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Pattern classification is a fundamental problem in intelligent systems design. Many 

different probabilistic, evidential, graphical, spatial-partitioning and heuristic models have been 

developed to automate classification. In some applications, there are unknown, overlooked, and 

disregarded factors that contribute to the data distribution, such as environmental conditions, 

which hinder classification.  

Most approaches do not account for these conditions, or factors, that may be correlated 

with sets of data samples. However, unknown or ignored factors may severely change the data 

distribution making it difficult to use standard classification techniques. Even if these variable 

factors are known, there may be a large number of them. Enumerating these variable factors as 

parameters in clustering or classification models can lead to the curse of high dimensionality or 

sparse random variable densities. Some Bayesian approaches that integrate out unknown 

parameters can be extremely time consuming, may require a priori information, and are not 

suited for the problem at hand. Better methods for incorporating the uncertainty due to these 

factors are needed. 

We propose a novel context-based approach for classification within a random set 

framework. The proposed model estimates the posterior probability of a class and context given 



 

9 

both a sample a set of samples, as opposed to the standard method of estimating the posterior 

given a sample. This conditioned posterior is then expressed in terms of priors, likelihood 

functions and probabilities involving both a sample and a set of samples. Particular attention is 

focused on the problem of estimating the likelihood of a set of samples given a context. This 

estimation problem is framed in a novel way using random sets. Three methods are proposed for 

performing the estimation: possibilistic, evidential, and probabilistic. These methods are 

compared and contrasted with each other and with existing approaches on both synthetic data 

and extensive hyperspectral data sets used for minefield detection algorithm development.  

Results on synthetic data sets identify the pros and cons of the possibilistic, evidential and 

probabilistic approaches and existing approaches. Results on hyperspectral data sets in indicate 

that the proposed context-based classifiers perform better than some state-of-the-art, context-

based and statistical approaches. 
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CHAPTER 1  
INTRODUCTION 

Problem Statement and Motivation 

When collecting data, many known and unknown factors transform the observed data 

distribution. In many applications, sets of samples are collected at a given time, for example, 

remote sensing. In remotely sensed imagery, images are taken from a remote location such as a 

plane. These images are essentially sets of pixels, or samples, that are collected at the same time. 

In this instance, many of the unknown or unspecified factors may influence all of the samples in 

the image, or some subset thereof, similarly. That is, all of the samples in an image subset may 

undergo the same transformation induced by these factors. 

Optical character recognition (OCR) is another application where factors may influence 

the results of classification. In OCR, if a classifier could identify a font or font size of a 

document, the problem of character recognition may be simplified. In this problem, the font or 

font size is a factor, or context, which may change the appearance of the sample, or the character. 

Before we fully characterize the problem at hand, we state some assumptions and define a 

few terms which are necessary for the problem statement. We assume that similar samples 

collected in similar conditions or situations will undergo similar transformations. We define a 

population as a set of samples collected under the same conditions or situation. We define the 

idea of context as the surrounding conditions or situations in which data are collected. We define 

contextual factors as the unknown or unspecified factors that transform the data’s appearance. 

Given these definitions, we can define a contextual transformation as a transformation that acts 

on sets of samples on a context-by-context basis. We attempt to estimate a population’s context 

using the observed population’s distribution. 
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In a probabilistic approach, context can be viewed as hidden random variables that are 

correlated with the observed samples. This view implies that the observed samples are dependent 

on these hidden variables.  

In many standard models, classification accuracy suffers due to contextual factors. If these 

variables are ignored, many classification methods will suffer since the sample values may be 

severely altered by contextual transformations. On the other hand, if their values are specified 

and corresponding parameters are enumerated in a model, problems such as the curse of 

dimensionality or sparse probability distributions may hinder classification results.  

Example  1.1 Contextual transformations: In this example, we illustrate that contextual 
factors are present in remotely sensed hyperspectral imagery (HSI) collected by airborne 
hyperspectral imager (AHI). In this data, each pixel in an image has a corresponding spectral 
vector, or spectral signature, with intensity values in the long wave infrared (LWIR), 7.8 um to 
11.02 um. Each spectral signature is usually viewed as a plot of wavelength vs. intensity. Figure 
 1-1A illustrates multiple spectral signatures, or spectra, from a target class and a non-target class 
indicated by a solid line and a dashed line, respectively. Two consequences of contextual 
transformations can hinder classification. The first problem is the obvious change in sample 
appearance in varying contexts, which we refer to as a non-disguising transformation. An 
algorithm must know the appearance of a target sample for identification; therefore, if a target 
can potentially take on multiple appearances then a classifier must be aware of all potential 
appearances. The second problem occurs when samples from one class, in some context, are 
transformed to appear as samples from another class in another context, which we refer to as 
disguising transformations. We characterize these problems separately since their solutions 
require different approaches.  

Solutions to non-disguising transformations require knowledge of the various target class 
appearances. An algorithm developer could simply add model constructs or parameters to 
account for varying appearances. For example, a developer could add densities to a mixture 
model to account for multiple appearances due to multiple transformations. However, this 
solution will not resolve the problem of disguising transformations since samples from different 
classes have the same appearance. In this situation, context estimation is used to identify relevant 
models that were constructed for similar contexts that our test population has been observed and 
thereby disregarding models or parameters constructed for irrelevant contexts.  

Assume we want to classify the bolded spectral signature shown in Figure  1-1A. Classification is 
difficult since this spectral vector has the same appearance as some target and non-target spectra 
from various contexts. However, if we disregarded the spectra collected in a different context, 
classification becomes less complicated as illustrated in Figure  1-1B. 
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Example  1.2 Feature space transformation: Suppose we have images of scenes 
containing pixels with values in nR . For the sake of illustration, we assume n=2 and each image 
X, has a continuum of pixels. Each of these pixels corresponds to a measurement of some object 
in the real world. We would assume that the pixel’s value would depend on the object it 
represents in the real world, but there are contextual factors that will influence the pixels’ values.  

In this example, there are five images containing pixels that represent two objects in the real 
world, ‘x’ and ‘o’. Some of these images were taken in different contexts thus each is affected by 
different influencing factors. These contextual factors transform the data collected in distinct 
contexts, differently. These transformations may cause sets of samples to have different spatial 
distributions, or shapes, in a feature or sample space as shown in Figure  1-2A.  

Assume the goal is to label some samples in X1, denoted by ‘*’, using some labeled samples 
from the other images illustrated in Figure  1-2B. If we ignore the population information, the 
classification problem becomes more difficult as shown in Figure  1-2C. Instead, if we 
emphasize, to an algorithm, datasets which appear to have been collected in a similar context, the 
job of classification may be simplified, as shown in Figure  1-2D. A similar spatial distribution of 
sets may indicate that a similar transformation has acted on the populations and have therefore 
been collected in similar conditions. We propose that if this contextual information is gathered 
and utilized correctly, classification results should improve. 

Proposed Solution 

The problem of variable contextual factors is similar to some existing problems such as 

concept drift where the idea of a target class and/or its governing distribution may change with 

respect to time or some hidden context. In Example  1.2 , a solution would need to include a 

method for determining a similar distribution, or shape, relationship between populations. A 

more general solution would provide a method for modeling the shape of populations from a 

particular context.  

Standard context-based classifiers suffer from a number of limitations. Most notably, they 

lack the ability to solve the problem of disguising transformations, as mentioned in Example  1.2. 

Many classifiers attempt to estimate context, which we propose is best identified by analysis of 

an entire population, by inspecting a single sample. Many existing models also suffer from 

restrictions, inappropriate assumptions, and the lack of ability to handle all forms of concept 

drift. Most standard statistical methods make the independently identically distributed (i.i.d.) 
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assumption that limits their ability to capture any information found through the analysis of the 

set of samples.  

The proposed solution uses a random set  [1]- [7] model for population context estimation. 

A population’s context is then considered when each sample of the population is classified. This 

model has the ability to estimate context by inspecting the distribution of a set of samples. 

Populations, after undergoing contextual transformations induced by contextual factors, are 

compared to contextual models—modeled using random sets—in attempts to identify the context 

in which they were collected. Specifically, the creation of the proposed context-based classifier 

consists of factors for context estimation and class estimation. The classification factor will 

estimate the class of each sample using class models, one for each context. The context 

estimation factor will identify the relevance of each model based on the estimated context of the 

test population and subsequently weight each model’s contribution by contextual relevance. The 

identification of context allows for more informed class estimation emphasizing models relevant 

to the test population’s context and ignoring the irrelevant models. 

Note that the proposed model implicitly acquires context of a sample set without explicitly 

performing any estimation of the contextual factors. A subsequent benefit to this approach is that 

it avoids the curse of high dimensionality and sparse densities, which are potential pitfalls of 

methods that would directly account for these contextual factors. 

The proposed random set model allows for evidential, probabilistic, and possibilistic 

approaches due to the inherent versatility of the random set. Furthermore, it also has the ability to 

avoid the aforementioned limitations and to handle all forms of concept drift. Existing standard 

and state-of-the-art methods are surveyed, analyzed, and compared to the proposed approach. 
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Results from experiments indicate that the proposed random set model improves classification 

results from existing methods in the face of hidden contexts. 
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Figure  1-1. Spectral samples exhibiting contextual transformations. A) Spectra from target and 
non-target classes collected by AHI in multiple contexts. The target class is indicated 
by a solid line and a non-target class is indicated by a dashed line. B) An unlabeled 
sample shown in bold along with two labeled samples collected in the same context. 

 

 
Figure  1-2. Illustration of contextual transformations in a feature space. A) Five images in some 

feature space that is a subset of R2. B) Labeled samples from each training image and 
unlabeled samples from the test image. C) All samples without contextual 
information. D) Using a similarly distributed training image to label the samples in 
the test image. 

 

A B

A

C

B

D



 

16 

CHAPTER 2  
LITERATURE REVIEW 

The following is a review of current literature pertinent to problems and solutions arising 

from contextual factors. First, the problem of concept drift is detailed along with standard and 

state-of-the-art solutions  [12]- [58]. Next, a brief review of context-based approaches with 

applications to hyperspectral imagery is given  [59]- [67]. Next, a brief mathematical and 

statistical review is given to assist in the development of the proposed random set framework 

 [1]- [11]. Standard statistical methods are reviewed and their potential uses for context-estimation 

are developed. Through the development we indicate that alternative methods may model the 

idea of context better than standard approaches. Next, the random set is defined and introduced 

as a method better suited for context estimation  [1]- [7]. This is followed by a few examples of 

set similarity measures, which are reviewed to assist in set analysis  [69]- [72]. Next, we review of 

some existing formulations and applications of random sets. Finally, we review some state-of-

the-art, en masse, context-based approaches, which treat sets as unitary elements for context-

estimation. 

Concept Drift 

The idea that samples of a class may change with respect to time is an area of recent 

research. We begin our discussion with a benchmark solution to this problem. One of the first 

algorithms developed to analyze and contend with this occurrence is STAGGER, which was 

developed by Schlimmer and Granger, and is based on a psychological and mathematical 

foundation  [24]. STAGGER has 4 major steps: initialization, projection, evaluation, and 

refinement. In initialization, the description of a concept or class is constructed using a set of 

pairs consisting of logical statements, or characterizations, used to describe a class and 

corresponding weights used to weight the importance of each description. In this step, the 
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concept is specified. In projection, a Bayesian scheme is implemented to estimate the frequency 

of occurrences of the characterizations in subsequent samples. These probabilities are updated 

after the class of a new sample is determined. In this step, new samples are inspected to 

determine if frequency or weighting of each characterization is representative of the data.  In 

evaluation, the effectiveness of each characterization is determined based on the number of 

correct and incorrect predictions for each characterization. In this step, the concept 

characterizations are evaluated to determine if there should be a change in these concept 

characterizations. In refinement, the characterizations and corresponding weights are modified 

based on their evaluations to improve their effectiveness as predictors.  

The Problem of Concept Drift 

STAGGER is one approach that contends with the change of concepts with respect to time 

or some hidden context. One of the more popular formulations of this problem, concept drift, has 

recently become an area of much research  [18]- [57]. In concept drift, a concept may depend on 

some hidden context which is not given explicitly. Changes in the hidden context then induce 

changes in our target concept. This principle has been adopted by researchers in the machine 

learning community and has many applications in scientific research. Solutions to the problem 

should be able to adjust for concept drift, distinguish noise from concept drift and recognize and 

adjust for repeat concepts  [18]. 

Concept drift can be divided into two categories: real and virtual. In real concept drift, the 

concept or idea of a target class may change. In virtual concept drift, the data distribution for a 

target class may change. The former is truly a concept shift—a change in concept—whereas the 

latter is simply a sampling shift—a change of data distribution due to some unknown context or 

variables. The idea of virtual concept drift is similar to our problem of hidden, population-
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correlated variables, since this may lead to a change in data distribution due to some hidden 

context. 

Concept drift can also be categorized as sudden or gradual. In sudden concept drift, the 

drift may be abrupt and substantial; whereas in gradual concept drift, the drift may be gradual 

and minimal. The problem at hand can be described as abrupt or sudden concept drift. The 

developed model allows for data to be collected at variable times and may not necessarily be a 

continuous flow of data with respect to time; in fact, the drift may be fairly substantial. 

Concept Drift Solutions 

There are three major approaches that are used to account for concept drift: instance 

selection, instance weighting and ensemble learning. In instance selection the goal is to select 

relevant samples from some training set for use in classifying test samples. A simple example of 

this approach would be windowing—using sliding windows or k nearest neighbors (kNN)  [22], 

 [23],  [25]- [30]. Instance weighting involves weighting instances of a training set based on their 

relevance. Usually in instance weighting a learning algorithm is trained to appropriately weight 

these instances such as boosting  [31]- [33],  [39],  [40]. In ensemble learning, a set of concept 

descriptions are maintained and some combination of these descriptions are used to predict 

current descriptions, as in STAGGER. This general approach could also be interpreted as some 

sort of model selection where the set concept descriptions are in fact models or algorithms whose 

results are to be combined based on each concept descriptions’ relevance to a certain population 

 [21],  [24],  [34]- [58]. 

In existing concept drift solutions, there are a number of restrictions, assumptions, and 

limitations that induce models that will not be able to account for all contextual transformations. 

Furthermore, almost all existing context-based solutions cannot solve the problem of disguising 

transformations as defined in Example 1.2. This drawback is due to the fact that context 
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estimation is performed by inspecting one sample, rather than the entire population. There are 

five major limitations or pitfalls exhibited by existing concept drift algorithms. 

1. Estimates context based on a single sample (C.1) 
2. Recognizes only some forms of concept drift (C.2) 
3. Identifies context arbitrarily or with major assumptions (C.3) 
4. Admits solutions that are not robust to outliers (C.4) 
5. Assumes semi-supervised environment (C.5) 
 
We emphasize property C.1 since this is a conceptual flaw implemented by many concept drift 

algorithms. This assumption presumes that the situation discussed in Example 1.2, disguising 

transformations, will not occur. Next, we survey standard and state-of-the-art approaches to 

concept drift. In the following, we parenthetically indicate where properties C.1 – C.5 are 

observed by the surveyed approaches. In almost all existing approaches, C.1 is present except 

when the approach is highly supervised and makes major assumptions for context identification. 

Instance selection 

In full memory approaches, all training samples are kept but a subset are selected to 

classify a given test sample. The process by which these samples are selected is the crux of 

instance selection approaches. 

Widmer proposed the choice of a dynamic window size that is chosen based on time and 

classifier performance [30]. If the classifier is performing well, it is assumed that the concept has 

been constant for some time and a large window of samples are retained (C.2 and C.5). However, 

if performance decreases, it is assumed the concept is changing or has changed and the window 

size is shrunk (C.3 and C.4). 

Klinkenberg et al. proposed an instance selection approach, where a variable sized window 

is kept over the m most recent training samples, assuming that the last m samples will be 

reflective of new test samples (C.2) [33], [34]. The selected window size minimizes the error of a 

support vector machine that is trained using the last h training samples. After the SVM is trained 
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using the last h samples, an upper bound on the error can be directly estimated from the SVM 

parameters  [28],  [7]. 

After these m SVMs have been trained on their last h samples, the training set with least 

error is selected. The window size is set to h as in Equation 2-1 and the corresponding training 

samples are used to classify the next test set.  

)(minarg hErrh m
ξα=  ( 2-1) 

Here the SVM is used for an upper bound error estimate, and when its estimate increases, a 

change in context is assumed (C.3 and C.4). 

Salganicoff proposed Darling which retains a selected sample until new samples are 

presented which occupy a similar subspace of the sample space  [22]. This approach assumes 

context changes are directly related to the sequence of observance and that context is selected 

based on a single sample (C.1 and C.3).  

Maloof et al. proposed an instance selection approach which is similar in ideology to 

instance weighting methods  [26],  [27]. In partial-memory approaches, each classification 

decision is made using some current characterization of a class and some subset of previously 

observed samples. The term partial-memory refers to the fact that only a subset of previously 

observed samples is retained to assist in classification and concept updating. Specifically in this 

method, the concept descriptions are updated using selected samples and misclassified samples 

 [26]. Given a classifier C, a data set D, and a partial memory P, the update procedure consists of 

six major steps. 

1. P={} 
2. Classify D with C 
3. Add misclassified samples to P 
4. Retrain C using P 
5. Select appropriate P  
6. Repeat from step 2 when presented with new Data D’ 
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Note that the classifier focuses on samples that it is misclassifying assumed to be due to 

concept drift (C.5 and C.4). An example of how to select an appropriate set P is to retain 

particular samples if they help form the decision boundary. One selection technique AQ-PM, 

which assumes a convex data set, identifies extreme points such as the points forming a covering 

hyperrectangle thus enclosing, or bounding, particular samples. 

Instance weighting 

Instance weighting approaches weight certain samples differently for the purposes of 

classification. A popular instance weighting scheme is boosting. A popular boosting algorithm is 

Adaptive Boosting, or AdaBoost, where misclassified samples are emphasized during parameter 

learning stage in a statistical manner  [30]- [33]. The error term is calculated as follows: 

∑
=

≠=
n

i
ititt xCyiD

1
)]()[(ε . ( 2-2) 

In Equation 2-2, t is the learning iteration, ix  is sample i, }1,1{−∈iy is the class for ix , tC is the 

classifier at iteration t, )(iDt  is the weight for sample ix  at iteration t, and tε  is the average 

misclassification at iteration t. If the classifier misclassifies some samples, assumedly due to 

concept drift (C.3and C.5), the misclassified samples are emphasized (C.4) in the error term 

using the weight update formula. 
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This update increases the weights of misclassified samples to coerce the learning of the 

new concept in later iterations. Note this is similar to increasing the prior of ix , in the statistical 

sense. Note if the boosting is done offline, just during training, this approach no longer exhibits 

property C.5, and maybe not C.4; however, it will exhibit property C.1. 
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Dura, Lui, Zhang, and Carin proposed neighborhood-based classifiers where a test 

sample’s neighborhood is used for classification  [35]- [38]. This approach uses and active 

learning framework which attempts to extract information from some dataset and extend it to 

another sample under test (C.1). Classification is performed as shown in Equation 2-4. 

