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The two most common methods used to obtain precise in vivo measurements of 

knee kinematics for patients with total knee replacements are single-plane fluoroscopic 

shape-matching and roentgen stereophotogrammetry.  To determine the location of an 

unknown distribution of markers in the polyethylene insert of a rotating-platform mobile-

bearing total knee replacement from single-plane radiographic images, these two methods 

must be combined.  A guess about the marker distribution in each tibial insert was made 

based on the known geometry of the insert and knowledge of the general shape of the 

marker distribution. This guess was used to seed a numerical optimization procedure that 

simultaneously sought to determine the 3D locations of the tantalum markers within the 

tibial insert and the rotation of the tibial insert with respect to the tibial baseplate. The 

quality of the numerical solution was assessed by mathematically projecting the 

estimated marker coordinates into the image plane and comparing those values to the 

values observed in the radiographic images.  A computational study was conducted to 



xi 

access the error propagation in this method before applying it to an in vivo study.  It is 

estimated that with a four image set containing rotation with respect to the viewing plane 

of at least 10º-20º, this method can give a translation accuracy of 0.07in (x-direction), 

0008in (y-direction), 0.2in (z-direction), and a rotational accuracy of about 1.0º.  

However, it was found that the method is subject to a rotational bias which must be 

corrected for either by use of a reference image or by correcting the systematic error in 

data post-processing.  The latter approach was taken in this investigation. 
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CHAPTER 1 
OVERVIEW 

Introduction 

The goal of this study is to determine the internal/external rotation of the 

polyethylene (PE) insert in the knees of 20 subjects who were given rotating platform 

(RP) mobile-bearing total knee replacements (TKR).  An unknown distribution of 4 

tantalum markers were placed in the PE insert intra-operatively.  The subjects were seen 

3 times post-operatively and 4 single-plane radiographic images were taken during 

stance, kneel, deep kneel, and lunge activities.     

Mobile-bearing total knee replacements (MB-TKR) have the potential to provide 

more natural knee kinematics and reduce wear related failure, and some in vitro wear 

studies (McEwen et al., 2005; McNulty 2002) support this idea. However, the clinical 

results for fixed and mobile-bearing knee implants appear to be equivalent (Callaghan 

2001; Pagnano et al., 2004).  In addition, only a small number of mobile bearing designs 

currently are available on the US market, all manufactured by the same company (Jones 

and Huo, 2006).  For these reasons, it is highly relevant to study these devices to 

determine their function and potential advantages over traditional TKR.  

Background 

Early fixed bearing TKR designs were highly constrained, limiting range of motion 

and dramatically changing knee kinematics (Ridgeway and Moskal, 2004).  This 

constraint produced considerable shear at the component fixation interfaces leading to 

failure through loosening. In an effort to restore more natural knee motion and prevent 
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loosening, designs with round-on-flat or flat-on-flat articulating surfaces were introduced.  

These designs did have the intended effect, but soon a new predominate mode of failure 

emerged.  Reducing the contact surface area subjects the polyethylene to high levels of 

multi-directional contact stress and sliding, causing increased wear rates.  The concept 

behind the mobile-bearing TKR was to reduce wear by increasing conformity of the 

articulating surfaces, while still allowing free range of motion to restore more natural 

knee kinematics (Jones and Huo, 2006). 

 Several in vitro studies (McEwen et al. 2005; McNulty, 2002) have shown that 

the polyethylene in RP TKR does exhibit wear rates superior to that in a fixed bearing 

counterpart.  However, both of these studies tested only one RP design, the Sigma RP 

System (DePuy), and no study has yet found superior clinical results for RP TKR (Jones 

and Huo, 2006).  In fact, one clinical study (Ridgeway and Moskal, 2004) reports 25 

cases of clinical instability and pain following RP and meniscal bearing TKR.   

 In light of the current inconclusive evidence regarding mobile-bearing TKR it is 

important that investigation into this style of implant continue.  To better understand the 

kinematics of a RP TKR there must be some way to determine the motion of the PE 

insert which appears transparent in radiographic images.  One way is to perform in vitro 

cadaver testing as has been done by Stukenborg-Closeman et al. (2002), and D’Lima et 

al. (2001).  However, in vivo studies are really needed to get a true idea of RP TKR 

performance during volitional, dynamic weight-bearing activities. In one study by Dennis 

et al.(2005), fluoroscopic shape matching techniques were used on a series of images 

taken in vivo of subjects with mobile-bearing TKR.  The distribution of markers was 

known and a CAD model of the PE insert was available.  The shape matching technique 
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is described in detail in Mahfouz et al. (2003) and relies on image intensity and contour 

matching to hypothesize a pose that closely matches that of an input fluoroscopic image.  

Once the femoral and tibial components were matched to the image, the authors simply 

aligned the CAD model of the insert markers with the markers visible in the fluoroscopic 

image.  In this study three different designs of RP TKR and one design that allowed for 

anterior-posterior translation as well as rotation were evaluated.  While the greatest 

amount of axial rotation reported was in the femur with respect to the tibia, there was also 

significant rotation of the insert with respect to the tibial component.  Rotation of the 

insert with respect to the femoral component also occurred, but was the smallest in 

magnitude.  The results varied with implant design, but the overall trend was for the 

rotation of the PE insert to closely follow that of the femoral component with respect to 

the tibia.  These findings are in agreement with the in vitro findings of the D’Lima et al. 

(2001) study.   

Another in vitro study was done by Stukenborg-Closeman et al. (2001) on a 

rotating and AP translating TKR, the Interax ISA.  In that study only 1.8º of axial rotation 

and small amounts of translation were reported.  These results were confirmed by an in 

vivo study by Fantozzi et al. (2004) on the same mobile-bearing design, which also found 

only small amounts of both translation and rotation.  Fantozzi et al. used a combination of 

image matching and roentgen stereophotogrammetric analysis (RSA) to locate the 

tantalum markers and determine the motion of the insert. They found that the femoral 

component did not always drag the insert with it as hypothesized and that in some case 

the two components rotated independently.   
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In a study by Delport et al. (2006) of the Performance series of knee implants 

(Biomet), a posterior stabilized RP mobile-bearing design was also evaluated using shape 

matching.  The tibiofemoral rotation reported was consistent with the study by Dennis et 

al. (2005). In addition, subjects with this design exhibited greater asymmetrical posterior 

femoral translation in flexion than previously reported in the literature.  Delport et al. 

(2006) claimed the measured motions of the RP-TKR were closer to those found in the 

healthy natural knee. 

Other studies of mobile-bearing TKR have relied on a known distribution of 

tantalum markers in the PE insert and use roentgen stereophotogrammetric (RSA) 

techniques to determine the marker orientations.  Traditional RSA requires specialized 

and expensive equipment that is not widely available and is somewhat labor intensive to 

use (Valstar et al., 2000).  Bi-plane RSA equipment setups can also limit subject 

movement, and can cause the markers to become occluded during flexion-extension 

motion (Garling, et al. 2005).  Because of this, attempts have been made to make RSA 

more accessible by adapting it to a standard single-plane fluoroscopic imaging set up, 

developing a digital automated method, and developing a model-based form (Garling et 

al., 2005; Valstar et al., 2001, Kaptein et al. 2003).  One study by Yuan et al. (2002) 

incorporates RSA with single-plane fluoroscopy, but requires each 3-D marker to be 

assigned to the correct projection in each image so that the mathematical formulation can 

be solved directly.  This turns out to be highly sensitive to number of control points, 

focus position, and object distance, which may prove difficult in a laboratory setting.  

