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To produce research quality airborne laser scanning (ALS) data, it is necessary 

to remove systemic errors using a comprehensive error adjustment model based on the 

knowledge of the specific ALS system, including details of the data flow within all the 

components and the possible systematic and random errors associated with each 

component. This dissertation explains the nature of various systematic errors and their 

individual and cumulative effects on the final reconstructed surfaces obtained from the 

ALS data. Then a mathematical model is formulated to incorporate all the observations 

from vital components such as the global positioning system (GPS), inertial navigation 

system (INS) and the laser scanning system. With this model as the basis, two 

adjustment methods are developed to regulate the systematic errors in the data. 

Both of the proposed adjustment methods take into account the terrain 

characteristics and availability of the suitable features necessary to achieve a well 

conditioned adjustment solution. The first method utilizes linear and planar geometric 

features, abundant in the urban scenes, to match overlapping ALS strips and compute 
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adjustments to parameters to remove systematic errors.  Natural terrains were typically 

found to lack the requisite linear and planar geometric features required for the first 

method to work well, and a second method based on natural surface characteristics 

was developed. 

 Surface matching is a well-researched topic in Computer Vision as well as 

terrestrial LiDAR where the size of range images is much smaller compared to airborne 

LiDAR data. Iteratively closest point (ICP) and its variants have been successfully used 

to align and register multiple overlapping views of an object. However, this technique is 

still new for airborne laser scanning due to various implementation issues. In this 

dissertation, an effort has been made to address these issues and full automation of the 

adjustment algorithm has been investigated. In addition, a technique has been 

presented to adjust overlapping strips using geometrical attributes such as curvature 

changes in a given terrain. The magnitude and direction of these curvature changes in 

the data points indicate their ability to constrain the relative movement between the 

overlapping laser strips. The points from overlapping strips are matched through 

modified point-to-plane based iteratively closest point (ICP) method. The suitability of 

the curvature based surface matching method has been tested for various terrains such 

as hilly, flat and rolling terrains. Finally, the dissertation concludes that a feature-based 

method can be successfully used in estimating the systematic biases present in the ALS 

data collected over natural or manmade terrain.
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CHAPTER 1 
INTRODUCTION 

Airborne Laser Swath Mapping 

Airborne Laser Swath Mapping (ALSM) also known as Light Detection and 

Ranging (LiDAR) is a fairly new technique in the field of active remote sensing for 

acquiring more comprehensive and precise topographic information than traditional 

methods. The method relies on measuring the distance from a platform such as an 

airplane or helicopter to the Earth‟s surface by precisely timing the round-trip travel time 

of a brief pulse of laser light (Figure 1-1). The travel-time is measured from the time the 

laser pulse is fired to the time laser light is reflected back from the surface. The reflected 

laser light is received using a small telescope that focuses any collected laser light onto 

a detector. The travel time is converted to distance from the plane to the surface based 

on the speed of light. Typically, a laser transmitter is used that produces a near-infrared 

laser pulse that is invisible to humans (Airborne 1 Corporation, 2001). 

 

Figure 1-1 Airborne laser swath mapping (Carter et al., 2007) 
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LiDAR technology integrated with the Global Positioning System (GPS) and Inertial 

Measuring System or Unit (IMU) are mounted on an aircraft and flown over the study 

area. Laser transmitters are used that fire tens to hundreds of thousands of pulses per 

second, and record both the round-trip travel time for each pulse and the angle at which 

it is reflected. By scanning the laser pulses across the terrain using an oscillating mirror, 

a dense set of distances to the surface is measured (Figure 1-1) along a narrow swath. 

The LiDAR observations are converted to map coordinates and elevations for each 

laser pulse by combining vector range data, i.e. the laser ranges along with scan 

angles, with information on the position and orientation of the airplane at the time the 

laser pulse was fired. GPS provides positional reference to a certain coordinate system 

such as WGS84 and IMU measures the attitude angles i.e. roll, pitch, and yaw of the 

aircraft. The major advantage of ALS is that it directly gives the elevation of the scanned 

object points. Detailed height profiles of the vegetation can be created, and because 

some of the laser light makes it through the openings in the foliage and reaches the 

ground. It is also possible to get the coordinates of ground points under vegetation. The 

number of laser pulses reaching the ground largely depends on the foliage density. 

Once the ground returns are identified, they are used to produce what is known 

as a digital elevation model (DEM) that describes the ground topography using a 

regularly spaced grid of elevation values. The data can also be used to determine the 

height and density of the overlying vegetation, and to characterize the location, shape, 

and height of buildings and other manmade structures. Digital aerial photographs can 

also be taken while LiDAR is flown, providing an additional layer of data. 
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The LiDAR data used to test the proposed algorithms was collected with an 

Optech Inc. Gemini unit.  The Gemini  system, owned and operated by National Center 

for Airborne Laser Mapping (NCALM), is capable of collecting four  returns per laser 

shot, at two different settings of the divergence of the laser beam, i.e. 0.25 mrad and 0.8 

mrad. The pulse repetition frequency (PRF) can be set at 33, 75, 100, 125, 140 or 167 

KHz.  

LiDAR Data Accuracy and Sources of Error 

The accuracy and reliability of LiDAR systems has become an active area of 

research, as many applications require decimeter level accuracy in topographic data 

sets. The assessment of systematic errors present in LiDAR data is a complex process 

because there are several sources of error that contribute to the gross error. Apart from 

the target reflectivity properties and laser-beam incidence angle, the main limiting 

factors are the accuracy of the platform position and orientation derived from the carrier-

phase differential GPS/INS data, scanner pointing errors and uncompensated effects in 

system calibration. The error budget of the mapping system can be expressed as the 

contribution of the errors from core sub-systems; laser rangefinder, IMU or Inertial 

Navigation System (INS) attitude solution, GPS position solution, latency of the receiver 

electronics, sensor mounting biases, scanning angle errors, etc. (Airborne1 Corporation, 

2001). Certain types of errors, such as  GPS offset and roll angle error, simply translate 

or rotate the laser point cloud, whereas errors such as a scan angle error, range bias, 

and pitch angle bias tend to depend on the variations in other parameters (Filin, 2003). 

Therefore, the overall accuracy and precision of the data obtained from the system 

depends on the assembly of its different components. 
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 For the above-mentioned reasons, ALS observations are usually corrupted with 

systematic and random errors to some extent (Shrestha et al., 1999). Schenk (2001) 

and Triglav-Cekada, et al. (2009) have explained the effect of the systematic errors on 

positional and elevation accuracy of LiDAR ground points in detail. Figure 1-2 illustrates 

the effect of five types of systematic errors in position and elevation of a reconstructed 

LiDAR surface across the flight direction. These errors are scanner scale bias, attitude 

errors and range bias. It is clear that the result of scanner scale or range bias in the 

system is a non-linear warped surface across the data strip. In addition, the magnitude 

of positional discrepancies is greater than the errors in the elevation. 

 

Figure 1-2 Distribution of systematic errors across a flight strip: scanner scale; attitude 
errors such as errors in roll, pitch and heading; range bias; cumulative effect 
of all the errors  

The horizontal as well as the vertical accuracy of LiDAR data depends on flying 

height. A vertical accuracy on the order of 15 cm root mean squared error (RMSE) has 
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been reported by most of the LiDAR vendors (ASPRS LiDAR Guidelines, 2004). If flight 

conditions are optimum, vertical accuracies of 7-8 cm RMSE have been reported (Lee 

et al., 2007). The actual accuracy of the LiDAR point clouds and the interpolated grids 

or digital elevation models (DEMs) depends on many factors. Therefore different studies 

report the vertical accuracy of LiDAR data with different results. For most of the studies 

the LiDAR data are collected under leaf-off conditions (Shrestha et al. 2001). The 

accuracy of the data collected in leaf-on conditions, especially for the vegetation 

studies, is lower compared to data collected in leaf-off season. The number of laser 

pulses that penetrate the vegetation during the leaf-on season is reduced. As a result 

less number of pulses are reflected back from the ground, which significantly reduce the 

accuracy of the LiDAR data and the derived DEMs.  

Table 1-1 Magnitude of horizontal and vertical error in reconstructed LiDAR surface due 
to various systematic errors; flying height 1000m (above ground) and 
maximum scan angle 20 degrees. 

 

Magnitude of Systematic 
Error 

Maximum Horizontal Error 
(m) 

Maximum Vertical Error 
(m) 

Roll Angle (0.01 degree) 0.17* 0.06* 

Pitch Angle (0.01 degree) 0.17 0.06 

Heading Angle (0.01 degree) 0.17 - 

Scanner Scale (0.0001) 0.10 0.10 

Laser Range (0.01 m) - 0.01 

* with nominal aircraft attitude (no flight dynamics) 

The variations in the accuracies reported in different studies can be attributed, in 

part, to the differences between laser systems employed, flight characteristics, the 

terrain surveyed, how well the LiDAR was able to penetrate vegetation, and differences 

in the  processing of the data itself, such as differences in the  algorithms used to filter 
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out returns from vegetation. In short, the vertical accuracy ranged from 3 to 100 cm, 

with the majority of the studies reporting from 7 to 22 cm (ASPRS LiDAR Guidelines, 

2004; Latypov, 2002). 

Problem Statement 

As discussed earlier, the LiDAR system observations are often corrupted by 

systematic and random errors. Most of these errors are kept under control by 

implementing various strategies at the flight mission level. To minimize the atmospheric 

effects, the aircraft are flown at relatively low elevations, usually below 1000 m above 

ground level. To keep the GPS and INS errors in control, the missions are flown in short 

strips and during periods of low flight dynamics. However, it is not always possible to 

avoid such error-causing factors, and when present they shift, rotate or scale the actual 

positions of the laser points on the ground.  

 

(a)   (b) 

 

Figure 1-3 (a) Artifacts in DEM due to systematic discrepancies (b) no artifacts in DEM 
after systematic errors adjustment   
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The effects of these errors are visible in the reconstructed surfaces or DEMs 

derived from the LiDAR data. Since, the LiDAR data is collected in long strips with as 

much as 50-60% overlap, there are discrepancies in positions and elevations of the 

conjugate feature points belonging to the same target in the overlapping strips. The 

physical artifacts such as lines or patterns are visible in the reconstructed surfaces in 

overlap regions (Figure 1-2). The main objective of this dissertation is to fix these 

discrepancies at the system level and processing the data free of systematic errors. 

This involves understanding the effect of various systematic errors on the reconstructed 

surface, proposing an adjustment model and testing its performance on different types 

of surfaces. In subsequent chapters, the adjustment procedures are explained in detail. 

Overview 

The objective of this dissertation is to identify major sources of errors in the 

airborne laser scanning (ALSM) data and propose a comprehensive adjustment 

technique to compute the systematic error estimates or calibration parameters during 

post-processing.  Chapter 1 introduces the concept of an airborne laser scanning 

system and its various components. It explains the motivation behind this study and the 

need of an error adjustment algorithm that can comprehensively estimate the 

systematic errors in the data. Chapter 2 elaborates on the background of the error 

adjustment methods and narrates the previous work that has been done in the area. 

There has always been a need to establish a standard system to define the vertical and 

planimetric accuracy of the LiDAR data. However, even with point densities of several 

points per square meter achieved by the newer airborne LiDAR systems, the chances of 

two LiDAR points hitting the exact same spot on the ground are minimal, which provides 

little  redundancy in the data points. It is demonstrated in Chapter 3 that by using linear 
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and planar surfaces, rather than only planar surfaces in the urban scenes, it is possible 

to obtain good estimates of the systematic biases in the system measurements. The 

basic equation for the geo-referencing of the laser point to the suitable local coordinate 

frame is explained in this chapter and a different approach from the existing and widely 

used calibration methods is proposed. It is concluded that the use of breaklines, along 

with the planar surfaces helps with the reliability of estimated calibration parameters.  

In addition, Chapter 3 explains the steps involved in implementation of the 

proposed technique, which has been successfully tested on LIDAR data collected over 

the University of Florida Campus. This chapter also emphasizes the importance of 

robust classification and feature extraction methods. The proposed method, in this 

chapter, is specific to the urban topographic data and may not be useful for a more 

natural environment.   

Chapter 4 lays the foundation for another adjustment method that can be used 

for natural terrain. It doesn‟t require man-made features as the previously proposed 

method does. The importance of curvature-based features present in the natural 

terrains has been emphasized for adjusting the systematic biases in the LiDAR system. 

A performance-based comparison of the curvature-based sampling method has been 

made for the two most popular sampling techniques, i.e. uniform and random sampling. 

 In Chapter 5, a systematic error adjustment model based on curvature-based 

sampling is proposed. The successful application of the proposed algorithm is 

demonstrated by adjusting the systematic errors in different types of terrains, including 

flat terrain, rolling surface, and mountainous terrain. Finally, the results of this study are 

summarized in Chapter-6 and the foundation is laid out for future work. Appendix A 
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explains the sources of different types of errors and illustrates their effects on final 

ground coordinates derived from LiDAR data.   
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CHAPTER 2 
BACKGROUND AND LITERATURE REVIEW 

As the number of applications using LiDAR data has increased, the accuracy of 

LiDAR has become an increasingly important issue for researchers (Shrestha et al., 

1999; Airborne 1, 2001). The theoretical accuracy of a LiDAR system can be computed 

by incorporating the precision of each individual component of the system. However, for 

a number of reasons, the accuracy obtained in the field is usually worse than the 

specified theoretical accuracy (Latypov, 2002). Since there has been lack of a common 

accuracy standard for LiDAR data, different vendors and users measure and report the 

overall accuracy of the collected data differently. Latypov (2004) mentioned that several 

times the confidence level (c.l.) associated with the accuracy measurement is not 

specified. The National (USA) Standard for Spatial Data Accuracy (NSSDA) defines 

accuracy as being measurable at 95% c.l. and assumes errors have a normal 

distribution. In real life, the assumption of normal distribution is often rather poorly 

realized.  

 

Figure 2-1 Accuracy and precision 
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Sometimes the accuracy associated with 95% c.l. is assumed to be double of the 

68% c.l. accuracy to meet the NSSDA accuracy specifications. However, this is not a 

correct practice given the distribution of errors is normal or bell-shaped. Accuracy 

describes the closeness of an observation (measurement value) to the “true or 

reference” value of the parameter being observed (Figure 2-1). The difference between 

an observation and the “true” value gives the true error. For empirical accuracy tests, 

the “true” value is usually determined with an instrument, the accuracy of which is better 

by an order of magnitude than that of the one being tested. The root-mean-square 

(RMS) of the derived “true” errors gives a measure of the accuracy, also referred to as 

absolute accuracy. 

