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This dissertation explores a two-port electromechanical device coined an 

“electrodynamic transformer (ET).” An ET is an energy transfer device that consists of 

two independent electrical coils that are electromechanically coupled to a mechanical 

oscillator via a static magnetic field. Electrical energy input to the primary coil is 

converted to mechanical motion via electrodynamic transduction. The mechanical 

motion is then converted back to electrical energy in the secondary coil. 

Lumped element modeling techniques are used to investigate the functional 

behavior and scaling of the ET. Using these models, the ET is compared with a 

conventional electromagnetic transformer (EMT) and a piezoelectric transformer (PT). 

The study shows that the ET can potentially achieve higher power efficiency than an 

EMT and potentially higher power density, as well as superior noise isolation and better 

long term reliability than a PT. In addition, the ET has favorable scaling for improved 

efficiency and power density at the microscale.  

The model is experimentally validated with a macroscale ET prototype. A 

microscale ET is also fabricated and characterized, which shows promising 

performance. The utility of the ET is also demonstrated in a functional power converter 
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application usign the microscale prototype. A compact resonant dc/ac inverter is built 

that takes advantage of the resonant behavior of the ET. The results show promise for 

future adoption of ET and encourages continued research in this area.  
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CHAPTER 1 
INTRODUCTION 

Throughout scientific history, one can find interesting examples of obsolete 

technologies that have been revived by the “push” of new enabling discoveries or the 

“pull” of new applications. For example, consider a classical mechanical relay, which 

employs electromechanical actuation to open or close a circuit. The rapid growth of 

semiconductor transistors in the mid-20th century made such mechanical switches 

obsolete in most integrated circuits. However, the rise of microelectromechanical 

systems (MEMS) and the associated manufacturing technologies has stimulated new 

applications for advanced micro-switches, especially in radio frequency (RF) integrated 

circuits [1]. Figure 1-1 illustrates the progress of relay switch technology over the past 

150 years.  

In the above example, an old technology (the relay switch) was reinvigorated by a 

new technology (MEMS microfabrication). This dissertation investigates another “old” 

technology, which has similar potential for re-invention. The old technology here is an 

outdated mechanical power converter concept that uses mechanical motion to transfer 

and convert electrical power. Using rotating machinery, such mechanically based power 

converters were once commonplace for use in electrical power conversion in times 

before modern power electronics. Like the MEMS-enabled micro-switched mentioned 

above, this dissertation explores a new implementation of the concept, enabled by 

advanced microelectromechanical design and fabrication technologies. A magnetically 

based, resonating electromechnical device—coined an “electrodynamic transformer 

(ET)”—is introduced and explored both theoretically and experimentally. This effort is 
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driven by the application goal of improving the power density of modern power 

converters.  

This chapter is organized as follows: Section 1.1 introduces basic 

electromechanical transducer concepts, electrodynamic transduction, and the working 

principle of the ET; Section 1.2 presents a fuller description of the motivation for the 

research; Section 1.3 reviews the historical background related to the research topic; 

Section 1.4 summarizes the objectives of the research and provides an overview of the 

dissertation. 

1.1. Basic Concepts 

Electrical and mechanical energy are two of the most common forms of energy 

that have served the world over the last century. Electrical energy is more easily 

transmitted over long distance, and can be directly used to achieve many functionalities, 

such as lighting, heating, computing, etc. However, stable, manageable electrical 

energy sources are not directly found in nature. On the other hand, mechanical energy 

is abundant in the environment in the forms of water flow, wind, tides, ocean waves, etc. 

However, the transmission of mechanical energy over long distance is typically difficult 

and inefficient. In modern times, the direct use of mechanical energy finds fewer 

applications than that of electrical energy.  

Electromechanical and mechanoelectrical devices (commonly known as 

machines, motors, generators, transducers, etc.) are used to bridge the gap between 

the two energy domains and take advantage of both. Electromechanical devices convert 

electrical energy to mechanical domain, and mechanoelectrical devices generate 

electrical energy from mechanical energy. In the literature [2-4], the generic term 

"transducer" is used to describe both types of energy conversion devices, and this 
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dissertation adopts the same terminology. Also, unless otherwise stated, the term 

"electromechanical" will be used throughout the work to represent energy conversion in 

both directions. 

Electromechanical energy conversion can be implemented through many different 

transduction mechanisms. The most ubiquitous—electrodynamic energy conversion—

was inspired by Ørsted’s first discovery of electrodynamic interactions in 1821. It makes 

use of the interaction between moving electric charge and a magnetic field. An electric 

charge moving in the reference frame of a magnetic field is subject to a Lorentz force. 

Depending on whether the electric charge movement is externally driven by electric 

current or mechanical motion of the conductor, the Lorentz force converts electrical 

energy to mechanical energy (as in a motor) or mechanical energy to electrical energy 

(as in a generator). The latter is also interpreted as Faraday’s Law of Induction. More 

detailed description of electrodynamic transduction is provided in Appendix A.   

In the modern literature, electrodynamic transduction is often referred to as 

magnetic, inductive, or electromagnetic transduction. To the author's knowledge, there 

is little agreement in the community regarding to the difference between these 

terminologies. However, the term "electrodynamic" has been used extensively in 

acoustic community [5-8] and is clearly defined as an electromechanical transduction 

mechanism where "motor and generator action are produced by the current in, or the 

motion of, an electric conductor located in a fixed transverse magnetic field" [9]. As 

explained in Appendix A, Faraday’s Law of Induction divides the induced voltage or 

EMF into two components: motional EMF and transformer EMF. The former is a result 

of the relative motion between the conductor and the magnetic field source, while the 
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latter is a result of the variation of the magnetic field generated by the field source with 

time (e.g. time-varying current in an electromagnet, or temperature-induced 

magnetization variation in a permanent magnet). Electrodynamic transduction only 

deals with the motional EMF, because of the "fixed transverse magnetic field." In this 

dissertation, the term "inductive" is reserved for the phenomenon where only 

transformer EMF is in effect, for example, the mutual inductive coupling between two 

coils, which is an electrical-magnetic-electrical interaction.  

Having driven the world for almost two centuries, electrodynamic transducers are 

still expanding into new applications such as electric vehicles [6, 10], renewable power 

generation [11-13], energy storage [14-16], etc. Offering the advantages of high power 

density, direct energy conversion, contactless force interaction, and numerous other 

benefits, electrodynamic transducers have maintained a long-lasting predominant role in 

electromechanical energy conversion.  

This dissertation investigates the use of electrodynamic transducers to transfer 

electrical energy between two electrically insulated circuits. The ET device concept, 

shown in Figure 1-2, is a combination of an electrodynamic motor and an 

electrodynamic generator, where the mechanical motions of the two are shared. In 

operation, the electrical current in one circuit creates a mechanical motion (Lorentz 

force), which is used to induce a voltage on the other circuit (Faraday's Law). As a net 

effect, electrical energy may be transferred from the first circuit to the second. The 

devices explored here use oscillating (vibrating) motors and generators, as opposed to 

the rotating systems used in classical electromechanical power converters (more on this 

in Section 1.3). 
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Figure 1-3 shows an example configuration of the ET. In this configuration, the 

primary and the secondary coils are attached to the frame, while the magnet is attached 

to the spring and free to oscillate. An ac current in the primary coil drives the magnet to 

oscillate, the motion of which generates a voltage in the secondary coil.  

1.2. Motivation 

The research effort on the ET is primarily motivated by the ever growing demand 

for compact, power-dense power electronics solutions for the modern electronic 

systems. The ET is explored for its potential as a compact, high-power-density 

alternative to a conventional electromagnetic transformer (EMT). In this section, a 

general description of the challenges for increasing a power converters’ power density 

is first presented. Next, a specific discussion on the power density limits of magnetic 

components (inductors and transformers) is provided. Then, the use of 

electromechanical transducers as an alternative power transformer mechanism is 

described as a potential solution to overcome the power-density challenges. 

Furthermore, an existing implementation of an electromechanical approach—the 

piezoelectric transformer (PT)—is described. Last, the potential benefits of the ET 

compared to the PT are discussed.  

1.2.1. The Progress of Power Electronic System Power Density Improvement 

The rapid progress of integrated circuit technology has enabled implementation of 

more sophisticated systems (e.g. portable electronics, telecommunication systems, 

medical devices, etc.) within more compact physical form factors. However, power 

consumption of these systems has not scaled proportionally with the size. In fact, to 

fulfill their increasing transistor density and ever-growing functionality, many modern 

electronic systems are becoming more and more power hungry and thus power dense. 
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For example, Figure 1-4 shows a progress chart of the microprocessor power density, 

which is almost doubled every two years, and is estimated to reach 1 kW/cm2 in 2015 

[17]. The need for more power in smaller packages places enormous demands on the 

supporting power systems. For portable devices, energy sources such as batteries must 

provide high energy- and power-density. Similarly, the demand for compact power 

conversion/management electronics with high power density has never been stronger.  

The past few decades have seen a dramatic improvement in power handling 

capability of power converters. As can be seen from Figure 1-5, the power density of 

power converters has roughly doubled every ten years since 1970, reaching over 100 

W/cm3 during the last decade [18]. The major space occupiers in a modern power 

converter system are the passives, specifically inductors, capacitors, and transformers.  

To reduce the physical size (which generally corresponds to the inductance or 

capacitance), switching power supplies are being designed with higher and higher 

operating frequencies, as shown in Figure 1-6. Over the last decade, the operating 

frequency of passive components has been increased by 20x from ~1 MHz to 20 MHz. 

However, to transfer the same amount of power, a 2x size reduction of these passive 

components requires roughly a 10x increase in operating frequency. Increasing the 

frequency is not an eternal (or easy) solution for increasing the power density of a 

converter. As the frequency increases, more power loss occurs in the transistor 

switches, magnetic components, and other system components where power loss is an 

increasing function of the frequency.  

Due to these frequency-related loss mechanisms, as well as material limitations 

and manufacturing hurdles, further reduction of passive components size will be more 
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and more difficult. It has been predicted that the size of passive components will 

become one of the major barriers for further improvement of converter power density 

[19]. In order to maintain the long lasting trend and meet the relentless demands for 

modern applications, industry is calling for broader scope research efforts that may lead 

to revolutionary breakthroughs. 

1.2.2. Limitation of Existing Magnetic Components 

The development of compact, high-power-density, low-loss magnetic components 

(inductors and transformers) has been limited by the properties of soft magnetic core 

materials [18]. The ideal material needs to possess high saturation flux density to 

maximize the density of magnetic energy storage. In general, magnetic energy density 

stored in a core is proportional to the square of the saturation flux density.  

Assuming linear magnetic properties, the magnetic energy density in a magnetic 

core material is given by 

  (1-1) 

where Bsat is the saturation flux density of core, µr is the relative permeability of the core, 

and µ0 is the free space permeability (4π x 10-7 H/m). A maximum saturation flux density 

of 2.4 T may be achieved in certain iron-cobalt alloys.  Meanwhile, high permeability is 

required to achieve high self or mutual inductance, and minimize unwanted magnetic 

flux leakage and electromagnetic interference (EMI). Therefore, the effective relative 

permeability of a magnetic core (considering added air gap) should be no less than 10. 

With these aggressive assumptions, the maximum magnetic energy density is only on 

the order of 100 kJ/m3.  
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Besides energy density, the requirement for overall efficiency needs high resistivity 

and low coercivity in order to minimize eddy current loss and hysteresis loss, 

respectively. Last, but not the least, the fabrication of the magnetic material needs to be 

compatible with the manufacturing process of the whole device (e.g. wafer-level 

microfabrication for on-chip micro-inductors). The combination of all these requirements 

presents a challenge to the development of high-performance, power-dense, small-

scale magnetic inductors and transformers.  

Properties of the magnetic materials place a fundamental limit to the performance 

of the magnet components and the overall power electronic system. To overcome this 

material barrier, air-core devices have been advocated by some researchers [18, 20]. 

However, without the flux concentration of the magnetic core, the achievable range of 

self or mutual inductance is limited by the available area for the air-core winding and the 

tolerable coil resistance. In addition, the unconfined magnetic flux presents potential 

EMI problems [21]. Shielding materials can be introduced to mitigate EMI, but these 

shields create similar core loss issues. Since the operating frequency of the air-core 

magnetic components may be higher than cored components, the eddy current loss and 

hysteresis loss in nearby shielding material can be quite significant. 

1.2.3. Alternative Operating Mechanism for Transformers  

Transformers are devices that transfer electric energy between two or more 

electrically insulated circuits. Although the design and fabrication technology of 

transformers has been continuously renovated, the fundamental working principle of the 

most widely used transformers has not changed since Faraday's first ring transformer 

was built in 1831 [22]. The simple, reliable, and efficient electromagnetic-induction-

based transformers have been "too perfect" to be challenged for over a hundred years. 
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However, due to the urge for size reduction, modern industry has begun to regard the 

EMT as one of the biggest hurdles for power system design. It is suggested here that 

the inherent magnetic material limitations of conventional EMTs (as discussed in 1.2.2) 

may be better overcome by investigating energy transfer devices with fundamentally 

different operating mechanisms.  

The invention of the PT in the mid-20th century [23-25] opened a new path for 

small-size, high-power-density transformers. This revolutionary concept utilizes 

mechanical energy instead of magnetic energy as the energy transfer medium, along 

with piezoelectric instead of electromagnetic transduction as the energy conversion 

mechanism. A PT converts electrical energy first into mechanical vibration using the 

reverse piezoelectric effect; this mechanical energy is then converted back to electrical 

energy using the direct piezoelectric effect.  

Figure 1-7 shows the schematic of a “Rosen type” PT. In this device, the 

piezoelectric material is polarized in two directions. When a voltage is applied to the 

primary electrode, a stress along the thickness direction is induced by the left part of the 

material, resulting in a change in thickness. The change in thickness induces a change 

in the length, which excites the right part of the material, generating a voltage on the 

secondary electrode. PTs usually operate at the mechanical resonant frequency 

(typically 10 kHz – 10 MHz) to achieve high efficiency, voltage gain, and output power.  

The key benefits of PTs include small size, low EMI, non-flammability and high 

voltage conversion ratio [26]. There are two categories of PTs: step-up (high voltage) 

PTs and step-down (low voltage) PTs. Step-up PTs have been used to generate high 

voltage in lighting applications [27-30]. Step-down PTs have also being investigated for 
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dc power supply applications [31]. Although certain limitations such as comparatively 

high cost, low power density, and common-mode noise problems (will be discussed in 

1.2.4) restrict their wide application, PTs have clearly demonstrated the promise of 

energy transfer and electrical energy conversion through mechanical vibration.  

In general, mechanical energy storage can achieve energy density orders of 

magnitude higher than magnetic energy storage in a core. A higher energy density 

implies that more energy can be processed per unit volume per cycle, which for 

operation at a given frequency leads to high power density.  

To demonstrate this, consider mechanical potential energy stored in a deformed 

material (as in the case of PTs) with Young's modulus of E. Assuming linear mechanical 

properties, when the material is subject to the maximum yield stress Tmax, the energy 

density in this material is given by 

  (1-2) 

where k is the stiffness, xmax is the maximum deformation, V is the volume of the material. 

For example, the maximum energy density in PZT (lead zirconate titanate), the most 

common piezoelectric material, is on the order of 1 MJ/m3. In silicon, the maximum 

energy density can reach 100 MJ/m3. This is much higher than the maximum energy 

density in a magnetic core of an EMT, which is only on the order of 100 kJ/m3, as 

estimated in Section 1.2.2. 

In addition to higher energy density, the use of mechanical resonance provides 

frequency selectivity. The mechanical resonance in a PT magnifies the desired 

frequency content while suppressing out-of-band spectral content. This additional 

property is very useful in applications such as resonant converters [32-34]. The 
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embedded mechanical resonator of a PT eliminates the need for resonant tank (typically 

implemented using at least one inductor and one capacitor) and significantly reduces 

the overall size of the system. Moreover, the quality factor (will be explained later in 

Section 1.3) of a mechanical resonator can be several orders of magnitude higher than 

what can be achieved using electrical components [35-37]. This further improves the 

frequency selectivity and harmonic suppression capability of the electromechanical 

circuit. 

Since piezoelectricity is not the only transduction mechanism to convert energy 

between the electrical and mechanical domain, alternative transduction mechanisms 

such as electrodynamic, electrostatic, and magnetostrictive might offer benefits that can 

offset the limitations of PTs. Because electrodynamic transduction has been 

investigated and used for almost two centuries, and it is still a predominant transduction 

mechanism in the modern energy conversion applications, it makes natural sense to 

investigate electrodynamic transduction for electromechanical energy transfer.  

1.2.4. Potential Advantages of Electrodynamic Transformers 

From the discussion in Section 1.2.3, the amount of energy being stored and 

transferred in a mechanical resonator is limited by the yield strength of the compliance 

material. In a PT, the yield strength of the piezoelectric material limits the maximum 

amount of energy stored in the mechanical resonator of the PTs. This places a limit on 

the maximum mechanical energy transferred per cycle of vibration, which corresponds 

to the power capacity [38]. Unfortunately, the yield strength of the best performing 

piezoelectric materials are not exceptionally high. Moreover, the requirement to survive 

frequent deformation places additional challenge to the material selection. Fatigue [39-

41], depolarization [42-44], and even catastrophic failure [45, 46] are common problems 
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when driving piezoelectric materials to high strain levels. Also, the deformation induced 

thermoelastic loss in the piezoelectric material increases the temperature in the material, 

especially at elevated power densities. The increased temperature can degrade the 

performance of the piezoelectric material and cause unwanted deformation (called 

thermoelastic displacement [47, 48]). As a consequence, to ensure reliable long-term 

operation, piezoelectric materials are typically operated substantially below their 

ultimate limits. 

In comparison, the proposed ET architectures, like the example shown in Figure 1-

3, may use a separate compliance element that possesses exceptionally high yield 

strength and good long-term reliability. This is contrast to the piezoelectric transduction 

in a PT, where the energy conversion mechanism and material are inseparable. In an 

ET, the energy conversion elements—the conductor and the magnetic field source—are 

generally subjected to negligible stress, strain, or friction. This greatly improves the 

overall reliability of the system and reduces difficulty in material selection. The power 

density and efficiency could potentially be increased by using stronger, lower-loss 

compliance materials. Admittedly, the use of separate compliance element would 

increase the overall physical volume of the device, which tends to decrease the overall 

power density. However, through careful design and optimization, the compliance 

element could have very small physical size. If it is desired, as will be discussed in 

Chapter 3 and demonstrated in Chapters 5 and 6, ETs can also have an “integrated” 

compliance element as in PT, where the conductor is used as the compliance element.  

As noted in Section 1.2.3, the primary and secondary side of a PT share common 

ground electrode [49]. This enables transmission of common mode noise from the 
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primary to the secondary side, which reduces the noise isolation capability of the PTs, 

and to some extent, offsets the benefit of the low EMI. The noise from the primary side 

(e.g. switching noise) could potentially transmit to the secondary side through the 

common ground, which may cause interference on the load. Similar to the conventional 

EMT, the terminals of the input and output coils in an ET would not generally be 

electrically connected. This provides reliable galvanic isolation, which is desirable in 

many applications. 

