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For a given data matrix, classification methods form a set of groups so that data

objects within each group are mutually homogeneous but heterogeneous to those in the

other groups. In particular, this grouping process for data without class label is called

unsupervised classification or clustering. When little or no prior knowledge is available

about the structure of data, clustering is considered a promising data analysis technique

and has been successfully applied to solve various problems in environmental pollution

research, gene expression data analysis, and text mining.

To discover interesting patterns in these applications, most clustering algorithms

take into account all of the features represented in the data. However, in many cases,

most of these features may be meaningless and disturb the analysis process. For

this reason, selecting the proper subset of features needed to represent the clusters,

called feature selection, has been an interesting problem in clustering to improve the

performance of these algorithms.

Many previous approaches have investigated efficient techniques to select

relevant features for clustering, but several drawbacks have been identified. First,

most previous feature selection approaches assume that features are divided into two

subsets: those that are meaningful and those that are meaningless to describe clusters.

However, the original feature vector can consist of a number of feature subsets, making

these previous feature selection approaches unsuitable. Second, many datasets in
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various application domains contain multiple different clusters co-existing in different

subspaces of the whole feature space. In this case, feature selection techniques can be

inappropriate to extract features identifying all clusters in the dataset.

In this dissertation, we investigate these problems. For the first issue, we present a

novel approach to reveal multiple disjoint feature subsets for various clusters based on

the mixture model. These multiple features can be represented by a feature partition.

Our approach seeks the desired a feature partition that each feature subset can be

expressed by a best-fit mixture model minimizing the model selection criterion. For

the other problem, finding a special cluster structure (called a subspace cluster) we

propose a new approach to create constrained feature subspaces. By utilizing the

property that there can exist strong relationship between features, meaningful feature

subspaces can be created and a large number of non-informative feature subspaces

can be pruned. Based on these informative feature subspaces, we show that the various

subspace clusters can be represented by fitting several finite mixture models. Extensive

experimental results illustrate our ability to extract useful information from data as to

which features contributes to the discovery of clusters. In addition, we demonstrate that

our approaches can be applied to various research areas.
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CHAPTER 1
INTRODUCTION

In many fields of manufacturing, marketing, and scientific areas such as genome

research and biometrics, most raw data contain a little or no prior knowledge (e.g. class

label). A natural way to analyze these data is to classify them into a number of groups

based on a similarity measure or a probability density model. The resulting groups

are structured so that each group is heterogeneous to the other groups while the data

objects in the same group are homogeneous [11]. This unsupervised classification

technique, called clustering, is one of the most popular approaches for exploratory data

analysis [45, 47].

During the last decades, numerous clustering algorithms have been proposed. They

mainly attempt to identify groups of data objects based on their attributes or features.

However, in recent years, these traditional clustering algorithms have been faced

with a new data structure that can be difficult to process. This structure can be easily

explained by using the gene expression data, a popular data structure in bioinformatics.

Gene expression data are a by-product of microarray experiments that measure the

expression levels of genes under the experimental conditions in a single experiment

[47]. Gene expression data consist of a matrix where each row represents a single gene

and each column represents an experimental condition. Each element of this matrix

indicates the expression ratio of a gene over a specific experimental condition.

For gene expression data, many traditional clustering algorithms attempt to

discover gene clusters based on all the experimental conditions in the data matrix,

or vice and versa. However, further investigation for gene expression data identified an

interesting characteristic. Specifically, a subset of genes has showed nearly coincidental

pathways on a subset of experimental conditions [47]. This indicates that these genes

are associated with a particular subset of experimental conditions. Unfortunately,

this characteristic prevents most previous conventional clustering algorithms from
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finding subsets of genes to be co-regulated and co-expressed under only a subset of

experimental conditions [47].

This also implies that only a few features contribute to represent the interesting

cluster structure and the other features may be meaningless or even disturb a better

understanding of the cluster analysis [62]. For this reason, selecting the proper subset

of features to represent interesting clusters is preferred. This process is called feature

selection or variable selection in clustering.

In this dissertation, we propose novel approaches to deal with these atypical cluster

structures using various techniques such as statistical modeling and combinatorial

optimization. The first type of cluster structure can be revealed by selecting multiple

non-overlapped feature (variable) subsets for model-based clustering. Another cluster

structure is a kind of subspace cluster that is embed in different feature subspaces. In

our approach, we show that these various subspace clusters can be represented by

fitting several finite mixture models.

1.1 Feature-Subset-Wise Clustering Using Stochastic Search

Feature selection plays an important role in clustering because it contributes to

improve the performance of clustering [62]. Regardless, little research work on feature

selection has been done in clustering because the absence of class labels makes this

task more difficult [62, 63, 88]. Feature selection in clustering can be divided into two

categories: model-based clustering and non-model-based clustering [88].

In model-based clustering, it is assumed that a dataset is composed of several

subgroups. To represent these subgroups with an integrated group, one natural way

is to use the finite mixture model so that each subgroup follows a particular probability

distribution [112]. To be specific, the general form of the mixture model f (x; θ) for a fixed

number of clusters K is defined as

f (x; θ) =

K∑

k=1

pkφ(x; θk), (1–1)
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where, for the k-th cluster, θk is the vector of the unknown parameters, pk is a mixture

proportion (0 ≤ pk ≤ 1 and
∑
k pk = 1), and φ(x; θk) is the probability density of x.

For feature selection in model-based clustering, Talavera (2000) selected a subset

of features by evaluating the dependencies among features [103]. Mitra et al. (2002)

utilized the maximum information compression index for measuring feature similarity

to remove redundant features [74]. Liu et al. proposed the feature selection method,

which is tailored for text clustering using some efficient feature selection methods such

as Information Gain and Entropy-based Ranking [67]. In Law et al. (2003), feature

selection was performed in mixture-based clustering by estimating feature saliency via

the EM algorithm [62]. This work was extended to an algorithm to perform both feature

selection and clustering simultaneously [61]. Dy and Brodley (2004) considered the

feature selection criteria for clustering through the EM algorithm [34]. Most previous

approaches try to find relevant features based on the clustering result, so they are

restricted to determine the number of clusters or choose the clustering model, called

model selection. Raftery and Dean (2006) investigated this problem and attempted to

select variables by comparing two models; one contains the informative variables for

clustering while the variables in the other model are meaningless [88]. By using the

Bayesian Information Criterion (BIC) [97] for the model comparison and the greedy

search algorithm for finding the suboptimal model, this method deals with variable

selection for clustering and the model selection problem simultaneously [88]. However,

the previous methods commonly produce only a single subset of variables to identify

clusters based on all the features in the entire samples. This implies that they are limited

to the identification of the subset of feature for each cluster separately [63]. Recently, Li

et al. (2008) explored finding these localized feature subsets by employing a sequential

backward search [63]. However, this method still finds only a single subset of features

for each cluster and does not handle the model selection problem.
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The original feature vector can comprise multiple feature subsets. This implies that

these subsets of features can provide various cluster analyses. In this case, rather than

the discovery of a single feature subset from the clustering result of the entire dataset,

finding multiple feature subsets to represent the interesting observation-wise clusters is

highly desirable.

In this approach, it is assumed that a data matrix consists of multiple variable

subsets where each can be represented by a set of clusters. For each subset of

variables, model-based clustering to the observations is performed. Under the fixed

number of clusters for observation-wise clustering, the best clustering result can be

obtained by the maximum likelihood estimation via the EM algorithm [30]. Because the

EM algorithm is susceptible to local optima, we employed the deterministic annealing

EM (DAEM) algorithm [106]. In model-based clustering under the subset of variables,

determining an estimation of the number of clusters and the appropriate parametric

models should be considered. For these issues, we exploited the BIC.

Selecting multiple subsets of the variables is equivalent to find a partition of

variables whose variable subsets fit the best finite mixture model. Finding this partition

is very challengeable because the number of all possible partitions, known as the Bell

number, (B(m)) [102], grows hyper-exponentially as m increases (e.g. B(13) = 2.7× 109

and B(21) = 4.75×1014) [15]. Since each variable subset accompanies the model-based

clustering procedure, considering all possible partitions is not feasible in practice. Due

to this reason, stochastic search methods can be a reasonable approach so several

successful applications of clustering using this technique have been utilized in our

method [15]. In contrast to the previous research, our approach performs both the

multiple variable subsets selection and the model-based clustering simultaneously.

The output provides useful information about what each variable subsets contributes to

discover the meaningful clustering results. Also, our approach shows robustness to the

initial partition of variables because of the use of stochastic search methods.
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Figure 1-1. Plots of dataset containing four clusters.
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Figure 1-2. Plots of clusters existing on different subspaces.

1.2 Robust Clustering Using Finite Mixture Model on Variable Subspaces

In the previous section, a new proposed approach was described to find feature

subset-wise clusters using a finite mixture model. This approach showed the ability to

overcome many previous algorithms for feature selection in clustering. However, this

approach needs to be generalized because it considers only non-overlapped feature

subspaces during the clustering process. That is, in practice, many datasets can consist

of a feature vector that can be formed from a number of feature subspaces and some

of features can be associated with multiple feature subspaces. In this case, since the

feature-subset-wise clustering algorithm assigns each feature into only one feature
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subset, it may not be adequate to find a large number of clusters embedded in the

various shapes of feature subspaces. This situation is illustrated by using the dataset

shown in Figure 1-1.

The dataset shown in Figure 1-1 was generated by using the instructions in [83].

It consists of four clusters where each cluster contains 200 3-dimensional data points.

The first two clusters were created so that they can be revealed on two dimensions (i.e.,

dim-1 and dim-2) out of the three dimensions. The other two clusters were generated in

a similar manner. However, a different input parameter was used so that they exist on a

different subspace (i.e., dim-2 and dim-3).

If this dataset is projected on the subspace with dim-1 and dim-2, as shown

at Figure 1-2A, cluster ]1 and cluster ]2 can be clearly identified. However, the

other two clusters (cluster ]3 and ]4) are regarded as a single cluster. Likewise,

Figure 1-2B shows that cluster ]3 and cluster ]4 can be discovered on dim-1 and

dim-3. Furthermore, when the dataset was projected on dim-2 and dim-3, the clustering

results may be quite different from the expected ones, as shown in Figure 1-2C.

When we use the algorithms for feature selection in clustering to discover these

clusters, most of them are not able to determine relevant features for all those clusters.

Also, the feature-subset-wise clustering approach is not suitable for finding the proper

feature partition to identify all those clusters. In this example, the feature-subset-wise

clustering algorithm suggests a single feature subset which contains all features.

However, as can be seen, each cluster corresponds to the different feature subspaces,

so the problem to identify them can be addressed. For this problem, a new clustering

algorithm was developed, called subspace clustering. The main objective of subspace

clustering is to find different clusters existing on the different feature subspaces. For

this purpose, many subspace clustering algorithms attempted to find different subspace

clusters showing a high density on the specific feature subspaces. By performing

these approaches, some meaningful subspace clusters can be discovered. However,
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most previous subspace clustering algorithms have critical drawbacks. First, their

performance is quite dependent on the user-specified parameters. Second, several

discovered subspace clusters may have arbitrary shape, and so this implies that it can

be difficult in analyzing the relationship between features to represent those clusters.

For these problems, we propose a novel method utilizing the correlation coefficients

to determine the meaningful feature subspaces. In our approach, we noted that

features of datasets in many application areas are usually related with specific domain

knowledge for efficient representation of data objects. Based on this characteristic,

considering strong correlations among features can lead to the discovery of the

informative clusters lying in the feature subspaces. In addition, by selecting only these

feature subsets, the search space for subspace clustering can be drastically reduced.

For finding these particular feature subspaces wherein features are strongly

correlated each other, we utilized the localized mean correlation threshold. To be

specific, when a feature is fixed, some features showing a strong correlation with

this feature can be regarded as forming a group as a feature subspace. In this

way, several informative feature subspaces can be constructed. Since the possible

feature subspaces grow exponentially as the number of features increases, the feature

subspace construction method should satisfy the monotonicity property. For this part,

the hierarchical clustering algorithm was utilized to build the possible feature subspaces.

When many clustering algorithms are applied on real-world datasets, they consider

the fact that many atypical data samples, called noisy data or outliers can exist in these

real datasets. Since the performance of clustering algorithms can be affected by these

outliers or noisy data, the robustness property can be an important issue. To alleviate

problems from noisy data and outliers, we used a mixture model with a heavy-tailed

distribution, called a multivariate Student’s t-distribution, to represent clusters. In our

approach, the number of clusters for the best-fit mixture model is decided by evaluating

a parsimonious model selection criterion.
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1.3 Outline of This Dissertation

This dissertation is organized as follows. Chapter 2 reviews the background of

clustering. The summary of various proximity measurements (or distance metrics),

discussed in Section 2.2, is an important part in cluster analysis because the clustering

results or structures can be dependent on the use of the specific proximity measurement.

The remaining Sections cover a variety of clustering algorithms, including hierarchical

clustering, partitional clustering, model-based clustering, stochastic search technique-based

clustering, etc. In addition, we discussed several advanced clustering techniques such

as biclustering and subspace clustering.

In Chapter 3, we propose a new concept to overcome the shortcomings of the

previous feature selection algorithms. Before we proceed to discuss the detail of our

approach, we briefly discuss the need and contribution of our approach. After discussing

the related work that covers the in-depth background of the specific topics and research

trends related with the algorithms for feature selection in clustering, our new clustering

model formulation is introduced in Section 3.3. The new cluster structure is represented

by using the proposed model that maximizes the relevant parameters through the

stochastic EM algorithm and model selection scheme to the sub-data matrix relevant

to the subsets of variables. In Section 3.5, we discuss the various stochastic search

algorithms used in our approach.

Chapter 4 is organized as follows. In Section 4.2, subspace clustering algorithms

are summarized. Section 4.3 describes a method to select strongly correlated feature

groups, a mixture model of multivariate Student t-distribution and its parameter

estimation process maximizing the likelihood via the EM algorithm, and model selection

criterion to determine the best-fit mixture model. Experimental results and discussion

are given in Section 4.4. Section 4.5 presents conclusions.

Finally, in Chapter 5, we provide a conclusion and discuss future work.
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CHAPTER 2
BACKGROUNDS OF CLUSTERING

In this chapter, we introduce background for this research. First, we briefly

review the basic concepts of clustering. Then, we discuss the summary of various

proximity measurements (or distance metrics). The remaining Sections cover a

variety of clustering algorithms, including hierarchical clustering, partitional clustering,

model-based clustering, stochastic search technique-based clustering, etc. In addition,

we discussed several advanced clustering techniques such as feature selection in

clustering, biclustering, and subspace clustering.

2.1 The Basic Concepts of Clustering

Nowadays, people produce a significant amount of new data and manipulate

these data to discover information every day. As a result, the amount of data has been

grown explosively. For instance, according to [37] in genetics, there are approximately

85,759,586,764 bases in 82,853,685 sequence records in the GenBank database,

and Wal-Mart deals with approximately 800 million transactions per day [25]. From the

tremendous amount of raw data, it is difficult to obtain the information appropriate to

particular subjective applications. However, it is fortunate that the raw data consist of

a set of features representing the particular objects, events, situations, or phenomena,

etc. Based on this fact, a dataset can be expressed as a set of groups where each

group has particular properties that distinguish it from the other groups. This set of

properties is called a pattern. People have attempted to use various approaches to

find desirable patterns from the data resulting in the development of many techniques.

These approaches can be categorized into two areas: classification and clustering.

When one creates patterns representing groups of data, labeled data can be useful

to evaluate the correctness of the patterns being created. In this manner, a procedure

finding patterns with labeled data is called classification. A classification technique is

primarily composed of two steps: a training step and a testing step. The main goal of the
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training step is to build patterns as appropriately as possible to the given labeled training

data. After the training step, the extracted patterns are tested with the unlabeled data

to evaluated the goodness-of-fit. This step is called the testing step. Even though we

can make valuable patterns through classification, the limited amount of labeled data

may hinder finding patterns from the numerous real world datasets. Unlike classification,

clustering performs partitioning of unlabeled data into a finite set of groups having

hidden structures. Since there is little or even no prior knowledge of these data, it is

apparent that clustering results may differ depending on the subjective cluster criterion

and the proximity measures used for grouping [112]. This fact implies that a best cluster

result does not exist because of the lack of some kind of standard criterion for clustering.

Therefore, as a preprocessing step, a user should identify a specific clustering criterion

and select (or develop) an appropriate proximity measure.

A general clustering procedure consists of the following 5 steps: feature selection,

proximity measure, clustering criterion, clustering algorithm, and validation of cluster

results [105]. Usually, the data contain numerous features and many of them may be

redundant. These redundant features may degrade the performance of clustering.

Therefore, it is necessary that the proper subset of features be selected to limit the

loss of information from the raw data as much as possible. These selected features

should be distinguishable, easily interpretable, and robust to noise [112]. Under the

selected features, the cluster membership of each data object is determined by the

degree of similarity to a particular cluster. This is done through a proximity measure,

a quantitative measure of homogeneity (or heterogeneity) between two feature

vectors. We discuss details of proximity measures in Section 2.2. After determining

a proximity measure, a specific clustering criterion function should be constituted. A

clustering criterion is usually defined by the type of rules being sensible to both the

characteristics and subjectivity of the given data set, or an objective cost function used

for solving an optimization problem. Once the clustering criterion is determined, it is
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important to choose a clustering algorithm suitable for optimizing the objective cost

function or satisfying the rules of the clustering criterion because numerous clustering

algorithms have been developed for the diverse clustering criteria. On the basis of

their characteristics, they can be classified into the following categories: hierarchical

clustering, sequential clustering, partitional clustering, model-based clustering, fuzzy

clustering, combinatorial search algorithm-based clustering, graph theory-based

clustering, and so on. While there are other clustering topics such as kernel-based

clustering, they are out of the scope of this dissertation proposal. For details of

other various clustering algorithms, see [11, 105, 112]. We review various clustering

algorithms in later sections. Finally, for the obtained clusters, the issues of how the

clusters are constructed and their validity should be assessed. This step is called the

validation of the clustering results. Occasionally, this step includes the interpretation or

analysis of the obtained clusters.

As a fundamental data analysis technique, clustering can be applied to various

areas such as water pollution research in environmental science, market-basket

analysis, text mining in data mining, and microarray data analysis in bioinformatics

[45]. For more details, we cite Xu et al.’s summary of the applications of clustering

[111, 112].

2.2 Proximity Measures in Clustering

A proximity measure, a general term for the similarity or dissimilarity measure,

is often shown as a distance function. In this section, we briefly review the proximity

measures in clustering based on the context of [105, 112].

Assume that we have a data set x and R is the set of real numbers. For two feature

vectors x1, x2 ∈ x, a distance function (or a dissimilarity measure) between x1 and x2,

D(x1, x2), satisfies the following conditions: (i) There exists a minimum value for D,

denoted by D0 ∈ R, such that −∞ < D0,D(x1, x2) < +∞, and D0 ≤ D(x1, x2). (ii) for all
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x1, x2 ∈ x, D(x1, x1) = D0 and D(x1, x2) = D(x2, x1). (iii) D(x1, x2) + D(x2, x3) ≤ D(x1, x3)
for all x1, x2, and x3 ∈ x.

Based on the definition of proximity measure, various distance functions can be

defined. Note that distance functions depend on the various types of features, such as

continuous, discrete, or dichotomous [105, 112]. Theodoridis et al. introduced the most

common distance measure for the continuous features as follows [105]:

D(x1, x2) =

[
n∑

i=1

wi |x1i − x2i |p
] 1
p

(2–1)

where x1i and x2i are the i th dimensional coordinates of x1 and x2, and wi is the i th

weight coefficient. From the equation (2–1), a variety of distance measure can be

defined. If wi = 1 for i = 1, ... , n, then the equation (2–1) can be transformed as the

Minkowski distance (i.e., an unweighted distance measure),

D(x1, x2) =

[
n∑

i=1

|xii − x2i |p
] 1
p

. (2–2)

In addition, there are two famous special cases of Minkowski distance. First, the

Minkowski distance (2–2) with p = 2 is called the Euclidean distance, defined as

D(x1, x2) =

[
n∑

i=1

|xii − x2i |2
] 1
2

. (2–3)

Second, for the case of p = 1, Minkowski distance is known as the Manhattan distance.

That is,

D(x1, x2) =

n∑

i=1

|x1i − x2i |. (2–4)

Another distance measure can be derived from equation (2–1) by setting p = 2.

This is a general form of the weighted L2-norm distance measure, defined as

D(x1, x2) =
[
(x1 − x2)TA(x1 − x2)

]1/2
(2–5)
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where A is positive, semidefinite matrix. The squared Mahalanobis distance is a special

case of the distance measure (2–5),

D(x1, x2) = (x1 − x2)TC−1(x1 − x2) (2–6)

where C is a covariance matrix. C is defined as C = E [(x − µ)(x − µ)T ], where µ

is the mean vector and E is the expected value of a random variable x. In particular,

the squared Mahalanobis distance is closely related to model-based clustering [36].

In model-based clustering, the shape and/or volume are influenced by the covariance

matrix C [36]. A cluster created on the basis of the squared Mahalanobis distance is

typically shaped as a hyper-ellipsoid. We discuss these issues in Section 2.5.

