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In this work, a new algorithm is proposed for automatic differentiation. The new 

algorithm uses object-oriented MATLAB to generate multi-dimensional derivatives.  This 

work combines the forward mode with operator overloading to realize the first and second 

derivatives of a function.  Automatic differentiation in this thesis can be applied for solving 

more complex function problems in a more efficient and precise manner, than when 

compared to the traditional differentiations. In order to get to know the features of this tool, 

an example of the arrowhead function is presented. The second example is a simple 

optimization problem with only two states. The last two nonlinear programming problems 

are more complex and sensitive with greater than three states. By providing the gradient 

value for the object and constraint functions and hessian value for the Lagrangian 

equation, those examples are solved with more effectiveness and preciseness. 

Compared to the traditional differentiations, which is tedious and error prone, automatic 

differentiation saves time for deriving optimization results with machine precision. 
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CHAPTER 1  
INTRODUCTION 

Motivation 

Getting the derivatives of a function plays an important role in different areas that 

need numerical computation. There exists different ways of computing derivatives, such 

as hand-coding, finite differencing, symbolic differentiation and automatic differentiation 

which is a relatively new technology to generate the derivative value. (1) Hand-coding:  

Hand-coding means computing derivatives by hand. This procedure is tedious, error 

prone and time consuming. (2) Finite Differencing: One of the numerical methods to 

calculate differentiation is finite differencing, which has the general form of  (    )  

 ( ). Once it divides    , we can get the differentiation quotient 
 (    )  ( )

  
. Hence, 

numerical calculation for differentiation is preferred over hand differentiation. Taylor 

Series is the expansion of finite differencing.  A function that is infinitely differentiable in a 

neighborhood of point a, can be expressed using the Taylor series expansion.  ( )  

 ( )  
  ( )

  
(   )  

  ( )

  
(   )  

  ( )

  
(   )    

  ( )

  
(   ) . By using the higher 

order terms to approximate a function f(x), we can improve the precision. However, even 

the small errors in higher order differentiation values can cause big round-off errors to the 

entire approximation result. (3) Symbolic Differentiation: Symbolic differentiation is the 

process of taking the derivative of a string represented function with respect to the 

variables. For example, 

          ( )  (           )     (1-1) 

The first order derivative of this function is 
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  ( )  

[
 
 
 
 

        

        
        

  

           ]
 
 
 
 

 (1-2) 

The evaluation of f‟(x) is not sufficient. Especially, when the problem is very 

complicated and with large size of variables, the description of the function derivatives will 

be very long. (4) Automatic differentiation: Automatic differentiation is a tool that relies on 

a computer program to execute the elementary operation, such as the binary function, by 

applying the chain rule to the composition of those elementary operations over and over 

again, yielding the final derivative value. Automatic differentiation has become an 

important tool for quick computation and error reduction in computing the derivative value. 

Automatic differentiation finds a great deal of application in solving optimal control 

problems. Usually, an optimal control problem can be converted into a nonlinear 

programming problem (NLP). This NLP requires the gradient of the function to find the 

minimum or maximum point, which gives the point of optimality. If the user does not 

provide the gradient value of the function, the function will generate the gradient using 

finite difference approximation, which has poor precision. Since most of the functions in 

practical optimization problems have complex derivatives, it becomes very difficult for 

users to provide the gradient of each function. Hence, the automatic differentiation tool 

plays an important role in providing the efficient gradient values. 

Apart from the optimization problems, automatic differentiation can also be used in 

sensitivity analysis, which is widely used in mathematics, physics, engineering and other 

areas. 
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Literature Review 

In 1982, Philip Wolf developed a procedure in his paper [1] that tests a program 

used for computing the derivatives of given function and locates the errors in the program. 

He also mentioned that calculating the gradient is 1.5 times as expensive as calculating 

the function. Later, Andreas Griewank, in his paper [2], stated that the upper bounds for 

the ratio of expense for calculating the gradient and the function should be 5. He also 

introduced the basic mathematics and three automatic differentiation tools‟ 

implementations. 

Automatic differentiation tool ADIFOR was developed in the paper [3] by Christian 

Bischof.  ADIFOR stands for automatic differentiation in FORTRAN and it is a source 

transformation tool written in Fortran 77. This tool was capable for use in real time 

experiments. It was more accurate than the divided approximation and also reduced the 

time used for computing derivatives. An implementation of ADIFOR is discussed in [4]. 

This paper uses the automatic differentiation tool ADIFOR for solving systems of 

nonlinear equations and for parameter identification problems. Magana Jimenez [5] used 

ADIFOR 2.0 to provide efficient lie derivatives and Jacobians to calculate the control law 

and evaluate the stability of the control system. Meanwhile, the author also developed a 

user-friendly package called MAFC, which is MATLAB5.3-ADIFOR2.0-FORTRAN. This 

package is useful for analyzing closed-loop control system. The paper [6] applied the 

automatic differentiation in solving nonlinear programming problems. He also presents a 

heuristic approach to reduce the memory occupied for processing graphs, which are used 

for solving the large-scale problems. He also discussed the method to decide the sparsity 

pattern of hessian matrix. This work [7] implemented automatic differentiation into optimal 
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control problems. The original problems were reduced to nonlinear programming 

problems. This transformation was realized by using Runge-Kutta formulation. 

In 1991, Andreas Griewank introduced an automatic differentiation tool ADOL-C [8]. 

It is a forward mode tool, which is written in C++ and implemented by using operator 

overloading. This tool could not only compute the first order derivative but also compute 

the higher order derivatives. Hence it was widely used for Automatic differentiation 

implementation, in areas requiring numerical computation. In [9], Kyung-Wook Jee 

implemented automatic differentiation tool (ADOL-C) to solve Intensity Modulated 

Radiation Therapy (IMRT) problem. These problems have multiple-objective, and they are 

solved using the multi-criteria approach. In order to make ADOL-C more efficient, David 

Juedes and Andreas Griewank [10] paralleled implemented the reverse mode evaluation 

on each node along with the forward mode evaluation. The paper by Kowarz Andreas [11] 

develops a technique that improves the application of operator overloading based 

automatic differentiation and allows higher serial performance of ADOL-C. This paper 

also developed an activity-tracking technique that allows compact internal function and 

simplifies automatic differentiation. 

There are other automatic differentiation tools, such as ADMAT. In 1998, Arun 

Verma introduced an automatic differentiation tool, which can compute the derivative 

accurately and fast [12]. This tool used object oriented MATLAB and could compute the 

derivative of up to second order. One year later, he along with Thomas F Coleman 

developed ADMIT-1 [13]. This new tool made the computing of sparse Jacobian and 

Hessian matrices possible. Also ADMAT could be used as a plug-in tool with ADMIT-1 to 

compute the derivative matrices for nonlinear optimization. In 2006, Christian H. Bischof 
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developed the source transformation tool ADiMat for MATLAB with embedded macro 

language [14]. This macro language helped in generating more efficient derivatives. Also 

David M.Gay [15] developed RAD package which is a semiautomatic differentiation tool 

that compute a function and its gradient individually.   

These gradients were then assembled individually “by hand” to occupy less memory 

than the normal automatic differentiation. The paper [16] introduces the AD tool 

implemented by the cross-country elimination, which is called OpenAD. And this paper 

applied this tool to construct unambiguous computational graphs. Cross-country is 

different from forward or reverse mode, it requires the code‟s computational graph. EliAD 

also implements the cross-country, but it has the number restriction in its input code. 

OpenAD is the extension of EliAD. Phipps [17] used automatic differentiation package 

ADMC++ to provide the derivative for computing the periodic orbits in the system of 

hybrid differential-algebraic equations. ADMC++ was developed based on MATLAB 

language that can not only provide derivatives, but also provide taylor series coefficients. 

