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The applications of cryogenic flow and heat transfer are found in many different types of 

industries, whether it be the liquid fuel for propulsion or the cryogenic cooling in medical 

applications. It is very common to find the transportation of cryogenic flow under microgravity 

in space missions. For example, the liquid oxygen and hydrogen are used to power launch 

vehicles and helium is used for pressurizing the fuel tank. During the transportation process in 

pipes, because of high temperature and heat flux from the pipe wall, the cryogenic flow is always 

in a two-phase condition. As a result, the physics of cryogenic two-phase flow and heat transfer 

is an important topic for research. 

In this research, numerical simulation is employed to study fluid flow and heat transfer. 

The Sharp Interface Method (SIM) with a Cut-cell approach (SIMCC) is adopted to handle the 

two-phase flow and heat transfer computation. In SIMCC, the background grid is Cartesian and 

explicit true interfaces are immersed into the computational domain to divide the entire domain 

into different sub-domains/ phases. In SIMCC, each phase comes with its own governing 

equations and the interfacial conditions act as the bridge to connect the information between the 

two phases. The Cut-cell approach is applied to handle nonrectangular cells cut by the interfaces 
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and boundaries in SIMCC. With the Cut-cell approach, the conservative properties can be 

maintained better near the interface. 

This research will focus on developing the numerical techniques to simulate the two-phase 

flow and phase change phenomena for one of the major flow patterns in film boiling, the 

inverted annular flow.
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CHAPTER 1 
INTRODUCTION 

1.1 Overview 

The cryogenic fluids have wide application in the industry. They can be used as liquid fuel 

like liquid hydrogen and oxygen in the aerospace industry (Filina and Weisend 1996), as coolant 

like liquid nitrogen and helium in medical applications (Jha 2006). In some special cases, for 

example, cryogenic fluids are used in spacecrafts not only at low temperatures but also under low 

gravity. Liquid oxygen and hydrogen are used to power launch vehicles and helium is used for 

pressurizing fuel tanks (Hands 1986). For this case, the transport and storage of cryogenic fluids 

under microgravity is regarded as an important element of the space mission. General 

information about the storage of cryogenic fluids can be found in some papers (Panzarella and 

Kassemi 2003, Khemis et al. 2004, Plachta et al. 2006). 

1.2 Role of Cryogenics in Space Exploration 

To explore the space to other planets such as Mars (Mueller and Durrant 1999) is one of all 

human being’s challenges. Therefore, the effective, affordable, and reliable supply of cryogenic 

fluids in space mission is very important (Cancelli et al. 2005, Heydenreich 1998, Graue et al. 

2000). The efficient and safe utilization of cryogenic fluids in thermal management, power and 

propulsion, and life support systems of a spacecraft during space missions involves the transport, 

handling, and storage of these fluids in reduced gravity. The uncertainties about the flow pattern 

and heat transfer characteristics pose a severe design concern. Therefore, the design of cryogenic 

fluid storage and transfer system is very important and spawns researches in several areas: for 

example, design of the vessel (Harvey 1974, Bednar 1986), the piping and draining system 

(Momenthy 1964, Epstein 1965), insulation (Riede and Wang 1960) and safety devices. 

Moreover, the thermo-fluid dynamics of two-phase systems in reduced gravity encompasses a 
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wide range of complex phenomena that are not understood sufficiently for engineering design to 

proceed. 

1.3 All Cryogenic Systems Must Be Chilled Down 

When any cryogenic system is initially started, which includes rocket thrusters, turbo 

engines, reciprocating engines, pumps, valves, and pipelines; it must go through a transient 

chilldown period prior to a steady operation. Chilldown is the process of introducing the 

cryogenic liquid into the system, and allowing the hardware to cool down to several hundred 

degrees below the ambient temperature. The chilldown process is anything but routine and 

requires highly skilled technicians to chill down a cryogenic system in a safe and efficient 

manner. 

The reason that the highly transient chilldown process is extremely complex is because 

when a cryogenic liquid is introduced into a system that has reached equilibrium with the 

ambient, voracious evaporation occurs and a very high velocity gas mist traverses through the 

system. As the system cools, slugs of liquid, entrained in the gas, flow through the system in a 

two-phase film boiling mode. As the system cools further, a liquid quenching front flows through 

the system and is accompanied by nucleate boiling and two-phase flow. The rate of heat transfer 

in the nucleate boiling regime is very high and the system begins to cool down very rapidly. As 

the system rapidly cools down, the two-phase flow passes through several flow regime 

transitions to single-phase liquid flow (Burke et al. 1960, Graham et al. 1961, Steward et al. 1970, 

Bronson et al. 1962). The inherent danger during chilldown is that two-phase flows are 

inherently unstable and can experience extreme flow and pressure fluctuations. The hardware 

may be subject to extreme stresses due to thermal contraction and may not be able to sustain 

extreme pressure fluctuations from the cryogen. 
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Efficiency of the chilldown process is also a significant concern since the cryogen used to 

chill down the system can no longer be used for propulsion or power generation. Therefore, 

chilldown must be accomplished with a minimum consumption of cryogen. As a result, it is 

important to fully understand the thermo-fluid dynamics associated with the chilldown process 

and develop predictive models that reliably predict the flow patterns, pressure loss, heat transfer 

rates, and temperature history of the system. 

1.4 Background of a Chilldown Process  

Due to the low boiling points, boiling and two-phase flows are encountered in most 

cryogenic operations. The complexity of the problem results from the intricate interaction of the 

fluid dynamics and heat transfer, especially when phase-change (boiling and condensation) is 

involved. Because of the large stratification in densities between the liquid and gas phases, the 

reduced gravity condition in space would strongly change the terrestrial flow patterns and 

accordingly affect the momentum and energy transport characteristics. Boiling and two-phase 

flow behave quite differently when the gravity levels are varied. The proposed research will 

focus on addressing specific fundamental and engineering issues related to the microgravity two-

phase flow and boiling heat transfer of cryogenic fluids. The outcome of the research will 

provide fundamental understanding on the transport physics of cryogenic boiling and two-phase 

flows in reduced gravity. 

1.5 Objectives of the Research 

The main scientific objective is to seek a fundamental understanding through numerical 

simulations on the boiling regimes, two-phase flow patterns, and heat transfer characteristics for 

convective boiling in pipes under reduced gravity with relevance to the transport and handling of 

cryogenic fluids in microgravity. The engineering objective is to address issues that are related to 
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the design of systems associated with the transport and handling of cryogenic fluids, for 

example, pressure drop information through pipes and heat transfer coefficients. 

1.6 Scope and Structure 

In this research, the main objective is to investigate the transportation of cryogenic fluids 

in microgravity with the phase change phenomena especially the flow pattern and the amount of 

flow rate of liquid and vapor during the transportation. The experiments about the cryogenic 

fluids under microgravity are not easy to be performed on the earth. In this research, numerical 

tools will be adopted instead of experiments. The scope of this dissertation will be: 

• To investigate the rate of vaporization (mass loss of cryogenic liquid) based on different 
driving mechanism and the boundary conditions. 

• To study the flow types based on different driving mechanism and the boundary 
conditions or fluid properties. 

• To develop the necessary numerical techniques for phase change computation. 

The final goal is to develop a reliable numerical package which can accurately simulate the 

cryogenic fluid in microgravity and helps the aerospace engineers to design the most reliable 

cryogenic transportation system in space mission or related industries. 

There will be eight chapters in this dissertation. In the first two chapters, the materials 

about heat transfer and phase-change characteristics of cryogenic flow, impact of microgravity 

effect and chilldown processes are reviewed. In Chapter 3, the physical model, governing 

equations and interfacial conditions are listed. In Chapter 4, the numerical techniques about the 

solver of governing equations, moving interface algorithm, the Sharp Interface Method with Cut-

cell approach (SIMCC), and phase change computation will be introduced. In Chapter 5, a series 

of test cases are done to ensure that the current code is accurate and reliable. Chapter 6 focuses 

on simulation of the liquid-gas two-phase flow in a pipe without phase change. Chapter 7 is 

about the phase change and chilldown process simulation of the liquid-gas two-phase flow in a 
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pipe. In the last chapter, the summarization of current work and the possible future work will be 

addressed. 
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CHAPTER 2 
PHYSICAL BACKGROUND AND LITERATURE REVIEW 

2.1 Boiling Curve and Chilldown Process 

A typical boiling curve, Figure 2-1, shows the relationship between the heat flux (vertical 

axis) that the heater supplies to the boiling fluid and the heater surface temperature (horizontal 

axis). Based on Figure 2-1, a chilldown (quenching) process usually starts above point E and 

then goes towards point D in the film boiling regime as the wall temperature decreases. Point D 

is called the Leidenfrost point (Carey 1992) which signifies the minimum heater temperature 

required for the film boiling. For film boiling process, the wall is so hot that liquid will vaporize 

before reaching the heater surface and that causes the heater to be always in contact with gas. 

When cooling beyond the Leidenfrost point, if a constant heat flux heater were used, then the 

boiling would shift from film to nucleate boiling (somewhere between points A and B) directly 

with a substantial decrease in the wall temperature because the transition boiling is an unstable 

process.  

2.2 Two-Phase Flow Patterns and Heat Transfer Regimes 

In a cryogenic chilldown process, the wall temperature is always higher than the saturation 

temperature of the transported liquid. Therefore, the cryogenic chilldown process in a pipe is 

associated with a standard two-phase flow. In this process, the types of flow and heat transfer can 

not be determined separately as the dominant heat transfer mechanism is dictated by the flow 

pattern. The heat transfer also affects the flow pattern development. For the two-phase flow 

regime, there are several possible factors that can influence it, such as the flow rate, the 

orientation of pipe, the fluid properties and the heat flux at the wall of pipe (Yuan et al. 2007). In 

Carey’s work (1992), he showed the different two-phase flow types in a horizontal pipe. The 

flow types may be bubbly flow, plug flow, stratified flow, wavy flow, slug flow or annular flow. 
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In Dziubinski et al’s work (2004), they showed the flow regimes of a two-phase flow in a 

vertical tube and the possible flow types are bubbly flow, slug flow, churn flow, annular flow 

and mist flow. The main difference between the horizontal and vertical flows is the effect of 

gravity that causes the horizontal flow to become non-symmetrical to the centerline of the pipe. 

With regard to the chilldown process in the film boiling regime, depending on the local 

quality and other thermohydraulic parameters, the flow regime can be either dispersed flow, 

annular flow, or inverted annular flow. The corresponding heat transfer regime will be dispersed 

flow film boiling, annular flow film boiling, or inverted annular film boiling, respectively. As the 

wall temperature decreases below a certain degree, the liquid phase is able to contact the wall of 

the pipe. The leading liquid-wall contact point which is often referred to as the quenching front 

or sputtering region is characterized by a violent boiling process with a significant wall 

temperature decrease. The quenching front will propagate downstream with the flow. The heat 

transfer mechanism at the quenching front is the transition boiling, which is more effective than 

the film boiling heat transfer due to partial liquid wetting of the wall surface. This re-

establishment of liquid-wall contact is called rewetting phenomenon and has been a research 

interest for several decades. 

Nucleate boiling heat transfer dominates after the quenching front. For a vertical pipe, the 

flow regime can be annular flow, slug flow or bubbly flow. While for a horizontal pipe, the flow 

regime is generally stratified flow. As the wall temperature decreases further, the nucleate 

boiling process gradually reverts back to pure convection until the wall temperature reaches the 

thermal equilibrium with the wall, which denotes the end of the chilldown process. Figure 2-2 

illustrates the flow patterns and corresponding heat transfer regimes. 
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2.3 Two-Phase Flow in Microgravity 

In this research, the main purpose is to simulate the cryogenic chilldown process under 

reduced gravity in space to obtain the design parameters for the related equipment. The condition 

of low gravity has a significant impact on the two-phase flow model. It is the most important 

factor for determining the gas/liquid interfacial dynamics. The entire flow field will now be 

controlled by the convection, pressure gradient and viscous effects only. There will be some 

contributions from the surface-tension induced forces and the presence of the solid wall. When 

the dynamics is changed, the flow regime will also be changed. Figure 2-3 is the possible flow 

patterns under microgravity. Figure 2-4 is an example to show the distinctively different flow 

patterns in a horizontal pipe between terrestrial and microgravity conditions. 

For annular flow film boiling, the effect of gravity is assessed based on the ratio of 

3/ ReGr , where Gr  is the Grashof number and Re  is the Reynolds number. The gravity effect is 

measured by the natural convection contribution, which is characterized by the Gr , while the 

forced convective film boiling is scaled by the Reynolds number. According to Gebhart et al.’s 

work (1988), if the velocity of gas is greater than 10 cm/s, then the 3/ ReGr  is less than 0.2. 

Natural convection is negligible for 3/ ReGr  less than 0.225. 

2.3.1 Isothermal Two-Phase Flows in Microgravity 

In order to investigate the impact of gravity quantitatively, some detailed experiments 

under simulated microgravity conditions have been performed on an aircraft (Rezkallah and 

Zhao 1995, Colin et al. 1991) and on the ground in a drop tower (Mishima and Hibiki 1996) 

because it is too expensive to do it in space. The first report on microgravity isothermal flow 

pattern for a large range of liquid to gas ratios was provided by Dukler et al. (1988). In their 

research, they showed the flow patterns are different between the 1-g and the μ -g conditions. 
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Flow patterns under microgravity can be broadly classified into three types: the bubbly, the slug 

and the annular flow.  

In the beginning, experiments could only be performed in a pipe with a very small radius. 

Therefore, this experimental data may not be accurate enough. In the following studies, the 

researchers tried to perform the experiment with larger pipes and various fluids to determine the 

flow patterns (Janicot 1988, Colin et al. 1991, Zhao and Rezkallah 1993).  

In other’s researches (Zhao and Rezkallah 1995, Rezkallah 1996), the flow patterns were 

classified into three regions based on the dynamics of a flow: a surface tension region (bubbly 

and slug flow), an inertia region (annular flow) and the transitional region (frothy slug-annular 

flow).  

There are several possible factors that may influence the flow patterns under microgravity 

such as the pressure drop (Zhao and Rezkallah 1995), surface tension (Rezkallah 1996), flow 

rate, pipe diameter and viscosity (Bousman et al. 1996). In Rezkallah’s work (1996), he showed 

the flow patterns based on different Weber numbers and there are two transition lines which 

divide the flow into three regions. When the Weber number of the gas phase becomes larger; the 

flow tends to become annular; otherwise bubbly flow and slug flow are observed. 

In Bousman et al.’s work (1996), they showed the flow patterns based on different 

superficial velocities of liquid and gas phases.  

When the superficial velocity of the liquid phase is larger, the flow patterns are bubbly 

flows and move to annular flows when the superficial velocity of gas phase is larger. 

2.3.2 Two-Phase Flow and Heat Transfer in Microgravity  

In general, there is little heat transfer data for cryogenic flow boiling in reduced gravity. 

Only two reports were found. Adham-Khodaparast et al. (1995) investigated the flow film 

boiling during quenching of R-113 on a hot flat surface. They used microsensors to record 
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instantaneous heat flux and heater surface temperature during the film boiling on board a KC-

135 aircraft. Antar and Collins (1997) reported flow visualizations and measurements for flow 

film boiling of liquid nitrogen in tubes on board KC-135 aircraft. They were particularly 

interested in the gas/liquid flow pattern and the thermal characteristics. They identified a new 

gas/liquid flow pattern that is unique to low gravity: a sputtering leading core followed by a 

liquid filament annular flow pattern. This new flow pattern is composed of a long and connected 

liquid column that is flowing in the center of the pipe surrounded by a thick gas layer. The gas 

annulus that separates the liquid filament from the wall is much thicker than that observed in the 

terrestrial experiment. They attributed the filamentary flow to the lack of difference in the speed 

of gas and liquid phases. On the heat transfer side, they reported that the quench process is 

delayed in low gravity and the pipe wall cooling rate was diminished under microgravity 

conditions. 
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Figure 2-1.  Typical boiling curve. 

 

Inverted
Annular
Flow

Single
Phase
Flow

Dispersed
Flow

Convective
Heat
Transfer

Nucleate
Boiling

Film
Boiling

Heat
Transfer
Region

Flow
Patterns

 
 
Figure 2-2.  Flow regimes and heat transfer regimes in a heated channel. 
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Figure 2-3.  Flow regimes under microgravity. 
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Figure 2-4.  Effect of the gravity on flow regimes. 
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CHAPTER 3 
PROBLEM DEFINITION AND GOVERNING EQUATIONS  

3.1 Modeling Cryogenic Chilldown in Microgravity 

According to the literature review presented in the previous chapter, for most part of the 

cryogenic chilldown process in microgravity, the two-phase flow is in the inverted annular flow 

regime with film boiling. Based on the general boiling curve shown in Figure 2-1, initially the 

state of boiling is located around point F due to a large temperature difference between the wall 

(room temperature ~300 K) and the saturation temperature of the cryogenic fluid (~77 K for 

liquid nitrogen and ~20 K for liquid hydrogen) when the cryogen first enters the pipe. The 

schematic of a representative cryogenic flow system is given in Figure 3-1. As the wall is cooled 

down by the cryogenic two-phase flow, the boiling state will move from point F towards point E 

and then approach point D when the wall is cooled down further. It is noted that the route from 

point E to point D is followed for the current quenching process, instead of the route from point 

E to point C, because the wall temperature is reduced during the quenching process by the heat 

transfer and can not be changed independently. 

During the initial stage, a quenching front would form that is followed by an inverted 

annular flow pattern with gas phase next to the pipe wall and a liquid core in the center (Antar 

and Collins 1997). As the liquid vaporizes, the radius of the liquid core would decrease as it 

travels downstream. Figure 3-2 illustrates the proposed physical model of the cryogenic two-

phase film boiling in microgravity, a continuous inverted annular flow. 

There are several research publications about the inverted annular flow (Yadigaroglu 1978, 

Ishii and Jarlais 1987, Aritomi et al. 1990, Nelson and Unal 1992, Hammouda et al. 1997). 

However, the heat fluxes in their researches were set at constant values or different from this 

research. In this research, the temperature of the wall will vary and also the strength of heat flux 

will change accordingly.  

The physical phenomena inside the tank and other devices downstream of the pipe exit will 

not be included in the current simulation. Only the flow in the pipe will be considered in this 
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research. In the absence of gravity, it is reasonable to assume that the inverted annular flow is 

axisymmetric. Figure 3-3 shows the schematic for the idealized continuous inverted annular flow 

that will be used as the physical model in the current numerical simulation. 

To complete the entire conjugate heat transfer path, the two-phase flow inside the pipe 

must be connected to the heat source, the pipe wall. Figure 3-4 shows the heat transfer network 

of this conjugate heat transfer. The outer surface of the wall is assumed to be perfectly insulated. 

Therefore, on the outside of wall, the insulated boundary condition will be assigned.  

3.2 Geometry, Computational Domain and Initial, Boundary Conditions 

Since, this is an axisymmetric computation, a rectangular domain with a width of 0.5 (pipe 

radius) is used to simulate the circular pipe. The length of the domain will depend on the 

problems. The minimum grid spacing is 0.01. The initial shape of the liquid core is a quart-circle 

with radius 0.38 plus a straight line 0.03 as shown in Figure 3-5. Initially, the pipe is filled with 

the stationary gas and at the entrance. A quart-circle interface is used to divide the domain into 

different phases. The temperatures of wall and gas phase are assigned the same initially (=1.0) 

and the temperature of liquid core is set the same as the temperature at inlet (=0.0). The 

boundary conditions for this problem can be divided into two parts: 

Liquid and gas phases inside the pipe: In the real application such as space mission, the 

mass flow rate should be most important concern in order to keep the enough thrust so that the 

mass flow rate in this research at the inlet is assigned as constant by an uniform velocity (=1.0). 

In the incompressible flow, the total mass flow rate at outlet should be equal to the mass flow 

rate at inlet and plus the mass flow rate generated from the liquid-gas interface due to the phase 

change. By this idea, the total mass flow rate at outlet can be obtained. In this research, the 

device at the downstream is not specified so that there are not exact boundary conditions at the 

outlet. In numerical simulation, the extrapolation strategy is usually used for the undetermined 

boundary condition. In this research, the second order extrapolation is applied for the velocity 

boundary condition at outlet and this velocity profile will be corrected by the total mass flow rate. 
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By this strategy, the velocity profile at the outlet should be reasonable and the conservation of 

mass is kept. 

In this research, the pressure at inlet of pipe is assigned as constant (=1.0). In Navier-

Stokes equations, this constant does not mean anything but a reference value and it can be any 

value. In the incompressible pipe flow computation, the most important thing is the pressure drop 

and this pressure drop should be balanced by the shear stress from wall. In this research, the 

exact pressure at the outlet is unknown so that the second order extrapolation is assigned to get a 

reasonable estimation value for pressure from the nearby locations.  

In the incompressible pipe flow, there are two velocity and two pressure boundary 

conditions at the inlet and outlet. In numerical simulation, if the exact/real boundary conations 

are known, the numerical boundary conations can be assigned based on this exact boundary 

conditions or at least one condition must be flexible. In this research, the flexible boundary 

condition is the pressure at the outlet. By this flexible pressure boundary condition at outlet, the 

correct pressure drop can be obtained to balance the shear stress from the wall.  Since it is an 

asymmetric pipe flow computation, the symmetric condition is assigned at the centerline and 

non-slip condition is assigned at the wall. 

