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The atomic force microscope (AFM) is the instrument of choice for measuring 

nano- to micro-Newton forces (10-9 to 10-6 Newtons). However, calibration is required 

for accurate measurements. AFM calibration has been studied for decades and remains 

a significant focus within the metrological community, in particular at international 

standards organizations. While progress has been made, there is still much to 

accomplish as current force calibration techniques yield relative uncertainties (±1 

standard deviation/mean) of 10%-20%. For example, measuring a force of 500 nN 

would yield a result between 400-600 nN 68% of the time. The critical issue is the 

existing AFM metrology, which monitors deformation at a single (spatial) point on a 

structure that encounters a three-dimensional (3D) force and responds with a 3D 

deformation. This single-point calibration technique considers only to a limiting set of 

information, while additional information is available. Similarly, subsequent 

measurements by the AFM after calibration are restricted to the same limits. As a 

response, this project aims to improve AFM calibration and use by implementing a new 

metrological platform and analysis technique. 
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The new platform incorporates a scanning white light interferometer (SWLI) for 3D 

cantilever deformation measurements. The SWLI introduces two important changes 

over standard AFM metrology. First, it provides a multi-point measurement of the 

backside surface of the cantilever rather than a single-point measurement near the free 

end. Second, it is a direct displacement sensor which does not infer displacement from 

the measurement of another variable, such as the surface angle in the optical lever 

technique. In this study, the AFM is first described with a focus on its use as a force 

sensor. Then, the new platform design and construction, cantilever imaging tests, and 

the development of a new force model, which takes advantage of the 3D deflection 

data, are presented. The new force model addresses many of the challenges 

associated with traditional calibration strategies. Experimental validation is presented for 

the cases of “normal” force loading (i.e., perpendicular to the cantilever axis and 

resulting in bending deformation) and “torsional” loading.  
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CHAPTER 1 
INTRODUCTION 

The Atomic Force Microscope 

The atomic force microscope (AFM) is a multipurpose instrument used for 

interacting with a sample at an atomic scale (including imaging, force interaction, and 

manipulating individual atoms). Interaction is performed by an atomically sharp stylus 

that is driven by stages to a location of interest on a sample. The small tip radius of the 

stylus (<30 nm or approximately the radius of a virus) focuses the interactions onto a 

small (nearly point) area enabling extremely fine spatial resolution. The stylus is 

attached to a cantilever that is monitored by a detector as it deforms under the 

interaction forces (Figure 1-1). Although the entire cantilever deforms, the detector 

typically determines the motion at or near the stylus (located at the free end of the 

cantilever) only. This is a natural choice since the AFM can perform imaging with the 

stylus motion having a 1:1 correlation (ideally) to a sample’s surface contours. When 

used for force measurement, the stylus motion follows Hooke’s law, F=ky, where F is 

the vertical force, k is the cantilever bending stiffness, and y is the stylus vertical 

displacement. Using an AFM, force resolution as low as 1 pN (10-12 N) can be realized. 

 
 

Figure 1-1.  Schematic of atomic force microscope (AFM) operation. Forces at the 
stylus from the moving sample cause deformation in the cantilever. A detector 
observes the deformation. 
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Due to the AFM’s popularity as a multi-function instrument, it is applied across a 

diverse range of disciplines where users often may not possess detailed knowledge of 

the underlying mechanics. Therefore, vendors strive for “turn key” system operation. 

However, achieving the required accuracy under this paradigm can be challenging. For 

example, cantilever stiffness studies have found that the manufacturer-specified 

stiffness can vary by as much as 300% from the calibrated stiffness (0.2 N/m nominal 

stiffness vs. 0.067 N/m calibrated stiffness) [1]. One study combined all manufacturer 

specifications required for force measurement (including stiffness) and found the 

combined uncertainty was greater than 1500% [2]. While this level of divergence may 

not always be present, calibrating the AFM is clearly required to obtain meaningful 

results. However, after decades of calibration research, the best stiffness calibrations, 

performed by international standards agencies, are accurate to only 5% [3]. Using 

methods available to the average user, the accuracy of stiffness calibration is limited to 

10%-20%, in general [2,4]. Because stiffness is one of the parameters required to 

determine force, the accuracy of the force measurement will be no better than the 

stiffness accuracy and, most likely, will be worse. 

Since the force is computed with Hooke’s law (F=ky), there are two components to 

a force calibration: 1) stylus displacement calibration; and 2) stiffness calibration, with 

the majority of research focused on stiffness calibration. This force relation, however, is 

too simplistic. Cantilever mechanics studies have shown how cross-axial sensitivity to 

forces perpendicular to the measurement direction lead to a systematic error between 

10%-20% [5]. This error is independent of calibration. While compensatory post-

processing techniques are available [6], they are largely unused for several reasons. 
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First, their complexity requires expertise in mechanics to understand and programming 

knowledge to implement. Second, they require the geometrical parameters of the AFM 

setup (which are often difficult to obtain) and knowledge of the stylus-sample 

interactions (which are typically unknown a priori). Third, they continually evolve and 

must be updated every couple of years [5-8]. Therefore, the simple force equation, 

F=ky, remains in use. In a comprehensive review (1254 cited references) of AFM 

calibration and implementation in numerous fields, there was no mention of any 

alternative force relation to F=ky [9]. In the following sections, force measurement by 

AFM is discussed in three parts: the detector, the cantilever, and the force equation. 

The Detector 

 
 

Figure 1-2.  The optical lever technique. A laser is reflected off a cantilever onto a 
photo-detector. The light level on each segment of the photo-detector (S1 and 
S2) represents the amount of cantilever deflection. 

The stylus displacement (perpendicular to the cantilever axis in the “normal” force 

direction) is monitored by a detector (represented by y in F=ky). The most popular 

detection system in use today is the optical lever technique (Figure 1-2). Here, a laser is 

reflected from the backside of a cantilever onto a two-segment photo-detector. As the 

cantilever deforms, the angle of incidence changes and the reflected laser beam moves 
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along the photo-detector segments. The light levels on the segments are directly related 

to the angle of incidence of the cantilever (after compensating for photo-detector non-

linearity). The longer the optical path, the more pronounced the effect; this amplification 

follows the simple lever rule. Though detection is directly related to angle, it is difficult to 

calibrate for angular motion. Additionally, in imaging mode and when applying Hooke’s 

law, the vertical displacement (not cantilever angle) is required. Therefore, a rigid 

surface calibration is typically performed. Here, the stylus is brought into contact with a 

rigid sample and then the sample stage is displaced vertically. Using the known 

commanded displacement, the small angle approximation can be used to determine a 

rate of displacement directly proportional to the angular change of the AFM cantilever 

(Figure 1-3). In this way, the stylus vertical displacement accuracy is approximately 

equal to the stage vertical displacement accuracy. 

 
 

Figure 1-3.  The small angle approximation. Small deformations enable the cantilever 
angular change to be related to the stage vertical motion. 

While this detection system is simple in practice, it suffers from a critical drawback. 

Since it indirectly measures displacement through angular change, any force which 

causes the cantilever to deform without displacing the stylus vertically will still register 

as stylus motion. For example, a sample moving parallel to the beam axis while in 

contact with the stylus will generate a kinetic friction force that will tend to deform the 

cantilever flexure (Figure 1-4). Though the sample may be perfectly smooth (no 
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topography), the lateral friction will register as vertical motion due to the change in 

reflected beam angle. This phenomenon has been exploited in tribology since bi-

directional motion registers as complementary positive and negative detector output that 

relates to friction [10]. As an alternative to motion parallel to the beam axis, 

perpendicular motion can also be used to measure friction. This motion causes beam 

twist (torsional loading) and can be measured using a quadrant photo-detector (Figure 

1-5). The arrangement of four total segments isolates twist from stylus vertical 

displacement so that topography is not registered as friction in the twist direction. The 

challenge is  

 
 

Figure 1-4.  A perfectly smooth sample slides past the stylus. The resulting friction force 
deforms the cantilever which registers as motion by the detector. 

that twist is a measure of angle and therefore requires a more complex calibration 

compared to the rigid surface calibration used for displacement. Additionally, twist angle 

is proportional to torsion (i.e., the product of the friction force and stylus length), not just 

the frictional force. Therefore, the stylus length (or height) must be measured to 

calculate the frictional force. 

Calibrating the detector for every measurement is essential for obtaining good 

force accuracy. In practice, however, this may not be practical. In the absence of 

comprehensive calibration, misalignment between the detector and the cantilever may 
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go undiagnosed. For the optical lever technique, the angle of incidence determines the 

displacement, which imparts some robustness to misalignment. The angular deflection 

equation for a rectangular cantilever with an end force and its sensitivity to 

measurement location are, 

𝜃(𝑥) = 3𝐹
2𝐿3𝑘

(2𝐿𝑥 − 𝑥2) & 𝜕𝜃
𝜃

= 2𝐿𝑥−2𝑥2

2𝐿𝑥−𝑥2
𝜕𝑥
𝑥

     (1-1) 

where L is the cantilever length, x is the location along the beam axis (0 ≤ x ≤ L), and θ 

is the angle of the cantilever. Misalignment of the laser from the calibrated position 

gives an error rate in displacement measurement, x:y, between 1:1 and 1:0 from the 

base to free end, respectively. For example, a system calibrated for x = L, but 

misaligned by a few micrometers, would introduce virtually no error in corresponding 

displacement measurements due to this misalignment. Since this is the most common 

position to point the laser, the optical lever technique is fairly robust to misalignment. 

For AFM systems with direct displacement sensors such as displacement measuring 

interferometers, alignment errors are not mitigated but instead amplified. The deflection 

equation and sensitivity to measurement location for displacement are, 

𝑦(𝑥) = 𝐹
2𝐿3𝑘

(3𝐿𝑥2 − 𝑥3) & 𝜕𝑦
𝑦

= 3 2𝐿𝑥2−𝑥3

3𝐿𝑥2−𝑥3
𝜕𝑥
𝑥

     (1-2) 

Misalignment of the detector from the calibrated position gives an error rate, x:y, 

between 1:3 and 2:3 from base to free end with the free end being the best position. 

The Cantilever 

The cantilever is an interchangeable component in the AFM system. Cantilevers 

are made with different geometries and tips (in addition to sharp styli, spheres are also 

often used, for example) to suit many applications with the same AFM system. 

