the same set of transmission

parameters. So, we again compiled dry season and wet season parameters for a

low transmission region. Using these estimates from different seasons in both high

and low transmission areas, we obtained four parameter sets representative of a

high-transmission/wet-conditions patch, high-transmission/dry-conditions patch,
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low-transmission/wet-conditions patch, and low-transmission/dry-conditions patch

(Table 4-2).

Table 4-2. Wet and dry condition estimates of model parameters for low and high
transmission settings. Note: m was not directly determined from field studies.
m ∗ a for dry conditions is known from [45]. We assume for wet conditions the
value to be 10 times greater according to [102].

Low High
Parameters Wet Dry Reference Wet Dry Reference
mi 176.19 17.619 395.45 60.81 [77]
ai 0.105 0.105 [71] 0.41 0.265 [70, 77]
miai 18.5 1.85 [45] 161.1477 16.114 [70]
bi 0.1 0.1 [14] 0.097 0.097 [77]
ci 0.214 0.214 0.214 0.214 [19, 31]
gi 0.167 0.167 [48, 93] 0.181 0.26 [70]
ni 10 days 10 days 10 days 10 days [77]
ri 1/150 days 1/150 days [15, 30] 1/150 days 1/150 days

The ratio of mosquitoes to humans m was not directly calculated for the wet and dry

conditions. Instead, the value ma was measured in various field studies by estimating

the average number of bites on a human per night. The proportion of bites on humans

out of all bites from the vector species was divided by the average time between blood

meals to calculate a, the human biting rate. By knowing ma and a, we calculated m.

The difference in ma between wet and dry conditions was not directly found for the

high transmission scenario; however, field studies have shown that the biting rate on

humans in the wet season is tenfold that of the dry season [102]; we assumed ma for the

dry season was 1/10 that of the wet season, and determined m from the resultant ma

value.

For each of our four baseline parameter sets, we calculated the basic reproductive

number for an isolated patch with those parameter values (see Table 4-3).

These four parameter sets were used to describe the within-patch malaria

transmission parameters in our two-patch model. Using the four parameter sets

and the analytic expressions derived for R01 and R02, we calculated and used these
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Table 4-3. R0 for the four scenarios

High transmission Low transmission
Wet 187.15 7.03

Dry 3.80 0.70

isolated-patch reproductive number estimates as a baseline to compare the global R0

value to in different parameterizations of the two-patch model. We present results for

three scenarios: in the first two scenarios patch one is high transmission and patch

two is low transmission. In the first scenario, both patches have dry conditions. In the

second scenario, both patches experience wet conditions. Finally, both patches are

identical low transmission, dry condition patches in the third scenario.

4.3.2 Effect of Migration on R0

We first calculated the global R0 according to Equation (4–5), with each patch

using parameters from one of the parameter sets in Table 4-2. We varied k12 and k21 to

examine the patterns of global R0 with varying migration rates. Assuming for simplicity

that R01 > R02, from Section 4.1.3, we know that min(R0) = max
{
R01
1+ κ

r1

,R02

}
for

(k12, k21) ∈ [0,∞) × [0,κ), and max(R0) = R01. Using this fact about the maximum

and minimum values of R0 along with our estimates of the isolated-patch reproductive

numbers under the four patch characteristics identified in Table 4-3 (High-Wet, High-Dry,

Low-Wet, Low-Dry), we can determine what the range of R0 will be with migration under

each scenario.

Numerical simulation of the global R0 (Figure 4-2) as a function of the migration

rates suggests that if the migration terms k12, k21 are zero, the global R0 is equal to R01

(assuming R01 > R02). For k21 > 0, as k12 increases, the global R0 gets closer to the

value of R01. This is likely because as k12 increases, a higher proportion of individuals

expose themselves to the transmission characteristics of patch 1, causing that patch

to contribute more to the global R0. Similarly, as k21 increases, the global R0 becomes

closer to the minimum R0 value, R02. These numerical findings are in agreement with
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the proof of Theorem 4.1. So, if patch 2 has R02 < 1, but R01 > 1 and k12 >> k21,

more people will be exposed to the transmission characteristics of patch 1 than of patch

2, making it more likely that the disease will persist in both patches. The opposite is

also true; if many more individuals are moving into patch 2 than patch 1 (k21 >> k12),

the disease is likely to go extinct, since more people are exposed to the transmission

characteristics of the low transmission patch than to those of the high transmission

patch.

Figure 4-2. R0 plotted as a function of the migration rates k21 and k12. The top and
bottom planes represent R01 and R02, respectively. In this graph, patch 1 is a
high transmission patch, patch two is a low transmission patch, and
conditions are dry in both patches (R01 = 3.80, R02 = .70).

As shown in Section 4.1.3, if the two patches have R0i > 1, then the disease always

persists. For example, suppose both patches are in the rainy season but patch one is a

high-transmission patch and patch two is a low transmission patch so that R01 = 187.15

and R02 = 7.03. Then, we know that 7.03 ≤ R0 ≤ 187.15. Thus, it is clear in this scenario

that no matter what the rate of migration is between the two patches, the disease will

persist. Our numerical simulations of scenarios where both isolated patch reproduction

numbers are greater than one (Figure 4-3) suggest that migration causes the system
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to reach equilibrium sooner than if the two patches were isolated. Note that in each

model simulation, we set the initial patch population sizes equal to the equilibrium patch

population sizes so that each patch’s population remains constant over time; that is

Ni(t) = N
∗
i for all time t > 0.
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Figure 4-3. Number of infected individuals in two wet condition patches. Patch 1 is high
transmission (R01 = 187.15), patch 2 is low transmission (R02=7.03). A
Patches are isolated, B patches are connected via human movement with
migration rates k12 = .001, k21 = .005, resulting in R0 = 113.66.

If the two patches have R0i < 1, then the disease always goes to extinction. This

scenario is illustrated in Figure 4-4 with two low-transmission, dry-condition patches with

the same isolated patch reproduction numbers, R01 = R02 = 0.70. Without migration, the

dynamics within each patch are identical. Under the influence of human movement the

disease still goes extinct in both patches, however, the number of cases decreases more

sharply in patch 1, since migration into this patch is five times faster than migration into

patch 2.

If both patches are dry with patch 1 being the high-transmission patch and patch

2 the low-transmission patch, then R01 = 3.80 and R02 = 0.7021. The continuity of R0

with respect to the migration parameters indicates that there exists a rate κ such that

min(R0) > 1 for all (k12, k21) ∈ [0,∞)× [0,κ). In fact, if κ < r1(R01 − 1), then R0 > 1 for all

(k12, k21) ∈ [0,∞) × [0,κ). Since r1 = 1/150, R0 > 1 if (k12, k21) ∈ [0,∞) × [0, 0.0187).

This example illustrates that although the disease would become extinct in patch 2 if the
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Figure 4-4. Number of infected individuals in two low transmission, dry condition patches
(R01 = R02 = 0.70). A Patches are isolated, B patches are connected via
human movement with migration rates k12 = .001, k21 = .005, resulting in
R0 = 0.70.

two patches were isolated, the presence of sufficiently slow migration from patch 1 to

patch 2 in our two-patch model allows the disease to persist in both patches. This result

is also demonstrated in Figure 4-5, which plots the number of infected humans over

time for this High-Dry/Low-Dry scenario. Subfigure 4-5A shows that if the two patches

are isolated, the disease dies out in patch 2 but persists in patch 1. However, if the

two patches are connected by human movement (as in subfigure 4-5B), although the

prevalence of malaria in patch 1 at steady state decreases, there is now persistence of

the disease in both patches and the total prevalence is higher than when the patches

are isolated. Conversely, Figure 4-6 illustrates how simply changing the migration rates

so that k21 >> k12 can bring the reproduction number below one, resulting in eventual

extinction of the disease in both patches.

4.3.3 Effect of Migration on Elasticity

The elasticity of the global R0 to most of a particular patch’s parameters is entirely

dependent upon two factors: the difference in the parameter values between the two

patches, and migration. Similar to the effect of migration on R0, the faster the movement

from patch j to patch i is (in other words, the larger kij is), the more influence the

parameters in patch i have on the system. For example, if a parameter, such as biting
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Figure 4-5. Number of infected individuals in two dry condition patches. Patch 1 is high
transmission (R01 = 3.80), patch 2 is low transmission (R02=0.70). A Patches
are isolated, B patches are connected via human movement with migration
rates k12 = .001, k21 = .005, resulting in R0 = 2.35.
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Figure 4-6. Number of infected individuals in two dry condition patches. Patch conditions
are identical to those in Figure 4-5 with the exception of the migration rates.
Patch 1 is high transmission (R01 = 3.80), patch 2 is low transmission
(R02=0.70). Patches are connected via human movement with migration
rates k12 = .0001, k21 = .02, resulting in R0 = 0.99.

rate, has the same value in both patches, then the relative size of the migration rates

and the relative values of R01 and R02 determine whether the basic reproductive number

is more elastic to the parameter associated with patch 1 or the parameter associated

with patch 2. On the other hand, if biting rate a1 > a2, (k12 = k21), and (R01 = R02), then

the elasticity of R0 to a1 is larger than the elasticity of R0 to a2.
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If a1 > a2, then if k21 is chosen appropriately and satisfies the inequality k21 > k12

and R01 and R02 are not very different in value, then the elasticities related to these

two parameters may become equal, or the elasticity of R0 to a1 may become smaller

than the elasticity of R0 to a2. In other words, whether control measures should target

patch 1 or patch 2 depends on the rate of human movement between the patches.

