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In this dissertation, we develop theories and efficient algorithmic approaches on

gradient methods to solve large-scale nonlinear optimization problems.

The first part of this dissertation discusses new gradient methods and tech-

niques for dealing with large-scale unconstrained optimization. We first propose

a new nonlinear CG method (CG DESCENT), which satisfies the strong descent

condition gT
kdk ≤ −7

8
‖gk‖2 independent of linesearch. This new CG method is

one member of a one parameter family of nonlinear CG method with guaranteed

descent. We also develop a new “Approximate Wolfe” linesearch which is both

efficient and highly accurate. CG DESCENT is the first nonlinear CG method

which satisfies the sufficient descent condition, independent of linesearch. Moreover,

global convergence is established under the standard (not strong) Wolfe conditions.

The CG DESCENT software turns out to be a benchmark software for solving

unconstrained optimization. Then, we propose a so-called cyclic Baizilai-Borwein

(CBB) method. It is proved that CBB is locally linearly convergent at a local

minimizer with positive definite Hessian. Numerical evidence indicates that when

m > n/2 ≥ 3, CBB is locally superlinearly convergent, where m is the cycle length

xi



and n is the dimension. However, in the special case m = 3 and n = 2, we give an

example which shows that the convergence rate is in general no better than linear.

Combining a nonmonotone line search and an adaptive choice for the cycle length,

an implementation of the CBB method, called adaptive CBB (ACBB), is proposed.

The adaptive CBB (ACBB) performs much better than the traditional BB methods

and is even competitive with some established nonlinear conjugate gradient meth-

ods. Finally, we propose a class of self-adaptive proximal point methods suitable

for degenerate optimization problems where multiple minimizers may exist, or

where the Hessian may be singular at a local minimizer. Two different acceptance

criteria for an approximate solution to the proximal problem is analyzed and the

convergence rate are analogous to those of exact iterates.

The second part of this dissertation discusses using gradient methods to solve

large-scale box constrained optimization. We first discuss the gradient projection

methods. Then, an active set algorithm (ASA) for box constrained optimization

is developed. The algorithm consists of a nonmonotone gradient projection step,

an unconstrained optimization step, and a set of rules for branching between

the two steps. Global convergence to a stationary point is established. Under

the strong second-order sufficient optimality condition, without assuming strict

complementarity, the algorithm eventually reduces to unconstrained optimization

without restarts. For strongly convex quadratic box constrained optimization, ASA

is shown to have finite convergence when a conjugate gradient method is used in

the unconstrained optimization step. A specific implementation of ASA is given,

which exploits the cyclic Barzilai-Borwein algorithm for the gradient projection

step and CG DESCENT for unconstrained optimization. Numerical experiments

using the box constrained problems in the CUTEr and MINPACK test problem

libraries show that this new algorithm outperforms benchmark softwares such as

GENCAN, L-BFGS-B, and TRON.

xii



CHAPTER 1
INTRODUCTION

1.1 Motivation

Although computational optimization can be dated back to the maximum

value problems, it became one branch of computational science only after ap-

pearance of the simplex method proposed by Dantzig in the 1940s for linear

programming. Loosely speaking, optimization method seeks to answer the question

“What is best?” for problems in which the quality of any answer can be expressed

as a numerical value. Now as computer power increases so much, it makes possible

for researchers to tackle really large nonlinear problems in many practical appli-

cations. Such problems arise in all areas of mathematics, the physical, chemical

and biological sciences, engineering, architecture, economics, and management.

However, to take advantage of these powers, good algorithms must also be devel-

oped. So developing theories and efficient methods to solve large-scale optimization

problems is a very important and active research area. This is essentially the goal

of this dissertation.

Throughout the dissertation, the nonlinear program (NLP) that we are trying

to solve has the following general formulations:

min{f(x) : x ∈ S}, (1.1)

where f is a real-valued, continuous function defined on a nonempty set S ⊂ Rn. f

is often called the objective function and S is called the feasible set. In Chapter 2,

we consider the case where S = Rn, i.e., the unconstrained optimization problem;

while in Chapter 3, we study the case where S is a box set defined on Rn, i.e.,

S = {x ∈ Rn : l ≤ x ≤ u} and l < u are vectors in Rn. For general nonlinear

1
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optimization, people often consider S is defined by a finite sequence of equality and

inequality constraints. More specifically, problem (1.1) can be reformulated as the

following:

min
x∈Rn

f(x)

s. t. ci(x) = 0, i = 1, 2, . . . , me;

ci(x) ≥ 0, i = me + 1, . . . , m,

where ci : Rn → R, i = 1, 2, · · · ,m are smooth functions and at least one of

them is nonlinear. We often denote E = {1, 2, . . . , me}, I = {me + 1, . . . ,m} and

I(x) = {i|ci(x) ≤ 0, i ∈ I}.
1.2 Optimality Conditions

First, we give the concepts of global minimum and local minimum.

Definition 1. Given x∗ ∈ S, if f(x) ≥ f(x∗) for all x ∈ S, then x∗ is called

a global minimum of the problem (1.1). If f(x) > f(x∗) for all x ∈ S and x 6= x∗,

then x∗ is called a strictly global minimum of the problem (1.1).

Definition 2. Given x∗ ∈ S, if there exists a δ > 0 such that f(x) ≥ f(x∗)

for all x ∈ S ∩ B(x∗, δ), then x∗ is called a local minimum of the problem (1.1). If

f(x) > f(x∗) for all x ∈ S ∩ B(x∗, δ) and x 6= x∗, then x∗ is called a strictly local

minimum of the problem (1.1).

When f is a convex function, we know (strictly) local minimum is also a

(strictly) global minimum. However, it is hard in advance to know whether the

objective function is convex or not and in many cases it is very hard or even

impossible to find a global minimum on a feasible region. So in the context of

nonlinear optimization it is often found that a local minimum is a solution of

problem (1.1), and many algorithms are trying to find a feasible point which

satisfies some necessary conditions of a local minimum. In the following, we list

some of these necessary conditions.
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Theorem 1 ( First order necessary condition for unconstrained optimization)

Suppose f(x) : Rn → R is a continuously differentiable function. If x∗ is a local

minimum of problem (1.1), then

∇g(x∗) = 0.

Theorem 2 ( Second order necessary condition for unconstrained optimization)

Suppose f(x) : Rn → R is a twice continuously differentiable function. If x∗ is a

local minimum of problem (1.1), then

∇g(x∗) = 0 and H(x∗) ≥ 0.

Because for the general nonlinear optimization, the necessary conditions become

more complicated and have many variants, we only state one first order first order

necessary condition here which is most often used in practice.

Theorem 3 ( First order necessary condition for constrained optimization)

Suppose f(x) and ci(x)(i = 1, · · · ,m) in problem (1.2) are continuously differ-

entiable functions. If x∗ is a local minimum of problem (1.2) and ∇ci(x
∗)(i ∈

E ∪ I(x∗)) are linearly independent, then there exists λ∗i (i = 1, · · · ,m) such that

∇f(x∗) =
m∑

i=1

λ∗i∇ci(x
∗)

λ∗i ≥ 0, λ∗i ci(x
∗) = 0, i ∈ I.

For the proof of these theorems and many other necessary optimality conditions,

one may refer to R. Fletcher’s books [55, 56].

In this dissertation, we mainly focus on developing gradient methods to

generate iteration points which satisfy some first order condition for large-scale

unconstrained and box constrained optimization.



CHAPTER 2
UNCONSTRAINED OPTIMIZATION

In this chapter, we consider to solve (1.1) with S = Rn, i.e. the following

unconstrained optimization problem:

min {f(x) : x ∈ Rn}, (2.1)

where f is a real-valued, continuous function.

2.1 A New Conjugate Gradient Method with Guaranteed Descent

2.1.1 Introduction to Nonlinear Conjugate Gradient Method

Conjugate gradient (CG) methods comprise a class of unconstrained opti-

mization algorithms which are characterized by low memory requirements and

strong local and global convergence properties. CG history, surveyed by Golub

and O’leary [65], begins with research of Cornelius Lanczos and Magnus Hestenes

and others (Forsythe, Motzkin, Rosser, Stein) at the Institute for Numerical Anal-

ysis (National Applied Mathematics Laboratories of the United States National

Bureau of Standards in Los Angeles), and with independent research of Eduard

Stiefel at Eidg. Technische Hochschule Zürich. In the seminal 1952 paper [81] of

Hestenes and Stiefel, the algorithm is presented as an approach to solve symmetric,

positive-definite linear systems.

When applied to the nonlinear problem (2.1), a nonlinear conjugate gradient

method generates a sequence xk, k ≥ 1, starting from an initial guess x0 ∈ Rn,

using the recurrence

xk+1 = xk + αkdk, (2.2)

4
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Table 2–1: Various choices for the CG update parameter

βHS
k =

gT
k+1yk

dT
k yk

(1952) in the original (linear) CG paper

of Hestenes and Stiefel [81]

βFR
k =

‖gk+1‖2

‖gk‖2
(1964) first nonlinear CG method, proposed

by Fletcher and Reeves [57]

βD
k =

gT
k+1∇2f(xk)dk

dT
k∇2f(xk)dk

(1967) proposed by Daniel [40], requires

evaluation of the Hessian ∇2f(x)

βPRP
k =

gT
k+1yk

‖gk‖2
(1969) proposed by Polak and Ribière [106]

and by Polyak [107]

βCD
k =

‖gk+1‖2

−dT
k gk

(1987) proposed by Fletcher [55], CD

stands for “Conjugate Descent”

βLS
k =

gT
k+1yk

−dT
k gk

(1991) proposed by Liu and Storey [93]

βDY
k =

‖gk+1‖2

dT
k yk

(1999) proposed by Dai and Yuan [35]

βN
k =

(
yk − 2dk

‖yk‖2

dT
k yk

)T
gk+1

dT
k yk

(2005) proposed by Hager and Zhang [73]

where the positive step size αk is obtained by a line search, and the directions dk

are generated by the rule:

dk+1 = −gk+1 + βkdk, d0 = −g0. (2.3)

Table 2–1 provides a chronological list of some choices for the CG update

parameter. The 1964 formula of Fletcher and Reeves is usually considered the

first nonlinear CG algorithm since their paper [57] focuses on nonlinear opti-

mization, while the 1952 paper [81] of Hestenes and Stiefel focuses on symmetric,

positive-definite linear systems. Daniel’s choice for the update parameter, which is

fundamentally different from the other choices, is not discussed in this dissertation.

For large-scale problems, choices for the update parameter that do not require

the evaluation of the Hessian matrix are often preferred in practice over methods
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that require the Hessian in each iteration. In the remaining methods of Table 2–1,

except for the new method at the end, the numerator of the update parameter

βk is either ‖gk+1‖2 or gT
k+1yk and the denominator is either ‖gk‖2 or dT

k yk or

−dT
k gk. The 2 possible choices for the numerator and the 3 possible choices for the

denominator lead to 6 different choices for βk shown in Table 2–1.

If f is a strongly convex quadratic, then in theory, all 8 choices for the update

parameter in Table 2–1 are equivalent with an exact line search. However, for

non-quadratic cost functions, each choice for the update parameter leads to quite

different performance under inexact line searches.

2.1.2 CG DESCENT

The method corresponding to the last parameter βN
k in Table 2–1 is a recently

developed NCG method [73] with guaranteed descent, named CG DESCENT.

It has close connections to memoryless quasi-Newton scheme of Perry [105] and

Shanno [115]. To prove the global convergence for a general nonlinear function,

similar to the approach [60, 79, 121] taken for the Polak-Ribière-Polyak [106, 107]

version of the conjugate gradient method, we restrict the lower value of βN
k . In our

restricted scheme, unlike the Polak-Ribière-Polyak method, we dynamically adjust

the lower bound on βN
k in order to make the lower bound smaller as the iterates

converge:

dk+1 = −gk+1 + β̄N
k dk, d0 = −g0, (2.4)

β̄N
k = max

{
βN

k , ηk

}
, ηk =

−1

‖dk‖min{η, ‖gk‖} , (2.5)

where η > 0 is a constant; we took η = .01 in the experiments

With conjugate gradient methods, the line search typically requires sufficient

accuracy to ensure that the search directions yield descent. Moreover, it has been

shown [36] that for the Fletcher-Reeves [57] and the Polak-Ribière-Polyak [106, 107]

conjugate gradient methods, a line search that satisfies the strong Wolfe conditions
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may not yield a direction of descent, for a suitable choice of the Wolfe line search

parameters, even for the function f(x) = λ‖x‖2, where λ > 0 is a constant. An

attractive feature of the new conjugate gradient scheme, which we now establish, is

that the search directions always yield descent when dT
k yk 6= 0, a condition which is

satisfied when f is strongly convex, or the line search satisfies the Wolfe conditions.

Theorem 4 If dT
k yk 6= 0 and

dk+1 = −gk+1 + τdk, d0 = −g0, (2.6)

for any τ ∈ [βN
k , max{βN

k , 0}], then

gT
k dk ≤ −7

8
‖gk‖2. (2.7)

Proof. Since d0 = −g0, we have gT
0 d0 = −‖g0‖2, which satisfies (2.7). Suppose

τ = βN
k . Multiplying (2.6) by gT

k+1, we have

gT
k+1dk+1 = −‖gk+1‖2 + βN

k gT
k+1dk

= −‖gk+1‖2 + gT
k+1dk

(
yT

k gk+1

dT
k yk

− 2
‖yk‖2gT

k+1dk

(dT
k yk)2

)

=
yT

k gk+1(d
T
k yk)(g

T
k+1dk)− ‖gk+1‖2(dT

k yk)
2 − 2‖yk‖2(gT

k+1dk)
2

(dT
k yk)2

.(2.8)

We apply the inequality

uTv ≤ 1

2
(‖u‖2 + ‖v‖2)

to the first term in (2.8) with

u =
1

2
(dT

k yk)gk+1 and v = 2(gT
k+1dk)yk

to obtain (2.7). On the other hand, if τ 6= βN
k , then βN

k ≤ τ ≤ 0. After multiplying

(2.6) by gT
k+1, we have

gT
k+1dk+1 = −‖gk+1‖2 + τgT

k+1dk.
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If gT
k+1dk ≥ 0, then (2.7) follows immediately since τ ≤ 0. If gT

k+1dk < 0, then

gT
k+1dk+1 = −‖gk+1‖2 + τgT

k+1dk ≤ −‖gk+1‖2 + βN
k gT

k+1dk

since βN
k ≤ τ ≤ 0. Hence, (2.7) follows by our previous analysis. ¤

By taking τ = βN
k , we see that the directions generated by (2.2)–(2.3) are

descent directions. Since ηk in (2.5) is negative, it follows that

β̄N
k = max

{
βN

k , ηk

} ∈ [βN
k , max{βN

k , 0}].

Hence, the direction given by (2.4) and (2.5) is a descent direction. Dai and Yuan

[35, 37] present conjugate gradient schemes with the property that dT
k gk < 0 when

dT
k yk > 0. If f is strongly convex or the line search satisfies the Wolfe conditions,

then dT
k yk > 0 and the Dai/Yuan schemes yield descent. Note that in (2.7) we

bound dT
k gk by −(7/8)||gk||2, while for the schemes [35, 37], the negativity of dT

k gk

is established.

2.1.3 Global Convergence

Convergence analysis for strongly convex functions. Although the search di-

rections generated by either (2.2)–(2.3) with βk = βN
k or (2.4)–(2.5) are always

descent directions, we need to constrain the choice of αk to ensure convergence. We

consider line searches that satisfy either Goldstein’s conditions [64]:

δ1αkg
T
k dk ≤ f(xk + αkdk)− f(xk) ≤ δ2αkg

T
k dk, (2.9)

where 0 < δ2 < 1
2

< δ1 < 1 and αk > 0, or the Wolfe conditions [122, 123]:

f(xk + αkdk)− f(xk) ≤ δαkg
T
k dk, (2.10)

gT
k+1dk ≥ σgT

k dk, (2.11)



9

where 0 < δ ≤ σ < 1. As in in Dai and Yuan [35], we do not require the “strong

Wolfe” condition |gT
k+1dk| ≤ −σgT

k dk, which is often used to prove convergence of

nonlinear conjugate gradient methods.

Lemma 1 Suppose that dk is a descent direction and ∇f satisfies the Lipschitz

condition

‖∇f(x)−∇f(xk)‖ ≤ L‖x− xk‖

for all x on the line segment connecting xk and xk+1, where L is a constant. If the

line search satisfies the Goldstein conditions, then

αk ≥ (1− δ1)

L

|gT
k dk|

‖dk‖2
. (2.12)

If the line search satisfies the Wolfe conditions, then

αk ≥ 1− σ

L

|gT
k dk|

‖dk‖2
. (2.13)

Proof. The proof is standard and we omit its proof here (for example similar

proofs can be found [73, 131]). ¤

We now prove convergence of the unrestricted scheme (2.2)–(2.3) with βk = βN
k

when f is strongly convex.

Theorem 5 Suppose that f is strongly convex and Lipschitz continuous on the

level set

L = {x ∈ Rn : f(x) ≤ f(x0)}. (2.14)

That is, there exists constants L and µ > 0 such that

‖∇f(x)−∇f(y)‖ ≤ L‖x− y‖ and (2.15)

µ‖x− y‖2 ≤ (∇f(x)−∇f(y))(x− y)

for all x and y ∈ L. If the conjugate gradient method (2.2)–(2.3) is implemented

using a line search that satisfies either the Wolfe or the Goldstein conditions in
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each step, then either gk = 0 for some k, or

lim
k→∞

gk = 0. (2.16)

Proof. Suppose that gk 6= 0 for all k. By the strong convexity assumption,

yT
k dk = (gk+1 − gk)

Tdk ≥ µαk‖dk‖2. (2.17)

Theorem 4 and the assumption gk 6= 0 imply that dk 6= 0. Since αk > 0, it follows

from (2.17) that yT
k dk > 0. Since f is strongly convex over L, f is bounded from

below. After summing over k the upper bound in (2.9) or (2.10), we conclude that

∞∑

k=0

αkg
T
k dk > −∞.

Combining this with the lower bound for αk given in Lemma 1 and the descent

property (2.7) gives
∞∑

k=0

‖gk‖4

‖dk‖2
< ∞. (2.18)

By Lipschitz continuity (2.15),

‖yk‖ = ‖gk+1 − gk‖ = ‖∇f(xk + αkdk)−∇f(xk)‖ ≤ Lαk‖dk‖. (2.19)

Utilizing (2.17) and (2.3), we have

|βN
k | =

∣∣∣∣
yT

k gk+1

dT
k yk

− 2
‖yk‖2dT

k gk+1

(dT
k yk)2

∣∣∣∣

≤ ‖yk‖‖gk+1‖
µαk‖dk‖2

+ 2
‖yk‖2‖dk‖‖gk+1‖

µ2α2
k‖dk‖4

≤ Lαk‖dk‖‖gk+1‖
µαk‖dk‖2

+ 2
L2α2

k‖dk‖3‖gk+1‖
µ2α2

k‖dk‖4

≤
(

L

µ
+

2L2

µ2

) ‖gk+1‖
‖dk‖ . (2.20)

Hence, we have

‖dk+1‖ ≤ ‖gk+1‖+ |βN
k |‖dk‖ ≤

(
1 +

L

µ
+

2L2

µ2

)
‖gk+1‖.
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Inserting this upper bound for dk in (2.18) yields

∞∑

k=1

‖gk‖2 < ∞,

which completes the proof. ¤

We now observe that the directions generated by the new conjugate gradient

update (2.2) approximately point along the Perry/Shanno direction,

dPS
k+1 =

yT
k sk

‖yk‖2

(
dk+1 +

dT
k gk+1

dT
k yk

yk

)
, (2.21)

where sk = xk+1 − xk, when f is strongly convex and the cosine of the angle

between dk and gk+1 is sufficiently small. By (2.17) and (2.19), we have

|dT
k gk+1|
|dT

k yk| ‖yk‖ ≤ L

µ
|uT

k gk+1| = c1ε‖gk+1‖, (2.22)

where uk = dk/‖dk‖ is the unit vector in the direction dk, ε is the cosine of the

angle between dk and gk+1, and c1 = L/µ. By the definition of dk+1 in (2.2), we

have

‖dk+1‖2 ≥ ‖gk+1‖2 − 2βN
k dT

k gk+1. (2.23)

By the bound for βN
k in (2.20),

|βN
k dT

k gk+1| ≤ c2|uT
k gk+1|‖gk+1‖ = c2ε‖gk+1‖2, (2.24)

where c2 is the constant appearing in (2.20). Combining (2.23) and (2.24), we have

‖dk+1‖ ≥
√

1− 2c2ε‖gk+1‖.

This lower bound for ‖dk+1‖ and the upper bound (2.22) for the yk term in (2.21)

imply that the ratio between them is bounded by c1ε/
√

1− 2c2ε. As a result,

when ε is small, the direction generated by (2.2) is approximately a multiple of the

Perry/Shanno direction (2.21).
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Convergence analysis for general nonlinear functions. Our analysis of (2.4)–(2.5)

for general nonlinear functions exploits insights developed by Gilbert and Nocedal

in their analysis [60] of the PRP+ scheme. Similar to the approach taken in

[60], we establish a bound for the change uk+1 − uk in the normalized direction

uk = dk/‖dk‖, which we use to conclude, by contradiction, that the gradients

cannot be bounded away from zero. The following theorem is the analogue of [60,

Lemma 4.1], it differs in the treatment of the direction update formula (2.4).

Lemma 2 If the level set (2.14) is bounded and the Lipschitz condition (2.15)

holds, then for the scheme (2.4)–(2.5) and a line search that satisfies the Wolfe

conditions (2.10)–(2.11), we have

dk 6= 0 for each k and
∞∑

k=0

‖uk+1 − uk‖2 < ∞

whenever inf {‖gk‖ : k ≥ 0} > 0.

Proof. Define γ = inf {‖gk‖ : k ≥ 0}. Since γ > 0 by assumption, it follows from

the descent property Theorem 4 that dk 6= 0 for each k. Since L is bounded, f is

bounded from below, and by (2.10) and (2.13),

∞∑

k=0

(gT
k dk)

2

‖dk‖2
< ∞.

Again, the descent property yields

γ4

∞∑

k=0

1

‖dk‖2
≤

∞∑

k=0

‖gk‖4

‖dk‖2
≤ 64

49

∞∑

k=0

(gT
k dk)

2

‖dk‖2
< ∞. (2.25)

Define the quantities:

β+
k = max{β̄N

k , 0}, β−k = min{β̄N
k , 0}, rk =

−gk + β−k−1dk−1

‖dk‖ , δk = β+
k−1

‖dk−1‖
‖dk‖ .

By (2.4)–(2.5), we have

uk =
dk

‖dk‖ =
−gk + (β+

k−1 + β−k−1)dk−1

‖dk‖ = rk + δkuk−1.
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Since the uk are unit vectors,

‖rk‖ = ‖uk − δkuk−1‖ = ‖δkuk − uk−1‖.

