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Debraj Chakraborty 
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Chair:  Jacob Hammer 
Major:  Electrical and Computer Engineering 

Feedback is often used to overcome the adverse effects of perturbations and uncertainties 

on the performance of engineering systems. However, failures of the feedback channel cannot be 

completely avoided. This dissertation addresses the questions of how and for how long can 

desirable performance of a perturbed system be maintained after a failure of the feedback 

channel.  

 Let  Σε  be a system that is subject to a perturbation  ε  in its parameters. The exact value 

of the perturbation  ε  is not known; it is only known that  ε  is bounded by a given constant  δ. 

Now, let  u(t)  be an input function of  Σ, and let  Σεu  be the response of the perturbed system to 

the signal  u(t). The nominal system is  Σ0, and the nominal response to the signal  u  is  Σ0u. 

Therefore, the deviation in the response caused by the perturbation is  ||Σεu – Σ0u||. To reduce the 

perturbation, add a "correction signal"  v(t)  to the input signal, so that the perturbed response 

becomes  Σε(u+v). Then, the new deviation between the perturbed and nominal cases becomes  

||Σε(u+v) – Σ0u||. The correction signal  v(t)  must be independent of perturbation value  ε, as the 

latter is not known. 

 Let  M   be the maximal deviation allowed for the response, and let  tf  be the time for 

which  ||Σε(u+v) – Σ0u|| ≤ M. Then, the objective is to find a correction signal  v(t)  that 
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maximizes  tf, given only that the perturbation  ε  is bounded by  δ. Euler-Lagrange type first-

order conditions for calculating the optimal correction signal  v(t)  is presented. It is shown that, 

under rather broad conditions, the optimal correction signal  v(t)  is either a bang-bang signal or 

can be arbitrarily closely approximated by a bang-bang signal. 
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CHAPTER 1 
INTRODUCTION 

In this work we reduce the need to communicate between the controller and the sensor 

measuring the system output by maximizing the time during which the feedback loop can remain 

open. This is motivated from the fact that in certain applications, feedback is not continually 

available or cannot be continually measured. Sometimes it is advantageous to temporarily stop 

the transmission of the feedback signal from the sensors at the system output to the controller. In 

other situations an unpredictable failure of the feedback channel can occur.  

For example, in controlling space vehicles, obstacles may accidentally disrupt the line of 

vision between the spacecraft and earth for varying time periods. In telemetry, the need to 

conserve battery life may motivate a planned reduction of the time of transmission of feedback 

signal. Moreover stealth applications, that hide systems from detection, prefer to minimize 

transmission between the controlled object and the remote controller. In agriculture, 

measurements about soil parameters like moisture, etc., must be done manually and are 

consequently expensive. Usually such measurements are carried out intermittently after long 

intervals. In medicine, mathematical modeling and control of certain diseases have become quite 

common (see Panetta 2003 and references therein). However the feedback available is inherently 

of an intermittent nature, since measurements on the patients can only be made after long 

intervals. Lastly network based control systems use a common unreliable network on time-

shared basis with other users and hence the feedback signal may be available to the controller 

only intermittently. In such applications, it is relevant to ask:  

• Research Question 1: How long can the feedback loop be kept open, while maintaining 
desirable performance specifications?  

• Research Question 2: What is the best way to control the system when we do not have the 
feedback signal? 
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Feedback is necessary due to the uncertainty inherent in any system. The main reason for 

this need for feedback is the lack of perfect knowledge about the system. This includes modeling 

inaccuracies, unmodeled nonlinearities, parametric uncertainties, spurious disturbances, input 

noise and measurement noise. Robustness and immunity to all this features are usually achieved 

through feedback strategies. Hence, it is evident that no uncertain system can be controlled 

indefinitely if the feedback signal is not available.  

However, assuming some amount of tolerance for error, there will be an interval of time in 

which the system will perform acceptably even without any feedback. Let us assume that the 

system is allowed to operate within some specified level of error and the loss of feedback occurs 

when the error is within this specified limit. Then the system trajectory will usually require at 

least a finite amount of time to exceed the specified error level. This is true for most real systems 

and in particular, for linear time invariant systems. As we illustrated in the above applications, it 

is interesting to know, how and for how long this period of acceptable operation without 

feedback may be extended. The question we ask is: what is the maximal time until which the 

feedback loop can be kept open so that the error remains within the specified limit. We will show 

that under suitable assumptions, this period is always finite. Hence the disruption in the feedback 

signal, whether intended or accidental, will have to end or must be ended after this period of 

time. Otherwise, effective control is not possible, and the system trajectory may exceed the 

tolerated error.  

If the disruption was accidental, this maximal time describes the upper bound of 

guaranteed safe operation. If the disruption carries on beyond this point the system can 

potentially fail. The a priori knowledge of this critical maximal time interval can help in 

decision-making. If the suspension of feedback was intentional, at that point of time the feedback 
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is reconnected and the knowledge of the current outputs/states are utilized to bring down the 

system error. Once the error is reduced to near zero, the feedback may be disconnected again and 

the previous cycle may resume.  

 
 

  Switch

Controller Plant 

 

Figure 1-1: Schematic of intermittent feedback control 

In this study we consider linear time invariant systems with bounded inputs and the states 

are assumed to be available as outputs. As in most common situations, we assume that the 

system parameters are uncertain but are known to lie within some bounds. The Euclidean norm 

of the state is taken as a measure of the system error at any time instant, which is required to be 

always less than a pre-specified upper bound. The norm of the initial condition is assumed to 

satisfy this bound. Under these assumptions the objectives for the open loop operation may be 

outlined briefly as follows. Find, for any permissible uncertainty, the maximal time interval for 

which the system error does not exceed the allowed limit. The system error is not monitored 

during open loop operation. Hence, such a worst-case optimization is considered to guarantee 

acceptable performance. A special input function is calculated to achieve maximal duration of 

the open loop period. Note that this is legitimate even when the loop is open, as long as no 

knowledge of the feedback signal is used for its computation. Existence of the time optimal 

controller is proved and Euler-Lagrange type conditions are derived for calculating the time 

optimal open loop input. It is shown that this time optimal input signal is either purely bang-bang 

or can be uniformly approximated by a bang-bang signal.  
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Finally, it should be noted that, corresponding to the optimal open loop input, an infinite 

number of system trajectories might be realized depending on the particular value the uncertainty 

takes within the allowed set The main emphasis of this formulation is to guarantee that none of 

the trajectories, from the infinite number possible, can exceed the allowed error bound for the 

maximal time interval of operation. 

 

Earth 

Target 

Loss of Feedback 
Signal 

Obstacle 

Launch 
Site 

Acceptable Flight 
Envelope 

 

Figure 1-2: Loss of feedback due to communication channel disruption 

We conclude this introductory chapter with a hypothetical example to illustrate our 

problem formulation: Consider the simulated firing of a ground-to-ground missile as illustrated 

in the figure. The flight path of the missile is predetermined and the missile is regulated carefully 

so that it follows the prescribed flight path. The feedback about the current coordinates, velocity, 

angles, etc., of the missile is transmitted to the ground controller via a satellite. The controller 

uses this information to determine the angle and amount of thrust needed to keep the missile on 

track. Under this scenario even a temporary loss of signal from the satellite may lead to the 

catastrophic failure of the control and a subsequent loss of the missile. We are proposing a 
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solution to the problem by defining the best way to design the control of the missile for the 

duration of no feedback. Our method also guarantees that the missile can stay within the 

acceptable flight envelope for a maximal time after loss of signal from the satellite occurs. We 

prove that the best control under these circumstances is either bang-bang or can be approximated 

by a bang-bang signal. 
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CHAPTER 2 
LITERATURE REVIEW 

Related Work in Min-Max Optimal Control Problems 

The objective of time optimality, for every possible uncertainty, in open or closed loop 

operation embeds our problem within the framework of min-max optimal control. This area of 

differential game theory has been extensively researched and encompasses a wide variety of 

interesting results. We review a few papers directly related to our work. 

Isaacs (1954) was the first investigation to formulate a control problem in which two 

players with conflicting interests interact with each other in a game theoretical setup. These 

results were later published as a book in Isaacs (1965). The so-called “main” equation was 

derived, which can be viewed as a game theoretical extension of the Hamilton-Jacobi-Bellman 

equation and the dynamic programming approach (Bellman 1957). Independently, 

Kelendzheridze (1961) solved a pursuit-evasion problem, which in turn spawned a body of 

research of which Pontryagin et al. (1962), Pontryagin (1966, 1967a and b), Mishchenko and 

Pontryagin (1967) and Mischenko (1971) were early contributors. These papers generally 

derived Euler-Lagrange type necessary conditions for the equilibrium solutions to the pursuit-

evasion problem. Berkovitz (1964 and 1967) formalized Isaacs’ results in a classical calculus of 

variations setting and also derived necessary conditions for general systems under weak 

assumptions. Other early contributors were Fleming (1961 and 1964), Ho et al. (1965), Friedman 

(1971), Elliott and Kalton (1972) and Elliott et al. (1973).  

Numerous authors developed different definitions of the equilibrium solution and various 

payoff functions of which Linear Quadratic Games have been extensively developed. A 

complete set of references can be found in Basar (1982). However the majority of interesting 

results have been concentrated for differential games with a saddle point solution. The problem 
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of worst-case optimization without the saddle point assumption was posed by Feldbaum (1961 

and 1965). This problem was addressed by, among others, Koivuniemi (1966), Howard and 

Rekasius (1964) and Bellanger (1964). Witsenhausen (1968) solved the same problem with a 

convex cost functional for sampled data systems. As discussed next, the problem was 

mathematically solved by Warga (1965a).  

The concept of relaxed solutions in optimal control theory was introduced by Young 

(1937) and later in the book Young (1969). In a series of papers Warga (1965a and b, 1970 and 

1971a and b) solved the min-max control problem using relaxed solutions with quite general 

assumptions. The existence of relaxed solutions (in the sense of Young 1937) to the min-max 

problems were guaranteed and the solutions were found to satisfy variants of Euler-Lagrange 

type necessary conditions. The techniques used were similar to those of Neustadt (1966 and 

1967) and Gamkrelidze (1965). These results were reworked and accumulated into a book 

(Warga 1972), from which we use a result on conflicting controls (Theorem IX.1.2) to derive 

necessary conditions for our problem. We quote a simplified version of the actual theorem in 

Chapter 4.  

It should be noted that with the exception of papers related to the Isaacs “main” equation, 

almost all the work reviewed above looked for open loop solutions. Apparently little has been 

done in search of closed loop necessary conditions characterizing solutions to the min-max 

problem. Conditions for existence of a stable solution were formalized with the help of concepts 

like stable bridges in Krasovskii and Subbotin (1974). This book contains a detailed exposition 

of “positional”, i.e., feedback solution to differential games. In a series of papers, Ledyaev and 

Mishchenko (1986, 1987 and 1988) and Ledyaev (1989 and 1994) derived necessary conditions 

for min-max control problems of a fixed duration. This has been an area of intensive research 
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since but most of the advances have been related to the dynamic programming approach. See 

Vinter (2000) and the references therein. However efforts to derive Euler-Lagrange type 

necessary conditions have been limited.  

Throughout this study, results and ideas from standard optimal control and mathematics 

references have been used. Some of them are Kolmogorov and Fomin (1957 and 1961), 

Liusternik and Sobolev (1961), Rudin (1966), Bryson and Ho (1969), Luenberger (1969), 

Balakrishnan (1971), Hirsch and Smale (1974), Halmos (1982) and Zeidler (1985).  

Other Approaches for Reducing Feedback Requirements 

As outlined in the introduction, the main objective of this work is to reduce the duration 

during which the feedback loop has to be closed for controlling an uncertain plant. As far as we 

are aware of, such a robust time optimal formulation for reducing feedback requirements has not 

been dealt with in literature. However, in the context of Network Control Systems (see Nair et al. 

2007), model based approaches have been developed for controlling systems with intermittent 

feedback. Design methodologies, in which ideal models of the system were used to guess the 

output of the system during the open loop, were proposed by Zhivogyladov and Middleton 

(2003) and Montestruque and Antsaklis (2004). Estimates of the maximum time the feedback 

signal may be delayed were calculated in Walsh et al. (1999). However in these works, the 

problem of finding the best open loop input was not dealt with and consequently, the maximum 

time for acceptable open loop operation has not been calculated. In conclusion, our work may 

have some implications for the problem of bandwidth reduction or control under communication 

constraints usually addressed in Network Control Systems (see Nair et al. 2007).  

