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Image guided radiation therapy (IGRT) requires developing advanced methods for target 

localization. Once target motion is identified, the patient specific treatment margin can be 

incorporated into the treatment planning, accurately delivering the radiation dose to the target 

and minimizing the dose to the normal tissues. Deformable image registration (DIR) has become 

an indispensable tool to analyze target motion and measure physiological change by temporal 

imaging or time series volumetric imaging, such as four-dimensional computed tomography 

(4DCT). Current DIR algorithms suffer from inverse inconsistency, where the deformation 

mapping is not unique after switching the order of the images. Moreover, long computation time 

of current DIR implementation limits its clinical application to offline analysis. 

This dissertation makes several major contributions: First, an inverse consistent constraint 

(ICC) is proposed to constrain the uniqueness of the correspondence between image pairs. The 

proposed ICC has the advantage of 1) improving registration accuracy and robustness, 2) not 

requiring explicitly computing the inverse of the deformation field, and 3) reducing the inverse 

consistency error (ICE). Moreover, a variational registration model, based on the maximum 

likelihood estimation, is proposed to accelerate the algorithm convergence and allow for inexact 



 

14 

image pixel matching within an optimized variation for noisy image pairs. The algorithm 

evaluation was carried out using a simulated phantom, a four-dimensional single photon 

emission computed tomography myocardium phantom, and clinical 4DCT images. After 

applying ICC, the ICE was reduced by up to 99% and the phantom error was reduced by up to 

32%. For noisy image pairs, the likelihood based inverse consistent DIR algorithm outperformed 

other algorithms, it achieved fast convergence and attained a phantom error reduction of 56%, 

compared to the classic fast diffusion registration algorithm. Second, an auto re-contouring 

framework is developed for automatically propagate the planning contours in the planning image 

dataset to a new image dataset. It consists of DIR, surface reconstruction, and post processing. 

Visual estimation was applied to evaluate the re-contouring performance. The auto re-contouring 

framework is also applied to automatic generating internal target volume (ITV) and its 

probability density function by combing auto-contoured gross tumor volume of phase CTs. 

Third, a proof of concept study was carried out to accelerate the DIR computation using high 

performance graphics processing unit (GPU). It was demonstrated that the GPU implementation 

of DIR was able to speed up the computation by up to 60 times, achieved near real-time 

performance of DIR for clinical images (i.e., 1.8 seconds for image pairs with the size of 256 x 

256 x 30 for 100 iterations) and improved the feasibility of applying deformable image 

registration in routine clinic procedures. 



 

15 

CHAPTER 1 
ROLE OF IMAGE REGISTRATION IN RADIATION THERAPY 

Cancer is a group of disease characterized by growth and spread of tumors. In United 

States and Canada, more than 1,200,000 people are diagnosed with cancer annually. More than 

one in three people will develop cancer during their life time and about one in four will die of 

cancer. Among the individuals who developed cancer, about one half will be treated with 

radiation therapy, either alone or in combination with other cancer treatments. Radiation therapy 

is a clinical process using the ionizing radiation for the treatment of the malignant tumors 

(cancer). The goal of the radiation therapy is to deliver the radiation dose accurately to the well-

defined target volume while sparing the radiation damage to the surrounding normal tissues. 

Radiation therapy can be classified by the location of the radiation source:  

1. External radiation therapy. The radiation is delivered from radioactive sources outside the 
body, such as linear accelerator;  

2. Brachytherapy. The radiation is delivered from radioactive sources inside the body.  

Radiation therapy is a complex procedure and involves many processes 1, including 1) 

diagnosis and clinical evaluation; 2) therapeutic decision; 3) imaging for treatment planning; 4) 

target volume localization; 5) fabrication of treatment aids; 6) treatment simulation; 7) treatment 

planning; 8) treatment delivery; 9) patient evaluation; 10) patient follow-up. Not all patients will 

go through each step; however, it is very important to execute each step with the greatest 

accuracy possible. Errors or uncertainties occurred in one step will affect the accuracy of the 

subsequent steps and finally impact the patient outcome. Such closely related processes can also 

be interpolated as a chain. Among them, one crucial process is to determine the location and the 

extent of the diseases relative to the adjacent critical normal tissues (target volume localization). 

Target volume usually includes gross tumor volume (GTV), clinical target volume (CTV), and 

planning target volume (PTV). In ICRU report 52 and 60, GTV is defined as the gross 
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demonstrable extent and location of the tumor. Delineation of the GTV is possible if the tumor is 

visible, palpable or demonstrable through imaging. Clinical target volume consists of GTV and 

microscopic regions that cannot be detected by imaging techniques. Delineation of the CTV 

assumes that there are no tumor cells outside of the volume. Internal target volume extends the 

CTV with the compensation for internal physiological movements and variation in size, shape, 

and position of the CTV. Planning target volume (PTV) extends CTV and takes into account the 

patient motion and patient position errors.   

The future of the radiation therapy will be focused on image guided radiation therapy 

(IGRT) and adaptive radiation therapy (ART). IGRT requires development of advanced 

hardware and software to identify the organ or the tumor distortion and motion. Once the tumor 

deformation is identified, the patient specific treatment margin can be incorporated into the 

treatment planning, in replace of the currently applied general margin. ART requires inclusion of 

imaging into the optimization of treatment planning on a dynamic basis. Target volume 

localization is, therefore, a very important step to the success of IGRT or ART. Target volume 

localization is a dynamic process because the volume might change during the course of the 

radiation therapy, for example, a maximum displacement of 7.5 mm was measured for the 

prostate during treatment 2, average motion of 9.2 mm was observed in the lesions located near 

the heart 3. Langen and Jones 4 classified the target motion into three categories: 1) patient 

position-related organ motion; 2) inter-fractional target motion; and 3) intra-fractional target 

motion. Patient position-related target motion is due to the change of the patient positioning, for 

example, when patient position changes from supine to lateral decubitus, relative location 

between the internal organs and the bone anatomies might change.  Inter-fractional target motion 

occurs between the treatments fractions and it is on a day-to-day basis, inter-fractional target 
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motion may be due to patient weight gain or loss. Intra-fractional target motion occurs within the 

treatment when the radiation is delivered to the patients. Respiratory and cardiac motions are the 

main sources for intra-fractional target motion. Heinzerling et al. 5 reported a mean overall tumor 

motion of 13.6mm for the low lobe lung and the liver tumors. Furthermore, the target motion 

pattern could change during the radiation therapy, for example, the lung cancer patient might be 

more nervous for the first few fractions than the later fractions, and the change of their breathing 

pattern could affect the magnitude of the target motion. The widely applied intensity-modulated 

radiation therapy (IMRT) techniques can deliver radiation to the target volumes of complex 

shape and minimize the dose to the nearby normal tissues. Therefore it is especially important to 

understand the target motion for IMRT because high dose gradient is located near the target area, 

even small variation of the target volume or the target location might significantly change the 

planning dose distribution. For the past few years, the target motion has been intensively studied. 

In the following, we will give a brief review of target location techniques using Electronic portal 

imaging devices (EPID), optical devices, electromagnetic treatment positioning device, and four-

dimensional computed tomography (4DCT). 

EPID was introduced to monitor the target motion by locating the implanted radio-opaque 

markers. EPID has been under the development by the researchers and linear accelerator 

manufactures for almost 20 years, from the initial television camera-based system to current flat 

panel systems. EPID was widely used in the patient positioning. Herman et al. 6 investigated the 

patient setup accuracy of the prostate cancer patients by aligning the orthogonal portal image 

with the simulated digital reconstructed radiographs, the mean misalignment of the markers was 

5.6 mm after initial patient setup for 20 patients. Similar studies were carried out by other 

researchers 7-10. However, implanting markers is an invasive surgical procedure and is not always 
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feasible for all cancer patients, for example, maker implantation will be complex for certain lung 

cancer patients. Moreover, portal imaging only provides two-dimensional (2D) geometric 

information while target volume change is happened in three-dimensional (3D) space. It is 

difficult to predict the 3D tumor motion from the 2D projections. Finally, the number of markers 

used in the previous study was limited, usually consisting of 3 to 5 gold markers, which are not 

enough to represent the full details of the target motion. 

Optical tracking is another technique to measure target motion 11. In optical tracking, 

infrared markers are first attached to the patient. The infrared markers are either active or 

passive. Active markers are infrared light-emitting diodes. Passive markers are generally sphere 

or disks coated with reflective material to reflect the infrared light. The infrared detectors, such 

as charged coupled device (CCD) camera, detect the reflected light from the infrared markers 

and determine the markers’ 3D locations from the collected 2D images. Optical tracking system 

is a non-invasive technique; it has the advantage of high spatial resolution and providing real-

time patient tracking. However, current optical systems are limited to track external markers. In 

order to predict the internal target motion, the correlation between internal motion and external 

marker motion has to be modeled. Gierga et al. 12 investigated the motion correlation between 

the external marks and internal markers and concluded that relative large discrepancy occurred 

between the external marker motion and internal marker motion even though they are generally 

correlated in respiratory motion case. Furthermore, optical tracking system is difficult to reveal 

the tumor shape evolution during the course of the radiation therapy.  

An electromagnetic treatment target positioning device, called Calypso 4D localization 

system ( Calypso Medical Technologies, Seattle, WA), was undergo clinical evaluation in 

several institutions 13. The Calypso system consists of beacon transponder, electromagnetic 
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array, tracking stations, and optical system. Beacon transponder contains a miniature electronic 

circuit and has a size of 8.7 mm in length and 1.85 mm in diameter. The transponder does not 

have internal energy source. When excited by the electromagnetic field generated by the 

electromagnetic array, the transponder resonates and emits a signal at a unique frequency, which 

is acquired by the array and processed by the software to determine the location of the 

transponder. The optical system is used to continuously track the position of the array and 

determine the transponder location with respect to the linear accelerator’s isocenter. Even though 

the Calypso system provides real-time 3D target information, it has the following disadvantages 

14: 1) it is an invasive techniques and beacon transponders are needed to be surgically implanted, 

2) transponders migrant within the tissue and the stability is an concern. Studies found the mean 

distance variation between transponders was 1.3 mm at 4 days after implant and was 0.8mm at 

14 days after implant.   

Recently 4DCT has been introduced to clinical applications. 4DCT images are 

reconstructed by time-resolved 3D images and are capable of presenting both spatial and 

temporal patient anatomical information. For example, in 4DCT lung imaging, all CT projection 

images are first acquired while patient breathe freely on the CT table. Then the image projections 

corresponding to specific breathing phases are binned together using the information from 

breathing control devices (such as spirometer or active breathing control (Varian Medical 

Systems, Palo Alto, California)). Figure 1-1 shows a 4DCT images consisting of a sequence of 

ten equally divided phases of three-dimensional CT images over the patient’s breathing cycle. 

Phase 50 corresponds to the maximum expiration; phase 0 corresponds to the maximum 

inspiration. The duration of expiration was acquired between phase 0 and phase 50, the duration 

of inspiration was acquired between phase 50 and phase 0. With the acquired time series 3D 
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images, image registration can be used to study and measure the target motion and patient 

anatomical change. Beside 4DCT, image registration can also be used to measure the target 

motion from cone beam CT (CBCT) images. CBCT makes it possible to acquire high resolution 

volumetric 3D images to determine the patient setup errors prior to irradiation. CBCT utilizes 

large area collimation of x-rays, and involves scattered radiation which results in loss of image 

quality and increases imaging dose to patients compared with the narrow beam collimation in 

conventional computed tomography (CT). CBCT is widely used to facilitate high precision target 

positioning 15-19.  

By definition, image registration computes the transformation between two image volumes 

to make them similar. It can be classified into rigid image registration and deformable image 

registration (DIR). In rigid image registration, the transformation is limited to translation, 

rotation, scaling, and shearing. The rigid image registration ignores the possible target 

deformation that occurs naturally in various organs, i.e. lung and prostate, and is only useful 

when the organ deformation is small. In contrast, DIR computes the deformation fields that can 

be used to measure the target deformation. A detailed review of the DIR was discussed in 

Chapter 2. In the following, we will give a brief review of the role of DIR in the frame of 

radiation therapy.  

1.1 Target Motion  

Fraction to fraction variations of patient anatomy and patient setup lead to the uncertainty 

of the dose delivery, such as, under-dose to the tumor and over-dose to the healthy tissues. The 

dose uncertainties might have more significant effects on IMRT, where regions of high dose 

and/or high dose gradient exist.  

One of the clinical applications of DIR in target motion is to measure the respiratory 

motion. Coselmon et al. 20 proposed applying the DIR consisting of mutual information and thin-
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plate splines to measure the lung motion of 11 patients, 30 control points were manually selected 

near the interior of the lung and the border of the lung. The result indicated that landmarks 

motion was -0.4 mm ± 2.7 mm in the RL direction, 8.1 mm ± 6.6 mm in the AP direction, and 

3.2 mm ± 8.6 mm in the IS direction. Liu et al. 21 investigated the tumor motion from 152 lung 

cancer patients using the “accelerated demons”22, the tumor motion of 2.6 mm to 14.7 mm was 

found in the SI direction, -1.4 mm to 5.8 mm in the LR direction, -1.9 mm to 2.7 mm in the AP 

direction. Christensen et al. 23 modeled the lung tissue as elastic material and applied inverse 

consistent registration algorithm to measure the correlation of the motion vector and the readings 

of the spirometer, the result indicated the strong correlation between the average 

expansion/compression of the lung measured by image registration and air flow rate measured by 

spirometry.  

Measuring liver tumor motion is another application of DIR. Researches show that live 

tumor motion could reach 19 mm in tidal breathing 24. A finite element modal based multi-organ 

DIR method, MORFEUS, was developed by Brock et al. 25. It described the surface interfaces 

between the organs, the material properties were assigned to each organ for allowing accurate 

deformation of internal structures. For five liver cancer patients 26, it was found that up to 1 cm 

motion between the diaphragm and the tumor center of mass for registration of the exhale and 

inhale CTs, up to 6.8 mm motion was observed between the CT and the cone-beam CT. Using 

gated magnetic resonance (MR) imaging, Rohlfing et al. 27 analyzed the liver motion using an 

intensity based approach including rigid registration for global motion and B-spline free-form 

DIR for local deformation. 3D MR images of four volunteers were acquired between 

end-of-inspiration and end-of-expiration. An average of 10 mm deformation over the entire liver 

was observed in four volunteers by the deformation field. 
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1.2 Auto Re-contouring and Labeling 

The DIR computes the correspondence between the pixels in the two image volumes. This 

correspondence enables us to auto re-contouring and labeling. There are generally two 

frameworks for re-contouring 28: 1) registration based framework and 2) segmentation based 

framework.  The registration based framework can be grouped into four steps: 

1. Deformation fields computing. The deformation between the planning volume (the one has 
contoured structures) and the target volume (the one needed to be contoured).  

2. 3D surface mesh generated from 2D contours.  Typically the outlined structures are in 2D 
and it is desirable to convert the series of 2D geometry into 3D surface mesh in order to 
apply 3D deformation fields.  

3. Structure propagation. Each point on the surface mesh is moved to the new location by the 
deformation fields.  

4. Post processing. The deformed 3D structures are re-sliced into new 2D structures for 
visualization.   

The segmentation based framework applies iterative algorithms to seek the distinct features 

in the images, such as the high gradient area, as the boundary. Compared with registration based 

framework, the segmentation based framework does not affected by the accuracy of the 

physician-drawn contours; however, it cannot be used to re-contouring the structures whose 

boundaries are not obvious, such as CTV or PTV. In contrast, registration based framework is 

able to propagate all the physician-drawn contours. It has to be noted that the quality of the 

propagated contours using DIR based approaches relies on not only the accuracy of the DIR 

algorithm but also the accuracy of the original contours.  

Collins et al. 29 presented a brain auto re-contouring method based on the brain atlas and 

the non-linear registration procedure using MRI. Lu et al. 28 proposed a method for automatic 

contours propagating using 4DCT images. His method combined the DIR and surface 

reconstruction. Surface meshes are constructed from the manually contoured structures, after 
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deformed by the deformation field, the deformed surface meshes are re-sliced to the 2D contours. 

The details of auto re-contouring will be discussed in Chapter 5. 

As DIR gains focus in the radiation therapy, it faces challenges. The challenges of DIR are  

1. Long computation time. Because of solving a large amount of variables, DIR is 
computational intensive and requires long computation time. Typical reported CPU times 
in published literatures for DIR of CT data sets include: 5 minutes for a 128 x 128 x 128 
volume using demons30, 3 minutes for a 256 x 256 x 61 volume on Pentium III 933MHz 
PC using calculus of variations31, 37 seconds for 1024 x 1024 (2D) on SGI OCTANE 
175MHz using calculus of variations32, 6 minutes for a 256 x 256 x 61 volume on Pentium 
2.8GHz PC using accelerated demons22. The long computation time limits its applications 
to be widely used in the clinics. To the best of our knowledge, no current commercial 
treatment planning system is able to performance deformable registration in near real-time. 

2. Validation. Online applications of DIR in radiotherapy demand high accuracy. Due to the 
complexity of the DIR, gold standard of the DIR is difficult to obtain. Studies have been 
carried out using a simple mathematical deformation for algorithm validation 31, however, 
the simple mathematical deformation is not sufficient to model the tumor motion or 
deformation actually occurred in the patient.  

3. Lacking physiological constraints. DIR assumes one-to-one mapping, which indicates 
that the pixels correspondence within two image volumes should be invariant of the 
registration sequence, for example, the correspondence between the pixels in image A and 
image B should be independent of whether deforming image A to image B or image B to 
image A. This relation is also called inverse consistency. The current DIR algorithms used 
radiation therapy usually does not always preserve inverse consistent because of lack of 
constraints in matching criteria to uniquely describe the one-to-one correspondence 
between the images 33. 

4. Robustness. The robustness of the registration algorithm involves registration results 
should not significantly changed when parameters vary, in other words, the registration 
result should be insensitive to parameter selections.  

The rest of the dissertation has been organized into the followings: Chapter 2 provided a 

literature review of the DIR including inverse consistent registration; Chapter 3 provided a 

survey of the existing validation techniques for DIR; Chapter 4 discussed a novel inverse 

consistency constraints for constraining DIR; Chapter 5 present the clinical application of auto 

re-contouring using DIR and auto internal target volume generation; In Chapter 6, a proof-of-
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concept study was developed to achieve near real time DIR using emerging technology of  

graphics process units.  
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Figure 1-1. Representative slices demonstrating 4DCT respiratory motion. Due to the diaphragm 
motion, the location of the lung tissue changes within the breathing cycle.  
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CHAPTER 2 
LITERATURE REVIEW OF DEFORMABLE IMAGE REGISTRATION 

Image registration is to find the transformation that aligns two or more image volumes 

together. It is a fundamental problem in medical imaging and it can be applied within or between 

different imaging modalities, such as computed tomography (CT), magnetic resonance imaging 

(MRI), positron emission tomography (PET), and ultrasound (US). The goal of image 

registration in radiation therapy is to reduce the treatment margins, allow performing safe dose 

escalation, and improve the outcome of patient treatment 34. 

Image registration methods have been extensively reviewed 35-43. It can be categorized by 

the type of the transformations involved, i.e., rigid registration versus deformable registration 

(also called non-rigid). For rigid registration, only translation and rotation are considered, for 

instance, 3D rigid registration has totally six parameters: three rotations and three translations. 

Automatic rigid inter-modality and intra-modality image registrations have been developed for 

years and are available in some commercial software. The rigid registration can be applied to the 

cases where the relative shape change of the target (i.e., tumor or organ) is small. However, in 

reality, most of the human organ motions are not always modeled by the rigid transformation 44.  

To describe more complex change of the target motion, DIR is introduced to compute the 

transformation with more degree of freedoms. Reviews of the DIR algorithms can be found in 40, 

43, 45, 46.  

Generally, DIR algorithms consist of three components (Figure 2-1): similarity measures, 

transformation models, and optimization strategies. Similarity measures compute the similarity 

between two images. Transformation models specify how to deform one image to match another. 

Optimization strategies seek to determine the parameters of the transformation model in order to 

maximize or minimize the matching criterion.  
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In the following, we will first give a review of each component of DIR, and then we will 

review the inverse consistent registrations, which reduce the asymmetry of the common 

unidirectional DIR algorithms. 

2.1 Review of Similarity Measures 

In DIR, similarity measures can be categorized into three groups: 1) Feature (geometric) 

based measures, including points, curves, and surface. Incorporating those features ensures that 

the transformation is biologically valid and is consistent with the underlying anatomical and 

physiological constraints.  2) Intensity based measures. Image similarity is defined as 

mathematical or statistical measurements of the intensity distribution of the two images. Intensity 

based measures usually fully automatic and need less human intervention.  3) Hybrid measures. 

It combines both the feature based measures and intensity based measures. 

2.1.1 Feature Based Measures 

In feature based measures, points (or landmarks) 47-51, curves, and surfaces are used for 

registration purpose. Both anatomical features (such as bifurcations) and fiducial markers can be 

used as points or landmarks. In general, there are two steps in point based registration: 1) 

detecting the landmarks and 2) establishing the correspondence of the landmarks. Landmarks can 

be either manually selected by experts or automatically detected using image processing 

algorithms 52. The measurement of the landmarks localization error was essential for accurate 

registration 50. Many studies devoted to investigate how to establish the robust correspondence 

between the landmarks, for example, Besl and McKay 53 introduced the iterative closest point 

(ICP) algorithm to efficiently locate the corresponding points between two images without shape 

representation. The ICP algorithm iteratively searches the closest point between two point sets 

and estimates motion using the corresponding point pairs. ICP is very popular for registration of 

two point sets, however, it was susceptible to gross outliers. Many extensions of ICP method 
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were proposed to improve the robust on outlier rejection, such as random sampling and the least 

median of squares estimator 54, hybrid ICP algorithm 55, Gaussian-weighted correspondence 

matrix 56, and Hausdorff distance 57. Correspondence of the landmarks can be determined by the 

mass and stiffness matrix based on the Gaussian of the distances 58. Cross and Hancock 59 built a 

graph representation to constrain the search of the correspondences by Delaunay triangulation 

and expectation-maximization optimization algorithm. 