Since δk > 0, it follows that

‖uk − uk−1‖ ≤ ‖(1 + δk)(uk − uk−1)‖

≤ ‖uk − δkuk−1‖+ ‖δkuk − uk−1‖

= 2‖rk‖. (2.26)

By the definition of β−k and the fact that ηk < 0 and β̄N
k ≥ ηk in (2.5), we have the

following bound for the numerator of rk:

‖ − gk + β−k−1dk−1‖ ≤ ‖gk‖ −min{β̄N
k−1, 0}‖dk−1‖

≤ ‖gk‖ − ηk−1‖dk−1‖

≤ ‖gk‖+
1

‖dk−1‖min{η, γ}‖dk−1‖

≤ Γ +
1

min{η, γ} , (2.27)

where

Γ = max
x∈L

‖∇f(x)‖. (2.28)

Let c denote the expression Γ + 1/ min{η, γ} in (2.27). This bound for the

numerator of rk coupled with (2.26) gives

‖uk − uk−1‖ ≤ 2‖rk‖ ≤ 2c

‖dk‖ . (2.29)

Finally, squaring (2.29), summing over k, and utilizing (2.25), the proof is com-

plete. ¤

Theorem 6 If the level set (2.14) is bounded and the Lipschitz condition (2.15)

holds, then for the scheme (2.4)–(2.5) and a line search that satisfies the Wolfe
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conditions (2.10)–(2.11), either gk = 0 for some k or

lim inf
k→∞

‖gk‖ = 0. (2.30)

Proof. We suppose that gk 6= 0 for all k, and lim inf
k→∞

‖gk‖ > 0, and we obtain a

contradiction. Defining γ = inf {‖gk‖ : k ≥ 0}, we have γ > 0 due to (2.30) and the

fact that gk 6= 0 for all k. The proof is divided into 3 steps.

I. A bound for β̄N
k :

By the Wolfe condition gT
k+1dk ≥ σgT

k dk, we have

yT
k dk = (gk+1 − gk)

Tdk ≥ (σ − 1)gT
k dk = −(1− σ)gT

k dk. (2.31)

By Theorem 4,

−gT
k dk ≥ 7

8
‖gk‖2 ≥ 7

8
γ2.

Combining this with (2.31) gives

yT
k dk ≥ (1− σ)

7

8
γ2. (2.32)

Also, observe that

gT
k+1dk = yT

k dk + gT
k dk < yT

k dk. (2.33)

Again, the Wolfe condition gives

gT
k+1dk ≥ σgT

k dk = −σyT
k dk + σgT

k+1dk. (2.34)

Since σ < 1, we can rearrange (2.34) to obtain

gT
k+1dk ≥ −σ

1− σ
yT

k dk.

Combining this lower bound for gT
k+1dk with the upper bound (2.33) yields

∣∣∣∣
gT

k+1dk

yT
k dk

∣∣∣∣ ≤ max

{
σ

1− σ
, 1

}
. (2.35)
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By the definition of β̄N
k in (2.5), we have

β̄N
k = βN

k if βN
k ≥ 0 and 0 ≥ β̄N

k ≥ βN
k if βN

k < 0.

Hence, |β̄N
k | ≤ |βN

k | for each k. We now insert the upper bound (2.35) for

|gT
k+1dk|/|yT

k dk|, the lower bound (2.32) for yT
k dk, and the Lipschitz estimate

(2.19) for yk into the expression (2.3) to obtain:

|β̄N
k | ≤ |βN

k |

≤ 1

|dT
k yk|

(
|yT

k gk+1|+ 2‖yk‖2 |gT
k+1dk|
|yT

k dk|
)

≤ 8

7

1

(1− σ)γ2

(
LΓ‖sk‖+ 2L2‖sk‖2 max

{
σ

1− σ
, 1

})

≤ C‖sk‖, (2.36)

where Γ is defined in (2.28),

C =
8

7

1

(1− σ)γ2

(
LΓ + 2L2D max

{
σ

1− σ
, 1

})
, (2.37)

D = max{‖y − z‖ : y, z ∈ L}. (2.38)

Here D is the diameter of L.

II. A bound on the steps sk:

This is a modified version of [60, Thm. 4.3]. Observe that for any l ≥ k,

xl − xk =
l−1∑

j=k

xj+1 − xj =
l−1∑

j=k

‖sj‖uj =
l−1∑

j=k

‖sj‖uk +
l−1∑

j=k

‖sj‖(uj − uk).

By the triangle inequality:

l−1∑

j=k

‖sj‖ ≤ ‖xl − xk‖+
l−1∑

j=k

‖sj‖‖uj − uk‖ ≤ D +
l−1∑

j=k

‖sj‖‖uj − uk‖. (2.39)

Let ∆ be a positive integer, chosen large enough that

∆ ≥ 4CD, (2.40)
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where C and D appear in (2.37) and (2.38). Choose k0 large enough that

∑

i≥k0

‖ui+1 − ui‖2 ≤ 1

4∆
. (2.41)

By Lemma 2, k0 can be chosen in this way. If j > k ≥ k0 and j − k ≤ ∆, then by

(2.41) and the Cauchy-Schwarz inequality, we have

‖uj − uk‖ ≤
j−1∑

i=k

‖ui+1 − ui‖

≤
√

j − k

(
j−1∑

i=k

‖ui+1 − ui‖2

)1/2

≤
√

∆

(
1

4∆

)1/2

=
1

2
.

Combining this with (2.39) yields

l−1∑

j=k

‖sj‖ ≤ 2D, (2.42)

when l > k ≥ k0 and l − k ≤ ∆.

III. A bound on the directions dl:

By (2.4) and the bound on β̄N
k given in Step I, we have

‖dl‖2 ≤ (‖gl‖+ |β̄N
l−1|‖dl−1‖)2 ≤ 2Γ2 + 2C2‖sl−1‖2‖dl−1‖2,

where Γ is the bound on the gradient given in (2.28). Defining Si = 2C2‖si‖2, we

conclude that for l > k0,

‖dl‖2 ≤ 2Γ2

(
l∑

i=k0+1

l−1∏
j=i

Sj

)
+ ‖dk0‖2

l−1∏

j=k0

Sj. (2.43)



17

Above, the product is defined to be one whenever the index range is vacuous. Let

us consider a product of ∆ consecutive Sj, where k ≥ k0:

k+∆−1∏

j=k

Sj =
k+∆−1∏

j=k

2C2‖sj‖2 =

(
k+∆−1∏

j=k

√
2C‖sj‖

)2

≤
(∑k+∆−1

j=k

√
2C‖sj‖

∆

)2∆

≤
(

2
√

2CD

∆

)2∆

≤ 1

2∆

The first inequality above is the arithmetic-geometric mean inequality, the second is

due to (2.42), and the third comes from (2.40). Since the product of ∆ consecutive

Sj is bounded by 1/2∆, it follows that the sum in (2.43) is bounded, independent

of l. This bound for ‖dl‖, independent of l > k0, contradicts (2.25). Hence,

γ = lim inf
k→∞

‖gk‖ = 0. ¤

2.1.4 Line Search

The line search is an important factor in the overall efficiency of any opti-

mization algorithm. Papers focusing on the development of efficient line search

algorithms include [1, 85, 100, 101]. The algorithm [101] of Moré and Thuente

is used widely; it is incorporated in the L-BFGS limited memory quasi-Newton

code of Nocedal and in the PRP+ conjugate gradient code of Liu, Nocedal, and

Waltz. However, there is a fundamental numerical problem associated with the first

condition (2.10) in the standard Wolfe conditions (for detail explanations, please

refer the paper [73]). Based on this observation, in practice we proposed the the

approximate Wolfe conditions:

(2δ − 1)φ′(0) ≥ φ′(αk) ≥ σφ′(0), (2.44)

where δ < min{.5, σ} and φ(α) = f(xk + αdk). The second inequality in (2.44)

is identical to the second Wolfe condition (2.11). The first inequality in (2.44) is

identical to the first Wolfe condition (2.10) when f is quadratic. For general f , we

now show that the first inequality in (2.44) and the first Wolfe condition agree to
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order α2
k. The interpolating (quadratic) polynomial q that matches φ(α) at α = 0

and φ′(α) at α = 0 and α = αk is

q(α) =
φ′(αk)− φ′(0)

2αk

α2 + φ′(0)α + φ(0).

For such an interpolating polynomial, |q(α) − φ(α)| = O(α3). After replacing φ by

q in the first Wolfe condition, we obtain the first inequality in (2.44) (with an error

term of order α2
k). We emphasize that this first inequality is an approximation to

the first Wolfe condition. On the other hand, this approximation can be evaluated

with greater precision than the original condition, when the iterates are near a

local minimizer, since the approximate Wolfe conditions are expressed in terms of a

derivative, not the difference of function values.

With these insights, we terminate the line search when either of the following

conditions holds:

T1. The original Wolfe conditions (2.10)–(2.11) are satisfied.

T2. The approximate Wolfe conditions (2.44) are satisfied and

φ(αk) ≤ φ(0) + εk, (2.45)

where εk ≥ 0 is an estimate for the error in the value of f at iteration k. In

the experiments section, we took

εk = ε|f(xk)|, (2.46)

where ε is a (small) fixed parameter.

We satisfy the termination criterion by constructing a nested sequence of

(bracketing) intervals which converge to a point satisfying either T1 or T2. A

typical interval [a, b] in the nested sequence satisfies the following opposite slope

condition:

φ(a) ≤ φ(0) + εk, φ′(a) < 0, φ′(b) ≥ 0. (2.47)
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Given a parameter θ ∈ (0, 1). We also develop the interval update rules which can

be found as the procedure “interval update” in the paper [73]. And during the

“interval update” procedure, a new so called “Double Secant Step” is used. We

prove implementing this new “Double Secant Step” in the “interval update”, an

asymptotic root convergence order 1 +
√

2 ≈ 2.4 can be obtained with is slightly

less the the square of the convergence speed of the traditional second method

((1 +
√

5)2/4 ≈ 2.6). More specifically, we have the following theorem. For the

detail proof, please refer the paper [73].

Theorem 7 Suppose that φ is three times continuously differentiable near a local

minimizer α∗, with φ′′(α∗) > 0 and φ′′′(α∗) 6= 0. Then for a0 and b0 sufficiently

close to α∗ with a0 ≤ α∗ ≤ b0, the iteration

[ak+1, bk+1] = secant2(ak, bk)

converges to α∗. Moreover, the interval width |bk − ak| tends to zero with root

convergence order 1 +
√

2.

2.1.5 Numerical Comparisons

In this section we compare the CPU time performance of the new conjugate

gradient method, denoted CG DESCENT, to the L-BFGS limited memory quasi-

Newton method of Nocedal [103] and Liu and Nocedal [91] and to other conjugate

gradient methods as well. Comparisons based on other metrics, such as the

number of iterations or number of function/gradient evaluations, can be found

in paper [74], where extensive numerical testing of the methods is done. We

considered both the PRP+ version of the conjugate gradient method developed by

Gilbert and Nocedal [60], where the βk associated with the Polak-Ribière-Polyak

conjugate gradient method [106, 107] is kept nonnegative, and versions of the

conjugate gradient method developed by Dai and Yuan in [35, 37], denoted CGDY

and CGDYH, which achieve descent for any line search that satisfies the Wolfe
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conditions (2.10)–(2.11). The hybrid conjugate gradient method CGDYH uses

βk = max{0, min{βHS
k , βDY

k }},

where βHS
k is the choice of Hestenes-Stiefel [81] and βDY

k appears in [35]. The test

problems are the unconstrained problems in the CUTE [12] test problem library.

The L-BFGS and PRP+ codes were obtained from Jorge Nocedal’s web

page. The L-BFGS code is authored by Jorge Nocedal, while the PRP+ code

is co-authored by Guanghui Liu, Jorge Nocedal, and Richard Waltz. In the

documentation for the L-BFGS code, it is recommended that between 3 and

7 vectors be used for the memory. Hence, we chose 5 vectors for the memory.

The line search in both codes is a modification of subroutine CSRCH of Moré

and Thuente [101], which employs various polynomial interpolation schemes and

safeguards in satisfying the strong Wolfe line search conditions.

We also manufactured a new L-BFGS code by replacing the Moré/Thuente

line search by the new line search presented in our paper. We call this new code

L-BFGS∗. The new line search would need to be modified for use in the PRP+

code to ensure descent. Hence, we retained the Moré/Thuente line search in the

PRP+ code. Since the conjugate gradient algorithms of Dai and Yuan achieves

descent for any line search that satisfies the Wolfe conditions, we are able to use

the new line search in our experiments with CGDY and with CGDYH. All codes

were written in Fortran and compiled with f77 (default compiler settings) on a Sun

workstation.

For our line search algorithm, we used the following values for the parameters:

δ = .1, σ = .9, ε = 10−6, θ = .5, γ = .66, η = .01

Our rationale for these choices was the following: The constraints on δ and σ are

0 < δ ≤ σ < 1 and δ < .5. As δ approaches 0 and σ approaches 1, the line search
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terminates quicker. The chosen values δ = .1 and σ = .9 represent a compromise

between our desire for rapid termination and our desire to improve the function

value. When using the approximate Wolfe conditions, we would like to achieve

decay in the function value, if numerically possible. Hence, we made the small

choice ε = 10−6 in (2.46). When restricting βk in (2.5), we would like to avoid

truncation if possible, since the fastest convergence for a quadratic function is

obtained when there is no truncation at all. The choice η = .01 leads to infrequent

truncation of βk. The choice γ = .66 ensures that the length of the interval [a, b]

decreases by a factor of 2/3 in each iteration of the line search algorithm. The

choice θ = .5 in the update procedure corresponds to the use of bisection. Our

starting guess for the step αk in the line search was obtained by minimizing a

quadratic interpolant.

In the first set of experiments, we stopped whenever

(a) ‖∇f(xk)‖∞ ≤ 10−6 or (b) αkg
T
k dk ≤ 10−20|f(xk+1)|, (2.48)

where ‖ · ‖∞ denotes the maximum absolute component of a vector. In all but

3 cases, the iterations stopped when (a) was satisfied – the second criterion

essentially says that the estimated change in the function value is insignificant

compared to the function value itself.

The cpu time in seconds and the number of iterations, function evaluations,

and gradient evaluations, for each of the methods are posted at the author’s web

site. In running the numerical experiments, we checked whether different codes

converged to different local minimizers; we only provide data for problems where

all six codes converged to the same local minimizer. The numerical results are now

analyzed.

The performance of the 6 algorithms, relative to cpu time, was evaluated using

the profiles of Dolan and Moreé [43]. That is, for each method, we plot the fraction
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Figure 2–1: Performance profiles

P of problems for which the method is within a factor τ of the best time. In Figure

2–1, we compare the performance of the 4 codes CG, L-BFGS∗, L-BFGS, and

PRP+. The left side side of the figure gives the percentage of the test problems

for which a method is the fastest; the right side gives the percentage of the test

problems that were successfully solved by each of the methods. The top curve is

the method that solved the most problems in a time that was within a factor τ of

the best time. Since the top curve in Figure 2–1 corresponds to CG, this algorithm

is clearly fastest for this set of 113 test problems with dimensions ranging from

50 to 10,000. In particular, CG is fastest for about 60% (68 out of 113) of the

test problems, and it ultimately solves 100% of the test problems. Since L-BFGS∗

(fastest for 29 problems) performed better than L-BFGS (fastest for 17 problems),

the new line search led to improved performance. Nonetheless, L-BFGS∗ was still

dominated by CG.

In Figure 2–2 we compare the performance of the four conjugate gradient
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Figure 2–2: Performance profiles of conjugate gradient methods

algorithms. Observe that CG is the fastest of the four algorithm. Since CGDY,

CGDYH, and CG use the same line search, Figure 2–2 indicates that the search

direction of CG yields quicker descent than the search directions of CGDY and

CGDYH. Also, CGDYH is more efficient than CGDY. Since each of these six codes

differs in the amount of linear algebra required in each iteration and in the relative

number of function and gradient evaluations, different codes will be superior in

different problem sets. In particular, the fourth ranked PRP+ code in Figure 2–1

still achieved the fastest time in 6 of the 113 test problems.

In our next series of experiments, shown in Table 2–2, we explore the ability

of the algorithms and line search to accurately solve the test problems. In this

series of experiments, we repeatly solve six test problems, increasing the specified

accuracy in each run. For the initial run, the stopping condition was ‖gk‖∞ ≤ 10−2,

and in the last run, the stopping condition was ‖gk‖∞ ≤ 10−12. The test problems

used in these experiments, and their dimensions, were the following:
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Table 2–2: Solution time versus tolerance

Tolerance Algorithm Problem Number
‖gk‖∞ Name #1 #2 #3 #4 #5 #6

CG 5.22 2.32 0.86 0.00 1.57 10.04
10−2 L-BFGS∗ 4.19 1.57 0.75 0.01 1.81 14.80

L-BFGS 4.24 2.01 0.99 0.00 2.46 16.48
PRP+ 6.77 3.55 1.43 0.00 3.04 17.80

CG 9.20 5.27 2.09 0.00 2.26 17.13
10−3 L-BFGS∗ 6.72 6.18 2.42 0.01 2.65 19.46

L-BFGS 6.88 7.46 2.65 0.00 3.30 22.63
PRP+ 12.79 7.16 3.61 0.00 4.26 24.13

CG 10.79 5.76 5.04 0.00 3.23 25.26
10−4 L-BFGS∗ 11.56 10.87 6.33 0.01 3.49 31.12

L-BFGS 12.24 10.92 6.77 0.00 4.11 33.36
PRP+ 15.97 11.40 8.13 0.00 5.01 F

CG 14.26 7.94 7.97 0.00 4.27 27.49
10−5 L-BFGS∗ 17.14 16.05 10.21 0.01 4.33 36.30

L-BFGS 16.60 16.99 10.97 0.00 4.90 F
PRP+ 21.54 12.09 12.31 0.00 6.22 F

CG 16.68 8.49 9.80 5.71 5.42 32.03
10−6 L-BFGS∗ 21.43 19.07 14.58 9.01 5.08 46.86

L-BFGS 21.81 21.08 13.97 7.78 5.83 F
PRP+ 24.58 12.81 15.33 8.07 7.95 F

CG 20.31 11.47 11.93 5.81 5.93 39.79
10−7 L-BFGS∗ 26.69 25.74 17.30 12.00 6.10 54.43

L-BFGS 26.47 F 17.37 9.98 6.39 F
PRP+ 31.17 F 17.34 8.50 9.50 F

CG 23.22 12.88 14.09 9.68 6.49 47.50
10−8 L-BFGS∗ 28.18 33.19 20.16 16.58 6.73 63.42

L-BFGS 32.23 F 20.48 14.85 7.67 F
PRP+ 33.75 F 19.83 F 10.86 F

CG 27.92 13.32 16.80 12.34 7.46 56.68
10−9 L-BFGS∗ 32.19 38.51 26.50 26.08 7.67 72.39

L-BFGS 33.64 F F F 8.50 F
PRP+ F F F F 11.74 F

CG 33.25 13.89 21.18 13.21 8.11 65.47
10−10 L-BFGS∗ 34.16 50.60 29.79 33.60 8.22 79.08

L-BFGS 39.12 F F F 9.53 F
PRP+ F F F F 13.56 F

CG 38.80 14.38 25.58 13.39 9.12 77.03
10−11 L-BFGS∗ 36.78 55.70 34.81 39.02 9.14 88.86

L-BFGS F F F F 9.99 F
PRP+ F F F F 14.44 F

CG 42.51 15.62 27.54 13.38 9.77 78.31
10−12 L-BFGS∗ 41.73 60.89 39.29 43.95 9.97 101.36

L-BFGS F F F F 10.54 F
PRP+ F F F F 15.96 F
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1. FMINSURF (5625) 4. FLETCBV2 (1000)

2. NONCVXU2 (1000) 5. SCHMVETT (10000)

3. DIXMAANE (6000) 6. CURLY10 (1000)

These problems were chosen somewhat randomly except that we did not include

any problem for which the optimal cost was zero. When the optimal cost is zero

while the minimizer x is not zero, the estimate ε|f(xk)| for the error in function

value (which we used in the previous experiments) can be very poor as the iterates

approach the minimizer (where f vanishes). These six problems all have nonzero

optimal cost. In Table 2–2, F means that the line search terminated before the

convergence tolerance for ‖gk‖ was satisfied. According to the documentation

for the line search in the L-BFGS and PRP+ codes, “Rounding errors prevent

further progress. There may not be a step which satisfies the sufficient decrease and

curvature conditions. Tolerances may be too small.”

As can be seen in Table 2–2, the line search based on the Wolfe conditions

(used in the L-BFGS and PRP+ codes) fails much sooner than the line search

based on both the Wolfe and the approximate Wolfe conditions (used in CG and

L-BFGS∗). Roughly, a line search based on the Wolfe conditions can compute a

solution with accuracy on the order of the square root of the machine epsilon, while

a line search that also includes the approximate Wolfe conditions can compute a

solution with accuracy on the order of the machine epsilon.

2.2 A Cyclic Barzilai-Borwein (CBB) Method

2.2.1 Introduction to Nonmonotone Line Search

We know many iterative methods for (2.1) produce a sequence x0, x1, x2, . . .,

where xk+1 is generated from xk, the current direction dk, and the stepsize αk > 0

by the rule

xk+1 = xk + αkdk. (2.49)
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In monotone line search methods, αk is chosen so that f(xk+1) < f(xk). In

nonmonotone line search methods, some growth in the function value is permitted.

As pointed out by many researchers (for example, see [28, 117]), nonmonotone

schemes can improve the likelihood of finding a global optimum; also, they can

improve convergence speed in cases where a monotone scheme is forced to creep

along the bottom of a narrow curved valley. Encouraging numerical results have

been reported [27, 67, 94, 104, 108, 117, 130] when nonmonotone schemes were

applied to difficult nonlinear problems.

The earliest nonmonotone line search framework was developed by Grippo,

Lampariello, and Lucidi in [66] for Newton’s methods. Their approach was roughly

the following: Parameters λ1, λ2, σ, and δ are introduced where 0 < λ1 < λ2 and

σ, δ ∈ (0, 1), and they set αk = ᾱkσ
hk where ᾱk ∈ (λ1, λ2) is the “trial step” and hk

is the smallest nonnegative integer such that

f(xk + αkdk) ≤ max
0≤j≤mk

f(xk−j) + δαk∇f(xk)dk. (2.50)

The memory mk at step k is a nondecreasing integer, bounded by some fixed

integer M . More precisely,

m0 = 0 and for k > 0, 0 ≤ mk ≤ min{mk−1 + 1,M}.

Many subsequent papers, such as [10, 27, 67, 94, 108, 134], have exploited non-

monotone line search techniques of this nature. Recently, a completely new

nonmonotone technique is proposed and analyzed in [131]. In that scheme, the

authors require that an average of the successive function values decreases, while

the above traditional nonmonotone approach (2.50) requires that a maximum of

recent function values decreases. They also proved global convergence for noncon-

vex, smooth functions, and R-linear convergence for strongly convex functions.

For the L-BFGS method and the unconstrained optimization problems in the
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CUTE library, this new nonmonotone line search algorithm used fewer function

and gradient evaluations, on average, than either the monotone or the traditional

nonmonotone scheme.

The original method of Barzilai and Borwein was developed in [3]. The

basic idea of Barzilai and Borwein is to regard the matrix D(αk) = 1
αk

I as an

approximation of the Hessian ∇2f(xk) and impose a quasi-Newton property on

D(αk):

αk = arg min
α∈<

‖D(α)sk−1 − yk−1‖2, (2.51)

where sk−1 = xk − xk−1, yk−1 = gk − gk−1, and k ≥ 2. The proposed stepsize,

obtained from (2.51),is

αBB
k =

sT
k−1sk−1

sT
k−1yk−1

. (2.52)

Other possible choices for the stepsize αk include [29, 31, 34, 38, 58, 68, 109, 114].

In this dissertation, we refer to (2.52) as the Barzilai-Borwein (BB) formula. The

iterative method (2.49), corresponding to the step size to be the BB stepsize (2.52)

and dk = −gk, is called the BB method. Due to their simplicity, efficiency and

low memory requirements, BB-like methods have been used in many applications.