The temperature boundary conditions in this research are assigned constant at the inlet 

(=0.0) and second order extrapolation at downstream, symmetric condition at the centerline. For 

the temperature at wall, it depends on different cases and governed by interfacial condition. 

Solid wall: The boundary conditions for the left and upper sides are the insulated boundary 

conditions and second order extrapolation for temperature at right side. 

3.3 Assumptions 

In this section, the assumptions in this research are made as following: 

• The flow and heat transfer are axisymmetric in a 2D cylindrical coordinates system. 

• The flows are incompressible for both liquid and vapor phases. In most cryogenic 
transport systems, the flow rate may not be very large (Mach number < 0.3) and in this 
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research the temperature differences will be limited to moderate values such that the 
compressibility should be negligible.  

• A single-component inverted annular two-phase flow under film boiling is taking place in 
a circular pipe with no body force in a gravity-free environment. 

• Viscous dissipation is neglected due to low velocities. 

• Constant properties in the liquid and gas phases. 

• Fluids in both phases are Newtonian fluids. 

• Thermal equilibrium at the liquid-gas interface and thermal non-equilibrium for the gas 
phase. 

• The gas phase is transparent for thermal radiation, the wall is a grey body, and thermal 
radiation is a surface phenomenon for the liquid phase. 

3.4 Governing Equations 

In this research, the Sharp Interface Method (SIM) will be adopted to treat the moving 

interface. In the SIM, the interface is a true surface with zero volume, so the governing equations 

of each phase are solved separately and transport fluxes are matched between the two phases at 

the interface. In the cryogenic two-phase flow, the mass, momentum and energy equations in the 

liquid and gas phases are developed separately. Based on the above assumptions, the governing 

equations are listed below: 

• Liquid-phase equations: 

( )
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• Gas-phase equations: 
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• Solid-phase equation: 

( )w
w pw w w

Tc k T
t

ρ ∂
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∂

ur ur
  (3-3) 

where subscripts ' 'l , ' 'g and ' 'w  denote the liquid, gas and solid phases, respectively; ur  is the  

velocity vector, T is the temperature, ρ  is the density, μ  is the dynamic viscosity, pc  is the 

specific heat, k  is the thermal conductivity.  

3.4.1 Interfacial Conditions 

Force balance in the normal direction at the liquid-gas interface: 

2 2
int int( ) ( ) ( ) ( )l g g g l l l gp p u u u u n n n nσκ ρ ρ τ τ− = + − − − + ⋅ ⋅ − ⋅ ⋅

r rr r r r r r r r r r  (3-4) 

where lτ
rr  and gτ

rr  represent the viscous stress tensors in the liquid and gas phases, respectively; 

σ  is the surface tension coefficient; κ  is the curvature of the interface; lp  and gp  are the 

pressures in the liquid and gas phase, respectively.  

Mass flux continuity at the liquid-gas interface: 

int int( ) ( )l l g gm u u n u u nρ ρ′′ = − ⋅ = − ⋅
r r r r r r

&   (3-5) 

where m′′&  is the interfacial mass flux, nr  is the unit normal vector at the interface; intur , lur  and  

gur  are the velocities of interface, liquid and gas phases, respectively. In a two-phase flow, 

energy must be conservative and the temperature is the same for both phases at the interface 

under the thermal equilibrium condition. 

Interfacial energy conservation condition at the liquid-gas interface: 

( ) int( ) ( ) ( )l l g g rad l lm k T k T q n u u nλ λρ′′ ′′= − ∇ − ∇ − ⋅ = − ⋅
ur ur r r r r

& &  (3-6) 

Interfacial temperature condition at the liquid-gas interface: 

intl gT T T= =   (3-7) 
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whereλ is the latent heat of vaporization. radq′′& is the thermal radiation heat flux received by the 

liquid surface from the wall. 

Thermal radiation at the liquid-gas interface: 

Based on the simplifying assumption stated above and also the fact that the liquid phase is 

entirely enclosed by the pipe wall, the thermal radiation heat flux received on the surface of the 

liquid phase is as follows: 

( )4 4

(1 )1 ( )

w sat
rad

w l

l w wi

T T
q R

R

σ
ε

ε ε

−
′′ =

−
+

&   (3-8) 

where wε  and lε are the emissivities of solid wall and liquid phase, respectively. wi lR and R are 

the radii of the inner surface of pipe and liquid core, respectively and 85.6697 10σ −= × is the 

Stefan-Boltzmann coefficient. 

Continuous heat flux at solid-gas interface: 

,
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Thermal radiation at the solid-gas interface: 

( )4 4

, 1 1( ) 1

w sat
rad w

wi

l l w

T T
q R

R

σ

ε ε

−
′′ =

+ −
&   (3-10) 

Continuous temperature at solid-gas interface: 

w g wiT T at r R= =   (3-11) 

Insulation on the outer surface of pipe: 

0w
wo

T at r R
r

∂
= =

∂
  (3-12) 

where woR  is the radius of outer surface of the pipe. 

3.4.2 Non-dimensionalization 

In this work, all the computational quantities are non-dimensional. The governing 

equations of each phase and the interfacial conditions must be non-dimensionalized first. The 

reference scales are characteristic length L  and velocity U  and the characteristic time is /L U . 
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The characteristic length in this research is the diameter of the pipe, and characteristic velocity is 

the inlet velocity. The characteristic temperature scale is satT T T∞Δ = − . T∞ is the ambient 

temperature and wall initial temperature. satT  is the fluid saturation temperature. Based on these 

reference scales, the dimensionless variables are defined as 
* /x x L=
r r , * /t tU L= , * / refρ ρ ρ= , * / refμ μ μ= , * / refσ σ σ= , * / refk k k= , 

*
_/P p p refc c c= , * /u u U=

r r , * 2/( )refp p Uρ= , * ( ) /( )sat satT T T T T∞= − −   

where the fluid properties of the liquid phase at the inlet are used as references.  

After the non-dimensionalization procedure, the original governing equations and the 

interfacial conditions can be written as follows (the asterisks for dimensionless quantities are 

dropped from this point on for convenience): 

• Liquid-phase equations: 
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• Gas-phase equations: 
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• Solid-phase equation: 
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where the dimensionless parameter Re  is the Reynolds number and Pe  is Peclet number. 
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• Interfacial conditions: 

Force balance in the normal direction at the liquid-gas interface: 
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Mass flux continuity at the liquid-gas interface: 

int int( ) ( )l l g gm u u n u u nρ ρ′′ = − ⋅ = − ⋅
r r r r r r

&   (3-17) 

Interfacial energy conservation condition at the liquid-gas interface: 
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where ( )satT T T∞Δ = − and the dimensionless parameter We  is the Weber number and Ja  is the 

Jakob number. 
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Interfacial temperature condition at the liquid-gas interface: 

intl gT T T= =   (3-19) 

Continuous heat flux at solid-gas interface: 
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Continuous temperature at solid-gas interface: 

/w g wiT T at r R L= =   (3-21) 

Insulation on the outer surface of pipe: 
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0 /wo
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In this research, the heat flux by the thermal radiation ,rad wq′′& , radq′′& are computed with 

dimension and converted to the dimensionless quantity during computation and the conversion  

factor is 
l

L
k TΔ

.



 

38 

pipe

Strong heat flux

Other devices

Tank

 
 
Figure 3-1.  A simple cryogenic system. 
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Figure 3-2.  Inverted annular flow. 
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Figure 3-3.  Idealized inverted annular flow. 
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Figure 3-4.  Conjugate heat transfer. 
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Figure 3-5.  The initial shape of liquid core. 
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CHAPTER 4 
SOLUTION METHOD 

4.1 Introduction 

In earlier numerical simulations about the chilldown process, scholars have used simplified 

models to solve the chilldown process, such as the one-dimension model (Chi 1965), the 

homogeneous model (Cross et al. 2002), the two-fluid model (Ishii 1975, Ardron 1980, Ishii and 

Mishima 1984), the three-fluid model (Alipchenkov et al. 2004) and the pseudo-steady model 

(Liao et al. 2006). Also, different important correlations are developed such as the correlation for 

saturated boiling (Chen 1966), subcooled boiling (Gungor and Winterton 1986) and pool boiling 

(Steiner 1986). By these simplified modeling works, the complex governing equations and 

interfacial conditions can be simplified and desired results can be obtained very fast and easily. 

However, these modeling works need the correlations by the experiments to simplify the 

governing equations so they can not be applied in broad applications. Also, because of 

simplification, the modeling work cannot give all the necessary and real-time information about 

the chilldown process such as the flow patterns, and may be not very accurate for some 

important characteristics. Therefore, direct numerical simulation is adopted in this research. By 

directly solving the general governing equations, the interfacial conditions and proper 

initial/boundary conditions, the computation can be unsteady and all the flow characteristics can 

be captured. All the information can be saved and give a great help in different engineering 

aspects. 

As illustrated in Chapter 3, the complex problem of two-phase flow and conjugate heat 

transfer with phase change does not allow any possibility of an analytical solution. In this 

chapter, the numerical simulation method that has been adopted for seeking the solutions is 

presented. The central infrastructure of this method is based on the concept of a sharp interface 



 

41 

that truly separates the liquid phase from the gas phase. In other words, the interface is a true 

surface without any volume association. The key elements of the Sharp Interface Method (SIM) 

are listed as follows: 

• Fixed Cartesian Grid – The computational framework is built on an Eulerian-Cartesian 
grid. With this underlying fixed grid system, a so-called Cut-cell approach is used to treat 
the interfaces and boundaries that do not align with the fixed Cartesian grid. 

• Lagrangian Moving Sharp Interface Algorithm – To track the moving vaporization front, 
separate marker points(Nichols 1971) are used to identify the phase-change interface. 
These points that are connected by piece-wise polynomials are employed to capture the 
deformation and movement of the sharp interface through the translation of these markers 
over the underlying Eulerian fixed grid. 

• Fractional Step Method – For each phase domain, the fractional step method is used to 
numerically integrate the governing equations in that phase. The overall solution is 
obtained by matching the mass, momentum and heat fluxes from both phases at the sharp 
interface. 

4.2 Fractional Step Method within the Finite Volume Framework  

In order to best enforce the conservation laws and to treat the discontinuity at the interface, 

the finite volume method (Versteeg and Malalasekera 1995) is used to discretize the governing 

equations. By the finite volume framework, the governing equations listed in the previous 

chapter will be integrated over a finite control volume which is called a unit cell as shown in 

Figure 4-1. The integral forms of governing equations for an incompressible flow with constant 

properties are given below.  

Continuity equation:  

0
cs

u ndS⋅ =∫
r r   (4-1) 

Momentum equation: 

( ) 1
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u dV u u n dS pndS u ndS
t

∂
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r urr r r r r r  (4-2) 

Energy equation: 
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( ) 1
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where cv and cs  represent the control volume and the surface of the control volume, 

respectively. nr  is the outward normal vector from the control volume surface, ur  is the velocity 

vector, p is the pressure and T is the temperature. 

In this research, a cell-centered collocated (non-staggered) approach (Ferziger and Peric 

1996) on the Cartesian grid system is adopted, the primary variables (velocity, pressure and 

temperature) are defined at the cell centers and the primary variables needed at the cell faces will 

be evaluated by interpolation from respective variables at the cell centers as shown in Figure 4-1. 

A second order accurate two-step fractional step method (Chorin 1968, Kim and Moin 

1985, Zang et al. 1994) is used for advancing the solutions of the integral unsteady governing 

equations in time. In this approach, the solution procedure is advanced from time step “n” to 

“n+1” through an intermediate diffusion-convection step where the momentum equation without 

the pressure gradient terms is first solved and advanced in a half time step. The intermediate 

diffusion-convection momentum equation can be discretized as 

( ) ( )
*

1 1

*

1 3
2

1 ( )
2Re

n
n n n n

cv cs

n

cs

u u dV u U n u U n dS
t

u u ndS

− −− ⎡ ⎤= − ⋅ − ⋅⎣ ⎦Δ

+ ∇ +∇ ⋅

∫ ∫

∫

r r r rr r r r

ur urr r r
 (4-4) 

where *ur is the intermediate velocity at the cell center and U
r

is the velocity at center of the cell 

face. The cell surface velocity is used to evaluate the fluxes going in or out of a control volume. 

After the *ur is determined, *U
r

, the intermediate velocity at the center of cell face, is calculated 

by interpolating between the respective cell-center velocities. The first term on the right hand 

side is the convective term. A second order accurate Adams-Bashforth scheme (Bashforth and 

Adams 1883) is used to discretize the convective term. The second term is the diffusive term that 
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is discretized by the implicit Crank-Nicolson scheme (Crank and Nicolson 1947). This 

eliminates the potential viscous instability that could be quite severe in the simulation of viscous 

flows. Once the intermediate velocity is obtained, the pressure is obtained by the correction step: 

1 *
1

n
n

cv cv

u u dV p dV
t

+
+−

= − ∇
Δ∫ ∫

r r ur
  (4-5) 

In this pressure correction step, the final velocity 1nu +r must satisfy the integral mass 

conservative equation. The integral mass conservative equation can be rewritten as the following 

form: 

( )1 0n

cs

U n dS+ ⋅ =∫
r r   (4-6) 

Therefore, the integral pressure correction equation can be expressed as 

( )1 *( )n

cs cs

p ndS U n dS+∇ ⋅ = ⋅∫ ∫
ur rr r   (4-7) 

Once the pressure is obtained, the intermediate velocity can be corrected and updated to 

obtain the final velocity by 

( )
( )

1 * 1

1 * 1

n n

cell center

n n

cell face

u u t p

U U t p

+ +

+ +

= − Δ ∇

= −Δ ∇

urr r

urr r   (4-8) 

The energy equation is solved by similar procedure but the predict-correct procedure is not 

required because the energy equation in this research is a standard convection-diffusion equation. 

The discretized energy equation is similar to Equation 4-4 and can be discretized as (Francois 

2002) 

( ) ( )
1

1 1

1

1 3
2

1 ( )
2

n n
n n n n

cv cs

n n

cs

T T dV T U n T U n dS
t

T T ndS
Pe

+
− −

+

− ⎡ ⎤= − ⋅ − ⋅⎣ ⎦Δ

+ ∇ +∇ ⋅

∫ ∫

∫

r rr r

ur ur r
 (4-9) 
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For the incompressible flow with non-constant properties, the fractional step method can 

work also and just needs to include the flow properties into each procedure (Ferziger and Peric 

1996). 

4.3 Cartesian Gird Method for a Complex Geometry 

In the early development of computational multiphase flow, some researchers adopted the 

curvilinear grid system (Ryskin and Leal 1984, Dandy and Leal 1989, Raymond and Rosant 

2000, Lai et al. 2003). This approach is simple but not easy to apply. In order to describe the 

deformation of an interface between different phases, a very powerful grid generation is required 

and also, the grid has to be updated frequently to obtain the convergent solution and therefore it 

is very computationally intensive. In recent multiphase computational approaches, several 

Cartesian grid methods are broadly used such as the Sharp Interface Method (SIM) (Udaykumar 

et al. 2001, Ye et al. 2001), the Immersed Boundary Method (IBM) (Peskin 1977, Singh and 

Shyy 2007), the Front Tracking Method (Qian et al. 1998, Al-Rawahi and Tryggvason 2004) ,the 

Volume of Fluid (VOF) Method (Hirt and Nichols 1981, Pilliod and Puckett 2004), the Level Set 

Method (Ni et al. 2003, Tanguy and Berlemont 2005) the coupled Level Set and Volume of Fluid 

Method (Son 2003, Sussman 2003) and the Phase Field Method(Badalassi et al. 2003, Sun and 

Beckermann 2007). Based on the computational framework, Sharp Interface Method, Front 

Tracking Method and Immersed Boundary Method are classified under the mixed Eulerian-

Lagrangian category and Level Set Method, Volume of Fluid Method and Phase Field Method 

are in the Eulerian category (Shyy et al. 1996). 

In this research, the Sharp Interface Method (SIM), a branch of the mixed Eulerian-

Lagrangian Cartesian grid method, is adopted to handle the complex geometries. In the SIM, the 

Cartesian grid is designed as a background mesh, and the explicit interfaces are used to describe 

the shapes of the objects on the background grid. The interfacial dynamics associated with the 
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moving/fixed boundaries need to be considered simultaneously. In the mixed Eulerian-

Lagrangian approach the interface is constructed by a sequence of marker points. With these 

marker points, the shape and location of the interface are determined by designated interpolation 

procedures, while the overall fluid flow is computed based on the fixed Cartesian grid. In the 

SIM, the interface is treated explicitly with zero thickness, in accordance with the continuum 

mechanics model. The primary variables at the interface are computed via the interfacial 

conditions 

The SIM defines the relations between the background grid and the interfaces. Because of 

the non-Cartesian interfaces, some cells containing the interface will be cut and form the non-

rectangular cut-cells. Special methods are needed to handle these cut cells. In this research, a 

Cut-cell approach (Ye et al. 2001, Ye et al. 2004, Tai and Shyy 2005) is employed to treat the 

interface and boundary cells. In the Cut-cell approach, each segment of the cut-cell is merged 

into a neighboring cell or assigned the identity of the original Cartesian cell. Hence, even though 

the underlying grid is Cartesian, the cut cells are reconstructed to become the non-rectangular 

cells and the cut-sides will form the interface. After the reconstruction, the entire grid is filled 

with the rectangular grid and non-rectangular grid.  In this research, the shapes of the cut cells 

include triangle, trapezoid and pentagon. The SIM with the Cut-cell approach (SIMCC) can 

handle the sharp discontinuity resulting from the interface formation, and can achieve higher 

accuracy (Ye et al. 2004, Tai and Shyy 2005). Among the Eulerian-Lagrangian approaches, the 

SIMCC is the one with the best accuracy, especially for a solid boundary. 

Figure 4-2 is an example of grid system handled by SIMCC. In Figure 4-2, the cells far 

away from the object are still rectangular shapes and only the cells near the interface are 
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modified to be non-rectangular shapes. It must be emphasized that the total number of cells will 

not change during the computation. 

4.4 Sharp Interface Method with Cut-Cell Approach (SIMCC) 

The SIMCC is adopted to solve the complex geometry in this research. For SIMCC, the 

underlying grid is a Cartesian grid which is cut by the explicit interfaces to form the cut-cells. 

The entire domain will be filled with these cut and regular cells. Most cells still keep the original 

shapes. The SIMCC utilizing the Cartesian grid and Cut-cell approach can be used to solve fluid 

flow and heat transfer problems involving multiphase and/or complex geometry with a high 

accuracy. Due to the algorithm and data management requirements the SIMCC is 

computationally intensive. Using SIMCC, the interface is constructed by a sequence of straight 

lines in the computational domain. Because the number of cells in SIMCC does not change 

during the computation, the matrix of coefficients of SIMCC is very similar to the curvilinear 

grid system. Only the coefficients of cut-cells have to be modified so that the convergent speed 

and characteristics are very close to the curvilinear system and so it converges much faster than 

the unstructured grid system. 

For a complete set of SIMCC, there are four main procedures; the interfacial tracking, the 

merging procedure, the flux computations in the interfacial region and the moving interface 

algorithm for advancing the interface. For the interfacial tracking, the information of the 

interface should be input and reproduced and also the intersections between the interface and 

background grid must be located. These intersections will be the cut-points and used for the next 

step, the merging procedure. Because of the interface, some cells are cut and can not maintain 

the rectangular shape anymore and therefore have to be treated specially. Using a merging 

technique, the fragments of cells can be merged by neighboring cells or larger fragments to form 

cut-cells. This means the cells around the interface have to be reconstructed. For the third 
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procedure, the cut-cells around the interface may be in the form of a triangle, trapezoid or 

pentagon. A special interpolation scheme with higher order accuracy is required to handle the 

complicated cut-cells to get the accurate primary variables or derivatives at the center of a cell 

face. The original Cartesian grid will become a mixed grid which includes most rectangular and 

some non-rectangular grid. Figure 4-3 is an example of the mixed type grid. 

For a fixed interface problem such as flow over a sphere, the above three techniques are 

enough. If the interface is not fixed but moving, the moving interface algorithm will be 

necessary. In the moving interface algorithm, there will be two functions to perform: 

• To advance the interface based on the force balance in the normal direction at interface. 
• To refresh the cell because of change of phase.  

By these four techniques, the SIMCC can be used to solve the moving interface problem. 

4.4.1 Interfacial Tracking 

During this procedure, marker points are used to describe the initial position of the 

interface. As shown in Figure 4-4(A), a sequence of marker points is given initially. In this 

oblique ellipse case, there are 50 initial markers. These markers must be represented by a 

polynomial curve fitting method; also, the distance between two adjacent markers have to be 

adjusted based on the curve fitting method. For this research study, a quadratic curve fitting 

(Chapra and Canale 2002) is used so that the distance between two neighboring markers can not 

be too long and is set to dx/2 to maintain the shape of the object. After the curve fitting, a new 

sequence of markers with an equal distance from each other is obtained as shown in Figure 4-

4(B). The number of markers is increased to 68. 

The location of markers are stored as function of the arc length and represented by a 

sequence of quadratic functions. The intersections of the interface and the background grid are 
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shown in Figure 4-5. These intersections represent the cut points of the cut-cells. With this 

information, the normal vector of cut-side can be calculated.  

Besides the marker points, all the primary values at interface are stored by the quadratic 

curve fitting also and can be represented by 

2a s b s cφ φ φφ = + +   (4-10) 

The coefficients in Equation 4-10 can be obtained by any three points which construct a 

section of quadratic curve. Any quantities located at this quadratic curve can be obtained by 

Equation 4-10. 