By combining the automatic differentiation tool with COSY INFINITY, Pavel Snopok  [18] 

simulated the Tevatron accelerator and optimizes them into the same strength in all the 

arcs. Tadiouddine [19] studied computing Jacobian by using vertex elimination algorithm. 

This algorithm reorders the statements of Jacobian code, and not only reduces the 

memory, but also reduce the flops. 

Overview of the Thesis 

This work has developed a new Automatic Differentiation tool named “Hes”, which 

stands for hessian matrix. In particular, Hes focus on the operator overloading and 

forward mode. The aim of the work is to introduce the algorithm of the automatic 

differentiation tool. At the same time, this work studies three nonlinear programming 
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problems. From the results of those examples, the AD tool is proved to be efficient in 

solving nonlinear programming problems. 

Thesis Outline 

The outline of this paper is as follows.  An introduction of the research motivation on 

automatic differentiation (AD) is given in Chapter 1. Chapter one also introduces the 

review of previous work, such as different AD tools, their implementation along with how 

they related to the optimal control. Chapter 2 has introduced basic mathematics and chain 

rule, which is used in automatic differentiation. It also gives brief introduction of the two 

ways of implementing automatic differentiation, such as source transformation and 

operator overloading. Also, two different modes of AD are described here. Chapter 3 first 

shows class name, member variables and functions being used in automatic 

differentiation. Meanwhile, it also introduces different types of functions along with their 

functionality.  In Chapter 4, brief study of optimization and the way of how it is related to 

the nonlinear programming is presented. This chapter also shows the formulation of 

optimization, nonlinear programming, and Lagrangian that is used to solve the nonlinear 

programming problems. Four examples are given in Chapter 4. Those examples are 

organized from the simplest one with fewest variables to the complicated one with more 

variables. Chapter 5 is the conclusion of the whole thesis and the results showed in the 

example implementations. It also comes up with the direction of future work.   
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CHAPTER 2 
BACKGROUND 

The main purpose of this chapter is to study some basic mathematical concepts 

which are closely related to the automatic differentiation.  Meanwhile, it introduces two 

different modes: forward and reverse mode; and two AD implementing method: operator 

overloading and source transformation.  A brief description of the chain rule is also 

presented in this chapter. 

Differentiation 

In Mathematics, differentiation is the process of computing the derivative of the 

function. For a function y=f(x), where the output, y is called the dependent variables and 

the input, x is called the independent variable. Derivative measures the rate change of 

output y with respect to independent variable x. It can be represented as follows: 

         
 (  )  ( )

    
 (2-1) 

Or   
  

  
    (2-2) 

This equation shows the derivative is the slope value of the tangent drawn at point 

x1. In other words, it is about the rate change of the function with respect to the variables 

at a given point.  

The derivative can be used to determine the critical points of a function. A critical 

point is the point where the derivative of the function equals zero. We may show this 

graphically using a simple two-dimensional example. The lateral line represents the input 

variable or independent variable. The vertical line represents the output variable or 

dependent variable. The capital letter, A, B and C are the different points on the curve line. 

The curve has different rates of change at A, B and C. 
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Figure 2-1.  The curve showing the changing of the slope 

From the graph above, the curve changes at different rates. At A, the rate of change 

of the function is zero. The function goes from increasing to decreasing at A, therefore A 

is a local maximum point. The automatic differentiation Algorithm developed in this work 

relies on determining the maximum or minimum values of most user supplied functions.  

Jacobian Matrix 

 In calculus, Jacobian Matrix is a matrix that one vector taking partial derivative with 

respect to another vector. Assuming y is a vector with m variables, x is a vector with n 

variables. So the Jacobean matrix for y is denoted as 

(

 

   

   
 

   

   

   
   

   
 

   

   )

  (2-3) 
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Suppose m=1, that is, y is a scalar. Then the Jacobian matrix is a column vector. If x 

is a scalar, and y is a vector, the Jacobian matrix will be a row vector. If both x and y are 

scalars, the result will be a scalar. 

Hessian Matrix 

In mathematics, Hessian Matrix is the matrix of one function taking second partial 

derivatives with respect to the entire variables. Suppose one function f with m variables, 

and is written in the form of f  (          ). Actually, hessian matrix is the Jacobian 

matrix taking derivative with respect to all the variables. In this case, output is a scalar, 

Jacobian matrix will be a column vector. Then, hessian Matrix is a square matrix 

 ( )  ( )       ( ) (2-4) 

Where i and j are indices indicating row and column number and D is the derivative 

operation. Here the Hessian matrix will become as 
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Ways of Implementing AD 

There are two ways of implementing automatic differentiation which transform the 

function from computing function into the function that generates value and derivative. 

Those two ways are operator overloading and source transformation. 

Operator overloading initially overloads the elementary operations of the function in 

an array. The derivatives of the elementary function are given in those functions. By 

taking the derivative of composite function with respect to the independent variable, 
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overall derivative is generated. It is hard to apply the reverse mode in this method. The 

reverse mode is explained in Chapter 3.  

Source transformation is a way that reads in a program, determines which 

statement needs to be derivative and carries out the source code for computing the 

derivative. It augments the original source code of the function with instruction for 

calculating the derivatives. The source transformation can be applied by reverse mode as 

given in [20] 

Different Modes 

Forward Mode 

Forward mode propagates derivatives with respect to the independent variables 

through the chain rule. In the forward mode, it breaks the complex function into the 

elementary functions. The program gives the derivatives of those elementary functions. 

By applying some operation rules, such as product rule, power rule, Quotient rule, 

reciprocal rule and so on, forward mode propagates the derivative of the function. For 

example, h(x)= f(g(x))+m (n(x)), G(x), n(x) is the function with the variable x, f and m is the 

function with variable g(x), n(x). Therefore, f (g(x)) is functional with the variable x.  

  ( ( ))  
  

  

  

  
 (2-6) 

  ( ( ))  
  

  

  

  
 (2-7) 

  ( )  ( ( ( ))   ( ( )))
 

   ( ( ))    ( ( )) (2-8)

 

 

So the total derivative of the equation should collect each element‟s value and 

derivative then compile them into the equation above. 
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Figure 2-2.  Shows the computation procedure of forward mode 

The second derivative of this function is   ( )    ( ( ))   ( ( )). In order to get 

the second derivative of the function, we need to first compute the second derivative of 

each element in the two sides of “+” by applying product rule and then substitute each 

value into the equation above respectively. 

Reverse Mode  

Reverse Mode follows the opposite direction as the forward mode does in 

computing the derivative. That is to say, it generates derivatives of the underlying function 
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through the opposite direction of the chain rule. For example f (g(x)), the chain rule to 

calculate the first derivative of this function is  ( ( ))  
  

  

  

  
 .  In reverse mode, it will 

first get the value of
  

  
, then

  

  
, serving

  

  
 as a seed. In order to illustrate the way reverse 

mode works, we use the following example. Suppose one composition function ( )  

   (   ( )) 

     (2-9) 

      (  ) (2-10) 

  
    (2-11) 

  
    

  
   

   
   

     (  )        (  ) (2-12) 

It uses          to represent  

So it propagates derivatives from most outside of the function to the most inner of 

the function. And the final derivative of the function is taken with respect to the 

intermediate quantity. 