When we recall the goal of clustering, the correlation coefficient can be utilized for

a sensible distance measure. One of the most famous correlation coefficient is Pearson

correlation coefficient, expressed by

r(x1, x2) =

n∑

i=1

(x1i − x̄1)(x2i − x̄2)
√√√√

n∑

i=1

(x1i − x̄1)2
√√√√

n∑

i=1

(x2i − x̄2)2
(2–7)

where x̄1 is the average of x1. The range of the equation (2–7) is between −1 and +1,

which indicates the degree of the linear relationship between data objects. Thereby, we

can define the Pearson correlation coefficient-based distance measure which has the

range [0, 1] as follows:

D(x1, x2) =
1− r(x1, x2)

2
. (2–8)

Finally, another efficient way to measure the similarity between a pair of data

objects with continuous random variables is to use the cosine similarity. For multidimensional

data as a vector x, the inner product of two vectors indicates how close they are to each

other. From the definition of the inner product of two vectors x1 and x2, denoted by
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x1 • x2, the cosine similarity can be defined as

S(x1, x2) =
x1 • x2
‖x1‖‖x2‖ (2–9)

where ‖x1‖ is the length of vector x1.

For more details about proximity measures, see [84], [105], and [111].

2.3 Hierarchical Clustering

Hierarchical Clustering algorithms construct clusters having a hierarchical

structure such as a tree structure from the data. This cluster structure generated by

hierarchical clustering is called a dendrogram. To construct a hierarchical clustering

result involves one of two approaches: an agglomerative method or a divisive method.

The agglomerative methods are bottom-up approaches that begin with a leaf node

including each data point. By calculating the similarity and combining the closest nodes

at each step, intermediate nodes are generated. This procedure is repeated until the

appearance of the root node, representing one cluster containing the whole data set. To

determine the combination of the closest nodes in the hierarchical clustering algorithms,

three distance functions are widely used as a proximity measure: single linkage,

complete linkage, and average linkage. The distance in a single linkage is defined as the

shortest distance between two data elements belonging to different clusters. Similarly,

the distance in a complete linkage is the largest dissimilarity level between two data

elements in the different clusters. A general form of the distance measure used in the

agglomerative clustering is expressed as

d(Cq, (Ci ,Cj)) = αid(Cq,Ci) + αjd(Cq,Cj) + βd(Ci ,Cj) (2–10)

+ γ|d(Cq,Ci)− d(Cq,Cj)|

where Cq is a new cluster after merging cluster Ci and Cj , d(Ci ,Cj) is the distance

between cluster Ci and Cj , and αi ,αj , β, and γ are parameters for various agglomerative

clustering algorithms [105, 111]. For instance, in a single linkage method, αi = 1/2,
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αj = 1/2, β = 0, and γ = −1/2. As a result, d(Cq, (Ci ,Cj)) = min{d(Cq,Ci), d(Cq,Cj)}.
Likewise, for a complete linkage method, αi = 1/2, αj = 1/2, β = 0, and γ = 1/2 and so

d(Cq, (Ci ,Cj)) = max {d(Cq,Ci), d(Cq,Cj)}.
The divisive clustering operates in an opposite manner than the agglomerative

methods. Due to performance issues, the agglomerative methods are commonly used

in most hierarchical clustering algorithms. One notable advantage of hierarchical

clustering algorithms is that the dendrogram provides an easy interpretation of the data.

However, hierarchical clustering algorithms are not flexible because the dendrogram

is constructed by the given specific data set. If some data are inserted, deleted, or

updated, they may cause a change in the structure of the dendrogram, resulting in a

degradation of performance. Also, they are sensitive to outliers and noisy data.

New hierarchical clustering algorithms that attempt to improve these issues have

been developed. Guha et al. (1998) presented CURE, an efficient agglomerative

clustering algorithm [42]. They attacked problems with traditional clustering algorithms

that are sensitive to outliers and restrictive cluster shapes. They employed multiple

representative points for each cluster for generating non-spherical shapes and wide

variances. CURE is favorable to large databases by combining a random sampling and

partitioning. Guha et al. (1999) extended their work to non-metric similarity measures

and developed a robust clustering algorithm, called ROCK, using links to measure

similarity of categorical attributes [43]. For more details of hierarchical clustering see

[11], [47], [105], and [111].

2.4 Partitional Clustering

The basic concept of partitional clustering is to create a specified number of clusters

from the data by assigning each data object into those clusters. More specifically,

assume that N data objects are partitioned by K clusters by assigning each data objects

into one of K clusters, denoted by Ci where i = 1, ... ,K . Ci has its centroid ci from

the data objects belonging to Ci . In general, data objects are assigned into the nearest
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cluster, so the assignment process requires a distance function as a specific criterion

function. A well known distance is the sum of squared error function, express as

S =

K∑

i=1

∑
xj∈Ci

‖xj − ci‖2 (2–11)

where j = 1, ... ,N.

In most cases, the ideal partition can be achieved by minimizing the total sum of

the distances between each data point and the centroid of its cluster. This implies that

partitional clustering can be naturally transformed into an optimization problem.

2.4.1 K -means Clustering

The K -means clustering algorithm is one of the most famous partitional clustering

algorithms. In the K -means clustering algorithm, the sum of the squared error is usually

utilized to create the K clusters from the N data points. K -means clustering begins with

the initial centroid generated either randomly or through user specified knowledge. With

this initial centroid, clusters are calculated using the sum of the squared errors. Then

K -means clustering repeats the following process until there are no more updates of

the cluster set: for each data element, reassign it into its nearest cluster, and update the

cluster result by recalculating the sum of the squared errors.

K -means clustering is easy to implement and relatively fast, O(N). However, it

has a number of drawbacks. First, K -means clustering is sensitive to the initial centroid

so it may be trapped into a local suboptimal cluster result. Second, because all data

objects including the outliers or noisy data are involved in calculating the candidate

K -means cluster sets, these noisy data or outliers may cause distorted clustering

results. Furthermore, determining the number of clusters K is not an easy task, even

though it is important for assessment of cluster validity.

For many of the shortcomings as discussed above, there have been tremendous

advanced work proposed. For example, Bradley and Fayyad suggested an improved

K -means clustering, which is robust to the initial centroid, by generating M random sets
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through M times repetition of K -means clustering from the data [16]. For more details

and the advanced works of K -means clustering, see [11], [47], and [112].

2.4.2 Fuzzy Clustering

Partitional clustering restricts each data point to be a member of only one cluster.

Even many existing model-based clustering algorithms attempt to assign a data point

into the cluster with its highest membership probability. On the other hand, fuzzy

clustering loosens to this constraint [112]. In fuzzy clustering, each data object may

become a member of all clusters with partial degree of membership [12]. This property

could be propitious in case of the handling data points on the boundaries of clusters.

Fuzzy C-means clustering (FCM) is an well-known fuzzy clustering algorithm [12]. In this

research, we refer to some notation and background in [12, 84, 112]. For the unlabeled

data x, the main goal of the FCM is to find a partition matrix U containing c clusters

(U = [uik ]c×n) and a cluster prototype matrix V (d × c), minimizing the following objective

function

J(U,V ) =

c∑

i=1

N∑

k=1

(uik)
md2(xk , vi). (2–12)

In the cost function (2–12), uik (0 ≤ uik ≤ 1) stands for the membership coefficient of

the k th data in the i th. uik has the following two conditions:
∑c
i=1 uik = 1 for all k and

0 <
∑N
k=1 uik < N for all N. m is a fuzzification parameter (m > 1). Usually, the value

of m can be set to 2. When m approaches 1 the membership may becomes a boolean

shape. d2(xk , vi) is an L2-Norm distance. The Gustafson-Kessel algorithm employed

the Mahalanobis distance as a distance function [44]. U and V can be obtained by

computing the gradients of J(U,V ) with respect to V and U, respectively. For details of

calculating U and V , see [84]. By calculating gradients, U and V can be obtained as

uik =
1

∑c
j=1

(
dik
djk

)2/(m−1) (2–13)
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and

vik =

∑N
k=1 u

m
ik xk∑N

k=1 u
m
ik

. (2–14)

Based on (2–13) and (2–14), FCM performs the following iterative steps to find the

cluster prototype minimizing J(U,V ). First, set the initial cluster prototype V (0), T as

the number of maximum iteration, ε for the stopping rule, and t = 0 for the first iteration.

Then, until satisfying the following condition, ‖V (t) − V (t+1)‖ ≤ ε or t = T , repeat the

following steps:

(i) Update t ← t + 1.
(ii) Calculate U(t) with equation (2–13) and V (t−1).

(iii) Compute V (t) through (2–14) and U(t−1).

(iv) If the stopping rules have been satisfied, stop and return (U,V ) set by

(U(t),V (t)).

The main drawbacks of the FCM are a sensitivity to the initial partition and noisy

data points. To overcome these problems, Krishnapuram et al. (1993) applied the

framework of possibility theory to the fuzzy clustering problem and presented a

possibilistic C-Means (PCM) algorithm [59]. PCM is discriminated from the FCM due to

the cast of typicality so that the clusters could be interpreted as a possibilistic partition.

PCM alleviated sensitivity to the noisy data but it was still easily affected by the initial

prototype [112]. Pal et al. (2005) proposed a hybrid approach, called possibilistic fuzzy

c-means clustering (PFCM), combining the FCM and the PCM algorithms [82]. For more

details on fuzzy clustering see [112].

2.5 Model-Based Clustering

The idea of model-based clustering is that the data consist of the set of subsets of

data, and data objects within a subset are on the particular distribution [36, 45, 88]. The

overall data can be represented by a finite mixture model. The general form of a finite
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mixture model is

f (x) =

K∑

k=1

πk fk(x; θk), (2–15)

where K is the number of clusters, fk is the probability density function to the cluster k ,

and πk is the mixture proportion of the k th cluster (0 ≤ πk ≤ 1 and
∑K
k=1 πk = 1). When

we consider the mixture model for clustering, typically the likelihood of the data (given

the mixture model) is used as the objective function to maximize. The likelihood for the

mixture model (2–15) can be written as

L(θ; x) =
n∏

i=1

K∑

k=1

πk fk(x; θk). (2–16)

Equation (2–16) can be transformed as the log-likelihood function, denoted by

ln(L(θ; x)) =
n∑

i=1

ln

(
K∑

k=1

πk fk(x; θk)

)
. (2–17)

In general, we achieve the maximum likelihood estimators with a partial derivative

of the log-likelihood function with respect to θk and set it to zero. However, equation

(2–17) may be inappropriate to find the maximum likelihood estimators directly. For

this, the EM algorithm [14, 30, 47, 111] is a popular algorithm to find the maximum

likelihood estimators in the latent variables or parameters. The EM algorithm for

mixture models can be described as follows [14]. When we have a complete data

set x = {x1, ... , xn}, xi = (xiobs , zi) where xiobs is the observable variables and

zi = (zi1, ... , ziK) is the unobserved parameters. If xi is a member of `-th mixture

component, zi` = 1. Otherwise, zi` = 0. Then, the log-likelihood of complete data can

be rewritten as ln(L(θk , πk , zik ; x)) =
∑n
i=1

∑K
k=1 zik ln(πk fk(xi; θk)). Let θ(t) and θ(t+1)

be the current and updated parameter estimators, respectively. At the E-step after the

initialization step, the conditional expectation of the log-likelihood can be expressed

by Q(θ(t), θ(t+1)) = Eθ[L(θtk , πk , zik ; x)|xobs ]. In the M-step, we choose parameters θ

maximizing the Q(θ(t), θ(t+1)) function. These E-step and M-steps are repeated until the

process converges to the specified threshold [14, 30, 36, 71, 111].
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Various clustering algorithms using the EM algorithm have been proposed. Fraley

and Raftery (2002) proposed a generalized framework for mixture model-based

clustering [36]. In their study, cluster is expressed by a mixture model and each mixture

components follow a multivariate normal distribution. This implies that the geometric

properties of the clusters depends on the covariances because their eigenvalue

decomposition can be utilized as parameters. If Σk is the k-th covariance matrix

of the k-th Gaussian mixture component, Σk = λkDkAkD
T
k where λk is a mixture

proportional constant, Dk is the orthogonal matrix of eigenvectors, and Ak is a diagonal

matrix whose elements are eigenvalues [36]. From this framework, they introduced two

multivariate normal mixture methods, hierarchical agglomerative clustering based on

the classification likelihood and the EM algorithm for maximum likelihood estimation

[36, 111]. Celeux and Govaert (1992) proposed a general classification EM algorithm

[19]. They deemed clustering to the partitioning problem in the mixture context utilizing

the classification maximum likelihood criteria. McLachlan et al. (1999) developed the

EMMIX software, a fitting algorithm of normal or t-distributional mixture models by the

EM algorithm [71].

2.6 Clustering Based on Stochastic Search

As discussed in partitioning-based clustering, clustering can be thought as a

parameter optimization problem. Similarly, the clustering problem can be transformed

as a combinatorial optimization problem to find a partition maximizing the objective cost

function. The main obstacle to this kind of problem is a search space that is too large

because the partition is composed of all possible combinations of subsets of elements.

A naive approach is to utilize the hill-climbing algorithm but this may become trapped in

a local maxima [45]. Xu and Wunsch (2009) classified these clustering algorithms as

search technique-based clustering, and Theodoridis and Koutroumbas (2006) assigned

them to the category of cost optimization-based clustering [105, 112]. Among the
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various combinatorial search algorithms introduced in [105] and [112], we briefly review

simulated annealing and deterministic annealing techniques.

2.6.1 Simulated Annealing

Simulated annealing (SA), proposed by [57], is a global search technique analogous

to the annealing process in physics [95, 112]. In SA, the temperature control parameter

T plays an important role that indicates randomness. Starting with a sufficiently large

value for T and the initial cluster result, SA-based clustering seeks a candidate

clustering result optimizing the specific objective cost function E . Until T = 0

(meaning that the final solution becomes stable) the algorithm runs repeatedly with

a gradually decreasing T . Let Ci and Ci+1 be the current and the candidate cluster

result, respectively. At each step, the candidate cluster is accepted by the probability P,

expressed as

P = e−
∆E
T (2–18)

where ∆E = E(Ci+1)− E(Ci). This implies that the candidate cluster is always accepted

if E(Ci+1) > E(Ci). The procedure is derived from the basic concept of the Metropolis

Hastings algorithm [72], which is discussed later. [95] introduced the basic concept of

the SA algorithm, and details of SA-based clustering are discussed in [105] and [112].

2.6.2 Deterministic Annealing

Deterministic annealing (DA) has a similar form to simulated annealing (SA).

However, DA is discriminated from SA in that DA attempts to find the global optimum

of an objective cost function by walking with constraints obtained from the Shannon

entropy [28] rather than just randomly in the search space [112]. The process of finding

the expected clustering result is based on minimizing the ”free energy,” which can be

achieved via calculating the following equation:

p(Cj |xi) = 1

Zxi
exp

{
d(xi , Cj)
T

}
(2–19)
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where d(xi , Cj) is the distance measure between the data points xi , i = 1, ... ,N

and K cluster centers Cj , j = 1, ... ,K , and Zxi is the normalization factor, Zxi =
∑K
m=1{exp(−d(xi , Cm)/T )}, and T is the temperature. Specifically, the p(Cj |xi) will

be

p(Cj |xi) =




0 , as T →∞
1 , as T → 0.

(2–20)

This implies that each data points will be assigned to only a single cluster with the

highest probability as T goes to 0, in part of the cooling process. The updated cluster

centers can be obtained by

∑
x

p(x , C) d
dC d(x , C) = 0, (2–21)

[112].

2.7 Other Clustering Algorithms

As we have discussed so far, clustering algorithms are classified into many

categories based on the proximity measures as well as the applied algorithms, the

properties of data, and so on. Although many other clustering methods (e.g., sequential

clustering, clustering based on the graph structure and theory, and clustering utilizing

the kernel trick technique) have been developed, they may be far from the scope of our

approach. Thus, we limit our review of the other clustering methods in this section.

2.7.1 Sequential Clustering

When data contain a sequential feature, such as a DNA sequence in genomic

data, some proximity measures discussed before may not be applied directly and most

existing clustering algorithms may generate results far from the expected ones [112]. For

this reason, sequential clustering has been a challenging research area in clustering. In

addition, as sequential data, such as DNA sequence or customer transaction data, have
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explosively grown in recent years, sequential clustering can be amenable to discover

useful sequential patterns or hidden knowledge from large scale sequential data sets.

A typical form of the sequential clustering algorithm is introduced in [105]. In a naive

approach, each sequential cluster is constructed by either assigning a data element into

one of the existing clusters or creating its own singleton cluster. The basic constraints

for data in sequential clustering is that all vectors appear to the algorithm one at a time,

and there is no constraint to the number of clusters. This results in the final clustering

result being sensitive to the sequence of the data. Several approaches address this

problem and propose improved methods such as the allowance of a ”gray” area to use

two threshold parameters [105]. Another improvement identifies the problem of being

inflexible to the set of clusters [105]. By allowing the merging of two clusters having

some distance between them, clusters may becomes more reasonable.

Xu and Wunsch (2009) introduced sequential clustering dealing with data having

specific sequential features [112]. Some different types of proximity measures such as

insertion, deletion, and substitution are defined for sequence comparison. The degree

of similarity is calculated by an ”edit distance.” Usually, when we compute a sequence

comparison problem, it could be transformed as a global (or local) alignment problem

and the expected solution should be one to minimize the cost of the edit distance. The

Needleman-Wunsch algorithm is a famous sequence alignment algorithm based on

dynamic programming [80, 112]. Although the Needleman-Wunsch algorithm computes

the global sequence alignment, the local sequence alignment also should be treated

as an important result [112]. The Smith-Waterman algorithm compares segments of all

possible lengths instead of each sequence in its whole length and selects sequences

maximizing the similarity measure.

2.7.2 Clustering Based on The Graph Theory and Structure

The concept of clustering can be expressed by a weighted undirected graph

structure. Data points are represented by the nodes. To apply a proximity measure in
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clustering, the weight of the edge between a pair of nodes is regarded as a proximity

measure. After the clustering process, each cluster set is represented by a connected

component. When we assume that the weight of an edge stands for the closeness

between two nodes, the goal can be to find the set of connected components minimizing

the sum of weight of edges for all vertices in each connected components [112].

Depending on the proximity measures and the specific clustering criterions, there have

been many graph theory-based clustering methods proposed and these are discussed

in [112]. For more details, see [105] and [112].

2.7.3 Kernel-Based Clustering

For data having complex patterns that are not linearly separable, most clustering

methods may not find the expected clustering results. For this reason, kernel-based

algorithms have received attention as a promising approach. If it is possible that a

nonlinear transformation can be applied to the set of data having complicated patterns

that are nonlinearly separable, then those patterns can be readily linearly separated.

This mapping process between low and high dimensional feature space can be done

by the kernel trick [112]. A detailed explanation of the kernel trick related to clustering

can be found in [105] and [112]. After performing the clustering based on this kernel

trick, the cluster results can be shaped as a hypersphere. A well-known kernel-based

clustering algorithm is support vector clustering (SVC), which discovers the smallest

hypersphere enclosing data mapped into the high-dimensional feature space [10]. The

clustering process via SVC consists of two steps: construction of the cluster boundaries

by using the support vector machine and assignment of a cluster label to the data

points. More research related to the kernel-based clustering is discussed in [112].

One notable advantage of kernel-based clustering methods such as SVC is that it can

discover the clustering result with arbitrary boundaries. On the other hand, the clustering

results are dependent to the particular kernel function and the relevant parameters
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[105]. Most kernel-based clustering techniques may degrade in performance for large

data sets [112].

2.8 Biclustering

2.8.1 The Basic Concept of Biclustering

Since biclustering algorithms have been frequently discussed in bioinformatics, the

basic concept of biclustering can be easily explained by using gene expression data.

Suppose we measure the expression level of n genes under m different experimental

conditions. A possible outcome can consist of a matrix An×m in which aij represents

the expression level of gene i under condition j , called gene expression data. Let

R = {1 ... n} be a set of rows of An×m, and C = {1 ...m} a set of columns. Now we

can write An×m as ARC . Given two subsets I ∈ R and J ∈ C , AIJ is a submatrix with

rows I and columns J, aIJ is the mean of such submatrix, aiJ is the mean of row i under

conditions in J and aIj is the mean of column j under genes in I . A bicluster B is a

submatrix B = AIJ of An×m, with values correlated according to a certain criterion

[68, 104, 112].

2.8.2 Related Work of Biclustering

Biclustering has been known as many different names including block clustering,

direct clustering, bi-dimensional clustering, co-clustering, simultaneous clustering, etc

[46]. After Cheng and Church’s first introduction of this concept to the gene expression

data, the biclustering has emerged as a promising scheme for microarray data analysis.

Although researchers reviewed many existing biclustering algorithms of biclustering

have been performed [68, 104]. In particular, Madeira et al. [68] described and

compared various biclustering algorithms and the various types of bicluster structures

such as the exclusive columns biclusters, checkerboard structure biclusters [58],

non-overlapping biclusters [40, 75], overlapping biclusters [98, 113], etc. Besides

biological data analysis, block clustering has been applied to the data mining research

area of document text mining or collaborative filtering with a name of co-clustering
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[38, 98]. The methods used for block clustering algorithms may be categorized by

mixture model [40, 75], Bayesian approach [36, 88], Greedy heuristic approach [23],

Stochastic approach [8, 18], etc. In the following we review several block clustering

algorithms related to our work.