Besides points or landmarks, curve features (such as ridge or crest lines) extracted from the 

images can be used for deformable registration. Crest lines are defined as joining points of zero 

maximal principle curvature. In brain imaging, Subsol et al. 60 first represented the gyri and sulci 

of different volunteers with the crest lines, then registered them to construct the brain atlas. 

Curve features were also used in the multimodality registration, where the anatomies revealed 

similar geometric features in both imaging modality. Maintz 61 registered CT and MRI images of 

human head using ridge extraction. Other image registrations using ridge features 62-64 were also 

proposed.  

2.1.2 Intensity Based Measures 

Comparing with the feature based measures, intensity based measures do not require 

feature extraction; instead, they utilize mathematical or statistical criteria to match the images. 

Based on types of image modalities, intensity based similarity measures can be grouped into two 

categories: 1) measures for mono-modality and 2) measures for multi-modality.  

2.1.2.1 Measures for mono-modality 

The assumption of mono-modality measures is that the pixel intensity of images does not 

change during the deformation, or intensity change is linear. An example of the former is sum of 

squared distance (SSD) or sum of squared error (SSE), an example of the later is correlation 

coefficient (CC). SSD and CC can be written in Equation (2.1) and (2.2), respectively. 
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where 1I and 2I are the mean pixel intensity of image I1 and image I2, image I1 and image I2 have 

N pixels. The first application of SSD was reported by Horn and Schunck 65 for solving an 

energy function incorporating optical flow and linear differentiable regularization.  Lu et al. 31 

and Fisher et al. 32 proposed using SSD as a similarity measure in their energy functions and 

applied different numerical schemes to obtain the deformation field. In Christensen and 

Johnson’s work  66, SSD was utilized to measure the deformation in the brain MRI images.  

2.1.2.2 Measures for multi-modality 

For multi-modality images, directly comparing pixel intensity is limited because same 

object may have different pixel intensities from different modalities. For example, the bony 

anatomies have high pixel intensities in CT images; however, they have low pixel intensities in 

MRI images. One approach to measure the similarity for multi-modal images is to find a function 

f that after applying the function, the intensity between I1 and I2 are similar, that is, 1 2( )I f I≈ .  

An example of these measures is correlation ratio η(I1|I2) 67 
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( | ) 1
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I I
Var I

η
−

= −   (2.3) 

where 1( )Var I is the variance of 1I , 1 2( | )E I I is the conditional expectation, [ ]1 1 2( | )Var I E I I−  

measures the degree of 1I  that is functionally independent of 2I . η  is in the range between 0 and 

1, η =0 indicates that 1I  and 2I  are functional independence; η =1 indicates 1I  and 2I  are 
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functional dependence. Two images are considered to have more functional dependence if their 

similarity increases. 

Another approach for similarity measures is to analyze probability relationship between 

images, such as mutual information (MI). Basically, MI indicates how well one image can 

represent another. MI is defined as  

1 2 1 2 1 2( , ) ( ) ( ) ( , )MI I I H I H I H I I= + −  (2.4) 

where 1( )H I  and 2( )H I are the Shannon entropy of image I1 and I2, 1 2( , )H I I is joint entropy of 

image I1 and I2. Applications of using mutual information in multi-modality DIR were reported 

in cardiology using 3D ultrasound 68, brain 69,  and liver 70.  

2.1.3 Hybrid Measures 

The intensity based similarity measures utilizes the intensity information to match the 

images without segmenting the image features, in contrast, the feature based registration matches 

the images based on the features that usually sparsely distributed in the image. To achieve more 

robust and accurate measures, hybrid measures combine both intensity based measures and 

feature based measures together.  Christensen et al. 71 proposed a two-step method to recover the 

large organ deformation due to the intracavitary applicators. Firstly, a landmark based fluid 

registration was applied to obtain the initial deformation, and then volumetric viscous fluid 

registration utilized the initial deformation to compute the final deformation. The hybrid 

approach has the advantage of robustness from land-maker based algorithms and flexibility from 

intensity based methods. Pluim et al. 72 reported registration robustness improvement after 

combining mutual information and spatial gradient features. Hellier and Barillot 73 proposed a 

framework incorporating intensity based SSD similarity measures with cortical constraints for 

deformable inter-subject brain registration. The cortical constraints were expressed as the 
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extracted cortical sulci segmentation. Cachier et al. 74 proposed an iconic feature based 

registration incorporating intensity based similarity measures with geometric distance.  

2.2 Review of Transformation Models 

Transformation models determine how to deform one image to match another image. 

Transformation models can be classified by different criteria, such as the effective range of the 

transformation 34.  Here we will classify them by the types of the transformations, which include 

1) affine/polynomial models, 2) smooth basis function models, 3) biomechanical models, 4) 

optical flow models, and 5) regularization on dense field models. Affine and polynomial models, 

smooth basis function models require control points and they act like interpolation function to 

find the displacement of non-grid locations given the displacement on the grids. For others 

transformations, such as biomechanical models, optical flow models, and regularization on dense 

field models, control points are not required.  

2.2.1 Affine and Polynomial Models 

The affine transform deals with linear transformations, i.e., rotation, translation, shearing, 

and scaling. It preserves the collinearity, i.e., parallel lines are parallel after transformation.  

Affine transformation can be expressed as 

( )T x Ax b= +   (2.5) 

where A is the transformation matrix, b is the translation vector, x and T(x) are the input and 

output vector, respectively. In 2D space, 
cos      sin

sin    cos
A

θ θ
θ θ

 
=  − 

. It is, however, difficult to 

represent a non-linear deformation using only one single affine transformation.  Collins et al. 75 

proposed combining a group of local affine transformations to compute the brain deformation. 

Transformations can also be represented by polynomial functions 76, which are defined as  
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2
0 1 2( ) ... n

nT x a a x a x a x= + + + +   (2.6) 

where a0, a1, a2, and an are the polynomial coefficients, n is the degree of the polynomial 

function. One drawback of polynomial model is that oscillations tend to appear for high-order 

polynomial and local deformation is difficult to represent 40.  

2.2.2 Smooth Basis Function Models 

The summation of smooth basis functions, such as thin-plate spline 77 and B-spline, is 

another approach to model transformations. The name thin-plate spline refers to the physical 

analogy of bending a thin sheet metal. Thin-plate spline is defined as 
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where 2 2 2 2( ) ( )i i ir x x y y d= − + − + , (xi, yi) is a control point in thin-plate spline. From physics 

point of view, Equation (2.7) describes a plate of infinite surface deformation under the loads 

centered at (xi, yi), where the deflation is Ti. The distribution of the load is specified by d2. The 

load becomes a point load when d2 approaches zero. Equation (2.7) contains N+3 unknowns (A1, 

A2, A3, and Fi (i=1, … , N)). N equations can be obtained by substituting point (xi, yi) and 

deflation Ti into Equation (2.7), the rest three equations can be obtained using 
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Equation (2.8) assumes the plate under the loads will not move, and remain stationary. Both 

Equation (2.9) and (2.10) indicate the moments along x and y axis are zero, that is, no rotation is 

allowed for the plates. Thin-plate spline was first applied in image registration of remote sensing 
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images by Geshtasby 78, thin-plate spline was also used for MRI/MRSI mapping 79, inverse 

consistent registration 80, and analyzing shape variation in schizophrenia 81.  Similar to thin-plate 

spline, multiquadric function is another type of basis functions, it is defined as 

1 2 3
4

( , ) ( , )
N

i i
i

T x y F F x F y F R x y
=

= + + + ∑   (2.11) 

where 2 2 2( , ) ( ) ( )i i iR x y x x y y d= − + − + , (xi, yi) is the control point, d has the same meaning 

as in Equation (2.7). Equation (2.11) contains N unknowns, which are determined by substituting 

point (xi, yi) and deflation Ti into Equation (2.11). Both thin-plate spline and multiquadric models 

were found to be suitable when the number of control points was not large and the distance 

variation between the control points was small 82. The main disadvantage of thin-plate spline and 

multiquadric models is that each control point has a global influence of the transformation, any 

change of one control point will affect the transformation and these global effects of control 

points make it difficult to model complex and local deformation.  

Rather using thin-plate spline models, some researchers used B-spline models by adjusting 

the locations of control points. Using B-spline models83, the deformation field can be described 

as  

3 3 3
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where , ,i j kφ is the control point in a control points mesh with the size of nx× ny× nz  and uniform 

spacing δ, [ / ] 1, [ / ] 1, [ / ] 1,x y zi x n j y n k z n= − = − = − / [ / ],x xu x n x n= −  / [ / ],y yv y n y n= −  

/ [ / ]z zw z n z n= − , Bl represents the lth B-spline basis function 
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The advantage of B-spline models is that they are locally controlled, changes of control point 

locations only affect the transformation of the neighborhood of the control points, which make 

B-spline computationally efficient 83. However, the disadvantages of traditional B-spline 

registration are 1) certain measures have to be utilized to prevent folding of the deformation field 

43; 2) the challenge of determining optimal numbers of control points 84, few control points leads 

to coarse match and large number of control points may lead to local oscillations.  Application of 

B-spline models included measuring liver motion 27, PET-CT image fusion 85, 

cardiac modeling 86, 87, and breast deformation 83.  

2.2.3 Biomechanical Models 

Biomechanical models use physical properties of organs and its boundary conditions to 

compute deformations and motions, such as brain shift 88, 89, brain tumor deformation 90, breast 

deformation 91, 92, heart motion 93, and liver motion 26, 94. It is based on the Finite Element 

Method (FEM). The FEM is a classical engineering analysis technique that produces solutions to 

partial differential equations (PDEs) describing complex spatially distributed systems and 

processes. It has been widely used in structural and continuum mechanics. In essence, the FEM 

strategy divides the domain of interest (e.g. liver) into an interconnected set of sub-regions or 

elements by tetrahedral mesh. Discrete approximations to the PDEs that govern the physical 

processes to be simulated (e.g. consolidation theory) are developed on each element which can 

possess its own local properties, allowing complex geometries and tissue heterogeneities to be 

represented through a simple building-block structure. Given sufficient resolution of the 
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geometry of interest, FEM methods produce highly accurate solutions to complex equations 

under realistic conditions.  

In order to simulate organ deformation, some FEM parameters should be considered: 

1) Boundary condition. The accuracy of the finite element model depends on the accuracy 

of the boundary condition. Zhang et al. 95 reported applying contact-impact analysis on the 

boundary of the lung surface between inhale and exhale breathing phases to improve the 

accuracy. 

 2) Material property. The physical properties of each organ should be specified, such as 

Young’s modulus and Poisson’s ration. However those physical properties usually vary between 

patients. Chi et al. 96 investigated the registration accuracy with respect to the change of the 

physical properties for rectum wall, bladder wall, and prostate.  

2.2.4 Optical Flow Models 

The optical flow was introduced by Horn and Schunck 65 to estimate the motion between 

frames in an image sequence. The fundamental assumption is that the brightness of the images is 

preserved, that is, the pixel intensity of the same object does not change within two image 

frames. Given two images ( , , , )I x y z t and ( , , , )I x x y y z z t tδ δ δ δ+ + + + , the optical flow velocity 

u can be described as 

( , , , ) ( , , , )I x y z t I x x y y z z t tδ δ δ δ= + + + +   (2.14) 

Equation (2.14) can be rewritten as 

( , , , ) 0 0I x y z t I dx I dy I dz I
t x dt y dt z dt t

∂ ∂ ∂ ∂ ∂
= ⇒ + + + =
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  (2.15) 

Equation (2.15) can be simplified as 
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t

∂
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∂
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where [ / , / , / ]u dx dt dy dt dz dt= . Equation (2.16) is under constrained and many smoothing 

constraints were proposed to address this problem. Thiron 30 proposed an iterative method to 

constrain the flow velocity u. At each iteration, the flow velocity u was firstly computed without 

constraints, and then the Gaussian filter was applied to convolve u to enforce the smoothness. 

Carefully choosing the smoothing parameters, such as the standard deviation and the width of the 

Gaussian filter, is important to obtain good registration results.  Horn and Schunck 65 proposed a 

constraint by minimizing the square of the magnitude of the gradient of the optical flow velocity 

u. Hellier et al. 97 used robust estimators as a constrain to preserve the natural discontinuity of the 

deformation field, which usually appear on the structure boundary.  

2.2.5 Regularization on Dense Field Models 

DIR was also formulated as an optimization problem. The cost function (also called energy 

function) E usually contains similarity measure (Esim) and regularization (Ereg). Similarity 

measure describes how similar source image S(x) and target image T(x) is, regularization is to 

constrain the deformation field. The goal is to find the optimal deformation field u to minimize 

the energy function E(u), 

( ) ( ) ( )

arg min ( )
sim regE u E u E u

u E u
λ= +

=
  (2.17) 

where λ is the weighting factor for balancing the similarity term and regularization term. Here 

smaller value of similarity term indicates better matching. For certain similarity measures, such 

as cross correlation, where larger value indicates better matching, the similarity term in Equation 

(2.17) can be represented by the negative of the similarity measures. Equation (2.17) can be 

explained in a Bayesian framework 46, 98: the similarity measures term acts like a likelihood term 

expressing the probabilities of matching between the source image and target image; the 

regularization term acts like a prior expressing the prior knowledge of the deformation fields.  
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Another way to understand Equation (2.17) is to consider the similarity term as a driving force to 

maximizing the similarity between two images, to consider regularization term as a penalty 

function to constrain the transformation.  

  Both feature based similarity measures and intensity based similarity measures can be 

applied as similarity term, readers can refer to Chapter 2.1 for the detail discussion of the 

possible forms of the similarity measures.  For regularization term, the common one is the linear 

differential regularization, where large variation in deformation field is significantly penalized. 

2( )regE u u= ∇   (2.18) 

Another group of regularizations is based on physical models. Linear elastic regularization 66, 99 

assumes the deformation is governed by the Navier equation in elasticity theory and deformed in 

an isotropic and homogeneous elastic entity, it can be written as 

 2( ) ( ) ( )regE u u uµ λ µ= ∇ + + ∇ ∇ ⋅   (2.19) 

where 2∇ is the Laplacian operator, ∇ is the Nabla operator, u∇ ⋅  is the divergence of u, λ  is the 

Lame constants, µ  is the elastic material property. The elastic regularization assumes small 

deformation. To handle large deformation, viscous fluid regularization 100-102 was introduction. 

Viscous fluid regularization constrains the deformation as the flow of the viscous fluid; it can be 

efficiently expressed as 

2 ( ) ( )v v
uv v u
t

µ λ µ∇ + + ∇ ∇ ⋅
∂

= + ⋅∇
∂

  (2.20) 

where v is the velocity of the deformation. Because viscous fluid regularization allows large 

deformation, the deformation field is needed to be checked to avoid folding. Other 

regularizations include bi-harmonic 103 model and membrane 104 model.   
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2.3 Review of Optimization Strategies 

After constructing a cost function, the next step is to obtain the transformation parameters 

using optimization. This problem can be stated as: given a cost function f and the unknown 

parameters, find the optimal set of parameters that maximize or minimize the cost function. 

Generally whether maximizing or minimizing the cost function is trivia because maximizing f 

equals to minimizing –f and vice versa. Many registration algorithms are suitable using existing 

optimization strategies, such as Powell’s method, steepest gradient descent method, conjugate 

gradient method, and downhill simplex method. A review of optimization algorithms can be 

found in the classic book by Press105. We consider the case for steepest descent optimization 

algorithms. Let u the deformation field to be optimized,  f(u) is the energy function , ( )f u∇ is the 

first derivatives of the energy function, an optimized u can be computed using the steepest 

descent optimization algorithm 

( )u f u
t

∆
= −∇

∆
  (2.21) 

where u∆ is the increment of the deformation field, t∆ is the step size. Equation (2.21) shows 

that the optimal direction is always the direction of the local downhill gradient ( ( )f u−∇ ). 

One of the difficulties with optimization algorithms in DIR is that the optimized 

transformation parameters that results in a good images may not be physically meaningful 43. A 

common example is the change of the topology, such as tearing or folding of the deformation 

field. In reality, both tearing and folding do not occur in the evolution of anatomical structures. 

However, tearing may result in optimized transformation parameters that make two images more 

similar to each other, i.e., having lower cost function value, even though the resulting 

transformation is not physically valid. Therefore, relying on the cost function itself might not be 

sufficient to achieve good optimization parameters. Care must be taken to make sure the 
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resulting transformation parameters are physically feasible. For example, a common method to 

check the preservation of topology is to compute the determinant of the Jacobian matrix of the 

deformation field. Positive determinant indicates the topology is preserved. 

Another challenge optimizers facing is “local minima”, where the optimizer is converged 

to the local minimum and the optimized parameters do not reflect the global minima. For 

example, in Figure 2-2, we consider optimizing a parameter with the cost function in blue, X axis 

is the parameter space. The point A is the ideal global minimum the optimization algorithm 

should find, however, it is very common for optimization algorithms to converge in the local 

minima, i.e., point B or point C in Figure 2-2. One of the approaches of avoiding the local 

minima is to construct an alternative convex cost function, such as the red curve in Figure 2-2. 

Unfortunately, parameters space of cost function cannot always be easily constructed as a convex 

function, especially for deformation image registrations that contain possibly thousands of 

parameters. Multi-resolution is another widely used approach to reduce the possibility of 

trapping in the local minima, however, its convergence to the global minima is not guaranteed.  

2.4 Review of Inverse Consistent Registration 

The goal of image registration is to find the correspondence between two images, which 

are called source image S and target image T. Here source image S is deformed to match target 

image T. The correspondence between two images are often assumed to be one-to-one, 

indicating each point in template image T is only mapped to one point in source image S . 

Inverse consistency is defined as the correspondence between two images is invariant when 

switching the order of the target image and source image, for example, as shown in Figure 2-3, 

point A in image S is mapped to point B in image T when deforming image S to image T; for 

inverse consistent registration, after switching order of T and S, point B in image T should still be 

mapped to point A in image S, i.e., point A’ and point A are at the same location. Let us define 



 

40 

the forward transformation h(x) the transformation from source image S to target image T, and 

the backward transformation g(x) the transformation from target image T to source image S, 

mathematically an inverse consistent transformation can be expressed by  

( ( ))h g x I=  or ( ( ))g h x I=  (2.22) 

where h(x) = x + u(x), g(x) = x + v(x), u(x) and v(x) are the forward and the backward 

deformation field, respectively. Nielsen and Markussen 106 argued that inverse consistency was 

one of the most important properties of deformation fields. It should be noted that the concept of 

inverse consistency is different than the concept of the inverse of deformation field. For inverse 

consistency, both forward and backward transformations are involved. For inverse of the 

deformation field, only one transformation, such as forward transformation or backward 

transformation, is required.  

Because some inverse consistency methods require computing the inverse of the 

deformation field, let us first give a brief review of how to compute inverse. Figure 2-4 illustrates 

the problem of computing inverse of the deformation field. One of the common 

misunderstandings of computing inverse is to simply add a negative sign to the forward 

transformation, i.e., DA


is the inverse of AB


 in Figure 2-4, this method might lead to the wrong 

inverse because the true inverse vector is CA


, not DA


.  Methods of computing the inverse of the 

deformation field had been reported 66, 107-109. Christensen and Johnson 66 proposed an iterative 

scheme to calculate inverse deformation field based on grid search, a good initial guess of the 

inverse was desired for fast convergence. Cachier and Rey 108 computed the inverse using the 

Newton scheme. Ashburner 109 reported a method based on the concept of tetrahedral mesh and 

affine transformation inversion, where the deformation field was decomposed into local affine 

transforms and the inverse deformation field was computed by combining the inversion of local 
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affine transformation. Chen et al. 107 reported an iterative inverse computation approach based on 

the fixed-point theory to achieve fast convergence. The Insight Registration and Segmentation 

Toolkit 110 included an inverse deformation field computation approach using a look-up table 

based scatter data interpolation, however, unlike iterative approaches,  look-up table based 

approaches requires large memory and long computation time.  

The unidirectional DIR algorithms have the difficulty of maintaining the inverse 

consistency because of the lack of matching criteria to uniquely define the one-to-one 

correspondence between the images 66. Cachier et al. 108 suggested the asymmetry ( inverse 

inconsistency) of unidirectional registration was due to 1) order non-preservation of the energies. 

For two forward transformation h1 and h2 , where energy function E(h1) > E(h2), their inverse 

energy g1 and g2 might not follow E(g1) > E(g2), 2) non-stable transformation space, 3) local 

minima. The optimization might reach different local minima of the energy when the target 

image and the source image were switched.   