 Errors can be characterized in three main categories, including blunders, 

systematic errors, and random errors. Blunders are significantly larger in magnitude 

compared to the other two types. They can be detected and eliminated with use of 

redundant observations. Systematic errors are caused by imperfect instruments, or 

deficiencies in the mathematical model used to compute the desired parameters from 

the observations. With appropriate surveying methods, they can either be eliminated 

during the observation process, or determined and corrected. This requires redundant 

observations, and to some extent, independent control information. Random errors are 

always present and can never be eliminated. They can, however, be minimized, again 

by redundant observations. The standard deviation (σ) of the derived estimated errors 

provides a measure of the theoretical accuracy, also referred to as precision. For the 

case where the estimated errors are purely random, i.e. neither blunders nor systematic 
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errors exist; the theoretical accuracy and the absolute accuracy are equivalent (Friess, 

2006). 

Estimation and adjustment of the systematic errors requires a comprehensive 

and efficient adjustment or calibration technique that can remove most systematic errors 

during the post-processing of the ALS observations (Cramer, 2002). Even with the best 

error adjustment or calibration methods, errors still exist in the data – especially in the 

data collected with high flight dynamics over mountainous topography and/or relatively 

flat terrain with very few features (Congalton and Green, 1999). The magnitude of such 

errors may not be significant for many applications. However, the positional errors 

remain substantially large (Schenk, 2001), which introduce significant elevation errors in 

terrains with high relief, and applications such as change detection, geological fault 

detection, stream center line detection etc. can be affected by small magnitudes of 

errors in positions and elevations. 

 Ensuring the accuracy of final LiDAR output requires extensive post processing 

of the raw data (Slatton et al., 2007; Wehr, 1999; Luzum et al., 2005). This is achieved 

either by comparing and correcting collected data with ground truth, known as absolute 

adjustment, or by minimizing the positional and elevation discrepancies between the 

overlapping areas of data strips, known as relative adjustment. Due to the discrete 

nature of laser scanning and its monochromatic intensity, it is hard to pin-point a 

particular target in the point cloud data with fair certainty. Therefore, in terrains with low 

relief, where elevation values do not change significantly within a few meters along or 

across the flight direction, only elevation differences between the data and ground truth 

can be adjusted, and biases such as GPS positional bias, bore sight angular 
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discrepancies, scanner scale offset and range bias cannot be estimated. Bore sight 

angles are the angular offsets between scanner frame and IMU body frame measured 

at the center of IMU body frame in X, Y, and Z directions.  

The nature of laser data requires the development of adequate algorithms to 

recover the systematic errors. In contrast to traditional reflectance data that are used in 

photogrammetry, the laser points sample the shape of the over-flown surface. Point 

correspondence is practically impossible to establish under such conditions, and 

therefore shape-based rather than traditional point-based algorithms are needed.  In 

terrains with high relief such as hilly terrains or surfaces with a significant number of 

break lines, the surface geometry can be compared and matched with the overlapping 

surfaces or with appropriate ground control information.  Figure 1-3 illustrates the 

relative differences in conjugate point positions and elevations from the two overlapping 

strips. The comparison has been made for the flat and sloping surface (with 30% slope). 

One potential effect of this configuration is an increased correlation of the calibration 

parameters that implies that not all the systematic errors may be recovered 

independently. Therefore, the question arises:  Which errors can be recovered and how 

can they be resolved (Filin, 2003)?  

Relative adjustment is again divided into two categories. One is purely based on 

data adjustment, i.e. transforming the overlapping strips using 3D rigid body motion to fit 

data from different swaths to each other (Fillin, 2003; Skaloud and Lichti, 2006). The 

main disadvantage of such a method is that rigid body transformation doesn‟t 

necessarily adjust all the systematic errors in the data. The other type of relative 

adjustment involves a mathematical model relating LiDAR system parameters and 
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observations to the ground point coordinates, and minimization of the relative 

differences (3D Euclidean distances) between the overlapping strips with respect to 

system parameters. In systematic error adjustment through strip matching, the relative 

direction of flight of the overlapping strips plays a crucial role in emphasizing the 

differences in conjugate features (Habib et al., 2009). For example, the positional error 

differences between two overlapping strips are more pronounced when flown in 

opposite directions. Figure 1-3 illustrates the cumulative effect of errors due to aircraft 

attitude (roll, pitch, and yaw as 0.001deg each), range bias (0.01m) and scanner scale 

(0.0001) on computed laser ground points. 

 

Figure 2-2 Distribution of elevation and positional discrepancies across the overlapping 
region between two adjacent strips on flat surface (top) and sloped surface 
(bottom)  
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The errors were simulated for two strips flown in same and opposite directions 

over a flat terrain at 1000 meters of flying height with a maximum scan angle of 30 

degrees. In general, due to the systematic discrepancies in the angular observations 

and scanner scale, the horizontal positional errors tend to be greater in magnitude 

compared to elevation errors.  In addition, the relative differences of the systematic 

errors in horizontal position do not change significantly across the overlap area, 

whereas it changes from positive to negative in case of elevation error. This means that 

minimizing elevation differences between the overlapping strips resolves only a few 

systematic errors compared to matching the features that represent horizontal positional 

discontinuity. By minimizing 3D Euclidean distances between the possible conjugate 

features, the calibration parameters can be estimated.  

If the strips are flown in the same direction, the positional errors due to pitch tend 

to be of same magnitude and direction in both the strips (Figure 2-3) and therefore, may 

not be completely resolved through surface matching and require ground control 

information to accurately geo-reference the data. Since it is hard to identify individual 

conjugate LiDAR points in the neighboring strips, it is appropriate to match the groups of 

points or surface elements representing certain geometric attributes in the overlap area. 

This is known as surface matching. Optimal features or surface elements are important 

in strip matching as their positioning and orientation greatly affect the surface matching 

results.  

The correction of laser points by means of a linear transformation focuses on the 

effects of the systematic errors but not on their causes. This may not always be 

appropriate; an analysis of the similarity transformation reveals that not all error effects 
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can be modeled, and thus removed, by this transformation. Therefore, some accuracy 

may be lost and algorithms that are more complicated may be needed. The existing 

methods mostly focus on the height inaccuracies. Existence of planimetric offset in the 

data will not be fully compensated for with this adjustment and artifacts are likely to 

remain (Figure 1-3).  

 

Figure 2-3 Comparison of error distribution over an overlap region (60% overlap) 
between two adjacent strips flown in (top) same and (bottom) opposite 
directions: (left) across flight profiles of the overlap region; (center) top views 
of the overlap area; black scan line is ground truth; (right) relative errors 
between the overlapping strips: along-flight position error (X error in black), 
across-flight position error (Y error in red) and elevation error (Z error in blue)   

Another noticeable deficiency of the available adjustment procedures is the error 

recovery model that is usually selected. In most cases, the systematic discrepancies are 

modeled as rigid body transformation parameters on the laser point coordinates (Maas, 

2000); they can therefore be regarded as data-driven solutions. The main reason for 
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this approach is that most of the time users do not have access to the system 

parameters. However with the advances in current technology, this is not a problem any 

longer. Hence, this research primarily focuses on the accuracy of the ALSM data and 

the improvement of the calibration process by implementing a comprehensive error 

recovery model.  

Definition of Accuracy for LiDAR Data 

There is no standard criterion for defining the accuracy of the data obtained from 

LiDAR. ALSM samples the topography of the terrain in such a way that it is difficult to 

establish a correspondence between a LiDAR located ground point and the actual 

position of that point on the ground. This is because a certain amount of uncertainty is 

associated with the geo-location of every laser point due to the presence of different 

types of errors in the subcomponents, and there is practically no redundancy in the 

overlapping regions. For the same reasons, it is difficult to assess horizontal accuracy. 

However, the presence of certain landmarks in the scene makes it easier to compare 

the horizontal position from different flight lines. Effective accuracy assessment requires 

(1) design and implementation of unbiased sampling procedures, (2) consistent and 

accurate collection of sample data and (3) rigorous comparative analysis of the sample 

data (Congalton et al., 1999). 

As explained earlier, assessing absolute accuracy is expensive and time 

consuming. Since the accuracy of the LiDAR points varies widely over the mapped 

area, it is impractical to collect GPS control points for the entire survey area. At the 

same time, relative accuracy can give a fairly good idea of overall accuracy.  A few 

ground control points can also be incorporated to assess the absolute vertical error 

bound. Relative accuracy refers to the accuracy with which two overlapping ALSM 
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swaths conform to each other. Since relative accuracy is an important criterion to 

assess the quality of LiDAR data in this dissertation, only the scope of relative accuracy 

will be explored.  

Statistical Accuracy Assessment 

The first and very important step in a system analysis is to specify a system error 

budget. It specifies a theoretical limit on the performance achieved by a particular 

system. A detailed discussion of an error budget for LiDAR can be found in Baltsavias 

(1999). As mentioned earlier, the theoretical performance is generally not achievable in 

the field. Therefore, in order to calculate the actual field accuracy, extensive GPS 

surveys as conducted and the LiDAR data is compared with the collected control 

information (Airborne 1, 2001). However, such ground surveys are very expensive and 

time consuming. In addition, the number of control points collected through these 

surveys range from a few tens to thousands in few cases. This number represents a tiny 

fraction of the number of collected LiDAR points. Since LiDAR errors are not constant 

within a flight line (Appendix A), especially across the flight direction, a ground control 

information with a few control points simply cannot provide a detailed error analysis. 

Many times DEMs are used to assess the accuracy of the LiDAR data. There are 

many studies to understand the effects of the grid size and interpolation on the accuracy 

of the final product. It has been established through these studies that rasterization of 

the data degrade the accuracy of the raw LiDAR data especially at the breaklines or the 

height variation. A relative comparison of the raw LiDAR data in the overlapping strips 

gives more information about the accuracy than the other methods discussed earlier. 

In this dissertation, the relative accuracy between the flight lines has been 

assessed and used to estimate the quality of LiDAR data. Relative elevation accuracy 
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can be computed by measuring the difference between the heights of the overlapping 

flight lines over the sample area. Different sample areas are selected to get an estimate 

of varying accuracy in the survey area (equation 2.1).  

                    (2.1) 

The survey area can be classified into various features such as manmade 

features (buildings and roads), natural features (grass and trees) etc. and the accuracy 

can be specified for each category separately. 

 

 

 

 

 

Figure 2-4 Horizontal accuracy assessments 

Horizontal accuracy is more difficult to assess than vertical accuracy. Figure 2-4 

illustrates the difficulty in measuring the horizontal or planimetric accuracy when a 

feature is rotated and translated. Therefore, using a term such as maximum or minimum 

accuracy or accuracy with a confidence level in defining horizontal accuracy helps in 

understanding the quality of the data. To illustrate the concept, few samples were 

collected from a LiDAR data set. These samples used for horizontal accuracy 

assessment are building points. An approximate outline of the borders of buildings has 

been obtained by fitting a line to the points falling on the edges of the building. The 

technique used for fitting lines to the data is explained in detail in Chapter 3. The 
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method is called outline tracing and regularization. The statistics obtained from the 

given data set have been tabulated below: 

Table 2-1 Relative accuracy of LiDAR data from different samples with C.L. (1σ) 

 
Samples 
 

Horizontal Relative Accuracy Vertical Relative Accuracy 

Along Flight Line Across Flight Line Δh (m) σΔh  (m) 

Δxmean 
(m) 

σΔx (m) Δymean 
(m) 

σΔy (m) 

Flat Roof 0.289 ±0.0648 0.2401 ±0.0386 0.060043 ±0.042457 
Gable Roof 0.318 ± 

0.0462 
0.2010 ±0.02643 -0.0157 ±0.07241 

Road - - - - 0.071521 ± 0.050573 

Trees 
(approximate 
assessment) 

- - - - 0.15930 ± 0.180340 
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CHAPTER 3 
LINEAR AND PLANAR FEATURES BASED STRIP MATCHING 

Georeferencing LiDAR Data 

In order to make sense of the points collected by ALSM system, they need to be 

transformed into user-defined reference frames. The transformation involved in direct 

geo-referencing of the LiDAR data is a complex process. All the reference frames 

related to various subcomponents, such as GPS, laser scanner and IMU, must be 

defined and their spatial relationships with each other must be computed. Generally, 

manufacturers provide the spatial orientations and translations between these reference 

frames, also known as bore sight angles and lever arms. However, due to temperature 

changes and platform dynamics, these parameters need calibration, which is performed 

after every flight mission. 

Reference Frames 

 

Figure 3-1 Reference frames for ALSM system (adapted from Schenk, 2001) 

Figure 3-1 illustrates laser scanner, GPS and IMU reference frames. For most of 

the geodesy work, the right hand reference system is standard. Usually IMU and laser 

scanner frames are oriented in the same direction. A calibration is performed to obtain 

the misalignment along their axes known as bore sight angles.  
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  (a) 

(b) 

 

Figure 3-2 (a) WGS reference ellipsoid in relation with local-level reference frame 
(ENU), (b) vector relationship among different sensor frames in WGS 
reference system 

General error models for an airborne LiDAR System can be written as: 

 

                                                                                                                                    (3.1) 

 

where  TLLL zyx is the laser point on the ground and  TGPSGPSGPS zyx is the 

location of GPS phase center.  
WGS

NR is the rotation from local (navigation) reference 
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frame to WGS84. NR  is the rotation from body reference frame to local ellipsoidal 

reference frame.   Tzyx   is the offset vectors between laser firing point and the 

phase center of the GPS antenna.  
MR  is the rotation between laser altimeter and the 

body frame or bore sight angles. SR  is the laser scan angle or the rotation between the 

laser beam and the altimeter. ρ is the laser range and δρ is the range bias.  Tzyx   

are the random errors introduced from various sources into the measurements. 

 

 

 

(3.2) 

After introducing constant errors such as GPS offset  Tgpsgpsgps xxx  , INS 

offset NR , misalignment error
MR , scan angle error SR , range bias  and time 

dependent errors such as GPS drift  Tgpsgpsgps xxx    and INS drift equation (3.1) 

takes the form shown in equation (3.2). 

The above equation can be viewed as the function of observations such as laser 

range, scan angles, GPS position and INS orientation, and unknowns like GPS and INS 

offsets and drifts, range bias, scan angle error and misalignment angles. 

i.e.  TLLL zyx =  =  

The magnitude of some of the errors can be reduced by taking care of different 

aspects while flying and collecting the geospatial data. For example, the range error due 

to divergence of the beam is affected by the geometry of the target. Height 

discontinuities such as the walls of houses, or cliffs and steep slopes exaggerate the 

 














































































































































z

y

x

RRRR

z

y

x

RtRRRt

z

y

x

z

y

x

z

y

x

z

y

x

SSMMNNN

W

N

gps

gps

gps

gps

gps

gps

gps

gps

gps

L

L

L

























0

0

.. 









 

37 
 

divergence error. This problem can be minimized to a certain extent by flying low and 

using a small laser spot. 

Atmospheric effects can influence the accuracy of the laser rangefinder and 

become significantly more critical at higher altitudes. These atmospheric effects are 

wavelength-dependent so they can vary in magnitude depending on the particular 

wavelength used in the system. The correction for velocity change of light in the 

atmosphere is given as a spherical range correction. Similarly, GPS and INS exhibit 

some amount of systematic errors in the form of constant offsets and time varying drifts 

as mentioned in equation (3.2). 

