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Single crystal nickel base superalloys (SCNBS) are being used increasingly for 

high temperature turbine blade and vane applications in aircraft and rocket engines. As a 

first step toward developing a mechanistically based fatigue life prediction system for 

SCNBS components, an understanding of the evolution of plasticity in regions of stress 

concentration, under the action of triaxial stresses, is necessary. 

A detailed numerical and experimental investigation of the evolution of plasticity 

and slip sector boundaries near notches in SCNBS double-notched tensile specimens was 

conducted. The evolution of plasticity in the vicinity of notches in three specimens with a 

<100> loading orientation, and having their notches parallel to one of the <010>, <110> 

and <310> directions (secondary orientation), were studied. A three dimensional (3D) 

linear elastic anisotropic finite element model of the specimens was developed using 

ANSYS. Ni-base superalloys which deform by the shearing of the γ’ precipitate, were 

selected for the experimental study to insure that slip bands followed the slip planes, 



 

xix 

similar to single-phase materials. The tensile testing of the notched specimens was 

carried out using a 1125 Instron system, and optical microscopy was utilized to observe 

the slip bands on the surface of the specimens near notches. The experimental tests were 

conducted at room temperature to limit the plastic deformation to {111} planes, similar to 

FCC metals. 

In this study, we demonstrate that a 3D linear elastic anisotropic finite element 

model is able to predict the activated slip planes and sector boundaries accurately on the 

surface of the specimens. The experimental and numerical results suggest that the 

dominant slip planes activated at low load levels persist even at high load levels, and the 

activation of other slip bands within a domain is initially inhibited. Results reveal that 

slip sector boundaries have complex curved shapes, rather than straight sector boundaries 

as predicted previously. Moreover, both the experimental and numerical results indicate 

that sector boundaries change with increasing load. A comparison between the isotropic 

and anisotropic results demonstrates that elastic anisotropy has a noticeable effect on the 

slip evolution near notches. 

The numerical model was further exploited to systematically evaluate the effects of 

crystallographic orientation, thickness and test temperature, on the evolution of plasticity 

in SCNBS. An analysis of the stresses as a function of thickness revealed that the 

activated slip systems and sector boundaries drastically change from the surface to the 

interior of the specimens. These numerical results suggest that experimental observation 

of slip lines on the surface is not representative of plasticity within the samples. Slip 

plane and sectors predicted near notches are found to be strong functions of the notch 

orientation, not only on the surface of the specimen but also at various thickness planes. 
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Furthermore, results indicate that the slip fields are orientation dependent not only at low 

temperature (38ºC), but also at high temperature (927ºC). 

Based on the dominant slip system concept developed here, good correlation 

between numerical and experimental results was also found in copper single crystals 

subjected to four point bending load. This finding confirms that the dominant slip system 

concept not only works for single crystal superalloys, but is also applicable to other FCC 

single crystals, as well as for other loading modes. 
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CHAPTER 1 
INTRODUCTION 

1.1 Project Background 

Fracture behavior of single crystalline materials is an important area of research. In 

addition to the applicability of single crystals at micro scales, the fracture behavior in 

strong and relatively brittle polycrystalline alloys is controlled by the response of the 

single grain encompassing the crack tip. Therefore from a fundamental point of view, 

knowledge of fracture behavior of single crystals is important for understanding and 

predicting the toughness of polycrystalline alloys. Furthermore, the deformation 

mechanisms and failure modes of face centered cubic (FCC) single crystal components 

subjected to triaxial states of static and fatigue stress are very complicated to predict. This 

is because plasticity precedes fracture in regions of stress concentration, and the 

evolution of plasticity on the surface and through the thickness is influenced by elastic 

and plastic anisotropy. Thus in order to design single crystal material against fatigue and 

fracture failure, more experimental and numerical testing will be necessary. 

This study deals with single crystal nickel base superalloy (SCNBS) in particular. 

SCNBS’ are precipitation strengthened cast monograin alloys based on the Ni-Cr-Al 

system. The microstructure of this alloy consists of approximately 60% by volume 

(depends on the superalloy generation) of ordered γ’-precipitates (L12 structure) 

coherently set in a FCC nickel-base solid solution γ matrix (Figure 1-1).  
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      (A)       (B) 

Figure 1-1. Figure showing the microstructure of SCNBS. A) Schematic of γ’ precipitate 
in a γ matrix (Arakere and Swanson, 2002). B) SEM micrograph showing γ’ 
precipitate in a γ matrix (Ebrahimi, et al. 2005).  

Due to their creep, thermal fatigue and corrosion resistance properties over 

polycrystalline and columnar crystal alloy, these alloys are widely used in the production 

of turbine blades and vanes, used in the aircraft and rocket engine (Figure 1-2) 

 

       
Polycrystal     Columnar crystal     Single crystal 
            (A)       (B) 
Figure 1-2. Different crystals used for the manufacturing of turbine blades. A) 

Polycrystal, columnar crystal and single crystal turbine blades. B) 
Comparative mechanical properties and surface stability of polycrystalline, 
columnar crystal and single crystal superalloys (Fermin, 1999). 

10µm 
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The use of single crystal superalloys for the turbine blade materials has led to 

complex relationships between load, temperature and deformation. This is exacerbated by 

the complex geometry and anisotropy of blade components, and the triaxial stress state 

they experience at the blade tip leading edge. Many of these blades have failed during 

operation due to the nucleation and propagation of fatigue cracks from an area of high 

concentrated stress at the blade tip leading edge (Arakere and Swanson, 2002). Figure 1-3 

shows the blade leading edge prone to fatigue crack growth failure. In an attempt to study 

the state of stress in a component with complex geometry (e.g. turbine blades), notched 

specimens are often used to represent the areas of stress concentration or the theoretical 

fracture condition. As a first step towards understanding the effect of triaxial states of 

static and fatigue stress in complex structural alloys, a complete numerical and 

experimental investigation of nickel-base single crystal notched specimen is essential. 

 
Figure 1-3. Blade leading edge crack location and orientation for the SSME AHPFTP 1st 

Stage Turbine Blade (Arakere and Swanson, 2002). 

The growth direction of the single crystal turbine blade is controlled in the 

preferred low modulus [001] crystallographic direction to enhance the thermal fatigue 

resistance and creep strength of the alloy (Dreshfield and Parr; 1987). The [001] axis is 
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parallel to the span of the blade, which is also in the direction of the centrifugal loading 

(Figure 1-4). 

 
Figure 1-4. Figure showing the {001} orientation of the turbine blade. 

There is some variation between the [001] primary crystallographic direction and 

the airfoil stacking line of the single crystal (commonly referred as α , the primary 

orientation angle) from one blade to another due to the manufacturing process (Figure 1-

5). However, current manufacturing capability permits control of α to within 5º of the 

stacking line (Arakere and Swanson, 2002). Past studies indicate that the influence of the 

primary orientation angle, when constrained between 0° and 10° on the elastic stresses 

generated within the nickel-base single crystal superalloy, is substantially lower (Deluca 

and Annis, 1995). Hence a variation of the primary orientation angle (if kept within the 

limit of 0-10°) will have an insignificant impact on the life of the turbine blade. Due to 

this, the effect of primary orientation on the resolved shear stresses is not included in this 

study. 

In most turbine blade castings, the secondary crystallographic direction is neither 

specified nor controlled and is randomly oriented with respect to the fixed geometric axes 
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in the turbine blade. The orientation of the secondary direction may be controlled by 

using a seed crystal during its solidification (Kalluri et al., 1991). The control of the 

secondary orientation was not considered necessary, until recent reviews of space shuttle 

main engine (SSME) turbine blade lifetime data, which indicate that the secondary 

orientation has a significant impact on the high-cycle fatigue resistance (Arakere et al., 

2002). Furthermore, the creep properties of single crystals are greatly influenced by the 

secondary crystallographic orientation (Kakehi, 2004). Therefore an optimization of the 

secondary orientation angle (commonly referred as β , which is the angle between 

secondary crystallographic direction and airfoil mean chord line) has the potential to 

increase the fatigue life of the single crystal material, without additional weight or cost. 

Although extensive research has been done on the effect of primary orientation, little is 

known about that of the secondary orientation. 

 
Figure 1-5. Convention for defining single crystal orientation in turbine blades (Arakere 

and Swanson, 2002). 
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For single crystal materials, the analysis of the stress and deformation fields near a 

crack tip goes back to the work of Rice (1987). Rice proposed the first asymptotic (i.e., as 

the radius from the crack tip approaches zero) solution of the crack tip stress field in FCC 

and BCC single crystals for two specific crack orientations under plane strain conditions 

using a small strain plasticity framework. He predicted plastic deformation in the form of 

patchy “fan shaped sectors” around the crack tip of single crystals (Figure 1-6).  

 
Figure 1-6. Slip systems predicted by Rice. The thick lines indicate the sector boundary 

angles (Crone et al. 2001). 

Later his work was investigated analytically (Drugan, 2001), experimentally (Cho 

et al. 1991; Li et al. 1991; Shield et al. 1993; Shield, 1996; Schulson et al. 1997; Crone 

and Shield, 2001; Kysar et al. 2001; Crone and Shield, 2003; Crone et al. 2003) and 

numerically (Mohan et al. 1992; Cuitino and Ortiz, 1996; Forest et al., 2000; Flouriot et 

al. 2003). Some of the models (Rice, 1987; Mohan et al. 1992; Cuitino and Ortiz 1996) 

were able to predict certain features seen in the experiments, however there existed 

significant areas of discrepancies. For example, Rice’s analytical solution does not 

distinguish between the two orientation’s sector boundaries and also the sector 

boundaries between FCC and BCC crystals (Rice, 1987). However, Shield et al., (1993, 

1996) later discovered from their experimental analysis that the sector boundaries of FCC 

crack 
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and BCC crystals, and of two different orientations, are dissimilar. The non-hardening 

analytical solution provided by Rice (1987) and Drugan (2001) provides the closed form 

solution for the stress field around the crack, but are asymptotic in nature with an 

unspecified region of dominance. Moreover, Rice’s analytical solution predicts either 

kink bands (slip direction perpendicular to the band) or slip bands (slip direction along 

the band) on the sector boundaries and requires the presence of both the bands in the slip 

fields (Figure 1-7), whereas Drugan came up with an analytical solution that only 

involves localized slip bands. This indicates that the non-hardening plasticity solution is 

not unique. Besides, the majority of published results use plane stress or plane strain 

assumptions in their analytical and numerical models (Rice, 1987; Mohan et al., 1992; 

Drugan, 2001; Crone et al., 2003). In fact, the main drawback of the 2D models is their 

inability to accommodate displacements along the burgers vectors that do not lie in the 

plane of analysis. Moreover many experimentalists (Shield et al., 1993, Shield et al., 

1996, Crone et al., 2003) have measured deformation fields using moire´ interferometry, 

which allows precise determination of in-plane normal and shear strains. However, since 

the technique is applied to a free surface, the resulting measurements are under conditions 

of neither plane strain nor plane stress, which introduces ambiguity when comparing 

experimental measurements with theoretical and numerical predictions under plane strain 

conditions. Therefore in order to evaluate the usual plane strain condition at the specimen 

center or to determine the stress–strain fields at the free surface, usage of a three-

dimensional numerical model will be required instead of using two dimensional plane 

stress or plane strain models.  
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Figure 1-7. Sector boundaries at the crack tip. A) Slip sector boundary. B) Kink sector 

boundary (Rice, 1987). 

1.2 Objectives 

An accurate modeling of the anisotropic material behavior and the fatigue damage 

process is fundamental to the development of a mechanistically based life-prediction 

system for single crystals. An ideal numerical test would incorporate the parameters for 

the specimen size, type of test, plasticity, hardening, lattice rotation and so on, and 

eventually a fatigue crack rather than a notch. However before incorporating such 

complexity, a basic model must be developed. Keeping this in mind, the objectives for 

the study is motivated by the need to understand the deformation behavior of single 

crystals under a triaxial state of stress. The first step towards realizing this goal is to 

conduct a comprehensive experimental and numerical investigation of the evolution of 

plasticity (slip) near notches in one of the SCNBS. A double edged notched rectangular 

specimen is chosen for the study. There are several goals in this project. The first is to 

develop a 3-D linear elastic anisotropic finite element model (using ANSYS) which can 

predict slip activation near notches and the second is to validate the same by 

experimentally generating the slip bands. The next goal is to understand how 

crystallographic orientation, thickness, load level, and test temperature affect the 

evolution of plasticity in this single crystal material.  
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The reason for choosing SCNBS for our analysis is due to their application in 

turbine blades of commercial and military aircraft engines and also because of their high 

strength, which makes the handling of the specimen little easier. Moreover their 

availability and cost also play a major role in their selection.  

As is already shown in the previous section, SCNBS is a two phase materials. 

Depending on the composition and heat treatment of SCNBS dislocation in some of the 

SCNBS shear (cut) through the γ’ precipitate (Figure 1-8A) or with the help of cross slip 

by-pass the γ’ precipitate (Figure 1-8B) at room temperature. SCNBS in which a shearing 

of the γ’ precipitate takes places during yielding, behaves like a single phase FCC crystal. 

Since we model this SCNBS as a single phase crystal in ANSYS, we select the SCNBS 

which will deform by shearing of the γ’ precipitate so that the results between the FEA 

and experiments may be directly compared. 

            
    (A)                 (B) 

Figure 1-8. Figure showing dislocations A) shearing the γ’ precipitate, B) by-passing the 
γ’ precipitate. 

 

 

Dislocation 
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CHAPTER 2 
LITERATURE REVIEW 

This chapter will provide the background for understanding the deformation 

mechanism in cubic single crystal materials. A review of recent literature regarding the 

slip mechanism and plastic deformation near a notch tip in cubic single crystals will be 

provided. Elastic anisotropy found in cubic single crystals will be explained in a greater 

detail. In this chapter we will also discuss the different approaches (analytical, 

experimental and numerical) taken by researchers in the past to understand the 

phenomena within the region close to the tip of a crack in single crystals. Advantages and 

limitation of their results and approaches will also be highlighted to justify the need of a 

complete model which can explain the slip evolution near stress concentrations in single 

crystals. 

2.1 Elastic Anisotropy  

The generalized Hooke’s law relating stress and strain tensors in linear elastic 

solids is shown in Equation (2-1). The Sij are compliance coefficients. For the general 

case of an elastic solid, there are 21 independent material constants. 

{ } [ ]{ }ijSε = σ      (2-1) 

Since the elastic properties of FCC crystals exhibit cubic symmetry also described 

as cubic syngony, only three independent elastic compliance constants are required to 

describe the elastic properties of the crystal. In material coordinate system, Sij can be 

expressed as shown in Equation (2-2). 
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   (2-2) 

The compliance constants of the single crystal vary with the direction of the 

coordinate axis (that is the Sij matrix varies with the crystal orientation). The elastic 

behavior in the specimen coordinate system can be described by a transformation of the 

compliance tensor from the material coordinate system to the specimen coordinate 

system according to the law of transformation of fourth rank tensors. Lieberman and 

Zirinsky developed a method for transforming the compliance and stiffness constants of a 

single crystal between two coordinate systems that are related by a matrix of direction 

cosines as shown in Table 2-1(Lieberman and Zirinsky, 1956). 

Table 2-1. Direction cosines 
 x y z 

x’ α1 α2 α3 
y’ β1 β2 β3 
z’ γ1 γ2 γ3 

 
Consider a Cartesian coordinate system (x’, y’, z’) that has rotated about the origin 

O of (x, y, z). The elastic constant matrix [S’ij] in the (x’, y’, z’) coordinate system that 

relates {ε’} and {σ’}: [{ε’} = [S’ij] {σ’}] is given by the following transformation,. 

[ ] [ ]T'
ij ijS S⎡ ⎤ = ϒ ϒ⎡ ⎤⎣ ⎦⎣ ⎦       (2-3) 

The transformation matrix [ ϒ ] is a 6x6 matrix that is a function of the direction 

cosines between the (x, y, z) and (x’, y’, z’) coordinate axes (Equation 2-4). 
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⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎢ ⎥⎦

 (2-4) 

Knowing the state of stress at a given location in the material coordinate system (x, 

y, z), the resolved shear stresses on the 12 primary octahedral slip systems denoted by τ1, 

τ2,…, τ12 can be readily obtained using the following method. The stress vector S acting 

on some plane with an outward normal vector N is given as: 

1 1 12 13

2 21 2 23

31 32 33

S l
S m

nS

σ σ σ⎡ ⎤ ⎛ ⎞ ⎡ ⎤
⎜ ⎟⎢ ⎥ ⎢ ⎥= σ σ σ⎜ ⎟⎢ ⎥ ⎢ ⎥
⎜ ⎟⎢ ⎥ ⎢ ⎥σ σ σ⎝ ⎠ ⎣ ⎦⎣ ⎦

     (2-5) 

where N= li+mj+nk is a unit vector normal to the octahedral plane and σij are the stress 

components in the principal coordinate of the material at the point of interest. The 

components of the stress τ, in some direction p (which will be the slip directions), is then 

calculated using,  

[ ][ ]1 2 3 1 2 3S   S   S p   p   pτ =      (2-6) 

where p is also a unit vector. Equation 2-7 will resolve the component stresses in the 

primary directions as listed in Table 2-2 from 1 to 12. 
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    (2-7) 

To resolve the component stresses on cube planes, equation 2-8 will be used. 

13
1
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     (2-8) 

2.2 Plastic (Slip) Deformation 

Having discussed the elastic properties of cubic single crystals, we now proceed 

towards the plastic deformation in single crystals. Slip, twinning and diffusion assisted 

plastic deformation are the three main mechanisms responsible for inelastic deformation 

in metals. When the temperature is less than approximately 0.5 Tm, where Tm is the 

absolute melting temperature, crystalline metals deform primarily by the propagation of 

dislocations through the lattice. The plastic deformation occurs in metals due to the glide 

of dislocations on the slip plane (the plane of high atomic density) in the close packed 

direction (which represents the shortest distance between two atoms equilibrium 
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positions). The type of slip systems varies with the material’s crystal lattice. At higher 

temperatures, deformation occurs by diffusion-controlled processes such as dislocation 

climb. Twinning, a rotation of atoms in the lattice structure is not as important, as strains 

are very small compared to slip and climb, however the process becomes important at 

very low temperatures. 

The resistance of a crystal to slip, as well as the level of resolved shear stress along 

the slip direction in the slip plane controls the activation of slip in single crystals. The 

resistance to slip depends on the atomic bonding and crystal structure, while the level of 

resolved shear stress (RSS) depends on the level of loads and their direction relative to 

the crystal axes. Slip begins when the resolved shear stress on the slip plane in the slip 

direction reaches a threshold value called the critical resolved shear stress (CRSS) 

(Dieter, 1986). The value of the critical resolved shear stress depends chiefly on the 

material composition, strain rate, and temperature.  

