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A point particle moving in a curved spacetime gives rise to fields that in turn affect

its motion. One conveniently thinks of this interplay as the response of the particle to

its self-force. To date, models of point particle motion in the vicinity of black holes have

ignored parts of this self-force because it is such a challenge to calculate. This work is part

of a larger effort to develop systematic tools for the efficient calculation of such self-forces.

This development is made with the aim of accurately simulating the inspiraling motion

of compact objects onto supermassive black holes (also known as extreme-mass-ratio

binary inspirals, or EMRIs), and of obtaining good predictions of the gravitational waves

they emit. EMRIs are the main targets for the proposed space-based gravitational wave

detector, the Laser Interferometer Space Antenna (LISA). For the mission to succeed,

accurate templates of the gravitational waves it will pick up are necessary. This work is an

attempt to address this need.

The main contribution of this dissertation is the design and testing of a novel method

for simultaneously calculating self-forces and radiation fluxes due point particle sources

using (3+1) codes. Concrete calculations of self-forces for particles in strong-field gravity

have only previously been done through mode sum approaches, which, while having been

critical to the development of the subject, appears inconvenient for the eventual goal of

using a calculated self-force to update particle trajectories. The new method avoids a

mode decomposition entirely, and instead properly replaces the distributional source of
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the curved spacetime wave equation by an effective regular source. The resulting regular

solution of the wave equation, under appropriate boundary conditions, results in the

physical retarded field when evaluated in the wavezone, while its gradient at the location

of the particle gives the full self-force.

This prescription is founded on the possibility of properly smearing out or regularizing

delta function sources using an elegant decomposition of point source retarded fields,

introduced by Detweiler and Whiting. Concrete implementations of the method are

presented here, focusing exclusively on the ideal test case of a scalar point charge in

a circular orbit around a Schwarzschild black hole. For a quick proof-of-principle, the

method is first implemented in time-domain, using a 4th-order (1+1) algorithm for

evolving the wave equation. This was used to calculate the self-force and the retarded

field in the wave zone. To assess the quality of the numerical results, they were compared

with the results of highly accurate frequency-domain calculations found in the literature.

Encouraging agreement to within . 1% is achieved.

This work also presents the first successful self-force calculations performed

with (3+1) codes. For this task, two independent (3+1) codes (finite difference and

pseudospectral) developed originally for full-fledged numerical relativity applications were

adapted to implement our new technique. Again, good agreement of . 1% error in the

self-force and fluxes is achieved.

These results open the door towards employing the well-developed machinery of

numerical relativity in tackling the extreme-mass-ratio regime of black hole binaries, and

consequently pave the way towards long sought self-force waveforms for EMRIs.
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CHAPTER 1
INTRODUCTION

1.1 Self-Force and Gravitational Wave Astronomy

The subject of self-force and radiation reaction in classical field theory has been

around for a long time. The problem is often first encountered in the context of

electromagnetism, where ones asks what happens to an accelerating charge as it

radiates. How is the dynamics of the point charge affected by the emitted radiation?

And subsequently, how does the radiation change as a result of the modified particle

dynamics? The goal of a consistent framework in which to treat both particle and field

dynamics has been a long-sought goal in classical field theory [1].

While for most applications, the effects of self-force and radiation reaction are largely

irrelevant, there has been a resurgence of interest in the problem brought about by the

prospect of detecting low-frequency gravitational waves with space-based interferometers

[2]. One of the most promising sources of low-frequency GWs is the inspiral of a compact

object (like a stellar-mass black hole, neutron star, or white dwarf) onto a much heavier

supermassive black hole. These events are referred to as extreme-mass-ratio inspirals or

EMRIs, and are believed to be quite ubiquitous in the Universe, given the consensus that

most normal galaxies harbor supermassive black holes in their central cores. A detection

and subsequent analysis of GW signals from EMRIs holds tremendous scientific potential

– from an improved census of BH masses in galaxies to the confirmation of the black

hole no-hair theorem in classical general relativity [3]. For this to become a reality, not

only will GWs need to be unambiguously detected, physical parameters for the sources

that emitted the GWs will need to be estimated with some accuracy. The extraction of

astrophysical information from an EMRI signal will require precise theoretical models of

EMRIs and the GWs they emit. This is what underlies much of the theory/mo:qdeling

component of gravitational wave science – the theoretical analysis of likely GW sources
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that will be of assistance to the gravitational wave astronomer in her search for GWs and

her subsequent task of understanding what it is that she has found.

For theorists, EMRIs are exquisite because of their simplicity. While the modeling

of most objects in the Universe requires are tremendous amount of physics, guess-work,

and fine-tuning, EMRIs are comparatively clean. It is believed that because of the

extreme discrepancy in mass scales, it is reasonable to ignore the small compact object’s

internal degrees-of-freedom, and therefore treat it as point mass moving in the (perturbed)

spacetime of the supermassive black hole. At zeroth-order, the resulting motion is just

geodesic motion, but with the accuracy requirements of GW data analysis, specifically

with respect to parameter estimation, corrections to geodesic motion turn out to

be important. These corrections are brought about precisely by the self-force. The

ultimate motivation behind revisiting the phenomenon of self-force is therefore to build

accurate models of the motion of compact objects in astrophysically-interesting black hole

spacetimes. These are to serve as the basis for the most accurate theoretical waveforms

due to EMRI sources, the availability of which will surely extend the utility of planned

space-bourne gravitational wave detectors.

This introductory chapter provides a cursory overview of the self-force problem

and its relevance to the science of gravitational waves. It opens with a review of

what is understood from electromagnetism, demonstrating particularly why in most

practical circumstances, self-force effects are negligible. It is also shown why it becomes

important for extreme mass ratio inspiraling black holes. Then, it proceeds to setting the

astrophysical context of the problem, describing EMRI sources for the planned space-based

LISA mission, in which it is argued that self-force becomes necessary if one hopes to do

precise astronomy with low-frequency GWs. After such is a rough summary of previous

EMRI models and EMRI GW calculations that have been done via the formalism of black

hole perturbation theory. Finally, this is followed by a discussion of existing waveforms
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currently being used by the LISA data analysis community, and why we still eagerly await

waveforms that consistently incorporate the effects of the self-force.

This introduction sets the context for what was achieved in this work. Enumerated

are the consequences of these achievements. Finally, a summary is provided for the rest of

this dissertation.

1.1.1 Radiation Reaction in Electromagnetism

Two traditional problems in electromagnetism are as follows: (1) Given some

prescribed charges and currents, (ρ,~j), calculate the electromagnetic field (Fµν) they

produce, and (2) Given a preassigned electromagnetic field (Fµν), determine the motion of

charges and currents, (ρ,~j), interacting with it.

Coming up with a simultaneous (consistent) solution to both problems for even the

simplest case of a structureless electron has been the focus of countless investigations

in the past. (See the book by Rohrlich, [1]). But fortunately, the lack of a full solution

is rarely an impediment to one whose interest in electromagnetic theory is motivated

by applications. In many physical situations, when one keeps the problems separate,

what is achieved is typically a highly accurate approximation. As an example [4], we can

investigate the importance of radiation reaction for a charge moving quasi-periodically

with a typical amplitude d, and a characteristic frequency ωo. Radiation reaction becomes

important when the radiated energy (by the Larmor formula), Erad, becomes comparable

to the characteristic energy of the system, Eo. In this example, Eo ∼ mω2
od

2, while the

characteristic acceleration is a ∼ ω2
od, and the characteristic timescale is T ∼ 1/ωo. For

radiation reaction to be unimportant, we then have the criterion that

Erad ∼
2e2a2T

3c3

be much smaller than

Eo ∼ mω2
od

2,
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where e and m is the charge and mass of the particle, respectively. This implies then that

the system only needs to satisfy

ωoτ ≪ 1,

where τ ≡ 2e2/3mc3 is the characteristic time for radiation reaction. τ turns out to be

of the order ∼ 10−24s, which is generally much smaller than most applications of interest.

This indicates why we can safely ignore radiation reaction in common practice.

1.1.2 The Extreme-Mass-Ratio Two-Body Problem in General Relativity

In general relativity, the spacetime metric gab becomes the main player, and the

dynamical equation becomes the much more complicated Einstein equation:

Rab −
1

2
gabR = 8πTab, (1–1)

a coupled system of second-order, nonlinear, hyperbolic equations for the components

of gab, which undoubtedly makes the game much more complicated than Maxwell’s.

Nonetheless, dynamics in GR turns out to be conceptually very similar to that of

electrodynamics.

The general two-body problem in general relativity is a complicated subject deserving

reviews of its own, so we shall refrain from discussing it in full generality here. We restrict

ourselves first to vacuum, Tab = 0, freeing ourselves from the complication of having

matter in the problem; and we further focus on a special case of the two-body problem

wherein we have the “masses” of these geometric objects differing by orders of magnitude,

µ/M ≪ 1. For such a case we say that we have an extreme mass ratio, and from now on

we shall call these objects black holes (BH).

As in electrodynamics, any beginning student of GR first learns of the dynamics

of point masses in its simplest form: point masses respond to an existing field that

does not itself budge because of their presence. In this context, one speaks of the

reasonable fiction of a point mass moving in a geodesic of a background spacetime.

For the extreme-mass-ratio two-body case, the geodesic is of the spacetime of the bigger
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BH. The gravitational field of the small BH itself is ignored, equivalent to assuming that a

charge responds (according to the Lorentz law) to some predetermined external field, but

is otherwise completely unaffected by its own electromagnetic field. Hence, our dilemma in

Maxwell’s theory persists in Einstein’s gravitational physics.

Like in electromagnetism also, gravitational self-force effects are irrelevant in many

important astrophysical circumstances. In fact, in the first calculations of the emission of

gravitational radiation by point masses [5–8] assumed geodesic motion for the particle’s

dynamics, in exactly the same way that one prescribes the trajectories of charges in EM

to calculate emitted radiation. Sometimes though, a domain is encountered for which this

approximation cannot be expected to be valid. The following example explores just what

this domain is.

Consider a mass µ in a quasicircular orbit of frequency ωo and distance d around

another mass M , such that M > µ. Just as in Maxwell’s theory, we shall consider

self-force effects to be important when the resulting energy loss in a system over n

characteristic time periods is comparable to its characteristic energy. At lowest order, GW

luminosity is approximated to be L ∼ (
...
Q)2, where Q is the system’s quadrupole moment.

The radiated energy through a period 2πω−1
o n is then roughly:

Erad ∼ n(
...
Q)2ω−1

o ∼ nµ2d4ω5
o.

Through the virial theorem, the kinetic energy of the mass µ will be roughly equal to the

gravitational binding energy. The characteristic energy, Eo, of this system is

Eo ∼ µω2
od

2

Self-force effects will not be important if Erad ≪ Eo. With ω2
o = M/d3, this is equivalently

n
µ

M

(

M

d

)5/2

= nχ

(

M

M⊙

)5/2(
1.48 km

d

)5/2

≪ 1, (1–2)
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where χ is the mass ratio. For the Sun-Mercury system, χ ≈ 2.7 × 10−7, and the distance

of separation d is roughly 5.8 × 107 km. These numbers imply that for self-force effects to

be appreciable, Mercury has to undergo roughly ∼ 1024 orbits (i.e. ∼ 1023 years), much

longer than the expected lifetime of the Sun (∼ 10 billion years).

For a 106M⊙ − 10M⊙ BH binary system though, (M/d) can get to as large as 1/6

(for a non-spinning central BH), so that with about 103 − 105 orbits self-force effects can

become quite severe. It is for a system like this that gravitational self-interaction cannot

be ignored.

Going beyond the test mass approximation by including the effects of the small

BH’s interaction with its own gravitational field is the goal of modern self-force analyses.

Such studies seek to extend our understanding of the dynamics of the extreme-mass-ratio

2-body systems, and are ultimately expected to result in more accurate theoretical models.

To some, the theoretical significance of self-interaction in extreme-mass-ratio

two-body dynamics warrants perhaps no further justification. However, the real impetus

behind recent efforts on this problem goes beyond a purist’s motivations, and this has

been the prospect of ushering a new, fundamentally different approach to astronomy. To

date, astronomers have depended upon information about the cosmos that is brought to

them via electromagnetic waves from a variety of frequency regimes. General relativity

predicts that large interacting masses in the universe emit gravitational waves; and these

GWs encode information about the cosmos, some of which cannot be brought to us by

electromagnetic waves [9, 10]. The successful detection and use of GWs promises to reveal

many aspects of the universe to which we are currently blind.

This promise has transformed gravitational physics into a dynamic field half-owned

by experimentalists. Ground-based interferometers such as LIGO, VIRGO, and GEO

are now online, while a space-based LISA is poised to be launched within the next

decade. Impressive strides are being made in lowering the noise floor (and thus improving

the sensitivity) of these GW detectors. However, despite these fantastic advances in

18



technology, the sheer weakness of expected GWs (of the order ∼ 10−21 in relative strain,

∆L/L) currently constrains detection and, more crucially, parameter estimation (by which

we extract useful information from them) to be significantly reliant on a paradigmatic

data analysis technique called matched filtering. (GW bursts and stochastic GW sources,

however, fall outside this paradigm.)

In this technique, a theoretically-derived template waveform, is integrated against real

data from the interferometers in order to find a GW signal that would otherwise be buried

in noise. The presence of an actual signal in the data matching a particular template

closely enough (and long enough) would be revealed by a high resulting value for the

integral, relative to some carefully predetermined threshold; and it would subsequently be

interpreted as a detection. This integration procedure is done over all available templates

in some template bank, until the data is either confirmed to match one or more of the

templates or just determined to be purely noise. If a detection is made, then the next

step is to extract the encoded information out of it. This is done by carefully identifying

which of the templates most closely matches it, since each template actually corresponds

to a theoretical model of an astrophysical source with a unique set of parameters. A likely

scenario, however, is that more than one template matches it, so further analysis must

done to really ascertain what the real parameters corresponding to the detected signal are.

Inaccurate templates, however, will severely hinder this part of the process, and ultimately

limit the utility of any detection [11]. The push for more accurate models of gravitational

wave sources is thus intimately tied to parameter estimation.

1.2 Astrophysical Context: LISA and GWs from EMRIs

An extreme-mass-ratio inspiral would be comprised of a compact object (white

dwarf, neutron star, or black hole) of mass µ & 1M⊙ and a supermassive BH of mass

×104M⊙ . M . 107M⊙. The inspiraling body has to be a compact object because its

internal gravity has to be strong enough to withstand tidal disruption by the supermassive

black hole, while also producing GWs of sufficient amplitude for it to be detectable.
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The other member of the binary also has to be a supermassive black hole because the

characteristic frequency of an emitted GW scales as M−1, while planned space-borne GW

detectors will be most sensitive in the low-frequency regime, i.e. 0.1 mHz - 100 mHz [12].

There exist various scenarios which lead to the formation of ERMIs. [A comprehensive

review of EMRI astrophysics can be found in [13].] However, the standard picture

involves two-body relaxation bringing a compact object onto an orbit with a small

enough pericenter distance that dissipation by the emission of GWs becomes dominant.

Otherwise, compact objects simply orbit the supermassive black holes with their orbital

parameters changing slowly due two-body relaxation.

The astrophysics of EMRIs is currently a rich subject of intense activity, most of

which though is beyond the scope of this work. One aspect worth pointing out, however,

is that estimates of the distribution of eccentricities for one-body inspirals show that it

is skewed towards high-e values, with a peak of the distribution around e ∼ 0.7 [14].

Strategies aimed at calculating EMRI waveforms must therefore be geared towards the

high-eccentricity regime of parameter space.

The planned LISA mission will be a constellation of three satellites moving around

the Sun, forming the vertices of an equilateral triangle of arm-length roughly 5 × 106

kilometers from each other, whose normal is inclined 60o with respect to the ecliptic. The

very long arm lengths practically prohibit classical interferometry, wherein laser light is

bounced of mirrors. After traveling 5 million kilometers, a tiny 10−6-rad beam divergence

becomes a huge spot roughly 20 km in diameter [13], resulting in significant loss of power

if the captured light is merely reflected back. To circumvent this difficulty, LISA will

employ active mirrors whose job it is to capture phase information from an incoming beam

and then order the re-emission of an amplified beam with the same phase information that

was just collected.

To detect distance variations of pico-meter precision between any two spacecraft (in

the mHz band), LISA will have to follow an optimally stable orbit in which the three
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spacecraft go around its barycenter with a period of one year, while its barycenter lags

the Earth by 20o as it goes around the Sun. And while the arm-lengths will certainly vary

(by as much as ∼ 120, 000 km), these variations occur on time scales of months, whereas

GW-induced variations will happen on time scales of hours. This is what permits the

possibility of pico-meter interferometry in space. (The interested reader is invited to look

up [13] for more details.)

Sun

60o

Figure 1-1. Planned orbit for LISA.

Estimates for EMRI detections by LISA lie in the range of a few to a few thousand

[3]. Although arriving at these estimates is quite an involved process (and one not without

much uncertainty), often, a back-of-the-envelope calculation will suffice in assessing the

relevance of a particular GW source to either LIGO or LISA. Two of these useful numbers

are the strength of the GW signal h and the characteristic frequency.

The strength of a gravitational wave signal coming from an isolated source far away is

roughly estimated with the so-called quadrupole formula [15]:

h
(TT )
ij (t, ~x) =

2

r

G

c4
Ï

(TT )
ij (t− r

c
), (1–3)
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where h
(TT )
ij is the gravitational wave in transverse-traceless gauge, (t, ~x) are the

coordinates of the observer with the source at the spatial origin, r = |~x|, and I
(TT )
ij (t− r

c
) is

just the transverse-traceless quadrupole moment of the source evaluated at retarded time.

G and c are, respectively, just Newton’s constant and the speed of light in vacuum.

In order of magnitude, the quadrupole moment of a source scales as ∼ Mv2, with

M and v being its mass and characteristic speed. The quadrupole formula is then often

quoted as

h ∼ rSchw
r

v2

c2
, (1–4)

where rSchw = 2GM/c2(≈ 3(M/M⊙)km) is the corresponding Schwarzschild radius of the

source. For a 106M⊙ − 10M⊙ black hole binary 1 Gpc away, we expect h . 1.5 × 10−20.

The frequency of the GW from a particular source will be roughly related to its

natural frequency [10]:

fo =
√

ρ̄/4π, (1–5)

where ρ̄ is the mean density of the mass-energy of the source. For the same binary above,

we can then expect a frequency of roughly ∼ 4 mHz. These numbers put the GW from

this source right within the LISA band.

1.3 EMRI Modeling and Waveforms

The modeling of EMRIs can be said to have begun in the 70s with the pioneering

calculations by Davis et. al., [5, 6] and Detweiler [7, 8] of the gravitational radiation

emitted by small point masses orbiting black holes. This was done for radial infall and

circular orbits around both Schwarzschild (non-rotating) and Kerr (rotating) BHs.

A critical simplification used in all these calculations was the assumption of geodesic

trajectories for the orbiting point particle. Hence, nothing about the effects of the point’s

interaction with its own gravitational field can be found in their calculated waveforms.

While the effect of this interaction is small, it accumulates appreciably over the course of

104 − 105 orbits.
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In the 90s, with the approval of the construction of LIGO and VIRGO, similar

calculations of gravitational wave emission were done [16–19] to address, among other

issues, the anticipated waveform accuracy needs for these facilities. But again, no self-force

effects were incorporated in the source trajectories they used. Post-Newtonian calculations

would also be carried out that include some radiation reaction effects; but because this

approximation assumes weak interbody gravitational fields and slow orbital speeds (e.g.

[20]), its predictions hold only in the slow inspiral limit (i.e., when the black holes are so

far apart). Probing the strong-field, high-speed regime of an EMRI binary requires the

rich formalism of black hole perturbation theory [21]. The next few subsections sketch how

this is done for the case of a Schwarzschild black hole.

1.3.1 Perturbation Theory in General Relativity

Perturbation theory in GR [21] seeks approximate solutions to Einstein’s equation by

asking how the metric behaves close to some known solution. This typically proceeds from

a decomposition of the unknown solution – the full metric – into a known exact (usually

vacuum) solution, which we shall call the “background” metric, and a residual perturbing

metric, hab, which we shall just call the “perturbation”.

gab = g
(B)
ab + hab (1–6)

With this defined, one can then expand out the Einstein tensor (Gab ≡ Rab − (1/2)gabR)

in powers of hab, and then ignore higher powers depending on how accurate a solution

one needs. This can be done with the assumption that the perturbation is in some sense

“small”. The result will be an equation more tractable than (1–1).

The “N” in N -th order perturbation theory generally refers to how many powers

of h one admits in the equations one decides to solve. Presumably, solving higher order

equations gives you more accurate approximations; but this is difficult to show, as

convergence to the true solution is often just assumed in most calculations. In general, the
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first-order perturbed Einstein equation would be

G
(1)
ab = −1

2
[∇b∇ah + ∇2hab − 2∇c∇(ahb)c − 2Rd

(ahb)d + gab(∇2h − ∇c∇dhcd)] = 8πTab,

(1–7)

where the curvature terms are defined on the background. In the case of a vacuum

background spacetime, this simplifies to

G
(1)
ab = −1

2
[∇b∇ah + ∇2hab − 2∇c∇(ahb)c + gab(∇2h−∇c∇dhcd)] = 8πTab. (1–8)

Second-order perturbation theory would entail working with:

G
(1)
ab = −G(2)

ab + 8πTab (1–9)

where G
(2)
ab is the part of the Einstein tensor quadratic in the perturbation. This equation

is quite long, and rather unenlightening, so they are shown instead in Appendix C.

In these equations, h = gab(B)hab, “∇” is the covariant derivative compatible with the

background, and indices are raised and lowered with the background metric.

1.3.2 First-Order Perturbation Theory on a Schwarzschild Background

Perturbation theory was first applied to black holes by Regge and Wheeler in their

pioneering work on the linear stability of the Schwarzschild geometry [22]. (This study,

however, would only be completed by Zerilli [23] nearly 15 years later). In this analysis,

the background spacetime is given by

g
(B)
ab dx

adxb = −
(

1 − 2M

r

)

dt2 +

(

1 − 2M

r

)−1

dr2 + r2dθ2 + r2 sin2 θdφ2, (1–10)

which is plugged into the linearized, vacuum Einstein equation:

∇2hab + ∇b∇ah− 2∇c∇(ahb)c + gab(∇2h−∇c∇dhcd) = 0 (1–11)
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to give the equation for the first-order perturbation hab. Note that this equation is

invariant under the transformation:

hab −→ hab + Lξgab = hab + ∇aξb + ∇bξa, (1–12)

where ξa is an arbitrary vector and Lξ is the Lie-derivative. This is known as a gauge

transformation, and ξa, a gauge vector.

By taking advantage of the spherical symmetry of the Schwarzschild background, one

can conveniently decompose the perturbation hab as a sum over multipoles (see Appendix

B):

hab =
∑

lm

hlm,evenab +
∑

lm

hlm,odd

ab , (1–13)

where each hlm,evenab and hlm,odd

ab has a unique angular dependence specified by the (l,m)

spherical harmonics (scalar, vector, and tensor), and are further distinguished from

each other according to parity. By fixing the angular dependence at each multipole, the

decomposition allows one to see how the (t, r) dependence of the perturbation completely

decouples from its angular dependence at each mode. Each even and odd mode will

depend on seven and three functions of (t, r), respectively, as follows:

hlm,evenab =
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(1–14)
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hlm,odd

ab =
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. (1–15)

What this achieves then is a description of the perturbation not in terms of ten

components

{htt, hrr, hθθ, hφφ, htr, htθ, htφ, hrθ, hrφ, hθφ}

that are functions of (t, r, θ, φ), but instead in terms of ten functions of (t, r) only:

odd-parity sector: {h0, h1, h2}, even-parity sector: {H0, H1, H2, j0, j1, K,G}

per (l,m) mode.

Furthermore, these three odd-parity functions can be combined to form a gauge-invariant,

odd-parity, master function, Qodd, which from the non-trivial parts of (1–11) can be shown

to satisfy a gauge-invariant wave equation. A possible choice for Qodd would be:

Qodd =
r

(l − 1)(l + 2)

[

∂th1 − r2∂r

(

h0

r2

)]

, (1–16)

which is the so-called Moncrief function. (Note that this is different from, though related

to, the Regge-Wheeler function used in [22].) The same can also be done with the seven

even-parity functions, though the corresponding even master function, Qeven, looks more

complicated so it is not shown explicitly here. (See however [23–25].)

The coupled system of PDEs which is (1–11) then ends up being just two wave

equations at each (l,m) (one for each parity sector). For the odd-parity sector, we have:

(

− ∂2

∂t2
+

∂2

∂r∗2
− V RW(r)

)

Qodd = 0, (1–17)
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where

V RW (r) =

(

1 − 2M

r

)(

l(l + 1)

r2
− 6M

r3

)

, (1–18)

and r∗ = r + 2M ln ( r
2M

− 1); while for the even-parity sector:

(

− ∂2

∂t2
+

∂2

∂r∗2
− V Z(r)

)

Qeven = 0, (1–19)

where

V Z(r) = 2

(

1 − 2M

r

)

λ2r2[(λ+ 1)r + 3M ] + 9M2(λr +M)

r3(λr + 3M)2
, λ =

1

2
(l − 1)(l + 2). (1–20)

Qeven and Qodd are functions of (t, r) from which the ten functions {h0, h1, h2} and

{H0, H1, H2, j0, j1, K,G} can be extracted, respectively. The first-order perturbation

problem for Schwarzschild then boils down to solving for the potentials Qeven and Qodd with

the appropriate boundary conditions.

Radiation at null infinity

From the master functions Qeven and Qodd one can calculate the “plus” and “cross”

polarization amplitudes h+, h× of a gravitational wave as r → ∞, in the transverse and

traceless gauge [24, 25]. This is given by:

h+ − ih× =
1

r

∑

(l,m)

√

(l + 2)!

(l − 2)!
(Qeven

lm + iQodd

lm )−2Y
lm(θ, φ) + O

(

1

r2

)

, (1–21)

where, −2Y
lm(θ, φ) are the so-called (s = −2) spin-weighted spherical harmonics defined by

−2Y
lm(θ, φ) ≡

√

(l − 2)!

(l + 2)!

(

W lm − iX lm
)

(1–22)

W lm =

(

∂2

∂θ2
− cot θ

∂

∂θ
− 1

sin2 θ

∂2

∂φ2

)

Y lm (1–23)

X lm =
2

sin θ

(

∂2

∂φ∂θ
− cot θ

∂

∂φ

)

Y lm. (1–24)

(For EMRI waveforms of in Kerr, gravitational waveforms are computer through

the so-called Teukolsky-Nakamura-Sasaki formalism, which is based on curvature
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perturbations rather than metric perturbations. It makes use of the asymptotic value

of δψ4, the gauge-invariant perturbation in one of the tetrad components of the Weyl

curvature tensor. We limit the discussion to Schwarzschild, however, just to provide a

sense of how things are done).

With this Regge-Wheeler-Zerrilli machinery in place, one can calculate waveforms

of EMRIs modeled as test masses on the Schwarzschild spacetime. This would entail

choosing a specific trajectory for the test mass and decomposing the stress-energy for the

point mass

T ab = µ

∫ ∞

−∞

uaub√−gδ
(4)(xa −Xa(s))ds (1–25)

into its spherical harmonic components. Here, Xa(s) is the prescribed world-line for the

test mass.

EMRI waveforms

Data analysis for EMRI searches will prove quite intensive due to the large dimensionality

(D = 14) of its parameter space [26]. In fact, even a semicoherent search (whereby

matched filtering is applied to shorter stretches of data and the signal-to-noise ratio

is summed along paths in parameter space that are expected to correspond to EMRI

evolution) still requires a huge template bank (1012) [27]. Less accurate waveforms (with

respect to full self-force waveforms) that are easier to compute will have to be used in

order to detect EMRI waves initially, and to constrain the space from which to extract

source parameters via matched-filtering. It the time of writing, existing, less accurate

EMRI waveforms have been one of the following: adiabatic/Teukolsky waveforms and

(analytical or numerical) kludge waveforms.

Adiabatic/Teukolsky waveforms [28, 29] are produced by solving the Teukolsky

equation for radiation at infinity due to a test-mass source moving on a bound geodesic of

Kerr. The radiation at infinity provides the orbit-averaged evolution of the parameters,

{E,L,K} (energy, angular momentum, and the Carter constant), that define the geodesic
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orbit. While there does not exist a flux for the Carter constant, it has been recently shown

that its orbit-averaged evolution can also be derived from the same Teukolsky coefficients

that produce the energy and angular momentum fluxes [30]. These evolution equations are

then used to produce a sequence of geodesics for which emitted radiation by a test mass

is computed. By evolving from one geodesic to the next, while computing the radiation at

infinity, a waveform is thus produced.

Producing these adiabatic waveforms is also rather expensive. And moreover, by

relying on fluxes to determine the evolution of the point mass, it ignores all conservative

effects (i.e. effects not associated with the emission of radiation at infinity). The claim

is that this missing conservative piece averages out to zero, and does not contribute

secularly. But this assumption has been refuted at least in the context of an electric

charge weakly curved spacetime [31]. The importance of these conservative effects in

strong-field gravity is currently being debated, and is one of the reasons justifying the need

for self-force-corrected orbits and waveforms.

Kludge waveforms are the fastest to produce. Analytic kludge waveforms [26] are

Peters-Matthews waveforms for a particle on a Keplerian orbit with Post-Newtonian

corrections. But they are quite inaccurate particularly in the latter stages of the inspiral,

which is expected since a Keplerian orbit is a bad approximation to a true Kerr orbit.

