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There is a 73% incidence of falls among individuals with mild to moderate stroke. 

37% of patients that fall sustain injury that required medical treatment. 8% sustained 

fractures and the risk for hip fracture is ten times higher in the stroke population. 

General risk of fracture is two to seven times greater following a stroke. Due to the 

impact falls have on the health and well being of persons with stroke, there is a 

substantial need to assess dynamic balance during walking in order to ascertain who is 

at increased risk for falls. 

 While little has been done to quantify balance during walking in the general 

population, much less has been done to quantify the effect of neurological impairment 

on balance during gait in persons with stroke. Approaches for determining who is at risk 

for falls have usually relied on clinical measurement scales as opposed to quantitative 

evaluation of joint power production ability. However, interpretations of these measures 

are based on statistical evidence and do not quantify a subject’s balance performance 

during walking. 

To quantify and ultimately improve dynamic balance during neurologically impaired 

walking, it is necessary to quantify the biomechanical effects of altered or impaired joint 
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power productions during paretic gait. These effects are relevant since a primary 

disability associated with post-stroke hemiparesis is the failure to make rapid graded 

adjustment of muscle forces. Reduction in, or ill coordinated, muscle forces result in 

inefficient and ineffective net joint power production. In order to quantify the 

biomechanical effects related to a decrease in joint power production, a detailed 

biomechanical simulation of the human body during perturbed walking is necessary to 

elaborate on experimental findings.  

A simulation that can explore the effects of reduced power production on balance 

requires the development of a ground contact model that can explain the production of 

ground reaction forces and moments based on the deformation/kinematics of the foot. 

The following work develops the ground contact model and the biomechanical 

simulation that mathematically relates reduction in joint power production to deficits in 

balance. Furthermore, the work investigates the role of various joints’ in maintaining 

balance and quantifies successful balance with a mathematical measure: whole body 

angular momentum. 

To improve understanding of the relation between joint power production and 

balance, the simulation is subjected to an optimization procedure that results in 

kinematic and kinetic solutions that return whole body angular momentum to a regular 

limit cycle following a perturbation. Studying the return of whole body angular 

momentum to a regular limit cycle after a perturbation assists in understanding balance 

since whole body angular momentum collectively quantifies rotational velocity of the 

entire body about the center of mass and in order to maintain balance, the rotational 

velocity of the entire body is necessarily bounded.  
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CHAPTER 1 
INTRODUCTION 

Reduced Balance Capacity in the Stroke Population 

The impact of stroke on walking is significant [1], with only 37% of stroke survivors 

able to walk after the first week. Even among those who achieve independent 

ambulation, significant residual deficits persist in balance [2, 3] and gait speed with a 

73% incidence of falls among individuals with mild to moderate impairment 6 months 

post-stroke[4]. A primary disability associated with post-stroke hemiparesis is the failure 

to make rapid graded adjustment of muscle force and to sufficiently activate muscles 

[5]; consequently, a reduced ability to rapidly respond to perturbations that influence 

balance is inferred. Various compensatory walking patterns have been suggested to 

increase balance in hemiparetic gait (e.g., increased double support time); however, it is 

difficult to state whether kinematic or kinetic variations during paretic gait are 

adaptations done by choice to increase stability or the result of an impaired neural 

controller and decreased power production. Regardless, persons with hemiparesis do 

not have robust control over dynamic balance during gait and little is understood about 

how to quantify their ability to retain balance. 

Balance control is an interaction of the individual, the task, and the environment as 

actuated by the neuromuscular system. While various theoretical and clinical models 

exist for static balance, they are not directly applicable to all of the dynamic aspects of 

balance during walking [6].  Most falls occur during walking [7] but most clinical balance 

assessment tests do not include assessment of dynamic walking. Balance control 

mechanisms are specific to the task being performed and the environment in which the 

task is being performed [8] and recent walking recovery literature emphasizes the 
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importance of task specificity during rehabilitation [9, 10].  None of the clinical 

assessments of balance control in gait allow for the assessment of reactive balance 

mechanisms, which are critical for both postural and equilibrium control. These reactive 

responses depend on rapid input from subcortical mechanisms depending on 

somatosensory and vestibular sources, both of which are often impaired in those with 

stroke [11]. 

There is a substantial need to assess dynamic balance and reactive responses 

during walking in order to ascertain who is at increased risk for falls and whether a 

targeted intervention has improved dynamic balance.  

Dynamic Balance During Gait Can Be Studied Through Whole Body Angular 
Momentum, Foot Placement, and Joint Power Production 

The principle of whole body angular momentum is the primary connection between 

joint power production and balance. Foot placement is a means of angular momentum 

regulation and a fall in any direction requires appropriate foot placement to regain 

balance.  

Whole Body Angular Momentum 

Whole body angular momentum (AM) is the summation of segmental moment of 

inertia multiplied by angular velocity. Thus, it collectively quantifies the rotational velocity 

of the entire body about the center of mass (COM) in a single measure. It can be 

calculated from kinematic data where the AM of the entire body is expressed as the 

superposition of individual segmental AM. To find the whole body AM about any 

arbitrary point q, a summation is performed [12]. 

 𝐻𝑞 = ∑ 𝐈i ∙ 𝜔𝑖 + �p𝑞 − p�i� × 𝑚(vq − v�i)i  (1-1) 
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In the summation, 𝐻𝑞 is the whole body AM about point q. 𝐈i is the i’th segment’s 

inertia tensor and 𝜔𝑖 is its angular velocity.  p𝑞 and vq are the position and velocity of 

point q respectively while p�i and v�i are the position and velocity of the segment’s center 

of mass. m is the segment’s mass. To calculate whole body AM from kinematics, an 

anthropometric model is required to determine m and I and to measure segmental 

kinematics. A typical 3D model would consist of 13 rigid segments (two feet, two 

shanks, two thighs, pelvis, trunk, two forearms, two upper arms, and a head). 

Furthermore, a 3D model is imperative to ensure that interplanar coupling is taken into 

account. A 2D model will not reflect interplanar coupling [13].  

To maintain upright walking, the whole body AM should maintain oscillation about 

zero, since a constant non-zero AM implies continuous rotation of all segments about 

an axis (other than the vertical axis) which would most likely represent falling [14]. 

Previously it has been noted that inter-segmental AM cancellations are mostly 

responsible for a “close to zero” whole body AM and various successful control 

schemes have been developed based on this “zero moment assumption” in the robotics 

literature [15]. In highly sophisticated bipedal robots, control systems that maintain a 

constant zero AM, despite perturbation, result in stable and robust multi-segmental 

bipedal gait. This has been described as the only reliable stability index of dynamic 

bipedal locomotion in robotics [16]. Despite the success of such control systems in 

robotics, it is noted from experimental results that humans do not follow this strategy 

completely. Humans tend to allow oscillation in AM about zero during gait [12, 17]. As 

opposed to the zero moment assumption, which assumes that the subjects strive to 

maintain a constant zero AM throughout the gait cycle, we hypothesize that inter-
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segmental AM cancellations are not the primary mechanisms of AM stabilization. The 

hypothesis states that healthy and efficient walking requires fluctuation of the AM from 

zero, and it requires a mechanism whereby the AM can be directed to zero when 

necessary in normal gait or perturbed walking. We propose that this regulation occurs 

during normal and perturbed gait because AM is often manipulated purposefully during 

certain tasks [17]. Phases of normal walking have been described as a controlled fall, 

which can be thought of as a non-zero fluctuation in AM.  To control this fall, it is 

proposed that foot placement is the primary mechanism by which AM is controlled [18, 

19].   

Foot Placement During Gait 

Little or no attention has been given to whole body AM in conjunction with foot 

placement and balance, especially during gait. Inverted pendulum models (which model 

the human body as a rigid strut with a point mass on the end) have been used to 

determine margin of stability (essentially the proximity of the center of mass to the base 

of support after taking into account the velocity of the center of mass) as a measure of 

dynamic balance [20]. Inverted pendulum models neglect the angular inertial properties 

of the human body amongst other assumptions. Furthermore, theoretically determined 

margin of stability have not been experimentally verified to relate to impaired subjects 

ability to maintain balance during gait. Whether inverted pendulum assumptions are 

justified has been discussed by Herr et al. [12] with respect to human balance and 

Goswami [21-23] with respect to bipedal robots. Regardless, it should be noted that 

whole body angular momentum carries vital information that allows a mathematical 

prediction of where a foot should be placed such that the subject does not fall [18, 19]. 

The maintenance of AM during gait therefore forms the theoretical basis of the this 
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research utilizing the fact that foot placement is a means to ensure the return of AM to 

zero from a non-zero state, without disrupting the center of mass trajectory.  

Joint Power Production and Maintenance of Whole Body Angular Momentum  

Two factors are related to directing the angular momentum in the correct direction: 

the moment arm from the center of mass to the center or pressure, and the force acting 

at the center of pressure. These two factors can be related to whole body angular 

momentum in a simple fashion:  

 𝐻 ̇ = 𝑀𝑔 + 𝑅 × 𝐺𝑅𝐹������ (1-2) 

In this relation, 𝐻 ̇ is the time rate of change of the angular momentum about the 

center of mass, 𝐺𝑅𝑀 is the ground reaction moment and 𝐺𝑅𝐹������ is the ground reaction 

force. 𝑅 is the vector from the center of mass to the center of pressure which is located 

on the ground surface.  

To substantiate a significant alteration in whole body angular momentum, the 

above relation shows that a significant contribution from a single foot is related to the 

distance of that foot from the center of mass and the magnitude of the ground reaction 

force that is produced by that foot.  Since the ground reaction force can be related to 

any single joint moment by the standard inverse dynamics equations, joint power 

production is directly related to the change in angular momentum about the center of 

mass (as is foot placement). 

Hemiparesis Adversely Affects Balance via Foot Placement and Power 
Production 

Impaired subjects with an inability to rapidly respond to perturbation, do not have 

the power production capacity to place the foot fast enough to regain balance within the 

gait cycle [24]. Studying the response to perturbation will allow for the classification of 
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balance recovery ability according to neurological deficit and also rate balance recovery 

strategies. Understanding the inability of paretic subjects to regain control of their 

angular momentum will further develop clinical assistance in the prevention of falls. 

 When AM is perturbed, there is a time constraint that must be met to place the 

foot in order to correct the AM fluctuation. If the foot that is to correct AM is placed 

excessively late or not far enough from the COM, a fall may occur [18, 19]. Control 

subjects are expected to respond more rapidly than hemiparetic subjects and have foot 

placement that is more consistent with a mathematically viable solution for rectifying the 

post-perturbation angular momentum [24]. Since hemiparetic subjects have poor 

coordination and reduced power production ability, they are likely less able to rapidly 

place a foot far enough forward to be in a position that can reestablish dynamic balance. 

Thus, hemiparetic subjects should require more time and steps to regain a steady AM 

profile and demonstrate more fluctuation in angular momentum for the same 

perturbation when compared to a control subject. Subjects who are more likely to fall 

are expected to be those who are less able to quickly regain their AM profile. Studying 

the dynamic balance response to perturbation may allow for the classification of 

dynamic balance performance according to specific neurological deficits.  