4.4.2 Merging Procedure 

In this study, the interface is represented by a series of piecewise quadratic curves. The 

governing equations will then be solved in regions separated by the interface, and the 

communication between these regions is facilitated by the interfacial conditions. Figure 4-6 

illustrates the formation of interfacial cells where cells 1 to 4 are cut by an interface. According 

to the present Cut-cell approach, the segments of an interfacial cell not containing the original 

cell center are merged by their neighboring cells; the segments containing the original cell center 

are given the same index as the original cell. For example, in Figure 4-6, the upper segment of 

cell 3 is merged into cell 5 to form a new trapezoid cell. The fraction of cell 3 with cell center 

becomes a new independent trapezoid cell. The main segment of cell 1 that contains the original 

cell center will merge the small segments of cells 4 and 2 to form a new triangular cell. The 

remaining segment of cell 4 containing its original cell center now becomes an independent 

pentagonal cell. With these cut-and-merging procedures, the interfacial cells are reorganized 

along with their neighboring cells to form new cells with triangular, trapezoidal, and pentagonal 

shapes in a 2D domain. Figure 4-6 shows an example of the cut-cells after reconstruction. 
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Basically, when the area of a segment is less that 0.5 area of a normal cell, it will be merged. 

After this procedure, each newly defined cell maintains a unique index and cell center to support 

the needed data structure. Of course, in a 3D domain, the situation will be more complicated, and 

will not be discussed here.  

Figure 4-7 are two examples of cut-cells of different objects. The objects here are an airfoil 

(NACA0012) and a star shape. Figure 4-8 is another example to illustrate that the cut-cells of the 

different grid sizes. In Figure 4-8(A), the grid size is 0.025 and 4-8(B) is 0.1. In this case, the 

number of cut-cells of a fine grid is larger than that in a coarse grid. It can be seen that the object 

is represented more accurately in a fine grid than a coarse grid.  

4.4.3 Flux and Stress Computations in the Interfacial Region 

In Figure 4-9, it represents a Cartesian grid with nine cells cut by an interface. The solid 

squares mean the centers of cells. Because of the interface, the original ACDF cell with the cell 

center 1 will absorb the fragment from another cell to form a trapezoidal BCDE . The original 

grid line AF is replaced by a section of interface BE  and the original faces DF and AC  are 

extended to become DE and BC .  

In the finite volume framework, the fluxes (first order derivative) at cell faces and the 

primitive variables at face centers must be known for the surface integration purpose. Therefore, 

how to obtain the highly accurate fluxes and primitive variables is very important in SIMCC. 

To consider a flux f across a cell face BC  in Figure 4-9, one can construct a second-order 

accurate integration procedure as follows: 

( ) ( )BA A B AC C ABC BA AC
fdy fdy fdy f y y f y y= + ≈ − + −∫ ∫ ∫  (4-11) 
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where BAf and ACf  are computed at the centers of segments BA  and AC , respectively. Getting 

the value of ACf  is straightforward. If ACf  is the flow variable φ , a linear interpolation can be 

used, yielding a second-order accuracy. The relation can be expressed as 

1 1 3 1(1 )CAφ φ λ φ λ= + −   (4-12) 

1
1

1 3

ACx x
x x

λ −
=

−
  (4-13) 

If ACf  represents the normal gradient of flow variable φ , it can be approximated by the 

following central difference scheme as 

1 3

1 3ACx x x
φ φφ −∂⎛ ⎞ =⎜ ⎟∂ −⎝ ⎠

  (4-14) 

Equations 4-12 to 4-14 can not be used to estimate BAf , because the neighboring cell 

centers are located in a region on the other side of the interface. Also, the center of segment AB  

is not located on the straight line connecting the two cell centers. In order to maintain a second-

order accuracy, a two-dimensional polynomial interpolating function is adopted in the 

computation of φ  for such kind of small segments. An appropriate functional form for φ  that is 

linear in X direction and quadratic in Y direction is given as 

2 2
1 2 3 4 5 6c xy c y c xy c y c x cφ = + + + + +  (4-15) 

the six coefficients, 1c  to 6c , can be obtained from φ  values at the six points (1 to 6) in Figure 4-

9 ; thus the variable φ  at the center of AB  can be expressed as 

2 2
1 2 3 4 5 6AB AB AB B AB AB AB ABc x y c y c x y c y c x cφ = + + + + +  (4-16) 

The normal gradient 
ABx

φ∂⎛ ⎞
⎜ ⎟∂⎝ ⎠

, which is often needed while computing the interfacial 

condition, can be obtained by 
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2
1 3 5AB AB

AB

c y c y c
x
φ∂⎛ ⎞ = + +⎜ ⎟∂⎝ ⎠

  (4-17) 

Similar approach is used to compute the flow variables or their normal gradients on the 

remaining segments. 

Once the primary variables and the derivatives at the cut side are determined, the 

coefficients of matrix for the cut-cells can be modified based on this information and the matrix 

solver will be called to obtain the solution. It must be emphasized that Equation 4-17 is only 

for AB  in this case. Here, the y  terms are up to second order while the terms in x  are linear. 

That means this interpolation polynomial is “quadratic” in Y direction and “linear” in X 

direction. For a more complicated case, a higher power polynomial may be needed but the order 

will not exceed two in either x  or y . 

4.4.4 Moving Interface Algorithm 

For the fixed interface problems, the techniques discussed from Section 4.4.1 to 4.4.3 

constitute all the elements required to obtain the solutions. However, for most problems in 

multiphase flows, the interface is not fixed and therefore a moving interface algorithm is 

necessary. The moving interface algorithm in this research includes two functions. The first one 

is to advance the interface (Ryskin and Leal 1984) and the second one is to update the cells 

because of change of phase (Udaykumar et al. 1997). 

4.4.4.1 Advancing the Interface 

In the unsteady multiphase computation, the interface will advance to satisfy the interfacial 

dynamics in each time step. In SIMCC, a “push and pull” strategy is used to determine the new 

location of an interface and also to satisfy the force balance at the interface. The forces acting at 

the interface can be resolved into the normal and tangential components. In multiphase flow 

computation, the order of magnitude of the normal force is much larger than that of the 
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tangential force and therefore the displacement of interface is governed basically by the normal 

forces at the interface. In this “push and pull” strategy, only the normal component of force 

balance is considered on the interface and the new location of interface will be determined by a 

series of iterations. In each iteration, the residual of the force balance in the normal direction will 

be computed and the displacement of marker points is assumed proportional to this residual: 

1 1

1 1

n n n
new new x

n n n
new new y

X X n

X Y n

β

β

+ +

+ +

= + ⋅Π ⋅

= + ⋅Π ⋅
  (4-18) 

where ( , )X Y is the coordinates of marker points, ( ),x yn n is the components of normal vector in 

the X and Y direction, respectively. Π  is the residual of the force balance in the normal direction 

and β  is a relaxation factor and it is an empirical value normally in the range of 0.1-0.001 in this 

research. 

Figure 4-10 is an illustration for this interfacial advancing process. In Figure 4-10, a 

marker point 0A  is located at the initial interface and the residual of force balance in the normal 

direction 1Π  will be computed. Based on the location of 0A  and the value of 1Π , the marker 

point 0A will be pushed to 1A . In this moment, the residual of force balance in the normal 

direction will be checked. If the new residual 2Π  is still large, the marker point 1A  will be 

pushed to 2A . Once the residual is small enough, i.e., the force balance in the normal direction 

achieves convergence, the interaction will be stopped and the normal component of interfacial 

velocity can be determined by 

_int_

_int_

( ) ( ) /

( ) ( ) /
n x new new old

n y new new old

u X X t

u Y Y t

= − Δ

= − Δ
  (4-19) 

In this iterative procedure, the residual of the force balance in the normal direction is 

required to be less than 1.0E-3. The normal component of the interfacial velocity will be the 
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velocity boundary condition during the computation. This algorithm is only for the problems 

without phase change. Once there is phase change, Equation 4-19 must be modified to include 

the effect from phase change. 

4.4.4.2 Updating the Cells 

After the interface is adjusted, some cells will change their phases. In Figure 4-11, the 

phase of cell center A is different from cell centers a, b, c and d initially. Once the interface 

advances to the new location, the phase of cell center A will change. In this case, the fluid 

properties of cell center A will change also such as the discontinuous primary variable of 

pressure. In this research, the new primary variables at the cell center A can be obtained by 

following steps: 

• Select a point B on the new interface such that the line connecting A and B is normal to 
the interface. Point B is located at the interface and therefore, the primary variables of 
point B can be determined by interfacial conditions. 

• In this normal direction, find another point C such that the distance between B and C is 
1.5 xΔ . 

• Find four cell centers a, b, c and d and point C is surrounded by them. To use cell centers 
a, b, c and d and the bilinear interpolation method to find the primary variables at point C. 

• Use linear interpolation to obtain the primary variables at cell center A using the primary 
variables at points B and C. 

• Update the fluid properties of cell center A. 

4.5 Issues of Phase Change Computation in Cartesian Grid Methods 

In this research, the phase change phenomenon is one of the key elements. In a cryogenic 

two-phase flow, the temperature at pipe wall or tank is much higher than the saturation 

temperature so that the phase change phenomenon at liquid-gas interface is inevitable. The phase 

change phenomenon is very common in engineering applications. For the phase change 

computation, the most important issue is to obtain the accurate mass transfer rate generated from 
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the interface due to the vaporization and this will rely on the accurate heat flux computation near 

the interface.  

In recent Cartesian grid methods, except the Sharp Interface Method, most of them adopt 

the continuum surface force model (CSF) (Brackbill et al. 1992, Shyy and Narayanan 1999) to 

include the surface tension in the momentum equation. By CSF, the surface tension can be 

modeled as a source term in the momentum equation (Sussman et al. 1994, Lörstad and Fuchs 

2004, Zhang et al. 2006). In addition, the continuity and energy equations may need to be 

modified by adding extra source terms to include the effect of discontinuity such as mass transfer 

rate at interface. The fluid properties of different phase are described by a so-called indicator or 

Heaviside function (Dhir 2001). Therefore, only one set of governing equation is solved and 

there will be a smeared band of the solution across the interface. The resolution of primary 

variables must be poor near the interface.  

In Juric and Tryggvason’s (1998) and Shin and Juric’s (2002) work, they used the Front 

Tracking Method to simulate the film boiling phenomena. In their researches, the interfacial 

velocity intu is obtained by the following equations: 

( )( )
int

f

f

m u n
u n

ρ

ρ

′′ + ⋅
⋅ =

v
&v

  (4-20) 

where
2

l g
f

ρ ρ
ρ

+
=  and fu can be treated as an average of the velocity of liquid and gas phases 

near the interface. 

Then, the interface is advanced by following equation. 

f
f

dx mn u n
dt ρ

⎛ ⎞′′
⋅ = + ⋅⎜ ⎟⎜ ⎟

⎝ ⎠

v v&
  (4-21) 

Also, this interfacial velocity will be used to form the source tern in the continuity equation: 
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int( )u f u∇⋅ =   (4-22) 

This set of equations looks safe in mathematic but in fact, it is very dangerous in real 

physics. The trouble will come from the interpolation for fu . Once phase change is very strong 

such as large Jakob number or large density ratio, the velocity jump at interface will be very 

large. With large velocity jump, fu will be inaccurate and the error may be very huge. For 

example, if lu =1.0 and gu =100, fu will be close to 50.5 by the interpolation and this will cause 

huge error. Therefore, this set of equations can be applied only when the phase change is very 

weak or low density ratio otherwise, the conservation of mass will be very inaccurate. 

In some researches about phase change by Level Set Method such as Morgan’s (2005), 

Son and Dhir’s (1998) and Son’s work (2001), in order to include the volume change at liquid-

gas interface, they modified the continuity equation as 

( )u f H∇⋅ = ∇
v

  (4-23) 

where H is a smooth step Heaviside function. By this Heaviside function, the fluid properties 

near the interface will be treated as continuous with 3 grid space distance. Obviously, once the 

density jump is small, this modified continuity equation may be able to handle the mass flux 

generated from the liquid-gas interface. However, once density jump is very large, the 

conservation of mass will be inaccurate. In the general condition, the density jump between 

liquid and gas is on the order about 1000. 

In Front Tracking and Level Set Method, there are always the errors of mass because the 

variables and properties are treated as continuous across the interface and this does violate the 

real physics. In real situation, the properties of fluids are not continuous across the interface. If 

there is no phase change, the pressure should be discontinuous across the interface. With phase 

change, both pressure and velocity should not be continuous across the interface. 
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To simulate the phase change phenomenon, the most important thing is to obtain accurate 

heat fluxes across the interface. These accurate heat fluxes will be transferred to be used as latent 

heat of vaporization for the liquid. In numerical simulations, in order to acquire the accurate heat 

flux at the interface, the temperature distribution must be very accurate and grid must be very 

fine near the interface. Also, some information about the interface must be explicit such as the 

normal direction unit vector and the length of the interface. Generally speaking, in order to 

evaluate the heat flux accurately, three conditions must be satisfied: an accurate temperature 

distribution near the interface, an accurate numerical method to find the temperature derivative at 

the interface and enough information about the interface.  

In the Cartesian grid method, only SIMCC can satisfy these three conditions. In SIMCC, 

there is no smeared band near the interface and the interface is an explicit true surface. Table 4-1 

lists the key issues for the heat flux computation in some popular Cartesian grid methods.  

Based on Table 4-1, the SIMCC is the only method that can obtain the heat flux at 

interface accurately. In SIMCC, the governing equations of each phase are solved separately and 

there is no smeared band that distorts the actual temperature profile. Therefore, the accurate 

normal direction can be obtained easily and also it is easy to calculate the area of the surface of 

interface. This information will be very useful for evaluating the latent heat supply for the phase 

change. Based on these advantages of the SIMCC, therefore, SIMCC is selected to be the 

numerical scheme in this research. 

4.6 Heat Flux Computation at the Interface 

In order to evaluate the heat flux accurately, the following conditions must be satisfied: 

• Accurate temperature fields near the interface. 
• Accurate information of the interface. 
• Accurate numerical method to find the temperature derivative at the interface. 
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In SIMCC, the first condition can be satisfied easily. The interface is treated as a true 

surface and there is no smeared band at the interface. Because the interface exists explicitly in 

SIMCC, the information such as the location of the interface and the unit normal vector at the 

interface can be obtained easily and therefore, the second condition is also satisfied. Figure 4-12 

illustrates the numerical technique to evaluate the heat flux in this research. 

For each marker point, two probing points are selected. These two marker points are 

located in the direction of the normal vector of the interface with an equal distance. The distance 

from the marker point to the nearest probing point is determined by the code. The rule is that any 

nearest probing point can be surrounded by four cell centers in the same phase. As shown in 

Figure 4-12, probing point 1 is surrounding by cell centers 1, 2, 3 and 4 and probing point 2 is 

surrounding by cell centers 4, 5, 6 and 7. Once the four points are selected, the second order 

accurate bilinear interpolation method can be used to obtain the temperature at probing points 1 

and 2. In a cryogenic flow, because the temperature of the pipe is always higher than the 

saturation temperature, the temperature at the interface should be equal the saturation 

temperature. This type of interfacial condition is also called the Dirichlet type and the value 

should be a fluid property. By the temperatures at the interface and at the two probing points, 

Taylor expansion can be used to obtain the second order accurate temperature gradient: 

_1 int _ 2 2int 4 3
( )

2
probe probeT T TT O x

n x
− −∂

= + Δ
∂ Δ

 (4-24) 

All the techniques in this section including those for obtaining temperatures at cell centers 

and the bilinear interpolation method are of second order accuracy. It can be expected that the 

temperature gradient at the interface can achieve at least second order accuracy also. 

Here, the accuracy of the current probing point method for heat flux and latent heat 

computation will be evaluated by a sample test case. The geometry of this test case is a rectangle 
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with dimensions of 5×10 and a fictitious interface, a half-circle with a radius R=0.5 is placed on 

the bottom with the center at (5, 0). The coordinate system is axisymmetric. The heat flux and 

latent heat at the surface of this object will be tested based on two sets of grids and assumed 

temperature profiles. Figure 4-13 is an illustration of the geometry of this test case. 

The two selected grids are 64 x64 and 128x128. Two sets of assumed temperature profiles 

are:T r=  and 2T r= with the original point (5,0). Figure 4-14 is the assumed temperature 

distribution. 

In this test case, there will be several exact solutions which can be used for validation: 

• The area of this sphere should be: 24 3.1415926A rπ π= = =  
• The temperature gradient of each temperature distribution is : / 1T r∂ ∂ =  at R=0.5 
• The latent heat can be computed by q dAdt′′∫ &  

If thermal conductivity is assumed as 1.0 and time step is also 1.0, there will be the exact 

solution of latent heat in one time step: 

1 1q A tλ π π= × ×Δ = × × =   (4-25) 

Table 4-2 lists the computed result and corresponding error. 

By Table 4-2, it shows that the current method for latent heat computation is reliably 

accurate at least for a quadratic temperature profile and the profile can be improved when the 

grid size becomes smaller. 

4.7 Phase Change Algorithm 

In this research, because of the large temperature difference, the phase change 

phenomenon is inevitable so that the mass flow rate at the interface can not be zero. In order to 

truly satisfy the conservation of mass at the interface, a “discontinuous” model is adopted.   
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In SIMCC, the normal component of interfacial velocity is determined by the interfacial 

displacement over tΔ and the contribution of normal component of interfacial velocity should 

come from both normal force balance condition and phase change: 

_ _
int( ) force balance phase change

n

x x
u

t
Δ + Δ

=
Δ

  (4-26) 

where se_cpha hangexΔ  is the contribution comes from the phase change and the normal component 

of interfacial velocity can be expressed as 

int _ _( ) ( ) ( )n n force balance n phase changeu u u= +  (4-27) 

By conservation of mass at interface and Equation 4-27, the normal component of the 

velocity near the interface of each phase can be obtained and they will be the velocity boundary 

condition for each phase. This is the so-called “discontinuous” model in this research. In this 

model, the velocities of each phase come from the conservation of mass at the interface and are 

discontinuous at the interface. Therefore the conservation of mass at the interface can be 

enforced.  

Based on this idea, a phase change algorithm is developed in this research that includes the 

following steps: 

• Computation of heat flux at the interface locally. 

• Computation of the corresponding mass transfer rate. 

• Integration of the mass transfer rate by time and surface area to obtain the total latent heat 
and then divided by the unit latent heat to obtain the amount of vaporization. 

• Adjust the interface based on the amount of vaporization. 

Heat flux computation with second order accuracy has already been addressed in the 

previous section; the rest of the steps will be discussed here.  

The local total heat flux can be expressed as 
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g l
g l rad

T Tq k k q
n n

∂ ∂′′ ′′= − +
∂ ∂

& &   (4-28) 

Then the net heat passes the interface locally in one tΔ  for one AΔ should be: 

e q A t′′= Δ Δ&   (4-29) 

This amount of energy should be transferred to be the latent heat locally, the local mass 

transfer can be obtained by 

_ /transferm e λ=   (4-30) 

When the local mass transfer is counted, the interface will be adjusted by this local mass 

transfer. During the adjustment procedure, the reference coordinate should be fixed at the 

interface and the normal and tangential directions are two axis of this coordinate. Then, the new 

interface can be redefined as 

_

_

phase chang o x

phase chang o y

X X n

Y Y n

β

β

= + ⋅

= + ⋅
  (4-31) 

where β  is the local mass transfer coefficient and can be calculated by the local mass transfer. 

Figure 4-15 shows algorithm of this step. 

Now, a new interface based on the phase change is defined. The next step is to call the 

isothermal moving interface algorithm. Because of the imbalance of force in the normal 

direction, the new interface will be adjusted again to achieve balance of force in the normal 

direction and it is the final interface of each time step.  

_

_

new phase change x

new phase change y

X X n

Y Y n

β

β

= + ⋅Π ⋅

= + ⋅Π ⋅
  (4-32) 

The idea behind this equation is the same as the isothermal case. The difference is that in 

Equation 4-32 an initial displacement due to the phase change has already been counted before 

the iteration starts. Figure 4-16 shows the algorithm of this step. 
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In each time step, the total displacement of interface should be the difference between the 

original interface and the final new interface. Therefore, the new normal component of 

interfacial velocity can be obtained by 

_int_

_int_

( ) ( ) /

( ) ( ) /
n x new new old

n y new new old

u X X t

u Y Y t

= − Δ

= − Δ
  (4-33) 

where _int_( )n x newu  and _int_( )n y newu  represent the X and Y component of normal component of 

interfacial velocity for next time step.  

In SIMCC, if there is no phase change, the normal component of interfacial velocity will 

be the velocity boundary condition of each phase and this is the same as continuous model. 

However, because of phase change, the interfacial velocity must be modified to satisfy the 

conservative law. In this research, the velocity boundary at interface will be corrected by the 

mass conservation as 

( )

( )

int

int

( )
( )

( )
( )

l n
n l

l

g n
n g

g

u m
u

u m
u

ρ
ρ

ρ
ρ

′′+
=

′′+
=

&

&
  (4-34) 

The two discontinuous normal components of interfacial velocities will be used to be the 

velocity boundary of each phase and this so-called “discontinuous” model in this research. 