Residence Time Control 

The problems of pointing and the related concept of residence time control are similar to 

our formulation of the problem. (See Meerkov and Runolfsson 1988 and the references therein). 
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The pointing problem was investigated among others by Skelton (1973), Eng (1979), Cannon 

and Schmitz (1984) and Halyo (1983). In Meerkov and Runolfsson (1988), the residence time 

control problem was formulated as that of choosing a feedback control law, so as to force the 

system states to remain, at least on the average, within pre-specified limits during some minimal 

period of time in spite of the disturbances that are acting on the system. The objective is very 

similar to that treated in this work, but the use of feedback creates a fundamental difference. 

Recall that in our hypothesis the feedback signal is completely absent over the period of interest. 

Moreover the maximum residence time was also not calculated in these papers. 
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CHAPTER 3 
MATHEMATICAL PRELIMINARIES  

In this chapter we will cover some of the well-known results from functional analysis, 

measure theory and linear algebra that have been used repeatedly in this dissertation. This 

chapter is meant as an easy reference for the results derived in the later chapters, and is an 

attempt to make this thesis tolerably self-contained. We start by a selection of relevant results 

from the theory of normed linear spaces. Most of these standard results are taken from Liusternik 

and Sobolev (1961), Halmos (1982) and Zeidler (1984).  

Normed Linear Spaces 

Weak Convergence 

First we recall the definition of weak convergence in a normed linear space. 

Definition 3.1: Let E be a normed linear space, {xn} a sequence of elements of E and  

xo∈E. If for all functionals  f∈E* (where E*  is the space conjugate to E), the sequence  f(xn) → 

f(xo)  as  n→∞, then we say that {xn}  converges weakly to xo  and we write xn w→ xo. Here xo  is 

the weak limit of the sequence  {xn}.                                                                                                  

Since Hilbert spaces are self-conjugate, the above definition may be specialized to the 

following form for Hilbert spaces: 

Definition 3.2: A sequence {xn} in a Hilbert space  H  converges weakly to  xo∈H  if  

<xn,y> → <xo,y>  as  n → ∞  for all  y∈H. Then we write  xn w→ xo,  where  xo  is the weak limit 

of the sequence  {xn}.                                                                                                                      

A continuous functional on a compact set in a normed linear space is bounded and 

achieves is maximum and minimum. However, in this dissertation, most of the sets we would be 

interested in are not compact in the sense of strong convergence. Weak convergence and weak 
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compactness are much less severe requirements and will shown to hold for the sets of interest in 

this work. Weak compactness is defined next. 

 Definition 3.3: A set  X⊂E  is weakly compact (i.e., sequentially weakly compact) if 

every infinite sequence  {xn}∈X  has a subsequence {xnk
}  such that   xnk

w→ xo  and  xo∈X. 

The existence of solutions to optimal control problems is very much dependent on the 

following very important theorem. 

Alaoglu’s theorem 

Theorem 3.4: Every bounded sequence of elements in a Hilbert space contains a weakly 

convergent subsequence.                                                                                                                 

This theorem guarantees the weak compactness of bounded sets in the Hilbert space. 

However for compactness in itself, the set of interest must be closed in the weak topology. The 

following result is useful for checking the sequential weak closure of convex sets: 

Theorem 3.5: A bounded strongly closed convex set in a Hilbert space is also weakly 

closed.    

  In the analysis of existence of optimal solutions to dynamic optimization problems, we 

are actually interested in the functionals defined on compact or weakly compact sets. We define 

the concepts of weakly continuous and weakly upper-semicontinuous functionals. 

Weak upper semicontinuity 

Definition 3.6: A functional  f (possibly nonlinear) on a Hilbert space  H  is defined to be 

weakly continuous at  x0∈H,  if for any sequence  xn∈H  and  xn w→ xo,  we have  f(xn) → f(xo). 

Definition 3.7: A functional  f (possibly nonlinear) defined on a Hilbert space  H  is 

defined to be weakly upper semicontinuous at  x0∈H,  if for any sequence  xn∈H  and  xn w→ xo,  

implies 
n

lim sup f(xn) ≤ f(xo).                                                                                                          
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A generalization of the classical theorem of Weierstrass to semicontinuous functionals is 

often used to prove existence of solutions in optimization problems. A simplified statement is 

listed next:  

Theorem 3.8: Let  f  be a weakly upper semicontinuous real valued functional on a weakly 

compact subset  S  of a Hilbert space  H. The functional  f  is bounded above on  S  and achieves 

its maximum on  S.                                                                                                                          

In differential game theory it is often not enough to study a single upper/lower 

semicontinuous functional but a family of such functionals. Next we state a very useful property 

of a family of upper semicontinuous functionals: 

Theorem 3.9: (Willard 1970) Let  X  and  A  be two topological spaces. If  fα  is a upper 

semi-continuous real valued function on  X  for each  α∈A,  and if  
α

inf fα(x)  exists at each  x∈X,  

then the function f(x) = 
α

inf fα(x)  is upper semi-continuous on  X.                                                

Definition of Borel, Lebesgue and Radon Measures 

The interplay between measure theory and functional analysis is extremely common in 

dynamic optimization and especially differential game theory. We briefly define a few standard 

and well-known concepts for easy reference. For detailed exposition on these concepts see 

Kolmogorov and Fomin (1957) and Rudin (1966).  

If  S  be a topological space, then the smallest  σ-field containing every open set in  S  is 

called the Borel field of sets, and denoted  Σ(S), and the elements of  Σ(S)  are called Borel sets. 

A measure defined on  Σ(S)  is called a Borel measure. Let  µ  be a Borel measure. A Borel set  

E∈Σ(S)  is regular if both of the following properties hold: 

• µ(E) = inf {µ(V): E⊂V, V open} 
• µ(E) = sup{µ(K): K⊂E, K compact} whenever  E  is open or µ(E)<∞. 
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If every Borel set in  S  is regular then  µ  is called regular. A finite regular Borel measure 

is called a Radon measure. Radon measures are important from the point of this work, because of 

their appearance in the Riesz representation theorem for characterizing linear functionals. 

Finally, the Lebesgue measure on the real line  R  can be defined simply as follows: Let  Σ(R)  be 

the Borel field defined on the real line and consisting of intervals. Then the set function that 

assigns the interval  [a,b],  the measure  (b−a)  is called the Borel measure on  Σ(R). The 

completion of  Σ(R)  relative to the Borel measure is called the class of Lebesgue measurable 

sets. The extension of the Borel measure to the completion of Σ(R)  is called the Lebesgue 

measure. 

Riesz Representation Theorem 

We present here a special form of the well-known Riesz Representation theorem, which 

will be used in the later chapters. This specific form is a slight simplification of that presented in 

Evans and Gariepy (1992).  

Theorem 3.10: Let  P  be a compact subset of  Rm. Denote the space of continuous 

functions mapping  P  to  R  by  C(P,R)  and each element in this space by  f. Let  L  be a 

bounded linear functional on the space C(P,R). Specifically  L: C(P,R)→R. Then there exists a 

positive Radon measure  µ  on  P  and a  µ-measurable function  λ: P→R  such that: 

• |λ(x)| = 1  for  µ-a.e.  x∈P. 
• L(f) = ⌡⌠

P
λ f dµ  for all  f∈C(P,R).                                                                                                                     

Fubini’s Theorem 

Theorem 3.11: Let (X,ΣX,µ)  and  (Y,ΣY,λ)  be σ-finite measure spaces, and let  f  be an  

(ΣX×ΣY)-measurable function on  X×Y. If  0 ≤ f ≤ ∞, and if  
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φ(x) = ⌡⌠
Y

fx dλ  and  ψ(y) = ⌡⌠
X

fy dµ  (x∈X, y∈Y) 

then φ  is  ΣX-measurable,  Ψ  is  ΣY  measurable, and ⌡⌠
X

φ dµ = ⌡⌠
X×Y

f d(µ×λ) = ⌡⌠
Y

ψ dλ .               

 
Separation of Convex Sets 

Let  H  be a topological vector space. A set  A ⊂H  is convex if  {αa + (1−α)b}| 0 ≤ α ≤ 

1}⊂A whenever  a,b∈A. We say that a linear functional  l∈H* (where  H*  denotes the space 

conjugate to  H), separates subset  A  and  B  of  H  if  l≠0  and either  l(x) ≤ α ≤ l(y)  or  l(x) ≥ 

α ≥ l(y)  (x∈A, y∈B)  for some  α∈R. 

Theorem 3.12: Let  K  and  M  be non-empty disjoint convex subsets of a topological 

vector space   H  and  the interior of  K  is non-empty. Then there exists   l∈H*  that separates  K  

and  M. 

Directional (Gateaux) Derivative 

Definition 3.13: Let  X  be a vector space,  Y  a normed space, and  T  a (possibly 

nonlinear) transformation defined on a domain  D⊂X  and having range  R⊂Y. Let  x0∈D⊂X  

and let  h  be arbitrary in  X. If the limit: 

DT( )x;h  = 
α→0
lim  

T(x0+αh) − T(x0)
α  

exists, it is called the Gateaux differential of  T  at  x0  with increment  h.                                 

If the above limit exists for each  h∈X,  the transformation  T  is said to be Gateaux 

differentiable at  x0. We note that this definition makes sense only when  x0+αh ∈ D  for all α  

sufficiently small and that the limit is taken in the usual sense of norm convergence in  Y. If  Y  

is the real line and the transformation  T  is a real valued functional on  X, then the following 

definition may be used for the Gateaux differential: 
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DT( )x;h  = 
d

dα T(x0 + αh)|α=0  for each fixed  x0∈X. 

Existence and Uniqueness of Solution to a LTI System 

In this section we quote a widely known theorem about the existence and uniqueness of the 

solution to a differential equation with measurable right hand sides. In this dissertation, we 

consider linear systems of the form  
.
x(t) = Ax(t) + Bu(t)  where  u(t)  is Lebesgue measurable. 

This theorem is used throughout to guarantee existence and uniqueness of solution for the 

systems under consideration. This particular version of the theorem is taken from Young (1969). 

Theorem 3.14: Let  f(t,x)  be a vector valued function with values in x-space, and suppose 

that in some neighborhood of  (t0,x0),  f(t,x) is continuous in x for each  t, measurable in  t  for 

each  x, and uniformly bounded in  (t,x). Then there exists an absolutely continuous function  

x(t), defined in some neighborhood of  t0 , such that  x(t0) = x0  and that, almost everywhere in 

that neighborhood:  
.
x(t) = f(t,x(t)) 

Suppose in addition that for some constant  L, the function  f(t,x) satisfies, whenever  (t,x1)  

and  (t,x2)  lie in some neighborhood  N  of  (t0,x0), the Lipschitz condition  

|  f(t,x1)-f(t,x2)| ≤  L| x1-x2|, then in some neighborhood of  t0  there exists one and only one 

absolutely continuous function  x(t)  such that:  

x(t) = x0 + ⌡⌠
t0

t

 f(τ,x(τ)) dτ . 

Jordan Canonical Representation 

Theorem 3.15 (Hirsch and Smale 1974): Let  A  be a  n×n  matrix with real elements. 

Then there exists a  n×n  real matrix  P   such that  Ad = PAP−1  is composed of  diagonal blocks 

of the following two forms:  
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 S1 = 







λ    1           

      λ     1           
        …..       
              λ    1
                    λ

  or  S2 = 









F    I2           

      F    I2           
        …..       
              F    I2
                    F

    

The diagonal elements denoted by  λ  is a real eigenvalue of  A  and appears as many times 

as the multiplicity of the minimal polynomial. In the expression for  S2,   

F = 



  a     b

−b    a   and  I2 = 



1    0

0    1   

where  (a ± ib)  are the complex eigenvalues of A. Each block  F  is repeated as many times as 

the multiplicity of the eigenvalue  a + ib  in the minimal polynomial. Ad  is called the Jordan real 

canonical form of the matrix  A.                                                                                                                                
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CHAPTER 4 
NOTATION AND PROBLEM FORMULATION 

Notation 

 The systems we consider are linear time invariant continuous-time systems given by a 

realization of the form  

(4.1) 
.
x(t) = A′x(t) + B′u(t)         x(0) = x0. 

