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Structural health monitoring (SHM) employs sensor data to monitor fatigue-

induced damage growth in service. Damage growth information can be used to improve 

the characterization of the material properties that govern damage propagation for the 

structure being monitored, turning aircrafts into flying fatigue laboratories. Initially, these 

properties are often widely distributed between nominally identical structures because of 

differences in manufacturing processes and aging effects. SHM data, in particular, 

measured crack growth are used to narrow the distribution of damage growth 

parameters using the Bayesian inference technique. The improved accuracy in damage 

growth parameters allows a more accurate prediction of the remaining useful life (RUL) 

of the monitored structural component. It can also help in predicting damage growth of 

other similar components.  

In the absence of actual SHM data, we had to simulate measured data by applying 

error models to damage sizes obtained using Paris’ law as a damage growth model. We 

consider that there are two kinds of errors, random noises resulting from the 
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measurement environment and a deterministic bias resulting from the sensor's 

calibration or modeling error. 

The Bayesian inference method is used for progressively reducing the uncertainty 

in structure-specific damage growth parameters in spite of noise and bias in sensor 

measurements. However, the Bayesian inference method is computationally intensive 

due to uncertainty propagation in likelihood calculation, which results in a difficulty in 

handling multi-parameter identification, and may not be feasible to use with an 

extremely large number of measurement data. On the other hand, least-square fitting of 

damage growth parameters is efficient, but it does not provide good statistical 

information on the uncertainty in their estimates and in RUL estimates. It is in particular 

efficient to identify deterministic variables such as bias. In the proposed research, we 

combined the two approaches by using the least-square approach to filter the data and 

then performing Bayesian inference. The proposed approach is applied to crack growth 

in fuselage panels due to cycles of pressurization. It is shown that the proposed method 

rapidly converges to accurate damage parameters with much smaller uncertainties. 

Fairly accurate damage growth parameters were also obtained with measurement 

errors of 5mm. Using the identified damage parameters, it is shown that the 95% 

conservative RUL converges to the true RUL from the conservative side. 
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CHAPTER 1 
INTRODUCTION AND LITERATURE REVIEW 

1.1 What is Structural Health Monitoring (SHM)? 

Structural health monitoring (SHM) is the process of implementing damage 

detection and characterization systems for structures. In SHM, damage is defined as 

changes in the material and/or geometric properties of the structure, which includes 

cracks, corrosion, degradation of material properties, etc. These changes may be 

dangerous because they affect the system’s performance and safety. In the case of 

fuselage panels in an airplane, for example, the SHM system can detect cracks in the 

panels due to repeated pressurizations and provide warnings so that the panels can be 

replaced before the cracks become unstable.  

There are many SHM technologies available  [1-3] among which we have: 

electrical strain gauges, electrical crack wires, acoustic emission, acousto-ultrasonic, 

laser vibrometry, comparative vacuum monitoring (CVM), optical fiber Bragg grating 

(FBG), MEMS, electromagnetic (eddy current sensors) foils, sensitive coating, 

environmental degradation monitoring sensors, micro wave sensors, and imaging 

ultrasonics. These methods are applicable to different cases and with different levels of 

accuracy. However, we will not discuss them in detail here as SHM technologies are not 

the main focus of this work. The work presented here is not applied to a specific SHM 

method, but rather provides means to use the overall properties of SHM such as the low 

cost, frequency of measurements, and error model, in order to improve our knowledge 

on the behavior of damage. We intend the current method to be applicable to any SHM 

method that allows us to estimate the size of damage. 
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The SHM process involves observations of a system over time using periodically 

sampled measurements from an array of sensors, extraction of damage-sensitive 

features from these measurements, and statistical analysis of these features to 

determine the current health state of the system. For a long term, the output of this 

process can be used to periodically update information regarding the ability of the 

structure to perform its intended function in light of the inevitable aging and degradation 

resulting from operational environments. After extreme events, such as earthquakes or 

blast loading, SHM can be used on civil structures such as buildings or bridges for rapid 

condition screening and aims to provide, in near real time, reliable information regarding 

the integrity of the structure.  

SHM is a technology under development, which is implemented to prevent 

engineering structures to undergo catastrophic failure. It was first and foremost applied 

to civil structures such as buildings or bridges [4], using materials such as reinforced 

composites or reinforced concretes [5]. Recently, SHM has received a lot of attention in 

aircraft structures, which is the focus of this research, and has a lot of promising results 

[1].  

Research related to SHM can be divided into two main categories, diagnosis and 

prognosis [6]. Diagnosis deals with identifying the damage properties, such as damage 

location and size. Prognosis focuses on predicting the future behavior of the damage 

and the structure. The proposed research focuses on prognosis, especially when the 

measured data include uncertainties. Continual on-line SHM is based on dynamic 

processes through the diagnosis of early damage detection, then prognosis of health 
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status and remaining life this should allow a longer usage of a structure with the same 

level of reliability [7]. 

1.2 Advantages/Disadvantages of SHM Compared to Conventional Inspections 

The traditional inspection method is called preventive maintenance (PM) or 

manual inspection. It involves the care and servicing by personnel for the purpose of 

maintaining equipment and facilities in satisfactory operating condition. It provides for 

systematic inspection, detection, and correction of incipient failures either before they 

occur or before they develop into major defects [8, 9]. In this research, any kind of 

inspections that involve human intervention in the measurements is considered manual 

inspection. It also includes hybrid methods in which a human inspector performs the 

inspection using electronic sensors. 

While manual inspection is generally considered to be worthwhile, there are risks 

such as equipment failure or human error involved when performing PM, just as in any 

maintenance operations [10]. On the other hand, SHM-based maintenance (SHMM) 

removes or diminishes the human factor involved in inspection, and therefore, reduces 

the risks and uncertainties involved [11]. 

Even though SHM is not yet accepted by aircraft manufacturers for current 

airplane structures and so far only laboratory-level studies have been performed on 

SHM, some clear advantages have been shown for SHM over traditional manual 

inspection [12, 13]. Among these advantages are the low cost of damage assessment 

that leads to the possibility of performing damage assessment much more frequently. In 

fact the interval of damage assessment can be decreased from every 5,000 cycles in 

manual inspection to possibly every cycle. This capability of frequent assessment can 

compensate for the loss in accuracy compared to manual inspection [14]. Since SHM 

http://en.wikipedia.org/wiki/Fault_detection_and_isolation�
http://en.wikipedia.org/wiki/Human_reliability�
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can afford to perform assessment more frequently, it is possible to let the damage grow 

to a larger size before having to intervene and perform maintenance. Performing 

frequent damage assessment will give us a large amount of data on the health state of 

the structure.  

Another advantage of SHM is that the error in damage size estimation is expected 

to be lower as a result of a reduction in human and environmental effects. This aspect 

compensates for the fact that SHM devices have a larger minimum detectable crack 

than preventive maintenance, whose orders of magnitude are of 5 mm and 0.3 mm, 

respectively. 

Another aspect to consider is cost. SHM-based maintenance requires additional 

installation cost as well as fuel cost related to the increase in weight resulting from the 

presence of SHM systems onboard, but on the other hand it drastically reduces the cost 

of damage assessment. 

We believe that so far these advantages have not been used to their full extent, 

and we want here to get one step closer to that.  

1.3 Technical Issues in Preventing SHM from Being Popular 

SHM is not yet a fully accepted and developed technology. It is still under research 

and need to make its proof. One of the main issues appears to be that engineers do not 

trust it yet, because it has its own issues that we are going to discuss below [15, 16].  

The first issue is the increase in weight resulting from the addition of the SHM 

system to the structure, including sensors, wires, and equipment. This implies 

redesigning structures or modifying existing structures. Another issue is the reliability of 

the sensors and their various characteristics. In particular, an important issue is related 

to aging of sensors. Their performance deteriorates over times [17].  
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Health monitoring could be applied at many levels on an aircraft such as 

electronics, engine [18] and structure [19], and we are focused on the last one. But the 

application has limitations so far when it comes to actual structures because it is mostly 

focused on flat panels in the current laboratory studies. However, airplanes are 

composed of many curved panels with various connecting joints [20]. 

1.4 Different Type of Prognosis Methods (Data-Driven vs. Model-Based)  

Prognosis uses information from collected data to predict future status of the 

system. Prognosis techniques can be categorized based on the usage of information: 

(1) physics-based, (2) data-driven, and (3) hybrid methods. The physics-based 

methods, or model-based methods [21], assume that the structure’s behavior can be 

predicted based on physical models of structure. Dynamic stochastic equations, 

lumped-parameter models [22], and functional models [23] correspond to this category. 

In the case of SHM, crack growth models [22, 24, 25] are often used for damage 

growth.  

The data-driven methods [26] include least-square regression [27, 28], Gaussian 

process regression [29, 30], neural network, and relevance vector machine [29, 31]. The 

data-driven methods have advantages when the systems are so complex that no simple 

physical model is available. The hybrid methods [32] use the advantages from both 

methods. It uses physical models and identifies model parameters using measured 

data, and includes such methods as particle filters [33] and Bayesian techniques [34, 

35].  

It is generally accepted that uncertainty is the most challenging part for prognosis 

[34, 36]. Sources of uncertainty are initial state estimation, current state estimation, 

failure threshold, measurement, future load, future environment, and models. In order to 
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address the uncertainty problem, various methods have been proposed, such as 

confidence intervals [37], relevance vector machine [29], Gaussian process regression 

[29, 30], and particle filters [33, 38]. 

Although both physics-based and data-driven methods use damage information 

measured by SHM systems, the major difference comes from the utilization of the 

physical models that causes damage. For example, in the case of monitoring crack in a 

panel, SHM systems measure its growth as a function of time. The data-driven methods 

use this information to predict the future behavior of the crack though extrapolation. On 

the other hand, the physics-based models utilize both loading and measured damage 

information to predict the future behavior of the crack. The physical models relate the 

loading and crack growth. Since loading is the main source of uncertainty, the physics-

based methods can reduce uncertainty in prognosis significantly compared to data-

driven methods. In addition, the physics-based methods can predict the behavior of 

cracks in longer range of time. 

The data-driven methods are more appropriate for the case when detecting 

damage/fault requires a quick correcting action, such as an engine failure. In the case of 

crack growth in a panel, however, there is a significant time delay between the initial 

detection and replacing/repairing the crack. In such a case, the physics-based models 

are more appropriate because a more accurate maintenance period can be predicted. 

In this research, we will focus on the physics-based methods in identifying parameters 

that control the physical model and predicting the service life before maintenance 

actions. 
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1.5 Damage Growth Models 

The theory of fatigue crack growth has developed rapidly, starting in the early 

1960s with the proposition of the initial Paris law [39]. Paris applied Irvin’s crack stress 

analysis [40]  to fatigue crack growth and opened a new way of modeling this important 

phenomenon. Paris’ method is nowadays widely accepted due to its simplicity. Since 

then knowledge about crack behavior has been constantly improved by the 

development of new models and the increased knowledge about factors involved. 

Although many developments in the theory have been presented during last four 

decades, there are still remaining issues in fatigue crack growth. 

For example, most theories are based on constant cyclic loading conditions. When 

variable loadings are applied, it is still unclear theoretically and practically how the 

theory can incorporate with them. In the same context, when abnormally large loads are 

applied during the service life, the crack growth rate will change. Thus, the load history 

dependency of crack growth is an important and difficult issue in this field. Another 

important issue is the uncertain nature of crack growth physics. Since the cracks start 

from the micro-scale level, it is extremely difficult to predict the crack growth pattern. 

Micro-level crack growth is not yet fully understood and crack initiation time is another 

problem because it is hard to identify. Even in laboratory, two nominally identical 

specimens usually end up different crack propagation pattern. Thus, addressing 

uncertainty in crack propagation is an important issue. There have been no significant 

advances for the abovementioned issues, because multiple scales are involved, starting 

from atomistic scale to macro-scale. There are recent developments in multi-scale 

modeling for crack propagation, but it will take several years for them to be practical. 
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In addition to the above mentioned issues, there have been a lot of research 

papers improving the original Paris model. Many researchers observed that the original 

model works only for limited range of load ratio, R, which is the ratio between minimum 

and maximum stress intensity factors. Although the effect of crack tip stress intensity 

factors and their reversing plastic zone were already very well known but for some 

reason the effect of crack closure was ignored in the original development. This was 

initially observed by Elber [41, 42] in the late 1960s. After that various service load 

damage models appeared in the 1970s. Among them, a finite element based model 

developed by Newman [43] was the most promising approach. It is now generally 

accepted that this discrepancy is caused by crack closure during the cycle of applied 

loads. The most recent work using a partial crack closure model has been developed by 

Paris, Tada and Donald [39]. These issues have been addressed by introducing 

‘effective range of stress intensity factor’, which accounts for plastic deformation at the 

crack tip as well as crack closure effect.  

In addition to the crack closure, different materials have different crack 

propagation slopes, which need to be obtained from experiments. The issue is that the 

unit of the crack growth equation becomes inconsistent when non-integer slopes are 

used. One of the recent developments from the original contributor, P. C. Paris, is to 

use a universal model that normalizes the range of stress intensity factor by elastic 

modulus [44].  

Since we are interested in illustrating how damage size estimation resulting from 

SHM inspection can be used to identify damage growth properties, we choose to use 

the original Paris law [39]. Even if it is far from being flawless, it remains the simplest 
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approach. Even if more complex models, such as finite element-based NASGRO 

software, can be used with more number of parameters, a similar approach can be 

used.  

1.6 Sources of Uncertainty 

Uncertainties are a key part of damage growth identification (measurement as well 

as prediction), because they make prognosis difficult. There are different types of 

uncertainties, which are not all considered at this point. 

Some of those uncertainties are related to the loading history like pressurization 

amplitude or range of stress intensity factor [45]. These uncertainties are not considered 

in the current work because pressurization in the fuselage is relatively regular. However, 

they need to be addressed in the case of crack growth in wing panels in which loading 

conditions are complicated.  

Another kind of uncertainty is related to the damage itself, such as uncertainties in 

the initial damage size. Due to the variability in the manufacturing process, every 

fuselage panel is assumed to have a small crack to start with, as specified in the 

Department of Defense Joint Service Specification Guide for aluminum alloys. In this 

research, however, the uncertainties in initial crack size are not considered because we 

are looking at a detected damage size from SHM.  

This leads us to a related uncertainty which is the uncertainty in damage size 

measurement, which is a key part because it is directly related to the detection device 

[14]. The uncertainty in measured damage size can actually be divided into two 

categories: a deterministic error that stands for the unknown bias that can exist in SHM 

systems, and a random noise that represents the variability in measurements that can 

result from variability in the inspection environment.  
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We are also addressing uncertainties related to the parameters directing damage 

growth [46] which is the center of this work. These parameters depend on the damage 

growth model. The uncertainties of these parameters are in general large because they 

are meant to cover any possible case of manufacturing and aging conditions. However, 

for a specific panel, it is expected that the uncertainties of these parameters are very 

small, or even possibly they may have deterministic values. The proposed research 

focuses on finding these narrow distributions of panel-specific parameters. 

Another goal of this work is to show that using damage growth model as an 

extrapolation tool allows one to use a simpler model despite the fact that it might be 

erroneous.   

1.7 Noise and Bias 

As described in Section 1.6, the current technology of diagnosis and prognosis 

using sensor-based SHM has issues associated with uncertainties in sensor data, 

damage growth models, loading conditions, and material and geometric properties. The 

first is related to identifying the current health status, while the others are related to 

predicting the health status in the future. Uncertainties in sensor data can be classified 

in two categories: systematic departure due to bias and random variability due to noise 

[47, 48]. The former is caused by calibration error, sensor location and device error, 

while the latter is caused by measurement environment. Note that bias may tend to vary 

as the crack grows due to the nature of the error; for example, the placement of the 

sensor with respect to the growth direction of the crack. However, we assume the bias 

to be constant over the entire life of the structure [47]. 

Bias and noise are key variables in this work because of the absence of actual 

data that forces us to simulate data reflecting the reality of experimental data as close 
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as possible. The problem of noise in data is already being addressed [25] but bias is 

often neglected in the modeling of measurement error. It is a different variable to 

address because it implies a dependence from one measurement to another at different 

times. Noise and bias can be dealt with in different ways; bias has the advantage that it 

can be identified as an additional variable in the model [49]. The noise on the other 

hand cannot be identified due to its randomness but its effect can be reduced if there 

are enough data points [50]. 

1.8 Statistical Prediction of Remaining Useful Life 

Identifying damage parameters will allow us to improve our knowledge on a given 

panel or structure. The direct application of the improved knowledge is estimation of the 

remaining useful life (RUL), in other words, the amount of time left before the structure 

fails. Having better knowledge of damage growth parameters of a specific structure 

should lead to more accurate prognosis. The RUL is directly derived from the damage 

propagation law chosen, in this case Paris’ law [39], and in our case the failure criterion 

is the size of damage [51]. 

Various methods are used when it comes to statistical prognosis, such a maximum 

entropy approach [52], as well as Bayesian inference, Kalman filter and particle filter. In 

this work the idea is to estimate the distribution of RUL. For a given noise and bias 

model, a set of synthetic data can be constructed from the damage growth model. Since 

this set of data is not from real measurements, this process is repeated multiple times to 

estimate statistical properties. Since the predicted RUL becomes a distribution for a 

given set of data, the repeated simulation will yield distribution of RUL distribution. In 

order to present this distribution of distributions, the distribution of a specific percentile 

of the RUL distribution as a result of the presence of measurement errors will be plotted. 
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That is, we calculate the 5th percentile of the RUL distribution which is the 95% 

confidence estimator of RUL in order to have a conservative estimate as a result of the 

uncertainties presented in Section 1.6. We end up with an estimation of the distribution 

of the 5th percentile of the distribution of RUL as a result of the noise in the data. The 

reason we choose that percentile rather than the mean is the result of the various 

uncertainties that lead to the need to have a conservative estimate that is still very close 

to the actual RUL. Having an estimate that is too conservative leads to not using the 

aircraft to its full capacity. 