There are a number of works on developing inverse consistent DIR. One category of 

inverse consistent methods is to minimizing coupled symmetric energy functions involving 

forward and backward transformation, each of them consists of a similarity term, a regularization 

term, and an inverse consistency term. Christensen and Johnson 66 was among the first ones to 

introduce the inverse consistent image registration by jointly estimating the forward and 

backward transformation using the symmetric energy function. The proposed energy function 

was given as 
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where T and S are the target and the source image,  h and g are the forward transformation and 

the backward transformation, u and w are the forward and the backward displacement field, ( )u x  

and ( )w x are the inverse of the forward and the inverse of the backward displacement field, σ, ρ, 

and χ are the weighting factors, L is the linear elastic regularization operator 

2( ) ( ) ( ( )) ( )Lu x u x u x u xα β γ= − ∇ − ∇ ∇ ⋅ + , where [ ]1 2 3/ , / , /x x x∇ = ∂ ∂ ∂ ∂ ∂ ∂  and 

2 2 2 2 2
1 2 3/ , / , /x x x ∇ = ∂ ∂ ∂ ∂ ∂ ∂  . To solve Equation (2.23), 3D Fourier series representation was 

used to parameterize the forward and backward displacement field. The displacement field has 

the form 
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where 1 1 2 2 3 3, [ ]  2 2 2x N k k x k x k xθ π π π< > = + + , [ ]kµ  and [ ]kη  are (3x1) complex-valued 

vectors. After Fourier parameterization, the problem of computing u(x) and w(x) is equivalent to 

finding their corresponding [ ]kµ  and [ ]kη . The advantage of using Fourier parameterization is 

that the number of the parameters could be reduced. This model gave considerably good result 

with carefully chosen parameters. The limitation of this model is that the inverse deformation 

field is required to be explicitly computed at each iteration, which may introduce cumulative 

numerical error and result in long computation time. Similar inverse consistent regularization 

was also applied to consistent B-spline registration 111, consistent landmark and intensity based 
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registration using thin-plate spline 80, 112, and local large deformation 113. To improve the 

computational efficiency, Christensen et al. 114 reported consistent registration on the object of 

interest, incorporating information of both boundary and the intensity inside the object, rather 

than the entire image. Yeung and Shi 115, 116 proposed an inverse consistent approach considering 

stochastic uncertainty  

1

1

( ) ( )h g

h

g

h g I r

h g

g h

γ γ
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−

−

+ + = +

= −

= −
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where hγ  and  gγ  are stochastic error for forward transformation h and backward transformation 

g, r is the error due to the imperfectness of the inverse consistency. A generalized total least 

square approach was adopted to solve the stochastic problem.  

  Zhang et al.69 presented a consistent multi-modality deformable by estimating the forward 

transform h and backward transform g in a variational framework. The consistent energy 

function was expressed as 
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where Ef and Eb are the forward and backward registration energy. Sim(S(h), T) and Sim(T(g), S) 

are mutual information. φ(D(h(x))) and φ(D(g(x))) are the regularization term, 

2( ( ))g h Id x dx
Ω

−∫   and 2( ( ))h g Id x dx
Ω

−∫  are the inverse consistency residue, which are 

minimized when forward transformation g and backward transformation h are inverse to each 

other. Alvarez et al. 117 proposed a symmetrical energy function to estimate optical flow with 
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occlusion detection. His model replaced the similarity term and regularization term in Equation 

(2.26) with  

2
2
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where ( )h∇  is the Jacobian matrix of h(x), ( ( ))D T x∇  is a projection matrix in perpendicular 

direction to ( )T x∇ . The idea of applying Equation (2.27) is to prevent the displacement field 

being smoothed across the object boundary.  

Leow et al. 118 proposed an consistent unidirectional approach by implicitly including 

inverse consistency constraint to directly solve the following energy 

1 2
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The forward and backward transformation can be numerical updated as 

1 1
1 2 1 2( ),   ( )n n n nh h g gε η η ε ξ ξ+ += + + = + +  (2.29) 

where ε  is a small number, η1 and ξ1 are vector field representing gradient descent direction of 

E1 in the forward and backward direction accordingly, η2 and ξ2  are similarly defined for E2.  η1 

and ξ2 can be computed by 

1 1
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 η2 and ξ1 can be determined from the inverse consistency relationship between hn+1 and gn+1  

1 1

1 2 1 2( ( )) ( ( ))

n n

n n

h g id

h g idε η η ε ξ ξ

+ + =

+ + + + =





 (2.31) 

Taking Taylor’s expansion of Equation (2.31) and collecting up to the first order term, one gets 
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[ ]1 2 1 2( ) ( ) ( )D h h hη η ξ ξ+ = − +  (2.32) 

where D is the Jacobian operator, it is expressed as  
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where x1,…, xn are the directions of the deformation vectors,  f1,…, fn are the component of the 

deformation field in each direction. Using Equation (2.32), η2 and ξ1 can be determined by 

2 2

1 1

( ) ( )
( ) ( )

D h h
D g g

η ξ
ξ η

= −
= −

 (2.33) 

Therefore, the update scheme of hn+1 can be obtained by Equation (2.29) , Equation (2.30) , and 

Equation (2.33). More important, hn+1 can be updated using only previous forward 

transformation hn  without computing the backward transformation g and inverse field g-1. 

However, one disadvantage of this model is that the truncation error in deriving Equation (2.32) 

using Taylor expansion may not be small and may be accumulated during the iterations.  

Cachier et al. 108 investigated the asymmetric results of uni-directional registrations and 

proposed an inversion-invariant energy to symmetrize the asymmetric energy function. In their 

method, the energy function (Equation (2.34)) consisted of symmetric similarity term and 

symmetric regularization term. Equation (2.34) could be solved using two approaches: 1) 

alternatively solving both forward and backward mapping using either finite element 

implementation or finite difference implementation. 2) Using finite element implementation to 

solve Equation (2.35), only involved computing forward mapping by approximating backward 

transformation using forward transformation 
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Inverse consistency can also be achieved in the context of large deformation diffeomorphic 

flow based registration. By definition, a diffeomorphic transformation is a mapping with the 

properties of one-to-one, onto, and continuously differentiable.  Avants et al. 119 presented a 

inverse consistent approach by dividing the transformation into two parts, forward 

transformation 0,th  and backward transformation 1,1 tg − . Assume their exits an intermedian image 

I(x) that is within the geodesic path of connecting source image S(x) and target image T(x),  0,th  

is the transformation from S(x) to I(x) at time t and 1,1 tg −  is the transformation from T(x) to I(x) 

at time t. The cost function is given by 
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where h
tv  and g

tv  are flow satisfying 0,t h
t

dh
v

dt
=  and 1,t g

t
dg

v
dt

= . Equation (2.36) can be explained 

as deforming both S(x) and T(x) toward the “mean” image at time t=0.5 to obtain a solution by 

minimization with respect to 0,th  and 1,1 tg − . The complete forward transformation hφ and 

backward transformation gφ  can be expressed by 

-1 1
0, 1,1 1,1 0,   and h t t g t th g g hφ φ −

− −= =   (2.37) 
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Equation (2.37) indicates the transformation is inverse consistent because h g idφ φ =  and 

g h idφ φ = . Similar approaches were also proposed by Beg and Khan 120, Joshi et al. 121, and 

Yang et al. 122.  
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Transformation 
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Figure 2-1. Deformable image registration algorithms consist of three components: similarity 
measures, transformation models, and optimization strategies.  

 

 

 

Figure 2-2. 1D parameter space illustrating the local minima (point B and point C on the blue 
curve) and the global minima (point A). X axis is the parameter space; Y axis is the 
value of the cost function, showing in blue curve. The goal of the optimization 
algorithm is to find the parameters corresponding to the global minima and avoid 
local minima. The dotted red curve demonstrating the ideal convex parameter space, 
which optimization algorithm will always converge to the global minima. 
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Figure 2-3. The forward transformation h(x) matches the point A in the source image S(x) to the 
point B in the target image T(x), the backward transformation g(x) matches the point 
B in the target image T(x) to the point A’ in the source image S(x). Ideally the choice 
of registration direction (i.e., forward transformation or backward transformation) 
should not affect the correspondence, i.e., A and A’ are at the same point. However, 
this is usually not hold for unidirectional registration algorithms.  

h (x) 

g (x) 
S(x) 

T(x) 
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B 

A’ 
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Figure 2-4. Computation of the inverse deformation field. The forward transformation h(x) at 
point A determines the motion vector of point A, i.e, from point A to point B. 
Assuming  h(x) is known, to compute inverse transformation h-1(x) at point A is to 
find the point C, which moves to point A by the motion vector. Point D is the point 
determined by simply adding a negative sign to the forward motion vector AB



. Point 
C and point D are not always the same. 
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CHAPTER 3 
VALIDATIONS OF DEFORMABLE IMAGE REGISTRATION 

Validation of DIR refers to demonstrating a registration algorithm applied to representative 

data in a given application consistently succeeds within the acceptable range (e.g., maximum or 

mean error) for the application 43. In DIR, validation can be challenge because ground truth, also 

called gold standard, is not generally available. The general validation approaches applied in the 

rigid registration validation, such as landmarks registration errors, is not enough for validating 

the points further away from the landmarks. Jannin et al. 123 suggested registration validation 

may include the following criteria: 1) accuracy; 2) precision; 3) robustness; 4) consistency or 

closed loop. In this chapter, we will discuss registration validation from the view of accuracy, 

robustness, and consistency. Unlike human studies, precision is not a big validation issue in 

image registration because most algorithm hardly contain random components and will produce 

consistent result once  the image data and registration parameters are determined. It has to be 

noted that validation through precision, robustness, and consistency do not require the existence 

of gold standards. 

3.1 Accuracy 

Accuracy is the degree to which a measurement is true or correct. Deformable registration 

requires high accuracy to represent the actual deformation for its clinic applications. The most 

straight forward accuracy measurements is to compute the difference between the measured 

values with the true values, however, as mentioned before, it is very difficult to obtain the 

ground truth from the deformation in the real world application. A trade-off is to simulate the 

deformation by either mathematical simulation or physical phantom study. For patient images, 

validation metrics and its corresponding mathematical or statistical tools had been studied for the 

validation purpose.  
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3.1.1 Physical Phantoms 

Kashani et al. 124 investigated the feasibility of using a simple deformable phantom to 

validate deformable registration algorithms. The phantom consisted of a diagnostic thoracic 

imaging phantom with a deformable foam insert, where small plastic markers were distributed. 

The foam was deformed by a one-dimension drive stage in SI direction to simulate the exhale 

and the inhale respiratory state. The markers were served as ground truth and were digitally 

removed before the registration. The maximum errors of markers’ position were reported 

between 7.5 mm and 9 mm for three registration algorithms, which were thin-plate splines, B-

splines, and affine DIR algorithms.  Another deformable lung phantom was proposed by Serban 

et al. 125. The phantom consisted of a piston driving mechanism and a Lucite cylinder filled with 

water and a latex balloon stuffed with dampened natural sponges, where the sponges represented 

lung tissues, nylon wires and Lucite bead represented vascular and bronchial bifurcations. Lu et 

al. 31 reported a gel-balloon deformable phantom, where the deformation was simulated by 

inserting or removal heavy oil to inflate or deflate the balloon.  

Parker and Gilland 126 evaluated the myocardial wall motion for gated cardiac emission 

tomography using a modified commercial available, dynamic, physical phantom (Figure 3-1). It 

consisted of a water-filled torso containing two lungs, a Teflon spine, and a beating heart. The 

heart assembly was composed of a 50 mL latex membrane and a 100 mL cylindrical latex 

membrane. The myocardium motion was monitored by measuring the radioactivity injected into 

the volume between the two membranes. The computer controlled pump managed the beating 

motion while sending ECG signal to the SPECT for gating purpose. Ten point source markers 

were attached to the outer surface of the myocardium with approximate uniform spacing. Marker 

scan was first carried out to locate the markers position. In marker scan, each marker was 

injected approximately 3 mCi of  99mTc, after that, the phantom was scanned with three 
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consecutive 60 minutes gated SPECT using low energy-high resolution collimator. The markers 

were then allowed to decay to negligible level. The markers locations were computing using 

center of mass for SPECT images. To simulate the myocardium motion in the myocardium scan, 

high activity 99mTc (73 mCi) was injected into the myocardium compartment with a long SPECT 

scan time. The phantom was not moved during the marker scan and myocardium scan in order to 

ensure the physical correspondence between the markers and myocardium images. The 

myocardium phantom has the advantage of “automatic” marker removal by the marker scan and 

the consecutively scan to represent the myocardium motion, without the need to manually 

remove the markers from the image volume that might change the pixel intensity distribution in 

the images. 

The advantages of physical phantoms are that the motions of the markers represent the real 

physical motion in the phantom and the motion is physiologically consistent. The disadvantages 

of the physical phantoms are 1) the difficulty to design a phantom considering all the variability 

encountered in the clinical situations. All existing physical phantoms use simple materials, such 

as sponges, membrane, or gels, to represent their targeting organs, which can be different than 

the reality. 2) The validation using physical phantoms is not on voxel-by-voxel basis and overall 

accuracy could be limited by the number of markers available in the phantom. Physical 

phantoms have difficulty to estimate the registration errors beyond the markers locations. 

3.1.2 Digital Phantoms 

Digital phantom utilizes mathematical, statistical, or image processing methods to simulate 

the organ deformation. Gholipour et al. 127 presented a digital brain phantom to validate the 

registration between low resolution images of echo planar imaging (EPI)) and high resolution 

images of proton density image (PD). To simulate the artifacts and problems of EPI images, the 

digital phantom was constructed as followings: first, a high resolution PD images was down 
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sampled and the interested regions were segmented, then the effect of signal loss artifacts was 

added to the interested regions in down sampled PD images using the simplified signal fade 

model, after that both deterministic and random distortions were simulated using markers 

incorporating physical measured distortion and random number generator, finally a thin-plate 

spline interpolation was used to generate the deformation field. Because of the usage of thin-

plate spline interpolation, this digital brain phantom might be bias toward the thin-plate spline 

based DIR. 

Commonly used mathematical functions include harmonic functions 31, 107, sinusoidal 

function 30. Harmonic functions are defined as a twice continuously differentiable function f 

satisfying Laplace equation, i.e. 

2 0f∇ =  where 
2 2 2

2
2 2 2
1 2

...
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∂ ∂ ∂
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The following harmonic functions 31, 107 were applied to simulate the 2D motion: 
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where u(x) and u(y) are the simulated displacement field on x and y direction, respectively.  

 Compared to physical phantoms, deformation generated by digital phantoms allows 

evaluating deformation fields using voxel-by-voxel comparison, however, the disadvantage of 

mathematical functions is that 1) the generated deformation may be too simple and not reproduce 

the true anatomical deformations of the patients; 2) there might exist functional dependencies 

between the models for data simulation and the models for evaluation 123. To generate clinically 

realistic deformation field, Wang et al.22 applied the fiducial marker based thin-plate spline 

registration to register a pair of CT images and considered the registration result as the gold 
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standard for validating other registration methods. This approach is more clinically realistic than 

the simple mathematical deformation, however, the validation result may be more biased toward 

the thin-plate spline registration.  To reduce the bias of the deformation field generated from a 

particular deformation algorithm, Xue et al. 128 described a statistical approach to generate the 

deformation field from a number of training samples for inter-individual and intra-individual 

brain deformation. The idea was to estimate the probability density function (pdf) of the 

deformation fields from a limited number of training samples. In this approach, the global and 

local training deformation was statically analyzed using Wavelet-Packet transform, Jacobian 

matrix, and Markov random field. The simulated deformation can then be constructed by 

randomly sampling the statistical distribution in an unconstrained or a landmark-constrained 

fashion.  Biomechanical model was also used to generate simulated deformation field. Fahmi et 

al. 129 proposed to simulate 2D kidney deformation and 3D brain deformation using finite 

element method. The generated deformation field was considered as gold standard for validation 

purpose.  

Overall, the realism of the simulated deformation is difficult to prove and the simulated 

deformation may not take into account the true viability encountered in clinic situations.  

3.1.3 Validation Metrics 

The validation metrics refers to the mathematical or statistical methods to measure the 

outcome of the registration. Validation metrics can be based on pixel intensity distribution, 

volumetric criteria, and distance measures. 

1. Pixel intensity distribution, such as correlation coefficient (CC) 130, sum of squared error 
(SSE), mutual information. CC is defined as  

2 2
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( ) ( )

T T S S
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− −
=

− −

∑
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where T and S are the target and the source image respectively, T  and S  represent the mean 

intensity of the target image and the source image, respectively. Larger CC value indicates better 

similarity of two images. The perfect match between two images gives a CC value equals 1. CC 

measurement is limited to the same modality images and is not sensitive to the global intensity 

scale change. SSE is defined as 

2

1
( )

n

i i
i

SSE T S
=

= −∑  (3.3) 

where Ti and Si are the target and the source image, respectively. CC can be used in the cases 

where the pixel intensities in the images are linearly related, in contrast, SSE can only be used in 

the cases where the range of the pixel intensities is same.  

 Shannon introduced the ideas of mutual information in 1948. Mutual information 

measures how much information one random variable tells about anther random variable. In the 

field of image registration, it is a measure of how well one image matches with the other because 

mutual information is larger for more similar images and smaller for less similar images. The 

main advantage of using MI is that the actual form of the intensity dependency between the two 

images does not have to be specified. This makes MI well suited as a criterion of multi-modality 

registration. The mutual information I(A, B) can be expressed as 

( , ) ( ) ( ) ( , )I A B H A H B H A B= + −  (3.4) 

where H(A) and H(B) are the Shannon entropy of image A and B, H(A,B) is the joint entropy of 

image A and B. Moreover, the normalized mutual information (NMI) 

( ) ( )( , )
( , )

H A H BNMI A B
H A B

+
=  has been shown to be considerably more robust than mutual 

information.  
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2. Volumetric criteria, such as dice similarity index (DSI) 130, 131, average volume 132, 

intensity variance metric 131, determinant of Jacobian matrix 133. The Dice similarity index is the 

overlap ratio between the volume of interest in the deformed image and the gold standard, it can 

be written as 

2 c g

c g

V V
DSI

V V

× ∩
=

+
 (3.5) 

where Vc is the volume of interest of the deformed image, Vg is the gold standard. For a perfect 

match, DSI is equal to one, whereas two volumes non-overlap volumes lead to the DSI of zero. 

For a n-dimensional deformation fields Dn (x1, … , xn), the Jacobian matrix J can be 

expressed as  
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where x1,…, xn are the directions of the deformation vectors, for example, for 3D deformation 

fields, x1, x2, x3 correspond to the X, Y, and Z direction in Cartesian coordination system. The 

absolute value of the Jacobian determinant of the deformation field at a given point provides the 

information of volumetric change at the point. If the Jacobian determinant is less than one, the 

volume shrinks at the point. If the Jacobian determinant equals one, the volume at the point 

keeps constant. If the Jacobian determinant is large than one, the volume expands at the point. 

Jacobian determinant can also measure the orientation change in the deformation fields. The 

positive Jacobian determinant indicates the preservation of the orientation while the negative 

Jacobian determinant indicates the change of the orientation, such as folding. Tissue folding is 
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hardly observed during the normal organ deformation, thus, the Jacobian determinant provide a 

way to check whether the deformation is physically feasible. 

3. Distance measures 127, 132. The most straight forward distance measure is to compute the 

error between computed values and the gold standards. However, distance measures may not 

sufficient enough to characterize the deformation. Hellier et al. 132 reported using principal 

component analysis to characterize shape similarity.  

3.1.4 Visual Verification 

Visual verification is the most common validation technique and should be used as routine 

ongoing validation approach at every opportunity 134. Several approaches can be used to assist 

the visual verification, such as the difference image (the difference between the deformed source 

image and the target image), deformed mesh grid (applying deformation field to uniformly 

spaced grid to observe the deformation), quiver plot, and stream line (the deformation field is 

visualized as a stream of the fluid).  The reported limits of visual verification were 2 mm in 

translation, 2 degree for in-plane rotation, and 4 degree for cross-plane rotation.  

3.2 Robustness 

Robustness is defined as the performance change of a method in the presence of disruptive 

factors, such as intrinsic data variability, pathological change 123, in other word, small variations 

of the input should result small variations of the output 36. In DIR, robustness refers to the 

registration result should be insensitive to the noise level of the input images or the input 

parameters. The common input parameters of DIR are 1) image dataset; 2) registration 

parameters. Therefore, the robustness can be refereed to measure the variation of the result of the 

algorithm when the following conditions vary: 1) variation of the image quality, such as the 

image noise level; 2) variation of the registration parameters.  
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3.3 Consistency 

Consistency studies the effect of transformation composition in the DIR. For instance, let 

Ta,b denote the transformation from image a to image b, the consistency is to study the 

composition of n transformations from the identity, that is, whether  1,2 2,3 3,4 ,1... nT T T T      is 

close to identity. If n is equals to 2, then consistency validation changes to 1,2 2,1T T , which is the 

inverse consistency discussed in Chapter 2. More general group-wise consistency was studied by 

Geng et al. 135, 136. Consistency measures do not require the existence of gold standard. However, 

it cannot be considered as the only validation approach in a validation study because significant 

difference deformation fields may result in the same consistency.  
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(a) (b) 

 

Figure 3-1. SPECT images of the dynamic physical phantom. (a) The frame 3 of the gated 
SPECT images with the location of one marker illustrated in green circle; (b) The 
location of the marker in (a) in the frame 8 of the gated SPECT images. 

 

 

 



 

61 

CHAPTER 4 
A GENERALIZED INVERSE CONSISTENT CONSTRAINT FOR DEFORMABLE IMAGE 

REGISTRATION 

In Chapter 2, we reviewed inverse consistent registrations, where most studies were 

focused on how to generate symmetric cost functions to reduce the inverse inconsistency. Here 

instead of explicitly compositing the symmetric cost function, we derived an inverse consistent 

constraint (ICC) using the fixed-points theory. Our new approach does not require the explicit 

computation of the inverse of the deformation field that might introduce numerical errors and 

result in long computation time. Moreover, the ICC does not involve any approximations for the 

inverse mapping and the robustness is not necessarily restricted by the parameter selection. Our 

method extends the previous work by Chen et al.107 to the domain of inverse consistent 

registration. In Chen’s work, an iterative approach based on the fixed-point theory was used to 

only compute the inverse of the deformation field. The rest of the chapter will be organized as 

the followings: the ICC will be first introduced, then the ICC methodology will be applied to two 

popular registration algorithms in medical imaging: the Demons 30 algorithm and the fast 

diffusion registration (FDR) 32 algorithm. A variation model (FDR-SIGMA) based on the 

likelihood estimation will also be introduced to improve the registration accuracy, together with 

its inverse consistent model (I-FDR-SIGMA). After that, the performances of the resulting 

inverse consistent demons (I-Demons), the inverse consistent fast diffusion registration (I-FDR), 

and the I-FDR-SIGMA algorithm will be evaluated with their respective unconstrained 

counterparts using a simulated phantom, a myocardium physical phantom, and clinical images. 