Glunt, Hayden, and Raydan [62] present a direct application of the BB method in

chemistry. Birgin et al. [8] use a globalized BB method to estimate the optical con-

stants and the thickness of thin films, while in Birgin et al. [10] further extensions

are given, leading to more efficient projected gradient methods. Liu and Dai [92]

provide a powerful scheme for solving noisy unconstrained optimization problems

by combining the BB method and a stochastic approximation method. The pro-

jected BB-like method turns out to be very useful in machine learning for training

support vector machines (see Serafini et al [114] and Dai and Fletcher [31]). Em-

pirically, good performance is observed on a wide variety of classification problems.

All the above good performances of the BB-like method are based on combining

the method with some nonmonotone line search technique. In the following of this
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section, we are going to discuss a so called cyclic BB method (CBB). By using

a modified version of the adaptive nonmonotone line search developed in [39], a

globally adaptive convergent scheme for CBB method is also developed.

2.2.2 Method and Local Linear Convergence

The superior performance of cyclic steepest descent, compared to the ordinary

steepest descent, as shown in [30], leads us to consider the cyclic BB method

(CBB):

αm`+i = αBB
m`+1 for i = 1, . . . , m, (2.53)

where m ≥ 1 is again the cycle length. An advantage of the CBB method is that

for general nonlinear functions, the stepsize is given by the simple formula (2.51)

in contrast to the nontrivial optimization problem associated with the steepest

descent step.

In this section we prove R-linear convergence for the CBB method. In [92],

it is proposed that R-linear convergence for the BB method applied to a general

nonlinear function could be obtained from the R-linear convergence results for a

quadratic by comparing the iterates associated with a quadratic approximation

to the general nonlinear iterates. In our R-linear convergence result for the CBB

method, we make such a comparison.

The CBB iteration can be expressed as

xk+1 = xk − αkgk, (2.54)

where

αk =
sT

i si

sT
i yi

, i = ν(k), and ν(k) = mb(k − 1)/mc, (2.55)

k ≥ 1. For r ∈ <, brc denotes the largest integer j such that j ≤ r. We assume

that f is two times Lipschitz continuously differentiable in a neighborhood of

a local minimizer x∗ where the Hessian H = ∇2f(x∗) is positive definite. The
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second-order Taylor approximation f̂ to f around x∗ is given by

f̂(x) = f(x∗) +
1

2
(x− x∗)TH(x− x∗). (2.56)

We will compare an iterate xk+j generated by (2.54) to a CBB iterate x̂k,j

associated with f̂ and the starting point x̂k,0 = xk. More precisely, we define:

x̂k,0 = xk

x̂k,j+1 = x̂k,j − α̂k,j ĝk,j, j ≥ 0, (2.57)

where

α̂k,j =





αk if ν(k + j) = ν(k)

ŝT
i ŝi

ŝT
i ŷi

, i = ν(k + j), otherwise.

Here ŝk+j = x̂k,j+1 − x̂k,j, ĝk,j = H(x̂k,j − x∗), and ŷk+j = ĝk,j+1 − ĝk,j.

We exploit the following result established in [29, Thm. 3.2]:

Lemma 3 Let {x̂k,j : j ≥ 0} be the CBB iterates associated with the starting point

x̂k,0 = xk and the quadratic f̂ in (2.56), where H is positive definite. Given two

arbitrary constants C2 > C1 > 0, there exists a positive integer N with the following

property: For any k ≥ 1 and

α̂k,0 ∈ [C1, C2], (2.58)

‖x̂k,N − x∗‖ ≤ 1

2
‖x̂k,0 − x∗‖.

In our next lemma, we estimate the distance between x̂k,j and xk+j. Let

Bρ(x) denote the ball with center x and radius ρ. Since f is two times Lipschitz

continuously differentiable and ∇2f(x∗) is positive definite, there exists positive

constants ρ, λ, and Λ2 > Λ1 such that

‖∇f(x)−H(x− x∗)‖ ≤ λ‖x− x∗‖2 for all x ∈ Bρ(x
∗) (2.59)
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and

Λ1 ≤ yT∇2f(x)y

yTy
≤ Λ2 for all y ∈ <n and x ∈ Bρ(x

∗). (2.60)

Notice that if xi and xi+1 ∈ Bρ(x
∗), then the fundamental theorem of calculus

applied to yi = gi+1 − gi yields

1

Λ2

≤ sT
i si

sT
i yi

≤ 1

Λ1

. (2.61)

Hence, when the CBB iterates lie in Bρ(x
∗), the condition (2.58) of Lemma 3 is

satisfied with C1 = 1/Λ2 and C2 = 1/Λ1. If we define g(x) = ∇f(x)T, then the

fundamental theorem of calculus can also be used to deduce that

‖g(x)‖ = ‖g(x)− g(x∗)‖ ≤ Λ2‖x− x∗‖ (2.62)

for all x ∈ Bρ(x
∗).

Lemma 4 Let {xj : j ≥ k} be a sequence generated by the CBB method applied to

a function f with a local minimizer x∗, and assume that the Hessian H = ∇2f(x∗)

is positive definite with (2.60) satisfied. Then for any fixed positive integer N , there

exist positive constants δ and γ with the following property: For any xk ∈ Bδ(x
∗),

αk ∈ [Λ−1
2 , Λ−1

1 ], ` ∈ [0, N ] with

‖x̂k,j − x∗‖ ≥ 1

2
‖x̂k,0 − x∗‖ for all j ∈ [0, max{0, `− 1}], (2.63)

we have

xk+j ∈ Bρ(x
∗) and ‖xk+j − x̂k,j‖ ≤ γ‖xk − x∗‖2 (2.64)

for all j ∈ [0, `].

Proof. Throughout the proof, we let c denote a generic positive constant,

which depends on fixed constants such as N or Λ1 or Λ2 or λ, but not on either

k or the choice of xk ∈ Bδ(x
∗) or the choice of αk ∈ [Λ−1

2 , Λ−1
1 ]. To facilitate the
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proof, we also show that

‖g(xk+j)− ĝ(x̂k,j)‖ ≤ c‖xk − x∗‖2, (2.65)

‖sk+j‖ ≤ c‖xk − x∗‖, (2.66)

|αk+j − α̂k,j| ≤ c‖xk − x∗‖, (2.67)

for all j ∈ [0, `], where ĝ(x) = ∇f̂(x)T = H(x− x∗).

The proof of (2.64)–(2.67) is by induction on `. For ` = 0, we take δ = ρ. The

relation (2.64) is trivial since x̂k,0 = xk. By (2.59), we have

‖g(xk)− ĝ(x̂k,0)‖ = ‖g(xk)− ĝ(xk)‖ ≤ λ‖xk − x∗‖2,

which gives (2.65). Since δ = ρ and xk ∈ Bδ(x
∗), it follows from (2.62) that

‖sk‖ = ‖αkgk‖ ≤ Λ2

Λ1

‖xk − x∗‖,

which gives (2.66). The relation (2.67) is trivial since α̂k,0 = αk.

Now, proceeding by induction, suppose that there exist L ∈ [1, N) and δ > 0

with the property that if (2.63) holds for any ` ∈ [0, L − 1], then (2.64)–(2.67) are

satisfied for all j ∈ [0, `]. We wish to show that for a smaller choice of δ > 0, we

can replace L by L + 1. Hence, we suppose that (2.63) holds for all j ∈ [0, L]. Since

(2.63) holds for all j ∈ [0, L− 1], it follows from the induction hypothesis and (2.66)

that

‖xk+L+1 − x∗‖ ≤ ‖xk − x∗‖+
L∑

i=0

‖sk+i‖

≤ c‖xk − x∗‖. (2.68)

Consequently, by choosing δ smaller if necessary, we have xk+L+1 ∈ Bρ(x
∗) when

xk ∈ Bδ(x
∗).
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By the triangle inequality,

‖xk+L+1 − x̂k,L+1‖

= ‖xk+L − αk+Lg(xk+L)− [x̂k,L − α̂k,Lĝ(x̂k,L)]‖

≤ ‖xk+L − x̂k,L‖+ |α̂k,L|‖g(xk+L)− ĝ(x̂k,L)‖

+|αk+L − α̂k,L|‖g(xk+L)‖. (2.69)

We now analyze each of the terms in (2.69). By the induction hypothesis, the

bound (2.64) with j = L holds, which gives

‖xk+L − x̂k,L‖ ≤ c‖xk − x∗‖2. (2.70)

By the definition of α̂, either α̂k,L = αk ∈ [Λ−1
2 , Λ−1

1 ], or

α̂k,L =
ŝT

i ŝi

ŝT
i ŷi

, i = ν(k + L).

In this latter case,

1

Λ2

≤ ŝT
i ŝi

ŝT
i Hŝi

=
ŝT

i ŝi

ŝT
i ŷi

≤ 1

Λ1

.

Hence, in either case α̂k,L ∈ [Λ−1
2 , Λ−1

1 ]. It follows from (2.65) with j = L that

|α̂k,L|‖g(xk+L)− ĝ(x̂k,L)‖ ≤ 1

Λ1

‖g(xk+L)− ĝ(x̂k,L)‖

≤ c‖xk − x∗‖2. (2.71)

Also, by (2.67) with j = L and (2.62), we have

|αk+L − α̂k,L|‖g(xk+L)‖ ≤ c‖xk − x∗‖‖xk+L − x∗‖.

Utilizing (2.68) (with L replaced by L− 1) gives

|αk+L − α̂k,L|‖g(xk+L)‖ ≤ c‖xk − x∗‖2. (2.72)
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We combine (2.69)–(2.72) to obtain (2.64) for j = L + 1. Notice that in establishing

(2.64), we exploited (2.65)–(2.67). Consequently, to complete the induction step,

each of these estimates should be proved for j = L + 1.

Focusing on (2.65) for j = L + 1, we have

‖g(xk+L+1)− ĝ(x̂k,L+1)‖

≤ ‖g(xk+L+1)− ĝ(xk+L+1)‖+ ‖ĝ(xk+L+1)− ĝ(x̂k,L+1)‖

= ‖g(xk+L+1)− ĝ(xk+L+1)‖+ ‖H(xk+L+1 − x̂k,L+1)‖

≤ ‖g(xk+L+1)−H(xk+L+1 − x∗)‖+ Λ2‖xk+L+1 − x̂k,L+1‖

≤ ‖g(xk+L+1)−H(xk+L+1 − x∗)‖+ c‖xk − x∗‖2,

since ‖H‖ ≤ Λ2 by (2.60). The last inequality is due to (2.64) for j = L + 1, which

was just established. Since we chose δ small enough that xk+L+1 ∈ Bρ(x
∗) (see

(2.68)), (2.59) implies that

‖g(xk+L+1)−H(xk+L+1 − x∗)‖ ≤ λ‖xk+L+1 − x∗‖2 ≤ c‖xk − x∗‖2.

Hence, ‖g(xk+L+1)− ĝ(x̂k,L+1)‖ ≤ c‖xk−x∗‖2, which establishes (2.65) for j = L+1.

Observe that αk+L+1 either equals αk ∈ [Λ−1
2 , Λ−1

1 ], or (sT
i si)/(s

T
i yi), where

k + L ≥ i = ν(k + L + 1) > k. In this latter case, since xk+j ∈ Bρ(x
∗) for

0 ≤ j ≤ L + 1, it follows from (2.61) that

αk+L+1 ≤ 1

Λ1

.

Combining this with (2.62), (2.68), and the bound (2.66) for j ≤ L, we obtain

‖sk+L+1‖ = ‖αk+L+1g(xk+L+1)‖ ≤ Λ2

Λ1

‖xk+L+1 − x∗‖ ≤ c‖xk − x∗‖.

Hence, (2.66) is established for j = L + 1.

Finally, we focus on (2.67) for j = L + 1. If ν(k + L + 1) = ν(k), then

α̂k,L+1 = αk+L+1 = αk, so we are done. Otherwise, ν(k + L + 1) > ν(k), and there
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exists an index i ∈ (0, L] such that

αk+L+1 =
sT

k+isk+i

sT
k+iyk+i

and α̂k,L+1 =
ŝT

k+iŝk+i

ŝT
k+iŷk+i

.

By (2.64) and the fact that i ≤ L, we have

‖sk+i − ŝk+i‖ ≤ c‖xk − x∗‖2.

Combining this with (2.66), and choosing δ smaller if necessary, gives

|sT
k+isk+i − ŝT

k+iŝk+i| =
∣∣2sT

k+i(sk+i − ŝk+i)− ‖ŝk+i − sk+i‖2
∣∣ ≤ c‖xk − x∗‖3. (2.73)

Since α̂k,i ∈ [Λ−1
2 , Λ−1

1 ], we have

‖ŝk+i‖ = ‖α̂k,iĝk,i‖ ≥ 1

Λ2

‖H(x̂k,i − x∗)‖

≥ Λ1

Λ2

‖x̂k,i − x∗‖.

Furthermore, by (2.63) it follows that

‖ŝk+i‖ ≥ Λ1

2Λ2

‖x̂k,0 − x∗‖ =
Λ1

2Λ2

‖xk − x∗‖. (2.74)

Hence, combining (2.73) and (2.74) gives

∣∣∣∣1−
sT

k+isk+i

ŝT
k+iŝk+i

∣∣∣∣ =
|sT

k+isk+i − ŝT
k+iŝk+i|

ŝT
k+iŝk+i

≤ c‖xk − x∗‖. (2.75)

Now let us consider the denominators of αk+i and α̂k,i. Observe that

sT
k+iyk+i − ŝT

k+iŷk+i = sT
k+i(yk+i − ŷk+i) + (sk+i − ŝk+i)

Tŷk+i

= sT
k+i(yk+i − ŷk+i) + (sk+i − ŝk+i)

THŝk+i. (2.76)

By (2.64) and (2.66), we have

|(sk+i − ŝk+i)
THŝk+i| = |(sk+i − ŝk+i)

THsk+i − (sk+i − ŝk+i)
TH(sk+i − ŝk+i)|

≤ c‖xk − x∗‖3 (2.77)
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for δ sufficiently small. Also, by (2.65) and (2.66), we have

|sT
k+i(yk+i − ŷk+i)| ≤ ‖sk+i‖(‖gk+i+1 − ĝk,i+1‖+ ‖gk+i − ĝk,i‖) ≤ c‖xk − x∗‖3. (2.78)

Combining (2.76)–(2.78) yields

∣∣sT
k+iyk+i − ŝT

k+iŷk+i

∣∣ ≤ c‖xk − x∗‖3. (2.79)

Since xk+i and xk+i+1 ∈ Bρ(x
∗), it follows from (2.60) that

sT
k+iyk+i = sT

k+i(gk+i+1 − gk+i) ≥ Λ1‖sk+i‖2 = Λ1|αk+i|2‖gk+i‖2. (2.80)

By (2.61) and (2.60), we have

|αk+i|2‖gk+i‖2 ≥ 1

Λ2
2

‖gk+i‖2 =
1

Λ2
2

‖g(xk+i)− g(x∗)‖2 ≥ Λ2
1

Λ2
2

‖xk+i − x∗‖2. (2.81)

Finally, (2.63) gives

‖xk+i − x∗‖2 ≥ 1

4
‖xk − x∗‖2. (2.82)

Combining (2.80)–(2.82) yields

sT
k+iyk+i ≥ Λ3

1

4Λ2
2

‖xk − x∗‖2. (2.83)

Combining (2.79) and (2.83) gives

∣∣∣∣1−
ŝT

k+iŷk+i

sT
k+iyk+i

∣∣∣∣ =
|sT

k+iyk+i − ŝT
k+iŷk+i|

sT
k+iyk+i

≤ c‖xk − x∗‖. (2.84)

Observe that

|αk+L+1 − α̂k,L+1| =

∣∣∣∣
sT

k+isk+i

sT
k+iyk+i

− ŝT
k+iŝk+i

ŝT
k+iŷk+i

∣∣∣∣

= α̂k,L+1

∣∣∣∣1−
(

sT
k+isk+i

ŝT
k+iŝk+i

)(
ŝT

k+iŷk+i

sT
k+iyk+i

)∣∣∣∣

≤ 1

Λ1

∣∣∣∣1−
(

sT
k+isk+i

ŝT
k+iŝk+i

)(
ŝT

k+iŷk+i

sT
k+iyk+i

)∣∣∣∣

=
1

Λ1

|a(1− b) + b| ≤ 1

Λ1

(|a|+ |b|+ |ab|), (2.85)
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where

a = 1− sT
k+isk+i

ŝT
k+iŝk+i

and b = 1− ŝT
k+iŷk+i

sT
k+iyk+i

.

Together, (2.75), (2.84), and (2.85) yield

|αk+L+1 − α̂k,L+1| ≤ c‖xk − x∗‖

for δ sufficiently small. This completes the proof of (2.64)–(2.67). ¤

Theorem 8 Let x∗ be a local minimizer of f , and assume that the Hessian

∇2f(x∗) is positive definite. Then there exist positive constants δ and γ, and a

positive constant c < 1 with the property that for all starting points x0, x1 ∈ Bδ(x
∗),

x0 6= x1, the CBB iterates generated by (2.54)-(2.55) satisfy

‖xk − x∗‖ ≤ γck‖x1 − x∗‖.

Proof. Let N > 0 be the integer given in Lemma 3, corresponding to

C1 = Λ−1
1 and C2 = Λ−1

2 , and let δ1 and γ1 denote the constants δ and γ given in

Lemma 4r. Let γ2 denote the constant c in (2.66). In other words, these constant

δ1, γ1, and γ2 have the property that whenever ‖xk − x∗‖ ≤ δ1, αk ∈ [Λ−1
2 , Λ−1

1 ], and

‖x̂k,j − x∗‖ ≥ 1

2
‖x̂k,0 − x∗‖ for 0 ≤ j ≤ `− 1 < N,

we have

‖xk+j − x̂k,j‖ ≤ γ1‖xk − x∗‖2, (2.86)

‖sk+j‖ ≤ γ2‖xk − x∗‖, (2.87)

xk+j ∈ Bρ(x
∗), (2.88)

for all j ∈ [0, `]. Moreover, by the triangle inequality and (2.87), it follows that

‖xk+j − x∗‖ ≤ (Nγ2 + 1)‖xk − x∗‖

= γ3‖xk − x∗‖, γ3 = (Nγ2 + 1), (2.89)
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for all j ∈ [0, `]. We define

δ = min{δ1, ρ, (4γ1)
−1}. (2.90)

For any x0 and x1 ∈ Bδ(x
∗), we define a sequence 1 = k1 < k2 < . . . in the

following way: Starting with the index k1 = 1, let j1 > 0 be the smallest integer

with the property that

‖x̂k1,j1 − x∗‖ ≤ 1

2
‖x̂k1,0 − x∗‖ =

1

2
‖x1 − x∗‖.

Since x0 and x1 ∈ Bδ(x
∗) ⊂ Bρ(x

∗), it follows from (2.61) that

α̂1,0 = α1 =
sT
0 s0

sT
0 y0

∈ [Λ−1
2 , Λ−1

1 ].

By Lemma 3, j1 ≤ N . Define k2 = k1 + j1 > k1. By (2.86) and (2.90), we have

‖xk2 − x∗‖ = ‖xk1+j1 − x∗‖ ≤ ‖xk1+j1 − x̂k1,j1‖+ ‖x̂k1,j1 − x∗‖

≤ γ1‖xk1 − x∗‖2 +
1

2
‖x̂k1,0 − x∗‖

= γ1‖xk1 − x∗‖2 +
1

2
‖xk1 − x∗‖

≤ 3

4
‖xk1 − x∗‖. (2.91)

Since ‖x1 − x∗‖ ≤ δ, it follows that xk2 ∈ Bδ(x
∗). By (2.88), xj ∈ Bρ(x

∗) for

1 ≤ j ≤ k1.

Now, proceed by induction. Assume that ki has been determined with xki
∈

Bδ(x
∗) and xj ∈ Bρ(x

∗) for 1 ≤ j ≤ ki. Let ji > 0 be the smallest integer with the

property that

‖x̂ki,ji
− x∗‖ ≤ 1

2
‖x̂ki,0 − x∗‖ =

1

2
‖xki

− x∗‖.

Set ki+1 = ki + ji > ki. Exactly as in (2.91), we have

‖xki+1
− x∗‖ ≤ 3

4
‖xki

− x∗‖.
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Again, xki+1
∈ Bδ(x

∗) and xj ∈ Bρ(x
∗) for j ∈ [1, ki+1].

For any k ∈ [ki, ki+1), we have k ≤ ki + N − 1 ≤ Ni, since ki ≤ N(i − 1) + 1.

Hence, i ≥ k/N . Also, (2.89) gives

‖xk − x∗‖ ≤ γ3‖xki
− x∗‖

≤ γ3

(
3

4

)i−1

‖xk1 − x∗‖

≤ γ3

(
3

4

)(k/N)−1

‖x1 − x∗‖

= γck‖x1 − x∗‖,

where

γ =

(
4

3

)
γ3 and c =

(
3

4

)1/N

< 1.

This completes the proof. ¤

2.2.3 Method for Convex Quadratic Programming

In this section, we give numerical evidence which indicates that when m is

sufficiently large, the CBB method is superlinearly convergent for a quadratic

function

f(x) =
1

2
xTAx− bTx, (2.92)

where A ∈ <n×n is symmetric, positive definite and b ∈ <n. Since CBB is invariant

under an orthogonal transformation and since gradient components corresponding

to identical eigenvalues can be combined (see for example Dai and Fletcher [30]),

we assume without loss of generality that A is diagonal:

A = diag(λ1, λ2, . . . , λn) with 0 < λ1 < λ2 < · · · < λn. (2.93)

In the quadratic case, it follows from (2.49) and (2.92) that

gk+1 = (I − αkA)gk. (2.94)
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Table 2–3: Transition to superlinear convergence

n 2 3 4 5 6 8 10 12 14
superlinear m 1 3 2 4 4 5 6 7 8

linear m 2 1 3 3 4 5 6 7

If g
(i)
k denotes the i-th component of the gradient gk, then by (2.94) and (2.93), we

have

g
(i)
k+1 = (1− αkλi)g

(i)
k i = 1, 2, . . . , n. (2.95)

We assume that g
(i)
k 6= 0 for all sufficiently large k. If g

(i)
k = 0, then by (2.95) com-

ponent i remains zero during all subsequent iterations; hence it can be discarded.

In the BB method, starting values are needed for x0 and x1 in order to com-

pute α1. In our study of CBB, we treat α1 as a free parameter. In our numerical

experiments, we choose α1 to be the exact stepsize.

For different choices of the diagonal matrix (2.93) and the starting point x1,

we have evaluated the convergence rate of CBB. By the analysis given in [58]

for positive definite quadratics, or by the result given in Theorem 8 for general

nonlinear functions, the convergence rate of the iterates is at least linear. On

the other hand, for m sufficiently large, we observe experimentally, that the

convergence rate is superlinear. For fixed dimension n, the value of m where the

convergence rate makes a transition between linear and nonlinear is shown in Table

2–3. More precisely, for each value of n, the convergence rate is superlinear when m

is great than or equal to the integer given in the second row of the Table 2–3. The

convergence is linear when m is less than or equal to the integer given in the third

row of Table 2–3.