1.9 Prognosis Using Least Square Method 

When it comes to identifying parameters in a model or a system using 

experimental measurements, the most straightforward and commonly used method is 

the least-square fit [53], which is fairly simple and computationally efficient.  

One of its clear advantages is that it allows one to increase the number of 

parameters to identify without increasing the computational cost significantly, unlike 

other methods such as Bayesian inference described below. Another advantage is that 

it deals very well with a large sample of data and can be used to reduce the effect of 

noise in a set of data by smoothing it out; it also can identify the bias if included in the 

model. 

Another way to filter out noise in a set of data is Kalman filter [54] or particle filters 

[38, 55]. They are not investigated in the current work, but are becoming more and more 

popular when it comes to the model parameters identification.  

1.10 Prognosis Using Bayesian Inference 

Bayesian methods have become very popular over the past years in various 

domains such as finance and engineering. Bayesian methods are useful in various 
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applications. These methods rest on the fundamental idea developed in Bayes’ theorem 

in the late 18th century. The idea is to improve the knowledge on a theory by integrating 

new information obtained experimentally to the past/assumed knowledge [56]. Below is 

a simple expression of Bayes’ theorem. 

 ( | )|
)

) )
(

( (P B A PA AP
P

B
B

=  (1.1) 

In the above equation A is the variable we are trying to identify and B is the 

observed information. P(A|B) is what we will call the posterior which is the conditional 

probability of A knowing B. P(A) is the prior (or assumed) probability or marginal 

probability of A. It is "prior" in the sense that it does not take into account any 

information about B. P(B) is the prior or marginal probability of B, and acts as a 

normalizing constant. And the last but not the least part of the equation is P(B|A) which 

is the conditional probability of B given A. It is also called likelihood function, and it is the 

key notion in Bayesian inference. 

Bayesian inference uses an estimation of the likelihood of a hypothesized value for 

the variable we are looking to identify using information observed experimentally. This 

process is repeated when additional information is obtained. A key notion in Bayesian 

inference is the likelihood function which represents the impact that the information has 

on the belief in the hypothesis. If it is likely that the information would be observed when 

the hypothesis under consideration is true, then that evidence will have a large effect on 

the likelihood function. Multiplying the prior probability of the hypothesis by the likeliness 

would result in a larger posterior probability of the hypothesis given the evidence. 

Conversely, if it is unlikely that the information would be observed if the hypothesis 

under consideration is true; i.e., the prior probability that the information would be 



 

27 

observed is high, then the factor would reduce the posterior probability for the 

hypothesis. Bayes' theorem therefore measures how much new evidence should alter a 

belief in a hypothesis. 

As expressed earlier the key notion in Bayesian inference is the likelihood function 

and there are many interpretations for it. Most of the time a hypothesis is made on the 

likelihood as being a given distribution [57]. A frequent assumption is that it is distributed 

following a Gaussian distribution [58]. Bayesian has many applications when it comes to 

damage growth, such as damage location and extent [57], material properties [59], 

crack initiation time [60], and probability of failure [61].  

Bayesian methods have the advantage of giving a rigorous formal approach to 

modeling uncertainties, but they are computationally expensive and require conditional 

independence in the variables of the problem. Furthermore, there can be some issues 

with data acquisition [48]. 

 The uniqueness of the proposed research is that the likelihood is not assumed to 

be a particular distribution, such as Gaussian. Rather, it is calculated numerically by 

propagating uncertainty using Monte Carlo simulations (MCS). MCS is used to 

propagate the uncertainties in crack growth estimation due to errors in measurements 

and uncertainty in material constants. This allows us to do make one less assumption 

and as a result be closer from the actual behavior. 

1.11 Prognostic Metrics 

With the development of SHM and prognostics in past few years, various metrics 

have been developed to estimate the goodness of presented prognostic methods, this 

resulted in a need for a standardized approach to compare the different approaches 

[62-64]. 
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Metrics can be sorted based on the type of prognostic such as cost-benefit 

estimation, future behavior prediction or in our case end-of-life prediction. They can also 

be sorted based on the end user, researcher, designer, policy marker or operator. 

What we are interested here is end-of-life prediction without a specific end user 

[65]. We are interested in assessing the accuracy of our method which means that we 

are looking to quantify the precision of our method [66, 67]. Since we are dealing with 

distributed RUL estimation we made the decision to use the standard deviation and the 

mean of the error between the maximum likelihood of the distribution of RUL and the 

true RUL. 

1.12 Objective of Research 

Compared to manual inspections, the accuracy of SHM is still poor. The minimum 

size of detectable damages of SHM is much larger than that of manual inspection 

methods. In addition, the measured data have the abovementioned noise and bias. 

Thus, the major challenge in SHM-based prognosis is how to accurately predict the 

damage growth when the measured data include both noise and bias. However, unlike 

manual inspection, SHM may provide frequent measurements of damage, allowing us 

to follow damage growth. This in turn, should allow us to reduce the large uncertainty in 

the material properties that govern damage growth using SHM data. 

The objective of the research is to reduce uncertainties in damage growth 

properties using noisy/biased sensor data in order to improve prognosis technology. 

The research will focus on identifying damage growth parameters of the monitored 

panel, followed by statistically predicting the conservative remaining useful life.  
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An application will be that by identifying the damage parameters and using the 

damage growth model as an extrapolation device, one can use a simple model that 

might be erroneous and still be able to predict RUL fairly accurately. 

1.13 How to Achieve the Objective 

The uncertainty in the damage growth parameters is normally large because of 

variability in manufacturing and ageing of the monitored structured. The idea is that 

SHM will give a large amount of data on damage sizes by monitoring the damage 

growth closely. Methods such as Bayesian inference and least square fit can then be 

used to identify the damage growth parameters using these data. 

The approach is illustrated for a through-the-thickness center crack in an aircraft 

fuselage panel, which grows through cycles of pressurization. A simple damage growth 

model, Paris model, with two damage parameters is utilized. However, more advanced 

damage growth models can also be used, which usually comes with more parameters. 

Using this simple model, we aim to demonstrate that noisy SHM data can be used to 

identify the damage growth parameters in Paris law of a particular panel. This process 

can be viewed as turning every aircraft into a flying fatigue laboratory. Reducing 

uncertainty in damage growth parameters can reduce in turn the uncertainty in 

predicting remaining useful life (RUL); i.e., in prognosis. Since no actual inspection data 

are available, we have to simulate them, which means that we have to define a model 

for measurement error and apply it to the data obtained using the model. 

A probabilistic approach using Bayesian statistics is first employed to 

progressively improve the accuracy of predicting damage parameters under noise and 

bias of sensor measurements. It is then compared to the least square fit identification 

method and the final goal is to combine the strengths of both methods in the least-
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square-filtered-Bayesian (LSFB) method. The final goal being to identify the damage 

parameter distribution with enough accuracy to improve the estimation of the RUL of the 

structure compared to the same estimate we would obtain using the handbook 

distribution of that parameter.  

For an infinite plate with a center crack problem, we use analytical equation for the 

stress intensity factor. For more complex geometries, such as center or edge crack in a 

finite plate with/without holes, we use the extended finite element method to estimate 

the stress intensity factor and damage growth. Instead of developing more complex 

damage growth model with more number of parameters, we will show that simple 

damage growth model can still be used to predicting RUL by identifying effective 

damage growth parameters. These equivalent parameters compensating for the 

modeling errors should allow us to have a fairly accurate and conservative estimate of 

the RUL. 
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 CHAPTER 2 
UNCERTAINTY REDUCTION OF DAMAGE GROWTH PROPERTIES USING 

BAYESIAN INFERENCE 

2.1 Introduction 

Bayesian methods have become popular in the past years to identify variables in a 

model. For example, it can be used for fatigue crack by identifying parameters in 

damage growth models. As discussed in Chapter 1, Bayesian inference has mainly 

been used to extrapolate the crack behavior by updating the crack size distribution 

rather than the material properties that govern crack growth. Although the crack size 

distribution is important to diagnose the current health status, the crack growth 

properties of the material are important for the prognosis purpose. These properties are 

used to predict how fast a crack will grow in the future. Initially these properties are 

widely distributed due to variability in manufacturing process and to cover all possible 

cases of loading history. As a result, they lead to overly conservative estimate of 

remaining useful life (RUL). The objective of this chapter is to characterize the crack 

growth properties using Bayesian inference as an intermediate step toward predicting 

the RUL of the structure, which will allow us to improve our knowledge on the entire 

panel rather than the specific damage that is being monitored. 

Compared to manual inspections, the accuracy of structural health monitoring 

(SHM) is relatively poor. The minimum detectable size of damage using SHM is much 

larger than that of manual inspection methods. In addition, the measured data have 

noise and bias as discussed in Chapter 1. Thus, the major challenge in SHM-based 

prognosis is how to accurately predict the damage growth properties when the 

measured data include both noise and bias. Although noise is commonly discussed, 

bias is often ignored in the literature. However, unlike manual inspection, SHM may 
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provide frequent measurements of damage sizes, allowing us to track damage growth. 

This, in turn, may allow us to reduce the uncertainty in the material properties that 

govern damage growth. The uncertainty in these properties is normally large because of 

variability in manufacturing and aging of the structure. The main objective of this chapter 

is to demonstrate the reduction in uncertainty in these parameters using the abundance 

in SHM data, in spite of noise and bias by using Bayesian inference. In other words, we 

want to use the numerous data obtained from SHM in order to know more about 

damage growth behaviors of a specific panel. A statistical approach using Bayesian 

inference is employed to progressively improve the accuracy of predicting damage 

growth parameters under noise and bias of sensor measurements.  

The proposed approach is demonstrated using a through-the-thickness crack in an 

aircraft fuselage panel which grows through cycles of pressurization. A simple damage 

growth model by Paris [39], with two damage growth parameters is utilized. However, 

more advanced damage growth models can also be used, which usually come with 

more parameters. Using this simple model we aim to demonstrate that noisy SHM data 

can be used to identify the damage growth parameters of the monitored panel. This 

process can be viewed as turning every aircraft into a flying fatigue laboratory because 

accurate material parameters will be identified during the operation of aircraft. Reducing 

uncertainty in damage growth parameters can reduce, in turn, the uncertainty in 

predicting RUL; i.e., prognosis. Improved knowledge on RUL can have practical 

consequences such as increased time between visual inspections, or a reduction in 

hardware testing when SHM is combined with manual inspection. 
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 The chapter is organized as follows. In Section 2.2, a simple damage growth 

model based on Paris model is presented. In Section 2.3 the measurement model used 

in this paper is introduced, which shows how error in measurements due to SHM is 

added to the model presented in Section 2.2. It also presents how Bayesian inference is 

used to identify damage growth parameters. In Section 2.4, the model used to illustrate 

the method presented in this research is introduced. In Section 2.5, the updating of 

damage parameter m is presented as well as the prognosis results resulting from it. In 

Section 2.6, results similar to the one presented in Section 2.5 but obtained by updating 

the other damage parameter, C, is presented, followed by conclusions in Section 2.7. 

2.2 Damage Growth Model 

Damage in a structure starts at the microstructure level, such as dislocations and 

gradually grows to the level of detectable macro-cracks through nucleation and growth. 

Damage in the micro-structure level grows slowly, is difficult to detect, and is not 

dangerous for structural safety. Thus, SHM often focuses on macro-cracks, which grow 

relatively quickly due to fatigue loadings.  

 
Figure 2-1. Illustration of fuselage panel with a through-the-thickness crack 
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 In this work, we consider a fatigue crack growth in a fuselage panel as illustrated 

in Figure 2-1 with initial half crack size ai subjected to fatigue loads with constant 

amplitude due to repeated pressurization of fuselage. The hoop stress varies between a 

maximum value of Δσ to a minimum value of zero in one flight; one cycle of fatigue 

loading represents one flight. Like many other researchers (e.g., [68, 69]), we use the 

damage growth model by Paris [39] as 

 ( )mda C K
dN

= ∆  (2.1) 

where a is the half crack size in meters, N the number of cycles (flights), da/dN the 

crack growth rate in meters/cycle, and ΔK the range of stress intensity factor in 

MPa meter . The above model has two damage growth parameters, C and m. If the 

crack growth rate is plotted against the range of stress intensity factor in the log-log 

scale, m is the slope of the curve and C is the y-intercept at ΔK = 1. 

 The range ΔK of stress intensity factor for a center-cracked panel is calculated as 

a function of the stress range Δσ and the half crack length a in Eq. (2.2), and the hoop 

stress due to the pressure differential p is given by Eq. (2.3)  

 ( )K aσ π∆ = ∆  (2.2) 

 ( )p r
t

σ
∆

∆ =  (2.3) 

where r is the fuselage radius, and t is the panel thickness. Equation (2.2) does not 

include a geometric correction factor due to finite size of the panel, and Eq. (2.3) does 

not include corrections due to the complexity of the fuselage construction, so that they 

are both approximate.  
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The number of cycles N of fatigue loading that makes a crack to grow from the 

initial half crack size ai to the final half crack aN  can be obtained by integrating Eq. (2.1).  

 
( )( ) ( ) ( )( )

1 /2 1 /2

1 / 2
N

i

m ma N i
ma

a adaN
C mC a σ πσ π

− −−
= =
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∫  (2.4) 

Alternatively, the half crack size aN after ΔN cycles of fatigue loading can be 

obtained by solving Eq. (2.4) for aN.  
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−
−  = ∆ − ∆ +    

 (2.5) 

The panel will fail when the crack reaches a critical half crack size, aC. Here we 

assume that this critical crack size is when the stress intensity factor exceeds the 

fracture toughness KIC. This leads to the following expression for the critical crack size 

(again neglecting finite panel effects) 

 
( )

2

IC
C

Ka
σ π

 
=   ∆ 

 (2.6) 

In the model presented above we have various sources of uncertainties. 

Uncertainty in fracture toughness results from testing variability. Another uncertainty is 

in the pressure differential, which results from issues related to its measurement during 

a flight as well as issues related to the unpredictability of that variable in the future 

flights. The uncertainty in fracture toughness is not considered in this work because 

airline companies normally have a threshold crack size, smaller than the critical crack 

size, to repair the crack. Therefore, the end of life or RUL is defined as the number of 

cycles for which the crack grows up to the predetermined, critical crack size. The 

uncertainty in the pressure differential is not considered either as its level is very small 
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and has a minimal effect on crack growth. Another uncertainty is in damage size 

measurement. Finally the last and most important uncertainties are related to the 

damage parameters, m and C, which is the main focus of this research. 

2.3 Statistical Characterization of Damage Growth Properties Using Bayesian 
Inference 

Damage growth parameters, C and m, are critical factors to determine the growth 

of damage. These parameters are normally estimated by fitting fatigue test data under 

controlled laboratory environment. However, uncertainty in these parameters is normally 

large not only at a material level because of variability in manufacturing and aging of the 

specific panel, but also at a specimen level because of variability related to the testing 

process. However, a specific panel in an airplane may have a much narrower 

distribution of damage parameters, or even have deterministic values. We therefore use 

Bayesian inference to identify these panel-specific parameters. 

 As can be seen in Figure 2-2, the exponent m is the slope of the fatigue crack 

curve in the log-log scale, while the parameter C corresponds to y-intercept at ΔK = 1, 

of the fatigue curve. In order to make the presentation simple, we assume that the 

parameter C has a known deterministic value, and thus, uncertainty is only in m. 

However, the uncertainty in C can also be considered using the same concept. From 

the scattered data, the upper- and lower-bounds of m can be estimated using log-log 

plots of crack growth rate illustrated in Figure 2-2. Since the prior knowledge is limited, 

we assume that m is uniformly distributed between these two bounds. Then, the goal is 

to narrow the distribution of the exponent using Bayesian inference with measured 

damage sizes. 
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Figure 2-2. Illustration of the estimation of Paris model parameters using a log-log plot 
of crack growth rate 

Bayesian inference is based on the Bayes’ theorem of conditional probability. It is 

used to obtain the updated (also called posterior) probability of a random variable by 

using new information available for the variable. In this research, since the probability 

distribution of m given Δa is of interest, we use the following form of Bayes’ theorem 

[70]:  

 ( ) ( ) ( )
( ) ( )

|

|
ini

updt

ini

l a m f m
f m

l a m f m dm
+∞

−∞

=
∫

 (2.7) 

where fini is the initial (or prior) probability density function (PDF) of m, fupdt is the 

updated (or posterior) PDF of m and l(a|m) is called the likelihood function, which is 

defined as the likelihood of obtaining the measured damage size a for a given value of 

m. The denominator in Eq. (2.7) can be considered as a normalizing constant that 

makes fupdt satisfy the property of PDF; i.e., the area of the PDF should be one. Since fini 

is given or assumed, the most important step in Bayesian inference is to calculate the 

likelihood function, which determines the uncertainty structure of the posterior 



 

38 

distribution. It represents uncertainty in test data, which includes modeling error and 

measurement variability. In the literature, the likelihood function is often assumed to be 

Gaussian or to have another analytical expression [58]. This assumption is made not 

because of physics but because of convenience. Since the posterior distribution 

strongly depends on the likelihood function, any assumptions on the likelihood function 

may lead to errors in the posterior distribution. The main contribution of this chapter is to 

rigorously show the process of calculating the likelihood function by propagating 

uncertainties through the physical model.  