In Section 4.2.2, we proved that εp1 + εp2 is constant and equal to the elasticities in

the isolated-patch case for pi = mi , bi , ci , and ai . This result, which we demonstrate

via numerical simulation in Figure 4-7B, suggests that it may be possible to divide

resources, such as insecticide treated bed nets, between two connected patches in

such a way that the control measures are as efficient as if the two patches were a single

homogeneous patch. Still, numerical simulations are needed to identify which patch

should be the primary target for malaria control.
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Figure 4-7. A Elasticity of R0 to all parameters, with k12 = 0.001, plotted as functions of
k21. Patch 1 is a high transmission, dry conditions patch (R01 = 3.80); patch
2 is a low transmission, dry conditions patch (R02 = 0.70). Blue lines are
elasticities with respect to patch 1 parameters; red lines are elasticities with
respect to patch 2 parameters. B Sum of the elasticities εp1 and εp2 for each
parameter p.

Intuitively, we might choose to always target the higher transmission patch, however

our numerical simulations indicate that this is not always the best strategy for reducing

malaria transmission. Figure 4-7 illustrates, using the dry season parameterizations,
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how the elasticity of R0 with respect to the model parameters changes for different

rates of migration between a high transmission patch and a low transmission patch. In

this example, k12 = .001 and the elasticities are plotted as a function of k21. For this

high-dry/low-dry scenario, if k21 is close to zero (i.e. no migration into patch 2), then

any resources used to control malaria in the second patch will essentially be wasted. In

particular, when k21 is small, R0 is most elastic to mosquito death rate in patch 1 (g1).

As k21 is increased, R0 becomes less sensitive to g1 and eventually reaches a point

where R0 is equally elastic to g1 and to g2. Hence, at this intermediate k21 (approximately

k21 = .04), resources targeting mosquito death rate should be evenly divided between

the two patches. If k21 increases further, R0 is most sensitive to mosquito death rate in

patch 2 (g2). The elasticities with respect to parameters in patch 1 approach zero as

k21 increases, suggesting that if migration into patch 2 is very fast, resources used for

control in patch 1 will be wasted.

Because R0 will be less than one for large enough k21 in the high-dry/low-dry

scenario, the result that we should target the lower transmission patch when k21 exceeds

a certain rate may not be surprising in a system where R01 > 1 and R02 < 1. However,

a similar result holds even when both isolated-patch reproductive numbers are greater

than one. Suppose, for example, that patch 1 has low-wet transmission characteristics

and patch 2 has high-dry transmission characteristics so that R01 > R02 > 1. The

elasticities of R0 to the model parameters are plotted in Figure 4-8. As with the previous

example where R01 > 1 > R02, if migration into patch 2 is slow, control measures

should target mosquito death rate in patch 1. However, if the migration rate k21 exceeds

a certain value (approximately k21 = .007), control efforts should target the patch with

the lower reproductive number (patch 2).

Migration rates are often difficult to estimate. However, having an idea of the relative

sizes of the migration parameters k12 and k21 might be sufficient to provide insight into

where control measures should be implemented. In general, we found that in scenarios
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Figure 4-8. Elasticity of R0 to all parameters, with k12 = 0.001, plotted as functions of k21.
Patch 1 is a low transmission, wet conditions patch (R01 = 7.03); patch 2 is a
high transmission, dry conditions patch (R02 = 3.80). Blue lines are
elasticities with respect to patch 1 parameters; red lines are elasticities with
respect to patch 2 parameters.

where R01 > R02 > 1, or when R01 > 1 > R02, control measures should target patch

2 if k21 >> k12, and patch 1 should be targeted otherwise. Moreover, the larger k12

is, the smaller the ratio of k21 to k12 needs to be in order for patch 2 to be the more

appropriate target for malaria control. For example, if patch 1 has low transmission, wet

conditions and patch 2 has high transmission, dry conditions, so that R01 > R02 > 1,

then for k12 = 0.0001, k21 must be more than 50 times greater than k12 in order for

patch 2 to be the more important target for malaria control. If k12 = 0.001, k21 need

only be roughly 6.5 times greater than k12, and if k12 = 0.01, k21 must only be twice as

big as k12 to warrant targeting patch 2. Consequently, being able to classify movement

into the high transmission patch as either ”fast” or ”slow” provides additional insight

into how resources for malaria control can be best allocated. In fact, if both migration

rates are large and equal, then placing control measures in patch 1 will only be slightly

more effective at reducing transmission than targeting patch 2 in the R01 > R02 > 1

case, whereas if both migration rates are small and equal, targeting patch 1 should yield

substantially better results than targeting patch 2. While decisions regarding where
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to allocate resources in the R01 > 1 > R02 case follow the same general rules as in

the R01 > R02 > 1 case, the most significant qualitative difference between the two

transmission scenarios occurs when both migration rates are large and equal: unlike

with the R01 > R02 > 1 case, patch 1 is a much better target for control than patch 2. We

summarize these “rules of thumb” for where to target control measures in Tables 4-4 and

4-5.

Table 4-4. Target patch for malaria control in the R01 > R02 > 1 case

ratio k12 slow k12 fast
k21
k12

>> 1 patch 2 patch 2
k21
k12
= 1 patch 1 patch 1 slightly better target

k21
k12

<< 1 patch 1 patch 1

Table 4-5. Target patch for malaria control in the R01 > 1 > R02 case

ratio k12 slow k12 fast
k21
k12

>> 1 patch 2 patch 2
k21
k12
= 1 patch 1 patch 1

k21
k12

<< 1 patch 1 patch 1

4.4 Elasticity Analysis of Endemic Equilibrium

The elasticity analysis of the basic reproduction number provided insight into

appropriate malaria interventions for reducing transmission intensity. We now turn to

the study of the endemic equilibrium to determine whether the goal of reducing malaria

prevalence requires a qualitatively different approach to malaria control.

Consider our equilibrium equation dIi
dt
= αiβi Ii

βi Ii+giNi
(Ni − Ii) − (ri + kji)Ii + kij Ij = 0.

Multiplying throughout by βi Ii + giNi yields

fi(I1, I2) := αiβi Ii(Ni − Ii)− (ri + kji)Ii(βi Ii + giNi) + kij Ij(βi Ii + giNi) = 0, i = 1, 2. (4–29)

We find the elasticity of the endemic equilibrium by differentiating system (4–29)

implicitly, first with respect to the parameters αi , βi , ri , gi . From these elasticities, we

can derive the elasticities for mi and ai since αi = miaibie
−gini and βi = aici . Implicit
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differentiation of f1(I ∗1 , I ∗2 ) = 0 and f2(I ∗1 , I ∗2 ) = 0 with respect to a parameter p1 of patch 1

leads to the following system of two equations:

A1
∂I ∗1
∂p1
+ B1

∂I ∗2
∂p1
+ Cp1 = 0 (4–30)

B2
∂I ∗1
∂p1
+ A2

∂I ∗2
∂p1
= 0

where

Ai = αiβi(N
∗
i − 2I ∗i )− (ri + kji)(2βi I ∗i + giN∗

i ) + kijβi I
∗
j

Bi = kij(βi I
∗
i + giN

∗
i )

and

Cα1 = β1I
∗
1 (N

∗
1 − I ∗1 )

Cβ1 = α1I
∗
1 (N

∗
1 − I ∗1 ) + k12I ∗1 I ∗2 − I ∗

2

1 (r1 + k21)

Cr1 = −I ∗1 (β1I ∗1 + g1N∗
1)

Cg1 = −n1α1β1I ∗1 (N∗
1 − I ∗1 )− (r1 + k21)I ∗1N∗

1 + k12I
∗
2N

∗
1

Proposition 4.1. A1A2 − B1B2 ̸= 0. Furthermore, A1A2 − B1B2 > 0.

Proof. From system (4–30), we have that

(A1A2 − B1B2)
∂I ∗1
∂p1
+ Cp1A2 = 0. (4–31)

Observe that fi(I1, I2) = Ai Ii + hi , where hi := αiβi I
2
i +(ri + kji)βi I

2
i + kij IjgiNi is strictly

positive. Thus, f (I ∗1 , I ∗2 ) = 0 and h∗i , I
∗
i > 0 imply that Ai < 0.