Regardless of the cantilever manufacturer (often different from the AFM system 
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manufacturer), the bending stiffness is always specified for use in the force equation (k 

in F=ky). However, the stiffness is extremely sensitive to cantilever geometry and, 

therefore, must be calibrated on an individual basis. Potentially the most confounding 

issue faced by stiffness calibration is that the stiffness of a generalized beam depends 

on the boundary conditions. For example, a fully constrained (fixed/fixed) beam has four 

times the stiffness of a cantilever (fixed/free) beam. For the AFM cantilever, the stiffness 

estimation is naturally based on the cantilever model; the complexities that arise from 

the stylus contact mechanics, which alter the system stiffness, are left for the user to 

handle. 

 
 

Figure 1-5.  Using the optical lever technique to detect twist. The left-to-right motion of 
the laser registers as twist. The top-to-bottom motion registers as vertical 
deflection, as shown previously. 

There are numerous stiffness calibration techniques and each has benefits and 

drawbacks. Non-contact techniques avoid stiffness altering contact mechanics, but do 

not take into consideration the load application location. Contact techniques are often 

simpler conceptually and more convenient for achieving traceability to international 

position 
 

cantilever 
axis 

laser 
beam 

Front view 

laser 
beam 

position 
 

photo-
detector 
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standards, but must compensate for contact behavior. Rather than list the techniques 

here (see Chapter 2), the largest sensitivities to stiffness are described. 

Cantilever Dimensions 

A cantilever’s dimensions define its stiffness. From solid mechanics, a rectangular 

cantilever beam can be modeled using Euler-Bernoulli beam theory. At the stylus, the 

deflection equation is, 

𝑦 = 4𝐹
𝐸𝑤
�𝐿
𝑡
�
3 𝑟𝑒𝑎𝑟𝑟𝑎𝑛𝑔𝑒

�������� 𝐹 = 𝐸𝑤
4
�𝑡
𝐿
�
3�����

𝑘

𝑦      (1-3) 

where E is Young’s modulus for the beam material, w is the beam width, L is the beam 

length, and t is the beam thickness. Rearranging yields an expression for the stiffness 

according to Hooke’s law (analytical models exist for other beam geometries and can 

similarly be used to estimate stiffness). Direct measurement of each term provides the 

best result so that the stiffness uncertainty is a combination of the measurement  

 
 

Figure 1-6.  A scanning electron micrograph of a commercial cantilever. Extra material 
is cut away during manufacturing. This undercut is not visible in a top-down 
view of the cantilever. 
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uncertainties in each input and the model accuracy (i.e., considering the limitations 

imposed by the model assumptions). In this example, the most sensitive parameters are 

thickness and length. Thickness of silicon substrates (the typical AFM cantilever 

material) is difficult to predict from manufacturing and should be measured directly. 

Length can vary from nominal due to undercut at the base when using silicon-based 

manufacturing techniques (Figure 1-6). Assuming all other quantities are perfectly 

known, there is approximately a 1:3 relationship between the error in length or thickness 

to the error in stiffness. For example, a 1% error in thickness or length leads to an error 

in stiffness of ~3% (±30 nm thickness error or ±2 µm length error on a 3 µm x 200 µm 

cantilever with a nominal stiffness of 6 N/m gives a stiffness error of ±0.18 N/m). 

Force Application Location 

 
 

Figure 1-7.  Cantilever stiffness transfer. The AFM cantilever is pushed against the pre-
calibrated cantilever. The force application point on the AFM cantilever is 
precisely located at the stylus. However, the force application point on the 
pre-calibrated cantilever is subject to the position accuracy of the AFM. The 
effective length of the pre-calibrated cantilever determines the measured 
stiffness. 

A more direct technique to determine stiffness is to apply a known force to the 

cantilever and measure the displacement so that k=F/y. For relatively stiff cantilevers, a 

mass can be attached to the free end to apply a known (gravity-based) force. Here, the 

force application point requires precise alignment to the stylus location, where the 

cantilever will experience all subsequent forces. The sensitivity to alignment errors is 
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identical to the length sensitivity with the same 1:3 relationship. For mass loading, there 

is a fundamental limitation imposed by the availability of traceable mass artifacts smaller 

than 1 mg. Therefore, a variation of the force loading scheme, referred to as a stiffness 

transfer, is used where the unknown stiffness of a cantilever is related to the pre-

calibrated stiffness of a second cantilever. The result is similar to a system of two 

springs in series such that k1=k2(xt/x1-1) where k1 is the unknown stiffness, k2 is the 

known stiffness, xt is the total motion as one cantilever is pressed against the other, and 

x1 is the response motion of the unknown cantilever. Here, the force application point on 

the unknown cantilever is determined precisely since the stylus makes direct contact 

with the cantilever of known stiffness. However, the force location on the second 

cantilever is again subject to alignment errors and results in an error in stiffness at a 

rate of 1:3 (Figure 1-7). 

Boundary Conditions 

For contact-style stiffness calibrations, as well as any use of an AFM cantilever 

after calibration, boundary conditions can contribute considerable measurement 

uncertainty. Boundary conditions define the deflection equation (the equations 

presented so far have been for an ideal cantilever with a vertical load at the stylus). This 

simplification fails when the cantilever comes into contact with a sample, either during 

contact style calibrations or when used to perform measurements. An example contact 

phenomenon is friction, as discussed previously. Foreshortening occurs whenever the 

cantilever deforms (Figure 1-8). The foreshortening is resisted by friction parallel to the 

sample surface. As an example, the stylus vertical motion for a cantilever experiencing 

sliding friction proportional to the vertical force is, 
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𝑦 = 𝐹 �
1+32

𝑟
𝐿𝜇

𝑘
�

���
𝑠𝑦𝑠𝑡𝑒𝑚 𝑐𝑜𝑚𝑝𝑙𝑖𝑎𝑛𝑐𝑒

         (1-4) 

where μ is the coefficient of kinetic friction and r is the stylus height. Assuming this to be 

the only boundary condition effect, the ideal stiffness k can be obtained if the coefficient 

of sliding friction is known as well. However, this is not typically the case. Boundary 

conditions are an important concept for this research and are discussed in Chapter 4. 

 
 

Figure 1-8.  Foreshortening from vertical bending. 

Traceability 

Proper calibration of stiffness should follow a clear path of traceability to the 

Système International d’Unités (SI). Traceability is the chain of calibrations that link any 

sensor/instrument through a direct path, with defensible uncertainty statements for each 

measurement, to a primary standard. This primary standard, which reflects a physical 

realization of the unit of measure, is defined and maintained (if necessary) by national 

measurement institutes (NMIs). Traceability enables measurement uncertainty to 

propagate through the chain of calibrations and thus identifies the uncertainty for 

measurements performed by a given sensor or instrument. This notion of standardized 

units and measures allows quantitative data to be compared between organizations, 

manufacturers, and laboratories, facilitating collaboration and reproducibility of results. 

Traceability is sometimes difficult to obtain depending on the calibration technique. 
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Therefore, the approach adopted by the National Institute of Standards and Technology 

(the national measuring institute for the US) has been stiffness transfer by cantilever 

artifacts. This technique has been traceably compared to the geometrical model as well 

as the popular thermal calibration technique [11] and agreement within ~5% has been 

obtained [4]. 

The Force Equation 

 
 

Figure 1-9.  Cantilever with a friction force proportional to the applied force, F. 

As noted, the most popular approach for AFM force measurement is to apply 

Hooke’s law, F=ky The choice of this equation stems from the single point detection 

scheme used to monitor the cantilever deformation. With only a single point of 

displacement, the force transduction constant must be stiffness (N/m). The general 

Euler-Bernoulli beam equation relating a beam’s deflection to the applied load is, 

𝜕2

𝜕𝑥2
�𝐸𝐼 𝜕

2𝑦
𝜕𝑥2

� = 𝑢         (1-5) 

where x is the distance along the beam axis, y is the deformation perpendicular to the 

beam axis, I is the second moment of area, and u is a distributed load. Four integrations 

are necessary to obtain the force-displacement equation, which requires four boundary 

conditions. Because the moment boundary condition is impossible to know without 

fixed-free cantilever 

𝐹 

𝜇𝐹 
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detailed knowledge of the contact mechanics, the challenge of force measurement by 

AFM can be summarized as attempting to solve an underdetermined equation. 

As an exercise, the beam equation is solved assuming friction proportional to the 

applied force at the tip in order to illustrate how F=ky can be replaced with an improved 

force-displacement relationship (Figure 1-9). Assuming y=y(x), u=0, and EI is constant, 

integration is straightforward (EI d4y/dx4=0) and yields four equations, 

𝐸𝐼 𝑑
3𝑦

𝑑𝑥3
= 𝐶1⏞

−𝐹

          (1-6) 

𝐸𝐼 𝑑
2𝑦

𝑑𝑥2
= 𝐶1𝑥 + 𝐶2 = 𝑀        (1-7) 

𝐸𝐼 𝑑𝑦
𝑑𝑥

= 𝐶1
𝑥2

2
+ 𝐶2𝑥 + 𝐶3⏞

=0

        (1-8) 

𝐸𝐼𝑦 = 𝐶1
𝑥3

6
+ 𝐶2

𝑥2

2
+ 𝐶3𝑥 + 𝐶4⏞

=0

       (1-9) 

where C3-4 are zero due to the fixed base boundary condition (zero motion and slope at 

the base), C1 is equal to the perpendicular force component (by force balance with 

shear force), and Equation 1-7 is equal to the bending moment M along the beam. The 

bending moment equation captures the friction contact mechanics and is, 

𝑀 = 𝐹(𝐿 − 𝑥) + 𝜇𝐹𝑟         (1-10) 

where μ is the coefficient of sliding friction and r is the tip (stylus) height. The resulting 

deflection equations for any point on the beam and for the tip location (x=L) are, 

𝑦(𝑥) = 𝐹
6𝐸𝐼

(3𝐿𝑥2 − 𝑥3) + 𝜇𝐹𝑟
2𝐸𝐼

𝑥2

𝑦(𝐿) = 𝐹𝐿3

3𝐸𝐼
�1 + 𝜇 3𝑟

2𝐿
� = 𝐹 �

1+32
𝑟
𝐿𝜇

𝑘
�

���
𝑠𝑦𝑠𝑡𝑒𝑚 𝑐𝑜𝑚𝑝𝑙𝑖𝑎𝑛𝑐𝑒

      (1-11) 

The addition of friction makes the force equation more complex than F=ky. In practice, 

this friction analysis is too simple. Under the assumption that macroscopic friction 
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applies to the atomically sharp stylus, there must be static friction as well. Unlike kinetic 

friction, static friction is not a proportional relationship to normal force except at its 

maximum. Therefore, measurements performed where there is no sliding (such as part 

of stick-slip events) include an unknown quantity in the final displacement equation, 

𝑦(𝑥) = 𝐹
6𝐸𝐼

(3𝐿𝑥2 − 𝑥3) + −𝐺𝑚𝑎𝑥≤𝐺≤𝐺𝑚𝑎𝑥�������������
𝐺𝑚𝑎𝑥=𝜇𝑠𝑡𝑎𝑡𝑖𝑐𝐹

2𝐸𝐼
𝑟𝑥2      (1-12) 

where G is the friction resisting sliding. Simplifying to the tip location (x=L) does not give 

a clear relationship between the applied force F and the tip motion y(L). When the 

macroscopic friction model is insufficiently accurate or when other forces contribute, 

such as electrostatic, osmotic, and/or magnetic forces, this entire analysis is invalid. 