The limiting integers appearing in Table 2–3 are computed in the following

way: For each dimension, we randomly generate 30 problems, with eigenvalues uni-

formly distributed on (0, n], and 50 starting points – a total of 1500 problems. For

each test problem, we perform 1000n CBB iterations, and we plot log(log(‖gk‖∞))
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versus the iteration number. We fit the data with a least squares line, and we com-

pute the correlation coefficient to determine how well the linear regression model

fits the data. If the correlation coefficient is 1 (or −1), then the linear fit is perfect,

while a correlation coefficient of 0 means that the data is uncorrelated. A linear

fit in a plot of log(log(‖gk‖∞)) versus the iteration number indicates superlinear

convergence. For m large enough, the correlation coefficients are between −1.0

and −0.98, indicating superlinear convergence. As we decrease m, the correlation

coefficient abruptly jumps to the order of −0.8. The integers shown in Table 2–3

reflect the values of m where the correlation coefficient jumps.

Based on Table 2–3, the convergence rate is conjectured to be superlinear for

m > n/2 ≥ 3. For n < 6, the relationship between m and n at the transition be-

tween linear and superlinear convergence is more complicated, as seen in Table 2–3.

Graphs illustrating the convergence appear in Figure 2–3. The horizontal axis in

these figures is the iteration number, while the vertical axis gives log(log(‖gk‖∞)).

Here ‖·‖∞ represents the sup-norm. In this case, straight lines correspond to super-

linear convergence – the slope of the line reflects the convergence order. In Figure

2–3, the bottom two graphs correspond to superlinear convergence, while the top

two graphs correspond to linear convergence – for these top two examples, a plot

of log(‖gk‖∞) versus the iteration number is linear. For the theoretical verification

of the experimental results given in Table 2–3 is not easy. However, some partial

result in connection with n = 3 and m = 2 can be theoretically verified. For details,

one may refer the paper [32].

2.2.4 An Adaptive CBB Method

In this section, we examine the convergence speed of CBB for different values

of m ∈ [1, 7], using quadratic programming problems of the form:

f(x) =
1

2
xTAx, A = diag(λ1, · · · , λn). (2.96)
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Figure 2–3: Graphs of log(log(‖gk‖∞)) versus k, (a) 3 ≤ n ≤ 6 and m = 3, (b) 6 ≤
n ≤ 9 and m = 4.

We will see that the choice for m has a significant impact on performance. This

leads us to propose an adaptive choice for m. The BB algorithm with this adaptive

choice for m and a nonmonotone line search is called ACBB. Numerical compar-

isons with SPG2 and with conjugate gradient codes using the CUTEr test problem

library are given in the numerical comparisons section.

A numerical investigation of CBB method. We consider the test problem (2.96)

with four different condition numbers C for the diagonal matrix: C = 102, C = 103,

C = 104, and C = 105; and with three different dimensions n = 102, n = 103,

and n = 104. We let λ1 = 1, λn = C, the condition number. The other diagonal

elements λi, 2 ≤ i ≤ n − 1, are randomly generated on the interval (1, λn). The

starting points x
(i)
1 , i = 1, · · · , n, are randomly generated on the interval [−5, 5].

The stopping condition is

‖gk‖2 ≤ 10−8.

For each case, 10 runs are made and the average number of iterations required by

each algorithm is listed in Table 2–4 (under the columns labeled BB and CBB).

The upper bound for the number of iterations is 9999. If this upper bound is

exceeded, then the corresponding entry in Table 2–4 is F .
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Table 2–4: Comparing CBB(m) method with an adaptive CBB method

BB CBB adaptive
n cond m=2 m=3 m=4 m=5 m=6 m=7 M =5 M=10

102 102 147 219 156 145 150 160 166 136 134
103 505 2715 468 364 376 395 412 367 349
104 1509 F 1425 814 852 776 628 878 771
105 5412 F 5415 3074 1670 1672 1157 2607 1915

103 102 147 274 160 158 162 166 181 150 145
103 505 1756 548 504 493 550 540 481 460
104 1609 F 1862 1533 1377 1578 1447 1470 1378
105 5699 F 6760 4755 3506 3516 2957 4412 3187

104 102 156 227 162 166 167 170 187 156 156
103 539 3200 515 551 539 536 573 497 505
104 1634 F 1823 1701 1782 1747 1893 1587 1517
105 6362 F 6779 5194 4965 4349 4736 4687 4743

In Table 2–4 we see that m = 2 gives the worst numerical results – in the

previous subsection, we saw that as m increases, convergence became superlinear.

For each case, a suitably chosen m drastically improves the efficiency the BB

method. For example, in case of n = 102 and cond = 105, CBB with m = 7 only

requires one fifth of the iterations of the BB method. The optimal choice of m

varies from one test case to another. If the problem condition is relatively small

(cond = 102, 103), a smaller value m (3 or 4) is preferred. If the problem condition

is relatively large (cond = 104, 105), a larger value of m is more efficient. This

observation is the motivation for introducing an adaptive choice for m in the CBB

method.

Our adaptive idea arises from the following considerations. If a stepsize is used

infinitely often in the gradient method; namely, αk ≡ α, then under the assumption

that the function Hessian A has no multiple eigenvalues, the gradient gk must

approximate an eigenvector of A, and gT
k Agk/g

T
k gk tends to the corresponding

eigenvalue of A, see [29]. Thus, it is reasonable to assume that repeated use of a

BB stepsize leads to good approximations of eigenvectors of A. First, we define

νk =
gT

k Agk

‖gk‖ ‖Agk‖ . (2.97)
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If gk is exactly an eigenvector of A, we know that νk = 1. If νk ≈ 1, then gk can be

regarded as an approximation of an eigenvector of A and αBB
k ≈ αSD

k . In this case,

it is worthwhile to calculate a new BB stepsize αBB
k so that the method accepts a

step close to the steepest descent step. Therefore, we test the condition

νk ≥ β, (2.98)

where β ∈ (0, 1) is constant. If the above condition holds, we calculate a new BB

stepsize. We also introduce a parameter M , and if the number of cycles m > M ,

we calculate a new BB stepsize. Numerical results for this adaptive CBB with

β = 0.95 are listed under the column adaptive of Table 2–4, where two values

M = 5, 10 are tested.

From Table 2–4, we see that the adaptive strategy makes sense. The perfor-

mance with M = 5 or M = 10 is often better than that of the BB method. This

motivates the use of a similar strategy for designing an efficient gradient algorithms

for unconstrained optimization.

Nonmonotone line search and cycle number. As we saw in previous sections,

the choice of the stepsize αk is very important for the performance of a gradient

method. For the BB method, function values do not decrease monotonically.

Hence, when implementing BB or CBB, it is important to use a nonmonotone line

search.

Assuming that dk is a descent direction at the k-th iteration (gT
k dk < 0), a

common termination condition for the steplength algorithm is

f(xk + αkdk) ≤ fr + δαkg
T
k dk, (2.99)

where fr is the so-called reference function value and δ ∈ (0, 1) a constant.

If fr = f(xk), then the line search is monotone since f(xk+1) < f(xk). The

nonmonotone line search proposed in [67] chooses fr to be the maximum function
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value for the M most recent iterates. That is, at the k-th iteration, we have

fr = fmax = max
0≤i≤min{k,M−1}

f(xk−i). (2.100)

This nonmonotone line search is used by Raydan [108] to obtain GBB. Dai and

Schittkowski [33] extended the same idea to a sequential quadratic programming

method for general constrained nonlinear optimization. An even more adaptive

way of choosing fr is proposed by Toint [118] for trust region algorithms and then

extended by Dai and Zhang [39]. Compared with (2.100), the new adaptive way of

choosing fr allows big jumps in function values, and is therefore very suitable for

the BB algorithm (see [30], [31], and [39]).

The numerical results which we report in this section are based on the

nonmonotone line search algorithm given in [39]. The line search in this paper

differs from the line search in [39] in the initialization of the stepsize. Here, the

starting guess for the stepsize coincides with the prior BB step until the cycle

length has been reached; at which point we recompute the step using the BB

formula. In each subsequent subiteration, after computing a new BB step, we

replace (2.99) by

f(xk + ᾱkdk) ≤ min{fmax, fr}+ δᾱkg
T
k dk,

where fr is the reference value given in [39] and ᾱk is the initial trial stepsize (the

previous BB step). It is proved in [39, Thm. 3.2] that the criteria given in [39] for

choosing the nonmonotone stepsize ensures convergence in the sense that

lim inf
k→∞

‖gk‖ = 0.

We now explain how we decided to terminate the current cycle, and recompute

the stepsize using the BB formula. Notice that the reinitialization of the stepsize

has no effect on convergence, it only effects the initial stepsize used in the line
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search. Loosely, we would like to compute a new BB step in any of the following

cases:

R1. The number of times m the current BB stepsize has been reused is sufficiently

large: m ≥ M , where M is a constant.

R2. The following nonquadratic analogue of (2.98) is satisfied:

sT
k yk

‖sk‖2‖yk‖2

≥ β, (2.101)

where β < 1 is near 1. We feel that the condition (2.101) should only be used

in a neighborhood a local minimizer, where f is approximately quadratic.

Hence, we only use the condition (2.101) when the stepsize is sufficiently

small:

‖sk‖2 < min{ c1fk+1

‖gk+1‖∞ , 1}, (2.102)

where c1 is a constant.

R3. The current step sk is sufficiently large:

‖sk‖2 ≥ max{c2
fk+1

‖gk+1‖∞ , 1}, (2.103)

where c2 is a constant.

R4. In the previous iteration, the BB step was truncated in the line search. That

is, the BB step had to be modified by the nonmonotone line search routine to

ensure convergence.

Nominally, we recompute the BB stepsize in any of the cases R1–R4. One case

where we prefer to retain the current stepsize is the case where the iterates lie in

a region where f is not strongly convex. Notice that if sT
k yk < 0, then there exists

a point between xk and xk+1 where the Hessian of f has negative eigenvalues. In

detail, our rules for terminating the current cycle and reinitializing the BB stepsize

are the following:



46

Cycle termination/Stepsize initialization.

T1. If any of the condition R1 through R4 are satisfied and sT
k yk > 0, then the

current cycle is terminated and the initial stepsize for the next cycle is given

by

αk+1 = max{αmin, min{sT
k sk

sT
k yk

, αmax},

where αmin < αmax are fixed constants.

T2. If the length m of the current cycle satisfies m ≥ 1.5M , then the current cycle

is terminated and the initial stepsize for the next cycle is given by

αk+1 = max{1/‖gk+1‖∞, αk}.

Condition T2 is a safeguard for the situation where sT
k yk < 0 in a series of

iterations.

2.2.5 Numerical Comparisons

In this subsection, we compare the performance of our adaptive cyclic BB

stepsize algorithm, denoted ACBB, with the SPG2 algorithm of Birgin, Mart́ınez,

and Raydan [10, 11], with the PRP+ conjugate gradient code developed by Gilbert

and Nocedal [60], and with the CG DESCENT code of Hager and Zhang [73, 74].

The SPG2 algorithm is an extension of Raydan’s [108] GBB algorithm which was

downloaded from the TANGO web page maintained by Ernesto Birgin. In our

tests, we set the bounds in SPG2 to infinity. The PRP+ code is available at the

Nocedal’s web page. The CG DESCENT code is found at the author’s web page.

The line search in the PRP+ code is a modification of subroutine CSRCH of Moré

and Thuente [101], which employs various polynomial interpolation schemes and

safeguards in satisfying the strong Wolfe conditions. CG DESCENT employs an

“approximate Wolfe” line search. All codes are written in Fortran and compiled

with f77 under the default compiler settings on a Sun workstation. The parameters

used by CG DESCENT are the default parameter value given in [74] for version 1.1
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of the code. For SPG2, we use parameter values recommended on the TANGO web

page. In particular, the step length was restricted to the interval [10−30, 1030], while

the memory in the nonmonotone line search was 10.

The parameters of the ACBB algorithm are αmin = 10−30, αmax = 1030,

c1 = c2 = 0.1, and M = 4. For the initial iteration, the starting stepsize for the line

search was α1 = 1/‖g1‖∞. The parameter values for the nonmonotone line search

routine from [39] were δ = 10−4, σ1 = 0.1, σ2 = 0.9, β = 0.975, L = 3, M = 8, and

P = 40.

Our numerical experiments are based on the entire set of 160 unconstrained

optimization problem available from CUTEr in the Fall, 2004. As explained in [74],

we deleted problems that were small, or problems where different solvers converged

to different local minimizers. After the deletion process, we were left with 111 test

problems with dimension ranging from 50 to 104.

Nominally, our stopping criterion was the following:

‖∇f(xk)‖∞ ≤ max{10−6, 10−12‖∇f(x0)‖∞}. (2.104)

In a few cases, this criterion was too lenient. For example, with the test problem

penalty1, the computed cost still differs from the optimal cost by a factor of

105 when the criterion (2.104) is satisfied. As a result, different solvers obtain

completely different values for the cost, and the test problem would be discarded.

By changing the convergence criterion to ‖∇f(xk)‖∞ ≤ 10−6, the computed

costs all agreed to 6 digits. The problems for which the convergence criterion was

strengthened were dqrtic, penalty1, power, quartc, and vardim.

The CPU time in seconds and the number of iterations, function evaluations,

and gradient evaluations for each of the methods are posted at the author’s web

site. Here we analyze the performance data using the profiles of Dolan and Moré

[43]. That is, we plot the fraction p of problems for which any given method is
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Figure 2–4: Performance based on CPU time

within a factor τ of the best time. In a plot of performance profiles, the top curve

is the method that solved the most problems in a time that was within a factor

τ of the best time. The percentage of the test problems for which a method is

the fastest is given on the left axis of the plot. The right side of the plot gives

the percentage of the test problems that were successfully solved by each of the

methods. In essence, the right side is a measure of an algorithm’s robustness.

In Figure 2–4, we use CPU time to compare the performance of the four codes

ACBB, SPG2, PRP+, and CG DESCENT. Note that the horizontal axis in Figure

2–4 is scaled proportional to log2(τ). The best performance, relative to the CPU

time metric, was obtained by CG DESCENT, the top curve in Figure 2–4, followed

by ACBB. The horizontal axis in the figure stops at τ = 16 since the plots are

essentially flat for larger values of τ . For this collection of methods, the number of

times any method achieved the best time is shown in Table 2–5. The column total

in Table 2–5 exceeds 111 due to ties for some test problems.
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Table 2–5: Number of times each method was fastest (time metric, stopping crite-
rion (2.104))

Method Fastest
CG DESCENT 70

ACBB 36
PRP+ 9
SPG2 9

The results of Figure 2–4 indicate that ACBB is much more efficient than

SPG2, while it performed better than PRP+, but not as well as CG DESCENT.

¿From the experience in [108], the GBB algorithm, with a traditional nonmonotone

line search [66], may be affected significantly by nearly singular Hessians at

the solution. We observe that nearly singular Hessians do not affect ACBB

significantly. In fact, Table 2–4 also indicates that ACBB becomes more efficient

as the problem becomes more singular. Furthermore, since ACBB does not need

to calculate the BB stepsize at every iteration, CPU time is saved, which can

be significant when the problem dimension is large. For this test set, we found

that the average cycle length for ACBB was 2.59. In other words, the BB step is

reevaluated after 2 or 3 iterations, on average. This memory length is smaller than

the memory length that works well for quadratic function. When the iterates are

far from a local minimizer of a general nonlinear function, the iterates may not

behave like the iterates of a quadratic. In this case, better numerical results are

obtained when the BB-stepsize is updated more frequently.

Even though ACBB did not perform as well as CG DESCENT for the com-

plete set of test problems, there were some cases where it performed exceptionally

well (see Table 2–6). One important advantage of the ACBB scheme over conju-

gate gradient routines such as PRP+ or CG DESCENT is that in many cases, the

stepsize for ACBB is either the previous stepsize or the BB sizesize (2.51). In con-

trast, with conjugate gradient routines, each iteration requires a line search. Due to
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Table 2–6: CPU times for selected problems

Problem Dimension ACBB CG DESCENT
FLETCHER 5000 9.14 989.55
FLETCHER 1000 1.32 27.27

BDQRTIC 1000 .37 3.40
VARDIM 10000 .05 2.13
VARDIM 5000 .02 .92

the simplicity of the ACBB stepsize, it can be more efficient when the iterates are

in a regime where the function is irregular and the asymptotic convergence prop-

erties of the conjugate gradient method are not in effect. One such application is

bound constrained optimization problems – as components of x reach the bounds,

these components are often held fixed, and the associated partial derivative change

discontinuously. In Chapter 3, ACBB is combined with CG DESCENT to obtain a

very efficient active set algorithm for box constrained optimization problems.

2.3 Self-adaptive Inexact Proximal Point Methods

2.3.1 Motivation and the Algorithm

The convergence rate of algorithms for solving an unconstrained optimiza-

tion problem (2.1) often depends on the eigenvalues of the Hessian matrix at a

local minimizer. As the ratio between largest and smallest eigenvalues grows,

convergence rates can degrade. In this section, we propose a class of self-adaptive

proximal point methods for ill conditioned problems where the smallest eigenvalue

of the Hessian can be zero, and where the solution set X may have more than one

element [77].

The proximal point method is one strategy for dealing with degeneracy at a

minimum. The iterates xk, k ≥ 1, are generated by the rule:

xk+1 ∈ arg min {Fk(x) : x ∈ Rn}, (2.105)
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where

Fk(x) = f(x) +
1

2
µk‖x− xk‖2.

Here x0 ∈ Rn is an initial guess for a minimizer and the parameters µk, k ≥ 0,

are positive scalars. Due to the quadratic term, Fk is strictly convex at a local

minimizer. Hence, the proximal point method improves the conditioning at the

expense of replacing the single minimization (2.1) by a sequence of minimizations

(2.105).

The proximal point method, first proposed by Martinet [96, 97], has been

studied in many papers including [69, 95, 84, 111, 112]. In [112] Rockafellar shows

that if f is strongly convex at a solution of (2.1), then the proximal point method

converges linearly when µk is bounded away from zero, and superlinearly when

µk tends to zero. Here we develop linear and superlinear convergence results for

problems that are not necessarily strongly convex.

Since the solution to (2.105) approximates a solution to (2.1), we do not need

to solve (2.105) exactly. We analyze two criteria for the accuracy with which we

solve (2.105). The first criterion is that an iterate xk+1 is acceptable when

(C1) Fk(xk+1) ≤ f(xk) and ‖∇Fk(xk+1)‖ ≤ µk‖∇f(xk)‖.

The second acceptance criterion is

(C2) Fk(xk+1) ≤ f(xk) and ‖∇Fk(xk+1)‖ ≤ θµk‖xk+1 − xk‖,

where θ < 1/
√

2. In either case, we show, for µk sufficiently small, that

‖xk+1 − x̄k+1‖ ≤ Cµk‖xk − x̄k‖, (2.106)

where C is a constant depending on local properties of f and x̄ is the projection of

x ∈ Rn onto X:

‖x̄− x‖ = min
�∈X

‖χ− x‖.
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Since f is continuous, the set of minimizers X of (2.1) is closed, and the projection

exists. By taking µk = ‖∇f(xk)‖ in (2.106), we obtain quadratic convergence of the

approximate proximal iterates to the solution set X, while the sequence of iterates

approaches a limit at least linearly.

In [112] Rockafellar studies the acceptance condition

‖∇Fk(xk+1)‖ ≤ εkµk‖xk+1 − xk‖

where
∑

k εk < ∞ (see his condition B’). Our criterion (C2) corresponds to the case
∑

k εk = ∞. (C2) is also studied in [82] where the authors give an introduction to

proximal point algorithm, borrowing ideas from descent methods for unconstrained

optimization. In [82] global convergence for convex functions is estabished, while

here we obtain local convergence rates for general nonlinear functions.

2.3.2 Local Error Bound Condition

Our analysis of the approximate proximal iterates makes use of a local error

bound condition employed when the Hessian is singular at a minimizer of f – see

[54, 119, 127, 126]. Referring to [54] and [127], we have the following terminology:

∇f provides a local error bound at x̂ ∈ X if there exist positive constants α and ρ

such that

‖∇f(x)‖ ≥ α‖x− x̄‖ whenever ‖x− x̂‖ ≤ ρ. (2.107)

Using this condition, Yamashita and Fukushima [127], and Fan and Yuan [54],

study the Levenberg-Marquardt method to solve a system of nonlinear equations.

When their approach is applied to (1.1), the following linear system is solved in

each subproblem:

(H(xk)
2 + µkI)d + H(xk)g(xk) = 0, (2.108)

where µk > 0 is the regularization parameter and d is the search direction at

step k. In [54] and [127], the authors choose µk = ‖g(xk)‖ and µk = ‖g(xk)‖2,
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respectively. They show that if ∇f(x) provided a local error bound, then the

iterates associated with (2.108) are locally quadratically convergent.

Li, Fukushima, Qi and Yamashita point out in [88] that the linear system of

equations (2.108) may lose sparsity when H(xk) is squared; moreover, squaring

the matrix squares the condition number of H(xk). Hence, they consider a search

direction d chosen to satisfy:

(H(xk) + µkI)d + g(xk) = 0, (2.109)

where µk = c‖g(xk)‖ for some constant c > 0. When f(x) is convex and ∇f(x)

provides a local error bound, they establish a local quadratic convergence result for

iterates generated by the approximate solution of (2.109) followed by a line search

along the approximate search direction.

When the problem dimension is large, computing the Hessian and solving

(2.109) can be expensive. In our approach, we use our newly developed conjugate

gradient routine cg descent [73, 72] to solve (2.105) with either stopping criterion

(C1) or (C2).

First, by observing that the minimum of Fk is bounded from above by Fk(x̄k),

we can easily get the following proposition.

Proposition 1 If f is continuous and its set of minimizers X is nonempty, then

for each k, Fk has a minimizer xk+1 and we have

‖xk+1 − xk‖ ≤ ‖x̄k − xk‖.

Proof. The proposition follows directly from

Fk(xk+1) = f(xk+1) +
1

2
µk‖xk+1 − xk‖2 ≤ Fk(x̄k) = f(x̄k) +

1

2
µk‖x̄k − xk‖2

≤ f(x) +
1

2
µk‖x̄k − xk‖2.

¤
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In our approach, it is more convenient to employ a local error bound based on

the function value rather than the function gradient used in (2.107). We say that f

provides a local error bound at x̂ ∈ X if there exist positive constants α and ρ such

that

f(x)− f(x̄) ≥ α‖x̄− x‖2 whenever ‖x− x̂‖ ≤ ρ. (2.110)

We now show that under certain smooth assumption, these two conditions are

equivalent:

Lemma 5 If f is twice continuously differentiable in a neighborhood of x̂ ∈ X,

then f provides a local error bound at x̂ is equivalent to ∇f provides a local error

bound at x̂.

Proof. Suppose f provides a local error bound at x̂ ∈ X with positive

scalars α and ρ satisfying (2.110). Choose ρ smaller if necessary so that f is twice

continuously differentiable in Bρ(x̂). Define r = ρ/2. Given x ∈ Br(x̂), the triangle

inequality implies that

‖x̄− x̂‖ ≤ ‖x̄− x‖+ ‖x− x̂‖ ≤ 2r = ρ. (2.111)

Since both x and x̄ ∈ Bρ(x̂), we can expand f(x) in a Taylor series around x̄ and

apply (2.110) to obtain:

α‖x− x̄‖2 ≤ f(x)− f(x̄)

=
1

2
(x− x̄)TH̄(x− x̄) + R2(x, x̄), (2.112)

where R2 is the remainder term and H̄ = ∇2f(x̄) is the Hessian at x̄. Choose ρ

small enough that

|R2(x, x̄)| ≤ α

3
‖x− x̄‖2 whenever x ∈ Bρ(x̂).
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In this case, (2.112) gives

4α

3
‖x− x̄‖ ≤ ‖H̄(x− x̄)‖. (2.113)

Now expand ∇f(x) in a Taylor series around x̄ to obtain

∇f(x) = ∇f(x)−∇f(x̄) = H̄(x− x̄) + R1(x, x̄), (2.114)

where R1 is the remainder term. Choose ρ smaller if necessary so that

‖R1(x, x̄)‖ ≤ α

3
‖x− x̄‖ whenever x ∈ Bρ(x̂). (2.115)

Combining (2.113)–(2.115) yields

‖∇f(x)‖ ≥ α‖x− x̄‖.