One of the major concerns of many piezoelectric transducers is the lead-

containing material. Due to the attractive piezoelectric property, PZT (lead zirconate 

titanate) is the most widely used piezoelectric material in PTs. Although lead-free 

piezoelectric materials are also available (such as PVDF, NaKNb, BiFeO3, etc.), their 

properties are still less competitive than PZT [50]. On the other hand, almost all 

common magnetic materials that would be used in electrodynamic transducers are lead-

free, and are friendlier to the environment. Furthermore, the aging effect of the magnetic 

materials is in general less pronounced than that of the piezoelectric materials [41, 51-

53]. The long term reliability of the electrodynamic transducers has been proved for over 

a century. 

1.3. Historical Review 

The idea of using electromechanical coupling to transfer electrical energy is not 

new. Back in the 19th century, when stationary power conversion technology was not 

available, the electric power industry relied on such mechanisms to perform various 

power conversions [54-59]. For example, different types of motors and generators were 

cascaded to convert ac and dc power from one form to another. For instance, when the 

output of an ac motor was mechanically connected to a dc generator, the input ac 
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electrical power was first converted to mechanical rotation by the ac motor, and then to 

dc electric power by the dc generator, forming an ac/dc converter. Such a system was 

called a "motor-generator.” A revised form of the motor-generators was the "rotary 

converter,” where the motor and the generator shared the same armature and field 

coils. A picture of an ac/dc rotary converter is shown in Figure 1-8. This converter, 

installed as a part of railway electrification in 1895, was used to convert 13,200 V three-

phase ac voltage to 675 Vdc.   

Motor-generators and rotary converters were also used to step up or step down dc 

voltages, rectify ac voltage to dc, invert dc voltage to ac, and change the frequency or 

number of phases of an ac voltage. Although rotational devices could also perform ac 

voltage step-up or step-down, stationary EMTs, which existed before the rotary 

converters [60], were used instead for their higher efficiency and simpler construction.  

Today, advancements in solid-state power electronic devices typically provide 

more compact solutions for most modern power converter applications. However, owing 

to their extremely high reliability, low output impedance, great isolation and low input 

output harmonic distortion [61], rotary converters are still being used today in high-

power applications, such as electric railway traction power systems [24, 62]. They are 

also still found in specialized power networks, such as large ship power systems. With 

ongoing progress in contactless (levitating) bearings and high-temperature 

superconducting technologies [63-65], rotary converters may even experience a 

resurgence in the near future. 

Although the intended functionality of these motor-generators and rotary 

converters are different from that of the proposed ET, they are the closest “ancestors” of 
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the proposed technology. They all share the common concept of using 

electrodynamically coupled mechanical motion to transfer electrical energy. One major 

difference for the proposed ET is the use of oscillatory motion, as opposed to rotational 

motion. 

As the system scales down, the tribological scaling of a rotating pivot becomes 

extremely unfavorable [66, 67]. Smaller rotating machines are subject to much higher 

friction, and therefore lower efficiency and shorter life time. Due to restrictions on the 

cost, space, and available technology, contactless bearing systems would be difficult to 

implement in most small scale systems such as portable electronics, sensors, etc. This 

limits the miniaturization of the rotary converters.  

Unlike continuous rotations, mechanical oscillations can achieve very low 

mechanical loss even at micro scales. The quality factor is often used to characterize 

the loss property of a mechanical oscillator. Quality factor is proportional to the ratio of 

the energy stored in the oscillator to the energy dissipated per cycle of oscillation: 

  (1-3) 

The scaling of the quality factor makes microscale implementation of mechanical 

oscillators not only feasible but also attractive. Quality factors of 1,000 to 50,000 have 

been reported for devices with feature sizes of micrometers [68-71]. On the other hand, 

the quality factor of electrical oscillators are usually <100. This spurs the development 

small scale application area, where mechanical vibration is used to transfer electrical 

energy.    
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1.4. Research Objectives and Overview 

The goal of the dissertation is to explore the characteristics of the ET and to 

investigate its potential applications in candidate power electronic systems. Because 

this is preliminary research of an under-investigated topic, the research constitutes a 

feasibility study that is exploratory in nature. Consequently, the work is presented with a 

majority of theoretical development, followed by experimental demonstrations to 

validate the theory and concepts. In order to set this research in the context of the state-

of-the-art, side-by-side comparison among the EMT, PT and ET are performed through 

theoretical analysis and literature review. Eventually, conclusions are made on the merit 

of the ET concept and future works are suggested for performance improvement and 

application areas.   

To achieve these objectives, a generalized energy-domain-based, lumped element 

modeling approach is first developed to model and analyze the ET. This modeling 

approach also enables comparison of the three types of transformers on a common 

theoretical framework, i.e. equivalent circuit models. Side-by-side comparisons are 

performed on the efficiency, power density, scalability and other practical 

considerations.  

The experimental work is composed of four parts. The first part is construction and 

demonstration of a macroscale ET prototype. The second part is experimental model 

validation using the macroscale prototype. The third part is a demonstration of a 

microscale ET prototype. In the fourth part, an application example of the ET is 

presented in a resonant converter using the microfabricated prototype.  

The dissertation is presented with the following structure: 



 

32 

Chapter 1 provides the general background of the topic (motivation of the work 

and literature review) and presents the objectives of the research. 

Chapter 2 introduces the theory of transducer modeling using lumped element 

models. 

Chapter 3 explores the operation, scaling, and performance bounds of the ET 

using the modeling technique introduced in Chapter 2, and compares the predicted 

performance of the ET with the EMT and PT. 

Chapter 4 presents a macroscale experimental prototype and experimentally 

validates the ET model. 

Chapter 5 presents the design, fabrication and characterization of a 

microfabricated ET, and demonstrates an application of the ET in a resonant dc/ac 

inverter. 

Chapter 6 concludes the dissertation with a summary of the major results and 

contributions and a suggestion of future works. 
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A                                                            B 

Figure 1-1. Pictures of switches. A) a relay switch by Joseph Henry (1797-1878). B) A 
MEMS switch by Rockwell Scientific. [72]. (Reprinted from "RF MEMS 
switches: status of the technology" in TRANSDUCERS, 12th International 
Conference on Solid-State Sensors, Actuators and Microsystems 2003, pp. 
1726-1729, by G. M. Rebeiz, Copyright 2003, with permission from IEEE.) 

 

 

Figure 1-2. Block diagram of an electrodynamic transformer. 

 

Figure 1-3. Schematic illustration of an example electrodynamic transformer structures. 
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Figure 1-4. Microprocessor power density increase over time. (Reprinted from, 
"Towards a Thermal Moore's Law" in Advanced Packaging, IEEE 
Transactions on, vol. 30, pp. 462-474, by S. Krishnan, S. V. Garimella, G. M. 
Chrysler, and R. V. Mahajan, Copyright 2007, with permission from IEEE.) 
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Figure 1-5. Progress of power converter power density. (Reprinted from  "PWM 
Converter Power Density Barriers," in Power Conversion Conference - 
Nagoya, 2007. PCC '07, pp. P-9-P-29, by J. W. Kolar, U. Drofenik, J. Biela, 
M. L. Heldwein, H. Ertl, T. Friedli, and S. D. Round , Copyright 2007, with 
permission from IEEE.) 

 

 

Figure 1-6. Trends of passive device size (inductor/capacitor value normalized to 2001 
values) and operating frequency versus time for single-phase buck converters 
[73]. (Reprinted from "Magnetics on silicon: an enabling technology for power 
supply on chip" in IEEE Transactions on Power Electronics, vol. 20, pp. 585–
592, by S. C. O. Mathuna, T. O'Donnell, W. Ningning, and K. Rinne, 
Copyright 2005, with permission from IEEE.) 
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Figure 1-7. Schematic of a Rosen type PT. 

 

 

Figure 1-8. AC-DC rotary converters in the powerhouse for the Baltimore Belt Line of 
the Baltimore and Ohio Railroad, part of the first mainline railroad 
electrification in 1895 (public domain image at. 
http://en.wikipedia.org/wiki/Rotary_converter). 

http://en.wikipedia.org/wiki/Rotary_converter
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CHAPTER 2 
THEORETICAL BACKGROUND 

An electrodynamic transformer is a complicated device that consists of electrical, 

mechanical and magnetic subsystems. In the major energy transfer path, the electrical 

energy in the primary coil is converted to mechanical energy, and then back to electrical 

energy in the secondary coil, where both energy conversions are via electrodynamic 

transduction. There is also a “parasitic” energy transfer path that consists of the air-core 

electromagnetic transformer, where the magnetic domain acts as the intermediate 

domain, and electromagnetic transduction is in effect. Appropriate reduced-order 

models are desired to enable design and optimization of the overall performance.  

The goal of this chapter is to lay out a fundamental background for the modeling 

approaches used. First, a general overview of transducer modeling will be presented. 

Next, the lumped element modeling (LEM) technique will be introduced. The LEM 

technique will then be applied to construct modeling frameworks for the energy domains 

involved in the ET. Specifically, basic concepts and LEM building blocks in the 

mechanical, electrical and magnetic domains will be introduced, and the modeling of the 

inter-domain interactions (electromagnetic and electrodynamic transductions) will be 

explained. Finally, two example LEM equivalent circuit models will be presented for 

physical transducers relevant to the full ET modeling. 

2.1. Transducer Modeling Overview 

A transducer is a device that converts, or “transduces,” one type of energy into 

another. For example, an electromechanical transducer converts energy between 

electrical and mechanical domains. Although all transducers convert energy from one 

domain to another, there are two general categories of transducers that differ 
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significantly in terms of performance evaluation. In the first category, the merit of the 

transducers is mainly evaluated from the energy or power perspective. For example, 

electric power generators are mainly evaluated by how much power can be generated, 

how efficient is the energy conversion, etc. The second category of transducers 

emphasizes more on the signal representation performance. As an example, a 

microphone is evaluated by how accurately the output signal can represent the input 

quantity, the dynamic range of the measured signal, etc. In this dissertation, the term 

"transducer" is exclusively referred to the first category.  

All the transducers discussed in this chapter are assumed to be passive, linear, 

and time-invariant (LTI) systems. Passive means that the transducer itself does not 

produce any power, and that all the power flow is sourced from the input of the 

transducer. Linear means that the transducer satisfies properties of superposition and 

homogeneity. Specifically, if the output variable (y) of a transducer is related to the input 

(x) as 

 , (2-1) 

the function f(x) must meet the following conditions: 

 . (2-2) 

Time-invariant means that the transducer parameters do not change with time. 

For all real physical phenomena, the system energy is distributed in space and 

time. A precise model of a transducer would then consist of an infinite number of 

continuously distributed elements. If all these are to be included in an equivalent circuit 

model, the model will consist of infinite number elements. Analytical models that provide 

space-continuous solutions are not always available for complicated transducers. On 
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the other hand, numerical models such as finite element model (FEM) that use a large 

amount of discrete elements require large computations and provide less physical 

insight for analysis and design of transducers. In this work, the lumped element 

modeling (LEM) technique will be used as the primary modeling tool. As will be 

explained in Section 2.2, LEM is a simple and effective tool that provides physical 

insight and adequate accuracy engineering analysis for design purposes. 

LEM enables equivalent circuit representations of transducers involving multiple 

energy domains. In order to use electrical circuit elements to represent elements in non-

electrical domains, an analogy system between other energy domains and electrical 

domain needs to be established. Therefore, conjugate power variables and elements in 

each energy domains are related, and the physical interactions between two domains 

are modeled using appropriate circuit representations (as described in Sections 2.3 and 

2.4).  

2.2. Lumped Element Modeling Fundamentals 

Lumped element modeling (LEM) is a simple but effective tool for modeling 

systems involving multiple energy domains [5, 6, 74].  In an LEM, the complexity of a 

multi-energy-domain physical system is reduced by breaking down the system into 

discrete elements based on the system’s interaction with energy. As long as the 

greatest dimension of the discrete element is much smaller than the characteristic 

length scale of the physical phenomena (e.g. wavelength, diffusion length scale), the 

spatial variations of the quantities of interest can be decoupled from the temporal 

variations. As a result, the dynamic behavior of the element can be described with an 

ordinary differential equation where time is the only independent variable. In this case, 
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the distributed energy storage/dissipation mechanism is “lumped” into a single point in 

the space, and therefore represented with a single circuit element. 

In a LEM, energy flows in and out of the lumped elements. It can be found that for 

every energy domain, the power transfer can be expressed as the product of two 

variables. One of these variables quantifies a “flow” through the element, while the other 

one quantifies an “effort” acting across the element. The former is defined as the “flow 

variable” ( f ), while the latter is defined as the “effort variable” (e ). Together, they form 

the “conjugate power variables” of an energy domain. For example, in the electrical 

domain, power can be expressed as the product of current and voltage, where the 

current is a measurement of the charge flow, and the voltage is the “effort” that acts 

across the element. Therefore, current and voltage are the electrical conjugate power 

variables, and the current is the flow variable, while the voltage is the effort variable. 

Elements in a LEM interact with each other or the outside world through “ports”. A 

port consists of two terminals that satisfy the port condition: the flow variable into one 

terminal must equal to the flow variable out from the other terminal [75]. The effort 

variable of one terminal may be higher than that of the other. When the flow is directed 

from the high effort terminal to the low effort terminal, power flows into the element; 

when the flow is directed from the low effort terminal to the high effort terminal, power 

flows out of the element; when the effort of the two terminals are the same, there is no 

net power flow at the port. In most conventions, a positive flow direction is defined such 

that the power flows into the element, i.e. a positive flow is directed from the high effort 

terminal to the low effort terminal of a port.  
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In the transducers involved in this work, the lumped models employ one-port and 

two-port elements, which are summarized in Table 2-1. Illustrations of generalized one-

port and two-port elements are shown in Figure 2-1, One-port elements are used to 

model elements inside a specific energy domain, while two-port elements are used to 

interface two energy domains. 

One-port elements can be categorized into three types depending how flow and 

effort variables interact with each other. The three types are: generalized inertance, 

generalized compliance and generalized resistance. In a generalized inertance, the 

effort variable is proportional to the time derivative of the flow variable: 

 .dfe
dt

∝


  (2-3) 

In a generalized compliance, the effort variable is proportional the time integral of the 

flow variable: 

 .e f dt∝ ∫   (2-4) 

 In a generalized resistor, the effort variable is directly proportional to the flow variable: 

 .e f∝ 

  (2-5) 

There are two types of two-port elements that depict different physical interactions 

between energy domains. They are the transformer and the gyrator, as shown in Figure 

2-2. In a transformer, the effort variable across one port is proportional to that across 

the other port; the flow variable through one port is also proportional that of the other 

port: 

 2 1,e Te=   (2-6) 

and 
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 2 1
1 .f f
T

= −   (2-7) 

where T is defined as the transformer ratio. In a gyrator, the effort variable across on 

port is proportional to the flow variable through the other port. 

 1 2 ,e Gf= 

  (2-8) 

and 
 2 1.e Gf= − 

  (2-9) 

where G is defined as the gyration resistance. It is termed a “resistance” because it 

represents the ratio of an effort and a flow. Note that in both (2-7) and (2-9), the 

negative sign means that the power flows into port 1 and out of port 2. 

With all the generalized elements defined, the LEM can be represented as an 

equivalent circuit. In the equivalent circuit, the flow variable is represented by electrical 

current, and the effort variable is represented by the electrical voltage. The generalized 

inertance, compliance and resistor are equivalent to the electrical inductor, capacitor 

and resistor, respectively. The proportionality constant of their constitutive equations are 

represented by the inductance, reciprocal of capacitance and resistance, respectively.  

The input excitation source of the transducer can also be modeled using 

generalized one-port elements: flow source and effort source. A flow source generates 

constant flow, while an effort source generates a constant effort. “Ideal” sources can be 

represented with an ideal electrical current source and voltage source, respectively.  

The circuit representations of all the elements discussed above along with their 

constitutive equations are listed in Table 2-1. With the equivalent circuit representation, 

the LEM can be analyzed with standard circuit analysis techniques, such as mesh and 

node methods, Thévenin and Norton equivalent circuits, and two-port network analysis 
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theories. Also, system simulation can be easily implemented with circuit simulation 

tools. 

2.3. Lumped Element Model within Different Energy Domains 

This section extends the generalized LEM modeling framework introduced in the 

last section to specific energy domains. Implementations of LEM in mechanical, 

electrical and magnetic domains will be presented. The descriptions in the mechanical 

and electrical domains will be brief compared to the magnetic domain, because the 

lumped element modeling technique in the mechanical and electrical domains is much 

better known than in the magnetic domain. The LEM representations of the mechanical, 

electrical and magnetic domain conjugate variables and fundamental elements are 

summarized in Table 2-2 in advance. 

2.3.1. Mechanical Domain 

In the mechanical domain with rectilinear motion, force (f) and velocity (u) are the 

effort and flow variables, respectively [5]. Three fundamental elements in the 

mechanical domain are the mass, spring, and damper.  

For a mass (m), the force is the proportional to the time derivative of the velocity: 

 .duf m
dt

=  (2-10) 

The constitutive equation (2-10) agrees with that of the generalized inertance as in (2-3)

. Therefore, a mass is a generalized inertance. Equation (2-10) indicates that the 

velocity in mass cannot change abruptly given a finite force, or that a mass has the 

tendency to maintain its velocity. Therefore, a mass is a kinetic energy storage. 

Similarly, generalized inertance in all energy domains has the tendency to maintain its 
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flow. Therefore, generalized inertances are all kinetic energy storage from a general 

aspect. 

For a spring, the force is proportional to the time integral of the velocity (the 

displacement): 

 ,f k udt= ∫  (2-11) 

where k is the spring constant of the spring. By comparing (2-11) with (2-4), it can be 

concluded that a spring is a generalized compliance. Equation (2-11) indicates that the 

force on a spring cannot change abruptly with a finite velocity, or that the spring has a 

tendency to maintain a force. Therefore, a spring is a potential energy storage. The 

same applies to generalized compliances in other energy domains, where the tendency 

to maintain an effort is shown. Therefore, generalized compliances are all potential 

energy storage in a broader sense. 

For a viscous damper, the force is proportional to the velocity: 

 ,f bu=  (2-12) 

where b is the damping coefficient of the damper. Thus, a viscous damper is a 

generalized resistor according to (2-5). As a damper has no tendency to maintain a 

force or a velocity, any energy applied to a damper is dissipated immediately. 

Therefore, a damper is an energy dissipater. Similar conclusion also applies to 

generalized resistors in other energy domains. Generalized resistors are used to model 

energy dissipaters in all other energy domains. 

2.3.2. Electrical Domain 

The electrical domain conjugate power variables are the voltage (u) and the 

current (i). As has been explained in Section 2.2, voltage is the effort variable and 
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current the flow variable. The inductor, capacitor, and resistor are the basic elements in 

the electrical domain.  

For an inductor, the voltage is the proportional to the time derivative of the current: 

 ,div L
dt

=  (2-13) 

where L is the inductance of the inductor. This constitutive equation indicates that an 

inductor is a generalized inertance. It is a kinetic energy storage in the electrical 

domain, because it tends to maintain a current flow.  

For a capacitor, the voltage is proportional to the time integral of the current (the  

charge): 

 1 ,v idt
C

= ∫  (2-14) 

where C is the capacitance of the capacitor. This equation indicates that a capacitor is a 

generalized compliance. It is a potential energy storage that maintains the voltage 

across its terminals.  