Ambiguities like this will always exist in the force equation if a force relationship is 

unknown a priori, which is true in virtually every measurement situation. This makes 

exploratory force measurements particularly difficult since the environment has yet to be 

characterized. Therefore, a new force measurement paradigm is necessary to move 

toward more accurate force metrology. 
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CHAPTER 2 
LITERATURE REVIEW 

Historical Development 

The atomic force microscope was introduced by Binnig, et al., in 1986 to measure 

micro-scale forces [12]. Just prior to the invention of the AFM, the scanning tunneling 

microscope (STM) [13] was developed. This was a surface profilometer which used the 

strong variation in electron tunneling current with separation distance to map a sample 

surface. It only worked on conductive samples. The AFM was developed to expand the 

types of surfaces that could be probed. The idea was to use a compliant structure with a 

sharp tip that, when probing a surface, would deform from forces applied to the tip. 

Since all materials generate reaction forces to the probe’s applied pressure, the AFM 

was not limited to imaging conductive materials. More importantly, force could be 

inferred from the deformation of the compliant structure. Initially, a simple rectangular 

cantilever was utilized as the compliant structure and a scanning tunneling microscope 

was used as the cantilever displacement sensor. 

Since 1986, the AFM cantilever has been adapted to suit a wide range of 

applications. For example, two-arm triangular cantilevers increase the torsional rigidity 

and reduce the sensitivity to torsional loads. Coating the cantilever surface with thin 

films has become a standard method to increase detector sensitivity, enable biological 

imaging, and/or make the cantilever conductive. Additionally, various tip geometries 

such as spheres and carbon nanotubes are applied. Self-actuating piezoelectric 

cantilevers are used in cantilever arrays which enable a large sample area to be imaged 

rapidly. Since cantilevers are interchangeable, they are specialized to suit the specific 

environment. Therefore, no one design is used exclusively of the others. 
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The displacement detector has also taken several forms. A capacitive sensor over 

a double leaf cantilever was developed [14]. Heterodyne and homodyne interferometry 

have been used with different laser sources such as He-Ne lasers and laser diodes 

[15,16,17,18]. Additionally, heterodyne interferometry applied over a small spot on the 

cantilever enabled the 3D surface under the spot to be visualized [19]. Torsion of the 

cantilever was detected with this approach. A laser was used in the optical lever 

technique [20] and torsion could be detected depending on the photodiode 

arrangement. Finally, the cantilever itself has been used as the detector through the 

piezoresistive effect [21]. Each detector scheme has situational advantages, but the 

most broadly adopted scheme used today is the optical lever technique. Since the 

detector is not interchangeable, most commercially-available systems rely solely on this 

technique. 

Applications of the Atomic Force Microscope 

AFM has become ubiquitous in the research setting. Since the AFM can image 

non-conducting samples, it is commonly used in ultramicroscopy (imaging at atomic 

resolutions). For example, the AFM is used in biological [22], crystalline growth [23], and 

pharmaceutical drug [24] imaging applications. However, the AFM is not restricted to 

imaging. It is also used in atomic scale manipulation [25], such as nanolithography [26], 

and data storage and retrieval, such as IBM’s Millipede project [27]. The AFM has also 

become a potential tool for quality control in microelectromechanical systems (MEMS) 

as a parallel to electronic quality control in microchip manufacturing [28]. This is due to 

the AFM’s force measuring capabilities, which enable material and mechanical testing. 

Many fields can take advantage of the AFM’s ability to measure micro-scale forces. For 

example, the structure of DNA is known, so current efforts are directed at measuring the 
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bonding forces between complementary nucleotides [29]. The mechanical stability of 

proteins has also been tested [30]. In surface science, the AFM is applied to friction 

measurements, such as between microspheres [31] and in capillary force analysis [32]. 

Force Modeling 

Force is computed through its relationship to the cantilever’s deformation. This 

relationship, called the force model, is based on Hooke’s Law which is an integral part 

of linear elastic theory. Hooke’s law provides a constitutive equation that relates stress 

with strain (force, F, with displacement, y). Since the detector in AFM measures 

displacement, Hooke’s law is applied directly as F=ky. This displacement relationship is 

the most common force model for AFM [9]. However, it has been recognized that this 

model is too simplistic. Other force models have been proposed which take into account 

forces that arise from contact mechanics at the cantilever’s tip. These have attempted to 

capture tip geometry [33], elastic deformation of the sample [34], cantilever inclination 

angle [5], adhesion [35], and friction [36,37]. Many times the model is situational. For 

example, if the sample is very hard, plastic deformation is unlikely to occur or, if the 

cantilever and sample are submerged in water, capillary force is mitigated. Therefore, it 

is necessary to understand the test environment in order to choose a model and 

determine its parameters. 

Calibration 

The AFM system must be calibrated to obtain reasonable measurement accuracy. 

The literature focuses heavily on stiffness calibrations because stiffness is the most 

difficult parameter in the force equation to calibrate. Calibration may be divided into four 

categories: dimensional, intrinsic, dynamic, and static. 
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Dimensional methods use estimations of the geometrical parameters of the 

cantilever and beam theory to predict stiffness. Computations may be carried out 

analytically or via finite element analysis. Relevant parameters include length, 

thickness, width, film thickness, modulus of elasticity, and second moment of area. 

Depending on the method, compensation can be made for V-shaped beams (double 

arm cantilevers) [38] and the trapezoidal cross-section seen in some commercial 

cantilevers [39]. Accuracy is limited by the combined standard uncertainty from each 

measurement; thickness, length, and Young’s modulus are typically the largest error 

contributors. 

Intrinsic methods attempt to apply naturally occurring phenomena. An example is 

force measurement on DNA [40]. Since the bonding energy of DNA is specific and 

highly reproducible, the force to pull DNA apart is reproducible. Such artifacts are nearly 

identical in nature and can be mass-produced by the millions. A critical parameter for 

such a calibration is temperature since, in general, increasing temperature reduces the 

additional energy required to rupture bonds. 

Dynamic methods use cantilever vibration to estimate stiffness from frequency 

shift or phase change. One of the first techniques that applied this dynamic approach 

was developed by Cleveland et al. [41]. In this technique, a known mass was attached 

to the end of the cantilever and the corresponding reduction in natural frequency was 

measured. The location of the mass on the beam is a critical parameter and removing 

the mass after calibration is not trivial. Mass has also been added using different 

materials such as thin gold films [42], water droplets dispensed from an inkjet [43], and 

even other cantilevers [44]. Other researchers altered the method so that mass addition 
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was not required. A well-known method proposed by Sader et al. [45] uses the resonant 

frequency together with the Q (damping) factor in a fluid, usually air. The use of fluid 

dynamics has become more common, especially in colloidal probe microscopy, 

because the cantilever has a sphere for a tip and spheres are convenient to model in 

fluid dynamics [46]. Another approach uses the equipartition theorem and thermal 

oscillations of the cantilever to determine cantilever stiffness [47]. With corrections 

made for the laser spot size [48] (a laser is used to determine cantilever deflection), this 

method has become popular due to its application ease. 

Static methods involve applying known forces directly to the cantilever and 

observing the resulting deflection. They are the most direct measurement of cantilever 

stiffness. Many devices have been used to apply a direct force to the cantilever. These 

include macro-sized (“relatively large”) cantilevers [49], piezoresistive levers [50, 51], 

and nanoindentation machines [52]. The measurement uncertainty in these experiments 

has been as high as 20%. The most sensitive parameter is claimed to be the load 

application point. Since the stiffness is related to length by an inverse cube law, small 

changes to load application point result in large errors in stiffness. To address this 

issue, Cumpson et al. [53-55] at the National Physics Laboratory, Teddington 

Middlesex, UK, have developed a series of micromachined artifacts for cantilever 

calibration. These artifacts have fiducials for locating the load application point and are 

available in a variety of shapes to accommodate a wide stiffness range. Some even 

include a built-in mechanism for calibrating themselves [56]. Gates et al. developed 

arrays of reference cantilevers with sufficient fabrication repeatability that a calibration 

performed on a single cantilever is representative of the entire array [57]. 



 

32 

There are also additional calibration challenges. The stiffness has been shown to 

change in response to wear at the tip [33] and over time even if unused [2]. Given the 

difficulties associated with stiffness calibration and force model development, this 

research introduces a new measurement paradigm. Instead of a single point 

measurement of the tip displacement, the full-field displacement of the 3D surface of the 

cantilever is obtained. 
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CHAPTER 3 
THREE-DIMENSIONAL IMAGING 

A New Platform 

Three-dimensional imaging requires a platform different from traditional AFM. This 

chapter discusses the design of the prototype platform used in this study and presents 

its capabilities and restrictions. The platform consists of a scanning white light 

interferometer (SWLI), holders for the cantilevers, a translation stage, a rotation (tip-tilt) 

stage, and an adapter plate to connect these units to the SWLI table (Figure 3-1). 

 
 

Figure 3-1.  Prototype platform assembly. It is composed of a scanning white light 
interferometer (SWLI), a translational stage, and a tip-tilt stage. 