The likelihood function is designed to integrate the information obtained from SHM 

measurement to the knowledge about the distribution of m. The physical interpretation 

of the likelihood is the PDF value of the true crack size at measured crack size for given 

m. Although the true crack size would be a single value, it is considered to be randomly 

distributed in the viewpoint of measured crack size due to various uncertainties in the 

process. Thus, it is important to estimate the distribution of true crack size. In general, 

the measured crack size includes the effect of bias and noise of the sensor 

measurement as well as uncertainty in input loads. 

In order to simulate the effect of noise and bias, a simple model, which is called 

synthetic data, is introduced. Let aN be the true half crack size, b the bias, and vN the 

noise at the current cycle N. The measured half crack size, meas
Na , is then given as 

 2 2meas
N N Na a b v= + +  (2.8) 

The measurement bias b reflects a deterministic bias, such as calibration bias, 

while the noise vN reflects random noise. For subsequent simulated measurements, the 
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bias b remains constant, while we assume that the noise vN is uniformly distributed 

within the range of [-V, +V].  

At a given SHM measurement, the measured half crack size in Eq. (2.8) has the 

same distribution type with the noise. Since there is no information regarding the 

distribution of noise, in this work it is assumed to be uniformly distributed with mean at 

zero. However, it is also possible to model the noise as a normal distribution, which is 

close to the white noise. Thus, the measured crack size is also uniformly distributed and 

can be defined as:  

 ( )~ Uniform / 2 / 2 ; / 2 / 2meas
N N Na a b V a b V+ − + +  (2.9) 

The quantity defined above only involves measurement error. In general, however, 

the crack growth model may have modeling error, which is related to numerical 

simulation. In order to calculate the likelihood function, we introduce a simulated half 

crack size, sim
Na , that involves a modeling error, sim

Ne , as 

 ( ) ( )sim sim
N N Na m a e m= +  (2.10) 

We use the superscript ‘sim’ for crack size that includes the modeling error, 

because it includes propagated uncertainty through numerical simulation. The simulated 

crack size depends on Paris parameters, m and C, as well as the initial crack size. 

Since we only consider uncertainty in m and the initial damage size a0, Eq. (2.10) 

depends only on them.  

The idea of calculating likelihood is to identify the damage growth parameter m by 

comparing the measured crack size meas
Na  with the simulated crack size sim

Na  with given 

m. The difference between these two sizes can be defined as  
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 ( ) ( )sim meas
N Nd m a m a= −  (2.11) 

If the PDFs of meas
Na  and sim

Na  are available, then the PDF of d can also be 

calculated. The likelihood l(a|m) is then defined as the value of this PDF at d(m) = 0. 

Since the probability of that event is theoretically zero, if we use Monte-Carlo simulation 

(MCS) to estimate the likelihood, we will get zero for the likelihood. Since MCS is a 

discrete process, it is not trivial to calculate the PDF value directly. Instead, we will use 

the probability of d ε≤  with ε being a small constant as a definition of likelihood: 

 ( ) ( )|l a m P d ε= ≤  (2.12) 

Note that if the right-hand side is divided by 2ε and if ε approaches zero, then the 

likelihood becomes the value of PDF at d(m) = 0. In view of Eq. (2.7), since the posterior 

distribution will be normalized, the above definition works for likelihood although it is 

given in the form of probability. 

If we calculate l(a|m) purely by sampling meas
Na  and sim

Na , then the tolerance 𝜖𝜖 needs 

to be large enough to include enough samples to reduce sampling errors. On the other 

hand if ε is too large, we will incur errors due to nonlinearity in the likelihood function. 

In general, since the measurement error that controls meas
Na  is independent of the 

modeling error that controls sim
Na , separable sampling can be performed, and samples of 

d in Eq. (2.11) can be calculated by comparing all possible combinations from the two 

sets of samples [71]. This can significantly improve computational efficiency since the 

analytical PDF of meas
Na  is available from Eq. (2.9). The PDF of sim

Na  is not available 

analytically, because it is obtained by propagating uncertainties through the crack 

growth model. 
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The definition of likelihood in Eq. (2.12) can be expanded by 

 ( ) ( ) ( ) ( )| 0 0l a m P d P d P dε ε ε= ≤ = + ≥ − − ≥  (2.13) 

Using conditional expectation on the second term on the right-hand side we obtain 
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where fsim is the PDF of sim
Na  and Fmeas is the CDF of meas

Na . The last relation is obtained 

from the definition of CDF; i.e., by considering meas
Na  as the only random variable, 

( ) ( )simmeas
N

sim
N meas NP a a F aε ε≤ − = − . Similarly, the first term can be written as 
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 (2.15) 

Thus, by combining Eqs. (2.14) and (2.15), the likelihood can be written as 
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 (2.16) 

where the central finite difference approximation is used in the second relation, which 

becomes accurate as 0ε → . As explained before, since the posterior PDF will be 

normalized, the coefficient 2ε can be ignored. The above expression is in particular 

convenient for separable MCS because the analytical expression of fmeas is known, and 

fsim can be evaluated by propagating uncertainty through numerical simulation. Let M be 

the number of samples in MCS, the likelihood can then be calculated by  
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Figure 2-3. Flowchart of likelihood calculation in Bayesian inference 

As shown in Figure 2-1, first, the range of m is divided by 100 grids, and the 

likelihood is going to be calculated at each grid point of m.  Second, input random 

samples, such as initial crack size, noise and pressure, are generated according to their 

distribution types. These input random samples are propagated through the Paris model 

with a given value of m to produce M samples of crack size sim
Na . Third, the values of 

PDF ( )sim
meas Nf a  are evaluated for all samples, whose average is used as the likelihood. 

The numerical experiments showed that M = 2,000 is enough to obtain a smooth 

distribution of the likelihood function. Note that likelihood calculation is computationally 

intensive because Eq. (2.17) needs to be evaluated for every m in the range of Eq. (2.7)

. In addition, the Bayesian inference in Eq. (2.7) is repeated at every inspection cycle. 
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However, this process removes the assumption of likelihood distribution. In fact, due to 

nonlinear relation of the Paris model, the distribution of sim
Na  does not have any 

analytical distribution type.  

It is noted that in the above process of likelihood calculation, the bias, which is 

unknown, is ignored. This can cause inaccuracy in likelihood calculation. Theoretically, 

it is possible to identify both m and bias simultaneously. However, this can cause 

significant increase in computational cost because two-dimensional grid (for m and bias) 

is required. In this chapter, the effect of bias is ignored in likelihood calculation, even if 

the measured data includes it. 

Once the posterior distribution of m is obtained from Bayesian inference, it can be 

used to estimate the RUL, which is the expected life from the current cycle to failure. In 

this research, failure is defined when the crack size reaches the critical crack size aC in 

Eq. (2.6). From Eq. (2.5), the RUL can be estimated by 

 
( )

( )( )
1 /21 /2

1 / 2

−− −
=

− ∆σ π

mm true
C N

f

a a
N

C m
 (2.18) 

Note that the RUL, Nf is also randomly distributed. Thus, it only makes sense to 

estimate the RUL in a probabilistic sense. The distributions of m and Δσ are given from 

Bayesian inference and Eq. (2.3), respectively. Although the true crack size, true
Na , 

should be a deterministic value, it has to be estimated from the measured crack size, 

meas
Na . Thus, it needs to be considered as a random variable. For a given noise and bias 

model, the true crack size can be estimated by 

 ( )~ Uniform / 2 / 2 ; / 2 / 2true meas meas
N N Na a b V a b V− − − +  (2.19) 
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The distribution of RUL is calculated at every inspection cycle using MCS with 

50,000 samples. We generate 50,000 “true” damage sizes based on the measured 

damage size use Eq. (2.19) with b = 0. For each of those sample we generate an m 

based on the updated distribution and then estimate the RUL using Eq. (2.18). Since 

predicting RUL is an extrapolation process, the input uncertainties are normally 

amplified in predicting uncertainty in RUL. In order to predict the RUL safely, we choose 

the 5th percentile as a conservative estimate of RUL.  

Figure 2-4 shows an example of predicted cumulative distribution function (CDF) 

of RUL of a panel under cyclic constant stress with initial half crack size of 10mm after 

500 and 1,500 cycles. The total life of the structure is about 2,500 cycles if mean values 

of all input parameters are used. Since the useful life is consumed at every cycle, it can 

be observed that the estimated mean values of RUL are about 2,000 and 1,000 after 

500 and 1,500 cycles, respectively. However, these mean values would provide about 

50% chance of over-predicting the RUL for given uncertainties in input parameters and 

SHM measurements. In order to have 95% conservative estimate, we choose the CDF 

value of 0.05, which corresponds to 1,000 and 810 cycles, respectively (two vertical 

lines in Figure 2-4). At 500 cycles the conservative RUL estimate has ratio of 0.5 (= 

1,000/2,000) compared to the mean RUL, while at 1,500 cycles the ratio becomes 0.81 

(= 810/1,000). This happens because the knowledge on damage growth parameter m is 

improved through Bayesian inference; i.e., the uncertainty in m is reduced. 
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A B 
Figure 2-4. Cumulative distribution function (CDF) of the RUL. A) CDF of RUL after 

updating the distribution of damage growth parameter m using Bayesian 
inference the horizontal line indicating the 95% conservative estimate of RUL. 
B) detail of the CDF focused on the 95% conservative estimate of RUL 

2.4 Numerical Applications 

In this research, synthetic SHM measurements are utilized to demonstrate the 

process of Bayesian inference and predicting RUL. Depending on manufacturing and 

assembly processes, the actual damage growth parameters for individual aircraft may 

be different. For a specific panel, we assume that there exists a true value of 

deterministic damage growth parameters (m = 3.8 and C = 1.5E-10). In the following 

numerical simulation, the true damage will grow according to the true values of damage 

growth parameters. Then, the measured damage sizes are obtained by adding bias and 

noise from the true damage size. In order to simplify the presentation, we consider the 

distributions of m and C separately, which means that when we consider one variable 

as being uncertain we consider the other one as being known with the true value. 

Typical material properties for 7075-T651 aluminum alloy are presented in Table 

2-1. The applied fuselage pressure differential is 0.06 MPa, obtained from Niu [45] and 

the range of stress is given by Eq. (2.3). Paris model parameters m and C are obtained 

using a crack growth rate plot published by Newman [43]. Note that due to scatter of the 
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crack growth rate, the exponent m and log(C) are assumed to be uniformly distributed 

between the lower- and upper-bounds. 

Table 2-1. Geometry, loading and damage growth parameters of 7075-T651 aluminum 
alloy 

Property Distribution type and value 

Radius of fuselage, r (meter) Deterministic 3.25 

Thickness of panel, t (meter) Deterministic 0.00248 

Pressure differential, Δp(MPa) Lognormal (0.06,0.003)* 

Fracture toughness, KIC (MPa√meter) Deterministic 30 

True damage growth parameter, mtrue  3.8 

True damage growth parameter, Ctrue  1.5E-10 

Initial distribution of  m Uniform (3.3, 4.3)† 

Initial distribution of log(C) Uniform (log(5E-11), log(5E-10)) 

Noise, v (mm) Uniform (-V, +V), V = 1.0, or 3.0 

Bias, b (mm) Deterministic, -2.0, 0.0, or 2.0 

 

From the preliminary damage growth analysis, it was found that the distribution of 

pressure differential Δp has negligible effect on damage growth because the effect of 

randomness is averaged out. Thus, in the following analysis, the applied pressure 

differential is assumed to be deterministic, 0.06MPa, the mean of the distribution 

obtained from Niu [45]. On the other hand, the uncertainty in the applied pressure 

differential is considered in the calculation of likelihood function. 

In general, the minimum size of detectable damage using SHM is much larger 

than that of manual inspection. Although different SHM techniques may have different 

minimum detectable size, we chose an initial half crack size of ai = 10 mm, which is 

                                            
* Lognormal (mean, standard deviation), modeled as constant in simulations 
† Uniform (lower bound, upper bound) 
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large enough to be detected by most SHM methods. In addition, this size of damage will 

provide significant crack growth data between two consecutive inspections. 

There are discussions of estimating initial crack size in the literature [72], but this 

is irrelevant to this research. The initial crack size in this research is when the crack is 

detected first time using SHM, which is much larger than the initial crack size of pristine 

material. In addition, the operating cycle N in this research starts from the cycle at which 

the crack is initially detected.  

In the following sections, two cases are considered. The first is updating 

parameter m, and the second is updating parameter C. Although it is well-known that 

these two parameters are statistically correlated, we consider them separately in this 

chapter. The correlation can be identified if two parameters are updated simultaneously, 

which will be discussed in Appendix B. First, one set of measured crack sizes is 

generated at every SHM measurement interval ΔN by adding noise and bias to the true 

crack sizes that are calculated from the Paris model (see Eqs. (2.5) and (2.8)). Then, at 

every measurement interval, Bayesian inference is used to update the PDF of m. Once 

the PDF of m is available, Eq. (2.18) is used to estimate the distribution of RUL of which 

the 5th percentile is used as a conservative estimate of RUL. Since we used synthetic 

data by adding random noise, the result may vary with different sets of samples. 

Therefore, the above process is repeated with 100 sets of measurements and the mean 

plus and minus one standard deviation intervals are plotted. Below is a flow chart of 

Bayesian inference and predicting RUL. 

Figure 2-3 explains the detailed algorithm of the Bayesian procedure at the Nth 

inspection. The first step is to generate M samples of “true” initial damage sizes, 0
sima , 
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based on the initial measured damage size and Eq. (2.19) with b = 0 as for the RUL 

estimation, for each of these simulated damage sizes we calculate the corresponding 

damage size after N cycles using Eq. (2.5) and we use it then in the likelihood 

calculation using Eq. (2.17). 

Note that in this case the effect of bias is ignored in the likelihood calculation. It 

can be added into the model as an additional variable. It has been ignored here, 

because its effect on the RUL estimation is negligible compared to the additional 

computational expense it would generate. 

In the flow chart in Figure 2-4, the measured crack size information is used in 

calculating the likelihood function. However, considering the fact that these parameters 

are related to damage growth, it is possible to calculate the likelihood function using the 

damage growth data, not the damage size date. Appendix A summarizes Bayesian 

inference procedure when damage growth information is used in likelihood calculation, 

along with updated distributions of damage growth parameters. In general, this 

approach is more sensitive to the noise in the measured data. 

2.5 Updating Damage Growth Exponent m 

In this section, we present how the distribution of the damage growth parameters 

for a fuselage panel can be narrowed using SHM measurement data and Bayesian 

inference. It is assumed that initially the panel has a 20mm through-the-thickness crack 

that is monitored by SHM system. The true crack grows according to damage growth 

parameters mtrue and Ctrue in Table 2-1.  

We assume that SHM measurements are performed at every 100 cycles (i.e.,  

ΔN = 100). Since the crack grows slowly and the noise and bias of measurements are in 

general large, too frequent measurements may not provide significant information about 
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the crack growth. The synthetic measured crack size data are generated by adding 

random noise and deterministic bias to the true crack size data. In Bayesian inference, 

only the measured crack size data are used. 

As a first example, we consider to update parameter m only, while the true value 

of parameter Ctrue is assumed to be known. Starting from the initial uniform distribution, 

the PDF of m is progressively updated using Bayesian inference with measured 

damage sizes. The range of m [3.3, 4.3] is divided by 100 grids and PDF value is 

calculated at each grid point. The noise in crack detection is first assumed to be 

Uniform(-1, +1) and the bias to be zero. SHM measurements are conducted until the 

crack reaches its half critical size aC defined in Eq. (2.6) that has a value about 42.7 

mm. Figure 2-5 plots the updated PDFs of m at every 1,000 cycles for one set of 

measurements. Note that another set of measurements might lead to slightly different 

updated distribution but not significantly different. It is clear that as the crack grows, the 

PDF of m becomes narrower and it converges to the true value of mtrue = 3.8. It is also 

noted that the convergence becomes faster as the crack size increases because the 

crack growth is faster for a larger crack. 

 
Figure 2-5. Updated probability density functions of m (mtrue = 3.8, Ctrue = 1.5E-10,  

b = 0 mm, V = 1 mm). Illustration with one synthetic set of measurements. 
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Figure 2-6 shows the effect of bias on the final updated PDF of m. The noise in 

crack detection is assumed to be Uniform(-1, +1) and two different biases are used:  

b = -2 mm and b = +2 mm. It is clear that bias shifts the maximum likelihood point (the 

peak of PDF) from that of the true value; the negative bias overestimates the PDF of m, 

while the positive bias underestimates it. This can be expected because, for example, 

the positive bias yields larger crack sizes that grow in the rate of in smaller-sized cracks. 

Since larger cracks should grow faster than smaller cracks, the identification process 

estimates that the crack grows slowly with a positive bias error. 

 
Figure 2-6. Effect of bias on updated PDF of m (mtrue = 3.8, Ctrue = 1.5E-10, V = 1 mm) 

Illustration with one simulated set of measurements. 

Figure 2-7 shows the effect of noise on the PDF of m when b = 0 mm. It is obvious 

that noise has an effect on the standard deviation but it does not shift the distribution as 

the bias does. The smaller the noise is, the narrower the final PDF of m. In addition, it is 

clear in the case of large noise that the distribution of m is not symmetric. It is closer to 

the lognormal distribution. This may attribute to the fact that the Paris model is nonlinear 

process of crack growth. 
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Figure 2-7. Effect of noise on the updated PDF of m (mtrue = 3.8, Ctrue = 1.5E-10, 

 b = 0 mm). Illustration with one simulated set of measurements. 