Biomechanical Simulation – a Means to Fully Understand Inadequate Power 
Generation as it Relates to Regulation of Angular Momentum 

Biomechanical simulation is growing in popularity as a means to understand the 

mechanics of the human body. It is the application of the first principles of mechanics to 

living organisms. The first instance of the application of mechanics was written by 

Aristotle and was titled De Motu Animalium or On the Movement of Animals. In this 

work, Aristotle first performed “mind experiments” to determine how an animal could 
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achieve a task without actually requiring the animal to do the task. Today the science 

ranges from learning about flight from the behavior of insects to making more 

comfortable mattresses. In this application biomechanical simulation is used to 

determine the joint power production requirements needed to overcome certain 

perturbing forces during gait. In order to complete the simulation, three topics are to be 

addressed. The first topic is the effect of joint moments on segments’ angular 

momentum to which the joint does not directly apply. Since the trunk is more than one 

third the mass of the entire body, the effect of joint moments of the lower extremities on 

trunk angular acceleration is sufficient to establish whether whole body AM can be 

affected by all the lower extremity joints. The second is the generation of a suitable 

ground contact model. The third is the development of a biomechanical model to which 

optimization routines can be applied to determine suitable joint power productions that 

can stabilize whole body AM after a perturbation. 

All Joint Moments Significantly Contribute to Whole Body Angular Momentum 

 Computationally advanced biomechanical analyses of gait demonstrate the often 

counter-intuitive roles of joint moments on various aspects of gait such as propulsion, 

swing initiation, and balance [13, 25-28]. Each joint moment can produce linear and 

angular acceleration of all body segments (including those on which the moment does 

not directly act) due to the dynamic coupling inherent in the interconnected 

musculoskeletal system. This study presents the quantitative relationships between 

individual joint moments and trunk control with respect to balance during gait to show 

that the ankle, knee, and hip joint moments all affect the angular acceleration of the 

trunk and consequently the angular momentum of the trunk which is a large portion of 

the whole body angular momentum which cannot be accounted for by inter-segmental 
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angular momentum cancelations. We show that trunk angular acceleration is affected 

by all the joints in the leg with varying degrees of dependence during the gait cycle. 

Furthermore, it is shown that inter-planar coupling exists and a two dimensional analysis 

of trunk balance neglects important out-of-plane joint moments that affect trunk angular 

acceleration. 

Biomechanical Simulation Requires the Development of a Ground Contact Model 

Of the intricate modeling necessities specific to human gait, foot-ground contact 

has been presented as challenging. The most common approach presented is a spring-

damper model in which spring-damper elements dictate ground reaction forces [29-34]. 

Another approach is to assume a welded joint between the ground the foot [35-38]  or to 

model the foot as a rigid rolling surface [39]. More complex methods such as finite 

element models from study on cadavers and magnetic resonance imaging have been 

proposed [40]. Visco-elastic sphere models have also been introduced to represent the 

plantar surface of the foot [41]. Visco-elastic spherical contact models have been 

suggested with increasing interest to model the foot [34, 41]. A contact model based on 

a visco-elastic sphere was first studied by the H. R. Hertz [42] and expresses the 

relationship between the sphere’s deformation and the resulting force that causes the 

deformation. The visco-elastic sphere model presented by Guler et al relies on 

experimental data from heel pads and Guler et al conclude that visco-elastic spheres 

can be incorporated into foot models for simulation. More complex spherical models 

have been presented that replace constant exponent of 3/2 that exists in Hertz’s model 

with a variable n which dictates the geometry of the model (Marhefka 1999).  

The primary procedure by which a contact element’s parameters are derived is 

with forward simulation [29-34]. In determining spring and damping constants in forward 
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simulation, it is permissible to allow a certain amount of variation in kinematic response. 

This is typically the cost function of the optimization and the resulting kinematics of the 

foot does not match experimental kinematics exactly.  

The contact model developed herein uses neural networks to accommodate for 

experimental inaccuracies with respect to kinematic measurements. The input into the 

model is the kinematics of a set of penetrative elements that are fixed in a multi-

segmented foot. The positions of the elements are determined with a three point 

calibration using a pressure sensitive film. The result is a foot contact model that can 

accept measured kinematics and duplicate ground reaction force measurements. This is 

useful for inverse dynamic optimizations where the input is a set of simulated joint 

angles which, with the ground contact model, fully define the ground reaction forces and 

moments at the feet. 

Biomechanical Simulation Optimization Will Reveal the Relation Between Joint 
Power Production and Whole Body Angular Momentum 

To understand and quantify the regulation of whole body AM with reduced power 

production ability, an optimization will be run to determine the joint angle trajectories 

that will reestablish a biomechanical simulation’s whole body AM to a normal trajectory 

as determined from experimental data. The experiential data is collected with a novel, 

state-of-the-art perturbation system on an instrumented treadmill that fully records 

bilateral ground reaction forces and moments. Furthermore, a motion capture system 

measures the kinematics of the subject. 

With such a computational model in place, it will be possible to simulate 

perturbations applied to patients with hemiparesis without subjecting them to a 

dangerous situation or greater risk of falls. The simulation will also determine and 
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quantify minimal joint power requirements needed to overcome various levels of 

perturbation forces.  

Conclusion 

The presented research is a means to quantify the balance capability of subjects 

with hemiparesis based on biomechanical principles and power production capability; 

something that is much needed in the clinical environment. The end result is a 

quantification of foot placement requirements to maintain balance during gait. 

In order to produce a quantification of a subjects’ ability to withstand perturbation 

forces during gait, three tasks are to be achieved. The first is the establishment of the 

sensitivity of trunk angular acceleration on lower extremity joint moments. The second is 

the development of a ground contact model. The third is the application of the first and 

second tasks to a computational simulation using a biomechanical model that can 

determine the effects of reduced joint power production and it effect on overcoming 

perturbation.
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CHAPTER 2 
THE SENSITIVITY OF TRUNK ANGULAR ACCELERATION TO ALL JOINT 

MOMENTS 

Introduction 

Dynamic balance during walking consists in large part of stabilization of the trunk. 

Trunk angular sway has been indicated as a reliable measure of balance stability [43, 

44]; however, there are inconsistencies in the literature as to how each of the lower 

extremity joint moments affects trunk angular acceleration.  

Previous studies have argued that because the inertia of the trunk about the ankle 

joint is nearly eight times the inertia of the trunk about the hip joint, the ankle muscles 

would need nearly eight times the moment-of-force relative to provide the same angular 

acceleration of the head, arms, and trunk segment as the hip muscles [45]. They 

concluded that the central nervous system (CNS) may recognize this and utilize the hip 

muscles as the primary actuator for trunk angular control with little involvement of the 

ankle muscles during gait. Alternatively, EMG studies have concluded that the role of 

distal musculature is as important as proximal hip musculature in maintaining balance 

using a movable platform to allow for perturbations [11, 46, 47]. Similar observations, 

using joint power and muscle EMG patterns, show that reactive balance control is more 

likely a synchronized effort of the lower extremity joint moments to prevent collapse 

during perturbations [48]. 

Although the contribution of each muscle (or joint moment) has been explored with 

regards to trunk propulsion and support and segmental power flow [26-28, 49-51], 

similar relationships to trunk angular acceleration have been relatively unexplored. In 

the present study, we use a three dimensional model and the resulting forward dynamic 

equations of motion to identify the relative contribution of each joint moment to the trunk 
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angular acceleration and assess whether one joint more strongly accelerates the trunk 

than the others. We also analyze the contribution of sagittal plane moments on frontal 

plane trunk accelerations that are made possible through dynamic coupling [52], along 

with the contribution of frontal plane moments on sagittal plane accelerations, to assess 

whether caution is necessary when interpreting trunk angular acceleration with only a 

single plane analysis [53]. 

Methods 

Subject 

A single subject whose joint moments and joint angular velocities are consistent 

with published data used in similar trunk control research (e.g., Winter, 1991) (Figure 2-

1) was used for demonstration purposes. The subject walked at self-selected speed on 

an instrumented treadmill (Techmachine, Andrezieux Boutheon, France) for three trials 

of thirty seconds each. 

Data Collection 

Kinematic data were collected using a 12 camera VICON system and sampled at 

100Hz to capture spatial positions of markers placed on the subject in a modified Helen 

Hayes configuration. Rigid clusters of markers were placed on the feet, left and right 

shanks, left and right thighs, pelvis, trunk, head, and upper and lower arms to allow for 

six degree of freedom orientation measurement of each segment. Hip joint centers were 

determined using the CODA algorithm [54]. In this work we have assumed that treadmill 

and overground gait are similar enough to make this study relevant to overground 

walking. We believe this is justified because each muscle will still accelerate all 

segments in exactly the same way in each mode of walking. 
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Model 

A 12 segment rigid body model consisted of two feet, shanks, thighs, forearms, 

and upper arms, a head, and a combined pelvis and trunk segment. Each segment’s 

inertial characteristics were defined using Visual 3D (C-motion, Germantown, 

Maryland). The equations of motion were derived using a standard d’Alembert approach 

and a sensitivity matrix relating the joint moments to trunk accelerations was derived. 

Each of the 12 segments of the subject was assumed to be a rigid segment and 

modeled accordingly. The equations that governed the system are shown in equation 1. 
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Here, F


is a force vector acting on a segment and M


is the moment vector acting 

on a segment. The subscripts denote the type of force or moment as being either 

contact, distance, or inertia which describes forces or moments due to contact, gravity, 

and inertial forces respectively. The inertial forces are further expanded in equation 2 

as: 
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In equation 2, the inertial moment is taken about the center-of-mass (COM). R is 

the rotation matrix, which describes the segment in the lab reference frame, and I is the 

inertial matrix in the segment reference frame. Since the inertial matrix dotted with the 

rotation matrix generally results in a matrix with non-zero diagonal terms, rotational 

dynamic coupling is possible. The mass of the segment is defined by m and the angular 

acceleration and velocity of the segment with respect to the lab reference frame is 
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defined by α  and ω  respectively. The inertial moments acting on the segment can be 

expressed about any point, O, in the lab using equation 3.  
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 (2-3) 

In equation 3, COMOp /  is the vector from point O in the lab to the COM of the 

segment, which is necessary to ensure that summation of the contact, distance, and 

inertial moments occur about the same point with respect to the same reference frame.  

Equations 1, 2, and 3 can be applied to any body or group of bodies which are 

selected as the free body in question.  

In order to establish the trunk angular acceleration as a function of the lower 

extremity joint moments, joint constraints are applied to the ankle, knee, and hip. The 

equation used to do so is given by equation 4. 
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Equation 4 relates the acceleration of the distal and proximal segment to one 

another since they are connected by a ball and socket joint. dp  and pp are the vectors 

from a point O in the lab to the COM of the distal and proximal segments, respectively. 