During plastic deformation, slip bands can be observed on the polished surface of 

specimens. Each atom in the slipped part of the crystal moves forward the same integral 

number of lattice spacings and causes changes in the surface elevation, which at high 

magnification can be seen as slip lines. Figure 2-1 shows slip lines on the polished 

surface of copper single crystal (Dieter, 1986). 
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Figure 2-1. Slip lines observed on the surface of copper crystal (Dieter, 1986). 

As dislocations can only glide under the effect of shear stresses, these shear stresses 

have to be determined. Figure 2-2 shows the orientation of the slip plane and the slip 

direction in the crystal relative to the loading axis in a simple tensile test. According to 

Figure 2-2, we see that the cross sectional area of the slip plane is given by: 

slip plane
AA  

cos
=

φ
     (2-9) 

where A ≡  cross-sectional area perpendicular to the loading axis, 

 φ  ≡  angle between the rod axis and the normal to the slip plane. 

Furthermore, the load on this plane resolved in the slip direction, is given by:  

resolvedF  Fcos= λ      (2-10) 

where F ≡  applied axial force and λ ≡  angle between load axis and slip direction. 

Dividing equation 2-10 by 2-9, we get the resolved shear stress acting on the slip plane.  

   resolved
RSS

slip plane

F Fcos cos 
A A

λ φ
τ = =    (2-11) 
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Figure 2-2. Slip elements in a specimen subjected to uniaxial tension. 

The factor m = cos φ cosλ represents an orientation factor which is known as the 

Schmid factor. From equation 2-11, we can see that slip will occur on the slip system 

possessing the greatest Schmid factor. Equation 2-11 shows that in some circumstances 

RSSτ will be zero (viz. if the tension axis is normal to the slip plane ( λ =90º) or if it is 

parallel to the slip plane ( φ =90º)). Thus, slip deformation will not take place for these 

two extreme orientations, as there is no shear stress on the slip plane. On the other hand, 

RSSτ will be maximum for λ = φ =45º. 

Single crystals are elastically anisotropic, whereby each crystallographic direction 

may respond differently to similar loading conditions. Schmid and his co–workers 

(Schmid et al. 1935) experimentally confirmed that in hexagonal crystals (such as 

cadminum, zinc and magnesium), the tensile yield stress varies greatly with the 

F 

Cross-sectional area A 

Slip Plane 
Slip Direction 

Applied force F=σA Normal n 

Tensile Axis

F 
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crystallographic orientation. However, when the tensile yield stress is converted to 

resolved shear stress by using equation 2-11, it is found that the calculated resolved shear 

stress is constant for a particular material. This simple yield criterion for crystallographic 

slip is called Schmid’s Law. For example, it can be seen in Figure 2-3 that the axial stress 

necessary for yielding anthracene crystals varies dramatically with crystal orientation, 

while the critical resolved shear stress is unchanged (Robinson and Scott 1967). From 

Figure 2-3A we can see that the elastic modulus of the crystal also depends on the 

crystallographic orientation. It is also worth noting that the yield stress is minimum for 

M=0.5. Consequently, it is very important to specify the orientation of the load. 

    
    (A)       (B) 

Figure 2-3. Yield behavior of anthracene single crystals. A) Axial stress-strain curves for 
crystals possessing different orientations relative to the loading axis. B) Axial 
stress for many crystals versus respective Schmid factors (Robinson and Scott, 
1967). 

It has been seen in the literature that the deformation mechanism of single crystals 

are mostly studied by loading them in simple uniaxial tension. During the experiment, the 

tensile specimen is fully constrained at both the ends as the specimen is in grips, which 

are attached to the crossheads. Therefore when the load is applied, the specimen is not 
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allowed to deform freely by uniform glide on every slip plane along the gage length of 

the specimen (Figure 2-4). Due to this, the slip planes rotate towards the tensile axis of 

the specimen. For example, consider the deformation of the single crystal tensile 

specimen oriented in a single slip orientation. The grips hold the ends of the specimen in 

a fixed alignment. During application of the load, slip will initiate on a number of parallel 

slip planes located close to the maximum shear stress, and slip bands will be observed on 

the surface of the specimen. As deformation progresses, continued slip will not be 

possible without rotation of the slip planes to accommodate the change in length of the 

specimen. Bending will occur near the grips to maintain continuity and alignment of the 

specimen. During elongation, the slip planes rotate towards the tensile axis and the angle 

between the slip plane and tensile axis decreases. As rotation continues a second slip 

plane will become oriented in a position to permit slip. When the stress on this plane 

reaches the CRSS, slip will occur in a second slip system. Eventually, the slip on the 

primary and secondary planes will become equal and duplex slip (identical slip in both 

systems) will occur.  

 
Figure 2-4. Schematic diagram of the deformation characteristics of a single-crystal in a 

tensile machine (Dieter, 1986). 
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Since slip in single crystals takes place in a specific plane in a specific direction, 

the increase in length of the specimen for a given amount of slip will depend on the 

orientations of the slip plane and its direction with the specimen loading axis.  

In single crystals the fundamental measure of plastic strain is the shear strain or glide 

strain which is defined as the relative displacement of two slip planes that are unit 

distance apart. Typical resolved shear stress vs. resolved shear strain curve can be seen in 

Figure 2-5 for different metal crystals. It can be seen that the curves for FCC and HCP 

metals are different although in all the cases the resolved shear stress increases as 

deformation proceeds. This phenomenon is known as strain hardening in metals. Also 

from the graph we infer that the rate of work hardening in FCC single crystals is much 

greater than in HCP crystals, which is due to the difference in the number of slip systems 

that get activated during deformation in FCC and HCP crystals. 

 
Figure 2-5. Shear stress/strain curves of metal crystals (Dieter, 1986). 

2.2.1 Slip Systems in FCC Single Crystals 

For FCC crystals, the high-density planes are the octahedral {111} planes and the 

close-packed directions are the primary <110> slip directions. There are eight {111} 

planes in the FCC unit cell. Since the planes at opposite faces of the octahedron are 
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parallel to each other, there are only four sets of octahedral planes. Each {111} plane 

contains three <110> directions. The slip plane with slip direction constitutes a slip 

system. Therefore the FCC single crystal consists of 12 slip systems. Table 2-2 and 

Figure 2-6 show the 12 slip directions for an FCC single crystal.  

Table 2-2. Slip planes and slip directions in an FCC crystal (Stouffer and Dame, 1996). 
Slip 

System 
Slip Plane 

<110>{111} 
Slip 

Direction 
τ1 (111 ) [ 110 ] 
τ2 (111 ) [ 110 ] 
τ3 (111 ) [ 011 ] 
τ4 ( 111 ) [ 110 ] 
τ5 ( 111 ) [110 ] 
τ6 ( 111 ) [ 011 ] 
τ7 ( 111 ) [110 ] 
τ8 ( 111 ) [ 110 ] 
τ9 ( 111 ) [101] 
τ10 ( 111 ) [ 011] 
τ11 ( 111 ) [101] 
τ12 ( 111 ) [ 011 ] 

 

 
Figure 2-6. Four octahedral slip planes of FCC crystal showing primary slip directions 

(Stouffer and Dame, 1996). 



21 

 

The number of active slip systems in FCC single crystals depends on the 

orientation and magnitude of the applied load. If the loading orientation of the FCC 

single crystals lies within the stereographic triangle, the deformation will take place on 

the slip system with highest Schmid factor of all the twelve {111}<101> slip systems. 

However if the loading axis of the crystal lies on the boundaries of the stereographic 

triangle, then the CRSS values will be the same on more than one slip systems and plastic 

deformation will occur simultaneously on the slip systems with equivalent Schmid 

factors. It has been seen that for {111} <101> slip system, loading in the [001] direction 

will activate eight slip systems simultaneously if the stress is equivalent to the CRSS. 

Loading in the [110] will activate four slip systems simultaneously, whereas only one slip 

system will be activated for loading in the [123] direction. Figure 2-7 summarizes the 

number of slip systems similar to the {111}<101> slip system with equal stresses as a 

function of orientation. 

 
Figure 2-7. Effect of orientation on the number of active slip systems {111}<101> for the 

FCC crystal lattice structure (Stouffer and Dame, 1996). 

The effect of crystallographic orientation on the flow curve of FCC single crystals 

can also be explained by the number of activated slips for different loading directions. 

Figure 2-8 shows that the increase in shear stress with shear strain is different for 
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different loading orientations. When the specimen in loaded in the <011> direction, one 

slip system is experiencing appreciably more shear stress than any other and the flow 

curve shows a less strain hardening. When the specimen is loaded in the <111> or <100> 

direction, the stress on several slip systems is not very different and the material 

experiences more strain hardening. 

 
Figure 2-8. Effect of orientation on the shape of the flow curve for FCC single crystals 

(Dieter, 1986). 

2.3 Evaluation of Plasticity at Crack Tips 

Rice in 1987, provided the foundation for much recent and current work in the area 

of crack/notch tip stress and strain analysis by examining the mechanics of both FCC and 

BCC notched specimens loaded in tension. Although the analysis techniques are 

applicable to other orientations, he paid attention to two specific crack orientations in 

FCC and BCC crystals. The first orientation defined the notch plane as (101), the notch 

growth direction as [ 010], and the notch tip direction as [101]. The second orientation 

defined the notch plane as (010), the notch growth direction as [101], and the notch tip 

direction as [101]. Due to symmetry of the sample, only half of the notched sample is 

shown in Figure 2-9. 
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Figure 2-9. Orientations of specimens used by Rice. 

He presented an asymptotic analysis of the plane stress field at a crack tip in an 

elastic-ideally plastic crystal, which predicts a stress field with strong strain localization 

along certain radial directions around the crack tip. His work predicted that the cartesian 

components of stress remain constant within each sector, and change discontinuously 

from sector to sector, that is sector boundaries are necessarily stress and displacement 

discontinuities. Further he claimed that the orientation of a sector boundary is constrained 

to lie either parallel or perpendicular to plastic slip planes that intersect the crack tip. 

Accordingly, two different types of displacement discontinuities at the sector boundaries 

exist which Rice postulated, are the result of different types of dislocation structures, as 

illustrated in Figure 1-7. Those sector boundaries which are parallel to a slip plane are 

referred to as slip discontinuities and those sector boundaries perpendicular to a slip plane 

are referred to as kink discontinuities. He also predicted the angles at which these sectors 

meet, for two crack orientations, for both FCC and BCC single crystals. However, the 

solution does not distinguish between the two orientations sector boundaries or between 
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FCC or BCC crystal structures. Both crystal orientations and structures predict 

boundaries at 55˚, 90˚, and 125˚ (Figure 1-6). Rice notes the weakness of this attribute, 

based on contradictory experimental studies, related to the rotation of the crystal lattice. 

He acknowledges the simplification of the plane strain assumption and encourages 

incorporating anisotropy, strain hardening, and 3D effects into future models. In 1988, 

Saeedvafa and Rice extended this analysis and considering hardening effects, assumed 

that the crystals obeyed Taylor power law hardening, and proposed HRR- type solutions 

for crack tip singular fields (Rice, 1987; Saeedvafa and Rice, 1988). 

On the footsteps of Rice, Drugan ( Drugan, 2001) also derived the asymptotic 

solutions for the near-tip stress fields for stationary plane strain tensile cracks in elastic-

ideally plastic single crystals. He also analyzed the same orientations (Figure 2-9), which 

were studied by Rice (1987) for both FCC and BCC crystals. His analytical solution was 

different than Rice’s solution in regard to the type of sector boundaries around a crack tip 

of a symmetric orientation. Rice predicted kink and slip type of sector boundary for a 

symmetric orientation whereas Drugan predicted only slip type of sector boundary for the 

symmetric orientation. Also Drugan’s solution had two interesting differences with 

Rice’s solution: first one is that Rice’s solution predicted identical sector boundaries for 

cracks having the same orientations in FCC and BCC crystals whereas Drugan’s solution 

for the FCC and BCC cases differed substantially; second is that Rice’s near-tip stress 

field solutions were identical for both the orientations whereas Drugan’s solutions 

differed substantially from one orientation to another. Drugan also compared his 

analytical solution with Crones’ experimental observations and measurements and 

showed that his asymptotic solutions agreed quite well with the experiments. 
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Following the theoretical work of Rice, Cho et al. in 1991 performed the 

experimental analysis of a notched copper single crystal. They did a 3-point bending test 

and examined the surfaces near the crack tips by an optical microscope and a stylus 

profilometer. They verified the theoretical predictions of Rice’s by confirming that the 

plastic field around a crack tip (in ductile single crystals) consists of fan-shaped sectors 

with each sector characterized by a family of dominant slip lines. From their 

experimental findings they also concluded that the crack tip slip field was different for 

the two orientation tested, contradicting Rice’s theoretical prediction. 

Shield and Kim (1993) followed the work of Rice to correlate their experimental 

solution with Rice’s analytical solution. Results were presented for determining the 

plastic deformation fields near a crack tip (200μm wide notch) in an iron – 3% silicon 

single crystal (FE-11). The notch in Shield’s and Kim’s specimen was in a (011) plane 

with prospective crack growth in a [100] direction. Since this orientation is symmetric 

about the [100] axis, only the upper half-plane was considered. The specimen was loaded 

in four-point bending with measurements made at zero load after extensive plastic 

deformation had occurred.  

 
Figure 2-10. Orientation of specimen used by Shield et al. (1993). 
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The specimen they considered had dimensions of 7.45 mm ×6.00mm ×26.05 mm. 

The bar was extended to a length of 51.95 mm by welding 12.95 mm long polycrystalline 

bars of the same cross-section to each end. They introduced a single-edge notch at the 

center of the crystal with a depth of 2.05mm and a width of 200μm. To verify that the 

surface strains reflect the behavior of the material in the interior of the specimen, the 

specimen was sectioned and etched. They presented strains as a function of angle, since 

the strains do not vary much with radial distances from the notch tip. The angle was 

measured from the crack propagation direction and was taken as positive in the 

counterclockwise direction. 

 
Figure 2-11. The E22 strain components near a notch in an iron – silicon single crystal 

(Shield et al. 1993). 

Shield et al. (1993) predicted slip sectors similar to Rice based on the plastic strain 

field data. They assumed that the total strain was equal to the plastic strain neglecting the 

elastic strain. From the experiment, a pattern of four (eight symmetric) sectors was found. 

This pattern is shown in figure 2-11, which displays the strain components. Sectors 1 and 
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2 had constant strains, although sector 2 had some small variations in strain. The third 

sector had the largest strain values which varied with radius in an approximately 1/r 

manner. The fourth sector had roughly constant strain, though the strain levels were too 

low to make an absolute statement. These sectors were separated by transition regions 

where the strains are changing very rapidly. A good agreement between the interior 

dislocation pattern and surface strains was found. Thus, it was suggested that the surface 

measurements accurately reflect the deformations that occurred in the interior of the 

specimen and a comparison with the plane strain result of Rice was justified. However on 

the contrary with the help of some numerical and experimental analysis (Kysar et al. 

2001; Cuitino and Ortiz, 1996; Flouriot et al. 2003; Siddiqui et al. 2005), it was later 

discovered that the surface and interior slip fields are not similar. 

Following his work on iron-silicon single crystals, Shield extended his work to 

copper single crystals (C1-B1). He chose to study the (011) as the crack plane with the 

prospective crack growth direction in the [100] direction. This is the same orientation as 

the iron-silicon (FE-11) specimen. Because iron-silicon has a BCC structure and copper 

has a FCC structure, the slip systems in the two materials are different. However since 

the orientations are the same, it was possible to directly compare on the basis of 

orientation. Also the effect of the different slip systems on the strain fields was assessed. 

Shield compared this work with his previous work and concluded that the discrete 

strain fields observed in FE-11 were also present in this specimen. The sector boundary 

angles were similar to, but not exactly the same as, those observed in FE-11, which had 

the same orientation but different slip systems (Table 2-3). 
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Table 2-3. Comparison of sector boundary angles (Shield, 1996). 
 FE-11 (BCC) C1-B1 (FCC) Rice (1987) 
 Sector boundary angles (degrees) 

1-2 boundary 35 43 55 
2-3 boundary 65 62 90 
3-4 boundary 110 100 125 

 
The greatest difference in sector boundary angles occurred in the 1-2 sector 

boundary. The angle of the maximum strains (in sector 3) was almost identical in both the 

specimens, suggesting that this angle may be related more to the notch tip geometry than 

the crystal structure. Shield also observed that load level had no effect on the sector 

boundary angles. However as the load increased, the amount of plasticity near the notch 

tips also increased. It was found that the results obtained for low loads showed 

similarities to Rice’s model but the experimental results did not correlate to Rice’s model 

at high plastic strain (Table 2-3). The boundary angles between the copper and iron-

silicon samples were similar but not constant. This disagreement was explained to be due 

to the material structure alone or due to flaws that might be present in the material 

structure, regardless of a constant specimen orientation and test condition. This 

disagreement can also be due to the geometry of the notch, which is very difficult to 

duplicate accurately. The contradictory results of Shield’s experiment and Rice’s results 

provoke the need to replace the existing model, which can provide more accurate 

solutions. 

Crone and Shield continued experimental studies of notch tip deformation in two 

different orientations of single crystal copper and copper-beryllium tensile specimens. 

Two crystallographic orientations were considered in this research. Orientation 1 was 

defined as the orientation containing a crack or notch on the (101) plane and its tip along 

the [101] direction. This orientation was investigated experimentally by Shield (1996) and 
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Shield et al. (1993). Orientation 2 was defined as the orientation containing a crack or 

notch on the (010) plane with a tip along the [101] direction. Slip sector boundaries were 

determined experimentally, using Moiré interferometry. The plane of observation was the 

same for these two orientations with the crack or notch being rotated by 90°. Both of 

these orientations were also analytically investigated by Rice (Rice, 1987). 

        
Figure 2-12. Orientations of specimens used by Crone and Shield for their experiment 

(Crone et al. 2001) 

The visible slip patterns determine slip activity, but as the authors note, a lack of 

visible slip does not rule out any activity.  Slip systems may be activated internally, rather 

than at the surface, or may show varying patterns on the surface as deformation 

continues. They compared their experimental results with Rice’s analytical solution, as 

well as numerical FEA solutions by Mohan et al. (1992) and Cuitino and Ortiz (1996).  

Table 2-4. Comparisons of experimental sector boundary angle with numerical and 
analytical solutions of Orientation 2 (Crone et al. 2001). 