 ( )j
T

i
ji

n

j
jiijii y

ypypbNyp
xθ

θxθxθx
−+

== ∑
= exp1

1),|(,),|()),(|(
1

  . ( 2-4) 

In Equation 2-4, }1,1{−∈iy is a class label, ix  is a test sample, jx ’s are retained samples that are 

in the neighborhood )( iN x , ijb ’s are the weights for each neighbor, and θ  is a parameter vector. 

The construction of ijb , the weight, and )( iN x , the neighborhood, are the crux of this algorithm. 

A few suggestions are shown in Equations 2-5 and 2-6. 

},0:),{()( XbbN jijijjit ∈>= xxx  ( 2-5) 
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In Equations 2-5 and 2-6, ijb  is the transition probability from ix  to jx in less than t steps in 

Markov random walks  [36],  [37]. 

In some of their other proposed methods, an information theoretic approach is taken to 

construct )( iN x  based on maximizing the determinant of the Fisher information matrix  [35], 

 [38]. Note this approach also exhibits property C.1 since each sample is classified using itself 

and training data, not its population. 

Note since the parameter θ  doesn’t vary, we assume there is only one concept descriptor, 

which is why we consider this an instance weighting approach. We note that approach could also 

be implemented using an ensemble learning approach. 
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Ensemble learning 

In ensemble learning an ensemble of concept descriptions, such as classifiers, are 

maintained and used in harmony for classification. A popular approach, ensemble integration, 

employs a weighted scheme to determine the relevance of each classifiers output given a sample 

 [41]. 
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Here the construction of the weight ijw  is done to emphasize classifiers of greater contextual 

relevance. Equation 2-7 can be implemented in many ways such as static voting/weighting or 

dynamic voting/weighting  [39]- [58]. In ensemble approaches, the crux of the problem is 

deciding how to weight each context-based model. 

The popular bagging approach constructs N classifiers where each are trained using N 

corresponding training sets  [43]. The training sets are constructed by randomly sampling the 

entire training set with replacement. Each of the sampled training sets contains m samples where 

m is less than the number of total training samples. The classifiers, which act on individual 

samples, are then combined using voting and averaging techniques (C.1 and C.3).  

The random forest model is a new approach using dynamic classifier integration  [44],  [45], 

 [47]. This model attempts to minimize correlation between the individual classifiers while 

maintaining accuracy  [43],  [44]. Random subspaces and/or subsets of samples are chosen and a 

classifier, or tree, is trained using the corresponding samples (C.3). This is repeated N times to 

create a forest of N trees. Most of the time the classifiers are simply partitionings of the space 

resulting in boolean classification. Given a test sample, classification is determined by weighting 

each tree’s confidence using the confidences of neighboring samples in the feature space (C.1 or 
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C.3 and C.5 depending on implementation). The weight iw  for tree i is assigned using Equation 

2-8. 
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In Equation 2-8, }1,1{)( −∈ji xmr  indicates whether classifier i has correctly classified sample j, 

φ  is a weighting function based on distance,  k is the size of the neighborhood, and 
iOOB1  is the 

indicator function, which indicates whether its argument is an out-of-bag (OOB) sample—a 

sample not used to train classifier i. 

The use of OOB samples allows for unbiased estimates. We note that given some 

assumptions, the random forest approach is shown to perform at least as well as boosting and 

bagging  [44]. 

Tsymbal et al. proposed an ensemble approach that maintains a set of models optimized 

over different time periods to handle local concept drift (C.2)  [21],  [39]. The models predictions 

are then combined, in a sense integrating over classifiers. The selection of classifier predictions 

is done based on a local classification error estimate performed after initial training. During 

testing, k nearest neighbors of each test sample are used to predict the local classification errors 

of each classifier (C.1). Using these estimated errors, each classifier’s predictions are weighted 

and the total prediction is calculated using integration.  

Kuncheva and Santana et al. developed an ensemble approach where contexts or training 

sets are constructed by clustering the training data  [48],  [49]. Then for each cluster, N classifiers 

are ranked such that each has a ranking in each cluster—set of samples. The weights for 
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combination are proportional to the classifiers correct classification. A test sample is then 

classified using the k best classifiers from the sample subspace in which it resides (C.1). 

Frigui et al. used fuzzy clustering methods to partition a feature space into assumed 

contexts  [52]. During classification, the models representing a context in which a test sample lies 

are used for classification where the classifiers are weighted by the corresponding fuzzy 

memberships of the test sample to the fuzzy cluster (C.1). 

Harries et al. proposed an algorithm to learn hidden contexts called Splice  [57],  [58]. In 

this algorithm, a continuous dataset is partitioned, heuristically, into time intervals which 

supposedly represent partial contexts. Classifiers are then trained and ranked on each interval. 

The intervals, and classifiers, are then clustered similarly to an agglomerative clustering 

algorithm. If a classifier performs well on multiple contexts, the corresponding contexts and 

classifiers are merged and the classifiers are re-ranked based classification results. The weights 

are then selected similarly to the approaches proposed by Kuncheva and Santana et al. (C.1) 

 [48],  [49]. 

Santos et al. proposed a subsetting algorithm that randomly creates subsets of the training 

data (C.3)  [50]. A classifier is trained on each subset, assumed to be indicative of a context, and a 

genetic algorithm selection scheme is used to select the best fit classifiers, where fitness is based 

on error rate, cardinality, and diversity. Context models are then weighted based on which subset 

a test sample resides (C.1). 

Qi and Picard proposed a context-sensitive Bayesian learning algorithm that models each 

training set as a component in a mixture of Gaussians  [55]. In this model each training set, or 

context, has a corresponding linear classifier.  

 ∑
∈

=
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In Equation 2-9, y is the class label for sample x using training dataset },...,{ 1 Ii DDDD =∈ . The 

term ),|( iDxyp  is estimated using the expectation propagation method  [56]. Note the data set 

weights are chosen based solely on the sample x and not the sample and its population (C.1). 

Also, note that each iD  are training sets and not necessarily the population of sample x. 

In the proposed random set model for context based classification, test sets are used to 

estimate context which alleviates property C.1, and furthermore does not induce properties C.2-

C.5.  

Applications to Hyperspectral Imagery 

In the experiments, the proposed methods are tested using a hyperspectral dataset with 

apparent contextual factors. For this reason, we briefly discuss current, state-of-the-art methods 

used to contend with contextual factors in hyperspectral imagery. We note that some methods 

take different approaches or assume a different testing environment. 

There are two major approaches for solutions to contextual transformations in 

hyperspectral data classification. The first approach relies on physical modeling using 

environmental information. The other uses statistical and/or mathematical methods to identify or 

mitigate the effects of contextual transformations. Next, we list some popular existing 

approaches which have shown to be successful in some testing situations. 

There has been much research that uses the physical modeling of the environmental factors 

on measured data. Here, classifiers may use the output of physical models, for example 

MODTRAN, which generate the appearance of target spectra in certain environments  [59],  [60]. 

For example, the hybrid detectors developed by Broadwater use target spectra that are estimated 

using MODTRAN, which is given environmental information about the scene  [61]. This 
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approach, and many like it, are shown to be very successful when environmental conditions are 

available. 

Healy et al. proposed to use MODTRAN to produce spectra of various materials in various 

environmental conditions  [62]. A vector subspace for each material is then defined by selecting 

an orthonormal basis for the material subspace. Confidence is then assigned to test spectra based 

on their distance to this subspace. This approach provides a robust and intuitive solution; 

however, this classification method will suffer in the presence of disguising transformations. 

Kuan et al. proposed a projection matrix, rooted in a physics-based linear reflectance 

model, which in effect normalizes environmental conditions between two images  [63]. This 

approach has shown to be successful at identifying regions of images and detecting change in co-

registered imagery. This approach can learn a transformation of a set of samples; however, this 

approach requires a fairly large number of test sample labels be known for the construction of the 

transformation matrix.  

Fuehrer et al. proposed the use of atmospheric sampling where a sample of some material 

is projected into some feature space based on atmospheric conditions in which it was observed 

 [64]. Samples in this feature space may then be used to assist, using locality analysis, in 

identifying material and atmosphere when presented with a test image. This method has shown 

to be successful at classification and modeling; however, it cannot account for disguising 

transformations.  

In these approaches, environmental conditions of a scene are assumed to be known a 

priori, or some ground truth is assumed to be known a priori, which may not be the case. In 

these other cases, different approaches must be taken.  
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The other tactic of existing methods uses various statistical and mathematical approaches 

to account for contextual transformations. Some selection, ensemble, and context-based methods 

attempt to identify models relevant to a test sample through context estimation. Some active 

learning approaches attempt to transfer knowledge to test samples. 

Mayer et al. propose the whitening / dewhitening transformation. In this approach, 

transformation matrices are constructed to whiten and dewhiten spectra from an image  [65]. In 

this approach, the whitening and dewhitening matrices are constructed to whiten the effects of 

environmental conditions. However, this approach requires a semi-supervised testing 

environment to construct the projection matrix. It also assumes that whitening of spectra will 

reduce or eliminate the effects of contextual factors. This assumption implies that the contextual 

transformation is simply a linear transformation based on a population’s statistical properties, 

such as the mean and covariance. Mayer proposes the matched filter described in Equation 2-10. 

( ) ( )t
Transform
t

T
tktk xLRxxMF −−= −1

22, , ( 2-10) 

where )( 11
2/1

11
2/1 xLRRxL ttt

Transform
t −=− − . 

In Equation 2-10, ktx ,  is a test sample, 1x  is the mean of clutter samples from labeled image 1, 

tx  is the mean clutter estimate from the test image, 1L  is the target estimate for labeled image 1, 

and 11R , ttR  are the clutter covariance matrices for image 1 and the test image, respectively. 

Rajan et al. propose an active learning approach where a classifier, or learner, attempts to 

acquire knowledge from a teacher about new data points that may be from an unknown 

distribution  [66]. In this so called KL-max approach, the new data points and corresponding 

labels are chosen to maximize the KL divergence between the learned distributions and the 

learned distributions including the new data point and corresponding label. The labels, which are 

distributions, are then updated using the new data point and label. This approach could be used 
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for context estimation where various labels from existing classifiers are chosen based on the KL 

divergence; however, it estimates these labels sample-by-sample.  

Many of the aforementioned existing methods either operate in different testing conditions, 

such as semi-supervised classification or environmental conditions are known a priori, or they 

cannot account for disguising transformations.  

Probability Introduction 

We now provide a brief mathematical and probabilistic review of the concepts that will be 

used in the proposed model. Due to the complex formulation of random sets, our review starts 

with the building blocks of probability and measure theory. The main purpose of the following 

review is the introduction of notation. For a rigorous mathematical development, see the 

literature  [1]- [7]. 

Informally, a random variable is a mapping from a probability space to a measurable space. 

The probability space consists of a domain, family of subsets of the domain, and a governing 

probability distribution. To formally define random variables, we need to introduce concepts 

from topology and measure theory.  

Topology 

Definition  2.1 Topology: A topology T on a set X is a collection of subsets of X that 
satisfy 
1.  TX ∈,φ , 
2.  T is closed under finite unions and arbitrary intersections. 
Such a pair, (X,T), is referred to as a topological space  [10]. 

The set X is subsequently referred to as a topological space. Topologies are generally 

described by construction. Usually, a topology is said to be generated from some basis or sub-

basis B. 

Definition  2.2 Basis for a topology: A basis for a topology T on X is a collection B of 
subsets of X such that  
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1.  For all Xx∈  there exists a B∈B such that Bx∈ . 
2.  If B∈21 , BB and 21 BBx ∩∈ then there exists a 3B  such that 3Bx∈  and 213 BBB ∩⊆  [10]. 

Definition  2.3 Subbasis for a topology: A subbasis for a topology on X is a collection of 
subsets of X whose union is X. The topology generated by a subbasis S is the collection T of all 
unions and finite intersections of the elements of S   [10]. 

The constituent sets of a topology are the focus of this review. Therefore, we fully detail 

them and the idea of measurability. 

Definition  2.4 Open set: Given a topological space (X,T), all sets TG∈  are called open 
sets  [10]. 

Definition  2.5 Closed set: The complement of an open set is a closed set   [10]. 

A major misconception is that sets are either closed or open; however, this is not the case. 

In fact sets in a topology can be open, closed, neither, or both. For instance in the standard 

topology on R, the interval [0,1) is neither open nor closed  [10]. We emphasize that this is 

greatly dependent on how the topology is generated. There are topologies that do not share the 

intuitive characteristics of the standard topology on R. 

We next define some attributes of a topological space, which help characterize important 

concepts. Many of these attributes such as compactness are assumed when dealing with sets, but 

in the following, they are formally defined for clarity. 

Definition  2.6 Cover: A collection of subsets of a space X is said to cover X if the union of 
its elements is X. Furthermore, an open cover of X is a cover whose elements are open sets   [10]. 

Definition  2.7 Connectedness: A topological space (X,T) is connected if there does not 
exist a pair of disjoint, non-empty, open subsets U and V of X whose union is X  [10]. 

Definition  2.8 Compactness: A space is compact if every open covering of X contains a 
finite subcollection that also covers X  [10]. 

Probability Space 

Next, we define necessary constructs for a probability space. We then define a standard 

random variable which will aid in the development of the random set. 
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Definition  2.9 σ -Algebra: If X is a set, then a σ -algebra )(Xσ  on X is a collection of 
subsets of X that satisfy  
1. )(XX σ∈  
2. )()( XAXA C σσ ∈⇒∈  

3.  If ∞
=1}{ nnA  is a sequence of elements of )(Xσ , then U

∞

=1n nA   is )(Xσ . Furthermore, )(Xσ  is 
closed under countable intersections  [9]. 

Note that if }{ nA  is a finite or countably infinite collection of elements of )(Xσ , then 

( ) )(XAA n
c

n σ∈= IU  thus a σ -algebra is also closed under countable intersections. Hence, σ -

algebras are topologies since the requirements for σ -algebras subsume the requirements of 

topologies. Note that σ -algebras also require closure under complementation, which is not a 

requirement of a topology. This closure under complementation allows for an intuitive 

application to probabilistic analysis. A σ -algebra is a type of topology useful in the field of 

probability and measure theory. In fact, most probability spaces are defined using Borel σ -

algebras. 

Definition  2.10 Borel σ -algebra: The Borel σ -algebra on a topological space X, written 
B(X), is the smallest σ -algebra that contains the family of all open sets in X.  

Elements of a Borel σ -algebra are called Borel Sets. 

Measure  

Before we introduce random variables, we explain the idea of measurability. Although the 

general idea of measure is fairly complex, we give a simple overview. 

Definition  2.11 Measure: A measure on )(Xσ  is a function ),0[)(: ∞→Xσμ  satisfying 
1.  0)( =φμ  
2.  )(,),()(})({ XBABABABA σμμμφ ∈∀+=∪⇒=∩  , if finite or 

∑
∞

=

∞

=

=⇒=∩≠∀∈
11

)()(),(
n

n
n

nkjn AAAAkjXA μμφσ U   if infinite  [9]. 

The elements of )(Xσ  are called measurable sets  [9]. 

Some measures have added constraints such as the probability measure. 
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Definition  2.12 Probability measure: A probability measure is a measure 
]1,0[)(: →XP σ  with the added constraint 1)( =XP . 

We have now properly defined the probability measure which is one of three elements 

necessary for a probability space. The other two elements are the domain and a corresponding 

σ -algebra. 

Definition  2.13 Measure space: A measure space is a triple ( )μσ ),(, XX  where the pair 
( ))(, XX σ  is referred to as the measurable space, X is a topological space, )(Xσ is a σ -algebra 
on X, μ  is a measure on )(Xσ   [9]. 

Definition  2.14 Probability space: A probability space is a triple ( )P),(, ΩΩ σ , where Ω  
is a topological space, )(Ωσ is a σ -algebra on Ω , and P is a probability measure on )(Ωσ  [9].  

Definition  2.15 Measurable function: A function A→)(: Xf σ  is measurable if for any 
interval A⊆A , )()(1 XAf σ∈−   [9]. 

A random variable is a measurable mapping from some probability space into a 

measurable space. 

Standard Random Variables 

Random variables are the basis of statistical modeling and analysis. The use of statistical 

modeling and analysis is abundant in the pattern recognition and machine learning community. 

These tools, along with others, allow researchers to model systems and automate intelligent 

decision making. 

Now that we have defined all the necessary structures, we are able to define the random 

variable.  

Definition  2.16. Random variable: Given a probability space ( )P),(, ΩΩ σ  and some 
measurable space ))(,( XX σ  for some positive integer d, a random variable, R, is a measurable 
mapping from a probability space to a measurable space such that )()(),( 1 Ω∈Υ∈Υ∀ − σσ RX , 
if the random variable is defined on the entire space [9]. 

We note here that in applications, many ignore this initial mapping from the probability 

space to the measurable space. This mapping is necessary for formal definitions; however, it is 



 

33 

not necessary for most applications and the cumbersome notation is disregarded. Hereafter, we 

may disregard this initial mapping unless its recognition is required. 

Standard Statistical Approaches for Context Estimation 

There are a few issues that will arise if standard statistical techniques are used for context 

estimation. Next, we detail some of these potential pitfalls. 

In standard approaches, the probability or likelihood of multiple occurrences are calculated 

using a joint distribution 

 )|,...,,( 2211 CxXxXxXP nn ===  ( 2-11) 

where nxxx ,...,, 21  are n observations and C is some context. A few issues that arise from this 

approach are as follows: 

1. Estimation of the joint likelihood function may be complicated by sparsity (J.1) 
2. Estimation requires the matching of observations to random variables (J.2) 
3. Likelihood calculation is highly dependent on number of observations (J.3) 
 

Issue J.1 will occur when there are a large number of random variables compared to 

number of observations. Issue J.2 occurs since there is a distinction made between the 

observations. If iX  is different from jX , then each observation will have to be paired with a 

random variable. This presents a problem of matching each observation to a random variable 

which also results in issue J.3.  

Standard random variables are used to model the outcomes of single events or trials. In 

some approaches, a set of observations is modeled using a standard random variable where the 

set of observations is interpreted as a sequence of trials from the same experiment. This approach 

is similar to a common assumption for simplified joint estimation, the i.i.d. assumption.  

 )|()...|()|()|,...,,( 2121 CxPCxPCxPCxxxP nn =  ( 2-12) 
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This assumption presumes that observations x can be fully described by one random 

variable. However, this simplification results in a two additional issues: 

1. Estimate of the joint likelihood is not robust to outliers due to the product of sample 
likelihoods (J.4) 

2. Contextual information concerning joint observation is reduced to a product of sample 
likelihoods (J.5) 

 
Note that even with the i.i.d. assumption, issue J.3 is still present. For example, as the number of 

observations occurs, the likelihood of some context must decrease, which is an unintuitive result 

for modeling context. This result is intuitive if we are modeling a sequence of experiments. Issue 

J.4 occurs since we have turned joint estimation into a product of singleton likelihoods.  