Cheng and Church (2000) attempted to find biclusters with a high similarity score

and with low residue indicate that genes show similar tendency on the subset of the

conditions present in the block cluster [23]. Biclustering is an optimization problem to

find a maximum bicluster with the lowest mean squared residue as the score of the

objective function in biclustering algorithm. Based on the proof that finding the largest

bicluster problem is NP-hard, they presented greedy heuristic algorithms to find it. Since

these algorithms are deterministic, they may not be efficient in finding multiple biclusters.

Yang et al. (2003) extended Cheng and Churchs approach by coping with missing

data and 5 allowing each entry in the data matrix to assign one or more biclusters [113].

Cho et al. (2004) proposed two different iterative biclustering algorithms to minimize

the total sum of the squared residue [24]. In contrast to the previous approaches,

biclusters can be expressed through statistical modeling. From the statistical view point,

it is assumed that data have been generated based on several different probability

distributions [45]. This implies that each cluster can be represented by a particular

probability density function, so each cluster set can be expressed by a mixture model

that tries to provide a statistical inference.

Govaert and Nadif presented an EM-based block clustering algorithm that finds

block clusters by simultaneous grouping both sides of the data into the specified

number of clusters fitting a statistical model [40, 41]. They assumed that a data set

can be represented by a set of block mixture models and its maximized likelihood

estimates could be obtained by the block EM algorithm. All of the block clustering

algorithms discussed so far are based the local optimization method. As a solution to
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the local maxima problem, stochastic approaches such as simulated annealing (SA) are

employed as a remedy.

Sheng et al. (2003) developed the biclustering algorithm using the Bayesian method

[99]. By using multinomial distributions, they modeled the data under every variable in a

bicluster. In a bicluster, the multinomial distributions for different variables are mutually

independent. For parameter estimation of this probabilistic model, they used Gibbs

sampling to avoid the local minima frequently addressed in the EM algorithm.

Bryan et al. (2006) proposed a biclustering algorithm using simulated annealing,

called SAB, to find biclusters in a gene expression data set [18]. By combining simulated

annealing with Cheng and Churchs greedy biclustering algorithm, SAB was able to

retrieve biclusters larger than those of Cheng and Churchs approach with the biological

interpretation.

Wolf et al. (2006) considered a global biclustering algorithm based on low variance

[109]. In their work, they assumed that a data matrix consists of k biclusters and that

the remaining data elements do not belong to the k flexible biclusters. The goal of this

algorithm is to find k multiple biclusters by minimizing the variances within clusters

like k-means clustering. Due to the risk of local minima, they employed two methods:

simulated annealing and linear programming.

Angiulli et al. (2008) proposed an algorithm to find k biclusters with a fixed

overlapping degree constraint [8]. They introduced gain as a measurement criterion

by combining the mean squared residue, the row variance, and the size of the biclusters.

This algorithm retrieves a high quality bicluster through transformations that improve the

gain function (i.e., smaller residue, or higher variance, or larger volume of bicluster). The

random move scheme was used to escape local minima. Since this algorithm searches

one bicluster at a time, it must be repeated k times to obtain k biclusters.
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2.9 Subspace Clustering

As mentioned before, feature selection or the dimensionality reduction technique

creates a new dimensional space that is subspaces of the original data space.

Specifically, several well-known dimensionality reduction methods such as Principal

Component Analysis (PCA) and Metric Multidimensional Scaling (MDS) reduce the

original dimensionality by mapping linearly or nonlinearly into the newly created

dimensions. Although they contributed to the improved performance of clusters by

efficiently reducing the dimensionality of the data space, these new dimensions are

usually hard to interpret. Furthermore, they are limited to handling a special cluster

structure residing on subspaces that can be created by arbitrarily combining the features

in the original dimensions. This motivated the introduction of a new clustering algorithm,

called subspace clustering or projected clustering.

For identifying the subspace clusters and determining the relevant subspaces,

searching for all possible subspaces and evaluating the cluster validity is apparently

intractable. For this reason, several sophisticated algorithms based on heuristic search

methods were proposed. They can be classified into two categories: bottom-up search

algorithms and top-down search methods. In the following, we further discuss several

well-known subspace clustering algorithms for each category [83].

2.9.1 Subspace Clustering Using The Bottom-Up Techniques

In subspace clustering based on the bottom-up search method, the “downward

closure property of density” is an important characteristic to efficiently reduce the search

space. According to the downward closure property, when a criterion is satisfied in a

k-dimensional space, it is also satisfied in all subspaces lower than k [105]. Relevant

algorithms can be further divided into two sub-groups with respect to the strategies to

determine the thresholds for the dense regions that can be regarded as a subspace

cluster. The first sub-group utilizes a multidimensional grid to evaluate the density of the

range. CLIQUE and ENCLUS are well-known algorithms in this group [6, 22]. On the
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other hand, the algorithms in the second sub-group, such as MAFIA and CLTree, utilize

histograms or a decision tree to analyze the density of data in each dimension [39, 83].

CLIQUE (Clustering In QUEst) is one of the earliest subspace clustering algorithms

[6]. In CLIQUE, all dense regions in each dimensional space are unraveled through

the following two steps: first, create dense units by partitioning the data objects into a

number of equal-length intervals, then choose the units having high-density than the

user-specified threshold. This procedure is repeated until the number of dimensions

is equal to that of the original space. In CLIQUE, the subspaces that contains clusters

consisting of dense units are automatically determined. In addition, CLIQUE does not

require any assumptions related to a particular distribution of the dataset. However,

the performance of CLIQUE is heavily affected by user-specified parameters such

as the size of the dense units and the threshold for high-density regions on feature

subspaces. Furthermore, the computational cost exponentially increases with respect

to the dimensionality of the dataset. A large number of overlapped clusters can be

identified because many dense regions in some subspaces can also be examined at the

higher-dimensional subspaces [105].

ENCLUS (ENtropy-based CLUStering) follows the basic concept of CLIQUE

for subspace clustering [22]. However, it is differentiated from CLIQUE by using an

entropy-based method to select subspaces. To evaluate the clusters in the subspaces of

the original space, ENCLUS utilized several criteria based on the concept of information

theory. Specifically, a criterion used in ENCLUS considered multiple correlation of

dimensions, called the total correlation. ENCLUS is flexible to find clusters forming an

arbitrary shape. It is allowed to discover overlapped subspace clusters. However, similar

to CLIQUE, ENCLUS depends on user-specified parameters such as the size of grid

[22, 105, 112].

Similar to CLIQUE, MAFIA (Merging of Adaptive Finite Intervals) also uses a

bottom-up method [39]. However, for generating dense units, MAFIA utilized a modified
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method that allows adaptive grids in each feature dimension. Specifically, dense units

in each dimension are semi-automatically created based on histograms. By satisfying

the monotonicity property, MAFIA enables the evaluation of more candidate subspace

clusters that reside in more, possibly, dense units. However, similar to CLIQUE and

ENCLUS, MAFIA depends on the choice of the parameters such as the interval of the

histogram. Furthermore, it also requires increasingly heavy computational time as the

dimensionality increases [105, 112].

2.9.2 Subspace Clustering Based on Top-Down Approach

In contrast to the bottom-up approach, the top-down style algorithms assume

that each data object is associated with a single cluster. For identifying clusters

and determining the relevant subspaces, subspace clustering algorithms based on

top-down methods utilize iterative methods and sampling techniques. Specifically,

at the initialization step, these methods create a number of clusters with all features

by partitioning the dataset. Then, for each cluster, each dimension has a different

weight. By updating these weights at each iteration, clusters on possible subspaces

are reconstructed. Although these top-down approaches are a little faster than the

bottom-up approaches, they are heavily dependent on several critical parameters such

as the number of clusters and the size of the samples, etc. In this section, we briefly

discuss two well-known subspace clustering algorithms based on the top-down method,

PROCLUS and ORCLUS [3, 5].

PROCLUS is a projected clustering algorithm based on K -medoids, instead of

K -means [3]. The term “medoids” means a set of data objects, each of which represents

a cluster center that minimizes the average dissimilarity to all data objects in the

cluster. To unravel clusters, the PROCLUS algorithm requires two critical user-specified

parameters: the number of clusters K and the average number of dimensions where

each cluster exists. Given these two parameters, PROCLUS attempt to discover clusters

through three steps: initialization, iteration, and refinement. The computational cost of
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PROCLUS grows linearly as the number of dimensions increases. However, PROCLUS

is sensitive to the user-specified parameters. Furthermore, the identified clusters may

have similar size and shape. For more details about PROCLUS, see [3, 105, 112].

The ORCLUS algorithm extended PROCLUS by examining the feature subspaces

without the axis-parallel restriction [5]. ORCLUS requires a computational cost O(K 3init +

KinitN + K
2
initd

3) with respect to time complexity, where N is the size of the data, d is the

dimensionality of each data object, and Kinit is the number of initial seeds of medoids.

This implies that the number of initial seeds affects the scalability of ORCLUS algorithm.

Similar to PROCLUS, the ORCLUS algorithm is restricted to the hyperspherical clusters

[105].

2.9.3 Other Subspace Clustering Algorithms

In this section, we briefly overview other subspace clustering approaches.

pCluster is a top-down subspace clustering algorithm for finding patterns of data

by using shifting and/or scaling procedures [108]. With initial clusters created on

a high-dimensional space, the pCluster algorithm generates candidate clusters in

lower-dimensional spaces through an algorithm based on a depth-first approach.

The δ-Clusters algorithm is a subspace clustering approach that captures coherent

patterns of a subset of data objects under a subset of features [114]. As a metric for

evaluating the coherence among the data objects, the Pearson correlation was utilized.

As an initialization step, the δ-Clusters algorithm randomly generates clusters. Then,

until no more improvement of the quality of clusters, it iteratively performs updating

clusters by randomly changing both features and data objects. The clustering results

may vary on the number of clusters. In addition, the size of clusters affect both the

performance of this algorithm and clustering results.

DOC (Density-based Optimal projective Clustering) is a hybrid of both bottom-up

and top-down approaches [86]. The main idea of DOC is to find projected clusters

that shows a goodness of clustering for a specified subspace. At each step, the
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DOC algorithm creates a discriminating set by random sampling and evaluates

dimensions that are associated with hyper-cube shaped subspace clusters. Similar

to several grid-based subspace clustering algorithms such as CLIQUE and ENCLUS,

the performance of the DOC algorithm heavily depends on the parameter settings.

Additionally, the DOC algorithm showed similar patterns of computational costs with the

CLIQUE algorithm. For more details and variants of the DOC algorithm, see [112].

OptiGrid is a subspace clustering algorithm that attempts to unravel subspace

clusters by recursively partitioning data into an optimal grid structure [48]. Each cell in

the grid structure consists of a hyperplane with a subset of features, showing a high

density or a having high possibility of containing many subspace clusters.

CLITree is a variant of the subspace clustering algorithms utilizing a decision

tree technique [65]. This algorithm seems to be similar to the OptiGrid algorithm in

that its discovered clusters are constructed by partitioning data for each dimension

into a number of groups. However, the identified clusters found by CLTree have a

hyper-rectangular structure in the feature subspaces. In addition, in contrast to OptiGrid,

CLTree finds desired clusters using a bottom-up method that assesses the high density

of data objects for each dimension. The CLTree algorithm outperforms other bottom-up

strategy-based subspace clustering algorithms with respect to scalability. However, this

requires significant computational cost for building the decision tree structure.

Besides of the above algorithms, many researchers have proposed various

subspace clustering techniques as follows: an algorithm performing projection with

human interaction [2], clustering data objects on the projected subspaces using

histograms [81], projected clustering using hierarchical clustering for selecting relevant

dimensions [115], a cell-based subspace clustering approach [20], and a method that

uncovers clusters consisting of features with different local weights [32]. For details of

these algorithms, see [11, 83, 112].
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CHAPTER 3
FEATURE-SUBSET-WISE CLUSTERING USING STOCHASTIC SEARCH

In clustering, the majority of the prior research work related to feature selection

were interested in dividing features into two subsets: a contributing and a non-contributing.

However, data can often comprise several feature subsets where each feature subset

constructs clusters differently. In this chapter, we present a novel model-based

clustering approach using stochastic search to discover the multiple feature subsets

that have different model-based clusters.

3.1 Introduction

In many applications, most clustering algorithms attempt to discover clusters based

on the entire set of features in a dataset. However, in many cases, only a few features

make useful contribution in explaining the cluster structures whereas the others are

meaningless and disturb the better understanding of the cluster analysis results [62].

For this reason, it is preferred to choose a proper subset of features to represent the

clustering model, which is called feature (variable) selection in clustering. However, little

research on feature selection has been done in clustering because the absence of class

labels makes this task more difficult [61, 63, 88].

In feature selection for model-based clustering, the prior literature has proposed

two approaches. First, some feature selection algorithms divide features into two

subsets: one with contributing features and the other with (almost) non-contributing

features in clustering objects. An example of this feature selection approach is given

in Figure 3-1A. In Law et al. (2002), feature selection was performed in mixture-based

clustering by estimating feature saliency via the EM algorithm [62]. Some researchers

have considered conducting feature selection and clustering simultaneously. Law et al.

(2004) incorporated their previous approach [62] with the use of the minimum message

length criterion for the Gaussian mixture model to select the best number of clusters

[61]. This approach has been extended by Constantinopoulos et al. (2006) by employing
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A A feature selection in clustering B A multiple feature-blocks-wise clustering

Figure 3-1. Arbitrary example of feature selection and feature subset wise clustering

a Bayesian framework to be more robust for sparse datasets [26]. Raftery and Dean

(2006) investigated this problem and attempted to select variables by comparing two

models: one contains the informative variables for clustering while the other model’s

variables are meaningless [88]. By using the Bayesian Information Criterion (BIC ) for

model comparison and the greedy search algorithm for finding the only suboptimal

model, this method deals with variable selection for clustering and the model selection

problem simultaneously [88]. However, when we expect more than one contributing

feature subsets that construct different feature-subset-wise clusters, all the above

methods are inappropriate. Figure 3-1B shows an example of multiple feature subsets

where each contributes to identify different clusters.

To find feature-subset-wise clusters, this study assumes that each feature subset is

independent of the other feature subsets and follows the multivariate normal mixture
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model. If a feature subset has more than one cluster of observations (G > 1 in

equation (1–1)), it is considered a contributing subset; otherwise, it is regarded as a

non-contributing feature subset. The best number of clusters for each feature subset

and the best feature partition are determined based on the BIC values. Searching

for the optimal feature partition is very challenging because the number of possible

partitions, known as the Bell number, B(m), grows super-exponentially with the number

of features m [15]. Even when a feature partition is given, searching for the best clusters

of each feature subset involves significant computation. For this reason, we considered

stochastic search methods.

This chapter is organized as follows: In Section 3.2, we summarize the previous

work related with feature selection in clustering. In Section 3.3 and Section 3.4, we

describe the structure of our model and relevant procedures to estimate the finite

mixture model. In Section 3.5, we examine several stochastic search methods for finding

multiple feature subsets. In Section 3.6, we report the experimental results obtained

so far and compare the algorithms provided in Section 3.5. In addition, to reduce the

execution time, the incremental estimation technique that was applied to our approach

is discussed. In Section 3.7, using various real datasets such as a river watershed

dataset and a United Nations (UN) World Statistics dataset, we demonstrate that the

proposed method can be successfully applied to social and economic research as well

as environmental science research. Section 3.8 presents our conclusions.

3.2 Related Work

Feature selection has been widely discussed in supervised learning and classification

[52, 63]. On the other hand, feature selection in unsupervised learning or clustering is

relatively challenging because the absence of class labels makes this task more difficult

[62, 63, 88]. In the previous chapter, we discussed that feature selection in clustering

can be divided into two categories: model-based clustering and non-model-based

clustering [88]. However, when we see the research work for feature selection in
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clustering with another viewpoint, it can be classified into the filter and wrapper

approach, and the simultaneous processes of feature selection and clustering [26, 61].

In the filter approaches, selecting features is determined by assessing the relevance of

features in the data set. In contrast, the wrapper approach regards the feature selection

algorithm as a wrapper to the clustering algorithm to evaluate and choose a relevant

subset of features [26].

Kim et al. (2000) performs feature selection (or dimensionality reduction) in

K -means clustering through an evolutionary algorithm [56]. Talavera (2000) selected

the subset of features by evaluating the dependencies among features where irrelevant

features show a low correlation to other relevant features [103]. Sahami (1998) used the

mutual information for measuring feature similarity to remove redundant features [96].

Another approach to the same problem has been proposed by Mitra et al. (2002), which

utilized the maximum information compression index [74]. Liu et al. proposed a feature

selection method tailored for text clustering that used some efficient feature selection

methods such as Information Gain and Entropy-based Ranking [67]. Roth and Lange

(2003) select features determining automatically the relevance to the previous result,

on the Gaussian mixture model which is optimized via the EM algorithm [94]. In Law et

al. (2003), feature selection was performed in mixture-based clustering by estimating

feature saliency via the EM algorithm [62]. This work was extended in the algorithm

to perform both feature selection and clustering simultaneously [61]. Dy and Brodley

used the normalized likelihood and cluster separability to evaluate the subset of features

[33, 35]. They also considered the feature selection criteria for clustering through the EM

algorithm [34]. While most previous approaches try to find relevant features based on

the clustering result, they are restricted to determine the number of clusters or choose

the clustering model, called model selection. This problem has been relatively less

interesting. Vaithyanathan and Dom (1999) tried to determine both the feature set and

the number of clusters through evaluating the marginal likelihood and cross-validated
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likelihood criterion [107]. In [26], the combined method integrating a mixture model

formulation and Bayesian method is used to deal with both the feature selection and

the model selection problems at the same time. Raftery and Dean (2006) investigated

this problem and attempted to select variables by comparing two models, where one

contains the informative variables for clustering while the variables in the other model

are meaningless [88]. By using the Bayesian Information Criterion (BIC) [97] for the

model comparison and the greedy search algorithm for finding the suboptimal model,

this method deals with the variable selection for clustering and the model selection

problems simultaneously [88].

3.3 Model Formulation

Let a data matrix x consists of n data objects and m dimensional features (v =

(v1, ... , vm)); x = {xij |i ∈ {1, ... , n} and j ∈ {1, ... ,m}}. The feature partition V comprises

K exclusive subsets of feature (column) indices, denoted by V = {V1, ... ,Vk , ... ,VK},
where 1 ≤ K ≤ m, Vk is the k th subset of feature indices,

⋃K
k=1 Vk = {1, ... ,m},

Vk 6= ∅ and Vk ∩ Vk ′ = ∅ for any k 6= k ′. Assume that each Vk constructs Gk clusters

of observations, where 1 ≤ Gk ≤ n. Also, let UVk be the data matrix of the k th feature

subset data matrix, which is the collection of columns in x indexed by Vk . We assume

that UVk and UVk′ are independent of each other for 1 ≤ k , k ′ ≤ K ≤ m and k 6= k ′. Let

Ckg be the observation index set of the gth cluster based on features in the k th feature

subset, where
⋃Gk
g=1 Ckg = {1, ... , n}, Ckg 6= ∅, and Ckg ∩ Ckg′ = ∅ for any g 6= g′.

In our approach, it is assumed that feature subsets are independent of each other

and that each feature subset has different multivariate normal mixture models. Thus, the

log-likelihood function for the k th feature subset is

Lk(θk |UVk ) =
n∑

i=1

log

Gk∑
g=1

pkgφ(UVk i |θkg), (3–1)

where φ(UVk i |θkg) is the multivariate normal probability density function of the gth cluster

based on the k th feature subset, pkg and θkg are the corresponding mixing probability
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and cluster-wise parameter vector, and θk = (θk1, ... , θkg, ... , θkGk ). Therefore, the

log-likelihood function of the entire data is

L(θ|x) =
K∑

k=1

Lk(θk |UVk ). (3–2)

Note that maximizing (3–2) is equivalent to maximizing (3–1) for each feature subset.

The details of this procedure are discussed in Section 3.4.

3.4 Model Estimation for Feature-Subset-Specific Clustering

In this section, we describe a parameter estimation procedure that maximizes the

likelihood function of the mixture model (3–1) when feature subsets Vk and the number

of clusters Gk are given. Then we describe how the BIC is used to determine the best

feature partition and the number of clusters for each feature subset.

3.4.1 Estimation of The Finite Mixture Model Given Vk and Gk

To use the EM algorithm [30] for θk in equation (3–1), the complete data log-likelihood

function can be constructed as

Lk(θk |UVk , zk) =
n∑

i=1

log

Gk∑
g=1

zkgipkgφ(UVk i ; θkg), (3–3)

where, for the k th feature subset, the missing variable zkgi = 1 if the i th observation

belongs to cluster Ckg and zkgi = 0 otherwise. The EM algorithm repeatedly updates the

θk by alternating the E-step and the M-step until it converges [30]. In the tth E-step, the

conditional expectation of the complete data log-likelihood is computed:

Qk(θk , θ
(t)
k ) = E [Lk(θk |UVk , zk)|UVk ; θ(t)k ] (3–4)

In the tth M-step, the t + 1th new parameter estimate is calculated by maximizing

Qk(θk , θ
(t)
k ). The details of this algorithm are well described in [14, 70].