A resistor behaves similarly to a mechanical damper: 

 ,v Ri=  (2-15) 

where R is the resistance. A resistor is apparently a generalized resistor in LEM and an 

energy dissipater in the electrical domain.  

2.3.3. Magnetic Domain 

The magnetic domain constitutive relations can be found by using the 

electromagnetic duality. According to electromagnetic duality, electrical field (E) is 

related to the magnetic field (H), and electrical charge density or flux density (D) is 

related to the magnetic flux density (B). The effort variable in the electrical domain is 
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voltage, which is the negative line integral of the electric field. By the duality analogy, 

one can deduce that in the magnetic domain, the effort variable should be the line 

integral of the magnetic field ( ), 

 ,
l

Magnetic effort H dl MMF= − ⋅ = −∫
 

 (2-16) 

where MMF is the magnetomotive force. Therefore, the magnetic effort variable is 

defined as the negative MMF. Now consider Ampère's Law, which relates the electrical 

current with the magnetic field: 

  (2-17) 

where fJ


is the free current density, and  is the displacement current density. 

Equation (2-17) states that the electrical flow variable (current) enclosed by a contour is 

equal to the line integral of the magnetic field along the contour. Analogously, Faraday’s 

Law states that the line integral of the electric field along a contour is equal to the 

negative time rate change of magnetic flux (-φ ) within the area surrounded by the 

contour ( ) 

  (2-18) 

where B


 is the magnetic flux density inside the contour. Therefore, by comparing (2-18) 

and (2-17), and using the electromagnetic duality, the flow variable in the magnetic 

domain is observed to be the negative time rate change of magnetic flux (-φ ). Since 

both the effort variable and the flow variable in the magnetic domain have a negative 

sign, it is more convenient and reasonable to ignore both negative signs, so that the 
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effort variable is the MMF, and the flow variable is the time rate change of magnetic flux. 

The only effect of ignoring the negative sign is the interfacing between the electrical and 

magnetic domains, which will be covered in Section 2.4. Note that the effort variable in 

the magnetic domain has a unit of Ampère, and the flow variable has a unit of Volt. This 

is consistent with the electromagnetic duality theory.  

With the effort and flow variables established, the magnetic inertance, compliance 

and resistance can be defined using their constitutive relations. The inertance is the 

ratio between the effort variable and the time derivative of the flow variable, which in the 

magnetic domain is given by 

  (2-19) 

The magnetic inertance is the tendency for a magnetic structure to maintain the time 

rate change of the flux, when it is subjected to a finite MMF. To better understand this, 

assuming that the MMF is generated by N-turn current carrying coil, the MMF is given 

by 

  (2-20) 

and the voltage induced on the coil is given by  

  (2-21) 

Substituting (2-20) and (2-21) into (2-19),, 

  (2-22) 
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Note, the ratio i
v

 is the equivalent electrical capacitance of the coil. Therefore it is 

concluded that the magnetic inertance is equivalent to the electrical compliance 

(capacitance) times a "conversion factor" (N2).  

These results initially seem to be counter-intuitive. However, since the electrical 

effort variable (v) is proportional to the magnetic flow variable (φ ) according to 

Faraday’s law, and the magnetic effort variable (MMF) is proportional to the electrical 

flow variable (i) according to (2-20), it is inevitable that an electrical compliance appears 

as a magnetic inertance, and vice versa. 

As stated in Section 2.3.3, a generalized inertance is a kinetic energy storage. 

However, since the magnetic inertance appears as electrical compliance, it is a potential 

energy storage from the electrical domain’s view point. In fact, as far as the author’s 

knowledge, the so-called “magnetic inertance” can only be implemented in the electrical 

domain via electric field energy storage. 

On the other hand, the generalized compliance is the ratio between the time 

integral of the flow variable and the effort variable, which in the magnetic domain is 

given by 

  (2-23) 

where  is the reluctance of the magnetic flux path (in A/Wb), and  is the permeance 

of the magnetic flux path (in Wb/A). Again, suppose that the MMF is generated by an N-

turn current carrying coil.  Substituting (2-20) and (2-21) into,(2-23), 

  (2-24) 

ℜ
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As has been predicted, (2-24) states that the magnetic compliance is equivalent to the 

electrical inertance (inductance) divided by N2. Again, since a generalized compliance is 

a potential energy storage, and the magnetic compliance appears as an inertance in the 

electrical domain, it can be concluded that magnetic potential energy storage appears 

as kinetic energy storage in the electrical domain.  

From the above analysis, it is concluded that the magnetic inertance and electrical 

compliance are defining the same physical phenomena (that occurs in the electrical 

domain) from different perspectives. The same is true for the magnetic compliance and 

the electrical inertance, where the physical phenomena occurs in the magnetic domain. 

When modeling a system, only one representation can be counted from each pair. In 

the magnetic compliance/electrical inertance pair, the energy is physically stored in the 

magnetic domain as a magnetic field instead of the electrical domain; therefore 

magnetic compliance is a more reasonable definition from physical standpoint. Similarly, 

in the magnetic inertance/electrical compliance pair, the energy is stored in an electrical 

field, so electrical compliance is more reasonable. However, since the electrical 

inertance has been used conventionally instead of magnetic compliance, its continued 

usage should not be unjustified. After all, the choice of definition does not affect the 

analysis result, just the physical insight. An example will be given in Section 2.5.1, 

where the modeling of an air-core transformer is performed in both magnetic and 

electric domains, yielding equivalent results. 

For the magnetic resistance, since there is no “free magnetic current” due to the 

lack of magnetic monopole, nothing physically exists in the magnetic domain where the 

effort is proportional to the flow. However, due to the electromagnetic duality, electrical 
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conductance (reciprocal of resistance) appears as magnetic resistance. Another use of 

the magnetic resistance is to model the energy dissipaters in the magnetic domain. The 

loss mechanisms in the magnetic domain originate from a variety of nonlinear behaviors 

such as hysteresis, saturation, etc. These behaviors are much more complicated than 

what a generalized resistor can describe. The use of magnetic resistance can only 

model the energy loss in the magnetic energy dissipaters, but not the constitutive 

relations. In this case, the closest analogy to the magnetic resistance is a 

conceptualized resistance in the electrical domain that approximates the dielectric loss 

that is caused by certain nonlinear behaviors in the dielectric materials. Such an 

electrical resistance is often referred to as the equivalent series resistance (ESR) of a 

dielectric material. 

2.4. Inter-domain Interactions 

The previous section generalized the representation of basic elements in each of 

the three energy domains (mechanical, electrical, and magnetic) in LEM. In a 

transducer, two or more energy domains are related through energy conversion 

(transduction) mechanisms. This section introduces the interactions between the 

electrical, magnetic and mechanical domains. Energy is converted between electrical 

and magnetic domains through electromagnetic transduction. This is the primary 

mechanism that supports the operation of EMTs. Energy conversion between electrical 

and mechanical domains is electromechanical transduction. There are numerous ways 

to implement electromechanical transduction. In the PT, the electromechanical energy 

conversion is implemented using piezoelectric transduction. In the ET, it is implemented 

using electrodynamic transduction. In the remainder of this subsection, electromagnetic 
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and electrodynamic transductions will be introduced. Due to its importance in ET 

modeling, more emphasis is placed on electrodynamic transduction.  

2.4.1. Electromagnetic Transduction 

Electromagnetic transduction occurs wherever a time-varying electric field or 

magnetic field exists. Instead of dealing with a general case where a time-varying 

electric field induces a magnetic field or vice versa, this subsection only treats a specific 

case that is most relevant to the context of the work: a current carrying multi-turn 

filamentary solenoid and its associated magnetic field, as shown in Figure 2-3.  

In this specific case, a current i flows in the N-turn coil, generating a magnetic field 

 that surrounds the conductors. For any magnetic flux path that encloses all the coil 

turns, 

  (2-25) 

When the current is time-varying, the magnetic flux in the coil is also time-varying, 

inducing an EMF on the coil: 

  (2-26) 

Since this EMF (often called a “back EMF”) is operating against the current flow, the 

right hand side of (2-26) has a negative sign. As explained in Figure 2.3(a), v and i are 

the effort and flow variables in the electrical domain, while MMF and  are the effort 

and flow variables in the magnetic domain. It is noted in both (2-25) and (2-26) that the 

proportionality constant N links the two domains. These two governing equations agree 

with to the general governing equations of a gyrator as in (2-8). Therefore, 
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electromagnetic transduction can be modeled in LEM with a gyrator with gyration 

resistance equal to the number of coil turns as shown in Figure 2-3(b). 

2.4.2. Electrodynamic Transduction  

In electrodynamic transduction, electrical to mechanical transduction is governed 

by the Lorentz force. Suppose that an electric current i flows through a unit segment of 

a filamentary conductor (with length , and cross section area ) that is subjected 

to a magnetic field with flux density , as shown in Figure 2-4  The moving electrons in 

the conductor segment experience a magnetic force 

 .d f iB dl= ×
  

 (2-27) 

If the conductor segment moves at a velocity of , the mechanical to electrical 

transduction occurs at the same time. This transduction is governed by the “motional” 

part of Faraday’s Law of Induction (as explained in Appendix A), 

 ,dv u B dl= − ⋅ ×
  

 (2-28) 

where dv is the differential voltage generated on the segment of conductor.  

In order to represent the transducer in an equivalent circuit, all the conjugate 

power variables need to be scalars, rather than vectors. Equations (2-27) and (2-28) are 

rewritten as 

 ˆ ,
cl

f i f B dl= ⋅ ×∫
 

 (2-29) 

and 
 ˆ ,

cl

v u u B dl= − ⋅ ×∫
 

 (2-30) 
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where f and u are the magnitudes of the force and the velocity, respectively; ˆ ff
f

=


 and 

ˆ uu
u

=


 are the unit vector directions of the force and velocity, respectively; lc is the total 

length of the conductor. Note that in single-degree-of-freedom systems that are 

concerned in this study, the directions of the force and the velocity are the same, or 

 ˆ ˆ.f u=  (2-31) 

Therefore (2-29) can be rewritten as 
 ˆ .

cl

f i u B dl= ⋅ ×∫
 

 (2-32) 

Note that in (2-30) and (2-32) the effort variable in the electrical domain is proportional 

to the flow variable in the mechanical domain, and the effort variable in the mechanical 

domain is proportional to the flow variable in the mechanical domain. Therefore, 

electrodynamic transduction can also be modeled with a gyrator, where the gyration 

resistance is 

  (2-33) 

K is defined as the “transduction coefficient”, this definition is more general than the one 

seen in most literatures [74]: 

  (2-34) 

which is only true when the velocity, flux density and conductor length are everywhere 

perpendicular to each other.  

For example, consider an arbitrary coil arrangement in a non-uniform magnetic 

field, as depicted in Figure 2-5.  At a given position along the conductor, if the angle 
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between  and  is α, and the angle between (the direction of the plane 

containing  and ) and  is β, the transduction coefficient is given by 

  (2-35) 

where B is the magnitude of the flux density at the position l. Note that B, α and β are all 

functions of l (the position along the conductor). Equation (2-34) holds if and only if 

  (2-36) 

or equivalently,  ,  and  are perpendicular to each other at any point of the 

conductor. 

In fact, the special case in (2-34) is often desired in a well-designed 

electrodynamic transducer, because the transduction coefficient is maximized in this 

case. Electrodynamic transducers that meet the condition of (2-36) are defined here as 

“orthogonal electrodynamic transducer”.  There are two common configurations that 

meet the “orthogonal” condition. 

The first configuration is shown in Figure 2-6. In this configuration, the magnetic 

flux lines point into the paper, a straight conductor is allowed to move in the direction 

perpendicular to its length. The flux lines, the conductor and the velocity vector form a 

rectangular coordinate.  This simple configuration is easy to implement in small size. 

For example, a microfabricated ET prototype described in Chapter 5 implements this 

configuration using a clamped-clamped copper beam as the conductor, and magnet 

assembly is placed on each side of the beam to create the field perpendicular to the 

beam. However this configuration only allows the conductor to be a straight line, which 

means that the total length of the conductor can be at most as large as the maximum 
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dimension of the design space. This strictly reduces the maximum achievable 

transduction coefficient within a given space.  

A second configuration is shown in Figure 2-7. This configuration uses a circular 

conductor and a radial field pattern, and the conductor is allowed to move along its axis. 

In this configuration,  ,  and  form a cylindrical coordinate. The circular conductor 

pattern makes it easy to implement multiple turns, which can increase the transduction 

coefficient without taking additional design space. A macroscale prototype of this 

configuration are described in Chapter 4.  

 2.5. Modeling Examples  

Using the LEM techniques introduced in Sections 2.2 through 2.4, this section 

demonstrates the modeling procedure for two cases:  a pair of inductively coupled coils 

and an electrodynamic transducer. These two systems are building blocks of the full ET 

model that will be discussed in Chapter 3. Additionally, a figure of merit coined “coupling 

strength” for an electrodynamic transducer will be introduced as an important concept 

that will be used in Chapter 3.  

2.5.1. Lumped Element Model of Inductively Coupled Coils 

Inductively coupled coils are the centerpiece of an EMT. An illustration of a pair of 

inductively coupled coils is shown in Figure 2-8. The primary coil has N1 turns. A time-

varying current i1 flows in the primary coil, establishing a time-varying magnetic flux 1φ . 

Some of the magnetic flux lines go through the N2-turn secondary coil, inducing a 

voltage v2 across the secondary coil. When a load is applied to the secondary coil, a 

current i2 flows out from the positive terminal of the secondary coil and back into the 

negative terminal. The secondary coil current also induces a magnetic flux 2φ  that 
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interacts with the field generated by the primary coil and establishes a new field pattern. 

In this newly established field pattern, some of the magnetic flux lines go through the 

primary coil and contributes to the voltage drop on the primary coil (v1) which tends to 

act in opposition to the original current i1, and some loop around each individual coils. 

The portion of the total flux that goes through both coils is the mutually coupled flux (

), while the flux that goes solely through the primary coil is the primary leakage flux (

), and the flux that goes solely through the secondary coil is the secondary leakage flux 

( ). The relationships between all the flux components are given by 

 1 1,M Lφ φ φ= +  (2-37) 

and 

 2 2.M Lφ φ φ= +  (2-38) 

The LEM of the system is shown in Figure 2-9. The model consists of three parts: 

the primary and the secondary electrical domains and the magnetic domain. Two 

gyrators with gyration resistance N1 and N2 are used to couple the primary and the 

secondary electrical domains to the magnetic domain.  

The primary and the secondary electrical domains include the primary and the 

secondary coil resistances (R1 and R2). The source connected to the primary electrical 

domain can either be voltage source (vs) or current source (is). The source impedance is 

ignored for this example. The load connected to the secondary electrical domain is a 

complex load (ZL). The parasitic capacitances of the coils are assumed to be negligible 

for this example.  
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The magnetic domain consists of three permeances: ,  and , denoting 

the permeances of the mutually coupled flux ( ) path, the primary and the secondary 

leakage flux (  and ) paths, respectively. 

Since the time rate change of the flux, instead of the flux itself, is the flow variable 

in the magnetic domain, the flows through these three permances are ,  and . 

Also annotated in the equivalent circuit model are the time rate changes of the total flux 

through the primary ( ) and the secondary ( ) coils. These flows are proportional to 

the EMFs (v1 and v2) in the electrical domain. 

Since the equivalent circuit model of the inductively coupled coils is well-known in 

the literature, it is essential to compare this more detailed LEM derived here with the 

widely accepted electrical-only model. Figure 2-10 demonstrates the process of 

transforming the LEM in Figure 2-11 to the widely accepted electrical model of the 

inductively coupled coils. 

In step one, the components in the magnetic domain are moved to the primary 

electrical domain using the properties of the gyrator detailed in Appendix B. After the 

transformation, all the magnetic compliances are converted to electrical inertances as 

expected. The equivalent inductance of a permeance is given by 

  (2-39) 

where N is the number of coil turns (gyration ratio). Also note that the Π-network in the 

magnetic domain transforms to a T-network, and the series connected elements have 

become parallel connected.  
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In step two, the two cascaded gyrators are combined into a transformer with turns-

ratio of N1:N2. This step is also explained with the properties of the gyrator detailed in 

Appendix B. 

In the last step, the inductance  in the primary side of the EMT is moved to 

the secondary side and becomes . Finally, the LEM becomes identical to the 

canonical equivalent circuit, where the leakage inductances (LL1 and LL2) are 

proportional to the leakage permeances (  and ), and the magnetizing inductance 

(LM) is proportional to the mutually coupled permeance ( ). This canonical circuit is 

well-accepted as the standard equivalent circuit model for EMTs operating at low 

frequency (<1 MHz) [76]. 

Comparing to the canonical circuit, the LEM derived here provides better physical 

insights, which is advantageous from the design perspective. Specifically, the model 

directly shows the parameters of the magnetic domain. This could be helpful to the 

design of the magnetic circuit. However, from the parameter extraction perspective, the 

parameters of the canonical circuit are easier to be measured. This will be 

demonstrated in the model validation process presented in Chapter 4. 

2.5.2. Lumped Element Model of an Electrodynamic Transducer 

An electrodynamic transducer can operate as a generator or an actuator. In 

Section 2.4.2, the electrodynamic transduction is introduced from an actuator’s 

perspective. For completeness, this example will be modeled and analyzed as if it is a 

generator. The transducer models are the same whether it operates as an actuator or a 

generator, differing only in the positions of the source and the load.  
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The transducer modeled in this example is shown in Figure 2-11. In this 

transducer, the force (fs) is directly provided from an external source and drives the coil 

to move. As the coil moves, the spring force, mechanical damping force, and inertial 

force are in effect, counteracting the driving force. In addition, the motion induces a 

voltage across the coil due to the electrodynamic interaction. If a load is connected to 

the coil, a current will flow, which introduces a magnetic force that also counteracts the 

driving force. 

The lumped element model of the electrodynamic generator is shown in Figure 2-

12. In the model, the mechanical domain consists of an effort source fs that represents 

the driving force, generalized inertance m, resistance b and compliance 1/k (k is the 

stiffness of the cantilever beam) that represents the effective moving mass, mechanical 

damping coefficient, and the compliance of the cantilever beam, respectively. The 

electrical domain consists of the coil resistance R and inductance L, and the load 

impedance ZL. The mechanical domain is coupled to the electrical domain via a gyrator 

that represents the electrodynamic transduction. The gyration resistance K is equal to 

the electrodynamic transduction coefficient of the device. This lumped element model is 

in agreement with the equivalent circuit model of electrodynamic generators in the 

literatures [77, 78]. 

For simplicity, the operating frequency and the coil inductance are assumed to be 

sufficiently low so that the reactance of the inductance is much smaller than the coil 

resistance. In this case, the coil inductance can be ignored. Further assuming that the 

load is purely resistive (RL), the force to load voltage transfer function can be obtained 

as 
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With a sinusoidal force excitation at the mechanical natural frequency 1
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load voltage amplitude goes to a maximum: 
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The average load power is given by 
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 (2-42) 

The maximum power is obtained when the load resistance is equal to the output 

impedance of the transducer: 

 
2

_ ,L opt
KR R
b

= +  (2-43) 

and the maximum load power is given by 
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= =
 + + 
 

 (2-44) 

where 
2K

Rb
γ =  is defined as the “coupling strength” of the electrodynamic transducer.  