Random Sets 

One type of random variable—the random set—has not been researched as extensively as 

the standard random variable in the intelligent systems community. We consider only random 

subsets of dR  in the following. First, the formal definition of the random set and some 

associated constructs are presented. Next, a brief inspection and discussion of the random set is 

presented including its relationship to belief and possibility theory. Finally, the shortcomings of 

standard point process models for context estimation are discussed, which provides motivation of 

the proposed implementations. 

General Case: Random Closed Set 

Assume that dRE ⊆  is a topological space. We will denote the family of closed subsets of 

E as ℑ . We can define a measurable space ))(,( ℑℑ σ  associated with some probability space 

( )P),(, ΩΩ σ , where all ℑ -valued elements will be referred to as closed sets. Informally, a 

random set is a measurable mapping from the aforementioned probability space to the 

measurable space. 
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Note that the construction of an intuitive σ -algebra for closed set values is not as clear as 

the construction for real number values. For example, a measurable interval for a random 

variable may be [-1, 4]. This interval, or set, is constructed by accumulating all the numbers 

greater than or equal to -1 and less than or equal to 4. However, relationships such as greater 

than or less than do not linearly order sets. One σ -algebra that is used with random sets is 

constructed by the Hit-Miss or Fell topology, such that any observed set ℑ∈X  either intersects, 

hits, or does not intersect, misses, some K∈K , where K  is the family of compact sets. The 

families of sets that are used as basis elements to generate the Fell topology are 

)(},:{ ℑ∈∈=∩ℑ∈=ℑ σφ KKKFFK  and )(},:{ ℑ∈∈≠∩ℑ∈=ℑ σφ GGGFFG . The 

Fell topology is a standard topology on ℑ . 

Definition  2.17 Fell topology: The Fell topology is a topology ),( Tℑ  where T has 
subbasis which consists of Gℑ  and Kℑ .  

Note that the Borel σ -algebra generated by the Fell Topology on ℑ  coincides with the σ -

algebra generated by Kℑ   [1]. We can now formally define the random closed set. 

Definition  2.18 Random closed set measurable with respect to the Fell topology: Let 
,ℑ  be a collection of all closed sets from a topological space and let )(ℑB  denote the σ -algebra 

generated by Kℑ . Given a measurable space ))(,( ℑℑ B  associated with some probability space 
( )P),(, ΩΩ σ ,a measurable mapping ℑ→ΩΞ :  is called a random closed set measurable with 
respect to the Fell Topology if )(ℑB   [1]. 

Random Set Discussion 

The random set is governed by its distribution )(},{)( ℑ∈ℑℑ∈Ξ=ℑ BKKK PP . Since 

)(ℑB  is generated by Kℑ , it seems reasonable to determine the measure, or probability, of some 

set K using Kℑ  where }{}{ φ≠∩Ξ=ℑ∈Ξ KPP K is a well defined measure. In fact, since these 

sets Kℑ  for each K compose our Borel σ -algebra, our probability distribution is defined on 

these sets with corresponding values being the probability of an observed Ξ  will intersect K. 



 

36 

Note that the sets in Kℑ  just have to have a non-empty intersection with some set value K. 

In effect, the calculation of likelihood of a random set value K can be viewed as calculating the 

measure of the sets that contain at least one similar component as the set K.  

Definition  2.19 Capacity functional: The real-valued function, ΞT  ,associated with Ξ , 
K∈≠∩Ξ=∈Ξ=Ξ KKPFPKT K },{)()( φ  is called the capacity functional if the following 

requirements are satisfied  [1]: 
1. 0)( =Ξ φT  
2. K∈≤≤ Ξ KKT ,1)(0  
3. )()( KTKTKK nn ΞΞ ↓⇒↓  (upper semi-continuous) 
4. K∈≥∀≤ΔΔ Ξ nKK KKKnKT

n
,...,,,1,0)( 11

    K  (completely alternating/ completely 
−∪ alternating) 

where },...,1,,{)(
1

niKKPKT iKKn
=∩Ξ=∩Ξ−=ΔΔ Ξ φK . 

For an extensive explanation, the reader is directed to literature  [1]- [6].  

The capacity functional can be viewed as an optimistic estimate of the probability of a 

random set. In fact, it can be shown that this measure is an upper bound the family of probability 

measures ΞP  associated with random set Ξ , that is }:)(sup{)( ΞΞ ∈= PPKPKT   [1]. This also 

means that the capacity functional is an upper probability. It can be shown that )(KTΞ  dominates 

)(KP , Ξ∈∀ PP , which means K∈∀≥Ξ KKPKT ),()( , Ξ∈∀ PP   [1]. 

To uncover other functionals associated with the random set, we dissect the set Kℑ  into 

three disjoint sets. 

 },,:{}:{}:{ FKKFKFFFKFKFFK ⊄⊄≠∩ℑ∈∪⊂ℑ∈∪⊂ℑ∈=ℑ φ  ( 2-13) 

Since the constituent sets in Equation 2-13 are disjoint, we can divide the capacity functional into 

these following terms: 

 
).()()(

},,{}{}{}{
KHKCKI

KKKPKPKPKP i

ΞΞΞ ++=
Ξ⊄⊄Ξ≠∩Ξ+⊂Ξ+Ξ⊂=≠∩Ξ φφ

 ( 2-14) 
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Note that ΞT  is not additive with respect to K, but rather partitions of Kℑ . For example, if 

φ=∩∪= 2121 , KKKKK , then }{}{}{ 21 φφφ ≠∩Ξ≠≠∩Ξ+≠∩Ξ KPKPKP  may be 

possible. This is true since it may be the case that 3K∃ such that 
213 KKK ℑ∩ℑ∈ ; and by 

definition, φ=∩ 21 KK  does not imply φ≠ℑ∩ℑ
21 KK  . In fact, ΞT  is a subadditive fuzzy 

measure on ℑ , 

 }{}{}{ 21 φφφ ≠∩Ξ+≠∩Ξ≤≠∩Ξ KPKPKP . ( 2-15) 

 We now define the functionals developed in Equation 2-14.  

Definition  2.20 Inclusion functional: The inclusion functional calculates the measure of 
the sets in which K is included—all the sets which have K as a subset. 

}{)()( * Ξ⊂=∈Ξ= ⊂Ξ KPFPKI K  where }:{* FKFFK ⊂ℑ∈=⊂   ( 2-16) 

The inclusion functional can be used to describe a random set; however, it does not 

generally, uniquely determine the distribution of a random set due to some pathological cases. 

It’s alternative interpretation is its relation to the capacity functional of CΞ   [1]. 

 )(1)()( KTKPKI C
C

ΞΞ −==∩Ξ= φ . ( 2-17) 

Definition  2.21 Containment functional: The containment functional which calculates 
the measure of the sets which are contained in K. 

}{)()( * KPFPKC K ⊂Ξ=∈Ξ= ⊂Ξ   ( 2-18) 
where }:{* KFFF K ⊂ℑ∈=⊂ . 

It can be shown that the containment functional is completely intersection monotone 

making it the dual of the capacity functional  [1]. It can be shown that the following relationship 

exists between the capacity and containment functionals: 

 )(1}{)( CKTKXPKC ΞΞ −=⊂=  ( 2-19) 

This relation also gives an intuitive explanation as to why the containment functional also 

determines the distribution of a random set, if defined on the open sets. This dual relationship 

shared between the capacity and containment functionals is similar to the relationship shared 
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between belief and plausibility functions. Belief functions are used extensively in evidential 

reasoning and are discussed in the Theory of Evidence section  [8]. 

For the purposes of the random set, the containment functionals superadditivity property 

can be viewed as a pessimistic estimate of a random set value. The containment functional uses a 

containment requirement for the probabilistic frame of reference, meaning it uses sets that are 

contained in K to calculate probability. In other words, this value is the probability that only the 

elements of K will be generated, whereas, the capacity functional requires only the existence of 

one similar element. In fact, it can be shown that the containment functional is a lower 

probability 

 }:)(inf{)( ΞΞ ∈= PPKPKC   [1].  ( 2-20) 

This implies that )(KC
iΞ

 is dominated by Ξ∈∀ PPKP   ),( , K∈∀K . All probability 

measures on a random set are wedged in between these bounds, that is  

 K ,   ∈∀∈∀=++≤≤ ΞΞΞΞΞΞ KPKTKHKCKIKPKC P)()()()()()( . ( 2-21) 

This is intuitive since the capacity functional is the probability that the random set will hit 

a given set, whereas the containment functional is the probability that the random set is fully 

contained within the given set. 

Definition  2.22 Hit and miss functional: The hit and miss functional calculates the 
measure of sets that intersect the set K, but have no inclusion or containment relationship. 

},,{)()( *,* Ξ⊄⊄Ξ≠∩Ξ=∈Ξ= ⊄⊄Ξ KKKPFPKH iKK φ   ( 2-22) 
where },:{*,* FKKFFF KK ⊄⊄ℑ∈=⊄⊄  

The hit and miss functional is not used in the literature. It simply identifies sets that have a 

non-empty intersection with a set K, non-containment relationship with a set K, and non-

inclusion relationship with a set K. Its use alone for the purposes of probability assignment 

would not be intuitive. 
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The inclusion and containment functionals identify the sets above or below K in the lattice 

of subsets of Kℑ , that is these functionals identify the sets that can be linearly ordered with 

respect to K by inclusion and containment. On the other hand, the hit and miss functional 

considers all sets at the same level as K on the lattice, and are not comparable using inclusion 

and containment. 

Theory of Evidence 

We briefly discuss the relationship between random sets and the Theory of Evidence, as 

developed by Dempster and Shafer. 

Definition  2.23 Belief function: A function ]1,0[2: →XBEL  is a belief function on some 
space X if the following constraints are satisfied 
1.  0)( =φBEL  
2.  1)( =XBEL  
3.  BEL is completely monotone  [1],  [8]. 

Definition  2.24 Plausibility functions: The dual of the belief function, the plausibility 
function has the expected dual form 

)(1)( CABELAPL −= . ( 2-23) 

Just as the capacity functional is an optimistic estimation of the probability of a set 

outcome, the plausibility function is an optimistic estimation of the probability of an occurrence 

of an element in A. Belief functions are completely determined by their mass functions. 

Definition  2.25 Mass functions: A function ]1,0[2: →Xm  is a mass function if 0)( =φm  

and 1)( =∑ ⊆XA Am . 

Note that the containment functional of a random closed set is a belief function, which can 

also be described by its corresponding mass function. 

 )(}{)()( ACAPBmABEL
AB

Ξ
⊆

Ξ =⊆Ξ== ∑ ; ( 2-24) 

Whereas, a general belief function is a containment functional only if some continuity conditions 

are met  [1].  
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Note that ( )mXX ),2(,2 σ  forms a probability space, where m is a probability on sets 

XA 2∈ . Furthermore, the corresponding belief function resembles a cumulative distribution 

function on X2  using containment relationship to accumulate measure. 

The purpose of distributing mass, m, to subsets of outcomes rather than simply the 

outcomes themselves in evidential reasoning is an attempt to model uncertainty. Rather than 

merely having the ability to state the probability of each outcome, the mass function can assign 

probability of an outcome occurring in a set without explicitly expressing the probability of its 

constituents  [8]. 

Point Process 

General random set models are seldom used in the machine learning community. This is 

interesting since random variables and statistical models are ubiquitous in the same community. 

One reason for this is that the general random set has no simple or even established parametric 

form or simple methods for estimation. Specific types of random sets, such as point processes, do 

have simple parametric forms which allow for optimization and estimation; however as will be 

discussed, they are rarely used to model sets of occurrences. 

Next, we define some popular parametric forms of the point process and discuss their pros 

and cons. We conclude that most parametric forms of the point process are restricted to behave 

as standard random variables. They do not take advantage of the information attained from the 

co-occurrence, or observation, of a set of samples, but rather treat these samples as independent 

occurrences. 

Definition  2.26 Counting measure: Assume dRE ⊆  is a topological space. A measure 
μ  on a family of Borel sets B (E) is called a counting measure if it takes only non-negative 
integer values, that is ,...}2,1,0{)(: →EBμ   [4]. 
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A counting measure is locally finite if the measure is finite on bounded subsets of E. 

Therefore, a locally finite counting measure has a finite number of points in its support in any 

compact set  [4]. 

Definition  2.27 Point process: A point process N→ΩΦ :  is a random closed set with 
associated probability space, )),(,( PΩΩ σ , and a measurable space ))(,( NN B  where N is the 
family of all sets ϕ  of points in E if ϕ  is locally finite (each bounded subset of E must contain 
only a finite number of points of ϕ ) [4]. 

Less formally, a point process is a random choice of N∈ϕ governed by P. In practice, 

point processes are considered to be random sets of discrete points or as random measures which 

count the number of points within bounded regions. Random measures are further discussed in 

the Random Measure section. Since a point process is a random set, the same principles and 

theorems that apply to random sets apply to point processes. 

Since point processes are locally finite, their capacity functional are expressed as follows: 

),0)(()0|(|)()( ≠Φ=≠∩Φ=≠∩Φ=Φ KKKKT PPP φ  ( 2-25) 
where ||)( KK ∩Φ=Φ . 

Since we know the intersections will have a finite number of elements, we can model these 

probabilities as counting probabilities  [4]. 

Definition  2.28 Intensity measure: The intensity measure Λ of Φ  is the mean value of 
)(KΦ , defined as )]([)( KEK Φ=Λ , where Λ  is simply a random variable with probability 

space ( )μσ ),(, KK  and measurable space ( ))(, ++ RR σ . Simply, )(KΛ is the mean number of 
points of a realization of Φ  in K  [1],  [4].  

In many applications, point processes are modeled in terms of intensity measures to 

provide for a simpler functional model. It provides for an intuitive idea of intensity and allows 

for a simple parametric form. The following are examples of a few popular parameterizations: 

random point, binomial point process, Poisson point process and the Gibbs point process. 
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Definition  2.29 Random point: A random point is a point process ξ  with singleton 
outcomes. The capacity functional of this random point can be estimated 

)()0}{()}({ KPKPKP ∈=≠∩=≠∩ ξξφξ   [4].  ( 2-26) 

Assume that is our random point is uniformly distributed in some compact set E⊂K . Let 

ν  be the Lesbegue measure on E that corresponds to length, area, or volume, depending on the 

dimension of E. Note this measure represents the uniform distribution on the space E. For each 

subset A of K we could then define the point process distribution, corresponding to the random 

point as follows: 

 
)(
)()(

K
AAP

ν
νξ =∈  ( 2-27) 

This is essentially a standard random variable which should be clear from Equation 2-27. 

This formulation is simply a ratio of the measure of A and the total measure, the measure of K. 

This seems reasonable for the probability of a uniformly distributed random point to fall in 

volume A to assume this value. 

Definition  2.30 Binomial point process: A binomial point process with n points is n 
independent uniformly distributed random points nξξξ ,...,, 21  which are distributed over the 
same compact set E⊂K . This binomial point process, written )( nW

Φ  is governed by the 
following joint distribution 

n

n

i
in

i
iinn K

A
APAAAP

)(

)(
)(),...,,( 1

1
2211 ν

ν
ξξξξ

∏
∏ =

=

=∈=∈∈∈  ( 2-28) 

For each subset A of K. Since ν  is a Lebesgue measure, there are three inherent properties of the 
binomial point process. 
1.  0)()( =Φ φnW

 
2.  nKnW

=Φ )()(  
3.  φ=∩Φ+Φ=∪Φ 212121 ),()()( )()()( AAAAAA nnn WWW

 [4]. 

The above formulation of random points is indicative of the i.i.d. assumption. The above 

formulation treats each element of a random set, as being independent of each other. This 

assumption retards the random sets ability to maintain co-occurrence information about the 
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samples, and furthermore, behaves similarly to the standard random variable with the i.i.d. 

assumption. 

The aptly named binomial point process has an expected value, [ ])()( AE nW
Φ , modeled by a 

binomial distribution with parameters n and )( APp ∈= ξ   [4]. The mean of a binomial 

distribution is simply the product of its parameters n and p, yielding 

 [ ]
)(
)()()(

K
AnnpAE nW ν

ν
==Φ . ( 2-29) 

This means that the intensity—mean number of points per unit volume—is given by 

 
[ ]

)(
)(

)(
1

)(
)( )(

K
KE

AK
An nW

ννν
νλ

Φ
== . ( 2-30) 

Although each of the points is distributed uniformly about the sample space in a binomial 

point process, the number of points contained in subsets of K, are not independent, since this 

distribution is defined for a fixed number of points n. If we were to construct )( nW
Φ  in terms of 

the number of points per subset as in  [4] , the distribution would be more descriptive. 

 ))(,...,)(( )()( 11 kkWW
nAnAP nn =Φ=Φ  ( 2-31) 

where nnnn k =+++ ...21  and  ,...2,1=k  

Example  2.1 Dependence on number of samples: It is clear that the number of points 
contained in subsets of K are dependent due to the fact that nnnn k =+++ ...21 . If we know 
that 11 )()( nAnW

=Φ , then we also know that 11 )\()( nnAKnW
−=Φ  [4].  

We reiterate that the binomial point process treats its outcomes as the product standard 

random variables with the i.i.d. assumption and it is highly dependent on the number of points in 

a given area A. 

Definition  2.31 Poisson point process: Let Λ  be a locally finite measure on a topological 
space ))(,( EBE . The Poisson point process ΛΠ  with intensity measure Λ is a random subset of 
E  that satisfies the following constraints 
1.  For each bounded subset K of E , the random variable || K∩ΠΛ  has a Poisson distribution   
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with mean )(KΛ . 
2.  Random variables || K∩ΠΛ  are independent for disjoint K  [4]. 

The corresponding capacity functional takes the form 

 ))(exp(1}{)( KKPKT Λ−−=≠∩Π= ΛΠΛ
φ  [1],  [4].  ( 2-32) 

The first constraint suggests that )(KΛ is parameterized by λ , the parameter of the 

Poisson distribution. This parameterization is usually of the form )()( KK λν=Λ , where ν  is a 

measure, usually Lebesgue, of the set value K for all K∈K . The second constraint imposes 

independent scattering, the number of points in disjoint Borel sets are independent. Note that this 

second constraint implies that there is no interaction between points in a pattern—elements in a 

set  [4]. This parameterization would therefore be limiting for context estimation. 

The last point process model that is discussed is the Gibbs point process which has roots in 

statistical physics. They are motivated by Gibbs distributions which describe equilibriums states 

of closed physical systems. In Gibbs theory, likelihoods of configurations are modeled assuming 

that the higher the probability of a system of objects, the lower the potential energy of the system 

 [4]. This ideology is modeled in their definition. 

Definition  2.32 Gibbs point process: A point process Ψ is a Gibbs Point Process with 
exactly n points if its capacity function is governed by the probability density function defined in 
Equation 2-33. 

Z
KUKf ))(exp()( −

=  ( 2-33) 

Hence the distribution is calculated in the standard fashion. 

nn
K

dxdxxxfKP ...),...,()( 11∫ ∫=∈Φ L  ( 2-34) 

In Equation 2-33, the function RR →ndU :  is the energy function and Z is the partition 
function. Note in Equation 2-34, order of integration is irrelevant since },...,{ 1 nxxK =  [4]. 