Scanning White Light Interferometer 

A key platform component is the SWLI, an optical 3D surface profiler that uses 

interference of a broad spectrum light source, or “white light”, to measure surface 

topography (Figure 3-2). Light reflected from the sample interferes with light reflected 

from a reference surface, but unlike coherent source interference, the white light 

interference only occurs over a small optical path difference. By translating the objective 
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(which carries the reference surface) relative to the sample, a plot of the interference 

intensity for this path difference range can be captured on a pixel-by-pixel basis by the 

SWLI detector. The location of the modulated intensity region (due to the alternating 

constructive/destructive interference) indicates the relative height of the sample at that 

pixel. Each pixel on the detector corresponds to a lateral position on the sample; the 

field of view for the corresponding height map depends on the system magnification. A 

Zygo NewView 7200 was used in this research. The selected system included a 

motorized translation/rotation (or X/Y/tip/tilt) table for sample alignment to the optical 

axis. As shown in Figure 3-1, the prototype platform is mounted to this table. 

 
 

Figure 3-2.  SWLI schematic. A Mirau objective is represented, although other types are 
available. The left-to-right offset between the interference intensity from 
positions 1 and 2 indicates their relative height difference (positive translation 
in the upward direction). 

There are constraints associated with SWLI measurements. First, a full height map 

takes several seconds to acquire, in general, since the objective must be translated. 

During this time the sample dynamics must be interrupted (this pseudo-static approach 

is applied in this study) or synchronized with the measurement (this strobing approach 



 

35 

is not used here). Second, the lateral resolution is typically orders of magnitude coarser 

than the vertical resolution along the optical axis. For the experiments reported here, 

two objectives were used: a 5x Michelson with a lateral resolution of 2.2 µm/pixel and a 

20x Mirau with a 0.55 µm/pixel lateral resolution (1x zoom and 640x480 pixel detector). 

In comparison, the NewView 7200 literature specifies a vertical resolution of 0.1 nm, 

although this value is dependent on the noise floor imposed by the measurement 

environment. Therefore, tests were performed to determine the repeatability for the 

experimental setup. A smooth silicon surface was placed on the stage at the cantilever 

loading location and 130 scans were completed using a 40 µm vertical scan range. The 

height repeatability for each pixel was then assessed. It was found that, on average, 

each pixel reported the same position within a standard deviation of 2.7 nm. Therefore, 

a resolution of 2.7 nm was assumed. Third, the SWLI cannot detect large changes 

between adjacent points, so there is a maximum slope that can be detected. This slope 

varies depending on the selected objective/zoom; it was 4 deg for the 5x objective and 

18 deg for the 20x objective (each at 1x zoom). 

Cantilever Holders 

Aluminum plates with dimensions of 60 mm x 60 mm x 3 mm were fixed to the 

stages (Figure 3-3). Cantilevers and test surfaces were adhered to the plates at the 

midpoint of three sides (a fourth side with a specialized geometry was also available to 

enable cantilever alignment in future work). This design allowed the holder to be 

unscrewed and rotated to select the next cantilever for experimentation while 

approximately maintaining the same position in the SWLI field of view. A similar 

configuration was used for tests with a cantilever contacting a rigid surface. Cantilevers 
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and rigid surfaces were bonded to the holders with adhesive to enable the required top-

down view for the SWLI measurements. 

      
 

Figure 3-3.  Example cantilever placement on the aluminum holders (top views). The 
individual cantilevers are too small to be seen at this scale, but the monolithic 
base chips are labeled A1-C2 (a) , A-C (b), and a rigid sample is labeled S 
(b). If the holders were unscrewed and rotated in the indicated direction, the 
next experiment would be C1 against C2 (a) and C against S (b). 

Stages 

The positioning stage (Thorlabs MAX301) was a three-axis, parallel kinematics, 

flexure based design with 4 mm of coarse motion (thumbscrew actuation) and 20 µm of 

fine motion driven by piezoelectric actuators with strain gauge feedback. The motion 

was controlled by a Thorlabs BPC103 controller. The second stage was a manual tip-tilt 

platform (Thorlabs ATP002) positioned on a base assembly (Thorlabs AMA501) which 

enabled equal height, side-by-side use with the positioning stage. The tip-tilt platform 

provided ±4 deg of roll and pitch and acted as the fixed stage in the experiments. Any 

cantilever on this stage could be tilted into alignment with the positioning stage and then 

held fixed for the duration of the experiment. 

The positioning stage’s vertical linearity was tested from 7 µm to 20 µm within the 

0-20 µm range of the piezoactuators. A silicon surface was adhered to the holder on the 

positioning stage. A second silicon surface was adhered to the holder on the tip/tilt 
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stage. The SWLI was used to measure the height difference between the two surfaces 

as the positioning stage was translated along the optical axis using 1 µm increments. 

The result (Figure 3-4) reveals a scale error of 79 nm/µm. Though this quantity was 

available, the experimental results performed in this study did not require motion of the 

positioning stage, i.e., only features within the SWLI scan range were used, so this 

scale factor was not required in the data analysis. 

 
 

Figure 3-4.  Positioning stage scale error. This was determined by comparing stage 
vertical position to displacement determined from SWLI measurement. 

Platform Assembly 

The platform assembly rested on the SWLI motorized table. During use, the 

platform positioning stage was first aligned to the SWLI optical axis using the table. 

Then, the tip-tilt stage was aligned to the positioning stage. Since the SWLI angular 

detection limit can be low (depending on the objective and effective magnification), 

proper alignment is important to maximize the available measurement range. 

Additionally, aligning to the optical axis ensures that the vertical motion from the 

positioning stage produces no lateral motion in the field of view. 
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Visualization of Quasi-static Bending 

The prototype platform enables the direct visualization of cantilever deformations 

without the need for interpretation via a single point measurement of the cantilever tip 

motion used in conjunction with beam models. In this section, cantilever deflection 

measurements are provided. Various loading conditions are represented including no 

loading, rigid surface loading, and cantilever-on-cantilever loading. The results are 

discussed and the primary imaging limitations noted [58]. 

Residual Stress, “Batwings”, and Differencing 

 
 

Figure 3-5.  The Olympus OMCL-AC240TS cantilever. The deformed shape has 
approximately 0.5 µm of initial tip deflection. 

The cantilevers presented here had a non-planar shape even in the absence of an 

external load. Cantilevers are typically designed to be flat, but residual stresses from the 

surface coating often lead to unwanted deformation. This deformation is typically small, 

but is observable in the SWLI measurements. Figure 3-5 shows the reflective backside 

of an Olympus OMCL-AC240TS (1.8 N/m stiffness) cantilever (i.e., the side the laser 

would normally reflect from in an AFM). It is seen that the cantilever deformation is 

approximately 0.5 µm at the tip with no external load applied. An imaging artifact 
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sometimes referred to as “batwings” is also observed. These spikes along the periphery 

of the cantilever are false height readings and tend to occur at steep height transitions. 

The speck near the tip (also visible in the section view) is surface contamination and 

also causes the bat wing effect. Additional cantilever measurements are shown in 

Figure 3-6. The data were collected using a 20x objective at 1x zoom in the 320x240 

pixel mode. 

      
 

Figure 3-6.  Olympus BL-RC150VB AB cantilevers. Stiffness is 0.03 N/m (a) and 0.006 
N/m (b). The deformation levels are ~ 0.25 µm (a) and ~1 µm (b) in the 
absence of external loads. 

When studying deformation of beams it is necessary to separate the contribution 

due to the external force(s) from those caused by other sources such as residual stress. 

For linear elastic beam models, deformation follows the rule of superposition. Therefore, 

in each of the analysis results presented here, the cantilever was measured before 

applying external loads. This reference image was then subtracted from all subsequent 

images to isolate the relative deformation caused by the applied forces. This 

differencing does not remove the bat wings, however, as these locations tend to report 

random erroneous heights from image to image. 
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Snap-in 

When an AFM cantilever is placed in close proximity to a surface, an attractive force 

develops which pulls the tip closer to the surface. At a critical gap size, the attractive 

force overcomes the cantilever’s restorative elastic force and the tip snaps into contact 

with the surface. This attractive force represents one of the many forces an AFM 

cantilever experiences. Snap-in behavior was measured for an Olympus OMCL-

AC240TS (1.8 N/m) cantilever positioned near a smooth silicon surface (Figure 3-7). 

For these measurements, the silicon surface was mounted on the three-axis positioning 

stage and moved toward the cantilever in 50 nm steps. The sequence of three plots 

included in Figure 3-7 displays the cantilever deformation profile for three stage 

locations. In position 1, the silicon surface is sufficiently far from the cantilever so that 

no appreciable attractive force is present. In position 2, snap-in has occurred. The 

cantilever deflection is approximately 0.1 µm at the tip. In position 3, the stage has 

continued to move vertically past the cantilever’s undeformed position so that it is 

deflected upwards. In Figure 3-7b, the centerline cantilever profiles are provided for the 

same three stage locations. The tip deflection versus stage motion is provided in Figure 

3-7c; measurement points are identified by the small circles in 50 nm increments and 

the three locations from Figures 3-7a and 3-7b are presented by the large circles. Note 

that the information in Figure 3-7c is all that is available from standard AFM single point 

deflection metrology. All images were captured using a 20x objected at 1x zoom in 

320x240 pixel mode. The SWLI data was differenced to isolate the deformation caused 

by snap-in and it was filtered to remove the bat wing artifacts. 
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Figure 3-7.  Cantilever snap-in demonstration. a) Height map of the cantilever at various 
stage locations, 1-3; b) corresponding two-dimensional profiles, 1-3; and c) 
traditional plot of stage motion versus tip deflection with 1-3 labeled. The 
arrow indicates the sequence of commanded stage motions. 

Other Experiments 

 
 

Figure 3-8.  Two Veeco 1930 (1.3 N/m, 35 µm wide) cantilevers in contact. The left 
cantilever lever tip is positioned above the right cantilever lever tip. 

One of the benefits of full-field imaging is the ability to capture height maps of the 

cantilever and sample simultaneously. For example, in cantilever-on-cantilever 

experiments using an AFM, measurements can only be made for the instrumented 
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cantilever leaving the deflection of the other cantilever to be inferred. Using the 

prototype platform, both cantilevers can be viewed simultaneously. Figure 3-8 shows 

two Veeco 1930-00 (1.3 N/m, 35 µm wide) cantilevers with one cantilever pushed 

against the tip of the other. There is approximately 9 µm of vertical offset between their 

bases and both cantilevers exhibit approximately 4.5 µm of end deflection. The 

objective used was 20x, 0.8x zoom, in 640x480 pixel mode. 