Numerical kludge waveforms [32, 33] try to remedy this deficiency, following a route

similar to the adiabatic waveforms. Prescriptions to the evolution of {E,L,K} are

developed through Post-Newtonian expansions of the Teukolsky function and fits to

solutions of the Teukolsky equation. This prescription determines the inspiral. This

amounts to integrating the geodesic equation in Kerr with time-dependent “constants”

{E,L,K}. With the inspiral determined, the next step involves using a weak-field GW

emission formula (such as the quadrupole radiation formula, quadrupole-octupole formula,

etc.) to compute the waveform. This is performed by first identifying the Boyer-Lindquist

coordinates in which the trajectory is described with flat space spherical coordinates.
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Numerical kludge waveforms are quite effective at matching waveforms computed

with solutions of the Teukolsky equation (i.e. adiabatic waveforms). They have taken

center stage in the efforts of the data analysis community to test their search strategies.

The question still remains though as to how correct kludge waveforms really are, that is,

whether they capture enough of the features of a true self-force waveform. This question

appears answerable only with an actual self-force waveform at hand.

In summary, it is clear that these existing EMRI waveforms have their deficiencies

with respect to the gold standard, which are (future) self-force waveforms. Nevertheless,

they are likely to play an important role in LISA data analysis (e.g. detection) because

they are much easier to produce. However, we shall take the perspective that while

self-force waveforms may eventually end up serving a minor role in LISA’s actual data

analysis pipeline, any kind of alternative EMRI waveform will have to be assessed with

respect to how well it represents self-force waveforms. As such, there persists a clear need

for the tools that will eventually produce them.

1.4 Achievements of this Work

The aim of this dissertation is to spell out a novel method for the calculation of the

self-force on particles moving around astrophysically-relevant black hole spacetimes, one

that is particularly suited for (3+1) codes that are currently of use in numerical relativity

for simulations of comparable-mass black hole binaries. Over the course of three decades,

these codes have been consistently refined and almost perfected by numerical relativists.

Their addition to the toolbox of self-force researchers will prove to be a tremendous

advantage. Moreover, it is in a (3+1) context that the task of updating particle orbits

using calculated self-forces appears most convenient. The development of a framework

through which the tools of numerical relativity can be readily applied to solve self-force

problems is seen as an important step in the right direction.

At the core of our method is the Detweiler-Whiting decomposition of the Green’s

function for the curved spacetime wave equation into a smooth part that completely
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determines the self-force and a singular part that makes no contribution to it. The field

that results from the singular piece can be analytically approximated close to the location

of the charge, and therefore provides a natural regularization procedure which leaves

behind a sufficiently regular piece of the (otherwise divergent) physical retarded field,

which would then be completely responsible for the self-force.

This work takes these ideas and develops a method for the simultaneous calculation

of the self-force on particles and their emitted waveform. Whereas previous calculations of

the self-force were done with the intent of then incorporating their effects into waveform

calculations as a post-processing step, the method we have developed allows one to

directly use the computed self-force in modifying the particle orbit. The method was

designed specifically to avoid slowly converging mode sums that are typical in self-force

calculations. Instead, a self-force is computed by just taking derivatives of the regular field

at the location of the charge.

Mainly to demonstrate that the method works, and to understand what issues may

arise in an actual implementation, we first developed a 4th-order (1+1) characteristic

code to evolve the reduced scalar wave equation in curved spacetime. This was used in

achieving one of the first time-domain calculations of a self-force. Then, having gained

confidence with our (1+1) work, two existing (3+1) codes from numerical relativity

were also employed to demonstrate that the method works in this context as well. With

this, we have carried out the very first self-force calculations with a (3+1) code. All

implementations were carried out on the simple test case of a scalar charge moving in a

circular geodesic of a Schwarzschild black hole. These tests provide ample evidence that

there now exists a correct framework through which the (3+1) infrastructure of numerical

relativity can be utilized to handle self-force problems.

1.5 Outline of this Manuscript

The next chapter shall be devoted to the ideas that have been most critical to the

development of our method of calculation. In particular, we first present a summary
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of Dirac’s derivation for the equation of motion of an electric charge in flat spacetime,

which has been a source of inspiration for a lot of the works that would follow. Dewitt

and Brehme’s extension of Dirac’s equation of motion to the case of curved spacetime

is summarized in the following section. This is then followed by a review of various

derivations of the gravitational self-force (or the MiSaTaQuWa equation) for a point

mass moving in curved spacetime. A discussion of Green’s functions for the curved

spacetime wave equation is then presented, highlighting an important deficiency in past

interpretations of the self-force, which have kept them from being the appropriate curved

spacetime generalization of Dirac’s results.

These ideas set up the background for Detweiler and Whiting’s approach to self-force.

By focusing on the analogous scalar case, it is indicated how one can view the results of

Dewitt-Brehme, and the MiSaTaQuWa equation as a result of the interaction of a point

charge/mass with a local solution of the homogeneous wave equation, which is one the

main insights arising from Dirac’s original analysis for the flat spacetime case.

Finally we discuss the mode sum approach to calculating self-forces, which is

inarguably the most useful calculational procedure in the self-force literature to date.

We summarize the steps that go into such a calculation, and then stress how it may be

understood through the Detweiler-Whiting decomposition. We emphasize that while the

mode sum scheme is excellent for calculating self-force, it possesses features that make it

ill-suited for implementing backreaction on particle orbits.

Following the motivating ideas of the previous chapter, Chapter 3 expounds on our

new method for self-force calculation. We provide a detailed discussion for the case of a

moving scalar charge. Later sections of this chapter then go through the theoretical details

upon which our prescription is founded.

In Chapter 4, we provide the first concrete demonstration of the viability of our

calculational method. Here, we describe a numerical experiment in which we compute the

self-force on the scalar charge and its corresponding retarded field in the wavezone for a
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scalar charge in a circular orbit around a non-rotating black hole. All this was done in

time-domain. Details on the development of a 4th-order (1+1) wave evolution code are

presented, along with results that match well with ones previously calculated with highly

accurate frequency domain codes.

With confidence gained from the results of Chapter 4, presented in the Chapter

5 are results of the very first successful attempt at calculating a self-force with (3+1)

codes. This again is performed on the toy case of a scalar charge in circular orbit of a

Schwarzschild black hole, which is ideal for testing methods. A few more details of the

simple physics for this physical system are presented, along with a brief description of the

codes that were used. A discussion then follows which stresses the merits of our approach,

and the main hurdles that need to be overcome for it to finally produce self-consistent

models of particle motion around black holes and their emitted radiation.

Finally, we review the main contributions of this work, and explore the future research

it makes possible.
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CHAPTER 2
IDEAS IN RADIATION REACTION AND SELF-FORCE

The theory of radiation reaction and self-force has had a long history. In this chapter,

we survey a few of the developments that were most influential to our current state of

understanding, and are crucial to understanding the calculation prescription for self force

calculation that is fleshed out in later chapters. In particular, we highlight contributions

that lead to the derivation of the equations of motion for a scalar charge, electric charge,

and point mass in a curved spacetime, and the motivations behind the Detweiler-Whiting

decomposition of the retarded Green’s function for the wave equation.

As a concrete calculational prescription for self-forces, there is none that surpasses

the contribution of the mode sum approach. We devote the last section of this chapter to

this method, and point out how it may be understood in light of the Detweiler-Whiting

decomposition. We also pay attention to the properties that make the mode-sum scheme

ill-suited for the task of simulating self-consistent dynamics of particles and fields (i.e.

dynamics that includes the effects of the self-force), which will motivate the novel method

described in the next chapter.

2.1 Motion of a Charged Particle in Flat Spacetime

The Abraham-Lorentz-Dirac (ALD) equation describes how a charged particle moves

under the influence of an external force and its own electromagnetic field. Originally due

to Abraham [34], it takes inspiration from the classical Lorentz model of the electron

as a small sphere possessing a mass determined by the energy of the electric field

surrounding it. Dirac [35] reproduced the equation by imposing local energy conservation

on a tube surrounding the particle’s world line, and hiding divergent contributions by

“renormalizing” the particle mass. We review this derivation in detail below, since all

modern studies of the self-force are guided by Dirac’s original analysis.

The simple idea that leads to the equation is the postulate that the total four-momentum

P a (consisting of the electromagnetic momentum P a
em and a suitably defined mechanical
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momentum P a
mech) be conserved on the world line of the charge. The ALD equation is as

follows:

maa = F a
ext +

2

3
q2(δab + uaub)ȧ

b (2–1)

where q is the charge of the particle, ua its four-velocity, and F a
ext. Note that written this

way it is a third-order equation in xa, which has been the root of much of the pathological

solutions associated with it.

In what follows, we summarize Dirac’s derivation in [35]. A similar derivation (with a

more geometrical flavor to it) can be found in [36].

Consider a charge on a world line specified by za(τ), where τ is the proper time along

the world line. Surround this by a thin world tube Σ, which is a 3-cylinder of arbitrary

shape.

Now we consider the stress-energy tensor of Maxwell’s theory

Tab =
1

4π

(

FacFb
c +

1

4
gabFcdF

cd

)

(2–2)

and with this seek to compute the four-momentum flux across Σ, which we denote by

∆P a:

∆P a =

∫

Σ

−T ab dΣb (2–3)

where dΣb is the outward-directed surface element on Σ.

We can verify that ∆P a is independent of the shape of Σ. Consider another world

tube Σ′ that shares the same “caps” as Σ. Let ∆P ′a be the momentum flux across Σ′.

Then considering the 4-volume V bounded by Σ and Σ′ we have:

∆P a − ∆P ′a =

∫

∂V

−T ab dΣb

=

∫

V

−∂bT ab dV

= 0, (2–4)
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where we have used Gauss law, and the fact that in V the electromagnetic field is

sourceless. This proves the assertion that the change in the momentum ∆P a depends

only on the start and end “caps”, and is independent of the 3-cylinders joining them.

This fact permits two things: (1) We can choose the simplest shape for the world tube

(e.g. the constant r surface) in calculating ∆P a, and (2) if we can express the flux across

Σ in the form
∫

Σ

−T ab dΣb =

∫

Gadτ, (2–5)

with the restriction to a very thin world-tube, then we can conclude that that Ga is a total

differential:

d

dτ
Ba = Ga. (2–6)

With this, all that remains to be done is the calculation of the momentum flux. Before

proceeding though, it is instructive to discuss the fields involved that make up the

stress-energy T ab.

The electromagnetic field surrounding the charge is determined by Maxwell’s

equations:

F ab
,b = 4πja, (2–7)

where the current density is given by

ja = q

∫

dτ ua δ(4)(x− z), (2–8)

ua = dza/dτ is the particle’s four-velocity, and the delta function is four-dimensional.

The integration in the source is over the entire world line. The equations can be expressed

in terms of a vector potential (Fab = ∂aAb − ∂bAa) for which the Maxwell’s equations in

Coulomb gauge become the simultaneous equations:

2Aa = −4πja (2–9)

∂aA
a = 0 (2–10)
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Dirac calls the field with which to evaluate T ab the actual field, F ab
act. For the case of a

point charge, this will be comprised of the retarded field F ab
ret (the known field generated by

a moving point charge), and a homogeneous field representing incident radiation, denoted

by F ab
in . Thus,

F ab
act = F ab

ret + F ab
in (2–11)

The actual field would could also be represented by advanced potentials:

F ab
act = F ab

adv + F ab
out, (2–12)

where the advanced field is simply the counterpart of the retarded field generated by the

advanced Green’s function of the wave equation, and F ab
out is defined as the difference in

the actual and the advanced fields. As the counterpart of the F ab
in , it may be interpreted as

the field of outgoing radiation.

The difference in outgoing and incoming fields gives the field of radiation produced by

the charge itself:

F ab
rad = F ab

out − F ab
in = F ab

ret − F ab
adv. (2–13)

While this may look like just a silly cycling of variables, its significance lies in the fact

that we now have an expression for the radiative field of the electron given in terms of

components that are fully determined by the world line. Note also that this is well-defined

locally, thus offering an identification of the radiative field close to the charge where in the

usual treatments it is inextricably woven with the Coulomb near-field.

We note for future reference that Dirac defines a singularity-free field fab as:

fab ≡ F ab
act −

1

2
(F ab

ret + F ab
adv). (2–14)

= F ab
in +

[

F ab
ret −

1

2
(F ab

ret + F ab
adv)

]

(2–15)

This field is a solution to the source-free equations and is determined by conditions

at t = −∞ and t = ∞. It will turn out that the motion of the charge is completely
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determined by fab, which is comprised of the incident field determined by conditions in the

distant past, and (in the square brackets) an appropriately regularized retarded field.

The goal now is to compute the actual field F ab
act and its stress-energy tensor near the

world line. We begin with the retarded field.

To compute F ab
ret we look to the retarded Lienard-Wiechert potential:

Aret
a =

qua
ub(xb − zb)

(2–16)

where ua and za are evaluated at the retarded proper-time τ , or the value of τ satisfying

(xa − za(τ))(xa − τa(τ)) = 0 (2–17)

with (x0 − z0) > 0.

This can be written in the more convenient form:

Aret
a = 2q

∫ τint

−∞

uaδ((xb − zb)(x
b − zb)) dτ (2–18)

where τint is some proper time between the retarded and advanced times of xa. After

differentiating and a few manipulations this becomes:

Aret
a,b = 2q

∫

d

dτ

[

ua(xb − zb)

uc(xc − zc)

]

δ((xd − zd)(x
d − zd))dτ (2–19)

so that:

F ret
ab = −2q

∫

d

dτ

[

ua(xb − zb) − ub(xa − za)

uc(xc − zc)

]

δ((xd − zd)(x
d − zd))dτ

= − q

uc(xc − zc)

d

dτ

ua(xb − zb) − ub(xa − za)

ud(xd − zd)
(2–20)

where the world line quantities ua and za are to be evaluated at the retarded proper time.

Now the task at hand is to find an approximation of (2–20) along the world tube Σ in

terms of quantities defined on the world line. Dirac does this by expressing a field point on
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Σ, xa, in terms of a small vector γa:

xa = za(τo) + γa. (2–21)

Here, τo is a proper time along the world line chosen so that

uaγ
a = ua(τo)(x

a − za(τo)) = 0. (2–22)

Then let the retarded proper time be τo − σ, where σ is another small quantity of the same

order as γa. For bookkeeping purposes we shall express our expansions in terms of a small

quantity α, so that γa → αγa and σ → ασ. With these, we Taylor-expand (2–20) up to

third order in α (which is all that is required), while simplifying terms as much as possible

with (2–22) and the following trivial identities: uaua = 1, uau̇
a = 0, and uaü

a + u̇au̇a = 0.

Note that Dirac employs a signature (+ - - -).

As examples, we have:

xa − za(τo − σ) = α(γa + σua) + α2

[

−1

2
u̇aσ

2

]

+ α3

[

1

6
σ3üa

]

(2–23)

u̇a(τo − σ) = ua − ασu̇a + α2

[

1

2
üa

]

+ α3

[

−1

6
σ3...u a

]

(2–24)

Note that all the world line quantities in the coefficients of these expansions are now to

be evaluated at τo. Differentiating expansions such as these with respect to τ would be

tantamount to differentiating with −σ, since σ as yet has not been fixed. What results

then is an expansion of (2–20):

F ret
ab =

2q

(1 − γau̇a)2

[

α−2
(

−u[aγb]
σ3

)

+ α−1

(

−1

2
u̇[aub]

)

+

(

1

2

(γcü
c)u[aγb]
σ2

+
1

2

ü[aγb]
σ

+
2

3
ü[aub]

)]

(2–25)

In this one needs to plug-in the appropriate σ, which is fixed using (2–17). Using

(2–23), and setting γaγ
a = −ǫ2, this condition becomes:

− ǫ2 + σ2(1 − γau̇
a) +

1

3
ǫ3(γaü

a) − 1

12
ǫ4u̇au̇a = 0. (2–26)
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Solving for σ, we get:

σ = ǫ(1 − γau̇
a)−1/2

[

1 − 1

6
ǫγbü

b +
1

24
ǫ2u̇bu̇b

]

. (2–27)

Plugging this in, and keeping only terms that don’t vanish as ǫ → 0, gives the final

expression for the retarded field:

F ret
ab = 2q(1 − γau̇

a)−1/2

[

−ǫ−3u[aγb] + ǫ−1

(

−1

2
u̇[aub](1 − γcu̇

c) +
1

8
u̇cu̇

cu[aγb] +
1

2
ü[aγb]

)

+
2

3
ü[aub]

]

(2–28)

Getting a similar expansion for the advanced field will go through the same process.

The only change will be that instead of evaluating world line quantities at retarded time

τo − σ, they are evaluated at advanced time τo + σ. To arrive at the advanced field then,

all one has to do is perform the switch σ → −σ, which would imply switching ǫ → −ǫ

in (2–28) and putting an over-all minus sign in front of the resulting expression. [Recall

that in the calculation for the retarded field, the derivative with respect to τ in (2–20) was

performed as a derivative with respect to σ. Hence the over-all sign change.]

Following (2–14), the actual field F act
ab will simply be:

F act
ab =

1

2
(F ret

ab + F adv
ab ) + fab. (2–29)

Because of the relationship between the approximations for the retarded and

advanced field, what survives in their mean are terms of odd powers of ǫ (i.e. all except

the last term in (2–28)). The actual field is then found to be:

F act
ab = 2q(1 − γau̇

a)−1/2

[

−ǫ−3u[aγb] + ǫ−1

(

−1

2
u̇[aub](1 − γcu̇

c) +
1

8
u̇cu̇

cu[aγb] +
1

2
ü[aγb]

)]

+fab (2–30)

40



From this one builds the associated stress-energy tensor (5–35), focusing primarily on

the component in the direction of γa, −ǫ−1Tabγ
b, since we are interested in the flux across

the world tube whose unit normal is ǫ−1γa.

A long calculation eventually yields:

4πTabγ
b = q2[1 − γcu̇

c]−1

[(

1

2
ǫ−4 +

1

2
ǫ−2u̇cu̇c

)

γa −
1

2
ǫ−2

(

1 +
3

2
γcu̇

c

)

u̇a

]

+ qǫ−1ubfab

(2–31)

To calculate the flux across Σ, we first need to determine the surface element dΣa. Σ

is defined by the set of equations:

(xa − za(τ))(xa − za(τ)) = −ǫ2 (2–32)

(xa − za(τ))ua(τ) = 0. (2–33)

This is set of five variables {xa, τ} constrained by two equations, which thus clearly defines

a hypersurface.

Consider an arbitrary shift along the surface by dxa. Suppose that the point xa + dxa

corresponds to the proper time τ + dτ (i.e. varying xa corresponds to a proper time

variation dτ). From (2–32) and (2–33) we get:

(xa − za(τ))(dxa − ua(τ)dτ) = 0 (2–34)

(dxa − ua(τ)ds)ua(τ) + (xa − za(τ))u̇ads = 0 (2–35)

These become:

γadxa = 0 (2–36)

uadx
a = (1 − γcu̇

c)dτ. (2–37)

Equation (2–36) simply implies that γa is normal to Σ. Since is it of magnitude ∼ ǫ, the

unit normal to Σ is just ǫ−1γa, as claimed. Equation (2–37) gives the line element for
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displacements along the surface parallel to ua:

|dxa||| = (1 − γcu̇
c)dτ. (2–38)

Now for a fixed τ , one can go to a frame momentarily comoving with ua(τ)
.
= (1, 0, 0, 0)

(where
.
= means equality only in this frame). This makes (2–33) become (t − z0(τ)) = 0,

which then reduces (2–32) to |~x − ~z(τ)|2 = ǫ2, the equation for a 2-sphere. Therefore, for

displacements orthogonal to ua, for which τ is fixed, the area element is nothing but that

of a 2-sphere of radius ǫ.

Putting everything together, the flux across Σ is:

∫

Σ

−TabdΣb =

∫∮

−ǫ−1Tabγ
b(ǫ2dΩ)(1 − γcu̇

c)dτ

= −
∫∮

[

q2

{(

1

2
ǫ−3 +

1

2
ǫ−1u̇cu̇c

)

γa −
1

2
ǫ−1

(

1 +
3

2
γcu̇

c

)

u̇a

}

+ qubfab

]

dΩ dτ.

(2–39)

To simplify, first note that terms linear in γa just vanish upon averaging over the

2-sphere. Then we ignore all terms that vanish in the limit ǫ→ 0. This leaves us with:

∫

Σ

−TabdΣb =

∫
(

1

2
q2ǫ−1u̇a − qubfab

)

dτ. (2–40)

We have thus written the flux through Σ in the form expressed in (2–5). Since the

flux depends only on the endpoints, the integrand must be a total differential. This total

differential would be the total mechanical momentum of the charge. That is, there exists a

vector Ba such that

dBa

dτ
=

1

2
q2ǫ−1u̇a − qubfab (2–41)

What we have computed is then the flux per unit proper time. Dirac imposes that this

must also must also be how the total mechanical momentum of the charge changes per

unit proper time. That is,

dPa
dτ

=
1

2
q2ǫ−1u̇a − qubfab (2–42)
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To turn this into an equation of motion for the charge, one must then assume a form for

the mechanical momentum of the charge. The choice is arbitrary except for the constraint

that

ua
dPa
dτ

=
1

2
q2ǫ−1uau̇a = 0. (2–43)

Dirac chooses the simplest form satisfying this constraint: P a = kua, arguing that “one

would hardly expect [more difficult forms] to apply to a simple thing like an electron”.

With this choice, the equation of motion is then simply

mu̇a = qubfa
b (2–44)

where m = (1/2)q2ǫ−1 − k. The result appears to be the standard equation of motion for a

charge in an external electromagnetic field. We recall though that fab is defined as

fab = F act
ab − 1

2
(F ret

ab + F adv
ab ). (2–45)

It is the actual field being regularized by the mean of the retarded and advanced fields,

and a smooth solution to the homogeneous field equations. This shall be a recurring theme

in later chapters.

To make the equation of motion more transparent, we express fab in another form:

fab = F
(in)
ab +

1

2
F rad
ab (2–46)

where the radiation field is just the difference between retarded and advanced fields. Using

the retarded field (2–28) and knowing how the advanced field is related to it, we see that

only even powers of ǫ survive in their difference – which is just the last term of (2–28).

This term is well-defined at the world line, so evaluating it there (thereby ignoring the any

γ-terms), we have:

F rad
ab =

4q

3
(üaub − übua). (2–47)
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The equation of motion then becomes:

mu̇a = qubfa
b = qubFa

b
(in) +

2q2

3
(ȧa − ȧbuaub) (2–48)

or

mab = qF bc
(in)uc +

2q2

3
(ηbc − ubuc)ȧc. (2–49)

This is the Abraham-Lorentz-Dirac equation for the motion of a charge under the

influence of an external field and its self force. F bc
in is understood to be an incident external

field determined by conditions in the far-away past. The second term is what is associated

with radiation reaction.

The most crucial aspect of Dirac’s calculation is that he was able to identify the piece

of the actual electromagnetic field that contributes to the self force, which is 1
2
F rad
ab , often

referred to as the “half-retarded minus half-advanced” field, or half Dirac’s radiative field.

This radiative field is a solution of the homogeneous Maxwell’s equations, and can also be

expressed conveniently as

1

2
F rad
ab = F ret

ab − 1

2

(

F ret
ab + F advab

)

, (2–50)

where the last term is a time-reversal invariant solution of the same inhomogeneous

Maxwell’s equations, but satisfying standing wave boundary conditions at infinity. Its

time-reversal invariance implies that it has nothing to do with the radiation damping (or

self-force effects) of the charge. Thus, Dirac is also able to isolate the piece of the physical

retarded solution that has nothing to do self-force. We shall return to this point in later

sections.

2.2 Motion of a Charged Particle in Curved Spacetime

An attempt at generalizing Dirac’s analysis to curved spacetime was first provided by

DeWitt and Brehme (henceforth DB) [37]. We review their calculation here, without going

into much detail, focusing instead on the conceptual aspects relevant to later sections.
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DeWitt and Brehme’s strategy was to essentially follow the Dirac calculation but with

the restriction of keeping general covariance throughout (just as Dirac insisted on Lorentz

invariance). In keeping with this constraint, they rely on mathematical objects called

bi-tensors, which are generalizations of ordinary tensors, that are essential for any sort

of generally-covariant calculation involving non-local questions. For instance, a Green’s

function is a bi-tensor since it connects the response at a field point x to a delta-function

source at x′. The general theory of bi-tensors is thoroughly discussed in Poisson’s review

[38], and we follow much of the style of his review in the ensuing discussions.

Bi-tensors are tensorial functions of two points in spacetime. Let these two points be

x and x′, and we label the components of the bi-tensor by unprimed indices α, β, etc., and

primed indices α′, β ′, etc. depending on how they transform with respect to operations

carried out on x and x′, respectively. A simple example is the product of a vector at x and

a dual vector at x′:

Ca
b′(x, x

′) = Aa(x)Bb′(x
′). (2–51)

Such is a bi-tensor that behaves as a vector at x and a dual vector at x′. A transformation

from x to x̄ simply gives:

C ā
b′(x̄, x

′) =
∂x̄ā

∂xa
Ca

b′(x, x
′), (2–52)

while a transformation from x′ to x̄′ would correspondingly be:

Ca
b̄′(x, x̄

′) =
∂xb

′

∂x̄b̄′
Ca

b′(x, x
′). (2–53)

One may wish to take covariant derivatives with respect to either spacetime point,

remembering that when it is with respect to x, say, all primed indices must be ignored.

Thus,

Ca
b′;c = Ca

b′,c + ΓaecC
e
b′ (2–54)

Ca
b′;c′ = Ca

b′,c′ − Γe
′

b′c′C
a
e′. (2–55)
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From this, we can draw the fact that the ordering of indices in bitensors is only important

for like indices. That is, primed and unprimed indices commute.

A particularly usual quantity is the bi-scalar known as Synge’s world function,

σ(x, x′). This is defined as

σ(x, x′) =
1

2
(λ1 − λ0)

∫ λ1

λ0

gab(z)t
atbdλ (2–56)

where z(λ) is a geodesic connecting x and x′, such that the affine parameter λ ranges from

λ0 to λ1, and z(λ0) ≡ x′ and z(λ1) ≡ x. ta = dza

dλ
is just the tangent vector to the geodesic,

and it obeys the geodesic equation Dta/dλ = 0. The geodesic linking the two spacetime

points will be unique in a sufficiently small neighborhood. This region shall be referred to

as the normal neighborhood of the world line.

Due to the geodesic equation, the quantity ǫ ≡ gabt
atb is constant on the geodesic.

Synge’s world function is then numerically equal to 1
2
ǫ(λ1 − λ0)

2. It is easy to verify that

σ is invariant with respect to an affine transformation of λ. Thus, depending on the type

of geodesic connecting the two points x and x′ we can switch λ to either the proper time,

τ , or proper distance, s, for timelike and spacelike geodesics, respectively. Of course, when

the geodesic is null, σ = 0. Thus, σ = 0 defines the locus of points x that make up the

light cone of x′.

It can be shown that σa ≡ ∇aσ is just the tangent vector at x of the geodesic

connecting x and x′, rescaled by the affine parameter length (λ1 − λ0). Specifically,

σa(x, x′) = (λ1 − λ0)t
a (2–57)

σa
′

(x, x′) = −(λ1 − λ0)t
a′ . (2–58)

Note that in flat spacetime, where (in Lorentzian coordinates) geodesics are just

xa = xa0 + ta∆λ, these just become: σa = ηab(x − x′)b and σa′ = −ηa′b′(x − x′)b
′

. Thus, σa

and σa′ , just like their analogues in flat spacetime, are to be useful in performing covariant

near-coincidence expansions of quantities in curved spacetime.
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In light of performing covariant expansions, another important bi-tensor is the parallel

propagator, gaa′(x, x
′) or what DB call the bi-vector of geodetic parallel displacement.

(This must not be mistook for the metric tensor, since its two indices refer to different

points). This bi-tensor is defined by the equations:

gaa′;bσ
b = gaa′;b′σ

b′ = 0, ga
′

a;bσ
b = ga

′

a;b′σ
b′ = 0, (2–59)

and the initial condition:

lim
x→x′

gab′ = δa
′

b′ . (2–60)

A solution to these equations can be conveniently represented by erecting an orthonormal

basis, {ea(µ)(x)}, that is parallel-transported along the geodesic joining x and x′. The frame

indices (µ), (ν), run from 0 ... 3, and satisfy:

gabe
a
(µ)e

b
(ν) = η(µ)(ν),

Dea(µ)

dλ
= 0. (2–61)

In terms of this basis, the parallel propagator is just:

gaa′(x, x
′) = ea(µ)(x)e

(µ)
a′ (x′), (2–62)

where e
(µ)
a = η(µ)(ν)gabe

b
(nu). Since the tetrad is parallel-transported along the connecting

geodesic, the equations in (2–59) are all satisfied.

Consider a vector at x, Aa(x). This can be decomposed as Aa = A(µ)ea(µ). If Aa(x)

is to be parallel-transported to x′, the tetrad components A(µ) ≡ Aae
(µ)
a will be remain

constant. That is, A(µ) = Aa
′

e
(µ)
a′ = Aae

(µ)
a , so that we have

Aa(x) = A(µ)ea(µ)

=
(

Aa
′

(x′)e
(µ)
a′ (x′)

)

ea(µ)(x)

= ea(µ)(x)e
(µ)
a′ (x′)Aa

′

(x′)

= gaa′(x, x
′)Aa

′

(x′). (2–63)
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Therefore, it is clear that the parallel propagator takes a vector at x′ and parallel-transports

it to x along the unique geodesic that links these two points. There exists also the inverse

operation

Aa
′

(x′) = ga
′

a(x
′, x)Aa(x), ga

′

a(x
′, x) ≡ ea

′

(µ)(x
′)e(µ)

a (x) (2–64)

which takes a vector at x and parallel transports it back to x′.