For a specific instance of the above process, a Gaussian mixture model has been

widely used [14, 106]. The Gaussian probability density function (PDF) to the UVk is
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defined as

φg(UVk ;µkg, Σkg) =
1

(2π)γk/2|Σkg|1/2 exp
{
− 1
2
(UVk − µkg)

TΣ−1kg (UVk − µkg)
}

(3–5)

where µkg and Σkg denote the mean vector and the covariance matrix of the g-th

Gaussian mixture component, and γk is denoted by the dimensionality of UVk . For the

mixture model to the Gaussian PDF (3–5), the Q function in the E-step at the (t + 1)-th

iteration is computed as follows:

Q(θk , θ
(t)
k ) = E [Lc(UVk , zk ; θk)|UVk ; θ(t)k ] (3–6)

=

n∑

i=1

Gk∑
g=1

[
ζg(UVk i ; θ

(t)
k ) log

(
pkgφg(UVk i ;µkg, Σkg)

)]

where ζg(UVk i ; θ
(t)
k ) is the posterior probability that the i -th observation in the UVk belongs

to the g-th mixture component, denoted by

ζg(UVk i ; θ
(t)
k ) =

p
(t)
kg φg(UVk i ;µ

(t)
kg , Σ

(t)
kg )

Gk∑

`=1

p
(t)
k` φ`(UVk i ;µ

(t)
k` , Σ

(t)
k` )

(3–7)

where i = 1, ... , n and g = 1, ... ,Gk .

In the M-step at the (t + 1)-th iteration, the relevant parameter estimates are

described as follows: For g = 1, ... ,Gk .

p(t+1)g =
1

n

n∑

i=1

ζg(UVk i ; θ
(t)
k ), (3–8)

µ(t+1)kg =

n∑

i=1

UVk iζg(UVk i ; θ
(t)
k )

n∑

i=1

ζg(UVk i ; θ
(t)
k )

, (3–9)
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and

Σ
(t+1)
kg =

n∑

i=1

ζg(UVk i ; θ
(t)
k )(UVk i − µ(t)kg )(UVk i − µ(t)kg )

T

n∑

i=1

ζg(UVk i ; θ
(t)
k )

. (3–10)

With the initial θ(0)k , the above E and M steps repeatedly alternate until satisfying the

L(θ(t+1)k |UVk ) ≥ L(θ(t)k |UVk ).
3.4.2 Deterministic Annealing EM Algorithm

Given the Ck and the Gk , finding a mixture model maximizing the likelihood function

can be accomplished by using the EM algorithm but it is susceptible to local maxima.

To address this problem, a naive approach is to select the best local maximum among

many candidate results calculated via the EM algorithm multiple times with various

initial conditions [45]. However, this requires a prohibitively high computational cost and

still has the possibility of a poor local maxima [106]. An improved approach, called the

deterministic annealing EM (DAEM) algorithm [106], is to use the modified log-likelihood

including the “thermodynamic free energy” parameter β (0 < β < 1), similar to the

cooling parameter T in simulated annealing (SA) [57]. Specifically, the DAEM algorithm

starts with a small enough initial β which is close to 0. Then, until β becomes 1, the

DAEM algorithm performs the E and M steps by gradually increasing β to obtain a better

local (maybe global) maximum.

Based on the result of the DAEM algorithm [106], the “free energy” parameter β can

be applied to the posterior probability (3–7), hence a new posterior probability for DAEM

is denoted by

ζg(UVk i ; θ
(t)
k ) =

(
p
(t)
kg φg(UVk i ;µ

(t)
kg , Σ

(t)
kg )

)β

Gk∑

`=1

(
p
(t)
k` φ`(UVk i ;µ

(t)
k` , Σ

(t)
k` )

)β

(3–11)

where i = 1, ... , n and g = 1, ... ,Gk . This is directly applied to the (3–8), (3–9), and

(3–10). In particular, we slightly modified the range of β so that β becomes stable by

gradually decreasing from a positive integer as the initial value of β.
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3.4.3 Model Selection Based on Information Criteria

Because the estimated model can vary depending on the values of the parameters,

an appropriate model amongst many candidate models should be selected. One

natural way to solve this problem is to choose a model that is most similar to the

“true” model. To measure the similarity between the true model and the estimated

model, the Kullback-Leibler (KL) divergence is a good choice [60]. For X, θ, and θ̂, the

KL-divergence between the probability density function of the true model φ(X; θ) and an

estimated model g(X; θ̂) can be defined as

KL(φ(X; θ)||ϕ(X; θ̂))

=

∫
φ(X; θ) log

φ(X; θ)

ϕ(X; θ̂)
dX. (3–12)

KL-divergence is equal to zero when the fitted model is equivalent to the true model.

Otherwise, KL-divergence is always positive and grows as the dissimilarity between two

models increases [92]. This property implies that minimizing KL-divergence is equivalent

to maximize the following term derived from the equation (3–12):

∫
φ(X; θ) logϕ(X; θ̂)dX. (3–13)

Based on this property, the Akaike Information Criterion (AIC) was proposed to

estimate the KL-divergence between the true model and the fitted model [7]. In the

model selection process, an estimated model is regarded as the best fitted model when

the score of AIC is minimized. For the given Vk , AIC(Vk) is denoted by

AIC(Vk) = −2× Lk(θ̂k |UVk ) + 2λk , (3–14)

where Lk(θ̂k |UVk ) is the maximum log-likelihood, and λk is the number of parameters

θ̂k . Using (3–14), the model selection process starts with Gk = 1. Until satisfying the

stopping criterion that the score of AIC(Vk) is no longer decreasing, this process repeats

by increasing Gk = Gk + 1. In particular, when the best fitted model for a Uk contains
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only one mixture component (cluster), Vk can be regarded as a feature subset having

less-contribution in clustering. Since feature subsets are mutually independent, the AIC

for V can be computed as the sum of AIC(Vk)s, expressed by:

AIC(V) =
K∑

k=1

AIC(Vk), (3–15)

Note that minimizing equation (3–15) implies the discovery of feature partition

consisting of multiple feature subsets where each can be expressed by the best-fit

mixture model for clustering. In such a way, a model selection criterion can be utilized as

an objective function in our approach. The AIC criterion is a widely used model selection

criterion. However, because BIC criterion is more parsimonious than AIC, we used BIC

as an objective function.

3.4.4 Objective Function for Determining The Optimal Vk and Gk

The BIC [97] is designed to select the best model based on both the degree of

data fitness and the complexity of the model. In this research, the BIC is utilized as an

objective function to determine the best partition of features as well as the best number

of clusters Gk for each feature subset. Because feature subsets are independent of each

other, the BIC for a feature partition V is

BIC(V) =
K∑

k=1

BIC(Vk), (3–16)

where BIC(Vk) is denoted by

BIC(Vk) = −2× Lk(θ̂k |UVk ) + λk log(n), (3–17)

where θ̂k is the maximum log-likelihood estimate, λk is the number of elements in θ̂k , and

n is the number of observations. A lower BIC value indicates a better model.
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3.5 Stochastic Searching for The Desired Vk and Gk

Because the number of all possible feature partitions for a fixed number of features

is known as the Bell number [93],

B(m) =

m∑

K=1

R(m,K), (3–18)

with

R(m,K) =
1

K !

m−1∑

K=1

(−1)k
(
K

k

)
(K − k)K , (3–19)

the Stirling number of the second kind. The Bell number grows super-exponentially

as the number of features increases [15], it is a challenging problem to search for the

optimal feature partition V∗ based on a model selection criterion. Furthermore, given

the feature partition V, an observation-wise clustering using the EM algorithm raises a

non-negligible amount of computational cost. In this research, we considered the Monte

Carlo (MC) optimization [91] based on the Metropolis-Hastings (MH) algorithm as a

stochastic search method to minimize the BIC(V).
When the current state S is given in the MH algorithm, the candidate state S′ is

generated with a proposed probability density p(S′|S). The transition from the current

state S to the candidate state S′ is determined with an acceptance probability, α(S′,S),

as described below:

α(S′,S) = min

[
1, δ

def
=
p(S|S′)π(S′)
p(S′|S)π(S)

]
, (3–20)

where π(S) is the targeting probability mass function of S.

If the current state S is accepted with probability (3–20), then the next state is

set to the candidate state S′. Otherwise, the current state remains as the next state.

An advantage of this algorithm is that there is no need to know either the normalizing

constant π(S) or π(S′) because they cancel each other.
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In our method, we considered using the following probability mass function, πBIC(V),
for π(S) of equation (3–20):

πBIC(V) = exp{−BIC(V)}∑
V ′∈ΩV exp{−BIC(V ′)}

, (3–21)

where ΩV is the set of all possible feature partitions. Note that, although the size of

ΩV can be very large, it is still finite. Because the partition space ΩV is very large, it is

infeasible to search for V∗ by evaluating the BIC(V) for all possible feature partitions.

Thus, the random partitions generated from πBIC(V) and BIC(V) are evaluated for each

generated partition. It generates more random partitions close to the mode of πBIC(V),
where BIC(V) is low, and fewer random partitions away from the mode, where BIC(V)
is high. Useful applications of the MC optimization method are demonstrated in [15, 53].

The performance of these methods may vary depending on how p(S|S′) is defined.

3.5.1 Biased Random Walk Algorithm

As a simple local search algorithm, we consider the following biased random

walk algorithm based on MH algorithm [15]. Let V(τ−1) be the feature partition that is

stochastically accepted at the τ − 1th iteration. At the τ th iteration in the biased random

walk (BR) algorithm, V(τ) is set by V(τ−1) and a candidate feature partition V ′(τ) is

generated by updating (or switching) the feature subset membership of a randomly

selected feature in V(τ). Then, the BR algorithm accepts V ′(τ) with the following

probability:

min

[
1, δ

def
=

πBIC(V ′(τ))
πBIC(V(τ))

]
, (3–22)

because p(V ′(τ)|V(τ)) = p(V(τ)|V ′(τ)). The details of the biased random walk algorithm

are described in [15]. Algorithm 1 shows a biased random walk method applied to our

approach.

Although the biased random walk algorithm should theoretically explore the entire

partition space, it tends to get stuck in a local mode.
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Algorithm 1 A Biased Random Walk algorithm
Input: x(n ×m) data matrix, and T the maximum iteration number.
Output: V∗ a set of subsets of features minimizing the BIC(V∗).

1: Initialize V(0).
2: Set V∗(1) ← V(0), K ← K (0).
3: BIC(V∗(1)) =

K∑

k=1

BIC(Vk).
4: for τ ← 2 to T do
5: V(τ) ← V∗(τ−1).
6: if K (τ) = 1 then
7: Select an vj randomly, for j = 1, ... ,m.
8: Create V ′(τ)2 = {vj}.
9: V ′(τ)1 = V(τ)1 − {vj}.

10: else
11: Select an vj randomly where vj ∈ V(τ)q , for j = 1, ... ,m, and
12: q = 1, ... ,K (τ).
13: if V(τ)q is a singleton then
14: Create V ′(τ) by moving vj to V(τ)q′ where q′ = 1, ... ,K (τ) and q′ 6= q,
15: with P

(
1

K (τ)−1

)
.

16: else
17: Create V ′(τ) by moving vj to V(τ)q′ where q′ = 1, ... ,K (τ) and q′ 6= q, or

18: create V ′(τ)
K (τ)+1

= {vj}, with P
(
1
K (τ)

)
.

19: end if
20: end if
21: K ← K ′(τ).
22: BIC(V ′(τ)) =

K∑

k=1

BIC(Vk) where V ′(τ) = {V ′(τ)1 , ... ,V ′(τ)K }.

23: if V ′(τ) is accepted with min
[
1, πBIC(V ′(τ))

πBIC(V(τ))

]
then

24: C ∗(τ) ← V ′(τ).
25: else
26: C ∗(τ) ← V(τ).
27: end if
28: end for
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3.5.2 Split-and-Merge Move Algorithm

To overcome the local maxima problem that occurs in the BR algorithm, we

can consider generating a candidate feature partition V ′(τ) by changing a larger

number of subset membership indices at a time [15]. This algorithm is so called the

split-and-merge (SM) algorithm. The SM algorithm works with two main procedures: the

split move and the merge move. In the merge move, V ′(τ) is constructed by merging two

randomly selected feature subsets in the current feature partition V(τ). Similarly, if the

split move is chosen, V ′(τ) is obtained by randomly splitting a feature subset of the V(τ)

into two non-empty feature subsets. V ′(τ) generated by a split move is accepted with the

following probability

min

[
1, δ

def
=
p(V ′(τ)|V(τ))πBIC(V ′(τ))
p(V(τ)|V ′(τ))πBIC(V(τ))

]
(3–23)

where p(V ′(τ)|V(τ)) is the probability of a merge move, denoted by

p(V ′(τ)|V(τ)) = 1− pm
(2ν−1 − 1)K′ ,

and p(V(τ)|V ′(τ)) is the probability of a split move, denoted by

p(V(τ)|V ′(τ)) = pm
/(

K(K − 1)
2

)
,

ν is the size of the feature subset that will be divided, K′ is the number of feature

subsets whose size is greater than 2, pm is the probability of selecting the merge-move

procedure, and K is the number of feature subsets in V(τ). The acceptance probability

of V ′(τ) by a merge-move procedure is min[1, (1/δ)] [15]. Based on this successful

application, we employed this method for searching the most expected variable subsets,

as shown in Algorithm 2.

Because πBIC(V) is invariant for both BR and SM methods described above, a

mixture of these two search methods is also invariant [15]. At each iteration, this hybrid

approach, called the HR algorithm, can update the current feature partition using one of

these two methods (BR or SM) selected by a certain probability.

56



Algorithm 2 Split-and-Merge move algorithm
Input: x(n ×m) data matrix, and T the maximum iteration number.
Output: V∗ a set of subsets of features minimizing the BIC(V∗).

1: Initialize V(0).
2: Set V∗(1) ← V(0), K ← K (0).
3: BIC(V∗(1)) =∑K

k=1 BIC(Vk).
4: for τ ← 2 to T do
5: V(τ) ← V∗(τ−1).
6: if merge-move is selected with pm ∈ (0, 1) then
7: W = merge-move(V(τ), x).
8: else
9: W = split-move(V(τ), x).

10: end if
11: V ′(τ) ←W .V ′(τ) and ϕ ←W .ϕ
12: if V ′(τ) is accepted with α = min[1,ϕ] then
13: V(τ) ← V ′(τ).
14: V∗(τ) ← V(τ).
15: else
16: V∗(τ) ← V(τ).
17: end if
18: end for

Procedure 3 merge-move(V(τ), x)
Input: V(τ) and x
Output: W = {V ′(τ),ϕ(an M-H probability of V ′(τ))}

1: BIC(V(τ)) =∑K (τ)

k=1 BIC(Vk) where C (τ) = {V(τ)1 , ... ,V(τ)K (τ)}.
2: Select two V(τ)`1

and V(τ)`2
randomly, for `1, `2 = 1, ... ,K

(τ) and `1 6= `2.
3: V ′(τ) = V(τ) − {V(τ)`1

,V(τ)`2
}.

4: V ′(τ) = V ′(τ) ∪ {V(τ)`1
∪ V(τ)`2

}.
5: Calculate p(V ′(τ)|V(τ)) and p(V(τ)|V ′(τ)).
6: BIC(V ′(τ)) =∑K ′(τ)

k=1 BIC(Vk) where V ′(τ) = {V ′(τ)1 , ... ,V ′(τ)K ′(τ)}.
7: ϕ =

p(V(τ)|V ′(τ))πBIC(V(τ))
p(V ′(τ)|V(τ))πBIC(V ′(τ)) .

8: returnW = {V ′(τ),ϕ}.
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Procedure 4 split-move(V(τ), x)
Input: V(τ) and x
Output: W = {V ′(τ),ϕ(an M-H probability of V ′(τ))}

1: BIC(V(τ)) =∑K (τ)

k=1 BIC(Vk) where V(τ) = {V(τ)1 , ... ,V(τ)K (τ)}.
2: Select V(τ)` , where ` = 1, ... ,K (τ) and the size of V(τ)` ≥ 2.
3: From V(τ)` , create V ′(τ)`1

and V ′(τ)`2
, satisfying the following conditions:

4: For V ′(τ)`1
6= ∅ and V ′(τ)`2

6= ∅, V ′(τ)` = V ′(τ)`1
∪ V ′(τ)`2

and V ′(τ)`1
∩ V ′(τ)`2

= ∅.
5: V ′(τ) = V ′(τ) ∪ V ′(τ)` .
6: Calculate p(V ′(τ)|V(τ)) and p(V(τ)|V ′(τ)).
7: BIC(V ′(τ)) =∑K ′(τ)

k=1 BIC(Vk) where V ′(τ) = {V ′(τ)1 , ... ,V ′(τ)K ′(τ)}.
8: ϕ =

p(V ′(τ)|V(τ))πBIC(V ′(τ))
p(V(τ)|V ′(τ))πBIC(V(τ)) .

9: returnW = {V ′(τ),ϕ}.

3.5.3 Simulated Annealing-Based Algorithm

The simulated annealing (SA) [57] technique utilizes an annealing process to

search for the global optimum. In the SA algorithm, the temperature parameter T

(T > 0) determines how easily a candidate state tends to be accepted; the higher the

temperature, the higher the acceptance rate. To search for the V∗, we combined the

SA technique with the BR algorithm, which is called the SA-based BR search (SABR)

algorithm [78]. The SABR algorithm starts with the initial feature partition V(1) and the

initial temperature parameter T (1) which is set to a high value. Until T → 0 (i.e., the

final iteration step becomes stable), the SABR seeks V∗ by gradually and repeatedly

decreasing T . At the τ th iteration step, the acceptance probability of a candidate feature

partition V ′(τ) is

min

[
1, δ

def
=
p(V ′(τ)|V(τ))πBIC(V ′(τ))
p(V(τ)|V ′(τ))πBIC(V(τ)) exp{T

(τ)}
]
, (3–24)

where T (τ) = T (τ−1) × η, τ ≥ 2 and η is a cooling rate (0 < η < 1).
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A Line plots of dataset-I (200× 7) B Result of dataset-I

C Line plots of dataset-II (150× 11) D Result of dataset-II

Figure 3-2. Two synthetic datasets (200× 7 and 150× 11)

3.6 Experimental Results

In this section, we apply our algorithms to various datasets to examine the

performance. From the experimental results based on the synthetic datasets, we discuss

the convergence and insensitiveness of stochastic feature-subset search algorithms.

In our experiments, three real datasets available from UCI Machine learning repository

were also used for evaluating performance of our algorithms.

3.6.1 Synthetic Dataset

In this section, we examined the performance of our approach with two synthetic

datasets. Four stochastic search algorithms - the biased random walk (BR) algorithm,
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the split-and-merge move (SM) algorithm, the hybrid random walk (HR) algorithm,

and the SA-based BR search (SABR) algorithm - were executed using two synthetic

datasets for 2.0× 104 iterations. For each algorithm, we used two different initial partition

V(1)s: 1) V(1) = {V1, ... ,Vk , ... ,Vm}, in which each feature subset Vk was a singleton

(included only one feature), and 2) V(1) = {V1}, in which one large subset included all

features. For the SABR algorithm, we set T (1) = 400 and η = 0.999. For the DAEM

algorithm, the iteration number is 1000, the initial β = 4.0, and βnew = βcurrent × 0.99862
(making βfinal ≈ 1.0).

For dataset-I (Table 3-1), n = 200 observations were generated using seven

features, where each belonged to one of four feature subsets: true feature partition

V = {{1, 2}, {3, 5, 6}, {4}, {7}}. In Figure 3-2A, each line represents a vector of features

for a simulated observation.

Let BIC(V(τ)) and K̂ be the BIC value and the number of feature subsets,

respectively. With dataset-I, the four search methods converged on the feature partition

V (used for data generation) and the K̂ , regardless of the initial partitions.

For dataset-II (Table 3-2 and Figure 3-2C), n = 150 observations were generated

using 11 features. Figures 3-3A, 3-3C, and 3-3E show the convergence of the four

search methods on the feature partition used for the generating dataset, BIC(V(τ)), and

K̂ when the algorithm started with the initial partition V(0) consisting of m singleton

feature subsets. However, as shown in Figures 3-3B, 3-3D, and 3-3F, when the

algorithm started with an initial partition V consisting of one large feature subset, the

BR algorithm could not escape a local maximum until the last iteration. The other three

(SM, HR, and SABR) methods converged on the desired feature partition, implying that

they are less sensitive to initial feature partitions than the BR algorithm. Figures 3-2B

and 3-2D show the clusters based on each feature subset for dataset-I and dataset-II,

respectively.
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A V(0) = {V1, ... ,Vk , ... ,Vm} B V(0) = {V1}

C V(0) = {V1, ... ,Vk , ... ,Vm} D V(0) = {V1}

E V(0) = {V1, ... ,Vk , ... ,Vm} F V(0) = {V1}

Figure 3-3. Trajectories of chains of BIC(V(τ)), and K̂ for dataset-II
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A Dataset-III B Dataset-IV C Dataset-V

Figure 3-4. Synthetic datasets

In summary, SM, HR, and SABR found the correct feature subsets and obtained

parameter estimates near the parameter values used in data generation for both

dataset-I and dataset-II.

3.6.2 Incremental Estimation

During the search for V∗, evaluating the fitted mixture model via the DAEM algorithm

at each state requires a burdensome computational time. This can be mitigated by

an incremental estimation technique that reutilizes the value of πBIC(V(τ)) that was

previously computed [79]. By decreasing the number of unnecessarily repeated

evaluation of πBIC(V(τ)), the total computation time can be drastically reduced. In

addition, the initialization-insensitive property of the DAEM algorithm supports the use of

the incremental estimation.