Another study, Garling et al. (2005), uses an approach called Model-Based Roentgen 

Fluoroscopic Analysis.   In this study accurate models of marker  geometry are created 
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and to represent the insert and tibial component.  A global optimizer then uses the marker 

models to reconstruct the location of the insert with respect to the tibial component based 

on a series of fluoroscopic images.  At this point, only results of a phantom study have 

been reported for this method.  

Without a known marker model, however, a hybrid approach would have to be 

taken.  This approach would start by using shape matching to determine the orientation of 

the visible parts of the TKR. Once the pose of the tibial and femoral components are 

determined, they can be used to limit the degrees of freedom available to the insert.  Then 

trial and error shape matching could be used to determine a possible distribution of 

markers.  Although the marker distribution is unknown, the locations can be described as 

points and are still related to the 2-D projections by the radiographic projection geometry 

as described by Selvik (1989). Projecting the estimated marker coordinates would give 

some error between the estimated and the known, and this could be used as an overall 

nearness criterion to determine goodness of fit (Gordon and Herman, 1974).  The 

criterion could then be optimized to determine the best possible location and orientation 

of the markers within the constraints of the known dimensions of the PE insert.  



6 

CHAPTER 2 
METHODS AND MATERIALS 

Images and Subjects 

In the study 19 subjects were seen 3 times post-operatively at periods of 3, 6, and 

12 months. One subject was seen at 2, 3, and 12 months. Each was asked to perform 4 

activities: stand at full extension, 90º kneel, full flexion kneel, and lunge. One single-

plane radiographic image was taken for each activity.  This yielded between 4-12 images 

per subject.   

Assumptions about Polyethylene Insert and Markers 

Several simplifying assumptions can be made about the distribution of markers in 

the insert.  The geometry of the insert is known from available CAD models.  The 

markers were placed intra-operatively from the side, thus it is likely that the markers are 

within a few millimeters of the insert periphery. The surgeon was instructed to place the 

markers roughly as shown in Figure 2-1, with the two medial markers being situated 

somewhat closer together, while the lateral markers are farther apart.   

 
 
Figure 2-1. The surgeon who performed the arthroplasty was given directions to 

distribute the markers roughly as shown. 
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Finally, it is assumed in each image that five degrees of freedom of the insert are 

constrained. The origin of the insert reference system is co-incident with that of the tibial 

component, which is centered on the post about which the bearing rotates, and the 

inferior surface of the insert is co-planar with the tibial tray.  The only degree of freedom 

available is in axial rotation of the insert about the tibial post.  

Recording 2-D Marker Projection Coordinates 

The markers visible in each image were then selected and their 2-D projection 

coordinates recorded in a manual process (Figure 2-2).   

In order to quantify the error in this process a series of 10 images were generated.  

Each image contained 20 markers which were distributed in uniformly random locations.  

Noise and gray scale gradient was added to the images, while the markers were subject to 

Gaussian blur (σ = 0.5).  The markers were then manually selected and the coordinates 

recorded.  

 
 
Figure 2-2. Manual process of recording marker coordinates from the radiographic 

images. 
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Shape Matching 

The physical orientation of the knee was determined using a shape matching 

technique evolved from Banks and Hodge (1996).  This technique extracts the contours 

of the TKR silhouette using a Canny edge detector, and then uses non-linear least squares 

to minimize the sum of Cartesian distances between the implant contour in the 

radiographic image with a contour of the projected implant CAD model (Figure 2-3). The 

error in this process is known to be less than 0.6mm in the sagittal plane and 1.08º for all 

rotations.   

 
 
Figure 2-3. Screen shot of shape-matching GUI with tibial component and marker model 

loaded. 

The two registered components easily can be checked to make sure they are not in a 

physically (impinging) or anatomically impossible position, and normally adjacent image 

frames can be checked to insure motion continuity.  However, in the current investigation 

there are no adjacent frames with which to check for joint motion continuity.  For this 

reason it was determined that a further computer simulation of the method was necessary 
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in order to fully quantify the error. A computer simulation was conducted by generating 

10 views of the knee replacement used in the study. The position and orientation were 

randomly generated from a uniform distribution over the ranges: 

-2.5 cm < x translation < 2.5 cm 

-2.5 cm < y translation < 2.5 cm 

7.5 cm < z translation < 12.5 cm 

-16.0 deg < x rotation < 16.0 deg 

-16.0 deg < y rotation < 16.0 deg 

-90.0 deg < z rotation < 90.0 deg. 

This set of 10 images was given to 4 subjects who were experienced with the image 

matching process and they were asked to provide an accurate shape registration.  

Student’s t-tests were used to determine whether the error found here was significantly 

different from the error found previously. 

Matching the Polyethylene Insert Markers  

Based on the assumptions about the polyethylene insert and markers, the 3-D 

coordinates of the markers are hypothesized, and a CAD model is created.  This model is 

then imported into the image matching software.  Since the marker model only has one 

degree of freedom, it is rotated axially until the correct markers are aligned and/or 

occluded in all images of the current subject.  If the markers do not align, the CAD model 

is modified and re-imported into the software. This iterative process provides an initial 

guess for the marker distributions and insert rotation angles which then is refined through 

numerical optimization. 

The estimates of 3-D marker locations and insert axial rotation for each image can 

be checked against the known 2-D projection coordinates simply by transforming them 
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into the global coordinate system and inserting them into the projection equation.  The 

transformation can be written as in Equation 2-1.   

 global global tibial component
insert tibial component insertT T T= ×  2-1 

This is where componenttibial
insertT  is the transformation from the tibial coordinate system 

to the PE insert coordinate system, in which the markers are located (since the insert only 

has one degree of freedom with respect to the tibial component this will depend on the 

estimated axial rotation, θ); global
componenttibialT  is the transformation from the global coordinate 

system to the tibial component coordinate system (these are the rotations and translations 

that are estimated by the shape matching); and global
insertT  is the transformation from the 

global coordinate system to the insert coordinate system known only approximately.  The 

transformation, global
insertT , and the marker coordinates, x , can be written as:  

 ( ) ( ) ( ) cos ( ) Tx
( +   )- (  -   ) ( +   )- (  -   ) Tyn

(-  ) -(  ) (-  

β γn n n n
n n n

n n

global
insertT

θ α γ α β γ θ α γ α β γ β α θ α γ α θ α γ α β γ
θ α γ α β γ θ α γ α β γ α β θ α γ α β γ θ α γ α β γ

β γ θ β γ θ β β

− − + − − + +

=
c c c s s s c s s s c c s s c c c s s c s s s c

c s c c s s s s s c s c c c s s c c s s c s s c s c
c s c c c s s c s ) +( )  Tz

0 0 0 1
n nγ θ β γ θ

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

s c c c

 2-2 

and  

 global
global insert insertx T x⎡ ⎤= ⎣ ⎦  2-3 

where  

 global g g gx x y z⎡ ⎤= ⎣ ⎦  2-4 

and  

 [ ]insert insert insert insertx x y z=  2-5 

Cosine and sine are abbreviated as c and s, respectively; α, β, γ, Tx, Ty, and Tz 

describe the known 3-D orientation of the tibial component; and θn is the estimated axial 
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rotation for image n.  The vector globalx  is the estimated marker coordinates in the global 

reference frame and insertx  is a vector of the estimated marker coordinates in the insert 

reference frame.  Once globalx  is calculated the 2-D projections of the markers can be 

determined using the known image setup geometry (Figure 2-4).  