It is assumed that the moment acting on the proximal end of the distal segment is equal 

and opposite to the moment acting on the distal end of the proximal segment. 

The moments acting at the proximal end of each segment (at each joint) are given 

by the equations (5). 
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Similarly the forces acting on the proximal end of each segment are given by 

equation 6. 
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In the equations 5 and 6 the subscripts F, S, and T reflect the foot, shank, and 

thigh segments, respectively. The above equations of motion can be linearly 

parameterized into equation 7 which reflects the trunk angular acceleration as a function 

of the joint moments.  
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For the sake of example, the moment equations for a three-dimensional inverted 

pendulum is derived and linearly parameterized to express the angular acceleration of 

the pendulum in terms of the moment at the pivot point. The moment equation for an 

inverted pendulum is given as: 
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This equation can be written in terms of its elements. 
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In equation 9, the angular acceleration’s sensitivity to the contact moments are the 

inverse of the inertia matrix in the laboratory reference frame for a given configuration of 

the pendulum.  

The sensitivity matrix S (equation 7) is a time varying matrix which is dependent 

on the geometry of the model. The constant vector C is also dependant on the geometry 

of the model and the scalars xα , yα , and zα  in equation 7 are the angular accelerations 

of the trunk about the x, y and z axes, respectively. 

The joint constraints are defined by equation 4 in above. This equation assumes a 

ball and socket joint for all joints. The laboratory axes have the x-axis directed to the 

subject’s right, the y-axis directed forward, and the z-axis directed vertically. Note, to 

express the three-dimensional vectors in a sense that is most comparable with 

previously performed two-dimensional analysis, moments are expressed with reference 

to axes that remain parallel with the laboratory axes but with an origin at the proximal 

end of the corresponding segment (c.f., anatomically defined axes). 

Results and Discussion 

Sagittal Plane 

The elements of the sensitivity matrix (angular acceleration per N-m of moment 

produced) which affect the sagittal plane trunk angular acceleration are shown in Figure 

2-2. The sagittal plane trunk angular acceleration depends little on non-sagittal plane 

moments.  

The sagittal plane trunk angular acceleration has a negative sensitivity to the 

moment generated at the ankle for most of the gait cycle (Figure 2-2). Thus, an increase 

in plantar flexion moment (a more negative ankle moment about the x-axis) can cause 
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the trunk to have an angular acceleration that leans the trunk posteriorly (shoulders 

back relative to hips, which is a positive angular acceleration about the x-axis). 

Similarly, an increase in a knee extension moment has the potential to cause an angular 

acceleration that leans the trunk posteriorly while an increase in hip flexion moment 

causes an angular acceleration that leans the trunk anteriorly. It should be noted that 

when the trunk angular acceleration is sensitive to a moment, it does not imply that the 

moment is influencing the trunk angular acceleration. If the moment is low, and the 

sensitivity is high, the joint may not influence the trunk angular acceleration. Thus, the 

sensitivity to a joint moment must always be considered in conjunction with the joint 

moment to assess the actual influence on the trunk angular acceleration. 

Frontal Plane 

The frontal plane trunk angular acceleration is similarly dependent on moments at 

all joints (Figure 2-3). In addition to the importance of the moment at the hip, an 

increase in left ankle plantar flexion moment or left knee extension moment each could 

possibly cause a trunk angular acceleration to the right (Figure 2-4). 

Joint Moment Contributions to Trunk Angular Accelerations 

Joint moments multiplied by their sensitivity yields results in units of acceleration 

with the result from each moment being superimposed to yield the total trunk angular 

acceleration. Note that each joint moment’s contribution to the trunk angular 

acceleration in the sagittal and frontal planes are thus quantified and the extent and the 

magnitude of each moment’s contribution varies throughout the gait cycle (Figure 2-5 

and Figure 2-6, respectively). Note that at approximately 50% gait cycle: 1) sagittal 

plane plantarflexion and hip flexion moments approximately counteract one another with 

respect to their effect on trunk sagittal plane angular acceleration; and 2) sagittal plane 
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plantarflexion moment approximately counteracts frontal plane hip moment with respect 

to their effect on trunk frontal plane angular acceleration. 

Control of Trunk Angular Acceleration by the CNS 

The contact moments acting on the trunk will almost be equal and opposite to the 

inertial torques since the gravitational torque is minimal due to the upright trunk causing 

the gravity vector to pass close to the center-of-mass (Figure 2-7). Thus, the inertial 

torque is almost equal and opposite to the contact torques on the trunk as a result of the 

fundamental laws of mechanics (see Equation 1 in Appendix A). Furthermore, since 

distal joint moments can generate linear forces at the base of the trunk (Figure 2-4, 

Figure 2-7), it is possible that the CNS utilizes these forces to alter the angular 

acceleration of the trunk. An example of such a control system is the inverted-

pendulum-cart problem in which linear forces at the base of the inverted pendulum can 

control pendulum balance (rotation) yet still progress the pendulum horizontally. If the 

trunk is modeled as an inverted pendulum with its base at the hip joint center, then the 

linear reaction forces (which are a function of distal joint moments) at the base of the 

trunk are an effective means to control balance of the trunk and maintain forward 

progression. Since both the forces and moments at the base of the human trunk can be 

used to control its angular acceleration, it is possible that the CNS uses both to control 

trunk balance. 
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Figure 2-1. Comparison of the current model (blue) to data from previously published 
work (red) (Winter 1991). 



 

32 

 

Figure 2-2. The sensitivity of the trunk angular acceleration about the x-axis to the joint 
moments during gait. A negative sensitivity implies that a positive moment 
about an axis causes a negative acceleration about the same axis and vice 
versa. 
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Figure 2-3. The sensitivity of the trunk angular acceleration about the y-axis to the joint 
moments of the leg during gait. A negative sensitivity implies that a positive 
moment about an axis causes a negative acceleration about the same axis 
and vice versa. 
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Figure 2-4. The sensitivity of the trunk angular acceleration about the y-axis to the joint 
moments of the leg during gait. A negative sensitivity implies that a positive 
moment about an axis causes a negative acceleration about the same axis 
and vice versa. 
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Figure 2-5. Frontal and sagittal plane views illustrate how a sagittal moment can cause 
frontal plane accelerations by means of reaction forces along the kinematic 
chain. 
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Figure 2-6. Contribution of each joint moment to trunk angular acceleration in the 
sagittal plane. The summation of the contributions is equal to the total trunk 
angular acceleration in the sagittal plane. 
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Figure 2-7. Two methods of calculating the contact moments are illustrated by taking 
free bodies of the trunk and lower extremity. These methods illustrate why the 
contact moments on the trunk are mathematically equal and opposite to the 
inertial forces and moments acting on the trunk.
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CHAPTER 3 
THE DEVELOPEMENT OF A GROUND CONTACT MODEL FOR BIOMECHANICAL 

SIMULATION FROM TREADMILL DATA 

Introduction 

Simulation in biomechanics is a rapidly growing field with detailed computer 

models producing estimation of currently immeasurable parameters of human gait. Two 

primary types of simulation are typically performed: 1.) a forward simulation is one in 

which joint torques are provided to the model and the resulting kinematics can be 

calculated, and 2.) and inverse dynamic simulation calculates the joint torques from 

kinematics. Such simulations are invaluable to orthopedic sciences, rehabilitation, 

prosthetic design, and computer graphics amongst many other fields [55-58]. Due to the 

biomechanical intricacies of the human body, numerous assumptions have to be made 

(mass properties, ground contact models, joint contact models, etc) to produce a 

solution in these simulations. Optimization of the mathematical elements of a simulation 

based on experimental data therefore becomes desirable. 

Of the intricate modeling necessities specific to human gait, foot-ground contact 

has been presented as challenging. The most common approach presented is a spring-

damper model in which spring-damper elements dictate ground reaction forces.[29-34] 

Another approach is to assume a welded joint between the ground the foot [35-38]  or to 

model the foot as a rigid rolling surface [39]. More complex methods such as finite 

element models from study on cadavers and magnetic resonance imaging have been 

proposed [40]. Visco-elastic sphere models have also been introduced to represent the 

plantar surface of the foot [34, 41]. A contact model based on a visco-elastic sphere 

was first studied by the H. R. Hertz [42] and expresses the relationship between the 

sphere’s deformation and the resulting force that causes the deformation. The visco-
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elastic sphere model presented by Guler et al relies on experimental data from heel 

pads and Guler et al conclude that visco-elastic spheres can be incorporated into foot 

models for simulation [41]. More complex spherical models have been presented that 

replace constant exponent of 3/2 that exists in Hertz’s model with a variable n which 

dictates the geometry of the model (Marhefka 1999).  

Despite the increasing investigation and complexity associated with foot contact 

modeling, four vital aspects of contact model design have not been addressed 

thoroughly. The first is the applicability of current models to treadmill walking, the 

second is the effect of kinematic measurement error on foot contact model 

development, the third is the effect of the discretinization of the continuous plantar 

surface of the foot on the frictional properties of the model, and the fourth is the 

reporting of the foot contact models ability to model all six of the ground reaction force 

and moment components. The following work address these four points by exploring the 

effects of treadmill belt movement in the medial lateral direction versus the anterior 

posterior direction, performing kinematic optimization within experimental measurement 

to improve model performance, introducing a novel elemental torsional friction to 

account for discretinizing the plantar surface of the foot to improve axial reaction 

moment modeling, and presenting the models ability to reconstruct all six components 

of the ground reaction force is presented.  

Methods 

Subjects 

A single subject was used for demonstration purposes. The subject walked at their 

self selected speed of 1.1 m/s on an instrumented treadmill (Techmachine, Andrezieux 

Boutheon, France) for three trials of thirty seconds each. 
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Data Collection 

Kinematic data were collected using a 12 camera VICON system and sampled at 

200Hz to capture spatial positions of markers placed on the subject’s feet. The subject 

walked barefoot. Markers to capture the kinematics of the foot were placed on the 

medial, lateral, and posterior sides of the heel. A marker was placed on the medial and 

lateral malleoli, on the first and fifth metatarsal heads, on the big toe nail, on the second 

toe nail, and at the base of the second toe. A rigid cluster with three markers on was 

also placed on the mid foot (Figure 3-1).  

The subject was asked to perform numerous tasks on the treadmill. The first was 

to stand statically for a period of five seconds to determine the relative positions of 

markers to be used as tracking clusters (discussed in the “Model” section of this 

chapter). After the static trial, the subject was required to step on three marker balls 

securely attached to the ground level. This process was used in a three point calibration 

(discussed in “Pressure Sensitive Film” section of this chapter). Subsequently, the 

subject was asked to walk at various speeds (as naturally as possible) for forty seconds 

at a time. Once the subject reached steady state (typically within the first ten seconds) 

the data collection would commence. 