Chain Rule 

The chain rule is a mathematical formula that is used to compute the derivative of a 

composite function with more than two functions. For example, a function f maps a vector 

x with n-dimensions into the vector y with m-dimensions. The dimension of this function 

is     . If f is a simple function with variable x, it can be written as f (x) where x is an 

argument with n entries. Normally, the first derivative of f(x) is   ( )  
  

  
. But we have 

created a new term 
  

  
 that can be used as the stop target for the whole computation. AD 

stops evaluating the derivative of the function when it encounters the situation of taking 

the derivatives of independent variables with respect to the independent variables.  For 
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example, in the following equation, the first derivative of f(x) is the product of the outer 

derivative
  

  
 and the inner derivative

  

  
. 

  ( )  
  

  

  

  
 (2-11) 

For the first element of the right side of the equation, f is a vector with length m. 

When the derivative is taken derivative with respect to independent variable x, the output 

dimension will be increased. That is because if one of the elements in f takes the 

derivative with respect to n x, it will return a row vector with length n. Stacking up the total 

number of the m row vectors will result in the total dimension of m by n. So the dimension 

for the first element 
  

  
 in the equation above is . 

If f is a composite function of g(x), where g(x) is the argument of f and x is the 

independent variable,    , and f can be written as f(g(x)). The first derivative of function 

f with respect to x can be written as  

dx

dg

dg

df
xgf ))(( 

 (2-12) 

Suppose f maps from     to     , the dimension for f(x) is . The 

dimension of 



df

dg
 is    . Therefore, the total dimension for the first derivative is nnm 

. The dimension of the first derivative equals the dimension of the function times the 

number of the input. Generally, the computed first derivative‟s dimension equals the 

dimension of output times the dimension of input. 

Then the chain rule is applied to the second derivative. For the first simple function, 

the second derivative is literally taking the derivative of the target function twice. Based on 
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the first derivative, the second derivative is taking the derivative of the first derivative with 

respect to the independent variables. It can be written as  

  ( )  
 

  
  ( )  

 

  
(
  

  

  

  
)  

   

   
(
  

  
)  

  

  

   

   
 (2-13) 

As provided in the first derivative, the dimension of first derivative is . Suppose 

the first derivative is a function h (x) and the second derivative of the original function 

should be the first derivative of h (x). Applying the general rule for the dimensions as 

described above, the dimension of h‟(x) is the dimension of function f times the dimension 

of the independent variables: . 

For the composite function problem f(g(x)), the second derivative of the function can 

be written as 

  ( )  
 

  
  ( )  

 

  
(
  

  

  

  
)  

   

   (
  

  
)  

  

  

   

    (2-14) 

Because 



d2x

dx2
 is zero, only the first two terms left. Then the dimension of the second 

derivative equals the dimension of the function times the dimension of the independent 

variable squared or        . In general, the product rule is applied in both first 

derivative and second derivatives. 
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CHAPTER 3  
ALGORITHM 

In this chapter, different AD algorithm components, such as binary functions, unary 

functions, operation functions and shaping functions, are described. Consider again the 

function f (x):     , the total dimension of this function is     . When evaluating this 

function, automatic differentiation will overload the different AD algorithm components.  

Class, Variable, Member Functions, Properties 

 Class: In this work, the class name is Hes, which stands for hessian. 

 Variable: 1) Input variable: In this work, the input variable could either be a double 
precision variable or an object of class. 2) Output variable: The output variable can 
only be an object of the class Hes. 

 Member functions: Class Constructor function, Composite function, Unary function, 
Binary function, Constant Variable function, Constant function, Reshaping function, 
Array Reference& Assignment function. 

Figure 3-1 shows how these member functions work together with each other and 

propagate the overall output values. Suppose the input is a complex function, which 

contains both unary functions and binary functions. In the first step, user has supplied one 

input variable, and the input variable can be any type of variable. The constructor function 

will first evaluate the input variable, create one class object and return the object‟s 

properties as well. The program will call relative unary function and binary function to 

provide the derivative. Meanwhile, the shaping function, array reference and assignment 

function assist the whole computation process if necessary. In the end of the 

computation, the composite function collects all the results from the unary function, binary 

function and constructor function, and returns the final derivative value of the user 

supplied equation‟s derivative. 
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Figure 3-1.  Relationship between different AD components 

 Properties: The object stores the specification of the class; those properties are 

Value, derivative, s_nz, s_derivative, nderivs, s_nderivs. The fields, value and derivative 

stand for the value of the variables and the directional first derivative respectively. The 

field nderivs is the number of independent variables. s_nz stands for the nonzero values 

indicating the direction to which the second derivative goes. The field, s_derivative 

stands for the second derivative value. s_nderivs is the number of independent variables 

that the function takes second partial derivative with respect to. The order of these fields 

has to be fixed. 

Inner Derivative 

Inner derivative is taking derivative of the independent variables with respect to the 

independent variables themselves. The function will stop evaluating the derivative when it 

finishes taking the inner derivative. Assuming n-valued variables that are denoted as x, 
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the total dimension of the first derivative is . If the derivative of an independent 

variable is taken derivative with respect to other independent variables, it will result in 

zero. As a result, for the first derivative, the elements that lie in the diagonal are equal to 

one and the off-diagonal elements are equal to zero. Then the first derivative of x is the 

identity matrix. 

 For the second derivative, the dimension will be ; the second derivative is a 

three dimensional matrix, which can be described by a cubic as shown in Fig 3-2, with the 

length of each side equal to one of the dimension in the matrix. Look at the graph below, 

suppose O is the starting point. I, J and K represent each dimension of the derivative. The 

form of the second derivative is 



d

dx i

dx j

dx k
. Only when i=j=k, for example, in the diagonal 

direction of the cube, will the value of the second derivative be nonzero.  

 

Figure 3-2.  Visualized second derivative of a matrix 

In automatic differentiation, all the first and second derivatives are stored sparsely. 

sparse function is used to create a sparse matrix for derivatives or transform the original 

matrix into a sparse matrix. There are three different ways to use the sparse function: 



nn



nnn
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1) sparse (A) 

The sparse function acts like a convertor, directly converting a matrix A into a 

sparse matrix. The example below has created one  diagonal matrix. Then, it uses 

the sparse function to reconstruct the matrix. The result has been shown below in Figure 

3-3. The two numbers in each parenthesis are the indices of rows and columns where the 

elements are nonzero, respectively. 

 

Figure 3-3.  Results of the sparse function 
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In this example, the sparse function squeezes out all the zero elements, leaving only 

the nonzero elements. The dimension of the matrix does not change. The numbers in the 

bracket shows the number of the row and column where the nonzero elements are.  

2) sparse (m,n) 

In this way, m and n are scalars indicating the size of the matrix. The utilization of 

this function entails an all-zeros sparse matrix with the size of    . 

3) sparse (i, j, s, m, n) 

S is the vector that stores all the nonzero elements. The vectors i and j indicate the 

position of nonzero elements. The final size of the sparse matrix is created by the sparse 

function. 

 Since the sparse matrix can only be stored as two dimensional forms and the 

second derivative is a multi-dimensional matrix as discussed before; it is necessary to 

convert this 3D matrix into a two-dimensional concatenation of each nxn matrix. Therefore 

there would be n stacks of 2D matrices that consist of the second derivatives of each 

element. 

Outer Derivative 

The outer derivative is
dx

dg

dg

df

 
as show in the chain rule section, which is provided by 

the unary or binary functions. For non-constant functions, the outer derivative gives non-

zero values. According to the chain rule, the derivative of the function is the derivative of 

the outer function times the derivative of inner function. For a non-scalar independent 

variable, its inner derivative is a sparse matrix. The outer derivative can either be a scalar, 

a vector or a matrix. To make the derivatives dimensionally compatible, the outer 

derivative and the inner derivative can be reshaped into vectors. When zero elements are 
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multiplied with any variable, the result is always zero. That is why we only extract the non-

zero values from the inner derivative. In this way, the function can save time that would 

be used to calculate the zero results. The “find” function is used to locate the nonzero 

elements in a matrix and returns the indices of the rows and columns in which the 

nonzero elements stored. And the “find” function returns a vector as an output. 