The parallel propagator is useful for the expansion of bi-tensors near coincidence, i.e.

limx→x′. For instance, if one wants to express a bi-tensor Ωa′b′(x, x
′) near coincidence, this

may be done with σa
′

:

Ωa′b′ = Aa′b′ + Aa′b′c′σ
c′ +

1

2
Aa′b′c′d′σ

c′σd
′

+ O(σ3), (2–65)

where the expansion coefficients are all ordinary tensors at x′. To determine them,

one simply differentiates and takes coincidence limits of Eq. (2–65). Knowing the

coincidence limits of σa
′

and its covariant derivatives, allows one to compute all the

expansion coefficients. A full discussion of this can be found in [38].

In the case above, for instance, we get:

Aa′b′ = lim
x→x′

Ωa′b′ (2–66)

Aa′b′c′ = lim
x→x′

Ωa′b′;c′ − Aa′b′;c′ (2–67)

Aa′b′c′d′ = lim
x→x′

Ωa′b′;c′d′ − Aa′b′;c′d′ −Aa′b′c′;d′ − Aa′b′d′;c′ (2–68)

One last quantity that frequently appears is the so-called Van Vleck determinant,

which is defined as:

∆(x, x′) ≡ det
[

∆a′
b′

]

, ∆a′
b′ ≡ −ga′a(x′, x)σab′(x, x′) (2–69)

which can also be written as

∆(x, x′) =
det[−σab′(x, x′)]√−g√−g′ , (2–70)
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where g and g′ are the metric determinants at x and x′, respectively. The van Vleck

biscalar indicates whether geodesics emanating from x′ are (in the neighborhood of x)

either focusing or defocusing. If ∆(x, x′) > 1, then the geodesics are focusing, and if

∆(x, x′) they are defocusing at x.

Having introduced these mathematical preliminaries, we return to the DeWitt-Brehme

derivation. We consider a charge whose world line through curved spacetime is described

by za(τ), where τ is the proper time along the world line.

Recall first the formal derivation of the equations for the coupled dynamics of the

field Fab and the charge q through an action principle. This action is just the sum of

the actions for a free electromagnetic field and a free particle, and an interaction term:

S = Sfield + Sparticle + Sinteraction. Explicitly, these are

Sfield = − 1

16π

∫

FabF
ab
√
−g d4x (2–71)

Sparticle = −m
∫

γ

dτ = −m
∫

γ

√

−gab(z)
dza

dλ

dzb

dλ
dλ (2–72)

Sinteraction = q

∫

γ

Aa(z)
dza

dλ
dλ = q

∫

γ

Aa(x)g
a
b′(x, z)ż

b′δ4(x, z)
√−g d4x dλ (2–73)

where the primed indices in Eq. (2–73) pertain to points on the world line, zb
′

, and

δ4(x, z) is the invariant Dirac distribution

δ4(x, z) =
δ4(x− z)

g(x)1/4g(z)1/4
. (2–74)

Note that δ4(x− z) is the ordinary (coordinate) Dirac distribution.

Requiring that the action be stationary under a variation δAa(x) and δza(λ),

respectively gives the coupled set of equations:

F ab
;b = 4πja (2–75)

m
Dua

dτ
= qF a

b(z)u
b, (2–76)
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where

ja = q

∫

γ

gab′(x, z)ż
b′δ4(x, z)dλ. (2–77)

These equations however are ill-defined, since the electromagnetic field will be singular at

the location of the charge. In a sense, the task of DB was to find the correct regularization

of F a
b at the location of the charge, so that Eq. (2–76) makes sense.

The steps in the DB calculation are as follows:

1. Recall stress-energy for the coupled system, T ab = T abP + T abem, where

T abem =
1

4π

(

F a
cF

bc − 1

4
gabF cdFcd

)

(2–78)

is the stress-energy of the electromagnetic field, and

T abP = m

∫

gaa′g
b
b′u

a′ub
′

δ4(x, z)dτ (2–79)

is the stress-energy of the particle.

2. Solve for retarded and advanced Green’s functions for Maxwell’s equation in Lorenz
gauge:

2Ga
b′(x, x

′) −Ra
b(x)G

b
b′(x, x

′) = −4πgab′(x, x
′)δ4(x, x

′). (2–80)

(A discussion of Green’s functions for wave equations in curved spacetime is provided
in a later section).
Their result:

Ga
+a′(x, x

′) = θ(x,Σ(x′))Ḡa
b′(x, x

′) (2–81)

Ga
−a′(x, x

′) = θ(Σ(x′), x)Ḡa
b′(x, x

′) (2–82)

where the + and − signs refer to retarded and advanced Green’s functions,
respectively. θ(x,Σ(x′)) is one where x ∈ I+(x′) and zero elsewhere, θ(Σ(x′), x) =
1 − θ(x,Σ(x′)), and

Ḡa
b′(x, x

′) = gab′(x, x
′)∆1/2(x, x′)δ(σ) + V a

b′(x, x
′)θ(−σ) (2–83)

∆(x, x′) is the Van Vleck determinant introduced above, and θ is the Heaviside
function.

3. Compute the retarded and advanced potentials due to the charge. Maxwell’s
equation in Lorenz gauge is just:

2Aa − Ra
bA

b = −4πja, (2–84)
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where 2 = gab∇a∇b is the wave operator and Ra
b is the Ricci tensor. In terms of the

Green’s functions, the solution is just

Aa±(x) =

∫

Ga
±b′(x, x

′)jb
′

(x′)
√
−gd4x′, (2–85)

where jb
′

(x′) is just (2–77). The result of such are the covariant Lienard-Wiechert
potentials:

Aaadv/ret(x) = ∓q[gab′ub
′

∆1/2(uaσa)
−1]|τadv/ret

∓
∫ ±∞

τadv/ret

V a
b′u

b′dτ. (2–86)

4. Compute the retarded and advanced fields from the potentials: Fab = ∇aAb −∇bAa.

5. Characterize the world tube. In this case, it is a cylinder of distance ǫ away from the
world line.

6. Approximate F
ret/adv
ab on the world tube as an expansion in ǫ, keeping only terms up

to O(ǫ).

7. Use ∇bT
ab = 0. But first, to be able to use Gauss’s law on ∇bT

ab = 0, parallel
transport this to the world-line ga

a′∇bT
ab = 0. Now all the quantities belonging to

this sum pertain to vectors on z, and it is now a scalar with respect to x. Therefore
Gauss’s law can now be used to yield:

0 =

∫

V

ga
a′∇bT

ab d4x (2–87)

0 =

(
∫

Σ

+

∫

Σ1

+

∫

Σ2

)

ga
a′T abdΣb −

∫

V

(∇bga
a′)T ab d4x (2–88)

where Σ,Σ1, andΣ2 are the walls and caps of the world tube, respectively, while V
is the interior of this world tube. For the stress-energy in step (1), the integral over
the walls pick up only the field. The rest of integrals, DB then claim to pick up only
the particle stress density. This is not correct though, and in fact these integrals
are divergent due to the contribution of the field stress-energy. The integration of
the caps, however, can be handled through a mass regularization similar to what is
shown below. The interior integral is outrightly discarded without justification. In
the end, however, they achieve the correct equations of motion (which has since been
derived through other means [38]).

In any case, in the limit that ǫ → 0 and the caps being infinitesimally close (in τ),
this becomes:

0 = mu̇a
′

dτ + lim
ǫ→0

dτ

∮

Ω

ga
a′T abdΣb, (2–89)

where Ω refers to the 2-sphere centered at z.
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8. Perform the (lengthy) expansion of the second term in terms of ǫ, and take the limit
ǫ → 0. It turns out to be convenient to express the total electromagnetic field as a
sum:

F ab = fab + F̄ ab, (2–90)

where

F̄ ab =
1

2
(F ab

ret + F ab
adv), (2–91)

and fab is therefore a singularity-free field.
What results is the following:

lim
ǫ→0

∮

Ω

ga
a′T abdΣb =

{

lim
ǫ→0

q2

2ǫ
u̇a

′ − qfa
′

b′u
b′

− q2ub
′

[
∫ τret

−∞

∇[b′G
a′]
(ret)c′′u

c′′(τ ′′)dτ ′′ +

∫ +∞

τadv

∇[b′G
a′]
(adv)c′′u

c′′(τ ′′)dτ ′′
]}

(2–92)

9. Return to (2–89), and renormalize the mass by the divergent ǫ−1-piece:

m = m0 + lim
ǫ→0

q2

2ǫ
. (2–93)

yielding the equation of motion:

maa
′

= qfa
′

b′u
b′+q2ub

′

[
∫ τret

−∞

∇[b′G
a′]
(ret)c′′u

c′′(τ ′′)dτ ′′ +

∫ +∞

τadv

∇[b′G
a′]
(adv)c′′u

c′′(τ ′′)dτ ′′
]

(2–94)

As with the Dirac calculation, it is useful to express the equation of motion in terms

of the incident field F ab
in , which represents an incoming wave determined by conditions in

the distant past. Recall that fab can be expressed as

fab = F ab
(in) +

1

2
F ab

(rad). (2–95)

In terms of the incident field, the equation of motion becomes:

maa = qF(in)
a
bu
b + q2(δab + uaub)

(

2

3
ȧa +

1

3
Ra

bu
b

)

+ q2ub

∫ τret

−∞

∇[bG
a]
(ret)c

′(z(τ), z(τ ′))uc
′

(τ ′)dτ ′ (2–96)

This is the generalization of the Abraham-Lorentz-Dirac equation in curved

spacetime. Notice that its first two terms are exactly what would be found in the flat

spacetime case (see Eq. (2–49)). There is also a new curvature term, but this vanishes
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for vacuum spacetimes like Schwarzschild and Kerr. The most important difference is the

presence of the integral over the entire past history of the charge. This is what is known

as the “tail” term, which is an inherently nonlocal effect. This term persists even in the

absence of an external field, which implies that even in the case of free-fall, radiation

damping occurs.

2.3 MiSaTaQuWa Equation

Clearly, the results of Dirac, DeWitt and Brehme have been known for a long time.

Recent interest in their techniques has been stimulated by the need to establish similar

results to the case of gravitational fields. As mentioned, EMRIs for LISA can be viewed as

point masses moving in a Kerr background. Therefore, precise modeling of EMRIs requires

knowing the equation of motion for a point mass in a curved spacetime.

Deriving the analogous equation of motion for the gravitational case was accomplished

by two groups simultaneously in 1997. Working separately, the groups of Quinn and Wald

(QW) [39], and that of Mino, Sasaki, and Tanaka (MST) [40], provided three independent

derivations of the same equation of motion. This equation has come to be known as the

MiSaTaQuWa equation. A description of their efforts is provided here. Going through

their detailed calculations will not be necessary to understand the rest of this dissertation.

The interested reader is invited to refer to the original papers and Poisson’s review [38].

Each of these derivations, however, have been pointed out to make some unjustified

assumptions. Foremost of which is allowing a violation of the linearized Einstein equation

in order to accommodate non-geodesic sources. When dealing with the linearized Einstein

equation:

G
[1]
ab [h] = 8aub

δ(3)(xi − zi(t))√−g , (2–97)

the linearized Bianchi identity implies conservation of the point-particle stress-energy,

which in turn forces the world line of the particle to be a geodesic of the background

spacetime. Thus, there are no solutions to Eq. (2–97) for particles on accelerated

world-lines, which makes it useless as a starting point for deriving corrections to geodesic
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motion. To circumvent this difficulty, each of the derivations chooses to work in Lorenz

gauge, thereby splitting Eq. (2–97) into

2h̄ab − 2Rc
ab
dh̄cd = −16πMuaub

δ(3)(xi − zi(t))√−g (2–98)

∇bh̄ab = 0, (2–99)

where h̄ab ≡ hab − 1
2
gabh is the trace-reversed metric perturbation. With this split, it is

then possible to find solutions to Eq. (2–98) for point-particle sources on any world line.

It is only when one simultaneously imposes Eq. (2–99) that geodesic motion becomes

inescapable.

As such, the strategy of most derivations has been to allow for violations of Eq.

(2–99), known as Lorenz gauge relaxation, while arguing that since deviations to geodesic

motion are small, the violation of the Lorenz gauge should likewise be small so that to

the desired accuracy, what results is still a solution to the original system of equations. A

recent derivation addressing all these concerns can be found in [41].

In any case, all derivations ultimately yield the same result (in Lorenz gauge):

ub∇bu
a = −(gab + uaub)

(

∇dh
tail
bc − 1

2
∇bh

tail
cd

)

ucud (2–100)

htail
ab (τ) = M

∫ τ−

−∞

(

G+
aba′b′ −

1

2
gabG

+
c
c
a′b′

)

(z(τ), z(τ ′))ua
′

ub
′

dτ ′ (2–101)

The acceleration due to the self-force represents a deviation away from geodesic

motion in the background spacetime, but as suggestively written here, can be viewed as

geodesic motion in the perturbed spacetime. We note that unlike the electromagnetic case,

the self-force is entirely due to the tail part of the linearized metric perturbation.

2.3.1 Axiomatic Approach

The derivation by QW is motivated by the fact that the divergent terms (in the

r → 0 limit) of the full field surrounding a point charge (or mass) depends only on the

four-velocity and four-acceleration of the particle. Therefore, so long as one appropriately
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identifies ua and aa of particles moving along different world-lines, the difference in their

fields must be free of these divergences. QW promote this observation to the level of an

axiom.

The first of the QW axioms is that at any given point in spacetime, the difference

between gravitational forces fa and f̃a on point masses moving along different world-lines

(on possibly different spacetimes), is given by the following:

fa − f̃a = lim
r→0

[〈(

1

2
∇ahbc −∇bh

a
c

)

−
(

1

2
∇ah̃bc −∇bh̃

a
c

)〉]

ubuc, (2–102)

where hab and h̃ab are the metric perturbations (on the different backgrounds) that arise

due to the point masses. It is essential though for the {ua, aa} and {ũa, ãa} to match.

The second axiom is that in Minkowski spacetime, if the world line is uniformly

accelerating and if hab is the half-retarded, half-advanced solution, then fa = 0.

To be able to get the self-force at a point along any trajectory in an arbitrary

spacetime, all one has to do is take ua and aa at that point, and then consider another

point along a uniformly accelerating world line in Minkowski spacetime where the particle

has the same four-velocity and four acceleration. To properly compare the fields around

the two points one uses Riemann normal coordinates around the curved spacetime

(thereby making it locally Minkowski) and expresses the Hadamard expansion (to be

discussed below) of hab in terms of them.

By the second axiom f̃a = 0, so that the gravitational self-force is precisely just

the right hand side of Eq. (2–102), where hab is just what you get from the Hadamard

expansion written in Riemann normal coordinates, and h̃ab is just the half-retarded,

half-advanced solution of the linearized Einstein equation with a point mass source in

Minkowski spacetime.

This derivation of the gravitational self-force is the least cumbersome. And it

essentially entails using the Minkowski half-retarded, half-advanced field as a regularizing

field in curved spacetime. By approaching this axiomatically (and not from physical
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principles), what the QW derivation achieves is a rigorous derivation that unfortunately

cannot be the final word on the gravitational self force. It mainly shifts the burden

away from finding an expression for the gravitational self force to figuring out a rigorous

justification of the axioms they employed.

2.3.2 Conservation of Energy-Momentum

The first of two derivations presented by MST essentially repeats the steps of

DeWitt and Brehme. They are able to do this by treating the problem as that of a point

mass interacting with a linear field theory (where the field is the metric perturbation)

propagating on a curved spacetime. Under the assumption that the mass of the moving

point is small compared to the central black hole, the spacetime can be thought to be

g
(B)
ab + hab, where hab is the distortion induced on the background (black hole) spacetime

gab. With this, one can then linearize the Einstein equation in hab. Moreover, when instead

dealing with the trace reversed metric perturbation γab, and then imposing the Lorenz

gauge γab;b = 0, the equation governing γab is just:

2γab + 2Rc
a
d
bγcd = −16πT ab. (2–103)

where T ab is the stress-energy of the particle given by

T ab = m

∫

γ

gaa′(x, z)g
b
b′u

a′ub
′

δ4(x, z)dτ. (2–104)

Except for extra indices, this is equivalent to the electromagnetic case. So the

procedure for getting the equation of motion is the same. They determine the corresponding

Green’s function to the linearized Einstein operator, and compute the advanced and

retarded metric perturbations due to the point mass source. The next task then would be

to find a conservation law, which when integrated over the world tube that is then made

infinitesimally thin, yields the equation of motion.
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2.3.3 Matched Asymptotic Expansions

In this derivation, first performed by [40], and repeated in [38], the goal is to find a

perturbative solution to the Einstein field equations. The problem of a small black hole

moving in an external universe is characterized by two length scales: the mass of the small

black hole m and the radius of curvature of the external universe R. The problem, of

course, calls for m < R. These length scales naturally split the domain into two main

regions, the inner zone (r ≪ R) and outer zone (r ≫ m), relying on different expansion

parameters (r/R and m/r) with which to determine an approximate solution. In the inner

zone (r ≪ R), the picture is that of a black hole being tidally-distorted by the external

universe. An inner metric is found by solving the equations of black hole perturbation

theory to first order in r/R. Then in the outer zone, where the presence of a black hole

cannot be distinguished from the perturbation produced by a point mass, one solves the

linearized field equation for the perturbations due to the point mass to first order in m/r.

The assumption is then that there exists a buffer region (m ≪ r ≪ R) wherein both

solutions are valid. And so there must exist a coordinate transformation that takes one

from the inner solution to the outer solution. This coordinate transformation will depend

on the properties of the particle’s world line. It then turns out that, while insisting on

regularity of the solution, this coordinate transformation is not always possible. That is,

a uniformly valid solution of the perturbed Einstein equation will not exist for arbitrary

motions of the point mass. It will only exist whenever the world line has an acceleration

precisely given by the MiSaTaQuWa equation.

This derivation is by far the most rigorous of the three and the most elegant. It is

well-known that in general relativity the integrability of the field equations imposes the

specific equations of motion of its sources. This is the spirit of the matched asymptotic

expansions technique. The equation of motion for a small black hole in curved background

spacetime arises from an attempt to find a uniformly valid solution of the field equations

over the entire physical domain.
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2.4 Green’s Functions for the Wave Equation in Curved Spacetime

The previous sections make clear that, ever since Dirac’s pioneering study of radiation

reaction on a charge moving through flat spacetime, self-force analyses have found it

convenient to use the Green’s functions of the wave operator. In this section, borrowing

much from [38], we collect the Green’s functions that are commonly encountered in the

self-force literature. Some of them have been discussed in the previous sections, but here

we provide an extended discussion to better motivate the remainder of this dissertation.

For notational simplicity, all expressions are for the scalar wave equation:

2ψ(x) = −4πρ(x). (2–105)

Retarded (G+(x, x′)) and advanced (G−(x, x′)) Green’s functions are solutions to

2G(x, x′) = −4πδ4(x, x
′) (2–106)

that correspond to outgoing and ingoing waves at infinity, respectively. They share

the same singularity structure at coincidence since their difference is a solution to the

homogeneous wave equation and is thus guaranteed to be smooth at coincidence. They

also satisfy the reciprocity relation:

G−(x′, x) = G+(x, x′), (2–107)

a proof of which can be found in [38].

For any source ρ(x′), the retarded Green’s function gives the physically relevant

solution to field equations:

ψret(x) =

∫

G(x, x′)ρ(x′)
√

−g(x′)d4x′. (2–108)

In flat spacetime, the retarded/advanced Green’s functions assume a very simple

form:

G±(x, x′) = θ(±(t− t′))δ(σ) (2–109)
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which have support only on the null cone of x, the locus of points x′, such that σ = 0.

For a scalar point charge

ρ(x) = q

∫

δ4(x, z(τ))dτ, (2–110)

these yield the simple retarded (+) and advanced (-) fields:

ψ± = q

∫

θ
(

t− z0(τ)
)

δ(σ)
dσ

σ̇
(2–111)

=
−q

(x− z(τ))aua(τ)

∣

∣

∣

∣

τ=τret/adv

(2–112)

which may be compared with the Lienard-Wiechert potentials due to an electric charge in

eq. (2–16). They are clearly singular on the world-line.

For curved spacetime, the Green’s functions become a bit more complicated,

extending its support to the causal past and future of the x. Scalar waves get backscattered

by the curvature of spacetime and interact with the emitting charge at a later time. For

self-force considerations, these Green’s functions are only needed near coincidence,

well within the normal neighborhood of the charge. It is sufficient then to consider a

construction of these Green’s functions well-defined only in a normal neighborhood of x′,

such is the Hadamard construction explained below.

Following [38], we start with the ansatz

G±(x, x′) = U(x, x′)δ±(σ) + V (x, x′)θ±(−σ), (2–113)

where U(x, x′) and V (x, x′) are assumed to be smooth biscalars. θ±(−σ) and δ±(σ) are

defined to be:

θ±(−σ) = θ±(x,Σ(x′))θ(−σ) (2–114)

δ±(σ) = θ±(x,Σ(x′))δ(σ), (2–115)

where θ+(x,Σ(x′)) is defined to be one when x is in the future of the spacelike hypersurface

Σ(x′) that x′ belongs to, while θ−(x,Σ(x′)) = 1 − θ+(x,Σ(x′)).
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The addition of the second term (which is absent in flat spacetime), whose support is

within the light cone, is motivated by the physical considerations mentioned above.

The task now is to determine or at least characterize the biscalars U and V . Plugging

the ansatz into Eq. (2–106), we get:

2G± = − 4πδ4(x, x
′)U + δ′±(σ){2U,aσa + (σaa − 4)U}

+ δ±(σ){−2V,aσ
a + (2 − σaa)V + 2U} + θ±(−σ){2V } (2–116)

= − 4πδ4(x, x
′). (2–117)

From this it is clear that

lim
x→x′

U(x, x′) = 1. (2–118)

Also, to make the δ′± term vanish, we must impose

2U,aσ
a + (σaa − 4)U = 0. (2–119)

It is shown by [38] that these two equations completely determine U(x, x′), for which the

unique solution is

U(x, x′) = ∆1/2(x, x′). (2–120)

Now we must of the terms in Eq. (2–116) to zero, which will characterize our

remaining undetermined coefficient V . Looking at the δ± term, which has support only on

the light cone, we demand that

V,aσ
a +

1

2
(σaa − 2)V =

1

2
2U

∣

∣

∣

∣

σ=0

(2–121)

but only on the light cone σ(x, x′) = 0; imposing this elsewhere will unnecessarily restrict

V . The first term in this equation is just λdV/dλ, so it can be integrated along any null

geodesic emanating from x′. An initial condition needs to be provided, however, for the

result to be unique. From [38], we see that U(x, x′) near coincidence can be expanded as

U = 1 +
1

12
Ra′b′σ

a′σb
′

+ O(λ3) (2–122)
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where Ra′b′ is the Ricci tensor at x′ and λ is the affine parameter distance to x. Differentiating

this, using σa
′

c′ = δa
′

c′ + O(λ) and σa
′

c = −gb′cδa
′

b′ : we get

U,a = −1

6
ga

′

aRa′b′σ
b′ + O(λ2) (2–123)

U,a′ =
1

6
Ra′b′σ

b′ + O(λ2). (2–124)

From which we find

2U =
1

6
R(x′) + O(λ). (2–125)

Therefore, taking the coincidence limit of Eq. (2–121), and noting from [38] that

limx→x′ σ
a
a(x, x

′) = 1, we have

lim
x→x′

V (x, x′) =
1

12
R(x′). (2–126)

This is the initial condition required for the integration of Eq. (2–121) along generators of

the light cone. We have thus demonstrated that V is uniquely specified on the light cone.

Finally, the last term of Eq. (2–116) that needs to vanish is the θ±(−σ) term, which

is supported on the interior of the light cone. Thus, we need to impose that

2V (x, x′) = 0 (2–127)

on the interior of the light cone. That is, V (x, x′) is a homogeneous solution of wave

equation in the causal past and future of x′. Since V is unique on the light cone, these can

serve as characteristic data for the wave equation.

Beyond this, we can go no further. Our ansatz, Eq. (2–113), is a valid local

construction of the retarded and advanced Green’s functions provided that U(x, x′) =

∆1/2(x, x′), and that V (x, x′) is a homogeneous solution of the scalar wave equation in

curved spacetime. Note that this is an expression valid only in the normal neighborhood of

x′, which is clear from the fact that it uses σ(x, x′) that itself requires a unique connecting

geodesic between x and x′. Also, from the reciprocity of retarded and advanced Green’s
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functions, it is clear that both U and V are symmetric with respect to interchanging their

arguments.

A completely symmetric Green’s function can be easily found from the construction

just provided. Simply removing the distinctions between retarded and advanced in the

ansatz, we get half the sum of the retarded and advanced Green’s functions:

Gsym =
1

2
[G−(x, x′) +G+(x, x′)] =

1

2
U(x, x′)δ(σ) +

1

2
V (x, x′)Θ(−σ) (2–128)

By being a Green’s function, it shares the same singularity structure as G+ and G−. Its

support, however, would include all events causally connected to x. See Figure (2-1).

The symmetric Green’s function is important because in flat spacetime it is the piece

Dirac identified to be irrelevant to the motion of the charge. Since it shares the singularity

structure of the retarded field, it could be thus be used to regularize the retarded field,

leaving the homogeneous field involved in radiation damping (recall Eq. 2–50).

In flat spacetime, the Green’s function fully determining this homogeneous field that

effects radiation damping is:

Grad = Gret −Gsym, (2–129)

which is known as the radiative Green’s function. The field this gives rise to is likewise

known as the radiative field. (Note that in Dirac’s paper, the radiative field is actually half

what we present here.)

Unfortunately, to simply adopt the same prescription for curved spacetime would

be misguided. As we have seen, the symmetric Green’s function extends its support to

the interior of the light cone. A (naive) radiative Green’s function defined as Grad =

Gret − Gsym would inherit the support of the symmetric Green’s function (Fig. (2-1)).

While such a choice sufficiently regularizes the retarded field, the radiative field at x will

have this physically unpleasant feature of depending not only on events in its causal past,

but on all events in its causal future as well. In the self-force context, this would imply

that the scalar charge interacts with a field depending on events yet to happen!
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Clearly, finding the correct generalization of Dirac’s regularization is non-trivial.

In fact, the discovery of the correct prescription was made much later [42] and is the

foundation for much of this work.

2.5 Self-Force from a Green’s Function Decomposition

The correct symmetric Green’s function, GS(x, x′), is one that will be similar to

(1/2)(G+ + G−), but have the appropriate causal character. Specifically, it must

vanish when x ∈ I±(x′), the chronological future and past of x′, to ensure that upon

regularization of the retarded Green’s function, the support of the (proper) radiative

Green’s function will not include the chronological future of x.

This can be achieved by simply subtracting a suitable homogeneous two-point

function H(x, x′) from the naive radiative Green’s function. H(x, x′) must also be

symmetric in its arguments. We note that the naive radiative Green’s function is just half

the advanced Green’s function when x ∈ I−(x′), and it is just half the retarded Green’s

function when x ∈ I+(x′). Therefore, H(x, x′) must agree with the retarded Green’s

function when x ∈ I+(x′), and with the advanced Green’s function when x ∈ I−(x′). These

properties would ensure that

GS(x, x′) =
1

2
(G+(x, x′) +G−(x, x′)) − 1

2
H(x, x′) (2–130)

is another symmetric Green’s function, whose support is restricted to where x /∈ I±(x′). To

avoid confusing this new version with the original symmetric Green’s function Gsym, this is

referred to as the singular Green’s function.

Using this to regularize the retarded field yields a new radiative Green’s function

GR = Gret −GS (2–131)

that vanishes when x ∈ I−(x′). (See Figure (2-1)). Again, to avoid confusing this with

the original (naive) radiative Green’s function, this is referred to as the regular Green’s

function.
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A . G+(x, x′), curved. B . G−(x, x′), curved.

C . Grad(x, x′), flat. D . (Naive) Grad(x, x′), curved.

E . GS(x, x′), curved. F . GR(x, x′), curved.

Figure 2-1. The support of the various Green’s functions are the shaded areas. The red
curve is the world line of the point source, thus showing which parts of it
contribute to the field point x at the center of light cone.
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The question then becomes whether such a two-point function H(x, x′) exists at all.

A plausibility argument for global existence is provided in [38], but since our interest here

is to use GS mainly as a regularizing Green’s function (and therefore important only in a

small neighborhood of the charge), we shall be content with finding H(x, x′) in a convex

normal neighborhood of x′.

Returning to the Hadamard construction of the retarded and advanced Green’s

functions, Eq. (2–113), we see that

G+(x, x′) = V (x, x′), if x ∈ I+(x′) (2–132)

G−(x, x′) = V (x, x′), if x ∈ I−(x′). (2–133)

Since V (x, x′) is a homogeneous solution of the wave equation (see Eq.(2–127)), and is

symmetric in its arguments, it is clear that it satisfies all the conditions for H(x, x′).