In practice, the energy function is chosen to be a sum of interaction potentials 

∑
⊆

=
KA

AVKU )()( .   ( 2-35) 
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Frequently, V is assumed to have small values for large subsets of K. This assumption leads to 

the use of a pair potential function 

( )∑∑
= =

−=
n

i
ji

n

j
xxKU

1 1
)( θ .  ( 2-36) 

The Gibbs point process can also be formulated for varying numbers of points n. This is 

called the grand canonical ensemble and assumes n is random  [4]. Let nK  be the family of sets 

with n points. Then we can define U
∞

=

=
0n

nKK  [4]. 

We can now define a density on K. 

))(exp()( KUcaKf n −= . ( 2-37) 
where c and a are the appropriate normalization factors  [4]. 

Random Measures 

Random measures associated with random sets are generalizations of counting measures. 

As a random counting measure is a function on a point process, a random measure, associated 

with random sets, is a function on a random set.  

Definition  2.33 Random measure: Assume ),0[: ∞→Fμ  is a fixed measure and Ξ is a 
random closed set with respect to the Fell Topology. Then )()(, Ξ∩=Ξ FFM μμ  is a random 
measure which maps from some probability space ( )P),(, ΩΩ σ  to a measurable space 

))(,( MBM  where M  is the family of all locally finite measures on F  and )(MB  is generated 
by })(:{ tFMM >∈M  for every F∈F  and 0>t   [1]. 

For each instance X of Ξ , we have a corresponding instance μ,XM  of random measure 

μ,ΞM , specifically a measure taking on a non-negative value for each set F. Note that throughout 

the literature, the measure μ  is assumed to be additive and thus it has all corresponding 

characteristics. If we restricted ]1,0[: →Fμ , it can define a probability measure on dR , 
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namely )()( ,, FMFP μμ ΞΞ = . Therefore each instance of a random set Ξ  has a corresponding 

measure μ,XP   [1]. 

ℑ∈∀
∩

= F
X

XFPX ,
)(

)(
, μ

μ
μ  ( 2-38) 

To avoid cumbersome notation, we may omit μ  and refer to μ,XP  as XP  when there is no 

ambiguity. This construction can be generalized by a taking a measurable random function 

E∈xx),(ς . We can then define a random measure as in Equation 2-39. 

∫
∩Ξ

Ξ =
F

xdxFM )()()(, μςμ  ( 2-39) 

Then we can construct a measure XP  as in Equation 2-40  [1]. 

ℑ∈∀=
∫

∫
∩ F

xdx

xdx
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X

FX
X

X ,
)()(

)()(

μς

μς
 ( 2-40) 

We have therefore defined a mapping from X to μ,XP . Note in this construction we assume 

a dependence of ς  on Ξ , denoted by Xς . 

Note, we have also defined a family of measures ΞP  associated with random set Ξ . The 

random measure could be viewed as a distribution on distributions, or a measure on measures, 

which is related to variational approaches for approximate inference. 

Variational Methods 

The use of variational methods for approximate inference has become a popular 

classification method in the machine learning community. We give a brief description in order to 

identify its relationship to random sets, or more specifically, random measures. The goal of 

variational approaches is to determine the posterior )|( XZP , of latent variables Z given 

observed data X where Z are typically class labels and parameters of distributions for the 
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elements of X. This approach is typically preferred over standard methods when the latent 

variable space is large, the expectations with respect to the posterior are intractable, or the 

integrations required are intractable or have no closed form representation  [97]. 

Variational inference approximation balances the pros and cons of typical estimation 

approaches such as EM and other more computationally intensive methods such as stochastic 

techniques  [97]. EM approaches suffer from the aforementioned problems; whereas stochastic 

methods such as Markov Chain Monte Carlo (MCMC) methods can generate exact results, but 

not in finite time  [97].  

In standard approaches such as EM, parameters are estimated by inspecting a small portion 

of the parameter space, which may make it more likely to settle in local optima rather than the 

global. MCMC methods attempt to construct the true distribution over all the possible values of 

the parameters using sampling methods. This approach allows for a globally optimal choice of 

parameter values or allows for the integration over all possible values. However, these 

approaches are only guaranteed as the sampling tends to infinity, but they may be useful when 

the sample space allows for a tractable solution  [97]. 

In variational methods for approximate inference, function learning is the objective and 

typically hyperparameters, prior distributions on a function’s parameters, are used to model a 

family of function values. It can be shown that the optimization of the log likelihood of the set of 

observations X can be separated into two terms: 

( )pqKLqLXp ||)()(ln +=  ( 2-41) 

where ∫ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= dZ

Zq
ZXpZqqL
)(

),(ln)()(  and ∫ ⎟⎟
⎠

⎞
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⎝

⎛
−= dZ

Zq
XZpZqpqKL
)(

)|(ln)()||( . 

It can also be shown that we can maximize the lower bound L(q) by minimizing the KL 

divergence between )(Zq  and )|( XZP . Therefore, this is approach is a variational method, as 
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p(Z|X) is estimated by optimizing the log likelihood with respect to the function q. Given the use 

of hyperparameters the optimization with respect to q is called a free form estimate, that is, q is 

only restricted by the parameterization of the hyperparameters. Therefore this expression can be 

seen as the optimization of a functional with respect to a function, 

)(ln][ XpqH = . ( 2-42) 

The parameter distributions are typically formulated for simple integration, such that the 

parameters can be integrated out for the purposes of inference, usually classification. That is, the 

parameters are never estimated explicitly. 

In summary, variational learning estimates a function through the use of observed data and 

parameter distributions governed by hyperparameters. These parameter distributions, which are 

distributions on distributions, are similar to the idea of random measures. However, as discussed 

in the Technical Approach, the purpose of the random measure within the random set framework 

is different from the use of hyperparameters in variational inference. 

Before we discuss random set applications, it is necessary to review some measures, 

metrics and divergences defined on sets or measures. 

Set Similarity Measures 

In data sample analysis, it is necessary to have some sort of similarity measure for the 

purposes of comparing and contrasting the samples. If we are performing contextual analysis it 

seems appropriate to have a similarity measure to compare and contrast sets. The following is a 

brief review of standard and modern set similarity measures. 

One way to analyze the similarity of measures would be to use a distribution similarity 

measure or divergence. Popular examples are the Kullback-Leibler (KL) divergence, which was 
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informally introduced in the previous section, and Chernoff divergence. The well-known KL 

divergence between distributions P0 and P1 is computed as follows: 

∫ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= dx

xp
xp

xpPPKL
)(
)(

log)()||(
0

1
101  ( 2-43) 

The Chernoff divergence is computed as follows: 

[ ])(logmax),(
1010 tPPC

t
μ−=

≤≤
 ( 2-44) 

where dxxpxpt tt∫ −= )]([)]([)( 1
1

0μ . 

Upon inspection, both of these divergences seem to quantify the idea of similarity of measures 

based on the underlying distribution of mass. 

Another common approach is the use of compressed distribution similarity measures. 

Common histogram measures are the L1 and weight L2 measures. 

∑ −=
i

iiL khKHd ),(1  ( 2-45) 

( ) ( )khAkh −−= t
L KHd ),(2

2  ( 2-46) 

In Equations 2-45 and 2-46, A is a weight matrix; H and K represent histograms, weighted 

clusters, or feature subsets of two discrete sets. Although popular, these similarity measures give 

rise to problems in robustness. For example, when computing the differences in histogram bins, 

Equations 2-45 and 2-46 do not account for neighboring bins. 

A common similarity measure used in topological spaces is the Hausdorff metric. This 

metric computes the difference between two sets by finding the maximum difference of the 

minimum point-wise differences. 
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Although this similarity measure is indeed a metric, it seems to lack robustness. For example, 

two point sets having all constituents the same, less one outlier, would still be assigned a high 

difference value. 

Another recently researched approach is the earth mover distance (EMD)  [70],  [71]. The 

idea behind the EMD is to calculate the minimum work needed to transform a discrete set X into 

a discrete set Y given some constraints. This minimization is done using linear programming. In 

fact, this distance calculation is a reformulation of the well known transportation problem. In this 

framework, one of the sets is considered a supplier and one a consumer where each supplier has 

a supply quantity xi and each consumer has a demand quantity yi. Given a shipping cost cij for 

each supplier / consumer pair, cij, the goal is to find the optimal flow of goods, f*ij, such that the 

cost is minimal. Using the optimal flow, EMD is calculated as follows: 
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Note the above formulation requires that each consumer be completely satisfied. For the 

purposes of set similarity measures, the idea of flow is simply the matching of similar points in 

the set. The difference between these points is then computed using the cost, which if formulated 

accordingly, can be a difference measure of these points. Also note that if the numbers of points 
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are different in the sets X and Y, then we can assign fraction values to the supplies and demands 

to allow for fractional point matching.  

Houissa et al. proposed an algorithm that uses EMD as a metric for the comparison of 

images for image retrieval from a data base  [72]. This is novel approach of using a set metric to 

analyze the similarity of two sets. In fact, the use of the aforementioned set metrics and 

divergences is fairly common in the machine learning community.  

Random Set Applications 

Next, we review current uses of random sets and en masse approaches in the machine 

learning and pattern recognition communities. The most widely used formulation of the random 

set is by far the point process  [74]- [96]. 

Point Process Applications 

Popular applications of point processes in machine learning and pattern analysis arenas 

include, but are not limited to, the following: event prediction  [89], [90], [92], object recognition / 

tracking  [74],  [79]- [83], and particle modeling  [4], [85], [93],[94]. Although we do not detail 

particle modeling, we explicitly mention it since many forms of the point process have deep 

roots in statistical physics, and therefore, many point process models relate to physics-based 

concepts. In many fields of physics, one studies the interaction between groups of particles.  

In machine learning, these groups of particles are treated as sets of samples distributed by a 

point process. One of the more popular applications of point processes is event prediction. In this 

application the point process domain is the real line, typically time, and the particles are events. 

Other applications include sample clustering. In most applications, the point process is used 

similarly to standard random variables with standard probabilistic techniques. 

There are no known, to the authors, applications of point processes that include the 

comparison of sets of samples, which is odd since they are random sets. We review some past 
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and current research involving the use of point processes in a manner relevant to context 

estimation. 

Linnett et al. have used Poisson point processes to model segments of images for texture-

based classification  [84]. In this approach, samples from a same class are considered the same 

context. Each image is discretized and each pixel with similar gray values is bin grouped into 

similar point processes. A Bayesian posterior is then calculated estimating the class of each 

segment. Note that in this approach, the point process is used as a standard clustering algorithm, 

grouping samples from the same class together. 

Stoica et al. proposed the Candy model which models road segments, in remotely sensed 

imagery, as a marked Poisson point process for roadway network extraction  [74]. Each line 

segment is considered a point, or center, with marks such as width, length, and orientation. The 

interaction of the segments is governed by a Gibbs point process whose energy function contains 

a data term and a line segment interaction term. The segment interaction term penalizes short line 

segments. Segments are then merged based on an MCMC sampling method which adds points to 

segments, deletes points from segments, and merges segments. In later work, they incorporated 

Gibbs point processes within this model  [80]. 

Descombes, et al. used a point process to model segments of images within the Candy 

model framework  [81]. They improved their model by adding a prior density on the line 

segments. The prior is modeled as a point process, referred to as the Potts model, where the 

energy function is calculated based on the number of points in a clique in a segment, such that 

smaller segments are penalized. 

Other work, such as extensions of the Candy model, continues their research of the point 

process for image analysis  [82]. They improved their object process which is used to model the 
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target line networks in remotely sensed images by adding an additional term in its governing 

density to account for interactions with other object processes. 

The point process is used by Savery and Cloutier to model clusters of red blood cells and 

correlate their orientation with other attributes of the blood  [85]. In this paper, the point process 

is used to model different red blood cell configurations in the presence of backscattering noise. 

An energy function is used to assign a value to each configuration of blood cells; this function is 

placed inside an exponential function to estimate the likelihood of each configuration. An 

MCMC method is then employed to estimate the true configuration of the red blood cells. 

En Masse Context-Based Methods 

We refer to methods that treat a set of samples as a singleton unit as en masse approaches. 

These approaches use the same ideology as the random set and attempt to perform inference or 

analysis using the set. 

Dougherty et al. proposed a set-based kNN algorithm is proposed to contend with data sets 

that may be distributed differently with respect to time  [12]. In this approach, the idea of context 

is maintained by using each training set as a set prototype. The algorithm is able to contend with 

contextual factors and even disguising transformations. In this approach, the k nearest neighbors, 

neighboring training sets, of the test set are identified. Here context is identified through a 

similarity measure, specifically the Hausdorff metric, between the test set, and a prototype set. 

Classification of the individual samples is performed using the labels of the k nearest samples 

from the k nearest sets. Although this approach is improved over other context-based methods 

and solutions to concept drift, it suffers from a lack of robustness due to the use of the Hausdorff 

metric.  

Bolton and Gader applied set-based kNN to remotely sensed data for target classification 

 [15]. Contextual factors were apparent in this data set. The application of set-based kNN 
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improved classification results by correctly identifying the contexts using sets of samples; 

however, the resiliency of the Hausdorff metric was questionable. 

Dougherty et al. motivated a statistical approach, an extension of set-based kNN, to 

identify population correlated factors for improved classification  [12],  [13],  [14]. Dougherty et 

al. provided a very theoretical approach which was suggestive of Poisson point processes  [12].  

We extend Dougherty’s theoretical approach and provide a general random set framework 

for context based classification which permits possibilistic, probabilistic and evidential 

implementations. 
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CHAPTER 3  
TECHNICAL APPROACH 

We propose a context-based approach for classification posed within a random set 

framework. The incorporation of random sets equips a classification algorithm with the ability to 

contend with hidden context changes. The goal of the proposed algorithm is, given an input 

sample set, or population, identify the population’s context and classify the individual input 

samples. 

We propose two models for context estimation and provide analogous inference and 

optimization strategies. The first model is similar to the germ and grain model which is 

commonly used in point process simulation  [4]. We develop possibilistic and evidential 

approaches within this model and detail some optimization strategies. The second model utilizes 

random measures. We propose an unnormalized likelihood function which provides for a 

probabilistic estimate of context within this model. Finally, we provide a discussion to identify 

the similarities and differences of the proposed random measure model and standard statistical 

methods. 

Mathematical Basis of the Random Set Framework 

Assume a topological space dRE =  with samples E∈x . Let },...,{ 1 IΞΞ  be random sets 

with respect to the Fell topology. Each iΞ  is used to model a distinct context i, where we assume 

},...,{ 1 IΞΞ  to be exhaustive. Assume a sample set X, test or train, containing a finite number of 

observations },...,,{ 21 nxxxX =  from some random set. Let +→ ZE:Y  be a label function that 

maps each x to a given label +⊆∈ Z},..,2,1{ ly , where +Z  denotes the positive integers.  

Standard techniques estimate )|( xyP  for classification. If we believe that x was measured 

or observed in the presence of contextual factors, we can assume that our label function depends 



 

56 

on the context. If Y not independent of some context Ξ  in which x was observed, the posterior 

estimate can be formulated as follows: 

∑
=

Ξ=
I

i
i XxyPXxyP

1
),|,(),|( . ( 3-1) 

Equation 3-1 is interpreted as calculating the probability that sample x has class label y and was 

generated in context i. In Equation 3-1 the posterior is marginalized over each potential context i. 

For reasons developed throughout Chapters 1 and 2, context identification is performed by 

indentifying contextual transformations; therefore, the observed population X  is used for 

context estimation. Using Bayes’ rule and making some independence assumptions, we arrive at 

Equation 3-2. 

∑∑
==

ΞΞΞΞ∝
ΞΞ

=
I

i
iiii

I

i

ii PyPXPyxP
XxP

yPyXxPXxyP
11

)()|()|(),|(
),(

),(),|,(),|(  ( 3-2) 

In Equation 3-2, we assume x is independent of X given its context and label. We also assume X 

is independent of y given the context. Equation 3-2 provides a random set framework for context 

based classification. 

The factors in Equation 3-2 have intuitive meanings. The factor ),|( iyxP Ξ  can be 

interpreted as the probability or likelihood that x was collected in context i and is of class y. A 

suitable implementation would be I classifiers, such that when each is presented with a sample x, 

could identify it as having class label y in its corresponding context i. 

The result of classification within a particular context i, ),|( iyxP Ξ , is weighted by the 

term )|( iXP Ξ  which can be interpreted as the probability of observing X in context i. The result 

is an intuitive weighting scheme that weights each classifier’s output based on contextual 

relevance to the test population. 
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The ),( iyP Ξ  factor is interpreted as a prior likelihood of observing some class and 

context. Depending on the implementation, this term may be better estimated using, 

)()|(),( iii PyPyP ΞΞ=Ξ , where )|( iyP Ξ  is the probability of class y given context i and 

)( iP Ξ  is the prior probability of context i. Note that ),|( iyxP Ξ  and )|( iXP Ξ  are terms of 

great interest as they embody the context-based approach and will be further discussed and 

analyzed. 

Estimating )|( yxP  has been researched for years using various models and estimation 

techniques. The estimation of )|( ΞXP  and ),|( ΞyxP  has not been researched quite as 

thoroughly, especially )|( ΞXP . It seems proper that the values )|( ΞXP  should be estimated 

using determining functionals of Ξ . The random set model provides for considerable flexibility 

since these probabilities can be estimated using evidential, probabilistic, or possibilistic 

techniques. 

The proposed generalized, context-based framework may have different interpretations and 

a potential myriad of implementations. We develop two models for the estimation of )|( ΞXP  

within the proposed framework. A germ and grain model is specified and accompanied by 

possibilistic and evidential approaches for the estimation of )|( ΞXP . Then a random measure 

model is specified and a probabilistic approach is developed for the estimation of )|( ΞXP .  

Possibilistic Approach 

In this possibilistic approach, )|( ΞXP  is estimated using the capacity functional. 

)()()|( XTXPXP ΞΞ ==Ξ  ( 3-3) 

For the initial development of this model we will let Y be a random set. Classification of the 

samples from X can be defined as partitioning the set such that subsets of X are assigned some 
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class label y. This first model can be considered a preliminary or intermediate model. The 

classifier in each context is modeled using the constructs which are modeling the context, that is, 

Y is a random subset of each Ξ . This possibilistic implementation provides for a simple and 

efficient parametric model which allows for direct analysis of the driving terms in Equation 3-2 

and concurrent optimization of the classifier and contextual parameters. Optimization techniques 

for classifiers that do not share parameters with the germ and grain model are also provided. 

Development 

Note that in this initial model we use ),|}({ ΞYxP  instead of ),|( ΞYxP . This slight 

modification is due to the fact that the classifier in this initial implementation is modeled by 

random set constructs. Therefore the samples must be formally defined as singleton sets. 

However, this is not always the case and the notation ),|( ΞYxP  should be used, when a 

standard statistical classifier is used. 