Finally, the comparison of Christensen’s inverse consistent registration algorithm (CICR) 66 

(discussed in Chapter 2.4) will be presented. To the best of our knowledge, the comparison with 

CICR has not been carried out by others authors on the topic of inverse consistency.  
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4.1 The Inverse Consistent Constraint 

In mathematics, a fixed-point of a function f refers to a function mapping to itself, i.e., x is 

a fixed-point of f(x) if and only if f(x) = x. For example, x = 0 is a fixed-point of the function f(x) 

= x2 + x. To be an inverse consistent DIR (ICDIR), the transformation, which consists of the 

forward transformation h(x) followed by the backward transformation g(x), is an identical 

transformation. Similarly, the backward transformation g(x) followed by the forward 

transformation h(x) is also an identical transformation. This inverse consistent relation can be 

expressed as 

( ( ))

( ( ))

( ) ( )

( ) ( )

g h x x x

h g y y y

h x x u x

g y y v y

= ∈ Ω

= ∈ Ω

= +

= +







 (4.1) 

where ( )u x and ( )v x  are the displacement field of the forward transformation and backward 

transformation, respectively. Equation (4.1) indicates the location of any point in the source 

image should not change after the forward and the backward transformation, similar relationship 

applied to the point in the target image, where the location of a point should be invariable after 

the backward and the forward transformation.  Equation (4.1) can be further simplified as  

( ( ))
( ( ))

( ) ( ( )) ( ) ( ( ))

x g h x
g x u x
x u x v x u x u x v x u x

=
= +
= + + + ⇒ = − +

 (4.2) 

Similar formulation can be derived for v(y)  

( ) ( ( ))v y u y v y= − +  (4.3) 

We call the Equation (4.2) and the Equation (4.3) the inverse consistent constraints (ICC), which 

must be satisfied when a DIR algorithm is inverse consistent. In order to incorporate the ICC into 

DIR algorithm, the following numeric scheme is proposed 
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1. Initialize the forward and the backward displacement field 0iu =  and 0iv =  

2. Compute the forward displacement field 1iu +  

1 ( ( ), ( ), )i iu f T x S x u+ =  (4.4) 

3. Update the backward displacement field iv by the forward field 1iu + using ICC 

1( )i i iv u x v+= − +  (4.5) 

4. Compute the backward displacement field 1iv +  

1 1( ( ), ( ), )i iv f S x T x v+ −=
  (4.6) 

5. Update the forward displacement field 1iu +  by the backward field 1iv + using ICC 

1 1 1( )i i iu v x u+ + += − +  (4.7) 

6. Repeat step (2) through (5) until u and v converge. 

where iu and iv are the forward displacement field and the backward displacement field at 

iteration i, respectively. S(x) is the source image, T(x) is the target image, f and 1f −  are the 

iterative function to compute the forward and the backward transformation. In the next section, 

the ICC will be applied to construct the I-Demons, I-FDR, and I-FDR-Sigma algorithms. 

4.2 The Inverse Consistent Demons (I-Demons) Algorithm 

The first ICDIR was the I-Demons algorithm modeled by incorporating the ICC and the 

Demons algorithm.  In the following, the detailed description of Demons, bijectivity Demons (B-

Demons), and I-Demons will be provided.  

4.2.1 Demons Algorithm 

The Demons algorithm was proposed by Thirion 30 based on an analogy with 

thermodynamic concepts. The idea was to position the image entities called demons to move the 

image pixels by the local characteristics of the images in a similar way Maxwell did for solving 

thermodynamics equations. In the case of free-form deformation where all pixels with non-zero 
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gradient were selected as the demons, the displacement field ( )u x  (the mapping between the 

target image T(x) and the source image S(x)) was estimated by 

2 2
( ) ( ( ( )) ( )) ( )

|| ( ) || ( ( ( )) ( ))
u x S x u x T x T x

t T x S x u x T x
∂ + − ∇

=
∂ ∇ + + −

 (4.8) 

where ( ( ))S x u x+  is the deformed source image, and ∇ is the gradient operator. At each 

iteration, the computed displacement field ( )u x  was convoluted with a Gaussian smoothing 

kernel for deformation field regularization. The Demons algorithm was shown to outperform 

other methods in a careful evaluation of inter-subject brain registration 137 by the global and local 

measures. The global measures included average volume, overlap of grey and white matter 

tissues, consistency of the deformation field; the local measures included segmentation of 

cortical sulci, visualization of deformed sulci, and numerical evaluation. 

4.2.2 Bijectivity Demons (B-Demons) Algorithm 

To improve the inverse consistency of the deformation fields, Thiron 30 presented the 

bijectivity Demons (B-Demons) by first computing the forward transformation and the backward 

transformation using the Demons algorithm, then the residual transformations were calculated 

using the forward and the backward transformations, after that, adjusting the forward 

transformation and the backward transformation by subtracting half of the residual 

transformation to the forward transformation and adding the rest half to the backward 

transformation. On average, the inverse consistency residue could be reduced to less than one 

pixel. However, no detailed analysis was carried out, such as change in similarity measure with 

the iterations and computation time.  

4.2.3 I-Demons Algorithm 

Following the numerical scheme presented in the Chapter 4.1, the I-Demons algorithm can 

be modeled utilizing the ICC. The numeric scheme of the I-Demons can be expressed as: 



 

65 

1. Initialize the forward and the backward displacement field 0iu = and 0iv = . 
2. Compute the forward displacement fields 1iu + by Equation (4.8). 
3. Update the backward displacement field iv by Equation (4.5). 
4. Compute the backward displacement field 1iv + by switching T and S in Equation (4.8). 
5. Update the forward displacement field 1iu + by Equation (4.7) 
6. Repeat step (2) through (5) until u , v  converges. 

 
4.3 The Inverse Consistent Fast Diffusion Registration (I-FDR) Algorithm 

The second ICDIR model was the I-FDR algorithm constructed using the ICC and the 

FDR algorithm proposed by Fischer and Modersitzki 32. In the FDR algorithm, the problem of 

image registration was modeled as the problem of finding the optimal deformation field u , 

which minimizes the following energy equation E(u) 

( ( )) ( ( )) ( ( ))E u x D u x R u xλ= +  (4.9) 

21( ( )) ( ( ( )) ( ))
2

D u x S x u x T x d x
Ω

= + −∫  (4.10) 

2

1

1( ( )) || ( ) ||
2

d

j
j

R u x u x
=

= ∇∑  (4.11) 

where ( ( ))D u x  is the distance measure of the deformed image ( ( ))S x u x+  and the target image 

( )T x using the sum of the squared distance (SSD). The choice of D(u(x)) depends on the image 

modalities, for example, D(u(x)) can be in the form of mutual information for the multi-modality 

registration, d is the dimension of the displacement field u(x), d = 2 for 2D displacement fields 

and d = 3 for 3D displacement fields. R(u(x))  is the regularization term to avoid discontinuous or 

suboptimal deformation fields and it is designed to penalize the deformation oscillations and 

consequently leads to a smooth deformation field. λ is the weighting factor of the regularization 

term. Using calculus of variations 138, Equation (4.9) can be simplified as 

2 ( ) [ ( ( )) ( )] ( ( )) 0u x S x u x T x S x u xλ∇ − + − ∇ + =  (4.12) 
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By introduced the steady state solution ( , ) / 0u x t t∂ ∂ = , Equation (4.12) could be solved using 

time marching method 

2( , ) ( , ) [ ( ( , )) ( )] ( ( , ))u x t u x t S x u x t T x S x u x t
t

λ∂
= ∇ − + − ∇ +

∂
 (4.13) 

Equation (4.13) can be solved by two numeric schemes: the explicit scheme and the semi-

implicit scheme. In the explicit scheme, Equation (4.13) can be written as  

21( , ) ( , ) [ ( ( , )) ( )] ( ( , ))k
k k k

u x t u x t S x u x t T x S x u x t
t

λ+∂
= ∇ − + − ∇ +

∂
 (4.14) 

 
where u(x, tk) is the displacement field u at iteration k. Solving Equation (4.14) is straight-

forward. The limitation of the explicit scheme is that it is only stable for very small step sizes, 

which leads to poor efficiency 139. In the semi-implicit scheme, the limitation of the step size is 

reduced and the convergence is improved. The semi-implicit scheme can be written as  

21
1

( , ) ( , ) [ ( ( , )) ( )] ( ( , ))k
k k k

u x t u x t S x u x t T x S x u x t
t

λ+
+

∂
= ∇ − + − ∇ +

∂
 (4.15) 

 
Equation (4.15) is indeed an inhomogeneous heat equation and can be effectively solved by 

additive operator splitting (AOS) scheme 32, which achieves the accuracy of a conventional semi-

implicit scheme while maintaining a linear complexity with respect to the image size. The 

benefit of AOS scheme is to decouple the non tri-diagonal equations into the summation of the 

tri-diagonal equations, which can be effectively solved by Thomas algorithm 140. In the 

following, we will briefly describe how to use the AOS scheme to solve Equation (4.15).  

4.3.1 AOS scheme 

The AOS scheme was first introduced by Weickert 141 to improve the stability of the 

explicit scheme in the nonlinear diffusion filtering, which is only stable for small step sizes. 

Equation (4.15) can be written as 
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1
1

1

[ ( ( , )) ( )] ( ( , ))

dk k
k k

l j
l

k
j k k

V V AV F

F S x u x t T x S x u x t

τ

+
+

=

−
− =

= − + − ∇ +

∑  (4.16) 

where ( , )k
j kV u x t= is the displacement vector for a fixed point j, 1

1

d
k

l
l

AV +

=
∑ is the numeric 

scheme of computing 2
1( , )ku x tλ +∇ using finite difference. After rearranging Equation (4.16), we 

have 

1 1

1

( ) ( ), 0,1,...
d

k k k
l j

l

V I A V F kτ τ+ −

=

= − + =∑  (4.17) 

The Equation (4.17) is a linear system with n unknown. Matrix Al is tri-diagonal for each 

dimension, however the summation of Al is not tri-diagonal matrix and Equation (4.17) cannot be 

directly solved by the efficient tri-diagonal solver: Thomas algorithm 140. The idea of AOS is to 

replace the inverse of the summation of the matrix by the summation of the inverse. The AOS 

representation of Equation (4.17) can be expressed as 

1 1

1

1 ( ) ( ), 0,1,...
d

k k k
l j

l

V I d A V F k
d

τ τ+ −

=

= − + =∑  (4.18) 

Each component (l = 1, 2,…, d) in Equation (4.18) can be efficiently solved by the Thomas 

algorithm. 

To construct the I-FDR, similar update scheme described in Chapter 4.1 can be applied by 

replacing f and 1f −  with Equation (4.15).  

4.4 A Robust Variational Model for Inverse Consistency 

To achieve the optimal registration, the weighting factor λ of the energy function in 

Equation (4.9) is desirable to be adaptive during the iterations: smaller λ may produce unrealistic 

or discontinuous deformation field and larger λ may over smooth the deformation field and 

reduce the accuracy. Ideally it is desired to have large λ in the beginning of the registration when 
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the images are not well matched. With the progress of the iteration, the weighting factor λ needs 

to be gradually reduced as images are gradually aligned because large smoothness weighting 

factor may over smooth the deformation field and make it inaccurate. Moreover, both the 

Demons and FDR algorithms assume that the pixel intensity is preserved for the same object in 

image volumes. This assumption might not be true in reality, where pixel intensities may vary 

with the existence of image noise. 

In order to make λ adaptive during the registration and account for some pixel intensity 

variations, we proposed a novel registration model (FDR-Sigma) incorporating a likelihood 

function L(u, σ) to estimate the similarity. L(u, σ) is defined as  

2

2
( ( )) ( )

21( , ) ({ ( ( )) ( ), } | )
2

S x u x T x

x x
L u P S x u x T x x e σσ σ

πσ

+ −
−

∈Ω ∈Ω
= ∏ + − ∈Ω = ∏  (4.19) 

where nRΩ∈ (n = 2 or 3), the likelihood function L(u, σ) models the pixel intensities of the 

difference image, ( ) ( ( )) ( )D x S h x T x− , as independent and identically-distributed random 

variables from a Gaussian distribution with zero mean and standard deviation of σ, σ is an 

parameter needed to be optimized. The log likelihood function Llog(u, σ) can be written as  

2

log 2

( ( )) ( )
( , ) ln( ( , )) ln( 2 )

2x

S h x T x
L u L u dxσ σ πσ

σ∈Ω

−
= = − − Ω∫  (4.20) 

Applying maximum likelihood estimation (MLE) to Equation (4.20) and incorporating the 

regularization term as shown in Equation (4.11), the proposed model is to find both the 

optimized u(x) and standard deviation σ to minimize the following energy function  

2
2

2

( ( )) ( )
( , ) ln( 2 ) ( )

22x x

S x u x T x
E u dx u x dxλσ πσ

σ∈Ω ∈Ω

+ −
= + Ω + ∇∫ ∫  (4.21) 
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Equation (4.21) can be solved using calculus of variations and time marching method, u(x) and σ 

can be computed iteratively using the following equations 

2
2

( ( ( )) ( )) ( ( ))( )
2

u S x u x T x S x u xu x
t

λ
σ

∂ + − ∇ +
= ∇ −

∂  (4.22) 

22 1 ( ( )) ( )
x

S x u x T x dxσ
∈Ω

= + −
Ω ∫  (4.23) 

The numerical scheme can be expressed in the following: first, ( )u x is initialized to zero and σ  is 

computed using Equation (4.23), then, the updated σ  is applied to update ( )u x by Equation 

(4.22).  Both ( )u x  and σ can be solved iteratively by applying Equation (4.22) and Equation 

(4.23). In the FDR-Sigma, σ is directly related to the difference image D(x), i.e., σ is small while 

two images are well aligned; σ is large while two images have large mismatch. This is a desirable 

characteristic because small σ leads to the reduced effect of the smoothing weighting factor λ for 

well aligned images and large σ leads to the increased effect of the smoothing weighting factor λ 

for misaligned images. Because of this adaptive mechanism, this MLE based approach could 

improve the algorithm convergence and reduce the sensitivity to the choice of weighting factor λ. 

The assumption of Gaussian distribution of the likelihood estimation makes it possible to allow 

some variations of pixel intensities in matching corresponding pixels.  

Applying the ICC, the inverse consistent FDR-Sigma (I-FDR-Sigma) can then be 

constructed using methodology described in Chapter 4.1.  

4.5 Algorithm Evaluations 

4.5.1 Image Data for Evaluation 

Three groups of image datasets were used for the algorithm evaluation:  

1. Simulated phantom images 
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The simulated phantom images were synthesized using the mathematically simulated 

deformation described in Equation (3.1). The parameters of the simulated deformation field were 

m = 4, b = 0.15. The source image was the representative 2D CT image of a prostate cancer 

patient. The source image (Figure 4-1 (a)) was cropped from the original CT image to exclude 

the patient couch and background, the size of the source image is 220 x 360 pixels. The target 

image (Figure 4-1 (b)) was generated by directly applying the simulated deformation field to the 

source image. The simulated deformation field is served as the gold standard for algorithm 

evaluation.  

2. Myocardium phantom images  

The images of myocardium phantom discussed in the Chapter 3.1.1 were used. There are 

totally 10 image frames in the myocardium image dataset, each image frame has a size of 96 x 

96 x 34 pixels with a pixel dimension of 1 x 1 x 1 mm. Frame 3 and 8 are used as phantom 

images because of the large motion observed between two image frames. 

3.  Clinical 4DCT images 

 Ten 3D volumetric 4DCT images of a lung cancer patient were used in this study. 4DCT 

is capable of acquiring a sequence of ten phases of three-dimensional CT images over patient’s 

breathing cycle. Phase 0 corresponds to the maximum inspiration, phase 50 corresponds to the 

maximum expiration, the duration of expiration is between phase 0 and phase 50, the duration of 

inspiration is between phase 50 and phase 0. All 10 phases are equally divided within the 

breathing cycle. In this study, phase 0 was the target image and the rest phase images (images 

from phase 10 to phase 90) were the source images. A region of interest (ROI) of 256 x 400 x 51 

pixels was selected to exclude the background and the patient couch. The image pixel intensities 

were normalized between 0 and 1 before image registration. 
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4.5.2 Evaluation Criteria 

The following criterions were selected to evaluate the effectiveness of the ICDIR:  

1. Average phantom error (APE) 

APE measures the average errors between the computed marker motion and the true 

marker motion. It can be expressed as 

1

1 ( ) ( )
M

c t
i

APE u i u i
M =

= −∑  (4.24) 

where cu is the computed displacement, tu is the true displacement, and M is the number of the 

markers. For the physical phantom images, M = 10; for the simulated phantom images, M = 

220 x 360 = 79200, which the number of pixels in the simulated images. 

2. Inverse consistency error (ICE) 

The ICE is computed by 

( )
1

1 ( ) ( )
2

N

i i
i

ICE h g x id g h x id
N =

= − + −∑    (4.25) 

where h(x) and g(x) are the forward and the backward transformation, respectively, N is the total 

number of the pixels within the volume, id is the identity matrix. Theoretically, ICE is expected 

to be zero if the registration is inverse consistent. However, ICE is difficult to be zero in reality, 

a small ICE is always preferred.  

3. Sum of squared error (SSE) 

SSE measures the similarity between the deformed source image (S(x + u(x))) and the 

target image (T(x)) 

2( ( )) ( )SSE S x u x T x dx= + −∫  (4.26) 



 

72 

For a perfect match, SSE is zero. SSE is a global measure and may not be sensitive to local 

deformations.  

4. Robustness 

Robustness is defined as the variation of the evaluation metrics, such as ICE or SSE, with 

respect to the change of the parameters, such as step size. A robust registration algorithm should 

be less sensitive to the parameter variation. Robustness and accuracy are two different concepts. 

A robust algorithm does not warrantee its accuracy. Ideally a good algorithm is expected to be 

both accurate and robust. The standard deviation (SD) of the ICE, the APE, and the SSE with 

respect to the change of the step size will be evaluated. The evaluated algorithms are divided into 

two groups: 1) FDR-group algorithms (FDR, I-FDR, FDR-Sigma, and I-FDR-Sigma) and 2) 

Demons-group algorithms (Demons, I-Demons, and B-Demons). The variation of step size is 

listed in Table 4-1 for the FDR-group and Demons-group algorithms using simulated phantom, 

physical myocardium phantom, and clinical images. 

4.6 Results 

4.6.1 Simulated Phantom Images 

The comparison of the FDR-group algorithms is shown in Figure 4-2. Figure 4-2 (a, c, e) 

shows the change in APE, ICE, and SSE at the 300th iteration with step size, respectively. Figure 

4-2 (b, d, f) shows the change in APE, ICE, and SSE with the number of iterations at a step size 

corresponding to the minimum APE, respectively. When step size varied from 0.1 to 2.0, I-FDR-

Sigma constantly outperformed the rest three algorithms (FDR-Sigma, FDR, and I-FDR) by the 

measure of APE and SSE. The accuracy (measured by APE) of the ICDIR (I-FDR and I-FDR-

Sigma) was improved compared to their counterparts (FDR and FDR-Sigma). The minimum 

APE for I-FDR-Sigma was 7.48 pixels, which is 13% less than the minimum APE of FDR-

Sigma (8.64 pixels), 25% less than the minimum APE of I-FDR (10 pixels), and 27% less than 
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the minimum APE of FDR (10.2 pixels). The minimum SSE for I-FDR-Sigma was 231, 

compared to 315 for FDR-Sigma, 3133 for I-FDR, and 3149 for FDR. The ICDIR had the 

reduced ICE compared to their counterparts. The minimum ICE for I-FDR-Sigma was 0.08 

pixels, compared to 1.4 pixels for FDR-Sigma, 0.002 pixels for I-FDR, and 0.3 pixels for FDR. 

Figure 4-3 shows the plot of the energy for the FDR-group algorithms described by Equation 

(4.9) and Equation (4.21) using the optimal step size corresponding to the minimum APE, the 

energy for all four algorithms decreased with the iterations. 

The robustness measurements of the FDR-group algorithms using the simulated phantom 

are shown in Figure 4-4. For APE, the maximum SD was 0.78 pixels (I-FDR-Sigma), the 

minimum SD was 0.11 pixels (FDR). For SSE, the maximum SD was 915 (I-FDR-Sigma), the 

minimum SD was 232 (FDR). For ICE, the maximum SD was 0.32 pixels (FDR-Sigma), the 

minimum SD was 0.0006 pixels (I-FDR). ICDIR (I-FDR and I-FDR-Sigma) significantly 

reduced the SD of ICE compared to their counterparts (Figure 4-4 (c)). 

The comparison of the Demons-group algorithms using the simulated phantom is shown in 

Figure 4-5. After applying ICC, the I-Demons outperformed the Demons and B-Demons 

algorithms by APE, ICE, and SSE (Figure 4-5 (a, c, e)). I-Demons obtained the minimum APE 

of 4.6 pixels, which was 30% less than the minimum APE of B-Demons (6.6 pixels) and 32% 

less than the minimum APE of Demons (6.8 pixels). Using the optimal step size (step size = 1.0) 

corresponding to the minimum APE, at the 300th iteration, I-Demons had an ICE of 0.4 pixels, 

compared to 1.4 pixels for B-Demons and 2.9 pixels for Demons. Similarly, at the 300th iteration, 

SSE of I-Demons was 135, compared to 538 for Demons and 711 for B-Demons. 