The coupling strength is a useful non-dimensional metric that measures the 

effectiveness of electrodynamic transduction. In this example, the higher the coupling 

strength, the more power can be generated on the load, given that the excitation force 

amplitude is constant. When the coupling strength is much greater than 1, or 
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2

1,K
Rb

γ =   (2-45) 

the load power will approach the absolute maximum 
2

8
sF
b

. In this case, the transducer is 

called “strongly coupled”.  

In order to increase the coupling strength of a transducer, a large transduction 

coefficient, as well as a small conductor resistance and damping coefficient is desired. 

Since orthogonal transducers introduced in Section 2.4.2 tend to maximize the 

transduction coefficient, orthogonal transducer topologies are favorable designs that are 

going to be used for the ETs in this work. 

  



 

62 

 

 
Table 2-1. List of general representations of elements in a transducer lumped element 

model. 
Element Symbol Characteristic equation 

Effort source 

 

 

Flow source 

 

 

Generalized inertance 

 

 

Generalized compliance 

 
 

Generalized resistance 

 

 

Transformer 

 

 

Gyrator 

 

 

-               +e

sourcee

f

sourcef

+ -

L

e
f

+ -

C

f
e

R

+ -
f

e

+

-

+

-
1:T

1f 2f

1e 2e

+

-
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Table 2-2. Conjugate power variables and fundamental elements in different energy 

domains. 
Variables and elements Mechanical 

domain 
Electrical domain Magnetic domain 

Flow variable Linear velocity (u) Current (i) Time rate change 
of flux ( ) 

Effort variable Force (f) Voltage (v) Magnetomotive 
force (MMF) 

Generalized inertance 
 

Mass (m) Inductance (L)* Undefined 

Generalized 
compliance 

Compliance, or 
inverse of spring 
constant (1/k) 

Capacitance (C) Permeance, or 
inverse of 
reluctance  
( )* 

Generalized resistance Damping 
coefficient (b) 

Resistance (R) Undefined 

* Inductance and permeance are repeated definition of a same physical phenomenon, only one should be 
used. 
 

 

 

Figure 2-1. One-port and two-port elements. 
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Figure 2-2. Transformer and gyrator. 

   

Figure 2-3. Electromagnetic coupling. A) The illustration. B) The lumped element model. 

 

Figure 2-4. Illustration of electrodynamic transduction. 
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Figure 2-5. Electrodynamic transduction with non-uniform magnetic field and arbitrary 
coil. 

 

Figure 2-6. Electrodynamic transduction configuration with straight conductor. 
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Figure 2-7. Electrodynamic transduction configuration with circular conductor and radial 
field. 
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Figure 2-8. Illustration of a pair of inductively coupled coils. 

 

 
Figure 2-9. Lumped element model of the inductively coupled coils. 
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Figure 2-10. Transforming the developed lumped element model to the canonical 
equivalent circuit model of the inductively coupled coils. 
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Figure 2-11. Electrodynamic generator in the example. 

 

  
Figure 2-12. Lumped element model of the electrodynamic generator. 
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CHAPTER 3 
ELECTRODYNAMIC TRANSFORMER THEORY 

Based on the general transducer theory developed in Chapter 2, this chapter 

focuses on the theory of the ET and its comparison with the other types of transformers. 

The first section provides a detailed description of the ET’s working principle and 

possible implementations. In the next section, a generic LEM of the ET is developed for 

theoretical analysis. The performance of ET is then analyzed with the LEM and 

compared with EMT and PT transformer technologies. It should be noted that this model 

will be validated in Chapter 4 through experiments on a prototype device.  

3.1. Device Overview 

An ET consist of six essential functional elements: a magnetic assembly that 

establishes a magnetic field to enable electrodynamic transduction, a primary conductor 

that provides the input port of the device and carries current to create the 

electrodynamic force that drives the vibration, a secondary conductor that senses the 

vibration and generates output voltage/current, a moving mass that carries the 

vibrational kinetic energy, a compliance element that constrains the mechanical 

vibration and creates resonance, and a frame that holds the device elements together 

and provides anchor point for the compliance element. However, one single component 

can play the roles of multiple elements. For example, the magnets or the conductors 

can have dual function as the moving mass, the compliance element, or even the frame. 

Typically, a dedicated moving mass is not necessary and is undesired from a design 

standpoint, because both magnets and conductors have significant density and already 

occupy a large fraction of the functional volume. Even if additional mass is needed, 

increasing the volume of the conductors and the magnets are generally more beneficial 
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to the overall performance than adding a dedicated “dead” mass. To implement 

electrodynamic transduction, the magnetic assembly must move relative to the 

conductors. Furthermore, in order not to add complexity, the two conductors do not 

move with regards to each other.  

Based on the constraints established above, there are at least three possible ET 

implementations: 

• Type A: the conductors form a rigid moving mass, the magnetic assembly is fixed 
to the frame, and a dedicated spring is used to provide compliance between the 
mass and the frame. 

• Type B: the magnetic assembly forms a rigid moving mass, the conductors are 
fixed to the frame, and a dedicated spring is used to provide compliance between 
the mass and the frame. 

• Type C: the conductors form a bending, compliant moving mass, and the magnetic 
assembly is fixed to the frame. 

Type A implementation is illustrated in Figure 3-1(a). Since the magnetic assembly 

is fixed to the frame, it is easier for this type of ET to establish a desired magnetic field 

pattern that maximizes the coupling coefficient. However, since the conductors are 

moving, it is comparatively difficult to establish electrical connections with the external 

circuit. The wire connections inevitably increase the mechanical damping and stiffness 

of the compliant element, along with the associated uncertainties. A demonstration of 

type A device can be found in Section 4.1. 

Type B implementation is shown in Figure 3-1(b). In this type of device, the 

conductors are fixed to the frame, therefore making the electrical connections easier. 

However, the design of a moving magnetic assembly is challenging due to the limited 

space. Experimental demonstration of Type B implementation is not presented in the 

dissertation.  
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Type C implementation is shown in Figure 3-1(c). Similar to the Type A 

implementation, the conductors serve as the moving parts. However, to alleviate the 

wire connection issue, the compliance element is also implemented by the conductors. 

Therefore, the Type C implementation combines the benefits of Type A and Type B 

implementations. In addition, since no dedicated spring is needed, future 

microfabrication of Type C device may be simplified, although the design space may be 

more constrained since the use of the conductors as the compliance element limits the 

dimensions and material selection. A microfabricated Type C ET is demonstrated in 

Chapter 5.  

3.2. Lumped Element Model of Electrodynamic Transformers 

The LEM is primarily concerned about the fundamental energetic elements that 

are included in the device, no matter how these elements are physically implemented. 

For example, even if the conductors and the moving mass share the same physical 

body, they are modeled separately in the LEM. Therefore, all three types of 

implementations share the same LEM topology. The difference only lies in the relative 

values of different parameters. For example, as will be explained later, the parasitic 

inductive and capacitive coupling between the two conductors may be stronger in Type 

A and Type C devices as compared to Type B devices, because the conductors may be 

closer to each other. 

The complete model of an ET is shown in Figure 3-2. The LEM includes three 

energy domains: electrical, mechanical and magnetic. The electrical domain models the 

resistance of the conductors, parasitic capacitance of the input and ouput ports, and 

parasitic coupling capacitance between the conductors. The mechanical domain models 
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the effective moving mass, spring compliance, and mechanical damping coefficient. The 

magnetic domain models the permeances of the ac flux paths.  

Between the source and the load, there are two primary energy flow paths: the 

electrodynamic coupling path and the inductive coupling path. The electrodynamic 

coupling path is the primary path. It consists of the primary conductor electrical domain, 

the primary electrodynamic transduction, the mechanical domain, the secondary 

electrodynamic transduction, and the secondary conductor electrical domain. This 

energy flow path is simply a cascaded electrodynamic actuator and generator. The 

inductive coupling path consists of the primary conductor electrical domain, the primary 

electromagnetic transduction, the magnetic domain, the secondary magnetic 

transduction, and the secondary conductor electrical domain. This energy flow path is 

identical to the inductively coupled coils.  

It should be mentioned that there exists a third possible energy transfer path via 

capacitive coupling. The capacitive coupling path would consist of the primary electrical 

domain, the parasitic coupling capacitance, and the secondary electrical domain. 

However, in this work, the devices being investigated have feature sizes from 

centimeters down to milimeters and operate at frequencies in the audio range (from 

tens of Hertz to tens of kilo Hertz). In this case, the parasitic capacitances (including self 

capacitances and coupling capacitance) are typically below nano Farads, and 

corresponding parallel reactances are typically very high (> 100 kΩ, or >1000 times 

higher than the typical net ET input impedance). Thus, in an equivalent circuit 

representation, the capacitive elements can be safely ignored (treated as open-circuits).  
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In the moving-magnet topology (Type B), since the two conductors may be located 

far from one another on the frame, the inductive coupling energy flow path may be small 

and thus negligible. However, for moving-conductor topologies (Type A and Type C), 

the conductors are typically much closer to each other, the inductive coupling may be 

significant. The ability to neglect the electromagnetic coupling has great implication on 

the complexity of the supporting models. This issue will be more fully explored in the 

next section.  

3.3. Electrodynamic Transformer Model Analysis 

The complete LEM of the ET is useful for performance prediction using circuit 

simulation tools (LTSpice simulation is demonstrated in Chapter 4). However, the 

analytical expressions (e.g. transfer function, power efficiency) derived from the LEM is 

too complicated to perform design-oriented analysis. This section attempts to simplify 

the model by imposing reasonable assumptions, so that simplified analytic expressions 

can be derived. The primary simplifying assumption is that the inductive coupling is 

negligible, i.e. the magnetic domain energy transfer path can be ignored. A further 

simplification is defined when the ET can be considered “strongly coupled.” In this 

section, the conditions for the simplifications are first discussed. Then, the simplified 

model that ignores the inductive coupling is analyzed for its voltage gain, power 

efficiency and power capacity. Performance predictions are provided for the general 

case, and for the “strongly coupled” case. 

3.3.1. Conditions for Ignoring the Inductive Coupling  

The primary electrical domain interacts with the rest of the model via two series-

connected gyrators: one for the electrodynamic transduction, the other for the 

electromagnetic transduction. If the electromagnetic transduction has much smaller 
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impact than the electrodynamic transduction, its effect can be ignored. To quantify the 

impact, the voltage drop across each gyrator on the primary side is calculated. A similar 

argument can be made for the secondary electrical domain. 

For the primary electrodynamic transduction, the amplitude of the voltage drop is 

given by 

  (3-1) 

where the subscript “ed” stands for electrodynamic, and “1” stands for the primary side, 

and U is the amplitude of the vibration velocity. For the electromagnetic transduction, 

the amplitude of the voltage drop is given by 

 ( ) ( )_1 1 1 1 1 1 1 1 1 2 22 2 ,em L M L MV fN fN N I N I N Iπ π= Φ +Φ = Λ + − Λ    (3-2) 

where the subscript “em” stands for electromagnetic, f is the operating frequency, 1LΛ  

and MΛ  are the leakage permeance of the primary conductor and the mutual 

permeance between the primary and secondary inductors, respectively, N1 and N2 are 

the primary and the secondary number of coil turns, respectively, and I1 and I2 are the 

current amplitudes in the primary and secondary conductors, respectively. It is clear that 

when , the electromagnetic transduction can be ignored from the primary 

side. This analysis ignores any phase information between these two voltages; the 

argument is purely based on the magnitude. For the secondary side, the result is 

similar: 

  (3-3) 

 ( ) ( )_ 2 2 2 2 1 1 2 2 2 2 22 2 ,em M L M LV fN fN N I N I N Iπ π= Φ −Φ = − Λ − Λ    (3-4) 

and the condition to ignore the electromagnetic coupling is .  
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The results above are difficult to interpret from a physical standpoint. However, 

assuming that the device operates at the mechanical natural frequency (f = fn) and that 

the currents in the primary and the secondary conductors are in phase (these 

assumptions will be justified later in this subsection), the velocity amplitude is given by 

  (3-5) 

Substituting (3-5) into (3-1) and (3-3), the conditions for ignoring the electromagnetic 

coupling on both side, and therefore ignoring the whole magnetic domain at the 

mechanical natural frequency is given by 

 

( ) ( )
1 1 2 2 1 2

1 1 1 1 1 1 2 2 2 1 1 2 2 2 2 2

min , .
2n

L M M L

K I K I K Kf
b N N I N I N I N N I N I N Iπ

 −  
 

Λ + − Λ − Λ − Λ        
 (3-6) 

Equation (3-6) only gives the condition for ignoring the magnetic domain at the 

mechanical natural frequency where the primary and the secondary currents are in 

phase. However, further observation will find that if the frequency is not equal to the 

natural frequency, and there is a phase difference between the primary and the 

secondary currents, then the average velocity of the translator for given I1 and I2 would 

be even higher than what is predicted by (3-5). Thus, the electrodynamic contribution to 

the electrical domain voltage drop would be even larger than the electromagnetic 

contribution. Therefore, it is safe to state that for any operating frequency, the magnetic 

domain (inductive coupling) can be ignored as long as 

 

( ) ( )
1 1 2 2 1 2
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It needs to be noted that ignoring the inductive coupling in an ET model is different 

from ignoring the coil inductance in the electrodynamic transducer model discussed in 

Section 2.5.2. In the transducer case, the impact of the inductance is compared to that 

of the coil resistance via its reactance, while in the ET case, the impact of the inductive 

coupling is compared to the impact of the electrodynamic coupling via its voltage 

contribution in the electrical domains. 

3.3.2. Analysis of the Simplified Model 

When the ET meets the conditions defined by (3-7), the ET model can be 

simplified by ignoring the inductive coupling (i.e. ignoring the magnetic domain). The 

simplified model is shown in Figure 3-3. From this simplified model the voltage gain, 

input/output power, efficiency, and power capacity of the ET are analyzed. 

3.3.2.1. Voltage Gain and Power 

With a voltage source Vs connected to the primary port, the open-circuit voltage 

transfer function is given by 

  (3-8) 

The voltage gain goes to maximum when the operating frequency matches the 

mechanical natural frequency. Under this condition, the maximum open-circuit voltage 

gain is  

  (3-9) 

It can be seen that if the primary side is strongly coupled, the open-circuit voltage gain 

will be close to the ratio of the two transduction coefficients. As will be discussed in 
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Section 3.3, this is very similar to the behavior of EMT, where the open-circuit voltage 

gain is close to the turns ratio if the inductive coupling is strong. 

Also note that at the natural frequency, the output voltage is in phase with the 

source voltage. Therefore, if a resistive load is attached, the primary and the secondary 

currents are in phase. This validates one assumption made in deriving (3-6) in Section 

3.3.2.1. 

Now assuming that the ET operates at the natural frequency and with a resistive 

load RL connected to the secondary port, the voltage gain is given by 

  (3-10) 

Therefore the average load power is 

  (3-11) 

On the other hand, the average power provided by the source is given by 

  (3-12) 

The voltage gain and power expressions in (3-10), (3-11) and (3-12) can be further 

simplified if the ET is “strongly coupled,” which requires that both the primary and the 
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secondary transduction satisfy (2-45). In a strongly coupled ET, the voltage gain is 

simplified to 

  (3-13) 

The output power can be simplified to 

  (3-14) 

The input power can also be simplified to 

  (3-15) 

Note that the use of the strongly coupled assumption increases the calculated voltage 

gain and the output power, while decreases the input power. The discrepancy between 

this “ideal” behavior and the actual (non-strongly coupled) behavior increases as the 

actual coupling strength decreases. 

3.3.2.2. Power Efficiency 

The expression of power efficiency for non-strongly coupled ET is too complicated to 

provide any physical insight. Therefore, strongly coupled assumption is directed applied, 

and the power efficiency can be obtained as 

  (3-16) 

By using an optimum load resistance, a maximum efficiency of 
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  (3-17) 

is obtained when 

  (3-18) 

Note that (3-17) predicts a higher efficiency than does the non-strongly coupled model, 

because the higher output power and lower input power caused by the use of strongly 

coupled assumption. As the actual coupling strength decreases, the prediction error 

increases. 

Using the strongly coupled efficiency equation, i.e. (3-17), a contour plot of 

efficiency vs. γ1 and γ2 is shown in Figure 3-4. It can be seen that over 90% efficiency is 

possible when γ1 and γ2 are both greater than 1000. Here the accuracy of the plot 

increases with decreasing coupling strength. In order to estimate the efficiency with the 

full model, the knowledge of the primary and secondary conductor resistances is 

necessary. 

3.3.2.3. Power Capacity 

The maximum possible output power is limited by the stress and strain limits of the 

compliance element, and also by the maximum current density in the primary and 

secondary conductors. The maximum stress and strain may be limited by the material 

strength or spatial limit. The maximum current density may be limited by the heat 

dissipation condition or electromigration effect. Suppose that the stress and strain limits 

are interpreted as the maximum force (Fmax) and displacement (Xmax) amplitudes of the 

spring, and the maximum current density is interpreted as the maximum primary (I1max) 
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and secondary (I2max) current amplitudes. For a given device, one of these four limiting 

factors may become dominant. The power capacity when each of the four limiting 

factors become dominant are analyzed below. 

Force limited case  

In this case, the force amplitude on the spring reaches the limit before any of the 

other three does. When the maximum load power is achieved in this case, the following 

conditions apply: 

  (3-19) 

The velocity amplitude is given by 

  (3-20) 

Therefore the load voltage is given by 

 2 max2

2 2

,L L
L

L L

K FK UR RV
R R b R R

= =
+ +

 (3-21) 

and the load power is given by  

  (3-22) 

where the maximum output power is achieved when the load resistance is equal to the 

secondary conductor resistance. Note that the power capacity specified in (3-22) is true 

only when (3-19) is satisfied. Specifically, the designed space for motion must be 

greater than or equal to the stroke corresponding to the maximum force; the secondary 

current under the load condition must be smaller than or equal to the limit; and the input 

max max 1,2 1,2max, , .
2 n

UF F X X and I I
fπ

= = ≤ ≤
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voltage must be sufficiently large that the mechanical force reaches the limit, but the 

primary current must still within the limit. 

Displacement limited case  

In this case, the strain of the compliance element reaches the material limit, or the 

stroke of the moving part reaches the designed space limit, before any other limit is 

reached. If the maximum power is reached in this case, the following conditions apply: 

  (3-23) 

The velocity amplitude is given by 

  (3-24) 

Therefore the load voltage is given by 

  (3-25) 

And the load power is given by 

  (3-26) 

where the maximum output power is achieved when the load resistance is equal to the 

secondary conductor resistance. Note that the power capacity specified in (3-26) is true 

only when (3-23) is satisfied. In this case, the compliance material must be sufficiently 

strong to withstand the stress corresponding to the displacement; the source must 

provide sufficient voltage to drive the vibration to the displacement limit, while the 

primary and the current still within the limit.  