The estimated 2-D projections, (uknown, vknown), can be written as:  

 
( )

g
est

g

x
u C

C z
=

−
 2-6 

and 

 
( )

g
est

g

y
v C

C z
=

−
 2-7 

where C is the principal distance. 
 

These marker projections, (uest, vest), typically do not match the true marker 

projections, (uknown, vknown), measured in the radiographic images.  These differences, 

(uknown - uest, vknown-vest) provide an error measure which can be minimized using 

numerical optimization techniques. 

 
Figure2-4. Imaging Geometry. 

Optimization  

For each subject’s set of images there are 3*m+n unknowns, where m is the total 

number of markers visible in each set of images and n is the number of images for which 
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the insert rotation, θ, needs to be measured. Each visible marker produces the 2 projection 

equations shown in section II(E) for each image in which it is visible.  For example, if 8 

images were available with 3 markers visible in each image, there would be 9 + 8 = 17 

unknowns, and 2*3*8 = 48 possible projection equations if all images were considered 

simultaneously.  This over-determined system is non-linear due to the unknown axial 

rotation, θ, and the perspective projection transformation.  One way to approach this 

problem is to use a non-linear least squares algorithm to minimize the error between the 

known 2-D projection coordinates and the estimated 2-D projection coordinates.  The 

Matlab optimization toolbox provides the lsqnonlin routine based on the interior-

reflective Newton method, and requires a user-defined cost function to compute and 

minimize a vector of error equations (Equation 2-8 and 2-9).  

 

1

2

( )
( )

( )

( )n

f x
f x

F x

f x

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎣ ⎦

 2-8 

 2 2
2

1 1( ) ( )
2 2min i

x i
F x f x= ∑  2-9 

 
In this case F(x) is the error vector and f1 through fn are the difference (uknown - uest, 

vknown-vest), and can be expanded out to: 

 31 32 33 34

11 12 13

( )
( ) ( )

( )

( )

(

global global global global

known insert insert insert insert insert insert insert

global global global

insert insert insert insert insert

g
n known known g g

g

x
f u C u C z C x

C z

u C x y z

C x y z

= − = − −
−

= − + + +

− + +

T T T T

T T T 14 )
global

insert insert+ T

 2-10 

and 
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 31 32 33 34

21 22 2

1

( )
( ) ( )

( )

( )

(

global global global global

known insert insert insert insert insert insert insert

global global global

insert insert insert insert insert

g
n known known g g

g

y
f v C v C z C y

C z

v C x y z

C x y

+ = − = − −
−

= − + + +

− + +

T T T T

T T T 3 24 )
global

insert insertz + T

 2-11 

In addition, assumptions about locations of the markers provide constraints for 

optimization.  This is done by supplying to the user-defined cost function a contour of the 

insert in the x-z (transverse) plane.  This contour, C, is an l×2 matrix where l is the 

number of discrete points along the contour and the columns are the x and z coordinates 

at each point. The distance, dcontour, between the contour and each marker’s (x, z) 

coordinates at the current iteration, k,  is stored in a matrix of the same size as the 

contour:   

 [ ] 1, 2,3...contour

i insert insert ki
d C x z i l= − =  2-12 

 
The minimum of the distance magnitude, d, is then used to formulate a weighted 

dimensionless distance measure, D(x).  The weight, w, was determined during the 

computational study described in Chapter 2: Computational Study.  When D(x) is 

concatenated onto the error vector F(x), it implements a soft constraint penalizing marker 

location solutions that exceed some threshold distance, dcrit, from the insert periphery:  

 ( ) ( )( ,1) ( ,2 )

2 2
min contour contour

i i
d d d⎡ ⎤= +⎢ ⎥⎣ ⎦

 2-13 

 
2

( ) *
crit

dD x w
d

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
 2-14 

 
( )

( )
( )

F x
F x

D x
⎡ ⎤′ = ⎢ ⎥
⎣ ⎦

 2-15 
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The number of images evaluated at each iteration can be specified by the user and 

the algorithm can randomly select that number of images from the available images. The 

optimization can then be run a selected number of times, such that a sufficient number of 

all possible combinations of images have been selected or the solution no longer changes 

by a threshold amount. The advantage of this, rather than evaluating all the images at 

once, is that if one or two images have greater amount of error in them (or are not 

sufficiently different to provide novel information) and are causing the optimizer 

difficulty, the influence of those images can be reduced.  Analogous to a Kalman filter, 

this is done by taking the sum of each solution divided by its residual, and then dividing 

by the sum of the residuals:  

 

j

jr 1, 2...,
1

out

j

x

x j n

r

⎛ ⎞
⎜ ⎟⎜ ⎟
⎝ ⎠= =
⎛ ⎞
⎜ ⎟⎜ ⎟
⎝ ⎠

∑

∑
 2-16 

 If the optimization is run n times, this will cause solutions with high residuals to 

have less effect on the total solution outx . 

Computational Study 

A computer simulation study was performed to quantify the sensitivity of the 

estimation method to the number of images used and to the absolute amount of insert 

rotation with respect to the viewing frame of reference (an image set in which there is 

little insert rotation would not provide enough information for reliable estimates.).  A set 

of synthetic marker data was created and was projected into 2-D coordinates for 46 

images ranging from 0º-90º of axial rotation using projection geometry similar to the in 

vivo images.  The tibial component was assumed to be located at its origin, with zero 
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rotation.  A uniform distribution of noise was then added to the 2-D coordinates.  The 

magnitude of this error was determined as described in Chapter 2: Recording 2-D Marker 

Projection Coordinates.  The insert and tibial component orientations were subjected to 

uniformly distributed error found by the process described in section Chapter 2: Image 

Matching.  For the first evaluation the known marker locations and axial rotation served 

as the initial guess to the optimizer.  Two, three, and four images were evaluated for a 

total axial rotation range of 0º-90º, 0º-52º, and 0º-36º respectively. Each number of 

images was evaluated at weights of w = 1, √50, and 10 on the soft constraint (section 

II(F)) as well. The sets of 3 and 4 images were equally spaced throughout the total 

rotation range.  Next, a random uniform error distribution of ±3º was added to the axial 

rotation, θ, and the marker coordinates were subjected to random uniform distribution of 

error of the magnitude determined in Chapter 2: Matching the Polyethylene Insert 

Markers before being used as the initial guess. For this case only 3 and 4 images were 

evaluated. The rotational error in the initial guess was then increased to ±4º and the 

images evaluated again.  In addition, the sensitivity to variation in the principal distance, 

C, was also evaluated. 

Finally, 3 and 4 image sets were evaluated with an additional rotational bias in the 

marker coordinates for both ±3º and ±4º in θ.  Since the markers are fixed to a rigid body 

that rotates only in-plane, this was done to simulate the situation where the relative 

position of the markers to each other can be determined while the absolute location 

within the insert remains ambiguous (Figure 2-4). 
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Figure 2-5. Two different marker configurations would appear the same in a radiographic 

image.  This is a problem for small image sets, since increasing the number of 
available images minimizes this effect. 
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Figure 2-5. Procedure to determine marker locations and axial rotation of insert. 
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CHAPTER 3 
RESULTS 

Recording 2-D Marker Projection Coordinates 

For the manual marker selection process the error in the u direction was found to be 

1.0 ± 0.3 pixels (range,-0.0 to 1.8 pixels), and 0.3 ± 0.4 pixels (range, -0.6 to 1.6 pixels) 

in the v direction.  For images of the size considered in this study, this is equivalent to 

0.014in ± 0.005in (range, -0.001in to 0.025in) in the u direction and 0.004in ± 0.005in 

(range, -0.008in to 0.022in) in the v direction.  