Hence, equation (4–31) implies that A1A2 − B1B2 and ∂I∗1
∂p1

are nonzero as long as

Cp1 ̸= 0. Clearly Cα1 > 0 and Cr1 < 0. We must verify that Cβ1 and Cg1 are also nonzero.

Note that fi(I ∗1 , I ∗2 ) = 0 implies

(ri + kji)I
∗
i − kij I ∗j =

αiβi I
∗
i

βi I ∗i + giN
∗
i

(N∗
i − I ∗i ) > 0. (4–32)
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Using equation (4–32), we find that

Cβ1 = α1I
∗
1 (N

∗
1 − I ∗1 )

(
1− β1I

∗
1

β1I ∗1 + g1N
∗
1

)
> 0

Cg1 = −n1α1β1I ∗1 (N∗
1 − I ∗1 )− ((r1 + k21)I ∗1 − k12I ∗2 )N∗

1 < 0.

So, Cp1A2 ̸= 0 implies A1A2 − B1B2 and ∂I∗1
∂p1

are nonzero.

Now, A1A2 − B1B2 nonzero and continuous in all parameters implies that it must

have a definite sign: either strictly positive or strictly negative. Consider k12 = k21 = 0.

Then A1A2 − B1B2 = A1A2 > 0 implies that A1A2 − B1B2 is strictly positive for all positive

disease-related parameters and for all nonnegative migration rates k12, k21.

Solving system (4–30) for the sensitivities ∂I ∗1 /∂p1 and ∂I ∗2 /∂p1 with p1 =

α1, β1, r1, g1, we have

∂I ∗1
∂p1
= − Cp1A2
A1A2 − B1B2

(4–33)

∂I ∗2
∂p1
=

Cp1B2
A1A2 − B1B2

(4–34)

We obtained analogous equations for the sensitivities with respect to patch 2

parameters. The elasticity of I ∗i with respect to a parameter pj is E ipj =
pj
I∗i

∂I∗i
∂pj

for i , j ∈

{1, 2}. Moreover, the elasticity of the total malaria prevalence (I ∗ = I ∗1 + I ∗2 ) with respect

to parameter pi is given by Epi =
I∗1
I∗1 +I

∗
2
E1pi +

I∗2
I∗1 +I

∗
2
E2pi . From our analytic expressions, we

can determine the sign of each elasticity. As we would expect, elasticities with respect to

parameters m, a, b, c are positive and elasticities with respect to parameters r , g, and n

are negative.

To visualize the elasticities, we first solve for the endemic equilibrium (I ∗1 , I ∗2 )

numerically for a range of migration rates. Next, we substitute these values into our

analytic expressions for the elasticities and, as we did for the elasticities of R0, we
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plot the endemic equilibrium elasticities (in absolute value) as a function of k21, with

k12 = 0.001 fixed (see Figure 4-9).
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Figure 4-9. Elasticity of endemic equilibrium to all parameters, with k12 = 0.001, plotted
as functions of k21. Blue lines are elasticities with respect to patch 1
parameters; red lines are elasticities with respect to patch 2 parameters. (A)
Patch 1 is a high transmission, dry conditions patch (R01 = 3.80); patch 2 is
a low transmission, dry conditions patch (R02 = 0.70). Note that for
k21 ≥ 0.028, R0 < 1. (B) Patch 1 is a low transmission, wet conditions patch
(R01 = 7.03); patch 2 is a high transmission, dry conditions patch
(R02 = 3.80).
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Figure 4-9A illustrates the elasticities of the endemic equilibrium in the high-dry/low-dry

setting, plotted for the range of migration rates for which the endemic equilibrium exists.

For k21 ≥ 0.028, R0 < 1, and hence the disease-free equilibrium is the only equilibrium.

Figure 4-9 reveals that studying the endemic equilibrium yields results that are

qualitatively similar to those obtained in our study of R0. In particular, the within patch

rankings of elasticities for a given transmission setting are essentially the same in the

analysis of R0 and the analysis of the endemic equilibrium (EE). In the high-dry/low-dry

setting (R01 > 1 > R02), the ordering of both the R0 elasticities (Figure 4-7A) and the

EE elasticities (Figure 4-9A) is |Eg1| > |En1| > Ea1 > Ep1 for patch 1 parameters and

|Eg2| > Ea2 > |En2| > Ep2 for patch 2 parameters. We do not include |Er2| in this ordering

because the position this elasticity takes in the ranking changes as the migration rate

k21 changes. In the low-wet/high-dry setting (R01 > R02 > 1), the elasticities of the

EE (Figure 4-9B) also retain the same ordering as the elasticities of R0 (Figure 4.3.3):

|Eg1| > Ea1 > |En1| > Ep1 > |Er1| and |Eg2| > |En2| > Ea2 > |Er2| > Ep2.

The elasticities of the endemic equilibrium also retain some of the qualitative

behavior as the elasticities of R0 with respect to which patch is the better target for

control. In the low-wet/high-dry setting, for very small values of k21, analysis of the

EE reveals patch 1 is the better target for control; beyond a certain migration rate,

patch 2 becomes the better target. Similarly, patch 1 is the best target for control in

the high-dry/low-dry setting. However, since the endemic equilibrium only exists for

a constrained set of migration rates k21, there is no migration rate for which patch 2

becomes the better target for control under this parameterization. Perhaps if R02 were

larger, but still less than one, we might see that patch 2 does become a better target for

control before the global reproduction number falls below one.

The differences between the analysis of the endemic equilibrium and the reproduction

number are quantitative in nature. The most striking difference is the value of k21 for

which we should switch from targeting patch 1 to targeting patch 2. This switch in
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strategy occurs for much smaller values of the migration rate k21 in our study of the

EE than in our study of R0. This indicates that determining an appropriate intervention

strategy will depend, in part, on whether the goal is to reduce transmission potential

or whether the goal is to reduce the overall prevalence of malaria. The qualitative

similarities of within-patch elasticities, on the other hand, suggest that the best type of

intervention (bed nets, treatment, insecticides, etc.) will be the same with either goal in

mind.

4.5 Conclusion

Simple malaria models, such as the Ross-Macdonald model, that assume

populations are isolated and homogeneous have made a large contribution to the

area of malaria research over the last several decades. However, the diversity inherent

to this disease requires models that incorporate heterogeneity so that they may provide

greater insight into how we should approach malaria control. Our study of a two-patch

malaria model suggests that using intuition to guide decision making in malaria control

may not be sufficient. For example, targeting regions with the highest transmission

rates may not be the most effective use of resources if they are strongly connected to

lower transmission regions via emigration. Furthermore, using single-patch models to

estimate parameters relevant to malaria dynamics and malaria control, such as the basic

reproduction number, may provide an inaccurate assessment of transmission potential

in a region. This discrepancy became clear in our exploration of the scenario where

R01 > 1 > R02. The two-patch malaria model indicates that human movement can result

in the persistence of malaria in regions where malaria would die out if isolated, whereas

a single-patch malaria model would inaccurately predict extinction of malaria in such

situations.

Our results are similar to those found by Cosner, et al [32], as our results also show

that human movement can cause malaria to be endemic in an area with a reproduction

number below 1. However, unlike Cosner’s two-patch malaria model with Lagrangian
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movement, it is not possible for malaria to persist in our model if both regions have an

isolated reproduction number below one. Whereas Cosner’s exploration of a two-patch

system assumes zero transmission in one patch, our results allow for an additional

level of resolution. Because we assume each patch is capable of supporting malaria

transmission, we are able to compare the elasticity of the global R0 to reductions

in transmission in both the high and low transmission patches. This allowed us to

investigate how implementing control measures in different, but connected, regions

impacts the overall level of transmission.

The results from our elasticity analysis of the two-patch model R0 are also

fundamentally different from elasticity analyses performed on single-patch malaria

models. This is especially true for the parameters 1/g and n, which represent the

mosquito lifespan and the extrinsic incubation period; many other models that have

assessed elasticities did not include the extrinsic incubation period, and consequently

reported biting rate a to be the most important parameter to target [26]. In all four of

our parameter sets, the average lifespan of a mosquito was shorter than the extrinsic

incubation period. From our elasticity analysis, this implied that R0 was more sensitive to

mosquito death rate than to biting rate in all scenarios.

These results suggest that using multi-patch malaria models can help inform

intervention strategy usage in areas of heterogeneous malaria transmission connected

by human movement. For example, in Hispaniola, while conventional wisdom may

suggest that resources should be focused on Haiti, which has higher malaria transmission,

our results suggest this is not necessarily the case; efficient application of intervention

strategies will depend also on long-term human movement patterns between the two

countries.