Hence, ∇f provides a local error bound at x̂ with constants α and ρ/2.

Conversely, suppose ∇f provides a local error bound at x̂ ∈ X with positive

scalars α and ρ satisfying (2.107). Choose ρ smaller if necessary so that f is twice

continuously differentiable in Bρ(x̂) and (2.115) holds. Combining the Taylor

expansion (2.114), the fact that H̄ is positive semidefinite, the bound (2.115) on

the remainder, and the local error bound condition (2.107), we obtain

2α

3
‖x− x̄‖ ≤ ‖H̄(x− x̄)‖ ≤ ‖H̄1/2‖‖H̄1/2(x− x̄)‖.

Squaring both sides gives

4α2

9
‖x− x̄‖2 ≤ ‖H̄‖‖H̄1/2(x− x̄)‖2 = ‖H̄‖(x− x̄)TH̄(x− x̄).

Consequently,

(x− x̄)TH̄(x− x̄) ≥
(

4α2

9‖H̄‖
)
‖x− x̄‖2 ≥

(
4α2

9λ

)
‖x− x̄‖2, (2.116)
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where λ is a bound for the Hessian of f over Bρ(x̂). Similar to (2.112), we expand

f in a Taylor expansion around x̄ and utilize (2.116) to obtain

f(x)− f(x̄)−R2(x, x̄) =
1

2
(x− x̄)TH̄(x− x̄) ≥ β‖x− x̄‖2, where β =

2α2

9λ
.

To complete the proof, choose ρ smaller if necessary so that

|R2(x, x̄)| ≤ β

2
‖x− x̄‖2

whenever x ∈ Bρ(x̂). ¤

2.3.3 Local Convergence

Convergence analysis for exact minimization. We first analyze the proximal point

method when the iterates are exact solutions of (2.105).

Theorem 9 Assume the following conditions are satisfied:

(E1) f provides a local error bound at x̂ ∈ X with positive scalars α and ρ

satisfying (2.110).

(E2) µk ≤ β for each k where β < 2α/3.

(E3) x0 is close enough to x̂ that

‖x0 − x̂‖
(

1 +
1

1− γ

)
≤ ρ, where γ =

2β

2α− β
. (2.117)

Then the proximal iterates xk are all contained in Bρ(x̂) and they approach a

minimizer x∗ ∈ X; for each k, we have

‖xk − x∗‖ ≤ γk

1− γ
‖x̄0 − x0‖ and

‖xk+1 − x̄k+1‖ ≤ 2µk

2α− µk

‖xk − x̄k‖. (2.118)

Proof. For j = 0, we have

‖xj − x̂‖ ≤ ρ and ‖x̄j − xj‖ ≤ γj‖x̄0 − x0‖. (2.119)



57

Proceeding by induction, suppose that (2.119) holds for all j ∈ [0, k] and for some

k ≥ 0. We show that (2.119) holds for all j ∈ [0, k + 1]. By Proposition 1 and the

induction hypothesis,

‖xk+1 − xk‖ ≤ ‖x̄k − xk‖ ≤ γk‖x̄0 − x0‖.

By (E2), we have β < 2α/3 and hence,

γ =
2β

2α− β
< 1.

By the triangle inequality, Proposition 1, and the induction hypothesis, it follows

that

‖xk+1 − x0‖ ≤
k∑

j=0

‖xj+1 − xj‖ ≤
k∑

j=0

‖x̄j − xj‖

≤
k∑

j=0

γj‖x̄0 − x0‖ ≤ 1

1− γ
‖x̄0 − x0‖ ≤ 1

1− γ
‖x0 − x̂‖.

Again, by the triangle inequality and (2.117),

‖xk+1 − x̂‖ ≤ ‖xk+1 − x0‖+ ‖x0 − x̂‖ ≤
(

1 +
1

1− γ

)
‖x0 − x̂‖ ≤ ρ. (2.120)

Observe that

‖x̄k+1 − xk‖2 − ‖xk+1 − xk‖2

= (x̄k+1 + xk+1 − 2xk)(x̄k+1 − xk+1)

≤ (‖x̄k+1 − xk+1‖+ 2‖xk+1 − xk‖)‖x̄k+1 − xk+1‖. (2.121)

Combining (2.121) with the relation Fk(xk+1) ≤ Fk(x̄k+1) gives

f(xk+1)− f(x̄k+1)

=
1

2
µk(‖x̄k+1 − xk‖2 − ‖xk+1 − xk‖2)

≤ 1

2
µk(‖x̄k+1 − xk+1‖+ 2‖xk+1 − xk‖)‖x̄k+1 − xk+1‖. (2.122)
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By (2.120), xk+1 ∈ Bρ(x̂). Since f provides a local error bound at x̂, we conclude

that

α‖xk+1 − x̄k+1‖2 ≤ f(xk+1)− f(x̄k+1). (2.123)

Combining this with (2.122) gives

(
α− 1

2
µk

)
‖xk+1 − x̄k+1‖ ≤ µk‖xk+1 − xk‖. (2.124)

Due to the assumption µk < 2α/3, the coefficient (α − 1
2
µk) in (2.124) is positive

and

2µk/(2α− µk) ≤ 2β/(2α− β) = γ < 1.

Hence, (2.124), Proposition 1, and (2.119), with j = k, give

‖xk+1 − x̄k+1‖ ≤
(

2µk

2α− µk

)
‖xk+1 − xk‖ ≤

(
2µk

2α− µk

)
‖x̄k − xk‖ (2.125)

≤ γ‖x̄k − xk‖ ≤ γk+1‖x̄0 − x0‖ (2.126)

Relations (2.120) and (2.126) complete the proof of the induction step. Relation

(2.125) gives estimate (2.118).

By (2.119) and Proposition 1, we have

‖xk+1 − xk‖ ≤ ‖x̄k − xk‖ ≤ γk‖x̄0 − x0‖.

Hence, the proximal iterates xk form a Cauchy sequence, which has a limit denoted

x∗. Again, it follows from (2.119) and Proposition 1 that

‖xk − x∗‖ ≤
∞∑

j=k

‖xj+1 − xj‖ ≤
∞∑

j=k

‖x̄j − xj‖

≤
∞∑

j=k

γj‖x̄0 − x0‖ =
γk

1− γ
‖x̄0 − x0‖.

By (2.125)–(2.126), x∗ ∈ X. ¤

Note that neither smoothness nor convexity assumptions enter into the

convergence results of Theorem 9. In a further extension of these results, let us
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consider the case where the regularization sequence µk of Theorem 9 is expressed as

a function of the current iterate. That is, we assume that µk = µ(xk) where µ(·) is

defined on Rn.

Corollary 1 We make the following assumptions:

(Q1) f provides a local error bound at x̂ ∈ X with positive scalars α and ρ

satisfying (2.110).

(Q2) ∇f is Lipschitz continuously differentiable in Bρ(x̂) with Lipschitz constant L.

(Q3) ρ is small enough that for some scalar β, we have

‖∇f(x)‖ ≤ β <
2α

3
for all x ∈ Br(x̂) where r = ρ/2.

(Q4) x0 is close enough to x̂ that

‖x0 − x̂‖
(

1 +
1

1− γ

)
≤ r, where γ =

2β

2α− β
.

Then for the choice µ(x) = ‖∇f(x)‖ and µk = µ(xk), the proximal iterates (2.105)

are all contained in Br(x̂) and they approach a minimizer of f . Moreover, we have

‖xk+1 − x̄k+1‖ ≤
(

3L

2α

)
‖xk − x̄k‖2 (2.127)

for each k.

Proof. The proof is identical to the inductive proof of Theorem 9 except that

we append the condition µj ≤ β for each j ∈ [0, k] to the induction hypothesis

(2.119). That is, we assume that for all j ∈ [0, k], we have

‖xj − x̂‖ ≤ r, ‖x̄j − xj‖ ≤ γj‖x̄0 − x0‖, and µj ≤ β. (2.128)

Since x0 ∈ Br(x̂), it follows by (Q3) that µ0 = ‖∇f(x0)‖ ≤ β. Hence, (2.128) is

satisfied for j = 0. In the proof of Theorem 9, we show that if µj ≤ β for j ∈ [0, k],

then the first two conditions in (2.128) hold for j = k + 1. Also, as in (2.120),

xk+1 ∈ Br(x̂). Consequently, µk+1 = ‖∇f(xk+1)‖ ≤ β, which implies that the last
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condition in (2.128) holds for j = k + 1. This completes the induction step; hence,

(2.128) holds for all j ≥ 0.

Since xk ∈ Br(x̂), it follows that x̄k ∈ Bρ(x̂) (see (2.111)). Since xk and

x̄k ∈ Bρ(x̂), we have

µk = ‖∇f(xk)‖ = ‖∇f(xk)−∇f(x̄k)‖ ≤ L‖xk − x̄k‖, (2.129)

where L is the Lipschitz constant for ∇f in Bρ(x̂). By estimate (2.118) in Theorem

9,

‖xk+1 − x̄k+1‖ ≤
(

2µk

2α− µk

)
‖xk − x̄k‖.

Using the bound (2.129) in the numerator and the bound µk ≤ β < 2α/3 in the

denominator, we obtain (2.127). ¤

Convergence analysis for approximate minimization. We now analyze the situation

where the proximal point iteration (2.105) is implemented inexactly; the approx-

imation to a solution of (2.105) need only satisfy (C1) or (C2). The following

property of a convex function is used in the analysis.

Proposition 2 If x∗ is a local minimizer of Fk and f is convex and continuously

differentiable in a convex neighborhood N of x∗, then

Fk(x) ≤ Fk(x
∗) +

‖∇Fk(x)‖2

µk

for all x ∈ N .

Proof. The convexity of f in N implies that Fk is convex in N and

Fk(x
∗) ≥ Fk(x) +∇Fk(x)(x∗ − x).

Since x∗ is a local minimizer of Fk, we have

∇Fk(x)(x− x∗) = (∇Fk(x)−∇Fk(x
∗))(x− x∗)

= (∇f(x)−∇f(x∗)(x− x∗) + µk‖x− x∗‖2. (2.130)
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Since f is convex in N , the monotonicity condition

(∇f(x)−∇f(x∗))(x− x∗) ≥ 0

holds. Combining this with (2.130), we obtain

∇Fk(x)(x− x∗) ≥ µk‖x− x∗‖2. (2.131)

By the Schwarz inequality,

‖x− x∗‖ ≤ ‖∇Fk(x)‖
µk

. (2.132)

Combining (2.131) and (2.132), the proof is complete. ¤

Our convergence result for the inexact proximal point iterates is now estab-

lished.

Theorem 10 Assume that the following conditions are satisfied:

(A1) f provides a local error bound at x̂ ∈ X with positive scalars α and ρ

satisfying (2.110).

(A2) f is twice continuously differentiable and convex throughout Bρ(x̂); let L be a

Lipschitz constant for ∇f in Bρ(x̂).

(A3) The parameter β = sup{µ(x) : x ∈ Bρ(x̂)} satisfies

β < α/Λ (2.133)

where

Λ = L + τ and τ 2 = 1 + 2L2 if acceptance criterion (C1) is used,

while

Λ = τ(1 + θ) and τ 2 =
1

1− 2θ2
if acceptance criterion (C2) is used.



62

(A4) The parameter

ε = τ‖x0 − x̂‖
(

1 +
1

1− γ

)
, where γ =

βΛ

α
,

satisfies

ε + sup

{√
λ‖x− x̄‖2

2µ(x)
: x ∈ Bε(x̂),x 6∈ X

}
≤ r, where r = ρ/2,

and λ is any upper bound for the largest eigenvalue of ∇2f(x) over x ∈ Bρ(x̂).

If the approximate proximal iterates xk satisfy either (C1) or (C2) with µk = µ(xk),

then the iterates are all contained in Bε(x̂), they approach a minimizer x∗ ∈ X, and

for each k, we have

‖xk − x∗‖ ≤ τγk

1− γ
‖x̄0 − x0‖ and (2.134)

‖xk+1 − x̄k+1‖ ≤
(

Λµk

α

)
‖xk − x̄k‖, (2.135)

where Λ is defined in (A3).

Proof. The following relations hold trivially for j = 0 since the index range for

the summation is vacuous and τ ≥ 1:

‖xj − x̂‖ ≤ τ‖x0 − x̂‖
(

1 +

j−1∑

l=0

γl

)
and ‖x̄j − xj‖ ≤ γj‖x̄0 − x0‖. (2.136)

Proceeding by induction, suppose that (2.136) holds for all j ∈ [0, k] and for some

k ≥ 0. We show that (2.136) holds for all j ∈ [0, k + 1].

The condition Fk(xk+1) ≤ f(xk) in (C1) or (C2) implies that

µk‖xk+1 − xk‖2 ≤ f(xk)− f(xk+1) ≤ f(xk)− f(x̄k). (2.137)

Since γ < 1 by (2.133), the first half of (2.136) with j = k implies that xk ∈ Bε(x̂),

where ε ≤ r = ρ/2. Thus we have x̄k ∈ Bρ(x̂) (see (2.111)). Expanding f in (2.137)
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in a Taylor series around x̄k and using the fact that ∇f(x̄k) = 0 gives

µk‖xk+1 − xk‖2 ≤ λ

2
‖xk − x̄k‖2, (2.138)

where λ is the bound for the Hessian of f over Bρ(x̂). By the triangle inequality, we

have

‖xk+1 − x̂‖ ≤ ‖xk+1 − xk‖+ ‖xk − x̂‖. (2.139)

Combining (2.139) with the condition xk ∈ Bε(x̂), (2.138), and (A4) yields:

‖xk+1 − x̂‖ ≤ ε + ‖xk+1 − xk‖ ≤ ε +

√
λ

2µk

‖xk − x̄k‖ ≤ r.

Hence, xk+1 ∈ Br(x̂).

Let x̂k+1 denote an exact proximal point iterate:

x̂k+1 ∈ arg min {Fk(x) : x ∈ Rn}.

By Proposition 1 and (2.136), we have

‖x̂k+1 − xk‖ ≤ ‖x̄k − xk‖ ≤ γk‖x̄0 − x0‖. (2.140)

By the triangle inequality, (2.140), the fact that τ ≥ 1, and (2.136), we obtain

‖x̂k+1 − x̂‖ ≤ ‖x̂k+1 − xk‖+ ‖xk − x̂‖

≤ τγk‖x̄0 − x0‖+ ‖xk − x̂‖

≤ τγk‖x̄0 − x0‖+ τ‖x0 − x̂0‖
(

1 +
k−1∑

l=0

γl

)

≤ τ‖x0 − x̂‖
(

1 +
k∑

l=0

γl

)
.

Referring to the definition of ε, we have x̂k+1 ∈ Bε(x̂), where ε ≤ r = ρ/2.

By assumption (A1), f provides a local error bound with constants α and

ρ. Hence, by Lemma 5, ∇f provides a local error bound with constants α and

r = ρ/2. Since ∇F (xk+1) = ∇f(xk+1) + µk(xk+1 − xk) and xk+1 ∈ Br(x̂), the local
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error bound condition gives

α‖xk+1 − x̄k+1‖ ≤ ‖∇f(xk+1)‖ ≤ ‖∇Fk(xk+1)‖+ µk‖xk+1 − xk‖. (2.141)

If (C1) is used, then ‖∇Fk(xk+1)‖ ≤ µk‖∇f(xk)‖, and (2.141) implies that

α‖xk+1 − x̄k+1‖ ≤ µk(‖∇f(xk)‖+ ‖xk+1 − xk‖)

≤ µk(L‖xk − x̄k‖+ ‖xk+1 − xk‖). (2.142)

If (C2) is used, then ‖∇Fk(xk+1)‖ ≤ θµk‖xk+1 − xk‖, and by (2.141), we have

α‖xk+1 − x̄k+1‖ ≤ µk(1 + θ)‖xk+1 − xk‖. (2.143)

We now derive a bound for the ‖xk+1 − xk‖ term in either (2.142) or (2.143).

Since both xk+1 and x̂k+1 lie in Bρ(x̂), we can apply Proposition 2 to obtain

Fk(xk+1) = Fk(x̂k+1) + (Fk(xk+1)− Fk(x̂k+1))

≤ Fk(x̄k) +
1

µk

‖∇Fk(xk+1)‖2. (2.144)

Above we observed that xk ∈ Bε(x̂) where ε ≤ r = ρ/2. In (2.111) we show that

x̄k ∈ Bρ(x̂) when xk ∈ Br(x̂). Hence, by (A2) we have

‖∇f(xk)‖ = ‖∇f(xk)−∇f(x̄k)‖ ≤ L‖xk − x̄k‖. (2.145)

If (C1) is used, then by (2.145),

‖∇Fk(xk+1)‖ ≤ µk‖∇f(xk)‖ ≤ µkL‖xk − x̄k‖. (2.146)

Using the relation f(x̄k) ≤ f(xk+1) in (2.144) gives:

µk

2
‖xk+1 − xk‖2 ≤ µk

2
‖x̄k − xk‖2 +

1

µk

‖∇Fk(xk+1)‖2. (2.147)
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Combining this with (2.146), we have

‖xk+1 − xk‖2 ≤ (1 + 2L2)‖xk − x̄k‖2. (2.148)

Similarly, if criterion (C2) is used, then ‖∇Fk(xk+1)‖ ≤ θµk‖xk+1 − xk‖, and by

(2.147), we have

‖xk+1 − xk‖2 ≤ 1

1− 2θ2
‖xk − x̄k‖2. (2.149)

Combining (2.148) and (2.149) and referring to the definition of τ in (A3), we

conclude that

‖xk+1 − xk‖ ≤ τ‖xk − x̄k‖ (2.150)

if either acceptance criterion (C1) or (C2) is used.

Inserting the bound (2.150) in (2.142) or (2.143) yields (2.135). By (2.135) and

the definition of β in (A3), we have

‖xk+1 − x̄k+1‖ ≤
(

Λµk

α

)
‖xk − x̄k‖ ≤ γ‖xk − x̄k‖ ≤ γk+1‖x0 − x̄0‖.

This establishes the second half of (2.136) for j = k + 1.

For the first half of (2.136), we use the triangle inequality, (2.150), and the

induction hypothesis to obtain:

‖xk+1 − x̂‖ ≤ ‖xk+1 − xk‖+ ‖xk − x̂‖

≤ τ‖xk − x̄k‖+ ‖xk − x̂‖

≤ τγk‖x0 − x̄0‖+ ‖xk − x̂‖

≤ τγk‖x0 − x̄0‖+ τ‖x0 − x̂‖
(

1 +
k−1∑

l=0

γl

)

≤ τ‖x0 − x̂‖
(

1 +
k∑

l=0

γl

)

This completes the proof of the induction step, and in particular, it shows that

xk+1 ∈ Bε(x̂), where ε is defined in (A4).
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By (2.136) and (2.150), we have

‖xk+1 − xk‖ ≤ τ‖xk − x̄k‖ ≤ τγk‖x0 − x̄0‖. (2.151)

Hence, the xk form a Cauchy sequence, which has a limit denoted x∗. By the

triangle inequality and (2.151),

‖xk − x∗‖ ≤
∞∑

j=k

‖xj+1 − xj‖ ≤ τ

∞∑

j=k

‖x̄j − xj‖

≤ τ

∞∑

j=k

γj‖x̄0 − x0‖ =
τγk

1− γ
‖x̄0 − x0‖.

This establishes (2.134). ¤

Remark. In our analysis of the exact proximal point algorithm, our proof

of Theorem 9 could rely on the bound provided by Proposition 1 for the step size

xk+1 − xk. In Theorem 10, we obtain a similar bound using either condition (C1) or

(C2) along with the relationship between the regularization parameter µk and the

current iterate xk. Condition (A4) is satisfied if

lim
x→x̂

‖x− x̄‖2

µ(x)
= 0 (2.152)

and x0 is sufficiently close to x̂. For example, if µ(x) = β‖∇f(x)‖η where η ∈ [0, 2)

and β > 0 is a constant, and if ∇f provides a local error bound at x̂, then

‖x− x̄‖2

µ(x)
=

‖x− x̄‖2

β‖∇f(x)‖η
≤

(
1

βαη

)
‖x− x̄‖2−η.

Hence, (2.152) holds for η ∈ [0, 2). Also, (A3) holds if either η ∈ (0, 2) and ρ is

sufficiently small, or η = 0 and β is sufficiently small. For this choice of µ(·), it

follows from Theorem 10, that the convergence rate to the set of minimizers X is

linear for η = 0, superlinear for η ∈ (0, 1), and at least quadratic for η ∈ [1, 2).
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2.3.4 Global Convergence

We now establish a global convergence result. It is assumed that the algorithm

used to approximately solve (2.105) starts with a direction dk which satisfies (L1)

below, and which employs a line search in the direction dk which satisfies (L2)

below:

(L1) There exist positive constants c1 and c2 satisfying both the sufficient descent

condition

gT
k dk ≤ −c1‖gk‖2,

and the search direction bound

‖dk‖ ≤ c2‖gk‖,

where gk = ∇f(xk)
T = ∇Fk(xk).

(L2) The Wolfe conditions [122, 123] hold. That is, if αk denotes the stepsize and

yk = xk + αkdk, then

Fk(yk) ≤ Fk(xk) + δαk∇Fk(xk)dk = Fk(xk) + δαkg
T
k dk,

and

∇Fk(yk)dk ≥ σ∇Fk(xk)dk = σgT
k dk.

Moreover, since yk is an intermediate point in the move from xk to xk+1, we

require that Fk(yk) ≥ Fk(xk+1).

Our global convergence result is as follows:

Theorem 11 Let xk, k ≥ 1, denote a sequence of inexact proximal point iterates

associated with (2.105). We assume that the algorithm used to approximately solve

(2.105) satisfies (L1) and (L2). If the iterates are all contained in a convex set B
where ∇f is Lipschitz continuous, and if µk ≤ β‖∇f(xk)‖η for some η ∈ [0, 2) and
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some constant β, then we have

lim
k→∞

g(xk) = 0.

Proof. Since X is nonempty, f is bounded from below. By (L2) and the

definition of Fk,

f(xk+1) ≤ Fk(xk+1) ≤ Fk(yk) ≤ Fk(xk) = f(xk).

Hence, we have

∞ >

∞∑

k=0

f(xk)− f(xk+1) =
∞∑

k=0

Fk(xk)− f(xk+1)

≥
∞∑

k=0

Fk(xk)− Fk(xk+1)

≥
∞∑

k=0

Fk(xk)− Fk(yk). (2.153)

By (L1) and the first Wolfe condition in (L2), it follows that

Fk(yk) ≤ Fk(xk)− δc1αk‖gk‖2.

Combining this with (2.153) gives

∞∑

k=0

αk‖g(xk)‖2 < ∞. (2.154)

By the second Wolfe condition in (L2) and (L1), we have

(∇Fk(yk)−∇Fk(xk))dk ≥ −(1− σ)∇Fk(xk)dk

= −(1− σ)gT
k dk

≥ (1− σ)c1‖gk‖2. (2.155)
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If L is the Lipschitz constant for ∇f in B, then we have

(∇Fk(yk)−∇Fk(xk))d(xk) = (∇f(yk)−∇f(xk) + µk(yk − xk)
T)dk

≤ (L + µk)‖yk − xk‖‖dk‖ = αk(L + µk)‖dk‖2

≤ c2
2αk(L + µk)‖gk‖2.