Therefore, so long as we restrict ourselves to a normal neighborhood of x′, we are

guaranteed the local existence of H(x, x′), where it is simply V (x, x′). In this normal

neighborhood, we find that the singular Green’s function takes the form

GS(x, x′) =
1

2
U(x, x′)δ(σ) − 1

2
V (x, x′)θ(σ). (2–134)

The regular Green’s functions is then likewise

GR(x, x′) =
1

2
U(x, x′)[δ+(σ) − δ−(σ)] + V (x, x′)

[

θ+(−σ) +
1

2
θ(σ)

]

. (2–135)

We have thus achieved a local regularization of the retarded Green’s function for the

wave equation in curved spacetime, analogous to what was discovered in Dirac’s analysis

of the motion of an electric charge in flat spacetime. What remains to be shown is that

the field arising from this new regular Green’s functions is all that is responsible for the

self-force on the moving charge, much like flat spacetime case wherein (in the absence of

other external fields) a moving charge is seen to interact solely with the radiative field.
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To demonstrate that this is so, we revisit the equations of motion that been derived

previously (Eqs. 2–96 and 2–100). For completeness, we also include the equations of

motion for a scalar charge first derived by Quinn [43]. Supposing that the background is a

vacuum spacetime these are:

aa =
1

m
faext +

q2

m
(δab + uaub)

[

1

3m
ḟaext +

1

6
Ra

bu
b +

∫ τ−

−∞

∇bG+(z(τ), z(τ ′)) dτ ′
]

(2–136)

aa =
1

m
faext +

q2

m
(δab + uaub)

[

2

3m
ḟaext +

1

3
Ra

bu
b

]

+
2q2

m
ub

∫ τ−

−∞

∇[aG+
b]
c′(z(τ), z(τ

′))uc
′

dτ ′

(2–137)

aa = −(gab + uaub)

(

∇dh
tail
bc − 1

2
∇bh

tail
cd

)

ucud

where htail
ab (τ) = M

∫ τ−

−∞

(

G+
aba′b′ −

1

2
gabG

+
c
c
a′b′

)

(z(τ), z(τ ′))ua
′

ub
′

dτ ′ (2–138)

for a scalar point charge, electric point charge, and point mass, respectively, where the

terms involving involving ȧa have been replaced ḟaext/m, according to the reduction-of-order

technique mentioned above.

Given the form of each of these equations, it is tempting to interpret the self-force as

the result of the charge interacting with a regular self-field ψself consisting of a “direct”

part (from field contributions on the light cone itself, which give the local terms) and a

“tail” part (from field contributions in the interior of the light cone, giving the non-local

effects). Thus, for the case of the scalar charge, the self-force on it [which is all but the

first term of Eq. (2–136)] is described simply as limx→z∇aψself, where

ψself = ψdir + ψtail (2–139)

ψdir ≡ −
[

qU(x, z(τ))

2σ̇

]τadv

τret

(2–140)

ψtail ≡ q

∫ τret

−∞

V [x, z(τ)]dτ = lim
ǫ→0+

q

∫ τret−ǫ

−∞

G+[x, z(τ)]dτ, (2–141)

where τret and τadv are, respectively, the intersections of the past and future light cone of x

with the world-line of the charge.
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This interpretation is rather shaky, since the gradient of the tail piece does not

have a well-defined coincidence limit. While the direct piece turns out to be finite and

differentiable at coincidence, whose gradient gives the analogue of the Abraham-Lorentz-Dirac

force on the charge, we may calculate the gradient of the tail piece and get:

∇aψ
tail = q

∫ τret

−∞

∇aV dτ + qV (x, z(τret))∇aτret. (2–142)

With V being a smooth function, the coincidence limit of the first term is well-defined.

The second term however behaves as

qV (x, τret)∇aτret = −q[V σ̇−1∇aσ]|τret

=
qR(x)

12r
(xa − za) + O(r), xa → za, (2–143)

which is a direction-dependent limit. To get around this problem, one first averages

∇aψ
self around a small, spatial two-sphere surrounding the particle before taking the

coincidence limit. This averaging removes the problematic contribution of the tail part.

And so, the interpretation of the charge interacting with the ψself depends critically on this

averaging step. Moreover, it is clear that ψself is not a homogeneous solution of the wave

equation, so that an observer comoving with the particle would expect a scalar charge

distribution in its neighborhood needed to act as the source for ψself.

Consider, however, the fields arising from GS and GR. From Eqs. (2–134) and

(2–135), we get

ψS(x) =

[

qU(x, z(τ))

2σ̇

]

τret

+

[

qU(x, z(τ))

2σ̇

]

τadv

− q

2

∫ τadv

τret

V (x, z(τ))dτ (2–144)

and

ψR(x) = ψret − ψS = −
[

qU(x, z(τ))

2σ̇

]τadv

τret

+ q

(

∫ τret

−∞

+
1

2

∫ τadv

τret

)

V (x, z(τ))dτ. (2–145)
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By construction, ψR is a homogeneous solution of the wave equation. Moreover, it is clear

that ψself and ψR are related according to

ψR = ψself +
q

2

∫ τadv

τret

V (x, z(τ))dτ. (2–146)

From this it is apparent that at coincidence ψR and ψself match, which proves that ψR is

solely responsible for the self-force on the charge just like ψself. The integral term close to

coincidence is approximated to be

qrV (x, x) + O(r2) = − 1

12
qrR(x) + O(r2). (2–147)

Its derivative gives an inward-pointing, spatial unit vector near the world line. This

is precisely what is needed to cancel the non-differentiable piece of ψself, shown in

Eq. (2–143). Therefore, it is more natural to interpret the self-force as a result of the

interaction between the charge and ψR, as it relies on no averaging. Moreover, since the

regular field is a smooth homogeneous solution just like Dirac’s radiative field in flat

spacetime.

This new perspective on the self-force, as one arising from the interaction of the

charge with a homogeneous field ψR was discovered and first enunciated by Detweiler and

Whiting [42]. It is the correct curved space-time generalization of Dirac’s picture.

Mode-sum calculation of the self-force

In practical terms, for one to calculate a self-force, the DW perspective takes the view

that one must aim to retrieve the smooth, homogeneous, regular field ψR from which the

self-force is just its gradient. As we will see in the next chapter, this perspective lends

itself to a prescription for self-force calculation with time-domain and powerful, existing

(3+1) codes. Prior to DW’s discovery, the focus had been different. Sophisticated methods

were devised to compute the tail part of the self-force, which is just the gradient of the tail
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field in Eq. (2–141).

F tail
a = lim

ǫ→0+

∫ τret−ǫ

−∞

∇aG+(x, z(τ))dτ (2–148)

and of these methods the most successful is the so-called mode-sum scheme, pioneered

by Barack and Ori [44–46]. Most concrete strong-field calculations of self-force have, in

fact, been performed using this approach, and it is but appropriate that we provide a brief

discussion here.

The mode-sum scheme exploits the fact that while the retarded field diverges at the

location of the charge, its l-modes (in a spherical-harmonic decomposition) do not. It

starts with splitting the tail contribution in Eq. (2–148) into what they refer to as the

“full” and “direct” parts.

F tail
a = F full

a − F dir
a (2–149)

F full
a = lim

ǫ→0+

∫ τret+ǫ

−∞

∇aG+(x, z(τ))dτ (2–150)

F dir
a = lim

ǫ→0+

∫ τret+ǫ

τret−ǫ

∇aG+(x, z(τ))dτ. (2–151)

[Note that the “direct” part of the force here is not the same as that “direct” part of

Eq. (2–140). While they are both due to waves propagating along the null cone of the

world-line of x, our previous “direct” piece was the difference between advanced and

retarded contributions. This difference is regular and differentiable at coincidence, even

while the advanced and retarded parts are individually divergent.]

One notices immediately that both fields F full
a (x) and F dir

a (x) are divergent at

coincidence. They must share the same singularity structure at coincidence, for their

difference to yield the well-defined tail contribution of the self-force.

The benefit of this splitting into two divergent pieces lies in the fact that, at

coincidence, the “full” force (often called the bare force) is just the gradient of the

divergent retarded field at the particle’s location. To avoid the divergence, one formally
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employs a multipole decomposition of F full
a :

F full
a (x) =

∞
∑

l=0

F (full)l
a (x), (2–152)

where, at coincidence,

F (full)l
a = lim

x→z

l
∑

m=−l

∇aψ
ret
lm(x), (2–153)

and ψret
lm(x) are just the spherical-harmonic components of the retarded field. We say

formal, because of course the sum in Eq. (2–152) is divergent. However, each of its modes

in Eq. (2–153) turn out to be finite (but discontinuous) at x → z. Moreover, these modes

are accessible by numerically solving the reduced (1+1) wave equation resulting from a

spherical-harmonic decomposition applied to the quantities entering the full scalar wave

equation.

With this, the challenge then is to find a regularization function hla that would make

∑

l[limx→z F
(full)l
a (x)− hla] (or

∑

l[limx→z F
(ret)l
a (x)− hla]) convergent. In which case, one has

F self
a =

∑

l

(lim
x→z

F (full)l
a (x) − hla) −

∑

l

(lim
x→z

F (dir)l
a (x) − hla) (2–154)

=
∑

l

(lim
x→z

F (ret)l
a (x) − hla) −

∑

l

(lim
x→z

F (dir)l
a (x) − hla) (2–155)

and one has two convergent infinite sums, the first of which is now fully calculable once

the mode contributions of the retarded field are available.

In principle, one can determine hla by looking the large-l behavior of the modes of

F
(ret)l
a . But since F

(dir)
a shares the same singularity structure as F

(ret)
a (by construction),

it is deduced by analyzing the direct piece instead, since it is a local object (unlike the

retarded piece), whose behavior is thus amenable to analytical treatment.

In all cases considered, the regularization function is found to have the general form

hla = Aa

(

l +
1

2

)

+Ba +
Ca
l + 1

2

, (2–156)

70



where the coefficients {Aa, Ba, Ca} are l-independent quantities, called regularization

parameters, whose expressions depend on the details of the trajectory of the charge.

Calculating the self-force then amounts to evaluating

F self
a =

∞
∑

l=0

[

lim
x→z

F (ret)l
a (x) − Aa

(

l +
1

2

)

− Ba −
Ca

(

l + 1
2

)

]

−Da, (2–157)

where

Da ≡
∞
∑

l=0

[

lim
x→z

F (ret)l
a (x) −Aa

(

l +
1

2

)

−Ba −
Ca

(

l + 1
2

)

]

. (2–158)

It can be shown that as l → ∞, the Da-term contribution becomes a telescoping series

that vanishes. Therefore, in practice, one just needs to go as high an l as possible to get a

good estimate for the self-force.

For ease of exposition, we list the steps involved in a mode-sum calculation of the

self-force:

1. For a specific orbit on a specific background, determine analytically the regularization
parameters.

2. Expand the retarded field ψret(x) in terms of spherical harmonics, with coefficients
ψret
lm(t, r)

ψret =
∑

ψret
lm(t, r)Ylm(θ, φ), (2–159)

as well as the delta function point-source.

3. Solve the reduced wave equation for the lm coefficients of the retarded field.

4. Compute F ret
l a ≡

∑l
m=−l∇aψ

ret
lmYlm. These will be finite at the location of the

charge, but the sum over l diverges.

5. Regularize the l-mode expansion of the ∇aψ
ret ≡

∑

l F
ret
lm by subtracting

(

l +
1

2

)

Aa +Ba +
Ca
l + 1

2

(2–160)

for each l.

6. Sum the regularized l contributions to as high an l as desired. By construction,
this sum will converge, but it does so as 1/ln, where n depends on how many
regularization parameters one uses.
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One has a choice in how to perform Step 2 of the mode-sum recipe – to solve the

(1+1) reduced scalar wave equation either in time-domain or frequency-domain.

In frequency-domain, one goes one step further in Fourier decomposing the spherical

harmonic components, and solves an ordinary differential equation for each lmω-component

of the retarded field. For relatively simple orbits (e.g. circular orbits and slightly eccentric

orbits), frequency-domain is superior, because the simple temporal behavior of the source

restricts its Fourier components to only a few frequencies ω. The numerical methods

needed to solve ODEs are also considerably much simpler and less computationally

demanding than the evolution codes for hyperbolic partial differential equations. For the

same set of resources then, a FD approach would yield exceptionally more accurate results

But frequency-domain calculations soon become impractical for orbits that are more

complicated (e.g. highly eccentric orbits), because the source gets spread out to many

more terms in a Fourier series. In this instance, it becomes reasonable to avoid the Fourier

decomposition altogether, and just solve for each lm-component by evolving a (1+1) wave

equation. This latter approach is what would be called a time-domain calculation.

Many self-force calculations have been done through the FD approach, while only

recently have researchers focused on time-domain calculations (at the time of writing, we

know of only three [47–49]), motivated by the expectation that EMRIs are likely to be

highly eccentric.

The last step of the mode-sum recipe is also worth noting: a mode-sum calculation

of a self-force requires having to sum the contributions of each regularized mode, which

converges slowly. Studies prior to the DW decomposition report this sum converge as 1/l,

which consequently required solving the (1+1) wave equation for many modes in order to

reach a desired accuracy.

Through the DW decomposition, a mode-sum scheme may also be pursued. However,

since the goal is to construct ψR at the location of the charge, the multipole decomposition

of the singular field then serves as a natural regularization function for the divergent
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retarded field. That is, if one, say, breaks up the singular field in spherical harmonics:

ψS(x) =

∞
∑

l=0

m=l
∑

m=−l

ψS
lm(t, r)Ylm(θ, φ) (2–161)

then one may view hl as:

hla =
l
∑

m=−l

lim
x→z

∇a(ψ
S
lmYlm), (2–162)

where z is the location of the charge.

From this perspective, the first task is to find an analytic form for ψS(x) upon which

a multipole decomposition can be applied in order to determine regularization parameters.

In general, one can only approximate the singular field, so that one is limited in the

number of regularization parameters that can be determined ahead of time. Such an

implementation was performed by [50].

One might naturally ask what advantage lies in adopting this point-of-view. One

thing it achieves is further clarify the role of regularization parameters. Since the

exact regular field is a homogeneous solution and hence smooth at the location of the

charge, the singular field is seen to contain all the parts of the retarded field that are not

only divergent but also of finite differentiability. Therefore, since the regularization

parameters arise from multipole components of the gradient of the singular field,

they are a representation of these divergent and non-smooth pieces. Using more of

the regularization parameters yields a remainder of higher differentiability, and thus a

mode-sum of faster convergence.

The mode-sum of a C∞-field (like the regular field ψR) converges exponentially in

l. But access to the exact ψR is possible only when one knows the exact ψS, which is in

general not possible. For Schwarzschild and Kerr spacetimes, in particular, one can only

locally approximate the singular field to a certain order in ρ/R (where ρ is a measure of

distance away from the charge location and R is the radius of curvature of the background

spacetime). Therefore, for cases of astrophysical interest, one can only compute a limited

number of regularization parameters. This in turn means that there will always be a
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non-smooth piece in the remainder which keeps the convergence of the mode-sum from

being exponential.

This aspect of the mode-sum scheme is one of its main difficulties. The best one can

do is calculate higher order regularization parameters, in order to improve convergence.

But doing this is not a trivial task. In addition, the mode-sum scheme appears ill-suited to

the task of eventually using the computed self-force in updating the orbit of the particle.

To put this backreaction into effect, it is envisioned that a catalogue of self-force values

would be produced for a variety of orbital parameters. This catalogue shall then be used

to update orbits in later simulations. Thus, in this scheme, backreaction is (inefficiently)

rendered as a post-processing step.

A desirable prescription would be one that avoids both problems; one that does not

have to go through a mode decomposition of the fields at the outset, and one allowing

quick access to the self-force at every instant so that it may be directly used to update the

trajectory of the charge.

However, with the divergence of the retarded field at the location of the charge, it

appears that going through a mode decomposition is necessary for one to deal exclusively

with finite quantities. We shall show in the next chapter that this need is only apparent.

By employing the DW decomposition, there is a way to avoid the divergent retarded

field altogether so that one deals entirely with regular fields and regular sources for point

particles. Such is the key contribution of this dissertation. It is this capability that opens

the door to calculations of self-force and simulations of the self-consistent dynamics of

point particles in curved spacetime with existing (3+1) computational infrastructure.
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CHAPTER 3
REGULARIZED POINT SOURCES FOR SELF-FORCE CALCULATIONS

[Portions of this chapter can be found in the following article: Regularization of fields

for self-force problems in curved spacetime: Foundations and a time-domain application.

I. Vega and S. Detweiler, Phys. Rev. D 77, 084008 (2008). Copyright (2008) by the

American Physical Society.]

In the previous chapter, we introduced the mode-sum approach to calculating

self-forces on point particles moving in curved spacetime. This prescription is the most

reliable method for self-force calculation and has been applied to a wide variety of cases

(e.g. scalar/electric charges in generic geodesics; point masses in radial infall and circular

orbits), and has led to many insights concerning self-force phenomena. However, the

method appears ill-suited for the goal of simulating the fully self-consistent dynamics of

point charges in curved spacetime, because (a) it requires a slowly-convergent mode sum

to retrieve the self-force on a charge at a certain instant, and (b) is rather inconvenient for

self-consistently modifying the particle trajectory using the computed self-force.

In this chapter, we present an alternative method designed specifically to address

these concerns. The prescription we have developed is a simple smearing out of the

delta-function source that is made possible by the appropriate splitting of the retarded

field into regular and singular parts. The technique is best implemented with a (3+1)

evolver of the wave equation, with which it (a) allows easy access to the self-force on a

particle (with no mode-sum required) and to the radiation field in the wavezone, and (b)

avoids delta-functions and singular fields altogether. We see both properties as essential

towards achieving simulations of the self-consistent motion of point particles, inclusive of

self-force effects.

3.1 General Prescription

For ease of exposition we shall illustrate the prescription using a scalar charge moving

in curved spacetime. Analogous to the electromagnetic and gravitational cases, for a
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scalar charge, the general strategy for computing the self-force first involves solving the

minimally-coupled scalar wave equation with a point charge q source,

∇a∇aψ
ret = −4πq

∫

γ

δ(4)(x− z(τ))√−g dτ, (3–1)

for the retarded field ψret. Here ∇a is the derivative operator associated with the metric

gab of the background spacetime and γ is the world line of the charge defined by za(τ) and

parameterized by the proper time τ . The physical solution of the resulting wave equation

will be a retarded field that is singular at the location of the point charge. As mentioned

previously, a self-force formally expressed as

Fa(τ) = q∇aψ
ret(z(τ)) (3–2)

will need a regularization prescription to make sense. Early regularization prescriptions

[37, 39, 40] were based upon a Hadamard expansion of the Green function, and showed

that for a particle moving along a geodesic the self force could be described in terms of the

particle interacting only with the “tail” part of ψret, which is finite at the particle itself.

Later [42] it was realized that a singular part of the field ψS which exerts no force on the

particle itself could be identified as an actual solution to Eq. (3–1) in a neighborhood of

the particle. A formal description of ψS in terms of parts of the retarded Green’s function

[42] is possible (see Eq. 2–134), but generally there is no exact functional description for

ψS in a neighborhood of the particle. Fortunately, as will be shown in the next section, an

intuitively satisfying description for ψS results from a careful expansion about the location

of the particle:

ψS = q/ρ+O(ρ3/R4) as ρ→ 0, (3–3)

where R is a constant length scale of the background geometry and ρ is a scalar field

which simply satisfies ρ2 = x2 + y2 + z2 in a very special Minkowski-like locally inertial

coordinate system centered on the particle, first described by Thorne, Hartle and Zhang

[51, 52] and applied to self-force problems in Refs. [50, 53, 54]. These coordinates are
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explained in the next section and in Appendix A. Not surprisingly the singular part of the

field, which exerts no force on the particle itself, appears as approximately the Coulomb

potential to a local observer moving with the particle.

Our proposal for solving Eq. (3–1), and determining the self-force acting back on the

particle now appears elementary. First we define

ψ̃S ≡ q/ρ (3–4)

as a specific approximation to ψS. By construction, we know that ψ̃S is singular at the

particle and is C∞ elsewhere. Also, within a neighborhood of the world line of the particle

∇a∇aψ̃
S = −4πq

∫

γ

δ(4)(x− z(τ))√−g dτ +O(ρ/R4),

as ρ→ 0. (3–5)

It must be pointed out that for Eqs. (3–3) and (3–5) to be valid, the Thorne-Hartle-Zhang

(THZ) coordinates must be known correctly to O(ρ4/R3). If the THZ were known to be

correct only to O(ρ3/R2), this would spoil the remainder in Eq. (3–5), which would

then have a non-vanishing direction dependent limit as ρ → 0. This points then

to the importance of determining the local coordinate frame precisely enough for the

Coulomb-like potential to be a good representation of the local singular field.

Next, we introduce a window function W which is a C∞ scalar field with

W = 1 +O(ρ4/R4) as ρ→ 0, (3–6)

and W → 0 sufficiently far from the particle, in particular in the wavezone. The

requirement that W approaches 1 this way, i.e. O(ρ4), is explained below.

Finally we define a regular remainder field

ψR ≡ ψret −Wψ̃S (3–7)
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which is a solution of

∇a∇aψ
R = −∇a∇a(Wψ̃S) − 4πq

∫

γ

δ(4)(x− z(τ))√−g dτ (3–8)

from Eq. (3–1). ψR would be an approximation of Detweiler-Whiting’s smooth regular

field that is responsible for the self-force. Because of our use of ψ̃S as an approximation of

the full singular field, ψR would be contaminated with O(ρ3/R4)-pieces that are only C2 at

the location of the charge.

The effective source of this equation

Seff ≡ −∇a∇a(Wψ̃S) − 4πq

∫

γ

δ(4)(x− z(τ))√−g dτ (3–9)

is straightforward to evaluate analytically, and the two terms on the right hand side have

delta-function pieces that precisely cancel at the location of the charge, leaving a source

which behaves as

Seff = O(ρ/R4) as ρ→ 0. (3–10)

Thus the effective source Seff is continuous but not necessarily differentiable, C0, at

the particle while being C∞ elsewhere1 . Fig. 3-1 shows the source function which is

actually used in the numerical analysis described in Chapter 4. This is for a scalar charge

moving in a circular orbit (R = 10M) around a Schwarzschild black hole. The modest

non-differentiability of Seff at the particle is revealed in Fig. 3-2.

A solution ψR of

∇a∇aψ
R = Seff (3–11)

1 With ρ2 ≡ x2 + y2 + z2, a function which is O(ρn) as ρ→ 0, is at least Cn−1 where ρ =
0.
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is necessarily C2 at the particle. Its derivative would be

∇aψ
R = ∇a(ψ

ret −Wψ̃S) − ψ̃S∇aW

= ∇a(ψ
ret − ψS) +O(ρ2/R4) ρ→ 0 (3–12)

would be the approximate self-force acting on the particle when evaluated at the location

of the charge. From this it is clear why the behavior of W is chosen as in Eq. (3–6). A

window function with this behavior would not add to the O(ρ2/R4)-error already incurred

by using the q/ρ approximation for the singular field. Also, in the wavezone W effectively

vanishes and ψR is then identically ψret and provides both the waveform as well as any

desired flux measured at a large distance.

General covariance dictates that the behavior of Seff in Eq. (3–9) may be analyzed in

any coordinate system. But, only in the specific coordinates of Refs. [51] and [52], or the

THZ coordinates, is it so easily shown [50] that the simple expression for ψS in Eq. (3–3)

leads to the O(ρ/R4) behavior in Eq. (3–10) and then to the C2 nature of the solution ψR

of Eq. (3–11).

The prescription then is simply to solve Eq. Eq. (3–11), once the effective source

is appropriately determined. We describe this method as field regularization, since it

effectively regularizes the fields rather than the gradient of the field (which the mode-sum

scheme does). Note however that regularization is implicit in our method. A numerical

implementation will have to do no regularization at all, but will have to evolve a wave

equation with an already regularized source. The derivatives of ψR determine the

self-force, providing instant access; while ψR is identical to ψret in the wave zone, allowing

direct access to fluxes and waveforms.

With this method there is no apparent reason to determine the actual retarded field.

However, if one wants to compare results from field regularization with results from a

traditional determination of the retarded field then simply adding Wψ̃S to the remainder
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ψR results in the retarded field ψret. Such a comparison for our trial of field regularization

in Chapter 4 appears in Figs. (4-7) and (4-8).
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Figure 3-1. The effective source Seff on the equatorial plane. The particle is at r/M = 10,
φ/π = 0, where Seff appears to have no structure on this scale. The smooth
“double bump” shape far from the charge is a characteristic of any function
similar to ∇2(W/|~r − ~r0|) in flat space, with a window function W as given in
Eq. (4–7).

3.2 Approximating the Local Singular Field

In this section provide details leading to the approximate expression of the singular

field in THZ coordinates. We shall see that the difference between the actual delta

function source and an approximation to the singular field is a source with some degree of

non-differentiability at the location of the point charge. Here, we shall take guidance from

the discussion in Section IV of [50].

Let Γ be a geodesic through a background spacetime gab, and let R be a representative

length scale for this background – the smallest of the radius of curvature, the scale of

inhomogeneities, and the time scale for changes in curvature along Γ. It is always possible

to erect a normal coordinate system along Γ, for which the metric and its first derivative
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Figure 3-2. The effective source Seff in the equatorial plane in the vicinity of the point
source at r/M = 10, φ/π = 0. Note the significant difference of scales with
Fig. 3-1.

match that of the Minkowski metric, and the coordinate t measure the proper time along

the geodesic. Normal coordinates for a geodesic are not unique, and the THZ coordinates

are a special kind of normal coordinates convenient in describing the external multipole

moments of a vacuum solution of the Einstein’s equations. A more detailed description of

these coordinates are presented in Appendix A.

In THZ coordinates, metric takes the form:

gab = ηab +Hab

= ηab + 2Hab + 3Hab +O(ρ4/R4), ρ/R → 0 (3–13)
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with

2Habdx
adxb = − Eijxixj(dt2 + δkldx

kdxl)

+
4

3
ǫkpqBqixpxidtdxk −

20

21

[

Ėijxixjxk −
2

5
ρ2Ėikxi

]

dtdxk

+
5

21

[

xiǫjpqḂqkxpxk −
1

5
ρ2ǫpqiḂjqxp

]

dxidxj (3–14)

and

3Habdx
adxb = − 1

3
Eijkxixjxk(dt2 + δkldx

kdxl)

+
2

3
ǫkpqBqijxpxixjdtdxk +O(ρ4/R4)ijdx

idxj , (3–15)

where the “dot” is a derivative with respect to t, ηab is the flat Minkowski metric in the

THX coordinates (t, x, y, z), ǫijk is the flat space Levi-Civita tensor, ρ2 = x2 + y2 + z2

and the indices i, j, k, l, p and q are all spatial, and raised and lowered with the three

dimensional flat space metric δij. Coordinates that match Eq. (3–14) are to be called

third-order THZ coordinates, since knowledge of these coordinates up to O(ρ3/R3) is

required. They are well-defined up to the addition of arbitrary functions of O(ρ4/R4).

When Eq. (3–15) is also matched, then these would be fourth-order THZ coordinates.

The external multipole moments are spatial, symmetric, tracefree tensors related to the

Riemann tensor of the background evaluated on Γ:

Eij = Rtitj (3–16)

Bij = ǫi
pqRpqjt/2 (3–17)

Eijk = [∇kRtitj ]
STF (3–18)

Bijk =
3

8
[ǫi

pq∇kRpqjt]
STF (3–19)

where STF means to take the symmetric, tracefree part with respect to the spatial indices

i, j, and k.
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The goal is to express to express the singular field in terms of THZ coordinates.

Recall that this is just

ψS(x) =

∫

GS(x, z(τ))dτ (3–20)

where GS is given in Eq. (2–134) to be:

GS(x, x′) =
1

2
U(x, x′)δ(σ) − 1

2
V (x, x′)θ(−σ). (3–21)

and it was previously determined that U(x, x′) =
√

∆(x, x′), and V (x, x′) is a homogeneous

solution of the wave equation.

For gab = ηab + Hab, it is shown in Eqs. (39) and (40) of [55] that one can write the

van Vleck determinant as

∆(x, x′) ≈ 1 − 1

2
xaxb

∫

0C

Hab,c
cλ(1 − λ)dλ

= 1 +O(ρ4/R4) (3–22)

where 0C is the coordinate “straight line” connecting xa and xa
′

given by

ξa(λ) = xa
′

+ λ(xa − xa
′

), (3–23)

which is an O(1)-approximation to the actual geodesic connecting the two points. In THZ

coordinates, this line takes the form

ξa(λ) = λ(xa − t′δat ), (3–24)

since xa
′

will be on Γ, where the spatial coordinates are zero. The scaling of the error

term in (3–22) arises from the fact that each derivative introduces a factor of O(1/R) and

Hab = O(ρ2/R2). The error incurred by σ in using a straight line path instead of the exact

geodesic between xa and xa
′

is O(H2) = O(ρ4/R4), which is consistent with the error term

in Eq. (3–22).
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Clearly, Eq. (3–22) implies that

U(x, z) = 1 +O(ρ4/R4). (3–25)

We can also approximate Synge’s world function (2–56) by first rescaling the affine

parameter so that λ0 = 0 and λ1 = 1. The result would then be:

σ(x, z) =

∫

C

1

2
gab

dξa

dλ

dξb

dλ
dλ

=
1

2
ξ̄aξ̄b

(

ηab +

∫

0C

Habdλ

)

+O(ρ6/R4), (3–26)

where ξ̄a = (xa − t′δat ). The linearized metric ηab + Hab as given in (3–13) differs

from the true metric by the first non-linear piece, which scales as O(H2) = O(ρ4/R4).

This is consistent with the error introduced by using the straight-line path for the

integration. The use of the linearized metric and the straight-line path both contribute to

the O(ρ6/R4) error in the world function.

Defining

Hab =

∫

0C

Habdλ, (3–27)

we can write Synge’s world function as:

σ(x, z) =
1

2
ξ̄aξ̄bηab +

1

2
(t− t′)2Htt + (t− t′)xiHit +

1

2
xixjHij +O(ρ6/R4) (3–28)

= −1

2
(1 −Htt)

[

(t′ − t+ xiHit)
2 − xixj(ηij + Hij)

1 −Htt

]

+O(ρ6/R4). (3–29)

The rearrangement done in the second equality is justified by noting that Hab = O(ρ2/R2),

and that close the null cone (i.e. σ ≈ 0) |t− t′| = O(ρ).