Methodology 

The discrepancies in the raw LiDAR data can be adjusted by two methods. One 

is to geo-reference the data using ground control (absolute quality control) and the other 

is to adjust the data in order to match the overlapping regions of adjacent swaths 

(relative quality control). 

The concept of least square adjustment to find the camera calibration parameters 

(Skaloud, 2006) can be extended to LiDAR or laser scanning systems. However, 

recovery of the LiDAR calibration parameters is much more complex due to limited 

information. As explained earlier, the two major problems are the non-redundant 

determination of laser points and the unknown correspondence between laser points 

and the spot they illuminate on the ground. However, in adjacent laser swaths we have 

redundant features rather than redundant points. Therefore, instead of using tie-points, 

tie features can be used. A gable roof is one example. The roof planes can act as 

conjugate planar features and the break line between the two (where the planes meet) 

can be used as a linear feature (Figure 3-3). 
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Figure 3-3 Tie features 

The procedure of relative quality control can be summarized in the following steps. 

Formulation of Error Estimation Model 

The first step towards relative quality control is to find the suitable constraint 

features such as points, lines or planes. So far, planar surfaces have proved to be the 

best features for the adjustment of the raw LiDAR data. However, all the errors in the 

data cannot be adjusted using these features, and using a combination of different 

types of features, including horizontal flat surfaces (playgrounds, flat roofs, parking lots 

etc.), sloped planes (pitched roof houses) and linear objects (break lines) generally 

provides the best results. 

The LiDAR error estimation and adjustment process is based on two underlying 

models: Functional and Stochastic. The functional model describes the mathematical 

relationship between the LiDAR observations and the unknown parameters, while the 

stochastic model describes the statistical characteristics of the LiDAR observations. 

Therefore, the stochastic model depends on the choice of the functional model (Fillin, 

2003). In case of planar features, laser points from the adjacent swaths are constrained 

to lie on a plane. Therefore, we can write a functional model for the laser points as, 
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                                                       (3.3) 

Let be the point we wish to lie in the plane or the coordinates of the center of 

the plane, and let   be a nonzero normal vector to the plane. Parameters a, b and c are 

the direction cosines of the normal vector. The desired plane is the set of all points  or 

 TLLL zyx such that it satisfies equation (3.3).  

The dot product of the normal vector and the distance between any two points on 

the plane is always zero.  If available, the parameters of the control surfaces (break-

lines and planes, in this case) should be added in equation (3.3) for absolute 

adjustment. However, in order to adjust the data sets relatively, another constraint 

equation is introduced i.e. the sum of the squares of the direction cosines should be 

unity. The equation can be written as: 

                                                 (3.4) 

Equation (3.3) can be viewed as a function of observations and unknowns (from 

equation (3.2)) and additional unknown parameters of the planar surfaces i.e. .  

Similarly, equation (3.4) is also a function of the unknown parameters, i.e. h(S). 

Equations (3.3) and (3.4) of the functional model are non-linear. Therefore, they must 

be linearized before adjusting them in least square sense. The linearized forms can be 

written as: 

                 (3.5) 



 

40 
 

            (3.6) 

where,  and  are the misclosures for equations (3.5) and (3.6) and  are the 

corrections.  The geo-referenced laser point is a function of (indirect) observations, 

instrument parameters and corrections. The (indirect) observations are the laser point in 

the sensor frame, the GPS position and the IMU attitudes. Instrument parameters are 

the relative orientation angles between the ALM sensor frame and the IMU frame, and 

the GPS antenna eccentricities. They are the result of (manufacturer) lab calibration and 

aircraft installation procedures, respectively. Corrections are added to account for 

residual systematic errors in the position and orientation data and for uncertainties in 

the instrument parameters. These are unknown and need to be determined.  

The stochastic model describes the statistical properties of the observations i.e. 

the correlation between the LiDAR observations. In addition, many unknown parameters 

may be highly correlated. In that case, it may create a singularity in normal equation 

system. Sometimes pseudo-measurements are introduced instead of complete 

unknown quantities. In our stochastic model, we can assume that some unknown errors 

are uncorrelated and have zero mean. The covariance matrix of the geo-referenced 

laser point can be computed as: 

SSS

T

NNN

W

G

W

L JCJJCJCC                     (3.7) 

where 
W

LC  is the covariance matrix of the laser point in the WGS84 reference frame, 

W

GC  the covariance matrix of GPS position in the WGS84 reference frame, SC  the 
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covariance matrix of the laser point in the sensor frame, NC  the covariance matrix of 

the IMU attitudes, NJ  the Jacobian matrix for the IMU attitudes, and SJ  the Jacobian 

matrix for the laser point in the sensor frame. 

The covariance matrices for the GPS position and the IMU attitudes are obtained 

from prior processing, typically from one form of least-squares. Initially, the correlations 

between the position and the attitudes are neglected. The covariance matrix of the laser 

point with respect to the sensor frame is derived from the respective sensor model. The 

laser point position with respect to sensor frame is a function of the observed scanner 

angle and laser range, calibration parameters from the manufacturer and corrections, to 

account for possible changes in the calibration parameters. The covariance matrix of 

the laser point in the sensor frame is given by:   

T

LLLS JCJC                        (3.8) 

where 









2

2

0

0








LC  and SC  is the covariance matrix of the laser point in the sensor 

frame, LC  the covariance matrix of the ALSM observations, LJ  the Jacobian matrix for 

the ALSM observations, 
 
the standard deviation of the laser range observation, and 

  is the standard deviation of the scan-angle observation.   
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Figure 3-4 Incidence angle of the laser beam and surface normal of the laser footprint  

While adjusting for the surface parameters, i.e. direction cosines of planar or linear 

features, equal weights are usually assigned to all the points obtained from different 

overlapping flight lines. However, if we consider Figure 3-4, this should not be the case. 

The individual points of the dataset, even if gathered with constant navigation and range 

measurement accuracy, must have a large variation in their accuracy. The points inside 

the strip overlap area are likely to have better quality with measurements that are 

almost perpendicular to the terrain than those, where the range measurements are 

affected by high incidence angles. Higher incidence angle means elongated footprint 

and hence, higher uncertainty associated with point location. Keeping this in mind, 

higher weights should be assigned to the points with better viewing geometry than those 

with higher incidence angles while adjusting swaths in least square sense. However, it 

is difficult to come up with a weight assigning technique based on the footprint shape. 

This is because footprint shapes are difficult to estimate. Therefore, in this dissertation, 

the uncertainty due to target geometry has been ignored.    
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Least Square Adjustment of LiDAR Strips 

After the working model is in place, the next step is to obtain the constraint 

features (linear or planar). This is explained in detail in the next chapter.  Extraction of 

tie surfaces in the adjacent swaths is a crucial step towards correction of LiDAR data. 

Finally, systematic errors are recovered using the Gauss-Helmert model for least 

square adjustment. 

After constructing the functional and the stochastic models for the data, the next 

step is to look for conjugate features (roof planes, playgrounds, breaklines, etc.) in the 

overlapping areas of adjacent swaths. The overlap analysis identifies common areas in 

adjacent flight lines that meet specific criteria such as size, flatness and slope while 

ensuring that the overlapping areas contain a comparable number of points.  After all of 

the qualifying overlap areas have been identified, the adjustment values for all the 

observations are computed using a least square adjustment model, which minimizes the 

sum of the weighted squares of the residuals.  The solution can be written in the form of 

a set of normal equations as: 

                ⇒                  (3.9) 

 

This can be written as: 

                       

                     (3.10) 

 and  are the derivatives of equation 3.3 with respect to calibration parameters (  

and surface parameters  . B is the derivative of the same equation with respect to the 
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observations . Similarly, H is the derivative of equation 3.4 with respect to surface 

parameters . P is the weight matrix for the LiDAR observations. Pc is the weight matrix 

for surface parameters. Equation 3.8 is solved iteratively in weighted least square sense 

to estimate the systematic component of LiDAR dataset. The final step involves the 

assessment of the final accuracy once the corrections have been applied to the data. 

The residuals of the planes can verify the improvement. In order to have a more 

tangible idea of the improved accuracy; the adjusted data set should be compared to 

the ground truth. 

Sampling and Classification 

In this dissertation, the classification of the LiDAR data has been used for two 

different purposes.  One is to assess the relative accuracy at different sample areas and 

the other is to use the sampled data (planar surfaces and the breaklines) for systematic 

error adjustment. The accuracy of the LiDAR data varies widely over a terrain 

depending on various factors. These factors include scan angle, slope of terrain, 

surface roughness and reflective characteristics of target, flying height, locally 

systematic and random errors etc. As mentioned earlier, scan angle and the slope of 

the target in the terrain determine the shape or the spread of the laser footprint and are 

major factors to be considered when assessing the accuracy of the data. Other 

important factor is the surface roughness. Surfaces with large roughness values are 

likely to have lesser accuracy compared to less rough surfaces. Since manmade 

features are generally smoother (with well defined geometry) than the natural objects, 

surface roughness can be used to classify the LiDAR data. The details of the 

classification process are explained in the subsequent narrations. 



 

45 
 

The full sample set is partitioned into separate sample sub-sets for each 

class, . A generic sample set will simply be denoted by D. Samples in 

each sub-set Dj are assumed to be independent and identically distributed (i.i.d.) 

according to some true probability law p(x|wi). Therefore, the posterior probability 

according to Bayesian Rule is given as: 

 (3.11) 

 

The decision rule for Bayesian classifier for 2-class case would be: 

choose     w1 : if P ( x |w1) P(w1) > P(x|w2) P(w2) 

choose   w2 : otherwise 

and       P(Error|x) = min [P(w1|x) , P(w2|x)] 

To design an optimal classifier we need priors P(wi) and likelihood density distribution 

p(x|wi), but usually we do not know them. The solution is to use training data to estimate 

the unknown probabilities. 

PDF Estimation with Parzen Window 

For distribution computation, a Parzen Windowing scheme was used. According 

to this, after defining a grid of some resolution, we can compute the distribution value of 

each d-dimensional feature point (x) of the grid function. 
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                                 (3.12) 

The size of the parzen window was computed by using the following 

equation: nhhn /1 , where n is the amount of training points for each class and h1 is 

an initial window size. 
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where n is the number of d-dimensional feature points, d

nn hV   is the volume of the 

parzen window, xi is each one of the training points of some specific class and φ is the 

Gaussian. 

                 

Figure 3-5 PDFs of mean of first stop elevation and surface roughness of non-ground 
points 

      

Figure 3-6 Study area for accuracy assessment: classified LiDAR points based on 
surface roughness (brown: higher values of roughness like forest; green: 
lower values of roughness like planar rooftops) 
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Figure 3-5 shows the density distribution of first stop elevation and the surface 

roughness for trees and buildings. The surface roughness is defined as the standard 

deviation of the heights of LiDAR points compared to the neighboring points. The 

ground has been excluded from the study area. Figure 3-6 shows the classified area for 

rough surfaces such as trees and planar surface such as building rooftops. 

Sample Collection 

In order to assess separately, the classified points are further extracted from the 

scene. The objective of this classification is to obtain as homogeneous a set of samples 

as possible. The accuracy depends on the topography of ground. In order to get a more 

comprehensive idea, the data were classified according to the topography.   The study 

area (Hogtown) was for its diverse topography i. e. with a lot of vegetation and 

manmade features such as buildings and roads. As mentioned in Chapter- 2, a 

statistical analysis was performed on the samples to estimate the relative accuracy. The 

results were tabulated in Chapter-2 (Table 2-1). 

 

(a)         (b) 
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 (c)    (d) 

Figure 3-7 Extracted planar features: (a) extracted buildings (b) gable roof (c) cross-
section of gable roof (d) complex gable roof (colors indicate different flight 
lines) 

 

 

 (a) 

 

 

 

 

 

(b) 

Figure 3-8 Extracted features: (a) a road classified based on elevation (b) small road 
patch shown in two overlapping flight lines. 
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Efficient Segmentation of the LiDAR Data 

For error adjustment purpose, a MATLAB routine was written to classify the 

planar surfaces in the LiDAR data. It is based on the approach explained earlier in this 

chapter. The raw LiDAR points have been classified based on surface roughness 

parameters i.e. the standard deviation of elevation and the rate change of surface 

normals. The planar surfaces are less rough than the trees or shrubs etc. Similarly, the 

surface normal would not change rapidly over the planar surfaces compared to rough 

surfaces. The points have been classified based on Bay‟s rule of maximum likelihood. 

Figure 3-8 illustrate the results. 

 

Extraction of the Building Points 

Because the performance of the calibration algorithm depends largely on the accuracy 

of classification, only non-occluded planar and linear surfaces have been pulled from 

the extracted data. A region growing clustering algorithm is implemented to isolate each 

of the detected planar surfaces, including roads. Further, the best planar surfaces have 

been chosen manually for input to the adjustment model for data calibration. This step is 

not automated and more work is needed in the future to make this algorithm fully 

automated. Figure 3.9 illustrates a few of the extracted building planes. 
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Figure 3-9 Extracted building with planar surfaces 

Boundary Extraction and Tracing 

Because boundaries or break-lines are important features in matching the 

overlapping strips in the estimation process, it is important to extract these boundaries 

with precision. Figure 3.10 highlights the best orientation of the linear features against 

the scanning pattern. The laser shots that hit the boundaries of the man-made 

structures are desirable as boundary points (Caceres, 2008).  

Once the roof planes of the buildings have been extracted, the next step is to find 

the points lying on the edges or outline of the building. This is known as boundary 

tracing (Sampath and Shan, 2007). In computer vision, the convex hull is a well 

established method to extract the shapes or boundaries. The same method is employed 

in this dissertation but with a little modification as explained by Sampath and Shan 
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(2007). Convex hull works by finding the neighboring point or pixel that make smallest 

angle with the reference direction (Figure 3-11). This is a great technique for the shapes 

that have convex boundaries 

 

Figure 3-10 Extracted building with planar surfaces 

 

            

Figure 3-11 Modified convex hull (Sampath and Shan, 2007) 
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Figure 3-12 Traced boundaries of a building roof 

However, in the real world, the shape of the buildings can be both convex and 

non-convex (Figure 3-12). To accommodate for the non-convex shapes, a slight 

modification is made in the regular convex hull algorithm. While searching for immediate 

neighbors, a search radius is specified. In case of LiDAR points, the spacing of the 

points along the scan lines is smaller than across the scan lines. Therefore, instead of a 

search radius, a search rectangle of size 30cm x 90cm is used. This modification 

captured the outlines of the building very well. 

 Regularization and Least Square Adjustment 

This technique is similar to what Sampath and Shan (2007) has explained. Factors 

to be considered while implementing least square regularization include: 

 The longer sides of the buildings mostly define the shape of the building. Therefore, 
more weight is given to the longer edges of the buildings. 

 The edges or sides of the buildings that have better incidence angle of the laser 
beam would have better accuracy. Hence, the incidence angles are computed for 
the border points and higher weight is given to the side with better geometry with the 
laser beam. 