In Equation 4-34, it is very clear that if there is no phase change, it will reduce to 

int_ int int_( ) ( ) ( ) ( ) ( )n g n g n n l n lu u u u u= = = =  (4-35) 

Therefore, the continuous model is a special case of the discontinuous model when there is 

no phase change. Figure 4-17 is the detailed flow chart of this step. 
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4.8 Global Conservation of Mass 

The major difference between the current SIM and others’ work is that SIM can better 

preserve the global conservation of mass. During numerical simulation, it is inevitable that the 

errors of mass will be generated by improper initial conditions or the inherent numerical errors 

especially in internal flows. In order to preserve the global conservation of mass, a set of 

conservative strategies is applied. 

For the gas phase, a correction of mass flow rate is applied at the outlet of the pipe. As 

shown in Figure 4-18, the inlet mass flow for the gas phase has contributions from two parts, the 

mass flow through the inlet and the mass flow generated at the interface. Therefore, the total 

mass flow rate into the gas phase should be: 

int int intin inlet erface inlet inlet outm m m u dA u dA mρ ρ′′ ′′ ′′ ′′= + = + =∫ ∫& & & &  (4-36) 

The mass flow which leaves the outlet is controlled by the boundary condition. If the 

boundary condition is unknown, usually, it can be done by higher order extrapolation or fully 

developed assumption once the pipe is long enough but this computed leaving mass flow rate 

may not equal to the mass flow rate entering the domain. Also, the errors of mass can be caused 

by an accumulation of numerical errors over the thousands of iterations that need to be done. 

Even if the mass flow rate at outlet is not accurate at beginning, an estimated value of mass flow 

at outlet can still be obtained: 

_ _out guess out bc outm u dAρ′′ = ∫&   (4-37) 

By the idea of conservation of mass, the entering mass flow rate should equal the mass 

flow rate at the outlet if the flow is incompressible and there is no other mass source. Therefore, 

the velocity difference can be added at outlet: 

_ _( ) /( )out out bc out out guess outu u m m Aρ′′ ′′= + −& &  (4-38) 
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Finally, this outu can be used to be the velocity boundary condition and the conservation of 

mass in the gas phase can be preserved. 

The following provides the details of the conservation of mass scheme for the inflow of 

liquid phase. In Figure 4-19, the forward shaded region represents the liquid cylindrical core 

shape at the time step “t” that is the initial condition for the next time step. When advancing to 

the next time step “t+ tΔ ”, the total entering mass is known, mΔ , which enters the pipe during the 

time step is equal to the velocity at the inlet multiplied by the time step size, tΔ . The interim 

liquid core is composed of two parts as shown in Figure 4-20 by a forward slashed region and a 

backward slashed region. The forward slashed region in Figure 4-20 is made identical to that in 

Figure 4-19 except that it is moved downstream while the backward slashed region is the added 

mass mΔ . So the total mass of the two parts will be the mass of liquid core at the time step 

“t+ tΔ ”. Even though the mass is conserved but the interface shape has not been updated, so it 

must be re-computed based on the interfacial conditions before we complete the “t+ tΔ ” step. In 

summary, by this strategy, the conservation of mass is strictly enforced and also, the phase 

interface is updated that follows the forced balance. The details on updating interface locations 

are based on the marker points and their movement as discussed next.   

During the generation of the interim interface as shown in Figure 4-20, the locations of the 

markers have to be adjusted accordingly. In the current algorithm, the total number of markers 

will not change for the interim interface. As shown in Figure 4-21, the marker points 0, 1, and 3 

represent all the markers on the old interface as. During the construction of the interim interface, 

as stated above, because of the added mass, the markers will have to move so that point 1 will 

move to 1’, 2 to 2’ and 3 to 3’ in Figure 4-22, respectively. One important rule implemented here 

is that Point 0 that is anchored at the inlet for the old interface will become 0’ for the interim 
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interface will not move with the old liquid core, so 0’ remains at the inlet. As a result, the 

distance between 0’ and 1’ is larger than others that calls for re-structure and update the marker 

system with the a new set before proceeding with the determination of the final interface for time 

step “t+ tΔ ”.  
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Table 4-1.  Comparison of the key issues for different numerical methods for the heat flux 
computation. 

 VOF Level 
Set 

IBT Front 
Tracking 

SIMCC 

Explicit interface N N Y Y Y 
Accurate near the 
interface 

N N N N Y 

Fine grid near the 
interface 

N N N N N 

 
Table 4-2.  Comparison of exact and numerical results for the flow over sphere case. 

 Grid 64x64 Grid 128x128 
Area/ error 3.14/ 8.12E-4 3.14/ 1.93E-4 
Latent heat /error, T r=  3.21/ 2.08E-2 3.19/ 1.38E-2 
Latent heat /error, 2T r=  3.29/ 4.64E-2 3.22/ 2.57E-2 
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Figure 4-1.  Non-staggered grid system. 

 
 
Figure 4-2.  Example of mixed structured and unstructured grid in SIMCC. 
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Figure 4-3.  Example of mixed structured and unstructured grid. 

 

 A  B 
 
Figure 4-4.  Marker points of an oblique ellipse. A) initial ,B) after curve fitting. 

 

 
 
Figure 4-5.  Intersection points of an oblique ellipse. 
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Figure 4-6.  Illustration of the interfacial cells and cut-and-absorption procedures in the SIMCC 

in local situation. 

 A  B 
 
Figure 4-7.  Cut-cells of different objects. A) NACA0012, B) Star shape. 

 

 A  B 
 
Figure 4-8.  Example of cut-cells of different grids. A) dx =0.025, B) dx  =0.1. 
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Figure 4-9.  Illustration of the interfacial variables and notation. 
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Figure 4-10.  Illustration of interfacial advancing process. 
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Figure 4-11.  Illustration of updating cell procedure. 
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Figure 4-12.  Two probing points for second order gradient. 
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Figure 4-13.  Illustration of geometry of test domain. 
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Figure 4-14.  The assumptive temperature distribution. A)T r= , B) 2T r= . 
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Figure 4-15.  The new interface because of phase change. 
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Figure 4-16.  The new interface because of balance of force. 
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Figure 4-17.  The flow chart for the phase change algorithm. 
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Figure 4-18.  The global conservation of mass in gas phase. 
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Figure 4-19.  Interim interface construction, the initial interface. 

 

 
 
Figure 4-20.  Interim interface construction, the new interface. 

 

 
 
Figure 4-21.  Re-structuring of markers, the original makers. 

 
 
Figure 4-22.  Re-structuring of markers, the new markers. 
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CHAPTER 5 
VALIDATION OF CODE 

5.1 Introduction 

In this chapter, several test cases with known solutions are used to validate the SIMCC 

code. They are divided into three groups based on the aspects of the numerical techniques. The 

first group is used to validate the solver of the governing equations and the SIMCC with the 

fixed interface and includes the Couette flow, fully developed channel flow, cavity flow, fully 

developed flow in a pipe with a constant wall heat flux and flow over a sphere cases. The second 

group focuses on the moving interface algorithm and includes the static droplet, the rising bubble 

and droplet simulations. The last group focuses on the mass transfer at the interface and includes 

a stationary droplet in a quiescent medium with constant mass transfer rate and the one 

dimensional phase change problem.  

5.2 Group 1, Solver of Governing Equations and the SIMCC with the Fixed Interface 

In this group, the interface will not be moving but fixed in the domain and this can help to 

validate some numerical techniques applied in the SIMCC code, such as the solver of governing 

equations, the interfacial tracking, merging procedure and the flux and stress computations at the 

interface.  

5.2.1 The Fictitious Interface for Evaluating the SIMCC 

In order to validate the SIMCC while taking advantage of known analytical solutions and 

well-accepted benchmark cases, the entire flow field is divided into two regions separated by a 

fictitious interface. By comparing the solutions obtained using the fictitious interface with the 

known solutions, the performance and accuracy of the SIMCC can be evaluated. Detailed 

treatment of the fictitious interface is given below. As shown in Figure 5-1, since region 1 and 

region 2 are the same fluid, the normal stress balance at the fictitious interface is: 
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1 2σ σ=   (5-1) 

The shear stress balance at the fictitious interface is: 

1 2τ τ=   (5-2) 

Continuity of the flow variables at the fictitious interface yields: 

1 2x xu u=   (5-3) 

1 2y yu u=   (5-4) 

1 2p p=   (5-5) 

It should be emphasized that with an interface that separates two different phases, the 

interfacial conditions will not be the same as the ones listed above.  

Furthermore, the normal and shear stress at the fictitious interface can be expressed by the 

stress tensors: 

1 _1 _ 2 2A An T n n T nσ σ= ⋅ ⋅ = ⋅ ⋅ =
r rr rr r r r   (5-6) 

1 _1 _ 2 2A An T t n T tτ τ= ⋅ ⋅ = ⋅ ⋅ =
r rr rr rr r   (5-7) 

The stress tensor at point A  in Figure 5-1, AT
rr

, on the interface from either region can be 

written as 

11 1
1 1 1

_1
1 11

1 1 1
_1

2

2

yx x

A
y yx

A

uu up
x y x

T
u uu p

y x y

μ μ μ

μ μ μ

∂⎡ ⎤∂ ∂
− + +⎢ ⎥∂ ∂ ∂⎢ ⎥=

⎢ ⎥∂ ∂∂
+ − +⎢ ⎥

∂ ∂ ∂⎣ ⎦

rr
 (5-8) 
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_ 2
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2 2 2
_ 2
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2

yx x

A
y yx

A

uu up
x y x

T
u uu p

y x y

μ μ μ

μ μ μ

∂⎡ ⎤∂ ∂
− + +⎢ ⎥∂ ∂ ∂⎢ ⎥=

⎢ ⎥∂ ∂∂
+ − +⎢ ⎥

∂ ∂ ∂⎣ ⎦

rr
 (5-9) 

The normal and tangential unit vectors at point A can be evaluated using analytical 

formulas: 
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( ), 1/ 22 2

A
x A

A A

yn
x y

= −
+

  (5-10) 

( ), 1/ 22 2

A
y A

A A

xn
x y

= −
+

  (5-11) 

, ,x A y At n= −   (5-12) 

, ,y A x At n=   (5-13) 

For the fictitious interface case, _1AT
rr

 should be equal to _ 2AT
rr

, 

It is obvious that the normal and shear stresses should be a function of Aur  and AP . So there 

are two nominal equations but three unknowns. The following is a complete procedure to 

evaluate the interfacial conditions. 

First, the pressure at each marker point is determined by the bilinear and central difference 

interpolations. As shown in Figure 5-2, two imaginative points B and C, normal and equidistant 

from point A are defined first. Because the shape of background cells is always rectangular, there 

must be four cell-centers surrounding each of the points B and C. The pressures at points B and 

C can be determined by bilinear interpolation. Once the pressures at points B and C are obtained, 

central differencing can be applied to estimate the pressure at point A with second-order 

accuracy.  

The derivatives of velocity in Equation 5-8 and 5-9 can be determined by the Taylor series 

expansion: 

( ) ( )

( )2 2 3

, , ( , ) ( , )

1 ( , ) 2 ( , ) ( , )
2

x y

xx xy yy

f x x y y f x y f x y x f x y y

f x y x f x y x y f x y y O x

⎡ ⎤+ Δ + Δ = + Δ + Δ +⎣ ⎦

⎡ ⎤Δ + Δ Δ + Δ + Δ⎣ ⎦
 (5-14) 

The procedure is similar to determining the pressure at point A. As shown in Figure 5-3, 

eight imaginative points must be chosen first. By the bilinear interpolation, the velocity on each 

imaginative point can be determined.  
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The derivatives of velocity, for example, xu
x

∂
∂

 term in Equation 5-8 can be expressed using 

Taylor series expansion as 

1

2

1 1

2 2

4 3 2
4 3 2

2 2
2 2

xF xG xA

xH xI xAx

u u u y
u u u yu

x yx
x y

− − Δ⎡ ⎤
⎢ ⎥− − Δ∂ ⎣ ⎦=

Δ Δ∂ ⎡ ⎤
⎢ ⎥Δ Δ⎣ ⎦

  (5-15) 

with a second-order accuracy. Here, 1 F Gy y yΔ = − , 1 F Gx x xΔ = − , 2 H Iy y yΔ = − , and 

2 H Ix x xΔ = − . To avoid the denominator becoming zero, the length of AH  can not be the same 

as AG . By similar operations, ( )x
xA

u f u
y

∂
=

∂
 , ( )y

yA

u
f u

x
∂

=
∂

 and ( )y
yA

u
f u

y
∂

=
∂

at point A of each 

region can be obtained. By substituting all these terms back into stress-balance conditions, 

Equation 5-8 and 5-9, the shear and normal stresses become functions of xAu  and yAu . Thus with 

two equations and two unknowns, the interfacial velocity at point A  can be obtained. 

5.2.2 Couette Flow, Fully Developed Channel Flow and Cavity Flow  

Couette flow has a linear velocity profile and a constant pressure distribution, while the 

fully developed laminar channel flow has a parabolic velocity profile and a linear pressure 

distribution. The cavity flow is a typical benchmark case (Ghia et al. 1982). For all three cases, 

fictitious interfaces are placed inside the flow domain to examine the performance of the SIMCC. 

As an illustration, in Figure 5-4(A), a circular fictitious interface with a radius of 0.1 is immersed 

into a unit square with a 128×128 grid. This grid is used for the Couette and cavity flow 

calculations. In Figure 5-4(B), the fictitious interface with a radius of 0.05 is immersed into a 

40×1 sized channel with a 155×90 grid system in a fully developed channel flow. These two 

cases are used to test the solver of continuity and momentum equations for the SIMCC. 
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5.2.2.1 The Couette Flow 

In this section, the errors of the primary variables at the interface and conservative 

properties at interface will be evaluated. The evaluations of errors here are all based on a 

128×128 grid. The radius of the fictitious interface is 0.1 and the center of the interface is placed 

at X=0.5 and Y=0.5. In this case, there are 148 cut-cells generated. The exact solution for 

Couette flow at each cell center of the grid is U y= , 0V =  and .P Const= . The error of 

interface velocity at each marker point is shown in Figure 5-5(A). The maximum error in this 

case is less than 6.0E-16, essentially at the round-off level. 

The error in the mass flux of each cell can be expressed as 

CS

u ndSε = ⋅∫
r r   (5-16) 

Theoretically, the summation of these errors should be zero. In this case, the total error is 

about 1.0E-08, which is consistent with the accuracy supported by the formula. The error in the 

mass flux of each cut-cell is shown in Figure 5-5(B). In a steady-state Couette flow, the unsteady, 

convection, pressure gradient and the diffusion terms in the momentum equations should be zero 

at each cell. The convective momentum flux is adopted to verify the conservation of momentum 

flux at the interface. The error in convective flux of each cell can be expressed as 

( )
CS

u u ndSε = ⋅∫
r r r r   (5-17) 

The summation of these errors should be zero. The actual total error in convective flux of 

all cut-cells is about 1.0E-7 in this case. In Figure 5-5(C), the error in momentum flux of each 

cut-cell is shown. 

5.2.2.2 The Fully Developed Channel Flow 

In Figure 5-6, the test results of the fully developed channel flow case are presented. As 

mentioned before, the channel of length 40 starts from X = -25 and ends at X =15. The grid is 
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155×90 and the Reynolds number is 100. A uniform velocity U=1.0 is assigned at the inlet and 

the fully developed boundary condition is assigned at outlet. A fictitious interface with a radius 

of 0.05 is selected and the center of the interface is fixed at X = 0.5 and Y =0.5. The total number 

of cut-cells in this case is 92. 

In Figure 5-6(A), the pressure contour near the interface is shown. It shows that the 

pressure distribution is linear along the axial direction and smooth across the interface. The fully 

developed velocity profile at X=0.5 is shown in Figure 5-6(B). The maximum velocity is 1.5 

which agrees with the theoretical result. Also, the parabolic velocity profile supports the 

accuracy of the SIMCC. The conservative properties are also examined. In Figures 5-6(C)-(D), 

the errors in mass and momentum flux are shown. The summation of errors in mass and 

momentum fluxes are of the order of 1E-07 and 1E-06, respectively. 

5.2.2.3 The Cavity Flow 

In Figures 5-7(A)-(C), the streamlines of the lid-driven cavity flow with different sizes of 

the fictitious interface are shown. Here, Re =100 is employed with a 128×128 uniform grid 

system. Figure 5-7(A) shows the case with no fictitious interface. Cases with fictitious interfaces 

of radii, 0.1 and 0.2 centered at X=0.5 and Y=0.5 are shown in Figure 5-7(B) and Figure 5-7(C), 

respectively. 

In Figure 5-7(D), the velocity component in the X direction along X =0.5 for different 

fictitious interface sizes are compared with the case without a fictitious interface. These three 

profiles almost overlap on one another and are very smooth across the interface. The 

shape/location of the main vortex, size/shape of the sub-vortices, and velocity component in the 

axial direction U at X =0.5 compare favorably with benchmark results reported by Ghia et 

al.( 1982). 
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5.2.3 The Fully Developed Pipe Flow with a Constant Wall Heat Flux 

In this test case, a fully developed pipe flow with a constant wall heat transfer rate will be 

presented. The reasons for selecting this problem to be the test case are: A. there is an exact 

solution that can be used for validation, B. the temperature field is influenced by both convective 

and diffusive effects and this is enough to validate the energy equation solver. Also, a fictitious 

interface is again used to divide the entire domain into two regions. The thermal interfacial 

condition for this fictitious interface case is continuous heat flux and identical temperature at the 

interface.The grid system of this case is a rectangular with 1×0.5 and grid point is 80×40. 

Because it is a fully developed pipe flow, the velocity boundary condition is set to be a 

non-slip condition at the solid wall, symmetric condition at the centerline, fully developed 

velocity profile at inlet and outlet. The pressure should be a linear distribution along the axial 

direction. The heat flux at the solid wall is set at 1.0 and thermal conductivity is set as 1.0 also. 

The radius of tube is 0.5. The exact solution can be expressed as (Mills 1995) 

2 2 4

2

4 3
16 4 16s

q R r rT T
kR R
′′ ⎡ ⎤

= − − +⎢ ⎥
⎣ ⎦

  (5-18) 

where sT  is the temperature at wall, q′′&  is the heat flux and k  is the thermal conductivity. To 

avoid the error caused by the inaccurate computation of heat flux at the wall, the thermal 

boundary condition at the solid wall is replaced by the equivalent temperature distribution. If k  

is 1.0 and q′′  is 1.0, the temperature distribution along the solid wall can be written as 

(0) 4T T x= +   (5-19) 

where T(0) is the wall temperature at X=0 and is set as 0 in this case. Therefore, an equivalent 

wall boundary condition at the wall is: 

4T x=   (5-20) 
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The thermal boundary condition at the centerline is set as symmetric. The thermal 

boundary condition at the solid wall, the inlet and outlet can be derived by the exact solution. 

Figure 5-8 shows the results of temperature distribution. 

To validate the result, first, the heat flux at the wall is checked to ensure that the heat flux 

is 1.0q′′ =& . Figure 5-9 shows the heat flux at the solid wall and it shows that there is only a small 

error near the inlet and outlet and the magnitude of error is about 0.0025. 

In order to validate the result further, the temperature profile at X=0.48125 along the radial 

direction is also compared and is shown in Figure 5-10. It shows that the result agrees with the 

exact solution very well. 

Again, a half circle fictitious interface is used for this case. There are two different radii: 

0.3 and 0.4. The fluid properties are the same in each phase and the thermal interfacial conditions 

for this fictitious interface are: 

• Temperature is continuous at the interface. 
• Heat flux is continuous at the interface. 

 
Figure 5-11 shows the computed temperature distribution of each case. In Figure 5-11, it 

shows the results are the same as those without an interface. To further validate the case, the 

temperature profile at X=0.48125 along the radial direction for the case with a radius of 0.3 is 

also compared in Figure 5-12. Figure 5-12 shows the comparison and the computed results 

overlap with the exact solution very well. 

5.2.4 Flow over a Sphere with Heat Transfer 

The purpose of this test case is to check the ability of SIMCC for evaluating the heat flux 

at the interface. In this case, two grids with different stretching, 800×600 and 120×50 are used 

to demonstrate the ability of SIMCC for evaluating the heat flux at the interface. The overall 

dimensions of the mesh are X= (-60, 60) and Y=(0,60) and a half circle is placed at the center of 
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lower boundary. Its radius is 0.5 and the center is located at (X,Y)= (0.5,0.0). Figure 5-13 (A) 

and (B) show the grid and geometry of the sphere for the case with the grid 800×600. 

In this case, the pressure boundary conditions of upper, left and right sides are zero 

gradient and symmetric for the lower face. The thermal boundary condition (temperature) of 

upper, left and right sides are 0. The velocity boundary condition at interface is non-slip and the 

pressure at the interface is obtained by a second order extrapolation. The temperature of the 

interface is set at 1.0. The velocity at far field is set as 1.0, the characteristics length is the 

diameter of this ball. The Reynolds number is 1.0 and the Peclet number is 1.0 also. Figure 5-14 

are the stream line plot and pressure and temperature contours. 

In this case, the average Nusselt number is suggested by Whitaker(1972): 

1/ 2 2 /3 0.42 (0.4Re 0.006Re ) PrNu = + +  (5-21) 

Based on the current dimensionless parameter, the Nusselt number of the case with Re  

=1.0 and Pe =1.0 should be 2.406, Table 5.1 lists the calculated result. 

In table 5.1, dx_min means the minimum grid size of each mesh. It shows when the grid 

size is decreased; better results can be obtained. When the grid is denser than 800 x 600, the error 

will be less than 2%. In this case, it shows that a higher resolution of results is required near the 

interface for the heat flux evaluation. It can also be expected that based on the same gird size, 

SIMCC is the method with the best performance among Cartesian gird methods and this is also 

the reason that the SIMCC is chosen. 