We can conveniently rearrange this further by first writing the following expressions:

Htt = −
∫

0C

(

Eijξiξj +
1

3
Eijkξiξjξk

)

dλ+O(ρ4/R4)

= −1

3
Eijxixj −

1

12
Eijkxixjxk + O(ρ4/R4) (3–30)
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and

Hij =

∫

0C

(

−Eklξkξlδij +
5

21
ξiǫjpqḂqkξpξk −

1

21
ηklξ

kξlǫpqiḂjqξp −
1

4
Eklmξkξlξmδij

)

dλ

+O(ρ4/R4)

Hij = −
(

1

4
Eklxkxl +

1

12
Eklmxkxlxm

)

δij +
5

84
xiǫjpqḂqkxpxk −

1

84
ηklx

kxlǫpqiḂjqxp +O(ρ4/R4).

(3–31)

Using these, we can write

xixj(ηij + Hij) = ρ2 + xixjHij (3–32)

and

xixjHij = −
(

1

4
Eklxkxl +

1

12
Eklmxkxlxm

)

ρ2 +O(ρ4/R4)

= ρ2Htt +O(ρ6/R4). (3–33)

where the Ḃ terms vanish due to the antisymmetry of the Levi-Civita tensor. Thus,

xixj(ηij + Hij) = ρ2(1 + Htt) +O(ρ6/R4). (3–34)

Substituting Eq. (3–34) into Eq. (3–29), one can factor σ into

σ(x, z) = −1

2
(1 −Htt)

[

(t′ − t+ xiHit)
2 − ρ2(1 + Htt)

1 −Htt

]

+O(ρ6/R4)

= −1

2
(1 −Htt)

[

(t′ − t+ xiHit)
2 − ρ2(1 + Htt)

2
]

+O(ρ6/R4)

= −1

2
(1 −Htt)

[

t′ − t+ xiHit − ρ(1 + Htt)
] [

t′ − t+ xiHit + ρ(1 + Htt)
]

+O(ρ6/R4).

(3–35)

At retarded time, for which z is on the past null cone of x and σ = 0, (t′ − t) ∼ −ρ.

Therefore,

t′ − t+ xiHit − ρ(1 + Htt) = O(ρ). (3–36)

85



From this we can immediately conclude that

t′ − t+ xiHit + ρ(1 + Htt) = O(ρ5/R4), (3–37)

in order to match the error term O(ρ6/R4), so that the σ can vanish exactly on the null

cone of x. Thus we have,

dσ(x, z)

dt′

∣

∣

∣

∣

ret

= −1

2
(1 −Htt)[t

′ − t+ xiHit − ρ(1 + Htt)] +O(ρ6/R5)

= −1

2
(1 −Htt)[−2ρ(1 + Htt) +O(ρ5/R4)]

= ρ[1 +O(ρ4/R4)], (3–38)

where the second equality follows from evaluating at retarded time, and the third follows

from the fact that Htt ∼ O(ρ2/R2), Eq. (3–30). A similar calculation gives can be done

with an evaluation at the advanced time

dσ(x, z)

dt′

∣

∣

∣

∣

adv

= −1

2
(1 −Htt)[t

′ − t+ xiHit − ρ(1 + Htt)] +O(ρ6/R5)

= −1

2
(1 −Htt)[2ρ(1 + Htt) +O(ρ5/R4)]

= −ρ[1 +O(ρ4/R4)]. (3–39)

Dewitt and Brehme show that

V (x, z) = − 1

12
R(z) +O(ρ/R3), x→ z. (3–40)

But in vacuum spacetimes, R = 0,

V (x, z) = O(ρ2/R4). (3–41)

When integrated over the proper time, the dominant contribution from this term is

O(ρ3/R4) as x → z. With this, we now have everything necessary to arrive at an

approximation for ψS in THZ coordinates.
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Returning then to Eq. (3–21), we write

ψS =
1

2

∫

Γ

U(x, z(τ))(δ+(σ) + δ−(σ))dτ +
1

2

∫

Γ

V (x, z(τ))θ(−σ)dτ. (3–42)

Noting that σ̇|ret ≡ (dσ/dt′)|ret > 0 and σ̇|adv < 0, we can use Eqs. (3–25), (3–38) and

(3–39) to approximate the terms of the first integral:

1

2
U(x, z)δret(σ) =

(

1 +O(ρ4/R4)

2σ̇

)

τret

δ(t− tret) =
δ(t− tret)

2ρ
+O(ρ3/R4) (3–43)

1

2
U(x, z)δadv(σ) =

(

1 +O(ρ4/R4)

−2σ̇

)

τadv

δ(t− tadv) =
δ(t− tadv)

2ρ
+O(ρ3/R4). (3–44)

From Eq. (3–41), the second integral is already O(ρ3/R4), the same order as the error of

our approximation of the first integral. We shall therefore ignore it.

Our approximation then comes entirely from the direct piece of the singular Green’s

function, whose corresponding singular field ψS we can now evaluate to be

ψS =
q

ρ
+O

(

ρ3

R4

)

, ρ→ 0 (3–45)

This is exactly what was claimed in Eq. (3–3). The Coulomb piece is precisely the local

approximation for the singular piece needed for the effective source in Eq. (3–9).
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CHAPTER 4
NUMERICAL EXPERIMENT IN TIME-DOMAIN

[The contents of this chapter can be found in the following article: Regularization

of fields for self-force problems in curved spacetime: Foundations and a time-domain

application. I. Vega and S. Detweiler, Phys. Rev. D 77, 084008 (2008). Copyright (2008)

by the American Physical Society.]

Previously, we developed a method for self-force calculations which was at its core

a useful smearing out (or regularization) of the delta function representation for a point

charge. As a result, we have introduced a way of representing point charges with regular

functions (which is a property useful for 3+1 evolution codes). Because the regularization

was based on the local splitting of the retarded field into its regular and singular parts,

or the Detweiler-Whiting decomposition, our method has the additional benefit that

computing self-forces amounts to simply taking derivatives of the solution to our effective

wave equation. This chapter provides the first concrete demonstration of the viability

of our method. In particular, we show that we are able to compute correctly both the

self-force on the charge and the retarded field in the wavezone from which fluxes may be

computed.

This demonstration is achieved for the well-studied toy problem of a scalar charge

moving in a circular orbit about a Schwarzschild black hole. We choose q/m = 1 for the

charge to mass ratio of the particle, and a circular geodesic at Schwarzschild radii, R =

10M and R = 12M , where M is the mass of the black hole. We work in Schwarzschild

coordinates, in which the metric is expressed as gab = diag(−(1 − 2M/r), 1/(1 −

2M/r), r2, r2 sin2 θ).

For this task, we have developed code that (a) solves the regularized wave equation

(3–11) and (b) computes the scalar self-force. For simplicity, we have chosen to solve the

regularized wave equation using a (1+1)-approach. We exploit the spherical symmetry

of the background, decompose physical quantities into spherical harmonics, and then
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solve the resulting set of (1+1)D-wave equations (one ‘time’ + one ‘space’) for the

spherical-harmonic components.

It must be stressed at this point that the numerical implementation presented in

this chapter does not highlight the advantages of our prescription. The simplicity of the

orbit we consider and the spherical symmetry of our background geometry naturally

lend themselves to a significantly more efficient frequency-domain treatment. But the

point here is to provide a quick, first check of our ideas. One is cautioned not to let the

nature of our toy problem obscure the generality of our proposed method, and its potential

for cases with generic orbits and spacetimes lacking symmetry, and for self-consistent

evolutions which are likely to require self-force calculations in real time (as opposed to

being a post-processing step). Testing the robustness of our method against these more

difficult problems will be addressed in future work. The current goals are mainly to

establish plausibility and glean some of the insight and experience needed for tackling

problems of increased sophistication.

4.1 Scalar Fields in a Schwarzschild Geometry

Wave equations in spherically symmetric backgrounds simplify considerably with a

spherical harmonic decomposition of the field. In the case of a Schwarzschild geometry

expressed in Schwarzschild coordinates, this decomposition is typically performed as

follows:

ψ =
∑

lm

1

r
flm(r)(t, r)Ylm(θ, φ). (4–1)

With r∗ = r + 2M ln (r/2M − 1), this yields equations for flm(t, r∗):

− ∂2flm
∂t2

+
∂2flm
∂r2

∗

− V (r∗)flm = Slm(t, r∗) (4–2)

where V (r∗) is implicitly given in terms of r as:

V (r∗) =

(

1 − 2M

r

)[

l(l + 1)

r2
+

2M

r3

]

, (4–3)
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while the source Slm(t, r∗) is

Slm(t, r∗) = (r − 2M)

∫

ρ(x′)Ylm(θ′, φ′)dΩ′ (4–4)

In a frequency-domain approach, one further chooses to Fourier-decompose flm(t, r∗) =
∫

Flmω(r∗) exp(−iωt)dω, and thereby solve the resulting set of ordinary differential

equations for Flmω(r∗), for each mode ω. This method tends to be numerically expensive,

however, for sources with a continuous ω-spectrum. Instead, we choose to solve Eq. (4–2)

as an initial boundary value problem, in a time-domain fashion, for each (l,m). This is

done with Slm computed beforehand as the spherical harmonic components of the effective

source found in Eq. (3–9).

A novel feature of our approach is the use of an effective source that permits the

easy calculation of both self-forces and fluxes. As discussed in the preceding chapter, this

effective source is formally

Seff = −∇2(Wψ̃S) − 4πq

∫

γ

δ(4)(x− z(τ))√−g dτ. (4–5)

To lowest order, the singular field takes on the form

ψS ≈ ψ̃S =
q

ρ
. (4–6)

We take advantage of the results in [50], where ρ is expressed explicitly as ρ =
√

ηijxixj in Thorne-Hartle-Zhang coordinates for a particle moving in a circular

orbit. Using the coordinate transformation found in Appendix B of [50], we are able

to express the singular field in Schwarzschild coordinates. (A discussion of this coordinate

transformation is provided in Appendix D of this dissertation). To complete our effective

source, we select a window function whose role is to kill off smoothly the singular field

in regions where it is not needed. Consequently, the effective support of the windowed

singular field Wψ̃S is confined to a compact region surrounding the particle’s world line.
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Our chosen window function is spherically-symmetric with respect to the center of the

black hole. This choice was not necessary but guarantees that W would not unnecessarily

modify the (l,m)-spectrum of the source, and thereby allows us to make more controlled

comparisons with existing frequency-domain results on the same problem. Our simple

choice of W is

W (r) = exp
[

− (r − R)N

σN

]

. (4–7)

In this window function, the constant σ sets the width, and the exponent N controls how

quickly W and ∇aW reach the required values of 1 and 0, respectively, as one approaches

the particle. We use σ = 2M and N = 8 in all the results presented in this chapter. It

is necessary that N is an even integer, and taking full advantage of the accuracy of our

approximation for ψS requires that W = 1 + O(ρ4/R4) as ρ → 0. Thus we require that

N ≥ 4. In fact we used N = 8 in anticipation of improving the approximation for ψS in

the future.

Our choice for the window function leads to the effective source Seff displayed in

Figs. (3-1) and (3-2). A larger choice for σ would spread the bumps out further, and a

smaller choice for N would smooth the bumps. But if N were less than 4, then Wψ̃S

would not adequately match the behavior of ψS as ρ→ 0.

With the effective source constructed as above, its spherical-harmonic components

were then computed. Circular orbits proved advantageous here because of which the time

dependence of the components could then simply be inferred. The spherical harmonic

components were evaluated with a 4th-order Runge-Kutta integrator with self-adjusting

step size, which was derived from a routine in [56].

4.2 Evolution Algorithm

The integration scheme we use in evolving Eq. (4–2) follows a technique first

introduced by Lousto and Price [57], and later improved to fourth-order accuracy by

Lousto [58] and Haas [47]. Unlike their schemes, however, we do not deal with sourced and
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vacuum regions of our numerical domain separately. Their use of a singular delta-function

source meant that the resulting field was non-differentiable at the location of the charge,

while smooth everywhere else. For us, the effective source is C0, implying that the field is

at least C2. While this is still of finite differentiability, we find that the effective source is

differentiable enough not to warrant a treatment different from the vacuum case.

In the (t, r∗)-plane, we introduce a staggered grid with step sizes ∆t = 1
2
∆r∗ = h.

In this grid, a unit cell is defined to be the diamond region with corners {(t + h, r∗), (t −

h, r∗), (t, r∗ + h), (t, r∗ − h)}. Only at these grid points do we evaluate flm. We henceforth

drop the spherical-harmonic indices in flm for convenience.
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∆
t
=
h

∆r∗ = 2h

(t, r∗ − h) (t, r∗ + h)

(t+ h, r∗)

(t− h, r∗)

Figure 4-1. Staggered (characteristic) grid with unit cell.

The main idea behind the algorithm is to integrate the wave equation over a unit cell.

This is done easiest with Eddington-Finkelstein null coordinates u = t − r∗ and v = t+ r∗

as the integration variables.
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The differential operator of the wave equation, when expressed in (u, v) coordinates,

is just −4∂u∂v. Over a unit cell then, the derivative term in Eq. (4–2) can be integrated

exactly:

∫∫

C

−4 ∂u∂v f du dv = −4[f(t+ h, r∗) + f(t− h, r∗) − f(t, r∗ + h) − f(t, r∗ − h)]. (4–8)

Integrations of the potential term and the source term do not enjoy the same

simplicity as the derivative term. We need to approximate these integrals to the

appropriate order in h so as to achieve the desired O(h4)-convergence over the entire

numerical domain.

Suppose we wish to solve the wave equation over a region defined by ∆T and ∆R∗. In

this region, there will be N = ∆T∆R∗/h
2 cells. Achieving O(h4)-convergence for evolution

means that we need to integrate the wave equation with an over-all error of at most O(h4)

over the entire computational domain. For a unit cell, this means an approximation with

an error O(h4)/N ∼ O(h6).

Such an approximation is achieved with the double Simpson rule. Consider a

sufficiently differentiable function G(t, r∗) to be integrated over a unit cell. The double

Simpson rule then reads:

∫∫

C

Gdu dv =

(

h

3

)2

[Gcorners + 16G(t, r∗) + 4(G(t+ h/2, r∗ − h/2) +G(t+ h/2, r∗ + h/2)

+G(t− h/2, r∗ − h/2) +G(t− h/2, r∗ + h/2))] +O(h6), (4–9)

where Gcorners is just the sum of the values of G evaluated at the corners of the unit cell.

This is directly applied in integrating the source term of Eq. (4–2):

∫∫

C

Seff

lm du dv. (4–10)

One simply evaluates the source term at the required points and then sums these

accordingly in order to get an O(h6)-accurate approximation to the integral.

93



However, for integrating the potential term:

∫∫

C

−V f du dv, (4–11)

we recall that one has only restricted access to f . The direct evaluation of f is done only

at the grid points, i.e. corners of the unit cell. Thus far, only Gcorners in Eq. (4–9) can be

explicitly evaluated. To use Eq. (4–9) for the potential term, we need to determine how to

evaluate f at all the other points.

Following Lousto [58], we evaluate G = −V f at the central grid point (i.e. G(t, r∗))

using values at the neighboring grid points on the same time slice.

G(t, r∗) =
1

16
[9G(t, r∗ − h) + 9G(t, r∗ + h) −G(t, r∗ − 3h) −G(t, r∗ + 3h)] +O(h4).

(4–12)

Note that this is different from Haas [47], who uses grid points in the causal past of the

unit cell. The O(h4)-error incurred in this approximation is tolerable because of the

h2-factor that appears in Eq. (4–9).

We seek similar approximations for G in the remaining points. Consider first the

pair G(t + h/2, r∗ − h/2) and G(t − h/2, r∗ − h/2). (The other pair, composed of

G(t + h/2, r∗ + h/2) and G(t − h/2, r∗ + h/2), is treated similarly). This pair makes up

the top and bottom corners of a smaller cell, Cleft , made up of the points {(t + h/2, r∗ −

h/2), (t− h/2, r∗ − h/2), (t, r∗ − h), (t, r∗)}.

What we shall do next is find an approximation for

G(t+ h/2, r∗ − h/2) +G(t− h/2, r∗ − h/2) (4–13)

accurate to O(h4). Again, this is sufficient because of the h2-factor in Eq. (4–9).
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2

)

(

t− h
2 , r∗ − h

2

)

Figure 4-2. Unit cell of the algorithm. The black dots indicate grid points, whereas the
gray ones stand for the points where G = −V f needs to be approximated. The
subcells Cleft and Cright are shaded gray. To approximate G at some of the gray
dots, we integrate the wave equation in each of these subcells.

Consider integrating the wave equation over this smaller cell, but this time only up to

an accuracy of O(h4). The integral over the derivative term will again be exact:

∫∫

Cleft

−4 ∂u∂v f du dv = −4[f(t+ h/2, r∗ − h/2) + f(t− h/2, r∗ − h/2)

− f(t, r∗ − h) − f(t, r∗)]. (4–14)

The integrals of the potential and source terms over this smaller cell are again handled

as before, but this time we approximate them only to O(h4). To this end, the double

trapezoidal rule will suffice, which reads:

∫∫

Cleft

Gdu dv =

(

h

2

)2

[G(t+ h/2, r∗ − h/2) +G(t− h/2, r∗ − h/2)

+G(t, r∗ − h) +G(t, r∗)] +O(h4). (4–15)
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Applying this to the potential term then gives:

∫∫

Cleft

−V f du dv = −
(

h

2

)2

[V (r∗ − h/2)f(t+ h/2, r∗ − h/2)

+ V (r∗ − h/2)f(t− h/2, r∗ − h/2)

+ V (r∗ − h)f(t, r∗ − h) + V (r∗)f(t, r∗)] +O(h4). (4–16)

Combining Eq. (4–14) and Eq. (4–16), the result of integrating the wave equation over this

smaller cell yields:

f(t+ h/2,r∗ − h/2) + f(t− h/2, r∗ − h/2)

= (f(t, r∗ − h) + f(t, r∗))

[

1 − 1

2

(

h

2

)2

V (r∗ − h/2)

]

− 1

4

∫∫

Cleft

Seff du dv +O(h4).

(4–17)

After multiplying both sides of this last equation by −V (r∗ − h/2), the resulting

left-hand-side becomes two of the as yet missing pieces in the double Simpson formula:

G(t+ h/2, r∗ − h/2) +G(t− h/2,r∗ − h/2) =

− V (r∗ − h/2)f(t+ h/2, r∗ − h/2)

− V (r∗ − h/2)f(t− h/2, r∗ − h/2). (4–18)

The resulting equation then gives us the desired O(h4)-approximation of the missing

expression, G(t + h/2, r∗ − h/2) + G(t − h/2, r∗ − h/2), in Eq. (4–9). Following the

same steps, it is easy to arrive at an equivalent approximation for the other missing pair,

G(t+ h/2, r∗ + h/2) +G(t− h/2, r∗ + h/2). We summarize these below:

G(t+ h/2, r∗ − h/2) +G(t− h/2, r∗ − h/2) =

− V (r∗ − h/2) (f(t, r∗ − h) + f(t, r∗))

[

1 − 1

2

(

h

2

)2

V (r∗ − h/2)

]

+
V (r∗ − h/2)

4

∫∫

Cleft

Seff du dv +O(h4). (4–19)
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G(t+ h/2, r∗ + h/2) +G(t− h/2, r∗ + h/2) =

− V (r∗ + h/2) (f(t, r∗ + h) + f(t, r∗))

[

1 − 1

2

(

h

2

)2

V (r∗ − h/2)

]

+
V (r∗ + h/2)

4

∫∫

Cright

Seff du dv +O(h4). (4–20)

Except for the presence of integrated source terms, these equations are identical to

Lousto’s equations (32) and (33), and Haas’s equations (2.8) and (2.9). Following Haas

[47], we choose to avoid isolated occurrences of f(t, r∗), which prove to be numerically

unstable close to the event horizon. As pointed out in [47], this is due to having first

approximated G = −V f , which makes it difficult to isolate f = −G/V where V ≈ 0. This

appears unnecessary if f were directly approximated instead of G in (4–12). Nevertheless,

like Haas, we avoid needing to isolate f by adding up equations Eq. (4–19) and Eq. (4–20),

and then Taylor-expanding the potential terms that are multiplied by f(t, r∗). The result

is Haas’s equation (2.10) with extra source terms:

∑

G ≡G(t+ h/2, r∗ − h/2) +G(t− h/2, r∗ − h/2)

+G(t+ h/2, r∗ + h/2) +G(t− h/2, r∗ + h/2)

= − 2V (r∗)f(t, r∗)

[

1 − 1

2

(

h

2

)2

V (r∗)

]

− V (r∗ − h/2)f(t, r∗ − h)

[

1 − 1

2

(

h

2

)2

V (r∗ − h/2)

]

− V (r∗ + h/2)f(t, r∗ + h)

[

1 − 1

2

(

h

2

)2

V (r∗ + h/2)

]

− 1

2
[V (r∗ − h/2) − 2V (r∗) + V (r∗ + h/2)][f(t, r∗ − h) + f(t, r∗ + h)]

+
V (r∗ − h/2)

4

∫∫

Cleft

Seff du dv +
V (r∗ + h/2)

4

∫∫

Cright

Seff du dv +O(h4) (4–21)

This last equation completes the pieces needed for the evolution algorithm.
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Using Eq. (4–8) for the derivative term and Eq. (4–9) for the potential and source

terms, the result of integrating the wave equation over the unit cell finally yields:

f(t+ h, r∗) = − f(t− h, r∗) +

[

1 − 1
4
(h

3
)2V (r∗ + h)

]

[

1 + 1
4
(h

3
)2V (r∗)

] f(t, r∗ + h)

+

[

1 − 1
4
(h

3
)2V (r∗ − h)

]

[

1 + 1
4
(h

3
)2V (r∗)

] f(t, r∗ − h)

− 1
[

1 + 1
4
(h

3
)2V (r∗)

]

[

(

h

3

)2
(

4G0 +
∑

G
)

+
1

4

∫∫

C

Seff du dv

]

+O(h6),

(4–22)

where G0 is evaluated according to Eq. (4–12), with G(t, r∗) = −V (r∗)f(t, r∗);
∑

G is the

expression in Eq. (4–21); and the double Simpson rule Eq. (4–9) is applied in evaluating

the remaining integral term
∫∫

C
Seff dudv. With this equation, one can now determine the

field f at time t+ h given its values at earlier times t and t− h.

This derivation makes liberal use of double Simpson and double trapezoidal formulas

when approximating integrals of the source and potential terms over the unit cell. The

formulas come from their single-integral counterparts:

∫ x0+h

x0

f(x)dx =
h

2
[f(x0) + f(x0 + h)] − h3

12
f (2)(ξ) (4–23)

∫ x0+2h

x0

f(x)dx =
h

3
[f(x0) + 4f(x0 + h) + f(x0 + 2h)] − h5

90
f (4)(ξ), (4–24)

where f (n) denotes the nth-derivative of f , and ξ is some point within the limits

of integration. These require the boundedness, if not existence of the second and

fourth derivatives of the integrand for the error estimate to be valid. With the limited

differentiability of our source and potential terms (C0 and C2, respectively), one might

worry about the validity of our over-all convergence estimate. However, our calculations

reveal that 4th-order convergence is achieved despite this deficiency.
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4.3 Initial Data and Boundary Conditions

For our evolution we have no obvious method for choosing a priori the correct

initial data, which consists of the value of ψR on two consecutive constant-time slices.

Consequently we just set the initial ψR to zero everywhere on the initial two slices.

Physically, this scenario corresponds to the impulsive appearance of the scalar point

charge along with W Ψ̃S, which leads to spurious radiation contaminating our computational

domain during the early stages of the evolution. Fortunately, this radiation propagates

out of the regions of interest quickly; so to circumvent the need for proper initial data,

we simply evolve the equation to long enough times such that initial data effects do not

become pertinent in any of our results.

With the scalar charge moving in a circular orbit, it is expected that the field

eventually becomes stationary in a frame corotating with the charge. A practical test then

for the persistence of initial data effects is to simply check whether or not the field has

already settled into a quiescent state when evaluated in this frame.

Boundary conditions are treated similarly. Rather than handling them carefully, we

instead made the computational domain large enough that errors incurred by unspecified

boundary conditions did not affect our regions of interest. For this work, our choice of

boundaries were at r∗ = −700M and r∗ = 800M .

4.4 Self-Force Calculation

At the end of evolution for each mode, we compute the self-force at the location of

the particle. Since this location is not on any grid point, interpolation of flm(T, r) and its

derivatives to r = R was required using a selection of grid points surrounding it.

Once this was done, computing the self-force was a simple matter of performing the

following sums:

ψR =
1

R

L
∑

l=0

fl0(T,R)Yl0

(π

2
,ΩT

)

+
2

R

L
∑

l=1

l
∑

m=1

Re
(

flm(T,R)Ylm

(π

2
,ΩT

))

(4–25)
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∂tψ
R =

2

R

L
∑

l=0

l
∑

m=1

(mΩ)Im
(

flm(T,R)Ylm

(π

2
,ΩT

))

(4–26)

∂rψ
R =

1

R

L
∑

l=0

∂rfl0(T,R)Yl0

(π

2
,ΩT

)

+
2

R

L
∑

l=1

l
∑

m=1

Re
(

∂rflm(T,R)Ylm

(π

2
,ΩT

))

(4–27)

Here, L is the point where we truncate the multipole expansion. In all our work we have

used L = 39. These sums arise primarily because our charge moves in a circular orbit.

Two methods were employed for interpolation. The first was a simple Lagrange

interpolation of both f and ∂rf to r = R. However, because of the finite differentiability of

our regular field at r = R we also interpolated using the form

ψR(r) = A0 + A1x+ A2x
2 + A3x

3 + θ(x)B0x
3, (4–28)

where x = r − R, and θ(x) is the standard Heaviside function. This form closely respects

the C2 nature of the regular field at r = R by allowing for a discontinuity in the third

derivative.

With this form, (∇rF )|r=R = A1. However, this led to results not significantly

different from the one achieved with ordinary Lagrange interpolation.

4.5 Code Diagnostics

4.5.1 Convergence

Convergence of a time-domain code is easily determined by computing the convergence

factor n as defined by Lousto [58]:

n(r, t) = log

∣

∣

∣

∣

f4h(r, t) − f2h(r, t)

f2h(r, t) − fh(r, t)

∣

∣

∣

∣

/ log(2) + log |ǫ(n)(ξ)|/ log(2), (4–29)

where f∆(r, t) is the result of the evolution for a resolution of ∆, and ǫ(n)(ξ) represents an

error function ≈ 1. An nth-order evolution code is one for which ψ = ψN(h) + (ǫ(n))(ξ)hn ,

where ψN(h) is the numerical solution at resolution h.
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In checking convergence, one evolves the wave equation at different resolutions, h,

2h, and 4h. For a fixed r = R, one then extracts fh(R, t), f2h(R, t), and f4h(R, t) for all t.

From these, one can compute n(R, t).

The convergence factor was computed for a few representative points in the wavezone

and in the region close to the point particle. Two of these are shown in Fig. 4-3. These

are for r ≈ 10M and r ≈ 100M . All show the desired 4th-order convergence eventually,

following a transient period in which the numerical evolution is contaminated by the

effects of poor initial data.
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convergence at r=10M
convergence at r=100M

Figure 4-3. Convergence at the particle location (r = 10M) and in the wavezone
(r = 100M). At the start of the evolution, inequivalent initial data lead to the
lack of 4th-order convergence. But n gradually approaches 4 as initial-data
effects propagate away from the computational domain. Note that the
convergence test at the particle location already includes the interpolation
step.

4.5.2 High-l Fall-Off

In [44, 46, 50, 59], it was demonstrated that the rate of convergence of the l-components

of the self-force was dictated primarily by the lack of differentiability of the regular

piece from which the self-force is computed. By definition, the difference between the
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retarded field and the singular field yields a function that is C∞. In this ideal situation,

convergence in l of the self-force computed from this smooth regular field would be

exponentially fast. In practice, however, one is always limited to constructing only an

approximate singular field, therefore leaving non-differentiable pieces in the residual

ψret − ψ̃S. The degree of non-differentiability of this remainder is what sets the rate of

convergence of the self-force in l.

The high-l asymptotic structure of the singular piece ψS is such that:

lim
r→R

(∇rψ
S)l =

(

l +
1

2

)

Ar + Br −
2
√

2Dr

(2l − 1)(2l + 3)

+
E

(1)
r P3/2

(2l − 3)(2l − 1)(2l + 3)(2l + 5)

+
E

(2)
r P5/2

(2l − 5)(2l − 3)(2l − 1)(2l + 3)(2l + 5)(2l + 7)

+ . . . , (4–30)

where Pk+1/2 = (−1)k+12k+3/2[(2k + 1)!!]2, and Aa, Ba, Da, E
(1)
a , E

(2)
a , . . . are the

l-independent regularization parameters, which are common in contemporary self-force

studies [44, 46].

The number of regularization parameters that can be determined in this expansion

corresponds directly to the accuracy of the singular field approximation. Convergence in l

of the self-force ∇rψ
R is fixed by the lowest-order undetermined piece of the approximate

singular field. Specifically, if the singular field is accurately determined only up to the

B-term of the expansion above, then the l-convergence in the modes of the self-force would

be ∼ 1/l2, corresponding to the D-term fall-off.

The approximation to the singular field here is ψ̃S = q/ρ, and the attendant THZ to

Schwarzschild coordinate transformation, has been shown in [50] to include at least the

D-term. The expectation then would be for the l-components of our remainder, (∇rψ
R)l,
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to fall off as the E(1)-piece:

E
(1)
r P3/2

(2l − 3)(2l − 1)(2l + 3)(2l + 5)
. (4–31)

Fig. 4-4 shows our results confirming this expectation. Our results are plotted with D,

E(1) and E(2) fall-off curves found in Eq. (4–30) that are made to match at l = 15.
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Figure 4-4. (∇rψ
R)l versus l. Our results show l-convergence closest to the E(1) fall-off.

The blue lines correspond to the expected fall-off in the r-component of the
self-force when one regularizes using a singular field approximation without the
D-term, E(1)-term, and E(2)-term, respectively. Our result is matched to these
curves at l=15.