In our approach, the incremental estimation was evaluated with various types of

datasets [77]. Several datasets were generated on the basis of the following parameters,

K , Gks, V, pkgs, µgds, and Σgds where g ∈ {1, ... ,Gk}, d ∈ {1, ... ,D}, and k ∈ {1, ... ,K}.
For V, Vk is composed of the different number of CVkg and its corresponding pkg. Each

Xn lies in a Gaussian distribution corresponding to µkg and Σkg. For example, the

dataset-III contains three feature subsets: V1, V2, and V3. Each Vk has 3, 2, and 1
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θ : parameter values used to generate the 1st dataset θ̂ : parameter estimates obtained from the dataset-I

V [ (v1, v2); (v3, v4); (v5, v6, v7) ] [ (v1, v2); (v3, v4); (v5, v6, v7) ]

Gk G1 = 3 G2 = 2 G3 = 1 Ĝ1 = 3 Ĝ2 = 2 Ĝ3 = 1

pkg
p11 = 0.30 p12 = 0.40 p13 = 0.30 p̂11 = 0.30 p̂12 = 0.40 p̂13 = 0.30

p21 = 0.50 p22 = 0.50 p31 = 1.00 p̂21 = 0.50 p̂22 = 0.50 p̂31 = 1.00

µkg
µ11 = [7.15, 7.00] µ12 = [4.06, 4.15] µ13 = [1.13, 0.99] µ̂11 = [7.15, 7.00] µ̂12 = [4.06, 4.15] µ̂13 = [1.13, 0.99]

µ21 = [4.92, 4.93] µ22 = [8.99, 8.97] µ31 = [14.0, 14.0, 14.0] µ̂21 = [4.92, 4.93] µ̂22 = [8.99, 8.97] µ̂31 = [13.96, 13.96, 13.97]

Σkg
Σ11 =


 0.25 0.20
0.20 0.25


 Σ12 =


 0.25 0.19
0.19 0.25


 Σ13 =


 0.25 0.21
0.21 0.25


 Σ̂11 =


 0.27 0.22
0.22 0.28


 Σ̂12 =


 0.28 0.26
0.26 0.34


 Σ̂13 =


 0.24 0.21
0.21 0.25




Σ21 =


 0.25 0.18
0.18 0.25


 Σ22 =


 0.25 0.19
0.19 0.25


 Σ31 =




0.25 0.19 0.20

0.19 0.25 0.19

0.20 0.19 0.25


 Σ̂21 =


 0.28 0.21
0.21 0.23


 Σ̂22 =


 0.28 0.18
0.18 0.21


 Σ̂31 =




0.26 0.22 0.19

0.22 0.27 0.20

0.19 0.20 0.21




Table 3-3. Parameter estimates of dataset-III

mixture components, respectively. Table 3-3 provides the values of the parameters

for creating dataset-III. Fig. 3-4A illustrates the expected results as well as the overall

structures of dataset-III. Dataset-IV and dataset-V, see Fig. 3-4, have different shapes

and more complex structures than dataset-III. In particular, the structure of dataset-IV is

sometimes called a checkerboard structure.

Our feature partition search algorithm was executed with the datasets for 1.0 ×
104 iterations. To cover the overall cases for each dataset, we used 5 different

initial partition V(0)s. For instance, the V(0)s used for dataset-III are: (1) V(0) =
{(v1), (v2), (v3), (v4), (v5), (v6), (v7)}, (2) V(0) = {(v1, v2, v3, v4, v5, v6, v7)}, (3) V(0) =
{(v1), (v2), (v3), (v4), (v5, v6), (v7)}, (4) V(0) = {(v1, v2, v7), (v3), (v4), (v5, v6)}, and (5)

V(0) = {(v1, v5), (v2, v3, v7), (v4), (v6)}. Specifically, each Vk in (1) is a singleton feature

subset, V(0) of (2) is a feature subset with all features, and the remaining three V(0)s
were randomly generated. To support enough randomness, T (0) = 400.0 and ρ = 0.997.

For the DAEM algorithm, β(0) = 4.0 and β(i) = β(i−1) × 0.998.
As shown in Table 3-3, our method found both feature subsets and parameter

estimates near the true parameter values. On the other hand, for dataset-III, when the

conventional clustering was performed with all features, the best-fit mixture model-based

clusters consisting of three mixture components were discovered and two features

(i.e., v1 and v2) were identified as the informative features for clustering. This implies
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Figure 3-5. Performance evaluation of the incremental estimation

that the conventional clustering algorithms are limited to simultaneously identifying

multiple feature subsets for diverse clustering results. For dataset-IV and dataset-V,

our approach revealed the expected feature partition as well as the mixture model

representing the clusters for each feature subset.

Our method seeks the desired feature partition using the incremental estimation

and has been tested on the three datasets described above. Fig. 3-5 shows the results

of the total evaluation time. In all cases, the growth rate of the execution time for each

iteration becomes stable after a few thousands of iterations. In contrast to the approach

that estimates at all iterations, the incremental estimation method showed better

performance with drastically reduced computational time.

Based on the aforementioned experimental results, we showed that the incremental

estimation technique can reduce computational cost. However, this technique still

may not be limited in scalability because the main procedures of this approach require

much computational cost. First, computing parameter estimates via the EM algorithm

requires O(NDI ) time, where N is the number of data samples, D is the number of
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Figure 3-6. Performance evaluation against the size of dataset

dimensions, and I is the number of iterations. Second, when we consider the model

selection procedure to determine the number of clusters, the time complexity will be

O(NDIK), where K is the number of clusters. The total computation cost depends on

I for satisfying the convergence condition. When the incremental estimation technique

is applied, the model estimation and model selection procedures will be performed at

most two times. Since these all procedures are executed at each iteration for find the

desired feature partition model, the total computation of our approach grows linearly as

the number of iterations increases.

For this scalability issue, we tested our approach using the SA-based biased

random walk algorithm on several synthetic datasets with 15 features. The number of

iterations was set by 1.0 × 104. For this experiment, a similar approach to that used in

the previous experiments was used for generating datasets having four different sizes of

data (1000, 5000, 10000, and 20000). For each size of data, we generated 10 different

datasets. Based on these datasets, the SA-based biased random walk algorithm was

evaluated with respect to the total running time. Figure 3-6 shows a summary of relevant
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experimental results. From these results, we can infer the following characteristics of our

approach. First, as mentioned before, the computational time grows linearly as the size

of data increases. Second, this graph shows the total running time grows continuously

until the maximum number of iterations. This characteristic is related to the possible

number of feature partitions. The incremental estimation technique requires sufficient

previous estimation results to reduce the computational time, but the number of all

possible feature partitions for these datasets is definitely larger than the number of

iterations. This analysis result implies that our approach has a limitation against high

dimensional data. This issue is still under investigation.

3.6.3 The UCI Machine Learning Dataset

We also applied our approach to three widely used real datasets available from

the UCI Machine Learning Repository (‘wine recognition’, ‘diabetes’, and ‘waveform’)

[9]. The wine recognition dataset, available at UCI Machine Learning repository, has

178 observations, 13 features, and 3 classes. Although many clustering algorithms

used this dataset in their experiments, most of them required a number of clusters as a

constraint so it is difficult to compare directly between them and our method. When the

conventional clustering is executed with all features, we found BIC values of 7201.01,

7206.56, and 7498.07 with Gk = 1, 2, and 3 clusters, respectively. This implies that

using the conventional clustering method is not appropriate to determine the number

of clusters based on the BIC values for this dataset. When the feature-subset-wise

clustering method is applied, we found the BIC(V∗) = 6934.42 for the optimal feature

partition V∗. This partition consists of two feature subsets. The first feature subset

contains Alcohol, Malic acid, Ash, Alcalinity of ash, Magnesium, and Proline. The

second feature subset includes total phenols, flavanoids, nonflavanoid phenols,

proanthocyanins, color intensity, hue, and OD280/OD315 of diluted wines. For each

feature subset, two clusters have been discovered. For the first feature subset, the

first cluster contains 55 observations. Among all the observations belonging to the first
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Dataset N D K̂(K) Ĝ(G) V
Wine 178 13 3(N/A) [2,2] ([N/A) [ (v1, ... , v5, v13); (v6, ... , v12) ]

Diabetes 768 8 2(N/A) [3,2,3] (N/A) [ (v1, v7); (v2, v3, v4, v5, v6); (v8) ]

Waveform 5000 21 3(N/A) [1,1,3] (N/A) [ (v1); (v21); (v2, v3, ... , v19, v20) ]

Table 3-4. The summary of experimental results of UCI datasets

cluster, 53 observations (about 96.4%) are the member of the first class in the original

dataset. The second cluster contains most of the observations corresponding to the

second and the third classes in the original dataset. On the other hand, the first cluster

in the second feature subset contains mostly observations belonging to the first and the

second cluster in the original dataset. The second cluster in the second feature subset

contains 51 observations, consisting of 4 observations corresponding to the second

class and 47 (out of 48) observations of the third class in the original dataset. Based on

these results, it can be regarded as that the first feature subset contributes to extract the

first cluster of the original dataset and the second feature subset is potentially useful to

identify the third cluster from the original dataset. By combining the clustering results

of these two feature subsets, three new clusters can be constructed. Interestingly, we

found that this clustering result matches the original class labels closely. This implies

that our method can also be utilized to identify the original clusters.

The diabetes dataset consist of 768 instances (500 and 268 instances testing

positive and negative for diabetes, respectively) described by 8 numeric-valued

attributes (e.g., Diastolic blood pressure (mm Hg) and Age (years)). The waveform

dataset consists of 5000 21-dimensional instances that can be grouped by 3 classes

of waves. All features except one associated with class labels were generated by

combining two of three shifted triangular wave forms and then adding Gaussian noise

[66].

Because the clustering results of our approach can be much different from those of

the other methods, it can be difficult in comparing between them. Moreover, this implies
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Figure 3-7. Classification accuracies of the various feature selection approaches

the difficulty in directly evaluating the clustering accuracy. Therefore, in our experiments,

we assessed clustering accuracy using the feature subset that shows the most similar

clustering results to the original class labels. Table 3-4 summarizes the experimental

results with datasets including the properties of these datasets.

In the experiment with the diabetes dataset, the 2nd feature block contained two

mixture components and its clustering accuracy to the “true” class labels was 0.6602.

For the 1st feature block, v1 had similar degrees of negative relationships with v7 in

all three clusters. The 3rd feature block containing a single feature was composed of

three mixture components. Both the 1st and the 3rd feature blocks showed relatively

meaningless analytical information than the 2nd feature block.

The experimental results of the waveform dataset seem to cover a result of the

feature selection method. Each of two features, v1 and v21, was represented by a

singleton cluster based on univariate Gaussian distribution. This implies that they can be

regarded as less informative features. For the 3rd feature block containing all features
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except v1 and v21, the mixture-model based clustering results showed 0.7690 clustering

accuracy to the assigned class labels.

Using these three UCI datasets, we evaluated the performance of our approach

and other feature selection methods in both classification and clustering. Figure 3-7

summarizes the relevant results with respect to the classification accuracy. We

compared our approach with the following various existing approaches: feature selection

after performing dimensionality reduction with PCA (PCA-DR), feature selection through

genetic programming (GP), utilizing the naive bayes classifier (NB), techniques obtaining

the appropriate parameters for a back-propagation network without using feature

selection approach (PSOBPN1) and with using feature selection approach (PSOBPN2),

variable selection on mixture model-based clustering (VS-Mclust), independent variable

group analysis (AIVGA), and our approach using the SA-based biased random walk

algorithm (SABR) [49, 51, 64, 88]. In addition, a classification using the decision tree

(C4.5(J48)) technique with all features was evaluated.

Obviously, most feature selection techniques in classification (i.e., PCA-DR, GP,

NB, PSOBPN1, and PSOBPN2) showed better classification accuracies than feature

selection algorithms in clustering. This is because the classification procedure was

performed based on the training data including class labels. Decision tree-based

classification showed comparable performance to the feature selection approaches

for both classification and clustering. For the diabetes dataset, VS-Mclust identified

8 clusters after selecting three variables. Because of the difficulty in evaluating the

clustering accuracy by directly comparing the identified cluster indices with actual

class labels, the clustering accuracy was calculated by utilizing the confusion matrix

between the obtained clusters and the actual class labels. Likewise, for the waveform

dataset, 21 distinct clusters were discovered by VS-Mclust, so we calculated the relevant

clustering accuracy by using the same manner for diabetes dataset. Interestingly,

the two approaches for feature selection in clustering showed better or comparable
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Aquifer type Number of observations
Alluvium (a deposit of sand, mud, etc.) 62
Fractural Rock 13
River water 5

Table 3-5. The groups of the Nakdong River observations

performance to the classification technique using the decision tree (C4.5). Our

approach demonstrated similar or comparable performance to other algorithms in

clustering. Obviously, this result implies that none of these algorithms shows the best

performance on all the datasets. However, our approach can be differentiated from the

other approaches in that it automatically determines the number of clusters to represent

the best-fit mixture model. Furthermore, our approach also automatically extracts the

multiple feature blocks while the other algorithms identifies only a single common feature

subset.

3.7 Applications

Our approaches were demonstrated at various applications. First, we applied our

methods to the analysis of the environmental pollution to the watershed dataset. Based

on the experimental results using this dataset, we discuss that the chemical elements

and the particular experimental factors contribute the relevant clustering result. Second,

we illustrate the application of our approach to the social and economical research by

using the United Nations World Statistics.

3.7.1 The River Dataset for Analysis of Water Quality

In environmental science, investigating the pollution of fresh water is an interesting

problem. The quality of ground water or river water can be affected by intrusion of sea

water or the direct input of agrochemicals such as fertilizers that contain three major

nutrients, nitrogen(N), phosphorus(P), and potassium(K)[73].

To analyze these phenomena, water samples should be reasonably classified into

various clustering criterions such as geological or chemical process. It is also important

to identify the chemical factors as being strongly or weakly relevant to the specific
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Figure 3-8. Line plots of river watershed dataset

index of
subset of C1 = [C11,C12,C13] C2 = [C21,C22] C3 = [C31,C32,C33] C4
variables
mixture (p11,p12,p13) (p21,p22) (p31,p32,p33) (p4)

proportions (0.0875,0.3133,0.5992) (0.100,0.900) (0.0733,0.5833,0.3434) (1.000)

pH [8.3143,7.2024,6.0479] Eh [4.8575,5.9931] EC [7.0520,6.0696,5.8864] SO4 [3.5531]

mean values Mg [1.7500,2.2656,2.2923] DO [2.1763,1.4078] Na [5.0138,3.1724,2.3182] K [1.1860]

of variables SiO2 [1.2643,3.2592,3.1914] Ca [3.1422,3.6792,3.7750]

in each Ckg HCO3 [4.1457,5.2261,3.5626] Cl [5.1545,3.5227,3.0320]

NO3 [2.6357,0.3736,4.0717]

Table 3-6. The result of model-based clustering for each subset of variables

clustering model. For these issues, our approach has been applied to a real dataset.

The water sample dataset, collected from the Nakdong river watershed in South Korea,

contains 93 locations and 16 chemical elements such as Na+, Ca2+, Cl−, SO2−4 , HCO−
3 ,

and NO−
3 and other factors such as pH, Eh(Redox potential), EC(Electrical Conductivity),

and DO(Dissolved Oxygen). For more details about this data set, see [73]. For higher

accuracy, all data except pH were transformed by natural log. To avoid the log(x ≤ 0)
problem, 80 samples and 13 attributes from the original data set have been selected.

Figure 3-8 shows the plots for the Nakdong river dataset after preprocessing. In this
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A Line plots of clusters in V1 B Line plots of clusters in V2

C Line plots of clusters in V3 D Line plots of a cluster in V4

Figure 3-9. Discovered feature subsets of watershed dataset

figure, each lines (with shape ’-∗-’) represents the vector of each observations to the all

features in the dataset. This data set has 3 types of observations detailed in Table 3-5

with the size of each group.

Figure 3-9 depicts the results with the minimized BIC(V∗). The first feature

subset, shown at Figure 3-9A, consists of pH, Mg2+, SiO2, HCO−
3 , and NO−

3 having

the multivariate hydrogeological mixture of three clusters, which agrees with clusters

of shallow ground water (C11), deep ground water (C12), and river water (C13). For V2,
shown at Figure 3-9B, Eh and DO are factors for the mixture of two clusters based on

the redox process. Specifically, cluster C21 and cluster C22 explain the reduction and

oxidation process, respectively. In Figure 3-9C, cluster C33 of V3 containing EC, Ca2+,
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Na+, and Cl−, definitely shows the seawater intrusion. Cluster C31 represents the group

of agrochemical-polluted shallow ground water and cluster C32 contains the remaining

water samples. For V4, shown at Figure 3-9D, the group of K+ and SO2−4 consists of

a single cluster showing a weak meaning of water pollution. This implies that V4 is the

group containing the remaining chemical elements and/or other factors which have

relatively less contribution for clustering. Details of experimental results are shown at

Table 3-6.

3.7.2 The United Nations World Statistics Dataset

The sample data were collected from the United Nations (UN) World Statistics

[1]. The dataset consisted of 117 countries and 11 features that were related with the

population and development of a country; Energy consumption per capita (kilograms

oil equivalent), GNI (gross of net income per capita current US$), GDP (gross of

domestic production per capita current US$), government education expenditure

(% of GDP), population density (per km2), third-level students (women, % of total),

urban population growth rate 2000-2005 (% per annum), contraceptive use (ages

15-49, % of currently married women), total fertility rate 2005-2010 (live births per

woman), life expectancy of women at birth 2005-2010 (years), and imports per capita

(1000 US$). To reduce skewness of data, we applied the log(·) transformation to five

features; energy consumption per capita, GNI, GDP, imports per capita, and population

density. These features are denoted “`NRG”, “`GNI”, “`GDP”, “`IMP”, and “`PDN”,

respectively. Similarly, to reduce skewness and boundary effects, the “arcsin(
√·)”

transformation was applied to the percentage features such as third-level students,

contraceptive use, and government education expenditure [100]. These features will be

denoted “aTLS”, “aCNT”, and “aGOV”, respectively. As an example, Figure 3-10 shows

the distribution (kernel density estimation) of TLS and aTLS. It shows that, after the

“arcsin(
√·)” transformation, both tails of the distribution become low enough to use the

mixture of normals. Life expectancy of women, total fertility rate, and urban population
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A Before transformation B After transformation

Figure 3-10. The arcsin(
√·) transformation of the Third-level students of women

Cluster V1 V2 V3 V4
IDs `NRG `GNI `GDP aTLS LIF `IMP FRT aCNT UPG PDN aGOV

1 7.69 9.11 9.13 0.85 78.03 8.08 1.97 0.95 1.18
4.16 0.21

2 4.99 6.70 6.73 0.67 61.88 5.49 4.42 0.54 4.11

`NRG=log(Energy consumption per capita) FRT=Total fertility rate

`GNI=log(Gross of Net Income) aCNT=arcsin(
√

Contraceptive use)

`GDP=log(Gross of Domestic Proudction) UPG=Urban population growth rate 2000-2005

aTLS=arcsin(
√

Third-level students of women) `PDN=log(Population density)

LIF=Life expectancy at birth aGOV=arcsin(
√

Government education expenditure)

`IMP=log(Imports per capita)

Table 3-7. Estimates of means for each feature subset in the UN dataset

growth rate are used without transformation. These features will be called “LIF”, “FRT”,

and “UPG”, respectively.

When our feature-subset-wise clustering algorithm was applied, the optimal feature

partition V∗ was found with BIC(V∗) = 1825.06. This partition consisted of four feature

subsets (V1, V2, V3, and V4): V1 and V2 constructed two clusters of countries and V3 and

V4 created only a single cluster.

Figure 3-11 depicts the clusters of countries based on V1 and V2. The membership

of each country was assigned to the cluster that had the highest posterior membership

probability. Table 3-7 shows the mean estimates of features in each cluster.

76



A 1st feature subset

B 2nd feature subset

Figure 3-11. Discovered clusters for each feature subset in UN dataset

The first feature subset, V1, contained six economy-related features: `IMP, LIF,

aTLS, `GDP, `GNI, and `NRG. Figure 3-11A illustrates two clusters of countries with

medium gray color and black color based on the first feature subset, V1. The light gray

color indicates countries that are not included in this study. Cluster 1 in medium gray

included countries mostly in Europe, East Asia, North and South America, and Oceania

with relatively high GDPs and GNIs (see Table 3-7). On the other hand, Cluster 2 in
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black contained many African countries with relatively low GDPs, GNIs, and energy

consumption.

The second feature subset, V2, contained three fertility-related features such as

UPG, aFRT, and aCNT. These features also constructed two clusters of countries as

shown in Figure 3-11B. Table 3-7 shows that countries in Cluster 1 (colored in medium

gray) had a relatively low fertility rate, low rate of urban population growth, and a high

percentage of contraceptive use. Overall, population growth was more controlled in the

countries in Cluster 1 than those in Cluster 2.

Apparently, V1 and V2 found similar clusters, except for India, Bangladesh,

Indonesia, the Philippines, Malaysia, South Africa, Zimbabwe, and some Middle-East

countries. India, Bangladesh, South Africa, and Zimbabwe were categorized as

countries with characteristics reflecting less economic development in clustering based

on V1; however, they were categorized as countries with more population-controlling

characteristics in the clustering based on V2. Indonesia, the Philippines, Malaysia, and

some Middle-East countries had opposite characteristics.