Sector boundary Experimental Analytical Numerical 
In degrees Crone and Shield Rice  Mohan, et al. Cuitino and Ortiz 

 (2001) (1987) (1992) (1996) 
1-2 50-54 55 40 45 
2-3 65-68 90 70 60 
3-4 83-89 125 112 100 
4-5 105-110  130 135 
5-6 150       
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The numerical solutions were based on plane strain assumptions, however Cuitino 

and Ortiz later concluded that the problem under consideration is not a plane strain 

problem because of the differences between the interior and surface fields. Even with the 

plane strain assumption, the results from Cuitino et al’s and Mohan’s numerical model 

and those from Rice’s analytical models do not match well with the experimental results 

(Table 2-4).  

The experimental results are somewhat ambiguous due to the “annulus of validity," 

where Crone and Shield (2001) take their measurements (Figure 2-13). This annulus 

corresponds to an area spanning the region between the radial distances of 350 through 

750μm from the notch tip. The notch width is between 100-200μm, making the notch 

radius to be between 50-100μm. Therefore the annulus, and the region where the sectors 

are measured by Crone et al. (2001), was anywhere between 3.5 - 7.0 and 7.5-15.0 times 

the notch radius from the tip. They chose this annulus so that they could avoid the 

material close to the notch which is dominated by the notch geometry and the material in 

the farfield, which is affected by the surface boundary. They note that the observed slip 

activity begins in a single sector and as the deformation proceeds, more slip lines become 

visible in the same sector at larger radial distances from the notch.  
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Figure 2-13. Experimental slip sectors (Crone et al. 2001). 

They also clearly observed horizontal slip traces directly ahead of the notch, 

however they discounted their observations and labeled the slip as “elastic” in order to 

compare their solution to other perfectly plastic sharp crack solutions (Figure 2-13) (It is 

also interesting to note that perfectly plastic models do not give stress distributions, and 

yielding is judged based on elastic stresses although the model is plastic in nature). 

Contrary to the equivalent sectors predicted by Rice, Crone and Shield’s observed sectors 

show a marked difference with orientation, varying in both specific boundary angles and 

in the number of sectors. The FEA plane strain results from Cuition et al. (1996) 

appeared to correspond more closely to the experimental results of Crone et al. (2001).  

Schulson and Xu (1997) examined the state of stress at a notch tip for single crystal 

Ni3Al, the γ’-component of single crystal superalloys using three-point bending 

Anulus of  
     validity 
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specimens. The orientation they analyzed has the notch plane as (101), the notch growth 

direction as [010], and the notch tip direction as [101].  

 
Figure 2-14. Orientations of specimens used by Schulson et al. (1997). 

An analytical model based on elastic isotropic assumptions was used to calculate 

stress field around the notch, based on the equations for a sharp notch. Two solutions 

based on plane stress and plane strain assumptions were evaluated. The solution based on 

plane stress predicted four sectors to be activated around the notch, however the plane 

strain solution predicted the activation of five sectors around the notch. They also found 

that within each sector, one slip system dominates. Experimental results from Schulson et 

al (1997) show that the notch tip deformation field of Ni3Al is characterized by fan 

shaped sectors (Figure 2-15). Results also indicated that the primary octahedral slip 

systems, {111}<110>, were activated in these sectors. Experimental results after 

significant plastic deformation reveal results that deviate from those predicted by either 

plane stress or plane strain assumption, but are closer to the plane stress assumption 

(Table 2-5). However they note that since the notch causes a triaxial state of stress, both 

plane stress and plane strain assumptions ignoring anisotropy are approximations. 
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Figure 2-15. Optical micrographs of slip sectors around a notch tip of Ni3Al (Schulson et. 

al. 1997). 

Table 2-5. Comparison among the plane strain, plane stress and experimental data 
(Schulson et al. 1997). 

Sector Plane Strain Plane Stress Experimental 
 θ (deg) Slip systems θ (deg) Slip systems θ (deg) Slip systems 

I 0-23 (111) [110 ] 0-43 (111) [110 ] 0-38 (111) 
         
II 23-60 (111 )[110 ] 43-60 (111)[110 ] 38-58 (111) 
           
III 60-107 (111 )[110 ] 60-103 (111 )[110 ] 58-100 (111 ) 
         

IV 107-133 (111)[101 ] 103-180 (111)[ 011 ] 100-max (111) 
           
V 133-180 (111 )[ 011 ] --    

 
Kysar (2002) published his experimental results regarding the crack tip 

deformation fields in ductile aluminum single crystal. He applied Mode I loading to his 

specimen and sectioned it to map in plane rotation field using Electron Backscatter 
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Diffraction. His observations provided evidence of the main features of the deformation 

fields predicted by Rice (1987) using continuum single crystal plasticity, especially the 

existence of kink shear sector boundaries which had not been unambiguously identified 

in previous studies. 

Numerical investigations to study the evolution of slip systems from the surface to 

the midplane of notched FCC single crystals subjected to triaxial states of stress have 

been limited. Experimental techniques generally depend on surface observations for the 

determination of deformation field in the vicinity of notches and cracks. Experimentalists 

have often compared the surface slip results with stress states computed on the basis of 

plane strain assumptions (Shield et al. 1994; Shield, 1996; Crone et. al. 2001). There is 

ample evidence that (Arakere et al. 2005; Siddiqui et al. 2005; Ebrahimi et. al; 2005; 

Cuitino et al. 1996; Flouriot et al. 2003; Kim et al. 2003) the state of stress, changes very 

rapidly from the surface to interior and neither plane stress nor plane strain isotropic 

assumptions adequately describe the surface or midplane stress states respectively.  

To address this problem Cuitino and Ortiz (Cuitino et al. 1996) developed a 3-D 

finite element analysis (FEA) model of a copper single crystal specimen loaded in four 

point bending. Their results suggested that there is a large discrepancy between surface 

and interior fields. They also found that the plane strain condition is not fully attained at 

the specimen midplane.  

Forest et al. (2000) also investigated the effect of a generalized continuum theory 

on the localized deformation patterns arising at the crack tip in elastoplastic FCC single 

crystals by using a plane strain finite element model. He used the material properties of 

single crystal nickel base superalloy SC 16 for his FEA model. He also included lattice 
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rotation and hardening factor in his model and varied the hardening parameter to see the 

effect of lattice rotation on localization. He noticed that when he increased the hardening 

parameter in his model, the slip localization bands started disappearing (Figure 2-16). He 

justified this behavior due to an increase in the local stresses, which is causing limited 

localization. Figure 2-16 shows the results for the specimen having (011) as the crack 

plane and [100] as the notch growth direction. 

  
     (A)                                                              (B) 

Figure 2-16. Figure shows the results for the specimen having (011) as the crack plane 
and [100] as the notch growth direction. A) Strain localization at the crack tip 
of the FEA model with lower hardening parameter. B) Strain localization for 
higher hardening parameter. 

Flouriot et al. (2003) presented 3-D finite element simulations of mode I crack tip 

fields for elastic ideally plastic FCC single crystal tensile specimens. The analysis was 

specifically applied to the single crystal nickel-base superalloy AM1 at low temperatures. 

They discussed their FEA result on the surface and the midplane of the specimen and 

found that the plastic strain fields predicted by the 3-D FEA are highly three-dimensional 

and strongly rely on crack orientations. They reported that there is strong disparity 

between the plastic strain field obtained at the free surface and the one in the mid-section 

of the specimen, which indicated that the slip activity is different in the bulk as compared 
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to the surface of the specimen (Figure 2-17). In addition to this, they also discovered that 

the strain localization found in the plane strain model is different as compared to the 

midplane results of the 3-D FEA model, which again shows the necessity of having 3-D 

models. Figure 2-17 shows the results for the specimen having its crack plane as (001) 

and the notch growth direction as [100]. 

    
 

    (A)                 (B) 
Figure 2-17. Figure shows the results for the specimen having its crack plane as (001) and 

the notch growth direction as [100]. A) Strain localization at the crack tip of 
the plane strain model. B) Strain localization at the free surface and the mid 
plane of the 3-D FEA model. 

The existing analytical and numerical works provide some insight into the 

deformation behavior of ductile single crystals in the presence of a crack or notch, but the 

results available do not completely predict the behavior seen in the experiments. 

Additionally, experimental and numerical work available in this area is limited and only 

begins to elucidate the complex behavior that occurs at a notch in single crystals. A 

single-crystal model that incorporates 3-D elastic anisotropy and near-notch plasticity 

effects necessary to accurately predict the evolution of slip sectors in 3-D stress fields, is 

far from complete. 
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CHAPTER 3 
MATERIAL AND EXPERIMENTAL PROCEDURE 

The literature review presented in chapter 2 indicates that a complete understanding 

of the mechanics of single crystal materials, their failure mechanisms, and methods of life 

prediction have yet to be achieved. Requirement of an accurate modeling of the 

deformation of single crystals, occurring under a triaxial state of stress has been 

highlighted for optimizing the efficiency in design of components with respect to both, 

preventing failure and avoiding over design. Keeping this in mind, this research involves 

a comprehensive experimental and numerical investigation of SCNBS material. This 

chapter will serve to explain the experimental aspect of this research. 

3.1 Material 

Pratt and Whitney provided single crystals of two nickel-base superalloys for this 

research. Figure 3-1 shows the microstructure of these alloys, which consists of cubical γ’ 

precipitates (L12 structure) coherently set in a FCC nickel-base solid solution γ matrix. 

The crystallographic orientations of the crystals were known when they were first 

received. Specimens with different orientations were cut using an electron discharge 

machine (EDM) and were tested experimentally. Two of the specimens (specimen A and 

specimen B) were machined from the same alloy and therefore have similar nominal 

composition and same CRSS while the third one (specimen C) was machined from the 

other alloy and therefore has a different nominal composition and CRSS than specimens 

A and B. 
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Figure 3-1. SEM pictures showing the tested superalloys’ microstructure which consists 

of the γ' precipitate and γ channels. 

The specimens used in this study were designed as flat dog-boned samples. Figure 

3-2 shows the schematic and actual pictures of the dog-bone samples used in this study 

The experimental testing of two (specimens A and B) out of the three single crystal 

nickel base notched tensile specimens had been carried out by Luis Forrero (a Ph.D. 

student from Dr. Ebrahimi’s Lab), in which he obtained the stress strain curves and the 

optical pictures of the slip bands of both the specimens, while the third specimen 

(specimen C) was analyzed in this thesis. The specimens defined as A/ B/ C have the 

notch planes as (001) / (001)/ (001), the notch growth directions as [110 ] / [010]/ [ 310 ] 

and the direction along the notch tip (i.e. direction normal to the plane of observation) as 

[110] / [100]/ [130] respectively (Figure 3-3A/3-3B/3-3C). Only gauge length and half of 

the specimens are shown in the Figure 3-3.  

 

2μm 
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   (A)          (B)               (C) 

Figure 3-2. Figure shows the dog-bone specimen, A) schematic, B) actual and C) 
including double notch. 

 

 
(a)          (b)                                        (c) 

Figure 3-3. Figures showing orientations of specimens. A) Specimen A, B) specimen B 
and C) specimen C.  

The un-notched dog bone tensile specimens were loaded to evaluate the CRSS of 

the material at room temperature. All the tests were carried out at a strain rate of 3.33 x 
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10-5s. The observation of the slip lines confirmed that this Ni-base superalloy deformed 

on the octahedral slip planes. The CRSS was calculated based on the yield stress and 

schmid factor for each orientation. The average yield strength was found to be 794 MPa 

and the CRSS on the octahedral planes was calculated to be 324 MPa for specimen A and 

specimen B (Figure 3-4) and the average yield strength and CRSS of specimen C was 

found to be 868 MPa and 378 MPa respectively (Figure 3-5).  

 
Figure 3-4. Engineering stress–strain curves for specimen A and B (Ebrahimi et al. 2002). 

 
Figure 3-5. Engineering stress–strain curves for specimen C (Westbrooke, 2005) 
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From the stress-strain curve of specimens A and B (Figure 3-4) we note that the 

strain-hardening rate in this particular SCNBS was relatively small. Figure 3-6 shows the 

evolution of slip lines in the tensile specimen of a SCNBS (Ebrahimi et al. 2005) one 

immediately after the yield point, and the other after fracture. Initially when the load was 

applied, deformation occurred by the formation of Lüder band (Figure 3-6a) which 

eventually traversed the length of the sample with increasing load. Moreover at higher 

strain levels, traces of other slip systems were detected, which were consistent with the 

deformation on the {111}<110> slip systems (Figure 3-6b). For the <001> loading 

orientation, multiple slip activation (8 slip systems) is expected based on the Schmid’s 

law. The observation of the Lüder band which is consistent with the lack of strain 

hardening, suggests that localization occurs easily in the superalloy investigated. Detailed 

analysis of tensile specimens also revealed that the slip bands propagated by shearing of 

the γ’ precipitates (Figure 3-7). 

   
Figure 3-6. The evolution of slip lines in the tensile specimen of nickel-base superalloy 

immediately, a) after yielding and b) fracture (Ebrahimi et al. 2005). 
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Figure 3-7. SEM pictures showing the shearing of γ' precipitate in the SCNBS (Ebrahimi 

et al. 2002). 

SCNBS’s when grown in the [001] crystallographic direction have good thermal 

fatigue resistance and creep strength; this is the reason why single crystal turbine blades 

are directionally solidified in [001] direction. So from application point of view we chose 

[001] as our loading or primary orientation for all three specimen. Figure 3-8 shows a 001 

standard stereographic projection of a cubic crystal. In this figure, different numbers 

represents different crystallographic directions. The secondary directions of the 

specimens ([110 ] / [010]/ [310 ]) are shown in the red circles on the 001 stereographic 

projection. These secondary crystallographic directions of the specimens A, B and C 

were decided on the basis of their four fold, two fold and mirror symmetries respectively. 
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Figure 3-8. A 001 standard stereographic projection of cubic crystals showing different 

poles or directions (Honeycombe, 1984). 

3.2 Experimental Procedure 

After calculating the yield properties of the specimens, two symmetric notches 

were created in the specimens to analyze the results near stress concentrations. A slow 

speed saw with a thin diamond blade was used to cut the notches in the samples. A 

special fixture (Figure 3-9) was created for notch cutting, which helped create straight 

and symmetric notches. Following the notch cutting, both the sides of the specimens were 

mechanically polished. Initially the specimen was polished to remove at least 50μm 

(thickness of the damage layer) from the specimen surface during the EDM cutting of the 

specimen.   
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Figure 3-9. Fixture designed for notch cutting. 

 

 
Figure 3-10. Figure showing the specimen grips and the dog-bone specimen used in the 

experiments. 

The tensile testing of the notched specimens was carried out using a 1125 Instron 

system. Special specimen grips were created to accommodate the design of the dog-bone 

sample during tensile testing (Figure 3-10). The design of the grips allows the head of the 

specimen to sit flat inside the grips so that it remains straight during testing. Finally 

optical microscopy was utilized to observe the deformation or slip bands on the surface of 

the specimen near notches. 

In this analysis, the specimens are loaded to different load levels of apparent 

isotropic stress intensity factors calculated on the sharp crack assumption. Equations 3-1 

and 3-2 are used to calculate the stress intensity factor, KI. 

IK Y a= σ π           3-1 
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2 3a a aY 1.99 0.76 8.48 27.36
W W W

⎛ ⎞ ⎛ ⎞ ⎛ ⎞= + − +⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

     3-2 

Where σ is the far field stress, Y is dimensionless quantity (which depends on the 

geometry and type of loading) and “a” is the crack length. 
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CHAPTER 4 
THREE-DIMENSIONAL ELASTIC ANISOTROPIC FEA OF A NOTCHED SINGLE 

CRYSTAL SPECIMEN 

In the field of linear elastic fracture mechanics, various approaches such as 

analytical, numerical and experimental approach have been taken in order to study the 

elastic response of isotropic-notched specimens under the action of a tensile load. These 

methods developed for isotropic specimens pose many difficulties when applied to three 

dimensional anisotropic specimen models. For example, in the case of isotropic analytical 

models, the current solution relies on many simplifications/approximations that lead to 

inaccurate results when compared with the experimental results. However, these 

limitations are overcome by the use of a three-dimensional FEA approach, which yields 

solutions that correlate well with actual experimental results. Moreover, unlike the 

analytical solutions, both the numerical and experimental model specimens have the 

capability of introducing notches, which act as very simplified cracks to model the 

fracture behavior. 

This chapter serves to discuss the procedure to develop a 3-D linear anisotropic 

elastic numerical model, which has the ability to predict slip initiation in single crystal 

superalloys. We will also discuss the geometries of the specimen used in the numerical 

and experimental analyses and the characteristics of the numerical model such as material 

properties, meshing and coordinate systems.  
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4.1 Development of a Three-Dimensional Linear Elastic FEA Model  

In a polycrystalline material each grain has its own primary and secondary 

crystallographic orientation but because of the random orientation of grains, these 

materials are isotropic in nature (except some textured materials). Moreover in a 

polycrystalline material, two elastic constants govern the transformation from stress to 

strain, unlike the case with single crystal materials. A single crystal has specific 

crystallographic orientation in which each direction may respond differently to similar 

loading conditions. These materials (with cubic symmetry) require three independent 

elastic constants (elastic modulus, shear modulus and poisson ratio) for stress-strain 

transformation. Therefore while developing a finite element model of a single crystal, 

special care must be taken while defining the material properties of the 3D model. 

  
    (A)             (B) 

Figure 4-1. Figure showing the material and specimen co-ordinate system. A) The 
alignment of specimen (x’, y’, z’) and material coordinate system (x, y, z), B) 
Finite element model is created around specimen coordinate system and the 
material coordinate system is specified later. 

The commercial software ANSYS (Finite Element Software Version 8.1) was 

employed to model the specific geometries and orientations of the double-notched tensile 
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test specimens. ANSYS has various 3D elements available to account for the anisotropic 

material properties. These elements in conjunction with the three independent stress 

tensors (S11, S12, S44), or the three independent directional properties (G, E and ν), can be 

used to model a single crystal material. The Sij values are always reported along the 

<100> direction, here defined as the material coordinate system.  

In experiments, specimens with specific crystallographic orientations are machined 

from a solid single crystal material. Therefore, while modeling a single crystal specimen 

in finite element software, we defined two co-ordinate systems: the material and the 

specimen coordinate systems (Figure 4-1). The model was created around a specimen 

coordinate system in the finite element software. Then the material coordinate system 

was aligned with the specimen coordinate system using direction cosines (Figure 4-1B). 

Finite element software aligns the material properties with the element coordinate 

system; therefore the element coordinate system must be aligned with the material 

coordinate system in order that the directional material properties are suitably applied. 

The stress can now be transformed in any required coordinate system as the properties 

have been defined in the material coordinate system. The material properties used in the 

analysis of the single crystal material are given in Table 4-1. These values are for the 

PWA 1480, a typical Ni-base superalloy used in the manufacturing of blades for turbine 

engines. 