Two measurements systems were utilized to determine the forces and moments 

acting on the plantar surface of the feet. The first is a split belt instrumented treadmill 

(Techmachine, Andrezieux Boutheon, France) and the second is a pressure sensitive 

film (Tekscan, Inc. South Boston, USA). The instrumented treadmill has the capability to 

record horizontal and vertical forces while the pressure sensitive film records only 

vertical forces and pressure distribution. 
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Pressure Sensitive Film 

The pressure sensitive film measures vertical ground reaction forces at 1200 

discrete places on the plantar surface of the foot with a grid resolution of 5.08mm. The 

sensor film was taped to the plantar surface of the foot using strong double sided 

adhesive tape which effectively held the film in the correct position and acquired data at 

a rate of 100Hz.  

Since the film’s measurement is contained in a three dimensional matrix (x- 

position, y-position and time), the data requires more complex filtering procedures. The 

current work applied a 2 stage filter and a subsequent fifth order data interpolation. The 

first stage was to filter each frame of data (every point in time has 1200 readings at 

1200 x-y locations) such that the distribution of pressure measured on the plantar 

surface of the foot at a single point in time produced a smooth function. The second 

stage is to filter the data along time to remove the high frequency content of each 

individual sensor in the film. The data interpolation occurs along the time axis where 

every sensor’s data is resampled at a rate to coincide with the data from the motion 

capture system. This interpolation utilized included fitting a quintic spline to every 

senor’s time trajectory and resampling the spline at 200 Hz. 

Not every point on the grid proved necessary to include in the evaluation. Many 

sensors had a zero or insignificant contribution to the total pressure distribution. In order 

to filter out only the points that made a relevant contribution and determine the locations 

of clusters of elements that could be grouped into a segment, a breadth-first search 

algorithm was used. The algorithm loops through every time frame of data. At a time 

frame, the data can be represented by a 60 X 20 matrix in which the rows indicate 

anterior/posterior direction (along the y-axis) and the columns represent medial/lateral 
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direction (along the x-axis). In this matrix the algorithm selects the element with the 

maximum value. The next step is to check the 8 neighboring elements to see if their 

value is above a threshold that represents a significant contribution. In this work that 

threshold was set to be at 1% of the maximum value. If the neighbor’s value is less than 

the threshold, the same process is not repeated for its neighbors. If the neighbor’s 

element is above the threshold, then the position of this element is stored and its 

neighbor’s are checked. The process is repeated until no more neighbors exist with 

values above the threshold. The result is a group of points that can be classified into a 

segment as a group (Figure 3-1). The algorithm effectively determined four clusters that 

represented the heel, the forefoot, the second toe and the big toe. The points of the heel 

were assumed to be at a fixed position in the foot segment; similarly, the midfoot points 

were assumed to be fixed in the foot reference frame, and the second toe and big toe 

clusters were assumed to be fixed in the toes segment.  

Upon completion of the filtering process, the pressure data from the remaining 

elements are calibrated at each point in time to exactly match the vertical force 

measurement from the treadmill. Thus, the pressure film is not utilized as a force 

measurement system as much as it is utilized as a pressure distribution measurement 

system. Prior to the calibration the pressure film according to the instrumented treadmill, 

a cross correlation is used to determine the time lag between the two signals since the 

signals were not collected in a synchronous fashion (Figure 3-2).  

In order to calibrate the film at a point in time, the 60 X 20 matrix is normalized to 

the summation of all elements’ values at that value. The result is then multiplied by the 

value of the vertical force as measured by the instrumented treadmill at that point in 
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time. After this procedure is performed, when a frame corresponding to a point in time is 

summated along its rows in columns, the result is a value that exactly corresponds to 

the value of the vertical force as measured from the instrumented treadmill at that point 

in time (Figure 3-2).  

Three-Point Calibration 

The information of the pressure distribution is not effective unless its position is 

known within the foot’s reference frame. In order to estimate the position of each one of 

the 1200 sensors in the foot reference frame, a three point calibration is performed. 

During this process the subject is required to step on three markers that are securely 

fastened to the floor’s surface. The position of the markers fasted to the ground surface 

was recorded prior to this. The markers were seven millimeters in radius and planted on 

a two millimeter thick plastic base that was fastened to the ground. While the subject 

stepped on the markers, the kinematics of the subject’s foot was recorded. 

The data that resulted from the three point calibration data collection was passed 

through the breadth-first search algorithm described earlier in this section. The 

algorithm effectively determined the pressure regions that corresponded to the markers 

that the subject stepped on. Since the kinematic motion of the subject’s foot was 

recorded during this process, a rotation matrix and reference frame origin could be 

determined such that the position of the pressure regions could in the pressure film 

reference frame could be translated and rotated to coincide with the marker positions as 

determined from the motion capture system.  

To determine the three Euler angles and three translations that successfully 

complete the three points calibration, an interior-reflective Newton method is used. The 

optimization involved the approximate solution of a large system using the method of 
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preconditioned conjugate gradients at each iteration. The algorithm was implemented 

using Matlab’s “fminunc” function with a large-scale optimization. The algorithm 

successfully determined the three translations and three rotations that the pressure film 

points would have to undergo in the foot reference frame necessary to “line-up” the 

pressure regions with the positions of the markers fastened to the floor (Figure 3-1).  

Foot Model 

To model the foot, it was divided into two segments. The first segment is defined 

as the heel and its motion is tracked from the three markers placed on the medial, 

lateral, and posterior sides of the heel, and a cluster of three markers on the midfoot. 

The second segment is the toes segment which is tracked by using the markers on the 

hallux nail, index toe nail, and the marker at the base of the index toe. The kinematics of 

each segment is determined by singular value decomposition of a matrix derived from 

the positions of the land marks [59].  

To reduce the complexity of the model eight visco-elastic elements were fixed in 

the foot reference frame and two elements were fixed in the toes reference frame. The 

locations of the elements were determined using the pressure sensitive film, the three 

point calibration routine, and kmeans clustering. Kmeans clustering was used to reduce 

the number of elements in each segment to a manageable amount. The number of 

elements in the midfoot and heel sections was reduced to four and a single 

representative element was to replace the elements in the index toe and a single 

representative element replaced the elements in the hallux (Figure 3-3). 

Full Body Model 

The model was created in Mathwork’s (Natick, MA, USA) Matlab using the 

SimMechanics toolbox. The axis definition has the y-axis of the laboratory perpendicular 
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to the treadmill surface. The z-axis is orthogonal to the y-axis and points in the opposite 

direction of the treadmill belts motion (i.e. the z-axis points forward). The x-axis is the 

cross product of the y- and z-axes. The model and segmental coordinate systems are 

presented in Figure 3-4. Visualization of the model is done utilizing equivalent ellipsoids 

to represent each segment. The ellipsoid is determined from the segment’s mass and 

mass distribution. The foot is visualized as a convex hull of the contact elements used 

to model foot ground contact. 

The model consists of thirteen rigid segments (toes, feet, legs, thighs, pelvis, 

trunk, head, upper arms, and lower arms) all interconnected with ball and socket joints. 

The joint locations were optimized. The optimization placed a fixed point in the proximal 

segment; it also placed another point fixed in the distal segment. The coincidence of 

these two points’ trajectory was the cost function. When the optimizer placed two points 

fixed in the proximal and distal segment reference frames that had coincident 

trajectories through space due to the motion of the respective segments, the average 

position of the two points was considered to be the joint center (Figure 3-5). The 

optimization converged using a gradient descent approach (Matlab’s “fminsearch”). 

After the joint center optimization the pelvis was constrained to move according to the 

experimental data. The thigh was then connected to the pelvis at the optimized joint 

center. This optimized joint center contains small residuals (stddev = 3.2 mm) and which 

results in a translational motion of the thigh that varies from the original experimental 

data within the residual of the joint center optimization. This joint center residual 

superimposes its effect after the knee and ankle joint centers. Prior to joint constraint, 

the maximum residual from least squares marker tracking on the foot was 2.8 mm. The 
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radius of the markers used to track the system was 7.5 mm. Post joint constraint the 

origin of the foot had a mean error of 4.3 mm from the non-joint constraint system. The 

maximum deviation of the origin of the foot in the joint constraint system was 8.5 mm 

from the origin of the foot in the non-joint constrained system, and this residual occurred 

at heel strike.  

Visco-Elastic Contact Elements 

As mentioned in the introduction of this chapter, the typical approach to modeling 

foot ground contact has been with visco-elastic elements. The typical form of such an 

element is given by an equation that represents a non-linear damping element.  

 𝐹𝑧 = 𝑐 ∙ 𝑥𝑛 ∙ (1 + 𝑏 ∙ 𝑥𝑛 ∙ �̇�) (3-1) 

In this equation 𝑥 is the penetration distance, �̇� is the penetration velocity, and 𝑛 is 

and exponent that can be included as a design variable since it is dependent on the 

hypothetical geometry of the contact element. The characteristic use of this equation 

allows the simulation of a hysteresis in the simulation of the vertical ground reaction 

force. Two more design variables are c and b which are the spring constant and 

damping constant respectively.  

Since the vertical force is known at 1200 locations on the plantar surface of the 

foot after utilizing the measurement capability of the pressure film, the visco-elastic 

element’s capability as an appropriate element can be explored. In order to do this, an 

optimization procedure is completed in which the height of the element in the segment’s 

reference frame, the spring constant, the damping coefficient, and the geometry 

exponent are all design variables.  

An element was placed at every point as dictated by the sensor positions in the 

pressure sensitive film. An optimization was performed on each individual element. The 
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optimization was to determine the parameters of the visco-elastic element that cause 

the element to successfully reproduce the ground reaction force as determined from its 

respective sensor measurement of the ground reaction force in the pressure film. The 

cost function was selected as the least-squares error between the vertical force from the 

simulation and vertical force from experimental data. The vertical force from the 

simulation is the superposition of all the elements vertical reaction force. A comparison 

of the two data sets is made in Figure 3-6.  

Early in the step, the visco-elastic elements had trouble trying to model the 

characteristics of the heel elements. This could be due to numerous reasons. The first 

reason is perhaps that the discrete natural of the elemental model does not contain a 

high enough resolution to accurately model the continuous surface of the heel. The 

second reason is that the compression of the heel pads may reach a maximum, beyond 

that, the calcaneous plays a significant role in the production of force. Compression of 

the calcaneous has a very high sensitivity to force production as is immeasurable with 

the equipment utilized in the current work. A third reason may simply be that the 

elemental penetration into the ground may not be measured accurately enough by the 

tracking markers.  

Researchers have successfully utilized the elements for accurate force simulation 

beyond that seen in Figure 3-6. The approach taken by these researchers is to 

determine reaction force and moments at the ankle through standard inverse dynamics. 

The parameters of the visco-elastic elements are then determined in a forward 

dynamics sense. That is, the kinematics of the foot are determined by driving the foot 

with the forces and moments at the ankle. During this process, the parameters of the 
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visco-elastic elements are altered with an optimization until the motion of the foot best 

represents the experimental kinematics used in the initial inverse dynamic analysis, and 

also the corresponding ground reaction forces. Therefore, success has been due to the 

fact that the model is allowed to vary from the initial measured kinematics. Due to the 

high sensitivity of the ground reaction force production to kinematics, these slight 

variations from the measured kinematics can have profound effects on the ground 

reaction forces. To verify this hypothesis, a single element was selected which proved 

difficult for the visco-elastic element to model.  