 
 

Figure 3-9.  Data dropout. Due to SWLI measurement limitations this is commonly 
observed on the cantilever periphery (area 1 left image). This results in errors 
when determining the plan view dimensions. Including the sample in the 
measurement reveals lost data (area 2 right image). 

The sample can also be used as an aid in SWLI measurements of a cantilever’s 

plan view dimensions. Due to SWLI measurement limitations, data dropout is common 

at the cantilever periphery. However, by placing a smooth sample underneath the 

cantilever as a backdrop, the lost pixels can be revealed (Figure 3-9). Additionally, the 

sample can aid in tip wear analysis. Though not demonstrated here, it is feasible to 

measure the distance from the sample to the surface of the cantilever to estimate 

progressive tip wear as depicted in Figure 3-10. 

Finally, an example of the platform’s capability to identify anomalous bending 

behavior is presented in Figure 3-11. Here, an Olympus OMCL-AC160TS (42 N/m) 

cantilever was pressed against a smooth silicon surface. The deflection profile was 



 

43 

linear, rather than the expected cubic behavior. It is assumed that a crack at the 

cantilever base caused this hinge-like bending behavior. The cantilever broke off the 

base chip before this could be confirmed, but the fracture location supports the crack 

assumption. The imaging parameters included a 20x objective, 1x zoom, and 320x240 

pixel mode. 

 
 

Figure 3-10.  Tip wear estimation. Using SWLI measurements that include the sample 
surface in the view, an initial measurement, h1, can be compared to a current 
measurement, h2, to find the tip wear, h1-h2. 

 
 

Figure 3-11.  Anomalous bending behavior. This Olympus OMCL-AC160TS (42 N/m) 
cantilever shows a linear bending profile rather than the expected cubic 
behavior. 
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CHAPTER 4 
THREE-DIMENSIONAL FORCE MODELING 

The 3D deflection data provided by SWLI significantly increases the amount of 

information available to determine force. To illustrate the mathematical method, the 

“normal” force component is determined first. A horizontal rectangular beam is loaded 

through contact at the stylus (Figure 4-1). Forces both perpendicular, F, and parallel, P, 

to the beam axis develop where the relationship between the two forces is unknown (for 

example, a proportional friction model is not assumed). The deflection equation is 

determined from the Euler-Bernoulli beam model. Assuming y=y(x), u=0, and EI is 

constant, four integrations of the beam equation (EI d4y/dx4=u=0) yields, 

𝑦(𝑥) = 𝐶1�
−𝐹

6𝐸𝐼
𝑥3 + 𝐶2𝑥2 + 𝐶3𝑥 + 𝐶4       (4-1) 

where C1 is determined by force balance with the shear force and C2-4 are normally 

determined by applying boundary conditions. Rather than applying boundary conditions 

and condensing the deflection equation to y(x=L) as in the single point measurement 

paradigm, the SWLI data provides y(x) for 0≤x≤L so the full deflection equation is 

utilized. Equation 4-1 is re-written as a general third-order polynomial, 

𝑦(𝑥) = 𝐵3𝑥3 + 𝐵2𝑥2 + 𝐵1𝑥 + 𝐵0       (4-2) 

where B0-3 are the polynomial coefficients. These coefficients can be estimated by a 

least-squares fit to the 3D data. Therefore, the normal force component F is directly 

related to the third order polynomial coefficient B3, 

𝐹 = −6𝐸𝐼𝐵3          (4-3) 

The transduction coefficient (-6EI) has many advantages over stiffness. First, it is 

independent of the beam length, while stiffness has a sensitive relationship to beam 
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length (1:3 length:stiffness error for a rectangular cantilever). Second, the equation 

holds regardless of load application point (this avoids another 1:3 error rate). Similarly, 

the measurement location does not affect the estimate of B3 so there is no error for 

detector misalignment. Third, the normal force is completely decoupled from other 

forces (immune to stylus contact effects). 

 
 

Figure 4-1.  A cantilever loaded at the free end by two independent forces P and F. 

 
 

Figure 4-2.  Force measurement does not depend on the global geometry of the 
cantilever. Both cantilevers shown utilize the same force equation except that 
the bottom cantilever should be measured on both arms (ideally each arm 
carries half the load). 
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The result is a direct application of the shear force equation for beams (-EI 

d3y/dx3=V). The shear force is constant along the length of the beam and is directly 

related to the third derivative of the beam deflection. This explains why the technique is 

independent of location along the beam and is independent of boundary conditions. 

Also, the entire beam does not have to be measured (though it improves the signal to 

noise ratio). Instead, a small section of the beam can be measured and, if the section is 

small enough (ideally, d3y/dx3 is infinitesimal), the shape change across the length of 

the beam is unimportant. This is in contrast to stiffness, which is dependent on the 

global shape of the beam to be solved analytically (shape is often restricted to prismatic 

beams). Therefore, many beam geometries are easily adapted to the 3D force 

technique, such as double arm triangular beams (Figure 4-2). 

 
 

Figure 4-3.  The 3D view of the forces acting on the cantilever. 

A similar development yields expressions for the parallel force component, P, and 

torsional force component, T, to identify the full 3D force vector applied to the cantilever 
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V(F,P,T), (Figure 4-3). First, the parallel force component, P, is derived. Using the same 

generic loading case in Figure 4-1, the moment equation is, 

𝐸𝐼 𝑑
2𝑦

𝑑𝑥2
= 𝑀 = 𝐹(𝐿 − 𝑥) + 𝑃𝑟        (4-4) 

where r is the tip height of the stylus. The deflection equation is then, 

𝑦(𝑥) = −𝐹
6𝐸𝐼

𝑥3 + � 𝐹𝐿
2𝐸𝐼

− 𝑃𝑟
2𝐸𝐼
�

�������
𝐶2

𝑥2 + 𝐶3⏞
=0

𝑥 + 𝐶4⏞
=0

      (4-5) 

where C3-4 are zero for a fixed base boundary condition (motion and slope are zero) and 

C2 is determined from the moment equation. Unlike shear, the moment depends on 

measurement location (not constant over the length of the beam). This is important 

when the location of the base and free end are not well known, which occurs when 

completing a SWLI measurement with a field of view smaller than the cantilever length. 

Here, the coordinate system of the measurement will not correspond to the coordinate 

system of the deflection equation which is centered at the base of the cantilever (Figure 

4-4). Therefore, a polynomial fit to the deflection data cannot be used directly. Instead, 

the deflection equation is re-written for coordinate system independence so that a 

mapping can be performed between the polynomial fit of the data and the deflection 

equation. For example, both the deflection equation and polynomial fit can be mapped 

to, 

𝑦 − 𝑦0 = 𝐴1(𝑥 − 𝑥0)3 + 𝐴2(𝑥 − 𝑥0)       (4-6) 

where A1-2 are coordinate independent coefficients, and y0 and x0 translate the 

polynomial from the origin to an arbitrary coordinate system. Expanding the transform 

polynomial to relate to the deflection equation coefficients and polynomial fit coefficients 

yields, 
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𝑦 = 𝐴1�

−𝐹
6𝐸𝐼

�
𝐵3

𝑥3 + (−3𝐴1𝑥0)�������
�𝐹𝐿2𝐸𝐼−

𝑃𝑟
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�������
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𝐵1

𝑥 + (𝑦0 − 𝐴1𝑥03 − 𝐴2𝑥0)�������������
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  (4-7) 

𝐴1 = 𝐵3 = −𝐹
6𝐸𝐼

          (4-8) 
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𝐵22

3𝐵3
= −2𝐸𝐼

� 𝐹𝐿2𝐸𝐼+
𝑃𝑟
2𝐸𝐼�

2

𝐹
       (4-9) 

Note that the A1 coefficient does not vary with coordinate system, providing a second 

check on the invariance of measurement location for F. Solving for P in terms of the 

polynomial fit coefficients yields the measurement-independent result, 

𝑃 = 2𝐸𝐼
𝑟
��𝐵22 − 3𝐵3𝐵1 − 3𝐵3𝐿�       (4-10) 

This result fully decouples P from the normal force F. However, determining P does 

require additional knowledge about the cantilever geometry, including tip height, r, and 

beam length, L. Note that beam length is not cubed and is therefore less sensitive to 

error than the single point approach. 

 
 

Figure 4-4.  SWLI measurement coordinates. The SWLI has its own coordinate system 
(xSWLI,ySWLI) which is offset from the global coordinate system defined in the 
Euler-Bernoulli deflection equation (xEB,yEB) by an unknown amount (x0,y0) 

The final force component, T, applies torsion to the beam causing twist. The twist 

equation can be derived using St. Venant’s torsion theory which assumes the rate of 

𝑦0 𝑥𝑆𝑊𝐿𝐼 

𝑦𝑆𝑊𝐿𝐼 𝑦𝐸𝐵 

𝑥𝐸𝐵 

side view 

SWLI 

𝑥0 
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change of angular twist over the length of the beam, dα/dx, is constant. The resulting 

equation for twist is, 

𝛼 = 𝑅
𝐺𝐽
𝑥          (4-11) 

where α is the angular twist, R is the applied torque, x is the position along the length of 

the beam, G is the material’s shear modulus, and J is the torsion constant. Converting 

to deflection yields, 

𝑦(𝑥, 𝑧) = 𝑅
𝐺𝐽
𝑥𝑧          (4-12) 

where z is the location across the width of the beam. This equation assumes a 

particular coordinate system (origin at the base) so it can be generalized as, 

𝑦 = 𝑅
𝐺𝐽

(𝑥 − 𝑥0)(𝑧 − 𝑧0) + 𝑦0        (4-13) 

𝑦 = 𝑅
𝐺𝐽⏟
𝐷

𝑥𝑧 + −𝑅
𝐺𝐽
𝑥0���
𝐻

𝑧 + ⋯        (4-14) 

A surface fit to the 3D data yields a coordinate-independent estimate of the coefficient D 

which is directly related to the applied torque, 

𝑅⏞
𝑇𝑟

= 𝐺𝐽𝐷          (4-15) 

𝑇 = 𝐺𝐽𝐷
𝑟

           (4-16) 

where T is the final force component of the 3D force vector applied to the tip. 
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CHAPTER 5 
VALIDATION OF THE FORCE MODEL 

Normal Loading 

Equation 4-3 was evaluated for the case of a meso-scale horizontal beam (no tip) 

with a “normal” mass-based force applied (i.e., F was ideally the only force component). 