Image Matching 

To quantify the error associated with the shape matching process, four subjects 

experienced with the software were given a set of 10 synthetic images to match.  

Student’s t-tests were used to determine if the error found was significantly different 

from the error found in Banks and Hodge (1996).  For x and y translation, and all 

rotations no significant difference was found (p = 0.05). However, a bias in the z 

translation resulted in an average error of -0.804in ± 0.041in (range, -1.763in to -

0.171in).  This was found to be highly significantly different from the original reported 

error (p = .001).  

Matching the Polyethylene Insert Markers 

After the matching process was completed and an initial estimate determined for 

the marker model, the 3-D coordinates were mathematically projected onto the image 

plane and compared to the recorded 2-D coordinates from the actual images.  The error 

between (uknown - uest, vknown-vest) was found to be -0.00361in ± 0.082in (range, -0.876in- 
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0.49in) in the u direction and -0.001in ± 0.067in (range, -0.570in- 0.574in) in the v 

direction.  However, the large range values were found to correspond with only one 4 

images sub-set of one subject’s images, out of a total of 151 images.  With these 4 images 

removed the error in the u direction was  0.002in ± 0.000in (range, -0.132in – 0.122in) 

and 0.00 ± 0.022in (-0.141in – 0.179in). 

Computational Study 

A computational study was performed to assess the sensitivity of the method to the 

number of images used for estimation, the rotation range of the insert with respect to the 

viewing plane, constraint weighting, and random error in input and initial guesses.  For 

two images, the average absolute error in the x and y direction increased with increasing 

rotation range (Figure 3-1). The z direction absolute error decreased rapidly as total 

rotation increased (Figure 3-1).  For three and four images, average absolute error in the x 

direction increased with increasing rotation, but the error in the y and z directions showed 

decreasing errors with increasing rotation (Figure 3-1). In all cases, the change in x and y 

errors with increasing rotation range was much smaller than the change in z errors. 

For two images the insert axial rotation showed a consistent bias of about 5º.  By 

correcting for this bias, the relative error in the angle between the images was reduced 

from 7.06º ± 1.96º to 1.70º ± 1.96º.  In addition, the absolute error in the rotation for two 

images was 5.99º ± 4.37º (Table 3-1 and 3-2).  This value steadily increased as the 

rotation range increased.  The rotational error decreased as the number of images 

increased, improving to -1.23º ± 1.39º for four images.  The relative rotational error 

between images for four images was 0.15º ± 1.15º (Tables 3-3 and 3-4).   
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Figure 3-1. Absolute error between solution and known marker coordinates for 2, 3, 4 

images as a function of the total insert rotation with respect to the viewing 
plane. Highlights show range of rotation that corresponds to the in vivo 
images.  
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Table 3-1. Absolute error in θ: 2 images; constraint weighting, w  = 10; no error in initial 
guess. 

Actual θ Found θ Error Actual θ Found θ Error 
0 -2.1909 -2.1909 0 2.4519 2.4519 
0 3.1747 3.1747 48 59.5943 11.5943 
0 -0.9013 -0.9013 0 2.7858 2.7858 
4 7.5629 3.5629 52 63.2585 11.2585 
0 -0.4344 -0.4344 0 3.4182 3.4182 
8 11.4426 3.4426 56 67.1996 11.1996 
0 -0.1407 -0.1407 0 2.5802 2.5802 
12 16.1124 4.1124 60 67.417 7.417 
0 -0.0713 -0.0713 0 3.6068 3.6068 
16 22.9429 6.9429 64 75.2629 11.2629 
0 0.2621 0.2621 0 5.0742 5.0742 
20 28.0633 8.0633 68 81.1398 13.1398 
0 1.5036 1.5036 0 4.5062 4.5062 
24 33.9424 9.9424 72 82.9359 10.9359 
0 1.056 1.056 0 3.811 3.811 
28 37.8924 9.8924 76 84.8924 8.8924 
0 1.37 1.37 0 4.6463 4.6463 
32 42.8302 10.8302 80 90.5222 10.5222 
0 1.7608 1.7608 0 4.0709 4.0709 
36 48.1659 12.1659 84 93.9927 9.9927 
0 2.4276 2.4276 0 4.0592 4.0592 
40 52.8619 12.8619 88 97.5466 9.5466 
0 1.5947 1.5947       
44 52.9173 8.9173       
         
Average Error:   5.59º ± 4.37º    
.  
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Table 3-2 Relative error in θ: 2 images, constraint weighting, w = 10; no error in initial guess. 
Actual Found Corrected 
 ∆θj - ∆θi  ∆θ2 - ∆θ1   ∆θ2 - ∆θ1
0 5.3656 0 
4 8.4642 3.0986 
8 11.877 6.5114 
12 16.2531 10.8875 
16 23.0142 17.6486 
20 27.8012 22.4356 
24 32.4388 27.0732 
28 36.8364 31.4708 
32 41.4602 36.0946 
36 46.4051 41.0395 
40 50.4343 45.0687 
44 51.3226 45.957 
48 57.1424 51.7768 
52 60.4727 55.1071 
56 63.7814 58.4158 
60 64.8368 59.4712 
64 71.6561 66.2905 
68 76.0656 70.7 
72 78.4297 73.0641 
76 81.0814 75.7158 
80 85.8759 80.5103 
84 89.9218 84.5562 
88 93.4874 88.1218 
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Table 3-3. Absolute error in θ: 4 images, constraint weighting, w = 10, error (±3º) in initial 
guess. 

Actual θ Found θ Error 
0 -0.6436 -0.6436 
2 2.8539 0.8539 
4 3.8478 -0.1522 
6 6.0921 0.0921 
0 -1.0304 -1.0304 
4 4.8672 0.8672 
8 7.6452 -0.3548 
12 12.2736 0.2736 
0 -1.8479 -1.8479 
6 5.6254 -0.3746 
12 11.2466 -0.7534 
18 18.0415 0.0415 
0 -2.132 -2.132 
8 7.1621 -0.8379 
16 13.7297 -2.2703 
24 21.6134 -2.3866 
0 -2.5209 -2.5209 
10 8.5415 -1.4585 
20 17.4568 -2.5432 
30 27.1436 -2.8564 
0 -2.3112 -2.3112 
12 11.0638 -0.9362 
24 21.4104 -2.5896 
36 32.9547 -3.0453 
      
Average Error:   -1.20º ± 1.21º 
 
Table 3-4. Relative error in θ: 4 images; constraint weighting, w = 10, error (±3º) in initial 

guess. 
Actual Total Found Total Actual Found Found Found 
∆θk - ∆θi ∆θ4 - ∆θ1 ∆θj - ∆θi∆θ2 - ∆θ1∆θ3 - ∆θ2∆θ4 - ∆θ3
6 6.7357 2 3.4975 0.9939 2.2443 
12 13.304 4 5.8976 2.778 4.6284 
18 19.8894 6 7.4733 5.6212 6.7949 
24 23.7454 8 9.2941 6.5676 7.8837 
30 29.6645 10 11.0624 8.9153 9.6868 
36 35.2659 12 13.375 10.3466 11.5443 
Average Error (∆θj - ∆θi):   0.14º ± 1.15º   
Average Error (∆θk - ∆θi):   0.43º ± 1.04º   
 

The marker coordinates in the solution were shown to be fairly insensitive to 

constraint weighting.  For three images, as the weight was increased from 1 to 10 the 
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average absolute error in the x direction decreased from 0.167in ± 0.065in to 0.067in ± 

0.046in.  In the z direction the absolute average error decreased from 0.145in ± 0.126in to 

0.102in ± 0.077in.  The error in the y direction remained unchanged.  This trend held for 

two and four images as well. The axial rotation of the insert in the solution showed more 

sensitivity to changes in the weighting.  For two images the relative error in the angle 

between the images decreased from 10.34º ± 3.67º to 7.06º ± 1.96º. 