 Since the spacing of the points along the scan line is much less than across the line, 
the edges that are either parallel or perpendicular to the scan lines will have better 
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accuracy than the edges at certain angles with the scan line. This factor has been 
considered while giving weights to the points as well. 

 Evaluation and Results 

Hogtown, a residential area near the University of Florida campus, was chosen to 

evaluate the proposed algorithm. A small planar ground was chosen as one of the 

calibration areas. The second calibration area was chosen over a group of buildings 

with gable rooftops oriented in different directions. As explained earlier, planar patches 

of slopes in different directions are useful in retrieving the systematic offsets in Roll and 

Pitch. The data were collected with ALTM Gemini LiDAR system at 100 kHz PRF and 

approximately 700 m of height above ground. The maximum scan angle was ± 20◦ and 

the trajectory positions were captured at 10Hz with the dual frequency Trimble/Ashtech 

GPS receiver. The orientation measurements of the trajectory were achieved at a rate 

of 200Hz using LN200 tactical grade IMU. The developed method for LiDAR calibration 

was implemented in a MATLAB environment and simulated data was used to test the 

adjustment model and to assess its performance. The aircraft trajectory was processed 

using POSPAC, a GPS and IMU data processing software that implements a Kalman 

Filter to optimally combine the measurements from GPS and IMU sensors. The range 

measurements from the laser sensor were converted into ground positions in UTM 

coordinate system using aircraft trajectory (sbet) in Optech LiDAR data processing 

software, DASHMAP. The GPS conditions were almost optimal for the data set, with 

favorable satellite geometry and close separation from the reference receiver. The flight 

lines were short. Rapid changes in direction (sharp turns in between the flight lines) and 

the increased horizontal accelerations make the individual systematic errors within the 

inertial system well observable by GPS position and velocity updates, while operating 
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flight lines of short duration limits their accumulation. These facts, together with the low 

flying height, contributed to the good determination of the GPS/INS trajectory (RMS of 

X, Y and Z coordinates was within ± 7 cm and 1σ orientation was less than 0.005 °).  

For the purpose of calibration, a small planar patch (approximately 15 m long and 

10 m wide) from a road (Figure 3-14) and six roof planes with different slope 

orientations were selected from the classified data set. Due to the high volume of point 

cloud, only three flight lines were used to calibrate the data set. In addition, the data set 

was evaluated for systematic orientation error, i.e. roll, pitch and heading. Given the 

cross- correlation among other error parameters, their simultaneous estimation is 

difficult. The initial values of orientation offsets were assigned as zero. The algorithm 

converged in seven iterations for these initial values. Table 3-1 depicts the systematic 

error estimates for the given data set. The standard deviation associated with each 

estimated parameters, points towards the reliability of the estimation process.  

Table 3-1 Systematic error estimates for Hogtown dataset 

Estimated Error 
Parameters 

Estimated Parameter 
Values (in degree) 

Standard Deviation 
(±σ, in degree) 

Roll Error 0.128 0.0009 

Pitch Error -0.0503 0.0026 

Heading Error 0.0013 0.0016 

 

After the calibration, the method has successfully reduced residual errors in the 

data set. The relative accuracy of the adjusted data is tabulated in Table 2-1 in Chapter-

2. The proposed model can be extended in a straightforward manner to include other 

systematic errors either in LiDAR system or in navigation data; however, such 

expansion may result in strong correlation among some parameters. The conditions for 

the calibration flight should be chosen as favorably as possible for the GPS/INS 
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integration and other systematic influences in LiDAR observations should be estimated 

by independent means whenever possible. 

Another data set from the UF Campus was tested and compared with the planar 

surface-only adjustment model. At first, the calibration parameters were estimated using 

LiDAR points from only flat surfaces (abundant in the data). Later, building boundaries 

or breaklines were also introduced along with the flat surface points in the estimation 

process. A comparison of the correlation matrices obtained from calibration with flat 

planar patches (left) and with bounded surfaces (right) are shown in Table 3.2 

 

Figure 3-13 LiDAR data classified based on elevations (University of Florida campus) 

The specifications of the LiDAR data used in the experiment are as follows: 

PRF=125 KHz, scan frequency= 45 Hz, Max scan angle = ±20 deg, beam = Narrow 

beam (0.18mrad divergence), the number of flight lines used for calibration was four. 

The calibration parameters obtained in both the cases were: 

 Case (1), only flat surface elements, oriented in horizontal direction:  roll error= 
0.008, pitch error= -0.017, yaw or heading error = - 0.0010, range offset = 0.010, 
scanner scale = 1.00002. 

 Case (2), flat surface elements with linear features and breaklines:  roll error= 
0.0096, pitch error= - 0.0143, heading error =0.006, range offset =0.042, scanner 
scale = 1.00072.  
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Figure 3-14 Extracted boundaries (University of Florida campus) 

 
Table 3-2 Comparison of correlation analyses of flat-planar features only and bounded 

surfaces 

 

The comparison of the two correlation matrices shows that the correlation among 

the estimated parameters is very high when only flat surface points are used in the 

parameter estimation. The attitude errors such as roll, pitch and heading are difficult to 

de-correlate when there is no slope change present in the sample points. Planar 

surfaces oriented in various directions so well in estimating these parameters. However, 

in my scenes, such well oriented planar surfaces are not present. In those cases, the 

breaklines or the boundaries of the manmade features can be utilized to achieve similar 
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results. The breaklines define the horizontal discontinuity and hence are very useful in 

matching the overlapping strips accurately. By minimizing the horizontal discrepancies, 

the attitude errors can be estimated with great reliability as apparent from the cross-

correlation matrix in Table 3-2. From the above results, it can be summarized that a 

systematic error adjustment method based on feature matching, especially bounded 

surfaces, is more efficient in estimating the systematic biases in the data than the 

planar-surfaces-only method. Inclusion of boundaries along with planar surfaces render 

a more stable solution than the other proposed methods using only planar surfaces (by 

Skaloud and Lichti, 2006, Friess, 2006). The major drawback of the breakline based 

method is that the algorithm is sensitive to noise. If the feature boundaries are occluded 

(buildings under trees), the estimates will not be as reliable or stable. In such cases, 

these breaklines should either be avoided completely or a better breakline extraction 

algorithm should be used as proposed by Caceres (2008) using spin images. 
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CHAPTER 4 
DATA SAMPLING AND FEATURE EXTRACTION FOR SURFACE MATCHING 

As illustrated in Figure 1-2 in Chapter 1, heading and pitch errors distort the 

reconstructed surface as non-linear warp and the magnitude of discrepancies in position 

are greater than in elevation compared to roll error and range bias. These distortions 

are usually along and across the flight direction. Instantaneous flight direction or local 

frame of reference for the system at a given moment could be different from the main 

flight or strip direction. As a result, each overlapping (reconstructed) surface is distorted 

differently. These significantly non-linear distortions pose a problem in achieving good 

results with surface matching that rely on a rigid body transformation of one surface to 

another. To reliably estimate the systematic errors, the surface matching needs a 

comprehensive mathematical model similar to Schenk (2003), Fillin (2003), Skaloud and 

Lichti (2006) and Friess (2006). Certain features that restrict the rigid body motion or six 

degrees of freedom, i.e. translation and rotation along X, Y and Z axes (as shown in 

Figure 4-1(a)) or along and across the overlapping strips are important for surface 

matching. These features can be viewed as a locking system between the two 

overlapping surfaces that rigidly fits one surface to the other and restricts them from 

moving relative to one another in any possible direction.  

The iterative closest point (ICP) method has been extensively researched as one 

of the surface matching methods for overlapping point cloud data in computer vision 

where the size of the point cloud is much smaller and point density is more uniform than 

in airborne LiDAR point clouds. Sampling is one approach to handling large amounts of 

data efficiently in implementing ICP as a surface matching method. Gelfand et al. (2003) 

and Ruckenwicz and Levoy (2001) have demonstrated that a good sampling strategy 
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can help achieve the best fit between two overlapping surfaces, as well as avoid local 

minima during convergence. Gelfand et al. (2003) explained that certain features, when 

chosen as samples create steep error landscape. Since ICP relies on minimizing error 

in least square sense, this helps the algorithm converge faster and, in most cases, to 

the global minima. The researchers proposed a strategy to identify points that stabilize 

the surface matching algorithm using the covariance matrix of uniformly sampled data 

points. Ruckenwicz and Levoy (2001) proposed a normal space sampling method 

based on selecting points with variable surface normals along the entire surface.  

In this chapter, we propose using curvature change as the sampling criterion, by 

selecting the points that fall at ridges and valleys on the surface. It can also be 

perceived as a high frequency filter. However, a smoothing function has also been used 

to suppress the noisy points that may adversely affect the surface matching process. 

Uniform and random sampling methods are the two commonly used sampling methods 

for LiDAR data. We have compared the curvature-based sampling with these two 

methods for different terrains. The analysis has shown that for LiDAR data with 

relatively small systematic errors, especially scanner scale and range error, the surface 

warping of the regenerated LiDAR surface can be ignored and a simple surface 

matching based on conformal or affine transformation among the overlapping surfaces 

can be used to adjust these errors. For the purpose of this chapter, we have analyzed 

the performance of all three sampling methods used in a simple conformal 

transformation based on surface matching.   
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                                     (a)           (b)     

Figure 4-1 (a) Six degrees of freedom in matching overlapping strips; (b) two-ring 
neighborhood 

Feature Selection 

LiDAR point cloud data usually contain noise introduced from system and data 

collection processes. In surface matching, two overlapping flight strips of the same 

surface may not match properly due to the inconsistencies created by the noise in the 

data. Since the magnitude and pattern of the noise is dependent on the type of 

instrument and operating conditions, it is difficult to develop a unique feature-based 

method to match the conjugate surfaces. However, the underlying major surface 

features of the topography obviously are the same in the overlapping areas of adjacent 

strips. Our approach is to extract those features that can be used to reduce the 

translation and rotation instability between these overlapping strips. 

It is well known that the point density is not the same across the strip with LiDAR 

data scanners; a saw-tooth scanner in this case. In the direction of flight, the points are 

spaced uniformly near the center of the data strips than at the edges. Delaunay 

triangulation or polygon meshes are chosen to represent the irregularity of the point 

cloud data (Ghatzke and Grimm, 2006). Polygon mesh noise is another problem that 

destabilizes the ICP algorithm. To minimize the noise, a filter similar to the median filter 

in image processing is implemented to filter out the noisy points in the data. 

x 

z 

y 
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Polynomial Fitting and Curvature Estimation 

In a given terrain, the scale of the features and their respective curvature values 

vary widely. A terrain that may look smooth on a larger scale might indeed be full of 

subtle local features. The inclusion of features with different curvature directions 

ascertains the stability of the matching solution. Triangulated meshes are created for all 

the strips involved in the matching using Delaunay triangulation. As shown in Figure 4-

1(b), for each vertex point Vi of the mesh, immediate neighboring points Nj
1, known as 

first-ring neighbors are identified. From first-ring neighbors their immediate neighbors 

Nk
1 are searched for. These are known as second-ring neighbors to the vertex in 

question Using these second-ring points Nj
1 and Nk

2 around the vertex a polynomial 

surface is fitted. A second order parametric polynomial or quadratic surface is fitted to 

these local points. The noisy points are rejected based on their elevation compared to 

the median of the elevations from all the first-ring neighbors. Inclusion of second-ring 

neighbors will result in more smoothing. Before the computations begin for estimating 

the coefficients of the fit, the data associated with the selected patch need to be 

parameterized. It means that the global coordinates are represented in a local reference 

frame associated with each patch. The coordinates of global reference system can be 

represented in parameterized form as, 

 
 ),(),,(),,(),,( vuzvuyvuxPzyxP 

        (4.1) 

where 
uvux ),(

 and 
vvuy ),(

. 

The coordinates x, y and z are functions of local parameters u and v. In other 

words, z is also a function of x(u ,v) and y(u, v). Once the local reference system is in 
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place with one normal and two tangent directions at the vertex, it is possible to  write a 

general equation for second degree polynomial fit or bi-quadratic surface fit as follows, 

zcycxcxycycxc  )( 6543

2

2

2

1         

or   
zyxf  ),(

               (4.2) 

The coordinates x and y are measured along tangent directions and z is measured 

along the normal direction. Term ε is the error term. A minimum of five neighboring 

points are required for the least squares solution. The cost function for the least squares 

fit is: 
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The least squares solution of equation (4.1) involves finding the six coefficients of 

the polynomial, including constant h, by minimizing the cost function, i.e. the cumulative 

squared error in the data set. After computing the coefficients of the polynomial surface, 

the Gaussian and Mean curvatures are computed as: 
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As explained above, the curvatures are computed from the derivatives of the 

parametric surface elements. This can also be viewed as fitting a piecewise polynomial 

to the irregular 3D surface and computing the curvature at each of those pieces. Then 

the surface is classified based on the value and the sign of the curvature. Every point is 
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classified into three main categories, namely valley or pit, ridge or peak, and flat 

surface. This procedure is repeated for all the points in the strip.  

Once a point is classified, a voting procedure similar to Hough transform is 

followed. Each classified vertex Vi casts votes for all its first neighbors Nj
1 weighted by 

its distance from those neighbors. Each point can take three votes as valley, ridge, or 

flat. Finally when all the points are voted, they can be chosen based on the highest 

votes received in ridge or valley or flat category. This procedure eliminates the isolated 

outliers or noisy points and ensures that the samples belong to a significant feature and 

not a superficial one. The points with maximum votes in any of the categories are 

classified as that type of surface. The number of points sampled in a particular category 

can be controlled depending on the number of votes required by a point to be included 

in that category.  

Figures 4-2 and 4-3 illustrate the results of the sampling method based on 

curvature change.  The number of points belonging to ridges or peaks can be down-

sampled by increasing the number of votes required to qualify for the category. It should 

be noted that the sampling process is based on the sign of the curvature and not the 

magnitude of the curvature. This saves some computation as well as helps in choosing 

the points that have small curvature changes on seemingly flat surfaces.  

Surface Matching 

Surface matching is an important part of the data registration/geo-referencing and 

change detection. Generally, the common features from two or more datasets are 

detected, extracted and matched in a least squares sense to compute the best match 

between the two datasets. ICP is another method to efficiently match the two datasets 

based on their surface characteristics (Besl, 1992). This method doesn‟t require 
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detection and extraction of specific features. As the name suggests, the closest points 

from two or more data sets are matched by minimizing the Euclidean distance between 

those points. For the purpose of this Chapter, we chose the Chen and Medioni (1991) 

point-to-plane method instead of point-to-point ICP. This method works by minimizing 

the distance between a point from one surface to the plane on the adjacent surface and 

is faster compared to point-to-point ICP. Out of two overlapping surfaces, one is used to 

collect the samples and the other is used as a triangular mesh surface, where each 

triangle is considered as a planar patch. We use the sampled points from one surface 

and compute their distance from conjugate triangular patches in the adjacent surface. 

The squared sum of all these distances is minimized with respect to the transformation 

parameters, in least squares sense. Chen and Medioni‟s study (1991) can be referred to 

for details.  