The robustness of the Demons-group algorithms using the simulated phantom is shown in 

Figure 4-6. I-Demons attained the minimum SDs of SSE (829) and ICE (0.17 pixels) among the 
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three Demons-group algorithms. However, the SD of APE for I-Demons (1.4 pixels) was larger 

than the SD of APE for Demons (1.0 pixels) and B-Demons (1.0 pixels). 

4.6.2 Physical Myocardium Phantom Images 

The comparison of the FDR-group algorithms using the physical myocardium phantom is 

shown in Figure 4-7. Based on the minimum APE, the optimal step size was 0.5 for I-FDR-

Sigma, 0.3 for FDR-Sigma, and 2.0 for both I-FDR and FDR algorithms. As shown in Figure 4-7 

(b), with the optimal step size, I-FDR-Sigma obtained the minimum APE of 0.38mm at the 300th 

iteration among all four algorithms, compared to 0.49 mm for FDR-Sigma, 0.44 mm for I-FDR, 

and 0.50 mm for FDR. As shown in Figure 4-7 (f), the SSE was 180 for I-FDR-Sigma and 181 

for FDR-Sigma at the 300th iteration, which was smaller than the SSE of FDR (209) and I-FDR 

(227). Most significant improvement using ICC was observed by the measurement of the ICE. 

For both ICDIR (I-FDR and I-FDR-Sigma), ICE were greatly reduced from 0.017 mm for FDR-

Sigma to 0.0008 mm for I-FDR-Sigma and from 0.015 mm for FDR to 0.0004 mm for I-FDR. 

Moreover, after 20 iterations, the ICE of both I-FDR-Sigma and I-FDR were converged to 

0.0008 mm and 0.0004 mm, respectively. In contrast, the ICE of FDR-Sigma and FDR were 

linearly increasing after 50 iterations.  

The robustness measurements of the FDR-groups algorithm using the physical simulated 

phantom are shown in Figure 4-8. I-FDR-Sigma achieved the minimum SD of APE (0.04 mm) 

among four algorithms. Both FDR-Sigma and I-FDR-Sigma had smaller SD of SSE (43 for 

FDR-Sigma and 46 for I-FDR-Sigma) than the SD of SSE for I-FDR (166) and FDR (157). The 

minimum SD of ICE was 0.0001 mm and it was achieved by the I-FDR algorithm. 

The comparison of the Demons-group algorithm using the physical myocardium phantom 

is shown in Figure 4-9. The optimal step size corresponding to the minimum APE is 0.2 for all 

three Demons-group algorithms. At the 300th iteration, with the optimal step size, both Demons 
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and I-Demons had the similar APE (0.4 mm), which was 11% less that APE of B-Demons 

(0.45mm).  For ICE, the I-Demons algorithm reduced the ICE by 68 times, from 0.70 mm for 

Demons to 0.01 mm for I-Demons. The minimum ICE was observed by B-Demons (0.005 mm). 

All three algorithms led to similar levels of SSE at the 300th iteration: 221 for Demons, 231 for I-

Demons, and 213 for B-Demons. 

The robustness measurements of the Demons-group algorithms were shown in 

Figure 4-10. In Figure 4-10 (a, c), the I-Demons algorithm attained the minimum SD of APE of 

0.08 mm and SD of ICE of 0.02 mm among all three algorithms. In Figure 4-10 (b), all three 

algorithms led to similar levels of SD of SSE, 43 for Demons, 47 for I-Demons, and 41 for B-

Demons, when step size varied from 0.1 to 1.0. 

4.6.3 Clinical Images 

Figure 4-11 shows the comparison of the FDR-group algorithms using the clinical 4DCT 

images (phase 0 and phase 50) of the lung cancer patient. With the optimal step size 

corresponding to the minimum SSE, at the 200th iteration, FDR-Sigma and I-FDR-Sigma 

attained SSE of 2049 and 1996, which were 40% less than SSE of I-FDR (3416) and FDR 

(3533). For ICE measurement, the I-FDR and I-FDR-Sigma algorithms attained the minimum 

ICE of 0.0009 mm and 0.007 mm, respectively, compared to 0.16 mm for FDR-Sigma and 0.037 

mm for FDR. The robustness measures shown in Figure 4-11 (e, f) indicated that the I-FDR and 

I-FDR-Sigma led to smaller SD of ICE ( 0.002 mm for I-FDR-Sigma and 0.0002 mm for I-

FDR), compared to SD of ICE of FDR-Sigma (0.04 mm) and FDR (0.01 mm) 

Figure 4-12 shows the comparison of the Demons-group algorithms using the clinical 

4DCT image of the lung cancer patient. The change in SSE and ICE with the number of iteration 

were listed in Figure 4-12 (b, d) with the optimal step size corresponding to the minimum SSE. I-

Demons algorithm performed better than Demons and B-Demons. It attained the minimum SSE 
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of 1449, compared to SSE of 1808 for Demons and SSE of 1589 for B-Demons. It also attained 

the minimum ICE of 0.11 mm, compared to 0.25 mm for B-Demons of and 1.59 mm for 

Demons. Figure 4-12 (e, f) shows the robustness measurements. Compared to Demons (1.79 

mm), the SD of ICE for I-Demons was reduced by 90%, attained 0.17 mm at the 300th iterations. 

The SD of SSE for I-Demons was 336, which was larger than Demons (304), but smaller than B-

Demons (340). I-Demons also converged faster than B-Demons and Demons in terms of SSE 

and ICE. 

The result of registration from phase 0 to phase 10 through phase 90 of the 4DCT images 

is shown in Figure 4-13. The I-Demons, I-FDR, and I-FDR-Sigma algorithms attained lower 

SSE at the 200th iteration than the Demons, FDR, and FDR-Sigma algorithms, respectively, 

especially when the deformable motion was large, for example, registration of phase 0 to phase 

50. Moreover, the I-FDR-Sigma and FDR-Sigma algorithms, based on the likelihood estimation, 

converged faster than the FDR and I-FDR algorithms (Figure 4-13 (c)).   

4.6.3.1 Visual estimation 

The effect of the ICC could be also demonstrated in Figure 4-14. Figure 4-14 (a, b) show 

one axial slice from the target and source images. The artifacts, indicated by the point A in 

Figure 4-14 (c) with the red arrow, was shown in the deformed image (Figure 4-14 (c)) using the 

demons algorithm with the parameters of σ = 0.5 and step size = 1.0. In contrast, those artifacts 

were not visible in the deformed image (Figure 4-14 (d)) using the I-Demons algorithm with the 

same parameters. After plotted the profile of the displacement vector on axial direction 

(Figure 4-14 (e)), the artifacts was due to the large axial displacement vectors for some voxels 

computed by the Demons algorithm in the source images, causing these voxels to move out of 

the source images. Compared to Demons, I-Demons limited the motion magnitude (Figure 4-14 

(e)) and produced more physiological consistent deformation field. The reduction of ICE using I-
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Demons was shown in Figure 4-15 by the gray scale images. At the same gray scale, the I-

Demons algorithm demonstrated superior ICE reduction than the Demons algorithm.  

4.6.3.2 Effects on re-contouring 

In the clinical auto re-contouring application, the contours of the gross tumor volume 

(GTV) were automatically propagated from the planning CT to the phase CT by the 

transformation computed using Demons, I-Demons, and B-Demons respectively. The details of 

the re-contouring were discussed in Chapter 5.1. The registration parameters were the following: 

the step size = 0.5, Gaussian kernel size = 3 x 3 x 3 with a standard deviation of 0.65, and 

number of iterations = 100.  Figure 4-16 (a-b) show an axial slice of the overlay of the contours 

generated from the deformation fields by the I-Demons (aqua), the Demons (green), and B-

Demons (red) with the planning contours transferred from the corresponding slice in the 

planning CT. Because of the respiratory motion, the planning contour (i.e., the brown contour) 

cannot represent the GTV in the phase CT. By visual assessment, the auto generated contours by 

three demons-group algorithms is able to match the anatomical boundary. The maximum 

difference of 1 mm was observed by measuring the Euclidean distance of the contour points 

between Demons and B-Demons algorithm (Figure 4-16 (c)).  Maximum difference of 1 mm was 

observed by measuring the Euclidean distance of the contour points between Demons and B-

Demons (Figure 4-16 (d)).  

4.6.4 Comparison of FDR, I-FDR, and Christensen’s Inverse Consistent Registration 
(CICR) 

As discussed in Chapter 2.4, Christensen et al. 66 proposed an inverse consistent 

registration (CICR) algorithm by embedding the inverse consistency into the energy function. 

Among the proposed I-FDR, I-FDR-Sigma, and I-Demons algorithm, the I-FDR algorithm is 

most similar to the CICR algorithm. The difference between the I-FDR and CICR algorithms is 
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that 1) the I-FDR algorithm does not incorporating the ICC into the energy function, instead it 

applied the ICC to constrain the registration. 2) I-FDR used the L-2 norm of the displacement 

vector to regulate the displacement field while CICR used the elastic regulation. 3) I-FDR does 

not require explicitly computing the inverse of the deformation field. The CICR was 

implemented and compared to the FDR and the I-FDR algorithm, the algorithm evaluation was 

based on the physical myocardium phantom discussed in the Chapter 4.5.1 and the clinical 4DCT 

images. To the best of our knowledge, no direct comparison was published between the CICR 

and other inverse consistent DIR. Because the parameter selections can affect the registration 

results, the presented comparison is not to draw any conclusion of whether one algorithm is 

superior to the other, but to estimate their performance under the most available optimal 

parameters for each algorithm: for CICR, the parameters were: ρ = 10-4, σ = 107, χ = 5×106, α = 

10, β = 10, γ = 0, step size = 5.0×10-3. For both FDR and I-FDR, the parameters were λ = 0.08 

and step size = 5.0. The image intensity was normalized in the range of 0 and 1 before DIR. All 

three algorithms were executed for 300 iterations.  

The result of the physical myocardium phantom was shown in Figure 4-17 with the 

measures of SSE, APE, ICE, and computation time per iteration. Among them, the I-FDR 

algorithm achieved the best performance by the measurement of APE (Figure 4-17 (a)). The 

APE for the I-FDR, FDR, and CICR algorithms is 0.39 mm, 0.52 mm, and 0.61mm, respectively. 

The I-FDR algorithm achieved an APE reduction of 25% compared to the FDR algorithm and an 

APE reduction of 36% compared to the CICR algorithm. For ICE (Figure 4-17 (b)), the CICR, I-

FDR, and FDR algorithm attained the ICE of 6.9×10-8, 8.0×10-4, and 2.2×10-2, respectively. 

Compared to the FDR algorithm where ICE increased with respect to the number of iterations, 

the ICEs of both CICR and I-FDR were converged after 20 iterations. Figure 4-17 (c) illustrated 
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the change in SSE with the number of iterations, all three algorithms achieved the similar level 

of SSE values after 300 iterations, 153.2 for FDR, 182.9 for CICR, and 180.0 for I-FDR. The 

computation time per iteration (TPI) was significantly different among three algorithms. CICR 

algorithm took the longest TPI (10.2 seconds), which was 5.4 times longer than I-FDR (1.6 

seconds) and 19.4 times longer than FDR (0.5 seconds). The long TPI for CICR algorithm was 

due to the computation of the inverse deformation field and Fourier series calculation. Even 

though I-FDR did not achieve the minimum ICE and SSE, it had the advantage of achieving 

minimum APE, reducing the ICE by 27 times comparing with FDR and attained the reasonable 

computation time.   

The comparison of three algorithms using 4DCT lung images is shown in Figure 4-18. 

Compared to SSE of 1.23 x 104 for CICR, both I-FDR and FDR algorithm achieved similar SSE 

value, 6.2 x 103 for I-FDR and 6.5 x 103 for FDR. Compared to FDR, I-FDR reduced ICE by 

97% (from 0.1275 pixels to 3x10-3 pixels) while CICR reduced ICE by 99% (from 0.1275 pixels 

to 2x10-4 pixels). However, CICR took the longest computation time (TPI = 185.2 seconds), 

compared to 25.9 seconds for I-FDR and 8.5 seconds for FDR. With carefully chosen 

parameters, CICR attained considerable good results; however, it is very challenge to optimize 

seven parameters in the CICR model. Moreover, its long computation time required the necessity 

of high performance computer 142 in order to reduce the computation time and meet memory 

requirements. In contrast, I-FDR is more computational efficient and achieves ICE of <= 0.02 

mm in both clinical images and physical phantom evaluation.  

4.7 Discussion and Conclusion 

The proposed ICC provided a novel approach to constrain the inverse inconsistent 

registration to be inverse consistent and physiologically realistic. Compared to the Demons, 

FDR, and FDR-Sigma algorithms, the I-Demons, I-FDR, and I-FDR-Sigma algorithms 
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significantly reduced the ICE by up to 98%, 99%, and 96%, respectively. Small values of ICE 

indicate that the deformation is physiological consistent. In contrast, the ICE of Demons and 

FDR increased linearly with increasing iterations. Beside the ICE reduction, the ICC also 

improved the ICE robustness. The SD of the ICE of the ICDIRs was reduced by 2-50 times 

comparing with their counterpart, which indicated that the proposed ICC was successful in 

providing more physiological realistic deformations, reducing the sensitivity of the parameters 

selection.  Even though the improvement of APE for ICDIR varied depending on the image 

dataset, the faster APE convergence of ICDIR was observed for both the simulated phantom and 

the physical myocardium phantom images. The I-FDR-Sigma algorithm provided the superior 

performance among the FDR-group algorithms, its likelihood estimation based similarity 

measures led to faster convergence. The fact that the I-Demons outperformed the B-Demons 

indicated that simple compensation of the inverse residue could not achieve the optimal 

deformation field.  It was observed that the most of the ICE occurred on boundaries of objects, 

which might be due to the fact that the smoothness of the deformation field was difficult to 

preserve along the object boundaries because of the abrupt change of the gradient in the regions. 

The ICC can greatly improve the uniqueness of the correspondence between two images, and 

consequently reduce the ICE, which was consistent with the observation by Christensen et al.66. 

The superior performance of the ICC might be due to the fact that it provides a re-initialization 

mechanism to avoid the local minimum and achieves optimal convergence while traditional 

algorithm are more likely trapped in the local minimum. Provided a transformation is invertible, 

the new inverse consistent approach could lead to more consistent and physiologically 

meaningful deformation in medical imaging. It should be mentioned that the accuracy of the 

registration algorithms cannot be measured by ICE alone as ICE only measures the consistency 
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of the deformation fields and does not guarantee the similarity between the two images. For 

instance, zero deformation fields will always have an ICE of zero, however, zero deformation 

fields does not indicate the goodness of the registration. Therefore, ICE has to be combined with 

other similarity measures (such as SSE) in order to provide accurate evaluations of DIR 

algorithms. 

The SSE value, as a global similarity measures, has been widely applied in published 

literatures to measure performance of registration algorithms. Practically, however, it is very 

difficult to choose the comparison criterion only based on the SSE value. For example, how does 

one choose the threshold of the SSE value difference to determine a better registration 

algorithm? Will a threshold value of 10 or 100 be enough? Will smaller SSE always indicates 

better registration? SSE, as shown in Equation (4.26), is an indirect measure of the goodness of 

the deformation fields and it may not be sensitive to the local change of the deformation fields. 

In Figure 4-19, we presented a case of comparing the registration results of two different DIR 

algorithms on a 2D slices from clinical lung 3D images. Method A is the Demons algorithm and 

method B is the FDR algorithm. At the end of 600 iterations, method A achieved a lower SSE 

value (90) than method B (668). Visual evaluation also indicated that the deformed image by 

method A (Figure 4-19 (c)) was more similar to the target image (Figure 4-19 (b)) than the 

deformed image by method B (Figure 4-19 (d)). However, the quiver plot of the deformation 

field (Figure 4-20) indicated that method B produced a smoother deformation while the 

deformation grid of method A looked rather irregular. Moreover, method A had the negative 

Jacobian determinant indicating the anatomical topology was not preserved in certain locations 

for method A. Therefore, only relying on SSE measurement itself might not reveal the 

characteristic of the deformation field. Even though method A had lower SSE value, method B 
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might be the better choice for the application where smoothness of the deformation field and 

preservation of topology are important.  

The effects of the likelihood based variation model were also demonstrated using high 

noise myocardium phantom images. In Figure 4-21 (a) and (b), the FDR-Sigma and I-FDR-

Sigma algorithms outperformed the FDR and I-FDR algorithms by the measurements of APE 

and SSE.  A maximum APE reduction of 56 % was attained between I-FDR-Sigma and FDR, 

and a maximum SSE reduction of 53% was observed between I-FDR-Sigma and I-FDR. The 

ICE of all four algorithms were small: the maximum ICE among four algorithms was 0.0144 mm 

for FDR-Sigma, compared to 0.0069 mm for FDR, 1.00x10-4 mm for I-FDR, and 4.78x10-4 mm 

for I-FDR-Sigma. This again demonstrated that the likelihood function in the variation model 

allowed variations in pixels matching for high noise images, achieved fast convergence, and 

attained lower phantom errors. 

We presented a novel ICC for DIR. We demonstrated that it did not require explicitly 

computing the inverse of the deformation fields, thus reduce the numeric errors. Compared to the 

unidirectional DIR, the ICC enabled DIR algorithms significantly reduced the inverse 

consistency error, and had less sensitive to parameter selections. The ICC demonstrated a new 

method to achieve physically realistic deformable registration. Although the current study was 

focused on the Demons, FDR, and I-FDR-Sigma algorithms, the new inverse consistency 

approach might be extended to the other deformable registration algorithms as well. 
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(a) (b) 
 

Figure 4-1. The simulated phantom.  (a) The source image with an image size of 220 x 360 
pixels. It is cropped from the representative 2D slice of the 3D CT images of a 
prostate cancer patient to exclude the patient couch and background. (b) The target 
image. The target image is generated by applying a mathematically generated 
deformation field to the source image (a). The target image has the same image size 
as the source image. The mathematically generated deformation field is considered as 
the gold standard for DIR evaluation. 
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 (a) (b) 

  
 (c) (d) 

 
 (e) (f) 
Figure 4-2. The evaluation of the FDR, I-FDR, FDR-Sigma, and I-FDR-Sigma algorithms using 

the simulated phantom. (a) Change in APE at the 300th iteration with step size. (b) 
Change in APE with the number of iterations at a step size corresponding to the 
minimum APE. (c) Change in ICE at the 300th iteration with step size. (d) Change in 
ICE with the number of iterations at a step size corresponding to the minimum APE. 
(e) Change in SSE at the 300th iteration with step size. (d) Change in SSE with the 
number of iterations at a step size corresponding to the minimum APE. 
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(a) (b) 
 

Figure 4-3. Change in energy with the number of iterations at a step size corresponding to the 
minimum APE. (a) Change in energy for the I-FDR-Sigma and FDR-Sigma 
algorithms. (b) Change in energy for the I-FDR and FDR algorithms. 
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 (a) (b) 

 
 (c) 
 
Figure 4-4. The standard deviations (SD) of the FDR, I-FDR, FDR-Sigma, and I-FDR-Sigma 

algorithms with the change in step size using the simulated phantom. (a) SD of APE. 
(b) SD of SSE. (c) SD of ICE. 



 

87 

  
 (a) (b) 

   
 (c) (d) 

  
 (e) (f) 
Figure 4-5. The evaluation of the Demons, I-Demons, and B-Demons algorithms using the 

simulated phantom. (a) Change in APE at the 300th iteration with step size. (b) 
Change in APE with the number of iterations at a step size corresponding to the 
minimum APE. (c) Change in ICE at the 300th iteration with step size. (d) Change in 
ICE with the number of iterations at a step size corresponding to the minimum APE. 
(e) Change in SSE at the 300th iteration with step size. (d) Change in SSE with the 
number of iterations at a step size corresponding to the minimum APE. 
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 (a) (b) 

 
 (c) 
 
Figure 4-6. The standard deviations (SD) of the Demons, I-Demons, and B-Demons algorithms 

with the change in step size using the simulated phantom. (a) SD of APE. (b) SD of 
SSE. (c) SD of ICE. 
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 (a)  (b) 

 
 (c) (d) 

  
 (e) (f) 
Figure 4-7. The evaluation of the FDR, I-FDR, FDR-Sigma, and I-FDR-Sigma algorithms using 

the physical myocardium phantom. (a) Change in APE at the 300th iteration with step 
size. (b) Change in APE with the number of iterations at a step size corresponding to 
the minimum APE. (c) Change in ICE at the 300th iteration with step size. (d) Change 
in ICE with the number of iterations at a step size corresponding to the minimum 
APE. (e) Change in SSE at the 300th iteration with step size. (d) Change in SSE with 
the number of iterations at a step size corresponding to the minimum APE. 