To verify that slight variations in kinematics have profound effects on visco-elastic 

elements’ potential to model ground reaction forces, a single element is selected with an 

especially complex force penetration pattern (Figure 3-7). After the optimization, the 

spring constant value on this particular element was 2372 N/m. To determine the 

appropriate parameters such that the penetration and penetration velocities model 

ground reaction forces at an element, the spring constant, damping coefficient, and 

exponent in equation 3-1 are adjusted; however, the optimizations rarely produce a 

perfect fit. If one reverses the process and solves the differential equation 3-1 for the 

penetration, x, by substituting in the true vertical forces from experimental data and the 

spring constant, damping coefficient, and exponent from the optimization, one will 

determine the penetrations that would produce the correct ground reaction force at that 

element. The differential equation which reveals the penetration trajectory that would 

satisfy the equation is given by: 

 �̇� = 𝐹−𝑘∙𝑥𝑛

𝑘∙𝑏∙𝑥𝑛
 (3-2) 
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To solve this equation, Matlab’s ODE45 is utilized which is a numerical integrator 

that uses the Runga-Kutta modus operandi.  By performing this check, it is noticed that 

variation in kinematic measurement by less than 1mm sufficiently alters the penetrations 

to exactly match the experimental ground reaction forces (Figure 3-8). The reported 

accuracy of the motion capture system is on the order of 0.5 millimeters and the 

maximum residual on the segments tracking occurs on the toe segment and heel 

segment and is in the order of 0.75 millimeters. 

It can be concluded that the poor performance of the visco-elastic element to 

design a ground contact model is not due mathematical inconsistencies in the contact 

model’s development, but rather due to insufficient measurement capability of the 

motion capture system. It is also concluded that in order to successfully apply a model 

containing a reduced number of elements, it is vital to alter the kinematics of the model 

to obtain the correct visco-elastic properties of each element. 

Friction Model 

Friction models are applied in various forms. In the current work a combination of 

viscous and Coulomb friction is utilized as well as the introduction of an elemental 

torsional friction associated with the rotational velocity of the element about the vertical 

axis.  

Coulomb Friction 

Coulomb friction is given as: 

 𝐹�ℎ = −�𝐹𝑦� � ∙ 𝜇𝑐 ∙
𝑣�ℎ

|𝑣�ℎ| (3-3) 

In equation 3-3, 𝐹�ℎ is the horizontal frictional force (a two dimensional vector) 

which is pointed in the opposite direction of the two dimensional horizontal velocity, �̅�ℎ. 
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The Coulomb coefficient of friction is 𝜇𝑐 and �𝐹𝑦� � is the magnitude of the vertical force 

(the force normal to the walking surface). This equation can be divided into its two 

scalar equations for the x- and y-components by: 

 𝐹𝑓𝑥 = −�𝐹𝑦� � ∙ 𝜇𝑐 ∙
𝑣𝑥

|𝑣�ℎ|  (3-4) 

for the x-direction and: 

 𝐹𝑓𝑧 = −�𝐹𝑦� � ∙ 𝜇𝑐 ∙
𝑣𝑧

|𝑣�ℎ|  (3-5) 

For the z-direction.Typically the frictional properties of a surface are independent of 

direction; however, in the case of treadmill walking this is not always true. On a treadmill 

it is possible that the belt slides in the medial/lateral direction (x- direction) while its 

motion in the anterior/posterior (z-direction) direction is dictated by the rollers of the 

treadmill. To verify this fact a 20kg mass was placed on the center of two different 

treadmills. An approximate 100 N force was applied to the mass in the x-direction and y- 

direction separately. In the x-direction on treadmill 1 (ADAL treadmill; Techmachine, 

Andrezieux Boutheon, France) the weight and the belt moved 4mm in the direction of a 

91.23 N force without the weight sliding on the belt (Figure 3-9). The belt slid on the 

smooth surface under the belt. In the y-direction the 95.15N force did not cause any 

motion as the belt would not slide over the rollers (which were locked from rolling) and 

the weight would not slide over the belt (Figure 3-10). Similar results were found on 

treadmill 2 (Bertec treadmill; Columbus, Ohio, USA). In the x-direction the weight and 

belt moved but no motion was seen in the y-direction. Again, flexibility in the belt 

allowed medial/lateral sliding in the x-direction of the belt over the smooth surface under 

the belt but the high coefficient of friction between the rollers and the belt did not allow 

motion of the belt in the fore/aft direction. 
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It can be concluded that in order to model horizontal friction on a treadmill, 

different coefficients of friction must be selected for the x- and y-directions. This is 

because there is generally a smooth surface under a treadmill belt and lateral belt 

flexibility allows for motion of the belt over this surface; however; the tensile flexibility of 

the belt is very high in the walking direction and the coefficient friction between the belt 

and the roller is very high; therefore, the belt will not slide in the y-direction. Since 

motion of the subject is measured relative to the lab and the medial lateral displacement 

of the belt is unknown, it is justifiable and necessary to use different coefficients of 

friction for the x- and y-directions in equations 3-4 and 3-5 respectively. 

Viscous Friction 

Viscous friction is given by:  

 𝐹�ℎ = −�𝐹𝑦� � ∙ 𝜇𝑣 ∙ �̅�ℎ (3-6) 

This friction is also separable into two components and different coefficients of friction 

are required for treadmill walking for the x- and y-directions as shown for Coulomb 

friction. Both Coulomb and viscous friction can be superimposed to determine linear 

friction in the model. 

Torsional Friction 

If a single element is to represent a group of elements then rotation of that group 

of elements about the representative element has the ability to produce linear frictional 

forces that oppose the rotation. The frictional linear forces produce a pure moment 

about the representative element. The cumulative frictional moment about the 

representative point can then be modeled by a form analogous to linear Coulomb and 

viscous friction: 
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  𝑀�𝑓 = −�𝐹𝑦� � ∙ 𝜗𝑣 ∙ 𝑤𝑦 − �𝐹𝑦� � ∙ 𝜗𝑐 ∙ 𝑤𝑦 (3-9) 

In this equation 𝑀�𝑓is the moment about the element that opposes rotation. 𝜗 is the 

rotational coefficient of friction and  𝑤𝑦 is the angular velocity of the segment. Typically a 

set of forces acting on a rigid body can be replaced with the resultant force acting on the 

body and a pure moment. If the single element is to replace an infinite amount of 

individual elements on a continuous surface, then a means for producing the resulting 

pure moment must be made available. Equation 3-9 completes the frictional model of 

the representative element.  

Kinematic Optimization 

Since it has been shown that kinematic variation within experimental measurement 

tolerances affect the ability of the model to accurately represent the ground reaction 

forces and moments, a joint angle optimization was performed on the whole body model 

with the foot model attached. 

The optimization allowed for small variations in hip, knee, and ankle angles (less 

than 2 degrees) using particle swarm optimization but assumed that the hip joint center 

moved with the pelvis in a fixed fashion. The optimization utilized bsplines with fifteen 

control points for each joint angle trajectory. Within the joint angle optimization, two 

secondary optimizations are performed to determine the visco-elastic element 

parameters and the frictional parameters that achieve the measured ground reaction 

forces and moments. The optimizations were performed with and without the torsional 

compensation at each element and with and without kinematic adjustment. 

The elemental forces in the y-direction (vertical) are known experimentally from 

the pressure sensitive film; therefore the visco-elastic element parameters to determine 
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vertical force are first performed using optimization to solve for n in equation 3-3 and 

nonnegative regression to find c and b. Since the vertical force (normal force) is now 

modeled at each element, the results can be used in an optimization to find the frictional 

parameters to match the remaining ground reaction forces and moments.  

Results and Discussion 

A kinematic adjustment was made to the joints of the full body model. Three 

degrees of freedom were allowed to vary at the hip, one (flexion/extension) at the knee, 

three at the ankle joint, and three at the toes joint. No angle was allowed to vary more 

than two degrees in any direction. The optimization was performed with two optimizers 

in parallel. A gradient descent method (Mathworks fmincon) and a particle swarm 

optimizer. Periodically (every hour on a Pentium 4 processor with 1GB DDR RAM) the 

best result from each optimizer was compared and the best result applied to the 

optimizer with the worse result. Initially the particle swarm algorithm provided the best 

solutions and as the algorithms began to converge the gradient descent method 

provided better results. The optimization continued for 6 hours and 43 before the 

minimum was reached.  

The resulting joint angles are presented in Figure 3-11. In Figure 3-12 the change 

in the force penetration curve for an element at the heel is presented as an example. 

Prior to the kinematic optimization, the force penetration curve exhibits a non-physical 

damping characteristic. The penetration reaches a certain point and the force increases 

drastically with no change in the element penetration. This is not a function that can be 

modeled with a visco-elastic element. After slight variations in the model kinematics, a 

more physically viable force penetration curve is noticed which lends itself to being 
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modeled with a visco-elastic element. The final results of the ground reaction forces and 

moments of the model are presented in Figure 3-13. 

The gains ranged from 5.43x103  to 3.29x106 N/m for the visco-elastic element. 

After the kinematic optimization the mean squared error of the knee joint from its 

original position was 7.3 mm. The position of the ankle joint center had a mean squared 

error of 22.4mm from its original measured trajectory. 

Conclusion 

A foot contact model for simulation has been developed herein. Visco-elastic 

elements were utilized to create the dynamic relationship between kinematics and the 

vertical ground reaction forces. With the utilization of a pressure sensitive film, it has 

been shown that the success of a foot ground contact model has a high dependency on 

measurement accuracy and that small kinematic variations within measurement 

tolerances improve the ability of a visco-elastic element to model the reaction forces. 

It has been shown that a foot contact model that is developed from data collected 

on a treadmill will most likely have to utilize directionally dependant coefficients of 

friction since high quality, high performance instrumented treadmills still contain 

medial/lateral belt movement that is not present in the walking direction of the treadmill. 

A torsional frictional model has been proposed to account for the pure moment that is 

produced about a representative element from continuous surface area in the 

immediate vicinity of the representative element. The model was deemed necessary 

due to a dimensionality reduction using kmeans clustering and a breadth first search 

algorithm. The clustering relied on a three point calibration that aligned the elements of 

the pressure sensitive film accurately within the foot reference frame. 
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In combing all of the above aspects, a model is developed that reflects all six 

components of ground reaction force during gait.  
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Figure 3-1. Alignment of the pressure film in the foot reference frame relative to the 

motion tracking markers (using a three point calibration) and also the results 
from the breadth-first algorithm search which found only the relevant force 
elements and clustered the elements into anatomically relevant groups 
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Figure 3-2. Calibration of the pressure film. Top: Original data normalized by body 
weight. Middle: Time synchronized data using a cross correlation to 
determine lag. Bottom: Final result from calibration. 
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Figure 3-3. Dimensionality reduction using kmeans clustering. All the elements in the 
segment are replaced with the points reflected by the large solid dots. 