Results 

The curvature based sampling was tested on a synthetic fractal surface. The 

resulting classification is shown in Figure 4-2. The points in red belong to the ridges or 

peaks and the points in blue belong to the valleys or pits. Features such as ridges and 

valleys are similar to break lines and can make the surface matching process more 

accurate by matching these positional variations in overlapping surfaces. There are two 

other types of sampling methods commonly used for LiDAR data sampling; random 

sampling and uniform sampling. Our purpose is to check the performance of curvature 

based sampling against random and uniform sampling for different types of terrains. For 

this purpose we have selected three types of terrains generated from LiDAR data. First 

type is a moderately varying surface created by very large sand dunes (Figure 4-3(a)).  
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Figure 4-2 Performance of sampling algorithm on synthetic LiDAR data (fractal); valley 
points (blue) and ridge points (red). 

Another type of surface we selected is a relatively flat area at the bottom of a 

crater generated by the impact of a meteor on earth‟s surface. This terrain has very few 

small features such as a road and a few high-elevation surfaces but is smaller in size. 

The last type is a hilly terrain created by lava flow. It has highly varied topography 

(Figure 4-3(c)). The idea is to find a suitable sampling method for each of the three 

types of surfaces. The results of curvature based sampling method are shown against 

the terrain images in Figure 4-3. 

The adjacent overlapping strips were matched for each surface type for each of 

the sampling methods. The resulting root mean square error of the surface fit is 

tabulated in Table 4-1. In addition, the number of iterations for achieving the best fit for 

each surface is graphically shown for each sampling method. This type of analysis is 

useful in picking a suitable method of sampling for a given surface type.   
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  (a) 

 

   (b) 
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       (c) 

Figure 4-3 Results of curvature based sampling on various terrain types: (a) sand 
dunes, (b) flat terrain with few features and (c) mountainous terrain 

 

Table 4-1 RMSE (in meters) for different terrain types with three different sampling 
methods 

 

Sampling Method Hilly Terrain  Sand Dunes Flat Terrain 

Random Sampling 1.46 0.64 0.83 

Uniform Sampling 1.77 0.54 1.02 

Curvature Based Sampling 0.78 0.51 0.37 
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  (a) 

      (b) 

  (c) 

Figure 4-4 Convergence analysis for three different surface types 
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Conclusion 

In this chapter, we explained that as the magnitude of the systematic errors 

increase (due to various factors) in LiDAR observations, the non-linearity of relative 

error difference in the conjugate features from overlapping surfaces increases. This 

means that if the systematic errors in the LiDAR observationsare small, a simple 

surface matching technique using conformal or affine transformation may be sufficient 

to recover errors in attitude and position. If the magnitude is greater, a more detailed 

method based on a comprehensive mathematical model is needed. In addition, it has 

been observed that the effect of the systematic errors is greater in position than in 

elevation. A sampling technique is useful for surface matching in all these cases. It 

reduces the computation cost and data size, helps in reaching the optimal solution and 

aids the automation of the surface matching algorithm.  

From the analysis above, it can be concluded that the choice of a sampling 

method depends on the type of terrain and the accuracy desired at the expense of 

computer memory and computational time. For terrains with low frequency curvature 

variations and large features such as the surface with large sand dunes, any of the 

three sampling methods give similar results in terms of accuracy. Random or uniform 

sampling should be the choice for such terrains, given the fact that these two methods 

are simple and computationally less expensive than the curvature-based sampling 

method. However, in complex terrains such as hilly surfaces, random and uniform 

sampling methods can easily miss crucial features necessary for a better fit during 

surface matching. And in flat landscapes with minimal features, a curvature-based 

method is more useful to extract those important features. Therefore, the choice of a 

sampling method should be based on the type of terrain.  
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In addition, there are a few drawbacks of using ICP for surface matching as it is 

sensitive to data noise. In this chapter, the noise in the elevation is tackled by using a 

median filter. however, positional noise stills remains in the points. The sloping surface 

where the incidence angle of the laser beam is larger, positional noise in the data is 

imminent. Very high positional noise makes ICP unstable and convergence to a global 

minimum is difficult to achieve. In such cases, a curvature-based algorithm is not 

sufficient to achieve the best surface fit and a more detailed analysis of the data is 

needed. 
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CHAPTER 5 
CALIBRATION OF LIDAR DATA USING CURVATURE-BASED SURFACE MATCHING 

To ensure a certain level of accuracy, QA/QC is an essential part of LiDAR post 

processing. This is achieved either by comparing collected data with ground truth, 

known as absolute adjustment, or by minimizing the positional and elevation 

discrepancies between the overlapping areas of data strips, known as relative 

adjustment. As explained in Chapter 1, due to the discrete nature of laser scanning and 

its monochromatic intensity, it is difficult to identify the exact location of a target in the 

data (Huising and Pereira, 1998). This makes it necessary to formulate a strip matching 

method that relies on surface matching (Pfeifer et al., 2005). A comparison in position 

and elevation can be established if the same target with clear break lines or smooth 

surface is scanned by a LiDAR instrument from two different positions. Therefore, 

estimating systematic discrepancies through overlapping strip matching is currently a 

popular choice in the research community. However, large volumes of LiDAR data could 

be a problem when it comes to implementing a surface or strip matching algorithm. 

Sampling is very useful when it comes to registering large data sets, especially airborne 

LiDAR. The projects are usually comprised of a few miles of long strips and some 

gigabytes of data are collected including GPS and INS measurements. To process and 

use full datasets for adjusting the systematic discrepancies is a huge challenge. The 

alternative is to use only certain areas for calibration, such as cross strips.  

The biggest disadvantage with determining calibration parameters from cross 

strips is that not all the errors are recoverable from such small areas of an entire project, 

and remaining unadjusted errors show up in other sections of the strips. As explained in 

Chapter 4, another way is to randomly sample the entire data and take a certain 
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percentage of the samples for point-to-surface matching and estimating calibration 

parameters. This way we include points throughout the entire data set and it is more 

likely that the retrieved parameters will better adjust the errors over the entire survey 

area. The major drawback with random and uniform sampling approach is that valuable 

information is missed in terms of high frequency geometric features available in the 

data. The prudent approach would be to detect such features and use them to estimate 

the discrepancies between overlapping strips. The effect of LiDAR system errors is non- 

linear. This means that the effect is more pronounced in certain places in a strip than in 

others. If such areas can be identified, their features will render more robust and optimal 

estimates of such systematic errors.  In addition, these geometrical features can be 

used to evaluate the overall „relative‟ or „absolute‟ (if control information available) 

accuracy of the LiDAR data.  

Accuracy is generally measured in terms of root mean square of the discrepancies 

between overlapping strips. ASPRS has developed guidelines for estimating the LiDAR 

accuracy. A good sampling strategy must have well-distributed samples along and 

across the flight direction that restrain rigid body movements in all major directions and 

reduce the correlation among estimation parameters. 

The reason that a constant roll correction doesn‟t work everywhere along the strip 

is because the calibration parameters like roll are retrieved as a transformation between 

overlapping strips, without involving a proper mathematical or functional model. Since 

errors induced by various systematic discrepancies at different levels of the system are 

not linear in nature, a simple conformal transformation doesn‟t fix problems everywhere 

along the strip. In addition, not all the calibration parameters are retrieved during the 
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post-processing of LiDAR data. Since there is always some correlation among different 

parameters, applying one correction and missing others doesn‟t lead to proper 

adjustment of the overlapping strips. The remaining effects of such errors are more 

pronounced in high relief terrains. Since the method is based on minimizing 3D 

Euclidean distances between the overlapping strips, it is necessary to pick sample 

points from the places where these discrepancies are maximum. Error analysis of the 

overlapping strips flown in opposite directions helps with the same.  For this study, it is 

assumed that the strips are flown in opposite directions. The model can be extended to 

include cross strips and the strips flown in the same direction, such as the race track 

flying pattern. This method requires the calculation of the overlap extent between strips 

and looks for points that have the possibility of maximum spatial discrepancy.  

Once those areas are detected, points are picked based on their geometry to 

firmly lock the strips in place. This also means that the sampling method creates a steep 

error landscape and helps the algorithm avoid converging on local minima. The other 

thing that helps to avoid local minima is point-to-plane ICP, which is alternatively named 

as surface matching (Gruen, Acka, 2005). Introduction of points with at least 3D 

discrepancies between the overlapping strips or cross strips results in a low rank design 

matrix that further results in unreliable estimation of calibration parameters.  Based on 

the analysis done in Chapter 4, we choose curvature change based on the sampling 

method as our underlying surface element classification method for strip adjustment.  
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Figure 5-1 LiDAR data strip illustrating non-uniform point density along the flight 
direction; an example of data collected with high flight dynamics. 
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Figure 5-2 LiDAR data strip with uniform point density along the flight direction implying 
low flight dynamics. 

Proposed Method 

The proposed method is useful for the adjustment of overlapping strips where 

some definitive man-made features are not present and data volume is very high. If the 

ground control information is available inside the project, the proposed method can be 
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used as a reliable absolute registration tool. This method requires LiDAR data and 

trajectory information along with system parameters such as lever arms. The 

overlapping strips are matched to the neighboring strips simultaneously as done in 

simultaneous block adjustment in photogrammetry. The points from one strip are 

matched with the surface of neighboring overlapping strips. This is a modified version of 

Chen and Medioni‟s point- to-plane ICP. This method also has an advantage over the 

point-to-plane algorithm as it has a stochastic model and the measure of reliability of the 

estimated parameters can be computed from the covariance matrix.  

The rigid body transformation parameters in point-to-plane ICP are replaced by 

unknown systematic error corrections. It is assumed that if the correct systematic 

corrections are applied to the data, the strips will completely match in the overlapping 

regions. The algorithm uses hard surface or terrain points to find the matching surface. 

Vegetation or other non-permanent features like vehicles in the scene can introduce 

errors or biases in surface matching. Therefore, a filtering method is employed to 

extract ground points from the data. This method is used for adjusting relatively small 

survey flights such that the navigation systematic errors will not change significantly 

over survey time. 

LiDAR Equation 

Most recently, Triglav-Cekada et al. (2009) have proposed a LiDAR equation that 

accounts for the effect of sensor target geometry along with the other error sources 

explained by Schenk (2001).  For the purpose of this study, we keep our error model 

simple and only consider the significant errors, such as errors due to position and 

attitude (or bore sight angles) of the platform, laser range and scanner scale that affect 

the LiDAR data. In this work, Schenk‟s error model has been taken into account. As 
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mentioned in Chapter 3, a general LiDAR equation can be written as (Skaloud and 

Lichti, 2006): 
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where  Tm

l zyxX  is the ground location of a laser point in the mapping frame „m.‟ 

m

gX and 
m

gX are the location and systematic error in location of the IMU center 

respectively, both in mapping frame „m.‟ 
m

nR is the rotation from local level (navigation) 

frame to mapping frame „m.‟ n

bR and n

bR  are the rotation and rotational offset from body 

reference frame to local reference frame respectively. „ ‟ is the offset vector between 

laser firing point and the IMU center. 
b

sR  is the rotation between laser altimeter and IMU 

body frame. sR and sR are the laser scan angle (or rotation between laser beam and 

laser altimeter) and its systematic offset due to scanner scale.   is the laser range and 

 is the range bias.    are the random errors introduced from various sources into the 

measurements. 

Surface Matching 

As discussed earlier, the analysis of commonly occurring systematic errors in 

LiDAR data reveal that the positional displacements between conjugate features in the 

overlapping strips are greater than elevation discrepancies. Also, the positional 

discrepancies are almost the same and evenly distributed along and across the flight 

strip. The relative error due to bore sight roll angle between the overlapping strips is 

much more visible at the edges than at the center of the overlap (Figure 1-2). A 
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systematic boresight pitch error is not detectable in the relative comparison of 

elevations of conjugate features or points from the overlapping strips. However, 

positional errors are exaggerated along the direction of the flight. Similarly, errors in 

heading are more visible in positional comparisons of conjugate features along the flight 

direction than elevation comparison. In addition, the laser points are irregularly 

distributed at the edges of the flight strips (in case of saw tooth scanning pattern) 

compared to the center of the strip. Therefore, it is advisable to select the features other 

than those containing edge points.   

Filin (2003), Friess (2006), and Skaloud and Lichti (2006) have presented similar 

techniques for estimating the systematic biases in the LiDAR data that use conjugate 

planar surface patches from overlapping surfaces and matches them while minimizing 

the error budget in the data. Generally, fitting a plane to the point cloud ensures error 

compensation in only one direction, i.e. the direction perpendicular to the plane. If the 

planar surfaces are oriented in such a way that the Z-axis of the coordinate system 

coincides with the normal of the plane, the errors in X and Y axes remain 

uncompensated. This is usually true with flat roofs, playgrounds or road surfaces etc. 

For this reason, gable roof structures are more desirable in the scene where the 

systematic errors are needed to be estimated and adjusted. The surfaces that lack such 

features, present a problem for these types of techniques. Another problem is the 

scanner scale error that tends to warp the surfaces. As a result the profile of a leveled 

surface might appear as a smile or frown. Analysis has revealed that the horizontal 

warping is greater in magnitude than the vertical error due to scanner scale. These 

nonlinear discrepancies (if present in significant magnitude) in the data, cannot be 
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compensated by simple planar surface matching or a surface matching technique 

without a comprehensive mathematical model.  

Chen and Medioni have proposed the earliest form of point to plane ICP. For our 

purpose, we modify it and use it as a surface matching tool. We assume a set of „k‟ 

strips of a (ground) surface as g1(X),…, gk(X), where „X‟ represents vector (x, y, z) in 

3 . The surface is defined in a three dimensional (3D) Cartesian coordinate system. 

The „k‟ strips or flight strips can be viewed as located in random local coordinate 

systems and are discrete representation of continuous surface. There are „(k-1)‟ 

overlaps for „k‟ overlapping strips gi (X). An equation can be written for every overlap 

that satisfies a pair wise matching:   

ji       ,k 1,......,ji, 0)X-(Xn  c

jij 
                                  (5.3a) 

ji       ,k 1,......,ji, 0)X-(Xn  c

iji 
                                 (5.3b) 

In the conventional approach, one of the strips is assumed as the model surface 

and the adjacent strip is considered as data. A transformation is computed between the 

two such that it minimizes a goal function, which measures the sum of the squares of 

the Euclidean distances between them. In our approach, we transform both the 

overlapping surfaces i.e. model and data by applying systematic error corrections. The 

ground coordinates of the laser points are expressed as functions of system 

parameters, observations, systematic errors and random noise. The cost function i.e. 

sum of the squares of the point to plane distances is minimized with respect to the 

unknown systematic errors. The points to be matched are chosen from both the 

overlapping strips and almost equal in numbers. 