The t-component of the self-force, on the other hand, does not require regularization

for the case of a charge in a circular orbit of Schwarzschild. An exponential fall-off is then

expected. This is shown in Fig. 4-5.

4.5.3 Dependence on the Window Function

The use of a window function W is a peculiar feature of our approach. Its function

is mainly to kill off ψ̃S in the regions where it is no longer relevant and thereby to have

the computed regular field ψR transform into the retarded field in those regions. As it is
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Figure 4-5. (∇tψ
R)l versus l. The expected exponential fall-off is observed until the point

where numerical noise begins to dominate.

a mere artifact of our implementation, it is crucial that the self-force and waveform be

independent of the specific choice of window function.

One has considerable freedom in choosing W , the only requirements being that W

goes to 1 and that its gradient vanishes fast enough in the limit that one approaches the

point particle. With our specific choice of W becoming numerically significant only in an

annular region |r − R| . σ, we have inspected the changes in the self-force and fluxes as

one varies the width σ.

Fig. 4-6 shows the effect of doubling the annular support of the window function. The

(l = 2, m = 2) wave equation was evolved for the same length of time, but with effective

sources having different window functions. A comparison is then made of the resulting

fields over most of the computational domain. It is seen that the fields differ significantly

only in regions where the window functions differ. Nevertheless, the regular field ψR

remains the same (up to fractional changes of ∼ 10−8) in the most physically-relevant
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regions: the vicinity of the charge, r = 10M (where the self-force is computed), and the

wavezone, r ≫ 10M (where the waveform is to be extracted).

As desired then, the window function appears to have no effect on any of the

numerical results attained.
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Figure 4-6. Fractional changes in ψR22 as a result of using different window functions. Note
that these changes are significant only where the window functions differ; they
are insignificant in the important regions in the vicinity of the charge,
r = 10M , and in the wave zone, r ≫ 10M .

4.6 Results

Our specific implementation made use of a grid spacing h ≈ M/25, so that ∆t ≈

0.04M and ∆r∗ ≈ 0.08M .

4.6.1 Recovering the Retarded Field

From our numerical calculations we are able to accurately recover the retarded field.

In the wavezone, where the singular field is negligible, this retarded field equals our regular

field ψR. Since, energy fluxes depend directly on the retarded field in this region, the

accuracy with which we recover the retarded field in the wavezone gives us a measure

of how well we can compute fluxes using our method. We determine this accuracy by
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comparing our result for ψR in the wavezone with that obtained for the retarded field

using a separate frequency-domain calculation. An example of such a comparison is shown

in Figs. 4-7 and 4-8. We observe relative errors that are at worst 10−6. Shown in Fig. 4-7

are the (l = 2, m = 2) component of the retarded field computed in the frequency-domain

and our corresponding time-domain result, ψR22 + (Wψ̃S)22, for the case of a charge at

r = 10M . Also shown are the singular field (Wψ̃S)22 and the regular field ψR22.
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Figure 4-7. Comparison of time-domain and frequency-domain results for f22(r∗). The
regular field is the result of our code (represented by the blue dashed line).
Adding this to the (l=2,m=2)-component of our analytical singular field,
Wψ̃S, results in the FD-computed retarded field to good agreement.

4.6.2 Computed Self-Force

We obtain the t and r components of the self-force for an orbit at radii R = 10M and

12M . These are summarized in Table 4-1.

Fig. 4-9 shows the convergence of our time-domain (l = 2, m = 2) t-component of

the self-force to the frequency-domain result. We reach our closest match after a time of

200M , which is approximately one orbital period.
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Figure 4-8. Relative error between time-domain and frequency-domain results for f22(r∗).
Excellent agreement is achieved. Relative errors are at worst ∼ 10−6, which is
consistent with error expected from a step-size ∼M/25.

R Time-domain Frequency-domain error
∂tψ

R 10M 3.750211 × 10−5 3.750227 × 10−5 0.000431%
∂rψ

R 10M 1.380612 × 10−5 1.378448 × 10−5 0.157%
∂tψ

R 12M 1.747278 × 10−5 1.747254 × 10−5 0.00139%
∂rψ

R 12M 5.715982 × 10−6 5.710205 × 10−6 0.101%

Table 4-1. Summary of self-force results for R = 10M and R = 12M . The error is
determined by a comparison with an accurate frequency-domain calculation
[50].

4.7 Discussion

In the specific context of a point charge orbiting a back hole, we have introduced a

very general approach suitable for the time-domain generation of waveforms and also the

calculation of the backreacting self-force.

Our initial tests are admittedly on the very restrictive case of circular orbits of

the Schwarzschild geometry, where we have taken advantage of the spherical symmetry

to decompose the source and field into spherical harmonics. This decomposition was

employed mainly to allow us to compare our results to available frequency-domain results
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Figure 4-9. Relative error in the time-domain calculation of f22, as compared with the
frequency-domain calculation, versus time at r ≈ 10M .

of very high precision [50, 60]. In some manner, because of our use of a spherical-harmonic

decomposition, our analysis might be likened to using spectral methods. But, the method

of field regularization inherently does not require a mode-decomposition and could be

implemented with a full (3+1) numerical code. For our test case we achieve an extremely

accurate calculation for the time component of the self-force ∂tψ̃
R, which is equivalent to

the rate of energy lost by radiation. Notably, in our (1+1) implementation, the initial data

settled down to provide this accurate component of the self-force within only one orbit of

the particle as shown in Fig. 4-9. This might be contrasted with a calculation of dE/dt

made from a flux integral evaluated in the wave-zone, which, with similarly unspecified

initial data, requires evolution over a substantial number of orbits.

For a circular orbit, the radial component of the self-force ∂rψ̃
R is conservative and

generally more difficult to calculate. We were able to match more accurate analyses

[47, 50, 60, 61] to about 0.1%. With the spherical harmonic decomposition, our analysis

went up to L = 39. This relatively high number is due primarily to the slow polynomial
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convergence resulting from the mode-decomposition of the self-force. We expect this to be

endemic in all self-force calculations that rely on some kind of spectral decomposition, as

it is the penalty incurred when one represents objects of limited differentiability in terms

of smooth functions.

A technique similar to that described in Ref. [50] could possibly mitigate this

weakness. For our specific implementation, we could choose to calculate and sum modes

only up to, say l = 15, and then take advantage of the known asymptotic fall-off in l

shown in Eq. (4–30). Using the computed modes, we determine the coefficients in the

expected fall-off for the self-force, and then using these, analytically complete the sum to

l = ∞. This results in a slightly more accurate result for ∂rψ̃
R. A similar procedure of

“fitting” to a known asymptotic fall-off might prove useful if one chooses to implement

field regularization using spectral methods.

We expect field regularization to be best implemented on a (3+1) finite-difference

code, with mesh refinement in the vicinity of the charge to better resolve the limited

differentiability of our analytically constructed source function. Such a process will

ameliorate the problem of slow polynomial convergence ailing typical mode-sum

prescriptions.

For the EMRI problem today, there is great interest in calculating the rate of energy

being radiated for a point mass orbiting a rotating black hole and in using the result to

modify the orbit of the mass with some version of an adiabatic approximation. For a

general orbit, the energy flux is not easy to determine. Current methods use the axial

symmetry of the Kerr geometry to separate out one dimension, and then deal with a

(2+1)D problem for the radiation from a point mass. The representation of a point mass

on a grid is typically problematical. Replacing a δ-function source by a narrow Gaussian

[62, 63] is reasonable but does not accurately reproduce frequency-domain results. The

recent distribution of a δ-function over a modest number of grid points by Sundararajan

et al [64] appears more robust. The strategy laid out here provides a natural remedy to
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this issue. Instead of dealing with a wave equation with a δ-function source, we solve an

equivalent problem with a regular and distributed source. The results displayed in Figures

4-7 and 4-8 clearly point to the effectiveness and accuracy of our method.

Beyond the numerical modeling of δ function sources though, the method of field

regularization provides direct access to the self-force, which is essential in a fully-consistent

treatment of particle motion and wave generation. Current methods under development

are based upon energy and angular momentum flux calculations that will certainly miss

conservative self-force effects. These methods rely upon flux integrals evaluated in the

wave-zone and some orbit averaging or post-processing to effect the change in orbital

energy or angular momentum, which are difficult to implement carefully [65, 66] and to

justify rigorously. The more direct approach of locally calculating the self-force to update

the particle orbit has been largely avoided because of the prohibitive computational

expense associated with mode-sum calculations of the self-force. In a (3+1) finite

differencing implementation of field regularization, calculating the self-force is no more

expensive than performing a numerical derivative and possibly an interpolation. As such,

it represents a step forward towards the goal of efficiently producing consistent numerical

models of particle motion and radiation in curved spacetime.

The recent proposal of Barack, Golbourn and Sago [67–69] is closest in spirit to our

method of field regularization. They model a point charge with a distributed effective

source derived instead from their “puncture function”, which is quite similar to our ψ̃S.

They base their construction of the puncture function on the ‘direct’+‘tail’ decomposition,

rather than on the Green function decomposition in [42] that naturally provides our

regularizing singular field ψ̃S. Their current puncture function, however, appears to

prevent them from calculating a self-force. Moreover, in anticipation of a Kerr background

application, they envisage using a (2+1) code, necessitating a mode-sum over a mode

index m, which will again feature the characteristic polynomial convergence of this

approach to self-force calculation. This is demonstrated in Fig. 4-10. Using our results, we
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perform partial sums over l, i.e.

(∇rψ
R)m ≡

L
∑

l>|m|

(∇rψ
R)lm, (4–32)

to get the resulting fall-off in m. We observe a fall-off close to 1/m4 in the modes.

Consequently, if we were to follow Barack et al’s m-mode prescription, the self-force would

converge as 1/m3.
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Figure 4-10. (∇rψ
R)m versus m. Our results show an m-fall-off closest to 1/m4.

To summarize, our method of field regularization appears to address two important

issues in the context of EMRI simulations: (a) numerically representing δ-function sources,

and (b) calculating the self-force. What we show here, with our test of a scalar charge in a

circular orbit of the Schwarzschild geometry, is a carefully controlled numerical experiment

providing us with detailed information about the relationship between the approximation

for ψS and the rate of convergence of the self-force. The test is elementary when compared

to the case of a point mass emitting gravitational waves from a generic orbit of the Kerr
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geometry, which is the appropriate model for EMRIs. Nevertheless, our results lend

confidence to the viability of our general prescription.

In the next chapter, we shall look at how well it performs with (3+1) codes, which are

its most natural setting.
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CHAPTER 5
SELF FORCE WITH (3+1) EVOLUTION CODES

A self-force calculation with (3+1) evolution codes for the wave equation has never

been done before. As we recall, this is largely due to two considerations: (a) representing

a delta function on a three-dimensional grid has been difficult (e.g. past attempts that

use narrow Gaussians as representations have yielded poor results); and (b) the process of

regularization which is essential in calculating a self force has hitherto been done through

mode components instead of the full field itself, rendering a (3+1) implementation which

deals with the full retarded field impractical. This situation is rather unfortunate, given

that the numerical relativity community has been going through a sort of Golden Age,

having made dramatic breakthroughs in modeling the mergers of black hole binaries of

comparable mass. If anything, this indicates that there exists powerful (3+1) codes that

ought to be utilized to shed light on the extreme-mass-ratio regime of black hole binaries

as well. The method we have developed provides a means for this to happen.

In this chapter, we present results of a preliminary implementation of our technique

on (3+1) codes. This work was done in collaboration with W. Tichy of Florida Atlantic

University, and P. Diener of the Center for Computational Technology at Louisiana State

University. Previously, we implemented our technique with a (1+1) time-domain code,

which in a sense, runs contrary to the motivation behind our method in the first place

of providing an easier means for accessing the self-force by avoiding mode-sums and the

divergent retarded field. We argue however that the (1+1) experiment was done mainly

to establish proof of principle, and to gain insight into the new prescription by linking

it to the more familiar mode-sum scheme. As this initial test has met with encouraging

success, we have gone ahead and implemented our method as intended, on (3+1) codes

that directly compute the full field and not components of it.

The calculations in this chapter were done with two independent codes originally

designed to solve Einstein’s field equations. One was based on finite differences (with P.
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Diener) and the other was a pseudospectral code (with W. Tichy). We have adapted both

to solve our effective scalar wave equation, Eq. (3–11), instead.

We revisit the toy problem already discussed in the previous chapter: a scalar charge

in a circular orbit around a Schwarzschild black hole. We provide a bit more discussion

though of the simple physics of this system, deriving the relationship between the time

component of the self force and the energy flux across the event horizon and infinity. In

the process, we derive explicit formulas for the scalar energy flux that are numerically

evaluated with the (3+1) codes. It must be emphasized that the case of a scalar charge in

a circular orbit is chosen again not on the basis astrophysical realism, but because it is the

simplest strong-field self force problem that can be done, for which there exists concrete

results in the literature, making it ideal for testing new methods.

In this chapter, we calculate the self force on the charge and the scalar energy

flux across the event horizon and infinity. The agreement we achieve for the self-force

(especially for the r-component of the self-force) is limited primarily by the resolution of

the grid in the vicinity of the charge. We achieve good agreement with results arrived at

with mode-sum calculations: < 0.5% for t-component and . 1.5% for the conservative

r-component. Moreover, we demonstrate that the flux across the event horizon and

infinity match is consistent with what is expected from the computed t-component.

This is encouraging, since previous calculations of gravitational wave fluxes with narrow

Gaussians and more refined delta function representations on a grid have yielded as much

as ∼ 29% [62] and more recently . 1% accuracies [63, 64], respectively.

5.1 Preliminaries

The goal here is to compute the self-force on a scalar charge by first evolving the

regularized wave equation (3–11):

∇2ψR = Seff. (5–1)

where ψR is a C2 at the location of the charge as a result of the C0 nature of Seff (Eq.

(3–9)), as currently constructed. We recall that this lack of differentiability can be
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improved by further refining our approximation for the singular field, which would require

higher order THZ coordinates.

Due to the regularity of the regular field, we can take its derivative at the location

of the charge. And because of how Seff is constructed with the Detweiler-Whiting

decomposition of the retarded field, this derivative gives the self-force:

Fa = ∇aψ
R. (5–2)

5.1.1 Kerr-Schild Coordinates

The Kerr-Schild form of the Kerr metric has become of common use in numerical

relativity. In particular, the two codes we use are conveniently set-up for Kerr-Schild

coordinates, so we provide a brief discussion of these coordinates in this section.

The Kerr metric in Boyer and Lindquist coordinates is

ds2 = −∆

ρ2
[dt− a sin2 θ dφ]2 +

sin2 θ

ρ2
[(r2 + a2) dφ− a dt]2

+
ρ2

∆
dr2 + ρ2 dθ2 (5–3)

where

∆ ≡ r2 − 2Mr + a2 +Q2, ρ2 ≡ r2 + a2 cos2 θ. (5–4)

Here, m is the mass of the black hole, aM is the angular momentum and Q is the electric

charge.

In Kerr-Schild coordinates (t̃, x, y, z), the Kerr-Newman metric [70]

gab = ηab +Hkakb (5–5)

where

H =
2Mr −Q2

r2 + a2(z/r)2
(5–6)

and

kadx
a = −r(x dx+ y dy)

r2 + a2
+
a(x dy − y dx)

r2 + a2
− z

r
dz − dt̃ (5–7)
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is an ingoing principle null vector.

Kerr-Schild coordinates are related to Boyer and Lindquist coordinates by

x+ iy = (r + ia)eiφ̃ sin θ, z = r cos θ, t̃ = Ṽ − r (5–8)

and

dṼ = dt+ (r2 + a2)dr/∆ dφ̃ = dφ+ a dr/∆. (5–9)

Also,

dt̃ = dt+
r2 + a2

∆
dr − dr

= dt+
2Mr

∆
dr. (5–10)

For the Schwarzschild geometry:

φ̃ = φ (5–11)

and

− kadx
a = dt̃+

xdx

r
+
ydy

r
+
zdz

r

= dt̃+ dr

= dt+
r

r − 2M
dr (5–12)

gabdx
a dxb = −dt̃2 + dx2 + dy2 + dz2 +H

(

dt+
r

r − 2M
dr
)2

= −
(

dt+
2M

r − 2M
dr
)2

+ dr2 + r2dΩ2 +
2M

r

(

dt+
r

r − 2M
dr
)2

= −(1 − 2M/r)dt2 +
dr2

1 − 2M/r
+ dr2 + r2dΩ2. (5–13)

The Boyer-Lindquist coordinates reduce to Schwarzschild coordinates {t, r, θ, φ} in the

Schwarzschild limit. Explicitly, the transformation from Schwarzschild to Kerr-Schild
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coordinates is simply:

t̃ = t+ 2M ln
( r

2M
− 1
)

(5–14)

x = r sin θ cosφ (5–15)

y = r sin θ sinφ (5–16)

z = r cos θ, (5–17)

From these equations it is clear that the one of the conveniences afforded by these

coordinates lies in their being Minkowksi-like, except for the r-dependent time lag in Eq.

(5–14). rKS ≡ x2 + y2 + z2 equals the Schwarzschild radial coordinate rSchw, but constant-t̃

and constant-t surfaces are not the same. To compute Ft and FrSchw
with our two codes,

the components of the self force in Schwarzschild coordinates, whose correct values we

know from the literature, we take into account the following transformations:

Ft = Ft̃ (5–18)

Fr =

(

2M

rKS − 2M

)

Ft̃ +
x

rKS
Fx +

y

rKS
Fy. (5–19)

5.1.2 Self-Force for Perpetual Circular Orbits of Schwarzschild

The physical problem we deal with here is identical to that of Chapter 3: a particle of

unit mass (m = 1) with unit scalar charge (q = 1) in a perpetual circular orbit (R = 10M)

around a Schwarzschild black hole. Since the particle has mass and scalar charge its

motion results in the emission of gravitational and scalar radiation. In order to keep the

particle in this configuration, a force is necessary in order to counteract the backreacting

gravitational and scalar self-forces on it. In our analysis, this gravitational self-force is

ignored, and we focus only on the scalar self-force.

With the charge in perpetual circular motion, the system must asymptotically

approach a helically symmetric end state, in the absence of other external sources which

may violate this symmetry. In other words, there must exist a helical Killing vector ξa,
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such that any field G must asymptotically approach:

£ξG = 0. (5–20)

In Schwarzschild coordinates, this Killing vector is simply:

ξa =

(

∂

∂t

)a

+ Ω

(

∂

∂φ

)a

. (5–21)

This implies that, for the circular orbit case we have chosen, there are only two independent

components of the self-force, Ft and Fr, since Fφ is fixed by Ft according to:

£ξψ
R = ∂tψ

R + Ω∂φψ
R = Ft + ΩFφ = 0, (5–22)

and Fθ = 0, by virtue of the system’s being reflection symmetric about the equator.

5.1.3 How Ft and the Energy Flux are Related

For a scalar charge going in a circular orbit around a Schwarzschild black hole, there

exists a direct relationship between the time-component of the self-force on the scalar

charge and the energy flux at spatial infinity and across the event horizon.

In the absence of external fields, the motion of a scalar particle is governed by the self

force acting on it:

mab = q(gbc + ubuc)∇cψ
R ≡ F a. (5–23)

The energy per unit mass (i.e. specific energy) of a particle along a geodesic with a

four-velocity ub is just E = −tbub, where tb is the time-translation Killing vector of the

Schwarzschild spacetime. The rate of change in this specific energy per proper unit time

is Ė ≡ uc∇cE = −ucub∇ctb − tbuc∇cub = −tbab, since ∇(ctb) = 0. In Schwarzschild

coordinates this is just Ė = −at. Evaluating this on a particle moving in a circular orbit,

Eqn. (5–23) gives us:

Ė|p = − q

m
(∂tψ

R + utu
b∇bψ

R)|p (5–24)

= − q

m
∂tψ

R|p, (5–25)
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where p signifies the location of the particle. The second term in the first equality vanishes

for a circular orbit:

ua∇aψ
R|p = (ut∂tψ

R + uφ∂φψ
R)|p (5–26)

= (dt/dτ)(∂tψ
R + Ω∂φψ

R)|p (5–27)

= (dt/dτ)£ξψ
R|p (5–28)

= 0, (5–29)

where ξa is the Killing vector associated with the helical symmetry, so that the third

equality vanishes due to Eq. (5–20). Thus

Ft = −mĖ = q∂tψ
R. (5–30)

The time component of the self force (in Schwarzschild coordinates) is then just the

amount of energy lost by the particle per unit proper time.

This energy loss must obviously be related to the scalar energy flux. We shall now

derive these relationships and also the explicit expressions for these fluxes in Kerr-Schild

coordinates.

The scalar field produced by the charge is determined by the field equation:

gab∇a∇bψ = −4πq

∫

δ(4)(x− z(t))√−g dτ (5–31)

Multiply both sides ta∇aψ and integrate over V, which we take to be the 4-volume

between constant Kerr-Schild t-surfaces t = ti and t = tf , and ta is the time-translation

Killing vector of Schwarzschild.

∫

V

ta∇aψg
cd∇c∇dψ

√−g d4x = −4πq

∫

V

[

ta∇aψ

∫

δ(4)(x− z(t))√−g dτ

]√−g d4x (5–32)

This simplifies to:

∫

V

ta∇aψ∇b∇bψ
√
−g d4x = −4πq

∫ tf

ti

(ta∇aψ)|p(dt/dτ)−1 dt (5–33)
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Denote the time-component of the self-force Ft ≡ qta∇aψ|p. We notice also that the

integrand on the left can be expressed as :

ta∇aψ∇b∇bψ = tagab∇bψ∇2ψ = 4πtagab∇cT
bc (5–34)

where T bc is the stress-energy tensor for the scalar field:

T bc =
1

4π

(

∇bψ∇cψ − 1

2
gbc∇dψ∇dψ

)

. (5–35)

We then have:
∫

V

ta∇cT
ca√−g d4x = −

∫ tf

ti

Ft(dt/dτ)
−1 dt. (5–36)

Since ta is a Killing vector, ∇(cta) = 0, and T ca is symmetric in its indices, we have

ta∇cT
ca = ∇c(taT

ca). Thus,

∫

V

∇c(t
aT ca)

√
−g d4x = −

∫ tf

ti

Ft(dt/dτ)
−1 dt. (5–37)

∮

∂V

taTca dΣc = −
∫ tf

ti

Ft(dt/dτ)
−1 dt. (5–38)

where dΣc is the directional volume element of the boundary ∂V, which is comprised of

the hypersurfaces t = ti, t = tf , the event horizon at r = 2M , and spatial infinity. taTa
c is

nothing but the conserved current for the scalar field.

Now we specialize to the case of a scalar charge in a perpetual circular orbit of

angular velocity Ω. In this configuration, there exists a helical Killing vector ξa, which is

just

ξa =

(

∂

∂t

)a

+ Ω

(

∂

∂φ

)a

(5–39)

We break up the left hand side of Eq. (5–38) into the four hypersurface integrals:

∮

∂V

taTca dΣc =

[

∫

H

−k̂cr2dλdΩ +

∫

∞

r̂cr2dtdΩ +

∫

t=tf

n̂c
√
hd3x−

∫

t=ti

n̂c
√
hd3x

]

taTca.

(5–40)
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k̂a is the null generator of the event horizon, and the rest of the hatted quantities are the

respective outward unit normal vectors to the other hypersurfaces making up ∂V. λ is

an arbitrary parameter on the null generators k̂a of the event horizon. From the helical

symmetry of the problem it is easy to see that the last two integrals just cancel each

other out. This simply means that energy content in each constant-t hypersurface is the

same. But we can show this explicitly. Consider the time evolution of the total energy in a

t-hypersurface:

d

dt

∫

t

n̂ctaTac
√

r(r − 2M) r2drdΩ =

∫

t

∂

∂t
(n̂ctaTac)

√

r(r − 2M) r2drdΩ

= −Ω

∫

t

∂

∂φ
(n̂ctaTac)

√

r(r − 2M) r2drdΩ

= −Ω

∫

dφ
d

dφ

(∫∫

n̂ctaTac
√

r(r − 2M) r2 sin θ drdθ

)

= 0 (5–41)

where we have used the helical symmetry £ξF =
(

∂
∂t

+ Ω ∂
∂φ

)

F = 0, for any F . In other

words, time evolution is really just axial rotation.

Thus, for the case of a scalar charge in a circular orbit r = R, Eq. (5–38) becomes:

[
∫

H

−k̂cr2dλdΩ +

∫

∞

r̂cr2dtdΩ

]

taTca = −
√

1 − 3M

R

∫ tf

ti

Ft dt. (5–42)

For convenience, we may set the arbitrary parameter λ on the horizon to be t. If we

then differentiate both sides with respect to t, we finally get:

dE

dt

∣

∣

∣

∣

r=2M

+
dE

dt

∣

∣

∣

∣

r=∞

= −
√

1 − 3M

R
Ft. (5–43)

where

dE

dt

∣

∣

∣

∣

r=2M

=

∮

r=2M

taTca(−k̂c)r2dΩ (5–44)

dE

dt

∣

∣

∣

∣

r=∞

=

∮

r=∞

taTcar̂
cr2dΩ (5–45)
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These are the general formulas for the energy flux at spatial infinity and the event

horizon. In the next section, we write them out explicitly in terms of ψ and its derivatives.

Note first though that t in Eq. (5–43) is the Kerr-Schild time. But from Eq. (5–18),

we see that the time-components of the self force in Kerr-Schild and Schwarzschild

coordinates are the same. Thus, with Eq. (5–30), we see that

dE

dt

∣

∣

∣

∣

r=2M

+
dE

dt

∣

∣

∣

∣

r=∞

= m
dEp
dt

, (5–46)

where Ep = −taua is the specific energy of a particle moving along a geodesic. This is

just a statement of the conservation of energy: the energy lost by the charge per unit

Kerr-Schild time is also the energy flowing through the event horizon and infinity per unit

Kerr-Schild time.

5.1.4 Scalar Energy Flux in Kerr-Schild Coordinates

For convenience we write Eqs. (5–44) and (5–45) in terms of ψ and its derivatives,

in Kerr-Schild coordinates. These formulas are essentially the same except for their unit

normals, where one is null and the other spacelike.

We first note that in Kerr-Schild coordinates, the Schwarzschild metric and its inverse

are simply:

gab = ηab +
2M

r
k̄ak̄b (5–47)

gab = ηab − 2M

r
k̄ak̄b (5–48)

k̄a =
(

1,
xi
r

)

, k̄a =

(

1,−x
i

r

)

(5–49)

where r =
√
xixi and ηab = diag(−1, 1, 1, 1).

We begin first with the energy flux through the event horizon. The event horizon

is essentially a surface of constant retarded time u = t(S) − r(S) − 2M ln (r(S)/2M − 1),

where the subscript S means that these are Schwarzschild coordinates. In Kerr-Schild
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coordinates these surfaces of constant u are:

t = r + 4M ln (r/2M − 1) + C (5–50)

where C is just a constant. Any particular surface in this family can be defined parametrically

by the equations:

t = λ (5–51)

x = r(λ) sin θ cos φ (5–52)

y = r(λ) sin θ sin φ (5–53)

z = r(λ) cos θ (5–54)

where r(λ) is defined implicitly by the relation

λ = r + 4M ln (r/2M − 1). (5–55)

With this, the null generator of the surface (which is also normal to it) is

ka ≡ ∂xa

∂λ
=

(

1,

(

r − 2M

r + 2M

)

xi

r

)

. (5–56)

With the stress-energy tensor given by Eq. (5–35) and using the expressions given in

Eqs.(5–47)-(5–49), a small amount of algebra yields:

Tabt
akb = ψ̇2 +

(

r − 2M

r + 2M

)

ψ̇ni∂iψ +
1

2

(

r − 2M

r + 2M

)

∂cψ∂
cψ (5–57)

where the overdot means a derivative with respect to t. At r = 2M , the energy flux is then

simply just:

dE

dt

∣

∣

∣

∣

r=2M

= −4M2

∮

ψ̇2 dΩ. (5–58)

For the case of the flux at spatial infinity, we consider a constant r surface. The

normal one-form ξa associated with this is ξa ≡ ∂ar = (0, xi/r). The corresponding
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normalized vector is then:

ra = gabξb =

(

ηab − 2M

r
k̄ak̄b

)

ξb =

√

r

r − 2M

(

2M

r
,

(

1 − 2M

r

)

xi

r

)

(5–59)

This leads to the following:

Tabt
arb =

√

r

r − 2M

[

2M

r
ψ̇2 +

(

1 − 2M

r

)

ψ̇∂rψ

]

(5–60)

Taking the limit r → ∞, this reduces to the flat spacetime case:

Tabt
arb = ψ̇∂rψ (5–61)

And so, we have for the energy flux at spatial infinity:

dE

dt

∣

∣

∣

∣

r=∞

= lim
R→∞

R2

∮

R

ψ̇∂rψ dΩ. (5–62)

The flux through a finite r = R (which is what is needed here) is just:

dE

dt

∣

∣

∣

∣

r=R

= R2

√

R

R− 2M

∮

R

[

2M

R
ψ̇2 +

(

1 − 2M

R

)

ψ̇∂rψ

]

. (5–63)

One of the internal checks we perform is to verify that Eq. (5–43) holds by computing the

t-component of the self-force and the fluxes given in equations (5–58) and (5–63).

5.1.5 Effective Source and the New Window Function

For the (1+1) test discussed in the previous chapter, a window function having a

Gaussian profile in r was employed. [See Eq. (4–7)]. We initially used this same window

in our (3+1) runs. We quickly discovered though that it was a rather poor choice for a

window function. While it did satisfy all the conditions discussed in Chapter 3, its main

drawback was that it introduced a lot of large-amplitude structure away from the particle.