Primary current limited case  

max max 1,2 1,2max, , .
2 n

UF F X X and I I
fπ

≤ = = ≤

max2 .nU f Xπ=

max 22

2 2

2 .n LL
L

L L

f X K RK URV
R R R R

π
= =

+ +

( )

2 2 2 2 2 2 2 22
max 2 max 2

2
22

2 ,
2 2

n L nL
out

L L

f X K R f X KVP
R RR R

π π
= = ≤

+



 

83 

In this case, the primary current amplitude reaches the limit before any of the other 

three does: 

  (3-27) 

The velocity amplitude is given by 

  (3-28) 

Therefore the load voltage is given by 

  (3-29) 

And the load power is given by  

  (3-30) 

where the maximum output power is achieved when the load resistance is equal to the 

secondary conductor resistance. The conditions for achieving this power capacity are 

that: the source must provide sufficient current so that the primary current limit is 

reached; and the mechanical force and displacement limits, as well as the secondary 

current limit must be able to sustain such amount of input current, under the optimum 

loading condition. 

Secondary current limited case.  

In this last case, the secondary current limit is reached before the others:  

  (3-31) 

And the load power is directly calculated as  
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  (3-32) 

It seems like the load power in this case is not bounded as long as the load resistance 

keeps increasing. However, this is not true because the generator must be able to 

supply sufficiently high voltage so that the secondary current is kept at the maximum. 

Therefore, there is a limit to the load resistance, as well as to the load power. The 

maximum load resistance must meet the following conditions: 

  (3-33) 

The maximum load power can be estimated by substituting (3-33) into (3-32). 

In order to find the true power capacity of an ET device, the primary limiting factor 

of the device needs to be first estimated, and the equations discussed above can be 

used to estimate the corresponding load condition of the maximum load power. Once 

this condition is specified, a simulation or analytical calculation can be performed to 

confirm the primary limiting factor. If the conditions for the primary limiting factor are not 

met, another primary limiting factor must be used. 

It needs to be noted that in real ET devices, the system behavior may become 

highly nonlinear before these limits are approached. The sources of nonlinearity include 

over bending of the beam, increase of resistivity due to the high current induced 

temperature rise, variation of the transduction coefficient due to the wide range of 

motion, etc. In this case, a model that takes into account the nonlinearity needs to be 

used to calculate the power capacity. This work only attempts to investigate the 

potential of the ET concept, therefore accurately predicting the performance of a 
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practical device requires a substantial amount of research beyond the scope of this 

work.  

3.4. Performance Limits and Scaling Laws of Electrodynamic Transformers 

Section 3.3 investigated the maximum efficiency and power capacity for a certain 

ET device. The optimum source and/or loading conditions have been discussed for a 

certain device to reach maximum efficiency or output power. In this section, a higher-

level investigation is performed to estimate absolute performance limits of the ET and 

their relationship to the device physical scale. The limits discussed in this section are 

not bounded by the parameters of a certain device. Instead, they are determined by the 

fundamental nature of the ET’s working principle and feasibility of the material 

properties.  

3.4.1. Limit of Power Efficiency 

It is evident from (3-17) that the maximum power efficiency of a strongly coupled 

ET is an increasing function of the primary and secondary coupling strengths. The limit 

of the maximum power efficiency is equivalent to the limit of the achievable coupling 

strength. Therefore, coupling strength is revisited here with more depth. 

The definition of coupling strength in Section 2.5.2 is rewritten here, 

  (3-34) 

According to the definition of transduction coefficient in Section 2.4.2,  

  (3-35) 

where  
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  (3-36) 

is the effective flux density, which is equal to the line average flux density component 

that is perpendicular to the conductor length and the velocity. In the case of a circular 

conductor, this flux density is the average radial flux density component along the 

conductor; for straight conductor, it is the average transverse flux density component 

along the conductor. 

Also note that the conductor resistance is given by 

  (3-37) 

where ρc is the resistivity of the conductor, and Ac is the average cross section area of 

the conductor. Further note that the damping coefficient can be written as 

  (3-38) 

where Q and fn are the mechanical quality factor and natural frequency of the resonator, 

respectively, and ρm and , are the density and the effective motional volume of the 

mass (may be smaller than the actual volume, for example in a beam), respectively.  

Substituting (3-35), (3-37), and (3-38) into (3-34), 

  (3-39) 

where  is the volume of the conductor. It can be seen that the coupling strength 

depends on four major factors: the magnetic field pattern, mechanical performance, 

material properties, and device topology. Each factor is represented by the quantities in 
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one of the brackets in (3-39). They are discussed separately in the following 

paragraphs. 

The magnetic flux density can be increased by strategically arranging the 

magnets. For example, a uniform flux density over 2 T is possible inside a Halbach 

cylinder [79] as shown in Figure 3-5. For circular conductor, since a radial field pattern is 

needed for orthogonal transduction, a more complicated structure is required to create 

such high flux density. It is generally easier for moving conductor type topologies to 

achieve higher flux density.   

The coupling strength is also proportional to the ratio between the quality factor 

and the natural frequency. Since the quality factor is equal to 2π times the number of 

oscillation cycles before the mechanical energy decreases to 1/e of its initial value, 

 is equal to the time (in seconds) required before the resonator’s mechanical 

energy decreases to 1/e of its initial value. Therefore, this factor is inversely proportional 

to the decay rate of the resonator. It is hard to estimate the limit of this term, because 

the underlying physics of mechanical quality factor is too complicated to generalize. 

However, from the demonstration device that will be shown in Chapter 4, this factor can 

at least reach ~1 s. 

On the material perspective, a highly conductive conductor and a low density 

mass are desired. In the case of moving conductor topology where the mass and the 

conductor are the same, a low resistivity and low density material is desired. Table 3-1 

lists the resistivity and density of common conducting materials. It can be seen for 

2 n

Q
fπ
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aluminum, the  factor is the highest ~1.31 x 104 m2/ (Ω∙kg), which is about twice 

that of the copper. 

The last term is the volume ratio between the conductor and the effective mass. 

For moving conductor type topologies (Type A and Type C), this term is fixed to the 

ratio of the effective mass to the mass. In the Type A topology, this factor is generally 

smaller than in the Type C topology. This is because that the additional compliance 

element adds to the effective mass of a Type A device, but for type C topology, the 

conductor itself is the compliance element, and the effective mass (volume) can be 

smaller than the total mass (volume) of the conductor. For example, in the clamped-

clamped beam structure shown in Figure 3-1(c), this factor is ~1.22 [80]. 

To give a rough estimation of achievable coupling strength, assuming that a Type 

C device with aluminum conductor operating within a magnetic field provided by a 2 T 

Halbach cylinder, and that  equals to 1 s, the resulting coupling strength is about 

6.3 x 105. With such coupling strength value for both sides, the resulting maximum 

efficiency is estimated to be almost 99%. Even with a very conservative assumption 

with 0.5 T field, resulting with a coupling strength of 4 x 104, a maximum efficiency of 

95.6% can still be achieved.  

This estimation indicates that a highly efficiency ET is possible through design 

optimization. The factors of exceptional importance are the magnetic flux density and 

the mechanical properties. The reason for the former is due to the quadratic relationship 

between the coupling strength the magnetic flux density. For the latter, the variation of 

1

c mρ ρ

2 n

Q
fπ
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the  can be drastic: from ~1 s in the Chapter 4’s macroscale prototype to ~1 ms in 

the Chapter 5’s microscale prototype. 

From the above analysis, the only size-scale-sensitive factor of the coupling 

strength is the term , where the natural frequency is inversely proportional to the 

square of the length scale:  

  (3-40) 

However, the scaling law of the quality factor is generally unknown. Very few published 

work can be found that systematically investigate the problem. A most comprehensive 

work by Emboden et al. [81] performed a series of measurements on different sized 

diamond oscillators in the MHz range. The work estimated that the quality factor is 

inversely proportional to l3 to l5. If this were true,  would scale favorably for 

microscale device.  

3.4.2. Limit of Power Density 

The estimation of power density is somewhat complicated, due to the four possible 

power-bounding scenarios (see Section 3.3.2.3). However, it is reasonable to make a 

hypothesis that at the absolute maximum power capacity condition, all four limits are 

met at the same time, so that no design margin is “wasted”. A validation of this 

hypothesis will be attempted later. It is stated here as a reason for randomly choosing 

any of the four limiting cases as the starting point and expecting that the resulting 

conclusions would converge. For convenience, the last one (secondary current limited 

case) is chosen here, and the absolute power capacity is then written as 
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  (3-41) 

where 
 

  (3-42) 

Equations (3-41) and (3-42) imply that when the absolute maximum load power is 

reached, the secondary conductor current limit, as well as at least one of the other three 

limits are reached. Specifically, one of the other three limiting factors determines the 

maximum possible velocity (the terms inside the bracket), which determines the 

maximum voltage on the secondary side.  

It needs to be noted that as long as one of the first three cases applies to the ET, 

the optimum load resistance that gives the maximum power is equal to the secondary 

conductor resistance. Using this condition 

  (3-43) 

or 
 

  (3-44) 

and 

  (3-45) 

Therefore, the maximum load power is determined by the product of the maximum 

secondary current, the secondary transduction coefficient, and the velocity. The product 

of the first two can be rewritten as 
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  (3-46) 

where J2max is the maximum current density of the secondary conductor, A2 and l2 are 

the area and length of the secondary conductor, respectively. It can be seen that this 

term is limited by the maximum current density and volume of the secondary conductor, 

and the effective flux density. 

To find the limit of the velocity, note that the second term in the bracket can be 

rewritten as, 

  (3-47) 

It can be seen that the first and the second terms are contradicting in response of the 

frequency. For example, if the minimum of the three is the first term, the first term can 

be increased by increasing the natural frequency. However, increasing the natural 

frequency decreases the second term. At some point, the second term will be equal to 

the first term. Beyond this point, the second term will become the minimum. Therefore, 

the minimum of the first two terms is maximized at the intersection point when 

  (3-48) 

 Note that the third term does not play an important role, because it can be increased by 

increasing the source voltage, with does not contradict with the other two terms. 

Physically, the maximum velocity is reached when the device is designed such that the 

maximum force and maximum displacement are reached at the same time. Therefore, 

the maximum power is given by 
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  (3-49) 

In order to calculate the maximum power density of the ET, assume that the ET 

structure is shown in Figure 3-6. In this structure, the Type C topology is assumed, 

where the conductors and the mechanical resonator are formed by a clamped-clamped 

beam made with copper (because the maximum current density of copper is better 

known), and the magnetic field is created by a square Halbach cylinder with inner width 

of ai and outer width of ao, and length of l. The magnets used in the Halbach cylinder are 

NdFeB grade N50 (remanent flux density Br=1.45 T). In this case, the effective flux 

density is approximately given by [79] 

  (3-50) 

Further assume that the beam is as long and as wide as the cylinder, and the maximum 

force allows a displacement amplitude that is about to touch the beam with the inner 

wall of the cylinder: 

  (3-51) 

where l1, l2, A1 and A2 are the length and cross section area of the two conductors, and t 

is the thickness of the whole beam (consisting of two conductors). The maximum 

current density of copper ranges from 107 A/m2 for macroscale devices [82] to 1010 A/m2 

for microscale devices [83]. The maximum applicable force on the beam is given by 

  (3-52) 

where Tmax is the shear strength of copper (~1.7 x 108 Pa). The maximum power density 

can be calculated as 
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  (3-53) 

From (3-53), assuming that the quality factor is on the order of 10, the maximum 

power density of ET is estimated to be on the order of 108 to 1010 W/m3, or 100 to 

10,000 W/cm3. Equation (3-53) shows no dependence of the ET power density on the 

physical scale. However, since the maximum current density and quality factor are 

known to scale favorably with decreased size, the actual power density may also scale 

favorably to decreased size. It needs to be noted that the analysis assumes that the 

skin effect and proximity effect can be ignored due to the sufficiently thin conductor and 

sufficiently low operating frequency. Nevertheless, the potentially feasible power density 

limits are least quite attractive compared to the theoretical maximum PT power densities 

of 330 W/cm3. More comparisons of ET with EMT and PT will be presented in the next 

section. 

3.5. Comparison of Electrodynamic Transformers with Other Transformer 
Technologies 

In this section, the function and performance of the ET are compared with the EMT 

and the PT through the use of LEM. The comparison is based on qualitative analysis 

and literature reviews. Comparison with the EMT will be first performed, followed by the 

comparison with the PT.  

3.5.1. Comparison with Electromagnetic Transformer 

The equivalent circuit model of EMT is well known. As shown in Figure 3-7(a), the 

LEM of the EMT is similar to that of the inductively coupled coils described in Section 
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2.5.1. The only difference is that an equivalent core loss resistance exists in cored 

EMTs. The LEM of EMT agrees with the canonical circuit model as shown in Figure 3-

7(b). Note that the EMT discussed here is assumed to operate at frequency much lower 

than the ferromagnetic resonant frequency (usually >10 MHz), so that the parasitic 

capacitances are ignored. For simplicity, it is also assumed that the core loss resistance 

is a linear resistance, which is not actually true since the core loss is frequency 

dependent. However, for qualitative analysis at lower frequency, the error from this 

assumption is not substantial. 

The open-circuit voltage gain frequency response of the EMT modeled by Figure 

3-7(b) is given by 

  (3-54) 

Like the ET, the EMT is a second-order bandpass system. However, due to the practical 

design parameters, the EMT behaves very differently from ET. In a well-designed EMT, 

the total impedance magnitude of the leakage inductances (LL1 and LL2) and the coil 

resistances (R1 and R2) (collectively the “series impedance”) should be much smaller 

than the impedance magnitude of the magnetizing branch (LM and Rc) (collectively the 

“shunt impedance”) over a wide range of frequency: 
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 Under these idealized conditions, the first order term in the denominator of (3-54) 

becomes much larger than the other denominator terms within a wide range of 

frequency. Therefore, within the frequency range where (3-55) holds, (3-54) becomes 
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  (3-56) 

As a consequence, the EMT generally has a large flat band with voltage gain close 

to N1/N2. Although the flat band is very wide, the voltage will decrease if the operating 

frequency is too low or too high. When the frequency is too low, the last term in the 

denominator of (3-54) dominates; when the frequency is too high, the first term in the 

denominator dominates. In both cases, the voltage gain approaches zero. 

The efficiency and output power of the EMT are also maximized within its flat 

band. When the operating frequency is too low, the power loss is dominated by the 

conductive loss in the coil resistance. When the frequency is too high, the power loss is 

dominated by the core loss. Also, as the frequency increases, the increase in the core 

loss may become more significant.  

It is well known that macroscale EMTs are highly efficient devices with efficiency 

generally over 95% when operating within the flat band frequency range. However, for 

the reasons stated in Section 1.2, the miniaturization of EMTs is challenging due to the 

material limitations. As the dimensions of the EMT reduces, the magnetizing inductance 

reduces more rapidly than the coil resistance. This situation is worsened by the 

magnetic quality of microfabricated core materials, whose permeability is generally 

smaller than bulk core materials. With a relatively smaller magnetizing inductance, 

higher frequency is required to achieve sufficient magnetizing reactance, so that 

adequate proportion of voltage drop occurs on the magnetizing branch (Rc//LM). 

However, the higher operating frequency increases core loss and decreases the skin 

depth in the coils, which results in decreased Rc and increased R1 and R2. As a result, 

both core loss and copper loss will increase. Many microscale power transformers use 
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air-core for easy fabrication and zero core loss. However, without the help of the core 

permeability, even higher frequency is required to establish the magnetizing reactance, 

which further reduces the skin depth and increases the copper loss. In short, EMT’s 

fundamentally do not scale very favorably to small dimensions. 

The power density of EMTs is limited by the maximum current density in the coils 

and the saturation flux density in the core. For microscale devices, the maximum current 

density limits are usually less restrictive, due to the increased ratio of the surface area 

and the heat-generating volume. In microscale transformers, the core saturation is 

usually the power limiting factor. The power density in the magnetic core is equal to the 

product of its energy density and the operating frequency. However, as the operating 

frequency increases, more heat dissipation is generated due to the increased core loss 

and copper loss. This often sets an upper bound on current density and frequency, and 

therefore the magnetic energy density in the core. The maximum achievable power 

density is highly dependent on the device structure, rated voltage, operating frequency, 

etc. 

Existing works on microfabricated EMTs are mostly scaled-down versions of 

conventional macroscale EMTs. Brunet et al. [84] reported an E-core microtransformer 

with electroplated Permalloy (Ni81Fe19) as core material. The 0.33 cm2 transformer 

provides an output power of 0.4 W at 40% efficiency in a 2 MHz dc/dc converter. 

Sullivan et al. [85] improved the power density and efficiency of the microtransformer 

using laminated core to reduce eddy current loss. SiO2 was used as the insulation layer 

between ten Permalloy layers. An efficiency of 61% and surface power density of 22.4 

W/cm2 was achieved in a 8 MHz dc/dc converter. O’Donnell et al. [86] investigated the 
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optimization of microtransformers, and further improved the efficiency to 78% and the 

power density to 28 W/cm2. More recent effort focused on the air-core transformers. 

However, most of these efforts are devoted to signal processing instead of power 

converting applications. This is partially due to the extremely high frequency required for 

air-core transformers. For example, Kim et al. [87] reported a CMOS compatible air-core 

transformer with maximum efficiency of 81% at 2.4 GHz. As one of the few studies on 

air-core transformer for power converters, Meyer et al. [88] reported a transformer with 

multi-layer electroplated copper on Pyrex substrate. The estimated maximum efficiency 

of the transformer is up to 78% at frequency down to 125 MHz. Note that power 

densities reported for microscale EMTs are typically reported as areal surface power 

densities. Since the devices are generally very thin (0.1-1 mm), the calculated 

volumetric power density can reach 1 kW/cm3. However, these low-profile devices are 

not generally stackable while still maintaining the high volume power density.  This is 

because of the heat dissipation and magnetic field interference issues.  

In summary, ET has a much narrower bandwidth than EMT, which provides 

frequency selectivity but on the other hand creates challenge on frequency control. The 

macroscale EMT is more efficient than ET, but at microscale, it is possible for ET to be 

more efficient than EMT. There is no easy way to directly compare power density 

between ET and EMT.  

3.5.2. Comparison with Piezoelectric Transformer 

A well-accepted equivalent circuit model of the PT is shown in Figure 3-8 [89]. This 

model is very similar to that of the ET. The differences are the input and output electrical 

domains and the electromechanical transduction. In a PT, the input and output shunt 

capacitances are typically too large to be ignored due to the nature of the piezoelectric 
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materials. Additionally, the interface between the electrical and mechanical domains is 

piezoelectric transduction, which is modeled with an transformer instead of a gyrator. 

The transformer ratios d1 and d2 are the proportionality constants with unit of V/N. More 

details of piezoelectric transduction can be found in [25, 28, 90-92]. 

The inherent input and output capacitors of the PT makes the voltage gain 

frequency response highly dependant on the load condition. The resonant frequency is 

known to shift as the load resistance changes [89]. The derivation is mathematically 

complicated, thus not shown here. Since the quality factor of the PT is typically high, it is 

typically desired for the PT to operate very close to the resonant frequency to achieve 

high output power and efficiency. Therefore, if the PT is operating with a load that is 

dynamically changing, a sophisticated frequency control circuit is needed to make sure 

the PT is excited at the optimum frequency. 