The beam was fabricated from a 50.8 mm diameter, double-sided polished <111> 

silicon wafer by diamond cutting at the flat. The design dimensions for the beam were 1 

mm wide, 5 mm long, and 0.3 mm thick. After fabrication, the dimensions were 

measured using the SWLI. The average width was 0.941 mm and the length was 4.820 

mm (the SWLI lateral resolution was 4.4 µm for a 5x objective at 0.5x zoom with a 

640x480 detector). A thickness measurement was completed by placing a glass surface 

beneath the cantilever and using the SWLI to measure the distance from the top of the 

glass surface to the top of the cantilever. The thickness value, t, was 0.305 mm but 

varied depending on location by ±9 µm. A stitched SWLI image of the entire cantilever is 

shown in Figure 5-1. 

 
 

Figure 5-1.  SWLI image of the fabricated cantilever. The enlarged field of view was 
enabled by stitching multiple images together. It is seen that the width of the 
beam varies slightly along its length. The wafer edge roll-off is observed at 
the free end (left end) of the beam. 
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The normal forces for the beam were produced using a series of 10 masses 

(Figure 5-2a); the individual masses were each suspended from a tether which was 

looped over the beam (Figure 5-2b). The mass values, mmeas, were measured using a 

Mettler Toledo AB265-S/FACT precision balance (0.1 mg resolution). The beam was 

fixed to a holder using CrystalbondTM heat-activated adhesive and the holder was bolted 

to the tip-tilt stage. 

a)       b)  
 

Figure 5-2.  Fabricated masses. a) Masses used for vertical loading experiments, b) 
cantilever attached to the tip-tilt stage and loaded near the free end. 
Measurements are valid at any section between the base and the load point. 

The measurement procedure was initiated by aligning the cantilever base to the 

SWLI optical axis (the optical axis was treated as parallel to the gravity vector, although 

the degree of alignment was not determined). To perform this alignment, a 5x objective 

with 0.5x zoom was applied to give a 2.82 mm by 2.12 mm field of view and 4.4 

µm/pixel lateral resolution. The cantilever was then laterally positioned under the 

objective using the motorized stage. The cantilever was longer than the field of view so 

only a section of the cantilever was measured; stitching was not applied for the force 

measurements. The following steps were completed for each mass. 

Attach the mass to the cantilever.  
Complete a first SWLI measurement.  
Remove the mass.  
Complete a second SWLI measurement.  
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The two SWLI measurements were differenced to isolate the deflection caused by 

loading. As described before, differencing isolates the deformation caused by the 

applied force from other sources. However, differencing requires lateral alignment 

between images. Therefore, the mass was applied first in the measurement sequence 

since it required the longest setup time. This reduced the time between steps 2 and 4 to 

a few seconds, which mitigated the effect of lateral drift due to stage settling and 

thermal effects. In addition to drift-related lateral motion, vertical deflection of the 

cantilever from an applied force also leads to a small shift (foreshortening) of the 

cantilever along the beam axis. Because the beam deflections were small in this study, 

this shear effect was neglected. 

A deflection profile was obtained for each applied force by taking a section view 

through the beam center in the difference map (similar to the approach used for the 

AFM cantilevers shown in Figure 3-7). The section view data was then fit in a least-

squares sense using a cubic polynomial to obtain the coefficient B3. Equation 4-3 was 

adjusted for F=mest g and divided by the measured mass mmeas to assist in the data 

analysis, 

𝑚𝑒𝑠𝑡

𝑚𝑚𝑒𝑎𝑠
= −6𝐸<110>𝐼𝐵3 𝑔⁄

𝑚𝑚𝑒𝑎𝑠
= 1        (5-1) 

where mmeas is the mass measured by the precision balance in kg, mest is the mass 

estimated by the cantilever force equation in kg, E<110>=168.9 GPa [59], I=wt3/12 for the 

rectangular cross-section, t=0.305 mm, and g=9.81 m/s2. There was a noticeable taper 

in the width so the average value within the measurement field of view was used 

(w=0.926 mm). Equation 5-1 should equal 1 within the measurement uncertainty. The 

uncertainty was estimated from the uncertainties of each variable in Equation 5-1 and is 
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discussed later in the chapter. The results are displayed in Figure 5-3 with error bars 

based on the uncertainty analysis and multiplied by a coverage factor of 2. As seen in 

the figure, the estimated mass under predicts the measured mass by a mean of 9.6% 

but is within the error bars. 

  
 

Figure 5-3.  Results of Equation 5-1 for the 10 masses. The error bars are based on the 
full uncertainty analysis multiplied by a coverage factor of 2. 

The variability of B3 with profile location in a single measurement was also 

investigated. Eleven deflection profiles near the beam centerline were selected from a 

single image and used to individually calculate B3. The standard deviation was found to 

be 0.5% of the mean value. This deviation is an indicator of the model limits since the 

Euler-Bernoulli equations describe a two-dimensional beam. Noise in the SWLI height 

map from the single measurement result would also contribute. 

Next, the cantilever was loaded and 11 separate measurements were sequentially 

completed before removing the load. Only the centerline profile was extracted from 

each measurement and was used to calculate B3. The standard deviation was found to 
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be 1.5% of the mean. This provides an indication of the limit imposed by the 

environmental noise over the required measurement time of approximately 4 minutes. 

 
 

Figure 5-4.  Beam loaded under identical conditions, but measurement field of view was 
varied. The boxes represent the partially overlapping measurement regions 
along the beam’s axis. For identical loading, the shear should be identical 
regardless of location. 

Ideally, the force calculated using Equation 5-1 is independent of the 

measurement location for constant loading conditions. To test this behavior, a 

measurement (denoted 1) was completed for a field of view near the free end and 

compared to a measurement (denoted 2) completed near the base; see Figure 5-4. The 

values of B3 differed, however, due to the tapering beam width (see Figure 5-1). To 

enable a direct comparison of the two results, it was necessary to consider the non-

constant beam width and corresponding variation in the moment of inertia along the 

beam’s axis. This was accomplished using the average widths, wavg, of the beam for the 

two selected fields of view. The result was evaluated by considering the ratio of the two 

measurement results 1 and 2 (same mass, but different location). After simplification, 

the ratio is, 

(−6𝐸<110>𝐼𝐵3)1
(−6𝐸<110>𝐼𝐵3)2

=
�−6𝐸<110>𝑤𝑎𝑣𝑔𝑡

3𝐵3
12 �

1

�−6𝐸<110>𝑤𝑎𝑣𝑔𝑡
3𝐵3

12 �
2

=
�𝑤𝑎𝑣𝑔𝐵3�1
�𝑤𝑎𝑣𝑔𝐵3�2

= 1     (5-2) 
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which is nominally equal to 1. Experimentally, the ratio was determined to be 1.03 

based on a mass load of m=8.617 g and the following values: (B3)1=-37.02 m-2, 

(wavg)1=0.88 mm, (B3)2=-33.89 m-2, and (wavg)2=0.93 mm. This deviation from unity is 

reasonable given the 1.5% standard deviation obtained from the repeated B3 tests for a 

single load with the profile extracted along the beam’s centerline. 

In a second study of the polynomial fit-based force determination approach, a 

horizontal Olympus  OMCL-AC240TS probe (rectangular cross-section, 30 µm x 2.8 

µm, 240 µm length, k=1.8 N/m, approximately 14 µm tip height, less than 10 nm tip 

radius) was deflected vertically against a rigid, smooth silicon surface. The experimental 

B3 value was -2.11×104 m-2 from the centerline deflection profile. If the manufacturer-

specified EI value of 8.29×10-12 N-m2 is applied, the resulting vertical force is F=-

6B3EI=-6(-2x11x104)(8.31x10-12)=1.05x10-6=1.05 µN. Based on the measured deflection 

of 0.59 µm at the probe’s free end (from the SWLI height map), the force obtained from 

the manufacturer’s spring constant is F=1.8(0.59x10-6)=1.06x10-6=1.06 µN. This gives a 

1% agreement and provides a preliminary validation of the method for a typical AFM 

probe. Data was collected using a 20x objective, 1x zoom, 320x240 pixel detector. 

In a final study, the full surface data of a cantilever was used to calculate the 

polynomial coefficients rather than taking a section view down the center of the 

cantilever axis. This was done in preparation for the torsion experiments which required 

the three-dimensional deformation data (see Equation 4-14). To accommodate a full 

surface fit, least-squares curve fitting was used again. The equation for the surface is a 

linear combination of each deformation, 
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𝑦(𝑥, 𝑧) = 𝐵3𝑥3 + 𝐵2𝑥2���������
𝑏𝑒𝑛𝑑𝑖𝑛𝑔

+ 𝐶1𝑥 + 𝐶0�������
𝑏𝑒𝑛𝑑𝑖𝑛𝑔
𝑎𝑛𝑑

𝑡𝑜𝑟𝑠𝑖𝑜𝑛

+ 𝐷𝑥𝑧 + 𝐻𝑧�������
𝑡𝑜𝑟𝑠𝑖𝑜𝑛

     (5-3) 

Since the generic equations for bending and torsion contain both x and constant terms, 

these components are added together in Equation 5-3 and are represented by new 

coefficients C1 and C0. For normal loading, the only component of interest was B3. 

Given a number of (x,z,y) points, Equation 5-3 can be written in matrix form, 
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  (5-4) 

where m is the number of measurements across the width of the cantilever, n is the 

number of measurements down the length of the cantilever, and m x n is the total 

number of measurements. This can be compactly written as [XZ]{B}={Y} and solved for 

in the least squares sense using the pseudo-inverse, 

{𝐵} = [𝑋𝑍]+{𝑌}         (5-5) 

 A  B 
 

Figure 5-5.  The aluminum “tee” bonded to a 1.5 mm wide cantilever. A) a microscope 
image of the tee, B) a SWLI height map of the tee. The images are stitched to 
enlarge the field of view. The groove near the cantilever is for alignment 
purposes. 
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A 1.46 mm wide by 0.311 mm thick by ~5 mm long cantilever was mass loaded to 

test this approach. Additionally, a removable “tee” was bonded to the cantilever to be 

used for the torsion experiments described later. The “tee”, shown in Figure 5-5, had 

three sockets to accept a stainless steel sphere which, in turn, held the masses. This 

configuration enabled repeatable positioning of the masses into the sockets. For normal 

loading, the center hole was used. Eight masses (3.260 g, 5.426 g, 7.552 g, 9.734 g, 

11.877 g, 14.059 g, 16.122 g, and 18.285 g) were applied to the cantilever, with five 

trials per mass. The coefficients were determined using Equation 5-5 and the masses 

were computed using Equation 5-1. The results are shown in Figure 5-6 where the error 

bars are based on the uncertainty analysis and multiplied by a coverage factor of 2. The 

estimated mass under predicts the measured mass by a mean of 6.2% but is within the 

error bars. 

