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NOMENCLATURE 

 A = laminate extensional stiffness matrix 

 b = systematic uncertainty 

 C = random variable for capacity of a system 

 c = random sample value of the capacity 

 D = laminate bending stiffness matrix 

 D* = laminate bending stiffness component flexural response solution 

 E = expected value of random variable 

 E1 = lamina longitudinal modulus 

 E2 = lamina transverse modulus 

exp
Xe  = measurement error in material property, X 

11 22 66, 1 2 12, , , ,F F F F F F  = Tsai-Wu strength coefficients 

 FC  = actual cumulative distribution function of the capacity 

ĈF  = random estimate of cumulative distribution function of the capacity 

 FR = actual cumulative distribution function of the response 

ˆ
RF  = random estimate of cumulative distribution function of the capacity 

 fC = probability density function of the capacity 

 fG = probability density function of the limit state function 

 fR = probability density function of the response 

 G = limit state function for probability of failure 

 G12 = lamina shear modulus 

 h = lamina thickness 

 I = indicator function 
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 i,j = vector or matrix indices 

 K =constant in circular plate 

 k = slope of linear approximation with respect to fiber volume fraction 

 M = number of capacity random samples 

 m = total number of standard deviation estimates in calculating pooled standard deviation 

 N = size of probability of failure simulations or number of response random samples 

 n = total number of specimen 

 P = random variable for internal pressure load 

P  = mean value of pressure load 

 pf = actual probability of failure 

ˆ cep  = estimate of probability of failure using conditional expectation 

ˆcmcp  = estimate of probability of failure using crude Monte Carlo 

ˆ fitp  = estimate of failure probability using conditional expectation with random, fitted CDF  

ˆ smcp  = estimate of probability of failure using separable Monte Carlo 

 q0 = transverse pressure loading on composite laminate plate 

 R = random variable of response of a system 

 R1, R2 = independent random variables of law R 

 r = radial coordinate of axisymmetric, circular, thin plate 

 S = vector of random variables of strength of the composite 

S  = vector of mean values of strength of the composite 

 T = temperature 

 t = laminate or specimen thickness 

 u = radial displacement of axisymmetric, circular, thin plate 
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 Vf = fiber volume fraction of composite laminate 

 w = out-of-plane displacement of laminate 

 wall = allowable out-of-plane displacement of laminate 

 X = generic random variable or material property 

1,X X2  = mutually independent random variable vectors 

 = coefficient of thermal expansion 

  = systematic error in measurements 

12 = shear strain in the 1-2 plane of a composite lamina 

1 = normal strain in the 1-direction of a composite lamina 

2 = normal strain in the 2-direction of a composite lamina 

  = random error in measurements 

 = lamina fiber orientation 

 v12 = lamina Poisson’s ratio 

 = covariance matrix 

1 = normal stress in the 1-direction of a composite lamina 

2 = normal stress in the 2-direction of a composite lamina 

u = stress per unit load 

12 = shear stress in the 1-2 plane of a composite lamina 

Vf
X  = material variability in material property, X 

 = independent random variable for uncertainty 

C  = probability distribution of the capacity 
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The failure of the composite hydrogen tanks on the X-33 Reusable Launch Vehicle (RLV) 

from combined thermal and mechanical failure modes created a situation where the design 

weight was highly sensitive to uncertainties. Through previous research of sensitivity and 

reliability analysis on this problem, three areas of potential uncertainty reduction were 

recognized and became the focal points for this dissertation. 

The transverse elastic modulus and coefficient of thermal expansion were cited as being 

particularly sensitive input parameters with respect to weight. Measurement uncertainty analysis 

was performed on transverse modulus experiments, where the intermediate thickness 

measurements proved to be the greatest contributor to uncertainty. 

Data regarding correlations in the material properties of composite laminates is not always 

available, however the significance of correlated properties on probability of failure was 

detected. Therefore, a model was developed for correlations in composite properties based on 

micromechanics, specifically fiber volume fraction. The correlations from fiber volume fraction 

were combined with experimental data to give an estimate of the complete uncertainty, including 

material variability and measurement error. The probability of failure was compared for 

16 



 

17 

correlated material properties and independent random variables in an example pressure vessel 

problem. Including the correlations had a significant effect on the failure probability, however 

being unsafe or inefficient can depend on the material system. 

Reliability-based design simulations often use the traditional, crude Monte Carlo method 

as a sampling procedure for predicting failure. The combination of designing for very small 

failure probabilities and (~10-8 - 10-6) and using computational expensive finite element models, 

makes traditional Monte Carlo very costly. The separable Monte Carlo method, which is an 

extension of conditional expectation, takes advantage of statistical independence of the limit 

state random variables of the response and capacity for improved accuracy in reliability 

calculations. The separation of response and capacity sampling enables flexible sample sizes, 

permitting low samples of the more expensive component (usually the response). In turn, this 

motivates the beneficial reallocation of uncertainty by reformulating the limit state. The variance 

estimator was derived for separable Monte Carlo and three example problems were used to 

compare the Monte Carlo methods. 

 
 



 

CHAPTER 1 
INTRODUCTION 

Motivation and Background 

In the design of aerospace structures, weight is directly related to performance, efficiency, 

and operating costs (Acar et al. 2005). Substantial research has focused on reducing the weight 

of aerospace structures by selecting optimal materials and reducing uncertainties. Composites 

have emerged as the preferred material for aerospace structures, because of their high strength-

to-weight ratio and versatility over metals. However, composites present more uncertainties than 

isotropic materials, and there are special situations where the weight of composite structures is 

highly sensitive to these uncertainties. One such case was analyzed by Qu et al. (2003) regarding 

the hydrogen tank of NASA’s X-33 Reusable Launch Vehicle (RLV) which had both thermal 

and mechanical failure loads (Final Report of the X-33 Liquid Hydrogen Tank Test Investigation 

Team 2000). A simulated view of the X-33 RLV is shown in Fig. 1-1 (Final Report of the X-33 

Liquid Hydrogen Tank Test Investigation Team 2000). 

 
Figure 1-1.  Simulated view of NASA’s X-33 Reusable Launch Vehicle (RLV) 

The X-33’s hydrogen tank was a pressure vessel composed of carbon fiber/epoxy 

composite laminate. The hydrogen tank was subjected to cryogenic temperatures that created 
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large thermal strains, which caused matrix cracking. To reduce the thermal strains, the fiber 

angle between plies was restricted. However this compromised the ability to carry loads in two 

directions, which are present in pressure vessels. The sensitivity and reliability analysis by Qu et 

al. (2003) of this problem produced three observations that are further addressed in this 

dissertation: 

1. The weight of the composite hydrogen tank was found to be very sensitive to uncertainty in 
transverse elastic modulus E2, and transverse coefficient of thermal expansion 2. 

2. Increasing the transverse modulus E2, and decreasing the transverse coefficient of thermal 
expansion 2, would reduce the probability of failure. 

3. When calculating the small failure probabilities of safe designs (~10-7) with traditional Monte 
Carlo simulations, there was a computational resource problem. 

Based on the observations listed above, this dissertation focuses on improving analysis of 

uncertainties significant in composite cryogenic tanks and on exploring ways to reduce them. 

The main topics of this analysis include identifying the main sources of input (response) 

uncertainty for this problem, looking at the correlation between material properties, and 

developing an efficient Monte Carlo simulation technique. Consider the roles of these topics in 

the propagation of uncertainty shown in Fig. 1-1. The input parameters are used to calculate 

response R (e.g. stress or strain via finite element analysis), which is compared to the capacity C, 

in the limit state function to estimate the probability of failure pf.  
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Figure 1-2.  Propagation of uncertainty to probability of failure calculation 

The boxes in Fig. 1-2 emphasize the input uncertainty and probability of failure 

calculation, which encompasses the previously discussed observations made by Qu et al. (2003) 

regarding composite property uncertainty and accurate pf estimates. Note that uncertainty exists 

in every step of probabilistic analysis, but Fig. 1-1 is a visual guide of the areas of interest in this 

dissertation. 

First, it is necessary to clarify terminology and describe all of the types of uncertainty 

considered in this study. The total uncertainty contains computational and experimental 

uncertainty, as well as material variability. According to the definition used for this dissertation, 

computational uncertainty includes all numerical errors, randomness and bias from sampling 

statistical distributions, and modeling error from either a finite element model (FEM) or 

inaccurate assumption (such as, a linear elastic material using Hooke’s law). In addition, 

experimental uncertainty includes random and systematic effects in measurements, which 

correspond to scatter and bias, respectively. Finally, there is material variability between 

specimens, which may be due to random manufacturing imperfections (e.g. fiber volume 

fraction). Further defining the terminology, sources of uncertainty can be either aleatory 

(inherent, e.g. variability) or epistemic (lack of knowledge, e.g. sparse data). As a preview, the 
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main topics of uncertainty covered in this dissertation are: analysis of random and systematic 

effects in measurement techniques, accurately modeling correlations in composite properties, and 

variance in estimates of the probability of failure. The remainder of Chapter 1 provides further 

motivation and descriptions of these topics, and then Chapter 2 summarizes existing literature on 

the subjects of interest. 

Efficiency and safety of composite aerospace structures are directly connected to the 

amount of information known about the material system. For example, the X-33’s liquid 

hydrogen tank failed due to errors in the analysis of the composite’s performance when subjected 

to the extreme environment. Therefore, reducing epistemic uncertainty by using more accurate 

models for material properties (e.g. temperature dependence) or performing more tests to reduce 

epistemic uncertainty (lack of knowledge) are both methods of uncertainty reduction that can 

lead safer structures or significant weight savings (Schulz et al. 2005b, Acar et al. 2005). 

Measurement uncertainty and material variability are inherent in experimental observations; 

however, differentiating real specimen variability from that which is manifested by the 

measurement process is a difficult task. By breaking down experimental components of the 

desired measurement and accounting for all of the identifiable sources of uncertainty (both 

scatter and bias), then one can determine where improved accuracy is desirable. Weight was 

found to be sensitive to two of the input components identified by Qu et al. (2003), namely 

transverse elastic modulus E2, and transverse coefficient of thermal expansion 2. Chapter 3 

analyzes the uncertainty in measuring E2 and identifies the main contributor of the observed 

uncertainty in E2. Then, Chapter 4 focuses on an analytical model for spatial variation in the 

coefficient of thermal expansion 2, to determine its significance. 
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Furthermore, independent random variables for material properties are frequently used in 

reliability-based design of composite structures, due to lack of information about correlations. 

However, it is unlikely that material properties vary independently. For composites, the most 

common mechanisms for changes in material properties are variations in fiber volume fraction, 

fiber orientation, and fiber packing (Conceicao Antonio and Hoffbauer 2007, Gusev et al. 2000). 

The correlations that may exist from these common physical effects are not properly represented 

in the statistical distributions of the random composite properties. This research presents a simple 

way to estimate correlations in elastic properties from estimates of variability in the underlying 

physical effects. In Chapter 5, a correlation model for the material variability was proposed 

based on simplified micromechanics for fiber volume fraction. The correlation model for fiber 

volume fraction is used in two ways. The effect of correlated trends in composite properties on 

thermal strain was first analyzed. Then the correlation model for material variability was 

combined with statistical data (covariance-variance matrix) for measurement error. An example 

pressure vessel problem was used to compare the propagation of mechanical properties as 

independent and correlated random variables to strain and failure probability. Finally, the 

uncertainties and correlations in material properties were analyzed to deduce whether an 

inefficient or unsafe design would result from neglecting presence of variability from fiber 

volume fraction. 

The last observation by Qu et al. (2003) addressed in this dissertation was regarding 

computational uncertainty in the probabilistic analysis from propagating the material variability 

and measurement error to the probability of failure calculation. Reliability-based design of 

structures has advantages over safety factor-based deterministic approaches in that it can reduce 

the probability of failure more efficiently, and consequently decrease weight. However, common 
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sampling procedures used in reliability-based methods, such as traditional, crude Monte Carlo 

simulations (CMC), are inaccurate for small probabilities of failure (~10-8 – 10-6), given a 

computational budget for performing expensive structural response simulations (Qu et al. 2003). 

As a result, numerous efforts have been made to increase the efficiency of probabilistic 

simulations, but this dissertation focuses on a technique named separable Monte Carlo (SMC). 

This method uses the same amount of information used in traditional Monte Carlo, but takes 

advantage of the statistical properties of independence in the limit state. Separable Monte Carlo 

is an extension of the conditional expectation method (CE) (Ayyub and Chao-Yi 1992), since it 

also uses the conditional probability of failure based on a control variable in the limit state of a 

statistically independent response and capacity. However, separable MC is more general, in that 

it is based on comparing combinations of samples, so the actual distribution of the control 

variable is not required. The improvement in accuracy over traditional methods is not apparent 

without extensive, empirical results or comparison of variance estimators. The latter of the two 

approaches provides more convincing and robust conclusions, even though a variance estimator 

for separable Monte Carlo does not currently exist. Therefore, the variance estimate for 

calculating the probability of failure using the separable Monte Carlo was derived using 

conditional calculus to compensate for the randomness in both the response and capacity. 

In addition to the inherent accuracy improvements, separable Monte Carlo has two other 

characteristics that can be used to reduce the uncertainty in the probability of failure estimate. 

First, given the nature of the SMC calculation method, the number of samples of response and 

capacity do not have to be equal, as in crude Monte Carlo. Thus, more samples of the 

inexpensive component (usually the capacity), which increases the accuracy of the estimate at 

almost no cost. With this in mind, reformulating the limit state by moving uncertainty 

23 



 

(independent of the expensive response calculation) to the cheap capacity enhances the 

previously mentioned advantages of separable Monte Carlo. Chapter 8 demonstrates the benefits 

of separable MC through several example problems and the accuracy of the probability of failure 

estimates is compared with crude Monte Carlo and conditional expectation methods. 

Combining all of the knowledge from experimental uncertainty analysis, material property 

correlations, and efficient Monte Carlo simulations reduces the overall uncertainty in the 

probability of failure prediction. The next section provides a detailed description of the 

objectives of this work. 

Objectives and Outline 

The objectives of this dissertation are centered to the three observations described in the 

previous section by Qu et al. (2003) regarding the uncertainty in the cryogenic, composite tank. 

First, Chapter 2 presents a literature review on measurement uncertainty, composite material 

variability, and efficiency of probability of failure calculations. Then, Chapters 3 and 4 address 

the first observation regarding sensitivity to uncertainty in E2 and transverse CTE, respectively. 

Chapter 3 covers the uncertainty analysis of E2 measurements and identifies the greatest 

contributor to experimental uncertainty and which intermediate measurements would benefit 

from reducing epistemic error. Next, Chapter 4 looks at the impact of spatial variation of CTE in 

a circular plate on strain. The second observation by Qu et al. (2003) was that independent 

random variables were used for the material properties, even though some desirable trends 

between E2 and 2 were noticed. Chapter 5 considers a correlation model based for composite 

material properties based on fiber volume fraction, which can be used in the absence or to 

supplement other correlation data from material variability and measurement error. The 

uncertainty from independent and correlated material properties was propagated through 

24 



 

25 

Classical Lamination Theory (CLT) to strain and compared for an example pressure vessel 

problem. Finally, the third observation was regarding the issues of computational resources when 

calculating very small probability of failures. The separable Monte Carlo method was described 

in Chapter 6 and variance estimators were also derived. Chapter 7 applies and compares 

separable MC to crude MC and conditional expectation for several example problems, including 

a basic limit state, the flexural response of a composite plate, separable sampling of the Tsai-Wu 

failure criterion, and an analytical example using uniform distributions. Finally, the conclusions 

of this dissertation are in Chapters 8. 



 

CHAPTER 2 
LITERATURE REVIEW 

The literature review of this dissertation is divided into three sections. First, a discussion of 

probabilistic analysis used for reliability-based design of composite aerospace structures. Next is 

a review of uncertainty and correlations in composite materials and how they are analyzed and 

used. The last section contains a survey of efficient ways to calculate the probability of failure 

with focus on the Monte Carlo method and simulation-based techniques. 

Probabilistic Analysis of Aerospace Structures 

One of the most common and important uses of composite materials is in aerospace 

structures. Furthermore, reliability-based design optimization (RBDO) has been emerging as a 

useful tool, especially in composite structures, due to its more efficient risk allocation between 

sources of failure (Wirsching 1992, Long and Narciso 1999). In other words, significant weight-

savings can be achieved by using RBDO in lieu of a single safety factor when the structure has 

multiple failure modes (Acar 2006b, Yang 1989). Acar et al. (2006a) showed that other errors 

can be avoided by using probabilistic methods in structural design versus deterministic. Other 

examples of probabilistic analysis of composite structures include the following. Lin (2000) 

looked at different probabilistic methods for calculating reliability predictions of laminated 

composite plates with random system parameters. Cederbaum et al (1990) studied the failure 

probability of laminated plates subjected to in-plane loads. Probabilistic analysis of a composite 

aircraft structure based on first ply failure was conducted by Murthy and Chamis (1995). Pai 

(1990) performed probabilistic structural analysis of a truss for a typical space station. 

There are certain situations when the composite structure is subjected to multiple failure 

modes (thermal and mechanical), the sensitivity to uncertainty reduces the potential weight gains 

over aluminum. Therefore, substantial research has been devoted to reducing the uncertainty in 
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composite materials, which directly translates to weight reduction in aerospace structures (Acar 

et al. 2005, Long and Narciso 1999, Neal et al. 1992). Even with reducing the weight as a top 

priority, safety is of the utmost importance. In order to design a safe structure, one must have 

extensive knowledge of the material system, which may not always be the case due to 

insufficient statistical data. Inaccurately modeling the uncertainty in material properties, 

geometry, and loading may result in large errors in probability of failure estimates (Neal et al. 

1992). There were also errors in the analysis of the X-33 Reusable Launch Vehicle (RLV) which 

failed due to microcracking from residual stresses in the hydrogen tanks while subjected to 

cryogenic temperatures (Final Report of the X-33 Liquid Hydrogen Tank Test Investigation 

Team 2000). Failure could have been prevented by reducing epistemic uncertainty (lack of 

knowledge) by using the temperature dependent material properties and compensating for 

chemical shrinkage in the composite laminate (Ifju et al. 2006, Schulz et al. 2005a). The failure 

of the hydrogen tanks on the RLV spurred numerous research projects that focused on analyzing 

all of the uncertainty that was not initially considered. 

Qu et al. (2003) focused on the reliability-based optimization of a graphite-epoxy 

composite laminate used in hydrogen tanks in a cryogenic environment. There were several key 

findings in the paper that are expounded on in this dissertation. First, they determined that weight 

was very sensitive to the magnitude of uncertainty. Another observation during the reliability-

based optimization was that reducing the uncertainty of the material properties can dramatically 

lower weight. In addition to uncertainty reduction, Qu et al. (2003) also looked at how improving 

the material properties could reduce the failure probability. However, as discovered in the study 

by Qu et al. (2003) when designing a structure for a very small probability of failure, the cost 
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burden of simulations becomes great. The conclusions made by Qu et al. (2003) regarding the 

uncertainty in material properties and failure probability became focal points of this dissertation. 

Measurement Error and Material Variability in Composites 

Uncertainty Classification 

There are several different standards on measurement uncertainty and numerous ways of 

statistically representing the data, depending on the design of experiments. When performing 

experiments, there is uncertainty associated with each measurement, caused by both systematic 

(bias) and random (scatter) effects (Dieck 2002, Sect. 2-2). Uncertainties are also inherent in 

each specimen in the form of material variability (covered in Chapters 4 and 5); however, this 

chapter will only discuss measurement uncertainty. The terminology used to describe 

measurement effects varies depending on the standard being used or discipline of interest. The 

standard considered for this research is by the National Institute of Standards and Technology 

(NIST), which is one of the more comprehensive and descriptive standards for presenting 

uncertainty statistics (Taylor and Kuyatt 1994). The NIST standard categorizes measurement 

uncertainty by random or systematic effect, as well as whether the uncertainty is based on 

statistical calculations or other methods. The American Society for Testing and Materials 

(ASTM) has similar terms for random and systematic effects on uncertainty, which they refer to 

as precision and bias, respectively. However, ASTM does not distinguish the method used to 

characterize the uncertainty (ASTM E 177 – 90a 1990). Conversely, the International 

Organization for Standardization (ISO) classifies the uncertainties only by whether they were 

evaluated by statistical analysis or by other methods, coined Type A and Type B evaluations, 

respectively (ISO Guide to Expression of Uncertainty in Measurement 1993). Another 

distinction between random and systematic uncertainty is provided in a modeling context by 

Oberkampf et al. (2002), where uncertainty is divided into aleatory (variability) and epistemic 
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(lack of knowledge) components, which roughly corresponds to random and systematic, 

respectively. 

Measurement Uncertainty Analysis 

The statistical method used to measure the significance of a component in an experiment is 

dictated by the design of experiments used. In general, there are two types of design of 

experiments: nested and factorial. In a nested design, essentially each combination of 

components in the measurement process is unique (Box et al. 1978), such as different users 

measuring each specimen. For a nested design of experiments, variance component analysis is 

performed, as done for acoustic reciprocal measurements by Gu et al. (1998). However, in the 

work for this dissertation, the same users repeated the measurements of all of the specimens, so 

this follows a factorial design. More concisely, for the thickness measurements in Chapter 3, the 

variables in the design of experiments were crossed and random, which were used in a three-way 

analysis of variance (ANOVA) (Montgomery 2004, Chap. 9). 

When uncertainty for each component of the experiment is determined, then those 

uncertainties are propagated to the output. Cordero et al. (2004b) evaluated the uncertainty of 

electronic speckle-pattern interferometry by using the law of propagation of uncertainties (LPU). 

Similarly, Cordero and Lira (2004a) looked at uncertainty in speckle-pattern interferometry, but 

focused on phase-shifting. Other observations found in this paper were that environmental 

perturbations and optical noise followed a Gaussian trend, which is also an assumption made for 

the random uncertainty variables used in this paper.  