Another consequence of the capacitive input and output impedance is the 

difficulties in driving and loading. Specifically, a typical PT requires at least tens of volts 

of input voltage to create measurable mechanical vibration. On the output side, load 

resistance is typically on the order of tens of kilo ohms, so that the output voltage does 

not drop too much. These characteristics create further challenge for the peripheral 

circuit design. On the contrary, since the input and output impedance of an ET is usually 

in the ohm range. As will be shown in the experimental demonstrations in Chapters 4 

and 5, driving voltage of several millivolts may be sufficient for significant mechanical 

vibration. The output port of an ET can usually drive loads of tens of ohms without 

significant voltage drop. Therefore, ET has relatively smaller impact on the external 
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circuit, although it needs to be admitted that the small input impedance requires the 

output impedance of the previous stage to be small, too. 

Since the electrical and mechanical domains are interfaced with transformers 

instead of gyrators, the mechanical resonator appears to the source and the load as a 

series RLC network that is in series with the source and the load (as shown in Figure 3-

9(a)). In the ET, the mechanical resonator appears as a parallel RLC network that is in 

shunt connection with the source and the load (as shown in Figure 3-9(b)). This creates 

difference in the voltage gain frequency response. Also, when the transformers are 

used as resonant tanks in a circuit, the types of resonant tank are different: the PT 

resembles a series resonant tank, while the ET resembles a parallel resonant tank. 

In terms of efficiency, the absence of the conductive loss tends to increase the 

efficiency of the PT comparing to ET. The main loss mechanism in the PT is the 

mechanical damping. The dielectric loss is usually negligible compared to the 

mechanical loss [93]. Reported efficiencies of PTs are usually above 90% [94-97]. 

The power density of PTs is limited by the dielectric strength, mechanical strength, 

saturation electric charge density, etc. Flynn et al. [48] estimated that the theoretical 

maximum power density of a PT using material PZT-5H is about 330 W/cm3 or an areal 

density of 16.5 W/cm2 assuming 0.5 mm thickness. 

In summary, both ET and PT are resonant type transformers with relatively high 

quality factors. The capacitive input and output impedances creates challenges in the 

design of peripheral circuits, which need to provide sufficiently high driving voltage, 

large load impedance, and frequency control capability. The resonators in ET and PT 
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are different in topology when used as electrical resonant tanks. While PT generally has 

higher efficiency than ET, the power density of ET may be higher than that of the PT. 
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Table 3-1. List of common conductive materials’ resistivity and density 
Material name Resistivity ρc 

(Ω·m) 
Density ρm (kg/m3) 

(m2/ (Ω· kg)) 

Copper 1.72x10-8 8.92x103 6.52x103 
Aluminum 2.82x10-8 2.71x103 1.31x104 
Silver 1.59x10-8 1.05x104 5.99x103 
Gold 2.44x10-8 1.93x104 2.12x103 
Platinum 1.06x10-7 2.14x104 4.41x102 
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Figure 3-1. Three types of ET topologies. A) Type A: moving conductor with separate 
spring. B) Type B: moving magnet. C) Type C: moving conductor with 
conductor functioning as the spring. 
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Figure 3-3. Simplified lumped element model of an electrodynamic transformer where 
only electrodynamic coupling is considered. 
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Figure 3-4. Contour plot of efficiency vss coupling strengths. 
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Figure 3-5. Strong uniform magnetic field created by a Halbach cylinder. 
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Figure 3-6. ET structure for power density estimation. 

 

 

Figure 3-7. Lumped element model of an electromagnetic transformer. A) The model 
using magnetic permeances. B) The canonical circuit model using 
inductances. 
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Figure 3-8. Lumped element model of a piezoelectric transformer. 

  

Figure 3-9. Lumped element models with mechanical domain reflected to the primary 
electrical domain. A) The model for a piezoelectric transformer. B) The model 
for an electrodynamic transformer. 
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CHAPTER 4 
MACROSCALE DEVICE AND MODEL VALIDATION 

In this chapter, the lumped element model of the ETs is validated through 

experiments on a macroscale prototype device. Section 4.1 describes the construction 

of the prototype device. Section 4.2 details the experimental procedures to extract the 

lumped parameters of the prototype device. In Section 4.3, the extracted parameters 

are substituted into the lumped element model to predict the performance of the device, 

and the results are compared with the experimentally measured results. Section 4.4 

summarizes the work presented in this chapter.  

4.1. Device Construction 

The device constructed for model validation purpose is designed to behave as an 

ideal, linear, time-invariant system with parameters in the lumped element model easily 

measurable. A picture of the device is shown in Figure 4-1. The device adopts the 

moving-coil configuration, shown in Figure 1-1(a). The magnetic field is created with two 

opposing disc-shaped NdFeB magnets (K&J Magnetics, Inc.; Grade N52; 1.11 cm 

diameter x 0.635 thickness). The primary and secondary coils are built using bondable 

wires (MWS Wire Industries, NEMA-MW29C) of AWG 25 and AWG 28, respectively. 

Both coils have the same dimensions (2.54 cm outer diameter, 1.5 cm inner diameter 

and 0.5 cm height), but differing number of turns (111 for the primary and 230 for the 

secondary coil). The coils are bonded together (via the bondable coating outside the 

insulation layer of the wires) and glued to a coil holder. The coil holder is attached to 

one end of a cantilever beam (aluminum beam with length 1.27 cm, width 1.27 cm, and 

thickness 0.1 cm). The other end of the cantilever beam is attached to the frame of the 

device. The overall size of the entire structure is 10 cm x 2.6 cm x 6.6 cm. 
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4.2. Parameter Extraction 

In this section, the procedures of extracting the device parameters are presented. 

The complete ET lumped model has 12 parameters. They are listed as follows. 

• Two electrical parameters: the primary and secondary coil resistances (R1 and R2).  

• Three mechanical parameters: the mass (m) of the translator (the coils, the coil 
holder and equivalent moving mass of the cantilever beam), the stiffness of the 
cantilever beam (k), and the damping coefficient (b). 

• Three magnetic parameters: leakage permeances of the primary and the 
secondary coil (Λ1, Λ2), and the mutual permeance between the two coils (ΛM).  

• Two electromechanical transduction parameters: primary and secondary 
electrodynamic transduction coefficients (K1 and K2). 

• Two electromagnetic transduction parameters: primary and secondary coil turns 
(N1 and N2). These two parameters are accurately known by counting the turns 
while winding the coils. 

The extraction procedures of these parameters and results are introduced below. 

Unless otherwise noted, all the uncertainty values are obtained using 95% confidence 

intervals.  

4.2.1. Standalone Measurement of the Coils 

Before assembling the magnets, the parameters of the coils (R1, R2, Λ1, Λ2, and ΛM) 

are extracted. Since the magnets are not present, both primary and secondary 

electromechanical transduction coefficients are zero, and the system is reduced to a 

pair of inductively coupled coils. When the operating frequency is well below the self-

resonant frequencies of the coils, the parasitic capacitances of the coils can be ignored. 

The equivalent model is the same as the example presented in Section 2.5.1 (see 

Figure 2-9).  

The coil parameters measured via these standalone tests are assumed to be the 

same with the permanent magnets present. The assumption of such usage is that the 
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addition of permanent magnets and mechanical structures does not alter the 

permeances. Although the NdFeB magnet has an effective permeability (~1.05) slightly 

higher than that of the air (~1), the change of permeances due to such small difference 

is believed to be negligible. Furthermore, it would be much more difficult to perform the 

coil measurements with the magnets mounted. The magnetic forces arising from the 

electrodynamic transduction would inevitably induce mechanical motion or strain, which 

may affect the measurement of the true permeances even more seriously. 

The resistances of the coils are measured using a Keithley 2400 sourcemeter. 

Four-point measurements are used, which is especially important considering the small 

resistance values. The measured resistances of the primary and the secondary coil are 

0.72 Ω and 2.96 Ω, respectively. Using the information in the sourcemeter’s datasheet, 

the percentage uncertainties of the measurement are estimated to be 2% and 0.5 %, 

respectively.  

As has been discussed in Section 2.5.1, while the permeance model of the 

inductively coupled coils provides better physical insight, the canonical equivalent circuit 

model based on leakage and magnetizing inductances is more convenient for 

parameter extraction. Therefore, the canonical circuit model is used to extract the 

effective inductance values, and the permeance values are derived from the inductance 

values and the number of coil turns. The procedure of extracting the three inductance 

values is detailed in the following. 

First, the impedance of each individual coil is measured (in isolation from the ET 

construction) using Agilent 4294A Impedance Analyzer with Agilent 16047A test fixture.  

With the frequency sweeping from 40 Hz to 10 MHz (201 total data points sampled 
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logarithmically, input signal set to 0.5 Vrms), the equivalent series resistance and 

inductance of each coil are measured and plotted in Figure 4-2 and Figure 4-3.  

It can be seen that both coils have a self-resonant frequency of about 1.5 MHz. 

From 40 Hz to 10 kHz, the equivalent resistance and inductance values are very 

consistent, which means that the series R-L model depicts the behavior of the coils 

accurately within 40 Hz to 10 kHz. Throughout this frequency range, the average 

equivalent self-inductances of the primary and the secondary coils are 196 μH (±0.46%) 

and 834 μH (±0.48%), respectively. Note that the uncertainty bound of the self-

inductances are obtained via Monte Carlo method. Specifically, 100 inductance vs. 

frequency (between 40 Hz to 10 kHz) curves are randomly generated according to the 

uncertainty chart of inductance measurement on the equipment.1 Each of these curves 

is fitted with a horizontal line. The 95% boundary is calculated for the intercepts of the 

fitting results.  

From the LEM of the inductively coupled coils shown in Figure 2-9, the self-

inductance of the primary coil can be expressed as the total inductance appears to the 

primary port with the secondary port open: 

 1 1 .L ML L L= +  (4-1) 

Similarly, the self-inductance of the secondary coil can be calculated as the total 

inductance appears to the secondary port when the primary port is open: 

 
2
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2 2 2
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.L M
NL L L
N

= +  (4-2) 

                                            
1 The uncertainty chart of the Agilent 4294A impedance analyzer is available at 
http://cp.literature.agilent.com/litweb/pdf/5968-3809E.pdf (accessed on November 5, 2011) 

http://cp.literature.agilent.com/litweb/pdf/5968-3809E.pdf
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In order to solve for LL1, LL 2 and LM, another equation is needed. This is obtained 

by measuring the voltage transfer characteristic. The measurement is performed using 

a Stanford Research Systems SR785 Network Signal Analyzer. The signal analyzer 

operates at the swept sine mode, generating a 0.1 Vpk sinusoidal waveform with 

frequency sweeping from 10 Hz to 10 kHz. The waveform is supplied to the primary coil, 

and the ratio between the actual voltage on the primary coil and the open-circuit voltage 

on the secondary coil is measured versus the frequency. The frequency response is 

plotted in Figure 4-4.  

The theoretical open circuit voltage gain based on the equivalent circuit model is 

given by 
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V N f L L R

π
π

=
+ +

 (4-3) 

Fitting the measured voltage gain to the theoretical equation, and with previous 

measurement of the term (LL1 +LM), LM is estimated to be 113 µH (±1.6%). From Figure 

4-4, the theoretical equation agrees moderately (R2=0.974) with the measured data. 

Larger discrepancy occurs for frequency higher than 100 Hz. Since the ET will be 

operating at the mechanical natural frequency, which is later measured to be around 34 

Hz, this discrepancy does affect the parameter estimation at the operating frequency. 

Solving (4-1) and (4-2) using the estimated LM value, LL1 and LL 2 are found to be 

83 μH (±2.4%) and 350 μH (±2.5%), respectively. By using (2-39), the values of Λ1, Λ2, 

and ΛM  are estimated to be 6.7 nWb/A (±2.4%), 6.6 nWb/A (±2.5%) and 9.2 nWb/A 

(±1.6%), respectively. As expected from the symmetric of the magnetic flux path, the 

leakage permeances for the primary and the secondary coils are almost the same. In 

addition, since the coils are glued together and their diameter is greater than the 
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thickness, it is reasonable that the mutual permeance is greater than the leakage 

permeances.  

4.2.2. Extraction of the Mechanical and Electromechanical Parameters 

After the standalone measurement of the coils, the magnets are mounted on the 

frame, and the complete device is characterized to extract the five other model 

parameters (m, k, b, K1 and K2). 

First, the spring constant is extracted. When the ET operates, the driving force is 

provided by the electrodynamic force associated with the current in the primary coil, 

which is assumed to be an evenly distributed load across the volume of the coil. Since 

the coil is relatively rigid, the distributed load is equivalent to a point load acting at the 

center of the coil. Therefore, in the spring constant measurement, a known external load 

is applied to the coils, and the resulting displacement is measured. Specifically, two 

equal forces are applied to the outer edge of the two through-holes on the coil holder, 

and the displacement is measured at one of the edges. In this setup, each end of a soft 

and smooth cord (an AWG 36 magnetic wire) is tied to one of the two through holes on 

the coil holder. A hook is hung on the cord and allowed to slide smoothly along it. 

Different numbers of metal rings are applied on the hook to create a variable point load 

on the coil holder. Since the friction between the cord and the hook is made very small 

and the cord is very soft, the force is nearly equally distributed on both anchor points at 

the coil holder. With the number of metal rings hanging at the hook increasing from zero 

to seven and then decreasing back to zero, the center displacement of the coil is 

measured using a laser displacement sensor (Keyence LK G-32). The measured force 

vs. displacement is plotted in Figure 4-5. A linear curve fitting determines that the spring 

constant is 1215 N/m (±2.6%). The observed hysteresis is attributed to the static friction 
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between the hook and the cord that are used to attach the weights.  Due to the 

uncertainty of the static friction, the actual force distribution between the two segments 

of the cord on each side of the hook can be different even when identical amount of 

weight is attached (during loading and unloading procedure). More accurate 

measurement can be performed by using a force gauge and a rigid testing stage. 

The transduction coefficient extraction procedure is also performed along with the 

spring constant extraction procedure. Whenever the loading weight is changed, a dc 

current is supplied to one of the coils to create an electrodynamic force that 

counterbalances the load. By increasing the current amplitude, the displacement is 

forced back to zero, and the electrodynamic force resulting from the current is assumed 

equal to the gravitational force of the load. The transduction coefficient at the 

equilibrium position is given by the ratio of the gravity force and the current. The force 

vs. current for both coils is plotted in Figure 4-6. A linear curve fitting shows that the 

primary transduction coefficient is 0.662 N/A (±5.7%), and the secondary transduction 

coefficient is 1.614 N/A (±1.5%). 

The transduction coefficients measured using the method above are strictly only 

applicable when the coils are at the equilibrium position. Since the coils will be moving 

during the operation of the ET, it is interesting to see how much the transduction 

coefficients vary with position. To explore this effect separate experiments are 

conducted using increasing dc current amplitudes to force the deflection of the 

cantilever beam. By measuring the displacement with the laser displacement sensor, 

the spring force of the cantilever beam is calculated using the afore-measured spring 

constant. Since the electrodynamic force is equal and opposite to the spring force at 
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each steady-state position, the electrodynamic forces corresponding to each current 

values are obtained, and the transduction coefficients are calculated for each 

displacement value. The results are shown in Figure 4-7. It can be seen that when the 

displacement is between -0.6 mm and 0.5 mm, the variations of the transduction 

coefficients for both the primary and the secondary coils are smaller than ±10 %. This 

experiment is useful, since later models assume that the transduction coefficients are 

fixed, i.e. do not change with the displacement of the beam. 

Last, the mass and the damping coefficient are extracted from the time response 

of the free vibration. At the beginning of the experiment, a force is applied to the coils to 

establish an initial displacement. The force is generated by applying a dc current in one 

of the coils. Then the current flow is abruptly cut off by physically disconnecting the 

power supply electrical connections. This suddenly removes the force, leaving the 

translator free to vibrate due to the non-equilibrium initial condition. The time response 

of the translator displacement is sensed using the laser displacement sensor and 

recorded on an oscilloscope (Tektronix TDS5104B). An example time response curve is 

shown in Figure 4-8.  

The damped resonant frequency (fd) and the decay rate (α) can be directly 

obtained from the curve. The damped resonant frequency is given by the reciprocal of 

the time difference between the adjacent peaks. By using different pairs of peaks, ten 

values of fd are obtained, giving an estimate of 34.3 Hz (±1.6%). The decay rate is 

obtained by fitting the curve envelope (all the peaks) to an exponential function 

 , (4-4) 
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 where dp is the value of the peak displacement, and A is a proportionality constant. As 

shown in Figure 4-8, the estimated decay rate is 3.048 s-1 (±2%). From the damped 

resonant frequency and the decay rate, the damping ratio ( ) and the natural frequency 

(fn) can be calculated by 

 ,
2 nf
αζ
π

=  (4-5) 

and, 
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The resulting values  are and fn are 0.0141 (±2.6 %) and 34.3 Hz (±1.6%), 

respectively. The equivalent mass of the translator is then calculated using  

 
( )22 n

km
fπ

=  (4-7) 

to be 0.0262 kg (±4.1%). The damping coefficient is calculated using 

 2b kmζ=  (4-8) 

to be 0.159 N·s/m (±3.6%). 

A summary of the extracted parameters is listed in Table 4-1. It needs to be noted 

that the mechanical natural frequency of the device (34.3 Hz) is lower than the 

measurement range of the impedance analyzer (minimum 40 Hz). However, since the 

inductances of the coils are sufficiently consistent in the measured frequency range, it is 

believed that the estimated inductances are valid at the natural frequency. 

4.3. Performance Prediction and Verification 

In this section, the parameters values extracted in 4.2 are plugged into the LEM 

derived in 3.4 to predict the performance of the device. The purpose is to provide a 
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benchmark performance data to be compared with the actual performance data. Circuit 

simulations and experiments will be performed under several different source and load 

conditions in order to validate the model over varying performance conditions. 

Specifically, the open-circuit voltage gain frequency response is simulated and 

measured with frequency-sweeping voltage source and 1 MΩ (representing the input 

impedance of the output voltage measurement equipment), and the output power and 

efficiency is simulated and measured with fixed-frequency voltage source (34.3 Hz) and 

a range of load resistances. 

The equivalent circuit of the ET is simulated with circuit simulation software (Linear 

Technology Co., LTspice v4.11). A screen capture of the schematic is shown in Figure 

4-9. All the gyrators are implemented using pairs of current-controlled voltage sources 

(CCVS) that are controlled by the current through each other. The uncertainties of the 

circuit parameters are embedded in the SPICE model to perform Monte Carlo 

simulation. The Monte Carlo analysis is performed by perturbing the model parameters 

twenty times, generating twenty voltage frequency response curves. The composite 

superposition of these curves is shown in later data plots. Furthermore, in order to 

validate the analytical expressions derived in Section 3.3.2 using the simplified model, a 

third plot is generated using (3-8), which is derived by assuming ignorable inductive 

coupling.   

First, the system is simulated with a swept sine voltage input of 0.1 Vpk (10 Hz to 

10 kHz), and a load resistance of 1 MΩ (the actual load resistance when measuring the 

open-circuit voltage with oscilloscopes and signal analyzers). The experimental 

measurement is performed by measuring the transfer function of the ET using a signal 
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analyzer (Stanford Research Systems SR785).  A 0.1 Vpk swept sine input signal is 

provided to the primary coil by the source terminal, and the actual voltages on the 

primary and the secondary coils are measured with the first and the second channels of 

the same signal analyzer, respectively. The voltage gain and phase shift vs. frequency 

are analyzed.  