For the purposes of analysis, we focus on the terms )|( ΞXP  and ),|}({ ΞYxP . These 

terms drive the context-based classifier so their isolation will aid in analysis. We assume the 

prior probabilities of all contexts )( iP Ξ  are equal and that the probabilities of the class given the 

context )|( iYP Ξ  are equal. Given this we have  

∑
=

ΞΞ∝
I

i
ii XPYxPXxYP

1
)|(),|}({)},{|(  ( 3-4) 

We develop a model similar to that of the germ and grain model  [4] , [5],  [16], that is, the random 

set is modeled as a union of random hyperspheres. This model provides a simple yet versatile 

parametric model to allow for the estimation of the terms in Equation 3-4. The germs are the 

random hypersphere centers and the grains refer to the size or volume of the hypersphere, which 



 

59 

is directly related to the radii. If random set iΞ  follows a germ and grain model, it is defined by 

Equation 3-5, where ijξ  are the germs and ijΞ  are the grains. 

U
in

j
ijiji

1
)}({

=

Ξ+=Ξ ξ  ( 3-5) 

In Equation 3-5, in  is the number of grains used to model context i. In our model we 

assume each grain is governed by a random radius ijr  that is exponentially distributed.  

)exp()( ijijijij rrp λλ −=  ( 3-6) 

This implies that the probability that {x} hits a grain, )|}({ ijxP Ξ , can be estimated as follows 

)(})({)|}({ ijijij xrPxTxP
ij

ξ−>==Ξ Ξ . ( 3-7) 

Substituting the probability density in Equation 3-6 into Equation 3-7 yields 

)exp())(1)|}({ ijijijijij xxrPxP ξλξ −−=−≤−=Ξ . ( 3-8) 

Equation 3-8 is used to model the constituent grains ijΞ  and subsequently used to model iΞ  and 

Y . The capacity functional of ijΞ , )|}({ ijxP Ξ , is subsequently used to estimate the capacity 

functional of iΞ . 

)()()|( XTPXP
iXii Ξ=ℑ∈Ξ=Ξ  ( 3-9) 

In this model, the calculation of )|( iXP Ξ , follows from the calculation of the capacity 

functional of the constituent grains. 

( )∏
=

Ξ−−=Ξ
i

ij

n

j
i XTXP

1

)(11)|(  ( 3-10) 

Equation 3-10 states that the probability that X hits iΞ  is the same as the probability that X does 

not miss all iij nj ,...,1, =∀Ξ . Given our model, we can calculate )(XT
ijΞ  using Equation 3-11.  
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})({max)( xTXT
ijij Xx Ξ∈Ξ = . ( 3-11) 

The proof is discussed in the Lemma 3-1. 

Lemma 3-1. Let Ξ  be a random set taking on set values in ℑ  and having a probability 
distribution ΞP  on )(ℑB  and corresponding capacity functional ΞT . If we restrict the elements 
of ℑ  to be a random disc or hypersphere then })({max)( xTXT

Xx Ξ∈Ξ =  if X is finite or 

})({sup)( xTXT
Xx

Ξ
∈

Ξ =  if X is infinite. 

Proof. We show if })({})({ 21 xTxT
ijij ΞΞ ≥  then )},{()}{( 211 φφ ≠∩Ξ=≠∩Ξ xxPxP ijij , 

which can we inductively show implies })({max)( xTXT
Xx Ξ∈Ξ = . 

Base Case: First assume without loss of generality (WLOG) that })({})({ 21 xTxT
ijij ΞΞ ≥ . If 

random hypersphere is determined by a random radius, then )),(()),(( 21 cxdrPcxdrP ≥≥≥ , 
where d is some metric, r is the radius of the hypersphere and c is the hypersphere center. This 
implies that ),()),( 21 cxdcxd ≤  if r is governed by a distribution that is monotonic with respect 
to distance, such as the exponential distribution. This is due to the fact that the probability of 
intersection is a function of distance only. This implies that each hypersphere that {x2} hits, {x1} 
must hits. So in this model we can assume 

1221 xxxx ℑ∈⇒ℑ∈∀⇒ℑ>ℑ⇒> ΞΞ KKKPPxTxT
ijij

,)()(})({})({ 21  ( 3-12) 

Equation 3-12 implies that )},{()}{( 211 φφ ≠∩Ξ=≠∩Ξ xxPxP ijij . 
Induction Step: Now assume })({max)( xTKT

Kx Ξ∈Ξ = .We show that 

( ) ( )})({}),({maxmax)}{( 11 xTxTxKP
Kxij ΞΞ∈

=≠∪∩Ξ φ . We know that there exists some 

})({maxargˆ xTx
Kx

Ξ
∈

= and therefore )),(minargˆ cxdx
Kx∈

= , where ties are arbitrarily broken. There 

are two cases. First assume ),ˆ()),( 1 cxdcxd ≤ , which implies that )(})({ 1 KTxT
ijij ΞΞ ≥ . Using the 

same argument in the Base Case, that is, every hypersphere that hits K, must hit }{ 1x . In the 
other case, if )(})({ 1 KTxT ΞΞ < , then by the same logic every hypersphere that hits }{ 1x , must 
hit K. Therefore, })({max)(

1

xTXT
xKx Ξ∪∈Ξ = and given the Base Case, is true for all sets of countable 

size. Thus 

})({max)}{()( xTxTXT
ijijij XxXx

Ξ∈
∈

ΞΞ == U . ( 3-13) 

Q.E.D. 

For classification purposes, assume that some subset of the grains represent some class Y, 

which are identified in some index set Cy.  
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U
yCjij

ijijY
∈

Ξ+=
),(:

)}({ξ  ( 3-14) 

If we assume that the measure of the random hypersphere overlap in each context, 

kjxP ikij ≠ΞΞ ),,|}({  is negligible, then the term ),|}({ iYxP Ξ  can be estimated as follows: 

∑
∈

Ξ∝Ξ
yCjij

iji xPYxP
),(:

)|}({),|( . ( 3-15) 

The assumption in Equation 3-15 admits simplified update equations during the optimization 

stage.  

Dependent Optimization 

In this development, we propose an optimization method that assumes parametric 

dependence of the classifying and context estimating factors. Optimization of the parameters ijλ  

is performed using a minimum classification error (MCE) objective  [86],  [87] and  [88]. The 

objective is to maximize the difference between correct and incorrect classification. Equation 3-

16 is used as an MCE objective function. Each parameter is updated in an iterative fashion using 

gradient descent. For optimization purposes, let },...,{ 1 Ii XXX =∈X  be training sets that 

represent different contexts. 
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In Equation 3-16, the second terms sum over context, grain pairs that model a class other 

than yC , where yC  is the class modeled by parameter ijλ . This objective can be interpreted as an 
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optimization of ijλ  with respect to observations from the context and class it represents as long 

as it doesn’t hinder the classification of observations from other classes in any context. 

For stability and quick convergence, a loss function is used. 

)),,(exp(1
1),,(

ij
ij XxD

Xxl
λ

λ
−+

=  ( 3-17) 

The total loss is then defined by Equation 3-18. 

∑∑
∈ ∈

=
XX Xx

ijij XxlL ),,()( λλ  ( 3-18) 

We have the following gradient descent update formula where t represents the iteration number 

and α  is the learning rate. 
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where ∑∑
∈ ∈

−=
XX Xx ij

ijij
ij d

dDXxlXxl
d
dL

λ
λλ

λ
)),,(1)(,,( , ( 3-20) 
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where ))|}({(maxarg ij
x

ij xPx Ξ= . 

The germs are not optimized in the experiments. However, similar gradient descent 

methods could be employed. 

The proposed updates indicated by Equations 3-18, 3-19 and 3-20 have the added benefit 

of concurrently updating classification and contextual parameters since both are implemented as 
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the same structures. Next, we provide a general optimization strategy using the germ and grain 

model with a possibilistic estimate. That is, we optimize the contextual parameters based on their 

ability to correctly estimate context. 

Independent Optimization 

We estimate the contextual parameters using the following MCE objective. 

∑∑
Ξ∉Ξ∈

Ξ−Ξ=
ii X

i
X

iij XPXPD )|()|()(λ  ( 3-22) 

The objective in Equation 3-22 is to maximize the difference between correct and incorrect 

context estimation. Using a similar gradient descent strategy, we arrive at Equation 3-23. 
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 ( 3-23) 

Equation 3-23 provides for efficient optimization of the contextual parameter ijλ , based on 

maximizing the separation between correct and incorrect contextual identification. 

Evidential Model 

In the possibilistic approach, we estimate )|( iXP Ξ  using the capacity functional. In the 

evidential approach we use the inclusion functional to estimate the term )|( iXP Ξ . There are 

two major reasons why we have chosen the inclusion functional for evidential modeling rather 

than the containment functional. First, we have a continuous model with discrete observations. 

This means the probability of containment would be zero for essentially all possible discrete 

observations X. Second, the inclusion functional is more intuitive for set-valued random 

elements, whereas, containment, similar to the idea of belief, is intuitive for modeling 

uncertainty with singleton random elements. 
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Development 

We develop the evidential approach using the germ and grain model and assume the radii 

are exponentially distributed. Given these assumptions, we calculate the probability of inclusion 

given one random hypersphere as follows: 

)ˆexp(}):({}{ ij
ij

ijij xFXFPXP ξλ −−=⊂=Ξ⊂ , ( 3-24) 

where ))|}({(minargˆ ij
x

ij xPx Ξ= . 

For calculation of inclusion, note that we use ijx̂  rather than ijx . As ijx  is the closest Xx∈  to 

germ ijξ  and determines a non-empty intersection relationship of X  and ijΞ , ijx̂  is the furthest 

Xx∈  to germ ijξ  and determines an inclusion relationship of X  and ijΞ . 

This probability can be accumulated across the constituent random hyperspheres using the 

same ideology taken during the calculation of the capacity functional in Equation 3-10. 

Therefore we calculate the probability of inclusion of random set iΞ  across the constituent 

hyperspheres using Equation 3-25. 

( )∏
=

−−−−=⊂=Ξ⊂=Ξ
in

j
ij

ij
ijii xFXFPXPXP

1
)ˆexp(11}):({}{)|( ξλ . ( 3-25) 

Equation 2-25 states that the probability that a random set iΞ  includes a set X is equal to 

the probability that each of the constituent random hyperspheres ijΞ , does not have a non-

inclusion relationship with X. 

Optimization 

Using the objective defined in Equation 3-22, the parameters can be optimized using 

gradient descent as defined in Equation 3-19. For the optimization of ijλ , we substitute Equation 

3-26 into Equation 3-19. 
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 ( 3-26) 

Note we have performed optimization independent of the classifier which is assumed to be 

independent of ijλ . Depending on the classifier utilized, similar optimization techniques could be 

used for its parameters.  

Probabilistic Model 

In the probabilistic approach, we model context using a class of functions on random sets 

called random measures. That is, for each observed set we construct a corresponding measure. 

We perform analysis in this space of measures rather than in closed subsets of E , or ℑ  , as in 

previous models, in hopes of extracting supplementary information to that found during analysis 

in ℑ . 

Development 

Recall in Equation 2-33, a likelihood function was derived for a Gibbs point process using 

an energy function U  which was used to assign likelihood based on the configuration of points 

in some set X. We have noted that different forms of U yield different issues and may imply 

certain constraints on a point process. 

We now define an unnormalized likelihood function using an energy functional which 

calculates the energy of a particular configuration by analyzing an observed function or measure. 

The goal is to permit a tractable contextual estimate, as opposed to an energy function as in 

Equation 2-35. Furthermore we desire the ability to analyze the shape of a function across E  

rather than inspecting pairs of elements in E  as in Equation 2-36. Also, we define the likelihood 
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function such that it can be parameterized to recognize different random measures, whereas 

Gibbs point processes are typically used to calculate probability using the energy of a closed 

system and not necessarily distinct random measures’ characterizations. 

Since we are analyzing functions, we use the KL divergence on functions. We note that 

other measures or divergences on functions may be used as well. We define the energy 

functional for random measure ΞM  as 

)||()( ΞΞ ≡ QPKLPU XX . ( 3-27) 

We refer to ΞQ  as the representative measure for random measure ΞM  and it can be thought of 

as a parametric representation of Ξ . We can now define the unnormalized likelihood functional 

for random measure ΞM  as  

( ))||(exp)( Ξ−≡
Ξ

QPKLPp XXM . ( 3-28) 

Note that this likelihood compares how measure is distributed between the function XP  

and ΞQ . Hereafter, we denote ΞQ  by Q  or iQ  for a particular context i. If the distribution of 

mass in XP  becomes more similar to that in Q , a higher likelihood is assigned to XP , using the 

KL divergence to assess similarity. Therefore, an intuitive value for Q  would be the measure 

that minimizes the sum over the KL divergences of observed samples },...,,{
21 nXXX PPPD =  

from 
i

M Ξ ,  
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j
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||infarg
M

. ( 3-29) 

Hereafter, we denote the densities corresponding to measures Q and XP as q and Xν  

respectively, and assume they exist. The likelihood function defined in Equation 3-28 is used for 

contextual estimation given the random set framework for context-based classification. 
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Specifically, we use the likelihood on random measures to calculate the contextual estimation 

term. 

)}||(exp{)|( iXi QPKLXP −∝Ξ  ( 3-30) 

In Equation 3-30, Qi is the representative measure for context i and XP  is the measure 

corresponding to observed set X. We use the KL divergence to compare distributions using their 

corresponding densities Xν  and qi, to determine the likelihood of context i. Therefore, we can 

calculate or approximate Equation 3-30 using Equations 3-31 or 3-32, respectively. 

⎭
⎬
⎫

⎩
⎨
⎧

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−==Ξ ∫ dx

xq
xxqPXP

i

X
XiXi )(

)(log)(exp)|()|( ν
νν  ( 3-31) 

⎭
⎬
⎫

⎩
⎨
⎧

Δ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−≈=Ξ ∑

∈Ax i

X
XiXi x

xq
xxqPXP
)(
)(log)(exp)|()|( ν

νν  ( 3-32) 

In Equation 3-32, E⊆A  is used to estimate the KL divergence. The choice of A is further 

detailed in the Discussion section. 

The choice between Equations 3-31 and 3-32 depends on the formulation of parameter iq , 

specifically, whether an analytical representation of the KL divergence exists or whether it is 

convenient for parameter estimation given an assumed parametric form of the model. 

The density q is the parameter for )|( qP Xν , which itself may be parameterized for 

convenience, for example, ),(~ ΣμNq  or )(~ λExpq . We note that estimation may benefit if 

density q  is modeled using a more complex distribution such as a Gaussian mixture; however, 

this may lead to difficulty in computation and may complicate parameter learning  [98]. 

In the probabilistic approach, we need to construct the Xν  given some observed set X. One 

possible construction would be to use a simple Lesbegue or uniform measure over the discrete 

points in X. 
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Example  3.1 Discrete measure: Assume },...,,{ 21 nxxxX = . Then we could construct our 
measure XM  using a cardinality based measure cμ  such that  

X
XF

X
XF

FP
c

c
X

∩
=

∩
=

)(
)(

)(
μ

μ
. ( 3-33) 

We note that this measure meets the requirements outlined in the definition of a random 
measure; however, it is discontinuous, not smooth, which may lead to optimization issues. 
Furthermore, as we will see during the construction, issues may arise if XM  has a limited 
support. Therefore, it is beneficial to provide a parametric measure to provide a smooth measure 
with a large support.  

If we use the generalized development of the random measure, and therefore the general 

construction of an instance of a random measure as in Equation 2-40, we can develop a 

parametric measure that is continuous and has a large support, given some assumptions. 

Example  3.2 Continuous parametric measure: Assume },...,,{ 21 nxxxX =  are a finite 
number of observations from some infinite set dRX ⊆ . If we assume that elements in X are 
similarly distributed to this continuous set in space dR we could estimate the measure on this set 
using parameters calculated from X, and define a measure ]1,0[: →FXM , by 
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We estimate the center of mass Xμ  and covariance function XΣ  of the set X  using the set of 
observed finite samples in X and use these estimates for the parameters of the Gaussian density. 
We have therefore constructed an example of a measure given an observed sample X, which is 
continuous, has a large support, and has a parametric form. 

Other parametric forms of Xν  could be developed through many existing methods. If we 

assume a complicated parametric form for Xν , some methods that might be used to estimate Xν , 

such as the standard EM algorithm, may be subject to initialization conditions and therefore will 

not strictly satisfy Equation 2-40. 

Optimization 

Next, we develop optimization strategies and example model implementations that would 

use Equation 3-31 or 3-32. The developed probabilistic model allows for closed form solutions 

for optimization given certain model assumptions and appropriate objective functions. Roughly 
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speaking, the optimization of parameter q , using parametric representations of Xν , proceeds in 

two main steps. During the first step, parameters of the densities Xν  are estimated for each 

X∈X , using standard methods such as EM or ML estimates. The result is a set of densities, and 

therefore measures, },...,,{
21 nXXX ννν . In the second step, representative measure iq  is estimated 

for each random set iΞ  by maximizing a likelihood function that is a product of factors 

involving context dependent classification factor ),|( iyxp Ξ , context estimation factor 

)|()|( iXi qPXP ν=Ξ , and prior )( iP Ξ , with respect to function iq . We focus on the 

maximization of )|( iX qP ν  since the classification factors of each context can be estimated using 

standard techniques. Note that factor )|( iX qP ν  treats Xν  as the samples rather than x as in 

standard methods. 

Specifically in the first optimization example, we assume a form of Xν  and q  such that the 

integral in Equation 3-31 can be calculated analytically. We take an EM approach for 

optimization; specifically we take an expectation over the contextual parameters given each Xν  

constructed from observation set X. We assume ),(~ ΣμNq  and ),(~ Σμν NX . Initially each 

Xν  is constructed from the observed samples from the corresponding Xx∈ . Once each Xν  is 

constructed, the individual elements of the sets Xx∈  are no longer referenced in the 

optimization process. 

We begin by defining our objective and corresponding log likelihood function given our 

initial independence assumptions of the random set framework arriving at 
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Next, we take an expectation over the contextual parameters given our observed populations, 
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We disregard the classification term for now, as this type of optimization is ubiquitous 

throughout the literature, and therefore we focus on the contextual terms.  

( ) ( )[ ] )|()(log)|(log)(
1

XPPXPR i
X

I

i
ii ΞΞ+Ξ=Θ ∑∑

∈ =X
 ( 3-37) 

Using Equation 3-31, we get 
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After some algebra we arrive at 
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Analytically integrating and ignoring a constant  [98], we arrive at 
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We then perform the maximization step by differentiating Equation 3-40 with respect to 

the parameters. At this point we note that many closed form representations can be found for the 

KL divergence of distributions other than the Gaussian, such as the exponential distribution. 

Setting the result of the differentiation of Equation 3-40 to zero and solving for parameters 
iqμ , 

iqΣ , and )( iP Ξ , results in update Equations 3-41, 3-42, and 3-43, respectively. 
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Finally, we use Bayes’ rule to solve for )|( XP iΞ . 

)()|()|( iii PXPXP ΞΞ∝Ξ  ( 3-44) 

Recall, )|( iXP Ξ  is given by Equation 3-31.  