 

90 

  
 (a) (b) 

 
 (c) 
 
Figure 4-8. The standard deviations (SD) of the FDR, I-FDR, FDR-Sigma, and I-FDR-Sigma 

algorithms with the change in step size using the physical myocardium phantom. (a) 
SD of APE. (b) SD of SSE. (c) SD of ICE. 
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 (a)  (b) 

   
 (c)  (d) 

  
 (e)  (f) 

Figure 4-9. The evaluation of the Demons, I-Demons, and B-Demons algorithms using the 
physical myocardium phantom. (a) Change in APE at the 300th iteration with step 
size. (b) Change in APE with the number of iterations at a step size corresponding to 
the minimum APE. (c) Change in ICE at the 300th iteration with step size. (d) Change 
in ICE with the number of iterations at a step size corresponding to the minimum 
APE. (e) Change in SSE at the 300th iteration with step size. (d) Change in SSE with 
the number of iterations at a step size corresponding to the minimum APE. 
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 (a) (b) 

  
 (c)  

 

Figure 4-10. The standard deviations (SD) of the Demons, I-Demons, and B-Demons algorithms 
with the change in step size using the simulated phantom. (a) SD of APE. (b) SD of 
SSE. (c) SD of ICE. 
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 (a) (b) 

 
 (c) (d) 

 
 (e) (f) 
Figure 4-11. The evaluation of the FDR, I-FDR, FDR-Sigma, and I-FDR-Sigma algorithms using 

the clinical 4DCT lung images. (a) Change in SSE at the 200th iteration with step size. 
(b) Change in SSE with the number of iterations at a step size corresponding to the 
minimum SSE. (c) Change in ICE at the 200th iteration with step size. (d) Change in 
ICE with the number of iterations at a step size corresponding to the minimum SSE. 
(e) SD of SSE with the change in step size. (f) SD of ICE with the change in step size. 
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 (a) (b) 

   
 (c) (d) 

  
 (e) (f) 
Figure 4-12. The evaluation of the Demons, I-Demons, and B-Demons algorithms using the 

clinical 4DCT lung images. (a) Change in SSE at the 200th iteration with step size. (b) 
Change in SSE with the number of iterations at a step size corresponding to the 
minimum SSE. (c) Change in ICE at the 200th iteration with step size. (d) Change in 
ICE with the number of iterations at a step size corresponding to the minimum SSE. 
(e) SD of SSE with the change in step size. (f) SD of ICE with the change in step size. 
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 (a) (b) 

 
 (c) (d) 
 
Figure 4-13. The evaluation of the Demons-group and FDR-group algorithms using 4DCT 

clinical lung images for 200 iterations. The 4DCT images contain 10 phases (phase 0, 
10, ... , 90) corresponding to the patient’s breathing cycle. Deformable registration 
was carried out between the phase 0 and the rest phases (phase 10 through phase 90). 
(a) Change in SSE of the Demons-group DIR algorithm with different phases of 
4DCT at the 200th iterations. (b) Change in ICE of the Demons-group DIR algorithm 
with different phases of 4DCT at the 200th iterations. (c) Change in SSE of the FDR-
group DIR algorithm with different phases of 4DCT at the 200th iterations. (d) 
Change in ICE of the FDR-group DIR algorithm with different phases of 4DCT at the 
200th iterations. 
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 (a) (b) 

  
 (c) (d) 

  
 (e) (f) 
 
Figure 4-14. Visual comparison of DIRs using 4DCT dataset of a lung cancer patient. (a) Source 

image corresponding to the end-of-exhale phase; (b) Target image corresponding to 
the end-of-inhale phase; (c) Deformed image using Demons, the red arrow (point A) 
shows the artifacts; (d) Deformed image using I-Demons, the artifacts were not 
visible for I-Demons. (e) The profile of the displacement field on axial direction by 
Demons and I-Demons algorithms. (f) Change in SSE with the number of iterations. 

A A’ 
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 (a) (b) 
 
Figure 4-15. Distribution of the inverse consistency error (ICE) in gray scale. Higher intensity 

region indicated the larger ICE. (a) ICE by the Demons algorithm. (b) ICE by the I-
Demons algorithm, The ICE was greatly reduced by the I-Demons comparing with 
the Demons.  
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 (a) (b) 

 
 (c) (d) 
 
Figure 4-16. Auto re-contouring of gross tumor volume (GTV). The registration parameters were 

the following: the step size = 0.5, Gaussian kernel size = 3 x 3 x 3 with a standard 
deviation of 0.65, and number of iterations = 100. (a)The yellow contours represents 
the planning GTV, the green, aqua, and red contours represent the auto generated 
GTV using Demons, I-Demons, and B-Demons, respectively. (b) The close view of 
the red rectangle region in (a). (c) Histogram of the distance between the contour 
points generated by Demons and B-Demons. (d) Histogram of the distance between 
the contour points generated by Demons and I-Demons. The pixel dimension is 1 mm 
by 1mm on X and Y directions. 
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 (a) (b) 

 
 (c) (d) 

 
 (e) 
 
Figure 4-17. Comparison of the FDR, I-FDR, and CICR algorithms using the physical 

myocardium phantom. (a) Change in APE with the number of iterations. (b) Change 
in ICE with the number of iterations. (c) Change in SSE with the number of 
iterations. (d) Computation time per iteration (TPI) for three algorithms using an Intel 
2.4GHz PC with 4GB memory running Windows XP operating system. (e) Time per 
million pixels per iteration (TPMI) for three algorithms. 
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 (a) (b) 

 
 (c) (d) 
 
Figure 4-18. Comparison of the FDR, I-FDR, and CICR algorithms using 4DCT images from a 

lung cancer patient. (a) Change in SSE with the number of iterations. (b) Change in 
ICE with the number of iterations. (c) Computation time per iteration (TPI) for three 
algorithms using an Intel 2.4GHz PC with 4GB memory running Windows XP 
operating system. (d) Time per million pixels per iteration (TPMI) for three 
algorithms. 
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 (a) (b) 

  
 (c)  (d) 

   
 (e) 
 
Figure 4-19. Comparison of two DIR algorithms using SSE and visual estimation. (a) Source 

image; (b) target image; (c) deformed source image using method A; (d) deformed 
source image using method B; (e) Change in SSE with the number of iterations for 
method A and method B.   
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(a) 

 
(b) 

 
Figure 4-20. Quiver plot of the deformable field computed in Figure 4-19 after 600 iterations. (a) 

Quiver plot of the deformation field using method A, (b) quiver plot of the 
deformation field using method B. The deformation field by method B is smoother 
than the deformation field by method A.  
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 (a) (b) 

  
 (c) (d) 

    
 (e) (f) 
 
Figure 4-21. The evaluation of the FDR, I-FDR, FDR-Sigma, and I-FDR-Sigma algorithms using 

high noise myocardium phantom. (a) Change in APE at the 300th iteration with step 
size. (b) Change in APE with the number of iterations at a step size corresponding to 
the minimum APE. (c) Change in ICE at the 300th iteration with step size. (d) Change 
in ICE with the number of iterations at a step size corresponding to the minimum 
APE. (e) Change in SSE at the 300th iteration with step size. (d) Change in SSE with 
the number of iterations at a step size corresponding to the minimum APE. 
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Table 4-1. Change in step size of the FDR-group and Demons-group algorithms for robust 
measure  

 Simulated phantom Physical phantom Clinical image 

FDR-group 
From 0.1 0.1 0.1 

To 2.0 2.0 1.0 
Increment 0.1 0.1 0.1 

Demons-group 
From 0.1 0.1 0.1 

To 1.0 1.0 0.9 
Increment 0.1 0.1 0.2 

 

Table 4-2. The mean and standard derivation (SD) of APE, ICE, and SSE of seven DIR 
algorithms using myocardium physical phantom, the image pixel dimension is 1 mm 
x 1 mm x 1 mm on X, Y, and Z direction. 

 APE(mm) ICE(mm) SSE 
Mean STD Mean STD Mean STD 

Demons 0.58 0.12 1.35 0.69 188.73 45.69 
I-Demons 0.52 0.078 0.033 0.019 195.18 47.80 
B-Demons 0.60 0.098 0.029 0.025 181.82 42.83 
FDR 0.67 0.17 0.0085 0.0020 342.18 160.91 
I-FDR 0.64 0.20 0.00027 0.00010 369.20 168.87 
FDR-Sigma 0.65 0.10 0.027 0.0093 157.22 44.88 
I-FDR-Sigma 0.44 0.041 0.0042 0.0044 220.26 46.76 
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CHAPTER 5 
CLINCIAL APPLIATION OF DEFORMABLE IMAGE REGISTRATION 

5.1 Auto Re-contouring 

Auto re-contouring is an important clinical application of DIR. Auto re-contouring makes 

it possible to automatically propagate the physician-drawn contours in the planning image 

dataset to a new image dataset. In 4DCT lung imaging, after auto re-contouring, the planning 

contours in the planning CT can then be automatically transferred to the phase CT corresponding 

to the patient breathing cycle. The automatically generated contours can assist monitoring the 

target change during the course of radiation therapy with minimum human interference.  

There are generally two frameworks for re-contouring 28: 1) the ‘snake’ based framework 

and 2) the registration based framework.  The registration based framework was discussed in the 

Chapter 1.2, where the DIR is first applied to compute the deformation field between two image 

volumes, then the planning contours are propagated to the new images by the computed 

deformation field. The ‘snake’ based framework is indeed the image segmentation techniques 143, 

where the iterative algorithm seeks to separate the target by evolving the initial contour using 

both the image gradient information and contour length. Compared to the registration based 

framework, the accuracy of the ‘snake’ based framework is not affected by the location of the 

original contours, however, it has the difficulty to re-contouring the targets whose boundaries are 

not well visually defined, e.g., CTV or PTV. In contrast, registration based framework is able to 

propagate all the planning contours to the new image dataset, however, the accuracy of the 

propagated contours depends on not only the accuracy of the DIR algorithm itself, but also the 

fidelity of the planning contours. Because of its flexibility, a registration based re-contouring was 

implemented. In the following, we will discuss the details of the registration based auto re-

contouring techniques.  
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Lu et al. 28 proposed an automatic re-contouring algorithm combining DIR techniques and 

triangulated surface construction techniques. While our re-contouring approach is similar to the 

Lu’s work, it differs in a number of respects. First, we used I-FDR-Sigma deformable 

registration algorithm, which is more accurate and converge faster. Second, open source 

visualization toolkit (VTK) 144 was used to assist surface reconstruction and graphics tasks, such 

as volume cross section generation. VTK is a software framework for 3D computer graphics, 

image processing, and visualization. It is under active development and used by thousands of 

researchers and developers around the world.  

The flowchart of the auto re-contouring is shown in Figure 5-1. The auto re-contouring 

consists of four components: 1) surface reconstruction; 2) deformation field computation; 3) 

surface propagation; and 4) post processing. Surface reconstruction is to create a 3D triangular 

planning surface mesh that connects all the existing 2D planar contours outlined by the radiation 

oncologists in the planning dataset. After generating the planning surface mesh, a deformed 

surface mesh was created by deforming the planning surface mesh using the computed 

deformable field. As shown in Figure 5-2, the white cubes represent the nodes (A, B, and C) of a 

triangle from the planning surface mesh.  After mesh deformation, the original nodes (A, B, and 

C) are moved to the new locations represented by the yellow cubes (A’, B’, and C’) by the 

deformation field. The mesh deformation does not change the relative connectivity of the 

neighborhood mesh nodes, but their distance between the connected nodes can vary. The post 

processing of the deformed mesh, such as the generation of 2D planar contours, can be used for 

assisting contour visualization for the clinicians. To generate 2D planar contours, a series of 

parallel planes were used to cut the deformed surface meshes and the auto contours were 

computed by the intersection between the surface mesh and the parallel planes.  
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In the following, we will explain necessity to apply surface reconstruction for auto 

re-contouring. As shown in Figure 5-3, because the deformation exists in the 3D space, after 

deformation, the planning 3D planar contour points will usually not be on the same plane and 

form the scattered 3D points. There are two approaches to produce the 2D deformed contours 

from the scattered 3D contour points: 1) the 3D interpolation based approach and 2) the surface 

reconstruction based approach.  Let us first take a look at the intensity range of the contours. 

Generally the intensities of the contours are binary, that is, the intensity of the points inside the 

contour is one and outside the contour is zero. The disadvantage of the interpolation based 

approach is that it will introduce the pixels with the intensity between 0 and 1, e.g., 0.5. It is, 

therefore, difficult to determine the location of those pixels, i.e., inside or outside the contours. 

Figure 5-4 illustrates the problem in the 2D case. In Figure 5-4, the plane 1 and plane 3 have the 

two contours, where pixels with intensity of one are the points inside or on the contours and 

pixels with intensity of 0 are the points outside the contours. Here the goal is to compute the 

contour on the plane 2 located in the middle of the plane 1 and plane 3. The interpolation based 

approach is illustrated in Figure 5-4 (a), where a linear interpolation scheme is applied to 

compute the pixels in the plane 2, the linear interpolation scheme could be expressed as  

1 3
2

( )
2

P PP +
=  (5.1) 

where P2 is the pixel intensity in the plane 2, P1 and P3 are the pixels that have the shortest 

distance to P2 in the plane 1 and plane 3 respectively. After interpolation, the pixels in the plane 

2 consist of two intensity values, 0.5 or 1. Intuitively the pixels in blue between the dashed lines 

are considered the points within the contour. In the interpolation based approach, two pixels with 

intensity of 0.5 were inside the contour, however four pixels with the same intensity of 0.5 were 

outside the contours. Therefore it is almost impossible to distinguish the pixels by the intensity 
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value alone for interpolation based approach. In surface reconstruction based algorithm shown in 

Figure 5-4 (b), the dashed lines represent the reconstructed surface that can be easily used to 

determine whether a point is inside the contour or outside the contour: the points within the 

surface are the points inside the contours (in blue) and the points outside the surface are the 

points outside the contours (in red). Moreover, no pixel has a value between 0 and 1 in this case. 

Surface reconstruction based approach is always preferred in the auto re-contouring, especially 

in the cases where the shape of the top and the bottom contours is dramatically different. 

5.1.1 Surface Reconstruction 

As illustrated in Figure 5-5, the physician-drawn planning contours (Figure 5-5(a)) are 

exported from the TPS, the surface reconstruction is used to connect the contour points by 

triangular (the process is also called triangulation), where each edge of one triangle is the edge of 

two nearby triangles. Surface reconstruction from planar contours is a developed technique in 

computer vision and computer graphics.  Christiansen et al. 145 proposed a limited triangulation 

algorithm based on the normalized contours points and shortest diagonal principle, however, the 

mesh quality could be poor for non-convex contours. Here, a robust surface reconstruction 

algorithm (vtkVoxelContoursToSurfaceFilter ) available in VTK 144 was used to reconstruction 

the surface mesh. Figure 5-5 (b) shows the generated surface mesh from the planning contours in 

Figure 5-5 (a). The close view of the mesh is available in Figure 5-5 (c). 

5.1.2 Post Processing 

Post processing is to generate layers of 2D deformed contours from the 3D deformed 

surface mesh.  2D contours will make it easy for the clinicians to compare the contours before 

and after deformation in the TPS.  Two functions in VTK, “vtkCutter” and “vtkPlane”, were 

used to create the 2D contours.  
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The in-house software was developed for auto re-contouring. It was based on the VTK 144, 

Matlab (The Mathworks Inc, Natick, MA), and python programming language 146.  The code 

snippet of surface reconstruction, deformation, and post processing was available in Appendix A.  

An example of auto re-contouring was shown in Figure 5-6, where the planning contours of GTV 

(i.e., the green contour) and right lung (i.e., the brown contour) in the planning CT were mapped 

onto the phase CT. The auto re-contoured right lung (i.e., the red contour) and GTV (i.e., the 

blue contour) matched the anatomical boundaries. The auto re-contouring is able to compensate 

for the location and shape change of the target.  

5.2 Auto Internal Target Volume Generation 

Another clinical application of DIR in 4D treatment planning is auto internal target volume 

(ITV) generation. In our institute, the ITV is defined as the union of the GTV from different 

phases of the 4DCT images. Traditionally ITV contouring is a time consuming process because 

the physicians require manually contouring the GTV in each phase CT. Auto ITV generation 

only requires the physician to contour at one CT dataset without the cumbersome work of the 

contouring in each phase CTs. It consists of two steps: first, physician is required to contour the 

GTV in one phase CT; second, the contoured GTV is automatically propagated to the other 

phase CT by auto re-contouring and DIR; third, the ITV is computed by the union of the GTV in 

all phase CTs. Furthermore, a probability density function (pdf) can be computed by assigning 

the probability to each pixel in the GTV region. In Figure 5-7, an ITV is automatically computed 

from a 4DCT image dataset consisting of 10 phases CT. The color map represents the probability 

that a GTV voxel occupies a specific pixel location for all phases CT in the respiratory cycle. 

The ITV is generated by the union of all the GTV in the phase CTs.  
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The auto ITV generation provides an effective treatment planning tools for 4DCT without 

increasing the overall physician workload associated with manual segmentation of structures on 

each phased CT within the 4DCT.  
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Figure 5-1. Flowchart of the auto re-contouring. The 3D surface mesh is reconstructed from the 

2D layers of the manually contoured structures. After applied deformation field 
computed from DIR, the 3D surface mesh was deformed and represented the 
anatomical change. The post processing, such as 2D planar contours generation, will 
assist the visualization of the deformed structures. 
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Figure 5-2. Mesh deformation. The white cubes represent the nodes (A, B, and C) of a triangle 
from the planning surface mesh.  After mesh deformation, the original nodes (A, B, 
and C) are moved to the new locations represented by the yellow cubes (A’, B’, and 
C’) by the deformation field. The mesh deformation only changes the distance 
between the nodes, without affecting their connectivity.  

A 

B C 

A’ 

B’ C’ 
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 (a) (b) 

   
  (c) 
 
Figure 5-3. Surface reconstruction and surface mesh deformation. (a) The planning GTV 

contours. (b) Surface mesh after using surface reconstruction algorithm. (c) Surface 
mesh deformation after applying deformation field.  
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(a) (b) 
 

Figure 5-4. A 1D example of interpolation based re-contouring and surface reconstruction based 
re-contouring.  The contour in the middle plane (plane 2) is needed to be generated 
based on the known contours in the plane 1 and the plane 3. (a) Interpolation based 
re-contouring has difficulties to determine whether the pixels in plane 2 is inside the 
contours because of the same pixel intensity for points inside or outside the contours; 
(b) Surface reconstruction based re-contouring can generate the contour in plane 2’ by 
determining whether the pixel is inside the reconstructed surface.   

0   0   0  1   0   0   0 

1   1   1   1   1   1   1 

Plane 2’:  0   0   1  1  1   0   0 

Plane 1: 0   0   0  1   0   0   0 

Plane 2:     0.5 0.5 0.5 1 0.5 0.5 0.5  

Plane 3: 1   1   1   1   1   1   1 
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 (a) (b)  (c) 

Figure 5-5. Surface reconstruction from 2D planar contours. (a) Visualization of layers of 
planning contours drawn by the physicians; (b) Reconstructed surface connecting the 
contour points using triangular mesh; (c) Close view of the triangular mesh.  

 

 
 

Figure 5-6. Auto re-contouring for lung image using DIR. Physician drawn contours (drawn on 
separate source CT) and computer generated contours, using auto re-contouring, have 
been overlaid on a target CT. This zoom-in view has the dimension of 358 x 355 with 
the pixel dimension of 0.4 mm by 0.4 mm. The LUNG-RT and GTV-fb (brown and 
green contours) , representing outlining the right lung and gross tumor respectively, 
are physician drawn contours on the source CT. The Auto LUNG-RT and auto GTV-
fb (red and blue contours) are the corresponding computer generated contours on 
target CT based on DIR. 
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(a) 

 
(b) 

 
Figure 5-7. ITV generation. (a) The color map represents probability density function, which 

indicates the probability that a GTV voxel occupies a specific pixel location for all 
phases in the respiratory cycle. The ITV is the union of all nonzero probability 
voxels. The pixel dimension is 1 mm x 1 mm x 3 mm. (b) The histogram of the 
probability density function. 
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CHAPTER 6 
NEAR REAL-TIME DEFORMABLE IMAGE REGISTRATION USING GRAPHICS 

PROCESSING UNITS 

As discussed in the previous chapters, DIR plays an important role in estimating target 

motion and monitoring the target evolution. However, existing DIR algorithms are 

computational intensive, typical reported computation time of CT images was: 5 minutes for 

image volumes of 128 x 128 x 128 pixels using demons 30, 3 minutes for image volumes of 256 x 

256 x 61 pixels using free-form deformation 31 on Pentium III 933MHz personal computer (PC), 

6 minutes for image volumes of 256 x 256 x 61 pixels using accelerated demons 22 on Pentium 

2.8GHz PC. Therefore, for a typical image size of 256 x 256 x 100 pixels, one can expect the 

registration time be at least 5 minutes using the standard algorithms. One should expect more 

computation time if considering additional analysis for clinical applications in ART, such as auto 

re-contouring 147, 148, dose recalculation 149, 150, and treatment re-planning 150, 151 . For the clinical 

usage of DIR, a desirable computation time is within two to three minutes. To meet the clinical 

demands, researches have been carried out using high performance computing (HPC) techniques 

to accelerate the computation of DIR algorithms.  In the following, we will first review the 

current high performance computing techniques in image registration using different hardware 

architectures, and then a proof of concept study will be presented to demonstrate the feasibility 

of the near real-time Demons algorithm. The Demons algorithm, as already discussed in 

Chapter 4, though not necessarily the fastest or most robust in all clinical cases, is widely 

available and serves as a standard for comparison due to its simplicity and efficiency. The HPC 

implementation of some essential image processing components, such as image gradient and 

convolution, can assist future research in accelerating DIR using HPC.  
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6.1 Review of High Performance Computing In Medical Image Registration 

To improve the performance of image registration, HPC techniques have been studied 

using different hardware architectures. The following HPC architectures will be reviewed 

including 1) field-programmable gate array (FPGA); 2) cell broadband engine (CBE) processor; 

3) supercomputer or clusters; 4) graphics processing unit (GPU). 

6.1.1 Review of Image Registration Using FPGA 

FPGA is a programmable silicon chip utilizing the prebuilt logic blocks and programmable 

routing resources. FPGAs can be configured to implement customized hardware functionalities 

without soldering irons. To implement algorithms in FPGA, algorithms are firstly developed in 

the design software, then compiled as the configuration file and downloaded to the FPGA. The 

availability of the high-level design tools, such as graphical block diagrams or interface to C 

language, makes the FPGA programming convenient.  