This method was found to be relatively insensitive to variation in the principal 

distance in x and y direction. In the z direction accuracy dropped by about 0.1in for 

deviations of ±5in from the known principal distance.   

The configuration most relevant to this study was four images, with both error and 

rotational bias in the initial guess, and 5º-20º degrees of rotation as in the in vivo images. 

For this configuration the error in the x, y, and z directions was 0.041in ± 0.022in, 0.008in 

± 0.002in, and 0.112in ± 0.049in respectively.  The error in the insert rotation, θ, was 

0.67º ± 3.27º.   Additional results are reported in Appendix A. 

In Vivo Study 

For the in vivo study the tantalum markers were found to be distributed in the 

polyethylene insert as shown in Figure 3-3.  For the insert rotations, 9 of the 20 subject’s 

results contained varying magnitudes of rotational bias as discussed in Chapter 2: 

Computational Study and demonstrated in Figure 2-4.  These rotational biases were 

systematic and were corrected for during data post-processing.  Before rotational bias 

was corrected for the average rotations for all subjects during the four activities were as 

shown in Table 3-5.  After correcting rotational bias, the magnitude of femur-to-insert 

rotation was reduced from -12.33º - 15.92º, to -6.12º - 3.29º (Table 3-6 and Figure 3-5A).  

These values are consistent with the design of the implant.  At 12 months, the average 
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external rotation of the tibial component with respect to the insert for all activities and 

subjects was -1.88º ± 7.02º, the external rotation of the tibial component with respect to 

the femoral component was -2.48º ± 7.02º, and the external rotation of the insert with 

respect to the femoral component was -0.41º ± 2.46º (Figure 3-5B). Additional results are 

reported in Appendix B. 

Table 3-5.  Average rotations for all subjects for four activities. 
No Corrections: 

TIBIA TO INSERT TIBIA TO FEMUR INSERT TO FEMUR 

 
Average 

(º) 
Std. Dev. 

(º)  
Average 

(º) 
Std. Dev. 

(º)  
Average 

(º) 
Std. Dev. 

(º) 
Max. Flex -3.020 7.30 Max. Flex -3.64 5.93 Max. Flex -0.62 5.20 
Standing 2.05 5.88 Standing 1.91 5.01 Standing -0.14 4.25 

Squat -4.27 7.55 Squat -5.41 6.00 Squat -1.14 4.36 
Kneeling -2.73 7.67 Kneeling -3.14 5.56 Kneeling -0.41 5.14 

      Max 15.92º 
      Min -12.33º 
 

Table 3-6.  Average rotations for all subjects after correction for rotational bias. 
Rotational Bias Corrected: 

TIB/INS TIB/FEM INS/FEM 

 
Average 

(º) 
Std. Dev. 

(º)  
Average 

(º) 
Std. Dev. 

(º)  
Average 

(º) 
Std. Dev. 

(º) 
Max. Flex -3.57 7.09 Max. Flex -3.64 5.93 Max. Flex -0.74 2.40 
Standing 1.49 5.07 Standing 1.91 5.01 Standing 0.45 2.03 

Squat -4.83 6.50 Squat -5.41 6.00 Squat -0.79 2.35 
Kneeling -3.30 6.18 Kneeling -3.14 5.56 Kneeling 0.00 2.83 

      Max 3.29º 
      Min -6.12º 
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Figure 3-2. Progression of marker coordinate solutions in the x-z plane as the image 

rotation range increases from 4º to 52º with (A) constraint weight w = 1, and 
(B)  w = 10. The solutions progress in a direction towards the black dots that 
indicated the known marker positions. 
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Figure 3-3.  Top (x-z plane) and side (x-y plane) views of the marker locations after 

shape-matching and optimization. Gray dots are the initial guess from shape-
matching and black dots are the optimized solutions. 
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Figure 3-4.  Rotation trends for all subjects over A) all times for each activity and B) all 
activities for each time point.  External rotation is taken as positive. 
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CHAPTER 4 
DISCUSSION 

Roentgen Stereophotogrammetric Analysis (RSA) provides the standard by which 

other radiographic kinematic measurement techniques can be judged. Small radio-opaque 

tantalum markers are placed directly into the bones and observed using a pair of 

simultaneous radiographic exposures. These implanted fiducials are unaffected by motion 

of overlying muscle, fat and skin, and can provide joint motion measurements with 

uncertainties as low as 0.005mm for translations and 0.15º for rotations (Selvik,1989).  

However, RSA equipment is expensive and not widely accessible (Garling et al., 2005), 

and marker placement requires a surgical procedure.  In addition, precise calibration must 

be done in the working volume before any measurements can be taken, and all 

subsequent measurements must be taken within the calibrated volume.  These constraints 

limit the space in which the subject can move, making it difficult to perform 

measurements of dynamic activities.  

 RSA principals also have been applied to single-plane radiography or 

fluoroscopy, where greater experimental flexibility and equipment availability are gained 

at the expense of larger measurement uncertainties (especially for translations 

perpendicular to the image plane, Yuan et al., 2002).  Garling et al. (2005) demonstrated 

a method for measuring the motions of a mobile bearing TKR polyethylene insert having 

tantalum markers inserted in a precisely measured three dimensional trapezoidal shape. 

Marker placement was designed to provide maximal non-collinearity for good visibility 

and well conditioned measurements.  
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 Single-plane fluoroscopy also has been used with 3D-to-2D shape registration 

techniques to study the motions of implants and bones (Banks and Hodge,1996; Mahfouz 

et al., 2003; Fregly et al., 2005). Fluoroscopes are available in most hospitals and provide 

the ability to acquire images at rates of 3-30 frames per second, which is adequate to 

study many relevant joint motions. The quality of the measurement is dependent upon the 

accuracy of the 3D model of the bone or implant being registered (Kaptein et al., 2003; 

Moro-oka et al., 2006), with implant models typically provided by the manufacturer or 

laser scans, and bone models typically being generated by CT or MR scans. 

This study provided a novel challenge requiring adoption of a combined 

measurement approach.  The task to measure the motions of the mobile-bearing TKR 

UHMWPe insert having an unknown distribution of four tantalum markers was 

accomplished using 3D-to-2D shape registration techniques for the femoral and tibial 

components and a novel technique motivated by RSA to determine the insert motions. 

The measurement approach was based on the constraint that the UHMWPe insert had one 

rotational degree of freedom with respect to the tibial baseplate, and that multiple views 

were available for each knee. Thus, 5 out of 6 degrees of freedom for the insert could be 

determined from the pose of the tibial baseplate, and the remaining motions determined 

by solution of an over-determined set of projection equations from the series of images. 

This approach simultaneously estimates the unknown locations of the tantalum markers 

and the unknown rotation of the UHMWPe insert. Application of this conceptual solution 

was complicated by several factors: 1) All four tantalum markers are not visible in each 

radiographic image (only one or two markers are visible in many images), 2) The total 

rotation range of the insert with respect to the viewing plane is between 5° and 20° for 
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each knee, thus the observations provide a sparse set of observations from which to 

determine estimates of all unknown parameters.  