Table 4-1. Material properties used in the analysis of the notched single crystal specimens 
(Milligan et al., 1987).  

Elastic Modulus (Ex=Ey=Ez) 1.21 x 1011 Pa 
Shear Modulus (Gx=Gy=Gz) 1.29 x 1011 Pa 
Poisson’s Ratio (νx=νy=νz) 0.395 
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Before creating the 3D notched finite element model, the stress transformation 

between the material and specimen coordinate system should be properly verified. A 

solid anisotropic rectangular specimen was first created and the six component stresses 

(σxx, σyy, σzz, σxy, σzx, and σyz) were calculated from the material coordinate system of the 

specimen. Subsequently, the numerically obtained component stresses were compared 

with the component stresses from an analytical solution. After ensuring the correct stress 

transformation in the solid model, two notches were incorporated in the model. After 

creating the notched FEA model, component stresses was calculated from the material 

coordinate system of the finite element model at the desired location, and used in the 

transformation equations (Equation 2-7) to calculate the individual resolved shear stresses 

(RSS) on the octahedral planes. Data was analyzed over a wide range of radial and 

angular distances around the notch tip to create a complete stress field, which eventually 

was used to draw conclusions on sectors and slip activation. Figure 4-2 describes the 

entire procedure for the analysis in terms of a flow chart.  

 
Figure 4-2. Flow chart for the analysis of the slip fields. 

4.2 Geometries of the Specimen A, B and C 

The geometries of the numerical model of specimen A, B and C are based on their 

experimental counterparts. The specimens used in the experimental analysis possessed 

end shoulders for gripping the samples (Figure 3-2). However, FEM will not take into 

account the entire geometry of the experimental specimen but will be limited to the gauge 

length of the specimen considering that the objective of the study, is to evaluate the 

evolution of slip near the notch rather than the shoulders of the samples. An elliptical 
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notch tip is used in the finite element model of the specimen, which closely approximates 

the experimental notch geometry. We also performed a systematic investigation on the 

sensitivity of the computed notch stress fields for several notch tip geometries and found 

minimal variation in stress fields. Moreover the length of the notches in each sample 

were not exactly the same on both sides while for the FEA model both notch lengths and 

heights were set equal to those of the largest actual dimensions. Table 4-2 shows the 

actual geometry of the specimens, as well as the finite element specimen geometries. 

Also, Figure 4-3 shows the dimension of the specimens. 

Table 4-2. Actual and finite element specimen dimensions of specimens A, B and C in 
mm. 

 Specimen A Specimen B Specimen C 

Dimensions Actual FEM Actual FEM Actual FEM 

Width 5.100 5.100 55..0044 55..0044 55..11 55..11 

Height 19.000 19.000 1177..559944 1177..559944 1199..00 1199..00 

Thickness 1.800 1.800 11..8822 11..8822 1.77 1.77 

Right Notch Length 1.300 1.550 11..339999 11..339999 1.4 1.4 

Left Notch Length 1.550 1.550 11..3366 11..339999 1.39 1.4 

Right Notch Height 0.113 0.113 00..008844 00..008844 0.085 0.086 

Left Notch Height 0.111 0.113 00..008844 00..008844 0.086 0.086 
a (For both Left and 

Right Notch) 0.055 0.055 00..005566  00..005566  00..005555  00..005555  

b (For both Left and 
Right Notch) 0.226 0.226 0.168 0.168 0.172 0.172 
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Figure 4-3. Dimension of the specimens. 

4.3 Numerical Model Characteristics 

4.3.1 Elements and Meshing 

The ANSYS elements chosen for the FEM were PLANE2 (2-D 6 node triangular 

element with quadratic displacement functions) and SOLID95 (3-D structural solid with 

20 nodes) capable of incorporating anisotropic properties (Figure 4-4 and Figure 4-5). 

After the 3-D solid model was created, the front face was meshed with the PLANE2 

elements. This front face has precise element sizing along the defined radial lines around 

the notch tip at 5° intervals [Figure 4-6A]. Once the front face was meshed with the 

desired element sizing, 3-D elements were swept through the volume to complete the 

meshing of the model and the two-dimensional mesh was deleted. Working in 

conjunction with the 2-D elements on the front face, the 3-D elements retain their sizing 

definitions. 
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Figure 4-4. PLANE2 2-D 6 NODE Triangular Structural Solid (ANSYS 8.1 Elements 

Reference, 2003). 

 
Figure 4-5. SOLID95 3-D 20Node Structural Solid (ANSYS 8.1 Elements Reference, 

2003). 

4.3.2 Solution Location 

To observe the stresses in the vicinity of the notch (radial and angular), sixteen 

concentric arcs were created between the radii r = 0.5ρ  and r = 8ρ in equal increments; 

where  ρ is the notch height (Figure 4-6B). The six component stresses (σx, σy, σz, σxy, 

σzx, and σyz) were then calculated at each arc in 5° increments. The element sizing of the 

FEM allows data to be collected on any of the seven separate x-y planes including the 

front, middle, and back planes (Figure 4-7B). 
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(A)      (B) 

Figure 4-6. Close-up view of the notch. A) Close-up view of element sizing on the 
specimen front face near the left notch. B) Radial and angular coordinates 
used for producing slip sector plots. 

      
(A)                                                           (B) 

Figure 4-7. Figure shows the 3-D FEA model. A) Front view of the 3-D FEA model. B) 
Isometric view of the model showing the different x-y planes through the 
thickness. 
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CHAPTER 5 
RESULTS AND DISCUSSION 

In this chapter, the experimental and numerical results of a SCNBS are presented. 

Predictions based upon the numerical analysis of the effects of various parameters such 

as the secondary orientation, thickness and temperature on the development of plasticity 

at the notch tip of FCC single crystals are discussed and validated against the 

experimental findings. This chapter is divided into several topics. First we describe the 

procedure for the analysis of the numerical results and our approach in describing stresses 

at the notch tips. We then compare the experimental and numerical results individually 

for samples loaded along the <100> orientation with three secondary orientations 

(specimens A, B and C). Comparisons are only made for the specimen surface results. 

Emphasis is also placed on the discussion of the effects of elastic anisotropy on the 

plastic zone evolution. Subsequently, the effects of secondary orientation, thickness and 

temperature on the plasticity evolution at notch tips of FCC single crystals are discussed 

in detail. Finally we conclude this chapter by comparing the experimental and numerical 

results in a copper single crystal subjected to a four-point bending load which has been 

tested by Crone et al. (2003). 

5.1 Definition of “Dominant Slip Systems” 

In chapter 4, it was shown that the mesh design was created in a manner so as to 

enable the calculation of the six component stresses at a distance r and angle θ from the 

tip of the notch (Figure 4-6). These component stresses were then transformed into 

twelve RSS values by using Equation 2-7. Each of these twelve shear stresses were then 
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plotted as a function of θ (from 0° to the top of the notch) at radii ranging from 0.5ρ to 8ρ 

in a 0.5ρ interval, in the form of x-y plots (a total of 16 x-y plots were created for each 

surface plane, for the region above the notch growth axis). Figures 5-1, 5-2 and 5-3 show 

the x-y plots of RSS values of the twelve slip systems as functions of θ, at radius r = 2ρ, 

on the surface of specimen A at 4982 N (KI = 50 MPam1/2), 2100 N (KI = 20 MPam1/2) 

and 1500 N (KI = 14 MPam1/2) loads respectively.  

 
Figure 5-1. Figure shows the RSS values at r=2ρ on the surface of specimen A at 1500 N 

load. 

CRSS= 324 MPa
NO ACTIVATION
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Figure 5-2. Figure shows the RSS values at r=2� on the surface of specimen A at 2100 N 

load. 

 
Figure 5-3. Figure shows the RSS values at r=2� on the surface of specimen A at 4982 N 

load. 
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Slip activation in single crystals is usually governed by Schmid’s law according to 

which when the RSS on a slip system reaches a critical value (CRSS), plastic 

deformation occurs. This implies that in figures 5-1, 5-2 and 5-3, any point that lies on or 

above the dark horizontal line representing the constant CRSS value, is expected to 

deform plastically. For example in figure 5-1 at load = 1500 N, none of the slip systems 

cross the CRSS of the material and hence at this load the material will not slip (deform 

plastically) at r = 2ρ on the surface of the specimen. As the load increases from 1500 N to 

2100 N, some of the slip systems cross the CRSS of the material and become activated 

(Figure 5-2). τ2 becomes activated from θ = 88°- 108° and τ3 becomes activated from θ = 

108°- 120°. These are the slip systems which are first expected to appear and become 

visible on the surface of the experimental specimen at r = 2ρ at 2100 N load. From figure 

5-3 one observes that as the load increases from 2100 N to 4982 N, more number of slip 

systems become activated for the same θ, and also over a wider range of θ. For example, 

observe that in figure 5-2, the range of activation is from θ= 88º - 120º which it increases 

to θ= 0º - 137º in figure 5-3.  Moreover in figure 5-3, from θ= 88º - 108º, τ3, τ4, τ6, τ11 

and τ12 become activated with τ2 whereasτ2wasthe only activated slip system at 2100 N 

load from θ= 88º - 108ºTherefore, in this example according to Schmid’s law along with 

τ2, these other activated slip systems must also appear on the surface of the experimental 

specimen from θ = 88°- 108° at 4982 N load. However, according to our analysis, we 

predict that those slip systems, which first become activated with increasing load, will 

become persistent and will inhibit the activation of new slip systems with any further 

increase in the load, and will be the ones expected to be seen on the surface of the 

experimental specimen.  Due to the elastic nature of the results, the slip systems 
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represented by the highest RSS’ will be the ones which first become activated with load 

at various values of θ. For example from figure 5-3 one notes   that τ1, τ2, τ3 and τ9 are 

the slip systems with highest RSS’, and therefore these are the slip systems which will 

become activated first at r = 2ρ on the surface of the specimen. These slip systems with 

highest RSS’ are referred by us as the “dominant slip systems”. In the next section, we 

shall see whether the numerical predictions based upon the dominant slip system theory 

can predict the slip activation in the experimental specimens. 

5.2 Development of the Polar Plots 

From the above analysis we have seen that each x-y plot provides information 

about the dominant slip systems at a given radius, yet fails to give a complete scenario 

around the notch. In order to get a complete picture of the dominant slip systems near the 

notch with the help of the x-y plots, all of the information from the16 x-y plots must be 

analyzed simultaneously, which may become a confusing and cumbersome process. To 

overcome this limitation of x-y plots and to better visualize the slip evolution near the 

notch, the dominant slip systems were represented in the form of polar plots. These polar 

plots also provided a comparison between the experimental and the numerical slip field 

results (a slip field is a combination of various slip sectors, each of which contain a 

different orientations of activated slip lines) on the surface of the specimen. This 

procedure is illustrated with the help of the following examples. Figures 5-4, 5-5, and 5-6 

show the x-y plots at r = 1ρ, 1.5ρ and 4ρ respectively and figure 5-7 shows the polar plot 

for the surface of specimen A at a 1600 N load (KI = 15MPam1/2). These radii are 

randomly selected for the purpose of illustration. 
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Figure 5-4. Figure shows the RSS values at r = 1ρ on the surface of specimen A at 1600 

N load. 

 
Figure 5-5. Figure shows the RSS values at r = 1.5ρ on the surface of specimen A at 1600 

N load. 
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Figure 5-6. Figure shows the RSS values at r = 4ρ on the surface of specimen A at 1600 

N load. 

 

 
Figure 5-7. Polar plot shows the dominant slip systems around the notch on the surface of 

specimen A loaded to 1600 N. 

 

τ2 τ3
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Figure 5-4 indicates that at 1600 N load there is no activation of slip systems from 

θ = 0° -74°, after which the slip systems start to activate. The dark horizontal line on the 

x-y plots represents the CRSS of the material and the dark vertical lines represent the 

boundary of a particular domain. Figure 5-4 also shows that from θ = 74°-108°,τ2, τ3 and 

τ11 experience RSS above the CRSS of the material, however only τ2 which has the 

highest RSS and hence termed as a dominant slip systems, will be observed to be 

activated on the polar plot from θ = 74°-108° (Figure 5-7). From θ = 108°-110° τ3 acts as 

a dominant slip system as seen in figures 5-4 and 5-7.  

Figure 5-5 show the x-y plot at r = 1.5ρ which indicates that from θ = 0°-96°, no 

slip systems were activated, from θ = 96°-108° τ2 is the only one activated and hence the 

dominant slip system, from θ = 108°-117°, τ3 is the activated/dominant slip system and, 

from θ = 117°-140°, there is again no activation. At r = 4ρ, none of the slip systems cross 

the CRSS line and therefore there are no activated/dominant slip systems (Figure 5-6). 

Comparing the x-y plots at r = 1ρ, 1.5ρ and 4ρ, we note that as one moves away from the 

notch tip the absolute RSS values of the dominant slip systems go down. Also the slip 

system patterns and the boundaries of the dominant slip systems domains change with the 

radius. 

The region of the dominant slip systems at various radii occurring in the 16 x-y 

plots, were plotted in the form of a polar plots as seen (Figure 5-7). Sectors with different 

hatched lines indicate regions of the dominant slip systems around the notch. In 

summary, figure 5-7 indicates that at a load of 1600 N, τ2 and τ3 are the only dominant 

slip systems on the surface of specimen A and there is no activation after r = 1.5ρ radius. 
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Figures 5-8, 5-9, 5-10 and 5-11 shows the x-y plots at r = 1ρ, 1.5ρ and 4ρ and 

corresponding polar plot on the surface of specimen A at a 3200 N load (KI = 

30MPam1/2). 

 
Figure 5-8. Figure shows the RSS values at r = 1ρ on the surface of specimen A at 3200 

N load. 

 
Figure 5-9. Figure shows the RSS values at r = 1.5ρ on the surface of specimen A at 3200 

N load. 
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Figure 5-10. Figure shows the RSS values at r = 4ρ on the surface of specimen A at 3200 

N load. 

 

 
Figure 5-11. Polar plots shows the dominant slip systems around the notch on the surface 

of specimen A loaded to 3200 N. 

Comparing figures 5-4, 5-5, 5-6 and 5-7 with figures 5-8, 5-9, 5-10 and 5-11 we 

can observe that with the increase in load from 1600 N to 3200 N, more number of slip 
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systems get activated at a given radius and, more number of dominant slip systems are 

seen around the notch. For example, a comparison between the x-y plot at r = 1ρ for 1600 

N and 3200 N load (Figure 5-4 and Figure 5-8) reveals that at the 1600 N load, there was 

a region of no activation from θ = 0°- 74° but at 3200 N, we can see that slip systems are 

activated all the way from 0° to the top of the notch (that is till 110°). Similarly at r =1.5ρ 

more number of slip systems are activated at 3200 N than at 1600 N load (Figure 5-5 and 

Figure 5-9). At r = 4ρthere was no activation at 1600 N load, but at 3200 N some of the 

slip systems became activated. This implies that with an increase in the load, slip systems 

get activated at greater distances from the notch tip. It should be noted that due to the 

elastic nature of the results, a change in the applied load only changes the absolute RSS 

values of the slip systems but does not change their relative positions (that is slip 

patterns) (compare figures 5-4 and 5-5 with 5-8 and 5-9, respectively).  

Figure 5-11 shows the polar plot corresponding to the load 3200 N. The active 

dominant slip systems according to figure 5- 10 at r = 4ρ, are τ1
 from θ = 17°- 50°, τ6 

from θ = 67°- 95° and τ2 from θ = 95°- 110°, which are also seen as the dominant slip 

systems in the polar (figure 5-11). These polar plots thus give a comprehensive picture of 

the dominant slip systems around the notch which shows that the size of the plastic zone 

around the crack tip increases with increasing load (compare Figure 5-7 and Figure 5-11).  

5.3 Comparison of Experimental and Numerical Results 

During a tensile testing of the notched samples, slip lines were observed on the 

surface of the samples. These slip lines provide the information about the active slip 

planes within a sector and delineate the sector boundary angles in the experimental 

specimen. Initially slip lines occurred in one sector, and additional slip lines developed at 
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further distances from the notch tip in the same sector with continued loading. As the 

load increased, the number of slip lines and their length continued to grow until the sector 

was filled. Sector boundaries were identified by the change in the orientation of the slip 

lines. 

Figure 5-12 compares of the experimental plastic zone and numerical results on the 

surface of specimen A at a 4982 N load. Apparent consistency between the observed slip 

bands and the trace of the dominant slip systems predicted by the FEA was found. A 

good correlation between the experimental and numerical slip fields is observed by 

comparing the results at r = 5ρ. Figure 5-13 shows the x-y plot of the RSS values as a 

function of θ for the 12 slip systems at radius r = 5ρ. The active dominant slip systems, 

according to figure 5-13, are found to be τ1
 from θ = 0°-56°, τ2 from θ = 56°-60°, τ6 from 

θ = 60°-95°, τ2
 again from θ = 95°-125°, and τ3 from θ = 125°-127°. These are the 

dominant slip systems which will be observed as slip bands on the experimental 

specimen at r = 5ρ (see Figure 5-12). Table 5-1 compares the experimental and numerical 

sector boundaries at r = 5ρ. It indicates that the slip traces related to the (111) slip plane 

are activated from 0º to 75º on the experimental specimen whereas according to FEA 

predictions, the dominant slip systems τ1 and τ2 (which are also related to the (111) slip 

plane) are activated only till 60º. It is also observed that the numerical analysis predicts 

the τ6 system to be dominant between 60° and 95°, however the slip traces related with 

(111) slip plane extend from 75° to 108°, which is approximately 15° off from the 

expected domain boundaries. Furthermore, the slip traces on the experimental specimen 

related to the (111) slip plane are observed from θ = 96°-117° whereas the numerical 

analysis predicts the activation of τ2 and τ3 from θ = 95°-127°. The above evaluation 
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confirms that within approximately 15°, the numerical analysis predicts the development 

of the slip bands near the notch tip for specimen A. It may be noted that from figure 5-

12B that the experimental results presented here show a slight asymmetry about the notch 

growth axis. This asymmetry is attributed to the difference in the two-crack lengths cut in 

this sample (Table 4-2), as well as any misalignment in the loading fixture. Other factors 

that contribute to the lack of symmetry are the fact that the specimen orientations were a 

few degrees off the assumed crystallographic orientations and also the presence of 

specific irregularities in the notch alignments in the experimental specimen. 

The comparison between the experimental observations and the FEA results 

suggest that only the dominant slip systems (that is the systems with the highest RSS) and 

not all the slip systems with a RSS above the CRSS are activated at a given load level. 