Where  A′  and  B′  are constant real matrices of dimensions  n×n  and  n×m  respectively. We 

assume that the state  x  of the system is available as output. The initial condition of the system is 

denoted by  x0, and is given. In addition, we assume that there is an uncertainty about the values 

of the entries of the matrix  A′ and  B′. To represent these uncertainties, we introduce two 

matrices  DA  and  DB. We denote   

(4.2)  A′ = A + DA  and  B′ = B + DB,  

where  A, B, DA  and  DB are given constant matrices of appropriate dimensions. While  A  and  

B  are known, the matrices  DA  and  DB  can take any values within the sets  ∆A  and  ∆B  

respectively. We define  ∆A  and  ∆B  to be bounded subsets of the spaces of real  (n×n)  and  

(n×m)  matrices  such that  ∆A = {DA: ||DA|| ≤ d}  and  ∆B = {DB: ||DB|| ≤ d}. Here the norm  

||D|| = 
Dij

sup |Dij|  where  Dij  denotes the ijth element of the matrix  D  and  d  is a fixed positive real 

number. Note that the sets  ∆A  and  ∆B  are closed, bounded and hence compact. The particular 

values  DA  and  DB  takes in the sets  ∆A  and  ∆B  are not known a priori and hence represents 

the uncertainty in the system matrices  A′  and  B′. Such an assumption is realistic because 

though the exact values of the system parameters are never known, usually the sets in which they 

belong are known a priori. For compactness of expression we group the uncertainties together 

and define  D = (DA,DB)  belonging to the set  ∆ = ∆A×∆B. It is further assumed that at least one 
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eigenvalue of the nominal system matrix  A  has a non-negative real part and that the pair  

(A′,B′)  is stabilizable for every value of the uncertainty set  ∆. We will show in Chapter 5 that 

the assumption that the nominal system is unstable guarantees the existence of a finite solution to 

the open loop problem. 

 We assume that the system is performing acceptably if the Euclidean norm of the states, 

representing the system error, stays below a pre-specified positive bound (say  M). In other 

words, the inequality  xT(t)x(t) ≤ M, must hold as long as the system is operating. However once 

the state norm exceeds the bound, the system must either be stopped or some action must be 

taken to prevent this from happening. Here we assume that at the point in time when the 

feedback signal stops, the system norm denoted as the initial condition in our problem, is less 

than  M. 

(4.3) x0
Tx0 < M  

Then the open loop is allowed to run as long as  xT(t)x(t) ≤ M,  and the loop must be closed when 

this inequality can be no longer made to hold. 

As outlined in the introduction, we assume that there is a special input during the time 

when the feedback signal is absent. This input is used to keep the system error within the 

tolerated level for a maximal amount of time. We denote this input by  u(t). For  u(t)  we will use 

weighted norm and inner product as described below. Here  u(t)  is a vector valued function  

(u1(t), ..., um(t))T, where each component is real valued and Lebesgue measurable. Each  u(t)  is 

assumed to lie in the Hilbert space  Lρ(t)
2m   with the following inner product: let  x(t)  and  y(t)  be 

two elements of  Lρ(t)
2m . Then the inner product  <x,y> = ⌡⌠

0

∞

ρ(t) x(t)Ty(t)dt,  where  ρ(t) = e−αt  for 

some fixed constant  α > 0. The norm and the metric are defined correspondingly. Let  U  be a 
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set of bounded functions in  Lρ(t)
2m   defined as  U ≡ {u ∈ Lρ(t)

2m  : maxi |ui(t)| ≤ K, t ∈ [0,∞]}  where  

K  is a fixed positive number. This set  U  of bounded measurable functions define the 

prospective inputs we shall consider for system (4.1). As will be shown in Chapter 4, the optimal 

solution is bang-bang with possibly an infinite number of switches. Hence a smaller set, e.g., the 

set of piecewise continuous bounded functions, would not suffice. The set  U  thus defined will 

be shown to be compact in the weak topology and thus will facilitate the proof of existence of the 

optimal solution. For engineering purposes, any element in  U  can be approximated to any 

arbitrary accuracy by a piecewise continuous implementable function.  

Statement of the Problem 

We next state the mathematical problem formulation. During the open loop period the 

objective is to maximize the time during which the system error is guaranteed to stay below 

certain bound in the face of uncertainty. This objective is achieved with the help of the special 

input  u(t)  used to correct the system during the time the feedback is absent.  In the introduction 

we described that how in various applications it is important to know both the correcting open-

loop input  u(t),  and the maximal amount of time for which the system can be left running in 

open loop safely. Keeping this motivation in mind we pose the following problem:  

Problem Statement: Using the notation of the last section the open loop problem may be 

formulated as follows.  
Problem 4.4: Find  

u∈U
max tf  subject to the following constraints: 



 

.
x(t) = A′x(t) + B′u(t)          0 ≤ t ≤ tf

 x(0) = x0                             x0
Tx0 ≤ M

 xT(t)x(t) ≤ M                     for 0 ≤ t ≤ tf  and for all  (A′,B′) ∈ (A+∆A)×(B+∆A)  
  

where  (A+∆A) ≡ {A+ DA : DA∈∆A} and  (B+∆B) ≡ {B+DB: DB∈∆B}. 
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Among the main objectives of this work is to show that such a maximum tf exists, is finite 

and that it can be achieved by an input  u(t)∈U. Assuming they exist, the interval  [0,tf]  and the 

optimal input solution  u(t)  to the above problem has the following feature. If  u(t)  is applied 

over the interval  [0,tf],  irrespective of the value the system matrices (A′,B′)  takes in the sets  

(A+∆A)  and  (B+∆B), the system trajectory stays within the allowed error level, i.e.,  xT(t)x(t) ≤ 

M  for the entire interval  [0,tf]. The second objective is to find the nature of the optimal input  

u(t)  that achieves the maximum  tf.  This will be achieved through the derivation of first order 

necessary conditions characterizing the optimal solution. 
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CHAPTER 5 
EXISTENCE OF A SOLUTION 

In this chapter we prove the existence of a solution to Problem 4.4. This will be achieved 

through the application of the generalized Weierstrass theorem stated in Chapter 3 (Theorem 

3.8). Before going into the mathematical details we describe a brief outline of this chapter. The 

main idea is to repose Problem 4.4 in turns of a suitably defined upper semicontinuous 

functional. This functional is nothing but the minimum possible time (corresponding to the worst 

uncertainty) of open loop operation for any given u∈U. We prove that the set  U  defined in 

chapter 4  is compact in the weak topology and then we show that the functional mentioned 

above is weakly upper semicontinuous. Thus we are ready to use a generalized Weierstrass 

theorem to prove that a maximal time for the open loop operation exists, is finite, and can be 

achieved with an input  u  from the set  U  we defined in Chapter 4. 

Weak Compactness of  U    

We start with a few properties of the input set  U  defined in Chapter 4. Most of the 

standard results of this section are taken from Liusternik and Sobolev (1961), Halmos (1982) and 

Zeidler (1984) and has been listed for reference in Chapter 3.   

We prove the weak compactness property of the set  U  of inputs, in the form of a lemma . 

This property, which is a consequence of the Alaoglu’s theorem (Theorem 3.4)), along with a 

few well-known properties of semi-continuous functions on compact sets, is essential for proving 

the existence of a solution to Problem 4.4. 

Lemma 5.1: The set  U  is weakly compact in the Hilbert space  Lρ(t)
2m . 

Proof: The set  U  is obviously bounded and hence by Theorem 3.4 every infinite sequence 

in  U  has a weakly convergent subsequence. However we need to show that the set  U  is weakly 

closed. Since  U  is convex by definition, by Theorem 3.5 we just need to show that  U  is 
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strongly closed. Consider a sequence of functions  un(t)→uo(t)  where  uo(t)∉U. Hence for some 

set  δt′⊂[0,∞)  of nonzero measure,  uoi(t)>K,  where  t∈δt′  and  uoi  denotes the ith  element of  

uo(t). Hence the following inequality must hold: 

⌡⌠
0

∞

e−αt||un(t)−uo(t)||2dt = ⌡⌠
δt′

e−αt||un(t) − uo(t)||2dt + Cn  where  Cn  is positive real. 

        ≥ ⌡⌠
δt′

e−αt(K − uoi(t))2 dt + Cn 

As n→∞, while  Cn  can tend to zero, the first term remains constant and finite. So  un(t)  does 

not converge to  uo(t).                                                                                                                  ♦ 

  Alternative Problem 

We now define an alternative formulation for Problem 4.4 using the functional defined 

next. It is easier to show the existence of the optimal solution in terms of this functional.  

Definition 5.2: Let  J(t) = x(t)Tx(t)  where t∈[0,∞). Define  

T(u,D) = 


 inf t:J(t) > M           if  J(t) > M   for some  t<∞
  ∞                             otherwise  .  

Here  x(t)  is related to  u(t)  and  D  through Equation 4.1.                                                         

This functional may be interpreted as the time when the system error exits the allowed 

envelope of operation for the first time. This functional is identical to the quantity  tf   defined in 

Problem 4.4, for trajectories obeying the constraints. In other words, for a fixed  (u,D)  pair, the 

relation  x(t)Tx(t) ≤ M  is satisfied for the interval  [0,T(u,D)]. Moreover for a fixed  u(t), the 

relation  x(t)Tx(t) ≤ M  is satisfied for every value of the uncertainty  D∈∆  within the interval   

[ ]0, 
D∈∆
inf  T(u,D) . Hence it can be easily seen that Problem 4.4 is equivalent to finding  

u∈U
sup 

D∈∆
inf  

T(u,D), if it is finite. In addition we need to show that the supremum over  U  can be achieved. 

We summarize in the following restatement of Problem 4.4: 
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Problem 5.3: Show that  
u∈U
sup 

D∈∆
inf  T(u,D) < ∞.  Find  u*∈U  such that  

D∈∆
inf  T(u*,D) = 

u∈U
sup 

D∈∆
inf  T(u,D). 

Well posed: For this problem to be well posed, the first step is to show that  
D∈∆
inf  T(u,D) < 

∞. This observation is crucial to us since we are interested in running the system on open loop as 

long as possible. We realize that no matter what input we create for the system, nature can 

choose a value for  D∈∆  that will make the system trajectory leave the set of acceptable 

operation in finite time. 

First we prove a preliminary lemma: 

Lemma 5.4: Let  A  and  D  be a real  n×n  matrices such that  A  has repeated eigenvalues 

and  D∈∆. Also let  x0  be a fixed non-zero vector in  Rn. Then for any  d > 0, there exists a  D  

such that  ||D|| < d  and  (A+D)  has distinct eigenvalues.  Moreover let  T  be a  n×n  real matrix 

such that Q=T(A+D)T−1  results in a  Q  which has the following block diagonal form: 

(5.5)  Q = 









Q1               

    Q2               
                           
              Qr
                   Qr+1

 where  Qi = 



ai  bi

−bi  ai
  for i=1,….,r  and  Qr+1= 







a2r+1         

   a2r+2     
   …..    
          an

.  

Here  (ai ± ibi), i=1,…,r represents the complex eigenvalues and  ai (i=2r+1,….,n) 

represents the real eigenvalues of A.  Then  D  can be chosen such that   

Σ 
j=1

n

 T1j x0j ≠ 0 

where  Tij  is the  ijth  element of  T  and  x0j  is the  jth  element of  x0. 

Proof: Let  Ad = PAP−1  where  Ad  is the real Jordan canonical form of  A.  

Recall the  Ad  is composed of diagonal blocks of the following two forms:  
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 S1 = 







λ    1           

      λ     1           
        …..       
              λ    1
                    λ

  or  S2 = 









F    I2           

      F    I2           
        …..       
              F    I2
                    F

   where  λ  is a real eigenvalue 

(possibly repeated) of  A. In the expression for  S2, F = 



  a     b

−b    a   where  (a ± ib)  are the complex 

roots of A (possibly repeated). (Theorem 3.15) 

Let  E  be a diagonal matrix that we add onto  Ad  such that blocks  S1  and  S2 are changed as 

follows: 

S1′ = 







λ+ε1      1           

          λ+ε2      1           
        …..       
                  λ+εq−1    1
                             λ+εq

   

Where let  q  be the multiplicity of the eigenvalue λ.  

S2′ = 









F1    I2           

        F2    I2           
        …..       
              Fs−1    I2
                        Fs

   

Where let  s  be the multiplicity of the eigenvalue  (a ± ib)  and  Fi = 



a + γi     b

−b        a + γi
   i=1,2,…s. 

Now the eigenvalues corresponding to block  S1′  and  S2′  are distinct and of the form  (λ + εi)  

and  (a + γj ± ib) where  i=1,2,…q  and  j=1,2,…s. 

(Note: det(λI − S2′) = det(λI − F1) det(λI − F2)….. det(λI − Fs) ) 

Thus  (Ad + E)  has distinct eigenvalues. From the construction above it can be seen that it is 

possible to choose such an  E  such that  ||E|| < r  for any  r > 0. 

Now consider the reverse transformation:  

 P−1(Ad + E)P = A + P−1EP 
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 || P−1EP|| ≤ k|| P−1EP||2 ≤ k ||P−1||2 ||E||2 ||P||2 = k||E||2 .  
 