However as previously mentioned, if a more complex distribution is assumed for the 

model or the sample Xν , the KL divergence may not have a closed form representation. We now 

develop an optimization strategy for this case. 

Assume the representative measure is a Gaussian mixture, ∑
=

Σ
in

j
ijiji Nq

1
),(~ μ , which does 

not permit a closed form solution. We note there are numerical / statistical methods that can be 

used to help estimate the KL divergence  [98]; however, the optimization of the parameters in iq  

would become an issue if those techniques were used. 

For development of this optimization technique, we skip to Equation 3-37 and substitute in 

Equation 3-32 arriving at 
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Upon inspection, we see that optimization with respect iq is analogous to minimizing the 

KL divergences between each Xν  and iq . If we assume iq  is a Gaussian mixture, with some 

algebra, we arrive at 
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After performing the maximization step for parameter ijμ  we can get a closed form 

solution assuming Equation 3-48 is independent of ijμ . 
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While updating the parameters, we assume xijγ  is independent of the other parameters, which is 

a common assumption in machine learning  [97]. In fact, this result is a similar to the result 

attained using a standard EM approach, taking the expectation over each component given the 

individual samples using )|( xp ijμ   [97]. The other parameters are solved similarly, 
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Optimization is again performed in sequence with parameter xijγ  being calculated last in each 

epoch. 

To properly calculate the factor xΔ  in the update Equations 3-47, 3-49 and 3-50, we use 

the standard approximation of the Riemann integral. If x is multidimensional, dx R∈ , 

construction of xΔ  involves creating incremental volumes VΔ  by constructing a hypergrid or 

hyper-rectangles. Hereafter, we refer to VΔ  as xΔ . One intuitive method of constructing the set 

A would be to construct samples by taking all dN  combinations of the N samples in X in each 

dimension d. However, if samples x are multidimensional, then construction of xΔ  may be 

intractable. If a smaller A was constructed, the Riemann approximation may decrease in 

accuracy.  

We propose an efficient estimation of the KL divergence that assumes xΔ is constant and 

that the samples that comprise A are uniformly sampled from some hyperrectangle created from 

observations of the distributions Xν  and iq . This approximation, which is similar to Markov 

Chain Monte Carlo (MCMC) integration, is intuitive since if the samples are, in fact, uniformly 

distributed, xΔ  should be constant. In the experiments, we analyze the error using synthetic and 

real data sets. 

Discussion 

There are many interesting results of this derivation. For clarification, we first provide a 

few examples in order to flesh out some of these details. Next we discuss certain similarities and 

distinctions between the proposed method, standard methods and variational methods. In 

particular we compare optimization and inference results of the proposed method to standard 

statistical methods. Lastly, we compare the proposed method to typical variational methods for 

approximate inference. 
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We noted earlier that in the construction of the proposed likelihood function we hoped to 

gain some versatility over standard probabilistic approach that assume i.i.d. However, some 

approaches that could be employed for the construction of Xν , may implicitly assume that the 

singleton elements of X are i.i.d. However, we note these effects do not necessarily trickle up to 

inference at the measure level. After we introduce the optimization methods, which helps 

identify some characteristics of the proposed approach, we illustrate some of the similarities and 

differences between using standard statistical approaches which assume i.i.d. and the proposed 

method. 

Example  3.3 Construction of Xν : Equation 3-32 can be rewritten 
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Note that that Xν  is a function of our observation set, X and therefore each term in Equation 3-33 
is dependent on the set X. Note, the use of samples Ax∈  is simply to estimate the KL 
divergence, that is, the only reason to use the underlying space is to sample the values of Xν  and 

iq . In fact, the samples in A do not even need to be elements of the observation set X.  

Since the likelihood function can be factorized as in Equation 3-33, we could interpret the 
resulting product as stating that each value )(xXν  is distributed by standard random variable 

)(xM
iΞ

 which is determined by random set iΞ  and is represented by )(xqi  given representative 
function iq . Note that Xν  is a function of the set X and that each corresponding value )(xXν  is 
drawn from a distinct random variable )(xM

iΞ
 at each x in the domain of 

i
MΞ , as illustrated in 

Figure  3-1.  

So in effect, a random measure is a continuum of random variables on some subset of E , 

one for each element in the domain of ΞM , namely )(xM Ξ . As mentioned, each random 

variable )(xM Ξ  has a corresponding parameter )(xq . Note the parametric form of the 

representative function q , has allowed us to maintain a continuum of random variables in a 

concise manner, but at the cost of versatile forms of )(xq  and therefore )(xM Ξ . That is, 

)( 1xM Ξ  is a random variable that maps into R  whose distribution is intrinsically governed by 



 

75 

the distribution of the random set Ξ . We shall refer to the value )( 1xq  as the representative 

value for random variable )( 1xM Ξ . 

Example  3.4 Random variable )(xM Ξ : If we wanted to minimize the KL divergence of 
two probability measures, the two functions must coincide. Assume we wanted to minimize the 
sum of KL divergences between q and samples Xν . At the optima each representative value 

)(xq  is the representative function’s value at x which minimizes this sum of the KL divergences, 
given the constraint that the representative function must be probability measure. Assume we 
collect N samples from Ξ  and have N corresponding measures. Note that given for each instance 

Njx
jX ,...,1),( =ν  is an instance of random variable )(xM Ξ  for a fixed x. If we minimize the 

expression ( )∑
j

X QPKL
j

||  with respect to each value )(xq  at a fixed x, using Equation 3-32 and 

subject to the constraint that Q must be a probability measure, that is ∑
∈
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Note that )(xq  is the arithmetic mean of Njx
jX ,...,1),( =ν . This means the representative value 

is the mean value for )(xM Ξ  for each x, and therefore minimizes the squared Euclidean distance 
between samples )(xPX  from random variable )(xM Ξ , as illustrated in Figure  3-1B. 

One result of using a parametric form for the representative function is that the 

representative value )(xq  may no longer be the exact mean of random variable )(xM Ξ  due to 

the particular constraints, for example if it is assumed Gaussian distributed. However, the 

assumption of a parametric model is important, otherwise, we would need a random variable for 

each point in the domain of ΞM  which does not permit a tractable solution, unless a very simple 

domain is assumed. As found throughout machine learning techniques, there is a tradeoff 

between data fidelity and tractability. 

Example  3.5 Representative value: Given a set of observed Gaussian measures 
constructed by selecting the mean and covariance from a uniform interval, assume we wish to 
construct Q using the update Equations 3-47, 3-49 and 3-50. Note this implies we are assuming 
that q is Gaussian. The resulting representative values are not necessarily the arithmetic means of 
samples from )(xΞν , as illustrated in Figure  3-1B. Although, the update equations are optimal 
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assuming Gaussian, there are not necessarily optimal over all possible distributions due to this 
extra constraint. 

The first optimization technique proposed that uses Equation 3-31 to calculate the KL 

divergence, learns the parameters of q using some parameters of our observed distribution Xν . 

However, in the second optimization technique proposed, the parameters of q are learned using 

the underlying space, samples in dR . We note there is some similarity between these update 

equations and those that are developed in standard EM algorithms such as Equation 3-53. 
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γ
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μ . ( 3-53) 

However, we note that in the proposed update equations, there is a discrete expectation over 

random measures, not simply an expectation over standard random variables. We also note that 

when samples are clustered, the set A is typically the data. However, in the proposed approach, 

the samples in set A are not directly important, as long as their use permits a good estimate of the 

KL divergence.  

The major difference in the update formulas is the factor xxX Δ)(ν . Note that in the KL 

divergence we integrate with respect to our sample Xν , which is also a density. In the discrete 

approximation, the factor xxX Δ)(ν  is used instead. One interpretation is that we are taking the 

expected value of the difference between Xν  and iq . This interpretation shows, that during 

optimization, we are trying to minimize the difference between samples Xν  and representative 

measure iq . 

Another interpretation is the representative function iq  is being coerced into a form similar 

to the samples Xν  vicariously through its parameters μ  and σ  using samples x in A and weights 
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xxX Δ)(ν , as illustrated in Figure  3-2. This coercion is performed through the parameters, for 

example, the means μ , which reside in the same space as x. For this reason, the samples x are 

included in the update equations. However in Equation 3-47, the factor xxX Δ)(ν  weights each 

sample x by its corresponding measure in the distribution, Xν . In fact, μ  is optimized such that 

q(x) is similar to )(xXν , not necessarily to maximize q(x) with respect to the samples x as is the 

case with standard statistical optimization.  

However, there are similarities in standard statistical optimization and the proposed 

method. In standard statistical methods, the learned posteriors / likelihoods are optimized while 

assuming i.i.d. In the proposed method, the representative function is optimized using observed 

measures which may have been constructed using similar optimization techniques that are used 

in standard statistical methods. In the developed approach, the observed measures are essentially 

likelihood functions optimized with respect to each observed set, and therefore most likely 

assume i.i.d. during their construction. We illustrate situations when the proposed methods result 

in similar and different optimizations than standard methods. 

Example  3.6 Optimization similarities and differences: Assume we have multiple 
observation sets { }NXXXD ,...,, 21=  observed in the same context and we wish to optimize 
likelihood functions for context estimation. We optimize a standard likelihood function, which 
assumes i.i.d., using the EM algorithm while training on the dataset U

N
i iXX 1== . We will also 

learn the proposed random measure likelihood function by optimizing the representative function 
given observed measures { }

NXXX ννν ,...,,
21

 using the method in Equations 3-47, 3-49, and 3-50. 
We will construct the observed measures using the standard EM algorithm for Gaussian 
mixtures.  

Results are illustrated and further detailed in Figure  3-3. Note that the resulting likelihood from 
EM optimization results in a measure learned from the set of all singleton samples, whereas, the 
learned representative function is a measure which was learned from a set of measures. If the 
distribution of X is similar to that of each iX  with respect to the number of samples in the 
distribution, the representative measure learned will be similar to the likelihood learn using 
standard methods. This is because all information can be detailed without any set information; 
however, if the distributions are different with respect to the number of samples, the learned 
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measures will be different. This result is illustrated in Figure  3-3. This distinction is a direct 
result of the proposed methods ability treat each set as a unitary element.  

We have identified some fundamental differences between the proposed method and 

standard techniques. Note there are some similarities and differences when performing inference 

using standard techniques and the proposed technique. In many cases the calculation of 

likelihood is different during inference; however in some cases, the result of inference—

determination of the most probable context—is similar. In fact, if the representative measure q is 

the actual learned likelihood of the standard method, that is xxqyxp ∀=  )()|( , then the result of 

inference will be the same. This shared similarity between the two approaches is again shared if 

the distribution of X is similar to that in each iX . 

Example  3.7 Inference similarities and differences: The random measure approach 
assigns high likelihood to sets, or random measure instances, that have a similar distribution 
throughout the domain; whereas standard approaches assign high likelihood as long as each 
observed singleton sample appears in a place of high likelihood. This difference is illustrated in 
Figure  3-3C, which continues from Example 3.6. Note that although this is a fundamental 
difference, the result of context estimation may be similar using both approaches depending on 
the observed measures construction and the results of optimization. 

During the optimization of the proposed likelihood function, the representative function is 

learned. This is similar to variational methods where functions are learned by optimizing 

objective functionals. 

Example  3.8 Comparison with standard inference using variational methods: Given 
an observed set X, we want to determine if it was observed in context i. Using the proposed 
method on random measures, we would first construct Xν . Next, we could determine the 
unnormalized likelihood of some context using ( ))||(exp)|( iXX QPKLMp

i
−=Ξν . Whereas, 

with a standard variational method, or most standard methods of inference given a joint 
observation set, the initial observation set is explicitly assumed i.i.d., during optimization and 
inference. For example, the standard initial assumption made in variational inference given a set 
X is 
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where },{ τμ=Z   [97]. Therefore, the estimate of the posterior p(Z|X) also is i.i.d. 
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In Example 3-9, we compared the proposed method to standard variational methods; 

however, we ignored the use of hyperparameters. The hyperparameters would be better suited for 

contextual inference since they govern distributions on distributions and inference could be 

performed on observed measures. We explore the viability of using the subsequent 

hyperparameters for a means of context estimation.  

Example  3.9 Context estimation using variational methods: For the construction of the 
hyperparameters, assume Equation 3-54. We then model parameters μ and τ using a normal and 
gamma distribution, respectively. 

( )1)(,|)|( −= τλμμτμ iiNp  
( )iiGammap βαττ ,|)( =  ( 3-55) 

It can be shown that the parameter iμ  is updated using 

N
xN

i

t
iit

i +
+

=+

λ
μλ

μ 1 . ( 3-56) 

We note this is similar to update Equation 3-41, save the expectation over sets used by the 
proposed method. Therefore it cannot treat set values as unitary elements and will differ from the 
proposed method similarly to standard statistical methods, as illustrated in Examples 3-6 and 3-7.  

Again, note that Equation 3-56 is somewhat similar to the optimization of the random set, 

where the Gaussian is the measure resulting from the update Equations 3-41, 3-42, and 3-43. The 

difference here is that there is a prior distribution on the parameters of some family of 

distributions. This simplifies computation to some degree as the random element is reduced to 

being a standard random variable in dR . Note that this is an atypical use of the intermediate 

constructs of standard variational inference; however, this potential use fits the problem of 

developing a likelihood on functions given a simple model. 

Example  3.10 Context estimation using a mixture of Gaussian hyperparameters: In 
Example  3.9, we constructed a hyperparameter given a single Gaussian measure constructed 
from an observation set X. We can similarly construct a mixture of Gaussians given an 
observation set X. Given a set of observed parameters { }Λμ, , developed from some observed set 
X, we can estimate the likelihood of some context i given some trained parameters 
{ }iiii VWβm ,,, , learned given an assumed Gaussian-Wishart prior governing the mean and 
precision of each Gaussian component 
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This development by Bishop [89] has surfaced a few inherent issues that accompany this 
approach. First there is the assumption that the hyperparameters is factorizable, which was 
previously mentioned and may or may not be that constraining dependent on application area. 
However, the fact that we are now performing inference in the parameter space, rather than the 
space of measures has lead to other issues. Note that jμ  and ijm  are both indexed by j, although 
they both are elements of sets μ  and im , respectively. This implies that in order to properly 
calculate the likelihood, there must be the same number of observed samples as there are 
Gaussian-Wishart priors and that the observations and distribution components must be matched. 

These issues are a direct result of the hyperparameters being intermediate constructs. These 

constructs have one purpose, which is to model one set of observations. In fact, they are not 

meant to be used directly since their only use is to integrate out intermediate parameters. That is 

why these standard variational learning should not be used for context estimation. 
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Figure  3-1. Samples of Gaussian distributions drawn using randomly selected means and 
variances which where drawn uniformly from a specified interval. A) Fifty sample 
measures are plotted. The resulting value at each point x, is a random variable. For 
example, random variable )1(ΞM  has corresponding samples that that lie on the line 
x=1. B) The arithmetic mean, optimal Gaussian and optimal Distribution are shown 
given the 50 Gaussian samples. The corresponding KL divergence values are 88.5, 
91.2 and 88.5, respectively. The arithmetic mean is the optimal distribution; they 
coincide. 

A B
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Figure  3-2. Learning the representative function using update Equations 3-47, 3-49 and 3-50 
given set }5.2,9.1,5.1,3.1,1,5.{−=A . These plots illustrate the fact that the proposed 
method learns the function Xν  and does not fit the learned parameters to the 
individual samples in A. A) The observed measure and the initialized learned measure 
q. In standard learning techniques, optimization of the parameter μ  would occur 
when it was the mean value of the samples in A, 1.28. However, the proposed 
objective is optimized when the correct function is learned. Parameter μ  is coerced 
toward point 5.1 −=x , since )5.(−Xν  is large compared to the other samples in A. B) 
After a couple of iterations, μ  becomes -.33. It should be clear that optimization 
coincides with function matching rather than fitting the function to the samples in A. 
C) If we use the set A which is a uniform sampling of 61 points in the range [-3,3], we 
get a better estimate of the KL divergence and the learned measure coincides with the 
observed measure. 

BA

C
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Figure  3-3. Similarities and distinctions between the proposed method and standard methods. A) 
The resulting EM likelihood and representative measure when optimized with respect 
to 10 observed sets (observed in context 2) each with a similar distribution as their 
union. B) The learned EM likelihood and representative measure when presented with 
10 observed sets (observed in context 1) where one set has a distinct distribution 
compared to the union. The proposed method assumes each measure is a single 
sample and does not weight the one set with a different distribution any differently 
than the other measures. However, the standard method looks at the distribution of 
the singleton samples. We have constructed the set with a different distribution to 
have a large number of singleton samples (comparatively), to emphasize this 
ideological difference. C) When presented with a test set, the contextual estimates 
vary greatly between the standard approach and the proposed approach. Using the 
standard approach, context 1 is the most probable (100% to 0%); whereas, using the 
proposed random measure approach context 2 is the most probable (83% to 17%). 
Using standard i.i.d. joint estimation, the likelihood of samples lying under the 

BA

C
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observed measure will have a greater likelihood in context 1 since the likelihood 
estimate for context 1 has greater likelihood values (as opposed to the likelihood for 
context 2) in the corresponding domain (approximately [-1, 1]). However, when 
comparing the representative measures for each context to the observed measure, the 
representative for context 2 is more similar to the observed measure. 
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CHAPTER 4  
EXPERIMENTAL RESULTS 

The three methods for context estimation developed within the random set framework 

(RSF) were tested using synthetic and real datasets. Four major experiments were performed. In 

the first experiment, we analyzed the use of different KL divergence approximation methods for 

estimating context in the proposed random measure model. In the second experiment, each of the 

three methods was tested using synthetic datasets created to imitate data in the presence of 

contextual factors. We compared synthetic data classification results of the proposed RSF 

approaches to that of set-based kNN  [12],  [15] and the whitening / dewhitening transform  [65]. 

The main purpose of the experiments using synthetic data sets is to identify situational pros and 

cons of each of the approaches. Each method’s ability to identify correct context is evaluated 

through its classification results since the ultimate goal is classification. Hence, we may refer to 

our results as context estimation results, but show the classification error on a sample basis. In 

the third experiment, the proposed methods are applied to an extensive hyperspectral data set 

collected by AHI for the purposes of landmine detection. This data set exhibits the effects of 

contextual factors. The purpose of the experiments using real data sets is to show the 

applicability of the proposed random set framework to real-world problems. We compared the 

hyperspectral data classification results to that of set-based kNN and the whitening / dewhitening 

transform. In the final experiment, the possibilistic approach is compared to a similar classifier 

that does not use contextual information, and it is also compared to an oracle classifier that 

always selects the correct context for the purposes of context-based classification. These 

comparisons compare the possibilistic approach to, informally, its lower and upper bounds. 
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KL Estimation Experiment 

Experiment 1 demonstrates the efficacy of five different constructions of the set A for KL 

estimation in the proposed random measure model. Recall that if Equation 3-32 is used for KL 

estimation, the set A must be constructed such that it admits a tractable calculation but not at the 

expense of correctness. Therefore, we varied both the construction and size of A and analyzed 

how each affects its ability to estimate context. 