For example, in Figure 5-13, there are other slip systems that experience stresses above 

the CRSS but slip bands corresponding to their traces were not observed. Table 5-2 

summarizes the numerical prediction of the dominant slip systems on the surface of 

specimen A, for varying radii r from the notch. 
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(A)            (B) 

Figure 5-12. Comparison between numerical and experimental results from r = 0.5ρ to 
8ρ, on surface of specimen A at load=4982 N (KI = 50MPam1/2). A) 
Numerically generated slip fields. B) Experimentally generated slip fields. 

 

 
Figure 5-13. Figure shows RSS values at r = 5ρ on the surface of specimen A at 4982 N 

load. 
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Table 5-1. Comparison of numerical and experimental results on the surface 
of the specimen A, at r = 5ρ. 

Dominant Slip System Sectors
On Surface  (r = 5ρ) 

  Numerical Solution Experimental Results 
Sector θ  (deg) τmax Slip System θ (deg) Slip Plane 

I 0-56 τ1 (111) [101]
        
II 56-60 τ2 (111) [ 011]
        

 
0-75 

 
(111) 

III 60-95 τ6 (111) [011]
      

75-108 (111) 

IV 95-125 τ2 (111) [ 011]
       
V 125-127 τ3 (111) [110 ]

96-117
 

(111) 
 

 
Table 5-2. Numerical prediction of dominant slip systems on the surface of specimen A, 

for varying radii, r, from the notch. 
Dominant Slip System Sectors 

 r = 1ρ r = 2ρ r = 3ρ r = 4ρ 
Sector θ  (deg) τmax θ  (deg) τmax θ (deg) τmax θ (deg) τmax 

I 0-40 τ1 0-60 τ1 0-60 τ1 0-58 τ1 
II 40-110 τ2 60-108 τ2 60-68 τ2 58-63 τ2 
III - - 108-130 τ3 68-90 τ6 63-94 τ6 
IV - - 130-137 τ9 90-113 τ2 94-120 τ2 
V - - - - 113-138 τ3 120-135 τ3 

 

 r = 5ρ r = 6ρ r = 7ρ r = 8ρ 
Sector θ τmax θ τmax θ τmax θ τmax 

I 0-56 τ1 0-55 τ1 0-52 τ1 0-49 τ1 
II 56-60 τ2 55-59 τ2 52-58 τ2 49-56 τ2 
III 60-95 τ6 59-95 τ6 58-98 τ6 56-100 τ6 
IV 95-125 τ2 95-124 τ2 98-121 τ2 100-117 τ2 
V 125-127 τ3 - - - - - - 

 
As can be seen in Figure 5-12B, there is a region were both τ2 and τ6 systems are 

activated (from θ = 96°- 108°), which at first glance seems to be contradictory with the 

concept of the activation of only the dominant systems. This observation can be 
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explained by the evolution of the slip as a function of load. Let us consider the evolution 

of the slip traces at distance r = 5ρ as the specimen A is loaded. Because of the elastic 

nature of the calculation, the shape of the stress distribution curves given in Figure 5-13 

is independent of the load level. As the load is increased, τ6 and τ1 systems are activated. 

At larger loads, τ2 and τ3 systems become operational in regions outside the τ6 and τ1 

domains. However as the load is increased, the initial dominant slip systems that is τ6 and 

τ1, persist in regions where they are not dominant but they experience a RSS above the 

CRSS. This persistence results in the observation of domains with more than one set of 

slip bands. Therefore, the overlap of the τ2 and τ6 domains in the θ = 96°- 108° section at 

r = 5ρ (Table 5-1) can be attributed to the extension of the τ6 system beyond its 

dominance. 

Specimen B was also evaluated using techniques similar to those used for specimen 

A. A comparison of the FEM results with the observed slip traces at two load levels for 

specimen B is shown in Figure 5-14. The results suggest that initially one set of planes 

were activated (Figure 5-14a) and with increasing load, the second set became activated 

at larger distances from the tip (Figure 5-14b). The FEM results identify various domains, 

where in each a slip system is dominated. Because of the crystallographic symmetry of 

the notch only domains for θ = 0°-180° are presented. It should be noted that two slip 

systems (e.g. τ1 or τ11) are mentioned in each numerical domain - the first (e.g. τ1) 

represents the dominant system for the bottom (e.g. τ11) half which corresponds to the 

optical (experimental) picture, and the second corresponds to the top half. Thus, there is 

an excellent agreement between the observed slip traces and those predicted by the FEM 

calculations at both load levels. The experimentally observed slip field results are seen to 
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be very different from those of Specimen A, highlighting the importance of crystal 

orientation in activating specific slip systems (compare figure 5-12 and figure 5-14). 

Table 5-3 lists the numerical prediction of the dominant slip systems on the surface of the 

specimen B, for varying radii r from the notch. 

Table 5-3. Numerical predictions of dominant slip systems on the surface of specimen B 
for varying radii r, from the notch. 

Dominant Slip System Sectors 

 r = 1ρ r = 2ρ r = 3ρ r = 4ρ 
Sector θ (deg) τmax θ (deg) τmax θ (deg) τmax θ (deg) τmax 

I 0-50 τ4 0-50 τ4 5-50 τ4 16-48 τ4 
II 50-110 τ1 50-60 τ11 50-68 τ11 48-57 τ11 
III - - 60-65 τ10 58-66 τ10 57-65 τ10 
IV - - 65-132 τ1 66-132 τ1 65-127 τ1 

 

 r = 5ρ r = 6ρ r = 7ρ r = 8ρ 
Sector θ (deg) τmax θ (deg) τmax θ (deg) τmax θ (deg) τmax 

I 24-46 τ4 30-45 τ4 85-102 τ9 - - 
II 46-55 τ11 45-50 τ11 - - - - 
III 55-58 - 50-68 - - - - - 
IV 58-63 τ10 68-85 τ11 - - - - 
V 63-121 τ1 85-110 τ4 - - - - 
VI - - 110-113 τ11 - - - - 
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Figure 5-14. Comparison between numerical and experimental results on the surface of 

specimen B loaded to A) 1780 N (KI = 20MPam1/2) and B) 3456 N (KI = 
40MPam1/2). 
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Recall that specimen C has the notch plane as (001), the notch growth direction as 

[310 ] and the notch tip direction as [130] (see figure 3-3). This specimen has 

crystallographic symmetry with respect to only notch growth axis ([310 ]). This is 

demonstrated by the numerical results in figure 5-15, which shows the front and back 

surface slip fields on the left and right notches of specimen C. This orientation also has 

diagonal symmetry between the left and right notches with respect to the midplane (one 

which is perpendicular to the [130] direction). By diagonal symmetry we mean that the 

slip patterns on the left notch on the front surface are similar to the slip patterns of the 

right notch on the back surface and vice-versa (Figure 5-15). Figure 5-15 also suggests 

that the plastic zone sizes at the left and right notches on the same surface (front or back) 

are not equal. These differences in the shape and size of the slip fields are due to changes 

in the stress distribution around the left and right notches, which again are caused by the 

asymmetry of specimen C with respect to the loading axis.  
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                Left Notch           Right Notch 

       Back Surface 

Figure 5-15. Plot shows the front and back surface slip fields on the left and right notches 
of specimen C.  

Figures 5-16 and 5-17 show the stress distributions at r = 2ρ on the surface of 

specimen C at the left and right notches respectively. The figures demonstrate that not 
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only are the slip patterns at the left and right notches different, but the RSS’ 

corresponding to the various values of r and θ are also different. Moreover, the left notch 

is experiencing more stress than the right notch and hence the plastic zone size is bigger 

at the left than at the right (Figure 5-18). 

 
Figure 5-16. Stress distribution on the surface of specimen C, at the left notch at r = 2ρ. 

 

CRSS 
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Figure 5-17. Stress distribution on the surface of specimen C, at the right notch, at r = 2ρ. 

Figure 5-18 shows a comparison of the experimental and numerical slip fields at 

the left and right notches on the front surface of specimen C. Figure 5-19 shows the trace 

of the different {111} slip planes on the plane of observation (that is the (130) plane). 

Similar to specimen B, two slip systems are mentioned in each sector of the numerical 

slip fields: the first represents the dominant system for the bottom half, which 

corresponds to the optical picture, and the second, corresponds to the top half. The 

comparison reveals that the slip fields between the experimental and numerical results 

match extremely well at the right notch (Figure 5-18B), however we see a small 

discrepancy at the left notch (Figure 5-18A). For example, the numerical results at the left 

notch predict τ4 to be dominant between τ2 and τ8, and τ10 to be dominant between τ8 and 

τ12. These domains of τ4 and τ10 were not seen in the experimental results.  

CRSS
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Figure 5-18. Comparison between numerical and experimental results on the surface of 

specimen C loaded to 3500 N (KI = 30MPam1/2). A) Left notch, B) Right 
notch. 
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Figure 5-19. Traces of different {111} slip planes, on the plane of observation (that is 

(130) plane). 

Also, τ10 is seen to be activated (the dotted sector in the experimental picture of figure -

18A)  in the domain of τ2 in the experimental specimen however, the activation of τ10 can 

be explained by the slip evolution as a function of load by the numerical results. Besides 

these discrepancies, the domains of τ2, τ10 (near the notch), τ8 and τ12 on the left notch 

and the domains of τ10, τ2 and τ6 on the right notch were correctly predicted by the 

numerical results. Furthermore, the plastic zone sizes predicted by the numerical results 

match extremely well with the experimental results at both the notches. The match 

between the numerical and experimental results for specimen C, which has asymmetric 

slip fields at both the notches, again proves that the dominant slip systems’ theory is 

extremely useful in the prediction of the experimentally generated slip fields.  

5.4 Evolution of Slip Sectors as a Function of Load  

Slip fields of specimen A have been inspected for three different tensile loads. 

Figure 5-20 shows the slip field evolution on the surface of specimen A at 1600 N, 3200 

N, and 4982 N loads. The size of the plastic zone (slip field) around the notch and the 
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number of dominant slip systems increases with load. The results suggest that the slip 

planes activated at lower load levels persist at higher load levels, which is consistent with 

the recent experimental findings (Ebrahimi et. al; 2005). Numerical and experimental 

results demonstrate that there is a significant change in the sector boundary angles with 

increasing load and hence a single number cannot be used for defining a sector boundary 

for various load levels, as done by Rice (1987) and Shield (1996). 

 
                                 (A) 

 
       (B) 

Figure 5-20. Polar plots showing the evolution of slip fields around the notch of the 
specimen A loaded to A) 1600 N (KI = 15MPam1/2), B) 3200 N (KI = 
30MPam1/2) and C) 4982 N (KI = 50MPam1/2). 
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           (C) 

Figure 5-20. Continued 
 

5.5 Comparison of Anisotropic and Isotropic Results 

Rice (1987) previously noted that the inclusion of anisotropy in the numerical or 

analytical models is important for predicting the experimental results accurately. Here, 

the comparison of anisotropic and the isotropic results further validate this importance. 

Fundamentally it should be possible to calculate the elastic modulii for a polycrystal from 

a weighted average of the elastic behavior of all orientations of crystals present in the 

polycrystal. However, the appropriate way to calculate this average is not apparent. There 

have been several methods proposed in the literature for a random polycrystal. The Voigt 

(Reuss, 1929) average was based on assuming uniform local strain and averaging the 

modulii over all the orientations. The Reuss (1929) average assumes uniform local stress 

and is based on averaging the compliances over all the orientations. Finally Hill (1952) 

found that the Voigt and Reuss averages correspond to upper and lower bounds to the 

true behavior and suggested that the arithmetic average of the Reuss and Voigt averages 

is a good approximation for the polycrystal. Later Hashin and Shtrikman came up with a 

good approximation of the upper and the lower bounds for the cubic polycrystals (1962). 

τ1
 

τ2 τ6

τ9

τ2

τ3
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In this study, the isotropic properties were calculated using Hashin and Shtrikman’s 

method. We took the arithmetic average of the upper and lower bounds, for calculating 

the isotropic properties of our model. Equation 5-1 and 5-2 were used to calculate the 

shear and elastic modulus. 

( )

-1

lower 1 1
2 1

-1

upper 2 2
1 2

11 12

5G = G + 3 - 4β
G - G

5G = G + 2 - 6β
G - G

1B = C - 2C
3

⎛ ⎞
⎜ ⎟
⎝ ⎠

⎛ ⎞
⎜ ⎟
⎝ ⎠

 

lower upperG +  G
G = 

2
    (5-1) 

9BGE = 
G + 3B

     (5-2) 

where 

( )
( )

( )
( )

( )

1 2
1 2

1 1 2 2

1 11 12 2 44

-3 B + 2G -3 B + 2G
β = ; β = 

5G 3B + 4G 5G 3B + 4G
1G = C - C ;       G = C
2

 

C11, C12 and C44 are the stiffness constant of the single crystal material used in this 

study. Table 5-4 shows the calculated isotropic properties. These isotropic properties 

have been incorporated into a 3D-FE model. A direct comparison of results between the 

isotropic and anisotropic models for single crystals was made possible by calculating 

RSS’ on the 12 primary octahedral slip systems of an FCC single crystal. 
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Table 5-4. Material properties used for the isotropic model 
Isotropic Model 

Elastic Modulus (E) 2.39 x 1011 Pa 
Shear Modulus (G) 8.354 x 1010 Pa 

Load applied 4982 N 
 

Figure 5-21 compares the isotropic and anisotropic results for specimen A. For 

triaxial stress state, since only the dominant slip systems become activated rather than all 

slip systems that experience a stress above the CRSS, there is significant difference 

between the isotropic and anisotropic results. However, for the uniaxial tension case the 

activated slip systems predicted by both models are the same. 

It is seen from figure 5-21 that the area covered by τ1 is almost identical in both the 

specimens, but the slip fields of slip systems τ2, τ3, and τ6 are dissimilar. Also, τ9 was not 

dominant in the isotropic case, whereas it was dominant in the anisotropic case. We 

observe that the anisotropic model slip field of τ6 is converging towards the notch and is 

very similar to the experimentally generated slip field. Conversely, in the isotropic model 

τ6 initiated at a radius of 6ρ. These results demonstrate that elastic anisotropy has a 

prominent effect on the dominance of the slip systems and show the necessity of the 

inclusion of anisotropy in the FE model. 

 
Anisotropic Model       Isotropic Model 

Figure 5-21. Comparison between the anisotropic and isotropic slip fields of the 
specimen A. 
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Figure 5-22 shows the comparison between anisotropic and isotropic slip fields on 

the surface of specimen B, at a 4982 N load. Similar to specimen A, specimen B also 

shows dissimilarity between its anisotropic and isotropic results. The comparison shows 

that the incorporation of anisotropy not only modifies the boundaries of the dominant slip 

systems, but also changes the number of dominant slip systems. For example, in 

anisotropic case, we have five (τ9, τ1
, τ2, τ4 and τ11) dominant slip systems while in the 

isotropic case we have only three (τ9, τ4 and τ11) dominant slip systems. Figures 5-23 and 

5-24 show the stress distributions at r = 5ρ for the anisotropic and isotropic cases 

respectively. These indicate that the RSS’ corresponding to various values of r and θ are 

larger in the isotropic case. Consequently the plastic zone of τ11 is greater in the isotropic 

case as compared to anisotropic case (see figure 5-22). 

 
 

Anisotropic Model       Isotropic Model 
Figure 5-22. Comparison between the anisotropic and isotropic slip fields of specimen B. 
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Figure 5-23. Stress distributions on the surface of specimen A (anisotropic case) at r = 

5ρ at load = 4982 N. 

 

 
Figure 5-24. Stress distributions on the surface of specimen A (isotropic case) at r = 

5ρ, at load = 4982 N. 
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5.6 Summary 

A comparison of the numerical results with the experimental results for all the three 

specimens reveals reasonable correlation between the slip activation in the experimental 

specimen and those predicted numerically by the dominant slip system sectors. Good 

agreement between the numerical model and the experiment suggest that 3-D linear 

elastic, orthotropic assumptions are appropriate for predicting the experimentally 

observed persistent slip bands. In the experimental specimen, we were only able to 

observe those planes on which slip took place, since the identification of activated slip 

systems would require knowledge of the direction of the Burger vectors. However, 

correlating the known slip planes to the numerical slip systems is a good measure of the 

model’s accuracy. The numerical procedure was able to predict the experimentally 

observed slip planes extremely well, while giving additional insight into the actual 

direction of slip (that is Burgers vector). The slip sector boundaries are shown to have 

complex curved shapes rather than straight sector boundaries, as predicted in the past 

literature (Rice, 1987). Furthermore, activated slip planes and sector boundaries are 

shown to be a strong function of the crystallographic orientation. Comparisons between 

isotropic and anisotropic results justify the importance of the inclusion of anisotropy in 

the theoretical models. 

5.7 Effect of Secondary Orientation on Slip Systems of Single Crystal Nickel Base 
Superalloy 

It was discussed in the first chapter that secondary orientation has a major impact 

on fatigue properties of nickel base superalloys. In order to understand the influence of 

secondary orientation on slip evolution under triaxial state of stress and fatigue resistance 

of single crystal material, we examine four distinct secondary orientations in this study. 
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All the numerical specimen models considered here will utilize the same geometry and 

material properties as that of specimen A (arbitrarily selected), to observe the effects of 

orientation without other defects/size considerations. A range of β = 0°- 45º was selected 

for the secondary orientation as it has been seen in the literature that the variation in the 

stiffness constant has a periodicity of 45º in β (0° is <100> orientation). Keeping the 

loading or primary orientation same, secondary orientation will be varied from β = 0°- 

45º in 15° increments (Figure 5-25). Initially the results for each secondary orientation 

will be discussed individually. Slip evolution and change in maximum RSS as a function 

of thickness will also be discussed for each secondary orientation. The changes in the slip 

field patterns as the secondary orientation of the specimen is rotated will be discussed 

later. We will also discuss the change in maximum RSS as a function of secondary 

orientation. A load of 4982 N (KI = 50 MPam1/2) has been used for all the orientations in 

this analysis.  

 
Figure 5-25. Figure showing the variation of secondary orientation β from 0º to 45º. 