5.3 Group 2, Validation for Moving Interface Algorithm 

In the previous group of tests, the techniques for handing the stationary interface including 

the governing equations solver and SIMCC are validated. In this group, the interface in the 

validation cases will not be stationary but moving and deforming and therefore a moving 

interface algorithm must be imported to handle the movement of the interface. Two cases are 
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used to validate the moving interface algorithm and they are the static droplet and the rising 

bubble and droplet simulations.  

5.3.1 Static Droplet Simulation  

The first case employed here is a static droplet in a surrounding gas. The main idea here is 

to introduce an imbalance of pressure at the interface of a static droplet and then examine how 

the code reacts to the imbalance by inducing a movement at the sharp interface that results in the 

pressure adjustment for the interface to return to a balanced state governed by the Laplace-

Young equation. 

Therefore, for the first case, the selected problem is a stationary water droplet surrounded 

by its own vapor under isothermal condition in zero gravity. The density ratio is 1,605 and the 

viscosity ratio is 22. If there are no other force field effects and under a dynamic equilibrium, 

this droplet should stay stationary and the pressure difference at the interface between the liquid 

and vapor should be balanced by the surface tension.  

The geometry of this validation problem is a two-dimensional domain in an axisymmetric 

coordinate system with length and width equal to 2.0 and 1.0, respectively. The grid arrangement 

is 80×40. A half circle mounted on the center of the lower boundary is used to represent the 

interface. Figure 5-15 is the illustration of this problem. 

The boundary conditions are zero gradients for velocity and pressure at right, left and 

upper sides and symmetric at lower side since this is an axisymmetric computation. The initial 

conditions for the velocity and pressure are zero everywhere that creates a pressure imbalance at 

the interface. In this computation, the Weber number is selected as 0.5. Since the curvature is 4.0 

everywhere, the exact pressure jump between the liquid and the vapor phase should be 8.0. 

Figure 5-16 shows the maximum induced interfacial velocity during the transient adjustment 

period. It must be emphasized that for the incompressible flow computation, strictly speaking 
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there should be no induced interfacial velocity for this problem because of the stationary 

condition and the conservation of mass. However, because of the imbalance of interfacial 

dynamics, an extremely small interfacial velocity is induced. This small order of magnitude 

velocity distribution (deformation of interface; induced interfacial velocity) should be considered 

a numerical disturbance and not a violation of the incompressible assumption. However, the 

SIMCC code can use it to adjust the pressure difference of each phase since the disturbance of 

velocity will cause the change of pressure in each phase. In Figure 5-16, the maximum induced 

interfacial velocity varies and achieves the steady state finally. The maximum induced interfacial 

velocity is about 1.0E-5 in this case. 

Figure 5-17 shows the convergent histories for the governing equations and the interfacial 

condition. In the beginning, the interface was adjusted seriously to satisfy the governing 

equations and interfacial condition. In this stage both residuals are decreasing very fast. After 

100 iterations, once the residue of interfacial condition (imbalance) is too small to push the 

interface, the interface will become stable gradually and looks like a “fixed” interface. In the 

meantime, the residual of governing equations must be small enough also and this means 

governing equations and interfacial condition reach convergence at the same time.  

Figure 5-18 is the pressure contour for this problem. It shows the pressure difference is 

identical to the theoretical value, 8.0 and the discontinuity at interface can be handled very well 

by the current method. The sharp pressure discontinuity across the interface is successfully 

computed. 

5.3.2 Deformed Rising Bubble and Droplet 

For the second case, the buoyancy-driven rising bubble and droplet through a quiescent 

liquid are selected. The test problems in the second case are classified into two groups based on 

the density ratio (dispersed phase to continuous phase). These groups are the low density ratio 
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(<0.001) bubbles and higher density ratio (= 0.91) droplets used to verify the current method 

with a wide range of density ratios. The computational domain used in this section is a rectangle 

with a length of 70 and width of 38 and the grid system is 550×100. From X=0 to X=20 and 

R=0.0 to R=2.0, the grid spacing is uniform and then the grid spacing is stretched to the upper, 

right and left sides. Since the domain is large enough, the boundary conditions are assigned as 

the zero gradients for both velocity and pressure at the upper, right and left boundaries and a 

symmetric condition on the lower boundary (centerline). The initial condition for this case is 

quiescent fluids in both phases and a half-circle with a radius of 0.5 is used to represent the 

bubble/ droplet and the center of the half-circle is located at (3.0, 0.0). The time step here is 0.01. 

For the bubble problem (density ratio ~ 0.001), Re = 10 and We = 8.0 are assigned. In 

Ryskin and Leal’s research (1984), the bubble is an open space without any fluid. In this 

computation, water is adopted to be the ambient liquid and the bubble is water vapor, so the 

density ratio 0.0006 and viscosity ratio is 0.045. Figure 5-19 is a comparison between the current 

computed result and the result of Ryskin and Leal. It shows that the two agree well with each 

other. 

For further verification with the same bubble of Re = 10 but different Weber numbers of 

We = 2.0 - 8.0, the results of the aspect ratio (height to width) are compared with those of Lai et 

al. (2004)in Figure 5-20. The comparison is very favorable.  

For the higher density ratio problem, the droplet with Re = 10 and We = 2 is adopted for 

comparison. The density ratio and the viscosity ratio are assigned as 0.91 and 4, respectively so 

the computed result can compare directly with results by Dandy and Leal (1989). 

Figure 5-21 shows that the current computed result agrees well with that of Dandy and 

Leal in flow structure and droplet shape.  
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5.4 Group 3, Validation for Accurate Mass Transfer at the Interface 

Tests in this group focus on validating the phase change computation at interface. The two 

test cases used are: a stationary droplet in a quiescent environment with a constant mass transfer 

rate, and one dimensional phase change problem.  

5.4.1 A Stationary Droplet in a Quiescent Environment with a Constant Mass Transfer 
Rate 

For this test case, the main purpose is to evaluate the performance of current code on the 

velocity discontinuity at the interface between the droplet and its surrounding fluid due to mass 

transfer. In order to accurately evaluate the current numerical technique, a simplified case was 

designed where a stationary droplet is assumed to vaporize with a given constant mass transfer 

flux at the interface. In this way, heat transfer is not involved in the simulation and only the 

continuity and momentum equations are solved. For this test case, an axisymmetric cylindrical 

coordinate system is employed. Figure 5-22 is a schematic of this problem. The computational 

domain is a rectangle with dimensions of 10×5. A hemi-sphere with an initial radius 0.5 is 

placed at the center of the lower boundary. The boundary conditions of upper, right and left sides 

are the second order extrapolations for both velocity and pressure and symmetric at the lower 

boundary. 

In this test case, a water droplet is used and the density of water is 958.3 3/kg m   and 0.597 

3/kg m  for the vapor. In this computation, the numerical time step is 0.1 and the constant and 

uniform mass flux that leaves the droplet surface, m&  , is assumed to be 10.0 2/kg m s  . It is noted 

that there is no internal velocity field inside the droplet because of the quiescent environment 

that results in an induced interface receding velocity as follows: 

int( )n
l l

m mu
tρ ρ

′′Δ
= =

Δ
&

  (5-22) 
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The vapor velocity at the interface can be calculated by 

( )int( ) ( )v n v nm u uρ′′ = −&   (5-23) 

Based on the assumed mass flux, the vapor velocity at the interface is 16.76 m/s. As the 

velocity in the vapor phase is solely due to the uniform mass from the droplet surface, the vapor 

velocity at any radial distance from the droplet surface can be predicted based on conservation of 

mass: 

1 1 1 2 2 2u uρ ρΑ = Α   (5-24) 

The velocity of vapor at different location in the vapor phase can be expressed as 

2
1 2

2
2 1

u r
u r

=   (5-25) 

where r  is the distance measured from the center of the droplet. If the known vapor velocity at 

the interface is used as the reference velocity, the velocity at any location in the vapor phase can 

be obtained. Therefore, the obtained velocities including the interface velocity, the velocities of 

both liquid and vapor phases at the interface and the velocities at the outer boundary of the 

computational domain will satisfy both the continuity equation and interfacial mass conservation 

condition and therefore they can be considered as the exact solution of this test case and used to 

validate the numerical results. 

Figure 5-23 shows the computed velocity distribution by the current code versus the exact 

velocity along the radial direction at X=5 after first time step. In Figure 5-23, the velocity is zero 

everywhere in the liquid phase and a huge velocity discontinuity exists at the interface. The 

maximum vapor velocity is located at the interface and the velocity decays by 21/ r  to the outer 

boundary of the domain. A comparison shows that the computed result agrees closely with the 
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exact solution. This proves that the current code can handle the mass transfer at the interface 

with a velocity discontinuity with a high accuracy.  

Figure 5-24 is the stream line plot near the water droplet. In Figure 5-24, it shows that the 

streamlines radiate from the interface to the far field straight. 

5.4.2 One Dimensional Phase Change Problem 

One dimensional phase change problem also called Stefan problem is a classic test 

problem and broadly used for the validation for moving boundary/interface algorithm in 

computational multiphase flow with phase change (Bonacina et al. 1973, Welch and Wilson 

2002, Mackenzie and Robertson 2000). Using this test problem, the performance of moving 

boundary/interface algorithm for phase change computation especially the accuracy of mass 

transfer at boundary/interface can be evaluated. 

The entire system is shown as Figure 5-25. The left forward slashed block represents the 

wall and it will keep stationary with a constant temperature wallT . The dash-dot line with a 

distance ( )tδ   from the wall is the interface and separates the gas and liquid. The liquid phase 

and the interface are assigned the saturation temperature satT . Once phase change happens, the 

liquid will be vaporized and the volume of gas will increase so that the interface will be pushed 

to the right side. During the vaporization, the velocity of gas is still kept as zero.  

Since the velocity of gas phase is zero, the original unsteady-convective-diffusive energy 

equation in gas phase can be simplified as unsteady-diffusive equation: 

2

2 0 ( )T T x t
t x

α δ∂ ∂
= ≤ ≤

∂ ∂
  (5-26) 
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where ( )tδ  is the location of this phase interface and α  is the thermal diffusivity and defined as 

k
Cp

α
ρ

= . For this moving boundary/interface problem, the system of equations is closed by 

specifying the boundary conditions: 

( ( ), )
( 0, )

sat

wall

T x t t T
T x t T

δ= =⎧
⎨ = =⎩

  (5-27) 

The conservation of mass at interface: 

( )
g g g

x t

Tv k
x δ

ρ λ
=

∂
= −

∂
  (5-28) 

The theoretical solution of temperature and location of interface for this test problem can 

be found by Alexiades and Solomon’s book (1993): 

( ) 2t tδ ζ α=   (5-29) 

( , )
( ) 2

wall sat
wall

T T xT x t T erf
erf tζ α

⎡ ⎤− ⎛ ⎞= − ⎢ ⎥ ⎜ ⎟
⎝ ⎠⎣ ⎦

 (5-30) 

where erf  is the error function and the parameters ζ  can be obtained by solving the 

transcendental equation: 

2

( ) wall satT Te erf Cpζζ ζ
λ π
−

=   (5-31) 

In this validation case, the fluid properties of each phase are assigned in Table 5-2, and by 

this set of properties, the parameter ζ  is solved as 1.0597. 

Although it is a one dimensional problem, it is computed by the two dimensional code in 

order to apply the Cut-cell approach at the interface to obtain the best resolution. For the upper 

and lower side, the boundary conditions are assigned symmetric to simulate one dimensional 

condition. The computation domain is a  1.0 0.02×  rectangle and the grid point are 500 10×  ,the 

interface is located at ( ) 2 0.2t tδ ζ α= =  initially and corresponding time is 0.089. The initial 
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condition can be obtained by the theoretical solution. Figure 5-26 is the obtained results. By this 

set of figures, it can be seen that the present results match the theoretical results very well. In 

Figure 5-26(A) and (C), they show the accuracy of the current energy equation solver, moving 

interface/boundary algorithm and the mass transfer at interface. An accurate interface position 

can be obtained only when all the above techniques work well. In Figure 5-26(B), all the 

isothermal lines are purely vertical which means that the current Cut-cell approach can achieve 

truly high resolution. Overall, by this test problem, the energy equation solver, the moving 

interface algorithm, the Cut-cell approach and the accuracy of heat flux computation at interface 

are validated further. 

5.5 Summary 

In this chapter, the ability of SIMCC is examined systematically. In the first group, it has 

been demonstrated that the current solver of governing equation is very accurate and the SIMCC 

only induced tiny errors at the interface. In the second group, by compared with others’ results, it 

has been shown that the SIMCC can handle the moving interface problems well. In the last group, 

by the two test cases, it has been shown that SIMCC can compute the mass transfer rate from the 

interface correctly and adjust the interface due to the phase change very accurately. By this series 

of test cases, the capability of the full set of SIMCC technique to handle the current research is 

established. 
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Table 5-1.  The error of Nusselt number by different grid resolutions in flow over a sphere case. 
 Grid Nusselt _ mindx  Error 

Case 1 120x 50 1.14 0.05 52.3% 
Case 2 800x 600 2.36 0.003 1.9% 

 
Table 5-2.  The fluid properties of liquid and gas phases for the one dimensional phase change 

problem. 
 Gas Liquid 
Density ( ρ ) 0.2 1.0 
Heat capacity (Cp ) 5.0 10.0 
Thermal conductivity ( k ) 1.0 1.0 
Latent heat (λ ) N/A 1.0 
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Figure 5-1.  The continuous stress condition at marker points for the fictitious interface. 
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Figure 5-2.  The algorithm for second order gradient. 
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Figure 5-3.  Eight points method for second order gradient of velocity. 
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Figure 5-4.  Geometry of the Couette flow, cavity flow and fully developed channel with the 

immersed fictitious interface. A) Couette flow and cavity flow, B) fully developed 
channel flow. 
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Figure 5-5.  Error in interfacial velocity at all the interfacial marker points (163 points) and error 

in mass and momentum fluxes of each cut-cell (148 cut-cells) in the Couette flow 
with radius of fictitious artificial interface R=0.1. A) error in interfacial velocity, B) 
error in mass flux, C) error in momentum flux. 
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Figure 5-6.  Pressure contour, U velocity profile, and error in mass and momentum fluxes of 
each cut-cell (92 cut-cells) of fully developed channel flow with radius of fictitious 
interface R=0.05 and Re=100. A) pressure contour near the artificial interface, B) 
velocity profile at X=0.5, C) error in mass flux, D) error in momentum flux. 
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Figure 5-7.  Streamline plots and U velocity profile at R=0.5 with different fictitious interface 

radii of cavity flow with Re=100. A) streamline plot with no interface, B) with 
radius=0.1, C) with radius=0.2, D) velocity profile along X=0.5. 

 
 
Figure 5-8.  The temperature distribution of fully developed pipe flow with constant heat flux 

case. 
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Figure 5-9.  The heat flux at wall of fully developed pipe flow with constant heat flux case. 

 

 
 
Figure 5-10.  The temperature profile of fully developed pipe flow with constant heat flux case at 

X=0.481235 along radial direction. 
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Figure 5-11.  The temperature distributions of fully developed pipe flow with constant heat flux 

case with different fictitious interfaces. A) R=0.4, B) R=0.3. 
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Figure 5-12.  The temperature profile of fully developed pipe flow with constant heat flux case 

with a fictitious interface (R=0.3) at X=0.481235 along radial direction. 
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Figure 5-13.  Grid and geometry of flow over a sphere with heat transfer. A) the gird system, B) 

the interface. 
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Figure 5-14.  The pressure contour, the stream line and temperature contour of flow over a 

sphere with Re=1, Pe=1. 
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Figure 5-15.  Schematic of stationary droplet problem. 

 
 
Figure 5-16.  The maximum induced interfacial velocity of stationary droplet problem. 
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Figure 5-17.  Convergent histories of the interfacial condition and the governing equations of 

stationary droplet problem. A) interfacial condition, B) governing equations. 



 

98 

 

 A  B 
 
Figure 5-18.  Pressure contour for the stationary droplet. A) entire pressure contour, B) pressure 

along X axis at R=0. 

 
 
Figure 5-19.  The shape and streamline plot for a bubble with Re=10 and We=8. 

 

 
 
Figure 5-20.  The aspect ratio plot for a bubble with Re=10.0 and We= 2.0-8.0. 



 

99 

 

 
 
Figure 5-21.  The streamline and shape plot for a droplet with Re=10 and We=2. 
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Figure 5-22.  Geometry of static droplet with a constant mass transfer rate problem. 
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Figure 5-23.  Velocity distribution of static droplet with a constant mass transfer rate problem 

along radial direction at X=5. 

 

 
 
Figure 5-24.  Streamline plot near the interface of static droplet with a constant mass transfer rate 

problem. 
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Figure 5-25.  Illustration of one dimensional phase change problem. 
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Figure 5-26.  The location of interface and temperature distribution, contour for one dimensional 

phase change problem. A) temperature distribution, B) temperature contour, C) 
location of the interface. 
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CHAPTER 6 
LIQUID-GAS TWO-PHASE FLOWS IN A PIPE WITHOUT PHASE CHANGE 

6.1 Introduction 

In this chapter, the main focus is the liquid-gas two-phase flow in a pipe without phase 

change. There are two studies discussed in this chapter. 

The first study is isothermal two-phase flow, and the selected liquid is the nitrogen at 77K 

at 1 ATM. Since 77K is the saturation temperature of nitrogen, the nitrogen can exist as both 

liquid and vapor. Since the temperature is fixed, the energy equation will not be solved and only 

the continuity, momentum and interfacial conditions are solved. There are two dimensionless 

parameters that affect the flow in this case: the Reynolds number ( Re ) and the Weber number 

(We ). In real cryogenic flow, the Reynolds number is usually very high. Therefore only cases 

with higher Reynolds number are considered here. By definition, Reynolds number and Weber 

number can vary independently according to the surface tension. Therefore both high and low 

surface tension cases are possible and will be discussed.  

The second case is two-phase flow with heat transfer but no phase change. In this case, the 

proposed fluids are liquid water at 273K and air at 373K at 1 ATM. Based on the assumptions, 

water will not be vaporized with just simple heat transfer taking place at the interface. The 

energy equation will be solved and another dimensionless parameter Peclet number ( Pe ) will be 

included into the energy equation. Similar to the isothermal case, only the cases with higher 

Reynolds number are considered here. Again, once the Reynolds number is decided, the Weber 

number may be large or small and therefore two cases of surface tension will be discussed here. 

The Peclet number can not be assigned independently and should be determined based on the 

Prandtl number ( Pr ). The Prandtl number is a fluid property and therefore, once Reynolds 

number and species of the fluid are determined, the Peclet number is determined also.  
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6.2 Isothermal Liquid-Gas Two-Phase Flows in a Pipe 

In this section, the computational method presented in previous chapters is employed to 

numerically simulate a liquid cylindrical plug translating through gaseous medium in a circular 

pipe. The purpose is to demonstrate the capability and accuracy of the current method for a 

pressure-driven internal two-phase flow with a moving interface due to shape deformation and 

liquid phase translation. The ratios of fluid properties of two phase flows are: 

352.4; 15.8l l

g g

ρ μ
ρ μ

= =   

The sample problems are classified into two groups. For liquid-gas two-phase flows, as 

indicated by the governing equations presented in previous chapters, the Reynolds and Weber 

numbers are the only dimensionless parameters needed to characterize and distinguish different 

fluids and flow regimes. Two major groups are adopted here. The first group is used to focus on 

the effects of different Reynolds numbers. In this group, there are four Reynolds numbers 

selected: 250, 500, 1000 and 2000 and the Weber number is fixed at 500. For the first group, 

with the combinations of Reynolds and Weber numbers, it could represent fluids such as liquid 

nitrogen or water. For the first group, the objective is to examine the convection effects 

characterized by various Reynolds numbers. In the second group, the Reynolds number is fixed 

as 500 and three different Weber numbers that correspond to three different strengths of surface 

tension are selected. These three surface tensions are equal to 1.0, 0.1, and 0.01 time the pressure 

difference that result in three different Weber numbers of 2.6316, 26.316 and 263.16, 

respectively. For this group, the main challenge is to demonstrate the ability of current SIMCC 

code to handle the large deformations due to the surface tension effect. 
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6.2.1 Effect of the Reynolds Number 

For this group, the inflow boundary conditions for the velocities of both phases at the inlet 

are assigned as 1.0. While for the pressure, 1.0 is set for the vapor phase and 1.00526 

( lp = gp + curvature /We ) for the liquid phase, respectively, to include the surface tension effect 

between the two phases at the inlet. This strategy will be applied in all following cases to make 

the first point of interface is fixed at the same location in the inlet boundary during the 

computation. The time step in this computation is set at 0.001. 

First, the flow streamlines in the two-phase zone and those immediately after it are plotted 

in Figure 6-1 for t = 6.0 and Re = 2000. In the two-phase zone, the streamlines are almost 

straight and parallel as expected. The transition from the two-phase zone to the single-phase pure 

gas zone near the front of liquid core is very smooth. The lines are slightly distorted in the 

vicinity of the liquid front as the gas flow is trying to fill the entire pipe interior. In this type of 

flow, since the velocity at wall is zero and therefore, the flow will be pushed towards the center 

of pipe for a fully developed parabolic profile because of the mass continuity. Therefore, the 

streamlines of gas phase near the front of liquid core get distorted to satisfy the continuity of 

mass.  