Experimental Design 

We compared the results of context estimation using three synthetic datasets. In the 

experiments each training set is constructed randomly by sampling from a Gaussian mixture with 

two components. Three Gaussian mixtures are used to simulate three distinct contexts. Fifteen 

samples are generated from each component in each context. This experimental design attempts 

to simulate a two class problem within each of three contexts. Ten training populations are 

constructed from each of the three Gaussian mixtures to simulate sets of samples observed in 3 

distinct contexts. Observed measures are then created using Equation 2-40 and assuming ς  is a 

Gaussian distribution; training is performed using Equations 3-47, 3-49, and 3-50. A test 

population is then generated from one of the Gaussian mixtures, which is randomly selected, and 

its corresponding observed measure is created assuming it is Gaussian. The representative 

function in the random measure model is learned from the 10 training measures and used to 

estimate the correct context of the test measure. 

Experiments were performed using three data sets where each data set, from one to three, 

represents an increasingly difficult context estimate problem due to highly overlapping contexts. 

The data sets are Gaussian sample sets, so all experiments are repeated 50 times. Examples of 

each dataset are illustrated in Figure  4-1. 
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Each of the random measure models under test uses Equation 3-32 to estimate the KL 

divergence and performs contextual estimation using the random measure likelihood function as 

in Equation 3-32. The five methods used to construct the set A are as follows. In the Riemann 

test method, A is composed of dN  samples constructed by taking all combinations of test sample 

values in all dimensions and a Riemann integral is approximated. In Riemann test and train 

method, A is a constructed as in the Riemann test, but the samples are constructed using testing 

and training samples. In the naïve test method, A contains the observed test samples and xΔ  is 

assumed constant. In the naïve test and train method, A contains the observed test samples and 

the observed training samples and xΔ  is assumed constant. In the uniform MCMC method, A is 

the result of sampling a uniform distribution from within the hyperrectangle covering the train 

and test samples and xΔ  is assumed constant. Note the Riemann test and Riemann test and train 

methods are the same during the training phase, but differ during testing. The same is true for 

naïve test and naïve test and train methods. We point this out since during training only the 

training samples are used by all of the methods. 

The Riemann approaches approximate the Riemann integral, which is a fairly standard 

approach. However it may be intractable for high dimensional data. Using the observed samples 

to partition the space into these grids would require an exponential number of elements in A with 

respect to the number of observed samples. 

In the naïve test approach, A is simply the observed test samples and xΔ  is assumed 

constant. In the naïve test and train approach, A is simply the union of the test and training 

samples of the particular context which is to be inferred. We note these approaches are very 

tractable but we hypothesize that they will not be good estimates of the KL divergence. 
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The uniform MCMC method constructs a hyperrectangle that covers the testing and 

training sets using simple min and max operations. Then a fixed number of samples, the same 

number of samples in the observed set X in this experiment, are uniformly sampled from the 

covering hyperrectangle and xΔ  is constant for the approximation. The intuition behind this 

approach is that if the samples are truly uniform, xΔ  should be similar for each sample. The 

hypothesis is that this method will balance tractability and correctness.  

Fifty experiments are run on each of the three data sets. For each method the representative 

measure is assumed to be Gaussian. The resulting contextual estimation results are compared to 

those attained by the random measure model using the analytical KL solution. The error of the 

methods under test is the average difference between themselves and the analytical solution, 

which is assumed to be the correct estimate. We also compare the contextual estimation error as 

a function of the number of observed samples. The hypothesis is that as the number of samples 

increases, the KL estimates will improve. 

Results 

The results of context estimation are shown in Table 4-1. The Riemann approaches have 

the least error total for all three data sets. Uniform MCMC had a low error and performed 

slightly better than the Riemann test and train method for datasets 2 and 3. The naïve methods 

had the most error for each data set, and the naïve test method had the maximum error, 8.7%, on 

data set 2.  

Interestingly, Riemann test, which only uses the test samples for estimation purposes, 

performs better than Riemann test and train which uses both test and train samples. This is due to 

our Riemann approximation. Due to the construction of A, Riemann test and train, will have 

considerably more elements in the set A. Although more elements may mean higher granularity 

and potentially a better estimate of xΔ , it has also exacerbated error in estimation. We used the 
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upper bound estimate to approximate the integral, which means KL estimates are slightly high 

for each xΔ . Therefore, if we have considerably more xΔ  we may have more error, even with 

the better granularity.  

Given the error estimates, the uniform MCMC seems to perform similarly to the Riemann 

estimates. However, it takes much less time to calculate than the Riemann approaches. Figure 

 4-2A shows a plot of context estimation error versus the number of samples in the initial 

observation set. For the Riemann approaches, there are exponentially many points that are added 

to correctly partition the space like a grid. On the other hand, the uniform MCMC approach 

performs uniform sampling and constructs A to have the same number of samples that are in the 

observation set. 

Figure 4-2B shows the computation time needed for the Riemann test and train and 

uniform MCMC methods versus the size of the observed set. Although the Riemann approaches 

perform slightly better at integral estimation, uniform MCMC does comparably well and needs a 

very small amount of relative computation time. The runtime for the Riemann approach is 

exponential with respect to the number of observed samples, whereas the uniform approximation 

has a linear relationship as shown in Figure 4-2C. 

Synthetic Data Experiment 

The classification ability of the methods is under test in this experiment. Again synthetic 

data is created to simulate the effects of contextual factors. Four data sets are constructed such 

that each exposes a pro and/or con for each of the proposed methods. Each of the four data sets 

are illustrated in Figure  4-3 which helps to visualize the experimental setup and the purpose for 

each of the carefully constructed datasets. We also experiment with the whitening/dewhitening 

transform and set-based kNN to expose their pros and cons and for comparison purposes.  
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Experimental Design 

Again samples are randomly generated from a Gaussian mixture with two components 

where samples from each component are assumed to be from the same class. Again, there are 

three contexts which allows for clear, less cluttered, analysis. Ten training populations are 

constructed from each of the three Gaussian mixtures to simulate sets of samples observed in 

three distinct contexts.  

The contextual parameters, ijλ , for the possibilistic and evidential models are optimized as 

described in Equations 3-23 and 3-26, respectively. In the probabilistic approach, using random 

measures, the observed measures are created using Equation 2-40, assuming they are Gaussian. 

The representative functions of the random measure likelihood functions were learned using the 

EM algorithm in Equations 3-47, 3-49 and 3-50, in a supervised manner. That is, each model’s 

representative function was optimized using only the samples from the corresponding context.  

We performed 50 trials on each data set; in each trial, a test set was generated randomly 

from one of the Gaussian mixtures associated with one of the contexts. For the random measure 

model, the corresponding measure was created using the standard EM algorithm assuming a 

Gaussian mixture of two components. The proposed evidential, probabilistic and possibilistic 

methods were equipped with Gaussian mixtures optimized separately using the standard EM 

algorithm. The contextual components were optimized separately as previously discussed. 

The set-based kNN algorithm assigned, to each test sample, the label of the closest training 

sample in the closest set, that is, k = 1. The whiten / dewhiten transform was calculated as 

described in Equation 2-10 for each training image. The resulting confidence value was simply 

averaged over the training sets, since this algorithm does not provide for context estimation or 

relevance weighting. 
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Data set 1 is a fairly simple data set which should allow for simple context estimation and, 

within each context, simple classification. An example of data generated under data set 1 is 

shown in Figure  4-3. There are some disguising transformations present; however, the hypothesis 

is that most of the classifiers will perform well since context estimation is fairly simple in this 

data set.  

In data set 2, we orient the Gaussians such that samples from class ‘x’ are relatively the 

same as compared to the samples from class ‘o’ in each of the three contexts. This data set was 

constructed to highlight the fact that the whitening / dewhitening transform assumes similar 

orientation of classes throughout each context. Therefore, the hypothesis is that the 

whitening/dewhitening transform will perform well on this data set. Each of the other methods 

should perform well since there remains only a slight presence of disguising transformations, and 

context estimation is therefore simple. 

In data set 3, we introduce the presence of an outlier in the test set. The hypothesis is that 

the possibilistic approach should remain a good classifier since it has shown to be robust  [16]. 

The evidential estimate will be affected by the outlier since it is a pessimistic approach. The 

probabilistic approach may be slightly affected if the observed measure is skewed toward the 

outlier. Set-based kNN will be affected by the outlier due to the use of the Hausdorff metric. The 

whitening / dewhitening transform may be affected since the outlier may drastically influence the 

whitening process. 

In data set 4, we introduce multiple outliers which are placed relatively near to the 

observed samples. This data set is constructed to alter the observed measure and therefore, our 

hypothesis is that the probabilistic approach will be highly affected, along with the evidential 

approach and set-based kNN. The possibilistic approach should be unaffected by the outliers. 
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Classification results from the whitening / dewhitening transform will be drastically changed if 

the outliers greatly skew the whitening process.  

Lastly, we analyzed the classification results of the evidential and possibilistic approaches, 

on dataset 3, when the number of germ / grain pairs was varied.  

Results 

The average classification errors are presented for each classifier for each dataset in Table 

4-2. In data set 1, each method performed with under a 10% error and the best method, the 

evidential model, performed best with a 4.1% error. The whitening / dewhitening transform 

performed the worst since it relies on the fact that each class is relatively oriented in the same 

manner throughout each context, which is not the case (slightly) in data set1. The possibilistic 

approach performed the worst out of the proposed methods. Upon inspection, it fails to correctly 

identify context when an observed sample falls near a germ of an incorrect context. This is 

illustrated in Figure  4-3A. In the trial illustrated in Figure  4-3A, Context 3 is the most probable 

which is incorrectly estimated due to the close proximity of one of the test samples to the germ 

for context 3. The evidential and probabilistic models performed similarly, well. Set-based kNN 

performed slightly worse, which is attributable to the use of a nearest neighbor classifier as 

opposed to a Bayesian classifier. 

In data set 2, the whitening / dewhitening transform results improved as expected. The 

evidential and probabilistic models performed equally as well. Set-based kNN and the 

possibilistic model performed relatively similarly. 

In data set 3, the presence of an outlier drastically affected the classification results of the 

evidential model and set-based kNN. This data set is illustrated in Figure  4-3C. Both of the 

metrics used by these methods are pessimistic and are therefore affected by outliers. The 
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possibilistic and probabilistic approaches remained unaffected. Similarly, the whitening / 

dewhitening transform produced similar results as those found in data set 1.  

In data set 4, the evidential model and set-based kNN remained highly affected by the 

presence of outliers. This data set is illustrated in Figure  4-3D. The incorporation of multiple 

outliers also affected the results of the probabilistic approach. The presence of multiple outliers 

was enough to greatly affect the observed measure and therefore tainted the context estimation. 

The possibilistic approach remained unaffected by the outliers. The whitening / dewhitening 

transform performed relatively well, although the samples from each class were not relatively 

oriented the same in each context. However, we note that in each context samples from class ‘o’ 

were to the right of samples from class ‘x’ in each class. 

Table 4-3 shows the classification error, on data set 4, of the evidential and possibilistic 

models as the number of germ grain pairs varied. It also shows the classification error of the 

probabilistic approach for a baseline comparison. Overall the classification error decreases as the 

number of germ and grain pairs increases. This result is expected since more germ / grain pairs 

should allow for more detailed shape characterization.  

Conversely, in standard techniques, the optimization of a statistical classifier using 

probability density functions may be subject to overtraining, especially if the number of densities 

used is increased or the number of densities is large compared to the number of training samples. 

In fact, if a probability density function is optimized with respect to a small number of samples 

the density will become focused on the few samples thus closing some abstract decision 

boundary tightly around said samples, causing overtraining. The overtraining during 

optimization corresponds to increasing the likelihood of samples in the correct probability 

density. 
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In the germ and grain model, the probability of sets of intersecting random hyperspheres 

increases as the hyperspheres grow. Therefore overtraining, in the aforementioned sense, is not 

an issue. However, optimization in the germ and grain model may cause the random radius to 

diverge, seemingly, the opposite of overtraining. Appropriate MCE optimization techniques, as 

developed here, must be implemented to prevent divergence. 

However, classification error will increase with an increase in the number of germ / grain 

pairs, if the increase in pairs induces one of the situations outlined in Figure  4-3A, for the 

possibilistic approach, or Figure  4-3C and Figure  4-3D, for the evidential approach. 

Hyperspectral Data Experiment 

The classifiers under test were applied to remotely sensed, hyperspectral imagery collected 

from AHI  [101],  [102]. AHI was flown over an arid site at various times in the years 2002, 2003 

and 2005. Eight AHI images which covered approximately 145,000m2 were collected at altitudes 

of 300m and 600m with spatial resolutions of 10cm and 15cm, respectively. Each image contains 

20 spectral bands after trimming and binning, ranging over LWIR wavelengths 7.88um – 

9.92um. Ground truth was provided by Radzelovege et al.  [100]. The maximum error was 

estimated to be less than one meter. 

The scenes consisted mainly of targets, soil, dirt lanes and senescent vegetation. There are 

4 types of targets. Targets of type 1 are plastic mines buried 10.2cm deep, targets of type 2 are 

metal mines buried 10.2cm deep, targets of type 3 are metal mines flush with the ground and 

targets of type 4 are circular areas of loosened soil, referred to as holes, with diameters less than 

one meter in length.  

Since the imager was flown over the course of 4 years at various times of day, it is 

reasonable to assume that environmental conditions were variable. In fact, the presence of 
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contextual transformations including disguising transformations was confirmed, as shown in 

Figure  1-1. 

Experimental Design 

Labeled data sets were constructed from the imagery such that all samples from each data 

set were assumed to be observed in the same context. Training set construction was done 

manually since the ground truth error was large enough to prevent automation of this task. We 

note that the spectral signatures of all target types were similar enough to group into the same 

class given this data set. Each training set consisted of 10 samples from one of four classes: 

target, soil type 1, soil type 2, and vegetation. Therefore each training set, whose samples are 

assumed to be observed in the same context, consisted of 40 samples total. There were eight 

training populations, one from each image used to model the context of each image. Each 

context was modeled using four germ and grain pairs. The contextual parameters, ijλ , were 

optimized using Equations 2-23 and 2-26 for the possibilistic and evidential approaches, 

respectively. Again, the probabilistic approach was trained using the EM algorithm in a 

supervised manner, that is, each model was optimized using only the samples from the 

corresponding context to be modeled. Gradient descent optimization for the evidential and 

possibilistic approaches was terminated after 200 iterations or sooner if the change was minimal. 

The germs were set to the results of k-means clustering of the samples of each class for each 

context. The learning rate for gradient descent optimization was set to 0.1.  

The three context-based classifiers within the random set framework were equipped with 

Bayesian classifiers implemented as a mixture of Gaussians containing two components. The 

classification parameters were learned using the well-known EM algorithm in a supervised 

manner. Specifically, optimization for the mixture components modeling a particular class was 



 

96 

performed using only samples from the corresponding class in the corresponding context. 

Diagonal loading of the covariance matrices was done to mitigate the effects of low sample 

numbers and high dimensionality. 

Set-based kNN was equipped with a simple classifier that was the inverse distance of the 

test sample to the closest representative of the target class, in the closest training set and k =1. 

This classifier permits gray level confidences, which allows for comparison to the other 

algorithms in the ROC curve. 

The whitening/dewhitening transform was calculated as described in Equation 2-10 for 

each training image. The resulting confidence value was simply averaged over the training 

images, since this algorithm does not provide for context estimation or relevance weighting. 

Test sets, or populations, were constructed from subsets of the imagery. The well-known 

RX algorithm  [99] was run by Ed Winter from Technical Research Associates Inc. on the 

imagery as a pre-screener, or anomaly detector, to collect points of interest (POIs). There are 

4,591 POIs and 1161 actual targets in the entire dataset. Sets of samples surrounding each POI in 

a 9x9 pixel window were collected to form test sets. This implies there is a total of 4,591 test sets 

each set consisting of 81 spectral signatures. Note that each test set is assumed to be a 

population, which means it is assumed that each sample in the set is observed in the same 

context. For this dataset, the 9x9 pixel window is large enough to encompass a target and 

background samples, but small enough to ensure that all samples have been observed in the same 

context. 

Each sample in the test set is classified target or non-target by each of the classifiers. The 

probability of target is calculated for each sample within a test set and each POI is assigned a 

probability of target detection by taking the mean probability of target over the center samples 
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within a 3x3 window, since this is the standard size of a target. We note that the prescreener was 

not able to identify all targets in the scene, and the maximum probability of detection (PD) for 

the classifiers is 75% or 867 targets. 

Cross validation is implemented at the image level, that is, spectra from a test image are 

not used for training purposes while said image is under test. Note that this testing procedure 

assumes that there exists a training population from an image other than the test image that 

contains samples observed in a context similar to those in the test image. We note that this may 

not be a valid assumption, and may make classification very difficult; however, this testing 

procedure mimics the testing conditions of real-world application, that is, the exact context and 

labels of some of the spectra from a test image may not be known a priori. 

Classification results of all target types are presented in one receiver operating 

characteristic (ROC) curve which is shown by PD versus false alarm rate (FAR). We note that 

previous research has indicated that a minefield can be minimally detected when the PD is 

greater than 50% and the FAR is less than 10-2 FA/m2 and is successfully detected when the PD 

is greater than 50% and the FAR is less than 10-3 FA/m2  [100]. 

Results 

ROC curves for each algorithm are shown in Figure  4-4. All methods performed well 

achieving greater than 50% PD at relatively low FARs. Note the Probabilistic RSF approach was 

run using the uniform sampling technique for KL estimation and using the analytical integral, 

assuming Gaussian. The analytical approach performed best, although it assumed Gaussian, 

whereas, the uniform sampling method used a Gaussian mixture with four components. Although 

the uniform sampling allows for a more versatile modeling scheme, the analytical calculation of 

the KL divergence seemed more important than versatility for correct context estimation. Due to 

the high dimensionality and sparsity of the data, the KL estimate using uniform sampling suffers. 
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ROC curves with error bars are shown in Figure  4-5. In Figure  4-5, each mine encounter is 

treated as a binomial distribution and the error bars illustrate a confidence window of 95%. Note 

the PDs are normalized to 100% for binomial estimation, and there is good separation of the 

possibilistic and evidential approaches with 95% confidence indicating a non-random result. 

All context-based approaches performed better than the whiten / dewhiten transform save 

the probabilistic approach using uniform sampling. This result is expected since these 

approaches are able to identify relevant contexts and use this information to correctly classify 

samples that have undergone contextual transformations. However, the whiten / dewhiten 

transform performed relatively well, which indicates that some of the classification issues 

induced by contextual transformations can be mitigated by means of whitening the data. Figure 

 4-7 shows a correctly classified POI, where each context-based approach identifies a relevant 

context, context 3 or 4, and consequently classifies the POI correctly. 