Interlaboratory studies are performed to measure the random uncertainty between 

laboratories of a particular measurement technique, or estimate the epistemic uncertainty existing 

in an individual lab (ASTM E 691-92 1992). Wilson et al. (1990) performed an interlaboratory 

study on V-notch beam shear tests for composites, in compliance with ASTM standards. He 
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showed that while the repeatability within a lab may appear small, the variation between labs 

could be substantially large. Therefore, the interpretation of what nominal value should be used 

for optimization is unclear and introduces substantial epistemic errors. Bayesian techniques have 

also been used to extract measurement uncertainty information by estimating a prior error 

distribution and performing Bayesian updating with the experimental data to estimate the 

epistemic error distribution (Acar et al. 2009, Gogu et al. 2009, Mahadevan and Rebba 2005).  

With respect to the material used for the X-33’s hydrogen tank, Schulz et al. (2005b) 

performed precise measurements on the temperature dependence of IM7/977-2 transverse elastic 

modulus E2, and transverse coefficient of thermal expansion (CTE), to remove some of the 

epistemic error. Based on these experiments, Chapter 3 of this dissertation analyzes the 

measurement uncertainty. 

Modeling Uncertainty in Composite Materials 

The combination of high specific strength and customizable properties from fiber 

orientation make composites a desirable material, especially for building light-weight, safe 

aircrafts. However, composites also pose a unique set of challenges, such as the discrepancy 

between macro and micro material property characterization and using an accurate failure 

criterion for an orthotropic material (Gürdal et al. 1999, Sect. 1.3). As in the nature of their 

properties and the manufacturing process, composite materials often have greater spatial 

variability than isotropic materials. Thus, there has been a great deal of work done on 

determining what experimental methods are good for composites and how much variation exists. 

Burr et al. (1995) looked at the appropriate strain gage size for an anisotropic material. It was 

determined that there was significant variation in measurement readings for different strain gage 

sizes, and that the larger the gage, the smaller the variance. The conclusion one can draw from 

this is that since such large variability exists with small strain gages, then there is perhaps 

30 



 

significant spatial variation in the material properties of the composite. For the experimenter to 

physically observe the spatial variation on the surface of the specimen, full-field measurement 

methods are often used. Grediac (2004) performed a survey of full-field techniques used with 

composite materials, in which he addressed their uses and limitations. However, the origins of 

the apparent spatial variation can be quite unclear whether it is from measurement error or 

material variability. Gogu et al. (2007a) showed that spatial variation from material variability in 

thermal protection system (TPS) was particularly detrimental to the thermal buckling load. In 

fact, Gogu et al. (2007c) went on to perform antioptimization to determine the worst-case 

distribution of coefficient of thermal expansion and the other elastic properties in a composite 

plate. Chapter 4 of this dissertation investigates an analytical model for understanding the spatial 

variation in displacement and strain due to a change in material properties. 

Often measurement error and material variability are treated as independent random 

variables in reliability analysis, due to lack of knowledge. However, researchers have found large 

errors when neglecting correlations, such as Annis et al. (2004). Conceicao Antonio and 

Hoffbauer (2007) acknowledge that considering the joint (or correlated) effects of input 

parameters of the response (such as, material properties) is important, but were neglected in their 

work of analyzing the sensitivity of independent parameters. Research in reliability-based design 

optimization (RBDO) has been conducted to model correlations in material properties using 

copulas (Choi et al. 2006 and 2007, Noh et al. 2009). Qu et al. (2003) also treated material 

properties as independent random variables; however it was observed that increasing the 

transverse modulus E2, and decreasing the transverse coefficient of thermal expansion 2, would 

reduce the probability of failure. A potential relationship between properties is likely connected 

by some physical phenomena. For composites, the most common mechanisms of material 
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variability in composites is from fiber volume fraction, fiber orientation, or fiber packing 

(Conceicao Antonio and Hoffbauer 2007, Gusev et al. 2000). Caruso and Chamis (1986) looked 

at the variation in the mechanical properties of typical graphite/epoxy composites and validated 

that the simplified composites micromechanics model with three-dimensional finite element 

analysis. A similar study was done by Rosen and Dow (1987), however they focused on the 

thermal properties of composites (longitudinal and transverse coefficient of thermal expansion). 

Therefore, a correlation model for composite properties based on fiber volume fraction was 

proposed in Chapter 5. This relationship of the properties with fiber volume fraction represents 

an estimate of the material variability that is often unavailable.  

Measurement error can also be correlated, such as from experiments conducted in the same 

laboratory or identification of multiple elastic properties from a single experiment. Bayesian 

statistics can be used to obtain correlated data from the analysis of identification experiments 

such as from vibration testing or an open-hole tensile test (Gogu et al. 2009, Pedersen and 

Frederiksen 1992, Molimard et al. 2005). 

Efficient Simulation Techniques for Estimating the Probability of Failure 

In addition to reducing input uncertainties (such as, material properties), the uncertainty 

can also be reduced by improving the accuracy of the propagation to the output. When designing 

safe structures using reliability-based methods, the output is the probability of failure. One 

method used for calculating the probability of failure is Monte Carlo simulations (Melchers 

1999, Chap. 3, Hurtado and Barbat 1998). However, for small failure probabilities (~10-7) the 

simulations can be very computationally expensive (Qu et al. 2003). As a result, much research 

has been done regarding variance reduction techniques to help reduce the uncertainty (Rubinstein 

1981, Chap. 5, Ayyub and McCuen 1995). Response surface approximations is a method often 

used in reliability analysis to reduce computation time (Kale et al. 2005, Qu et al. 2000 and 2004, 
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Zheng and Das 2004). Kim et al. (2006) used a technique called tail modeling to accurately 

predict the extreme tail of the limit state function using generalized Pareto distributions. Harbitz 

(1986) developed a method called importance sampling that restricts the sampling domain near 

the failure region. Adaptive importance sampling uses the concept of importance sampling, but 

also uses the information from each simulation to refine the sampling domain (Mahadevan and 

Ragothamachar 2000, Wu 1994). Conditional expectation method uses a control variable with a 

known distribution to calculate the conditional probability of failure for each random response 

sample (Ayyub and Chao-Yi 1992, Padamanabhan et al. 2006). Generalized conditional 

expectation method simply a generalized form of conditional expectation method that permits 

multiple control variables (Ayyub and Chao-Yi 1992, Momin et al. 2000). 

All of the afore mentioned methods are effective at reducing computation time; however 

the technique discussed in this dissertation is applicable in combination with these methods to 

further capitalize on the increased efficiency. The technique of interest for this dissertation is 

called separable Monte Carlo (SMC) (Smarslok et al. 2006a and 2008b). The separable Monte 

Carlo method is an extension of the conditional expectation method. Ayyub and Chao-Yi (1992) 

performed studies to measure the variance reduction and improved efficiency from conditional 

expectation. This dissertation will expand on their research by explaining the various ways of 

using separable Monte Carlo and deriving their variance estimators. In addition to the examples 

of separable Monte Carlo presented in Chapter 7, the method has been implemented in other 

reliability problems; namely stress failure in a ten-bar truss, thermal and buckling constraints in 

the probabilistic design optimization of an integrated thermal protection system, and joint work 

with Ravishankar on separable sampling of the Tsai-Wu failure criterion limit state (Acar et al. 

2007b, Kumar et al. 2008, Ravishankar et al. 2009). 



 

CHAPTER 3 
EXPERIMENTAL UNCERTAINTY IN TEMPERATURE DEPENDENT TRANSVERSE 

ELASTIC MODULUS 

As described in the Chapter 1, Qu et al. (2003) observed that the probability of failure was 

particularly sensitive to transverse elastic modulus E2, in the X-33 hydrogen tank problem. The 

other property was transverse coefficient of thermal expansion 2, which is covered in Chapter 4. 

The failure of the X-33 next generation shuttle, which occurred because of insufficient 

knowledge of the temperature effects on the material system used in the hydrogen tanks (Final 

Report of the X-33 Liquid Hydrogen Tank Test Investigation Team 2000). As a result, 

experiments were conducted to determine the residual stress and material properties of a carbon 

fiber/epoxy composite panel (IM7/977-2) over a temperature range from cryogenic to near cure 

conditions, approximately -165ºC to 150ºC (Schulz et al. 2005b). The focus of this chapter is on 

the uncertainty analysis of these experiments. The observed uncertainty from an experiment is a 

combination of errors actually from the measurements (e.g. user error), as well as variability in 

the specimen (e.g. manufacturing variability). This study breaks down the elements of the E2 

experiments and identifies the dominant sources of systematic uncertainty (bias) and random 

uncertainty (scatter). Distinguishing the types of uncertainty permits us to differentiate how 

much variability is real and how much is manifested from measurement techniques. 

Transverse elastic modulus E2, measurements were selected for analysis due to the 

sensitivity of this material property with respect to the combined thermal and mechanical failure 

modes from the cryogenic environment of the X-33 hydrogen tank (Qu et al. 2003). This study 

on E2 experiments included an extensive evaluation of uncertainty components, using NIST 

guidelines (Taylor and Kuyatt 1994). The uncertainty classification method used by NIST 

distinguishes between random and systematic effects on uncertainty, as well as Type A and B, 
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which will be discussed more later. The appropriate component uncertainties were then 

propagated through to E2 uncertainty and compared to experimental results. 

Experimental Procedure 

The experimental method described by Schulz et al. (2005b) for determining temperature 

dependent transverse modulus was used. These tests were specially designed to accommodate a 

wide temperature range, as well as reduce measurement uncertainty. The experiments centered 

around performing a tensile test on an 18 layer, unidirectional IM7/977-2 specimen with a 

nominal cross-section of 0.09x1in. The thickness and width measurements were taken after 

specimen preparation, but prior to the application of the strain gages. Then two custom 

unidirectional strain gages were applied to each side of the specimens and the readings were 

averaged between them. The WK-13-250BG-350 strain gages were from the Vishay 

Micromeasurements Group and capable of measuring in a temperature range of ±200ºC. The 

thermal environment was varied from -165ºC to 150ºC, while taking 14 measurements per 

specimen at approximately 25ºC intervals. Once the desired temperature was reached according 

to the thermocouple inside the testing chamber, the specimen was allowed to soak for 23 minutes 

to reach a uniform, equilibrium temperature, as per ASTM standard. After the thermal soak 

period, the strain gages were zeroed and the coupon was loaded using an Interface SM series 

1000 lb load cell to 200 lb and unloaded to 0 lb to obtain the load vs. strain data. This loading 

cycle was repeated five times at each temperature. The experiments followed a plane stress 

condition, so the modulus was determined using a simple manipulation of Hooke’s Law, shown 

in Eq. (3-1).1 

                                                 
1 The actual experimental calculations for transverse modulus were done by averaging the linear fits of the slopes 
from the load vs. strain data for the five repetitions, then dividing by the cross-sectional area. 

35 



 

 2
2

P
E

wt
  (3-1) 

Where the “2” subscript refers to the principal material coordinates in the transverse 

direction, P is the uniaxial load in the 2-direction, width (w) and thickness (t) compose the cross-

sectional area of the specimen (A=wt), and 2 is the strain in the 2-direction (Gibson 1994, Chap. 

2). The four components in Eq. (3-1) were the sources analyzed in uncertainty propagation. Note 

that application of Hooke’s Law is a potential source of modeling error if the material does not 

exhibit linear elastic properties; however, that is neglected here. 

Though a seemingly basic procedure, the potential impact of uncertainty in measuring the 

thickness and width on the uncertainty in E2 was found to be substantial; therefore, a detailed 

description of the measurement procedure is discussed. After machining the specimen to the 

desired dimensions, the surface across the width was prepared for strain gage application by 

smoothing with fine grade sandpaper. Then at this point, prior to applying the strain gages, the 

width and thickness were measured with a micrometer of ±0.00005in precision, as shown in 

Figure 3-1. 

 
Figure 3-1.  Location of thickness and width measurements on 18-layer transverse composite 

laminate specimen 

The light region in the middle of the specimen represents the smoothed area where the 

strain gage was eventually applied. Before application, the thickness was measured at the three 

numbered points shown above and averaged. The width was measured only once, in-line with the 
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thickness measurements. Finally, the strain gages were applied and the specimen was ready for 

the tests. 

Classification of Measurement Uncertainties 

Measurement error is due to effects that generate a random variation in measurements 

(random error or scatter) and systematic departure from the true value (systematic error or bias). 

For this discussion for experimental uncertainty, error refers to the difference between the true 

value and the measured value. Equation (3-2) represents the idea of measurement errors by 

considering an individual measurement xi, that differs from the true value Xtrue, by a random error 

X, and a systematic errorX, where X and X are random variables. 

 i true X Xx X      (3-2) 

Since the true value is never known, then the measurement error is never known. 

Therefore, uncertainty is defined as our estimate of the actual error. Since the true value is never 

known, then the experimental mean X , is used as the estimate. Then uncertainty analysis is used 

to estimate the error with certain level of confidence, such as in the form of standard deviation. 

Total measurement uncertainty is an estimate of all identifiable sources of random and 

systematic uncertainty. More precisely, this uncertainty classification identifies whether an 

uncertainty component came from a random or systematic effect in the measurement process, 

according to NIST standards (Taylor and Kuyatt 1994). To further explain the difference 

between systematic and random error, an example set of measurement data is graphically 

represented in Figure 3-2. 
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Figure 3-2.  Example data set distinguishing systematic and random uncertainty distributions 

The mean of one set of measurements (sample) is X , which has an experimental 

population mean , that is different from the true value Xtrue. The sample mean refers to 

measurements taken by one user or one specimen, for example. The population mean 

hypothetically refers to the average of a very large number of experiments in the same laboratory 

or same conditions (many samples). The true value is the actual value of the property being 

measured of a specimen, which is never exactly known, so the sample mean is used for 

calculations. The bias of a sample is the difference between the experimental sample mean X , 

and true value Xtrue, which is the systematic error X. The data points are scattered about the 

sample mean, which is the measurement scatter X. Even though the systematic effect X, is 

constant through the duration of a measurement, it may vary between experiments within the 

range 95% level of a normal distribution. The scatter about the experimental mean X is also 

represented with a normal distribution. Note that normal distributions are assumed, but the actual 

shape is unknown. Since the experimental mean X , is used for both X and X, then the random 

variables in Eq. (3-2) are centered about zero. Thus, the goal of this research is to estimate the 

standard deviations of X and X through uncertainty analysis. 
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Now that the two types of uncertainties are identified, it is important to understand how 

they exist in the measurement process. Systematic uncertainty (or bias) exists when each 

measurement in a sample set has the potential to be off by the same amount. In other words, this 

includes calibration errors, incorrect assumptions, or other factors that would cause an equivalent 

departure from the true value for each reading. Systematic uncertainty is also the part of 

uncertainty that is often not directly quantifiable through statistical analysis, so estimates of the 

maximum range of measurements are used. Measurement scatter (or random uncertainty) on the 

other hand, is inherent variation in the experimental system, which causes scatter. Random 

uncertainty is often created by capabilities of the instrument’s precision or the repeatability of a 

measurement. 

Confidence levels of the uncertainty analysis are used in the results based on the 

assumption of a standard normal distribution. The table of sources of uncertainty in the results 

section classifies the component uncertainties as random or systematic, and distinguishes 

whether they were calculated from statistical analysis (Type A) or by other means (Type B). 

Type A uncertainties were calculated from data and are reported as the standard deviation of the 

average xs , as shown later in Eq. (3-9). In this work, the standard deviation was determined by 

pooling several data sets, which is further explained in the thickness and width uncertainty 

analysis section. The other way to identify standard uncertainties is called a Type B evaluation, 

which means the uncertainty value was determined by methods other than statistical analysis. 

The range of systematic uncertainty in the measurement process is assumed to correspond to two 

standard deviations or the 95% level of a normal distribution. The systematic uncertainty b, 

corresponds to one standard deviation or the 68%. 
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Taking into consideration the proposed method to estimate the random ( xs ) and systematic 

(b) uncertainties, in addition to using the sample mean X  as our best estimate of the true value; 

then the random variables X and X in Eq. (3-2) are represented as the normal distributions: X = 

N(0, xs ) and X = N(0, b). 

Propagation of Uncertainty 

Since E2 is a parameter that was not directly measured, propagation of component 

uncertainties must be conducted. Similar to the studies by Cordero et al. (2004b), we will 

consider the law of propagation of uncertainties (LPU). The uncertainty was divided into random 

and systematic classifications and the uncertainty propagation of E2 (Eq. (3-1))is presented in 

Eqs. (3-3) and (3-4), respectively. 
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The component uncertainty terms have an additional subscript “T”, which designates that those 

uncertainty values are the totals of all the various factors within that component. When 

performing uncertainty propagation, one must also consider if components are correlated. In this 

case, only thickness and width have similar measurements, thus having correlated uncertainties. 

In this case, only systematic uncertainties associated with w and t were correlated, so a 

covariance term was added to the end of Eq. (3-4) for thickness and width (Dieck 2002, Sect. 5-

4). 

Finally, the overall uncertainty in E2 is quantified as standard deviation. Equation (3-5) 

expresses the total uncertainty of E2 with 68% confidence, which corresponds to 1. To find the 
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uncertainty at different levels of confidence, one must multiply the result by the appropriate 

Student’s t distribution value. 

 
2 2

2
68 ( ) ( )E xE EU s b  

2

2  (3-5) 

Results of Transverse Modulus Experiments 

The scatter in the empirical results of E2 will be used for comparison to the results of the 

uncertainty analysis. Figure 3-3 summarizes the experimental results presented by Schulz et al. 

(2005b). 

 
Figure 3-3.  Transverse modulus as a function of temperature from 10 experiments, measured at 

approximately the 14 temperatures shown in the table 

The transverse modulus averages are based on 10 experiments performed on different 

specimens. The graph displays a smoothed plot of the E2 data for the 10 specimens at each of the 

14 temperatures shown. The uncertainty propagation used in the following analysis was 

evaluated at the nominal values for room temperature (22.9 ºC). Note that undulations in the 

curves could be a real physical phenomena or just additional epistemic error; therefore, future 

work could involve investigating this effect. This would involve performing identical 
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experiments in other labs as a part of an interlaboratory study, as done by Wilson (2004) with 

Iosipescu Shear Tests. 

Component Uncertainty Analysis 

Uniaxial Load Uncertainty 

The uncertainty associated with the applied load is dependent on the capabilities of the 

load cell and the unaccounted thermal loads. For this experiment, an Interface SM series 1000 lb 

load cell was used. The load cell precision, resolution, nonlinearity, hysteresis, and 

nonrepeatability were all calculated from the manufacturer’s specifications, therefore making 

each of these a Type B evaluation of uncertainty. The load cell capabilities were defined as 

random uncertainty since the each parameter is assumed to vary continuously throughout the 

duration of the test, thus generating scatter. 

The other uncertainty from the load component is the effect of temperature drift. Once the 

desired temperature was reached and permitted to soak for 23 minutes, the specimen was 

incrementally loaded with 200 lb, five times to obtain an average E2. Even though the strain gage 

was zeroed at the desired temperature, a maximum of 0.1ºC temperature drift was observed 

during the loading process. Equation (3-6) displays the mechanical and thermal loading 

components applied to the specimen.  

      total mech thermN N N   (3-6) 

Where, 

      
200

0

0

mech therm

kk
N lb N T 

 
        
 
 

 Q dz  (3-7) 

The total load {N total}, has scatter in the mechanical component from the variability in the 

load cell, as well as systematic effects from the thermal component due to temperature drift. 
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From the equation for {N therm}, T is the temperature drift, [Q ] is the transformed lamina 

stiffness matrix for the kth lamina, and {} is the coefficient of thermal expansion (CTE) for the 

kth lamina (Gibson 1994, Sect. 7.6). The material properties used in this calculation were taken 

from their nominal values at 150ºC, where the greatest thermal loading occurred. At 150 ºC, a 

0.1ºC temperature change corresponded to a thermal load of up to 0.29 lb. Since the temperature 

drift would cause a systematic departure from the mean load, this is a Type B, bias uncertainty. 

Table 3-1 shows a summary of the uniaxial load uncertainty components, as well as the other 

component uncertainties that are yet to be covered. 
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Table 3-1.  NIST component measurement uncertainty table for transverse modulus experiments 

Standard uncertainties from 
random effects in 

the measurement process 

Standard uncertainties from 
systematic effects in the 

measurement process Component Source of uncertainty 

Type A Type B Type A Type B 

instrument precision  - 0.2  -  - 
resolution  - 0.011  -  - 

nonlinearity  - 0.15  -  - 
hysteresis  - 0.02  -  - 

nonrepeatability  - 0.05  -  - 
temperature drift  - -  - 0.145 

Load 
(lb) 

RSS 0.256 0.145 

strain gage precision  - 2.5  - -  
strain gage sensitivity factor  - -   - 1.7 

Strain 
() 

RSS 2.5 1.7 

surface variation  -  -  - 0.000375 
user bias*  -  -  - 0.00025 

measurement repeatability  - 0.000025  -  - 
pooled random uncertainty 0.000072  -  -  - 

RSS 0.000076 0.00045 

Thickness (in) 

*correlated uncertainty - 0.00025 

surface variation  -  -  - 0.00005 
user bias*  -  -  - 0.00025 

measurement repeatability  - 0.000025  -  - 
pooled random uncertainty 0.000081  -  -  - 

RSS 0.000085 0.00025 

Width 
(in) 

*correlated uncertainty - 0.00025 
 

Transverse Strain Uncertainty 

The strain measurement uncertainty depends on two main factors: strain gage precision and 

strain gage sensitivity factor. The strain gage was estimated to be accurate to within ±5 from 

experience with the equipment. Similar to the load cell precision, the strain gage precision is 

listed in Table 3-1 as a Type B, random effect since precision creates scatter during the test. The 

strain gage sensitivity factor uncertainty is the level of confidence in converting the resistance 

44 



 

into strain, which was provided by the manufacturer as ±0.2%. Since the same resistance would 

generate a bias effect, the strain gage sensitivity factor is listed as a Type B, systematic effect on 

uncertainty. Other sources of error that were not considered here may include strain gage 

alignment and strain gage reinforcement. 