 
 

Figure 5-6.  Results of Equation 5-1 for the 8 masses using the surface fit approach. 
The error bars are based on the full uncertainty analysis multiplied by a 
coverage factor of 2. 
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Torsion Loading 

 A  B 
 

Figure 5-7.  “Tee” attached to cantilever. A) Attaching a “tee” to the cantilever enabled 
offset loading, B) an array of cantilevers with one cantilever being loaded 
using the “tee”. 

Equation 4-16 was evaluated on multiple cantilevers using offset loading as shown 

in Figure 5-7a. An aluminum “tee” was fabricated and bonded to the cantilevers (Figure 

5-5). Three holes were drilled through the tee as load zones for a stainless steel sphere. 

The resulting ball and socket arrangement enabled precise placement of the sphere on 

the tee. A hook inserted through a hole in the sphere enabled it to support the masses. 

The tee was bonded to the free-end of the cantilevers using CrystalbondTM heat-

activated adhesive. The assembly shown in Figure 5-7b enabled offset loading with a 

constant torque arm.  

New cantilevers were fabricated with dimensions and torque arms shown in Table 

5-1. Positive arms generated counter-clockwise twist and negative arms generated 

clockwise twist. The torque arm was defined as the perpendicular distance from the 

center of the hole to the cantilever beam axis. Since the tee was bonded manually, 

placement of the tee onto the cantilever was not tightly controlled resulting in cantilever-

𝑟 
𝑅 = 𝑟𝑚𝑔 

𝐹 = 𝑚𝑔 

𝑦 

𝑧 

𝑥 
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to-cantilever variability in the torque arm alignment. Additionally, the field of view of the 

microscope was too small to simultaneously capture the holes and the cantilever in the 

same measurement and stitching was time intensive. Therefore, the torque arm was 

estimated based on the orientation of the alignment grooves to the cantilever axis and 

the known dimensions of the tee. 

Table 5-1.  Cantilever geometries. The thickness, t, was approximately 311 μm. 

Cantilever 
number 

Length 
(mm) 

Width 
nominal 
(mm) 

Width 
measured, 
w (mm) 

Torsion 
multiplier, 
β [60] 

Positive 
torque 
arm (mm) 

Negative 
torque arm 
(mm) 

1 5 1  0.959 0.263 5.339 NA 
2 5 1.5  1.454 0.286 5.371 5.605 
3  5 2.5 2.462 0.306 5.528 5.448 
4 5  3  2.962 0.310 5.355 5.622 
5  5  0.7 0.656 0.233 5.221 5.756 
6 13 1.5 1.455 0.288 5.378 5.598 
7 13 3 2.963 0.310 5.347 5.630 
8 13 0.7 0.657 0.233 5.590 5.387 

 

The cantilevers were each loaded with at least three different masses five times 

per mass in the same manner as for the normal loading experiments. The first mass 

was the smallest in the set (2.166 g). The third was the largest mass the cantilever 

could accept while still reflecting light back to the SWLI (note the SWLI has a maximum 

surface angle that it can measure which depends on the magnification). The other 

masses were selected to be between the first two. The coefficients were estimated 

using Equation 5-5 with the coefficient of interest being D. Equation 4-16 was adjusted 

to assist in data analysis similar to Equation 5-1, 

𝑚𝑒𝑠𝑡

𝑚𝑚𝑒𝑎𝑠
= 𝐺𝐽𝐷 𝑔𝑟⁄

𝑚𝑚𝑒𝑎𝑠
= 1         (5-6) 

where mmeas is the mass measured by the precision balance in kg, mest is the mass 

estimated from the cantilever force equation in kg, 54.0 ≤ G ≤ 64.7 GPa depending on 
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width and thickness [61], J=βwt3 (β and w are given in Table 5-1), t=311 μm, and r is the 

torque arm given in Table 5-1. The results for positive torque and negative torque are 

shown in Figures 5-8 and 5-9, respectively. The estimated mass under predicts the 

measured mass for positive torque loading by 7.4% and under predicts the measured 

mass for negative torque loading by 11.2%. The mean of the two results is 9.3%. 

 
 

Figure 5-8.  Torsion results when mass is loaded at the positive torque arm. The error 
bars are based on the full uncertainty analysis multiplied by a coverage factor 
of 2. 

A second study was performed to determine if the normal and torsional 

components could be determined simultaneously with the same measurement. Figure 

5-7a shows how an offset load produces both twist and bending deformation. Because 

the tee increased the effective length of the cantilevers, which subsequently increased 

the measurement sensitivity to external noise, two alterations to the setup were required 

to lower the noise levels. First, foam insulation was placed around the work area to 
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block air currents. Second, the tethers for the masses were replaced by a rigid, 

stainless steel link. Motion at the test mass was rigidly linked to the sphere which 

caused the sphere to rock in its socket and quickly damped vibrations. 

 
 

Figure 5-9.  Torsion results when mass is loaded at the negative torque arm. The error 
bars are based on the full uncertainty analysis multiplied by a coverage factor 
of 2. 

A 1.46 mm wide by 0.311 mm thick by ~5 mm long cantilever was used along with 

5 masses (3.260 g, 5.426 g, 7.552 g, 16.122 g, and 18.285 g) applied at both positive 

and negative torque arms (5.464 mm and 5.515 mm respectively) with five trials per 

mass. The coefficients were determined using Equation 5-5, the mass estimated, and 

the results analyzed by Equation 5-6. Using the normal force coefficient yields the 

results shown in Figure 5-10 and using the torsion force coefficient yields the results 

shown in Figure 5-11 with the error bars based on the uncertainty analysis and 

multiplied by a coverage factor of 2. The mean estimated mass using the normal force 
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coefficient under predicts the measured mass by 8.0% and the mean estimated mass 

using the torsional force coefficient under predicts the measured mass by 11.9% (mean 

positive torque arm of 12.5% and mean negative torque arm of 11.2%). 

 
 

Figure 5-10.  Torsion loading results for mass loaded at the positive and negative torque 
arms. The error bars are based on the full uncertainty analysis multiplied by a 
coverage factor of 2. 

 
 

Figure 5-11.  Normal loading results for mass loaded at the positive and negative torque 
arms. The error bars are based on the full uncertainty analysis multiplied by a 
coverage factor of 2. 
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Uncertainty Analysis 

The measurement uncertainty reported in the figures was determined by the 

propagation of errors of Equations 5-1 and 5-6, 
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where terms with asterisks can be expanded further. The terms I and J expand to, 
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where w is the beam width, t is the beam thickness, “resolution” is associated with the 

SWLI height resolution, and “standard dev” is based on measurements of thickness at 

multiple locations on the beam. The terms B3 and D expand to, 
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where the “least-squares” term is associated with the covariance matrix obtained during 

fitting and the “standard dev” term is based on the repeated trials of each mass load. 

The term r, the torque arm, expands to, 

𝜎𝑟
𝑟

= ��𝜎𝑟
𝑟
�
𝑟𝑒𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛

2
+ �𝜎𝑟

𝑟
�
𝑎𝑙𝑖𝑔𝑛𝑚𝑒𝑛𝑡

2
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where “resolution” is associated with the SWLI lateral resolution and “alignment” is 

associated with the extrapolation of the hole location using the alignment grooves 

instead of a stitched image of the entire assembly. Representative values are provided 

in Table 5-2 where the largest uncertainty contributor, thickness (standard dev), is also 

the term that gets multiplied by three in Equation 5-9. 

Table 5-2.  Uncertainty contributions. 

Name Variable 
name Value 

Young’s modulus 𝜎𝐸<110> 𝐸<110>⁄  0.005 

Shear modulus 𝜎𝐺 𝐺⁄  0.01 

Cantilever width 𝜎𝑤 𝑤⁄  0.003-0.013 

Cantilever thickness 
(resolution) (𝜎𝑡 𝑡⁄ )𝑟𝑒𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 1.7x10-5 

Cantilever thickness 
(standard dev) 

(𝜎𝑡 𝑡⁄ )𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑑𝑒𝑣 0.029 

Normal force coefficient 
(least-squares) 

�𝜎𝐵3 𝐵3⁄ �
𝑙𝑒𝑎𝑠𝑡−𝑠𝑞𝑢𝑎𝑟𝑒𝑠  0.005 

Normal force coefficient 
(standard dev) 

�𝜎𝐵3 𝐵3⁄ �
𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑑𝑒𝑣

 0.02 

Torsional force coefficient 
(least-squares) 

(𝜎𝐷 𝐷⁄ )𝑙𝑒𝑎𝑠𝑡−𝑠𝑞𝑢𝑎𝑟𝑒𝑠 0.0002 

Torsional force coefficient 
(standard dev) 

(𝜎𝐷 𝐷⁄ )𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑑𝑒𝑣 0.02 

Gravity 𝜎𝑔 𝑔⁄  0.004 

Torque arm (resolution) (𝜎𝑟 𝑟⁄ )𝑟𝑒𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 0.002 

Torque arm (alignment) (𝜎𝑟 𝑟⁄ )𝑎𝑙𝑖𝑔𝑛𝑚𝑒𝑛𝑡 0.02 

Mass measurement 𝜎𝑚𝑚𝑒𝑎𝑠 𝑚𝑚𝑒𝑎𝑠⁄  1.1x10-5 -6.1x10-5 
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Young’s modulus for single crystal silicon depends on crystal orientation. For (111) 

silicon with the cantilever beam axis on the (111) plane, Young’s modulus is 

independent of orientation with a value of 168.9 GPa. However, manufacturing limits 

prevent perfect alignment to the (111) plane. The manufacturer specified alignment 

tolerance to the (111) plane was ±0.5 deg. Using the stiffness tensor for silicon and 

applying tensor rotations, the maximum error in modulus for wafer misalignment was 

determined to be 0.5% of 168.9 GPa. 