FPGA techniques were used in image registration to accelerate computation of mutual 

information. Based on an Altera Stratix II EPSS180F1508C4 FPGA (Altera Corporation, San 

Jose, CA),   Dandekar et al. 152-154 demonstrated a FPGA architecture for multi-modality 

registrations of abdominal intra-procedural non-contrast CT with pre-procedural contrast-

enhanced CT and PET images. The registration was based on the hierarchical volume 

subdivision-based DIR, where the image volume was subdivided into small sub-volumes, rigid 

registration was applied to each sub-volume, and the final deformation was computed by 

combining locally rigid registration of the sub-volumes with quaternion-based interpolation. In 

their study, the FPGA played a role of accelerating the mutual information computation in the 

registration. Comparing with the C++ implementation on an Intel Xeon 3.6 GHz PC, the FPGA 

provided a speedup of 41 for an image size of 256x256x256 pixels and a speedup of 21 for an 

image size of 16x16x16 pixels. Castro-Pareja et al. 155, 156 investigated the FPGA application of 
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accelerating mutual information calculation, where the fast automatic image registration (FAIR) 

architecture was proposed to improve the mutual information calculation by accelerating the 

histogram computation. The FAIR system was based on an Altera Stratix EP1S40 FPGA and 

achieved a speedup of 86 comparing with the sequential code on a Pentium III 1GHz PC.  

Jiang et al. 157 proposed an FPGA-based design supporting free-form deformation using 

third order B-spline model on 2D images. The approach included pre-calculating the B-spline 

basis function, transforming a nested loop to avoid conditional calculation, and developing fully 

pipelined circuits and multiple pipeline designs. the FPGA implementation, based on a Xilinx 

XC2V6000 FPGA at 67 MHz,, run 3.2 times faster than an Intel Xeon 2.6 GHz PC.  

It was pointed out that the current FGPA implementation cannot execute the whole 

registration task independently; it had to communicate with the host machine and served as an 

additional computation unit. To the best of our knowledge, no complete FPGA system, which 

included all the necessary registration components, was reported.  

6.1.2 Review of Image Registration Using Cell Broadband Engine (CBE) 

CBE was developed by the collaboration of Sony, IBM, and Toshiba. The Cell objective 

was to achieve 100 times performance of the PlayStation2 and led way for the future 158. The 

first generation of CBE combined a 64-bit power processor element (PPE) with eight synergistic 

processor elements (SPEs). Each SPE had a SIMD (Single-instruction, multiple-data) unit, which 

could perform a floating or an integer operation on four data elements at each clock cycle. The 

PPE, on the other hand, was more general processor and was capable of running a conventional 

operating system. It could also control the SPEs and could start, stop, interrupt, and schedule 

processes running on the SPEs. To achieve high performance for computational intensive tasks 

and reduce the memory latency, EIB (Element Interconnect Bus) was introduced to provide high 
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bandwidth access to the main memory and the external data storage. Readers can refer to 158 for 

the details of CBE. 

After the debut of the first generation of CBE in 2005, studies were carried out utilizing 

CBE in medical image registration. Ohara et al. 159 presented a scheme of implementing mutual 

information based multi-resolution 3D image registration on an IBM BladeCenter QS20, which 

contained two CBE processors at 3.2 GHz with 1GB memory. To accelerate the image 

registration, the optimization of the parallelism was exploited in the following: 1) Task 

parallelization and partition. The program was partitioned into multiple tasks to be fit into the 

local memory of each SPE. It could be viewed as a distributed memory multiprocessor with a 

small local memory attached to a large shared memory. 2) SIMD pipeline optimization. SPE was 

highly pipelined and optimized for SIMD instructions. It was essential to not only perform 

multiple operations by SIMD instructions but also optimize the code to exploit the architecture. 

3) Optimizing memory bandwidth. Two data partition techniques, localized sampling and 

speculative packing, were applied to optimize the memory traffic and avoid low efficient pixel-

wise memory access. Comparing with the sequential version on Intel Xeon 3.0 GHz processor 

with 4G memory, the CBE run about 11 times faster and was able to reduce the memory traffic 

by 82%. As a result, it could register a pair of 256x256x30 pixels images in one second using 

multi-resolution method. However it was unclear in this paper whether the 3D image registration 

was the rigid registration or the deformable registration. Some registration details, such as levels 

of the resolutions, the number of bins in mutual information calculation, and number of iterations 

in each resolution, were not specified in the paper.  

6.1.3 Review of Image Registration Using Supercomputers or Clusters 

Parallel computers and supercomputers 160 are the traditional hardware platform for 

parallel computing. The common parallel computers refer to either SMP (symmetric 
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multiprocessor) servers, which have many symmetrical processors on a single mother board, or 

computer clusters, which consist of many of the similar type of machines and tightly-coupled 

using dedicated network connection. The supercomputer, on the other hand, has several different 

architectures: 1) MPP (Massively Parallel Processor). The MPP consists of large number of 

processors connected by a high performance network. 2) PVP (Parallel Vector Processor). PVP 

consists of many specific vector processors and is more expensive than MPP.  

Memory architectures described how each processor access the physical memories. It can 

be categories into two groups: shared memory (Figure 6-1 (a)) and distributed memory 

(Figure 6-1 (b)). In the shared memory architecture, each processor accesses the same global 

memory resource; any memory modifications by one processor are visible to all the other 

processors.  The main advantages of the share memory architecture are 1) the global memory 

access provides easy programming perspective; 2) fast data sharing due to the fast 

communication between the global memory and its adjunct processors. However, the share 

memory architecture suffers from the lack of scalability between memory and processors and the 

potential high cost for designing shared memory machine with the increasing numbers of 

processors. In the distributed memory architecture, the memory is associated with individual 

processors and each processor is only able to address its own memory. The main advantages of 

the distributed memory architecture are 1) no bus or switch to interfering the data access, each 

processor can utilize the full bandwidth to its own local memory; 2) no inherent limit to the 

number of processors and sizes of the systems. The main drawbacks in distributed memory 

system are 1) the difficulty of the inter-processor communication; 2) the difficulty of mapping 

the existing global memory based data structures into the distributed memory data structures. 
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Several studies had been carried out using parallel computing techniques to speed up the 

image registration. Christensen et al. 142 implemented the elastic and fluid deformation image 

registration algorithms on a MarPar 128x128 massively parallel SIMD computer. For registration 

128x128x100 pixels volumes with 100 iterations, parallelized fluid registration took 1.8 hours, 

about 178 times speed up comparing with a SGI MIPS 150 MHz R4400 computer. Rigid and 

deformable registration on the shared memory multiprocessor system had also been studied 161, 

162.  Rohlfing and Maurer 162 presented a parallel implementation of a B-spline based free-form 

deformable registration algorithm on a 128-CPU shared memory system (SGI Origin 3800). 

Using multithreading programming by partitioning data and tasks, the parallel implementation 

achieved a speedup factor of more than 50 times and was able to complete the intra-operative 

brain deformation in less than a minute using 64 CPUs. Wachowiak 161 proposed a parallel 

optimization algorithm based on the global optimization method called DIRECT ( Dividing 

Rectangles) and the local optimization method called MDS (Multidirectional Search). The 

parallel registration implementation was performed on a SGI Altix 3000 shared memory system 

with 20 Intel Itanium-2 CPUs with 1.3 GHz and programmed with OpenMP 163, which is an 

application programming interface (API) for shared memory multiprocessing programming. 

Computer clusters were reported to improve the performance of the medical image 

registration 164-166. Warfield 164 implemented a parallel feature-based rigid image registration on a 

cluster consisting of two Enterprise Server 5000S, each has 8 167 MHz UltraSPARC-I CPUs. 

Using POSIX and MPI (Message Passing Interface) parallel programming tools, the registration 

execution time was within 5 -10 minutes.  For rigid multi-modality image registration, 

ourselin 165 proposed an scheme to parallelize block-matching registration algorithm using a 

cluster with 10 biopro Pentium III 933 MHz PCs. MPI was utilized to coordinate the different 
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nodes of the cluster, the parallelization of each node was programmed by OpenMP. For small 

and medium resolution images, the parallelized registration achieved 19 seconds and 45 seconds 

on five bi-processors respectively. It took 70 seconds for ten bi-processors. Ion 166 presented a 

performance study of implementing a B-spline based deformable registration on three different 

clusters. The implementation involved the data-parallel processing technique and the 

precomputation technique, it was demonstrated that the registration time was reduced from ten 

hours to ten minutes.  

6.1.4 Review of Image Registration Using Graphics Processing Unit (GPU) 

A Graphics Processing Unit (GPU) is a highly parallel computation unit with tremendous 

memory bandwidth and computational horsepower, but it lacks the programming flexibility of 

the CPU.  GPU computing is now emerging as a viable and high performance alternative for 

general non-graphics computing tasks, such as DIR. The GPU’s substantial arithmetic and 

memory bandwidth capabilities, coupled with its recent addition of user programmability, has 

allowed for “general-purpose computation on graphics hardware” (GPGPU). Many non-graphics 

oriented computationally expensive algorithms have been implemented on the GPU. Developers 

prefer GPUs over other alternative parallel processors due to several advantages including their 

low cost and wide availability. Owens et al. 167 presented a comprehensive survey of latest 

research in GPU computing.   

Traditional GPU programming languages have been primarily used for graphics 

applications, they include OpenGL168, DirectX169,  Cg170, and HLSL171.  New GPU programming 

languages, such as CUDA 172, CTM 173, and Brook 174, have emerged to allow for efficient 

programming for general purpose computing. GFLOPS (i.e. 109 floating point operations per 

second) is an accepted overall approximate representation of the computational capability of a 

processor. Current high end processors include the Intel Dual Core™ Xeon 3.0 GHz (4 MB  L2 
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cache, 1333 MHz FSB) (CPU) rated up to 38.3 GFLOPS175, and the NVIDIA GeForce 8800 

GTX (GPU) rated up to 520 GFLOPS176. The challenge for fast DIR using GPU is to implement 

algorithms in a form that can take advantage of the highly parallel nature of GPU computing.  

Since medical imaging applications intrinsically have data-level parallelism with high 

computational requirements, they are very suitable for GPU implementation. Researchers have 

conducted several prior GPGPU studies in the field of image registration. However, only a 

limited number of previous studies concentrate on the DIR. 

The current literatures have not paid sufficient attention to GPGPU use in DIR. Instead, 

GPUs have been mainly used for speeding up the generation of the digitally reconstructed 

radiograph (DRR) in 2D-3D image registrations 177-179. On the one hand, image registration is 

computationally expensive. On the other hand, image registration is high parallel. Hence, GPUs 

with their high-performance parallel processing power provide great opportunities for speeding 

up image registration. Large 3D data sets used in DIR algorithms put an even heavier burden on 

computational resources. However, as indicated by Vetter et al. 180, there has not been much 

research into the use of GPU in DIR. Likewise, Sharp et al. 181 do not consider prior work on the 

GPU-based deformable registration as “well established”. One of the early studies of deformable 

registration utilizing GPU could be traced back to Soza et al. 182. They used 3D Bezier functions 

for non-rigid alignment of respective volumes and utilized the tri-linear interpolation capabilities 

of GPU to accelerate the deformation of the moving volume. In order to better understand the 

brain shift phenomenon, Hastreiter et al. 183  performed DIR based on piecewise linear 

transformations proposed in an earlier study 184 to approximate nonlinear deformations, and 

accelerated tri-linear interpolation by using the 3D texture mapping capabilities of graphics 

hardware. Levin et al. 185 exploited graphics hardware to implement a high-performance 
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thin-plate spline (TPS) volume warping algorithm that could be used in iterative image 

registrations and accelerated the application of the TPS nonlinear transformation by combining 

hardware-accelerated 3D textures, vertex shaders, and tri-linear interpolation. 

Strzodka et al. 186 implemented a non-rigid regularized gradient flow registration on the 

GPU to match 2D images. In contrast to earlier studies that used graphics hardware only for the 

tri-linear interpolation (e.g. Soza et al.’s study 182), Kohn et al. 187 implemented the entire 3D 

regularized gradient flow on a GPU. However, due to memory bottlenecks, they reported that 

their 3D non-rigid registration is not as fast as one would expect. Vetter et al. 180 implemented 

non-rigid registration on a GPU using mutual information and the Kullback-Leibler divergence 

between observed and learned joint intensity distributions. They proposed this method for 

specifically matching multi-modal data sets and, like Kohn et al. 187, they implemented the entire 

registration process on the GPU.  

To the best to our knowledge, there are only three studies that mapped the Demons 

registration algorithm to the GPU: implementation of Kim et al. 188 , Courty and Hellier 189, and 

Sharp et al. 181. All these three studies were conducted concurrently and independently with our 

study and differ mainly on the method they used for smoothing the displacement field. These 

implementations also used different GPUs and programming environments.  

Kim et al.188 implemented the Demons algorithm using a simple ramp smoothing filter and 

a NVIDIA GeForce 6800 GPU with the Cg language. They took the average of the closest six 

neighbors of each voxel to smooth the displacement field. Courty and Hellier 189 presented a 

GPU implementation of the Demons algorithm using a Gaussian recursive filter. The advantage 

of recursive filtering is that number of operations is bounded and independent of the standard 

deviation of the Gaussian filter, but the error will be significant for the standard deviation larger 
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than 10. In order to implement the recursive filter, the Gaussian filter with 4th-order cosines-

exponential functions was approximated. In this implementation, they chose an NVIDIA Quadro 

FX 1400 GPU, with fragment programs written with a Cg-like syntax. Finally, Sharp et al. 181 

implemented the Demons algorithm using a separable Gaussian filter. They used the Brook 

programming environment and a NVIDIA GeForce 8800 GTS GPU. Using a Gaussian filter for 

smoothing the displacement field provides the most accurate implementation. However, this is 

the most expensive part of the Demons algorithm. Hence, to achieve faster runtimes some of the 

researchers simplified or approximated the smoothing process. For instance, Kim et al. used 

simple ramp smoothing instead of Gaussian smoothing and Courty and Hellier approximated the 

Gaussian filter as discussed above. Sharp et al. was first to use a separable Gaussian filter. In 

order to provide an accurate implementation, we have also used Gaussian smoothing and 

performed convolution of the displacement field with separable Gaussian filter like Sharp et al. 

did. However, we improved the speed of Sharp et al.’s implementation by using NVIDIA’s 

CUDA environment instead of Brook; we report a 10% faster runtime on the same hardware. 

CUDA specifically targets newer NVIDIA cards and provides powerful features, such as shared 

memory access, which we extensively used in our implementation that Brook does not offer. 

Hence, CUDA is optimized for these cards and provides better support/performance than Brook. 

In addition, Brook is a legacy academic project and is at best maintenance-mode-only, whereas 

CUDA is directly supported by NVIDIA, is under active development, and has a broader set of 

programming tools and libraries available. In addition to achieving faster runtime, we obtained 

constant speedups across datasets with different image sizes. Kim et al. and Courty and Hellier 

reported speedup for only one dataset. Sharp et al. reported speedups for two datasets. However, 

they reported a smaller speedup for the larger dataset size. Hence, to the best to our knowledge, 



 

127 

our implementation presents the fastest and most scalable GPU-based implementation of 

Demons algorithm available to date.  

It has to be noted that current GPUs are limited by single precision floating point (i.e. 32 

bits), while CPUs can use double precision floating point (i.e. 64 bits). Typically single precision 

is deemed to be sufficient for DIR in medical imaging, and other general computations, including 

diffusion equations, wave equations, Poisson problem, and Navier-Stokes equations 190. However 

there are cases, such as for finite element modeling, where double precision is needed 154. As 

well, significantly less dedicated processor memory is available to GPU programming than for 

CPU programming. Currently GPUs typically have less than 1 GB memory. For CPUs up to 

4GB RAM is available with the 32-bit architecture, and  theoretically up to 1.7x1010 GB RAM 

with the 64-bit architecture. 

In the next section, we present the implementation of the demons algorithm for the near 

real-time DIR based on a commercial GPU for a standard PC architecture and CUDA 

programming language. We consider the central issue of GPU vs. CPU computing: the effect of 

the computational organization, including data structures, and structure of parallelism on 

computing performance. A systematic comparison of GPU and CPU computing strategies for 

DIR in terms of computational efficiency time, and cross-correlation (CC) between the deformed 

images and the target images is presented.  For this relatively nascent and highly promising 

technology, we consider a standard and widely disseminated DIR algorithm: Demons. The 

details of the Demons algorithm are discussed in the Chapter 4.2. The Demons algorithm, though 

not necessarily the fastest or most robust in all clinical cases, is widely available and serves as a 

standard for comparison due to its simplicity. This initial choice will permit other researchers to 

standardize performance comparisons and build on our promising results. We evaluate this 
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strategy over a range of clinical lung imaging volumes acquired with 4DCT.  In contrast to the 

previous studies, which only presented single-threading CPU implementation runtimes, we will 

provide multi-threading CPU implementation runtimes, in order to present a fair comparison 

between CPU and GPU speeds.  

6.2 Materials and Methods 

Lung and prostate imaging are candidates for clinical applications of DIR, requiring fast 

near real-time DIR if one is to use time series volumetric imaging data as part of ART. We 

evaluated GPU DIR using clinical CT lung imaging acquired with 4DCT from eight patients. CT 

images were acquired using a Phillips BRILLIANCE 16 slice CT-Simulator (Phillips Medical 

Systems, Cleveland, Ohio). CT data was binned over the 10 phases of a respiratory cycle, the 

free breathing (FB) CT represented an average over the respiratory cycle sampled from the 10 

phases. The FB CT served as the source CT, since at our institution, by convention and historical 

consistency, all segmentation is initially carried out on the FB CT. The target consisted of one of 

the ten phases, typically with the largest deformation. The Demons algorithm was used to map 

the FB CT data set onto a phased CT. It was implemented on an Intel dual core 2.4GHz CPU 

using C language, and on a NVIDIA 8800 GTX GPU using CUDA.  In our implementations, the 

available dedicated RAM for the CPU was 3GB, while the video memory for the GPU was 

1536MB (The NVIDIA 8800 GTX with 1536MB used here is equivalent to the NVIDIA Quadro 

FX 5600). The following parameters were used for the demons algorithm: size of smoothing 

kernel is 3 x 3 x 3 pixels, standard deviation of smoothing kernel is 0.5, and step size = 1.0. 

The dual core CPU implementations consisted of single threading (i.e. equivalent to single 

CPU processing) and multithreading (i.e. equivalent to dual CPU processing). Current GPUs are 

capable of single precision floating point operation (i.e. 32 bit processing), while CPUs allow for 

double precision floating point operation (i.e. 64 bit processing).  The cross-correlation (CC) 
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metric was used to quantify the resulting difference image for DIR from GPU and CPU 

implementations. In the study, we compared the performance of the CPU and the GPU 

implementation using the following criteria: TPI (time per iteration) and TPMI (time per mega-

pixels per iteration). TPI represents the computation time per iteration while TPMI represents the 

computation time per million pixels per iteration. TPI is independent of the termination criterion, 

and typically varies linearly with image size. TPMI is a normalized measure (with respect to data 

size) of TPI, and is a better measure of computational efficiency. The variation of TPMI 

expressed as a percentage of the mean (i.e. 100% x standard deviation (sd)/ mean) provides a 

measurement of sensitivity of computational efficiency to data size. Ideally TPMI should be the 

same regardless of the image size. This is typically the case for CPU computing, with the 

possible exception due to very large data sets that cannot be entirely stored on RAM but are 

frequently accessed by CPU. Invariance of TPMI with respect to data size is desirable and can 

indicate programming efficiency. The maximum TPMI, mean TPMI, and standard deviation of 

the mean TMPI provide a test for this invariance over the imaging volumes encountered 

clinically. Since there was no absolute gold standard for the clinical imaging, the CC between the 

deformed and the target image, and the difference image were used to evaluate the registration 

results between CPU DIR and GPU DIR. 

6.3 Results 

It was observed that 100 iterations were sufficient to achieve good convergence for DIR in 

all 8 clinical cases. The termination condition was empirically set that the fractional difference in 

similarity measures (i.e. cross correlation) between consecutive iterations was less than 10-3.  The 

source image, target image, deformed image, and the difference images are shown in Figure 6-2. 

As well, no difference between the GPU and CPU based deformation was visually observed in 

the difference images. The effect of single precision float computing (GPU) and double precision 
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floating point (CPU) on the computation of CC is quantified in Table 6-1. Even with different 

programming architectures, the difference was minimal and was not significant to the 

deformation mapping. For CC, a mean difference of 4 x 10-6 and a maximum difference of 2 x 

10-5 were observed between GPU and CPU computations over 100 iterations for the 8 clinical 

cases. This was not statistically significant, as it was smaller than the termination criteria. In fact, 

different programming implementations of Demon’s algorithm (i.e. MATLAB vs. C) also 

produce small but clinically insignificant differences measured by the cross-correlation and the 

difference image.  

For the clinical CT images, using DIR based on 100 iterations and the demons algorithm, 

GPU time was in the range of 1.8 - 13.5 seconds for data sizes of 2x106 - 4x107 pixels 

(representative of imaging volumes in radiotherapy), which we considered to be near real-time. 

In Table 6-2, the individual CPU and GPU time were reported for each clinical data set. TPI for 

GPU ranged from 0.0181-1.35 seconds, compared to 1.03-7.45 seconds for single thread CPU 

and 0.671-4.66 seconds for dual thread CPU. Normalizing for image size, the TPMI for GPU 

was 0.00916 seconds, while it was 0.527 seconds and 0.335 seconds for single thread and dual 

thread CPU, respectively. Hence the GPU was 55-61 times faster (based on ratio of TPIs or 

TPMIs) than the single threading CPU, and 34-39 times faster than multithreading CPU. The 

multithreading implementation was efficiently optimized to take advantage of the dual core 

architecture since the ratio of multithreading to single threading applications was approximately 

0.63 for both TPI and TPMI measurements. A value of 0.5 is considered ideal. It should be 

further noted that the current impressive GPU implementation involved computing the CC value 

at each iteration, without CC evaluation, the GPU time could be further reduced by 

approximately 10%. CC is not required for the demons algorithm but we implemented in order to 
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study any CPU and GPU computational differences. The improvement in computational 

efficiency using the GPU, and the linear dependence of TPI (for both CPU and GPU) on image 

size were shown in Figure 6-3. 