A guess about the marker distribution in each tibial insert was made based on the 

known geometry of the insert and knowledge of the general shape of the marker 

distribution. This guess was used to seed a numerical optimization procedure that 

simultaneously sought to determine the 3D locations of the tantalum markers within the 

tibial insert and the rotation of the tibial insert with respect to the tibial baseplate. The 

quality of the numerical solution was assessed by mathematically projecting the 

estimated marker coordinates into the image plane and comparing those values to the 

values observed in the radiographic images.  

Measurement uncertainties were determined for each step in the measurement 

process, including measurement of tantalum marker locations in the radiographs (1.0 ± 

0.3 pixels in the u direction, and 0.3 ± 0.4 pixels in the v direction), and measurement of 

the tibial baseplate pose. Tibial pose measurement errors for all rotations and (x, y) 

translations were not significantly different previously reported values (Banks and 

Hodge, 1996).  However, z direction (out-of-plane) errors were found to be significantly 

different from previous reports due to a bias in the negative z direction. This 

measurement bias likely resulted from edge attenuation in the synthetic images. 

The projections of estimated marker coordinates were found to match very well, 

with average errors of  (0.002in ± 0.000in, 0.00 ± 0.022in) in the (u, v) images.  In one 

troublesome sub-set of images, the best match was extremely poor (errors of about 0.5in), 

but this accounted for only 4 out of 151 images.  The hunch that this sub-set of images 
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was an outlier was confirmed when the optimizer returned a non-solution for this sub-set 

only.    

In addition, the computational study indicated that the optimization was primarily 

sensitive to the number of images, as the error in the z direction improved from 

approximately 0.30in with two images to about 0.115in with four images.  The results 

also indicate that more rotation may not be better as error in the x direction is seen to 

markedly increase for rotations greater than 30º as it becomes the out-of-plane axis. 

A major difficulty with this measurement approach is that there is no unambiguous 

way to determine the absolute zero rotation of the tibial insert (Chapter 2, Figure 2-4).  

One possible way is to pick an image where the relative rotation between the tibial and 

femoral components is small (<2˚) and define that as zero insert rotation.  The markers 

could then be aligned in that image, with rotations in other images defined relative to the 

reference image.  A potential problem is that some subjects have no image with a small 

tibial/femoral component rotation.  When this occurs, the only way to zero the rotation is 

to pick the image with the smallest component rotation and assume that the insert has 

followed the femoral component as reported in the literature (Dennis et al, 2005).  In 

reality, if the insert has not tracked with the femoral component, this definition will result 

in a rotational bias. This correction approach was performed during data post-processing 

in this study.  An example of an image set that needed correction is shown in Figure 4-1, 

where the circles indicate images showing a small rotation between the tibial and femoral 

components, yet a surprisingly large rotation between both components and the insert.  

This represents a physiologically and biomechanically improbable condition, which can 
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be corrected by redefinition of the zero rotation alignment of the measured marker 

distribution.  

A

B 
Figure 4-1. Knee kinematics for one subject with easily correctable rotational bias. A) 

Rotational offset that occurred using this method when a zero reference was 
not established.  B) This can be corrected by assuming neutral insert rotation 
when the tibial and femoral components are aligned (close to zero relative 
rotation). “TIB/INS” indicates axial rotation between the tibial baseplate and 
the tibial insert, “TIB/FEM” indicates axial rotation between the tibial 
baseplate and the femoral component, and “INS/FEM” indicates axial rotation 
between the tibial insert and the femoral component. 

The corrected insert rotations appear to correlate well with the intended design of 

the implant, the in vitro study by Most et al. (2003), and other in vivo studies done on 

posterior stabilized rotating platform mobile-bearing TKR designs (Dennis et al., 2005; 

Delport et al, 2006).  The study by Most et al. (2003) on the same LPS TKR (Zimmer, 

Inc.) used in this investigation revealed a 55% restoration of the internal rotation of the 

tibial component (6.1˚ ± 8.2˚) with muscle loads.  This is similar to the magnitudes found 
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here for squat and kneeling activities.  Dennis et al. (2005) and Delport et al. (2006) 

found that the insert tends to follow the femoral component, but Dennis et al. (2005) did 

report small amounts of rotation of the insert past the femoral component during small 

ranges of activities. 

Further investigation into this method would require that an attempt be made to 

ensure that each subject have a clear reference alignment image.  A non-weight bearing 

image might serve this purpose, as Most et al. (2003) reported small internal rotation of 

the tibial component for unloaded testing (-0.12˚ ± 6.2˚ at 30˚ flexion).  Resolution of the 

rotation offset definition ambiguity would provide higher measurement certainties. As 

currently performed, the measurement process appears to determine the tantalum marker 

locations and insert rotations with sufficient accuracy to determine some useful 

information about mobile bearing knee replacement kinematics. 
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CHAPTER 5 
CONCLUSION 

A technique was developed to determine the rotation of a polyethylene insert in a 

rotating platform mobile-bearing TKR from an unknown distribution of markers in 

single-plane radiographic images.  Many levels of assumption were made in order to 

arrive at a solution.  The major difficulty with the proposed method was that there was no 

unambiguous way to determine 0º rotation of the insert.  Thus, some of the results turned 

out to have a systematic rotational offset.  As a best guess, 0º was assumed to occur in an 

image with small (<2º) tibial/femoral component rotation, if such an image existed, and 

the rotations were corrected in post processing.  Despite this, useful information can still 

be extracted from the results.  Once corrected, the results show component rotation that is 

consistent with the literature.  Any future investigation into this method should include a 

richer image set, including a reference image, and implement a more robust global 

optimizer.  
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APPENDIX A 
COMPUTATIONAL STUDY—COMPLETE RESULTS 

Two Images 

Rotational Error: 

Table A-1. Absolute error in θ: 2 images; constraint weighting, w = 1; no error in initial 
guess 

Actual θ Found θ Error Actual θ Found θ Error 
0 -1.6197 -1.6197 0 -2.8315 -2.8315 
0 3.1075 3.1075 48 58.9269 10.9269 
0 -1.1632 -1.1632 0 -1.0355 -1.0355 
4 7.4789 3.4789 52 65.3768 13.3768 
0 2.6249 2.6249 0 1.3973 1.3973 
8 16.52 8.52 56 71.571 15.571 
0 -0.5346 -0.5346 0 4.4683 4.4683 
12 15.3502 3.3502 60 77.8549 17.8549 
0 -1.1416 -1.1416 0 3.5788 3.5788 
16 20.353 4.353 64 84.0316 20.0316 
0 -2.006 -2.006 0 3.9181 3.9181 
20 26.1008 6.1008 68 85.8808 17.8808 
0 -2.3083 -2.3083 0 5.8344 5.8344 
24 30.684 6.684 72 91.0406 19.0406 
0 -2.4398 -2.4398 0 5.702 5.702 
28 34.9818 6.9818 76 93.8884 17.8884 
0 -2.6255 -2.6255 0 6.5901 6.5901 
32 39.579 7.579 80 99.0792 19.0792 
0 -2.8944 -2.8944 0 3.9863 3.9863 
36 44.4742 8.4742 84 95.7458 11.7458 
0 -2.7167 -2.7167 0 3.7608 3.7608 
40 48.8154 8.8154 88 100.8134 12.8134 
0 -2.5177 -2.5177       
44 53.8935 9.8935       
      