Table 2-1 shows statistical characteristics, such as the maximum likelihood, mean 

and standard deviation of PDF of m, corresponding to Figure 2-6 and Figure 2-7. Note 

that in the figures each of these sets of characteristics are obtained using a single set of 

measurements. It can be observed that the mean and maximum likelihood values are 

affected by the bias, while the standard deviation increases with a larger noise. As 

expected, a positive bias (true crack size is smaller than measured one) leads to 

underestimation of m. 

Table 2-2. Statistical characteristics of final PDF of m with different combinations 
bias/noise. Illustration with one simulated set of measurements. 

 Effect of noise Effect of bias 
Bias, noise (mm) b = 0, V = 1 b = 0, V = 3 b = -2, V = 1 b = +2, V = 1 
Max. likelihood 3.79 3.80 3.85 3.76 
Mean 3.80 3.81 3.85 3.76 
Standard deviation 0.01 0.02 0.01 0.01 

 
Once the PDF of m is obtained, it can be used to predict the RUL of the monitored 

panel. Since the PDF is updated at every SHM measurement, the predicted RUL will 

vary at every measurement interval ΔN. In predicting RUL, 50,000 samples of m, true
Na , 

and Δσ are generated, and Eq. (2.18) is used to calculate samples of Nf. In order to 

have a safe prediction of RUL the 5th percentile of Nf samples is used as a conservative 
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estimate of RUL. In order to estimate the accuracy of the method we also calculate the 

error between the maximum likelihood of the estimated distribution of RUL and true 

RUL. Since we used synthetic data by adding random noise, the result may vary with 

different sets of data. Thus, the above process is repeated with 100 sets of 

measurement data and mean ± one standard deviation intervals are plotted for the 5th 

percentile as well as the error. Figure 2-8 shows the conservative intervals of RUL with 

two different combinations of noise and bias. These combinations correspond to 

extreme cases; the most and least conservative estimates of RUL. In order to compare 

the predicted RUL with the true one, the true RUL is also plotted in the figure. Since the 

useful life is consumed at each cycle, the true RUL is a diagonal line. If the predicted 

RUL is above this diagonal line, it means the predicted RUL is longer than the true one, 

which is unconservative. Therefore, a conservative prediction should stay below the 

line. On the other hand, accuracy is measured by how close the prediction to the true 

line.  Note that initially the difference between the true and predicted RULs is significant 

because uncertainty is large at early stage. However, the predicted RUL converges to 

the true one as more updates are performed. In addition, the variability of estimated 

RUL is also gradually reduced. Thus, it can be concluded that the proposed Bayesian 

inference can estimate panel-specific damage growth parameters as well as the RUL. It 

is also observed that the positive bias yield more unconservative prediction because it 

underestimate the damage growth parameter m. The actual crack grows faster than the 

estimated one. 
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Figure 2-8. Distribution (one-sigma intervals) of 5 percentile (95% conservative) RUL 

obtained using 100 sets of measurements compared to the true RUL 

Figure 2-9 shows the distribution of the error between the maximum likelihood of 

the estimated RUL distribution and the true RUL with two different combinations of 

noise and bias as defined below 

 = −max true
f fE N N  (2.20) 

where max
fN  is the maximum likelihood of the estimated distribution of RUL and true

fN  is 

the true RUL. Note that positive values of the error correspond to unconservative 

estimates. A single value of E is calculated at each set of SHM data. After repeating this 

calculation with 100 sets of SHM data, the one-sigma confidence interval of E is plotted 

in Figure 2-9. It can be observed that at first the maximum likelihood estimate is 

unconservative, this can be results from the fact that the large values of m are least 

likely to generate the damage size observed. The distribution converges from upper 

limit of the initial distribution, m = 4.3, as can be observed in Figure 2-5. Towards the 

end of life of the structure, the maximum likelihood estimate converges to the true value 

and it confirms the conclusion drawn from the previous figure that the distribution of 
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RUL becomes narrower as m is better characterized. It can also be concluded that 

positive bias lead to more unconservative results. 

 

Figure 2-9. Distribution (one-sigma intervals) of error between the true RUL and the 
maximum likelihood of the estimated RUL distribution 

2.6 Updating Damage Growth Parameter C 

In this section, as a second example, the damage growth parameter C is updated, 

while m = mtrue is used, starting from the initial distribution given in Table 2-1. Since the 

Paris model is linear in log-log scale and since 𝐶𝐶 is the y-intercept at ΔK = 1, log(C) is 

updated instead of C. The updating process is the same as updating the distribution of 

m described in Section 5 with the same type of likelihood function and the same noise 

and bias. Starting from the initial uniform distribution, the PDF of log(C) is progressively 

updated using Bayesian inference with measured damage sizes. The noise in crack 

detection is assumed to be Uniform(-1, +1) and the bias to be zero. SHM 

measurements are conducted until the crack reaches its half critical size, aC, defined in 

Eq. (2.6) that has a value about 42.7 mm. Figure 2-10 plots the updated PDFs of C at 

every 1,000 cycles for a single set of measurements, note that as for m, other sets of 

measurements might lead to slightly but not drastically different updated distributions. It 
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is clear that as the crack grows, the PDF of C becomes narrower and it converges to 

the true value of Ctrue = 1.5E-10. It is noted that the convergence becomes faster as the 

crack size increases because the crack growth is faster for a larger crack. 

 
Figure 2-10. Updated  PDF of C (mtrue = 3.8, Ctrue = 1.5E-10, b = 0 mm, V = 1 mm) 

The effects of noise and bias turn out to be similar to the case of updating m. 

Figure 2-11 shows the effect of bias on the final updated PDF of C. The noise in crack 

detection is assumed to be Uniform(-1, +1) and two different biases are used:  

b = -2 mm and b = +2 mm. As for m, bias appears to shift the maximum likelihood point 

from that of the true value. The negative bias overestimates the PDF of C, while the 

positive bias underestimates it. 

 
Figure 2-11. Effect of bias on the updated PDF of C (mtrue = 3.8, Ctrue = 1.5E-10,  

V = 1 mm) 
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Figure 2-12 shows the effect of noise on the PDF of C when b = 0 mm. It is 

obvious that noise increases the standard deviation but it does not shift the distribution 

as the bias does. The smaller the noise is, the narrower the final PDF of C. 

 
Figure 2-12. Effect of noise on final PDF of C (mtrue = 3.8, Ctrue = 1.5E-10, b = 0 mm) 

Table 2-3 shows statistical characteristics, such as the maximum likelihood, mean 

and standard deviation of PDF of C, corresponding to Figure 2-11 and Figure 2-12. 

Note that as previously, each of these sets of characteristics are obtained using a single 

set of measurements. It can be observed that the mean is affected by the bias, while the 

standard deviation is large with a large noise. As expected, a positive bias (true crack 

size is smaller than measured) leads to underestimation of C. From Figure 2-11 and 

Figure 2-12, it can be concluded that the effects of noise and bias are similar to both 

updating m and C. 

Table 2-3. Statistical characteristics of updated PDF of C with different bias/noise 
 Effect of noise Effect of bias 
Bias, noise (mm) b = 0, V = 1 b = 0, V = 3 b = -2, V = 1 b = +2, V = 1 
Max. likelihood 1.5E-10 1.5E-10 1.7E-10 1.4E-10 
Mean 1.5E-10 1.6E-10 1.7E-10 1.4E-10 
Standard deviation 3.8E-12 1.3E-11 5.1E-12 4.5E-12 
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Similar to the case of updating m, the distribution of the 5th percentile of predicted 

RULs from the updated C at every measurement interval are plotted in Figure 2-13. 

Again, it is clear that the conservative estimate of RUL converges to the true RUL from 

the safe side. In addition, the variability of estimated RUL is also gradually reduced.  

 
Figure 2-13. Distribution (one-sigma intervals) of 95% conservative RUL obtained using 

100 sets of measurements compared to the true RUL 

Figure 2-14 shows the distribution of the error between the true RUL and the mean 

of the estimated distribution of RUL. As previously the behavior observed can be 

explained by the convergence of the distribution of C from the upper limit of the initial 

distribution. It can also be observed that the distribution of RUL narrows as the 

distribution of C is identified and it converges to the true RUL. Thus, it can be concluded 

that the proposed Bayesian inference can estimate panel-specific damage growth 

parameters as well as can predict the RUL. 
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Figure 2-14. Distribution (one-sigma intervals) of error between the true RUL and the 
mean of the estimated RUL distribution 

2.7 Conclusions 

In this chapter, the Bayesian inference method is employed to identify panel-

specific damage growth parameters using damage sizes measured from SHM sensors. 

The actual measurement environment is modeled by introducing deterministic bias and 

random noise. The likelihood function is calculated by comparing measured crack size 

with simulated crack size, which requires uncertainty propagation though the physics 

model that governs the crack growth. Due to many uncertainties involved, the RUL is 

predicted statistically and used 95% conservative estimation. 

Through numerical examples, it is shown that the probability distributions of the 

two damage growth parameters, m and C, are effectively narrowed. However, the effect 

of bias and bias remains, and they affect the identification of true damage growth 

parameters. The identification is sensitive to the error in the data, two sets of 

measurements will lead to two estimates of RUL. 
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The identified distributions of parameters are used to estimate the RUL with 95% 

confidence. In all combined cases with noise and bias, the proposed method converges 

to the true RUL from the conservative side. 

In the more general approach, it is possible to update both m and C using their 

joint PDF. In addition, the unknown bias can also be considered as uncertain variable 

and can be updated together. However, as the number of variables increases, the 

computational cost increases significantly because the proposed method is based on 

MCS for uncertainty propagation. 
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CHAPTER 3 
UNCERTAINTY IDENTIFICATION OF DAMAGE GROWTH PARAMETERS USING 

HEALTH MONITORING DATA AND NON-LINEAR REGRESSION 

3.1 Introduction 

In the previous chapter, it is shown that SHM can not only provide damage 

diagnosis but also predict the remaining useful life (RUL) by identifying damage growth 

parameters. Bayesian inference has been used to reduce uncertainty in the damage 

growth parameters using measured damage size information. 

 Bayesian inference is a powerful method of quantifying uncertainty in the model 

parameters with experimental data. It can take into account the prior knowledge on the 

unknown parameters and improve it using experimental observations. However, in the 

case of SHM, the advantage of the prior information can be overpowered by the amount 

of data available. That is, the effect of prior information becomes insignificant when 

numerous SHM data are used in Bayesian inference. In addition, when many 

parameters are updated simultaneously, Bayesian inference becomes computationally 

expensive due to multi-dimensional integration.  

 On the other hand, the traditional linear least square method [73] can be used to 

identify deterministic parameters when the model is a linear function of the parameters 

and uncertainty is Gaussian. This method is in particular powerful when many data are 

available, which is the case for SHM data. Unlike Bayesian inference, this method 

cannot include prior information. By assuming that the noise in the experimental data is 

Gaussian, it is possible to estimate the uncertainty in the identified parameters, which is 

also Gaussian.  

 When the physical model is a nonlinear function of model parameters and 

uncertainty is not Gaussian, it is not straightforward to apply for uncertainty 
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quantification in the least square method. As will be shown in the numerical example, 

the damage growth in aircraft structures is governed by a nonlinear equation whose 

parameters need to be identified. In this chapter, we proposed a linear perturbation 

concept to quantify uncertainty in the nonlinear least square method. First, the nonlinear 

mathematical programming problem is solved to find the model parameters that 

minimize the square error between the model and experiment. Then, the nonlinear 

model is linearized about the identified parameter values, and then the uncertainty 

quantification for the linear least square method is applied. This approach can introduce 

two errors into the estimate of the uncertainty: (1) linearization error and (2) error 

associated with assumption of Gaussian noise. In addition, it is assumed that noises at 

different experiments are uncorrelated.  

 This chapter presents a nonlinear least square method to identify the same 

damage growth parameters as in the previous chapter using a through-the-thickness 

crack in an aircraft fuselage panel which grows through cycles of pressurization. We 

present here two least square fit problems based on the same model, one identifies a 

single variable while the other one identifies three variables simultaneously. The 

objective is to examine the accuracy of uncertainty quantification using nonlinear least 

squares. The uncertainty is derived analytically and compared to a Monte Carlo 

estimate to examine its accuracy for both problems presented. For the one-variable 

problem it is then compared to the uncertainty obtained using Bayesian inference. 

 The chapter is organized as follows. In Section 3.2, the derivation of the 

uncertainty quantification for the general least square methods, linear and non linear is 

presented. In Section 3.3 the one variable identification problem is discussed, showing 
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the derivation of the analytical uncertainty quantification, as well as results comparing 

the calculated uncertainty with the one obtained using Monte Carlo simulations. In 

Section 3.4, the three-variable problem is discussed and used to introduce the issues 

related to the uncertainty estimation resulting from potentially correlated variable and 

highly non-linear problems. Concluding remarks are presented in Section 3.5. 

3.2 Uncertainty Quantification in Non-Linear Least Square 

The least square method is commonly used for identifying unknown parameters of 

a physical model using experimental observations, which normally include random 

noise. Thus, if the experiment is repeated, it is likely that different values of the 

parameters may be identified. In this section, a method of calculating the distribution of 

the identified parameters in the nonlinear least square method will be presented. In 

order to make the presentation easy to understand, estimation of parameter uncertainty 

in the linear least square method is discussed first, followed by that of the nonlinear 

least square method. 

3.2.1 Uncertainty in the Linear Least Square Method 

In regression, the response function ( )y t  is approximated by an analytical function 

ˆ( , )y t β  with vector of parameters β whose dimension is di )m(nβ = β : 

 ( ) ( )ˆ ,y ty t ε= +β  (3.1) 

where ε is the approximation error. The objective of regression is to estimate the 

parameters β based on ny data, which are given in the form of ( ), ,  1,...,i i yt y i n=  that 

may contain measurement noise. In regression the parameters are estimated by 

minimizing the sum of the squares of the discrepancies between the measurements and 
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ˆ( , )y t β . The regression model is called linear when the approximate function is a linear 

function of β, as 

 ( ) ( )
1

ˆ ,
n

i i
i

ty t
β

ξβ
=

=∑β  (3.2) 

where ( )i tξ  are basis functions. In general, the exact values of β can only be found 

when the number of experimental data is infinite and the noise has zero mean 

(unbiased measurements). With finite ny, the values are only estimate, which will be 

denoted by b in this chapter. 

The vector of errors (discrepancies) can be written as 

 

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )

1 1 2 1 1
1 1 1

1 2 2 2 22 2 2

1 2y y y
y y y

n

n

n n n
n n n n

t t te y b
t t te y b

e y bt t t

β

β

β

ξ ξ ξ

ξ ξ ξ

ξ ξ ξ

                  = −       
      
             





  

   



 (3.3) 

Or, symbolically 

 =e y - X.b  (3.4) 

The parameters b are estimated by minimizing the root-mean-square error defined as 

 1 T
RMS

yn
e = e e  (3.5) 

After substituting Eq. (3.4) into Eq. (3.5) and minimizing the root-mean-square error, the 

following linear regression equation is obtained: 

 =T TX X.b X y  (3.6) 

which can be solved for the estimate b of parameters. 
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Because the experimental data includes random noise, the estimated parameters 

will be different for different sets of experimental data. The objective is to estimate the 

uncertainty in the estimated parameters due to the random noise in the experimental 

data.  

The uncertainty in the parameters can be found assuming that the random noise 

has a Gaussian distribution with standard deviation (STD) of σ; i.e., ( )2~ 0,Nν σ , and 

that the noise at different measurements is uncorrelated. The unbiased estimate of the 

standard deviation can be obtained from 

 2ˆ
T

yn n
σ =

− β

e e  (3.7) 

The sensitivity of estimated parameters with respect to small differences in data 

can be calculated using the covariance matrix of b defined as  

 ( ) ( ) T
E E   = − −   Σb b b b b  (3.8) 

where ( )E b    is the expected value  of b. Using Eq. (3.6), the covariance matrix can be 

obtained as  

 
12 Tσ
−

 =  Σb XX  (3.9) 

The diagonal components of Σb is the square of standard deviation of b, which 

represents a measure of the sensitivity of estimated parameters with respect to the 

noise. Since the standard deviation of the noise is unknown in advance, its estimate in 

Eq. (3.7) can be used. Thus, the standard error (SE) of parameter bi can be obtained by 

 ( ) 1
ˆ T

i ii
SE b σ

−
 =  XX  (3.10) 

The above standard error is indeed the estimate of the standard deviation of bi. 
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3.2.2 Uncertainty in the Non-Linear Least Square Method 

Physical models cannot often be represented as a linear combination of unknown 

parameters as in Eq. (3.2). Thus, instead of solving a linear regression Eq.(3.6), a non-

linear optimization problem needs to be solved to minimize the root-mean-square error 

in Eq. (3.5). In this work, Matlab lsqnonlin function is used to solve the nonlinear 

regression problems. The identified parameters are denoted by b*. It is noted that a 

tight convergence criterion should be used in lsqnonlin function because it is possible 

that some parameters are insensitive to the error. In the following, the nonlinear 

equation will be linearized at the optimum point with respect to the identified parameters 

in order to estimate the uncertainty in the parameters. 