Strain is one factor that is particularly influenced by specimen variability, which exists in 

the form of ply angle variation and fiber volume fraction, for example. However, specimen 

variability from ply angle was determined to have very small role in the overall strain uncertainty 

since a unidirectional laminate under transverse loading is not particularly sensitive to variability 

in fiber orientation. Furthermore, since this work strictly deals with measurement uncertainty, 

then material variability analysis is not included here. 

Thickness and Width Uncertainty 

The cross-sectional area calculation was broken down into its basic components: thickness 

t, and width w. Due to the nature of their measurements, thickness and width have similar types 

of uncertainty. During the initial measurements of cross-sectional area, it appeared that thickness 

uncertainties had a significant effect on the total uncertainty of E2. Even though the magnitudes 

of uncertainty of thickness and width were comparable, thickness was more sensitive, having a 

nominal value of 0.09in versus 1in for width. Therefore, the coefficient of variation for thickness 

was about an order of magnitude greater than width for equivalent uncertainties (standard 

deviation). Referring to the experimental procedure and Figure 3-1, a set of experiments were 

designed to analyze four factors of uncertainty: specimen, surface variation, user bias, and 

measurement repeatability. Four specimens were measured at the three locations across the 

width, which was performed by four different users, repeating the measurements three times at 

each location (144 total measurements). Given the nature of this design of experiments, a three-

way analysis of variance (ANOVA) of crossed, random variables was conducted (Montgomery 
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2004, Chap. 9). Since the cross-sectional area was measured for each specimen, a nominal value 

was not required between specimens. For example, one specimen may have an average thickness 

of 0.089in and a second specimen could have 0.091in, both were acceptable for calculating E2, as 

long as the mean of each specimen was known. Therefore, to remove the specimen effect from 

the analysis, the specimen means were subtracted from data used in the analysis of variance. 

Table 3-2 summarizes the conditions and results of the ANOVA for the thickness measurements 

described in Figure 3-1. 

Table 3-2.  Three-way analysis of variance of thickness data with subtracted specimen means 

Factors Description Levels   2var (in )t   stdev (in)t  p-value 

A specimen 4 ~0 ~0 ~1 
B position 3 1.36E-07 0.00037 0.006 
C user 4 4.15E-09 0.00006 0.3253 

AB - - 2.26E-08 0.00015 0.0024 
AC - - 2.01E-08 0.00014 0.0107 
BC - - ~0 ~0 0.5036 

ABC - - 1.81E-08 0.00013 0.0016 
n repetitions 3 3.44E-08 0.00019 - 
 

The three main factors and their descriptions are shown in Table 3-1, along with a 

restricted maximum likelihood estimation of variance. The ANOVA table values were not 

directly used in the uncertainty analysis; however, stdev(t) does estimate the magnitudes of 

uncertainty for surface variation, user bias, and measurement repeatability, as well as identify 

which factors are significant. The position factor, or surface variation effect, was the most 

significant with a p-value of 0.006, which corresponds to observations during experiments. The 

estimate of standard deviation of 0.00037in was used to validate the Type B evaluation of 

surface variation in Table 3-1. The ANOVA estimate for user bias is an estimate of a random 

user effect, however only one user actually measured the specimen’s dimensions during the E2 

experiment, so a different systematic effect is reported in Table 3-1. 
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As mentioned before, the thickness and width have the same uncertainty factors, but with 

different magnitudes. The surface variation, user bias, and measurement repeatability were all 

Type B evaluations since the numbers are based on measurement ranges from experience and 

converted into a standard deviation. The surface variation is a systematic effect caused using 

only three measurement points to average the thickness, which may have a complicated surface 

contour due to sanding during strain gage preparation. The user bias is the maximum amount of 

uncertainty created by the user’s technique with the micrometer. The user bias is also the only 

correlated uncertainty in the E2 measurement process, since it is the only equivalent systematic 

uncertainty that occurs in two different components of E2. Measurement repeatability is defined 

by the precision of the micrometer used, which was ±0.00005in.  

The data collected during the ANOVA experiments was used to calculate the pooled 

random uncertainty for the thickness and width. Pooling is used when multiple estimates of the 

same standard deviation exists. In this case, the standard deviation for thickness and width were 

pooled across the specimens, since the measurements for each specimen have the same random 

uncertainty effect, but with different specimen means. In other words, this method negated the 

effect of specimen variability. The calculation of the pooled standard deviation and the standard 

deviation of the average are shown in Eqs. (3-8) and (3-9), respectively (Dieck 2002, Sect. 2-2). 
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where, m are the number of standard deviation estimates from the specimen (m = 4) and n is the 

total number of measurements per specimen (n = 3*3*4 = 36). 
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Transverse Modulus Uncertainty 

The total random and systematic uncertainty for each component was calculated by taking 

the square root of the sum of squares, shown in the rows labeled RSS in Table 3-1. The next step 

was to apply Eqs. (3-3) and (3-4) to propagate the total uncertainties of each component, for the 

random ( 2xEs ) and systematic ( ) uncertainties of the transverse modulus measurement 

process. The uncertainty propagation results are presented with the experimental E2 results in 

Table 3-3. 

2Eb

Table 3-3.  Transverse modulus uncertainty from NIST uncertainty analysis and experimental 
results at room temperature 

Method 
Nominal 

(GPa) 
2xEs  

(GPa) 
% of U68E2

bE2 
(GPa) 

% of U68E2 
U68E2 
(GPa) 

CV (%)

NIST 9.01 0.0192 13.9 0.0477 86.1 0.051 0.57 
Experiments 8.99 - - - - 0.093 1.03 

 

The results show that the systematic effects composed a dominant 86.1% of the total E2 

uncertainty, with the remaining 13.9% due to random effects. Note that the percent effects are 

calculated in terms of variance, not standard deviation, since you cannot add standard deviations. 

The uncertainty in the transverse elastic modulus measurement process was 0.051GPa, with 68% 

confidence. The standard deviation of the empirical transverse modulus at room temperature was 

0.093GPa. Comparing the coefficients of variation, the measurement uncertainties listed in 

Figure 3-3 accounted for about 30% of the total experimental scatter. This means the remainder 

is likely from material variability, which is discussed further in Chapter 5.. 

Finally, Table 3-4 summarizes the components’ random and systematic uncertainties, as 

well as the percent effect of each component on the random and systematic E2 uncertainty. 

48 



 

49 

Table 3-4.  Transverse modulus component uncertainty summary with percent effect of 
uncertainty 

Random Systematic 
Parameter Nominal 

xTs  % of 
2xEs  bT % of  

2Eb

Load (lb) 200 0.256 36.24 0.145 1.88 
Strain () 1700 2.5 47.83 1.7 3.57 

Thickness (in) 0.09 0.000076 15.77 0.00045 89.36 
Width (in) 1 0.000085 0.16 0.00025 0.23 
cov(w,t) - - - 0.00025 4.96 

 

The components are listed with their corresponding nominal values at room temperature. 

The random ( xTs ) and systematic (bT) uncertainty columns are from the RSS values in Table 3-3. 

Referring to Table 3-4, the systematic uncertainties were more significant in the E2 uncertainty, 

with 89.36% originating from thickness measurements. The random uncertainties were more 

evenly distributed, where 36.24%, 47.83%, and 15.77% of the scatter in 2xEs  came from load, 

strain, and thickness measurements, respectively. 

There were three important findings as a result of this study. First, the apparent 

measurement uncertainty of the E2 experiments was particularly low at around 1% coefficient of 

variation at room temperature, as shown in Figure 3-3. However, the undulations in the E2 curve 

with respect to temperature leads one to believe that there is bias error from this laboratory that 

can only be approximated by an interlaboratory study. Next, from uncertainty analysis it was 

determined that only about 30% of the apparent measurement uncertainty was accounted for in 

the component analysis. This means that the rest of the uncertainty is likely to come from 

material variability, which is discussed in Chapters 4 and 5. Finally, the relatively mundane 

thickness measurements were the source of the majority of the identifiable experimental 

uncertainty. Thus, greater attention should be paid to the relatively simple task of measuring the 

specimen’s thickness. 



 

CHAPTER 4 
SPATIAL VARIATION IN COEFFICIENT OF THERMAL EXPANSION 

Nonuniformity in the material properties of a structure is naturally inherent, but being able 

to measure and model the nonuniformity accurately results in a safer, more robust design. The 

shape of nonuniformity distributions of interest for this study is for large variation over a small 

area (or spike) which may go unnoticed experimentally. This spike in material property degrades 

the capabilities of the structure, especially for the coefficient of thermal expansion, which 

substantially reduces the buckling eigenvalue of a thermally loaded plate (Gogu et al. 2007b). In 

addition, Qu et al. (2003) cited that the weight of the X-33 hydrogen tank was particularly 

sensitive to uncertainty in the coefficient of thermal expansion 2. Therefore, an analytical model 

was derived to easily predict (without finite element modeling) the change in displacement and 

strain from a spike in CTE in a large, axisymmetric, circular, thin plate with isotropic properties.  

Analytical Model of Axisymmetric Plate with Spike in Coefficient of Thermal Expansion 

The objective of this study was to analyze the effect of nonuniformity in CTE over a very 

small area by using an analytical model, so several simplifying assumptions were made. The 

large variation (spike) in CTE over a very small area of the plate lends itself to using a large, 

axisymmetric, circular, thin plate of radius rR for the model. The idea of a variation over a very 

small area could logically be modeled for an infinite plate, but to keep this model practical and 

capable of being compared with a finite element model, a finite, axisymmetric plate with fixed 

boundary conditions at the edge was used. The expressions for in-plane displacement and strain 

are derived in this chapter for a finite plate, however a more detailed derivation for the finite and 

infinite plate is in Appendix A.  

50 



 

For the plane stress condition, the axisymmetric model has the benefit of CTE and 

displacement only being a function of the radial coordinate r; as opposed to x and y for the 

rectangular case. Figure 4-1 shows the coordinate system used for this problem. 

 
Figure 4-1.  Circular coordinates for analytical model 

The spatial variation of CTE ((r)) considered in this problem is a step impulse (spike) 

which acts on a small radius r0, about the center of the plate (r = 0). The region from 0 to r0 will 

have a constant coefficient of thermal expansion, which will be greater than that of the nominal, 

outer region (r0 to rR) called nominal. In fact, since only the difference in CTE is of interest for 

observing the variation in displacement, then for calculations nominal was set to zero and the 

absolute variation  was used. Figure 4-2 illustrates the step impulse of  with radius r0 on an 

axisymmetric plate of radius rR. 

 
Figure 4-2.  Distribution of coefficient of thermal expansion on the axisymmetric, circular plate 

of radius rR 
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The constitutive relations for axisymmetric, plane stress are shown in Eqs. (4-1) and (4-2) 

and 0zz rz r z        . 

 
 

21 1rr

E r TE du u
v

v dr r v




      
 (4-1) 

 
 

21 1

E r TE du u
v

v dr r v




      
 (4-2) 

The simplified equilibrium equation is shown in Eq. (4-3). 
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After applying the appropriate assumptions to the constitutive relations and equilibrium equation 

Eqs. (4-1) and (4-2) are combined with Eq. (4-3) to get the differential equation for CTE as a 

function of r, as written in Eq. (4-4). 
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 (4-4) 

The approach to this problem was to impose a CTE distribution and observe the change in 

displacement and strain. In this case, a step impulse was used for CTE, which is a discontinuous 

function applied to a continuous plate. Therefore, it was necessary to have a condition that 

equated the displacements at r0. Integrating Eq. (4-4) and using the condition u(r0) = u0, the 

general form for the radial displacement is shown in Eq. (4-5). 

   2
0 0 0

1 1 1

2 2
u r Kr u r Kr

r
  
 


  (4-5) 

Where, K is a constant and u0 is the displacement at r0.  

Since the function of coefficient of thermal expansion was discontinuous, then the 

displacement function was broken up into “inner” and “outer” regions (referring to inside and 

outside r0). The first of two physical boundary conditions used for solving the differential 
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equation is at the origin, which has a radial displacement of zero for an axisymmetric plate (u(0) 

= 0). The other is a fixed boundary condition at the edge of the finite plate (u(rR) = 0). The radial 

displacement equations (Eqs. (4-6) and (4-7)) for inside and outside r0 were solved using the 

corresponding boundary conditions for each. 
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Where,  was used to simplify a recurring fraction, as defined in Eq. (4-8). 
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The balance of forces was used to find u0. The stress at r0 has to be equal with respect to 

the inside and outside (rr(r0) = 0in = 0out). The equations for radial stress at r0 are shown in 

Eqs. (4-9) and (4-10) with the CTE of the inner region equal to  and the outer region equal to 

zero. 
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Finally, equating Eqs. (4-9) and (4-10) the inner and outer radial displacements become 
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Via differentiation, the radial strains are 
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Example Problem for Displacements and Strains from a Spike in Coefficient of Thermal 
Expansion 

The material properties used in this example for the axisymmetric, thin plate are for Nextel 

720/aluminosilicate, which is from the similar work of Gogu et al. (2007b). The properties 

assumed to be constant through the plate were elastic modulus and Poisson’s ratio with E = 130 

GPa and  = 0.23, respectively. In accordance with the model derived in the previous subsection, 

the nominal CTE (nominal = 6105.75 C


 ) was set to zero and the step impulse for 0 to r0 () was 

+10% of nominal, so the difference was 6100.575 C


 . The radius of the spike in CTE was r0 = 2mm 

in a 5cm radius plate which was exposed to a temperature increase of T = 100°C. The analytical 

results for this sample problem are shown in Figure 4-3. 

 
Figure 4-3.  Analytical radial displacement and strain for example axisymmetric plate problem 

using Nextel 720/aluminosilicate with E = 130 GPa,  = 0.23, nominal = 6105.75 C


 , 

and  = 61010% Cnominal 
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Analyzing the shape of the displacement and strain curves, the two regions of CTE are 

obvious. The inner region has a linear displacement and constant strain, which would be the case 

for a plate of constant CTE. The curves in Figure 4-3 for the outer region exhibit a hyperbolic 

shape, which decrease at a rate that is dependent on r0 and rR. The maximum displacement and 

maximum magnitude of strain for this problem were umax = 0.0706m rr max = -35.42, 

respectively. A finite element model was constructed to validate the analytical results, where the 

displacement results were identical to four significant digits, thus confirming that the 

assumptions used in the derivation were valid. 

Strain Predictions for Various Engineering Materials 

A variety of materials were analyzed for a realistic geometry to predict if a spike of 10% in 

CTE is detectable through measurement. The results Table 4-1 are for a fixed, finite, circular 

plate, with the same dimensions as the previous example. The CTE variation was again a +10% 

spike over a region r0, of 2mm with T = 100°C. 

Table 4-1.  Analytical displacement and strain results for a 20cm circular plate exposed to 10% 
increase in CTE with r0 = 2mm and T = 100°C 

Material 
E 

(GPa)

 

nominal

( 610
C



 )
umax 
(m) 

rr max 
() 

Nextel 720 / 
Aluminosilicate (FEM)

130 0.23 5.75 0.071 -35.4 

Carbon fiber/Epoxy  
IM7/977-2 (0°) 

150 0.34 0.45 0.006 -3.0 

Carbon fiber/Epoxy 
 IM7/977-2 (90°) 

9.0 0.02 23.0 0.235 -117.3 

Steel 203 0.29 12.4 0.160 -80.0 
Brass 110 0.33 19.4 0.258 -129.0 

Aluminum Alloy  
7075 - T6 

72 0.29 23.6 0.304 -152.2 

Titanium Ti - 6Al - 4V 110 0.31 9.50 0.124 -62.2 
Alumina 370 0.22 8.2 0.100 -50.0 
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The materials considered were ceramic, unidirectional carbon fiber/epoxy composite, steel, 

brass, aluminum, titanium, and alumina. The ceramic material (Nextel 720/aluminosilicate) had 

the same properties used in Fig. 4-3. Since this is an estimate using isotropic material properties, 

the composite was analyzed for when the fibers were oriented in the radial direction (0°) and also 

when they were perpendicular (90°), using the longitudinal (1) and transverse (2) coefficient of 

thermal expansion, respectively. 

Even though a relatively large spike of 10% was used, the results in Table 4-1 did not 

display a significant enough effect on strain to raise concern in design. However, this was just a 

study to analyze the effects of a nonuniformity over a small area on a plate; this does not mean 

that spatial variation in material properties is not important in some cases.  

 
 



 

CHAPTER 5 
CORRELATION MODEL FOR COMPOSITE MATERIAL PROPERTIES 

In the previous chapter, a circular plate model was used to estimate the displacement and 

strain from variation in CTE alone; however, it is likely that changes in material properties are 

the result of common physical phenomena, thus correlated. Even though independent random 

variables are often used in probabilistic design or uncertainty propagation, it does not 

appropriately represent potential correlations in the material properties (Conceicao and 

Hoffbauer 2007). Furthermore, Qu et al. (2003) observed that the probability of failure changed 

in a particular way with E2 and 2, thus indicating a possible significance of correlated 

properties. When considering a laminate, correlation stems from several factors, including fiber 

misalignment, fiber packing, and fiber volume fraction. The mechanism assumed to be the most 

significant was fiber volume fraction.  

This chapter has two main sections. First, the relationship of composite properties with 

fiber volume fraction is analyzed. From that study, it was determined that fiber volume fraction 

can cause significant changes in strain. Therefore, a follow-up study on using the correlations 

from fiber volume fraction for material variability. Even though correlations in material 

variability are expected to exist and are significant, the correlation data is not often available. So 

this work focuses on using a physical effect to derive the existing correlation in material 

variability. Namely, fiber volume fraction was used as the basis for this correlation model. Then 

the material variability was combined with measurement error from experimental data to get the 

total uncertainty. Finally, the combined material property correlations were propagated to strain 

in a pressure vessel example, similar to that analyzed by Qu et al. (2003). 
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Investigating the Effect of Variation in Fiber Volume Fraction on Thermal Strain 

The first part of this study was to determine the significance of correlations in material 

variability generated from fiber volume fraction. Caruso et al.(2006) and Rosen et al. (1987) 

have studied the trends of graphite/epoxy properties to fiber volume fraction using simplified 

micromechanics models and rule of mixtures. The material used in this study was IM7/977-2, 

which has a nominal fiber volume fraction of Vf0 = 0.6. Linear approximations of the published 

trends were based on the relative change in properties for the realistic range of fiber volume 

fraction from 0.5 to 0.7. Figure 5-1 shows the published plots of the dependence of 

graphite/epoxy laminates on fiber volume fraction (Caruso and Chamis 2006, Rosen and Dow 

1987). 

 
Figure 5-1.  Relationships of carbon fiber/epoxy composite properties and fiber volume fraction 

(originally published by Caruso and Chamis 1986, Rosen and Dow 1987) 

Linear approximations were made for the composite properties with respect to Vf. Let *
fV  

be a random variable with a normal distribution, where the range {-1,1} corresponds to two 

standard deviations or approximately 95% confidence interval. Therefore, the normal parameters 
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for *
fV  are N(0, 0.5). The linear relationships for of the material properties to normalized fiber 

volume fraction are given in Eq. (5-1). 

  *1fV

X fX k V X    (5-1) 

Where, X  is a component of the average material properties  T1 2 12 12 1 2, , , , ,E E v G   at the 

nominal fiber volume fraction of 0.6, and kX is the corresponding linear coefficients for fiber 

volume fraction, shown in Table 5-1. 

Table 5-1.  Linear coefficients for fiber volume fraction of graphite/epoxy (Vf0 = 0.6) 

Property 
1Ek  

2Ek  
12vk  

12Gk  
1

k  
2

k  

Graphite/Epoxy 0.017 0.011 -0.06 0.21 1 -0.12 

 

The coefficient of thermal expansion in the longitudinal direction (1) was estimated as a 

constant since its magnitude is small and it is not very sensitive to Vf over the range considered. 

Also note that Poisson’s ratio (v12) and transverse CTE (2) are negatively correlated with Vf. 

The nominal values were based on previous experimental results of IM7/977-2 (Schulz et al. 

2005b). Table 5-2 shows the nominal composite properties, in addition to the value and percent 

change of the material properties for a fiber volume fraction change to 0.5. Notice that the 

percent change corresponds to the coefficient in the linear model (kX); however in this case the 

signs are opposite since a negative change in fiber volume change was considered. 

Table 5-2.  Laminate material properties of IM7/977-2 carbon fiber/epoxy at nominal (Vf0: = 0.6) 
and low (Vf: = 0.5) fiber volume fraction 

Property 
Nominal 
Vf0 = 0.6 

Low 
Vf = 0.5 

Percent 
change 

E1 (GPa) 150 124.7 -17% 
E2 (GPa) 9.0 8.0 -11% 

v12 0.34 0.36 +6% 
G12 (GPa) 4.6 3.6 -21% 
 (10-6/°C) 0.45 0.45 0% 
 (10-6/°C) 23 25.8 +12% 
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Looking at the maximum variation in properties gives an idea of the correlations and the 

ranges of the properties. It is also interesting to observe how these changes propagate to stress 

and strain, via classical lamination theory. From basic composite mechanics, the constitutive 

equations for a symmetric, orthotropic laminate subjected to thermal loading are shown in Eq. 

(5-2) (Gibson 1994, Sect. 7.3). 

     0 totalN  A  (5-2) 

Where, A is the laminate in-plane stiffness matrix, {0} are the midplane strains, and {Ntotal} is 

the total force per unit length of the mechanical and thermal components, as defined in Eq. (5-3). 

      total mech thermN N N   (5-3) 

Since this is a thermal problem, the interaction of composite properties in the thermal load 

explains how variation Vf propagates to stress or strain. The thermal load is a function of material 

properties and fiber orientation, and a convenient way to analyze the material property 

interaction is by separating these effects (Gürdal et al. 1999, Chap. 3). Equation (5-4) presents 

the thermal load as a function of K1 and K2, which are constants based on the material properties. 
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The material constants in the thermal load are given in Eqs. (5-5) and (5-6). 
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Equation (5-4) separates the part of the thermal load which depends on ply angles (K2) from the 

part that depends only on thickness (K1). Breaking down the numerator of Eqs. (5-5) and (5-6), 

1 is constant and the effect from 12 is small, therefore K1 and K2 are essentially driven by the 

products E11 and E22. Since 1 is constant, then variability in the first term is dictated by 

variability in E1. The second term however, is the product of two properties that are sensitive to 

Vf, but are negatively correlated. Thus, changes in E2 and 2 can somewhat cancel each other out, 

depending on their magnitudes. 