Class Constructor Function 

The class constructor function of class Hes is used to create objects of the class 

Hes. It is stored under the path: hes/@hes. The class object stores specific manners of 

the class as a structure data type. It contains six fields: value, derivative, s_nz, 

s_derivative, nderivs, s_nderivs. Suppose x is an object of class hes. The syntax of 

accessing the properties of x are x.value , x.derivative and x.s_derivative whose values 

are the value of x, the first derivative of x and the second derivative of x, respectively. 

These specific properties are all defined in the class constructor function. 

The input of the class constructor function could be an object of the Hes class or a 

double precision variable. The output of the function is an object of class hes. The 

constructor function needs to check whether the input is an object of the class, because 

the input data type is ambiguous. If the input is not of class Hes, then the output value 

component equals the value of the input. The other properties of the output are empty 

matrices. If the input is an object of the class, the constructor function uses dot operation 

to get the output value.  

Again, suppose x is a Hes class object. The command x.value can be used to get 

the value stored in the object. If x is a scalar, then the first derivative with respect to x will 

be 1. If the x is a matrix, the function needs to take the derivative with respect to the entire 

set of variables. Each element‟s first derivative will result in a row vector. For example, 
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assume the dimension of the matrix x is M x N, and the number of variables is p. For each 

element in the matrix, the first derivative will be a 1xp matrix with only one non-zero 

element. Then, each of these row vectors is reshaped into the column vectors of a 

diagonal matrix.   

The second derivative behaves differently. In the class constructor function, if the 

input variable is a scalar, the result of the second derivative will be the same as that of the 

first derivative. The general form for the second derivative is
   

   
(
  

  
) , and 

  

  
 is

 
a square 

identity matrix is. When
  

  
 takes the derivative with respect to an independent variable, 

each row vector in the matrix will become a square matrix.  

For example, x is a     matrix that can be written as 

  *
    
    

+ (3-1) 

If the first derivative of this matrix is 
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] (3-2) 

Then the second derivative of this matrix will be 

    [

 

  

   

  

 

  

   

  
 

  

   

  

 

  

   

  

] (3-3) 

In the second derivative matrix, each element is the derivative of the first derivative with 

respect to the all of the independent variables. For example, the full form of 
   

  
 

is*
   

   

   

   

   

   

   

   
+. Then, taking the derivative of 

   

  
 with respect to the independent 

variable x again, it becomes a Hessian matrix as shown 
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 (3-4) 

In the Hessian matrix above, there is only one non-zero element located in the first 

row and first column. The values of the other elements are zero since they are derived 

with respect to other variables. The second derivative matrix is a large matrix with four 

matrix blocks; each block is composed of the second partial derivatives of the element in 

the original matrix with respect to the independent variables. In order to generate the 

second derivative matrix, we have to use a loop to assign the values to the elements 

whose row and column indices are the same. The constructor function takes the product 

of the dimensions of the first derivative as the number of rows in the second derivative 

matrix. The number of columns in the second derivative matrix is the number of variables. 

Unary Function 

The automatic differentiation Hes creates unary functions, such as sin (x), cos (x), 

powers (x), which take only one hes class input, x, and return an object of class hes. The 

most common unary functions are the trigonometric functions. Take f (x) =sin (x) as an 

example where x is an independent variable. The first derivative of this function,



f '(x) 
dsin(x)

dx

dx

dx
, 



dsin(x)

dx , 
can be regarded as the outer derivative of the function, and 

 as the inner derivative. In all unary functions, the number of independent variables 

determines the output size of the inner derivative. This unary function is defined in 

MATLAB as: 

function y = sin(x) 



dx

dx
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Where x is the input and y is the output. This function defines all the properties of y, 

including the value, first derivative, second derivative and number of derivatives. The first 

derivative component of y is
  

  

  

  
 ,which equals     ( ), and the second derivative 

component is
   

   
  , which is     ( ). The inner derivative is not evaluated in the unary 

function, but is defined in the constructor function. After defining all the properties of y, y 

is a structure. In automatic differentiation, there are only two types of inputs: double 

precision variables and the class object. As a result, the unary function has to call function 

“class” to convert y into an object of class. 

y = class(y,'hes'); 

Next a randomized     matrix, x,  is used as an input to test the unary function to 

see the output. The following graph, Figure 3-4, shows the value of x. After evaluating x in 

the Hes constructor function, the function returns an object of class, y. The graph shows 

the details of y‟s properties, including the value of y, the dimensions of y‟s first derivative, 

the value of the first derivative, dimensions of y‟s second derivative and the value of y‟s 

second derivative. The difference between the dimensions of first derivative and the 

second derivative, how the dimensions change from the oringinal matrix to the first 

derivative and to the second derivative are very clearly shown in Figure 3-4. Since the 

function y=sin(x) is needed to be evaluated, the program overloads the unary function 

sin(x). The results shown in the graph demonstrate that the dimensions of the first and 

second derivatives. The total number of derivatives do not change, because of the unary 

function‟s overloading. Unary function only has one input, its number of derivatives 

depends on the input‟s property of number of derivatives. Since the first and second 

derivative matrix dimension is enlarged, compared to the original matrix, the elements are 



 

33 

allocated, and the allocation of nonzero values in the first and second derivatives are also 

shown in the result. 

 

Figure 3-4.  Result of the function “sin” with the ramdon input value 
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Figure 3-4.  Continued 

Constant Variable Function 

When evaluating a constant input, the program will automatically call the 

hesconstant function. Hesconstant evaluates the constant value and returns an object of 

the class hes. In the constant function, the input could be an object of class, or a double 

precision variable. If input is an object of class, then input stores all the properties of 

class, including value, derivative, s_nz, s_derivative, nderivs, s_nderivs. The output is the 
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deep copy of the input. All the values of x and y‟s properties are the same. If the input is a 

double precision variable, then the value of input equals the output value component. 

Because x is a constant, the first and second derivatives of the output are all zero sparse 

matrix. Since input is a double precision variable, it does not have the properties of the 

class. Therefore, the derivatives of the output will be empty matrices. 

Binary Function 

The binary function is a function with two input variables. There are several binary 

functions in automatic differentiation, such as the plus and multiplication function. The 

Table 3-1 explains the gradient and hessian pattern of binary functions. 

Table 3-1.  The first and second pattern of different unary operations 

Equation First derivative Second derivative 



z x y 



z  x'y' 



z" x"y"  



z xy  



z  x'y'  



z" x"y" 



z  x * y  



z  x'*y  x* y'  



z" x"*y2*x'*y'x*y" 



z  x.* y  



z  x'.* y  x.* y'  



z"x".*y2*x'.*y'x.*y" 



z 
x

y
    

         

   



z"
(x"*y  x * y")* y 2(x'*y  x * y')

y3
 



z  x./y  
   

           

  
 



z"
(x".* y  x.* y").* y 2(x'.* y  x.* y')

y3
 

 

Addition and Subtraction 

Addition and subtraction functions in AD are used to add or subtract two variables 

and take derivative value of the result. They take in two input variables and return one 

object of class hes. In a matrix, when doing addition or subtraction, the corresponding two 

entries are added or subtracted element by element. The input variables should have 
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identical sizes, or one of them should be a scalar. Addition and subtraction have the 

following form in MATLAB,  

z=function_name(x,y) 

Where x and y are the two inputs to the function, function_name, and z is the output of 

the function. For this function, there will be three different cases: only x is an object of the 

class; only y is an object of the class; or both of x and y are objects of the class. An 

example of the possible inputs for plus() is shown in Figure 3-5 below. 