A similar process was used to determine the uncertainty for shear modulus due to 

misalignment to the (111) plane. However, shear modulus does depend on the 

orientation of the beam axis on the (111) plane. The beam axis was nominally oriented 

along the <-1-12> direction by cutting perpendicular to the wafer flat (the wafer flat was 

along the <1-10> direction). The flat had a tolerance of ±1 deg to the <1-10> direction 

and the cutting process had a tolerance of ±2 deg. Finally, the shear modulus depended 

on the width to thickness ratio of the cantilever. The combined uncertainty for shear 

modulus was less than 1% of the nominal shear modulus (54 ≤ G ≤ 64.7). 

The cantilever width uncertainty was specified as two times the SWLI lateral 

resolution (2 x 4.4 μm). Dividing by the cantilever width gives a range from 0.3% to 

1.3%. Similarly, cantilever thickness uncertainty was specified as two times the SWLI 

vertical resolution (2 x 2.7 nm) which was negligible for thicknesses of 0.305 and 0.311 

mm. However, thickness had a much greater variability when measuring at multiple 

locations on the same cantilever. Thickness measurements were made by placing a 

glass slide under the cantilever and measuring from the top of the glass to the top of the 

cantilever surface. This distance was affected by contaminants between the glass and 



 

66 

cantilever and by variability in wafer thickness. Also, measuring the thickness risked 

damaging the cantilevers. Therefore, a maximum variability of 9 μm was assumed 

based on multiple measurements of a few cantilevers at different locations on each 

cantilever. For a 0.311 mm thick cantilever the uncertainty is 2.9%. 

The coefficient matrix used in the force equations was obtained from a least-

squares fit to the three-dimensional deformation data, i.e. a series of (x,y,z) points. The 

uncertainty in the deformation data is related to the uncertainty in the coefficient matrix 

by the covariant matrix. Rewriting Equation 5-3 more generally, 

𝑦(𝑥, 𝑧) = 𝐵3𝑓1(𝑥, 𝑧) + 𝐵2𝑓2(𝑥, 𝑧)���������������
𝑏𝑒𝑛𝑑𝑖𝑛𝑔

+ 𝐶1𝑓3(𝑥, 𝑧) + 𝐶0𝑓4(𝑥, 𝑧)���������������
𝑏𝑒𝑛𝑑𝑖𝑛𝑔
𝑎𝑛𝑑

𝑡𝑜𝑟𝑠𝑖𝑜𝑛

+ 𝐷𝑓5(𝑥, 𝑧) + 𝐻𝑓6(𝑥, 𝑧)���������������
𝑡𝑜𝑟𝑠𝑖𝑜𝑛

  (5-14) 

a new symmetric matrix, α, can be defined with elements, 

𝛼𝑙𝑘 ≝ ∑ ∑ � 1
𝜎𝑖𝑗
𝑓l�𝑥𝑖, 𝑧𝑗�𝑓k�𝑥𝑖, 𝑧𝑗��𝑚

𝑗=1
n
i=1               (5-15) 

where l and k are the row and column numbers of α respectively and vary from 1 to 6, m 

is the number of measurements across the width of the cantilever, n is the number of 

measurements down the length of the cantilever, and m x n is the total number of 

measurements. Since measurements are obtained by the SWLI camera, each (x,z) 

location is a different pixel, where i and j are the pixel indices. The term σij is the y-

coordinate measurement uncertainty at a given pixel (i,j) and was assumed to be the 

same for all pixels. This enabled σ to be estimated by, 

𝜎2 ≅ 1
𝑁−6

∑ ∑ �𝑦𝑖𝑗 − �𝐵3𝑥𝑖3 + 𝐵2𝑥𝑖2 + 𝐶1𝑥𝑖 + 𝐶0 + 𝐷𝑥𝑖𝑧𝑗 + 𝐻𝑧𝑗��
2𝑚

𝑗=1
𝑛
𝑖=1           (5-16) 

where N=n x m and 6 corresponds to the number of free parameters (the coefficients). 

The covariant matrix is the inverse of α. The elements of the covariance matrix are the 

variances and covariances of the fitted coefficients, 
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𝜶−𝟏 =

⎣
⎢
⎢
⎢
⎢
⎢
⎡𝜎𝐵3

2 𝜎𝐵3𝜎𝐵2 𝜎𝐵3𝜎𝐶1 𝜎𝐵3𝜎𝐶0 𝜎𝐵3𝜎𝐷 𝜎𝐵3𝜎𝐻
. 𝜎𝐵2

2 𝜎𝐵2𝜎𝐶1 𝜎𝐵2𝜎𝐶0 𝜎𝐵2𝜎𝐷 𝜎𝐵2𝜎𝐻
. . 𝜎𝐶1

2 𝜎𝐶1𝜎𝐶0 𝜎𝐶1𝜎𝐷 𝜎𝐶1𝜎𝐻
. . . 𝜎𝐶0

2 𝜎𝐶0𝜎𝐷 𝜎𝐶0𝜎𝐻
. . . . 𝜎𝐷2 𝜎𝐷𝜎𝐻
. . . . . 𝜎𝐻2 ⎦

⎥
⎥
⎥
⎥
⎥
⎤

            (5-17) 

A typical result of the covariance matrix using torsion loading of 7.552 g on a 1.46 mm 

wide by 0.311 mm thick by ~5 mm long cantilever on the positive torque arm is, 

𝜶−𝟏 =

⎣
⎢
⎢
⎢
⎢
⎡
816.1 −3.456 0.004 0.000 0.001 0.000

. 0.015 0.000 0.000 0.000 0.000

. . 0.000 0.000 0.000 0.000

. . . 0.000 0.000 0.000

. . . . 0.001 0.000

. . . . . 0.000⎦
⎥
⎥
⎥
⎥
⎤

× 10−5           (5-18) 

with values for |B3| and |D| of 18.2556 and 0.4874 respectively. Taking √(α-1)11/B3 and 

√(α-1)55/D gives the uncertainty in these terms of 0.5% and 0.02% respectively. 

The coefficients also had measurement-to-measurement deviation when loaded 

with the same mass multiple times. Therefore, the standard deviation was computed for 

every measurement sequence and found to be around 2% of the mean for both B3 and 

D. Gravity was assumed to be 9.81 m/s2 but alignment to gravity was not checked so a 

conservative 5 deg deviation was assumed leading to an uncertainty of 0.4% of 9.81 

m/s2. The torque arms had a minimum uncertainty due to the SWLI lateral resolution (2 

x 4.4 μm was used). Additionally, the alignment grooves were used to extrapolate the 

torque arm distance. Using the extrapolation procedure and comparing to a direct 

measurement of the torque arm by stitching multiple images together, it was found the 

torque arm could be off by as much as 100 μm so the uncertainty was set to this limit. 

Finally, all masses were weighed by a precision balance with a resolution of 0.1 mg so 

the uncertainty was set to two times this value (2 x 0.1 mg).



 

68 

CHAPTER 6 
CONCLUSIONS 

All results under predicted the measured mass (6% to 12%). The thickness was 

the largest uncertainty contributor at 3% (Table 5-2) providing a 9% uncertainty in the 

estimated mass compared to the measured mass. This uncertainty alone nearly closes 

the gap in the under predictions. Thickness measurement is a significant challenge that 

is not unique to this research. Not only is it difficult to measure, but its uncertainty is 

amplified by being cubed in the force equation. 

For the first torsion study (parameters in Table 5-1), the estimated mass was 

systematically higher for the positive torque arm than for the negative torque arm 

(Figures 5-8 and 5-9). This is contrasted with the second torsion study where the 

opposite trend was observed (Figure 5-11). The reason for the difference is the method 

for computing the torque arms. In the first torsion study, because many cantilevers were 

tested, the torque arms were extrapolated based on the alignment grooves. In the 

second torsion study, the torque arms were directly measured by stitching multiple 

images together to obtain both the tee and cantilever in a single view. Note that in the 

first study, the gap between the mean positive torque arm and the mean negative 

torque arm was 3.8% while in the second study, the gap was 1.3% and in the opposite 

direction (total difference of 5.1%). The torque arm concept used in this research is 

analogous to AFM tip height. Determining these values is a significant challenge in 

cantilever force research. 

In the study where the normal force coefficient simultaneously with the torsion 

force coefficient (Figure 5-10 and Figure 5-11) were computed from a single test, the 

estimated mass using the normal force could be directly compared to the estimated 
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mass from the torsional force. The two results both under estimated the measured mass 

but by different amounts. The normal force under estimated by 8% and the torsion force 

by 11.9% (difference of 3.9%). Common parameters in the force equations contribute 

equally and in the same direction to both results and, therefore, the difference must be 

because of uncommon parameters. For example, shear modulus uncertainty does not 

contribute to the normal force result but does contribute to the torsion force result. 

Summary 

Measuring the deflection of an AFM cantilever at a single spatial point requires the 

use of a scalar stiffness as the force transduction constant. Stiffness, however, is a 

poorly defined quantity for a cantilever sensing an unknown 3D force vector. If, instead, 

deflection of the cantilever is measured at multiple points simultaneously, the force 

vector can be determined unambiguously. Measurements made this way are immune to 

many of the problems associated with traditional single point measuring schemes. 

There is no dependency on where the load is applied or what portion of the beam is 

measured and there is no cubic dependency of measurement location on length. Each 

force component can be independently determined, whereas, in single point techniques, 

the total force vector must be decomposed using prior knowledge about the 

relationships between the force components. 

A prototype platform was designed to measure the full-field deflection profile of 

cantilevers under load. The primary platform component was a scanning white light 

interferometer (SWLI), which measures surface contours through the low coherence 

interference of white light. This platform was used to test a new 3D force model. Forces 

were applied to single crystal silicon cantilevers to cause bending and torsion. From the 

3D deformation, the forces were determined unambiguously. 
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Future Work 

This study identifies many follow-on research topics. A natural extension is to 

validate the model for the third force component, P. Then, the complete force model 

could be verified using AFM-scale cantilevers. The obvious challenge for micrometer-

scale cantilevers is identifying sources of suitably small reference forces and 

determining the material properties and the thickness of multi-layered cantilevers. 

Finally, the prototype platform could be improved. For example, the SWLI measurement 

rate is on the order of seconds. Adapting the SWLI for shorter measurement times or 

selecting an alternative measurement approach could reduce dynamic disturbances 

such as vibrations. With a new high frequency measurement transducer, a new dynamic 

3D force model could be investigated. 
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