The first inequality follows from the equivalence of norms where k is a finite constant and ||·||2 is 

the spectral norm of the matrix. Clearly by making ||E||2 < 
d
k  we get that || P−1EP|| < d. Hence by 

defining  D = P−1EP  we achieve our objective.  

Now let   Σ 
j=1

n

 T1j x0j = 0  with a certain choice of   A  with distinct eigenvalues and with a  T  

that transforms  A  according to Equation 5.5. Clearly, the vector  T1 ≡ [T11 T12 …. T1n]  is an 

eigenvector of the matrix  A  and hence must satisfy    

λ1T1 = AT1  where  λ1  is the eigenvalue corresponding to  T1.   

Now from the continuity of the eigenvalues of  A  w.r.t. the entries of  A,  we can change  A  to  

(A+D)  arbitrarily  keeping the eigenvalues distinct. Then the following equation must hold: 

λ1′ T1′ = (A+D)T1′. 

Since  D  is arbitrary,  T1′  can be made non-collinear to  T1  keeping  ||T1 − T1′||  arbitrarily 

small. It follows that  T1′  and  T1  cannot be both orthogonal to  x0.                                            ♦ 

Theorem 5.6:  Consider the system (4.1) with a fixed initial condition  x0  in the set  {x0: 0 

< xT
0x0 ≤ M}. Then for any fixed  u(t)∈U  and   M < ∞   there exists a  D∈∆  such that  T(u,D) < 

∞. 

Proof: Assume that for some fixed  u(t)∈U,  T(u,D) = ∞  for all  D∈∆. This implies that  

x(t)Tx(t)  ≤ M   ∀D∈∆ and ∀t∈[0,∞] 

⇒ || eA′t [x0 + ⌡⌠
0

t

e-A′τB′u(τ)dτ] || ≤ M. 

 
Now fix  A′  at some arbitrary value in  (A + ∆A)  such that  A′  has distinct eigenvalues. By 

Lemma 5.4 this can be done without loss of generality. Then we do a similarity transform on  A′  
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such that  Q = T−1A′T  is in the block diagonal form shown in Equation 5.5. Note that in this 

form  Q  and  QT  are commutative.  

Now we consider the system transformed by  T  and name the new state vector z(t). It is related 

to x(t) by the following relation: z(t) = Tx(t). 

We further assume that  T  is such that  z01 = Σ 
j=1

n
 T1j x0j ≠ 0. By Lemma 5.4 this also can be 

done without loss of generality. We seek to prove that  ||x(t)||  can be made divergent with a 

proper choice of D∈∆. We claim that it is enough to prove  ||z(t)||  diverges. 

 ||z(t)|| =   ||Tx(t)|| ≤   ||T||||x(t)|| . 

Hence  
t→∞
lim ||z(t)|| = ∞ ⇒  

t→∞
lim ||x(t)|| = ∞ 

In terms of  z(t)  our hypothesis implies:  

z(t)Tz(t)  ≤ ||T|| M = M′  ∀D′∈∆ and ∀t∈[0,∞] 

 ⇒ || eQt [z0 + ⌡⌠
0

t

e-QτB′′u(τ)dτ] || ≤ M′    

 
where  M′= ||T|| M  and  B′′ = TB′ 

Let  F(t) = [z0 +⌡⌠
0

t

e-QτB′′u(τ)dτ]. 

Therefore, 

[ eQt F(t) ]T[ eQt F(t) ] ≤ M′ 
⇒ F(t)T  e(QT

+Q)t F(t) ≤ M′ 
⇒ F(t)T eΣt F(t) ≤ M′  
 

Where  Σ = QT + Q  is a diagonal matrix with at least one of the elements positive, by hypothesis. 

For simplicity assume that the 1st diagonal element denoted by  a1  is positive.  Let us denote 
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each entry of  F(t)  by  fi(t),  i.e.,  F(t)= 









f1(t)

f2(t)
…
…

fn(t)

. Thus for the last equation to hold at least the 

following must be true. 

(5.7) 
t→∞
lim  f1(t) = 0  

Now  f1(t)  may be written in a general form in the following way: 

 f1(t) = z01 + 
⌡

⌠

0

t

e-a1t[cos(b1τ) Σ 
j=1

m

B1juj(τ) + sin(b1τ) Σ 
j=1

m

B2juj(τ)]dτ   

where  (a1 + ib1)  is the first eigenvalue of  Q  and  Bij  is the ijth element of the matrix  B′′.  

Then Equation 5.7 implies that 

t→∞
lim  z01 + 

⌡

⌠

0

t

e-a1τ[cos(b1τ) Σ 
j=1

m

B1juj(τ) + sin(b1τ) Σ 
j=1

m

B2juj(τ)]dτ  = 0 

⇒ z01 + 
⌡

⌠

0

∞

e-a1τ [cos(b1τ) Σ 
j=1

m

B1juj(τ) + sin(b1τ) Σ 
j=1

m

B2juj(τ)]dτ  = 0 

 
But this is a linear equation in  Bij  and hence cannot hold over all values of  B′′ in the set  T(B + 

∆B) ≡ { T(B + DB) : DB ∈ ∆B }  unless  uj(t) ≡ 0  for every j=1,…,m and for all  t∈[0,∞]. However 

if this is true then  z01 = 0.  Hence we have a contradiction.                                                          ♦ 

In the above theorem we showed that, under the assumptions made in Chapter 4, the 

system norm  ||x(t)||  can diverge for any given input  u(t)  for a proper choice of the uncertainty  

D. This is true for arbitrarily small uncertainty sets. Now define  T′(u) ≡ 
D∈∆
inf  T(u,D),  i.e., T′(u)  

is the minimum time corresponding to  u(t)  in which the  system norm  ||x(t)||  can be made to 
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escape the set  [0,M]. According to Theorem 5.6 for any fixed  u(t)∈U  the quantity  T′(u)  is 

finite.  

Corollary 5.8: If the conditions of Theorem 5.6 are satisfied then for any fixed  u(t)∈U, 

the inequality 
D∈∆
inf  T(u,D) < ∞ holds.                                                                                           

Weak Upper Semicontinuity of  T(u,D) 

Recall that according to Problem 5.3 our objective is to show that 
u∈U
sup 

D∈∆
inf  T(u,D) < ∞. 

Define  T′(u) ≡ 
D∈∆
inf  T(u,D). Thus it would be enough to show that  T′(u)  is weakly upper semi-

continuous in  u(t). Along with the fact that the set  U  is weakly compact (Lemma 5.1)), this 

would effectively prove that the functional  T′(u)  is bounded over the set  U  and that the 

supremum is achieved. (Theorem 3.8). The upper semi-continuity of the functional  T(u,D)  in  

u(t),  for each fixed  D∈∆  is demonstrated next. Denote the set of solutions for Equation  4.1 for 

all u∈U  and D∈∆  by  X(U,∆). By Theorem 3.14, each element of  X(U,∆)  is an absolutely 

continuous function in  t  and unique corresponding to each (u,D)  pair. 

Lemma 5.9: For a fixed D∈∆, T(u,D)  is weakly upper semi-continuous in  u(t), i.e., as a 

sequence of functions un(t) w→ uo(t), the functional  T(u,D)  obeys the following relation: for any 

ε > 0,  and  T(uo,D) < ∞  we can choose an integer  N  such that  T(un,D) − T(uo,D) < ε  for n > 

N. 

Proof: For a fixed  D∈∆ and t<∞  consider the function  x(u):U→X(U,∆), where x(t;u)  

is the solution to Equation 4.1. As un 
w

→ uo (i.e., weakly converges), then for each t∈[0,∞),  

x(t;un) → x(t;uo),  i.e.,  x(un)  converges pointwise to  x(uo). This is because for each t∈[0,∞),  

x(t;u)  is a functional linear in u.  
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This can be seen by defining  ρ(τ) = 


 1    if  τ ≤ t
 0    otherwise    and noting that   

x(t) = eA′t [x0 + ⌡⌠
0

∞

ρ(τ)e-A′τB′u(τ)dτ]. 

Now define a functional Tp: X(U,∆) → [0,∞] as follows:  

 Tp(x(t)) = 


 inf t: xTx > M           if  xTx > M   for some  t < ∞
  ∞                               otherwise  . 

Next consider a sequence of function  xn(t) → xo(t)  pointwise. We show that for any ε > 0  there 

exists an integer N such that for n > N  Tp(xn) − Tp(xo) < ε. 

If  Tp(xn) < Tp(xo)  then the claim is true. So we assume that Tp(xn) > Tp(xo). 

Let  Tp(xn) = tn  and  Tp(xo) = to. 

Now we assumed that xn → xo  pointwise. By the definition of t0, the following is true for every  

ε > 0: there is a  t1 ∈ (t0, t0+ε)  such that  xT
0(t1)x0(t1) > M. Consequently, there is  N  such that  

xT
n(t1)xT

n(t1) – M ≥ [xT
0(t1)x0(t1) – M]/2 > 0  for all  n > N. Therefore,  tn < t0 + ε  which implies 

that  tn − to < ε . Thus we have shown that Tp(xn) − Tp(xo) < ε. 

Now, for a fixed D∈∆, consider the composition map  T(u,D) : U 
Σ

→ X 
Tp

→ [0,∞]. 

From the above arguments it is clear that as un 
w

→ uo, xn → xo  pointwise and for any ε >0 there 

exists N such that for n > N,  Tp(xn) − Tp(xo) < ε. Hence T(un) − T(uo) < ε. Thus for a fixed D, 

T(u,D) is weakly upper semi continuous in u(t). Hence proved.                                  ♦ 

Now we need to prove that the functional  T′(u)  is also weakly upper semi-continuous. 

This is true due to Lemma 5.9 and  Theorem 3.9. 

Corollary 5.10: The functional T′(u) ≡ 
D∈∆
inf  T(u,D)  is weakly upper semi-continuous in 

u(t). 
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Proof: The proof amounts to checking the conditions of Theorem 3.9. By Lemma 5.9), 

for each  D∈∆, the functional  T(u,D)  is weakly upper semi-continuous in u(t). Also for each 

u∈U,  the functional  T′(u) = 
D∈∆
inf  T(u,D) > 0. Hence the infimum exists always, and by the 

property above  T′(u)  is weakly upper semi-continuous in  u(t).                                                   ♦ 

  Existence of  u*  

The weak upper semicontinuity of   T′(u)  along with the weak compactness of  the set of 

inputs leave us posed for applying the general Weierstrass theorem (Theorem 3.8). Hence we can 

now conclude the following: 

Theorem 5.11: Let  U  and  ∆  be as defined above and  T′(u) ≡ 
D∈∆
inf  T(u,D)  and let  

θ = 
u∈U
sup T′(u) = 

u∈U
sup 

D∈∆
inf  T(u,D). Then  θ < ∞. Moreover there exists some u*(t)∈U  such that  

T′(u*) = θ. 

Proof:  This follows directly by noting that the set  U  is weakly compact and the 

functional  T′(u)  is weakly upper semi-continuous in  u(t)  over  U. (Theorem 3.8). Hence  T′(u)  

is bounded above and it achieves it upper bound over  U.                                                             ♦ 

 In conclusion, we showed in this chapter that a solution to Problem 4.4 exists within the 

set of inputs  U.  The set  U  was shown to be compact in the weak topology. Then an alternative 

formulation of the Problem 4.4 was stated using a functional  T(u,D). A proof of the well-posed 

ness of this new statement was presented next. In the process it was shown that under the 

assumptions made in Chapter 4, the system trajectory can leave the envelope of acceptable 

operation in finite time no matter what input we apply to the system. This inbuilt finiteness of the 

functional  T(u,D),  along with particular features of the formulation was utilized to prove weak 

upper semicontinuity of the functional  T(u,D)  for any fixed  D∈∆. Another functional, namely  
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T′(u),  denoting the worst possible time for the input  u  was introduced and it too was shown to 

be weakly upper semicontinuous in  u. Lastly Weierstrass theorem was applied to prove the 

existence of the best input  u*  and the finiteness of  θ = 
u∈U
sup T′(u). The application of  u*  

guarantees that the system error does not leave the allowed envelope for any value of the 

uncertainty for a maximal duration of time. However, it should be noted that even for this 

optimal input, the system error can leave the allowed envelope in finite time for certain values of 

the uncertainty. 
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CHAPTER 6 
GENERALIZED FIRST ORDER CONDITIONS 

In Chapter 5 we proved that the optimal solution to Problem 4.4 existed among the set of 

bounded and measurable input functions. Evidently it would be useful to know more about the 

optimal solution, with a view to facilitate it’s calculation for specific problems. The conventional 

method for calculating solution to optimal control problems has been through characterizing first 

order necessary conditions. Here however the situation is complicated by the game-theoretic 

formulation, in that the maximization of open loop time has to be done over every possible value 

of the uncertainty. We draw on the considerable amount of previous research in the area of 

differential game theory and min-max optimal control. The relevant literature was reviewed in 

Chapter 2. In particular, we note that Problem 4.4 is an example of min-max or conflicting 

control problems studied previously among others, by Warga (1970). We use Theorem IX.1.2 

(Warga 1970), for finding the first order necessary conditions characterizing the optimal 

solution. However we present a modified version of the theorem, which has been simplified to 

suit the problem we are solving in this dissertation.  