To linearize the problem, the first-order Taylor series expansion method can be 

used at *= +∆b b b   

 ( ) ( ) ( )ˆˆ ˆ, , , i
i i

yy t y t t b
b
∂

+ ∆
∂∑b b* b*  (3.11) 

By moving ( )ˆ ,y t b*  to the left-hand side, the equation for the residual can be defined as 

 ( ) ( )ˆˆ ˆ , , i
i i

yy y t t b
b

r ∂
− == ∆

∂∑b* b*  (3.12) 

Equation (3.12) can be considered as a linear least square problem with unknown 

parameters Δb, and the gradients ˆ iby∂ ∂  becomes the basis vector in Eq. (3.2). Thus, 

the uncertainty in parameters can be calculated using the same procedure described in 

the previous subsection. For that purpose, the vector of basis functions can be written 

as 



 

66 

 

2

2 2

2

1 1 1

1

2

1

21

ˆ ˆ ˆ

ˆ ˆ ˆ

ˆ ˆ ˆ
y y y

n

n

n n n

n

y y y

y y y

y y

b b b

b b b

b

y

b b

β

β

β

∂ ∂ ∂ 
 ∂ ∂ ∂ 
 ∂ ∂ ∂
 
∂ ∂ ∂=  

 
 
 ∂ ∂ ∂
 
∂ ∂ ∂  





   



X  (3.13) 

Then, Eq. (3.10) can be used to estimate the standard error of Δb, which can also be 

considered as the standard error of b* if the problem is linear.  

Due to the nonlinearity, the standard error of Δb will be different from that of b*. 

However, if the nonlinearity is small, or if the uncertainty in b* is small, then the 

difference between them will be small. 

In order to verify the proposed uncertainty quantification method of nonlinear least 

square method, Monte Carlo simulation can be used to estimate the uncertainty in the 

identified parameters. In this approach, it is assumed that the experiments are repeated 

many times, and the parameters are identified for each experiment, from which the 

distribution of identified parameters can be estimated.  

In the following two sections we respectively illustrate how the uncertainty resulting 

from least square fit compares to the one obtained using Bayesian inference using a 

one variable problem and how the uncertainty quantification behaves in the case of a 

multi-variable, highly non-linear problem. 

3.3 Identification of a Single Parameter 

The problem here is to identify the damage growth parameter using measured 

damage sizes. We fit a damage growth law, in this case Paris’ law in Eq. (2.1), to a set 

of damage size measurements and identify the Paris’ law exponent m. 
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In the damage growth model, several unknown parameters are involved. First, the 

damage growth parameters, C and m, need to be identified. In addition, the initial 

damage size, a0, is often unknown, and needs to be identified too. Bayesian inference is 

used in Chapter 2 to identify the unknown parameters with measured damage size. 

However, due to computational challenge in Bayesian inference, we only identified 

either unknown damage growth parameter, m or C, separately by assuming all other 

parameters are known. In this section, uncertainty quantification of nonlinear least 

square method is used to identify the uncertainty in m, and compare it with that of 

Bayesian inference. 

 If we define ameas as the measured data and amodel as the damage size 

corresponding to aN in the damage growth model in Eq. (2.5). The least square fit 

problem can then be stated as minimizing the L2-norm of error r, 

 ( ) ( )ˆ ,  with meas
i i y Nr a mβ β= − =  (3.14) 

with 

 ˆ model
iy a=  (3.15) 

The least square fit problem can then be defined as 

 2min
m i

ir∑  (3.16) 

Let the identified Paris exponent from the above non-linear least square problem be m*, 

the standard error (SE) in m can then be obtained (see Eqs. (3.7) to (3.10)) as 

 ( ) 1

11
ˆ TX XSE m σ

−
  =  (3.17) 

With the Nx1 matrix X defined as 
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 ( )ˆ
*y mX

m
∂ =  ∂ 

 (3.18) 

with 

 
2

2

1

ˆ
1

yn
i

i

e
N

σ
=

=
−∑  (3.19) 

and 

 
*

sim

i i
i

dar m
dm

e
 

= − ∆ 
 

 (3.20) 

As defined in Section 2.2, the measured data, ameas, are actually simulated by 

applying an error model defined in Eq. (2.8) to the modeled damage size, amodel.  

It has to be noted here that when fitting only m, we assume the bias to be zero and 

that the initial damage size is known accurately. Although this assumption is not 

practical, this can make us to compare the uncertainty in parameter m with that of 

Bayesian inference. 

 Since the uncertainty in identifying m results from the noise in the data, we can 

also quantify it using Monte Carlo Simulation (MCS) by simulating 1,000 sets of data, 

performing a fit for each and then calculating the standard deviation for those data. We 

can afford to do this here because we are simulating the measured data using the error 

model.  Figure 3-1 shows the comparison between the standard error and the standard 

deviation from the MCS. 
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Figure 3-1. Comparison of the derived standard error with the simulated standard error 

Figure 3-2 shows the identified value of m corresponding to the uncertainty 

illustrated in Figure 3-1, it can be observed that like for Bayesian inference, neglecting 

the presence of bias leads to a slight underestimation of the damage growth parameter 

m. 

 

Figure 3-2. Identified value of m 

It can be observed that the derived standard error (solid line) fits very well the 

estimated standard deviation (dashed line); the plots can hardly be distinguished. 

The next step is then to compare the standard error of m to the standard deviation 

from Bayesian inference. In order to do that we use the Bayesian inference method 
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developed and presented in Chapter 2. Figure 3-3 illustrates the comparison between 

the standard deviation resulting from least square fit identification and the one resulting 

from Bayesian inference. 

 

Figure 3-3. Comparison of the SE obtained using least square fit and Bayesian 
inference 

It can be observed that least square fit is able to identify m much more accurately 

than Bayesian inference; at least 3 times more accurately. This can be explained by the 

fact that Bayesian inference is performed every 100 cycles, while least square fit uses 

data at every cycle. If the same intervals were used with least square fit, then a similar 

standard deviation would be achieved. 

3.4 Identification of Multiple Parameters 

As mentioned before, Bayesian inference becomes computationally expensive 

when multiple parameters are identified simultaneously. However, the proposed method 

is straightforward for quantifying uncertainty of multiple parameters. Unlike the idealized 

situation of the previous section, we now assume that the initial crack a0 and the bias b 

also need to be identified simultaneously. Then the three-variable problem can then be 

defined as 
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 ( ) ( )0ˆ ,  with , ,meas
i i y NR a m a bβ β == −  (3.21) 

with 

 ˆ model
i by a= +  (3.22) 

The least square fit problem can then be defined as 

 
0, ,

2min
m a b i

i
R∑  (3.23) 

The derivation of the SE is the same as previously 

 ( ) 1

11
ˆ TX XSE m σ

−
  =  (3.24) 

 ( )
2

1

20 ˆ TX XSE a σ
−

  =  (3.25) 

 ( )
3

1

3
ˆ TX XSE b σ

−
  =  (3.26) 

With the Nx3 matrix X defined as 

 ( ) ( ) ( )
0

ˆ ˆ ˆ
* * *X

m
y y y

a b
β β β

 ∂ ∂ ∂
=  ∂ ∂ ∂ 

 (3.27) 

And 

 
2

2ˆ
3i

ie
N

σ =
−∑  (3.28) 

As described in the previous section, we compare the analytical estimate of SE to 

the simulated STD obtained using MCS. This can be found in Figure 3-4. 

It can be observed that in this case the derived standard error does not match the 

simulated standard deviation very well for the first 1,000 cycles. The least-square fit 

method overestimates the uncertainty in parameters. However, it converges to the 

correct standard deviation beyond 1,500 cycles. There are several explanations for this 
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discrepancy. First, the least square method predicts a larger standard error because not 

many data are available at the early stage. The nonlinearity of the nonlinear least 

square problem can also contribute to the discrepancy. Another aspect is the close 

relationship between a0 and b, where these two parameters compensate for each other 

and lead to an ill-conditioned XTX matrix. As the damage grows, it becomes easier to 

distinguish between the effects of a0 and b, which is why the standard errors converge 

to the standard deviation from MCS.  

A B 

C 

Figure 3-4. Uncertainty in a0, b and m using least square fit.  
A) Uncertainty in a0. B) Uncertainty in b. C) Uncertainty in m. 

Figure 3-5 shows the identified value of the parameters a0, m and b at each 

inspection. It can be observed that the identification converges to true value of the 
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parameter a little after 1,500 cycles which corresponds to the point where the SE and 

the STD start to agree in Figure 3-4. It can also be observed that by indentifying more 

parameters we increase the accuracy in identifying the damage growth parameter m, 

not the we used the same set of measurements as for Figure 3-2. We are here able to 

identify mtrue instead of underestimating it. 

A B

C 

Figure 3-5. Identified value of a0, b and m using least square fit.  
A) Identified value of a0. B) Identified value of b. C) Identified value of m. 

3.5 Conclusions 

This chapter presents an easy way of estimating the uncertainty of damage growth 

parameters using linearization of the nonlinear least square fitting process. It has been 

shown that the method yields very good results when compared to MCS estimation for a 
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single variable case. In addition, the uncertainty of identified parameter is compared 

with that of Bayesian inference. For the multiple variable case, the interaction between 

variables can cause difficulties when not enough data are available. Since Bayesian 

inference is computationally expensive for multiple variable identification, MCS were 

used to compare the quantified uncertainty. It is shown that the proposed method 

successfully identify the uncertainty of all parameters when enough data are present.  
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CHAPTER 4 
LEAST-SQUARES-FILTERED BAYESIAN INFERENCE TO REDUCE UNCERTAINTY 

IN DAMAGE GROWTH PROPERTIES 

4.1 Introduction 

The goal of this work is to improve prognosis (i.e., reducing uncertainty in damage 

growth parameters and uncertainty in the remaining useful life) using noisy/biased 

structural health monitoring (SHM) data. In Chapter 2, we discussed how Bayesian 

inference can be used to identify damage growth parameters and to predict the 

remaining useful life (RUL) using SHM data. Although the method leads to a good 

estimate of the distribution of a conservative estimate of RUL, we did not identify the 

bias in the data because of computational cost in multi-dimensional identification.  

On the other hand the least-square fit in Chapter 3 is particularly good at 

indentifying deterministic parameters such as the bias. Another interesting characteristic 

of least square fit is that it smoothes out the noise when applied to a large enough 

sample of data.  

The main objective of this chapter is to demonstrate the further reduction in 

uncertainty that may be achieved using Bayesian inference in combination with least 

square fit identification. In Chapter 2, a probabilistic approach using Bayesian inference 

was employed to progressively improve the accuracy of predicting damage parameters 

under noise and bias of sensor measurements. It was discussed in more detail in 

Chapter 2 but we neglected the effect of bias in the likelihood calculation. It is discussed 

that including bias is possible but it is computationally expensive. In Chapter 3, the 

result obtained using Bayesian inference is then compared to that of the least square fit 

identification method. The goal of this chapter is to combine the strength of both 

methods in order to further reduce the uncertainty in damage growth parameters. The 
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basic idea is to use the least square fit as a preprocessor to reduce variability in the 

measured data and to identify the deterministic bias, followed by Bayesian inference to 

reduce uncertainties in damage growth parameters. Therefore, we name the proposed 

method as the least-square-filtered-Bayesian (LSFB) method. The final goal is to 

identify the damage growth parameters’ distribution with enough accuracy to improve 

the estimation of the RUL of the structure.  

The approach is demonstrated for the model defined in Section 2 of Chapter 2, a 

through-the-thickness crack in an aircraft fuselage panel that grows through cycles of 

pressurization. A simple damage growth model, Paris model, with two damage 

parameters is utilized. However, more advanced damage growth models can also be 

used, which usually comes with more parameters. Using this simple model, we aim to 

demonstrate that SHM can be used to identify the damage parameters of a particular 

panel. This process can be viewed as turning every aircraft into a flying fatigue 

laboratory. Reducing uncertainty in damage growth parameters can reduce in turn the 

uncertainty in predicting RUL; i.e., in prognosis. 

The chapter is organized as follows. In Section 4.2, the results are given for 

Bayesian inference, on the identification of the damage growth parameters and the 

estimate on remaining useful life. In Section 4.3, the corresponding results are given for 

least square fit method. In Section 4.4, comparable results are presented obtained 

using the LSFB method. 

4.2 Characterization of Damage Growth Properties using Bayesian Inference  

Depending on manufacturing and assembly processes, the actual damage 

parameters for individual aircraft can vary. For a specific panel, we assume that there 

exists a true value of the deterministic damage parameters. In the following numerical 
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simulation, the true damage will grow according to the true value of the damage 

parameters. On the other hand, the measured damage size will have bias and random 

noise. As a first step, we consider the distributions of m and C separately, which means 

that when we consider one variable as being uncertain, we consider the other one as 

being known.  

The damage growth parameter m is a critical factor to determine the growth of 

damage. This parameter is normally measured using fatigue tests under controlled 

laboratory tests. However, uncertainty in this parameter is normally large at the material 

level because of variability in manufacturing and aging of the specific panel and also at 

a specimen level because of variability related to testing process. It is possible to curve 

fit the data and obtain estimates of this parameter for the individual panel. However, 

curve fits do not take into account prior information on the distribution of these 

parameters, nor statistical information on the measurement uncertainty. We therefore 

use Bayesian statistics to identify these parameters. 

The exponent m is the slope of the crack growth rate vs. cycle curve in the log-log 

scale [74]. As a first step in developing a prognosis methodology, we assumed that an 

accurate value of C is known, while that of m is uncertain. Since the range of the 

exponent m is generally known from literature or material handbooks, we assume that 

the exponent is uniformly distributed between the lower and upper bounds. Then, the 

goal is to narrow the distribution of the exponent using the Bayesian statistics with 

measured damage sizes. The details of the Bayesian inference procedure are 

discussed in the Chapter 2, some similar results are presented here in order to be 
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compared to the other two methods discussed in this chapter. The distributions shown 

below are obtained by performing MCS with multiple sets of measurements. 

 We will discuss the application to the calculation of the RUL at every inspection 

interval. In order to show the value of our method we compare the RUL calculated using 

the actual value of m, mtrue, and the distribution (mean ± one standard deviation) of the 

5th percentile of the distribution of RUL obtained using the updated distribution of m at 

each inspection, for the case of negative bias, +2mm and a noise of amplitude 1mm. 

Another metric we use is the error between the maximum likelihood of the estimated 

distribution of RUL and the true RUL. The distribution of the 5th percentile of RUL is 

shown in Figure 4-1. It converges to the true RUL, but it is sensitive to errors in the data 

as it has been observed in Chapter 2 and as a result some estimates are 

unconservative.  

 
Figure 4-1. Distribution (mean ± one standard deviation) of the 5th percentile of RUL for 

b = +2mm and V = 1mm, using Bayesian inference 

Figure 4-2 shows the error between the maximum likelihood of the estimated 

distribution of RUL and the true RUL as defined in Eq. (2.20), note that positive values 

of the error correspond to unconservative estimates. As observed previously Bayesian 
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inference method appears to be very sensitive to error in the data but in average it 

appears to lead to an accurate estimate of RUL. 

 

Figure 4-2. Distribution (one-sigma intervals) of error between the true RUL and the 
maximum likelihood of the estimated RUL distribution for b = +2mm and  
V = 1mm, using Bayesian inference 

One of the major advantages of SHM is that measurements can be performed 

frequently. Thus, the update in Eq. (2.7) can be performed as frequently as needed. 

However, since the damage grows slowly and the bias and noise of measurements are 

in general large, too frequent measurements may not help to narrow down the 

distribution of damage parameters using Bayesian inference, because it does not deal 

well with large samples of data. In addition, the discretization of m may result in an 

updated distribution equal to zero if the distribution is narrowed down too much. As a 

result of this characteristic, we end up not using the amount of data to its full extent; 

even if the measurement can be done at every cycle, we use the measurement data at 

every 100 cycles. Another issue with Bayesian inference is its computational cost; it is 

very expensive to identify multiple parameters. As a result of this, bias is ignored in the 

calculation of the likelihood. Theoretically it is possible to identify the bias by considering 

it as an additional unknown parameter, but it would be computationally expensive as it 
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requires higher-order integration. This is where least square fit comes into picture 

because of its ability to identify deterministic variables very accurately and reduce noise 

in the data. 

In this section, Bayesian inference is used to identify a single damage growth 

parameter, either m or C, and assumed the other parameter is already known. In 

practice, when both parameters are unknown, Bayesian inference needs to update the 

joint PDF of both parameters. In general, this can be achieved by dividing the ranges of 

uncertain parameters into a grid and calculate the joint PDF value at each grid point. If 

the range is divided by 100 x 100 grid, the updating process includes 10,000 times 

calculation of likelihood, which requires uncertainty propagation for given parameter 

values. Thus, the updating process easily becomes computationally impractical. In 

addition, the bias and initial true crack size are uncertain because their values are 

unknown. They can also be considered as unknown parameters similar to damage 

growth parameters and to be identified through Bayesian inference. Then, a four-

dimensional joint PDF needs to be updated, which makes the Bayesian inference 

further computationally impractical. Before we present a new method of addressing this 

computational issue, we will present a conventional method of identifying unknown 

parameters in this section, along with its advantages and disadvantages. 