[See Fig. (3-1)]. This was not a problem for the (1+1) implementation because of the high

r-resolution that was used (∼ M/25). In using coarser grids for the 3D runs, the large

structures due to the window would tend to dominate the effective source. As a result, our

self-force results would look like wide noise envelopes centered around the correct value.
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In the hope of narrowing these noise amplitudes, while guided by the properties a window

function must have, we turned to one with a few more parameters that we could tune, and

one whose impact on the effective source was not as dramatic as our original one. Like

before though, we shall choose a spherically symmetric window function in keeping with

the spherical symmetry of the background spacetime.

Consider the smooth transition function

f(r|r0,w, q, s)

=



































0, r ≤ r0

1

2
+

1

2
tanh





s

π



tan
( π

2w
(r − r0)

)

− q2

tan
( π

2w
(r − r0)

)







 , r0 < r < r0 + w

1, r ≥ r0 + w.

(5–64)

This is a function that smoothly transitions from zero to one in the region r0 < r < r0 +w.

It comes with four adjustable parameters {r0, w, q, s}:

(1) r0: defines where the transition begins.

(2) w: gives the width of the transition region.

(3) q: determines the point where the transition function is equal to 1/2. f(r) = 1/2

at r1/2 = r0 + (2w/π) arctan q;

(4) s: influences the slope at r1/2 after w and q are fixed. The slope at the half point

is s(1 + q2)/(2w).

Using this transition function, a window function for a particle at r = R could be:

W (r) =











f(r|(R− δ1 − w1), w1, q1, s1) r ≤ R

1 − f(r|(R+ δ2), w2, q2, s2) r > R
(5–65)

where the region R − δ1 < r < R+ δ2 is where W (r) = 1.
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This satisfies all the key requirements for a window function (and more): (a) W (R) =

1; (b) dnW/drn|r=R = 0, for all n; (c) W = 0 if r ∈ [0, (R + δ2 + w2)] ∪ [R − δ1 − w1,∞)

(thus making it truly of compact support); and again (d) W = 1 if r ∈ [(R− δ1), (R+ δ2)].

For the actual runs we have performed, we picked made the following choices for these

parameters.

δ1 = δ2 = 0; q1 = 0.6, q2 = 1.2; s1 = 3.6, s2 = 1.9;w1 = 7.9, w2 = 20 (5–66)

The inner width w1 was chosen so that the window and effective source go to exactly

zero just outside the event horizon. The rest were picked after extensively looking at

many parameter combinations. The primary criteria were simply that the effective

source be sufficiently small everywhere and that it did not possess structure at extremely

small scales. A systematic search for the optimal set of parameters vis-a-vis its effect on

self-force accuracy was not conducted here, and is left for future work.

A key feature of the new window function is that while it does produce some

unphysical structure, for a wide range of parameter choices, these are significantly lesser

than those produced by our original one. Compare a plot of the new effective source in

Fig. (5-1) with the original one in Fig. (3-1). One notes immediately, that the additional

structure brought by the new window function is almost two orders of magnitude smaller

than that of the original one. Moreover, this structure is mainly located at r < R (where

R = 10M).

It is instructive to look at the structure of Seff at the location of the particle. As

before, Seff is C0 where the particle is due to the level of the approximation used for

the singular field ψS. This may at some point need to be improved for more efficient

implementations, but for just calculating a self-force, this C0 source is sufficient. In Fig.

(5-2) we clearly see the C0 nature of the effective source. It is clear as well that there

still remains structure that will need to be resolved by (3+1) grids (perhaps through an
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Figure 5-1. Equatorial profile of the new Seff.

adaptive mesh) for the best results. Still though, it is a non-singular representation of a

point charge source, which makes it amenable to the (3+1) codes we have used.

5.2 Description of the (3+1) Codes

5.2.1 Multi-Block Code

We solve the wave equation on a fixed background with a source

∇µ∇µψ = ∇ν (gνµ∇µψ) = Seff (5–67)

on a multi-block domain using high order finite differencing. The code is described in

more detail in [71], here we will just summarize its properties. We use touching blocks,

where the finite differencing operators on each block satisfies a Summation By Parts

(SBP) property and where characteristic information is passed across the block boundaries

using penalty boundary conditions. Both the SBP operators and the penalty boundary

conditions are described in more detail in [72]. The code has been extensively tested and
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Figure 5-2. Seff zoomed in at the location of the charge.
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was used in [73] to perform simulations of scalar field interacting with Kerr black holes

and was used to extract very accurate quasinormal mode frequencies.

After the standard (3+1) split, the wave equation is written in 1st order in time, 1st

order in space form as

∂tψ = ρ, (5–68)

∂tρ = βi∂iρ+
α√
γ
∂i

(√
γ

α
βiρ+ α

√
γH ijvj

)

− α2Seff, (5–69)

∂tvi = ∂iρ, (5–70)

where γ is the determinant of the spatial metric γij, α is the lapse function, βi is the shift

vector and H ij = γij − βiβj/α2.

The only necessary modifications to the code, in order to apply it to the problem at

hand, were the addition of the source term in Eq. (5–69) and code to interpolate the time

ρ and spatial derivatives vi of the scalar field to the location of the particle.

Boundary conditions and initial data

The simulations below were all performed using the 6-block system, providing a

spherical outer boundary and spherical inner excision boundary without any coordinate

singularities. The inner radius was chosen to be rinner = 1.8M and the outer boundary

was chosen to be at router = 400M . At the outer boundary we use a penalty boundary

condition to enforce zero incoming characteristics. At the inner boundary, the geometry

ensures that all characteristics leave the computational domain, i.e. there are no incoming

modes.

As we do not, a priori, know the correct field configuration, we start the simulation

with zero scalar field ψ(t = 0) = 0, zero time derivative ρ(t = 0) = 0 and zero spatial

derivatives vi(t = 0) = 0, as if the scalar charge suddenly materializes at t = 0. Evolving

for a couple of orbits, allows the initial transient to go away and the system to approach a
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helically symmetric end state. We used the 8-4 diagonal norm SBP operators and added

some explicit compatible Kreiss-Oliger dissipation to all evolved variables.

5.2.2 Pseudospectral Code

We solve the wave equation

∇µ∇µψ = ∇ν (gνµ∇µψ) = ρ (5–71)

on a fixed Schwarzschild background with a source. For the background we use Kerr-Schild

coordinates so that

gµν = δµν + 2Hlµlν (5–72)

where H = M/r and lµ = (−1, x/r, y/r, z/r). The corresponding lapse and shift are

α = 1/
√

1 + 2H, (5–73)

βi = 2liH/(1 + 2H). (5–74)

In order to numerically evolve ψ we also use the SGRID code [74]. This code uses a

pseudospectral method in which all evolved fields are represented by their values at certain

collocation points. From the field values at these points it is also possible to obtain the

coefficients of a spectral expansion. As in [74] we use standard spherical coordinates with

Chebyshev polynomials in the radial direction and Fourier expansions in both angles.

Within this method it is straightforward to compute spatial derivatives. In order to obtain

a system of equations that is first order in time we introduce the extra variable

Π = − 1

α

(

∂tψ − βi∂iψ
)

. (5–75)
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For the time integration we use a 4th order accurate Runge-Kutta scheme. As in [74] we

find that it is possible to evolve the resulting system

∂tψ = βi∂iψ − α∂tψ

∂tΠ = βi∂iΠ − αgij∂i∂jψ + αΓi∂iψ − gij∂iψ∂jα + αKΠ + αρ (5–76)

in stable manner if we use a single spherical domain, which extends from same inner

radius Rin (chosen to be within the black hole horizon) to an maximum radius Rout. In

this case one needs no boundary conditions at Rin since all modes are going into the

hole there and are thus leaving the numerical domain. At Rout we have both ingoing

and outgoing modes. We impose conditions only on ingoing modes and demand that

they vanish. However, since we need more resolution near the particle it is advantageous

to introduce several adjacent spherical domains. In that case one also needs boundary

conditions to transfer modes between adjacent domains. We were not able to find inter

domain boundary conditions with which we could stably evolve the system (5–76). For

this reason we introduce the 3 additional fields

φi = ∂iψ, (5–77)

so that we need to evolve the system:

∂tψ = βi∂iψ − α∂tψ

∂tΠ = βi∂iΠ − αgij∂iφj + αΓiφi − gijφi∂jα + αKΠ + αρ

∂tφi = βj∂jφi + φj∂iβ
j − α∂iΠ − Π∂iα. (5–78)

Note that this system is now second order in both space and time and it can be stably

evolved using the methods detailed below. Also notice that we evolve the Cartesian
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components of all fields. The characteristic modes of this system are

u± = Π ± ξiφi

u0
i = φi − ξjφjξi

uψ = ψ. (5–79)

For our shell boundaries ξi = li
√

gll, ξi = gijξj, g
ll = gijlilj . The fields u0

i and uψ have

velocity −βi, while u± have velocity −βi ± αξi.

Domain setup, boundary conditions, initial data

We typically use 4 adjacent spherical shells as our numerical domains. The innermost

shell extends from Rin = 1.9M to R = 10M . The next two inter domain boundaries are at

18.1M and 27.5M . The outermost shell extends from 27.5M to Rout = 210M .

As mentioned above we do not impose any boundary conditions at Rin. At Rout we

impose boundary conditions in the following way. First we compute ∂tu
+ from the fields

∂tψ, ∂tΠ and ∂tφi at the boundary. Then we impose the conditions

∂tu
ψ = −αΠ + βiφi.

∂tu
− = −Π/r

∂tu
0
i = (δki − ξkξi)∂k∂tψ (5–80)

on the ingoing modes. Finally we recompute ∂tψ, ∂tΠ and ∂tφi from ∂tu
±, ∂tu

0
i and ∂tu

ψ.

For the inter domain boundaries we simply compute ∂tu
±, ∂tu

0
i and ∂tu

ψ from ∂tψ,

∂tΠ and ∂tφi at the boundary in each domain. On the left side of the boundary we

then set the values of the left going modes ∂tu
−, ∂tu

0
i and ∂tu

ψ equal to the values just

computed on the right side of the boundary. On the right side of the boundary we set

∂tu
+ equal to the value computed on the left side. This algorithm simply transfers all

modes in the direction in which they propagate.
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In order to obtain a stable evolution we apply a filter algorithm in the angular

directions after each evolution step. We project our double Fourier expansion onto

spherical harmonics. After setting the highest l mode in ψ and Π to zero we recompute

all fields at the collocation points. This filter algorithm removes all unphysical modes and

also ensures that ψ and Π always have one less than mode than φi.

As initial data we simply use ψ = Π = 0.

5.3 Results

In this section, we present some of the key results of our analysis.

5.3.1 Ft and the Energy Flux

In a mode-sum calculation, the t-component of the self force, ∂tψ
R, for a scalar charge

in circular orbit around Schwarzschild is calculated extremely accurately. This is due to

the fact that ∂ψret requires no regularization when evaluated at the location of the charge.

The mode sum then falls off exponentially in l as was demonstrated in the time-domain

implementation of Chapter 4.

Initially, we expect that the calculated t-component to be quite inaccurate due to bad

initial data. After some time these transient effects propagate out of the numerical domain

and the system settles down to its helically symmetric end state. The plots below all have

this feature.

The results of Fig. (5-4) are from the multi-block code. It shows that helical

symmetry is achieved after the particle makes two full orbits (Torb = 2π
√

R3/M ≈ 200M).

This plot also features the effect of going to higher angular resolution. For an angular

resolution of 20 × 20 angular points per patch, the results are dominated by noise. This is

dramatically reduced however when the number of angular points is quadrupled. Curiously

though, this improvement is not replicated in quadrupling the number of angular points

per patch further. Each of these results were for a radial resolution of ∆r = M/10;

modifying the radial resolution (to ∆r = M/15) did not significantly change the results.
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Fig. (5-5) plots the same for the results of the SGRID code. This figure shows

that for the SGRID calculation (unlike the multi-block code), Ft is quite insensitive to

increasing angular resolution, for reasons that are not quite understood. Nr, Nθ, and Nφ

are the number of collocation points in the r,θ and φ directions, respectively. For the plot

shown Nr is kept constant at Nr = 29. Again, it is clear that helical symmetry is reached

when the particle makes two full orbits. One notable feature of the SGRID results is the

outer boundary reflection arriving at the particle around 400M . This reflected wave is

miniscule (∼ 10−6), and yet it significantly affects the self-force which itself is quite small.

The multi-block code does not show this reflected wave because its outer boundary is

much farther away (Rout = 400M), whereas for the SGRID code this was at Rout = 200M .

The bulk of the bad initial data will from the region where the charge suddenly appears

≈ 10M , it is expected then that for the SGRID code, the reflection should get to the

particle right around 400M (twice the time from particle to outer boundary), whereas this

would be around 800M for the multi-block code.

In Fig. (5-6) we juxtapose the results from the two codes. Good agreement is

achieved again until the boundary reflection arrives at the particle.

An important consistency check for these results is the relation between the scalar

radiation flux and Ft, as given by Eqn. (5–43). Figures (5-7) and (5-8) are the results

from the multi-block and SGRID codes, respectively. In Fig. (5-7) we show the resulting

from the 40 × 40 angular resolution run, and an extraction radius of R = 150M . The

result was converted to a self force using Eqn. (5–43) for easy comparison. Also plotted

are the actual values for Ft (i.e. computed by taking the derivative of the regular field at

the location of the charge) as a function of time, also computed at the 40 × 40 resolution.

These are both compared with the correct frequency domain result represented by the

straight line. computed by each code. Both show agreement to within 1%.

One notable observation can be drawn from the fluxes computed with the multi-block

code, and this is that the flux improves with larger extraction radius. This is shown in
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Figure 5-4. Ft computed at different angular resolutions of the multi-block code.
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Figure 5-5. Ft computed at different angular resolutions of the SGRID code.
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Figure 5-6. Comparing Ft results from the multi-block and SGRID codes.
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Figure 5-7. Ė computed at the 40 × 40 angular resolution of the multi-block code, and
outer extraction radius of R = 150M . The result is then converted to Ft
according to Eq. (5–43).
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Figure 5-8. Ė computed at the highest angular resolution of the SGRID code, and
converted to Ft according to Eq. (5–43)

Fig. (5-9). Knowing this, it is tempting to make the extraction radius as large as possible.

However, how far the extraction radius can be is limited by the fact that the flux taken

at farther radii naturally takes longer to equilibriate, since the bad initial data waves will

have to propagate much farther. Moreover, farther extraction radii are reached earlier by

the boundary reflection. So between the late equilibration time of the flux and the early

arrival of the contaminating boundary reflection, there would be only a very short interval

within which the results are reliable. In Fig. (5-10), one can see that the flux computed

with R = 250M as the extraction radius does not even equilibrate before it is affected by

the bounce from the boundary.

One may naturally ask what the flux accuracy can be in the limit of infinite

extraction. This is done in the next plot, Fig. (5-11).

In this plot the results from R = 50M, 100M, 150M, 200M are used to extrapolate the

flux in the limit of inifite extraction radius. First though, one must account for the time

shifts in the fluxes. Obviously, emitted scalar radiation reaches 50M first, and only after
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Figure 5-9. Dependence of equilibrium Ė on various extraction radii. Farther extraction
radii is observed to yield better results.
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Figure 5-10. Evolution of Ė using various extraction radii. Note that for the extraction
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an interval of time will the energy coming out of R = 50M arrive at the next extraction

radius at R = 100M . This complicates the extrapolation just a bit.

Using the fact that outgoing null geodesics travel at coordinate speed (r − 2M)/(r +

2M) in Kerr-Schild coordinates, one can integrate and find that the time delay between

the arrival at various radii are as follows:

Interval Time Delay
50M − 100M 47.0351M
50M − 150M 95.7095M
50M − 200M 144.572M

Table 5-1. Time lags.

Shifting the data by these appropriate time delays, we assume a form for the flux

Ė(R) at finite extraction radius R given by:

Ė(R) = Ė(∞) +
C1

R
+
C2

R2
+
C3

R3
. (5–81)

The constants C1, C2, C3 and Ė(∞) can then be solved for using the four sets of flux

data from the different extraction radii. The resulting Ė(∞) from this procedure is

“Extrapolation(4)” plotted in Fig. (5-11). Using only C1 and C2, the extrapolated

Ė(∞) is shown in the same plot as “Extrapolation(3)”. For reference, we also include

the frequency domain result for Ft expressed as a flux with Eq. (5–43). As expected,

the agreement is significantly improved. Extrapolating to the infinite extraction radius,

the flux matches to ∼ 0.01%. Having the outer boundary so close for the SGRID runs

prevented us from performing a similar analysis for its results.

5.3.2 The Conservative Piece, Fr

The conservative piece of the self force on a scalar charge moving in a circular orbit

of Schwarzschild is really the crucial quantity to compute. This is the part of the local

self force that cannot be known by making observations far away (unlike Ft, which is

fixed by the flux). In a mode-sum scheme, this would be the quantity whose mode sum

converges as l−n, where n > 1 is typically a small number depending on the number of
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Figure 5-11. Ė computed with the multi-block code and extrapolated to infinite extraction
radius.

regularization parameters one has access to. In our approach, calculating Fr (where r is

the Schwarzschild radial coordinate) amounts to taking derivatives of the regular field ψR,

and then using Eq. (5–19).

In Figs. (5-12) and (5-13) are the evolution of Fr for the multi-block and SGRID

codes, respectively. Again, one can see the sensitivity of the result to angular resolution in

the multi-block code. For the lowest angular resolution used in the multi-block code, the

Fr results are completely dominated by noise. When the number of angular data points

is quadrupled once, the results improve considerably, but further quadrupling does not

provide as drastic an improvement. One the other hand, the SGRID results again appear

less sensitive to angular resolution than the multiblock code. At the highest angular

resolution, the multi-block code gives a result that is within

In Fig. (5-15) one sees the SGRID results dramatically improving with increased

radial resolution. Finally, we present the results from the two codes together in Fig.

(5-16). The agreement
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In Figs. (5-14) and (5-15) we show the impact of increasing the radial resolution

on the results of each code. One sees the SGRID results dramatically improving with

increased radial resolution, while the multi-block remains fairly insensitive to the change.

Finally, we present the results from the two codes together in Fig. (5-16), but we have not

included the part where the SGRID results are already contaminated by the boundary

reflection.
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Figure 5-12. Fr computed at different angular resolutions on the multi-block code.

5.3.3 Discussion

We summarize some our results in Table 5-2 below. We assess the accuracy of our

(3+1) results by comparing with the frequency domain results of [50], and see that over-all

we achieve agreement to . 1%.

For our flux values to achieve the reported accuracies is noteworthy. This indicates

once again that our effective source Seff is a good representation for point particles, in

place of delta functions that are difficult to handle on a grid. As previously mentioned,

narrow Gaussians have previously been employed for this task. In [62], a time-domain

calculation of the gravitational energy flux due to a point mass orbiting a Kerr black hole
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Figure 5-13. Fr computed at different angular resolutions on the SGRID code.
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Figure 5-14. Fr computed at 2 different radial resolutions on the multi-block code.
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Figure 5-15. Fr computed at different radial resolutions on the SGRID code.
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Figure 5-16. Comparing Fr results from the multi-block and SGRID codes.
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Code (3+1) Frequency-domain error
Ft mb (3.74 ± 0.01) × 10−5 3.750227 × 10−5 0.5%
Ft sg (3.739 ± 0.001) × 10−5 3.750227 × 10−5 0.2%

Ė as Ft mb 3.77 × 10−5 3.750227 × 10−5 0.6%

Ė as Ft mbe* 3.75 × 10−5 3.750227 × 10−5 0.02%

Ė as Ft sg 3.749 × 10−6 3.750227 × 10−6 0.02%
Fr mb (1.398 ± 0.001) × 10−5 1.378448 × 10−5 1.4%
Fr sg (1.3852 ± 0.0002) × 10−5 1.378448 × 10−5 0.5%

Table 5-2. Summary of (3+1) self-force results for R = 10M . The error is determined by a
comparison with an accurate frequency-domain calculation [50]. “mb” and
“sg” stand for multi-block and sgrid, respectively. “mbe” is the result of the
extrapolation to infinite flux extraction radius that was done on results of the
multi-block code.

was performed, leading to errors as much as 29%. But by optimizing the number of grid

points used to sample the narrow Gaussian one can actually get results of ∼ 1% [63].

As mentioned in the previous chapter, recent work by Sundararajan [64] has done even

better than this, with a novel discrete representation of the delta function. Errors of < 1%

have consistently been achieved with this technique on time-domain codes that solve the

Teukolsky-Nakamura equation. We note that our flux results are already at comparable

accuracy, albeit only for the scalar energy flux in a (3+1) simulation. It is difficult to

speculate on how narrow Gaussians and discrete representations will perform in a (3+1)

context.

The main highlight, however, has to be the accuracy of our self force results, which

are all . 1%. It cannot be emphasized enough that unlike any other calculation of self

force thus far, these values were calculated by merely taking a derivative of the regular

field at the location of the point charge. Limitations in time and resources have prevented

us from optimizing our codes to further improve on these accuracies, such as finding the

best parameters for the effective source and exploring the effects of further increases in

radial and angular resolution. As a first attempt at doing a (3+1) self force calculation

though, the results look encouraging.

144



There do remain some surprising features that remain unexplained. It appears that

the SGRID code with rather modest requirements compared to the multiblock code

achieves comparable or slightly better accuracy. The SGRID code makes use of at most

53 collocation points in the radial direction from around r = 2M to r = 210M , while the

multiblock code makes use of ≈ 4000 points uniformly distributed along its radial domain

from around r = 2M to r = 400M . The judicious placement of collocation points by

the SGRID code close to the location of the charge appears to enable it to represent the

effective source better as opposed to the uniform grid that the multiblock code uses. This

seems to suggest strongly that devoting more resources to resolving the region around the

charge (like what would be done with adaptive mesh refinement) is the right strategy.

Both codes show convergence with respect to increases in radial and angular

resolution. It is clear that the finite differentiability of the source reduces the order of

convergence of their codes relative to what it would be if one had a smooth source. For

instance, exponential convergence ought to be observed in the SGRID code. We have not

been able to convince ourselves what the order of convergence in Ft and Fr as a result of

our C0 effective source ought to be.

A serious issue has been made apparent by these initial results. Since the self force is

a very small quantity, the effects of imperfect boundary conditions become a more serious

cause of concern. In both SGRID and multiblock runs, boundary conditions were properly

implemented. But with the multiblock code having its outer boundary so far out, the

small bounce from this boundary did not show in any of the results. However, this bounce

is readily apparent from the SGRID results. Note that this bounce is only of the order

∼ 10−6, which would be negligible by current numerical relativity standards. Because

of the sheer smallness of the self force though, even a minuscule boundary reflection

is enough to completely dominate it. In a simulation then wherein the calculated self

force is used to update the trajectory, this would artificially cause the charge to make an

abrupt jump. The success of our method thus relies crucially on whether we can minimize
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boundary reflections even further. We note though that any approach designed to update

the trajectory of the charge as it is also calculating the self force will have to contend with

this concern.

In summary, with this preliminary study, we have demonstrated how it is possible

to compute self forces with existing (3+1) codes. Moreover, it has been shown that even

in the (3+1) context, our effective source is a good smeared-out alternative to standard

delta function representations of point sources. The flux resulting from our effective source

matches that due to a point charge with very good accuracy. There do remain some points

to be clarified, like the benefits of optimizing the codes, the reduction of the convergence

order due to the finite differentiability of the effective source, and the limitations set by

the effects of boundary reflections. As this is merely a first cut analysis, we shall leave all

these for future work.
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CHAPTER 6
SUMMARY AND OUTLOOK

The self-consistent dynamics of particles and fields in black hole spacetimes has

become relevant to gravitational wave astronomy in light of the usefulness of point particle

models of extreme-mass-ratio black hole binaries. Binaries of this kind are among the

most important for the proposed LISA satellite, whose success depends crucially on the

quality of our data analysis tools. Underlying these data analysis strategies is the need for

accurate waveforms that will be used to extract astrophysical information from confirmed

detections of gravitational waves. While there does exist a suite of approximate EMRI

waveforms currently being used in ongoing tests of data analysis strategies, each of these

existing EMRI waveforms invariably ignore some part of the full dynamics. This begs the

question of just how important these ignored parts may be.

The perspective taken in this dissertation is that it will be difficult to assess the

validity of existing approximate waveforms without knowledge of the correct one. This

alone justifies the need for simulations of point particle motion that incorporate the full

self-force, which represents the interaction of a particle and the fields it gives rise to.

Because this entails quite a tremendous computational expense, it may very well turn

out that waveforms from self-force-inclusive simulations end up relegated to the task

of merely fine-tuning or reducing error bars of estimated parameters in the final LISA

data analysis pipeline. But before that can happen it will have to be made clear that

alternative waveforms conform to much of the physics contained in self-force waveforms.

Therefore, albeit less directly, LISA data analysis will continue to be a strong impetus for

the subject of self-force analyses, of which this work is a small part.

6.1 Review of Main Results and Future Work

A novel method was developed in this work that for the first time has allowed

the calculation of a self-force using infrastructure originally developed for numerical

relativity applications. The method was tested in two settings and shown in both to
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yield encouragingly good results. From within numerical relativity, several such powerful

codes exist, and with the method introduced here, there is now a clear avenue through

which they can be utilized to attack self-force problems. In particular, simulations of

self-consistent dynamics, requiring particle trajectory and field updates in real-time,

appears most natural in a (3+1) context. This has long been the Holy Grail of self-force

research, and it is to this end that this work might be hoped to have some impact.

The main challenges preventing a (3+1) approach to self-force were as follows. (1)

Distributional sources such as delta functions are difficult to represent on a grid. (2) There

did not exist a clear method for calculating a self-force without having to break up fields

(and their derivatives) into mode components.

Through the Detweiler-Whiting decomposition, this work showed that there exists

a natural way to avoid both difficulties. This decomposition correctly identifies the piece

of the retarded field of point sources (in either scalar field theory, electromagnetism, or

linearized gravity) that is both divergent (and of finite differentiability) and, moreover,

is irrelevant to the self-force. This simple idea allowed the construction of an effective

wave equation for the remainder of the retarded field, one whose source is a smeared out

representation of the delta distribution, and whose solution gives the self-force with simple

derivatives evaluated at the location of the particle. Thus, in one fell swoop, we have both

issues (1) and (2) avoided.

Of course, there still remain a number of challenges ahead. In particular, the tests

here were performed on the simplest non-trivial toy case: a scalar charge moving in a

circular orbit around a Schwarzschild black hole. For the case of scalar charges, the main

challenge remaining is the lack of an efficient numerical prescription for dynamically

carrying out the THZ-“background coordinate” transformation that was essential for

the calculation of the effective source. When this is at hand, a full simulation of the

self-consistent dynamics of scalar charges can be done (for any background geometry).

While our ultimate interest lies not with scalar charges, insight will already be gained from
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such an undertaking. For one, this is likely to shed some light on the validity of certain

approximations (e.g. adiabatic) to the fully self-consistent dynamics. This is left for future

work.

For the more interesting gravitational case, one may imagine a prescription similar

to the scalar case. Just to make things as similar as possible, consider the linearized

first-order Einstein equation in Lorenz gauge. This effectively gives rise to a coupled set

of wave equations for the ten components of the metric perturbation, each of which will

be distributionally sourced. Following the prescription for the scalar case, the task is then

to smear out these sources by regularizing them with the singular metric perturbation, an

approximation of which is already known in THZ coordinates [54]. From this, a coupled

set of effective wave equations for the components of the regular metric perturbation

will have to be solved numerically, and the result of which shall instruct one on how to

update the motion of the point mass (i.e. with the geodesic equation for the perturbed

spacetime).

Of course, there are likely to be difficult issues arising due to the coupling between the

components, and the infamous perennial trouble with gauge. Even in the scalar case, one

would have to find a clever solution to the pernicious issue of small boundary reflections so

easily dominating the minute self-force. These are all difficult problems, and we invite the

intrepid few in search of new challenges to give them a try.

In conclusion, there now exists a proven framework through which the technology

of numerical relativity can be brought to bear on self-force problems. We view the work

presented in this dissertation as only the first steps towards achieving self-force waveforms.
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APPENDIX A
THORNE-HARTLE-ZHANG COORDINATES

A THZ coordinate system {t, x, y, z} associated with any given geodesic Γ of a

vacuum spacetime is a normal coordinate system that is additionally harmonic, locally

inertial and Cartesian. Locally-inertial and Cartesian means that the spatial origin xi = 0

is on the worldline Γ, with the metric having the form:

gab = ηab + ρp × (homogeneous polynomials in xi of degree q) (A–1)

where p, q and p + q ≥ 2 and ρ =
√

x2 + y2 + z2.

Zhang [52] showed that this is achieved by alternatively requiring the following

conditions:

1. t is the proper time along Γ, and gab|Γ = ηab and ∂agbc|Γ = 0. (normal coordinates)

2. At linear, stationary order: H̄ ij ≡ √−ggij − ηij = O(xN+1).

3. The coordinates are harmonic: ∂a(
√−ggab) = O(xN).

N here refers to the order of the THZ coordinates. How large N must be is determined by

the application in mind. For a mode-sum type of calculation of the self-force for a charge

in a circular orbit, it appears that N = 4 yields adequate convergence. For the case of

circular orbits in Schwarzschild, THZ coordinates have been constructed up to N = 4 [50].

A.1 Construction of the THZ Coordinates

Given a set of coordinates {Y A}, one easily satisfies condition (1) with the transformation

Xa = Aa +Ba
A(Y A − Y A

p ) +
1

2
Ba

AΓABC(Y B − Y B
p )(Y C − Y C

p ) +O((Y − Yp)
3) (A–2)

Aa are arbitrary constants, and Ba
A is an arbitrary constant matrix except for the

requirement that it be invertible. In the coordinates {Xa}, one can show that:

gab = gAB
∂Xa

∂Y A

Xb

Y B
= ηab +O[(Y − Yp)

2], (A–3)

150



and thus,

∂gab

∂Xc
= O[(Y − Yp)]. (A–4)

Moreover, we can choose Aa and Ba
A so that Xa

p = τpδ
a
t (i.e., at a point p along Γ, the

only nonzero coordinate is the time coordinate, with its value being the proper time at p).