Average Error: 5.89º ± 6.89º   
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Table A-2. Absolute error in θ: 2 images; constraint weight, w = √50; no error in initial 
guess 

Actual θ Found θ Error Actual θ Found θ Error 
0 -1.8028 -1.8028 0 2.1091 2.1091 
0 3.5153 3.5153 48 60.1034 12.1034 
0 -0.97 -0.97 0 2.4913 2.4913 
4 7.3013 3.3013 52 63.6336 11.6336 
0 -0.476 -0.476 0 2.3236 2.3236 
8 11.3543 3.3543 56 64.1328 8.1328 
0 -0.5944 -0.5944 0 2.4988 2.4988 
12 15.5643 3.5643 60 67.4903 7.4903 
0 -1.007 -1.007 0 4.5735 4.5735 
16 20.7849 4.7849 64 78.3378 14.3378 
0 0.0431 0.0431 0 3.6 3.6 
20 27.8864 7.8864 68 78.5927 10.5927 
0 1.0142 1.0142 0 6.3712 6.3712 
24 33.5256 9.5256 72 86.9858 14.9858 
0 0.8303 0.8303 0 4.2361 4.2361 
28 37.6981 9.6981 76 86.1621 10.1621 
0 1.3096 1.3096 0 5.6359 5.6359 
32 42.7857 10.7857 80 93.082 13.082 
0 1.7342 1.7342 0 5.1215 5.1215 
36 48.1488 12.1488 84 95.0952 11.0952 
0 2.1299 2.1299 0 4.0395 4.0395 
40 52.6214 12.6214 88 97.5943 9.5943 
0 2.0622 2.0622       
44 57.3912 13.3912       
      
Average Error: 5.76º ± 4.80º   
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Table A-3. Relative error in θ: 2 images; constraint weighting, w = 1; no error in initial 
guess 

Actual Found Corrected Actual Found Corrected 
 ∆θj - ∆θi  ∆θ2 - ∆θ1   ∆θ2 - ∆θ1  ∆θj - ∆θi  ∆θ2 - ∆θ1   ∆θ2 - ∆θ1
0 4.7272 0 48 61.7584 57.0312 
4 8.6421 3.9149 52 66.4123 61.6851 
8 13.8951 9.1679 56 70.1737 65.4465 
12 15.8848 11.1576 60 73.3866 68.6594 
16 21.4946 16.7674 64 80.4528 75.7256 
20 28.1068 23.3796 68 81.9627 77.2355 
24 32.9923 28.2651 72 85.2062 80.479 
28 37.4216 32.6944 76 88.1864 83.4592 
32 42.2045 37.4773 80 92.4891 87.7619 
36 47.3686 42.6414 84 91.7595 87.0323 
40 51.5321 46.8049 88 97.0526 92.3254 
44 56.4112 51.684       
Average Error:  10.34º ± 3.67º 
Average Corrected Error:  5.62º ± 3.67º 
 
Table A-4. Absolute error in θ: 2 images; constraint weight, w = √50; no error in initial 

guess 
Actual Found Corrected Actual Found Corrected 
 ∆θj - ∆θi  ∆θ2 - ∆θ1   ∆θ2 - ∆θ1  ∆θj - ∆θi  ∆θ2 - ∆θ1   ∆θ2 - ∆θ1
0 5.3181 0 48 57.9943 52.6762 
4 8.2713 2.9532 52 61.1423 55.8242 
8 11.8303 6.5122 56 61.8092 56.4911 
12 16.1587 10.8406 60 64.9915 59.6734 
16 21.7919 16.4738 64 73.7643 68.4462 
20 27.8433 22.5252 68 74.9927 69.6746 
24 32.5114 27.1933 72 80.6146 75.2965 
28 36.8678 31.5497 76 81.926 76.6079 
32 41.4761 36.158 80 87.4461 82.128 
36 46.4146 41.0965 84 89.9737 84.6556 
40 50.4915 45.1734 88 93.5548 88.2367 
44 55.329 50.0109       
Average Error:  7.41º ± 2.29º 
Average Corrected Error:  2.10º ± 2.29º 
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Translational error: 
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Figure A-1. Image angle vs. error in marker coordinates: 2 images; constraint weighting, 

w = 1; no error in initial guess. A) x-direction, B) y-direction, C) z-direction. 
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Figure A-2. Image angle vs. error in marker coordinates: 2 images; constraint weighting, 
w = √50; no error in initial guess. A) x-direction, B) y-direction, C) z-direction. 
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Three Images 

Rotational error: 

Table A-5. Absolute error in θ: 3 images; constraint weighting, w = 10; no error in initial 
guess. 

Actual θ Found θ Error Actual θ Found θ Error 
0 -0.633 -0.633 0 7.2912 7.2912
2 4.5263 2.5263 16 25.3255 9.3255
4 4.4858 0.4858 32 39.0597 7.0597
0 -0.6709 -0.6709 0 4.0689 4.0689
4 7.3625 3.3625 18 24.198 6.198 
8 8.9238 0.9238 36 40.335 4.335 
0 -0.2665 -0.2665 0 6.3237 6.3237
6 8.8093 2.8093 20 28.3868 8.3868
12 13.2609 1.2609 40 45.7704 5.7704
0 0.763 0.763 0 5.2056 5.2056
8 11.8751 3.8751 22 29.1667 7.1667
16 18.1219 2.1219 44 48.7565 4.7565
0 1.0716 1.0716 0 5.2356 5.2356
10 13.7674 3.7674 24 31.0194 7.0194
20 22.5468 2.5468 48 52.6868 4.6868
0 2.2766 2.2766 0 6.1742 6.1742
12 16.8327 4.8327 26 33.6498 7.6498
24 27.0697 3.0697 52 57.4318 5.4318
0 5.7357 5.7357       
14 21.9787 7.9787       
28 33.9036 5.9036       
Average Error:  4.25º ± 2.66º    
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Table A-6. Absolute error in θ: 3 images; constraint weighting, w =10; error in initial 
guess. 

Actual θ Found θ Error Actual θ Found θ Error 
0 -1.5769 -1.5769 0 6.2072 6.2072
2 3.4663 1.4663 16 24.2949 8.2949
4 3.4855 -0.5145 32 38.0801 6.0801
0 -1.3302 -1.3302 0 5.1881 5.1881
4 6.4947 2.4947 18 25.2153 7.2153
8 8.107 0.107 36 41.2633 5.2633
0 0.606 0.606 0 6.3239 6.3239
6 9.6256 3.6256 20 28.3868 8.3868
12 14.0306 2.0306 40 45.7704 5.7704
0 -0.1891 -0.1891 0 5.2051 5.2051
8 10.9973 2.9973 22 29.1658 7.1658
16 17.3053 1.3053 44 48.7553 4.7553
0 3.3628 3.3628 0 5.2338 5.2338
10 15.8487 5.8487 24 31.0196 7.0196
20 24.4705 4.4705 48 52.689 4.689 
0 1.0848 1.0848 0 5.2302 5.2302
12 15.7409 3.7409 26 32.7856 6.7856
24 26.0517 2.0517 52 56.6532 4.6532
0 3.4432 3.4432       
14 19.8582 5.8582       
28 31.9193 3.9193       
Average Error:  3.96º ± 2.65º 
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Table A-7. Relative error in θ: 3 images; constraint weighting, w = 1; no error in initial 
guess. 