An example was considered using CLT to analyze the effect of fiber volume fraction on a 

laminate subjected to thermal loading by analyzing the thermal strains in the material 

coordinates. Consider a composite laminate with nominal material properties as those listed in 

Table 5-2 subjected to T = 100°C. To prevent bending and permit analysis for various lay-up 

orientations, a symmetric, four layer laminate ([]s) was used with a lamina thickness of t = 

125 m and laminate thickness of h. A free-free laminate was considered (laminate free to 

expand) and the uncertainty was propagated to material direction mechanical strains. In other 

words, Eq. (5-2) was used with only thermal loading and the mechanical strains were then 

calculated from Eq. (5-7). 
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mech total
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 (5-7) 
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Where total strain is calculated from Eq. (5-2) and converted into material coordinates and the 

second term is the thermal strain component. The mechanical strains are more relevant since they 

are more associated with failure. 

The mechanical strains were plotted against ply angle at high and low Vf of 0.5 and 0.7, 

respectively, to observe the fiber orientations that create a large range of strain. 

 
Figure 5-2.  Range of material coordinate strains (mechanical) from CLT for a ± symmetric 

laminate, thermally loaded (T =100°C) with carbon fiber/epoxy composite material 
properties adjusted for low Vf = 0.5 and high Vf = 0.7 A) longitudinal strain, B) 
transverse strain and C) shear strain 
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The shape of the three strain curves is elementary, yet informative with respect to the 

mechanics of the thermal loading and fiber orientation. At 0° ply-angle, there is no mechanical 

strain since the laminae are free to expand in the material coordinates since the laminae all have 

the same orientation. Conversely, when  = 45°, the + and – layers are perpendicular to each 

other, so the fiber and matrix have the maximum mechanical strain on each other. With respect 

to fiber volume fraction, the plots display a maximum change in all of the strains from low to 

high Vf of almost 30%. 

The next objective was to compare the difference in standard deviation of output 

mechanical strain when considering the material properties as independent random variables and 

when the material properties were governed by their relationship to random variable, Vf , from 

Eq. (5-1). A normal distribution was assumed for fiber volume fraction with the range of ±0.1 

considered before was assumed to be at the 95% level (or ±2 standard deviations), therefore the 

normal distribution for Vf was N(0.6,0.05). The standard deviations of each material property are 

presented in Table 5-3. 

Table 5-3.  Corresponding standard deviation and coefficient of variation of the composite 
material for a normal random fiber volume fraction Vf: N(0.6, 0.05) 

Material 
property 

Nominal 
value 

Standard deviation 
from Vf range 

Coefficient of 
variation 

E1 (GPa) 150 12.71 8.5% 

E2 (GPa) 9 0.49 5.5% 

v12 0.34 0.01 3.0% 

G12 (GPa) 4.6 0.48 10.5% 

1 (10-6/°C) 0.45 0 0.0% 

2 (10-6/°C) 23 1.38 6.0% 
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The Vf dependent material properties are perfectly correlated either positively or 

negatively, because a linear model was used for the effect of Vf. The trends are perfect in this 

case; however they will not be when other uncertainties are present from measurement error. 

Using the standard deviations for each material property in Table 7-2, random variables 

were sampled by Monte Carlo simulation with 105 samples in CLT thermally loaded at 100°C. 

Figure 5-3 displays mean and coefficient of variation of the material mechanical strains for fiber 

orientations between 0° to 45° (since it was shown in Figure 5-2 that the strains were symmetric 

about 45°). The coefficient of variation of longitudinal (1) and transverse (2) mechanical strain 

display similar trends in coefficient of variation, but with slightly different magnitudes. The 

trend for the shear strain is a bit more difficult to distinguish between independent and Vf 

dependent properties.  
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Figure 5-3.  Mean and coefficient of variation (CV) of the material coordinate mechanical strains 

from 105 samples propagated in CLT for independent and Vf dependent material 
properties of a ± symmetric IM7/977-2 composite laminate, thermally loaded (T 
=100°C) 

To better quantify the significance of difference in coefficient of variation, consider the 

longitudinal strain since 1
mech is generally design against failure of the structure. For example a 

laminate with  = 25° has a decrease in CV(1
mech) of 17.5% to 9.7% for independent and Vf 
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dependent random variables, respectively. Which translates to a decrease in probability of failure 

from 0.10 to 0.005 for maximum strain failure (assuming 1max = 100). 

From the previous study, it was deduced that material variability from fiber volume 

fraction can have significant effects on strain. Therefore, further research was conducted on how 

to use this correlated material variability in reliability analysis and how can it be combined with 

measurement error, which is covered in the next section.  

Combining Correlated Material Variability and Measurement Error 

In this section, an uncertainty model is proposed that includes the a definition of the 

overall uncertainty in composite properties, the derivation of the material variability correlation 

model based on fiber volume fraction, and interpreting statistical data on measurement error. 

Then the proposed model for material variability was combined with existing data on 

measurement error for glass/epoxy and graphite/epoxy composites. The effects of including 

material variability and using correlated properties instead of independent are shown through an 

example pressure vessel problem.  

Uncertainty Model with Correlation 

The uncertainty in composite material elastic constants has an aleatory (or random) part, 

i.e. variability in material properties that is due to manufacturing, and an epistemic part (lack of 

knowledge) primarily due to errors from measuring the properties experimentally. The variability 

in elastic properties is mostly caused by variability in fiber orientation, fiber packing, and fiber 

volume fraction (Conceicao Antonio Hoffbauer 2007, Caruso and Chamis 1986, Gusev et al. 

2000). Even though we expect material variability to exist from these sources, there is often no 

data on the correlations. Therefore, we aim to derive a correlation model for material variability 

that can be used, even if experimental data is unavailable. We assume that the fiber volume 

fraction is the dominant effect and use relationships for the elastic constants in terms of volume 
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fraction from simplified micromechanics models (Caruso and Chamis 1986). However, the 

resulting covariance matrix is presented in general terms which can accommodate other sources 

of uncertainty and correlation, such as those from fiber orientation and waviness. The other 

uncertainty component is measurement error, which depends on the accuracy of the experimental 

technique. 

The laminate properties used in this study include longitudinal modulus E1, transverse 

modulus E2, Poisson’s ratio 12, and shear modulus G12. Let X be the vector of elastic properties, 

as shown in Eq. (5-8). 

  T1 2 12 12, , ,E E v GX  (5-8) 

Consider an experiment to measure one component of the vector of material properties X, 

of a composite laminate. The experiments yield a measured average expX , however due to 

epistemic, measurement error , the true average exp
Xe X , differs from the experimental results. 

That is, the true mean of the material property is never specifically known, so the measured 

average (or published value) expX , is most commonly used in design. Equation (5-9) gives the 

expression for uncertainty from measurement for error the material properties in Eq. (5-8) and 

their corresponding errors, . exp
Xe

  1 exp exp
XX e X   (5-9) 

Where,  is the corresponding measurement errors for each property X. Note that if the 

material properties are measured from a limited number of experiments, or even a single 

specimen, then there is some additional error that is not represented in the measured data. In that 

case, then there is an error from the test , and also an error from specimen variability 

exp
Xe

test
Xe specimen

X . 

Equation (5-10) shows the complete measurement error term. 
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  (5-10) 
exp test specimen
X X Xe e  

Furthermore, when the composite material is used in a structure there is uncertainty in X  

due to material variability fV

X , namely from fiber volume fraction Vf, in this case. Thus, the 

material property for a particular specimen is X. Equation (5-11) shows the material variability 

component of uncertainty in composite properties. 

  1 fV

XX X   (5-11) 

Where, fV

X  is the corresponding material variability for each property X and X  is the true 

average from Eq. (5-9). Figure 5-4 illustrates the role of measurement error and material 

variability in material property X. 

 
Figure 5-4.  Example uncertainty distributions for measurement error , and material 

variability 

exp
Xe

Vf
X ,of property X 

The objective of this uncertainty model is to have a basis for generating random samples of 

the true material property X, from a combination of measurement error and material variability. 

Therefore, substituting Eq. (5-9) into Eq. (5-11), the true value of property X is based on the 

uncertainty model represented in Eq. (5-12). 

     1 1 1fV exp exp total exp
X X XX e X e X      (5-12) 
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Where, the total uncertainty , in the material properties X, is approximately equal to the sum 

of the measurement error and material variability, as written in Eq. 

totale

(5-13). 

 fVtotal exp
X Xe e X   (5-13) 

Furthermore, if correlations are considered for the measurement error and material 

variability of all of the composite properties in Eq. (5-8), then the variance-covariance matrices 

of X can be calculated and will be represented as 
fV and exp , respectively. Using the 

approximation in Eq. (5-13), then the total variance-covariance is approximately the sum of the 

material variability and measurement error, as in Eq. (5-14). 

 
ftotal V exp     (5-14) 

The correlation ri,j. between properties is calculated from the covariance as in Eq. (5-15). 

 
   ,

cov( , )

var var

i j
i j

i j

X X
r

X X
  (5-15) 

The following two subsections sections will explore the correlated nature of material 

variability and measurement error, and the construction of their respective variance-covariance 

matrices. The discussion on uncertainty in composite properties is for two material systems, 

which are considered in the example in the following section: S-glass/epoxy and IM7/977-2 

carbon fiber/epoxy. 

Correlated material variability from fiber volume fraction 

Since correlated data is not often available for material variability, then a correlation model 

was derived from the dependence of the lamina properties on fiber volume fraction Vf, based on 

simplified micromechanics, shown in Eq. (5-16) (Caruso and Chamis 1986). 
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 (5-16) 

Where, the “f” and “m” subscripts refer to the fiber and matrix component properties, 

respectively. The component properties for S-glass/epoxy are given in Table 5-4 (Gibson 1994, 

Sect. 3.3). Since the nominal fiber volume fraction was not provided for the glass/epoxy 

laminate, it was deduced to be approximately 0.7 given the experimental values from Gogu et al. 

(2009). Using the functions of Vf in Eq. (5-16), linear approximations were used near the 

nominal fiber volume fraction (Vf0 = 0.7). Figure 5-5 shows the relationships of the glass/epoxy 

lamina properties with respect to fiber volume fraction, as well as the linear approximation. A 

similar approach was used for the IM7/977-2 carbon fiber/epoxy composite, but only linear 

approximations were used at the nominal fiber volume fraction of Vf0 = 0.6 based on typical 

graphite/epoxy-Vf relationships published by Caruso and Chamis (1986), which was also 

mentioned in the previous section (Smarslok et al. 2007). 

Table 5-4.  Component properties of S-glass fiber and epoxy matrix (Gibson 1994, Sect. 3.3) 

S-glass fiber 
Component 

value 
Epoxy 
matrix 

Component 
value 

Ef (GPa) 86 Em (GPa) 4.5 
vf 0.22 vm 0.4 

Gf (GPa) 35 Gm (GPa) 1.6 
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Figure 5-5.  Relationships of glass/epoxy composite properties with fiber volume fraction (Vf) 

The linear approximation was used for the trends with respect to fiber volume fraction to 

make this a more general case for any S-glass/epoxy lamina properties, by normalizing with 

respect to the nominal (or measured) values. Therefore, this correlation model for material 

variability from fiber volume fraction can be extended to different experimental results with only 

slight modifications and without requiring the component properties. Alternately, Monte Carlo 

simulations could have been directly performed on the simplified micromechanics (Eq. (5-16)) 

with Vf as a normal random variable, then the correlation of the composite properties calculated 

empirically. The correlations from the linear approximations was checked with direct Monte 

Carlo method since E2 and G12 would not be perfectly Gaussian after propagating Vf, due to the 

nonlinearity in the relationship. Considering the glass/epoxy composite, the normal parameters 

for the random variable Vf were N(0.7, 0.025). For the linear approximation case, the material 

variability is perfectly correlated, which means ri,j (from Eq. (5-15))is equal to 1 or -1, depending 
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on the slope of the line in Fig. 5-4. Using 105 Monte Carlo samples of Vf, the lowest magnitude 

observed in the empirical correlation matrix was 0.996, thus confirming that the linear 

approximations is a reasonable approach. 

A reasonable variation in fiber volume fraction was assumed to be +0.05 about the nominal value 

of Vf0 = 0.7 for glass/epoxy, which is emphasized with bold lines on the plots in Fig. 5-5. The 

fiber volume fraction model is the same as in Eq. (5-1), however the range of fiber volume 

fraction is half  * 1
0.05 0f fV V V   f , so the coefficients are half of Table 5-1. The linear 

coefficients for fiber volume fraction kX, are shown in Table 5-5. 

Table 5-5.  Linear coefficients for fiber volume fraction of glass/epoxy (Vf0 = 0.7) and 
graphite/epoxy (Vf0 = 0.6) 

Property 
1Ek  

2Ek  
12vk  

12Gk  

Glass/Epoxy 0.066 0.14 -0.034 0.14 
Graphite/Epoxy 0.085 0.055 -0.03 0.105 

 

Since the variability in properties is due to *
fV , then the material variability from Eq. 

(5-11) can be written as 

 *fV

X fXk V    (5-17) 

With the linear relationship between the properties and the volume fraction, then the 

covariance matrix of material variability Vf, is perfectly correlated and given in Eq. (5-18) in 

general covariance terms, as well as the product of normal standard deviations in Eq. (5-19). 

  cov ,f fV V

Vf  X X  (5-18) 

 , ,f f i f jV ij V X V X    (5-19) 

Where, i,j = 1 to 4 to account for the four composite properties and make the 4 x 4 covariance 

matrix, which is perfectly correlated from the linear estimates with respect to fiber volume 
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fraction. The covariance and correlation data from fiber volume fraction are discussed in the 

results for glass/epoxy and graphite/epoxy. Next, the measurement error is discussed, which can 

be used in combination with the proposed material variability covariance. 

Correlated measurement error from experimental data 

The other source of uncertainty in Eq. (5-14) is measurement error exp. The information 

available on measurement error depends on the nature of the experiment. Correlated data may be 

directly available if multiple properties were measured from a single test, such as in 

identification from a single open-hole tensile test or vibration testing (Molimard et al. 2005, 

Pedersen and Frederiksen 1992). Otherwise, independent estimates of the error or statistical 

analysis of the test procedure can yield covariance (e.g. Bayesian analysis). 

Ten natural frequencies were obtained from a vibration testing experiment on a laminated 

glass/epoxy plate (Pedersen and Frederiksen 1992). From this data, Bayesian statistics were used 

to identify the joint probability distributions and variance-covariance data for the elastic 

properties, which can be used in the proposed uncertainty model. The published correlation and 

covariance data is shown in Table 5-6 (Gogu et al. 2009). To eliminate the redundancy of the 

symmetric correlation and covariance matrices, a combined format was used for correlation data. 

The matrix in Table 5-6 (and subsequent correlation data) will be presented with variance along 

the diagonal, covariance in the lower triangular matrix, and correlation in the upper triangular 

matrix. 

Table 5-6.  Correlation (above diagonal) and covariance measurement data exp, from vibration 
testing on glass/epoxy laminate 

  E1 E2 ν12 G12 
E1 3.45e18 -0.141 -0.378 -0.626 
E2 -3.05e17 1.36e18 -0.593 -0.358 
ν12 -2.31e7 -2.28e7 1.10e-3 0.768 
G12 -6.85e17 -2.46e17 1.49e7 3.47e17 
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Note that since the data shown in Table 5-6 is from a single specimen, then the error is 

actually , so we are approximating that . To account for the specimen variability, 

then more tests would need to be performed, or we can approximate 

test
Xe exp test

X Xe e

2 fVspecimen
X X   since we 

are assuming that fiber volume fraction is the primary source of specimen variability. This 

additional consideration of specimen variability will be address in future work. 

Based on the vibration testing results, the data in Table 5-6 shows us that all of the 

correlations between elastic properties are negative except G12 - v12. Furthermore, the correlation 

between E1 and E2 is relatively small, however G12 - E1 and G12 - v12 have stronger correlations. 

The variance - covariance data shown in Table 5-6 can be combined with the glass/epoxy 

material variability 
fV , as in Eq. (5-14). The next section will discuss the correlation data 

further, as well as use this data in an example problem. 

When experimental correlation data is not directly available from testing, measurement 

error can still be estimated from individual material property experiments. The magnitude of 

measurement errors are largely dependent on the nature of the experiment and laboratory 

Smarslok et al. 2006b, Wilson 1990). In a related study on IM7/977-2, a coefficient of variation 

(CV) of 1% was observed in E2 measurements and CV = 1.7% in G12 measurements (Smarslok 

et al. 2006b, Schulz et al. 2005b). Therefore, we assume that all the elastic properties can be 

measured within 3% CV, but E1 is slightly more accurate at 1% CV. Since no correlation data is 

available, then we assume that the measurement errors for graphite/epoxy are uncorrelated.  

A normal distribution was used for the experimental error component with parameters 

, where  is the measurement uncertainty coefficient of variation for each 

property. Since measurement errors ( ) were assumed to be uncorrelated in this case, then the 

0, exp
XN CV  exp

XCV

exp
Xe
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covariance exp, is a diagonal matrix with the squares of the standard deviations (variance) on the 

diagonal. Equations (5-20) and (5-21) give the experimental covariance, where exp,Xi are the 

normal standard deviations and ij is Kronecker delta. 

  cov ,exp exp
exp  X X  (5-20) 

 2
, iexp ij exp X ij    (5-21) 

The next section uses the uncertainty model that includes measurement error and material 

variability in an example pressure vessel problem for both glass/epoxy and graphite/epoxy 

laminates. 

Illustrative Results for Graphite/Epoxy and Glass/Epoxy Laminates 

This section will present the mean material properties for the glass/epoxy and 

graphite/epoxy laminates, as well as the combined uncertainty from fiber volume fraction and 

measurement error. First, consider the S-glass/epoxy laminate with mean property values expX , 

shown in Table 5-7. To get a better sense of the magnitude of uncertainties, the coefficients of 

variation (CV) and standard deviations from material variability (Eq. (5-19)) and measurement 

error (Eq. (5-21)) are summarized in Table 5-7. 
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Table 5-7.  Mean, standard deviation and coefficient of variation for material variability, 
measurement uncertainty, and combined uncertainty for S-glass/epoxy 
Material 
property 

expX  Vf CVVf exp CVexp 
2 2

fV exp   CVtotal 

E1 (GPa) 61 2.01 3.3% 1.86 3.05% 2.73 4.48% 

E2 (GPa) 21 1.47 7.0% 1.15 5.46% 1.86 8.86% 

12 0.27 0.005 1.7% 0.033 12.2% 0.033 12.3% 

G12 (GPa) 9.9 0.693 7.0% 0.590 5.96% 0.91 9.23% 
 

The total uncertainty in the material properties CVtotal, is the same order of magnitude, but 

the uncertainty in E1 is about half that of the other properties. Furthermore, if the material 

variability from fiber volume fraction was not included, then the relatively large uncertainty in 

E2 and G12 (7.0% for both) would be missed. Assuming the uncertainties are normally 

distributed, Table 5-8 shows the combined covariance and correlation matrix for glass/epoxy 

total, using material variability in Eq. (5-19) and measurement error in 0. 

Table 5-8.  Combined covariance – correlation matrix (total) for glass/epoxy 
  E1 E2 ν12 G12 

E1 7.47e18 0.523 -0.345 0.289 
E2 2.66e18 3.46e18 -0.461 0.461 
ν12 -3.21e7 -2.84e7 1.10e-3 0.394 
G12 7.22e17 7.82e17 1.19e6 8.34e17 

 
Note that after combing the material variability and measurement error that the E1 - E2 

correlation and E2 - G12 correlation got much stronger from the fiber volume fraction 

relationship. 

Table 5-9 summarizes all of the graphite/epoxy composite properties with their respective 

component standard deviation and coefficient of variation from Eqs. (5-19) and (5-21). 
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Table 5-9.  Mean, standard deviation, and coefficient of variation of material variability and 
measurement error for IM7/977-2 graphite/epoxy 

Material 
property 

expX  Vf CVVf exp CVexp 
2 2

fV exp   CVtotal 

E1 (GPa) 150 6.4 4.25% 3.8 1% 6.54 4.36% 

E2 (GPa) 9.0 0.25 2.75% 0.23 3% 0.365 4.06% 

12 0.34 0.005 1.5% 0.009 3% 0.011 3.36% 

G12 (GPa) 4.6 0.24 5.25% 0.12 3% 0.278 6.04% 
 

In Table 5-9, the uncertainties are of the same order of magnitude, but variability in Vf has 

different effects on uncertainty for each property, most notably with E1. If we were to only 

consider experiments, then we would expect the uncertainty to be the least in E1. However, due 

to its strong dependence on Vf, then the total uncertainty in E1 actually becomes larger than E2 

with 4.4% and 4.1%, respectively. The significance of this increase of uncertainty in E1 will be 

more obvious in the pressure vessel problem in the next section. 

Next, the two covariance matrices were added as in Eq. (5-14) and are presented in 0. 

 

Table 5-10.  Combined covariance - correlation matrix (total) for graphite/epoxy properties 
  E1 E2 ν12 G12 

E1 4.27e19 0.659 -0.436 0.844 
E2 1.57e18 1.34e17 -0.303 0.586 
ν12 -3.25e7 -1.27e6 1.30e-4 -0.390 
G12 1.53e18 5.95e16 -1.24e6 7.72e16 

 
From Table 5-10, strong correlations are observed for E2 and G12 with E1. This is a result 

of the strong correlations from fiber volume fraction combined with independent measurement 

uncertainty. Again, these correlations from material variability would not have been captured if 

the properties were treated as independent random variables, or if only the measurement error 

was considered. 
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The combined covariance matrices for glass/epoxy and graphite/epoxy properties can now 

be used with their respective mean values to generate correlated random values for probabilistic 

analysis. The subsequent section compares the propagation of independent and correlated 

random elastic properties for both laminates. 