Each of the RSF classifiers performed better than the set-based kNN classifier. This is due 

to their ability to identify relevant contexts in a probabilistic manner rather than a nearest 

neighbor manner as indicated in Figure  4-10 and Figure  4-9. This is also due to the nearest 

neighbor approach in the classifier as indicated in Figure  4-6 and Figure  4-9. This is due to the 

fact that nearest neighbor approaches do not directly incorporate the idea of probability, or 

weights, and therefore assign confidence based on some fixed number of samples, in this case 

k=1. We note in previous experiments, k=1 provided the best results for set-based kNN  [17]. 

In Figure  4-8, a POI is incorrectly classified by the possibilistic approach. In this case, the 

possibilistic approach was the only method to identify context 4 as a relevant context, and 

consequently misclassified this POI. The situation that occurred in the synthetic data experiment 

that is shown in Figure  4-3A has occurred, that is, a sample from the test set has come into close 



 

99 

proximity of a germ / grain pair modeling context 4, which has caused the possibilistic approach 

to choose this context as most likely as opposed to context 3. Although the possibilistic, or 

optimistic approach, has caused the possibilistic approach to misclassify the POI in Figure  4-8, it 

also allows for resiliency in the face of outliers. An instance where the possibilistic approach 

chose a context different from all other approaches is shown in Figure  4-10. This POI was 

correctly classified by the possibilistic approach and the chance of FA was lessened by all of the 

probabilistic approaches as they were able to identify two relevant contexts, one which provides 

correct classification. 

The evidential approach performed best, achieving highest PDs at almost all FARs. This 

result is similar to that found in the synthetic data experiment, save the situation illustrated in 

Figure  4-3D. The evidential approach provides a good contextual model as the inclusion 

functional provides an intuitive model for shape characterization. 

The probabilistic approach performed well in the synthetic data experiment balancing 

shape characterization and robustness. However, its results in high dimensional data were 

inconsistent. Providing enough samples using the uniform sampling method in high dimensions 

was not practical, and using the analytical integral provided better results. However, the 

Gaussian assumption limited its shape characterization which influenced its classification results. 

Upper and Lower Bounding Experiment 

In this experiment we compared the proposed possibilistic context-based classifier to a 

standard Bayesian classifier, a non-context based classification method. We also compared the 

results of the possibilistic classifier to results from a context-based oracle classifier that always 

chooses the correct context. This comparison provides an idea of an upper bound and a lower 

bound for the proposed method, where the standard classifier is a lower bound since it makes no 
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use of contextual information and the oracle classifier is the upper bound since it makes the best 

use of contextual information. 

Experimental Design 

The experimental setup was similar to that in the hyperspectral experiment. Eight training 

sets were constructed each representing a set of samples, both target and non-target, observed in 

some context. Each training set consists of samples collected from an image, where eight 

contexts are modeled using samples from the eight distinct images. Note that in this training set 

there are 20 samples from each class in each context. Also in this experiment more spectral 

bands are used, that is, each image contains 40 spectral bands after trimming and binning, 

ranging over LWIR wavelengths 7.88um - 9.92um. Again, the possibilistic classifier is equipped 

with a mixture of Gaussians for sample classification. The oracle uses the same classifiers as the 

possibilistic approach, however, it always chooses the correct Gaussian mixture. 

Classification results of the standard Bayesian classifier are compared to that of the 

possibilistic RSF classifier. The hypothesis is that both classifiers can account for non-disguising 

transformations, however, a standard Bayesian classifier cannot account for disguising 

transformations, whereas the possibilistic classifier can.  

The number of mixture components used in the standard Bayesian classifier is varied to 

illustrate how its ability to classify in the presence of non-disguising transformations relates to 

the number of mixture components. The hypothesis is that as the number of components 

increases, the results should improve since it will be better equipped to handle non-disguising 

transformations. However, regardless of the number of mixture components, the standard 

Bayesian classifier cannot handle disguising transformations and its results should not best those 

of the possibilistic classifier, assuming context estimation is performed correctly.  
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The possibilistic classifier was equipped with two mixture components per class per 

context for a total of 56 components since for each test set there were seven contexts available 

each with four classes each containing two mixture components. We compared the results to 

those of a standard Bayesian classifier with three, seven and 14 mixture components per class.  

For comparison to the upper bound, the testing procedure will remain the same, except the 

classifier trained on the test image will be available to the classifiers during testing; therefore, 

cross validation is no longer being performed. The results of the possibilistic classifier will be 

compared to the oracle classifier. The oracle classifier is equipped with similar Gaussian 

mixtures as the possibilistic RSF classifier; however, it always uses the Gaussian mixture that 

was trained on the test image. The results of this classifier can be seen as an upper bound of the 

classification results within this framework. Therefore, it provides a means to assess the ability 

of the context estimation methodology used in the RSF classifier, namely the optimistic germ 

and grain model. 

Results 

The use of possibilistic context estimation within the RSF significantly improved 

classification results. Probability of detection is improved at all FARs and is improved as much 

as 10 percentage points. False alarm rates are decreased at all PDs and are reduced as much as 

50% at PDs of 4x10-3 FAs/m2 through 8x10-3 FAs/m2.   

Classification results of the standard Bayesian classifier became better as the number of 

mixture components increased. The increase of mixture components equipped the standard 

classifier with the ability to account for non-disguising transformations. When the number of 

components was less than the number of contexts, the standard classifier performed poorly. This 

is expected as it could not account for all of the non-disguising transformations. However, its 

performance improved as the number of mixture components became greater than or equal to the 



 

102 

number of contexts. The results also indicate that the RSF classifier was able to account for 

disguising transformations with an improvement in classification when compared to the standard 

classifier with the same number of overall mixture components. 

The RSF Bayesian classifier performed similarly to the oracle RSF Bayesian classifier 

indicating that using the random set framework is an excellent method for context estimation. In 

fact, the RSF Bayesian classifier using the germ and grain model weighted the context which 

was chosen by the oracle as the most likely context 66% of the time, and furthermore, weighted 

that context as one of the two most likely contexts 86% of the time. However, we note there is 

room for improvement which can be noticed at low FARs. 
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Figure  4-1. Illustration of data sets one, two, and three. A) Samples from a distinct context are 

shown in distinct colors. Distinct class is shown using a distinct symbol. This is the 
easiest data set since each context is fairly separable. B) In data set 2, context 3 is 
overlapped highly by both context 1 and context 2. C) In data set 3, context 1 is 
completely overlapped by context 2 and context 3. 

 

Table 4-1. Average inference error for each dataset using 15 test and 15 train samples. 
KL Estimation Data Set 1 Data Set 2 Data Set 3 
Riemann Test .0094 .0390 .0522 
Riemann Test and Train .0114 .0638 .0642 
Naïve Test .0750 .0870 .0722 
Naïve Test and Train  .0128 .0639 .0683 
Uniform MCMC .0094 .0562 .0581 
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Figure  4-2. Error analysis of the Riemann and uniform approximation methods with respect to 

time and number of observation samples. A) Plot of context misclassification rate 
versus the number of samples in the observed set. B) Plot of runtime versus the 
number of samples in the observations set. C) Close of the plot of runtime versus 
number of observation samples for the uniform approximation method. 
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Figure  4-3. Trials using data sets 1, 2, 3 and 4 in the synthetic data experiment. A) Illustration of 
a trial on data set 1 from the synthetic data experiment where the possibilistic model 
fails to correctly identify context. Here the germ from context 3 is indicated with a 
black ‘*’. Note there is a sample from the test set indicated by a black ‘x’, which lies 
very near to the grain. This increases the probability of context 3. B) Trial example of 
data set 2 in the synthetic data experiment. Samples from either class are oriented 
relatively the same in each of the 3 contexts. C) Trial example of data set 3 in the 
synthetic data experiment. Each test set in each of the 50 trials has two outlying 
samples at [0, 5]. D) Trial example of data set 4 in the synthetic data experiment. 
Each test set has 6 outliers located near [5, 3.5]. 

A B

C D
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Table 4-2. Average classification error of the listed context-based classifiers on four data sets 

used in the Synthetic Data Experiments. 
Context Classifiers Data Set 1 Data Set 2 Data Set 3 Data Set 4 
Evidential Model .0413 .0273 .2073 .2500 
Probabilistic Model .0427 .0280 .0667 .2562 
Possibilistic Model .0647 .0480 .0693 .0542 
Set-Based kNN .0560 .0373 .2647 .2520 
Whiten/De-Whiten  .0993 .0220 .1033 .0792 
 
 
Table 4-3. How classification varies with respect to the number of germ and grain pairs for data 

set 3 (with no outlying samples) in the Synthetic Data Experiment. 
Context Classifiers 1 Pair/Context 2 Pair/Context 3 Pair/Context 4 Pair/Context 
Evidential Model .0447 .0487 .0367 .0373 
Probabilistic Model .0453 .0473 .0400 .0336 
Possibilistic Model .0553 .0460 .0453 .0460 
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Figure  4-4. ROC curve for The Hyperspectral Data Experiment. Note the dashed plot is the 
results from the probabilistic context-based classifier using the analytical solution for 
KL estimation as discussed in Equation 3-40.  
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Figure  4-5. Hyperspectral Experiment ROC curve of PD versus PFA for the possibilistic, 
evidential probabilistic, set-based kNN, and whiten / dewhiten approaches. Error bars 
show the 95% confidence range assuming each encounter is a binomial experiment. 
For this reason, PDs are normalized to include only targets that were observed by the 
algorithms under test, and do not include targets missed by the prescreener. 
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Figure  4-6. Example of a false alarm POI from The Hyperspectral Data Experiment. A snippet of 
the original AHI image at wavelength 8.9um is shown in the upper left where the 
prescreener alarmed. The second row are the confidence images of set-base kNN, 
possibilistic, probabilistic, and evidential approaches, from left to right. Their 
contextual estimates of the potential seven contexts are shown in the bar chart in the 
upper right. Note there are seven potential contexts and not eight since are performing 
crossvalidation at the image level. Under the confidence images, in the bottom row, 
are the spectral plots of the test population, shown in blue. Also shown in these plots 
are the spectra used to create the contextual models of the context that the 
corresponding approach selected as most probable. These training spectral are color 
coded by class, where red, green, and yellow correspond to target, soil types, and 
vegetation, respectively.  

Note in this example set-based kNN submits a marginal confidence, due to its use of a 
nearest neighbor based classifier and choice of context 3. the probabilistic and 
evidential approaches select context 3 as well; but their classifier makes use of 
covariance which allows for correct classification. The possibilistic approach chose a 
context which correctly identifies the spectra as soil. 
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Figure  4-7. Example of a target alarm POI, from The Hyperspectral Data Experiment. A snippet 
of the original AHI image at wavelength 8.9um is shown in the upper left where the 
prescreener alarmed. The red circle indicates that this is a target. The second row are 
the confidence images of set-base kNN, possibilistic, probabilistic, and evidential 
approaches, from left to right. Their contextual estimates of the potential seven 
contexts are shown in the bar chart in the upper right. Under the confidence images, 
in the bottom row, are the spectral plots of the test population, shown in blue. Also 
shown in these plots are the spectra used to create the contextual models of the 
context that the corresponding approach selected as most probable. These training 
spectral are color coded by class, where red, green, and yellow correspond to target, 
soil types, and vegetation, respectively.  

Note in this example each algorithm correctly identifies this POI as a target. Note the 
possibilistic approach has selected context 4 as most probable, whereas, the other 
three methods selected context 3. In this instance, the choice between context 3 and 4 
does not change the classification results since the test spectra are similar to the target 
prototypes in both contexts. 
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Figure  4-8. Example of a target alarm POI from The Hyperspectral Data Experiment. A snippet 
of the original AHI image at wavelength 8.9um is shown in the upper left where the 
prescreener alarmed. The red circle indicates that this is a target. The second row are 
the confidence images of set-base kNN, possibilistic, probabilistic, and evidential 
approaches, from left to right. Their contextual estimates of the potential seven 
contexts are shown in the bar chart in the upper right. Note there are seven potential 
contexts and not eight since are performing crossvalidation at the image level. Under 
the confidence images, in the bottom row, are the spectral plots of the test population, 
shown in blue. Also shown in these plots are the spectra used to create the contextual 
models of the context that the corresponding approach selected as most probable. 
These training spectral are color coded by class, where red, green, and yellow 
correspond to target, soil types, and vegetation, respectively. 

 Note in this example the possibilistic approach selects context 4, which results in 
incorrect classification. Also note that the evidential approach partially weights 
context 4, thus its confidence is not as high as set-based kNN and the probabilistic 
approach. 
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Figure  4-9. Example of a false alarm POI from The Hyperspectral Data Experiment. A snippet of 
the original AHI image at wavelength 8.9um is shown in the upper left where the 
prescreener alarmed. The red circle indicates that this is a target.  The second row are 
the confidence images of set-base kNN, possibilistic, probabilistic, and evidential 
approaches, from left to right. Their contextual estimates of the potential seven 
contexts are shown in the bar chart in the upper right. Under the confidence images, 
in the bottom row, are the spectral plots of the test population, shown in blue. Also 
shown in these plots are the spectra used to create the contextual models of the 
context that the corresponding approach selected as most probable. These training 
spectral are color coded by class, where red, green, and yellow correspond to target, 
soil types, and vegetation, respectively.  

Note in this example set-based kNN submits a marginal confidence rather than a high 
confidence due to its selection of context 3. Note the population spectra for set-based 
kNN selection fall in between prototypes for class target and vegetation, providing for 
a marginal confidence. The other 3 classifiers selected context 6 which provides for 
correct classification. Note samples from the target class in context 6 are extremely 
similar to the test samples, indicating a correct selection. 
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Figure  4-10. Example of a false alarm POI from The Hyperspectral Data Experiment. A snippet 
of the original AHI image at wavelength 8.9um is shown in the upper left where the 
prescreener alarmed. The second row are the confidence images of set-base kNN, 
possibilistic, probabilistic, and evidential approaches, from left to right. Their 
contextual estimates of the potential seven contexts are shown in the bar chart in the 
upper right. Under the confidence images, in the bottom row, are the spectral plots of 
the test population, shown in blue. Also shown in these plots are the spectra used to 
create the contextual models of the context that the corresponding approach selected 
as most probable. These training spectral are color coded by class, where red, green, 
and yellow correspond to target, soil types, and vegetation, respectively.  

Note in this example set-based kNN submits high confidence due to its selection of 
context 1. Note the probabilistic and evidential approaches submit marginal 
confidences as they selected context 1. But their confidence is only marginal since 
they only partially selected context 1. Note the possibilistic approach selected context 
4, and was able to correctly classify this POI as a false alarm. 
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Figure  4-11. Detection results for the possibilistic RSF classifier and results for standard 
Gaussian mixture classifiers equipped with variable numbers of mixture components. 
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Figure  4-12. Non-crossvalidation detection results for the possibilistic RSF classifier and the 
oracle classifier. 
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CHAPTER 5  
CONCLUSIONS 

We developed a generalized framework for context-based classification using the theory of 

random sets. The resulting context-based classifier estimates the posterior of a sample, using the 

sample and a set—its population. Contextual transformations are identified by population 

analysis, and the resulting contextual estimate provides an appropriate weight of relevance to 

context specific classifiers. The random set framework provides the tools necessary to perform 

classification in the presence of contextual factors. Furthermore, it has the ability to contend with 

disguising transformations, which is not the case for standard classification procedures. 

Experimental results have shown the random set models’ abilities to correctly identify context in 

various situations, and have shown applicability to real-world problems, improving classification 

results over state-of-the-art classifiers: set-based kNN and the whiten / dewhiten transform. 

In the synthetic experiments, pros and cons of each approach where highlighted. The 

possibilistic approach was shown to be a robust classifier, resilient to outliers, but at the cost of 

optimism. The evidential approach has the ability to characterize shape, but at the cost of 

robustness. The probabilistic approach balanced these two pros and cons, allowing for some 

characterization of shape and some resilience. Each of these RSF classifiers was superior to set-

based kNN, which is not resilient to outliers, but provides an intuitive, nearest neighbor, set 

comparison procedure. The whiten / dewhiten transform assumes a consistent orientation of 

target subspaces with respect to background subspaces, and given this assumption, provides a 

whitening solution. This approach can be considered a context-based method, but makes strict 

assumptions which the other methods do not. Therefore, the whiten / dewhiten transform 

performed well when said assumptions are true and performs poorly when they are not. 
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Each of the methods under test was able to minimally detect a minefield using a extensive 

hyperspectral dataset. The evidential and possibilistic methods performed best due to their 

resilience and shape characterization capabilities, reducing FARs by up to 25% over set-based 

kNN. The probabilistic model suffers partially due to its attempt to construct a representative 

measure given a low number samples and high dimensionality. Set-based kNN was bested by the 

RSF classifiers due to its lack of ability to assign gray-level weights of contextual relevance. The 

whiten / dewhiten transform performs worst indicating that, although some of the contextual 

transformations can be mitigated through the use of whitening, all of them could not.  

In the final experiment, the possibilistic approach performs similarly to its upper bound, 

and outperformed a similar classifier that made no use of contextual information. This indicates 

that the possibilistic approach makes good use of contextual information which translates to 

improved classification results. 

Each algorithm has different computational complexity. Although set-based kNN does not 

require training, the set-based comparison provides for a testing computation time bounded by 

)( 2pdTNO , where N is the bounding number of samples in a training or test set, d is the 

dimensionality of the samples, p is the number of testing populations, and T is the number of 

training sets. Note for each population p we must calculate the pairwise distances between the 

test set and all T training sets. Whereas, the RSF classifiers require a training period, but testing 

computation time is bounded by )( 3mdpcdNO + , where c is determined by the fixed number of 

constructs, such as a germ and grain pair or a likelihood function, used to model C contexts and 

m is the number of constructs needed to model M classifiers. For each population, we must 

compare each sample to each contextual construct. Note for each Bayesian classifier we must 

invert a covariance matrix that is dxd; however, the use of a Gaussian classifier is not necessary 
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within the RSF framework. The whiten / dewhiten transform has a training period, and requires 

extensive testing computation time bounded by )( 3 NmpmdO + . Note, for each population we 

must calculate and invert a covariance matrix. 

Future work will include the extensive experimentation of the methods developed for the 

optimization and experimentation methods used by the RSF classifiers. An example of research 

in optimization strategies would include the investigation of the use of EM for unsupervised 

learning of contexts within the hyperspectral data set. This could provide for interesting findings 

of sub-contexts or subpopulations, within each image. Examples of future research in 

experimental methods would be performing experiments where the size of the populations 

varied. Larger populations may provide for a better estimate of context.  

Extended research may include the development of a non-additive random measure. This 

development may provide the capability to characterize complex relationships between sets of 

samples, similar to a belief function. We also note that during the development of the 

representative function, it was determined that the point-wise average of the observed measures 

minimized the KL between the representative function and the observed measures, this may 

provide for an interesting development of posterior estimation, and relation to variational 

methods. 

Future work should include the application of the RSF classifiers to unexploded ordnance 

(UXO) datasets. These data sets are subject to problems similar to those faced in remote sensing 

data, including contextual factors. The use of contextual estimation should improve 

classification, or target identification, for these applications as well. 
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