V3 contained PDN, whereas V4 contained aGOV. Because only one cluster had

been discovered in these feature subsets, we can say that these features did not

contribute to constructing clusters.

To compare our feature-subset-wise approach with conventional clustering, we

applied the multivariate normal mixture model without partitioning features. We found

that the BIC(V) was the lowest when the number of clusters G = 2 (BIC(V) = 1923.09,
1908.62, and 2026.53 with G = 1, 2, and 3 clusters, respectively). The conventional

clustering (G = 2) provided the same results as the clusters based on V1 (economic

development related feature subset), as in Figure 3-11A. This result seems to occur

because economic development-related features dominate others.
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3.8 Conclusion

Most feature selection approaches in clustering have attempted to identify one

common informative feature subset for clustering. However, data can comprise more

than one feature subsets that construct clusters differently. In this chapter, we present

a novel approach to select the optimal feature partition, a set of the feature subsets

based on the mixture model. In our approach, it is assumed that each feature subset

follows on the multivariate normal mixture model and that feature subsets are mutually

independent. When the feature subset and the number of clusters are given, the

parameter estimates maximizing the likelihood function are achieved via the EM

algorithm. The optimal feature partition and the optimal number of clusters for each

feature subset are determined based on the BIC . Searching for the optimal feature

partition is a challenge because the number of possible partitions is very large. Thus,

we exploited the Monte Carlo optimization method based on the Metropolis-Hastings

algorithm as a stochastic search algorithm minimizing the BIC . Experimental results

provide that the SM, HR, and SABR stochastic search methods were robust with various

initial feature partitions. Experiments with real datasets available at UCI Machine

Learning Repository support that our approach can be useful for finding the informative

and desired cluster structures. Furthermore, meaningful and easily interpretable

feature-subset-wise clusters were successfully found in our empirical studies with

various real datasets such as the river watershed dataset and the UN world statistic

dataset.

Our method can be used in various application areas such as text data mining and

gene expression data analysis. Specifically, in text data mining, there are many features

to represent text documents. Through our approach, they can be partitioned over the

various feature subsets that identify genres, authors, styles, and other categories, and

each document can be assigned different clusters across the above diverse feature

subsets. However, approaches should be considered to address the problem of how to
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scale up feature selection in text clustering where the number of features is in the order

of thousands. To alleviate this problem, as a preprocessing step, one can select related

features with clustering through the likelihood ratio test. This issue is under investigation.
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CHAPTER 4
ROBUST CLUSTERING USING FINITE MIXTURE MODEL ON VARIABLE

SUBSPACES

In subspace clustering, the majority of the prior research work was affected by

user-specified thresholds. Furthermore, it can be difficult to interpret the discovered

subspace clusters, because they have arbitrary shapes. To mitigate these problems, we

noticed that the features of real-world datasets are usually related with specific domain

knowledge for efficient representation of data samples. By utilizing this property for

constructing the feature subspaces, the search space for subspace clustering can be

much reduced. In this chapter, we propose a new model-based clustering approach on

these constrained feature subspaces. To improve the robustness, we used a multivariate

Student t-distribution.

4.1 Introduction

In many fields of pattern recognition and data mining, clustering has been widely

studied as a data analysis technique that groups data samples based on a similarity

measure. Numerous conventional clustering algorithms focused on identifying clusters

of data objects over the whole feature dimensions. However, many datasets nowadays

consist of a large number of dimensions, and these clustering algorithms have become

faced with the following problems. First, as the number of dimensions grows, the

distance between any two data objects becomes nearly the same, making it difficult to

discriminate similar data objects. Second, many features in a high dimensional dataset

can be irrelevant for clustering and do not contribute to identifying the informative

clusters. So, they may cause the performance of clustering algorithms to degrade.

Furthermore, they can obscure analyzing the cluster validity.

One reasonable way to counteract these problems is to utilize efficient methods

that attempt to find a subset of features supporting the explanation of clusters. This

feature selection approach can be an effective technique in that it enables representing

clusters using only a few relevant features [27]. However, feature selection technique
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may be inadequate to deal with extracting many different clusters that can exist in

different subspaces of the whole dimensional space. This problem leads to develop a

new clustering technique, called subspace clustering, that searches for clusters on their

own associated dimensions within the whole dimensional space [83].

In subspace clustering, some naive approaches attempt to find clusters on every

possible feature subspace by evaluating the dense regions. However, these approaches

produce a large number of clusters and many of them may not be desired. Furthermore,

the assumption that all features are independent each other is not applicable in practice.

Therefore, we need to consider how to determine meaningful feature subspaces. A

reasonable assumption is that clustering should be performed only on the feature

subspaces consisting of strongly correlated features. Another problem in subspace

clustering is how to deal with noisy data or outliers. These atypical data samples may

cause deterioration in the quality of the clusters. In particular, this problem has been

frequently discussed in the Gaussian mixture model-based clustering, which is sensitive

to noisy data or outliers.

In this chapter, we investigate a subspace clustering approach for high dimensional

datasets, considering strong correlations among multiple features to improve the

quality of clusters embedded in the feature subspace. To alleviate problems from noisy

data and outliers, we used a mixture model with a heavy-tailed distribution, called a

multivariate Student’s t-distribution, to represent the clusters. In our approach, the

number of clusters for the best-fit mixture model is decided by evaluating a parsimonious

model selection criterion.

The rest of this chapter is organized as follows. In Section 4.2, subspace clustering

algorithms are summarized. Section 4.3 describes a method to select strongly

correlated feature groups, a mixture model of multivariate t-distribution and its

parameter estimation via maximum likelihood estimation, and model selection criterion
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to determine the best-fit mixture model. Experimental results and discussion are given in

Section 4.4. Section 4.5 presents conclusions.

4.2 Related Work

Since Agrawal et al. proposed a subspace clustering algorithm, called CLIQUE,

many subspace clustering algorithms have been developed. These algorithms can be

divided into two primary approaches with respect to searching for the feature subspace:

bottom-up and top-town methods [83].

The bottom-up style approaches (e.g. [6, 22, 39, 65, 86]) search for subspace

clusters with higher density than a user-specified threshold. For instance, CLIQUE

starts with a “grid” of the non-overlapping rectangular units in the original feature space.

Then, it attempts to find clusters existing on the feature subspaces by searching for

dense units or merging the connected dense units that have been already discovered.

However, during this process, the procedure evaluating the density of data objects

embedded in all possible feature subspaces can lead to exponentially increasing the

computational cost. Specifically, for a given D-dimensional feature vector, there can

exist 2D − 1 nonempty distinct feature subsets as the possible feature subspaces. To

avoid this problem, these bottom-up style subspace clustering algorithms try to satisfy

a particular property, called the “downward closure property”; if dense regions are

discovered in a D-dimensional space, this implies that they can also reside in any of

its (D − 1)-dimensional subspaces [105]. Based on this monotonic property of density,

these bottom-up style subspace clustering algorithms can reduce the infeasible search

space and find clusters having various sizes and shapes.

On the other hand, the top-down approaches such as [4] create equally weighted

clusters in the whole dimensional space at the initialization step. Then, they alternatively

perform the clustering process by assigning different weights for each clusters and

regenerating new subspace clusters based on the updated weights. In contrast to the

bottom-up subspace clustering approaches, the top-down approaches require expensive
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computational cost and are inadequate to find clusters embedded in the subspaces

with various sizes. For instance, δ-Clusters tried to search for subspace clusters by

capturing the coherence between the subset of data samples and the subset of features

[114]. Beginning with initial results, δ-Clusters iteratively improves the quality of each

clusters. However, this algorithm requires knowledge of the number of clusters and each

individual size with the processing time affected by the cluster size.

4.3 Robust Subspace Clustering by Fitting A Multivariate t-mixture Model

Many previous subspace clustering algorithms occasionally can reveal a small

number of meaningful subspace clusters that can be ignored by conventional clustering

algorithms. However, these previous algorithms may not be adequate in practice

because of the following reasons: First, most previous subspace clustering algorithms

implicitly incur a prohibitively high computational cost, related with the “curse of

dimensionality” problem. Second, the clustering results conducted from these algorithms

may contain many undesired subspace clusters from the user perspective. Moreover, if

the features for the subspace clustering are independent to each other, clusters existing

on this feature subspace can be meaningless [21, 22, 83].

In many practical applications, data samples can be drawn independently and

identically distributed from underlying populations within a particular probability

distribution. On the other hand, features of the dataset are usually related with specific

domain knowledge for efficient representation of data objects. This implies that there

can be a number of subsets of features which are strongly correlated to each other,

hence clustering on these constrained feature spaces can accompany the discovery of

the informative subspace clusters. In addition, by selecting only these feature subsets,

the search space for subspace clustering can be drastically reduced.

Another issue of real-world datasets is that they usually contain many atypical

data samples, called noisy data or outliers. In the context of cluster analysis, how to

deal with these outliers has been extensively discussed because they can affect the
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Figure 4-1. Illustration of robust feature subspace clustering
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quality of the clustering results. In particular, this robustness property can be important

in clustering based on the Gaussian mixture model because its estimates (i.e., means

and covariance matrices) are much sensitive to outliers or noisy data. To mitigate this

problem, several approaches have been discussed: the use of L1-norm distance instead

of L2-norm, the allowance of the existence of a virtual cluster (called a “noise cluster”)

[29, 76], and constructing a finite mixture model based on a heavy-tailed distribution

such as the Laplace distribution or the Student t-distribution [27, 101].

In this chapter, we employ the Student t-distribution to select a best-fit mixture

model-based clusters on the feature subspaces. In the mixture model-based clustering,

determining the number of clusters can be equivalent to finding the best-fit mixture

model. A parsimonious model selection criterion was utilized for this part. In this section,

we describe methods related with the above issues. Figure 4-1 illustrates our approach.

As can be seen, a number of different feature subspaces can be created by combining

various features, and data submatrices can be constructed based on these feature

subspaces. Then, each submatrix can be represented by a finite mixture model.

4.3.1 Extracting The Local Strong Correlated Features

In the data mining research area, the discovery of patterns based on measuring

correlation between features has been widely studied [55]. Many measurements such as

χ2-statistic and Pearson correlation have been used to assess the pairwise correlation

between two features [110, 116]. In particular, Pearson correlation, denoted by ρ, is a

popular measurement to evaluate the magnitude of linear dependence between two

features. To be specific, given two features v1 and v2, a Pearson correlation, ρv1v2, can be

expressed as

ρv1v2 =
E [(v1 − µv1)(v2 − µv2)]

σv1σv2
, (4–1)

where µvi and σvi are a mean and a standard deviation of vi , respectively.

Suppose that X is a data matrix consisting of N samples, with each represented

by a D-dimensional feature vector, V = (v1, ... , vD). In this case, correlations among D

86



features can be described by a symmetric D × D correlation matrix, denoted by r . Each

element of r is a correlation coefficient for two associated features. For j1, j2 ∈ {1, ... ,D}
and j1 6= j2, the correlation of two features vj1 and vj2 in X, rj1j2, can be calculated by

rj1j2 =

∑N
i=1(Xij1 − X̄·j1)(Xij2 − X̄·j2)√∑N

i=1(Xij1 − X̄·j1)2
√∑N

i=1(Xij2 − X̄·j2)2
, (4–2)

where X̄·` = 1
N

∑N
i=1 Xi`.

Since the values of r contain the linear relationship between two features, the direct

use of r may not be suitable for evaluating the magnitude of the pairwise correlation.

Instead, an element-wise squared matrix of r , denoted by R2, can be used because all

elements in R2 are between 0 and 1. The values of the elements in R2 are called the

“coefficient of determination” [90].

When one extracts subsets of features with strong pairwise correlations, many

statistical measures for assessing correlations require a user-specified threshold. This

can give rise to different outputs depending on the value of threshold. For this problem,

based on the empirical results of many previous approaches [21], a possible threshold

can be obtained through the following equation:

h =

D∑

j1=1

D∑
j2=1
j2 6=j1

R2j1j2

D(D − 1) . (4–3)

That is, for a given number of features (variables), the equation (4–3) calculates the

average of all pairwise correlations of these features. We call this threshold the

global mean correlation threshold. Based on the result of this, if R2j1j2 >= h, it can

be considered that two features vj1 and vj2 are strongly correlated. This implies that

the relevant features can form a feature subspace to construct informative clusters.

Otherwise, the relevant features can be thought of as loosely correlated and the pair of

them can be ignored during the construction of the candidate feature subspaces.
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By using the global mean correlation threshold, some features that are strongly

correlated can be selected for constructing the feature subspaces. However, this

approach has a potential limitation. Assume that we only consider the correlations

related with a feature having lower correlation than h. In this case, we can obtain

the particular characteristic that there exist some features having relatively strong

correlations although all relevant correlations are less than h. Without considering

this characteristic, some informative subspaces based on these relatively strong

local correlations may not be created. However, it should be considered that feature

subspaces constructed based on a relatively strong local correlation can contain

meaningful cluster structures. Unfortunately, this kind of feature subspace cannot be

identified by using the global mean correlation threshold.

Our approach focuses on identifying cluster structures lying on the constrained

feature subspace where the features are strongly correlated. For constructing these

constrained feature subspaces, extracting possible subsets of features that have

locally strong correlations with each other should be considered. For this problem, we

considered the following procedure.

Suppose that a feature vd1, where d1 ∈ {1, ... ,D}, is selected. Then, the coefficients

of determination for all other features with vd1 is expressed by a column vector of R2,

denoted by R2d1 = (R
2
d11
, ... ,R2d1D)

T . For R2d1, the mean, denoted by E(R2d1), can be

computed by

E(R2d1) =
1

D − 1

( D∑
d2=1
d2 6=d1

R2d1d2

)
. (4–4)

When we assume that the R2d1 and the E(R2d1) follow the property of the global mean

correlation threshold, a R2d1d2 greater than E(R2d1) can be deemed to indicate a relatively

strong correlation between a feature vd2 for a given vd1. Based on this result, a feature

subset, Vd1, can be constructed by selecting vd2s, satisfying

Vd1 = {vd2|d2 ∈ {1, ... ,D}, d2 6= d1, and R2d1d2 > E(R2d1)}. (4–5)
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Based on the Vd1, possible constrained feature subspaces can be constructed. If

Dd1(< D) denotes the cardinality of Vd1, there can be 2Dd1 − 1 distinct nonempty subsets

for Vd1, denoted by P(Vd1). In such a way, for all the features v1, ... , vD, all the above

procedures can be applied. As a result, we can obtain constrained feature subspaces,

P(V1), ... ,P(VD).
Although Dd1 < D, the number of all possible feature subspaces,

∑D
d=1(2

Dd − 1),
can still increase exponentially. Furthermore, many redundant feature subsets can be

created during this process. To avoid this infeasible problem, we can utilize a method

satisfying a monotonicity property. For this, the hierarchical clustering algorithm can be a

good choice [105]. We described the details in the next subsection.

4.3.2 Constructing Feature Subspaces with The Correlated Features

Hierarchical clustering is a widely used clustering technique that constructs clusters

having a hierarchical structure such as a tree structure from the data. In hierarchical

clustering, a bottom-up-style approach is the agglomerative method. The agglomerative

method begins with a leaf node representing each object. Then, on each step, it

generates intermediate nodes by merging the closest nodes based on a proximity

measure. This procedure is repeated until it constructs a single cluster containing whole

objects. The final result achieved via the hierarchical clustering can be display with a

tree structure, called a dendrogram. For more details on hierarchical clustering, see

[105, 112].

To construct the feature subsets based on Vds where d ∈ {1, ... ,D}, we considered

the agglomerative clustering method. To measure the similarity between features, the

values of the coefficient of determination were used. To be specific, for the hierarchical

clustering process, the distance between vd1 and vd2 can be computed by

dist(vd1, vd2) = 1− R2d1d2. (4–6)
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Figure 4-2. Illustration of constructing feature subspaces with the correlated features

In our approach, the hierarchical structure is constructed by merging features (or

feature subsets) with the nearest feature having the largest value of R2 among the

remaining features. To do so, the single linkage algorithm was used. For single linkage,

the distance between a pair of feature subsets is determined by the two closest feature

subsets to the different feature subsets. Assume that there exist two feature subsets, V1

and V2. Then, the single linkage can be calculated by

distSL(V1,V2) = min
d1∈V1
d2∈V2

dist(Vd1,Vd2). (4–7)

Based on the above distance measure and proximity criterion, for creating the

possible feature subspaces, the agglomerative hierarchical clustering algorithm can be

performed as follows; First, we set single features within a feature subset Vd as the leaf

nodes of the hierarchical clustering result, then we start constructing feature subspaces

using hierarchical clustering. The larger feature subspaces can be constructed by

agglomerating the most similar features (or feature subsets) at each step. After obtaining
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the largest cluster that can be constructed based on Vd (i.e., one cluster having all

features in Vd ), we collect all “temporary” feature subsets created during the hierarchical

clustering process. Figure 4-2 illustrates this procedure. For these feature subsets, a

mixture model-based clustering is performed. During this feature subspace construction

process, some redundant feature subspaces can be created. These will be ignored at

the mixture model-based clustering step.

4.3.3 The Mixture Model of Multivariate t-distribution

To describe the EM algorithm for a mixture model of multivariate t-distribution,

we start with the general form of the mixture model. Suppose that a data submatrix

x is created with D associated features from X. Then, x can be a set of N randomly

generated data samples existing in the D-dimensional subspace (1 ≤ D ≤ D), denoted

by x = (xT1 , ... , xTN )
T where xi = (xi1, ... , xiD)T . Assuming that x is generated from a

mixture of K different populations with unknown mixture proportion π1, ... , πK , a general

form of the mixture model f (x; θ) is written as

f (x; θ) =

K∑

k=1

πk fk(x; θk), (4–8)

where, for the k th mixture component, fk(x; θk) is the probability density of x and θk is the

vector of the unknown parameters.

A finite mixture model of Student t-distribution can be represented by a weighted

sum of multivariate Student t-distribution. For D-dimensional data x, the probability

density function (p.d.f.) of the multivariate Student t-distribution is denoted by

p(xi ; θk) =p(xi ;µk , Σk , νk)

=
Γ
(

νk+D
2

)
|Σk |− 12

Γ
(
1
2

)D
Γ
(

νk
2

)
ν
D
2

k

[
1 +

δ(xi ,µk ; Σk)

νk

]− (νk+D)
2

,
(4–9)

where i = 1, ... ,N, k = 1, ... ,K , θk = (µk , Σk , νk), and δ(xi ,µk ; Σk) = (xi − µk)
TΣ−1k (xi −

µk) that µk and Σk are a mean vector and a positive, semi-definite covariance matrix,
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respectively [85]. νk is a degree of freedom that parameterizes the ‘robustness’ of the

Student t-distribution. In particular, as ν increases, the Student t-distribution becomes

closer to the Gaussian distribution.

The gamma function Γ(m) is expressed as

Γ(m) =

∫ ∞

0

tm−1e−tdt. (4–10)

Interestingly, the p.d.f. of multivariate Student t-distribution can be written by using the

multivariate Gaussian distribution with mean µk and covariance matrix Σk/wi ,

p(xi ; θk) ∼N(µk , Σk/wi)

=φ
(
xi ;µk ,

Σk
wi

)

=
|Σk |− 12
(2π/wi)

D
2

exp

{
− wi
2

δ(xi ;µk , Σk)

}
,

(4–11)

where a weight wi is the unknown parameter that follows a gamma distribution

g(wi ;
νk
2
, νk
2
), denoted by

g(wi ; a, b) =
ba

Γ(a)
w a−1i e−wi/b, for a and b > 0. (4–12)

4.3.4 EM for Mixtures of Multivariate t-distributions

Assume that the N independently and identically distributed data samples are

drawn from the underlying populations according to a mixture of multivariate Student

t-distributions with K mixture components and their mixing proportions π1, ... , πK . Then

the complete-data xC can be expressed by xC = (x1, ... , xN , z1, ... , zN ,w1, ... ,wN) where

zi = (zi1, ... , ziK). zik is an indicator variable where zik = 1 or 0 if xi belongs to k th

component or not, respectively. The complete-data log-likelihood of xC , L(θ|xC), can be
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expressed as

L(θ|xC) =
N∑

i=1

K∑

k=1

zik

(
logφ(xi ;µk ,

Σk
wi
)

)

+

N∑

i=1

K∑

k=1

zik

(
log πk + log g(wi ;

νk
2
,
νk
2
)

)
.

(4–13)

The estimation of θ maximizing the likelihood function (4–13) can be obtained

via the EM algorithm [85]. Suppose θ(t) is the estimation of θ obtained after the tth

iteration of the algorithm. In the E-step, the conditional expectation of the complete-data

log-likelihood (Q function) is computed:

Q(θ, θ(t)) = E [L(θ|xC)|x, θ̂(t)]. (4–14)

As a result, the posterior probability that xi belongs to the k th mixture component is

computed as

ẑ
(t)
ik =

π(t)k fk(xi ; θ
(t)
k )∑K

κ=1 π
(t)
κ fκ(xi ; θ

(t)
κ )
, (4–15)

where θ(t)k = (µ̂
(t)
k , Σ̂

(t)
k , ν̂

(t)
k )

T . The conditional expectation of wi , given zik = 1 and xi , is

ŵ
(t)
ik =

ν(t)k +D

ν(t)k + δ(xi ; µ̂
(t)
k , Σ̂

(t)
k )
. (4–16)

In the M-step, new parameter estimates θ(t+1) maximizing Q(θ, θ(t)) satisfy a convergence

condition. At each iteration step, the estimates of πk , µk , and Σk can be updated as

π̂(t+1)k =
1

N

N∑

i=1

ẑ
(t)
ik , (4–17)

µ̂(t+1)k =

∑N
i=1 ẑ

(t)
ik ŵ

(t)
ik xi∑N

i=1 ẑ
(t)
ik ŵ

(t)
ik

, (4–18)

Σ̂
(t+1)
k =

∑N
i=1 ẑ

(t)
ik ŵ

(t)
ik (xi − µ̂(t+1)k )(xi − µ̂(t+1)k )T∑N

i=1 ẑ
(t)
ik ŵ

(t)
ik

. (4–19)
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Algorithm 5 TMSC algorithm
Input: Data matrix X.
Output: A set of subspace clusters S.