Left Notch Right Notch 

Front Face 

Back Face 
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5.7.1 Zero Degree Secondary Orientation 

Zero degree secondary orientation has a four fold symmetry hence the slip field’s 

pattern on the left and right notch on both surfaces are similar to each other (only the slip 

systems change). Due to symmetry of this orientation we analyze only the left notch of 

the specimen. Here the evolution of slip sectors was analyzed through the thickness of the 

specimen and plotted in increments of 0.3mm from 0 (at the front face) to 1.8mm (at the 

back face) as shown in figure 5-26. Figure 5-27 shows the polar plots of the dominant 

slip systems acting at various thicknesses for a 0° orientation specimen. The slip systems 

are mirror images of each other about the midplane (the one which is normal to the plane 

of observation) that is τ1, τ3, τ4,  and τ5 are the mirror images about the midplane of τ9, τ7, 

τ11, and τ12, respectively. Since this particular orientation has a four-fold symmetry, the 

slip patterns above and below the notch are also symmetric, with a change in the slip 

systems that is τ1, τ3, τ4, and τ5 are the mirror images about the notch of τ11, τ12, τ9 and τ7 

respectively.  
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Figure 5-26. Figure showing the elements through the thickness in a 3D finite element 

model. 
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Figure 5-27. Polar plots showing the evolution of slip fields around the left notch of the 

0° orientation specimen at various thicknesses at load = 4982N. 
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Figure 5-27. Continued 
 

Figure 5-27 indicates that the number of dominant slip systems varies as a function 

of thickness. The front and the back surfaces, have twelve dominant slip systems (six 

above and six below the notch) whereas the slip systems on the planes in between these 

surfaces have eight dominant slip systems. Furthermore, slip systems occur in pairs at the 

midplane for this specimen. The paired slip systems are indicative of two dominant slip 

systems acting simultaneously in the same location over the entire midplane. The paired 

dominant slip systems for this orientation are τ1& τ9, τ4& τ11, τ5& τ12 and τ3& τ7 (Figure 

5-27g). Figure 5-27 also indicates that the slip fields on the surface and interior of the 

τ4
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G) 0.9mm (Middle Surface) 



90 

 

specimen are very different. For example, when we compare the slip fields on the front 

surface with those at 0.3mm we find that τ4& τ5 vanish and the major area around the 

notch is covered by τ9& τ11 at 0.3mm (compare figure 5-27a and 5-27b). On the contrary, 

the slip fields at 0.3mm and 0.6mm are not very different from each other and also the 

number of dominant slip systems at 0.3mm and 0.6mm are equal (see figure 5-27b and 5-

27c). 

When the notched samples are loaded, yielding begins first on those locations 

where the RSS is a maximum. For this orientation, the maximum RSS values are 

obtained at the positions on the notch surface. In order to evaluate which slip system is 

activated first, the values of RSS’ were calculated on the notch surface at locations shown 

in Figure 5-28 (since the results are symmetric with respect to notch growth axis, the 

maximum RSS results are only calculated on the notch surface above the notch growth 

axis). After finding the maximum RSS at each thickness it was discovered that the value 

of the maximum RSS changes, as one varies the thickness. 

 
Figure 5-28. Figure shows the nomenclature of the finite element nodal points along the 

specimen notch. 
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Figures 5-29 and 5-30 show the variation of RSS’ with respect to the location on 

the surface of the notch, for the specimen’s front surface and at mid-plane respectively. It 

is seen from the plot that the maximum RSS lies on point 10 at the surface and at the 

midplane. Similar calculations were conducted through the thickness of the sample and it 

was found that for all seven planes, maximum RSS was achieved at position 10. Table 5-

5 presents the maximum RSS values, their location on the notch surface on a specific 

plane, slip systems on which maximum RSS occurs, and the stress normal to the 

maximum shear stress plane. It is seen from the table 5-5 that the highest of the 

maximum RSS’ occurs simultaneously at 0.3mm and 1.5mm thickness (on the left and 

right notch) of the specimen with 0° orientation which indicates that the slip will initiate 

first on this thicknesses for this orientation; however for other notch orientations this may 

not be valid (the row of the highest of the maximum RSS is in bold font in the table 5-5).  

A simple calculation indicates that the load at which the slip will initiate at 

0.3mm/1.5mm thickness and at the midplane of the specimen is 612N and 630N, 

respectively. The important point to notice here is that there is not much difference in the 

loads that initiate the slip at 0.3mm/1.5mm thickness and at the midplane of the 

specimen. On the other hand, slip at the midplane takes place in pairs and the stress state 

at this location is more complex than at 0.3mm/1.5mm thickness. It has been observed 

that the normal stress on the crack plane tends to expedite the fatigue crack nucleation 

process (Suresh, 1998). In the light of this, from table 5-5 one observes that the stress 

normal to the maximum shear stress plane is also greater on the midplane as compared to 

that at 0.3mm/1.5mm thickness plane. The comparisons between the stress state, 

maximum RSS and normal stress have interesting implications on fatigue crack initiation 
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which imply that for the 0º orientation, the fatigue crack will likely initiate at 0.3/1.5mm 

thickness or at the midplane of the specimen for released tension loading. 

Table 5-5. Summary of maximum RSS on the surface of the notch at several thicknesses, 
for 0º orientation. 

Planes 

Thickness at 
which plane is 

located (in 
mm). 

Location on 
the notch 
surface 

Slip 
System 

Maximum 
Values of 

RSS (MPa) 

Corresponding 
Values of 

normal stress 
(MPa) 

1 0 10 τ11 2226 3369 
2 0.3 10 τ11 2636 5770 
3 0.6 10 τ11 2591 6324 
4 0.9 10 τ4

, τ11
 2559 6528 

5 1.2 10 τ4 2591 6324 
6 1.5 10 τ4 2636 5770 
7 1.8 10 τ4 2226 3369 

 

 
Figure 5-29. Plot showing the maximum RSS on the surface of the notch, on the 

specimen’s front surface, for 4982 N load. 

 

CRSS=324 MPa

Max RSS=2226  
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Figure 5-30. Plot showing the maximum RSS on the surface of the notch, on the 

specimen’s midplane, for 4982 N load. 

5.7.2 Fifteen Degree Secondary Orientation 

In the previous section (5.3), we discussed that the slip fields around the notch 

change with a change in the orientation of the specimen. Likewise from figure 5-27 and 

figure 5-32 we find that there is a major change in slip fields with a 15º change in the 

secondary orientation. In the 15° orientation, there is an absence of symmetry in the slip 

patterns with respect to the midplane (the one which is normal to the plane of 

observation) and the loading or primary axis of the specimen. In this orientation, there 

exists symmetry with respect to the notch growth axis and diagonal symmetry in the left 

and right notch. By diagonal symmetry we mean that the slip patterns on the left notch on 

the front surface is similar to the slip patterns of the right notch on the back surface and 

vice-versa (Figure 5-31). Hence the evolution of the slip fields at the left notch from the 

front to the back surface is similar to the evolution of the slip fields at the right notch 

from the back to the front surface (this implies that the slip fields at the left and right 

notches will be similar on the midplane). Therefore it is sufficient to examine either one 

CRSS=324 MPa

Max RSS=2559  
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of the two notches at various thicknesses. From figure 5-31, one observes that for this 

particular orientation since the slip field patterns and stress distributions on a particular 

thickness are different at both the left and right notches at the same load, the deformation 

behavior of this orientation is more complex as compared to the one corresponding to the 

0° orientation. 

 
                    Left Notch           Right Notch 

        Front Surface 

Figure 5-31. Plots show the front and back surface slip fields on the left and right notches 
of the15° orientation specimen.  
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                 Left Notch             Right Notch 

       Back Surface 
 

Figure 5-31. Continued 
 

In addition to the dissimilar deformation behavior of the left and right notches, we 

also see from figure 5-32a and 5-32d that for the same load, both the notches deform 

differently on their front and back surfaces. Not only is the pattern of slip fields different, 

but the number of activated dominant slip systems also differs (see figure 5-32a and 5-

32d). Furthermore, at the left notch as one goes inside the interior of the specimen from 

the front surface, the complex slip field pattern collapses to a simple slip field pattern. 

For instance, there are fewer dominant slip systems and simple slip fields at 0.3mm as 

compared to the front surface (see figure 5-32a and 5-32b). On the contrary, as one goes 

inside the interior of the specimen from the back surface at the left notch, there is only a 

modest change in the complexity of the slip fields and the number of activated dominant 

slip systems (see figure 5-32a and 5-32b). From figure 5-32g, it is evident that in this 

orientation, slip systems are not occurring in pairs about the midplane (which is related to 

the asymmetry of the specimen orientation). The maximum RSS in this specimen is 
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occurring on the surface of the notch at the location 11 for 0mm, 0.3mm, 0.6mm, 0.9mm, 

1.2mm and 1.5mm thicknesses and at the location 9 for 1.8mm thickness (Table 5-6). 

Unlike the 0º orientation, the highest of the maximum RSS’ in this orientation occurrs 

only at one thickness plane (1.5 mm ) at the left notch and hence the slip will initiate at 

this thickness at the left notch. In table 5-6, note that the highest maximum normal stress 

also occurs at the same location where the highest maximum RSS is occurring. This 

implies for this orientation, fatigue crack initiation will most likely occur at 1.5 mm 

thickness at the left notch for released tension loading. Subsequently because of the 

diagonal symmetry of this specimen, the stress values in the specimen also have a 

diagonal symmetry. Thus we infer that at the same load, slip and fatigue crack will 

initiate at the 1.5mm thickness plane at the left notch, and at the 0.3mm thickness at the 

right notch for released tension loading.  

 

 
 
 
Figure 5-32. Polar plots showing the evolution of slip fields around the left notch of the 

15° orientation specimen at various thicknesses at load=4982N. 
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Figure 5-32. Continued 
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G) 0.9mm (Middle Surface) 
 

 
 
Figure 5-32. Continued 
 

Comparison of the highest maximum RSS of the 0º and 15º orientations shows that 

the 15º orientation experiences a greater highest maximum RSS than the 0º orientation. 

Moreover the 15º orientation has asymmetric slip fields at the left and right notches, 

whereas the 0º orientation has symmetric ones. These asymmetric slip fields in the15º 

orientation will create a more complex stress distribution around the notch as compared 

to those in the 0º orientation. From the above comparisons we conclude that the 15º 
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orientation is more vulnerable to fatigue crack initiation than the 0º orientation when 

subjected to released tension loading. 

Table 5-6. Summary of maximum RSS’ on the surface of the notch, at several thicknesses 
for the 15º orientation. 

Planes 

Thickness at 
which plane is 

located (in 
mm). 

Location on 
the notch 
surface 

Slip 
System 

Maximum 
Values of 

RSS (MPa) 

Correspondi
ng Values 
of normal 

stress (Mpa)
1 0 11 τ11 2140 2254
2 0.3 11 τ12 2650 4390
3 0.6 11 τ12 2730 5060
4 0.9 11 τ12

 2770 5394
5 1.2 11 τ12 2810 5622
6 1.5 11 τ12 2820 5771
7 1.8 9 τ4 2370 3999

 
5.7.3 Thirty Degree Secondary Orientation 

Similar to the15° orientation, the 30° orientation also lacks symmetry with respect 

to both, the midplane and the primary axis and is symmetric about the notch growth axis 

and has diagonal symmetry in the left and the right notch. Like the case of the 15° 

orientation, we do not see slip systems occurring in pairs at the midplane of the specimen, 

which is due to the asymmetry of this orientation (Figure 5-33g). The maximum RSS in 

this orientation occurs at position 11 on the surface of the notch for all the seven planes 

(Table 5-7). It is seen from table 5-7 that the highest of the maximum RSS and the 

highest maximum normal stress occurs at the same location (1.5mm thickness) of the 

specimen, at the left notch. This implies that fatigue crack for this orientation will initiate 

at 1.5mm thickness at the left notch for released tension loading.  
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Figure 5-33. Polar plots showing the evolution of slip fields around the left notch of the 

30° orientation specimen at various thicknesses at 4982N load. 

Table 5-7: Summary of maximum RSS’ on the surface of the notch at several 
thicknesses, for the 30° orientation. 

Planes 

Thickness at 
which plane is 

located (in 
mm). 

Location on 
the notch 
surface 

Slip 
System 

Maximum 
Values of 

RSS 
(MPa) 

Corresponding 
Values of 

normal stress 
(MPa) 

1 0 11 τ11 2101 1524
2 0.3 11 τ12 2463 2930
3 0.6 11 τ12 2604 3434
4 0.9 11 τ12

 2697 3700
5 1.2 11 τ12 2787 3893
6 1.5 11 τ12 2895 4067
7 1.8 11 τ12 2697 3572

 

G) 0.9mm (Middle Surface) 

τ11

τ1

τ11

τ1

τ12

τ3



102 

 

5.7.4 Forty Five Degree Secondary Orientation 

Similar to the 0º orientation, this orientation also has symmetry about the midplane 

(the one which is normal to the plane of observation), the loading axis and the notch 

growth axis of the specimen and hence results for only the left notch are presented here. 

As seen in figure 5-34 in this orientation, the slip fields and the number of activated 

dominant slip systems change with the thickness of the specimen. Since this is a 

symmetric orientation, slip systems occur in pairs on the midplane of the specimen (see 

figure 5-34g). Also the maximum RSS occurs on location 11 on the surface of the notch, 

on all seven thickness planes (Table 5-8). The highest of the maximum RSS occur on the 

front and back surfaces of the specimen. The highest maximum normal stress 

simultaneously occurs at the 0.3 and the 1.5mm thickness planes. Similar to the 0º 

orientation, the location of the highest maximum RSS’ and the highest maximum normal 

stresses occur at a different location in this orientation. Therefore for this orientation also 

we calculated the loads required to initiate the slip at the 0/1.8 mm and 0.3/1.5mm 

thicknesses of the specimen. Furthermore, the occurance of slip systems in pairs on the 

midplane makes the midplane critical for fatigue crack initiation. Consequently the load 

to initiate slip is also calculated for the miplane. The loads are found to be 611N, 635N 

and 680N for the 0/1.8mm, 0.3/1.5mm and midplane, respectively. The differences 

between the loads to initiate slip are not significant. On the basis of the above 

discussions, we conclude that the fatigue crack can either initiate at 0/1.8mm or 

0.3/1.5mm or at the midplane of the specimen for released tension loading.  
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Figure 5-34. Polar plots showing the evolution of slip fields around the left notch of the 

45° orientation specimen at various thicknesses at 4982N load. 
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Table 5-34. Continued 
 
Table 5-8. Summary of maximum RSS’ on the surface of the notch at several thicknesses, 

for 45° orientation. 

Planes 

Thickness at 
which the 
plane is 

located (in 
mm). 

Location on 
the notch 
surface 

Slip 
System 

Maximum 
Values of 

RSS (MPa) 

Corresponding 
Values of 

normal stress 
(MPa) 

1 0 11 τ3 2640 2391
2 0.3 11 τ3 2540 2575
3 0.6 11 τ3 2441 2555
4 0.9 11 τ3, τ12 2371 2500
5 1.2 11 τ12 2441 2555
6 1.5 11 τ12 2540 2575
7 1.8 11 τ12 2640 2391
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A) 0° Orientation      B) 15° Orientation 

 
 

 
C) 30° Orientation      D) 45° Orientation 

 
On the Front Surface 

 
Figure 5-35. Polar plots showing the evolution of slip fields as a function of the 

secondary orientation at the front surface of the specimen around the left 
notch at 4982N load. 
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                  A) 0° Orientation                B) 15° Orientation 
 

 
                      C) 30° Orientation         D) 45° Orientation 
 

     At 0.3mm 
 

Figure 5-36. Polar plots showing the evolution of slip fields as a function of the 
secondary orientation at 0.3mm thickness of the specimen around the left 
notch at 4982N load. 
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A) 0° Orientation              B) 15° Orientation 

 

 
C) 30° Orientation          D) 45° Orientation 

 
     At 0.6mm 

 
Figure 5-37. Polar plots showing the evolution of slip fields as a function of the 

secondary orientation at 0.6mm thickness of the specimen around the left 
notch at 4982N load. 
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A) 0° Orientation              B) 15° Orientation 

 

 
C) 30° Orientation          D) 45° Orientation 

 
     At Midplane 

 
Figure 5-38. Polar plots showing the evolution of slip fields as a function of the 

secondary orientation at the midplane of the specimen around the left notch at 
4982N load. 
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A) 0° Orientation              B) 15° Orientation 

 

 
C) 30° Orientation          D) 45° Orientation 

 
     At 1.2mm 

 
Figure 5-39. Polar plots showing the evolution of slip fields as a function of the 

secondary orientation at 1.2mm thickness of the specimen around the left 
notch at 4982N load. 
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A) 0° Orientation              B) 15° Orientation 

 

 
C) 30° Orientation          D) 45° Orientation 

 
     At 1.5mm 

 
Figure 5-40. Polar plots showing the evolution of slip fields as a function of the 

secondary orientation at 1.5mm thickness of the specimen around the left 
notch at 4982N load. 
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A) 0° Orientation              B) 15° Orientation 

 

 
C) 30° Orientation          D) 45° Orientation 

 
     At 1.8mm 

 
Figure 5-41. Polar plots showing the evolution of slip fields as a function of the 

secondary orientation at 1.8mm thickness of the specimen around the left 
notch at 4982N load. 
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Figures 5-35 through 5-41 show a detailed numerical exploration of the relationship 

between the secondary orientation and a plastic deformation (slip) that develops at a 

notch at various thicknesses. Figures indicate that at any given thickness, none of the slip 

fields and sector boundaries are similar to each other when other factors such as boundary 

conditions, specimen geometry and material properties are kept constant. Figures also 

show that in each orientation, the activated slip systems and sector boundaries drastically 

change from the surface to the interior of the specimen. Since experimental techniques 

generally rely on the surface observations for the determination of slip fields, an 

experimental technique should be developed to measure the deformation fields in the 

interior of the specimens. 

5.7.5 Calculation of Failure Life for Different Orientations 

Fatigue induced failures in aircraft gas turbine engines are pervasive problems 

affecting a wide range of components and materials. Single crystal turbine blades are the 

components most likely to fail by fatigue (Cowles, 1996). To address this problem, 

Arakere et al.(2001) came up with a simple fatigue failure parameter for SCNBS which 

was based on the uniaxial low cycle fatigue test data. They conducted a strain controlled 

LCF tests for PWA 1480 uniaxial smooth specimens for four different orientations. All 

the specimens were loaded to different values of stress ratio(R). They computed the shear 

stresses for each data point, for maximum and minimum test strain values and arrived at a 

simple fatigue parameter Δτ, given by the following equation  

Δτ = 397758 x N-0.1598         (5-1) 

where, Δτ = τmax - τmin 

and, 
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τmax ≡ Maximum shear stress for maximum specimen test strain value in psi 

τmin ≡ Maximum shear stress for minimum specimen test strain value in psi 

This fatigue parameter was used in this analysis to calculate the failure life at the 

critical locations for the four orientations. 

Fatigue crack nuclei from which the cracks grow, are thought to be formed due to 

the repeated cyclic straining of the material which leads to slip on different glide planes. 

Irreversibility of shear displacement along the slip bands then results in the roughening of 

the surface of the material. This roughening is seen as microscopic hills and valleys at 

sites where slip bands emerge at the free surface (Figure 5-42).  

 
Figure 5-42. Extrusion and intrusion on the surface of a copper single crystal (Ma et al. 