4.3 Characterization of Damage Properties Using Least Square Fit  

Least square fit is the easiest and most commonly used way of identifying model 

parameters by minimizing the difference between measured data and predicted data 

from the physics model. In our application, the Paris model is used with the following 

unknown parameters: initial crack size, ai, damage growth parameter, m, and bias, b. 
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The parameter 𝐶𝐶 is still assumed to be known in order to compare with the results in the 

previous section. The least square fit problem can be formulated as  

 ( ) ( ) ( )( )
2

22 1 /2

, ,
min  with 1

2i

mmmeas m
j j j ia m b j

ma b a a N C aσ π
−

−  − − = ∆ − ∆ +    
∑  (4.1) 

The minimization problem is unconstrained except for lower and upper bounds on 

the identified parameters. In order to compare with the Bayesian inference, the same 

bounds on m are used with the Bayesian inference method. The bounds of bias are -3 

and 3mm as we assume that this is reasonable lower- and upper-limits. Since the initial 

crack size is within the combined ranges of bias and noise from the measured initial 

crack size, its lower- and upper-bounds are selected accordingly. The least square fit is 

performed using the lsqnonlin function in MATLAB. At measurement cycle N, all 

previous measurement data are used in the least square fit. Thus, more and more data 

are used in least square fit as the number of cycles increases. Although Bayesian 

inference is performed at every ΔN = 100 interval, the least-square-fit is performed at 

every cycle because the fit is more accurate with more data. 

Similar to Bayesian inference, the identified parameters depend on synthetic 

measurement data. Thus, 1,000 sets of measurement data are produced by adding 

deterministic bias and random noise to the true crack sizes. Consequently, at every 

measurement cycle, we obtain 1,000 sets of identified parameters. In order to show how 

these parameters are distributed, Figure 4-3 shows intervals of mean plus and minus 

one standard deviation for two different combinations of noise and bias: (1) b = 2 mm 

and V = 3 mm and (2) b = 2 mm and V = 1 mm. These combinations are chosen 

because they represent extreme cases of noise for a given bias, and the cases with a 
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negative bias will give similar results. It can be observed that the parameters from the 

least square fit converge to the true values of the parameters as the number of cycles 

increases. Different from Bayesian inference, the effect of bias and noise is insignificant 

because the effect of noise is reduced by the amount of data used and the bias is 

identified using that method. The convergence is slow when the crack size is small, and 

it is fast when the crack size is large. This happens because a larger crack has faster 

crack growth, which leads to similar behavior observed in Bayesian inference.  

A  B                                                           

C 
Figure 4-3. Distribution (mean ± one standard deviation obtained using 1,000 MCS 

simulations) of fitted results of a0, m and b/2. A) Distribution of fitted a0. B) 
Distribution of fitted m. C) Distribution of fitted b/2 

The main interest of prognosis is to predict the RUL at inspection. In order to show 

the value of our method, we compare RUL calculated using the actual value of m, mtrue, 
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and the distribution of the 5th percentile of the estimated distribution of RUL using the 

identified m. Figure 4-4 shows the mean ± one standard deviation of the 5th percentile of 

the distribution of remaining useful life for a bias of 2mm and a noise of maximum 

amplitude 1mm. It can be observed that least square fit leads to a very good 

identification of the parameters and extrapolation of RUL, but it does not give a very 

good estimation of a conservative estimate of RUL. This leads to slightly unconservative 

results even for the 5th percentile.  

 
Figure 4-4. 5th percentile of RUL for b = 2mm and V = 1mm, using least square fit 

Figure 4-5 shows the error between the maximum likelihood of the estimated 

distribution of the RUL and the true RUL. Note that positive values of the error 

correspond to unconservative estimates. As observed previously, least square fit gives 

a good estimate of the value of the RUL. However, it appears unable to estimate the 

standard deviation of the RUL accurately, which results to mostly unconservative 

estimate of the RUL. 
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Figure 4-5. Distribution (one-sigma intervals) of error between the true RUL and the 
maximum likelihood of the estimated RUL distribution for b = +2mm and  
V = 1mm, using least square fit, positive error corresponding to 
unconservative estimates 

4.4 Least-Square-Filtered Bayesian (LSFB) Method for Estimating RUL 

As described in the previous sections, both Bayesian inference and least square fit 

present advantages and limitations, but they appear to be complementary. The ability of 

least square fit to identify the bias and reduce the noise by including every 

measurement makes it a useful tool to pre-process the data. Then in order to identify 

the distribution of RUL, Bayesian inference can use the processed data. 

The idea is to measure the crack size information at small intervals, and send 

these crack size data to the least-square fit at every hundred cycles to reduce noise and 

to estimate initial crack size and bias. The fit to the measurement data has much less 

noise, and the effect of bias is reduced because it is identified in the model. Figure 4-6 

and Figure 4-7 illustrate the noise reduction and bias compensation of the least squares 

fit. The fit then provides crack sizes that can then be used in Bayesian inference in 

order to narrow down the distribution of m and obtain a more accurate prognosis.  
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Figure 4-6 illustrates one case showing the true crack size as the dashed line 

compared to the measurement every 100 cycles (stars) obtained with a bias of 2mm 

and a noise of amplitude 1mm, and the damage sizes obtained using least square fit 

(dots). Note that least square fit uses measurements at every cycle. The dots represent 

the data that are used with Bayesian inference to update the distribution of m and 

estimate the distribution of RUL. 

 
Figure 4-6. Comparison of the true, measured and fitted damage sizes for b = -2mm 

and V = 1mm. Illustration with one simulated set of measurements. 

Figure 4-6 illustrates the behavior of the crack over the entire life of the panel. Due 

to bias the general trend of the crack size is shifted down from the true crack size, and 

due to noise the crack growth is not consistent. In some cases, the measured crack size 

is reduced from the previous measurement, which is not possible physically. Since the 

bias is larger than the noise the measurements never come close to the true values. 

Crack sizes are always underestimated by at least 1mm. On the other hand, the 

estimated crack sizes using parameters from the least-square fit are close to the true 

crack sizes and show much more consistent behavior. As can be observed in Figure 4-3 

the identification of parameters is so close to the true value because with a noise of 

amplitude 1mm we can have a very good identification of the variables. If we had used 
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a larger noise for this illustration case we would have had a poorer approximation early 

on. Although SHM measurements are performed every cycle, data are shown at every 

100th cycle in order consistently compare with that of Bayesian inference. Figure 4-7 on 

the other hand shows the behavior over two inspection intervals at the beginning (a) 

and toward the end of life (b). It shows how the least square fit improves as the crack 

grows, because we have more information. But in both cases, it can be observed that 

the least-square fitted data are closer to the true values than the measured ones. This 

confirms the fact that least square fit reduces the effect of bias and noise. 

A B 
Figure 4-7. Fitted (dots) and measured (stars) damage at early and late stage in 

damage growth compared to the actual damage size (dotted line). A)Fit at the 
early stage. B) Fit at the late stage 

Figure 4-8 shows the 5th percentile of remaining useful life obtained using LSFB 

for data with a bias of +2 mm and a noise of amplitude 1 mm shown previously for the 

two other methods. The figure shows the mean of the percentile plus/minus one 

standard deviation. The estimation converges but remains on the conservative side, and 

is narrower, hence less sensitive to the errors in measurements.  
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Figure 4-8. Distribution (mean ± ones standard deviation) of the 5th percentile of RUL for 

b = +2mm and V = 1mm, using the LSFB method 

Figure 4-9 shows the error between the maximum likelihood of the estimated 

distribution of the RUL and the true RUL. Note that positive values of the error 

correspond to unconservative estimates. As observed previously, LSFB gives a good 

and conservative estimate of the value of the RUL. Therefore, combining least-square 

and Bayesian inference gives better results than either of them separately. 

 

Figure 4-9. Distribution (one-sigma intervals) of error between the true RUL and the 
maximum likelihood of the estimated RUL distribution for b = +2mm and  
V = 1mm, using LSFB, positive error corresponding to unconservative 
estimates 

Figure 4-10 compares the three methods presented in this chapter. It can be 

observed that the LSFB method is a good compromise between least square fit and 
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Bayesian inference.  It is much less sensitive to the noise in the data, the variability in 

the distribution is much smaller and the estimated 5th percentile is conservative.  

 
Figure 4-10. Comparison of the distribution (mean ± ones standard deviation) of the 5th 

percentile of RUL using the three methods 

Figure 4-11 compares the error between the maximum likelihood of the estimated 

distribution of the RUL and the true RUL for the three methods. As observed previously 

LSFB gives the most conservative and most accurate estimate of the three methods. 

This can be explained by the fact that it combines the strength of both methods: the 

accuracy of least square fit with uncertainty quantification of Bayesian. This results in a 

method that is both accurate and conservative. Both Bayesian and least square fit were 

fairly accurate but neither was conservative; the first one as a result of its sensitivity to 

error in the data, the second because of its poor ability to estimate the uncertainty in 

RUL. 
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Figure 4-11. Comparison of the distribution (one-sigma intervals) of error between the 

true RUL and the maximum likelihood of the estimated RUL using the three 
methods, positive error corresponding to unconservative estimates 

Figure 4-12 shows the updated/identified distribution of m at every inspection for 

the three methods discussed in this chapter using one set of measurements. It can be 

observed that LSFB leads to similar results as Bayesian inference but with a slightly 

better convergence that results from the fact that we are not ignoring the effect of the 

bias. Note that that plot does not show the effect of the noise though since it is only one 

set of measurements, this can only be observed in the RUL estimation show in the 

previous two figures. 

 

Figure 4-12. Comparison of the distribution (one-sigma intervals) of m for one set of 
measurements using the three methods. 
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4.5 Conclusions 

We presented prognosis results for three methods: Bayesian inference, least 

square fit, and a combination of both, least-square-filtered-Bayesian. The results show 

that the first two methods are good at identifying the damage growth parameters or 

estimating the RUL. They also show limitations that can lead to unconservative results--

Bayesian as a result of its sensitivity to the error in the measurements and least square 

fit as a result of its inability to estimate the uncertainty in RUL. However, the two 

methods can be combined to take advantage of the strengths of both methods. The 

combination, LSFB, led to estimation of RUL that converges to the actual RUL while 

remaining on the conservative side. Another advantage of LSFB is that it is less 

sensitive to the errors in measurements.  

Note that even though the results and conclusions presented in this chapter are for 

a specific case of bias/noise combination similar results and conclusions were obtained 

for other cases.
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CHAPTER 5 
IDENTIFICATION OF EQUIVALENT DAMAGE GROWTH PARAMETERS WHEN 

USING WRONG RANGE OF STRESS INTENSITY FACTOR 

5.1 Introduction 

In this chapter, equivalent model parameters which are different from the true 

values are identified which result the same prediction in the model-based prognosis 

model. Once these model parameters are identified, they can be used to predict the 

future behavior of the system. Many physical models are limited to simple conditions. 

For example, the Paris model [39] describes the rate of crack growth in terms of 

material properties and the stress intensity factor. The simplest available expression for 

the stress intensity factor is the infinite plate with a through-the-thickness center crack 

under mode I loading. In reality the stress intensity factor is a complicated function of 

applied loading, boundary conditions, crack position, geometry, and material properties. 

Although there are many correction factors for taking into account for finite plate size or 

edge cracks [75], still they are limited in representing complex engineering systems. In 

such case where no algebraic relationship is known, analytical methods such as finite 

element methods can be used to find the stress intensity factor for a given crack 

geometry. 

The objective of this chapter is to demonstrate that in model-based identification, 

one can use simple models to predict the remaining useful life (RUL) even if they do not 

model accurately the actual behavior of the monitored damage. This is accomplished 

through the identification of an equivalent damage growth parameter that compensates 

for the difference between the model and the true stress intensity factor. 

In this chapter, a square plate is chosen as a geometry for explanation. The 

addition of cracks and holes to the plate causes the crack tip state of stress to 
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experience finite plate effects in both the horizontal and vertical directions as well as 

stress concentrations caused by the addition of holes to the plate. As no handbook 

solution is known which considers all these effects, the damage growth is simulated 

using the extended finite element method (XFEM) for calculating numerical stress 

intensity factors and Paris law is used to grow the crack. This numerical stress intensity 

factor is considered “true” compared to the analytical stress intensity factor based on 

infinite plate with center crack. XFEM [76] allows for discontinuities to be modeled 

independently of the finite element mesh, which avoids costly remeshing as the crack 

grows. The stress intensity factors which are the driving force for crack growth are 

calculated using the domain form of the contour integrals [77]. 

In practice, the actual damage sizes would be measured using structural health 

monitoring (SHM) systems to detect damage location and size. In this chapter, like in 

the previous ones, instead of using actual measurement data, synthetic data are 

generated to demonstrate the insensitivity of RUL to errors in the stress intensity model. 

First, the true values of Paris model parameters are assumed. Then, the true crack will 

grow according to the given parameters and prescribed operating and loading 

conditions. Thus, the true crack size at every measurement time is known. With the true 

crack size, the RUL is defined when the crack size reaches the critical crack size, which 

is a function of material, operating, and loading conditions. It is assumed that the 

measurement instruments may have a deterministic bias and random noise. These bias 

and noise are added to the true crack sizes, to generate synthetic measured crack 

sizes. Then, these data are used to identify the damage growth parameters and thus 

the RUL. In this way, it is possible to evaluate the accuracy of prognosis method. 
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Of the many methods presented before for parameter identification, the least-

square-filtered Bayesian method introduced in Chapter 4 is used to identify damage 

growth parameters using the synthetic data. This method applies nonlinear least-square 

method to the measurement data, so that the magnitude of noise can be reduced, 

followed by Bayesian inference, [35] to identify a probability distribution for model 

parameters. The identified distribution of damage growth parameters can then be used 

to estimate the distribution of RUL.  

An important question that is explored in this chapter is whether or not a simple 

stress intensity factor model can be used for general crack geometries for the purpose 

of prognosis. The key concept is that the Paris model can be considered as an 

extrapolation tool. Thus, even if the simplified stress intensity factor expression is 

grossly inaccurate, LSFB will identify equivalent damage growth parameters, different 

from the true ones, such that the model accurately predicts future damage growth 

behavior. 

The chapter is organized into the following sections. In Section 5.2, the crack 

growth model is introduced. In Section 5.3, the least-square-filtered Bayesian method is 

summarized. Results are presented in Section 5.4, three problems with increasingly 

complicated geometry, in the sense that the center crack in an infinite plate model is an 

increasingly erroneous predictor of the actual state of stress at the crack tip. Concluding 

remarks and future work are presented in Section 5.5. 

5.2 Crack Growth Models 

5.2.1 Damage Growth Model Used for LSFB and RUL Estimation 

The Paris model [39] gives the fatigue crack growth rate as a function of material 

properties C and m and the stress intensity factor range ΔK as 
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 ( )mda C K
dN

= ∆  (5.1) 

This model is created from experimental observation. For a center crack in an infinite 

plate in Mode I loading, the stress intensity factor range ΔK is given as 

 K aσ π∆ =  (5.2) 

where σ is the applied stress range and a is the characteristic crack size. The 

characteristic crack length ai at the ith cycle derived from Eqs. (5.1) and (5.2) is given as 
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where a0 is the initial crack size and Ni the number of cycles at the ith measurement. 

Similarly, the number of cycles to failure for a center crack in an infinite plate can be 

derived by integrating Eq. (5.1) as 
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 (5.4) 

where aC is the critical crack size. Note that Nf is uncertain because the initial crack size 

and damage growth parameters are uncertain. Although the critical crack size can be 

uncertain, it can be specified by airliner as a criterion to fix the damage, in this case we 

use this as a deterministic value. 

5.2.2 Damage Growth Model Used for Measurement Data Generation 

In general, the accuracy of Eq. (5.2) depends on geometrical effects, boundary 

conditions, crack shape, and crack location. A more general expression [75] is 

 ( )K f aλ σ π∆ =  (5.5) 
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where f(λ) is the correction factor, given as the ratio of the true stress intensity factor to 

the value predicted by Eq. (5.2). The value of λ is given in terms of the geometry and 

characteristic crack size and is problem dependent. An example of the effect that the 

correction factor f(λ) can have on the stress intensity factor curve for a range of crack 

sizes is shown in Figure 1 for a center crack in an infinite plate, center crack in a finite 

plate, and an edge crack in a finite plate [75]. For this case the assumed plate width for 

the finite models was 0.2 m. 

 

Figure 5-1. Comparison of stress intensity response for some correction factors and 
crack sizes. Plate width is 200 mm. 

For a complex geometry, analytical expressions given in Eqs. (5.4) and (5.5) do 

not exist. In such a case, numerical methods can be used to calculate the stress 

intensity factor ΔK and Eq. (5.1) can be numerically integrated to calculate the crack 

size as a function of the number of cycles using XFEM as follows. 

Modeling crack growth in a traditional finite element framework is a challenging 

engineering task.  The finite element framework is not well suited for modeling crack 

growth because the domain of interest is defined by the mesh. At each increment of 

crack growth, at least the domain surrounding the crack tip must be remeshed such that 
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the updated crack geometry is accurately represented. If a large number of cycles are to 

be considered, this repeated remeshing can consume a large amount of the 

computational time for the analysis, which was avoided here through the use of XFEM. 

XFEM allows discontinuities to be represented independently of the finite element 

mesh [76]. Arbitrarily oriented discontinuities can be modeled by enriching all elements 

cut by a discontinuity using enrichment functions satisfying the discontinuous behavior 

and additional nodal degrees of freedom. For the case of a domain containing a crack 

and voids [78] the approximation is: 

 ( )h
I I I

I
Iu x V N u Ha bα

αΦ = + + ∑  (5.6) 

where NI are the finite element shape function, V is the void enrichment function, H is 

the Heaviside enrichment function, Φα are the crack tip enrichment functions, and uI, aI, 

and bI are the classical and enriched degrees of freedom (DOF). 

To decrease the computational time for the repeated solutions, a reanalysis 

algorithm (Pais, 2010) is used which takes advantage of the large constant portion of 

the global stiffness matrix. 

The mixed-mode stress intensity factors KI and KII for the given cracked geometry 

were calculated using the domain form of the interaction integrals [77]. The direction of 

crack growth was calculated using the maximum circumferential stress criterion [77]. 