In the last inequality, we utilize (L1). Combining this with (2.155) yields:

αk ≥ c1(1− σ)

c2
2(L + µk)

.

By (2.154) and the bound µk ≤ β‖∇f(xk)‖η,

∞ >

∞∑

k=0

‖g(xk)‖2

L + µk

≥ 1

2

∞∑

k=0

min

(‖g(xk)‖2

L
,
‖g(xk)‖2

µk

)

≥ 1

2

∞∑

k=0

min

(‖g(xk)‖2

L
,
‖g(xk)‖2−η

β

)
.

Since η < 2, we conclude that g(xk) approaches 0. ¤

2.3.5 Preliminary Numerical Results

We now present some preliminary numerical examples to illustrate the conver-

gence theory. To illustrate the quadratic convergence when µ(x) = β‖∇f(x)‖, we

consider the following two problems (the first is introduced in [88]):

(P1) f(x) =
1

2

n−1∑
i=1

(xi − xi+1)
2 +

1

12

n−1∑
i=1

αi(xi − xi+1)
4,

(P2) f(x) =
n∑

i=1

bi(xi − 1)2 +
n∑

i=1

(xi − 1)4.

In (P1) we take n = 10, αi = 1, and the starting guess xi = i, 1 ≤ i ≤ n. The

set of minimizers are given by x1 = x2 = . . . = xn. In (P2) we take n = 10,

bi = e−4i, and the starting guess xi = 1 + 1/i, 1 ≤ i ≤ n. For this problem,
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Table 2–7: ‖g(xk)‖ versus iteration number k

Problem 1 Problem 2
Iteration (C1) (C2) (C1) (C2)

1 4.5e−01 5.4e−01 4.7e−01 1.3e−01
2 7.2e−02 1.0e−01 1.3e−02 3.2e−03
3 2.6e−03 7.1e−03 1.5e−04 2.5e−05
4 3.5e−06 2.6e−05 4.2e−07 4.5e−08
5 6.4e−12 4.3e−10 1.8e−10 1.2e−11

the minimizer is unique, however, the condition number of the Hessian at the

solution is around .5e16. Table 2–7 gives the gradient norms corresponding to

µ(x) = .05‖∇f(x)‖, and acceptance criterions (C1) and (C2). For (C2), we chose

θ = .66. The subproblems (2.105) were solved using our conjugate gradient routine

cg descent [73, 72], stopping when either (C1) or (C2) is satisfied.

In the next series of numerical experiments, we solve some ill-conditioned prob-

lems from the CUTE library [13]. Experimentally, we find that it is more efficient

to use the proximal strategy in a neighborhood N of an optimum; outside N , we

apply cd descent to the original problem (2.1). In our numerical experiments,

our method for choosing N was the following: We applied the conjugate gradient

method to the original problem (2.1) until the following condition was satisfied:

‖g(x)‖∞ ≤ 10−2(1 + |f(x)|). (2.156)

When this condition holds, we continue to apply the conjugate gradient method

until an estimate for the condition number exceeds 103; then we switch to the

proximal point method (2.105), using cg descent to solve the subproblems. We

estimate the condition number by first estimating the second derivative of the

function along the normalized search direction. Our estimate for the condition

number is the ratio between the maximum and minimum second derivative, during

the iterations after (2.156) is satisfied.
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Table 2–8 gives convergence results for ill-condition problems from CUTE

[13]. The “exact condition numbers” are computed in the following way: We

Table 2–8: Statistics for ill-condition CUTE problems and cg descent

No Proximal Point With Proximal Point
Problem Dim Cond It NF NG It NF NG

SPARSINE 2000 2.6e17 12,528 25,057 12,529 10,307 20,615 10,308
SPARSINE 1000 3.4e14 4,657 9,315 4,658 3,760 7,521 3,761
NONDQUAR 1000 6.6e10 4,004 8,015 4,152 3,013 6,032 3,068
NONDQUAR 500 1.0e10 3,027 6,074 3,185 2,526 5,062 2,676
EIGENALS 420 1.2e06 1,792 3,591 1,811 1,464 2,935 1,482
EIGENBLS 420 3.0e05 5,087 10,185 5,099 2,453 4,910 2,458
EIGENCLS 420 8.2e04 1,733 3,484 1,754 1,774 3,566 1,795
NCB20 510 3.7e16 1,631 3,048 2,372 1,251 2,262 1,684

solve the problem and output the Hessian matrix at the solution. The extreme

eigenvalues of the Hessian were computed using Matlab, and the eigenvalue ratio

appears in the column labeled “Cond” of Table 2–8. For the proximal point

iteration, we used acceptance criterion (C2). The iterations were continued until

the stopping condition ‖∇f(x)‖∞ ≤ 10−6 was satisfied. The number of iteration

(It), number of function evaluations (NF), and number of gradient evaluations

(NG) are given in the table. Observe that the reduction in the number of function

and gradient evaluations varies from almost nothing in EIGENCLS to about 50%

for EIGENBLS.



CHAPTER 3
BOX CONSTRAINED OPTIMIZATION

In this chapter, we will consider the problem (1.1) with the feasible set S to be

a box set B, i.e. the problem (1.1) turns out to be

min {f(x) : x ∈ B}, (3.1)

where f is a real-valued, continuously differentiable function defined on the set

B = {x ∈ Rn : l ≤ x ≤ u}. (3.2)

Here l < u and possibly, li = −∞ or ui = ∞.

3.1 Introduction

The box constrained optimization problem appears in a wide range of applica-

tions including the obstacle problem [102], the elastic-plastic torsion problem [61],

optimal design problems [8], journal bearing lubrication [20], inversion problems

in elastic wave propagation [7], and molecular conformation analysis [62]. Prob-

lem (3.1) is often a subproblem of augmented Lagrangian or penalty schemes for

general constrained optimization (see [24, 25, 46, 47, 52, 59, 70, 71, 98]). Thus the

development of numerical algorithms to solve (3.1) efficiently, especially when the

dimension is large, is important in both theory and applications.

We begin with an overview of the development of active set methods. A

seminal paper is Polyak’s 1969 paper [107] which considers a convex, quadratic cost

function. The conjugate gradient method is used to explore a face of the feasible

set, and the negative gradient is used to leave a face. Since Polyak’s algorithm

only added or dropped one constraint in each iteration, Dembo and Tulowitzki

proposed [41] an algorithm CGP which could add and drop many constraints in

72
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an iteration. Later, Yang and Tolle [128] further developed this algorithm so as

to obtain finite termination, even when the problem was degenerate at a local

minimizer x∗. That is, for some i, x∗i = li or x∗i = ui and ∇f(x∗)i = 0. Another

variation of the CGP algorithm, for which there is a rigorous convergence theory, is

developed by Wright [124]. Moré and Toraldo [102] point out that when the CGP

scheme starts far from the solution, many iterations may be required to identify a

suitable working face. Hence, they propose using the gradient projection method

to identify a working face, followed by the conjugate gradient method to explore

the face. Their algorithm, called GPCG, has finite termination for nondegenerate

quadratic problems. Recently, adaptive conjugate gradient algorithms have been

developed by Dostál et al. [44, 45, 47] which have finite termination for a strictly

convex quadratic cost function, even when the problem is degenerate.

For general nonlinear functions, some of the earlier research [4, 19, 63, 87,

99, 113] focused on gradient projection methods. To accelerate the convergence,

more recent research has developed Newton and trust region methods (see [26]

for in-depth analysis). In [5, 17, 24, 51] superlinear and quadratic convergence is

established for nondegenerate problems, while [53, 59, 86, 90] establish analogous

convergence results, even for degenerate problems. Although computing a Newton

step can be expensive computationally, approximation techniques, such as a sparse,

incomplete Cholesky factorization [89], could be used to reduce the computational

expense. Nonetheless, for large-dimensional problems or for problems where the

initial guess is far from the solution, the Newton/trust region approach can be

inefficient. In cases where the Newton step is unacceptable, a gradient projection

step is preferred.

The affine-scaling interior point method of Coleman and Li [14, 21, 22, 23] is

a different approach to (3.1), related to the trust region algorithm. More recent

research on this strategy includes [42, 80, 83, 120, 133]. These methods are based
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on a reformulation of the necessary optimality conditions obtained by multiplica-

tion with a scaling matrix. The resulting system is often solved by Newton-type

methods. Without assuming strict complementarity (i. e. for degenerate problems),

the affine-scaling interior-point method converges superlinearly or quadratically,

for a suitable choice of the scaling matrix, when the strong second-order sufficient

optimality condition [110] holds. When the dimension is large, forming and solving

the system of equations at each iteration can be time consuming, unless the prob-

lem has special structure. Recently, Zhang [133] proposes an interior-point gradient

approach for solving the system at each iteration. Convergence results for other

interior-point methods applied to more general constrained optimization appear in

[48, 49, 125].

The method developed in this chapter is an active set algorithm (ASA) which

consists of a nonmonotone gradient projection step, an unconstrained optimization

step, and a set of rules for branching between the steps. A good survey of this

active set method can be found in [76]. Global convergence to a stationary point is

established. When the strong second-order sufficient optimality condition holds, we

show that ASA eventually reduces to unconstrained optimization, without restarts.

This property is obtained without assuming strict complementary slackness. If

strict complementarity holds and all the constraints are active at a stationary

point, then convergence occurs in a finite number of iterations. In general, our

analysis does not show that the strictly active constraints are identified in a finite

number of iterations; instead, when the strong second-order sufficient optimality

condition holds, we show that ASA eventually branches to the unconstrained

optimization step, and henceforth, the active set does not change. Thus in the

limit, ASA reduces to unconstrained optimization without restarts.
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Figure 3–1: The gradient projection step.

3.2 Gradient Projection Methods

In this section, we consider a generalization of (3.1) in which the box B is

replaced by a nonempty, closed convex set Ω:

min {f(x) : x ∈ Ω}. (3.3)

We begin with an overview of our gradient projection algorithm. Step k in our

algorithm is depicted in Figure 3–1. Here P denotes the projection onto Ω:

P (x) = arg min
y∈Ω

‖x− y‖. (3.4)

Starting at the current iterate xk, we compute an initial iterate x̄k = xk − αkgk.

The only constraint on the initial steplength αk is that αk ∈ [αmin, αmax], where
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αmin and αmax are fixed, positive constants, independent of k. Since the nominal

iterate may lie outside Ω, we compute its projection P (x̄k) onto Ω. The search

direction is dk = P (x̄k) − xk, similar to the choice made in SPG2 [11]. Using a

nonmonotone line search along the line segment connecting xk and P (x̄k), we arrive

at the new iterate xk+1.

In the statement of the nonmonotone gradient projection algorithm (NGPA)

given below, f r
k denotes the “reference” function value. A monotone line search

corresponds to the choice f r
k = f(xk). The nonmonotone GLL scheme takes

f r
k = fmax

k where

fmax
k = max{f(xk−i) : 0 ≤ i ≤ min(k, M − 1)}. (3.5)

Here M > 0 is a fixed integer, the memory. For a specific procedure on how to

choose the reference function value based on our cyclic BB scheme, one can refer

the paper [39, 78, 132].

NGPA Parameters

ε ∈ [0,∞), error tolerance

δ ∈ (0, 1), descent parameter used in Armijo line search

η ∈ (0, 1), decay factor for stepsize in Armijo line search

[αmin, αmax] ⊂ (0,∞), interval containing initial stepsize

Nonmonotone Gradient Projection Algorithm (NGPA)

Initialize k = 0, x0 = starting guess, and f r
−1 = f(x0).

While ‖P (xk − gk)− xk‖ > ε

1. Choose αk ∈ [αmin, αmax] and set dk = P (xk − αkgk)− xk.

2. Choose f r
k so that f(xk) ≤ f r

k ≤ max{f r
k−1, f

max
k } and f r

k ≤ fmax
k

infinitely often.
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3. Let fR be either f r
k or min{fmax

k , f r
k}. If f(xk + dk) ≤ fR + δgT

k dk, then

αk = 1.

4. If f(xk + dk) > fR + δgT
k dk, then αk = ηj where j > 0 is the smallest

integer such that

f(xk + ηjdk) ≤ fR + ηjδgT
k dk. (3.6)

5. Set xk+1 = xk + αkdk and k = k + 1.

End

The condition f(xk) ≤ f r
k guarantees that the Armijo line search in Step 4 can be

satisfied. The requirement that “f r
k ≤ fmax

k infinitely often” in Step 2 is needed

for the global convergence result Theorem 12. This is a rather weak requirement

which can be satisfied by many strategies. For example, every L iteration, we could

simply set f r
k = fmax

k . Another stragegy, closer in spirit to the one used in the

numerical experiments, is to choose a decrease parameter ∆ > 0 and an integer

L > 0 and set f r
k = fmax

k if f(xk−L)− f(xk) ≤ ∆.

To begin the convergence analysis, recall that x∗ is a stationary point for (3.3)

if the first-order optimality condition holds:

∇f(x∗)(x− x∗) ≥ 0 for all x ∈ Ω. (3.7)

Let dα(x), α ∈ R, be defined in terms of the gradient g(x) = ∇f(x)T as follows:

dα(x) = P (x− αg(x))− x.

In NGPA, the search direction is dk = dαk(xk). For unconstrained optimization,

dα(x) points along the negative gradient at x when α > 0. Some properties of P

and dα are summarized below:

Proposition 3 P1. (P (x)− x)T(y − P (x)) ≥ 0 for all x ∈ Rn and y ∈ Ω.

P2. (P (x)− P (y))T(x− y) ≥ ‖P (x)− P (y)‖2 for all x and y ∈ Rn.

P3. ‖P (x)− P (y)‖ ≤ ‖x− y‖ for all x and y ∈ Rn.
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P4. ‖dα(x)‖ is nondecreasing in α > 0 for any x ∈ Ω.

P5. ‖dα(x)‖/α is nonincreasing in α > 0 for any x ∈ Ω.

P6. g(x)Tdα(x) ≤ −‖dα(x)‖2/α for any x ∈ Ω and α > 0.

P7. For any x ∈ Ω and α > 0, dα(x) = 0 if and only if x is a stationary point for

(3.3).

P8. Suppose x∗ is a stationary point for (3.3). If for some x ∈ Rn, there exist

positive scalars λ and γ such that

(g(x)− g(x∗))T(x− x∗) ≥ γ‖x− x∗‖2 (3.8)

and

‖g(x)− g(x∗)‖ ≤ λ‖x− x∗‖, (3.9)

then we have

‖x− x∗‖ ≤
(

1 + λ

γ

)
‖d1(x)‖.

Proof. P1 is the first-order optimality condition associated with the solution

of (3.4). Replacing y by P (y) in P1 gives

(P (x)− x)T(P (y)− P (x)) ≥ 0.

Adding this to the corresponding inequality obtained by interchanging x and

y yields P2 (see [129]). P3 is the nonexpansive property of a projection (for

example, see [6, Prop. 2.1.3]). P4 is given in [116]. For P5, see [6, Lem. 2.3.1].

P6 is obtained from P1 by replacing x with x − αg(x) and replacing y with x.

If x∗ is a stationary point satisfying (3.7), then P6 with x replaced by x∗ yields

dα(x∗) = 0. Conversely, if dα(x∗) = 0, then by P1 with x replaced by x∗ − αg(x∗),

we obtain

0 ≤ αg(x∗)T(y − P (x∗ − αg(x∗)) = αg(x∗)T(y − x∗),

which implies that x∗ is a stationary point (see [6, Fig. 2.3.2]).
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Finally, let us consider P8. Replacing x by x − g(x) and replacing y by x∗ in

P1 gives

[P (x− g(x))− x + g(x)]T[x∗ − P (x− g(x))] ≥ 0. (3.10)

By the definition of dα(x), (3.10) is equivalent to

[d1(x) + g(x)]T[x∗ − x− d1(x)] ≥ 0.

Rearranging this and utilizing (3.8) gives

d1(x)T(x∗ − x)− g(x)Td1(x)− ‖d1(x)‖2 ≥ g(x)T(x− x∗) (3.11)

≥ γ‖x− x∗‖2 + g(x∗)T(x− x∗).

Focusing on the terms involving g and utilizing (3.9), we have

g(x∗)T(x∗ − x)− g(x)Td1(x) ≤ λ‖x− x∗‖ ‖d1(x)‖+ g(x∗)T(x∗ − x− d1(x))

= λ‖x− x∗‖ ‖d1(x)‖+ g(x∗)T[x∗ − P (x− g(x))]

≤ λ‖x− x∗‖ ‖d1(x)‖ (3.12)

by (3.7) since P (x− g(x)) ∈ Ω. Combining (3.11) and (3.12), the proof is complete.

¤

Next, we establish a convergence result for NGPA:

Theorem 12 Let L be the level set defined by

L = {x ∈ Ω : f(x) ≤ f(x0)}. (3.13)

We assume the following conditions hold:

G1. f is bounded from below on L and dmax = supk‖dk‖ < ∞.

G2. If L̄ is the collection of x ∈ Ω whose distance to L is at most dmax, then ∇f

is Lipschitz continuous on L̄.
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Then NGPA with ε = 0 either terminates in a finite number of iterations at a

stationary point, or we have

lim inf
k→∞

‖d1(xk)‖ = 0.

Proof. By P6, the search direction dk generated in Step 1 of NGPA is a

descent direction. Since f r
k ≥ f(xk) and δ < 1, the Armijo line search condition

(3.6) is satisfied for j sufficiently large. We now show that xk ∈ L for each k. Since

fmax
0 = f r

−1 = f(x0), Step 2 of NGPA implies that f r
0 ≤ f(x0). Proceeding by

induction, suppose that for some k ≥ 0, we have

f r
j ≤ f(x0) and fmax

j ≤ f(x0) (3.14)

for all j ∈ [0, k]. Again, since the search direction dk generated in Step 1 of NGPA

is a descent direction, it follows from Steps 3 and 4 of NGPA and the induction

hypothesis that

f(xk+1) ≤ f r
k ≤ f(x0). (3.15)

Hence, fmax
k+1 ≤ f(x0) and f r

k+1 ≤ max{f r
k , fmax

k+1 } ≤ f(x0). This completes the

induction. Thus (3.14) holds for all j. Consequently, we have fR ≤ f(x0) in Steps 3

and 4 of NGPA. Again, since the search direction dk generated in Step 1 of NGPA

is a descent direction, it follows from Steps 3 and 4 that f(xk) ≤ f(x0), which

implies that xk ∈ L for each k.

Let λ be the Lipschitz constant for ∇f on L̄. As in [131, Lem. 2.1], we have

αk ≥ min

{
1,

(
2η(1− δ)

λ

) |gT
k dk|

‖dk‖2

}
(3.16)

for all k. By P6,

|gT
k dk| ≥ ‖dk‖2

αk

≥ ‖dk‖2

αmax

.



81

It follows from (3.16) that

αk ≥ min

{
1,

(
2η(1− δ)

λαmax

)}
:= c. (3.17)

By Steps 3 and 4 of NGPA and P6, we conclude that

f(xk+1) ≤ f r
k + δcgT

k dk ≤ f r
k − δc‖dk‖2/αk ≤ f r

k − δc‖dk‖2/αmax. (3.18)

We now prove that lim inf
k→∞

‖dk‖ = 0. Suppose, to the contrary, that there exists

a constant γ > 0 such that ‖dk‖ ≥ γ for all k. By (3.18), we have

f(xk+1) ≤ f r
k − τ, where τ = δcγ2/αmax. (3.19)

Let ki, i = 0, 1, . . ., denote an increasing sequence of integers with the property that

f r
j ≤ fmax

j for j = ki and f r
j ≤ f r

j−1 when ki < j < ki+1. Such a sequence exists by

the requirement on f r
k given in Step 2 of NGPA. Hence, we have

f r
j ≤ f r

ki
≤ fmax

ki
, when ki ≤ j < ki+1. (3.20)

By (3.19) it follows that

f(xj) ≤ f r
j−1 − τ ≤ fmax

ki
− τ when ki < j ≤ ki+1. (3.21)

It follows that

f r
ki+1

≤ fmax
ki+1

≤ fmax
ki

. (3.22)

Hence, if a = ki1 and b = ki2 where i1 > i2 and a − b > M , then by (3.20)–(3.22),

we have

fmax
a = max

0≤j<M
f(xa−j) ≤ max

1≤j≤M
f r

a−j − τ ≤ fmax
b − τ.

Since the sequence ki, i = 0, 1, . . ., is infinite, this contradicts the fact that f is

bounded from below. Consequently, lim inf
k→∞

‖dk‖ = 0. By P4 and P5, it follows that

‖dk‖ ≥ min{αmin, 1}‖d1(xk)‖.
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Thus lim inf
k→∞

‖d1(xk)‖ = 0. ¤

Recall that f is strongly convex on Ω if there exists a scalar γ > 0 such that

f(x) ≥ f(y) +∇f(y)(x− y) +
γ

2
‖x− y‖2 (3.23)

for all x and y ∈ Ω. Interchanging x and y in (3.23) and adding, we obtain the

(usual) monotonicity condition

(∇f(y)−∇f(x))(y − x) ≥ γ‖y − x‖2. (3.24)

For a strongly convex function, (3.3) has a unique minimizer x∗ and the conclusion

of Theorem 12 can be strengthened as follows:

Corollary 2 Suppose f is strongly convex and twice continuously differentiable on

Ω, and there is a positive integer L with the property that for each k, there exists

j ∈ [k, k + L) such that f r
j ≤ fmax

j . Then the iterates xk of NGPA with ε = 0

converge to the global minimizer x∗.

Proof. As shown at the start of the proof of Theorem 12, f(xk) ≤ f(x0)

for each k. Hence, xk lies in the level set L defined in (3.13). Since f is strongly

convex, L is a bounded set; since f is twice continuously differentiable, ‖∇f(xk)‖ is

bounded uniformly in k. For any x ∈ Ω, we have P (x) = x. By P3, it follows that

‖dα‖ = ‖P (x− αg(x))− x‖ = ‖P (x− αg(x))− P (x)‖ ≤ α‖g(x)‖.

Since ᾱk ∈ [αmin, αmax], dmax = supk ‖dk‖ < ∞. Consequently, the set L̄ defined in

G2 is bounded. Again, since f is twice continuously differentiable, ∇f is Lipschitz

continuous on L̄. By assumption, f r
k ≤ fmax

k infinitely often. Consequently, the

hypotheses of Theorem 12 are satisfied, and NGPA with ε = 0 either terminates in

a finite number of iterations at a stationary point, or we have

lim inf
k→∞

‖d1(xk)‖ = 0. (3.25)
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Since f is strongly convex on Ω, x∗ is the unique stationary point for (3.3).

Hence, when the iterates converge in a finite number of steps, they converge to x∗.

Otherwise, (3.25) holds, in which case, there exists an infinite sequence l1 < l2 < . . .

such that ‖d1(xlj)‖ approaches zero as j tends to ∞. Since (3.24) holds, it follows

from P8 that xlj approaches x∗ as j tends to ∞. By P4 and P5, we have

‖dα(x)‖ ≤ max{1, α}‖d1(x)‖.

Since ᾱk ∈ [αmin, αmax], it follows that

‖dk‖ ≤ max{1, αmax}‖d1(xk)‖.