Figures 6-2(A), (B) and (C) show the pressure maps at t = 6.0 with Re = 2000. Figures 6-2 

(B) and (C) focus on the two-phase zone and single phase zone, respectively, while Figure 6-

2(A) provides pressure distribution for the entire computational domain. For the single gas phase 

(downstream of the liquid core), Figure 6-2(C) shows that the pressure decreases linearly along 

the axial direction that is similar to a fully developed single-phase gaseous pipe flow. For the 

two-phase flow zone as shown in Figure 6-2(B), the pressure driven flow patterns are displayed 

in the gas and liquid parts, respectively. The slight discontinuity is seen at the liquid-gas 
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interface due to surface tension, dynamic head and shear stress effects. In general, the entire 

domain is composed of three sub-domains that all show approximately linear pressure gradients. 

This also shows the ability and accuracy of the current SIMCC for multiphase computations.  

Figure 6-2(D) shows the axial pressure distributions at the pipe wall, radial location R = 

0.2 and the center of pipe. Basically, the three curves are very close to one another so the 

pressure is relatively independent of the radial location. In general, the pressure profile is 

composed of two linear curves (one for the two-phase zone and the other for the single-phase 

zone) of different gradients that are joined at the frontal area of the liquid core. The gradient in 

the two-phase zone is much larger than that of the single-phase zone because the gas phase in 

this two-phase zone must accelerate and create a jet profile.  Also this is due to the fact that the 

gas-phase controls the pressure drop. The sharp drop in pressure in the centerline curve is due to 

surface tension. 

For the purposes of examining the ability of the current method to accurately simulate the 

transition from the two-phase zone to the single-phase zone, Figure 6-2(E) and (F) were plotted 

to provide three radial and three axial local enlargements of pressure distributions in the 

neighborhood of the liquid core frontal area. In Figure 6-2(E), it shows that axial pressure 

distributions along the centerline and at R = 0.2 are very similar to each other, except that the 

sharp drop discontinuities are located at different axial locations according to where the interface 

is positioned. As expected, the pressure distribution at the wall is continuous without any 

discontinuity and has a smooth transition between the two zones. The three curves all merge 

together after the liquid front in the pure gas zone. In Figure 6-2(F), three pressure distributions 

in the radial direction are plotted at different locations, X = 6.2, 6.4 and 6.6. For X = 6.6, 

basically, it is located in the pure gas phase and hence, it is virtually a straight line. At X=6.2, 
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there is drop between R=0.35-0.37 and this is the location of interface. At X=6.4, the drop exists 

at R=0.17-0.19 and the interface is located at this section also. Inside the liquid phase, there are 

very slight pressure fluctuations prior to the drop and the pressure rises slightly after the drop in 

the gas phase. Both pressure variations are believed to be due to the changes in the gas phase 

immediately after the interface where the gas flow is slowing down and bending towards the 

center. 

The above can be further explained by examining Figure 6-2(G). Figure 6-2(G) is a plot of 

the curvature along the liquid-gas interface. The plot is based on about six hundred marker points 

placed on the interface with uniform separation distance between adjacent points. Point 1 is at 

the entrance and last point is at the centerline. The curve shows that the curvature is about 5.4 at 

the centerline (last marker). In this computation, the effect of viscosity is very weak because of 

the high Reynolds number and the velocity is continuous at interface. With these conditions, the 

interfacial condition can be simplified as 

l vp p
We
κ

− =   (6-1) 

By this simplified interfacial condition and the dimensionless parameters, it can be 

estimated that the order of pressure discontinuity at the interface is about /Weκ . According to 

the curvature at the liquid front in Figure 6-2(G) and the assigned Weber number, the pressure 

discontinuity can be roughly estimated about 0.0108 = (5.4/500). This pressure differential is 

verified in Figures 6-2(E) and (F).  

In summary, the magnified pressure plots given in Figure 6-2 demonstrate that the current 

method is capable of capturing the pressure discontinuity and flow transition from a two-phase 

condition back to a single-phase condition with fidelity and accuracy.  
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Figure 6-3 shows the pressure distributions along the centerline of the pipe for We = 500 

and four different Reynolds numbers: Re = 250, 500, 1000 and 2000. For each Reynolds 

number, the pressure distribution is composed of two straight lines of different slopes as 

explained before for Figure 6-2(D). In general, the rate of dimensionless pressure drop is 

inversely proportional to the Reynolds number. For the case with the highest Reynolds number 

of 2000, the pressure drop is only around 10% of the case with the lowest Reynolds number of 

250 and this trend is the same as that in the single phase flow because the pressure difference 

will be used to balance the shear stress occurring at the wall. In each curve, the pressure shows a 

small drop at the front of liquid core and the magnitude is about 0.011 for all the cases. This is 

reasonable since the strength of surface tension in each case is about the same.  

Figure 6-4(A) shows the velocity profiles at different axial locations: X = 2, 4, 6 and at the 

exit of the pipe. Since the flow is two-phase for X < 6.4, the velocity profile at any axial location 

comprises of two parts corresponding to the phase. In the liquid region the velocity is uniformly 

1.0. In the gas phase portion, because the velocity is zero at the wall and non-slip between the 

two phases at the interface, the gas profile would have a jet effect as shown in Figure 6-4(A) and 

the maximum velocity is located near the liquid phase since the velocity of liquid core is about 

1.0. In the two-phase zone, the velocity profile relatively does not depend on the axial location. 

In the current method, the global conservation of mass is the key element and therefore, the 

global conservation of mass must be satisfied and verified. For this two-phase computation, both 

phases are assumed incompressible. Therefore, the rate of the “volume” of fluids in and out of 

the pipe should be the same at any instant. This implies after the flow in the single-phase gas 

zone reaches the fully developed condition, the gas flow velocity profile should be identical to 

the conventional single phase fully developed flow in a pipe that is a parabolic profile. Since the 
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gas flow has reached the fully developed condition well before the exit, the velocity profile 

named as “U at X = Exit” in Figure 6-4(A) and (B) should be the theoretical parabolic profile 

with maximum velocity of 2 at the centerline and zero at the pipe wall. The comparison between 

calculated velocity profile and the theoretical result is given in Figure 6-4(B). It is seen that the 

agreement is excellent. 

Figure 6-5 shows the shape of liquid cores for different Reynolds numbers at the same 

time, time=6.0. As expected, there is no significant difference among these cases because the 

strength of surface tension is about the same here as the Weber number is the same for all four 

cases. After 6000 time steps, the front of liquid core does show slightly different deformation 

due to the convection effect. 

6.2.2 Effect of the Weber Number 

In this group of simulations, the Reynolds number is kept at 500 while the purpose is to 

evaluate the ability of the current method to handle larger deformations due to higher surface 

tension effects. The boundary conditions are very close to those used in group one except at the 

entrance. The radius of liquid core is 0.38 at the entrance and therefore, the curvature will be 

2.6316 = (1.0/0.38) in the theta direction. If the Weber number is assigned as 2.6316, the 

pressure discontinuity at the interface between the two phases at the entrance should be 1.0 

( /Weκ ). With this procedure, once the curvature is fixed, the pressure difference can be adjusted 

by changing the Weber number. Based on this idea, three different Weber numbers are selected 

in this group: 2.6316, 26.316 and 263.16 to generate three pressure jumps, /liquid gasp p  at the 

interface of 2.0, 1.1 and 1.01, respectively at the entrance. 

Figures 6-6(A), (B) and (C) show the pressure maps at t = 6.0 with Re = 500 and We= 

2.63. Figures 6-6(A) and (B) focus on the two-phase zone and single-phase zone, respectively, 
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while Figure 6-6(C) provides pressure distribution for the entire computational domain. In 

general, the features in Figure 6-6 are similar to those in Figure 6-2 but both Reynolds and 

Weber numbers are smaller for the current plots. In this case, the pressure jump between the two 

phases is equal to 1.0 at the entrance. At the front of liquid core, because the surface tension is 

much stronger due to a larger curvature than that at the entrance, the pressure in the liquid phase 

at this front of the liquid core is raised to balance the larger surface tension. In Figure 6-6, it also 

shows the larger deformation due to the surface tension at the front of the liquid core. For the 

entrance portion, there should be no deformation because the equilibrium condition is assigned 

there. This shows the ability of SIMCC to handle the surface tension effect and large 

deformation. Figure 6-6(B) focuses on the pressure contour at downstream of the liquid core. It 

shows the downstream pressure deceases linearly that is similar with the single phase flow. 

Figure 6-7(A) provides the pressure distributions along the wall and centerline of the pipe. 

It shows that the pressure distribution at the wall is constructed by two linear profiles of different 

slopes, and this trend is very similar with the case of wall pressure distribution as shown in 

Figure 6-2(D) for different Reynolds and Weber numbers. For the liquid phase at the centerline, 

the pressure decreases linearly near the entrance and rises up before going through a large 

discontinuous drop across the interface at the front of liquid core. Figure 6-7(B) is the curvature 

along interface. Similar to Figure 6-2(G) in group one, Figure 6-7(B) shows the curvature values 

of the liquid-gas interface. The general trend in Figure 6-7(B) is also similar to that in Figure 6-

2(G). Near the entrance, the curvature is almost constant because only theta direction (tangential) 

is involved. Near the liquid core front, the curvature will increase due to the contribution from 

the R-X plane (curvature is counted in two directions.). 
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Figure 6-8 is the streamline plot for Re=500 and We=2.63 at time=6.0. Similar with the 

case in group one, in the two-phase zone, the streamlines are relatively straight for both phases. 

The difference is that slightly more bending of the gas streamlines near the top of the liquid core 

for the current case is observed due to the liquid core deformation. 

Figure 6-9(A) shows the U velocity profile at different axial locations at time=6.0. These 

profiles are very similar to those in Figure 6-2 for group one. The velocity distribution at the exit 

also achieves the fully developed parabolic profile and again it shows that the current code can 

maintain a global conservation of mass very well. In Figure 6-9(B), the U velocity profile at the 

exit is compared with the theoretical result of a fully developed velocity profile and the two 

match with each other very well. Although there is a relatively large deformation, the SIMCC 

can still strictly maintain the conservation of mass. 

The effects of different surface tension strengths are shown in Figure 6-10 for the three 

different Weber numbers. It must be emphasized here that the corresponding inlet pressure 

boundary conditions between the two phases are also different due to differences in surface 

tension coefficients. In this figure, as expected it shows that the degree of liquid phase shape 

deformation is inversely proportional to the Weber number as the higher Weber number the 

lower the surface tension coefficient as a relatively flat interface corresponds to very small 

surface tension. It is noted that the degree of deformation is not a linear function of the Weber 

number. As given in Figure 6-10, the difference in deformation between We = 26.3 and We = 

263 is much less than that between We = 2.63 and We = 26.3 even though for both cases the 

change in the Weber number is one order of magnitude. 
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Figure 6-11 shows the liquid core deformation as a function of time as it moves 

downstream for the case with We = 2.63 and Re = 500. The results show that the degree of 

deformation increases with time as the liquid plug travels downstream.  

6.2.3 Two-Phase Flow Pressure Drop 

As indicated in the above, the pressure gradient in the two-phase flow is much higher than 

that in the single-phase flow. It is important to summarize the effects of different Reynolds 

numbers and Weber numbers on the magnitude of increase in pressure drop in the two-phase 

zone. The ratio of the averaged local friction coefficient in the two-phase zone to the fully 

developed single-phase gas flow friction coefficient is plotted in Figure 6-12 as functions of the 

Reynolds number and the Weber number. In Figure 6-12(A), it is seen that the friction 

coefficient ratio increases with increasing Reynolds number almost linearly. The increasing trend 

of the ratio with the Reynolds number is thought to be due to the increased drag between the two 

phases as the Reynolds number gets higher, while the trend for different Weber numbers is 

totally different as shown in Figure 6-12(B). The friction coefficient ratio decreases 

exponentially in the low Weber number regime and then relatively flattens out with a very small 

gradient. This trend is readily explained by the degree of shape deformation as shown in Figure 

6-10: more deformation will result in higher drag between the two phases. A much larger change 

in shape between We = 2.63 and We = 26.3 than that between We = 26.3 and We = 263 is noted. 

As a result, the drop in friction coefficient ratio is much larger between We = 2.63 and We = 

26.3 than that between We = 26.3 and We = 263. 

6.3 Grid Refinement Study 

In the numerical simulation, the results may be not accurate due to the resolution of grid 

especially for the coarser grid system. In this section a grid refinement study is performed to 

ensure the adopted resolution of grid system is fine enough in this research. The case with 
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We=2.63 in section 6.2.2 is adopted here. There are three grid resolutions selected. The 

minimum grid lengths are 0.02, 0.01 and 0.005. Figure 6-13 shows the locations of interface by 

the three grids at the same time and it shows that there is not much difference between three 

interfaces. In order to save computational time while preserving accuracy, unless otherwise 

mentioned, all following simulations in this study will adopt 0.01 as the minimum grid spacing. 

6.4 Liquid-Gas Two-Phase Flows in a Pipe with Heat Transfer 

In this section, for the sample calculations, the selected two phase fluids are liquid water 

and air at 1 ATM. The physical conditions of the two-phase flow and heat transfer system are 

described as follows. In the beginning (t = 0) the pipe is filled with only air which is in thermal 

equilibrium with the wall at 373.14 K. When the transient starts (t > 0), the gate at the inlet of the 

pipe is opened and an annular two-phase flow with water in the center core and air filling the 

space between the wall and the water, both phases at 273.15K, are entering the pipe at the same 

and uniform velocity. The wall is maintained at 373.14 K during the transient. With this 

maximum temperature difference between the two phases, there is no phase change and only 

sensible heat transfer at the liquid-gas interface. The selected two phase fluids are liquid water at 

273.15K and air at 373.14K. The ratios of fluid properties of two phase flows are: 

1055.07l

g

ρ
ρ

= ; 81.39l

g

μ
μ

= ; 17.99l

g

k
k

= ; 4.17l

g

Cp
Cp

=  

The corresponding Prandtl number for water should be: 

Pr 13.0=  

The time step in this computation is set as 0.001. 

It is noted that for the current system, there are three dimensionless parameters, Reynolds, 

Peclet and Weber numbers that must be specified. For the Weber number, two cases are selected, 

one low Weber number at 2.63 and the other high Weber number at 500. Different Weber 
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numbers can be used to evaluate the effects of shape deformation. The Reynolds and Peclet 

numbers for the current study are selected as 

Re 500= ; 6500Pe =  

In the high Weber number case, extra two cases: (1) Re= 250 and Pe= 3250 and, (2) Re= 

1000 and Pe= 13000 are also provided to investigate the effects of different Reynolds and Peclet 

numbers. 

6.4.1 Low Surface Tension Case 

For this case, the Weber number is set at 500 such that the inertia force overwhelms the 

surface tension force. As a result the shape change of the liquid slug is relatively small. In Figure 

6-14, the pressure and flow field results are presented. The bold dashed line represents the 

location of the liquid-gas interface. Figures 6-14(A) and (B) show the isobaric pressure contours 

on the R-X plane at time= 5.5. In Figure 6-14(A), it is seen that the pressure decreases linearly in 

the streamwise direction for both phases. In general, the magnitude of shear stress at the wall and 

the pressure jump across the liquid-gas interface determine the pressure gradients in the liquid 

phase. Therefore the pressure of the liquid phase is larger than that of the gas phase at the same 

downstream location due the surface tension effect that causes a pressure jump at the interface. 

In the liquid phase away from its frontal area, as indicated in Figure 6-14(B) where the pressure 

contour near X=3 is focused locally, it shows that the pressure jump across the interface is very 

close to the theoretical value ( lp - gp ~ /Weκ ~ 2.63/500=0.00526 as the curvature is 2.63 

obtained from Figure 6-14(D)) since the liquid pressure is influenced and controlled by the gas 

phase because that the liquid phase is fully surrounded by the gas phase that carries the bulk of 

the inertia force. In general, there is no pressure gradient in the radial direction for both phases. 

At the front of liquid slug, the curvature increases to 5.5 as shown in Figure 6-14(D) because of 
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the additional curvature in the R-X plane and therefore, the pressure jump in the front of the 

liquid core can be estimated as 5.5/500=0.011 and this pressure jump can be verified in Figure 6-

14(C) where the pressure distribution along the centerline is plotted. After the front of liquid 

core, the gas flow diffuses into a single phase flow occupying the entire pipe. For downstream 

locations far away from the liquid front, the pressure decays linearly as the flow adjusts into a 

fully developed single-phase pipe flow. Figure 6-14(E) is a streamline plot. In Figure 6-14(E), it 

shows that the streamlines deform in the immediate downstream of the liquid front towards to 

the centerline of the pipe in the single-phase region. Because of the non-slip condition and 

continuity requirement, the fluid near the solid wall will be pushed toward to the center of pipe 

and the maximum velocity takes place at the centerline when the single-phase flow is fully 

developed. In Figure 6-14(F), it shows that the velocity profile at the outlet of pipe reaches the 

fully developed condition. Also, in the two-phase region, due to a large density difference, the 

gas flow can not affect the liquid substantially, therefore, the gas phase must take the form of jet 

flow to satisfy the continuity and it can be seen in Figure 6-14(F). Similarly, the shape of the 

liquid core will not deform too much and the interfacial velocity is close to the inlet velocity 

(~1.0). Based on results provided in Figure 6-14, it shows that the current numerical method can 

accurately enforce the interfacial condition, the continuity, and momentum equations for the flow 

field computation. 

Next, the heat transfer results are presented. Figure 6-15 is the isothermal temperature 

contour and the interfacial temperature distribution for the case of We=500, Re=500 and 

Pe=6500 at different time steps of 1.5, 3.5, and 5.5. 

According to Figures 6-15(A-C), they basically show that the moving liquid slug is a heat 

sink with a large capacity, because the thermal capacity in the liquid phase is much larger than 
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that in the gas phase, the temperature changes in the liquid core are much less than those in the 

gas phase. The heat transfer in the gas annular portion is mostly fully developed as the isotherms 

are parallel to one another after a very short entrance region. The isotherms then bend to become 

relatively parallel to the liquid slug frontal area that again shows the flow field effects and the 

heat sink nature of the liquid phase. Since this is an unsteady computation, the highest 

temperature of liquid core is located at the right-upper corner because this local region is heated 

by the gas phase of the highest temperature gradient. In Figure 6-15(D), the time-dependent 

temperature distributions of the liquid-gas interface are plotted, which basically demonstrates the 

heating up of the horizontal portion of liquid phase and much less heat transfer in the vertical 

frontal portion. 

The general heat transfer effectiveness from the pipe wall is measured through the 

dimensionless Nusselt number, Nu , as defined below: 

"
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where "
sq&  is the heat flux from the solid pipe wall to the gas flow and mT  is the mean flow 

temperature at each downstream location that includes the contribution from both phases in two-

phase region. The Nusselt number along the pipe wall in the downstream direction have been 

plotted in Figure 6-16 for the case of We=500, Re=500 and Pe=6500 at three instants of t = 1.5, 

3.5and 5.5. As can be seen from Figure 6-16, the Nusselt number value is basically a reflection 

of the respective heat transfer mechanism that is dictated by the flow field. In the region from the 

entrance to around X = 0.5, the Nusselt number takes a sharp drop from a large value to reach a 

value of 8.9 that is the so-called entrance region. After the relatively very short entrance region, 

the heat transfer is fully developed and the fully developed portion is continued until reaching 

the frontal area of the liquid slug. After the liquid front, the Nusselt number goes through a sharp 



 

116 

decrease again as the gas flow adjusts to the single phase condition. The adjustment portion is 

also very short and the Nusselt number quickly approaching the value of 3.66 which corresponds 

to the Nusselt number for a fully developed single-phase flow in a circular pipe with a constant 

wall temperature. It is worth noticing that the enhancement of heat transfer due to a liquid slug is 

quite extensive as that the heat transfer is increased more than 140% (Nu from 3.66 to 8.9). The 

gas jet flow in the two-phase region raises the Nusselt number from 7.3 (pure conduction in the 

annulus) to 8.9.  

The effects of the Reynolds number on the heat transfer in the two-phase region are 

examined in Figure 6-17. Figure 6-17(A) shows the Nusselt number distributions for Re= 250 

(Pe=3250), 500 (Pe=6500) and 1000 (Pe=13000) at time=5.5. First, it shows that the entrance 

length is proportional to the Reynolds number even though the entrance lengths for all three 

cases are relatively short. For the Nusselt numbers in the fully developed region, as expected, it 

shows that the higher the Reynolds number, the higher the Nusselt number as the Peclet number 

is proportional to the Reynolds number. But the differences among the three Nusselt numbers are 

less than 0.03 as seen in the close-up around X = 4.7, therefore the Reynolds number effect is 

really small. Figure 6-17(B) provides the temperature profiles for the liquid-gas interface for the 

three different Reynolds cases. The heating of the liquid slug is relatively faster for the lower 

Reynolds number. This is due to the fact the more heat is convected downstream to the single-

phase region rather than to the liquid slug for higher Reynolds numbers.    

6.4.2 High Surface Tension Case 

For this case, the Weber number selected is 2.63 to represent the condition where the 

surface tension is dominant over the inertia. The Reynolds number and the Peclet number are 

maintained at 500 and 6500, respectively for this case. Under a large surface tension force, liquid 

slug would exhibit a substantial shape change near the upper-right corner as shown in Figure 6-
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18. The result of a dominant surface tension force in a two-phase flow is the roll up of the liquid 

slug front around the top corner. Therefore, the interface near the front of liquid core will deform 

to pull backward.  