Simplified Theorem from Warga (1970) 

In this section we state and prove the theorem along with some required modifications. We 

require some new notation in this chapter: 

 Notation 6.1: Let  S  be a compact set on  Rn  and  Σ  be the Borel field of subsets of  S. 

Then by  rpm(S)  we denote the set of all Radon probability measures defined on  Σ. Moreover 

we denote the Banach space of continuous functions from  S→R  with the supremum (L1) norm 

by the notation  C (S,R). 
−
C  denotes the closure of   C  and  int(C)  denotes the interior of  C. 
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First we require the following lemma. Let  H  be a topological vector space and  W  be a 

convex subset of  R×H . We define  W0 ≡ { w0∈R: (w0,wH)∈W}  and  W′={wH: (w0,wH)∈W, w0 

< 0}. Let  H*  denote that space conjugate to  H. 

Lemma 6.2: Let  C′  be an open convex subset of  H,  0∈int(W0)  and  0∈
−
C′. Then either 

there exists  lH ∈ H*  such that  lH ≠ 0,  lH(wH) ≥ 0 ≥ lH(c)  for all  wH∈W′ and c∈
−
C′  or  there 

exists  w∈W  such that w0 < 0  and  wH∈C′. 

Proof: For every  ξ∈W  let  ξ0 < 0  and  ξH∈C′  be outside  W. Recall that  W′={wH: 

(w0,wH) ∈ W, w0 < 0}. Then  W′  is a nonempty convex subset of  H  and  W′∩ C′ = φ.  Since  

C′  is an open convex set, by the separation property(Theorem 3.12),  there exists  lH∈H*  and  

α∈R   such that  lH ≠ 0  such that 

  lH (wH) ≥ α ≥ lH (c)  where  wH∈W′  and  c∈C′.  

But  0∈
−
C′∩ 

−
W′  and hence  α=0.  Thus we have   

(6.3)  lH(wH) ≥ 0 ≥ lH(c)         (wH∈W′  and  c∈C′) 

This is the first alternative of the lemma.  

The remaining possibility is when there exists  w∈W  such that  w0 < 0  and  wH∈C′.  Hence we 

have the second alternative of the lemma.                                                                                    ♦ 

The above lemma will be used in the proof of the following theorem. Next we state and 

prove the simplified version of Theorem IX.1.2 from Warga (1970). 

Theorem 6.4: Let  Q  be a convex set, F  be a compact set in  R  and  P  be any compact 

finite dimensional metric space. Consider two functions  T1:Q×F → R and  T2:Q×F×P → R. 

Now assume the following: 
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1.   Let   H = {(q,f)∈Q×F : T2(q,f,p)∈[−ε,M]  for every p∈P }  where  ε,M>0. Let there be  

(q*,f*)∈H  such that  T1(q*,f*) = 
(q,f)∈H
min T1(q,f) . 

2.   The functions  T1  and  T2  have convex Gateaux derivatives. 

3.   For each pair (q,f)∈Q×F  the function  T2(q,f,p):P→ R  bounded and continuous in  p. 

Then there exists  ω∈rpm(P)  and an ω-integrable  ~ω : P → R  such that 

i. |~ω (p)|=1  for all  p∈P  and  ω(P) > 0 

ii. ⌡⌠
~ω(p) ⋅DT2((q*,f*),p;(q,f)−(q*,f*))ω(dp) ≥ 0 

iii. ~ω(p)⋅T2(q*,f*,p) = 
a∈[−ε,M]
 max   ~ω(p)⋅a          for ω-a.a. p∈P 

 
where  DTj( )(q*,f*);(q,f) − (q*,f*)   denotes the directional derivative of  Tj  at  (q*,f*).   

Proof: Define the set   

 W(q,f) = { DT1( )(q*,f*);(q,f) − (q*,f*) , DT2( )(q*,f*),p;(q,f) − (q*,f*)  :(q,f)∈Q×F } 

This set is convex by hypothesis. Let  C2 = { c(p)∈C(P,R) : − ε ≤ c(p) ≤ M }  where  ε > 0. Note 

that  C2  is a closed convex subset of  C(P,R)  and let  C′= int(C2) − T2(q*,f*).  

Then we can apply Lemma 6.2 and the first alternative of the lemma yields the following: there 

exists  l ∈C∗(P,R)  such that  l ≠ 0,  and for all  (q,f)∈Q×F   

(6.5)  l(DT2( )(q*,f*),p;(q,f) − (q*,f*) ) ≥ 0   

(6.6)  l(c) ≤ 0  (c∈
−
C′) 

 
In the above expressions note that  l∈C*(P,R)  and hence by the Riesz representation theorem 

(Theorem 3.10) we can specify an integral form of  l. In particular, there exists a positive Radon 

measure  ω  on  P  and an  ω-integrable  ~ω : P → R  such that 

 |~ω (p)| = 1  for all  p∈P  and  ω(P) > 0 
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 l(c) ≡ ⌡⌠
P

 ~ω(p)c(p)ω(dp)     c ∈ C(P,R) 

 
Next we investigate the inequality  (6.6). In view of the definition of  C′  this implies  

l( c − T2(q*,f*) ) ≤ 0   (c∈
−
C′) 

⇒  ⌡⌠
P
 ~ω(p) [c*(p)−c(p)]ω(dp) ≥ 0  (c∈C2) 

 
We claim that this equation implies claim (iii) of the theorem. To see this assume that there 

exists some co∈C2  such that  ~ω(p)c*(p) < ~ω(p)co(p)  for  p∈δP ⊂ P  where  ω(δP) > 0. Then we 

can form  c′∈C2  such that  

c′≡
co      when p∈δP
c*       otherwise  .  





But, the integral inequality is not satisfied with  c′(p) since: 

  ⌡⌠
P

 ~ω(p)⋅[c*(p)−c′(p)]ω(dp) = ⌡⌠
δP

 ~ω(p)⋅[c*(p)−c′(p)]ω(dp) < 0.  

Now note that  C(P,R)  is separable and hence  C2  contains a dense denumerable subset 

{c1,c2,….}. Moreover the set {c(p)|c∈C2}  is dense in  [−ε,M]  for all p∈P  and hence it follows 

that the set  {c1(p),c2(p),…}  is dense in  [−ε,M]  for all p∈P.  So we can write the following: 

 ~ω(p)c*(p) ≥ 
j∈N
sup  ~ω(p)cj(p)  

      = 
a∈[−ε,M]

    sup   ~ω(p)a (p∈P) 

      = 
a∈[−ε,M]

    max   ~ω(p)a (p∈P)  (Since c*(p)∈[−ε,M]) 

 
Thus we have proved that the statement of the theorem is a result of the first alternative of the 

lemma. We now prove that the other alternative of the lemma  implies a contradiction with the 

assumption in that (q*,f*)  is found to be not minimizing. To prove this consider the set  W(q,f)  
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and  C′  as defined above. From the lemma , there exists  w∈W(q,f)  such that w1 < 0  and  

w2∈C′. 

For each choice of  q∈Q  and  f∈F, define the function  h1:[0,1]→R  and  h2: [0,1] → C(P,R)  as 

follows: 

(6.7) h1(θ) = T1(q* + θ(q−q*), f*+ θ(f−f*)) 
   h2(θ) = T2(q* + θ(q−q*), f*+ θ(f−f*),p)   where  θ∈[0,1]. 
 

It can be easily verified that the derivatives  h′
1  and  h′

2  at (0,0)  can be expressed in terms of the 

directional derivatives  of  T1  and T2  at  (q*,f*). 

(6.8) h′
i(0)δθ = DTi( )(q*,f*);(q,f) − (q*,f*) δθ   (i=1,2)  

Now  for sufficiently small δθ > 0, 

h1(δθ) = h1(0) + h′
1
(0)δθ + ο(||δθ||) 

          = h1(0) + w1 δθ  + ο(||δθ||) < h1(0) = T1(q*,f*) 
 

Also we know that 

||δθ||→0
lim  ||δθ||−1[h2(δθ) − h2(0) + h2′(0)δθ ] = 0 

⇒  
||δθ||→0
lim  ||δθ||−1 [h2(δθ) − h2(0)] = w2 ∈ C′ 

 
Hence for sufficiently small  ||δθ||  we can conclude that    

[h2(δθ) − h2(0)]∈||δθ|| C′⊂C′  (Since 0∈C′) 
h2(δθ) − T2(q*,f*) ∈ int(C2) − T2(q*,f*). 
 

Hence  (q*,f*)  is not a minimizing solution as hypothesized in assumption (1) of the theorem.   ♦ 

The Scaled System 

The theorem proved above is the main tool that we will use to derive first order conditions 

for the solution of Problem 4.4. The functions  T1 and  T2  will be appropriately defined for our 

problem and it will be shown that all the assumptions of Theorem 6.4 are satisfied. Hence a 
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solution to Problem 4.4 must satisfy the conclusions of Theorem 6.4. It will be shown that some 

useful features of the optimal solution of Problem 4.4 may be derived from careful consideration 

of conclusion (ii) of Theorem 6.4. With these objectives in mind we redefine Problem 4.4 for a 

scaled system described next. We express system (4.1) in terms of scaled variables  y(s)  and  

w(s)   as follows: 

y(s) ≡ x(βs)    s∈[0,1] 
v(s) ≡ u(βs)   s∈[0,1]     where  β ≤ θ   and  θ = 

u∈U
sup 

D∈∆
inf  T(u,D). 

 
In terms of these variables Problem 4.4 can be written as: 

Problem 6.9: Find  min (−β)  subject to the following constraints: 



 .y(s) = β(A′y(s) + B′v(s))           0 ≤ s ≤ 1

 y(0) = x0                                     x0
Tx0 < M

 yT(s)y(s) ≤ M                     for 0 ≤ s ≤ 1  and for all  (A′,B′) ∈ (A+∆A)×(B+∆B)  
  

where (A+∆A) ≡ {A+DA:DA∈∆A}  and  (B+∆B) ≡ {B+DB:DB∈∆B}. 

It can be easily checked that Problem 4.4 and 6.9 are identical. Using standard methods, y(s) can 

be expressed as: 

 y(s) =  eβA′s [x0 + ⌡⌠
0

s

e-βA′τ βB′v(τ)dτ] 

Definition 6.10: Now we identify the relevant sets in Problem 6.9 with those defined in 

Theorem 6.4 as follows: 

 Q ≡ U[0,1]   where  U[0,1] ≡ {v(t)∈U: v(t) = 0 for t > 1 }  
 F ≡ [0,θ+1] 
 P ≡ { (A′,B′,s)∈ (A+∆A)× (B+∆B)×[0,1]} 
 

And we define the functions T1  and  T2  as follows: 

 T1(v(s),β) = −β 
 T2(v(s),β, (A′,B′,s)) = yTy 
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In the following Theorem  P ≡ (A+∆A)× (B+∆B)×[0,1]. Hence if  ω∈rpm(P) then 

conditional probabilities  ω(A′,B′|s)  as well as the marginal probability  ω(s)  can be defined in 

the usual way so that for any  (A′,B′,s)∈Σ,  the joint probability  ω(A′,B′,s) = ω(A′,B′|s) ω(s). 

Let us denote the Lebesgue measure on  [0,1]  by  µ. Also note that in the following theorem and 

thereafter the variables  τ  and  s  are both used to denote the scaled time and lies in [0,1]. They 

are used interchangeably as appropriate. 