 

Figure 3-5.  All the input cases for the plus function  

Case1: x is an object of class and y is a double precision variable.  In this case, x 

has the properties: value, derivative, s_nz, s_derivative, nderivs, and s_nderivs. As y is a 

double precision variable, the function does not evaluate at y.  

The variable x could be a constant or an equation. If x is a constant, the constant 

function will be called to evaluate all of its properties and then return the property values 

to the output. The value component of the output of plus(x,y) is equivalent to the addition 

of the value components of x and y . The derivative of the output z is found by 

implementing the chain rule recursively until the evaluation reaches the derivative of the 

innermost function, which is taken with respect to the independent variable. Since y is not 

an object of the class the binary function only takes the derivative of x. Thus, the 

derivative of the output is equivalent to the derivative of x. The number of independent 
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variables in x decides the number of derivatives of z. Since x is a constant variable, the 

constant function will be overloaded. The constant function will generate the first and 

second derivatives of x, and then pass their values to the plus function.  

There‟re also two scenarios when x is an equation.  First, when x is a unary 

equation, such as a trigonometric function, it will first call the unary function to pass the 

outer derivative to the composite function. Then the composite function computes the final 

derivative of x. Second, when x is a binary equation, it will first call the binary function. As 

the binary function is composed of two more unary functions, it has to call the relevant 

unary functions to give the derivative values until it arrives at the innermost derivative. 

Case 2: If y is an object of class “hes” and x is a double precision variable, then the 

situation is reversed from the Case 1. Now the plus function does not have to evaluate x, 

but has to define y‟s properties and pass them to the output z. 

Case 3: if both x and y are objects of the class, the output z‟s value component 

depends on both x and y‟s value components: z.value=x.value+y.value. In this case, x or 

y could be a scalar or a matrix. If x is a scalar and y is a matrix. The first derivative of x 

would be a row vector, while the first derivative of y will be a multiple dimensional matrix. 

When adding the value component of x and y, each element in y‟s value component will 

add with x. The output size will be the same as y. When doing addition of two derivatives, 

we need to use function “repmat”. 

Repmat is a function, which takes a matrix as an input block and returns a larger 

matrix with a specified number of rows and columns. The input block can be an array or a 

matrix. The number of rows and columns of these blocks to be placed in the output matrix 

are given as inputs to the function. The repmat function converts the derivative 
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component of x into the same size as derivative component of y. Once the dimensions of 

x and y are compatible, x and y can be safely added together. In the following graph, we 

have created one random matrix with the size of   ,       . We need the “repmat” 

function to create a two by three tiling of copied input matrix. After using the “repmat” 

function, the result will be a big matrix with repeated blocks. 

 

Figure 3-6.  Result of the function “repmat” with input of random matrix 

If x and y are both matrices, the derivative component of output z is the addition of 

both the directional derivative component of x and y. When function adds x and y‟s 

derivative, it must check whether x and y have the same independent variables. If they 

are taken derivative with respect to different independent variables with different sizes 

and the dimensions of variables will be different, that will lead to different dimensions of x 

and y‟s derivative components. Also, the derivative of output z cannot be realized, 

because when z takes derivative, it can only do so with respect to one variable each time. 

For plus, both sides of „+‟ sign should have the same dimension. If taking derivative of x 
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and y with respect to the same variable, the sizes of both sides of „+‟ sign are compatible. 

Thus, the number of derivative is the number of variable x or y are taking derivative with 

respect to. The number of variable for second derivative to be with respect to is the same.  

Element-Wise Operation 

Element-wise operations perform computation on the corresponding elements of the 

two matrices. They have the mathematical form of



z  x.* y . In the element-wise 

multiplication, in order to be operationally compatible, both x and y must have the same 

size, except when one of them is a scalar. When x or y is a scalar, the scalar will multiply 

with each element in the matrix without changing the dimension of the matrix. 

Figure 3-7 illustrates the form of the element-wise operation: take two variable 

inputs and return one output. In Figure 3-7, there are three cases existing for function 

“times”: x is a double precision variable, y is an object of class; x is an object of class, y is 

double precision variable; x and y are both class objects. MATLAB‟s intrinsic function “isa” 

is used to determine whether x or y is an object of the class. 

 

Figure 3-7.  Different possibilities of inputs for function “times” 

Case1: When x is a double precision variable and y is an object of class, the output, 

z, is obtained by adding the numerical x‟s value with the value property of y. The size of 
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y‟s first derivative is determined by the computation of , and it should be the 

dimension of y times the number of independent variables. The first derivative of z is 

written as          where x and y could be a scalar or a matrix.  

If x is a double precision scalar, the output‟s first derivative equals x times each 

element in y‟s first derivative matrix. The same principle has to be implemented when 

computing the second derivative of the output. 

If y is a scalar, taking derivative of y with respect to the independent variables will 

result in a row vector. Suppose the independent variable vector is    , the first 

derivative of y is 
  

   
 

  

   
   

  

   
  . For the second derivative, the result will be a square 

matrix with the size of    . Since x is not a scalar and the first derivative of y is a row 

vector, in order to multiply each element in x by each element in y‟s first derivative, x (:) is 

used to convert x into a column vector. The second derivative of output would be

. Much like calculating the first derivative, algebraic multiplication is applied to 

"*(:)" yxz   that computes the second derivative of z.  

If both x and y are matrices, the equations of z‟s first and second derivatives are  

         (3-5) 

         (3-6) 

The first derivative of y is a directional derivative: the derivative of y is the rate change of 

y with respect to a certain direction. Therefore, the function uses commands: repmat (x (:), 

1, number of derivatives), to convert x into [x (:)…..x (:)], which has the same dimension 

of the first derivative of y. Suppose n represents the number of derivatives, the total 

number of x (:) is n and x (:) is a column vector with dimensions of 1*the product of the 



dy

dx

dx

dx
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dimension of x. When doing the second derivative, the same method above is used 

except the tiling dimension of input to repmat would be 1 and   . 

Case2: When x is an object of class and y is a double precision variable the 

methods from case 1 are used with the roles of x and y reversed. 

Case3: When x and y are both class objects, the output‟s value will be generated 

from the product of x and y‟s value components. The derivative of the output follows the 

product rule and can be written as:  

               (3-7) 

                      (3-8) 

If x is a scalar then the first derivative of z can be divided into two terms: 

term1=x.derivative.*y.value, term2=x.value.*y.derivative. Suppose the independent 

variable is a n-valued entry. For term1, the first derivative of x is a row vector with size n. 

Each element of x‟s first derivative is multiplied with the corresponding element of y. For 

term2, the value component of x is a scalar. Whether or not the first derivative of y is a 

matrix or a scalar, the first derivative of each element in y will multiply by x. The result of 

the computation will be the same size as the size of the first derivative of y. If  y is a scalar 

then the methods used in case 1 are duplicated with the roles of x and y reversed. 

If x and y are both matrices then the sizes of x and y need to be the same for 

element-wise operation. Suppose the dimensions of x and y are m x n and the size of the 

independent variable vector is p. The dimensions of term one above will be m x n x p, that 

is       . The direction of the first derivative is taken along the columns. Likewise, tiling 

the column vector y (:) follows the same direction as the derivative direction. After 

reshaping into a column vector, y is duplicated into a matrix with the number of columns 
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as the size of the derivative of x. When multiplying y with x‟s first derivative, the nonzero 

elements are computed. A similar method is used to deal with term 2.  