1: S = ∅.
2: Compute correlation ρ for X.
3: for d = 1 to D do
4: compute E(ρd) = 1

D−1

( ∑D
j=1,j 6=d |ρdj |

)
.

5: Construct Vd satisfying the equation (4–5).
6: Create P(Vd).
7: for each SVd where SVd ∈ P(Vd) do
8: Construct x with X and SVd .
9: For x, compute a multivariate Student t-mixture model, MVd , minimizing the ICL

criterion via the EM algorithm.
10: Build a subspace cluster (MVd ,SVd ,Vd) for SVd .
11: S = S ∪ {(MVd ,SVd ,Vd)}.
12: end for
13: end for

The estimate of ν(t+1)k can be obtained by calculating:

−ψ
(νk
2

)
+ log

(νk
2

)
+ 1 +

1

N
(t)
k

N∑

i=1

z
(t)
ik (log ŵ

(t)
ik − ŵ (t)ik )

+ψ
( ν̂(t)k +D

2

)
− log

( ν̂(t)k +D

2

)
= 0,

(4–20)

where N(t)k =
∑N
i=1 z

(t)
ik and ψ(τ) = d log Γ(τ)

dτ
. For an approximate solution of equation

(4–20), see [101].

4.3.5 Determining K via Model Selection Criterion

In the context of cluster analysis based on a finite mixture model, determining

the number of clusters has been recurrently discussed. This can be described as a

problem to fit a model optimizing a certain specified criterion in the mixture model-based

clustering, called a model selection problem [90, 112]. Considering the characteristics

of mixture model-based clustering through the EM algorithm, we used the integrated

completed likelihood (ICL), a model selection criterion that provides more parsimony
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than the Bayesian Information Criterion (BIC) [13]. The ICL can be denoted by

f (x, z) =

∫

θ,K

f (x, z|θ)π(θ)dθ, (4–21)

where

f (x, z|θ) =
N∏

i=1

K∏

k=1

pzikk [φ(xi ; µ̂k , Σ̂k)]
zik . (4–22)

This ICL can be written as a BIC-like approximation form, that is,

ICL = −2L(θ|xC) + λ log(N)− 2
N∑

i=1

K∑

k=1

ẑik log(tik), (4–23)

where tik is the conditional probability, denoted by

tik =
p̂kφ(xi ; µ̂k , Σ̂k)∑K
k ′=1 p̂k ′φ(xi ; µ̂k ′, Σ̂k ′)

, (4–24)

and ẑik is a Maximum A Posteriori (MAP) obtained from the parameter estimates. A

mixture model that minimizes the ICL criterion is selected as a desired clustering result.

Algorithm 5 summarizes our approach.

4.4 Experimental Results

The algorithm was implemented using MATLAB 7.0.4. In this section, we use

experimental results to show the clustering performance of our algorithm on the various

datasets.

4.4.1 Experiments on Synthetic Datasets

Our algorithm was tested on the two synthetic datasets. The dataset-I (N = 300

and D = 8) was generated with four different feature blocks. Three feature blocks were

drawn from different mixture of Gaussian distributions with different mixture components

and proportions: N (µij , Σij), i = 1, 2, 3, 4 and j = 1, 2, 3, where

µ11 = (9 9)
T , µ12 = (3 3)

T , µ21 = (11 11)
T , µ22 = (5 5)

T , µ23 = (1 1)
T ,

µ31 = (2 2)
T , µ32 = (7 7)

T ,

Σ11 = [ 0.36 0.290.29 0.36 ], Σ12 = [ 0.16 0.120.12 0.16 ], Σ21 = [ 0.25 0.200.20 0.25 ], Σ22 = [ 0.25 0.190.19 0.25 ], Σ23 = [ 0.25 0.210.21 0.25 ],

Σ31 = [ 0.25 0.180.18 0.25 ], Σ32 = [ 0.25 0.190.19 0.25 ].
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Figure 4-3. Dendrograms for the different feature subsets in dataset-I

In addition, the fourth feature block containing two non-informative features was

drawn from a Gaussian distribution N (3, I2) and added to dataset-I. The number of data

samples for Gaussian mixture components ranged from 90 to 300.
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A Feature subspace {v1, v2} ∈ P(V1) B Feature subspace {v3, v4} ∈ P(V3)

C Feature subspace {v5, v6} ∈ P(V5)

Figure 4-4. Some examples of the data plots on different feature subspaces in dataset-I

The dataset-II (N = 600 and D = 13) was generated in a similar manner

but contained a much complex structure. It consists of five different feature blocks

where each was generated from a mixture of Gaussian distributions with the following

parameters:

µ11 = (9 9)
T , µ12 = (6 4)

T , µ13 = (1 1)
T ,

µ21 = (13 10)
T , µ22 = (1 1)

T , µ23 = (9 2)
T , µ24 = (6 13)

T ,

µ31 = (7.4 7.1 7.6)
T , µ32 = (2.0 2.5 2.3)

T , µ33 = (11.2 11.3 11.5)
T ,
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Figure 4-5. Clustering error rates for different feature subspaces in dataset-I

µ41 = (4.4 4.2 4.6)
T , µ42 = (12.0 12.4 12.1)

T , µ43 = (1.1 0.9 1.2)
T , µ44 = (8.1 8.3 7.9)

T ,

Σ11 = [ 0.36 0.280.28 0.36 ], Σ12 = [ 0.16 0.060.06 0.04 ], Σ13 = [ 0.09 0.090.09 0.16 ],

Σ21 = [ 0.16 0.110.11 0.13 ], Σ22 = [ 0.06 0.030.03 0.02 ], Σ23 = [ 0.04 0.050.05 0.12 ], Σ24 = [ 0.09 0.110.11 0.25 ],

Σ31 =
[
0.25 0.15 0.07
0.15 0.16 0.05
0.15 0.16 0.05

]
, Σ32 =

[
0.04 0.08 0.03
0.08 0.25 0.09
0.03 0.09 0.05

]
, Σ33 =

[
0.25 0.13 0.07
0.13 0.09 0.04
0.07 0.04 0.03

]
,

Σ41 =
[
0.25 0.17 0.07
0.17 0.16 0.05
0.07 0.05 0.03

]
, Σ42 =

[
0.04 0.08 0.04
0.08 0.25 0.09
0.04 0.09 0.05

]
, Σ43 =

[
0.25 0.11 0.06
0.11 0.09 0.04
0.06 0.04 0.02

]
, Σ44 =

[
0.25 0.13 0.07
0.13 0.09 0.04
0.07 0.04 0.03

]
,

and three-dimensional Gaussian distribution N (3, I3).
To test the noise robustness, noisy data samples were uniformly generated with

five different noise ratios (0%, 20%, 40%, 60%, 80%, and 100%) and added to each

synthetic dataset.
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Figure 4-6. Dendrograms for different feature subsets in dataset-II
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A Feature subspace {v1, v2} ∈ P(V1) B Feature subspace {v3, v4} ∈ P(V4)

C Feature subspace {v5, v6, v7} ∈ P(V5) D Feature subspace {v8, v9, v10} ∈ P(V8)

Figure 4-7. Some examples of the data plots on different feature subspaces in dataset-II

In high dimensional data, many features are irrelevant in contributing to the

clustering results. That is, considering those features that are meaningless for clustering

may exacerbate the performance of the algorithms. To mitigate this problem, as a

preprocessing step, features related with clustering can be selected through either the

likelihood ratio test or the model selection criterion [69]. In our approach, we used the

BIC criterion to filter some irrelevant features for clustering in the preprocessing step.

Figure 4-3 shows the dendrograms for the subsets of features that are strongly

correlated in the dataset-I. From the result of Figure 4-3A, two possible feature

subspaces (i.e., {v1, v2} and {v1, v2, v3}) can be constructed. Likewise, based on the
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Figure 4-8. Clustering error rates for different feature subspaces in dataset-II

result of Figure 4-3B, feature subspaces {v1, v2} and {v1, v2, v4} can be generated.

From the result of Figure 4-3C, three feature subspaces {v3, v4}, {v1, v3, v4}, and

{v1, v2, v3, v4} can be constructed. From the result of Figure 4-3D, feature subspaces

{v3, v4}, {v2, v3, v4} can be constructed. From the result of Figure 4-3E, three feature

subspaces {v1, v2}, {v5, v6}, and {v1, v2, v5, v6} can be constructed. As shown in

Figure 4-3F, only one feature subspace (i.e., {v5, v6}) can be generated. Among these

candidate feature subspaces, some redundant feature subspaces can be generated

(e.g., {v5, v6} in Figure 4-3F). To reduce the unnecessary computational cost, they

can be ignored during the clustering process. Since the number of features D = 6,

the possible number of feature subspaces based on the naive subspace clustering
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algorithms can be 2D − 1 = 63. On the other hand, in our approach, the maximum

number of possible feature subspaces can be
(
D
2

)
= D(D−1)

2
. However, since the number

of selected features having a strong correlation with a given feature can be smaller than

D, the possible number of feature subspaces for subspace clustering can be reduced to

less than
(
D
2

)
. In addition, since some duplicates can exist among the extracted feature

subspaces, the number of feature subspaces is further reduced. For example, in the

experiments with dataset-I, the maximum number of possible feature subspaces can be

15. However, during the experiments, our approach only selected 9 feature subspaces

that are expected to contain meaningful cluster structures.

For visualization, Figure 4-4 shows examples of the data plots existing on the

various feature subspaces. They are the feature blocks used for generating this dataset.

Specifically, the feature subspace {v1, v2} contains two mixture components, shown

in Figure 4-4A. The feature subspace {v3, v4} can be represented by the mixture

model-based clusters with three components, shown in Figure 4-4B. In the Figure 4-4C,

two clustered data can be identified on the feature subspace with {v5, v6}. For each

created feature subspace, a mixture model-based clustering was performed.

Although the dataset-I was generated based on the four feature blocks, many other

feature subspaces can be extracted from the dataset. This characteristic can make

it difficult when evaluating the quality of clusters that are discovered on the different

feature spaces. For this reason, to evaluate the quality of clusters, we only considered

clusters that were discovered on feature subspaces shown in Figure 4-4. To assess the

quality of clustering results, clustering error rate can be calculated as the number data

points assigned to desired clusters divided by the number of data samples [50], denoted

by

η = 1− 1
N

K∑

k=1

sk , (4–25)
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where sk is the number of data samples assigned to the corresponding k th class.

In calculating the clustering error rates, noisy data samples were not considered.

Clustering error rates were averaged over 20 times.

Figure 4-5 shows the clustering error rates with respect to the change of noise

ratio for the data samples of the various feature subspaces embedding on dataset-I

with uniform noise, shown in Figure 4-4. Obviously, the mixture model-based clustering

results using the multivariate Student t-distribution models showed better performance

than the Gaussian mixture models with respect to the robustness in a uniform noise

condition. In addition, as the structure of dataset on the extracted feature subspace

becomes more complex, the approach using the multivariate Student t-distribution

showed better performance than the method based on the Gaussian distribution.

For the subsets of features that are strongly correlated in the dataset-II, 10

dendrograms have been constructed based on the hierarchical clustering algorithm,

shown in Figure 4-6. As can be seen, since the dataset-II is much larger and has a

more complex structure than the dataset-I, more candidate feature subspaces can

exist in dataset-II. Figure 4-7 shows examples of the data plots existing for the various

feature subspaces in the dataset-II. Similar to the case of dataset-I, they are the feature

blocks used for generating dataset-II. To be specific, in the feature subspace {v1, v2},
data samples can be represented by a mixture model with three components, shown

in Figure 4-7A. On the feature subspace {v3, v4}, clusters that are represented by

the mixture model with four components can be found, as shown in Figure 4-7B.

Figure 4-7C shows that three hyper-ellipsoidal clusters existing on the feature subspace

{v5, v6, v7}. Based on the feature subspace {v8, v9, v10}, four mixture model-based

clustered data can be identified, as shown in Figure 4-7D.

Figure 4-8 shows the clustering errors with respect to the noise ratio for several data

samples of the various feature subspaces embedding on dataset-II with uniform noise.

As presented in Figure 4-8A and Figure 4-8C, both the Student t-distribution mixture
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Datasets Samples Dimensions Classes

Iris 150 4 3
Wine 178 13 3
Ecoli 336 7 8
Yeast 1484 8 10
Diabetes 768 8 2
Waveform 5000 21 3

Table 4-1. The description of UCI datasets used in the experiments

model and the Gaussian mixture model showed low clustering error rates. On the other

hand, for the datasets on the feature subspace with a more complex structure (e.g.,

{v5, v6, v7} and {v8, v9, v10}), the mixture of multivariate Student t-distribution models

demonstrated better noise robustness than the Gaussian mixture models in a noisy

condition, as shown in Figure 4-8B and Figure 4-8D.

4.4.2 Experiments on Real Datasets

In our experiments, several real world data sets available from UCI Machine

Learning Repository [9] were used, because these are more suitable for discussing

and validating the performance of the proposed algorithm. For all these datasets, class

labels assigned to the data samples were removed before experiments. A summary of

these datasets is provided in Table 4-1.

Our algorithm’s performance was evaluated by comparing with other three

subspace clustering algorithms (i.e., EWKM, LAC, and PROCLUS) [3, 31, 54]. Using

UCI datasets, experimental results for four algorithms including our approach were

calculated by performing 20 executions and evaluated using the average of the Rand

Index [89]. For a given dataset x, assume that we have two partitions of x, c1 and c2,

where c1 consists of class labels and c2 consists of clustered labels. Then, Rand Index

is defined as

Rand Index =
coo + cxx
N(N − 1)/2, (4–26)
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Figure 4-9. Comparison of the subspace clustering algorithms with Rand Index

where coo is the number of pairs of samples in x that are in the same set in c1 and in the

same set in c2, cxx is the number of pairs of samples in x that are in different set in c1

and in different set in c2, and N is the number of data samples, respectively [105].

Figure 4-9 shows the relevant results. As can be seen, for most datasets, our

approach obtains the highest score of the other three subspace algorithms. However,

since none of these algorithms shows the best performance on all the datasets, it is

not satisfactory that our algorithm outperform these other approaches only using these

results. Nevertheless, our algorithm has an obvious advantage in that it determines

the number of clusters to represent the best-fit mixture model but the other algorithms

require the user to provide the number of clusters and other user-specified parameters.

In these experiments, since all clustering results based on various feature

subspaces can be represented by different parameter estimates such as the number of

clusters and mixture proportions, it would be inappropriate to evaluate the discovered

clusters by only using the Rand Index or Normalized Mutual Information [89] which

measures the similarity between the cluster indices through the maximum a posteriori
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the number Groups of clusters by merging Class

Feature subsets of clusters based on the highest cluster purity coverage rate

(SW,PL,PW) 2 {Setosa} {Versicolor, Virginica} 1.000

(SL,PL,PW) 3 {Setosa} {Versicolor} {Virginica} 0.9333

(PL,PW) 3 {Setosa} {Versicolor} {Virginica} 0.8867

Setosa: Iris Setosa, Versicolor: Iris Versicolor, Verginica: Iris Verginica

Table 4-2. The overall experimental results on Iris dataset

Class names

Feature subsets Iris Setosa Iris Versicolor Iris Virginica

(SW,PL,PW) 1.000 1.000 1.000

(SL,PL,PW) 1.000 0.920 0.880

(PL,PW) 0.980 0.980 0.680

Table 4-3. The local cluster purities on discovered various subspaces for Iris dataset

(MAP) classification of the data samples and the provided class labels. Furthermore, it

is hard to infer the validity of subspace clusters through the comparison of these various

subspace clustering results. For this reason, one can consider that a discovered cluster

can consist of one or more classes in the original dataset. In this case, the clustering

accuracy can be calculated by computing the highest frequencies for each class label

that belongs to the cluster. We call this type of clustering accuracy the class cover-

age rate. Besides the class coverage rate, we also need to investigate the classes

consisting of the discovered clusters. For this, we considered the homogeneity for each

of the classes that correspond to a specific cluster. We call this probability as the local

cluster purity that is computed by the ratio of the number of the estimated class labels

corresponding to a desired true class. By utilizing these measures, we discuss the

various analyses for these experimental results.

The Iris dataset: The iris dataset is one of the most popularly used dataset in

machine learning and pattern discovery research. It consists of three groups (i.e., Iris

Setosa, Iris Versicolor, and Iris Virginica) where each group contains 50 data samples
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with 4 features (i.e., sepal length (SL), sepal width (SW), petal length (PL), and petal

width (PW)). In this dataset, Iris setosa is linearly separable from the other two groups.

However, the remaining two groups cannot be linearly classified.

Table 4-2 shows the experimental results with the iris dataset. During the feature

subspace construction process, a feature subspace (PL,PW) was repeatedly evaluated

so duplicate ones were discarded. As a result, three distinct feature subspaces have

been extracted. As can be seen, based on the feature subspace (SW,PL,PW), two

clusters were successfully discovered. This result supports our previous discussion that

the two groups (excluding Iris Setosa) cannot be linearly separated. In contrast, for the

other two feature subspaces, (SL,PL,PW) and (PL,PW), the clustering results show that

three clusters have been discovered. From this result, we can infer that the sepal width

(SW) feature affects the separability of these three groups. Table 4-3 shows the local

cluster purity of each class based on the results of the Table 4-2. This result identifies

that data samples of the Iris Virginica class are relatively less likely to be assigned into

the desired class when partitioning the dataset into three classes.

The Ecoli dataset: The Ecoli dataset consist of 336 data samples with the following

seven features: 1) mcg: McGeoch’s method for signal sequence recognition, 2) gvh: von

Heijne’s method for signal sequence recognition, 3) lip: von Heijne’s Signal Peptidase

II consensus sequence score, 4) chg: Presence of charge on N-terminus of predicted

lipoproteins, 5) aac: score of discriminant analysis of the amino acid content of outer

membrane and periplasmic proteins, 6) alm1: score of the ALOM membrane spanning

region prediction program, and 7) alm2: score of ALOM program after excluding putative

cleavable signal regions from the sequence. Each data sample is assigned into one of 8

classes that represent the localization site, as described in Table 4-4.

Table 4-4 shows the results of our approach on the Ecoli dataset. Although the

original dataset was classified by 8 groups, some original classes contained too few

data samples to be regarded as a cluster. In addition, some of those small classes
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the number Groups of clusters by merging Class

Feature subsets of clusters based on the highest cluster purity coverage rate

(mcg,gvh) 2 {cp,im,imU,imL,imS} {om,omL,pp} 0.9077

(mcg,gvh,alm1) 3 {cp} {im,imU,imL,imS} {om,omL,pp} 0.9245

(alm1,alm2) 2 {cp,im,imU,imL,imS} {om,omL,pp} 0.8355

(mcg,alm1,alm2) 2 {cp,im,imU,imL,imS} {om,omL,pp} 0.8482

(mcg,aac,alm1,alm2) 2 {cp,im,imU,imL,imS} {om,omL,pp} 0.8501

cp: cytoplasm im: inner membrane without signal sequence

pp: perisplasm imU: inner membrane, uncleavable signal sequence

om: outer membrane omL: outer membrane lipoprotein

imL: inner membrane lipoprotein

imS: inner membrane, cleavable signal sequence

Table 4-4. The overall experimental results on Ecoli dataset

Class names

Feature subsets cp im pp imU om omL imL imS

(mcg,gvh) 0.944 0.831 0.923 0.743 0.950 0.800 0.500 1.000

(mcg,gvh,alm1) 0.986 0.922 0.865 0.943 1.000 0.800 1.000 0.500

(alm1,alm2) 0.881 0.779 0.846 0.829 0.850 1.000 1.000 1.000

(mcg,alm1,alm2) 0.874 0.779 0.885 0.800 0.950 1.000 0.500 0.500

(mcg,omL,alm1,alm2) 0.867 0.779 0.904 0.714 0.850 1.000 0.500 0.500

Table 4-5. The local cluster purities on discovered various subspaces for Ecoli dataset

(e.g., imU, imL, and imS) showed similar patterns which can be grouped together. As a

result, for most clustering algorithm results, the original 8 groups were merged into 2 or

3 groups. Besides, two features in a candidate feature subspace (lip, chg) showed high

coefficients of determination. However, based on the mixture model-based clustering,

this feature subset was represented by a single cluster, so it was ignored in this result.

The obtained subspace clustering results summarized in Table 4-4 can be divided into

two groups and each of them can be interpreted as follows: For the first group (i.e.,

(mcg,gvh) and (mcg,gvh,alm1)), the feature ‘alm1’ contributes to constructing the new

cluster structure with three mixture components and improving the class coverage

rate. Three feature subsets in the second group show the same groups of the merged
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clusters. In addition, the second group of feature subsets illustrates that adding a new

feature improves the class coverage rate.