Figure 6-19 displays the isothermal temperature contours and the liquid-gas interfacial 

temperature profiles at different times of t = 1.5, 3.5, and 5.5. Basically, the general trends of the 

heat transfer characteristics for the low Weber number case are similar to those in the high 

Weber number case but there are some differences due to the shape change that will be discussed 

below.  

In Figures 6-19(A-C), it shows that the interface near the front of liquid core deforms as 

the liquid plug moving downstream. Because of the substantial deformation at the front of the 

liquid core, the cross-sectional area of gas phase between the liquid phase and solid wall 

decreases, that results in the local acceleration of the gas velocity. The increased gas velocity 

around the deformed liquid frontal area enhances not only the convective heat transfer from the 

pipe wall but also the heating of the liquid phase. In Figure 6-19(D), the higher interface 

temperatures at the deformed portion of the liquid slug reflect the enhanced heat transfer from 

the gas flow. As the liquid phase deforms more when moving further downstream, the affected 

interface temperatures also rise higher.  

The Nusselt number distribution along the pipe wall is given in Figure 6-20. Again, the 

general trends are similar to those for the high Weber number case except that there is a local 

peak corresponding to the enhanced heat transfer due to the deformation of the liquid slug front 

corner as explained above. The local heat transfer increases range from 10% at time=1.5 to 20% 

at time=3.5 and then to 30% at time=5.5. The general heat transfer enhancement over the pure 
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conduction case in the annular region and the smooth transition from the two-phase region to the 

fully developed single-phase region are all similar to those in the high Weber number case.  

To facilitate a close comparison between the high and low Weber number cases, Figure 6-

21 is provided for this purpose. Figure 6-21(A) is a comparison of the interfacial temperatures 

for the low and high surface tension cases at the same time instant. Starting from the inlet and 

continuing until the deformation begins, the two curves are almost overlapped with each other 

because both the gas flow and the geometry are very similar. Near the deformed liquid area, 

there is about 50% temperature difference. At the relatively vertical front of liquid core, the 

temperature differences between the two cases become very small because the heat transfer is no 

longer affected by the shape deformation. In Figure 6-21(B), it is the comparison of the Nusselt 

number distributions. The only difference between the two cases is again due the deformation 

which causes a maximum 25% increase in the local Nusselt number at the peak location.  

6.5 Summary 

In this chapter, the liquid-gas two-phase flows in a pipe without phase change are 

computed and it includes the isothermal and pure heat transfer cases.  

For the isothermal case, it shows that velocity fields and pressure distributions were 

correctly computed for both two-phase and single-phase zones and a smooth transition between 

the two was also obtained. In the two-phase zone, the liquid velocity profile is basically 

unidirectional and uniform while a jet profile was found in the gas phase. Almost immediately 

downstream of the liquid core front, the single-phase gas flow establishes the fully developed 

parabolic profile. The pressure is virtually independent of the radial direction and the pressure 

distribution in the axial direction is composed of two straight lines of different slopes for the 

two-phase and single-phase zones, respectively. The dimensionless pressure gradient in the two-

phase zone is inversely proportional to the Reynolds number. The ratio of the averaged local 
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friction coefficient in the two-phase zone to the fully developed single-phase gas flow friction 

coefficient increases with increasing Reynolds number almost linearly, whereas this ratio 

decreases exponentially in the low Weber number regime and then relatively flattens out with a 

very small gradient for intermediate and large Weber numbers. The liquid core shape 

deformation is relatively insensitive to the Reynolds number, however the deformation is large 

for small Weber numbers and is negligible for intermediate and large Weber numbers.  

For the case with heat transfer, irrelevant to the Weber number, in general the moving 

liquid slug in the central core which induces a jet gas flow in the annulus between the pipe wall 

and the liquid slug serves as the main heat sink of a large capacity. The combination of the gas 

jet flow and the large sink capacity in the two-phase flow region results in a heat transfer 

increase of more than 140% over that in a fully developed single-phase flow. Immediately 

downstream of the liquid slug, the gas flow adjusts quickly to establish as a fully developed 

single-phase flow and the local Nusselt number along the pipe wall reflects that process. The 

effect of different Reynolds numbers on the heat transfer in the two-phase region is negligibly 

small. For the low Weber number case where the surface tension substantially over-weighs the 

inertia force, the resultant shape change in the form of roll-up and bending backwards around the 

upper corner of the liquid slug reduces the local gas flow area in the annulus. This flow area 

reduction creates a increase in the gas velocity that in turn causes a local heat transfer 

enhancement ranging from 10% to 30% depending on the length of time the liquid slug spends in 

the pipe. 
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Figure 6-1.  Streamline of the isothermal case at time=6.0 with Re= 2000 and We=500. 
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Figure 6-2.  The pressure contours/distributions at time=6.0 with Re=2000 and We=500. A) 

entire pressure contour, B) near the entrance, C) downstream part, D) distribution at 
center and wall, E) at different locations along axial direction near the front of liquid 
core, F) at different locations along radial direction near the front of liquid core, G) 
curvature along interface. 
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Figure 6-2.  Continued. 
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Figure 6-3.  The pressure distributions along the centerline based on different Reynolds numbers 

at time=6.0. 
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Figure 6-4.  The U velocity profile at time=6.0 with Re=2000 and We=500. A) at different 

locations, B) comparison of velocity at the outlet. 

 

 
 
Figure 6-5.  Shapes of liquid cores with different Reynolds numbers at time=6.0. 
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Figure 6-6.  The pressure contours at time=6.0 with Re=500 and We= 2.63. A) two-phase zone, 

B) single-phase zone, C) entire domain. 
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Figure 6-7.  Pressure distribution and the curvature of interface at time=6.0 with Re=500 and 

We=2.63. A) pressure distribution, B) curvature distribution. 
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Figure 6-8.  Streamline plot at time=6.0 with Re=500 and We=2.63. 
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Figure 6-9.  U velocity profile at time=6.0 with Re=500 and We=2.63. A) at different locations, 

B) comparison of velocity at the outlet. 

 
 
Figure 6-10.  Shapes of the interface by different Weber numbers at time=6.0. 
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Figure 6-11.  The development of interface with Re=500 and We=2.63 at different time steps.  
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Figure 6-12.  The ratio of averaged local friction coefficient in the two-phase zone to the fully 

developed single-phase gas flow friction coefficient. A) as a function of the Reynolds 
number, B) as a function of the Weber number.  

 

 
 
Figure 6-13.  The computed interfaces by three different grid resolutions. 
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Figure 6-14.  The pressure contours, pressure and curvature distribution, streamline plot and the 

contour of U component contour of the case with Re=500, Pe=6500 and We=500 at 
time=5.5. A) pressure contour, B) enlarged pressure contour near X=3, C) curvature 
distribution, D) streamline plot, E) U velocity component along radical direction. 
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Figure 6-15.  The temperature contours of two-phase plug flow and the interfacial temperature at 

different time steps with Re=500, Pe=6500 and We=500. A) time=1.5, B) time=3.5, 
C) time=5.5, D) interfacial temperature. 

 

 
 
Figure 6-16.  The Nusselt number at the solid wall at different time steps with Re=500, Pe=6500 

and We=500. 
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Figure 6-17.  The comparison of interfacial temperature and Nusselt number at wall for different 

Reynolds number with Pe=6500 and We=500 at time=5.5. A) Nusselt number at wall, 
B) interfacial temperature. 

 

 
 
Figure 6-18.  The shapes of the liquid slug at three different time steps for the case of Re=500, 

Pe=6500 and We=2.63. 
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Figure 6-19.  The temperature contour of two phase plug flow and the interfacial temperature 

with Re=500, Pe=6500 and We=2.63at different time steps. A) time=1.5, B) 
time=3.5, C) time=5.5 and D) interfacial temperature. 

 
 
Figure 6-20.  The Nusselt number at the solid wall Re=500, Pe=6500 and We=2.63 at different 

time steps. 
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Figure 6-21.  Comparison of the interfacial temperature and the Nusselt number with different 
Weber numbers. A) interfacial temperature, B) Nusselt number. 
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CHAPTER 7 
LIQUID-GAS TWO-PHASE FLOWS IN A PIPE WITH PHASE CHANGE  

7.1 Introduction 

In this chapter, the text will focus on phase change computation. Based on 

thermodynamics, the temperature at the vaporizing liquid-gas interface is assumed as the 

saturation temperature corresponding to the system pressure and the pipe wall temperature is set 

to be higher than the saturation temperature. Therefore, as the liquid phase is also at the 

saturation temperature without any subcooling, the heat flux reaches the liquid–gas interface will 

be fully consumed to supply the latent heat because the temperature of liquid can not increase. 

As the phase change occurs, the gas mass flow rate downstream will increase due to the 

vaporization from the liquid surface that adds mass flows to the gas phase. Also, because of the 

large temperature difference assumed between the liquid phase and solid wall, the thermal 

radiation is considered. In the current approach, two kinds of heat transfer boundary conditions 

of the solid wall are considered. In the first case, the wall temperature is assumed to be constant, 

so that the heat flux comes from wall is relatively high and constant. This can represent the case 

with a very large wall heat capacity. In the more realistic situation, the wall temperature may not 

remain constant and it would be chilled down by the colder fluid in the pipe. In the second case, 

a finite wall heat capacity is assumed. It will focus on the impact of the pipe wall chilldown 

process on the two-phase flow and heat transfer. One refrigerant R-508B and two cryogenic 

fluids of liquid nitrogen and hydrogen are chosen as coolants. The diameter of the proposed pipe 

is 4 mm and inlet velocity is 10cm/s for both phases and the selected material for the wall is a 

Titanium alloy with ρ =4450 3/kg m , Cp =4200 /( )J kgK , and k = 4.8 /( )W mK   
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7.2 R-508B Refrigerant with Constant Wall Temperature 

In this section, the selected fluids are the liquid and gas refrigerant R-508B at 208K and 

248K, under 3 ATM. Its chemical formula is 3 3 3/ , 46 / 54%CHF CF CF  and its molecular weight 

is 95.39. Under this condition, the temperature at liquid phase is the saturation temperature for 3 

ATM and will not change during the computation and the phase change should take place at the 

liquid-gas interface.  

The main purpose of selecting this particular working fluid is to add a non-cryogenic case 

but its application is quite extensive.  

The ratios of fluid properties for the two phases are: 
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The two fixed dimensionless parameters are: 

Pr 3.26=  , 0.034Ja =   

The time step in this computation is set as 0.001. In the phase change computation, there 

are four dimensionless parameters in the governing equations and interfacial conditions, and they 

are Reynolds ( Re ), Peclet ( Pe ), Weber (We ) and Jakob ( Ja ) numbers. Once the 

thermodynamic properties of working fluid and the temperature difference are decided, the only 

free dimensionless parameters are Reynolds and Weber numbers. In order to demonstrate the 

ability of the SIMCC code to handle the large deformation and change of volume due to the 

strong surface tension and phase change effects, the Reynolds and Jakob numbers are selected as 

10.0 and 2.63, respectively. Figure 7-1 shows the contours of the U–velocity component at time 

=1.0, 2.5 and 4.0. 

In Figure 7-1, the U-component contours show that there are two locations with higher U 

velocities in each contour plot. The first location is in the gas phase near the upper-right corner 
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of liquid core. Because of the vaporization at the upper surface of liquid core, the liquid will be 

vaporized as gas and enters the gas phase. It can be expected that the mass flow rate of gas will 

be increased before entering the single-phase region so that the velocity of gas is sped up till this 

location and results in the maximum velocity. 

Figure 7-2 is the history of local maximum U-velocity of the gas phase near the upper-right 

corner of liquid core. It shows that the local maximum velocity increases as time increases but 

this trend is not linear. If there were no shape change for the liquid slug, then the maximum U-

velocity history curve would be linear as the evaporating surface area would increase linearly 

with time and the rate of mass evaporation is proportional to the surface area. Also the distance 

between the pipe wall and the liquid core would stay unchanged. In the current case, the interface 

shape does change substantially due to a strong surface tension effect and phase change process. 

In Figure 7-3, it shows the interface shapes at different times. At t = 4.0, the maximum distance 

between the pipe wall and the liquid core is 0.24. The initial (time=0) maximum distance is 0.12.  

This explains why the curve in Figure 7-2 is not linear and the slope must decrease since the 

cross section of area of gas phase increases. 

Another location with a higher velocity is at the center of the pipe. Near the wall, because 

of the non-slip condition and the continuity requirement, the gas is pushed to the centerline and 

also because of the mass flow from the two-phase upstream, the velocity at the centerline will be 

higher than other locations. Figure 7-4 is the streamline plot of the gas phase at time=4.0. By the 

distribution of streamlines, it does show that the streamlines are pushed to the center of the pipe 

and this means the gas is pushed to the center of the pipe. 

Figure 7-5 shows the V-velocity component contour at different time steps. Downstream to 

the front of the liquid core, the flow of gas is pushed to the center so that the maximum negative 
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V-velocity is located near this region. This highest negative V-velocity component increases as 

time increases due to more vaporization from the liquid core. Near the centerline, the V-velocity 

component will be close to 0 and that means the gas flow turns its direction because of the 

symmetric condition. This conclusion can also be seen in Figure 7-5. In Figure 7-5, the phase 

change at the interface is much stronger at the beginning due to the initial condition. As time 

increases, it shows that the vaporization becomes weaker.  

Figure 7-6 is the temperature contours at different time steps. To compare the gas 

temperatures near the front of the liquid core, it shows that the temperature gradient is much 

higher at time=1.0 due to the initial condition. At time=4.0, the gradient is much weaker because 

of the convective effect and also, the distance between the liquid core and the wall increases. It 

can be expected that phase change is very strong at beginning and becomes weaker as time 

increases. 

Figure 7-7 is the Nusselt number evaluated at the solid-gas interface at different time steps. 

It shows that in general the Nusselt number decreases as time increases. By Figure 7-6, it is very 

clear that the thermal gradient decreases along the downstream direction so that the Nusselt 

number decreases with increased downstream location. In the single phase region, all three 

curves converge to the fully developed single-phase flow case very fast and the corresponding 

Nusselt number is 3.66.  

Figure 7-8 shows the total mass flow rate of gas phase at the pipe exit. Basically, the trend 

is very close to that in Figure 7-2. The mass transfer rate increases as time increases but the slope 

of curve becomes smaller as time increases. 

7.3 Constant Wall Temperature Case with Liquid Nitrogen 

In this section, the working fluid is nitrogen with liquid and gas phases at 77K and 300K, 

respectively under 1ATM. Under these conditions, the temperature at liquid phase is the 
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saturation temperature and will not change during the computation and vaporization take place at 

the liquid-gas interface.  

The ratios of fluid properties of two phases are: 
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The corresponding ratio of the Prandtl number for both phases should be: 

Pr 3.21
Pr

l

v

=  

The time step in this computation is set as 0.001. 

Three sets of dimensionless parameters are considered based on the fluid properties and 

geometry. They are listed in Table 7-1. 

7.3.1 Flow Field with the Constant Wall Temperature Case 

Since the heat transfer and phase-change process is closely related to the two-phase flow 

structure, a typical flow field shown in Figure 7-9 will be examined first that provides the 

velocity vector and streamline plots for Case 2 at time=1.5. Once the phase change is involved, 

the liquid will be vaporized and infuse into the gas stream so that the gas flow field is constantly 

changing with the mass flow rate and velocity increasing with increased downstream positions 

and the flow patterns are changed accordingly. For the liquid phase, it is a very simple 

unidirectional slug flow, while the gas phase is basically a continuously changing and 

accelerating annular jet flow due to the vaporization from the liquid surface. As seen in the 

streamline plot, the lines that originate from the liquid-gas interface represent the vaporization 

mass fluxes. The streamline density gets very high near the front of the liquid slug, that results in 

the maximum velocity in the two-phase region. 
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After the maximum jet velocity, the gas flow diffuses into a pure single-phase region and 

the gas flow becomes fully developed relatively quickly.  

Figure 7-10 shows the U-component velocity contours for all three cases at time=1.5. To 

compare the three cases, the flow patterns are very similar to one another and the maximum 

velocities of three cases are all located near the upper-right of the liquid core which is the 

intersection between the two-phase region and the single-phase region. These flow structures are 

consistent with the velocity vector plot given in Figure 7-9. Due to the conservation of mass, the 

mass flow rate of the gas phase at each downstream cross section of the pipe should be the same 

in the single-phase region (about X >2.0) as there is no more source of mass transfer. Therefore, 

the velocity decreases as the area of the cross section of the pipe increases in the single-phase 

region. 

Figure 7-11 is the V-component velocity contours for all three cases at time=1.5. Again, 

they are all similar to one another also. By Figure 7-11, the highest vertical velocities are located 

on the horizontal portion of the liquid-gas interface where the vaporization rate is the highest 

accordingly. Immediately downstream of the front of the liquid core, it shows that the V-

component velocities are negative and possess the maximum values because the gas must rushes 

downward to fill the entire pipe. Far away from the front of the liquid core, the V- component 

decreases very fast and approaches zero as the single-phase becomes fully developed. 

Figure 7-12 gives the value of the maximum gas velocity for each of the three cases and a 

relatively linear relationship is found for the maximum gas velocity with the Reynolds number.  

Based on Table 7-1, the case with a lower Reynolds number is also with a lower Peclet 

number. By the conservation of energy, the vaporization mass flux, at liquid-gas interface is 

proportional to /Ja Pe  as given below: 
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Therefore, the case with a lower Peclet number will experience a higher evaporation rate 

that contributes to a higher maximum velocity. But it should also be noted that the gas 

temperature gradient term in the above equation would be slightly higher at a higher Reynolds 

number due to forced convective heat transfer in the annulus, however this effect is less 

significant than that due to the Peclet number. 

Figure 7-13 is the temperature profile contour of the three cases at time=1.5 For all three 

cases, they all belong to the category of a high Peclet condition, so the contours are very similar 

to one another. Under a high Peclet number, the convection is dominant as can be seen in those 

temperature profiles that the heat transfer in the two-phase region corresponds to parallel 

isotherms due to a fully developed annular flow. In the single-phase region, the temperature 

profiles quickly establish the form of a fully developed pipe flow heat transfer.  

Figure 7-14 plots the liquid-gas interface shapes for the three cases at time=1.5. As the 

interface shape deformation is strongly dependent on the Weber number and the three cases 

almost have relatively the same Weber numbers, so it can be expected only slight differences 

among them. This is indeed the case as shown in Figure 7-14. Near the entrance of the pipe, the 

three interfaces almost overlap. Near the front of the liquid core, intrinsically the deformation of 

the interfaces is more substantial for each case due to the magnitude of surface tension effect 

(different We  numbers). Higher Weber numbers imply a lower surface tension effect and 

therefore, the case with the smallest Weber number (Case 3) deforms more than the other two 

cases. 
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Using the liquid slug shape as a basis for the evaluation of the grid size requirement, a grid 

refinement test is done to ensure the results obtained will not be influenced by the grid resolution. 

There are three gird sizes selected and they are 0.005, 0.01 and 0.05. The parameters for Case 3 

are employed for the evaluation study. Figure 7-15 shows the interfaces for the three grid sizes at 

t =1.5. It is seen that there is not much difference among the three grid lengths and the selected 

grid length of 0.01 is adequate for the current numerical computations. 

7.3.2 The Mass Transfer at Interface with Constant Wall Temperature 

In this section, it focuses on the evaporative mass transfer process at the liquid-gas 

interface. As shown in the previous section, the mass transfer rate is represented by the 

difference between the velocities at the interface and accordingly the evaporation rate is 

dominated by the gas phase temperature gradient, the Jakob and the Peclet numbers. Previously, 

Figures 7-13 shows that temperature distributions are similar in the two-phase region for all three 

cases. In Figure 7-14, there is only a small difference near the front of the liquid core where the 

distance between the solid wall and the liquid surface is the shortest for Case 3 that results in a 

highest gas phase temperature gradient locally. Figure 7-16 (A) is the computed temperature 

gradients of three cases along the interface marker points at time=1.5. Figure 7-16 (B) provides 

the locations of markers.  

In Figure 7-16(A), all three curves are similar except near the front of the liquid core, 

where the temperature gradient for Case 3 is larger than others because the distance between the 

liquid surface and the solid wall is the smallest for this case. At the entrance, because of the inlet 

boundary conditions, the temperature gradient is zero. At the front of the liquid core, because the 

distance between liquid slug surface and the solid wall becomes longer, the temperature gradient 

becomes smaller in all the three cases. 



 

139 

Because the gradients of temperature of these three cases are similar along most part of the 

interface, the ratio of mass transfer rate at the interface for these three cases can be estimated by 

Equation 7-1. By Table 7-1, all three cases have the same Jakob number so that the mass transfer 

rate is inversely proportional to the Peclet number: 

1m
Pe

′′ ∝&   (7-2) 

Since the Prandtl number is the same for all three cases, the evaporation rate should also be 

inversely proportional to the Reynolds number. Figure 7-17 is the total mass flow rates measured 

at the outlet of pipe for the three cases at time=1.5 and as expected the mass flow rate at the exit 

is inversely proportional to the Reynolds number. 

7.3.3 The Transient Phase Change Process with Constant Wall Temperature 

In this section, the focus is on the time-dependent characteristics of the phase-change 

process and Case 2 is used for the evaluation. Figure 7-18 is the temperature gradient history at 

the liquid-gas interface along the marker points for Case 2. 