Since the stepsize αk ∈ (0, 1], we deduce that

‖xk+1 − xk‖ = αk‖dk‖ ≤ ‖dk‖ ≤ max{1, αmax}‖d1(xk)‖. (3.26)

By P3, P is continuous; consequently, dα(x) is a continuous function of x. The

continuity of dα(·) and f(·) combined with (3.26) and the fact that xlj converges to

x∗ implies that for any δ > 0 and for j sufficiently large, we have

f(xk) ≤ f(x∗) + δ for all k ∈ [lj, lj + M + L].

By the definition of fmax
k ,

fmax
k ≤ f(x∗) + δ for all k ∈ [lj + M, lj + M + L]. (3.27)

As in the proof of Theorem 12, let ki, i = 0, 1, . . ., denote an increasing

sequence of integers with the property that f r
j ≤ fmax

j for j = ki and f r
j ≤ f r

j−1

when ki < j < ki+1. As shown in (3.22),

fmax
ki+1

≤ fmax
ki

(3.28)
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for each i. The assumption that for each k, there exists j ∈ [k, k + L) such that

f r
j ≤ fmax

j implies that

ki+1 − ki ≤ L. (3.29)

Combining (3.27) and (3.29), for each lj, there exists some ki ∈ [lj + M, lj + M + L]

and

fmax
ki

≤ f(x∗) + δ. (3.30)

Since δ was arbitrary, it follows from (3.28) and (3.30) that

lim
i→∞

fmax
ki

= f(x∗); (3.31)

the convergence is monotone by (3.28). By the choice of ki and by the inequality

f(xk) ≤ f r
k in Step 2, we have

f(xk) ≤ f r
k ≤ fmax

ki
for all k ≥ ki. (3.32)

Combining (3.31) and (3.32),

lim
k→∞

f(xk) = f(x∗). (3.33)

Together, (3.7) and (3.23) yield

f(xk) ≥ f(x∗) +
γ

2
‖xk − x∗‖2. (3.34)

Combining this with (3.33), the proof is complete. ¤

3.3 Active Set Algorithm (ASA)

Starting with this section, we focus on the box constrained problem (3.1). To

simplify the exposition, we consider the special case l = 0 and u = ∞:

min {f(x) : x ≥ 0}.

We emphasize that the analysis and algorithm apply to the general box constrained

problem (3.1) with both upper and lower bounds.
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Although the gradient projection scheme NGPA has an attractive global

convergence theory, the convergence rate can be slow in a neighborhood of a local

minimizer. In contrast, for unconstrained optimization, the conjugate gradient

algorithm often exhibits superlinear convergence in a neighborhood of a local

minimizer. We develop an active set algorithm which uses NGPA to identify active

constraints, and which uses an unconstrained optimization algorithm, such as the

CG DESCENT scheme in [73, 74, 72, 75], to optimize f over a face identified by

NGPA.

We begin with some notation. For any x ∈ Ω, let A(x) and I(x) denote the

active and inactive indices respectively:

A(x) = {i ∈ [1, n] : xi = 0},

I(x) = {i ∈ [1, n] : xi > 0}.

The active indices are further subdivided into those indices satisfying strict

complementarity and the degenerate indices:

A+(x) = {i ∈ A(x) : gi(x) > 0},

A0(x) = {i ∈ A(x) : gi(x) = 0}.

We let gI(x) denote the vector whose components associated with the set I(x) are

identical to those of g(x), while the components associated with A(x) are zero:

gIi(x) =





0 if xi = 0,

gi(x) if xi > 0.

An important feature of our algorithm is that we try to distinguish between

active constraints satisfying strict complementarity, and active constraints that

are degenerate using an identification strategy, which is related to the idea of an

identification function introduced in [50]. Given fixed parameters α ∈ (0, 1) and
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β ∈ (1, 2), we define the (undecided index) set U at x ∈ B as follows:

U(x) = {i ∈ [1, n] : |gi(x)| ≥ ‖d1(x)‖α and xi ≥ ‖d1(x)‖β}.

In the numerical experiments, we take α = 1/2 and β = 3/2. In practice, U
is almost always empty when we reach a neighborhood of a minimizer, and the

specific choice of α and β does not have a significant effect on convergence. The

introduction of the U set leads to a strong local convergence theory developed in

the local convergence section.

The indices in U correspond to components of x for which the associated

gradient component gi(x) is relatively large, while xi is not close to 0 (in the sense

that xi ≥ ‖d1(x)‖β). When the set U of uncertain indices is empty, we feel that the

indices with large associated gradient components are almost identified. In this case

we prefer the unconstrained optimization algorithm.

Although our numerical experiments are based on the conjugate gradient

code CG DESCENT, a broad class of unconstrained optimization algorithms (UA)

can be applied. The following requirement for the unconstrained algorithm are

sufficient for establishing the convergence results that follow. Conditions U1–

U3 are sufficient for global convergence, while U1–U4 are sufficient for the local

convergence analysis. U4 could be replaced by another descent condition for the

initial line search, however, our local convergence analysis has been carried out

under U4.

Unconstrained Algorithm (UA) Requirements

U1. xk ≥ 0 and f(xk+1) ≤ f(xk) for each k.

U2. A(xk) ⊂ A(xk+1) for each k.

U3. If A(xj+1) = A(xj) for j ≥ k, then lim inf
j→∞

‖gI(xj)‖ = 0.
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U4. Whenever the unconstrained algorithm is started, xk+1 = P (xk − αkgI(xk))

where αk is obtained from a Wolfe line search. That is, αk is chosen to satisfy

φ(αk) ≤ φ(0) + δαkφ
′(0) and φ′(αk) ≥ σφ′(0), (3.35)

where

φ(α) = f(P (xk − αgI(xk))), 0 < δ < σ < 1. (3.36)

Condition U1 implies that the UA is a monotone algorithm, so that the cost

function can only decrease in each iteration. Condition U2 concerns how the

algorithm behaves when an infeasible iterate is generated. Condition U3 describes

the global convergence of the UA when the active set does not change. In U4, φ′(α)

is the derivative from the right side of α; αk exists since φ is piecewise smooth with

a finite number of discontinuities in its derivative, and φ′(α) is continuous at α = 0.

We now present our Active Set Algorithm (ASA). In the first step of the

algorithm, we execute NGPA until we feel that the active constraints satisfying

strict complementarity have been identified. In Step 2, we execute the UA until

a subproblem has been solved (Step 2a). When new constraints become active in

Step 2b, we may decide to restart either NGPA or UA. By restarting NGPA, we

mean that x0 in NGPA is identified with the current iterate xk. By restarting the

UA, we mean that iterates are generated by the UA using the current iterate as the

starting point.

ASA Parameters

ε ∈ [0,∞), error tolerance, stop when ‖d1(xk)‖ ≤ ε

µ ∈ (0, 1), ‖gI(xk)‖ < µ‖d1(xk)‖ implies subproblem solved

ρ ∈ (0, 1), decay factor for µ tolerance

n1 ∈ [1, n), number of repeated A(xk) before switch from NGPA to UA

n2 ∈ [1, n), used in switch from UA to NGPA
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Active Set Algorithm (ASA)

1. While ‖d1(xk)‖ > ε execute NGPA and check the following:

a. If U(xk) = ∅, then

If ‖gI(xk)‖ < µ‖d1(xk)‖, then µ = ρµ.

Otherwise, goto Step 2.

b. Else if A(xk) = A(xk−1) = . . . = A(xk−n1), then

If ‖gI(xk)‖ ≥ µ‖d1(xk)‖, then goto Step 2.

End

2. While ‖d1(xk)‖ > ε execute UA and check the following:

a. If ‖gI(xk)‖ < µ‖d1(xk)‖, then restart NGPA (Step 1).

b. If |A(xk−1)| < |A(xk)|, then

If U(xk) = ∅ or |A(xk)| > |A(xk−1)|+ n2, restart the UA at xk.

Else restart NGPA.

End

End

3.3.1 Global Convergence

We begin with a global convergence result for ASA.

Theorem 13 Let L be the level set defined by

L = {x ∈ B : f(x) ≤ f(x0)}.

Assume the following conditions hold:

A1. f is bounded from below on L and dmax = supk‖dk‖ < ∞.

A2. If L̄ is the collection of x ∈ B whose distance to L is at most dmax, then ∇f

is Lipschitz continuous on L̄.

A3. The UA satisfies U1–U3.
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Then ASA with ε = 0 either terminates in a finite number of iterations at a

stationary point, or we have

lim inf
k→∞

‖d1(xk)‖ = 0. (3.37)

Proof. If only the NGPA is performed for large k, then (3.37) follows from

Theorem 12. If only the UA is performed for large k, then by U2, the active sets

A(xk) must approach a limit. Since µ does not change in the UA, it follows from

U3 and the condition ‖gI(xk)‖ ≥ µ‖d1(xk)‖ that (3.37) holds. Finally, suppose

that NGPA is restarted an infinite number of times at k1 < k2 < . . . and it

terminates at k1 + l1 < k2 + l2 < . . . respectively. Thus ki < ki + li ≤ ki+1 for each i.

If (3.37) does not hold, then by (3.21) and (3.22), we have

f(xki+li) ≤ f(xki
)− τ. (3.38)

By U1,

f(xki+1
) ≤ f(xki+li). (3.39)

Combining (3.38) and (3.39), we have f(xki+1
) ≤ f(xki

) − τ , which contradicts the

assumption that f is bounded from below. ¤

When f is strongly convex, the entire sequence of iterates converges to the

global minimizer x∗, as stated in the following corollary. Since the proof of this

result relies on the local convergence analysis, we will give the proof at the end of

local convergence section.

Corollary 3 If f is strongly convex and twice continuously differentiable on B, and

assumption A3 of Theorem 13 is satisfied, then the iterates xk of ASA with ε = 0

converge to the global minimizer x∗.
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3.3.2 Local Convergence

In this section, we analyze local convergence properties of ASA. We begin by

focusing on nondegenerate stationary points; that is, stationary points x∗ with the

property that gi(x
∗) > 0 whenever x∗i = 0.

Nondegenerate problems. In this case, it is relatively easy to show that ASA

eventually performs only the UA without restarts. The analogous result for

degenerate problems is established in the next section.

Theorem 14 If f is continuously differentiable, 0 < µ ≤ 1, and the iterates xk

generated by ASA with ε = 0 converge to a nondegenerate stationary point x∗, then

after a finite number of iterations, ASA performs only UA without restarts.

Proof. Since x∗ is a nondegenerate stationary point and f is continuously dif-

ferentiable, there exists ρ > 0 with the property that for all x ∈ Bρ(x
∗), we

have

gi(x) > 0 if i ∈ A(x∗) and xi > 0 if i ∈ A(x∗)c. (3.40)

Let k+ be chosen large enough that xk ∈ Bρ(x
∗) for all k ≥ k+. If k ≥ k+ and

xki = 0, then dki = 0 in Step 1 of NGPA. Hence, xk+1,i = 0 if xk+1 is generated by

NGPA. By U2, the UA cannot free a bound constraint. It follows that if k ≥ k+

and xki = 0, then xji = 0 for all j ≥ k. Consequently, there exists an index K ≥ k+

with the property that A(xk) = A(xj) for all j ≥ k ≥ K.

For any index i, |d1
i (x)| ≤ |gi(x)|. Suppose x ∈ Bρ(x

∗); by (3.40), d1
i (x) = 0 if

xi = 0. Hence,

‖d1(x)‖ ≤ ‖gI(x)‖ (3.41)

for all x ∈ Bρ(x
∗). If k > K +n1, then in Step 1b of ASA, it follows from (3.41) and

the assumption µ ∈ (0, 1] that NGPA will branch to Step 2 (UA). In Step 2, the

condition “‖gI(xk)‖ < µ‖d1(xk)‖” of Step 2a is never satisfied by (3.41). Moreover,

the condition “|A(xk−1)| < |A(xk)|” of Step 2b is never satisfied since k > K.

Hence, the iterates never branch from UA to NPGA and UA is never restarted. ¤
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Degenerate problems. We now focus on degenerate problems, and show that a

result analogous to Theorem 14 holds under the strong second-order sufficient

optimality condition. We begin with a series of preliminary results.

Lemma 6 If f is twice-continuously differentiable and there exists an infinite

sequence of iterates xk generated by ASA with ε = 0 converging to a stationary

point x∗, xk 6= x∗ for each k, then for each i ∈ A+(x∗), we have

lim sup
k→∞

xki

‖xk − x∗‖2
< ∞. (3.42)

Proof. Assume that A+(x∗) is nonempty, otherwise there is nothing to prove. Let

k+ be chosen large enough that gi(xk) > 0 for all i ∈ A+(x∗) and k ≥ k+. Since f

is twice-continuously differentiable, ∇f is Lipschitz continuous in a neighborhood

of x∗. Choose ρ > 0 and let λ be the Lipschitz constant for ∇f in the ball Bρ(x
∗)

with center x∗ and radius ρ. Since d1(x∗) = 0, it follows from the continuity of

d1(·) that dk tends to 0 (see (3.26)). Choose k+ large enough that the ball with

center xk and radius ‖dk‖ is contained in Bρ(x
∗) for all k ≥ k+. If xli = 0 for some

i ∈ A+(x∗) and l ≥ k+, then by the definition of dk in NGPA, we have dki = 0 for

all k ≥ l. Hence, xki = 0 for each k ≥ l in NGPA. Likewise, in the UA it follows

from U2 that xji = 0 for j ≥ k when xki = 0; that is, the UA does not free an

active constraint. In other words, when an index i ∈ A+(x∗) becomes active at

iterate xk, k ≥ k+, it remains active for all the subsequent iterations. Thus (3.42)

holds trivially for any i ∈ A+(x∗) with the property that xki = 0 for some k ≥ k+.

Now, let us focus on the nontrivial indices in A+(x∗). That is, suppose that

there exists l ∈ A+(x∗) and xkl > 0 for all k ≥ k+. By the analysis given in the

previous paragraph, when k+ is sufficiently large,

either xki > 0 or xki = 0 (3.43)
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for all k ≥ k+ and i ∈ A+(x∗) (since an index i ∈ A+(x∗) which becomes active

at iterate xk remains active for all the subsequent iterations). We consider the

following possible cases:

Case 1. For an infinite number of iterations k, xk is generated by the UA, and

the UA is restarted a finite number of times. In this case, ASA eventually performs

only the UA, without restarts. By U2 and U3, we have lim infk→∞ ‖gI(xk)‖ = 0.

On the other hand, by assumption, l ∈ I(xk) for k ≥ k+ and gl(x
∗) > 0, which is a

contradiction since gl(xk) converges to gl(x
∗).

Case 2. For an infinite number of iterations k, xk is generated by the UA,

and the UA is restarted an infinite number of times. In this case, we will show that

after a finite number of iterations, xki = 0 for all i ∈ A+(x∗). Suppose, to the

contrary, that there exists an l ∈ A+(x∗) such that xkl > 0 for all k ≥ k+. By U3,

each time the UA is restarted, we perform a Wolfe line search. By the second half

of (3.35), we have

φ′(αk)− φ′(0) ≥ (σ − 1)φ′(0). (3.44)

It follows from the definition (3.36) of φ(α) that

φ′(0) = −
∑

i∈I(xk)

g2
ki = −‖gI(xk)‖2 and (3.45)

φ′(αk) = −
∑

i∈I(xk+1)

gkigk+1,i

= −
∑

i∈I(xk)

gkigk+1,i +
∑

i∈A(xk+1)\A(xk)

gkigk+1,i. (3.46)

By the Lipschitz continuity of ∇f and P3, we have

‖g(xk)− g(xk+1)‖ = ‖g(P (xk))− g(P (xk − αkgI(xk)))‖

≤ λαk‖gI(xk)‖.
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Hence, by the Schwarz inequality,

∣∣∣∣∣∣
∑

i∈I(xk)

gki(gki − gk+1,i)

∣∣∣∣∣∣
≤ λαk‖gI(xk)‖2. (3.47)

Since A(xk+1) \ A(xk) ⊂ I(xk), the Schwarz inequality also gives

∑

i∈A(xk+1)\A(xk)

gkigk+1,i ≤ ‖gI(xk)‖‖gk+1‖N , (3.48)

where

‖gk+1‖2
N =

∑

i∈A(xk+1)\A(xk)

g2
k+1,i.

Here N = A(xk+1) \ A(xk) corresponds to the set of constraints that are newly

activated as we move from xk to xk+1. Combining (3.44)–(3.48),

αk ≥ 1− σ

λ
− ‖gk+1‖N

λ‖gI(xk)‖ , where ‖gk+1‖2
N =

∑

i∈A(xk+1)\A(xk)

g2
k+1,i. (3.49)

For k sufficiently large, (3.43) implies that the newly activated constraints

A(xk+1) \ A(xk) exclude all members of A+(x∗). Since the xk converge to x∗,

‖gk+1‖N tends to zero. On the other hand, ‖gI(xk)‖ is bounded away from zero

since the index l is contained in I(xk). Hence, the last term in (3.49) tends to 0

as k increases, and the lower bound for αk approaches (1 − σ)/λ. Since x∗l = 0, it

follows that xkl approaches 0. Since the lower bound for αk approaches (1 − σ)/λ,

gl(x
∗) > 0, and xk converges to x∗, we conclude that

xk+1,l = xkl − αkgkl < 0

for k sufficiently large. This contradicts the initial assumption that constraint l is

inactive for k sufficiently large. Hence, in a finite number of iterations, xki = 0 for

all i ∈ A+(x∗).

Case 3. The UA is executed a finite number of iterations. In this case, the

iterates are generated by NGPA for k sufficiently large. Suppose that (3.42) is



94

violated for some l ∈ A+(x∗). We show that this leads to a contradiction. By

(3.43), xkl > 0 for all k ≥ k+. Since xk converges to x∗, x∗l = 0, and gl(x
∗) > 0, it is

possible to choose k larger, if necessary, so that

xkl − gklαmin < 0. (3.50)

Since (3.42) is violated and xk converges to x∗, we can choose k larger, if necessary,

so that

xkl

‖xk − x∗‖2
≥ λ(2 + λ)2 max{1, αmax}2

2(1− δ)gkl

, (3.51)

where 0 < δ < 1 is the parameter appearing in Step 3 of NGPA, and λ is the

Lipschitz constant for ∇f . We will show that for this k, we have

f(xk + dk) ≤ fR + δgT
k dk, (3.52)

where fR is specified in Step 3 of NGPA. According to Step 3 of NGPA, when

(3.52) holds, αk = 1, which implies that

xk+1,l = xkl + dkl. (3.53)

Since (3.50) holds and ᾱk ≥ αmin, we have since

dkl = max{xkl − ᾱkgkl, 0} − xkl = −xkl. (3.54)

This substitution in (3.53) gives xk+1,l = 0, which contradicts the fact that xkl > 0

for all k ≥ k+. To complete the proof, we need to show that when (3.51) holds,
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(3.52) is satisfied. Expanding in a Taylor series around xk and utilizing (3.54) gives

f(xk + dk) = f(xk) +

∫ 1

0

f ′(xk + tdk)dt

= f(xk) + gT
k dk +

∫ 1

0

(∇f(xk + tdk)− gT
k )dkdt

≤ f(xk) + gT
k dk +

λ

2
‖dk‖2

= f(xk) + δgT
k dk + (1− δ)gT

k dk +
λ

2
‖dk‖2

≤ f(xk) + δgT
k dk + (1− δ)gkldkl +

λ

2
‖dk‖2 (3.55)

= f(xk) + δgT
k dk − (1− δ)gklxkl +

λ

2
‖dk‖2. (3.56)

The inequality (3.55) is due to the fact that gkidki ≤ 0 for each i. By P3, P4, P5,

and P7, and by the Lipschitz continuity of ∇f , we have

‖dk‖ ≤ max{1, αmax}‖d1(xk)‖

= max{1, αmax}‖d1(xk)− d1(x∗)‖

= max{1, αmax}‖P (xk − gk)− xk − P (x∗ − g(x∗)) + x∗‖

≤ max{1, αmax}(‖xk − x∗‖+ ‖P (xk − gk)− P (x∗ − g(x∗))‖)

≤ max{1, αmax}(‖xk − x∗‖+ ‖xk − gk − (x∗ − g(x∗))‖)

≤ max{1, αmax}(2‖xk − x∗‖+ ‖gk − g(x∗)‖)

≤ max{1, αmax}(2 + λ)‖xk − x∗‖.

Combining this upper bound for ‖dk‖ with the lower bound (3.51) for xkl, we

conclude that

λ

2
‖dk‖ ≤ λ

2
max{1, αmax}2(2 + λ)2‖xk − x∗‖2

≤ 1

2

(
2(1− δ)xklgkl

‖xk − x∗‖2

)
‖xk − x∗‖2

= (1− δ)xklgkl.
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Hence, by (3.56) and by the choice for fR specified in Step 3 of NGPA, we have

f(xk + dk) ≤ f(xk) + δgT
k dk ≤ fR + δgT

k dk. (3.57)

This completes the proof of (3.52). ¤

There is a fundamental difference between the gradient projection algorithm

presented in this paper, and algorithms based on a “piecewise projected gradient”

[15, 16, 17]. For our gradient projection algorithm, we perform a single projection,

and then we backtrack towards the starting point. Thus we are unable to show

that the active constraints are identified in a finite number of iterations; in con-

trast, with the piecewise project gradient approach, where a series of projections

may be performed, the active constraints can be identified in a finite number of

iterations. In Lemma 6 we show that even though we do not identify the active

constraints, the components of xk corresponding to the strictly active constraints

are on the order of the error in xk squared.

If all the constraints are active at a stationary point x∗ and strict complemen-

tarity holds, then convergence is achieved in a finite number of iterations:

Corollary 4 If f is twice-continuously differentiable, the iterates xk generated by

ASA with ε = 0 converge to a stationary point x∗, and |A+(x∗)| = n, then xk = x∗

after a finite number of iterations.

Proof. Let xk,max denote the largest component of xk. Since ‖xk‖2 ≤ nx2
k,max,

we have

xk,max

‖xk‖2
≥ 1

nxk,max

. (3.58)

Since all the constraints are active at x∗, xk,max tends to zero. By (3.58) the

conclusion (3.42) of Lemma 6 does not hold. Hence, after a finite number of

iterations, xk = x∗. ¤
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Recall [110] that for any stationary point x∗ of (3.1), the strong second-order

sufficient optimality condition holds if there exists γ > 0 such that

dT∇2f(x∗)d ≥ γ‖d‖2, whenever di = 0 for all i ∈ A+(x∗). (3.59)

Using P8, we establish the following:

Lemma 7 If f is twice-continuously differentiable near a stationary point x∗ of

(3.1) satisfying the strong second-order sufficient optimality condition, then there

exists ρ > 0 with the following property:

‖x− x∗‖ ≤
√

1 +

(
(1 + λ)2

.5γ

)2

‖d1(x)‖ (3.60)

for all x ∈ Bρ(x
∗), where λ is any Lipschitz constant for ∇f over Bρ(x

∗).