  

Figure 3-4. Anthroprometric model with (left) and without (right) segmental coordinate 
system definititions. The large number of coordinate systems at the feet are 
associated with the contact elements in the foot and toes reference frames. 
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Figure 3-5. The convergence of an optimization to find the left shoulder joint center from 
a poor initial guess.  
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Figure 3-6. Comparison of the visco-elastic model’s reproduction of the experimental 
data that was used to train the model  
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Figure 3-7. Comparison of an optimized visco-elastic element to experimentally 
collected data. 
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Figure 3-8. The comparison of an example experimentally measured element 
penetration and a hypothetical penetration that would cause a visco-elastic 
element to exactly match its corresponding ground reaction force. The 
difference in the measurement falls well within the experimental error. 
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Figure 3-9. On an ADAL treadmill, the weight with no force acting on it is at rest at 50cm 
(left). With a 9.3kg force along the x-axis (normal to the walking direction of 
the treadmill), the belt slides 4mm to the right (right). The weight does not 
slide on the belt.  
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Figure 3-10a. The weight is at rest on the treadmill belt with no force being applied. 
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Figure 3-10b. With a 9.7 kg force being applied along the y-axis (along the walking 
direction on the treadmill) no sliding motion of the belt or the weight on the 
belt occurs. 

 



 

66 

 

Figure 3-11. Kinematic alterations in joint angles produce foot motion that 
accommodates foot/ground contact modeling.  
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Figure 3-12. The effect of kinematic variations removes the non-physical negative 
damping characteristic seen in the original experimental data. 
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Figure 3-13. Resulting force and moment production of the foot contact model post-
kinematic optimization. A torsional friction model is utilized at each element 
and differing linear coefficients of friction are used in the x- and z- directions 
due to medial/lateral treadmill belt flexibility.  
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CHAPTER 4 
ANGULAR MOMENTUM CONTROL DURING GAIT 

Introduction 

The impact of stroke on walking is significant [1], with only 37% of stroke survivors 

able to walk after the first week. Even among those who achieve independent 

ambulation, significant residual deficits persist in balance [2, 3] and gait speed with a 

73% incidence of falls among individuals with mild to moderate impairment 6 months 

post-stroke[4]. A primary disability associated with post-stroke hemiparesis is the failure 

to make rapid graded adjustment of muscle force and to sufficiently activate muscles 

[5]; consequently, a reduced ability to rapidly respond to perturbations that influence 

balance is inferred. Various compensatory walking patterns have been suggested to 

increase balance in hemiparetic gait (e.g., increased double support time); however, it is 

difficult to state whether kinematic or kinetic variations during paretic gait are 

adaptations done by choice to increase stability or the result of an impaired neural 

controller and decreased power production. Regardless, persons with hemiparesis do 

not have robust control over dynamic balance during gait and little is understood about 

how to quantify their ability to retain balance. 

There is a substantial need to assess dynamic balance during walking in order to 

ascertain who is at increased risk for falls and whether a targeted intervention has 

improved dynamic balance. While little has been done to quantify balance during 

walking in the general population, much less has been done to quantify balance during 

gait in persons with neurological deficits such as stroke. Approaches for determining 

who is at risk for falls have usually relied on clinical measurement scales as opposed to 

quantitative evaluation of either stability of the walking pattern or balance mechanisms 
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active during walking. Numerous clinically inspired tests have been used to predict falls 

and classify subjects into “fallers” and “non-fallers” [60]. For example, the Berg Balance 

Scale was designed to provide an indication of a subject’s static balance [61, 62]. 

However, interpretations of these measures are based on statistical evidence and do 

not quantify a subject’s balance performance during walking. Furthermore, these 

assessments are not based on balance control mechanisms present in healthy subjects, 

which would likely be a more helpful approach to improve the efficiency of balance 

rehabilitation. To explain and ultimately improve dynamic balance during walking, it is 

necessary to interrogate balance-specific neural-muscular systems during gait. In order 

to understand the complexities of balance during gait, we believe that it will prove 

necessary to quantify destabilization of gait following perturbation and determine the 

biomechanical mechanisms by which the consequent stabilization is achieved. 

To maintain upright walking, the whole body AM should maintain oscillation about 

zero, since a constant non-zero AM implies continuous rotation of all segments about 

an axis (other than the vertical axis) which would most likely represent falling [14]. 

Previously it has been noted that inter-segmental AM cancellations are mostly 

responsible for a “close to zero” whole body AM and various successful control 

schemes have been developed based on this “zero moment assumption” in the robotics 

literature [15]. In highly sophisticated bipedal robots, control systems that maintain a 

constant zero AM, despite perturbation, result in stable and robust multi-segmental 

bipedal gait. This has been described as the only reliable stability index of dynamic 

bipedal locomotion in robotics [16]. Despite the success of such control systems in 

robotics, it is noted from experimental results that humans do not follow this strategy 
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completely. Humans tend to allow oscillation in AM about zero during gait [12, 17]; 

however, it has been proposed that angular momentum is controlled rigorously by the 

central nervous system and can be assumed to be zero to make predictions on COP 

location [12, 17]. As opposed to the zero moment assumption, which assumes that the 

subjects strive to maintain a constant zero AM throughout the gait cycle, we 

hypothesize that inter-segmental AM cancellations are not the primary mechanisms of 

AM stabilization. The hypothesis states that healthy and efficient walking requires 

fluctuation of the AM from zero, and it requires a mechanism whereby the AM can be 

directed to zero when necessary in normal gait or perturbed walking. We propose that 

this regulation occurs during normal and perturbed gait because AM is often 

manipulated purposefully during certain tasks [17]. Phases of normal walking have been 

described as a controlled fall, which can be thought of as a non-zero fluctuation in AM.  

To control this fall, well timed joint power production is necessary and specific foot 

placement and it is the goal of this work to investigate both characteristics.  

Methods 

Subjects 

Twenty-one healthy subjects were used for to demonstrate theoretical step limits 

and a single healthy subject was used to in the perturbation study for demonstration 

purposes. A single subject six months post-stroke or longer also participated in the 

perturbation study. The subjects walked at self selected speed on an instrumented 

treadmill (Techmachine, Andrezieux Boutheon, France) for three trials of thirty seconds 

each. The instrumented treadmill is equipped to measure 3 orthogonal components of 

ground reaction forces at the subjects’ feet and three orthogonal components of ground 

reaction moments. These six measurements allow for the calculation of the center of 
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pressure (COP) under the foot. This can be done under both feet since the treadmill is a 

split belt treadmill. 

Data Collection 

Kinematic data were collected using a 12 camera VICON system and sampled at 

200Hz to capture spatial positions of markers placed on the subject. Rigid clusters of 

markers were placed on 13 of segments assumed to be rigid bodies. Clusters where 

placed on the feet, legs, thighs, pelvis, trunk, head, upper arms, and lower arms. A 

linear algebra method based on the singular value decomposition of a matrix 

constructed from the positions of markers in the clusters is used to track segment 

motion in a least squares sense [59]. Subjects’ joint power productions were determined 

from standard inverse dynamics procedures. 

Model 

A description of the model utilized on the subject for the perturbation study in this 

chapter is provided in detail in Chapter 2. 

Perturbation 

Force perturbations have rarely been applied during gait because their application 

requires the design of significantly complex custom hardware. The accurate application 

of a force is required in which direction, magnitude and point of application are all 

known. In order to apply a quantified force to a subject walking on a treadmill, a 

sophisticated and rapidly responding feedback control system is needed in conjunction 

with a powerful and speedy actuator. Our research facility has recently had built (Aretec, 

LLC, Ashburn, VA) a custom piece of hardware that solved the problems associated 

with impulse response tests on a walking subject. The Force Pod is based on a master/ 

slave configuration that maintains tension in a cable between the device and the subject 
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without applying a net force until commanded to do so. The configuration winds up 

cable slack and releases cable tension in an appropriate fashion to not affect the 

subject. At a commanded time, the system winds up the cable and measures the force 

being applied to the subject. The system then alters the length of the cable to ensure 

that the movement of the subject does not influence the magnitude or direction of the 

force the cable is inducing on the subject. In conjunction with an advanced safety 

harness system, state of the art motion capture hardware, and a split belt instrumented 

treadmill already in place, the Force Pod can determine the impulse response of a 

human subject to perturbation in a controlled and safe fashion.  

The Force Pod was utilized to apply a perturbation to the subject just after toe off. 

The force as applied at should height pulling the subject forward. At this point it should 

be noted that the subject was walking on the treadmill and a forward pulling force could 

bring the subject to the front of the treadmill. Trying to avoid coming off the front of the 

treadmill may have played a part in the subject’s response, but this didn’t seem to be 

the case here. 

Whole Body Angular Momentum During the Gait Cycle  

The gait cycle can be divided into 6 regions: 1) initial double support, 2&3) first and 

second half of single limb stance respectively, 4) second double support and 5&6) first 

and second half of ipsilateral swing respectively. 

Sagittal Plane:  

In healthy subjects, each of the regions shows characteristic fluctuations in sagittal 

plane angular momentum. Just prior to each heel strike, there is a rapid change in 

angular momentum, which reflects a forward freefall [63] during the second half of swing 

phase (either region 3 or 6). This forward freefall is an intentional fluctuation in angular 
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momentum. Subjects tend to land on the swinging leg which is aptly placed such that 

the ground reaction forces acting on the foot create a moment about the COM which 

results in the angular momentum returning to a value above or close to zero at the end 

of double support (regions 1 and 4). If the foot is not placed in the correct position, the 

moment will not be sufficiently large enough and the whole body angular momentum will 

not be corrected. In the middle of swing (end of regions 2 and 5) the angular momentum 

reaches a maximum and begins its descent throughout the second half of swing 

(regions 3 and 6) to complete the limit cycle for each step. Thus, there are two angular 

momentum cycles in the sagittal plane for every gait cycle and the transition from one 

rotational state to the next occurs during double support. 

Angular Momentum in the Frontal plane 

In order to regulate angular momentum in the frontal plane (lateral balance) during 

swing, the stance leg is responsible for generating ground reaction forces that will 

redirect the angular momentum. An initial non-zero angular momentum (at the 

beginning of swing) is normally zero at the end of the first half of swing and changes 

sign in the second half of swing, and vice versa for an initial positive angular 

momentum. In either case, the angular momentum is required to go from an initial value 

at the beginning of swing to a zero value at a point close to mid-swing (since the sign of 

the angular momentum cannot change at mid-swing without the angular momentum first 

becoming zero). 

The initial angular momentum in swing is highly inversely correlated (r = -0.857; 

p<0.0001) with the change in angular momentum during the first half of swing; however, 

the initial angular momentum is not correlated (r = 0.096, p<0.0001) to the magnitude of 

the angular momentum at mid-point of swing (Figure 4-1). This shows that angular 



 

75 

momentum in the frontal plane is a controlled value and generally driven to a value 

close to zero during the first half of swing regardless of the initial conditions of swing. 