The effective stress intensity factor [79] given as 

 4 44 8eff I IIK K K∆ = +  (5.7) 

was used to convert the mixed-mode stress intensity factors into a single value for used 

in Paris law. The crack growth at a given cycle is given as 
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 ( )m

effa C K∆ = ∆  (5.8) 

The implementation of XFEM used here was verified using the center crack in a 

finite plate problem. For this problem the theoretical finite correction factor based on the 

equations of elasticity for a center crack in a finite plate [75] is given as 

 ( )
2 43

2 40
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e 1f πλ λ λλ

  = −  
  

+  (5.9) 

where λ=a/w and a and w are the half crack length and half plate width. This model 

assumes that the plate is finite in the x-direction and infinite in the y-direction. A 

comparison of the crack lengths as a function of the number of cycles was first 

performed to ensure the accuracy of the XFEM data provided to the identification 

routine. A comparison of the results is shown in Figure 5-2. 

 

Figure 5-2. Comparison of theoretical and XFEM crack growth curves using different 
plates heights, h, for XFEM in order to validate the XFEM code and assess 
the validity of the theoretical model for the chosen plate geometry 

It was noticed that for the chosen plate geometry, square plate of width and height, 

2h of 0.2m, the handbook solution and XFEM models predicted different crack growth 

curves. Increasing the height of the plate leads to good agreement with the theoretical 
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values indicating that the chosen crack configuration has a finite effect from both the 

vertical and horizontal directions. The resulting difference in f(λ) caused by the vertical 

finite effect as a function of the number of cycles is shown in Figure 5-3. It is clear that 

as the height (h) of the plate increases, the correction factor obtained from XFEM 

agrees well with the theoretical value. 

 

Figure 5-3. Theoretical and XFEM prediction of f(λ) 

5.3 Least Square Filtered Bayesian (LSFB) Method 

Bayesian inference and least square fit are often used for identifying unknown 

model parameters and present advantages and limitations, but as discussed in Chapter 

5, they appear to be complementary. Least square fit’s ability to identify the bias and 

reduce the noise makes it a useful tool to process the data in order to identify the 

distribution of RUL using Bayesian inference. Note that we chose to update Paris 

exponent m here but similar results could be obtained by updating C or both parameters 

together. 

The LSFB method processes information collected at every cycle by least square 

fit in order to reduce the noise, and identify the bias, b as well as the initial crack size a0. 

The least square problem is expressed as 
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where meas
ia  are the synthetic measured crack sizes with noise model to simulate 

measurement data, and ai is the damage size at ith cycle. 

The LSFB method in this chapter uses the ΔK given by Eq. (5.2), and an effective 

value of m is identified resulting in the same solution to Eq. (5.1). The identified values 

of a0, m and b are then used to generate a new estimate of the damage size at the ith 

cycle using Eq. (5.3), they are referred to as filtered data. These data are then used in 

Bayesian inference in order to narrow down the distribution of m and obtain a more 

accurate prognosis. The identified a0 and b are considered as deterministic and only 

uncertainty in m is considered in Bayesian inference. 

Bayesian inference is based on the Bayes’ theorem on conditional probability. It is 

used to obtain the updated (also called posterior) probability of a random variable by 

using new information. In this chapter, since the probability distribution of m given a is of 

interest, the following form of Bayes’ theorem is used [70] 

 ( ) ( ) ( )
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where fini the assumed (or prior) probability density function (PDF) of m, fupdt the updated 

(or posterior) PDF of m and l(a|m) is the likelihood function, which is the probability of 

obtaining the characteristic crack length a for a given value of m. The derivation of the 

likelihood function can be found in Chapter 2. 

The likelihood function is designed to integrate the information obtained from SHM 

measurement to the knowledge about the distribution of m. Instead of assuming an 

analytical form of the likelihood function, uncertainty in measured crack sizes is 
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propagated and estimated using the Monte Carlo simulation (MCS). Although this 

process is computationally expensive, it will provide accurate information for the 

posterior distribution.  

Once the distribution of m has been identified at cycle Ni, it can be used to predict 

the RUL. The distribution of RUL is calculated at every SHM measurement cycle Ni 

using MCS, and the RUL is estimated using Eq. (5.4) derived from Paris’ law. This 

allows us to estimate the distribution and from there obtain the 5th percentile.  

The 5th percentile of samples of Nf is used as a conservative estimate of RUL in 

order to have a safe prediction. Since random noise is added to the synthetic data, the 

result may vary with different sets of data. Thus, the above process is repeated with 100 

sets of measurement data and mean plus and minus one standard deviation intervals 

are plotted. 

In order to show the value of the LSFB method, the RUL calculated using the 

distribution of mLSFB and the distribution (mean ± one standard deviation) of the 5th 

percentile of the distribution of RUL obtained using the updated distribution of m at each 

inspection are compared. 

5.4 Results 

For each example an aluminum 7075 square plate with edge lengths of 0.2 m and 

thickness 2.48 mm and an initial crack size of 0.01 m is used. Aluminum 7075 has 

Young’s modulus E of 71.7 GPa, Poisson’s ratio ν of 0.33, critical mode I stress 

intensity factor KIC of 30 MPa m , Paris Law constant C of 1.5E-10, and an assumed, 

deterministic Paris Law exponent m of 3.8. The plate is assumed to be an aircraft panel 

with radius 3.25 m, which undergoes pressurization cycles of amplitude 0.06 MPa. The 
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relatively large initial crack size is chosen because many SHM sensors cannot detect 

small cracks. In addition, there is no significant crack growth when the size is small. 

However, this size is still too small to threaten the safety of an airplane.  

True crack growth data was calculated using the extended finite element method 

using stress calculated from the pressurization model. XFEM simulations were 

performed on a structured mesh of square linear quadrilateral elements with 

characteristic length of 1 mm. Each cycle of fatigue crack propagation was modeled 

until the equivalent mode I stress intensity factor exceeded KIC. The characteristic crack 

length at each iteration was then used in the identification of an equivalent Paris Law 

exponent through the use of the least-square-filtered Bayesian method with the 

simplified stress intensity formula, Eq. (5.2). 

5.4.1 Center Crack in a Finite Plate 

The first example considered is that of a center crack in a finite plate as shown in 

Figure 5-4. Only the right half of the plate was modeled with XFEM through the use of 

symmetry. 

 

Figure 5-4. A center crack in a finite plate. 
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The corresponding curve of the correction factor f(λ) which this edge crack 

represented is given in Figure 5-5. For this case, it was found that failure occurred at 

2,070 cycles with a corresponding crack length of 37.5 mm. If we consider an arbitrary 

critical crack size of 24 mm the total RUL is then reduced to 1,686 cycles. 

 

Figure 5-5. Correction factor for center crack 

As the LSFB analysis results in a final distribution of m the predicted crack lengths 

for this distribution are plotted and compared directly to the XFEM data in Figure 5-6. 

The XFEM data fall within the bounds of the LSFB identification. 

 

Figure 5-6. Comparison of XFEM crack growth data with crack growth predicted from 
LSFB analysis. 
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Figure 5-7 shows the updated distribution of m using LSFB. As expected it 

compensates for the error in ΔK by over estimating m. This is expected because the 

damage grows faster than it would if it was a center crack in an infinite plate. 

 

Figure 5-7. Updated distribution of mLSFB using one set of data for a center crack in a 
finite plate. 

Figure 5-8 shows in grey the distribution (mean ± one standard deviation obtained 

from 100 sets of different measurements) of 5th percentile of RUL discussed in Section 

2 for that geometry, compared to the actual remaining useful life for an arbitrarily 

chosen deterministic critical damage size aC of 24 mm. 

It can be observed that the estimate of RUL converges to the true RUL from the 

conservative side. As expected the slight over estimation in the correction factor leads 

to a slight over estimation in the RUL. 
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Figure 5-8. Distribution (mean ± one standard deviation) of 5th percentile of RUL for a 
center crack in a finite plate compared to the true RUL (black line) and the 
RUL obtained using the true m and ΔK for a centre crack in an infinite plate 
(dark gray line). 

Figure 5-9 shows the error between the maximum likelihood estimation of the 

estimated RUL distribution and the true RUL as described in Eq. (2.20) it can be 

observed that the estimate is very conservative at the beginning and it becomes then 

unconservative but with a smaller amplitude. 

 

Figure 5-9. Distribution (one-sigma intervals) of error between the true RUL and the 
maximum likelihood of the estimated RUL distribution for a center crack in a 
finite plate 
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5.4.2 Edge Crack in a Finite Plate 

Next, an edge crack in a finite plate was considered as shown in Figure 5-10. For 

this case the boundary conditions were fixing the lower left hand corner and allowing the 

top left corner to only move in the vertical direction. 

 

Figure 5-10. Edge crack in a finite plate 

The correction factor corresponding to the finite edge effect which this edge crack 

represented is given in Figure 5-11. For this case, it was found that failure occurred at 

1,018 cycles with a corresponding crack length of 27.2 mm. If we consider an arbitrary 

critical crack size of 24 mm the total RUL is then reduced to 955 cycles. 

 

Figure 5-11. Correction factor for edge crack. 
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As the LSFB analysis results in a final distribution of m the predicted crack lengths 

for this distribution are plotted and compared directly to the XFEM data in Figure 5-12. 

The XFEM data fall within the bounds of the LSFB identification.  

 
Figure 5-12. Comparison of XFEM crack growth data with crack growth predicted from 

LSFB analysis. 

Figure 5-13 shows the updated distribution of m using LSFB. As expected it 

compensates for the error in ΔK by over estimating m. It can be observed that the larger 

the error in ΔK the more m is overestimated to compensate for it. Compared to the case 

of a center crack in an infinite plate the range of the identified distribution of m is wider, 

which is likely caused by the increased difference between the actual and assumed 

models for the stress intensity factor. 
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Figure 5-13. Updated distribution of mLSFB using one set of data for an edge crack in a 
finite plate. 

Figure 5-14 shows the distribution of 5th percentile of RUL discussed in Section 2 

for that geometry, compared to the actual remaining useful life. As for the previous 

geometry it can be observed that the estimate of RUL converges to the actual value 

from the conservative side. In this case the error in the correction factor is up to 30% but 

it leads to an overestimation in the RUL of almost 100%. 

 
Figure 5-14. Distribution (mean ± one standard deviation) of 5th percentile of RUL for an 

edge crack in a finite plate compared to the true RUL (black line) and the RUL 
obtained using the true m and ΔK for a centre crack in an infinite plate (dark 
gray line). 

Figure 5-15 shows the error between the maximum likelihood of the estimated 

distribution of the RUL and the true RUL. As observed previously LSFB leads to a 
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somewhat unconservative estimate of the RUL if you consider the maximum likelihood 

but it converges to the true value fairly accurately. 

 

Figure 5-15. Distribution (one-sigma intervals) of error between the true RUL and the 
maximum likelihood of the estimated RUL distribution for an edge crack in a 
finite plate 

5.4.3 Center Crack in a Plate with Holes 

The final example considers differences between the actual and predicted model 

that may be caused by localized stress concentrations in structures. Four holes are 

inserted into the plate as shown in Figure 5-16. Only the right half of the plate was 

modeled with XFEM through the use of symmetry. 

 

Figure 5-16. Center crack in a finite plate with holes. 
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Unlike the other examples presented, the authors are unaware of an 

approximation to f(λ). Therefore, the correction factor is obtained from XFEM, as shown 

in Figure 5-17. For this case, it was found that failure occurred at 625 cycles with a 

corresponding crack length of 24.2 mm. If we consider an arbitrary critical crack size of 

24 mm the total RUL is then reduced to 605 cycles. 

 

Figure 5-17. Correction factor for plate with holes. 

As the LSFB analysis results in a final distribution of m the predicted crack lengths 

for this distribution are plotted and compared directly to the XFEM data in Figure 5-18. 

The XFEM data fall within the bounds of the LSFB identification. The identified crack 

size distribution is wider than in the previous cases, it corresponds to the model being 

increasingly far away from reality. 
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Figure 5-18. Comparison of XFEM crack growth data with crack growth predicted from 
LSFB analysis. 

Figure 5-13 shows the updated distribution of m using LSFB. As expected it 

compensates for the error in ΔK by over estimating m. The same conclusion can be 

drawn as previously, the larger the error in ΔK the more m is overestimated to 

compensate for it. 

 

Figure 5-19. Updated distribution of mLSFB using one set of data for an center crack in a 
finite plate with holes. 

Figure 5-20 shows the distribution of 5th percentile of RUL discussed in Section 2 

for that geometry, compared to the actual remaining useful life for a critical damage size 

of 24 mm. As for the previous geometries it can be observed that the estimate of RUL 
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converges to the actual value from the conservative side. It has to be observed that the 

estimation is not as accurate but this can be explained by the fact that the geometry is 

very different from the one assumed in the model and the number of cycles to failure is 

much smaller. The same conclusion that was drawn for the edge crack can be drawn in 

this case, the up to 40% error in the correction factor leads to a 200% error in the RUL 

estimation 

 
Figure 5-20. Distribution (mean ± one standard deviation) of 5th percentile of RUL for an 

edge crack in a finite plate compared to the true RUL (black line) and the RUL 
obtained using the true m and ΔK for a centre crack in an infinite plate (dark 
gray line). 

The error between the maximum likelihood of the estimated distribution of the RUL 

and the true RUL presented in Figure 5-21 shows that despite the fact that we are using 

simplistic model in which the range of stress intensity factor does not account for the 

complexity of the geometry we are able to estimate the RUL not only with accuracy but 

also fairly conservatively. 
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Figure 5-21. Distribution (one-sigma intervals) of error between the true RUL and the 
maximum likelihood of the estimated RUL distribution for an center crack in a 
finite plate with holes 

5.5 Conclusions 

Effective damage growth parameters were identified using the LSFB method for 

cases of finite plates with complex geometric effects. For prognosis purpose, the stress 

intensity factor relationship was assumed to follow the center crack in an infinite plate 

and the Paris Law exponent m was identified which compensates for the incorrect 

stress intensity factor relationship. Damage growth was simulated at each loading cycle 

though the use of the extended finite element method. 

This represents the versatility of the proposed method in that it does not require a 

priori knowledge of the correction factor f(λ). The maximum likelihood value of the 

updated distribution of m and the RUL curves show good agreement with the simulated 

results. It is especially encouraging that the RUL converges from the conservative side. 

Although the method is demonstrated here updating only one parameter, m, of 

Paris’ law, the same idea can be applied to the parameters m and C together. This 

should allow for even more accurate results because it would allow for more flexibility in 
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fitting the equivalent model. The feasibility of using XFEM in the calculation of the 

likelihood function will also be explored which may identify the true m and C. 
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CHAPTER 6 
CONCLUSIONS 

In this work, we first developed and employed the Bayesian inference method to 

identify panel-specific damage growth parameters using damage sizes measured from 

SHM sensors. The actual measurement environment is modeled by introducing 

deterministic bias and random noise. The likelihood function is calculated by comparing 

measured crack growth with simulated crack growth, which requires uncertainty 

propagation though the physics model that governs the crack growth. Due to many 

uncertainties involved, the RUL is predicted statistically and used 95% conservative 

estimation. 

Through numerical examples, it is shown that the probability distributions of the 

two damage growth parameters, m and C, are effectively narrowed and converged to 

the true values. Note that since m and C are strongly correlated if wrong information is 

used in the model for the deterministic, assumed to be known variable, our method 

would compensate for that error. In fact it identifies the crack growth behavior rather 

than material parameters. The large number of SHM data diminishes the effect of noise, 

and thus, the identified damage growth parameters are relatively insensitive to them. 

However, it does not completely remove the effect of bias and noise remains, and they 

affect the identification of true damage growth parameters. 

The identified distributions of parameters are then used to estimate the RUL with 

95% confidence. In all combined cases with noise and bias, the proposed method 

converges to the true RUL from the conservative side. 

In a more general approach, it is possible to update both m and C using their joint 

PDF (see Appendix B). In addition, the unknown bias can also be considered as an 
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uncertain variable and can be updated together. However, as the number of variables 

increases, the computational cost increases significantly because the proposed method 

is based on MCS for uncertainty propagation. In the future, we will investigate the 

possibility of reducing computational cost by utilizing surrogate modeling techniques. 

The abovementioned computational cost-related limitations are what led us to then 

present and compare similar prognosis results for two other methods: least square fit, 

and LSFB method. Those results show that even though the Bayesian and least square 

fit are very good at identifying the damage parameter or estimating the remaining useful 

life, they both have limitations, they cannot identify the damage with the extreme 

accuracy and estimate the distribution of RUL at the same time. But they are 

complementary, such that they can be combined and by using the advantages of both 

methods we come up to a third one--LSFB. The LSFB gives an estimation of RUL that 

converges to the actual RUL faster than Bayesian inference while remaining on the 

conservative side. Another advantage of LSFB is that it is less sensitive to the errors in 

measurements. 

After developing the LSFB method, we applied it to more complex damage 

geometry, using extended finite element method to generate the damage growth that 

are used to generate the measure damage sizes. Effective damage growth parameters 

are identified using stress intensity factor for a center crack in an infinite plate which is 

obviously making wrong assumptions. It is observed that the equivalent parameters 

compensate for the modeling error--this results in a fairly accurate estimate of the RUL. 