Comparing the endemic equilibrium elasticity results to the R0 elasticity results

suggests that it may be necessary to develop different control strategies depending on

whether the goal is to reduce the transmission potential, or whether the goal is to reduce
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disease prevalence in a malaria endemic setting. Once a goal is established, knowledge

about human migration rates will be essential to identifying an effective control strategy

that makes efficient use of available resources.

Although this exploration of malaria dynamics and malaria control in the context of

a two-patch model is still an oversimplification of reality, it highlights the need for more

complex mathematical models incorporating both spatial heterogeneity and human

movement to guide public health officials in the process of making decisions that will

make the best use of the limited resources they have. Our study also stresses the

importance of collecting malaria prevalence data and human movement data in malaria

endemic regions so that these more sophisticated models can provide reasonable,

region-specific answers about how to best allocate resources.
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CHAPTER 5
OPTIMAL TEMPORAL DISTRIBUTION OF MALARIA VACCINES IN A

HETEROGENEOUS TRANSMISSION LANDSCAPE

The success of vaccines for influenza, measles, rubella, and smallpox, to name

a few, makes the availability of a malaria vaccine extremely desirable. However,

developing a vaccine for malaria has proven to be a challenge because of the complex

biology of Plasmodium parasites and their ability to evade the host immune system [90].

One of the most promising vaccine candidates is the RTS,S vaccine, whose purpose is

to reduce the infectivity of the sporozoite stage in humans [2]. This vaccine, which was

developed roughly 25 years ago, is currently in the third phase of vaccine trials. The

phase II trials estimated between 20 and 50% efficacy of the vaccine against clinical

malaria [2]. The potential availability of malaria vaccines in the near future, particularly

vaccines that are far from 100% effective, brings to light the need to study the potential

consequences of a malaria vaccination program. Moreover, since vaccines are not

an unlimited resource, and the infrastructure to deliver the malaria vaccines may be

limited, it is important to understand a priori how these vaccines can best be distributed

over time. To this end we introduce a multi-patch malaria model with vaccination and

short-term human movement. Applying ideas from optimal control theory to this model,

we determined necessary and sufficient conditions for an optimal vaccination strategy in

a heterogeneous transmission landscape. We then explore how this strategy changes

as we vary parameters associated with vaccine efficacy and human movement.

5.1 Malaria Models with Vaccination

Some malaria models incorporate malaria vaccination by assuming a random

fraction p of newborn individuals are vaccinated [8, 28]. Incorporating vaccination in

this way reduces the basic reproduction number by the proportion (1 − p). In addition

to vaccinating a proportion of newborn individuals, Chiyaka et al. [28] considered the

effect of vaccinating susceptible individuals at a rate v . Comparing the two vaccination

strategies revealed that vaccinating susceptible individuals in addition to newborns
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results in lower malaria prevalence than vaccinating newborns alone. Teboh-Ewungkem

et al. [105] developed a population-level malaria model to study the role gametocyte

density (the infectious stage of the parasite life-cycle in humans) plays in malaria

transmission in the presence of an imperfect vaccine. This model divides the population

of infectious humans into two classes: individuals with low gametocyte-density and

individuals with high gametocyte-density. Infectious humans can pass back-and-forth

between these two stages before entering a temporarily immune stage; susceptible

humans are vaccinated at some rate ξh. The authors determined a threshold quantity

▽ determining whether vaccination will have a positive or negative impact on disease

prevalence. In particular, if ▽ < 1, vaccination has a positive impact, if ▽ = 1,

vaccination has no impact, and if ▽ > 1, vaccination has a negative impact on

malaria prevalence [105]. This result stresses the importance of studying the potential

consequences of starting a malaria vaccination program and the need to design

vaccination strategies that will avoid negative outcomes.

5.2 Optimal Control Theory Applied to Malaria Models

Applications of optimal control theory to vector-borne disease models appear in

[17, 18, 21, 92]. In [21] Caetano et al. studied the optimal control of Dengue using

insecticides and educational campaigns aimed at motivating individuals to minimize

standing water. Reducing the amount of standing water would in turn reduce the

available breeding habitat for the Dengue vector. By trying to jointly minimize the cost

of insecticide spraying, educational campaigns, and the cost of infected individuals,

the authors numerically determined an optimal control policy. However, believing this

policy would be difficult to implement, Caetano et al. determined a sub-optimal policy by

choosing the best strategy out of the possible set of piecewise constant control policies.

This sub-optimal policy yielded results very similar to the optimal policy, at a similar cost

[21]. Rodrigues et al. [92] attempted to solve the control problem proposed by Caetano

et al. in two ways: by using optimal control theory and by discretizing the problem to
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use linear programming techniques. Using “out of the box” solvers appropriate for

optimal control problems, which the authors argued do a better job of finding global

optima than other numerical methods, they were able to obtain a control policy that

performs better than the policy derived in [21]. Blayneh et al. [18] studied the problem

of controlling West Nile Virus. Their goal was to jointly minimize the number of exposed

and infected humans, the vector population, and the cost of implementing control

measures. The control measures considered were vector control and the prevention

of vector-to-human contacts. Numerical results of the optimal control problem applied

to West Nile suggested that control efforts should focus more on vector control than

on prevention of contacts, with the important caveat that more knowledge is needed

regarding costs and parameter values for the region of interest [18].

To the best of our knowledge, optimal control has not been applied to vector-borne

diseases in a metapopulation context. However, Rowthorn et al. [94] studied the

control of a directly transmitted disease under a budget constraint in a two-patch

framework. The authors found that under certain initial conditions, equalizing the

number of infected individuals in each patch was the worst strategy. Furthermore,

treatment is best allocated in regions with a large susceptible population, rather than in

populations with a high number of infected individuals [94]. These non-intuitive results

emphasize the potential utility of optimal control theory in determining effective control

strategies in heterogeneous environments.

5.3 Malaria Model with Short-Term Movement and Vaccination

First, we consider a human population of constant size N segmented into n resident

patches of population size Ni , i = 1, ..., n. Each individual is a resident of one of

these n patches and able to temporarily visit any of the remaining n − 1 patches,

but never changes residence. We assume that these movements are short enough

that they have negligible effect on patch population size, and consequently we take

Ni(t) = Ni(0) for all time t. Mosquitoes are also assigned a residence patch; however,
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because mosquitoes travel relatively short distances, we assume mosquitoes never

leave their patch of residence. The system of ordinary differential equations in System

(5–1) describes the disease dynamics in humans and mosquitoes that are residents of

patch i . Parameters are denoted with subscripts so that the model is flexible enough to

incorporate different population and transmission dynamics for each of the n patches.

Initially, humans are born susceptible into one of the patches; this state variable is

denoted by SN,i . These susceptible individuals can either become vaccinated at a rate

vi and progress to the susceptible/vaccinated stage SV ,i , or they can become infected

at some rate hN,i , progressing to an infectious stage, IN,i , in which they are (at least part

of the time) clinically ill. Individuals leave the IN,i stage of the infection and enter RN,i at

a rate αi , at which point they are temporarily immune, no longer clinically ill, and less

infectious to mosquitoes. These asymptomatic, temporarily immune, partially infectious

individuals have been previously incorporated into mathematical models of malaria

[8, 24]. These RN,i individuals will eventually clear the infection at a rate rN,i and return

to the susceptible, non-immune stage, SN,i . Vaccinated, susceptible individuals are

partially immune and will eventually either lose their immunity at a rate ωi and return

to the susceptible/non-immune class, or can become infected at a rate hV ,i . Since the

vaccine offers partial protection against malaria, hV ,i < hN,i . Unsuccessfully vaccinated

individuals progress to a stage, denoted by RV ,i , where they are infectious with malaria,

but are less infective to mosquitoes than individuals in the IN,i stage.

The fraction of mosquitoes in patch i that are infected is denoted by zi ; thus, (1− zi)

denotes the fraction of patch i mosquitoes that are susceptible. The human-to-patch-i -

mosquito transmission rate is denoted by ki .

Infectious contacts can occur between humans and mosquitoes with the same, or

with different, residence patches. The proportion of time a human of residence i spends

in patch j is denoted by pji . Humans with different residence patches may have different

infectivity and susceptibility. Similarly, mosquitoes with different residence patches may
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have different infectivity and susceptibility. Consequently, we denote the transmission

rate from a patch j mosquito to a patch i non-immune susceptible human by βN,ji , and

the transmission rate from a patch j mosquito to a patch i vaccinated susceptible human

by βV ,ji . Similarly, ηij , ηN,ij , and ηV ,ij denote the transmission rates from a human in stage

IN,j , RN,j , and RV ,j , respectively, to a patch i mosquito. We assume that individuals in

RV ,i and RN,i are less infectious to mosquitoes than individuals in IN,i , and consequently,

ηN,ij , ηV ,ij < ηij . Since a patch i human spends a fraction pji of their time in patch j , the

rate at which susceptible humans become infected by patch j mosquitoes is given by

pjiβN,jizj if the human is non-immune. Likewise, the rate at which a healthy vaccinated

patch i individual becomes infected by a patch j mosquito is given by pjiβV ,jizj . Thus,

the transmission rates hN,i and hV ,i are described by summing over the rates at which

these successful infectious contacts with mosquitoes from each of the n patches occur

(see equations (5–2 and (5–3)). The human-to-mosquito transmission rates ki (equation

(5–4)) are derived similarly, with the exception that patch i mosquitoes may become

infected by three classes of infected humans visiting patch i from any of the n patches.