1989) 

These valleys act as “micronotches” and the effect of stress concentration at the 

root of the valleys promotes additional slip and fatigue crack initiation. In single crystals, 

a quasi steady state of deformation known as saturation is reached after thousands of 

cycles. One of the most visible features of cyclic saturation is the localization of slip 

bands. The localized slip bands are knows as persistent slip bands. Figure 5-43 shows a 
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high cycle fatigue specimen (Ni-base superalloy), tested for thousands of cycles and 

loaded in the [001] direction. It has been established that due to cyclic loading, slip 

accumulates and get localized over a period, to form persistent slip bands (PSB’) which 

lead to crack initiation and later to failure (Deluca,). Figure 5-44 also shows the fatigue 

crack initiation at PSB’ in a copper single crystal, fatigued for 60,000 cycles at 20ºC. 

 

 
 

 
Figure 5-43. Persistent Slip band observed in a SCNBS HCF specimen (Deluca, 1995)  

Persistent Slip Band 

<001> 
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Figure 5-44. Fatigue crack initiation at PSB in a copper single crystal at 20ºC (Ma et al. 

1989). 

Recall that the location where the maximum RSS occurs in the material is the 

location where the slip will initiate, during static loading. Now let us discuss a scenario 

where instead of applying a static load, we apply a cyclic load (which is below the yield 

stress of the material) of released tension, that is the load is cycled from zero to 

maximum. One expects that with increasing number of cycles, slip is likely to initiate at a 

point where maximum RSS occurs in the material. Eventually with increasing number of 

cycles, PSB’s are expected to form followed by material failure. On the basis of this 

theory the maximum RSS location found by the static loading is the expected location of 

crack initiation in the single crystal material during cyclic loading. However, this may not 

be true for 0º and 45º orientation as discussed previously. Yet for calculating the failure 

life for these orientations, we shall assume that they fail at the locations of maximum 

RSS’. On the basis of this theory and with the help of fatigue parameter developed by 

Fatigue 
crack 
initiation 
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Arakere et al. (2001) one can predict the life of the specimens of various crystal 

orientations, at their critical locations.  

In order to calculate the life of the specimen material, the τmax for cyclic loading is 

taken to be τmax of the static load, and the τmin for the cyclic load is set to zero since we are 

assuming a released tension loading. Thus, Δτ for cyclic load is equal to τmax. Since 

fatigue analyses are generally performed below the yield limit of the material, the 

maximum RSS is recalculated for an arbitrarily selected load of 500N (KI = 5 MPam1/2) 

(which falls below the yield stress of the material) for all the four orientations. Table 5-9 

summarizes the maximum RSS, Δτ, and the predicted number of cycles for failure for the 

500N cyclic load. 

Table 5-9. Summary of the maximum RSS, Δτ, and the predicted number of cycles for 
failure for 500N cyclic load 

Secondary 
Orientation 

(deg) 

Thickness at 
which the plane of 

max RSS is 
located (in mm). 

Location 
on the 
notch 

surface 

Slip 
System 

Maximum 
Values of RSS 
for cyclic load, 

i.e. τmax 
(MPa/ksi)  

Minimum 
Values of 
RSS for 

cyclic load, 
i.e. τmin 

(MPa/ksi) 

Fatigue 
parameter 

Δτ 
(ksi) 

Predicted 
cycles to 
failure 
(x105) 

0 0.3 and 1.5 10 τ4 and 
τ11 

264/38.3 0 38.3 23 

15 1.5 11 τ12 283/41 0 41 15 
30 1.5 11 τ12 291/42.2 0 42.2 12.9 

45 0 and 1.8 11 τ3
 and 
τ12

 
265/38.5 0 38.5 22 

 
Figure 5-45 shows the plot of the highest maximum RSS’ as a function of the four 

different secondary orientations. Figure 45 and Table 5-9 indicate that the highest among 

these highest maximum RSS’ occurs for the 30º orientation. Table 5-9 also indicates that 

the 0º secondary orientation is the most advantageous and the 30º secondary orientation is 

the worst crystal orientation for number of cycles to failure. Table 5-9 also indicates that 
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the choice of secondary orientation has the potential to increase the life of a single crystal 

turbine blade by up to 80% without adding additional weight or cost. 
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Figure 5-45. Figure shows the highest maximum RSS’ as a function of secondary 

orientation for 500N load. 

5.8 Effect of Temperature on Slip Systems of Single Crystal Nickel Base Superalloys 

The previous topic discussed about the effects of secondary orientation on the 

evolution of plasticity in SCNBS specimens at room temperature. In this section, the 

influence of temperature on the slip evolution in SCNBS, particularly in PWA 1480 

SCNBS will be studied. PWA 1480 is selected for the study because its nominal 

composition is very close to the single crystal used for the experimental study, and also 

due to the availability of its high temperature properties in the literature. Specimens with 

0º and 45 º secondary orientations were studied at 38°C and 927°C. The geometry of the 
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notched specimen used in this analysis is selected to be the same as that of Specimen A 

(Table 4-2).  

Milligan and Antolovich (1987) reported that below 600°C, deformations in 

SCNBS occur by slip in the primary octahedral slip systems (slip numbers τ1-τ12 in Table 

2-2). They also state that between 600°C and 950°C, deformations occur simultaneously 

by octahedral and cube slips. Table 5-10 and Figure 5-46 show six cube slip systems 

<110>{111} and three cube planes ({100}) in FCC crystals, respectively. Keeping this in 

mind, the results were calculated for the primary octahedral slip systems ({111} <110>) 

at the room temperature (38°C) and for both primary octahedral and cube slip systems 

({100} <110>) at high temperature (927°C) in this analysis. 

Table 5-10. Cube slip systems in FCC crystals (Stouffer,1996). 
Slip 

System 
Slip Plane 

<110>{111} 
Slip 

Direction 
τ13 (100) [011] 
τ14 (100) [ 011] 
τ15 (010) [101] 
τ16 (010) [101] 
τ17 (001) [110] 
τ18 (001) [110 ] 
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Figure 5-46. Three cube slip planes in FCC crystal (Stouffer, 1996) 

For analysis at high temperature, one must know the elastic properties E, ν and G of 

the single crystal, the CRSS values on both octahedral {111} and cube {100} planes at 

high temperature, and the transformation matrix required to resolve the six component 

stresses (σij) on the cube planes. The CRSS’ and the elastic properties of PWA 1480 at 

38ºC and 927ºC were taken from the reference Milligan et al; 1987, and the 

transformation matrix required to resolve the six component stresses is given by equation 

2-8. Table 5-11 shows the material properties and the loads used in the FEA model at 

38°C and 927°C. The slip field results reported in this study are in the form of polar plots 
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generated in a manner discussed earlier (section 5.2). Results for each orientation, at 

38°C and 927°C will be presented at first and will be compared and discussed later. 

Table 5-11. Material properties used at 38°C and 927°C in this analysis. 
Material Properties At 38°C At 927°C 

Elastic Modulus (Ex=Ey=Ez) 1.21 x 1011 Pa 8.76 x 1010 Pa 
Shear Modulus (Gx=Gy=Gz) 1.29 x 1011 Pa 9.70 x 1010 Pa 
Poisson’s Ratio (νx=νy=νz) 0.395 0.413 
Critical Resolved Shear Stress at {111} 410 x 106 Pa 151 x 106 Pa 
Critical Resolved Shear Stress at {100} - 172 x 106 Pa 

Load Applied P =1600 N or 
KI = 15 MPam1/2  

P =1600 N or 
KI = 15 MPam1/2 

 
5.8.1 Zero Degree Secondary Orientation 

Figure 5-47 shows the surface and midplane results (polar plots) at 38°C and 927°C 

for the 0° secondary orientation specimen. Due to the symmetry of this orientation, 

results are presented only for the region above the notch. Figures 5-47a and 5-47c show 

that at 1600N, the slip systems on {111} slip planes are dominant only at a small region 

near the notch both on the surface and the midplane of the specimen, at 38°C. 

Furthermore, only one slip system is found to be dominant on the surface, and two on the 

midplane. However at the same load, the slip field results on {111} slip planes at 927°C 

(both on the surface and midplane) indicate that the dominant slip systems are activated 

at a larger area near the notch (Figures 5-47b and 5-47d). Additionally at 927°C more 

number of dominant slip systems are activated than that at 38°C.  
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         At 38°C      At 927°C 

 
            (a)            (b) 

 
(c)             (d) 

 
(e) (f) 

 
Figure 5-47. Slip field at the surface of the specimen with zero degree secondary 

orientation on a) {111} slip plane at 38°C, b) {111} slip plane at 927°C, Slip 
fields on the midplane of the specimen on , c) {111} slip plane at 38°C, d) 
{111} slip plane at 927°C, e) Polar plot showing no activation on {100} slip 
plane on the surface of the specimen at 38°C, f) Slip fields on the surface of 
the specimen on {100} slip plane at 927°C, g) Polar plot showing no 
activation on {100} slip plane on the midplane of the specimen at 38°C, h) 
Slip field on the midplane of the specimen on {100} slip plane at 927°C. 
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            (g)               (h) 

 
Figure 5-47. Continued 

 
Figures 5-48 and 5-49 show x-y plots on {111} slip plane at r = 1ρ on the surface 

of the specimen at 38°C and 927°C, respectively. The dark lines on the figures indicate 

the CRSS at 38°C (410MPa) and 927°C (151 MPa) of the single crystal material. 

Comparisons between the graphs indicate no major change in the absolute RSS values of 

slip systems and their relative positions with each other with an increase in temperature. 

The only change is in the number of activated slip systems and dominant slip systems’ 

boundaries, which can be explained by the change in the CRSS (the dark lines on figures) 

of the material. Table 5-11 shows that CRSS of the single crystal material decreases with 

an increase in temperature. Furthermore table 5-11 shows that with an increase in the 

temperature from 38ºC to 927ºC, the decrease in the values of elastic modulus (E) and 

shear modulus (G) are 28% and 25% respectively, and the increase in the value of the 

poison ratio (ν) is 5%, yet there is a very minor change in the absolute RSS values of the 

corresponding slip systems in both the plots (compare figure 5-48 and figure 5-49). For 

instance, the highest value of RSS at 38ºC is 647 MPa at θ = 110º (Figure 5-48) and the 

corresponding value of RSS at the same location at 927 ºC is 640 MPa (a decrease of 

1%). Although the absolute values of RSS are not affected by an increase in the 

temperature, the load required to initiate slip on {111} slip plane at r = 1ρ is greatly 

τ15, τ16, τ17 
& τ18 

NO ACTIVATION 
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affected by the change in the CRSS. For example the load required to initiate slip at this 

radius(r = 1 ρ) on the surface of the specimen at 38°C is calculated to be 1014N and the 

load required to initiate slip at 927°C is calculated to be 378N.  

 
Figure 5-48. Plot shows the maximum RSS at r = 1ρ on {111} slip plane, on the surface 

of the specimen at 38°C for 1600N load. 

CRSS = 410 MPa 

647 MPa 
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Figure 5-49. Plot shows the maximum RSS at r = 1ρ on {111} slip plane, on the surface 

of the specimen at 927°C for 1600N load. 

Figures 5-47c, 5-47d and 5-47h show that at both 38°C and 927°C the slip systems 

occur in pairs at the midplane of the specimen, on both {111} and {100} slip planes. 

However figure 5-47-h shows one uncommon characteristic: on {100} slip plane, four 

dominant slip systems are simultaneously acting at the same location on the midplane of 

the specimen.  

It was seen in the previous section that slip initiates at locations where RSS is 

maximum. In this orientation at both 38°C and 927°C, the maximum RSS occurs on the 

surface of the notch. Furthermore, with the increase in temperature from 38°C to 927°C, 

there is no major change in the absolute maximum RSS values. However the load 

required for initiating slip at both the temperatures is different due to the difference 

between the CRSS’ at these temperatures. Table 5-12 summarizes the maximum RSS 

values on the surface and midplane of the specimen at 38°C and 927°C. 

CRSS = 151 MPa 

640 MPa 
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Table 5-12. Summary of the maximum RSS and the corresponding load for slip initiation 
on the surface and midplane of the specimen. 

Temperature 
(°C) Plane 

Location 
on the 
notch 

surface 

Slip 
System 

Maximum 
Values of 

RSS (MPa) 

Load 
required for 

slip 
initiation 

(N) 
38 Surface 10 τ11 715 917 
927 Surface 11 τ15, τ18 853 323 
38 Midplane 11 τ4, τ11 821 799 

927 Midplane 12 τ15
 τ16, 

τ17 & τ18 
1080 255 

 
From the table 5-12 it is seen that at both temperatures, the maximum RSS occurs 

on the midplane of the specimen for this particular orientation. Also the load required to 

initiate slip at 38°C is approximately three times greater than that needed at 927°C. 

Moreover, at 927°C the maximum value of RSS on one of the {100} slip planes is greater 

than the corresponding value on one of the {111} slip planes, both at the surface and 

midplane of the specimen. This indicates that the slip will initiate at one of the {100} slip 

planes at 927°C. This is demonstrated in figures 5-50 and 5-51 which show the x-y plots 

of RSS values versus the position on the surface of the notch at 927ºC on {111} and 

{100} slip planes, respectively. These figures indicate that the maximum RSS value on 

one of the {111}slip plane is 711 MPa and the load required to initiate slip is 340 N, 

whereas the maximum RSS value on one of the {100} slip plane is 853 MPa and the load 

required to initiate slip is 323 N. This analysis indicates that at 38°C, slip will initiate at 

the midplane of the specimen on {111} slip plane; and at 927°C, slip will initiate at the 

midplane of the specimen on {100} slip plane for the 0º secondary orientation specimen. 
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Figure 5-50. Plot shows the maximum RSS on the surface of the notch on {111} slip 

plane on the specimen surface, at 927ºC. 

 
Figure 5-51. Plot shows the maximum RSS on the surface of the notch on {100} slip 

plane at the specimen surface, at 927ºC. 

CRSS=151MPa 

CRSS=172MPa 

711 MPa 

853 MPa 
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5.8.2 Forty Five Degree Secondary Orientation 

Figure 5-52 displays the surface and midplane results at 38°C and 927°C, for the 

45° secondary orientation specimen. Due to the symmetry of this orientation, results are 

presented only for the region above the notch. Similar to the 0º secondary orientation, slip 

systems on {111} slip planes are dominant only at a small region near the notch, both on 

the surface and midplane of the specimen. Here also at 927ºC, slip lines are extended to a 

larger radius in comparison to that at 38°C. Also we see more number of dominant slip 

systems activated at 927ºC than at 38ºC, both on the surface and midplane. Figures 5-53 

and 5-54 show the excel plots on {111} slip plane at 38ºC and 927ºC plotted at r = 1ρ.  

 
     At 38°C          At 927°C 

 
(a) (b) 

 
Figure 5-52. Slip field at the surface of the specimen with forty five degree secondary 

orientation on a) {111} slip plane at 38°C, b)  {111} slip plane at 927°C; Slip 
field at the midplane of the specimen on c) {111} slip plane at 38°C, d) {111} 
slip plane at 927°C, e) Polar plot showing no activation on {100} slip plane at 
surface of the specimen at 38°C, f) Slip field at the surface of the specimen on 
{100} slip plane at 927°C, g) Polar plot showing no activation on {100} slip 
plane at the midplane of the specimen at 38°C, h) Slip field at the midplane of 
the specimen on {100} slip plane at 927°C. 
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(c)      (d) 

 
(e)      (f) 

 

 
(g)      (h) 

Figure 5-52. Continued 
 

Similar to the 0ºorientation, in this orientation also the absolute RSS values of the 

slip systems and their relative positions with each other do not change much with 

temperature. However in this orientation, the maximum RSS value of the slip system 

increases with an increase in temperature (Figures 5-53and 5-54), in contrast with the 0° 

secondary orientation where the maximum RSS value of the slip system decreases with 

an increase in temperature (Figures 5-50 and 5-51). 
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Figure 5-53. Plot shows the maximum RSS at r=1ρ on {111} slip plane, at the surface of 

the specimen at 38°C, for 1600N load. 

 

 
Figure 5-54. Plot shows the maximum RSS at r=1ρ on {111} slip plane at the surface of 

the specimen at 927°C, for1600N load. 

In this orientation, the slip systems on {111} slip plane occur in pairs at the 

midplane of the specimen, at 38°C and 927°C (Figures 5-52c and 5-52d). However on the 

782 MPa 

805 MPa 

CRSS=410MPa 

CRSS=151MPa 
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{100} slip plane, two slip systems act as a pair and one slip system acts alone, that is τ14 

and τ15 occur in pairs and τ18 acts alone (Figure 5-52h). 

In this orientation also, the maximum RSS’ are found on the surface of the notch at 

38°C and 927°C. Table 5-13 summarizes the maximum RSS values on the surface and 

midplane of the specimen at 38°C and 927°C, for the 45° orientation specimen. 

Table 5-13. Summary of maximum RSS’ and corresponding loadsrequired for slip 
initiation on the surface and midplane of the specimen. 

Temperature 
(°C) Plane 

Location 
on the 
notch 

surface 

Slip 
System 

Maximum 
Values of 

RSS (MPa) 

Load 
required for 

slip 
initiation 

(N) 
38 Surface 11 τ3 847 775 
927 Surface 11 τ18 1210 227 
38 Midplane 11 τ3, τ12 761 862 
927 Midplane 12 τ18 1380 199 
From table 5-13 we see that at 38°C the maximum RSS occurs at the surface of the 

specimen, while at 927°C the maximum RSS occurs at the midplane of the specimen. 

Also the load required to initiate slip at 38°C is approximately three times greater than 

that at 927°C at the surface of the specimen, and approximately four times greater than 

that at 927°Con the midplane of the specimen. In this orientation also it is seen that at 

927°C, the maximum value of RSS on one of the{100} slip plane is greater than the 

corresponding value on one of the {111} slip plane, both at the surface and midplane of 

the specimen, which implies that at 927°C slip will always initiate at one of the{100} slip 

plane. After analyzing the slip systems on {111} and {100} slip plane for this particular 

orientation, we conclude that at 38°C slip will initiate at the surface of the specimen on 

{111} slip plane, and at 927°C slip initiation will take place at the midplane of the 

specimen on {100} slip planes. 
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5.8.3 Summary 

Figures 5-47 and 5-52 show that slip fields on {111} and {100} slip planes are 

orientation dependent not only at a lower temperature (38ºC), but also at a high 

temperature (927ºC). In addition to this, the number of dominant slip systems and the size 

of the plastic zones (slip fields) are also functions of orientations. For example, figure 5-

47b and 5-52b shows that at equal load (1600N) five dominant slip systems (τ1, 

τ4,τ5,τ9,τ11) are active on the surface of the specimen for 0º orientation whereas for 45º 

orientation four different dominant slip systems(τ1, τ2,τ3,τ6) are activated with different 

region of activation. It should also be noted that in the 0º orientation slip fields related to 

{111} slip planes are activated to a larger radius as compared to those in the 45º 

orientation. Furthermore, slip fields related to {100} slip plane are extended to smaller 

radii in the 0° orientation than those in the 45º orientation (see figures 5-47 and 5-52). 