Effect on Failure Probability for a Pressure Vessel 

Consider an example problem of a cylindrical pressure vessel, based on the hydrogen tank 

of the X-33 Reusable Launch Vehicle (Qu et al. 2003). A symmetric, four layer laminate 

([2525]s) was used with a lamina thickness of h = 125 m and diameter of 1m, all which 

were deterministic. The same laminate design was considered for both the glass/epoxy and 

graphite/epoxy cases. However, the internal pressure load of the glass/epoxy and graphite/epoxy 

was 100 kPa and 50 kPa, respectively, to obtain comparable strains. The strain was calculated 

with Classical Lamination Theory as shown in Eq. (5-22) (Gibson 1994, Sect. 7.3). 
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 (5-22) 

The midplane strains in Eq. (5-22) were transformed to get the material coordinate strains 

{}12 for analysis. Monte Carlo simulations were performed to calculate the mean and coefficient 

of variation (CV) of strain from 105 random samples of the material properties X, for 

independent and correlated variables. The correlated random variables were sampled from their 

respective combined covariance matrices. The probability of failure was also calculated for the 

transverse strain for each case based on maximum strain criterion, where 2max was deterministic 

and equal to 1700 and  for the glass/epoxy and graphite/epoxy, respectively. 

Transverse strain was proven to be the main failure mode of the X-33 vehicle since it lead to fuel 

leakage, hence why it is used in this example. 
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The strain results from Eq. (5-22) for independent and correlated random material 

properties of glass/epoxy and graphite /epoxy are shown in Table 5-11. 

 
Table 5-11.  Propagation of independent and correlated random composite properties to strain 

and probability of failure for maximum transverse strain 

  Independent Correlated 

 
mean()


CV() 
(%) 

pf 
mean()
 

CV() 
(%) 

pf 

1 1640 4.30 - 1640 4.32 - 

2 1399 8.50 0.010 1402 6.96 0.005 Glass/Epoxy 

12 -286.5 41.1 - -283.8 27.0 - 

1 389.3 4.26 - 389.2 4.04 - 

2 1245 3.20 0.0069 1246 4.07 0.026 Graphite/Epoxy 

12 1020 4.81 - 1021 4.45 - 

 
We see that the independent and correlated material properties result in nearly the same 

mean strain values. Therefore, the difference between the two cases is in the coefficient of 

variation of the strain CV(), and thus the probability of failure pf. Furthermore, for this problem 

the longitudinal strain 1, and shear strain 12, show only slight differences in CV() between the 

independent and correlated cases. Note that the large coefficient of variation in 12 for 

glass/epoxy is an artifact of the small magnitude of the shear strain in this problem. Transverse 

strain 2, is most affected from the different uncertainty propagation, therefore we will focus 

most of the analysis on those values. The uncertainty in 2 decreased from 8.5 to 6.96 for the 

glass/epoxy with independent and correlated properties, respectively. However, the opposite 

occurred for graphite/epoxy, where CV() increased from 3.20 to 4.07. In terms of failure 

probability, the correlated properties reduced pf by half for glass/epoxy (0.010 vs. 0.005), but pf 

was more than three times larger if correlated properties were used for graphite/epoxy (0.0069 

vs. 0.026). Therefore, not considering the correlations would result in an inefficient design with 
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glass/epoxy, but an unsafe design for graphite/epoxy. The opposite trends are mainly a result of 

the relative magnitude of nominal composite properties. Since E1 for graphite/epoxy is large (150 

GPa) by comparison to the other properties and has strong correlation from fiber volume 

fraction, then it dominates the variability in the stiffness matrix [A] and increases the uncertainty 

in 2. Whereas, the nominal properties of glass/epoxy (Table 5-7) are comparable, then the 

interactions in the stiffness matrix actually reduces the uncertainty in 2 for the correlated case. 

Thus, not considering correlated properties can result in an undesirable design, however being 

unsafe or inefficient can depend on the material system. Also recall that the correlations for the 

graphite/epoxy is solely due to material variability, therefore not including the relationship of the 

properties with fiber volume fraction can significantly affect the probability of failure. 

 
 



 

CHAPTER 6 
SEPARABLE MONTE CARLO SIMULATION METHOD 

When considering the small failure probabilities of safe structures (~10-7), there is often an 

unmanageable computational cost associated with performing simulations to get an accurate 

estimate of the probability of failure. This problem was encountered by Qu et al. (2003) when 

analyzing relationship of probability of failure and thickness under uncertainty for the X-33 

hydrogen tank. Therefore, this chapter develops an existing variance reduction technique, called 

the conditional expectation method, into a more general form that can be applied even when the 

actual distribution of the control variable is not known, referred to as the separable Monte Carlo 

method. Using separable Monte Carlo as an alternative to traditional, crude Monte Carlo 

simulations can significantly improve the accuracy of the probability of failure estimate. 

This chapter presents three simulation-based methods for calculating the probability of 

failure: crude Monte Carlo, conditional expectation, and separable Monte Carlo. In addition, 

further accuracy improvements with separable Monte Carlo are discussed, which include sample 

size allocation and reformulation of the limit state. Finally, a variance estimate for separable 

Monte Carlo was derived using conditional calculus. 

Methods and Expectations of Probability of Failure Estimators 

The probability of failure of a system is defined by the failure condition, or limit state 

function. Consider a limit state G, that is a function of random variables capacity C, and response 

R. Furthermore, assume that uncertainty in the response is due to one set of random variables X1, 

and the uncertainty in the capacity is due to a second set of random variables X2, and that X1 and 

X2 are statistically independent. The general limit state function for probability of failure 

calculations is shown in Eq. (6-1), where R and C are vectors of random variables and failure in 

the system occurs when G < 0 and it is safe when G ≥ 0. 
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     1 ,G G C R X X2  (6-1) 

The probability of failure for the limit state function G is shown in the integral form in Eq. (6-2). 

    
0

0f

g

p P G f g dg


    G  (6-2) 

Where fG(g) is the probability density function (PDF) of the limit state function. Since the exact 

probability of failure pf, is not known, then this chapter will focus on three different simulation-

based ways of estimating the failure probability based on Eq. (6-2), including crude Monte Carlo 

(CMC), conditional expectation (CE), and separable Monte Carlo (SMC) methods. 

Crude Monte Carlo Method (CMC) 

The crude Monte Carlo is a basic, yet widely used approach that involves assigning 0 or 1 

for each run in the simulation, corresponding to pass or fail, respectively. Let Ci and Ri be 

independent and identically-distributed (i.i.d.) replicates of the capacity C, and response R, 

respectively, where  1, ,i  

ˆcmc

N . Each of the N pairs of response and capacity are tested for 

failure and result in a 0 or 1. Based on Eq. (6-2), the crude Monte Carlo simulation estimate of 

probability of failure ( p ) is shown in Eq. (6-3). 

 
1

1
ˆ ( , ) 0

N

cmc i i
i

p I G C R
N 

   (6-3) 

Where, I is the indicator function, which equals 1 if the condition is true and 0 if the condition is 
false. 

For the crude Monte Carlo method,  follows a binomial distribution of length N and 

probability pf, as a sum of independent Bernoulli random variables. Thus, from definition the 

expectation and variance for crude Monte Carlo are shown in Eqs. 

ˆcmcNp

(6-4)and (6-5), respectively. 

  ˆE cmc fp p  (6-4) 
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A convenient way to view the accuracy in ˆ cmcp  is by considering the square root of the 

variance divided by the probability of failure, which is the coefficient of variation, as shown in 

Eq. (6-6). 

  
     ˆ 1var 1

ˆCV
fcmc

cmc
f f

pp
p

fp p N p N


  

 (6-6) 

From Eq. (6-6), for a given probability of failure the accuracy is restricted by the 

computational budget N. For example, considering the approximation for small pf 

  ˆCV 1cmc f p p N , then for a probability of failure of one in a million, 100 million 

simulations are needed for 10% accuracy (using the one standard deviation confidence level). In 

practice, the variance of crude MC in Eq. (6-5) is based on the estimate of the probability in Eq. 

(6-3). Equation (6-5) shows that for small probabilities the relative error in the estimate of the 

variance is the same as the relative error in the estimate of the probability. Equation (6-3) 

conveniently provides an estimate of the probability of failure and accuracy from a single 

simulation of N samples (from Eq. (6-6)). With that in mind, simulation estimates for the 

components of the variance for conditional expectation and separable MC are also included in 

the following two sections, respectively. 

In this dissertation, the focus is on the case where the limit state itself is separable, because 

the failure criterion is when the response (e.g., stress) exceeds the capacity (e.g., strength). 

Therefore, this limit state is expressed as the difference between capacity and response, shown in 

Eq. (6-7). 

 G C R   (6-7) 
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Rewriting the general form of CMC for the limit state in Eq. (6-3) yields Eq. (6-8). 

 
1

1
ˆ

N

cmc i i
iN

p I C R


    (6-8) 

Conditional Expectation Method (CE) 

When the conditional probability of failure for a given value of the response is known, 

then obviously 

    f C Rp r f r dr   (6-9) 

Where, C is the conditional expectation of the control random variable C, for random samples 

of R. Using N independent and identically-distributed (i.i.d.) samples of the response, the 

probability of failure is estimated as the conditional expectation method (CE), shown in Eq. 

(6-10) (Ayyub and Chao-Yi 1992). 

  
1

1
ˆ

N

ce C i
i

p R
N 

   (6-10) 

Equation (6-10) has a similar form as that of CMC (Eq. (6-3)), but recall that the N in crude 

Monte Carlo refers to the sample size of response and capacity, whereas the conditional 

expectation method samples only one random variable, R. 

The steps for deriving the expected value and variance of Eq. (6-10) are shown next. The 

expected value of the CE estimate in Eq. (6-10) is shown in Eq. (6-11). 

    
1

1
ˆE E

N

ce C i
i

p R
N 

    
  (6-11) 

The expectation can be brought inside the summation, as shown in Eq. (6-12). 

    
1

1
ˆE E

N

ce C i
i

p R
N 

     (6-12) 

As described in Eq. (6-9), the expectation can be simplified as, 
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   (6-13) 

Expanding the summation and simplifying, 

    1
ˆE ce f fp Np p

N
   (6-14) 

In summary, the expected value of the conditional expectation method is presented in Eq. (6-15). 

    ˆE =Ece C fp R p     (6-15) 

Similarly, we follow the same steps to obtain the variance expression. From the conditional 

expectation estimate in Eq. (6-10), the variance is written as shown in Eq. (6-16). 

    
1

1
ˆvar var

N

ce C i
i

p R
N 

    
  (6-16) 

As done for the expectation in Eq. (6-12), the variance is brought inside the summation, as 

shown in Eq. (6-17). 

    2
1

1
ˆvar var

N

ce C i
i

p R
N 

     (6-17) 

Expanding the summation and simplifying, 

    1
ˆvar varce Cp R

N
     (6-18) 

Writing the variance in general form, 

        221
ˆvar E Ece C Cp R

N
R    

 
 (6-19) 

Rewriting the second expectation according to Eq. (6-15), we get the variance expression for the 

conditional expectation method in Eq. (6-20). 

     2 21
ˆvar Ece C fp R p

N
   
 

 (6-20) 
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For the simple case of Eq. (6-7), C is equal to the cumulative distribution function (CDF) FC of 

the capacity (Melchers 1999, Sect. 3.3). Therefore, the moments from Eqs. (6-15) and (6-20) 

now include the CDF of the capacity FC, as shown in Eqs. (6-21)and (6-22). 

 
1

1
ˆ ( )

N

ce C i
i

p F R
N 

   (6-21) 

    2 21
ˆvar E ( )ce C fp F R p

N
     (6-22) 

The remaining expectation in Eq. (6-22) can also be estimated during a simulation by using 

Eq. (6-23). 

    22

1

1
E

N

C
i

F R F R
N 

     ( )C i  (6-23) 

Note that Eq. (6-23) and the other simulation estimates are simply used as estimates, and the 

squared terms actually have a bias, but it is negligible for large sample sizes. 

An alternate form of Eq. (6-21) is where the analytical CDF of the response FR, is known, 

which would yield, 

 
1

1
ˆ 1 ( )

N

ce R i
i

p F C
N 

   (6-24) 

Equation (6-24) has the same expected value (or pf) as Eq. (6-21), however the accuracy between 

the two forms is dependent on the relative uncertainty in the response and capacity. 

Using probabilistic definitions, the variance reduction of separable Monte Carlo with 

respect to CMC is apparent when comparing Eqs. (6-5) and (6-22). Consider the probability of 

the squared term in the remaining expected value in Eq. (6-22), 

     2 2
1 2 1 2( ) P( ) P , P max ,CF r C r C r C r C C r        (6-25) 

Where, the random variables C1 and C2 are independent copies of C. Thus, the squared 

expectation from Eq. (6-22) becomes, 
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     2
1 2

1
ˆvar P max ,ce fp C C R p

N
      (6-26) 

Comparing this result back to the CMC variance in Eq. (6-5) one can see that the probability of 

the maximum of two random variables C1 and C2 being less than R is naturally less than or equal 

to just one random variable C1 being less than R. 

     1 2 1P max , P fC C R C R p     (6-27) 

In Eq. (6-27), the former probability corresponds appears in SMC variance, while the latter 

probability is a term in CMC; which brings the conclusion of Eq. (6-28). 

    ˆ ˆvar varce cmcp p  (6-28) 

The magnitude of the accuracy improvement depends on the characteristics and types of 

distributions used for the response and capacity. Chapter 7 contains several example studies that 

reinforce the previously mentioned conclusion. 

Separable Monte Carlo Method (SMC) 

When the capacity and response are stochastically independent random variables, then 

C(X1) and R(X2) can be sampled independently. So, instead of comparing N sets of response and 

capacity samples as in Eq. (6-3), we can evaluate all possible combinations of C and R for 

failure. Equation (6-29) gives the estimate of the probability with M random capacities Cj, where 

 1, ,j M  , and N random responses Ri, where  1, ,i N  . 

 
1 1

1
ˆ ( , ) 0

N M

smc j i
i j

p I G C R
MN  

     (6-29) 

For the case of the limit state in the form of response exceeding capacity from Eq. (6-7), this 

yields Eq. (6-30). 

 
1 1

1
ˆ

N M

smc j i
i j

p I C R
MN  

     (6-30) 
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Figure 6-1 illustrates the evaluation method of the limit state for a simulation of crude and 

separable MC, respectively. 

                                                                                                    
A          B 

Figure 6-1.  Illustration of Monte Carlo method sample comparisons  A) Crude Monte Carlo  B) 
Separable Monte Carlo 

 
In Fig. 6-1a, the direct one-to-one comparisons of crude MC are shown for N samples. 

Whereas, Fig. 6-1b shows that separable MC looks at all of the possible combinations of random 

samples, which makes it inherently more accurate than CMC. The advantages of SMC over 

crude Monte Carlo are obvious. First, with separable MC we do not need to have the same 

sample size for capacity and response. Typically sampling capacity is cheaper computationally, 

so more samples can be obtained. This advantage may be enhanced further if we can reformulate 

the limit state so as to transfer some random variables from the expensive response component to 

the cheaper capacity component. Consider for example, a case where the response may be 

written as R = R0. Where,  is a random variable and a separate source of uncertainty (e.g. 

modeling error (Acar et al. 2007, Kumar et al. 2008) or random force amplitude) that is 

independent of the other random variables. Thus, the limit state can be reformulated to reduce 

the uncertainty in the computationally intensive response R, as shown in Eq. (6-31). 

 '
0( , )

C
G C R R


   (6-31) 
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The bending in a composite plate example in Chapter 7 uses the reformulation concept presented 

in Eq. (6-31). 

The second advantage of SMC is that we make maximum use of each response sample by 

comparing it to all available capacity samples. It is intuitively clear that the accuracy of Eq. 

(6-30) will be better than the accuracy obtained with CMC using N samples (similar cost), but 

not as good as CMC with MN samples (much higher cost). The variance estimates in the next 

section confirm this intuitive observation. 

When the random capacity samples from Eq. (6-30) are sorted to construct an experimental 

CDF (eCDF), then the connection between separable Monte Carlo and conditional expectation 

method becomes apparent. Figure 6-2 shows the evaluation of a response sample Ri, in the 

experimental CDF of the capacity obtained from M random capacity samples. 

 
Figure 6-2.  Separable MC method using random data points of R and the empirical CDF of the 

capacity 

The experimental CDF ĈF , from separable Monte Carlo simulations is comparable to the 

conditional probability C , from Eq. (6-20). All of the random capacity values below the 
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random response sample Ri, represent failure and are summed and divided by the total amount of 

capacity data M. This value gives an empirical estimate of the value capacity’s CDF at Ri.  

To account for randomness from both the response and capacity, conditional calculus must 

be used to determine the expectation and variance of ˆ smcp . The general expected value 

expression for the separable Monte Carlo estimate for the simple case of Eq. (6-7)is shown in 

Eqs. (6-32). Note that subscripts are written with expectations in Eq. (6-32) to clarify the 

corresponding random variable, such as if the expectation is taken with respect to the capacity, 

then it has the subscript C. 

        ˆ ˆˆE E E E |smc C R C C fp F R F R R p  
   (6-32) 

The variance will be discussed in greater detail, as done in Eqs. (6-16) through (6-20). 

Since we are dealing with multiple random variables and there is correlation in the random sets 

of response and capacity used to calculate ˆ smcp , then Eq. (6-33) has both variance and covariance 

components. 

         2
1 1 1

1 ˆ ˆˆvar var 2 cov ,
N N N

smc C i C i C j
i i j i

p F R F R F
N    

 
  

 
   ˆ R  (6-33) 

As done previously, expanding the summations gives Eq. (6-34). The random variables R1 

and R2 are independent copies of R, introduced to account for the covariance in random sets of R 

for a unique empirical CDF of the capacity. 

            1 22

2 11 ˆ ˆˆvar var cov ,
2smc C C C

N N
p N F R F R F R

N

 
  

 
ˆ  (6-34) 

Finally, after simplifying, the general form for the variance of SMC is shown in Eq. (6-35). 

            1

11 ˆ ˆˆvar var cov ,smc C C C

N 2
ˆp F R F R F R

N N


   (6-35) 
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The task of simplifying Eq. (6-35) requires conditional calculus and substantial 

explanation, therefore the remainder of this section is devoted to deriving a useful form of the 

variance estimator for separable MC. 

For the variance of the separable Monte Carlo estimate of pf, we must account for the 

randomness from both the response and capacity. Since deriving the variance for SMC is not 

trivial, consider a simpler case with a fixed point c in the empirical CDF of the capacity. 

Therefore, the expectation at c is 

  (6-36)    ˆEC C CF c F c   

To transition from the fixed point c, to the random variable R, consider the intermediate 

case with two fixed points c1 and c2. The covariance of those two points in the empirical CDF of 

the capacity is shown in Eq. (6-37). 

                1 2 1 1 2 2
ˆ ˆ ˆ ˆ ˆ ˆcov , E E EC C C C C C C C C CF c F c F c F c F c F c        

 (6-37) 

Simplifying the expectations in Eq. (6-37) we obtain Eq. (6-38). 

           1 2 1 2 1 2

1ˆ ˆcov , min ,C C C C C CF c F c F c c F c F c
M

        (6-38) 

Appendix B shows the steps for getting from Eq. (6-37) to Eq. (6-38). Equation (6-38) will be 

particularly useful for writing the covariance for random variables, rather than fixed points. 

Recall the general variance expression for ˆ smcp  is written in Eq. (6-35). Similar to fixed points c1 

and c2, random variables R1 and R2 in the covariance term are independent copies of R, 

introduced to account for the covariance in random sets of R for a unique empirical CDF of the 

capacity. In order to evaluate this expression that contains the randomness of ĈF  and R, one 

must use conditional calculus. To provide order to the explanation, the right side of Eq. (6-35) 
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will be analyzed in two parts. First consider the variance part, which is written in terms of 

conditional expectation in Eq. (6-39). 

       ˆ ˆ ˆvar ( ) E var | var E ( ) |C R C C R C CF R F R R F R R    
     (6-39) 

The varC term can be related to our finding in Eq. (6-38); however here we only have one 

random variable R, so the covariance from Eq. (6-38) becomes a variance, illustrated in Eq. 

(6-40). 

             1ˆ ˆ ˆvar | cov | , |C C C C C C C CF R R F R R F R R F R F R F R
M

        (6-40) 

The varR term in Eq. (6-39) is a straightforward definition of variance. Rewriting Eq. (6-39), 

      22 21ˆvar ( ) E ( ) ( ) E ( ) E ( )C R C C R C R CF R F R F R F R F R
M
         

  (6-41) 

Simplifying expectations in Eq. (6-41), the variance part of Eq. (6-35) is shown in Eq. (6-42). 

       2 2 21ˆvar ( ) E EC f C CF R p F R F R p
M
 

f
             

 (6-42) 

Moving onto the covariance part in Eq. (6-35), the random variables in the covariance 

expression for this scenario includes R1, R2, and . Consider the general expression of 

covariance for conditional expectation in Eq. 

C

(6-43) (Rice 1995, Sect. 4.4, Whittle 1992, Chap. 

2). 

        
1 2 1 21 2 , 1 2 1 2cov , E cov , | cov E | ,E |Y X X Y X XX X X X Y X Y X Y        (6-43) 

Matching terms to our scenario of response and capacity, we obtain: 

      1 1 2 2 1
ˆ ˆ, ,C C 2,X F R X F R Y R R    (6-44) 

Therefore, the covariance part of Eq. (6-43) written using conditional calculus is shown in Eq. 