Equation (5.3) represents a non-linear surface that can be linearized as 
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 where, ][ zjyjxjj nnnn   are the estimates of surface normals, iX  are the sample 

points from strip „i ‟, and c

jX are the centroids of the corresponding (conjugate)  

triangular surface elements from strip „j’ . Since unknown parameters cannot be 

separated from each other, equation (5.4) is non linear and can be expressed as 

g(l+v,x), where  „l’ represent the observations, „v’ are the residuals in the observations 

and „x’ are the unknown systematic errors. Equation (5.4) can be linearized as: 
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For each overlapping strip i and j, we obtain a set of linear equations (eqn. 6) for each 

conjugate point-surface patch pair on strip i and j. A=
0














x

g  is design or jacobian matrix 

and „x‟ are the unknowns or corrections in the initial estimates of m

gX ,
n

bR , sR , and 

 . B=
0














l

g is the derivative of equation (4) with respect to observations m

gX ,
n

bR
,

sR  

and  .  w = ),(0 xvlg   is coefficient matrix of initial estimates, The unknowns „x‟ can 

be estimated through an iterative process by minimizing error „e’ in least square sense.  

If ground control information is available it can be introduced as, 
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where GCX are the ground control points. If equation (5.7) can be represented 

as ),( xvlf  , equation (5.8) will be the linearized form of it. Equation (5.7) is the 

implementation of point-to-point ICP, where 3D Euclidean distances are minimized 

between conjugate point pairs instead of point to plane distances. These control points 

are collected either stationary or on a moving vehicle with GPS onboard over a leveled 

surface such as a road inside the project area. These points help register LiDAR data to 

the global coordinate system and allow verifying the absolute accuracy in terms of 

elevation. In the absence of control information the strips can be relatively adjusted 

among themselves using only equation (5.5). 

The large number of points in the LiDAR data provides high redundancy to solve 

the system of equations (5.6 & 5.9), but this also results in difficulty in finding the correct 

estimators for the transformation. Least squares principle satisfies the criterion that the 

unique set of computed estimators is as close as possible to the observations, 

considering their stochastic characteristics. Least squares solution is therefore well 

suited for eliminating small discrepancies left in LiDAR data strips that have already 

been registered using INS-GPS observations. The Gauss-Helmert least square 

solutions for a system of weighted observations can be given as: 
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where W are the weights of the observations, i.e. the point coordinates (x, y, z) of the 

LiDAR strips. C is the covariance matrix of the observations in the LiDAR equation. 

As explained earlier, weight matrices W1 and W2 are the weights associated with the 

points (x, y, z) of the LiDAR strips. Covariance matrix C can be computed from a priori 

variances of the observations. These variances can usually be found in the trajectory 

data and system information provided by the manufacture of the system. Since there 

are 8 observation (3 for GPS, 3 for IMU, 2 for ALS observations: scan angle and range 

measurement), per LiDAR point, C is 8x8 matrix for one point-surface patch or point-

point (in case of ground control information) pair. For the entire project, C will be a 

square block diagonal matrix of size (8*K), where K is the total number of conjugate 

point-patch pairs. The residual errors „v’ in the observations are assumed to be zero 

mean and uncorrelated among them. If cross-correlation information of the observations 

is available, e.g. from GPS-INS integration model, it can be used here. Similar to the 

Skaloud and Lichti (2006) stochastic model, we have not included the cross correlation 

terms for simplicity.   
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where,

 22222222    hprzyxK ggg
Diagc

, a diagonal matrix of 

inverse of variances for each observation of LiDAR system. 

The performance of the algorithm heavily depends on the geometric 

characteristics of input data as well as the correlation among estimation parameters. 
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Constraint of the surface by features can also be seen as de-correlating most of the 

unknown parameters. If the surface lacks certain features required to constrain its rigid 

body motions, the design matrix A tends to be co-linear. It should be noted that even 

with the best geometrical features, some of the parameters cannot be separated 

independently as they remain highly correlated. The biggest examples are INS angular 

bias and bore sight angles. Also bore sight and INS rolls are correlated with the scan 

angle of the laser scanner. To avoid such situations, only one set of parameters is kept 

as unknowns in the adjustment equation. For example in above setup, we keep INS 

angular biases as unknowns and not the bore sight angles. In addition, only a certain 

percentage of all the points belonging to some features are used as input, instead of 

entire strip(s). The samples should be selected based on their ability to restrict the 

sliding of the overlapping surfaces in all possible directions. These can be referred to as 

geometrically stable samples (Gelfand et al., 2003). This also helps in reducing the 

amount of time it takes to achieve the optimal results through ICP. 

For each sampled point in one strip a conjugate surface patch is searched in the 

adjacent overlapping strip. A given surface is approximated by small surface patches. 

For our purpose, the surfaces are triangulated and each triangle is considered as a 

surface patch. The point from a surface is projected on adjacent triangulated 

overlapping surfaces and the triangle containing the point is considered as its conjugate 

surface patch. As mentioned above, in general cases, one strip is considered as a 

reference strip and all the other strips are matched to this, either simultaneously or as a 

pair. In our algorithm, both the strips are transformed into one object coordinate system 

while minimizing the goal function with respect to systematic errors. All the strips are 
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adjusted simultaneously through an iterative process till certain levels of accuracy are 

achieved. 

Curvature Based Sample Selection 

As discussed earlier, the analysis of commonly occurring systematic errors in 

LiDAR data reveal that the positional displacements between conjugate features in the 

overlapping strips are greater than elevation discrepancies. Also, the positional 

discrepancies are almost the same and evenly distributed along and across the flight 

strip. The relative error due to bore sight roll angle between the overlapping strips is 

much more visible at the edges than at the center of the overlap. A systematic boresight 

pitch error is not detectable in the relative comparison of elevations of conjugate 

features or points from the overlapping strips. However, positional errors are 

exaggerated along the direction of the flight.  

 

 

 

 

 

 

 

 

Figure 5-3 Sampling based on curvature change (a) DEM of a hilly surface; (b) all 
classified ridge points, and (c) down-sampled ridge points (red) 

Similarly, errors in heading are also visible in a positional comparison of 

conjugate features along the flight direction rather than elevation comparison. In 

addition, the laser points are sparse at the edges of the flight strips (in case of saw tooth 

 a) (b) (c) 
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scanning pattern) along a flight direction compared to across the strip. Based on 

Chapter 4 analysis, the LiDAR data samples were chosen based on curvature changes. 

Figure 5-3 illustrates the results of the sampling method for one of the data sets in the 

mountainous region.  The number of points belonging to ridges or peaks can be down-

sampled by making the curvature threshold higher to qualify for a sample point. 

Normal Estimation 

Computation of surface normals is one of the necessary steps in the algorithm. If 

the triangulated mesh is assumed to approximate a height field, which is the graph of z 

= f(x, y), then estimates to the first-order partial derivatives ∂f/∂x and ∂f/∂y are simple to 

obtain from the vertex normals. The height field is implicitly represented by F(X) = F(x, 

y, z) = z − f(x, y) = 0. The gradient vector is normal to the surface, 
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where (n1, n2, n3) are the estimates of the surface normal at (x, y, z). For an implicit 

surface F(x, y, z) = 0, a unit-length normal vector field is, 
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              (5.13) 

where n


 measures the first-order rate of change of F normalized by the length of the 

gradient. For computational purposes, the cross product of any two sides of the 

triangular surface patch can provide the surface normal for that patch. 

Outlier Removal 

Due to the saw-tooth scanning pattern of some LiDAR scanners, the point 

density of laser points varies along the strip more than across the flight line. This results 

in ill-conditioned triangles near the edges. In ill-conditioned triangles, one of the angles 
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is either very small or very large, and because of the near co-linearity of all three 

vertices the estimation of normals is not stable and reliable. If included in the estimation 

process, these samples destabilize the estimated parameters. We have conditioned our 

algorithm to detect these samples by checking the conditioning of the selected surface 

patch in the point-surface patch pair. This eliminates most of the edge points which tend 

to be noisy in general. In addition, the curvature at each vertex or data point is 

estimated by fitting a polynomial surface to the neighboring points. This reduces the 

contribution of the noisy points in the sampling process. 

Computational Aspects of Weighted Least Square Matching 

Optimum estimates of the unknown calibration parameters can be computed by 

minimizing the sum of the squared Euclidean distances between corresponding closest 

points with respect to those parameters. This becomes a non-linear optimization problem 

and an iterative solution is achieved through least square estimation.  Appropriate 

weights are assigned to these closest point pairs based on the corresponding 

observations. As described in equation (5.10) the weights are computed as 

)( 1BPBW T  . This is based on the law of propagation of errors from observations to the 

ground coordinates of the laser points. B is the matrix of derivatives of equation (5.3) 

with respect to the observations and P is the variance-covariance matrix of the 

corresponding observations. The weight assigned to each point pair is decided based on 

the precision of their respective observations. Matrix B is a block matrix and P is usually 

diagonal. Therefore, even with large sizes they can be easily manipulated 

mathematically. 
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Since the rotational offset parameters are generally very small for the LiDAR data 

strips, the sines and cosines of the rotation matrix can be approximated. The rotation 

matrix
n

bR  can be formulated for ω, φ and κ rotations along X, Y and Z axes of the IMU 

body frame respectively, as: 
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where c and s are the cosines and sines. We approximate all the small angles such that  

sin (ω) ≈ ω and cos (ω) ≈ 1. The rotation matrix will be 
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For further simplification, the error in scanner rotation is assumed to be only due 

to scale factor. As explained in equation (5.15), the error in scan angle can be mainly 

attributed to scanner scale (sc) and scan angle offset (  ). However, a very small offset 

between IMU and laser scanner position and orientation makes it difficult to 

independently estimate scan angle offset   and the roll angle offset Δω. Therefore, for 

simplification, we assume that 
s

pR = )( obsscR  i.e. the scan angle systematic error is 

due to scanner scale. 
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Similarly, systematic error in boresight misalignment and attitude offset are highly 

correlated. Since they have a similar effect on the ground coordinates of laser points, 

either one of them is assumed unknown. With the given assumptions, it simplifies our 

problem in estimating attitude offset, scanner scale, and range offset. Since the method 

is designed for small survey area adjustment, we assume that the systematic errors 

remains the same over the entire survey area i.e. they do not change over time and 

therefore, the unknowns INS angular bias, scanner scale error and range offset are 

assumed constant throughout the survey. A work flow diagram explains the sequence of 

the proposed algorithm steps in detail (Figure 5-4). 

 

Figure 5-4 Work flow of the proposed surface matching and systematic error adjustment 
algorithm. 
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Convergence
 

Achieving meaningful convergence of ICP variants is a well-known problem. The 

present study deals with the problem in different ways. Our sampling method picks the 

points around certain features that tend to tie overlapping strips rigidly. This creates a 

dense error landscape around these features and the algorithm converges to global 

minima as opposed to local minima. In addition, airborne LiDAR data are pre-aligned 

using GPS and INS observations and the systematic errors tend to be very small in 

magnitude.  Therefore an initial approximation of „zero‟ for all the parameters  works fine 

for the convergence of the algorithm. Avoiding the outliers, as explained above makes 

algorithm divergence proof. However, the correlations among unknown parameters 

creates a problem for a reliable estimate of the parameters. All correlated parameters 

cannot be introduced as unknowns simultaneously in the estimation process. Only one 

set should be selected as unknown. 

Results and Discussion 

Same as in Chapter-4, this method was tested on three LiDAR data sets (Figure 

5-4) with ground control information available in one of the projects.  The first data set 

contained LiDAR points collected over volcanic surfaces in Hawaii with an Optech 

Gemini system at 100 kHz and at a flying height of approximately 700-800m above local 

ground level. This data set was particularly of interest as it was flown with high flight 

dynamics and thick clouds scattered over the survey area. Large elevation and position 

discrepancies were expected in the data. The set was first processed with commercial 

software that adjusted for some of the systematic errors. However, it still showed 

significant mismatches over the overlapping strip areas. Three overlapping strips were 
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chosen for estimating calibration parameters for each flight. The swath overlap was 

approximately 200m x 500m in size.  

The second data set was collected over gypsum sand dunes in New Mexico at 

70 kHz with maximum scan angle of 30 degrees. This data set was collected from a 

relatively high altitude (approximately 2500 meters above ground) as the sand was 

highly reflective and could saturate the laser sensor. The flight was less dynamic and 

three strips were chosen for the adjustment and calibration parameter estimation.  

The third data set was collected over a meteor crater surface with an Optech 

Gemini system operating at 70 kHz PRF and a flying height of approximately 2000m 

above local ground level with a scan frequency of 40Hz and maximum scan angle of 21 

degree. All three data sets were first processed using initial calibration parameters such 

as bore-sight angles and scanner scales from immediately previous projects. In the 

case of the meteor crater data set, three overlapping strips were chosen for 

simultaneous adjustment and estimation of systematic errors in bore sight angles, 

scanner scale, range bias and relative positional offset. The strip overlap was 

approximately 50-60% in each data set. Meteor crater and Sand Dune data strips were 

flown in the same direction compared to lava surface data strips that were flown in 

opposite directions. As discussed earlier, pitch bias is difficult to resolve in such cases, 

and some of the ground control points were used in the adjustment procedure as 

explained in equation (5.9) and (5.10). Ground control collected at the crater site could 

help eliminate a bias in the elevation due to systematic pitch error. However, the ground 

control information was not used in the adjustment model as explained in equation 5.7. 

A quick analysis revealed that the road used for ground control data collection was fairly 
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wide and flat. Introducing ground truth in the adjustment model and matching with the 

LiDAR data set introduced significant uncertainty in the position of LiDAR points and 

hence the variances of the estimated parameters were very high. To avoid unreliable 

estimates of the parameters, the ground control information was used only to adjust the 

elevation discrepancy in the data.  

     

Figure 5-5 Three different types of terrain: (left) mountainous lava surface; (center) sand 
dunes; and (right) flat surface with few features. 

All the data sets were filtered at first, using commercial software, to remove any 

unwanted points such as vegetation, multipath or noisy points. These points can 

introduce biases in the data and hence the final estimated parameters. As explained in 

the previous chapter, curvature-based classification was performed on all the strips and 

the sample points were selected from both the strips in a given overlap. An example of 

the sampled point from the given data is presented in figure 5-3 (b). The site is almost 

flat with few features (1-4m in elevation) present in the scene. The proposed sampling 

method selects most of the sample points near the features of interest. Over the flat 

area where the curvature doesn‟t change very much, it still picks up a few points 

associated with subtle local changes. It is advantageous to have a few points from the 

flat areas as the point-to-plane algorithm freely moves over flat surfaces and doesn‟t 

take long to converge. By having more points around constraining the features, we 
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ensure a dense error landscape that enables the algorithm to converge to a global 

minimum 

 (a)     (b) 

Figure  5-6 Study area 1: (a) intensity image (b) flight swaths 

After removing the outliers, the final sampled points were approximately 15-20% 

of the total data points in all three data sets. Searching for conjugate surface patches 

was the most time-consuming part of the algorithm.  The data points in each strip were 

also triangulated using Delaunay triangulation. An optimized MATLAB routine „tsearch‟ 

was employed to search for the conjugate surface patches of each sampled point in its 

triangulated neighboring data strip. Simultaneous adjustment enables all the data to 

match strips to match with each other at the same time and does not require a 

reference strip. The initial approximations of the unknown systematic errors were set to 

zero. The results for meteor crater site were obtained after 9 iterations compared to lava 

surface site (12 iterations). The meteor crater site results were compared with ground 

truth elevation. The ground truth data are collected with a GPS antenna installed on the 

rooftop of a vehicle. The antenna height is measured from the base of the wheels. The 

vehicle is driven in the middle of a road inside the survey site. Since ground truth points 

cannot be identified in the LiDAR data with full confidence, a nearest neighbor approach 
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is used to establish the correspondence between the two. With the given configuration, 

the LiDAR data points will have maximum spacing of 0.9m near the nadir and 1.7m near 

the edges. There is a good chance of finding a laser point for every ground control point 

within a 1m radius.  