The measured response and the simulation results are shown in Figure 4-10. The 

curves generated by the full-model Monte Carlo simulation are so close to each other 

that they cannot be clearly distinguished as separate curves in the plot. This indicates 

that the parameter uncertainty incurred in the previous measurements does not 

contribute significantly to the discrepancy in the open-circuit voltage gain prediction. The 

predicted frequency response shows a resonant peak at between 33.5 Hz and 35.1 Hz 

with a gain from 5.2 dB to 5.8 dB (1.8 to 1.9 in linear scale), and an anti-resonant valley 

at 74.6 Hz with a gain of -53 dB (0.28 in linear scale). The measured response has 

similar trend as the simulation predicted, with a maximum gain of 4 dB (1.6 in linear 

scale) at 34.9 Hz, and a minimum gain of -50 dB (0.00312 in linear scale) at 80.3 Hz. In 

both cases, the anti-resonant behavior is due to the inductance of the primary coil (the 

secondary coil inductance does not affect the open-circuit measurement), which 

increases the system order from two to three. This is evident from the simulated 

response of the simplified model, where the anti-resonant behavior is not observed 

because inductance is ignored. Nevertheless, the simplified model provides reasonably 

accurate prediction of the result up to the resonant frequency (with a predicted gain of 

5.7 dB or 1.93 at 33.5 Hz). The measured voltage gain is lower than the predicted 

value, which is later found to be the over-measured input voltage due to the parasitic 
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wiring resistance. Since the primary coil resistance is comparable to the resistance of 

the cable, any voltage drop on the cable has been accounted for as the input voltage. 

This could be resolved by using a separate cable for the measurement, rather than 

sharing the cable between sourcing and measurement. In the experimental results, two 

additional minor resonant peaks are noted between 60 Hz and 80 Hz that are not 

reflected in the LEM predicted response. These peaks may be attributed to torsional 

and lateral vibration modes. 

Recall that in Section 3.3.1, the simplified model is valid on when the frequency is 

much lower than the value given by (3-7), as repeated here 
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Since the secondary coil is open (with an actual load resistance of 1 MΩ due to the 

input impedance of the signal analyzer), I2 is close to zero, (4-9) can be rewritten as 
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Since the first resonant frequency is only around 34 Hz, the simplified model provides 

accurate prediction up to the first resonance as expected. 

Next, power and efficiency data are obtained both from simulation and 

experiments, and also compared with the analytical expression derived in (3-16) which 

assumes strong electrodynamic coupling as well as ignorable inductive coupling. With 
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the frequency fixed to 34.3 Hz, different load resistances are connected to the 

secondary coil. In the experiment, the input power is measured by calculating the time 

average product of the input voltage and the input current, where the input current is 

measured with a current probe (Tektronix TCP 312). The time-average power is 

automatically calculated by the oscilloscope (Tektronix TDS5104B). The output power is 

calculated by dividing the mean square output voltage by the load resistance. The 

efficiency is then obtained by calculating the ratio of the output power and input power.  

The measured and predicted power efficiency and output power curves are shown 

in Figure 4-11 and Figure 4-12. Note that the uncertainty of the measurement results 

has been considered negligible compared to that of the predicted results, which 

comprises of multiple sources of error from the parameter extraction.  In the 

measurement result, a maximum output power of 778 µW is delivered to a 10 Ω load at 

an efficiency of 34.4%. About same efficiency is obtained at 20 Ω load resistance, while 

the output power is only 688 µW. It can be seen that the LEM full model correctly 

predicts the optimum load resistance. However, the LEM predicts lower efficiency (26%-

31%) than the actual measurement. The source of the error may be associated with 

some variation of the system parameters since the parameter extraction. However, as 

stated in Section 3.3.2.1, the model that assumes strongly coupled transductions 

predicts higher efficiency than the full model and offsets the error. It is interesting that 

the prediction of the strongly coupled model matches the measurement much better, 

because the coupling strengths of the primary and the secondary transductions are only 

3.8 and 5.5, respectively.  
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From an absolute performance perspective, a peak efficiency of 35% is much 

smaller than most EMTs and PTs. However, since the prototype is designed for model 

validation, where easy measurement of the lumped parameter was given the highest 

priority, there are many ways to improve the efficiency in future designs. For example, a 

better designed magnetic assembly with higher radial magnetic flux density can be 

achieved by using multiple hard and soft magnets to guide the flux lines. A more rigid 

frame material that provides better anchoring of the beam may be able to significantly 

reduce the mechanical damping coefficient. A larger conductor volume can be used to 

make better use of the space and to decrease the resistances. Since this dissertation is 

really focused on preliminary investigations of the ET, construction and realization of an 

optimized device has been left as a future work. 

4.4. Summary 

In this chapter, a macroscale ET prototype is constructed to validate the LEM. The 

LEM parameters have been extracted via a series of experiments, and plugged into the 

equivalent circuit model that is simulated with a circuit simulation tool. The model 

precisely predicted the general trend of the open-circuit voltage gain frequency 

response. A slightly lower voltage gain is achieved in the experiment due to the parasitic 

wiring resistance. The full LEM underestimates the power efficiency by 3%-8%, while 

the simplified LEM that ignores the magnetic domain and assumes strongly coupled 

electrodynamic transduction provides a more accurate estimation of the frequency.  

Since the purpose of the prototype is to validate the device, a low efficiency of 

35% does not represent the potentially achievable efficiency in an optimized device. 

Future works have been suggested that could potentially optimize the device 
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performance and achieve higher efficiency. However, detailed study of optimization is 

out of the scope of this preliminary study of ET.  
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Table 4-1. List of extracted parameters. 
Parameter  Value 

Primary coil resistance (R1) 0.72 Ω (±2%) 

Secondary coil resistance (R2) 2.96 Ω (±0.5%) 

Mass of the translator (m) 0.026 kg (±4.1%) 

Spring constant (k) 1215 N/m (±2.6%) 

Damping coefficient (b) 0.159 N*s/m (±3.6%) 

Primary leakage permeance (Λ1) 6.7x10-9 Wb/A (±2.4%) 

Secondary leakage permeance (Λ2) 6.6 x10-9 Wb/A (±2.5%) 

Mutual permeance (ΛM) 9.2 x10-9 Wb/A (±1.6%) 

Primary transduction coefficient (K1) 0.662 N/A (±5.7%) 

Secondary transduction coefficient (K2) 1.614 N/A (±1.5%) 

Primary coil turns (N1) 111 

Secondary coil turns (N2) 230 
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Figure 4-1. A picture of the macroscale prototype 

 

Figure 4-2. The series resistance and inductance of the primary coil 
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Figure 4-3. The series resistance and inductance of the secondary coil 
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Figure 4-4. Curve fitting of the voltage gain frequency response. 
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Figure 4-5. Force vs. displacement of the spring. 
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Figure 4-6. Force vs. current for the primary and secondary coils. 
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Figure 4-7. Transduction coefficient variation with displacement. 

 

Figure 4-8. Transient response of the mechanical resonator.  
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Figure 4-9. Circuit model simulated in LTSpice. 

 

Figure 4-10. Measured and predicted open-circuit voltage gain frequency response. 
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Figure 4-11. Measured and model predicted efficiency vs. load resistance. 
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Figure 4-12. Measured and model predicted output power vs. load resistance. 
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CHAPTER 5 
MICROSCALE DEVICE AND EXAMPLE APPLICATION 

The end goal of the proposed ET effort is motivated by the potential for fully 

integrated power converters with higher power density and efficiency. Owing to the 

substantially different behaviors of macroscale and microscale systems, a study of a 

microscale ET is warranted. This chapter presents a partially microfabricated ET using 

the Type C topology introduced in Chapter 3. In this device, all except the magnetic 

assembly is microfabricated. The device design is first introduced, followed by the 

microfabrication process of the microscale components. Next, the experimental 

characterization of the device is presented. Then, an example application of the device 

is described. Last, a summary and outlook of the microscale ET is provided. 

5.1. Device Design 

As shown in Figure 5-1, the device consists of an external macroscale magnetic 

assembly and a microscale clamped-clamped-beam structure that spans across an 

inner frame. The device employs a Type C architecture, where the beam serves as the 

moving element, the compliant element, and the electrical conductor. The device design 

is similar to what is presented in [98], where a microelectromechanical inductor is 

implemented. 

The magnetic assembly comprises two NdFeB bar magnets (Grade N42 6.35 mm 

x 6.35 mm x 25.4 mm) magnetized in the transverse direction (along one of the short 

axes of the magnet). The magnets are arranged side by side with anti-parallel 

magnetization directions. The microfabricated clamped-clamped beam structure is 

mounted above the intersection along the length of the magnets. The magnets establish 

a transverse (in-plane) magnetic field acting on the clamped-clamped beam. As shown 
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in Figure 5-2, the FEM simulated average transverse flux density within the conductor 

region is about 0.9 T.  

The microscale clamped-clamped beam structure consists of two sandwiched 

copper beams (5700 µm x 300 µm x 5 µm each) as the primary and the secondary 

conductors, and a layer of Parylene C polymer (1.5 µm thick) in between to provide 

electrical insulation. The sandwiched beam structure sits on a silicon substrate (overall 

dimensions: 7900 µm x 2500 µm x 500 µm), which acts as the frame. Except for the 

contact pads, the silicon underneath the beam is removed, thereby allowing the beam to 

move (out-of-plane).  

The copper layers are overlapped everywhere except for the contact pads. To 

enable electrical contact to the lower conductor, the electrical contacts of the top copper 

layer are half the size of that of the bottom copper layer. The insulation material 

Parylene C is known to have low dielectric constant (~3), good dielectric strength (~200 

V/µm) [99], and suitable adhesion to copper. Also, since Parylene C’s Young’s Modulus 

is much smaller than that of copper (2.7 GPa vs. 110 GPa), its impact on the beam’s 

mechanical response is small.  

Either layer of the copper can be used as the primary conductor, because of their 

equal size the voltage gain is expected to be ~1. When the input current flows in one of 

the conductors, the electrodynamic force drives the sandwiched beam structure to bend 

in/out of the mounting surface. The movement of the beam induces an output voltage 

on the other conductor. Since the beam is fabricated on a 500 µm thick silicon substrate 

whose mass is sufficiently larger, the beam vibration is not expected to cause the 

substrate to move.  
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5.2. Device Fabrication 

The microscale part is fabricated with the process flow shown in Figure 5-3. There 

are four primary steps: forming the first copper conductor layer; forming the Parylene C 

insulation layer; forming the second copper conductor layer; releasing the sandwiched 

beams. The process uses standard single-side-polished, 100-mm-diamater, (100) 

silicon wafers. 

The process begins by depositing titanium-copper-titanium seed layers on the 

front (polished) side of the wafer. The e-beam evaporated seed layers have thicknesses 

of 20 nm, 200 nm and 20 nm from top to down. The copper beam structures are then 

electroplated on these seed layers using photoresist molds. An electroplating mask is 

first patterned on the seed layers using 10 µm thick photoresist AZ9260.  Before 

electroplating copper, the top seed layer titanium is removed by dipping into 1:18 

HF:H2O for 20 seconds, and 1:10 HCl:H2O for 20 seconds, respectively. The 

electroplating is performed in a standard electroplating solution of CuSO4 and H2SO4 

[100] for 25 minutes using 10 mA/cm2 of current density and a copper anode, yielding a 

5 µm thick copper layer. After copper electroplating, the photoresist mold is stripped in 

acetone, and the seed layers in the non-plated regions are removed. The thin copper is 

removed by dipping the sample into NH4OH saturated with CuSO4 (“blue etch”) for 4 

minutes. The titanium layers are removed again in the 1:18 HF:H2O.  

The next step is to form the Parylene C insulation layer. Before coating the 

Parylene C, the copper surface is thoroughly cleaned via solvents and O2 plasma. The 

1.5 µm thick Parylene C is then coated to the entire sample via CVD using SCS 

PDS2010 LABCOTER® 2 coating system. Before depositing the second layer 

conductor, the Parylene surface is pretreated with O2 plasma to remove organic 
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contaminants and to roughen the surface. The plasma treatments before and after the 

Parylene coating are very important for adhesion at the Parylene-copper interfaces.  

The second conductor layer is fabricated in a similar manner. After both layers of 

conductors are fabricated, the exposed Parylene is removed by O2 reactive ion etch. 

The second conductor layer acts as a mask during this etch step, so that the only 

Parylene that remains is in between the two layers. The two conductor layers are then 

tested for electrical insulation via simple conductivity checks. Once the insulation is 

confirmed, the front side process is finished.  

The backside of the wafer is then patterned via front-to-back alignment using 

AZ9260 photoresist defining the etch mask for the through-wafer backside silicon etch. 

Then using photoresist for temporary adhesion, the wafer is mounted front-side down to 

a dummy wafer to protect the front surface. The backside deep reactive ion etching is 

then performed using standard Bosch process [101]. Since the streets between the dies 

are patterned on the backside, the dies become separated from each other after the 

etching. The dies are then released from the dummy wafer by immersing in acetone for 

~5 hours. A picture of the final microfabricated structure is shown in Figure 5-4. 

5.3. Device Testing 

Before mounting the microfabricated part to the magnet assembly, the 

impedances of the conductors are tested using an Agilent 4294A impedance analyzer. 

The testing is performed on a probe station shield in a Faraday cage. Since the 

resistances of the conductors are expected to be very small, any parasitic resistance 

such as a contact resistance or the probe wiring could significantly affect the 

measurement. To mitigate this, four-point impedance measurements are used for each 

measurement. Two probes are in contact with each electrode, one for sourcing, and the 
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other for measurement. Using a current of 1 mA, the self-impedance of the top and the 

bottom conductors between 4 kHz and 10 kHz (the frequency range is selected around 

the expected resonant frequency) are plotted in Figure 5-5. From the plot, the 

resistances of the top and the bottom conductors within the specified frequency range 

are estimated to be 0.12 Ω and 0.35 Ω, respectively. The self-inductances of the top 

and the bottom conductors are both around 1 µH. The measured results are 

questionable due to the unexpected large difference between the beam resistances, the 

larger than normal inductance, and the unusual spikes in the bottom beam’s inductance 

and resistance curves. The sources of the measurement error include the quality of the 

electrical contact between the probe and the electrodes, the effectiveness of the 

equipment calibration when non-standard test cables are used. All are limited by the 

quality of the test facility. 

After the standalone testing, the microfabricated structure is mounted on the 

magnet assembly for whole device characterization of the ET, as shown in Figure 5-6. 

Again, to ensure the accuracy of the results, each bond pad is contacted by two 

separate test probes, and a total of eight probes are used. On each of the primary 

conductor’s electrodes, one probe is used to source power, and the other is used to 

measure the actual input voltage across the conductor. On each of the secondary 

conductor’s electrodes, one probe is used to connect to the load, while the other is used 

to measure the output voltage.  

Before attaching any load, the open-circuit voltage gain frequency response is 

measured with the SR785 signal analyzer. The system is tested using each of the 

conductors are as the primary conductor alternately. With excitation voltage amplitude 
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of 1 mV, the frequency response of the open-circuit voltage gain is measured between 1 

kHz and 10 kHz. As shown in Figure 5-7, when the top conductor is used as the primary 

conductor, a peak voltage gain of 0.978 is obtained at 5.69 kHz; when the bottom 

conductor is used as the primary conductor, the peak voltage gain of 0.723 is obtained 

at the same frequency. The difference in the voltage gain may be attributed by the 

difference in the transverse flux density of the conductors (they are at slightly different 

vertical positions with respect to the underlying magnets), which differentiates the 

transduction coefficients and the coupling strengths.   

The coupling strengths can be estimated by using (3-39) or the definition 
2K

Rb
γ =  

to obtain the same result. Since the quality factor is easier to extract than the damping 

coefficient from the open-circuit voltage gain frequency response, and all the other 

parameters in (3-39) are readily available, (3-39) is used to estimate the coupling 

strength. The average transverse flux density along each conductor is estimated from 

FEM simulation to be 0.926 T and 0.931 T, respectively. By measuring the -3 dB 

bandwidth of the response curve, the measured mechanical quality factors in each 

configuration are estimated to be 17 and 51, respectively. Theoretically, these two 

numbers should be the same, because the mechanical resonator is the same for both 

configurations. The difference in the measured mechanical quality factors may arise 

from simple experimental variations or because of different thermal conditions in each 

configuration. Specifically, the primary conductor is heated to a higher temperature than 

the secondary, because there is no current flow in the secondary conductor at open-

circuit condition. Further investigation is out of the scope of the study. The next term, 
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1

c mρ ρ
 is calculated to be ~6,532 m2/ (Ω∙kg), assuming that the electroplated copper 

shares the same density and resistivity as bulk copper. The volume ratio is calculated 

as 1.22 for the clamped-clamped beam, assuming that the Parylene layer adds 

negligible mass. Using all these parameters, the top and bottom coupling strengths are 

estimated to be 21 and 63, respectively. According to (3-17), the maximum efficiency is 

expected to be ~78%. 

Next, the power efficiency measurement is performed using different load 

resistances. In this measurement, the bottom conductor is used as the primary 

conductor. The signal analyzer is used to provide a 1 mVpk source voltage to the bottom 

conductor. A variable resistor is connected to the top conductor. With each resistance 

value, the input power is first measured, followed by the output power and the actual 

load resistance. Due to the substantial measurement noise and the low signal 

magnitude, it is difficult to calculate the power from the time waveforms, like what is 

presented in Chapter 4. Therefore, the power is measured via measuring the real part of 

the cross-spectrum of the voltage and current spectra in the swept sine mode, which 

theoretically gives the frequency response of the real power. The power at the 

mechanical natural frequency is recorded. To obtain the cross spectrum, the current is 

measured with the Tektronix TCP312 current probe.  

To measure the actual load resistance that “appears” to the secondary conductor 

without disturbing the setup, the ratio between the measured output voltage and output 

current is used to calculate the load resistance. As expected, the ratio does not change 

with frequency, because the load is resistive.  
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The measured input/output power and power efficiency is shown in Figure 5-8. A 

maximum efficiency of 40% was obtained with 0.9 Ω load resistance. Since this is the 

minimum possible load resistance (achieved when the output cable was shorted), a 

higher efficiency may be possible if a lower load resistance were possible.   

5.4. Application Example 

Since the microscale prototype of ET has demonstrated expected functionality and 

the theoretical analysis has shown promise for potential improvements in efficiency and 

power density. This section attempts to investigate the potential application of the ET 

through a simple example: a resonant power inverter. First, a brief background review of 

resonant power converter is provided, followed by an overview of the proposed concept. 

Last, experimental demonstration and characterization of the system is presented.  

5.4.1. Background 

Resonant power converters, as shown in Figure 5-9, are a new generation of 

switched-mode power converters that use an LC resonant tank as a part of the circuit. 

In a resonant converter, the input voltage or current is converted to a square wave via 

the use of a switching network [102]. The square wave is converted (filtered) to a 

sinusoidal wave by the resonant tank. The sinusoidal wave is then stepped up or down 

by a transformer. If a dc output is desired, an output rectifier is connected. If an ac 

output is needed, an LC filter is connected to the output to further remove unwanted 

harmonics. The major advantage of the resonant converter is its zero-voltage-switching 

(ZVS) or zero-current-switching (ZCS) capability. Since the switches in the switching 

network experience alternating voltage and current for each cycle, it is possible to turn 

on or off the switches when the current or voltage is zero. This dramatically reduces the 
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transistor switching loss and enables high switching frequency to reduce the size of the 

passive components. 