(6-45). Notice that the second part of Eq. (6-43) is zero in this case, since R1 and R2 are 

independent. 
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ˆ ˆ1 2 , 1 2 1 2,
ˆ ˆ ˆ ˆcov , E cov , | ,

C C
C C R R C CF R F R

F R F R F R F R R R     (6-45) 

Again, we can relate Eq. (6-45) back to Eq. (6-38), which gives us Eq. (6-46). 

                 
1 2

ˆ ˆ 1 2 1 2 1 2 1 2,

1ˆ ˆcov , | , min ,
C C

C C C C CF R F R
F R F R R R F R R F R F R

M
   (6-46) 

Substituting and simplifying Eq. (6-46), 

         2
1 2 1 2

1ˆ ˆcov , E min ,C C C fF R F R F R R p
M

     (6-47) 

Finally, Eqs. (6-42) and (6-47) are substituted back into Eq. (6-35) to give Eq. (6-48). 

                2 2 2 2
1 2

11 1 1
ˆvar E E E min ,smc f C C f C f

N
p p F R F R p F R R p

N M N M

           



 (6-48) 

Consider a few observations from Eq. (6-48). First, recall the variance for the conditional 

expectation method with known, analytical CDF in Eq. (6-22). Equation (6-48) should approach 

this expression when an infinite number of capacity samples (M) are used in the empirical CDF. 

Also, for the extreme case when only one random sample of the response and capacity are 

compared, then Eq. (6-48) should be equivalent to the crude Monte Carlo method (Eq. (6-5)). By 

setting N = 1 and M = 1 in Eq. (6-48), the variance of ˆ smcp  does in fact equal . 

Furthermore, even though the derivation of the SMC variance estimator was derived using the 

empirical CDF of the capacity, the variance estimate is the same if the empirical CDF of the 

response was used instead. Appendix C demonstrates this symmetry between response and 

capacity random variables for SMC variance. 

 ˆvar cmcp

Looking further at Eq. (6-48), the expression can be viewed as having three groups of 

expectations, which do not include the sample sizes M and N. Let the three expectation 

components be defined as  , ,R R  and 
1 2,R R , as shown in Eq. (6-49). 
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 (6-49) 

Rewriting Eq. (6-48) in terms of the expectation components, 

 
   

1 2,

11 1 1
ˆvar smc R R R R

N
p

N M N M
  


,

     
        (6-50) 

Equation (6-50) is interesting because if the expectation components in Eq. (6-49) are 

known (or estimated) then the variance of ˆ smcp  can be extrapolated for any combination of 

response and capacity samples. This means, Eq. (6-50) is a valuable tool for the user to 

determine how many samples to use for a desired level of accuracy. In fact, if a cost function is 

used for N and M samples, then the cost can be minimized by using Eq. (6-50).  

 

As done with the variance estimates, the remaining expectations in Eq. (6-48) can be 

approximated concurrently with the probability of failure by using the simulation estimates of 

the expectation. The variance estimator consists of three expectations: E[FC(R)] (or pf), 

E[FC(R)2], and E[FC(min(R1,R2))]. The first two estimated expectations terms are essentially the 

same as those conditional expectation, however here the values from the empirical CDF must be 

used, as shown in Eqs. (6-51) and (6-52).  

  
1 1

1
E

N M
j i

R C f
i j

I C R
F R p

N M 

        (6-51) 

  
2

2

1 1

1
E

N M
j i

R C
i j

I C R
F R

N M 

           
   (6-52) 

94 



 

The term E[FC(min(R1,R2))] can be approximated by taking the minimum of pairs of the 

response for evaluation in the limit state. The discrete form of the estimate for the third term is 

shown in Eq. (6-53). 

     2
2 1 2

1 2
1 1

min ,2
E min ,

N
M

j i

R C
i j

I C R R
F R R

N M


 

i        (6-53) 

Therefore, the simulation estimate of the variance in ˆ smcp  uses existing information during the 

simulation to give a prediction of the accuracy in the probability of failure calculation. The 

component estimates in Eq. (6-49) are then available to project the accuracy in for other sample 

size combinations. 

Conditional Expectation with an Analytical Estimate of a Random CDF  

A common approach to perform simulations when the CDF of neither the response nor 

capacity is known, without using the empirical CDF, is when the CDF is fitted with a smooth 

function based on M random samples. Which in essence, is a combination of separable Monte 

Carlo and conditional expectation methods. This is a valid approach, however, this does 

introduce a bias from the fit. The process described here is two stages: i. estimate the CDF of the 

capacity, and ii. use random responses in the CDF estimate to approximate the probability of 

failure. The predictor of the probability of failure for an analytical estimate of a random CDF is 

shown in Eq. (6-54). 

 
1

1 ˆˆ ( )
N

fit
fit C i

i

p F R
N 

   (6-54) 

This draws obvious similarities to Eq. , but here the expectation is not the exact pf. Since a 

random estimate of the CDF is used in this case, then it will provide an estimate of the 

probability of failure ˆ fp , thus a bias error. 
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        ˆ ˆˆ ˆE E E E |fit fit
fit C R C C fp F R F R R p  

   (6-55) 

Since bias error exists in this estimate along with the randomness, then deriving the variance of 

ˆ fitp  is not straightforward and would seemingly not produce as meaningful of a result as the 

SMC method. Therefore, deriving ˆ fitp  variance will not be covered in this dissertation. 

To review the Monte Carlo methods, Table 6-1 lists all of the cases and summarizes the 

simulation processes, sources of variance, and bias. 

Table 6-1.  Summary of crude and separable Monte Carlo simulation methods 
Estimate Simulation Source of variance Bias 

ˆcmcp   
1

1 N

i i
iN

I C R


  Binomial law No 

ˆcep  
1

1
( )

N

C i
i

F R
N 
  Random response 

(R) 
No 

ˆ smcp  
1 1

1 N M

j i
i j

I C R
MN  

  
Random response 
Random capacity 

(R, C) 
No 

ˆ fitp  
1

1 ˆ ( )
N

fit
C i

i

F R
N 
  

Random response 
Random capacity 

(R, C) 
Yes 

 

In summary, three methods for calculating the probability of failure were presented, 

including crude Monte Carlo (CMC), conditional expectation (CE), and separable Monte Carlo 

(SMC). Crude Monte Carlo estimates yield the greatest uncertainty in the probability of failure, 

however it is applicable to the most general case where response and capacity are not 

independent. When the response and capacity are independent, and the probability of failure for 

given a response is available analytically (FC) or can be very accurately fit from sampling ( ˆ fit
CF ), 

then the conditional expectation should be used. When the probability of failure for given 

response is not available, SMC should be used, and the accuracy estimates derived above may 

help in choosing the number of samples of response and capacity needed for desired accuracy. 
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Furthermore, accuracy improvements with SMC can be enhanced by reformulating the limit 

state, which is demonstrated in Chapter 7. Conditional expectation and separable Monte Carlo 

can be used in combination with moment-based distribution estimates, response surface 

approximations, tail modeling, importance sampling, quasi-Monte Carlo sampling, and other 

variance reduction techniques. In particular, quasi-Monte Carlo sampling may be more beneficial 

for SMC because of the smaller number of samples compared to CMC. 

The next chapter uses example problems to compare separable Monte Carlo with the other 

methods, both experimentally and analytically, as well as validate the derived SMC variance 

estimate. 

 
 



 

CHAPTER 7 
IMPROVING ACCURACY OF FAILURE PROBABILITY ESTIMATES WITH SEPARABLE 

MONTE CARLO 

Three probability of failure example problems are presented to compare crude Monte Carlo 

conditional expectation, and separable Monte Carlo. Additional discussion was provided to 

explain why separating the limit state was appropriate in each case. The goal of this chapter is to 

use relatively simple problems to illustrate the implementation of separable MC, as well as show 

the accuracy improvements over traditional Monte Carlo. These concepts on separable Monte 

Carlo have been realized in work by Acar et al. (2007) and Kumar et al. (2008) for stress failure 

in a ten-bar truss and probabilistic design optimization of an integrated thermal protection 

system, respectively. Therefore, separable MC would also be an option for reducing 

computational burden (or improved accuracy) in the probability of failure calculation from Qu et 

al. (2003). 

The first example problem in this chapter is basic with both distributions of the response 

and capacity being known; however, ˆ smcp  and ˆ fitp  were still calculated for demonstration 

purposes. Next, bending in a composite plate example is used to not only compare the Monte 

Carlo methods for the original limit state, but also to exhibit effects of reformulating the 

separable limit state with SMC. Furthermore, the derived variance estimator for separable MC 

was validated with the simulation estimates. The third example is joint work with Ravishankar 

(Ravishankar et al. 2009), which covers the more general concept of separable sampling (shown 

with the Tsai-Wu failure criterion), where the response and capacity are non-separable in the 

limit state.  

Note, Appendix D also shows an analytical example using uniform distributions to 

compare the required sample size to obtain a given level of accuracy using CE and CMC. 

98 



 

However, since that work this work doesn’t deal with SMC, then it was omitted from the main 

body of the dissertation. 

Basic Example with Normal Distributions for Response and Capacity 

The first example considered is a straightforward problem with the following independent 

normal distributions for the response and capacity: R = N(10,1.25) and C = N(13, 1.5) (Melchers 

1999, Sect. 3.4). The actual probability of failure for this problem is pf = 0.06221. All of the 

simulation methods covered in the previous section were used in this experiment. For the ˆ smcp  

and ˆ fitp  methods, the given normal distributions for R and C were ignored and estimates of the 

CDFs were based on random samples. The method of moments based on M samples of the 

capacity was used to estimate the normal parameters of the CDF for ˆ fitp . The experimental 

results from this study are presented in Table 7-1 for three cases of N and M equal to different 

combinations of 10 and 100. Note that ˆcmcp  and ˆcep  only refer to the sample size N, since just 

one sample size is required for each, as per Eqs. (6-8) and (6-21). Also, the variance for the crude 

Monte Carlo predictor was calculated directly from Eq. (6-5). The samples sizes were relatively 

small, but this was to emphasize the difference in variance and bias. The bias is simply the 

difference of the mean probability of failure(  ˆanme fitp ) and the actual probability of failure pf. 

Since ˆ fitp  uses an estimate of the CDF, then it has a bias in the pf estimate. The other methods 

are all completely random, so only variance is present. 

Each simulation was repeated 104 times to obtain the expected values and standard 

deviations. In the next subsection, the large number of repetitions to obtain the expectations of 

the variance predictors will be replaced with a single simulation estimate based on Eqs. (6-22) 

and (6-48). The results of this simulation experiment are shown in Table 7-1. 
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Table 7-1.  Comparison of experimental results for Monte Carlo methods with 104 repetitions for 
R = N(10,1.25) and C = N(13, 1.5) (*CMC variance was evaluated at pf = 0.06221) 

N = 100 
M = 100 

Mean 
Standard 
deviation 

Bias 

ˆcmcp  0.0622* 0.0242* - 
ˆcep  0.0622 0.0097 - 
ˆ smcp  0.0623 0.0162 - 
ˆ fitp  0.0627 0.0157 0.0005 

N = 10 
M = 100 

Mean 
Standard 
deviation 

Bias 

ˆcmcp  0.0622* 0.0764* - 
ˆcep  0.0622 0.0313 - 
ˆ smcp  0.0622 0.0344 - 
ˆ fitp  0.0627 0.0338 0.0005 

N = 100 
M = 10 

Mean 
Standard 
deviation 

Bias 

ˆcmcp  0.0622* 0.0242* - 
ˆcep  0.0622 0.0097 - 
ˆ smcp  0.0623 0.0421 - 
ˆ fitp  0.0672 0.0405 0.0050 

 

Analyzing Table 7-1, the conditional expectation method ( ˆcep ) was consistently the most 

accurate, which makes sense given the derivation of variance and since the exact CDF of the 

capacity was used. Considering the first case with N = M = 100, it is obvious that separable MC 

is more accurate that CMC for the same number of response and capacity samples. The variance 

in ˆ smcp  and ˆ fitp  were similar, however ˆ fitp  uses an estimate of the CDF, thus it has inherent 

bias. The magnitude of the bias in ˆ fitp  changes with the sample size M, since that corresponds to 

the fit of the capacity’s CDF. This leads one to conclude that with ˆ fitp , the magnitude of M 

affects the variance (standard deviation) and bias of the pf estimate, regardless of N. In contrast, 

the results show that the magnitude of N is only associated with the variance, not bias. 
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Bending in a Composite Plate Example 

A comparison of the accuracy of crude Monte Carlo, separable Monte Carlo, and 

conditional expectation methods was illustrated through a composite plate example. The variance 

(presented as standard deviation and coefficient of variation) was estimated through repeated 

simulations, as well as from simulation estimates (via Eqs. (6-5), (6-22), and (6-48)). The limit 

state of the example problem is for allowable deflection of a composite plate. The calculations 

involving composite mechanics were done using Classical Lamination Theory (CLT). The 

example was chosen to illustrate the ability of SMC to take advantage of the reformulation of the 

limit state, which is the second part of the results. 

A common engineering situation where the limit state is separable occurs when the loading 

conditions (response) are independent of the stiffness, strength, or allowable limits of the 

structure (capacity). One such failure condition that lends itself to this separation is failure due to 

excessive out-of-plane displacement w of a composite laminate. Consider a simply supported 

square laminate plate of dimensions L x L under transverse loading as shown in Fig. 7-1 (Di 

Sciuva and Lomario, 2003). 

 
Figure 7-1.  Composite laminate of dimensions L x L under transverse loading, q(x, y) 

The conventional way to formulate the limit state function for flexural response in a plate 

is shown in Eq. (7-1), where the allowable deflection wall, is the capacity and the deflection from 

loading w, is the response. 

 ( , )all allG w w w w   (7-1) 

Let the loading conditions be sinusoidally varying pressure, as defined in Eq. (7-2). 
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 (7-2) 

The solution of the governing equations for out-of-plane displacement at the center of the plate 

for a balanced laminate is shown in Eq. (7-3) (Gürdal et al. 1999, Chap. 8). 

 0

*

q
w

D
  (7-3) 

Where D* is composed of terms of the laminate bending stiffness matrix. 

  
4

11 12 66 224
* 2 2D D D D D

L


       (7-4) 

The laminate bending stiffness (D*) is a function of plate length L, lamina thickness t, fiber 

orientation , and lamina material properties (Gibson 1994, Section 7.9). Therefore, D* is a 

function of the random variables in Table 7-2 (E1, E2, v12, G12, and L). Substituting Eq. (7-3) in 

the limit state (Eq. (7-1)) lends itself to three main random components: allowable out-of-plane 

displacement wall, pressure loading q0, and laminate bending stiffness D*. The three groups of 

random variables are independent of each other, which means that conditional expectation and 

separable MC methods are applicable. 

Under pressure loading, the maximum deflection occurs at the center of the plate. A [90°, 

45°, -45°]s symmetric laminate with lamina thickness of 125 m will be considered. 

Deterministic thickness and fiber orientation are used. The normal random variables for 

IM7/977-2 carbon fiber/epoxy and the corresponding coefficients of variation are presented in 

Table 7-2, as well as length (L) and transverse loading (q0), and the allowable deflection (wall) as 

lognormal (Smarslok et al. 2007). 
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Table 7-2.  Distribution parameters of random variables for bending 
Random 
variable 

Mean 
Coefficient 
of variation

Distribution 

E1 (GPa) 150 5% Normal 
E2 (GPa) 9 5% Normal 

v12 0.34 5% Normal 
G12 (GPa) 4.6 5% Normal 
L (mm) 75 2% Normal 

wall (mm) 8 3% Lognormal
q0 (kPa) 130 15% Normal 

 
Comparison of Monte Carlo Methods 

The Monte Carlo simulations had a sample size of 103 and were repeated 104 times in 

order to obtain reliable statistics. The empirical variance of each pf estimator is calculated from 

the 104 simulations. On the other hand, the variance estimates are also calculated for each 

individual simulation, and their average and standard deviation provide accuracy measures of 

these estimates. Recall, the expressions for variance of CMC, CE, and SMC were shown in Eqs. 

(6-5), (6-22), and (6-48), respectively; along with the corresponding probability of failure 

estimates (Eqs. (6-8), (6-22), and (6-48)). Given the limit state arrangement in Eq. (7-1), the 

distribution of the capacity random variable (wall) is known, thus making the conditional 

expectation method in Eq. (6-22) applicable. The nominal failure probability of 33.98 10  was 

determined from 105 repetitions of the CE method. Table 7-3 shows the empirical and estimated 

standard deviations (stdev, square root of the variances) and coefficients of variation (CV) for 

the similar cases (with respect to response samples) of Ncmc = 103, Nce = 103, and Nsmc = Msmc = 

103, all repeated 104 times. 

103 



 

Table 7-3.  Comparison of empirical and estimated results for crude and separable Monte Carlo 
methods for laminate bending problem with pf = 3.98x10-3 for the limit state in Eq. 
(7-1). Empirical standard deviation values were calculated for 104 repetitions of 
MCS, and estimated variance values were averaged (standard deviation) and found 
the coefficient of variation ( ˆCV( var( ))p ) over the same 104 repetitions 

Empirical variance Estimated variance 
Method Sample size 

 ˆstdev p   ˆCV p   ˆstdev p  ˆCV p    ˆCV var p

ˆcmcp  Ncmc = 1000 0.00198 49.3% 0.00199 49.6% 49.6% 
ˆcep  Nce = 1000 0.00160 40.0% 0.00161 40.1% 51.2% 
ˆ smcp  Nsmc = Msmc = 1000 0.00161 40.0% 0.00161 40.2% 51.4% 

 

These results serve two purposes: a) comparison of the accuracy of the variance estimates, 

b) comparison of the accuracy of the probability of failure estimates. First, consider the accuracy 

of the variance estimates. The results in Table 7-3 shows that the SMC variance estimate is 

unbiased, by comparing empirical and estimated  ˆCV p . Furthermore, the coefficient of 

variation of the variance estimate ( ˆCV(var( ))p ) was similar for all methods.  

To check that the SMC estimated variance has a similar level of accuracy as CMC, 

consider the error ratio:  ˆ( )/stdevf ˆp p p . Table 7-4 contains the mean and standard deviation 

of the error ratio based on 104 repeated simulations for 103 samples (corresponding to the case in 

Table 7-3). 

Table 7-4.  Mean and standard deviation of error ratios  ˆ( )/stdevf ˆp p p  for CMC and SMC 

failure probability and variance estimates for the limit state in Eq. (6-50), calculated 
from 104 repetitions 

Error ratio mean stdev 

ˆcmcp  0.84 0.77 
ˆ smcp  0.90 0.80 

 
Since the mean of error ratios are both near 1, then the simulation estimates of the standard 

deviation are close to the actual error in the pf estimate. In addition, the standard deviations show 
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that there is large variability in the variance estimates, however error estimates are only expected 

to give a rough idea of the errors, and in addition, , the SMC variance estimates perform at about 

the same accuracy as the commonly used CMC estimates. 

Moving on to comparing the accuracy in the fp  estimates from Table 7-3, the coefficient 

of variation for ˆcep  and ˆ smcp  were nearly identical at 40%, but only about a 20% improvement 

over CMC. Both observations are a result of the coefficient of variation relationship of the 

response and capacity. The response random variable (q0/D
*) has coefficient of variation of 17%, 

whereas the capacity (wall) is nearly deterministic at 3%. So, 103 samples of the capacity (Msmc) 

produced an empirical CDF which was nearly identical to the actual CDF of wall. 

To get a better understanding of the relationship of Nsmc and Msmc to the accuracy of ˆ smcp , 

the component expectations in Eq. (6-49) were estimated for limit state in Eq. (7-1) with Nsmc = 

Msmc = 103, as shown in Table 7-5. 

Table 7-5.  Mean and standard deviation of expectation components from separable Monte Carlo 
variance estimator (Eq. (6-49)) calculated from simulation estimates with Nsmc = Msmc 
= 103 repeated 104 times 

Component mean CV 
  0.00258 51.0% 

,R R  0.00140 34.5% 

1 2,R R  5.7e-6 2380% 
 

The component 
1 2,R R  has a nearly insignificant contribution to the variance, which also 

explains the huge coefficient of variation. The other two components had significant mean values 

and reasonable accuracy. The expectation components in Table 7-5 were used in Eq. (6-50) to 

extrapolate the variance (shown as coefficient of variation) for other combinations of Nsmc and 

Msmc in Fig. 7-2.  
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Figure 7-2.  Separable Monte Carlo coefficient of variation contour plot for the limit state in Eq. 

(7-1) using extrapolated values from Eq. (6-50) with expectation components 
calculated with Nsmc = Msmc = 103 

In Fig. 7-2, notice that there are only very small improvements in the accuracy with 

increased samples of the capacity (Msmc). This indicates that the SMC accuracy converges to the 

accuracy of CE for a relatively small number of capacity samples. This corresponds to the data in 

Table 7-3 where CV for conditional expectation and separable MC methods are nearly equal. 

Conversely, increasing the number of response samples (Nce and Nsmc) would still reduce the 

failure probability variance significantly. However, assuming that the response calculations 

required for D* are computationally expensive (because for more general loading and boundary 

conditions they will require finite element analysis) and only 103 samples are manageable. The 

dashed line in Fig. 7-2 references the N = 103 level. Note that the assumption was made that the 

cost of generating D* samples is much greater than any other random variable and the evaluation 

of the limit state to determine failure is trivial. 

The extrapolation variance data in the next example is more interesting with respect to 

Msmc, so more analysis is included in the following section. A way to improve the accuracy with 
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separable MC is by reformulating the limit state to reduce the uncertainty in the expensive 

response term, as shown in the next section. 

Reformulation of Limit State Function as Variance Reduction Technique 

When one (or more) of the random components in the limit state function are independent 

and more expensive to sample than the other random variables, then it is beneficial to 

reformulate the limit state in a way that reduces the uncertainty in the term associated with the 

expensive component, as explained in Eq. (6-31). The bending example was repeated by 

rearranging the limit state components to illustrate the variance reduction feature of separable 

Monte Carlo. The transverse load q0
, has a large coefficient of variation at 15%, but is 

inexpensive to generate. However, in Eq. (7-1) q0 is paired with the D*
, which makes the 

response term expensive. Therefore, it would be beneficial to reformulate the limit state as 

shown in Eq. (7-1), by moving q0 to the capacity and consequently reducing the uncertainty in 

the expensive response component. 