In Figure 7-18, it shows that the temperature gradients near the entrance do not change as 

time increases because it is controlled by the inlet boundary conditions. The peaks of 

temperature gradients are decreasing because the gas is chilled down by the liquid phase. The 

temperature gradients all drop drastically at the front of liquid core because that the distance 

between the solid wall and liquid surface becomes very large there. At the beginning, there is 

only one peak in the temperature gradient curve. Because of the deformation of the liquid-gas 

interface due to the surface tension as shown in Figure 7-14, small oscillations develop near the 

frontal area of the liquid core. 

Figure 7-19 plots the history of mass flow rate at the exit for Case 2. It shows that the mass 

flow rate increases as time increases due to continuous evaporation from the liquid slug. The 
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curve is relatively linear; therefore the rate of evaporation is increasing almost linearly during 

that period. 

Figure 7-20 gives the Nusselt number distributions for the three cases along the surface of 

solid wall at time=1.5. From Figure 7-13, it shows that the temperature contours of the three 

cases are very similar and therefore, the Nusselt numbers are also very close. They will be 

affected by the distance between the wall and the liquid surface. As discussed previously, the 

distance for Case 3 is shorter than others so that the Nusselt number for Case 3 will be larger 

than others. In Figure 7-20, it does show this trend. After the initial drop, the Nusselt number 

increases in the axial direction due to the increase of velocity from vaporization. Also, 

downstream of the front of liquid core (X>2.0), the gas phase will adjust quickly to become a 

fully developed single phase flow and the Nusselt number in this region reflects that process. Far 

away from the inlet, the effects of the liquid slug is diminished and the Nusselt number is 

asymptotically approaching the fully developed single phase heat transfer value. For the purpose 

of evaluating the heat transfer enhancement due to evaporation, the Nusselt number is plotted by 

a long-dash line for an identical case except that there is only convection with no phase-change. 

The enhancement due to phase change is on the average 60%. 

7.3.4 The Comparison of Nusselt Number with Phase Change Process and Constant Wall 
Temperature 

In this section, the Nusselt number in liquid nitrogen with phase change and constant wall 

temperature is compared. In Hammouda et al.'s paper(1997), they gave the correlation for 

inverted annular flow as following: 

0.0439 0.6455.071/ Pr 0.0028Pr Rev v vNu = +  (7-3) 
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where Prv  and Rev are the Prandtl and Reynolds numbers for gas phase. In their research, the 

physical model is similar with the current research but there is still some difference in numerical 

procedures. 

In current research, it is a direct numerical simulation, to solve the governing equations, 

boundary conditions and interfacial conditions directly without any empiricism. In Hammouda et 

al.'s research, they used two-fluid model. Their model is a semi-analytic model and using 

empirical correlations for transport coefficients. Also, their model is one dimensional in 

streamwise direction and assumes the computation is steady state, fully developed condition 

without the entrance effect so that they can not provide dynamic information. Figure 7-21 is the 

comparison of Nusselt number by the current method and Hammouda et al.'s correlation. In 

Figure 7-21, the upper long dash line is computed by Hammouda et al.'s correlation and the short 

dash line is by current SIMCC code. Near the inlet, because of the entrance effect, the thermal 

boundary layer will be thicker so that the Nusselt number obtained by SIMCC is smaller. In 

Hammouda et al.’s research, their model can only work in fully developed region so there is no 

entrance effect in their research and the Nusselt number computed by their correlation should 

higher than current method. The thermal boundary thickness should become thinner as X 

increases because of the stronger convection effect due to vaporization in two-phase zone. After 

the front of liquid core, the flow pattern is single-phase flow and the Nusselt number will 

decrease very fast and converge to the Nusselt number in single-phase zone. The correlation 

from Hammouda et al. can work in two-phase zone but the single-phase zone. By this 

comparison, it helps to validate the current computation for Nusselt number. At least, the 

computation of Nusselt number in this research is in a reasonable order.   
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7.4 Wall Chilldown Process by Liquid Nitrogen  

In this section, the selected fluid is also the liquid and vapor nitrogen at 77k and 300K 

under 1 ATM. The time step in this computation is set as 0.001. 

The dimensionless parameters of Case 2 in the previous section are adopted in this section 

for the chilldown study. For the chilldown case, the wall is no longer kept at a constant 

temperature, whereas it is given a finite thickness and its temperature is decreasing as a result of 

heat loss to the cooling fluid. Therefore, computational grid system will include the wall. There 

will be three different thicknesses of the solid wall in this section and they are  wo wiR R RΔ = − = 

0.02R (Case 1), 0.04R (Case 2), 0.08R (Case 3).  

7.4.1 Flow Patterns during Chilldown Process 

Figure 7-22 includes the contours of two velocity components U and V and the 

temperature contour of Case 1 at time=1.5.  

When comparing with the Case 2 of the constant wall temperature condition in the 

previous section, the flow pattern is very similar with only small differences in the magnitude. 

Table 7-2 provides the maximum velocity in the two-phase region for the three wall chilldown 

cases at time=1.5. The constant wall temperature case is also listed for comparison. Case 1 has 

the lowest maximum velocity because its thermal capacity is smaller than the other two which 

results in less amount of vaporization.  

Figure 7-23 is the wall temperature contours of three cases at time=1.5. The results show 

that as expected, the thinner wall is chilled down faster than the thicker one.  

7.4.2 The Wall and Liquid-Gas Interface Conditions during Chilldown Process 

This section focuses on the impact from the chilldown process on the mass transfer at the 

interface. The generated mass flow rate at the interface is determined by the temperature gradient 

and the dimensionless parameters, Jakob and Peclet numbers. 
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Figure 7-24 is the wall temperature distribution at the solid-gas interface for the three cases 

at time=1.5. It shows that the wall for Case 3 is chilled down faster than others because the 

thickness of the wall of Case 3 is much thinner than others. Since this is an unsteady computation 

so that the lower temperature should be located at the entrance. Far away from the entrance, the 

temperature will converge to the initial temperature of 1.0  

By the temperature contour given in Figure 7-23 and the temperature distributions at the 

solid-gas interface provided in Figure 7-24, it can be expected that the temperature gradients may 

be smaller near the entrance. Figure 7-25 shows the gas-side temperature gradients of the three 

cases along the liquid-gas interface at time=1.5. 

In Figure 7-25, the temperature gradient at liquid-gas interface of Case 1 is smaller than 

others. The temperature gradient of Case 3 is larger than others and it is very close to the 

reference case of the constant temperature wall condition, since the thicker the wall is, the more 

the energy is stored. Accordingly, the solid-gas interface temperature would decrease more 

slowly; therefore, the temperature gradient at the liquid slug surface will be larger. 

In this section, the dimensionless parameters for all cases are the same so that the mass 

flow rate at outlet should be determined by the heat flux at the interface. Table 7-3 shows the 

mass flow rates for the three and reference cases at time=1.5 at the outlet of pipe and the results 

agree with the temperature gradient plotted in Figure 7-25 where Case 3 has the largest 

temperature gradient and correspondingly the most evaporation rate which gives rise to the 

highest mass flow rate at the exit. By Table 7-3, it also shows that the mass flow rate at the exit 

approaches to that of the case with constant wall temperature as the thickness of the wall 

increases.  
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7.4.3 The Time-Dependent Development during Chilldown Process 

In this section, the time-dependent system behavior during the chilldown process is 

presented. Figure 7-26 displays the temperature profiles along the inside surface at three different 

time steps for Case 1. The cooling of the wall is enhanced by the evaporation from the cold 

liquid slug and the effect due to the motion of the liquid slug is also shown by the wall surface 

temperature history. 

Figure 7-27 is the temperature gradients of Case 1 along the solid-gas interface at different 

time steps. To compare with the constant wall temperature case in previous section, it shows that 

the temperature gradient decays faster for the chilldown case. 

Since the heat flux at the liquid-gas interface is different for the various chilldown cases, it 

is clear that the mass flow rates will not be the same at the exit. Figure 7-28 is the history of mass 

flow rates for the three chilldown cases and the constant wall temperature case. 

At the beginning, the mass flow rates of all cases are very similar because the wall 

temperature/heat flux at this moment is governed by the same initial condition and the chilldown 

process at the wall has just started. Once the time increases, the wall is chilled down 

continuously so that the difference in mass flow rates will increase. For the cases with a thicker 

wall, the temperature of the wall decreases slower so that the mass flow rate of the case with a 

thicker wall is close to the case with a constant wall temperature. 

7.5 Wall Chilldown Process by Liquid Hydrogen 

In this section, the liquid hydrogen is investigated as it has been used extensively in space 

applications. The selected fluids are liquid and gas hydrogen at 20.27K and 200K under 1 ATM. 

The ratios of fluid properties the hydrogen are:  
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For comparison purposes, the liquid and gas nitrogen case is used as a reference to measure 

the differences in phase-change heat transfer when hydrogen is used. The nitrogen properties are 

taken for 77.36K and 300K under 1 ATM for liquid and gas phases, respectively. The ratios of 

fluid properties for the nitrogen are:  
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The initial conditions, initial location of interface and boundary conditions are the same as 

those in the pervious chilldown case section. By the same geometry and boundary conditions, the 

four dimensionless parameters for hydrogen and nitrogen are: 

Hydrogen: Re 2145= ; Pr 1.08= ; 4.27Ja = ; 1.71We =  

Nitrogen  : Re 2043= ; Pr 2.32= ; 0.42Ja = ; 3.69We =  

By these two sets of dimensionless parameters, they show that the Reynolds, Weber and 

Prandtl numbers are close between hydrogen and nitrogen but the Jakob numbers are quite 

different. The ratio of Jakob numbers for both fluids is about ten times. The thickness of the wall 

in this section is wo wiR R RΔ = − = 0.02R. 

In the following, the results of hydrogen will be given side by side with corresponding 

ones from nitrogen for a direct comparison between these two cases. 

Figure 7-29 provides a direct comparison for the U-velocity contours of hydrogen and 

nitrogen at time=0.4. In general, the two cases have very similar U-velocity profiles. The 

maximum U-velocities for the two cases are also located almost at the same location near the exit 

of the annular channel. But, the magnitudes are totally different and the maximum U-velocity for 

hydrogen is about four times of that for nitrogen that is exclusively due to the much higher 

evaporation rate of hydrogen resulting from a much larger Jakob number as explained next. 

From previous discussion, the mass transfer rate can be estimated by 



 

146 

'' ( )v
Jam T
Pe

∝ ∇
ur

&   (7-4) 

The ratio ( / )Ja Pe  of hydrogen to nitrogen is 20.8 that is the main cause for the maximum 

U-velocity difference.  

Figure 7-30 is the V-velocity contours of two cases at time=0.4 and they show the same 

trend as that of the U-velocity contours. The contours are similar but the magnitudes are quite 

different. First, the vaporization rate on the liquid slug surface is much uniform for the hydrogen 

case. The relatively non-uniform evaporation rate from the nitrogen liquid slug surface is due to 

the shape deformation whereas the hydrogen surface is very flat. Second, based on Figures 7-29 

and 7-30, they show that the convection effect for the hydrogen case is much stronger so that the 

location of second highest V-velocity is much close to the liquid-gas interface for nitrogen case. 

Figure 7-31 is the temperature contour comparison for the two cases at time=0.4. It shows 

large differences between the two cases. Since the convective effect in hydrogen is much 

stronger due to higher evaporation rates than that in the nitrogen case. It can be expected that the 

temperature profile in the hydrogen case should reflect that. Due to the strong convection, the 

temperatures at downstream in the hydrogen case is cooler than those in the nitrogen case.  

Figure 7-32 shows the temperature distributions at the solid-gas interface for both cases 

during chilldown process. Due to the stronger convection effects, the solid wall for the hydrogen 

case is cooled down much faster than that in the nitrogen case, especially near the entrance 

region. In the downstream region, the temperature of both cases will be close to the initial wall 

temperature since there is only very few heat transfer in that region. 

Figure 7-33 compares the Nusselt number distributions on the inner surface of pipe wall 

for the two cases. Both cases show very similar entrance region behaviors near the inlet. 

Similarly, because of the stronger convection effects, the thermal boundary in the hydrogen case 
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will be thinner than that in the nitrogen case as shown in Figure 7-31 and this means that the 

Nusselt number in the hydrogen case should be larger. On the average, the heat transfer 

coefficient on the pipe wall is 25% higher in the hydrogen case. 

7.6 Summary 

In summary, three working fluids with two different wall conditions were investigated in 

this chapter. Because of the evaporation phase change that takes place on the liquid slug surface, 

mass fluxes are generated from the liquid-gas interface that acts as a source of mass input to the 

gas stream. In fluid dynamics, this generated gas does change the flow structure substantially. 

Because of the generated gas, the total mass flow rate of the gas phase can not be a constant at 

any downstream location in the two-phase region. Also, there is always a very strong jet effect 

near the intersection between the single- and two- phase zones, where the maximum gas stream 

velocity is located. Therefore, the flow patterns with phase change are different from those 

without phase change. 

Because of the evaporation that causes a large increase in the gas stream velocity in the 

two-phase region, a much stronger convective effect is therefore induced. This enhanced 

convection results in a substantial increase in the heat transfer efficiency of entire system. This 

enhanced convection effect can also be seen in the chilldown process where the wall temperature 

decreases faster in the case with a stronger convective effect. 

The wall chilldown case is a highly transient process as the heat transfer that supplies the 

latent heat for evaporation decreases with time due to decreasing heat transfer driving force, the 

temperature gradient between the pipe wall and the liquid slug.  

In the last case, a close comparison was made between liquid hydrogen and liquid nitrogen 

as cryogenic working fluids. In general, under similar conditions, liquid hydrogen offers a much 
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higher evaporation rate that induces more intensive convection effects. The Nusselt number is 

approximately 25% higher for the liquid hydrogen case. 
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Table 7-1.  Dimensionless parameters for the nitrogen case with constant wall temperature. 
Dimensionless Parameters Re Pe Ja We 
Case 1 2000 4640 0.42 3.69 
Case 2 1500 3480 0.42 2.76 
Case 3 1000 2320 0.42 1.84 

 
Table 7-2.  The maximum velocity for the nitrogen case with wall chilldown and the reference 

cases at time=1.5. 
 Constant Temperature Wall Chilldown Cases 
  Case 1 Case 2 Case 3 
Max Velocity 13.62 12.90 13.31 13.41 

 
Table 7-3.  The mass flow rate for the nitrogen case with wall chilldown and the reference cases 

at time=1.5. 
 Constant Temperature Wall Chilldown Cases 
  Case 1 Case 2 Case 3 
Max Flow Rate 0.594 0.571 0.585 0.591 
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Figure 7-1.  The U contours for the refrigerant R-508B case at different time steps. A) time=1.0, 

B) time=2.5, C) time=4.0. 
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Figure 7-2.  The local maximum U in the gas phase for the refrigerant R-508B case at different 

time steps. 

 

 
 
Figure 7-3.  The interfaces for the refrigerant R-508B case at different time steps.  
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Figure 7-4.  The streamlines in the gas phase for the refrigerant R-508B case at time=4.0 
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 C 
 
Figure 7-5.  The V contours for refrigerant R-508B case at different time steps. A) time=1.0, B) 

time=2.5, C) time=4.0. 
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Figure 7-6.  The temperature contours for refrigerant R-508B case at different time steps. A) 

time=1.0, B) time=2.5, C) time=4.0. 

 
 
Figure 7-7.  The Nusselt numbers along solid wall for the refrigerant R-508B case at different 

time steps. 
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Figure 7-8.  The total mass flow rate of gas phase for the refrigerant R-508B case at different 

time steps. 

 

 A .B 
 
Figure 7-9.  The vector and the streamline plots for Case 2 in the nitrogen case with constant 

wall temperature at time=1.5. A) vector plot and B) streamline plot. 
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Figure 7-10.  The U contours for the nitrogen case with constant wall temperature at time=1.5. 

A) Case 1, B) Case 2, C) Case 3. 



 

155 

 

 A  B 

 C 
 
Figure 7-11.  The V contours for nitrogen case with constant wall temperature at time=1.5. A) 

Case 1, B) Case 2, C) Case 3. 

 
 
Figure 7-12.  Maximum velocity for the nitrogen case with constant wall temperature of three 

cases. 
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Figure 7-13.  The temperature contours for nitrogen case with constant wall temperature at 

time=1.5. A) Case 1, B) Case 2, C) Case 3. 

 A  B 
 
Figure 7-14.  The interfaces of three cases for the nitrogen case with constant wall temperature at 

time=1.5. A) entire, B) local. 

 



 

157 

 
 
Figure 7-15.  The interfaces of three different grid lengths. 

 

 A  B 
 
Figure 7-16.  The temperature gradient of three cases along the interface at time=1.5 and the 

locations of markers for the nitrogen case with constant wall temperature. 

 
 
Figure 7-17.  The mass flow rate for the nitrogen case with constant wall temperature at time=1.5. 
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Figure 7-18.  The history of temperature gradient along the interface of Case 2 in the nitrogen 

case with constant wall temperature. 

 

 
 
Figure 7-19.  The history of mass flow rate of Case 2 for nitrogen case with constant wall 

temperature. 
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Figure 7-20.  The Nusselt number at wall for the nitrogen case with constant wall temperature at 

time=1.5. 

 
 
Figure 7-21.  The comparison of Nusselt number by the current method and Hammouda et al.'s 

correlation. 
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Figure 7-22.  The U, V and temperature contours of Case 1 in the nitrogen case with wall 

chilldown at time=1.5. A) U contour, B) V contour, C) temperature contour. 
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Figure 7-23.  The wall temperature contours for the nitrogen case with wall chilldown at 

time=1.5. A) Case 1, B) Case 2, C) Case 3. 
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Figure 7-24.  The temperature at solid-gas interface for the nitrogen case with wall chilldown at 

time=1.5 

 
 
Figure 7-25.  The temperature gradients along the interface of reference for the nitrogen case 

with wall chilldown at time=1.5 

 
 
Figure 7-26.  The temperature history of Case 1 in the nitrogen case with wall chilldown at 

time=1.5. 
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Figure 7-27.  Temperature gradients along the interface of Case 1 in the nitrogen case with wall 

chilldown at time=1.5 

 
 
Figure 7-28.  The mass flow rates for the nitrogen case with wall chilldown and reference case. 

 A  B 
 
Figure 7-29.  U contours of two cases at time=0.4. A) hydrogen, B) nitrogen. 
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Figure 7-30.  V contours of two cases at time=0.4. A) hydrogen, B) nitrogen. 

 

 A  B 
 
Figure 7-31.  Temperature contours of two cases at time=0.4. A) hydrogen, B) nitrogen. 
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Figure 7-32.  Temperature at solid-gas interface for the hydrogen and nitrogen cases at time=0.4. 

 
 
Figure 7-33.  Nusselt number distributions on the pipe wall for the hydrogen and nitrogen cases 

for both cases at time=0.4. 
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CHAPTER 8 
SUMMARY AND FUTURE WORK 

8.1 Summary  

In this research, a numerical package for handling phase change and chilldown for 

cryogenic two-phase flow has been developed. The major contributions are the phase change 

computation which includes the energy equation solver, the phase change algorithm for the 

liquid-gas interface, the conjugate heat transfer for solid and gas phase and the thermal radiation 

model.  

In Chapters 1 and 2, literature review is done and the problem is defined. In Chapter 3, the 

governing equations, the boundary conditions and the interfacial conditions and their 

dimensionless forms are listed. In Chapter 4, the main numerical techniques applied in this 

research are introduced and explained.  

All the main techniques are validated in Chapter 5 and the validation includes the solver of 

governing equations, the SIMCC with moving interfacial algorithm and the mass transfer 

computation. 

Chapters 6 and 7 form the core of this research and four different cases are computed and 

discussed. In Chapter 6, it focuses on the cases without phase change and includes the isothermal 

and heat transfer two-phase flow in a pipe. In Chapter 7, the phase change is included with 

different condition: the constant wall temperature and the wall with finite thickness. 

8.2 Future Work 

In the current research, the preliminary techniques are ready for the cryogenic two-phase 

flow. Besides these techniques, there are still some interesting future possibilities for this 

research: 
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Three dimensional interfacial tracking technique and cut-cells: The current SIMCC 

code can only handle two dimensional axisymmetric computations. This limits the current 

research to axisymmetric flows. In recent researches, some scholars have introduced the three 

dimensional interfacial tracking technique and cut-cells (Cieslak et al. 2001, Singh et al. 2005). 

However, currently, the researches can only handle very simple geometries and this should be a 

good direction for the future work. 

Turbulence model: The laminar flow is another limitation of the current code. The critical 

Reynolds number for laminar flow is about Re 2000 3000= − (White 1991). Once the Reynolds 

number becomes larger than 3000, the flow regime of pipe flow should be closer to turbulent 

flow and the turbulence model (Launder and Spalding 1974) is very important.  

Compressibility and variable fluid properties: In current code, the two phases are 

treated as incompressible fluids. This should be safe since the temperature gradient in the 

temperature contour is not very strong. However, for a more general situation, the 

compressibility and variable fluid properties due to the large temperature difference should be 

considered. Recently, some researchers have extended the pressure-based solver from 

incompressible to compressible flow (Kamakoti 2004). 

Adaptive grid or simple local grid refinement: In the current SIMCC code, the grid 

system is the Cartesian grid system. It can be stretched but still have to keep uniformity near the 

interface. This will cause the waste of time and memory. In order to solve this issue, the adaptive 

grid method (Uzgoren et al. 2007) or simple local grid refinement (Popescu et al. 2006) near the 

interface seems a good strategy.  
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