Necessary Conditions 

We are now ready to apply Theorem 6.4 to Problem 6.9 and thus derive necessary 

conditions for the optimal solution (v*,β*). From this theorem we expect to gain some insight 

about the characteristics of the optimal input  v*. Indeed, from the theorem stated below it will 

become apparent that the optimal input  v*  may have a bang-bang control feature. The result 

introduces the quantity  z(s) over the scaled interval time [0,1], which is similar to the classical 

switching function for the bang-bang control input  v*.(Pontryagin et al. 1962). However the 

exact characteristics of  z(s) will have to be clarified through some further investigations. The 

solution to Problem 6.9 and hence the solution to Problem 4.4 is summarized in the following 

theorem: 

Theorem 6.11: Let  (v*(s),β*)  be the solution to Problem 6.9. Then there exists  

ω∈rpm((A+∆A)× (B+∆B)×[0,1])  and a µ-measurable function  z(s):[0,1] → Rm  such that the 

following are satisfied: 

i. z(s) = 
⌡

⌠

s

1

 ⌡⌠
P

 

yT(τ)eβ*A′(τ−s)B′ω(dA′×dB′|τ)ω(dτ)  

ii. z(s) v(s) ≥ z(s) v*(s)  for  µ-a.a. s∈[0,1] and for any v∈U[0,1] 
 

Where the support of  ω  is given by the set:  Ω = { (A′,B′,s)∈(A+∆A)× (B+∆B)×[0,1]: yTy = M } 
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Proof: We can apply Theorem 6.4 since all the assumptions are clearly met We first 

calculate the directional derivatives of  T1  and  T2. It is more convenient to use the variable  τ  as 

the time variable and  s  as the running variable in the following expressions. The advantage will 

be apparent from the subsequent derivation. 

 DT1( )(v*,β*);(v,β) − (v*,β*)  =  (β−β*) 

 DT2( )(v*,β*);(v − v*)
β=β* = yT(τ)









 ⌡⌠
0

τ

eβ*A′(τ−s) β*B′(v(s)−v*(s))ds   

 

By Theorem 6.4 there exists  ω∈rpm(P)  and an ω-integrable  integrable  ~ω : P → R  such that 

 |~ω (p)| = 1  for ω-a.a  p∈P  and  ω(P) > 0 

 ⌡⌠
~ω(p) ⋅DT2((v*,β*);(v,β) − (v*,β*))ω(dp) ≥ 0 

 
If we set β = β* in the above inequality and refer to the expression for the directional derivatives 

of  T1  and T2  we obtain 

(6.12) ⌡⌠
~ω(p) ⋅DT2((v*,β*);(v − v*))ω(dp) ≥ 0. 

⇒ 
⌡

⌠

P

~ω(p)yT(τ)








 ⌡⌠
0

τ

eβ*A′(τ−s) β*B′(v(s)−v*(s))µ(ds)  ω(dp) ≥ 0 

⇒ 
⌡

⌠

P

~ω(p)yT(τ)








 ⌡⌠
0

1

eβ*A′(τ−s) β*B′Ψ[0,τ](s)( )v(s)−v*(s) µ(ds)  ω(dp) ≥ 0    

(Where Ψ[0,τ](s) = 


1      when 0 ≤ s ≤ τ
0       otherwise   ). 

⇒ 
⌡

⌠

0

1

 








⌡⌠
P

 

 ~ω(p)yT(τ)eβ
*
A′(τ−s) B′Ψ[0,τ](s)ω(dp)  (v(s)−v*(s))µ(ds) ≥ 0  (By Fubini’s Theorem 

(3.11)) 

⇒ ⌡⌠
0

1

 z(s)(v(s)−v*(s))µ(ds) ≥ 0   where  z(s) ≡ ⌡⌠
P

 ~ω(p)yT(τ)eβ*A′(τ−s) B′Ψ[0,τ](s)ω(dp) 
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Now by hypothesis,  P ≡ {(A+∆A)× (B+∆B)×[0,1]}  and ω is a Radon probability measure on  P. 

Hence we can write ω(dA′,dB′,dτ) in terms of the appropriately defined conditional and marginal 

probabilities. 

The expression for  z(s)  can be rewritten in terms of the conditionals as follows: 

z(s) ≡ 
⌡

⌠

0

1

⌡⌠
∆

 

 ~ω(A′,B′,τ)yT(τ)eβ*A′(τ−s) B′ω(dA′,dB′/τ) Ψ[0,τ](s) ω(dτ) 

     =
⌡

⌠

s

1

⌡⌠
∆

 

 ~ω(A′,B′,τ)yT(τ)eβ
*
A′(τ−s) B′ω(dA′,dB′/τ) ω(dτ) 

 
We claim that: 

 ⌡⌠
0

1

 z(s)(v(s)−v*(s))µ(ds) ≥ 0  ⇒  z(s)v(s) ≥ z(s)v*(s)  for  µ-a.a. s∈[0,1]. 

To see this assume that there exists some vo∈U  such that  z(s)vo(s) < z(s)v*(s)  for  s∈δT ⊂ [0,1]  

where  µ(δT) > 0. Then we can form  v′∈U  such that  

v′≡
vo      when s∈δT
v*       otherwise  .  





But, the integral inequality is then not satisfied with  v′(s)  since: 

⌡⌠
0

1

 z(s)(v′(s)−v*(s))µ(ds) = ⌡⌠
δT

 
 z(s)(v′(s)−v*(s))µ(ds)  < 0. 

Now the third conclusion of Theorem 6.4 directly determines the form of the support set of the 

measure  ω. From Theorem 6.4): 

 ~ω(p)⋅yT(p;v*,β*)y(p;v*,β*) = 
a∈[−ε,M]
 max   ~ω(p)⋅a          for ω-a.a. p∈P. 
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Recall that  ~ω(p) = ±1. Hence: yT(p;v*,β*)y(p;v*,β*) = M  when  ~ω = 1. If  ~ω = −1  the equality 

above cannot be satisfied. Hence   ~ω = 1  for  ω-a.a. p∈P and the measure  ω  has the support set 

defined as follows: 

Ω = {p∈P: yT(p;v*,β*)y(p;v*,β*) = M}.     

The expression for  z(s)  simplifies to: 

z(s) = 
⌡

⌠

s

1

⌡⌠
∆

 

yT(τ)eβ*A′(τ−s) B′ω(dA′,dB′/τ) ω(dτ).                                                                      ♦ 

The above theorem derives necessary conditions for the optimal solution  (v*,β*)  to 

Problem 6.9. Now consider conclusion (ii) of the above theorem.  

z(s) v(s) ≥ z(s) v*(s)  for  µ-a.a. s∈[0,1] and for any v∈U[0,1] 

It follows that when each component of  z(s) ≠ 0  the optimal input solution  v*(s)  is bang-bang 

and alternates between the maximum allowed  input bounds (namely ±K). In other words when  

zj(s) ≠ 0 for some j∈{1,2,…m}, this implies that for a.a. s∈[0,1]: 

v*j(s) = 


 −K       when  zj(s)>0  
   K        when  zj(s)<0  .  

This partially solves our questions about the characteristics of the optimal solution  v*. 

However we cannot conclude anything about the corresponding components of the solution over 

intervals when some components of the function  z(s)  are zero. A completely bang-bang solution 

would be extremely favorable from an engineering point of view, for its ease of implementation 

and numerical computation. However as we show in the following example, this may not always 

be true in this case. We will show that some components of the switching function  z(s)  can turn 

out to be zero over non-zero intervals of time. 
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We would like to know more about the function z(s), in particular, whether some 

components of  z(s)  could be zero over contiguous subintervals of  [0,1]. Recall that for the 

solution to be purely bang-bang each component of the switching function  z(s)  needs to be non-

zero almost everywhere on [0,1]. We note that our problem is linear time optimal and in most 

such problems studied in literature the solution turned out to be bang-bang. (See Pontryagin et al. 

1962). However it is interesting to note that in this case, it does not always hold. In general, it is 

not true that the optimal solution is bang-bang and hence some components of  z(s)  are zero over 

subintervals of non-zero measure in [0,1]. We present the following example:  

Example 6.13: Find  
u∈U
max tf  subject to the following constraints: 



 

.
x(t) = ax(t) + u(t)          0 ≤ t ≤ tf  and  |u(t)| ≤ 2
 x(0) = 1
 xT(t)x(t) ≤ M                for 0 ≤ t ≤ tf  and for all  a∈[1.2,1.4]  

  

We provide a solution to the problem for  M = 1.96. 

 

Figure 6-1: Optimal input has one switch: M = 1.96, tf = 3.7 
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The solution is bang-bang only over the first part [0,1.27] of the interval. Over the rest of 

the interval until  tff

  the optimal input though constant (=1.67) is not ±2. For a clear 

understanding of the behavior of the system for different values of the uncertainty we have 

plotted the corresponding trajectories for ten different uncertainty values of the pole ‘a’. The 

solution to this problem was calculated using brute force techniques, where both the time axis (0 

to 4 seconds) and the amplitude of the input [-2,2] were discretized thereby forming a grid. Every 

input was checked on this grid to find the best solution. The continuous time solution was found 

by interpolation of the discrete optimal solution. 

 

Figure 6-2: Trajectories for ten different uncertainty values of  ‘a’; M = 1.96, tf = 3.7 

While this feature of the optimal solution  v*  is interesting because of its anomaly with 

other known solutions to linear time optimal problems, studied in literature, it is inconvenient 

from an engineering point of view. It is much easier to compute a bang-bang solution than 

otherwise, since for a bang-bang solution, only the switching instants need to be computed to 
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effectively know the solution. Hence for a bang-bang solution the dynamic optimization with 

high complexity reduces to a simple static optimization over the space of switching instants. In 

the next section we show, that even over intervals where some components of  z(s) are zero and 

consequently the optimal solution  v*  is possibly not bang-bang, there exists a bang-bang input  

v′  which approximates v*  in an appropriate sense. 

Bang-Bang Approximation to  v*  

As we discussed in the last section, it would be interesting to know if the optimal solution, 

which may not be bang-bang, could be approximated by a bang-bang input in any sense. Recall 

that the objective of the optimal input is to maintain the inequality  xTx ≤ M  for every trajectory 

of the error, corresponding to any uncertainty value, during the maximal time interval  tf. We 

show that the optimal input  u*  can be approximated by a bang-bang input  u′,  in the sense that  

xT(u′,D)x(u′,D) ≤ M + ε  for every value of the uncertainty  D∈∆, for at least  tf   seconds. Here  

ε  can be made arbitrarily small by increasing the number of switches in u′.  

Lemma 6.14: There exists a bang-bang function  u′∈U[0,β∗]  with a finite number of 

switches, such that  xT(u′;D)x(u′;D) ≤ M + ε  for every D∈∆  and for at least  tf  seconds. Here, ε  

can be made arbitrarily small by increasing the number of switches in  u′. 

Proof: Let  x*(t,D)  and  x′(t,D)  denote the state vectors, corresponding to uncertainty 

value  D≡(DA,DB)∈∆  at instance  t  when the optimal control  u* and  u′  are applied respectively 

between [0,t]. Since they start from the same initial condition,  

x*(t,D) − x′(t,D)  = eA′t
⌡⌠
0

t

e−A′τB′[u*−u′]dτ 

We claim that for small enough  t  it is possible to switch  u′  appropriately so that  
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eA′t
⌡⌠
0

t

e−A′τB′[u*−u′]dτ = 0   ∀(A′,B′)∈((A+∆A)×(B+∆B)) 

Since  eAt  is invertible always, it is enough to prove that  

⌡⌠
0

t

e−A′τB′[u*−u′]dτ = 0. 

Let  t  be small enough so that  e−At  can be considered constant over  [0,t]. We now propose to 

switch each component of  u′≡{u1′,u2′,….,um′} once between  ±K during [0,t]. The interval 

before the switch we denote by  ti1  and the interval after the switch by  ti2  corresponding to the  

ith  input  ui. The switching times have to add up to the total time  t, i.e., ti1 + ti2 = t. 

Hence:   

⌡⌠
0

t

e−A′τB′[u*−u′]dτ = e−A′tB′









∆u11t11 + ∆u12t12

 ∆u21t21 + ∆u22t22
….
….
….

 ∆um1tm1 + ∆um2tm2

 

Where  ∆uij = ui − ui′ (i = 1,2,…m)  and j = 1 denoted the time interval before the switch and  j=2  

implies the time after the switch. 

Clearly, we can choose the switching times so as to make  

∆ui1ti1 + ∆ui2ti2 = 0  for every  i∈{1,2,….m}. 