  0 *
0

1
, *, all

all

w
G q D w

q D
   (7-5) 

Equation (7-5) is an equally valid limit state for this problem and has the same nominal 

probability of failure. Now the response (1/D*) has coefficient of variation of 7.5% and that of 

the cheap capacity (wall/q0) is now 16.5%. Therefore, the uncertainty associated with the 

expensive response term was reduced from 17% to 7.5%. Figure 7-3 visually shows the shift in 

uncertainty in the response and capacity between the original and reformulated limit state. 
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A         B 

Figure 7-3.  Probability density functions and coefficients of variation in the response R, and 
capacity C, for the  A) Original limit state in Eq. (7-1)  B) Reformulated limit state in 
Eq. (7-5) 

Table 7-6 shows the results for the reformulated limit state in a similar manner to Table 7-

3. Note that in this reformulation the exact analytical CDF required for conditional expectation 

method is lost, so that method is excluded from this example.  

Table 7-6.  Comparison of empirical and estimated results for crude and separable Monte Carlo 
methods for laminate bending problem with pf = 3.98x10-3 for the reformulated limit 
state in Eq. (7-5). Empirical standard deviation values were calculated for 104 
repetitions of MCS, and estimated variance values were averaged (standard deviation) 
and found the coefficient of variation ( ˆCV( var( ))p ) over the same 104 repetitions 

Empirical variance Estimated variance 
Method Sample size 

 ˆstdev p   ˆCV p   ˆstdev p  ˆCV p    ˆCV var p

ˆcmcp  Ncmc = 1000 0.00197 49.4% 0.00199 50.0% 49.1% 
ˆ smcp  Nsmc = Msmc = 1000 0.00097 24.3% 0.00098 24.5% 47.8% 

 

The results in Table 7-6 show the same coefficient of variation for CMC as Table 7-3, 

since the pf is the same (Eq. (6-5)). However, the SMC method was about twice as accurate than 

the previous results with a coefficient of variation of 24.3%. Therefore, even using the same 

number of samples with the reformulated limit state improved the variance in the pf estimate. 

Also, as done for the previous limit state, the error ratio of the estimates is shown in Table 7-7, 
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using 103 samples for the estimates and repeated 104 times (corresponding the case in to Table 7-

6). 

Table 7-7.  Mean and standard deviation of error ratios  ˆ( )/stdevf ˆp p p  for CMC and SMC 

failure probability and variance estimates for the reformulated limit state in Eq. (7-5) 
calculated from 104 repetitions 

Error ratio mean stdev 

ˆcmcp  0.86 0.78 
ˆ smcp  1.02 1.44 

 
As with the error ratios with the original limit state in Table 7-4, the mean of the SMC and 

CMC error ratios were both near 1, but this time variability in the error was greater for SMC at 

1.44. 

Recall that separable MC permits different sample sizes of R and C. So keeping the 

expensive response term fixed at Nsmc = 103, we are still able to sample more from the capacity 

(Msmc) at a small computational cost. Table 7-8 shows the separable Monte Carlo results for 

increasing number of samples of the capacity, from 250 to 105. 

Table 7-8.  Empirical and estimated variance from SMC for laminate bending of the 
reformulated limit state in Eq. (7-5) (pf = 3.98x10-3) 

Sample size Empirical variance Estimated variance 

Nsmc Msmc  ˆstdev smcp  ˆCV smcp   ˆstdev smcp  ˆCV smcp    ˆCV var smcp

1000 250 0.00188 47.2% 0.00188 47.2% 99.3% 
1000 500 0.00134 33.7% 0.00134 33.7% 69.8% 
1000 1000 0.00097 24.3% 0.00098 24.5% 47.8% 
1000 5000 0.00052 13.0% 0.00052 13.1% 21.3% 
1000 10,000 0.00043 10.8% 0.00043 10.9% 20.0% 
1000 50,000 0.00035 8.7% 0.00035 8.7% 26.2% 
1000 100,000 0.00033 8.3% 0.00033 8.3% 27.7% 

 

The results in Table 7-8 show that when the number of samples of the response is fixed at 

Nsmc = 1000, but the number of samples of the capacity is increased, the coefficient of variation 

of the failure probability reduces from 47.2% to 8.3%. In addition, changing the number of 
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capacity samples (Msmc) used in the estimates of variance components in Eqs. (6.28-30) also 

improves the accuracy of the estimates of the variance ( ).The expectation 

components in Eq. 

ˆCV( var( ))smcp

(6-49) were also estimated for Nsmc = Msmc = 103 repeated 104 times, as shown 

in Table 7-9. 

Table 7-9.  Mean and standard deviation of expectation components from separable Monte Carlo 
variance estimator (Eq. (7-5)) calculated from simulation estimates with N = M = 103 
repeated 104 times 

Component mean CV 
  0.000105 37.0% 

,R R  0.00387 24.5% 

1 2,R R  0.000852 52.8% 
 

The values for  , ,R R  and 
1 2,R R  in Table 7-9 were more similar in magnitude that those 

in Table 7-5 and the same can be said for their coefficients of variation. As done for the first 

limit state, the values in Table 7-9 were used in Eq. (6-50) to extrapolate the coefficients of 

variation for different combinations of Nsmc and Msmc. Figure 7-4 shows the contour plots for the 

coefficients of variation using the expectation components for the reformulated limit state, and 

Table 7-10 shows the corresponding data for the cases presented in Table 7-8.  

Table 7-10.  Extrapolated variance from Eq. (6-50) for SMC for laminate bending of the 
reformulated limit state in Eq. (7-5) (pf = 3.98x10-3) 

Sample size Extrapolated variance estimates 

Nsmc Msmc  ˆstdev smcp  ˆCV smcp   ˆCV var smcp  

1000 250 0.00188 47.2% 51.6% 
1000 500 0.00135 33.8% 50.4% 
1000 1000 0.00098 24.5% 47.8% 
1000 5000 0.00053 13.2% 38.4% 
1000 10,000 0.00044 11.0% 34.5% 
1000 50,000 0.00035 8.8% 34.2% 
1000 100,000 0.00034 8.5% 35.3% 
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Figure 7-4.  Separable Monte Carlo coefficient of variation contour plot for the limit state in Eq. 

(7-5) using extrapolated values from Eq. (6-50) with expectation components 
calculated with Nsmc = Msmc = 103 

The results in Table 7-10 should be compared to the empirical and estimated variance in 

Table 7-8. The variance data matches very closely to the empirical results, even though this data 

was extrapolated from just the case where Nsmc = Msmc = 103. Recall that the values for  , ,R R  

and 
1 2,R R  in Table 7-9 were averaged over 104 repetitions, but uncertainty in these components 

from a single simulation will propagate to the variance estimate, which is quantified 

as  in Table 7-10. Observe that  for Nsmc = Msmc = 103 has the same 

value of 47.8% as in Table 7-8, since that was the number of response and capacity samples used 

to estimate 

ˆ( ))smcpCV(var ˆCV(var( ))smcp

 , ,R R  and 
1 2,R R . The extrapolated variance performed reasonably well over the 

range of capacity samples. In fact, the extrapolation estimates were more accurate for values of 

Msmc less than 103, but slightly worse for Msmc greater than 103. Table 7-10 indicates that once we 

have performed SMC, we can then estimate by how much we need to increase Msmc and Nsmc to 
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improve the accuracy to a desired level. Then a particular combination of Msmc and Nsmc may be 

chosen based on the relative cost of response and capacity evaluations. 

Figure 7-5 shows the SMC data from Table 7-8 with Nsmc = 1000 fixed and varying Msmc, 

as well as the corresponding crude Monte Carlo values (Ncmc = 1000). The plot for coefficient of 

variation in SMC in Fig. 7-5 corresponds a slice (dashed line) in Fig. 7-4 at Nsmc = 103 

 
Figure 7-5.  Estimated coefficient of variation of SMC for varying Msmc with Nsmc = 1000 for 

laminate bending limit state in Eq. (7-5) with 1 standard deviation bounds on the 
variance estimate (pf = 3.98x10-3) 

Figure 7-5 shows that about Msmc = 250 and Nsmc = 1000 would give nearly the same 

accuracy as CMC with 1000 samples. Using a very large number of cheap capacity samples in 

Eq. (7-5) can bring the coefficient of variation in the pf estimate to under 10%. The one standard 

deviation bounds (dashed lines in Fig. 7-5) on the estimated ˆCV( )smcp  (Eq. (7-6)) demonstrate t

improved accuracy of the variance estimate as well.  

he 

112 



 

        
1

ˆ ˆvar stdev var
ˆCV

ˆ

p p
b p

p


  (7-6) 

Therefore, not only is the accuracy of the failure probability estimate improved as a 

function of Msmc, but also a more accurate simulation estimate of the variance. In conclusion, this 

type of problem where one of the random variables (response or capacity) is relatively 

inexpensive to generate and also has large uncertainty, then reformulating the limit state and 

sampling more from the cheap capacity can result in a more accurate probability of failure 

estimate. 

Separable Sampling of a Non-separable Limit State 

The previous two examples of separable Monte Carlo only explored simple limit states, 

expressed as a difference between a single response and a single capacity. This section looks at a 

more general limit state function that has several components of response and capacity combined 

such that they are non-separable. The objective is to use separable sampling and reformulation to 

shift uncertainty away from the computationally expensive components to improve accuracy in 

the probability of failure estimate. The example considered here is the failure of composite 

pressure vessel subjected to internal pressure. For composite materials, failure is generally 

predicted using the Tsai-Wu failure criterion, which serves as the limit state (Whitney 1987). The 

Tsai-Wu limit state is non-separable, but is composed of independent random components, thus 

making regrouping with SMC possible. 

Regrouping a General Limit State for Separable Sampling 

In most structural problems, failure of the system depends on the strength of the material S 

and stresses the structure sustains . Consider a general limit state G(,S), where the stress are 

considered the response and the strength is the capacity. As in the previous example, the stress is 

often a computationally expensive calculation, whereas the strength may be defined as a 
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statistical distribution. Since we are limited with the number of samples of the response , it 

would be helpful to reduce the uncertainty associated with it. Therefore, a method for regrouping 

random variables in the limit state is presented to be used with separable MC. 

In linear problems, stresses , are a linear function of the load P, as in Eq. (7-7). 

  (7-7) u P 

Where, u are stresses per unit load. The randomness in the load P, is often independent of the 

random variables that affect u (geometry and material properties), but P adds large uncertainty 

to the computationally expensive stress calculation. Therefore, since the stress per unit load, 

load, and strength are independent components, then the random variables can be separated, as 

shown in Eq. (7-8). 

    , ,u uG G PS  , S  (7-8) 

Now there are different possible groupings of the random variables for sampling with 

SMC. Figure 7-6 illustrates the original and regrouped limit state in Eq. (7-8) for separable 

Monte Carlo simulations. 

       
A         B 

Figure 7-6.  Illustration of separable sampling of the separable Monte Carlo method  A) Original 
limit state  B) Regrouped limit state 
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Figure 7-6 is a more specific arrangement than its counterpart in Fig. 6-1.The separable 

Monte Carlo formula that corresponds to Fig. 7-6b is shown in Eq. (7-9). A similar form of Eq. 

(7-9) could be written for Fig. 7-6a, but with different indices. 

  
1 1

1 1
ˆ [ , ,

M N
u u u
smc i j j

j i

p I G P
M N  

  S 0]  (7-9) 

The next section looks the failure probability estimate of the case of the Tsai-Wu failure 

criterion where the independent random variables in the non-separable limit state can be 

regrouped and separately sampled. The accuracy (presented as standard deviation) of the pf 

estimate using SMC and CMC is compared for the two groupings of the limit state as in Fig. 7-6. 

Note that statistical expression for standard deviation in SMC is only presently available for the 

simple limit state in Eq. (6-7), not for the more general, non-separable limit state. Thus, the 

empirical standard deviations of the pf estimates were calculated by performing repeated 

simulations. 

Application to Composite Materials for the Tsai-Wu Failure Criterion 

The problem involves prediction of failure of composite pressure vessel according to the 

Tsai-Wu failure criterion. A pressure vessel of d = 1 m diameter made of composite laminate is 

subjected to an internal pressure of 100 kPa. The composite laminate is a graphite/epoxy with the 

lamina sequence of [+25/-25]s and each layer being 125 m thick. The material properties of the 

composite are shown in Table 7-11 (Stamblewski et al. 2007). 

In general, the stress calculation is computationally expensive when it is calculated through 

finite element analysis, or in this case Classical Lamination Theory (CLT) (Gibson 1994, Section 

7.3). The stresses 1 and 2 (normal) and 12 (shear) acting in each ply of the laminate are 

calculated as in Eq. (7-10). 
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  (7-10) 

Where, the stresses acting in each ply of the laminate are a function of the in-plane stiffness 

matrix of the laminate [A], reduced stiffness matrix of each lamina[ ]Q , transformation matrix of 

each lamina [T], the pressure load P, and the diameter (d = 1 m) of the pressure vessel. Observe 

that the CLT stress calculation in Eq. (7-10) was separated into u and P, as described in Eq. 

(7-7). 

The most widely used criterion for composites is the Tsai-Wu criterion (Whitney 1987). 

The criterion is a function of the strength S and the stresses , in the fiber and transverse 

direction (e.g. 1 and 2 direction, respectively). The parameters of the random composite 

properties, pressure, and strengths used in the Tsai-Wu criterion are presented in Table 7-11. 

 
Table 7-11.  Mean and coefficient of random material properties, pressure, and strengths 

Properties Mean CV% Strength  Mean CV% 
E1(GPa) 159.1 5% S1T (MPa) 2312 10% 
E2(GPa) 8.3 5% S1C (MPa) 1809 10% 
G12(GPa) 3.3 5% S2T (MPa) 39.2 10% 

12 0.253 5% S2C (MPa) 97.2 10% 
P (kPa) 100  15% S12 (MPa) 33.2 10% 

 

According to the Tsai-Wu criterion, a layer of the laminate is assumed to have failed when 

the limit state in Eq. (7-11) is greater than or equal to zero.  

  (7-11) 2 2 2
11 1 22 2 66 12 1 1 2 2 12 1 2( , ) 1G F F F F F F           S σ 
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 (7-12) 

The in-plane normal and shear stresses , in each layer of the laminate is 

obtained from Eq. 

1 2 12, ,
T  

(7-10) and the Tsai-Wu coefficients  22 66 1 2 12, , , , ,11F F F F F F  are functions of 

the tensile and compressive strengths S. The uncertainty in the stresses is due to randomness in 

material properties (or  u) and pressure load P, and the uncertainty in the Tsai-Wu coefficients 

are from the randomness in the strengths S. For unit pressure load (P=1), stresses are equal to u. 

Therefore, the original limit state function in Eq. (7-11) (G(σ,S)) can be reorganized so that it is 

composed three sets of statistically independent random variables:  u, S and P. Thus, the 

regrouped limit state becomes Gu(σu,P,S). Now, the large uncertainty from the load P, of 15% is 

separated from the expensive stress per unit load calculations u. The inexpensive loads can be 

grouped with the inexpensive strengths S, so there is not a restriction to the number of samples 

capable of being generated (within reason). These ideas regarding the regrouping of the limit 

state with separable MC will be further discussed next. 

The probability of failure of a composite pressure vessel was calculated using crude Monte 

Carlo and separable Monte Carlo with the original and regrouped limit state. It was assumed that 

our computational budget only permitted 500 stress calculations (). Therefore, crude Monte 

Carlo used an equal number of random response () and capacity (S) random variables (N = 500) 

were sampled and compared. In the case of separable Monte Carlo, the response samples () 
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were limited (N = 500) and the capacity samples (S) were varied for M = 500 to 50,000 samples. 

The actual probability of failure the original and regrouped limit state is 0.0121. In order to 

assess the accuracy of the methods, the empirical standard deviation was obtained by performing 

104 repeated simulations shown in Table 7-12. Comparing the results of the original limit state, it 

is evident that separable MC predicts probability of failure more accurately than crude MC. 

Increasing the number of capacity samples in SMC causes a reduction in the standard deviation 

of the estimate. When N=500 and M = 50,000 samples for the original limit state (G(σ,S)), the 

uncertainty in the probability of failure estimate with SMC  ˆCV( )smcp  drops down to 15.6 %, 

compared to the 40.0% with CMC.  

Table 7-12.  Comparison between CMC and SMC for increasing samples of M for a fixed 
response sample (N=500) repeated 104 times 

Crude Monte Carlo 
Separable MC with 
original limit state 

Separable MC with 
regrouped limit state M 

 ˆstdev cmcp   ˆCV cmcp  ˆstdev smcp  ˆCV smcp  ˆstdev u
smcp   ˆCV u

smcp

500 0.00488 40.0% 0.00249 20.6% 0.00437 36.3% 
1000  0.00222 18.4% 0.00313 26.0% 
5000  0.00194 16.2% 0.00141 11.7% 
7000 0.00193 16.0% 0.00119 9.9% 
10000  0.00192 16.0% 9.90E-04 8.2% 
25000 0.0019 15.7% 6.52E-04  5.4% 
50000 

 

0.00187 15.6% 4.77E-04 4.0% 
 

In the original limit state (G(σ,S)), the expensive stress calculation contains the large 

uncertainty from the load P. Therefore, rearranging the calculation to obtain stress per unit load 

and load permits the separation of these random variables. This arrangement will enable 

separable sampling of the regrouped limit state G (σ ,P,S), similar to that shown in Eq. (7-9). 

This is an equivalent limit state to the original case, however this formulation shifts the large 

uncertainty in the load away from the expensive calculation (σ ). By reallocating more samples 

u u

u
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to the load and strengths (P, S), the accuracy in the probability of failure estimate is significantly 

improved. The empirical standard deviation of the regrouped limit state ( ˆstdev( )u
smcp ) is shown in 

Table 7-12. The corresponding data is also presented in Fig. 7-7. 

 
Figure 7-7.  Standard Deviation of CMC, SMC and regrouped limit state SMC where N=500 

(fixed) and M is varying for 10,000 repetitions 

 
Figure 7-7 clearly illustrates the effect of regrouping of the inexpensive random variables 

of the limit state. Crude Monte Carlo only has a single data point since we are limited to only 

500 σu samples. Whereas, the two separable Monte Carlo methods can use different sample sizes 

(M) for the other random variables. Observe that the standard deviation from the original limit 

state of SMC levels off to a nearly constant value of 0.0019 for M samples greater than 5000. On 

the other hand, the standard deviation for the regrouped limit state continually decreases with the 

number of M samples all the way to  ˆstdev u
smcp  = 0.0005 (or 4.0% CV). In other words, CMC 

can only estimate the failure probability to 40% accuracy, but SMC can achieve 15.6% with the 

original limit state or 4% with the regrouped limit state. That is, for nearly the same 
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computational cost, separable MC with regrouping can estimate the failure probability 85% more 

accurately than crude Monte Carlo. 

To understand the reason for the accuracy improvement with SMC for the regrouped limit 

state, consider the comparison of the probability density functions (PDF) of the effective 

response and capacity for the two cases in Fig. 7-7. Table 7-13 shows the numerical values that 

are represented graphically in Fig. 7-8. 

Table 7-13.  Comparison of the scatter of the original and regrouped limit states for SMC 
 
  

Mean 
Standard 
deviation 

Coefficient 
of variation  

SMC 

G(, S ) 0.616 0.132 21.5% 

G(S, ) 0.594 0.0899 15.1% 
SMC – regrouped 

Gu( u , S , P ) 0.651 9.68e-3 1.5% 

Gu(P,S, u ) 0.592 0.146 24.7% 
 

 
A            B 

Figure 7-8.  Probability density functions of the  A) Original limit state  B) Regrouped limit state 

In the Fig. 7-8a, the PDF labeled G(, S ) is the original limit state with randomness in the 

stresses at the mean strength values S  and the PDF labeled G(S, ) is the original limit state 

with randomness in the strength at the mean stress values  . Likewise, Fig. 7-8b is the same as 

120 



 

Fig. 7-8a, but for the regrouped limit state. That is, Fig. 7-8 shows the PDF of the limit state with 

random stress per unit load Gu( u , S , P ), and the PDF of the regrouped limit state with random 

load and strengths Gu(P,S, u ). Keep in mind that the sample sizes for the expensive stress 

random variables ( or  ) and cheap strength and load random variables (S and P) are N and M, 

respectively. 

Comparing the probability distribution functions of the components of the limit state in Fig 

7-8, one can see the reduction in uncertainty associated with the expensive calculation, that is 

G(,S ) to Gu( u , S , P ), or 21.5% to 1.5%. Therefore, fewer samples are required to accurately 

represent the distribution Gu( u S , , P ). So for the reformulated limit state, N = 500 samples of 

u  was sufficient. However, note that the uncertainty was shifted to the inexpensive calculation, 

thus making the PDF for Gu(P,S, u ) much wider. This is the desired scenario since many more 

samples of the cheap random variables (e.g. M = 50,000) are easily available. However, if a 

small number of samples were still used for the load and strength (e.g. M = 500), then 

distribution is not estimated very accurately. This explains why  ˆCV u
smcp  was greater than 

 ˆ CV smcp  M = 500, with values of 36.3% and 20.6%, respectively. However, with increasing 

the samples of ˆ u
smcp  to M = 50,000, then the accuracy of the estimate improved drastically to 4%, 

as shown in Table 7-12. Also, recall that the accuracy in ˆ smcp leveled off at about M = 5,000. This 

indicates that 5,000 samples are all that is required to sufficiently estimate the distribution of 

G(S, ). Therefore, it is advantageous to regroup the random variables in the limit state to shift 

uncertainty away from the expensive random variable.  

In conclusion, separable Monte Carlo was successfully extended to a general limit state 

that is non-separable, but still consists of statistically independent random components. 
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Separable sampling inherently improves the accuracy in the probability of failure estimate over 

crude Monte Carlo; especially when the limit state random variables are regrouped to shift 

uncertainty away from expensive calculations. 