Proof. By the continuity of the second derivative of f , it follows from (3.59)

that for ρ > 0 sufficiently small,

(g(x)− g(x∗))T(x− x∗) ≥ .5γ‖x− x∗‖2 (3.61)

for all x ∈ Bρ(x
∗) with xi = 0 for all i ∈ A+(x∗). Choose ρ smaller if necessary so

that

xi − gi(x) ≤ 0 for all i ∈ A+(x∗) and x ∈ Bρ(x
∗). (3.62)

Let x̄ be defined as follows:

x̄i =





0 if i ∈ A+(x∗),

xi otherwise.
(3.63)

Since (3.62) holds, it follows that

‖x− x̄‖ ≤ ‖d1(x)‖ (3.64)

for all x ∈ Bρ(x
∗). Also, by (3.62), we have

[P (x̄− g(x))− x̄]i = 0 and d1(x)i = [P (x− g(x))− x]i = −xi
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for all i ∈ A+(x∗), while

[P (x̄− g(x))− x̄]i = d1(x)i = [P (x− g(x))− x]i

for i 6∈ A+(x∗). Hence, we have

‖P (x̄− g(x))− x̄‖ ≤ ‖d1(x)‖ (3.65)

for all x ∈ Bρ(x
∗). By the Lipschitz continuity of g, (3.64), (3.65), and P3, it

follows that

‖d1(x̄)‖ = ‖P (x̄− g(x̄))− P (x̄− g(x)) + P (x̄− g(x))− x̄‖

≤ λ‖x̄− x‖+ ‖d1(x)‖

≤ (1 + λ)‖d1(x)‖ (3.66)

for all x ∈ Bρ(x
∗). By P8, (3.61), and (3.66), we have

‖x̄− x∗‖ ≤
(

1 + λ

.5γ

)
‖d1(x̄)‖ ≤

(
(1 + λ)2

.5γ

)
‖d1(x)‖. (3.67)

Since ‖x − x̄‖2 + ‖x̄ − x∗‖2 = ‖x − x∗‖2, the proof is completed by squaring and

adding (3.67) and (3.64). ¤

We now show that the undecided index set U becomes empty as the iterates

approach a stationary point where the strong second-order sufficient optimality

condition holds.

Lemma 8 Suppose f is twice-continuously differentiable, x∗ is a stationary point

of (3.1) satisfying the strong second-order sufficient optimality condition, and xk,

k = 0, 1, . . ., is an infinite sequence of feasible iterates for (3.1) converging to x∗,

xk 6= x∗ for each k. If there exists a constant ξ such that

lim sup
k→∞

xki

‖xk − x∗‖2
≤ ξ < ∞ (3.68)

for all i ∈ A+(x∗), then U(xk) is empty for k sufficiently large.
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Proof. To prove that U(x) is empty, we must show that for each i ∈ [1, n], one of

the following inequalities is violated:

|gi(x)| ≥ ‖d1(x)‖α or (3.69)

xi ≥ ‖d1(x)‖β. (3.70)

By Lemma 7, there exists a constant c such that ‖x− x∗‖ ≤ c‖d1(x)‖ for all x near

x∗. If i ∈ A+(x∗), then by (3.68), we have

lim sup
k→∞

xki

‖d1(xk)‖β
≤ lim sup

k→∞

ξ‖xk − x∗‖2

‖d1(xk)‖β
≤ lim sup

k→∞
ξc2‖d1(xk)‖2−β = 0

since β ∈ (1, 2). Hence, for each i ∈ A+(x∗), (3.70) is violated for k sufficiently

large.

If i 6∈ A+(x∗), then gi(x
∗) = 0. By Lemma 7, we have

lim sup
k→∞

|gi(xk)|
‖d1(xk)‖α

= lim sup
k→∞

|gi(xk)− gi(x
∗)|

‖d1(xk)‖α

≤ lim sup
k→∞

λ‖xk − x∗‖
‖d1(xk)‖α

≤ lim sup
k→∞

λc‖d1(xk)‖1−α = 0,

since α ∈ (0, 1). Here, λ is a Lipschitz constant for g in a neighborhood of x∗.

Hence, (3.69) is violated if i 6∈ A+(x∗). ¤

Remark. If i ∈ A+(x∗) and the iterates xk converge to a stationary point x∗,

then gi(xk) is bounded away from 0 for k sufficiently large. Since d1(xk) tends to

zero, the inequality |gi(xk)| ≥ ‖d1(xk)‖α is satisfied for k sufficiently large. Hence,

if U(xk) is empty and i ∈ A+(x∗), then xki < ‖d1(xk)‖β where β ∈ (1, 2). In other

words, when U(xk) is empty, the components of xk associated with strictly active

indices A+(x∗) are going to zero faster than the error ‖d1(xk)‖.
Lemma 9 Suppose f is twice-continuously differentiable, x∗ is a stationary point

of (3.1) satisfying the strong second-order sufficient optimality condition, and xk,
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k = 0, 1, . . ., is an infinite sequence of feasible iterates for (3.1) converging to x∗,

xk 6= x∗ for each k. If there exists a constant ξ such that

lim sup
k→∞

xki

‖xk − x∗‖2
≤ ξ < ∞ (3.71)

for all i ∈ A+(x∗), then there exist µ∗ > 0 such that

‖gI(xk)‖ ≥ µ∗‖d1(xk)‖ (3.72)

for k sufficiently large.

Proof. Choose ρ > 0 and let λ be the Lipschitz constant for ∇f in Bρ(x
∗).

As in (3.63), let x̄ be defined by x̄i = 0 if i ∈ A+(x∗) and x̄i = xi otherwise. If

xk ∈ Bρ(x
∗), we have

‖d1(xk)‖ ≤ ‖d1(xk)− d1(x∗)‖

≤ ‖d1(xk)− d1(x̄k)‖+ ‖d1(x̄k)− d1(x∗)‖

≤ (2 + λ)(‖xk − x̄k‖+ ‖x̄k − x∗‖) (3.73)

Utilizing (3.71) gives

‖x̄k − xk‖ ≤
n∑

i=1

|x̄ki − xki|

=
∑

i∈A+(x∗)

xki ≤ nξ‖xk − x∗‖2

≤ nξ‖xk − x∗‖(‖xk − x̄k‖+ ‖x̄k − x∗‖).

Since xk converges to x∗, it follows that for any ε > 0,

‖x̄k − xk‖ ≤ ε‖x̄k − x∗‖ (3.74)

when k is sufficiently large. Combining (3.73) and (3.74), there exists a constant

c > 0 such that

‖d1(xk)‖ ≤ c‖x̄k − x∗‖ (3.75)
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for k sufficiently large.

Let k be chosen large enough that

‖xk − x∗‖ < min{x∗i : i ∈ I(x∗)}. (3.76)

Suppose, in this case, that i ∈ A(xk). If x∗i > 0, then ‖xk − x∗‖ ≥ x∗i , which

contradicts (3.76). Hence, x̄ki = x∗i = 0. Moreover, if i ∈ A+(x∗), then by the

definition (3.63), x̄ki = x∗i = 0. In summary,





x̄ki = x∗i = 0 for each i ∈ A(xk) ∪ A+(x∗),

gi(x
∗) = 0 for each i ∈ A+(x∗)c,

(3.77)

where A+(x∗)c is the complement of A+(x∗). Define Z = A(xk)
c ∩A+(x∗)c.

By the strong second-order sufficient optimality condition and for x near x∗,

we have

γ

2
‖x̄− x∗‖2 ≤ [x̄− x∗]T

∫ 1

0

∇2f(x∗ + t(x̄− x∗))dt [x̄− x∗]

= (x̄− x∗)T(g(x̄)− g(x∗)). (3.78)

We substitute x = xk in (3.78) and utilize (3.77) to obtain

(x̄k − x∗)T(g(x̄k)− g(x∗)) =
n∑

i=1

(x̄ki − x∗i )(gi(x̄k)− gi(x
∗))

=
∑
i∈Z

(x̄ki − x∗i )gi(x̄k)

≤ ‖x̄k − x∗‖

 ∑

i∈I(xk)

gi(x̄k)
2




1/2

, (3.79)

since Z ⊂ A(xk)
c = I(xk). Exploiting the Lipschitz continuity of ∇f , (3.79) gives

(x̄k − x∗)T(g(x̄k)− g(x∗)) ≤ ‖x̄k − x∗‖(‖gI(xk)‖+ λ‖x̄k − xk‖). (3.80)
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Combining (3.74), (3.78), and (3.80), we conclude that for k sufficiently large,

γ

4
‖x̄k − x∗‖ ≤ ‖gI(xk)‖. (3.81)

Combining (3.75) and (3.81), the proof is complete. ¤

Remark. If xk is sequence converging to a nondegenerate stationary point

x∗, then (3.72) holds with µ∗ = 1, without assuming either the strong second-

order sufficient optimality condition or (3.71) – see Theorem 14. In Lemma 9, the

optimization problem could be degenerate.

We now show that after a finite number of iterations, ASA will perform only

the unconstrained algorithm (UA) with a fixed active constraint set.

Theorem 15 If f is twice-continuously differentiable and the iterates xk generated

by ASA with ε = 0 converge to a stationary point x∗ satisfying the strong second-

order sufficient optimality condition, then after a finite number of iterations, ASA

performs only the UA without restarts.

Proof. By Lemma 6, the hypotheses (3.68) and (3.71) of Lemmas 8 and 9 are

satisfied. Hence, for k sufficiently large, the undecided set U(xk) is empty and the

lower bound (3.72) holds. In Step 1a, if ‖gI(xk)‖ < µ‖d1(xk)‖, then µ is multiplied

by the factor ρ < 1. When µ < µ∗, Lemma 9 implies that ‖gI(xk)‖ ≥ µ‖d1(xk)‖.
Hence, Step 1a of ASA branches to Step 2, while Step 2 cannot branch to Step 1

since the condition ‖gI(xk)‖ < µ‖d1(xk)‖ is never satisfied in Step 2a and U(xk)

is empty in Step 2b for k sufficiently large. Since the UA only adds constraints, we

conclude that after a finite number of iterations, the active set does not change. ¤

Remark. If f is a strongly convex quadratic function, then by Corollary 3,

the iterates xk converge to the global minimizer x∗. If the UA is based on the

conjugate gradient method for which there is finite convergence when applied to

a convex quadratic, it follows from Theorem 15 that ASA converges in a finite

number of iterations.
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We now give the proof of Corollary 3; that is, when f is strongly convex

and twice continuously differentiable on B, and assumption A3 of Theorem 13 is

satisfied, then the entire sequence of iterates generated by ASA converges to the

global minimizer x∗. Note that the assumptions of Corollary 3 are weaker than

those of Corollary 2 (global convergence of NGPA) since Corollary 3 only requires

that f r
k ≤ fmax

k infinitely often in NGPA.

Proof. For a strongly convex function, A1 and A2 always hold. Since all

the assumptions of Theorem 13 are satisfied, there exists a subsequence xkj
,

j = 1, 2, . . ., of the iterates such that

lim
j→∞

‖d1(xkj
)‖ = 0.

Since the UA is monotone and since the NGPA satisfies (3.14) and (3.15), it follows

from the strong convexity of f that the xkj
are contained in a bounded set. Since

d1(·) is continuous, there exists a subsequence, also denote xkj
, converging to a

limit x∗ with d1(x∗) = 0. Since the unique stationary point of a strongly convex

function is its global minimizer, x∗ is the global solution of (3.1).

Case A. There exists an infinite subsequence, also denoted {xkj
}, with the

property that xkj+1 is generated by the UA. In this case, we are done since the UA

is monotone and the inequality

f(xk) ≤ f(xkj
) (3.82)

holds for all k ≥ kj (see (3.14) and (3.15)). Since xkj
converges to x∗, it follows

that f(xkj
) converges to f(x∗), and hence, by (3.82) and (3.34), the entire sequence

converges to x∗.
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Case B. There exists an infinite subsequence, also denoted {xkj
}, with the

property that xkj+1 is generated by NGPA. Either

lim sup
j→∞

(xkj
)i

‖xkj
− x∗‖2

< ∞ for all i ∈ A+(x∗), (3.83)

or (3.83) is violated. By the analysis given in Case 3 of Lemma 6, when (3.83) is

violated, (3.52) holds, from which it follows that for j sufficiently large,

xkj+1,i = 0 for all i ∈ A+(x∗). (3.84)

Hence, either the sequence xkj
satisfies (3.83) or the sequence xkj+1 satisfies (3.84).

In this latter case, it follows from (3.57) that

f(xkj+1) ≤ f(xkj
).

Since f(xkj
) converges to f(x∗), we conclude that f(xkj+1) converges to f(x∗), and

xkj+1 converges to x∗.

In either case (3.83) or (3.84), there exists a sequence Kj (either Kj = kj or

Kj = kj + 1) with the property that xKj
converges to x∗ and

lim sup
j→∞

(xKj
)i

‖xKj
− x∗‖2

< ∞ for all i ∈ A+(x∗).

By Lemma 8, U(xKj
) is empty for j sufficiently large. By Lemma 9, there exists

µ∗ > 0 such that

‖gI(xKj
) ≥ µ∗‖d1(xKj

)‖

for j sufficiently large. As in the proof of Theorem 15, at iteration Kj for j

sufficiently large, ASA jumps from Step 1 to the UA in Step 2. Hence, for j

sufficiently large, xKj+1 is generated by the UA, which implies that Case A holds.

¤
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3.3.3 Numerical Comparisons

This section compares the CPU time performance of ASA, implemented using

the nonlinear conjugate gradient code CG DESCENT for the unconstrained algo-

rithm and the CBB method for the nonmonotone gradient projection algorithm, to

the performance of the following codes:

• L-BFGS-B [18, 135]: The limited memory quasi-Newton method of Zhu,

Byrd, Nocedal (ACM Algorithm 778).

• SPG2 Version 2.1 [10, 11]: The nonmonotone spectral projected gradient

method of Birgin, Mart́ınez, and Raydan (ACM Algorithm 813).

• GENCAN [9]: The monotone active set method with spectral projected

gradients developed by Birgin and Mart́ınez.

• TRON Version 1.2 [90]: A Newton trust region method with incomplete

Cholesky preconditioning developed by Lin and Moré.

A detailed description of our implementation of ASA can be found in [78].

L-BFGS-B was downloaded from Jorge Nocedal’s web page, TRON was

downloaded from Jorge Moré’s web page, SPG2 and GENCAN were downloaded on

June 28, 2005, from the TANGO web page maintained by Ernesto Birgin. All codes

are written in Fortran and compiled with f77 (default compiler settings) on a Sun

workstation. The stopping condition was

‖P (x− g(x))− x‖∞ ≤ 10−6,

where ‖ · ‖∞ denotes the sup-norm of a vector. In running any of these codes,

default values were used for all parameters. In NGPA, we chose the following

parameter values:

αmin = 10−20, αmax = 10+20, η = .5, δ = 10−4, M = 8.
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Here M is the memory used to evaluate fmax
k (see (3.5)). In ASA the parameter

values were as follows:

µ = .1, ρ = .5, n1 = 2, n2 = 1.

In the CBB method, the parameter values were the following:

θ = .975, L = 3, A = 40, m = 4, γ1 = M/L, γ2 = A/M.

The separation parameter ∆ in condition R4 was the natural separation between

floating point numbers. That is, R4 was satisfied when the floating point version of

fk+1 was strictly less than the floating point version of fmin
k .

The test set consisted of all 50 box constrained problems in the CUTEr library

[12] with dimensions between 50 and 15,625, and all 23 box constrained problems

in the MINPACK-2 library [2] with dimension 2500. TRON is somewhat different

from the other codes since it employs Hessian information and an incomplete

Cholesky preconditioner, while the codes ASA, L-BFGS-B, SPG2, and GENCAN

only utilize gradient information. When we compare our code to TRON, we use the

same Lin/Moré preconditioner [89] used by TRON for our unconstrained algorithm.

The preconditioned ASA code is called P-ASA. Since TRON is targeted to large-

sparse problems, we compare with TRON using the 23 MINPACK-2 problems and

the 42 sparsest CUTEr problems (the number of nonzeros in the Hessian was at

most 1/5 the total number of entries). The codes L-BFGS-B, SPG2, and GENCAN

were implemented for the CUTEr test problems, while ASA and TRON were

implemented for both test sets, CUTEr and MINPACK-2.

The cpu time in seconds and the number of iterations, function evaluations,

and gradient evaluations for each of the methods are posted at the author’s

web site. In running the numerical experiments, we checked whether different

codes converged to different local minimizers; when comparing the codes, we
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Figure 3–2: Performance profiles, 50 CUTEr test problems

restricted outselves to test problems where all codes converged to the same local

minimizer, and where the running time of the fastest code exceeded .01 seconds.

The numerical results are now analyzed.

The performance of the algorithms, relative to cpu time, was evaluated using

the performance profiles of Dolan and Moré [43]. That is, for each method, we plot

the fraction P of problems for which the method is within a factor τ of the best

time. In Figure 3–2, we compare the performance of the 4 codes ASA, L-BFGS-B,

SPG2, and GENCAN using the 50 CUTEr test problems. The left side of the

figure gives the percentage of the test problems for which a method is the fastest;

the right side gives the percentage of the test problems that were successfully

solved by each of the methods. The top curve is the method that solved the most

problems in a time that was within a factor τ of the best time. Since the top curve

in Figure 3–2 corresponds to ASA, this algorithm is clearly fastest for this set of 50

test problems with dimensions ranging from 50 to 15,625. The relative difference

in performance between ASA and the competing methods seen in Figure 3–2 is

greater than the relative difference in performance between the CG DESCENT
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Figure 3–3: Performance profiles, 42 sparsest CUTEr problems, 23 MINPACK-2
problems, ε = 10−6

code and competing methods as seen in the figures in [73, 74]. Hence, both

the gradient projection algorithm and the conjugate gradient algorithm are

contributing to the better performance of ASA.

In Figure 3–3 we compare the performance of TRON with P-ASA and ASA

for the 42 sparsest CUTEr test problems and the 23 MINPACK-2 problems.

Observe that P-ASA has the top performance, and that ASA, which only utilizes

the gradient, performs almost as well as the Hessian-based code TRON. The

number of CG iterations performed by the P-ASA code is much less than the

number of CG iterations performed by the ASA code. Finally, in Figure 3–4 we

compare the performance of P-ASA with ASA for the relaxed convergence tolerance

ε = 10−2‖d1(x0)‖∞. Based on Figures 3–3 and 3–4, the preconditioned ASA

scheme is more efficient than unconditioned ASA for the more stringent stopping

criterion, while the unconditioned and preconditioned schemes are equally effective

for a more relaxed stopping criterion. Although the performance profile for ASA

is beneath 1 in Figure 3–3, it reaches 1 as τ increases – there are some problems
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where P-ASA is more than 16 times faster than ASA. Due to these difficult

problems, the ASA profile is still beneath 1 for τ = 16.

When we solve an optimization problem, the solution time consists of two

parts:

T1. the time associated with the evaluation of the function or its gradient or its

Hessian, and

T2. the remaining time, which is often dominated by the time used in the linear

algebra.

The cpu time performance profile measures a mixture of T1 and T2 for a set of

test problems. In some applications, T1 (the evaluation time) may dominate. In

order to assess how the algorithms may perform in the limit, when T2 is negligible

compared with T1, we could ignore T2 and compare the algorithms based on T1.

In the next set of experiments, we explore how the algorithms perform in the limit,

as T1 becomes infinitely large relative to T2.

Typically, the time to evaluate the gradient of a function is greater than the

time to evaluate the function itself. And the time to evaluate the Hessian is greater
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than the time to evaluate the gradient. If the time to evaluate the function is 1,

then the average time to evaluate the gradient and Hessian for the CUTEr bound

constrained test set is as follows:

function = 1, gradient = 2.6, Hessian = 21.0.

Similarly, for the MINPACK2 test set, the relative evaluation times are

function = 1, gradient = 2.0, Hessian = 40.5,

on average.

For each method and for each test problem, we compute an “evaluation time”

where the time for a function evaluation is 1, the time for a gradient evaluation

is either 2.6 (CUTEr) or 2.0 (MINPACK2), and the time for a Hessian evaluation

is either 21.0 (CUTEr) or 40.5 (MINPACK2). In Figure 3–5 we compare the

performance of gradient-based methods, and in Figure 3–6, we compare the

performance of the gradient-based ASA and the methods which exploit the Hessian

(P-ASA or TRON).
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In Figure 3–5 we see that for the evaluation metric and τ near 1, L-BFGS-B is

performs better than ASA, but as τ increases, ASA dominates L-BFGS-B. In other

words, in the evaluation metric, there are more problems where L-BFGS-B is faster

than the other methods, however, ASA is not much slower than L-BFGS-B. When

τ reaches 1.5, ASA starts to dominate L-BFGS-B.

In Figure 3–6 we see that P-ASA dominates TRON in the evaluation metric.

Hence, even though TRON uses far fewer function evaluations, it uses many more

Hessian evaluations. Since the time to evaluate the Hessian is much greater than

the time to evaluate the function, P-ASA has better performance. In summary,

by neglecting the time associated with the linear algebra, the relative gap between

P-ASA and TRON decreases while the relative gap between TRON and ASA

increases, as seen in Figure 3–6. Nonethelesss, in the evaluation metric, the

performance profile for P-ASA is still above the profile for TRON.



CHAPTER 4
CONCLUSIONS AND FUTURE RESEARCH

We have presented some novel approaches by using gradient methods for solv-

ing large-scale general unconstrained and box constrained optimization. In the first

part of this dissertation, we focus on the unconstrained optimization. We first in-

troduced a nonlinear conjugate gradient method, CG DESCENT, which guarantees

to generate sufficient descent searching directions independent of linesearch. We

proved global convergence of this method for strongly convex and general objective

functions respectively. Extensive numerical results indicate CG DESCENT is a

very efficient and robust method which outperforms many state-of-the-art software

for solving unconstrained optimization. We then introduced a recently developed

cyclic Barzilai-Borwein (CBB) method. We proved for general nonlinear functions,

CBB method will have at least linearly convergent at a stationary point with

positive definite Hessian. In addition, our numerical experiments indicated if the

cycle length is large, convergence rate could be superlinear. By combing the CBB

method with an adaptive nonmonotone line search, we globalized the method to

solve general unconstrained optimization. For degenerate optimization problems,

where multiple minimizers may exist, or where the Hessian may be singular at a

local minimizer, we prosed a class of self-adaptive proximal point methods. By

particularly choosing the regularization parameter, we showed the distance between

the iterates and the solution set will be at least superlinearly convergent. In the

second part of this dissertation, we proposed an completely new active set method

for box constrained optimization. Our active set algorithm consists of a nonmono-

tone gradient projection step, an unconstrained optimization step, and a set of

rules for branching between the two steps. Global convergence to a stationary point
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is established. This algorithm eventually reduces to unconstrained optimization

even without assuming the strict complementarity condition. A specific implemen-

tation of ASA is given which exploits the cyclic Barzilai-Borwein algorithm for the

gradient projection step and the CG DESCENT for unconstrained optimization.

Extensive numerical results are also provided.

This project is far from finished yet. Right now, I am continuing the line

of research outlined above. First, I am working on extending ASA [78] to solve

nonlinear optimization problems with box and linear constraints. Second, an

efficient preconditioner which takes the advantage of the structure of problem need

to be developed. Both of the above projects are crucial to the development of

highly efficient software for general nonlinear optimization. This work also exploits

many techniques in numerical linear algebra, sparse matrix computations and

parallel computing. At the same time that I work on the development of general,

efficient optimization techniques, I would like apply these techniques to signal

processing, medical image processing, both on MRI an PET, molecular model and

related fields.
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Optimization might be defined as the science of determining the “best strate-

gies” by solving certain type of mathematical problems. Now the applicability of

optimization methods is widely spread into almost every activity in which numer-

ical optimal solution need to be found and in which the huge number of variables

need to be determined. This dissertation generally considers, from mathematical

kind of view, how to solve those large-scale problems efficiently. All the methods

discussed in this dissertation uses least memory and proved by extensive numerical

experiments to be very efficient for optimization problems without constraints or

only bound constraints. These recently developed methods should be interesting

not only to those mathematicians who work on numerical analysis, computational

optimization, but also to many scientists and engineers who are dealing with real

optimization problems coming from industry, economics, commerce, etc.