This proves that at time instant  t  we can make    

x*(t,D) − x′(t,D) = 0   

irrespective of the value of the uncertainty  D≡(DA,DB), by switching each input once. The total 

number of switches required for all the inputs is exactly  m. This does not guarantee that  x*(τ,D) 

= x′(τ,D)  for all  τ∈[0,t] ∀D∈∆. However because of the absolute continuity of  x(t,D), by 

choosing  t  small enough we can guarantee that  ||x*(t,D) − x′(t,D)|| ≤ ε  for any given  ε.  
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Recall that the optimal open loop interval is always finite. Hence the optimal interval  [0,tf]  can 

be split into arbitrarily small sub-intervals to form a partition  P≡{0,t1,t2,….,tp,tf}. We can use the 

above method for each subintervals  [ti,ti+1], (i=1,…,p) so that x*(ti,D) = x′(ti,D) ∀D∈∆  for each  

ti∈P. Also by making the partition  P  fine enough, we can make ||x*(τ,D) − x′(τ,D)|| ≤ ε  

(τ∈(ti,ti+1)) for any given  ε. It follows easily that  ||x′(t,D)|| ≤ M + ε  for  t∈[0,tf] and ∀D∈∆.    ♦ 

Over intervals where  some components of  z(s)  are 0,  the above lemma provides an 

approximation of the optimal solution with a bang-bang input. The approximation holds 

irrespective of the value of the uncertainty and hence guarantees that every state trajectory 

remains within the allowed error bound for the maximal period. Moreover, since the 

approximation is being done by a bang-bang function, all the computational advantages 

corresponding to a bang-bang solution are inherited by  u′. In general, for an accurate 

approximation, the number of switches required for  u′  may be high. However for practical 

purposes, the required number of switches may be computed by repeatedly calculating the 

maximal time for increasing number of switches. The iteration should stop when no appreciable 

improvement occurs with the increase in the number of switches. 

We consider Example 6.13 again to show that the non-bang-bang optimal input can be 

effectively approximated by a bang-bang signal, as is predicted by Lemma 6.14. The 

approximating bang-bang input has a total of sixteen switches. Corresponding to each 

uncertainty value of the pole  a, the state trajectory with the actual optimal input is approximated 

by the trajectory resulting from the bang-bang input. To see this the reader need to compare the 

following figures with Figures 6-1 and 6-2. A slight relaxation of the error bound beyond  

M=1.96  allows for an identical maximal time of  3.7 seconds. 
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Figure 6-3: Approximate bang-bang input: 16 switches 

 

Figure 6-4: Trajectories for ten different uncertainty values of  ‘a’; M = 1.96, tf = 3.69
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CHAPTER 7 
CONDITIONS FOR A PURELY BANG-BANG SOLUTION 

Though the necessary condition derived in Theorem 6.11 hints that the optimal solution 

may be bang-bang, we could not rule out the possibility that some components of the switching 

function  z(s)  could be zero over sub-intervals of [0,1]. In fact we discussed a case where this is 

the case and the optimal solution is clearly not bang-bang. Furthermore, we proposed a method 

in which a non-bang-bang optimal input may be approximated by a high frequency bang-bang 

input. 

However it would be interesting to know whether there are conditions under which the 

optimal solution itself is purely bang-bang. For this we need to investigate two important 

questions about the switching function  z(s). Firstly, we need to find conditions under which each 

component of the switching function  z(s)  is non-zero almost everywhere. Moreover we need to 

estimate number of zero crossings of the components of the function  z(s). The following 

assumptions were found sufficient to guarantee a purely bang-bang solution to Problem 4.4. 

Assumptions 7.1: 

• The uncertainty bound  d  is small. 

• The input bound K is sufficiently small with respect to the error bound M. 

• The system is controllable from each input for some value of the uncertain pair (A′,B′). 

 We first prove that all the components of the function  z(s)  cannot be identically zero 

over the entire interval [0,1]  for small uncertainties on the  A and B  matrices. 

Lemma 7.2: If the maximum disturbance  d  is small, the function  zj(s):[0,1]→R  cannot 

be zero  µ-a.e. on [0,1] for all  j∈{1,…,m}.  

Proof: According to Theorem 6.11,  for β = β*, 
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 ⌡⌠ DT2((v*,β*);(v − v*))ω(dp)  =  ⌡⌠
0

1

 z(s)(v(s)−v*(s))µ(ds). 

Assume that  z(s) = 0 a.e. on [0,1]. Then ⌡⌠ DT2((v*,β*);(v − v*))ω(dp) = 0 for any µ-measurable 

v(s). Now, for  β = β*  the expression for  DT2((v*,β*);(v − v*))  may be simplified as follows : 

DT2((v*,β*);(v − v*)) 

= yT(τ,Α′,Β′;β*,v*)








 ⌡⌠
0

τ

eβ
*
A′(τ−s) β*B′(v(s)−v*(s))ds  

= yT(τ,Α′,Β′;β*,v*)








 ⌡⌠
0

τ

eβ
*
A′(τ−s) β*B′v(s)ds− ⌡⌠

0

τ

eβ
*
A′(τ−s) β*B′v*(s)ds  

= yT(τ,Α′,Β′;β*,v*)








eβ
*
A′τ x0 + ⌡⌠

0

τ

eβ
*
A′(τ−s) β*B′v(s)ds− y(τ,Α′,Β′;β*,v*)  

= yT(τ,Α′,Β′;β*,v*) { } y(τ,Α′,Β′;β*,v)− y(τ,Α′,Β′;β*,v*)  
 

Now the support of  ω was determined to be the set   

Ω = {(τ,A′,B′)∈P: yT(τ,A′,B′;v*,β*)y(τ,A′,B′;v*,β*) = M}.   

Hence the integral expression simplifies to: 

⌡⌠ DT2((v*,β*);(v − v*))ω(dp)  

 = ⌡⌠yT(τ,Α′,Β′;β*,v*)y(τ,Α′,Β′;β*,v)ω(dτ,dA′,dB′) − M ⌡⌠ω(dτ,dA′,dB′) 

= ⌡⌠yT(τ,Α′,Β′;β*,v*)y(τ,Α′,Β′;β*,v)ω(dτ,dA′,dB′)  − M 

 
According to our assumption: 

(7.3) ⌡⌠yT(τ,Α′,Β′;β*,v*)y(τ,Α′,Β′;β*,v)ω(dτ,dA′,dB′)  = M  for every µ-measurable v(t). 

Hence for  v(t) = 0  for t∈[0,1] we have: 

(7.4) ⌡⌠yT(τ,Α′,Β′;β*,v*)eAβ*t x0 ω(dτ,dA′,dB′)  = M. 

Next we use some Dirac delta and Dirac delta derivatives for  v(t)  to try to bring every trajectory 

to near zero. While these functions are not strictly µ-measurable, they can be thought of as the 
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limits of very high amplitude measurable functions and the proof is considerably simplified as a 

result. Moreover, note that under the assumption of  xT
0x0 < M, and by the definition of  Ω,  z(s)  

can be expressed as the following power series in  s  in a small enough neighborhood about  s = 

0.  

z(s) = ⌡⌠
Ω

 

yT(τ,A′,B')eβ*A′ B′ω(dA′,dB′,dτ)  +  s ⌡⌠
Ω

 

yT(τ,A′,B')eβ*A′ β*A′B′ω(dA′,dB′,dτ) +     

+  
s2

2! ⌡
⌠
Ω

 

yT(τ,A′,B')eβ
*
A′ A′2B′ω(dA′,dB′,dτ)  +  ……………….. 

 
It follows that  z(s)  is analytic in a small enough neighborhood about  s = 0  and hence the 

assumption that  z(s) = 0  µ-a.e. implies that  z(0) = 0. 

Choose  v(t) = − [δ(0)  δ′(0) …. δn(0)] C−1x0 

Since  z(0) = 0, (7.3)  is valid for such a v(t). Then: 

y(0+) =  x0 − [ (B+DB)  (A+DA)(B+DB) ….. (A+DA)n(B+DB) ] C−1 x0 
         =  [DB  ADB +DAB  ………]C−1x0 
  

Hence with this input (7.3) yields: 

(7.5) ⌡⌠yT(β*,v*)eAβ*t [DB  ADB +DAB  ………]C−1 x0 ω  = M 

Assuming that  DA  and DB  are small the left hand side of the above equation can be 

approximated by: 









⌡⌠yT(β*,v*)eAβ*t ω  [D′B  AD′B +D′AB  ………]C−1 x0  where  DA′  and DB′  are average 

values with respect to the measure  ω. 

If we divide the above expression by the maximum allowed scalar disturbance, d (recall  ||DA|| ≤ 

d  and  ||DB|| ≤ d   ∀ (DA,DB)∈∆), then  

[D′B  AD′B +D′AB  ………]C−1 x0  = d [ h1  Ah2 + h3B …..] C−1 x0    
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where each element of the matrices  hi  lies between [-1,1]. Hence for any measure  ω  and 

independent of the maximum disturbance  d,  the following upper bound holds: 

[ h1  Ah2 + h3B …..] C−1 x0   ≤  k1 x0   where  k1  is a large enough scalar. 

⇒ 








⌡⌠yT(β*,v*)eAβ*t ω  [D′B  AD′B +D′AB  ………]C−1 x0   

≤ dk1 ⌡⌠yT(β*,v*)eAβ*t x0 ω  ≤ dk1 M  (by Equation 7.4)  
 

Now as  d → 0  Equation 7.5 cannot be satisfied. Hence we have a contradiction.                      ♦ 

Lemma 7.2 shows that at least one component  zj(s)  of the function  z(s)  is non-zero over 

some part of [0,1]. The optimal solution is bang-bang over those subintervals.  

In the following lemma we prove that if the input bound  K  is small enough compared to 

the allowed error bound  M (by Assumption 7.1),  then the optimal trajectories hit the boundary 

only at the end of the optimal interval  [0,tf]. We will show that this condition is not only enough 

to make optimal solution always bang-bang, but also provides more information about the zeros 

of the function  z(s). ||.||2  denotes the Euclidean norm below. 

Lemma 7.6: If for some constants k2, d2 and  d1 defined below,  

 (M)1/2 (||A||2 − d1) > k2 (||B||2 +d2) K   

holds, then xT(t)x(t) < M for all  D∈∆ ,  t∈[0,θ)  and  xT(θ)x(θ) = M  for some  D∈∆.  

Proof: Recall that  J(t) = xT(t)x(t). When some input  u(t)  is applied to the system, the 

open loop operation must stop when for some disturbance  D=(∆A,∆B), the inequality  J(t) > M  is 

satisfied. Now  J(t)  is a continuous and differentiable function of t on any interval in [0,∞). Let  

J(t0) = M for some  t0 corresponding to some  x(t)  and  D . If for every permissible  u(t0+),  
.
J(t)|t

0
+ 

> 0,  then for every  ε > 0,   J(t0 + ε) > M   and hence  θ = t0. We derive conditions so that 
.
J (t)|t

0
+ 

> 0 for any permissible input and any trajectory satisfying  J(t0) = M. 
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.
J (t)|t

0
+ > 0 ⇔ xT .

x > 0 ⇔ xT(A′x + B′u) > 0. 

We assumed  A′  to be unstable and hence, by the Lyapunov theorem,  xTA′x > 0. If  xTB′u > 0, 

then the inequality above is trivially satisfied. Hence we assume that  xTB′u < 0  and the last 

inequality becomes: 

xT(A′x − B′u)  > 0  
⇐ || xTA′x ||2 > || xTB′u ||2 . 
⇐ || xTA′x ||2 > ||x||2.||B′||2.||u||2 
 

Now there exists  0 < k1 ≤ 1  such that  || xTA′x ||2 = k1||x||22.||A′||2. Let  k2  be the lower bound of 

the values of  k1  for any value of  x(t0)  such that  xT(t0)x(t0) = M  and  A′. Since by assumption  

||xTA′x||2 > 0,  we claim that  k2 > 0. This can be seen by noting that ||xTA′x||2 ≤ M (||A||2 + d2). 

Hence k2 = 
xTx=M,A′

inf   
||xTA′x||

M (||A||2+d2) . Since the right hand side is continuous in  x  and  A′, the 

infimum is achieved and hence k2 > 0. 

Hence the following implies the last inequality: 

k2||x||22 ||A′||2 > ||x||2 ||B′||2 ||u||2 

⇐  
(M)1/2||A′||2

||B′||2
 > k3 . K   (where k3 is a constant resulting from the equivalence of norms: 

recall that ||u||2 = k2k3 ||u|| ≤ k2k3 K) 

⇐ 
(M)1/2(||A||2 − d1)

||B||2 + d2
 > k3 . K 

The last implication follows from: 

||A′||2 = || A + DA ||2 > ||A||2 − ||DA||2 > ||A||2 − d1  
||B′||2 = || B + DB ||2 ≤ ||B||2 + ||DB||2 ≤ ||B||2 + d2. 
 

where  d1,d2  are positive constants resulting from the equivalence of norms and the bound  d  on 

the uncertainties: ||DA||, ||DB|| ≤ d.                                                                                                   ♦ 
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The significance of the above lemma is that it provides us with a simple condition when 

the optimal trajectories will hit the boundary only at one point in time and that time is necessarily 

at the end of the optimal time interval  [0,tf]. It is however evident that more than one trajectory 

corresponding to different values of the uncertainty  (DA,DB), can hit the boundary at the same 

time.  