Finally, the human and mosquito natural mortality rates are denoted by µi and gi

respectively. To maintain a constant human population size, individuals are born into

patch i at the rate µiNi . All model state variables and parameters are summarized in

Tables 5-1 and 5-2, respectively.

Table 5-1. Description of vaccination model patch i state variables
State variables for Descriptionresident of patch i

SN,i Susceptible, non-immune individuals
IN,i Infected, clinically ill, non-immunes
RN,i Infected asymptomatic non-immunes
SV ,i Susceptible, vaccinated
RV ,i Infected, vaccinated
zi Proportion of mosquitoes infected in patch i
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The description of the model and the corresponding diagram in Figure 5-1 can be

described mathematically as follows:

S ′
N,i = µiNi − hN,iSN,i − viSN,i + ωiSV ,i + rN,iRN,i − µiSN,i

I ′N,i = hN,iSN,i − (αi + µi)IN,i

R ′
N,i = αi IN,i − (rN,i + µi)RN,i (5–1)

S ′
V ,i = rV ,iRV ,i + viSN,i − (hV ,i + ωi + µi)SV ,i

R ′
V ,i = hV ,iSV ,i − (rV ,i + µi)RV ,i

z
′

i = ki(1− zi)− gizi ,

where

hN,i :=

n∑
j=1

pjiβN,jizj (5–2)

hV ,i :=

n∑
j=1

pjiβV ,jizj (5–3)

ki :=

n∑
j=1

pij
Nj
(ηij IN,j + ηN,ijRN,j + ηV ,ijRV ,j) (5–4)

Table 5-2. Description of vaccination model patch i parameters
Parameter Description

βN,ji
Patch j mosquito - to - patch i susceptible/non-immune

human transmission rate

βV ,ji
Patch j mosquito - to - patch i susceptible/vaccinated

human transmission rate
ηij IN,j - to - patch i mosquito transmission efficiency
ηX ,ij RX ,j - to - patch i mosquito transmission efficiency, X = N,V
1/αi Duration of clinical episode in patch i
µi Human natural mortality rate in patch i
rX ,i RX ,i Human’s parasite clearance rate in patch i , X = N,V
ωi Rate of loss of vaccine-acquired immunity in patch i
vi Vaccination rate in patch i
pji Proportion of time a resident of patch i spends in patch j
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Figure 5-1. Diagram of disease dynamics in humans.

From this system of differential equations, we can easily determine the disease free

equilibrium E0 := (S⃗∗
N , I⃗

∗
N , R⃗

∗
N , S⃗

∗
V , R⃗

∗
V , z⃗

∗) = (S⃗∗
N , 0⃗, 0⃗, S⃗

∗
V , 0⃗, 0⃗), where each vector is a

row vector of length n, and the i th components of S⃗∗
N and S⃗∗

V are S∗
N,i =

ωi + µi
ωi + µi + vi

Ni

and S∗
V ,i =

vi
ωi + µi + vi

Ni , respectively. Linearizing the system around this disease-free

equilibrium and finding the dominant eigenvalue of the next generation matrix (as

described in previous chapters), we determined the basic reproduction number for a

single isolated patch:

R0i =

√
βN,ii(ωi + µi)

gi(ωi + µi + vi)

(
ηii

αi + µi
+

ηN,iiαi
(αi + µi)(rN,i + µi)

)
+

βV ,iivi
gi(ωi + µi + vi)

· ηV ,ii
rV ,i + µi

.

(5–5)

The first term in the sum in R20i is the contribution to the reproduction number by infected

individuals who are not vaccinated; the second term represents the contribution by

infected, vaccinated individuals. We will later assume that βV ,ji = (1 − e)βN,ji , where

e denotes the vaccine efficacy. Differentiating the reproduction number with respect

to the vaccination rate vi reveals that R0i is not always a decreasing function of vi . For

example, if the vaccine is poor and individuals in patch i undergo treatment, thereby
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increasing parameter αi , then R0i can in fact be an increasing function of vi . This

observation emphasizes the need to understand the consequences of administering

imperfect vaccines and the need to determine how to distribute them effectively. In

particular, poor vaccines may jeopardize control efforts in regions where treatment

remains an effective control strategy.

5.4 Optimal Control Problem

The goal of solving an optimal control problem is to determine a vaccination

strategy that jointly minimizes the proportion of the population infected over a given time

interval, the total number of malaria vaccines distributed over that interval per person

(i.e. the number of vaccines used, scaled by the inverse of the total population size), and

the vaccination rate. More formally, the optimal control problem is to determine a vector

function v⃗(t) that minimizes the objective functional

J =

∫ T
0

n∑
i=1

(
IN,i + RN,i + RV ,i + viSN,i

N
+Wiv

2
i

)
dt

subject to system (5–1) with initial condition vector x⃗0 =
(
S⃗N0, I⃗N0, R⃗N0, S⃗V0, R⃗V0, z⃗0i

)
∈

R6n, where each element of x⃗0 is row-vector of length n, andWi is a vaccination weight.

We also require v⃗ ∈ U, where U := [0, vmax ,1] × [0, vmax ,2] × · · · × [0, vmax ,n], and

vmax ,i denotes the maximum vaccination rate feasible for population i . Restricting the

vaccination rate is essential since a control policy should not overburden health facilities

by making unrealistic demands.

For simplicity of notation, we will denote the vector of state variables (S⃗N , I⃗N , R⃗N , S⃗V , R⃗V , z⃗)

by x⃗ , the right hand side of system (5–1) by f⃗ , and the integrand of the objective function

J by F . More precisely, we define the elements of x⃗ and f⃗ as follows:

xi ,1 := SN,i xi ,4 := SV ,i

xi ,2 := IN,i xi ,5 := RV ,i

xi ,3 := RN,i xi ,6 := zi

fi ,k :=
dxi ,k
dt
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We define the row vectors f⃗k := (f1,k , f2,k , ..., fn,k) so that we arrive at the notation

f⃗ := (f⃗1, f⃗2, ..., f⃗6)
T .

Thus, the optimal control problem can be stated as follows:

Minimize

J =

∫ T
0

F (t, x⃗(t), v⃗(t))dt (5–6)

subject to

dx⃗(t)

dt
= f⃗ (t, x⃗(t), v⃗(t)) (5–7)

with initial conditions

x⃗(0) = x⃗0, (5–8)

final time conditions

x⃗(T ) free, (5–9)

and

v⃗(t) = (v1(t), v2(t), ..., vn(t)) ∈ U ⊆ Rn (5–10)

Using the following standard definition and theorems from optimal control theory

[97], we proved the existence of an optimal control pair (x⃗∗, v⃗ ∗) and derived necessary

and sufficient conditions for the optimal control.

Definition 1. Suppose F and the components of the vector f⃗ have partial derivatives

with respect to the state variables that are continuous in time, in all state variables,

and in all control variables. (x⃗(t), v⃗(t)) is an admissible pair if each component of

v⃗(t) is piecewise continuous, v⃗(t) ∈ U, and x⃗(t) is the corresponding continuous and

piecewise differentiable vector function satisfying (5–7)-(5–9).
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Theorem 5.1 (Filippov-Cesari Existence Theorem adapted from [97]). For all (t, x⃗) ∈

Rl+1, where l is the dimension of x⃗(t), define the set

N(t, x⃗) :=
{(
F (t, x⃗ , v⃗) + ξ, f⃗ (t, x⃗ , v⃗)

)
: ξ ≤ 0, v⃗ ∈ U

}
.

Suppose that

(a) N(t, x⃗) is convex for every (t, x⃗),

(b) U is compact,

(c) there exists a number b > 0 such that ∥x⃗(t)∥ ≤ b for all t ∈ [0,T ] and all admissible

pairs (x⃗(t), v⃗(t)).

Then, there exists an optimal pair (x⃗∗(t), v⃗ ∗(t)), where the control v⃗ ∗(t) is measur-

able.

Theorem 5.2 (The Minimum Principle (Necessary Conditions) adapted from [97]).