The equation for the second derivative is "*. *. *2*"." yxyxyxz  . The principle 

of taking the second derivative is similar to the principal of taking the first derivative. The 

only difference of the two computations is that there is an extra term in the computation of 

second derivative, which is 2*x.*y. The size of the extra term is m x n x p. However, the 

dimensions of the other terms in the equation are all m x n x p x p. In order to continue 

the whole computation, the sizes of all the terms should be compatible. So the binary 

function uses the “find” function to extract the nonzero elements in the second term and 

return their locations. “Find” returns the nonzero elements as a vector. After extracting the 

nonzero values from the matrix, according to their original location in the matrix, a sparse 

matrix is used to reorganize those values into the same size as first and third term without 

changing the location of the nonzero values. 

All of the properties are stored in the output z. Due to features of operator 

overloading, the input can only be a double precision variable or an object of the class 

hes. And the function needs to return the data type of the class object. Therefore, in the 

end of the code, function “class” is utilized to convert z into an object of class. Figure 3-8 

gives all the three cases when x and y are both class objects. These three cases are 1) x 

is a scalar and y is a matrix. 2) x is a matrix and y is a scalar. 3) x and y are both matrices. 

Under these three cases, the program carries out different methods to compute the 

derivative of output z. As in case two and three, the equations for computing first 

derivative value of z are different. 
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Figure 3-8.  Different cases when x and y are both objects 

Matrix Operation 

There are some matrix operations in automatic differentiation, such as mtimes, 

mrdivide, mpower. Different from element-wise operation, matrix operation is the linear 

algebraic operation of matrix.  

          (3-9) 

Equation 3-9 is about the matrix multiplication. The elements in row vector of x are 

multiplied with the associated elements in the same column in y. As indicated in the 

equation, the number of x‟s columns should be equal to the number of y‟s rows. The 

following equation shows the function mtimes‟ expression in MATLAB: 

function z=mtimes(input1,input2) 

If x or y is a scalar, then the operation process is the same as element-wise 

multiplication. The three cases of x and y as matrices are shown below in Figure 3-9. 

Specially, there are also there cases under x and y are matrices. 
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Figure 3-9.  Different possibilities of inputs for function “mtimes” 

If x is a double precision variable and y is an object of class then the first derivative 

of the matrix multiplication is        . Suppose x is a matrix with the dimensions 

of     and y is the matrix with the dimensions of    ,      , where q is the number 

of independent variables. So the dimension of y‟s first derivative is     . In order to be 

compatible, the derivative of y should be reshaped into the dimensions     . The first 

derivative of y is a matrix that contains     blocks. Each block is a row vector with 

dimension of    , which has only one nonzero entry. In order to multiply x and y‟, the 

first derivative of y is converted into another matrix, whose number of rows is the same as 

the number of columns of x. The second derivative of matrix multiplication is        . 

Each element in x is multiplied with the corresponding element in the second derivative of 

y. 

If x is an object of class “hes” and y is a double precision variable then the value 

component of the output, z, is determined by the product of the value components of x 

and y. The first derivative of z is z.derivative=x.derivative*y. Suppose x and y have the 

same dimensions as in case one. For the first derivative of x, its dimensions are      . 

However, the dimensions of y are    . The dimensions of the two matrices do not fulfill 
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the requirement of matrix multiplication. The function utilizes the “regroup” function to 

reshape x‟ into a matrix with the dimensions of     . The function “regroup” divides 

different variable‟s derivative into different groups, and concatenate those groups into one 

matrix. 

If the variables x and y are both class objects, then both x and y have the class 

properties: value, derivative, s_nz, s_derivative, nderivs, s_nderivs. The output, z‟s value 

comes from x‟s value component and y‟s value component. The first and second 

derivative of output z can be written as, 

             (3-10) 

                  (3-11) 

In this case, when computing the first derivative, the function utilizes the results from 

case 1 and case 2 to compute the first and second term by applying the relevant rule, 

such as the chain rule and product rule. When computing the second derivative, the way 

to calculate the first and third term comes from the first and second case. When 

calculating the second term, the dimensions of x and y are increased by n, where n is the 

number of independent variables. First, the dimensions of the first derivatives of x and y 

are converted into compatible sizes. After getting the product of x‟ and y‟, the nonzero 

elements are extracted from the product with their row and column index. Then a sparse 

function is used to create a matrix with the same dimensions as the first or third term. 

If the matrix has p stacks of a     matrix, the regroup function is to reshape the 

function z_sderivative=sterm1+2*sterm2+sterm3; this code is used to add the three terms 

together. For example, if   *
  
  

+  y is the class object with independent variable x,  the 

following graph shows the result of the multiplication of these two matrices. It can be 
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revealed that after multiplication, the dimensions for the first and second derivative will be 

       and         . 

 

Figure 3-10.  Results of the matrix operation 
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Logic Functions 

There are multiple logic functions in the AD program, such as ge.m, eq.m, and gt.m. 

These functions are used to compare each element in two inputs, and return logic value 

of 1 or 0. Whether the two input variables are scalars or matrices, the output will be a 

variable with the same size as the inputs. Each element in the output will be the 

comparison result of corresponding element in two inputs. However, the function needs to 

know whether the inputs are objects of class “hes” or double precision variables. If the 

input is an object of class “hes,” dot reference is required to get the value component of 

the input. 

Constant Functions 

The constant function is used to create a constant value for the output from a given 

dimension. They can take in multiple inputs and return a class object. The inputs indicate 

the final dimensions of the output. There are some constant functions in AD, such as 

zeros.m, ones.m, and hescontant.m.  

Functions, such as “ones” and “zeros” have different numbers of inputs. When the 

input is a scalar, it creates a square matrix with the size provided by the input. When the 

input is a vector the constant function returns a multi-dimensional matrix. The size of each 

dimension is stored in the input vector and the first element in the vector indicates the 

size of first dimension. For those types of functions, the input can have variable data 

types. However, the function can have only one input which can be a scalar or a vector, 

or can have multiple inputs. All of these cases are shown in Figure 3-11. In Figure 3-11, 

the input can be one or more than one, it can be a vector or scalar. 
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Figure 3-11.  Different input possibilities for the constant function 

The constant function uses a MATLAB build-in function “nargin” to return the 

number of inputs for the function.  When there is only one input, nargin=1. The function 

varargin contains all the optional inputs from the function “ones”. For example, the input in 

ones.m is the size indicator, which is different from other functions.  

function z=ones(varargin) 

Therefore, z.value=ones (input.value), where input is an object of class. For multiple input 

situations, varargin cannot be directly used as the size indicator. The function ones 

cannot extract the value stored in varargin directly since it is a cell array. In order to get 

the value stored in varargin, a loop is used to assign every value to a variable vector. 

Suppose z=ones (d), where d is a vector containing the dimensions [m, n, o, p...]. The 

output matrix, z, is a constant matrix in which all the elements are one. The derivative of 

this ones matrix is zero. The size of the first derivative is the product value of the size of 

the input and the number of the independent variables. The size of second derivative 

matrix is the same as the first derivative. 

Shaping Function 

The shaping function is used to change the size of the matrix, and returns the final 

matrix after reshaping, which is an object of class hes. There are some shaping functions 
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defined in AD, such as ctranspose.m, horzcat.m, repmat.m, reshape.m, vertcat.m, 

transpose.m.  

For example, the “reshape” function is used to return a matrix with a desired size. In 

the reshape function, there must be at least two input variables: one is the original matrix 

and the other one is the size of the matrix after reshaping.  