Passive components involved in a resonant converter include at least one 

inductor, one capacitor, and a transformer, which are all among the largest components 

in a power electronic circuit. In both the PT and the ET, these “components” are all 

embedded in the transformer itself. Therefore, these resonant type transformers are 

good candidates to replace conventional solutions where discrete passive components 

are used. In fact, numerous works have been published on PT-based resonant 

converters. Most of these works adopt class E [103-108] or half-bridge [31, 33] 

amplifiers as the input stage, as shown in Figure 5-10. Due to the lack of the inductive 

components in the PT electrical domain, at least one external inductor is used in these 

topologies to smooth the input current and enable ZVS. Inductor-less half-bridge 

resonant converter with ZVS capability is possible by operating the PT at a frequency 

just above the resonant frequency when the apparent input impedance is inductive [35, 

109]. However, this requires even more complicated control and model analysis 

techniques. Also, operating at non-resonant frequency could reduce the efficiency and 

power density of the PT [110]. 

Like the PT, the LEM circuit model for the ET also comprises an embedded 

resonator and transformer, which makes possible its use in a resonant converter. More 

importantly, the input impedance of an ET is inductive, even while operating at the 

resonant frequency. Therefore, no external inductor or complicated frequency control is 

needed to implement ZVS. 
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As seen in Figure 5-11, a resonant converter topology with parallel connected LLC 

resonant tank [111-114] (also known as LLC-PRC topology) provides near seamless 

adoption of the ET. The circuit shown is configured as an inverter, which will be 

implemented later in this work. The ET provides all of the LLC-PRC “circuit elements” 

which are required; no additional passive components are needed on the input end. 

This topology is known to have low voltage stress on the tank capacitor, which in the ET 

is interpreted as small velocity, or strain on the compliance element. A half-bridge 

switching network is also a good candidate for the input stage.  

5.4.2. Demonstration of Resonant Inverter Using Electrodynamic Transformer 

For this preliminary demonstration, a single switch that is connected in series with 

the source is used to build a simple demonstration system to validate the concept. The 

system implementation is shown in Figure 5-12. The demonstrated system is configured 

as a resonant inverter with a 10 nF filter capacitor connected at the output. The input is 

provided by an isolated voltage source (Stanford Research Systems, SIM928) 

generating 0.01 Vdc. The power supply output is connected to a P-channel MOSFET 

(NDP6020P), which is controlled by a function generator (Agilent 33120A) providing a 1 

Vpk square wave. The switched waveform is directly connected to the ET and filtered by 

the mechanical resonator, creating a close-to-sinusoidal vibration of the beam. As a 

result, a near-sinusoidal output voltage is generated. The voltage is slightly smoothed 

out by the output filter capacitor. 

With the switching frequency tuned to the resonant frequency of the ET, the 

captured waveforms are shown in Figure 5-13. It can be seen that the output voltage is 

sinusoidal with two spikes in each cycle. This is due to the non-zero-voltage switching of 

the MOSFET. As the MOSFET is turned on, the input voltage abruptly jumps to the 
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source voltage of 0.01 V, because the voltage across the MOSFET is not zero before 

switching. As the input current suddenly increases, the input voltage rapidly drops due 

to the voltage drop across the MOSFET on-resistance and the internal resistance of the 

voltage source. When the MOSFET is turned off, the input voltage slightly rises after a 

brief oscillation due to the parasitic MOSFET capacitor. However, the MOSFET turns on 

again before the input voltage rises to the level of the source voltage to enable ZVS. 

The situation improves slightly as the duty ratio of the switching waveform is decreased. 

However, in the implementation here, ZVS could not be achieved, possibly due to the 

small value of the input inductance of the ET. 

The efficiency and input/output power of the ac inverter are measured on the 

oscilloscope with different load resistances. The power and efficiency vs. load 

resistance is plotted in Figure 5-14. It can be seen that a maximum efficiency of 16% is 

obtained at the minimum achievable load resistance of 0.9 Ω. The efficiency is 

significantly lower than that of the ET itself. The reason probably lies in the lack of ZVS, 

and the performance of the MOSFET. To implement ZVS, a higher input inductance 

may be desired. A maximum power of 0.25 µW is delivered to the load with the 0.01 Vdc 

input. This is not the power capacity of the device. Unfortunately, the device is 

mechanically damaged before attempting to capture the power capacity with the 

extreme input condition. Therefore, the maximum possible power density of the device 

is unknown.  

5.5. Summary and Discussion 

A microfabricated ET has been demonstrated in this chapter. A maximum 

measured efficiency of 40% is promising as a pilot prototype, while the estimated 

coupling strengths predict a maximum efficiency of 78%. The discrepancy is possibly 
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due to the error in the coupling strength estimation and possible nonlinearity of the 

device.  

While the semi-microfabricated device here demonstrates basic functionality of the 

ET, there is plenty of room for improvement. First, the magnetic field strength could be 

increased. For example, the ~500 µm gap between the copper and the magnet surface 

due to the thickness of the silicon substrate could be reduced to achieve much higher 

flux density. As shown in Figure 5-15, up to 1.7 T could be achieved if the gap is 

reduced to 100 µm. This could be possible through microfabricating the magnets on the 

same substrate. Alternatively, soft magnetic material could be integrated to the 

magnetic assembly to concentrate flux. Second, the mechanical quality factor could be 

improved. The measured mechanical quality is lower than normal (typically >100) 

possibly due to the impact of the testing probe and viscous air damping. A much higher 

quality factor is expected on a vacuum-packaged wire-bonded device. The Parylene 

insulation layer may also have effect on the quality factor. A further investigation can be 

performed via varying the thickness of the Parylene insulation layer or changing the 

insulation material. Third, the volume ratio could be improved by adopting tapered 

structure as shown in Figure 5-16, where the width of the beam is narrower at the 

center than at the ends, so that the volume attributed to the dynamic mass is reduced 

comparing to the total conductor volume. However, the trade-off of this design is the 

reduced maximum current, and therefore reduced device power density. Furthermore, 

dedicated efforts could be performed to analyze and optimize the material properties of 

the electroplated beams. Lastly, completely different device architectures could be 

considered. The clamped-clamped beam structure employed in these prototypes are 
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easy to fabricate, but are prone to in-plane stress/strain, which affects the mechanical 

compliance of the beam and overall device performance.  

The application of ET in the LLC-PRC resonant inverter provides a promising 

example of how ET could reduce the physical size and complexity of power electronic 

system. The efficiency can be improved significantly by implementing ZVS through 

carefully designing the parameters of the device and the driving signal. In order to find 

the appropriate parameters, more investigation can be performed through circuit 

simulation using the equivalent circuit model of the ET. The efficiency can also be 

improved by using a better input stage, such as the half-bridge topology.  
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Figure 5-1. Schematic of the microscale electrodynamic transformer. 

 

Figure 5-2. Finite element simulation of the magnetic assembly. 
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Figure 5-3. Fabrication process of the microfabricated part of the electrodynamic 
transformer (side view). 
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Figure 5-4. Top-view photograph of the microfabricated beam structures of the 
electrodynamic transformer. 

 

Figure 5-5. Measured impedance of the top and the bottom beams. 
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Figure 5-6. The microscale electrodynamic transformer under test on a probe station. 
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Figure 5-7. Open-circuit voltage gain frequency response with different beams as the 
primary conductor. 
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Figure 5-8. Input and output power, and efficiency measurements at different load 
resistances. 

 

Figure 5-9. Block diagram of a resonant converter. 
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Figure 5-10. Resonant converters using a piezoelectric transformer. B) Converter using 
a class-E input stage. B) Converter using a half-bridge input stage. 
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Figure 5-11. Circuit diagram of an LLC-PRC resonant inverter showing components that 
can potentially be replaced by an electrodynamic transformer. 



 

152 

 

Figure 5-12. Implementation of LLC-PRC resonant inverter using an electrodynamic 
transformer. 
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Figure 5-13. Waveforms captured for the resonant inverter. 
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Figure 5-14. Input/output power and efficiency of the resonant inverter at different load 
resistances. 
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Figure 5-15. Transverse flux density vs. distance from the magnet surface. 
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Figure 5-16. Electrodynamic transformer with tapered beam. 
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CHAPTER 6 
CONCLUSION 

The major overall focus of this dissertation is to investigate the feasibility of the ET 

concept as an efficient, power-dense alternative to replace the EMT or PT in certain 

power electronic systems. The key figures of merit that are evaluated are the efficiency 

and the power density. Some other characteristics of the ET such as frequency 

response, input/output impedances are also investigated. Design considerations for 

performance improvement are also explored. In the first section of this chapter, the 

research contributions of this work are listed. The next section summarizes the major 

findings and conclusions. The final section suggests future works to continue the ET 

research. 

6.1. Summary of Research Contributions 

The following is a list of research contributions of this work. 

• Among the modern literature, this is the first systematic study of the two-port 
electrodynamic transducers for electrical energy transfer. The ET concept 
investigated here is a parallel concept to PTs, which have been investigated for 
several decades. 

• Investigated the ET concept both theoretically and experimentally.  

• Demonstrated and validated a LEM of the ET. 

• Fabricated and characterized microscale ET and demonstrated its application in 
an ac/dc converter. 

• Justified the viability of the ET’s future application. 

6.2. Summary of Major Conclusions 

Theoretical analysis on the LEM of the ET indicates that the efficiency of an ET is 

highly dependent on the coupling strength of both the primary and the secondary side. 

In order to increase the efficiency, both the primary and the secondary side coupling 



 

158 

strength need to be increased. In order to increase the coupling strength, the following 

design considerations have been generated: 

• A well-designed electrodynamic transduction topology is desired. Specifically, an 
orthogonal transduction topology is suggested where the direction of the 
mechanical vibration, the magnetic flux density and the electric conductor length 
are perpendicular with each other. Such topology maximizes the electrodynamic 
transduction coefficient. 

• A strong magnetic field oriented according to the orthogonal condition is desired. 
To achieve a strong magnetic field, the distance between the conductor and the 
magnetic field source need to be minimized. Delicate magnetic assemblies 
comprising multiple hard magnets and/or soft magnets (such as Halbach cylinder) 
are exceptionally effective in creating a strong magnetic field. 

• A highly under-damped mechanical structure is desired. A key figure of merit is the 
settling time of the structure’s self-oscillation after an initial disturbance. A long 
settling time is preferred. This is interpreted as high mechanical quality factor and 
low natural frequency. 

• Materials need to be selected so that the conductors possess low resistivity, while 
the moving mass has low density. In a moving-conductor topology, ideal candidate 
conductor material possesses low resistivity-density-product. 

• Volumetric distribution between the conductor and the moving mass is also 
important. The ratio of the conductor volume to the effective moving mass volume 
should be maximized. 

Reported data in literature suggest a favorable scaling law of efficiency as the 

device scales down. It is estimated that a maximum efficiency of over 95% is possible 

for microscale ET. In the experimental demonstration, the microfabricated ET achieved 

a maximum efficiency of 40%, which is slightly higher than the macroscale prototype. 

Both the theoretical and experimental results suggest a promising efficiency for 

microscale ET. This compares favorably with EMT, whose efficiency decreases sharply 

as the dimension scales down.  

The maximum power density of ET is a function of the maximum current density of 

the primary and the secondary conductors, the maximum spring force, and the 
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maximum displacement. A high-power-density ET needs to be designed such that all 

these limits are met simultaneously. Specific design guidelines to improve power 

density are reserved as a future work due to the complexity. Although experimental 

measurement of the maximum power density has not been successful, the theoretical 

analysis suggests that the maximum power density scales favorably as the device 

dimension reduces. An upper limit of 100 W/cm3 is estimated for macroscale ET, while it 

can reach 10,000 W/cm3 for microscale device. This is promising comparing to the PTs 

whose maximum power density is estimated to be 330 W/cm3. 

For practical application in power conversion systems, the ET offers embedded 

frequency selectivity, which is one of the major selling points of PT against EMT. The 

mechanical resonator inside the ET makes the implementation of resonant converter 

more compact and simple comparing to systems using a conventional EMT. Also, the 

inherent inductive input impedance makes it competitive to the PT-based resonant 

converter, where a separate inductor is needed to realize ZVS. Although the 

demonstrated ET-based resonant inverter does not achieve ZVS, it is possible through 

better device and circuit design (e.g. increase parasitic leakage inductance, adopt half-

bridge input stage, etc.). This advantage of ET may possibly make one more step 

towards fully-integrated power converters. 

6.3. Future Work 

Due to its exploratory nature, this study is far from exhaustive. However, since the 

results obtained herein provide a promising outlook for the future application of ET, it is 

advisable to lay out a road map for future research. 

On the theoretical aspect, the lumped element model may be modified to 

accommodate more complicated operating conditions, such as nonlinearity and time- or 
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space-varying parameters, etc. In author’s previous work [115], it has been 

demonstrated that it is possible for LEM to accommodate these complexities. Including 

nonlinearity into LEM facilitates the study on the maximum power density of the ET, 

because the device demonstrates substantial nonlinearity while operating at extreme 

conditions. 

A dedicated effort on device optimization will be useful to further establish the 

potential of the ET performance. Such optimization effort requires a preliminary study on 

a variety of ET topologies, and more understanding on the physical relationships 

between LEM parameters. 

It is also interesting to explore options of integrating magnetic assemblies “on-

chip” via microfabrication, as well as packaging considerations of the whole device. With 

the magnets integrated on chip with the conductors, it is possible to improve the 

coupling strength and therefore the efficiency through increased flux density. 

Specifically, the package may provide vacuum environment to reduce the mechanical 

damping coefficient and increase the efficiency. A more reliable package allows more 

accurate characterization of the device, so that more insight can be provided on the 

future design and application. 

From the application standpoint, an effort to search for other application areas 

would be interesting. The unique characteristics of ET (such as low input/output 

impedance, load-independent resonant frequency, etc.) may motivate special 

applications that are most suitable for the ET behavior. Eventually, ET-based fully-

integrated power electronic systems could potentially reduce the size and weight of 
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electronic products, and extend battery life of portable devices. These enable more 

advanced technologies in areas such as remote sensing, autonomous robotics, etc. 
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APPENDIX A 
ELECTRODYNAMIC TRANSDUCTION AND FARADAY’S LAW OF INDUCTION 

Consider an N-turn filamentary coil with area A translating in a time- and space-

varying magnetic field pattern. Specifically, the real-time 3D position of a reference point 

on coil is given by 

 ( )( ) ( ), ( ), ( ) .p t x t y t z t=


 (A-1) 

The flux density at a given point of the space at a given time instant is given by 

 ( ) ( ), , , , .B p t B x y z t=
  

 (A-2) 

 Therefore, the total flux inside the coil at a given time instant is given by 

 ( )( ) ( )( ), , .
A

p t t B p t t d Aφ = ⋅∫∫
   

 (A-3) 

According to Faraday’s Law of Induction, the voltage induced on the coil is given 

by 

 
( )( ) ( )( ), ,

.A

A

d B p t t d A d B p t tdv N N N d A
dt dt dt
φ

⋅
= − = − = − ⋅

∫∫
∫∫

  

 



 (A-4) 

The right hand side of (A-4) can be further written as 

 
( )( ) ( ) ( ) ( ), , ,

.
A A

d B p t t d B p t d B p t d p t
N d A N d A

dt dt dtd p

 
 − ⋅ = − + ⋅
  

∫∫ ∫∫
     



 

  (A-5) 

Where 
( ),d B p t

dt

 

 measures the time variation of the magnetic field, and 
( ) ( ),d B p t d p t

dtd p

 



  

measures the spatial distribution of the field and the motion of the coil. Therefore, the 

inducted voltage or EMF can be divided into two components that are called 

“transformer EMF” and “motional EMF”, respectively: 
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 ,transformer motionalv v v= +  (A-6) 

Where 

 
( ),

,transformer
A

d B p t
v N d A

dt
= − ⋅∫∫

 



 (A-7) 

and 

 
( ) ( ),

.motional
A

B p t d p t
v N d A

dtp

∂
= − ⋅

∂∫∫
 





  (A-8) 

Of these two components, the motional EMF is a part of the electrodynamic 

transduction that depicts the mechanical to electrical transduction. The transformer EMF 

is a part of the electromagnetic transduction where the transduction is from magnetic 

domain to electrical domain. 

 Now consider the motional EMF to further investigate the electrodynamic 

transduction. Notice that  

 
( ) ( )

,
,

B p t
B p t

p

∂
= ∇ ⋅

∂

 

 

  (A-9) 

is the divergence of the magnetic flux density, and that 

 ( )d p u t
dt

=




 (A-10) 

is the velocity of the coil. Therefore, (A-8) can be rewritten as 

 
( ) ( ) ( ) ( )

,
, .motional

A A

B p t d p t
v N d A u t N B p t d A

dtp

∂
 = − ⋅ = − ⋅ ∇ ⋅ ⋅ ∂∫∫ ∫∫

 



    

  (A-11) 

According to Stoke’s Theorem, the surface integral a field’s divergence is equal to the 

line integral (along the boundary of the surface) of the field’s curl. Assuming that the 
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length of each turn of the coil is lt, and the total length is Nlt = lc, (A-11) can be rewritten 

as 

 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

, ,

, , .
t

c c

motional
A l

l l

v u t N B p t d A u t N B p t dl

u t B p t dl u t B p t dl

   = − ⋅ ∇ ⋅ ⋅ = − ⋅ ∇× ⋅   

 = − ⋅ ∇× ⋅ = − ⋅ × 

∫∫ ∫

∫ ∫

       

       



 

 (A-12) 

The last equation of (A-12) is the integral form of the electrodynamic constitutive 

equation for mechanical to electrical transduction. The differential form of the equation 

that represents the voltage generated from an infinitesimal length of coil segment can 

be written as 

 ( ) ( ), .motionaldv u t B p t dl= − ⋅ ×
   

 (A-13) 

Equation (A-13) is the electrodynamic constitutive equation used in Section 2.4.2 

for mechanical to electrical transduction. Unlike the direct use of the Faraday’s Law in 

(A-4) where the flux inside a closed loop conductor is needed, (A-13) can be integrated 

to calculate the voltage generated by a coil segment of any shape (not necessarily a 

loop). 
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APPENDIX B 
PROPERTIES OF THE GYRATOR 

The properties of the gyrator are listed in Table B-1. 

Table B-1. Properties of the gyrator 

Property Illustration 
Original circuit Equivalent Circuit 

An effort source on one 
side of a gyrator appears as 
a flow source on the other 

side 
 

 

A flow source on one side 
of a gyrator appears as an 
effort source on the other 

side 
 

 

A generalized resistance 
connected to one side of a 

gyrator appears as a 
conductance on the other 

side 
  

 

A generalized compliance 
connected to one side of a 

gyrator appears as a 
generalized innertance on 

the other side 
  

 

A generalized innertance 
connected to one side of a 

gyrator appears as a 
generalized compliance on 

the other side  
 

Two cascaded gyrators are 
equivalent to a transformer 
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Parallel-connected 
elements on one side of a 
gyrator appears as series-

connected on the other side  

 

Series-connected elements 
on one side of a gyrator 

appears as parallel-
connected on the other side 
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