Actual Total Found Total Actual  Found Found 
∆θk - ∆θi ∆θ3 - ∆θ1 ∆θj - ∆θi∆θ2 - ∆θ1∆θ3 - ∆θ2
4 5.2837 2 6.6476 -1.3639 
8 9.2543 4 7.8223 1.432 
12 12.4132 6 8.3696 4.0436 
16 16.0225 8 10.2859 5.7366 
20 19.47 10 11.5541 7.9159 
24 22.8282 12 13.4423 9.3859 
28 26.3193 14 15.2137 11.1056 
32 29.774 16 16.9423 12.8317 
36 33.4835 18 18.6503 14.8332 
40 36.5714 20 20.5289 16.0425 
44 40.2441 22 22.2384 18.0057 
48 43.8764 24 23.9671 19.9093 
52 47.4544 26 25.5844 21.87 
Average Error (∆θj - ∆θi):  -0.81º ± 2.61º 
Average Error (∆θk - ∆θi):  -1.62º ± 2.02º 
 

Table A-8. Relative error in θ: 3 images; constraint weighting, w = √50; no error in initial 
guess. 

Actual Total Found Total Actual  Found Found 
∆θk - ∆θi ∆θ3 - ∆θ1 ∆θj - ∆θi∆θ2 - ∆θ1∆θ3 - ∆θ2
4 5.2691 2 5.4026 -0.1335 
8 9.5991 4 7.8306 1.7685 
12 13.4879 6 9.0499 4.438 
16 17.2886 8 11.062 6.2266 
20 21.1853 10 12.53 8.6553 
24 24.4717 12 14.3732 10.0985 
28 28.111 14 16.2115 11.8995 
32 31.708 16 17.9979 13.7101 
36 35.7361 18 19.8475 15.8886 
40 38.9733 20 21.8143 17.159 
44 43.3022 22 23.8314 19.4708 
48 47.1667 24 25.6398 21.5269 
52 51.0954 26 27.3935 23.7019 
Average Error (∆θj - ∆θi):  0.13º ± 2.37º  
Average Error (∆θk - ∆θi):  0.26º ± 1.00º  
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 Translational error:  

3  I ma g e s ,  W = 1 ,  I G  E x a c t

0

0.05

0.1

0.1 5

0.2

0.2 5

0 1 0 2 0 3 0 4 0 5 0 6 0

I ma ge  R ot a t ion  R a n ge  ( de g) A 
3  I ma ge s ,  W = 1 ,  I G  E x a c t

0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0 10 20 30 40 50 60

I ma ge  R ot a t ion  R an ge  ( de g) B 
3 Images, W=1, IG Exact

0

0.1

0.2

0.3

0.4

0.5

0.6

0 10 20 30 40 50 60

Image Rotation Range (deg)

A
bs

 E
rr

or
, Z

 (i
n)

C 
Figure A-3. Image angle vs. error in marker coordinates: 3 images; constraint weighting, 

w = 1; no error in initial guess. A) x-direction, B) y-direction, C) z-direction. 



45 

 

3 Images, W=√50, IG Exact
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Figure A-4. Image angle vs. error in marker coordinates: 3 images; constraint weighting, 

w = √50; no error in initial guess. A) x-direction, B) y-direction, C) z-
direction. 
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3 Images, W=10, Error in IG
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Figure A-5. Image angle vs. error in marker coordinates: 3 images; constraint weighting, 

w = 10; error applied to initial guess. A) x-direction, B) y-direction, C) z-
direction. 
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Four Images 

 Rotational error: 

Table A-9. Absolute error in θ: 4 images; constraint weighting, w = 10; no error in initial 
guess. 

Actual θ Found θ Error Actual θ Found θ Error 
0 -0.0484 -0.0484 0 -2.49 -2.49 
2 3.5978 1.5978 8 6.879 -1.121 
4 4.5798 0.5798 16 13.4985 -2.5015 
6 6.7568 0.7568 24 21.4155 -2.5845 
0 -0.9709 -0.9709 0 -2.5738 -2.5738 
4 4.8758 0.8758 10 8.4846 -1.5154 
8 7.7243 -0.2757 20 17.4 -2.6 
12 12.4662 0.4662 30 27.0878 -2.9122 
0 -2.3132 -2.3132 0 -2.3048 -2.3048 
6 5.0493 -0.9507 12 11.0676 -0.9324 
12 10.5654 -1.4346 24 21.4118 -2.5882 
18 17.2911 -0.7089 36 32.9533 -3.0467 
Average Error:   -1.23º ± 1.39º 
 

Table A-10. Absolute error in θ: 4 images; constraint weighting, w = 10; error (±3º) in 
initial guess. 

Actual Total Found Total Actual Found Found Found 
∆θk - ∆θi ∆θ4 - ∆θ1 ∆θj - ∆θi∆θ2 - ∆θ1∆θ3 - ∆θ2∆θ4 - ∆θ3
6 6.7357 2 3.4975 0.9939 2.2443 
12 13.304 4 5.8976 2.778 4.6284 
18 19.8894 6 7.4733 5.6212 6.7949 
24 23.7454 8 9.2941 6.5676 7.8837 
30 29.6645 10 11.0624 8.9153 9.6868 
36 35.2659 12 13.375 10.3466 11.5443 
Average Error (∆θj - ∆θi):  0.14º ± 1.15º   
Average Error (∆θk - ∆θi):  0.43º ± 1.04º   
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Table A-11. Absolute error in θ: 4 images; constraint weighting, w = 10; error (±4º) + 
rotational bias in initial guess. 

Relative Error in θ, 4 Images, W=10, Error (±4º) in IG 
Actual Total Found Total Actual Found Found Found 
∆θk - ∆θi ∆θ4 - ∆θ1 ∆θj - ∆θi∆θ2 - ∆θ1∆θ3 - ∆θ2∆θ4 - ∆θ3
6 6.7794 2 1.6179 0.7639 4.3976 
12 13.0111 4 4.5533 2.6873 5.7705 
18 19.8871 6 6.7062 5.583 7.5979 
24 23.7482 8 7.8849 6.5687 9.2946 
30 29.7466 10 9.6958 8.9404 11.1104 
36 35.2571 12 11.5415 10.3439 13.3717 
Average Error (∆θj - ∆θi):  0.13º ± 1.25º   
Average Error (∆θk - ∆θi):  0.40º ± 0.99º   
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4 Images, W=10, Error + Rotational Bias in IG
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Figure A-6. Image angle vs. error in marker coordinates: 4 images; constraint weighting, 

w = 10; error and rotational bias applied to initial guess. A) x-direction, B) y-
direction, C) z-direction. 
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Figure A-7. Variation in principal distance vs. error in marker coordinates: 4 images; 

constraint weighting, w = 10; error applied to initial guess. A) x-direction, B) 
y-direction, C) z-direction.
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APPENDIX B 
IN VIVO STUDY—ADDITIONAL RESULTS 

 
Figure B-1. Marker distributions in the x-z plane for all knees. Gray dots indicate initial 

guess made during shape matching and black dots indicate optimizer solution. 
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Figure B-2. Marker distributions in the x-y plane for all knees. Gray dots indicate initial 

guess made during shape matching and black dots indicate optimizer solution. 
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Figure B-3. TKR component rotation for subject TS at A) 3 months, B) 6 months, C) 12 

months. 
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Figure B-4. TKR component rotation for subject SL at A) 3 months, B) 6 months, C) 12 

months. 
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Figure B-5. TKR component rotation for subject KM at A) 3 months, B) 6 months, C) 12 

months. 
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