We use the general form to express the function in MATLAB: z=reshape(x, varargin); 

Varargin indicates the size vector and cannot be zero. Since each element‟s value in x 

does not change after reshaping, the first derivative of the output, z, equals the first 

derivative of x. However, the location of each value in the matrix changes after reshaping. 

The dimensions of first and second derivative of output z are the same as the dimensions 

of the first and second derivative of x.  

Array Referencing and Assignment Functions 

In addition to the functions above, the AD tool “Hes” needs to deal with array 

referencing and assignment. Array referencing and assignment functions are used to take 

in three inputs, and return one output, which is an object of class hes. The overloaded 

versions of these functions are subsasgn.m and subsref.m. Subsasgn is the function that 

uses a script to assign the value of an input to an output.  

   ( ) (3-12) 

The equation above explains how subsasgn works. In MATLAB, the function will be 

written as follows, 

function x = subsasgn(x,s,y) 

Usually, function subsasgn has three inputs: the variable itself, the indicator, and y. X 

assigns its value to y. The variable s is a structure that stores the indices of the value and 

the type of referencing. For automatic differentiation, s should be a 1 by 1 structure so 
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that there are no multiple indexes. At the same time, there is only one type of value 

assignment, which is „()‟. MATLAB has its own intrinsic string tester, strcmp. Strcmp is 

used to compare two strings to check whether the type of the index is „()‟ or not. If it is of 

the type of „()‟, the function can continue evaluating. It is very important to prevent indices 

from exceeding the size of the provider x. The output of function “subsagn” is x, where x 

is an object of class. The function defines all the properties of x, including value, 

derivative, s_nz, s_derivative, nderivs, s_nderivs. Function “subsasgn” assigns only the 

referenced part of x‟s value to y. For example, if the index is i, then the value component 

of y describes the value component of x (i). The first and second derivative of the output y 

is equivalent to the derivative of the value of x(i). The value of x does not change because 

of the assignment.  

Composite Function 

The composite function aims to combine the outer and inner derivatives and returns 

the final result of the overall derivative by applying the chain rule, like a compiler. The 

form of the function in MATLAB is written as: 

function y =compositeDerivative(x,y,outerDerivative1,outerDerivative2) 

The first two inputs of this function are class objects x and y. The last two inputs stand for 

the first and second outer derivative of the function, respectively. The unary function 

provides the first and second outer derivatives for the composite function.  

For y(x), the first derivative is
  

  

  

  
. The second derivative of y(x) is 

 

  
(
  

  

  

  
)  

   

   
(
  

  
)  

  

  

   

   
. (3-13) 

So the composite function utilizes this relationship between outer derivative and inner 

derivative to propagate the derivative of the function. In the composite function, y is the 
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output, and the type of y, which is returned by the composite function, is an object of the 

class. So y‟s six properties are needed to be defined in the composite function.  

The outer derivative is passed to composite function, which is 
  

  
 or 

   

   
, the 

dimension of outer derivative would be the product of the dimensions of x and y. For 
  

  
, 

the dimension of the inner derivative would be the square of dimension of the 

independent variable x. As discussed before, the first derivative is a diagonal matrix, and 

the second derivative is a triagonal in a cubic. In order to speed up the computation, we 

only need to take care of the non-zero elements in the chain rule equation. For the sparse 

matrix with many zero elements, it will occupy a lot of storage space. In order to reduce 

the storage size and speed calculation, all the derivatives returned should be stored 

sparsely. 

A sparse matrix is the two-dimensional matrix removes the zero elements from a 

matrix in which most of the elements are zero. In order to store the non-zero value in a 

sparse matrix, one should first extract the non-zero elements as well as their indices. 

Then the matrix is reconstructed using the sparse function. 
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CHAPTER 4 
 EXAMPLES OF OPTIMAL CONTROL PROBLEM 

This chapter begins with a brief introduction about nonlinear programming problem 

and the NLP solver used in the following example is presented. Next, the main 

concentration of this chapter is on using automatic differentiation for four examples. The 

first example is a test example, aims to test whether the result from AD tool is correct or 

not. The following three examples organized from the simplest one to the most 

complicated one. Those examples utilize MATLAB build-in function “fmincon” to find the 

optimization result of the cost function. This work chooses the algorithm to be an interior 

point algorithm, which accepts the user supplied gradient and hessian. Through the 

comparison of these three examples‟ result, it is apparently to see how AD affects the 

speed for propagating the result and in what kind of problem AD will show its obvious 

advantages. 

Optimization 

Optimization is choosing a best element in an allowed set to minimize or maximize a 

function. Usually, this function is called objective function. 

Optimization Problem 

Generally, the optimization problem has the form of  

Given a function: f(x) from set A to real numbers 

Sought: x0 in A that minimizes f(x), that is (  )   ( ); Or maximize f(x), that is  (  )  

 ( ) 

Where f(x) is the objective function, solution x0 is called optimal solution 
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Nonlinear Programming 

The optimization problems with the nonlinear object functions or constraints can be 

transformed into nonlinear programming problems. Nonlinear programming is one method 

to solve optimization problems through some inequality and equality constraints. 

Usually the form of Nonlinear Programming is as follows: 

Minimize or Maximize f(x) 

Subject to  ( )    

                  ( )    

                  ( )    

F(x) is the cost function. It is the target function that we need to get the optimal 

result. Or, we can call it as goal function. E(x) is the equality constraint. G(x) is the upper 

bound constraint; L(x) is the lower bound constraint. With these constraints we can get 

the condition for minimization or maximization of the cost function. Then the Lagrangian 

function could be written as 

 ( )   ( )  ∑     ( ) 
    (4-1) 

Where f(x) is the cost function, C(x) is the constraint function,   is a Lagrange multiplier. 

The second derivative of Lagrangian function is shown as below 

  ( )     ( )  ∑    
       ( ) (4-2) 

In the following examples, the MATLAB‟s optimization toolbox: fmincon is used as a NLP 

solver. In fmincon, interior point algorithm is used. For interior point algorithm, Hessian 

Matrix of the Lagrangian function and the first derivatives of the objective function and 

constraint function. And interior point algorithm can accept user-supplied Hessian value. 
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Otherwise, the hessian value is provided by either dense quasi-Newton approximation, or 

limited-memory, large-scale quasi-Newton approximation or finite differences. 

Example 1 

Problem Statement 

This problem is used to test the Jacobean and Hessian generated by automatic 

differentiation, which is called arrowhead function. The function can be written as  

  ( )     
  ∑   

  
   ,   ( )    

    
  (       ) (4-3) 

Where   maps from       and x is the variable with n entries. The Jacobean of this 

function has a special form, which can be visualized as 

 

                                  ( ( ))   

 

In this example, automatic differentiation provides the first derivative value of f(x). 

Consider a randomized matrix x as an input to the vector function above, who has the 

size of    . And the number n is 6. 