Suppose (x⃗∗(t), v⃗ ∗(t)) is an optimal pair for problem (5–6)-(5–10). Then, there exists

a constant λ0, with λ0 = 0 or 1, and a continuous, piecewise differentiable vector

function λ⃗(t) = (λ1(t), ...,λl(t)), called adjoint functions, such that for all t ∈ [0,T ],

(λ0, λ⃗(t)) ̸= (0, 0⃗), and

(a) The control function v ∗(t) minimizes the Hamiltonian H(t, x⃗∗(t), v⃗(t), λ⃗(t)) for v⃗ ∈ U.

In other words,

H(t, x⃗∗(t), v⃗ , λ⃗(t)) ≥ H(t, x⃗∗(t), v⃗ ∗(t), λ⃗(t)) ∀v⃗ ∈ U

(b) The adjoint functions satisfy

dλi
dt
= −∂H(t, x⃗∗(t), v⃗ ∗(t), λ⃗(t))

∂xi
,

for i = 1, ..., r , wherever v⃗ ∗(t) is continuous

(c) λ⃗(T ) = 0⃗.

Theorem 5.3 (Mangasarian (Sufficient Conditions) adapted from [97]). Suppose U

is convex in problem (5–6)-(5–10) and that the partial derivatives ∂F/∂vj and ∂fi/∂vj
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all exist and are continuous. If the pair (x⃗∗(t), v⃗ ∗(t)), together with a continuous and

piecewise differentiable adjoint function λ⃗(t), satisfies all the conditions in the Maximum

Principle (Theorem 5.2) with λ0 = 1, and if H(t, x⃗ , v⃗ , λ⃗) is concave in (x⃗ , v⃗) for all

t ∈ [0,T ], then (x⃗∗(t), v⃗ ∗(t)) solves the problem.

If H(t, x⃗ , v⃗ , λ⃗) is strictly concave in (x⃗ , v⃗), then (x⃗∗(t), v⃗ ∗(t)) is the unique solution to

the problem.

Theorem 5.4. The optimal control problem given by (5–6)-(5–10) has an optimal

solution.

Proof. (i) Let N(t, x⃗) be defined as in Theorem 5.1. Let y1, y2 ∈ N(t, x⃗). To show that

N(t, x⃗) is convex for each (t, x⃗), we will show that the line connecting y1 and y2 is

contained in the set. In other words, our goal is to show that

y3 := ϕy1 + (1− ϕ)y2 ∈ N(t, x⃗) ∀ϕ ∈ [0, 1].

yi ∈ N(t, x⃗) implies that there exist ξ1, ξ2 and control vectors u⃗1, u⃗2 ∈ U (u⃗i :=(
u i1, u

i
2, ..., u

i
n

)
) such that

yi = {F (t, x⃗ , u⃗i) + ξi , f⃗1(t, x⃗ , u⃗i), ..., f⃗6(t, x⃗ , u⃗i)} for i = 1, 2.

Let w⃗ := (w1,w2, ...,w6n+1) be such that y3 = w⃗ . Then,

w1 = ϕ

(
n∑
i=1

(
IN,i + RN,i + RV ,i + u

1
i SN,i

N
+Wi(u

1
i )
2

)
+ ξi

)

+ (1− ϕ)

(
n∑
i=1

(
IN,i + RN,i + RV ,i + u

1
i SN,i

N
+Wi(u

2
i )
2

)
+ ξ2

)

=

n∑
i=1

(
IN,i + RN,i + RV ,i + u

1
i SN,i

N
+ ϕWi(u

1
i )
2 + (1− ϕ)Wi(u

2
i )
2

)
+ ϕξ1 + (1− ϕ)ξ2.

Letting u3i :=
√

ϕ(u1i )
2 + (1− ϕ)(u2i )

2 and ξ3i := ϕξi + (1− ϕ)ξ2, we have shown that

w1 = F (t, x⃗ , u⃗3) + ξ3. Because ϕ ∈ [0, 1] implies that ξ3 ≤ 0 and 0 ≤ u3i ≤ vmax ,i (and
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consequently u⃗3 ∈ U), this proves that y3 ∈ N(t, x⃗). Note that for k = 2, 3, 5, 6, f⃗k are

independent of the control function. Thus, it is clear that for j ̸= i +1, 4n+ i +1, wj is

constant for all ϕ ∈ [0,T ], i = 1, ..., n. So, we need only check that wi+1 and w4n+i+1

satisfy the right bounds. For i = 1, ..., n, we find that

wi+1 = ϕfi ,1(t, x⃗ , u
1
i ) + (1− ϕ)fi ,1(t, x⃗ , u

2
i )

= µiNi − hN,iSN,i − (ϕu1i + (1− ϕ)u2i )SN,i + ωiSV ,i + rN,iRN,i − µiSN,i

= fi ,1
(
t, x⃗ ,ϕu1i + (1− ϕ)u2i

)
Similarly, we find that

w4n+i+1 = ϕfi ,4(t, x⃗ , u
1
i ) + (1− ϕ)fi ,4(t, x⃗ , u

2
i )

= fi ,4(t, x⃗ ,ϕu
1
i + (1− ϕ)u2i ).

Letting û3i := ϕu1i + (1− ϕ)u2i , we easily determine that û3i ∈ [0, vmax ,i ] ∀ϕ ∈ [0, 1].

We have shown that w⃗ ∈ N(t, x⃗). Therefore, N(t, x⃗) is convex for each (t, x⃗).

(ii) U = [0, vmax ,1]× [0, vmax ,2]× · · · × [0, vmax ,n] is closed and bounded in Rn, and hence

is compact.

(iii)

∥x⃗(t)∥ =

(
n∑
i=1

(
S2N,i(t) + I

2
N,i(t) + R

2
N,i(t) + S

2
V ,i(t) + R

2
V ,i(t) + z

2
i (t)

))1/2

≤

(
n∑
i=1

(6N2i + 1)

)1/2

=

(
n +

n∑
i=1

6N2i

)1/2
≤
√
n (1 + 6 ·max{N2i }ni=1), ∀t ∈ [0,T ].

From the Filippov-Cesari Theorem (5.1), it follows that there exists an optimal pair

(x⃗∗(t), v⃗ ∗(t)), where v⃗ ∗(t) is measurable, that solves our optimal control problem.
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It follows from the theorems for deriving necessary and sufficient conditions

(Theorems 5.2 and 5.3) that our optimal control problem (5–6)-(5–10) can be reformulated

as follows:

The problem of minimizing the objective functional is equivalent to minimizing the

Hamiltonian with λ0 = 1. Thus, we want to find vi(t) = v ∗i (t) such that ∂H
∂vi
= 0 and

∂2H
∂v2i

> 0 for i = 1, ..., n. First, we introduce some notation for the adjoint system:

q
′

i ,k(t) := − ∂H

∂xi ,k

q⃗k := (q1,k , q2,k , ..., qn,k)

λ⃗ := (q⃗1, q⃗2, ..., q⃗6)

for i = 1, ..., n and k = 1, ..., 6. The Hamiltonian for our system is described by

H(t, x⃗(t), v⃗(t), ⃗λ(t)) = F (t, x⃗ , v⃗) +
n∑
i=1

6∑
k=1

qi ,k(t)fi ,k(t, x⃗ , v⃗).

We find that ∂H/∂vi = 2Wivi + (1/N − qi ,1 + qi ,4)SN,i = 0, which implies v ∗i (t) =(
q∗i ,1(t)− q∗i ,4(t)− 1

N

)
SN,i (t)

2Wi
, and ∂Hi/∂v

2
i > 0, where qi ,1 and qi ,4 are solutions to the

system:

q
′

i ,1 = − vi
Ni
+ qi ,1(hN,i + vi + µi)− qi ,2hN,i − qi ,4vi

q
′

i ,2 = − 1
Ni
+ qi ,2(αi + µi)− qi ,3αi −

n∑
j=1

qj ,6
pji
Ni

ηji(1− zj)

q
′

i ,3 = − 1
Ni

− qi ,1rN,i + qi ,3(rN,i + µi)−
n∑
j=1

qj ,6
pj ,i
Ni

ηN,ji(1− zj)

q
′

i ,4 = −qi ,1ωi + qi ,4(hV ,i + ωi + µi)− qi ,5hV ,i

q
′

i ,5 = − 1
Ni

− qi ,4rV ,i + qi ,5(rV ,i + µi)−
n∑
j=1

qj ,6
pji
Ni

ηV ,ji(1− zj)

q
′

i ,6 =

n∑
j=1

pij (qj ,iβijSN,j − qj ,2βijSN,j + qj ,4βV ,ijSV ,j − qj ,5βV ,ijSV ,j) + qi ,6(ki + gi)
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for i = 1, ..., n, and with final time conditions qi ,k(T ) = 0 for all i = 1, ..., n and

k = 1, ..., 6.