The Relation Between Joint Power and Whole Body Angular Momentum 

Whole body angular momentum (AM) is the summation of segmental moment of 

inertia multiplied by angular velocity. Thus, it collectively quantifies the rotational velocity 

of the entire body about the center of mass (COM) in a single measure. It can be 

calculated from kinematic data where the AM of the entire body is expressed as the 

superposition of individual segmental AM. To find the whole body AM about any 

arbitrary point q, a summation is performed [12]. 

 𝐻𝑞 = ∑ 𝐈i ∙ 𝜔𝑖 + �p𝑞 − p�i� × 𝑚𝑖(vq − v�i)i  (4-1) 

In the summation, 𝐻𝑞 is the whole body AM about point q. 𝐈i is the i’th segment’s 

inertia tensor and 𝜔𝑖 is its angular velocity.  p𝑞 and vq are the position and velocity of 

point q respectively while p�i and v�i are the position and velocity of the segment’s center 

of mass. 𝑚𝑖 is the segment’s mass. To calculate whole body AM from kinematics, an 

anthropometric model is required to determine m and I and to measure segmental 

kinematics. 

The change in whole body AM about point q can be related to the sum of the 

moments acting on the subject. 

 ∑𝑀𝑞 = 𝑑𝐻𝑞
𝑑𝑡

+ (�̅� − 𝑝𝑞) × 𝑚 ∙ 𝑎𝑞   (4-2) 

In equation 4-2, the summation on the left side represents the summations of all 

moments acting on the subject about point q. The acceleration of point q is 𝑎𝑞 and m is 

the mass of the subject. If point q is selected as the COM of the subjects the second 

term on the right hand side becomes zero since �̅� is the subject’s COM. The moments 
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acting on the subject can be expressed as the ground reaction moment and the moment 

arm from the COM to the COP crossed with the ground reaction forces.  

 GRM + (COP − COM) × GRF = 𝑑𝐻𝑞
𝑑𝑡

 (4-3) 

From the equation, it can be noticed that in order to change the whole body 

angular momentum about the COM the subject is required to alter the COP location 

(which is related to foot placement) and the GRF (which is related to joint power 

production). Thus, subjects with reduced power production and reduced coordination to 

accurately place the foot will have difficulty in correcting whole body AM to reestablish it 

to a regular limit cycle. When comparing the AM profile of a patient with hemiparesis to 

a control subject, it is noticed that the control subject needed fewer gait cycles to return 

the AM profile to within two standard deviations of the regular AM trajectory (Figure 4-

2). Although it can be experimentally verified that hemi paretic subjects require more 

time to reestablish AM to a regular limit cycle, it is unknown to what extent power 

production inhibits the reestablishment of AM to its original trajectory. Experimental data 

does show the difference in power production in the response to a perturbation from 

paretic subjects and from controls (Figure 4-3). 

Step Length and Moment Impulses Relation to Angular Momentum Correction 

An external moment acting about a subjects COM will cause a linear change in 

angular momentum. The only way to counteract the change is to place a foot in the 

appropriate position and generate a ground reaction force that develops a near equal 

and opposite moment about the COM. In fact, the angular momentum is given by the 

impulse of the moment acting about the COM: 

 ∫∑𝑀𝑞 dt = Hq   (4-4) 
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if the moments are summed about the subjects COM. Thus an angular momentum 

perturbation is quantifiable in units of Newton-meter-seconds. The only external 

moment available to the subject to counteract the change in angular momentum due to 

a perturbation is the ground reaction forces acting at the COP. The ground reaction 

moments at the COP are, by definition of COP, zero about the horizontal axes and 

rotation about the vertical axis does not imply falling. It is only the linear ground reaction 

forces that can generate moments which oppose angular momentum perturbations 

which could result in falling. Two aspects affect the production of a responsive moment 

about the subjects COM: the lever arm from the COP to the COM and the force at the 

COP. A subject has to essentially produce a counter impulse to correct unwanted 

changes in angular momentum. An impulse of lower magnitude is to be applied over a 

longer period of time to have the same effect as a shorter impulse of high magnitude.  

In order to generate a sufficient impulse in a finite amount of time (i.e. before it’s 

too late to avoid catastrophic failure), the foot must be placed in a manner such that the 

angular momentum about the horizontal axis can be taken from a non-zero value to a 

close to zero value. Consider the sagittal plane and consider falling forward to be an 

increase in negative angular momentum about the x-axis. That is, the x-axis points to 

the subjects right if a right hand coordinate system is used. Then assume that 𝑅 =

𝐶𝑂𝑃 − 𝐶𝑂𝑀. Let  𝐹1 = 𝐶𝑂𝑃(𝑡𝐻𝑆) and  𝐹2 = 𝐶𝑂𝑃(𝑡𝑇𝑂) be the position of the 𝐶𝑂𝑃 at 

ipsilateral heel strike (HS) and contralateral toe off (TO) respectively. Assume there 

exists a function �̅�(𝑡) such that    

     𝑅(𝑡) = 𝐹1 − 𝐶𝑂𝑀(𝑡) + �𝐹2 − 𝐹1� ∙ 𝐺(𝑡)    (4-5) 

Where 𝐺(𝑡) = �0 𝑤ℎ𝑒𝑛 𝑡 = 𝑡𝐻𝑆
1 𝑤ℎ𝑒𝑛 𝑡 = 𝑡𝑇𝑂

� and 0 < 𝐺(𝑡) < 1 ∋ 𝑡𝐻𝑆 < 𝑡 < 𝑡𝑇𝑂 
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𝐺(𝑡) is a function that describes the weight shift from the trailing leg to the leading 

leg in double support which starts at 𝑡𝐻𝑆 and ends at 𝑡𝑇𝑂. To determine the foot 

placement in the medial direction it will be assumed that 𝐺(𝑡) = 𝐺(𝑡𝑇𝑂) ∋ 𝑡𝑇𝑂 < 𝑡 < 𝑡𝑀𝑆 

where 𝑡𝑀𝑆 is the time at the end of the first half of swing or mid-swing (MS). 

The moment equation about the subjects COM can be written in general as: 

 𝑀𝑔 + 𝑅 × 𝑚 ∙ (𝑎 − 𝑔) = 𝐻 ̇  (4-6) 

where 𝐻 ̇ is the time rate of change of the angular momentum about the COM, 𝑀𝑔 

is the ground reaction moment, m is the total mass of the subject, 𝑎 is the acceleration 

of the subjects COM, and 𝑔 is the gravitational constant. Expanding equation 2 and 

writing the equations that relate the angular momentum about the x- and y-axes to COM 

accelerations and the elements of 𝑅, it can be shown that: 

 �̇�𝑥 = 𝑚 ∙ (𝑎𝑧 − 𝑔) ∙ 𝑅𝑦 − 𝑚 ∙ 𝑎𝑦 ∙ 𝑅𝑧 (4-7) 

 �̇�𝑦 = 𝑚 ∙ (𝑔 − 𝑎𝑧) ∙ 𝑅𝑥 − 𝑚 ∙ 𝑎𝑥 ∙ 𝑅𝑧 (4-8) 

In equations 4-7 and 4-8, the subscripts denote the scalar elements of the 

corresponding vectors and 𝑔 = −9.81𝑚/𝑠2. 

Foot placement and sagittal plane angular momentum: The integral of �̇�𝑥 over 

double support is: 

 ∫ �̇�𝑥
𝑡𝑇𝑂
𝑡𝐻𝑆

𝑑𝑡 = ∫ 𝑚 ∙ (𝑎𝑧 − 𝑔) ∙ 𝑅𝑦 − 𝑚 ∙ 𝑎𝑦 ∙ 𝑅𝑧𝑑𝑡
𝑡𝑇𝑂
𝑡𝐻𝑆

 (4-9) 

Substituting the equations and expanding the integrals, it can be shown that the 

change in angular momentum over double support can be expressed in terms of 𝐹2𝑦, 

which is the position of the COP at toe off, a constant and an indicator of the placement 

of the foot at heel strike. 
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𝐻𝑥|𝑡𝐻𝑆
𝑡𝑇𝑂 = � 𝑚(𝑎𝑧 − 𝑔)

𝑡𝑇𝑂

𝑡𝐻𝑆
�𝐹1𝑦 − 𝐶𝑂𝑀𝑦�𝑑𝑡 + 𝐹2𝑦 � 𝑚(𝑎𝑧 − 𝑔)𝐺(𝑡)𝑑𝑡

𝑡𝑇𝑂

𝑡𝐻𝑆
 

−𝐹1𝑦 ∫ 𝑚(𝑎𝑧 − 𝑔)𝐺(𝑡)𝑑𝑡 − ∫ 𝑚𝑎𝑦𝑅𝑧𝑑𝑡
𝑡𝑇𝑂
𝑡𝐻𝑆

𝑡𝑇𝑂
𝑡𝐻𝑆

   (4-10) 

Note in equation 4-10, all terms are dependent on the trajectory of the COM. 𝑅𝑧 is 

the vertical distance between the COM and the ground. The criterion for taking the 

angular momentum from a negative to zero or a positive value through double support 

(to rectify a forward freefall by placing a foot sufficiently far in front of the COM) is that 

𝐻𝑥 (𝑡𝑇𝑂) ≥ 0. 

In order for this to be true, 𝐹2𝑦 should have a minimum value as described in 

equation 4-11 

 𝐹2𝑦 ≥
−∫ 𝑚(𝑎𝑧−𝑔)𝑡𝑇𝑂

𝑡𝐻𝑆
�𝐹1𝑦−𝐶𝑂𝑀𝑦�𝑑𝑡+𝐹1𝑦 ∫ 𝑚(𝑎𝑧−𝑔)𝐺(𝑡)𝑑𝑡+∫ 𝑚𝑎𝑦𝑅𝑧𝑑−𝐻𝑥 (𝑡𝑜)𝑡𝑇𝑂

𝑡𝐻𝑆
𝑡𝑇𝑂
𝑡𝐻𝑆

∫ 𝑚(𝑎𝑧−𝑔)𝐺(𝑡)𝑑𝑡𝑡𝑇𝑂
𝑡𝐻𝑆

 (4-11) 

For foot placement and frontal plane angular momentum, the integral of �̇�𝑥 over 

swing is: 

 ∫ �̇�𝑦
𝑡𝑀𝑆
𝑡𝑇𝑂

𝑑𝑡 = ∫ 𝑚 ∙ (𝑔 − 𝑎𝑧) ∙ 𝑅𝑥 − 𝑚 ∙ 𝑎𝑥 ∙ 𝑅𝑧𝑑𝑡
𝑡𝑀𝑆
𝑡𝑇𝑂

 (4-12) 

Similarly to the sagittal plane angular momentum analysis, 

𝐻𝑦|𝑡𝑇𝑂
𝑡𝑀𝑆 = � 𝑚(𝑔 − 𝑎𝑧)

𝑡𝑀𝑆

𝑡𝑇𝑂
(𝐹1𝑥 − 𝐶𝑂𝑀𝑥)𝑑𝑡 + 𝐹2𝑥 � 𝑚(𝑔 − 𝑎𝑧)𝐺(𝑡)𝑑𝑡

𝑡𝑀𝑆

𝑡𝑇𝑂
 

 −𝐹1𝑥 ∫ 𝑚(𝑔 − 𝑎𝑧)𝐺(𝑡)𝑑𝑡 − ∫ 𝑚𝑎𝑥𝑅𝑧𝑑𝑡
𝑡𝑀𝑆
𝑡𝑇𝑂

𝑡𝑀𝑆
𝑡𝑇𝑂

 (4-13) 

In order to maintain stability in the frontal plane, the angular momentum in the 

frontal plane is required to go from a positive to a negative value and a negative to 

positive value during left and right leg swing respectively. Only the case for right leg 

swing will be presented as the left leg swing is analogous in symmetric gait with a sign 
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change. Going from a negative to positive angular momentum during a period of time 

requires that 𝐻𝑦(𝑡𝑀𝑆) ≥ 0. Using this relationship and equation (4-13), a bound can be 

placed on 𝐹2𝑥 to ensure the change in angular momentum that is needed for stable gait. 