This shows that using a damage growth model as an extrapolation device allows us to 
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use a simple model despite the fact that it is making wrong assumption and still have an 

accurate estimate of RUL. 
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APPENDIX A 
BAYESIAN INFERENCE USING DAMAGE GROWTH INFORMATION 

In Chapter 2, the measured crack growth data from diagnosis is used to 

characterize the damage growth parameters. However, since these parameters are 

related to damage growth rate, not damage size, it would be more appropriate if 

damage growth information is used to identify these parameters. This chapter 

summarizes likelihood calculation procedures using damage growth information. 

Numerical results shows that the results are similar to that of Chapter 2. 

Let measurements be performed at every ΔN, and N is the current cycle. The half 

crack growth between two measurements can be defined as 

 meas meas meas
N N N Na a a −∆= −∆   (A.1) 

As explained in Chapter 2 Bayesian inference is based on on Bayes’ theorem on 

conditional probability. It is used to obtain the updated (also called posterior) probability 

of a random variable by using new information available for the variable. In this work, 

since the probability distribution of m given Δa is of interest, we use the following form of 

Bayes’ theorem [70]:  

 ( ) ( ) ( )
( ) ( )

|

|
ini

updt

ini

l f m
f m

l f m d

a m

ma m
+

−

∞

∞

∆

∆
=
∫

 (A.2) 

where fini is the assumed (or prior) probability density function (PDF) of m, fupdt is the 

updated (or posterior) PDF of m and l(Δa|m) the likelihood function, which is here the 

probability of obtaining the measured damage growth, Δa, for a given value of m. The 

step that differentiates this version of Bayesian inference from the on presented in 

Chapter 2 is the likelihood definition and calculation.  



 

118 

The likelihood function is designed to integrate the information obtained from 

structural health monitoring (SHM) measurement to the knowledge about the 

distribution of m. The physical interpretation of the likelihood is the PDF value of the true 

crack growth at measured crack growth for given m. Although the true crack growth 

would be a single value, it is considered to be randomly distributed in the viewpoint of 

measured crack growth due to various uncertainties in the process. Thus, it is important 

to estimate the distribution of true crack growth. In general, the measured crack growth 

includes the effect of bias and noise of the sensor measurement as well as uncertainty 

in input loads. 

Let aN be the true half crack size, b the bias, and vN the noise at the current cycle 

N. The measured half crack size, meas
Na , is then given as 

 22 meas
N N Naa b v= + +  (A.3) 

For subsequent simulated measurements, the bias b remains constant, while we 

assume that the noise vN is uniformly distributed within the range of [-V, +V]. The above 

expression can be used to define the crack growth between consecutive two SHM 

measurements as follows 

 meas meas meas
N N N N N Na a a a v−∆∆ = ∆ + ∆− =  (A.4) 

where ΔaN is the true crack growth and ΔvN = vN - vN - ΔN. Although vN and vN - ΔN have 

the same range of [-V, +V], they are independent. 

At a given SHM measurement, the measured half crack size in Eq. (A.3) has the 

same distribution type with the noise, while the measured crack growth in Eq. (A.4) has 

the same distribution type with ΔvN. When the distribution of noise is Gaussian, both of 

them will also be Gaussian. Since there is no information regarding the distribution of 
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noise, in this work it is assumed to be uniformly distributed with mean at zero. Thus, the 

measured crack size is also uniformly distributed. On the other hand, it can be easily 

shown using Monte Carlo simulation (MCS) that ΔvN is triangularly distributed with mean 

at zero. Consequently the crack growth is also triangularly distributed with mean at ΔaN. 

Thus, the respective distributions can be defined as: 

 
( )

( )
~ Uniform / 2 / 2 ; / 2 / 2

~ Triangular  ;  ; 

meas
N N N

meas
N N N N

b V b V

a V a a V

a a a

a∆ ∆ ∆

 + − + +

− +∆




 (A.5) 

The quantities defined above only involve measurement error. In general, 

however, the crack growth model may have modeling error, which is related to 

numerical simulation. In order to calculate the likelihood function, we introduce a 

simulated half crack size, sim
Na , that involves a modeling error, sim

Ne , as 

 ( ) ( )sim sim
N N Na m a e m= +  (A.6) 

In the above equation, the superscript ‘sim’ is used for modeling error because it also 

includes propagated uncertainty through numerical simulation. The simulated crack size 

depends on Paris parameters, m and C, as well as the initial crack size. Since we only 

consider uncertainty in m, Eq. (A.6) only depends on it. Similarly, the simulated crack 

growth can be written as 

 ( ) ( )sim sim
N N Na m a e m∆+∆ ∆=  (A.7) 

Different from measurement errors, the uncertainty in sim
Ne∆  is not well 

characterized; it often requires MCS through the physics model that governs the crack 

growth. 
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The idea of calculating likelihood is to identify the damage growth parameter m by 

comparing the measured crack growth, meas
Na∆ , with the simulated crack growth, sim

Na∆ , 

with given m. The difference between these two growths can be defined as 

 ( ) ( )sim meas
N Nd m ma a∆−∆=  (A.8) 

If the PDFs of meas
Na∆  and sim

Na∆  are available, then the PDF of d can also be 

calculated. The likelihood l(Δa│m) is then defined as the value of this PDF at d(m)=0. 

Since this rarely happens, we will use MCS to calculate the likelihood. Since MCS is a 

discrete process, it is not trivial to calculate the PDF directly. Instead, we will use the 

probability of |d| ≤ ε with ε being a small constant as a definition of likelihood: 

 ( ) ( )| | |l P da m ε=∆ ≤  (A.9) 

Note that if the right-hand side is divided by 2ϵ and if ϵ approaches zero, then the 

likelihood becomes the value of PDF at d(m)=0. In the viewpoint of Eq. (A.2), since the 

posterior distribution will be normalized, the above definition works for likelihood 

although it is given in the form of probability. 

If we calculate l(Δa│m) purely by sampling meas
Na∆  and sim

Na∆ , then the tolerance ϵ 

needs to be large enough to include enough samples to reduce sampling errors. On the 

other hand if ϵ is too large, we will incur errors due to nonlinearity in the likelihood 

function. 

In general, since the measurement error that controls meas
Na∆  is independent of the 

modeling error that controls sim
Na∆ , separable sampling can be performed, and samples 

of d in Eq. (A.8) can be calculated by comparing all possible combinations of the two 

sets of samples [71]. In addition computational efficiency can significantly be improved 
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since the analytical PDF of meas
Na∆  is available from Eq. (11). The PDF of sim

Na∆  is not 

available analytically, because it is obtained by propagating uncertainties through the 

crack growth model. 

The definition of likelihood in Eq. (A.9) can be expanded by 

 ( ) ( ) ( ) ( )| 0 0| |l P d P d P da m ε ε ε= ≤ = + ≥ − − ≥∆  (A.10) 

Using conditional expectation on the second term on the right-hand side we obtain  
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 (A.11) 

where fsim(x) is the PDF of sim
Na∆  and Fmeas(x) is the cumulative density function (CDF) of 

meas
Na∆ . The last relation is obtained from the definition of CDF; i.e., by considering 

meas
Na∆  as the only random variable, ( ) ( )simeas

N N meas N
m simP Fa a aε ε≤ − ∆=∆ −∆ . Similarly, the 

first term can be written as 
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 (A.12) 

Thus, by combining Eqs. (A.11) and (A.12), the likelihood can be written as 
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∫
∫

 (A.13) 

where the central finite difference approximation is used in the second relation, which 

becomes exact when ε→0. As explained before, since the posterior PDF will be 

normalized, the coefficient 2ε can be ignored. The above expression is in particular 



 

122 

convenient for separable MCS because the analytical expression of fmeas(x) is known, 

and fsim(x) can be evaluated by propagating uncertainty through numerical simulation. 

Let M be the number of samples in MCS, the likelihood can then be calculated by 

 
( ) ( ) ( )
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sim sim sim
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∑

∫
 (A.14) 

First, input random samples, such as noise and pressure, are generated according 

to their distribution types. These input random samples are propagated through the 

Paris model to produce samples of crack growth sim
Na∆ . Second, the values of PDF 

( )sim
meas Nf a∆  are evaluated for all samples, whose average is the likelihood. The 

numerical experiments showed that M = 2,000 is enough to obtain a smooth distribution 

of the likelihood function. Note that likelihood calculation is computationally intensive 

because Eq. (A.14) needs to be evaluated for every m in the range of Eq. (A.2). In 

addition, the Bayesian inference in Eq. (A.2) is repeated at every inspection cycle. 

Similar results as in Chapter 2 are shown here, Figure A-1 shows the updated 

PDFs of m at every 1,000 cycles for one set of measurements, note that another set of 

measurements might lead to slightly different updated distribution but not significantly 

different. It is clear that as the crack grows, the PDF of m becomes narrower and it 

converges to the true value of mtrue = 3.8. It is noted that the convergence becomes 

faster as the crack size increases because the crack growth is faster for a larger crack.  
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Figure A-1. Updated probability density functions of m (mtrue 3.8, Ctrue 1.5E-10,  

b = 0 mm, V = 1 mm), illustration with one simulated set of measurements. 
Figure A-2 shows the effect of bias on the final updated PDF of m. The noise in 

crack detection is assumed to be Uniform(-1, +1) and two different biases are used:  

b = -2 mm and b = +2 mm. It is clear that bias shifts the maximum likelihood point (the 

peak of PDF) from that of the true value; the negative bias overestimates the PDF of m, 

while the positive bias underestimates it.  

 
Figure A-2. Effect of bias on updated PDF of m (mtrue 3.8, Ctrue 1.5E-10, V = 1 mm), 

illustration with one simulated set of measurements. 
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Figure A-3 shows the effect of noise on the PDF of m when b = 0 mm. It is obvious 

that noise has an effect on the standard deviation but it does not shift the distribution as 

the bias does. The smaller the noise is, the narrower the final PDF of m. 

 
Figure A-3. Effect of noise on the updated PDF of m (mtrue 3.8, Ctrue 1.5E-10, b = 0 

mm), illustration with one simulated set of measurements. 
Table A-1 shows statistical characteristics, such as the maximum likelihood, mean 

and standard deviation of PDF of m, corresponding to Figure A-2 and Figure A-3. Note 

that as those figures each of those sets of characteristics are obtained using a single 

set of measurements. It can be observed that the mean and maximum likelihood values 

are minimally affected by the bias and noise. However, the standard deviation increases 

with a large noise. As expected, a positive bias (true crack size is smaller than 

measured one) leads to underestimation of m. 

Table A-1. Statistical characteristics of final PDF of m with different combinations 
bias/noise, illustration with one simulated set of measurements. 

 Effect of noise Effect of bias 
Bias, noise (mm) b = 0, V = 1 b = 0, V = 3 b = -2, V = 1 b = +2, V = 1 
Max. likelihood 3.80 3.80 3.82 3.78 
Mean 3.80 3.80 3.82 3.78 
Standard deviation 0.01 0.04 0.01 0.01 
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Once the PDF of m is obtained, it can be used to predict the RUL of the monitored 

panel. Since the PDF is updated at every SHM measurement, the predicted RUL will 

vary at every measurement interval ΔN. AS previously the RUL is calculated using 

MCS, 50,000 samples of m, true
Na , and Δσ are generated, and Eq. (2.18) is used to 

calculate samples of Nf. In order to have a safe prediction of RUL the 5th percentile of Nf 

samples is used as a conservative estimate of RUL. Since we used synthetic data by 

adding random noise, the result may vary with different sets of data. Thus, the above 

process is repeated with 100 sets of measurement data and mean ± one standard 

deviation intervals are plotted. Figure A-4 shows these conservative intervals of RUL 

with two different combinations of noise and bias. These combinations correspond to 

extreme cases; the most and least conservative estimates of RUL. In order to compare 

the predicted RUL with the true one, the true RUL is also plotted in the figure. Note that 

initially the difference between the true and predicted RULs is significant because 

uncertainty is large at early stage. However, the predicted RUL converges to the true 

one from the safe side as more updates are performed. In addition, the variability of 

estimated RUL is also gradually reduced. Thus, it can be concluded that the proposed 

Bayesian inference can estimate panel-specific damage growth parameters as well as 

can predict the RUL while maintaining conservativeness.  
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Figure A-4. Distribution (one-sigma intervals) of 5 percentile (95% conservative) RUL 

obtained using 100 sets of measurements compared to the true RUL  
Figure A-5 shows the distribution of the error between the true RUL and the mean 

of the estimated distribution of RUL. As previously the behavior observed can be 

explained by the convergence of the distribution of C from the upper limit of the initial 

distribution. It can also be observed that the distribution of RUL narrows as the 

distribution of C is identified and it converges to the true RUL. Thus, it can be concluded 

that the proposed Bayesian inference can estimate panel-specific damage growth 

parameters as well as can predict the RUL. 
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Figure A-5. Distribution (one-sigma intervals) of error between the true RUL and the 
maximum likelihood of the estimated RUL distribution, positive error 
corresponding to unconservative estimate 

Comparing the results obtained using damage growth to those using damage size 

shown in Chapter 2 it can be observed that the updated distribution is wider and as a 

result the estimated RUL is more conservative. 
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APPENDIX B 
LEAST SQUARE FILTERED BAYESIAN TO UPDATE JOINT PDF 

In the work presented up to that point, least square filtered Bayesian is used to 

identify a single damage growth parameter, m, and assumed the other parameter to be 

already known. In practice, when both parameters are unknown, Bayesian inference 

needs to update the joint PDF of both parameters. In general, this can be achieved by 

dividing the ranges of uncertain parameters into a grid and calculate the joint PDF value 

at each grid point. If the range is divided by 100×100 grid, the updating process includes 

10,000 times calculation of likelihood, requires uncertainty propagation for given 

parameter values.  

As can be seen in Figure 2-2, the exponent m is the slope of the curve in the log-

log scale and C is value of log(da/dN) for log(ΔK) = 1. As a first step in developing a 

prognosis methodology, we assumed that the accurate value of C is known, while that 

of m is uncertain now we assume both variables as being distributed. Since the range of 

the variables m and C is generally known from literature or material handbooks, we 

assume that they are uniformly distributed between the lower- and upper-bounds. Then, 

the goal is to narrow the joint distribution using the Bayesian statistics with measured 

damage sizes. The data used for the updating of material properties are crack size 

measurements. 

The Bayesian inference equation used is the same as for m, note that we chose to 

update log(C) in the joint distribution instead of C because of the difference in order of 

magnitude: 

 ( )( ) ( )( ) ( )( )
( )( ) ( )( ) ( )
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, log

| , log , log log
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The likelihood function is designed to integrate the information obtained from 

structural health monitoring (SHM) measurement to the knowledge we have about the 

distribution of the variables. The calculation of the likelihood function is very similar to 

the one that can be found in Chapter 2, the main difference is that the estimation is 

done for every couple (mi, log(Cj). Figure B-1 shows the final update of the joint 

distribution, it can be observed that the correlation between m and C is very clear from 

that distribution even though no correlation was initially assumed. 

 

Figure B-1. Joint probability density function, illustration with one simulated set of 
measurements 

Once the joint distribution has been identified at cycle N, it can be used to predict 

the remaining useful life (RUL). The distribution of RUL is calculated at every SHM 

measurement cycle N using MCS as well but with a larger sample than the one used to 

calculate the likelihood function, 50,000 samples of true crack sizes, m and C are 

generated using the updated distribution and the RUL is estimated in order to estimate 

the distribution of RUL. This allows us to estimate the distribution and from there obtain 

the 5th percentile. 
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Since we used synthetic data by adding random noise, the result may vary with 

different sets of data. Thus, the above process is repeated with 100 sets of 

measurement data and mean ± one standard deviation intervals are plotted. In order to 

show the value of our method we compare RUL calculated using the actual value: of m, 

mtrue, and C, Ctrue with the distribution (mean ± one standard deviation) of the 5th 

percentile of the distribution of RUL obtained using the updated joint distribution of m 

and C, and the distribution (mean ± one standard deviation) of the 5th percentile of the 

distribution of RUL obtained using the updated distribution of m at each inspection, for 

the case of negative bias, -2mm and a noise of amplitude 1mm, this is shown in Figure 

B-2. It can be observed that LSFB method to update the joint PDF allows us to estimate 

the RUL converging to the true RUL from the conservative side but it does not improve 

much compared to the results obtained updating only m. 

 

Figure B-2. Distribution (mean ± one standard deviation) of the 5th percentile of RUL for 
b = -2mm and V = 1mm, using LSFB to update the joint PDF 

Figure B-1 shows the error between the maximum likelihood of the estimated 

distribution of the RUL and the true RUL, note that positive values of the error 
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correspond to unconservative estimates. It can be observed that using LSFB method to 

update the joint PDF allows us to estimate the RUL converging to the true RUL from the 

conservative side, it is more conservative than when only m is updated but it does not 

converge as fast, the error is also larger. 

 

Figure B-3. Distribution (one-sigma intervals) of error between the true RUL and the 
maximum likelihood of the estimated RUL distribution for b = -2mm and  
V = 1mm, using LSFB to update the joint PDF, positive error corresponding to 
unconservative estimates 

 Updating the joint distribution made the correlation between m and C very clear 

and one of the main conclusion that can be drown from the updated distribution is that 

there is not a single combination of parameters that will lead to the observed damage 

growth behavior. That strong correlation is also why updating one parameter while 

updating the other one leads to very similar results. 

We presented here a comparison between updating the two damage growth 

parameters in Paris law and updating one while assuming the other one as being 

constant. It can be concluded that we do not gain accuracy in the estimation of 

remaining useful by updating both parameters but it is computationally more expensive. 
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This can be explained by the strong correlation between the parameters. More results 

will be added to support those remarks, among which the effect of assuming the wrong 

value for C when updating m. 
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