Lemma 7.7: Under Assumption 7.1, each  zj(s) ≠ 0  almost everywhere on (0,1) and the set 

of zeros of  z(s)  do not have a limit point in (0,1). 

Proof: Consider the expression for  z(s): 

z(s) = 
⌡

⌠

s

1

⌡⌠
∆

 

yT(τ,A′,B')eβ
*
A′(τ−s) B′ω(dA′,dB′/τ) ω(dτ). 

Recall that the support for  ω was defined as  Ω = {(A′,B′,τ)∈(A+∆A)× (B+∆B)×[0,1]: yTy = M}. 

If Lemma 7.6  holds then  Ω = { (A′,B′,τ)∈(A+∆A)× (B+∆B)×{1}: yTy = Mc }  and  z(s)  can be 

simplified as follows: 

z(s) = ⌡⌠
∆

 

yT(1,A′,B')eβ
*
A′(1−s) B′ω(dA′,dB′). 

Hence for each  s∈[0,1)  the expression for  z(s) is given by the following power series 

expansion: 

z(s) = ⌡⌠
∆

 

yT(1,A′,B')eβ*A′ B′ω(dA′,dB′)  +  s⌡⌠
∆

 

yT(1,A′,B')eβ*A′ A′B′ω(dA′,dB′) +  

s2

2!⌡⌠
∆

 

yT(1,A′,B')eβ*A′ A′2B′ω(dA′,dB′)  +  ………………. 

≈ 








⌡⌠
∆

 

yT(1,A′,B')eβ*A′ ω(dA′,dB′)  B′  +  s 








⌡⌠
∆

 

yT(1,A′,B')eβ*A′  ω(dA′,dB′)  A′B′ +  

s2

2!







⌡⌠
∆

 

yT(1,A′,B')eβ*A′ ω(dA′,dB′)  A′2B′  +  ………………. 
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The above equality is true since the diameter of  ∆A  and  ∆B  are small compared to the variation 

in  eβ*A′  as  A′ varies over  ∆A. 

Let us denote the coefficients by  (X0, X1, X2, …….).  

Hence: 

Xk = 








⌡⌠
∆

 

yT(1,A′,B')eβ*A′ ω(dA′,dB′)  A′kB′ 

     = [ f1  f2 …. fn]A′kB′  
 

(Where we denote the row matrix created by the integral as [ f1  f2 …. fn] and  n  is the order of 

the system. 

We stack that coefficients together and expand each  Xk. 

(7.8)  [X0 X1 ….Xk ….] = [f1 f2 ….fn][B′  A′B′ ….. A′kB′…..] 
or   [X01 ….X0m | X11 …| …| Xk1….] = [f1 f2 ….fn][B′  A′B′ ….. A′mB′…..] 
 

Now recall Lemma 7.2, which guaranteed that at least one component of  zj(s)  (j=1,2,…,m)  is 

non-zero over at least a subinterval of non-zero measure in [0,1]. Without loss of generality that 

this is the case with the  z1(s). Let us write  z1(s)  in terms of the coefficients defined above.  

z1(s) = X01 + X11s + X21s2 + … 

Hence  z1(s)  is analytic and in particular a power series in s over [0,1]. It is well known that a 

power series is either identically zero or is non-zero almost everywhere in its domain of 

definition [0,1] (Conway 1978). Since by Lemma 7.2, z1(s)  is non-zero at least over some 

interval of non-zero measure in [0,1], it follows that it is non-zero almost everywhere over [0,1]. 

We now write the coefficients of  z1(s) in terms of Equation 7.8.  

[X01 X11 …… Xn1 ……] = [f1 f2 ….fn][C1 ……]   

Where  C1  is the controllability matrix for the first input. Since  z1(s)  is non-zero, at least one of 

the coefficients Xi1 (i=0,1,….) is non-zero. Hence  [f1 …fn] ≠ 0,  i.e., at least one among  fi 

(i=1,…,n)  is non-zero. Recall that by assumption (7.1), the controllability matrices  Cj  
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corresponding to each of the  m  inputs are full rank. Hence at least one among the first  n  

coefficients of each  zj(s) (j=1,2…,m) is non-zero. This in turn implies that each  zj(s)  is non-

zero almost everywhere on  (0,1).  

This proves that  z(s)  is a non-zero power series on (0,1). It is well known that zeros of analytic 

functions cannot include a limit point in its domain of definition. It follows that the only possible 

limit points in the zeros of z(s) is at  s=0,1. Hence proved.                                  ♦ 

From Theorem 7.2 and the above lemma, we conclude that  z(s) satisfies the following: 

z(s)v(s) ≥ z(s)v*(s)  for a.a. s∈[0,1].  

Moreover each component of  z(s)≠0  a.e. on (0,1). Together this implies that for a.a. s∈[0,1]: 

v*j(s) = 


 −K       when  zj(s)>0  
 +K       when  zj(s)<0  .  

Hence, the optimal solution is purely bang-bang almost everywhere on (0,1). The value of  

v*(s)  is not known over sets of measure zero. These sets are exactly the values of  s  where some 

component of the function  z(s) = 0. Recall that each zero crossing of any component of the 

switching function  zj(s) (j=1,2…m)  can potentially imply a switch between the extreme allowed 

values of the input (±K). The number of such points is not finite in general and hence the 

solution may contain an infinite number of “switches” or sign changes between the extreme 

values. However, by Lemma 7.7, the zeroes of z(s), or in other words the switching instants of 

the optimal input  v*,  do not have a limit point in (0,1). The only possible limit points are at  s = 

0 or 1. This implies that the optimal switching sequence may have become increasingly close 

together at the very beginning or the end of the optimal open loop interval. However, the open 

loop interval is always finite. From an engineering viewpoint, the optimal input function may be 

truncated near the two ends. This will result in a finite number of switches in the optimal input 
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solution with an arbitrarily small reduction in the maximal open loop time. This will make the 

computation of the switching times as well as the hardware implementation feasible. 

Hence the optimal  v* may be approximated for every practical purpose, by an 

implementable function with a finite number of switches. The engineering importance of the 

numerical simplification in the calculation of the optimal solution cannot be over emphasized. 

The optimal solution, being bang-bang, is effectively known by the computation of the switching 

instants. Moreover, a bang-bang solution may be implemented with the most basic in hardware 

and simplest of algorithms.  

By a simple example, we demonstrate some of the interesting features of the problem 

solved above. We choose the same single dimensional system with a single input and with some 

uncertainty on the pole as was used in Problem 6.13. The state is the output of the system. Let us 

transcribe Problem 4.4 in terms of this system:  

Problem 7.9: Find  
u∈U
max tf  subject to the following constraints: 



 

.
x(t) = ax(t) + u(t)          0 ≤ t ≤ tf  and  |u(t)| ≤ 2
 x(0) = 1
 xT(t)x(t) ≤ M                for 0 ≤ t ≤ tf  and for all  a∈[1.2,1.4]  

  

We provide a solution to the problem for  M = 25. The optimal input in this case has only 

one switch with the optimal switching instant at 1.3467 seconds. The maximum  tf  was found to 

be 5.08 seconds, and in the time interval  [0, 5.08 sec], every state trajectory is guaranteed to be 

within  [-5,5]. For a clear understanding of the behavior of the system for different values of the 

uncertainty we have plotted the corresponding state trajectories for ten different uncertainty 

values of the pole ‘a’.  
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Figure 7-1: Optimal input has one switch: M = 25, tf = 5.08 

 
Figure 7-2: Trajectories for ten different uncertainty values of  ‘a’; M = 25, tf = 5.08 
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CHAPTER 8 
CONCLUSION AND FUTURE WORK 

Conclusion 

 The problem of maximizing the open loop period of operation of a linear time invariant 

system with bounded inputs has been considered. The parameters of the controlled system are 

subject to bounded uncertainties. An optimal controller has been derived that maximizes the time 

during which the control loop can be left open, while keeping the system error within pre-

specified bounds. The existence of such a control signal is first proved among the set of 

measurable functions. Euler-Lagrange type first order necessary conditions are then derived for 

calculating the optimal open loop input. It is shown that the time interval, during which the 

control loop can remain open, is maximized by an input, which may not be purely bang-bang 

over the entire maximal open loop time.  

We further showed that in cases where the optimal input was not bang-bang over certain 

intervals, a purely bang-bang input existed which approximated the optimal input. This is of 

engineering importance, since the bang-bang nature of the optimal solution makes the 

computation of switching instants computationally feasible, as opposed to solving the entire 

dynamic optimization problem numerically. In the general case, the possibility of a high number 

of switches in the approximate input solution cannot be excluded. However, under the 

assumption that the input bound is small compared with the allowed error bound on the system, 

we have shown that the optimal input itself is purely bang-bang. Moreover, the sequence of 

optimal switching instants does not have a limit point in the interior of the maximal open loop 

interval. This facilitates the computation of the optimal open loop input. Because of the 

finiteness of the open loop interval of operation, the optimal input can then be approximated by a 

piecewise constant input with a finite number of switches. 
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Future Work 

The results we have obtained have potential impacts on a number of application areas, 

including the following. Each of these applications is a potential candidate for future research 

that is based on the theory developed in this dissertation. 

Applications  

Control of Space Vehicles: Space vehicles are frequently faced with intermittent loss of 

signal due to obstacles in the line of vision, radiation interference, limitations in power, etc. In 

such situations, it is critical to know how long the system can perform within its specifications 

without communication with its supervisory center. This question can be directly addressed 

within the framework of need-based feedback we have developed. 

Telemetry: Applications in telemetry frequently face the problem of limited power. The 

method we propose effectively minimizes the communication needed to control a system to a 

minimum and hence maximizes the longevity of the associated power sources. 

Stealth Systems: Stealth and spy systems, like unmanned aerial vehicles and similar 

devices, prefer to reduce communications with their control center so as to reduce the chances of 

detection. The need-based feedback framework can derive the necessary control feeds to achieve 

this goal and reduce the probability of detection. 

Agricultural Systems: Modern agricultural applications, such as soil moisture content 

control and fertilization control, require complex and expensive feedback processes, as most 

feedback data has to be collected by human experts testing in the field. Using need-based 

feedback reduces the frequency and the duration of these field tests, thus reducing costs and 

improving efficiency. 

Biotechnology: Biological research often involves culture and preservation of cells and 

other organic substances under very carefully controlled environments. Regular human 
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surveillance is necessary and extremely expensive. Our method of reducing feedback can 

effectively minimize requirements of human surveillance and thus reduce involved costs. 

Networked Control Systems: It is increasingly common to use shared networks to control 

geographically separated devices. The inherent unreliability of networks may cause frequent loss 

of feedback signals for uncertain periods. To guarantee control objectives, it is crucial to have an 

estimate of how long the system can perform in open loop. Again, this can be answered in the 

framework of need-based feedback control. 

Medicine: Applications are also possible in medicine and optimization of drug dosage. 

Typically patients are treated with drugs at regular intervals while the feedback in terms of its 

effectiveness is collected after large intervals. The method proposed can be potentially used to 

guarantee the effectiveness of the drug when measurements are not being made. Moreover the 

intervals after which the patient needs to be checked may be maximized. 

Numerical Optimization: The actual computation of the optimal solution presents an 

interesting problem in numerical optimization. We conjecture that appropriate use of 

combinatorics may lead to a highly efficient algorithm for calculating the solution.  

Theoretical Research 

This problem is closely related to the viscosity solutions of the Hamilton-Jacobi-Bellman 

equation. It seems that the so-called “exit time problem” studied widely in relation to min-max 

dynamic programming is similar to the maximal open loop time studied above. But the inherent 

non-smoothness of the current solution makes the use of non-standard solutions necessary and 

hence may present an interesting future direction of research. 

The theory proposed extends the results on optimal residence time of perturbed control 

systems. While previous results have been derived in a feedback control setting, we have shown 
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that investigation in the framework of robust open-loop optimization framework is interesting 

and relevant to physical situations. A complete theory requires further research in this direction. 

Questions about reachability of uncertain dynamical systems are closely intertwined with 

the problem investigated above. The concept of reachability of uncertain systems clearly depends 

on whether the system is in open or closed loop. However the correct characterization still needs 

to be investigated. 

The problem of stabilizing an unstable system with pre-specified bounds on the inputs is 

related. Though this is extremely common in most controller design, a satisfactory theory is not 

yet available. It is thus of practical interest to calculate the minimum input bound required to 

stabilize an unstable uncertain system. 

Further theoretical applications of the proposed theory may be found in the areas of 

stochastic dynamical systems, Lyapunov stability analysis of switched dynamical systems, and 

convex and non-convex min-max dynamical optimization. 
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