 

CHAPTER 8 
CONCLUSIONS 

The failure of the hydrogen tanks on NASA’s X-33 Reusable Launch Vehicle (RLV) 

motivated much research to investigate the erroneous analysis of the design. This problem was 

interesting with respect to probabilistic analysis since the design weight was highly sensitive to 

uncertainties for a given failure probability. In previous research by Qu et al. (2003) on 

sensitivity and reliability analysis for this problem, three areas of potential uncertainty reduction 

were recognized and addressed in this dissertation. 

First, weight was found to be particularly sensitive to the transverse elastic modulus E2, 

and transverse coefficient of thermal expansion 2. Measurement uncertainty analysis was 

performed in compliance with NIST standards on experiments to determine the transverse elastic 

modulus of a composite laminate over a wide temperature range. The uncertainties associated 

with load, strain, thickness, and width measurements were propagated to estimate the uncertainty 

in E2 measurements. Uncertainties from systematic effects in the E2 measurement process were 

more apparent than random effects. The systematic uncertainty composed of 86.1% of the E2 

uncertainty, whereas only 13.9% from random effects. The thickness component of systematic 

uncertainty contributed 89.4% of the total systematic uncertainty in transverse modulus 

measurements. An analysis of variance identified surface variation as the most significant factor 

in uncertainty due to thickness measurements. Random uncertainties had a smaller impact on E2 

uncertainty. Spatial variation in the transverse coefficient of thermal expansion was investigated 

with an analytical model of an axisymmetric, circular plate. It was determined that observed 

changes in spatial variation in CTE were not significantly detrimental. 

Based on the second observation by Qu et al. (2003) that correlations in composite 

properties can significantly affect the failure probability, a correlation model was developed that 
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is capable of combining material variability with measurement error. Often correlation data is 

unavailable for material variability, however correlations can be derived from the relationship of 

elastic properties to a common physical effect, such as fiber volume fraction. The correlation 

model from fiber volume fraction was based on simplified micromechanics for graphite/epoxy 

and glass/epoxy laminates. Assuming a reasonable uncertainty in fiber volume fraction, then the 

covariance and correlation in composite properties could be generated. Next, the material 

variability from fiber volume fraction was combined with measurement error data for both 

laminates. The glass/epoxy laminate had correlated data available from vibration testing on a 

single specimen, whereas the measurement error in graphite/epoxy was estimated from several 

moduli experiments. The composite properties were treated as correlated and independent 

random variables and propagated to strain in an example pressure vessel problem. The 

coefficient of variation in strain and probability of failure were compared correlated and 

independent random variables for both materials. Compared to the independent case, correlated 

properties were observed as having varying effects on the coefficient of variation of transverse 

strain and failure probability. Therefore, if correlated material properties were not considered, 

then it could result in an inefficient or unsafe design. Furthermore, the significant increase in 

probability of failure between the correlated and independent material properties for the 

graphite/epoxy case was a direct result of including the material variability (fiber volume 

fraction), since the measurement error was assumed independent for that case. Thus, considering 

material variability from the correlations through fiber volume fraction can play a large role in 

the reliability-based design of composite structures. 

Finally, the third area of potential uncertainty reduction was in estimating failure 

probabilities. Since probability of failure calculations using traditional Monte Carlo can be 
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computationally intractable for accurate estimates of safe structures, the separable Monte Carlo 

method (SMC) was developed to improve the failure probability accuracy. Separable Monte 

Carlo is a form of Monte Carlo sampling that is used to calculate the probability of failure when 

response and capacity are independent random variables. It allows sampling the response and 

capacity separately and using all possible combinations of random response and random capacity 

samples. Accuracy estimates of SMC were derived for the case where the limit state has the 

simple form of capacity minus response. The variance estimator for separable MC was derived 

using conditional calculus and validated using simulation estimates. The simulation estimates of 

variance were shown to be of comparable accuracy to those obtained for crude MC. SMC may 

be viewed as an extension of the conditional expectation method, which also needs independent 

response and capacity. The variance estimates essentially provide the additional errors associated 

with having to sample capacity instead of using a given conditional probability (or cumulative 

distribution function (CDF)) for the capacity. Separable Monte Carlo also allows different 

sample sizes of the response and capacity, depending on the computational budget. To improve 

the accuracy of the failure probability estimate, SMC can be used in combination with a 

reformulated limit state that shifts uncertainty from the expensive response to the cheap capacity. 

It was demonstrated that the variability estimate can help us choose the number of samples of 

capacity and response needed for given accuracy.  

Separable MC, crude MC and conditional expectation were applied to three example 

problems, including an example with a basic limit state, out-of-plane displacement of a 

composite laminate, and separable sampling of the Tsai-Wu limit state. Conditional expectation 

was observed to be the most accurate method in all of the example problems, however either the 

response or capacity CDF must be known. The concept of reformulating (or regrouping) the limit 
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state was applied to the composite plate and Tsai-Wu examples. Reformulating of the limit state 

of independent random variables led to improved accuracy. A desirable situation is one where an 

inexpensively sampled random variable (usually the capacity), that also has a large coefficient of 

variation and can be isolated in the limit state from the expensive calculations (usually the 

response). The example of out-of-plane displacement of a composite laminate met the previous 

description. The uncertainty in the probability of failure estimate was significantly decreased by 

sampling more from the wider response distribution, while fixing the number capacity samples, 

which contained the more expensive Classical Lamination Theory calculations. 

 



 

APPENDIX A 
RADIAL DISPLACEMENT AND STRAIN DERIVATION FOR SPIKE IN COEFFICIENT 

OF THERMAL EXPANSION IN AN AXISYMMETRIC, CIRCULAR PLATE 

Cylindrical coordinates were nominated as a good candidate for analyzing stress 

distributions from  variation since the number of significant coordinates for plane stress 

condition is reduced from two in rectangular coordinates (x, y) to just one in cylindrical (r). The 

idealized problem setup is considering an impulse function acting over a very small area at zero 

on an infinite, axisymmetric, thin plate. This is a good assumption for large, localized variations 

in CTE. In general, the displacement field has the terms: 

      , , , , , ,u r z v r z w r z    (A-1) 

However, for this problem, we are considering a thin, axisymmetric, thin plate, therefore the 

displacement terms become 

    , 0u r z v w r z ,  (A-2) 

Further simplifying, we note that for all intensive purposes of this study, we are only interested 

in the distributions in the plane of the plate, so the displacements will not be a function of z. 

When taking all of these assumptions into consideration, the cylindrical strains are 

 0rr zz rz r z

du u

dr r              (A-3) 

Continuing from the differential equation for CTE in Eq.(4-4).There are two physical boundary 

conditions, one at the origin and the other at the edge of the plate. The radial for an axisymmetric 

plate, the radial displacement at the origin (r = 0) is zero. The other boundary condition depends 

on the problem definition. We are going to consider a fixed boundary condition at the edge for an 

infinite plate and a finite plate of radius rR. Therefore, the boundary conditions that are used to 

solve Eq. (4-4) are 
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     0 0 , 0 0Ru u or u r     (A-4) 

The variation in CTE that we are going to consider in the problem is a step impulse which 

acts on a radius r0 from the center of the plate. The region from 0 to r0 will have a spike in 

coefficient of thermal expansion of , which will be greater than the outer region from r0 to L 

(2), which will be set to zero. Figure A-2 shows an arbitrary example of the type CTE 

distribution we are interested in. 

 
Figure A-1.  Example CTE impulse distribution 

Finite element analysis (FEA) was used for the CTE distribution described above to help 

us anticipate the solution to the problem. Figure A-3 displays some example results for 

displacement, u. The data shown corresponds to the following properties: 

6 610 10
1 2 2

0

10.5 2 5.75

130 0.23 50

0.06

C C

E GPa v T C

r m

   

   
   


  

 

128 



 

 
Figure A-2.  FEA displacement curve for a CTE impulse 

Several characteristics from this curve will be useful for the initial conditions used in the 

calculations below. First, we see that there is a linear relationship from zero to a point we will 

call r0, where the displacement is a maximum, u0. Also, the displacement decays to zero as r 

goes to infinity.  

The differential equation (Eq.(4-4)) can be integrated to get Eq. (A-5). 

 
  1

1

1

du u
C

v T dr r
        

 (A-5) 

As mentioned before, we are going to be breaking the displacement curve into an “inner” and 

“outer” region (for inside and outside r0). The inner region will be equal to a constant a1, 

whereas the outer region will be set to zero. Therefore, from Eq. (A-5), for  to be equal to a 

constant (or zero) then the differential terms must be equal to a constant, K. 

 
du u

K
dr r

   

Multiply both sides by r. 

 
du

r u K
dr

  r  

We observe that the left side can be condensed by the Product Rule. 
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  d
ur kr

dr
  

By integrating, we finally obtain, 

 21

2

C
u kr

r
   (A-6) 

Analyzing Eq. (A-6) we can see that it has the two components observed in Fig. A-2, the linear 

term and the hyperbolic term. Since we are going to be writing two separate expressions for the 

two parts of the displacement curve, it is necessary to have a condition that equate the 

displacement at r0, because the plate is continuous. Therefore, we can rewrite the constant C2 as, 

   22
0 0 2 0 0

1
,

2 2

C
u kr u r u C u r kr

r
      0

1
  

 2
0 0 0

1 1 1

2 2
u kr u r kr

r
  
 


  (A-7) 

At this point of the derivation, we are able to go in two directions: infinite or finite plate. 

The next two sections will explain the details of each scenario. 

Infinite Circular Plate 

For the infinite plate, we are going to use Eq. (A-7) and the boundary equations listed 

below to solve for K and u0. 

   0 0 , 0u u    (A-8) 

Each boundary condition will enable us to solve for the displacement expression for the inner 

and outer region. Referring to Eq. (A-6), we see that C2 is forced to be zero when r = 0. This 

gives us the linear equation for the inner region. 

 0

1
for 0

2inu Kr r r    (A-9) 
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Again considering Eq. (A-6) and when r goes to infinity, then K must be zero. Since this 

boundary condition occurs at the edge of the plate, then this is the expression for the outer 

region. 

 0
0 0forout

r
u u r r

r
     (A-10) 

Equations (A-9) and (A-10) have two unknowns (K and u0), thus we need two more relationships 

to solve for them. First, we know that the displacement equation for the inside and the outside 

have to be equal at r0. By setting the two previous equations equal, then we can get u0 in terms of 

K. 

 0
0 0

0 0

1
2

2

r
kr u k

r r
   0u

 (A-11) 

Equation (A-9) becomes 

 0

0
in

u
u

r
 r  (A-12) 

The second relationship that we can take advantage of to solve for the constants is the inner 

and outer stress relationship. Since the CTE is equal to zero on the outside and the outer 

boundary is fixed, then we know that the stress at r0 has to be equal with respect inside and 

outside. 

  0 0 0rr in outr     (A-13) 

Using constitutive equations and the displacement equations, the stress terms for the inner and 

outer region are: 

 0 0 0
0 2

0 0 01 1 1in

u u uE E T E E
v

v r r v v r v


 

1

T 
        

 


 (A-14) 

 0 0
0 2

0 01 1out

u u uE
v

v r r v r


  
      

0

0

E
 (A-15) 
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Setting Eqs. (A-14) and (A-15) equal, we find that u0, and therefore K are 

    0 0

1
1 1

2
u r T v K T v          

Finally, we can substitute these constants back into the expressions for the inner and outer 

radial displacements. Differentiating these terms gives the radial strain component. Below is a 

summary of the findings for an infinite circular plate. 

         0

1 1
1 1

2 2in rr inu r T v r r T v r r           0  (A-16) 

        2 2
0 02

1 1
1 1

2 2out rr outu r r T v r r T v r r
r r

            0   (A-17) 

Finite Circular Plate 

In this section, we will consider a finite circular plate of radius rR, with a fixed boundary 

condition at K. Again, assume we have the same impulse distribution, where  = constant and 

nominal = 0. 

    0 0 0Ru u r   (A-18) 

Let us begin again by analyzing Eq.(A-7). As with the infinite plate, the constant C2 must 

equal zero when r = 0. However, when looking at the outer boundary condition, we notice that 

since we are dealing with a finite length, then K does not have to equal zero as with the infinite 

plate. These observations mean that the displacement function for the outer region will contain a 

hyperbolic and linear term. This was mentioned now because we are going to distinguish the two 

coefficients of the linear parts for the inside and outside as Kin and Kout, respectively. 

First, use the boundary condition at the origin to find Kin. 

   2 0
2 0 0 0

0

21
0 0 0

2 in in

u
u C u r K r K

r
        (A-19) 

Therefore, inner term remains the same as before. 
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 0

0

1

2in in

u
u K r

r
  r  (A-20) 

Next, we can use the outer boundary condition to find Kout. 

    
2 0 0

0 0 0 2 2
0

21 1 1
0 0

2 2R out R out out
R R

u r
u r K r u r K r K

r r r

          
 (A-21) 

To simplify fraction in Eq.(A-21), let 

 
 

0
2 2

0 R

r

r r
 


 (A-22) 

The outer displacement function becomes, 

  2
0 0

1
outu u r r r

r
  0

     
 (A-23) 

As done previously for the infinite plate, we must take advantage of the relationship in Eq. 

(A-13) to find the constant u0. 

 0 0 0
0 2

0 0 01 1 1in

u u uE E T E E
v

v r r v v r v


 

1

T 
        

 


 (A-24) 

      2
0 0 0 0 0 02 2

0

1
1

1out

vE
u v u r u r

v r
  

  
      

 (A-25) 

Setting Eqs. (A-24) and (A-25) equal, we find 

 
 

 
0

0
0

1

2 1

T v r
u

r




  



 (A-26) 

Therefore, the inside  and outside  00 r r    0 Rr r r   radial displacements and strains 

become the expressions in Eqs. (4-11) and (4-12). 

 



 

APPENDIX B 
DERIVATION OF COVARIANCE TERM IN SEPARABLE MONTE CARLO VARIANCE 

ESTIMATOR 

The derivation of the simplified covariance term for the separable Monte Carlo estimator 

in Eq. (6-38) merits further explanation. Starting with Eq. (6-37) and rewriting the expectation 

gives Eq.(B-1). 

       
1

1ˆ ˆ 1
j

M

C C c c C
j

F c E F c F c
M 



     (B-1) 

Furthermore, the covariance is rewritten as 

         
1 21 2 1 22

1 1

1ˆ ˆcov , 1 1
j k

M M

C C C c c C c c C
j k

F c F c E F c F c
M  

 
          (B-2) 

Note that the sum is centered, that is the expectation is zero. For simplicity, let, 

      
1 11 1

j kj c c C k c c Cu F c v F    
2 2c  (B-3) 

As mentioned before, the expectation of the differences in Eq. (B-2) are centered, thus zero. 

    0 andj kE u E v 0   

When j = k, the terms are not necessarily independent since if c1 < c2, then c < c1 also implies c 

< c2. The opposite is true for j ≠ k, therefore the r.v.’s uj and vk are independent 

     0j k j kE u v E u E v      

For covariance we are only concerned with the terms that are not independent, therefore we can 

use only one subscript. Replacing the differences in Eq. (B-2) with the definitions from Eq.(B-3), 

    1 2 2
1

1ˆ ˆcov ,
M

C C C j j
j

F c F c E u v
M 

         (B-4) 

Looking at the expectation and simplifying, 

             
2 11 2 1 2 1min ,1 1 1

j jjj j C c c C c c C Cc c c 2E u v E F c F c F c F c 
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              1 2 1 2 2 1 1 2min ,j j C C C C C C CE u v F c c F c F c F c F c F c F c         

       1 2 1 2min ,j j C C CE u v F c c F c F c      (B-5) 

Substituting back into Eq. (B-4), 

           1 2 1 2 12
1

1ˆ ˆcov , min ,
M

C C C C C C
j

F c F c F c c F c F c
M 

      2  

             1 2 1 2 1 22

1ˆ ˆcov , min ,C C C C C CF c F c M F c c F c F c
M

      

Which finally simplifies to Eq. (6-38). 



 

APPENDIX C 
SYMMETRY OF RESPONSE AND CAPACITY RANDOM VARIABLES IN SEPARABLE 

MONTE CARLO 

This proof shows that the derived variance estimator for SMC in Eq. (6-48) is the same, 
regardless of the empirical CDF being considered. Begin with finding the general component 
expression for ˆ smcp  variance. Recall the expectation component form of the variance estimator 

for separable Monte Carlo from Eq.(6-50). To demonstrate the symmetry of the response and 
capacity samples, consider the expectation components for a uniform distribution from Eq. (D-1) 
for convenience. 

 21

3RR f C Rp p p    (C-1) 

 21

3 C R f
2p p p    (C-2) 

 
1 2

2
,

1

3R R C R f
2p p p    (C-3) 

where, 

 
1

2f C Rp p p  (C-4) 

The problem of interest is for when pC = pR, then values of M and N should be interchangeable to 

keep symmetry. Thus, consider pC = pR = p and simplify the components above. 

 21 1

2 3RR
3p p    (C-5) 

 31 1

3 4
4p p    (C-6) 

 
1 2

3
,

1 1

3 4R R
4p p    (C-7) 

At this point it is apparent that   and 
1 2,R R  are equal. To simplify the expression further, reduce 

the three components to two constants. 

 1RR C   (C-8) 

 
1 2,R R C2    (C-9) 
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This permits us to rewrite the variance equation in a more telling form with respect to M and N. 

   1
2

1 1 1
ˆvar smc

C
p C

NM N M NM
   
 


  (C-10) 

Now, it is more obvious that N and M are equivalent for the case of pC = pR since the function is 

only made up of sums and products of N and M. Thus, the variance of separable Monte Carlo 

using a random empirical CDF is symmetric when the response and capacity have the same 

distribution shape and same standard deviation. 

 



 

APPENDIX D 
MONTE CARLO EFFICIENCY COMPARISON VIA ANALYTICAL EXAMPLE 

To explore the efficiency of the two methods, expressions for the probability of failure and 

required sample size were derived for uniform distributions. For simplicity, assume that the 

random determinants of response and capacity produced a uniform distribution for each. 

Uniform distributions were chosen for convenience of calculations. Figure D-1 shows a general 

scenario of probability of failure for two uniform distributions. 

 
Figure D-1.  General uniform probability density functions for response and capacity 

To reduce the number or parameters used to describe the relationship of the response and 

capacity, the overlap ratios of each distribution were used. These parameters shown in Eq. (D-1) 

represent the probability of each of the random variables being in the failure region. 

 R C R C
R

R R C C

b a b a
p

b a b a




 Cp


  (D-1) 

The upper and lower bounds of the uniform distribution are a and b, respectively. The 

parameters defined in Eq. (D-1) permit a convenient representation of the probability of failure 

and variance. Consider the integral form of calculating the probability of failure in Eq. (6-9). 

Substituting the cumulative distribution function and probability density function in terms of pR 

and pC yields a discrete expression for pf. 

 
 2

1 1

2( )( ) 2

R

R

b
C RC

f R C
R R C C R R C Ca

a br a
p dr p p

b a b a b a b a

  
      

   (D-2) 
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First, consider the variance of the crude Monte Carlo method from Eq. (6-5). As a way to 

express the cost of a simulation, Eq. (6-5) was rewritten in terms of the number of samples 

required, Ncmc, to achieve a specified level of accuracy or coefficient of variation. 

 
2 2

(1 ) 1 2
1f

cmc
f p p R C

p
N

p CV CV p p

  
   

 
 (D-3) 

This form better displays the inverse nature of sample size to probability of failure and the 

overlap ratios. Analyzing Eq.(D-3), it is apparent that for very small probability of failures, or 

very small pR and pC, a very large sample size is required. 

Similarly, the variance from the conditional expectation method (Eq. (6-22)) is rewritten in 

Eq. (D-4). 

    2
ˆvar ( ) ( )uni

ce c f r

Rr

p F r p f r dr   (D-4) 

  
2

1 1
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R

R

b
uni C
ce f

R R C Ca

r a
p p d

N b a b a

   
      

 r   (D-5) 

Integrating and substituting in the parameters in Eq. (D-1). 

  
2

4
ˆvar 1

3
funi

ce
R

p
p

N p

 
  

 
 (D-6) 

As mentioned before, the parameters associated with the random response are the only 

contributors to the variance in ˆ cep . From this result, given uniform distributions (or 

approximations) of the response and capacity one can analytically predict variance (or required 

number of samples) of a probability of failure simulation. 

 
2

1 4
1

3ce
p R

N
CV p

 
  

 
 (D-7) 
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Considering small probabilities, pR and pC are typically small, so the second term in Eqs. 

(D-3) and (D-7) may be neglected. Then after some manipulation of the equations, another 

descriptive formula for efficiency analysis is shown in Eq. (D-8). 

 
2 2

3
ce R

f
cmc C

N p
p

N p
  (D-8) 

Dissecting the components of the equation shows when SMC is more efficient than 

standard Monte Carlo. First, the smaller the probability of failure gets, the smaller the number of 

samples are required for SMC with respect to crude MC. Also, the method is advantageous when 

more of the uncertainty comes from the capacity rather than the response (pR>pC). For example, 

when the response is deterministic, pR = 1. 

To graphically illustrate the effect of pf on both simulation methods, a plot of sample size 

vs. pf was generated in Fig. D-2. 

 

 
Figure D-2.  Sample size of crude and separable MC for uniform distributions with CVp = 1% 

and pR=pC 

For a better representation of the advantage of SMC at small probability of failures, the 

ratio of sample sizes were compared in Fig. D-3 versus the two terms of interest, pf and pR/pC. 
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The actual plots use the ratio of Eqs. (D-3) and (D-7), whereas the estimated plots are from Eq. 

(D-8). 

 
Figure D-3.  Actual and estimated ratio of CE to CMC sample sizes for uniform distributions 

with CVp = 1%  A) versus pf with pR/pC = 1  B) versus pR/pC with pf = 10-6 
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