Also the load required to initiate slip at the critical location is different in the 0º 

orientation than that in the 45º orientation, at both temperatures. For example, the load 

required to initiate slip at 38ºC and 927ºC in the 0ºorientation is calculated to be 799 N 

and 255 N, respectively. At both the temperatures, the slip is found to initiate at the 

midplane of the specimen for the 0ºorientation. For the 45º orientation, the load required 

to initiate slip at 38ºC and 927ºC is found to be 775 N and 199 N respectively. At 38ºC, 

slip initiation starts at the surface of the specimen and at 927ºC, the slip is found to start 

at the midplane of the specimen for the 45ºorientation. Also the location of slip initiation 

on the surface of the notch for both the orientations, at both temperatures is found to be 

more or less at the same location, which indicates that the location of slip initiation on the 

notch surface depends very slightly on the notch orientation.  
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5.9 Comparison of Experimental and Numerical Results in a Copper Single Crystal 
subjected to Four Point Bending  

In the previous topic, the effect of temperature on the slip fields of SCNBS was 

discussed. Here the dominant slip systems’ theory will be applied to predict slip 

activation near notches in copper single crystal specimen subjected to a four point 

bending test. Two symmetric orientations are treated in this analysis. Finally the 

experimental results of the copper single crystal will be compared with the numerical 

results.  

5.9.1 Experimental Procedure 

Crone et al. (2003) experimentally investigated plastic deformation around a notch 

tip within copper single crystals. Two symmetric crystallographic orientations tested by 

them were considered for this study. The first orientation defined the notch plane as 

(101), the notch growth direction as [010], and the notch tip direction (normal to the plane 

of observation) as [101]. The second orientation defined the notch plane as (010), the 

notch growth direction as [101], and the notch tip direction as [101]. Orientations I and II 

are related by a 90º rotation about the [101] axis (Figure 5-55). Both orientations were 

also analytically investigated by Rice (1987).  

           
(A) Orientation I         (B) Orientation II 

Figure 5-55. Figure shows orientations I and II. 
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Crone and his co-workers used electrical discharge machining (EDM) for all their 

cutting operations, such as for specimen and notch cutting. A four point bending test was 

conducted on the copper single crystal by using Instron 4502 universal testing machine. 

A four point bending jig was used to apply load to the specimen through 6.35 mm 

hardened steel dowels. The distance between the two sets of dowels was 25.4 and 

38.1mm. The four point bend specimens used in the testing have 6.35 mm square cross-

section and a total length of 5.1cm with a central single crystal section of approximately 

2cm and and the rest made up of polycrystalline copper. Extensions of polycrystalline 

copper were attached with epoxy. The notch was cut to a depth of 2.465 mm. Both the 

specimens have the same notch and body geometry. Figure 5-56 shows the geometry and 

dimensions of the specimen. 

 
Figure 5-56. Figure showing the dimensions of the specimen. 

When the load is applied on single crystal copper, specimens, they deform 

plastically and develop slip lines on the surface. These slip lines are observed optically 

and provide a significant amount of information about the active slip systems within a 

sector and sector boundary angles. Figures 5-57 through 5-60 show the optical 

micrograph of the slip line fields around the notch tip and the slip line trace for 
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orientations I and II. The inner circle on the micrographs has a radius of 0.35 mm and the 

outer circle has a radius of 0.7 mm.  

We compare our numerical results (sector boundary angles) at these radii. From 

figures 5-57 and 5-59, note that though both orientations (I and II) are symmetric, their 

slip line patterns show slight asymmetry. It has been seen that orientation II show more 

asymmetry than orientation I. Also the number of activated slip sectors and slip fields in 

both the orientations are not similar. In Orientation I six slip sectors are found, whereas in 

orientation II there are five slip sectors. 

 

 
Figure 5-57. Optical micrograph of the slip line field around the notch tips in orientation 

I. 
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Figure 5-58. Slip trace around a notch tip in orientation I. 

 
Figure 5-59. Optical micrograph of the slip line field around notch tips in orientation II. 
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Figure 5-60. Slip traces around a notch tip in orientation II. 

5.9.2 Numerical Analysis 

The finite element model created for the numerical analysis of the specimen is a 

linear-elastic, orthotropic model. The model was created in a manner analogous to the 

numerical model for the single crystal superalloy specimen. The material properties of 

copper single crystals used in this analysis are given in Table 5-14. Since we are 

interested in comparing the experimental results with our dominant slip field results, an 

arbitrary load of 445 N has been selected, in this analysis. 

Table 5-14. Material properties used in the analysis of copper single crystal. 
Elastic Modulus (Ex=Ey=Ez) 6.7 x 1010 Pa 
Shear Modulus (Gx=Gy=Gz) 7.5 x 1010 Pa 
Poisson’s Ratio (νx=νy=νz) 0.4161 
Load Applied P = 445 N  
 

The model was first created around a global specimen coordinate system and then 

the direction cosines were introduced to define the material coordinate system. To 

calculate the stresses in the vicinity of the notch, four concentric arcs were created around 

the notch with radii 0.2mm, 0.35mm, 0.7mm and 1.4mm. Six component stresses were 
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then calculated in the material coordinate system on each arc at 5° intervals. By using 

equation 2-7, six component stresses (σij) were converted into twelve RSS’. These twelve 

RSS’ were finally plotted at 0.35 mm and 0.7 mm from θ = 0˚- 170° (that is to the top of 

the notch), see figure 5-61. In this analysis, we compare numerical results with 

experimental results at 0.35mm and 0.7mm radius. Similar to our previous tensile-

notched model, this numerical model also uses PLANE2 and SOLID95 elements. Figure 

5-62 shows the FEA model of a four point bending specimen. The only simplification 

made in this numerical model is that the entire specimen is treated as a single crystal. 

Since we are only interested in the vicinity of the notch, this simplification does not affect 

the numerical results. 

 
Figure 5-61. Radial and angular coordinates used for producing slip sector plots. 
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Figure 5-62. Figure shows the 3-D FEA model of the four point bending specimen with 

boundary conditions. 

Figures 5-63 and 5-64 show the plots of the RSS values as functions of θ for the 

twelve slip systems at r = 0.35 mm and r = 0.7 mm, respectively, for orientation I. Earlier 

we showed that the slip systems which were represented by the highest RSS’(dominant 

slip systems), are the slip systems that will be observed as slip bands on the surface of the 

specimen. For example, at r = 0.35mm, the active dominant slip systems, according to 

figure 5-63, are τ10
 from θ = 0°- 26°, τ5 from θ = 26°- 55°, τ3 from θ = 55°- 100°, τ9

 from 

θ = 100°- 120°, τ8 from θ = 120°- 165° and τ7 from θ = 165°- 170°. At r = 0.7 mm the 

active dominant slip systems according to figure 5-64, are τ10
 from θ = 0°- 32°, τ5 from θ 

= 32°- 63°, τ3 from θ = 63°- 110°, τ9
 from θ = 110°- 132° and τ8 from θ = 132°- 170°. 
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Figure 5-63. Plot shows the stress distribution for orientation I at r = 0.35 mm distance 

from the notch tip. 

 
Figure 5-64. Plot shows the stress distribution for orientation I at r = 0.7mm. 
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Tables 5-15 and 5-16 summarize the comparisons between experimental and 

numerical results at r = 0.35 mm and r = 0.7 mm for orientation I. From the tables, we 

find that for the first three sectors the experimental results match very well with the 

numerical predictions, at r = 0.35 mm and r = 0.7 mm. On the surface of the experimental 

specimen, there are two elastic sectors (sectors of no activation) where there is no slip 

activity. Although we do not see any sectors without slip in our numerical results, we do 

see that the slip systems τ9, τ8 and τ7 are activated from θ = 100° - 170º, which belong to 

the group of slip systems activated on the surface of the experimental specimen from θ = 

120°-150º. Furthermore, both the experimental and numerical results indicate that the 

same slip systems (τ10, τ5, τ3, τ9 and τ8) are activated at both r = 0.35 mm and r = 0.7 mm 

(Figures 5-57, 5-63 and 5-64, and Tables 5-15 and 5-16). 

Table 5-15. Comparison between experimental, numerical and analytical sector 
boundaries at r = 0.35mm for orientation I. 

Sector Experimental Numerical Analytical 
(Rice Solution) 

 θ (deg) Slip systems θ (deg) Slip Systems θ (deg) 

1 0-32 τ7,τ8, τ9, τ10,
 τ11 or τ12 

0-26 τ10 54.7 

2 32-50 τ4, τ5 or τ6 26-55 τ5 90 
3 50-97 τ1, τ2 or τ3 55-100 τ3 125.3 

4 97-120 No Activation 100-120 τ9 - 

5 120-150 τ7,τ8, τ9, τ10,
 τ11 or τ12 

120-165 τ8 - 

6 150-170 No Activation 165-170 τ7 - 
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Table 5-16. Comparison between experimental, numerical and analytical sector 
boundaries at r = 0.7 mm for orientation I 

Sector Experimental Numerical Analytical 
(Rice Solution) 

 θ (deg) Slip systems θ (deg) Slip Systems θ (deg) 

1 0-33 τ7,τ8, τ9, τ10,
 τ11 or τ12 

0-32 τ10 54.7 

2 33-54 τ4, τ5 or τ6 32-63 τ5 90 
3 54-102 τ1, τ2 or τ3 63-110 τ3 125.3 

4 102-121 No Activation 110-132 τ9 - 

5 121-152 τ7,τ8, τ9, τ10,
 τ11 or τ12 

132-170 τ8 - 

6 152-170 No Activation - - - 
 

Figures 5-65 and 5-66 are the plots of the RSS values as functions of θ for the 12 

slip systems at r = 0.35 mm and r = 0.7mm respectively, for orientation II. At r = 0.35 

mm, the active dominant slip systems are τ8
 from θ = 0°- 53°, τ7 from θ = 53°- 60°, τ3 

from θ = 60°- 79°, τ7
 from θ = 79°- 96°, τ9 from θ = 96°- 142°, τ6 from θ = 142°- 160° 

and τ9 from θ = 160°- 170°. At r = 0.7 mm, the active dominant slip systems are τ8
 from θ 

= 0°- 44°, τ6 from θ = 44°- 61°, τ3 from θ = 61°- 104° and τ9
 from θ = 104°- 170°. Tables 

5-17 and 5-18 show the comparison between numerical, experimental and analytical 

results for orientation II. Similar to orientation I, in this orientation also the experimental 

results match well with the numerical predictions. Furthermore, in this orientation also 

the only point of discrepancy between the experimental and numerical results is related to 

the two elastic sectors (sectors of no activation), which were observed on the surface of 

the experimental specimen, but were not predicted by the numerical results. The most 

noticeable characteristic captured by the numerical results in this orientation is the 

prediction of τ6 at r = 0.7 mm. For example, from figure 5-59 and table 5-17 one observes 
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that at r = 0.35 mm, from θ = 0º - 64º, one of the slip systems from the group of τ7, τ8, τ9, 

τ10, τ11 and τ12 is activated, while from θ = 64º - 77º one of the slip systems from the 

group of τ1, τ2 and τ3 is activated on the surface of the experimental specimen. As one 

goes further from r = 0.35mm to r = 0.7mm, the domain of one of the slip systems from 

the group τ7, τ8, τ9, τ10, τ11 and τ12 decreases from θ = 0º - 64º to θ = 0º - 48º and a new 

slip system becomes activated from θ = 48º - 66º from the group of τ4, τ5 and τ6. The 

same evolution is captured and predicted by the numerical results. Figure 5-65 and table 

5-17 show that at r = 0.35mm, τ8 is activated from θ = 0°- 53°, τ7 from θ = 53°- 60° and 

τ3 from θ = 60º - 79º according to numerical results. Similar to the experimental results, 

the numerical results at r = 0.7 mm indicate that the domain of τ8 decreases from θ = 0°- 

53° to θ = 0°- 44° as one moves from r = 0.35mm to r = 0.7mm. In addition to this, 

numerical results also predict that at r = 0.7 mm, a new slip system τ6 becomes activated 

(dominant) from θ = 44º - 61º. These are the same characteristics which were also seen in 

the experimental results, which further validates the ability of the dominant slip systems 

theory based 3-D linear elastic anisotropic model to accurately predict the slip evolution 

around notches of FCC single crystals. Furthermore, the good match between the 

experimental and numerical results also implies that the dominant slip system theory 

works very well not only for single crystal superalloys, but is also very helpful for other 

FCC single crystals. 
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Figure 5-65. Plot shows the stress distribution for orientation II at r = 0.35mm. 

 

 
Figure 5-66. Plot shows the stress distribution for orientation II at r = 0.7mm. 
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Table 5-17. Comparison between experimental, numerical and analytical sector 
boundaries at r = 0.35mm for orientation II. 

Sector Experimental Numerical 
Analytical 

(Rice 
Solution) 

 θ (deg) Slip systems θ (deg) Slip 
Systems θ (deg) 

0-53 τ8 1 0-64 τ7,τ8, τ9, τ10, τ11 or 
τ12 53-60 τ7 

54.7 

2 64-77 τ1, τ2 or τ3 60-79 τ3 90 

3 77-100 τ7,τ8, τ9, τ10, τ11 or 
τ12 

79-96 τ7 125.3 

4 100-139 
 No Activation 96-142 τ9  

142-160 τ6  
5 139-170 τ4, τ5 or τ6 

160-170 τ9  

 
 
Table 5-18. Comparison between experimental, numerical and analytical sector 

boundaries at r = 0.7mm for orientation II. 

Sector Experimental Numerical 
Analytical 

(Rice 
Solution) 

 θ (deg) Slip systems θ (deg) Slip 
Systems θ (deg) 

1 0-48 τ7,τ8, τ9, τ10, τ11 or 
τ12 

0-44 τ8 54.7 

2 48-66 τ4, τ5 or τ6 44-61 τ6 90 
3 66-80 τ1, τ2 or τ3 

4 80-100 
 

τ7, τ8, τ9, τ10, τ11 or 
τ12 

61-104 τ3 125.3 

5 100-170 No Activation 104-170 τ9 - 

 
Besides comparing the numerical and experimental results, comparisons of the 

numerical and experimental results are also made with Rice’s analytical results for both 
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orientations I and II. Tables 5-15 to 5-18 show a poor agreement between the 

experimental sector boundary angles and Rice’s analytical predictions for both 

orientations. Rice’s analytical solution predicts the sector boundary angles of two 

different orientations to be the same. However, experimental and numerical results show 

that the sector boundary angles of both orientations are different. Moreover unlike Rice’s 

analytical predictions, both the numerical and experimental results indicate that sector 

boundaries have a complex curved shape and hence a single angle cannot be used to 

define sector boundary angles. 
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CHAPTER 6 
CONCLUSIONS  

A comprehensive numerical and experimental investigation of the evolution of 

plasticity (slip) under a tri-axial stress state near notches was conducted in single crystal 

nickel base superalloy specimens. A 3-D linear elastic finite element model including the 

effect of material anisotropy, was developed to predict slip activation near notches in 

three double-notched tensile specimen orientations with [001] loading direction and 

±[010], ±[110] and ±[-310] notch directions, designated as samples A, B and C, 

respectively. The validity of the 3D elastically anisotropic finite element analysis was 

confirmed through comparison with experimentally tested samples. The comparison 

between isotropic and anisotropic results was made in order to highlight the importance 

of the inclusion of anisotropy in the numerical and analytical models. Effects of load, 

crystallographic orientation, thickness and temperature on the slip evolution near notches 

were also studied. Following conclusions were drawn based on these analyses. 

• The excellent correlation between the 3D anisotropic FEA results on the surface 
and experimental slip evolution near notches in each of the three specimens for a 
given load level, confirms the ability of the model to predict slip activation under 
triaxial stress states. 

• The numerical results suggest that slip persists on the slip systems with the highest 
resolved shear stresses (dominant slip systems) in Ni-based superalloy single 
crystal tested. . Slip on the dominant slip systems persists as the load is increased, 
and new slip systems do not become activated. 

• Based on the dominant slip system theory, the 3-D linear elastic anisotropic FEA 
model was also able to predict slip activation near notches in copper single crystals 
subjected to four point bending load. Good correlation between the numerical and 
experimental results in copper single crystals indicates that the dominant slip 
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system theory not only works for single crystal superalloys, but can also be applied 
to other FCC single crystals as well. 

• Both numerical and experimental findings indicate that the slip sectors’ boundaries 
have complex curved shapes rather than straight lines predicted by Rice’ analytical 
results.  

• Comparison between the anisotropic and isotropic results shows that the 
incorporation of elastic anisotropy has a noticeable effect on the slip evolution at 
discontinuities. The incorporation of anisotropy not only modifies the boundaries of 
the dominant slip systems, but also changes the number of dominant slip systems. 

• An analysis of the stresses as a function of thickness revealed that the activated slip 
systems and sector boundaries drastically change from the surface to the interior of 
the specimens. These numerical results suggest that experimental observation of 
slip lines on the surface is not representative of plasticity within the samples 

• Slip sectors predicted near notches are seen to be strong functions of the secondary 
orientation (notch direction), not only on the surface of the specimen but also at 
various thickness planes of the specimen. Slip evolution through the thickness of 
the specimen is very different in all the four secondary orientations. The maximum 
RSS in all the four secondary orientations occurs at the surface of the notches. In 
the15º and 30º orientations the highest of the maximum RSS and the highest of the 
normal stress occur at the same location on the surface of the notches, whereas in 
the 0º and 45º orientations, they occur at different locations on the surface of the 
notches. Furthermore in the 0º and 45º secondary orientations, slip systems occur in 
pairs on the midplane of the specimen whereas in the 15º and 30º orientations, they 
do not occur in pairs. 

• The maximum resolved shear stress (RSS) at a given load level is achieved on the 
surface of the notch for all specimens investigated. Among the secondary 
orientations studied, the notch at 30º from a <100> orientation shows the highest 
level of maximum RSS and the minimum occurs for a <100> orientation. 

• The effect of temperature on elastic anisotropy and hence stress field was evaluated 
for two secondary orientations of SCNBS. Results indicated that that slip fields are 
orientation dependent not only at low temperature (38ºC), but also at high 
temperature (927ºC). The load required to initiate slip is found to be lower in the 
45º secondary orientation than in the 0º secondary orientation, at both temperatures. 
Also at 927ºC, the maximum RSS on the notch surface is found to be greater on 
{100} slip planes as compare to {111} slip planes in both secondary orientations. 
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