The task then is to transform {Xa} into coordinates that satisfy conditions (2) and

(3). This is achieved by performing infinitesimal gauge transformations:

xa(new) = Xa
(old) + ξa. (A–5)

A.1.1 Spatial Components of the Gauge Vector

We need to establish whether or not it is even possible to satisfy the gauge conditions

with the freedom in our gauge vector. With the {Xa} coordinates above, we can write the

metric density as

√−ggab = ηab − H̄ab

= ηab − H̄ab
ijX

iXj +O(X3/R3), (A–6)

where

H̄ab
ij ≡

1

2

∂2H̄ab

∂X i∂Xj

∣

∣

∣

∣

Γ

, (A–7)

which are known functions of t.

At the lowest level (N=2), THZ-coordinates are such that the spatial components of

H̄ab are:

H̄ ij
THZ = O(x3/R3). (A–8)

Following [50], we achieve this with a simple ansatz for the gauge vector:

ξa = ξaijk(t)X
iXjXk, (A–9)

so that

xa(new) = Xa + ξaijk(t)X
iXjXk, (A–10)
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where ξaijk(t) are functions only of t, which shall re referred to as gauge coefficients.

This changes the metric as follows:

H̄ab
new = H̄ab

old + ∂aξb + ∂bξa − ηab∂cξ
c +O(ξ2), (A–11)

or, in terms of the gauge coefficients

1

3
H̄abij

new =
1

3
H̄abij

old + ξabij + ξbaij − ηabξk
kij. (A–12)

To satisfy condition (2) up to N = 2, all one does is solve Eq. (A–12). This is done

by cleverly exploiting the symmetries in the indices of the equation, the result of which

can be found in [50]. It is thus clear that starting with this particular ansatz for the gauge

vector, condition (2) can be met up to at least n = 2.

An interesting question is whether the prescription of solving for the gauge vector

outlined above can be implemented to provide Nth-order THZ coordinates. Here we

demonstrate that this is possible so long as one can ignore the nonlinear pieces in the

expansion of the metric.

Suppose that one already has (N − 1)th-order THZ coordinates {Xa} such that:

1. H̄ ij = O(XN)

2. ∂bH̄
ab = O(XN−1),

the task is to find a gauge transformation,

xa = Xa + ξa, (A–13)

that gives us

1. H̄ ij = O(xN+1)

2. ∂bH̄
ab = O(xN).
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Following the prescription in the previous sections, we begin with the following ansatz for

the gauge vector:

ξa = ξaN+1X
N+1 ≡ ξai1i2i3...iN+1

X i1X i2X i3 · · ·X iN+1 . (A–14)

We shall refer to the time-dependent functions ξai1i2i3...iN+1
(t) as the gauge coefficients.

Similarly, with the assumption that we already have Nth-order THZ coordinates, H̄ ij

can be expressed as:

H̄ ij = H̄ ij
NX

N ≡ H̄ ij
i1i2i3...iNX

i1X i2X i3 · · ·X iN . (A–15)

We shall also refer to the time-dependent functions H̄ab
i1i2i3...iN (t) as the metric perturba-

tion coefficients.

A general gauge transformation changes H̄ab into:

H̄ab
new = H̄ab

old + ∂aξb + ∂bξa − ηab∂cξ
c +O(ξ2). (A–16)

Making use of our ansatz for the gauge vector, and looking only at the spatial components

H̄ ij, this gives rise to a transformation on the metric perturbation coefficients given by:

1

(N + 1)
H̄ ijN

new =
1

(N + 1)
H̄ ijN

old + ξijN + ξijN − ηijξmm
N . (A–17)

Thus we have the following equations specifying our gauge coefficients:

ξijN + ξijN − ηijξ
m
mN = − 1

(N + 1)
H̄old
ijN +O(XN+1). (A–18)

Since the metric perturbation coefficients are symmetric about its first two and last N

indices separately, this is a system of 6 × (N+2)!
2!N !

= 3(N + 2)(N + 1) equations. On

the other hand, our gauge coefficients are symmetric in its last (N + 1) indices, so that

we have 3 × (N+3)!
2!(N+1)!

= 3
2
(N + 3)(N + 2). For any N > 1, there will be more gauge

conditions than there are unknown gauge coefficients, which seems to suggest that we have

an overdetermined system. (Note that the lowest-order THZ coordinates, after having
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satisfied condition (1) of the definition, is N = 2.) The excess in gauge equations is

3(N + 2)(N + 1) − 3
2
(N + 3)(N + 2) = 3

2
(N − 1)(N + 2).

This issue is resolved upon realizing that the gauge conditions, which were counted

by naively inspecting the number of distinct metric perturbation coefficients H̄old
ijN that are

sourcing the gauge equations, are not all independent. The assumption that we start with

a solution to the Einstein equation implies that H̄ab satisfies the linearized equation. This

leads to dependencies in the metric perturbation coefficients.

The linearized Einstein equation about an arbitrary background g
(B)
ab is as follows:

gab(B)∇a∇bh̄cd + g
(B)
cd ∇b∇ah̄

ab − 2∇(d∇ah̄c)a + 2R
(B)
acbdh̄

ab − 2R
(B)
a(c h̄d)

a = 0. (A–19)

We write this using the (N − 1)th-order THZ coordinates, with ηab as the background and

the trace-reversed metric perturbation being just h̄ab = H̄ab = O(XN). Focusing only on

the spatial components, we have:

H̄ ijk
k(N−2) + ηijH̄kl

kl(N−2) − 2H̄(i|k|
k
j)

(N−2) = 0. (A–20)

These equations represent 6 × N !
2!(N−2)!

= 3N(N − 1) equations relating the various metric

perturbation coefficients. However, not all are independent themselves. A trace over any

upstairs and downstairs index merely yields an identity:

H̄ ilk
kl(N−3) + ηimH̄kl

klm(N−3) − H̄ ik
k
l
l(N−3) − H̄ lk

k
i
l(N−3) = 0. (A–21)

These trace equations thus represent redundancies in the linearized Einstein equation.

There are 3 × (N−1)!
2!(N−3)!

= 3
2
(N − 1)(N − 2) of them. Hence, the number of independent

equations arising from the linearized Einstein equation is just 3N(N − 1) − 3
2
(N − 1)(N −

2) = 3
2
(N − 1)(N + 2). This is the number of distinct relationships between our metric

perturbation coefficients, and is also exactly the number by which our gauge equations

exceed our gauge coefficients.
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Thus, there is just the right number of independent gauge equations at each order N

to arrive at a unique solution for the spatial components of the gauge vector.

We have thus shown that if condition (2) is satisfied at some order (N − 1), then our

ansatz for the gauge vector is sufficient to bootstrap condition (2) to order N .

A.1.2 t-Component of the Gauge Vector

In the preceding section we showed that it is always possible to satisfy condition

(2) in the definition of our THZ-coordinates. As shown, condition (2) completely fixes

the spatial components of the gauge vector, leaving no freedom except for the time

component, ξt, to impose the harmonic gauge condition, ∂aH̄
ab = O(xN).

First we look at the spatial component of this condition.

∂aH̄
ai = ˙̄H ti + ∂jH̄

ji = O(xN) (A–22)

In (N − 1)th THZ coordinates, both terms would be O(xN−1). By adjusting the

spatial components of the gauge vector though, we already push the order of the second

term to O(xN). The order of the first term is inferred from the (N − 1)th-order harmonic

condition, and this is not modified by choosing the spatial components the gauge vector.

It is thus clear that we would need the lone freedom in the gauge vector ξt to impose

the Nth-order harmonic condition. But then these are three equations that need to be

satisfied with only one free parameter to adjust. In general then, the ansatz fails.

For the lowest case though, N = 2, the spatial harmonic conditions are automatically

satisfied. From condition (1), all the H̄ab are already O(x2). Choosing the spatial

components of the gauge vector appropriately, one can transform the spatial components

of the H̄ab to be O(x3), so that the second term is automatically O(x2). The first term

however is trivially seen to be O(x2), by virtue of starting with some set of normal

coordinates. Thus, the spatial components of the harmonic condition are clearly satisfied

to order N = 2.
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Turn now to the time component of the harmonic condition.

∂aH̄
at = ∂tH̄ tt + ∂iH̄

it = O(xN). (A–23)

Obviously, since the spatial components of the harmonic condition already form an

overdetermined system, the addition of another condition just makes the situation worse.

Then again though, the N = 2 case can be done. Since the last parameter ξt was

not needed to fix the spatial components of the harmonic condition, it can now be used to

impose the time component of the harmonic condition. In terms of gauge coefficients, it is

shown in [50] that ξt has to be given by:

ξtijk = −1

5
H̄ tp

p(iδjk). (A–24)

It is thus shown that the ansatz provided for the gauge vector in general does not

work to bootstrap the order of one’s THZ coordinates. However, it easily works for

the N = 2 case, which is the transition from a normal coordinate system to the THZ

coordinates. The ansatz was chosen on the basis of its simplicity. Once one knows tha

backgroung geometry and the prescribed worldline of the charge, one can construct

a normal coordinate system, and then can convert this to a THZ coordinate system

by solving a bunch of algebraic equations sourced by components of the old metric.

This makes it extremely amenable to a numerical implementation of the coordinate

transformation. Obvoiusly though, the ansatz will have to be abandoned if one aims for

better approximations to the singular field.

A.2 THZ Coordinates for a Circular Geodesic around Schwarzschild

The full coordinate transformation, which we use for our analysis in both the (1+1)

and (3+1) calculations may be found in Eqs. (B1)-(B9) of Ref. [50]. Below we give only an

abbreviated form of these equations to give a sense of how the coordinate transformation

is implemented. The formulae below give x̄, ȳ, z̄ and t̄ as smooth functions of the

Schwarzschild r, θ, φ and ts. We can then define a function ρ̄ =
√

x̄2 + ȳ2 + z̄2 which
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has the property that

∇a∇a(1/ρ̄) = −4πδ(~x) +O(1/ρ̄). (A–25)

If we had used q/ρ̄ as the approximation ψ̃s for the singular field then the effective source

for the regular field ψR in the vicinity of the point charge would be singular,

S̄eff = −∇a∇a(q/ρ̄) − 4πqδ(~x) = O(1/ρ̄), (A–26)

rather than O(ρ), which is the case for the effective source which we actually use as

described in Eq. (3–10).

The coordinates which lead to ρ̄ are now given for a circular geodesic of the

Schwarzschild geometry at Schwarzschild radius R: We first define two useful functions

x̃ =
[r sin θ cos(φ− Ωts) −R]

(1 − 2M/R)1/2
+

M

R2(1 − 2M/R)1/2

×
[ −(r − R)2

2(1 − 2M/R)
+R2 sin2 θ sin2(φ− Ωts) +R2 cos2 θ

]

+O(ρ3) (A–27)

and

ỹ = r sin θ sin(φ− Ωts)

(

R− 2M

R− 3M

)1/2

+O(ρ3). (A–28)

The O(ρ3) terms indicate that these (and the formulae below) could be modified by the

addition of arbitrary O(ρ3) terms without necessarily changing the usefulness of these

coordinates.

In terms of these two functions, the THZ coordinates (t̄, x̄, ȳ, z̄) are

x̄ = x̃ cos(Ω†ts) − ỹ sin(Ω†ts) (A–29)

and

ȳ = x̃ sin(Ω†ts) + ỹ cos(Ω†ts) (A–30)
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where Ω† = Ω
√

1 − 3M/R, along with

z̄ = r cos(θ) +O(ρ3) (A–31)

and

t̄ = ts(1 − 3M/R)1/2

− rΩR sin θ sin(φ− Ωts)

(1 − 3M/R)1/2
+O(ρ3) (A–32)

The set of functions (t̄, x̃, ỹ, z̄) forms a non-inertial coordinate system that co-rotates

with the particle in the sense that the x̃ axis always lines up the center of the black hole

and the center of the particle, the ỹ axis is always tangent to the spatially circular orbit,

and the z̄ axis is always orthogonal to the orbital plane.

The THZ coordinates (t̄, x̄, ȳ, z̄) are locally inertial and non-rotating in the vicinity

of the charge, but these same coordinates appear to be rotating when viewed far from

the charge as a consequence of Thomas precession as revealed in the Ω†ts dependence in

Eqs. (A–29) and (A–30) above.

The coordinates (t̄, x̄, ȳ, z̄) given above are said to be second order THZ coordinates

and differ from the actual fourth order ones used in the main body of this paper by the

replacement of the O(ρ3) terms appearing above by specific terms which scale as ρ3 and ρ4

[50] and leave the undetermined parts of the THZ coordinates being O(ρ5).
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APPENDIX B
SPHERICAL HARMONICS AND THE REGGE-WHEELER GAUGE

In this Appendix, we show how any symmetric (0,2)-tensor, say the perturbation hab,

is conveniently decomposed into spherical harmonics. This decomposition allows one to

take full advantage of the spherical symmetry in the Schwarzschild spacetime.

We first note that, in Schwarzschild coordinates, the independent components of the

metric perturbation hab transform like three scalars, two vectors, and a tensor on the unit

2-sphere:

hab =



























s1 s2 [ V1 ]

s2 s3 [ V2 ]












V1

























V2

























T







































. (B–1)

With multipole decomposition, we can separate out the (θ, φ)-dependence from the

(t, r)-dependence of these objects, at each mode. This is obvious for the scalars:

s =
∑

l,m

alm(r, t)Ylm(θ, φ), (B–2)

owing to the completeness of the scalar harmonics, Ylm, over the 2-sphere. For vectors

and tensors on the two-sphere, we first establish some notation. We can express the

Schwarzschild geometry as:

ds2 = gijdx
idxj + r2σABdθ

AdθB. (B–3)

Lower-case indices i, j, . . . run over coordinates (t, r), and upper-case indices A,B, . . .

run over the coordinates of the two-sphere, (θ, φ). σAB represents the metric on the unit

2-sphere: σAB = diag(1, sin2 θ). The Levi-Civita tensor on the unit sphere is denoted by

ǫAB =
(

0 sin θ
− sin θ 0

)
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Any vector field γA on the two-sphere may be represented by two scalar fields γev and

γod:

γA = σAB∇Bγev − ǫAB∇Bγod. (B–4)

These are scalar fields on the full manifold (i.e. not just on the 2-sphere), and are called

the even and odd potentials, respectively. Decomposing these scalar potentials in turn

allow us to break up the vector into modes for which the angular-dependence separates:

γA =
∑

lm

(

hlmev (r, t)(σAB∇BYlm) + hlmod (r, t)(−ǫAB∇BYlm)
)

. (B–5)

We see then that {σAB∇BYlm,−ǫAB∇BYlm} spans the space of vectors on a two-sphere;

they are the so-called vector spherical harmonics.

Similarly, a tensor FAB on the two-sphere may be represented by its trace with

respect to σAB, and two other potentials Fev and Fod:

FAB =
1

2
σABFtrace + (∇(A∇B) −

1

2
σAB∇2)Fev − ǫ(A

C∇B)∇CFod, (B–6)

where ∇2 is the Laplacian on the two-sphere. Hence, we see again that by decomposing

the trace and the potentials into scalar spherical harmonics, what results is a decomposition

of the tensor FAB:

FAB =
∑

lm

(

K lm(σABYlm) +Glm

(

∇A∇B − 1

2
σAB∇2

)

Ylm + hlm(2)(−ǫ(AC∇B)∇CYlm)

)

(B–7)

where the (t, r)-dependence of the functions K lm, Glm, hlm(2) have been suppressed for

notational clarity. Thus, as before, we see that the set

{

σABYlm,

(

∇A∇B − 1

2
σAB∇2

)

Ylm,−ǫ(AC∇B)∇CYlm

}

(B–8)

spans the space of tensors on the two-sphere. The last two of these are an example of

tensor spherical harmonics; the trace part is really just a scalar spherical harmonic. Since
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∇2Ylm = −l(l + 1)Ylm, we can instead write

FAB =
∑

lm

(

K lm(σABYlm) +Glm

(

∇A∇B +
1

2
σABl(l + 1)

)

Ylm + (2)h
lm(−ǫ(AC∇B)∇CYlm)

)

,

(B–9)

wherein our tensor spherical harmonics are

{

σABYlm,

(

∇A∇B +
1

2
σABl(l + 1)

)

Ylm,−ǫ(AC∇B)∇CYlm

}

. (B–10)

These scalar, vector, and tensor harmonics, can be further classified based on how they

transform under a parity transformation: (θ −→ π − θ;φ −→ φ+ π). Those that transform

as χ −→ (−1)lχ are said to have even parity, while those that go like χ −→ (−1)(l+1)χ

have odd parity.

For completeness, we list our odd-parity harmonics:

{

−ǫAB∇BYlm,−ǫ(AC∇B)∇CYlm
}

, (B–11)

and our even-parity harmonics

{

Ylm, σAB∇BYlm,

(

∇A∇B +
1

2
σABl(l + 1)

)

Ylm

}

. (B–12)

This machinery allows us to think of the perturbation hab (or any symmetric 2-tensor,

in general) as a sum of (l,m)-multipoles or modes :

hab =
∑

lm

hlm,evenab +
∑

lm

hlm,odd

ab , (B–13)

each of which having a unique, fixed angular-dependence that can be separated from its

accompanying (t, r)-dependence. In effect, each mode (l,m) is specified by ten functions

of (t, r), which are essentially the coefficients in the multipolar expansion. Seven of

these functions belong to the even-parity sector, while the remaining three specify the
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odd-parity sector. To be explicit, we write:

hlm,evenab =



























H0 H1 [ j0 ]

H1 H2 [ j1 ]












j0

























j1

























K,G







































(B–14)

hlm,odd

ab =



























0 0 [ h0 ]

0 0 [ h1 ]












h0

























h1

























h2







































. (B–15)

Gauge transformations and the Regge-Wheeler gauge

We are further free to perform the transformation (1–12) at each mode in order to

make all the even-parity modes have the form:

hlm,evenab =



























H0 H1 [ 0 ]

H1 H2 [ 0 ]












0

























0

























K







































, (B–16)
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and the odd parity modes:

hlm,odd

ab =



























0 0 [ h0 ]

0 0 [ h1 ]












h0

























h1

























0







































. (B–17)

This choice is the so-called Regge-Wheeler gauge. All it entails is a specific choice of

the gauge vector ξa, which can be found by decomposing this itself into harmonics, and

considering the gauge transformation in (1–12). This is easier done for the odd-parity

sector. The (l,m), odd-parity part of a general gauge vector ξa will be just ξ(odd)
a =

(0, 0,−Λ(r, t)ǫAB∇BYlm), and the transformations these induce on the odd-parity functions

are:

h0 −→ h′0 = h0 −
∂Λ

∂t
(B–18)

h1 −→ h′1 = h1 −
∂Λ

∂r
+

2

r
Λ (B–19)

h2 −→ h′2 = h2 − 2Λ. (B–20)

From these it is clear that the Regge-Wheeler gauge is imposed just with the choice of

Λ =
1

2
h2. (B–21)

Similar simplifications appear in the even-parity sector. The (l,m), even-parity part

of a general gauge vector ξa will be just ξ(even)
a = (ξ0, ξ1,Λ(r, t)ǫAB∇BYlm), which induces
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transformations on the even-parity functions as follows:

H0 −→ H ′
0 = H0 − 2

∂ξ0
∂t

+ 2Γcttξc (B–22)

H1 −→ H ′
1 = H1 −

∂ξ0
∂r

− ∂ξ1
∂t

+ 2Γctrξc (B–23)

H2 −→ H ′
2 = H2 − 2

∂ξ1
∂r

+ 2Γcrrξc (B–24)

j0 −→ j′0 = j0 − ξ0 −
∂Λ

∂t
(B–25)

j1 −→ j′1 = j1 − ξ1 −
∂Λ

∂r
+

2

r
Λ (B–26)

K −→ K ′ = K − 2

r

(

1 − 2m

r

)

ξ1 +
l(l + 1)

r2
Λ (B–27)

G −→ G′ = G− 2

r2
Λ. (B–28)

The Regge-Wheeler gauge is then imposed with the choices:

Λ =
1

2
r2G (B–29)

ξ0 = j0 −
∂Λ

∂t
(B–30)

ξ1 = j1 −
∂Λ

∂r
+

2

r
Λ. (B–31)
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APPENDIX C
PERTURBATION THEORY IN GENERAL RELATIVITY

C.1 Two metrics on a manifold

In relativity, the fundamental field equation is the Einstein equation,

Rab(g) −
1

2
gabR(g) = 8πTab (C–1)

and the fundamental quantity is the space-time metric, gab, which is to be a solution of

such. Perturbation theory proceeds from a decomposition of this unknown solution –

the full metric – into a known exact (usually vacuum) solution, which we shall call the

“background” metric, and a residual perturbing metric, hab, which we shall just call the

“perturbation”. In this discussion, we shall the background metric, g
(B)
ab . Thus, we have

gab ≡ g
(B)
ab + hab. (C–2)

It is important to note that this relation in fact defines hab. Doing this, we find

ourselves in a peculiar situation wherein there are several (there are three) metrics on

our manifold: two independent and the other dependent on the first two. If we fix g
(B)
ab ,

then the correspondence between the remaining two means that the Einstein equation is

actually a field equation for the perturbation hab.

Using the identities

gabgbc = δac

g(B)ab g
(B)
bc = δac

it is easy to show that up to third order in h, gab is given by

gab = g(B)ab − hab + hach
cb − hach

c
dh

db + O(h4).

This can also be written instead as a recursion:

g′ab = g(B)ab − hab + hach
cb − g′achcdh

d
eh

eb.
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Since there are several metrics on our manifold, there are correspondingly several

connections, and thus just as many covariant derivatives. The ones that appear in the

Einstein equation are those compatible with the unknown metric gab, so technically,

they are also unknown, hence making the Einstein equation in its current form rather

inconvenient. It turns out however that we can express the covariant derivative compatible

with gab in terms of those that are compatible with the background.

First of all, it is shown in [75] that the difference between any two covariant

derivatives is a type-(1,2) tensor. We shall denote this here by Scab. In components it

is given by:

Sµβγ = Γµβγ − Γ(B)µ
βγ ,

where the Γµβγ and Γ(B)µ
βγ are the Christoffel symbols of the full and background

metric respectively, in a particular coordinate system. Let ∇a and ∇(B)
a be the covariant

derivatives compatible with the full and background metrics respectively. Then we have

(∇c −∇(B)
c )gab = −Sdacgdb − Sdbcgad

∇(B)
c gab = Sdacgdb + Sdbcgad

∇(B)
c gab = Sbac + Sabc. (C–3)

Permuting the indices in this last equation leads to:

∇(B)
a gcb = Sbca + Scba

∇(B)
b gac = Scab + Sacb

Taking account of the symmetry of Scab in its last two indices, we can add these two

equations to get

2Scab + Sbca + Sacb = ∇(B)
a gcb + ∇(B)

b gac. (C–4)
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Subtracting (3) from (4) then gives

2Scab = ∇(B)
a gcb + ∇(B)

b gac −∇(B)
c gab,

or equivalently

Scab =
1

2
gcd(∇(B)

a gdb + ∇(B)
b gda −∇(B)

d gab). (C–5)

Recalling that gab = g
(B)
ab + hab, we then have

Scab =
1

2
gcd(∇(B)

a hdb + ∇(B)
b hda −∇(B)

d hab). (C–6)

This is still an exact equation. No approximations have yet been made. Note also that this

result is not dependent on choosing gab as the lowering/raising operator.

C.1.1 Rabc
d and Rab

With this we can now find expressions for the Riemann and Ricci tensors in

terms of the perturbing metric. Hereon, we take the background metric g
(B)
ab to be our

raising/lowering operator, and we let ∇′ and ∇ be the connections associated with the full

metric and background, respectively. In terms of Scab, [75] shows that:

(∇′
a −∇a)vc = −Sdacvd

∇′
avc = ∇avc − Sdacvd

(∇′
b −∇b)∇′

avc = −Sdba∇′
dvc − Sdbc∇′

avd

= −Sdba(∇dvc − Sf dcvf ) − Sdbc(∇avd − Sf advf)

= −Sdba∇dvc + SdbaS
f
dcvf − Sdbc∇avd + SdbcS

f
advf

= −Sdba∇dvc − Sdbc∇avd + SdbaS
f
dcvf + SdbcS

f
advf
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∇′
b∇′

avc = ∇b∇′
avc − Sdba∇dvc − Sdbc∇avd + SdbaS

f
dcvf + SdbcS

f
advf

= ∇b(∇avc − Sdacvd) − Sdba∇dvc − Sdbc∇avd + SdbaS
f
dcvf + SdbcS

f
advf

Thus,

∇′
b∇′

avc = ∇b∇avc −∇bS
d
acvd − Sdac∇bvd − Sdba∇dvc − Sdbc∇avd

+SdbaS
f
dcvf + SdbcS

f
advf (C–7)

and similarly,

∇′
a∇′

bvc = ∇a∇bvc −∇aS
d
bcvd − Sdbc∇avd − Sdab∇dvc − Sdac∇bvd

+SdabS
f
dcvf + SdacS

f
bdvf (C–8)

Subtracting these two equations, we get the expression we want for the Riemann tensor.

Recall that

(∇′
a∇′

b −∇′
b∇′

a)vc ≡ R′
abc

dvd.

It then follows that

R′
abc

dvd = Rabc
dvd + (∇bS

d
ac −∇aS

d
bc)vd + (SdacS

f
bd − SdbcS

f
ad)vf (C–9)

From this we get,

R′
abc

d = Rabc
d + (∇bS

d
ac −∇aS

d
bc) + (SdbfS

f
ac − SdafS

f
bc) (C–10)

The perturbed Ricci tensor is then given by

R′
ab = Rab + (∇dS

d
ab −∇aS

d
db) + (SddfS

f
ab − SdafS

f
bd) (C–11)

Again, these expressions are still exact, with no approximations made.
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Now what we want is to get from these explicit 2nd-order expressions in terms of hab.

Our expression for Scab, in equation (6), contains all orders. Up to 2nd-order this is just:

Scab =
1

2
(gcd − hcd)(∇ahdb + ∇bhda −∇dhab) + O(h3) (C–12)

Now we can put this directly into Eq. (C–11).

To keep things tidy though, we shall separate the perturbed Ricci tensor into pieces

that are zeroth-, first-, and second-order in hab. The zeroth-order piece is trivially the

Ricci tensor of the background. The first-order piece will come from the first-order part of

Scab plugged into the second term of (C–11):

R
(1)
ab = ∇d

[

1

2
gdc(∇ahbc + ∇bhac −∇chab)

]

−∇a

[

1

2
gcd(∇chbd + ∇bhcd −∇dhcb)

]

(C–13)

=
1

2
gdc(∇d∇ahbc +∇d∇bhac−∇d∇chab)−

1

2
gcd(∇a∇chbd +∇a∇bhcd−∇a∇dhcb) (C–14)

and collecting all terms of the same order, we eventually get:

R′
ab = Rab +R

(1)
ab +R

(2)
ab + O(h3) (C–15)

where

R
(1)
ab = −1

2
(∇b∇ah+ ∇2hab − 2∇c∇(ahb)c) (C–16)

and

R
(2)
ab =

1

2

[

1

2
∇ahcd∇bh

cd + hcd(∇b∇ahcd + ∇d∇chab − 2∇d∇(ahb)c)

+∇dhbc(∇dha
c −∇chad) − (∇dhcd −

1

2
∇ch)(2∇(ahb)

c −∇chab)

]

. (C–17)

These formulas will be the basis of subsequent calculations.

C.1.2 Gab ≡ Rab − 1
2
R

We continue in this section to write down the Einstein tensor up to 2nd order in h.

We shall write Gab = G
(B)
ab +G

(1)
ab +G

(2)
ab , and derive expressions for G

(1)
ab and G

(2)
ab .
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We shall assume that the background metric is a vacuum solution. That is, it satisfies

R
(B)
ab − 1

2
gabR

(B) = 0. Hence, it follows that the zeroth order term in the Einstein tensor,

G
(B)
ab , vanishes. It also follows that R

(B)
ab and R(B) vanish as well since

0 = gabG
(B)
ab = gabR

(B)
ab − 1

2
gabgabR

(B) = −R(B)

=⇒ R
(B)
ab = 0

Up to 2nd order, the Einstein tensor is just:

Gab = R
(1)
ab +R

(2)
ab − 1

2
gab(R

(1) +R(2)) − 1

2
habR

(1)

so that we have

G
(1)
ab = R

(1)
ab − 1

2
gabR

(1) (C–18)

G
(2)
ab = R

(2)
ab − 1

2
gabR

(2) − 1

2
habR

(1) (C–19)

To proceed, we need the scalar curvature R up to 2nd order in h. This is just

R = gabRab = (gab − hab + hach
cb + O(h3))(R

(1)
ab +R

(2)
ab + O(h3))

= gabR
(1)
ab + (gabR

(2)
ab − habR

(1)
ab ) + O(h3)

R(1) = gabR
(1)
ab = −1

2
gab(∇b∇ah + ∇2hab − 2∇c∇(ahb)c)

= −∇2h+ ∇c∇dhcd (C–20)

R(2) = gabR
(2)
ab − habR

(1)
ab

=
1

2
[
1

2
∇bhcd∇bh

cd + hcd(∇2hcd + ∇d∇ch− 2∇d∇ahca) −∇dhbc∇chbd

+∇dhbc∇dh
bc − (∇dhcd −

1

2
∇ch)(2∇bh

cb −∇ch)]

+
1

2
hab(∇b∇ah+ ∇2hab − 2∇c∇(ahb)c) (C–21)

These expressions are sufficient to write the Einstein equation to second order in h.
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