As expected, for both single threading and multithreading CPU implementations, the TPI 

is a function of image size but TPMI is almost invariant of image size. Similar behavior was also 

observed for GPU. The standard deviation in TPMI expressed as a percent of mean (i.e. 100% x 

sd/ mean), was 1.3% for single thread CPU, 1.6% for dual thread CPU and 3.7% for GPU using 

CUDA.  This indicated very good memory management on the part of CUDA.   

In Table 6-3, for the purpose of comparison, we have listed the GPU performance 

measured based on TPI and TPMI of the implementation by Sharp et al.181, who carried a 

comparison between GPU based DIR using a NVIDIA 8800 GTS GPU and CPU DIR (using a 

2.8 GHz Intel dual core CPU and 1.5GHz RAM). Our implementation had TPMI of 8.75 x10-3 

seconds for the image size of 256 x 256 x 64 (=4.19 x 106 pixels), while Sharp had a value of 

10.4 x 10-3 seconds for a similar image size (256 x 128 x 128), resulting in a 16% improvement.  

For the larger image size of 256 x 256 x 175 (=11.47 x106 pixels), we obtained a TPMI of 8.72 x 

10-3 seconds, while Sharp’s implementation had TPMI of 12.16x10-3 seconds using an image 

size of 424x180x150 (=11.45 x106 pixels), resulting in an improvement of 28%.  These results 

were presented in Figure 6-4. The differences in the performance of the two implementations 

could be due to different hardware (NVIDIA 8800 GTX vs. NVIDIA 8800 GTS), programming 

language (CUDA vs. Brook), and possibly slightly different implementations of the demons 

algorithm.  We did not carry out an explicit comparison of performance based on the CUDA and 

Brook programming languages using the same GPU hardware. However, an examination of the 

standard deviation of TPMI seems to suggest that our implementation of CUDA may be better at 
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memory utilization than Brook. For our GPU implementation, our TPMI had a standard 

derivation of 3.7% of the mean, while that of Sharp et al. had a standard derivation of 10.9% of 

the mean.  A lower standard derivation suggests less dependence of computation efficiency 

(normalized with respect to image size) on image size. 

 6.4 Discussion and Conclusion 

GPU computing offers fast parallel computing within the PC architecture, and has been 

shown to be highly promising for the DIR in clinical applications. However, compared to CPU 

programming, GPU programming is challenged by the difficult programming environments, 

single floating point precision, and reduced dedicated processor memory.  A GPU 

implementation of DIR utilizing the demons logarithm and CUDA language was presented for 

clinical CT lung imaging.  Compared to the traditional CPU implementation, there was 

negligible difference in the registration quality based on CC value during 100 iterations. GPU 

registration time based on 100 iterations, which was more than sufficient to achieve desired 

convergence, were 1.8-13.5 seconds for the clinical data sets with image sizes from 2 x 106 to 1.4 

x 107 pixels encountered in radiotherapy. The GPU was 55-61 times faster than the CPU with the 

same registration algorithm implemented with C language for single threading implementation, 

and 34-39 times faster than CPU using multithreading implementation on dual core 2.4GHz 

CPU. Thus, by using a relatively simple algorithm, such as the Demons algorithm, GPU based 

image registration yielded near real-time performance. The computation efficiency, normalized 

for image size, was characterized by TPMI (time per megapixels per iteration) and its standard 

deviation. The TPMI for GPU was 0.00916 seconds, significantly less than that for CPU (single 

threading - 0.527 seconds, multithreading - 0.335 seconds). The standard deviation of TPMI, 

listed here as a percent of mean (i.e. 100% x sd/ mean), was only 3.7%, indicating that the 

CUDA programming achieved highly parallelized computing for the indicated data sizes.  The 
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GPU computational efficiency presented here shows a conservative estimate, with a further 

reduction of approximately 10% in GPU computation time for both TPI and TPMI achieved by 

not requiring CC evaluation, which was not necessary for the demons algorithm but to study the 

CPU and GPU computational differences. 

Although only Demons algorithm was considered here, GPU computing potentially offers 

significant performance acceleration for other algorithms. For example, similar improvement can 

be expected for the “accelerated Demons” algorithm 22, which applies the ‘active force’ concept 

to both the source and target images (conventional demons applies to only one image volume), 

and represents no different function type evaluations for GPU or CPU computing. Future work 

will consider DIR algorithms with even faster convergence and improved robustness than the 

Demons algorithm considered here. Furthermore, DIR algorithms are expected take advantage of 

improved GPU hardware, which historically has seen faster growth in computational power 

compared to CPU hardware. The possibility of GPU based real-time DIR opens up a host of 

clinical applications, for ART and other areas in medical imaging.  
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Figure 6-1. Memory architectures of the traditional parallel computers. (a) The shared memory 
architecture. (b) The distributed memory architecture.  
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Figure 6-2. Deformable image registration using lung imaging. 2D image slices presented here 
are based on volumetric deformable image registration using demon’s method. (a) 
Target image. (b) Source image. (c) Deformed image using demons deformable 
image registration on image (a). (d) Difference image of the source image and the 
target image. (e) Difference image of the target image and the deformed image (i.e. 
following DIR). 

 



 

136 

 

0.0

1.0

2.0

3.0

4.0

5.0

6.0

7.0

8.0

0.0E+00 2.0E+06 4.0E+06 6.0E+06 8.0E+06 1.0E+07 1.2E+07 1.4E+07 1.6E+07
Image Size (pixels)

T
PI

 (s
ec

on
ds

 p
er

 it
er

at
io

n)
CPU single threading

CPU multithreading

GPU

 
Figure 6-3. Performance comparisons between the CPU (single threading and multithreading) 

and the GPU based implementations of the Demons DIR algorithm as a function of 
image size. The GPU implementation is approximately 58 times faster than the 
corresponding single threading CPU implementation, and ~37 times faster than the 
corresponding multithreading CPU implementation.  All three implementations 
exhibit a linear dependence on the image size.  
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Figure 6-4. Computational efficiency of the GPU programming for DIR. The effect on data size 

on GPU computational efficiency was explored. Here we superimposed our GPU 
(NVIDIA 8800 GTX using CUDA programming language) results, alongside that of 
Sharp et al., who used NVIDIA 8800 GTS with the Brook programming language.  
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Table 6-1. Maximum, mean and standard deviation of the difference in correlation coefficients 
between the CPU implementations and the GPU implementation in 100 iterations 

Patient Max Difference Mean Difference Standard Derivation 
1 2.2 E-5 3.0 E-6 4.0 E-6 
2 2.1 E-5 4.0 E-6 4.0 E-6 
3 3.0 E-5 7.0 E-6 8.0 E-6 
4 3.1 E-5 7.0 E-6 8.0 E-6 
5 3.0 E-5 5.1 E-6 5.0 E-6 
6 2.5 E-5 3.7 E-6 5.0 E-6 
7 2.6 E-5 4.0 E-6 4.2 E-6 
8 2.3 E-5 3.3 E-6 4.0 E-6 

 

 

 

Table 6-2. Performance comparison between the CPU and GPU based implementations of DIR 
for clinical imaging data 

Patient Image Size 
(pixels) 

CPU Time (seconds) 
GPU Time (seconds) 

Single threading Multithreading 

TPI  TPMI  
TPI  TPMI  TPI  TPMI  

1 512x512x51 7.174 0.537 4.380 0.328 0.175 1.308E-2 
2 512x512x54 7.453 0.526 4.660 0.329 0.186 1.316E-2 
3 256x256x119 4.012 0.514 2.574 0.330 0.0713 9.138E-3 
4 256x256x30 1.029 0.523 0.671 0.341 0.0181 9.21E-3 
5 256x256x64 2.200 0.524 1.420 0.338 0.0367 8.75E-3 
6 256x256x90 3.097 0.525 1.989 0.337 0.0540 9.16E-3 
7 256x256x150 5.231 0.535 3.337 0.339 0.0898 9.13E-3 
8 256x256x175 6.107 0.532 3.869 0.337 0.100 8.72E-3 
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Table 6-3. Performance comparison between the CPU (2.8GHz Intel Dual Core with 1.5GB 
RAM) and GPU (NVidia 8800 GTX) implementations of the Demons DIR algorithm 
for clinical imaging data in Sharp et al.’s GPU implementation 

Data Image Size 

CPU time  for single 
threading implementation 

(seconds) 
GPU Time (seconds) 

TPI TPMI TPI TPMI 

1 256x128x128 3.070 0.732 0.0437 0.0104 

2 424x180x150 6.335 0.553 0.139 0.0122 
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APPENDIX 
CODE SAMPLES OF RE-CONTOURING 

This following re-contouring (propagateSingleTargetContoursByDIR.m) is to propagate 

2D contours from the source image to the target image. The code is written using Matlab and 

python. The code was tested on Matlab 7.2 and VTK 5.2 with python 2.4 wrapper. To interact 

with Matlab, two additional python package, PyMat and SciPy, are also need to be installed. 

VTK python interface was used for surface reconstruction and post processing.  

 

% ////////// propagateSingleTargetContoursByDIR.m //////////////////// 
% deform one single target contour by DIR 
% 
%   
propagateSingleTargetContoursByDIR(deformationFields,dicomStruct,structureNam
e) 
% 
%   deformationfiels - 3D deformation fields  
%   dicomStruct - The contour structure exported as DICOM format 
%   structureName - name of the structure needed to deform. It is a 
%   cellarry, not caption sensitive. For example, {'heart'}. 
% 
%   Junyi Xia 
%  
%   Last Update: 05/03/08 
%   Revision: 0.1a 
% ////////////////////////////////////////////////////////////////////// 
function vtkFileName = 
propagateSingleTargetContoursByDIR(deformationFields,dicomStruct,structureNam
e) 
    vtkFileName = 'D:\test\DeformedSingleContour.vtk'; 
    PYTHON_BIN = 'C:\VTK\Binary\bin\release\vtkpython'; 
     
    CONVERTEDCONTOURFILENAME = 'D:\test\TempVTK.mat'; 
    SAVECONCONTOURFILENAME = 'D:\test\TempReconstructed.vtk'; 
    DEFORMEDCONTOURFILENAME = 'D:\test\TempVTK_Deformed.mat'; 
  
%% Step 1: reformat contours data for VTK usage 
    
convertContour4Python2(dicomStruct,structureName,CONVERTEDCONTOURFILENAME); 
  
%% Step 2: do VTK surface recontruction and save the result as vtk file 
unixcommand = [PYTHON_BIN,' ','D:\Clinician version of 
DRT\Segmentation\1.1\VTK\pyVTKSurfaceReconstruction.pyc',' 
',CONVERTEDCONTOURFILENAME,' ',SAVECONCONTOURFILENAME]; 
 
    status = unix(unixcommand); 
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 %% Step 3: Deforming the reconstructed surface points 
 % Read VTK points 
 singleStructure = readVTKContourPoints(SAVECONCONTOURFILENAME); 
  
 % Deforming points  
 deformedStructure = mappingContourPoints3D(deformationFields, 
singleStructure); 
 
 % Save as .mat file for Python  
 save(DEFORMEDCONTOURFILENAME,'deformedStructure'); 
 disp('Step 3 ... completed'); 
  
 %% Step 4: Contour regeneration using planar cutting plane 
 %   1) Generate the new mesh with deformed contour points 
 %   2) Cut the new mesh with the paralle planes 
 unixcommand = [PYTHON_BIN,' ','D:\Clinician version of 
DRT\Segmentation\1.1\VTK\pyVTKCutDeformedSurface.pyc',' 
',SAVECONCONTOURFILENAME,' ',DEFORMEDCONTOURFILENAME,' ', 
num2str(floor(min(deformedStructure(:,3)))),' 
',num2str(ceil(max(deformedStructure(:,3)))),' ',vtkFileName]; 
 
    status = unix(unixcommand); 
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% ///////////////////// convertContour4Python2.m //////////////////////// 
% convert the contours from vtk python surface reconstruction 
% 
%   converted = 
convertContour4Python(structureFileName,fieldname,structureNameList, 
saveFileName) 
% 
%   rtStructures - exported structure contour points. 
%   structureNameList - all the interested structures, such as 'heart', 
%   'cord'. It is a cell array. 
%   saveFileName 
%  
% change logs: 
%   1)  
% 
%   Junyi Xia 
%   $ Revision: 0.1 $ 
%   $ Last update: 03/31/08 $ 
% ///////////////////////////////////////////////////////////////////////// 
function convertContour4Python2(rtStructures, structureNameList, saveFileName) 
  
% Extract the points of the specified structure  
selectedStructures = rtStructures; 
for i=length(selectedStructures):-1:1 
    strName = selectedStructures(i).Name; 
    if ( ~isTargetStructure(structureNameList,strName)) 
        selectedStructures(i) = []; 
    end 
end 
  
% Filtering small contours 
selectedStructures = drtGetFilteredStructures(selectedStructures); 
  
savedStructName = []; 
for j = 1:length(selectedStructures) 
    contourpoints = []; 
    for i = 1:length(selectedStructures(j).Contours) 
        temp = selectedStructures(j).Contours(i).Points; 
        z = selectedStructures(j).Contours(i).Idx; 
        temp = temp'; 
        temp(:,3) = z; 
        contourpoints{i} = temp; 
    end 
    structName = strrep(selectedStructures(j).Name,'-','_'); 
    savedStructName{j} = structName; 
    eval(sprintf('%s = contourpoints;',structName)); 
end 
  
save(saveFileName,savedStructName{:}); 
disp('Converting completed!') 
  
function result = isTargetStructure( cellTargetStructure, input) 
    n = length(cellTargetStructure); 
    result = 0; 
     
    for i=1:n 
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        if ( strcmpi(input,cellTargetStructure{i})) 
            result = 1; 
            break; 
        end 
    end 
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pyVTKSurfaceReconstruction.py 

// Reconstruct the surface from 2D contours 

#!/usr/bin/env python 
# 
import vtk 
import sys 
from scipy.io import loadmat 
  
# Create the RenderWindow, Renderer and both Actors 
# 
ren1 = vtk.vtkRenderer() 
renWin = vtk.vtkRenderWindow() 
renWin.AddRenderer(ren1) 
iren = vtk.vtkRenderWindowInteractor() 
iren.SetRenderWindow(renWin) 
  
points = [] 
polys = [] 
  
# 
# Load the data 
# 
loadpoints = loadmat(sys.argv[1]) 
tempContours = loadpoints.keys() 
  
# Get contour names 
contoursNames = [] 
for i in range(0,len(tempContours)): 
    if ( tempContours[i].find('__') == -1 ): 
        contoursNames.append(tempContours[i]) 
  
contours = [] 
contourMapper = [] 
contourActor = [] 
f = [] 
m = [] 
a = [] 
  
for k in range(0,len(contoursNames)): 
    totalPoints = loadpoints[contoursNames[k]] 
    numContours = len(totalPoints) 
     
    idx = 0 
    points.append(vtk.vtkPoints()) 
    polys.append(vtk.vtkCellArray())     
    print contoursNames[k] 
    for i in range(0,numContours): 
        numPoints = len(totalPoints[i]) 
        print numPoints 
        polys[k].InsertNextCell(numPoints) 
        for j in range(0,numPoints): 
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points[k].InsertPoint(idx,totalPoints[i][j,0],totalPoints[i][j,1],totalPoints
[i][j,2]) 
            polys[k].InsertCellPoint(idx) 
            idx += 1 
     
     
    # 
    # Create a representation of the contours used as input 
    # 
    contours.append(vtk.vtkPolyData()) 
    contours[k].SetPoints(points[k]) 
    contours[k].SetPolys(polys[k]) 
     
    contourMapper.append(vtk.vtkPolyDataMapper()) 
    contourMapper[k].SetInput(contours[k]) 
     
    contourActor.append(vtk.vtkActor()) 
    contourActor[k].SetMapper(contourMapper[k]) 
    contourActor[k].GetProperty().SetColor(1,0,0) 
    contourActor[k].GetProperty().SetAmbient(1) 
    contourActor[k].GetProperty().SetDiffuse(0) 
    contourActor[k].GetProperty().SetRepresentationToWireframe() 
     
    ren1.AddActor(contourActor[k]) 
     
    # 
    # Create the contour to surface filter 
    # 
    f.append(vtk.vtkVoxelContoursToSurfaceFilter()) 
    f[k].SetInput(contours[k]) 
    f[k].SetMemoryLimitInBytes(1000000) 
    f[k].SetSpacing(1,1,1) 
     
    m.append(vtk.vtkPolyDataMapper()) 
    m[k].SetInputConnection(f[k].GetOutputPort()) 
    m[k].ScalarVisibilityOff() 
    m[k].ImmediateModeRenderingOn() 
     
    a.append(vtk.vtkActor()) 
    a[k].SetMapper(m[k]) 
     
    ren1.AddActor(a[k]) 
    contourActor[k].VisibilityOn() 
    ###################### 
    writer = vtk.vtkPolyDataWriter() 
    writer.SetFileName(sys.argv[2]) 
    writer.SetInput(f[k].GetOutput()) 
    writer.Write() 
    ####################### 
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%   writeVTKVolume2Matrix.m 
%   read a vtk image file and write it as matlab matrix 
% 
%   Parameter: 
%       vtkfile - name of the vtkfile 
%   Return: 
%        vol - image volume 
% 
%   Note: no spacing, origin information is returned. 
% 
%   Junyi Xia 
%    
%   Nov.30, 2006 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
function points = readVTKContourPoints(vtkfile) 
  
fid = fopen(vtkfile,'r','b'); 
  
if ( fid == -1 ) 
    error('can not open file %s !',vtkfile); 
end 
  
numberOfPoints = 0; 
dims = []; 
vol = []; 
% read file line by line 
while 1 
    tline = fgetl(fid); 
    % end of file? 
    if ( tline == -1 ) 
        break; 
    end 
    % is a string ? 
    if ( isempty(str2num(tline))) 
        index = strfind(tline, 'POINTS'); 
        if ( ~isempty(index)) 
            numberOfPoints = str2num(sscanf(tline,'%*s %s %*s')); 
  
            if ( numberOfPoints ~= 0 )                     
                temp = textscan(fid,'%f %f %f',numberOfPoints); 
                points(:,1) = temp{1}; 
                points(:,2) = temp{2}; 
                points(:,3) = temp{3}; 
            end 
            break; 
        end     
    end 
end 
  
vol = double(vol); 
fclose(fid); 
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% /////////////////////// mappingContourPoints3D.m //////////////////// 
% deform the contour points by the deformation fields. 
% 
%   mappedPoints = mappingContourPoints(deformationfields, contourpoints) 
% 
%   deformationfiels - 3D deformation fields  
%   contourpoints - contour points, it is a cell array 
% 
%   Junyi Xia 
%  
%   Last Update: 04/01/08 
% ////////////////////////////////////////////////////////////////////// 
function mappedContourPoints = mappingContourPoints3D(deformationfields, 
contourpoints) 
  
% rebuild the points into n x 3 matrix 
contour = contourpoints; 
mappedPoints = []; 
 
% do the interpolation 
mappedPoints(:,1) = 
interp3(deformationfields(:,:,:,1),contour(:,1),contour(:,2),contour(:,3),'li
near',0); 
mappedPoints(:,2) = 
interp3(deformationfields(:,:,:,2),contour(:,1),contour(:,2),contour(:,3),'li
near',0); 
mappedPoints(:,3) = 
interp3(deformationfields(:,:,:,3),contour(:,1),contour(:,2),contour(:,3),'li
near',0); 
  
mappedContourPoints = mappedPoints + contour; 
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pyVTKCutDeformedSurface.py 

// Generate 2D deformed contours from cutting 3D deformed surface mesh 

 
#!/usr/bin/env python 
# 
## argv[1] - reconstructed mesh 
## argv[2] - deformed points 
## argv[3] - minimum z of cutting plane 
## argv[4] - maximum z of cutting planeimport vtk 
  
  
import vtk 
import sys 
from scipy.io import loadmat 
  
# Load the deformed points 
loadpoints = loadmat(sys.argv[2]) 
contourPoints = loadpoints['deformedStructure'] 
  
# Load the original mesh 
fileReader = vtk.vtkPolyDataReader() 
fileReader.SetFileName(sys.argv[1]) 
fileReader.Update() 
polyMesh = fileReader.GetOutput() 
  
ptsDeformed = vtk.vtkPoints() 
  
# Build points with deformed contour points 
idx = 0 
for i in range(0,len(contourPoints)): 
    
ptsDeformed.InsertPoint(idx,contourPoints[i][0],contourPoints[i][1],contourPo
ints[i][2]) 
    idx += 1 
  
polyMesh.SetPoints(ptsDeformed) 
  
# Get the max and min Z of the cutting plane 
minZ = int(sys.argv[3]) 
maxZ = int(sys.argv[4]) 
  
plane = [] 
planeCut = [] 
appendContours = vtk.vtkAppendPolyData() 
for i in range(0,maxZ-minZ+1): 
    plane.append(vtk.vtkPlane()) 
    if i == 0: 
        plane[i].SetOrigin(0,0,minZ+0.00001) 
    elif i == maxZ-minZ: 
        plane[i].SetOrigin(0,0,maxZ-0.00001) 
    else: 
        plane[i].SetOrigin(0,0,minZ+i+0.00001) 
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    plane[i].SetNormal(0,0,1) 
    planeCut.append(vtk.vtkCutter()) 
    planeCut[i].SetCutFunction(plane[i]) 
    planeCut[i].SetInput(polyMesh) 
    appendContours.AddInput(planeCut[i].GetOutput()) 
  
writer2 = vtk.vtkPolyDataWriter() 
writer2.SetFileName(sys.argv[5]) 
writer2.SetInput(appendContours.GetOutput()) 
writer2.Update() 
writer2.Write() 
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