As an example, we carefully derive the equation for q′

i ,2; the derivations of the

remaining adjoint equations follow similarly.

q
′

i ,2 = − ∂H

∂xi ,2
= − ∂H

∂IN,i

= − ∂F

∂IN,i
− qi ,2

∂fi ,2
IN,i

− qi ,3
∂fi ,3
IN,i

−
n∑
j=1

(
qj ,6

∂fj ,6
∂IN,i

)

= − 1
Ni
+ qi ,2(αi + µi)− qi ,3αi −

n∑
j=1

(
qj ,6(1− zj)

∂kj
∂IN,i

)

Since
∂kj
∂IN,i

=
pji
Ni

ηji , we arrive at the equation for q′

i ,2:

q
′

i ,2 = − 1
Ni
+ qi ,2(αi + µi)− qi ,3αi −

n∑
j=1

qj ,6
pji
Ni

ηji(1− zj).

The expression for the optimal control is given more precisely by

v ∗i (t) =


0 if

(
q∗i ,1(t)− q∗i ,4(t)− 1

N

)
< 0

vmax ,i if
(
q∗i ,1(t)− q∗i ,4(t)− 1

N

)
SN,i (t)

2Wi
> vmax ,i(

q∗i ,1(t)− q∗i ,4(t)− 1
N

)
SN,i (t)

2Wi
otherwise

(5–11)

5.5 Numerical Results

To investigate the role of short-term movement in a spatially heterogeneous

transmission landscape on the optimal vaccination strategy, we begin by numerically

solving the optimal control problem for two patches.

5.5.1 Vaccination Model Parameters

For the numerical exploration of the vaccination model with two patches, we assume

for simplicity that βX ,21 = βX ,22 and βX ,12 = βX ,11, for X = N,V . Similarly, we assume

η12 = η11, η21 = η22, ηX ,12 = ηX ,11, and ηX ,21 = ηX ,22 for X = N,V . In other words, the
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transmission rates are determined completely by where an individual is located, and not

where they are from, when they are exposed to malaria.

The reciprocal of vi is the average time a patch-i resident remains in the susceptible,

non-immune stage before receiving a vaccine. Stage two trials of the RTS,S vaccine

suggested that the vaccine provided immunity for at least 18 months [5]. Thus,

we assume that the rate at which vaccine-induced immunity wanes is given by

ωi = 1/(18 · 30) days−1. Furthermore, we think it unlikely that individuals will receive

a vaccine more frequently than every two years given that the vaccine should remain

effective for at least one and a half years. Consequently, we chose the maximum

vaccination rate in each patch (vmax ,1 and vmax ,2) to be 1/(2 · 365) days−1. Estimates for

the rate at which naturally acquired immunity wanes vary in the literature. We take the

rate at which this temporary immunity is lost to be rN,i = 1/365 days−1 as in [26]. While

the malaria vaccine may reduce the duration of the infectious period (RV ,i ), we assume

that rV ,i = rN,i .

Transmission rate estimates for the vaccination model were derived using the

Low-Wet parameter set for patch one and the High-Dry parameter set for patch two,

presented in Table 4-2. More precisely, we set βN,ii = miaibie−gini and ηii = aici ,

for i = 1, 2. These estimates of the mosquito-to-human transmission rates yielded

prevalences close to 100% in the vaccination model; we subsequently reduced the

mosquito densities 10 fold to yield more reasonable estimates of prevalence. Our

first goal of this optimal control study was to compare the effect of different vaccine

efficacies, denoted by e, on the optimal vaccination strategy. To that end, we assumed

βV ,ii = (1 − e)βN,ii , where e denotes the vaccine efficacy. The sporozoite-blocking

vaccine may reduce infectivity in RV ,i individuals to mosquitoes. Similarly, individuals in

RN,i are less infectious to mosquitoes. We let s denote the reduced infectivity of these

individuals to mosquitoes so that ηV ,i = ηN,i = sηii . For the purpose of our numerical

exploration, we assumed that these temporarily immune individuals have an infectivity
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reduced by half compared to non-immune, infected individuals. In other words, s = .5.

Finally, we chose αi equal to our estimate for ri in Table 4-2, and the human natural

mortality rate to be 1/(65 · 365) days−1.

Recall that our goal is to jointly minimize the proportion of the human population

infected, the number of vaccines distributed over T days, and the square of the

vaccination rate in each patch. Because the square of the maximum vaccination

rate is on the order of 10−6, we will need to choose the vaccination weightsWi so that

prevalence of malaria and the square of the vaccination rate are of the same order of

magnitude. The parameter estimates above yielded prevalences on the order of 10−2 to

10−1. Thus, we chooseWi = 105, for i = 1, 2. Parameter values used in our numerical

simulations are summarized in Table 5-3. Using the expression derived for the isolated

reproduction numbers (Equation (5–5)) and our parameter estimates yields R01 = 1.22

and R02 = 0.92 in the absence of vaccination. If we assume a constant vaccination rate

vi(t) = vmax ,i = 1/(2 · 365), the controlled isolated reproduction numbers have values

RC1 = 1.02 and RC2 = 0.77. These estimates imply that a higher vaccination rate must

be sustained in order to guarantee elimination of malaria under all movement regimes.

Table 5-3. Description of vaccination model patch i parameter values in days−1

Parameter Estimate Parameter Estimate Parameter Estimate
βN,11 0.0338 η11 0.0225 1/αi 1/150
βN,12 βN,11 ηN,11 sη11 µi 1/(65 · 365)
βN,22 0.0120 ηV ,11 sη11 rN,i 1/365
βN,21 βN,22 η12 η11 rV ,i 1/365
βV ,11 (1− e)βN,11 ηN,12 sη12 ωi 1/(18 · 30)
βV ,21 (1− e)βN,21 ηV ,12 sη12 vi 1/2 · 365
βV ,22 (1− e)βN,22 η22 0.0567
βV ,12 (1− e)βN,12 ηV ,22 sη22

η21 η22
ηN,21 sη21
ηV ,21 sη21
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5.5.2 Numerically Solving the Optimal Control Problem

To numerically solve the optimal control problem, we used the Forward-Backward

Sweep method described in [67]. This method involves making an initial guess for the

control function, using the initial condition vector x⃗0 to solve the state variable system

in forward time, then using the solutions to the state variable system and terminal time

conditions λ⃗(T ) = 0⃗ to solve the adjoint system in backward time. We solve these

systems numerically using the Fourth Order Runga-Kutta method [10]. Once the state

and adjoint systems are solved, we input the corresponding solutions into the expression

for the optimal control v⃗ ∗(t) (equation (5–11)) derived in the previous section. We

update the estimate of the optimal control by setting the control function equal to a

convex combination of the old control estimate and the estimate obtained from the

expression for v⃗ ∗(t). We calculate the error between the new and old estimates of the

control, as well as for the new and old solutions to the state and adjoint systems. This

procedure is repeated until the algorithm converges; the convergence criterion for the

forward-backward sweep algorithm is:

δ
∑

|vi(t)| −
∑

|vi(t)− vi ,old(t)| ≥ 0,

where we take δ = 0.001.

5.5.2.1 Optimal strategy in a malaria endemic setting

The initial condition vector x⃗0 is set equal to the equilibrium values of x⃗(t) when

there is no vaccination program, i.e. x⃗0 = limt→∞x⃗(t), so that we may study the

qualitative effect of the optimal vaccination strategy on the prevalence of malaria in this

two-patch system with different vaccine efficacies and different short-term movement

patterns. We numerically solved the optimal control problem for vaccine efficacies

e = 0.3, 0.5, 0.8, 1 and for the short-term movement parameter pairs (p11, p22) =

(1, 1), (1, 0.5), (0.5, 1), (0.5, 0.5), (0.8, 0.3), (0.3, 0.8), over a span of T = 10 years.

Note that choosing values for p11 and p22 automatically determines the values of the

120



remaining pji ’s in the two-patch case: p21 = 1 − p11 and p12 = 1 − p22. Also, because we

have chosen transmission parameters to depend solely on the location of an individual

and not their patch residence, when p11 + p22 = 1, the two-patch system essentially

becomes a homogeneous system, with identical dynamics in each patch. Thus, in

the (p11, p22) = (0.5, 0.5) case, we expect the optimal strategy to be identical in both

patches (v ∗1 (t) = v ∗2 (t) ∀t ∈ [0,T ]). The results for vaccine efficacy e = 0.5 under

the movement patterns (p11, p22) = (1, 0.5), (0.5, 1) are illustrated in Figure 5-2; the

results for movement patterns (p11, p22) = (0.5, 0.5), (0.8, 0.3), (0.3, 0.8) are presented

in Figure 5-3. In the figures, each row corresponds to a different movement pattern.