Table 4-5 shows the local cluster purity for the clustering results that are discovered

on various feature subsets of the Ecoli dataset. Based on the results of the local cluster

purity, the obtained clustering results fitting the Student’s t-mixture model can be

interpreted by grouping the classes so that the cluster index of the highest local cluster

purity is the same.

The Wine dataset: The Wine recognition dataset has 178 data samples that

are assigned into one of 3 classes representing the geographic region (i.e., Barolo,

Grignolino, and Barbera). Each data sample is represented by 13 features (i.e., v1:

Alcohol, v2: Malic acid, v3: Ash, v4: Alcalinity of ash, v5: Magnesium, v6: Total phenols,

v7: Flavanoids, v8: Nonflavanoid phenols, v9: Proanthocyanins, v10: Color intensity,

v11: Hue, v12: OD280/OD315 of diluted wines, and v13: Proline). Figure 4-10 illustrates

the dendrograms constructed from the different feature subsets in which the strong

correlations exist. In this figure, each number i represent the feature vi . Based on these

dendrograms, 30 distinct feature subspaces that are likely to contain the informative

clusters were created.

Table 4-6 shows a summary of the subspace clustering results of the wine dataset.

In the feature subsets column, the i th feature vi was represented by number i . Among

30 constructed feature subspaces, two feature subspaces (i.e., (3 4) and (8 9)) were

ignored because they were represented by a model-based cluster with a single

mixture component. Based on the dendrograms shown in Figure 4-10, these subspace

clustering results can be grouped by satisfying the downward closure property. This

process supports the interpretation of the discovered subspace clustering results. As

shown in Table 4-6, each group of subspace clustering results shows a similar trend with

respect to the groups of the merged clusters as well as the class coverage rate. The first

four groups on the feature subsets column illustrate that those feature subspaces can be
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Figure 4-10. Dendrograms for different feature subsets in wine dataset
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the number Groups of clusters by merging Class
Feature subsets of clusters based on the highest cluster purity coverage rate
(1 6 7 13) 2 {Barolo} {Grignolino, Barbera} 0.9551
(1 4 6 7 13) 2 {Barolo} {Grignolino, Barbera} 0.9607
(1 4 5 6 7 13) 2 {Barolo} {Grignolino, Barbera} 0.9719
(3 4 13) 2 {Barolo} {Grignolino, Barbera} 0.9607
(3 4 5 13) 2 {Barolo} {Grignolino, Barbera} 0.9326
(3 4 5 10 13) 2 {Barolo} {Grignolino, Barbera} 0.9326
(1 5 13) 2 {Barolo} {Grignolino, Barbera} 0.9494
(1 5 8 9 13) 2 {Barolo} {Grignolino, Barbera} 0.9382
(1 3 5 8 9 13) 2 {Barolo} {Grignolino, Barbera} 0.9438
(1 13) 2 {Barolo} {Grignolino, Barbera} 0.9438
(1 10 13) 2 {Barolo} {Grignolino, Barbera} 0.9494
(1 4 10 13) 3 {Barolo} {Grignolino} {Barbera} 0.9326
(6 7 9 12) 2 {Barolo, Grignolino} {Barbera} 0.9663
(6 7 9 12 13) 2 {Barolo, Grignolino} {Barbera} 0.9663
(6 7 9 11 12) 2 {Barolo, Grignolino} {Barbera} 0.9719
(6 7 8 9 11 12) 2 {Barolo, Grignolino} {Barbera} 0.9719
(6 7 8 9 12) 2 {Barolo, Grignolino} {Barbera} 0.9663
(4 6 7 8 9 12) 2 {Barolo, Grignolino} {Barbera} 0.9607
(11 12) 2 {Barolo, Grignolino} {Barbera} 0.9607
(1 10 11 12 13) 2 {Barolo, Grignolino} {Barbera} 0.9551
(2 6 7 10 11 12) 2 {Barolo, Grignolino} {Barbera} 0.9775
(6 7) 2 {Barolo, Grignolino} {Barbera} 0.9213
(6 7 12) 2 {Barolo, Grignolino} {Barbera} 0.9663
(6 7 11 12) 2 {Barolo, Grignolino} {Barbera} 0.9551
(2 6 7 11 12) 3 {Barolo} {Grignolino} {Barbera} 0.8708
(6 7 8) 2 {Barolo, Grignolino} {Barbera} 0.9382
(1 6 7 8 13) 3 {Barolo} {Grignolino} {Barbera} 0.8933
(1 3 4 6 7 8 13) 3 {Barolo} {Grignolino} {Barbera} 0.9382

Table 4-6. The identified subspace clustering results on the various feature subspaces of
the wine dataset

related to extract the Barolo class. Specifically, in the second group with three distinct

feature subsets (i.e., (3 4 13), (3 4 5 13), and (3 4 5 10 13)), the Brolo class showed

the lower levels of Ash (v3), Alcalinity of ash (v4), and Proline (v13) than the Grignolino

and the Barbera classes. In contrast, the latter seven groups of feature subsets show

that they can contribute to identifying the Barbera class. For example, according to the

result of the sixth group of feature subsets (i.e., (6 7 9 11 12) and (6 7 8 9 11 12)), the

Barbera class illustrated a relatively higher level than the other two classes with respect

to the following five features: v6: Total phenols, v7: Flavanoids, v9: Proanthocyanins,

v11: Hue, and v12: OD280/OD315 of diluted wines. In addition, based on the results of

the class coverage rates, the proposed subspace clustering algorithm demonstrated
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the number Groups of clusters by merging Overall
Feature subsets of clusters based on the highest cluster purity cluster purity
(1 8) 3 {C1,C2} {C3} 0.6718
(2 5) 2 {C1} {C2} 0.6536
(2 5 8) 3 {C1,C2} {C3} 0.6823
(2 5 6 8) 4 {C1,C2} {C3,C4} 0.6797
(3 4 6) 3 {C1,C2} {C3} 0.5951
(3 4 6 8) 3 {C1,C2} {C3} 0.6667
(4 5 6) 2 {C1} {C2} 0.6536
(2 4 5) 3 {C1,C2} {C3} 0.6615
(2 4 5 6) 4 {C1,C2,C3} {C4} 0.6745
(2 4 5 6 7) 4 {C1,C2,C3} {C4} 0.6641
(1 2 8) 2 {C1} {C2} 0.6589

Table 4-7. The identified subspace clustering results on the various feature subspaces of
the diabetes dataset

that the clusters can be successfully identified by fitting the mixture model. In this

experiment, four subspace clustering results consisting of three clusters were identified.

Among them, two subspace clustering results (i.e., (1 4 10 13) and (1 3 4 6 7 8 13)

showed that their class coverage rates were about 0.9326 and 0.9382. Compared with

some previous feature selection algorithms [61, 87] (0.9339 and 0.9101), our approach

showed similar or slightly improved clustering accuracies.

The Diabetes dataset: The diabetes dataset consist of 768 samples (500 and

268 samples tested positive and negative for diabetes, respectively) described

by 8 numeric-valued attributes (i.e., (1) Number of times pregnant, (2) Plasma

glucose concentration two hours in an oral glucose tolerance test, (3) Diastolic blood

pressure(mm Hg), (4) Triceps skin fold thickness(mm), (5) 2-Hour serum insulin(mu

U/ml), (6) Body mass index(weight/height2 in kg/m2), (7) Diabetes pedigree function, and

(8) Age(years)).

Table 4-7 shows the experimental results with the diabetes dataset. The numbers

in the feature subsets column represent the relevant features described above. Since

there are only two classes in this dataset, we need to consider a different way to analyze

these various clustering results. First, the clustering results for two feature subspaces
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(i.e., (4 5) and (4 6)) were ignored because their cluster structure was represented by a

single mixture component that can be meaningless. Second, for the clustering results

with two mixture components, it is possible to evaluate the clustering accuracy with

class labels provided from the original dataset. As shown in Table 4-7, the clustering

results on the three various feature subspaces (i.e., (2 5), (4 5 6), and (1 2 8)) were

represented by two mixture components and showed similar clustering accuracies. On

five different feature subspaces, the mixture model-based clustering results consist of

three mixture components. Since the original dataset is composed of two classes, these

clustering results may not be directly compared with the class labels. Instead, those

clusters could provide hidden relationships among the relevant features. For example,

a feature subspace (1 8) was composed of the following three clusters: i) old and

relatively few pregnancies, ii) young and relatively few pregnancies, and iii) old and many

pregnancies. However, by merging two clusters (e.g., {C1,C2} in this result), these

clustering results show similar results to the mixture model-based clustering results with

two components. In this case, particularly, a merged group, with cluster i) and cluster

iii), and cluster ii) commonly showed that a feature ‘the number of times pregnant’ has a

negative relationship with the feature ‘age’. This implies that those two clusters contain

similar patterns. For the other feature subspaces consisting of three or four mixture

components, each cluster can be interpreted in the similar way.

The Waveform dataset: The waveform dataset consists of 5000 21-dimensional

samples that can be grouped by 3 classes of waves. All features except one associated

with class labels were generated by combining two of three shifted triangular wave forms

and then adding Gaussian noise. More details about this dataset are described in [17].

Using the dendrograms shown in Figure 4-11, 63 distinct feature subspace for

mixture model-based clustering were generated. During the construction of the feature

subspaces, many redundant feature subsets were filtered. Among the clustering results

based on those 63 feature subspaces, the 46 selected ones are shown in Table 4-8.
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Figure 4-11. Dendrograms of different feature subsets for waveform dataset
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the number Cluster-1 Cluster-2 Cluster-3 Class
Feature subsets of clusters (1657) (1646) (1696) coverage rate
(1 9 10 11 16) 2 928 891 1686 0.7011
(1 9 10 11 16 21) 2 953 989 1695 0.7275
(6 7 8 14 15) 2 893 865 1689 0.6895
(5 6 7 8 14 15) 2 1013 1062 1690 0.7532
(5 6 7 8 13 14 15) 2 1048 1209 1690 0.7896
(4 5 6 7 8 13 14 15) 2 981 1195 1692 0.7738
(4 5 6 7 8 12 13 14 15) 2 920 1108 1696 0.7449
(2 4 5 6 7 8 12 13 14 15) 3 851 1411 1587 0.7700
(3 4 5 6 7 8 12 13 14 15) 3 844 1378 1599 0.7644
(6 7 8 14 15 16) 2 969 1012 1695 0.7353
(5 6 7 8 14 15 16) 2 1007 1145 1693 0.7692
(5 6 7 8 13 14 15 16) 2 974 1169 1693 0.7674
(4 5 6 7 8 13 14 15 16) 2 985 1191 1693 0.7740
(4 5 6 7 8 12 13 14 15 16) 3 857 1415 1568 0.7682
(3 4 5 6 7 8 12 13 14 15 16) 3 1079 1395 1562 0.8074
(6 7 8 14 15 16 17) 2 1049 1211 1690 0.7902
(5 6 7 8 14 15 16 17) 2 979 1179 1692 0.7702
(5 6 7 8 9 14 15 16 17) 2 980 1208 1691 0.7760
(5 6 7 8 9 13 14 15 16 17) 3 844 1379 1598 0.7644
(4 5 6 7 8 9 13 14 15 16 17) 3 1108 1394 1529 0.8060
(5 6 7 8 9 13 14 15 16 17 18) 3 1082 1394 1562 0.8078
(6 7 8 9 14 15 16 17) 2 992 1212 1691 0.7792
(6 7 8 9 14 15 16 17 18) 2 954 1172 1694 0.7642
(6 7 8 9 10 14 15 16 17 18) 3 844 1379 1598 0.7644
(6 7 8 9 10 14 15 16 17 18 19) 3 1080 1401 1555 0.8074
(8 9 15 16 17) 2 1014 965 1676 0.7311
(8 9 15 16 17 18) 2 951 986 1695 0.7265
(8 9 10 11 15 16 17 18) 2 1006 1242 1689 0.7876
(8 9 10 11 15 16 17 18 19) 2 955 1163 1694 0.7626
(9 10 11 17 18) 2 1006 963 1677 0.7293
(4 5 9 10 11 12 13 17 18) 2 946 1151 1695 0.7586
(5 6 7 13 14) 2 893 865 1689 0.6895
(4 5 6 7 13 14) 2 953 989 1695 0.7275
(4 5 6 7 12 13 14) 2 985 1123 1694 0.7606
(4 5 6 7 11 12 13 14) 2 990 1207 1691 0.7778
(3 4 5 6 7 11 12 13 14) 2 952 1160 1695 0.7616
(7 8 14 15 16) 2 893 865 1689 0.6895
(7 8 14 15 16 17) 2 950 953 1695 0.7197
(7 8 9 14 15 16 17) 2 990 1129 1693 0.7626
(7 8 9 14 15 16 17 18) 2 979 1179 1692 0.7702
(7 8 9 10 14 15 16 17 18) 2 972 1194 1692 0.7718
(7 8 9 10 14 15 16 17 18 19) 3 844 1379 1598 0.7644
(6 7 8 9 10 14 15 16 17 18 20) 3 1110 1391 1529 0.8062
(4 5 8 10 13) 2 966 928 1681 0.7151
(4 5 8 10 13 21) 2 953 989 1695 0.7275
(1 4 5 8 10 13 21) 2 1049 1211 1690 0.7902

Table 4-8. The identified subspace clustering results on the various feature subspaces of
the waveform dataset

The remaining results were not included because of one of the following reasons: First,

the desired mixture model was composed of a single mixture component. Second, in

several feature subsets, the relationships between features are either positive correlation

or anticorrelation, making it a complex cluster structure.
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According to this result, the feature subsets that consisted of two mixture components

commonly showed a relatively high homogeneity to the Cluster-3. For the feature

subsets represented by a mixture model with three components, the clustering

accuracies of many clustering results were about 0.81. Additionally, this result illustrated

that the addition of a feature can improve the clustering accuracy.

4.5 Conclusion

Subspace clustering is an advanced technique to overcome the shortcomings

of feature selection and/or feature extraction methods. Many subspace clustering

algorithms have attempted to discover various clusters embedded in the different

feature subspaces. However, there have been several drawbacks to the previous

approaches. First, the performance of the algorithms is strongly affected by the value

of the user-specified thresholds that determine the size of grid and assess the dense

regions. Second, the computational time increases exponentially as the number of

dimensions increases. Third, although they can extract a large number of subspace

clusters that may not be discovered by using the traditional clustering algorithms as well

as the feature selection techniques, many of them may have a shape that is too arbitrary

to interpret. This implies that some identified subspace clusters are not meaningful for

knowledge representation.

In practical application domains, most datasets consist of a number of features

where some are strongly correlated to each other. This property can provide several

advantages as follows: By using the strong pairwise correlation between features the

size of feature subspaces to be constructed can be drastically reduced, thereby reduced

the computational cost. Additionally, it can be regarded that the extracted feature

subspaces contain meaningful structures and improvement in the quality of clusters can

be expected.

In this chapter, we presented a novel subspace clustering approach considering

a strong pairwise correlation among features. In this approach, the possible feature
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subsets having strong correlation can be determined by utilizing the local mean cor-

relation threshold. Based on these collected feature subsets, the candidate feature

subspaces are constructed by using the agglomerative hierarchical clustering algorithm

with a single linkage distance measure of coefficients of determination. For each feature

subspace, a cluster structure can be obtained by fitting a finite mixture model. In most

cases, the Gaussian mixture model is used for model-based clustering. However, it is

sensitive to outliers and noisy data, and may not be suitable for clustering based on

the Gaussian mixture model for many real-world datasets. To alleviate this problem,

we utilized the Student t-distribution to obtain estimates of the mixture model-based

clusters. Another issue in the mixture model is determining the number of clusters,

called the model selection problem. For this, we employed the integrated completed

likelihood criterion, a more parsimonious model selection criterion than the Bayesian

information criterion.

Through the experimental results with synthetic datasets, we demonstrated that our

approach is robust on the noisy datasets and successfully found the desired clusters

that can be represented by a finite mixture model on the extracted feature subspaces.

Our approach was also applied to the several real datasets obtained from the UCI

Machine Learning repository. Based on these extensive experimental results, we found

many subspace clusters that were not discovered by the previous feature selection

approaches. In addition, we demonstrated that these identified subspace clusters

contain meaningful information.
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CHAPTER 5
CONCLUSION

In clustering, the use of statistical models provides the following advantages.

First, since it is assumed that the given data follows a particular statistical model, the

constructed models can be supported by the related theoretical backgrounds. Second,

the constructed models cannot only be adapted to some particular problems but also

can be applied to similar types of problems by adjusting the relevant parameters.

These advantages can be adapted to the feature selection techniques. Based

on these characteristics, many feature selection algorithms in clustering have been

proposed. However, they have common shortcomings in that they select features only

related with a particular cluster structure. This implies that they are limited to discovering

various feature subsets where each contributes to identifying the different clusters it

contains. For this reason, a new clustering technique, called subspace clustering, has

been of interest in recent years.

Although many existing subspace clustering algorithms have shown that they can

find various clusters lying in the different feature subspaces, they have many drawbacks

with respect to scalability and their dependence on user-specified thresholds. In this

dissertation, we have developed novel methods to deal with the above issues. The first

approach efficiently revealed multiple feature subsets for various clusters based on

the mixture model. The second method generalized the first approach by allowing it to

consider overlapped feature subspaces.

In many applications for cluster analysis, data can be composed of a number of

feature subsets where each is represented by a number of diverse mixture model-based

clusters. However, in most feature selection algorithms, this kind of cluster structure has

rarely been interesting because these algorithms accounted for discovery of a single

informative feature subset for clustering.
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In this research, we proposed a novel approach to find a set of the feature subsets

based on the Gaussian mixture model at the same time. In our approach, it is assumed

that each feature subset follows the multivariate Gaussian mixture model and that

feature subsets are mutually independent. Each feature subset is represented by a

number of best-fit mixture model-based clusters by utilizing the BIC criterion and DAEM

algorithm to achieve parameter estimates maximizing the likelihood function. To avoid

an unreasonable processing time when searching for the optimal feature partition,

using the Monte Carlo optimization method can be a good choice. Specifically, we

utilized a well-known reversible jump Markov Chain Monte Carlo technique, called

the Metropolis-Hastings algorithm, as a stochastic search algorithm minimizing the

objective function. In addition, the total computational cost to search for the optimal

feature partition can be reduced through the use of an incremental estimation. Extensive

experimental results demonstrated that the split-merge move algorithm, hybrid random

walk algorithm, and Simulated Annealing-based biased random walk algorithms are

insensitive to the various initial feature partitions and can find the desired feature

partition as well as the mixture model-based cluster structures. In addition, our empirical

studies with various real datasets showed that this approach can be successfully applied

to social and economic research as well as environmental science research for finding

meaningful and easily interpretable feature-subset-specific clusters.

By showing the identification of a number of meaningful non-overlapped feature

blocks where each can be represented by using a finite mixture model, the proposed

feature-block-wise clustering approach demonstrated the ability to overcome problems

experienced by many previous algorithms for feature selection in clustering. However, it

contains several drawbacks. First, it considered only non-overlapped feature subspaces

during the clustering process. However, in practice, many datasets can consist of a

feature vector that can form a number of feature subspaces and some of these features

can be associated with multiple feature subspaces. For this kind of dataset, it may
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not be adequate to use the feature-block-wise clustering approach for finding a large

number of clusters embedded in the various shapes of the feature subspaces. Second,

although the Gaussian distribution has been popularly used for clustering, it lacks

robustness to outliers because of its use of quadratic distance between data samples

and their mean.

For this problem, a novel method utilizing the correlation coefficients has been

presented for determining meaningful feature subspaces. To be specific, when a feature

is given, some features showing a strong correlation with this feature can be regarded

as relevant features. By collecting these relevant features for a given feature, a feature

subset that will be used for constructing the feature subspaces are created. After

obtaining these feature subsets, the feature subspaces are constructed by merging

features (or feature subsets) with an agglomerative hierarchical clustering technique.

Many diverse mixture model-based clusters can be discovered based on these

feature subspaces. To overcome the insensitiveness of the Gaussian mixture model,

we utilized the Student t-distribution mixture model for clustering. Experimental results

with both synthetic and real datasets showed that our approach can efficiently identify

meaningful subspace clusters within an acceptable computational cost. In addition, the

search space in our approach grows linearly as the number of dimensions increases.

This approach can be generalized making it useful in various application areas such as

text data mining, gene expression data analysis, and pattern extraction of the human

activity in ubiquitous computing.

For future work, we will consider the following problem. Using the subspace

clustering algorithms presented in this dissertation, we can effectively extract desired

subspace clusters from the user’s perspective. However, real applications require

dealing with categorical datasets as well as numerical datasets. Unfortunately, the

presented algorithms are restricted to clustering categorical datasets. One reason is

the difficulty in measuring the distance between data objects due to the absence of an
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inherently ordered property of categorical data. Instead of using a matching distance

as is used in many traditional categorical clustering algorithms, this approach employs

a similarity measure based on the “purity” of a set of objects through Entropy. On

feature subspaces extracted by Emerging Patterns, we could group data objects that

are informative for data analysis. In addition, the number of clusters for each feature

subspace is automatically determined by using the model selection criterion. Currently,

this research is in progress.
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