 

Figure 5-7 Study area 2; (a) DEM of a strip; (b) LiDAR points were selected using 
curvature based  sampling from a small area (red box on DEM); (c) 
overlapping strips with ground control  (line across the strips) 

In comparing the results, the assumption is made that the road is flat and the 

elevation won‟t change significantly within a small distance of one meter. Elevation 

differences were computed by subtracting the ground truth elevations from the nearest 

laser point elevations for each of the three strips.  Figure 5-10 shows the plots of 

histograms before and after the adjustment was applied to the LiDAR points. A careful 

analysis of the histograms of strips before adjustment reveals that the PDF resembles a 

rectangular shape. The spread of the elevation error (compared to ground truth) in each 
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strip is wide and all the values have almost equal frequency. This is only possible when 

a strip is inclined to the straight ground truth line. As the ground truth is collected across 

the strip, which is almost perpendicular to the flight direction, the histogram points 

towards the presence of roll error with or without scanner scale error in the data. In 

addition the histograms are not centered at zero value of the elevation differences. This 

clearly indicates a bias in the elevation of ALS data before adjustment. After the 

adjustment, the PDF is almost bell-shaped, centered at or near zero value, indicating 

presence of mostly Gaussian noise and no roll error.  

Since there was no ground truth available for lava surface site, the results were 

compared with the commercial software results for the same data strips. Figure 5-8 and 

5-9 illustrate the comparison of the results. The strips were gridded into 1m x 1m DEMs 

and the height differences were computed between the overlapping regions of each 

strip with another. Evident from figures 5-8 and 5-9, the proposed algorithm based on 

selective sampling with stable point pairs reduced the average elevation error 

significantly in both the overlaps.  The results show that by using an efficient sampling 

strategy and adjusting the flight swaths independently, it is possible to enhance the 

calibration results and reduce overall errors in the data.   

Table 5-1 Calibration parameters for lava surface data   
 

Cross-Correlation Matrix  Estimated Parameters 

 Δ ω  Δφ  Δκ  ΔSc 
  
Δρ  
 

 
  

 
Parameter 

Value 

 
Std. 

Deviation (σ) 

Δ ω  1.00 -0.0005 0.22  0.001  -0.10  Δω (◦) -0.0019 0.0017 

Δφ  -0.005 1.00  -0.014 -0.002 0.016  Δφ (◦) 0.0007 0.0012 

Δκ  0.22 -0.014  1.00 0.004 0.009  Δκ (◦) -0.003 0.0025 

ΔSc 0.001 -0.002 0.004 1.00  -0.001  ΔSc 0.0005 0.0003 

Δρ  -0.10 0.016 0.009  -0.001 1.00  Δρ (m) 0.048 0.0022 
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Figure 5-8 Elevation discrepancies over first overlap area. (left) estimated with 
commercial software (average elevation error = 0.060m); (right) with 
proposed calibration algorithm (average elevation error = 0.0012m) 

  
 

Figure 5-9 Elevation discrepancies over second overlap area. (left) estimated with 
commercial software (average elevation error = 0.11m); (right) with proposed 
calibration algorithm (average elevation error = 0.0026m) 

Similar results were obtained for sand dune surface in approximately 5 iterations. 

The results of the meteor crater site are illustrated in Table 5-2 and Figure 5-10. It 

should be noted that the performance of the algorithm is better compared to the 

commercial software in case of data that were collected with high flight dynamics such 

as lava surface site.  
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Figure 5-10 Calibration results for three overlapping flight lines: (a), (b) and (c) are the 
histograms of elevation differences between three strips and the ground truth 
before adjustment. (d), (e) and (f) are the histograms of elevation differences 
of same three strips compared to ground truth after systematic error 
corrections were applied to them. 

 

Table 5-2 Correlation matrix of the estimated parameters (left) and parameter values 
with their respective standard deviations (right) (meteor crater data set) 

 

Cross-Correlation Matrix  Estimated Parameters 

 Δ ω  Δφ  Δκ  ΔSc 
  
Δρ  
 

 
  

 
Parameter 

Value 

 
Std. 

Deviation (σ) 

Δ ω   1.00 -0.16 -0.09   0.02  0.001  Δω (◦) -0.007 0.0037 

Δφ  -0.16  1.00  0.07 -0.0006 -0.003  Δφ (◦)  0.006 0.0024 

Δκ  -0.09   0.07   1.00 -0.001  0.00  Δκ (◦)  0.0013 0.0008 

ΔSc  0.02 -0.0006  0.001  1.00  0.007  ΔSc  0.00024 0.00013 

Δρ   0.001 -0.003  0.00  0.007  1.00  Δρ (m) -0.026 0.005 

         
(a)         (b)             (c) 

 

          
(d)                                            (e)                                 (f) 
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For the other two data sets, the results of the proposed algorithm were similar to 

the commercial software. Table 5-2 illustrates a good solution with low correlation 

among the estimated parameters, except for the correlation between roll and pitch error. 

This correlation is expected because the flight lines were flown in same direction, and 

the effects of pitch error tend to be exactly the same in position and elevation in terms of 

magnitude and direction for the adjacent strips. Therefore relative matching of the 

surface doesn‟t fully resolve the pitch error. However, elevation error due to pitch can be 

adjusted using ground control to some extent as done in the experiment. The correlation 

between roll and pitch also explains the slightly high standard deviation in the estimated 

parameters.  An overall improvement in the accuracy is evident from the results. 

The proposed algorithm was further analyzed for its stability in estimating the 

systematic errors of various magnitudes. Three copies of the Meteor Crater data were 

created with known systematic errors intentionally added to them. The estimated 

parameters for each data set were compared against the intentionally added systematic 

biases in Table 5-3. As the magnitude of the added biases increased, the standard 

deviation of each of the parameter increased too. In the third data set, the magnitude of 

the added attitude errors is high. As a result, the variance of the estimated parameters 

is higher than the instrument specified variance. This means that the algorithm is not as 

stable as it was for the other two data sets with comparatively smaller systematic 

biases. As the systematic biases increase, the conjugate features are moved farther 

away in the overlapping regions, making it difficult for an ICP-based algorithm to 

converge quickly and to a global minimum. The performance of the purposed algorithm 

was compared with the commercial software as illustrated in Table 5-3. 
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Table 5-3 Stability analysis of proposed method by comparing intentionally added 
(black) and recovered systematic errors [curvature based method in (red); 
commercial software in (blue)] (Study Area 2) 

 

Data 
Set  

Parameter 
Values 

Δ ω (◦)  Δφ (◦) Δκ (◦)   ΔSc   Δρ (m)   

       

 True (Added) 
Parameters 
 

0.005 0.005 0.005 0.0001 0.01 

 Estimated 
Parameters 
 

0.00443 0.00398 0.0056 0.00014 -0.001 

1 Standard 
Deviation (σ) 
 

0.0022 0.0017 0.0015 0.00009 0.0071 

 Estimated 
Parameters 
 

0.0051 0.00476 0.0056 0.00011 - 

 Standard 
Deviation (σ) 

0.0009 0.00056 0.0015 0.00004 - 

 True (Added) 
Parameters 
 

0.01  0.01  0.01  0.00015 0.05 

 Estimated 
Parameters 
 

0.0076  0.014  0.0092  0.00022  0.079 

2 Standard 
Deviation (σ) 
 

0.0058 0.0024 0.0039 0.00067 0.045 

 Estimated 
Parameters 
 

0.0093  0.0081  0.0092  0.00013 - 

 Standard 
Deviation (σ) 

0.0016 0.0029 0.0039 0.000061 - 

 True (Added) 
Parameters 
 

0.05 0.05 0.05 0.0005 0.10 

 Estimated 
Parameters 
 

0.0208 0.0377 0.0165 0.00010 0.0003 

3 Standard 
Deviation (σ) 
 

0.037 0.0165 0.046 0.000935 0.0594 

 Estimated 
Parameters 
 

- - - - - 

 Standard 
Deviation (σ) 

- - - - - 
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It should be noted that the performance of the proposed method is comparable to 

the commercial software in terms of stability. When the magnitude of the systematic is 

large, the commercial software stops the estimation processes without reaching any 

solution (Data set #3 in Table 5-3). In addition the commercial software does not have 

an option to estimate the error in range. Generally, in most of the LiDAR data sets the 

systematic biases are within a range that an ICP algorithm can handle. However, if 

large magnitude errors are suspected, an initial alignment is required to bring the 

overlapping surfaces close enough for an ICP-based method to work well. Usually, the 

initial estimates for the adjustment model come from the systematic error parameters 

that were estimated for the previous flight mission. A convergence analysis of the 

proposed method was also performed by testing it on three different terrains. These 

were chosen based on their surface characteristics (Figure 5-3). The first terrain 

contains lava flow over a mountainous region and resembles a fractal surface. The 

second data set contains sand dunes and resembles a wave-like scene. The third type 

of terrain was our test area which is flat with few features. The root mean square error 

was computed for each iteration and the results were compared for all three surfaces. 

The plot of RMSE versus the number of iterations illustrates the performance of the 

algorithm for different types of geometry and hence the constraining conditions present 

in a particular data set (Figure 5-11). It took approximately 15 iterations for the solution 

to converge in mountainous terrain compared to other terrains.  

The amount of noise in the data definitely affects the performance of the algorithm, 

which is particularly noticeable in the mountainous terrain. On the other hand, the sand 

dune data had few systematic errors to begin with, and it therefore took only 6 iterations 
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for the solution to converge. The results of our test area remain the best and can be 

explained by the inclusion of control information in the adjustment model as opposed to 

other two surfaces. It should be noted that the strips in the meteor crater and sand 

dunes were flown in the same direction compared to lava surface where the adjacent 

strips were flown in opposite directions. 

 

Figure 5-11 Convergence analysis of proposed method over three different types of 
terrains 

  

Conclusion 

In this chapter, a surface matching technique has been presented to estimate the 

systematic errors present in ALS data using surface matching techniques. It is based on 

identifying suitable features in a data strip and matching them to overlapping surfaces 

from the adjacent strips. All the strips are simultaneously matched and transformed 

while minimizing an error metric as a function of systematic errors. The problem 

associated with the convergence of the modified ICP algorithm is addressed in two 

ways. One is by selecting points from features with significant curvature change and 

second is by choosing appropriate unknown parameters for estimation. A sampling 
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method based on the geometry of the features is generally sufficient to constrain the 

movement between overlapping strips. Even distribution of the constraining features 

over the survey area can ensure the stability of the surface matching. We have 

successfully demonstrated the use of ICP for the simultaneous adjustment of ALS data 

along with the elevation adjustment using ground control information. As explained 

earlier, it must be noted that such methods based on minimizing mismatch between the 

adjacent overlapping strips can deliver better results when the strips were flown in 

opposite directions.Because the research involves sampling large data sets and 

searching for nearest neighbors, this method (based on ICP) can be very time-

consuming and results in a high use of computer memory. However, an optimally 

written program can handle the computational load involved with the method.  

Point search is the most time-consuming part involved in the process. For our 

purposes, all the data are not loaded into memory at once. Data strips are only loaded 

when required so that the algorithm does not run out of memory during the processing. 

Once the pre-processing is performed for removing vegetation and unwanted points, 

human intervention is not required until the results are computed. If the sample 

selection can be refined further to be adaptive for any terrain type with an optimal 

number of sample points, the strip adjustment or system calibration process can be fully 

automated. More work is required to fully explore this possibility. Finally, if applied 

efficiently, a modified ICP can be used successfully to adjust LiDAR strips even when 

no man-made features are present. 
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CHAPTER 6 
DISSERTATION CONCLUSION AND FUTURE WORK 

As required for the various applications, the research community has been 

involved in developing standard calibration procedures for airborne LiDAR data, as a 

post-processing step. Most of the commercially available software empirically adjusts 

the adjacent LiDAR swaths or strips, which are less rigorous and may not solve all the 

errors. From the exiting studies (Schenk, 2003) and the analysis of simulated LiDAR 

data in this dissertation, it has been concluded that the horizontal accuracy is as vital as 

the vertical accuracy; especially in the irregular terrains. Secondary elevation errors 

result from the planimetric discrepancies in ALS data. Keeping this in mind, two detailed 

algorithms have been proposed that use the features defining the horizontal extent such 

as breaklines and curvature changes for matching the overlapping LiDAR strips. The 

first method is useful for urban areas as it uses manmade features such as buildings for 

strip matching. This method is best suited for areas with good geometrical location and 

orientation of the planar features in the overlapping areas. The second method, based 

on matching the curvature changes in the topography, is better suitedfor natural terrains 

that lack manmade features. 

The proposed methods were implemented, tested, and evaluated for estimating 

calibration parameters such as attitude errors, scanner scale and range bias. Although 

the algorithm is evaluated only for systematic offsets in the trajectory orientation, 

scanner scale and range parameters, it holds the potential to solve for a time-dependent 

component of attitude error parameters. In future work, this algorithm could be 

expanded to verify its use in various other applications, such as surface change 

detection. Generally, the achievable accuracy depends on the density and the shape of 
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the extracted features. In other words, it depends on how well surface feature surfaces, 

such as linear, planar or curvature features, can be extracted from the data set. Based 

on the analysis, this work can be further carried on to explore the following possibilities: 

 The performance of a curvature-based adjustment method can be negatively 
affected by the presence of excessive noise in the data. Use of spin-images to 
extract the curvature from a noisy data set and estimating the systematic errors 
would be a powerful addition to this method. The procedure of extracting planar 
surfaces using spin–images has been successfully demonstrated by Caceres (2008) 
in his doctoral dissertation. A similar procedure can be implemented to de-noise and 
extract vital manmade or natural features from the terrain data. 

 The curvature-based method can be extended to be useful in change detection 
applications. As the analysis in Chapter 4 demonstrates, the curvature-based 
method is useful in the surfaces where the features are scarce or in abundance. 
Change detection methods for such surfaces can be benefitted from this sampling 
approach. 

 Further investigation of LiDAR is needed to explore the presence of time-dependent 
systematic errors, especially GPS and INS errors.  

 The proposed surface matching technique for the natural terrain can also be useful 
in LiDAR aided navigation. 