Similarly to the derivation for the limits in the sagittal plane: 

 𝐹2𝑥 ≥
−∫ 𝑚(𝑔−𝑎𝑧)𝑡𝑀𝑆

𝑡𝑇𝑂
(𝐹1𝑥−𝐶𝑂𝑀𝑥)𝑑𝑡+𝐹1𝑥 ∫ 𝑚(𝑔−𝑎𝑧)𝐺(𝑡)𝑑𝑡+∫ 𝑚𝑎𝑥𝑅𝑧𝑑𝑡−𝐻𝑥 �𝑡𝑡𝑇𝑂�

𝑡𝑀𝑆
𝑡𝑇𝑂

𝑡𝑀𝑆
𝑡𝑇𝑂

∫ 𝑚(𝑔−𝑎𝑧)𝐺(𝑡)𝑑𝑡𝑡𝑀𝑆
𝑡𝑇𝑂

 (4-14) 

For any given COM trajectory, a minimum step length/width required to be able to 

rectify angular momentum during the first half of swing. A drawback of this approach is 

that a mixing function is assumed for a weight shift pattern which is fair for regular gait; 

however, this function may not apply if a subject is undergoing perturbation. Subjects 

adhere to these limits (Figure 4-4). In the frontal plane, subjects’ average limit was at 

65.26±11.52% of the average step width in relation to a step width that fluctuated by 

±4.82%. Subjects’ step width was approximately 35% wider than the limit. In the sagittal 

plane, subjects did not overextend their step length far beyond the limit. This limit was 

42.76±6.11% of the stride length from the COM of the contralateral leg at the previous 

mid-swing of the ipsilateral leg and subjects placed their foot at 49.4±4.0% of the stride 

length, which reflects symmetric gait. No subject fell significantly or consistently short of 

the determined limit.  

In simulation the biomechanical model was used to verify that a shortened step 

consequent to a perturbation places excess strain on the neural control system. Since 

biomechanical models tend to fall over anyway despite joint center optimization, 

COM/Inertial property optimization, and a highly advanced finely tuned foot contact 

model, a controller was applied to the rotational dynamics of the mathematical model to 

maintain stable gait without any perturbation. A simple low gain PID controller was 
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applied to the COM of the subject. The controller applied a torque that opposed any 

change in angular momentum about the COM. No linear controller for translational 

forces was needed maintain stable upright gait on the simulation due to the ground 

contact model, only the angular momentum controller. The controller gains were set 

such that it the angular momentum of the walking model reflected that of the subject 

which the model was based on (Figure 4-5). The assumption was that the controller 

accommodates and model residuals or errors.  

Once the controller was in place to regulate angular momentum to a certain 

degree, the joint angles were defined such that the foot fell short of the above calculated 

limits by a foot length. The low gain controller could not control the angular momentum, 

the system became unstable, and the model fell forward (Figure 4-6). The angular 

momentum profile also increased without bound until the model struck the ground 

(Figure 4-7). In order to shorten the step length in the simulation, the joint angular 

velocity of the joint Euler angles was multiplied a 0.75. The result was then integrated to 

determine the new joint Euler angle and the first value in time of the initial Euler angle 

was used as an initial condition for the integration. Doing this for all four angles in the 

leg (hip, knee, ankle, and toes) fully defined the new step length. This reduction in joint 

angular velocity is synonymous with reduced joint power production. 

The Effects of Reduced Joint Power Production on Resisting Perturbation During 
Gait 

The response of a 132lb subject undergoing a 10lb perturbation while walking on 

an instrumented treadmill is illustrated in figure 4-8. The subject lowered the COM, 

leaned backward, and rapidly placed the lead foot relatively far in front of the COM. The 

perturbation force lasted for 0.5 seconds. By leaning back the subject generates a 
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negative moment about the x-axis to counter act the perturbation force. The PID 

controller gains were increased so that the controlled model could withstand the 

perturbation force. The model’s joint angles were constrained to be the same as the 

experimental data initially. Figure 4-9 shows the angular momentum profile for the 

model and for the subject while figure 4-10 shows the perturbation force that was 

applied by the Force POD.  

To investigate the effect of reduced power production, the models joint angular 

velocity was reduced in the stepping leg (since joint power is torque multiplied by 

angular velocity) at varying increments to note the effect on angular momentum and on 

the stability of the entire system. All other joint angles were constrained to be the same 

as the experimentally measured angles. With a 15% reduction in joint angular velocity in 

the leg that was to be placed the model fell over from the perturbation almost 

immediately. The PID no longer had sufficient gains to accommodate the 10lb 

perturbation force (Figure 4-11). 

Conclusion 

Persons with a reduction in joint power are more likely to fall from a perturbation 

than those without joint power production. The complexities and redundancies of the 

human locomotors system make investigation into these principles difficult. An 

increasing application of biomechanical models is assisting in the understanding of the 

complex phenomena associated with human bipedal gait and the control thereof.  

Angular momentum is a gaining rapid recognition in the exploration of stable 

bipedal locomotion. In this work angular momentum successfully predicts foot 

placement preference in control subjects and should be developed further in the clinical 

setting to improve the versatility and robustness of gait in persons with stroke. 
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Although a simple PID controller cannot be compared to the complexity of the 

human brain (even one with neurological inconsistencies), the work herein does 

develop an understanding for the taxation on a control system from reduced power 

production. A simulation utilizing a model with foot/ground contact interaction, which 

only required angular momentum control to achieve stable linear gait, explored and 

validated the necessity for rapid foot placement and power production for the prevention 

of fall. 
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Figure 4-1. The angular momentum at the beginning of swing versus the angular 
momentum at mid-swing (left). The angular momentum at the beginning of 
swing versus the change in angular momentum through swing (right). Data is 
from a right stance leg which is why the initial angular momentum is primarily 
positive. 

 

 

Figure 4-2. AM profiles for normal (blue) and perturbed (red) states. The shaded region 
represents three standard deviations from the mean trajectory. The 
perturbation occurs at the black line in the frames labeled “Perturbed Step 1”. 
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Figure 4-3. Joint powers from unperturbed (blue) and perturbed (red) states for a control 
and a hemiparetic subject. The perturbation occurs at the vertical black line in 
the window entitled “Perturbation step”. 
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Figure 4-4: Calculated foot placement limits, COP trajectory, COM trajectory, and the 

foot placement density functions relative to the previous foot placement of the 
contra lateral leg for subjects walking at self selected speeds. The x-distance 
is in the walking direction. 

 

Figure 4-5. Angular momentum of the model undergoing control via a simple low gain 
PID controller. The controller opposed changes in angular momentum enough 
to cause stable gait but did not hinder the model from achieving a natural 
motion. 
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Figure 4-6. The top row figures are from a simulation that reflects how a short step 

length for a given speed can result in a fall forward. The lower is the 
simulation in normal gait. A PID controller is applied in both cases.   

 
 

Figure 4-7. The angular momentum profile for 1 gaticycle of the model under PID 
control for the model falling over due to a shortened step length (see figure 4-
5, top) and the model walking normally (see figure 4-5, bottom). 
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Figure 4-8. The kinematic response of the subject to an anterior perturbation force of 10 

lbs applied just above the center of mass. 

 

Figure 4-9. The angular momentum profiles of the model undergoing perturbation with 
PID control gains tuned to give a similar response to experimental data and 

the experimental angular momentum profile of a subject undergoing the same 
perturbation. 

 

Figure 4-10. The perturbation force applied by the Force pod. The command was given 
to apply a 10lb (44.49N) over a period of 0.5 seconds (100 Frames). 
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Figure 4-11. The response of the model to a 15% reduction in joint angular velocity in 
the left leg. The perturbation force of ten pounds caused a fall forward almost 
immediately. 
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CHAPTER 5 
CONCLUSION AND DISCUSSION 

There is a 73% incidence of falls among individuals with mild to moderate stroke. 

37% of patients that fall sustain injury that required medical treatment. 8% sustained 

fractures and the risk for hip fracture is ten times higher in the stroke population. 

General risk of fracture is two to seven times greater following a stroke [4]. Due to the 

impact falls have on the health and well being of persons with stroke, there is a 

substantial need to assess dynamic balance during walking in order to ascertain who is 

at increased risk for falls. 

 While little has been done to quantify balance during walking in the general 

population, much less has been done to quantify the effect of neurological impairment 

on balance during gait in persons with stroke. Approaches for determining who is at risk 

for falls have usually relied on clinical measurement scales as opposed to quantitative 

evaluation of joint power production ability. However, interpretations of these measures 

are based on statistical evidence and do not quantify a subject’s balance performance 

during walking. 

To quantify and ultimately improve dynamic balance during neurologically impaired 

walking, it is necessary to quantify the biomechanical effects of altered or impaired joint 

power productions during paretic gait. These effects are relevant since a primary 

disability associated with post-stroke hemiparesis is the failure to make rapid graded 

adjustment of muscle forces [5, 64]. Reduction in, or ill coordinated, muscle forces result 

in inefficient and ineffective net joint power production. In order to quantify the 

biomechanical effects related to a decrease in joint power production, a detailed 
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biomechanical simulation of the human body during perturbed walking is necessary to 

elaborate on experimental findings.  

A simulation that can explore the effects of reduced power production on balance 

requires the development of a ground contact model that can explain the production of 

ground reaction forces and moments based on the deformation/kinematics of the foot. 

The work developed the ground contact model and the biomechanical simulation 

that mathematically relates reduction in joint power production to deficits in balance. 

Furthermore, the work investigates the role of various joints’ in maintaining balance and 

quantifies successful balance with a mathematical measure: whole body angular 

momentum. 
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