The optimal control strategy for that movement pattern is shown on the left, and the

corresponding number of infected individuals in each patch is shown on the right. The

shaded region illustrates the disease dynamics after the 10-year vaccination policy has

been lifted, allowing us to assess the longterm benefits of the optimal strategy. In reality,

it is unlikely that malaria vaccination, once implemented, will be lifted. However, as

conditions improve in a population, it is possible that individuals will become less likely

to seek vaccination. Applying an optimal 10-year vaccination policy and studying the

longterm dynamics represents a worst-case scenario. When (p11, p22) = (1, 1), in other

words when individuals never leave their residence patch, malaria is endemic in patch

1, but extinct in patch 2. However, allowing short term movement in at least one of the

patches led to persistence of the disease in both patches.

The optimal strategy in all scenarios was one in which we should vaccinate at the

maximum rate for at least five years, followed by a sharp decline in the vaccination rate.

The numerical results of our optimal control problem coincide, at least qualitatively, with

our intuition for how vaccines should be distributed over time between two regions. The

optimal policy suggests sustaining the maximum vaccination rate longer in the patch

with higher malaria transmission. Figures 5-2C and 5-2D illustrate that even when a

short-term movement regime leads to higher prevalence in the low transmission patch
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(patch 2), the optimal strategy is one in which we sustain the maximum vaccination

rate longer in the patch with intrinsically higher transmission characteristics (patch 1).

Consequently, this result suggests we cannot rely solely on current patch prevalences

to guide decisions regarding where to place more resources. However, Figures 5-2

and 5-3 do suggest that we should sustain vaccination efforts longer under movement

regimes that lead to higher overall prevalence. Vaccination efforts should be sustained

longest under the movement regimes (p11, p22) = (1, 0.5) and (0.8, 0.3), which lead to

the highest overall prevalences. Furthermore, whether we should sustain the maximum

vaccination rate much longer in the high transmission patch than in the low transmission

patch appears to be determined by the relative difference between the two patch

prevalences. In other words, if a movement regime leads to a much higher prevalence

in patch 1 than in patch 2 in the absence of a vaccination program, the difference in

the time at which we should stop vaccinating at the maximum rate in each patch is

greater than if a movement regime leads to more similar prevalences in each patch.

When short-term movement leads to very similar prevalences in each patch, the optimal

strategies in each patch are nearly identical, requiring the maximum vaccination rate to

be sustained only slightly longer in the patch with higher transmission.

Comparing the optimal solutions for different vaccine efficacies revealed that higher

vaccine efficacies yielded an optimal vaccination strategy in which the vaccination rate

declines earlier during the 10 year period, while still leading to a smaller number of

infected individuals at the end of the vaccination period, compared with lower vaccine

efficacies. Increasing the vaccination weightsWi decreased the amount of time we

should sustain the maximum vaccination rate. None of the optimal strategies presented

in Figures 5-2 and 5-3 successfully eliminate malaria. Vaccination appears to have

only short-term benefits under movement regimes resulting in high prevalences in the

absence of vaccination. Although vaccinating at the maximum rate can substantially

decrease the number of cases in mid to high endemicity scenarios, once this control
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policy is relaxed, the number of cases begins increasing, rapidly returning to the

pre-vaccination program prevalence (see Figures 5-2B and 5-3D).
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Figure 5-2. Each row illustrates the optimal strategy in a malaria endemic region (left
column), and corresponding number of infected individuals (right column) for
different short-term movement patterns. Vaccine efficacy is e = 0.5. The
grey shaded area illustrates the disease dynamics following the 10-year
control period.

5.5.2.2 Optimal strategy in a non-endemic setting

The numerical exploration described in the previous section allowed us to gain

some understanding about what vaccination strategy to employ in a heterogeneous,

malaria endemic environment, and the outcome of those strategies. While reducing

the burden of malaria in endemic regions is an important goal, the risk of epidemics

in non-endemic settings is also a substantial public health concern. Repeating our
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Figure 5-3. Optimal vaccination strategies for vaccine efficacy e = 0.5 are shown in left
column. In the right column, the number of infected individuals in patch 1 are
shown in blue, the number of infected individuals in patch 2 are shown in
green. Dashed lines represent the patch prevalence with no vaccination
program; solid lines represent the number of infected individuals under the
optimal strategy.
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numerical analyses at the beginning of a malaria epidemic, rather than when the

disease has reached equilibrium, revealed that an optimal vaccination strategy can

delay the epidemic, or prevent the epidemic from taking off (see Figures 5-4 and 5-5).

In the movement regime (p11, p22) = (1, 0.5) (Figure 5-5F), the optimal vaccination

strategy slows the growth of infected individuals in each patch and the disease begins

to approach a new, smaller, equilibrium value. However, once the control measures

are relaxed, the number of cases increases again, eventually approaching the same

equilibrium number of cases observed when no vaccination policy is implemented.

Under the short-term movement regime (p11, p22) = (0.8, 0.3) (Figure 5-5D), the optimal

vaccination strategy maintains the number of malaria infections at a fairly low level

throughout the control period, but fails to eliminate malaria during that 10-year interval.

This failure to eliminate malaria during the control period permits the number of malaria

infections to grow once the control policy is lifted. Thus, in this case, the optimal policy

succeeds only in delaying the malaria epidemic. Out of the five movement patterns

presented, we are successful in preventing a malaria epidemic with a 50% effective

vaccine under the (p11, p22) = (0.5, 1) (Figure 5-4D), (p11, p22) = (0.5, 0.5) (Figure 5-5B),

and (p11, p22) = (0.3, 0.8) (Figure 5-5F) movement regimes. These movement regimes

naturally yielded the lowest prevalences without any vaccination program.

The optimal strategies derived numerically for the non-endemic settings are

qualitatively very similar to those in the endemic settings presented in Section 5.5.2.1.

We again observed that vaccination should be maintained at the maximum rate for

several years, with vaccination terminating earlier in the patch with lower malaria

transmission intensity. The optimal strategies in each patch became more similar

under movement regimes that led to similar prevalences in the absence of control.

However, it is important to note that in a real non-endemic setting, we would not know

the without-vaccination prevalence a priori. Consequently, knowledge about short-term

movement between patches and estimates of within-patch transmission intensities
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is necessary in the non-endemic setting to determine whether vaccination strategies

should be essentially the same in each patch, or whether efforts should be maintained

longer in the patch with higher transmission intensity.
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Figure 5-4. Each row illustrates the optimal strategy in a non-endemic region (left
column), and corresponding number of infected individuals (right column) for
different short-term movement patterns. Vaccine efficacy is e = 0.5. The
grey shaded area illustrates the disease dynamics following the 10-year
control period.

5.6 Future Directions

Residents of regions with high malaria endemicity tend to be frequently re-exposed

to infectious bites. While malaria confers only temporary immunity, this repeated

exposure to malaria boosts an individual’s immunity to the disease. The malaria model

with vaccination and short-term human movement presented in this chapter does
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Figure 5-5. Optimal vaccination strategies for vaccine efficacy e = 0.5 are shown in left
column. In the right column, the number of infected individuals in patch 1 are
shown in blue, the number of infected individuals in patch 2 are shown in
green. Dashed lines represent the patch prevalence with no vaccination
program; solid lines represent the number of infected individuals under the
optimal strategy. Results are shown for five short-term movement patterns.
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not take into consideration this possible build up of naturally acquired immunity in the

population. The next step in the study of optimal vaccination policies in a heterogeneous

transmission landscape is to adapt the model presented here to include the build up of

naturally acquired immunity in the population. While the results of our optimal control

problem with the current model appear fairly intuitive, the addition of naturally acquired

immunity into the malaria model will force us to weigh the benefits of natural immunity

against the benefits of vaccine-acquired immunity. In fact, Aron [8] discovered that

incorporating boosted immunity can lead to much more complicated disease dynamics,

including a non-monotone relationship between prevalence and transmission. With

the exciting possibility of a malaria vaccine available in the near future, analyzing a

model addressing both vaccination and naturally acquired immunity will allow us to

study the potentially unexpected consequences of distributing imperfect vaccines in

regions with naturally high malaria endemicity. Optimal control theory is one approach to

understanding how we might avoid unexpected negative consequences of a vaccination

policy, such as reducing the level of natural immunity in a population below a level which

makes the population at high risk for large outbreaks of malaria.

Once available to the public, the stockpile of malaria vaccines for a given region will

be limited. In addition to incorporating naturally acquired immunity into our vaccination

model, we will develop the tools necessary to consider the optimal control problem

under this resource constraint. Preliminary results using theorems presented in [97]

about constrained optimization problems indicate that an optimal solution to the

problem under vaccine resource limitations exists. Formulating the necessary and

sufficient conditions for the optimal solution is a more challenging problem than in the

unconstrained case presented here, but will address a very important issue for malaria

control: how should a limited number of malaria vaccines be distributed in a spatially

heterogeneous environment?
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