Result 

From the result showed in Figure 5-1, the dimension of the Jacobian matrix is a 6x6 

sparse matrix. The full matrix of the first derivative of the function is shown at the end. In 

this matrix, most of the elements are zero except for the arrowhead direction, which 

stores the nonzero first derivative values. It fulfills the characteristic of the arrowhead 

function. That means the first derivative generated from AD tool is correct. 
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Figure 4-1.  Result of the arrowhead function 
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Figure 4-1.  Continued 
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Example 2 

Problem Statement 

Consider the problem 

Minimize 
 

 
(  

    
    

 ) 

Subject to           

This example is a minimization problem, where          are three decision variables, 

  
 

 
(  

    
    

 ) is the objective function and                is the equality 

constraint function.  In this problem, the objective function is needed to be minimized 

through finding the suitable decision variable values. In order to get the optimization result, 

the first derivative of objective function and constraint functions are needed to compute 

with respect to all the variables. Also, we need to compute the second derivative of the 

Lagrangian function. There are three variables,         in this problem, and only one 

output. Suppose the output is y, the Jacobean matrix would be 

*
  

   

  

   

  

   
+ (4-4) 

Hessian matrix for this problem would be  

[
 
 
 
 
 

   

   
 

   

     

   

      

   

      

   

   
 

   

      

   

      

   

      

   

   
 ]

 
 
 
 
 

 (4-5) 

As introduced in the previous chapter, the Lagrangian function is  

   ( )     ( ) (4-6) 

Substituting F as  
 

 
(  

    
    

 ),   ( )              . Then the Lagrangian 

Equation will become 
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(  

    
    

 )    (          ) (4-7) 

The gradient value is the differentiation of cost function with respect to the variables 

   *
  

   
 

  

   
 

  

   
+ (4-8) 

The hessian value user or fmincon need to supply is the second derivative of Lagrangian 

equation with respect to the state 

             ( ) (4-9) 

Usually,   has an equality and inequality part of values. Where in this problem, since only 

the equality constraint function is presented,   only has the equality nonlinear value. 

Result 

The initial value for the three variables:            are given as [100; 100; 100]. In 

this example, MATLAB function “fmincon” has been used as a NLP solver The algorithm 

“interior point” is used that user can provide derivative values of the objective function, the 

constraint function and the Lagrangian formula. If user does not provide the derivative 

values, function “fmincon” will generate the derivative through different differentiation 

methods. Here, finite difference used as the differentiation method for “fmincon”. Figure 5-

2 shows the result propagated from MATLAB. This problem is a simple problem, with only 

three states. And it can easily find the state value and the lambda value from computation 

of the Lagrange formula even by hand. That‟s why MATLAB does not need to give the 

iterations. The values of three states are [1,1,1], and the equal nonlinear value for the 

Lagrange multiplier is 1. The function value at this point is 1.5. 
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Figure 4-2.  Result of the example two 

Figure 4-3 is the comparison of three different derivative methods used in NLP solver to 
propagate the overall results. Those three different derivative methods are: 

1)  Finite differencing provides the first derivative value of the objective function and 
constraint function. It also provides the second derivative value of the Lagrangian 
function. 

2) Finite differencing provides the first derivative value of the objective function. AD 
tool provides the second derivative value of the Lagrangian function. 

3) AD tool provides the first derivative value of the objective function and the 
constraint function. It also provides the second derivative value of the Lagrangian 
function. 
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Here, in Figure 4-3, the overall time of the first two methods CPU takes to get the 

final optimization is similar to each other. However, the third method, AD provide both the 

first and second derivatives to the relative functions, is much faster. 

 

Figure 4-3.  Comparison of three different derivative methods 

Example 3 

Problem Statement 

Min 2

2

2

1 xxf   

Subject to the constraints 

 

Where equations one and two are linear constraints, equation three, four, five and 

six are nonlinear constraints. So in the “fmincon” function, we need to set up A= [-1,-1], 

b=-0.5; lb=-1. In this problem, the Lagrange formula is 

     ∑    ( ) 
    



0.5  x1

x1  x2 1 0

x1
2  x2

2 1 0

9x1
2  x2

2  9  0

x1
2  x2  0

x2
2  x1  0
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    (   
    

   )    (    
    

   )    (   
    )    (   

    )

 (4-7) 

In this problem, we use three different derivative methods.  

1) Finite differencing provides the first derivative value of the objective function and 
constraint function. It also provides the second derivative value of the Lagrangian 
function. 

2) Finite differencing provides the first derivative value of the objective function. AD 
tool provides the second derivative value of the Lagrangian function. 

3) AD tool provides the first derivative value of the objective function and the 
constraint function. It also provides the second derivative value of the Lagrangian 
function. 

Result 

The final value of the function is 2, and the final value of the states are [1;1]. The 

following graph, Figure 4-3,  shows the results iterated from the fmincon of MATLAB 

when AD provides both the first and the second derivative values. Fmincon in this 

problem has went through 14 steps to converge to the correct answer. Taking a look at 

the first order optimality, it shows the feasible solution is very close to the optimal point. 

 

Figure 4-4.  Result of example three 
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In Table 4-1 below, it compares the results of all the three cases. Even though the case, 

that when AD tool only provide first derivative, uses least steps, but this case consumes 

more CPU time to get the final result. Comparing the first derivative method to the third 

derivative method, they consume similar amount of CPU time to get the final results. The 

first method, that finite differencing provides all the first and second derivatives, is 0.03 

second faster than the case that AD tool provides all the first and second derivatives. 

Since this difference is very tiny, we can almost ignore it. In the table below, the values of 

function, variable and Lagrange multiplier are the same. That means using AD tool in this 

optimization problem can get the correct result. 

 

Figure 4-5.  Comparison of three different derivative modes 
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Example 4 

Problem Statement 

Consider the following NLP problem [21] 

Minimize  ( )  (     )
  (     )

  (     )
  (     )

  

Subject to                               

     
    

    

     
    

    

        

     
       

       

This problem has five different variables: x1, x2, x3, x4, x5; one objective function, 

which is  ( )  (     )
  (     )

  (     )
  (     )

 ; two equality constraints: 

     
    

   and       ; two inequality constraints:            and       . 

In this problem, substituting objective function and all the constraint functions in the 

Lagrangian function, the function will be 

   ( )     ( ) 

 (     )
  (     )

  (     )
  (     )

     
 (     

    
   )     

 (   

  
      )     

 (      )     
 (           )     

 (        ) (4-8) 

Result 

The first result is what the AD tool supply those two values. The second result is 

what the program supply the hessian and gradient of the related values using the finite 

difference. In the first result, the total number of iteration steps is thirty-five, compared to 

the second result, whose total number of iteration steps is forty-five. This comparison 
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obviously reveals that, by using the automatic differentiation, optimality process reduces 

about twenty-two percent of the total steps of iterates.  

 

Figure 4-6.  Result of the example with giving the hessian and gradient by AD tool 
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Figure 4-7.  Result with the hessian and gradient value generated by the quasi-Newton 
approximation 
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This table below shows all the results of three different derivative methods. It is 

apparently seen that, with providing the first and second derivatives by AD tool, fmincon 

uses less iteration steps than the other derivative methods. The CPU time used to find the 

optimal result is 1.370038s, 0.9611894s and 1.378906s respectively. Therefore, if AD 

provides the first and second derivative values to the NLP solver, it will save more than 25 

percent time as compared to the normal way. Other parameters of these three derivative 

methods are similar to each other. This shows the efficiency of AD tool in solving the 

complicated problems. 

 

Figure 4-8.  Comparison of Methods using AD and using Finite Differencing  
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CHAPTER 6 
CONCLUSION AND FUTURE WORK 

This work presents a new automatic differentiation called “Hes”. This tool is forward 

operation overloading tool. In this work, we employ different algorithms of AD. Compared 

to hand computation or infinite differencing, automatic differentiation is more efficient and 

less error prone. In Chapter 5, we have implemented the automatic differentiation into 

some specific problems. The gradient and hessian generated by the automatic 

differentiation were found to be more accurate and time saving when compared to that 

generated by finite differencing or quasi-Newton approximation method. This comparison 

proves that automatic differentiation can not only provide accurate gradient value, but 

also works well for high-order derivatives. 

This work only uses operator overloading method to generate the derivative of a 

formula. And also, it uses object-oriented MATLAB to realize the code. In the future, we 

can combine forward mode with backward mode or combine operator overloading with 

source transformation to make the program run more fluently. 
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