 LiDAR intensity can provide useful information related to position of various features. 
Since the proposed method uses positional information along with the point 
elevations to match the overlapping strips, intensity (where available) can be an 
additional feature for estimating the systematic discrepancies in the data. 
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APPENDIX 
SOURCES OF ERRORS AND THEIR EFFECT ON LIDAR DATA 

The positional and altitude errors in the ALSM data can be broadly categorized into 

three types.  

 Errors due to system components 

 Errors due to measurements 

 Errors due to target reflectance and geometry 
 

Since ALSM is a complex assembly of different subsystems, each one of them 

contributes towards the gross error budget. These errors can be either due to the 

mechanical or electronic defects of the system or the errors in the measurement of the 

observables. It mainly includes GPS bias, IMU errors, atmospheric delay, bore sight 

misalignment, scanner related errors and laser beam misalignments, time 

synchronization error etc. In addition, the topography of the terrain plays crucial role in 

the final accuracy of the LiDAR data. 

Beam Divergence 

One of the intrinsic properties of a LiDAR scanner that strongly influences both 

the point cloud resolution and the positional uncertainty is the laser beam footprint. The 

apparent location of the range observation is along the centerline of the emitted beam. 

However, the actual point location cannot be predicted since it could lie anywhere within 

the projected beam footprint. Since all photons travel in the same direction, the laser 

light is much collimated and usually low in divergence. However, at highly sloped 

surfaces where the beam incidence angle is very high, it results in positional uncertainty 

as explained earlier. The effect of divergence of the beam on the accuracy of the laser 

ranges depends on the flying height as the height discontinuity exaggerates the error. 

Two factors that can be controlled to a certain extent are flying height and the beam 
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divergence (some ALSM systems come with an option for a narrow or wide beam). Low 

flying height and a narrow laser beam will result in lesser uncertainty in the computed 

ground coordinates.  

Target Geometry and Reflectance 

The spread of the laser footprint is also affected by the geometry of the target. 

For example, larger slope values of terrain increase the spread of the footprint. Flat 

terrain and large scan angles have a similar effect (Figure A-2). However, the target 

geometry, i.e. the topography of terrain, cannot be controlled. The errors due to the 

footprint spread are random in nature and not included in the systematic adjustment 

models. 

 

Figure A-1 Transmitted and received laser pulse (CFD) 

The reflectance properties of the target affect the strength of the reflected signal 

from the target. Constant fraction discriminator (CFD) (Figure A-1) is designed to   

produce accurate timing information for the transmitted and received signals but fails to 

record the correct time for exceptionally low- or high- intensity values of the reflected 

signal. 
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Figure A-2 Laser foot-print on ground 

This leads to errors in ranges and hence in the positions of ground points. 

 Platform Position and Attitude 

Apart from the target reflectivity properties and laser-beam incidence angle, the 

main limiting factors are the accuracy of the platform position and the orientation 

derived from the carrier-phase differential GPS/INS data and uncompensated effects in 

system calibration. 

GPS Positioning 

Use of the Global Positioning System (GPS) is an important part of LiDAR 

mapping.  Airborne GPS systems are used in LiDAR to provide positioning information 

regarding the trajectory of the sensor. GPS is not an autonomous system, which means 

that it needs external devices like satellite constellation to compute its position, and 

therefore, many factors contribute to the accuracy of GPS derived positions. These 

sources of error include satellite geometry (PDOP), the number of satellites, orbital 

biases, multipath, antenna phase-center modeling, integer resolution, and atmospheric 

errors. The errors in GPS directly affect the horizontal as well as vertical accuracy of the 

LiDAR data. 
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(c) 

Figure A-3 GPS positioning (a) absolute (b) differential (c) IMU gyros and 
accelerometers mounted orthogonally (Colomina, 2000) 

Exterior Orientation from Inertial Measurement Unit 

Knowing the correct orientation of the sensor in space is a necessary but not 

sufficient condition for calculating an accurate transformation from the local sensor 

reference frame to the Earth-centered reference frame (WGS84). In practice, the 

orientation of the platform is recorded by an on-board inertial measurement unit (IMU) 

that is hard-mounted to the LiDAR sensor.  An IMU comprises three accelerometers 

and three gyros arranged in an orthogonal triad (Figure A-3). Accelerometers measure 

the local gravity and acceleration vector, and gyros measure the angular rate vector 

experienced by IMU.  Typical sampling rate of an IMU is 100 - 500 Hz. Post-processing 

GPS-IMU software converts measured accelerations and angular rates along with GPS 

positioning to position, velocity, roll, pitch and heading. Accurate measurements of the 

roll, pitch, and heading of the platform are required to correctly determine the pointing 

direction for each laser pulse. Small angular errors in roll, pitch, and yaw result in 

positional and height discrepancies in the LiDAR data. During the large maneuvers 

(usually at the beginning or the end of flight strips), the accuracy of the IMU degrades 

and hence degrades the accuracy of the LiDAR data.  
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 Bore Sight Angles 

In most system installations, the lever-arms between LiDAR-IMU-GPS sensors 

can be determined separately by independent means, although this represents certain 

difficulties related to the realization of the IMU body frame. On the other hand, the 

determination of the bore-sight angles is only possible in-flight once the GPS/INS-

derived orientation becomes sufficiently accurate. These angles are usually determined 

by the manufacture of the ALSM system and assumed constant over time. However, the 

changes in temperature and dynamics on board the airplane can change these values 

slightly and might need calibration over a long time span. 

Scan Angle 

The current ALSM systems use three different types of scanners: 

 Fiber Scanner (TopoSys) 

 Rotating Polygon (IGI) 

 Oscillating Mirror (Optech and Leica) 
 
Oscillating mirror-based scanners have been proven to be most efficient so far. A small 

angular misalignment in the scan angles translates to significant positional as well as 

elevation error. The index error results when „0‟ of the scan angle does not coincide with 

the Z-axis of the scanner (Schenk, 2001). The scan angle error is not constant; rather it 

changes with the scan angle.  In addition, the oscillating mirror slows down at the end of 

the scan to reverse the direction. This results in the accumulation of laser points at the 

edges of the swaths. Non- linearity of the scan angle also contributes to the error 

budget. 

Laser Range 

A discrepancy in range translates into errors in ground coordinates of the beam.  

There may be errors in the laser range measured due to time measurement errors, 
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wrong atmospheric correction and ambiguities in the target surface, which results in 

range walk.  

 Atmosphere 

Atmospheric effects can affect the accuracy of the laser rangefinder and 

becomes significantly more critical at higher altitudes. Atmospheric delay of an 

electromagnetic wave can be classified into two categories: dispersive and non-

dispersive. The non-dispersive portion is usually associated with the troposphere while 

the dispersive potion is associated with the ionosphere. Troposphere is the lower part of 

the atmosphere above the earth‟s surface extending up to 10-18km. The troposphere 

experiences temperature, pressure and humidity changes due to the weather. Since 

these variables affect the air density and hence the speed of light, changes in 

tropospheric conditions result in inaccurate range measurements of the electromagnetic 

waves. The ionosphere is the layer of atmosphere above 50 km that consists of ionized 

air. Changes in the level of ionization affect the refractive indices of the various 

ionospheric layers and thus affect the travel time of the electromagnetic waves.  

These atmospheric effects are wavelength-dependent so they can vary in 

magnitude depending on the particular wavelength used in the system. To accurately 

measure the ranges, it is necessary to correct for the atmospheric delay. Atmospheric 

delay depends on the refractive index along the path that the laser pulse takes through 

the atmosphere. For the purpose of airborne laser ranging systems that do not fly at 

very high altitudes (less than 2000m), the tropospheric delay does not play a significant 

role. The refractive index of air is a function of density. ALTM Gemini system operates 

at a wavelength of 1047nm (near infrared). Using Edlen‟s equation and with  air 

temperature of 15 degree Celsius, atmospheric pressure of 101.325 kPa and 50% of 
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humidity, the refractive index of air comes to  be 1.00027371.  The correction for the 

refraction and velocity change of light in the atmosphere is given as a spherical range 

correction and needs to be calculated at both the platform location and the laser 

footprint (Airborne 1, 2001). The one-way correction to the laser ranges due to the 

atmospheric delay can be written as,  

 
z z

dzdzznL )(  (A.1) 

where n(z) is the refractive index of the atmosphere along the ray path, the first integral  

is the curved path followed by the laser pulse from the aircraft to the ground, and the 

second integral is the straight line path from the aircraft to the ground. For the zenith 

path, equation 2.1 can be written as, 

 

2

1

)1)((

z

z

dzznL  (A.2) 

where z1 is the elevation of ground point and z is the aircraft elevation. Since 

temperature, pressure and the humidity changes with elevation, the refractive index n(z) 

is the function of elevation. However, the operating elevation of UF ALTM Gemini 

system is usually less than or equal to 1000m; these weather conditions do not change 

significantly (Figure A-4). Hence, the refractive index of air can be assumed constant. If 

the laser range calculations are done based on the speed of light in a vacuum, the 

accuracy of the ranges can be affected by a constant offset of 27 cm at an altitude of 

1000m. 
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Figure A-4 Profiles of temperature and pressure with altitude 

Manufacturers of the LiDAR systems and processing software take into account 

the refractive index of the air and hence, such systematic error is avoided. The possible 

error that can be introduced is due the significant changes in the refractive index of air 

due to turbulent weather conditions or when the system is operated at very high 

altitudes. 

 Interpolation and Coordinate System Conversion 

The LiDAR system can scan the terrain at PRF (pulse repetition frequency) 

ranging from 33 to 167 KHz. However, GPS-INS derived trajectory usually has a 

frequency equivalent to that of an IMU (200Hz for ALTM Gemini). In order to compute 

the position of each laser footprint on the ground, the airplane trajectory is further 

interpolated to match the frequency of the collected laser range data. This introduces 

the interpolation errors in the post-processed LiDAR data.  In addition, the 

measurements from different sensors are converted into a common reference system 

(generally WGS 84). Data are further transformed into local co-ordinate systems (e.g. 
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UTM). Inaccurate transformation parameters affect the accuracy of the resulting 

datasets. However, these are not considered as major sources of error and therefore, 

have not been explored in detail in the existing literature. 

 Effects of Major Systematic Errors 

Attitude Errors 

Roll error 

As per the geometry in Figure A-5, the roll angle and the roll error Δω are in the 

same plane as scan angle θ. If we consider nominal (zero) pitch and heading, then the 

roll error would translate into horizontal error dy and vertical error dz. In Figure A-5, the 

rotation Δω of range vector ρ creates an isosceles triangle with two equal base angles. 

The horizontal displacement of the point can be derived as: 

)]sin()[sin(  dy                         (A.3) 

(a)   (b)                                                       

Figure A-5 Roll (ω) error (a) profile of two overlapping strips showing displacement of a 
point due to roll error (Δω) and (b) resulting vertical (dz) and horizontal (dy) 
error 

Similarly, the vertical displacement of the ground point can computed as: 

)]cos()[cos(  dz                         (A.4) 
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In the absence of yaw or heading, the roll error would result in a vertical error 

along vertical axis Z and the horizontal error along the Y-axis of the body frame (right-

handed IMU reference frame). The rotations follow the right hand thumb rule and for the 

correct direction of the displacements, the sign of the rotations must be included in the 

above equations. 

Pitch error 

Similar to roll, pitch error displaces the laser points on the ground in both 

horizontal and vertical directions. The shift of points due to roll error is usually visible 

across the overlapping flight line. However, the displacement of points due to pitch error 

is evident along the overlapping flight lines. In Figure A-6(a), the LiDAR system with 

pitch angle φ and the pitch error Δφ is perpendicular to the LiDAR system with scan 

angle θ. If we consider nominal (zero) heading, then the pitch error would translate into 

horizontal error dx and vertical error dz. In Figure A-6(b), the rotation Δφ of range vector 

ρ along the flight direction will displace the LiDAR point in the direction of flight. 

(a)   (b) 

Figure A-6 Pitch (φ) error (a) side view of two overlapping strips showing displacement 
of a point due to pitch error (Δφ), and (b) resulting vertical (dz) and horizontal 
(dx) error 
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Therefore, in the real data, pitch error is evident from irregular spacing of the 

scan lines in the flight direction. The horizontal displacement of the point can be derived 

as: 

)]sin()[sin(  dx                         (A.5) 

Similarly, the vertical displacement of the ground point can be computed as: 

)]cos()[cos(  dz                         (A.6) 

In the absence of yaw or heading, the pitch error would result in vertical error along 

vertical axis Z and the horizontal error along the X-axis of the body frame (right-handed 

IMU reference frame). 

Heading error 

As seen in Figure A-7, the heading or yaw error results only in horizontal 

displacement of the laser point on the ground and no vertical displacement. Therefore, 

an across-strips profile analysis cannot reveal this type of error. The horizontal 

displacement of the point along the flight line can be derived as: 

)]sin()[sin(  dx                         (A.7) 

Similarly, the displacement of the laser point on the ground across the flight line can 

computed as: 

)]cos()[cos(  dy                         (A.8) 

The above equations are valid in the absence of pitch. The position of the ground laser 

point is further changed when pitch is included in the computations. Larger values of roll 

and scan angle further exaggerate the yaw error as they affect the range ρ directly. 

The discrepancies due to roll errors (Figure A-11) are clearly visible on the inclined 

gable roof planes. The errors due to pitch are also apparent in the scene. 
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 (a)      (b) 

Figure A-7 Heading or yaw (κ) error (a) profile view of two overlapping strips showing 
displacement of a point due to heading error (Δκ), and (b) top view of the 
flight line showing horizontal (dx and dy) errors 

However, as explained above, the errors in yaw or heading cannot be discerned from 

the profile, 

                                                                                        (A.9) 

                                                                                            (A.10) 

                                                                                          (A.11) 

 

          (A.12) 

 

The position of the laser point on the ground in the flight line projection frame can be 

computed from the range , scan angle  and all three components of platform attitude 

 as well as position . 
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                           (A.13) 

Scan Angle Errors 

The index error in the scanner has a similar effect as the roll error in exterior 

orientation. Non-linear scanning speed of the scanner accumulates LiDAR points on the 

edges (Figure A-5). 

 

Figure A-8 Scanner mirror error 

Misalignment in the laser beam and the vertical axis of the laser system leads to 

planimetric and elevation errors in the data similar to bore sight misalignment and 

attitude errors. 

  

Figure A-9 Scanner scale (Δsc) error  
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Range Error 

This type of error depends only on the scan angle, i.e. the effect of range error 

can be seen more on the edges than anywhere else. It affects both planimetric and 

elevation coordinates. 

 

Figure A-10 Range bias (Δρ)  

 

 

Figure A-11 Across flight line profile of two overlapping strips over a gable roof 
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Figure A-12 Effects of systematic attitude biases (roll, pitch and heading) on the nominal 

surface (blue) are visible in the modified surface (red) 
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Figure A-13 Effects of systematic scan angle offset and scale bias on the nominal 

surface (blue) are visible in the modified surface (red) 

 

 
Figure A-14 Effects of systematic range bias on the nominal surface (blue) are visible in 

the modified surface (red) 
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